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Abstract

Quantum sensing is an emerging eld of quantum optics that seeks to take advantage of
guantum correlations available in quantum states of light to enable sensitivities beyond
the fundamental classical limits. The sensitivity of measurements and sensing apparatus
when using classical states of light is limited to the shot-noise limit (SNL), which is
achieved with coherent states of light.

Two-mode squeezed states of light (twin beams) have quantum correlations both
in time and space, leading to temporal and spatial squeezing properties. Several ap-
plications can benet from such noise reduction to enable new approaches, such as
guantum-enhanced interferometry, quantum imaging, and quantum sensing. The emer-
gence of quantum technologies has been referred to as the second quantum revolution.
For metrology and sensing applications, in particular, it has led to new state-of-the-art
sensitivity limits.

In this thesis, we discuss the implementation of quantum sensing based on squeezed
states of light and plasmonic sensors as a platform for the demonstration of real-life
guantum sensing. We present a quantum-enhanced plasmonic sensing setup that
can detect changes in the refractive index of air beyond the SNL. Furthermore, we
generalize such experimental apparatus to probe an array of sensors using the quantum
correlations present in di erent spatial locations to demonstrate a parallel quantum-
enhanced plasmonic sensing scheme that can simultaneously detect changes in the

refractive index of air in multiple locations with a single probing beam. These results

XVi



prove the applicability of twin beams for real-life applications based on plasmonic
sensors. The spatially resolved sensing scheme can be extended to pixel-size sensing
of multiple sensors for multi-parameter estimation and detection applications to reach

more complex sensing architectures.
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Chapter 1

Introduction

Classical states of light are fundamentally noisy. Even if we can overcome the noise from
technical imperfections, there is intrinsic fundamental noise originating from vacuum
uctuations of the electromagnetic modes of light. Laser light, for instance, is coherent
and monochromatic; however, it is noisy in its core photon statistics, as its photons
are randomly emitted with no correlations between them. An ideal laser beam without
any technical classical noise represents a \coherent state,” whose photons are randomly
distributed in space and time, following a Poisson distribution. The noise of such
a coherent state determines the fundamental noise limit for classical states of light,
called the shot-noise limit (SNL), and is set by the uncertainty principle in quantum
mechanics. The SNL de nes the bound for the sensitivity of optical readout sensing
and measuring devices when probed with classical states of light.

Quantum mechanics provides the solution to overcome this fundamental noise
limit through the use of quantum-correlated states of light that show reduced-noise
properties. Therefore, sensors and measurements which use such states can provide
sensitivities beyond the SNL when probed with equal numbers of photons as their
classical counterpart. While classical states are limited by the SNL, the states that
can beat the SNL are referred to as the \quantum states"l]. Anti-bunched states,
Fock states, entangled and squeezed states are among the quantum states that have

been introduced and studied both theoretically and experimentally over the past few



decades. Each of these quantum states can provide di erent advantages for particular
applications.

In this thesis, we focus on two-mode squeezed states of light, also known as the \twin
beams". These states can exhibit signi cant quantum correlations between their photons,
and therefore can reach large noise cancellations, or \squeezing," compared to coherent
states at the SNL. We can generate twin beams with high quantum correlations on-
demand and with high intensities. Moreover, there are sensing devices that can bene t
from these states without a signi cant modi cation in their setup for implementing
guantum sensing.

The main goal of this thesis is to demonstrate the applicability of twin beams of light
for enhancing the sensitivity of compatible shot-noise limited sensing and measurement
devices. In particular, we use plasmonic sensog pnd enhance their sensitivity in
the detection of changes in refractive index beyond the SNL. Plasmonic sensors are
nano-fabricated devices that are widely used in biochemical and medical diagnosis
applications. These sensors have been reportedly reached the SNL when classical states
are used to probe themd]. Since the resonance response of these nanohole-structured
sensors can be tuned to show maximum sensitivity at the wavelength of interest, we
can use them as a platform for implementing quantum-enhanced sensing compatible
with real-life applications. Moreover, using spatial quantum correlations in the twin
beams, we implement quantum plasmonic sensing in a parallel con guration. Such
experiments take the quantum states of light from fundamental studies into more

practical applications, paving the way for other quantum-enhanced applications in



metrology, imaging, and information processing that can benet elds such as biology,
chemistry, and so on. Over the past two decades, the emergence of quantum-correlated
states opened new opportunities for di erent applications, which has drastically changed
the eld of sensing and metrology. In this chapter, | brie y review the evolutionary

progress of quantum sensing.

1.1 Quantum Revolution

Near the end of the nineteenth century, classical physics was at its highest level
of maturity, which made physicists of that time con dent in classical formulations
of physical phenomena, ranging from the everyday motion of objects and uids, to
electromagnetic waves and optics. However, some problems were not fully understood,
as they did not follow the expected behavior from classical theoried.[ Some of these
phenomena include the photoelectric e ect, black-body radiation, and atomic structure,
to name a few. The pivotal point in the history of physics was Albert Einstein's
interpretation of light as composed of particles, which was able to successfully explain
the photoelectric e ect in 1905. In his theory, he proposed light to be consisting of
\quantized" packages of energy, called \photons."

This theory and other follow-up studies and discoveries revolutionized the Newtonian
interpretation of light as \waves" and built the foundations of a new eld of physics:
guantum mechanics. This new formulation studies physical phenomena based on the

probability of events happenings and the introduction of the uncertainty principle



for complementary variables. Moreover, the act of measurement and observation are
described by operators that a ect the physical system under study. Some of these
approaches were counter-intuitive compared to the classical picture. Furthermore,
the probabilistic interpretation of events in quantum mechanics leads to fundamen-
tal uncertainties in measurements, in contrast to classical measurements which are
deterministic.

Apart from its success in explaining unanswered questions in physics, quantum
mechanics has also been able to predict new experimental realizations based on its
assumptions. The invention of the laser by Maiman in 196®][provided a source of
coherent photons in space and time and opened a new chapter in quantum optical
phenomena that rely on nonlinear behaviors from materials. The emergence and
development of nonlinear optics provided the required infrastructure for the generation

of correlated photons, leading to the generation of new quantum states of light.

1.2 Second Quantum Revolution: Quantum Sensing

Science and technology provide the two platforms for evolving our understanding of the
universe. Sometimes science predicts new concepts, which directs the engineering e orts
for inventing new apparatuses and techniques, and sometimes new technologies lead to
opportunities for physicists to enrich and deepen related sciences. These two elds also
complete each other and emerging new concept in one leads to evolving the other one.

For example, the uncertainty principle de nes the relation between non-commuting



operators, and leads to a fundamental uncertainty in a measurement, independent of the
measuring apparatus, and hence limiting the sensitivity and resolving power of classical
measurements€]. This concept fundamentally limits the sensitivity of measurements
but provides technological opportunities to reach that limit.

In 1963, Glauber ] developed the quantum optical theory of coherence and predicted
the possibility of surpassing the SNL with particular quantum states while still satisfying
the uncertainty principle. In 1977, Kimble and Mandel §] showed the experimental
realization of photon anti-bunching in resonance uorescence from a two-level atom as
the rst demonstration of quantum states of light. Later, in 1985 Slusherd] showed
the rst experimental realization of squeezed states of light through the nonlinear
interaction between laser beams and sodium atoms.

The theory of quantum mechanics led to therst quantum revolution, which revolu-
tionized our understanding of atomic and photonic physics. The new theoretical tools
from the rst quantum revolution evolved into practical technologies that translated
fundamental science into application. Due to the importance of the emerging quantum
technologies, the beginning of the 21.century is referred to as the beginning of the
second quantum revolutiorf10]; the era for the advent of new quantum technologies:
guantum computers, quantum information, and quantum metrology (including sensing,
detecting, and imaging) [11].

The eld of quantum sensing is evolving rapidly and includes applications in spec-
troscopy [12, 13, 14], interferometry [15 16, 17] and gravitational wave detectors,

such as LIGO [18, 19, 20, 21], precision measurement2, 23], below-shot-noise sens-



ing applications R4, 25, chemical detection 26, 27, 28, 29, 30], and imaging sys-
tems [B1, 32 33, 34, 35. In particular, quantum sensing and metrology seek to use
guantum states to enhance measurements or parameter estimation to a level better
than the corresponding classical strategies at the SNB€, 37, 38|, through the use

of photonic states B9, atomic states fi0], and even molecular states4fl]. Optical
guantum sensing and metrology can bene t di erent measurement techniques by taking

advantage of quantum states to improve their sensitivity and detect smaller signals.

1.3 Thesis Outline

In chapter 2, we de ne the quantum states of light that we use in our experiments, twin
beams, and their reduced noise properties, as well as theoretical and experimental tools
for producing and characterizing them. These states provide the tools for enhancing
the sensitivity of compatible measurements. The de nition of sensitivity and the ways
to enhance it will be studied in chapter 3, clarifying the role of quantum states in
reaching sensitivities beyond the SNL. In chapter 4, we study plasmonic sensors and
their role as a real-life platform to implement quantum-enhanced sensing. We study
their functionality, as well as their characteristic response to an incident probing light.
Combining the quantum states and the plasmonic sensors, we demonstrate a quantum-
enhanced plasmonic sensing con guration in chapter 5. Moreover, we experimentally
show the capability of twin beams to realize a quantum-enhanced plasmonic sensing

scheme. In chapter 6, we extend this implementation to an array of plasmonic sensors



and implement a parallel quantum plasmonic sensing scheme that uses the temporal
guantum correlations at di erent spatial locations within the twin beams. Finally, in
chapter 7, we discuss the possibility of future work for providing further enhancements

in the sensitivity of the presented quantum plasmonic sensor con gurations.



Chapter 2

Squeezed States of Light: Twin Beams

Following the rst theoretical studies on the quantization of an electromagnetic eld,
Glauber in 1963 developed the theory of coherence that predicted quantum states of
light with sub-Poissonian photon statistics 42|, such as photon anti-bunched states.
Less than a decade later, squeezed states of lighB[44, 45 were rst introduced
theoretically by Stoler 46, 47]. Later, Yuen [48, 49 and Caves §] proposed using
these states for enhancing the sensitivity of an interferometer below the SNL. The
rst experimental observation of squeezed states was in 1985 by Slush@r [They
generated quadrature-squeezed states with sodium atoms. Such squeezed states provide
the noise-reduced tools for probing sensors to reach sensitivities better than the SNL.
In this chapter, we introduce some de nitions required to understand the properties
of squeezed states, in particular two-mode squeezed states (TMSS) or twin beams of
light, as well as techniques for generating them. We also present the theory needed for
the noise analysis through measurement methods to study the temporal and spatial

guantum correlations in the twin beams.

2.1 Quantum Description of Light

As rst derived by Glauber in 1963 [7], in quantum mechanics, a single mode monochro-
matic eld of light at frequency ! can be described by quantizing it with a single cavity

mode that behaves like a simple harmonic oscillator of unit mass. Such an electric eld



can be described in timet() as:
E(t) = Eo(ad! +ae "); (2.1)

where & and & are the annihilation and creation operators, and, is the unit eld per
mode volume. In this notation, the hat \" indicates an operator, andi = P 1

The intensity of a beam of light is directly proportional to the number of photons
reaching a detector within the detection time, or the detection bandwidth. The number
of photons in the eld is obtained by applying the number operator to a number state,
asnjni = njni, wheren refers to the number of photons in statgni, and h = &4
is the Hermitian observable counting these photons. The annihilation and creation
operators,a and &, are non-Hermitian & 6 &¥) and obey the bosonic commutation
relation [4;&Y] = 4&Y &4 = 1. These operators act on the number statgni to lower
and raise the number of photons in the eld by one, that ijni = P njn 1 and
&jni = pmjn +1i.

In order to describeE in terms of observable quantities, we can write the annihilation

operator in terms of its real and imaginary parts, as:
a=xX+iv¥: (2.2)
With this de nition, the quantized electric eld in Eq. (2.1) can be written as:
h [
E(t)=2Eo X cost )+ ¥ sin(t) ; (2.3)

whereX and ¥ represent the Hermitian quadrature operators for the real (in-phase)

and imaginary (out-of-phase) components of the eld. The eld can also be visualized



Figure 2.1. An electric eld (left) can be displayed in phase-space (right)

in terms of its real, )?, and imaginary, 9, components.

in a phase space diagram, where the and y-axis represent the amplitude and phase
guadratures of the electric eld, respectively, as shown in Fig. 2.1.

Following the commutation relation betweena and &, we have that[X; ¥] = i=2.
Therefore, the uncertainty principle, which determines the relation between the uncer-

tainties of conjugate observableX and ¥, takes the form:

2R 29 1—16; (2.4)

where the uncertainty in each quadrature is given by its variance, de ned as 2X =
X2 X %. The bracket notation represents the expectation value of an operator,
which means the statistical average of the outcomes of a series of experimental mea-

surements. The square root of the variance represents the standard deviation of an

q
observableV, V¥V = 2 |

10



2.1.1 Coherent State

The uncertainties of the eld quadratures cannot be less than the minimum uncertainty
value determined by the uncertainty principle. In general, classical states of light have
uncertainties greater than the minimum uncertainty value given by the uncertainty prin-
ciple. A particular case where both quadratures have equal and minimum uncertainties,

28 = 2¢ =1=4, is called a \coherent state" which represents a classical state
with the least amount of noise and de nes the SNL.

In operator notation, coherent states are given by displaced states from a vacuum

mode, asj i = D( )j0i, whereD( ) is the unitary displacement operator:
D( )=exp( &  4); (2.5)
and =j j€ isthe eigenvalue of the annihilation operatordj i = j i, and indicates

the amplitude of the electric eld of a coherent state ag j. The creation and annihilation
operators are transformed by the displacement operator &Y( )aD( )= a+ ,and
its adjoint as DY( )&D( ) ="a +

In a phase space diagram, a coherent state is represented by a disk corresponding to
the contour plot of the Wigner probability distribution, as shown in Fig. 2.2(a), which
forms a Gaussian distribution with minimum equal uncertainties in both quadratures.
A coherent state contains equal noise in both amplitude and phase of the eld, as
is shown in Fig. 2.3(a). By convention, we de ne theX and ¥ quadratures, as the

amplitude and phase of the eld, respectively, if the amplitude of the light is large

"We use this convention throughout the thesis.
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Figure 2.2: Wigner distribution of Gaussian states: (a) coherent state and
(b) squeezed state. Angle gives the rotation of the squeezing ellipse in

phase space.

enough,j j 1. Therefore, the uncertainty area in phase space, also represents the
uncertainty of amplitude and phase of the eld, as shown in Fig. 2.3(a). The size of
the uncertainty disk of a coherent state is the limit between classical and quantum
states, such that the states with less uncertainties (noise) along any direction in phase
space than a coherent state are quantum states. Therefore, for a given quadrature,
the minimum uncertainty of a coherent state de nes the SNL, also called the standard
guantum limit if radiation pressure is negligible.

A laser beam is a close approximation to a coherent state with equal and minimum
noise levels in each of its quadratures. Based on the de nition of the SNL, the sensitivity
of a measurement performed with a laser beam, as a classical state of the light, is
limited fundamentally to the SNL achieved with a pure coherent state. A sensitivity

better than this limit can only be obtained with quantum states, as those introduced in
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Figure 2.3: Presentation of an electric eld in time (left) and in phase space
(right). (a) A coherent state has equal uncertainty in both the amplitude
and phase quadratures, which de nes the SNL. (b) A phase-squeezed state
has phase noise less than the SNL (dashed circles), but excess noise in
the amplitude quadrature. (c) An amplitude-squeezed state has amplitude

noise less than the SNL, but excess noise in the phase quadrature.
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the following section.

2.1.2 Single Mode Squeezed State

Although the SNL is a fundamental limit for classical states of light, quantum mechanics
provides a way to surpass this limit. Quantum squeezed states, as opposed to classical
states, can beat the SNL by redistributing the uctuations in conjugate components of
the eld. According to the uncertainty principle, a reduction in the uncertainty below

the SNL can only happen in one quadrature to generate squeezing at the expense of an
increase of uncertainty, anti-squeezing, in the other conjugate quadraturg(]. That
means, from the uncertainty relation shown in Eq(2.4), that the uncertainty for the

guadratures of a squeezed state can be either:
2 <14 and ¥ 1= (2.6)

or:

2 1=4 and ¥ < 1= (2.7)

As shown in Figs. 2.3(b) and (c), the uncertainty area for a squeezed state is
represented by an ellipse, which here is aligned with th& or ¥ directions. When the
uncertainty in the phase quadrature is reduced below the SNL and excess noise is present
in the amplitude quadrature, the state is called a phase-squeezed state, Fig. 2.3(b). On
the other hand, when the uncertainty in the amplitude quadrature is reduced below
the SNL and an excess noise is present in the phase quadrature, the state is called an

amplitude-squeezed state, Fig. 2.3(c). Using squeezed states for detection purposes, if
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the measurement is only sensitive to the amplitude (phase) of the light, we can bene t
from the reduced noise property of an amplitude (phase) squeezed state.

Squeezed states are non-classical (Qquantum) states due to the fact that the uncer-
tainty of one of their quadratures falls below the SNL. Additionally, due to the eld
quantization and the commutation relation between the eld quadratures, squeezed
states require a non-positive Glauber-Sudarshdp distribution [ 36|, which is an indica-
tion of their quantum nature.

A bright quadrature squeezed state is mathematically de ned as:
i i=D(0)S0)oi; (2.8)

whereS( ) is the squeezing operator that shrinks a quadrature while amplifying the
other one, and the displacement operator makes it bright. Alternatively, we can also
generate bright squeezed states with a reversed ordering of the operators than the one
presented in Eq.(2.8). In that case, the displacement operator rst generates a bright
coherent state, then the squeezing operator generates a coherent squeezed Gat].
These two approaches are related to each other, and can lead to the same results with
proper transformations [44].

The unitary squeezing operator is de ned as:
— 1 2 AN
S()=exp 5( & &%) ; (2.9)

where = sé is the complex squeezing parameter. Hegerepresent the magnitude of
squeezing parameter. Moreover, indicates the phase of squeezing operator, and the

rotation of the noise ellipse with respect to the quadrature in phase space is given by
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=2. Generally, the noise ellipse of a squeezed state can be rotated to show squeezing

along a superposition of phase and amplitude quadratures, as shown in Fig. 2.2(b).

2.1.3 Two-Mode Squeezed State: Twin Beams

The squeezing operator contains terms proportional t& and 4¥2, pointing to the fact

that in a squeezing process photons are absorbed and created in pairs. If the generated
photon-pairs are indistinguishable, the outcome state is a single mode squeezed state
in which the photon pairs are generated in a single beam of light. The generation
of photon pairs can be generalized to more than one mode, leading to higher order
squeezed states. For example, when the photon pairs are distinguishable, such that one
can separate them into two isolated beams, generating the TMSS, also known as twin
beams H1]. In this thesis, we are interested in the study of these states for quantum
sensing applications.

A bright TMSS is described by:
i 5 1= Da( )Bu( )San( )j0;0i; (2.10)

where and are the complex amplitudes of the two coherent modes of ligh, and B

The two mode squeezing operator:
San( )=exp( &b ab):; (2.11)

mixes the two input modes of light, in such a way that two photons are simultaneously

absorbed from (or generated into) these two modes of light. Similar to the single mode

" Operators & and B represent the annihilation operators for these two modes.
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Figure 2.4: Phase space representation of a TMSS. (a) The quadratures
of each mode of the TMSS show excess noise. Dotted circles indicate the
SNL. (b) The joint sum and di erence quadratures of a TMSS are squeezed.

Reproduced from [52]

squeezed state, the order of squeezing and the displacement operators in (2d.0)
can be swapped with appropriate relation factors. As will be explained later, we
experimentally generate a TMSS by applying the squeezing operator to a coherent state.
In particular, for generating a bright TMSS, the squeezing process is seeded by a bright
coherent state, rather than a vacuum mode. Moreover, the annihilation and creation
operators undergo the following unitary transformations by the two mode squeezing

operator:

&Y. a8, =acoshe) Be sinh(s);
e 2.12)
&S, = Beoshe) &e ' sinh(s):

As the squeezing operator mixes the photons from the two modes of light, we can

17



de ne joint quadratures from the four quadratures of the two modes as:
1 1
X = 19—2()6a X, and ¥ = 19—2(9a o) (2.13)
with the commutation relations given by:
X ;¥1=i=2 and K ;¢ ]=0: (2.14)

As a result, the joint quadraturesX and ¥. (and X, and ¥ ) can be squeezed
simultaneously in a two-mode squeezed state. As shown in Fig. 2.4, while both
quadratures of each mode are noisier than the SNL, the quantum correlations between
the two modes, due to the simultaneous generation of photons in pair, lead to a decrease
in the amplitude di erence quadrature, X , and an increase in the variance of its joint
quadrature, the phase di erence quadraturé? . Or similarly, when the phase sum
quadrature ¥, is squeezed, the amplitude sum quadratur€, contains excess noise.
Therefore, the squeezing is distributed across the quadratures of the two distinguishable

modes, and hence its name is called a twin beam.

2.2 Nonlinear Process to Correlate Photons

The pair photon production needed for the generation of a TMSS is described by a

nonlinear Hamiltonian of the form:
R =~ Mab+ Mady; (2.15)

which leads to the two-mode squeezing operator. In this Hamiltonian,(™ is the

nonlinear susceptibility of the medium. For a single mode squeezed state, both modes
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in Eqg. (2.15) are degenerateé = B. A nonlinear process deforms the noise distribution
of a coherent state by introducing di erent gains for di erent quadratures of the eld.
This deformation of the noise through a nonlinear light-matter interaction can reduce
the amplitude (or phase) noise in the generated photons [53].

We can see how a nonlinear process leads to pair photon generation by studying the
response of a nonlinear material to the interacting elds of light. The electric response

of a medium is described by its electric dipole moments per unit volume:
Pt = o YEMFED+ PE((xt)+ OFE3(xt)+ :::; (2.16)

where g is the vacuum permittivity. The rst term on the right hand side of Eq. (2.16)
is the linear response of the material, as it is proportional to th&- eld linearly. When
the intensity of the light is strong enough, or the nonlinear coe cients of the material
are large enough, higher order terms of the nonlinear response of the medium become
signi cant and lead to interesting phenomena.

From Maxwell equations, we can obtain the wave equation for the propagation of

an electromagnetic wave in the medium coordinate and time t:

1@E(rt) _ 1 @P(xt).
2 @ @ o @ (2.17)

r 2E(£;t)

wherecis the speed of light in vacuum andy is the permittivity of vacuum. Substituting

the polarization from Eqg. (2.16), we obtain:

o @ 1 @PM-(x1)
r 2E(£;t) — —E(Kt)= -~ 2.18
5 @t o e (2.18)
"In this thesis, we ignore the magnetic response, = .
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where @ = @ js the relative permittivity which depends on the linear response

of the medium electric polarization, andPN- refers to the nonlinear terms in the
polarization Eq. (2.16). The right hand side of this inhomogeneous wave equation acts
as a source for the electromagnetic wave propagation in the medium. Therefore, the
nonlinear response of the medium makes it possible to produce new frequencies as a
result of the light-matter interaction.

The @ nonlinear term of the polarization acts as the source for second-order
nonlinear processes, such as optical parametric ampli cation (OPA) and second harmonic
generation (SHG). It only occurs in nonlinear crystals that do not show inversion
symmetry (noncentrosymmetric). On the other hand, third order nonlinear e ects, such
as third harmonic generation (THG), the Kerr e ect, and four-wave mixing (FWM),
can occur in materials with nonzero @ susceptibility, regardless of their inversion
symmetry [54]. Both of these nonlinear orders show up in the same Hamiltonian
described with Eg.(2.15), and can be used for generating squeezed light. In this thesis,

we only focus on the FWM process.

2.2.1 Four-Wave Mixing in Rubidium Atoms

Due to the inversion symmetry of atoms, even orders of susceptibility, including?,
vanish, and the most dominant nonlinear response of the medium becoméd. It
means that the third order nonlinear response of atoms can mix di erent modes of light.
As shown in Fig. 2.5(a), a @ medium allows mixing of the three input elds for the

generation of a fourth eld. Here, we refer to the two photons in the stronger mode
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Figure 2.5: (@) A ) medium allows an ideal FWM process, which couples
three waves to generate a new fourth eld. (b) A four-level atom allows

the absorption and emission of photons in pairs.

as pumps { p1, ! p2). The two other modes are called the probe! () and conjugate,
(' ¢). A four-level atomic system is capable of hosting the FWM process, as shown in
Fig. 2.5(b).

All frequency components of the interacting elds satisfy the wave equatio(2.18).
That means, if we write the eld components asE (+;t) = A(¥;t)é®* ') the wave

equation satis es:

dA ! K,
= P(lj)e ™7 2.1
dz  '2omc (e 7% (2.19)

In this equation, A; is the slowly-varying amplitude of the eld, o is the permittivity
and c is the speed of light in vacuum, and;, ! ;, and n; are the wavevector, frequency,
and refractive index, andP (! ;) is the nonlinear polarization of the medium. Each
mode is labeled by subscripf = Pq; Py; pr; c, for the two pumps P; and P, and the
probe and conjugate modepr and c, respectively. The nonlinear polarizatiorP (! ), is

the driving term of Eq. (2.19) which leads to the excitation of elds in the nonlinear

21



medium, and is given by:
PN/ @1 AAA TR Kz (2.20)

for all permutations of j; j; k subscripts.
Under the rotating-wave approximation, we can eliminate the time dependence of

the wave equation, leading to:

!P1+!P2:!pr+!c; (221)

which is the energy conservation for the FWM process. In particular, the propagation

equation for the conjugate mode simpli es as:

A -
%;/u ® Ap,Ap,A, € (2.22)

Similarly, we can write the wave equations for the coupled-amplitudes of the other
three components of the eld. In Eq.(2.22), k= (ke, + kp, Ky Kkc) represents
the relation between the momentum components of the four eld wavevectors and is
referred to as the \phase-matching condition". It means that the FWM occurs most
e ciently when the momentum vectors satisfy k = 0. We will revisit this condition in
section 2.4.

Under an undepleted pump approximation, which can be satis ed when implementing
the FWM process with intense pump beams, we can assume that tAe, and Ap,

modes stay constant, i.e. {Ap,=d2) = (dAp,=d2) = 0. Therefore, we have the following
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coupled-amplitude wave equations for the probe and conjugate modes:

dApr : (3)

—Pr = IpA; 2.23
dZ I P c? ( )
dA. .

—— =i OA,; (2.24)

wherelp /' Ap,Ap, IS a constant that depends on the intensity of the pump modes.

Therefore, the FWM process couples the probe and conjugate photons through the
©) nonlinearity of the material when intense pump beams are used. Moreover, when

the photons of the probe mode seed the FWM process, the stimulate the process to

generate bright probe and conjugate beams.

2.2.2 Experimental Setup for Generating Twin Beams

Here, we discuss the generation of twin beams from a FWM process in the D1 line
of ®Rb atoms in a hot vapor cell. A scheme of the experimental setup is shown in
Fig. 2.6(a), where the process is pumped with a strong pump beam from a Titanium-
Sapphire laser at the wavelength of = 795 nm. As shown in Fig. 2.6(b), the D1 line

of &Rb atoms represents the transition between level$S,-, and ¥P;-,. The hyper ne
splitting is 3:035 GHz for the ground states and 361 MHz for the excited states. Due to
the e ect of Doppler broadening in a vapor cell, the hyper ne structure of the excited
level cannot be resolved with a simple absorption spectroscopy, and requires saturation
absorption spectroscopy (SAS). We use a SAS setup (not shown here) to measure the
absolute frequency of the laser beams and their detuning from atomic level transitions.

As shown by green lines in Fig. 2.6, the two pump photons are generated from a
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Figure 2.6: (a) Schematic for the FWM experiment. (b) Hyper ne energy
levels of ®Rb D1 line (left) used in the FWM process with a double-
con guration (right). : one-photon detuning, . two-photon detuning.
Color code: green: pump, red: probe, blue: conjugate, gray dashed line:

vacuum mode.
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single intense beam! p, = ! p,. By sending the strong pump beam to the Rb vapor
cell, pairs of photons are generated through a spontaneous FWM process, to generate
vacuum two-mode squeezed state (VTMSS). To generate bright two-mode squeezed
states of light (BTMSS), we seed the FWM process with photons at the frequency of
the probe beam. The seeding beam is generated by taking a small fraction of the pump
beam using a beam sampler. This portion double-passes an accousto-optical modulator
(AOM) to red-detune it by 2 1:52 GHz. By seeding the FWM process, pairs of the
probe and conjugate photons are generated as a result of a stimulated FWM process:
the seeded probe beam is ampli ed and a new conjugate beam emerges [55].

The e ciency of the FWM process in converting energy from the pump photons to
the quantum correlated twin beams depends on the strength of the® nonlinearity
in the Rb atoms. Large nonlinearities occur when the pump frequency is tuned
on-resonance with an atomic transition. However, on-resonance transitions increase
unfavorably the absorption and spontaneous emission rates, both of which reduce the
coherency of the light-matter interaction and act as loss mechanisms. To overcome
these e ects and extract a large nonlinear response from the atoms, we use a double-
con guration to generate bright squeezed states with high intensity naturally from the
atomic interaction [56, 57, 58, 59]. To prevent atomic absorption, the pump frequency
is detuned from theF = 3 of the 5°S,-, ground level to the 5P,-, excited level, called
the single-photon detuning as is indicated by in Fig. 2.6(b).

The e ciency and gain of the FWM process determines the amount of quantum-

correlations between the generated twin beams. As will be discussed in section 2.3.1, the
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guantum correlations between twin beams are characterized by measuring the level of
noise-reduction, or squeezing, between them. There are several important experimental
parameters that need to be optimized to obtain the best squeezing. For example, the
density of the Rb atoms involved in the FWM interaction, which can be controlled by
the temperature of the Rb vapor cell, the coupling of the atomic transition, which is
de ned by the pump's size and power, the single-photon detuning , the relative pump
and probe detuning (two-photon detuning), and their angle of overlap inside the Rb
cell, to name a few. Depending on the speci ¢ application for the temporal or spatial
distribution of the squeezed photons, these parameters are optimized at di erent values,

as will be described in chapters 5 and 6.

2.3 Detection Methods

The quantum correlations between the twin beams produced from the FWM can be
characterized by choosing an appropriate detection method. The simplest measurement
consists of a di erential measurement between the photocurrents of the photodetectors
used to measure the twin beams. With this method, we can cancel the common classical
and quantum noise between the twin beams and measure the noise reduction with
respect to the SNL. However, obtaining more information about the quantum properties

of the twin beams, such as the quadrature squeezing, the level of entanglement, and the
pureness of the generated states, require more elaborate techniques for state detection,

such as a homodyne measurement.

26



Figure 2.7: Intensity-di erence measurement for twin beams. Photodetec-
tors measure the intensity (proportional to the number of photons) in each
mode. A spectrum analyzer is used to obtained the noise power spectrum

of the di erence signal from the two photodetectors.

2.3.1 Intensity-Di erence Detection

An intensity-di erence (ID) measurement is performed by subtracting the photocurrents
of two independent photodetectors and then analyzing the noise of the dierence
signal on an spectrum analyzer (SA)d0], as shown in Fig. 2.7. The outcome of such
measurement is given by:

M=y A (2.25)

whereny,, = &a and fi¢ = BB, are the photon number operators indicating the intensity
of the two modes under study. Here, these modes are the proté &nd conjugate §)
beams from the twin beams. The uncertainty (noise) of the ID between the twin beam
is obtained by calculating the variance of measuremeM , as:

2
(hpr r"c)z Apr ¢ ,

M
(2.26)

znpr + Zﬁc 2 ﬁprnc r;]pr e
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where the last term is the covariancedpv) between the two measured beams, and is
determined by the correlation between them.

When the two beams under study are coherent states, there is no correlation between
them and the covariance term vanishes. The noise of the ID for two uncorrelated coherent
state of light is the sum of the noise of the individual beams. This noise level for the
coherent states, 2M cs» de nes the SNL. On the other hand, if the two input beams

are probe and conjugate modes from a FWM process, the covariance term is non-zero

and the noise of the ID measurement, 2M is reduced below the noise of the SNL,

B’
leading to the measurement of squeezing.
Since we are interested in calculating the variance of an ID measurement for the twin

beams, we use the unitary transformations performed by the squeezing and displacement

operators. For example, to calculate the mean value an arbitrary operatd), we use:

& =h;; jO;; i

h0; 0iBY( )BL( )SLp( )OSan( )Da( )Bi( )j0;0i: (2.27)

If both modes are seeded with coherent states=j j¢ and =j jé ,the mean

values of each beam is given by:

A =] j2cost(s)+ j j?sink’(s)
2j jcos( )sinh(s) cosh@) + sinh?(s); (2.28)
Ac =] j2cosH(s)+ j j?sinh?(s)

2i jcos( )sinh(s) cosh) + sinh?(s); (2.29)
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where = ( ), with  the phase of the two-mode squeezing operator= se .

Similarly, the uncertainty of each mode by itself is:

o = | j2cosH(s)+ j j?sinh?(s)+2j jcos( )sinh(s)cosh()
coslt(s) + sinh?(s) + sinh?(s) cost(s); (2.30)
2A. = j j2cost(s)+ | j?sink?(s)+2j jcos( )sinh(s)coshE)

coslt(s) + sinh?(s) + sinh?(s) costt(s): (2.31)

In Egs. (2.28)(2.31), the terms which are multiplied by the seeding eld and |,
represent the stimulated emission of photons from the FWM process. On the other
hand, even when there is no seeding,= = 0, there still exist nonzero means and
variances of the photon numbers, representing the spontaneous emission of photons
from the FWM process. Throughout the rest of this thesis, we focus on the case where
only the probe beam is seeded with a bright coherent statg,j 1, and the conjugate
mode is seeded with a vacuum mode¢,j = 0. This means that the FWM process
becomes insensitive to the relative phase between the seeding beams and the squeezing
operator, i.e. , as can be seen from Eq$2.28) (2.31). Then, the mean values of the

probe and conjugate photon number simplify to:
Ay = j2cosk(s); (2.32)

Ae =] j2sink’(s); (2.33)

where we ignore thesinh?(s) term for the photons emitted spontaneously, as we assume

] | 1. These results clearly show the ampli cation of the seeded probe beam and the
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generation of the conjugate beam. Therefore, the gain of the input seed probe due to

the FWM is given by g = costH(s). The uncertainties of the two modes also simplify to:

iy, =] j2cost(s) cosH(s)+sinh?(s) ; (2.34)

2A. = j j?sinh?(s) cost(s)+ sinh?(s) : (2.35)

Moreover, due to the emission of photons in pairs, the twin beams have a non-zero

covariance, given by:
cov="fy N Ay N =2j j2cosH(s)sinh’(s): (2.36)
Using Eqg. (2.26), the variance of the ID between the twin beam becomes:
M=% (2.37)

which means that, for an ideal TMSS with perfect quantum correlation, the common
noise between the twin beam can be canceled with an ID measurement, while only the
noise of the input seeding coherent state remains.

To characterize the amount of noise reduction with the twin beams, we calculate
the noise of an equal measurement but with pure coherent states to determine the
SNL. That means, we replace the probe and conjugate beams from the twin beam with
two coherent states of the same optical power. For coherent states, the mean and the
variance are equal, as can be seen from E¢8.32) and (2.34), for example, whens = 0.
Therefore, we calculate the noise of two coherent states of the same optical power as

the twin beams given by the mean values in Egs. (2.32) and (2.33).
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Figure 2.8: Typical squeezing traces in an ID measurement. (a) Noise power
spectrum for coherent states (CS), twin beams (TB), and electronic noise
of the detectors (EN). (b) Absolute squeezing obtained after subtracting

EN and normalizing the twin beam ID noise to the SNL.

The level of squeezing is measured by taking the ratio of the relative noise in the
twin beam to the noise of a coherent state with equal power as the probe and the

conjugate beams:

2M 1
Rlin - B —

M o - sinh2(5)+cosh2(s): (2.38)

This result can also be written in terms of the gain of the FWM aR;, =1=2g 1),
which clearly shows the noise reduction in the twin beam compared to the coherent

state wheng > 1. We usually report the squeezing in log-scale:

Riog[dB] = 1010g (Rin): (2.39)

Some typical experimental results demonstrating the noise of the twin beams with

respect to the noise of the coherent states with an ID measurement are shown in Fig. 2.8.
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As we have seen, an ID measurement allows us to cancel the common technical
classical noise as well as the quantum correlated noise in the twin beams, and provides
a simple and e cient method to perform quantum-enhanced measurements. Moreover,
since it's technically hard to have a perfect coherent state, the cancellation of classical
noise in an ID technique makes it possible to reach the SNL with a classical state of light
from a laser beam. Another advantage of an ID measurement for our quantum sensing
application is that, as we will see in chapter 5, it can be used in optical readout sensors
to detect changes in the intensity of the probing light. However, an ID measurement is
not sensitive to the quadratures of two measured elds. Such measurements require a
phase-sensitive technique, such as the homodyne method, which will be described in

section 2.3.5.

2.3.2 Optical Losses

In an experimental setup, the detection and optical elements are not ideal and optical
losses are inevitable. In quantum mechanics, optical losses are modeled with a beam
splitter (BS) with an unused input port. As shown in Fig. 2.9, the input state enters
from the left port and exits from the transmitted port (on the right) with not only a
reduced amplitude, but also with the addition of a vacuum mode that enters from the
unused port of the beam splitter. The vacuum modé, couples with the input mode4,

as:

Bout = Pta+ Pray; (2.40)
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Figure 2.9: Optical loss can be modeled with a beam splitter (BS), which

couples a vacuum mode with the input mode.

wheret andr = (1 t) are the intensity transmission and re ection coe cients for the
beam splitter.

To calculate the e ect of optical losses on the level of squeezing obtained with an ID
measurement, we model losses on the twin beam after the FWM using beam splitters
in the probe and conjugate arms with intensity transmissionsy,, and ., respectively.
That is, the losses in each arm are given by (1 ) and (1 (). These beam splitters
represent all the losses in the optical elements from the source to the detectors, as well
as the detectors ine ciencies, combined. Therefore, by generalizing previous results to
include the vacuum modes coupled due to the losses, the noise of the twin beams on an

ID measurement will be given by:
2(hpr Ac) = 5J j?cosh(Z)+2 Z j*sinh’(s)
2 o o j2cosh(Z)+j j> ,cosi(s)+ csink?(s) ; (2.41)
where we assume seeding only the probe beanmp 1 and ignore the spontaneously
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emitted photons. The level of squeezing then becomes:

, 2 Zsinh*(s) + 2sinh?(s)costf(S)( 2, 2 pr o).

loss —
Rin™=1 or COSIF(S) + ¢ sinh2(s)

lin

(2.42)

Compared to the case of no losses, E@.38), the noise-reduction of the twin beam is
degraded. The e ect of loss can be partially compensated by optically or electronically

balancing the twin beam noise to nd the optimum noise cancellation.

2.3.3 Optimized Measurements of Squeezing in Presence of Optical Losses

The optical losses in the twin beam result in an imbalance of the noise and the optical
power between probe and conjugate. Moreover, losses in the twin beams reduce the
guantum correlations between the photons. Therefore, the presence of optical losses
prevents the e cient common noise cancellation and leads to obtaining less squeezing.
By introducing extra optical losses on the beam with more intensity, we can recover
some of the initial squeezing and improve the squeezing measurement. As we can see
in Fig. 2.10(a), even when there is no optical loss in the conjugate beam € 1), we
can enhance the noise cancellation and therefore the level of squeezing by introducing
some optical losses to the probe beam. This is because the probe beam is ampli ed
during the FWM process togj j? from a seeded beam j?, and is brighter than the
unseeded conjugate beamg( 1)j j2. Therefore, by inserting some losses to the beam
with more intensity, we can improve the squeezing measurement.

When there are some losses in the conjugate beam, for example= 0:85 as shown

in Fig. 2.10(b), the optimum squeezing is obtained when there are losses in the probe
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Figure 2.10: Squeezing in an ID measurement as a function of optical losses
in probe beam for (a) =1, and (b) = 0:85. blue trace: Rjss, red
trace: optimum RE4,, dashed green: initial squeezing level without optical
losses § = 2). Due to the imbalance in twin beams power, even without
losses (pr = ¢ =1), we can obtain better squeezing levels with inserting

optical losses in the beam with more power (probe beam here). Inserting

an EA always reaches better squeezing.

beam to have the intensity transmission of the probe beam becomes almost balanced
with the intensity of the conjugate beam. This leads to measuring the best squeezing
at , 0:8. However, for large imbalances in losses between the twin beams, the ID
measurement leads to excess noise, even above the SNL.

For a particular case when the losses in the twin beam are the samg, = .= ,
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the measured squeezing becomes:

2 sintf(s)
cosH(s) + sinh2(s)
1
costt(s) + sinh?(s)

Rllinr?lanced loss — 1

Rin+(@ ) (2.43)

where Rji,, is the noise reduction between the twin beams with respect to the SNL
without losses, as de ned in Eq(2.38). The rsttermin Eq. (2.43)indicates the intensity
transmissions of the initial squeezed states through the two BSs, while the second term
indicates the noise of the vacuum mode which is coupled into the measurement. The
noise of these two uncorrelated modes adds in quadrature in the nal measurement,
weighted by the intensity transmission or re ection of each mode.

While inserting optical loss can recover some of the initial squeezing, these losses
couple vacuum noise into the eld that introduces extra noise in the measurement. If
we are able to modify the electronics of individual detectors to change their gain, we
can optimize the noise cancellation between the twin beams without the added vacuum
noise.

Since an amplifying gain G > 1) requires an active electronic ampli er that can
add extra noise to the measurement, we insert an electronic attenuatio® < 1) to
the photocurrent of the detector which has su ered less from optical losses. Electronic
attenuation (EA) can be performed with passive electronic elements that do not add
extra noise to the measurement. If we assume we have more optical loss on the probe

beam, we insert the EA to the conjugate detector, as shown l§y in Fig. 2.11.
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Figure 2.11: Optimum ID measurement. Optical losses for measuring
squeezing of twin beams can be partially compensated either optically or

electronically. G: EA.

The variance of the ID measurement with this EA, that isM = (hyr  GNg), then
becomes:

0

2 P = 2 %% g2 28, ° 2G[cov® 2.44
p

where the prime notation indicates the measurements of noise and mean values with

optical loss. These values can be calculated as:

0
Ao = 20 A0+ (L o) A (2.45)
20, %= 2 200 + (1 ) A ; (2.46)
[CO\AOZ pr C[CO\AO; (2-47)

where the zero superscript indicates the initial mean and variances of the twin beams
right after the FWM and without optical losses, as de ned in Egs. (2.32) to (2.36).
By taking the derivative of Eg. (2.44) with respect to G, the minimum uncertainty

of the measurement becomes:

_ 2
o) O o 2 0 LO (2.48)
Zﬁc

37



or:
2 pr sinfP(s)[1 2 ]

2 ™8 = j2cosH(s) 1+ 2.49
min prl ] (s) 1+2 ¢sink?’(s) (2.49)

for an optimum value of G given by:
Gon: = 2 o cosH(s) (2.50)

2 csink?(s)+1°
In order to calculate the maximum noise reduction and hence the best squeezing,
the corresponding SNL for this measurement is calculated using E@.44), and by
replacing the twin beams with coherent states of the same power, while keeping the
same optical losses and the same optimuf@ that minimizes the noise of the twin
beams. Moreover, as mentioned before, for coherent states, there is no correlations,
[coM = 0, and the mean is equal to the noise, 2A% = N2 . Therefore, the noise of

the ID measurement at the SNL is given by:

24 ID;SNL
M opt

pri 17cosi(s) + ¢ j?sinh(s)Ggy

2 o c¢Sinh(2s)
[1+2 sink?(s)]? '

or] j2cosH(s) 1+ (2.51)

where the \opt" subscript means that the optimum EA is used, which is given by
Eq. (2.50). The noise reduction is then given by:

REA = 1+2sinh*(S)[ pr+ ¢ 2 pr o : (2.52)
0ss 1+2 csinh?(s)

The optimum squeezing level with EA is shown by red traces in Fig. 2.10. This gure
also compares the two methods introduced here to partially overcome an imbalance in
optical losses in an ID measurement of the twin beams. As we can see, the use of an

EA leads to more squeezing. As opposed to optical balancing, the EA method does
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not couple vacuum modes into the measurement, and therefore better maintains the
quantum correlations in the twin beams. Both methods can partially overcome an

imbalance in optical losses and enhance the squeezing measurement.

2.3.4 SNL Calibration

The level of squeezing in the twin beams is measured with respect to the SNL, obtained
with coherent states. As explained before, for a coherent state, the noise is equal to the
mean number of photons. Therefore, the noise of a coherent state grows linearly with
the intensity of the light. Any deviation from this linear behavior indicates that the
noise measurement is not shot-noise limited, which means the state is not a coherent
state, but a state with excess noise with respect to the SNL. When a noisy state is
used, the SNL is not calibrated properly, which leads to an overestimation of the SNL
and the wrong measurement for the level of squeezing.

Technically, it is hard to have pure coherent states to measure the SNL. We usually
use a laser beam, which contains classical technical noise. To obtain the SNL from a
measurement with such a laser beam, we can use an ID measurement to cancel the
classical noise and reach the SNL. However, to verify that this measurement is truly
at the SNL, we need to measure the noise of the laser with the same ID measurement
as a function of the input laser power. To perform this test, we split the laser beam
using a 56¢50-BS, and take an ID measurement between the two outputs. When the
noise vs. power behavior is linear, as shown in Fig. 2.12, the measurement is shot-noise

limited and we can measure the accurate level of the SNL. On the contrary, if the noise
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Figure 2.12: Sample data for calibrating the SNL: A linear behavior of
the noise power vs. total optical power indicates that the measurement is

shot-noise limited.

shows a quadratic growth with increasing power, the measurement is not capable of
cancelling the classical noise and the SNL is not measured properly [60].

Proper calibration of the SNL becomes even more important when we introduce
an optimum EA to compensate for losses in measurements with twin beams. This
optimum EA becomes a part of the detection system, and we need to verify if the
measurement is still shot-noise limited to obtain the actual SNL. It is worth noting that
if we had a pure coherent state to substitute for the probe and conjugate beams with
the same optical power, we could directly measure the real SNL. But for a laser beam
with classical noise, we verify that the measurement with unbalanced optical powers

and an optimum EA is capable of cancelling the noise and reach the SNL.
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Figure 2.13: Balanced HD: the signal is mixed with a strong LO on a
50=50-BS. The ID of the two detectors provide the phase dependence signal
from the resulting interfere. The phase of the LO is scanned by the piezo

on its path (not shown).

2.3.5 Homodyne Detection

Although an ID technique is an easy setup for measuring squeezing in the twin beam,
it is not sensitive to the phase of the elds under study. Phase-sensitive measurements
of an optical eld that oscillates at terahertz frequencies is possible with a balanced
homodyne detection (HD) technique g1, 62, 63]. A HD measurement is one of the
standard techniques that are used to measure the noise of the amplitude and phase
guadratures of the elds under study to characterize their quantum correlations.

The schematic of a balanced homodyne detection is shown in Fig. 2.13. The desired
eld to be measured, thesignal can be described agq(t) / ae ™ +a/é* . The
signal eld is combined on a balanced beam splitter with a strong eld called théocal

h [
oscillator, LO, described as o (1) /  &oce ™ T +a/,é" | . The combined output
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light from the two ports of the BS is collected by two photodetectors and their output
photcurrents are electronically subtracted.

The output modes of the beam splitter are given by:

ace A&
By = ipz—; (2.53)

which leads to the di erence photocurrent intensity,J\: A, A= &4 &4y, to take
the form:

JI & ae ! +mote ! : (2.54)

Here, we refer to the output of the HD asf, to distinguish it with the output of the
intensity di erent measurement. Since the LO is a high-intensity eld, we can treat it
as a classical eld, i.e.& o Lo . Therefore, the output signal from the HD can be
approximated as:

F1 o ael +wel (2.55)

As we can see, the HD operator can scan between amplitude and phase quadratures of
each mode, depending on the phase of the LO. The phase of the LO can be scanned by
using a piezoelectric in its beam path. For example, with = 0 we have J'/ (a+ &),

and with = =2, the HD operator becomes'/ (& &), which are the amplitude X

and phase¥ quadratures, respectively.

Following the notation of [64], to measure the quadrature noise of the twin beams,
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Figure 2.14: Double balanced HD for an optimum characterization of twin

beams in presence of optical losses and an EA.

we de ne the generalized quadrature operators of each of the two elds, as:

\j\pr = e i Lopr A+ ei LOspr ay’ (256)

Jo= e Twoeh+ g oe fy: (2.57)

where we assume each eld is measured with a separate HD such that the phase of the
two LOs, opr and o, can be individually scanned, and mode& andﬁrepresent
the probe and conjugate beams, respectively. The outputs of the balanced HDs for the
probe and the conjugate beams are then send to a hybrid junction (HJ) to generate the
sum and di erence signals.fIor J:. These outputs provide access to the generalized

joint quadrature sum and di erence of the twin beams. i.eX and¥ .
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To take into account imperfections in the measurement, we include optical losses
in the two beams with the same notation as used in the previous section, as shown in
Fig. 2.14. Moreover, similar to the concept of introducing an EA to partially compensate
optical losses, we insert an EA after the HD for the mode which su ers less optical
losses, assumed to be the conjugate mode. Therefore, the outcome of the measurement
becomesMHP = §,,  GJ..

The nal eld operators for the probe and the conjugate modes on the HDs are
shown bya, and b, in Fig. 2.14. These two modes, after generating with the FWM

process and optical losses, are given by:

h i
8= aocoshe) Hsinhed Po+a’ T (2.58)

h i b
B, = fycoshe) &’sinh(s)d " +B 1 (2.59)

where is the phase of the squeezing operator in the FWM process, and the subscript
Vv represents the vacuum modes that couple due to optical losses.
Using these eld operators for the twin beam, we can calculate the mean and

variances for each HD to show that they take the form:

I =2P i jcoshe) cos( Lo ); (2.60)
o = 227 jsinh)cos( o + ); (2.61)
28y =2 o sink?(s) +1; (2.62)
2§ =2 .sinh?(s)+1: (2.63)
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We can also calculate the covariance to be of the form:
coi® = S, d. Iy o= P oosinh(29)cos(op + o+ ) (2.64)

The mean and variance of the di erence of the two HD measurements can then be

calculated as:
Mo TS S Gt L (2.65)

ZM HD;TB _ Z‘j\pr + (GHD )2 ZJ\C ZGHD [COV]HD; (266)

where the minus subscript indicates the di erence measurement between the two HDs.
By optimizing over the EA, GHP | the variance of the di erence HD reaches a
minimum given by:

2\p HDTB _ g, 21 2) sinh®(s) .

2.67
min 1+2 csinh?(s) (2.67)
for an optimum EA of [65]:
p ,
sinh(2s) cos( Lo:pr + Loc +
Ggﬁ - pr c ( ) ( LO,Zpr LO;c ): (2.68)
1+2 .sinh?(s)

In order to access the generalized joint sum quadrature of the twin beams, we can
monitor the sum signal from the HJ. Using our calculation results, by adding the two

HDs, we obtain the mean and variance signal as below:

M, "= R+ Gt Sy (2.69)

2M+ HD;TB z\j\pr + ( GHD+ )2 ZJ\C + ZGHD+ [CO\dHD ; (270)

where the plus subscript indicates the summation of the two HDs. Therefore, by
monitoring both the sum and the di erence signal of the two HDs, we can access both

joint quadratures of the twin beams.
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2.3.6 Entanglement

The quantum correlations between the twin beams can be characterized by the amount
of quantum entanglement between the photons in the two beams. There are several
standards to quantify this entanglement that are suitable for di erent applications.
Here, since we are interested in characterizing the amplitude and phase entanglement
between the twin beams, we use the \inseparability” criteriadg6], which is de ned as

the sum over the joint quadratures and indicates the presence of entanglement if:

= 2 _+ 29, <2 (2.71)

min min

The joint quadratures,  2X i and 29, nin» N@ve been normalized such that
their SNL is equal to 1. That is, for a two-mode coherent state, the inseparability
parameterl equals to 2, meaning no entanglement. Therefore, the presence of squeezing
in both generalized quadratures of the twin beam is a signature of continuous variable
entanglement. Lower values of indicate a larger degree of entanglement, providing a
direct measure of the degree of entanglement in the system.

Since characterizing the inseparability parameter requires accessing the joint quadra-
tures of the twin beam, we can use a balanced HD for each mode of the twin beam

HD, and the sum of the HDs,

and use the signals for the di erence of the HDs, 2M
M, HD, given by Egs.(2.66) and (2.70) respectively. Therefore, we can access the
joint amplitude-di erence quadrature  2X = 2 "™ = 24 &) , andthe

phase-sum quadrature 29, = 2@, "™ = 2§, + &) of the twin beam for

the correct choice of the LO phases. These two measurements allow us to quantify the
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inseparability criteria. An example of such measurement will be presented in chapter 5,
where we characterize the quantum entanglement between the twin beams before and

after interacting with plasmonic sensors.

2.4 Spatial Quantum Correlations

During the FWM process, energy conservation leads to the relation between the
frequencies of the pump and the twin beams. Moreover, the momentum of the four
elds must also be conserved, which leads to correlations in the distribution of the
photons in space. Here in this section, we study such spatial correlations between the
twin beams.

As mentioned before, the twin beams are coupled via the FWM process. In particular,
the relation between the momentum vectors is given by Eq. (2.22). These momentum
vectors represent the direction of the Poynting vector that determines the direction of
the EM wave of propagating for each mode.

For a special case in which the process is phase-mache#,= 2kp  (kpr + k) =0,
the FWM process occurs most e ciently and the twin beams are generated with the
most quantum correlations. That means the energy from the pump photons ows
e ciently to the pair production of the twin beams in the FWM process. As shown
by Egs. (2.23) and (2.24), for a phase-matched condition, the amplitudes of the twin
beams grow exponentially with propagation inside the nonlinear medium.

Generally, k 6 0, and the e ciency of generating twin beams is reduced from the
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Figure 2.15: The intensity of the conjugate mode represents the e ciency
of the FWM process and depends on the phase-matching condition along

the propagation of the beams inside the nonlinear medium.

phase-matched condition. For simplicity, we assume the amplitude of the pump beam
remains constant as the undepleted pump approximatiordfp,=dz = dAp,=dz = 0).
Therefore, the amplitude of the conjugate beam at the end of the nonlinear medium of
length L becomes:

Z L
Ac(L) ! ApApy A€ ¥dz (2.72)
0

where the initial values of the eld amplitudes are atz = 0, and the proportionality
factor depends on @, the 39 order nonlinear susceptibility of the medium. The
intensity of the unseeded conjugate mode (initiated from vacuunf.(0) = 0) generated

from the FWM is then given by [67]:
le/ Ip,lp,lprL?siNG ( kL=2): (2.73)

The intensity of the conjugate beam as a function of the mismatch condition is plotted

in Fig. 2.15, which shows the e ciency of the FWM process. Assuming pump photons
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Figure 2.16: Phase-matching condition in FWM between pump (green),
probe (red), and conjugate (blue) (a) in free space, (b) with phase-mismatch
due to a dispersive medium, and (c) with phase-matching by tuning the

angle between the beams.

propagate alongz-direction of the Rb cell, the phase-mismatch kL=2 gives the range
of the k-vectors for the twin beams over which the FWM can occur e ciently. On the
contrary, for the case of phase-mismatching, the energy ows from the generated twin
beams to the pump beam, which reduces the e ciency of the FWM process of interest.
Due to the dispersive behavior of the medium, the frequency dependence of the
index of refraction for each eld needs to be taken into account. This leads to a change
of the k-vectors by the refractive index, according t&k = n(! )!=c. However, the
dispersive behavior for the pump beam can be neglected because the Rb atoms are
e ectively populated in the upper ground state due to the optical pumping in the FWM

process, as shown in Fig. 2.6(b). Moreover, the conjugate beam is fur away from atomic
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