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SHAPE CLASSIFICATION OF METRIC COMPACTA

CHAPTER 1
INTRODUCTION

Borsuk began in Eu] an attempt to classify the plane shapes
by classifying the shapes of plane continua. He employed ‘}51(-,7.), the
first Eéch homology group functor with integer coefficients, to demon-
strate that the rank of the group provides an order preserving biject-
ion between the classes of plane continua and the crdinals [b,kﬂ. He
then attacked the metric compacta by utilizing a functor A fron the
catesory of compact subsets of the Hilbert cube and fundamental sequ~
ences to the category of 0-dimensional compact metric spaces and perfect
maps. For each compactum X, A(¥) is the u.s.c. decomposition of the
space into components, and for each fundamental sequence £, N(f) is a
perfect map induced by the sequence. For a shape equivalence, A(f) is a
homeomorphism which m=ps each component to one of the same shape,
However, two simple plane compacta for which there exists a homeomorph-
ism of component spaces with this property were shown to have different
shapes. Borsuk concluded by describing the problem of classifving the
plane compacta as "an open, and a rather difficult problen',

We have developed classifving objects for the plane compacta
by adding to Borsuk's space of components and assignment of ordinals

1



desipnating shape a means of expressing tonologically the unique wav
in which the components converge to one another, Our definitions are
phrased in a generality sufficient to appnly to all metric compacta.
We begin by examining the kth Eech homology group of a metric compact-
um for a positive integer k and a compact Hausdorff abelian topolog-
ical group G as coéfficient group. Within ﬁ%(C,G) there is a comract
subspace comnosed of the class of all bounding cvecles and the homo-
logy classes of non~-bounding cycles produced bv single components.
This one point union of groups, denoted by §%(C,G), can be linked in
a natural way by a relation to the base space A(C) of components of
C, and this provides a new type of object, Sk(C,G). The topology of
the base space describes the convergence of the components of C,
whereas the topology of the total space §%(C,G) describes the conv-
ergence of the classes of cycles carried by individual components.
Yorphisms between these objects for different compacta are defined
S0 as to create a range category for a functor Sk(—,G).

'Then G has a nultiplicative structure vhich makes it a field,
then it is possible for each of the groups Lg within §£(C,G) to be a
compact vector space over G, and one may sometimes choose a Schauder
basis for each f;.In particular, a topologically meaningful set of
bases can always be chosen for 55_1(0,72) when C is a compactum in
euclidean N space by considering a defining sequence M for C. In this

case a subspace, denoted by Str,, , (1), which is the union of sets Le

-1

of augmented bases in Le is selected. It is linked by a mapping to the

space of components. This creates an object Str, , (M) which is a

N-1

(C,Z?) in a weak sense, for it bears no algebraic

~~

subobject of S

\:_1
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structure. The function Str, , is not functorial, and it is necessary

-

=

to show that it is a shape invariant., This invariant vields for the
conpactum topclogical information which is veiled by the group struct-

ure carried by the values of S 1(—,."'T,)). For enanple, the augrented

bases Le , each composed of classes of non-hounding cyveles, correspond

to

a7
1) sets of components of S '~ Cg,

2) subsets of Cewhich bound these components.
Ve alter these collections slightly and then form the union of each.
Topologies are defined for each union, and therefrom obhiects isomorphic

to Stry 1(M) are creatcd. These isomorphisms express a new kind of
34
duality for a compactun in S, vielding mor: information than can he

s

obtained fron pure honology and cohciology groups.

Lo

The work is arranged as follows. In the first chapter the new

ite

invariants are defined and their hasic properties established. They

h

are used to classif

PG . . . .
subcompacta of R, In the second chanter dualitv relations are intro-

r +he plane comnacta and the toroildally defined

1133 wiate

duced. In the third chapter we formulate a condition necessary and
sufficient for two u.s.c, decompositions of the 2-sphere generated
by compacta to be equivalent under a homeomorphism of pairs. A
corollary demonstrates that the two compacta must have the same share,
in sharp contrast to the situntion in the 3-sphere.

Expense has prevented us from including the second and third

chapters as part of this copv. They will be submitted elsewhere for

publication.



CHAPTER II

CLASSIFICATION BY INVARIANTS

1. Preliminarv discussion and necessarv notation. We shall

apply the version of shane theorv for metric compacta exnressed in
terms of ANR sequences and mappings of svstems developed in [29].
ror each nositive integer n, Hn will be an ANR (cotpact metric) space

and i + M

— M g ntinuous bonding map. The sequence is
n+l * ntl n & ©° & map 1

said to be associated with the space C if C = inv linm (M,1). There is
a function ¢ from the positive integers to thenselves such that c(n)
is the number of components of ‘1n. Ve denote the components of Mn by
Mn,j for 1= j % c(n). There is a set A oié sequences € of positive

interers ®{n) subiect to the conditions: 1) 1 <€ &(n) £ cfn) ani 2)

3 ™ < M } a C iad i
ln+1[1n+1,¢(n+1]] =M )’ and such that each comnonent Cg of C is

. _ ~x «
the inverse limit of the sequence (?-!“,1 ), where 11" =Y ( and
: : n n,&(n)
i “- i l” « . et V be etual to i *i Tt $ M —pt
n+1 n+ll n+l T q,.p : q+1l Tq+2 D D

o

and V. % be v |r~1
Q,P QDY D

We use the notation f htp g to indicate that the continuous

man £ is homotonic to ¢. A mannine (F,¥) of svstem (M,1) to (* 1) is
a pair of seanences with¥ an increasin~ man of the positive interers

into themselves and Fn a continuous man of ‘b(n) to En with the pron-

erty that for each n we have in *F _htp F

‘v £
n 22 T4 \w(n-l),‘#’(n)' The concept of

L



homotopic mappings of systemé-is as in[éQ].

We desire to comnute the Cech homolosy erouns ﬁ?(C,G), where
G ia a compact Hausdorff abelian tonolocical group (hereafter denot-
ed bv the symhol CTAG). The continuity theorem {16} for compact T,
spaces and a CTAG as coefficient group asserts that there is a na;-

v v v
ural equivalence between Hk(C,G) and inv 1lim (Hk'M, H, *i;G). For an

k
ANR (compact metric) all homologv theories which satisfy the axioms
in [16] arree in value. e therefore applv to the sequence (!,1)
that forrulation of a homology theory which at the moment is most

convenient.

Hypothesis 1.1. Let 6 be a fixed CTAG until section €.

2., The functor 87

The domain of SO will be the set of AYR sequences and mappings
of systems. The range will be the category of 0-dimensional metric
compacta and contimous mappings. e apply the compact Hausdorff abelian
topological group functor HO(—,RQ) to the seauence (!,i). For each
ANR Hn, Ho(ﬂn) is a free abelian 2-group generated by a set

m .11 € 35 <c(n) where m_ . corresponds to the component M .
{ 0,3 ‘ 1 } s n,3 p i n,9

of 1 . Let I 4q denote the continuous homomorphism Ho(in+1)' The mapping

1

I takes each generator n

n+1 to the generator m_ . correspond-

n+l,7j n,1i

. N . . . o . . P
ing to the component Jn 3 1n which ln+1[1n+1,; lies. e shall define

L]

SO(M,i) to be a geometrically significant subset of inv lim (HO'H, 1),
e 3 s o : .

which is a subspace of =1 Hn(wn) nrovided with the Tvchonov top-

ology. The set SO(H) is defined as the imace of the u.s.c. decomposit-

ion space A(C) under a mapping Ty defined as follows. For each comp-

onent Ceg of C there is a unique sequence (H-ii“) such that Cgequals
o a q <



. o « .2 3
inv 1im (M 7,1 ), To each Hn there corresponds a generator mn" of

o*
n+l

Ho(Mn). Let T,(C ) be the sequence m¥ so defined. Because I__, (m )

M n+l

equals mn", the sequence is a thread of the inverse limit of (HO'M,I).
Define the topologv on SO(!I) to be the topologsy induced on the set
from the product T’:]:; HO(T!n). This topology is thus the topology of
coordinatewise convergence. For a subset B of an inverse
limit of a sequence of discrete spaces, this topology has the special
property that for a thread m", the set of open sets ipl pé€3 and pk=
mk"}for k21 is a local basis at m~ For a mapping (£,P) from system
(M,1) to (,1), the value of So(f) is defined to be the restriction
of inv linm (Ho.f,y ) to SO(M).

We now show that S0 is a functor. Ve must first demonstrate

thatSO(f) maps SO(M) into SO(_‘;i). Consider that for each n the diagram

(2.1)

M Yew)

<€ V Mw(nn)
Wn) P Cavd)

"l\ -Fl‘?l

v v
M, < Mas

Lon

o} .
commutes up to homotopy. For a sequence M generating a component Cyg

-3
of C, £ rmust map ! for sach n to an AR comnonent ' . X
n 2 “¥n) : n,@(n} so that

the diagran



«
}

M Yia) " Mucns
V Win) , YAner)

‘Fq“ ;ON:
; .

_l!\ h8m < e ﬂ nsl, Blnn)

« ol N
comutes up to homotopy. Here fn = F 'HW(H) . Thus the sequence !
is an ANR sequence for some component C 8- inv lim (;‘-!c,iﬁ of the

fal

compactum C generated by 'l. We may observe that

. A '
£ 7 n =T m
HO('"n "V(n),w(nﬂ))( n+1 ) —n+1 o( n+1)( n+l 7.
The right side of the equation equals I_ . (m _ ®), and the left side
“n+l -n+1

£ ) = ]
equals HO(.n)(mn ) E—n" Because I_ ., (m )

8 b -]
n+1 T mn , the thread is

not only a thread of the inverse limit but is also the image of a

-?'I'

component C cof C under the mapping T

Lemma 2.3. For (',i) the mapping 30(1,1) is the identity
mappins on SO(M). For £ : (M,i)e—a(},1) and g: (M,1i)===—>(7,1),
So(8"F) = S,()°S (£).

This follows from the fact that SO is the restriction of the
functor .}{'0, and our demonstration that the imasge of SO(M) under So(f)
lies within SOQ-D'

Lemma 2.4, The mapping So(f) ig continuous.

Because the functor ?—{0 converts a manping of svstens to a
continuous mannine,the result follows directlv,

Lemma 2.5. If £ and ¢ are homotonie mappines of systerms, then

So(f) = So(s*.).



The mappings ?{O(f) and ﬁo(g) are equal, so that their restrict-
ions to SO(I‘I) are equal.

Lemma 2.6. The mapping inv lim (Ho'f, ) is continuous.

It is clear that for a compactum C the mapping T” provides
a bijection of the decomposition space A(C) onto SO(M) for each
ANR sequence for C. We see that all shape equivalent systems lead to
isomorphic values of SO'

Lerma 2.7. The mapping TM is a homeomorphism,

Consider a component Cg of C and a basic open neighborhood
B of m¥ = TM(C.() in SO(M) of the form {pt p € SO(M) and P= ml“}for
some 1 1. The open set D = {Vl X € A(C) ant ¥tlies in Til“}of/\(c)

is mapped by T, into B, (Here K% is the imarfe of K under the 1lth

"

projection from C.,) Thus T, 1is continuous at each component, and

M
because SO("I) is a Tg space ani AC) is compact, it is a homeomorph-
ism,

Ve may proceed further and show that Ais naturally equivalent
to a functor derived from S,. For each metric compactum choose an AR
sequence (M(C),i(C)). Then the functions TT%(C) fron A(C) to SO(‘!(C))
define a natural equivalence from the functor A to the Functor SOC.
Here SOC(C) = S,)(!‘x(C),i(C)). Je shall drop the superscript when there
is no dancer of confusion.

There is a natural equivalence I from the functor inv 1in *H
to H,]‘inv 1im on the categorv under consideration E’lf’] . The second
functor is intrinsic in nature. Forn for each seauence (’1,i) the

restriciion ‘IS(;‘I) of M(M) to Sn(*{).

Lermma 2.2. The function ”g is a natural transormation from



So to a functor HS whose values are well defined subsets of the intr-
insically defined 0th Cech homology group functor values.,
Thus, if ! and ¥ are equivalent systems for C under f, then

the diagram

v
o (M) — o Ha(O)

Solf)

S (M) N; €r)

commutes.,

3. The functor S, (-,8).

Let k 2 1. 'le shall define the functor '§k(-,G) with domain
the set of AR sequences and mappings of systems. Its range will be
the category of metric compacta and continuous mappings, To the seq-
uence (M,i) apply the functor Hk(-,G). Let L = inv lim (Hk°M,Hk'i
in the category of compact To abelian topological groups. The space
L bears the topology of coordinatewise convergence. For each comp-

. s L .
onent Cgof C there is a unique sequence ! of AMR components and 3%

of embeddings such that the diagram

(3.1) th — 3 M.,
) N
LM:‘ .Llél
S oo
< Jna
nmn - — Mhu

- . .
commutes. The sequence (i ,1 ) constitu*es a mapping from the systenm

(W'ti‘) to (M,i). Anply the functor H, to the diaeran (3.1). Let

(iﬁ:f), and In+1 = Hp(in+1)‘ The resulting

g% (3%, 1 X=u

n *'n n+1 X
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diagram o

He (M0®) — — Hee (M)

(3.2)

I-\-u‘ In.

—» H., (Ma.)

is also commutative. The sequence (J‘,‘i) constitutes a mapping of the
o _of . « .
sequence (H} n,T) to (H} M,I). Now ”n is an open and closed subset
of Mn, so that Jn" is an embedding into the group H.k(Hn). The group
H (M%) is compact and H (M ) is Hausdorff, so that H, (M %) is a closed
k' n ¥'n k''n
subset of H.k(Mn). From this we mav deduce that J.g,'t = inv lim (J‘,l
. . . o . . o &
is a closed topological group embedding of L~ = inv lim (Hk M, L‘)
as a closed subgroup Le of L. Zach thread t of Le¢is mapped to J.“(t)
of L. We shall identify J: (t) with t when convenient.
. o«

Suppose Ce # Cgs t* eL-{0}, and toéLa-{'ﬁ. Then Jog (t%) #

Jgo(to). For there exists an inteser p such that 2-!;‘# II_Da and neither
. « .

of the pth coordinates of Jeo (t%) and J“a(te) are zero. However, Hk(Hp)
contains H (Mpu) o Hb(!TDe) as a direct summand. Therefore the pth coord-

k

inates of the two elements in L must differ. Vhen Cg # C@ , then
w0 Ty = {0].

e define -§k(r-'1,i;G), which we shall often denote hy _S-k(H), to
be the union {J {Lu I“C A} » provided with the topology induced fronm

L'
let i . : M .e==®»Y he the inclusion mappins and J , =
n,i n,i n n,i
2 - « [y ’:
Hk(jn’i). Suppose that x € Lg and ¥ = Jgg (%), For each n, Iﬂk(“n =

c(n)
Trj =1 Hkmn j) with the product topolosy. The nth coordinate Y



11

of y is a c(n) tuple and only the ®(n)th coordinate Y .e(n) is

9

different from zero. Clearly yn,&(n) T R e The set of sets {7' z €
-S-k(M) and for each i, 1 £ i% c(n)’zn(vi=1C(n) Di} » Where n¥® 1
and Di is an open neighborhood of yn,i’ is a set of basic open neigh-
borhoods of y in gk(!-l). This local base becomes simpler when each
H‘k(mn,j) is a discrete group. Then we find that the set of sets
{z ‘ z € §k(M) and 7 = yn} for n® 2 is an open local base at v.
Sippose that (f,W) is a mapping from the system (¥M,i) for
C to the system (M,i) for C. Ve shall define the mapping € (f) from
-S—k(H) to ’s'k(g). Ve have seen that for each n there is a homotopy

commutative square

(3.9)

v <« M WP (ne1)
~ Vo ) Winat)

£ Fover

=

M‘” il Lnet 4ad

For each component Cgq of C there is a component C eo‘f C such that the
truly commutative squares

(3.1) o
M «® Win)
Ying

= My

£ fo

M e



form a morphism of the ladder with homotopy commutative squares

(3.5)
M
Yin) o "(ﬂ#\’
VWM,wCM)
o
oy $nas
1Y
L aa
= -]
ﬁn@ <« n Asl

into the ladder with squares (3.3). A portion of a projective view

of the resulting three dimensional diagram is

(3.56)
\') " net
- n\‘(\\ < 0, et M¢(m)¢ My cns2)<—
‘ | ‘
' !
J'H-u ‘ l
! {
I 1
W1 Vel . '
Vh) W\qfl) 4‘ U(‘\?:)‘—_—
\l |
: v
——M.\<--—":—- —_—- —ﬂ“‘* Qs o s - | PO
A 7 4
"“ / I /
/39
/= / /
/ / /
0 & -3 V e
'_.m.n < Y M.\"‘, a 4-'1'\61 -



We may apply the kth homology group functor Hk to the diagram (3.6).
When we do so the mappings in the horizontal planes are converted to
closed embeddings, and the three dimensional diagram is converted to

the commutative diagram of topological groups and morphisms below.

(3.7)
— H« (“ vm) — Hwu(M ww)\ ~
/! \
J l \
- R (F)
( \
« i
- Hx (M\[,c-\) ) < ARK(MWCMQ ‘) —“—

l

v \

] et — — — =] — — H{Me)—
7 A

RO B /

—‘“k(nl\e) & *“HK(Mnﬂ 0)“__,-

From (3.7) we can conclude that inv 1lim (Hk'f,") is a continuous

homomorphism from inv 1lim (H, "H,H, ") to inv lim (K _°!,H *i) and

. X

. . o€ . . X . . e fes
inv lin (¥ °F W) is a contimious homomornhisn Sron inv 1im (3 e,

s

H}'i‘) to inv lin (M "4 ,?11"i°). Mloreover, the mapping inv 1lim

k=

o
(H]"j »1) and the mapping inv 1lim (?{k'j‘,l) are closed group enbed-
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dings making the diagram

(3.8) tnv Lim (“R' M‘, Hn"‘) — t.'_'_‘_" (HN‘”J I\

Lm (T4 0
L
A CRALD # (Heh @)
l um (T%0) \
Ay Lim (f‘“‘ﬂg, Hx'é’)"_‘ &:‘_(ﬂkn";)

comnute. ‘e rewrite the diagram for brevity

(3.9) _ (n
Lg‘@ — L
F‘l‘ lp
w @
- L
Lo < L

e may follow elements belonging to §k(M) under the mapping F. The
thread t is talen by F to the thread s with s, = Hk(fn)(tV(n))' The
diagram (3.8) shous that when t € f“ » the image of Lg, then F
converts it to a thread in E@. e therefore can define -S"k(f) to be
the mapping which acts in this way on each thread in 5}:(’1). la
observe that -S-k(f) can be identified with the restriction of F to

sk(m).

Lemma 3.10. If g is a mapping from the system (U1,1) to the

system (*(,1) for T, then E}\_(gff) = Eb(g)‘ -S_}‘(f).

This follows from the fact that the values of S1< for the

nappings can be identified with the restriction of the mapping obtain-
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ed by applying the functors HP and inv linm.

~

It is clear that the following are true.

Lerma 3,11 . If (1,1) is the identity mapping for (M,1i),

then §L(1,1) is the identity mapping for §£(H).

Lemma 3.12., If £ and g are homotopic mappings of systems
from (M,1i) to (M,i), then §k(f) = §%(g).

The proof follows by the use of well knowvm techniques when
the mappings §%(f) and §£(g) are identified with restrictions.

Lemma 3.13, Ve may therefore conclude that Sk is a covariant
functor from the category of AR sequences and mappings thereof to
the category of 0-dimensional metric compacta and perfect maps. The
functor factors through the homotopy category of maps of systenms.

Lemma 3,14, The space §£(H) is compact.

The proof of this assertion employs lemma (3.14,1).

Lerma 3,14,1, Supnose that s € L and 1 is a positive inteq-

er such that Sy £ 0 and for each nZ !7 there exists a component An

of M_ with the property that s_€ J .[Hk(A )], where A = M ..
n n n,J n n n,J

Then s & §y(n).

Let ”n“ be An for n& 1, Pr Ffinite induction dovmward let

\ «®
n+1[4n+1

3 10 is the fini i F !
lies. For each n, Hk(ﬁn) is the finite direct product of Hk(Jn’j)

M;'for n < !l be the unique component of Mn in which 1

for all components ' ., of Hﬂ. The mapning I_1 mans each subspace
. i

N,

+1

y (1 L) of Ho( into the suhsnrace I (M
) K- n+1) ' k( 2

¥, ) of H (M ) for +he
k 'n+1,1 n,i’ k''n

component ' .in which i [:’ ]]ies. But In+ (s ,) =5

s hacause
n,Jj n+ile n+1,1 1" "n+1 “n

s is a thread of the inverse limit, so that An+1'c" 1\n for n ;WM.

Consequentlyv s € E;.
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To prove lerma (3.14) we show that §P(M) is a closed subspace
of L. Suppose that t is a sequence of threads of S = §k(r4) converging
to s in L. If s = 0, then it belongs to S. If s # 0, there is a least

integer ¥ such that s, # 0. Then s, £ 0 for pZ Y, low sp is a c(p)

. (P> 4 oy ‘
tuple m]Tj =1 Hk( _
c(p)
Trj 31 D]. of Sp' If the jth coordinate of Sp is different from

j)' Take a basic open neighborhood H =
9’

7ero, choose Dj so that 0 ¢ D"l' Recause t converces to s, there is

. . i (
an intefer I(p) such that when i 2 I(n), tln belongs to H, But tI‘p)

I(p)

pa

the pth coordinate of s, belongs to J .[H 63 \] for some comp-
P,1= Xk DP,]

onent Mp . of Mﬁ, that is, only the jth slot is different from zero.
b z

This forces all but the jth slot of s, to be equal to zero. Thus, sp

belongs to \J .[H M )] et A =M .. Yow we can apnly lemm=
D,jb k' p,] D D,

3.14.1,

L, The relation EJ, and mannina@, . The classical means for

relating Hk and HO is the notion of a pair of spaces and a sequence

of boundary operators. Here we shall relate Ek and SO throursh a cont-
inuous mapping d”k and a relation ek which is an extension of it. Fach
non-zero thread t of §k(H) belongs to some subgroup -I:“for some comp-—
onent Cg of C. To each Cq corresponds a unique ANR sequence M“, and
to this sequence corresponds a unique thread ™ of SO(II). e there-
fore defineﬂl'( so that 0';:(1:) = m . The relation ek is defined &s
eV [fﬁ} e SO(.‘!)], making each thread of SO(H) correspond to the
cormon zero of all the orouns 'T:.‘ . (WVhen k is fixed throughout a
discussion, we shall Adrop i+ as a suhscript.)

The mapping can be described in terms of mappings of indivi’l-

ual coordinates of the threads t and m. For each interser n Ffor which
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c(n)
=1

(n)
ANCITD] B ol WET:0 | PR ¢ S ), se of
Jn,i[}’k' In,l)] f 1 in {21 Hk( In,l) to H’J' n) Ry abuse o

H‘((Mn) is not =zeroc we define a mapping v from the subset Ui

languagse we shall speak when convenient of mapping UH]’(?!n i) - {0}
< 3
The mapping is defined on each of the disjoint subsets Jn i['qk(’!!n i) -
2 2

{OS] so that its entire imace is moogo the generator corresponding
b}

to M . in HO(HT\)' Precisely, v_ takes each non-zero c(n) tuple x to
,1 T
the element mn ; for which the ith slot is not zero. Ve define a map
o1
2 on 'S_k(M) - N as follows. For each non-zero thread there is a least

integer N for which tII # 0. Let¥(t) be the thread vhose nth coord-
inate for n¥ U is vn(t). The mapping is well defined and can be showm
to be identical toQ. Ye used to show the following lemma.

Lerma ".1. The mapping O is a continuous mapping from S =
5,00 - {0} to 5 (1.

proof: Suppose that x helongs to S and % = T (x). Let Bn =
{t {te S,¢1) and t = mn" for some nZ 1 he a hasic open neigh-
borhood of m®. Because x # 0, there is a least integer p such that
xp # 0, Take q = p+n. Then g is a c(q) tuple with the &(q) th
coordinate not zero and all of the remaining coordinates equal to
- 1C(‘q)Di, where Di =
Hk(Hq,i) for i #a&llq) and Dol(q) is a neighborhood of xq,i that does
not contain zero. Then vq[f)] = {mq"‘ , SO ‘:ha‘cl’[{‘_r‘ v € tq-k(ﬂ) and

zero. There is an open neighborhood Q =T\.i

y,e ] € 5 €3,

5. The functor §, (3). e de€ine the functor S},(G) to havae

domain the set of AMR sequences and mappings of systems. The value

of Sk(G) will be the triple Pk : E}’(H)«-bso(ﬂ). For a mapping f
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From system (M,i) t&6 (M,1), the value of Sk(f) will be the pair

(§%(f),so(f)). The diagran

S, (M) = —> .§~(M)

(5.1)

€ €

Se (M) —r $, (M)

commutes in the sense that for t € §k(n) such that §%(f)(t) = 0,
= . -1
we have Sk(f)(t) belonging togk [So(f)(e(t))].

We therefore define a morphism of objects in the range cat-

egory to be a pair of contlnuous mapplngs maP1nv a diagram comnute

in this sense. Comn051tlon of the morphlsm% (£ ,£f ) and (?k’”o is

},,

defined to be (g . With this definition one may verify

- F
nk k’cso -O
that
Lemma 5.2. The set of triples derived from metric compacta
forms a category under composition of mappings.

We deduce the following theorem from what has been shown above.

Theoren 5.3. Sk(G) is a functor on the category of ANR seq-~

uences and mappings of systems.

Corollary 5.4 If the system (M,1) shape dominates (M,1),

then Sk(!) doninates Sk(ﬂ) in the range categorv, that is, there

exist morphisms F = ('k’F ) and G = (gk,go

Sk(g) and G : SV(E)-~?€k(H),such that G°F is an identity in the

), where T : Sk(M)-——V

range categorv,

Corollarvy 5.5, Shape equivalent AMNR systems define isomorphic

invariants under Sk'
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We may form a new functor Skc(G) whose domain will be the
category of metric compacta and shape mappings. Select for each comp-
actum a particular ANR sequence M and let SkC(C) be Sk(M)' Foe each
shape mapping select a particular mapping of systems in the class and
apply the functor Sk to it, The mappings can be shown to be well def-
ined and to define a functor. (Ve shall drop the superscript when there
is no danger of confusion.)

6. Application of the functor Sk£2223 When Z, is used as a

2

coefficient group, the total space as well as the base space is homeo=-

morphic to a closed subset of the Cantor set. This makes the value
of Sk(ZQ) conveniently calculable and conceptualizable.

Borsuk has presented in Eu] a pair of plane compacta and has
demonstrated that one does not shape dominate the other. We generalize
his example and produce in each euclidean space of dimension N+i > 3
analogous compacta KN and KN comprised of N-dimensional sSubmanifolds.
Consider a polyhedral N-diﬁ;;sional, closed, connected submanifold D
of RN+1. There is a polyhedral embedding h of D xL O,fl in RN+1 such
that n{D x {o}] = D. Let K  be DV Un=;_° h DX {1/n} . In a cell in
D X (1/(n+1), 1/n) embed a—folyhedral copy Dn of D for each n > 1, Let
Ky be D“un=1m Dpe

For a closed, connected, orientable N-manifold D, HN(D,ZQ) =
Z, The values of SN(KN’ 22) and SN(KN’ ZQ) can be computed in a
straightforward manner by the use of ;;gular neighborhoods. Each KN
has the same value of SN(KN, ZQ), and this value is pictured in figure

6.1 as embedded in the plane. The common value for SN(KN’ Z2) is

depicted in figure 6.2.
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'Y [ e & O b
. - - o an o .
e d *0
» [ 2 [} a o0 'y '] [ ] s Oo
Sy S:!(Kg_)
Figure 6.1 Figure 6.2

Neither of the compacta K,I and KW dominates the other. If
1 i

£
R 0)

= o) with T @ S.(X s.(¥ L : S (X 5. (¥
and G = (£y,5,) with Sy == 5, (¥y) and 6 ¢ S, () —»s, ()

K,I were to shape dominate X,, there would be morphisns T = (F

such that F'G is the identity on SH(Ky)T.The mapning Py would be a
fiber preserving closed embedding.of g;(KN) in §¥(KN)' Then £(0)
would be equal to N, and g(b) would be eq;;l to a. But b is a limit
point of §h(Kn), vwhereas its image a is an isolated point of the
containing sp;;e. Tt cannot be a limit point of the image of e

If KN were to dominate K,» then G°F would be the identity.

In this case would have to be a fiber preserving closed embedding.

£

N

Then £, (0) would bhe 9, and £, (a) equal +o b. Now N is a limit point
s X

of the domain, but its image, N, is an isolate? point of the con*t-

aining space.

n ~eneral the fiher structurs of the values of the invari
In ~eneral the fiher st t £ +h 1 £ th variant

will be more complicated than those in these simple examples.

-
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7. Applications of the functor S, (T.) Let T, be the group

of complex numbers of unit norm under multiplication provided with

the norm topology.
Let ¥ be the class of compacta generated by ANR sequences
(M,1) such that there exists a shape equivalent sequence (T,P) with

the following properties.

7.1) Each component T 3 of T is a wedge of g(n,j) copies
3

of T, with 1 as the common point,

7.2) Fach bonding mapping Pn+1 when restricted to a compon-

ent T (and denoted by P

. aps T into a component T
n+l,k n+1,3) map n+l,k n P

in the following special fashion. Each circle U

n,J
£ .
n+l,k,i oF Tn+1,k S

mapped into a circle U . . of T . so that for each x in U .
n,j,1 n,7 n+l,k,1
xd(n+1,k,i)

P . (x) =

i+l » A(n+1,k,i) being a non-negative integer,

Vle have nade identifications here which will later be treated more
precisely.
There are two interesting subclasses of K arrived at by
specializing either of the conditions (7.1) or (7.2).
7.3) The set of compacta with sequences (T,P) for which
each ¢(n,j) = 1 is characterized by the propertv that each shape
class contains a compactum with a toroidal defining sequencein 83.
Thus, suppose compactum C has toroidal definine senuence (M,1) in
s>, For each n choose TS U_.’ - 1C(n)ﬁ} * T,.Suppose that in+1[”n+1,f~:]

M p i = i i <) 1 e £
< Ty Let ln+1,k ln+1‘1n+1,k’ and d(n+1,k) be the derree o

of i . Dafine P so that for (%,x) in 7T P
n+1,k n+1,k for {%,%) n+1,k¥ ntl,k

. _d(n+1,%) cln+1)
' tj = ' L] =
(i, x ). Tet Poeq LJk - 4 Pn+1,k Then the seduence

((k,%)) =

(T,P) is shape equivalent to (M,i). On the other hand sunpose that
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(T,P) is a sequence with properties (7.1-7.3).Then it can be seen that
we may construct a toroidal defining sequence (M,i) in 83 which is
shave equivalent to (T,P) and ~enerates a homeomorphic compactum.

7.4) The set of compacta for which there exists an eauivalent
sequence (T,P) for which the value of each d(n,j,i) equals 1 or O
will be investigated in the next section.

Ve shall now classifv the toroidally defined compacta by means
of Sl(TO)' Suppose that C is a compactum asociated with Al'R sequence
(t1,1) , (T,P) is an equivalent sSequence obeving (7,1-7.3), and C* =
inv 1in (7,P). Tach component Cﬁ‘ of C% is gemerated bv the sequence
(T‘,ﬁ‘), and is therefore a point, a circle, or a solenoid. Thus C*
is a 1-dimensional representative with the maximum possible local conn-

ectedness, a tern that can be made more precise if necessarv, Tach

Tn" = Tn *(n) = {‘*(n)‘ " T,+ Dach thread x of C'gq 15 a sequence of pairs
’ -4 v

-
L

@(n),t(n)), where t € Tye We denote the two projections from 7 X 0

by proj1 and proj,. Then proji(xn) =e¢ (n), and proj,,(xn) = t(n). The
space C" bears the tonologv of coordinatewise convergence. The set of

sets Nn e(x) =£y| v belongs to C%, projl(yn)= projl(:’.n), and lprojg(yn)

g

b
roj,,(xn)! < e3 for all ¢ » 5 and all positive integers n forms

a basic set of open neighborhoods of x in C¥,
Let E be the set of all identity elements of C%, that is,
E=l {10 |v€nrl ={ { @, | oz 1}l®& s ¥, (The definit-

ion 6f A is given in section 1.)

<

The value of S,(7,P;7,) is either the 7roup (1) or the one

- <

point union of circles and solenoids hearing a topology which is

(R] ©J

indicative of shape. This value is a subspace of L = inv lin (1,7,
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03 - C(n) - 3 -
T T N Th
H1 P). The value of Hi(xn) 1s1Tj=1 {]s ¥ TO. The group Ly is
composed of threads x each of which is a sequence of elements X
. " 0 ott ord ‘e 1
which belong to Jn,d(n)[ 01' In other words, x is a c(n) tuple
with only the®(n)th coordinate different from 1.The set of sets

Un,e(X) = {yt v € gl(T) and 'xn,i [<efori1xis c(n)}

B yn,i
for n a positive integer and e a positive number is a local base of
open neighborhoods of x in .§.1('I‘). The mapping O takes each non-zero
% in -IT.‘ to the thread m%®of SO(T). There is a canonical topological
group isomorphism heg from f‘a to -L_a which maps the thread x to he(x)
with (hy(x2) )n = Jn"(n)(projg(x)). In words, the nth coordinate of

x is (edn), projg(xn)) and it is merely formally changed by h to

the c(n) tuple with projg(xn) in theeat(n)th slot and 1 elsewhere. The
union H, of all the he for ® & A is a closed continuous surjection H

T

of C* on*o -8_1('1'). On each C*a, H

T

T is an embedding. Thus the opening

statement of the paragraph can he verified. Let h’I‘ be HT restricted
to C* - T, Then h,, is a homeonorphism of C%* - F onto §1(T) -{03.
There is a canonical mapping from C% to A(C™) which takes
each point 2 to the component C* to -~hich it belongs. We can define
the mapping KTfron C™ to SO(T) by setting (KT(X))n = mn,projl(xn)'
In words, K’I‘ takes the thread x and picks out for each n the first
coordinate of X s and this coordinate identifies the component of Mn
in which the nth coordinate of X lies. The generator corresponding
to this component is chosen hy KT as the nth coordinate of a thread.
The mapping ‘:(T is a closed continuous suriection. Let kT be KT restr-

icted to E. This mapping is a homeomorphism onto SO(T)' Ye also ohserve

that Kr|(("_:': - t‘): e‘HTl(C* - E)o
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Hypothesis 7.5. Assume that compacta C and C are associated

with ANR sequences which are equivalent to seguences (T,P) and (T,P)

obeving (7.1-7.3). Let C* = inv lim (T,P) and C* = inv lim (T,P).

Theorem 7.6. The compacta C and C have the same shape iff
Si(T) is isomorphic to 81(3).

Sufficiency has already bheen demonstrated; we derive the nec-~
essary condition as a corollary to the stronger theorem which follows,

Theoren 7.7. If S, (T) is isomorphic to Sl('_I‘_), then C¥* is

homeomorphic to C*.

Proof: le define the mapping g from C% to C* on two disjoint

subsets. Let gf(x) = hT-l.fl.hT(x) for » € C% - Ej let o(x) =
kT-l.fo.k,r(x) for x € . The mapping ¢ is a bijection of ¢ onto c=,

s

On the open set C® - £, g7 is continuous. We show that ¢ is continuous

at each identity elefent 14 of E. Let 14 = 7(1g). Denote ;‘In,e(“; ) b

G. The mapping g is a homeomorphism from F to E, so that there exists

(SIS

an inteser q and real positive number d with the vproprerty that each
identitv in !Iq d(j“) is mapned into f.The manning .‘.’1 is also a homeo-
', 9
morphism, so that there exists an open neighhorhood Up b(l) with the
3

n+a and a less than

propertv that £ U (1\.]2” (1), Tak
propertyv th 1[D,b' ) n,e ake r
both b and d. Consider the basic open set D = ?Ir a(1“). Clearly

9
,c:cD N F‘]S n. To show that S:[D Q (C*-F‘.).]Q i, follow in detail the
action of 7 on an element x of the siuhset, The cnordinate Y of x

is of the Fform (of(r),v), vhere v € Th and N< tjf-1[< a. The manping

ho takes ® to a thread = of 51(_'1‘) - {13 vhich velones to v b(‘l) - {3
BN 279

The mapninf £, takes U b(l) -4y to threads inU (1) -{1}.
Dy N,

The restriction of hT-l takes these elements into Nn e(l“)' Therefore
Je =

c[ﬂ] €1 (1. So ¢ is continuous at 1g. But C* is compact and
n,e —

C* is Hausdor©¥, so that we mav conclude *hat ¢ is a horeonorpkisn,
) L) N 3

c



25

Corollarv 7.8, The shave classes of toroidally de€ined comp-

acta in g3 corresnond to the hormeomorphism classes of the compacta
associated with ANR sequences obeying (7.1-7.3).

It is clear upen inspection that the cormpacta X, and K,

satisfy both of the conditions appearing in (7.8). Thev are not
homeomorphic, and therefore thev do not have the same shape.
We may also distinguish between their shapes bv applying the functor

Sq(Tq). Pictures of $, (¥, ,7,) and ?1(V1 T,) are presented in ficures

(7.9) and (7.19) respectively.It is clear that S (K ) and gi(hl)

are not homeororphic so that the invariants are not isomorphic.

Fisure 7.9 Figure 7.19
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8.0 Plane compacta., Consider a compactum C in the plane.

) )
Complete the plane to S~ by adding the point at infinity, ® = {R”‘ .

There exists a sequence M of compact, polvhedral 2-manifolds with
boundary such that M . & 1 €Rr°,MA = d each
oundary such that L 15 R, 7 C, and each component

of Mn is a disk with holes or a disk. Let i denote the sequence of

-

embeddings in : Mn-—qrﬂn 1 of each manifold in the preceding. Then in

a natural way the space C is the inverse 1limit of the sequence (!1,1i).

Each component manifold ”n of Mn is a disk or disk wi+th g(n,j) holes.

>3
Each hole is an open suhdisk of RQ, denoted by (dn j)i’ bounded bv a
L]

polvhedral 1-sphere, denoted bv (b_ .)

)., for 1 ® i ®o(n,j). Let
N,J

.). denote the remainine disk of S~ - M ., and (b
5] n M, n

O e

(dn 1.)0 denote

9.

the remainins bounding curve of %ﬂ j,the outer boundarv. Vhen dealing
“i3

. o .
with a sequence M ¢enerating a comnonent Cgq of C, we shall drop fron

the symbol (bn ﬁ)i the index j, which must equal «(n), and let(b:;)i
’
denote the ith boundarv of H;‘.

We shall construct a seaquence V of sets Wn of trinles
3 ., T B ) from which one reconstm defining sequ-
( n,3? ntl,k® “nti,k can truct a ng seq
ence (M,1) in the plane which is shape eauivalent to (¥,i). For each

manifold commonent Y ., we assien a set B .., IfF M . is a disk then
n,J N, n,i

B_ . consists of the pair (n,j); if r-‘[n 3 is a disk with g(n,j) holes
] k]

then Bn,i will be the ordered set{(l‘vnﬂ.)i l 1€ i< F’.(n,_"})z . For

each nZ22 1, the mapning i takes each component ™
- n+l : n+l,k

component Hn 5 of which it is a subset in a wav that can be described
9

into the

by a matrix T associated with B ., and B Is M or M

. If . M is
n,1 n+l,k n,J n+1,k

a disk, let T he the emptv matrix. If Hn P is not a disk, the matrices
b

for the setM of commonents of Mo+q which are not disks are calculated
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by an inductive procedure. Order the elements of M so that Mn+1 h
b

) . . . - .
An+1,k if An+1,h lies in one of the disks (dn+1,k)i complementary

to Hn+1 X in R2. This relation induces a partial ordering on the
?

members of)".?elect a maximal member ”n+1 % of7". Form a matrix with
oK

g(n+1,k) rows and g(n,j) columns.row by row. Each row is to designate

the circles of M_ . linked by a particular circle of ™!

. A mMn
n,J ntl.k -

appears in the ith row and pth column of T if the circle (b ).
ntl, k1

links the circle (bn j)w; otherwise a "N" is to appear there. The
°sJ i

triple (B_ .,T, 3 ,.) is added to the set of those already deter-
n,J n+l,x

mined, the comnonent ”n is renoved from the set‘hkand the process

+1,k
is repeated. It is characteristic of a set of nested planar manifolds
that each nmatrix T has no column with more than a single "1' in it,
for two circles of an embedded component Hn+1 X cannot link the

2

same circle of Mn,j in which it is contained.
Although the sequence '! does not contain nuch of the inessent-
ial information carried by the sequence !!, it is not the only such
sequence derived from compacta of a given shape class.The details
of the pattern (M,1) are not characteristic of shape, rather the
properties of the pattern in the limit as n becomes infinite seen to
be significant. We seek a way of expressing this limiting inform-
ation and obliterating details,
Apply the honmology Sunctor Hl(zz) to the sequence (l4,1).
The sequence ' allows one to construct the sequence <Hf M, Hl»i), for
it provides the generators of H1(Hn) and mappings of generators vhich

generate each H,(i_ ). On the other hand, the sequence (H1°H,Hl-i)

1" "n+l

allows one to reconstruct inductively a sequence (M,1) which is shape

equivalent to (},i). However, the sequence (H1°H,H1‘i) is not the only
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sequence deriveable from a shape class. A sequence of this kind
still contains unnecessary information, and cannot serve as an invar-
iant.

The CTAG inv lim(Hioﬁ,Hloi) contains too little information,
The set of plane shapes 1s uncountable [u] » but the set of 2-groups
which can serve as values for homology groups of plane compacta is
countable, as one may deduce from the theorems of [15]. Y’e therefore
derive from the sequence W an invariant expressive only of shape.
This invariant is related algebraically to the invariant Sk(ZQ) which
we have already defined.

One of the steps in this search is to find a simple defining
sequence for a compactum which will simplify proofs. It is helpful,
though not necessary, to choose a defining sequence M so as to satisfy
the conditions formulated by Spiez in LSé]. e may choose (1,i) so

. . )
that we may define sequences of functions ¢ : {”*1 1.} i_ic(n, B e
. c(n+1) 1. c(n) et it Fallenrd
Jn+1,j}j=1 and a ¢ {'n,i‘i=1 -—?[b,uﬂ w7ith the following
properties.

8.1) M1 is a disk., Each component Hn ; of Mn contains as a
i

subset a '"main" component ¢n(TIn i) and possibly a "suhsidiarv" comp-
k]

onent M . of 1
n+

£} » 3
1,3 IfF N 1 has k20 holes, then ¢(Jn’i) has k (or

1° n,
k+1) holes and is embedded in Hn 3 with no (one) null honologous bound-

]

ary curve. The subsidiary component is either a disk or an annulus.

If an annulus, it lies in an annular comnonent of N i ¢ G
’ - i L
n n,i

and is not contractible therein.

8.2) The value of an(?{n i) is the shape nunmber (that is,

2

2
. e n? _
the number of disk components of R ni§1¢n+'§(---(¢nmn I ).
1
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8.3) If M_ , has k holes and k< a_(M_ .), then @ (1 .)
n,li n n,i n n,

. 1

has k+1 holes.

Yhen the conditions of Spiez are imposed, the sequence V
derived from the definine sequence (M,1i) becomes quite simple,If ”n,'
is not a disk, but has h holes, then the matrix T for the main comp-
onent Mn+1,k will be the h X h identity matrix in the case that Mn+1,k
has h holes, and the identity matrix augmented by a row of zeros
otherwise. The matrix for a subsidiary one will bea i1 x h
matrix with a "1" in only 1 column or with a "1" in each of the h
colunns 1if the component is not a disk.

We shall call a defining seuranee obeying the conditions 8.%
- 8.3 a Spiez sequence.Each Spiez sequence for a plane compactum is
an ANR sequence satifyint conditions 7.1, 7.2, and 7.4,

Lemma 8.4. The set of components of a plane compactum with
shape number greater than one is countable.

Proof: 'le may label the at most two components in each ”n 3

so that ! is the main component and i

41,1 is the possibly

n+l,0
existing subsidiarv component. Then there is a bijection fron the set
of comnonents Cg of C to a subzet of the set of sequences taling the
values zero and one only. If a component C«has shape number greater
than one, then there nust be an integer p such that MA“ is a main
conmponent from n = p on. The sequence corresponding to Cewill have
value equal to one from some point on. Rut the set of all sequences

of

zeros and ones which are eventually eaual to cne is at most count-
able,

Pemarlt 3.5, The set of all circles in the plane with center
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at (-1,0) and passing through a point of the Cantor set is an example
of a plane compactum with an uncountable set of components of non-
trivial shape.

Let us examine the relation between the sequence 1¥uhich
generates a component Ce 0f C and the shape number of Cyfor a Spiez
sequence. There are three possibilities for (M‘,i‘):

8.6) The sequence i’%ay contain a cofinal sequence of
null-homotopic embeddings.

.o . . .
8.7) The sequence i may contain no null-horotopic embeddings

. o .
from some point on, and the sequence ) may contain a subsequence
2 Y

o

of annuli M .
n(i).
8.8) The sequence H“may he composed of main components
with two or more holes from some point on.

Vhen (8.6) obtains, the Cg is of trivial shape with shape

nurnber equal to zero. Suppose that (38.7) obtains. There is a least

4

integer k for which i is an essential embedding for nY k. Then

oL
Mk must have at least one hole. It cannot have two holes, for

. - .08 .
g’ would be essential,., Thus i, 1s an annulus. Choose a sequ-

IS

then 1

o
ence (I, ) as follows. Let ! be the sequence of all annuli Mn(j)

ol ot
ith ()% k in th nce 1%, U M = Moo=,
with n(§) 2> k in the sequence e have M, =M 7, jj dn(]) ,
“ “ . “.... “
M. =4 .. . . =V . . = . .
and =j+1 n(j+1) Let ¢Sj+1 n(j),n(3+1) ln(j)+1 ln(j+1).v.

There are two subcases:

3.7.1) From some integer on the éj are all essential enmbed-
dings.

RB.7.2) There is a subsequence of 4 the members of which are

null-homotopic erbed?ings.
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When (8.7.2) prevails, the component Ca. has trivial shape. Let us

o
consider the case (8.7.%1) more closely. Look at the segments of (M,i‘)
of the form:

+
L aules

8.9
T Mhay — M

« - M*
Maeg 40 < LI¢TY})

The composition of the mappings in each segment is QSj. The first

begins with n(1)=k and the composition is dg. In each segment the

genus of Mna rises in single steps from a value of one for Mn(j)“
. « . . «
M. x to one £ g M
until n(3+1)-1 then it again drops to one for the annulus n(35+1)

The matrix T in the triple {Dl,l(l)“l’nlﬂ,"(lﬂ)} revresenting the

«
1+1

15 an identity matrix  augmented by a row of zeros except For the

. . o« .
action of the mapping on the boundarv circles of !f

t141
. . . o .
last mapping in the sefment,1 .. . Ve can see that . for § 2 3
n(j+1) 3

will be essential if the circle (‘bn(j) )1 is deformable in the preced-
. . o
ing nanifold component *_,.

\ P n(3)-1

the unionl.’((bn(].)_l)i |1 < i€ a(n(3)-18(n(j)-1 3 . (Alternatively,

)

+ 3 a cirel b ,. )
to either the circle ( n(§)-1'1 or

one may say (b in the second case.) It will be null-homotopnic

n(j)-1'0

if ( . i form ) b .
if ‘bn(]) ) is deformable to ( n(4)-1

ment (8.7.2) is equivalent to the followinz statement. There is a sub-

)i with i » 1, Thus the state-

sequence of ¥ of annuli whose bounding circles (b ) 4 ave deform~

h(i)

3 ] T
n(i)-1 )l with 1 ®» 1.The statement

(8.7.1) is eauivalent to the followings statement., From some integer

able in the precedins manifold to (b

on all the components which are annuli have the nronrertr that (b_q )1

)

1 N ) . Here Ca has

is deformable in " ¢ to either (b
n-1 n- 1 °0

or (b
n-

the shape of an annulus.



32

Let us consider the consequences of (8.7.1) more closely in
order to determine the value N of the index counting the stage at which
"a hole in C first appears". There are two nossible cases according
to the behavior of the seauence 8.

8.10) All the 951. are essential. The define N to be k. We have

seen that HN* is an annulus, and it is inessentially embedded in I-ﬁr_: .

The condition(8.1) requires M to he a disk. Furthermore, all

J‘r 1

V‘I n for n > !l are essential. This is because there is an inclusion

RIS,

map u such that V,, n'u = 95,,'63"'6]. for sufficiently hich values of j.
T 2

3.11) At least one inclusion éj is inessential.let q be last
inteser for which éq is inessential, Tow éq is the composition of the

mappings in the segment

is
0 19 ) Qe [ 3
2e ) ‘ 'Q M Qe+l & 0 ‘-—A—— M s
where R = nfland O = n(g-l). The length of this segment must be greater
A ) (‘

. . 'Y
than one, that is R-0D 1, For if D = Q+1, then the annulus Hp\ would

PR - § . s s .
be embedded in .Zn so as to be contractihle., This is, however Fforhidden

by (2.1). Morecover, the value of N cannot be less than k. The manifold

«® . PO
is an annulus with its hounding circle (b, ), deformable in f

.‘\ .L\ 1 -\-1

"

to a circle (b, ), with 1 >» 1. The component !! has R-0 holes,

R-1 71 R-1

and the disk ((1R ), contains (d )l as a subdisk. te compute that

1

(bR ), is contractible in !

R-1

o hut not in !

]
1 0+1-2 | Q+1-1° The circle (")

Q+1-

is contractible in ' i

. . ! has only 1-1 holes in
Q+1-2 0+1-2 n=y ¥

it, and the boundaries of these holes are the circles (b ) for

N4+1-271%

A4

1 £i% 1-1, In +his case choose ' = N+1-1, One can then show that all
the maps Y, L are essential.
ive

In the case (2.%) the conponent Ce has shape nunber,sh,
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in>c2,“]. Ve proceed with an analysis which has features similar to
the one above, Ve shall define an integer for each bounded component
of R2 - C« which will count the manifold at which'"the hole first
appears”. Ve do this by first defining a pair of integers ! and P
with N £ P vhich will be very useful in the computations of Ffuture
sections. Let ! denote the necessarily finite subsequence of f«ldcomp-
rised of all annuli ! _,, v for 1 & j= a, Let 4, , be as before

n(j) 9 j+

1

« .
into Mj. There are Four cases

) . : Y =
the inclusion map taking £ﬁ+1 Jn(j+1)

to consider.
8.13) There is only one annulus Ei = Hn(£§ in the sequence
M. Then let both P and M be equal to the index n(1) of this annulus.
If there is more than one annulus in the sequence "%, let
P be the index of the last annulus. ow we shall proceed as in the
paragraphs above.
8.14) If all the inclusions éj are essential, let ! = n(1),
the index of the first anmulus,
If they are not, let q he the last integer for which éq is inessential.
Again éq is the composition of the inclusion maps in the segment of
the form (8.12), where R = n(q) and 0 = n(q-1). There are two distinc+%

cases which can arise.

8.15) The manifold MP-ﬂ

is a disk. Then let Y = R,

8.16) None of the ”n“ with Q €< n € R is a disk. Then let
N = 0+i-1 for the appropriate i ® 1 as in (8,12) above.

The nunber of holes in 1;‘ rises in single steps from the
value of one for MP°‘as n increases for all four cases.If sh is finite

it reaches the constant value sh.
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o«
Let us relate the sequence " for a component Cwmof shape

number sh greater than zero to the bounded complementary domains

< . . .
B, 5 1 % i £ sh, in the plane. For sh equal to one, there is the

. . . . < .
lzast interer W for which all the inclusions V‘I n are essential. There
'3

. . o « . .
is the cofinal subsequence of M composed of the Mn('ﬂ with n(i)>= U
) ,
which we have defined ahove. Fach of the bounded components of R - the

o« ®
M.y is a di . . n(j) € n< n(§+1), = M.
annulus In(j) s a disk (dn(j) )1 For n(j) € n< n(j+1), where a(1)

and Mn(j+1)‘( are successive annuli, there are two or more disk comn-

o
onents of R2 - Z-in « If there are integers n with N < n <€ n(1), then

2 . .
R" - Mn has two or more disk components. ''e define a monotone non-

decreasing sequence G¥ of open sets Gn“ whose union will be Bl". For
n N let Gn = 4, because there is no bounded component of R2 - Hn"
which is a subset of B;’. If there are integers n with 7 € n< n(1),
then for N8 n < n(1) let Gn" = (dn)i. The integer i is, as we have
seen, greater than one, and the symbol denotes the disk which lies in
dn(l)' If there are not, let GN* = (dN)l'

S l_ n‘ .‘ = . - . (. N -
n(j) 2N, let n (i) (dn(]))l’ For n(i)<€ n< n(i+1), let A (dn)l
i

: < ] % 7- Cn <
Ut |1 g2(n,(n))¥ . Clearly (A1 €% S Qo)

for these values of n. For all n we have Gn =

For each of the integers

o _ o
G ¥ = G .
n+l and 131 Un=1 n
Observe that the integer N identifies the manifold ”‘1 at which the

hole B1" first appears, and that for n <€ M we have 81

£f1n and not
contained in its complement.

For sh ® 1 we mav for B, “define a non-decreasinc seauence

-3 ot ob ™ o
3 such that R = G e« FOr n 2P, let = (4 « Yher
1 1 “Upe 1,n° O h@ T, 2Ot Ty (d))4+ When
n<' let 1 *® - é. For the intecers n with N € n €P there are two

1,n

nossibilities. For cases (8.14-=15) let 6 ), for

“ -
1,05) T CGaenhs

or
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N €n(j) < P, If there exist values of n with n(j) € n € n(j+1),
then let G, n.‘ =Ui(dn)i l1s i Sﬂ,(n,«(n))j . For case (8.16) the
-9
same recipe is followed with the additional stipulation that for Q+i-%

€ng?, 6 ® - (d)., where i is the appropriate integer greater
- > 1,n n’i’

2 « .
than one. Fach of the bhounded components of R" - Q . Bi with 1 » 1,

is the non-decreasins union of the disks {(dn)i‘ P+i-1 € n ; Thereg -

~ $ for n € P+i-1; let Gi :

9

fore, let G, = (d_). otherwise., For i
i n'i

k]
21, Hp+i 1 is the first manifold whose complement contains a sub-

. o . “«_ . R . P,
domain of Bi o« For n€ P+i-1, 3.9 .Iﬁ . Finally wve de‘_lne a sequence

n O o« U sh ® ol ot
? ith 6 = M7, . Then 9 = G for n € P, and
o Wwith 0,0 121 i,n hen n,n :1,n o 5 ¢
6, * =U{(2).]12:2 2(n,ma)} for 19 P. The set B ™is defined
0,n n'i 0
. ©_
to be the union Un=1 ‘O,n .

9. U-generating sraces for topolorical froud unians., All

¢y

groups in this section are abelian. lLet (',i) be an A!IR sequence
and G a CTAR, Because the space Hn is an AMR(Compact !letric), each
group Hk(Hn,G) is the topological group auotient of rather special
groups. “hen the group (i carries a multiplicative structure which
makes it a field, it is finite bLecause it is compact. The Finite
fields are each isomorphic to one of the residue class fields Z/an,
where either p = 2 and n = 1, or p is an odd prime and n is a positive
integer. Then for 1 = Z/an each HL(W‘,G) hecomes a tonological 1

ky
module, for the multiplication is perforce continuous. The topological
croup L = inv 1lin (Hk-ﬂ, Hk-i) can be given the structure of a top-
ological G module by defining the product of a thread *t and an ele-

£

ment g of G as the thread s with s, © wtn. This makes each subgroup

[ga topological 5 nodule.
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Each group Hk(Hn,G) is t”tﬂ tonologically isomorphic to the
discrete f:;'r'oup"ﬂ]._—___1 r Z/in, where n is a positive integer and
the q; are positive integers. It is not necessary that this group
be able to carry the structure of a free G module. !lowever, when
G = 7/p7, each element will have order p. Fach CTAG which has this
property is topologically isomorphic to a product group-n; e I{ii N4
Z/pZ with the Tychonov topology. Such a group becomes in a natural
vay a 7/p? vector space.

Let us assume for the remainder of this section that G =
Z/p7. Then there is a mapping q from the positive integers to the
non-negative integers such that each group Hk(t-!n,G) is the discrete
topological G moduleTri-_lq(n) ils Y. %/pZ. The group L and each group
T is either the zero group or a compact 7/p7% vector space Tri=1k 4if =
7/p7, vwhere 12 k€W,

In a CTAG one may define CS] the notions of a summable fam-
ily and a convergent series. In a totally disconnected CTAG these

[ )

concepts coincide [‘3] Indeed, it can be shown that a series Zn_l x’1

converges iff lim X =0,
ne® n

Wle extend to the class of compact}'l‘ !Z/pz vector spaces the

2

classical definitions for real Banach spaces.

Definition 9.1. The sequence t of elements ti of the Z2/p7

h . L - k3
vector space D =Tri_1 €iV X 7/pZ with the Tvchonov topology is said
to be a hasis 1ff for each element x of D there exists a unique

. - “
function ¥ from the positive integers to 7Z,z.. such that x =Zi_1 \Piz,_ .

Definition 9.2. The basis t is said to be a Schauder bhasis

iff the coordinate functionals Con : D=»7/p7 such that Con(x) =\PP
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are continuous.

Definition 9.3. The basis t is said to be unconditional iff

the series expansion for each element is summable (alternatively,
unconditionally or comrutatively convergent).

Remark 9.4, For the vector space D every basis is an uncond-
itional basis.

Let us derive several properties nossessed by every basis
for the vector space D. Let T be the set of basls elements ti.

Lemma 2,5.%ach hasis t is W-linearlv independent, that is,

.
= hl

o .
1F t =
ir 2 o Wit 0 then all the "i equal 0,
Lemma 9.8. Let H be the 7/p7 topological vector space
'Trj.'Jiis ¥ 7/n7 with the Tvchonov tonology and f a mapping of T
into H.

9.5.1) If F is a continuous 7/p7 linear mapping from D into

H such that FJT = £, then for each element x in D we have F(x) =

Co (%) =(t.).
n=1 n n

9.6.2) The mapnine F defined in (9.6.1) is a continuous 7/p7
linear mManpine,

Lemma 9.7. Everv basis for D is a Schauder basis.,

This follows from (9.6) bv extension of a bijection onto
the canonical basis for D.

e reauire sore results concerning a chance of hasis,

Remark 9.8, Let ¥ be a sequence of mappings wj from the positive

t .

. - - - “
intecars into 7/n7. NeFine the senuence + hv lattin~ t, =:E. . W s
— —j =__ = 3

1
14

.9

Then if t is a basis for D, for each positive integer i there must

be a value of j for which 'P]. 5 £ 0.
o L]
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For the next two lemmas let p = 2.

Lerma 9,.9. Define t =2 t . Then Z _ ®+ =0,
—_—— 0 n n=0

n=1 n

Equivalently, for kZ 0 we have tk = zn;fk.tn'
Lerma 9.19. For each k Z 0, the sequence of t. with i1 # k is
a basis for D.

Y

7
Suppose now that M is a positive integer and D = Tri—lr‘ {i} «

Z/p?. Then the well known analogues of the preceding theorems can
be obtained by replacing the infinity appearing in them by I,

Let d be either a positive integer or be replaced bv infinitv
in the following definition. Let H be a CTAG *opologically isomorphic
to _“-j=1 d {j} e '7.2 carrying the product topology. Let S =U{ Ka\ aeA‘
be a subspace of 1 with each Ka a closed subgroup of S. Let Kan I,?a
= 0if a # b,

Definition %2.11. The subspace 3 of S is said to be a U-gener-

ating space for S iff for each group H isomorphic to Tri=1i Gs v
7., and each subspace S =y % } > €4 ¥ vhere the closed subgrouns
ED and }_(a intersect in 0, and each continuous,addition preserving
mapping £ from B into S with the property that f[Ka“ B]S %, for sonme
b& A, there is a unique extension F of f to S which is continuous

and a homonorphism on each Ka.

Remark 9.12, If B is a U-generating space for S, B M Ka

contains a hasis for Ka.

1. The functions Str (7_.) and 'S_t-l(Z ). Ve define  function

2

Str,(7,) vhose donain is the alass of Rnien semiences, a subset of the
class of ANR seauences. The value of Str, (M,7.) is a subspace of

L 1 b [o) i
Sl(?‘I,Z,)). It is defined in a uniform wav over the domain but is not

functorial. Ye define the function .’s?l(?.,,\ so that its value §E1 1,70
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is the pointed snace (EQFE(M,Z?)\) {1 , N), arain bearine the topol-
ogy induced from L. Here 0 denotes the zero of the inverse limit group
L.

From this point until the contrarv is indicated the coeffic-
ient group will be 22, and the symbol "ZQ" will be omitted unless nec-
essary. We assume also that (M,i) is a Spiez sequence for a plane
compactum C. For the sequence (H.,i.) generating Ce, let?’&uﬂ.ﬁ‘be
the integers defined in section 8. Ve shall select for each conponent
Ceq & canonical setzu of threads of the rroup Ty. If Cg has trivial
shape, lett‘ibe the empty set,for neither of the functions will con-
sider such components. If Cq has the shape of an annulus, we select
the onlv non-zero thread of ﬁ;, for as we shall see the precise comp-
onent of R? - C¢ in which convergence to Cq takes place is of no
significance. If Cq has shape number greater than one, we shall selecﬁ
one thread for each component of R2 - Cq 5, for as we shall later
illustrate)the designation of the components in which convergence
occurs 1s necessarv to specifv a plane shape.

Fach group Hl(wn) is isomorphic to the diécrete product group
Tr:_1c(n) H,(M_ .). Each group H, (*!_ .) is the zero group or is iso-

3=1 1 0,3 17 n,]
morphic to the product group (Z?)g(n’j). The set {(‘bn,j)il 14 1€
g(n,j)}can he identified with a basis for Hl(ﬂn,j) considered as a 22
vector space. Ye shall also identify the elements of this set with a
subset of the basis for H’(Hn) to avoid clumsy and unnecessary not-

ation,

For a cornponent Cq with sh = 1, letik consist of the thread

t to be defined using section R.('There there is no danger of confus-
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ion, the symbol "a" will be omitted. For n < N, let tn = 0. If there

are integers n with M < n < n(1), then let t, = (bn )i for the approp-

riate integer 1 greater than one for I < n < n(1). For each of the

integers n(j) > ¥ let tn(j) = (b ),. For n(j) <n < n(j+1), let tn =

1° -

.. g(n,a(n)) (b_), or (b_),. From the discussion in section 8 one can
i=1 n'i n'l ’

n(j)

show that In+1(tn+1) = H1(1n+1)(tn+1) = tn.

When sh > 1, select threads ti for 1 1 as follows. For n

< P+i-1 let t, =0, Forn > P+i-1, let t. _ = (b_).. Clearly
i,n - i,n n'i

. = t, o T i =
In+1(t1,n+1) tl,n o define the sequence ti’ let tl,n 0 for n <
Wand t, = (bn)1 for n > P. For the integers !I < n < P there zre two

X
ossibilities, For cases (8.14-15) let t oy = (b, o If the
P ( 2t t ) T Caids e

. . . . )
exist values of n with n(j) < n < n(j+1), let t, n =1 1g(n,a(n),(bn)i
1, 1

i=
or (bn)i' In case (8.16) one defines for Q+i-1 < n < R the value of

t1 n to be (bn)i for the appropriate value of i greater than one.
9

It is straightforvard to show that I _(t )y =t for all values
n+l 1,n+1 i,n

of n. A sequence t, is defined by letting t =t for n < P and
O,n 1,n -

fn)
£ = X
1 ti,n for n > P, That In+1(t0,n+1) tO,n for n < P follows

0
.2

1=
from the proof for t,. For n > P, the result follows hecause In

((b_ 1))

1 +1 n+1

equals (bn)i when 1 < i < g(n,a(n)), and I .

n 1(b

n+1)g(n) equals zero.
(Hereafter we shall onit the symbol a(n) from the value of g.) Thus
all the sequences t are threads of i;. The symbolstz will hereafter
denote these canonically defined elements of Z;.

The space EEFE(H) will be the set‘t¢ ‘ C, is a component of

(2}carrying the topology induced from I.

11, The functions Str, and St,. Define ot to bhe the restric-

ion of ¢ : §1(H) > SO(H) to 'ﬁ'trl(}!).Let €@+ he the restriction of €
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to §?&(M). The mapping €t is a continuous mapping into, but not nec-
essarilv onto, SQ(H).

We define the function Str1 with domain the set of all Spiez
sequences M to have the trinle 6+ : -Sf'j*_l(_?ﬂ —"SO(‘-T) as its value at
M. The value of the function St1 at ' is defined to be the triple
et : §?i-—4PSO(H).

If £ is a mapring fron one Sniez sequence (M,i) to another
(M,1), §;(f) need not map §E;i(ﬂ) into §E§i(ﬂ) even if ¥ is derived
from a homotonv equivalence of polvhedra.

12, Schauder bhases and StPLL

Let q be an increasing sequence of positive integers,

Subnose that s is thread of Sl(”)°

Lerna 12.1. The set of sets { x | x ¢ ?;(’D and Ro3) = S

for all j is a local base of open and closed sets for s in Sﬁ(H).

-

Lemrna 12.2. Suppose that v is a sequence of threads in §}(H).

The sequence v converges to s 1Tf for each value of j there is an
integer I such that when i > I we have y,. ey TS L.ne
i,a(3)  “q(3)

Suppose that A is a subset of §;(H) and s g A.

Lerna 12.3. The preceding lermas remain true 1f A 1s substituted
for S. (1),

1
Lemma 22,4, Suppose that comnonent Ca has shape number, sh,

greater than one, but finite. Then the set {t, | 1<i<sh}isa

Schauder basis “or T, .
o

sh
i=1

Proof; Dach element I r. T,

» where r. ¢ 7,, belongs to

L Dbecause L 1is a 7, vector space. Supnhose that x is an clement of

o a 2 o

of
has sh holes. The N

i

e have seen that for n > P+sh-1,!! vector space

(Hna) has as a basis the set b I'1 < i <sh} . Furthernore,

1

e

]
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ti n> bn ; for positive i. Thus for these values of n there exist unique
2 b Bad
r . in 7_ such that x_ =g . sh r . t. . We shall show that r . =
n,l 2 n 1=1 n,i 1i,n n+l,1
r .. Now
2
sh
. . t. =R
ZJ.=1 rn,l i,n n
= In+1 (xn+1), (because x is a thread),
_ sh
= Tt Ciza Tn+l,i ti,n+1)
sh
=z. . I t. )
izt Tnet,i Tnet O Fijpeq) o (because
I“+1 is a 7 linear mapping),
=71, sh r . t. bacause n = P+sh-1,
i=1 n+1,i "i,n?
Then we can conclude +that r . = r ., because the t. form a basis.,
n+l,1 n,i i,n
sh
Now 1 R, = e T ) hre 3 . TR, t, +t
ow let 3 rP+sh-1,1 hen the threads x and zl=1 i tl.vhave he

sane nth coordinates for n > P+sh-1. Thery have the same coordinates for
n < Pt+sh-1.because they are threads. Consequently they are equal.

Corollaryv 12,5, Sunnose that sh is finite and greater than one.

Let 0 < k < sh. The set { t, I 1 # ¥k} is an unconditional Schauder
basis for Im.

This fo%lows from the finite dimensional analogue of (°.19)
and the other lemmas of that section.

Lemma 12.5. Suppnose that 7 has infinite shape nunber.Then the

o
set {ti | 1< i} is a basis for T&.

The series T. r., t, belongs to I, for r, in 7.. To prove
i=1 i 71 ? a 1 2
. n - -
this let s(n) = . r. t.. The set R_ = {(®,7) | zx and ye Lyand
i=1 i1 q M o
xq -V, = 0 } for q > P is a base for the only uniformity on Lq.?ow
t = 0 for q < P+i-1, and this is *rue when q < i, Therefore vhen

i,q

n and n are greater than a, (s(n), s(n)) belongs to Rq? for s(n)-s(m)

n : . .
= z#-m r, ti' Thus the sequence s is Cauchy and in a conpact group
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converges.

Let us now prove the converse. Suppose that x belongs to f;.

Let n2Z P, Then { b . ['1 < i< n-P+1} is a basis for H,(I®), and
n,i - - 1' n

b . =1t, . There is a unique set of elements r_ . of 7, such that
n,1l il,n Nyl 2
n-P+1
x =1L, r .. t, . Ve can deduce that
n i=1 n,1 i,n
< n-P+1
£, "o . =z
i=1 n,i tl,n yn
T Tn+1 (Xn+1)
24n-P
T Tn+t (F‘w_ﬂ_ n+i, ti,n+1)
2+n-P
z. . I . .
i=1 rn+1,1 n+1(t1,n+l)
M £ < i < n-P+1 . = t.
oW, Tor 1 Z 1 2 n-P+l we have In+1 (tl,n+1) tl, and In+1 (tn-P+2,n+1

=7 n-P+1 .
fi=g n+1,i “i,n

We then can conclude that r =

< i < n-P+1, Let R, =
ntl, 1 rn,i for 1 < i < n-P+1 1
r, . for 1 > 1, Then x_ = I,_ K R t, for k > n-P+1. Therefore by
1+P-1,1 - n i=1 ;1 -

lemma 12,2, the series converges to x.

Corollary 12.7. Let k 2. 0, and Ca have infinite shape number,

Then the set { t, | i# k} is an unconditional Schauder basis for f;.

(=0

This follows from (9.ut), (9.7), and (9.10).
Remark 12.3, The mapping h with h(0) = 0 and h(1/n) = toa
for n > 1 is a homeomorphisn of the subspace {0} { 1/n | n > 1} of

. -1 -
the real line onto the subspace pt {C } of T .

a a

Hepeafter let Lle denote f,‘ v {0} =pt—1{Ca} = {ti ! 0 < ity
{0}.

We establish only that h is continuous at zero, the remainder
of the proof being straiphtforward. The set of sets { ti ! ti,p+j= 0}

is a local base at zero when j takes all non-negative values., For
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j > 0 the neighborhood {0} {1/n | n > 543} is mapped into the set

{o} v {ti l ;3.]+2 }. But ti,P+‘j = 0 for 1 > j+2.

13, Basic tonolorical oroperties of Str1(ﬂ) and §?}(H). Supnose

that the shape number of Ca is equal to one,
Lermma 13.1. There is an increasing sequence of positive integ-

ers q(j) such that Mq(j) is an annulus and V 3 (t

a($),aG5+1) F1,a541)) 7

ey ® e . = 3 t—" 14 . = F
ti,q(j) The sets u; {ylve Qtl(l) and }q(j) ) } for

t .

1,q(3
j 21 is a local base of opmen and closed sets in 5?&(3) at t,.
Suppose that Ca has shape number greater than one and ti is a

thread of1‘a.

Lemma 13.2, For n > P, each Hna is a disk with two or more
holes., The sets u, = { v | y ¢ 5t,(1) and v, = t, .} for j > P+i-1
J 1 ] i,] -

is a local base of open and closed sets in EEl(M) at t.. Zero does not
belong to any of these sets.

Lemma 13.3. Mo point of f; - La can be a limit point of §a(M)

e treat two cases separately.

13.3.1) Ca has finite shape number sh greater than one. Suppose

that s is a linit point of §Q(H) - f&, s belonss to f; - L,» and x is a

sh

r.t

sequence of threads of §&(H) - f; converging to s. How s = T

.
hi

e

i=1

Ve shall show that either all the rs are equal to one or onlv one of
them is, For the integer q = P+sh, there is an integer J such that wvhen

j > J we have Xj .» the ath coordinate of Rss ecual to s _. Now s does
sf 1 Q

not belonc *o f;. Therefore there is an inteser 4 > q such that %3 4
‘ b

s.,. Let d be the least such interer. Then = s and d-1>

? 5 nres %7,d-1  Sd-1? =

q. Now Hd-lq is a main component with sh > 2 holes. Suppose that X5
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belongs to fé, where CB = Gt(xJ). Then .8 is a subsidiarv component

d

which can only be a disk or annulus. It cannot bhe a disk, for this

assuription would require that x be zero. Then x would have to
J,d J,d-1

be zero, which contradicts the fact that x thich is not

3
4 )1 nust be

Q
)i or to the

J,d-1 - Sd-12 "

B . A
zero. Therefore ”d is an annulus. Bv condition (2.1) (b

. B
1 * =N
deformable in M1 Maq
union I sh (b. .%).. Then we have x =t or
: i=1 d-1 "i* -~ - J,d-1 i,d-1

. = 14 £ = r
Since XJ,d-l Sq-1° it follows that Sq-1 ti,d-l or I._4 i,a-1°

44 - .
to one of the circles (b, _,

o T sh
1

Because In takes ti to t, when n > P+sh-1, s = t, or

+1 ,n+1 i,n - n i,n

s
z. h t. n for the values of n > d-1, Then s = Zi_lsh ti or t. for

some 1 > 1,

8

13.3.2) The shape nunber of C is infinite, Then s = 21"1 r.t..
a = - —-— -

Ve shall show that either only one of the r. is not zero or all are

7 0.

non-zero. Let k be the first positive integer for which Ty

There is an integer J such that when j > J, . Let q be

Xk+P-1 ) Sk*P-i

th atest integer f hi = s . N %y i
e greate integer for which xJ’q sq Now Hi(Mn ) is a 22 vector

space with bhasis { (bnu); ] 1 <1 <n-P+1 } for n > P, The manifold

iy B P

i+ stthere C

ot(xJ), rmust be an anaulus by the argument given above.

-p#
or I SR t

a 321 by the argunent given above.
, -4

[~te

e

Then s _equals t
q »q
if

Let n(1) = q. Ve now treat the two different possibilities by induction.t

Having defined an increasing sequence of iantegers n(h) for

1 <h <H such that s = t, for these values, let us find an
- = n(h) i,n(h)

integer n(H+1) > n(il) such that the equality holds for H+1l. There is

an integer J such that when j > J, « Let q be as

3,000+ T Sa()+1

before the greatest integer for which u

J,q
q~P*1
for some d >1 or to I,_,° te
i=1 i,q.

= Sq° Again one may deduce

! i t
t"lat"sq s equal to “d,q

1 s
See section 1, APDENDA, p. 70
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If the first possibility obtains, the fact that for each e we have

Vn(H),q(te,q) equal to zero or to te,n(H) implies that d = i. It is not
(z,_ 9P

ossible for the second possibility to occur, for V
P p Y > n(H),q i=1 »Q

- 1
_ ¢ n(H)-P+1 .

1=1

e

] = ge. Ve T lud
i,n(H)" Let n(H+1) = q. We may therefore conclude

that there is an increasing sequence of integers n(h) such that SL(h)

- ti,n(h)'

Having defined a sequence of integers n(h) with 1 < h < Y

Consequently s = ti

T n(h)~p+1
such that sn(h) 121

eger n(H+1) for which s

t we can find a still larger int-

i,n(h)
_ n(H+1)-P+1
n(H+1) ~ Fi=1

=]

us to deduce that s = Z,_, t..
i=1 1

t This enables

i,n(H+1)*
Lemma 13.4. The space §?&(H) is closed in §;(M).
If a sequence in §E}(H) converges to zero, it converges to an
element of this space, for zero belongs to it. If a sequence x of ele-
ments of this space converces to a non-zero element of EA(M), then there
is an integer J such that when j > J, Xj # 0. Application of the preced-

ing lemma completes the proof,

Corollary 13.5. The space §?l(ﬁ) is compact.

Lemma 13.6. The space §?&(H) is the one point compactification
of the space §€;£(M), where in case §?§i(ﬁ) is compact, this compact-
ification is defined to be the result of adding an additional isolated
point to the space.

This follows from the uniqueness of the one point compactifi-
cation of a locally compact, non-co™nact space.

Corollary 13,7. For anv component C, of C,f‘ is a discrete

space in the relative topolosy.If Lg is infinite,it is perfect, but the

points of La- Laare limit points of i& and not of E;(“) - f;.
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Corollarv 13,8, If Ca has infinite shape number, there are no

group structure relations between the elements ofi&. The relation t

T liag f

0

3 is a topological group relation and requires the notion of

convergence.

Lemma 13.9. Two Spiez systems (M,i) and (},i) have isomorphic
values of St1 iff thev have isomorphic values of Strl.

This is true because any homeomorphism of locally compact
Hausdorff spaces has an extension which is a homeomorphism of the one
point compactifications which maps one added point to the other.

The next two lemmas are supplements to (12,2)

Lemma 13.10. For x in L, the sets { v | y ¢ L and V, = 0} are
open and closed 22 linear subspaces, and the sets { y ! v ¢ L and yn =
Xn } are onen and closed flats for n > 1. Fach point # of a subhspace A
of L has a local base of open and closed sets formed by intersecting
a set of these flats with A,

Lemma 13.11. The nth projection operator from L onto Hl(wn)
sn(C ) a

a’'r,

is a continuous homormorphism for all n. Therefore if » = I 3 t

(o

i=1 )

sh Q

then x_ = L. r
n i=1 i1 i,n

B .
Lermma 13,12, Supnose that t,” is the only thread oft). There
ZEE S 0. \
exists an increasing sequence of integers n(j) such that the pairs of

disjoint open and closed neighborhoods

= {y !5 €, 0 and v_,., = 81 ane
gy T TE S 1( ) and 7a(3) tl,n(j) and
= {x 3 "t 1 .:O’r
Yo(3) v!ye ot1(<) and v_ sy

hava the following properties.

) for 1 > 1 is a local base at t o.
n(s Z

13,12.1) The set of u P

13.12.2) The set of wn(j) is a local base at 0.
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13.12.3) For each component Ca of C with shape number greater

than one, either foj u = ¢ or un(j) contains precisely the threads

(1)
toa and tla and the remaining elements of% belong to wn(j)'

Proof: Consider n(j) for j > 1. Denote it by !l. Suppose that

a .
a thread ti of afor Ca with shape number sh greater than one belongs

R a a o
. D t, by x. . = K. > P : i nai -
to Uy enote 1 v X. Then tl,N Xy For n s Hn is a main comp

onent with two or more holes. Ye show first that it is not possible for

a

P*to be less than M. From the equality t; y T ¥y wecan conclude that
S

-
<%

(¢ ]

] B, o
M 8. But MW is an annulus, whereas when P < N, ”N has two or

My = My

o .
more holes. Because P% > N, we can deduce that tj nw 0 for 1] > 1 and
.
[0

o o
{foreover, t =t for n < P, Consequently,

a
so t, belongs to w
O,n i,n

i

since one of tia and toa belongs to Uys SO does the other.

We remark that for n(j) < n < n(j+1) the conclusion need not be
true., It is possible that tia not belong to u even though toa does.

B

Lemma 13.13. Suppose that t, is a thread of 1% for a comp-
onent C8 ot shape number sh greater than one. Then the pairs of disjoint

open and closed neighborhoods

—_ )
= c bl =

u {ylye Sti(L) and y_ tk,n } and
= M =

W {yvylye Stl(‘) and v, =0 }

for n > P wvhen k = 0 and for n > P +k-1 otherwise have the properties
(13.13.1-3) listed in section 2, ADDENDA, on page 70.

R
Denote tk

o . .

to 1 . Then *. = X . For the component C t+here is an integer P
n i,n n - o ’
3

9
e & s '
such that M a 1s the last annulus in the sequence. For n = P" the
4

by x. Assurme that n> P . Suppose that * @ belongs

a

next part of the argument is the same as the one above. For n > P,

. o . . a . o B
the assurmption that P~ < n requires that Wn » which equals Jn s he a
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a main component with two or more holes in both the seauences 4® and

B8

M~ . This is forbidden by (8.1-3), Therefore P%> n. But when n S_Pa,

o . a
we have ti n =0 for 1 > 1, so that ti belongs to W Moreover,
3

- a a o
ti,n = to,n s So that both t1 and to belong to U .

Theorem 13.1u4. Suppose that (M,i) and (M,1) are Spiez sequences

and that (h1’ho) is an isomorphism from §¥;(M) to §E&(E}. Then there is
a unique extension of h, to hoe §;(H) *'gi(gj such that (E}ho) is an
isomorphism from Sl(M) to Sl(g).

Suppose that h is an extension of h, with the properties des-

scribed above. Then for each Ca’ EWE; is a topological 7, vector space

2
isomorphisn which is an extension of hllLa. Therefore by (9.6),for each
xin L h(x) = I._ Sh(ca) Co.(x) h,(t.™). Yoreover, if we define h in
o i=1 1 11

this manner it will be a topological 7, vector space isomorphism on each

2

fiber f;. It will have as its inverse h -1 the mapping which is defined
from hi-l in the same manner.

We must now show that h is a continuous mapping. The lerma
(13.3) shows that we need to demonstrate that h is continuous at the

points of L_ which are limit points of §;(H) - Eé We show first that

B

h is continuous at a point x in ;Lo. Let v = h(x) which equals hl(x).
Suppose that H is an open neighborhood of y in §}(H).There is a pair
of disjoint open and closed neighborhoods = {dalde 5;(19 and

dk = yk} and W = {dl]lace §i(§) and 4, = 0 } with C H. There is

k 2
a pair of disjoint neirhborhoods u and W of v and of 0 in §¥}(ﬂ)
with the rroperties give in (13.12) and (13.13) and refining o and Mo

There is a disjoint pair of neighborhoods G _of x and G, of 0 in §?&(H)

G & U 1T I 3 s'\'f . T:’, ) f. T .‘ .;. in
such that hl[ ;]--Eﬂ and hltkél e e nay ind a pair of disjoint
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neighborhoods uq and wq of x and of 0 in §E;(H) possessing the pronerties

(13.12) or (13,13) and refining Gx and

n® Consider the neighbhorhood

v ={alaeS (M) andd =x ). Suppose that z belongs to v_. Then
q 1 q q a

7z belongs to the fiber f; over corponent C_, where C = o(z2). I i; has
onlv one non-zero element, then h(z) = hl(z), which belongs to H. If Ca

sh a
has shape number, sh, creater than one, then z = Zi-l r ti . Now the

He

4

. @ ..« .
values of the qth coordinates ti a of ti are 7ero when i > 1., Therefore
b R

a —

. 2 =t o N a\a = I, . (+.
from (13.11), a 1,a ow h(z) 521 Ty hi‘ :
u_, h (t Y eu 3 bhecause t.%cw for i 1, h (£, e w_. By (13.11)

n’ 71771 - i n i -

o
). Because t1 €

(h(z))_ = r, (h (£.")) . For i > 1, (h,(t,"))_ = 0 because these
n i 171 n 171 n
elements belong to LA On the other hand (hl(tia))n =V Thus,
(h(=z)) = v_, 3o that h(=z) belonrs to u _, a suhset of H, If C has
n n - n a
. o
1 ) belongs to H if t,

vq because h = h1 on such a fiber. Now on L, h is continuous, so that

shape number ecual to one, then h(t belongs to

there exists an onen neigiborhood D of x in Sl(ﬁ) such that PxEﬂSE‘%
. Then h(? N vé]EEW. Finally we can conclude that h is continuous at

all points of S, (1) - {0}.

-1 -2y . . s .
The inverse pair (h, ~, h, 7) is also an isomorphism, and the

0

. . . - -1 .
sane reasoning can be applied to 1t. Produce fron hl a mapping b the

. —1 .
process above. It will be equal to h ~, as we have renarked. It is

continuous on 3,(1) - {0}, for wa may carry out a proof similar to the

one abova. Then h - {(0,9)} is a honeonorphism. Consequently, h , its

P

extension to the one point competifications of 5,() - {7} and S, (1) =

“ . .
0 iz a homeomorniisn.

1, The invariance of the functions ?tr1 and 2+,

Theoren 1k.1, Suppose that (M,i) and (M,1) are Spiez sequences

for compacta C and C respectively. Suppose that in the range category
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(hl’ho) is an isomorphism from Sl(H) to Sl(ﬂ). Then there 1s a homeo-

morphism h making the diagram

Skr, (M) A > Ste, (M)

Gt ct

Se (M) he —> S, (M)

commute. Let he = hWJ {(17,0)}., Then (he,ho) is an isomorphism from
°f .
8t, (1) to St, (D).

Let (gl,go) be the isomorphisn inverse to (h ho), and let 7

19

be the restriction of h, to §:':1(."!). The sets Ia = { ti' 0 < i} (=) LaE

L and é\ ={r, ! 1< i}€1L & T have their usual meaning.
o i - —u —

The mapping T takes zero to zero. It maps ia into » and not

T
-
necessarily into i&. It rust be a bijection from the limit points of
Strl(!'I) onto the limit points of Str,(!!) in the inmage ‘n1 Strl(?.’.g .
Each of the limit points x of Str, (M) in ‘a is a limit point of Strl(?t)
- .ﬁa by (13.3) and (23.7). Let y = h(x). The thread y nust lie in Zﬂ,
and it must be a limit point of S,(M1) - T, for L is mapped onto L
1= — o : -
and 5,(M) - T onto S,(11) - T, However, only the points of L can be
1 a 1 — - -
limit points of '§1 ¢ - fﬁ, by (13.3). Thus any point oftqw’hich is a
limit point is mapped into gqby h. I iz only the isolated points of
Stri(.'!) which are mapped into E—ﬁ hut not necessarily into éa’ Ve nust
define the mappinc h on the isolated points of Str1(.‘1) so that it is

one to one and onto , fiber preserving and continuous. "o observe that

when Co has shape number equal to one then there is only one way to
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map% to 40‘, so that we only have to redefine h on the fihers over
components with shape number greater than one. It is desireable that h
possess the property h(tqa) = zi-r)s}; h(tia) possessed bv h. If we define

h to be a bijection on each fiber, it will have this property because

of (9.9). This implies that if all but one thread ofiais a limit point,
the mapping h can be taken equal to h onia .

The set‘a is the disjoint union of Aa’ the set of limit points
of -S-?r-l(l‘l) in xa » and B, the set of isolated points of '§§:_171(?1) in ta'
A similar notation will be used for Strl(i’(_). The mapping h takes Aa
onto _l_\_aS " % and Ba onto CE:L_.-(!. The set Ia contains one element nore
than necessary for a Schauder basis for fa' Ve shall form a basis Va

for La in the case that Ba contains two or more elements by drobpping

a ti belonging to Ba' In the case that Ba is finite drop the t, with the

<o

highest value of the index i. If Ba is infinite drop a ts with 1 > 1.

Forn -Yoz for-!_:a in the same way. To be definite, drop the first ti with
i > 1, Then let h(x) = h(x) for x in Aa’ and let h be order preserving

with respect to the index i labelling the threads t, in Van Bo«. and Ti

inV AB . Then h is a bijection of V onto V.. If an element t, has
— ' = a — k

Y

been dropped from B to form V , let h(t,) = T. sh h(t.).
o o k i b

=0,%k
We shall first prove that h is continuous. Supnose that x in
iu is a 1imit point of 'SE"l(M) and let y = h(x),which equals h(x).
Let G be an omen neirhborhood of v. By (13.12) and (13.13) there is an
onen suhneirhborhood u(-)+" 5 of v in ET-:'::l(_T':) such that for each commn-

onent Q{ of shapne numbher nsreater than one, either L O u(v) = 4 or
2 L.
v X = . . .

Esfﬂ u(y) = {TO . Ti}. Because h is continuous, there is an open

neirhborhood 6 of x such that RfA] @ u(r). Acain, by (13.12) and (13.13)
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there is an open closed neichhorhood u(x)E 5 of x in Strl(M) and u(x)
has the property that for CY of shape number greater than one either

LY N ulx) =4 or va\ u(x) = {tg', t{} . Suppose now that s is a thread

. .v 1
in ufx). Then x = t for some corponent CY = gtlx). IFifY = {s}, then

h(s) = h(s). Because s € G, h(s) € 5. IF tY contains more than one ele-

is either zero or one, and both tlY and t.¥ belong to u(x).

|2

ment, then 0
Now h maps u(x) into u(v), and it rust, as a fiber preservins mapning ,
take t.' and t,°  to some 1.7 and 7.7 ofJf . But only T.Y and T Y can
0 1 i i -y - 1
belong to Hﬁy). Therafore E'{th, t1Y} = {TOY, TlY}.
T - Y Y T = { Y ~} 3
Let E = {t,, t, }and E = {T_', T, } . There are three cases to

consider:

1) both of the members of L are limit points of Str, (™),

2) neither of then is, and

3) precisely one of then is.

Because H[g] = %, and h is a biject

-t

on of limit points, a similar state-
ment can be nade for L. If case j obtains for T, it also does for E.

In the first case, hl? “as heen defined so that it is equal
to B]=. s wlE] = =n.

In the second case, the recipa “or h changes accordinr to the
nature of By, the set of points of"k’isolated in §??£(M). IF BY cont=-
ains three or more =lements, then both the elements of F belong to the

basis VY. Then there are three or more elements in 27, and both the

menhers of © helong to V. . Because h was defined to be order preserv-

- =Y
ing with respect to the index i on V. AT, H[?] = T, If T contains
Y Y - Y
precisely the two elements of 0, 37 contains only the two elements

of T. Then b(tOY) = Tg bv the recipe For h. The napping h takes tlY =
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sh t Y to T sh T

Liz0,#1 T3 i=0,#1

iY' Because this series equals 'I‘iY by
(9.9), h[ﬁ] = E. Ve have already accounted for the situation in which
BY contains fewer than two elements.

In the third case, when exactly one element of ¥ is a limit
point, its image is also. Then by the recipe for h, the isolated point
in E is carried to the isolated point in [ because h is defined to be
order preserving with respect to i on B_.

tle have in all three cases shown that h[LY N u(x)] E.E_. This,
together with the remarks about components of annular shape allows us
to conclude that h is continuous at z. Ve have shown that h is contin-
ulus at each limit point of its domain. It is clearly continuous every- -
where.

The definition for h is perfectly symmetric with respect to the
systems ' and . Therefore the same proof can bhe used to show that h-l
is continuous, for if one applies the same treatment to E'—i one will
obtain h-i. Thus h is a homeomorphism of §¥?&(H) onto §¥;£(2). But any
homeomorphisn of locally compact Hausdorff spaces can be extended to one
homeomorphism of their one point compactifications, and h VW {(1,0)}
is such an extension. Therefore it is a homeonorphisnm of §¥;(H) onto

E?;(H), and it preserves distinguished points.

Corollarv 14,2, If one of the invariants S

4 St,, or Str, vields

isomorphic values for ! and !, then all of them do.

Cornllarv 1bL,3, Siymnose that £ is an eanivalence from one Spiex

sequence (,1) to another, (’,i). Then there is a homeorornhism h

making the diasram
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Ste, (M) —» Str, (M)

ot Tt

Ss (M) 1S B Se (M)

commute, The mapping hQ {(0,0)} nraserves distinguished points and

makes the diagran

V(M) he — St ()

St
let (37

a—

So(M) — S 5 5, )
cormute,

e may therefore define functions Stic and Strlc whose domains
will be the set of plane compacta by selecting a Spieg sequence ! for
each compactun and calculating the values of Stl(H) and Strl(H). llse
of a different Spiez sequence for a comnactum will lead to an isomorphic
value. The superscript will be omitted where possible.

Ve mav define similar functions on the shane classes of plane
comnacta bv selectins a compactum in the nlane from each shape class

and using the procedure described above,

15. A uniqueness theoren for the functions.

Theoren 15.1, Sunmnose that (*1,i) and (!,1i) are Sniez sequences

for comnacta C and C and that (h,7) is an isomornhism Fron St1(ﬁ) to
Stl(g). Then there is a manping (£, 4) from svstem M to ' which induces

(h,2) and is an eauivalence.
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In the proof which follows we shall make identifications which
are necessary to avoid the complicated presentation which otherwise

would result.

The first step in the proof is to define for each Spie=x
sequence (!1,i) an equivalent sequence (G,w) similar to those described
in (7.1). For this purpose we use the sequence of sets of triples des-

cribed in section 8. For each n > 1 define a set of components Gn 3 for
£

1 £ 3 £c(n) as follows.

15.2.1) If Mn 3 is a disk, let Gn . be the trivial group, ind-
2

L]
exed, that is, G 5 = {3} x ().

E]

15.2,2) If Mn . 1s a disk with g(n,j) holes, each bounded by

a circle (b_ .), for 1 < i < g(n,j), then let Gn . be the indexed wedge

3. i 9.
{3} x v, a(n,J) {i} ¥ Tq of £ln,j) groups {i} X T

rr
1=1 The topology on

O.
the wedge is the quotient topolosy after the unities of the groups have

been identified. 'le let (j,i,v) denote any non-unity element of the wedge

and (j,-,1) or more simply 1n 3 denote the comron unity.
9

c(n)

15.2.3) Let Gn =y 521 G

n,j’

Suppose that VW
P P,k

of T, and Jq,j is a wedse {j} X% Vi=1

is a wedge {k} X Vi=1P {i}XTO of P copies
{i}XTO of Q copies. Ve define

three kinds of mappings d ;+ Let T stand for {x} X{i} x Ty
T

15.2.t) NDefine d_. . : T+ Y ., so that for each x in T
0,1 a7 0

do,i((}:,i,X)) = (j’-gl)o

15.2.5) Define d 4 for 1< m< 0 so that
H 9 --

d . ((k,i,x)) = (3,m,x).
m, 1

15.2.6) Define 4, ; So that for all e*® in Tys where 0 < 8 < 2m,

9

2

d+ i((k,i,eiq)) = (i,l +[g/?__"'Q]’ eing)
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the brackets are used to denote the greatest integer function.

Definition 15.2.7. A mappineg £ : W -+ W . is said to be of
P,k Q53
type Z2 iffF = i_1P de ;0 where e can take the values 0, +, or m,
- H

with 1 <m <0,

: G + G ., when

For each n we define mappings w
- n+l,k n,J

n+l,k

Py
Mn+1,k —-Hn,j as follows,

15.2.8) If the matrix T of the triple described in section 3

. s g(n+l, Xk
is the empty matrix, let Voeqx - U g(n+1,k) 4

point, then w (1 ) =12

n+l,k "n+l,k

15.2.9) If the matrix is the identity matriz let w =
n+l,k

15.2.10) TIf the matrix T is the identity matrin ausmented by

gln+1,k)-1

a row of zero let w = d . d. .o
=2 n+l,k O,g(n+1,}:)uul=1 1,1
15.2.11) If the matrix T is a row of ones, let v =d
ntl,k tye
. n+1) .
Define w = N . Let U be the composite
n+1 U‘-.=1 141,k S o g o
W eee W+ G > G,
p+l 1 P
Let C" = inv lin (G,w). Tach componant Cg of C% is naturally

Lenna 15.3. There 1s a mapping of systems (F,1) from (1i,1i)
to (G,w) which is an equivalence. This cnuivalence can be chosen so

that H, (F )((n i) Yy = {4} ¥ {i} % T., vhere the set on the right is

o’
identified with a homolosy cenerator.
his follous diractly fron tha description of
Choose such a nmappiag (F,1). Denote the image of ;t1(3) unéer
§£(F) in §;(G) by St'(G). Let pt be p restricted to St'(G). Denote

the triple pt : St"(2) » SO(G) by Stl(G). The elements of the space
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St'(G) are threads simply related to the threads of §¥E(M). Denote

the generators of Hl(Gn 1.) corresponding to the loops {Jj} ¥ {i} X TO
. 9

by (bn j)?' Then *the thread §l(?)(t{a) will have the same coordinates
] - =

in both spaces. ‘e shall denote this image thread also by tia and
shall carry over much of the notation used with §?i(ﬂ) to St'(G).
It must be added, parenthetically, that the problem of defining the
subspace §§;(H) without embedding the compactum in a euclidean space
is still under consideration. Let 3 = §;(F)I§¥;(H).

Now choose a second mapping of systems (F,1) : (M,i) - (G,w).

Make the corresponding identifications and definitions,

Lemma 15.!t. There exists an isomorphism (h,g) making the dia-

gran iﬁ;
st, (M) —& ()5 st
(h,3 (h,9)
cormute.

Ve shall define an equivalence of systens (£,4) : (G,w) -
(G,w) which induces (h,g). Theorem (15.1) will then immediately follow.
To initiate the second step of the proof express SO(G) as

an inverse linit of finite subsets of HO(G ) with discrete topoloor

n

rather than a subspace of the inverse linit of these sroups, Let En =

.l . I - < ? C‘. J . L Lot .‘\ - " )O. ) T } ! 1 < ] C(II), Py
[ H < { l., ¢ L ¥ S S < L AL
n ] — n — —

\

vhere projn is the nth projection of SQ(G) into Hn(Gn). The sat 7._ is

n
a finite open partition of projn[so(ﬂ)]. The set A“x is a finite open
1
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partition of SO(G). The set A = L)X1T1 An is a base for the topology on

SO(G). Similar statements can be made for G, defining the correspond-
ing sets E , A, and A.

—-11—11 —

We now define by induction an increasing function ¥ from the pos-
itive integers to themselves and a sequence of functions . For each

positive n the function r will map the set L into En in such a

W(n)

way that (r, ) constitutes a mapping from the sequence (E, Ho'w) to
(E, Ho.g)..(Here the component maps of the mapping of systems are cont-

inuous maps naking the appronriate squares commute.) Because G1 and

G, are points,let %(1) = 1 and r(m, ,) Suppose that we have

1 1,17~ D1,1°
defined " on [1,n) and also for each k with 1 < k < n, the mapping Ty
Y = . ‘; . } - i

such that HO(Hk) IRLT Y HO(!w(k-l),ﬁ(k)) Suppose that n is a
thread of SO(G). Then there is a unique set d in éﬂ such that g(m) e
d. Because g is continuous, there is a set d in A such that g[d] < d.
There is thus a cover B of SO(G) by these sets d. Because SO(G) is
compact, B has a finite subcover C, Choose the larsest index q for

which Aq contains a member of C. Let *“(n) be q+¥(n-1). Then Ay(n) is

a finite open partition refining B, The mapping g is surijective

so that the set of d originally selected is all of ﬁn' Thus the set of
images of the members of A, refines A . To each element m . of

H(n) = #(n),i

E corresp a uninq d of ; old i i i ler
$(n) rresponds uniaque AW(n)’ g['] lies in a unique element d

of A 3 and to this corresponds a single element m ., of E . Let
- - “n, -n

r (n LV =M L.
n( :’l(n)’l' —'ﬂ,]
How A, refines A , and A refines A .. The eauality
B(n) h(n-1) =n Zn-1 y
r

Ho(gn) er STy HO(Ww(n-l),m(n)) can be deduced from this,
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The pair (r,%) will induce g, for it has been defined so that

for each m in S_(G), we have proj (g(m)) = r (m
0 F——=n n w(n

)

The third step in the proof is to express St'(G) as an inverse
linit of finite sets wi*h discrete topolosy. For this purpose define
the sets Cn . for each G 5 of non-trivial shape in the following way.

bl ily

15.5.1) If G_ , is a copy of T., let C s be {(b ), 1.

n,J 0° N,J n,j'1
15.5.2) Otherwise, let C_ ., = {(b_ . [ 0 <1i<gln,g) l.
( N,] ~:] -
Let C = {0}V t] c(n) C_1 T the wunion over all non-trivial compon-
l 'S LY
® . -1
f G . 5 = C e« 13 ! = =
ents of G_. Let C \)n=1 o0 bet D {progn {at { dae Cn} and D

0

5 . : s o 1 . s P . g (s ).
\Jn=1 ,» Where proj  is the nth projection of St (G) into 1( n)

~

The set Cn constitutes a finite open partition of projA[St'ﬂ]ﬂ

in Hl(Gn). The set b is a finite open partition of St'(G). The set D
is a bhase for the topology on St'(G). One can show that St'(G) is the

+1| n+1)\n 1

<«

inverse limit of the sequence (Cn’ Hl(w . Similar state-

ments can be made for the systen G, giving rise to C ., C , D , and
-n,j’ =’ -n

D.

We now define by induction an increasing mapping 4 from the
positive integers to themselves, a sequence £ of continuous mappings
£f from G to G, and a sequence D of ings fror €

n 4(n) S equence D of mappings pn from Cé(n) o
Cn. Begin the induction by letting 4(1) = 1, £(1) = 1, and p, @ map
fron C, to C, such that pi(O) = 0, Suppose that we have defined 4 on

0,n); and for each k with 1 < k < n have defined fron C to C
(0,n); = od Py s(x) S
H, (T

so that p B1=1), 40 ) = H, (w ) > and F: so that

TEC-1) T
fk-l . é(u_1) a() 22 atp o fk’ and Py is the restriction of Hl(fk)'

The set Eﬂ is a finite open partition of St'(G), so that for

each thread x of St'(G) the thread h(x) belongs to a unique set d
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belonging to 2n' There is a neighborhood d of x belonging to D and
which is mapped by h into d. The set B of such neighborhocds d covers
St'(G). Because St'(G) is compact there is a finite subcover. Choose
an integer #(n) larger than #(n-1), ®%(n), and all the indices j of the
sets Dj to which the members of the subcover helong. Then Dé(n) refines
B. For each element e of Cd(n) there is a unique d in Dé(n) correspond-

ing to it, a unique d in Qﬂ in which hld} lies, and a unique element

.

in Eq corresponding to d. Let pn(e) be this member of En'

-

3] + = . H (Y . .l nan -
Lenma 15.5. Let a r_ O(zw(n),é(n)) Then (a,d4) is a map

ing from (E,Ho . w) to (E, HO . W)y and inv lim (a,8) = g.

This follows from the choice of 4(n) > w(n).
The mapping P, has the following properties. First of all, we
14 2 . = . ‘ . O
see that Hl(yﬂ) P, = Phg Hl(lé(n-l),é(n)) on Cd(n) ne can deduce
this result from the fact that D refines D and D refines
$(n) $(n-1) -n

2n-1' Second, P, has been defined in such a way that the diagran

(15.7.1)

St'(g) ———> §t'(¢)

rre) #tn) £ro) o

Pu

<:"ﬂl) — S;n

commutes, Third, p, m™aps zero to zero. Fourth, one can show that P is

fiber preserving over o in the extended sense. Consider thz diagran
(15.7.2), vhere u_ is the relation yx J {0} W A, and ¥ is defined in
- “n - n

section Uu.
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Prosn
(15.7.2) Cre S{'(E)
et
D)
_E_-. « S° ((z,

i m (15.7.23), vher is a similar extension of v
The diagram (15.7.3), where Usin) a simi tens 4(n)?
comnutes in the extended sense.

(15.7.3)

c’ﬁ(n}(‘ S‘t' (‘)

M3(n €t
L PNI ‘a‘,
Esm < Se(C)
The diagran
(15.7.1) . h .
St'(e) —> St'(¢)
l 123 ¢t
Sa (C) = $.(¢)
commutes in the extended sense. The diagram
(15.7.5) So(C-) — g.(g)
¢
‘( {,"’ﬁh’ l w_»
Eﬁiv\) - dh - E‘"
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commutes by lemma (15.6). We shall prove that the diagram

15.7.6
( ' Cdm a —~>C.
thﬁ(n) Y
ol
Ago = > An

commutes for any non-zero clement ¢ of Cé(n)' This claim implies that

are mapped

all the non-zero elements of C . for component G .
#(n),J $(n),7
to the set C for a single component G of G_.
-,k > -,k n

He prove the claim by observing that the diagram (15.7.6) is
the front face of the cube (15.7.7) whose other faces are given in

diagrams (15.7.1-5). The proof involves chasing diagrans.

(15.7.7)

— St'(e)
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Suppose that c belonsgs to Cd(n) and is not zero. Then there is
an element v of St'(G) such that projé(n)(y) = c. From the top face we
deduce that pn(c) = pn(projé(n)(y)) = projn(h(y)). If Pn(c) is zero
the result follows. Suppose it is not zero. Then u (p_(c)) = u (proj_(h(y))).

—n “n -n —n
Now h is a zero preserving homeomorphism and v is not zero, so that
h(y) # 0. We may then use the richt side face to derive the equality
En(projn(h(y))) = Drojn(ngh(y))) in the strict sense. Employing the
back face we deduce that pt(h(y)) = g(pt(y)) in the strict sense. From
this one can see that En(pn(c)) = projn(z(pt(y))). Using the bhotton
face, one can verify that this equals an(projé(n)(pt(y))). The left
ide £ n be nvert this to o o7 v))). This
side face can be used to convert this +o Cn(ué(n)(p Ojé(n)(‘)) Thi
finally allows us to conclude that u (proj (h(v))) = a (u (c)).
=n £—='n n é(n)
Fifth, if Gé(“) 3 is not a circle, the mapping D, is additive
.d 9 'y
in the sense that P ( I, g(6(n),3) b .= p ((b ). ) The
n i=1 $(n),3i’1 n = #(n),i’i
mapping h is a bijection on each fiber, so that by (9.9) h nust be
additive on each fiber, But we have shown that P, projé(n) = proi_ Jh,
4 - =i

The projection projn is additive on each fiber and surjective, so

that we can conclude that D, must be additive. For, consider that

o (d(2),9) o
i=1 ®geny, i1 = P3gen) o

3 = 7 3 (T Y = 3 © sh =
Pn(PPO]n(tO)) progn(ﬁ(to), prOJn(“izi h(ti))

so that with ' =g(n)

z projn(h(ti)) =7 pn(projH(ti))

() 3
=g, UL Sy

3 n gl
i n M,)01
o3 F=

h A 4 - 3 - > . n
o now define £ as the unlon of mapdings £ ., ¢ G, .=» ",
n o N, Syl -

I
Y

To G.., . corresponds a thread m, . of S (5), and to m = a (n, .)
R ed 0 — N,k n .

corresponds a component G_ | .
, S

15.2.1) Suppose that 4,, . is a point 1 .. Then let £_ .(1, .) =
| N, 7, 1,3 7,
N,



65

15.8.2) Suppose *that G is a wedse of g(M,3) copies of TO.

k34
iig

I A e
e

iA

]

Then the set C, D { (b, .), |1

¥ 3 .
= 3574 (1,35)} . For each such i

a) if pn((bﬁ,j)i) = 0, let fn,j,i = do,i’

b) if it equals (bn,k)q’ let fn,j,i = dq,i

c) if it equals Em=1 (bn,k)m’ let fn,j,i = d+,i'
Finally, let fn,j = t’i=1g(Y,j) fn,j,i'

Lerma 15.9. Consider the diagran

(15.9.1)
‘———-—-

/ Waar “50r " S
WQ Faat We
"\ W Jare

_Q" " s 0

where each of the . is a point or a wedge of a finite number of copies

i

of To and each fi and g. is a mapping of type 7,. Let T be the compos-

2-

ition of the maps in the upper row and G , of the lower. If Hi(F) =

i

Hi(G)’ then F is homotopic to G.
The lemna can be proved by showing I and G induce homomorphisns
at 1
F* and G" which belong to the same conjuzacy class. Then by theoren

82.11 of [bé], thev are homotopic, for the domain is a path connected

CW complex and the range is a space of type (W,1). ¥e can see that

4

P# and G' are actuallv equal here, by observing that for mappings of
tvpe 72 the effect of the fi on cenerators of singular interral horolory
can be identifiad with its effect on generators of fundamental grouns.
Thera is but one difference, the product of “ree generators of the
fundamental groun in the appronriate order replacing the sum of basis

elenents.
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Lerma 15.10. Supnose that in (15.9.1) each Wi is a finite
disjoint union of wedges of copies of TO or points, and that on each
component each f, and g. is of type Z.. If H (F) = H_(G) and H, (F) =

i 1 2 0 0 1
Hl(G) then F is homotopic to G.

The equality of the values of HO allows us to find for each
component of WR a diagram (15.9.1) neeting the conditions of (15.9)
One then applies (15.9) and shows that F and G are homotopic on

all components.

1 = £ =
Lemma 15.11. For each n, Ho(fn) « on Ed(n) and Hl('n)
c *
Pn " “4(n)
This follows from the definition of (£f,4) which has been
formulated so as to produce this result.
Lemma 15.12. The sequence (f,4) 1s a mapping of systems.
T ] 1 S 1 H T . f L f . ‘: [
To prove this result we show that Y n htp -1 Id(n—l),é(n)
= k¢ e
Because Ho(ﬁn) .411 o _q * HO(T) on the generators of HO(G¢(n))’
vwe can derive the chain of equalities H (w_ . £ ) = H (w ) . H (F ) =
0 — n 0= 0" "'n

Ho(fn 4) . HO(W). Similarly, because P is fiber preserving over o s

we can from the equality M (w ) . » = . H (1) on the generators
1°— “n n-1 1
G ‘ h- " . f = i [ ‘:.T . IR :F
of Hl( 4(n)] deduce that Hl(x_r_n n) Hl(fn_1 ). Therefore hv

(15.10) the two maps are homotonic.
Lemma 15.13. The maoning of svstems (£,4) induces (h,g).
This follows from two facts. First (f,4) induces (a,4), the
inverse limit of which is ~. Second (£,4) induces (n,8) the inverse
linit of which is .

Theoren 15.1t, The mappings (£,4) is an equivalence.

. -1 -1, . . .
The morphisn (h 7, = 7) is an isomornhism, Use the nrocedure



67

described above to derive a mapping of systems (£,8) : (G,w) > (G,w).
In the process one defines (a,4) and (p,#4) which are induced through

the application of HO and H, to the sequence (£,4).

Now inv lim (a,3) = g, and inv lim (a,8) = g. Because the

() ]

inverse limit is functorial, inv lim((a,4) . (0,8)) = inv lin (a,d) .
inv lin (o,3) = g g-l = 1]SO(§). Similarly, inv lim ((a,8) . (a,8)) =
inv lim (a,8) . inv lim(a,8) = 1]SO(G).

Let 8 = H (V7 ). From the preceding discussions one may
= 0'-n,dé(n)

conclude that the diagram

" 829 4 4¢n
(15.10.1) £ o £Io) gy S.(Q)—-::g‘v’_«(»»

\9 ) 1 € g(n)

1 So(6) Teo? Eowm)

v /9 14.
V_ o era. So(g) —Lz&2n , g,

commutes. This vields the equalities

= $6w)

1%

proj, = & « PrOJyy(ny> 30d Prod, = cpe gyeny v PEQIgy(n):

S—n
Because progéé( 3 is a surjection one may conclude that o "—é(n)
H 77 l..l . f }L ( F
o 8(n)) O Bgg(n)e Therefore By(E Funy) = Mol agn))
In a similar fashion one mav show that { (f fé( ))
A8
o g8(n)
One may in the same way show that inv lim ((p,4) . (p,%)) =
-1

inv lin (p,4) . inv lin (p,d) =h b~ = I!St'(E) and Inv lin ((p,%) .

(p»#)) = inv lim (p,#) . inv lin (p,8) = W h = 1|St'(G). Let y =
Hy Ty g0/ (m)

that the diapgram

) Céd(n)' Then, from the discussion above one may conclude
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(15.14.2)

d @ Btn
-C-‘.Nm =270 St(¢ )Wcéﬁm

W Peta)
v 1l st £ gy,
e
J&:“ - P33, !thcsél proda C-“

commutes. This yields the result

proj, =X . prej . s and proj, = Py Py + DXOJgg(nye

Because projéé(n) is a surjection, one can conclude that Py Pé(n) =

Hi(En,éé( )) on Cdé( )n Therefo”e H (-. fd( )) ('Y'—I'n.,éé(n)). Similar-

H f v 7 P i .
ly, (f 4(n )) Hl( n,dé(n)) By applying (15.10) one can conclude

that f fé( ) 232_35 $8(n) and f £ ¢( y ht2 htp ?n,¢gﬂn)' This implies

that (f.4) and (£,4) are inverse shape equivalences.

Corollarv 15,15, The isomorphism classes of the invariant S

1

characterize the shape classes of nlane compacta.

16. Illustrative examples., We present three compacta Ki’ Ky

and &3 which will also be useful in later chapters. For brevity and

clarity we exhibit K3 in figure (16.1) and give instructions for

constructing Kl and KQ from it. The compactum X, is obtained by omit-

ting those components of X_ in one of the disks complementary *to the

liniting figure eisht; the corpactm X, Dy onitting components from
two of the complementary dlslis., In ficure (106.1) are presented the

values of St1(Ki) for 1 <1 < 3. It is apparent that these values are
not isomorphic, so that the compacta do not have the sane shape. Never-

theless, their complenents in the plane are homeomorphic.
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Values s St1

:—Q*— _ R [ 4
R s
.-
A M $-3%e
T gt . ..
—_ — . * ':"zt.
e - @ " e oo
So (K}
L L ’ e g
!
!
- e e
- . - 4 )
i
{ .
T———
- . $o-

Fisul‘e 6.1
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ADDENDA.

1. The second induction step in (13.3.2). If n{1) # P, proceed

with the induction in the second paragraph of (13.3.2). Suppose that

n(1) = P. Then there is an integer J such that when j > J we have

xj,P+1 = Spyq® Let q be as before the greatest integer for which x.,

S . Again we may deduce that s = t for somed 1ors =
q a d,q
Zi_lq-P+1 ti q° If the first possibility obtains, then the fact that
- ]
H, (Vv )(t., ) =0 for i > 1 implies that d = 1. In either case let
1" P,q 1,9 -

n(2) = q and proceed with the induction in the second paragraph of

(13.3.2).

2, Properties 13,13,1-3.

13.13.1) The set of u is a local base at th.
13.13.2) The set of W is a local base at 0.
13.13.3) For each component Ca of C with shape number great-

er than one, either La(\ u = ¢ or u contains precisely the elements

toa and tla and the remaining elements of La belong to W
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