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QUASI-ORTHONORMAL FRAMES ON SEMI-
RIEMANNIAN n-MANIFOLDS

CHAPTER I
INTRODUCTION

A semi-Riemannian manifold is a differentiable
.(i.e., of class Cw) n-manifold M on which a real valued, bi-
linear, symmetric and non-singular function < , > on ordered
pairs of tangent vectors at each point has been singled out.
The functional < , > is called the semi-Riemannian metric of
M. The unique connection D associated with < , > is called
the semi-Riemannian connection. Let U be a (connected)
neightorhood of a point of M. The investigation in this'
dissertation is concerned mainly with the geometry on UC M
and thus is local in nature.

The study of the local differential geometry of a
semi-Riemannian manifold M by means of Riceci's 'invariant
theory' is well-known [2, Pp. 95-1“?]. But for problems in-
volving null vector fields, the theory cannot be applied di-
rectly. A quasi-orthonormal frame is a frame consisting
partly of null and partly of non-null vector fields. In 1945,
Y. C. Wong developed an invariant theory with respect to a
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quasi-orthonormal frame and applied it successfully to deter-
mine pairs of semi-Riemannian 3-manifolds with corresponding
geodesics. Other authors made use of quasi-orthonormal
frames in their works; for example, Ruse did so in his study
of partly null parallel planes in a semi-Riemannian manifold
[5; §]. In essence this paper is confined to the investiga—
tion of quasi-orthonormal frames and is similar to what has
been done with orthonormal frames on a semi-Riemannian n-man-
ifold.

In 1953, T. K. Pan defined and studied variation
and subvariation related to an orthonormal frame on a Rie-
mannian n-manifold. In 1966, R. N. Sen and B. Gupta defined
and investigated sets of coefficients of rotation induced by,
a mapping between Riemannian n-manifolds. The results of
Pan will be generalized in Chapter II and those of Sen and
Gupta in Chapter III. The terms quasi-variation (of a first
kind or of a second kind), quasi-subvariation, induced qua-
si-variation etc are introduced for corresponding concepts
related to quasi-orthonormal frames on semi-Riemannian man-
ifolds. The last chapter deals with applications. It is a
study of congruences by means of the invariants mentioned
above.

As commonly used, theorems are more significant as-
sertions than propositions. Vector fields on UC M are de-
noted by the capital letters X and Y with or without indices

on them; while functions on U and scalars by other capital
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letters. 1Indices are represented by small letters. Dis-
played equations are numbered serially by chapters. If equa-
tion (3) of Chapter II‘is mentioned in this same chapter, it
is cited as (3) and if referred to in a different chapter
specified as (IX.3). Similar conventions apply to theorems

and propositions. For other notations, we generally follow

Hicks [3] :



CHAPTER II

QUASI-ORTHONORMAL FRAMES ON A SEMI-
RIEMANNIAN MANIFOLD

1. Definitions and some relations. Let M be a C°

n-manifold with a semi-Riemannian metriét< » >and U a
;N
neighborhood of a point p in M. Vector Tields X and Yon U

are said to be orthogonal if <X,¥> = 0. A vector field on

U which is orthogonal to itself is called a null vector
field; otherwise, it is called a non-null vector field. In

relativity theory, X is called time-like, light-like or

space~-like, respectively, if <X,X> > 0, <X,X> = 0 or <X,X> <

0. When <X,X> = %1, X is called a unit vector field.

Let Y1, Y2, ..., Y® be an orthonormal frame on U;
i.e., the Ya's are linearly independent vector fields such
ﬁhat <Ya,Ya> = *1, where a is not summed, and <Ya,Yb> = 0,
when a # b. The number I of the Y&'s sucﬂ that <Y&,ya8> = -1,
called the index of <, > on U, is.a constant which does not
depend on the choice of the frame [i, P. 20%]. Let S be the
smaller of the numbers I and n - I. Consider a fixed inte-
ger R, where 1 < R < S. Then we can renumber the Ya8's such
that each Y2 is time-like for a = 1, 2,..., R and each Y2 is

space~like for a = R + 1, R+ 2,..., 2R. Define n vector
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fields X, X°,..., X on U by

X2l-l = 7;_""[Yl .+ Y1+R), i = l, 2,..., R,
(1) X2i = .—]'_(Yi - Yi+R), i-= 1, 2,'--, R’
2

xF = ¥° r=2R+1, 2R + 2,..., n.

For simplicity, we avoid writing the ranges of var-
iables used as indices repeatedly by fixing their ranges

henceforth as follows:

a, b, e, d =1, 2,..., n,

h, k, m=1, 2,..., 2R,

r, s, t 2R +1, 2R + 2,..., n.

Also, for a given h we associate h, defined by

Y1+-1, if h is odd,
h —
O

h -1, if h is even,
and for a given b we have b0 defined by

h,, if b

r , if b

h,

r.

Similar interpretations go to kys Mg, 2,5, €, and dg.

)
It is easy to see that the X&'s defined by (1) are

linearly independent vector fields on U satisfying

(2) <xB,XF> = 0 = <xP,x¥>, when h # k,
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h

(3) <Xh,x o> =1,
(4) <x¥ XS = Erag, (not summed on r),

where E, = <XT,XT> = *1, and 6§ is the Kronecker delta.
Such a sequence (X2) = (X1, x2,..., XB) of n linearly inde-

pendent vector fields on U is said to form a quasi-orthonor-

mal frame of nullity R on U. Note that the term nullity as
used here has a special meaning.

From (2), (3) and (4) we know readily that the 2R
vector fields XP are null, the n - 2R vector fields XT aré
unit and the n vector fields X2 are mutually orthogonal ex-
cept for the R pairs XM and xPo. These equations may be

represented more compactly by
(5) <x%,X > = 8%,

< n are defined by

where Xa for 1 <a < 2R and 2R < a
X, = XPo and X, = E XT
h r ro

Since a given orthonormal frame on a semi-Riemannian
manifold always gives rise to some quasi-orthonormal frames
of nullity R >0 as shown above, there exist quasi-orthonor-
mal frames on U. Unless otherwise stated, every frame is
assumed to be quasi-orthonormal of a fixed nullity R > 0.
Note that the Y2&'s also satisfy (5) with R = 0 and so we may
consider an orthonormal frame on a semi-Riemannian manifold

as a quasi-orthonormal frame of zero nullity.
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Let (X2) be a quasi-orthonormal frame on U. Then

Dy, X2 = J<D X2,Xp> X°,
c b c

where D is the unique semi-Riemannian connection associated

with the semi-Riemannian metric < , >. The invariants
(6) V8o = <Dxcxa,xb>

are called coefficients of rotation of (X2). When the frame

is orthonormal, the invariants V%c are the familiar Ricci

coefficients of rotation [é, P-. 9]]. Now,

- a - a a
0 = X<X%,Xp> = <Dy X%,Xp> + <X Dy _Xp>
= ya bo
= Vie * anEbOVaoc’ (not summed on a, and b,)
where we define E (similarly for E, and E_ ) by
ag bo - Co

Hence the coefficients of rotation satisfy [?, p. 16%]
(7) Vg, + anEbovggc= 0, (not summed cn“ao and by).
In particular, we have

h

- - r
(8) Vhoa =0=V],.

2. Quasi-variations and quasi-subvariations. Let

p be a point of U and (X&) a quasi-orthonormal frame on U.
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Let C be the integral curve thru p of a fixed but arbitrarily
chosen null or non-null vector field Y = ACXc on U. Let X =

Y/H, where
1
24 ...+ 197

2 2
= +
H (Al A2 n

When X2 is displaced locally and XP is displaced parallelly

along C, the initial rate at which <Xa,Xb> changes is meas-

ured by
- a yby = & ybs =
Pab <DXX S XY> <DACX°/HK s X7> EboL/H’
where
- a a
h r
Now,
2 a -
3Py HOEGVE ¢ - LA ",
aA = Ebo J >
s H3
2-7a
HV -~ LA
3Pab e boko
= Bp, .
9Ay H3

Hence the vanishing of the partial derivaéives of Pab with

respect to the A's implies

- gévya = _ 2va =
(9) AkL H Vboko = 0, ASL ESH Vbos = 0.

The extreme value of Pab considered as a function of the A's,
which we denote by-Vab, is reached when the A's satisfy (9).

We find
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2y 2) (va
%(LAh/H )(v%oho) + Z(ErLAr/H )(vgOr

10 )3

(L/HZ)(EAhV%OhO + EErArV%or)
r

L2782 = (B, L/H)? = (Vap)%,

where L and H have the fixed values given by (9). Conse-

quently

1
2
(10) Vap = [Z(V%oc)z} .
- c

The above derivation of Vab was made on the assumption that

Pab is a function of the A's. When Pab does not depend on

the A's, it is easily shown that V2

by = 0 for every ¢ and

hence P,y = 0. Then Vo =0 and (10) also holds.

If the-above procedure were applied to a Riemannian
manifold with an orthonormal frame (X2), then the invariant
Vab reduces to the variation of X2 with respect to XP pipst

introduced by T. K. Pan [MJ. So, we may call Va as given

b
by (10) the quasi-variation of X2 with respect to xP,

Note that Va is derived by using either a null or

b
a non-null Y. Now suppose Y is non-null. Let X = Y/I<Y,Y>|%
and let C be the integral curve of X through p € U. When

X2 is displaced locally and Xb is displaced parallelly along
C, the rate at which the scalar function <Xa,Xb> changes is

measured by

1

b 2
B, = <DXXa,X > = EboT/|K[ s
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where

=
"

<Y,Y> = ZAhAh + EEr S

=
|

= XAH b h + ;ErArV%Or‘

The vanishing of the partial derivatives of Bab with respect

to the A's implies

1
o
-

(11) E TA, - IKIV%OC

where

1, if K

v
o
-

-1, if K < 0.



(lf-l) SVab = [c ;

1
2

(15) sw_. = ||Iv® v& _ + JE (V@ )2 - E V& _v& |
ab Llbgn oohy T e b e by bgb boby'|

which are respectively called the quasi-subvariation gg.Xa

with respect to xP of the first kind and of the second kind.

It follows easily from (7) that the quasi-variation
of either kind of a vector field of a quasi-orthonormal frame
with respect to another vector field of the frame is equal
to the quasi-variation of the same kind of the latter field
with respect to the former. Moreover, from (8), the quasi-
variation of either kind of a vector field of the frame with

respect to itself vanishes.



CHAPTER III
INDUCED INVARIANTS

1. Induced coefficients of rotation. Let M =

(M, <, ») and M = (M, << , >>) be two semi-Riemannian n-man-
ifolds with semi-Riemannian connecticns D and 5} respective-
ly. Let F: UCM —» F(U) C M be a diffeomorphism. Then a
connection is induced by F in each of the neighborhoods U

and F(U), the one on U being called the iﬁduced D and that

on F(U) the induced D. They are defined by

- _ _1_1 _—

1=
—F17),

D.¥ F*(DF;lx

for all vector fields X,Y on U and X,Y on F(U).

If D = induced D, then D = induced D and F is con-
nection preserving. In the following, we exclude this triv-
ial case in which U and F(U) have essentially the same semi-
Riemannian structure.

Let (X2) and (X®) be quasi-orthonormal frames on U
and F(U), respectively. Form the following four sets of co-

efficients of rotation:

12



Ga) "
(1b) ND,
(1e) Voe
aa) 7

"

<Dy X%,X,>,
c

m— ——a 5d
<<DXCX s Xp>>-

We call the N's the induced coefficients of rotation of the

vector fields of (X®) on U and the V's the induced coeffi-

cients of rotation of (X2) on F(U).

Theorem 1.

Among the four sets of coefficients of

rotation in (1) associated with twe diffeomorphic semi-Rie-

mannian manifolds, there exist the following relations:

a _ 1 a _ e Co _ yx%o
Vbe = 5[(Nbc Nep) * EaoEco(NbaO Naob)
b b
+E_E (N9 -NO©°)
ag bo ca, a,c 2
ﬁ%c =3 (v%c - v%b) + By Ey (vgg - v§°b)
o ~o o o
+ E, E (Vbo 7
ag"byt'ca, T 'age’ |’
Proof: For all vector fields X and Y on U, we de-

fine B in terms

(2)

B(X,Y) = ﬁkY - D

of D and the induced D by

XY.
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Then B is a vector-valued 2-covariant tensor field on U [é,
p. 64]. Writing B(xc,xa) = Bgcxb and using (2), (1b) and
(1c), we obtain

a _ =a a _ ,a a
(3 Boe = T'be = Toe = Noe = Voes

where f%c and P%c are the connection coefficients of the in-
duced D and D, respectively. In their paper [7, p. 21@],

Sen and Gupta employed an identity whkich in our notations is

of the form
a _ l¢= a = a = , )
(4) By = -EtDXc<X Xp> + DXb<X x> - DXa<Xc,Xb> .

By use of the following formula E; D. 23?}

(5)  Dua<x®,x% = x¥<xP X% - <D x°,%x%> - <xP,5,2%%>

b b =

JX%> - <Xi’Danc>’

- <DXaX
we may reduce (4) to

(6) B¢ = -[<D x2,x

as 5 va
> + <X ’DXCXb> + <DXbX ’Xc>

N =

be X b

c

a — — —
+ <X ,DXch> - <DXaXc,Xb> - <Xc’ anb ].

Combination of (3) and (6) yields the first relation of the
theorem.

The second relation can be shown similarly.

a _ya - ya _ wa T _Fa =
Corollary 1. Vbc Vcb kbc Ncb and Nbc Ncb
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7a 72
Vbe = Voe-

Proof: This follows from Theorem 1 by direct com-
putations.

Let p be a point of U. From (5), we have

a - = a
2, = - <Dy X*%p>p

p

which is the initial rate of change of <X?,X, > when X% is
displaced locally and ¥ is displaced parallelly with res-
pect to the induced D along the integral curve of Xo thru p.

Thus Nbc as well as Vbc possess suitable geometric meanings.

2. Induced quasi-variations. The four sets of co-

efficients of rofation associated with diff'eomorphic semi-
Riemannian manifolds may be used to define eight sets of
quasi-variations. Besides Vab and Wéb on U and their ana-

logues ﬁéb and Zéb on F(U), we have the following:

.
_ a 212
Nob = _Z(Nboc) ]
_ o2
Vap = E(Vboc
(7) -1
T = 7@ g2 2,12
Wap = lZVb h boh, + EE bor) l_ >
] a 2,13
Zop = |1ING hNboh + ;E 63 1 T I B

which are called the induced quasi-variations. There are

geometric interpretations of these induced quasi-variations.
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Consider Z for example. Let p be a point of U and (x2) a

ab’
frame on U. When X2 is displaced locally and X, is displaced

parallelly with respect to the induced D along a non-null
curve C thru p whose unit tangent vector field is X, the ini-
tial rate at which <Xa,Xb> changes is measured by -<ﬁkxa,Xb>.

Thus (Zab)p is the absolute critical value of <DXXa,Xb> as

C ranges over all the non-null curves thru p.

3. Semi-Riemannian manifolds in conformal corres-

pondence. Let F: U-— F(U) be a weakly conformal mappirg,

i.e.,

(8) <<FeX,F4¥>> o F = e2"<X,¥>,

for all vector fields X,Y on U, where w is some function on
U and e is the base of the natural logarithm.

In classical differential geometry one usually uses
mapping by 'egual coordinates' which is equivalent to taking

F as the identity mapping. Then (8) simplifies to

2w

X,¥>> = e""<X,¥>,

which is assumed throughout this section.
Let (Xa) be a quasi-orthonormal frame on U; then
(X3 = (e™"%®) is a quasi-orthonormal frame on F(U) = U.

Consequently, we have that

ﬁbc e {Nbc + szc(w)f,

(9)
N%c = e-w{Nic - aixc(w)},
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v%c = e’W{V%c = G%XC(W)}’
(10)
' a _ W -
Vbc = ¢ fvbc + 5§Xc(w)}’
Voo = G, - S0 + E, By s 520%, 1,
(11)

= -w a a -
ﬁ%c e {vbc + 85X, (w) anEbOG oX o(w)},

T2 o a-W NS b ! _ A
v e {Nbc + E, B & Xao(w) 26ch(w) Gch(w)},

be a5 Py
(12)
a _ _wisa asyg ax box
Ny, = eIV, + 28X, (w) + 8% (w) - aoEboacoxao(w)},

where (11) is derived by means of Theorem 1 and equation (9)

as follows:

a —
2Vbc = (N

a ] c c b b
- N,)+E E (NC¢ -NO)+E_E,_ (N© - N©O)
be cb a, ¢4 bao aob ag bo ca, a,c

]

eW{(ﬁ%c + sgié(w) - &

asF NC
cb ~ 6 X ) + E OE (N +

o Pag

Cov _ 7o _ sC%o% —bo
Gb Xao(w) Naob 6a°Xb(w)) + anEbo(Ncao +

ba— —=b b
(o] - fe) - o
Gc Xao(w) Naoc aokc(w)i}
= V(R - E, E N o) +E, (B, N0 +E o ) -
be a, Cq bao bo ca.
(V. +E E ) - (5 + E, E s, (w) +
chb ag ¢ a b Co 3p b
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b\TF b C\7T
E_E,_ 620)X (w) + (E, E,L 8§80 +E_E, ¢ o)X, (w)}
ag bo ag’’c a, bO c a2y Co 2o 2,

Wr=2 a= bow
= -6°X + E, En 6.0X, (w)}
2e {NbC e b(W) a’O bO c ao( )

Similarly, we have that

(13)

(14)

(15)

(16)

(17)

(18)

(19)

S

NSC

—.S - ——
X (w), Voo = - X (W),

c

a a —a —a a a _
Npe - Nep = €"(Npe = Nep)s Vpe - Veb =

—a =2
eW(Vbc - Vcb)’ when b,c # a,

\ikcd _- We — . S W5T
Nap = ' Naps Zap = € Z3ps Vab = € Vabs
Wez T = T
Wap = © Waps NapVab = VabNabs

ZopWap = ZapWaps When b # ag,

Zss =0 = Zss’ Weg = 0= wss’ if the gra-

dient of w is in the direction of one cf

the null vector fields of the frame,

Vop = €Ny, Wop = €72,,, if the gradient
of w is orthogonal to both X, and Xy ,
o o

Nop = ewvab, Zyp = e"W,, if 2 # b and the
gradient of w is orthogonal to both Xao,Xbo,
= W = oaVi7

Nsg = ©"Vggs 255 = €'Wggs
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where (13) is derived by use of (9) and (10) and the rest by

(9) to (13).



CHAPTER IV

CONGRUENCES OF MEMBERS OF A
QUASI-ORTHONORMAL FRAME

1. Some conventions. A vector field X on UC H

determines a family of integral curves of X as defined in

D” p. l2£], which is scmetimes called the congruence of X.

A curve of a congruence is thus a parametrized curve. It is
proved there that a translation is the only allowable repa-

rametrization of such a curve.

Since a vector field and a congruence determine each
other, the two terms will be used interchangeably sometimes
without distinction for the sake of simplifying statements.

A congruénce of a vector field X is usually written
as a congruence X. Unless otherwise noted, every congruence
mentioned in this chapter is one determined by a member of a

quasi-orthonormal frame (Xa) on U.

2. Geodesic and normal congruences. A congruence

X is parallel along a congruence Xb if the vector field X2

is parallel along every curve of the congruence Xb; i.e.,

DXbXa = 0. A congruence X% is a geodesic congruence if it is

paraliel along itself.

20
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Since D X% = E. V& X%, we have;
Xb bo cbo

Proposition 1. A member X2 is parallel along ano-

ther member Xb if and only if Vib = 0 for every c. A member
o

Xa

is geodesic if and only if Via 0 for every c.

The coefficient of rotation vd = <D Xa,X > is
bb Xy b

called the tendency of x2 in the direction Xy.

Proposition 1 and equation (II.7) lead directly to:

Proposition 2. A member X% is geodesic if and only

if the tendency of X% in the direction Xa vanishes for ev-
o)

ery c.

A null or non-null congruence X on U is called a

normal congruence if X is a scalar multiple of a gradient,

i.e., if there exist functions H and G on U such that X =
G(grad H).

The following lemma is due to Wong [?, p. 163].

Lemma 1. A member X% is normal if and only if

V%c = ng, for b,c # a.

Proposition 3. Let a nuli member Xh be normal.

h
Then X is geodesic if and only if the tendency Vhoh
o*'o

vanishes.

Proof: If XP is geodesic, then Vgh = 0 for every
—_— o

a. Hence C = Vh = Vh°
- hh, hoh*



22

Conversely, suppose Vﬁoh = 0. Then Vgh = 0. By
00 h o
Lemma 1 and equation (II.8) we have V =V = 0 for a #
ahO hoa

h. Hence the member X! is geodesic.

From (II.7) a given coefficient of rotation may
have a representation with a different set of indices. We
write " Vgc =0, for b #c #a # b" if Vgc vanishes when (a)
the indices a, b and ¢ are pairwise distinect and (b) ﬁhe
indices of its other representations from (II.7) are also

pairwise distinct.

Theorem 1. Each of the members of (X2) is normal

if and only if (a) Vgc =0, for b #c # a # b, (b) Vgh =

h
V,5 , for every a and h such that h,hy # a and (c) Vih 0,

o)
for every a and h such that a # h.

Proof: Suppose the congruence X2 is normal for

every a. By (II.7) and Lemma 1, we have

a _ v ' Co . c
(a) Voe = Vop = - anEcovaob =- anEcovbgo
=E. E V.9 =E_ E. VO =-v°
aq b0 cagy a, b0 asc be?

when the sets {a, b, ¢}, {a,, ¢y, b} and {a,, b,, ¢} have

pairwise distinect elements, or
a
Vpe = 0, for b #c #a# b;

a a h
- o = _ 0O = yo .
(b) Vah anvhoh antho Vaho’ when h,h  # a;

h h
(c) Vin = - Ej VaZh = - Eaévhgo = 0, when a # h.
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Conversely, suppose (a), (b) and (c¢) hold. Let the

member Xh be fixed and null. Then

(1) vB, = 0 = VI, when the sets {h, b, c} and
{ho, by ¢} have pairwise distinct elements;
k k h

Py —- o - - .
(ii) kao = - Vhoko = Vhok = Vkok’ when k,k, # hj

s ss h bo h

iii \' = - E, V =0=V when b # h.
(1i1) bh, b, Vhoh, hob>

Hence Vgc = Vﬁb, when b,c # h, i.e., the member Xh is normal.

Next, let the member X° be fixed and non-null. Then

s - .S
(iv) Vpe = 0 = V,p, when the sets {s, b, c} and

{s, bo,c} have pairwise distinct elements;

| S _ hy | =
(v) Yoy = 7 Es¥sny T 7 EsVsh T Vhne

From (iv) and (v) we conclude that the member Xs is normal.

When the congruence of each member of (Xa) is normal,

we call (Xa) a special frame.

Proposition 4. The tendency of a non-null member

of a special frame in the direction of another non-null mem-
ber vanishes if and only if the first is parallel along the

latter.

Proof: Let X* and X° be two non-null members of a
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3. Associate curvature. Let Dbea be the associa-
ted vector field g§~xa with respect to x°. The invariant

I|Xabl] defined by
1
b a aLls
1 x2 = |<p ,x%,0 . x>z .
(1) XL = 0% *Dyp |

which in terms orf the coefficients of rotation is given by

]

ab a ._a a 2117

[1E 1 =[12Vhb Vo b+ LEp(Vpp ) I]
h 0 oo g o

is called the associate curvature of the member X2 with res-

pect to the member Xb.

In a Riemannian manifold, the associate curvature of
one congruence with respect to another is-a measure of the
deviation of the first congruence from parallelism along the
second in that its vanishing is the condition for parallelisn.
It is obvious that this is no  more so in a semi-Riemannizan
manifold.

By Theorem 1, equation (1) becomes

(22) Hx™p = o,

hh h _h h 2,13 hh
@) 1] = [1595 T, + el 0717 = 117
(2¢) 11X°€[| = 0, for h,n # k,

(not summed on s)

(2a) 1K) = (Va1

(2e) xR = o,

(21) XS5 = {V;rl, (not summed on r).
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Theorem 2. The associate curvature of any member
of a special frame with respect to any one of the null mem-
bers vanishes, except possibly for the R distipct associate

nh h
curvatures lthholl = |x70o7]].

Proof: This follows directly from (2a), (2v), (2c)

and (2e).
From (2d) and (2f), we have the following theorem.

Theorem 3. The associate curvature of a member of
a special frame with respect to any non-null member is numer-
ically equal to the tendency of the former member in the di-

rection of the latter.

Theorem 4. The associate curvature of a member of
a special frame with respect to any non-null member vanishes

if and only if the latter is gecodesic.

Proof: Let X2 and X5 be two members of a special
frame such that the non-null X5 is geodesic. By Proposition

2, Vis = 0 for every a; hence, by (2d) and (2f), we have

!|Xas|| = 0 for every a.
.a .
Conversely, suppose ||X""|! = 0 for every a. Then
st = 0 for every a. Hence X5 is geocdesic.
4, Quasi-variations. Applying Theorem 1 to (II.1l3),
we have
(3a) whm =0, for h # mg,
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’ 1

_ h ;;h h 2,12

(3b) W, = [Zthxhk + JE (V) I] ,
° k ° r

. s h
(3¢) Wy = Ivhosl = |Vg |5 (not summed on s)

- : 2
(3d) W, = [|Er(Vrr) + ES(V, ) |]

1

[EXREERA

(not summed on r and s3).

When the quasi-variation (quasi-subvariation) of a
member of a frame (X%) with respect to another member is nu-
merically equal to a coefficient of rotation, we call the

former member a quasi-principal (respectively, quasi-sub-

principal) congruence with respect to the latter.

Theorem 5. The quasi-variation of each null member
of a special frame with respect to another null member van-
ishes, except possibly for the R quasi-variations whh =

(@]

W

hyh*

Proof: This is evident from (3a) and (3b).

Theorem 6. Every null (non-null) member of a spe-
cial frame is quasi-principal with respect to every non-null
(respectively, null) member. Moreéver, the quasi-variation
of a null (non-null) member of a special frame with respect
to a non-null (respectively, null) member vanishes if and
only if the tendency of the null member in the direction of

the non-null one vanishes.
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Proof: The first part follows from (3c) and the
remark following (II.15). The second part follows from (3c)
and the fact that the tendency of a null Xh in the direction
of a nmon-null X is numerically equal to the tendency of Xh

in the direction Xs.

Corollary. The quasi-subvariation of a null (non-
null) member of a special frame with respect to every non-

null (respectively, null) member vanishes.

Theorem 7. Let X° and X© be two fixed non-null
members of a special frame. If X® and X* are both time-liike
or both space-like, then the quasi-variation of Xs with res-
pect to X¥ vanishes if and only if each is parallel along
the other. If one of X° and X¥ is time-like and the other
is space-like, then the quasi-variation of X% with respect
te X' vanishes if and only if the tendency of X% in the di-
rection Xr is numerically equal to the tendency of X* in the

direction Xs.

Proof: Suppose X and X° are both time-like or
both space-like. Then Es = Er and hence by (34), Wsr = 0 if
and only if Vir =0 = VZS. The conclusion now follows from
Proposition 4.

Now suppose one of X% and X* is time-like and the
other 1s space-like. Then Es = - Er' Hence, gy = 0 if
and only if (V5,)% = (Vi )2

r
Ve ).

. . > S =
» i.e., if and only if |V | =
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Another geometric interpretation of (3d) is given

by the following theorem.

Theorem 8. A non-null member of a special frame is
quasi-principal with respect to another non-null member if
one is parallel along the other. Moreover if the guasi-var-
iation of one non-null member with respect te another non-
nuli member is numerically equal to the tendency of one in
the direction of the other, thén oné is parallel along the

other.

Corollary. Every non-null member cf a special frame
is quasi-principal with respect to another non-null member.
Moreover a non-null member is quasi-principal with respect
to another non-null member if the tendency of either one in

the direction of the other vanishes.
From (II.13) and (II.15), we obtain

f]A + V2 |a], if b = h,

hg h h h, | -

4) wo, - sw

ab
|B + Eg (v ) |- |B], if b = s,

where |A| = SW°, and |B| = SWw° .
ah as

The following theorem is a consequence of (4).

Theorem 9. The difference between the squares of
the quasi—variatioﬁ and the quasi-subvariation of any one

of n - 1 members of a frame with respect to the remaining
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member vanishes if each of the tendencies of the former mem-

bers in the direction of the latter wvanishes.

Using (4) and Proposition 2, we also have the fol-

lowing theorem.

Theorem 10. The quasi-variation and the quasi-sub-
variation of each of n - 1 members of a frame with respect to
a remaining non-null member are equal if and only if the lat-

ter is geodesic.

Suppose X% is a fixed normal member of a frame.
Then by Lemma 1 and equation (II.8), when a takes on the va-

lues h and s, we have that

2 h .h h 2 h .h
(52) W, =]}V, V + YE_(V., ) + 2V, .V | , for h # k

hk IEI mko moko E r rko koh koho > 0?

2 h _h h .2 h _h
(5b) Wpe = |vatvm ¢t ZEr(Vrt) + 2V Vip ls
m o r o)
2 S .,S S |2 S 2
(5¢) Wgy = |DVpeVp ¢ + IE.(Vog)® + Bg(Vgg)T[, for s # .
m r

Theorem 11. Let X2 be a fixed normal and X~ any
other member of a frame. If the tendency of Xb in the di-
rection Xao vanishes, then the quasinvariation of x% with
respect to Xb is equal to the associate curvature of Xa with

respect to Xb.

Proof: The conclusion follows from (1), (5a), (5b)



30

and (5¢) since

h t s t
V. =-vVE ,Vl =-EV.  and Vi =-EETV _.
koh, h h,? "thy t 'h h, ts st ss

Theorem 12, Let x2 ve a2 normal member of a frame

which is parallel along another member Xb. If the tendency
of Xb in the direction Xa vanishes, then the quasi-variation
o
of X% with respect to Xb also vanishes.
Proof: Since Xa is parallel zlong Xb, the associlate

a D . R
curvature of X with respect to X vanishes. The conclusion

now follows from Theorem 11.

Theorem 13. If a given non-null geodesic member of
a frame is parallel along each of the remaining members, then
the quasi-variation of the given member with respect to every

membexr vanishes.

Proof: Let X" be the given non-null geodesic mem-

ber. Since Xn is parallel along a member Xb if and only if

Vn = 0 for every ¢ and for b # n, we have ¥ 0 for b # n.
cbO nb

Theorem 14. If each of the non-null members of a
frame is geodesic and parallel along every other member, then
the quasi-variation of each non-null member with respect to

another member vanishes.

Proof. This is an immediate consequence of Propo-

sition 1.
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5. Induced coefficients of rotation and guasi-var-

iations.

We consider a coordinate neightorhood of U of M

with the two connections D and induced D as was discussed

in Chapter III.

orthonormal frame.

Proposition 5.

The frame (Xa) is understood to be a quasi-

A member Xa of a frame is parallel

with respect to D along another menber Xc if and only if

¥ +E E 8. +E E 0O =
bco Co &g bao b0 aq Cop
a c b
o
Ncob + EcoanNaob ¥ EboanNaoco’

for every b.

Proof:

the desired result.

Proposition 6.

with respect to D if and only if N

Proof:

< s a
to be geodesic is Vbao

= 0 for every b.

Use Proposition 1 and Theorem III.1 to get

A member X of a frame is geodesic

a _ Na

= for every b.
bao aob

- - a
A necessary and sufficient condition for X

By Corollary III.1,

this condition is equivalent to that stated above.

Proposition 7.

. a _ N2 =
if Nbc Ncb for b,c #
Proof:

A member X2 is normal if and only

This fcllows from Lemma 1 and Corollary III.1.
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Theorem 15. Each member of a quasi-orthonormal

frame is normal if and only if (a) Ng, = N3,, for b # ¢ # a

# b, (b) Nih = Ni p» for evéry a and h such that h,h #a
o) o
and (c) N;g = Nzg, for every a and h such that a # h.

Proof: Theorem 1 and Corollary III.1l lead to this

theoremn.

A congruence X2 is said to be D-parallel along a

congruence Xb if D bXa =0. A congruence X2 is a ﬁkgeodesic
X
congruence if it is D-parallel along itself.

(]

Since D X% = Ey Nib X”, the following proposition
o o]

xP .

ensues.

Proposition 8. A member X is D-parallel along ano-

a
ther member Xb if and only if Ncbo = 0 for every c. A mem-

ber X> is D-geodesic if and only if Nia = 0 for every c.
0

= b
The D-associate curvature gg Xa with respect Eg X

is defined as

- which is equivalent to the following in terms of the induced
coefficients of rotation:

(ab)* a ,a a 12,13
_ 2
(6) X I} = ['%thoNhobo + gEr(Nrbo) I] .

The following proposition is a direct consequence
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of Proposition 8 and equation (6).

Proposition 9. If x2 is D-parallel along Xb, then

the D-associate curvature of x2 with respect to Xb vanishes.
If X% is D-geodesic, then its D-associate curvature with res-

pect to itself wvanishes.

Proposition 10. The following statements are equi-

valent:

(a) X% is both D-geodesic and D-geodesic.

(b) NZ p = 0 for every b,
o
(e) Na = Va b e b
N by Tor every b.
o o
Proof: S (2) holds. Then No. = N° . and
roof: Suppose (a) holds. en ba, = Nagb a

a s .
Nbao = 0, for every b, and conversely, these conditions im-

ply (a). It is now easy to see the equivalence of (a) and
(b)o

Using Corollary III.1l with the fact that Vi = 0,
O
o ..a a a a a .
we have N - N = V, -V =7V . Hence (b) is equi-
< ba, agb ba, agb ba,
valent to (c).

We may call the induced quasi—vaﬁiation Zab as the

— a b
D-guasi~-variation of X with respect to X .

Theorem 16. If each member of a quasi-orthonormal
frame is both D-geodesic and D-geodesic, then both the D-
quasi-variation and the D-associate curvature of any member

with respect to itself vanish.
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Proof: This follows from equations (III.7) and (6)

and Proposition 10,

Theorem 17. If each member of a quasi-orthonormal
frame is D-parallel along every member, then the D-quasi-var-

iation Zab vanishes for every a and b.

Proof: By Proposition 8, we have N%c = 0 for

every a, b, and c¢. " Hence Zab = 0 for every a and b.

Theorem 18. Let X° be a non-null normal member of

a quasi-orthonormal frame. If the tendency of another mem-
b S —

ber X 1in the direction X vanishes, then the D-quasi-varia-

=L

tion Z_, is equal to the D-associate curvature ||X

) .S . s _ .,
Proof: The normality of X implies that Nab = Noyp

for a,b # s. Hence, for b # s, we have

tofre

_ s S S 2
Zy, = [IngohNboho + EEr(Nbor) l]

1
2 S 2117
= |]IxS N3 + Y E (N5 )+ E_(N ) [] .
[ n hb "hob, r#s rrb, S bys

The conclusion now follows from
5

- Vs = V
. . b

which is true because VSS = 0.

Theorem 19. The D-quasi-variation of a non-null Xs

with respect to itself is equal to the D-associate curvature
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of X with respect to itself if the tendency of each X% in

the direction Xs vanishes for every a # s.

" Proof: For a # s, we have that

s S _ S s _ s _ o =
Nsa - Nas - Vsa - Vas - Vas - anEsvzs 0
since Va = 0 for every a Hence Ns = Ns for every a
SS y 2. sa as? >

1
and 7 = |87,
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