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Abstract

This dissertation is a theoretical treatise on the Josephson effect in dilute quantum gases

of excitons and exciton-polaritons. An exciton is a kind of elementary excitation in

semiconductors, which, through strong coupling with photons, can form a light-matter

hybrid particle called an exciton-polariton. Similar to superconducting systems, excitons

and exciton-polaritons show superfluidity and phase coherence in their Bose-Einstein

condensates, which allows us to explore macroscopic quantum phenomena such as the

Josephson effect.

This dissertation surveys the existing experiments of polariton Josephson junctions,

focusing on optical control, and proposes an alternative method focusing on electrical

control. A theoretical model unifying the two approaches is developed based on the

microscopic mechanisms of exciton-polaritons. The unique dynamics of the proposed

device, including the switching between oscillation modes, the externally driven and in-

trinsic chaotic behaviors, are discussed in detail.
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Chapter 1

Introduction

Quantum coherence in many-body systems has long been a focus of fundamental physics,

because it explains how quantum phenomena can spontaneously arise in macroscopic

objects governed by classical physics. Many closely related phenomena have been found

over a broad range of materials and temperatures, from Bose-Einstein condensates of

alkali metal vapors at nanokelvins [1, 2] to exotic states in cuprates [3] that persist up

to ∼ 130K [4]. Studies of these systems have enriched our understanding of quantum

information [5], and stimulated the development of quantum computation [6], quantum

communication [7], quantum sensing [8], and quantum simulation [9]. At the heart of

various quantum technologies is the Josephson junction, a device harnessing supercurrents

induced by phase differences in macroscopic coherent states of quantum particles.

A conventional Josephson junction consists of two superconductors separated by a

thin insulating layer, where the correlated tunneling of the Cooper pairs gives rise to the

coupling current between the two superconductors known as the Josephson effect [10].

However, the essential idea of breaking phase continuity in the macroscopic wavefunction

can apply to a broader range of systems. For example, Bose-Einstein condensates of dilute

boson gases can be described by their macroscopically occupied mean field wavefunction,

and therefore also have the potential to demonstrate the Josephson effect.

Inspired by the dipole trap technique in cold atom experiments, the bosonic Joseph-

son junction was first proposed based on a double harmonic trap, where two finite-size
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Bose-Einstein condensates are weakly coupled due to overlapping of wavefunctions in the

barrier [11, 12]. Rich phenomena due to enhanced particle interactions, such as quantum

self-trapping effect, have been predicted and observed in the bosonic Josephson junction

[13, 14]. Remarkable progress in manipulating these ultracold-atom systems has been

achieved based on dynamical light shaping techniques [15, 16, 17].

Excitons, a type of elementary excitation in semiconductors, can be described as

electron-hole pairs bound by their Coulomb attraction, and behave like bosons at dilute

densities of common experiments. Furthermore, their close relation to optical excitation,

allows us to explore the mixed states of excitons and photons, which leads to interesting

macroscopic phenomena at different physical limits, such as lasing, superradience, and

bosonic condensation [18].

Advances in nanofabrication technology have enabled the study of excitons and pho-

tons confined in low-dimensional geometries. In particular, microcavities formed by di-

electric Bragg reflectors and active semiconducting layers can host a type of hybrid boson

called “exciton-polariton”, that is a coherent superposition of one photon and one exci-

ton [19, 20]. The two-dimensional gases of microcavity polaritons exhibit condensation

and superfluidity even near room temperature [21, 22, 23, 24, 25, 26] because they have

extremely low effective masses. This and their insensitivity to crystal disorder [27, 28, 29]

make them promising systems to explore the Josephson effect.

Given that microcavities are based on nanostructures in solid state materials, and

exciton-polaritons are light-matter hybrid particles, it is possible to use a wide range of

experimental techniques including electrical and optical control.

The pioneering experimental studies on the polariton Josephson effect operate in a

non-equilibrium limit and focus on optical control. Although many signature dynamics

of boson junctions have been observed in these experiments, the short-lived coherence

and limited selections of initial state pose challenges for polariton junctions to fulfill their

full potential as active quantum devices.

This dissertation aims to resolve some of these challenges by proposing a new design

of exciton-polariton junction operating in thermal equilibrium and focusing on electrical
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control. The main body is organized as follows: Chapter 2 discusses the microscopic the-

ory of excitons and exciton-polaritons, Chapter 3 discusses the relaxation mechanisms and

coherence properties of exciton-polariton condensates, Chapter 4 discusses the Josephson

effect in general and examples in dilute boson gases, and Chapter 5 discusses the proposed

polariton junction and its unique dynamics.

Before delving deep into the details, I would like to make a few remarks on the history

of the Josephson effect and exciton-polariton condensates.

1.1 A Brief History of Superconductivity and Joseph-

son Effect

Superconductivity was first discovered in 1911 by Kamerlingh Onnes, when he found

that the resistance of a solid mercury sample suddenly vanished at the temperature of

4.2 Kelvin. In 1933, Walther Meissner and Robert Ochsenfeld discovered the expelling of

magnetic fields from superconductors, known as the Meissner effect. The latter implies

that superconductivity is not simply the perfect conducting limit of classical physics,

hence the first significant macroscopic quantum phenomenon.

The first successful phenomenological theory was developed by Fritz London and Heinz

London(1935)[30]. The London equations describe the responses to external electrical and

magnetic fields based on a superconducting fluid density.

In 1950, Ginzburg and Landau modified the London theory by introducing a pseudo

wavefunction related to the superconducting density, which is also the order parameter

used in formulating the Ginzburg-Landau free energy. As the order parameter takes a

non-zero value to minimize free energy density, the supercurrent occurs, signaling a phase

transition where the symmetry in the ground state spontaneously breaks.

In 1953, Brian Pippard, motivated by penetration experiments of magnetic fields,

proposed a new scale parameter called the coherence length to address the stiffness in the

macroscopic wavefunction. John Bardeen argued in the 1955 paper “Theory of the Meiss-

ner Effect in Superconductors” [31] that this property can arise from a microscopic theory
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with an energy gap. This energy gap was found in Leon Cooper’s 1956 paper “Bound

Electron Pairs in a Degenerate Fermi Gas” [32], where he calculated the bound states

of electrons subject to an attractive force. Bardeen, Cooper, and John Robert Schrieffer

assembled these ideas in their paper “Theory of superconductivity” [33]. The BCS theory

named after them is the first successful microscopic theory of superconductivity.

Inspired by the idea of spontaneous broken symmetry and the BCS microscopic theory,

Brian Josephson worked out the correlated tunneling of Cooper pairs, presented in his

1962 paper “Possible new effects in superconductive tunneling” [34]. Philip Anderson

and John Rowell claimed the first experimental observation of the Josephson effect in the

paper “Probable Observation of the Josephson Superconducting Tunneling Effect” [35]

in 1963.

It is noteworthy that in 1959 Lev Gor’kov proved the Ginzburg-Landau theory can be

rigorously derived as a physical limit of the BCS theory [36]. Therefore, the Josephson

effect is also widely accepted in the form of the Ginzburg-Landau theory, which can be

related to different detailed microscopic mechanisms.

1.2 A Brief History of Exciton-Polariton and Bose-

Einstein Condensation

The term “exciton” was first introduced by Yakov Frenkel, in his attempt to interpret

narrow photoemission lines observed in organic molecular crystals [37][38], where the

crystal potential is treated as a perturbation to the Coulomb interaction between the

bare electron-hole pair. A Frenkel exciton has a typical spatial extension of the size of a

unit cell, and its binding energy is on the order of 100− 300 meV.

In the late 1930s, Gregory Wannier and Nevill Mott established the concept of excitons

in semiconductor crystals [39][40]. In this case, the Coulomb interaction between the

electron-hole is weakened by the dielectric background; therefore, the periodic crystal

field dominates the energy spectrum. A natural approach is to treat the electron and

hole as quasi-particles based on semiconductor band states. The typical spatial extension
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Figure 1.1: A sketch of microcavity. QW stands for the quantum well, DBR
stands for distributed Bragg reflector.

of a Wannier-Mott exciton is about 10 times the size of the lattice constant, and the

binding energy is a few meV. The charge transfer exciton is an intermediate case between

a Frenkel and a Wannier-Mott exciton, which usually extends to adjacent unit cells and

has a static electric dipole moment.

In the mid-1950s, there was a common understanding among theorists that the phys-

ical properties of an exciton are strongly influenced by its coupling to external radiation

fields. In a paper published in 1958, Solomon Pekar predicted additional light waves in

the emission spectrum mediated by exciton states [41]. The term “polariton” later ap-

peared independently in the works of John Hopfield [42] and Vladimir Agranovich [43].

A few years later, the existence of the exciton-polariton was verified in bulk semicon-

ductor GaAs by nonlinear optical spectroscopy[44]. But up to that point, the excitons

were formed in bulk samples, and the photons are distributed in continuous free space;

therefore, the exciton-polaritons only left an elusive trace in optical properties of the bulk

samples.

The development of nanostructure fabrication enabled the much-desired confinement

of excitons and photons. In 1992, Claude Weisbuch claimed the first successful exciton-

photon normal mode coupling[45]. The device known as microcavity was originally in-

vented for vertical-cavity surface emission lasers (VCSELs), where the active region is

sandwiched by two distributed Bragg reflectors (DBRs). Each reflector is formed from

periodically stacked thin layers of dielectric materials or wide-gap semiconductors (see
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Figure 1.2: Weisbuch’s experiment results compared to the theoretical predic-
tion of linear coupling model. The calculation that generates these dispersion
curves will be presented in section 2.5
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Figure 1.3: Reflection spectrum of a microcavity calculated based on typical
parameters of GaAs, the double-dip in the center showing Rabi splitting is
the experimental evidence sought after for strong coupling.

Figure 1.1). In a specially designed microcavity, only a specific longitudinal mode is res-

onant with the direct gap transition of the semiconductor; an efficient one-to-one normal

mode coupling is thus made possible, resulting in a uniquely defined polariton as a free

particle in 2D space.

Given the two-dimensional nature of cavity polariton, one could only explore a finite-

size condensate at a length scale smaller than its Berezinskii–Kosterlitz–Thouless(BKT)

transition [46], either by increasing polariton density locally by optical pumping [27], or

by confining the polariton gas with a potential trap [47]. The following chapters will

show how each condensing scheme can lead to a scenario of the Josephson effect, despite

the different microscopic mechanisms.
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Chapter 2

Microscopic Theory of

Exciton-Polariton

The early theories of exciton-polaritons [42] [41] were developed assuming an effective

continuous medium, where the macroscopic electric polarization P is treated as a part of

the electromagnetic wave. This approach suffices for phenomena induced by the linear

responses of semiconductors to external light waves, such as the additional frequency

components in the reflection/absorption spectrum.

The main ideas of this dissertation involve the detailed engineering of the single-

polariton state and nonlinear interaction effects, where the microscopic theories are cru-

cial. Therefore, this chapter introduces the exciton, photon, and strong coupling mech-

anisms in first and second quantized formalisms. It is loosely based on [19] [20] with

emphasis on polariton trapping and controlling methods, including a detailed discussion

of electrical control via the exciton Stark effect incorporated in my original research work.

7



2.1 Exciton as Many-Body Excitation in Electron

Gas

In real space, one can write down a Hamiltonian for an interacting electron gas in d

dimensions. For convenience, define the background dielectric constant εB = 4πε0εr,

He =

∫
Ψ̂†(r)

(
− ℏ2

2m
∇2+V (r)

)
Ψ̂(r)ddr+

1

2

∫∫
Ψ̂†(r)Ψ̂†(r′)

e2

εB|r− r′|
Ψ̂(r′)Ψ̂(r)ddrddr′.

(2.1)

The field operator for electrons is defined as

Ψ̂(r) =
∑
n=c,v

∑
k

ϕn,k(r)ên,k (2.2)

where the Bloch wavefunction ϕn,k(r) = eik·run,k(r) is an eigenstate of electron in the

periodic crystal field, and ên,k is the corresponding fermionic annihilation operator. The

relevant states in a semiconductor are the conduction(c) and valence(v) bands. The index

for spin is absorbed in the band states as they already take into account the spin-orbital

coupling corrections. The background dielectric constant εB is attributed to the ions

formed by nuclei and deeply bounded electrons, which effectively weaken the Coulomb

interaction among the excited electrons.

In the jellium model[19], the ions form a uniform background of positive charge,

which gives an attractive potential acting on electrons, canceling out the long wavelength

divergence in electron-electron interactions. Therefore, the total Hamiltonian of (2.1) can

be Fourier transformed into momentum space.

He =
∑
n=c,v

∑
k

Enkê
†
n,kên,k +

1

2

∑
n=c,v

∑
k,k′,q ̸=0

Vqê
†
n,k+qê

†
n,k′−qên,k′ ên,k

+
∑

k,k′,q ̸=0

Vqê
†
c,k+qê

†
v,k′−qêv,k′ êc,k (2.3)

where the second term represents the intra-band interaction between electrons, and the
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third term represents the inter-band interaction between electrons, which is responsible

for forming excitons.

Using the fact that a hole is the absence of an electron, one can rewrite the Hamiltonian

of (2.3) focusing on the inter-band Coulomb interaction.

He−h =
∑
k

(
Ee(k)ê

†
kêk + Eh(k)ĥ

†
kĥk

)
−

∑
k,k′,q ̸=0

Vqê
†
k+qĥ

†
−k′−qĥ−k′ êk (2.4)

where the dispersion relation ϵe/h(k) can be found for conduction/valence band states

with corrections arising from intra-band interactions, and ĥk is the fermionic annihilation

operator for holes. In conventional semiconductors with a direct gap at the Γ point, the

electrons and holes can be approximated by free particles with their effective masses me/h

and the energy offset ϵg extracted from band states,

Ee(k) = Eg +
(ℏ|k|)2

2me

, Eh(k) =
(ℏ|k|)2

2mh

(2.5)

Note that êk = ĥ†−k means annihilating an electron is equivalent to creating a hole in the

opposite momentum, and the normal ordering of the ĥ operators is reversed compared to

the ê operators, the interaction term thus takes a minus sign, which also agrees with the

fact that the Coulomb potential between a electron and a hole is attractive.

Defining state vector |ν,K⟩ as an exciton in bound orbital ν with the center of mass

momentum K, and |0⟩ as the vacuum of the exciton(fermi sea), one can construct the ex-

citon creation operator b̂†νK = |ν,K⟩ ⟨0| and expand it in the electron and hole momentum

basis,

b̂†νK =
∑
k,−k′

|k,−k′⟩ ⟨k,−k′|ν,K⟩ ⟨0| (2.6)

therefore it is a superposition of pair creating operators |k,−k′⟩ ⟨0| = ê†kĥ
†
−k′ and the
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associated coefficient is,

⟨k,−k′|ν,K⟩ =
∫
ddr

∫
ddr′ ⟨k,−k′|r, r′⟩ ⟨r, r′|ν,K⟩

=

∫
ddr

∫
ddr′e−ik·reik

′·r′eiK·Rψν(r− r′)

=

∫
dd(r− r′)e−ik·(r−R)eik

′·(r′−R)ψν(r− r′)

∫
ddRei(K−k+k′)·R

= ψν

(( mh

me +mh

)
k+

( me

me +mh

)
k′
)
δ(K− k+ k′),

(2.7)

where r and r′ are real space positions of the electrons and hole pair, R = mer+mhr
′

me+mh
is

their center of mass position. In conventional semiconductors, the electrons and holes

can be treated as free particles that satisfy equation (2.5), therefore the wavefunction

ψν(r−r′) of the bound state known as an exciton can be written in analogy to the bound

orbitals of a hydrogen atom, with the substitution of semiconductor parameters. By the

following convention of Fourier transform and inverse transform,

f(k) =

∫
ddr f(r)eik·r, f(r) =

1

(2π)d

∫
ddk f(k)e−ik·r, (2.8)

The exciton orbital wavefunction can be written in the generalized momentum coordi-

nates.

k̃ =
( mh

me +mh

)
k+

( me

me +mh

)
k′ (2.9)

Finally, the exciton operator as a summation in momentum space can be simplified as,

b̂†νK =
∑
k,k′

ψν

(( mh

me +mh

)
k+

( me

me +mh

)
k′
)
δ(K− k+ k′)ê†kĥ

†
−k′

=
∑
k

ψν

(
k− me

me +mh

K

)
ê†kĥ

†
K−k

(2.10)

In a Wannier-Mott exciton, the electron and hole inherit the effective mass from

their band states, which are usually asymmetric in conventional zinc-blende and würtzite

semiconductors. In 2D materials, for example the transition metal dichalcogenides, one

may find effective masses closer to ideal “particle-hole” symmetry, with non-zero crystal
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momentum K near the band gap, hence the exciton creation operator,

b̂†νK =
∑
k

ψν(k−K/2)ê†kĥ
†
K−k (2.11)

In the new notation, one can write the Hamiltonian for excitons as,

Hexc =
∑
ν,K

EνK b̂†νkb̂νK (2.12)

where EνK = Eν +
(ℏ|K|)2

2(me+mh)
stands for the energy needed to excite such an exciton from

the zero-temperature fermi sea of electrons.

The commutation relation of this exciton operator can be evaluated as follows,

[
b̂νK, b̂

†
νK

]
=
∑
k,q

ψ∗
ν(q,K)ψν(k,K)

[
ĥK−qêq, ê

†
kĥ

†
K−k

]
=
∑
k,q

ψ∗
ν(q,K)ψν(k,K)

(
1− ĥ†K−kĥK−q − ê†kêq

)
=
∑
k

|ψν(k,K)|2
(
1− ĥ†K−kĥK−k − ê†kêk

)
(2.13)

Because ψν is a normalized single exciton orbital wavefunction, and the density of excited

electrons and holes is sufficiently low,
〈
[b̂νK, b̂

†
νK]
〉
≈ 1 is satisfied, therefore the exciton

is considered as a bosonic quasi-particle in common physical scenarios.

2.2 Quasi-2D State of Quantum Well Excitons

Although the theory of excitons presented above is general and applies to any dimen-

sionality, this dissertation focuses on 2D quantum fluid formed by exciton-photon strong

coupling, and the quasi-2D excitons confined in quantum wells are an essential part of

their composition . [20].

Starting with the Hamiltonian for an electron and a hole in the presence of the con-
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finement potential, one could write down the time-independent Schrödiger equation,

(
− ℏ2

2me

∇2
qe

− ℏ2

2mh

∇2
qh

+ Ve(ze) + Vh(zh)−
e2

εB|qe − qh|

)
Ψ = EΨ (2.14)

where the potential function Ve(ze) and Vh(zh) only vary along the z-direction perpen-

dicular to the plane of active semiconducting layer, which can be modeled as a quantum

well; the effective mass me/mh is derived from the dispersion relation in the conduc-

tion/valence band, and εB is the dielectric constant of the material forming this quantum

well.

Separating the z-direction as q = (r, z) so that r is the in-plane position vector, and

adopting the following coordinate system in 2-D,

R =
mere +mhrh
me +mh

, r = re − rh (2.15)

An ansatz for the state of interest can be expressed as,

Ψ(re, rh) ≈ F (R)ϕ(r)fe(ze)fh(zh) (2.16)

where the separated wavefunctions are normalized, respectively. Because R, r and z are

not exactly separable, in general one should get a summation of orthogonal functions of z

as the 1D bound states of the quantum well, each multiplied by its corresponding center

of mass function ψ(R) and orbital function ϕ(r). But in practice, the energy difference

between the ground state and the first excited state of a narrow quantum well is large

enough (order of 0.1-1 eV) so that the z degree of freedom is not excited for either the

electron or the hole; therefore it is a valid approximation to only consider the “channel”

that fe(ze) and fh(zh) are in their 1D ground states.

Inserting the wave function into the Schrödinger equation, applying F ∗(R) to the

left of equation(2.14), and integrating over R, one should get a equation in the new
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coordinates,

(
− ℏ2

2me

∂2

∂z2e
− ℏ2

2mh

∂2

∂z2h
− ℏ2

2m
∇2

r + Ve(ze) + Vh(zh)−
e2

εB
√

r2 + (ze − zh)2

)
ϕ(r)fe(ze)fh(zh) = (E − Ecom)ϕ(r)fe(ze)fh(zh)

(2.17)

where the center of mass kinetic energy Ecom = P 2

2M
is subtracted off, leaving behind a

2-body problem of reduced mass m in relative coordinates r.

To extract the z-dependent part of the electron wavefunction, one can apply ϕ∗(r)f ∗
h(zh)

to the left of equation(2.17) and integrate over r and zh.

(
− ℏ2

2me

d2

dz2e
+ Ve(ze)−

e2

εB

∫∫
|ϕ(r)|2|fh(zh)|2√
r2 + (ze − zh)2

dr dzh

)
fe(ze) = Eefe(ze) (2.18)

The z-dependent part of the hole wavefunction can be obtained in the same manner.

To extract the equation in the 2D space parallel to the plane, one can apply f ∗
e (ze)f

∗
h(zh)

to the left of (2.17) and integrate over ze and zh,

(
− ℏ2

2m
∇2

r −
e2

εB

∫∫
|fe(ze)|2|fh(zh)|2√
r2 + (ze − zh)2

dzedzh

)
ϕ(r) = −EQWϕ(r) (2.19)

where EQW > 0 is the binding energy of the electron-hole pair in the quantum well.

In the limit |ϕe,h(ze,h)|2 → δ(ze,h), it reduces to the Schrödinger equation for in the

ideal 2D space, (
− ℏ2

2m
∇2

r −
e2

εB

1

r

)
ϕ(r) = Eϕ(r) (2.20)

which is essentially a 2D hydrogen atom model(2.D) with parameters for semiconductor

excitons. The bound states have discrete energy levels labeled by a principal quantum

number n.

E2D
n = − 1

2(n− 1
2
)2
me4

ε2Bℏ2
(2.21)

and the wavefunction in general are labeled by n and an angular quantum number l,

ϕnl(r, θ) = Rnl(r)Θl(θ) (2.22)
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In the ground state n = 1, l = 0,

ϕ10(ρ) =

√
2

π

1

ax
exp (−r/ax), (2.23)

where ax = εBℏ2/2me2 the “Bohr radius” of this 2D system.

This implies the binding is tighter in the 2D system; unsurprisingly, its ground state

energy,

E10 = − ℏ2

2ma2x
= −2

me4

ε2Bℏ2
(2.24)

is equal to four times the ground state energy of the 3D system.

The binding energy of a real system varies between the ideal 2D and 3D cases as

one tunes the thickness of the quantum well, which can be estimated using a variational

method. Assume a separable trial wavefunction with the 2D part.

ϕ̃a(r) =

√
2

π

1

a
exp(−r/a) (2.25)

and apply it to the exact expression in Eq.(2.19), the bound state energy can be estimated

as,

EL(a) = − ℏ2

2ma2
− e2

εB

∫∫∫
|ϕ̃a(r)|2|fL

e (ze)|2|fL
h (zh)|2√

r2 + (ze − zh)2
2rdrdzedzh (2.26)

This integral depends on the tuning parameter L, which represents the thickness of the

quantum well, and the variational parameter a, which represents the “Bohr radius” of

2D exciton. For every L, one can search for the a that minimizes the bound state

energy(EL(a) < 0). The trial function with the optimal a is considered a good approxi-

mation of the exact wavefunction. By comparing the results of different L, one can find

a good range for the thickness of the quantum well such that the excitons are strongly

bound and hence protected from thermal fluctuations in the electron gas.

With the 2D exciton orbitals defined, we could write down envelope wavefunction for

the center of mass in terms of separable coordinates Q = (R, Z).

F (R, Z) =

√
2

LQW

sin

(
π(Z − Z0)

LQW

)
eiK·R
√
A

(2.27)
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In microcavity design, it is common to have multiple quantum wells, each with a

different center Z0 placed at one of the anti-nodes of the cavity photon mode. The result

is an overall quasi-2D state of exciton with enhanced coupling to the photon mode.

2.3 Quantization of Electromagnetic Field

In quantum mechanics, light-matter interaction is usually described by a non-relativistic

Hamiltonian. A compatible canonical quantization scheme for the electromagnetic field

is summarized as follows.

From the standard Lagrangian of quantum electrodynamics, identify the part at-

tributed to the free electromagnetic field.

L =
1

2
εE2 − 1

2µ0

B2 (2.28)

where ε = ε0εr takes into account an isotropic, dielectric, non-magnetic background

medium inside the host material.

With the substitution of scalar and vector potentials,

B = ∇×A, E = −∇ϕ− ∂A

∂t
(2.29)

The Lagrangian density in real space is,

L[A, Ȧ, ϕ, ϕ̇] = 1

2
ε
(
−∇ϕ(r)− Ȧ(r, t)

)2 − 1

2µ0

(∇×A(r, t))2 (2.30)

By the spatial Fourier transformation,

A(k, t) =
1

(2π)3/2

∫
d3r A(r, t)e−ik·r

φ(k, t) =
1

(2π)3/2

∫
d3r ϕ(r, t)e−ik·r

(2.31)

one can write the Lagrangian density in k space in terms of general coordinates as paired

complex conjugate, with the additional constraint A(k) = A∗(−k), ϕ(k) = ϕ∗(−k).
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The derivatives with respect to A∗(k),

∂L
∂A∗

i

= ε[k× (k×A)]i,
∂L
∂Ȧ∗

i

= ε[Ȧi + ikiφ] (2.32)

lead to the Euler-Lagrangian equation,

ε[Äi + ikiφ̇] = −ε[ik× (ik×A)]i (2.33)

which is essentially the Ampere-Maxwell equation,

∇×B = ε
∂E

∂t
(2.34)

Canonical quantization requires each Cartesian component of the dynamical variables

Ai, i ∈ {x, y, x} be uniquely defined, therefore the potentials are fixed in the Coulomb

gauge∇·A = 0, ϕ = 0, and only the Laplancian operator in∇×(∇×A) = ∇(∇·A)−∇2A

is kept for the transverse electromagnetic(TEM) modes. Equation (2.34) eventually leads

to,

∇2A− εc
c2
∂2A

∂t2
= 0 (2.35)

Separating the solution to equation (2.35) into positive and negative frequency com-

ponents,

A(r, t) = A+(r, t) +A(−)(r, t) (2.36)

where

A(+)(r, t) =
∑
κ

cκuκ(r)e
−iωκt, A(−) =

(
A(+)

)∗
(2.37)

The spatial dependent part, each labeled by mode index κ, is a solution of the Helmholtz

equation, (
∇2 +

εrω
2
κ

c2

)
uκ(r) = 0 (2.38)
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A quantized vector potential can be expanded in the spatial modes,

Â(r, t) =
∑
κ

( ℏ
2εωκ

)1/2(
âκuκ(r)e

−iωκt + â†κu
∗
κ(r)e

iωκt
)

(2.39)

and the corresponding electric field is,

Ê(r, t) = i
∑
κ

(ℏωκ

2ε

)1/2(
âκuκ(r)e

−iωκt − â†κu
∗
κ(r)e

iωκt
)

(2.40)

where the dimensionless operators obey boson commutation relations,

[âκ, âk′ ] = [â†κ, â
†
k′ ] = 0, [âκ, â

†
k′ ] = δkk′ (2.41)

From the Lagrangian(2.30), the canonical momentum conjugate to A can be derived

as,

Πi =
∂L

∂(∂Ai

∂t
)
= −εEi, i ∈ {x, y, z}, (2.42)

and the commutation relation

[Ai(r, t),Πj(r
′, t′)] = iℏ δij δ(3)(r− r′) δ(t− t′) (2.43)

is satisfied. Therefore, the quantization of the electromagnetic field can be rigorously

defined in terms of A and Π = −εE.

The total Hamiltonian of the quantized field can be evaluated as a summation of all

spatial modes,

H =
∑
κ

ℏωκ

(
â†κâκ +

1

2

)
(2.44)

while the fluctuations in the field are represented by the creation and annihilation of a

type of bosonic particles called “photons”.
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2.4 Photon Modes in Microcavity

The solution of equation (2.38) depends on the boundary conditions, and the distinct so-

lutions for a specific cavity are regarded as the cavity photon modes. In conventional open

cavities, the distance between the two mirrors is much longer than the wavelength of light;

therefore, the propagation of light is treated as a Fresnel-Kirchhoff(scalar field) diffraction

problem, and an integral equation is formulated in search of the “self-reproducing mode,”

that is, a specific periodic boundary condition where the stationary distribution in the

plane perpendicular to the optical axis is maintained through each optical cycle. Ana-

lytical solutions in general exist for stable cavities (rays confined in the geometric optics

limit) in the form of orthonormal special functions, for example, Hermite-Gaussian modes

in square confocal cavities and Laguerre-Gaussian modes in circular confocal cavities[48].

A Fabry-Perot cavity formed by two parallel mirrors is an unstable cavity, where rays

diverge in the geometric optics limit. In the limit of infinite surface area, any transverse

electromagnetic wave can exist in the cavity as long as it satisfies,

reik⊥Lc = ±1 (2.45)

where r is the reflection coefficient of a single mirror, k⊥ is the wavevector perpendicular

to the mirror surface, and Lc is the cavity thickness measured against the inner side of

the mirrors. However, diffraction on finite-size mirrors can transform a plane wavefront

into a curved wavefront after multiple optical cycles; therefore, a “stationary mode” still

exists for this unstable cavity, which can be found by numerical iterations and verified

by experiments[48].

A planar microcavity is an extremely small Fabry-Perot cavity, where the semicon-

ducting and dielectric inserts are sandwiched between a pair of parallel distributed Bragg

reflectors(DBRs). The wavelength of light resonating with the semiconductor is com-

parable to the thickness of the cavity; therefore, the “stationary mode” found by the

far-field diffraction approach is inappropriate. Instead, optical modes can be described

in the plane wave basis, knowing that the total wavevector k =
√
k2⊥ + k2∥ can be de-
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composed into a well-defined perpendicular component k⊥ and a continuously varying

in-plane component k∥.

The cavity photon energy can be expanded in a Taylor series near k∥/k⊥ ≈ 0,

Epho(k∥) =
ℏck⊥
nc

(
1 +

k2∥
2k2⊥

+ · · ·

)
≈ Epho(k∥ = 0) +

ℏ2k2∥
2mpho

(2.46)

This means at small oblique angles, the photon mode can be approximated as a free

particle in a 2D space, where

Epho(0) =
ℏck⊥
nc

, mpho =
ncℏk⊥
c

(2.47)

are its “potential energy” and “effective mass”, respectively, and nc =
√
εc is the index

of refraction for the material inserted in the cavity, implying a reduced speed of light.

Therefore, the complete photon mode in 3D space can be described by a wavefunction,

uλ(r∥, z) =

√
2

Lc

sin
(nπz
Lc

)eik∥·r∥
√
A

e(λ) (2.48)

where the perpendicular wavevector takes value k⊥ = nπ/Lc, n ∈ Z+ for standing waves

between the two reflectors, which can be loosely defined as the “longitudinal mode”, and

e(λ) is a unit vector with λ = 1, 2 labeled for two orthogonal optical polarizations. The

plane wave phase factor describes the cavity photons as free particles in the 2D space,

and the area A guarantees the single photon state is normalized for a finite-size system.

The smallest choice of cavity thickness is half of the optical wavelength(LC = λ/2) that

energetically resonates with the exciton. It is also common to choose a large thickness,

where the standing wave has multiple antinodes between the reflectors, each overlapping

with an active layer, resulting in a quasi-2D state with enhanced coupling to excitons. In

either case, the thickness of the cavity determines the effective potential energy possessed

by a 2D photon.

A slightly altered geometry of the planar cavity can be treated as a perturbation to

the cavity photon mode. For example, the “mesa” geometry [49] as a local variation in the
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cavity thickness alters the potential energy landscape of the 2D photon. In comparison,

a micropillar cavity combines the geometric elements of a cylindrical waveguide with the

planar cavity, resulting in two types of eigenmodes[20]. The “guided modes” in the limit

k⊥ ≥ ω/c propagate on the cylindrical walls have partially longitudinal electromagnetic

fields. Only the “Fabry-Perot modes” in the limit 0 ≤ k⊥ ≤ ω/c are completely TEM

fields that can be properly quantized as cavity photons. The additional tight confinement

in 2D space results in a set of bound states with vastly discrete energy levels, among them

only a few can couple to excitons. Later chapters will revisit this topic and emphasize

the consequences of choosing different geometries for polariton junctions.

2.5 Strong Coupling and Exciton Polaritons

In previous sections, the 2D states of excitons and photons are rigorously derived for the

specific confining geometry of planar microcavities. Combining them, one can write down

the system Hamiltonian in a 2D momentum space,

H =
∑
k

(
b̂†k, â

†
k

)Eex(k) Ω(k)

Ω(k) Eph(k)


b̂k
âk

 (2.49)

where the bosonic operator defined as â for the photon, b̂ for exciton, and the in-plane

wavevectors span the 2-D k space. In the rotating wave approximation, the “counter-

rotating” terms âb̂ and b̂†â† are neglected; the remaining Hamiltonian should give rise to

new normal modes via linear coupling. The energy dispersion relations of exciton and

photon are given as,

Eex(k) = Eex(0) +
ℏ2k2

2mex

, Eph(k) = Eph(0) +
ℏ2k2

2mph

, which are plotted in Fig.2.1 as dashed parabolas, showing the large difference in effect

mass between exciton(∼ 10−1m0) and photon(∼ 10−5m0), where m0 is the mass of a bare

electron. A rigorous derivation of coupling strength Ω(k) can be discussed in the appendix
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based on [19, 50]. The variation of photon energy along a small in-plane component is

negligible compared to the constant offset; therefore, we can replace the function with a

constant Ω ≈ Ω(k = 0).

In the strong-coupling limit, the normal modes are found following a Hopfield trans-

formation, P̂k

Q̂k

 =

 Xk Ck

−Ck Xk


b̂k
âk

 (2.50)

where P̂k, Q̂k are annihilation operators for lower polariton(LP) and upper polariton(UP),

respectively, Xk and Ck are complex amplitudes of exciton and photon in the composition

of a polariton, named as “Hopfield coefficients” after the original 1958 paper[42].

The unitary condition |Xk|2 + |Ck|2 = 1, −XkC
∗
k + CkX

∗
k = 0 are satisfied, so that

the polariton operators Pk, Qk obey the bosonic commutation relations. One can choose

real-valued coefficients

Xk =

√
1

2

(
1 +

∆k√
∆2

k + 4Ω2

)
, Ck =

√
1

2

(
1− ∆k√

∆2
k + 4Ω2

)
,

where ∆k = Eph(k)− Eex(k), the detuning is usually defined as ∆k=0 .

The Hamiltonian in Eq.(2.49) can be rewritten in the polariton basis,

H =
∑
k

(
P̂ †
k Q̂†

k

)ELP(k) 0

0 EUP(k)


P̂k

Q̂k

 (2.51)

where the dispersion relations,

ELP(UP)(k) =
1

2

{
Eex(k) + Eph(k)− (+)

√
4Ω2 +∆2

k

}
(2.52)

are plotted as the colored curves in Fig.2.1, showing the exciton/photon fraction for the

zero-detuning case.

In a real physical scenario, excitons and photons interact with their environment and

have finite lifetimes. Photons leak out of the cavity due to partial reflecting/transmitting
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Photon

Exciton

Figure 2.1: Plannar cavity and polariton dispersion relation (a) Schematics
of a planner cavity and definition of wavevectors, the alternating grey layers
symbolically represent(repeat 10-20 times) the distributed Bragg reflectors,
the orange layer represents the quantum well confining the 2D exciton, the
space between each reflector and the quantum well is filled with dielectric
material or wide gap semiconductors (b) Typical energy dispersions of cavity
polariton along in-plane momentum of incident light k∥. Upper and lower
polariton branches are formed due to strong exciton-photon hybridization at
k∥ = 0. The color codes of the lower (upper) branch represent the weight of
exciton (photon).

and imperfection diffractions at the reflectors, and excitons can decay through non-

radiative mechanisms even though the radiative decay is suppressed by strongly coupling

to the cavity photons.

In the simplest case, the fluctuation in the exciton/photon amplitude induced by

the environment is a Markov process, which can be modeled with a pair of coupled

quantum Langevin equations, in other words, the Heisenberg equations of motion for the

annihilation operators with stochastic noise arising from the environment,

iℏ
db̂

dt
= Eexb̂+ Ωâ+ iγexb̂+ Fex

iℏ
dâ

dt
= Ephâ+ Ωb̂+ iγphâ+ Fph

(2.53)

where Ω is the overall coupling strength integrated over a localized wavepacket in the 2D

space, γex indicates non-radiative decay of excitons and γph indicates the loss of cavity

photon due to partial transmission and imperfect diffraction at the reflectors; the noise

terms Fex/ph are required in order to preserve the commutation relations for â/b̂ but

negligible in the calculation of the spectrum. The coupled modes of finite lifetime can be
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Figure 2.2: The power spectrum of polariton emission calculated based on
Eq.(2.54) and typical parameters of GaAs

described with complex energy eigenvalues,

E± =
1

2

{
[Eex + Eph + i(γph + γex)±

√
4Ω2 + [Eex − Eph + i(γph − γex)]2

}
(2.54)

which means the quantum state of the coupled exciton and photon evolves at a frequency

determined by its real part and decays at a rate determined by its imaginary part.

In the limit Ω ≫ (γph−γex)/2, a power spectrum of emitted photons can be calculated

from the complex-valued eigenmodes, where the Rabi-Splitting of the real-valued closed

system is reproduced along with the Lorentzian lineshapes arising from the finite lifetimes,

therefore this limit is known as the strong-coupling condition. A typical microcavity

exciton-polariton system usually has γex ≪ γph ≪ Ω, meaning the lifetime of a polariton

is determined by its photon component. In comparison, semiconductor lasers can have a

similar cavity structure, but work in the weak coupling limit γph ≫ Ω, where the photons

do not strongly couple back to the semiconductor but rather strongly radiate in a single

mode.

It is also noteworthy that potential disorder and thermal fluctuation are inevitable in

real semiconductors, therefore the exciton potential energy Eex and decay γex can vary

over a small distance(∼ 100 − 101nm), often resulting in the inhomogeneous broadening
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of absorption and photoluminescence spectrum. However, in the strong coupling limit

of microcavities, the excitons are coupled to a photon mode with an extended coherence

length(∼ 102nm) in the 2D space, therefore the lifetime is determined by the relatively

homogeneous γph, and hence result in the Lorantizan lineshape in the power spectrum.

This is known as the “motional narrowing” effect of exciton-polaritons [20, 51], even

though it is more of a spatial-averaging effect than the true motional-averaging effect

in nuclear magnetic resonance. This effect gives an advantage to exciton-polaritons, for

they can overcome the potential disorder that may trap the uncoupled excitons, in the

meantime any effective engineering of the potential needs to be at least comparable in

size with the coherence area of the photon mode, so that the intended potential variation

is not averaged out by coupling to the photon mode.

2.A Theory of Exciton-Photon Coupling Strength

In multipole expansion of energy, the leading contribution next to static potential comes

from light waves via electric dipole interactions, therefore the r · E Hamiltonian,

Hr·E =

∫
ddrΨ̂†(r)(−er̂) · E(r, t)Ψ̂(r) (2.55)

is introduced in addition to Eq.(2.1), such that,

Htot = He +Hr·E (2.56)

In this semiclassical formalism, the electron gas is second-quantized, and the electrical

field of the light wave is kept as a classical amplitude, which can be further quantized as

the “photon” field.

Assuming the light field has a constant amplitude and a varying phase across the

semiconductor,

E(r, t) =
1

2
E(t)

(
eik·r + e−ik·r

)
(2.57)

and using the definition of field operator in Eq.(2.2), the r ·E Hamiltonian can be written
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as,

Hr·E = −
∑
k

E(t)(ê†c,kêv,kdcv + ê†v,kêc,kdvc) (2.58)

where dcv = e
〈
c
∣∣r̂∣∣v〉, E(t) and dcv are the amplitudes projected in the direction of the

external field, therefore taking scalar forms. The dipole matrix element dcv between the

conduction and valence band is an average value over spatially extended Bloch wavefunc-

tions, which is often estimated using the relation,

p̂ ≈ d

dt
r̂ =

m

iℏ
[r̂, Ĥ] (2.59)

where pcv =
〈
c
∣∣p̂∣∣v〉, known as the optical matrix element in the equivalent p ·A Hamil-

tonian, is characterized and documented for a wide range of semiconductors [52].

Define a dimensionless correlation function in momentum space using electron fermionic

operators,

Pvc,k(t) =
〈
ê†v,kêc,k(t)

〉
, (2.60)

such that the macroscopic polarization is,

P (t) =
∑
k

(
Pcv,kdvc + Pvc,kdcv

)
(2.61)

The Heisenberg equation of motion

dê†v,kêc,k

dt
=

[ê†v,kêc,k, Htot]

iℏ
(2.62)

leads to,

(
iℏ
d

dt
− (ω̃c,k − ω̃v,k)

)
Pcv,k(t) =

(
nc,k(t)− nv,k(t)

)(
dcvE(t) +

∑
q ̸=k

V|k−q|Pvc,q

)
(2.63)

where the random phase approximation is applied such that the expectation value of

density and correlation function are given as,

nλ,k =
〈
ê†λ,kêλ,k

〉
,
〈
ê†c,k′+qê

†
v,k−1êc,k′ êc,k

〉
≈ Pcv,k′ nc,k δk−q,k′ (2.64)
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Note the eigenenergy of conduction and valance band are renormalized by intra-band

Coulomb interaction,

ℏω̃λ,k = ℏωλ,k −
∑
q ̸=k

V|k−q|nλ,q (2.65)

In thermal equilibrium, we expect the Fermi-Dirac distribution,

nc,k(t) → fc,k, nv,k(t) → fv,k (2.66)

in particular near zero temperature fc,k = 0, fv,k = 1, equation (2.63) after a Fourier

transform to frequency domain reduces to,

(
ℏ(ω + iδ)− Eg −

ℏ2k2

2µ

)
Pvc,k(ω) = −dcvE(ω) +

∑
q ̸=k

V|k−q|Pvc,q(ω) (2.67)

This expression allows us to focus on the responses at an optical frequency near interband

transition, where the infinitesimal δ is added to keep causality in the time response.

Following the convention defined by (2.8), a Fourier transform from momentum to

real space leads to,

(
ℏ(ω + iδ)− Eg +

ℏ2∇2
r

2µ
+ V (r)

)
Pcv(r, ω) = −dcvE(ω)δ(r)Ω3 (2.68)

which is an inhomogeneous differential equation of the variable r, and a particular solution

as the response to electrical field E(ω) can be found in the superposition of the solutions

to the homogeneous differential equation,

(
− ℏ

2µ
∇2

r + V (r)

)
ψν(r) = Eνψν(r) (2.69)

The reduced electron-hole two-body equation, generally known as the Wannier equation,

in this case, resembles the Shrödinger equation for a hydrogen atom.

Expanding the correlation function in the exciton orbital basis,

Pvc(r, ω) =
∑
ν

cνψν(r) (2.70)
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leads to response function,

Pvc(r, ω) = −
∑
ν

E(ω)
dcvΩ

3ψ∗
ν(r = 0)

ℏ(ω + iδ)− Eg − Eν

ψν(r) (2.71)

the frequency dependence means excitons are only created in response to certain optical

frequencies.

Consider the macroscopic polarization is related to the correlation function according

to equation(2.61), in the frequency domain it is,

P (ω) =
∑
k

(
Pcv,k(ω)dvc + Pvc,k(−ω)dcv

)
(2.72)

which eventually leads to the susceptibility function,

χ(ω) = −2
∑
ν

|dcv|2|ψcv(r = 0)|2 ×
[

1

ℏ(ω + iδ)− Eg − Eν

− 1

ℏ(ω + iδ) + Eg + Eν

]
(2.73)

following the definiton,

χ(ω) =
P(ω)

E(ω)
(2.74)

where P(ω) is the macroscopic polarization density averaged over the integrated volume.

From the response equation(2.73), and the relation for induced dipole energy,

Eex-ph(ω) =
1

2
χ(ω)E(ω)2 (2.75)

therefore the coupling strength between a ν-orbital exciton and a plane wave photon

mode can be extracted as,

Ω = ψν(r = 0)|dcv|Ē (2.76)

where the quantized increment in the electrical field Ē is determined by single photon

energy(SI units),

Eph = ℏωph =
1

2
ε0εrĒ2 (2.77)
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2.B p ·A Hamiltonian and Optical Matrix Element

Besides the intuitive d · E, the p · A Hamiltonian origins from a gauge theory is also

widely used in light-matter interaction problems.

Starting from the minimal coupling Hamiltonian,

H =

(
p̂− eA(r, t)

)2
2m

+ eV (r, t) (2.78)

simply expanding the square term and neglecting the A2 term leads to the well known

p ·A Hamiltonian,

Hp·A = − e

m
p̂ ·A(r, t) (2.79)

Describing the light as a plane wave with constant amplitude,

A(r, t) =
A

2
ei(ko·r−ωot) (2.80)

the matrix element of the p ·A Hamiltonian can be evaluated in the interaction picture

as follows,

− e

2m
A ·
〈
ϕck

∣∣eiωctp̂e−iωvt
∣∣∣ϕvk

〉
= − e

2m
ei(ωc−ωv−ωo)tA ·

∫
V

d3r eiko·rϕ∗
ck(r)p̂ϕvk(r) (2.81)

Recall the definition of Bloch wavefunction,

ϕnk(r) =
1√
V
unk(r)e

ik·r (2.82)

and momentum operator p̂ = −iℏ∇r, the spatial integral can be evaluated as,

∫
d3r

V
e−iko·ru∗c(r)e

−ikc·r
[(

− iℏ∇ruv(r)
)
eikv ·r + ℏkvuv(r)e

ikv ·r
]

≈
∫
d3r

Λ
u∗c(r)

(
− iℏ∇r

)
uv(r)

∑
m

ei(ko+kv−kc)·rδ(r−mR)

=pcv δ(ko + kv − kc)

(2.83)

where pcv is the optical matrix element defined as an integral over the unit cell Λ, and
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the summation over lattice site m leads to the δ-function, indicating the phase-matching

condition for this optically induced transition process, implying momentum conservation

between initial and final states.

In a finite-size system with physical boundary and potential variation, either the elec-

tron or the hole can be described by its Bloch wavefunction convolved with a slow-varying

spatial envelope function. However, the minimal coupling Hamiltonian in Eq.(2.78) only

works conveniently for the free electron transition. The expression for exciton as a many-

electron excitation is a little cumbersome, namely,

Ψex =
∑
j,j′

Fn(R)ϕ(ri − rj)W
c
j (R, rj)

∏
i ̸=j′

W v
i (R, ri) (2.84)

where F (R) is a slowly varying wavefunction across the host material for the center of

mass of the exciton, ϕ(rj − rj′) is the orbital wavefunction in relative coordinates, and

W c
j (R, r) is the Wannier function centered at lattice site R as the Fourier transform of

the Bloch wavefunction,

Wnk(R, r) =
1√
N

∑
k

e−ik·Rψnk(r) (2.85)

such that the optical matrix element can also be defined as,

pcv =
〈
W c

j (R, rj)
∣∣p̂j

∣∣W v
j (R, rj)

〉
(2.86)

for jth electron. The exciton is written as a Slater determinant representing one electron

excited into the conduction band and all others remaining in the valence band. The

second-quantized formalism with r ·E is now connected to the first-quantized formalism

with p ·A Hamiltonian. The optical matrix element pcv is considered a property of the

host material, which justifies the use of average dipole moment dcv. In the meantime, the

inhomogeneous external field and electron/hole densities are described by their envelope

functions.

In the case of microcavity polariton, one can extract the center of mass envelope
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function of exciton(2.27) and calculate its overlap with the cavity photon mode(2.48), to

evaluate the overall coupling strength in the cavity,

Ω(k) = dcv ϕ10(r = 0)

√
Eph(k)

2ε0εr

∫
dzd2r F ∗

n(r, z)uλ(r, z) (2.87)

where dcv = |dcv| is projected in the polarization direction of the photon mode, ϕ10(r) is

the 2D exciton wave function in the ground orbital(n = 1, l = 0), Eph(k) is the photon

energy dispersion relation in the k plane.

It is noteworthy that the Schrödinger equation based on minimal coupling Hamilto-

nian(2.78) is covariant under a gauge transform,

A(r, t) → A(r, t) +
ℏ
e
∇χ(r, t)

V (r, t) → V (r, t)− ℏ
e

∂χ(r, t)

∂t

ψ(r, t) → ψ(r, t)eiχ(r,t)

(2.88)

while the physical quantities such as the mechanical momentum p̂− eA and local prob-

ability density P (r, t) = |ψ(r, t)|2 are gauge invariant. However, the time-dependent

Schödinger equation is usually fixed in the Coulomb gauge,

iℏ
∂ψ(r, t)

∂t
=

(
− ℏ2

2m

(
∇− i

eA(r, t)

ℏ

)2
+ eV (r)

)
ψ(r, t) (2.89)

such that the scalar potential V (r) is time-independent and only attributed to the static

crystal field, while A(r, t) accounts for the time-dependent light waves.

The r · E Hamiltonian, once put in a quantum mechanical form, implies a different

gauge. One should find a gauge transformation,

ϕ(r, t) = exp
(
− eA(r, t) · r

ℏ

)
ψ(r, t) (2.90)
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applied to Eq.(2.89) leads to the Schrödinger equation for the r · E Hamiltonian,

iℏ
d

dt
ϕ(r, t) =

(
p̂2

2m
+ V (r)− er · E

)
ϕ(r, t) (2.91)

Note that the system before being perturbed by the light-matter interaction is de-

scribed by the Hamiltonian,

H0 =
p̂2

2m
+ V (r) (2.92)

which implies the time-dependent wavefunctions evolving under the r ·E Hamiltonian are

defined in the same gauge as the unperturbed wavefunctions. Meanwhile, the basis wave-

functions must be consistently transformed to the Coulomb gauge if the time-evolution

is calculated based on the p · A Hamiltonian, especially in those problems involving

transition probability and gauge field effects.

2.C Spin-Orbit Coupling and Semiconductor Bands

The spin-orbit coupling effect and its impact on the semiconductor band structure can

be understood in the Luttinger-Kohn model [53]. For pedagogical purposes, one could

start by applying the k · p method to a spinless model.

Recall the time-independent Shrödinger equation describing an electron in the pres-

ence of a periodic crystal field,

Hϕ(r) =
( p̂2

2m
+ V (r)

)
ϕ(r), V (r) = V (r+R) (2.93)

According to Bloch’s theorem, the wavefunction takes the form,

ϕnk(r) = exp(ik · r)unk(r), unk(r+R) = unk(r) (2.94)

The momentum operator p̂ = −iℏ∇r acting on the Bloch wavefunction effectively

extracts the crystal wavevector k and the spatial gradient in unk(r), therefore Eq. (2.93)
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can be rewritten as eigenvalue equation of unk(r),

(
p̂2

2m
+

ℏ
m
k · p̂+

ℏ2k2

2m
+ V (r)

)
unk(r) = Enkunk(r) (2.95)

where the states at the Γ point(k = 0 in reciprocal space) satisfying,

(
p̂2

2m
+ V (r)

)
un0(r) = En0un0(r) (2.96)

serve as the unperturbed basis. The parabolic term ℏ2k2
2m

can be directly calculated for

any given k = |k|, and the k · p̂ term can be treated as a perturbation.

For an ideal model consisting of only non-degenerate states, the energy with pertur-

bative correction can be evaluated as,

Enk = En0 +
ℏ2k2

2m
+

ℏ2

m2

∑
n′ ̸=n

|k · ⟨un0|p̂|un′0⟩|2

En0 − En′0
(2.97)

where the n′ runs over all the other unperturbed energy bands, p̂ is a quantum operator,

and its matrix element
〈
uc0
∣∣p̂∣∣un0〉 evaluated between the conduction and the valence

band is a general property of the host material, usually characterized in experiments and

documented as the optical matrix element. Therefore the k · p̂ term makes the dispersion

relation deviate from the parabola of free particles, but in the vicinity of the Γ point, the

energy band can still be described by an effective mass m∗ that satisfies,

1

m∗ =
1

m
+

2

m2k2

∑
n′ ̸=n

|k · ⟨un0|p̂|un′0⟩|2

En0 − En′0
(2.98)

Once the spin is included, the k·pmodel needs to be solved in degenerate perturbation

theory, and the spin-orbit coupling will lift the degeneracy and define the energy bands.

By reducing the Dirac equation to the non-relativistic limit [54], the spin-orbit coupling

Hamiltonian

HSO =
ℏ

4m2c2
(∇V × p̂) · σ̂ (2.99)

is identified as a correction to the Schrödinger equation, where the Cartesian components
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Figure 2.3: Energy band structure of zinc blende crystals near the Γ-point, Ec

represents conduction band, Ehh represents heavy hole, Elh represents light
hole, Eso represents split-off bands.

of operator σ̂ are represented by the Pauli matrices.

Considering a crystal field sharing the discrete symmetry of the lattice and being

spherical symmetric within the unit cell, using ∇V = 1
r
∂V
∂r
r, l = r × p, and recognizing

s = ℏ
2
σ, one should find the effective Hamiltonian at the Γ point,

H0 =
p̂2

2m
+ V (r) +

1

2m2c2
1

r

∂V

∂r
l̂ · ŝ (2.100)

The spin-orbit coupling term has a similar effect as it does in alkali atoms, which can be

described by the orbital angular quantum number l and the spin quantum number s, and

diagonalized in the space of the joint angular quantum number j = l + s.

Common semiconductors used in exciton-polariton research are zincblende crystals

such as GaAs and CdTe, where the conduction band has an s-like(l = 0) uc0(r) wavefunc-

tion and the valence bands have p-like(l = 1) uv0(r) wavefunctions. The basis function

for the six valence bands can be written as
∣∣j, jm〉, or in the combinations of spherical
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harmonics Yl,m and spin polarizations(
∣∣ ↑ 〉, ∣∣ ↓ 〉), in this case,

〈
r

∣∣∣∣32 , 32
〉

∝ Y1,1
∣∣ ↑ 〉〈

r

∣∣∣∣32 , 12
〉

∝
√

1

3
Y1,1
∣∣ ↓ 〉+√2

3
Y1,0
∣∣ ↑ 〉〈

r

∣∣∣∣32 ,−1

2

〉
∝
√

1

3
Y1,−1

∣∣ ↑ 〉+√2

3
Y1,0
∣∣ ↓ 〉〈

r

∣∣∣∣32 ,−3

2

〉
∝ Y1,−1

∣∣ ↓ 〉〈
r

∣∣∣∣12 , 12
〉

∝ −
√

2

3
Y1,1
∣∣ ↓ 〉+√1

3
Y1,0
∣∣ ↑ 〉〈

r

∣∣∣∣12 ,−1

2

〉
∝
√

2

3
Y1,−1

∣∣ ↑ 〉−√1

3
Y1,0
∣∣ ↓ 〉

(2.101)

and the two spin degenerate conduction bands are Y0,0
∣∣ ↑ 〉 and Y0,0∣∣ ↓ 〉. In the end, the

new eigenstates serve as the basis for the k · p calculation.

The perturbation Hamiltonian can also take in the spin-orbit correction by using a

modified momentum operator such that,

H ′ =
ℏ
m
k · Π̂, Π̂ = p̂+

1

4mc2
σ̂ ×∇V (2.102)

The general idea of the Luttinger-Kohn model is to reduce the k · Π Hamiltonian to a

subspace consisting of a few bands near the band gap, and treat the effective coupling

between them as second-order perturbations mediated by the bands beyond the subspace,

then diagonalize the reduced Hamiltonian to find the eigenstates as the final result of

energy bands. A practical calculation based on the band gap and inter-band matrix

elements can be carried out using Löwdin’s perturbation method [52].

Based on a general symmetry argument, an effective total Hamiltonian can be written

as,

H =
ℏ2

2m
γ1k

2 − ℏ2

9m

∑
α,β

[γ3 − (γ3 − γ2)δα,β]Kα,βJα,β

Kα,β = 3kαkβ − δα,βk
2,

Jα,β =
3

2
(jαjβ + jβjα)− δα,βj

2

(2.103)
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where Kα,β and Jα,β are tensors constructed with crystal momenta and joint angular

quantum number, respectively, and γ1, γ2, γ3 are called Luttinger parameters, often char-

acterized by experimentally measured effective masses.

However, for most conventional materials with γ1 > γ2 ≈ γ3, it is sufficient to use a

simplified Hamiltonian with spherical symmetry. The six valence bands, denoted by the

joint angular quantum number and polarization, are categorized based on energy offset

and the band dispersion relation as follows:
∣∣3/2,±3/2

〉
have a larger effective mass,

hence are known as “heavy hole” bands,
∣∣3/2,±1/2

〉
have a smaller effective mass, hence

are known as the “light hole” bands. The top of the heavy hole and light hole bands are

degenerate, which, against the bottom of the two degenerate conduction bands, defines

the band gap.
∣∣1/2,±1/2

〉
are degenerate but farther away from the bottom of the

conduction bands, hence known as ”split-off” bands.

Low-dimension confinement, for example, a quantum well, would reduce the symmetry

of the crystal field and further lift the degeneracy between the heavy holes and light holes;

therefore, the single word “exciton” in the context of planar microcavities usually refers

to the type formed by one electron and one heavy hole.

The dipole field interaction does not flip the spin, therefore an optically excited

electron-hole pair must have matched spin polarization, which defines the “bright ex-

citon”. In contrast, a “dark exciton” has opposite spin polarizations in its electron and

hole components, which leads to a vanishing transition dipole moment, eventually results

in negligible radiative recombination and a long lifetime. An exciton-polariton is formed

by a “bright exciton” with its corresponding circularly polarized photon, for example,

Y1,1
∣∣ ↑ 〉 is coupled to Y0,0

∣∣ ↑ 〉 via a left-hand circularly polarized photon, and Y1,−1

∣∣ ↓ 〉
is coupled to Y0,0

∣∣ ↓ 〉 via a right-hand circularly-polarized photon. A hole is an absence

in the valence band and takes the opposite sign in jm, therefore the heavy hole excitons

can be written as
∣∣1,±1

〉
in the joint quantum numbers, while the corresponding dark

exciton can be written as
∣∣2,±2

〉
. Considering the photon is also a boson with integer

spin 1, indicating its polarization, the strong coupling process converting between exciton

and photon is thus spin-conserved, and the exciton-polariton inherits the pseudo spin of
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the bright exciton. The time evolution of the polariton pseudo spin can lead to interesting

macroscopic phenomena revealed in the polarization of the photon field.

2.D Two-dimensional Hydrogen Atom

This subsection presents important results from [55] related to exciton quasi-2D state

and Stark effect calculation.

The Hamiltonian of a 2D hydrogen atom consists of an isotropic Coulomb potential.

H =
ℏ2

2m
∇2 − e2

r
(2.104)

The time-independent Schrödinger equation in polar coordinates r = (r, θ) reads,

{
− ℏ2

2m

(1
r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂θ2

)
− e2

r

}
ϕ(r, θ) = Eϕ(r, θ) (2.105)

In the 2D system, the angular momentum is perpendicular to the plane and commutes

with the Hamiltonian; therefore, a general solution to the Schrödinger equation can be

obtained by separation of variables, where the angular wavefunction

Θ(θ) =
1√
2π
eilθ, l = 0,±1,±2, . . . (2.106)

is characterized by the “winding quantum number” l, which is the eigenvalue of the

angular momentum operator,

L̂z = −iℏ ∂
∂θ

(2.107)

Therefore, the radial equation can be written as,

d2

dr2
R(r) +

1

r

d

dr
R(r) +

{
2m

ℏ2
(
E +

e2

r

)
− l2

r2

}
R(r) = 0 (2.108)

It is convenient to choose the energy scale and length scale jointly such that both are
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related to a dimensionless coefficient N ,

E = − 1

2N2

mee
4

ℏ2
, r = N

ℏ2

2mee2
x =

x

βN
(2.109)

Also by the change of variables,

R(x) = x|l|e−x/2G(x), (2.110)

The radial equation is converted to the confluent hypergeometric equation,

x
d2G(x)

dx2
+
(
(2|l|+ 1)− x

)dG(x)
dx

−
(
−N + |l|+ 1

2

)
G(x) = 0 (2.111)

which has a regular singular point at x = 0, and an irregular singular point at x = ∞.

In order to keep the asymptotic solution finite at r = ∞, the coefficient −N+ |l|+1/2

has to be a non-positive integer value. Therefore, a positive integer “principle quantum

number” n = N + 1/2 can be chosen such that,

n = 1, 2, 3, . . . (2.112)

and |l| is bounded below n,

|l| = 0, 1, 2, . . . , n− 1 (2.113)

The general form of wavefunction for a bound state is then,

ϕ(r, θ) = Rnl(r)Θl(θ) (2.114)

With the normalized radial wavefunction

Rnl(r) =
βn

(2|l|)!

[
(n+ |l| − 1)!

(2n− 1)(n− |l| − 1)!

]1/2
(βnr)

|l|e−βnr/2
1F 1(−n+ |l|+ 1, 2|l|+ 1, βnr)

(2.115)

where 1F 1(a, b, x) is a hypergeometric series known as Kummer’s function of the first

kind[56].
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Recalling the definition (2.109), we have the eigenenergies related to the principal

quantum number,

En = − 1

2(n− 1
2
)2
mee

4

ℏ2
, (2.116)

And the parameter for the length scale is,

βn =
2

n− 1
2

mee
2

ℏ
(2.117)

In particular, we can write down the wavefunction for the ground state,

ϕ10(r) = R10(r)Θ0(θ) =

√
1

a2D
e−r/a2D , E0 = − ℏ2

2mea22D
= −2

mee
4

ℏ2
(2.118)

where a2D = 2a0 is the most probable distance between the electron and the nucleus for

a 2D hydrogen atom, which is half of the 3D Bohr radius, while the ground energy E0 is

four times that of the 3D hydrogen atom.

The dipole matrix elements are important for evaluating the Stark effect. We note

the parity of the total wavefunction is given by (−1)l, and the dipole operator within the

2D plane has odd parity, resulting in a selection rule that changes the winding number

l by ±1 each time. Therefore, the non-vanishing dipole matrix elements related to the

ground state are, 〈
R10

∣∣r∣∣Rn1

〉
=

∫ ∞

0

R10(r)rRn1(1)rdr

=
1

4

(2n− 1)5/2(n− 1)n−5/2

nn+3/2

(2.119)

where the expression in terms of n is obtained by expanding the excited radial wavefunc-

tions in their series form.
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Chapter 3

Exciton-Polariton Condensates

Generally speaking, a condensate can be the macroscopic occupation of any state by

bosonic particles. By the conventional definition, a Bose-Einstein condensate(BEC) is the

occupation of the ground state emerging in the thermal equilibrium of a homogeneous

quantum gas. Given the fact that the microcavity polariton system is inherently 2D,

which has a density of states accommodating infinite particles in the long wavelength

limit, it is not possible to form an infinite-size condensate at any finite temperature. The

modern definition of BEC is associated with a macroscopic wavefunction with non-zero

mean value
〈
ψ(r)

〉
, where the transition criterion,

lim
|r−r′|→∞

〈
ψ†(r)ψ(r′)

〉
∼
〈
ψ(r′)

〉∗〈
ψ(r)

〉
(3.1)

is also known as “off-diagonal long-range order”(ODLRO) [57]. However, by the well-

known Mermin-Wagner theorem [58], thermal fluctuations destroy long-range order in

any system with lower dimensionality than two, which means phase coherence and su-

perfluidity of the polariton condensate can only be found at a finite length scale [28].

Experimentally, it is possible to create a homogeneous polariton gas with ODLRO at

a finite size [27, 59], as it is possible to create an inhomogeneous polariton gas occupying

the bound ground state in a trap [47]. The latter is inspired by the dipole trap technique

from atomic condensate experiments and is closely related to the first conceptualization

of the boson Josephson junctions[12]. It is also possible to create a thermal condensate
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in an excited state, for example, using a periodic photonic structure to create an energy

band gap, hence accumulating polaritons in the state at the bottom of the upper band

[26]. The ground state can also be coherently injected, which is known as the resonant

pumping scheme of polariton condensate. For example, the micropillar structure in [60]

is specially designed, such that the pumping laser is energetically resonant and spatially

matched with the polariton state.

To explore spontaneous quantum coherence, the polariton condensate must be created

using a non-resonant pumping scheme, in which the relaxation process plays a crucial role.

3.1 Relaxation of Non-Resonantly Pumped Polari-

ton Gases

The relaxation process in a non-resonantly pumped polariton gas can be described as fol-

lows(Fig.3.1). After absorbing the energy from the incident light, a free electron/hole gas

is created instantly, which quickly loses energy due to electron-phonon interaction and

forms bound excitons with net kinetic energy. These excitons further interact with the

lattice and lose kinetic energy to phonons. As the excitons approach the anti-crossing

region of exciton-photon coupling, they are scattered into polaritons, the true normal

modes of the system, and gain a much longer lifetime due to the spontaneously arising

optical coherence in the microcavity. It is also in this region that the exciton-phonon

scattering becomes less efficient below a certain momentum known as the “phonon bot-

tleneck” due to the less matched phase-space cross section, and the polariton-polariton

scattering takes over for the relaxation towards the zero momentum ground state, to even-

tually form the Bose-Einstein condensate. Therefore, a realistic physical picture should

include the condensate and the non-condensate polariton reservoir below the bottleneck.

The laser spot determines the initially excited area, but the spontaneous coherence

does not immediately occur across the whole area. As pointed out above, the excitons

are relaxed and scattered into polaritons over an inhomogeneous semiconductor sample,

which can be considered as many localized wavepackets, resembling droplets formed by
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Figure 3.1: Relaxation process in a non-resonantly pumped polariton gas,
the solid curves with arrows represented widely accepted mechanisms, while
the dashed straight lines represent the mechanisms explored in recent re-
search [61]

individual particles with finite momentum in the 2D space, and are only coherent within

each wavepacket. The detailed condensing mechanism that may be described by the

nucleation of these polariton droplets is beyond the scope of this dissertation. A semi-

classical statistical model describing the reservoir and a mean-field equation describing

the condensate should suffice for the main topic of the Josephson effect.

3.2 Semiclassical Boltzmann Equations

By modifying the classical Boltzmann equation with the bosonic particle exchange rule,

one can formulate a rate equation for a polariton momentum state[20],

dnk

dt
= Pk − Γknk − nk

∑
k′

Wk→k′(1 + nk′) + (1 + nk)
∑
k′

Wk′→knk′ (3.2)

where Pk and Γk are the pump rate and decay rate at this momentum, attributed to

non-resonant laser excitation and cavity photon leaking, respectively. Considering the

averaging effect of the photon mode, the convection and diffusion terms are neglected,
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making the model spatially homogeneous. Note that the rate of creating or annihilating

polaritons in a certain momentum state depends on the transition rate Wi→f and the

population in the initial and final states, which shows the unique signature of bosonic

quantum gas, in contrast to a classical system. The overall transition rate accounts for

both polariton-phonon and polariton-polariton interactions.

A simulation based on this model has successfully predicted the time-dependent pho-

toluminescence of excitons[62] and condensation time for polaritons [63]. The entropy

product is also a good indicator of how the system approaches true thermal equilibrium.

For a selective parametric scattering process such as polariton lasing, a seeding popu-

lation in the desired final state k′ can enhance the transition rate; therefore, the following

two equations,

dnk

dt
= Pk − Γknk − nkW

pol−ph
k→k′ (1 + nk′)− nkW

pol−pol
k→k′ (1 + nk′) (3.3)

and

dnk′

dt
= −Γk′nk′ + nkW

pol−ph
k→k′ (1 + nk′) + nkW

pol−pol
k→k′ (1 + nk′) (3.4)

can effectively describe a closed system formed between the input and output states, and

the light emitted by the k′ polariton is coherent radiation without a population inversion

in the semiconductor conduction and valence bands.

To reconcile with the 2D nature of the polariton gas, a long-wavelength cutoff is

required to define the “ground state” for the condensate. Although this model still

cannot explain the condensing mechanism, as the scattering rate into the ground state

would be zero if there is no population seeding in the first place, it is useful in describing

how a condensate coexists with the thermal particles.
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3.3 Elementary Excitations in BEC

A real Bose-Einstein condensate can be treated as a weakly interacting Bose gas by a

special perturbation theory. Consider the total Hamiltonian,

Ĥ =

∫
ℏ2

2m

(
∇Ψ̂†(r)∇Ψ̂(r′)

)
ddr+

1

2

∫
Ψ̂†(r′)Ψ̂†(r)V (r′ − r)Ψ̂(r′)Ψ̂(r)ddrddr′ (3.5)

where the V (r′ − r) is a repulsive potential that effectively describes the interaction

between two bosons.

The total Hamiltonian can be Fourier transformed into momentum space,

Ĥ =
∑
k

ℏ2k2

2m
â†kâk +

1

2

∑
k,k′,q

Vqâ
†
k+qâ

†
k′−qâk′ âk (3.6)

where âk is a bosonic operator, associated with a plane wave normalized on the volume

of the system. By replacing the operator in the ground state with a c-number related to

particle density N0,

â0 =
√
N0 (3.7)

and approximated the interaction potential with its average strength(Vq=0 component),

one should find an effective Hamiltonian,

Ĥ = N0V0 +
∑
k

ℏ2k2

2m
â†kâk +

V0
2

(
2â†kâk + â†kâ

†
−k + âkâ−k

)
(3.8)

Given the isotropic nature of the interaction potential, it is common to describe the

interaction strength with an s-wave scattering parameter gs = 4πℏa2s/m, where as is the

scattering length characterizing the scattered asymptotic wavefunction. By calculating

the as up to the quadratic order in V0 in the Born approximation, one should find the

following relation,

V0 = gs

(
1 + gs

∑
k ̸=0

m

(ℏk)2

)
(3.9)

Using the normalization condition on total particle density N = N0 +
∑

k ̸=0

〈
â†kâk

〉
and keep up to the first order of â†kâk, the reduced effective Hamiltonian can be written
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as,

Ĥ =
1

2
gsN

2 +
∑
k

ℏ2k2

2m
â†kâk +

1

2
gsN

(
2â†kâk + â†kâ

†
−k + âkâ−k + gsN

m

(ℏk)2
)

(3.10)

where each pair in the momentum space

Ĥk,−k
.
=

(
â†k â−k

)ℏ2k2
2m

+ gsN
1
2
gsN

1
2
gsN

ℏ2k2
2m

+ gsN


 âk

â†−k

 (3.11)

can be diagonalized by a Bogoliubov transformation,

 âk

â†−k

 =

uk vk

v∗k u∗k


 B̂k

B̂†
−k

 (3.12)

The condition |uk|2−|vk|2 = 1 is satisfied such that the newly defined operators obey the

commutation relation [B̂k, B̂
†
k] = 1.

Finally, the total Hamiltonian takes the form,

Ĥ = E0 +
∑
k

EBog(k)B̂
†
kB̂k (3.13)

The elementary excitations in a real condensate, taking into account the interactions, can

be described by the bosonic Bogoliubov quasiparticles, where the free particle dispersion

E(k) = ℏ2|k|2
2m

is modified into,

EBog(k) =
√
E(k)

[
E(k) + 2gsN

]
(3.14)

and the corrected total energy in the ground state can be written as,

E0 =
1

2
gsN

2 +
1

2
(gsN)2

∑
k ̸=0

m

ℏ2k2
+
∑
k ̸=0

(
E(k)−

(ℏ2k2
2m

+ gsN
))

(3.15)

The summation in the momentum space results in an expression in terms of the “gas

parameter” N(as)
d, where N is the total particle density and as is the scattering length
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in the d-dimensional space, and therefore is negligible in a dilute boson gas [64].

An angle-resolved photoluminescence measurement tracks the polariton density and

energy over the in-plane wavevector k, which describes the actual dispersion relation and

can be used to extract the quasiparticle parameters. The scattering strength gs can be

characterized by a blue shift at the bottom of the lower polariton dispersion curve, since

the energy correction to the mean-field single polariton state is approximated by the

chemical potential.

µ =
∂E0

∂N
≈ gsN (3.16)

According to a recent experiment [65], the linear energy-to-density relation is obeyed

by a homogeneous microcavity polariton gas at a dilute density(< 100µm−2); once past

that density, it starts to curve down, which means the physical predictions based on the

quasi-particles need to be corrected by the stronger interaction.

3.4 Mean-Field Wavefunction and Gross-Pitaevskii

Equation

An inhomogeneous finite-size condensate can be described by its mean-field wavefunction.

Consider a system of N identical bosons condensed into the same single-particle state,

Ψ(r1, r2, . . . , rN) = ψ(r1)ψ(r2) . . . ψ(r2) (3.17)

and the many-body Hamiltonian,

H =
N∑
i=1

(
− ℏ2

2m
∇2

i + V (ri)
)
+
∑
i<j

gsδ(ri − rj) (3.18)

where gs is the parameter indicating the s-wave scattering strength.

In the second quantized form, the condensate wavefunction is Ψ(r) =
√
Nψ(r), a

45



Hartree-Fock ground state should minimize local energy density

E =
ℏ2

2m
|∇Ψ(r)|2 + V (r)|Ψ(r)|2 + 1

2
gs|Ψ(r)|4 (3.19)

with respect to Ψ∗(r), which leads to the Gross-Pitaevskii(GP) equation,

µΨ(r) =
(
− ℏ2

2m
∇2 + V (r) + gs|Ψ(r)|2

)
Ψ(r) (3.20)

where the chemical potential µ describes the energy needed to add a single boson to this

system at constant entropy.

The phase evolution of this ground state is described by the time-dependent Gross-

Pitaevskii equation,

iℏ
∂Ψ(r, t)

∂t
=
(
− ℏ2

2m
∇2 + V (r) + gs|Ψ(r, t)|2

)
Ψ(r, t) (3.21)

In the physical limit where the boson gases adiabatically adjust to the minimal energy

in the presence of a slow-varying external potential V (r, t), the system obeys the time-

dependent GP equation, which can lead to rich phenomena including dynamical control

of the Josephson effect.

3.5 Generalized Gross-Pitaevskii Equation for Open

System

Given the very short life(∼ 101 − 102ps) of polariton due to cavity photon leaking, its

population has to be replenished by a pump laser, and the condensed polariton gas can be

described as a steady state established in this driven-dissipation open system. To keep

track of the condensate coherence in the presence of a time-dependent particle reser-

voir, a theoretical model was first proposed in [66], where a generalized Gross-Pitaevskii
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equation,

i
∂ψ(r, t)

∂t
=

{
− ℏ

2mLP

∇2 +
i

2

(
R
[
nR(r, t)

]
− γ
)
+ g|ψ(r, t)|2 +2gnR(r, t)

}
ψ(r, t) (3.22)

is coupled to a rate equation accounting for the particle density in the reservoir,

∂nR(r, t)

∂t
= P − γRnR(r, t)−R

[
nR(r, t)

]
|ψ(r, t)|2 +D∇2nR(r, t) (3.23)

Among the newly defined parameters, R[nR] is the overall replenishing rate contributed

by all relaxation mechanisms, written as a functional of reservoir particle density, P is

the pump rate of adding particles to the reservoir, γ and γR are the respective decay

rates integrated over the states in the condensate and the reservoir, D is the spatial

diffusive rate of the reservoir polaritons. This model has been successfully applied to

interpret various phenomena, especially the experiment where a laminar flow of polaritons

passes through a potential disorder without being scattered, demonstrating polariton

condensates as “quantum fluids of light” [29].

In most microcavities, the individual lifetime of a polariton is shorter than the ther-

malization time(∼ 30ps), which means the polariton gas is not in thermal equilibrium.

Therefore, the condensation process is not defined by a critical temperature, but rather by

a threshold laser power that makes the polariton gas exceed the critical density [28]. The

particle exchange rate R[nR] depends on the instant distribution in the reservoir, and

therefore is very unpredictable in the non-equilibrium limit. A recent experiment [67]

proves that true thermal equilibrium can develop in polariton gases with long individ-

ual lifetimes(∼ 270ps). Thus, it is possible to maintain a particle-conserved polariton

condensate by balanced pump and decay.
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3.6 Monitoring Condensate Coherence via Emitted

Photons

Based on the definition of off-diagonal long-range order, a condensed polariton gas with

partial phase coherence can be described by a spatial correlation function,

g(r, r′) =

〈
ψ†(r)ψ(r′)

〉〈
ψ(r′)

〉∗〈
ψ(r)

〉 (3.24)

This correlation can be extracted from the optical coherence of the photon field. As

shown in the linear coupling model, the superposition of exciton and photon evolves at

the frequency defined by the polariton eigenenergies; therefore, the partially transmitted

cavity photons inherit the frequency and coherence from the polaritons. The spatial cor-

relation in the polariton condensate can be indirectly measured via the emitted photons

without collapsing the quantum state of the condensate.

Recall the positive and negative frequency components of a quantized photon field,

E(+)(r, t) =
∑
k,λ

Ekâke
i(k·r−ωplt)e(λ), E(−)(r, t) =

∑
k,λ

Ekâ
†
ke

−i(k·r−ωplt)e(λ) (3.25)

where ωpl is the frequency determined by the polariton energy. The intensity of the light

is the expectation value at the same space-time point,

I(r, t) =
〈
Ê(−)(r, t)Ê(+)(r, t)

〉
(3.26)

and the first-order correlation in the photon field is generally defined as,

g(1)(r1, r2; t1, t2) =

〈
Ê(−)(r1, t1)Ê

(+)(r2, t2)
〉√〈

Ê(−)(r1, t1)Ê(+)(r1, t1)
〉〈
Ê(−)(r2, t2)Ê(+)(r2, t2)

〉 (3.27)

Either can be calculated as an ensemble average for a partially coherent light source.

This information contained in the photon field can be extracted in an interference

measurement. One way is to produce two enlarged images of the condensate using a
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Michelson interferometer and overlap them at the measured plane [27], with a small

displacement d in the plane perpendicular to the optical axis. The optical field at the

measured plane can be described as,

Ê(r) = Ê(r) + Ê(r+ d) (3.28)

where variable t is suppressed since there is no time delay. The light intensity is then

described by the quantum expectation value,

〈
I(r)

〉
=
〈
I(r)

〉
+
〈
I(r+ d)

〉
+ 2
√〈

I(r)
〉〈
I(r+ d)

〉
Re[g(1)(r, r+ d)] (3.29)

The phase variation in the complex-valued correlation function g(1) leads to a sinusoidal

modulation function, resulting in the parallel fringes in the interference pattern. The

visibility of the fringes is defined with maximum and minimum light intensity, in this

case,

U =

〈
I
〉
max

−
〈
I
〉
min〈

I
〉
max

+
〈
I
〉
min

=
2
√〈

I(r)
〉〈
I(r+ d)

〉〈
I(r)

〉
+
〈
(r+ d)

〉 ∣∣g(1)(r, r+ d)
∣∣ (3.30)

from which the correlation function can be extracted.

An alternative method uses a set of double slits with various spacings to characterize

the correlation between two spatial points on the condensate [68], In this case, the photon

field at the measured plane can be described by

Ê(r, t) = K1Ê1(r1, t− t1) +K2Ê2(r2, t− t2) (3.31)

where Ê1, Ê2 are the photon field at the two slits, t1, t2 are the times required for light

to travel to the measured plane, K1, K2 are the phase factors picked up on the optical

paths, taking into account the finite aperture effect. Similar to the first method, a series

of point-to-point correlation strengths can be extracted from the double-slit interference

pattern, showing dependence on distance r = r1 − r2, which in the uncondensed phase

49



can be characterized with a function using the thermal wavelength ΛT ,

g(1)(r) = e−r2/Λ2
T , ΛT =

√
2πℏ2
mkBT

(3.32)

It is reported in the same experiment that the correlation length goes under a transition,

from the scale of thermal wavelength(∼ 3µm) to the scale of the finite-size condensate(∼

20µm), as the pumping laser exceeds the threshold power for condensation.

Furthermore, the condensate and the thermal polaritons are distinguishable by their

optical signal in the momentum space [67]. Consider a lens system that transforms the

field distribution from object plane Uo to the image plane Ui, described by the following

diffraction integration [69],

Ui(u, v) =
exp

(
i π
λf
(u2 + v2)

)
iλf

∫∫
Uo(x, y) exp

[
− i

2π

λf
(ux+ vy)

]
dxdy (3.33)

where f is the effective focal length, λ is the optical wavelength. The output signal at

the image plane is effectively a 2D Fourier transform of the input signal at the object

plane, with rescaled wavevectors kx = 2π
λ

u
f
, ky =

2π
λ

v
f
, which reveal the momentum space

correlation of the condensate,

Ê(u, v) ∝ ψ̂(kx, ky) (3.34)

Flip the image and overlap it with the original, such that the momentum space func-

tion is,

ψ̂(k) = ψ̂(kx, ky) + ψ̂(−kx, ky) (3.35)

The partial coherence in the polariton gas can be revealed in the interference fringes by

fitting to the following function,

I(k) = N(k)[1 + αe−k/κ cos(βk)] (3.36)
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along with a Gaussian profile function in momentum space,

N(k) = Be−k2/σ2
k (3.37)

where α takes a value between 0 and 1 and accounts for overall coherence, β accounts

for the rescaling of momentum space in the image, and κ characterizes typical coherent

lengths for the finite-size condensate.

Using the extracted fitting parameters and the density function N(k), the coherent

fraction of the condensed polariton gas can be estimated as,

n0

ntot

=
α
∫
d2k N(k)e−k/κ∫
d2k N(k)

(3.38)

3.A Polariton-Phonon Interaction

An exciton-polariton inherits the interaction with the crystal lattice from its exciton

component. Lattice vibrations, also known as phonons, deform the crystal and change

the electrical field acting on the electron and hole wavefunctions. The matrix elements of

electron/hole-phonon interaction can be derived from a perturbation theory [70], in this

case, based on the deformation potential,

U(re, rh) = ∆(re)ae −∆(rh)ah (3.39)

where ∆(re),∆(rh) are the relative positions and spatial profiles of the deformation, ae, ar

are the deformation intensity in energy units characterized by experiments.

Following the review paper[71], the method originally developed for excitons [62] can

be adapted for polaritons. The Hamiltonian for the lower polariton relaxation process

from mode k to mode k− q is,

Hpol−ph =
∑
k,q,qz

X∗
k−qXk⟨k− q|Hexc-ph(q, qz)|k⟩ × (ĉ†q,qz − ĉ−q,−qz)b̂

†
k−qb̂k (3.40)
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where Hexc-ph is an effective Hamiltonian written in terms of exciton-phonon interaction,

Xk is the Hopfield coefficient that accounts for the exciton proportion in the polariton.

The total phonon wave vector is decomposed into (q in the plane of the quantum well

and qz perpendicular to the plane; the in-plane momentum of the exciton-phonon system

is conserved, but phonon can transfer the m, so there is a sum over all possible qz values.

Using the quantum well envelope function F (R)fe(ze)fh(zh) the plane wave phonon

function in mode (q, qz), the deformation ∆(re)/∆(rh) over the distribution of re/rh to

evaluate the deformation energy, and through this, evaluate the interaction coefficient,

G(q, qz) = ⟨k− q|Hexc-ph(q, qz)|k⟩ = i

√
ℏ(q2 + q2z)

1/2

2ρV u
[aeI

∥
e (q)I

z
e (qz)− ahI

∥
h(q)I

z
h(qz)]

(3.41)

The square root term originates from phonon quantization, where ρ is the mass density

of the crystal, V is the quantization volume of the phonon, u is the longitudinal sound

velocity. The overall integral is separated into two superposition integrals, the in-plane

part and the z-direction part,

I
∥
e/h(|q|) = [1 + (

mh/e

2M
|q|aB)2]−3/2

Ize/h(qz) =

∫ LQW

0

dz |fe/h(z)|2 exp(iqzz)
(3.42)

The average transition rate of the polariton by emitting a phonon in mode (q, qz) can

be calculated in Fermi’s golden rule,

W pol−ph
k→k−q =

2π

ℏ
∑
qz

|Xk−q|2|Xk|2|G(q, qz)|2δ(Ek−q − Ek + ℏωq,qz) (3.43)

Summing over the initial and final states of phonons and assuming the vibrating

lattice is a heat reservoir at a certain temperature, the total transition rate by emitting

phonons is,

W pol−ph
k→k−q =

2π

ℏ
|Xk−q|2|Xk|2|G(q, q0z)|2

(
NB(ℏωq,q0z

) + 1
)

(3.44)

where (q, q0z) represents a phonon mode that satisfies both the conservation of in-plane
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momentum and conservation of the total energy, and NB(ℏωq,q0z
) is a Bose-Einstein dis-

tribution of such phonons.

3.B Polariton-Polariton Interaction

Exciton-polaritons also inherit the interaction among their exciton components, which in

turn can be attributed to their composition parts, the electrons and holes. The exchange

interaction between pairs of these fermionic particles plays an important part in the

elastic scattering of excitons [72].

In a quantum well, the scattering process can be described in the 2D momentum space

using the matrix element
〈
K1+Q,K2−Q

∣∣Vtot∣∣K1,K2

〉
where Vtot is the Fourier transform

of the real space potential, taking into account the direct and exchange interaction among

the electrons and holes out of the two excitons.

Recall that the exciton state in momentum space can be written as pair creation states

in the electron/hole space,

∣∣K1,K2

〉
= b̂K1 b̂K2

∣∣0〉
B
=
∑
k1,k2

ψ∗
ν(k1 − αK1)ψ

∗
ν(k2 − αK2)ê

†
k1
ĥ†K1−k1

ê†k2
ĥ†K2−k2

∣∣0〉
F

(3.45)

where
∣∣0〉

B
represents the vacuum in exciton space,

∣∣0〉
F
represents the fermi sea, α =

me/(me +mh).

The matrix elements between momentum states are derived in detail by reference [73].

In the limit K1, K2, Q≪ a−1
B , meaning the center of mass kinetic energy is much smaller

than the exciton binding energy. The matrix element is estimated for electron-electron,

hole-hole exchange interaction,

〈
K1 +Q,K2 −Q

∣∣Vee + Vhh
∣∣K1,K2

〉
∼ −4

∑
k1,k2

Vk1−k2 |ψ(k1)|2|ψ(k2)|2 (3.46)

53



and for electron-hole exchange interaction,

〈
K1 +Q,K2 −Q

∣∣Veh∣∣K1,K2

〉
∼ 4

∑
k1,k2

Vk1−k2|ψ(k1)|2ψ(k2)ψ
∗(k1) (3.47)

where the Vk is the Fourier transform of the Coulomb potential, ψ(k) is the Fourier

transform of the exciton orbital wavefunction, following convention defined in Eq.(2.8),

the orbital ν and center of mass momentum K is drop from the index for ground orbital

and low kinetic energy.

Summing up the two parts gives the matrix element for exciton-exciton scattering,

M ∼ 2
∑
k,k′

Vk−K′ψ(k)ψ(k′)
(
|ψ(k)|2 − ψ(k)ψ(k′)

)
∼ 6EB

a2B
S

(3.48)

where EB is the bounding energy, aB is the “Bohr radius” for 2D exciton, and S is the

homogeneous area in which the envelope wavefunction is normalized. This expression

is a good theoretical estimation of the s-wave scattering strength between two excitons,

which can be inherited by polariton-polariton interaction. The transition rate W pol−pol
k→k′

used in the Boltzmann equation can also be estimated as the ensemble average of this

four-wave scattering process, with a partial trace focus on the scattered down state k′.

A real quantum well usually contains local disorders(∼ 10− 100 nm) known as “nat-

ural quantum dots”, which act on the center of mass of excitons as weak trapping poten-

tials. The exchange interaction between two excitons confined on such a quantum dot is

strongly affected by the overlap of their wavefunctions, which gives rise to fine structure

splitting within the respectively degenerate “bight exciton” and “dark exciton” states [74].

However, the spatial averaging effect of the photon field makes exciton-polaritons insensi-

tive to these potential disorders, therefore the major consequences of polariton-polariton

interaction are sufficiently accounted for by the s-wave scattering picture.

54



Chapter 4

Josephson Effect in Dilute Boson

Gases

The original work of Josephson is based on the Bardeen-Cooper-Schrieffer(BCS) theory

of superconductivity and the correlated tunneling of Cooper pairs. However, its essential

idea of broken symmetry, that two areas with macroscopic coherence and independent

phases can spontaneously arise from thermal equilibrium, applies not only to supercon-

ducting systems. The Ginzburg-Landau phenomenological theory, which was rigorously

proved by Gor’kov [36] to be a physical limit of BCS theory, captures this main idea and

has great similarity to the mean-field theory of dilute boson gases, and therefore bridges

superconductivity and superfluidity despite their different microscopic mechanisms. I will

discuss the Josephson effect in this chapter using the Ginzburg-Landau theory, naturally

followed by the discussion of exploring it in dilute bosonic gases consisting of excitons

and exciton-polaritons.

4.1 Ginzburg-Landau Theory

The Ginzburg-Landau theory is formulated in terms of the free energy,

F [ψ,A] = Fn + α|ψ|2 + β

2
|ψ|4 + 1

2m∗

∣∣∣(− iℏ∇− e∗A
)
ψ
∣∣∣2 + |B|2

2µ0

(4.1)
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Figure 4.1: Ginzburg Laudau free energy for α > 0 and α < 0

where a complex-valued pseudo wavefunction ψ(r) is introduced as the order parameter,

Fn accounts for the free energy of the normal conducting state, and vector potential A

and magnetic field B account for the interaction with the external magnetic field, keeping

the theory in a gauge-invariant form.

Assuming that F is an analytic function of ψ, and that ψ(r) is small and slowly

varying in space, it should suffice to expand F in a series of ψ only to the 4th order,

Fs[ψ]− Fn = α|ψ|2 + 1

2
β|ψ|4 (4.2)

The phenomenological parameter α(T ) and β(T ) account for the change over varying tem-

perature, β has to remain positive to give a reasonable potential term at large ψ; a posi-

tive α gives a minimum at |ψ| = 0 while a negative α gives two minima at |ψ|2 = −α/β,

which implies a non-vanishing superconducting density(see figure 4.1). Therefore, the

occurrence of superconducting density or current signals a second-order phase transition

in this model.

In a spatially inhomogeneous problem, the order parameter ψ(r) adjusts itself to

minimize the local free energy density. The Euler-Lagrangian equation with respect to

ψ∗ is satisfied everywhere across the real space, which leads to the first Ginzburg-Landau

equation,

αψ + β|ψ|2ψ +
1

2m∗

(
− iℏ∇− e∗A

)2
ψ = 0 (4.3)

The order parameter is related to the superconducting density ρ = |ψ|2, so charge
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continuity requires,

∇ · j+ e∗
∂|ψ|2

∂t
= 0 (4.4)

which leads to the second Ginzburg-Landau equation,

j =
e∗

m∗Re
{
ψ∗(− iℏ∇− e∗A

)
ψ
}

(4.5)

Substituting ψ =
√
ρeiφ and assuming that ρ is nearly constant, one will find that the

supercurrent is proportional to the gradient of phase,

j = ρ
e∗

m∗

(
ℏ∇φ− e∗A

)
(4.6)

which is invariant under gauge transformation,

A → A+∇χ, φ→ φ+
e∗

ℏ
χ (4.7)

By choosing the London Gauge ∇·As = 0, As = 0 (bulk), As · n̂ = 0 (surface) allows

us to identify the spatially homogeneous contribution,

js = −(e∗)2ρ

m∗ As (4.8)

which leads to the famous London equations describing perfect conductivity and the

Meissner effect,

∂js
∂t

=
nse

2

m
E, ∇× jS = −nse

2

m
B (4.9)

where the parameter choice e∗ = 2e, m∗ = 2me, ρ = 1
2
ns agrees with the microscopic

picture of Cooper pairs.
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4.2 Coherence Length and Superfluid Stiffness

To examine the possible mechanisms that break the phase continuity and give rise to the

Josephson effect, one should take a closer look at the spatial variation in (4.3),

ℏ2

2m∗|α(T )|
∇2f + f − |f |2f = 0 (4.10)

where f = ψ/ψ∞ is a normalized pseudo wavefunction, ψ∞ represents the ideal homo-

geneous order parameters buried at infinite depth in contrast to the inhomogeneous ψ

sensitive to boundary conditions. It is natural to characterize the spatial gradient of f

with the Ginzburg-Landau coherent length,

ξ(T ) =
ℏ√

2m∗|α(T )|
(4.11)

In particular, the superfluid stiffness can be defined as γ = 2ξ2(T )ρ, such that the local

free energy density varies with the phase F(r) = 1
2
γ|∇φ(r)|2.

Therefore, a weak link that suppresses the superconducting density ρ, be it a thin

insulator, a normal metal, or a constriction in the superconductor, can reduce the phase

stiffness between the two superconducting leads, which is essential for a Josephson junc-

tion.

Considering the axial symmetry of the junction, it suffices to model it with the one-

dimensional case,

ξ2
d2f

dx2
+ f − |f |2f = 0 (4.12)

In a typical setup of a Josephson junction, it is safe to assume the two bulk super-

conductors have reached thermal equilibrium, each satisfying |f | = 1 but possibly with

a phase difference between the two sides of the junction. In the weak link with length

L≪ ξ, the change in the first term dominates the balance of equation(4.12), which allow

us to use a simplified ansartz in the form of f = a + bx, using the boundary condition
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f = 1 at x = 0, and f = ei∆φ at x = L, we arrive at the solution,

f = (1− x/L) + (x/L)ei∆φ (4.13)

Substituting it in (4.5) leads to the equation for supercurrent,

Is = I0 sin (∆φ) (4.14)

The characteristic current can be evaluated as,

I0 =
e∗ℏψ2

∞
m∗

A
L

(4.15)

whereA is the cross-section area of the weak link. As we can see from (4.15), the geometry

of the superconducting electrodes is not important, as long as they are much smaller than

the Ginzburg-Landau coherent length; the deciding factor of the Josephson current is the

geometry of the weak link.

By the same principle, the weak coupling between two homogeneous Bose-Einstein

condensates can give rise to the Josephson effect. From (3.20) we evaluated the super-

fluidity stiffness of a Bose-Einstein condensate described by a mean field wavefunction

Ψ(r) =
√
N(r)eiθ(r),

γ =
ℏ2N
2m

(4.16)

such that the energy density over the phase gradient E = 1
2
γ|∇θ|2.

Therefore, lowering the condensate density could effectively reduce the phase stiffness

and form a weak link between two homogenous Bose-Einstein condensates.

4.3 Josephson Equations

An intuitive derivation of Josephson equations based on a “two-state system” was given

by Feynman in 1965 [75]. Consider the “small junction” case, where the coherence length

ξ is much larger than the dimension of the device so that the density and phase variation
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within each superconductor is negligible and represented by a constant order parameter,

ψσ =
√
ρσe

iϕσ , σ ∈ {L,R}.

Consider the junction subject to a total Hamiltonian,

H = HL +HR +HT (4.17)

where the projection on superconducting electrodes gives

HL = EL

∣∣L〉〈L|, HR = ER

∣∣R〉〈R∣∣, (4.18)

and the tunneling between left and right gives,

HT = −J
(∣∣L〉〈R|+ ∣∣R〉〈L|) (4.19)

An arbitrary state vector is in a superposition of the left and right,

∣∣Ψ〉 = ψL

∣∣L〉+ ψR

∣∣R〉 (4.20)

where ψL/R are the order parameters that carry the superconducting density.

The time-evolution of the junction can be written in the Schrödinger-like equation,

iℏ
d

dt

∣∣Ψ〉 = H
∣∣Ψ〉 (4.21)

In particular, when the energy difference is introduced by a voltage source EL−ER = 2eV ,

we arrive at the coupled Josephson equations,

iℏ
d

dt

ψL

ψR

 =

eV −J

−J −eV


ψL

ψR

 (4.22)

This formalism is in agreement with Ginzburg-Landau theory, given the potential acting

on a single charged particle would raise the free energy locally by e∗V |ψ|2.
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Figure 4.2: Josephson Junction connected to a voltage source.

I

Figure 4.3: Symbolic Circuit of the Resistively Capacitively Shunted Junc-
tion(RCSJ) model.

By matching the real and imaginary parts, one can reorganize the equations into:

dρR
dt

=− dρL
dt

=
2J

ℏ
√
ρLρR sinϕ

dϕ

dt
=
2eV

ℏ
+
J

ℏ

(√ρL
ρR

−
√
ρR
ρL

) (4.23)

where ϕ = ϕR−ϕL is the phase difference. The first equation gives the amplitude of super-

current, while the second equation gives the rate of phase evolution, which can account for

AC Josephson effect. In typical Josephson junctions, the oscillations in superconducting

density are negligible compared to their average amplitude, therefore,

dϕ

dt
≈ 2eV

ℏ
(4.24)

decouples the second equation from the first.
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A particularly interesting aspect of the Josephson junction lies in the resistively and

capacitively shunted junction(RCSJ) model(see figure 4.3). This model is also a realistic

description of any superconducting junction, for it takes into account the intrinsic normal

current and the capacitance arising from the junction structure. The total current that

runs through the parallel shunted circuits consists of three parts,

I = C
dV (t)

dt
+
V (t)

R
+ I0 sinϕ(t), (4.25)

where

I0 =
4eJ

√
ρLρR

ℏ
(4.26)

is the upper limit of supercurrent that can be supported by the junction. Using approx-

imation (4.24), it becomes a second-order differential equation in ϕ,

I =
ℏ
2e
C
d2ϕ(t)

dt2
+

ℏ
2e

1

R

dϕ(t)

dt
+ I0 sinϕ(t) (4.27)

With the rescaling of time and change of variables,

τ = ω0t, ω0 =
(2eI0
ℏC

)1/2
, α =

I

I0
, β =

1

RC

1

ω0

(4.28)

the dimensionless equation reads,

α =
d2ϕ

dt2
+ β

dϕ

dt
+ sin(ϕ) (4.29)

which can be broken down into two first-order differential equations,

dϕ

dt
= z,

dz

dt
= α− βz + sin(ϕ) (4.30)

and analyzed in the phase space of (ϕ, z).

In an analogy to a mechanical system, the potential function U is determined by

the sinusoid term arising from the supercurrent. In the case of no driving current and
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Figure 4.4: Capacitively Shunted Junction with no external driving current
(a)potential function and initial conditions (b)Corresponding trajectories in
(ϕ, ϕ̇) phase space

damping(α = 0, β = 0), the system has two types of periodic trajectories(see figure 4.4),

the one starts at the top of the hill with non-zero velocity, would run over the next hill

and goes on to enter next period of 2π, therefore is an open curve in the phase space; the

one starts in the valley with zero velocity would swing back and oscillated around the

same minimal energy point, therefore is a closed loop in the phase space. Note that z

here is defined as the rate of change in phase angle, which is a velocity in the mechanical

analog, hence unbounded.

With external driving current introduced, the potential function resembles a “tilted

washboard”, which can be tuned by the relative current amplitude α > 0, and with the

damping(β > 0) the closed loop trajectory would reduce to the equilibrium position at

its center, giving a vanishing phase angle velocity, and by (4.24) result in a vanishing

average voltage; while the open curve trajectory running down the tilted washboard

would eventually reach a steady velocity such that the energy gained each period of the

sinusoidal potential is dissipated via the damping force during the same time, result in

a nonzero constant voltage. Therefore, each damping coefficient corresponds to a I − V

characteristic curve, and at the limit α ≫ 1, the total current is dominated by the shunt

resistor; therefore, they all asymptotically approach the straight line that agrees with

Ohm’s law.

The hysteresis is developed in the following procedure: The junction starts in thermal

equilibrium with zero phase angle velocity, as the driving current increases, the initial
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switch

Ic

(a) (b)

Figure 4.5: Bistability and Hysteresis of RCSJ model (a)potential function
varying over driving current (b)I − V characteristics for fixed damping coef-
ficient βJ

state ϕ = 0 remains a local minimum of the potential function and, therefore keeps giving

zero voltage, until the driving current exceeds the upper limit of supercurrent(α = 1) the

ϕ = 0 is no longer a local minimum, and it starts to run down the potential and eventually

reaches a constant velocity. On the time scale of experimental observation, the voltage is

instantly switched from zero to the I−V curve. From this point on, decreasing the current

would not switch the junction back to zero voltage; rather, the voltage would follow the

I − V curve and gradually reduce to zero at the critical current Ic, which means at this

tilted angle the damping force is sufficiently strong to stop a running state of the junction.

Therefore, when the driving current is between Ic and I0, the system shows bistability.

This mechanism has been used to study ultrafast switching in conventional logic bits.

4.4 Boson Josephson Junctions

The boson Josephson junction was first proposed in the context of an atomic Bose-

Einstein condensate[12, 76]. Inspired by the dipole trap, which acts like a harmonic

potential, a double-well potential is formed by two dipole traps set close to each other.

Assuming that the elementary excitation in the trapped atomic gas only goes up to

the two lowest bound states, and the probability of finding particles in the barrier is suf-

ficiently low, one can project the total wavefunction into a time-dependent superposition
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E+

E-

Figure 4.6: Double Harmonic potential and Wavefunctions

of two spatial modes, each defined by the ground state of a single well,

Ψ(r, t) = ψ1(t)Φ1(r) + ψ2(t)Φ2(r) (4.31)

Defining the complex coefficient on each side with density and phase ψκ =
√
Nκ exp(iϕκ),

in the same idea of (4.5), one should find a charge-neutral superfluid current, which is

defined as the Josephson current of the boson junction,

Is = I0
√
N1N2 sin(ϕ2 − ϕ1) (4.32)

The most important difference compared to (4.15) is that the density oscillation in the

dilute boson gas is not negligible and therefore needs to be tracked rather than absorbed

in a constant parameter. The characteristic current I0 can be calculated as an integration

over the plane normal to the middle point z = 0 between the two single wells,

I0 =
ℏ
m

∫
z=0

dσ(Φ∗
1∂zΦ2 − Φ∗

2∂zΦ1) (4.33)

Unlike in a superconducting junction, where the Josephson coupling strength is mainly

determined by the geometry of the weak link, a dilute boson gas can be highly inhomo-

geneous over the whole trapping area, meaning this integral is sensitive to the changes in

any part of the double-well potential.

Applying the (4.31) to (3.21), one should find the equations of motion for the complex
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coefficients, which resemble the Josephson equations for the two-state model,

iℏ
d

dt

ψ1

ψ2

 =

E1 + U1|ψ1|2 −J

−J E2 + U2|ψ2|2


ψ1

ψ2

 (4.34)

where E1,2 is the ground state energies for each single well, U1,2 =
∫
d3r g|Φ1,2(r)|4 is the

interaction energies normalized on the spatial mode within each side, and the Josephson

energy can be estimated as, J ≈
∫
d3r Φ∗

1(r)
(
− ℏ2

2m
∇2 + Vext(r)

)
Φ2(r) given that the

spatial wavefunction Φ1 and Φ2 are almost orthogonal. The two lowest bound states can

be projected into the superposition the single-well ground state Φ+ = (Φ1 +Φ2)/
√
2 and

Φ− = (Φ1 − Φ2)/
√
2, which satisfy,

E± =

∫
d3r Φ∗

±(r)
(
− ℏ2

2m
∇2 + Vext(r)

)
Φ±(r) (4.35)

therefore the Josephson energy can be experimentally characterized as J ≈ (E− −E+)/2

by measuring the symmetric and antisymmetric states trapped in the double well.

Consider the total boson number NT is conserved but oscillating between the two

trapped condensates. By defining z = (|ψ2|2 − |ψ1|2)/NT , ϕ = ϕ2 − ϕ1, and applying

change of variables

U =
U1 + U2

2
, Λ =

UNT

2J
, ∆µ =

E1 − E2

2J
+
U1 − U2

4J
NT

to equation (4.34), one should find the dimensionless Hamiltonian,

H(z, ϕ) = Λ
z2

2
+ ∆µz − cosϕ

√
1− z2, (4.36)

and the following equations of motion,

ż = −∂H
∂ϕ

= −
√
1− z2 sinϕ, ϕ̇ =

∂H

∂z
= Λz +∆µ−

√
1− z2 sinϕ (4.37)

The interaction among the bosons gives rise to the z2 term, which is analogous to

66



(a) (b) (c)

Figure 4.7: Isoenergy contours in the (z, ϕ) phase space for given parameters
(a)Λ = 10,∆µ = 0, (b)Λ = 10,∆µ = 3,(c)Λ = 1,∆µ = 0

kinetic energy in the mechanical model, and the capacitor charging energy in the RCSJ

model. The dependence on z makes the boson junction resemble a non-linear pendu-

lum with a varying length. Plotting the isoenergy contours in the (z, ϕ) phase space is

straightforward given the explicit expression of Hamiltonian. Similar to RCSJ, there are

two types of trajectories, open curves and closed loops. But z in the boson junction is a

normalized density difference, therefore an open curve in the upper or lower plane of z

implies a nonzero density bias between the two condensates(see figure4.7(a)), thus giving

rise to a unique phenomenon, named macroscopic quantum self-trapping (MQST) after

the original paper [12]. The impact of the parameters can be understood by compar-

ing the isoenergy contours(figure 4.7). A larger Λ means a smaller effective mass in the

mechanical analog, which means a larger fraction of the trajectories will be open curves

representing the running phase where the pendulum swings over the top. A potential

bias ∆µ shifts the balance of density difference, and creates new isoenergy contours that

intersect with multiple original contours without the bias.

Therefore, tuning the potential bias while maintaining the spacing of energy contours

at a constant interaction strength is an effective method of switching between trajecto-

ries. Here I present an example generated by numerical simulation(figure 4.8). The blue

contours represent the unbiased isoenergy surfaces at Λ = 1,∆µ = 0, which will be re-

placed by the red contours once the bias potential ∆µ = 1.2 is turned on. The black dots

represent the switching point between the two types of trajectories. In an ideal control

sequence(figure 4.8b), the system starts in an oscillation phase with larger amplitude, fol-
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(a) (b)

Figure 4.8: Showing a control sequence that switches the boson Josephson
junction between two stable trajectories

lows the red contour after the first switching point until arriving at the second switching

point on an energy surface of smaller amplitude, stays there for a few oscillation periods

while the bias potential is off, then follows the red contour to reach the third switching

point and return to the starting state of larger amplitude. The experimental realization

depends on the ramping time of the control potential, and the coherent time of the con-

densates and needs to be discussed case by case based on microscopic mechanisms. I will

revisit the issue of time scale in the context of electrically controlled polariton junctions.

4.5 Correlated Tunneling of Electron-Hole Pairs

Following the discussion of previous sections, a closer analog of a conventional supercon-

ducting junction can be formed by two coupled homogeneous exciton condensates, where

the tunneling of an exciton can be considered as a second-order process, the correlated

tunneling of an electron-hole pair. Here I present my original work on this theoretical

model.

Recall in homogenous gases, the excitons are labeled by their bound orbitals ν and

center of mass momentum K(equation (2.10)), for both the left(L) and right(R) side of
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the junction, hence the unperturbed Hamiltonian,

H0 =
∑
νK,σ

ϵνK,σ b̂
†
νK,σ b̂νK,σ, σ ∈ {L,R} (4.38)

An effective tunneling Hamiltonian can be constructed in the bosonic operators,

HT =
∑
νK

(
tνKb̂

†
νK,Rb̂νK,L + t∗νKb̂

†
νK,Lb̂νK,R

)
(4.39)

where tνK can be evaluated in the correlated tunneling process.

The first-order tunneling Hamiltonian can be written in the joint plane-wave basis of

electrons and holes,

H
(1st)
T =

∑
k

(
teê

†
k,Rêk,L + t∗eê

†
k,Lêk,R

)
+
∑
k′

(
thĥ

†
k′,Rĥk′,L + t∗hĥ

†
k′,Lĥk′,R

)
(4.40)

where te and th are the single electron and hole tunneling strengths dependent on the

geometry and potential landscape of the tunneling barrier.

The goal is to find the matrix element for single exciton tunneling,

tνK =
〈
0L, 1R

∣∣H(2nd)
T

∣∣1L, 0R〉νK (4.41)

where the Dirac notations indicate the number of excitons in state νK on each side. For

example, the ket state can be expanded in the electron-hole basis following the definition

of equation(2.10),

∣∣1L, 0R〉 = b̂†νK,L

∣∣0L, 0R〉 =∑
k

ψν

(
k− me

me +mh

K
)
ê†k,Lĥ

†
K−k,L

∣∣0〉 (4.42)

where
∣∣0〉 represents the unexcited fermi sea.

The effective second-order tunneling Hamilton can be derived from a perturbation
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theory,

tνK =
1

2

〈
0L, 1R

∣∣H(1st)
T

∑
γ

∣∣γ〉〈γ∣∣H(1st)
T

∣∣1L, 0R〉× [ 1

ϵνK,L − ϵγ
+

1

ϵνK,R − ϵγ

]
(4.43)

where the intermediate state
∣∣γ〉 represents an electron-hole pair separated by the tun-

neling barrier.

For demonstration, I write down the example where the separated electron and hole

are free particles, each in its plane wave basis.

∣∣γ1〉 = ∣∣0〉k1,L

∣∣1〉−k2,L

∣∣1〉
k1,R

∣∣0〉−k2,R
= ê†k1,R

ĥ†−k2,L

∣∣0〉
k1,L

∣∣0〉−k2,L

∣∣0〉
k1,R

∣∣0〉−k2,R
(4.44)

following the momentum sign convention and completeness relation,

êk = ĥ†−k,
∑
k1,k2

∣∣k1,−k2

〉〈
k1,−k2

∣∣ = 1 (4.45)

Therefore, each of those intermediate states can couple to a single exciton state by the

first-order tunneling of an electron or a hole. The two intermediate matrix elements in

equation(4.43) can be evaluated as follows,

〈
γ1
∣∣H(1st)

T

∣∣1L, 0R〉
=

(〈
0
∣∣ĥ−k2,Lêk1,R

)(∑
k′

teê
†
k′,Rêk′,L

)(∑
k

ψν(k,K)ê†k,Lĥ
†
K−k,L

∣∣0〉)
=te

∑
k,k′

ψν(k,K)
〈
0
∣∣ĥ−k2,L êk1,R ê†k′,R êk′,L ê

†
k,L ĥ

†
K−k,L

∣∣0〉
=te

∑
k,k′

ψν(k,K)δ−k2,K−k δk1,k′ δk,k′

=teψν(k1,K)δ−k2,K−k1

(4.46)
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and

〈
0L, 1R

∣∣H(1st)
T

∣∣γ1〉
=

(∑
k

〈
0
∣∣ψ∗

ν(k,K)ĥK−k,Rêk,R

)(∑
k′

thĥ
†
k′,Rĥk′,L

)(
ê†k1R

ĥ†−k2,L

∣∣0〉)
=th

∑
k,k′

ψ∗
ν(k,K)

〈
0
∣∣ĥK−k,R êk,R ĥ†k′,R ĥk′,L ê

†
k1,R

ĥ†−k2,L

∣∣0〉
=th

∑
k,k′

ψ∗
ν(k,K)δK−k,k′ δk,k1 δ−k2,k′

=thψ
∗
ν(k1,K)δ−k2,K−k1

(4.47)

Therefore the second-order matrix element mediated by
∣∣γ1〉 is,

∑
k1,k2

〈
0L, 1R

∣∣H(1st)
T

∣∣γ1〉〈γ1∣∣H(1st)
T

∣∣1L, 0R〉 = teth
∑
k

ψ∗
ν(k,K)ψν(k,K) (4.48)

Likewise, the other type of intermediate state is defined as,

∣∣γ2〉 ==
∣∣1〉

k1,L

∣∣0〉−k2,L

∣∣0〉
k1,R

∣∣1〉−k2,R
(4.49)

Summing over all possible intermediate states leads to the total matrix element,

tνK = teth
∑
k

ψ∗
ν(k,K)ψν(k,K)×

[
1

ϵνK − ϵk,K−k

+
1

ϵνK − ϵk,K−k

]
(4.50)

where the energy of a bound exciton is estimated as,

ϵνK = ϵν +
ℏ2|K|2

2(me +mh)
(4.51)

and the energy of a separated electron-hole pair is estimated as,

ϵk,K−k =
ℏ2|k|2

2me

+
ℏ2|K− k|2

2mh

(4.52)

A Bose-Einstein condensate consists of excitons near K = 0, therefore the summation
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is simplified as, ∑
k

∣∣ψν(k)
∣∣2 × 1

ϵν − ℏ2|k|2
2µ

where µ = memh/(me +mh) is the reduced mass of the electron-hole pair.

In particular, the energy and wavefunction of a quasi-2D exciton in ground orbital

state(ν = 0) can be written in terms of the 2D “Bohr radius” a and relative coordinates,

ϵ0 = − ℏ2

2µa2
, ψ0(r− r′) =

√
2

π

1

a
e−|r−r′|/a, (4.53)

Following the convention defined in equation (2.8), the Fourier transform of the wave-

function is,

ψ0(k) =

√
2π2a

(1 + a2|k|2)3/2
(4.54)

Carrying out the integration over a dimensionless momentum κ = ak leads to the

simple expression,

( ℏ2

2µa2

)−1
∫ 2π

0

dθ

∫ (
2
√
2π

(1 + κ2)3/2

)2

× 1

−1− κ2
κdκ = −16π2µa2

3ℏ2
(4.55)

Finally, the second-order tunneling energy of a ground state exciton is in a compact

formula,

t00 = −16π2

3

teth
|ϵ0|

. (4.56)

Considering the Bose-Einstein condensate is a macroscopic occupation in the ground

state, this single exciton tunneling energy can naturally give rise to the Josephson cou-

pling energy in the two-state model(Eq.(4.34)). However, in an open quantum system,

the bright excitons created by incident light also have short lifetimes due to radiative

recombination; therefore are not able to fully thermalize to form a condensate. Never-

theless, this tunneling mechanism can create spatial correlations in the excitons, which

could be inherited by higher-order nonlinear effects, potentially giving extra control over

the correlated photon emitters, a type of device based on the principles of quantum optics

and much desired in quantum communication and quantum computing.
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The dark excitons due to unmatched spins between the electron and hole pair are

inactive in light-matter interaction, therefore can have much longer lifetimes. In some

tunneling barriers with weak screening, the spatially separated electron-hole pairs are

still bound by their long-range Coulomb interaction, known as indirect excitons, which

also have longer lifetimes due to suppressed recombination. The confinement effect of

the quantum well acts as an effective magnetic field that flips the spins[77], which can

convert between the bright and dark excitons. The interplay between the dark excitons

and indirect excitons, taking into account the correlated tunneling mechanism, could be

a promising topic for future research.
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Chapter 5

Polariton Josephson Junctions based

on Exciton Stark Effect

The pioneering experimental studies on the exciton-polariton(EP) Josephson effect are

based on trapping polaritons via the photon component [78]. For example, [79] exploits

the naturally occurring thickness variation in the inactive spacing layer of the planar cav-

ity, which gives rise to a double-well potential only acting on the photon component. In

comparison, [60] uses an etched-out double-micropillar structure, where the photon com-

ponent, due to its smaller effective mass, is more sensitive to the confinement geometry

and therefore determines the trapping potential.

In these systems, the initial state is prepared by large condensation imbalance [79]

or by resonant laser pumping [60]. The EP Josephson energy is given by the inter-

trap tunneling energy of the photonic modes, which is preset via the cavity material

and geometry. Moreover, the chemical potential bias induced by non-resonantly pumped

excitons is time-independent and indirectly determined by the dynamical balance of short-

lived excitons [60]. The inability to set an arbitrary initial state or to control the dynamics

in real-time are the major challenges that prevent the existing EP junctions from achieving

their full potential as active quantum devices.

Trapping polaritons via the exciton component [78, 80, 81] allows an alternative, more

flexible device design for non-resonantly pumped EP condensates. For example, stress
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applied to the planar cavity can induce a significant change in the local crystal field with

only minor variation in cavity thickness, resulting in a trapping potential acting on the

exciton component, which allows an EP gas drift from the pumping laser spot to the trap

and eventually form the condensate. [47]

In condensates dynamically maintained in thermal equilibrium [82, 59], it is feasible

to control the chemical potential bias via the single-polariton potential energy. While

indirect control on the photon component is made possible by introducing novel elements

such as liquid crystals [83], directly manipulating the exciton component using electrical

fields has been successfully applied to various physical scenarios. [84, 85, 86]. In particular,

the exciton potential energy can be tuned locally via the exciton quadratic Stark effect [87,

88].

In this chapter, I present the original research based on the coauthored article1. An

alternative design of a polariton junction is proposed, where electrical fields can control

both the Josephson energy and potential energy bias.

5.1 Unified Model for Polariton Josephson Junction

In a generally defined polariton Josephson junction, it is equally reasonable to confine

the polaritons via their exciton or photon component.

We start by recognizing the total Hamilton H = H0+Hint, which consists of the part

that accounts for exciton-photon coupling and trapping potentials,

H0 =
∑
k,k′

(
b̂†k, â

†
k

)Eex(k)δk,k′ + Vex(k
′ − k) Ω δk,k′

Ω δk,k′ Eph(k)δk,k′ + Vph(k
′ − k)


b̂k′

âk′


(5.1)

and the part that accounts for the interaction among excitons,

Hint =
gs
A
∑
k,k′,q

b̂†kb̂
†
k′ b̂k′+qb̂k−q (5.2)

1Reproduced in part with permission from Nano Letters 2025, 25, 18, 7336–7342 Copyright 2025
American Chemical Society.
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where k,k′ span the same 2D space shared by exciton and photon, the field operators

and parameters are defined in Sec.(2.5).

Note that a local confinement potential in real space for either excitons or photons

would transform into k-space,

∫
d2r ψ∗(r)V (r)ψ(r) =

∫
d2r

(∫
d2kψ∗(k)e−ik·r

)
V (r)

(∫
d2k′ψ(k′)eik

′·r
)

=

∫∫
d2k d2k′ ψ∗(k)V (k′ − k)ψ(k′)

(5.3)

implying off-diagonal coupling between different wavevectors.

The trapping should be introduced as a small potential variation over the well-defined

exciton/photon states, therefore we treat them as perturbations to the polariton states,

following the Hopfield transformation(2.50)

H ′ =
∑
k,k′

(
P †
k Q†

k

)
Ôk

Vex(k− k′) 0

0 Vph(k− k′)

 Ô†
k′

Pk′

Qk′

 (5.4)

In general, the potential terms after the transformation will mix different wavevectors

and no longer in a simple form of V (k− k′), resulting in a non-local potential acting on

the polaritons.

V (k,k′) =
∑
k,k′

(
P̂ †
k Q̂†

k

)[XkXk′ XkCk′

CkXk′ CkCk′

Vex(k− k′)

+

 CkCk′ −CkXk′

−XkCk′ XkXk′

Vph(k− k′)

]P̂k′

Q̂k′


(5.5)

However, when we work with k ≈ 0 states in the finite-size polariton condensate, the

approximation Xk ≈ X0, Ck ≈ C0 allows us to simplify it to a form in real space with

local potentials,

H0 =

∫
d2r

(
P̂ †(r) Q̂†(r)

)hLP(r) W (r)

W (r) hUP(r)


P̂ (r)
Q̂(r)

 (5.6)

76



The diagonal terms are the effective Hamiltonian in each polariton branch,

hζ(r) = −ℏ2∇2

2mζ

+ ϵζ + Vζ(r), ζ ∈ {LP,UP}

where VLP(r) = X2
0Vex(r) + C2

0Vph(r), VUP = C2
0Vex(r) +X2

0Vph(r). and the energy offset

of polaritons is

εLP(UP) =
∆− (+)

√
∆2 + 4Ω2

2
(5.7)

where the detuning is defined as ∆ = Eph(k = 0) − Eex(k = 0), while the off-diagonal

term

W (r) = X0C0Vex(r)−X0C0Vph(r) (5.8)

represents the coupling energy between the lower and upper polaritons introduced by the

external potentials.

5.2 Description of Proposed Device

We conclude from the previous section that a polariton junction can be formed by intro-

ducing a local double-well potential to either the photon or the exciton component. This

naturally leads to the following proposal for an electrically controlled polariton junction.

In the semiconducting layer of the optical microcavity, we introduce a double-well

potential to the excitons, which defines two polariton trapping areas. Each area is brack-

eted between two conducting wires (see Fig. 5.1), which generate an in-plane electric field

controlled by an external voltage source.

We project the macroscopic wavefunction of the polariton condensate into the spa-

tial modes defined by the trapping potentials in the polariton basis. The LP and UP

condensates confined on the left and right side of the device can then be described by

a four-component Gross-Pitaevskii (GP) equation. The detailed derivation is presented

in Appendix 5.A. We introduce the complex variables ψκ and χκ to describe the macro-

scopic amplitude of the polariton ground state ϕκ(r) for the LP and UP condensates,

respectively, where κ ∈ {L,R} denotes the left (L) and right (R) side of the junction.
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Potential Trap

Conducting WiresActive Layer

Voltage Source

Figure 5.1: Schematic geometry of an EP junction. The two-dimensional
device is defined via nanofabrication of a GaAs active layer embedded in
an optical microcavity filled with AlAs, where the exciton potential wells(1-
10meV) are formed by slightly mixing aluminum in the GaAs/AlxGa1−xAs het-
erostructure. Two conducting nanowires bracket each potential well to apply
an in-plane electric field, which polarizes the EP condensate as well as to
measure the local capacitance.
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The time evolution of the lower polariton condensates is described by

iℏ
dψL

dt
=

(
− µLR + µUL

2
+
U

4
|ψL|2 +

U

2
|χL|2

)
ψL − JψR

+

{
U
[1
4
ψ∗
LχL +

1

2

(
|ψL|2 + |χL|2

)]
+ I1

}
χL + I2χR

(5.9a)

iℏ
dψR

dt
=

(
µLR − µUL

2
+
U

4
|ψR|2 +

U

2
|χR|2

)
ψR − JψL

+

{
U
[1
4
ψ∗
RχR +

1

2

(
|ψR|2 + |χR|2

)]
+ I1

}
χR + I2χL

(5.9b)

iℏ
dχL

dt
=

(
− µLR − µUL

2
+
U

4
|χL|2 +

U

2
|ψL|2

)
χL − JχR

+

{
U
[1
4
χ∗
LψL +

1

2

(
|χL|2 + |ψL|2

)]
+ I1

}
ψL + I2ψR

(5.9c)

iℏ
dχR

dt
=

(
µLR + µUL

2
+
U

4
|χR|2 +

U

2
|ψR|2

)
χR − JχL

+

{
U
[1
4
χ∗
RψR +

1

2

(
|χR|2 + |ψR|2

)]
+ I1

}
ψR + I2ψL

(5.9d)

The energy difference µ
UL

is determined by the vacuum Rabi splitting at k∥ = 0. The

left-right bias potential µ
LR

is controlled by the in-plane electric fields applied to the two

semiconductors via the exciton Stark effect. The exciton components polarizability α

can be estimated by perturbation theory in terms of exciton orbital wavefunctions, which

resembles that of a 2D hydrogen atom [55], where Φnl is the 2D electron-hole orbital

wavefunction in principle quantum number n and angular quantum number l, and Enl < 0

is the corresponding eigen-energy, x̂ is the e-h displacement operator in the direction of

the applied electric field EL/R. This produces the energy difference µLR = α (E2
L − E2

R) /2.

Taking into account the dielectric constant of the host semiconductor, we estimate an

electric field of ∼ 1V/µm is needed to create a dipole energy of ∼ 0.1 meV in the quasi-2D

exciton of GaAs.

The Josephson energy J arises from the spatial overlapping of left and right trapped

polariton states. Assuming that the excitons are confined in a double square well poten-
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tial, we estimate the Josephson energy as a function of the exciton tunneling barrier

J ≈ π2 Db

Dw

E0e
−Db/ξ, (5.10)

where Dw and Db are the widths of a single well and the tunneling barrier, respectively,

E0 =
ℏ2π2

2mD2
w
withm being the polariton effective mass, and ξ = ℏ/

√
mVB is the penetration

depth with VB being the tunneling barrier strength. The calculation is shown in the

Appendix 5.C. We note that Eq. (5.10) is valid in the tunneling regime Db ≫ ξ. The

Josephson energy tunability |J(VB + δV )/J(VB)− 1| ∼ Db

ξ
δV
VB

for δV ≪ VB, which can be

of order of one due to the large prefactor Db/ξ. In addition, the coupling energies between

upper and lower polaritons I1,2 are determined by the spatial overlap of the localized LP

and UP wavefunctions, which can be neglected for strong Rabi splitting µLR ≫ I1,2.

The interaction energy U arises from the s-wave scattering of the excitons. For the

double-square-well potential we estimate U ≈ 3gs/(2Dw), where gs = 6|E10|a2B is the

contact interaction parameter predicted by theory [73] with aB being the Bohr radius

and E10 the 1s state energy. The magnitude of gs is sensitive to confinement geometry

and is usually characterized by the blue shift of LP dispersion. Based on the experimental

results reported for GaAs [65, 89], we estimate gs is of the order of 1 ∼ 10µeVµm2 for an

exciton potential trap with unspecified geometry between idea 1D and 2D. The tunability

of the Josephson energy J in Eq. (5.10) makes it possible to study the interplay between

the Josephson effect and the non-linearity induced by interactions.

To follow the dynamics of this polariton junction, we suggest measuring the phase and

density evolution using methods based on optical coherence, as mentioned in Section3.6.

The condensate densities in each trapping area can be indirectly measured via emitted

photons and deduced from the transmission/reflection ratio at the surface of the cavity.

The phase difference can be extracted from the shift in interference fringes, created by the

Michelson interferometer method, where the image of one trapping area overlaps with the

other, which has been successfully applied in existing experiments [79, 60]. The added

electrical elements could also provide new methods to probe the system that complement

the methods based on optical coherence, which will be discussed as a future direction of
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(a) (b)

(c)

Figure 5.2: Stable and chaotic dynamics in LP-only Josephson junctions
[Eq. (5.11)]. We take Λ = 2 and z0 = 0.2. (a) Energy contour in phase space
for static driving potential z1 = 0. For the initial conditions z(0) = 0.85 and
θ(0) = π, the system follows the blue trajectory. (b) Time evolution of density
(upper panel) and phase (lower panel) for dynamical driving potential z1 = 0.4.
The phase-space trajectory exhibits chaotic behavior as shown in (c).

study in the conclusion chapter.

5.3 Stable Trajectories and Chaos in Lower Polariton

Branch

We consider two major cases. In the first, the coherent excitation in the upper polari-

ton branch is negligible, and the coupled equations reduce to the two-component bosonic

junction model that has been intensively studied [12]. Defining the dimensionless interac-

tion strength Λ = UNT/2J and time τ = 2J
ℏ t in LP parameters, where NT = |ψL|2+|ψR|2,

and parametrizing ψL,R =
√
NT (1± z)/2eiθL,R with |z| ≤ 1, we transform Eq. (5.9)(a,b)

to

θ̇ = Λ
(
z − zb(τ)

)
+

z cos θ√
1− z2

, ż = −
√
1− z2 sin θ, (5.11)

where θ = θR − θL.
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For a time-independent bias potential zb(τ) = z0, such a system resembles an undriven,

non-linear pendulum. Its dynamics fall into two categories: those for which the pendulum

decelerates enough to turn around and swing back, where the trajectory is a closed loop in

phase space; and those for which the pendulum would swing through the complete circle,

where the trajectory is unbounded in phase space and enters the next cycle repeatedly.

The latter are termed “macroscopic quantum self-trapping” modes [12], meaning the

condensate density difference indicated by z remains non-zero. Both types of modes are

present in the energy contours [Fig. 5.2(a)].

When the bias potential has a constant and an oscillating component zb(τ) = z0 +

z1 sin(Ωτ), it is possible to switch between different trajectories within the same dynam-

ical category. For example, a control sequence of voltage applied to the nanoelectric, by

shifting the chemical potential bias, can drive the system between two stable trajectories.

However, the modes near the separatrix are unstable, and the dynamical potential

can lead to chaotic behavior [Fig. 5.2(b)].

5.4 Intrinsic Chaos with Lower and Upper Polariton

Branches

The second major case is that both the LP and UP condensates are non-negligible so the

system must be described by the four-component model. Switching to the dimensionless

variables g = U/J , δ = µLR/J , ∆ = µUL/J , and λ1,2 = I1,2/J , and performing a rotating-

frame transformation (see appendix), we rewrite Eq. (5.9) in the matrix form

i∂τ



ψ̃L

ψ̃R

χ̃L

χ̃R


=

hLP v

v† hUP




ψ̃L

ψ̃R

χ̃L

χ̃R


(5.12)
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where the blocks of the effective Hamiltonian read

hLP =

 δ
2
+ g

4
|ψ̃L|2 + g

2
|χ̃L|2 −1

−1 − δ
2
+ g

4
|ψ̃R|2 + g

2
|χ̃R|2

 ,

hUP =

 δ
2
+ g

4
|χ̃L|2 + g

2
|ψ̃L|2 −1

−1 − δ
2
+ g

4
|χ̃R|2 + g

2
|ψ̃R|2

 ,

v = e−i∆τ

g
2
nL + λ1 λ2

λ2
g
2
nR + λ1

+ e−i2∆τ

g
4
ψ̃∗
Lχ̃L 0

0 g
4
ψ̃∗
Rχ̃R


where nL(R) is the total particle number on the left (right) side.

In a typical polariton system, the LP-UP energy difference µUL, which is the Rabi-

splitting determined by strong photon-exciton hybridization, is several orders of magni-

tude larger than the left-right energy difference µLR. In Eq. (5.12), for ∆ ≫ δ, g, λ1,2, the

inter-branch block v carries a fast oscillating phase. Under the random phase approxima-

tion, we neglect this inter-branch coupling and obtain a pair of two-component equations

for upper and lower EP condensates,

i∂τ

ψ̃L

ψ̃R

 = hL

ψ̃L

ψ̃R

 , i∂τ

χ̃L

χ̃R

 = hU

χ̃L

χ̃R

 . (5.13)

We note that the polariton-exchange process between LP and UP branches is effectively

absent, and the particle numbers of UP and LP branches are approximately conserved

in the time scale much larger than the Rabi period. However, the existence of the upper

polariton serves as a dynamical chemical potential to the lower polariton condensate,

causing the density nL/U in lower/upper polariton only oscillate at a small amplitude

around its mean value.

For the LP condensates, we parametrize ψL(R) =
√
nLP (1± zLP )/2e

iθLP,L(R) where nLP

is the total number of lower polaritons and |zLP | ≤ 1; Similar parametrization applies to
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(a) (b)

(c)

Figure 5.3: Dynamics of LP and UP condensates for low UP filling. We
take nLP = 0.95 and nUP = 0.05. (a) and (b) Time evolution of LP and UP
condensates, respectively. (c) Phase-space trajectory of LP condensates cor-
responding to (a). The red trace is a closed trajectory for the stable state of
the two-component LP-only model (Color online).
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(a) (b)

(c)

Figure 5.4: Dynamics of LP and UP condensates for equal UP and LP fillings
nLP = nUP = 0.5. (a) and (b) Time evolution of LP and UP condensates,
respectively. (c) Phase-space trajectory of LP condensates corresponding to
(a).

the UP condensates. We transform Eq. (5.13) to

θ̇σ = Λσ(zσ − zb,σ) +
zσ√
1− z2σ

cos θσ,

żσ = −
√

1− z2b sin θσ, (5.14)

where σ ∈ {LP,UP}, θσ = θσ,L − θσ,R, and the dynamical chemical potential bias zb,σ =

z0,σ + cσzσ̄ consists of two parts: z0,σ = − δ
2Λσ

with Λσ = gnσ/4 and cσ = nσ̄/nσ, the

over-bar refers to the opposite EP component. The chemical potential in one branch is

dynamically influenced by its counterpart.

When the UP branch is insufficiently populated nLP ≫ nUP , as shown in Fig. 5.3, we

find that the UP condensate exhibits small-amplitude but chaotic oscillations due to the

periodic driving force generated by the LP condensate through interactions. However,

the LP condensate still exhibits a low-frequency and large-amplitude periodic oscilla-

tion governed by the Josephson effect, with only a trace of the high-frequency chaotic
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noises induced by the UP condensate. We have confirmed that the two-component GP

equation (5.11) for LP condensates is valid in this limit.

In contrast, when the populations of the two EP condensates are comparable, the

temporal oscillations in one component can act as a significant driving force in the other,

which strongly depends on the initial population. In this limit, we always obtain chaotic

behavior for both LP and UP condensates, and neither can be neglected because the am-

plitudes of the chaotic oscillations are comparable to the polariton total particle number,

as shown in Fig. 5.4(a)(b). The LP branch trajectory in {θ, z} phase space no longer

fluctuates around a closed contour(Fig. 5.3(c)) but rather slips out of the (0, 2π) domain

and shows a few temporary attractors(Fig. 5.4(c)).

5.5 Discussion of Physical Limits

As discussed in the previous chapter, a widely used theoretical model [66, 29]3.5 describes

a polariton condensate coupled to a non-condensate reservoir below the “bottleneck”,

where polariton-phonon scattering is less efficient. The coupling to the condensate and its

decay via photon leaking are represented by imaginary source and sink terms; the thermal

effects in the host material are absorbed in the parameters of the model, which remain

constant in typical experiments. Our EP junction model (5.9) assumes the existence

of well-defined and conserved condensates since we propose to work in a steady state

where the source and sink terms are balanced, and its validity depends on time scales.

If the re-population and decay rates are slow compared to the Josephson frequency,

the many-body system adiabatically adjusts to minimal energy while the gain and loss

are balanced, which satisfies the particle-conserved GP equation, and all the dynamical

behaviors predicted in our work should be observed. Otherwise, if the decay rate is much

larger than the Josephson frequency, the condensates are unstable and the oscillations

are damped [66, 79, 60]; if the re-population is much larger than the Josephson frequency,

the oscillations are absent and a steady and phase-dependent flow of polaritons occurs

across the junction.
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In a non-equilibrium polariton gas, the re-population rate of the condensate depends

on the temporary distribution in the non-condensate reservoir, and the chemical poten-

tial is not well defined, making it difficult to maintain a steady state or to drive the

Josephson current dynamically. Thankfully, recent experiments have demonstrated that

true thermal equilibrium can develop in LPs with a long lifetime ∼ 270 ps [82, 59], and

directly controlling their chemical potential via the Stark effect is possible. The UPs are

usually very lossy, possibly due to the strong match between the polariton Rabi splitting

and longitudinal optical(LO) phonon(∼ 30meV) in the host material. Research shows

that even with the LO phonon relaxation, it is possible to temporarily create an UP

condensate by non-resonant pumping [61]. Nevertheless, as we have discussed in the

four-component dynamics, it is possible to initialize an LP junction in a desired state by

controlled phase evolution, and to dynamically drive the system within and between two

types of trajectories; while the stable control in the LP branch will not be disturbed by

temporary fluctuations in the UP branch.

5.A Four-Component Model

If not consider the decay process via optical phonons, the lower and upper polaritons are

orthogonal normal modes with similar lifetimes due to cavity photon leakage; therefore,

a complete model for the polariton junction should include condensates in both the lower

and the upper polariton branches, and the tunneling effect is present in both branches

based on the corresponding double-well potential.

We project the macroscopic wavefunction of the polariton condensate into the spatial

modes defined by the trapping potentials in the polariton basis,

Ψζ(r, t) ≈ ψζ,L(t)ϕζ,L(r) + ψζ,R(t)ϕζ,R(r), ζ ∈ {LP,UP} (5.15)

Note the single-well states are almost orthogonal except for slightly overlapping in the

barrier, we can project the polariton field into the two spatial modes defined by the

orthogonalized basis ϕ̃ζ,σ(r) ≈ ϕζ,σ(r), σ ∈ {L,R} where
∫
d2r ϕ̃ζ,σ(r)ϕ̃ζ,σ′(r) = δσ,σ′ ,
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which leads to the definition,

P (r) ≈
∑

σ=L,R

ϕLP,σ(r)Pσ, Q(r) ≈
∑

σ=L,R

ϕUP,σ(r)Qσ. (5.16)

Therefore we organize the four-component model into the matrix form as follows,

H =

(
P †
L P †

R Q†
L Q†

R

)


εLP,L JLP ILL ILR

JLP εLP,R IRL IRR

ILL IRL εUP,L JUP

ILR IRR JUP εUP,R





PL

PR

QL

QR


(5.17)

where the matrix elements are found by integrating over the spatial modes,

εζ,σ =

∫
d2r ϕ̃ζ,σ(r)hζ(r) ϕ̃ζ,σ(r)

Jζ = −
∫
d2r ϕ̃ζ,L(r)hζ(r)ϕ̃ζ,R(r)

Iσ,σ′ =

∫
d2r ϕ̃LP,σ(r)U(r)ϕ̃UP,σ′(r)

(5.18)

Near zero detuning X0 = C0 = 1/2, the lower and upper polaritons near the anticrossing

have the same effective mass, and their trapping potentials only differ by a constant energy

offset, therefore the upper and lower branches of condensates share the same left and right

spatial modes, which allows us to define JLP = JUP = J, ILL = IRR = I1, ILR = IRL = I2.

The interaction among polaritons attributed to the exciton component also can be

rewritten in the spatial modes,

Hint =
gs
lz

∑
σ

[
cσ,0 P̂

†
σP̂

†
σP̂σP̂σ + 2cσ,1 (P̂

†
σP̂

†
σP̂σQ̂σ + P̂ †

σQ̂
†
σP̂σP̂σ) (5.19)

+ cσ,2 (P̂
†
σP̂

†
σQ̂σQ̂σ + Q̂†

σQ̂
†
σP̂σP̂σ + 4P̂ †

σQ̂
†
σP̂σQ̂σ)

+ 2cσ,3 (P̂
†
σQ̂

†
σQ̂σQ̂σ + Q̂†

σQ̂
†
σP̂σQ̂σ) + cσ,4 Q̂

†
σQ̂

†
σQ̂σQ̂σ

]
, (5.20)

where the coefficients cσ,n ≡ X4−n
0 Cn

0

∫
d2rϕ4−n

LP,σ(r)ϕ
n
LP,σ(r) are defined for the normal

ordering of the field operators.
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We cast the trapped condensate into the coherent states of each spatial mode, which

satisfies P̂σ

∣∣ψσ

〉
= ψσ and Q̂σ

∣∣χσ

〉
= χσ

∣∣χσ

〉
. The total Hamiltonian is then a function of

the mean-field amplitudes H[Ψ∗,Ψ], where Ψ = (ψL, ψR, χL, χR)
T .

We minimize the Hamiltonian with respect to each component of Ψ∗, finally arrived

at the four-component Gross-Pitaevskii equations(5.9),

5.B Exciton Confinement and Stark Effect in 2D

The potential trap acting on excitons and the electrical control via the Stark effect can

be described by a model based on the quasi-2D state of quantum well excitons.

The Schrödinger equation for an electron-hole pair in 2D space reads,

(
− ℏ2

2me

∇2
reψe(re)−

ℏ2

2mh

∇2
rh
ψh(rh) + V (re, rh) +

e2

εB|re − rh|

)
ψ(re, rh) = Eψ(re, rh)

(5.21)

where V (re, rh) describes the total potential energy induced by external fields, which may

include the energy landscape variations in the semiconductor heterostructure, stress or

phonon-induced shift of crystal field, and any directly applied electrical fields.

Recall the definition of coordinates

R =
mere +mhrh
me +mh

, r = re − rh

we can rewrite Eq.(5.21) as,

(
− ℏ2

2M
∇2

R − ℏ2

2m
∇2

r + V (R, r) +
e2

εB

1

r

)
ψ(R, r) = Eψ(R, r) (5.22)

Note the potential energy induced by external fields can be written as,

Ve(re) + Vh(rh) = Ve
(
R+

mh

M
r
)
+ Vh

(
R− me

M
r
)

and the series expansion of the scalar potential near R with respect to small displacement
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r gives

Ve(R+
mh

M
r) = Ve(R) +

mh

M
∇RVe(R) · r+O(|r|2)

Vh(R− me

M
r) = Vh(R)− me

M
∇RVh(R) · r+O(|r|2)

(5.23)

The general wavefunction for an arbitrary exciton state would be the following super-

position,

Ψ(R, r) =
∑
ν

ψν(R)ϕν(r) (5.24)

where ϕν(r) is the ν-orbital wavefunction for a bound exciton state, and ψν(R) is the

center of mass envelope function associated with the orbital. However, given the largely

different length scale between its center of mass R (device size ∼ 100µm) and relative

position r(∼ 10nm), we can safely cast it in the ansartz, Ψ(R, r) = ψ(R)ϕ(r), where

ϕ(r) =
∑

ν cνϕν(r) is the perturbed orbital state.

This allows us to separate the Schrödinger equation and for the electron-hole relative

position, (
− ℏ2

2m
∇2

r +
e2

εB

1

r
+ f(r)

)
ϕ(r) = Eϕ(r) (5.25)

where (
− ℏ2

2m
∇2

r +
e2

εB

1

r

)
ϕν(r) = Eνϕν(r)

gives the unperturbed orbital states, and

f(r) =
mh

M
∇RVe(R) · r− me

M
∇RVh(R) · r

provides the potential for perturbation.

Consider a potential gradient that comes from a static electrical field E = −∇RV .

Since the electron and hole carry the opposite charge ∇RVe = −e∇RV, ∇RVh = e∇RV ,

one can recover the form of perturbation potential in Stark Effect, f(r) = eE · r.

In general, the interface in the heterostructure between two types of semiconductors

would not strongly restrict the electrical field so the Coulomb interaction remains 3D,

but the electrical fields generated between a pair of nano-fabricated electrodes can lie in

the plane of the quantum well and polarize the quasi-2D state of exciton along the same
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GaAs CdTe CsPbBr3
EB(meV) 18 39 130

α(e2µm2eV−1) 1.4× 10−3 2.2× 10−4 8.5× 10−6

Table 5.1: Binding energy and Polarizability of 2D excitons

direction. Therefore, the Stark effect can be calculated in the ideal 2D exciton state,

while averaging over the envelope wavefunction perpendicular to the plane.

The perturbation correction to the 2D exciton ground-state energy can be written as

E = 1
2
α|E|2 where the polarizability

α = −e2
∑

n>1,l=±1

|
〈
ϕ10|x̂|ϕnl

〉
|2

E10 − Enl

(5.26)

is calculated based on the transition.

Applying the analytical solution of the 2D hydrogen atom while using parameters

found in the literature [52, 90, 91], we estimate the binding energy and polarizability for

a few materials commonly used in polariton condensate study (Table 5.1). Taking into

account the dielectric constant of the host semiconductor, we estimate an electric field of

∼ 1V/µm is needed to create a dipole energy of ∼ 0.1 meV in the quasi-2D exciton of

GaAs.

Finally, for the exciton trapping area with an applied electrical field, we have the

Schrödinger equation for the center of mass,

(
− ℏ2

2M
∇2

R + Ve(R) + Vh(R) +
1

2
α|E(R)|2

)
ψ(R) = Eψ(R) (5.27)

In summary, the exciton total potential energy can be represented by the electron-hole

joint potential Ve(R) + Vh(R) and locally tuned by the electrical field E(R).

5.C Tunneling on a Double-Square-Well Potential

The non-resonantly pumped scheme of polariton condensate allows a flexible geometry for

the junction where the width and height of the tunneling barrier are highly customizable.
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Figure 5.5: Device Sketch and Confinement Potential

As a result, simply estimating the tunneling energy by the symmetric and anti-symmetric

summation of the single-well ground states would be inaccurate. Here, we develop a for-

mal theory to calculate the tunneling energy and the resulting Josephson frequency based

on the design parameters of a double square well. This model captures the dependence

on barrier width and height and can be modified for other detailed geometries.

We start with the polariton Hamiltonian with the exciton confinement potential,

h(r) = −ℏ2∇2

2m
+

1

2
Vex(r) (5.28)

The exciton confinement potential sees a variation along the x-direction, allowing it to

be broken down into two single wells, which in general are asymmetric (see figure),

Vex(x, y) =


VL(x), x < 0

VR(x), x > 0

(5.29)

where

VL(x) =


0, x < −Dw −Db/2

−VL, −Dw −Db/2 < x < −Db/2

VB, x > −Db/2

(5.30)
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and

VR(x) =


0, x > Dw +Db

−VR, Db/2 < x < Dw +Db/2

VB, x < Db/2

(5.31)

where Dw, Db are the width of the well and the barrier, VB is the height of the barrier,

VL,VR are the depth of the two wells.

The bound state solution in the well to the equation,

d2

dx2
ψ(x) + k2ψ(x) = 0, k =

√
2m(E + Vσ)

ℏ
, σ ∈ {L,R} (5.32)

and the tunneling solution in the barrier to the equation

d2

d2x
ψ(x)− κ2ψ(x) = 0, κ =

√
2m(VB − E)

ℏ
(5.33)

are well known to be characterized by the wave vectors k and κ. Define the corresponding

length parameters.

ξ1,σ =
ℏ√
mVσ

, ξ2,σ =
ℏ√

m(Vσ + VB)
, σ ∈ {L,R} (5.34)

We are in the strong confinement limit if ξ ≪ D, where D ≡ min{Dw, Db} and

ξ = max{ξ1,L, ξ1,R, ξ2,L, ξ2,R}. This allows us to approximate the exact wavefunction in

the leading order of ξ/D,

ψL(x) ≈
√

2

Dw

×


sin(δ1,L)e

(x+Dw+Db/2)ξ1,L , x < −Dw −Db/2

sin
[
(π−δ1,L−δ2,L)(x+Dw+Db/2)

Dw
+ δ1,L

]
, −Dw −Db/2 < x < −Db/2

sin(δ2,L)e
−(x+Db/2)/ξ2,L , x > −Db/2

(5.35)
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and

ψR(x) ≈
√

2

Dw

×


sin(δ2,R)e

(x−Db/2)/ξ2,R , x < Db/2

sin
[
(π−δ1,R−δ2,R)(x−Dw−Db/2)

Dw
+ δ2,L

]
, Db/2 < x < Dw +Db/2

sin(δ1,R)e
−(x−Dw−Db/2)/ξ1,R , x > Dw +Db/2

(5.36)

The corresponding eigenenergies are,

EL ≈ −VL

2
+ E0, ER ≈ −VR

2
+ E0 (5.37)

where E0 = ℏ2π2/(2mD2
w), δ1(2),σ = πξ1(2),σ/Dw ≪ 1.

Note that the two single-well wavefunctions are not exactly orthogonal in the over-

lapping area −Db/2 < x < Db/2. It is usually acceptable when calculating the coupling

energy between two closely placed single wells by the integral,

J = −
∫ [ ℏ2

2m

( d
dx
ψL(x)

d

dx
ψR(x)

)
+ ψL(x)V (x)ψR(x)

]
dx (5.38)

But it would cause ambiguity when estimating the tunneling effect on a sizable barrier,

which should only be attributed to the kinetic energy and not be dependent on the choice

of potential energy zero point.

Therefore, we apply the Gram-Schmidt orthogonalization process to the overlapping

wavefunctions,

ψ̃L(x) = ψL(x), ψ̃R(x) =
ψR(x)− ψL(x)

(
ψR(x), ψL(x)

)
||ψR(x)− ψL(x)

(
ψR(x), ψL(x)

)
||2

(5.39)

where (
ψL(x), ψR(x)

)
=

∫ Db/2

−Db/2

ψR(x)ψL(x)dx (5.40)

is the inner product in the overlapping area.
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The orthogonal wavefunctions allow us to calculate the tunneling energy,

J =−
∫

ℏ2

2m

( d
dx
ψ̃L(x)

d

dx
ψ̃R(x)

)
dx

=
[√

(V + VB)2 − µ2
LR − VB

]π2ξ2,Lξ2,R
D2

w

e−Db/ξ2,L − e−Db/ξ2,R

Dw/ξ2,R −Dw/ξ2, L

≈π2VDbξ
2

D3
w

e−Db/ξ +O(µ2
LR/V2)

(5.41)

where we have defined,

µLR =
VL − VR

4
, V =

VL + VR

4
, ξ =

ℏ√
m(2V + VB)

(5.42)

From (5.41) we find the physical limit in which the proposed device can operate. First,

when the potential bias introduced by the external field is much smaller than the preset

potential well depth µLR ≪ V , the tunneling energy effectively remains a constant because

the correction is second-order in |µLR/V|,

Second, the tunneling energy is sensitive to the height of the potential barrier. In the

limit of small variation VB ≪ V , we obtain the tunability,

∣∣∣J(VB)− J(0)

J(0)

∣∣∣ ∼ Db

ξ

VB

V
(5.43)

which is very effective due to the large prefactor Db/ξ. With nanofabricated elements

incorporated in the microcavity, the barrier can be easily controlled by a gate voltage.

5.D Gross-Pitaevskii Equations in a Rotating Frame

The four-component model is described by the coupled Gross-Pitaevskii equations. idtΨ =

H[Ψ,Ψ∗]Ψ, where Ψ = (ψL, ψR, χL, χR)
T . After rescaling the energies and time,

δ =
µLR

J
, ∆ =

µUL

J
, g =

U

J
, λ1 =

I1
J
, λ2 =

I2
J
, τ =

2J

ℏ
t (5.44)
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we obtain the Hamiltonian in matrix form,

H =

HLP V

V † HUP

 (5.45)

where

HLP =

 δ−∆
2

+ g
4
|ψL|2 + g

2
|χL|2 −1

−1 − δ+∆
2

+ g
4
|ψR|2 + g

2
|ψR|2

 (5.46a)

HUP =

 δ+∆
2

+ g
4
|χL|2 + g

2
|ψL|2 −1

−1 − δ−∆
2

+ g
4
|χR|2 + g

2
|psiR|2

 (5.46b)

V =

g
4
ψ∗
LχL + g

2
nL + λ1 λ2

λ2
g
4
ψ∗
RχR + g

2
nR + λ1

 (5.46c)

where nσ = |ψσ|2 + |χR|2, σ ∈ {L.R} is the total number of LP and UP on each side.

We simulate the dynamics by numerically integrating the coupled GP equations.

The highest intrinsic frequency comes from the Rabi splitting between the LP and UP

branches. Following the numerical errors at this high frequency will mislead the sim-

ulation to lose track of the physics on the time scale of the tunneling effect. There-

fore, we decomposed the Hamiltonian into two parts H = H∆ + H ′ where H∆ =

diag{−∆/2,−∆/2,∆/2,∆/2} and perform the ”rotating frame” transformation,

(ψ̃L, ψ̃R, χ̃L, χ̃R)
T = eiH∆τΨ,

hLP v

v† hUP

 = eiH∆τH ′e−iH∆τ (5.47)

The coupled GP equation is eventually transformed into Eq. (5.12).
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Chapter 6

Conclusion

In this dissertation, I have surveyed the general concept of the Josephson effect in the

context of dilute exciton and exciton-polariton gases. A comparison is drawn between the

fundamental principles of a Josephson junction based on homogeneous exciton conden-

sates and one based on trap-defined polariton condensates. While the correlated tunneling

of electron-hole pair is proposed as the Josephson coupling mechanism for the former,

a model unifying the exciton and photon trapping methods is developed for the latter,

where the effective trapping potential acting on the polaritons determines the Josephson

coupling strength.

Based on the unified model, a polariton junction using an exciton potential trap

and external electrical control is proposed. Exciton trapping and polaritons with long

lifetimes allow a more flexible device design operating in the thermal equilibrium limit,

where the condensate is robust and well-conserved. Thus, the junction can work as an

active device at a reasonable frequency for real-time control. In Numerical simulations,

I demonstrated the unique dynamics of the proposed polariton junction, including the

switching between periodic trajectories, and the chaos induced either by external driving

or by intrinsic interactions between the lower and upper polariton branches.

Original contributions in this dissertation are the model of electron-hole pair tunnel-

ing, the Stark effect calculated in semiconductor parameters, the unified junction model

for exciton and photon trapping and its tunneling mechanism, and the simulation of its
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dynamics based on the rotating frame formalism.

There are interesting open questions related to the proposed device. First, the po-

lariton junction model described by equation (5.9) neglects the incoherent tunneling of

uncondensed thermal polaritons at finite temperatures. This incoherent tunneling may

give rise to a dissipative current in addition to the supercurrent of EP condensates, in

analogy to the quasi-particle tunneling in superconducting Josephson junctions. This

effect, along with the spatial inhomogeneity and diffusion discussed in Eq. (3.22)(3.23),

should be crucial in the design of a practical device continuously operating in thermal

equilibrium.

Second, the pseudo-spin of polaritons is not discussed in this work. Like hyperfine

states to atomic condensates, the pseudo spin provides additional degrees of freedom

to polariton condensates, which can lead to unique macroscopic phenomena. It has

been predicted that for lower polariton condensates, the spin degrees of freedom allow a

chaotic behavior in the Josephson oscillations [92]. Spin relaxation [77] could also couple

the polariton condensates to dark exciton states [93]. This mechanism may introduce

even richer dynamics and provide a potential technique for detecting dark excitons via

their influence on the capacitance. Small variations in capacitance can be measured very

precisely by their effect on the resonance frequency of co-fabricated circuit elements,

which may provide information on the total condensate density, including the possibility

of observing “dark” condensates that are not optically observable.

In conclusion, the proposed polariton junction is not only a simulator of the Josephson

effect but also an active device with sufficient external control, By combining the power-

ful techniques in nanoelectronics and nanophotonics, it opens up new opportunities for

fundamental physics research and future quantum technologies.
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herent oscillations in an exciton-polariton josephson junction,” Phys. Rev. Lett.,

vol. 105, p. 120403, Sep 2010.

[80] R. B. Balili, D. W. Snoke, L. Pfeiffer, and K. West, “Actively tuned and spatially

trapped polaritons,” Applied Physics Letters, vol. 88, p. 031110, 01 2006.

[81] M. D. Fraser, H. H. Tan, and C. Jagadish, “Selective confinement of macroscopic

long-lifetime exciton and trion populations,” Phys. Rev. B, vol. 84, p. 245318, Dec

2011.

[82] Y. Sun, P. Wen, Y. Yoon, G. Liu, M. Steger, L. N. Pfeiffer, K. West, D. W. Snoke,

and K. A. Nelson, “Bose-einstein condensation of long-lifetime polaritons in thermal

equilibrium,” Phys. Rev. Lett., vol. 118, p. 016602, Jan 2017.

[83] X. Zhai, X. Ma, Y. Gao, C. Xing, M. Gao, H. Dai, X. Wang, A. Pan, S. Schu-

macher, and T. Gao, “Electrically controlling vortices in a neutral exciton-polariton

condensate at room temperature,” Phys. Rev. Lett., vol. 131, p. 136901, Sep 2023.

[84] D. Liran, I. Rosenberg, K. West, L. Pfeiffer, and R. Rapaport, “Fully guided electri-

cally controlled exciton polaritons,” ACS Photonics, vol. 5, no. 11, pp. 4249–4252,

2018.

107



[85] D. Liran, R. Rapaport, J. Hu, N. Lydick, H. Deng, and L. Pfeiffer, “Electrically

controlled photonic circuits of field-induced dipolaritons with huge nonlinearities,”

Phys. Rev. X, vol. 14, p. 031022, Aug 2024.

[86] H.-T. Lim, E. Togan, M. Kroner, J. Miguel-Sanchez, and A. Imamoğlu, “Electrically
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