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MECHODS FOR TESTING THE ASSUMPTION OF HOMOGENEITY OF REGRESSION 

COEFFICIENTS FOR THE RANDOMIZED COMPLETE BLOCK DESIGN 

ANALYSIS OF COVARIANCE

CHAPTER I  

INTRODUCTION

A problem o fte n  encountered in  s t a t i s t i c a l  p ra c t ic e  i s  th a t  of 

c o n tro llin g  v a r ia t io n  due to  sources o th e r th an  th e  trea tm en ts  being 

ev a lu a ted . C ontro l o f th e se  extraneous sources of v a r ia t io n  may be ob­

ta in e d  by b locking  on them, by using  them as c o v a r ia te s , or by a  s u i t ­

ab le  com bination of th e se  two tech n iq u es . The n e c e s s ity  fo r  th i s  con­

t r o l  i s  a d i r e c t  r e s u l t  of th e  d e s ire  on th e  p a r t  of th e  in v e s t ig a to r  

to  make r e a l i s t i c  t e s t s  fo r  d if fe re n c e s  of trea tm en t means. That i s  to  

say , th e  in v e s t ig a to r  wants th e  comparisons among th e  trea tm en t means to  

be independent of those  e f fe c ts  due to  sources o th e r th an  th e  tre a tm e n ts .

In  g e n e ra l, th e re  a re  two methods by which s e ts  of concom itant 

v a r ia b le s  (X^ ,̂ Xg, . . . ,  X^) and th e  corresponding dependent v a r ia b le  Y 

can be ob ta ined . They a re :

(1) The s e t  of random observ a tio n  v e c to rs  (X^, Xg, . . . ,  X^, Y) 

can be obtained as a random sample from the  g en e ra l popu­

la t io n ,  or

( 2 ) The s e t  of v ec to rs  (X^, Y) can be obtained
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by f i r s t  s e le c t in g  th e  X va lu es  and then  sam pling th e  

corresponding d is t r ib u t io n  fo r  th e  dependent v a r ia b le , Y.

In  e i th e r  case th e  assum ption from l in e a r  re g re s s io n  th a t  th e  

c o v a r ia te s  be f ix e d  and measured w ithou t e r r o r  must be s a t i s f i e d .

Method ( l )  i s  o f g re a t use in  s tu d ie s  of a n a tu re  such th a t  i t  

i s  im possib le  or im p ra c tic a l to  p re s e le c t  th e  v a lu es  fo r  th e  concom itant 

v a r ia b le s .  For example, in  a w ater q u a l i ty  s tu d y  designed to  ev a lu a te  

th e  e f f e c t  of some p o llu ta n t  in  a stream , i t  i s  im p ra c tic a l to  p re s e le c t  

flow r a te  and d isso lv ed  oxygen c o n cen tra tio n  va lu es  and th en  o b ta in  th e  

va lue  of a dependent v a r ia b le .  Method (2 ) i s  o f va lue  in  c o n tro lle d  

la b o ra to ry  experim ents where i t  i s  p o ss ib le  f o r  th e  in v e s t ig a to r  to  p re ­

s e le c t  the  values fo r  th e  concom itant v a r ia b le s  and hold  them a t  a  s tead y  

s t a t e  during  th e  course of th e  experim ent.

The an a ly s is  of covariance randomized com plete b lock  d esign  i s  

an experim en tal design  which embodies b o th  b lo ck in g  and c o v a r ia te s  in  

th e  s t a t i s t i c a l  c o n tro l of v a r ia t io n  due to  ex traneous v a r ia b le s .  The 

model fo r  th i s  d esig n , f o r  two c o v a r ia te s , i s

T ij  = ^ + ? ! + Pj + Py.x (% lj - X -.)  + (Z ij  - Z ..)+  S i j ,  (1 .1 )

where Y. . i s  th e  observed response recorded  f o r  th e  i^ ^  trea tm en t in  the  
^ J

b lo ck , X .. and  ̂ a re  concom itant v a r ia b le s  on which Ŷ  . has a
J-J J-J I j

l in e a r  re g re ss io n  w ith  c o e f f ic ie n ts  ^ and  ̂ r e s p e c t iv e ly .  I t  i s

f u r th e r  assumed th a t  p i s  th e  t ru e  o v e ra l l  mean resp o n se , i s  th e  t ru e

e f f e c t  fo r  th e  i^ ^  tre a tm e n t, i  = 1, 2 , . . . ,  t ;  and i s  th e  t ru e  b lo ck

e f f e c t  fo r  th e  b lock ; j  = 1, 2, . . . ,  r .  The e . . a re  random v a r iâ te s
^ J

assumed to  be norm ally d is t r ib u te d  [1, p . 272 ] w ith  mean zero  and v a r i -  
2

ance a . C lea rly  th is  model i s  a com bination o f th e  models f o r  th e
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randomized complete b lock  design and th a t  f o r  l in e a r  re g re s s io n .

This design  can be of use in  th e  a n a ly s is  of c l i n i c a l  t r i a l  

d a ta  where th e  experim ent i s  designed to  e v a lu a te  a p a r t ic u la r  s e t  of 

drugs or a th e ra p e u tic  regim en. V ariab les such as sex or age could be 

c o n tro lle d  by using  them as b lock ing  f a c to r s .  V ariab les  such as tim e of 

aditi n i s t r a t io n  of th e  drug or i n i t i a l  co n d itio n  of h e a lth  could be con­

t r o l l e d  by using  them as c o v a r ia te s . In  w ater q u a l i ty  analy ses designed 

to  ev a lu a te  th e  e f fe c ts  of v arious co n cen tra tio n s  of a p o l lu ta n t ;  lo c a ­

t io n  could be used as a b lock ing  f a c to r ,  w ith  flow  and d isso lv ed  oxygen 

c o n ce n tra tio n  being used as concom itant v a r ia b le s  in  order to  c o n tro l 

th e  v a r ia t io n  due to  them.

Many in v e s t ig a to r s  h e s i ta te  to  use th e  a n a ly s is  of covariance 

f o r  a v a r ie ty  of re a so n s . E xperim entally , i t  i s  o fte n  d i f f i c u l t  to  mea­

su re  a v a r ia b le  w ithou t e r r o r .  This may be a  fu n c tio n  of th e  m easuring 

dev ice which is  i t s e l f  incapab le  of g iv in g  e r ro r  f r e e  m easurements, or 

i t  may be a fu n c tio n  of th e  in a b i l i t y  of th e  experim enter to  p re s e le c t  

a va lue  of a v a r ia b le , th a t  i s  to  f i x  a v a r ia b le .  I t  i s  many tim es 

q u ite  easy  to  d e fin e  a v a r ia b le  as f ix e d  and th en  assume th a t  correspond­

ing  to  each of th ese  p re se le c te d  va lues th e re  i s  a corresponding popula­

t io n  of dependent v a r ia b le s  to  be sampled. I t  i s  q u ite  ano ther m a tte r 

to  d e fin e  away or d iscoun t e r ro rs  of measurement. For example, in  c l i n i ­

c a l  t r i a l  experim ents a co n d itio n  of h e a lth  can be d e sc rib ed , thus f i x ­

ing th e  v a r ia b le  "co n d itio n  of h e a lth ."  However, i f  in  th e  subsequent 

in v e s t ig a t io n  th e  measuring device i s  p r im a r i ly  human judgment, which 

most u su a lly  i s  su b je c t to  vary ing  degrees of b ia s ,  im prec is ion  and the  

in a cc u ra c ie s  due to  inadequate knowledge or in d iv id u a l p h y s io lo g ic a l
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d is tu rb a n c e s , th e  v a r ia b le  has no t been measured w ithou t e r r o r .  I f ,  on 

the  o th e r hand, a s e r ie s  of p h y s io lo g ica l t e s t s  which a re  capable of 

g iv ing  rep ro d u c ib le  r e s u l t s  a re  used, i t  u su a lly  can be sa id  th a t  th e  

v a r ia b le  was measured w ithout e r r o r .  I f  human judgment i s  th e  measuring

dev ice , t h i s  could e a s i ly  lead  to  the  c o lle c tio n  of a body of d a ta  which

may no t be rep roducib le  in  a l a t e r  s tudy . Furtherm ore, s in ce  such mea­

surements a re  on an o rd in a l sca le  a t  b e s t ,  param etric  s t a t i s t i c a l  te c h ­

niques a re  no t t r u l y  a p p lic a b le . The d e s ired  c o n tro l over v a r ia t io n  due 

to  concom itant v a r ia b le s  measured on an o rd in a l sca le  or le s s  i s  many 

tim es ob ta ined  by b locking  on them.

I t  i s  im portant th a t  th e  concom itant v a r ia b le  be measurer^ w ith ­

out e r ro r  s in ce  a measurement e r ro r  in troduces b ia s  in to  th e  estim ates  

of th e  re g re ss io n  c o e f f ic ie n ts . This in  tu rn  in troduces b ia s  in to  th e  

ad ju sted  dependent v a r ia b le . Since th e  purpose fo r  using  c o v a r ia te s  is  

the  removal of b ia s  from the  dependent v a r ia b le , an e r ro r  of measurement 

d e fe a ts  th e  whole purpose of th e  a n a ly s is . The presence of b ia s  g ives 

r i s e  to  a f a u l ty  t e s t  fo r  d iffe ren c es  of ad ju sted  means.

F in a lly , one a d d itio n a l cau tion  should be made in  u t i l i z in g  the

an a ly s is  of covariance . I f  any c o v a ria te  i s  a f fe c te d  by th e  trea tm en t 

being ev a lu a ted , extreme cau tion  should be used in  in te rp re t in g  th e  r e ­

s u l t s .  In  f a c t ,  i t  i s  no t g e n e ra lly  adv isab le  to  use such a v a r ia b le  as 

a c o v a r ia te .

The concept of th e  a n a ly s is  of v a rian ce  in  th e  randomized com­

p le te  b lock  design  i s  as fo llow s : g iven r  blocks and t  tre a tm e n ts , such

th a t  each trea tm en t appears an equal number of tim es in  each b lock , i t  

i s  p o ss ib le  to  compute a  t o t a l  sum of sq u a re s . Subsequently , th is  t o t a l
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sum of squares i s  p a r t i t io n e d  in to  sums of sq.uares due to  b lo ck s , t r e a t ­

m ents, and e r r o r .  I f  th e  mean square fo r  trea tm en t means i s  s i g n i f i ­

c a n tly  la rg e , the  hypothesis of e q u a li ty  of trea tm en t means i s  r e je c te d .  

In  th e  an a ly s is  of covariance randomized complete b lock  d esig n , th e  t o t a l  

sum of squares i s  p a r t i t io n e d  in  the  same manner, b u t now th e  t e s t  fo r  

e q u a li ty  of trea tm en t means i s  perform ed on a r e s id u a l  mean sq u ares .

These re s id u a ls  a re  th e  d if fe re n c e s  between th e  a c tu a l  observed depend­

e n t v a r ia b le s  and a re g re ss io n  q u a n tity  based on th e  concom itant v a r i ­

ab le  or v a r ia b le s . This adjustm ent i s  made a f t e r  th e  v a r ia t io n  due to  

b locks has been removed by s u b tra c tio n .

I t  i s  s ta te d  above th a t  in  th e  a n a ly s is  of covariance randomized 

complete b lo ck  d esig n , a t e s t  fo r  e q u a li ty  o f r e s id u a l  or "ad justed"  

tre a tm en t means i s  made. A t e s t  of th e  assum ption of homogeneity of 

re g re ss io n  c o e f f ic ie n ts  would a id  in  determ in ing  w hether t h i s  t e s t  is  

v a l id .  The f a i lu r e  of th i s  assum ption in d ic a te s  th a t  th e  trea tm en ts  

under study  do no t re a c t a t  th e  same r a te  fo r  a l l  le v e ls  of th e  independ­

e n t f a c to r s . To ignore th is  p o te n t ia l  source o f b ia s  in  th e  t e s t s  fo r  

d if fe re n c e s  among ad ju sted  trea tm en t means w i l l  le ad  to  in v a lid  i n t e r ­

p re ta t io n s  of r e s u l t s  s in c e , i f  the  underly ing  assum ptions are  no t met, 

any in fe ren ces  made a re  of dubious v a lu e . This i s  due to  th e  f a c t  th a t  

th e  numbers read  from th e  p e rc e n ti le  ta b le s  of th e  F s t a t i s t i c  w i l l  no t 

g ive th e  tru e  le v e l  of s ig n if ic a n c e  in  rep ea ted  te s t in g  of hypotheses 

based on the  in v a lid  model. There i s  now way to  determ ine the  e f fe c ts  

of s l ig h t  d ev ia tio n s  from homogeneity among th e  re g re s s io n  c o e f f ic ie n ts  

upon th e  le v e l  of s ig n if ic a n c e . However, s in ce  th e  F t e s t  i s  no t u su a lly  

g r e a t ly  a ffe c te d  by minor d is tu rb an ces  of i t s  underly ing  assum ptions.
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th e  ta b u la r  p e rc e n t i le  va lues a re  p robably  c lo se  enough fo r  p r a c t ic a l  

p u rposes. The F s t a t i s t i c  i s  o fte n  c a l le d  "ro b u st"  due to  t h i s  p ro p e rty .

I f  an in v e s t ig a to r  d e s ire s  r e a l i s t i c  t e s t s  f o r  d if fe re n c e s  of 

trea tm en t means, he should a ls o  be in te re s te d  in  determ ining  whether th e  

assum ptions upon which th e  t e s t  s t a t i s t i c  i s  based  a re  s a t i s f i e d .

S te e l  and T o rrie  s t a t e  [J,  p . 319]

Where th e  design  i s  a com pletely  random one, th e  re g re s s io n  of Y 
on X can be computed f o r  each tre a tm e n t. In  t h i s  c ase , th e  u su a l 
assum ption of homogeneity of re g re s s io n  c o e f f ic ie n ts  can be posed 
as a n u l l  hypo thesis  and te s te d  by an ap p ro p ria te  F t e s t  in  an 
a n a ly s is  o f co variance . (For o th e r d e s ig n s , we a re  no t aware of 
methods p re s e n tly  a v a ila b le  f o r  te s t in g  homogeneity of re g re ss io n  
c o e f f ic ie n t s .)

Furtherm ore, a search  of re c e n t l i t e r a t u r e  has n o t rev ea led  a method 

f o r  te s t in g  th e  assum ption of homogeneity of re g re s s io n  c o e f f ic ie n ts  

when b lock ing  i s  inc luded  in  th e  model.

T herefo re , i t  i s  th e  purpose of th i s  paper to  develop an e a s i ly  

ap p lied  method f o r  t e s t in g  th e  assum ption of homogeneity of re g re s s io n  

c o e f f ic ie n ts  when th e  model i s  as g iven  in  eq u a tio n  ( l . l ) ,  th a t  i s  th e  

a n a ly s is  of cov arian ce , randomized complete b lo ck  d esig n .



CHAPTER I I  

HOTATIOH AED THEORETICAL DEVELOPMENT

Two problems e x is t  in  te s t in g  the  assum ption of homogeneity of 

re g re s s io n  c o e f f ic ie n t s . The f i r s t  problem i s  th a t  of t e s t in g  whether 

th e  slopes of th e  re g re ss io n  p lanes w ith in  th e  t  trea tm en t groups are  

th e  same. The second problem i s  determ ining th e  source of h e te ro g en e ity  

i f  i t  e x i s t s .

The f i r s t  problem suggests a t e s t  of e q u a li ty  of th e  sum of the  

r e s id u a l  sum of squares about each trea tm en t p lane  w ith  th e  r e s id u a l  

e r ro r  sum of sq u a re s . This i s  the  same t e s t  as i s  made in  th e  a n a ly s is  

of covariance com pletely  random design fo r  homogeneity of re g re ss io n  

c o e f f ic ie n ts .  The second problem suggests a need f o r  te s t in g  th e  equal­

i t y  of a sp e c if ie d  s e t  of th e  p X 1 v ec to rs  of re g re ss io n  c o e f f ic ie n ts ,  

i . e .  a n u l l  hypothesis  th a t  a  l in e a r  com bination of th e  v ec to rs

S o lu tio n s  to  b o th  of th e se  problems w i l l  be developed in  th i s  paper fo r  

the  a n a ly s is  of covariance randomized complete b lo ck  d esig n .

The T est of Homogeneity

The model fo r  th e  a n a ly s is  of covariance randomized complete 

b lock  design  was g iven  in  equation  ( l . l )  and i s  rep ea ted  here  fo r  con­

venience .

7
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+ Pj + (X ij - X ..)  + (Z ij - Z --) + £ i j  • (2 .2 )

Blocks serve as a means of in c re a s in g  th e  p re c is io n  of the  ex­

perim ent hy grouping comparable experim ental u n i t s . I t  w i l l  be assumed 

th a t  each trea tm en t appears only once in  each b lo ck . Under such circum­

stances th e  b lock  should c o n tr ib u te  some mean amount to  each of the  

observations recorded on the t  trea tm en ts  in  th a t  b lo ck . In  f a c t ,  in  

th e  an a ly s is  of variance  fo r  th is  desig n  a sum of squares due to  b locks 

i s  p a r t i t io n e d  from the t o t a l  sum of sq.uares and g e n e ra lly  i s  no t con­

s id e red  in  the  subsequent t e s t  fo r  d iffe re n c e s  of trea tm en t means. The 

same holds tru e  fo r  th e  a n a ly s is  of covariance randomized complete b lo ck  

d esign , bu t in  th is  case a re g re ss io n  c o e f f ic ie n t  fo r  Y on each co v a ri­

a te  i s  computed a f te r  th e  v a r ia t io n  due to  b locks i s  removed. The id ea  

i s  to  remove th e  v a r ia t io n  due to  b locks b e fo re  computing the  re g re ss io n  

c o e f f ic ie n ts .  These b lock  e f fe c ts  s h a l l  be removed in  th e  fo llow ing  

paragraphs such th a t  th e  assum ption of homogeneity of re g re ss io n  c o e f f i ­

c ie n ts  can be te s te d  in  a manner s im ila r  to  th a t  f o r  th e  com pletely ra n ­

dom d esign . Subsequently a t e s t  f o r  homogeneity o f re g re ss io n  c o e f f ic i ­

en ts  w i l l  be developed using  the  sums of squares and cross p roducts 

f"erived below in  con junction  w ith  th e  s tandard  sums of squares and c ro ss  

products fo r  th is  model. The fo llow ing  procedure w i l l  be u t i l i z e d  to  

remove the  b lock  e f f e c t s .

From each observation  p a ir  Y,-̂  and X-^, s u b tra c t  th e  mean of 

th e  j^^  b lock , th a t  i s  compute the  fo llow ing  d if fe re n c e  (Y. . - 2 Y- • / , ) ,i  t

(X^j - 2 e tc .  fo r  each observ a tio n  p a i r  in  the  j^ ^  b lo ck . The

model r e f le c t s  the  e f fe c ts  of th is  procedure in  th e  fo llow ing  way, as i t
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- ;  .2 %lj = (^+Ti+Pj+Py,x (X ij - X ..)+ P y .2  ( \ j  - Z '" )+ E ij)

-  i  +  T .  +  t p j  +  P y , ^ , j  -  ^Py.x^-* +  P y .z ^ .j

- tPy.sZ'' + S . j )

= Ti - T + Py.x(%ij - 3\j) + Py.z(%ij " ' (^^3)

For s im p lic i ty  th i s  can he re w rit te n  as

ïij* = î* + Py.x %lj* + Py.z 1̂3* + =13* • (2A)

This r e s u l t  i s  f r e e  of th e  e f f e c ts  due to  b locks and i s  id e n t i ­

c a l  to  th e  model fo r  th e  analy : is  of covariance com pletely  random design  

w ith  p equal to  zero .

Using the  n o ta tio n  from [4, p . 330]; th e  l ik e lih o o d  equation  

fo r  th e  i^ ^  trea tm en t p lane is

-  r
L = f(i*) = -1-- 2 exp {- 2 (Y X *-6 Z. *)^} (2.5)

2*a2 2cr2 j= i  ^ X-z i j

and

Leg L = - I  lo g  2 ,  - I  log  o2 - ^  .y ^ l3 * - 'i * - P y .A 3 * - P y .z ^ l3 * ) ^ -  ( 2 '^ )

S e ttin g  th e  p a r t i a l  d e r iv a tiv e s  of (2 .6 )  equal to  zero  f o r  Py
2

P , and a g ives y .z

= # -  J %i3*-êy.z %13*) = "1, 2, ..., t

i  I  (^ 1 3 *  -  " i*  -  P y .x  ^ 13* -  P y .z  = 0  ( a . T )
o Py.x J
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1 I  -  V  - - g y . ,  " iJ * )  = °
°  Py.z cf̂  J

^  ^  I  C ïij*  - V  - % , ,  X ,.*  - = 0

Solving th e se  eq u a tio n s , f i r s t  f o r  then  fo r  th e  re g re s s io n  c o e f f i ­

c ie n ts  e s tim a to rs  g ives

V  = i  - Py.x% i.* -  P y . A . * ) '

3 _ Gzzi Qxyi ~ Gxzi Gyzi

^xxi &zzi - (G'xzi^^

and (2 .8 )

p = *^xxi % z i ~ Qxzi Gxyi

*^xxi ^yz i " ( ^ x z i)^ ' where

< ^ 1 =

( V  -

2
= 1 ,  t% o* -

V  -  J (" " if  -  ^1.*)

°:czi = J  (% ij* - \ . * )  ( \ /  - \ * )  (2 .9 )

V  = J  (Z lj*  -

and th e  a d ju s ted  trea tm en t group sum of squares i s
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G' . = G . “ S . G . - p . G . «yy i yy i ^ y .x i x'jx ^ y .z i  zyi

Eq.uations ( 2 .9 ) a re  th e  sums of cross products w ith in  each trea tm en t 

group p la n e , thus i  = 1 , 2 , . . .  t .

Ihe  s tandard  equations fo r  th e  e r ro r  sums of squares and cross 

p ro d u c ts , trea tm en t sums of squares and cross p ro d u c ts , h lock  sums of 

squares and cross p ro d u c ts , and t o t a l  sums of squares and' cross products 

a re  now in troduced .

Cochran [1, p . 271] g ives th e  fo llow ing  equations fo r  the  e r ro r  

sums of p roducts

2
- Ï j

- X ..)2 - ■

E =
yy

2
-  î j

-  Ÿ ..)2

2 - % i . - z . . ) 2 ■ ( 2 . 10 )

E = 
xy -  ï j  -■ ^ i .  -■ X ..)  (Y -J. J Ï J  -  h .

- Ÿ . . )

\ z  = 2 - ^ i . - X ..)  (z J-J -  Î j  -  : l .
-  Z . . )

E =
yz

2 ( ? i j  -  ? . j - ^ i . -  Ï . . )  (Z y - - Z . .)

where X .. = 2 X . . / r t ,  Y .. = Z Y. . / r t ,  Z .. = 2 Z . , / r t
i ; j  i , j

" I  "  I  "  I  % ij/t

X- = 2 X. . / r ,  Y = 2 Y. . / r ,  and Z. = 2 Z. , / r .
1 . j  i j  1 . j  i j

Ihe  trea tm en t sums of squares and c ross products a re  g iven by 

th e  fo llow ing  equations;
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T = i  2 ^
XX r  i  1" r  t

T = - 2 Xi (2 .1 1 )xy r  i  1- 1- r  t

1 2 v 2T = - 2 Y. - 
yy r  i  1* r  t

{Qie sums of squares fo r  T , T , and T a re  ob ta ined  In  th e  sameyz z z

manner.

Those fo r  b locks a re  obtained  from

R = ;  2 X
XX t  j  .J  r  t

R_ = - 2 X .Y . - (2 .12)
xy t  j  • 0 • J r  t

1 2 Y ^E = -  2 Y . -
yy t  j  'J  r  t

w ith  E^g; Ey^, and E^^ being  computed in  the  same manner.

Those f o r  the  t o t a l  a re  g iven by

2 2 Y ^Z X i /  = 2 X .. - ^
i , j  ^  i , j  "-J ^ ^

. 1  ^
^ >3 ^ }3

2 2 y 2

^ ^

w ith  2x^jZ^g; ^ X ij^ ij being  obtained  in  the  same manner.

The e r ro r  sums of sq.uares and c ross p roducts can a lso  be ob­

ta in e d  by summing over i  th e  sums of squares f o r  th e  trea tm en t g ro u p s.

That i s ,
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2 G . = E
^ X X I XX

z G . = E ( 2 . l4 )
i  x y i xy

and so f o r th  fo r  th e  o th e r sums of p ro d u c ts . Ihe  t r u t h  of t h i s  becomes

:.it upon making th e  fo llow ing  a lg e b ra ic  m an ip u la tio n s . F i r s t ,  con-

:.uI . -ohe q u a n tity  2 G . .  I h is  is  
^  n X X I

- X, *)2], (2.15)

■'.’u t A.. -  X, - 2 V r and
1

X. - 2 IX1 . 4. . ; i

Ih e re fo re , n;:.king uhese s u b s t i tu t io n s ,  eq u a tio n  (2 .1 5 ) i s

2 G _ i  = 2 [ 2 ((X. . -  X. ) -  X . + X ..)2 ]
i ** i j -J

= 2 (X. . -  X. - X . + X . . ) ^ = E  . (2 .1 6 )
.  .  i j  1 .  . J  XX•̂ >0

S im ila r ly

Z G = 2 [ 2 ( X .  - X  - X  + X . . ) ( Y  - Ÿ  - Ÿ  + Ÿ . . ) ]
x y i i j  ' J i j  « J

= 2 (X. . - X .  - X  + X . . ) ( Y  - Y  - Ÿ + Ÿ . . )  = E ^  . (2 .1 7 )
j IJ ^

Making s im ila r  s u b s t i tu t io n s  th e  o th e r i d e n t i t i e s  fo r  th e  e r r o r  sums of

squares and c ross p roducts a re  o b ta in ed .

Ihe  fo rego ing  r e s u l t s  a re  ta b u la te d  in  Table 1 which g ives a l l  

th e  q u a n ti t ie s  needed to  t e s t  th e  assum ption of homogeneity of re g re s s io n  

c o e f f ic ie n ts .  I h is  t a b le ,  w ith  th e  ex cep tio n  of th e  sums of squares due

to  b lo c k s , i s  id e n t ic a l  to  th a t  f o r  th e  a n a ly s is  of co v arian ce , com pletely

random design  when th e  t e s t  of hom ogeneity of re g re s s io n  c o e f f ic ie n ts  i s



TABLE 1

ANALYSIS OF COVARIANCE TABLE

Source i f SS:XX SS:XY SS:XZ SS:ZZ SS:ZY SS:YY i f SS:YY*

T o ta l r t -1
" ' i j S i j r i j A j

Blocks r -1
! «XZ Rzz Ryy

Treatm ents t -1 ^xx ^xz ^zz ^zy Tyy ( t - i ) T' yy
T r t . P lane

( 1 ) r -1 ^ x x l ^x y l ^ x z l % z l ^ z y i ^yyi ( r - l - p ) G>yyi
T r t .  P lane

( 2 ) r -1 ^xx2 ^xy2 ^XZ2 ^zz2 ^zy2 *̂ yy2 ( r - l - p )
^ 'y y 2

T r t . P lane
( t ) r -1 ^xx t ^x y t G ^ x z t G  ̂z z t *^zyt G ,yyfc ( r - l - p )

^  y y t

E rro r ( r - l ) ( t - l ) %xx Exz Ezz Ezy Eyy ( r - l ) ( t - l ) - p
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inc luded .

To t e s t  th e  assumption of homogeneity of re g re ss io n  c o e f f ic ie n ts

use

F =
(E 'yy  - 2 G 'yy i) /  [ ( r - l ) ( t - l ) - p ] - [ t ( r - l - p ) ]  

I  ^ 'y y i  /  t ( r - l - p )

^  - f  g'yyi) /  p(t-:P-(r-i)
2 G 'yyi /  t ( r - l - p )

This i s  a r a t i o  of th e  v a r ia t io n  among th e  re g re ss io n  c o e f f ic ie n ts  o f the  

d if f e r e n t  trea tm en t groups to  the  sum of th a t  about each group.

Two item s should be no ted . F i r s t ,  the  number of co v a ria te s  

cannot exceed r -2  a lthough as a maximum p i s  equal to  r - 2 . Second, th e  

in e q u a lity  t ( r - l - p )  < ( r - l )  ( t - l ) - p  must ho ld .

Test S t a t i s t i c  fo r  a L inear Combination of the  Vectors 
of R egression C o effic ien ts

In  t h i s  s e c tio n  a t e s t  of s ig n if ic a n c e  f o r  a l in e a r  com bination

of the  v ec to rs  of re g re ss io n  c o e f f ic ie n ts ,

( P l l j P l 2 j ' ' ' ; P l p ) ^  ) (p 2 lj& 2 2 y " ';P 2 p )^ '' ' '  ' '  * ^ ^ t l ) ^ t2 /* *>^tp)'^» ( 2 -19)

w i l l  be developed. Equation ( 2 .4 ) i s  re w r it te n  fo r  convenience of p re ­

s e n ta tio n .

The problem i s  to  dev ise  a method fo r  te s t in g  th e  e q u a li ty  of 

l in e a r  combinations of sp e c if ie d  s e ts  of th e  above v ec to rs  in  o rder to
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determ ine the  source and u lt im a te ly  th e  n a tu re  of th e  h e te ro g en e ity  

among th e  re g re ss io n  c o e f f ic ie n ts .  Each of th e  above v ec to rs  i s  pXl and 

th e  form of (2 .19) suggests th a t  i t  i s  p o ss ib le  to  c o n s tru c t a s p e c if ie d

l in e a r  com bination of th ese  v ec to rs  of re g re ss io n  c o e f f ic ie n ts  such th a t

i t s  expected value i s  zero . This v ec to r of the  l in e a r  com bination w i l l  

a lso  be pXl. The elem ents of th i s  new v ec to r w i l l  be a l in e a r  combina­

t io n  of th e  in d iv id u a l re g re ss io n  c o e f f ic ie n ts .  R eca llin g  th e  ru le  fo r  

m u ltip ly in g  a  m atrix  by a s c a la r  and making use of th e  fo llow ing  d e f in i ­

t io n ,  a l in e a r  com bination of v ec to rs  can indeed be formed.

D e fin itio n : The v e c to r Z i s  a l in e a r  com bination [5 , p . 370]

of th e  v ec to rs  . . . ,  w ith  c o e f f ic ie n ts  d^, d^, . . . ,  d^ ( s c a la r s )

i f  Z = d^k^ + dgkg + . . .  + d ^ \^ . (2.21)

Choosing th e se  c o e f f ic ie n ts ,  the  d^, such th a t  t h e i r  sum is  

zero  and making use of th e  n u l l  hypo thesis  th a t  th e  v e c to rs  of re g re ss io n  

c o e f f ic ie n ts  are  eq u a l, th e  fo llow ing  theorem i s  t r u e .

Theorem I :  The expected value of any l in e a r  com bination of th e

v ec to rs  of re g re ss io n  c o e f f ic ie n ts ,  under th e  n u l l  hypothesis th a t  th e  

re g re ss io n  c o e f f ic ie n ts  a re  equal and th e  r e s t r i c t i o n  th a t  th e  sum of th e  

s c a la r  c o e f f ic ie n ts  be zero , i s  zero .

Proof: Let th e  v ec to r Z, \ be a l in e a r  com bination of the(pXl)
v ec to rs  of re g re ss io n  c o e f f ic ie n ts  where th e  s c a la r  c o e f f ic ie n ts  d-k '

k = 1 , 2 , . . . ,  t j  are  chosen such th a t  t h e i r  sum i s  ze ro . That i s ,  l e t  

d i  P i i  + d g  p g i  + • • • + ^ t l

*̂ 1 ^12 *̂ 2 ^22 “̂ t Pt2 (2 .2 2 )Z =

d i + &2 Pgp + . . .  + d  ̂ p. , where 2 d^^^ = 0.
k=l
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!Die expected value  of Z i s

t  ^ t  ^ t  ^
E(Z) .  ( B ( , E C d^Pj^))" (2 .23)

b u t under i= l ;  2  ̂ *«"; Pj k = 1,  2,  . . .   ̂ t j

k '  = 1 , 2 , . . . ,  t ;  k ^ k.  Therefore

t  t  t
E(Z) = (p^E( 2 d]^) 82E( 2 d^) . . .  A E( 2 d^ ))

k=l •' k=l '  k= l

= ( 0 j 0 j . . . / 0 ) T  , ( 2 . 24 )

s in ce  th e  s c a la r  c o e f f ic ie n ts  were chosen such th a t  t h e i r  sum i s  ze ro .

Hence, th e  expected value  of th e  Z v e c to r , a l in e a r  com bination of the

re g re ss io n  c o e f f ic ie n ts ,  i s  ze ro .

D is tr ib u tio n  o f the  Test S t a t i s t i c  

In  eq u a tio n  ( 2 .8 ) th e  e s tim a to rs  f o r  were g iv en . Using th e  

n o ta tio n  of eq u ation  (2.20)  and adopting m atrix  n o ta tio n  [2 , p . 113] th e se  

e s tim a to rs  tak e  th e  form

= (8-1  X*'T*)%,, k = 1 , 2 , . . . ,  t

where S "! = [X*'X* ]“1 . ( 2 . 25)

This m atrix  n o ta tio n  and th e  fo llow ing  theorem s w i l l  be h e lp fu l  in  

a sc e r ta in in g  the  d i s t r ib u t io n  o f a t e s t  s t a t i s t i c  fo r  the  hypo thesis  of 

e q u a li ty  of re g re s s io n  c o e f f ic ie n ts .

Theorem I I  [2 , p . 68 ]: I f  th e  pXl v e c to r  Y is  d is t r ib u te d

norm ally  w ith  mean p and v a rian ce  V, and i f  A i s  a qXp m atrix  (qgp) of

rank  q, th e  v e c to r ¥  = AY i s  d is t r ib u te d  as a q -v a r ia te  normal d i s t r ib u ­

t io n  w ith  mean Ap and covariance  AVA' .

Theorem I I I  [2, p . 5^ ] :  A l in e a r  com bination of p-norm ally
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d is tr ib u te d  v a r ia b le s ,  u^^y i s  d is t r ib u te d  norm ally w ith  mean

and v arian ce

2 a. |i 
i= l  ^

P P P P P 
2 a.  a. + 2 2 a . a .a .  .

i= l  ^ ^ i= l  j= l  J

Theorem IV [4 , p . 3^8 ] :  The v ec to rs  o f re g re ss io n  c o e f f ic ie n ts ,
. /\ \T
( 6 , ^ ,  B , -,  . . . .  S, ) are  d is t r ib u te d  as th e  p -v a r ia te  normal w ith  mean '^ k l  ’ ^kp'
v ec to r and v a rian ce  k = 1, 2 , . . . ,  t .

R eca ll th a t  the  Z v e c to r g iven in  equation  ( 2 . 22) i s  pXl. By 

Theorems I ,  I I I ,  and IV, each elem ent has mean zero  and by Theorems I I I  

and IV each elem ent has v a rian ce

i l  '  i l  i l
kj^k'

/\ /s
However, s in ce  and were computed from independent s e ts  of d a ta ,

t  p 2
t h e i r  covariance i s  zero  and th e  v a rian ce  reduces to  2 d i . t v

k= l ^
Now l e t  A be a pXl v e c to r of ones having rank 1 , then  by Theorem I I ,  th e  

1 X 1 v e c to r  u = AZ is  a u n iv a r ia te  normal w ith  mean and v ariance  g iven

t  p
[i = 2 d, [ 2 a .p, . ] and

k= l i= l

"  k ^ l  [ 1=1 a ^ iC iik o Z k  + .2^ .2̂  ̂ * i j i ( - C i j k ) ° k ^ ]  ( 2 .2 7 )

i / j

re s p e c tiv e ly , where Ci^^ i s  th e  ( i , j ) ^ ^  elem ent of 

S ince,
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Theorem V [2, p . I l 6 ] :  The b e s t  l in e a r  unb iased  e s tim ate  of

any l in e a r  combination of the  i s  th e  same l in e a r  com bination of the

b e s t  l in e a r  unb iased -estim ate  of th e  . Then the  b e s t  l in e a r  unbiased
/\

e stim ate  of u i s  obtained by re p la c in g  p̂ ^̂  by p^^, th a t  i s ,  th e  b e s t  

l in e a r  unbiased e stim ate  of u = AZ is

t  p
^ = Z d [ Z a p ] . ( 2 . 28)

k=l ^  i= l  ^

S ig n ifican ce  T est fo r  th e  Test S t a t i s t i c  

The sample s t a t i s t i c  to  be used fo r  te s t in g  th e  assum ption of 

homogeneity of re g re ss io n  c o e f f ic ie n ts  was g iven  in  eq u ation  ( 2 . 28 ) .

This s e c tio n  s h a l l  be devoted to  th e  development of a s u i ta b le  t e s t  of 

s ig n if ic a n c e  fo r  th is  l in e a r  c o n tra s t  of re g re ss io n  c o e f f ic ie n ts .  In  

th is  development th e  fo llow ing theorems w i l l  be used .

Theorem VI [2 , p . 113] : I f  i s  a g en era l l in e a r

hypothesis  of f u l l  rank and i f  i s  d is t r ib u te d  norm ally  w ith  mean zero
p

and v arian ce  I  th e  e stim ato rs

1  = (S-lx Ï ) ,  and S 2 .  Y' ( I -X S 'lX ' )Y ( 2 . ^ )
n-p k

have the  fo llow ing p ro p e r tie s  :

(1 ) C o n sis ten t, ( 2 ) E f f ic ie n t ,  (3 ) Unbiased, (4 ) S u f f ic ie n t ,  (5) Pk is  

d is t r ib u te d  ïï(Pj^,a^S"ij^), (6 ) Complete, (7 ) Minimum v a rian ce  unb iased ,

¥(8 ) (nr-p) 0%  X^n-p, (9) Pĵ  and a re  independent.

Theorem VII [2 , p . 77]: I f  0^, 0g, . . . ,  0^ a re  independently

d is tr ib u te d  chi square v a r iâ te s  w ith  n^, np, . . . ,  n^ degrees of freedom,
k

re s p e c tiv e ly , then  w = _Z 0^ i s  d is t r ib u te d  as ch i square having-
i= l
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degrees of freedom ÎT = Z

Theorem V III [4 , p . 233] : Let X be a normal v a r ia te  w ith  mean

zero and v arian ce  one. Let w be a  ch i square v a r ia te  w ith  k degrees of 

freedom and l e t  X and w be independent. Then th e  random v a r ia b le

= ( 2 . 30)

i s  d is t r ib u te d  as s tu d e n t 's  t  w ith  k degrees of freedom.

R eca ll now th a t  and 9^ , k ^ k ' ,  k = 1 , 2 , . . . ,  t ,  k '  = 1 ,

2 , . . . ,  t ;  were computed from d i f f e r e n t  s e ts  of d a ta  and a re  th e re fo re

independent. Thus, th e  v a r ia b le s  (n - p)^  and (n-p)^ ,  a re

^2 ^

a lso  independent. Furtherm ore, by p ro p e rty  (8 ) of Theorem VI, th e se  two

v a r ia b le s  a re  d is t r ib u te d  as ch i square v a r ia b le s . Applying Theorem VII

to  th e se  r e s u l t s ,  th e  ch i square v a r ia te

t  ^
w' = Z (n-p)% a-^  (2 .3 1 )

k= l -------- 5------

can be w r it te n  having degrees of freedom

t
R = Z (n-p)j^ = t ( n - p )  . 

k=l

Note a lso  th a t  ^  and , k ^ k ' , k =  1 , 2 , . . . ,  t ;  k '  = 1 , 2 , . . . ,  t ;

a re  independent, being computed from d i f f e r e n t  s e ts  of d a ta .  A lso, by
 ̂ £, . 2 

p ro p e rty  (9 ] of Theorem VI, and a, a re  independent. Furtherm ore,
A 2
Pjç. and cTĵ  a re  independent as th ey  were computed from d i f f e r e n t  s e ts  of 

d a ta , and u , a l in e a r  com bination of th e  p^, i s  independent of w ',  a
A p

l in e a r  com bination of the  .
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Let

-  u - E(u)
I t  " p p p p ^

a i Z d \  [2 a j  C +2 2 a . a  (-C.  . , ) ] ) ,  ( 2 . 32)
J  k=l ^ 1=1  ̂ 1=1 j= l  ^

th e n  V Is  d is t r ib u te d  norm ally w ith  mean zero  and v a rian ce  one, and by 

Theorem V III th e  random v a r ia b le

w = --------- Z.
t

w' /  2 (n-p)%
k=l

u

"p j ‘ !  2̂% [ % 4  + j  1 aja ( -O y i , ) ] )  , (2 .33 )
k 1 1=1 j= l

V j
p

where Is  th e  pooled e s tim ate  of the  e r ro r  v a rian ce  ob ta ined  from th e  

a n a ly s is  of covariance  ta b le ,  I s  d is t r ib u te d  as s tu d e n t 's  t  w ith  

IT = t ( n - p )  degrees of freedom.

This w r a t i o  Is  to  be compared to  ta b u la r  s tu d en t t  va lu es  to  

t e s t  th e  hypo thesis  o f homogeneity of re g re ss io n  c o e f f ic ie n ts  In  th e  

a n a ly s is  of covariance  randomized complete b lock  d esig n .



CHAPTER I I I  

APPLICATION OF THE METHODS

The fo llow ing  s e t  of h y p o th e tic a l d a ta , Table 2 has been de­

v ised  to  f i t  the  model fo r  th e  an a ly s is  of covariance , randomized complete 

b lo ck  d esig n . Furtherm ore, th i s  d a ta  has been arranged such th a t  th e  

n u l l  hypo thesis  of homogeneity of re g re ss io n  c o e f f ic ie n ts  i s  f a l s e .

Test of th e  N ull Hypothesis by the  F - te s t

In  ad d itio n  to  the  u su a l sums of squares computed fo r  th is  de­

s ig n , th e  sums of squares fo r  trea tm en t w i l l  be p a r t i t io n e d  in to  p o rtio n s  

due to  each trea tm en t group and a rem ainder or re s id u a l  sum of sq u ares . 

Equations ( 2 .9 ) a re  used to  p a r t i t io n  the  trea tm en t sum of sq u a re s . These 

sums of squares w i l l  then  be used to  t e s t  th e  n u ll  hypo thesis  of homo­

g e n e ity  of re g re ss io n  c o e f f ic ie n ts .

The re s id u a l  values used in  computing th e  c o n tr ib u tio n s  of the  

in d iv id u a l trea tm en t groups a re  g iven in  Table 3 * The values a re  ob­

ta in e d  by su b tra c tin g  th e  mean fo r  each v a r ia b le  w ith in  a b lock  from i t s  

row b lo ck  v a lu e . For example, th e  va lue  3 .3  fo r  T^ and Y* in  b lock  1 i s

13.3 - 1 0 .0 .

In  Table k th e  sums of squares and c ross p roducts fo r  th ese  

d a ta  are  g iven . The t o t a l ,  b lo ck , trea tm en t and e r ro r  sums of c ro ss p ro­

ducts were computed using the  s tandard  eq u atio n . The va lues fo r  trea tm en t

22



TABLE 2

DATA

BLOCK 1 BLOCK 2 BLOCK 3 BLOCK 4 TOTAL

Y X Z Y X z Y X Z Y X Z Y X Z

13.3 5 .5 07 .8 14 .5 5 .8 9 .1 16.9 7 .4 9 .8 20.2 10 .1 11 .8 64.9 28 .8 38.5

^2 7 .9 4.4 08.3 12.4 6 .6 8 .8 1 2 .2 6 .6 1 0 .1 13.9 8 .2 12 .8 46.4 25.8 4o .o

^3 8 .8 5 .1 07.9 1 2 .1 5 .9 9 .1 12.9 7 .0 10 .1 15.1 9 .6 12 .0 48.9 27.6 39 .1

Sum 30.0 15 .0 24.0 39.0 18.3 27 .0 42.0 21.0 30.0 49 .2 27.9 36.6 160.2 82 .2 117.6

Mean 10 .0 5 .0 8 .0 13 .0 6 .1 9 .0 l 4 .0 7 .0 10.0 16.4 9 .3 12.2

(5



TABLE 3

DIFFERENCES

Y*

BLOCK 1 

X* z * Y*

BLOCK 2 

X* z * Y*

BLOCK 3 

X* z * Y*

BLOCK 4 

X* z *

TOTAL 

Y* X* z *

3-3 • 5 - .2 1-5 - .3 .1 2.9 .4 - .2 3 . 8 .8 - .4 11.5  1.4 - .7

t g - 2 .1 -  .6 •3 -  .6 •5 - .2 - 1 .8 - .4 .1 - 2.5 - 1 .1 .6 -  T .o - 1.6 .8

"̂ 3 - 1 .2 .1 - .1 -  -9 -  • 2 .1 - 1 .1 0 .1 - 1.3 .3 - .2 - 4 .5  .2 — .1



TABLE 4

SUMS OF CROSS PRODUCTS

Source d f XX x y xz zz zy yy

TOTAL 11 33.29 27.92 51.59 29.86 36.66 118.61

BLOCKS 3 30.03 29.52 42.09 29.04 41.28 63.21

1 .65 1.375 -  .285 .127 -  .597 2.928

^2 1 1 .3 4 1.630 .660 .340 -  .790 2.010

^3 1 .13 -  .105 -  .085 .068 .067 .087

E rro r 6 2.12 2.900 -  1 .030 .535 -■ 1 .320 5.025

Treatm ent + E rro r 8 3 .26 9 .500 - 1 .60 .820 -  4 .62 55.400

Treatm ent 2 l . l 4 6.600 -  .570 .285 -  3 .30 50.375
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and e r ro r  w i l l  be used to  check values obtained  from the  in d iv id u a l t r e a t ­

ment groups. The sums of squares fo r  X in  trea tm en t group one i s  ( . 5 )^ + 

( - . 3 ) ^  + ( . 4 )^ + ( . 8 ) ^  - (1 .4)2  (^) = .65, and th e  c ross product fo r  XY 

in  trea tm en t group one i s  (3 *3 )(* 5 ) + ( l* 5 ) ( -*3 ) + ( 2 .9 ) ( - 4 ) + ( 3 - 8 ) ( . 8 ) -

( - ) ( 11 . 5) ( 1 .4 ) = 1 . 375* The rem ainder of th e  sums of squares and cross 
4

products fo r  the  in d iv id u a l trea tm en t groups a re  obtained  analogously .

Ihe e r ro r  sums of squares and cross products can be obtained  by th e  

a p p lic a tio n  of equations ( 2 .10) . The sums of th e  sums of squares and 

c ross products fo r  the  in d iv id u a l trea tm en t groups agree w ith  th e  values 

f o r  the  e r ro r  l in e  computed by th e  u su a l method.

The re g re ss io n  c o e f f ic ie n ts ,  sums of squares of Y reg re ssed  on 

X, sums of squares of Y reg ressed  on Z and th e  ad ju sted  sums of squares 

a re  given in  Table 5 * Equations ( 2 .8 ) were used to  compute th e  re g re s ­

s io n  c o e f f ic ie n ts  fo r  th e  trea tm en t g roups. These equations a re  a lso  

a p p licab le  in  computing th e  o th er re g re ss io n  c o e f f ic ie n ts  i f  th e  p roper 

va lues from Table 4 are  used. The l a s t  equation  of equations (2 .9 )  was 

used to  compute th e  next th re e  columns of Table 5 * That i s ,  th e  value 

4.649 i s  sim ply (3 *38l ) ( l . 375), and -1 .672  i s  ( 2 .887) ( - . 597) and 

.002664 = 2.928 - 4.649 - ( -1 .6 7 2 ). The sums of squares fo r  8^ i s  the  

sum of th e  ad ju sted  sums of squares f o r  the  in d iv id u a l trea tm en t g ro u p s . 

The sum of squares fo r  8g is  th e  ad ju sted  e r ro r  sum of squares minus the  

sum of squares fo r  8-̂  or i t  can a lso  be ob tained  by summing the  sums of 

squares of Y reg ressed  on X and Y reg ressed  on Z fo r  th e  in d iv id u a l 

trea tm en t groups and then  su b tra c tin g  from th i s  sum th e  sums of squares 

of Y reg ressed  on X and Y reg ressed  on Z in  th e  e r ro r  l in e .

The ad ju sted  sum of squares fo r  trea tm en t i s  obtained  by



TABLE 5

RIGEBSSIOII COEFFICIENTS, ES3RBSSI0N SUMS OF SQUARES 
AND ADJUSTED SUMS OF SQUARES

Source d . f . Sy.x Py.z
R egression  
of Y on X

R egression  
o f Y on Z

A djusted  
Sum of 
Squares

T o ta l Block

^1 1 3.381 2.887 21 .64-9 -1 .6 2 2 .002664

^2 1 1.640 .860 2.673 -  .679 .016200

^3 1 -  .895 -  .133 + .040 -  .009 .001936

S i 3 .020800

E rro r k 2.618 2.573 7.592 -3 .3 9 6 .829160

Sg 1 .808360

Treatm ent + E rro r 6 3-510 1.226 33.345 “ 5-664 27.719120

Treatm ent 2 26.88996

1 0 0 0 0 50.375000
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su b tra c tin g  th e  e r ro r  suin of sq_uafes from th e  trea tm en t p lu s  e r ro r  sum 

of sq u a re s . Ihe  sum of squares f o r  i s  ob ta ined  by using  th e  t r e a t ­

ment sums of squares l in e  of Table 4 to  compute th e  re g re ss io n  sums of 

sq u ares . These a re  th en  su b tra c te d  from $0 , 375, the  trea tm en t sum of 

squares fo r  Y. The re g re s s io n  sums of squares were zero  fo r  th i s  p a r t i ­

c u la r  case so no re d u c tio n  was o b ta in ed .

Tables 4 and 5 c o n s t i tu te  an a n a ly s is  of covariance fo r  th ese  

d a ta . From equation  ( 2 . l 8 th e  t e s t  of th e  n u l l  hypo thesis  th a t  th e  r e ­

g re ss io n  c o e f f ic ie n ts  a re  homogeneous i s

Sp /df fo r  Sp .180836/1
F =----------- --------------- = ------ —-------  = 116.59.

&q/df fo r  8 ]̂  .0208/3

Since th e  ta b u la r  F fo r  1 and 3 degrees of freedom a t  th e  .05 

le v e l  o f s ig n if ic a n c e  i s  1 0 .13, th e  n u l l  hypo thesis  can be r e je c te d .

There a re  two o th e r hypotheses which could be te s te d  by using  

va lues from Table 5 • The f i r s t  i s  a t e s t  f o r  d iffe re n c e s  among ad ju s ted  

trea tm en t means. The s tan d ard  t e s t  fo r  t h i s  i s

p _ A djusted tre a tm e n t SS/df _ 26.88996/2 _ gg
A djusted  e r ro r  SS/df .82916/4

The second hypo thesis  which can be te s te d  i s  w hether th e  re g re s ­

s io n  f o r  means i s  l i n e a r .  The t e s t  fo r  t h i s  i s

A djusted  88 f o r  8q /d f 50. 375/1
F =--------------------------------------------- = ------------—-  = 243.02.

A djusted  e r ro r  88/ d f  .82916/4

However, n e i th e r  o f th e  l a t t e r  t e s t s  a re  v a l id  fo r  th ese  d a ta

s in ce  th e  h y p o thesis  of homogeneity of re g re s s io n  c o e f f ic ie n ts  was r e ­

je c te d .



29

Determining Sources of H eterogeneity  

Hie t  t e s t  developed in  th e  l a s t  p o r tio n  of CHAPTER I I  w i l l  be 

ap p lied  to  th e  re g re ss io n  c o e f f ic ie n ts  d e riv ed  from th e  d a ta  in  Table 2 

to  determ ine sources of h e te ro g en e ity  in d ic a te d  by th e  la rg e  P v a lu e . 

The re g re ss io n  c o e f f ic ie n ts  a re  g iven  in  Table 5 * The n u l l  hypothesis 

f o r  th e se  d a ta  i s  th a t  s p e c if ie d  l in e a r  com binations of th e  v ec to rs

P n \ / P 3l \

2 2 /
zero .

The only  r e s t r i c t i o n  in  th e  form ation  of the  v e c to r  of the  

l in e a r  com bination of the  re g re s s io n  c o e f f ic ie n ts  i s  th a t  th e  sum of the  

c o e f f ic ie n ts  be zero . In  th e  p re sen t example th e  orthogonal c o n tra s ts  

( - 1 , 0 ; l )  and ( - 2 , 1 , l )  were chosen fo r  i l l u s t r a t i v e  pu rposes. The 

in v e s t ig a to r  may have reason  to  b e lie v e  th a t  th e  response to  a  given 

trea tm en t i s  s u b s ta n t ia l ly  g re a te r  (o r  le s s  th an ) o th e r tre a tm e n ts . He 

would th e re fo re  want to  t e s t  th i s  b e l i e f  by u sing  a s u i ta b le  s e t  of 

c o e f f ic ie n ts .  Although any choice of s c a la r  m u lt ip l ie r s  such th a t  t h e i r  

sum i s  zero  can be used , s e ts  c o n s is tin g  of sm all in te g e rs  g re a t ly  

s im p lif ie s  th e  procedure fo r  computing th e  Z v e c to r  and i t s  v a ria n ce .

There a re  th re e  trea tm en ts  and two c o v a r ia te s  in  th i s  hypo­

t h e t i c a l  s e t  of d a ta  from which th e  v e c to rs  of re g re s s io n  c o e f f ic ie n ts

1 .6 W

. 860; and

- . 895\

- . 133/ a re  computed.

3.381

12.887/ ,

Using equation  ( 2 . 22) , th e  Z v e c to rs , which a re  s p e c if ie d  

l in e a r  com binations of th e  re g re s s io n  c o e f f ic ie n ts ,  a re
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%l =
f( l )  3.381 + (0) (1 . 640) + ( -1 )  ( - . 895)\ 

1(1) 2.887 + (0 ) ( .860) + (-1 )  ( - .1 3 3 ) /

and

Zr
( - 2 ) ( 3 . 38i )  + ( l ) ( l . 64o) + ( i ) ( - . 895 )̂

\  -2  (2 .887) + ( l ) (  .860) + ( l ) ( - . 133)/
/\

from which, = 7*296, and Ug = - 11.064
A •

The next s te p  i s  to  compute th e  v a rian ce  of u^ and Ug. 

[X*' X]"^ m atrices to  be used are

The

[X*' X]‘

[X*' X]-1

.65

1.34

-.285

.127

-  .66

.34

95.849

[X*' x][

-1

-1

17.000

215.094

490.566

33.000'

67.000

.130 -.0 8 5  [42.105 52.632'

.068 80.495
L

The v arian ce  of u is  given by equation  ( 2 . 27) . Making th e  proper sub­

s t i tu t io n s  in to  th is  equation  and assuming homogeneity of v a rian ce  g ives

V (u) = (.0208 /3 ) ( ( 1 )2(95.849 + 490.566 -  ( 2 ) ( 215. 094))

+ (0)2(17.000 + 67.000 -  2 (33.000)

+ ( - 1 )2(42.105 + 80.495 -  2 (52.632) ) )

= .120336

Equation ( 2 .33) , which i s  S tu d e n t 's  t ,  i s  to  be used to  t e s t  

th e  n u l l  hypothesis of homogeneity o f re g re s s io n  c o e f f ic ie n ts  f o r  t r e a t ­

ment p lanes one and th re e . The t e s t  is
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Un 7.296
V = ^ ' - -  -  6 .6  .

V (ui) ^  1.20336

S tu d e n t 's  t  w ith  3 degrees of freedom a t  th e  .05 s ig n if ic a n c e  le v e l  i s  

3 .1 8 , th e re fo re  r e j e c t  th e  hypo thesis  th a t  th e  chosen s e ts  of re g re ss io n  

c o e f f ic ie n ts  a re  homogeneous.

Two o th e r comparisons between p a ir s  of tre a tm en t p lanes a re

p o ss ib le  using  the  c o n tra s ts  ( - 1 , 1 , O) and (O, 1 , - l ) .  This appears

to  be analogous to  the  l e a s t  s ig n if ic a n t  d if fe re n c e  t e s t  in  th e  a n a ly s is

of v a rian ce  [7; p . IO 6].

To t e s t  th e  assum ption th a t  tw ice th e  v e c to r  of c o e f f ic ie n ts  

fo r  trea tm en t group one equals th e  sum of th e  v e c to rs  f o r  trea tm en t 

groups two and th re e  use

w = u,

= - 11.064 /  577269 = -5 .1

R ejec t th e  n u l l  h y p o th e s is . This t e s t  would seem a p p lic a b le  when the  

re g re ss io n  c o e f f ic ie n ts  fo r  trea tm en t groups two and th re e  a re  equal 

thus allow ing the  pooling of t h e i r  e f f e c ts  to  t e s t  th e  v e c to r  fo r  t r e a t ­

ment group one.



CHAPTER IV 

SUMMARY

In  CHAPTER I I  two methods f o r  te s t in g  th e  hypo thesis  of homo­

g e n e ity  of re g re ss io n  c o e f f ic ie n ts  f o r  th e  a n a ly s is  of covariance , ra n ­

domized complete h lock  design  were developed. U n til  now th e re  was no 

known s t a t i s t i c a l  techn ique  f o r  te s t in g  t h i s  h y p o th es is .

The f i r s t  method developed p a r a l le l s  th e  s tan d ard  t e s t  f o r  th i s  

h y p o thesis  fo r  th e  a n a ly s is  o f covariance , com pletely  random d esig n .

This method i s  hased upon th e  assum ption th a t  th e  sum of squares 

about an o v e ra ll  trea tm en t l in e  i s  no la rg e r  th an  th e  sum of th e  sums of 

squares about th e  in d iv id u a l trea tm en t group l i n e s . This i s  no t an 

unreasonable  assum ption f o r  i f  th e  slopes d i f f e r  among th e  d i f f e r e n t  

tre a tm e n t g roups, then  th e  o v e ra l l  l in e  w i l l  have a  la rg e r  v a rian ce  than  

can be expected by chance a lo n e .

Although the  com putations involved are  no t d i f f i c u l t ,  they  do 

len g th en  th e  a n a ly s is ,  however, th is  in c re a se  i s  o f f s e t  to  some e x ten t 

by  th e  f a c t  th a t  i t  i s  no t necessa ry  to  compute th e  t o t a l  and b lo ck  sums 

of s q u a re s . This i s  due to  th e  f a c t  th a t  th e  e r ro r  sums of squares can 

be ob ta ined  e a s i ly  by summing th e  sums of squares fo r  th e  in d iv id u a l 

tre a tm en t g roups. I t  i s  a lso  p o ss ib le  to  t e s t  w hether th e  re g re ss io n  

fo r  trea tm en t means i s  l in e a r .  This t e s t  i s  no t a v a ila b le  in  the  

s tan d ard  a n a ly s is  of t h i s  d esig n .

32
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The second method developed i s  of value in  te s t in g  sp e c if ie d  

l in e a r  c o n tra s ts  of th e  v e c to rs  of re g re ss io n  c o e f f ic ie n ts  fo r  homo­

g e n e ity . I f  th e  chosen trea tm en t groups r e a c t  a t  a d i f f e r e n t  r a te  over 

a given range of concom itant v a r ia b le s  then  th i s  t e s t  w i l l  in d ic a te  th e  

n a tu re  of th is  d if f e r e n c e . Standard th e o r e t ic a l  techniques were used 

to  develop th is  t e s t .  The s t a t i s t i c  used fo r  te s t in g  th e  n u l l  hypotheses 

i s  s tu d e n t 's  t  w ith  ( r - l - p ) t  degrees of freedom, where r  i s  th e  number 

of b lo c k s , p i s  th e  number of c o v a ria te s  and t  is  th e  number of t r e a t ­

ment groups.

These two t e s t s  f u l f i l l  the  need which has e x is te d  fo r  a method 

of te s t in g  the  assum ption of homogeneity of re g re ss io n  c o e f f ic ie n ts  in  

th e  a n a ly s is  of co variance , randomized complete b lock  d esig n . In  th e  

p a s t an in v e s t ig a to r  e i th e r  ignored th e  p o s s ib i l i ty  of v io la t in g  th is  

assum ption and th e  a sso c ia te d  consequences when te s t in g  fo r  d iffe ren c es  

among ad ju sted  trea tm en t means or used some o th e r a n a ly t ic a l  method i f  

i t  was a v a ila b le . I t  i s  no longer necessary  to  s id e s te p  th e  is su e .

The f a c t  th a t  i t  i s  now p o ss ib le  to  t e s t  t h i s  assum ption makes 

th i s  a worthw hile to o l  to  an in v e s t ig a to r ,  s in ce  i t  can add to  the  

understanding  of th e  responses e l i c i t e d  by vario u s trea tm en ts  over a 

range of concom itant v a r ia b le s .
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