
0.1 Generalized twisted rational Chen mod-

ules

We will now construct a module on which LpΓq acts. This will be a previously

unknown generalization of rational Chen modules. For these new modules, we

will consider the case where Γ contains a directed cycle. Let C � c0 � c1 � � � cn

be a primitive closed path.

We define FPC as a vector space over F with basis PC , where PC is the

set of paths in PathpΓq that end at w � sC, but are not equal to a path qC

for any path q.

Then MC :� Frx, x�1s bF FPC as a vector space.

We will define the action of LpΓq on MC using pure tensors of MC acted

on by V \ E \ E� on the right and have the action extend linearly and

multiplicatively. We denote a generic pure tensor (ignoring coefficients) in

MC by xm b a1a2 � � � ak where a1a2 � � � ak is in PC (ai P E or a1 � � � ak � w ).
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pxmba1a2 � � � akqα �

$''''''''''''''''''&
''''''''''''''''''%

xm b a1a2 � � � ak α � s a1

xm b a2 � � � ak α � a1

xm b α�a1 � � � ak α P E�, s α � s a1

xm�1 b c1 c2 � � � cn α � c0 , a1 � � � ak � w

xm�1 b w α � c�0 , ai � ci for 1 ¤ i ¤ n, k � n

0 otherwise

This defines an action of LpΓq on MC satisfying the path algebra relations as

well as CK1 and CK2. This is clear for relations (V), (E) and (CK1). This is

also true for relation (CK2) because given a pure tensor in MC , at most one

e P s�1pvq will yield a nonzero result after its action. For this e, acting by

the factor e e� is the same as acting by v.

We also have a left action of Frx, x�1s on MC via multiplication by Laurent

polynomials.

We have the categories MFrx,x�1s of left Frx, x�1s modules and MLpΓq of

right LpΓq modules. Using MC , we define two functors. Firstly, there is a

functor

FC : MFrx,x�1s ÝÑ MLpΓq
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where FCpXq � X bFrx,x�1sMC for all objects X and FCpfq � f b idMC
for

morphisms f . We also have, in the opposite direction,

GC : MLpΓq ÝÑ MFrx,x�1s

where GCpXq � HomLpΓqpMC , Xq and for f : X ÝÑ Y , we have the map

GCpfq, where HomLpΓqpMC , Xq Q x ÞÑ f � x P HomLpΓqpMC , Y q.

Recall that Frx, x�1s is a PID, as it is a localization of the PID Frxs.

Thus, every finitely generated module X over Frx, x�1s is equal to the sum

of Frxs
M
pfpxqkq where fpxq is some irreducible nonconstant polynomial, or

the zero polynomial. As both GC and FC respect direct sums, we will focus

on the case where X is finitely generated.

We will call FCpXq �MC,f when X � Frxs
M
pfpxqq . Note that:

Mf,C �
�
Frx, x�1s

M
pfpxqq

	
bF FPC

Theorem 1. GC �FC is naturally isomorphic to the identity functor.

We will need a lemma:

Lemma 2. Given ϕ P HomLpΓqpMC ,MC,f q, ϕ is determined uniquely and
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completely by an element of Frxs
M
pfpxqq .

Proof. We want to know the set

#¸
i

hipxq b pi }
¸
i

hipxq b piC
nC�n �

¸
i

hipxq b pi for all n P N

+

because this is the set of possible images for 1b v under an LpΓq morphism

(MC is a cyclic LpΓq module generated by 1b v). Given a particular element,

let N be a number such that CN is longer than pi for all i. When we consider°
i hipxq b piC

NC�N , the only terms that will have a nonzero result are those

where pi is an initial segment of CN . For such pi P PC , this means that

phipxq b piqC
N � phipxq b vqqi where qi � cki � � � cnC

Ni . If pi has positive

length, ki � 0, and thus qi is not a path starting with a power of C. (Suppose

ckck�1 � � � cnC
N � CNc0 � � � cn�k. As these are elements of PathpΓq, we have

ck � � � cncn�k � c0 � � � cn, where ci�n�1 :� ci. We have ci � cjpmodn� 1q and

this contradicts the fact that C is primitive.) Thus phipxq b vqqi � 0 for all

i with pi of positive length. As,
°
i hipxq b piC

NC�N �
°
i hipxq b pi, this

means
°
i hipxq b pi � hpxq b v.

Proof of theorem. Consider the following diagram:

X Y

HomLpΓqpMC , X bF MCq HomLpΓqpMC , Y bF MCq

f

GC�FCpfq
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Note that x ÞÑ fpxq ÞÑ ϕfpxq and x ÞÑ ϕx ÞÑ f b idMC
� ϕx. Note

that, by the lemma, both maps are completely determined by a polynomial,

and that polynomial is the first factor in the image of 1 b v. Let us call

ϕxp1b vq � hpxq b v. Then ϕfpxqp1b vq � fpϕxqp1b vq � f � hpxq b v and

f b idMC
� ϕxp1b vq � f � hpxq b v. Thus the diagram commutes when we

restrict to the category of finitely generated Frx, x�1s modules.

The functor GC preserves inclusion (if X is a LpΓq submodule of Y , then

HomLpΓqpMC , Xq is a submodule ofHomLpΓqpMC , Y q). Thus, if Frx, x�1s
M
pfpxqq

is simple (which happens when f is irreducible), then so is Mf,C .

Note that in the case that C is an exclusive cycle (a cycle with no exits), we

have MC � Frx, x�1s bFrx,x�1s psCqLpΓq. This is because CC� � C�C � sC,

so C and C� are inverses of each other as they act on the left of psCqLpΓq in

this case.

Here is a general way to understand if a module you observe is a Chen

module:

Let us define α � α0α1α2 � � � as a regular infinite path in LpΓq (αi P

E, t αi � s αi�1 @i P N). We will use the notion that an element m of a

module M survives along α if mαn is nonzero for all n P N.

We will define the set Pm
8 :� tα an infinite path in LpΓq |m survives

along αu and often put the tail equivalence ( denoted P
m
8 {�). We also define

PM
8 :�

¤
mPM

Pm
8 .

Lemma 3. For M a simple LpΓq module, P
m
8 {� � PM

8 {� .

5



Proof. Clearly Pm
8 � Pm

8 Consider α P Em1

8 . As M is simple, there is a

P LpΓq such that mλ � m1. Thus:

m1αn � m
ķ

i�1

piq
�
i αn � m

Ķ

i�1

piα
1
n

where α1n � q�i αn , n ¥ maxtlpqiqu
k
i�1 and mpiα

1
n � 0 for 1 ¤ i ¤ K. Thus

we have K paths that are tail equivalent to α in Pm
8 . Thus E

m1

8 {� � Pm
8 {� ,

which yields thatP
m
8 {� � Pm

8 {�

Lemma 4. For M simple, P
m
8 {� � trαsu ñ |Pm

8 |   8.

Proof. Take a nonzero element m P M . Look at Pm
8 . If, by way of contra-

diction, |Pm
8 | � 8, then there must be at least two nonidentical paths that

m survives along, say p0 and p10 . Since M is simple, |Emp0
8 | and |E

mp10
8 | are

both infinite. One can continue in this way, forming two infinite paths that

are not the same at each step, and therefore cannot be tail equivalent. This

contradicts P
m
8 {� � trαsu.

Corollary 5. For M simple, P
m
8 {� � trαsu ñ there is a p P PathpΓq such

that Emp
8 � tα1u where α1 is a truncation of α

Proof. By the above, Pm
8 is finite. Look at the element of Pm

8 that takes

the longest to become tail equivalent to α, say β. If βk P PathpΓq is the

initial part of this infinitely long path that does not conform to α, then

Emβk
8 � tα1u

Lemma 6. For M simple, P
m
8 {� � trαsu ðñ M is a Chen Module.
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Proof. ð is clear by definition. For ñ, take any nonzero element of M . There

is a path p P PathpΓq such that mp survives only along a truncation of α

(which, since we are working with equivalence classes, we can take this path

and call it α1). Consider the module homomorphism from the Chen module

to M that sends α to mp. This will be onto as M is simple, and one-to-one

as Chen modules are simple.

Lemma 7. Given a simple module M such that there is an 0 � m PM where

mfpC�q � 0, (fpxq is a polynomial in Frxs, fp0q � 1), Pm
8 � tC8u.

Proof. With the condition that mfpC�q � 0, we can show that mp � 0

where p P PathpΓq is anything that deviates from C8. For fpxq �
°n
i�0 aix

i

we can write �anmC
�n � an�1mC

�pn�1q � � � � � a1mC
� � m. We consider

mp � p�anmC
�n � an�1mC

�pn�1q � � � � � a1mC
�qp. This may set some

summands equal to zero, as it is assumed that p deviates from C8. For the

summands it does not set equal to zero, we consider the identity �anmC
�n �

an�1mC
�pn�1q� � � � � a1mC

� � m, we get �anmC
�pn�kq� an�1mC

�pn�1�kq�

� � � � a1mC
�pk�1q � mC�k, which allows us to rewrite mC�k in terms of

summands with strictly larger powers of C�. We can inflate these powers of

C�k to be longer than any p that deviates from C8. Hence, mp � 0.

Using a similar argument, consider Ck acting on m for some k P N. When

we act on m where it has been rewritten with powers strictly larger than k.

Then we get mCk � mgpC�q for some polynomial g. This cannot equal zero,

as mgpC�qC�k � m.
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Corollary 8. Given a simple module M such that there is a fpxq P Frxs

where fp0q � 1 and a 0 � m P M such that mfpC�q � 0, then M is a

(generalized, twisted) rational Chen module.

0.2 Extension of Generalized Twisted Chen

Modules

Lemma 9. Given a commutative diagram:

0 A E B 0

0 A E 1 B 0

f

id

g

ϕ id

f 1 g1

where the rows are short exact sequences, ϕ is an isomophism.

Proof. Suppose ϕpeq � 0 for e P E Then g1ϕpeq � 0, which by commutativity

implies that gpeq � 0. By exactness, e P Impfq. Since f is injective, f�1peq � a

and by commutativity, ϕfpaq � f 1paq � 0. Since f 1 is injective, this means

a � 0, so fpaq � e � 0.

As the diagram is commutative, ϕ is an injection.

Let e1 P E. Since g1, g are both surjective, there is an e P E such gpeq �

g1pe1q. By commutativity, g1ϕpeq � gpeq, so g1ϕpeq � g1pe1q. This means

ϕpeq�x � e1 where x is some element of Kerpg1q. Since Kerpg1q � Impf 1q by

exactness, then x � fpaq for some a P A. By commutativity, ϕfpaq � f 1paq.
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Thus, ϕpe� fpaqq � e1.

Therefore, ϕ is also a surjection, and thus an isomorphism.

Notice that we only needed a surjective map from A to A, rather than an

isomorphism.

Given a projective module P (the first step of a projective resolution of

B and a surjection ε : P ÝÑ B, then given any module E and a surjective

map π : E ÝÑ B, we have an ε̃ such that the following diagram commutes.

P

E B

εε̃

π

We will use this setup in two future diagrams.

Lemma 10. Given a short exact sequence:

0 A E B 0ι π

there is an extension of B by A that is isomorphic to E.

Proof. First, consider the following diagram:
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0 A A` P P 0

0 A E B 0

aÞÑpa,0q

id

pa,αqÞÑα

rιε̃s ε
ε̃

ι π

Clearly the top sequence is short exact. We will check that it is commuta-

tive on the squares.

For the left square: a ÞÑ pa, 0q ÞÑ ιpaq � εp0q � ιpaq and a ÞÑ a ÞÑ ιpaq

For the right square: pa, αq ÞÑ α ÞÑ εpαq and pa, αq ÞÑ ιpaq � ε̃pαq ÞÑ

πιpaq � πε̃pαq � 0� εpαq � εpαq

As a consequence of this diagram, we get that
�
ι
ε̃

�
is a surjective map. We

will call the kernel of this surjective map M . Note that M � tpa, αq P

A` P | ιpaq � �ε̃pαqu. Thus, we get the following commutative diagram:

0 A A` P {M B 0

0 A E B 0

aÞÑ[a,0]

id

[a,α] ÞÑεpαq

rιε̃s id

ι π

We note that the top right map is well defined. This is because when

ra, αs � ra� a1, α� α1s, then ιpa1q � �ε̃pα1q. This implies πιpa1q � πε̃pα1q, so

0 � εpα1q (as πι � 0 and πε̃ � ε). Thus, εpα � α1q � εpαq. The top sequence

is again short exact.
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So, given a fixed projective module P which projects onto B via ε, we have

A` P {M � E where M is calculated using ε̃ (which uses the information of

π) and ι.

Note that M � tpa, αq P A ` P | ιpaq � �ε̃pαqu � tpa, αq P A ` P | a �

�ι�1pε̃pαqqu (this makes sense as ι is injective). Here, α is an element of the

kerpεq, as 0 � πιpaq � πε̃pαq � εpαq. Let us then consider M as the graph

of a homomorphism from K :� kerpεq to A (where the domain is the second

summand and the range is the first summand). We will be more specific in

our notation then:

Mϕ � tpa, kq P A`K | a � �ϕpkqu

for ϕ P HompK,Aq. Thus we have a correspondence between HompK,Aq and

equivalence classes in ExtpB,Aq. Both of these sets have algebraic structure

- HompK,Aq is an additive group, as is ExtpB,Aq under Baer sum. We will

show that this correspondence respects the additive structures of both. We

will use the notation �Baer to denote the Baer sum and E �B E
1 to denote

the pullback with respect to B. Recall that the Baer sum is a quotient of

the pullback with respect to the pushforward (using two SESs with the same

start and end).

Theorem 0.1. There is a correspondence between HompK,Aq as an additive

group and ExtpB,Aq, an additive group under Baer sum
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Proof.

pA` P q �B pA` P q A` P

pA` P
M
Mϕ1

q �B pA` P
M
Mϕ2

q A` P
M
Mϕ1�ϕ2

pA` P
M
Mϕ1

q �Baer pA` P
M
Mϕ2

q

The first pullback uses the map pa, αq ÞÑ εpαq on both summands. The second

pullback uses the map ra, αs ÞÑ εpαq on both summands. The final Baer

sum is with respect to the short exact sequence seen on the top of the last

diagram.

The downward maps are all quotients, and the horizontal map does the

following:

ppa1, α1q, pa2, α2qq ÞÑ pa1 � a2 � ϕ2pα1 � α2q, α1 � α2q

Altogether, this demonstrates an isomorphism between

pA` P
M
Mϕ1

q �Baer pA` P
M
Mϕ2

q

and A` P
M
Mϕ1�ϕ2

.

Note that 0 P HompK,Aq corresponds to A` P
L
M0

� A`B. This makes
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the correspondence between HompK,Aq and ExtpB,Aq a homomorphism.

We wish to know the kernel of this isomorphism, i.e. for what ϕ P HompK,A, q

is A` P
M
Mϕ

� A`B. Suppose we have a isomorphism θ from A` P
M
Mϕ

to A`B such that the following diagram commutes:

P A` P

0 A A` P
M
Mϕ

B 0

0 A A`B B 0

A

aÞÑpa,0q

id

[a,α]ÞÑεpαq

θ id

proj2

proj1

Then the map from the top left P to the bottom center A is p ÞÑ

proj2pθr0, psq, which we will call ψ is a homomophism whose restriction

to K is ϕ. Thus, ϕ extends to P . Suppose conversely that ϕ : K ÝÑ A

extends to ψ : P ÝÑ A. Then,

θra, αs � pa� ψpαq, εpαqq

makes the above diagram commute.

So ExtpB,Aq � cokertHompP,Aq ÝÑ HompK,Aqu

Now, consider the following short exact sequences of modules:
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An�1 An Bn An An�1 Bn�1
π

K P Bn�1
κ ε

As before, P is a projective module.

Consider the sequence:

0 Ñ HompBn�1, An�1q Ñ HompBn�1, Anq Ñ HompBn�1, Bnq Ñ ExtpBn�1, An�1q

Ñ ExtpBn�1, Anq Ñ ExtpBn�1, Bnq Ñ Ext2pBn�1, An�1q Ñ � � �

We wish to check that the sequence is exact.

0 Ñ HompBn�1, An�1q Ñ HompBn�1, Anq Ñ HompBn�1, Bnq is ex-

act, as this is the result of the functor HompBn�1, q acting on the first

SES. We also know ExtpBn�1, An�1q Ñ ExtpBn�1, Anq Ñ ExtpBn�1, Bnq Ñ

Ext2pBn�1, An�1q Ñ � � � is exact, as it is a result of the functor Ext�pBn�1, q

acting on the first SES. We wish to see if the map f : HompBn�1, Bnq ÝÑ

ExtpBn�1q such that θ
f
ÞÑ An�1 ` P

L
Mθ̄

is a map in the sequence above that

will combine these sequences to be one long exact sequence, where θ̃ε exists
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(as P is projective) and makes the below diagram commute, and θ̄ � θ̃ε � ι.

K P Bn�1

An�1 An Bn

ι

θ̄

ε

θ̃ε θ

π

We will first check if kerpfq � imgpHompBn�1, Anq Ñ HompBn�1, Bnqq.

We know from the previously established isomorphism (ExtpBn�1, An�1q �

cokertHompP,An�1q ÝÑ HompK,An�1qu) that if θ̄ is the restriction of the

map θ̂ : P ÝÑ An�1, then it is in kerpfq.

K P Bn�1

An�1 An Bn

ι

θ̄

ε

θ̃ε
θ̂

θ

π

Consider pθ̃ε� θ̂qε�1 � ϕ P HompBn�1, Anq. Notice that ϕ is well defined,

as for k P kerpεq , pθ̃ε � θ̂qpkq � pθ̃ε � θ̂qpι�1kq � 0 by the commutativity

of the lower left hand triangle in the diagram (this triange is commutative

because of the commutivity of the top triangle and the injectivity of ι).

Thus, kerpfq � imgpHompBn�1, Anq Ñ HompBn�1, Bnqq

Given θ P imgpHompBn�1, Anq Ñ HompBn�1, Bnqq , we have the follow-
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ing diagram:

K P Bn�1

An�1 An Bn

ι

θ̄

ε

θ̃ε
θ

π

where θ̃ε is the lift of πθε. Consider θ̃ε � θε. We know πθ̃ε � πθε, so

θ̃ε� θεppq P kerpπq � An�1 for all p P P . Also, pθ̃ε� θεqpιkq � θ̃εpιkq � θ̄pkq

Therefore, θ P kerpfq.

Now, let us check that imgpfq � kerpExtpBn�1, An�1q Ñ ExtpBn�1, Anqq.

Using our previously established isomorphism, in order to determine if

imgpfq � kerpExtpBn�1, An�1q Ñ ExtpBn�1, Anqq, we need to know when,

given a θ P HompBn�1, Bnq (and the resulting θ̄ that determines a homomor-

phism from K to An�1), can we extend θ̄ to a map θ̂ from P to An. This is a

direct consequence of this previous diagram:

K P Bn�1

An�1 An Bn

ι

θ̄

ε

θ̂ θ

π

We also need to establish that if we have θ̄, a homomorphism from K

to An�1 that extends to θ̂ from P to An, whether it is the image of some
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θ P HompBn�1, Bnq.

K P Bn�1

An�1 An Bn

ι

θ̄

ε

θ̂ θ

π

where θ � πθ̄ε�1. This is well defined as, although ε has kernel ιpKq, we

have πθ̂ιpKq � πθ̄pKq � 0

Any ϕ P HomLpΓqpMC , Aq is determined uniquely by an element a in

ta P A | apwICq � 0u where

wIC :� spantpq� P LpΓq |p, q P PathpΓq, s p � w , DN P N s.t. pC�qNp � 0u

It is clear why this condition is necessary. It is sufficient because given any

LpΓq module A, any a P ta P A | apwICq � 0u defines a morphism by deter-

mining its output on 1b v.

Note that ta P Av | aCnC�n � a for all n P Nu � ta P A | apwICq � 0u.

Since ϕp1 b vq � ϕp1 b vqCnC�n � ϕp1 b vqv, it is clear why we have this

containment. We have the reverse containment because if, by way of con-

tradiction, there is a P ta P Av | aCnC�n � a for all n P Nu where awIC � 0,

then for all n P N, we have aCnC�nwIC � 0, which is a contradiction of the

definition of wIC .
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0.3 Reducing a Digraph to Strongly Connected

Γ with Multiple Cycles

We can do the reduction algorithm on Γ that eliminates loopless nonsinks

[?]. The output of this reduction algorithm is not unique, but it is a Morita

equivalence. Thus we have changed the algebra but preserved the module

category - in particular, our simple modules under this functor are still simple.

We will fix a simple module M over some LpΓq.

Consider VM , the support of M . Since M is a simple module, we can also

denote this set as V;w for any w in the unique minimal equivalence class in

VM (the partial order is given by v ¤ w when there is a path from w to v).

Here is the reasoning: for any vertex v not in VM , all vertices less than v are

also not in VM , and if te P V rVM for all e such that se � v, then v P V rVM .

Thus, V r VM is a hereditary saturated set. We also see that for any w, a

minimal element of VM , all other elements of its equivalence class are in VM .

If not, then the fact that V r VM is hereditary means that w would not be in

VM , a contradiction. We have that this minimal equivalence class is unique,

as if m1 P Mv1, m2 P Mv2 are two nonzero elements for v1, v2 in different
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minimal equivalence classes. By simplicity, there exists
°
i piq

�
i P LpΓq such

that m1

°
i piq

�
i P LpΓq � m2. Thus, tpi P VM , and tpi is less than v1 and v2,

which is a contradiction. Also, it is clear that any vertices greater than w are

in VM , as for any path p where tp � w, we have p� as an injective map from

Mw to Msp.

We can use the isomorphism mentioned earlier to get:

LpΓq
M
pV r VMq � LpΓ;wq

where Γ;w is the full subgraph of Γ on V;w. Thus, we have changed the

algebra again, but to one that is isomorphic.

We will denote w :�
°
vPrws v, where rws is the set of vertices in the same

equivalence class as w. We will also denote Γrws as the full subgraph on rws.

Lemma 11. The functor

�bwLpΓqw wLpΓq

gives an equivalence of categories between LpΓrwsq � LpΓrwsq modules M and

LpΓq modules N generated by Nw. The adjoint functor

HomwLpΓqwpwLpΓq,�q � �w

is the functor between LpΓq modules N generated by Nw and LpΓrwsq modules

M .
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Proof.

M
�bwLpΓqwwLpΓq
ÞÝÝÝÝÝÝÝÝÝÝÑM bwLpΓqw wLpΓq

�w
ÞÝÝÑ

�
M bwLpΓqw wLpΓq

�
w

We need to show
�
M bwLpΓqw wLpΓq

�
w � M bwLpΓqw wLpΓqw. We can

show this by viewing M bwLpΓqw wLpΓq as

�
M bwLpΓqw wLpΓqw

�
`
�
M bwLpΓqw wLpΓqp1� wq

�

Notice that projection onto the first summand gives a section of �w. Thus,�
M bwLpΓqw wLpΓq

�
w � M bwLpΓqw wLpΓqw. Then, we have M bwLpΓqw

wLpΓqw �M .

For the reverse direction, consider N an LpΓq module such that NwLpΓq �

N .

N
�w
ÞÝÝÑ Nw

�bwLpΓqwwLpΓq
ÞÝÝÝÝÝÝÝÝÝÝÑ Nw bwLpΓqw wLpΓq

By the evaluation map nwbx ÞÑ nwx and the assumption that NwLpΓq � N ,

the composition of these maps are the identity.

Notice that if you have a LpΓq module N , the image of N under the

composition of these functors is the submodule of N that is isomorphic to

NwLpΓq. This can be seen by viewing N as NwLpΓq`Np1�wqLpΓq. We see

that NwLpΓqw bwLpΓqw wLpΓq is isomorphic to NwLpΓq via the evaluation

map. We can also see Np1 � wqLpΓqw bwLpΓqw wLpΓq is trivial as the only
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elements of p1� wqLpΓq are linear combinations of dual paths that start at

vertices not in rws. However, all paths of wLpΓqw start and end at elements

of rws. By CK1, this is isomorphic to the zero module.

Since M � MwLpΓq when M is simple, we may restrict attention to

LpΓrwsq.

After the previous reductions, we are now considering a simple LpΓq

module, where Γ is strongly connected and has full support V � VM .

There are three possibilities for w:

• w is a sink

• w is on a single cycle.

• Γrws contains multiple cycles

For the first case, LpΓq � F, and M is any one dimensional vector space

over F. In the module over LpΓq before we did our reductions on Γ, we have

that M � wLpΓq, a projective simple module (in fact all projective simple

modules over LpΓq are of this form). The dimension of wLpΓq may or may

not be finite. It is finite dimensional iff w there are no cycles leading to w [?].

In the second case, LpΓq � Frx, x�1s. Since this is a PID (and if M is

simple, it means that M is finitely generated), we know all modules over it.

These modules are the Chen modules. All modules (in the case of disjoint

cycles) are Chen modules [?]. These modules can be further twisted and

generalized as was done in the previous section.
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Our new simple LpΓq modules appear in the case that rws contains multiple

cycles.

0.4 Spaces of step functions and infinite prod-

uct paths

Our new modules are submodules of step functions (linear combinations

of indicator functions) on the space of infinite paths in Γ, denoted by

P8pΓq � P8 � te1e2e3 � � � |tei � sei�1 @i P N¡0, ei P Eu .

The topology placed on this is the restriction of the product topology on

EN (where E has the discrete topology). Basic open sets are determined by a

path p � p1p2 � � � pn P PathpΓq (where pi P E):

pP8 :� te1e2e3 � � � P P8 | ei � pi for 1 ¤ i ¤ nu.

Recall from the preliminaries that P8 is a closed, compact space that is Borel

measurable.

We would like to have a probability measure on this space. This can be

done by making a weight function from E \ V to R that assigns to each edge
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in E a weight that is strictly positive, with the condition that
¸
se�v

wpeq � 1.

With these weights in mind, we can create the matrix:

W �

�
�¸
se�v
te�u

wpeq

�


v,uPV

Thus we have that the sum of each row is 1.

We can use Perron-Frobenius Theory to find the left eigenvector with positive

coordinates and eigenvalue 1. We make the choice of eigenvector unique by

demanding that
¸
vPV

av � 1. We define wpvq :� av

This weight function extends to a measure µ on basic open sets (which

are also closed). For p � p1p2 � � � pn P PathpΓq (where pi P E), we define

µppP8q :� wpsp1qwpp1q � � �wppnq :� wpspqwppq.

We then extend this measure to all closed sets S of P8 via:

µpSq � lim
nÑ8

µ

�£
n

tp � P8 | p P PrnpSqu

�
� lim

nÑ8

¸
pPPrnpSq

µpp � P8q

where Prnpe1e2 � � � q � e1e2 � � � en . Since the sequence is monotone decreasing

and bounded below by 0, it converges.

We wish to establish which linear combinations of step functions are trivial.

To that end consider:

F
�
2X r tHu

�
ÝÑ FX
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ņ

i�1

λiXi ÞÝÑ
ņ

i

λi1Xi

where 2X is the power set of X. Notice that multiplication of indicator

functions corresponds to intersection of the corresponding sets. We can see

that A�B�AYB is in their kernel when A and B are disjoint sets. Consider

an arbitrary element of the kernel. Using the previous relation, we can rewrite

any
°n
i λiXi as an equivalent sum using disjoint sets, such as

¸
aiPt0,1u�n
i�1 X

ai
i �H

pa1λ1 � � � � anλnq
n£
i�1

Xai
i

where X1
i :� Xi and X0

i :� X rXi. These sets are all disjoint, and the sum

is mapped to the trivial function if and only if each coefficient is 0.

The action of LpΓq on FP8 is given by:

for v P V p1Sqv �1vS where vS � tx P S | sx � vu

for e P E p1Sqe �1e�S where e�S � tx | ex P Su

for e� P E� p1Sqe
� �1eS where eS � tex |x P S, sx � teu

When F � C, we can adjust the action of LpΓq on FP8 to ensure that
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both v and ee� act as partial isometries:

for v P V p1Sqv �1vS where vS � tx P S | sx � vu

for e P E p1Sqe �
wpteq

wpseqwpeq
1e�S where e�S � tx | ex P Su

for e� P E� p1Sqe
� �wpseqwpeq

wpteq
1eS where eS � tex |x P S, sx � teu

All relations of the Leavitt Path Algebra hold:

for v, u P V p1Sqvu � p1vSqu � 1uvS � 1δu,vuS � p1Sqδu,vv

for e P E p1Sqse e � p1se Sqe � 1e�se S � 1e�S � p1Sqe

for e P E p1Sqete � p1e� Sqte � 1te e� S � 1e�S � p1Sqe

for e, f P E p1Sqe
�f � p1e Sqf � 1f�e S � 1δf,etf S � p1Sqδe,f te

for v (nonsink) P V
¸
se�v

p1Sqee
� �

¸
se�v

p1e�Sqe
� �

¸
se�v

1ee�S � 1vS � p1Sqv

The last relation is true as ee�S � tx P S|x � ex1u. These sets are disjoint

for each e P E, thus the indicator function of the sum corresponds to the

indicator function of their union. Thus,
�
se�v ee

�S � tx P S|x � ex1u � vS.

This action extends to step functions, which are functions that are linear

combination of indicator functions of closed sets S on P8. We will consider

the indicator functions of closed sets, as they are measurable.

However, when we have indicator functions of closed sets, we also have
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indicator functions of locally closed sets, which are intersections of open sets

and closed sets. We also have indicator functions of constructible sets, which

are unions of locally closed sets. This is detailed in the following lemma.

Before we detail the proof of the lemma, the following facts are useful:

1. In general, 1AXB � 1A � 1B.

2. The intersection of two locally closed sets is a locally closed set - note

when Ui is open and Fi is closed for i P t0, 1u, we have:

pU0 X F0q X pU1 X F1q � pU0 X U1q X pF0 X F1q.

Lemma 12. The following are equivalent:

1. f �
°
i λi1Si , where Si are nonempty, constructible sets.

2. f �
°
i λi1Si , where Si are nonempty, locally closed sets.

3. f �
°
i λi1Si , where Si are nonempty, closed sets.

4. f �
°
i λi1Si , where Si are nonempty, disjoint, constructible sets.

5. f �
°
i λi1Si , where the image of f is finite and each Si is nonempty

and constructible.

6. f �
°
f�1pλiq

λi1f�1pλiq, where the collection of sets sets tf�1pλiquλiPF is

locally finite and each Si is nonempty and constructible.
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Proof.

p1q ùñ p2q We have f �
°
i λi1Si , where Si are constructible sets.

Consider that each constructible set Si is the union of finitely many

locally closed sets Ak. Note that

n¤
k�1

Ak �
9

¤
akPt0,1u�n
k�1 A

ak
k �H

�
n£
k�1

Aakk

�

where A1
k � Ak, and A0

k � P8 r Ak.

The compliment of a locally closed set is a linear combination of indicator

functions of locally closed sets. For U an open set, F a closed set:

1P8rpUXF q � 1P8rU � 1P8rF � 1pP8rUqXpP8rF q

Since the intersection of locally closed sets is a locally closed set, and

intersection of sets corresponds to multiplication of their indicator

functions, we have successfully rewritten f as a linear combination of

indicator functions of locally closed sets.

p2q ùñ p3q We have f �
°
i λi1Si , where Si are locally closed sets.

Note that for U an open set, F a closed set:

1UXF � 1F � 1FXpP8rUq.

We have thus successfully rewritten f as a linear combination of indicator
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functions of closed sets.

p3q ùñ p4q We have f �
°
i λi1Si , where Si are closed sets. Consider

the fact that we can partition the union of the Si into disjoint sets

locally closed sets:

9

¤
aiPt0,1u�n
i�1 S

ai
i �H

�
n£
i�1

Saii

�

where S1
i � Si, and S0

i � P8 r Si. Then, we can rewrite f as:

¸
aiPt0,1u�n
i�1 S

ai
i �H

pa1λ1 � � � � anλnq1�n
i�1 S

ai
i

p4q ùñ p5q is trivial.

p5q ùñ p6q Consider f �
°
i λi1Si , where the image of f is finite and

each Si is constructible. We can, without loss of generality, rewrite

f a a linear combination of indicator functions of disjoint sets (using

p1q ùñ p2q ùñ p3q ùñ p4qq. Then, let Xλ �
�
tSi |λi � λu. These

Xλ are constructible, and there are finitely many of them (as Image of

f is finite). We can then rewrite f as:

f �
¸
λ

λ1Xλ

p6q ùñ p1q is trivial.
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Lemma 13. If f �
°
i λi1Si � 0 is linear combination of indicator functions

with Si distinct nonempty closed sets, then there exists a path p such that

fp � λ1S with S closed, S � Ø.

Proof. We can rewrite f as
°
i µi1Xi a linear combination of indicator func-

tions of disjoint nonempty constructible sets by our lemma. As the sets are

disjoint, we can find an n P N and a p P PrnpX1q such that p R PrnpXiq, 2 ¤

i ¤ n. When we act on f with p, then fp only has output 0 and µ1. Consider

how when p acts on
°
i λi1Si with Si distinct, if fp must be the indicator of

a disjoint union of closed sets in order to have one output other than 0. As a

finite union of closed sets is closed, fp � λ1S with S closed, S � Ø.

Thus, all simple modules in the space of step functions are generated by a

single step function.

Then the question remain of which step functions generate simple modules.

S is defined by a set of forbidden words if infinite paths in S have no paths

in the set of forbidden paths appears as a sub-segment. You may similarly

think of S as being defined by allowed paths (where allowed paths have no

forbidden path as a sub-segment). For S defined by a set of forbidden words,

we say that S is irreducible that for any two allowed paths x and z, there is

an allowed path y such that xyz is a valid path.

Lemma 14. If p1Sqv � 0 for irreducible S , then for any allowed path p such

that tp � v , p1Sqp � λp1Sqv.

Proof. To understand this, consider S as a set defined by allowed words. The
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set of infinite paths that start with p and those that start with tp are in 1� 1

correspondence.

Lemma 15. If p1Sqv � 0 for irreducible S , then there is an element x of

FΓ such that p1Sqvx � 1S.

Proof. For u P V there is an allowed word pu such that spu � v, tpu � u (this

is due to the irreducible condition) . Thus,
¸
uPV

wptpq

wpuqwppq
pu is an element of

FΓ that sends p1Sqv to 1S.

Theorem 16. All irreducible nonempty S � P8 define indicator functions

1S whose associated cyclic modules are simple.

Proof. Consider 1S
°
i piq

�
i , where

°
i piq

�
i P LpΓq such that 1S

°
i piq

�
i � 0.

We can find a path r longer than any of the qi such that 1S
°
i piq

�
i r � 0.

By this, we obtain λ1Str � 0. By our corollary, there is an element x P FΓ

(scaled appropriately) that will send λ1Stp to 1S Thus, we can go from any

generic element of the cycloc module back to the generator 1S via the action

of LpΓq. Thus, the module is simple.
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