
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter face, while others may be 

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper aligrunent can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back o f the book.

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6” x 9” black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order.

UMI
A Bell & Howell Infomiaticn Company 

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA 
313/761-4700 800/521-0600





THE L ^T V ^R S IT Y  OF O KLAH O M A 

G R A D U A T E CO LLEG E

[NTERPRETATIO N  O F H O R IZO N TA L W ELL PERFO RM A N CE 

IN M LT-TI-LAYER RESERVO IRS 

BY THE BOLTMDARY ELEM EN T M ETHOD

A D ISSER TA TIO N  

SL'BM ITTED TO  TH E G RA D U A TE FACULTY 

in partial &1 fill m ent o f  the requirem ents for the 

degree o f  

D O C T O R  OF PH ILO SO PH Y

by

K ITTIPH O N G  JO N G K ITTIN A RU K O RN  

N orm an, O klahom a 

1998



DMI Number; 9839791

UMI Microform 9839791 
Copyright 1998, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103



© Copyright by Klttiphong Jongkittinarukom  1998 

All R ights Reserved



INTERPRETATION OF HORIZONTAL WELL PERFO RM AN CE

IN M ULTI-LA Y ER RESERVOIRS

BY THE BOUNDARY ELEM ENT M ETH O D

A D ISSERTATIO N  APPROVED 

FOR THE SCHOOL OF PETRO LEU M  AND G EO LO G ICA L ENG INEERING



ACKNOWLEDGMENTS

I would like to express my sincere appreciation to  Dr Tiab for his guidance and 

encouragem ent throughout my Ph D program. Thanks also to Dr. .\nuj G upta. Dr 

Samuel Osisanya, Dr Suhhash Shah, and Dr Luther W. W hite for serving as m em bers o f 

my dissertation com m ittee

In particular, special thanks to  my friends Pom pun Eamhame. V icharn 

Puntoor.ivanich, B oonyarach K itiyanun, Sirirut Vanichiyaboon, Nopawan Ratasuk, 

Freddy Escobar, B alkrishna Gadiyar, Xianhong Yang, Wei W ang, Zahid Bhatti, Sarfraz 

Jokhio, Ahmed A lm arouqi, and Hyun Cho who provide guidance, supports, assistance, 

and discussions.

I am also indebted to Mr. M ichael D Tuttle, o f  the Silicon Graphics C om puter 

Systems, who provided the com puter tim es and assistance. W ithout his sincere help, this 

dissertation must be postponed.

I dedicate this w ork  to  my parents who gave me this wonderful life, my brothers, 

my sisters, and my cousins w ho provide love and supports

i \



ABSTRACT

Pressure transient analysis for horizontal wells has gained a lot o f  attention 

recently  due to the increasing num ber o f  horizontal wells. Interpretation o f  horizontal 

well te st data is much more difficult than for a vertical well. Due to  heterogeneity, 

application o f  single-layer models fails to  interpret the reservoir properties. Numerical 

m ethods are essential for a horizontal w ell in m ulti-layer reservoir w ith complicated 

w ellbore configuration and boundary conditions.

This dissertation presents a boundary elem ent method for solving pressure 

transien t behavior o f  m ulti-layer reservoirs. Two types o f  boundary conditions, Dirichlet 

and N eum ann, can be handled by the proposed technique. The boundary element method 

yields several advantages over the conventional finite-different and fmite-element 

m ethods: including the reduction o f  the dim ension o f  the problem by one, yielding more 

accurate  results by using the analytical solutions o f  the governing equations as the 

w eighting functions, no gird orientation and num erical dispersion effects, and flexibility 

o f  handling com plex geom etries and boundary conditions.

The developed algorithm is successfully applied to some sim ple cases with known 

analytical solutions including a finite linear aquifer, a horizontal well in closed reservoir, 

and a  horizontal well in a m ulti-layer reservoir.

The developed algorithm is applied to generate the dim ensionless pressure and the 

dim ensionless pressure derivative fo r a horizontal well in eight different systems whose 

analytical solutions are not available. These cases include ( I ) a horizontal well in a two-



layer reservoir. (2) a horizontal well in a two-layer reservoir w ith gas-cap drive, (3) a 

horizontal well in a tw o-layer reservoir with bottom -water drive. (4) a horizontal well in a 

tw o-layer reservoir with gas-cap and bottom -water drives. (5) a horizontal well 

intersecting a tw o-layer reservoir. (6) a snake-shape horizontal well in a two-layer 

reservoir. (7) a horizontal well intersecting a three-layer reservoir, and (8) a vertical well 

intersecting a tw o-layer reservoir without cross flow. Their transient behaviors are 

studied in this work.

The step-by-step procedures for calculating reservoir param eters are developed in 

this w ork. The direct synthesis is applied to interpret pressure transient behavior o f  a 

horizontal well in com plicated systems w ithout type-curve matching. The conventional 

log-log, sem i-log, and the Cartesian plots are used in this work. The procedure is 

illustrated by num erical examples.
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Chapter 1 

INTRODUCTION

1.1) Horizontal Weil Application

Horizontal w ells were first used to enhance contact area in the early part o f  1940’s 

as reported by Renney (1941). Due to its high cost, this com pletion technology w as 

considered only w hen hydraulic fracturing from a vertical well w as not practical. 

Horizontal well technology has gained a lot o f  attention in petroleum  industry today  The 

current technology can drill a deeper and longer horizontal well. Several successful field 

cases (Higgin (1953), Eastman (1954), Perrine (1955), Roem ershauser and H aw kins 

(1955), Landrum and Craw ford (1955), Colamasi and Canne (1963), and Storm ont 

(1983)) have been docum ented in the literature. The horizontal well technology w as 

applied recently in both W estern Europe and N orth A m erica ( Bezgire and M orkiw  

(1979), Killough and Foster (1979), Pitt (1980), M oore (1980), Stramp (1980), Caw vey 

(1981), Anon (1981), A stier et al. (1981), Jourdan and Baron (1981), Wash (1981), 

Holbert (1981), S tiegler (1982), Loxam (1982), Anon (1982), Pugh (1982), G iger and 

Jourdan (1983), A non (1983), W ittrisch and Jordan  (1983), Jordan and Baron (1984), 

Reiss et al. (1984), Cnanneshu (1984), Giger and Reiss (1984)). Experts predict that the 

num ber o f  horizontal wells will rise considerably in the next century and this technology 

will be applied increasingly to initial reservoir developm ent.

The main purpose o f  a horizontal well is to  enhance reservoir contact and well 

productivity. H orizontal wells can be applied in the follow ing areas (Joshi, 1991):



(1) In reservoir with w ater and gas coning problem s; they can be used to r 

coning problem s by m inim izing drawdown while maintaining production.

(2) In naturally fractured reservoirs; they are used to  intersect fractures.

(3) In tight gas reservoir; they can be used to enhance the production in lo 

reservoirs.

(4) In EOR applications; they provide high sweep efficiency, low injectio 

larger contact area, and higher grow  injectivity.

(5) To over come the drilling  and drilling related cost problems.

(6) In offshore and in environm entally  sensitive area, the number o f  wells 

by drill long horizontal wells. In term  o f  productivity, one horizontal wel 

to several vertical wells.

Pressure transient analysis for horizontal wells has gained a  lot o f  

recently due to the increasing num ber o f  horizontal wells. Horizontal well 

initially analyzed w ith the  technique designed for vertical wells. Renney 1 

an article on drilling horizontal wells in 1941. A fter that, many articles 

on pressure transient analysis o f  a  horizontal well ( G iger el al. (1984), G  

Clonts and Ram ey (1986), K archer (1986), Goode and Tham bynayagam  ' 

Reiss(1987), Sherrard e t al. (1987), King and Ertekin (1988), Joshi (1988 

(1988), O zkan and R aghavan  (1989), Rosa and Carvalho (1989), Babu ar 

Ozkan and R aghavan (1990), Odeh and Babu (1990), Abbaszadeh and Hi 

Suzuki (1990), L ichtenberger (1990), Rosenzweig (1990), Kuchuk et al. ( 

et al. (1991), Goode and  K uchuk (1991), Goode and W ilkinson (1991), S



1-26, Kuchuk, and Jongkittinarukom  and Tiab ( 1996)) .\11 o f  these papers deal with a 

single-layer homogeneous reservoir. Field experience indicates that interpretation o f 

horizontal well test data is much m ore difficult than for a vertical well Several factors 

including the wellbore storage effect, 3D flow geometry, partial penetration and 

boundary effects, and lack o f  radial system  make it difficult to  interpret.

M attar and Santo (1995) have summarized the available horizontal well-test 

models and divided them into two categories as the followings.

( 1 ) The segmental analvsis

This technique identifies and analyses individual flow  regim es; wellbore storage 

dom inated flow, vertical radial flow, horizontal linear flow, horizontal radial flow, and 

boundary dominated flow. G oode and Thambynayagam (1987), Daviau et al. (1988), and 

Odeh and Babu (1989) models are in this class. The advantages o f  the segmental analysis 

are:

•  It is similar to the methods used for vertical well testing,

•  Identifying each flow regim es gives an engineer a qualitative feeling for the degree of

reliability o f  the param eter calculated.

This approach also yields several lim itations such as:

•  Individual flow regim es are not readily identified,

•  It may be difficult to know w hether it is the vertical-radial o r the horizontal-radial

flow if  only one radial flow regim e is observed,

•  Due to different percentage deviation allowed, different m odel yields different 

durations o f  flow regimes.



•  These models were derived for drawdown. Application o f these techniques to build­

up test results in errors due to relatively short flow periods,

•  This approach is lim ited to simple reservoir models,

•  D ifferent values o f  reservoir param eters may be obtained for analyzing different flow 

regimes.

(2) The integrated model

The analytical solution is used to generate the synthetic pressures which are then 

com pared to the corresponding measured pressures. The variables are m odified by history 

matching. The models in this category includes O zkan et al. (1987), Carvalho and Rosa

(1988), Kuchuk et al. (1990), and Thom pson et al. (1991). This technique offers several 

advantages including:

•  It can analyze all o f  the data regardless o f  w hether it belongs to a specific flow regime 

o r a transition,

• The effect o f each param eter can be easily determ ined.

•  This approach can be applied over any portion or sequence o f  flows.

These approach yields several serious draw backs including

•  It is com putationally intensive,

•  D ifferent acceptable m atches can be obtained with totally different models,

•  The match based on the pressure and on the pressure derivative can be different,

•  D ifferent best-fit techniques can result in different models,

•  A search for global m atch is impractical.



•  The physical m eanings o f  flow  through porous media are masked by the mathematics 

o f  computation.

Joshi (1991) pointed out that horizontal w ellbore are rarely horizontal but rather 

snake-like with many variations in the vertical plane. Different w ellbore portions will 

observe different pressure response. W hile som e portion o f  the well may observe the 

bottom -boundary effect earlier than the rem aining portion o f  the well, som e portion o f  the 

well may observe the top-boundary effect earlier. The influence o f  the pressure along the 

horizontal wellbore is not well know n. D ue to  the different chronological deposition 

environm ent, a reservoir alw ays has a variation in properties in the vertical direction. 

F igure 1.1 shows the horizontal well profile in m ultilayer reservoir. Therefore, the 

pressure distribution along the w ellbore is three-dim ensional in nature and susceptible to  

irregularities in geom etry and properties o f  layers. The com bination o f  horizontal-well 

profile and layering effects m ake a  horizontal well-test data difficult to interpret.

D ue to heterogeneity, application o f  single-layer models fails to  interpret the 

system  properties. A m ore realistic three-dim ensional model is essential for analysis o f  

horizontal well perform ance. T here is only one paper dealing with pressure transient 

analysis in layered reservoirs. K uchuk and H abashy (1996) used the reflection and 

transm ission concept o f  electrom agnetic to  solve the diffusivity equation in three 

dim ensional layered reservoirs, w here heterogeneity is present in only the vertical 

direction. It is clear from  their w orks that estim ation o f  param eters o f  individual layers is 

difficult. A m ulti-layer reservoir w ith large variation in layer perm eability should not be 

treated as an equivalent single-layer reservoir with average properties. They have also



shown that the conventional H om er method does not work for a horizontal well in 

layered reservoirs. Their model has several lim itations including:

•  the horizontal well is parallel in the y direction and completed in only one layer.

•  the system is infinite in horizontal directions,

• each layer has a uniform thickness.

A nalytical models are preferred to num erical models because o f  their accuracy 

and continuity. But they can be applied only for som e ideal situations leading to the 

lim ited num ber o f  existing solution procedures. Some simple boundary shapes can be 

generated by th e  principle o f  superposition. This technique becom es too tedious for 

calculations at long tim e when the infinite num ber o f  image w ells is required and 

consequently yields considerable com putational efforts. Therefore, numerical models are 

essential for a horizontal well in multilayer reservoirs. They can be used to solve more 

realistic and com plicated reservoir systems. H owever, analytical models may be used to 

validate num erical models.

1.2) Literature Reviews of Numerical Methods

Finite-different m ethod (FDM) is the m ost popular in petroleum  engineering. 

Because o f  it simplicity, this method has been applied to solve fluid flow through porous 

m edia problem  for both transient and pseudo-steady state flows The performance o f  a 

horizontal w ell is usually calculated by finite-different sim ulators (Papatzakos et al.

(1989), Bendakhlia and Aziz (1989), Econonudes et al. (1990), Stone et al. (1989), 

Rosenzweig e t al. (1990)) utilizing a standard cartesian grid that does take into account



the flow geometry around the well and yields numerical uncertainty The second most 

used method is finite elem ent (FEM ). Both o f  these techniques have several drawbacks 

including

1. Grid orientation effects,

2. Numerical dispersion.

3. W ellbore and boundary representations.

Boundary-elem ent method (BEM ) has em erged as a powerful alternative to finite 

elem ents and finite difference m ethods particularly in cases where accuracy is required 

due to  problems such as infinite dom ain and irregular boundaries. The BEM is 

concerning with the numerical solution o f  integral equation and has been applied in a 

variety o f  engineering problems. This technique yields several advantages over the FEM 

and FD M  including

•  The reduction o f  the dim ensionality o f  problem by one

Thus, it only requires discretization o f  the boundary rather than the whole domain, 

illustrated in Fig. (1.2). M eshes can be easily generated and changed. In addition, 

sm aller systems o f  equations and reduction in the data are required to  solve a 

problem .,

•  M ore accurate results

The BEM  yields more accurate results than the FEM  and FDM because the weighting 

functions used by this method are analytical solutions o f  the governing equations.

•  No grid orientation and num erical dispersion effects



Since the domain discretization is not required, the problem is determined bv the 

governing differential equation, and is not restricted by the grid system 

Discretization errors are introduced only at the boundary Therefore, grid orientation 

effects related to the domain discretization can be removed. The BEM is an integral 

m ethod which is a sm oothing technique com pared to  FEM and FDM which tend to 

accentuate the errors when evaluating derivatives. Thus the numerical dispersion is 

minimized yielding much m ore accurate solutions.

•  Better problem representation.

It offers flexibility o f  handling com plex geom etries and boundary conditions In 

stead o f  wellbore pressure, the producing-block pressure is evaluated in FEM  and 

FDM. The BEM can directly calculate well drainage boundary pressure w ithout 

m aking such an assum ptions.

Kellog (1953) first developed this technique in the potential theory. W ith the 

arrival o f  the digital com puter, the application o f  this method expanded trem endously 

during the 1970’s in eleastodynam ics, heat transfer, fluid mechanics, and groundw ater 

hydrology. Since then, many researches (Liu and Ligget, Brebbia and W alker, Lennon et 

al., Lafe et al., Numbere, L iggett and Liu, C onnor and Brebbia, M asukawa) have been 

conducted to solve various engineering problems.

Numbere and Tiab (1988) applied the BEM  to generate streamlines for 

hom ogeneous and sectionally hom ogeneous reservoirs having irregular boundaries. They 

sum m arized that the BEM  offers several advantages including



• the ability to  handle handle homogeneous as well as nonhom ogeneous (zoned) porous 

media,

• the ability to  handle all shapes o f boundaries - regular or irregular,

• all k inds o f  boundary conditions - Neumann, D irichlet, or mixed,

•  the elim ination o f  trial-and-error procedures o r the personal judgm ent o f  the user,

•  the accuracy and reliability  o f  the solution in the interior o f  the dom ain o f  interest.

M asukaw a and H om e (1988) presented the application o f  the boundary integral 

m ethod (B IM ) to fluid displacem ent problems to  dem onstrate its usefulness in reservoir 

simulation. They developed a method to solve tw o-dim ensional, piston-like displacement 

for incom pressible fluids. They noted that the m ethod has the follow ing advantages.

•  The results are accurate because the solution does not suffer the grid orientation 

effects and numerical dispersion,

• The m ethod can handle any combination o f  D irichlet- and N eum ann-type boundary 

conditions and com plex geometries.

•  Both tim e and storage area o f  a com puter can be saved because the  technique using 

only a boundary grid reduces the domain o f  interest by one,

•  V elocity and flow potential at any point in the dom ain can be solved by the method.

K ikani and H om e (1988, 1992) developed accurate solutions for transient flow o f  

fluid in hom ogeneous arbitrary-shape systems w ith a variety o f  constant and/or time- 

dependent boundary conditions. Two techniques, the real space and Laplace transform 

solutions, w ere presented in their works. Kikani and H om e (1989) also applied their 

techniques in stream line generation, isochrones fo r steady-state single-phase flow



problems, and well testing to some field examples. For multi-well situations with 

arbitrarily shaped boundaries and a variety o f  boundary conditions, their technique can be 

used to solve for front tracking in the steady-state case quickly and effectively

The Laplace domain boundary-elem ent method (BEM ) was developed by Kikani 

and H om e (1993) to calculate transient pressure in a piecewise homogenous porous 

m edia w ith arbitrary geom etry o f  each region. Each region can have different rock and 

fluid properties. The technique can be applied to  solve for impermeable barriers o f  any 

shape, sizes, and orientations, including large pressure-support sources and fluid-injection 

problem s showing com posite behavior.

Sato and H orae (1993) developed a perturbation boundary element m ethod 

(BEM ) for both steady-state flow and transient-flow  problem s in heterogeneous media. 

The BEM  gives the perturbation series w ith the com plete solution for the original 

governing equation. Their model can be applied to  track streamlines and displacing-fluid 

fronts. They also applied the technique to  solve transient-flow  problems.

Brunch (1991) has applied the FDM , FEM , and BEM to solve groundw ater flow 

problems. He recom mended that BEM  is the m ost suitable, since it allows the most 

efficient handling o f  &ee surfaces, infinite flow dom ains and singularities. Besides, the 

BEM  yields more accurate results than the other methods because the w eighting 

functions used by this m ethod are analytical solutions o f  the governing equations He 

illustrated the technique by solving the fluid flow problem s for both transient and steady 

state periods.

10



K oh and Tiab (1993) developed a versatile boundary-elem ent algorithm for 

solving transient and steady state problems in isotropic o r anisotropic reservoirs. First, the 

governing equations and the boundary conditions w ere transformed into the Laplace 

domain. Then the integral equation was formed using a weighted residual approach. The 

boundary is discretized using isoparametric linear triangular elements. The Gaussian 

quadratures were utilized to  evaluate the integral equation. The solution from the Laplace 

dom ain w as inverted to real space domain by the w ell-know n Stehfest algorithm. Six 

problem s with known analytical solutions were m odeled by the proposed algorithm. 

Excellent agreement between the numerical and analytical solutions were observed. They 

also illustrated the algorithm  by m odelling ( 1) a vertical well w ith partial com pletion and

(2) a tortuous Horizontal well. Their algorithm can handle

•  reservoirs o f  arbitrary shapes,

•  fm ite-radius wellbore o f  arbitrary geometry,

•  any combination o f  D irichlet and Neumann boundary conditions.

The technique can be used to  solve a wide variety o f  three-dimensional horizontal well 

problems. But the reservoir m ust be homogeneous. Thus, their algorithm cannot be 

applied to  solve for a  horizontal well in m ulti-layer reservoir.

1.3) Objectives of Study

This study has three objectives;

1. To develop the three-dim ensional diffusivity equation for fluid flow through multi­

layer reservoir.

n



2. To develop a boundary elem ent m ethod for the form ulated problem.

3. To sim ulate the perform ance o f  a horizontal well perform ance in a single-layer, two- 

layer and multi-layer reservoirs
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Figure 1.2 Finite-Flemeiit versus Boundaiy-Element Meshes



Chapter 2 

A HORIZONTAL WELL 

IN SINGLE-LAYER HOMOGENEOUS RESERVOIR

This chapter presents a review o f  the solutions for a horizontal well in a single­

layer hom ogeneous reservoir. Both analytical and num erical solutions will be considered 

here. The analytical method reviewed in this study was developed by Jongkittinarukom  

and Tiab (1996) and Thompsons et al. (1991). The numerical method is the boundary- 

elem ent method developed by Koh ( 1993).

2.1 ANALYTICAL SOLUTION

Several mathem atical models have been proposed in the literature to calculate 

pressure response at a horizontal well. M ost o f  these models requires tremendous 

am ounts o f  tim e to  evaluate the pressure response.

Jongkittinarukom  and Tiab (1996) considered a horizontal well drilled in a  box­

shaped drainage volume, parallel to  the  y direction. Type curve matching techniques o f  

pressure and pressure derivative to  determ ine several reservoir param eters are 

presented in their works. A new techniques, know n as direct synthesis, for interpreting 

the pressure behavior o f  a horizontal well w ithout type-curve matching is presented. 

Characteristic points are obtained at intersections o f  various straight line portions o f  the 

pressure and pressure derivative curves, slopes and starting times o f  these straight 

lines. These points, slopes and tim es are then used with appropriate equations to solve

15



directly for reservoir characteristics. A step-by-step procedure for calculating these 

param eters w ithout type-curve m atching is included in this paper The productivity 

index equation is derived from  the conventional pseudo steady state equation for a 

vertical well in a bounded reservoir.

The dim ensions o f  the reservoir are; length (x direction) = a, width (y direction) = 

b, thickness (z direction) = h. The following assum ptions are made.

( 1 ) The boundaries o f  the drainage volum e are sealed in x and y direction,

(2) The reservoir is hom ogeneous, and anisotropic w ith principle permeabilities k\, kv. 

kz in X ,  y, and z directions respectively,

(3) A single-phase fluid w ith  slightly compressible,

(4) The viscosity  (p ) and form ation volum e factor (B) are constant,

( 5 )  The initial pressure is uniform  and is equal to P i ,  and

(6) G ravity effects are neglected.

In this study, a horizontal well is considered to be a partially penetrating vertical 

well in a closed rectangular reservoir. A horizontal well can be considered to  be a 

vertical well because gravity  effect is neglected. First, the physical model is rotated 90“ 

such that the well (in y d irection) is vertical and x and z directions are on a horizontal 

plane. Then w e rem ove ail o f  the boundaries in x and z directions which will be taken 

into account later by using principle o f  superposition. T here are three flow regimes:

(1) radial flow  around the open  interval (L),

16



(2) transition period during w hich the flow develop vertically yielding a spherical flow 

regim e for centrally located open interval or a hem ispherical flow for an open interval 

near the top or bottom boundary, and

(3) second radial flow over the entire formation thickness (b).

For a horizontal well in anisotropic reservoir, the following dimensionless terms 

are defined as:

p _  Vkxkzb(p, P*f) (2.1 )
141.2qBp

 ̂ _  0.0002637V k7i^t
, r F "<PM-Ci[r«hf

. _ 0 .0002637V M ^t
to A -  --------7------ ----------

(j)p ct A

Td = (2.4)
Twh

r«h=  — l i  —  ' i  —  1 (2 5)
2 V k \  V kz J

A = ah (2.6)

r =
(x -  X o )  (z  -  Z o )

V k \/k z  V k z /k ,

1.2

(2.7)

Xo = 2xVa (2 8)

Z d = 2zVh (2.9)

F or a constant rate o f  production, assuming the reservoir is radially infinite, the 

pressure response at the w ellbore is given by Streltsova (1981) as:
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Pd = - 7 E i ( - ^ )  + Sp(tD, tdd) -  tT TIT C  lOl2 4 to  ( L / b )

where the  pseudo-skin factor due to partial penetration is:

1 r 1
Sp(to, tdd) = . ' I  — [s in (n zb i)  -  sin ln^bJl'W C u^B ) (2 11)

T -b p '“='n-

* I (3*
W (u,P) = J - e x p ( - x  )dx (2 12)

u X 4x

b , = yi/b  (2 13)

b : = yz/b (2.14)

bp = L/b = b b 1 (2.15)

P = nTtroD (2.16)

u =  (2.17)
4 to

and

r D D = - ^ j ' - J =  (2.18)
b \ v k x k .

In o rder to determine the pressure response at a horizontal well in a closed 

boundary system, the principle o f  superposition in space is em ployed to account for 

four boundaries in both x and z  directions. Therefore, the dim ensionless pressure at the 

w ellbore is:

Pd = Pvkx> + Z  P di
1 =  1

f  “* ^
=  .  I e U - - ^ )  ^  Sp( t D,  r o o )  + i -  E ‘( - - ~  ) ^  SpCtD-  t d d i )  ; ( 2 1 9 )

2 4 t o  ( L / b )  1 = 1 V 4 1[) y
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Since the radius o f  the partial-penetration influence is a function o f  reserv oir length in 

y d irection which is usually assum ed to be a very big num ber compared to the 

form ation thickness in z direction. Therefore, we need to include the pseudo skin at the 

im age well. The radius o f  investigation o f  pseudo skin (Sp) is much larger than that o f  

the Ei ’s function. The pressure derivative o f  the above equation is:

1 . V,
rb. i dsp,

T hom pson et al. (1991) proposed an efficient algorithm for com puting the 

bounded reservoir horizontal well pressure response w ith minimal com putational effort 

Their m odel is considered in this study and will be used to com pare w ith  the numerical 

solution.

A  horizontal well with w ellbore length L%. shown Fig. 2.1, is drilled in closed 

box-shaped system  with dim ension Lx*Ly*Lz. The wellbore is located at 

(x ’,y i< y ’<yi+Uv. z ’). The reservoir under isothermal condition is assum ed to have a 

slightly com pressible fluid w ith constant viscosity For a constant production rate, the 

pressure response is

P(x,y,z) = Pi - J ^ : ^ A p , A P y A p , d T  (2.21)
0 LwVCt

w here (x,y,z) is any point w ithin the reservoir except a well axis. For small value of x. the 

instantaneous point source pressure drop is calculated as

APx = — I — X X exp
( x ' + {  —l} X—2 n L x )

4n,%
( 2 . 2 2 )
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I = 2
A Pv= -  S  S

Z m=—ce i= l
erf

A P r  = I  Sexpi

( 2  2 3 )

JtX I=—3C i= l 4ri^T

w here the directional difîusivities are:

for i = X, y, and z

(2.24)

0.00633 k, 
n. =  - (2.25)

For large values o f  t ,  Eqs. (2.23) - (2.25) can be replaced by the following equations, 

respectively.

expl
2  2  ' '

L x  L x n = i  V L v  V  V L x  /  V L x  y  i
(2.26)

_ Lw , 4 ® I 1 (  ni7t[Lw 2y^|^ . (  m^Lw^ mtty) f -  m‘ 7t‘ riv “'̂ 1 '
AP\ — 4—  ^  I — cosj

Ly 7tm=ij  m 2 L v
sin

/  I  2 [ ^  V
co$

I Lv u  ;

cos cos f
Lz Lz t i L z J  ̂ Lz ^

expf
l I

(2.27) 

(2 28)

Table 2.1 shows the  criterion based on the m inim um  num ber o f  term s required for 

convergence betw een Eqs. (2.22) - (2.24) and (2.26) - (2 28). The small arbitrary 

tolerance ise%  10'*^. In order to generate the pressure response, a point close to  the well 

axis must be chosen since Eq. (2.21) is invalid on the well axis, due to its singularity.
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The drawback o f  this model is the use o f  the line-source solution which assumes 

the  w ellbore radius approaches zero. Thus, the result for this model is invalid at ver\- 

early  tim e o f  production.

Clonts and Ramey (1986), Ozkan, Raghavan, and Joshi (1989), and Daviau et. al 

( 1988) developed the pressure response at the w ellbore assuming that there is no pressure 

d rop  with the horizontal well. Their model is shown in Fig. 2.2. The dimensionless

pressure response is

PD(XD,yD’ZD,ZwD,LD>tD| = — J — j erf
X d '  1 ^ - 4  ^ '  V - -  

)■ '

dx
I + 2 Z e x p ( -  n"7t-Lox)cos(n7tzo )cos(n7tz .o )

n-l J V t

w here

(2.29)

P d -
k ,h ( p . - P )

141.2qBp
(2.30)

t n  =
O.OOlOSSkht 

<j)UC,L-
(2.31)

L n  = T T
L kv

2h Vkh
(2 32)

Xd
2x kh 

■ L \  k .
(2.33)
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(2 34)

Zd = (2 35)

Zw D  =

2 r„  I kb
" ' " ' I T K

kb = V*c7k7

(2 36)

(2.37)

(2 38)

G oode and Tham bynayagam  (1987) indicated that a horizontal well may exhibit 

four regim es depending upon the reservoir geom etries and the well properties. These four 

tlow  regim es are shown in Fig. 2.3.

Early-Time Radial Flow

This flow regim e corresponds to the vertical radial flow perpendicular to the 

wellbore. The pressure drop at the w ellbore is expressed as

y j K  kyt^
P, -  Pwf -

162.6qB^i

•^kv kyL
log -  3.23 + 0.868s

The perm eability and the skin can be calculated as 

162.6qB|i
yjk^ky  =

m ,L

s=  1.151 P i  ~  P i .hr

mi
- lo g

Vk, ky
d )

4- J.Z J

(2.39)

(2.40)



where mi is the slope o f  the sem i-log p lo t o f  P versus t and Pij,r is the pressure obtained 

by extrapolating the sem i-log straight line to  t = 1 hour W hen the pressure disturbance 

reaches the top or bottom  boundary, th is flow regime is ended. The length o f  this flow 

regim e is:

j , o d r ^ c ,
k,

w here dz is the distance from  the w ellbore to  the closest boundary.

Early-Time Linear Flow

Once the pressure transient reaches the top and bottom  boundaries, the early-tim e 

linear flow regime may develop if  the w ell is relatively long com pared to the formation 

thickness. The pressure drop during th is period can be expressed as

P' - P"'= j;;;:!:]::

w here the pseudo-skin in z-direction is given as

 ̂ -  Inf sin -  1.838 (2.43)
V h /

The product o f  perm eability and w ellbore length square can be calculated as:

V hm : )  <pc,

w here mj is the slope o f  the straight line on the plot o f  AP versus t" \  The mechanical 

skin can be calculated as



L J k ik .

where AP(t=0) is the value o f  the pressure drop at f ’ '=  0. This tlow regim e is endeu at

tc: —
20.8(j))ac, L"

k \
(2.46)

Pseudo-Radial Flow

This tlow regim e starts at

ts.5 =
1230 L > n c ,  

k \
(2.47)

W hen the pressure disturbance reaches one o f  the outer boundaries, this tlow period is 

ended. This flow regim e may not develop if the top or bottom boundary is tlowing 

boundary. The pressure response is expressed as

162.6qB|i

' '■ - ' ’ '■ “ T T O T
log

kxt
-  2.023

141.2qB|g

L^ k . k - ,
(s, + s)

The equivalent horizontal perm eability can be calculated as 

162.6qB|a
-y/kxkv =

m ih

w here m3 is the slope o f  the semi-log straight line. The skin factor is

s =
1.151L kv 

1 \ k .
P, -IT. hr

-  log
m?

 k ^
<|)pc, L 'J

+ 2.023

(2.48)

(2.49)

(2.50)
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Late-T im e L in e a r  Flow

This flow  regim e develops w hen the radius o f  investigation reaches the lateral 

boundaries. The pressure drop during this period is expressed as

^ ^ 8.128qB I lit 141.2qBp. ,
(2.51)

where is the half w idth o f  the reservoir.

Equation M inim um  Number o f  Term s Equation Minimum N um ber o f  Terms

( 2 .2 )
I -  '- î^ ln i  2ej7tT J (2 .6 )

2L x ' U

2L x
- In  s

_U

(2.3)
1 ' -

‘T C
2L x/L w

(2.7)

(2.4)
kaJ^z-T

1[ ky kx
Ir -ka-ke

kv kx/ (2 .8 )

2U /L«

ln(2gLz l J

|kaJû-T
kv kx

Table 2.1 Minimum N um ber o f  Terms Required for Convergence
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Figure 2.2 A Horizontal Well Model o f  Clonts and Ramey (1986), Ozkan, Raghavan, and Joshi (1989), and

Daviau et. al. (1988)



(a) Early-time radial flow (b) Early-tim e linear Ilow
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(c) Pseudo-radial How (d) Late-time linear tlow

Figure 2.3 Flow Regimes in A Horizontal Well (after Goode and 1 hambynayagam , 1987)



2 2 N U M E R IC A L  SOLUTION

2.2.1) A Governing Differential Equation for Homogeneous Reservoir

The continuity equation o f  isotherm al flow o f  a single-phase fluid through a 

homogeneous porous material can be derived by considering a small elem ent shown in 

Fig. 2.2. The mass balance o f  this elem ent has the following form.

{rate o f  accum ulation o f  mass} = {rate o f  mass flow in}-{rate o f  m ass flow out} (2 52)

where

{ rate o f  accum ulation o f  mass } = AXi AX2 Axa (2.53)

{ rate o f  mass flow in } = pu^i + p u a  +pu^t (2 54)

and

{ rate o f  mass flow  out } = pu\i + A(puxi) + pux2 Afpu^z) + puxj + Afpu^)) (2.55)

Substitute Eqs. (2.53) - (2.55) into (2.52) and rearrange as:

— ^ _ ^ ^ ^ 2AX3 = A(puxi) + A(puxz) -  A(puxj) (2 56)
At

Divide Eq. (2.56) by Axi Axz Ax) and take  the limit as Ax, Ax; Ax) and At —> 0 yielding in

c(pu.xi) C^pUxz) ^  ^pU xj) ^  ^P4>)
c x , c \ î  d \ 3  ct

= V « (p ü ) (2.57)

If we assum e that x, and x% are horizontal so that gravity force is only on X3 

direction, a flow potential is defined as
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_  p. dP
(2 58)

The general darcy’s law  representing the relationship between the volum etric flux and the 

gradient o f  flow potential is

p (  cHi/ chi/ cV ^
Ui = -  —1 k , , - —  -  k, : i r — —  for i = 1, 2, and 3 (2.59)

PV CXi CX: CX;/

w hich can be w ritten in m atrix form  as

CV : 

cx ,  i
c y  ! 
c x ,  ! 
c y  !

1.CX3:

U ,  r ---------

'k u ki2 ku

k ’l k?: k:3

_kii ks2 k u

= KVvi/ (2.60)

The direction o f  x ,, X2, and X3 can be selected such that the perm eability tensor, K , 

becom es a diagonal matrix. This direction is called the principal axes o f  the porous 

medium. L e t ’s denote th is new  axes by X, Y, and Z. Then the perm eability tensor 

becom es

'k x 0 o '
K = 0 ky 0

0 0 kz

(2 6 1 )

w here kx, ky, and k% are the principal perm eabilities in x. y, and z directions, respectively 

Neglecting gravity  effects, substitute Eq. (2.60) into (2.57) resulting in
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V . I ^ K V p ] = ^ ^  (2 62)
VU J a

F or a slightly com pressible fluid w ith constant com pressibility, q , the density can be 

expressed as:

p  = p,,exp{ct(P  -  Po)} (2.63)

w here po is the density at Po. If  we assum e that (|) and p  are constant, introduce Eq. (2.63) 

into (2.62)  yields

D efine the contracted coordinate as

x = X .  (2.65)

y  = Y l ^ .  (2.66)
V ky

and

z  = z (2.67)
V k z

Introducing Eqs. (2.65) - (2.67) into Eq. (2.64) yields 

^ P  c^P c^P <j)pc (5?
cx^ c y ^  c z ^  kx ^

D efine dim ensionless space variables, pressure and tim e as

( 2 .68 )

(2.69)

31



C 7 0 ,

a n d z D = ^  C 7 I )

w here Pi is the initial porous medium pressure. A and P are norm alizing factors with

dim ensions o f [l ]̂ and [f  / L"], respectively. Substitute Eqs. (2.72) - (2.73) into Eq.

(2.68) yields the difhisitivity equation.

c ^ P d  f ^ P o  , c  P d  _  ^-Pd  
 :—

t ' X D  c y l  CZD C t D

= V ^Pd (2.74)

The reservoir, initially, has a uniform  pressure condition w hich can be expressed 

in dim ensionless form as

PD(xD.yD,ZD,0) = 0 at to  = 0 (2.75)

Two types o f  boundary conditions are considered in fluid through porous media. 

The first type is D irichlet, a constant-pressure boundary condition, w here the pressure at 

the boundary is assum ed to be constant.

P d = P d  (2 76 )

w here P q is the prescribed value o f  Pd



The second type is N eum ann, flow or no-flow boundary' condition, w here the flux 

is prescribed.

P d = ^
cm

= V P d * n

= P'd (2.77)

where h is the unit outw ard normal vector at the boundary and p^ is the assigned value

o f P o

2.2.2) Boundary Element Algorithm

K oh (1993) developed a boundary-elem ent algorithm  for modeling 3-D fluid flow 

through hom ogeneous porous media for both transient and steady states. The Laplace 

transform  is applied to rem ove the time variable. Introducing Laplace transform  to Eqs. 

(2.51) - (2 .54) yields

+ = s P d (2 78)
CXD C yô CZD

P d = (2.79)

P ' d  = ^  (2 80)
s

Eq. (2.78) is a three-dim ensional H elm holtz equation for the difflisivity equation, where s 

is a transform  param eter and P d represent Pd in Laplace domain.



A com bination o f  a w eighted residual technique and an integration by parts is the 

fundam ental integral statem ents o f  the boundary element method. This process reduces 

the o rder o f  the continuity required  for the Apply this technique to the solution o f  a 

three-dim ensional H elm holtz equation for the difhisivity equation, Eq. 2 78, as

f r  V rn
( 2 . 8 1 )

w here Q  is the domain o f  porous media, W  is a weighting function, and f  is the boundary 

o f  the porous media.

The free space G reen ’s function, G  , is chosen as the w eighting function w here

_  ex p (-ro > /s )
G f r o . s )   -----------

4%ro

= W (2.82)

w here ro is the dim ensionless d istance betw een the field point (xd,Vd,zd) and the source

point (xD ,yc^zo ) Substitute the free space Green’s function, G , into Eq. (2.81) and 

rearrange as

P o (rD ,s) = J
V cn cm /

dr (2.83)

w hich is only valid w hen th e  source point ( x d jYd’Zd) is in the  dom ain o f  interest, Q

This equation was m odified by K oh (1993) to handle the situation when the source point 

is on the boundary yielding the  boundary integral equation.

CO PoCro-s) = J
. - ' ' r o

r  Td
P d d f (2 84)
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where

û3 = 4 tc for (x?),yD,ZD)e Q  (2 85)

«  = ci)o for (x?),yD,ZD) € r  (2 86)

w here coo is the solid angle subtended at the boundary source point by its im mediate 

neighborhood within the domain. The norm al dim ensionless distance from the source 

point to the field point is expressed as

don =  ro *  h (2 87)

w here f o i s  a vector from the source point to the field point and h is a unit outw ard 

norm al vector at the boundary

The numerical method is necessary to  evaluate the boundary integral equation,

Eq. (2.84). Thus, the boundary (T) is discretized into several elements. The isoparam etric 

linear triangular elements are chosen by Koh (1993). The discretized form o f  the 

boundary integral equation, Eq. (2.84), for source point i on the boundary is

P 'd + —̂ [ - \ / s +  —  J P d IdT for i -  1, 2, .... Nn (2.88)
Td ^ j

Z  I —
J I r .  T o

w here and N„ is the number o f  elem ents and number o f  nodes, respectively, on the 

boundary (F). Eq. (2.88) can be expressed in matrix form as

[H ] {p„} = [G] ( p . ;  (2 89)

w here [HJ and [G] are N, x N , m atrices and  {Pp} and {p'o} are vectors o f  length N , for

P d and P 'o , respectively. The above equations can be solved once the N„ boundary 

conditions are prescribed.
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Once all values o f  and P 'd on the boundary are know, the value o f  P d at any 

point i in the dom ain Q  can be calculated from Eq (2.88) by locating a source point at the 

point i.

4 7 tp j)=  if  j -  i P'o fV s -  —  j P o d r  (2.90)
J ' r. Td _ Td '  r^V

The solutions (?□) to Eqs. (2.88) and (2.90) are in Laplace domain. S tehfest’s 

algorithm  is chose to  invert the solutions to the real space solutions (Pd) Koh (1993 ) 

recommended to  use the num ber o f  summation term s (N,) to be 8 which yields 

reasonably accurate results. The value o f  Pd at any point in the domain can be calculated 

as

PDi(to)= — Z V k P o , ( s (k ) )  (2.91)
to 1̂=1

where

m=intj
(4 -  m )!m !(m - l)!(k -  m ) l(2 m -  k)

and the transform  param eter is expressed as

s ( k ) = — k (2.93)
to
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Figure 2.4 A  Sm all E lem ent o f  H om ogeneous Porous Material 

U sed for M ass Balance Equation



Chapter 3

A HORIZONTAL WELL IN MULTI-LAYER RESERVOIR

3 . 1  A N A L Y T I C A L  S O L U T I O N

The only analytical solution available in the literature for a horizontal well in 

m ulti-layer reservoir w ith cross flow was proposed by Kuchuk and Habashy ( 1996). .A. 

reservoir consisting o f  n layers, show n in Fig. 3.1. is infinite in x and y direction and is 

layered in the z direction. A horizontal well is com pleted in layer k. The fluid in each 

layer is assumed to have slightly com pressibility  and constant viscosity. T he pressure 

response at the wellbore is

Pd = 2 jg^(rw f).x)dT [3.1)

where

Po - 141.2qp^

_ 0.0002637 ( k x \
(<})Pct\L;

(3.2)

(3.3)

r«D =-
2 U

kv
kvv

+
kv
k/7

(3.4)
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gw(r«D. to) is an impulse response for a horizontal well and is a half open length o f  

the wellbore. The subscript k denotes the properties o f  the source layer. Eq. (3.1) can be 

expressed in the Laplace domain as

P d = 2
gw (r*D'S)

(3.2)

where s is the transtbrm param eter. The dim ensionless impulse wellbore response is

(3.6)g* (r*D .s) = g«u(r«D-s) + ^ I  ff^ ^ ^ M ;^ G h (s-“ -P )]d ad p
7t“ 0 i)V a '  /

where the unbounded horizontal w ellbore solution is given as

g * u ( r * D ' S )  -  -
Ko(r«D>/s) l - e x p ( -2 V s )

 r I n --------; t —twDvs K.i(r%vD>/s) -vS

and the homogeneous solution is given as

G h (s .a .p )  = ^
4uk i - K ) k ( ^ d ) k U k h o k )

{[l + exp(-2  Uk z^D)](Cu)k - -  Uk z,D)

+1̂ 1 + (^)|^GXp(—2 Uk Zsd) j(Cj)k ̂ •^Pl Uk Zwd) /

where

U i

K, =

a ‘ +(Â.»)jP‘ + s /  Ki

k.

(A')i

k.
<t>Pc,A V(j)|ac,\

(3.7)

(3.8)

(3.9)

(3.1Ü)
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An upgoing global reflection coefficient is

( : . )  .  R " - '+ K .L '^ ^ P H u '- 'h o . , . , )  f o r i  = 1 . 2  k (3.14)

For the top layer.

(C„), = 1 for a no-flow boundary

= -1 for a constant-pressure boundary (3.15)

An downgoing global reflection coefficient has the same relation as the upgoing global 

reflection coefficient. The local reflection coefficient in Eq. (3.14) is

R,.,.i = (3.16)
u ,+  y ,. |,u ,- i

where

The local reflection coefficient equals I if  the (i-1 ) th layer is a no-flow  boundary and 

equals -1 if it is a constant-pressure boundary
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Figure 3.1 H orizontal well m odel by Kuchuk and H abashy
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3.2 NLMERICAL SOLUTION

3.2.1) Subregions Technique for Anisotropic Layered Reservoirs

In chapter 2. the boundary element algorithm  have been formulated for a 

hom ogeneous porous reservoir. In realistic, reservoirs are not homogeneous and layered 

due the depositional environm ent. These problem s can be solved by using the previous 

form ulation o f  boundary elem ent algorithm and som e continuity or compatibility 

conditions.

Let s consider an n-layer reservoir, show n in Fig. 3.2. with crosstlow  where the 

reservoir is layered in the z direction.The reservoir is bounded in x and y directions. Each 

layer can  have different rock and fluid properties w ith the following assumptions.

{1 ) the system  is under isotherm al condition.

(2) hom ogeneous and anisotropic with principle perm eabilities k ,̂. ky,. and k ,̂.

(3) a single-phase fluid w ith  slightly com pressible.

(4) the viscosity (p) and form ation volume factor (B) are constant.

(5) the initial pressure is uniform  and equals to and

(6) the gravity effects are neglected.

First, the reservoir is diviled into several lay ers. Each layer can be considered as a 

hom ogeneous porous m edium. The system o f  equations formulated for each 

hom ogeneous layer plus the continuity conditions over the interface boundaries create a 

system  that can be solved w hen the boundary conditions are prescribed.

The diffusivity equation for layer i is:
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+ ^  = =  „
C \ b  c y -  Czo  ( k ^ / i # )  c t D

w ith the Dirichlet boundary condition

Pd i= P d on r ,  i for i = 1 .2  n (3.19)

and the Neum ann boundary condition

P'd = Pd on T o  fo r i..= 1 .2 ...... n (3.20)

w here

r ,  = r,.i -  r ,.2 for.1= 1.2...... n (3.21)

D efine the norm alizing factors as the follow ings.

A = r L  (3.22)

p =
Kx.I Lws

w here r„s and L^s is a wellbore radius and wellbore length, respectively, in the lowest 

layer containing a wellbore. Thus, the dim ensionless quantities, in field units, become

Pd. = , /,'■!; (P .n ,-P ,)  for 1 = 1 .2  n (3.24)
141.2qBu

0.0002637 kx.,tp — , 1 t (3 .-3 )
<Pi|ic,rws

The w ellbore condition considered in this study is

( 1 ) The pressure is constant along the wellbore w hich can be expressed as

Pd( .XD.yo'ZD.tü) = P^oCto) (3.26)

(2) The tlow rate is constant.
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q = J J(u ,r .)d ed l , 3.27)
0 0

which can be discretized as

m
q = 2<ur  ̂ *Z(w,Ur.,) (3.28)

1 = 1

where w, is a fraction o f  wellbore area covered by node i. Hence.

0 < w , <1 fo ri = 1 . 2  n (3.29)

Z w , = 1 (3.30)
1 = 1

The value o f  Ur., can be calculated by using the equation. ( A.40). derived in Appendix A 

which expresses the value o f  radial velocity in term  o f  normal dim ensionless pressure 

derivative.

Consider an interface boundary between layers i and i+ l. show n in Fig. 3.3. Two 

com patibility conditions are required at the interface boundary. First, the potential is 

continuous across the interface. which can be expressed as

P, = Pi^i on  r ,„ - i to r i  = 1 . 2 .......... n-l (3.31)

or in dim ensionless form as

(P d), ~ ( P d),.i on  ri,i+i for i = 1 .2  n-l (3 .j 2)

Second, the amount o f  fluid flowing out o f  layer ' i '  across any sm all area. AA. must 

equal the amount o f  fluid flowing into layer 'i-rl*.

Un.i *A.A = Un.i*i*AA fo r i = 1 . 2 ........ n-I (3.33)

which can be expressed in term  o f  the normal derivative as
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C P, (?P
kx..^r~^AA -  k x i - i~  AA fo r i  = 1 . 2  a-1 13.34)

c n  c n

Eq. (3.34) can be w ritten in term  o f  dim ensionless pressure gradient as

kv iV P o , = kx.,-iVPD,.| f o r i = I . 2 .......... n-1 (3.35)

A long the interface boundary, the unit ou tw ard  norm al vector is

n, = - n , - i  = n fo r i  = 1 . 2 ....... n-1 (3.36)

M ultiply Eq. (3.36) by Eq. (3.34) and rearrange as

k ,.,P ’D, + kv i-iP ’oi.i = 0 on r,.,^i for i = 1 .2 .......n-1 (3.37)

Apply Laplace transform  to Eqs. (3 .18) - (3.20). (3.26). and (3.37) yields, 

respectively.

£ 1 »  f p .  e^Po. (k ./W ,

C \ h  ^  cv'd ^  dz b  (k x /4 )) /

fb r(x u . yu. z o l s O ,  for 1 = 1 . 2  n (3.38)

P d, = —  on  r ,i  tor 1 = 1 . 2  n (3.39)

on  r ,2 for i = 1 .2  n ( j.4 0 )

( P d ) ,  = ( P d L ,  o n  r j , i + i  t o r  i =  1 . 2 ..............n -1 ( 3 .4 1 )

a n d

k x . , P ' D ,  +  k . , , . , P ' D , . ,  = 0  o n  r , . , . i  t o r  i =  1 . 2 ............. n -1 ( 3 .4 2 )

The Laplace transform parameter for layer i is defined as
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I n 2 ,
s ( k ) - - — k f o r k = I .......N, (3.43)

iD

Apply the boundary elem ent algorithm for homogeneous reservoir developed b> 

Koh (1993). Chapter 2. to Eq. (3.38). we have

[H], {Pd}, = [G ], j p ’oj- fo r i  = 1 . 2 .......... n (3.44)

Eq. (3 .44) is rew ritten as

[H], {Pd},= [Gk],{p'Dt}_ fo r i  = 1 . 2 .......... n (3.45)

where

[G k], =  7 — [G ], fo r i  = 1 . 2 ..........n (3.46)
k x.i

{P'ok}, ^*^x.i [p 'd |. for 1 = 1 . 2  n (3.47)

W ith two com patible conditions. Eqs. (3.41 ) and (3.42). we can assem ble together the 

system  o f  m atrices. Eq. (3.45). O nce the boundary conditions are prescribed, the above 

system  o f  equations may be solved. The total number o f  unknow ns equals the number o f  

nodes on the external boundaries plus twice the number o f  nodes on the interface 

boundaries.

For im proving com putational efficiency and avoiding num erical problem, the 

proposed technique may also be used in homogeneous reservoir. As pointed out by Koh 

(1993), one o f  the disadvantages o f  the BEM is that it produces unsym m etric and densely- 

populated matrix. The subregion technique transform s a folly populated matrices into 

banded m atrices yielding more com putational efficiency. The problem  with a large 

num ber o f  unknow ns can also be solved by using this technique.
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Figure 3.3 Velocily Delleclion Across I he Interface Boundary



3.2.2) Assembly of Equations

This section illustrates how  the proposed algorithm  works. C onsider the two- 

d im ensional domain, show n in Fig. 3.4. The domain is divided into three subregions 

illustrated in Fig. 3.5. The o rd er o f  nodes are renum bered for each subdom ain. Each 

subregion can be treated as a  hom ogeneous domain. Apply boundary elem ent algorithm 

to each subregion, we have the system  o f  algebraic equations for region 1. 2. and 3. 

respectively, as

' h i , h i : h i : h i : ' PPd, S | | g | : g | : g | :

h^i h i : h i : h i : P P L : g L g : : g : : g L

h i , h i : h i : h i : PP d:. g : . g : : g l : g L

. h i . h i : h i : h i : . ^ D 4 g l : g i :

P'Dl.l

P'o: 11

P’d v. '
(3.48)

P' D4.I

'h f . h f : h f: h f: h f : h f . '

h i , h i : h i : h i : h is h i .

h i , h i : h i : h i : h is h i .

h i , h i : h i : h i : h is h i .

h i , h i : h i : h i : h is h i .

. h i , h i : h i : h i : h is h i . .

P P d,

P P d:

PPo;

PPoA
P P doJ

g ? . g ? : g f : g f : g fs ë f . l

g : . g L g L ë i : ë i s ë f .

g : . g : : ë L g f : g f s ë f .

g : . g i : g : : g f : g f s g f .

g s . ë L g s : g f : ë f s g f .

ë L ë L g f : ë L s L

P'di.: 
P'd: : 

P'dv:

! ' “ 4
P'o<: I

(3.49)

and
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h i  1 h i 2 h i  3 P P D , § 1 1  8 1 2  ë ' 3 P ' d ,

W, hL hh ■ P P D 2 § 2 1  § 2 2  § 2 3 < P ' d :

h '31 h i :  h i ; P P d v § ; i  § ' - :  § ' • _ P ' d ,

(3.50)

At interface 1-2. the required com patibility conditions can be expressed as 

PPo2 = = PPo:

PPL; = P P L  =

P P d 4  — PPo; — P P d 4  

P ' d 2  — P ' d 2 . i P ' d i  2  

P ' d J  — P ' d 3 . I  P ' d 2 . 2  “  0  

and

P ' d 4 — P ' d 4, I P ' d 3.2

At interface 2-3. the required com patibility conditions can be expressed as 

P P d 5  —  P P d i  — P P d 6  

P P o h  ~  P P d :  ~  P P D 7

P'ob -  P ' d 5 . 2  P ' d I . 3  

P ' d 7  — P ' d 6 . 2  P ' d 2 . 3

Com bine Eqs. (3.48) - (3.60) and rearrange in the matrix form as follows.

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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ë w ë L ë(,.) ë l
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r , . ,

P 'n ,

P'us

P'i)(.

P ' l , 7

P'„«

(3.61 )



O nce the boundary conditions are prescribed, the above m atrix can be rearranged and 

solved for the unknowns.

4

Figure 3.4 A Tw o-D im ensional Dom ain U sed  to Illustrate 

The Proposed Algorithm

5 1

4

«

»
6

Figure 3.5 Three Subdomains



3.2.3) Solution of Equations

G aussisan elim ination is used by Koh (1993) to the system o f  equations for 

single-layer hom ogeneous reservoir. This method fails to solve Eq. (3.61 ) correctly. In 

this study, the G auss elimination with colum n pivoting only is used to solve the system of 

equations.
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Chapter 4 

VALIDATION

Three ditTerent cases with available solutions, listed below, are used to check the 

developed algorithm.

( I ) Finite linear aquifer.

(2) A horizontal well in closed rectangular reservoir, and

(3) A horizontal well in a m ulti-layer reservoir w ith cross flow

C ase 1: F in ite L inear A quifer

In this case, the dim ensionless pressure and time are redefined, respectively, as

and

0.0002637k ,

The dom ain o f  interested is a  rectangular reservoir with impermeable lateral, lower, and 

upper boimdaries. Two different types o f  boundary, (a) sealed outer boundary and (b) 

constant pressure at outer boundary, are considered in this study. Nabor and Barham 

(1964) presented the analytical solutions for both cases. They are

, 4 . 3 ,
3/ n ' J

tor sealed outer boundary and
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[ n- J

for constant pressure at outer boundary. Figure 4 .l( I ) shows the discretized boundaries of

tw o-layer model consisting o f  106 nodes and 208 elem ents in each layer. The properties

o f  the aquifers are the followings:

kxi = 1.0 md, = 1.0 md

ku = 1.0 md, kv2 = 1.0 md

k^i = 1.0 md, k 2̂ = 1-0 md

4»i = 0 .1 . (j)2 = 0.1

The pressure response o f  sealed outer boundar) aquifer are plotted in Fig. 4.1(2) showing 

reasonable agreem ent w ith the analvtical solution and K oh 's  work.

Figure 4.1(3) presents the dim ensionless pressure versus dim ensionless time for 

constant pressure at ou ter boundary aquifer. It is clearly  seen that the presented algorithm 

fits very w ell with the analytical solution.

Case 2: A Horizontal Weil in Closed Rectangular Reservoir

A horizontal w ell located in a finite anisotropic sealed rectangular box reservoir 

produces at a constant rate. Several analytical solutions were docum ented in the 

literature. But only tw o o f  them  will be considered here. Thompson et al. (1991) 

presented an effective algorithm  to evaluate the pressure response w ith minimal 

com putation efforts. The draw back o f  their model is the line-source assum ption which 

does not correctly represent the pressure response a t very early time. Thus. Kuchuk and
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Habashy 's  model ( 1996) is also included here. Their model correctly determ ines the 

pressure response at the very early time. But their model is only for a system with in Unite 

horizontal direction. Therefore, this model cannot be used to check the present work at 

very late time when the horizontal boundary effects are observed.

Figure 4.2( I ) shows a discretized reservoir with 300 nodes and 592 elem ents on 

layer ‘ I ' and with 194 nodes and 384 elements on layer '2*. The discretized wellbore is 

shown in Fig. 4.2(2). The sy stem s have the following properties.

kxi = l.O m d. k x 2 = l .0 m d

ku = l.O md. k o  = l.O md

k^i = l.O md. ko  -  TO md

<() I — 0 .1. (j>2 =  0 .1

The pressure responses from this study, shown in Fig. 4.2(3). matches very well with the 

analytical solutions and K o h 's  work, one-layer boundary algorithm, for the whole 

dimensionless time o f  interested.

8.3 C ase 3: A Horizontal W ell in A M ulti-layer R eservo ir w ith  C ross flow

The only analytical solution o f  this system  available in the literature is by Kuchuk 

and Habashy (1996). As stated  in Case 2. this m odel assum es that the system  is infinite in 

the horizontal direction. Thus, only early portion o f  pressure response will be used to 

validate this work. Figure 4.3( I ) shows the discretized system consisting o f  two layers 

with 492 nodes and 976 elem ents on laver ' I ' and with 386 nodes and 768 elements
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on layer '2'.  The w ellbore discretization is the same as that o f  Case 2. The reservoir has 

the followings properties.

kxi = 1.0 md. kx: = 0.1 md

kxI = l.O md. kx: =0.1 md

k î = 1.0 md. k/j; = 0.1 md

(|)i = 0 .2 . (#: = 0.1

Figure 4.3(2) com pares the  analytical solution and the tw o-layer boundary element 

algorithm . Good agreem ent can be clearly seen for to < 10^ beyond when the boundary 

elTects is observed.
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Chapter 5

APPLICATIONS OF THE BOUNDARY ELEMENT METHOD 

TO SIMULATE PRESSURE PERFORMANCE 

IN COMPLICATED SYSTEMS

The developed boundary element m ethod is applied to solve the three dimensional 

tluid problem s w hich the analytical solutions do not exist. Eight ditTerent cases will be 

included in this chapter including:

( 1 ) A horizontal well in a tw o-layer reservoir.

(2) .A horizontal w ell in a tw o-layer reservoir w ith  gas-cap drive.

(3) A horizontal w ell in a tw o-layer reservoir w ith  bottom -w ater drive.

(4) A horizontal w ell in a tw o-layer reservoir w ith  gas-cap and bottom -w ater drives.

(5) A horizontal well intersecting a two-layer reservoir.

(6) A snake-shape horizontal well intersecting a tw o-layer reservoir.

(7) A horizontal well intersecting a three-layer reservoir.

(8) A vertical w ell intersecting a  two-layer reservoir w ithout cross tlovv.

Different types o f  plots o f  the dim ensionless pressure and the dim ensionless pressure 

derivative versus the dim ensionless time including log-log plot, semi-log plot, and 

Cartesian plo ts are used to investigate the w ellbore perform ance for each case.

The radius o f  investigation is the d istance from the wellbore in w hich can be 

reached by a  pressure disturbance after the w ell is opened for production for time t (hr.) 

defined bv Lee (1982) as:
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kt
'■ ■ '9 4 8 * n c ,

Solve the above equation for time as 

9484#c, r-
I -  ^ ' !  :  I

Substitu te Eq. 5.2 into Eq. 3.25 yields 

0.0002637 k ,i
t o — , i tr ;

(5.3)

Eq. (5.3) can be used to identify when the boundary and/or the interface efleet will be 

observed at the wellbore. It should be noted that this dim ensionless tim e is just an 

approxim ation. Since the boundary effect on the dim ensionless pressure derivative is 

dependent on the scale o f  a graph.

The perform ance o f  a well with partial-penetration is sum m arized in Appendix B. 

U nderstanding its effects may assist us to understand the perform ance o f  a horizontal 

w ell in a more com plicated system.

Table 5 .1 sum m arizes the general dim ensionless pressure equation and slopes o f  

the dim ensionless pressure derivative for four primary d istinct flow regim es. Especially 

the dim ensionless pressure derivative, they can be used to identify each flow regime.
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Flow Regime The General Dim ensionless Equation Slope o fP ’i,

radial flow Pd = m*log(to)-b 0.00

linear flow Pd = m*to' ' * b 0.50

bilinear flow Pd = m*to'  ̂  ̂ b 0.25

spherical Pd = m*to'' " -t- b -0.50

where b and m are constants.

Table 5.1 The Relationship Between Pd And to For Different Flow Regimes

Dimensionless Pressure Derivative During Infinite-Acting Flow

During the infinite-acting flow' period, the dim ensionless pressure is expressed as

PoCto-ro) = - - E i
~ rb

4 ^

^ + 0.80907 for to - r  d > 100.

where the exponential integral is defined by 

E i( -x )  = -  — duJ II

(5.4)

(5.5)

(5.6)

= ln(x) + 0 i7 7 2  for x < 0.0025 (5.7)

At the w'elibore, ro = I. the dim ensionless pressure derivative with respect to In(tD) 

during the first radial-flow period is obtained by dilferentiate Eq. (5.5) as

ô Pd

51n( to )
=  05 (5 .8 )
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Eq.(5.8) is the standard technique used to detect the first radial-How around the vsellbore .  

The basic assumption behind this solution. Eq. (5 .4). is that the reservoir is isotropic. 

Hence, the welibore is a cylinder in the dim ensionless coordinate illustrated in Fig. 5.1. 

But this is not the case for a horizontal well since the vertical perm eability is always 

m uch lower than the horizontal permeability. Thus, the welibore becom es an ellipse in 

the dim ensionless coordinate as shown in Fig. 5.2. The variable Rv used in Fig. 5.2 is 

defined as

= —  (5.9)
krnin

w here k^ax and kmm are the two principle perm eabilities, maximum and minimum, 

respectively, on the horizontal plane

The value o f  dim ensionless pressure derivative during the infinite-acting flow 

period as a  function o f  the perm eability will be studied here. The physical model 

considered here is shown in Fig. 5.3. The reservoir is assumed to be infinite in horizontal 

direction. The top and bottom  boundaries are no-flow  boundaries.

The results from the num erical study are illustrated in Figs. 5.4 and 5.5 on linear 

and .sem i-log scale, respectively. The dim ensionless pressure derivative w ith respect to 

In(to) during this period can be expressed in term  o f  the perm eability ratio as:

p^  = l  (5.10)
-  V kmm

w here kma.x and kmm are the m axim um  and m inim um  horizontal perm eabilities, 

respectively. It should be noted that when the perm eability ratio (Rk) is equal to one. the 

dim ensionless pressure derivative is 0.5.
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Figure 5.1 A Welibore in The Cartesian Coordinate



►

l igure 5.2 A Welibore in I he Dimensionless Coorclinale
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Figure 5.3 The Reservoir Model Considered in Fhis Study
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Case I: A Horizontal Well in Two-Layer Reservoir

The resen.oir is consisted o f  two different layers show n in Fig. 5.1.1. The 

w elibore is centrally located in the first layer paralleling to y direction. The top and 

bottom  boundaries are no-tlow boundaries. The effects o f  welibore location, distance 

betw een a w elibore and the interface, the etTects o f  the permeabilities are investigated in 

this study. The properties o feach  layer are the tbllowing.

U  =  100 ft 

Lx = 1000 ft.

U  = 1000 ft.

Lzi = 50 ft. L i2 = 50 ft.

kx.i = 1.0 md kx.: = 0.1 md

kx.i = 1.0 md ky : = 0.1 md

kz.1 = 0 .1  md kz.2 = 0 .0 1 md

(j)i = 0.1 4)2 = 0.1

Two different cases are included in this section. The permeability ratio is defined 

in this section as:

= (5.1.11

The distance between the horizontal well and the interface is denoted by L. Table 5.1.1 

shows the shortest distances between the welibore and the boundaries. This Table couple 

w ith Eq. (5.3) can be used to calculate the approxim ate dim ensionless time w hen the
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pressure disturbance reaches these boundaries. Table 5.1.2 and 5.1.3 show these 

dim ensionless tim es for different values ofR ^.

L. rt top

distance to the boundary 

bottom  x-direction y-direction

5 45 55 500 450

25 25 75 500 450

40 10 90 500 450

Table 5.1.1 The Shortest Distances from The N̂ ’ellbore To The Boundaries for Case 1

D im ensionless time, to

L. ft interface top bottom x-direction y-direction

5 250 20250 2.5*10-' 2.5*10-' 2 .0*10 '

25 6250 6250 2.6*10- 2.5*10- 2.0*10-

40 16000 1000 2.7*10-' 2.5*10-' 2 .0*10 '

Table 5.1.2 The D im ensionless Tim es for The Pressure Disturbance to Travel 

from The W elibore to The Boundaries for Case 1 and Ri, = 10
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L. rt interface top

Dimensionless time, to

bottom x-direction \-d irection

5 250 20250 2750 - -

25 6250 6250 8750 - -

40 16000 1000 18500 .

Table 5.1.3 The D im ensionless T im es for The Pressure Disturbance to Travel 

from The W elibore to The Boundaries for Case I and Rt = 0 .1

N ote that first the dim ensionless tim es for the pressure transient to travel from the 

w elibore to the bottom boundary are subjected to error. Because the pressure disturbance 

m ust travel through the interface w here the defection o f  velocity occurs. The actual 

dim ensionless time should be greater than those calculated from Eq. 5.3. Hence those 

calculated dim ensionless times are the minim um  dim ensionless time. Second, the 

approxim ate dim ensionless tim es w hen the pressure disturbance reaches the boundaries 

in x-direction and y-direction are am biguous for = 0.1. Because the horizontal well is 

located in the lower-perm eability layer. The radius o f  investigation travels slow er in this 

layer. But it travels faster in the bottom  layer. Hence, the boundaries in x-direction and y- 

d irection may be reached from  either the top or bottom  layer. But these dim ensionless 

tim es should be no more than those required for R^ = 10. Hence, these exact 

dim ensionless times are unknown.
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Fig. 5.1.2 illustrates the discretized reservoir model using nonuniform grid. Since 

the source is located at the center o f  the reservoir, this area is discretized by using smaller 

triangular elements. At the boundary far away form the source, the larger uniform  

triangular elements are used. The 2-D  boundary discretization is illustrated in Fig. 5.1.3. 

The num ber o f  nodes and elem ents in each  layer are;

Later # 1

•  number o f  nodes = 656

• number o f  triangular elem ents = 1424 

Later #2

•  number o f  nodes = 598

•  number o f  triangular elem ents -  1216

The time tp at the end o f  partial penetration effect is given in Appendix B as

k/

w hich can be expressed in term  o f  the dim ensionless time as

•  Fp ( 5 . 1 . 2 )
k v if  Lv

The perforation ratio is

Since the horizontal well is centrally located in layer #1. then

b p  =  0  (5.1.4)

From Fig. 8.5. and Eqs. (5.1.3) and (5.1.4). we have
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Fp =  0 .535  (5.1.5)

Substitute Eq. (5.1.5) and the known parameters into Eq. (5.1.2) yields

If 1000 I-
top = r l  I •0 .535  = 2.14*10'’ (5.1.6)

Com pare the dim ensionless time in Eq. (5.1.6) w ith ones in Tables 5.1.2 and 5.1.3. it is 

clearly seen that the partial penetration etYect will be masked by the boundary effects.

The log-log plots o f  Pi) and P'd versus to for L = 5 ft are illustrated in Figs. 5.1.4 

( a ) - ( c ) . f t  is clearly seen that the dimensionless pressures for both cases are not much 

different. Hence, the dim ensionless pressure derivative is the primary tool for 

investigating the pressure-transient performance to r a horizontal well. The well is located 

closer to the interface than to the top or bottom boundary. Therefore, the interface etYect 

will appear before the top no-flow boundary effect. Shortly after the well is opened for 

production, there exist the first radial flow regime corresponding to the vertical radial 

flow around the welibore. This flow regime is identified when the dim ensionless pressure 

derivative has zero-slope straight line as shown in Fig. 5.1.4(c). Due to the permeability 

anisotropy, the dim ensionless pressure derivative is not 0.5. Instead, it is

P'd = ° = 1.56 (5.1.7)
cln(tD)

since (k A /)  = 10. In addition, the radial flow regim e can also be identified on  the semi­

log plot o f  the dim ensionless pressure versus the dim ensionless time. Fig. 5 .1.4(b) 

illustrates the existence o f  the first radial flow regim e. It should be noted that the 

dim ensionless pressure and the dimensionless tim e are based on the perm eability in the x- 

direction o f  the top layer. Hence, we observe the sam e dim ensionless pressure for both
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cases during infinite-acting tlow period. This tlou  regim e is ended when the pressure 

transient reaches the interface at t^ ~ 250.

For Rk = 10. when the welibore feels the interface effect, the dimensionless 

pressure derivative is increased. The increment in the dim ensionless pressure derivative is 

due to the effect o f  lower-perm eability formation on the welibore. In contrast, for R^ =

0.1. when the welibore feels the effect o f  higher-perm eability formation, the 

dim ensionless pressure derivative is decreased. \M ien the welibore feels all o f  the 

boundaries, there exists a pseudo-steady state flow. D uring this flow regime, the 

dim ensionless pressure derivative yield a straight line w ith slope o f  1.0 on the log-log 

plot.

For Rk = 0.1. the pressure transient reaches the bottom  no-flow boundary at tu % 

2750. W hen the pressure disturbance reaches the top no-tlow  boundary at to % 2*10"^. The 

dim ensionless pressure derivative starts to deviate from  the straight line and increases.

The pseudo-steady is observed when the pressure disturbance reached all o f  the 

boundaries. For a  long period o f  production, the dim ensionless pressure and the 

dim ensionless pressure derivative merge and form a log-log straight line. It should also 

be noted that during the pseudo-steady state flow, the dim ensionless pressure derivative 

for both cases becom e identical.

Figs. 5.1.5 (a) - (c) listed in Appendix C. illustrate the dimensionless pressures 

and the dim ensionless pressure derivatives for L = 25 ft. The horizontal wells are in the 

m iddle o f  layer ff I. Hence, the boundary effect and the interface effect will be observed at 

the same time. In addition, the infinite-acting o r radial flow will be longer than that o f  the



previous case. L = 5 ft. This can be clearly seen in Fig. 5.1.5(c|. The partial-peneiration 

effect can be observed, in Fig. 5 .1 .5(c). in w hich the dimensionless pressure derivative 

deviates fi’om  the horizontal straight line. The overall performance is similar to that o f  the 

previous case. But the lengths o fe a c h  flow regim e are different. The horizontal well feel 

the top no-flow boundary and the bottom  layer at the same time, to = 6250. For -  10. 

after the transition period, there exists the second radial flow regime. In contrast, for Rj. = 

0.1. the dim ensionless pressure derivative is decreased during this period since the 

interface effect is stronger than the top no-flow boundary effect. The pressure transient 

reaches the bottom  boundary at to = 8750. The lateral boundary effects for cases can be 

observed at to = 2* 10^ and 10' for Rk = 10 and Rk = 0.1. respectively. For Rk = 0.1. the 

radius o f  investigation travels vertically to the higher-permeability layer and then travel 

horizontally along this layer until it reaches the lateral boundaries. Therefore, the pseudo­

steady state for Rk = 0.1 appears before that for Rk = 10.

The dim ensionless pressures and the dimensionless pressure derivatives 

performance for L = 40 ft. are illustrated in Figs. 5.1.6(a) - (c). The length of the first 

radial flow period is in betw een those for L = 5 ft. and L = 25 ft. due to the distances 

from the welibore to the interface and the top no-flow boundary, show n in Table 5.1.1. 

During the first radial flow , for both cases, we can observe the partial penetration effect 

on the dim ensionless pressure derivative. The end o f the first radial flow, to = 10^. occurs 

when the pressure d isturbance reaches the top no-tlow boundary. The dim ensionless 

pressure derivatives are increased. \VTien the radius o f  investigation reaches the interface, 

to % 1.6*10^. the d im ensionless pressure derivatives for Rk = 10 and Rk = 0.1 are
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different as shown in Figs. 5.1.6 (a) and (c). The pseudo-steady state tlow is obser\ed  

when all o f  the no-tlow boundaries are te It at the welibore.

Fig. 5.1.7(a) - (d) illustrate the dimensionless pressures and the dim ensionless 

pressure derivatives for Ri, = 10 as a tunction o f  the distance trom the w elibore to the 

interface. The dim ensionless pressures and the dim ensionless pressure derivatives are the 

sam e for the first-radial flow and the pseudo-steady state tlow periods. The differences 

are during the middle period. The differences are evident in the dim ensionless pressure 

derivatives. The dim ensionless pressure for L = 5 ft. yields the highest value since the 

w elibore has the closest distance to the lower-permeability layer, layer #2. Wliile the 

dim ensionless pressure for L = 25 ft yields the lowest value because the w elibore is in the 

m iddle o f  layer #1. The Cartesian plot o f  the dim ensionless pressures versus the 

dim ensionless time are show n in Fig. 5 .1.7(d). During the pseudo-steady flow, the 

dim ensionless pressure is a linear ftmction o f  the dim ensionless time. All o f  the three 

cases have the same slope but different intercepts. The diflerent intercepts lead to 

different shape factors ( C a )-

The dim ensionless pressures and the dim ensionless pressure derivatives for different 

values o f  L's for Rk = 0.1 are shown in Figs. 5.1.8 (a) - (d). The dim ensionless pressure 

derivatives, for all cases, are the same during infinite-acting flow and pseudo-steady state 

flow. The dim ensionless pressure for L = 5 ft. yields the lowest value since it has the 

least distance to the higher-perm eability layer. While, for L = 40 ft. the dim ensionless 

pressure is the highest value because the welibore is located far away from the interface 

and is the closest to the top no-flow boundary. There exists only one sem i-log straight
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line, corresponding to the tirst radial-dow  regime, for each case. Fig. 5.1.8(d) illustrates 

the Cartesian plot o f  the dim ensionless pressures versus the dim ensionless time during 

the pseudo-steady state. The slope o f  the straight line is not a function o f  the distance 

from the welibore to the interface. The slopes for = 10 and Rk =0.1 are the same 

during this period.

84



50 II
(500,450,5011.) T

l.

i „

layer 1

(500,550,50* 1.)

OCUi
50 ft layer 2

y

l'igure 5.1.1 Reservoir Model for Case



Y

r i g u r e  5 . 1.2 Rese rvo i r  Discretiza tion for Case



X

l’igure 5.1.3 Reservo ir  Discretiza tion for C ase  1 in 2-D



û

1E+2

1 E + 1

o
a.
T3
C
(Q
O

O.

1 E + 0

jCase 1

L = 5ft

1 E - 1

1 E + 0 1 E + 1 1 E + 2  1 E + 3 1 E + 4 1 E + 5  1 E + 6  1 E + 7 1 E + 8

l'igure 5.1.4(a) Dimensionless Pressure and Dimensionless Pressure Derivative Behavior

for Case 1 and L = 5 II.



Q
CL

25

20

15

10

5
semi-log straight line

L = 5ft

0
1E+0 1E+61 E + 4 1 E + 5 1 E + 71 E + 31 E + 1 1E+2

Figure 5 .1 5 (b) Dimensionless Pressure Behavior for Case I and I. -- 5 ft.



Q
Q.

1E+1
[pseudo-steady state

1 E + 0

Case 1

L = 5ft

I E - 1

1 E + 1 1 E + 2 1 E + 51 E + 3 1 E + 4 1 E + 6 1 E + 7

l ' igure 5.1 .5 (c) D im ens ion less  Pressure  Derivative  Behav io r  for C ase  1 and 1 . - 5  It.



Case 2: A Horizontal Well In Two-Layer Reservoir with Gas-Cap Drive

The reservoir model is the same as that in Case 1. In this case, the top boundary 

and the bottom boundary are Ho wing boundary and no-tlow boundary, respectively, 

show n in Fig. 5.2.1. The dash line represents the tlowing boundary and the solid line 

represents no-tlow boundary. .At the tlowing boundary or gas-oil interface, the 

dim ensionless pressure is set to be zero since the pressure is assum ed to be constant. 

Three different values o f  L's. 5 ft.. 25 ft., and 40 ft. for both Rt = 10 and Rk = 0.1 are 

investigated in this section.

Before the pressure transient reaches the top tlowing boundary, the welibore 

perform ances should be the same as those in Case I. The dim ensionless pressures and the 

dim ensionless pressure derivatives for L = 5 ft. are shown in Figs. 5.2.2(a) - (c) listed in 

Appendix D. The pressure transient reaches the gas-oil interface at tn = 20250. For t» < 

20250. the dimensionless pressures and the dim ensionless pressure derivatives are the 

same as those shown in Figs. 5.1.4 (a)-(c). Once the pressure transient reaches the top 

tlow ing boundary, the dim ensionless pressure derivatives are decreased for both cases. 

The dim ensionless pressures becom e constants indicating that the steady state is reach.

Figs. 5.2.3 (a) - (d) illustrate the dim ensionless pressures and the dimensionless 

pressure derivatives tor L = 25 ft. For to < 6250. before the pressure transient reaches the 

top flowing boundary, the w elibore performances are the same as those in Figs. 5.1.5(a) - 

(c). For Rk = 10. the dim ensionless pressure derivative is decreased when the radius o f  

investigation reaches the top tlowing boundary and the interface. The effect o f  tlow ing
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boundar> is stronger that that o f  lower-permeability layer. For Ri, = 0.1. the 

dim ensionless pressure derivative is decreased more than that o f  Rk = 10 because o f the 

com bination o f  top flow ing boundary and the higher-perm eability effects. The pressure 

disturbance travels faster in the bottom  layer for Rk = 0 .1 . Hence, the lateral boundary 

efleet can be observed faster for Rk = 0.1 than for Rk = 10. At to = 7* lO"*. for Rk = 0.1. the 

dim ensionless pressure derivative starts to deviate from  the derivative trend line and to 

form the small portion o f  horizontal straight line. This is the indication o f  the second 

radial flow regime. Figs. 5.2.3 (b) and (d) illustrate the sem i-log plot o f  the dim ensionless 

pressures versus the dim ensionless time. In Fig. 5.2.3(b). there exists the first long radial 

tlow  for both cases and the sm all-slope second sem i-log straight line for Rk = Ü. 1. This 

second semi-log straight line is highlighted in Fig. 5.2.3(d). Once the radius o f  

investigation reaches all o f  the boundaries, the steady state is reached.

The dim ensionless pressure and the dim ensionless pressure derivative for L = 40 

ft is illustrated in Figs. 5.2.4 (a) - (d). Before the radius o f  investigation reaches the 

interface o r the boundaries, tp < 10^. the welibore perform ances are the same as those in 

Figs. 5.1.6 (a) - (c). Once the top flowing boundary effect is observed, to % 10 '. the 

dim ensionless pressure derivatives are decreased for both cases. The dim ensionless 

pressure derivatives for both cases are the same until the radius o f  inv estigation reaches 

the interface, at to = 1.6* 1 O'*. For Rk = 10. the slope o f  the dim ensionless pressure 

derivative is slightly increased since the top flowing boundary efleet is greater than the 

effect o f  low er-perm eability layer. In contrast, the dim ensionless pressure derivative for 

R k = 0.1 forms another straight line w ith bigger negative slope due to the e fleet o f  the
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higher permeability layer. Follow ing this period, there exists the second radial tlow when 

the pressure disturbance reaches the lateral boundaries, to -6*  lO"*. This second radial 

tlow  is not observed for = 10. Figs. 5.2.4 (b) and (d) illustrate the semi-log plot o f  the 

dim ensionless pressure versus the dimensionless time. There exists one and tw o semi-log 

straight lines for Rk = 10 and Rk = 0.1. respectively. The second semi-log straight line is 

illustrated in Fig. 5.2.4(d).

Figs. 5.2.5 (a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for Rk = 10 for different values o f  L's. For L = 5 ft. the dim ensionless 

pressure yields the h ighest value since it has the sm allest distance tfom the welibore to 

the lower-perm eability form ation. The dim ensionless pressure for L = 40 ft is the lowest 

because it is located near the constant pressure boundary. For all cases, there exist only 

two flow regimes, the first radial flow and the steady state flow. It should be noted that 

the mathematical m odel used in this study does not account for:

•  moving boundary.

# gas and/or w ater conning problèm es)

The gas-oil and oil-w ater contacts are assumed to be constant-pressure boundaries where 

the dim ensionless pressure is set to be zero. Hence, there is no movement o f  gas or oil 

entering the dom ain o f  interested.

The dim ensionless pressures and the dim ensionless pressure derivatives for Rk = 

0.1 are shown in Figs. 5.2.6 (a) - (c). For L = 5 ft. the dim ensionless pressure is the 

low est since it has the sm allest distance fi-om the w elibore to the higher permeability 

layer. The dim ensionless pressure for L = 25 ft is the highest. .All cases have the first
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radial tlow regime. There exists the short second radial flow regime for L = 25 and 40 ti. 

Hence, the distance (L) controls the t\p e s  o f  the second flow regime.
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Case 3: A Horizontal Well in Tw o-Layer Reservoir with Bottom-Water Drive

The reservoir model is the sam e as that in Case I . In this case, the top boundarv 

and the bottom  boundary are no-flow  boundary and flowing boundary, respectively, 

show n in Fig. 5.3.1. The solid line represents no-flow boundary and the dash line 

represents the flowing boundary. A t the flowing boundary or oil-water interlace, the 

dim ensionless pressure is set to be zero since the pressure is assumed to be constant. 

Three different values o f  L's. 5 ft.. 25 ft., and 40 ft. for both ^  = 10 and Rk = 0.1 are 

investigated in this section.

Before the pressure transient reaches the top flowing boundary, the wellbore 

perform ances should be the same as those in Case 1. The dimensionless pressures and the 

dim ensionless pressure derivatives for L = 5 ft. are shown in Figs. 5.3.2(a) - (c). The 

bottom  boundary effect can be observed at the wellbore at to % 2.5* 10' and 1.5* 10  ̂ for 

Rk = 10 and Rk = 0.1. respectively, show n in Fig. 5.3.2(c). For Rk = 0.1. it should be 

noted that the radius o f  investigation reaches the bottom boundary before it reaches the 

top boundary although the well is located closer to the top boundary that to the bottom 

boundary. Because the vertical perm eability  in the bottom  layer is ten times bigger than 

that in the top layer. Once the radius o f  investigation reach the bottom flowing boundary, 

the steady state is observed.

For L = 25 ft., the well is located in the m iddle o f  Layer -1 . The dim ensionless 

pressures and the dim ensionless pressure derivatives arc shown in Figs. 5.3.3 (a)-(c) 

listed in Appendix E. Before the pressure transient reaches the bottom flowing boundary.
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the well perform ances are the same as those shown in Figs. 5.1.5 (a)-(c). The bottom 

w ater drive effect can be observed at the wellbore at to -  3*10' and 2* 10  ̂ for Ri, = 10 and 

Rk = 0.1. respectively. Once the bottom flowing boundarv is felt, the steady state is 

reached.

Figs. 5.3 .4  (a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for L = 40 ft. The wellbore perform ances are the same as those in 

Figs. 5.1.6 (a)-(c) before the bottom boundary effect can be observed at the wellbore. The 

pressure transient reaches the water-oil contact at to % 3.5*10' and 4.5*10"^ for R^ = 10 

and Rk = 0.1. respectively. Shortly after this period, there exists steady-state flow regime.

Figs. 5.3.5 ( a ) - ( c )  illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for different values o f  L's for Rk = 10. Fig. 5.3.5(b) illustrates the 

sem i-log plot o f  the dim ensionless pressure versus the dim ensionless tim e. The 

dim ensionless pressure derivatives are shown in Fig. 5.3.5(c).

The dim ensionless pressures and the dim ensionless pressure derivatives for Rk = 

0.1 are shown in Figs. 5.3.6 (a) - (c). The dim ensionless pressure and the dim ensionless 

pressure derivative are a  function o f  the distance from  the wellbore to the interface. The 

longer the distance, the higher the pressure and the pressure derivative are. Fig. 5.3.6 (b) 

illustrates the sem i-log plot o f  the dim ensionless pressure versus the dim ensionless time. 

All cases have the radial flow regime. Once the bottom  boundary is reach by the radius o f  

investigation, we observe steady-state flow.
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Case 4: A Horizontal Well in Two-Layer Reservoir with Gas-Cap and

Bottom-Water Drive

The reservoir model is the same as that in Case 1. In this case, the top and the 

bottom  boundaries are constant-pressure boundaries. Fig. 5.3.1 illustrates the reservoir 

system  considered in this case. The dash line represents flowing boundary . .At the flow ing 

boundaries, gas-oil contact and oil-w ater contact, the dim ensionless pressures are set to 

be zero since the pressure is assumed to be constant. Three different values o f  L's. 5 fl..

25 ft., and 40 ft. for both Rk = 10 and Rk = 0.1 are investigated in this section.

Before the pressure transient reaches the top or bottom constant-pressure 

boundaries, the wellbore perform ances should be the same as those in Case 1. The 

dim ensionless pressures and the dim ensionless pressure derivatives for L = 5 ft. are 

show n in Figs. 5.4.2(a) - (c). Following the infmite-acting flow regim e, the interface 

effect appears where the dim ensionless pressure derivatives for both Rk = 10 and Rk =

0.1 are different, at to = 250. The second flow regime for both cases are distorted by the 

top and bottom flowing boundary effects, respectively. These flow periods are shorter 

than those in Case 1. Once the constant-pressure boundary is reach by the radius o f  

investigation, the dim ensionless pressure is becoming a constant. This effect causes the 

dim ensionless pressure derivative to decrease leading to the steady state.

The dim ensionless pressures and the dimensionless pressure derivatives for L = 

25 ft. are shown in Figs. 5.4.3 (a) - (c) listed in Appendix F. The radius o f  investigation 

reaches the top flowing boundary and the interface at the same time since the w ellbore is
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located at the middle ot' layer #1. The top flowing boundary effect can be observed at tu % 

6250 causing the decrement in the dim ensionless pressure derivative and the constant 

dim ensionless pressure. There is only one transient flow regim e for this case.

Figs. 5.4.4 (a) - (c) illustrate the dimensionless pressures and the dimensionless 

pressure derivatives for L = 40 ft. Since the wellbore is located closer to the top flowing 

boundary, the top boundary efleet will be observed first. There exists only one flow 

regim e. When the radius o f  investigation reach the top flowing boundary, to = lO'’. the 

d im ensionless pressure derivatives are decreased. The dim ensionless pressure derivatives 

for Rk = 10 and Rw = 0.1 are different when the wellbore feels the interface effect. Once 

all o f  the boundaries are reach by the radius o f  investigation, we observe the steady state 

flow.

The dim ensionless pressures and the dimensionless pressure derivatives for Case 

4 and Rk = 10 for difterent values o f  L’s are shown in Figs. 5.4.5 (a)-(c). The case o f  L = 

40 ft has the lowest dimensionless pressure and dim ensionless pressure derivative since it 

is located far away from the low-permeability layer and close to the constant-pressure 

boundary. While the case o f  L = 5 ft. has the highest dim ensionless pressure and the 

d im ensionless pressure derivative. For L = 5 ft., there exist the second radial flow regime.

Figs. 5.4.6 (a)-(c) illustrate the dim ensionless pressures and the dimensionless 

pressure derivatives for Case 4 and Rk = 0.1. Although the wellbore is located far away 

from  the constant pressure boimdary. the case o f  L = 5 ft. has the lowest dimensionless 

pressure and dim ensionless pressure derivative. While the case o f  L = 25 ft. has the 

highest dim ensionless pressure and the dimensionless pressure derivative. Since the
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w ellbore is locate far away from either the interface o r  the constant pressure boundar> 

com pared to the other two cases. There is only one transient tlow regime for L = 25 and 

40 ft.
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Comparison of The Wellbore Performance of Case 1 - 4

The com parison o f  the wellbore performance o f  Case 1-4 can lead to the 

identification o f  the boundary effects. The following guide can be used to identify each 

boundary efiect.

• The dim ensionless pressure o f  Case 1 and 2 are the same until the top boundary elTect 

is observed at the wellbore.

• The dim ensionless pressure o f  Case 1 and 3 are the same until the bottom boundary 

effect is observe at the wellbore.

• The dim ensionless pressure o f  Case 2 and 4 are the same until the bottom boundary 

effect is observed at the wellbore.

The com bination o f  these com parisons and the previous plots gives information about the 

behavior o f  the horizontal well.

Figs. 5.4.7(a) - (c) illustrate the dimensionless pressures and the dimensionless 

pressure derivatives for = 10 and L = 5 ft. The pressure transient reaches the top 

boundary before it reaches the bottom  boundary. The semi-log plot o f  the dimensionless 

pressure versus the dim ensionless tim e is shown in Fig. 5.4.7(b). Case 2 and 4 do not 

have the second sem i-log straight line because o f  the top flowing boundary effect. These 

second radial flow regime is also identified in Fig. 5.2.7(c) as the constant dimensionless 

pressure derivative.

The dim ensionless pressures and the dimensionless pressure derivatives for Rk = 

0.1 and L = 5 A are shown in Figs. 5.4.8(a) - (c). The pressure disturbance reaches the 

bottom  boundary before it reaches the top boundary. In contrast to the case ot Rk = 10.
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the dimensionless pressure and the dimensionless pressure deri\ative o f  Case 2 are bigger 

than those o f  Case 3. This happens because the bottom  boundary efleet is observed 

before the top boundary effect is.

Figs. 5.4.9(a) - (c) illustrate the dimensionless pressures and the dim ensionless 

pressure derivatives for Rk = 10 and L = 25 ft for different types o f  boundary conditions. 

The pressure transient reaches the top boundary before it reaches the bottom  boundary .

The dimensionless pressures and the dim ensionless pressure derivatives for Rk = 

0.1 and L = 25 ft. for different types o f  boundary conditions are illustrated in Figs. 5.4.10 

(a) - (c). The top boimdary effect is observed before the bottom boundary effect is. There 

exists the second radial tlow regim e only for Case 2.

Figs. 5 .4 .11(a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives tor Rk = 10 and L = 40 ft for four different types o f  boundary 

conditions. The top boundary is reached early because the wellbore is located very close 

to the top boimdary. Only Case 1 and 3 have the second radial tlow regime. The bottom 

boundary effect is observed at to  = 2.5* 10'.

The dim ensionless pressures and the dim ensionless pressure derivatives for Rk = 

0.1 and L = 40 ft. for different types o f  boundary conditions are illustrated in Figs. 

5.4.12(a) - (c). Similar to the case o f  Rk = 10. the pressure transient reaches the top 

boundarv before it reaches the bottom  boundarv.
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Case 5: A Horizontal Intersecting A Two-Layer Reservoir

The reservoir model is the same as in Case 1. It consists o f  two ditTereni- 

permeability layers. But the wellbore configuration is different. The wellbore is 

intersecting both layers as illustrated in Fig. 5.5.1(a). Three difterent angles between the 

wellbore and the horizontal plane. 0 = 10°. 45°. and 90°. are considered in this section.

The wellbore is parallel to y-direction. Both top and bottom  boundaries are only 

considered to be no-flow boundaries for 0 = 45° and 90° . But for 0 = 10". four difterent 

boundary conditions are considered as show n in Fig.5 .5 .1(b). H alf o f  the wellbore length 

are located in layer #1 and layer #2. The effects o f  the w ellbore angle (0) the ratio o f  

permeabilities o f  layer #1 and o f  layer #2 are investigated in this section.

The discretized reservoir model is shown in Fig. 5.5.2. The uniform  triangular 

elem ents are used through the boundaries except at the center o f  the boundary. Since this 

area is intersected by the wellbore. Hence, the nonuniform  sm aller triangular elements are 

used in this area to handle the source points. Fig. 5.5.3 illustrates the discretized reservoir 

model in 2-D.

The properties o f  each layer are the following.

U  = 100 ft 

U =  1000 ft.

Ly = 1000 ft.

L^i = 50 ft. L/j = 50 ft.

(j)| = 0.1 (j); = 0.1
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kx.i = I.O md 

ky.i = 1.0 md 

k^i = 0 .1  md 

k x j :  =  k y  2  =  I 0 * k ^ 2

The ratio o f  perm eabilities o f  layer #1 and o f  layer #2 is defined as

kx.i
Rk =

kx :
(5.5.1)

Three different ratios (R). 1.0. 10.0. and 50.0. are considered in this section.

The distances from the w ellbore to each boundary are sum m arized in Table 5.5. 

E quation 5.3 is applied to calculate the dimensionless time required for the pressure 

transient to travel from the wellbore to the boundaries. These dim ensionless times are 

show n in Table 5.5.2.

0. degree top

distance to the boundary, ft 

bottom x-direction y-direction

10 41.32 41.32 500.00 450.76

45 14.64 14.64 500.00 464.64

90 0.00 0.00 500.00 500.00

Table 5.5.1 The Shortest Distance from The Wellbore to The Boundaries for Case
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0. degree top bottom

to

x-direction y-direction

10 17073 17073 2.5*10- 2.0*10-

45 2143 2143 2.5*10- 2.2*10-

90 0.00 0.00 2.5*10- 2.5*10-

Table 5.5.2 The Dimensionless Times for The Pressure Disturbance to Travel from 

The W ellbore to The Boundaries for Case 5 and Rw = 1

0. degree top

to

bottom x-direction y-direction

10 17073 1.7*10- 2.5*10- 2.0*10-

45 2143 21432 2.5*10- 2.2*10-

90 0.00 0.00 2.5*10- 2.5*10-

Table 5.5.3 The Dimensionless Tim e for The Pressure D isturbance to Travel from 

The W ellbore to The Boimdaries for Case 5 and Rw = 10
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t()

0. degree top bottom x-direction y-direction

10 17073 8.5*10" 2.5*10- 2.0*10-'

45 2143 1.1*10- 2.5*10- 2.2*10-

90 0.00 0.00 2.5*10- 2.5*10-

Table 5.5.4 The D im ensionless Time for The Pressure Disturbance to Travel from 

The W ellbore to The Boundaries for Case 5 and Rw = 50

Figs. 5.5.4 (a)-(c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for 0 = 10" for different values o f  R^'s. For Rk = 1. the two-layer 

system  is simply a hom ogeneous reservoir. It is clearly seen that the dim ensionless 

pressure increases as the perm eability ratio (Rk) increases. The additional dim ensionless 

pressure is required to m aintain the same production rate (q). On the sem i-log plot. Fig. 

5.2.4(b), the slope o f  the straight line during the infinite-acting flow is also a function o f  

the permeability ratio. The higher the perm eability, the higher the slope is. For the 

hom ogeneous system, Rk = 1. the first radial and the partial-penetration effect are 

observed at the wellbore for the small values o f  the dim ensionless time, to < 5* 1 O' on the 

semi-log plot. But the end o f  the first flow regim e can be seen earlier on the 

dim ensionless pressure derivative. Once the radius o f  investigation reaches the top and 

the bottom  no-flow boundaries, for Rk = 1.there exists the second radial flow indicated by
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the sem i-log straight line show n in Fig. 5.5.4(b) and the constant dimensionless pressure 

derivative shown in Fig. 5.5.4(c). This flow regim e is the horizontal radial flow around 

the long horizontal well. But there do not exist the second radial flow regime tor R.̂ , =10 

and 50. O nce the radius o f  investigation reaches all o f  the boundaries, we observe the 

pseudo-steady state flow. On Fig. 5.5.4(c). the beginning dim ensionless time o f  the 

pseudo-steady state is a function o f  the perm eability ratio. For the high value o f  

perm eability  ratio, the pseudo-steady state appears very late. This is due to the relatively 

low perm eability in the bottom  layer.

The dim ensionless pressures and the dim ensionless pressure derivatives for 0 = 

45" are plotted in Figs. 5.5.5 (a) - (c). in Appendix G. The dim ensionless pressures and 

the d im ensionless pressure derivatives for this case are sim ilar to those o f  the previous 

case. 0 = 10". The difference is that the dim ensionless pressure derivatives are m ore flat 

during the first and the second radial flow periods as shown in Fig. 5.5.5(c). In Fig. 

5.5 .5(b). for = l.the slopes o f  the first and the second straight lines are less difference.

Figs. 5.5.6 (a)-(c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for 0 = 90°, the vertical well. There is no partial-penetration effect 

since the wellbore com pletely penetrates the tw o-layer system. For Rk = 1. the system  

becom es the vertical w ell in a  closed rectangular hom ogeneous reservoir. Due to 

centrally  located w ellbore. there are only two different flow regim es: the first radial flow 

and the steady-state flow regim es. The dim ensionless pressure derivative during the 

infinite-acting flow equals 0.5. show n in Fig. 5 .5 .6(c). since the radial permeability, 

horizontally  isotropic, is constan t and equals to kx.i. WTien the radius o f  investigation
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reaches all four lateral boundaries at the sam e time, vse obser\e the steady-state tlow . ,\s  

expected, the dim ensionless pressure derivatives for Rk = 10 and 50 during the intlnite- 

acting flow are higher than that for the hom ogeneous system. They are not perfectly 

horizontal straight lines. In the semi-log plot. Fig. 5.5.6(b). we can observe only one 

straight line for each case.

The dim ensionless pressures and the dim ensionless pressure derivatives for Rk = I 

and for different angles (9) are shown in Figs. 5.5.7 (a) - (c). It should be noted that the 

dim ensionless pressure is lowest when the w ellbore becomes vertical. For 0 = 90“. the 

w ellbore has the highest radial permeability, kr = . since the vertical perm eability does

not contribute to the radial flow. Actually, in this special case, there is no vertical flow. 

But for 0 # 90". the radial permeability is. a function o f  0. k^. L .  and k%. less than the 

horizontal perm eability. For 0 ^  90". there exists two semi-log straight lines. The slopes 

o f  these two straight lines are less different w hen the angel becomes closer to 90“ or the 

wellbore is becom e m ore vertical. Fig.5.5.7 illustrates the Cartesian plot o f  the 

dim ensionless pressure versus the dim ensionless time during pseudo-steady state flow.

Figs. 5.5.8 (a) - (d) illustrate the dim ensionless pressures and the dimensionless 

pressure derivatives for Rk = 10. The dim ensionless pressures and the dim ensionless 

pressure derivatives are sim ilar to those o f  the previous case. Rk = 1. hom ogeneous 

system. But this case yields higher dim ensionless pressures and the dim ensionless 

pressure derivatives. There exists only one sem i-log straight line as show n in Fig. 

5.5.8(b). Fig. 5 .5.8(d) illustrates the Cartesian plot o f  the dim ensionless pressure versus 

the dim ensionless tim e during the pseudo-steady state flow.
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The dim ensionless pressures and the dim ensionless pressure derivatives tor Rt, = 

50 are shown in Figs. 5.5.9 (a) - (d). The dim ensionless pressures and the dim ensionless 

pressure derivatives for this case are sim ilar to  the previous two cases but they yield the 

highest the dim ensionless pressures and the dim ensionless pressure derivatives. There 

exists only semi-log straight line for each case as shown in Fig. 5.5.9(b). Fig.5.5.9(d) 

illustrates the Cartesian plot o f  the dim ensionless pressure versus the dim ensionless 

pressure derivative during the pseudo-steady state flow.

Figs. 5.5.10 (a) -(c) illustrate the dim ensionless pressures and the dimensionless 

pressure derivatives for Rk = 10 and 0 = 1 0 “ for four different boundary conditions. These 

four boundary conditions are shown in Fig. 5.5.1(b). Due to the higher permeability in 

Layer #1. the radius o f  investigation travels faster in this layer. Hence, the top boundary 

is reached before the bottom  is. The dim ensionless pressures and the dim ensionless 

pressure derivatives are the same for all o f  the boundary conditions before the wellbore 

feels the top boundary effect. When the radius o f  investigation reaches the top boundary, 

to = 1.7*10^. there are two different groups o f  dimensionless pressure response. The first 

group consists o f  BC I and BC III in w hich the top boundary is no-flow boundary. The 

other corresponds to the top flowing boundary consisting o f  BC 11 and BC IV. The 

dim ensionless pressures for BC I and BC III are the same until the radius o f  investigation 

reaches the bottom  boundary, approxim ately tD = 2 .5 * 1 0 \ At the sam e dim ensionless 

time, the dim ensionless pressures for BC II and BC IV are different. W hen the pressure 

transient reaches all boundaries, we observe the (pseudo) steady state. Fig. 5.5.10 (b) 

show  the semi-log plot o f  the dim ensionless pressure versus dim ensionless time. All o f
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the four boundary conditions have the sam e tlrst semi-log straight line. Excluding the 

system  with BC I, all system s have the third horizontal straight line during the steady- 

state tlow. For BC I. there exists a pseudo-steady state tlow.
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Case 6: A Snake-Shape Horizontal Well intersecting A Two-Layer Reservoir

Fig. 5.6.1 illustrates the horizontal well configuration which intersects both layers. 

T he longer w ellbore portion is located in layer #1. The wellbore composes o f  two 

portions:

( 1 ) three horizontal-well sections, two sections located in layer and one section located 

in layer #2. as considered in Case 1.

(2) tw o inclined well sections considered in Case 5 w hich intersect both layers. Hence, 

the w ellbore performance must be m ore com plicated that those o t the previous cases. The 

w ellbore is symmetry' in y-direction and is centrally located in x-direction. The system  

properties are:

U  = 272 ft 

L , = 1000 ft.

L. = 1000 ft.

L,.i = 50 ft. L/.: 50 ft.

(j)| = 0.1 (j>2 = 0.1

kx,i = 1.0 md

kv.i = 1.0 md

kz.1 = 0 .1  md

kxj = ky.2 = 10* k ^

Tw o different cases considered in this section are:

•  Case A; the top layer has higher perm eability.
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• Case B: the top layer has tower permeability.

The effects o f  ratio (R^) and boundary conditions are considered in this section. Three 

different values o f  R^. 1. 10. and 100 are included. For R^ = 10, four different boundary 

conditions are studied.

Fig. 5.6.2 illustrates the discretized reservoir model. The system consists o f  500 

nodes and 1000 triangular elem ents. Excluding the region around the center o f  the 

reservoir, the uniform triangular elem ents are used. The triangular elements at the center 

are rem odified to handle the source points, the horizontal well. The details o f  the 

boundary elem ents are shown in Fig. 5.6.3. Table 5.6.1 shows the shortest distances from 

the w ellbore to the boundaries. Eq. 5.3 is applied to calculate the approximate 

dim ensionless times required for the pressure transient to travel from the wellbore to the 

boundaries. These dim ensionless tim es are summarized in Table 5.6.2 and 5.6.3.

boundary distance, ft

top 25

bottom 25

.\-direction 500

y-direction 390

Table 5.6.1 The Shortest Distance from The Wellbore To The Boundaries for Case 6
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boundary

I

to

Rk = 10 Rk — 100

top 6250 6250 6250

bottom 6250 62500 625000

.x-direction 2.5*10- 2.5*10-' 2.5*10-

y-direction 1.5*10-' 1.5*10- 1.5*10-

Table 5.6.2 The Dimensionless Tim e for The Pressure Disturbance to Travel from 

The W ellbore To The Boundaries for Case 6A

boundary

R k =  1

to

R k =  10 R k  = 100

top 6250 6250 6250

bottom 6250 625 62.5

x-direction 2.5*10" 2.5*10" 2.5*10"

y-direction 1.5*10- 2.3*10" 2.3*10"

Table 5.6.3 The Dimensionless Time for The Pressure D isturbance to Travel from

The W ellbore To The Boundaries for Case 6B
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For Rk = I. the dim ensionless pressure and the dim ensionless pressure derivative 

for Case A and Case B are the same due to the symmetrv in the z-direction. The 

dim ensionless pressure and the dim ensionless pressure derivative for this case are shown 

in Figs. 5.6.4 (a) - (c). There exists only one sem i-log straight line as shown Fig. 5.6.4(b). 

The result is confirmed by the straight line o f  the dim ensionless pressure derivative for tn 

< 2*10"’ in Fig. 5.6.4(c). This derivative straight line is horizontal corresponding to the 

first radial flow regime around the w ellbore. A lthough the reservoir is hom ogeneous. Rk 

= I. the dim ensionless pressure derivative during the first radial flow is greater than 0.5 

because there are two inclined-w ellbore sections and three horizontal-w ellbore sections. 

For these two wellbore section, the radial perm eability is less than k\. Hence, the larger 

pressure drop is required to m aintain the sam e production rate. The first radial flow 

period is ended before the radius o f  investigation reaches the top and bottom  no-flow  

boundaries at t» = 6250. Once the top and bottom  boundaries are reached, there exists the 

second straight line portion o f  the dim ensionless pressure derivative. But the slope o f  this 

line is not zero. This flow regim e is due to the horizontal radial flow around the wellbore 

in X - and y- directions. It is not a perfect radial flow since the dim ensionless pressure 

derivative is not constant. But it is a  straight with small value o f  slope as shown in Fig. 

5.6.4(c). Physically, the wellbore length is varied with depth. In the top layer, the 

w ellbore length is greater than that o f  the bottom  layer. This distribution in wellbore 

length in z-direction distorts the horizontal radial flow. WTien the pressure transient 

reaches the lateral boundaries, the dim ensionless pressure derivative is increased. Then 

the pseudo-steady state flow is observed.
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Figs. 5.6.5 (a) - (d). in A ppendix H. illustrate the dim ensionless pressures and the 

dim ensionless pressure derivatives for Rk = 10. For Case the perm eability o f  the top 

layer is higher than that o f  the bottom  layer. It should be note that the radius o f  

investigation will reach the top boundary before it will reach the bottom boundary . For 

Case B. the perm eability o f  the bottom  layer is higher. During the transient period, it is 

clearly seen that the dim ensionless pressure for Case A is lower than that for Case B. 

Since the longer portion o f  w ellbore is located in the higher-perm eability layer for Case 

.A.. But they are the sam e during the pseudo-steady state tlow. There exists one and two 

sem i-log straight lines for Case A and Case B. respectively, as show n in Fig. 5.6.5(b). For 

Case A. this sem i-log straight line corresponds to the first radial tlow  around the 

wellbore. This is due to the dom inated effect o f  the higher perm eability since the longer 

wellbore is located there. But for Case B. there is no perfectly horizontal dim ensionless 

pressure derivative because the bottom  boundary effect shows up early at to % 625. WTien 

the pressure transient reaches the top boundary, to % 6250. there exist the first radial tlow. 

This flow regim e corresponds to the horizontal radial flow around the long horizontal 

well. The pressure disturbance reaches the boundary in y-direction approxim ately at to -  

2.3*10'*. The value o f  the d im ensionless pressure derivative is increased. There exist 

another radial flow. O nce the pressure transient reaches all boundaries, we observe the 

pseudo-steady state  flow regim e. Fig. 5.6.5(d) illustrates the C artesian plot o f  the 

dim ensionless pressure versus the dim ensionless time during the pseudo-steady state 

flow. The slopes o f  the tw o cases are the same but the intercepts are different.
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The dim ensionless pressures and the dimensionless pressure derivatives tor = 

100 are shown in Figs. 5.6.6 (a)-(e). Due to the higher permeability ratio (R^). the radius 

o f  investigation travels much faster in Layer ? 1 than in Layer -2 . During the transient 

period, the production is supported by the higher-permeability. Fig. 5.4.6 illustrates the 

semi-log plot o f  the dim ensionless pressure versus the dim ensionless tim e. There exists 

only one sem i-log straight line for each case. For Case A. this semi-log straight line 

corresponds to the infinite-acting flow around the wellbore. This flow regim e is ended 

when the pressure transient reaches the top boundary. For Case B. there is no the first 

radial flow because the bottom  boundary at to = 625. When the pressure transient reaches 

the top boundary, there exists the radial flow regime. This flow regim e is caused by the 

horizontal radial flow around the wellbore. The dimensionless pressure derivative for 

both cases are the same when the pressure transient reaches all boundaries at to % 6* 10'. 

The steady state usually appears shortly after the dimensionless pressure derivatives are 

identical. But. in this case, that phenom ena does not happen. .\s  shown in Figs. 5.6.6 (a) 

and (d). shortly after the dim ensionless pressure derivatives for both cases become 

identical, the dim ensionless pressure derivatives form the first straight line, for 4* 10' < to 

< 7*10^. F o r  to > 8*10*. the dim ensionless pressure derivatives form another straight line 

with higher slope. The second straight line is corresponding to the real pseudo-steady 

state in w hich the low -perm eability layer also contributes to the production. Fig.5.6.6(e) 

illustrates the Cartesian plot o f  the dim ensionless pressure v ersus the dim ensionless 

pressure derivative during the pseudo-steady state flow.
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For Case 6A. the comparison of the dimensionless pressures and the

dimensionless pressure derivatives for different values of permeability ratio ( ) is

illustrated in Figs. 5.6.7 (a)-(d). The dimensionless pressure is increased when the 

perm eability ratio is increased. The dim ensionless pressure and the dim ensionless 

pressure derivative for Rk = 1 have the lowest value. There is only one sem i-log straight 

lines for each case as shown in Fig. 5.6.7(b). The slope o f  each straight increases when 

the perm eability ratio increases. In addition, when the perm eability ratio is increased, it 

will take longer time to see the beginning o f  the pseudo-steady state. Fig. 5.6.7(d) 

illustrates the Cartesian plot o f  the dim ensionless pressure versus the dim ensionless time 

during the pseudo-steady state period. The slopes o f  each line are the same but the 

intercepts are different.

Figs. 5.6.8 (a) - (d) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for Case 6B. The general perform ance for Case B is sim ilar to that o f 

Case 6 A. The dim ensionless pressure and the dim ensionless pressure derivative for Rk =

1 have the lowest values. There exists only one radial tlow  regime for each case as shown 

in Fig. . For R k # l .  the radial flow regime shows up late. This tlow regim e is the 

horizontal radial flow regime around the long horizontal wellbore. The dim ensionless 

pressure is plotted versus the dim ensionless time on Fig. 5.7.8(d). The slopes o f  each 

straight line are the same but the intercepts are diflerent.

Four different types o f  boundary conditions only for Rk 10 will be investigated 

here. Figs. 5.6.9 (a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for boundary condition type II. The top and bottom boundaries are
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flowing and no-flow boundaries, respectively. Before the radius o f  investigation reaches 

the top flowing boundary, the dim ensionless pressures and the dim ensionless pressure 

derivatives are the same as those for BC I. shown in Figs. 5.6.5 (a) - (c). The sem i-log o f  

the dim ensionless pressure is show in Fig. 5.6.9(b). There exists only one sem i-log 

straight line for both Case A and Case B. O nce the top boundary is reached, the 

dim ensionless pressure derivatives start to decrease for both Case A and C ase B 

illustrated in Fig. 5.6.9(a) and (c). For Case A. when the radius o f  investigation reaches 

the bottom no-flow  boundary, the slope o f  the dim ensionless pressure derivative 

increases and forms another straight line. The top boundary efleet is stronger than the 

bottom  boundary efTect causing the slope o f  the dim ensionless pressure derivative 

continue dropping. This is when the steady state is reached.

Figs. 5.6.10 (a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for boundary condition tvpe III. The dim ensionless pressures and the 

dim ensionless pressure derivatives for boundary condition type IV are show n in Figs. 

5 .6 .1 1(a) -(c).

Figs. 5.6.12 (a) - (c) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for four different types o f  boundary conditions for C ase A. The 

dim ensionless pressures and the dim ensionless pressure derivatives for four different 

types o f  boundary conditions for Case B are shown in Figs. 5.6.13 (a) - (c i.
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Case 7: A Horizontal Well in Three-Layer Reservoir With Cross-Flow

The reservoir consists o fth re e  distinct layers, shown in Fig. 5.7.1. The wellbore 

penetrates all three layers. Both top and bottom boundaries are only considered to be no- 

tlow boundaries. Two w ellbore angles (0). 45" and 90". with respect to the horizontal 

plane are considered in this section. The permeability decreases with depth. The 

perm eability ratios are defined as:

R wi = 7 ^  (5.7.1)
kx,:

kx '
= — ^ (5.7.2)

kx :

The efiect o f  these perm eability ratios will be investigated here. Table 5.7.1 shows twelve 

different cases covered in this section. The first six cases have the same w ellbore angle. 0 

= 90" while the wellbore angle for the last six cases are 45". The reservoir discretized 

model is the same as the one in Case 2 but it consists o fth ree  layers. The distances from 

the wellbore to the boundaries are shown in Table 5.7.2. Table 5.7.3 show s the 

dim ensionless times required for the pressure transient to travel from the wellbore to each 

boundary.

Figs. 5.2.7 (a)-(e) illustrate the dim ensionless pressures and the dim ensionless 

pressure derivatives for Cases 1-6 which have the w ellbore angle equal to 90". For these 

cases, they are actually the vertical well in m ulti-layer reservoir. The w ellbore penetrates 

each layer exactly the sam e length. ( =100/3 ft.). The dim ensionless pressure and the
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dimensionless pressure derivative are increased as the num ber o f  Case is increased. 

Because, for 1< i < 6. Case i has higher permeability that Case i-1 does. The semi-log 

plot o f  the dim ensionless pressure versus the dim ensionless tim e is shown in Fig.

5.7.2(b). There exists only sem i-log straight line for each case. The result is confirmed b> 

the dimensionless pressure derivatives illustrated in Fig. 5.7.2(c). This first radial tlow is 

indicated by the horizontal dim ensionless pressure derivative. The boundarv effects can 

be observed at to = 2*10' w hen the dim ensionless pressure derivatives are increased. The 

beginning dim ensionless tim e o f  the pseudo-steady state is increased as the permeability 

is decreased. The pseudo-steady state o f  Case 1 is observed first and that o f  Case 6 is 

observed last as illustrated in Fig. 5.7.2(d). For Case 4 and 5. the permeabilities in layer 1 

and 3 are the same. But the perm eabilities in the middle layer are different. During the 

late time, to > 10*’. the dim ensionless pressure derivatives o f  Case 4 and 5 are merging. 

Fig. 5.7.2(e) illustrates the C artesian plot o f  the dim ensionless pressure versus the 

dimensionless time during pseudo-steady state flow. The slopes o t Case 1-5 are about 

the same but the slope o f  C ase 6 is different. Because we d id  not observe the pseudo­

steady state o f  Case 6 yet. This is due to the relatively low perm eability.

Figs. 5.7.3 (a)-(e), in A ppendix I, illustrate the dim ensionless pressures and the 

dimensionless pressure derivatives o f  Cases 7-12. These cases are a  slant well in multi­

layer reservoir. The w ellbore lengths in layer I, 2, and 3 a re  26.43 ft., 47.14 ft., and 26.43 

ft., respectively. The w ellbore is parallel to the y-direction. The sem i-log plot o f the 

dimensionless pressure versus the dim ensionless time is show n in Fig. 5.7.3(b). There 

exists one sem i-log straight line for each case. Fig. 5.7.3(c) illustrates the dimensionless
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pressure derivative behav ior. The general characteristic ot'these cases are about the same 

as those o f  Case 1-6. But there dose not exist a long horizontal dim ensionless pressure 

derivative. The radial flow periods are shorter than those o f  Case 1-6. The dimensionless 

pressure derivatives during pseudo-steady state flow are shown in Fig. 5.7.3(d). The 

beginning dim ensionless time o f  pseudo-steady state is a function o f  the system  

perm eabilities. For Case 10 and 11, the perm eabilities in layer 1 and 3 are the same. But 

the perm eabilities in the middle layer are different. During the late time, to > 10'’. the 

dim ensionless pressure derivatives o f Case 10 and 11 are merging. Fig. 5.7.3(e) illustrate 

the C artesian plot o f  the dimensionless pressure versus the dim ensionless time during 

pseudo-steady state flow. Excluding Case 12, the slopes o f  all cases are the same. The 

pseudo-steady state o f  Case 12 does not appear yet.

Fig. 5.7.4 illustrates the dim ensionless pressures and the dim ensionless pressure 

derivatives o f  Case 1 and 2 which have the same permeabilities in layer 1 and 2. But Case

2 has low er perm eability in the bottom layer. The effect o f  the bottom layer plays an 

im portant role since the very small values o f  the dimensionless time since the 

d im ensionless pressure o f  Case 2 is higher than that o f  Case 1. But during pseudo-steady 

state flow, both cases have the same dim ensionless pressure and dim ensionless pressure 

derivatives.

The dim ensionless pressures and the dim ensionless pressure derivatives for Case

3 and 4. They have different properties in layer 3. The performance o f  both cases are 

insignificant difference for to < 2*10'. During this period, the production is just coming 

from layer 1 and 2 only. For 2 * 1 0 '<  to < 3* 10 . the wellbore produces partially from the
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bottom layer since the dimensionless pressure derivatives are different. Case 4 has hieher

dimensionless pressure since it has lower permeability in the bottom layer. For tn '

3*10'. both cases have the same performance again.

Fig. 5.7.6 illustrated the dimensionless pressures and the dim ensionless pressure 

derivatives for Case 5 and 6. The effect o f  the bottom layer is observ ed at to % 4*10".

This happens a lte r  the pressure transient reaches the lateral boundaries at to = 2.5*10'. 

During the pseudo-steady flow, there exists the radial flow regim e around the wellbore in 

both layer 1 and 2. This flow regime is ended when the pressure disturbance reaches the 

boundaries in x and/or y direction.

The dim ensionless pressures and the dim ensionless pressure derivatives for cases 

4 and 5 are showTi in Fig. 5.7.7. Case 4 and 5 have the same permeabilities in the layers 1 

and 3. They have different permeabilities in layer 2. The layer 2 plays an important role 

since the beginning because the dimensionless pressures and the dim ensionless pressure 

derivatives for both cases are different from the beginning. They are the same only during 

the pseudo-steady state flow.

Fig. 5.7.8 illustrates the dim ensionless pressures and the dim ensionless pressure 

derivatives for Case 7 and 8. The wellbore angle is 90". The perform ance is similar to that 

o f  Fig. 5.7.4 w hich has the vertical well in the same system. The bottom layer plays an 

important role since the beginning because the dim ensionless pressures and the 

dim ensionless pressure derivatives are different. This happens because the bottom-layer 

permeability and the top-layer permeability are relative^ close.
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The dimensionless pressures and the dimensionless pressure deri\ ati\es for Case

9 and 10 are shown in Fig. 5.7.9. For to < 10". the performance o f  both cases are 

insignificant different. During this period, the production is com ing tfom  the layer 1 and 

2. The effect o f  the bottom  layer can be observed at to = 10' when the pressure in layer 1 

and 2 start to decline. The dim ensionless pressures and the dim ensionless pressure 

derivatives are different during this period. For to > 2* 10'. the perform ance o f  both cases 

becom e identical again.

Fig. 5.7.10 illustrates the dim ensionless pressures and the dim ensionless pressure 

derivatives for Case 11 and 12 which have the same perm eabilities in layer 1 and 2. The 

effect o f  the bottom layer can be observed at to = 3*10^. Due to the relatively low 

permeability, we can not observe the pseudo-steady state flow in Case 12 yet.

The dim ensionless pressures and the dimensionless pressure derivatives o f  Case

10 and 11 are shown in Fig. 5.7.11. These two cases have the same perm eabilities in layer 

1 and 3. Case 10 has h igher perm eability in the middle layer yielding the lower 

dim ensionless pressure and dim ensionless pressure derivative. The difference in the 

m agnitudes can be observed since the beginning because the layer 2 plays an im portant 

role on the production. The dim ensionless pressures becom e identical during the pseudo­

steady state flow.

The effect o f  the w ellbore angle is shown in Figs. 5.7.12 -  17. Fig. 5.7.12 

illustrates the dim ensionless pressures and the dim ensionless pressure derivatives for 

Case 1 and 7. These tw o cases have the same permeabilities in all layers. But the 

w ellbore angles are d ifferent causing the lower radial perm eability for Case 7. In order to
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m aintain the same production rate. Case 7 creates more pressure drop. Once the pressure 

transient reaches all boundaries, the performance for both cases become identical. The 

perform ance for Case 2 and 8. C ase 3 and 9. Case 4 and 10. Case 5 and 11. and Case 6 

and 12 are illustrated in Figs. 5.7.13 -  17. respectively.
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Case - 0. degree Ru Rw:

I 90 -> n

90
1

10

3 90 10 10

4 90 10 100

5 90 100 10

6 90 100 100

7 45 n

8 45 1 10

9 45 10 10

10 45 10 100

11 45 100 10

12 45 100 100

Table 5.7.1 Tw elve Cases Consider in Case 7
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Case ~ top

Distance, tt 

bottom x-direction y-direction

1 0 0 500 500

n 0 0 500 500

3 0 0 500 500

4 0 0 500 500

5 0 0 500 500

6 0 0 500 500

7 14.64 14.64 500 464.6

8 14.64 14.64 500 464.6

9 14.64 14.64 500 464.6

10 14.64 14.64 500 464.6

11 14.64 14.64 500 464.6

12 14.64 14.64 500 464.6

Table 5.7.2 Distances from  The Wellbore to The Boundaries tor Case 7
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C ase # top

dim ensionless time, t» 

bottom  x-direction

1

y-direction

1 0 0 2.5*10-' 2.5*10-'

2 0 0 2.5*10-' 2.5*10-

3 0 0 2.5*10-' 2.5*10-

4 0 0 2.5*10- 2.5*10-

5 0 0 2.5*10- 2.5*10-

6 0 0 2.5*10-' 2.5*10-

7 2143 8753 2.5*10- 2.2*10-'

8 2143 4.3* lUd 2.5*10- 2.2*10-

9 2143 2.1*10- 2.5*10- 2.2*10-'

10 2143 2.1*10*’ 2.5*10- 2.2*10-

n 2143 2.1*10* 2.5*10- 2.2*10-

12 2143 2.1*10^ 2.5*10-' 2.2*10-

Table 5.7.3 T im e for The Pressure D isturbance to Reach The Boundaries for Case 7
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Case 8: A Vertical Well Intersecting A Two-Layer Reservoir W ithout Cross Flow

The reservoir model consists o f  two layers shown in Fig. 5.8.1. But there is a 

zero-perm eability layer between these two layers. Hence, there is no vertical 

com m unication between these tw o layers except flowing through the wellbore. The effect 

o f  this perm eability ratio on the pressure and pressure derivative will be investigated in 

this section.

The discretized reservoir m odel is the same as that in Case 6. The properties o f

each layer are the following

L . = 100 ft.

L. = 1000 ft.

Ly = 1000 ft.

U , = 50 ft.

4)1 = 0.1

kv 1 = 1.0 md.

k>.1 = 1.0 md.

kz.11 = 0.1 md.

kx.1 = kv2 = IO *ku

L,2 = 50 ft. 

(f)2 =  0.1

The perm eability ratio is defined as

R . = —  (5.8.1)
kx.z
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Except at the wellbore. other boundaries are no flow boundaries including the 

bottom  boundary o f  layer 1 and the top boundary o f  layer 2. The pressures at the wellbore 

are the same for both layer 1 and layer 2.

The wellbore is vertical in this case. Therefore, the tlow regime is forced to be 

radial flow regime for both top and bottom  layers before the pressure transient reaches 

the lateral boimdaries. The dim ensionless tim e when the pressure transient reaches these 

boundaries are shown in Table 5.8.1

Rk Top layer Bottom layer

1 2.5*10-' 2.5*10-'

10 2.5*10- 2.5*10"

100 2.5*10- 2.5*10-

1000 2.5*10-' 2.5*10*

Table 5.8.1 The Dimensionless Tim es for The Pressure Transient to Travel from The 

W ellbore to The Lateral Boundaries for Case 8

Fig. 5.2.8 illustrates the dim ensionless pressure and the dim ensionless pressure 

derivatives for different values o f  R^. For Rk = 1. the reservoir is hom ogeneous. Hence, 

the perform ance is the same as that for a  vertical well in closed-rectangular reservoir. The 

dim ensionless pressure derivative is 0.5 during the infinite-acting flow. This flow regime 

is horizontal flow around the vertical well. W'Tien the pressure transient reaches the lateral
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boundaries at to -  2.5* 10". The dim ensionless pressure derivative is increased. After the 

transition period, the pseudo-steady flow is observed. During this flow period, the 

dim ensionless pressure derivative forms a straight line with a slope o f  1 on the log-log 

plot.

For Rk > I. the dim ensionless pressure derivative is bigger than 0.5 during the 

infinite-acting flow. But for Rk = 100 and Rk = 1000. there is no significant different in 

the dim ensionless pressure derivative. The permeability o f  the bottom layer is so low that 

the production during the early tim e ju st com es from the top layer. Fig. 5.8.3 illustrates 

the sem i-log plot o f  the dim ensionless pressure versus dimensionless time. There exists a 

semi-log straight line for each case. For Rk > 100. the slope o f  the semi-log straight line is 

about double that o f  the hom ogeneous system.

The dim ensionless pressure derivatives during the early time and during the late 

time are shown in Figs 5.8.4 and 5.8.5. respectively. During the early time, all cases have 

the radial flow regime because there is no vertical flow in each layer and between the 

layers. W hen the pressure transient reaches the lateral boundaries on the top layer, to = 

2 .5*10 '. the dim ensionless pressure derivatives are increased. After the transition period, 

the dim ensionless pressure derivative forms a straight line with a slope o f  1. For Rk > 1. 

this is not the real pseudo-steady state. The real pseudo-steady flow comes when the 

pressure transient on the bottom  layer reaches the lateral boundaries. Then dim ensionless 

pressure derivative deviates from  the straight. These dim ensionless tim es are given in 

Table 5.8.1. After the transition period, the dim ensionless pressure forms another straight 

line w ith a slope o f  1. This is the  real pseudo-steady state flow regime. During the
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pseudo-steady stale flow, the dimensionless pressure derivative is not a lunction o f the

permeability ratio (Rk).

Fig. 5.8.6 illustrates the perform ance for the system with cross flow and the 

system  without cross flow and Rk = 10. During the infinite-acting flow the dim ensionless 

pressures and the dim ensionless pressure derivatives for each case are slightly different. 

The system with cross flow observes the pseudo-steady flow before the system  without 

cross flow dose. This is due to the com m unication across the interface between the top 

hig her-perm eabi 1 it y layer and the bottom  lower-permeability layer. But for the system 

w ithout cross flow, the lateral boundaries o f  the bottom layer are observed later due to the 

low er permeability in the x- and y-directions. When the pressure transient reaches the 

lateral boundaries o f  the bottom  layer, the dim ensionless pressure derivatives o f  both 

cases becomes identical.
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Chapter 6

PRESSURE TRANSIENT ANALYSIS IN HORIZONTAL WELL

This chapter developed the so-called the direct synthesis technique for 

interpretation o f  pressure transient data w ithout type-curv e matching. Three dilYerent 

cases will be included in this chapter.

Case 1: A Horizontal Well in A Two-Layer Reservoir With Cross Flow

The reservoir m odel considered in this section is the same as one in Section 5.1 

shown in Fig. 5.1.1. The following direct synthesis technique is developed to calculate 

several reservoir param eters including the difterent permeabilities in the top and bottom 

layers.

The pressure and pressure derivative for this has several characteristic points and 

straight line portions including:

•  During the tirst radial flow  period, the pressure drop, in psi.. is expressed as

A P = log
■̂ k.jc.1 kz.T 

<j>M-Cirw
-3 .2 3  + 0.868s I (6.1.1)

kz.i Lw

The pressure derivative during this flow period is 

ÔAP _  7 0 .6 q B n

ô i n t  V k ' + '  J L .

16 8



The value of the derivative (cAP / oln t) can be used to calculate the radial permeability.

■\Jkx.\ ki.\ ■ From Eq. (6.1.1 ), the sem i-log plot o f  the pressure drop versus time yield a 

straight line w ith a  slope o f

162.6qBq
mi -  ~

\  h \ , i  Icz.i Eu,

This slope can be used to calculate the radial permeability as

— ;—  162.6qB(i
^Jkx. \k,^ = -------- ------

mi L

The skin factor can be calculated as

(6.1.3)

(6.1.4)

8 = 1.151 Pm, -  P I.hr

lUi
-  log

k \ .1 kz.i 

<(>Pc,r;
+ 3.23 (6.1.5)

where (Pm, - Pt.hr) is the pressure drop obtained by extrapolating the semi-log straight line 

to t = 1 hour.

• During the second radial flow period, the relationship between the pressure derivative 

and the perm eability is expressed as

^^^ = -0.0327 x' + 0.204 x"-0.387 x'+ 0.011 x' +0.711 x + 0.5 
cln tD

k,.i Lw ^AP 
141.2qBu 61n t

( 6 . 1. 6 )

where

X =  log kx.i
V k /

(6.1.7)
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Once we know the permeability in the x-direction o f the top layer. Eqs. (6.1.6) and

(6.1.7) can be used to calculate the permeability in the bottom layer, kv.:.

•  D uring the pseudo-steady tlow period, the dim ensionless pressure is expressed as

P d
( 2.246A I L.

| + — S + Sp, 
' L. A Twh / L w

The m agnitude o f  the dimensionless pressure derivative is given by

c'P d 2%r; L«
c l n t n  A  L .

w here

to

0.000263 7V k..,k.,,
tOA -  , . t

(j)pc,A

A = LJLz

r«.h ~ ‘t i t
r*

Eqs. (6.1.8) and (6.1.9) are expressed in oil-flied unit as

A P .  0.234qB y
*j)CtL\L>Li •ykx.iki.iLv

CAP 0.234qB

C A t^  )

c l n t  <j)c,LvLvL/

( 6 . 1.8 )

(6.1.9)

( 6 . 1. 10 )

(6 . 1. 11 )

(6 . 1. 12 )

(6.1.13)

(6.1.14)
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The Cartesian plot o f  the pressure drop versus time yields a slope o f and the
4*c,L\ Lv L/

.  141.2qBp 1 ,
interception ot — 1 — -j — In

2.246A

I k \ I k/.i ■ C \rwti /
+ —  s + Spi (■ - From the slope, the reservoir

volume ( L ,L X j  can be determined.

•  The average pressure drop during the pseudo-steady state flow is expressed as

■ y k x i k / . i  L i  I — '> C a T ui i  i L
-s + sSp, (6.1.15)

Hence, the average reservoir pressure is calculated as

■^kv.ik/.iLv 1“  ̂ CAr\&ii /
+ ~ S  + s ^ ( (6.1.16)

The productivity index is calculated as

J = - -— T stb/dypsi

0.00708.Jk<.ik/.i Lv

(  2.246A  

C \ r L

(6.1.17)

Deviation o f  the pressure derivative can  be used to calculate the directional 

permeability. The radius o f  investigation is given as
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'  ' '

Given the time and some know ledge o f  the distance from the w ellbore to the boundary, 

the permeability can be calculated from the above equation.

The procedure for calculating reservoir parameters is the following:

Step 1: Identify the first radial-tlow  period. Use Eq. (6.1.2) to calculate the product o f  the 

permeability, (k^.ik^,!)' ' .  In addition, from the semi-log plot o f  the pressure versus time, 

the permeability product can be calculated by using Eq. (6.1.3).

Step 2: Identity the pseudo-steady state tlow period. Calculate the slope o f  the Cartesian 

plot o f  the pressure drop versus tim e during this period. Use Eq. (6.1 .14) to calculate the 

reservoir bulk volume.

Step 3: Calculate the average reservoir pressure during the pseudo-steady tlow period by 

using Eq. (6.1.16) and the intercept o f  the straight line from Step 2.

Step 4: Calculate the reservoir productivity index using Eq. (6.1.17).

Step 5: From the pressure derivative, identify the time when the pressure derivative 

deviates from the trend line. Use Eq. (5.1 ) to calculate the perm eability.
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Step 6: Calculate the permeability in x-direction o f the top layer from the permeability in

Step I and another perm eability in S tep 5.

S tep  7: Identify- the second radial tlow  period. Solve Eq. (6.1.6) to find the permeability 

ratio (kx .i/ko). Calculate the perm eability in the x-direction o f  the bottom layer ( k\_: ) by 

using the following equation.

k , ,  = —  (6.1.18)
Rw
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Example

The horizontal well is located  5 ft. from the top boundary The wellbore data and 

reservoir param eters are

u 100 ft.

q = 50 stb/d

B = 1.2 rb/stb

n = 1.0 cp.

4» = 20%

rw = 0.5 ft.

The w ellbore is located 5 ft. from the interface. The pressure data is given in Table 6 1

Step 1: D uring the first radial flow  period, the pressure derivative is given as

CAP _ 70 6 q B p  (6 , 2)

f ' n t  Vkx.ikz. ,  L «

, 70.6*50*1.2*1
1.34 = — , =----------

V k Z ri^ M O O  

Solve the above equation, we have

V k .. ,k . .  =31.61 md. (6.1.25)

From the sem i-log plot. Fig. 6 .1.2, the slope o f  the straight line is expressed as

162.6qBp (6 1 3)
k^.i Li*
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J =
162.6*50*1.2*1

V k t . k , , *100

Solve the above equation, we have

Vk^.ik.,1 = 32 .52  md. (6.1.26)

S tep  2: During the pseudo-steady state tlow. the pressure derivative is given as 

CAP 0.234qB

c l n t  <l)c,LvL^L.
( 6 . 1.2 0 )

From the Cartesian plot o f  the pressure drop versus time. Fig. 6.1.4. yields the slope and 

the intercept o f  0.05 psi/'hr. and 14.1 psi..

0 .2 3 4 * 5 0 * 1 .2
0.05 =

0 .2 * 1 .5 * 1 0 '-* L ,L .L .

Solve the above equation, we have 

L,LyL, = 0.94*10* ft"

From the intercept, we have

141.2qBp

V kx.i k/.i Ly I -
- I n

2.246A  

C a rwh
H— - s + S p r  —14 1 psi

Lw 1

S tep  3: The average reservoir pressure is expressed as

kz.i L > 1.“

 ̂2.246A  ̂

C A r »h

= P*r+ 14.1 psi

(6 . 1.2 2 )
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Step 4: The productivity index is given as

J = 7= —̂ — r stb/d/psi 
(P -  P., )

0.00708_Vk,A. . ,L,  _
i t  /  ^  t  Z'  A \  f  1L\ I

+ S + Sp/B u i ' Inf -
-  I (ZTr^h / L .

_ q
14.1

50
-  = 3.55 stb/d/psi

17.5

Step  5: In Fig. 6.1.3. the pressure derivative deviates at 0.007 hr.

r = !—  ----- (5.1)
\  948(|)(ac,

G iven r = 5 ft. and the deviation tim e t = 0.007 hr..

94 8 * 0 .2 * 1 *  1.5 *10'^

Solve the above equation, we have 

k ,j  = 10.16 md.

S tep  6: From  Eq. (6.1.25) and the perm eability from Step 5. the perm eability in the x- 

direction can be calculated.

■̂ kx.i kf.i = 31.61
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V'kx.,*10.16 =31.61

Solve the above equation, we have

kx.i = 98.4  md.

Step 7: During the second radial tlow period, the pressure derivative is expressed as

c- P d

clntD
= -0 .0 3 2 7  x ' + 0.204 x ' -0 .3 8 7  x ' + C.Oll x ' +0.711 x + 0.5 (6.1.12)

= 0.01*kx,i

= 0.01*98.4 = 0.984

Solve the above equation tor x. we have

X =  log kxj

I k s . i j
= log

98.4

I k\ : ;
= 0.99

The perm eability o f  the bottom layer is 

kx.; = 10.07 md.
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t(hr.) P(psi.) P' t(hr.) P(psi.) P'
1.14E-03 4.15E+00 1.79E+00 1.28E+01 8.32E-01
1 42E-03 4.41 E+00 1.165335 2.28E+00 1.30E+01 8.18E-01
1.79E-03 4.67E+00 1.183586 2.84E+00 1.31E+01 8.07E-01
2.28E-03 4.95E+00 1.196909 3.70E+00 1.33E+01 7.90E-01
2.84E-03 5.22E+00 1.207819 4.55E+00 1.35E+C1 7.77E-01
3.70E-03 5.53E+00 1.213221 5.69E+00 1.37E+01 7.73E-01
4.55E-03 5.78E+00 1.212233 7.11 E+00 1.38E+01 7.81 E-01
5.69E-03 6.04E+00 1.215321 9.10E+00 1.40E+01 8.12E-01
7.11E-03 6.31 E+00 1.220173 1.14E+01 1.42E+01 8.68E-01
9.10E-03 6.61 E+00 1.22772 1.42E+01 1.44E+01 9.60E-01
1.14E-02 6.88E+00 1.23748 1.79E+01 1.47E+01 1.10E+00
1 42E-02 7.15E+00 1.255691 2.28E+01 1.49E+01 1.30E+00
1.79E-02 7.44E+00 1.280158 2.84E+01 1.53E+01 1 56E+00
2.28E-02 7.74E+00 1.306353 3.70E+01 1.57E+01 1 99E+00
2.84E-02 8.03E+00 1.332968 4.55E+01 1.62E+01 2.40E+00
3.70E-02 8.38E+00 1.357353 5.69E+01 1.68E+01 2.94E+00
4.55E-02 8.66E+00 1.368507 7.11E+01 1.75E+01 3.67E+00
5.69E-02 8.96E+00 1.378263 9.10E+01 1.85E+01 4.70E+00
7.11E-02 9.27E+00 1.379847 1.14E+02 1.97E+01 5.87E+00
9.10E-02 9.60E+00 1.368246 1 42E+02 2.12E+01 7.33E+00
1.14E-01 9.90E+00 1.344516 1.79E+02 2.31 E+01 9.22E+00
1.42E-01 1.02E+01 1.314476 2.28E+02 2.56E+01 1.17E+01
1.79E-01 1.05E+01 1.275055 2.84E+02 2.85E+01 1.41 E+01
2.28E-01 1.08E+01 1.223828 3.70E+02 3.25E+01 1.91E+01
2.84E-01 1.10E+01 1.171875 4.55E+02 3.73E+01 2.47E+01
3.70E-01 1.13E+01 1.100993 5.69E+02 4.31 E+01 2.90E+01
4.55E-01 1.15E+01 1.04162 7.11E+02 5.03E+01 3.61 E+01
5.69E-01 1.18E+01 0.987911 9.1QE+02 6.04E+01 4.60E+01
7.11E-01 1.20E+01 0.941486 1.14E+03 7.19E+01 5.72E+01
9.10E-01 1.22E+01 0.898461 1.42E+03 8.61 E+01 7.10E+01
1.14E+00 1.24E+01 0.867297 1.79E+03 1.05E+02 O.OOE+00
1.42E+00 1.26E+01 0.847044 2.28E+03 O.OOE+00

Table 6.1 The Pressure Data tbr Case 6.1
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Case 2: A Horizontal Well Intersecting A Two-Layer Reservoir

The reservoir model considered in this section is the sam e as the one in Section

5.6 shown in Fig. 5.5.1 The following direct synthesis technique is developed to 

calculate the reservoir param eters including the different perm eabilities in the top and 

bottom layers w ithout type-curve matching.

The pressure and pressure derivative for this has several characteristic points and 

straight line portions including;

•  During the  first radial flow, the magnitude o f  the pressure derivative is expressed as

^  P n
— ------- =  C i R t  “  C : R t  +  c ; R k - c ^ R i  c?R k
clntD

k.x.i Lw c'AP
( 6 . 2 . 1)

141 2qB p  c ln  t 

where, for 0“ < 0 < 90^,

c, = 7.234* 10"'V -  1.232*1O'^0 + 7.740* 10'* (6 2 2a)

C2 = 2 .140*lO 'V  -2 .4 9 6 * 1 0  "̂ 0 + L237*10^ (6 2 2b)

C3 = 8.044* lO'V- 1.316* 1O'^0 + 7.646*10"^ (6 2 2c)

C4 = -2.596*1O‘̂ 0^ + 4.137*1O"*0 - 2.284*10'^ (6 2 2d)

C5 = 4 .091*IO 'V -6 .3 3 9 * 1 O '^ 0  + 3.3 12*10"' (6 2.2e)

C6 = 1.734* 1O"*0^-2.498* 1O'^0 + 1.258*10"" (6 .2 2 0
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•  During the second radial tlow , the m agnitude o f  the pressure derivative is expressed 

as

^  p  ̂ ^
—----- = c iR l ~ c :R i  - c s R k - C j R i  -^ctRk ~C6 (6 2 3)c ln  to

where, for 0*’ < 0 < 90".

c, = I 829*lO ' V - 2  692*10 '"8 ^  3 191*10'* (6 2.4a)

C2 = -3 ,0 0 8 * 1 0 'V  + 4 .3 0 3 *10'*8 - 4  981*10"^ (6 2.4b)

03 = 1.944*1O'*0^-2 .6 8 9 * 1 0 ^ 0 +  3.001*10“* (6 2.4c)

C4 = -5 .9 1 0 * 1 0 'V +  7 956*lO '-0  - 8 695*10"* (6.2 4d)

C5 = 8 385*10^0^- 1.113*IO'^0 + 1.224*10"' (6.2.4e)

C6 = 4 262* 10-^0“ -  4.687* 1O“*0 + 4.236* 10"' (6 .2.4f)

•  During the transition period before pseudo-steady state, there exists a straight line 

with a slope o f  0.8. The length o f  the straight line (Lppss) is a function o f  the perm eability 

ratio (Rk). This relationship is expressed as

Lpp« = 1.451 * 10"’ R^ -  3 .992 * 1 O '"R i + 4.054 * 10 ' R^ -  0 .00190R i + 0.0531R , -  0 0512

(6.2.5)

This equation can be used  to  calculate the perm eability ratio (Rk)

•  During pseudo-steady state flow, the dim ensionless pressure is expressed as

= (6,2 6)
Vkx 2 V C .^r; /

1 8 4



where

0 . 0 0 0 2 6 3 7 ^ k , ' , k v . ,
tDA = --------- 7-----^ (6 2 7 )

and

A = L\L\ (6 2 8)

Eq. (6 2.6) can be expressed in oil-field unit as

A P .  i ü M i L j  i i „ f
L\Ly L/ -ykx.ikv.iLi — v C \r»  y

( 6 2 9 )

The Cartesian plo t o f  AP versus time yields a straight line whose slope and interception 

point are

0 ^ 3 4 q ^  (6 2.10)
vM’Cf Lx L\ Lz

(6.2,n,
y k\.i ky.i Lz L ^ Ca r% j  

Eq. (6.2.10) can be used to calculate the reservoir volum e (LyLvLz).

• The average pressure drop during the pseudo-steady flow period is given by

s|> = Ip„ (6.2.12)
V k.x.lky .l L z 1 “

^2.246A ^

V C.Ar; ;

Hence, the average reservoir pressure is expressed as

P = p . , + i l l £ 3 g H _ J i J 1 5 d ^ l  + s (6 2.13)
V k , . i k , . i L ,  [ 2  y Ĉr. J J
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• Productivity index is calculated as

v C a P» y

• Deviation o f  the pressure derivative can be used to calculate the directional 

permeability o r the distance from the w ellbore to  the interface or boundary. The radius o f  

investigation is expressed as

The procedure for calculating reservoir param eters is the following.

Step 1: Identify the transition period before the pseudo-steady state flow Calculate the 

length straight line portion (Lppss) during this period. Use Eq (6.2.5) to solve for the 

permeability ratio (Rk)-

Step 2: Identify the first radial flow regim e Use Eq. (6 2 1 ) to solve for the permeability 

in the x-direction o f  the top layer (k^i).
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Step 3: Calculate the permeability in the x-direction of the bottom layer (k^;) by using

the following equation.

k^.2 = —  ( 6 2 1 5 )
R l

Step 4: On the Cartesian plot o f  the pressure drop versus time, draw  the straight line 

during  the pseudo-steady flow period. D eterm ine the slope (ntpss) and the interception 

po in t (Ipss).

Step 5: From the slope, calculate the reservoir volum e by using the following equation 

U L . U  = 5 ^ H l 5 &  (6 2 .1 6 )
9P c, mpss

Step 6: The average reservoir pressure can be calculated by using Eq. (6 2 13)

Step 7: Calculate the productivity index by using Eq (6 2.14)

Step 8: From the pressure derivative, identify the tim e when the pressure derivative 

deviates from the trend line. Use Eq. (5 .1 ) to  calculate the distance from the w ellbore to 

the interface o r boundary.
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Exam ple

The vertical well is located at the center o f  the reserv oir The wellbore data and 

the reservoir parameters are

u = 100 ft

q = 40 stb d

B - 1 1 rb stb

q = 1 cp

4) = 0 1

Ct = 0 00001 psi

s = 0

r« 0 5 f t

The pressure data is given in Table 6 2
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Step I: D uring the transition period before pseudo-steady state, there exists a straight line 

with a slope o f  s 0.8 The length o f  the straight line portion is 0 59 The length o f  this 

straight line is expressed as

Lpp„ = 1.451’"lO "Rk-3 .992*10  + 4.054*10 ' R̂  - 0  00190R[ + 0.0531R, - 0  0 5 12

= 0 59 (6 2.5)

Solving the above equation yield the permeability ratio 

R k  =  4 0 . 0

Step 2: D uring the first radial flow, for 9 = 90". the pressure derivative is expressed as

=  2 . 5 1 * 1 0  ‘ RL -  3 . 8 8 9  * 1 0  " R k - 0 . 0 0 0 2 3 16  R Î  -  0 . 0 0 6 6 3  R [  +  0 . 0 9 2  i R , - 0 4 1 4 3
cln  to

= kx.i L» cAP 
141.2qBp. c ln t

= 2.51*10 ' * 4 0 ' - 3  889*10^40^  + 0 00023 16 * 40 ' -  0.00663 * 40'

+ 0 .0921*40  +0.4143 

= 0.9271

-  k.x..M00 g g
141 .2*40*1 .1*1  

Solve the above equation for kx.i, we have 

kk.1 = 10.47 md.
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Step 3: Calculate the permeability o f the bottom layer

(6 2.151

= =0.261 md.
40

Step 4: During pseudo-steady state tlow, on the Cartesian plot illustrated in Fig. 6 2.2. 

the straight line which is expressed as

•l̂ M-Ct L\Ly Lz •^kx.iky.iLz V C % r* J i 

The slope and the intercept are

mpss = -  = 0.097 (6.2.10)
<i)Uc,LxLvLz

141.2qBp [ l ,_ f2 .2 4 6 A ^
Ipss ' '  "u =  i l i £ £ E - U l n |  1 = 1 ^ 1 - s >  (6.2.111

y ks.iky I Lz i "  V C.\r» J

= 69

S tep  5: Substitute the known param eters and solve for the reservoir volum e as 

0 .234*40*1.1*1
0.097 =

0 .1 * 1 *  0 .0 0 0 0 1  * U L v L z

LxLyL, = 1.06*10* ft^
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Step 6: The average reservoir pressure during the pseudo-steady flow is

\  1
,---------- 1 - " 'I  —  2 I (62 .13 )

•ykt.iky.i Lz [ — \  CA r« J '

P = P»f -i- 69 psi

S tep  7: Productivity index can be calculated as

J = 7= —̂ — T stb/d/psi
( P - P . t )

0.007087k,., kv.Lz 

i “ V C A r » J

—  = 0.58 stb/d/psi 
69

(6.2.14)

S tep  8: In Fig. 6.2.3, the pressure derivative deviate from the horizontal line at t = 21 hr.

r = J r - ^ —  (5.1)
\  948<j)p c,

10.47*21

^ 9 4 8 * 0 .1 * 1 * 1 0  '

= 481.6 ft.

This value is the distance from the w ellbore to the boundary.
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t(hr.)
1.23252-03
1.51692-03
1.89612-03
2.37012-03
3.03382-03
3.79222-03
4.74022-03
5.97272-03
7.58442-03
9.48052-03
1.23252-02
1.51692-02
1.89612-02
2.37012-02
3.03382-02
3.79222-02
4.74022-02
5.97272-02
7.58442-02
9.48052-02
1.23252-01
1.51692-01
1.89612-01
2.37012-01
3.03382-01
3.79222-01
4.74022-01
5.97272-01
7.58442-01
9.48052-01 
1.23252+00 
1.51692+00 
1.89612+00 
2.37012+00 
3.03382+00

dp (psi.) 
1.67632+01 
1.76892+01 
1.87022+01 
1.97352+01 
2.08982+01 
2.19682+01 
2.30562+01 
2.42012+01 
2.54042+01 
2.65442+01 
2.79032+01 
2.89922+01 
3.01732+01 
3.13622+01 
3.26852+01 
3.38862+01 
3.50902+01 
3.63392+01 
3.76332+01 
3.88422+01 
4.02642+01 
4.13902+01 
4.26002+01 
4.38102+01 
4.51472+01 
4.63562+01 
4.75632+01 
4.88112+01 
5.01002+01 
5.13002+01 
5.27082+01 
5.38192+01 
5.50092+01 
5.61952+01 
5.75002+01

dp' (psi.)

4.55762+00
4.65122+00
4.74262+00
4.83402+00
4.90672+00
4.98872+00
5.07572+00
5.15502+00
5.23342+00
5.30452+00
5.34152+00
5.39302+00
5.43722+00
5.46762+00
5.47662+00
5.49232+00
5.50812+00
5.51182+00
5.52362+00
5.52132+00
5.50572+00
5.51162+00
5.51892+00
5.51692+00
5.50242+00
5.49932+00
5.49752+00
5.48372+00
5.47962+00
5.45762+00
5.42562+00
5.41332+00
5.40072+00
5.37552+00

t(hr.)
3.79222+00 
4.74022+00 
5.97272+00 
7 58442+00 
9.48052+00 
1.23252+01 
1.51692+01 
1.89612+01 
2.37012+01 
3.03382+01 
3.79222+01 
4.74022+01 
5.97272+01 
7.58442+01 
9.48052+01 
1.23252+02 
1.51692+02 
1.89612+02 
2.37012+02 
3.03382+02 
3.79222+02 
4.74022+02 
5.97272+02 
7.58442+02 
9.48052+02 
1.23252+03 
1.51692+03 
1.89612+03 
2.37012+03 
3.03382+03 
3.79222+03 
4.74022+03 
5.97272+03 
7.58442+03

dp (psi.) 
5.86752+01 
5.98432+01 
6.10472+01 
6.22842+01 
6.34312+01 
6.47702+01 
6.58252+0" 
6.69582+01 
6.81062+01 
6.94232+01 
7.06922+01 
7.20832+01 
7.37122+01 
7.56742+01 
7.78492+01 
8.09662+01 
8.39842+01 
8.79212+01 
9.27582+01 
9.94372+01 
1.07002+02 
1.16392+02 
1.28562+02 
1.44452+02 
1.63112+02 
1.91082+02 
2.19052+02 
2.56322+02 
3.02892+02 
3.68072+02 
4.42552+02 
5.35622+02 
6.56592+02 
8.14742+02

dp' (psi.) 
5.33952+00 
5.31522+00 
5.29162+00 
5.25422+00 
5.22782+00 
5.18652+00 
5.15662+00 
5.18992+00 
5.30672+00 
5.57792+00 
5.99902+00 
6.65622+00 
7.62312+00 
8.98812+00 
1.06802+01 
1.32932+01 
1.59482+01 
1.95342+01 
2.40462+01 
3.04002+01 
3.77092+01 
4.69052+01 
5.89252+01 
7.46972+01 
9.32902+01 
1 . 21202+02 
1.49112+02 
1.86332+02 
2.32842+02 
2.97942+02 
3.72332+02 
4.65322+02 
5.86172+02

Table 6.2 The Pressure Data for Case 6 2
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Case 3: A Snake-Shape Horizontal Well in A Two-Layer Reservoir

The reservoir model considered in this section is the same as the one in Section

5.6 shown in Fig. 5.6.1. The following direct synthesis technique is developed to 

calculate the reservoir param eters including the different permeabilities in the top and 

bottom layers.

The pressure and pressure derivative for this has several characteristic points and 

straight line portions including:

•  During the first radial flow, the m agnitude o f  the dimensionless pressure derivative is 

expressed a 

For Case A.

= -0.1073 x ' ^  0.697 -  1 599 x ' + 1308x= + 0.236x + 0.865
r ln  t[)

k..iLw CAP (6 3.1)
141.2qB|i c In t 

where

X = log(Rk) (6 3 2)

For Case B,

- ^ ^  = -0 .2184x’ + l .3 7 6 4 x " -3 .0 9 7 x ' + 2 .5 7 7 7 x '-0 .2 9 7 3 x ^ 0  8649 (6 3 3)
clntD

• During the second radial flow, the m agnitude o f  the dim ensionless pressure derivative 

is expressed as 

Only for Case B,

1 9 7



= - 0  1455x '^0.9126x^1 2667 (6 3 4)
c'lntD

•  During the transition period before the pseudo-steady state, there exists a straight line 

w ith  a slope o f  0 8. The length o f  the transition period can be used to calculate the 

perm eability ratio (Rk). The relationship between the length o f  this straight line and the 

perm eability ratio is given as

Lppss = I -451 * 10 ^ Rk -  3.992 * 10 " Rk + 4.054 * 1 o ' Ri -  0.00190Ri -  0.0531R, -  0 0512

(6.3 5)

•  During the pseudo-steady state, the dim ensionless pressure is expressed as

Pn— = 27ttD^-^Ip« (6 3.6)

w here Ips.s is a constant value and is a function o f  wellbore configuration, wellbore 

location, and shape o f  the reservoir. The above equation is expressed in oil-fleld unit as

4̂ 1-tCi L.\ Lv L z k.\ Lz

The average reservoir pressure during the pseudo-steady state flow period can be 

expressed as

198



( P - P w f ) = ^ ~ ‘̂ ^- u  (6 3 8)
kxLz

•  Productivity index is given by

qB m ,(KS

Deviation time can be used to  calculate the direction permeability from the following 

equation.

r = (5 1)
\  948(j>nc,

The procedure for calculating reservoir param eters is the following;

S tep  1: Identify the transition period before the pseudo-steady state flow period. 

D eterm ine the length o f  the straight w hose slope is 0 8. Solve Eq. (6.3 5) for the 

perm eability ratio (Rk).

S tep  2: Identify the first radial flow  period. Use Eq. (6.3 1 ) and the perm eability ratio 

from  Step 1 to  calculate the perm eability  in the x-direction for the top and the bottom  

layers.
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Step 3: Identify the pseudo-steady flow period. From the Cartesian plot o f  the pressure 

drop versus time, draw a straight line. Determ ine the slope and the intercept o f  this 

straight line. Use Eq. (6.3 .7) to  calculate the reservoir volume

Step 4: Calculate the average reservoir pressure using Eq. (6.3 8).

Step 5: Use Eq. (6 3.9) to calculate the reservoir productivity index.

Step 6: Calculate the distance from the w ellbore to the boundary by using Eq (5.1)
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E xam ple

The wellbore data and reservoir parameters are

u = 272 ft.

q = 50 stb/d

B = 1.2 rb/stb

= 1 cp.

4) = 10%

Ct = 0.00002 psi

Tw - 0.5 ft.

The production data is given in Table 6.3

S tep  I: During the transition period before the  pseudo-steady state, there exists a straight 

line w ith a slope o f  0.8. and the length is 1.097 log-scale unit. The length o f  the straight 

line is expressed as

L p p «  =  I 4 5 1 * 1 0  " R L - 3 . 9 9 2 * l 0 - " R i  +  4 . 0 5 4 * l G  ' r ^ - 0  0 0 I 9 0 R Ï - 0 . 0 5 3 I R ^ - 0 . 0 5 1 2

(6 3 5)

= 1.097

Solving the above equation, we have 

Rk ~  68

Step 2: During the first radial flow, the pressure derivative is given as
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= -0  I0 7 3 x '^ 0  697x'‘ - l  599x' - I  3 0 8 x '-0 2 3 6 x  - 0  865
r ln  to

_ kx.i Lw <?AP (6 3 1)
141 2qB(j, c ln  t 

where

x = log(Rk) (6 3 2)

Substitute Elk from Step 1 into the above equation yields 

X = log(68) = 1.833

Substitute x and the know n param eters into Eq (6.3 1) yields 

kx.i L» cAP1 49
141 2qB u c In t 

k . . / 2 7 2
* 0  446

141.2*50*1 2*1 

Solving the above equation for k^i .  we have 

k«c.i = 104.1 md.

The perm eability in the x-direction o f  the bottom layer is calculated as

k o =  —

= 1.53 md.
68

Step 3: D uring the pseudo-steady state, there exists a straight line expressed as

AP ^ 0.234qBp  ̂ 141.2qBp^^ (6 3 7)
^M-CtLxLvL/ k.\ Lz

2 0 2



From Fig. 6.3.4, the straight has slope and the intercept o f  0 0703 psi/hr and 6 2 psi 

respectively.

slope = 0 0703 = °
4^1-tCiLtLvL/ 

0 .2 3 4 * 5 0 * 1  2*1

0 .1 * 1 * 2 * 1 0  ' l .L .L .  

U L yL , = 99 86*10'’ ft*

I4 I .2 q B p
intercept = -------- —  Ipss =6.2

k .L .

Step 4: The average reservoir pressure can be calculated as

( P _ p J = H Ü 3 5 H , ^  (6,3 8)
k \ Lz

P = p ^ + 6 . 2

Step 5: Productivity index is calculated as 

J = ^ j stb/d/psi

= 0 00708kxLz (6 3 9)
qBnlpss

= -  8.06 stb/d/psi
6.2
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Step 6: From Fig. 6,3 3, the pressure derivative deviate from the trend line at t = 0 12 hr 

The distance from the wellbore can be calculated by using Eq. (5 1 ) as

r  = , 1 - ^  (5 1,
]j 948(|)|a.CT

! 1 0 * 0.12 

^ 948*0  1* 1* 2 * 10"'

= 25.16 ft
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t(hr.) dP (psi.) dP* t (hr.) dP (psi.) dP'
1.19E-03 1-82E+00 4.74E+00 5.92E+00 7.08E-01
1.52E-03 1.92E+00 4.36E-01 6.07E+00 6.Ü9E+00 7.57E-01
1.90E-03 2.02E+00 4.40E-01 7.58E+00 6.27E+00 8.28E-01
2.46E-03 2.13E+00 4.42E-01 9.48E+00 6.46E+00 9.34E-01
3.03E-03 2.22E+00 4.43E-01 1.19E+01 6.69E+00 1 09E+00
3.79E-03 2.32E+00 4.44E-01 1.52E+01 6.97E+00 1 30E+00
4.74E-03 2.42E+00 4.46E-01 1 90E+01 7.29E+00 1.56E+00
6.07E-03 2.53E+00 4.46E-01 2.46E+01 7.75E+00 1 96E+00
7.58E-03 2.62E+00 4.45E-01 3.03E+01 8.19E+00 2.36E+G0
9.48E-03 2.72E+00 4.44E-01 3.79E+01 8.78E+00 2.89E+00
1.19E-02 2.82E+00 4.44E-01 4.74E+01 9.49E+00 3.56E+00
1.52E-02 2.93E+00 4.43E-01 6.07E+01 1 05E+01 4.47E+00
1.90E-02 3.02E+00 4.42E-01 7.58E+01 1.16E+01 5.51 E+00
2.46E-02 3.14E+00 4.39E-01 9.48E+01 1.30E+01 6.81 E+00
3.03E-02 3.23E+00 4.36E-01 1.19E+02 1 47E+01 8.50E+00
3.79E-02 3.32E+00 4.34E-01 1.52E+02 1.70E+01 1.07E+01
4.74E-02 3.42E+00 4.33E-01 1 90E+02 1.97E+01 1 34E+01
6.07E-02 3.52E+00 4.32E-01 2.46E+02 2.37E+01 1.73E+01
7.58E-02 3.62E+00 4.32E-01 3.03E+02 2.77E+01 2.13E+01
9.48E-02 3.71 E+00 4.36E-01 3.79E+02 3.30E+01 2.67E+01
1.19E-01 3.81 E+00 4.43E-01 4.74E+02 3.97E+01 3.34E+01
1.52E-01 3.92E+00 4.54E-01 6.07E+02 4.90E+01 4.29E+01
1.90E-01 4.02E+00 4.68E-01 7.58E+02 5.98E+01 5.38E+01
2.46E-01 4.14E+00 4.87E-01 9.48E+02 7.32E+01 6.75E+01
3.03E-01 4.24E+00 5.04E-01 1.19E+03 9.Q8E+01 8.54E+01
3.79E-01 4.36E+00 5.25E-01 1.52E+03 1.14E+02 1 09E+02
4.74E-01 4.47E+00 5.49E-01 1.90E+03 1.41E+02 1.38E+02
6.07E-01 4.51 E+00 5.74E-01 2.46E+03 1 83E+02 1.81E+02
7.58E-01 4.74E+00 5.95E-01 3.03E+03 2.25E+02 2.25E+02
9.48E-01 4.87E+00 6.15E-01 3.79E+03 2.82E+02 2.86E+02
1.19E+00 5.01 E+00 6.33E-01 4.74E+03 3.54E+02 3.65E+02
1.52E+00 5.17E+00 6.47E-01 6.07E+03 4.57E+02 4.79E+02
1.90E+00 5.31 E+00 6.57E-01 7.58E+03 5.79E+02 6.17E+02
2.46E+00 5.48E+00 6.65E-01 9.48E+03 7.36E+02 7.95E+02
3.03E+00 5.62E+00 6.70E-01 1.19E+04 9.47E+02 1.03E+03
3.79E+00 5.78E+00 6.83E-01 1.52E+04 1.23E+03

Table 6.3 The Pressure Data for Case 6
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Chapter 7

C O N C L U S I O N S  A N D  R E C O M M E N D A T I O N S

7.1 CONCLUSIONS

This study develops the boundary element algorithm  for a vertical, slanted, and 

horizontal well in m ulti-layer reservoirs It is based on domain decom position and a 

Boundary Element M ethod for a homogeneous system  On the interface between two 

different layers, two com patibility  conditions used in this study are (i) the potential is 

continuous across the interface and (ii) the amount o f  fluid flowing out o f  one layer must 

equal the amount o f  fluid flow ing into another layer The w ellbore is considered as an 

internal boundary Hence, the wellbore radius is finite The wellbore is assum ed to 

produce at a constant flow  rate The pressure along the w ellbore is uniform , independent 

o f  location The algorithm  is successfully validated by simulating some sim ple reservoir 

system s w ith available analytical solutions including (i) a finite linear aquifer, (ii) a 

horizontal well in a closed rectangular hom ogeneous reservoir, and (iii) a horizontal well 

in m ulti-layer reservoir w ith cross flow

The developed boundary element method (B EM ) is applied to sim ulate the 

pressure perform ance o f  eight com plicated reservoirs w hose analytical solutions do not 

exist. These cases are: (i) a horizontal well in a tw o-layer reservoir, (ii) a horizontal well 

in a tw o-layer reservoir w ith gas-cap drive, (iii) a horizontal well in a tw o-layer reservoir 

w ith bottom -w ater drive, (iv) a horizontal well in a tw o-layer reservoir w ith gas-cap and 

bottom -w ater drives, (v) a  horizontal well intersecting a tw o-layer reservoir, (vi) a snake-
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shape horizontal well intersecting a two-layer reservoir, (vii) a horizontal well 

intersecting a three-layer reservoir, and (viii) a vertical well intersecting a two-laver 

reservoir w ithout cross flow The effects o f  permeability, w ellbore configuration, 

w ellbore location, distance from the wellbore to the interface, different types o f  boundary 

conditions are inv estigated in this study Different types o f  plots o f  the dim ensionless 

pressure and the dim ensionless pressure derivative versus the dimensionless time 

including log-log plot, sem i-log plot, and Cartesian plots are used to investigate the 

w ellbore performance

Then the new technique, known as direct synthesis, is proposed to enhance the 

interpretation o f  the w ell-test data without type-curve matching. Several unique 

characteristic points and straight lines o f  the dim ensionless pressure and the 

dim ensionless pressure derivative were identified The proposed step-by-step procedures 

are illustrated with several numerical examples 

It is found in this study that

1 The Boundary- Element M ethod only requires discretization o f  the boundary rather 

than the whole domain. This advantage is significant for a snake-like horizontal well 

in a  com plicated-shape reservoir.

2 For a horizontal well in a tw o-layer reservoir, the perm eability ratio (R^) only affects 

the dim ensionless pressure derivative during the interm ediate time During the early 

tim e and late time, the dim ensionless pressure derivative is independent o f  the 

perm eability ratio The w ellbore performance is sim ilar to that o f a horizontal well in 

hom ogeneous reservoir during these periods The difference is the m agnitude o f  the
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dimensionless pressure But the magnitude of the dimensionless pressure derivative is

a function of the permeability ratio during the second radial flow period

3 For a horizontal well intersecting a two-layer reservoir, the permeability ratio plavs 

an im portant role from the beginning to the late interm ediate time The m agnitudes o f 

the dim ensionless pressure and the dimensionless pressure derivative are functions o f  

the perm eability ratio Before the pseudo-steady state occurs, there exists a log-log 

straight line o f  the dimensionless pressure derivative with a slope o f 0 8 The length 

o f  this straight line (Lppss) is a function o f  the perm eability ratio But during pseudo- 

steady-state flow period, the wellbore perform ance is similar to that o f  a horizontal 

well in a hom ogeneous reservoir In order to calculate the properties o f  the bottom 

layer, the pressure data must be long enough to have the pseudo-steady state flow 

period

4 For a snake-shape horizontal well in a two-layer reservoir, the performance is similar 

to that o f  a horizontal well intersecting a two-layer reservoir The differences are the 

m agnitudes o f  the dimensionless pressure and the dim ensionless pressure derivative 

which are a  function o f  wellbore configuration

5 For a horizontal well in three-layer reservoir, the perm eability ratio has a significant 

im pact on the dim ensionless pressure and the dim ensionless pressure derivative from 

the early tim e to the beginning o f  the pseudo-steady flow period The larger the value 

o f  the perm eability ratio, the later the time when w e can observe the effect o f  the 

low er-perm eability layer But the wellbore perform ance is independent o f  the 

perm eability ratio during the pseudo-steady state flow period

212



7.2 RECO.\LMENDATIONS

•  The w ellbore storage and skin effects are beyond the scope o f  this study Further 

study may include these tw o effects to represent the actual perform ance o f the 

wellbore

• This study is limited only to three-layer reservoirs Further research works may be 

done to study the pressure behaviors o f reservoirs consisting o f  more than three 

layers

M ost o f  the com putational tim e is spent to calculate the elem ents in the system  o f 

linear equations. Eq (3 44) These elements are calculated by using Gaussian 

quadrature to approxim ate the integral equations developed by Koh ( 1993) The 

perform ance o f the boundary element method can be im proved by finding a faster 

technique to evaluate these integral equations
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N O M E N C L A T U R E S

a = length of reserv oir in x-direction. ft

A = area o f  reserv oir, ft'

[A] = coefficient matrix o f  x in standard linear form [a J< = F

b = formation thickness, ft

B = reservoir width in y-direction. ft

= formation volume factor, rb/stb 

Cl = total compressibility, psi '

C a = reservoir shape factor

don -  the normal dimensionless distance from the source point to the field

point

d/ = distance from the wellbore to the closest boundary, ft

El = exponential integral

F = right-hand side vector in standard linear form

gw = an impulse response for a horizontal well

G  = free space G reen’s function

[G] = coefficient matrix o f  Q

h = reservoir thickness in z-direction. ft

[H] -  coefficient matrix o f  P

i = index

Ipss == constant used in Eq (6 3 6)
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j = index

J = productivity index, stb/d'psi

k = index

K = permeability tensor

Ko = modified Bessel function o f  the second kind o f  order 0

Ki = modified Bessel function o f  the second kind o f  order 1

kh = horizontal permeability , md

kv = vertical permeability, md

= permeability in x-direction, md

kx.1 = permeability in x-direction o f  Layer #1. md

kv = permeability in y-direction, md

kz = permeability in z-direction, md

In -  natural logarithm

L = wellbore length, ff

Ld -  dimensionless length defined in Eq 2 32

Lppss = the length o f  the straight line during transition period before

The pseudo-steady state

Lx = reservoir length in x-direction, ff

Ly = reservoir length in y-direction, ft

Lw = wellbore length, ff

Lz = reservoir length in z-direction, ft

m, = the slope o f  the first semi-log straight line

m; = the slope o f  the straight line on the plot o f  AP versus t'̂ ^
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m: -  the slope of the semi-log straight line for the third flow regime

h = the unit outw ard normal vector

Nc = number o f  elements

N'n = number o f  nodes

P = wellbore pressure, psi

P = normalizing factor, psi

Pi.hr = the pressure obtained by extrapolating the semi-log

straight line to t = 1 hr 

Pd = dimensionless pressure

Pdi = dimensionless pressure due to an image well

P, = initial reservoir pressure, psi

P,ru = initial reservoir pressure, psi

P\\T) = dimensionless pressure due to the real well

P̂ vt = wellbore pressure, psi

P D -  dimensionless pressure derivative

= specified P d  o n  the boundary

P'y = specified P'o on  the boundary

P[, = Pd in Laplace space

APx = pressure drop due to  the boundary in x-direction

APv = pressure drop due to  the boundary in y-direction

APz = pressure drop due to the boundary in z-direction

q = oil production rate, rb/day
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r = distance trom the wellbore. ft

tD = dimensionless distance

tdd = dimensionless distance defined in Eq 2 18

r« -  wellbore radius, ft

r«h = equivalent horizontal wellbore radius, ft

s = mechanical skin

Sp = pseudo skin due to partial penetration

t -  time, hours

tel = the length o f  the first flow regime, hr

tej = the length o f  the second flow regim e, hr

ts.; = the beginning o f  the third flow regim e, hr

to -  dimensionless time

toA = area based dimensionless time

u = dimensionless variable defined in Eq 2 17

= darcy velocity, ft/hr 

Up = darcy velocity parallel to  the interface

Un = darcy velocity perpendicular to the  interface, ft/hr

Vk = the weighting function defined in Eq 2 92

W  = a weighting function

W[ = a fraction o f  wellbore area covered  by node i

X = distance along the reservoir in x-direction. ft

X = x-coordinate o f  horizontal well axis, ft

Xt = the half width o f the reservoir, ff

217



Xi, — distance from the wellbore to the ongin in x-direction

Xd = dimensionless distance in x-direction

y = distance along the reservoir in y-direction. ft

y ' = y-coordinate o f  horizontal w ell axis, ft

y, distance from the wellbore to the origin in y-direction

yi = y-coordinate at the leadng tip o f  the well, ft

Vd = dimensionless distance in y-direction

z = distance along the reserv oir in z-direction, ft

z - z-coordinate o f  horizontal well axis, ft

z,) - distance from the wellbore to the origin in z-direction

Zd - dimensionless distance in z-direction

G reek

P - fluid density. Ibm/ ft'

4) = porosity, fraction

4)1 = porosity o f  Layer # 1. fraction

= diffusivity in x-direction

n> = diflusivity in y-direction

H/ = diffusivity in z-direction

T - a constant, 3 1415926

3 - dimensionless variable defined in Eq 2 16

u viscosity, cp
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T = angle of intersection of the two planes containing tw o adjacent

boundary elements

Y -  the flow potential

V = vector differential operator del

V~ = Laplacian operator

CO = free-term coefficient

(o„ = the solid angle subtended at the boundary source point by its

immediate neighborhood within the domain, radian 

r  = the boundary

v'l = the variable defined in Eq 3 9

K, = the dimensionless variable defined in Eq 3 10

9 = an angle around the wellbore, degree

c
= shorthand for V • n 

Q  = the domain
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A P P E N D I X  A 

Derivation of Pressure Gradient Along The W ellbore

Assumptions

1 In Figure A 1. x, y, and z are the principal axes o f the porous medium

2 The principal perm eabilities in x, y, and z directions are k^. k\. and k/

3 The gravity effect is neglected

For O" < 8 < 90" and O'̂  < (j) < 90 '\ from Figure A I . the radial flow rate can be 

calculated as

U r ( y )  =  ( U \ . U \ . u J * ( l . m . n )  ( A l )

where

1 = sin(<j))cos(y)-cos(4))cos(0)sin(y) (A  2)

m = -cos(<t>)cos(y)-sin((|))cos(0)sin(y) ( A3 )

n = sin(0)sin(y) ( A4 )

The flow rates in x. y, and z direction are described by Darcy's law. in field units, as

u, =- 0. 001127— ( A 5a)
[I cX

kv c P  , . ,
Uv = - 0 .0 0 1 1 2 7 ^ —  (A Ob)

p. c-Y

k fP
Uz = - 0  001127— ( A oc) 

p  cZ

Substitute Eqs (.A 5a)-(A  5c) into (.A 1) as

,.A 6 ,
p  V f X  ( J  t'LJ
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R e c a l l  d i m e n s i o n l e s s  v a r i a b l e s

X
xo -  —  ( A 7a)

_ k7

and

z

Substitute Eqs (A 7a)-( A 7c) and (A S )  into (A 6) as 

qB r P n  'P u  k, ('P,j k.
Ur =

Zrtr» L y  Xu ' r >  n \  k^ ' r z n  \  ky.
-— # (l .m .n) (A 9)

k
<t>, = tan tan(ct)), (A 10)

V k'

, cos‘ (j) -  sin'4>(k^ / kv)
0; = tan tan (0 ),;--------- --— — ------ — ( A l l )

V ( k . / k v )

Choose x'.y'.z' such that 

x' is perpendicular H too 

y' is parallel to the wellbore axis 

Direction o fx '  is (sin(j),.-cos(|>,,0)

Direction o f  y' is (s in0,cos(t),.sin0:sin(j),.cos0:)

Direction o f  z' is (-cos0,cos({), .-cos0:Sin(j), .s in02)

The partial derivative
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'Pu 'X" f'Pu rPu <'z'
( Xn  <̂ x f Xn  c y  f Xu  c z  t Xu

rP n  . J .  cPd . ^ ^  ^

= -— sin<l), - ^ r ~ s i n 0 ’Cos<{), -  cos0-cos(l).
e x  ■ ( V  ■ '  ( Z

( A 12a )

Similarly.

('Pu ('P ^ , 'P  ^ ^  r p——  = -cos<p, -  s in0 ' sin(j), — - -  c o s 0 ’ sinep, —
( Vo  - ( X  ■ ■(>■ ■ ' c z

(A 12b)

( 'P  ( 'P  ( 'P
%—  =  COS02 —  -  sin0: —
f Z u  O '  ( Z

(A 120

Substitute (A 12a) - (A 12c) into (.A 9) as

- a : # # # ' - ' "
(A 13)

kv
r  = sin<j), (sin(j)cosy -  cos(j)cos0 s in7 ) -  coscj), (cos(J)cosy -  sin(j)cos0siny )

V k \

m '= sin0;Cos((),(sin(t)ccsy -  cos(j)cos0siny )

;

sin 0 ' sin (j). — (COS (j) ces y + sm (j) ces 0 sin y ) 
■ V kx

( A 14a)

cos0:sin0siny^-j^ (A 14b)

n '=  cos02cos<{),(-sin (j) cosy cos(()cos0siny )

I kv
-  COS02 sin<t),(cos(j)cosy -  sin(j)cos0 siny )^ —

s i n 0 2 s i n 0 s i n y ^ ; ^ (A 14c)



c~?
But —  = 0

c \

r»v = r» . cos<j) (A 15a)

n cos(j) \  kv
(A 15b)

COS(t), kv 
tvvx =  = c

COS<t) \  kv
(A 15c)

twz -  fvv ' sin 8

( ,  ) _ _ L  i i i
-  sine V k .

(A 16a) 

(A 16b)

s inS ’ kv ,

Twz' = - = b
sinG \  k.

The wellbore is an ellipse in x'-z' plane described by

(A 16c)

l A  17)

where

x' = c * cosy = a * sinh u * cosy

z'= b * siny = * cosh u * sin y

(A 18) 

(A 19)

c sinh u

b cosh u

e ' " -
e ' “ ^ l

(A 20)

1 r  b c^ (A 21)

f P „  c P dcV  r P „ r z ’

CU t x  Ctl CZ c u



c  Po r p
= a c o s h (u )c o s (y ) -— - a s i n h ( u ) s i n ( y ) ^ - ^  i A : : i

t x  fZ

(^Pn . , , , . , , c P o  . . c P o
——  = -a s in h (u ) s in (y ) -T -7 ~ acosh(u )cos(y  ) ^ — (A 23)cy t x  c z

Solving (A 22) and (A 23) yields

p. p p
cosh(u)cos(y) _ -  sinh(u)sin(y )

f P n _________________JJJ_________________ cy_

a [s in h '(u ) s in ‘ (y ) ^ c o s h ’(u )cos‘ (y )]

c p D r  P
sinh(u)sin(y) _ -c o sh (u )c o s (y )  %

c P d _  e u  ry

a [ s in h '(u ) s in '(y  ) - c o s h '( u ) c o s ' ( y ) ]

(A 24)

(A 25)

î  Pr,
But —— -  0 since the pressure is constant along the wellbore Direction n is

cy

perpendicular to the wellbore and points into the center o f  the wellbore The normal

derivative can be calculated as

c  Pp c  Pn rxi c  Pp ry
rn  na Tti ey t'u

= (A 26)
c u  CTl

c'y
since —  = 0 Then 

cn

cu (cu / cm) cn

where

c u  — —
—  = Vu« n 
cn

= l 4 ^ , 0 , ^ j . n  (A 28)
V ( X c z V
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From (A  24) and (A 25). we have 

t\ i  cosh(u)cos(y )
I A  2 9 )

(A 30)

ôc' a[sinh’ (u ) s in ’ (y) - c o s h ’{u)cos '(y  )]

ru  sinh( u)sin(y )

f z’ a [ s in h '( u) s in '{y ) ~ c o s h '( u )cos' ( y )]

Recall the elliptical equation.

—  r = I (A 17)
c ' b '

Differentiate (A 17) with respect to z' yields

^ - ^ ^  = 0  (A 3 1 I
c ' b '  dx

Solving for dz'/dx' as

s - g

which is the slope at point (x'.z ) on the wellbore surface Hence, the slope o f  n is 

[ ( c ' z ' ) / ( b ' x ’)] Then

( b ' x ' A c ' z ’)

/ '(b -x ’) ' - ( c 2 z f
n = /  - ' :  ^  (A 33)

From (A .28) and {.A 33),

,c \ i  ,

cr. ■ fV ( b ~ x | - ( c - z ' ) ‘

From (A 27). (A 29). (A 30). and (A 34). we have

(A 34)

r P n ____________ ^ ( b - x j  - ( c - z ’)___________

cu b 'x 'co sh (u )c o s(y  ) - rc 'z 's in h (u )s in (y )
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*a(s in h '(u )s in '(y  ) -  co sh '(u )co s" (y ))
( T1

( A  35)

Substitute (A 35) into (A 24) and (A 25) as

r P n  c o s h ( u ) c o s ( y ) ^ , ( b -x ' ) ' - ( c - z ' ) '  r p „  

r-x' b 'x 'co sh (  u)cos(y ) -  O 'z 'sinh(u)sin(y  ) Tn
(A 36)

s in h (u ) s in (y )^ (b -x j  - ( c - z j cPt
r z ’ b ' x ’c o s h ( u ) c o s ( y ) - c 'z ’sinh(u)sin(y) ('n

(A 37)

Substitute (A 18) and {A 19) into (A 36) and (A 37) as

r P p  _ a * cosh( u )cos(y ) r  Pp 

V b ' C O S '( y ) * c ' s i n ' ( y )
(A 38)

r P p  _ a * sinh(u)sin( y ) r Pp 

( z' ^ b ' c o s ' ( y ) - c ' s i n ' ( y )
(A 39)

Then the radial flow can be calculated as

u, =
qB '(-Pp rP

—  — d ’.n ')
2%r* L ; rx '  rz' /

(A 40)

where

: k v
1'= sin (}),( sin (j) cosy -  cos<|)cos0 s iny ) + cos(j) i— (cos(j)cosy -  sin (|)cos0 siny)

V Kx

(A 14a)

and

n '=  cos02cos4>i(-sin  (j) cosy -  cos(|)cos0siny )

COS01 sin (j), (cos(|) cosy -  sin (J)cos0 siny ) ^ —  - s in 0 : s in 0 s in y ^ ; - j ^

(A 14c)
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APPENDIX B 

Partial-Penetration Effect

Pressure response in and around a partially penetrating well was well documented 

by Streltsova ( 1988) The reservoir model consider in her study is illustrated in Fig B 1 

The top and bottom boundaries are no-flow boundaries The formation thickness is h ft 

and the perforated interv al o f  the well open to flow is hp. The distances between the top 

boundary and the top and bottom o f  the perforated interv al are defined as h> and h:. 

respectively

The governing differential equation for the pressure distribution in the system is 

given as

k c' ' r p '  r- p rp
r —  -  k , ^ - T  =  è c i i u —  ( 8  1 )

r cT - c r .  CZ' ( t

The boundary and the initial conditions are

'' c'P ' q
lim; r „ —  = -  , h ' i < z ’ < h ’; ( 8 2 )
r. -0 \  ( T. 2;tT h p

'  c'P"
lim I r ^ —  = 0 .  0 < z ' < h’l. h'; < z ' < 1 (8  3)

r .  »0 V C T  /

P(r -> x , t )  = p, (8 4)

P(r) = P, f o r t  = 0 ( B5)

The space dimensionless variables are defined as

h’p = ^  (BO)
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.  .  h,
hi  = Y  ' B ■')

,  , h:
h : -  —  (B 8)

z' = ^  (B Q)
h

The pressure response in the reservoir domain o f  the above mathematical model is given 

as;

P ( r .z , t )  = P . - : ^ A P D ( h ' , , h ' : , r D . u )  (B 10)

where

1 1 f  I
A P d = — -  E i ( - u )  -  ——  X -{ s in (n 7 th ': ) -  sin(n7ch’i) |cos(n:cz')W (u,P) (B I I )

— j Tc h  p 0  I n

r / I  g :  ?
W (u.p) = I! —exp\ -  X - —  dx (B 12)

4 x : ;

u = ^  <B13,
4kt

P = nTuru (B 14)

and

= (BI5,

To approximate the realistic pressure response at the wellbore, the Eq (B 10) is 

integrated with respect to z' between h’l and h'; and divided by (h’;-h'i ) Then the pressure 

response including the skin effect can be expressed as
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kh , 2 V kt , hP

where the pseudo-skin factor due to the well's partial penetration is

W(U,3) ' ' 1 r . 1' '
Sp = — r r r r * — ~ |s in (n7rh ';)-s in (n7 th 'i)  (B 17)

T t ' h p  n IV n ' * -  .

Fig B 2 illustrates the transient pressure response at a well o f  partial completion with h'p 

= 0 L h'p = 0 2. s -  0. and with the open interval is centrally located in the reservoir 

There exists two semi-log straight lines The first straight line o f  slope m, corresponds to 

the radial flow around the open interval o f  the wellbore (hp) As time progresses, the 

radius o f  investigation increases until it reaches the top and bottom boundary Then the 

flow to the wellbore is become radial over the entire formation thickness (h) This is 

when we observe the second straight o f  slope m The semi-log straight line o f  slope m 

corresponds to a well with complete penetration, hp = h Figs 3  3 and C 4 illustrate the 

pseudo-skin factors for a well with centrally located producing interval and a well with 

the producing interval adjacent to the top or bottom boundary, respectively

During the partial-penetration effect period, the flow develops vertical until it is 

confined by the top and the bottom boundaries The time tp at the end o f  the partial 

penetration effect given by Jongkittinarukom and Tiab ( 1996) as

3 7 9 2 ^ c , h -
kz

tp =  ‘' 7 ^  ' Fp (3  18)

where the value o f  Fp is shown in Fig 3  5 as a function o f  perforation ratio (hp, h) and the 

dimensionless wellbore location ( bp ) The dimensionless wellbore location is defined as
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_ h -  (hi — h’)

The longest distance from the wellbore in which the flow is no longer affected by the 

partial completion is called the radius o f  partial-penetration influence (R,,p) defined as 

~i~
R,.p = a h .  —  (B 20)

V kz

where

a  = 0 5 for the open interval is at the center o f  the formation

= 1 for the open interv al adjacent either to the top or the bottom o f  the

formation ( B 21)
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Figure 13 I A Well o f  Restricted Fntry in A Formation With No-Flow Top and Bottom Boundaries
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Figure B.3 Pseudo Skin Factcr for A Well With A Centrally Located 

Producing Interval (after Streltsova, 1988)
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Figure B.4 Pseudo Skin Factor for A Well With The Producing Interval 

adjacent to either The Top or The Bottom of The Formation

(after Streltsova, 1988)
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Figure 5.7.12 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7 .1 and 7 .7
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1E+3

1E+2

c  1E+1

1E+0
C ase 7

0 = 9 0

1E-1
1E+7 1E+81E+2 1E+3 1E+4 1E+5 1E+61E+0 1E+1

to

Figure 5.7.14 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7 .3 and 7 .9
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Figure 5.7.15 The Dimensioniess Pressure and The Dimensionless Pressure Derivative

for Case 7 .4 and 7 .10
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Figure 5.7.17 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.6 and 7.12
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