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ABSTRACT

Pressure transient analysis for horizontal wells has gained a lot of attention
recently due to the increasing number of horizontal wells. I[nterpretation of horizontal
well test data is much more difficult than for a vertical well. Due to heterogeneity.
application of single-layer models fails to interpret the reservoir properties. Numerical
methods are essential for a horizontal well in multi-layer reservoir with complicated
wellbore configuration and boundary conditions.

This dissertation presents a boundary element method for solving pressure
transient behavior of multi-layer reservoirs. Two types of boundary conditions. Dirichlet
and Neumann, can be handled by the proposed technique. The boundary element method
yields several advantages over the conventional finite-different and finite-element
methods: including the reduction of the dimension of the problem by one. yielding more
accurate results by using the analytical solutions of the governing equations as the
weighting functions, no gird orientation and numerical dispersion effects. and flexibility
of handling complex geometries and boundary conditions.

The developed algorithm is successfully applied to some simple cases with known
analytical solutions including a finite linear aquifer. a horizontal well in closed reservoir.
and a horizontal well in a multi-layer reservoir.

The developed algorithm is applied to generate the dimensionless pressure and the
dimensionless pressure derivative for a horizontal well in eight different systems whose

analytical solutions are not available. These cases include (1) a horizontal well in a two-



layer reservorr. (2) a horizontal well in a two-layer reservoir with gas-cap drive. (3) a
horizontal well in a two-layer reservoir with bottom-water drive. (4) a horizontal well in a
two-layer reservoir with gas-cap and bottom-water drives. (5) a horizontal well
intersecting a two-layer reservoir, (6) a snake-shape horizontal well in a two-layer
reservoir. (7) a horizontal well intersecting a three-layer reservoir, and (8) a vertical well
intersecting a two-layer reservoir without cross flow. Their transient behaviors are
studied in this work.

The step-by-step procedures for calculating reservoir parameters are developed in
this work. The direct synthesis is applied to interpret pressure transient behavior of a
horizontal well in complicated systems without type-curve matching. The conventional
log-log, semi-log, and the Cartesian plots are used in this work. The procedure is

illustrated by numerical examples.
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Chapter 1

INTRODUCTION

1.1) Horizontal Well Application

Horizontal wells were first used to enhance contact area in the early part of 1940’s
as reported by Renney (1941). Due to its high cost, this completion technology was
considered only when hydraulic fracturing from a vertical well was not practical.
Horizontal well technology has gained a lot of attention in petroleum industry today. The
current technology can drill a deeper and longer horizontal well. Several successful field
cases (Higgin (1953), Eastman (1954), Perrine (1955), Roemershauser and Hawkins
(1955), Landrum and Crawford (1955), Colamasi and Canne (1963), and Stormont
(1983)) have been documented in the literature. The horizontal well technology was
applied recently in both Western Europe and North America ( Bezgire and Morkiw
(1979), Killough and Foster (1979), Pitt (1980), Moore (1980), Stramp (1580), Cawvey
(1981), Anon (1981), Astier et al. (1981), Jourdan and Baron (1981), Wash (1981).
Holbert (1981), Stiegler (1982), Loxam (1982), Anon (1982), Pugh (1982). Giger and
Jourdan (1983), Anon (1983), Wittrisch and Jordan (1983), Jordan and Baron (1984),
Reiss et al. (1984), Giannesini (1984), Giger and Reiss (1984)). Experts predict that the
number of horizontal wells will rise considerably in the next century and this technology
will be applied increasingly to initial reservoir development.

The main purpose of a horizontal well is to enhance reservoir contact and well

productivity. Horizontal wells can be applied in the following areas (Joshi, 1991):



(1) In reservoir with water and gas coning problems; they can be used to r
coning problems by minimizing drawdown while maintaining production.
(2) In naturally fractured reservoirs; they are used to intersect fractures.
(3) In tight gas reservoir; they can be used to enhance the production in lo
reservoirs.

(4) In EOR applications; they provide high sweep efficiency, low injectio
larger contact area, and higher grow injectivity.

(5) To over come the drilling and drilling related cost problems.

(6) In offshore and in environmentally sensitive area, the number of wells
by drill long horizontal wells. In term of productivity, one horizontal wel
to several vertical wells.

Pressure transient analysis for horizontal wells has gained a lot of
recently due to the increasing number of horizontal wells. Horizontal wel!
initially analyzed with the technique designed for vertical wells. Renney |
an article on drilling horizontal wells in 1941. After that, many articles w
on pressure transient analysis of a horizontal well ( Giger el al. (1984), G
Clonts and Ramey (1986), Karcher (1986), Goode and Thambynayagam
Reiss(1987), Sherrard et al. (1987),-King and Ertekin (1988), Joshi (1988
(1988), Ozkan and Raghavan (1989), Rosa and Carvalho (1989), Babu ar
Ozkan and Raghavan (1990), Odeh and Babu (1990), Abbaszadeh and Hi
Suzuki (1990), Lichtenberger (1990), Rosenzweig (1990), Kuchuk et al. |

et al. (1991), Goode and Kuchuk (1991), Goode and Wilkinson (1991), S



1-26, Kuchuk. and Jongkittinarukomn and Tiab (1996)) All of these papers deal with a
single-layer homogeneous reservoir. Field experience indicates that interpretation ot
horizontal well test data is much more difficult than for a vertical well. Several factors
including the wellbore storage effect. 3D flow geometry, partial penetration and
boundary effects. and lack of radial system make it difficult to interpret.

Mattar and Santo (1995) have summarized the available horizontal well-test
models and divided them into two categories as the followings.

(1) The segmental analysis

This technique identifies and analyses individual flow regimes; wellbore storage
dominated flow, vertical radial flow, horizontal linear flow, horizontal radial flow. and
boundary dominated flow. Goode and Thambynayagam (1987), Daviau et al. (1988). and
Odeh and Babu (1989) models are in this class. The advantages of the segmental analysis
are:

e [t is similar to the methods used for vertical well testing,

e Identifying each flow regimes gives an engineer a qualitative feeling for the degree of
reliability of the parameter calculated.

This approach also yields several limitations such as:

e Individual flow regimes are not readily identified,

e It may be difficult to know whether it is the vertical-radial or the horizontal-radial
flow if only one radial flow regime is observed.

e Due to different percentage deviation allowed. different model yields different

durations of flow regimes,

W



e These models were derived for drawdown. Application of these techniques to build-
up test results in errors due to relatively short flow periods,

e This approach is limited to simple reservoir models.

e Different values of reservoir parameters may be obtained for analyzing ditferent flow
regimes.

(2) The integrated model

The analytical solution is used to generate the synthetic pressures which are then
compared to the corresponding measured pressures. The variables are modified by history
matching. The models in this category includes Ozkan et al. (1987), Carvalho and Rosa
(1988), Kuchuk et al. (1990), and Thompson et al. (1991). This technique offers several
advantages including:

e [t can analyze all of the data regardless of whether it belongs to a specific flow regime
or a transition,

o The effect of each parameter can be easily determined.

e This approach can be applied over any portion or sequence of tlows.

These approach yields several serious drawbacks including

e [t is computationally intensive,

o Different acceptable matches can be obtained with totally different models.

e The match based on the pressure and on the pressure derivative can be different,

e Different best-fit techniques can result in different models.

e A search for global match is impractical,



e The physical meanings of flow through porous media are masked by the mathematics
of computation.

Joshi (1991) pointed out that horizontal wellbore are rarely horizontal but rather
snake-like with many variations in the vertical plane. Different wellbore portions will
observe different pressure response. While some portion of the well may observe the
bottom-boundary effect earlier than the remaining portion of the well, some portion of the
well may observe the top-boundary effect earlier. The influence of the pressure along the
horizontal wellbore is not well known. Due to the different chronological deposition
environment. a reservoir always has a variation in properties in the vertical direction.
Figure 1.1 shows the horizontal well profile in multilayer reservoir. Therefore, the
pressure distribution along the wellbore is three-dimensional in nature and susceptible to
irregularities in geometry and properties of layers. The combination of horizontal-well
profile and layering effects make a horizontal well-test data difficult to interpret.

Due to heterogeneity. application of single-layer models fails to interpret the
system properties. A more realistic three-dimensional model is essential for analysis of
horizontal well performance. There is only one paper dealing with pressure transient
analysis in layered reservoirs. Kuchuk and Habashy (1996) used the reflection and
transmission concept of electromagnetic to solve the diffusivity equation in three
dimensional layered reservoirs, where heterogeneity is present in only the vertical
direction. It is clear from their works that estimation of parameters of individual layers is
difficult. A multi-layer reservoir with large variation in layer permeability should not be

treated as an equivalent single-layer reservoir with average properties. They have also



shown that the conventional Horner method does not work for a horizontal well in
layered reservoirs. Their model has several limitations including:

e the honzontal well is parallel in the y direction and completed in only one layer.
e the system is infinite in horizontal directions.

e each layer has a uniform thickness.

Analytical models are preferred to numerical models because of their accuracy
and continuity. But they can be applied only for some ideal situations leading to the
limited number of existing solution procedures. Some simple boundary shapes can be
generated by the principle of superposition. This technique becomes too tedious for
calculations at long time when the infinite number of image wells is required and
consequently yields considerable computational efforts. Therefore. numerical models are
essential for a horizontal well in multilayer reservoirs. They can be used to solve more
realistic and complicated reservoir systems. However, analytical models may be used to

validate numerical models.

1.2) Literature Reviews of Numerical Methods

Finite-different method (FDM) is the most popular in petroleum engineering.
Because of it simplicity, this method has been applied to solve fluid flow through porous
media problem for both transient and pseudo-steady state flows. The performance of a
horizontal well is usually calculated by finite-different simulators (Papatzakos et al.
(1989), Bendakhlia and Aziz (1989), Economides et al. (1990). Stone et al. (1989).

Rosenzweig et al. (1990)) utilizing a standard cartesian grid that does take into account



the flow geometry around the well and yields numerical uncertainty. The second most
used method is finite element (FEM). Both of these techniques have several drawbacks
including

1. Gnd onentation effects,

9

Numerical dispersion.

(V8]

Wellbore and boundary representations.

Boundary-element method (BEM) has emerged as a powerful alternative to finite
elements and finite difference methods particularly in cases where accuracy is required
due to problems such as infinite domain and irregular boundaries. The BEM is
concerning with the numerical solution of integral equation and has been applied in a
variety of engineering problems. This technique yields several advantages over the FEM
and FDM including
e The reduction of the dimensionality of problem by one
Thus, it only requires discretization of the boundary rather than the whole domain,
illustrated in Fig. (1.2). Meshes can be easily generated and changed. In addition,
smaller systems of equations and reduction in the data are required to solve a
problem..

e More accurate results

The BEM yields more accurate results than the FEM and FDM because the weightin

[{}¢]

functions used by this method are analytical solutions of the governing equations.

e No grid orientation and numerical dispersion effects




Since the domain discretization is not required. the problem is determined by the
governing differential equation, and is not restricted by the grid system.
Discretization errors are introduced only at the boundary. Therefore. grid orientation
effects related to the domain discretization can be removed. The BEM is an integral
method which is a smoothing technique compared to FEM and FDM which tend to
accentuate the errors when evaluating derivatives. Thus the numerical dispersion is
minimized yielding much more accurate solutions.

e Better problem representation.

It offers flexibility of handling complex geometries and boundary conditions. in
stead of wellbore pressure, the producing-block pressure is evaluated in FEM and
FDM. The BEM can directly calculate well drainage boundary pressure without
making such an assumptions.

Kellog (1953) first developed this technique in the potential theory. With the
arrival of the digital computer, the application of this method expanded tremendously
during the 1970’s in eleastodynamics, heat transfer, fluid mechanics. and groundwater
hydrology. Since then, many researches (Liu and Ligget. Brebbia and Walker. Lennon et
al,, Lafe et al., Numbere, Liggett and Liu, Connor and Brebbia, Masukawa) have been
conducted to solve various engineering problems.

Numbere and Tiab (1988) applied the BEM to generate streamlines for
homogeneous and sectionally homogeneous reservoirs having irregular boundaries. They

summarized that the BEM offers several advantages including



the ability to handle handle homogeneous as well as nonhomogeneous (zoned) porous

media.

the ability to handle all shapes of boundaries - regular or irregular.

all kinds of boundary conditions - Neumann. Dirichlet, or mixed,

the elimination of trial-and-error procedures or the personal judgment of the user.
the accuracy and reliability of the solution in the interior of the domain of interest.

Masukawa and Horne (1988) presented the application of the boundary integral

method (BIM) to fluid displacement problems to demonstrate its usefulness in reservoir

simulation. They developed a method to solve two-dimensional, piston-like displacement

for incompressible fluids. They noted that the method has the following advantages.

The results are accurate because the solution does not suffer the grid orientation
effects and numerical dispersion.

The method can handle any combination of Dirichlet- and Neumann-type boundary
conditions and complex geometries.

Both time and storage area of a computer can be saved because the technique using
only a boundary grid reduces the domain of interest by one,

Velocity and flow potential at any point in the domain can be solved by the method.

Kikani and Horne (1988, 1992) developed accurate solutions for transient flow of

fluid in homogeneous arbitrary-shape systems with a variety of constant and/or time-

dependent boundary conditions. Two techniques, the real space and Laplace transform

solutions, were presented in their works. Kikani and Horne (1989) also applied their

techniques in streamline generation, isochrones for steady-state single-phase tlow



problems, and well testing to some field examples. For multi-well situations with
arbitrarily shaped boundaries and a variety of boundary conditions. their technique can be
used to solve for front tracking in the steady-state case quickly and etfectively.

The Laplace domain boundary-element method (BEM) was developed by Kikani
and Horne (1993) to calculate transient pressure in a piecewise homogenous porous
media with arbitrary geometry of each region. Each region can have different rock and
fluid properties. The technique can be applied to solve for impermeable barriers of any
shape, sizes, and onentations, including large pressure-support sources and fluid-injection
problems showing composite behavior.

Sato and Horne (1993) developed a perturbation boundary element method
(BEM) for both steady-state flow and transient-flow problems in heterogeneous media.
The BEM gives the perturbation series with the complete solution for the original
governing equation. Their model can be applied to track streamlines and displacing-fluid
fronts. They also applied the technique to solve transient-flow problems.

Brunch (1991) has applied the FDM. FEM, and BEM to solve groundwater flow
problems. He recommended that BEM is the most suitable. since it allows the most
efficient handling of free surfaces, infinite flow domains and singularities. Besides, the
BEM vyields more accurate results than the other methods because the weighting
functions used by this method are analytical solutions of the governing equations. He
illustrated the technique by solving the fluid flow problems for both transient and steady

state periods.

10



Koh and Tiab (1993) developed a versatile boundary-element algorithm for
solving transient and steady state problems in isotropic or anisotropic reservoirs. First. the
governing equations and the boundary conditions were transformed into the Laplace
domain. Then the integral equation was formed using a weighted residual approach. The
boundary is discretized using isoparametric linear triangular elements. The Gaussian
quadratures were utilized to evaluate the integral equation. The solution from the Laplace
domain was inverted to real space domain by the well-known Stehfest algorithm. Six
problems with known analytical solutions were modeled by the proposed algorithm.
Excellent agreement between the numerical and analytical solutions were observed. They
also illustrated the algorithm by modelling (1) a vertical well with partial completion and
(2) atortuous Horizontal well. Their algorithm can handle
e reservoirs of arbitrary shapes,

o finite-radius wellbore of arbitrary geometry.

e any combination of Dirichlet and Neumann boundary conditions.

The technique can be used to solve a wide variety of three-dimensional horizontal well
problems. But the reservoir must be homogeneous. Thus. their algorithm cannot be

applied to solve for a horizontal well in multi-layer reservoir.

1.3) Objectives of Study
This study has three objectives:

1. To develop the three-dimensional diffusivity equation for tluid flow through multi-

layer reservorr,



2. To develop a boundary element method for the formulated problem.
3. To simulate the performance of a horizontal well performance in a single-layer. two-

layer and multi-layer reservoirs
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Chapter 2
A HORIZONTAL WELL

IN SINGLE-LAYER HOMOGENEOUS RESERVOIR

This chapter presents a review of the solutions for a horizontal well in a single-
layer homogeneous reservoir. Both analytical and numerical solutions will be considered
here. The analytical method reviewed in this study was developed by Jongkittinarukorn
and Tiab (1996) and Thompsons et al. (1991). The numerical method is the boundary-

element method developed by Koh (1993).

2.1 ANALYTICAL SOLUTION
Several mathematical models have been proposed in the literature to calculate
pressure response at a horizontal well. Most of these models requires tremendous
amounts of time to evaluate the pressure response.

Jongkittinarukorn and Tiab (1996) considered a horizontal well drilled in a box-
shaped drainage volume, parallel to the y direction. Type curve matching techniques of
pressure and pressure derivative to determine several reservoir parameters are
presented in their works. A new techniques, known as direct synthesis, for interpreting
the pressure behavior of a horizontal well without type-curve matching is presented.
Characteristic points are obtained at intersections of various straight line portions of the
pressure and pressure derivative curves, slopes and starting times of these straight

lines. These points, slopes and times are then used with appropriate equations to solve



directly for reservoir characteristics. A step-by-step procedure for calculating these
parameters without type-curve matching is included in this paper. The productivity
index equation is derived from the conventional pseudo steady state equation for a
vertical well in a bounded reservoir.

The dimensions of the reservoir are: length (x direction) = a, width (y direction) =
b, thickness (z direction) = h. The following assumptions are made:
(1) The boundaries of the drainage volume are sealed in x and y direction,
(2) The reservoir is homogeneous. and anisotropic with principle permeabilities k., k.
k. in X, y, and z directions respectively,
(3) A single-phase fluid with slightly compressible,
(4) The viscosity (u) and formation volume factor (B) are constant,
(5) The initial pressure is uniform and is equal to P;, and
(6) Gravity effects are neglected.

In this study. a horizontal well is considered to be a partially penetrating vertical
well in a closed rectangular reservoir. A horizontal well can be considered to be a
vertical well because gravity effect is neglected. First, the physical model is rotated 90"
such that the well (in y direction) is vertical and x and z directions are on a horizontal
plane. Then we remove all of the boundaries in x and z directions which will be taken
into account later by using principle of superposition. There are three flow regimes:

(1) radial flow around the open interval (L),

16



(2) transition period during which the flow develop vertically vielding a spherical flow
regime for centrally located open interval or a hemispherical flow for an open interval
near the top or bottom boundary. and

(3) second radial flow over the entire formation thickness (b).

For a horizontal well in anisotropic reservoir, the following dimensionless terms

are defined as:

= \/k\ kZb(Pl - ow)
141.2qBu

00002637 kyk,t

tp > (2.2)
¢U-Cl[rwhr
00002637k« k,t .
tpa = kek (2.3)
oduc A
Ip = - (2.4)
I'wh
Twh = r—“!-l—’---t’—k—\} (2 5)
2 ¥k kz__|
A =ah (2.6)
2 27" 2
r=1;(x "Xo) +(Z _Zo) (:7)
| Vi ke Vel ke
Xb = 2x/a (2.8)
Zp =2z,/h (2.9)

For a constant rate of production. assuming the reservoir is radially infinite. the

pressure response at the wellbore is given by Streltsova (1981) as:
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In order to determine the pressure response at a horizontal well in a closed
boundary system, the principle of superposition in space is employed to account for
four boundaries in both x and z directions. Therefore. the dimensionless pressure at the

wellbore is:

x
Pp =Puwp + ¥ Pp;
1=1

l . l S ( . rI:) \
=.- —Ei(-——) + sp(tp, rpp) + S Ei(-—= ) T s, (tp- P (2.19)
3 4to) Sp(tp, T'oD) L/b) = e ) T sp(tp rom)/,
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Since the radius of the partial-penetration influence is a function ot reservoir length in
y direction which is usually assumed to be a very big number compared to the
formation thickness in z direction. Therefore. we need to include the pseudo skin at the
image well. The radius of investigation of pseudo skin (sp) is much larger than that of

the Ei ’s function. The pressure derivative of the above equation is:

1 f =17 ds, \:'( 1 expi'-—ro,- . (2.20)

€X
260 P Tt Ty o2t P ity L dto)

Po =

Thompson et al. (1991) proposed an efficient algorithm for computing the
bounded reservoir horizontal well pressure response with minimal computational effort.
Their model is considered in this study and will be used to compare with the numerical
solution.

A horizontal well with wellbore length L., shown Fig. 2.1. is drilled in closed
box-shaped system with dimension L(*L,*L, . The wellbore is located at
(x.y1<y’<y1+Ly. z’). The reservoir under isothermal condition is assumed to have a
slightly compressible fluid with constant viscosity. For a constant production rate. the

pressure response is

t 5615q

wPCt

P(x,y,z) = P; - ]

Ap,Ap,AP,dt (2.21)

where (x,y,z) is any point within the reservoir except a well axis. For small value of 1. the

instantaneous point source pressure drop is calculated as

(x'+{—1}'x-2an)z ; A 2r

2J_—n e an 1 .

M~
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where the directional diffusivities are:
0.00633; )
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For large values of t. Egs. (2.23) - (2.25) can be replaced by the following equations.

respectively.

-
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L. L=t L. L. Lz B

Table 2.1 shows the criterion based on the minimum number of terms required for

convergence between Egs. (2.22) - (2.24) and (2.26) - (2.28). The small arbitrary

tolerance is € ~ 107'? . In order to generate the pressure response, a point close to the well

axis must be chosen since Eq. (2.21) is invalid on the well axis. due to its singularity.



The drawback of this model is the use of the line-source solution which assumes
the wellbore radius approaches zero. Thus. the result for this model is invalid at very
early time of production.

Clonts and Ramey (1986), Ozkan, Raghavan, and Joshi (1989). and Daviau et. al.
(1988) developed the pressure response at the wellbore assuming that there is no pressure
drop with the horizontal well. Their model is shown in Fig. 2.2. The dimensionless

pressure response is

J7 [k

— k 2
i 2 s 3 Tdt
{ [+2 ;lexp(— n"t Lp t)cos(mt zD) cos(mt zwo) l—‘/—;

(2.29)
where
Py = kbh(Pl - P) (2.30)
1412qBu
tp = 0.00lOSS!(.,t (2.31)
ducL”
L k. A
- | (2.32)
Lo=35, Ks
o 2x kh (233)



2y ’ Y
Vo= — o
° L Vk (234
YA
ZD’—'H (2.39)
Zy
ZtzT (2 36)
o= 1 ke (2.37)
T Vk

Goode and Thambynayagam (1987) indicated that a horizontal well may exhibit
four regimes depending upon the reservoir geometries and the well properties. These four

tlow regimes are shown in Fig. 2.3.

Early-Time Radial Flow

This flow regime corresponds to the vertical radial flow perpendicular to the

wellbore. The pressure drop at the wellbore is expressed as

162.6 ,/kvkt )
1626qBu |, Y 32308685 (2.39)
ko k,L et |

Pl— wf =
Pa dpCira

The permeability and the skin can be calculated as

162.6qB
Jkok, = ——k (2.40)

mlL

- kK, |
- 1.151[—1)—‘—3"—' - log( \ +323

m,

|
t9



where m, is the slope of the semi-log plot of P versus t and P, is the pressure obtained
by extrapolating the semi-log straight line to t = | hour When the pressure disturbance

reaches the top or bottom boundary. this flow regime is ended. The length of this flow

regime Is:

l 90d i.OQ( r“0,0Q,‘ C
L = " L (24D

where d, is the distance from the weilbore to the closest boundary.

Early-Time Linear Flow
Once the pressure transient reaches the top and bottom boundaries. the early-time
linear flow regime may develop if the well is relatively long compared to the formation

thickness. The pressure drop during this period can be expressed as

_8128qBu | 't 141.2gBu

P|— Pw'— - (Sy"s (242)
""" Lh Véuck, Lyk.k )
where the pseudo-skin in z-direction is given as
h) k, 180z,
S, = ln(— +O.251n(—-‘-) - ln(sin = | — 1838 (2.43)
Tw k\' h /
The product of permeability and wellbore length square can be calculated as:
. (8.128qB): u
ko= —) 2 (2.44)

where my; is the slope of the straight line on the plot of AP versus t"*. The mechanical

skin can be calculated as

5]
(73]



Lyk.k,

= AP(t = 0) Y2
= AR =0 2qBu

=S, (:45!

where AP(t=0) is the value of the pressure drop at t’ "= (). This flow regime is endea at

e 208¢uc, L” ]
el k\ { -46}
Pseudo-Radial Flow
This tlow regime starts at
1230L b c,
u;:————Eiﬂi— (2.47)

When the pressure disturbance reaches one ot the outer boundaries. this tlow period is
ended. This flow regime may not develop if the top or bottom boundary is flowing

boundary. The pressure response is expressed as

162.6qBu| k.t 1412qB
PI—PM-=——q—E{Iog(———) ’0731 d Ll(s,+5 (2.48)

Jk.k.h duc, L Lyk. k.

The equivalent horizontal permeability can be calculated as

162.6B
Jiok, = 2B (2.49)

m;h

where m; is the slope of the semi-log straight line. The skin factor is

S=

LISIL kv{P.—PLm__[ ( ke

2.023|~
h K« éuc L J+ |



Late-Time Linear Flow
This flow regime develops when the radius of investigation reaches the lateral

boundaries. The pressure drop during this period is expressed as

—_—

8.128qB | ut 141.2qBu
+
Txch Vkobo | LYk,

P| - Pu.f =

19
(V7]

(s\+s,+5) (

where x. is the halt width of the reservoir.

Equation | Minimum Number of Terms | Equation | Minimum Number of Terms
[ Ky |
(22) \j \J?l”\ 284 mﬁ:/! (2.6)
- : '
2[_“, L\\
1047 e
2L,/ Lw
—
_‘j?; ‘EL flr{Z& T l(.L‘_(LJ 2 8) 2L= —[n(28 L. L\\)
(2.4) " ky kx | Jky k = La ko koo
2L,/ La \ Ky K«

Table 2.1 Minimum Number of Terms Required for Convergence
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Figure 2.2 A Horizontal Well Model of Clonts and Ramey (1986), Ozkan, Raghavan, and Joshi (1989), and

Daviau et. al. (1988)
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Figure 2.3 Flow Regimes in A Horizontal Well (after Goode and Thambynayagam, 1987)



2.2 NUMERICAL SOLUTION

2.2.1) A Governing Differential Equation for Homogeneous Reservoir

The continuity equation of isothermal flow of a single-phase fluid through a
homogeneous porous material can be derived by considering a small element shown in
Fig. 2.2. The mass balance of this element has the following form.

{rate of accumulation of mass} = {rate of mass flow in}-{rate of mass flow out} (2.52)

where

{ rate of accumulation of mass } = %%Bﬂt- AX1 AX2 AX3 (2.53)
{ rate of mass flow in } = puy +pug +pug (2.34)
and

{ rate of mass flow out } = puy; + A(puy;) + pue + A(pug) + pug + A(puy) (2.55)

Substitute Eqgs. (2.53) - (2.55) into (2.52) and rearrange as:

_ pd) |t+_\t - pd) It

At Ax1Ax2 Axa = A(puy) + A(pue) ~ A(pug) (2.56)

Divide Eq. (2.56) by Ax; Axz Ax; and take the limit as Ax; Ax; Ax; and At — O yielding in

Aous) , dpus) | dous) _ dpe)

CXq ‘ E‘X)_ 6.‘(3
= Ve(pi) (2.57)
[f we assume that x; and x; are horizontal so that gravity force is only on x;

direction, a flow potential is defined as



W=gxy ?——dp (258
= X, 4 2 38)
Vnp(P)

The general darcy’s law representing the relationship between the volumetric flux and the

gradient of flow potential is

1l A : 12 A

cw W & .
w= -2k —-'-k»—‘*rkas‘.ci) fori=1,2,and 3 (2.59)
(VAN CcX, CXa: CX;3

which can be written in matrix form as

(ul , [kn ke ki ?:f
ﬁ=7uz'=‘glku K kzs‘\ ;
us| ki ks ki E\u‘E

C‘:Xzf

| CX; |

(2.60)

>
The direction of x;, X2, and x3 can be selected such that the permeability tensor, K ,

becomes a diagonal matrix. This direction is called the principal axes of the porous

medium. Let ’s denote this new axes by X, Y, and Z. Then the permeability tensor

becomes
(ke © o}

K={0 ky O (2.61)
- 0 0 kz_}

where ky, ky, and k, are the principal permeabilities in x. y, and z directions. respectively.

Neglecting gravity effects, substitute Eq. (2.60) into (2.57) resulting in



6.6(@}:

(262)

For a slightly compressible fluid with constant compressibility, ¢, the density can be

expressed as:

P =Py exP{Cz(P - Po)}

(2.63)

where pj is the density at Py. If we assume that ¢ and p are constant. introduce Eq. (2.63)

into (2.62) vields

&P &P &P cP
- -+ - -+ 1- = 'T
kx axd ky ey’ szZz duc it

Define the contracted coordinate as

x=X.
™
y:Y et
\/k\'
and

Introducing Eqgs. (2.65) - (2.67) into Eq. (2.64) yields

- 2 -
¢FP+ & Fz’+c1P _ buc P

C
- ~ 2
¢x? cy Cz ke Ot

Define dimensionless space variables, pressure and time as

o X
AD \/—K,

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)



A -
Yo \/X . (2 70)

_ VA
and zp = _\/X 271
(Pim—P)
Pp = T) (2.72)
k.t
tp = ¢Tuc,A (2.73)

where P; 1s the initial porous medium pressure. A and P are normalizing factors with
dimensions of [LZJ and [F / LZ], respectively. Substitute Egs. (2.72) - (2.73) into Eq.

(2.68) yields the diffusitivity equation.

= V?Pp (2.74)
The reservoir. initially, has a uniform pressure condition which can be expressed
in dimensionless form as
Po(xp.yp,zp,0) =0 attp=0 (2.75)
Two types of boundary conditions are considered in fluid through porous media.
The first type is Dirichlet, a constant-pressure boundary condition, where the pressure at
the boundary is assumed to be constant.
Po = Pp (2.76)

where P, is the prescribed value of Pp.



The second type is Neumann. flow or no-flow boundary condition. where the flux

is prescribed.

i
<
o

o
.
=]

where ii is the unit outward normal vector at the boundary and P, is the assigned value

of Pp.

2.2.2) Boundary Element Algorithm

Koh (1993) developed a boundary-element algorithm for modeling 3-D fluid flow
through homogeneous porous media for both transient and steady states. The Laplace
transform is applied to remove the time variable. Introducing Laplace transform to Egs.

(2.51) - (2.54) yields

25 2pH 25

cPp P, TPo g5, (2.78)

€xp Ccyp €zb

Pp=—" (2.79)
S

pp = 22 (2.80)

Eq. (2.78) is a three-dimensional Helmholtz equation for the ditfusivity equation. where s

is a transform parameter and Pp, represent Pp in Laplace domain.

1.3
V)



A combination of a weighted residual technique and an integration by parts is the
fundamental integral statements of the boundary element method. This process reduces
the order of the continuity required for the Pp. Apply this technique to the solution ot a

three-dimensional Helmholtz equation for the diffusivity equation, Eq. 2.78. as

~2 ~2 2 _ Py . EW'
(EW.EW. 2V )5 aa < (w5, P gr g (281)
a\CxD Cyp Czd J rr -

where Q is the domain of porous media, W is a weighting function, and I is the boundary
of the porous media.

The free space Green’s function, G . is chosen as the weighting function where

exp(— rn \/;)

47t rD

G—(rD,S)

=W (2.82)

where rp is the dimensionless distance between the field point (xp.yp.zp) and the source

point (x‘[’),y‘l’),z‘[’)) . Substitute the free space Green’s function. G . into Eq. (2.81) and

rearrange as

_ 0P, - G N
Poleo:) - IG5 -Po T Jer .83

which is only valid when the source point (x‘[’),y‘[’), 7_}’)) is in the domain of interest. 2.

This equation was modified by Koh (1993) to handle the situation when the source point

is on the boundary yielding the boundary integral equation.

_ 1)_ |
l'p'D+93(\/§+r—D) Po Lir (2.84)
I'p g

e-\.;ro
mﬁD(rD?s) = [‘!‘ o



where

e
I

arn for (xp.¥p.zb) € Q (2.85)

o =w for (x}’,,y‘[’),z‘l’)) el (2.86)

where «q is the solid angle subtended at the boundary source point by its immediate

neighborhood within the domain. The normal dimensionless distance from the source

point to the field point is expressed as
don = Toe (2.87)
where T is a vector from the source point to the field point and n is a unit outward
normal vector at the boundary.

The numerical method is necessary to evaluate the boundary integral equation.
Eq. (2.84). Thus, the boundary (I") is discretized into several elements. The isoparametric
linear triangular elements are chosen by Koh (1993). The discretized form of the

boundary integral equation, Eq. (2.84), for source point 1 on the boundary is

-vStp

o N. _ d 1) _
0hPh= % ge (P'D+—°'#(\/§+—)PDFI‘ fori=1.2....Ny (2.88)

str. o Tp To
where N, and N, is the number of elements and number of nodes, respectively. on the

boundary (). Eq. (2.88) can be expressed in matrix form as
[H] {Po} =[G] {P} (2.89)
where [H] and [G] are N, x N, matrices and {Pp}and {P'p} are vectors of length N, for

Ppand P'p, respectively. The above equations can be solved once the N, boundary

conditions are prescribed.

%)
W



Once all values of Ppand P'pon the boundary are know, the value of Ppyat any
point i in the domain Q2 can be calculated from Eq. (2.88) by locating a source point at the
point i.

.\'t \sro r

IP' *—(I*—\Podr (2.90)

The solutions (Py) to Eqs. (2.88) and (2.90) are in Laplace domain. Stehfest’s
algorithm is chose to invert the solutions to the real space solutions (Pp). Koh (1993)
recommended to use the number of summation terms (Ns) to be 8 which yields

reasonably accurate results. The value of Pp at any point in the domain can be calculated

as
In2 8 _
Poi(to) = — X Vi P (s(k)) (2.91)
tp k=i
where
~ mmn(k.4) 4 "ml!
Vi= ()7 S I'm! (II:) I(2m-K)' (2.92)
m_m‘ (k*1)|(4 m)!m!(m - )!(k - m)!(2m - k)!
and the transform parameter is expressed as
s(k) = 22 (2.93)

b
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Figure 2.4 A Small Element of Homogeneous Porous Materal

Used for Mass Balance Equation
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Chapter 3

A HORIZONTAL WELL IN MULTI-LAYER RESERVOIR

3.1 ANALYTICAL SOLUTION

The only analytical solution available in the literature tor a horizontal well in

multi-layer reservoir with cross tflow was proposed by Kuchuk and Habashy (1996). A

reservoir consisting of n lavers. shown in Fig. 3.1. is infinite in x and y direction and is

layered in the z direction. A horizontal well is completed in layer k. The fluid in each

layer is assumed to have slightly compressibility and constant viscosity. The pressure

response at the wellbore 1s

D
Po = 2[g, (rup-Tide

where

by = 2J(kk), L“( p.)

1412q p,

_0.0002637 (k x ), .
(‘bl—lctk La

to




gw(rup. tp) Is an impulse response for a horizontal well and L. is a halt open length of

the wellbore. The subscript k denotes the properties ot the source laver. EqQ. (3.1) can be

expressed in the Laplace domain as

[OP]
'
~

(3.6)

where the unbounded horizontal wellbore solution is given as

Zuu(rwo-3) - K()(l’w[)\/;) l~exp(—2J§) E(’x/g)l (3.7)
wD-S) = — - - Eil2 3.
g\.\u TwD > r“D\/;KI(r“D‘/g) 2\@ | -j
and the homogeneous solution is given as
GulsouB) = 7 ‘ —
h 4ui [l _(;u)k ():a)kexP( -2u, hm)]
* {Il + (;u)k exp(=2 vy ZwD)](C.u)k exp(-2 vy z.p)
+[l + (gn)k exp(—2 vy ZsD)](Q’)k exp(—2 vk Zwp) } (3
where
B [a3+(1v)iB2+s/KJ (
Ly (7&")i

= (cbt‘cl) /(¢i‘c.)k

.8)

3.9)

(3.10)



hokzvl(:‘J :—k (3.1h
27k Lw
—
2o = | k.) Zw + 15
[ W
‘——l\ -
LD:VI(R LZ— (3.13)
z k W
An upgoing global retlection coetficient is
Rija + C_u . CXp _2U|— hp,- .
(:_“)i = : (_’)"' ( 1o for i=1.2. ...k (3.14
1+Rl.|—l(‘.u)i_|exp(_zul—l hD.I-l)
For the top laver.
(C), = 1  forano-flow boundary
=-1 for a constant-pressure boundary (3.15)

An downgoing global reflection coefficient has the same relation as the upgoing global

reflection coefficient. The local reflection coefficient in Eq. (3.14) is

R =M (3.16)
Lt 7,4, Vi

where
k./

Yicla = (en).., (3.17
(ko/m),

The local reflection coefficient equals 1 if the (i-1) th layer is a no-flow boundary and

equals -1 if' it is a constant-pressure boundary

40
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Figure 3.1 Horizontal well model by Kuchuk and Habashy
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3.2 NUMERICAL SOLUTION

3.2.1) Subregions Technique for Anisotropic Lavered Reservoirs

[n chapter 2. the boundary element algorithm have been formulated for a
homogeneous porous reservoir. In realistic. reservoirs are not homogeneous and lavered
due the depositional environment. These problems can be solved by using the previous
formulation of boundary element algorithm and some continuity or compatibility
conditions.

Let 's consider an n-layer reservoir. shown in Fig. 3.2. with crosstlow where the
reservoir is lavered in the z direction. The reservoir is bounded in x and v directions. Each
layver can have different rock and tluid properties with the following assumptions.

(1) the system is under isothermal condition.

(2) homogeneous and anisotropic with principle permeabilities k.. k... and k...

(3) a single-phase fluid with slightly compressible.

(4) the viscosity () and tormation volume factor (B) are constant.

(5) the initial pressure is uniform and equals to P,,,. and

(6) the gravity effects are neglected.

First. the reservoir is diviled into several layers. Each layer can be considered as a
homogeneous porous medium. The system of equations formulated for cach
homogeneous layer plus the continuity conditions over the interface boundaries create a
system that can be solved when the boundary conditions are prescribed.

The diffusivity equation for layer i is:



62PD|+82PD|+82P[)‘ _ (kx‘l¢)‘EPD|

i 5_\’[’) Py = (kx/(b). 1o inQ, fori=1.2....n (3.18)
with the Dirichlet boundary condition
Po. = Py onl,, fori=1.2....n (3.19)
and the Neumann boundarv condition

Po = Po on > fori=1.2....n (3.20)
where
Li=C.+T0 fori=1.2....n (3.21)

Define the normalizing tactors as the tollowings.
A =rL. (3.22)

< 141.2qBp

3.23
k\_les‘ ( )

where r. and Ly, is a wellbore radius and wellbore length. respectively. in the lowest

laver containing a wellbore. Thus. the dimensionless quantities. in field units. become

k\ | Lms
Poo=—""—"—"Pun-P i=1.2..... (3.24
D [412qBu (Pm—P)) fori=1 n )
0.0002637k ., ae
tps ——/—— 1 (3.235)
¢| MCiTus
The wellbore condition considered in this study is
(1) The pressure is constant along the wellbore which can be expressed as
PD(XD.}"D.ZDJD)T- PwD(tD) (326)

(2) The tlow rate is constant.



La22

q= [ [(u-r.)3edl (3.27)

00

which can be discretized as

q=2mr.L.*Y(w,u.) (3.28)

i=t
where w, is a traction of wellbore area covered by node i. Hence.

0<w, <l fori=1.2....n (3.29)
Swo=1 (3.30)

The value of u,, can be calculated by using the equation. (A.40). derived in Appendix A
which expresses the value of radial velocity in term of normal dimensionless pressure

derivative.

Consider an interface boundary between lavers i and i+1. shown in Fig. 3.3. Two

compatibility conditions are required at the intertace boundary. First. the potential is
continuous across the interface. I..,-;. which can be expressed as
P,=P,. on [« fori=1.2....n-1 (3.31)

or in dimensionless form as

19
H

(PD)' =(PD).,, on [in fori=1. ..n-1 (3.32)

Second. the amount of fluid flowing out of layver "i" across any small area. AA. must
equal the amount of fluid flowing into layer "i+1".
Uny *AA = up,1*AA fori=1.2.....n-1 (3.33)

which can be expressed in term of the normal derivative as

34



CcP, cP,. .
T AA = k‘..-na—lAA fori=1.2.....n-1
cn cn

Eq. (3.34) can be written in term ot dimensionless pressure gradient as

kx.lVPDg = k‘_,qepolq fori= 1.2. cees n-1
Along the interface boundary. the unit outward normal vector is
n=-n.=n tori=1.2....n-1

Multiply Eq. (3.36) by Eq. (3.34) and rearrange as

ka.Po+Kkei-iPPooy =0 on [~ fori=1.2.....n-1

Apply Laplace transform to Egs. (3.18) - (3.20). (3.26). and (3.37) vields.

respectively.

alﬁo- + 5250: + 5250. - (k‘/¢)l Sﬁ
exp  évy Cm  (kJo)

for (xp.vp.zp)eQ, fori=1.2....n

_Isol‘—"l‘)E on [, fori=1.2....n
S
§'D|=h on [ fori=1.2....n
s
(I)-[))l =(-l;{))l’l on i« fori=1.2....n-1
and
kx_lF'[) + k‘.l?lp'm.] =0 on r,.|-| fOl’ i=1. 2. ....n-1

The Laplace transform parameter for layer i is defined as

4=
A 1)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)




In2 X
s (k)= _t—k for k=1.....Ng (3.43)

D
Apply the boundary element algorithm for homogeneous reservoir developed by

Koh (1993). Chapter 2. to Eq. (3.38). we have
[H],{Po} = [G].{P"], fori=1.2 ...n (3.44)

Eq. (3.44) is rewritten as

[H], {50}"’ {Gk], {E'm}‘ fori=1.2....n (3.45)
where

1
[Gi] = —lal, fori=1.2....n (3.46)
{5’0k}‘ =kx,1{§'0}l tori=1.2....n (3.47)

With two compatible conditions. Egs. (3.41) and (3.42). we can assemble together the
svstem of matrices. Eq. (3.45). Once the boundary conditions are prescribed. the above
system of equations may be solved. The total number of unknowns equals the number of
nodes on the external boundaries plus twice the number of nodes on the interface
boundaries.

For improving computational efficiency and avoiding numerical problem. the
proposed technique may also be used in homogeneous reservoir. As pointed out by Koh
(1993), one of the disadvantages of the BEM is that it produces unsymmetric and densely
populated matrix. The subregion technique transtorms a tully populated matrices into
banded matrices yielding more computational efficiency. The problem with a large

number of unknowns can also be solved by using this technique.
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3.2.2) Assembly of Equations

This section illustrates how the proposed algorithm works. Consider the two-

dimensional domain. shown in Fig. 3.4. The domain is divided into three subregions

illustrated in Fig. 3.5. The order of nodes are renumbered for each subdomain. Each

subregion can be treated as a homogeneous domain. Apply boundary element algorithm

to each subregion. we have the system of algebraic equations for region 1. 2. and 3.

respectively. as
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hii h> hi; ﬁi)ll gf; g:: g:; [_)'Dl.‘-‘i
hii hi: hi Fﬁ)z =|gy, g» 2., _IS'D:, (
hi, hi: hi ﬁ;y gy g g_l E'D‘., )

At interface 1-2. the required compatibility conditions can be expressed as
f’?:): = ﬁilon = ﬁoz
PPp: = PPp: = PPo:
PPos = PPo; = PPy

P'o2 = P'oas + Ploi s

P'os = P'osi+ Plor: =0

and

P'os = P'oss + P'os

At interface 2-3. the required compatibility conditions can be expressed as

ﬁ:DS = ﬁi‘)l = ﬁDb

ﬁf)s = I)_IS;: = ﬁm

Combine Egs. (3.48) - (3.60) and rearrange in the matrix form as tollows.

thn
o
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Once the boundary conditions are prescribed. the above matrix can be rearranged and

solved tor the unknowns.

Figure 3.4 A Two-Dimensional Domain Used to Illustrate

The Proposed Algorithm
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Figure 3.5 Three Subdomains
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3.2.3) Solution of Equations

Gaussisan elimination is used by Koh (1993) to the syvstem ot equations tor
single-layer homogeneous reservoir. This method fails to solve Eq. (3.61) correctly. [n
this study. the Gauss elimination with column pivoting only is used to solve the system ot

equations.



Chapter 4

VALIDATION

Three ditferent cases with available solutions. listed below. are used to check the
developed algorithm.
(1) Finite linear aquifer.
(2) A horizontal well in closed rectangular reservoir. and

(3) A horizontal well in a multi-laver reservoir with cross flow

Case 1: Finite Linear Aquifer

[n this case. the dimensionless pressure and time are redefined. respectively. as

khb

Pp= ——2 (- (4.1)
° = Tai2qe PP
and
~ .
. _ 00002637k 2

ducL?
The domain of interested is a rectangular reservoir with impermeable lateral. lower. and
upper boundaries. Two different types of boundary. (a) sealed outer boundary and (b)
constant pressure at outer boundary. are considered in this study. Nabor and Barham

(1964) presented the analytical solutions for both cases. They are

g 2 = |expl—nn"
Pf(tw%}——'—ﬁ{e‘p( ir t”)} (4.3)

T nsl n”

for sealed outer boundary and

W
W



8 =iexpl-n"ntp/4
Po=1- :Z{ ol — )} (4.4)
T ong n

for constant pressure at outer boundary. Figure 4.1( 1) shows the discretized boundaries of
two-layer model consisting ot 106 nodes and 208 elements in each laver. The properties

of the aquiters are the followings:

k«a = 1.0 md. ke=1.0md
ky; = 1.0 md. ke = 1.0 md
k, = 1.0 md. k,,=1.0md
¢ =0.1. $> = 0.1

The pressure response of sealed outer boundary aquifer are plotted in Fig. 4.1(2) showing
reasonable agreement with the analytical solution and Koh's work.

Figure 4.1(3) presents the dimensionless pressure versus dimensionless time for
constant pressure at outer boundary aquifer. It is clearly seen that the presented algorithm

fits very well with the analytical solution.

Case 2: A Horizontal Well in Closed Rectangular Reservoir

A horizontal well located in a finite anisotropic sealed rectangular box reservoir
produces at a constant rate. Several analvtical solutions were documented in the
literature. But only two of them will be considered here. Thompson et al. (1991)
presented an effective algorithm to evaluate the pressure response with minimal
computation efforts. The drawback of their model is the line-source assumption which

does not correctly represent the pressure response at very early time. Thus. Kuchuk and

2
=)



Habashy 's model (1996) is also included here. Their model correctly determines the
pressure response at the very early time. But their model is only tor a system with infinite
horizontal direction. Therefore. this model cannot be used to check the present work at
very late time when the horizontal boundary etfects are observed.

Figure 4.2(1) shows a discretized reservoir with 300 nodes and 392 elements on
layer "1" and with 194 nodes and 384 elements on layer "2°. The discretized wellbore is

shown in Fig. 4.2(2). The systems have the tollowing properties.

ko = 1.0 md. ke = [.0 md
ko1 = 1.0 md. k.»=1.0 md
k, = 1.0 md. ko=1.0md
¢, =0.1. $.=0.1

The pressure responses from this studyv. shown in Fig. 4.2(3). matches very well with the
analvtical solutions and Koh’s work. one-layer boundary algorithm. tor the whole

dimensionless time of interested.

8.3 Case 3: A Horizontal Well in A Multi-layer Reservoir with Cross flow

The only analytical solution of this system available in the literature is by Kuchuk
and Habashy (1996). As stated in Case 2. this model assumes that the system is infinite in
the horizontal direction. Thus. only early portion of pressure response will be used to
validate this work. Figure 4.3(1) shows the discretized system consisting of two layers

with 492 nodes and 976 elements on laver "1° and with 386 nodes and 768 clements



on laver *2°. The wellbore discretization is the same as that of Case 2. The reservoir has

the tollowings properties.

ka = 1.0 md. ke =0.1 md
kv = 1.0 md. K,>=0.1 md
k. = 1.0 md. k,,=0.1 md
é, =0.2. $> =0.1

Figure 4.3(2) compares the analytical solution and the two-layer boundary eiement
algorithm. Good agreement can be clearly seen for tp < 10° beyond when the boundary

effects is observed.
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Figure 4.3.1 System Discretization for Case 3
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Chapter 5
APPLICATIONS OF THE BOUNDARY ELEMENT METHOD
TO SIMULATE PRESSURE PERFORMANCE

IN COMPLICATED SYSTEMS

The developed boundary element method is applied to solve the three dimensional
fluid problems which the analytical solutions do not exist. Eight different cases will be
included in this chapter including:

(1) A horizontal well in a two-laver reservoir.

(2) A horizontal well in a two-laver reservoir with gas-cap drive.

(3) A horizontal well 1n a two-laver reservoir with bottom-water drive.

(4) A horizontal well in a two-layer reservoir with gas-cap and bottom-water drives.
(3) A horizontal well intersecting a two-layer reservoir.

(6) A snake-shape horizontal well intersecting a two-layer reservoir.

(7) A horizontal well intersecting a three-layer reservoir.

(8) A vertical well intersecting a two-layer reservoir without cross tlow.

Different types of plots of the dimensionless pressure and the dimensionless pressure
derivative versus the dimensionless time including log-log plot. semi-log plot. and
Cartesian plots are used to investigate the wellbore performance for each case.

The radius of investigation is the distance from the wellbore in which can be
reached by a pressure disturbance afier the well is opened tor production for time t (hr.)

defined by Lee (1982) as:
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kt
r= — (3.
\/948¢pc‘

Solve the above equation for time as

948 T
t= —M— (3.2)
k
Substitute Eq. 5.2 into Eq. 3.25 vields
0.0002637k.;
tp=—7T75—1
b peer
- k\.i( r ): !
4k \r, >-)

Eq. (5.3) can be used to identify when the boundary and/or the intertface etfect will be
observed at the wellbore. It should be noted that this dimensionless time is just an
approximation. Since the boundary eftect on the dimensionless pressure derivative is
dependent on the scale of'a graph.

The performance of a well with partial-penetration is summarized in Appendix B.
Understanding its effects may assist us to understand the pertormance ot a horizontal
well in a more complicated system.

Table 5.1 summarizes the general dimensionless pressure equation and slopes ot
the dimensionless pressure derivative for four primary distinct flow regimes. Especially

the dimensionless pressure derivative. they can be used to identityv each tlow regime.
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Flow Regime | The General Dimensionless Equation | Slope of P’y
radial flow Pp = m*log(tp)+b 0.00
linear flow Pp=m*tp "~ b 0.50
bilinear flow Pp=m*tp ~ ~b 0.25
spherical Py = m*[D" “+b -0.30

where b and m are constants.

Table 5.1 The Relationship Between Pp And tp For Different Flow Regimes

Dimensionless Pressure Derivative During Infinite-Acting Flow

During the infinite-acting tlow period. the dimensionless pressure is expressed as

1 _(-rb -
Po(to.ro) = _EE'( MD], (5.4)
L (t N - <
x —{ln( —DJ + 0.80907‘I tor tp/t"p > 100. (3.3
21 \rp ]
where the exponential integral is detined by
: e .
Ei(-x) = —_[—-du (3.6)
Ju
= In(x)+ 05772 for x <0.0025 (3.7)

At the wellbore. rp = 1. the dimensionless pressure derivative with respect to In(tp)
during the first radial-flow period is obtained by ditferentiate Eq. (5.5) as

O0Pp

=05 (5.8)
aln(to) >
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Eq.(5.8) is the standard technique used to detect the first radial-tlow around the wellbore.
The basic assumption behind this solution. Eq. (5.4). is that the reservoir is isotropic.
Hence. the wellbore is a cylinder in the dimensionless coordinate illustrated in Fig. 3.1.
But this is not the case for a horizontal well since the vertical permeability is always
much lower than the horizontal permeability. Thus. the wellbore becomes an ellipse in

the dimensionless coordinate as shown in Fig. 5.2. The variable R, used in Fig. 5.2 is

defined as
Ry = LS (5.9)
kmln

where kpa and kn,, are the two principle permeabilities. maximum and minimum.
respectively. on the horizontal plane

The value of dimensionless pressure derivative during the infinite-acting tlow
period as a function of the permeability will be studied here. The physical model
considered here is shown in Fig. 5.3. The reservoir is assumed to be infinite in horizontal
direction. The top and bottom boundaries are no-flow boundaries.

The results from the numerical study are illustrated in Figs. 5.4 and 5.5 on linear
and .semi-log scale, respectively. The dimensionless pressure derivative with respect to

In(tp) during this period can be expressed in term of the permeability ratio as:

P'o=%\/‘—(ﬂ (5.10)
- klnlﬂ

where Kmax and Kpp are the maximum and minimum horizontal permeabilities.
respectively. It should be noted that when the permeability ratio (Ry) is equal to one. the

dimensionless pressure derivative is 0.5.
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Figure 5.2 A Wellbore in The Dimensionless Coordinate



tL

no-flow boundary

A

Y

no-flow boundary

Figure 5.3 The Reservoir Model Considered in This Study



L

18

16

14

12

10

P'p during the first radial-flow period

0 200 400 600 800 1000
Kmaxl Kmln

Figure 5.4 The Relationship Between Dimensionless Pressure Derivative and

The Permeability Ratio on The Lincar Scale



18

- 16

°]

F

@ 14

2

e 12

S

O

S 10

£ 8

]

£

5 6

c

5

3 4

.a

e 2
0

Figure 5.5 The Relationship Between Dimensionless Pressure Derivative and

10 100
Kmax’Kmln

The Permeability Ratio on The Semi-log Scale

1000



Case 1: A Horizontal Well in Two-Layer Reservoir

The reservoir is consisted of two different layers shown in Fig. 3.1.1. The
wellbore is centrally located in the first layer paralleling to v direction. The top and
bottom boundaries are no-tlow boundarics. The effects of wellbore location. distance
between a wellbore and the interface. the effects of the permeabilities are investigated in

this study. The properties ot each laver are the following.

L. =100t

L. = 1000 f.

L, = 1000 fi.

L, =350 ft. Lo=50f.
ka1 = 1.0md ke:=0.1 md
ko =1.0md Ke2=0.1 md
k.1 =0.1 md k,»=0.0l md
¢, =0.1 ¢ =0.1

Two different cases are included in this section. The permeability ratio is defined

in this section as:

R, = ke (5.1.1)
kx.:

The distance between the horizontal well and the intertace is denoted by L. Table 5.1.1
shows the shortest distances between the wellbore and the boundaries. This Table couple

with Eq. (3.3) can be used to calculate the approximate dimensionless time when the
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pressure disturbance reaches these boundaries. Table 5.1.2 and 3.1.3 show these

dimensionless times for different values ot R..

distance to the boundary ‘
L.t top bottom  x-direction v-direction
> 45 55 500 150
=3 25 75 500 150
10 10 90 500 150

Table 5.1.1 The Shortest Distances from The Wellbore To The Boundaries for Case |

Dimensionless time. tp
L. ft interface top bottom x-direction  v-direction
5 250 20250  2.5%10° 2.5%10° 2.0%10°
25 6250 6250  2.6*10° 2.5%10° 2.0%10°
40 16000 1000 2.7¢10° 2.5%10° 2.0*%10°

Table 5.1.2 The Dimensionless Times for The Pressure Disturbance to Travel

trom The Wellbore to The Boundaries tor Case [ and R, = 10
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Dimensionless time. 1

L. ft interface top bottom x-direction v-direction '
5 250 20230 2750 - -

25 6250 6250 8750 - -
40 16000 1000 18500 - -

Table 5.1.3 The Dimensionless Times for The Pressure Disturbance to Travel

trom The Wellbore to The Boundaries for Case | and Ry, = 0.1

Note that first the dimensionless times for the pressure transient to travel from the
wellbore to the bottom boundary are subjected to error. Because the pressure disturbance
must travel through the interface where the defection of velocity occurs. The actual
dimensionless time should be greater than those calculated from Eq. 5.3. Hence those
calculated dimensionless times are the minimum dimensionless time. Second. the
approximate dimensionless times when the pressure disturbance reaches the boundaries
in x-direction and y-direction are ambiguous for Ry = 0.1. Because the horizontal well is
located in the lower-permeability layer. The radius of investigation travels slower in this
layer. But it travels faster in the bottom layer. Hence. the boundaries in x-direction and y-
direction may be reached from either the top or bottom layer. But these dimensionless
times should be no more than those required for Ry = 10. Hence. these exact

dimensionless times are unknown.



Fig. 5.1.2 illustrates the discretized reservoir model using nonuniform grid. Since
the source is located at the center of the reservoir. this area is discretized by using smaller
triangular elements. At the boundary far away form the source. the larger unitform
triangular elements are used. The 2-D boundary discretization is illustrated in Fig. 3.1.3.
The number of nodes and elements in each layer are:

Later #1

e number of nodes = 656

e number of triangular elements = 1424
Later #2

e number of nodes = 598

e number of triangular elements = 1216

The time t, at the end of partial penetration effect is given in Appendix B as

~ N9 2
[pzim_-:(b_uﬂ p (B.18)
K.

which can be expressed in term of the dimensionless time as

kx.l ( L\‘ ‘

top = . ) oF, (3.1.2)

The pertforation ratio is

L—=1—ﬁ=0.1 (3.1.3)

b,=0 (3.1.4

From Fig. B.5. and Eqs. (5.1.3) and (5.1.4). we have
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F, =0.535 (3.1.5)
Substitute Eq. (5.1.5) and the known parameters into Eq. (5.1.2) vields

11000
lop=T[ 03 ] ¢ 0535=214*10" (3.1.6)

Compare the dimensionless time in Eq. (5.1.6) with ones in Tables 5.1.2 and 5.1.3. it is
clearly seen that the partial penetration eftect will be masked by the boundary effects.

The log-log plots of Py, and P'p versus tp for L = 5 ft are illustrated in Figs. 5.1.4
(a) - (c) . It is clearly seen that the dimensionless pressures for both cases are not much
different. Hence. the dimensionless pressure derivative is the primary tool for
investigating the pressure-transient performance for a horizontal well. The well is located
closer to the interface than to the top or bottom boundary. Therefore. the interface etfect
will appear before the top no-tlow boundary effect. Shortly after the well is opened for
production. there exist the first radial flow regime corresponding to the vertical radial
tlow around the wellbore. This flow regime is identified when the dimensionless pressure
derivative has zero-slope straight line as shown in Fig. 5.1.4(c). Due to the permeability
anisotropy. the dimensionless pressure derivative is not 0.5. [nstead. it is

, _ @Pp
b cla(tp)

=1.56 (5.1.7)

since (kk,) = 10. In addition. the radial flow regime can also be identified on the semi-
log plot of the dimensionless pressure versus the dimensionless time. Fig. 5.1.4(b)
illustrates the existence of the first radial flow regime. It should be noted that the
dimensionless pressure and the dimensionless time are based on the permeability in the x-

direction of the top laver. Hence. we observe the same dimensionless pressure for both

80



cases during infinite-acting tlow period. This flow regime is ended when the pressure
transient reaches the interface at tp = 250.

For Ry = 10. when the wellbore feels the interface etfect. the dimensionless
pressure derivative is increased. The increment in the dimensionless pressure derivative is
due to the effect ot lower-permeability formation on the wellbore. [n contrast. tor R, =
0.1. when the wellbore feels the etfect of higher-permeability formation. the
dimensionless pressure derivative is decreased. When the wellbore teels all of the
boundaries. there exists a pseudo-steady state flow. During this flow regime. the
dimensionless pressure derivative vield a straight line with slope of 1.0 on the log-log
plot.

For Ry = 0.1. the pressure transient reaches the bottom no-flow boundary at tj, =
2750. When the pressure disturbance reaches the top no-tflow boundary at tp = 2%10*. The
dimensionless pressure derivative starts to deviate from the straight line and increases.
The pseudo-steady is observed when the pressure disturbance reached all of the
boundaries. For a long period of production. the dimensionless pressure and the
dimensionless pressure derivative merge and form a log-log straight line. [t should also
be noted that during the pseudo-steady state flow. the dimensionless pressure derivative
for both cases become identical.

Figs. 5.1.5 (a) - (c) listed in Appendix C. illustrate the dimensionless pressures
and the dimensionless pressure derivatives for L = 25 tt. The horizontal wells are in the
middle of laver #1. Hence. the boundary effect and the interface effect will be observed at

the same time. [n addition. the infinite-acting or radial flow will be longer than that of the
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previous case. L = 5 ft. This can be clearly seen in Fig. 5.1.5(c). The partial-penetration
etfect can be observed. in Fig. 5.1.5(c). in which the dimensionless pressure derivative
deviates from the horizontal straight line. The overall performance is similar to that of the
previous case. But the lengths ot each tlow regime are ditferent. The horizontal well teel
the top no-flow boundary and the bottom laver at the same time. tp = 6230. For Ry = 10.
after the transition period. there exists the second radial flow regime. In contrast. for Ry =
0.1. the dimensionless pressure derivative is decreased during this period since the
interface effect is stronger than the top no-flow boundary etfect. The pressure transient
reaches the bottom boundary at tp = 8750. The lateral boundary effects for cases can be
observed at tp = 2*10" and 10” for R, = 10 and R, = 0.1. respectively. For R, = 0.1. the
radius of investigation travels vertically to the higher-permeability layer and then travel
horizontally along this layer until it reaches the lateral boundaries. Therefore. the pseudo-
steadyv state for R, = 0.1 appears before that for Ry = 10.

The dimensionless pressures and the dimensionless pressure derivatives
performance tor L = 40 ft. are illustrated in Figs. 5.1.6(a) - (c). The length of the first
radial flow period is in between those for L =5 ft. and L = 25 ft. due to the distances
from the wellbore to the interface and the top no-flow boundary. shown in Table 5.1.1.
During the first radial flow. for both cases. we can observe the partial penetration etfect
on the dimensionless pressure derivative. The end of the first radial flow. tp = 10°. occurs
when the pressure disturbance reaches the top no-flow boundary. The dimensionless
pressure derivatives are increased. When the radius of investigation reaches the intertace.

to = 1.6*10*. the dimensionless pressure derivatives for R, =10 and Ry =0.1 are



different as shown in Figs. 5.1.6 (a) and (c). The pseudo-steady state tlow is observed
when all of the no-flow boundaries are telt at the wellbore.

Fig. 5.1.7(a) - (d) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Ry = 10 as a tunction ot the distance trom the wellbore to the
interface. The dimensionless pressures and the dimensionless pressure derivatives are the
same for the first-radial flow and the pseudo-steady state flow periods. The differences
are during the middle period. The differences are evident in the dimensionless pressure
derivatives. The dimensionless pressure for L = 5 ft. vields the highest value since the
wellbore has the closest distance to the lower-permeability layer. layer #2. While the
dimensionless pressure for L = 25 ft vields the lowest value because the wellbore is in the
middle of layer #1. The Cartesian plot of the dimensionless pressures versus the
dimensionless time are shown in Fig. 5.1.7(d). During the pseudo-steady flow. the
dimensionless pressure is a linear tunction of the dimensionless time. All of the three
cases have the same slope but different intercepts. The ditterent intercepts lead to
different shape factors (Ca).

The dimensionless pressures and the dimensionless pressure derivatives for ditferent
values of L's for Ry = 0.1 are shown in Figs. 5.1.8 (a) - (d). The dimensionless pressure
derivatives. for all cases. are the same during infinite-acting flow and pseudo-steady state
flow. The dimensionless pressure for L = 5 f. yields the lowest value since it has the
least distance to the higher-permeability layer. While. for L = 40 ft. the dimensionless
pressure is the highest value because the wellbore is located far away from the interface

and is the closest to the top no-flow boundary. There exists only one semi-log straight



line. corresponding to the tirst radial-tlow regime. for each case. Fig. 5.1.8(d) illustrates
the Cartesian plot of the dimensionless pressures versus the dimensionless time during
the pseudo-steady state. The slope of the straight line is not a tunction of the distance
from the wellbore to the intertace. The slopes tor R = 10 and R, = 0.1 are the same

during this period.
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Figure 5.1.2 Reservoir Discretization for Case |
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Case 2: A Horizontal Well in Two-Layer Reservoir with Gas-Cap Drive

The reservoir model is the same as that in Case 1. In this case. the top boundary
and the bottom boundary are tlowing boundary and no-tflow boundary. respectively.
shown in Fig. 5.2.1. The dash line represents the tlowing boundary and the solid line
represents no-flow boundary. At the tlowing boundary or gas-oil interface. the
dimensionless pressure is set to be zero since the pressure is assumed to be constant.
Three different values of L's. 5 tt.. 25 ft.. and 40 ft. for both Ry = 10 and R, = 0.1 are
investigated in this section.

Before the pressure transient reaches the top flowing boundary. the wellbore
performances should be the same as those in Case 1. The dimensionless pressures and the
dimensionless pressure derivatives for L = 5 ft. are shown in Figs. 5.2.2(a) - (c) listed in
Appendix D. The pressure transient reaches the gas-oil interface at tp = 20250. For tpy <
20250. the dimensionless pressures and the dimensionless pressure derivatives are the
same as those shown in Figs. 5.1.4 (a)-(c). Once the pressure transient reaches the top
flowing boundary, the dimensionless pressure derivatives are decreased for both cases.
The dimensionless pressures become constants indicating that the steady state is reach.

Figs. 5.2.3 (a) - (d) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for L = 25 fi. For tp < 6250. betore the pressure transient reaches the
top tlowing boundary. the wellbore performances are the same as those in Figs. 5.1.5(a) -
(c). For R = 10. the dimensionless pressure derivative is decreased when the radius of

investigation reaches the top flowing boundary and the interface. The effect of flowing
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boundary is stronger that that of lower-permeability laver. For R, =0.1. the
dimensionless pressure derivative is decreased more than that ot Ry = 10 because ot the
combination of top flowing boundary and the higher-permeability eftfects. The pressure
disturbance travels faster in the bottom layer tor R, = 0.1. Hence. the lateral boundary
effect can be observed faster tor Ry = 0.1 than for R, = 10. Attp = 7*10°. for Ry =0.1. the
dimensionless pressure derivative starts to deviate from the derivative trend line and to
form the small portion ot horizontal straight line. This is the indication of the second
radial flow regime. Figs. 5.2.3 (b) and (d) illustrate the semi-log plot of the dimensionless
pressures versus the dimensionless time. In Fig. 5.2.3(b). there exists the tirst long radial
tlow for both cases and the small-slope second semi-log straight line tor Ry =0.1. This
second semi-log straight line is highlighted in Fig. 5.2.3(d). Once the radius ot
investigation reaches all of the boundaries. the steady state is reached.

The dimensionless pressure and the dimensionless pressure derivative for L =40
ft is illustrated in Figs. 5.2.4 (a) - (d). Before the radius of investigation reaches the
interface or the boundaries. tp < 10°. the wellbore pertormances are the same as those in
Figs. 5.1.6 (a) - (¢c). Once the top flowing boundary effect is observed. tp = 10°. the
dimensionless pressure derivatives are decreased tor both cases. The dimensionless
pressure derivatives for both cases are the same until the radius of investigation reaches
the interface. at tp = 1.6*10. For Ry = 10. the slope of the dimensionless pressure
derivative is slightly increased since the top tlowing boundary eftect is greater than the
effect of lower-permeability layer. In contrast. the dimensionless pressure derivative for

Ry = 0.1 forms another straight line with bigger negative slope due to the eftect ot the



higher permeability layer. Following this period. there exists the second radial tlow when
the pressure disturbance reaches the lateral boundaries. tp 6*10*. This second radial
tflow is not observed for R = 10. Figs. 5.2.4 (b) and (d) illustrate the semi-log plot of the
dimensionless pressure versus the dimensionless time. There exists one and two semi-log
straight lines for Ry = 10 and Ry = 0.1. respectively. The second semi-log straight line is
illustrated in Fig. 5.2.4(d).

Figs. 5.2.5 (a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Ry = 10 for different values of L's. For L =5 ft. the dimensionless
pressure vields the highest value since it has the smallest distance trom the wellbore to
the lower-permeability formation. The dimensionless pressure for L = 40 ft is the lowest
because it is located near the constant pressure boundary. For all cases. there exist only
two flow regimes. the first radial flow and the steady state tlow. It should be noted that
the mathematical model used in this study does not account for:

e moving boundary.

e gas and/or water conning problem(s)

The gas-oil and oil-water contacts are assumed to be constant-pressure boundaries where
the dimensionless pressure is set to be zero. Hence. there is no movement of gas or oil
entering the domain of interested.

The dimensionless pressures and the dimensionless pressure derivatives for Ry =
0.1 are shown in Figs. 5.2.6 (a) - (¢). For L = 5 ft. the dimensionless pressure is the
lowest since it has the smallest distance from the wellbore to the higher permeability

layer. The dimensionless pressure for L =23 ft is the highest. All cases have the first



radial flow regime. There exists the short second radial flow regime for L = 23 and 40 f.

Hence. the distance (L) controls the types of the second flow regime.
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Case 3: A Horizontal Well in Two-Layer Reservoir with Bottom-Water Drive

The reservoir model is the same as that in Case 1. In this case. the top boundary
and the bottom boundary are no-tlow boundary and flowing boundaryv. respectively.
shown in Fig. 5.3.1. The solid line represents no-flow boundary and the dash line
represents the flowing boundary. At the tlowing boundary or oil-water interface. the
dimensionless pressure is set to be zero since the pressure is assumed to be constant.
Three different values of L's. 5 ft.. 25 ft.. and 40 ft. for both Ry =10 and Ry = 0.1 are
investigated in this section.

Betore the pressure transient reaches the top tlowing boundary. the wellbore
performances should be the same as those in Case 1. The dimensionless pressures and the
dimensionless pressure derivatives for L = 5 ft. are shown in Figs. 5.3.2(a) - (c). The
bottom boundaryv etfect can be observed at the wellbore at tp = 2.5* 10% and 1.5*10" for
Ry = 10 and R, = 0.1. respectively. shown in Fig. 5.3.2(c). For Ry = 0.1. it should be
noted that the radius of investigation reaches the bottom boundary before it reaches the
top boundary although the well is located closer to the top boundary that to the bottom
boundary. Because the vertical permeability in the bottom layer is ten times bigger than
that in the top layer. Once the radius of investigation reach the bottom tlowing boundary.
the steady state is observed.

For L =25 ft.. the well is located in the middle of Laver 21. The dimensionless
pressures and the dimensionless pressure derivatives are shown in Figs. 5.3.3 (a)-(c)

listed in Appendix E. Before the pressure transient reaches the bottom flowing boundary.
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the well performances are the same as those shown in Figs. 3.1.5 (a)-(c). The bottom
water drive effect can be observed at the wellbore at tp = 3*10° and 2*10®* tor R, = 10 and
R« = 0.1. respectively. Once the bottom flowing boundary is felt. the steady state is
reached.

Figs. 5.3.4 (a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for L = 40 ft. The wellbore performances are the same as those in
Figs. 5.1.6 (a)-(c) before the bottom boundary effect can be observed at the wellbore. The
pressure transient reaches the water-oil contact at tp = 3.5*10° and 4.5*10" for R, = 10
and Ry = 0.1. respectively. Shortly after this period. there exists steady-state flow regime.

Figs. 5.3.5 (a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for different values of L's for R¢ = 10. Fig. 5.3.5(b) illustrates the
semi-log plot of the dimensionless pressure versus the dimensionless time. The
dimensionless pressure derivatives are shown in Fig. 5.3.5(c).

The dimensionless pressures and the dimensionless pressure derivatives for R, =
0.1 are shown in Figs. 5.3.6 (a) - (¢). The dimensionless pressure and the dimensionless
pressure derivative are a function of the distance from the wellbore to the interface. The
longer the distance. the higher the pressure and the pressure derivative are. Fig. 5.3.6 (b)
illustrates the semi-log plot of the dimensionless pressure versus the dimensionless time.
All cases have the radial flow regime. Once the bottom boundary is reach by the radius of

investigation. we observe steady-state tlow.
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Case 4: A Horizontal Well in Two-Layer Reservoir with Gas-Cap and

Bottom-Water Drive

The reservoir model is the same as that in Case 1. In this case. the top and the
bottom boundaries are constant-pressure boundaries. Fig. 5.3.1 illustrates the reservoir
system considered in this case. The dash line represents tlowing boundary. At the tlowing
boundaries. gas-oil contact and oil-water contact. the dimensionless pressures are set to
be zero since the pressure is assumed to be constant. Three different values ot L's. 35 ft..
25 ft.. and 40 ft. for both Ry = 10 and R, = 0.1 are investigated in this section.

Before the pressure transient reaches the top or bottom constant-pressure
boundaries. the wellbore performances should be the same as those in Case . The
dimensionless pressures and the dimensionless pressure derivatives tor L =5 f. are
shown in Figs. 5.4.2(a) - (c). Following the infinite-acting flow regime. the interface
effect appears where the dimensionless pressure derivatives for both Ry = 10 and Ry =
0.1 are ditferent. at tp = 250. The second tlow regime for both cases are distorted by the
top and bottom flowing boundary effects. respectively. These tlow periods are shorter
than those in Case 1. Once the constant-pressure boundary is reach by the radius of
investigation. the dimensionless pressure is becoming a constant. This effect causes the
dimensionless pressure derivative to decrease leading to the steady state.

The dimensionless pressures and the dimensionless pressure derivatives for L =
25 ft. are shown in Figs. 5.4.3 (a) - (¢) listed in Appendix F. The radius of investigation

reaches the top flowing boundary and the interfacc at the samc time since the wellbore is



located at the middle of layer #1. The top flowing boundary effect can be observed at 1, =
6250 causing the decrement in the dimensionless pressure derivative and the constant
dimensionless pressure. There is only one transient flow regime for this case.

Figs. 5.4.4 (a) - (¢) illustrate the dimensionless pressures and the dimensionless
pressure derivatives tor L = 40 tt. Since the wellbore is located closer to the top tlowing
boundary. the top boundary effect will be observed tirst. There exists only one flow
regime. When the radius of investigation reach the top flowing boundary. tp =~ 10°. the
dimensionless pressure derivatives are decreased. The dimensionless pressure derivatives
for Ry = 10 and Ry = 0.1 are ditferent when the wellbore feels the interface etfect. Once
all of the boundaries are reach by the radius of investigation. we observe the steady state
flow.

The dimensionless pressures and the dimensionless pressure derivatives for Case
4 and Ry = 10 for ditferent values of L's are shown in Figs. 5.4.5 (a)-(c). The case of L =
40 ft has the lowest dimensionless pressure and dimensionless pressure derivative since it
is located far away from the low-permeability layer and close to the constant-pressure
boundary. While the case of L =5 ft. has the highest dimensionless pressure and the
dimensionless pressure derivative. For L =5 ft.. there exist the second radial flow regime.

Figs. 5.4.6 (a)-(c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Case 4 and Ry = 0.1. Although the wellbore is located far away
from the constant pressure boundary. the case of L =5 ft. has the lowest dimensionless
pressure and dimensionless pressure derivative. While the case of L = 25 fi. has the

highest dimensionless pressure and the dimensionless pressure derivative. Since the
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wellbore is locate far away trom either the intertace or the constant pressure boundary
compared to the other two cases. There is only one transient flow regime tor L = 25 and

40 fi.
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Comparison of The Wellbore Performance of Case 1 - 4

The comparison of the wellbore performance of Case 1-4 can lead to the
identification of the boundary effects. The following guide can be used to identify each
boundary ettect.

e The dimensionless pressure of Case | and 2 are the same until the top boundary effect
is observed at the wellbore.

e The dimensionless pressure of Case 1 and 3 are the same until the bottom boundary
effect is observe at the wellbore.

e The dimensionless pressure ot Case 2 and 4 are the same until the bottom boundary
effect is observed at the wellbore.

The combination of these comparisons and the previous plots gives information about the

behavior of the horizontal well.

Figs. 5.4.7(a) - (¢) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Ry = [0 and L = 5 ft. The pressure transient reaches the top
boundary before it reaches the bottom boundary. The semi-log plot ot the dimensionless
pressure versus the dimensionless time is shown in Fig. 5.4.7(b). Case 2 and 4 do not
have the second semi-log straight line because ot the top tlowing boundary eftect. These
second radial flow regime is also identified in Fig. 5.2.7(c) as the constant dimensionless
pressure derivative.

The dimensionless pressures and the dimensionless pressure derivatives for Ry =
0.1 and L = 5 ft are shown in Figs. 5.4.8(a) - (¢). The pressure disturbance reaches the

bottom boundary before it reaches the top boundary. In contrast to the case ot Ry = 10.



the dimensionless pressure and the dimensionless pressure derivative ot Case 2 are bigger
than those of Case 3. This happens because the bottom boundary ettect is observed
before the top boundary effect is.

Figs. 5.4.9(a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives tor Ry = 10 and L = 23 ft tor ditferent tvpes ot boundary conditions.
The pressure transient reaches the top boundary before it reaches the bottom boundary.

The dimensionless pressures and the dimensionless pressure derivatives tor R, =
0.1 and L =25 ft. tor different tvpes ot boundary conditions are illustrated in Figs. 5.4.10
(a) - (¢). The top boundary effect is observed betore the bottom boundary etfect is. There
exists the second radial tlow regime only tfor Case 2.

Figs. 5.4.11(a) - (¢) illustrate the dimensionless pressures and the dimensionless
pressure derivatives tor R, = 10 and L = 40 ft tor tour different types of boundary
conditions. The top boundary is reached early because the wellbore is [ocated very close
to the top boundary. Only Case 1 and 3 have the second radial tlow regime. The bottom
boundary eftect is observed at tp = 2.5%10°.

The dimensionless pressures and the dimensionless pressure derivatives for Ry =
0.1 and L = 40 ft. for different types of boundary conditions are illustrated in Figs.
5.4.12(a) - (c). Similar to the case of Ry = 10. the pressure transient reaches the top

boundary before it reaches the boettom boundary.



Case 5: A Horizontal Intersecting A Two-Layer Reservoir

The reservoir model is the same as in Case 1. [t consists of two ditterent-
permeability layers. But the wellbore configuration is ditferent. The wellbore is
intersecting both layers as illustrated in Fig. 5.5.1(a). Three different angles between the
wellbore and the horizontal plane. 6 = 10°. 45°. and 90°. are considered in this section.
The wellbore is parallel to y-direction. Both top and bottom boundaries are only
considered to be no-tlow boundaries for 8 = 45° and 90° . But for 6 = 10°. four difterent
boundary conditions are considered as shown in Fig.5.5.1(b). Half ot the wellbore length
are located in layer #1 and layer #2. The etfects ot the wellbore angle (8) the ratio of
permeabilities of layer #1 and of layer #2 are investigated in this section.

The discretized reservoir model is shown in Fig. 5.5.2. The uniform triangular
elements are used through the boundaries except at the center of the boundary. Since this
area is intersected by the wellbore. Hence. the nonuniform smaller triangular elements are
used in this area to handle the source points. Fig. 5.5.3 illustrates the discretized reservoir
model in 2-D.

The properties of each layer are the following.

L. =100 ft

L. = 1000 f.

L, = 1000 .

L,=350f Lo=350t
¢ =0.1 $>=0.1
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ke =1.0md

ket =1.0md
kL| =0.1 md
ko2 = k2 = 10%k,

The ratio of permeabilities of layer #1 and of layer #2 is detined as

k..
R, = l\l (3.5.1)

Three different ratios (R). 1.0. 10.0. and 50.0. are considered in this section.

The distances tfrom the wellbore to each boundary are summarized in Table 5.5.1
Equation 5.3 is applied to calculate the dimensionless time required for the pressure
transient to travel from the wellbore to the boundaries. These dimensionless times are

shown in Table 5.5.2.

distance to the boundary. ft
0. degree top bottom x-direction  v-direction
10 41.32 41.32 500.00 450.76
45 14.64 14.64 500.00 464.64
90 0.00 0.00 500.00 500.00

Table 5.5.1 The Shortest Distance from The Wellbore to The Boundaries tor Case 3



tp ‘
0. degree top bottom  x-direction  y-direction
10 17073 17073 2.5*%10° 2.0%10°
45 2143 2143 2.5%10° 5 251
90 0.00 0.00 2.5%10° > 5%10°

Table 3.5.2 The Dimensionless Times for The Pressure Disturbance to Travel from

The Wellbore to The Boundaries for Case 5 and Ry = |

[t}
0. degree top bottom x-direction v-direction
10 17073 1.7*10° 2.5%10° > 0% 10°
45 2143 21432 2.5%10° > %1 0f
90 0.00 0.00 2 5%10° 2 54 10°

Table 5.5.3 The Dimensionless Time for The Pressure Disturbance to Travel from

The Wellbore to The Boundaries for Case 5 and R, = 10
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6. degree top bottom x-direction v-direction

10 17073 8.3%10° 2.5*%10° 2.0%10°
15 2143 1.1*10° 2.5%10° 2.2*10°
90 0.00 0.00 2.5%10° 2.5*%10°

Table 5.5.4 The Dimensionless Time for The Pressure Disturbance to Travel from

The Wellbore to The Boundaries tor Case 5 and R, = 50

Figs. 5.5.4 (a)~(c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for © = 10° for different values of Ry's. For R = 1. the two-layer
svstem is simply a homogeneous reservoir. It is clearly seen that the dimensionless
pressure increases as the permeability ratio (Ry) increases. The additional dimensionless
pressure is required to maintain the same production rate (q). On the semi-log plot. Fig.
5.2.4(b). the slope of the straight line during the infinite-acting tlow is also a tunction of
the permeability ratio. The higher the permeability. the higher the slope is. For the
homogeneous system. Ry = 1. the first radial and the partial-penetration etfect are
observed at the wellbore for the small values of the dimensionless time. tp < 5*10° on the
semi-log plot. But the end of the first tlow regime can be seen earlier on the
dimensionless pressure derivative. Once the radius of investigation reaches the top and

the bottom no-flow boundaries. for Ry = 1.there exists the second radial flow indicated by
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the semi-log straight line shown in Fig. 5.5.4(b) and the constant dimensionless pressure
derivative shown in Fig. 5.5.4(c). This tlow regime is the horizontal radial flow around
the long horizontal well. But there do not exist the second radial tlow regime tor R, =10
and 50. Once the radius of investigation reaches all ot the boundaries. we observe the
pseudo-steady state flow. On Fig. 5.5.4(c). the beginning dimensionless time of the
pseudo-steady state is a function of the permeability ratio. For the high value of
permeability ratio. the pseudo-steady state appears very late. This is due to the relatively
low permeability in the bottom layer.

The dimensionless pressures and the dimensionless pressure derivatives for © =
45 are plotted in Figs. 5.5.5 (a) - (¢). in Appendix G. The dimensionless pressures and
the dimensionless pressure derivatives for this case are similar to those of the previous
case. 0 = 10°. The difference is that the dimensionless pressure derivatives are more flat
during the first and the second radial flow periods as shown in Fig. 5.5.5(c). In Fig.
5.5.5(b). for R, = I.the slopes of the tirst and the second straight lines are less difference.

Figs. 5.5.6 (a)-(c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for 8 = 90°. the vertical well. There is no partial-penetration ettfect
since the wellbore completely penetrates the two-layer system. For Ry = 1. the system
becomes the vertical well in a closed rectangular homogencous reservoir. Due to
centrally located wellbore. there are only two different flow regimes: the first radial flow
and the steady-state flow regimes. The dimensionless pressure derivative during the
infinite-acting flow equals 0.5. shown in Fig. 5.5.6(c). since the radial permeability.

horizontally isotropic. is constant and equals to k.. When the radius of investigation

118



reaches all four lateral boundaries at the same time. we observe the steadv-state flow. As
expected. the dimensionless pressure derivatives for Ry = 10 and 30 during the infinite-
acting flow are higher than that for the homogeneous system. They are not pertectly
horizontal straight lines. In the semi-log plot. Fig. 5.5.6(b). we can observe only one
straight line for each case.

The dimensionless pressures and the dimensionless pressure derivatives for Ry = |
and for difterent angles (0) are shown in Figs. 5.5.7 (a) - (c). It should be noted that the
dimensionless pressure is lowest when the wellbore becomes vertical. For 6 = 90°. the
wellbore has the highest radial permeability. k, = k. since the vertical permeability does
not contribute to the radial flow. Actually. in this special case. there is no vertical flow.

But for 6 # 90°. the radial permeability is. a tunction of 6. k.. k,. and k. less than the

horizontal permeability. For 8 = 90°. there exists two semi-log straight lines. The slopes
of these two straight lines are less different when the angel becomes closer to 90° or the
wellbore is become more vertical. Fig.5.5.7 illustrates the Cartesian plot of the
dimensionless pressure versus the dimensionless time during pseudo-steady state tlow.
Figs. 5.5.8 (a) - (d) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Ry = 10. The dimensionless pressures and the dimensionless
pressure derivatives are similar to those of the previous case. Ry = 1. homogeneous
system. But this case vields higher dimensionless pressures and the dimensionless
pressure derivatives. There exists only one semi-log straight line as shown in Fig.
5.5.8(b). Fig. 5.5.8(d) illustrates the Cartesian plot of the dimensionless pressure versus

the dimensionless time during the pseudo-steady state tlow.
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The dimensionless pressures and the dimensionless pressure derivatives tor R, =
50 are shown in Figs. 5.5.9 (a) - (d). The dimensionless pressures and the dimensionless
pressure derivatives for this case are similar to the previous two cases but they vield the
highest the dimensionless pressures and the dimensionless pressure derivatives. There
exists only semi-log straight line for each case as shown in Fig. 5.5.9(b). Fig.5.5.9(d)
illustrates the Cartesian plot of the dimensionless pressure versus the dimensionless
pressure derivative during the pseudo-steady state flow.

Figs. 5.5.10 (a) -(c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Ry = 10 and 6 = 10° for four ditferent boundary conditions. These
four boundary conditions are shown in Fig. 5.5.1(b). Due to the higher permeability in
Laver #1. the radius of investigation travels faster in this layer. Hence. the top boundary
is reached before the bottom is. The dimensionless pressures and the dimensionless
pressure derivatives are the same for all of the boundary conditions before the wellbore
feels the top boundary effect. When the radius ot investigation reaches the top boundary.
to = 1.7*10" . there are two different groups of dimensionless pressure response. The first
group consists of BC I and BC III in which the top boundary is no-tlow boundary. The
other corresponds to the top flowing boundary consisting of BC Il and BC [V. The
dimensionless pressures for BC I and BC III are the same until the radius of investigation
reaches the bottom boundary. approximately tp =2.5*1 0°. At the same dimensionless
time. the dimensionless pressures for BC [I and BC [V are different. When the pressure
transient reaches all boundaries. we observe the (pseudo) steady state. Fig. 3.3.10 (b)

show the semi-log plot of the dimensionless pressure versus dimensionless time. All of



the four boundary conditions have the same tirst semi-log straight line. Excluding the

svstem with BC 1. all systems have the third horizontal straight line during the steady -

state flow. For BC L. there exists a pseudo-steady state tlow.
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Figure 5.5.1(b) Four Difterent Types of Boundary Conditions Considered in Case 5



Figure 5.5.2 The Discretized Reservoir Model for Case 5
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Figure 5.5.3 The Discretized Reservoir Model for Case 5 in 2-1)
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Case 6: A Snake-Shape Horizontal Well Intersecting A Two-Layer Reservoir

Fig. 5.6.1 illustrates the horizontal well configuration which intersects both layers.

The longer wellbore portion is located in layer #1. The wellbore composes of two

portions:

(1) three horizontal-well sections. two sections located in layer #1 and one section located

in layer #2. as considered in Case 1.

(2) two inclined well sections considered in Case 5 which intersect both layers. Hence.

the wellbore performance must be more complicated that those of the previous cases. The

wellbore is symmetry in y-direction and is centrally located in x-direction. The system

properties are:

Le=272 1
L. = 1000 t.
L, = 1000 fi.
L, =50 f.
¢ =0.1

kw1 = 1.0 md
k,1=1.0md
k,1 =0.1 md

k‘_w = ky.z = lO*kL:

d): =0.1

Two different cases considered in this section are:

e Case A: the top layer has higher permeability.
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e (Case B: the top layer has lower permeability.

The etfects of ratio (Ry) and boundary conditions are considered in this section. Three
different values ot R. L. 10. and 100 are included. For R, = 10. tour ditferent boundary
conditions are studied.

Fig. 5.6.2 illustrates the discretized reservoir model. The system consists ot S00
nodes and 1000 triangular elements. Excluding the region around the center of the
reservolir. the uniform triangular elements are used. The triangular elements at the center
are remoditied to handle the source points. the horizontal well. The details of the
boundary elements are shown in Fig. 5.6.3. Table 5.6.1 shows the shortest distances from
the wellbore to the boundaries. Eq. 3.3 is applied to calculate the approximate
dimensionless times required for the pressure transient to travel from the wellbore to the

boundaries. These dimensionless times are summarized in Table 5.6.2 and 3.6.3.

boundary distance. ft
top 23
bottom 25
x-direction 300
y-direction 390

Table 5.6.1 The Shortest Distance from The Wellbore To The Boundaries tor Case 6



boundary to

Ry =1 R.=10 Ry = 100
top 6250 6230 6250
bottom 6250 62500 625000
x-direction 2.5%10° 2.5%10° 2 5¢10°
y-direction 1.5*%10° 1.5%10° 1.5%10°

Table 5.6.2 The Dimensionless Time for The Pressure Disturbance to Travel from

The Wellbore To The Boundaries tor Case 6A

boundary to
Ry=1 R, =10 Ry = 100
top 6250 6250 6230
bottom 6250 623 62.5
x-direction 2.5%10° 2.5%10° 3 5%10°
y-direction 1.5*10° 2.3*10° 2.3*10°

Table 5.6.3 The Dimensionless Time tor The Pressure Disturbance to Travel from

The Wellbore To The Boundaries tor Case 6B



For Ry = 1. the dimensionless pressure and the dimensionless pressure derivative
for Case A and Case B are the same due to the symmetry in the z-direction. The
dimensionless pressure and the dimensionless pressure derivative for this case are shown
in Figs. 5.6.4 (a) - (c). There exists only one semi-log straight line as shown Fig. 5.6.4(b).
The result is confirmed by the straight line of the dimensionless pressure derivative for t;
<2*10° in Fig. 5.6.4(c). This derivative straight line is horizonta! corresponding to the
first radial flow regime around the wellbore. Although the reservoir is homogeneous. R,
= . the dimensionless pressure derivative during the first radial flow is greater than 0.5
because there are two inclined-wellbore sections and three horizontal-wellbore sections.
For these two wellbore section. the radial permeability is less than k. Hence. the larger
pressure drop is required to maintain the same production rate. The first radial flow
period is ended before the radius of investigation reaches the top and bottom no-tlow
boundaries at tp = 6250. Once the top and bottom boundaries are reached. there exists the
second straight line portion of the dimensionless pressure derivative. But the slope ot this
line is not zero. This flow regime is due to the horizontal radial flow around the wellbore
in x- and v- directions. It is not a perfect radial flow since the dimensionless pressure
derivative is not constant. But it is a straight with small value ot slope as shown in Fig.
5.6.4(c). Physically. the wellbore length is varied with depth. In the top layer. the
wellbore length is greater than that of the bottom layer. This distribution in wellbore
length in z-direction distorts the horizontal radial flow. When the pressure transient
reaches the lateral boundaries. the dimensionless pressure derivative is increased. Then

the pseudo-steady state flow is observed.



Figs. 5.6.5 (a) - (d). in Appendix H. illustrate the dimensionless pressures and the
dimensionless pressure derivatives for Ri = 10. For Case A. the permeability of the top
layer is higher than that of the bottom layer. It should be note that the radius ot
investigation will reach the top boundary betore it will reach the bottom boundary. For
Case B. the permeability of the bottom layer is higher. During the transient period. it is
clearly seen that the dimensionless pressure for Case A is lower than that tor Case B.
Since the longer portion of wellbore is located in the higher-permeability layer for Case
A. But they are the same during the pseudo-steady state flow. There exists one and two
semi-log straight lines for Case A and Case B. respectively. as shown in Fig. 5.6.5(b). For
Case A. this semi-log straight line corresponds to the first radial tlow around the
wellbore. This is due to the dominated etfect of the higher permeability since the longer
wellbore is located there. But for Case B. there is no perfectly horizontal dimensionless
pressure derivative because the bottom boundary etfect shows up early at tp = 625. When
the pressure transient reaches the top boundary. tp = 6250. there exist the first radial flow.
This tlow regime corresponds to the horizontal radial flow around the long horizontal
well. The pressure disturbance reaches the boundary in y-direction approximately at tp =
2.3*10" The value of the dimensionless pressure derivative is increased. There exist
another radial flow. Once the pressure transient reaches all boundaries. we observe the
pseudo-steady state flow regime. Fig. 5.6.5(d) illustrates the Cartesian plot of the
dimensionless pressure versus the dimensionless time during the pseudo-steady state

flow. The slopes of the two cases are the same but the intercepts are ditferent.



The dimensionless pressures and the dimensionless pressure derivatives tor Ry =
100 are shown in Figs. 5.6.6 (a)-(¢). Due to the higher permeability ratio (R,). the radius
of investigation travels much faster in Laver #1 than in Layer #2. During the transient
period. the production is supported by the higher-permeability. Fig. 3.4.6 illustrates the
semi-log plot of the dimensionless pressure versus the dimensionless time. There exists
only one semi-log straight line for each case. For Case A. this semi-log straight line
corresponds to the infinite-acting tlow around the wellbore. This flow regime is ended
when the pressure transient reaches the top boundary. For Case B. there is no the first
radial flow because the bottom boundary at tp = 625. When the pressure transient reaches
the top boundary. there exists the radial flow regime. This flow regime is caused by the
horizontal radial flow around the wellbore. The dimensionless pressure derivative for
both cases are the same when the pressure transient reaches all boundaries at tp = 6* 10°.
The steady state usually appears shortly after the dimensionless pressure derivatives are
identical. But. in this case. that phenomena does not happen. As shown in Figs. 5.6.6 (a)
and (d). shortly after the dimensionless pressure derivatives for both cases become
identical. the dimensionless pressure derivatives form the first straight line. tor 4* 10° <tp
< 7*10°. For tp > 8*10°, the dimensionless pressure derivatives form another straight line
with higher slope. The second straight line is corresponding to the real pseudo-steady
state in which the low-permeability layer also contributes to the production. Fig.5.6.6(¢)
illustrates the Cartesian plot of the dimensionless pressure versus the dimensionless

pressure derivative during the pseudo-steady state flow.



For Case 6A. the comparison of the dimensionless pressures and the
dimensionless pressure derivatives tor ditferent values of permeability ratio (Ry) is
illustrated in Figs. 5.6.7 (a)-(d). The dimensionless pressure is increased when the
permeability ratio is increased. The dimensionless pressure and the dimensionless
pressure derivative for Ry = | have the lowest value. There is only one semi-log straight
lines for each case as shown in Fig. 5.6.7(b). The slope of each straight increases when
the permeability ratio increases. [n addition. when the permeability ratio is increased. it
will take longer time to see the beginning of the pseudo-steady state. Fig. 5.6.7(d)
illustrates the Cartesian plot of the dimensionless pressure versus the dimensionless time
during the pscudo-steady state period. The slopes ot each line are the same but the
intercepts are ditferent.

Figs. 5.6.8 (a) - (d) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Case 6B. The general performance for Case B is similar to that of
Case 6A. The dimensionless pressure and the dimensionless pressure derivative for R, =
1 have the lowest values. There exists only one radial flow regime tor cach case as shown
in Fig. . For Ry # 1. the radial flow regime shows up late. This tlow regime is the
horizontal radial flow regime around the long horizontal wellbore. The dimensionless
pressure is plotted versus the dimensionless time on Fig. 5.7.8(d). The slopes ot each
straight line are the same but the intercepts are different.

Four ditferent types of boundary conditions only for Ry 10 will be investigated
here. Figs. 5.6.9 (a) - (c) illustrate the dimensionless pressures and the dimensionless

pressure derivatives for boundary condition type II. The top and bottom boundaries are

(9]
thn



flowing and no-flow boundaries. respectively. Betore the radius ot investigation reaches
the top tlowing boundary. the dimensionless pressures and the dimensionless pressure
derivatives are the same as those for BC L. shown in Figs. 5.6.3 (a) - (¢). The semi-log of’
the dimensionliess pressure is show in Fig. 5.6.9(b). There exists only one semi-log
straight line for both Case A and Case B. Once the top boundary is reached. the
dimensionless pressure derivatives start to decrease for both Case A and Case B
illustrated in Fig. 5.6.9(a) and (c). For Case A. when the radius of investigation reaches
the bottom no-flow boundary. the slope ot the dimensionless pressure derivative
increases and forms another straight line. The top boundary effect is stronger than the
bottom boundary effect causing the slope of the dimensionless pressure derivative
continue dropping. This is when the steady state is reached.

Figs. 5.6.10 (a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for boundary condition type [[I. The dimensionless pressures and the
dimensionless pressure derivatives for boundary condition type [V are shown in Figs.
5.6.11(a) - (c).

Figs. 5.6.12 (a) - (c) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for four different types of boundary conditions tor Case A. The
dimensionless pressures and the dimensionless pressure derivatives for four different

tvpes of boundary conditions for Case B are shown in Figs. 3.6.13 (a) - (c).
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Figure 5.6.2 The Discretized Reservoir Model in 3-D for Case 6
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Figure 5.6.3 The Discretized Reservoir Model in 2-D for Case 6
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Case 7: A Horizontal Well in Three-Layer Reservoir With Cross-Flow

The reservoir consists of three distinct layers. shown in Fig. 5.7.1. The wellbore
penetrates all three layers. Both top and bottom boundaries are only considered to be no-
flow boundaries. Two wellbore angles (8). 45° and 90°. with respect to the horizontal

plane are considered in this section. The permeability decreases with depth. The

permeability ratios are detined as:

K

Ru= k‘,; (5.7.1)
k.-

RI\Z = ~ (5.7.2)
k‘ 3

The etfect of these permeability ratios will be investigated here. Table 5.7.1 shows twelve
ditferent cases covered in this section. The first six cases have the same wellbore angle. 6
= 90" while the wellbore angle for the last six cases are 43°. The reservoir discretized
model is the same as the one in Case 2 but it consists of three layers. The distances trom
the wellbore to the boundaries are shown in Table 5.7.2. Table 5.7.3 shows the
dimensionless times required for the pressure transient to travel from the wellbore to each
boundary.

Figs. 5.2.7 (a)-(e) illustrate the dimensionless pressures and the dimensionless
pressure derivatives for Cases 1-6 which have the wellbore angle equal to 90°. For these
cases. they are actually the vertical well in multi-layer reservoir. The wellbore penetrates

each layer exactly the same length. ( =100/3 ft.). The dimensionless pressure and the



dimensionless pressure derivative are increased as the number of Case is increased.
Because. for 1<1i< 6. Case i has higher permeability that Case i+1 does. The semi-log
plot of the dimensionless pressure versus the dimensionless time is shown in Fig.
5.7.2(b). There exists only semi-log straight line for each case. The result is confirmed by
the dimensionless pressure derivatives illustrated in Fig. 5.7.2(¢). This tirst radial tlow is
indicated by the horizontal dimensionless pressure derivative. The boundary eftfects can
be observed at tp =~ 2*10° when the dimensionless pressure derivatives are increased. The
beginning dimensionless time ot the pseudo-steady state is increased as the permeability
is decreased. The pseudo-steady state of Case 1 is observed first and that ot Case 6 is
observed last as illustrated in Fig. 5.7.2(d). For Case 4 and 3. the permeabilities in layer |
and 3 are the same. But the permeabilities in the middle layer are ditferent. During the
late time. tp > 10°. the dimensionless pressure derivatives of Case 4 and 5 are merging.
Fig. 3.7.2(¢) illustrates the Cartesian plot of the dimensionless pressure versus the
dimensionless time during pseudo-steady state tlow. The slopes of Case 1-3 are about
the same but the slope of Case 6 is different. Because we did not observe the pseudo-
steady state of Case 6 yet. This is due to the relatively low permeability.

Figs. 5.7.3 (a)-(e). in Appendix I. illustrate the dimensionless pressures and the
dimensionless pressure derivatives of Cases 7-12. These cases are a slant well in multi-
layer reservoir. The wellbore lengths in layer 1. 2. and 3 are 26.43 .. 47.14 fi.. and 26.43
ft.. respectively. The wellbore is parallel to the y-direction. The semi-log plot of the
dimensionless pressure versus the dimensionless time is shown in Fig. 5.7.3(b). There

exists one semi-log straight line for each case. Fig. 5.7.3(c) illustrates the dimensionless
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pressure derivative behavior. The general characteristic of these cases are about the same
as those of Case 1-6. But there dose not exist a long horizontal dimensionless pressure
derivative. The radial tlow periods are shorter than those ot Case 1-6. The dimensionless
pressure derivatives during pseudo-steady state flow are shown in Fig. 5.7.3(d). The
beginning dimensionless time of pseudo-steady state is a tunction of the system
permeabilities. For Case 10 and 11. the permeabilities in layer | and 3 are the same. But
the permeabilities in the middle layer are different. During the late time. tp > 10°. the
dimensionless pressure derivatives of Case 10 and 11 are merging. Fig. 5.7.3(e) illustrate
the Cartesian plot of the dimensionless pressure versus the dimensionless time during
pseudo-steady state tlow. Excluding Case 12. the slopes ot all cases are the same. The
pseudo-steady state of Case 12 does not appear vet.

Fig. 5.7.4 illustrates the dimensionless pressures and the dimensionless pressure
derivatives of Case | and 2 which have the same permeabilities in layer | and 2. But Case
2 has lower permeability in the bottom layer. The effect of the bottom layer plays an
important role since the very small values of the dimensionless time since the
dimensionless pressure of Case 2 is higher than that of Case 1. But during pseudo-steady
state flow. both cases have the same dimensionless pressure and dimensionless pressure
derivatives.

The dimensionless pressures and the dimensionless pressure derivatives tor Case
3 and 4. They have different properties in layer 3. The pertormance of both cases are
insignificant difference for tp < 2* 10°. During this period. the production is just coming

from laver | and 2 only. For 2*10° <tp < 3*10". the wellbore produces partially from the



bottom layer since the dimensionless pressure derivatives are difterent. Case 4 has higher
dimensionless pressure since it has lower permeability in the bottom layer. For ty, -
3*10’. both cases have the same performance again.

Fig. 5.7.6 illustrated the dimensionless pressures and the dimensionless pressure

derivatives for Case 5 and 6. The etfect of the bottom laver is observed at tp = 4*10°.

This happens after the pressure transient reaches the lateral boundaries at tp = 2.5*10°.
During the pseudo-steady flow. there exists the radial flow regime around the wellbore in
both layer | and 2. This tlow regime is ended when the pressure disturbance reaches the
boundaries in x and/or v direction.

The dimensionless pressures and the dimensionless pressure derivatives for cases
4 and 5 are shown in Fig. 5.7.7. Case 4 and 5 have the same permeabilities in the layvers 1
and 3. They have different permeabilities in layer 2. The layer 2 plays an important role
since the beginning because the dimensionless pressures and the dimensionless pressure
derivatives for both cases are ditterent from the beginning. Thev are the same only during
the pseudo-steady state flow.

Fig. 5.7.8 illustrates the dimensionless pressures and the dimensionless pressure
derivatives for Case 7 and 8. The wellbore angle is 90°. The performance is similar to that
of Fig. 5.7.4 which has the vertical well in the same system. The bottom layer plays an
important role since the beginning because the dimensionless pressures and the
dimensionless pressure derivatives are different. This happens because the bottom-layer

permeability and the top-layer permeability are relatively close.
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The dimensionless pressures and the dimensionless pressure derivatives tor Case
9 and 10 are shown in Fig. 5.7.9. For tp < 10", the performance of both cases are
insignificant different. During this period. the production is coming trom the layer 1 and
2. The etfect of the bottom layer can be observed at tp = 107 when the pressure in layer |
and 2 start to decline. The dimensionless pressures and the dimensionless pressure
derivatives are different during this period. For tp > 2* 10’. the performance of both cases
become identical again.

Fig. 5.7.10 illustrates the dimensionless pressures and the dimensionless pressure
derivatives tor Case 11 and 12 which have the same permeabilities in laver | and 2. The
effect of the bottom layer can be observed at tp = 3*10°. Due to the relatively low
permeability. we can not observe the pseudo-steady state flow in Case 12 vet.

The dimensionless pressures and the dimensionless pressure derivatives of Case
10 and 11 are shown in Fig. 5.7.11. These two cases have the same permeabilities in layer
1 and 3. Case 10 has higher permeability in the middle layer vielding the lower
dimensionless pressure and dimensionless pressure derivative. The difference in the
magnitudes can be observed since the beginning because the layer 2 plays an important
role on the production. The dimensionless pressures become identical during the pseudo-
steady state flow.

The effect of the wellbore angle is shown in Figs. 5.7.12 - 17. Fig. 3.7.12
illustrates the dimensionless pressures and the dimensionless pressure derivatives for
Case 1 and 7. These two cases have the same permeabilities in all layers. But the

wellbore angles are ditferent causing the lower radial permeability for Case 7. In order to
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maintain the same production rate. Case 7 creates more pressure drop. Once the pressure
transient reaches all boundaries. the performance for both cases become identical. The
performance for Case 2 and 8. Case 3 and 9. Case 4 and 10. Case 5 and 1 1. and Case 6

and 12 are illustrated in Figs. 5.7.13 — 17. respectively.
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Case # 0. degree Ry Ru:
1 90 2 2
2 90 2 10
3 90 10 10
4 90 10 100
5 90 100 10
6 90 100 100
7 435 2 2
8 43 2 10
9 43 10 10
10 43 10 100
11 45 100 10
12 43 100 100

Table 5.7.1 Twelve Cases Consider in Case 7

149




Distance. tt 1

Case = top bottom x-direction v-direction ‘
1 0 0 500 500
2 0 0 500 500
3 0 0 500 500
4 0 0 500 500
5 0 0 500 500
6 0 0 500 500
7 14.64 14.64 300 464.6
8 14.64 14.64 500 464.6
9 14.64 14.64 500 464.6
10 14.64 14.64 300 464.6
11 14.64 14.64 300 464.6
12 14.64 14.64 500 464.6

Table 5.7.2 Distances from The Wellbore to The Boundaries tor Case 7
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dimensionless time. tp

Case # top bottom x-direction  v-direction
: 0 0 2.5%10° 2.5%10°
. 0 0 2.5410° 2.5%10°
3 0 0 2.5%10° 25%10
4 0 0 2.5%10° 2.5%10°
> 0 0 2.5%10° 2.5%10°
6 0 0 2.5%10° 2.5%10°
7 2143 8753 1.5*%10° 2 % 10°
8 2143 4.3*10° 2.3%10 2 5%
9 2143 2.1%10° 2.5%10 3~
10 2143 2.1*10° 2 5%1(0° 2 %0
11 2143 2.1*10° 2.5%10° 3 2%10°
12 2143 2.1*107 > 5%10° 3 a%10°

Table 5.7.3 Time for The Pressure Disturbance to Reach The Boundaries for Case 7
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Case 8: A Vertical Well Intersecting A Two-Layer Reservoir Without Cross Flow

The reservoir model consists ot two layers shown in Fig. 5.8.1. But there is a

zero-permeability laver between these two layers. Hence. there is no vertical

communication between these two layers except flowing through the wellbore. The eftect

of this permeability ratio on the pressure and pressure derivative will be investigated in

this section.

The discretized reservoir model is the same as that in Case 6. The properties ot

each layer are the tollowing.

L. =100 ft.

L.=1000 ft

L, =1000

La=30tt L.
¢ =0.1 b2
ke: = 1.0 md.

k,; = 1.0 md.

kz; = 0.1 md.

kx_z = k,,yp_ = lo*ku

The permeability ratio is defined as

(3.8.1)



Except at the wellbore. other boundaries are no flow boundaries including the
bottom boundary of layer 1 and the top boundary of layer 2. The pressures at the wellbore
are the same for both layer | and layer 2.

The wellbore is vertical in this case. Therefore. the flow regime is forced to be
radial flow regime for both top and bottom layers before the pressure transient reaches
the lateral boundaries. The dimensionless time when the pressure transient reaches these

boundaries are shown in Table 5.8.1

Ry Top layer Bottom layer
L 2.3%10° 2.5%10°
10 2.5%10° 2.5%10°
100 2.5%10° 2.5%10°
1000 2.5%10° 2.5%10°

Table 5.8.1 The Dimensionless Times for The Pressure Transient to Travel trom The

Wellbore to The Lateral Boundaries tor Case 8

Fig. 5.2.8 illustrates the dimensionless pressure and the dimensionless pressure
derivatives for different values of Ry. For Ry = 1. the reservoir is homogeneous. Hence.
the performance is the same as that for a vertical well in closed-rectangular reservoir. The
dimensionless pressure derivative is 0.5 during the infinite-acting flow. This flow regime

is horizontal flow around the vertical well. When the pressure transient reaches the lateral



boundaries at tp = 2.5%10°. The dimensionless pressure derivative is increased. After the
transition period. the pseudo-steady flow is observed. During this flow period. the
dimensionless pressure derivative forms a straight line with a slope of | on the log-log
plot.

For Ri > I. the dimensionless pressure derivative is bigger than 0.5 during the
infinite-acting flow. But for R, = 100 and Ry = 1000. there is no significant different in
the dimensionless pressure derivative. The permeability of the bottom laver is so low that
the production during the early time just comes from the top layer. Fig. 5.8.3 illustrates
the semi-log plot of the dimensionless pressure versus dimensionless time. There exists a
semi-log straight line for each case. For Ry > 100. the slope ot the semi-log straight line is
about double that of the homogeneous system.

The dimensionless pressure derivatives during the early time and during the late
time are shown in Figs 5.8.4 and 5.8.5. respectively. During the carly time. all cases have
the radial flow regime because there is no vertical flow in each layer and between the
layers. When the pressure transient reaches the lateral boundaries on the top layer. tp =
2.5*10°. the dimensionless pressure derivatives are increased. After the transition period.
the dimensionless pressure derivative forms a straight line with a slope of 1. For Ry > 1.
this is not the real pseudo-steady state. The real pseudo-steady tlow comes when the
pressure transient on the bottom layer reaches the lateral boundaries. Then dimensionless
pressure derivative deviates from the straight. These dimensionless times are given in
Table 5.8.1. After the transition period. the dimensionless pressure torms another straight

line with a slope of 1. This is the real pseudo-steady state flow regime. During the
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pseudo-steady state flow. the dimensionless pressure derivative is not a tunction ot the
permeability ratio (Ry).

Fig. 5.8.6 illustrates the performance for the system with cross tlow and the
system without cross flow and Ry = 10. During the infinite-acting tlow the dimensionless
pressures and the dimensionless pressure derivatives for each case are slightly ditferent.
The system with cross tlow observes the pseudo-steadyv flow before the system without
cross tlow dose. This is due to the communication across the interface between the top
higher-permeability layer and the bottom lower-permeability layer. But for the system
without cross flow. the lateral boundaries ot the bottom layer are observed later due to the
lower permeability in the x- and v-directions. When the pressure transient reaches the
lateral boundaries of the bottom layer. the dimensionless pressure derivatives ot both

cases becomes identical.
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Chapter 6

PRESSURE TRANSIENT ANALYSIS IN HORIZONTAL WELL

This chapter developed the so-called the direct synthesis technique for
interpretation of pressure transient data without type-curve matching. Three difterent

cases will be included in this chapter.

Case I: A Horizontal Well in A Two-Layer Reservoir With Cross Flow

The reservoir model considered in this section is the same as one in Section 3.1
shown in Fig. 5.1.1. The following direct svnthesis technique is developed to calculate
several reservoir parameters including the different permeabilities in the top and bottom
layers.

The pressure and pressure derivative for this has several characteristic points and
straight line portions including:

e During the first radial flow period. the pressure drop. in psi.. is expressed as

-
t
I

2 ,/ t
Vk(.lkz.l Lw ¢“C!r:\r

The pressure derivative during this flow period is

l
4

GAP _ 70.6qBu 6.1.2)

alﬂt \[k\.lkt.le
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The value of the derivative (¢AP ! Jln t) can be used to calculate the radial permeability.
\/k‘_. k., . From Eq. (6.1.1). the semi-log plot ot the pressure drop versus time vield a

straight line with a slope of

i
o, = 102:69Bp (6.1.3)
Vk\.l kz.l Lw

This slope can be used to calculate the radial permeability as

162.6qB
ook, = =0 (6.1.4)

mlL

The skin factor can be calculated as

=1.151[(P1n1_P1.hrJ_ [ka.lkz.l ]+373“ (6.15)

log 2
m;

- ¢uc:ri } j

where (P, - P\ 1) is the pressure drop obtained by extrapolating the semi-log straight line

tot =1 hour.

e During the second radial flow period. the relationship between the pressure derivative

and the permeability is expressed as

.OPD =-0.0327 x’+0.204 x*—0.387 x’+0.011 x’+0.711 x+0.5
clntp
- k«iLw CAP (6.1.6)
141.2qBu éInt
where
< =log( k“'j (6.1.7)
\ k\.!
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Once we know the permeability in the x-direction of the top laver. Egs. (6.1.6) and

(6.1.7) can be used to calculate the permeability in the bottom laver. K. ..

e During the pseudo-steady flow period. the dimensionless pressure is expressed as

v X 2 | ’ 2.2461‘\ . N
PD L “—l‘\—.lzznt_[),\*'—ln - i+£—S+Sm (618)
L\h k\_‘ 2 C-\ r;h / L\\

The magnitude of the dimensionless pressure derivative is given by

CPp _ 2mri L.

= t (6.1.9)
lnty, A L. -
where
.0002637
tm=0 00263 \/k‘..kut (6.1.10)
duc A
A=L.L, (6.1.11)
— —
r\.h=l ‘&*-*\/& Tw (6.1.12)
2 k‘ kl
Egs. (6.1.8) and (6.1.9) are expressed in oil-flied unit as
22 \ )
________0.234qB t+ 141 29Bu {lln( "'"46,AJ+5—5 +Sorxk’ (6.1.13)
¢C(L\L) Lz Jik"lkz'[Ly 2 C,-\r\:h Lu !
CAP  0.2349B (6.1.14)

Cint - ¢C(L(L)’Ll
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0.2344B

The Cartesian plot ot the pressure drop versus time vields a slope of "
oL L. L.

and the

interception ot

’

141.2qBu {1 \

(2.246 ) L. |
/ —In
vkuoikao Ly

+——S+5u [ . From the slope. the reservoir
L\\

2 Cl\ Twh

volume (L.L.L,) can be determined.

e The average pressure drop during the pseudo-steady state flow is expressed as

— D 2.9
(F-p.)= 141.2qBu !%ln( “"4§A}+-L—’S+sm} (6.1.15)
Jk\!kl.l L) |- Y C-\r\.th

" }

Hence. the average reservoir pressure is calculated as

— $1.2 20
P=P“,-+—l—/“_"_—qgi{—l—lnf:ﬁ’—x—)+-l‘—’—s+sm‘lr (6.1.16)
\/k\lkl,t Lj. 2 \ Carin Lw i

e The productivity index is calculated as

J= =3 abdipsi

(F_ Put'

0.00708,/k . k.: L,

e
Bu{l ln[-.-4§A)+ L,-S+Sp(}
2 C:\r;h Lw

(6.1.17)

e Deviation of the pressure derivative can be used to calculate the directional

permeability. The radius of investigation is given as
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ikt
r= VW (3.1
Given the time and some knowledge of the distance trom the weilbore to the boundary.
the permeability can be calculated trom the above equation.

The procedure for calculating reservoir parameters is the following:
Step 1: [dentify the first radial-tlow period. Use Eq. (6.1.2) to calculate the product of the

permeability. (k¢ ik, )' *. In addition. trom the semi-log plot of the pressure versus time.
gp

the permeability product can be calculated by using Eq. (6.1.3).
Step 2: [dentify the pseudo-steady state tlow period. Calculate the slope of the Cartesian
plot of the pressure drop versus time during this period. Use Eq. (6.1.14) to calculate the

reservoir bulk volume.

Step 3: Calculate the average reservoir pressure during the pseudo-steady tlow period by

using Eq. (6.1.16) and the intercept of the straight line from Step 2.
Step 4: Calculate the reservoir productivity index using Eq. (6.1.17).

Step 5: From the pressure derivative. identify the time when the pressure derivative

deviates from the trend line. Use Eq. (5.1) to calculate the permeability.
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Step 6: Calculate the permeability in x-direction of the top laver from the permeability in

Step | and another permeability in Step 3.

Step 7: Identify the second radial flow period. Solve Eq. (6.1.6) to find the permeability
ratio (K« ;/k.>). Calculate the permeability in the x-direction of the bottom layer (k. ) by

using the following equation.

ke2= (6.1.18)

R«



Example
The horizontal well is located 5 ft. from the top boundary The wellbore data and

reservoir parameters are

Lw = 100 ft.

q = 50 stb/d
B = 1.2 rb/stb
31 = 1.0 cp.

¢ = 20%

Tw = 0.5 ft

The wellbore is located S ft. from the interface. The pressure data is given in Table 6.1.

Step 1: During the first radial flow period. the pressure derivative is given as

cAP 70 .6qBu
Elnt kx.lkz.l Lw

(6.12)

_706*50*1.2*1

\[ k.\.l kz.l *100

Solve the above equation, we have

Vkxikz =31.61 md. (6.1.25)

1.34

From the semi-log plot, Fig. 6.1.2, the slope of the straight line is expressed as

- 1626qBu (6.1.3)

m =
kx_l kz,,l Lu
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162.6*50*1.2%]
Vkuik, *100

-
> 3=

Solve the above equation. we have

Vkok., =32.52 md.

(6.1.26)

Step 2: During the pseudo-steady state flow. the pressure derivative is given as

AP 0.234qB
cint  écL.L.L.

(6.1.20)

From the Cartesian plot of the pressure drop versus time. Fig. 6.1.4. vields the slope and

the intercept ot 0.05 psi/hr. and 14.1 psi..

_0.234%50*1.2
0.2*1.5*107"*L.L. L.

0.05

Solve the above equation. we have
L.L,L,=0.94*10° f’

From the intercept. we have

7 o)
——————1,___41'"(48“ {l ln( "'246,A)+ Ly +5p(} =14.1 psi
v Ko1Kz Ly 2 Carwn Lw

Step 3: The average reservoir pressure is expressed as

29
141.2qBp {lm(_.-4§A)+L‘Ls+5m}
kwkaL, (2 Caran

P=p.+

W

=Py + 14.1 psi
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Step 4: The productivity index is given as

q .
J= (——;_ stb/d/psi
P - P\\l' p

0.00708 k. k.. L.
= VIR
TN \ (6.1.23)
Bud ' inf ]+

lz \ C-\r:\h / Lw

!
S+Sy ?
bplr

I
E

*

N
o

stb/d/psi

Il

|98}
(9]
W

ot
~
U

Step S: [n Fig. 6.1.3. the pressure derivative deviates at 0.007 hr.

r= '! Kt (3.1

| 948uc,

Given r =3 ft. and the deviation time t = 0.007 hr..

5= k.1 *0.007
\/948*0.2*1*1.5*10‘-‘

Solve the above equation, we have

k,; =10.16 md.

Step 6: From Eq. (6.1.25) and the permeability from Step 5. the permeability in the x-

direction can be calculated.

VK‘.I kz‘l = 31'61
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vk 10,16 =31.61

Solve the above equation. we have

k‘_g =98.4 md.

Step 7: During the second radial tlow period. the pressure derivative is expressed as

CPp
Elnlo

=-0.0327 x +0.204 x'-0.387 x +C.011 x"+0.711 x+0.3 (6.1.12)

= 0.01*k..
=0.01*98.4 = 0.984

Solve the above equation for x. we have

\ N

: 4

X = log[ :‘“ ] =log( %8 |=0.99
S ' >

The permeability of the bottom layer is

k> =10.07 md.
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t(hr.)
1.14E-03
1.42E-03
1.79E-03
2.28E-03
2.84E-03
3.70E-03
4.55€E-03
5.69E-03
7.11E-03
9.10E-03
1.14E-02
1.42E-02
1.79E-02
2.28E-02
2.84E-02
3.70E-02
4.55E-02
5.69E-02
7.11E-02
9.10E-02
1.14E-01
1.42E-01
1.79€-01
2.28E-01
2.84E-01
3.70E-01
4 55E-01
5.69E-01
7.11E-01
9.10E-01
1.14E+00
1.42E+00

P(psi.)
4.15E+00
4 41E+00
4.67E+00
4.95E+00
5.22E+00
5.53E+00
5.78E+00
6.04E+00
6.31E+00
6.61E+00
6.88E+00
7.15E+00
7.44E+00
7.74E+00
8.03E+00
8.38E+00
8.66E+00
8.96E+00
9.27E+00
9.60E+00
9.90E+00
1.02E+01
1.05+01
1.08E+01
1.10E+01
1.13E+01
1.15E+01
1.18E+01
1.20E+01
1.22E+01
1.24E+01
1.26E+01

P t(hr.) P(psi.)

1.79E+00 1.28E+01
1.166335 2.28E+00 1.30E+01
1.183586 2.84E+00 1.31E+01
1.196809 3.70E+0C 1.33E+01
1.207819 4.55E+00 1.35E+C1
1213221 5.69E+00 1.37E+01
1.212233 7.11E+00 1.38E+01
1.215321 9.10E+00 1.40E+01
1.220173 1.14E+01 1.42E+01
1.22772 1.42E+01 1.44E+01
1.23748 1.79E+01 1.47E+01
1.255691 2.28E+01 1.49E+01
1.280158 2.84E+01 1.53E+01
1.306353 3.70E+01 1.57E+01
1.332968 4.55E+01 1.62E+01
1.3673583 5.69E+01 1.68E+01
1.368507 7.11E+01 1.75E+01
1.378263 9.10E+01 1.85E+01
1.379847 1.14E+02 1.97E+01
1.368246 1.42E+02 2.12E+01
1.344516 1.79E+02 2.31E+01
1.314476 2.28E+02 2.56E+01
1.275055 2.84E+02 2.85E+01
1.223828 3.70E+02 3.25E+01
1.171875 4.55E+02 3.73E+01
1.100993 5.69E+02 4.31E+01
1.04162 7.11E+02 5.03E+01
0.987911 9.10E+02 6.04E+01
0.941486 1.14E+03 7.19E+01
0.898461 1.42E+03 8.61E+01
0.867297 1.79E+03 1.05E+02
0.847044 2.28E+03 0.00E+00

Table 6.1 The Pressure Data for Case 6.1
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pr
8.32E-01
8.18E-01
8.07E-01
7.90E-01
7.77E-01
7.73E-01
7.81E-01
8.12E-01
8.68E-01
9.60E-01
1.10E+Q0
1.30E+00
1.56E+00
1.99E+00
2.40E+00
2.94E+00
3.67E+00
4.70E+Q0
5.87E+00
7.33E+00
9.22E+00
1.17E+01
1.41E+01
1.91E+01
2.47E+01
2.90E+01
3.61E+01
4 60E+01
5.72E+01
7.10E+01
0.00E+Q0
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Case 2: A Horizontal Well Intersecting A Two-Layer Reservoir

The reservoir model considered in this section is the same as the one in Section
5.6 shown in Fig. 5.5.1. The following direct synthesis technique is developed to
calculate the reservoir parameters including the different permeabilities in the top and
bottom layers without type-curve matching.

The pressure and pressure derivative for this has several characteristic points and
straight line portions including:
e During the first radial flow, the magnitude of the pressure derivative is expressed as

CPp
clntp

s 4 3 :
=g Ri—c:Ri +c;Rik —caRi ~csRi cs

k.‘.l Lw E‘AP

- 141.2qBu clnt (6.2.1)
where, for 0" <8 < 90°,
¢, = 7.234%10'%9% - 1.232*1070 + 7.740*10* (6.2.2a)
cz = 2.140%1076% — 2.496*1070 + 1.237*10” (6.2.2b)
c3 = 8.044*10%0% - 1.316*107°0 + 7.646*10™ (6.2.2¢)
cs =-2.596*10°0%+ 4.137*107'0 - 2.284* 10" (6.2.2d)
cs = 4.091*107°0% - 6.339*1070 + 3.312*10" (6.2.2e)

ce = 1.734*107°°0% - 2.498*100 + 1.258*10” (6.2.2f)



e During the second radial flow, the magnitude of the pressure derivative is expressed

as

CPp
Clntp

- s 1 3 2 . -~
=cRi—c:Ri ~c3Ri ~csRi ~csRi +ce (6.2.3)

where, for 0" <0 < 90",

¢ = 1.829%10"%07 - 2.692*107'9 + 3.191*10°® (6.2.4a)
c2 =-3.008*107'9* + 4.303*10°0 - 4.981*10° (6.2.4b)
c3 = 1.944*%10°0% - 2.689*10°0 + 3.001*10™ (6.2.4c)
cs =-5.910*1078%+ 7.956*107°9 - 8.695*10” (6.2.4d)
cs =8.385%10°6*~ 1.113*1070 + 1.224*10"' (6.2.4e)
Ce =4.262%10°0° - 4.687*107'9 + 4.236*10" (6.2.4f)

e During the transition period before pseudo-steady state, there exists a straight line
with a slope of 0.8. The length of the straight line (Lyps) is a function of the permeability

ratio (Ry). This relationship is expressed as
Lopss = 14517107 R} —3.992* 107 R} + 4.054* 10 *Ri —0.00190R; + 0.0531R, - 0.0512
(6.2.5)

This equation can be used to calculate the permeability ratio (Ry).

¢ During pseudo-steady state flow, the dimensionless pressure is expressed as

> '

k. 2.246A°
PD\/& zzmuﬁlln( 246A | ¢ (6.2.6)
Kk« 2 U Carw
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where

0.0002637 \/k« k1
_ -t

tp: 2
o d)liCt A (627
and
A =L.L, (62.8)
Eq. (6.2.6) can be expressed in oil-field unit as
0.234qB 141.2 (1, (2246A°
_ _0234qBu 1412gBu |1,/ 0A 1 sy (6 2.9)

—¢‘!»1c(LxLyL¢ k‘,|k,;1[_.z\2 . Cars J

The Cartesian plot of AP versus time yields a straight line whose slope and interception

point are
0.234qB
Mpe = — 2B (6.2.10)
dpe LiL. L.
141.2gBu 1. (2.246 ‘.
pss = ——qijjln( S \+s> (6.2.11)

VkaikaL: o2 L Cara )

Eq. (6.2.10) can be used to calculate the reservoir volume (L\L\L,).

e The average pressure drop during the pseudo-steady flow period is given by

_ ) )
(p-pw)=ﬁ‘;"£“—{%1{“‘2“ﬁﬂ+s£ = Lo (6.2.12)
kx.l ky.l Lz -~

Carn /

Hence, the average reservoir pressure is expressed as

- 41.2gB 1 2.246
p:pwﬂ.u{_m[ ’A)+S'L=pwf+[w (6.2.13)
kx.lk_v.l Ll \2 C"\ Ta /) J




e Productivity index is calculated as

q

— stb/d/psi
ip - Pw‘fj

_ 0.00708,/k«.1k.. L. (6.2.14)

i' 79 A
Bu{ ‘l;ln(':é"té,A~ Y
= o Carw

[
"

e Deviation of the pressure derivative can be used to calculate the directional
permeability or the distance from the wellbore to the interface or boundary. The radius of

investigation is expressed as

ok
"\ 948¢uc,

(5.1)

The procedure for calculating reservoir parameters is the following.
Step 1: Identify the transition period betore the pseudo-steady state tlow. Calculate the
length straight line portion (Lppss) during this period. Use Eq. (6.2.5) to solve for the

permeability ratio (Ry).

Step 2: Identify the first radial flow regime. Use Eq. (6.2 1) to solve for the permeability

in the x-direction of the top layer (k).
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Step 3: Calculate the permeability in the x-direction of the bottom laver (k. :) by using

the following equation.

k‘.l
Ru

k‘.l =

Step 4: On the Cartesian plot of the pressure drop versus time, draw the straight line
during the pseudo-steady flow period. Determine the slope (my,) and the interception

point (Ips).

Step 5: From the slope. calculate the reservoir volume by using the following equation.

0.234qBu

(6.2.16)
OLL C Mpss

L‘ L. Lz =

Step 6: The average reservoir pressure can be calculated by using Eq. (6.2.13)

Step 7: Calculate the productivity index by using Eq. (6.2.14).

Step 8: From the pressure derivative, identify the time when the pressure derivative

deviates from the trend line. Use Eq. (5.1) to calculate the distance from the wellbore to

the interface or boundary.
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Example
The vertical well is located at the center of the reservoir The wellbore data and

the reservoir parameters are

L. = 100 tt.

q = 40 stb.d

B = I I rb:stb

1 = lep

b = 01

Ce = 0 00001 psi™
S = 0

o = 05ft

The pressure data is given in Table 6 2
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Step 1: During the transition period before pseudo-steady state. there exists a straight line

with a slope of s 0.8. The length of the straight line portion is 0 59 The length ot this

straight line is expressed as

Lo = 1.451%10 *R{ —3.992%10 "R{ + 4.054*% 10 ‘R] —0.00190R} - 0.0531R, - 0.0512
=059 (6.2.5)

Solving the above equation yield the permeability ratio

Ry =40.0

Step 2: During the first radial flow. for 8 = 90°, the pressure derivative is expressed as

CPp

clnyp,

=251*10* R} - 3.889 %10 °R} - 0.00023 16 R} — 0.00663R: +0.0921R, ~ 0 4143

= kx.l Lw EAP
141.2gBu ¢int

=251*10%*40" -3.889*10°40" +0.0002316 * 40° - 0.00663 * 40°
+0.0921*40 +04143
= 0.9271

k1 *100
1412*40*1.1*1

Solve the above equation for k.1, we have

k‘_[ =10.47 md.
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Step 3: Calculate the permeability of the bottom layer

_ ks.l
Ry

k‘.l

=124 9261 md
40

Step 4: During pseudo-steady state flow, on the Cartesian plot illustrated in Fig. 6 2.2,

the straight line which is expressed as

__0234¢Bu  1412qBy J’llmfz.yéALSl}

= , | ' (6.2.9)

orc L L,L, ykakal:12 U Care J
The slope and the intercept are

75

My = —233BE _ 097 (6.2.10)

d)uCt Lx[..y L.

{ 7 9. A ’
- 141.2qBu Jlln("‘“’A P (6.2.11)

[pss - ' - !
\' kx.l k)‘.l Ll [\2 ‘\ CA Tw J

=69

Step 5: Substitute the known parameters and solve for the reservoir volume as

0.234*40*1.1*1
0.1*1*0.00001*.L,L,

0.097 =

L.L,L,=1.06*10° &’
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Step 6: The average reservoir pressure during the pseudo-steady tlow is

141.2qBu |1, (2246A )
o Jllnl 46 |

]
P=py+—=——{=In| == +5 (62.13)
\/kx.lk)‘.l Lz ;\2 v\ C.—\r;’ /‘ i
P= P.¢ +69 psi.
Step 7: Productivity index can be calculated as
J= =3 stbid/psi
T Pt
0.00708/k 1ke1 L,
- ~akw L : (6.2.14)

[1.(2246A"
-ﬁ;ln(' ,'\-{-s,‘»
| &

Bu
\ er; J

-4—2— =0.58 stb/d/psi

Step 8: In Fig. 6.2 3. the pressure derivative deviate from the horizontal line att =21 hr.

!‘ kt
r=,——
\ 948¢u c,

_ [ 1047*21
948*0.1*1*10°°

=4816 ft.

(5.1)

This value is the distance from the wellbore to the boundary.
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t(hr.)
1.2325E-03
1.5169E-03
1.8961E-03
2.3701E-03
3.0338E-03
3.7922E-03
4.7402E-03
5.9727E-03
7.5844E-03
9.4805E-03
1.2325E-02
1.5169E-02
1.8961E-02
2.3701E-02
3.0338E-02
3.7922E-02
4.7402E-02
5.9727E-02
7.5844E-02
9.4805E-02
1.2325E-01
1.5169E-01
1.8961E-01
2.3701E-01
3.0338E-01
3.7922E-01
4.7402E-01
5.9727€-01
7.5844E-01
9.4805E-01
1.2325E+00
1.5169E+00
1.8961E+00
2.3701E+00
3.0338E+00

dp (psi.)
1.6763E+01
1.7689E+01
1.8702E+01
1.9735E+01
2.0898E+01
2.1968E+01
2.3056E+01
2.4201E+01
2.5404E+01
2.6544E+01
2.7903E+01
2.8992E+01
3.0173E+01
3.1362E+01
3.2685E+01
3.3886E+01
3.5090E+01
3.6339E+01
3.7633E+01
3.8842E+01
4.0264E+01
4.1390E+01
4.2600E+01
4.3810E+01
4 5147E+01
4 6356E+01
4.7563E+01
4 8811E+01
5.0100E+01
5.1300E+01
5.2708E+01
5.3819E+01
5.5009E+01
5.6195E+01
5.7500E+01

dp’ (psi.)

4 5576E+00
4.6512E+00
4.7426E+00
4 8340E+00
4.9067E+00
4.9887E+00
5.0757E+00
5.1550E+00
5.2334E+00
5.3045E+00
5.3415E+00
5.3930E+00
5.4372E+00
5.4676E+00
5.4766E+00
5.4923E+00
5.5081E+00
5.5118E+00
5.5236E+00
5.5213E+00
5.5057E+00
5.5116E+00
5.5189E+00
5.5169E+00
5.5024E+00
5.4993E+00
5.4975E+00
5.4837E+00
5.4796E+00
5.4576E+00
5.4256E+00
5.4133E+00
5.4007E+00
5.3755E+00

t(br.)
3.7922E+00
4.7402E+00
5.9727E+00
7.5844E+00
9.4805E+00
1.2325E+01
1.5169E+01
1.8961E+01
2.3701E+01
3.0338E+01
3.7922E+01
4.7402E+01
5.9727E+01
7.5844E+01
9.4805E+01
1.2325E+02
1.5169E+02
1.8961E+02
2.3701E+02
3.0338E+02
3.7922E+02
4.7402E+02
5.9727E+02
7.5844E+02
9.4805E+02
1.2325E+03
1.5169E+03
1.8961E+03
2.3701E+03
3.0338E+03
3.7922E+03
4.7402E+03
5.9727E+03
7.5844E+03

dp (psi.)
5.8675E+01
5.9843E+01
6.1047E+01
6.2284E+01
6.3431E+01
6.4770E+01
6.5825E+0"
6.6958E+01
6.8106E+01
6.9423E+01
7.0692E+01
7.2083E+01
7.3712E+01
7.5674E+01
7.7849E+01
8.0966E+01
8.3984E+01
8.7921E+01
9.2758E+01
9.9437E+01
1.0700E+02
1.1639E+02
1.2856E+02
1.4445E+02
1.6311E+02
1.9108E+02
2.1905E+02
2.5632E+02
3.0289E+02
3.6807E+02
4.4255E+02
5.3562E+02
6.5659E+02
8.1474E+02

Table 6.2 The Pressure Data for Case 6.2

dp’ (psi.)
5.3395E+00
5.3152E+00
5.2916E+00
5.2542E+00
5.2278E+00
5.1865E+00
5.1566E+00
5.1899E+00
5.3067E+00
5.5779E+00
5.9990E+00
6.6562E+00
7.6231E+00
8.9881E+00
1.0680E+01
1.3293E+01
1.5948E+01
1.9534E+01
2.4046E+01
3.0400E+01
3.7709E+01
4.6905E+01
5.8925E+01
7.4697E+01
9.3290E+01
1.2120E+02
1.4911E+02
1.8633E+02
2.3284E+02
2.9794E+02
3.7233E+02
4.6532E+02
5.8617E+02
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Figure 6.2.1 The Pressure Drop and The Pressure Derivative versus Time for Case 6.2
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Case 3: A Snake-Shape Horizontal Well in A Two-Layer Reservoir

The reservoir model considered in this section is the same as the one in Section
5.6 shown in Fig. 5.6.1. The following direct synthesis technique is developed to
calculate the reservoir parameters including the different permeabilities in the top and
bottom lavers.

The pressure and pressure derivative for this has several characteristic points and
straight line portions including:
e During the first radial flow. the magnitude of the dimensionless pressure derivative is

expressed a

For Case A,
“Po__ 1073 +0.697x* — 1599 +1.308* + 0.236x +0 865
Clnty
— kx.l Lw E‘AP (631)
141.2qBu ¢In't
where
x = log(Ry) (6.3.2)
For Case B,
TClP—D =-0.2184x +1.3764x* —3.097* +2.5777* +0.2973x ~ 0 8649 (6.3.3)
Clny,

e During the second radial flow, the magnitude of the dimensionless pressure derivative
is expressed as

Only for Case B,
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Po o 0.1455¢7+0.9126x 12667 63 4)
Clntp

¢ During the transition period before the pseudo-steady state. there exists a straight line
with a slope of 0.8. The length ot the transition period can be used to calculate the
permeability ratio (Ri). The relationship between the length of this straight line and the
permeability ratio is given as

Lo = L4S1¥10°R{ —3.992%10 "R} + 4.054* 10" "R} —-0.00190R} + 0.0531R, - 0.0512

(6.3.53)

e During the pseudo-steady state. the dimensionless pressure is expressed as

L: o ampn + I (6.3.6)

Po

where Iy is a constant value and is a function of wellbore configuration. wellbore

location. and shape of the reservoir. The above equation is expressed in oil-field unit as

-)‘v K
AP = 0.234qBu - l41.2qB|,1I

- (6.37)
¢ucl L.\ Ly Ll kx Lz

pss

e The average reservoir pressure during the pseudo-steady state flow period can be

expressed as
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Lpss (63 8)

e Productivity index is given by

I=r - stb/d/psi

- Pwt'

_ 0.00708k, L,
qBU [pss

e Deviation time can be used to calculate the direction permeability trom the following

equation.

= kt (5.1)
~ {948¢uc '
The procedure for calculating reservoir parameters is the following:
Step 1: Identify the transition period before the pseudo-steady state flow period.

Determine the length of the straight whose slope is 0.8. Solve Eq. (6.3 5) for the

permeability ratio (R).
Step 2: Identify the first radial flow period. Use Eq. (6.3.1) and the permeability ratio

from Step 1 to calculate the permeability in the x-direction for the top and the bottom

layers.
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Step 3: [dentify the pseudo-steady flow period. From the Cartesian plot ot the pressure

drop versus time. draw a straight line. Determine the slope and the intercept of this

straight line. Use Eq. (6.3.7) to calculate the reservoir volume

Step 4: Calculate the average reservoir pressure using Eq. (6.3.8).

Step 5: Use Eq. (6.3.9) to calculate the reservoir productivity index.

Step 6: Calculate the distance from the wellbore to the boundary by using Eq. (5.1).
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Example

The wellbore data and reservoir parameters are

L« = 272 ft.

q = 50 stb/d

B = 1.2 rb/stb

p = 1 cp.

) = 10%

ct = 0.00002 psi™
fw = 0.5 fi.

The production data is given in Table 6.3

Step 1: During the transition period before the pseudo-steady state. there exists a straight
line with a slope of 0.8. and the length is 1.097 log-scale unit. The length of the straight
line is expressed as
Lo = 1L.451%107 R} —3.992%10 "R} + 4.054* 10 ‘Ri —0.00190R; ~ 0.0531R, —0.0512
(6.3.5)
=1.097
Solving the above equation, we have

Ry = 68

Step 2: During the first radial flow, the pressure derivative is given as
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CPo

=-0.1073x" +0.697x*-1.599¢’ ~1 308x" - 0.236x ~0.865

Clntp

= k.v..l Lw 6AP (b - l

141.2gBu élnt > b

where
x = log(Ry) (63.2)
Substitute Ry from Step | into the above equation yields
x =log(68) = 1.833
Substitute x and the known parameters into Eq. (6.3.1) yields
149 — kx.l Lw EAP

141.2gBu clint

. %272
= ka®272 w446

141.2*50*1.2*1
Solving the above equation for k.. we have
ke1 =104.1 md.
The permeability in the x-direction of the bottom layer is calculated as
k&Z - kx.l

Ry

1 s3md

68

Step 3: During the pseudo-steady state. there exists a straight line expressed as
3 2

AP = 0.234qBu - 141.2qBu L. (63.7)

B ¢P~C: Lx L\' L/_ kx Lz



From Fig. 6.3 4, the straight has slope and the intercept ot'0 0703 psihr and 6 2 psi .

respectively.

‘7‘1
slope = 0.0703 = 2234481
ouc L L.L.

0.234*50*1.2*1
0.1*1*2*10 "L.L.L,

L.L,L,=9986*10° f*

. 1412
intercept =—‘£—l—qB—“[ =6.2

kL, =

Step 4: The average reservoir pressure can be calculated as

_ 141.2qB
(P—P‘.f)=—k‘—l%‘i[p,s

P=p.,+62

Step S: Productivity index is calculated as

J= =L+ stb/d/psi
_ 0.00708k, L,
qBu [

5

—- = 8.06 stb/d/psi
6.2

(6.3.8)

(6.39)



Step 6: From Fig. 6.3 3, the pressure derivative deviate from the trend lineatt =0 12 hr
The distance from the wellbore can be calculated by using Eq. (5.1) as
|kt

r= l——— (S h
\ 9486u.c,

[ 10%0.12
\/948*01*1*2*10"

r

N
9

5.6t
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t(hr.)
1.19€-03
1.52E-03
1.90E-03
2.46E-03
3.03E-03
3.79E-03
4.74E-03
6.07E-03
7.58€-03
9.48E-03
1.19E-02
1.52E-02
1.90E-02
2.46E-02
3.03E-02
3.79€-02
4.74E-02
6.07E-02
7.58E-02
9.48E-02
1.19E-01
1.52E-01
1.90E-01
2.46E-01
3.03E-01
3.79E-01
4.74E-01
6.07E-01
7.58E-01
9.48E-01
1.19E+00
1.52E+00
1.90E+00
2.46E+00
3.03E+00
3.79E+00

dP (psi.)

1.82E+00
1.92E+00
2.02E+00
2.13E+00
2.22E+Q0
2.32E+00
2.42E+00
2.53E+00
2.62E+00
2.72E+00
2.82E+Q0
2.93E+00
3.02E+00
3.14E+00
3.23E+00
3.32E+00
3.42E+00
3.52E+00
3.62E+00
3.71E+00
3.81E+00
3.92E+00
4.02E+00
4 14E+00
4.24E+00
4 36E+00
4 47E+00
4 61E+00
4.74E+00
4 87E+00
5.01E+00
5.17E+00
5.31E+0Q0
5.48E+00
5.62E+00
5.76E+00

dpP’ t (hr.)

4 74E+00
4.36E-01 6.07E+00
4 40E-01 7.58E+00
4 42E-01 9.48E+00
4 43E-01 1.19E+01
4 44E-01 1.52E+01
4 46E-01 1.90E+01
4 46E-01 2.46E+01
4 45E-01 3.03E+01
4 44E-01 3.79E+01
4.44E-01 4.74E+01
4 43E-01 6.07E+01
4 42E-01 7.58E+01
4.39E-01 9.48E+01
4 36E-01 1.19E+02
4.34E-01 1.52E+02
4 33E-01 1.90E+02
4.32E-01 2.46E+02
4 32E-01 3.03E+02
4 36E-01 3.79E+02
4 43E-01 4.74E+02
4.54E-01 6.07E+02
4 68E-01 7.58E+02
4 87E-01 9.48E+02
5.04E-01 1.19E+03
5.25E-01 1.52E+03
5.49E-01 1.90E+03
5.74E-01 2.46E+03
5.95E-01 3.03E+03
6.15E-01 3.79E+03
6.33E-01 4.74E+03
6.47E-01 6.07E+03
6.57E-01 7.58E+03
6.65E-01 9.48E+03
6.70E-01 1.19E+04
6.83E-01 1.52E+04

dP (psi.)
5.92E+00
6.09E+00
6.27E+00
6.46E+00
6.69E+00
6.97E+00
7.296+00
7.75E+00
8.19E+00
8.78E+00
9.49E+00
1.05E+01
1.16E+01
1.30E+01
1.47E+01
1.70E+01
1.97E+01
2.37E+01
2.77E+01
3.30E+01
3.97E+01
4.90E+01
5.98E+01
7.32E+01
9.08E+01
1.14E+02
1.41E+02
1.83E+02
2.25E+02
2.82E+02
3.54E+02
4.57E+02
5.79E+02
7.36E+02
9.47E+02
1.23E+03

Table 6.3 The Pressure Data for Case 6.3
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dpP’
7.08E-01
7.57E-01
8.28E-01
9.34E-01
1.09E+00
1.30E+00
1.56E+00
1.96E+00
2.36E+00
2.89E+00
3.56E+0Q0
4 47E+00
5.51E+00
6.81E+00
8.50E+00
1.07E+01
1.34E+01
1.73E+01
2.13E+01
2.67E+01
3.34E+01
4 29E+01
5.38E+01
6.75E+01
8.54E+01
1.09E+02
1.38E+02
1.81E+02
2.25E+02
2.86E+02
3.65E+02
4.79E+02
6.17E+02
7.95E+02
1.03E+03
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Figure 6.3.1 The Pressure Drop and The Pressure Derivative versus Tiume for Case 6.3
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Chapter 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 CONCLUSIONS

This study develops the boundary element algorithm for a vertical. slanted. and
horizontal well in multi-laver reservoirs It is based on domain decomposition and a
Boundary Element Method for a homogeneous system. On the interface between two
different layers, two compatibility conditions used in this study are (i) the potential is
continuous across the interface and (ii) the amount of fluid flowing out of one layer must
equal the amount of fluid flowing into another laver. The wellbore is considered as an
internal boundary Hence. the wellbore radius is finite. The wellbore is assumed to
produce at a constant flow rate. The pressure along the wellbore is uniform, independent
of location. The algorithm is successfully validated by simulating some simple reservoir
systems with available analytical solutions including. (i) a finite linear aquifer. (i1) a
horizontal well in a closed rectangular homogeneous reservoir. and (iii) a horizontal well
in multi-layer reservoir with cross flow.

The developed boundary element method (BEM) is applied to simulate the
pressure performance of eight complicated reservoirs whose analvtical solutions do not
exist. These cases are: (i) a horizontal well in a two-laver reservoir, (ii) a horizontal well
in a two-layer reservoir with gas-cap drive, (iii) a horizontal well in a two-layer reservoir
with bottom-water drive, (iv) a horizontal well in a two-laver reservoir with gas-cap and

bottom-water drives. (v) a horizontal well intersecting a two-laver reservoir, (vi) a snake-
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shape horizontal well intersecting a two-laver reservoir. (vii) a horizontal well
intersecting a three-layer reservoir, and (viii) a vertical well intersecting a two-laver
reservoir without cross flow The effects of permeability. wellbore configuration.
wellbore location. distance from the wellbore to the interface. different types of boundary
conditions are investigated in this studv Different types of plots of the dimensionless
pressure and the dimensionless pressure derivative versus the dimensionless time
including log-log plot. semi-log plot. and Cartesian plots are used to investigate the
wellbore performance.

Then the new technique. known as direct synthesis. is proposed to enhance the
interpretation of the well-test data without type-curve matching. Several unique
characteristic points and straight lines of the dimensionless pressure and the
dimensionless pressure derivative were identified. The proposed step-by-step procedures
are illustrated with several numerical examples.

It is found in this study that
|  The Boundarv Element Method only requires discretization of the boundary rather

than the whole domain. This advantage is significant for a snake-like horizontal well

in a complicated-shape reservoir.

'N)

For a horizontal well in a two-layer reservoir, the permeability ratio (Ry) only affects
the dimensionless pressure derivative during the intermediate time During the early
time and late time. the dimensionless pressure derivative is independent of the
permeability ratio. The wellbore performance is similar to that of a horizontal well in

homogeneous reservoir during these periods. The difference is the magnitude of the



I

dimensionless pressure But the magnitude of the dimensionless pressure derivative is
a function of the permeability ratio during the second radial flow period

For a horizontal well intersecting a two-laver reservoir. the permeability ratio plavs
an important role from the beginning to the late intermediate time The magnitudes of
the dimensionless pressure and the dimensionless pressure derivative are functions of
the permeability ratio Before the pseudo-steady state occurs. there exists a log-log
straight line of the dimensionless pressure derivative with a slope of 0 8 The length
of this straight line (L,y.,) is a function of the permeability ratio But during pseudo-
steady-state flow period. the wellbore performance is similar to that of a horizontal
well in a homogeneous reservoir [n order to calculate the properties of the bottom
layer. the pressure data must be long enough to have the pseudo-steady state flow
period.

For a snake-shape horizontal well in a two-layer reservoir. the performance is similar
to that of a horizontal well intersecting a two-laver reservoir The differences are the
magnitudes of the dimensionless pressure and the dimensionless pressure derivative
which are a function of wellbore configuration.

For a horizontal well in three-layer reservoir. the permeability ratio has a significant
impact on the dimensionless pressure and the dimensionless pressure derivative from
the early time to the beginning of the pseudo-steady flow period The larger the value
of the permeability ratio, the later the time when we can observe the effect of the
lower-permeability layer. But the wellbore performance is independent of the

permeability ratio during the pseudo-steady state flow period

v
—
9



7.2 RECOMMENDATIONS

The wellbore storage and skin effects are beyond the scope of this studv Further
study may include these two effects to represent the actual performance of the
wellbore

This study is {imited only to three-laver reservoirs. Further research works may be
done to study the pressure behaviors of reservoirs consisting of more than three
lavers

Most of the computational time is spent to calculate the elements in the system of
linear equations. Eq (3 44) These elements are calculated by using Gaussian
quadrature to approximate the integral equations developed by Koh (1993). The
performance of the boundarv element method can be improved by finding a faster

technique to evaluate these integral equations

(D]
—
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NOMENCLATURES

length of reservoir in x-direction. ft

area of reservoir. ft

coefficient matrix of ¥ in standard linear form [AK =F
formation thickness. ft

reservoir width in v-direction. ft

formation volume factor. rb/stb

total compressibility. psi'

reservoir shape factor

the normal dimensionless distance from the source point to the field
point

distance from the wellbore to the closest boundary. ft

exponential integral

right-hand side vector in standard linear form

an impulse response for a horizontal well

free space Green’s function

coefficient matrix of Q

reservoir thickness in z-direction. ft

coefficient matrix of P
index

constant used in Eq. (6 3 6)
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Gy

P

index
productivity index. stbrd:psi

index

permeability tensor

modified Bessel function of the second kind of order 0
moditied Bessel function of the second kind of order |
horizontal permeability. md

vertical permeability. md

permeability in x-direction. md

permeability in x-direction of Laver #1. md
permeability in y-direction. md

permeability in z-direction. md

natural logarithm

wellbore length, ft

dimensionless length defined in Eq 2 32

the length of the straight line during transition period before
The pseudo-steady state

reservoir length in x-direction, ft

reservoir length in y-direction. ft

wellbore length. ft

reservoir length in z-direction, ft

the slope of the first semi-log straight line

the slope of the straight line on the plot of AP versus t
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ms

=1

Pin

AP,
AP,

AP,

the slope of the semi-log straight line for the third flow regime
the unit outward normal vector

number of elements

number of nodes

wellbore pressure. psi

normalizing factor. psi

the pressure obtained by extrapolating the semi-log
straight linetot=1 hr

dimensionless pressure

dimensionless pressure due to an image well

initial reservoir pressure. psi

initial reservoir pressure. psi

dimensionless pressure due to the real well
wellbore pressure, psi

dimensionless pressure denvative

specified Pp on the boundary

specified p'p, on the boundary

Pp in Laplace space

pressure drop due to the boundary in x-direction
pressure drop due to the boundary in v-direction

pressure drop due to the boundary in z-direction

oil production rate. rb/day



p

'pp

r\B

r“h

tel

te:

tp

oa

distance tfrom the wellbore. ft

dimensionless distance

dimensionless distance defined in Eq 2 18
wellbore raduus. ft

equivalent horizontal wellbore radius. ft
mechanical skin

pseudo skin due to partial penetration

time. hours

the length of the first flow regime. hr

the length of the second flow regime. hr

the beginning of the third tlow regime, hr
dimensionless time

area based dimensionless time

dimensionless variable defined in Eq. 2 17
darcy velocity, ft/hr

darcy velocity parallel to the intertace

darcy velocity perpendicular to the interface. ft/hr
the weighting function defined in Eq. 2 92

a weighting function

a fraction of wellbore area covered by node i
distance along the reservoir in x-direction. ft
x-coordinate of horizontal well axis. ft

the half width of the reservoir. ft
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X = distance from the wellbore to the origin in x-direction

XD = dimensionless distance in x-direction

v = distance along the reservoir in v-direction. ft

v = v-coordinate of horizontal well axis. ft

Vi = distance from the wellbore to the origin in v-direction
Vi = v-coordinate at the leadng tip of the well. ft

VD = dimensionless distance in v-direction

z = distance along the reservoir in z-direction, ft

z = z-coordinate of horizontal well axis. ft

z) = distance from the wellbore to the origin in z-direction
Zp = dimensionless distance in z-direction

Greek

) = fluid density. lbm ft°

() = porosity, fraction

ol = porosity of Layer #1. fraction

N« = diffusivity in x-direction

n, = diffusivity in y-direction

n. = diffusivity in z-direction

T = a constant, 3 1415926

B = dimensionless variable defined in Eq 2 16

u = VIsScosity. cp



angle of intersection of the two planes containing two adjacent
boundary elements

the flow potential

vector differential operator del

Laplacian operator

free-term coefficient

the solid angle subtended at the boundary source point by its
immediate neighborhood within the domain. radian

the boundary

the varnable defined in Eq 39

the dimensionless variable defined in Eq 3 10

an angle around the wellbore. degree

shorthand for Vv e i

the domain
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APPENDIX A

Derivation of Pressure Gradient Along The Wellbore

Assumptions

1 InFigure A 1. x. v. and z are the principal axes of the porous medium

9

The principal permeabilities in x. v. and z directions are k.. k.. and k,
3 The gravity effect is neglected

For 0" <8 < 90" and 0" < ¢ < 90". from Figure A I. the radial flow rate can be

calculated as

u.(v)=(uc.u,.u,)e(l.m.n) (A1)
where

| = sin(¢)cos(y)-cos(d)cos(0)sin(v) (A2)
m = -cos(¢)cos(y)-sin(¢d)cos(B)sin(y) (A3)
n = sin(0)sin(y) (A )

The flow rates in x. v. and z direction are described by Darcy's law. in field units. as

k. cP 3
4, = ~0001127 = (A Sa)
n cX
k. cP )
U = -0001127 = (A 5b)
' ucyY
- “P
w = -00011272 % (A S¢)
T
Substitute Eqs (A 5a)-(A 5c)into (A 1) as
_ - / ~ v *.p\
LN SN S AP "

L X cy cz)
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Recall dimensionless variables

X
Xp = — (A 72)
T
Y k.
onVk
and
-
Zp = L. (A 7¢)
re VK.
kLo
Pp=————{P. - A8
b l41.2un(P P) (A8)

Substitute Eqs. (A 7a)-(A 7¢) and (A 8) into (A 6) as

B (P P, k. P, k,
u, = 9 (. D_i D — T 2 P — .(]_m~n) (.‘\ 9)
2ara L Oxp Oy, VK Czo VK.,

_ ~
e (A 10)
k.

y

¢, =tan ' tan(¢)

cos ¢ - sin” ok« k.) )
\ (ke/ k)

(A 1D

»=tan ' tan(9)

Choose x'.y'.z' such that

X' is perpendicular H too.

y' is parallel to the wellbore axis

Direction of X' is (sin¢,.-c0s9,.0)

Direction of y'is (sin6,cos¢, .sin@.sind, cosH,)
Direction of z' is (—cos60,cos¢,.—cos0.sind, sinh,)

The partial derivative



Py, Py X Py (P, (7

Xp X' Xp & xp (Z Xp

cPp . cPp

4
= sing, ~—51n9 cosd, - ,) cos6.cosd. (A 12a)
X' Yy ‘z .

Similarty.
(.'P() (-P . . (“P . (.P
— = —C0sd, — — -cos0.sind, — (A 12b)
Yo T (x A "z
P cP P
— =080, ~sin®. — (A l12¢)
Czp y cz

Substitute (A.12a)-(A. 12¢) into (A 9) as

B 'CPy, Py Py
g, = — s R R LID g e gy (A 13)
2ar. Lo ox oy oz,

. : 4 k. : :
['=sin¢, (singcosy - coshpcosOsiny) — C05¢:VE‘(COS¢COS'{ - sin$pcosOsiny)

X

(A 14a)
m' = sin@,cosd,. (singcosy — cospcosBsinv)
Ky
~smn®.sin ¢:Vk—'(cos¢ cosy +sin¢dcosOsiny)
~cos0,sin@siny, — (A 14b)
Ve
n'= cos,cosP,(-sinpcosy + cospcosOsiny)
ko
~cos0,sind,(cosdcosy + sinpcosOsin /)\I—
—sin@,sinBsin (A l4d¢)
I /V l\



‘P
But — =0

-~ .1
Tav = Fw / COSO

I ke
(fwy)n ~ cosd Vk_

' coso, 'k,
Fwe = coso Vk, =€
[w; =T 'SINO
(), = gy 2
"WzJo = §ing V k,

sin@. ‘k.

w2z = . . - = b

f sinf Vk,

where
X'=c*cosy =a*sinhu *cosy

z'=b*siny =*coshu *siny

c sinhu
b coshu
B Zu_l
Zu_.,_l

I b+

Y :Elnkb—c/!

C P[) EPD cx' CP[) cz'
— - 4 -

cu X' Cu  (Z' Cu

[E¥)
(98 )
‘@)

(A I3a)

(A 135b)

(A I5¢)

(A l6a)

(A 16b)

(A léc)

(A17)

(A18)

(A 19)

(A 20)



cP

-

D ¢ Pn

= acosh(u)cos(y) ‘ — —asinh(u)sin(y) - (A 22
x z
(" P[) R . 5PD E
—— = —asinh(u)sin(v)——~acosh(u)cos(v)—, (A 23)
("./ X (Z
Solving (A.22) and (A 23) vields
~P ~p
- cosh(u)cos(*/){ - P —sinh(u)sin('/)(, °
cPp ‘u Y
= — — ; ; (A 24
X a[smh'(u)sm‘('{)*cosh'(u)cos‘(zf )]
) . CP cP
- sinh(u)sin(y) ;'D—cosh(u)cos(y) :9
cPp «cu cy .
-~ ! = . y . A ~ - (.A:D)
(Z a[smh'(u) sin“(v) - cosh™(u)cos (v )]

-

& Pn . . . . .
But —— = 0 since the pressure is constant along the wellbore Direction n is
Y

perpendicular to the wellbore and points into the center of the wellbore. The normal
derivative can be calculated as

(-'PD €PD u ¢ PD f'}'

n (U (n ¥ (n

_(Prcu (A 26)
qu hd -

g)

-
-

. (&4
since — =0 Then

n
CP l ~P
¢o___ - T°o (A 27)
cu (cu/cn) cn
where
(‘ — pu—
T-—Vu'ﬂ
n
AV TR
= —.0.—en (A 28)
k'Y (Z'/
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From (A 24) and (A 25). we have

cu cosh(u)cos(v) \ o
T - . : : (A 29)
X a[smh'(u)sm' (Y)—cosh™(u)cos (¥ )]

(u sinh(u)sin(+) 130
P N R . . (A 30)
cz a[smh'(u)sm'(‘{)~cosh‘(u)cos‘(}' )]

Recall the elliptical equation.

xvl Zvl

—~-—=1 (A 17)
¢ b

Differentiate (A 17) with respect to 2’ vields

2x' 2z°d7

.-~ -0 A3l
¢ b dx (A0

Solving for dz'/dx' as

dz = “u (A.32)
dx’ cz

which is the slope at point (x'.z') on the wellbore surface Hence. the slope of n is
[(clz') / (b:.\")] Then

_ 1‘r~0‘ 2
h= ,(b x0cz) (A33)

o2 =)

From (A.28) and (A 33),

b’ ,u, cu

- X' 1o +cZ

cu %! a4 .
_ x Cz (A 34)

T 62e) ()

From (A 27). (A.29). (A 30). and (A 34). we have

—

&Po Vo2x) -(c?2)

Cu  b’x'cosh(u)cos(y) + ¢’ z'sinh(u)sin(y)
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cP

*a(sih’(u)sin*(v) - cosh™(u) cos™ (7)) - (A 33)
4
Substitute (A 35) into (A.24) and (A.235) as
CPp cosh(u)cos(y)\;‘(b:’-x')- —(c-:z')' Py
X' b x'cosh(u)cos(v) - ¢ z'sinh(u)sin(¥) n (A36)
Py sinh(u)sin(y )V (b:‘\")- —(C:Z')- Py
¢z b x'cosh(u)cos(y)~c¢’z'sinh(u)sin(y) ¢n (A 30)
Substitute (A 18) and (A.19) into (A 36) and (A.37) as
cP a * cosh(u)cos(v cP
= hA R (A 38)
(X ybcos (7)~csin"(y) M
cP a *sinh(u)sin(y) cP
= = ) — (A 39)

7 yb'cos’(y)-c'sin’(y) (M
Then the radial flow can be calculated as

B Py, 7Py
go= m— S0 L0 (A.40)
..Ttr“L‘\ X (Z

where

) . k. ) )
I'=sin¢, (sind cosy - cosdp cosOsiny) + cosd, V:E—(COSd) cosy —sindcosOsinv)

X

(A l4a)

and

n'= cos,cosd, (—sindpcosy — cospcosOsiny)

‘:k\ . . . kl
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Figure A 1 Wellbore Configuration
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Figure A.3 Wellbore Configuration in Dimensionless Coordinate
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APPENDIX B

Partial-Penetration Effect

Pressure response in and around a partially penetrating well was well documented
by Streltsova (1988) The reservoir model consider in her study is illustrated in Fig. B |
The top and bottom boundaries are no-flow boundaries The formation thickness is h ft
and the perforated interval of the well open to flow is h,. The distances between the top
boundary and the top and bottom of the perforated interval are defined as h; and h..
respectively

The governing differential equation for the pressure distribution in the svstem is

given as.

k¢’ cop P P

—— r— -k, TT=dcuT (B 1)
rér Cr. Cz t

The boundary and the initial conditions are

7P q

(T T =~ ; hy<z <h's (B2)
rl‘lrpo\r (T’ 2xTh', 122 i
RS _ .
limir,— =0, 0<z<h'|.h:<z <1 (B 3)
e *ON\ (T
P(r » <.t) =P, (B4)
P(r)=P, fort=0 (B 3)

The space dimensionless variables are defined as.

h,

= 2 (B 6)
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h

h'x:# (B ™
h.

h:—h (B )

zZ'= (B 9)

z
h

The pressure response in the reservoir domain ot the above mathematical model is given

as
qrL C o
P(r.z.t) = P.— o APo(hh.ro.u) (B 10)
where
. 2. _ )
APp == -Eil-u) - o S;{sm(nnh':)— sin(nh',)} coslnzz )W (u.p) (B 11)
.’-.‘_ ‘' pto 1 _
L 1 B
W(u.p) = ! —exps - x - —" dx (B 12)
ul X : 4x
_duer (B 13)
4kt
B:nﬂ:r[) (B 14
and
—
r ik, -
_I ke (B 15)
o h\/ k

To approximate the realistic pressure response at the wellbore. the Eq (B 10) is
integrated with respect to z' between h'; and h'; and divided bv (h':-h";) Then the pressure

response including the skin effect can be expressed as

o
i
'9d



1412qBp lE,v’-Q-lSd)uc.r:\ h i
kR B — ’~hps~sp (B 16)

P(r.t) =P, -

where the pseudo-skin factor due to the well's partial penetration is

Wy(u_ ) . /’ l . . :\
Sp= "y 1 B A% —:[sm(n.'rh';)—sm(mrh'[)] (B 17
m h',” a n .

Fig. B 2 illustrates the transient pressure response at a well of partial completion with h’,
=0 1. h%, =0 2.5 =0. and with the open interval is centrally located in the reservoir
There exists two semi-log straight lines. The first straight line of slope m, corresponds to
the radial flow around the open interval of the wellbore (h,) As time progresses. the
radius of investigation increases until it reaches the top and bottom boundary Then the
flow to the wellbore is become radial over the entire formation thickness (h) This is
when we observe the second straight of slope m. The semi-log straight line of slope m
corresponds to a well with complete penetration. h, = h Figs B.3 and C .4 illustrate the
pseudo-skin factors for a well with centrally located producing interval and a well with
the producing interval adjacent to the top or bottom boundary. respectively

During the partial-penetration effect period. the flow develops vertical until it 1s
confined by the top and the bottom boundaries. The time t, at the end of the partial

penetration effect given by Jongkittinarukorn and Tiab (1996) as'

_ 37922¢uc.h’ E

tp k P (B l8)

where the value of F,, is shown in Fig. B 5 as a function of perforation ratio (hy h) and the

dimensionless wellbore location ( Ep ) The dimensionless wellbore location is defined as
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_ h-(h, - h.) B 19
b, = h—h, (B 19)

The longest distance from the wellbore in which the tlow is no longer affected bv the

partial completion is called the radius of partial-penetration influence (R, ;) defined as

R"":ah\f% (B 20)
where
a=05 tor the open interval is at the center of the formation
=1 for the open interval adjacent either to the top or the bottom of the
(B2

formation
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Figure B.1 A Well of Restricted Entry in A Formation With No-Flow Top and Bottom Boundaries
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for Case 4 and Ry = 0.1



SO¢

15

10

0
1E+0

—L= 6ft

——-L=25ft

| Case 4

iRk= 0.1
|

SR TR

' tot gy (R N N T Tt et o
1E+4 1E+5 1E+6

1E+1 1E+2 1E+3

to

Figure 5.4.6(b) Dimensionless Pressure Derivative Behavior for Case 4 and R, - 0.1



1E+1

1E+0 [
=
a
©
=
23 m
& o
1E-1
1E-2 L -t [N IR - L e N E B 1 by
1E+1 1E+2 1E+3 1E+4 1E+5
to
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Figure 5.4.7(a) Dimensionless Pressure and Dimensionless Pressure Derivative Performance

for L =5 ft. and Ry = 10
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Figure 5.4.7(c) Dimensionless Pressure Derivative Performance for L - 5 fi. and Ry - 10



01t

1E+2

1E+1
_D
a
B 1E+0 -
(411
Q
o
1E-1 ‘|L= 5ft p——
Ry =0.1 §
\

1E-2 l Cor ey LU B R RS L L R R (B R R LI} [ B X T B R KT T RS B S I R A RL 1] o g
1E+0 1E+1 1E+2 1E+3 1E+4 1E+5 1E+6 1E+7 1E+8
to
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Figure 5.4 .8(b) Dimensionless Pressure Performance for L. ~ 5 fi. and Ry - 0.1
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Figure 5.4.9(a) Dimensionless Pressure and Dimensionless Pressure Derivative Performance
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Figure 5.4.9(b) Dimensionless Pressure Performance for L. - 25 ft. and R, - 10
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Figure 5.4.10(b) Dimensionless Pressure Performance for L = 25 ft. and Ry - 0.1
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Figure 5.4.11(a) Dimensionless Pressure and Dimensionless Pressure Derivative Performance
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Figure 5.4.11(b) Dimensionless Pressure Performance for L =40 ft. and R, - 10
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Figure 5.4.11(c) Dimensionless Pressure Derivative Performance for L. = 40 ft. and Ry - 10
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Figure 5.4.12(a) Dimensionless Pressure and Dimensionless Pressure Derivative Performance

forL =40 ft. and R, - 0.1
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Figure 5.4.12(b) Dimensionless Pressure Performance for L = 40 ft. and Ry - 0.1
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Figure 5.6.6(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6 and Ry = 100



35

30 —
25
0
o 20
L®)
s c
< ©
a 15
Q.
10

Case 6

R=100

0 too ey L IR T o or frgens 1t g (B S IR R R ot ot o oo vyl

1E+0 1E+1 1E+2 1E+3 1E+4 1E+5 1E+6 1E+7
to

Figure 5.6.6(b) The Dimensionless Pressure for Case 6 and Ry, - 100
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Figure 5.6.6(d) The Dimensionless Pressure and The Dimensionless Pressure Derivative

For Case 6 and Ry = 100 During The Late-Time Period



120

100

80
.O
Qa
. 2 60
& A
a

40

20

0.0E+0 5.0E+6 1.0E+7 1.5E+7 2.0E+7

Figure 5.6.6(¢) The Dimensionless Pressure for Case 6 and R, — 100 During Pscudo-Steady IFlow



1E+3

1E+2
_D
Q.
2 1E+1
)
(=]
o
1E+0
Case 6|
1E"1 : A AL R R A A A R R A EER I e T S R R R R L e S A I R R SRR S T S SIS AT
1E+0 1E+1 1E+2 1E+3 1E+4 1E+5 1E+6 1E+7 1E+8 1E+9

to

Figure 5.6.7(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 6
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Figure 5.6.7(b) The Dimensionless Pressure for Case 6
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Figure 5.6.7(¢) The Dimensionless Pressure Derivative tor Case 6
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Figure 5.6.8(a) The Dimensionless Pressure and The Dimensionless Pressure Dertvative for Case 6
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Figure 5.6.8(d) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6 During Pseudo-Steady State
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Figure 5.6.9(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6, Ry = 10, and BC 11
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Figure 5.6.9(b) The Dimensionless Pressure for Case 6, R = 10, and BC 1l
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Figure 5.6.9(c) The Dimensionless Pressure Derivative for Case 6, Ry, = 10, and BC Il
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Figure 5.6.10(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6, Ry = 10, and BC Il
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Figure 5.6.10(b) The Dimensionless Pressure for Case 6, R = 10, and BC 111
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Figure 5.6.10(c) The Dimensionless Pressure Derivative for Case 6, Ry = 10, and BC 11l
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Figure 5.6.11(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6, Ry = 10, and BC IV
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Figure 5.6.11(b) The Dimensionless Pressure for Case 6, Ry, = 10, and BC 1V
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Figure 5.6.11(c) The Dimensionless Pressure Derivative for Case 6, Ry = 10, and BC 1V
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Figure 5.6.12(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6 and Ry = 10
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Figure 5.6.12(c) The Dimensionless Pressure Derivative for Case 6 and Ry = 10
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Figure 5.6.13(a) The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 6 and Ry — 10
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Figure 5.6.13(¢) The Dimensionless Pressure Derivative for Case 6 and Ry, = 10
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Figure 5.7.3(b) The Dimensionless Pressure for Case 7 and 0 - 45°
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Figure 5.7.3(c) The Dimensionless Pressure Derivative for Case 7 and 0 - 435"
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Figure 5.7.3(e) The Dimensionless Pressure for Case 7 and 0 = 45° on The Cartesian Plot
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Figure 5.7.4 The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 7.1 and 7.2
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Figure 5.7.5 The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 7.3 and 7 4
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Figure 5.7.6 The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 7.5 and 7.6
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Figure 5.7.7 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.4 and 7.5
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Figure 5.7.8 The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 7.7 and 7.8
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Figure 5.7.9 The Dimensionless Pressure and The Dimensionless Pressure Derivative for Case 7.9 and 7.10
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Figure 5.7.10 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.11 and 7.12
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Figure 5.7.11 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.10 and 7.11
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Figure 5.7.12 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.1 and 7.7
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Figure 5.7.13 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.2 and 7.8
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Figure 5.7.14 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.3 and 7.9
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Figure 5.7.15 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.4 and 7.10
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Figure 5.7.16 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.5 and 7.11
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Figure 5.7.17 The Dimensionless Pressure and The Dimensionless Pressure Derivative

for Case 7.6 and 7.12
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