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Abstract

Rapid improvements in processing hardware and sensing technologies have en-

abled the development of autonomous systems across countless domains. To

fully realize the potential of these systems, sensor control algorithms must effi-

ciently leverage limited sensing resources to meet task objectives while satisfying

latency constraints for real-time operation. Traditional techniques based on op-

timal control theory and classical signal processing often struggle to meet these

demands due to their high computational requirements and poor scalability. Ex-

isting learning-based techniques are computationally lightweight but frequently

fail to generalize in unseen scenarios. Instead, this dissertation proposes that

deep reinforcement learning (RL), relational reasoning, and continuous control

are powerful tools that can be combined to solve a large class of sensor control

problems. This hypothesis is explored in two increasingly relevant application

spaces: spectrum allocation between radar and communications devices and sen-

sor management for multi-object search and track tasks. In both cases, the

relational reasoning techniques outperform state-of-the-art methods from the lit-

erature in terms of task performance, runtime complexity, or both.

The first case study focuses on the radio frequency (RF) spectrum sharing

problem from a radar perspective. The growing demand for RF spectrum has

placed considerable strain on radar systems. Future radar systems must be de-

signed with coexistence in mind to avoid harmful mutual interference that com-

xx



promises the quality of service for other users in the channel. This work presents

a deep RL approach to spectrum sharing that enables a pulse-agile cognitive

radar to operate in congested spectral environments. The deep RL approach is

shown to outperform several techniques from the literature while generalizing

across diverse scenarios in a software-defined radio (SDR) testbed.

The second half of this dissertation focuses on sensor control for the multi-

object search and track problem. In these tasks, an autonomous platform must

search a region of interest for unknown objects while maintaining accurate state

estimates on detected objects. Existing solutions to this problem rely on com-

putationally intensive online planning routines that scale poorly to complex,

high-dimensional control spaces. This work develops a graph-theoretic solution

that leverages recent advances in relational reasoning and model-based RL. Ex-

perimental results demonstrate that the graph RL approach outperforms state-

of-the-art planning techniques in terms of tracking performance while reducing

execution times by several orders of magnitude. This makes the proposed ap-

proach highly suitable for real-time operation on resource-constrained platforms.

xxi



Chapter 1

Introduction

1.1 Motivation

In autonomous sensing scenarios, one or more activate sensing platforms use

feedback from their environment to update their control parameters to meet

task objectives. This general formulation encompasses domains ranging from

multi-function radar task scheduling [1], [2] to simultaneous localization and

mapping (SLAM) on mobile robotic platforms [3]. This dissertation focuses on

two application spaces that have become highly relevant in recent years: dy-

namic radar-communications spectrum allocation and sensor control for multi-

object search and track. Existing techniques in these areas use either myopic

single-step heuristics, multi-step planning, or machine learning to select optimal

sensing actions. These techniques must navigate a rich trade space between com-

putational complexity, generalization to novel scenarios, and overall performance

on the task at hand. The primary goal of this work is to demonstrate that deep

reinforcement learning (RL), relational reasoning, and continuous control pro-

vide a powerful framework for solving autonomous control problems. As will be

shown, autonomous agents trained using these principles are well-suited for real-

time operation in dynamic environments and can generalize across a variety of

1



operating conditions with minimal hand-tuning. The remainder of this section

describes the individual application spaces in greater detail and outlines prior

approaches in the existing literature.

1.1.1 Cognitive Radar Spectrum Sharing

Access to the radio frequency (RF) spectrum is essential for countless systems

and services. Each application space desires large bandwidths to maximize its

quality of service. For instance, wireless communications networks require large

bandwidths to support high data rates for a growing user base, while radar

systems use wideband waveforms to improve their range resolution and obtain

a finer radar image. However, the RF spectrum is a scarce resource that is

becoming increasingly congested as wireless networks evolve to support an ever-

growing number of users and devices [4]–[7]. Consequently, pressure has mounted

from the telecommunications industry to reallocate existing spectrum previously

assigned to radar for communications in the sub-6 GHz bands [8], [9].

In tandem with this regulatory effort, several initiatives have proposed dy-

namic spectrum access (DSA) techniques to efficiently share the spectrum among

systems with disparate requirements and operating behaviors [10]. Cognitive

radar and radio specifically have been identified as key enabling technologies for

DSA and spectrum sharing [11]. A cognitive radar must analyze the spectrum in

real time and modify its emissions to avoid mutual interference with other users.

This work develops a control framework for spectrum sharing using a cognitive

radar that adapts its emissions on a pulse-by-pulse basis. The proposed approach

trains an autonomous agent to operate a pulse-agile radar in congested spectrum

environments without interfering with other users.
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1.1.2 Autonomous Multi-object Search and Track

This dissertation also investigates the problem of jointly searching for and track-

ing multiple objects using an active sensor. A search-and-track system must

maintain accurate state estimates for detected objects under track while con-

tinuously surveilling the region of interest for objects that have not yet been

detected. This is a critical task for applications such as autonomous driving [12],

search-and-rescue missions [13], and unmanned aerial system (UAS) surveillance

[14]. In many cases the sensing platform is heavily limited in its sensing and

computational capabilities. Therefore, decision making algorithms deployed on

these platforms must be computationally lightweight and while operating under

constraints that may vary across systems or scenarios. Ideally, these algorithms

should seamlessly generalize transfer to different sensing modalities (e.g., radar

or lidar) and platform types (e.g., ground vehicle or aerial vehicle).

The joint search and track problem is complicated by several factors. First,

the search and track tasks often conflict with one another and compete for the

limited resources of the active sensor(s). Autonomous agents must therefore

dynamically prioritize each task based on system requirements and the current

environment state. Practical sensors are imperfect, so agents must operate within

a limited field-of-view (FOV) while contending with noise, false alarms, and

missed detections. When the number of tracked objects is unknown and time-

varying, the agent also needs to model object appearance and disappearance

while resolving data association ambiguities between measurements and tracked

objects. This modeling is typically performed in a multi-object tracking filter.

Recently, the multi-object tracking community has devoted significant atten-

tion to state estimation techniques based on random finite set (RFS) statistics.

RFS filters model both object states and measurements as time-varying finite
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sets, providing a provably Bayes optimal representation of the multi-object pos-

terior state distribution [15], [16]. Since the optimal multi-object Bayes filter

quickly becomes computationally infeasible in practice, several tractable approx-

imations have been developed in the literature. Some examples include the prob-

ability hypothesis density (PHD) [17], Poisson multi-Bernoulli mixture (PMBM)

[18], and track-oriented marginal Bernoulli/Poisson (TOMB/P) filters [19], [20].

The various RFS filters differ primarily in their representation of the multi-object

state density and in their computational requirements. For instance, the PMBM

filter maintains a hypothesis tree similar to classical multiple hypothesis tracking

(MHT) [21] while the TOMB/P filter marginalizes over data association hypothe-

ses to produce a single state estimate for each hypothesized object [22]. As will be

shown, the TOMB/P and PMBM filters also provide useful state representations

for the search task that can be exploited by autonomous control algorithms.

1.2 Prior Approaches and Related Work

1.2.1 Cognitive Radar Spectrum Sharing

Several radar-centric cognitive approaches to DSA have been developed in prior

works. Early approaches tended to be purely reactive to the current environment

state without planning over future time steps. For example, [23] and [24] advocate

for a sense-and-avoid (SAA) approach for pulse-agile radar operation. Under the

SAA paradigm, the radar first identifies unoccupied frequency bands using an

energy detection techniques such as the fast spectrum sensing (FSS) algorithm

from [25]. The radar uses the spectrum occupancy information to select waveform

parameters that optimize metrics such as the waveform bandwidth and signal-

to-interference-plus-noise ratio (SINR). The authors of [26] take an alternative
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approach, using the FSS algorithm to identify occupied portions of the spectrum,

then adaptively notching a base radar waveform in the occupied bands.

Reinforcement learning has been explored for several applications in the cog-

nitive radio literature, including spectrum access, wireless power control, and

data rate adaptation [27], [28]. The work in [29] is one of the first approaches

that applies deep RL to the DSA problem, using a deep Q-network (DQN) to

learn to access a dynamic channel with unknown occupancy statistics. The ap-

proach in [30] uses a deep recurrent Q-network (DRQN) to learn a robust channel

access strategy for a secondary user (SU) operating in the presence of multiple

heterogeneous primary users (PU), achieving lower collision rate and higher ac-

cess rate than myopic policies from the literature. The authors of [31] and [32]

examine the spectrum access problem for multiple cooperative users, utilizing

multi-agent reinforcement learning (MARL) techniques and DRQNs to learn a

cooperative strategy that maximizes network throughput.

Deep RL methods for wireless power allocation have been formulated in both

discrete and continuous control domains. For example, the authors of [33] pro-

pose a novel learning framework to allocate power between a set of base sta-

tions, achieving greater energy efficiency compared to methods based on deep

deterministic policy gradient (DDPG) [34] and other traditional power allocation

methods. Similarly, [35] uses proximal policy optimization (PPO) to efficiently

allocate power between SUs while maintaining quality-of-service requirements for

both the PU and the SUs. The approach in Chapter 3 solves the converse of the

power allocation problem: rather than allocating a continuous power value for a

discrete number of channels, the proposed approach uses RL to allocate a binary

power value (transmit or not transmit) to a continuous range of frequencies.

RL-based DSA approaches have also recently been explored from a radar per-
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spective. For example, [36] and [37] use the policy iteration algorithm to avoid

interference while tracking a moving target. The authors of [38] and [39] present

a deep RL extension to this work, using common variants of the DQN (double

DQN and DRQN) to perform the same task in more complex scenarios, showing

that deep methods can successfully generalize in time-varying, dynamic envi-

ronments. In [40] and [41], the authors formulate waveform selection as a linear

contextualized bandit problem to facilitate sample-efficient online learning. They

also introduce a reward penalty for rapid waveform changes that is generalized

in this work.

The cognitive radar DSA approaches described above have several limitations

that preclude their use in practical systems. First, they formulate the spectrum

sharing problem as a discrete control task with a small number of actions. As

noted in [39], the number of feasible control inputs scales exponentially with the

frequency resolution of the action space. This limits the flexibility of the agent

and significantly degrades its decision-making capabilities in wideband channels.

Though several of the techniques discussed above use recurrent architectures to

model temporal channel dynamics, they typically operate on individual spectrum

snapshots and do not sufficiently capture long-term behavior over entire radar

processing intervals. Therefore, a major goal of this work is to develop scalable

RL techniques for cognitive radar with high-level reasoning capabilities over long

time horizons.

1.2.2 Autonomous Multi-object Search and Track

Sensor control techniques for the search and track problem have been a central

focus in recent literature. The authors of [42] formulate the search and track

task as a optimal control problem that is solved with an online planning al-
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gorithm. For small action spaces and short optimization horizons, the planner

exhaustively simulates all possible actions and selects the action that maximizes

the objective. This is infeasible for larger problems, so the authors propose a

planner that identifies performant actions via Monte Carlo tree search (MCTS)

[43]. This technique can be easily adapted to various sensor types and scenarios

but requires computationally intensive simulation during planning and heavily

discretizes the control space to remain tractable. The work in [14], [44] considers

the multi-sensor case using a similar planning approach. Their technique formu-

lates the problem as a partially observable Markov decision process (POMDP)

and performs an exhaustive search to identify the value-maximizing action se-

quence. Consequently, this approach has the same computational limitations as

[42]. The authors of [45] use a probability hypothesis density (PHD) filter to

plan the trajectories of a team of autonomous platforms. Though their approach

is more computationally efficient than the methods above, they only consider the

search task and do not jointly optimize for tracking performance.

Several previous works have also examined autonomous operation in simul-

taneous localization and mapping (SLAM) applications [46]. Though this work

does not directly focus on the SLAM problem, both SLAM and multi-object

tracking possess a sparse graphical structure that can be exploited for efficient

optimization [19], [47]. The approach in [48] formulates the SLAM problem as

a POMDP and uses a gradient-based planner to select actions from a continu-

ous set of control inputs. Though this technique does not require discretization,

the iterative nature of the planning procedure incurs significant computational

overhead and precludes its use in real-time applications. Similar to our work,

the authors of [49] represent the SLAM problem as a graph and train deep RL

agents to solve an active SLAM task. The RL SLAM approach is highly scalable
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and computationally efficient, but their graph formulation and reward structure

are specific to SLAM applications and do not generalize to the search and track

tasks of interest in this work.

1.3 Outline

This dissertation develops several RL techniques for autonomous sensor control.

These approaches are designed to meet the stringent requirements for real-time

operation and use relational learning techniques to generalize across diverse sce-

narios with minimal modification. The document is organized as follows. After

the introduction in this section, Chapter 2 provides the mathematical background

that underlies the techniques derived in later chapters. The background begins

with a general discussion of reinforcement learning, followed by discussions of

the specific algorithms (PPO and TD-MPC2) used in this work. The discussion

proceeds to discuss the relevant deep learning modules (attention, RNNs, and

GNNs). Next, the chapter defines the single- and multi-object state estimation

techniques used for the tracking component of this work, including the family of

Kalman filters and random finite set trackers. The chapter concludes by defining

a signal model for a pulse-agile radar system that extracts range and velocity

information using pulse-Doppler processing.

Chapter 3 presents a deep RL approach for pulse-agile radar operation in

congested spectrum environments. The chapter describes the proposed POMDP

formulation of the problem, including the state representation, action space, and

reward function, along with a novel recurrent-attention architecture to process

the spectrum observations with low latency. The chapter concludes with several

experiments using real spectrum data from the 2.4-2.5 GHz and 2.59-2.69 GHz

industrial, scientific, and medical (ISM) bands. These experiments show that the
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RL agent can effectively operate in congested spectrum environments and can

adapt the proposed reward function to obtain a wide range of agent behaviors.

Chapter 4 formulates a graph-theoretic approach for autonomous multi-object

search and track using model-based RL. The chapter begins by describing the

graphical structure inherent to the class of search and track problems, then de-

fines a graph encoder network architecture and reward function that can be used

by RL multi-object tracking agents. The graph RL technique is analyzed in

terms of its runtime computation requirements, search/track task performance,

and learning efficiency. Multiple simulation studies show that the proposed agent

outperforms state-of-the-art planning techniques from the literature.

Chapter 5 concludes the work and provides several promising avenues for

future work.
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Chapter 2

Background

2.1 Deep Learning

Machine learning methods have improved significantly in recent years, attain-

ing state-of-the-art performance in domains such as language modeling, com-

puter vision, and autonomous control. Due to the widespread availability of

low-cost computational resources and internet-scale datasets, much of the deep

learning community has gravitated towards large foundational models that learn

entirely from data. However, this purely data-driven approach is not feasible in

sensor control applications with limited training data and tight computational

constraints. This dissertation therefore develops learning techniques for sensor

control that maximally exploit the problem structure and use relational reason-

ing to reduce computation and improve learning efficiency. This section discusses

the deep learning building blocks used within the autonomous agents discussed

in Chapters 4, including attention mechanisms, recurrent neural networks, and

graph networks.
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2.1.1 Attention Mechanisms

Attention mechanisms are powerful building blocks for relational reasoning that

have become ubiquitous in modern deep learning following the success of the

transformer architecture [50]. Though there are countless definitions of attention,

this work defines attention as a weighted average over a set of input elements

with dynamic weights that depend on the input data. This dynamic weighting

allows the attention mechanism to selectively focus on the portions of the input

that are most relevant to the task at hand.

The most common form of attention is the scaled dot-product attention oper-

ator defined in [50]. Dot-product attention operates on tokens, which are feature

vectors that represent individual entities in the problem at hand. For example,

language models commonly treat each individual word in a body of text as a

token. Given a set of N input tokens, dot-product attention maps each token to

a learned query, key, and value vector and packs them into matrices Q, K, and

V, respectively. Scaled dot-product attention is then computed as:

Attention(Q,K, V ) = softmax
(
QKT

√
dk

)
V. (2.1)

The dot product measures the pairwise similarity between each query and key

vector. The softmax operation produces normalized attention scores which sum

to unity for each query vector and whose values depend on the dot product QKT .

The attention output is a weighted average of the value vectors in the V matrix.

Multi-head attention (MHA) extends the standard attention formulation by

performing multiple attention computations in parallel [50]. The final output is
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a linear projection of the concatenated outputs of each head:

MultiHead(Q,K, V ) = Concat(head1, . . . , headh)WO, (2.2)

where headi = Attention(QWQ
i , KW

K
i , V W

V
i ). To maintain similar parameter

counts to single-head attention, each head reduces the dimensionality of the

query, key, and value vectors by a factor of the number of heads h. Let dq and

dv be the dimensionality of the query/key and value vectors, respectively. The

learned parameter matrices have the shape WQ
i ∈ Rdq×dq/h, WK

i ∈ Rdv×dv/h,

W V
i ∈ Rdv×dv/h, and WO ∈ Rhdv×d. Standard implementations of MHA set

dq = dv = d.

The dot-product attention operator in Equation (2.1) processes the input

tokens as a set and its output does not depend on the ordering of the input

tokens. This property is undesirable in sequence modeling tasks (e.g., language

modeling) where the token ordering provides important contextual information.

Therefore, the transformer from [50] adds a sinusoidal position encoding to each

token to embed position information as:

PE(pos,2i) = sin
(
pos/s(2i/d)

)
, and

PE(pos,2i+1) = cos
(
pos/s(2i/d)

)
,

(2.3)

where pos is the index of the token in the sequence, i is the index of the vector

dimension, and s is a scaling factor.

The output of the dot-product attention operator is a convex combination

of the input elements. To improve expressivity, the transformer introduces a

three-layer feed-forward network (FFN) after each attention block that is applied

independently to each output token. The original transformer architecture also
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FFN

Input Tokens

LayerNorm

Multi-Head
Attention

Q K V

LayerNorm

Positional
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Figure 2.1: Transformer encoder architecture. The model ingests a set of to-
ken feature vectors and optionally embeds positional information for sequential
inputs. Next, the transformer applies Multi-head attention across tokens and
an FFN network to each individual token. In the pre-LayerNorm configuration
shown here, the input of each layer is normalized and the skip connection path
remains unmodified.
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applies skip connections and Layer Normalization (LN) [51] after each MHA/FFN

block, but recent work has shown that applying the LN before each processing

step improves training stability and learning efficiency [52]. Figure 2.1 illustrates

the encoder block for a pre-LN transformer. By stacking multiple encoder blocks,

the transformer can learn complex, higher-order relationships between entities.

Although the original transformer architecture also includes a decoder component

for sequence-to-sequence tasks, the network architectures in this dissertation use

only the encoder portion.

Figure 2.1 shows the internal structure of a pre-LN transformer encoder block.

For simplicity, the figure illustrates self-attention, where the query, key, and value

vectors are computed from a single set of input tokens. The dashed line in the

positional encoding step indicates that it is only required if the input values

represent a sequence. The encoder block transforms a set (or sequence) of input

queries to an output set of latent vectors of the same size. Each output vector

corresponds to an input query vector after it has been processed by the attention

and FFN components.

2.1.2 Recurrent Neural Networks

Recurrent neural networks (RNNs) are a class of models designed to process se-

quential data. RNNs maintain a hidden latent state that is updated at each time

step based on the current input and previous hidden state. The learned param-

eters of this state update are shared across time steps, so RNNs are invariant to

temporal translations in the input data. In many sequence modeling tasks, RNNs

have been supplanted by transformer-based architectures due to their scalability

and performance on large datasets [53], [54]. However, transformer models re-

quire relatively large amounts of training data and scale quadratically with the
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Figure 2.2: Internal structure of a single LSTM cell. Orange and red boxes rep-
resent learned linear projections and nonlinear activation functions, respectively.
Circles inscribed with “x” and “+” represent element-wise multiplication and
addition operations. Converging lines indicate vector concatenation.

sequence length [50], [55].

Vanilla RNN models use bounded activation functions such as the hyper-

bolic tangent or sigmoid functions to prevent exploding gradients during train-

ing. However, these activations remove useful gradient information at each time

step and inhibit the model’s ability to learn temporal relationships across long

sequences [56]. Long short-term memory (LSTM) networks address this by in-

troducing a direct path of information flow across a sequence [57]. Specifically,

LSTMs maintain a cell state Ct and several gating mechanisms in addition to

the standard RNN hidden state ht. The cell state is essentially a scaled skip con-

nection whose state is updated primarily through element-wise linear operations.

The gating components allow the LSTM to be selective about the information

that is retained across time steps. These changes ensure that there is a path for

meaningful gradient information to flow without significant compression.
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Figure 2.2 shows the internal structure of an LSTM layer. The internal update

rules in the figure are defined as:

it = σ(Wi · [ht−1, xt] + bi) (input gate), (2.4)

ft = σ(Wf · [ht−1, xt] + bf ) (forget gate), (2.5)

C̃t = tanh(WC · [ht−1, xt] + bC) (cell candidate), (2.6)

Ct = ft ∗ Ct−1 + it ∗ C̃t (cell state update), (2.7)

ot = σ(Wo · [ht−1, xt] + bo) (output gate), and (2.8)

ht = ot ∗ tanh(Ct) (hidden state update). (2.9)

For each sequence step, the new cell state is a linear combination of the previous

cell state Ct and new candidate cell value C̃t. The amount of influence Ct−1

exerts on Ct is dictated by the forget gate ft, and the influence of C̃t on Ct

depends on the input gate it. The output gate ot scales the tanh-squashed cell

state to produce the new hidden state ht. Each of these architectural components

helps the LSTM preserve long-term dependencies and avoid vanishing/exploding

gradient issues when training using backpropagation through time (BPTT). One

common alternative to the LSTM is the gated recurrent unit (GRU) from [58],

which simplifies the gating mechanism to achieve similar performance with fewer

parameters.

2.1.3 Relational Reasoning on Graph-Structured Data

Graphs provide an explicit model of relations between entities in a system. An

entity is a discrete element that possesses its own properties/attributes and a

relation is a set of properties that are shared between two entities. Mathemati-
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Figure 2.3: (Left) A simple example of a directed graph with global features.
(Right) An attribute vector can be assigned to each individual node/edge/graph.
In homogeneous graphs, all nodes and edges share a common feature space with
all other nodes and edges, respectively. In heterogeneous graphs, the feature
vectors of different node/edge classes need not share a vector space.

cally, a graph G = (V , E , U) is characterized by a set of nodes V which represent

individual entities, a set of edges E ⊆ V × V which describe relations between

entities, and a set of global attributes U ∈ Rdu which are associated to the entire

graph instead of any individual node or edge (Figure 2.3).

Graphs can be directed or undirected: directed graph edges represent one-

way relationships between a source and sink node (e.g., the edge between v2 and

v4 in Figure 2.3). Edges in an undirected graph indicate a two-way connection

shared between nodes (e.g., the edge(s) between v1 and v4). Each node v ∈ V and

edge e ∈ E can also have associated feature vector of size dv and de, respectively.

For example, nodes in a chemical graph may represent individual atoms, edges

may represent chemical bonds between atoms, and global features may include

auxiliary information about the molecule itself. In this scenario each node may

have a label feature that describes the type of atom and each edge may have a

label describing the type of bond.

Standard deep learning building blocks also fit into the unified geometric

learning framework and can be described as a graph operation [59]. A fully-
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(a) Fully-connected layer (b) Convolutional layer (c) Recurrent layer

Figure 2.4: Graph representations of common machine learning building blocks.

connected (dense) layer is a graph where each neuron is a node with incoming

edges from each node in the previous layer and outgoing edges to each node in

the next layer (Figure 2.4a). Since all input neurons can interact to produce

each output neuron value, the fully-connected layer imposes a very weak induc-

tive bias and all structure must be learned from data. Every possible interaction

between neurons has its own parameter value, so there is no parameter sharing

and no invariance to transformations on the input data. Convolutional layers

can be formulated as a graph operation where each pixel is a node connected

to its nearest neighbors (Figure 2.4a). Since each node connects only to its lo-

cal neighbors, convolutional layers impose a spatial inductive bias that limits

the scope of interactions between nodes based on spatial proximity. Convolu-

tional filters also enforce a translation invariance property by applying the same

convolutional filters independently to each pixel. Finally, a recurrent layer is a

Markov chain graph where each entity (sequence element) depends only on the

previous output and current input. Similar to convolutional layers in the spatial

domain, recurrent layers impose a temporal inductive bias. Recurrent layers are

also time-shift invariant since they share parameters across time steps.

The inductive biases of the deep learning components described above impose
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useful inductive biases for specific problem spaces (e.g., vision or sequence mod-

eling). However, they are incapable of representing general relational structures

that arise in graphs with more complex topologies. One major challenge is that

nodes in a graph are presented as a set with no intrinsic ordering. To derive

a semantic representation, a graph computation should therefore depend only

on the relationships between objects and not their ordering. This property is

called permutation invariance. Consider a function f which takes a set of vec-

tors {x1, . . . , xn} as input and outputs a single vector:

f({x1, . . . , xn}) = ϕ

(
n∑

i=1
ψ(xi)

)
, (2.10)

where ψ(·) is a function applied independently to each element and ϕ(·) is a

symmetric aggregation function (e.g., a sum or mean). If the aggregation function

ϕ(·) and the element-wise transformation ψ(·) do not depend on the ordering of

the elements, Equation (2.10) will be permutation invariant [60].

While permutation invariance is a useful property for summarizing graphs,

the symmetric aggregation step discards information about individual nodes and

edges. Many graph processing techniques iteratively refine a latent represen-

tation of each node/edge while preserving identity information. These cases

require graph computations that are permutation equivariant. For a permuta-

tion equivariant function, permuting the input elements produces a correspond-

ing permutation of the output elements. Concretely, one can impose an order-

ing on the set {x1, . . . , xn} by stacking each element into the rows of a matrix

X =
[
x1 . . . xn

]T

. A function F is permutation equivariant if for some per-

mutation matrix P we have:

F (PX) = PF (X). (2.11)
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For example, a linear transformation that is applied independently to each row

of X is a permutation equivariant function.

It is also convenient to define the one-hop neighborhood of a node i as the

set of all nodes that are connected to node i via a direct edge:

N (i) = {j : (i, j) ∈ E or (j, i) ∈ E}, (2.12)

where (i, j) is an edge that originates from i and terminates in j if the graph

is directed or an edge that is shared between nodes i and j if the graph is

undirected. The degree of a node is defined as the number of neighbors in the

node’s neighborhood. For directed graphs, one can also define the in-degree and

out-degree as the number of incoming and outgoing edges, respectively.

2.1.4 Graph Neural Networks

The mathematical formalisms defined in Section 2.1.3 provides a general recipe

for designing graph neural networks (GNNs). Standard message-passing GNN

layers consist of two main stages: an aggregation step and a combination step.

The ℓ-th layer of a message-passing GNN updates node i’s latent representation

hi as:

h
(ℓ)
i = f

(
h

(ℓ−1)
i , g

({
h

(ℓ−1)
j : j ∈ N (i)

}))
, (2.13)

where g(·) aggregates features from node i’s neighbors into a single vector and

f(·) combines the aggregated information with node i’s previous state. Typically,

g is a permutation invariant function, f is a permutation equivariant function,

and the parameters of g and f are shared across nodes for each layer. Assuming

g operates on the one-hop neighborhood of each node, sequentially applying L

graph layers expands the node’s receptive field to include information from nodes
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up to L hops away. This composability allows GNNs to reason about both local

and global relationships between nodes. Since the aggregation step is local to

the node’s neighborhood, the update step is independent of the graph size and

can be applied in variable-sized graphs. The space and time complexity of a

message-passing GNN is O(E) for a graph with E edges and N nodes, which is

approximately O(N) for sparse graphs.

After graph processing, GNNs use a decoding/readout stage to convert latent

node, edge, or graph features into a useful representation for the task at hand.

Node-level tasks reason about individual nodes in the graph. For instance, a

node-level task may classify the political affiliation of each user in a social net-

work based on profile information. Edge-level tasks predict predict properties of

individual edges (e.g., whether two users are friends in a social network). Finally,

graph-level tasks attempt to make predictions on the entire graph. For example,

a model may attempt to classify molecular graphs based on their chemical prop-

erties. The choice of decoding step is therefore an important design choice that

must be chosen based on the task of interest.

2.1.5 Graph Network Architectures

This section defines several message-passing GNN layers that were explored in

this work. Each layer follows the general form of Equation (2.13), differing pri-

marily in their choice of f and g. The g function may be an isotropic aggregation

function such as a sum or mean or it may be a more complex anisotropic function

that adaptively weights the contributions of each neighbor. The f function is

typically a single feed-forward dense layer or an MLP.

Perhaps the most common graph layer is the graph convolutional network

(GCN) derived in [61]. The GCN update rule is a linearized approximation of
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spectral graph convolution which updates the latent state of node i as:

h
(ℓ)
i = σ

 ∑
j∈N (i)∪{i}

1√
d̂id̂j

h
(ℓ−1)
j W (ℓ)

 , (2.14)

where σ is a nonlinear activation function, d̂i and d̂j are the in-degrees of nodes i

and j, respectively (including self-edges), and W (ℓ) ∈ Rd′×d is a trainable weight

matrix for the l-th layer.

As an alternative, the authors of [62] propose GraphSAGE, which use mean

aggregation to compute the neighborhood features along with a learned residual

connection in the combination step:

h
(ℓ)
i = σ

h(ℓ−1)
i W

(ℓ)
1 + 1

|N (i)|
∑

j∈N (i)
h

(ℓ−1)
j W

(ℓ)
2

 . (2.15)

Compared to the GCN layer, GraphSAGE requires twice as many trainable pa-

rameters for a fixed latent vector dimensionality. However, the learnable residual

connection helps alleviate the oversmoothing problem where nodes become in-

creasingly similar in deep GNNs [63].

Another common GNN layer is the graph isomorphism network (GIN) layer

from [64]. Unlike GCN and GraphSAGE, GIN is a universal approximator of

multi-sets and is provably as powerful as the Weisfeiler-Lehman (WL) graph

isomorphism test [65]. GIN updates each node’s latent state as:

h
(ℓ)
i = MLP(ℓ)

(1 + ϵ(ℓ)) · h(ℓ−1)
i +

∑
j∈N (i)

h
(ℓ−1)
j

 , (2.16)

where the MLP is typically 2 or 3 layers and the ϵ parameter is a learnable bias

term (often simply set to zero) applied to the skip connection. Many implemen-

22



tations also apply Batch Normalization [66] within the MLP.

Alternatively, the modified graph attention (GATv2) layer from [67], [68] is

an example of an anisotropic GNN layer. The GATv2 update rule is given as

follows:

h
(ℓ)
i = σ

 ∑
j∈N (i)

αij ·W (ℓ)hj

 , (2.17)

where αij is a learned attention score that adaptively weights the importance of

node j as:

αij = softmaxj (e (hi, hj)) = exp (e (hi, hj))∑
j′∈N (i) exp

(
e
(
hi, h′

j

)) . (2.18)

For GATv2, the edge weight e (hi, hj) is a scalar that is computed by applying

the following nonlinear transformation to each query-key attention pair:

e(hi, hj) = aT LeakyReLU
(
W (ℓ) · [hi ∥ hj]

)
, (2.19)

where a ∈ R2d′ is a trainable parameter vector and ∥ is the vector concatena-

tion operator. Note that Equation (2.17) does not include the previous latent

state, so it is common for GATv2 implementations to include skip connections

or self-edges in the graph itself. Compared to GCN, GATv2 requires approxi-

mately three times as many parameters for a fixed latent vector dimensionality.

In many cases, the enhanced discrimination capabilities of GATv2 provide sig-

nificant performance improvements compared to isotropic GNN layers like GCN

or GraphSAGE.

The residual gated graph convolutional network (R-GGCN) from [69] is an

even more expressive anisotropic GNN layer. The ℓ-th R-GGCN updates the
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latent representation hi for node i as:

hℓ+1
i = hℓ

i + ReLU
W ℓ

hh
ℓ
i +

∑
j∈N (i)

ηij ⊙W ℓ
vh

ℓ
j

 , (2.20)

where ⊙ is an element-wise Hadamard product. The ηij component is a gating

term that modulates the influence of node j on node i, defined as:

ηij = σ
(
W ℓ

Qh
ℓ
i +W ℓ

Kh
ℓ
j +W ℓ

e e
ℓ
ij

)
, (2.21)

where σ(·) is the logistic sigmoid function, eℓ
ij is a feature vector for the edge con-

necting nodes i and j, and W ℓ
h,W

ℓ
e ,W

ℓ
Q,W

ℓ
K ,W

ℓ
V are learnable weight matrices.

Unlike for GATv2, ηij is a vector of attention weights that independently modu-

lates each dimension of the latent vector. To maintain a consistent scale across

nodes with different neighborhood sizes, gate values are normalized such that∑
j∈N (i) ηij = 1 for each node i. Some implementations of R-GGCN also propa-

gate edge features across subsequent layers to improve performance in edge-level

tasks [70]:

eℓ+1
ij = eℓ

ij + ReLU
(
W ℓ

Qh
ℓ
i +W ℓ

Kh
ℓ
j +W ℓ

e e
ℓ
ij

)
. (2.22)

2.2 Reinforcement Learning

Reinforcement learning (RL) systems train one or more agents to optimize their

behavior based on feedback from their environment. This feedback comes in

the form of a scalar reward signal that quantifies how well the agent achieves

the desired objective. Unlike in supervised learning contexts where the learner

receives ground truth labels for each observation, RL agents must explore their

environment through trial-and-error to discover performant solutions to the task
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at hand [71]. The feedback loop between the agent and its environment is often

referred to as a perception-action cycle (PAC) in the autonomous sensing litera-

ture [11].

The RL problem is complicated by several factors. First, RL is a highly

non-stationary problem. The distribution of scenarios the agent encounters often

changes significantly over time as the agent explores the solution space and adapts

its behavior. The reward signal is often sparse and may depend on the agent’s

behavior from many time steps in the past. For example, a chess-playing agent

may only receive a reward at the end of each game which indicates whether it

won, lost, or drew. Additional care must be taken when the environment state

is stochastic and partially observable. However, RL agents can learn to solve

complex, goal-oriented tasks with little human oversight when these challenges

can be overcome.

RL has deep historical ties to the dynamic programming and optimal control

literature [71]. Similar to dynamic programming, RL formulates the agent’s

interaction with its environment as a sequential decision making problem. When

the agent observes the complete state of its environment, the RL problem is a

Markov decision process (MDP) characterized by a 4-tuple ⟨S,A, T ,R⟩ with the

following components:

• State space S: the set of all possible environment states.

• Action spaceA: the set of all feasible actions the agent can take. The action

space may vary over time and may depend on the environment state.

• Environment dynamics model T : maps state-action pairs to a probability

distribution over possible next states. For a state transition tuple (s, a, s′)

where s is the current state, a is the current action, and s′ is the next state,
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the dynamics model computes T (s, a, s′) = p(St = s′|St−1 = s, At−1 = a),

which is the probability of transitioning to state s′ from state s after taking

action a.

• Reward function R: maps state-action pairs to an expected reward. The

reward function has the form R(s, a) = E [Rt|St−1 = s, At−1 = a], where Rt

is the scalar reward at time t.

When the RL agent’s perceptual abilities are limited or imperfect, the agent

may not have direct access to the true environment state or transition dynam-

ics. A partially-observable Markov decision process (POMDP) explicitly incor-

porates this ambiguity into the model by representing the problem as a 6-tuple

⟨S,A, T ,R,Ω,O⟩ [72]. The first four tuple elements match the MDP described

above and the additional components are defined as follows:

• Observation space O: the set of all possible observations available to the

agent. These observations are typically noisy or incomplete representations

of the true environment state.

• Observation dynamics function Ω: Maps state-action pairs to a probability

distribution over possible next observations. The observation dynamics

are defined as Ω(s, a, o′) = p(Ot = o′|St−1 = s, at−1 = a) transition tuple

(s, a, o′).

Partial observability adds additional complexity to the RL problem. In addition

to learning optimal control behavior, the agent must concurrently estimate the

true state of its environment from its observation [73]. RL agents typically ac-

complish this by integrating several observations over time to form an internal

belief state that approximates the true environment state. The environments
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considered in this work are both partially observable and stochastic, so this dis-

sertation uses “observation” and “state” interchangeably and uses st in place of

ot.

Given an environment and its (PO)MDP representation, RL agents typically

learn a control policy π : S 7→ A which can be represented as a probability

distribution over possible actions for each environment state. The agent selects

actions to maximize the cumulative reward over a time horizon of interest, known

as the return Ψt. This work considers the infinite-horizon case which defines the

return at time t as:

Ψt = E
[ ∞∑

i=0
γirt+i

]
, (2.23)

where rt is the reward from the environment and γ ∈ [0, 1] is a discount factor

that bounds the effective optimization horizon of the agent. Discount factors

close to unity encourage the agent to maximize long-term rewards while smaller

discount factors encourage myopic behavior that prioritizes immediate rewards.

Equation (2.23) depends only on the discount factor and the sequence of

rewards rt, rt+1, . . . received from the environment at each time step. To derive

an optimal policy which maximizes the return, the agent requires an optimization

objective that is conditioned on the learned policy π. One such function is the

state-value function V (s), which gives the expected return when the agent begins

in state st and follows policy π thereafter:

Vπ(st) = Eπ [Ψt|St = st]

= E
at:∞∼π

[ ∞∑
i=0

γiR(st+i, at+i)
∣∣∣∣∣ St = st

]
,

(2.24)

where at:t+T is notational shorthand for the action sequence at, at+1, . . . , at+T .
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Crucially, the value function obeys a recursive Bellman relation:

Vπ(st) = E
at:∞∼π

[ ∞∑
i=0

γiR(st+i, at+i)
∣∣∣∣∣ St = st

]

= E
at:∞∼π

[
R(st, at) +

∞∑
i=1

γiR(st+i, at+i)
∣∣∣∣∣ St = st

]

= E
at:∞∼π

[R(st, at) + γΨt+1 | St = st]

= R(st, at) + γVπ(st+1).

(2.25)

This recursion is the basis of temporal-difference (TD) learning methods which

incrementally improve the value function estimate from individual state transi-

tions [74].

Many RL algorithms instead choose to optimize the action-value function

Qπ(s, a), which is commonly referred to as the Q-function. The Q-function gives

the expected return when the agent takes action at in state st and follows policy

π for all subsequent time steps:

Qπ(s, a) = Eπ [Ψt|st = s, at = a]

= E
at+1:∞∼π

[ ∞∑
i=0

γiR(st+i, at+i)
∣∣∣∣∣ st = s, at = a

]
.

(2.26)

Like the standard value function, the Q-function can also be shown to satisfy a

recursive Bellman relation when the Markov property holds.

Given Equations (2.24) and (2.26), an optimal policy π⋆ can be defined as a

policy that maximizes the value or action-value functions for all states s ∈ S.

In many cases, the optimal policy is not unique and multiple policies may be

equivalently optimal. These optimal policies share a corresponding optimal value

function V ⋆(s) and Q-function Q⋆(s, a). Since the policy and value functions are

conditioned on one another, RL algorithms typically alternate between policy

28



and value function updates to iteratively improve both components.

Finally, the advantage function Aπ(s, a) describes the value of action a relative

to the average action in state s under policy π. The definition of the advantage

function follows directly from the value and Q-functions:

Aπ(s, a) = Qπ(s, a)− Vπ(s). (2.27)

The advantage function plays a central role in the policy gradient methods dis-

cussed in Section 2.2.1.

2.2.1 Proximal Policy Optimization

The proximal policy optimization (PPO) family of algorithms from [75] is the

RL engine for the spectrum sharing portion of this work. PPO is a model-free

policy gradient method that directly optimizes the parameters θ of a policy πθ

using gradient ascent. Traditional policy gradient techniques are on-policy algo-

rithms that train the agent exclusively on data collected from the current policy

without maintaining a replay buffer of previous experiences. PPO introduces

a clipped optimization objective that prevents undesirably large updates to the

policy parameters, enabling the agent to re-use past experiences and improve

sample efficiency [75].

The classic policy gradient algorithm [76] optimizes the following objective

at each time step t:

LPG(θ) = Eπθ

[
Ât log πθ(at|st)

]
, (2.28)

where Ât is an estimate of the advantage function from Equation (2.27), the

log πθ(at|st) term denotes the log-probability of taking action at in state st under

the current policy policy πθ, and the expectation is taken over a batch of samples
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collected under πθ. Differentiating Equation (2.28) with respect to the policy

parameters gives the vanilla policy gradient estimator:

ĝPG(θ) = Eπθ

[
∇θ log πθ(at|st)Ât

]
. (2.29)

The policy gradient in Equation (2.29) behaves as follows. If action at is superior

to the average policy action in state st, the advantage Ât > 0 and the gradient

updates the policy parameters to increase the log-probability of at in state st. If

Ât < 0, the gradient update decreases the log-probability of at.

Equation (2.29) is conditioned on the current policy πθ and produces destruc-

tively large gradients when applied to data collected under old policies. However,

data re-use is critical for efficient learning with minimal environment interaction.

To improve sample efficiency, PPO adopts a clipped policy objective that pre-

vents destructive gradient updates when the training data was collected from a

past policy. The PPO policy loss is defined as:

LCLIP
t (θ) = Et

[
min

(
rt(θ)Ât, clip (rt(θ), 1− ϵ, 1 + ϵ) Ât

)]
, (2.30)

where rt(θ) = πθ(at|st)
πθold (at|st) is the likelihood ratio between the current policy πθ and

the policy used to collect the training data πθold . The clip operator is defined as:

clip(x, a, b) =



a if x ≤ a,

x if a < x < b,

b if x > b.

(2.31)

Clipping the ratio to the range [1 − ϵ, 1 + ϵ] prevents destructively large policy

updates. The min(·) operator makes the clipped objective a pessimistic lower
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bound whose magnitude does not exceed that of the unclipped objective rt(θ)Ât.

PPO trains a value function estimate Vθ using a squared error loss:

LV
t (θ) = E

[
(Vθ(st)− V̄t)2

]
, (2.32)

where V̄t is the discounted sum of rewards in the environment from time t to time

t+ T − 1 for some number of time steps T . The PPO loss function also contains

an entropy bonus that biases the optimization towards stochastic policies and

encourage exploration. With these components, the complete PPO objective is

defined as:

LP P O
t (θ) = Et

[
LCLIP

t (θ)− c1L
V
t (θ) + c2H(πθ(st))

]
, (2.33)

where H(πθ(st)) is the entropy of the policy action distribution in state st and

c1, c2 scale the value and entropy loss terms, respectively.

One major limitation of PPO is that it is highly sensitive to hyperparameter

choices and often requires significant tuning across environments. This is be-

cause the value and entropy components in Equation (2.33) may have drastically

different scales for each task. If the value and policy networks share parameters,

c1 must be chosen to ensure that the value loss does not dominate the policy

loss or vice-versa. At the same time, c2 must be sufficiently large to encourage

exploration without causing the policy to become too random to converge to a

performant solution. This sensitivity can be somewhat mitigated if the policy

and value models do not share parameters. However, this increases the overall

size of the model, slows training, and fails to eliminate hyperparameter sensitiv-

ity entirely [77].

Both vanilla policy gradient and PPO must estimate the advantage function
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At from training data. PPO uses the generalized advantage estimator (GAE)

from [78]. In its most general form, GAE estimates the advantage at time t as:

ÂGAE
t =

∞∑
i=0

(γλGAE)iδV
t+i, (2.34)

where γ is the discount factor, λGAE is a hyperparameter that controls the bias-

variance trade-off of the estimator, and δV
t is a single-step temporal difference

(TD) error defined as:

δV
t = [rt + γVθ(st+1)]− Vθ(st). (2.35)

Practical GAE implementations truncate the advantage estimate in Equation (2.34)

to a finite sum over trajectories of T time steps and use the value model Vθ to

compute the value of the final time step [75]:

ÂGAE, trunc
t = δt + (γλGAE)δt+1 + · · ·+ (γλGAE)T −t+1δT −1. (2.36)

Though PPO is considerably more stable and sample efficient than classic pol-

icy gradient techniques, it tends to underperforms state-of-the-art RL methods

in terms of both learning efficiency and final performance. However, it is simple

to implement and computationally inexpensive, making it a popular choice in

environments that can quickly generate large quantities of training data. PPO is

also used frequently in multi-agent systems [79] and large language model (LLM)

fine-tuning [80].
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2.2.2 Temporal-Difference Model Predictive Control

RL algorithms can be broadly divided into two classes: model-free or model-

based. Model-free methods directly learn a policy and/or value function from

environment interactions without explicitly learning a model of the environment’s

transition dynamics or reward function. The PPO algorithm discussed in Chap-

ter 2.2.1 is a classic example of model-free deep RL. Since model-free methods do

not require additional modeling components, they are often simple to implement

and computationally less expensive than model-based approaches. However, they

often lag behind their model-based counterparts in terms of sample efficiency and

final performance [81].

Unlike the model-free case, model-based RL methods learn an explicit repre-

sentation of the environment dynamics known as a world model [82]. World mod-

els can significantly improve learning efficiency by enabling the agent to generate

synthetic training data [83], plan in the world model latent space [81], [83]–[85],

or leverage rich model-based learning objectives to improve model-free represen-

tations [86]. Since world models necessarily capture the underlying structure of

the environment, model-based agents can often generalize their behavior across

related tasks or robotic embodiments [81]. The scalability and generalization

capabilities of model-based RL open the door for foundational RL models which

can be pre-trained on a large corpus of data and fine-tuned for specific tasks of

interest.

For the search and track problem discussed in Chapter 4, the RL agents

are trained using the temporal-difference model predictive control (TD-MPC)

technique [81], [84]. This section describes the TD-MPC2 algorithm introduced

in [81], which augments the original formulation from [84] with several architec-

tural updates to improve its generalization and scalability. TD-MPC2 explicitly
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Figure 2.5: TD-MPC2 world model components (Figure from [81]). At each
time step, TD-MPC2 encodes the observed state into a sparse latent vector and
predicts future rewards, values, and state transitions. TD-MPC2 does not use a
decoder and performs all prediction and planning in the latent space.

learns the environment’s transition and reward dynamics (i.e., a world model),

then performs model predictive control (MPC) planning in the world model to

select performant actions. TD-MPC2 achieves state-of-the-art performance on a

wide variety of continuous control benchmarks without task-specific hyperparam-

eter tuning, making it a strong choice for rapidly prototyping the sensor control

agents in this work. To further accelerate training, this work provides a highly

performant Jax implementation of the algorithm.1

The TD-MPC2 world model consists of five sub-components:

• Encoder eθ: Maps raw environment observations st to a latent vector zt in

the world model latent space.

• Dynamics model dθ(zt, at): Predicts the next latent state zt+1 from the

current latent state zt and action at.
1A performant Jax implementation of TD-MPC2 can be found at

https://github.com/ShaneFlandermeyer/tdmpc2-jax
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• Reward model Rθ(zt, at): Predicts the single-step reward rt from the cur-

rent latent state zt and action at.

• Value model Qθ(zt, at): Predicts the action-value function from the current

latent state zt and action at.

• Policy πθ(zt): Computes an action distribution for action at from the cur-

rent latent state zt. For continuous action spaces, the policy network out-

puts a multivariate Gaussian distribution with learned parameters.

All world model components aside from the encoder are implemented as multi-

layer perceptron (MLP) networks that operate on latent vectors from the encoder

and dynamics model. The hidden layers in each MLP use LayerNorm and Mish

activations [87]. The encoder architecture can be selected based on the modality

of the environment observations. For instance, an MLP encoder is suitable for

vector-valued observations while a convolutional neural network (CNN) encoder

is more appropriate for image-based observations. The search and track compo-

nent of this work operates on graph-structured observations, so it uses a graph

neural network (GNN) encoder as described in Chapter 4. The world model

also incorporates several recent techniques to improve stability and scalability,

including distributional reward/value losses [88], Q-network ensembles [89], [90],

and Layer Normalization [51].

To prevent exploding gradients and bias the latent space towards sparsity,

TD-MPC2 applies a SimNorm activation to the encoder and dynamics model

outputs [91]. SimNorm projects the latent state vector onto L simplices of dimen-

sion V using a softmax operation. Specifically, given a latent vector z ∈ RL×V ,

SimNorm partitions z into L V -dimensional simplices g1, . . . , gL and forms the
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normalized latent vector as:

SimNorm(z) = [g1, . . . , gL] , gi = ez[i·V :i·V +V ]/τ∑V
j=1 e

z[i·V +j]/τ
, (2.37)

where z[i : i+N ] extracts elements i through i+N − 1 for the vector z and τ is

a temperature parameter that controls the degree of sparsity in the normalized

representation. Smaller values of τ drive the latent vectors towards one-hot

encodings, while larger values produce a more uniform distribution across each

simplex.

TD-MPC2 iteratively updates the world model parameters θ to optimize the

following joint objective function over an H-step trajectory:

L(θ) = E
[

H−1∑
t=0

λt (Ldyn(θ) + LR(θ) + LQ(θ))
]
, (2.38)

where λ ∈ (0, 1] is a temporal weighting factor. The Ldyn term constrains the

latent dynamics model to produce outputs that are temporally consistent with

the encoder:

Ldyn(θ) = ∥dθ(zt)− sg(eθ(st+1))∥2 , (2.39)

where sg(·) is the stop-gradient operator.

The second term in the world model objective is a reward prediction loss

defined as:

LR(θ) = CE(r̂t, rt), (2.40)

where CE(·) is a categorical cross-entropy loss, rt is the reward from the envi-

ronment at time t, and r̂t is the reward prediction from the world model. The

final term in Equation (2.38) is a value prediction loss whose form is identical to
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the reward prediction objective above:

LQ(θ) = CE(q̂t, qt), (2.41)

where q̂t is the value estimate from the world model, qt = rt + Q̄(zt+1, p(zt+1)) is

a one-step temporal-difference (TD) target, and Q̄ is a target Q-network whose

parameters are the exponentially moving average of the parameters of Qθ. Note

that the loss terms in Equations (2.40) and (2.41) are both formulated as a

discrete classification problem with a cross-entropy loss, which has been shown

to improve robustness and scalability compared to the regression-style losses that

are typical in traditional deep RL algorithms [88], [92].

The TD-MPC2 agent also learns a policy prior πθ that guides the planning

procedure in the world model latent space. The policy is trained in parallel with

the world model components using the maximum-entropy soft actor-critic (SAC)

loss similar to [93]:

Lπ(θ) = E
[

H∑
t=0

λt [αQ(zt, π(zt))− βH(π(zt))]
]
, (2.42)

where H(·) is the entropy of the policy action distribution. To decouple the scale

of Lπ from the scale of Q, the authors dynamically adapt α so that the first term

lies nominally in the range [0, 1] and set β to a small constant value.

Traditional MPC controllers simulate candidate trajectories over an H-step

time horizon and select the action sequence that maximizes the expected cumu-

lative reward:

arg max
at:t+H−1

E
[

H−1∑
i=0

γiR(st+i, at+i)
]
. (2.43)

To identify good control sequences, MPC must simulate a large population of can-
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didate trajectories in the environment simulator. For sensor models with even

moderately complex dynamics, this introduces significant runtime computation

that may preclude the use of MPC in resource-limited systems or systems with

strict real-time operational requirements. Consequently, MPC planning horizons

are typically short and Equation (2.43) may not produce globally optimal be-

haviors beyond the planning horizon.

TD-MPC2 addresses these shortcomings in two ways. First, TD-MPC2 per-

forms all planning simulation using trajectories sampled from the world model

rather than the original environment simulator. Since each world model compo-

nent is a simple MLP network, the planner can sample hundreds of candidate

trajectories in parallel using hardware accelerators such as GPUs or TPUs. This

reduces runtime computational requirements by several orders of magnitude com-

pared to CPU-based environment simulators. Recent work in the literature has

also approximated the TD-MPC2 planning procedure itself using a neural net-

work trained via imitation learning, further reducing inference-time latency [85]

and improving sample efficiency.

In addition, TD-MPC2 incorporates a learned value estimate Q into the plan-

ning objective. This enables the agent to optimize its policy over long time hori-

zons without increasing the MPC planning horizon H. The TD-MPC2 planner

thus selects its action distribution to maximize the following objective:

arg max
at:t+H∼N (µ,σ2)

E
[

H−1∑
i=0

γiRθ(zt+i, at+i) + γHQ(zt+H , at+H)
]
, (2.44)

where µ = µt:t+H ∈ RH×NA and σ = σt:t+H ∈ RH×NA contain the NA-dimensional

mean vectors and covariance diagonals for the action distribution at each step in

the planning horizon.
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Algorithm 1 TD-MPPI Planning
Require: World model components: (eθ, dθ, Rθ, Qθ, πθ)

Plan horizon: H
Initial state: s0
Initial plan distribution: µ0

0:H−1, σ
0
0:H−1

Number of policy prior samples: Nπ

MPPI population size: N

1: z0 ← eθ(s0) ▷ Encode initial state
▷ Sample trajectories from policy prior

2: for i = 1, . . . , Nπ do
3: for t = 0, . . . , H − 1 do
4: ai

t ∼ πθ(zi
t)

5: zi
t+1 ← dθ(zi

t, a
i
t)

6: vi ← estimate value(z0, a
i
0:H−1)

▷ MPPI planning
7: for j = 0, . . . , J − 1 do
8: for i = Nπ, . . . , N do
9: ai

0:H−1 ∼ N (µj
0:H−1, σ

j
0:H−1)

10: vi ← estimate value(z0, a
i
0:H−1)

▷ Update plan distribution
11: Select k best trajectories Γ⋆

1:k and their values v⋆
1:k

12: Compute trajectory scores: ϕ⋆
1:k ← softmax(τv⋆

1:k)
13: µj+1

0:H−1 ←
∑k

i=1 ϕ
⋆
i · Γ⋆

i

14: σj+1
0:H−1 ←

√∑k
i=1 ϕ

⋆
i ·
(
Γ⋆

i − µ
j+1
i

)2

return Final plan distribution (µJ
0:H−1, σ

J
0:H−1)
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TD-MPC2 uses the model predictive path integral (MPPI) control algorithm

from [94] to derive action distributions that solve Equation (2.44). MPPI is a

sampling-based control algorithm that iteratively refines an action distribution

based on a large population of candidate solutions. In this work, the MPPI

planner updates the parameters of a diagonal multivariate Gaussian distribution

based on trajectories sampled from the world model. To disambiguate between

the general MPPI algorithm and the TD-MPC2 planning procedure, this section

refers to the latter as TD-MPPI.

TD-MPPI begins by embedding the current environment state s0 into the

world model to produce an initial latent state z0 = eθ(s0). Next, the planner

initializes an action distribution (µ0
0:H−1, σ

0
0:H−1) for each time step, where the

standard deviation values in σ0
0:H−1 are set to a constant large value to encourage

exploration. At each optimization step j, the planner samples N independent H-

step trajectories that start in the state z0 and sample action from the current plan

distribution. Each trajectory is evaluated according to Equation (2.44), where

the reward and value estimates are computed using the world model components

Rθ and Qθ. TD-MPPI extracts the top-k trajectories from the overall population

and updates the plan distribution for the next iteration as:

µj+1 =
∑k

i=1 ΩiΓ⋆
i∑k

i=1 Ωi

, σj+1 =

√√√√∑k
i=1 Ωi (Γ⋆

i − µj+1)2∑k
i=1 Ωi

, (2.45)

where Γ⋆
i is the i-th trajectory in the top-k, Ωi = exp

(
τv⋆

Γ,i

)
is a softmax weight-

ing factor, and τ is a temperature parameter which controls how aggressively the

planner converges on high-value solutions.

In large action spaces, the procedure described above may require many it-

erations and a large population size to converge to a performant solution. To
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accelerate planning, TD-MPC2 also incorporates the learned policy πθ to reduce

the search space during optimization. Specifically, TD-MPPI reserves Nπ ≪ N

members of the population as policy prior samples whose actions are sampled

directly from the policy network rather than the plan distribution. Since the

policy is trained on Equation (2.42) to maximize the long-term value, the policy

prior provides a set of high-value initial solutions that guide the optimization

process. The policy network also samples the final action aH used to compute

the terminal value estimate in Equation (2.44).

Algorithm 2 Model-based Value Estimation
Require: World model components: (eθ, dθ, Rθ, Qθ, πθ)

Plan horizon: H
Initial latent state: z0
Action sequence: a0:H−1

▷ Evaluate actions in the world model
1: v ← 0
2: for t = 0, . . . , H − 1 do
3: rt ← Rθ(zt, at)
4: zt+1 ← dθ(zt, at)
5: v ← v + γtrt

▷ Compute terminal value estimate
6: aH ∼ πθ(zH)
7: v ← v + γHQθ(zH , aH)

return v

After executing the TD-MPPI planning procedure for J iterations, the agent

samples its action from the first time step of the final plan distribution (µJ
0 , σ

J
0 ).

Rather than discarding the remaining plan after each decision step, the agent

“warm-starts” each step by setting the initial mean µ0 equal to the mean of the

previous plan, shifted forward by one time step. To prevent premature conver-

gence, the standard deviation σ0 is initialized to a large value and the solution

from the previous time step is not re-used. Algorithm 1 summarizes the com-
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plete TD-MPPI planning procedure. Note that the trajectory sampling and

value estimation in Algorithm 1 are performed in parallel for all members of the

population. Algorithm 2 describes the subroutine for estimating the value of

a candidate trajectory in the world model. The value estimation step requires

H forward passes through the dynamics and reward model and a single pass

through the policy and value networks for each trajectory.

2.3 Single-Object Tracking

This section outlines the problem of tracking a single object in the presence of

measurement noise, clutter, and missed detections. Since exactly one object is

present throughout the scenario, the tracker does not need to adaptively infer the

number of objects or object birth/death. This simplifies the tracking problem

considerably since sensor measurements only originate from the lone tracked

object or from clutter. Though the contributions of this dissertation focus on the

multi-object case, single-object tracking provides a useful context for introducing

kinematic/measurement models and Bayesian filtering techniques such as the

Kalman filter. Moreover, many multi-object trackers make assumptions that

decompose much of the multi-object tracking problem into independent single-

object sub-problems.

Transition Models

The tracking literature typically models the kinematic state of each object as a

Markov chain whose distribution evolves as:

f(xk|xk−1) = pk(xk|xk−1), (2.46)
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where pk is a probability density known as the transition kernel [95]. One common

choice of transition kernel adds zero-mean Gaussian noise qk−1 to a deterministic

state transition function f(·). For this case, the object state evolves from time

step k − 1 to k as:

xk = fk−1(xk−1) + qk−1, qk−1 ∼ N (0, Qk−1), (2.47)

where Qk−1 is a noise covariance matrix that captures uncertainty in the state

estimate. Since f(·) is deterministic and the noise is zero-mean, the transition

kernel is a multivariate Gaussian of the form

pk(xk|xk−1) = N (xk; fk−1(xk−1), Qk−1). (2.48)

For example, a continuous white noise acceleration (CWNA) model assumes

that the object’s velocity is constant and its acceleration is zero-mean white

Gaussian noise in each dimension. For 2-D motion, the CWNA model updates

the object state in each dimension x = [xpos, xvel]T as:

xk = Fkxk−1 + qk−1, qk−1 ∼ N (0, Qk−1) (2.49)

with

FCV = I2 ⊗

1 ∆t

0 1

 , and QCV = q

∆t3

3
∆t2

2

∆t2

2 ∆t

 , (2.50)

where ∆t is the time difference between state transitions and q is the process

noise intensity. The dynamics in Equation (2.50) are a linear function of the

input state. Special care must be taken during state estimation when the motion

profiles include complexities such as nonlinearities or abrupt maneuvers.
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Measurement Models

In addition to a transition dynamics model, tracking algorithms also require

statistical models for the sensor(s) of interest. These sensor models describe a

mapping from object states to measurements and characterize uncertainties in

the measurement and detection processes. Many models also describe processes

such as false alarms due to thermal noise or clutter measurements from the sens-

ing environment. Even in the single-object case, these clutter processes introduce

data association ambiguity that must be resolved in the tracker. However, this

section focuses on the case when associations are known a priori. Further dis-

cussion of data association techniques is reserved for Section 2.4.

Let pd(xk) denote the probability that an object with state xk is detected at

time k by the sensor of interest. If the object is detected, the sensor produces

a measurement zk which is distributed according to a likelihood function of the

form:

gk(zk|xk) = f(zk|xk). (2.51)

As for the transition dynamics, it is common to model each measurement as

deterministic function of the true object state h(·) that is corrupted by Gaussian

noise:

zk = hk(xk) + vk, vk ∼ N (0, Rk), (2.52)

where Rk is a covariance matrix that quantifies uncertainties or noise in the

measurement process. This results in a Gaussian-distributed likelihood function

of the form:

gk(zk|xk) = N (zk;hk(xk), Rk). (2.53)

With probability 1− pd(xk), the object is not detected and produces no mea-
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surement at the sensor. Define Zk as a measurement set that contains the mea-

surement vector if the object is detected and is empty otherwise. The detection-

conditioned likelihood function for this set has the form:

f(Zk|xk) =


1− pd(xk) if Zk = ∅,

pd(xk) · gk(zk|xk) if Zk = {zk}.
(2.54)

Using the nomenclature of Section 2.4.1, the measurement set Zk is a Bernoulli

random finite set with existence probability pd(xk) and state density gk(zk|xk).

It is also standard to assume that detections and measurements are i.i.d. for a

given object state.

The linear-Gaussian model is perhaps the simplest type of measurement

model:

zk = Hkxk + vk, vk ∼ N (0, Rk), (2.55)

where theHk ∈ Rnz×nx for some measurement dimensionality nz and state dimen-

sion nx. In Equation (2.55), each measurement dimension is a noise-corrupted

linear combination of the input state, and state dimensions are not measured if

their corresponding column in Hk is a zero vector.

This work also explores several scenarios where the measurement model is

nonlinear. A Nonlinear Gaussian model has the form below:

zk = h(xk) + vk, vk ∼ N (0, Rk), (2.56)

where h(xk) is an arbitrary nonlinear function of the object state. For example,

a radar or lidar sensor may extract range and bearing measurements zk = [r, θ]T

from an object’s 2D position (px, py). This range-bearing model is characterized
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by:

h(xk) =


√
p2

x + p2
y

arctan (py/px)

+N (0, Rk), Rk =

σ2
r 0

0 σ2
θ

 , (2.57)

where σ2
r and σ2

θ are (independent) error variances in the range and bearing

dimensions, respectively. As for transition models, introducing nonlinearity gen-

erally requires a more complex state estimation filter.

2.3.1 Tracking with Known Associations

This section presents the standard Bayesian filtering model in the special case

when data associations between measurements and the object are known and

fixed [95]. Bayesian filters maintain a probability density f(xk|z1:k) that esti-

mates the state xk of the object at time k, conditioned on the measurement

history z1:k = {z1, . . . , zk}. Bayesian filtering algorithms generally decompose

the problem into alternating prediction and update steps, producing a new state

density when new measurements arrive at the sensor. Though many Bayesian

filtering techniques exist, this work focuses primarily on the Kalman filter and

its variants.

The prediction step of a Bayesian filter propagates the object state to the

next time step using the Chapman-Kolmogorov equation [95]:

f(xk|z1:k−1) =
∫
fk(xk|xk−1)f(xk−1|z1:k−1)dxk−1, (2.58)

where fk(xk|xk−1) is a Markov transition kernel, z1:k−1 is the sequence of mea-

surements up to and including time k− 1, and f(xk−1|z1:k−1) is the state density

from the previous time step. Given f(xk−1|z1:k−1), Equation (2.58) can be com-

puted without knowledge of past or current measurements. The predicted state
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is often referred to as the Bayesian prior state density since it depends only on

information from previous time steps.

After prediction, the measurement update step incorporates new measure-

ments into the state density using Bayes rule:

f(xk|z1:k) = g(zk|xk)f(xk|z1:k−1)
f(z1:k) ∝ g(zk|xk)f(xk|z1:k−1), (2.59)

where g(zk|xk) is the measurement likelihood function defined in Equation (2.53).

Since the Bayesian prior f(xk|z1:k−1) summarizes all past measurement informa-

tion, Equation (2.59) only evaluates the likelihood function for the current mea-

surement zk. The resulting density f(xk|z1:k) is known as the posterior density

for time k. Given a posterior density, one can extract a final state estimate of

for the object of interest using a minimum mean square error (MMSE) or maxi-

mum a posteriori (MAP) estimator [96]. Equation (2.59) implicitly assumes that

sensor detects the object at each time step. If the object is missed and measure-

ment zk is not received, the posterior density is equal to the prior density after

prediction.

2.3.2 Kalman Filtering

Evaluating Equations (2.58) and (2.59) in closed form may be difficult for arbi-

trary transition/measurement models. However, the prediction and update steps

reduce to a simple form when the underlying distributions are Gaussian and the

models are linear [97]. The linear Kalman filter assumes the object state density

f(xk|z1:k) is a multivariate Gaussian with mean vector x̄k ∈ Rnx and covariance

Pk ∈ Rnx×nx , and that the transition/measurement models are linear functions

of the form of Equations (2.49) and (2.55), respectively [98]. The remainder of
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this section follows the standard tracking notation where the subscript (·)k|k−1

represents a quantity predicted from time k − 1 to time k and (·)k|k indicates a

quantity after the measurement update step at time k.

Assuming the posterior density from time k − 1 is a Gaussian density of the

form fk−1|k−1 = N (x̄k−1|k−1, Pk−1|k−1), the Kalman prediction step produces a

new Gaussian distribution with parameters:

x̄k|k−1 = Fx̄k−1|k−1, and (2.60)

Pk|k−1 = FPk−1|k−1F
T +Qk−1, (2.61)

where F is the state transition function in matrix form and Qk−1 is the process

noise covariance for the state transition model. In other words, the predicted

mean is simply the previous mean propagated through the linear transition

model. The predicted covariance transforms the previous covariance through

the model and adds process noise to account for additional uncertainty in the

model itself.

The Kalman update step incorporates new measurement information from

the current time step into the state density. Given a measurement zk ∈ Rnz , the

residual yk ∈ Rnz is defined as the difference between the predicted state and the

measurement at time k:

yk = zk −Hxk|k−1. (2.62)

Next, define the Kalman gain matrix K ∈ Rnx×nz as:

K = P̄k|k−1H
T
(
HPk|k−1H

T
k +Rk

)−1
= P̄k|k−1H

TS−1
k . (2.63)

Intuitively, the Kalman gain can be interpreted as a ratio between the confidence
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Pre
dict

ion

Figure 2.6: Illustration of the Kalman update for a two-dimensional state/mea-
surement space. The posterior mean is a convex combination of the measurement
and prediction, where its location along the line is determined by the Kalman
gain.

in the filter prediction compared to the confidence in the new measurement.

Kalman gain values near zero indicate higher confidence in the prediction, while

values near unity indicate higher confidence in the measurement. The matrix

S =
(
HPk|k−1H

T
k +Rk

)−1
∈ Rnz×nz is known as the innovation covariance and

describes the total uncertainty due to both the measurement and prediction

processes in measurement space.

Given the residual and Kalman gain, the Kalman filter applies the Bayesian

update rule from Equation (2.59) to the predicted density to produce a Gaussian

posterior distribution with parameters:

xk|k = x̄k|k−1 +Kyk, and (2.64)

Pk|k = (I −KH)Pk|k−1, (2.65)

where I is an identity matrix. Figure 2.6 shows the intuition behind the update

step. The mean is a linear combination of the prediction and measurement, where
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Figure 2.7: The unscented transform and its equations

a large Kalman gain biases the result towards the measurement and a small gain

biases the estimate towards the prediction. The Kalman gain also reduces the

covariance proportionally due to the term in parentheses in Equation (2.65).

Since the input density fk−1|k−1 and output density fk|k are multivariate Gaus-

sian distributions, the Gaussian distribution is known as a conjugate prior density

for the Kalman filter. Conjugacy is a highly desirable property for state estima-

tion. Since the density does not change form after the prediction and update,

Equations (2.60)-(2.65) can be applied identically at each time step.

The standard Kalman filter defined in Equations (2.60)-(2.65) is optimal in

an MMSE sense when the transition and measurement models are linear and

Gaussian [98]. However, many practical applications require nonlinear models or

more complex representations of the state density (e.g., due to occluded regions
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of the state space). The extended Kalman filter (EKF) and unscented Kalman

filter (UKF) are two such variants that accommodate nonlinear models [99],

[100]. Though the EKF finds significant use in many contexts, the UKF gener-

ally outperforms it for models with modest or severe nonlinear behavior [101].

Additionally, the EKF requires Jacobian matrices which must be derived by

hand for each model of interest or estimated using numerical methods. For these

reasons, the remainder of this section focuses exclusively on the UKF and all

single-object state estimation is performed using a UKF.

Like the linear Kalman filter, the UKF applies alternating predict and update

steps to estimate the mean and covariance of the system state density. Rather

than computing these quantities with a closed-form expression, the UKF applies

the unscented transform to estimate the distribution parameters. The unscented

transform uses a small set of query values known as sigma points to approxi-

mate the statistics of a probability distribution transformed by some function

(Figure 2.7). Given a set of sigma points X and an arbitrary function f , the

unscented transform first applies the function to each point to produce a new set

Y , where:

Y = f(X ). (2.66)

The unscented transform also requires a mean weight wm
i and covariance weight

wc
i for each sigma point. Given these weights, the statistics of the transformed

distribution can be estimated from a weighted sample mean and covariance:

ȳ =
n∑

i=1
wm

i Yi, and (2.67)

Py =
n∑

i=1
wc

i (Yi − ȳ)(Yi − ȳ)T , (2.68)
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where ȳ and Py are the mean vector and covariance of the transformed distribu-

tion, respectively.

Many techniques and heuristics have been developed to select sigma points

and their weights. For an n-dimensional state vector, the method in [101] com-

putes 2n+ 1 sigma points according to:

Xi =



µ if i = 0,

µ+
[√

(n+ λ)Σ
]

i
if i = 1, . . . , n,

µ−
[√

(n+ λ)Σ
]

i−n
if i = n+ 1, . . . , 2n,

(2.69)

where the [·]i operator extracts the i-th row of the input matrix and the square

root operation is a matrix square root (e.g., a Cholesky decomposition [102]).

The λ term follows from user-specified parameters α and κ as:

λ = α2(n+ κ)− n. (2.70)

The mean weight for sigma point i is given by:

wm
i =


λ

n+λ
if i = 0,

1
2(n+λ) if i = 1, . . . , 2n.

(2.71)

and the covariance weight is:

wc
i =


λ

n+λ
+ 1− α2 + β if i = 0,

1
2(n+λ) if i = 1, . . . , 2n,

(2.72)

where β is an additional tuning parameter.
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Intuitively, this method instantiates one sigma point at the mean and 2n

points symmetrically spread about the mean. As the state dimension n increases,

the sigma points are spread further from the mean and are assigned a lower

weight. The α parameter is a scale factor 0 ≤ α ≤ 1 that controls the “radius” of

the sigma points, with larger values producing a larger spread in the points. The

authors of [103] suggest 10−3 as a good value for this α. The κ parameter can

usually be set to 0, and β = 2 is the optimal choice for Gaussian problems [101].

Given a set of sigma points X and weight vectors Wm = [wm
0 , . . . , w

m
2n], W c =

[wc
0, . . . , w

c
2n], the UKF predict step simply replaces Equations (2.60) and (2.61)

with an unscented transform over the (possibly nonlinear) transition function

f(·) as:

Y = f(X ), (2.73)

x̄k|k−1 =
2n∑
i=0

wm
i Yi, and (2.74)

Pk|k−1 =
2n∑
i=0

wc
i (Yi − x̄k|k−1)(Yi − x̄k|k−1)T +Qk−1. (2.75)

Similarly, the update step first transforms the predicted sigma points Y into

measurement space using the (possibly nonlinear) measurement function h(·):

Z = h(Y). (2.76)

The mean and covariance of the predicted density can be computed in measure-
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ment space using an unscented transform:

z̄ =
n∑

i=1
wm

i Zi, and (2.77)

Pz =
n∑

i=1
wc

i (Zi − z̄)(Zi − z̄)T . (2.78)

The measurement residual follows as:

y = z − z̄, (2.79)

and the Kalman gain is given by:

K = PxzP
−1
z , (2.80)

where Pxz is the cross covariance between the prediction and measurement:

Pxz =
2n∑
i=0

wc
i (Yi − x̄k|k−1)(Zi − z̄)T . (2.81)

Finally, the posterior distribution is a multivariate Gaussian with mean and

covariance given by:

x̄k|k = x̄k|k−1 +Ky, and (2.82)

Pk|k = Pk|k−1 −KPzK
T (2.83)

Therefore, the multivariate Gaussian distribution is again a conjugate prior den-

sity for the UKF.

The UKF has several desirable properties for practitioners. It is highly robust

to nonlinear behavior and discontinuities compared to the EKF [99]. Addition-
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ally, it can be applied to arbitrary transition and measurement models with no

modification to the algorithm itself. The UKF is also computationally efficient.

Although its computational complexity is greater than that of the traditional

Kalman filter by a factor of approximately 2n + 1, it requires significantly less

computation than particle filters or other sampling-based methods for nonlinear

state estimation [104].

2.4 Multi-Object Tracking

Section 2.3 analyzed the state estimation problem in the single-object case where

exactly one object is under track at all times. This section presents a generalized

formulation for tracking multiple objects simultaneously. As in the single-object

case, the tracker must contend with measurement noise, missed detections, and

uncertain data associations due to clutter measurements and false alarms. In

the multi-object case, data association becomes considerably more complex since

measurements may come from any of the objects instead of only one. This chal-

lenge is further compounded by the fact that the number of objects n is often

unknown and potentially time-varying, so the tracker must estimate n along-

side the individual object states. This section presents a system model based

on finite set statistics which provides a natural representation for multi-object

tracking dynamics. The set-valued representation is provably Bayes optimal,

making it possible to develop statistically grounded models for track initiation,

object existence, and clutter processes [16].

Figure 2.8 presents a simple multi-object tracking scenario. In this case, a

moving vehicle equipped with a ranging sensor (left) must track the states of

other vehicles on the road. The sensor has a limited field-of-view (FOV), so sur-

vival and birth models must be used to account for objects entering or exiting
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Figure 2.8: Simple multi-object tracking scenario with a vehicle-mounted sen-
sor. The tracker associated to the sensor must content with dynamic object
appearance/disappearance, data association ambiguity, missed/false detections,
and measurement noise.

the sensor footprint. If sensor measurements do not provide identity informa-

tion, the tracker must resolve data association ambiguity to identify which cars

produced each measurement. The tracker must also contend with missed and

false detections (e.g., from non-vehicle objects in the FOV).

2.4.1 Finite Set Statistics

The fields of finite set statistics and point process theory provides a mathemat-

ical language for modeling systems whose observations are variable-length finite

sets [15]. A random finite set (RFS) X is a random variable whose realizations

are sets of random vectors X = {x(1), . . . , x(n)} with x(1), . . . , x(n) ∈ Rd [16] and

whose cardinality n = |X| is a discrete random variable whose pmf is given by

ρ(n) = P{|X| = n}. The statistics of an RFS are characterized by a pdf of the

form:

f(X ) = f({x(1), . . . , x(n)}) = n!ρ(n)fn(x(1), . . . , x(n)), (2.84)
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where fn(·) is a joint pdf over n random variables that is invariant to the ordering

of its inputs. The remainder of this section introduces several families of set-

valued distributions that commonly arise in the RFS tracking literature.

The Poisson RFS, also known as a Poisson point process (PPP), is the

standard model for clutter and newly-appearing objects in RFS tracking tech-

niques [16]. The cardinality distribution of a Poisson RFS is Poisson distributed

with mean µ:

ρPPP(n) = e−µµn/n!, (2.85)

and its individual elements are i.i.d. according to a “spatial pdf” s(x), such that

a set of size n has the joint pdf below:

fn(x(1), . . . , x(n)) =
∏

x∈X
s(x). (2.86)

The complete pdf for a Poisson RFS follows directly from substituting Equations

(2.85) and (2.86) into Equation (2.84):

fPPP(X ) = e−µ
∏

x∈X
µs(x). (2.87)

It is often more convenient to characterize a Poisson RFS by its intensity function

λ(x) = µs(x). In multi-object tracking application, a Poisson intensity often

describes the expected number of objects or false alarms at each point in the

state space.

A Bernoulli RFS describes a set that is empty with probability 1 − r and

contains a single element with probability r. When the set is non-empty, the

element has spatial pdf s(x). The Bernoulli RFS consequently has a pdf of the
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form:

fB(X ) =



1− r if X = ∅,

r · s(x) if X = {x},

0 otherwise.

(2.88)

Multi-object trackers often use Bernoulli RFSs to model individual tracks whose

existence is uncertain (e.g., due to data association ambiguity). In such cases,

r is the probability that the object truly exists and s(x) is the state density

conditioned on the object’s existence (e.g., from a Kalman filter).

A multi-Bernoulli (MB) RFS describes the union of nb independent Bernoulli

RFSs X(j), j = 1, . . . , nb which each possess their own state distributions s(j)(x)

and existence probabilities r(j). A single realization of an MB RFS XMB =

{x(1), . . . , x(n)} with n ≤ nb has n “active” components and nb − n components

which map to the empty set. Define a mapping function α(·) which converts

Bernoulli indices j ∈ {1, . . . , nb} to “active” indices α(j) ∈ {0, . . . , n}, where

each active component maps to a unique value in {1, . . . , n} and all inactive

components map to 0. Let Pn
nb

denote the set of all possible index mappings,

such that |Pn
nb
| = nb!/(nb − n)!. The pdf for an MB RFs is the sum of joint pdfs

over possible mappings:

f(X ) =
∑

α∈Pn
nb

nb∏
j=1

f
(j)
B (X (α(j))), (2.89)

where f (j)
B is the pdf of the j-th Bernoulli component.

Many multi-object tracking filters maintain explicit track continuity over time

by assigning a unique identifier or label ℓ ∈ L to each track, where L = {τ(j) :

j ∈ {1, . . . , nb}} for some labeling function τ(·). The labeled multi-Bernoulli

(LMB) RFS models such cases by augmenting each component in an MB RFS
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with an additional label [105]. Realizations of an LMB RFS are sets of tuples

X LMB = {(x(1), l(1)), . . . , (x(n), l(n))}, where each x(i) is a Bernoulli component.

Assuming each label is unique, the mapping between labels and components is

fixed and the LMB pdf can be expressed as a product of Bernoulli pdfs:

fLMB(X ) =
nb∏

j=1
f

(j)
B (X (τ(j))). (2.90)

The derivations in the remainder of this section also make use of the math-

ematical tools from multi-object calculus [16]. The set integral of a set-valued

function g(X ) is defined as:

∫
g(X )δX =

∞∑
n=0

1
n!

∫
Rd
g({x(1), . . . , x(n)})dx(1) . . . dx(n). (2.91)

Equation (2.91) integrates over all possible realizations of the input set. The

normalization factor 1/n! ensures that permutations of a set with the same el-

ements are not integrated multiple times. Assuming each fn(·) is a valid joint

pdf, substituting Equation (2.84) into Equation (2.91) shows that RFS densities

must integrate to unity.

2.4.2 Multi-Object Bayesian State Estimation

A Bayesian multi-object tracker applies sequential prediction and update steps

to estimate the posterior multi-object density f(Xk|Z1:k). In this case, Xk is an

RFS representing the multi-object state at time k, Zk is an RFS representing the

measurement set at time k, and Z1:k = {Z1, . . . ,Zk} is the sequence of measure-

ment sets up to and including time k. This section presents the Bayesian filtering

recursion in its most general form. Evaluating these expressions in closed form is
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typically impractical, so multi-object trackers make various approximations and

assumptions to make the filtering recursion tractable.

The prediction step propagates the posterior density from time k− 1 to time

k using the RFS Chapman-Kolmogorov Equation:

f(Xk|Z1:k−1) =
∫
f(Xk|Xk−1)f(Xk−1|Z1:k−1)δXk−1, (2.92)

where f(Xk|Xk−1) is a multi-object state transition kernel and the integration

operation is a set integral. The update step of a Bayesian RFS filter incorporates

the new measurement set Zk into the predicted density to produce a new posterior

via the RFS analog to Bayes’ rule:

f(Xk|Z1:k) = f(Zk|Xk)f(Xk|Z1:k−1)∫
f(Zk|Xk)f(Xk|Z1:k−1)δXk

∝ f(Zk|Xk)f(Xk|Z1:k−1),
(2.93)

where f(Zk|Xk) is the multi-object likelihood function for the current measure-

ment set. Equations (2.92) and (2.93) are the multi-object analogs to Equations

(2.58) and (2.59), respectively. As in the single-object case, the prediction step

depends only on the multi-object transition density and the previous posterior

distribution. The multi-object update step likewise depends only on the current

measurement set and the predicted density.

2.4.3 Track Oriented Multi-Bernoulli/Poisson Filter

This work uses the track-oriented marginal Bernoulli/Poisson (TOMB/P) filter2

from [19], [20] for state estimation and the graph representation discussed in
2A Python implementation of the TOMB/P filter and other multi-object tracking tools can

be found at https://github.com/ShaneFlandermeyer/MOTpy
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Chapters 4. The TOMB/P filter decomposes the complete multi-object state

RFS X into a disjoint union X = X u⊎X d. Here, ⊎ is the disjoint union operator

defined such that X = X1 ⊎X2 if X = X1 ∪X2 and X1 ∩X2 = ∅ for sets X1 and

X2.

The X d component models objects that have produced at least one mea-

surement and the X u component models undetected objects that have not been

detected but are hypothesized to exist. As will be shown, this explicit model for

undetected objects provides useful information for the search task that can be

exploited by an autonomous sensing agent. Since X d and X u are disjoint, the

multi-object state density at time k decomposes into a product of two individual

pdfs:

f(Xk|Z1:k) = f(X d
k |Z1:k)f(X u

k |Z1:k), (2.94)

where X d
k = {(xk, lk) ∈ Xk|ℓk = 0} is an LMB RFS with label set Lk. X d

k

contains |Lk| = idk Bernoulli components, where idk is the number of surviving

objects detected up to and including time k. The X u
k component is a Poisson

RFS with intensity λu
k(xk).

Predict Step

During the prediction step, the TOMB/P filter independently propagates the

detected and undetected densities to the current time step. This work uses the

standard RFS multi-object dynamics model from [16], which makes the following

assumptions:

1. Individual object states evolve independently over time according to a

single-object Markov transition density f(xk|xk−1).

2. To model object disappearance, an object with state xk−1 “survives” and
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continues to exist at time k with probability ps(xk−1) and disappears with

probability 1− ps(xk−1).

3. New object appearance is modeled as a Poisson RFS with intensity λb(xk) =

µbfb(xk). In other words, the number of new objects at time k is Poisson-

distributed with mean µb and new object states are i.i.d. according to the

spatial pdf fb(xk).

Based on the assumptions above, the state transition density for each detected

object is a defined as:

f(X d
k,j|(x

(j)
k−1, l

(j)
k−1)) =



1− ps(x(j)
k−1) if X d

k,j = ∅,

ps(x(j)
k−1) · f(xk|x(j)

k−1) if X d
k,j = {(x(j)

k , l
(j)
k−1)},

0 otherwise.

(2.95)

Note that surviving detected objects retain their original labels across the predict

step. Since state transitions are independent, the complete multi-object transi-

tion density for the detected objects is the product of the single-object densities

f(X d
k |X d

k−1) =
id
k−1∏
j=1

f(X d
k,j|(x

(j)
k−1, l

(j)
k−1)). (2.96)

Applying the prediction step from Equation (2.92) to an LMB RFS with the

transition density in Equation (2.96) produces a new LMB RFS with updated

parameters:

r
(ℓ)
k|k−1 = r

(ℓ)
k−1

∫
ps(xk−1)s(ℓ)

k−1(xk−1)dxk−1, (2.97)

s
(ℓ)
k|k−1(xk) =

∫
f(xk|xk−1)ps(xk−1)s(ℓ)

k−1(xk−1)dxk−1∫
ps(xk−1)s(ℓ)

k−1(xk−1)dxk−1
, (2.98)
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where (r(ℓ)
k−1, s

(ℓ)
k−1) are the parameters of the ℓ-th LMB component at the previous

time step [19].

Each undetected object modeled by X u
k comes from one of two sources: they

either existed at time k − 1 and survived to time k or they are detected for the

first time at time k. Previously-existing undetected objects are represented by

an LMB RFS, where each Bernoulli component has a non-unique dummy label

lk = 0:

X u
k−1 = {(x(1)

k−1, 0), . . . , (x(iu
k−1)

k−1 , 0)}. (2.99)

New objects are represented with a Poisson birth RFS Γk with spatial intensity

λb(xk) = µbfb(xk) (assumption 3). Assuming the states of newborn objects are

independent from existing objects, the undetected RFS is a set union of two

components:

Xu
k =

iu
k−1⋃
j=1

Xu
k,j

 ∪ Γk. (2.100)

It can be shown [20] that the complete multi-object state transition pdf is:

f(X u
k |X u

k−1) = e−µb

 iu
k∏

i=1
µbfb(x(i)

k )
iu

k−1∏
j=1

(1− ps(x(j)
k−1))


×

∑
α∈M

iu
k

iu
k−1

∏
j′:α(j′)

ps(x(j′)
k−1)f(x(α(j′))

k |x(j′)
k−1)

µb(1− ps(x(j′)
k−1))fb(x(α(j′))

k )
, (2.101)

where α maps existing objects from the previous time step j ∈ {1, . . . , iuk−1} to

a unique index α(j) ∈ {1, . . . , iuk} if they survive to time k and 0 if they do not

survive, and Miu
k

iu
k−1

is a set of all possible mappings.

After the prediction step, X u
k remains a Poisson RFS with an updated inten-
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sity function:

λu
k|k−1(xk) = λb

k(xk) +
∫
f(xk|xk−1)ps(xk−1)λu

k−1(xk−1)dxk−1. (2.102)

When the undetected and birth intensities are Gaussian mixtures with Nu and

Nb respective components, Equation (2.102) produces a Gaussian mixture with

Nu + Nb components. Consequently, most implementations prune or merge the

mixture after each filter step to limit the number of components and reduce com-

putational complexity. Alternatively, [106] proposes a sequential Monte Carlo

(SMC) implementation of the TOMB/P filter that approximates each density in

the TOMB/P filter with a set of weighted particles. Although the SMC imple-

mentation requires significantly more computation, it is well-suited for problems

with dynamics that are highly nonlinear and/or non-Gaussian.

Update Step

The update step of a Bayesian RFS filter incorporates the new measurement set

Zk into the predicted density to produce a new posterior via Bayes’ rule. The

measurement set is defined as:

Zk =
{
z

(1)
k , . . . , z

(mk)
k

}
, (2.103)

where mk is the number of measurements collected at time k. Describing the

measurements as a set makes it possible to model situations with a variable

number of measurements at each time step (e.g., due to false alarms or missed

detections). This work invokes the standard RFS measurement model [16], which

makes the following assumptions:
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1. Each object produces at most one measurement.

2. Each measurement corresponds to exactly one object.

3. An object with state xk produces a measurement with probability pd(xk)

and no measurement with probability 1− pd(xk).

4. If an object with state xk produces a measurement, the measurement is

distributed with likelihood f(zk|xk).

5. Measurements which originate from objects are statistically independent of

each other and of all clutter measurements.

6. False alarms and clutter measurements are modeled as a Poisson RFS with

intensity function λc(xk) = µcfc(xk).

Given the assumptions above, the RFS likelihood for each object j is:

f(Zk,j|{xj
k}) =



1− pd(x(j)
k ) if Zk,j = ∅,

pd(x(j)
k )f(z(j)

k |x
j
k) if Zk,j = {zk},

0, otherwise.

(2.104)

Note that Equation (2.104) has an identical form as the single-object measure-

ment likelihood function from Equation (2.54) since measurements are again

Bernoulli RFSs with existence probability pd. Assuming each of the ik objects in

Xk can produce at most one measurement, the object-originating measurement

set is an MB RFS composed from the union of ik Bernoulli components.

The multi-object measurement model also treats clutter as a time-varying

RFS Λk. Assuming the number of clutter measurements is Poisson-distributed

with mean µc and spatial pdf fc(zk), Λk is a Poisson RFS with intensity λc(zk) =
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µcfc(zk). Unlike the Poisson birth RFS Γk, the clutter pdf is defined in the

measurement space. The overall measurement RFS Zk is the union of two RFSs:

Zk =
 ik⋃

j=1
Zk,j

 ∪ Λk. (2.105)

All components in Zk are assumed to be independent given the object state RFS

Xk. The derivation in [15] shows that the joint multi-object likelihood function

is given as follows:

f(Zk|Xk) = e−µc

(
mk∏

m=1
µcfc(z(m)

k )
) ∑

α∈Mmk
iu
k

ik∏
j=1

g(x(j)
k , α(j); zk). (2.106)

Similar to Equation (2.101), the α function maps each object index j ∈ {1, . . . , ik}

to its corresponding measurement α(j) ∈ {1, . . . ,mk} or to zero. The expression

for g(·) is given as:

g(xk, α(i); zk) =


1

µc
pd(x(i)

k )f(z(m)
k |x

(i)
k ) if α(i) = m ∈ {1, . . . ,mk},

1− pd(x(i)
k ) if α(i) = 0.

(2.107)

The update step handles detected and undetected objects separately. For

undetected objects, the update step reduces the Poisson intensity proportional

to the detection probability:

λu
k|k(xk) = (1− pd(xk))λu

k|k−1(xk). (2.108)

Equation (2.108) reflects the fact that undetected objects are less likely to exist

in regions that were illuminated with high-quality sensor dwells. Note that the

expression above depends only on the detection model pd(·) and not on the
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realized measurement set Zk. For the Gaussian mixture representation used in

this work, the TOMB/P filter applies Equation (2.108) independently to each

mixture component.

Unlike the predict step, the update step for detected objects must account for

uncertain associations between measurements and objects. Assume each mea-

surement m ∈ {1, . . . ,mk} originates from a single object (previously detected

or new) or from clutter, and that each object produces at most one measurement

per time step. The TOMB/P filter adds a single Bernoulli component with label

ℓ = (k,m) ∈ Lnew
k to Xd

k for each measurement. Each new component represents

the hypothesis that measurement m originates from a new object that has not

been detected in previous time steps. After the update step, the set of LMB

labels is thus

Lk = Lk−1 ∪ Lnew
k , (2.109)

where |Lnew
k | = mk.

A data association (DA) hypothesis ck specifies a mapping between objects

and measurements for a given time step. Let ck = [c(ℓ)
k ]ℓ∈Lk

= [aT
k bT

k ]T , where

the sub-vector ak = [a(ℓ)
k ]ℓ∈Lk−1 maps each LMB component to a measurement

(or to zero if the object was not detected):

a
(ℓ)
k =


m ∈ {1, . . . ,mk} if ℓ associated to m,

0 if ℓ is not measured.
(2.110)

Conversely, bk = [b(ℓ)
k ]ℓ∈Lnew

k
maps each measurement to a detected component or
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Figure 2.9: Data association representation for an example scenario with three
objects and four measurements. (Left) The example scenario. Colored ellipses
represent the covariance of the object state estimates and black markers represent
measurements. (Right) One possible association hypothesis for the scenario. The
DA vector ck is unique to the given hypothesis.

to zero if the measurement originates from clutter or a new object:

b
(ℓ=(k,m))
k =


ℓ′ ∈ Lk−1 if ℓ′ is associated to m,

0 if m is from a new object or clutter.
(2.111)

Figure 2.9 shows a representative scenario along with one feasible data associ-

ation hypothesis. The scenario contains three existing objects whose covariance

ellipsoids are shown along with four measurements. The DA hypothesis assigns

measurements z3 and z2 to objects x1 and x2, respectively, because they fall

within the gate region of the state estimates. Though z4 is also within the gate

of x2, it is not assigned to any object because x2 has already been associated to

z3. Measurement z1 lies outside all object gates, so it is also unassigned and is

likely to be a clutter measurement or a new object. Object x3 likewise remains
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unassociated because no measurements fall within its gate. The bottom right

portion of the figure shows the unique DA vector corresponding to this hypoth-

esis.

The posterior density for detected objects is a weighted sum over DA hy-

potheses:

f(X d
k |Z1:k) =

∑
ck

p(ck)fLMB
ck

(X d
k ) =

∑
ck

p(ck)
∏

ℓ∈Lk

f
(ℓ,c

(ℓ)
k

)
B (X (ℓ)

k ), (2.112)

where p(ck) is the joint pmf over DA hypotheses that defines the relative weight

of DA hypothesis ck and f
(ℓ,c

(ℓ)
k

)
B is Bernoulli with parameters (s(ℓ,c

(ℓ)
k

)
k , r

(ℓ,c
(ℓ)
k

)
k ).

The posterior density is a weighted mixture of LMB pdfs. Equation (2.112)

quickly becomes computationally intractable to evaluate in closed form. The

next section presents an approximation that reduces Equation (2.112) to linear

time complexity in the number of objects and measurements.

The existence probability and state density can be computed independently

for each f (ℓ,c
(ℓ)
k

)
B in Equation (2.112). Define D(ℓ)

k as the probability that object ℓ

is detected given its predicted state:

D
(ℓ)
k =

∫
pd(xk)s(ℓ)

k|k−1(xk)dxk, (2.113)

and let Cu
k (z(m)

k ) represent the likelihood that measurement m originates from a

previously undetected object:

Cu
k =

∫
f(z(m)

k |xk)pd(xk)λu
k|k−1(xk)dxk. (2.114)
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For previously detected legacy objects, the posterior spatial pdf is given as:

s
(l,a(ℓ)

k
)

k|k (xk) =
g(xk, a

(ℓ)
k ; zk)s(ℓ)

k|k−1(xk)∫
g(x′

k, a
(ℓ)
k ; zk)s(ℓ)

k|k−1(x′
k)dx′

k

, (2.115)

where g(·) is computed by substituting a(ℓ)
k in place of α(i) in Equation (2.107).

Equation (2.115) reduces to RFS Bayes rule for detected objects with a(ℓ)
k ̸= 0.

When a(ℓ)
k = 0, object ℓ does not produce a measurement and the posterior state

density is simply the predicted density scaled by 1− pd(x(ℓ)
k ). The corresponding

existence probabilities are:

r
(ℓ,a

(ℓ)
k

)
k =


r

(ℓ)
k|k−1(1−D

(ℓ)
k

)

1−r
(ℓ)
k|k−1D

(ℓ)
k

if a(ℓ)
k = 0,

1 if a(ℓ)
k = {1, . . . ,mk}.

(2.116)

The first case of Equation (2.116) is a likelihood ratio where the numerator

represents the likelihood that the objects exists but was not detected and the

denominator represents the hypothesis that the object does not exist or was not

detected. The second case is unity because object ℓ produced a measurement

and thus exists by definition under hypothesis a(ℓ)
k ̸= 0.

For Bernoulli components representing potential new objects (recall that the

update step introduces mk such components), the existence probabilities are

given by:

r
(ℓ=(m,k),b(ℓ)

k
)

k =


Cu

k (z(m)
k

)
Cu

k
(z(m)

k
)+λc(z(m)

k
)

if b(ℓ)
k = 0,

0 otherwise,
(2.117)

where the first case represents the likelihood that measurement m originates

from a new object instead of clutter. The second case is zero because if b(ℓ)
k ̸= 0,

measurementm has already been associated to an existing object and thus cannot

70



correspond to a new object. Since the existence probability for the b(ℓ)
k ̸= 0 case

is zero, the spatial pdf is only defined for components with b
(ℓ)
k = 0:

s
(l=(k,m),b(ℓ)

k
=0)

k|k =
f(z(m)

k |xk)pd(xk)λu
k|k−1(xk)

Cu
k (z(m)

k )
. (2.118)

Equations (2.115)-(2.118) completely characterize the parameters of the pos-

terior state density for all possible DA outcomes. All that remains is to compute

the joint DA pmf p(ck). Since X d
k and X u

k are disjoint and their individual compo-

nents are independent, the DA pmf decomposes into a product of belief weights:

p(ck) = p(ak, bk) =
 ∏

ℓ∈Lk−1

β
(ℓ)
k (a(ℓ)

k )
 ∏

ℓ∈Lnew
k

ζ
(ℓ)
k (b(ℓ)

k )
 . (2.119)

Note that Equation (2.119) only holds for “valid” DA configurations in which

each object produces at most one measurement and all measurements come from

exactly one object or clutter. Configurations where this does not hold are as-

signed p(ck) = 0. The authors of [19] derive expressions for these association

weights, which are given by:

β
(ℓ)
k (a(ℓ)

k ) =


1− r(ℓ)

k|k−1D
(ℓ)
k if a(ℓ)

k = 0,

r
(ℓ)
k|k−1C

(ℓ)
k (z(m)

k ) if a(ℓ)
k = m ∈ {1, . . . ,mk},

(2.120)

and

ζ
(ℓ=(k,m),b(ℓ)

k
)

k =


Cu

k (z(m)
k ) + λc(z(m)

k ) if b(ℓ)
k = 0,

1 if b(ℓ)
k ̸= 0.

(2.121)

The next section presents an approximate update step that considerably reduces

the computational complexity of the TOMB/P update step.
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Efficient Computation of the TOMB/P Update Step

The number of feasible DA hypotheses grows exponentially over time. As a

result, Equation (2.112) quickly becomes infeasible to evaluate in closed form.

This section derives an approximation that reduces the LMB mixture in Equa-

tion (2.112) to a single LMB, preventing a combinatorial explosion in the number

of components.

Assuming the DA hypotheses for each object are independent, the joint DA

pmf can be decomposes into a product of marginal single-object pdfs:

p(ck) ≈
∏

ℓ∈Lk

p(c(ℓ)
k ). (2.122)

Each single-object pmf is computed by marginalizing the joint pmf:

p(c(ℓ)
k ) =

∑
∼c

(ℓ)
k

p(ck). (2.123)

where ∼ c
(ℓ)
k indicates that the summation is performed over all components of

ck that do not involve c(ℓ)
k . Substituting this approximation into the expression

for the posterior density in Equation (2.112) yields:

f(X d
k |Z1:k) =

∑
ck

p(ck)fLMB(X d
k )

=
∑
ck

p(ck)
∏

ℓ∈Lk

f (ℓ,c
(ℓ)
k

)(X (ℓ)
k )

=
∑
ck

∏
ℓ∈Lk

p(c(ℓ)
k )f (ℓ,c

(ℓ)
k

)(X (ℓ)
k )

=
∏

ℓ∈Lk

∑
c

(ℓ)
k

p(c(ℓ)
k )f (ℓ,c

(ℓ)
k

)(X (ℓ)
k )

=
∏

ℓ∈Lk

f (ℓ)(X (ℓ)
k ),

(2.124)
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where the second equality follows from the definition of an LMB pdf in Equa-

tion (2.90), the third follows from Equation (2.122), and

f (ℓ)(X (ℓ)
k ) =

∑
c

(ℓ)
k

p(c(ℓ)
k )f (ℓ,c

(ℓ)
k

)(X (ℓ)
k ) (2.125)

is a normalized sum of labeled Bernoulli densities that is consequently also

Bernoulli [16]. Thus, Equation (2.124) is an LMB density and the posterior

reduces to an LMB-Poisson RFS.

The parameters of the Bernoulli pdf f (ℓ)(X (ℓ)
k ) are computed separately for

legacy and new components. Objects detected prior to time k have the following

parameters:

r
(ℓ)
k =

mk∑
a

(ℓ)
k

=0

p(a(ℓ)
k )r(ℓ,a

(ℓ)
k

)
k , and (2.126)

s
(ℓ)
k (xk) = 1

r
(ℓ)
k

mk∑
a

(ℓ)
k

=0

p(a(ℓ)
k )r(ℓ,a

(ℓ)
k

)
k s

(ℓ,a
(ℓ)
k

)
k (xk). (2.127)

New Bernoulli components introduced at time k only have non-zero existence

probability when their corresponding measurement is not associated to an exist-

ing object. In this case, the Bernoulli parameters are given by:

r
(ℓ)
k = p(b(ℓ)

k = 0)r(ℓ,b
(ℓ)
k

=0)
k , and (2.128)

s
(ℓ)
k (xk) = s

(ℓ,b
(ℓ)
k

=0)
k (xk). (2.129)

These expressions require DA pmfs p(ak) and p(bk), which can be computed in

linear time using the sum-product algorithm (SPA) over a factor graph. Though

the SPA-based data association method is used in the TOMB/P filter implemen-

tation developed for this work, its derivation is omitted here and the interested
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reader is referred to [19], [20] for details.

2.5 Radar Signal Model

This section outlines the pulsed radar signal model assumed for the cognitive

spectrum sharing agent presented in Chapter 3. Consider a pulse-agile radar

system that transmits and receives a continuous train of pulses, with each pulse

temporally separated by a constant pulse repetition interval (PRI). The time

delay between the transmission of a pulse and its received echo provides ranging

information about objects in the scene. The successive phase changes between

pulses due to object motion provides an estimate of the Doppler shift and there-

fore radial velocity of the objects.

When transmitting a pulse, the radar generates a potentially-unique wave-

form xi(t) and mixes it to a carrier frequency fc which is suitable for the appli-

cation space at hand, yielding the time-domain transmitted signal:

xRF (t) = xi(t)ej2πfct. (2.130)

One of the most common choices for the transmit signal is the linear frequency

modulated (LFM) waveform of the form below:

xLFM(t) = a(t) exp
[
j2π

(
−B2 t+ B

2Tp

t2
)]

, t ∈ [0, Tp], (2.131)

where a(t) is the amplitude, B is the signal bandwidth and Tp is the pulse du-

ration [107]. Figure 2.10 shows the time domain waveform of an LFM with

B = 10 MHz and Tp = 10µs, oversampled by a factor of 4. Note that the am-

plitude of the waveform is constant throughout (neglecting windowing or hard-
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Figure 2.10: LFM waveform in the time domain for B = 10 MHz and Tp = 10µs.
The blue curve represents the real component of the signal and the orange curve
represents the imaginary component.

ware distortion). Figure 2.11 shows the frequency spectrum of a 10 MHz LFM

waveform for various values of the time-bandwidth product BTp. The LFM’s fre-

quency spectrum becomes increasingly rectangular as the time-bandwidth prod-

uct increases. Therefore, spectrum sharing applications commonly assume the

radar emission is perfectly rectangular as a first-order approximation.

For any choice of waveform xi(t), the signal received from a scatterer in the

environment is a delayed, scaled, and Doppler-shifted copy of the transmitted

signal:

yRF (t,m) = α(m)xi(t− τ(m))ej2π(fc+FD)(t−τ(m)), (2.132)

where α(m) is the amplitude scale factor computed from the radar range equa-

tion, τ(m) is the two-way propagation delay between the object and radar for

each pulse, and FD is the Doppler shift imparted from to the relative radial mo-
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Figure 2.11: Frequency spectrum of a 10 MHz LFM waveform for various val-
ues of the time-bandwidth product. The spectral mask becomes asymptotically
rectangular as the time-bandwidth product increases.

tion between the object and radar [107]. Before processing the received data, the

radar down-converts the received signal from the RF carrier to get the baseband

signal:

yBB(t,m) = α(m)xi(t− τ(m))ej2π[FD(t−τ(m))−fcτ(m)]. (2.133)

Next, range information is extracted by performing pulse compression on the

received signal using a matched or mismatched filter h(t). The pulse compression

output is obtained by convolving the baseband received signal with h(t):

yMF (t,m) = yBB(t,m) ∗ h(t). (2.134)

The traditional matched filter is designed to maximize the signal-to-noise ratio

(SNR) at the filter output. The matched filter impulse response is the time-
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reversed, complex conjugate of the transmitted waveform:

hi(t) = βx∗
i (Tm − t), (2.135)

where β is a scalar and Tm is a delay introduced to make the filter causal [107].

This work sets β = 1 and Tm to the duration of the waveform.

Mainlobe Sidelobes

Figure 2.12: Pulse compression response for an LFM waveform. The matched
filter produces a narrow peak at the received signal delay (the mainlobe) whose
width is based on the range resolution of the radar. It also produces sidelobes
that may mask the presence of other objects in the scene.

Figure 2.12 shows an example of the pulse compression output for an object

with zero delay. The radar transmits an LFM waveform with a time-bandwidth

product BTp = 64, producing a narrow peak at zero delay known as the main-

lobe. The width of the mainlobe defines the range resolution, which is inversely

proportional to the waveform bandwidth and determines how closely two objects

can be spaced in range and still be resolved. As a result of the pulse compression
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process, the matched filter response also produces undesirable range sidelobes

that we wish to minimize during receive processing.
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Figure 2.13: Range-Doppler response of an LFM after pulse-Doppler processing
(pulse compression and a slow-time DFT) using NCP I = 32 pulses. Applying
pulse-Doppler processing to a coherent train of pulses produces a PSF with a
peak at the range and Doppler of the object, but includes sidelobes in both
dimensions.

Following pulse compression, the pulse-Doppler processor creates a coherent

processing interval (CPI) from Ncpi consecutive pulses and coherently integrates

them using a discrete fourier transform (DFT) to form a range-Doppler map

(RDM). Figure 2.13 shows the range-Doppler point spread function (PSF) for an

LFM waveform after applying Doppler processing on a 32-pulse CPI. In pulse-

Doppler processing, the range/delay axis is often referred to as fast-time and the

pulse axis is referred to as slow-time. The range sidelobes in Figure 2.12 manifest

as a vertical stripe in the PSF, and sinc-like sidelobes are introduced in Doppler

due to Doppler processing. This ideal PSF is only obtained if the pulses being
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integrated use the same transmit waveform xi(t) to maintain full coherence. A

deleterious effect known as range sidelobe modulation (RSM) occurs when non-

identical pulses are processed in a CPI [108].
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Chapter 3

Cognitive Radar Spectrum Sharing

This chapter analyzes the radio frequency (RF) spectrum sharing problem from

a cognitive radar perspective. The scenario of interest is illustrated in Figure 3.1.

Here, a pulse-agile cognitive radar system is deployed in a congested spectrum

environment. The radar is a secondary user that must optimize its emissions

on each pulse to avoid interference with primary users in the frequency band of

interest. At the same time, the radar aims to maximize its waveform bandwidth

and minimize pulse-to-pulse variations in its waveform to produce high-quality

data products.

Figure 3.2 shows a representative example of the spectrum observations pro-

duced by a radar operating in the 2.4-2.5 GHz band. The data was collected

from USRP X310 software-defined radio (SDR) operating using 100 MHz front-

end bandwidth at a center frequency of 2.45 GHz. In this case, the radar trans-

mits an LFM waveform whose spectrum is approximately rectangular (yellow

lines) at some pulse repetition interval (PRI). Ideally, the radar should occupy

as much bandwidth as possible without colliding with the other users in the

channel (red bounding boxes). To this end, this chapter formulates the cogni-

tive radar spectrum sharing problem as a partially-observable Markov decision

process (POMDP) and presents a neural network architecture for processing
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spectrum observations.

3.1 Proposed Algorithm

This section presents the reinforcement learning formulation for the proposed

cognitive agent. For each transmitted pulse, the agent adapts the radar waveform

parameters to jointly optimize the following competing objectives:

• Objective 1: Maximize the bandwidth of each transmitted pulse to achieve

sufficient range resolution.

• Objective 2: Minimize mutual interference between the radar and other

users in the spectrum to improve SINR and meet spectrum allocation re-

quirements.

• Objective 3: Minimize intra-CPI changes to the transmitted waveform

to mitigate the severity of distortions such as range sidelobe modulation

(RSM), which arise when standard pulse-Doppler processing is applied to

non-identical pulses [108].

The algorithm developed in this section was published in IEEE Transactions on

Radar Systems (T-RS) [109]. Much of the results and analysis in this chapter

follow from the journal publication.

3.1.1 State Representation

The observations presented to the RL agent are generated as follows: the fast

spectrum sensing (FSS) energy detector from [23] is applied to produce a bi-

nary channel representation xt ∈ {0, 1}NF F T for the Nsnap most recent snapshots,
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Figure 3.1: Cognitive radar operational environment. The pulsed radar system
is a secondary user in a congested spectrum environment, so it must adapt its
emissions to reduce mutual interference while maximizing detection and tracking
performance.
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Figure 3.2: Example spectrogram in the 2.4-2.5 GHz band. Red bounding boxes
indicate portions of the frequency spectrum occupied by other users. Yellow lines
indicate the widest open band available for occupation by a radar system.
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where the FSS detection threshold is adaptively computed using the hardware-

optimized cell averaging estimation (HO-CAE) algorithm proposed in [110]. Un-

like previous approaches which heavily down-sample the input spectrum to 5-

10 bins [37], [39] for computational tractability, the observations presented to

the agent in this work maintain full resolution in time and frequency as an

Nsnap ×NF F T matrix.

3.1.2 State Encoder Network

Figure 3.3 illustrates the neural network architecture developed for the cognitive

spectrum sharing agent. The network uses a recurrent-attention structure that

is tailored for pulsed radar operation and operates as follows: first, the agent

collects the previous Nsnap observations as described in Section 3.1.1, then in-

dependently projects each observation into a learned embedding space of size

Nembed. Following a sinusoidal positional encoding stage, the embedding vectors

are passed into a multi-head attention (MHA) layer to extract relational infor-

mation on short intra-pulse time scales. Information is further compressed by

a pooling stage (e.g., max pooling), then passed to an LSTM and final fully-

connected layer.

Unlike the MHA block, the LSTM encodes long-term relationships that span

across many pulses. In addition to the attention output, the LSTM also receives

the agent’s previous action at−1 and the index i of the next pulse within the

current CPI (normalized to the range [0, 1]). Finally, the LSTM output is passed

through a single fully-connected dense layer to produce the final action at and

value Vt for the RL agent. To improve training stability, the actor and critic

networks are implemented as separate copies of this architecture that do not share

parameters or layers. This approach therefore trains two separate networks, but

84



Snapshot 1 1 1 10

Snapshot 2

Dense

Shape: 

ReLU

1 0 00

1 1 1 1Snapshot

Positional
Encoding

Pool

Shape: 

Shape: 

LSTM

Shape: 

Dense

Multi-Head
Attention

Shape: 

Actor: 

Critic:

Figure 3.3: Recurrent-attention neural network architecture for the cognitive
agent. The full-resolution observations following each pulse are projected into a
learned embedding space, then the multi-head attention module identifies pat-
terns at intra-pulse timescales. This information is further compressed via a
pooling operation, then passed to an LSTM module which learns high-level pat-
terns across pulses.
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only the actor network is required for inference after training is complete.

3.1.3 Action Space

At the start of each PRI, the agent adapts the frequency-domain characteristics

of its transmitted waveform to jointly optimize the objectives outlined at the

beginning of this section. The radar transmits a waveform whose spectrum is

approximately rectangular and contiguous (e.g., a linear FM waveform). Under

this assumption, the agent’s actions are parameterized by a vector at ∈ R2 which

specifies the start and stop frequency of the waveform’s spectral mask. Unlike

existing approaches that discretize the action space into discrete bins, this agent

operates with a action space that can produce waveforms with arbitrarily pre-

cise bandwidths and center frequencies. Consequently, this action representation

scales to arbitrarily wideband channels since it is agnostic to the channel band-

width and FFT size. Each action is normalized to the range [−1, 1], with −1

corresponding to the lowest valid frequency in the channel and 1 to the highest

such that a waveform defined by at = [astart, astop] = [−1, 1] occupies the entire

channel bandwidth. The agent samples astart and astop from independent com-

ponents of a multivariate Gaussian distribution whose output is scaled to the

appropriate range using the hyperbolic tangent function as described in [111].

If the agent selects astart > astop, the radar transmits a waveform with a user-

specified minimum bandwidth whose spectral mask begins at astart.

3.1.4 Reward Function

This section derives a reward function that encourages the agent to achieve the

objectives outlined at the beginning of this section. The reward function has two
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components: the first encourages the agent maximize its bandwidth utilization

while minimizing collisions with other users:

Rspectrum = (Br −Bwidest)− αcBc, (3.1)

where Br is the radar waveform bandwidth, Bwidest is the bandwidth of the

widest unoccupied band at time t, and Bc is the collision bandwidth that is

simultaneously occupied by the radar and another user. Each of these quantities

is expressed in FFT bins, although they are normalized to the range [0, 1] in the

final reward computation by dividing by the total number of FFT bins. The

Bwidest term is extracted from the widest open band identified by the HOCAE-

FSS algorithm, and the collision bandwidth Bc is computed as:

Bc =
NF F T∑

i=1
1 {xr[i] = xint[i]} , (3.2)

where 1 {·} is an indicator function that is unity when the condition in brackets

is met and zero otherwise. The vectors xr and xint are length-NF F T binary

detection vectors for the radar and interference, respectively. These vectors equal

1 in occupied bins and 0 in unoccupied bins.

The αc parameter determines the agent’s preference for collision avoidance

over bandwidth utilization. A small αc value encourages the agent to aggres-

sively pursue open spectrum, while a large αc causes the agent to act more

conservatively in order to avoid mutual interference. The αc parameter can also

be interpreted as the number of bins of radar bandwidth that the agent is willing

to sacrifice to avoid a collision in a single bin. Though this chapter trains sep-

arate agents for various values of αc, practical implementations could train one

agent over a range of αc values and adjust the parameter in real time to meet
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operational requirements.

The second component of the reward function mitigates distortions in the

range-Doppler response caused by adapting the transmitted waveform on each

pulse. As discussed in Chapter 2.5, pulse-Doppler radar processing assumes all

pulses are identical within a processing interval and applies a DFT across pulses

to extract Doppler information. Violating this assumption causes range sidelobe

modulation (RSM) effects [112] that significantly reduce detection sensitivity.

Though algorithms for processing non-identical pulses exist [108], [113]–[115],

they are generally computationally intractable and difficult to incorporate into

real-time processing. It is more desirable to eliminate these distortions in the data

itself by minimizing pulse-to-pulse waveform adaptation during each coherent

processing interval (CPI) [116]. Consequently, the second reward term penalizes

the agent for modifying its waveform parameters within a CPI:

Radapt = − (βbw|Br − µBr |+ βfc|fc − µfc|) , (3.3)

where |·| is the absolute value operator, µBr and µfc are the mean bandwidth and

center frequency for all waveforms in the current CPI, and βbw and βfc are scale

factors that determine the relative importance of each component. Similar to

Equation (3.1), each component in Equation (3.3) is expressed in FFT bins and

normalized to the range [0, 1] in the final reward computation. Equation (3.3)

is inspired by the distortion function introduced in [39], but Equation (3.3) con-

siders context from the entire CPI rather than only the previous pulse.

The complete reward function is a normalized sum of Equations (3.1) and

(3.3):

R = 1
NF F T

(Rspectrum +Radapt) . (3.4)
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The values of αc, βbw, and βfc can be tuned to produce various agent behaviors

that prioritize different objectives. Though each parameter has a straightforward

meaning, care must be taken to ensure that the penalty values do not dominate

the reward function and prevent the agent from learning useful radar behavior.

The experiments sweep across several combinations of these parameters to ex-

amine their impact on radar and spectrum sharing performance.

3.2 Experiment Setup

3.2.1 Hyperparameters and Baseline Comparisons

Section 3.3 evaluates the RL spectrum sharing agent using over-the-air data

collected from the 2.4-2.5 GHz and 2.59-2.69 GHz bands in an indoor campus

environment. All spectrum data is collected from a USRP X310 SDR platform

using 100 MHz of instantaneous bandwidth in a receive-only mode. Tables 3.1

and 3.2 summarize the experimental parameters used for the RL agent and radar

system, respectively. When values vary across experiments, the specific value is

indicated in the text.

The experiments that follow compare the behavior of the RL agent from Sec-

tion 3.1 with two other agents in the spectrum environments of interest. The

first baseline comparison is a sense-and-avoid (SAA) agent that selects the pa-

rameters of an LFM waveform at each time t using the decision logic below:

1. Sense the spectrum using the HOCAE-FSS algorithm to create a length-

NF F T binary detection vector for time t− 1.

2. Locate the position of the widest unoccupied bandwidth at time t− 1.

3. Synthesize and transmit a waveform whose spectrum fills the open band
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Table 3.1: PPO agent parameters

Parameter Value
Time horizon (Th) 1024 steps

Num. parallel actors (Na) 16
Recurrent sequence length 4

Discount factor (γ) 0.8
GAE parameter (λ) 0.95

Policy clip fraction (ϵ) 0.2
Num. gradient epochs 10

Learning rate 2.5× 10−4

Collision weight (αc) 0− 30
Bandwidth distortion factor (βbw) 0− 1

center distortion factor (βfc) 0− 1

Table 3.2: Radar system parameters

Parameter Value
Channel Bandwidth 100 MHz

FFT Size 1024 samples
PRI 204.8µs

CPI Length 256 pulses
HO-CAE window size (n) 64

HO-CAE order selection (k) 5
PF A 1× 10−6

identified in step 2. If the widest open band is smaller than a user-specified

minimum bandwidth, the radar transmits a waveform with the minimum

bandwidth that occupies the entirety of the widest band.

The SAA agent assumes that the interference environment does not change

significantly between individual snapshots and does not attempt to predict future

occupancy [41]. This assumption generally holds for users in the 2.4-2.5 GHz and

2.59-2.69 GHz bands which primarily consist of communications systems. As a

result, the SAA agent is highly performant in terms of collision avoidance and

bandwidth utilization in these environments. The SAA agent also operates with
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low latency since HOCAE-FSS is highly optimized for real-time spectrum sensing

on FPGAs [110]. However, the SAA agent is unable to exploit temporal patterns

in the spectrum environment to further improve performance.

The double deep Q-network (DDQN) architecture derived in [39] serves as

a representative baseline for the state-of-the-art RL approaches prior to this

work. Unlike the agent derived in this Chapter, the DDQN agent discretizes its

spectrum observations and action space into a small number of bins. Though

the DDQN agent also uses an LSTM to capture patterns across time steps, it

processes only the snapshot immediately before transmission rather than the

entire history since the previous pulse. To facilitate a more fair comparison,

the experiments that follow discretize the DDQN agent’s action space into 10

bins rather than the 5 in the original paper. Both agents use the full frequency

resolution (1024 FFT bins) for their input observations and both agents are

trained on the joint reward function defined in Equation (3.4).

3.2.2 Evaluation Metrics

This section introduces a set of metrics that characterize the agent’s ability to

achieve Objectives 1-3 (Section 3.1). Each metric is computed as the average

value over episodes of N pulses each. Each expectation in the equations below

is computed over 16 independent parallel environments for each agent.

The mean waveform bandwidth over each episode quantifies the agent’s per-

formance on the bandwidth-maximization task (Objective 1):

B̄r = E
[

1
N

N∑
t=0

Br(t)
]
, (3.5)

where Br(t) is the radar bandwidth from the pulse at time t. Two metrics assess

91



the agent’s interference avoidance capabilities: the missed opportunity band-

width Bmiss and collision bandwidth Bc. A missed opportunity occurs when a

frequency bin is unoccupied but not used by the radar. Since the radar wave-

form’s frequency spectrum is constrained to be contiguous and rectangular, the

missed opportunity bandwidth of each pulse is the difference between the radar

bandwidth and Bwidest, the largest contiguous sub-band that can be occupied

without collision:

B̄miss = E
[

1
N

N∑
t=0

(Bwidest(t)−Br(t))
]
. (3.6)

It is important to note that (3.6) can be negative when Br > Bwidest, which

is only possible if the radar collides with another user. Consequently, the mean

collision bandwidth measures the average fraction of the channel occupied by

both the radar and a primary user, or:

B̄c = E
[

1
N

N∑
t=0

Bc(t)
]
, (3.7)

where Bc(t) is the single-step collision bandwidth at time t computed from (3.2).

The agent must also minimize distortions in the range-Doppler response due

to pulse-agile operation (Objective 3). The mean change in bandwidth/center

frequency over the course of a CPI serves as a proxy for distortion in the range-

Doppler domain. The mean change in bandwidth is computed as:

∆B = E
[

1
N

N∑
t=0
|Br(t)− µBr |

]
(3.8)

92



and the mean change in center frequency is:

∆fc = E
[

1
N

N∑
t=0
|fc(t)− µfc|

]
, (3.9)

where µBr and µfc are the mean radar bandwidth and center frequency over the

entire CPI, respectively. Finally, the analysis that follows reports the cumulative

episodic reward to quantify the agent’s overall performance on the joint opti-

mization problem outlined in Objectives 1-3.

3.3 Results

The experiments in this section characterize the RL agent’s behavior across a

variety of operating conditions using over-the-air data recorded from a USRP

X310 SDR platform (Figure 3.4). In the first set of experiments, the agents

operate in the 2.4-2.5 GHz industrial, scientific, and medical (ISM) band in

an indoor campus environment. As Figures 3.4a and 3.4b show, the spectral

characteristics of the emitters in this band vary drastically as a function of time,

frequency, and network load, making it a good candidate for evaluating agent

performance in realistic scenarios. Similar experiments are conducted in the 2.59-

2.69 GHz band, whose sole primary user is a local cellular tower. Figure 3.4c

shows that this band is more structured than 2.4-2.5 GHz but exhibits large

variability in occupation over time. Thus, these bands serve as useful benchmarks

for evaluating agent performance in realistic operational environments.

All recorded data used in the experiments that follow remove FSS detections

at -42 MHz and 0 MHz are removed from each snapshot, since those correspond

to constant spurious signals from the X310 hardware. The recorded datasets are

large enough that experiences are never repeated during training, and separate
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(a) 2.4-2.5 GHz campus environment.
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(b) 2.4-2.5 GHz low-traffic period.
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(c) 2.59-2.69 GHz near a local cellular
tower.

Figure 3.4: HO-CAE/FSS detections in scenarios encountered during training.
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datasets are used for training and evaluation. Specifically, the measured training

dataset consists of approximately 8000 unique CPIs and the evaluation dataset

consists of 2000 CPIs. Each experiment is repeated over 5 random seeds.

3.3.1 2.4-2.5 GHz Environment

The first experiment compares the spectrum sharing behavior of the SAA, DDQN,

and PPO agents in the 2.4-2.5 GHz ISM band. Since this experiment focuses on

the spectrum sharing task, the waveform adaptation penalty from Equation (3.3)

is disabled by setting βbw = βfc = 0. Figures 3.5-3.7b show the performance met-

rics defined in Section 3.2.2 over the training interval for each agent class. For

each RL agent, the solid lines in each plot indicate the mean value of the metric

and the shaded regions indicate the upper and lower bounds across all trials. For

the SAA agent, dashed horizontal lines indicate the average value of the metric

across the entire dataset since SAA is a fixed policy that is not trained.

Figure 3.5 shows the episodic spectrum reward over training in the 2.4-2.5

GHz band. Each agent is trained over 5 random seeds, and the shaded region

in the figure indicates the 95% confidence interval.Although both RL agents

successfully converge after the training period, the proposed PPO agent obtains

a larger episodic reward than the DDQN baseline for the entire training period.

The difference between the two approaches is especially pronounced in the early

stages of training. Specifically, the PPO agent smoothly converges to its final

reward in approximately 500k steps, while the DDQN agent requires more than

1M. The PPO agent also exhibits lower variation in rewards across random seeds

compared to the DDQN agent.

To better characterize the performance gap between the agents, Figure 3.6

plots the relevant spectrum sharing metrics over the 2M step training period. The
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Figure 3.5: Episodic training reward in the 2.4-2.5 GHz ISM band (no waveform
adaptation penalty).

DDQN-based cognitive radar initially utilizes large portions of the spectrum with

high collision bandwidth, causing significant mutual interference with other users

(Figures 3.6a and 3.6b). In contrast, the PPO agent initially uses a smaller radar

bandwidth and gradually increases its utilization while maintaining consistently

low collision bandwidths. After training, the PPO agent converges to similar

spectrum utilization characteristics as the SAA agent. This behavior is highly

desirable since the SAA agent is highly performant when maximizing bandwidth

and avoiding interference are the primary objectives of interest.

Although the DDQN agent ultimately avoids collisions at a similar rate to

the other two agents, its bandwidth utilization actually decreases over training.

Ultimately, the DDQN agent utilizes approximately 10 MHz less bandwidth per

pulse than the PPO or SAA agents, often missing large open bands in the spec-
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Figure 3.6: Spectrum sharing metrics in the 2.4-2.5 GHz ISM band (no waveform
adaptation penalty).
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Figure 3.7: Waveform adaptation metrics in the 2.4-2.5 GHz ISM band (no
adaptation penalty).

trum (Figure 3.6c). The discrete action space of the DDQN agent is the primary

cause of this sub-optimal behavior. Since the DDQN agent can only operate in

a small number of discrete frequency bands, it is unable to precisely position

its waveform to exploit available openings in the spectrum. For example, if a

wideband interference source lies between two bins in the DDQN agent’s action

space, the agent must either interfere with the user or avoid both bands entirely.

The PPO agent avoids such issues by operating in a continuous action space.

Figure 3.7 shows the average change in bandwidth and center frequency

per pulse during training. Since the waveform adaptation penalty from Equa-

tion (3.3) is disabled in this experiment, the agents are free to modify their

waveforms without restriction. As in Figure 3.6, the PPO agent closely matches

the behavior of the SAA agent. The DDQN agent adapts its waveform band-

width less than the other two agents even without the penalty (likely because

the DDQN agent utilizes less bandwidth overall). As will be shown in later ex-

periments, adapting the waveform to this degree on each pulse leads to heavy

degradation in pulse-Doppler radar image quality.
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Figure 3.8: Continuous control agent behavior for varying values of the collision
penalty weight αc. (a) When the penalty is small, the agent prioritizes bandwidth
utilization and collides with many other users. (b) Moderate collision penalties
encourage balanced behavior similar to a SAA policy while (c) large penalties
encourage the agent to prioritize collision avoidance.
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The spectrum sharing behavior of the agent is highly dependent on the col-

lision penalty weight αc in Equation (3.1). As discussed previously, the agent

should aggressively pursue open spectrum when αc is small and act conservatively

to avoid interference when αc is large. Figure 3.8 shows a representative example

of three agent configurations in the same spectrum environment. The first agent

is trained with a low collision penalty of αc = 10 (Figure 3.8a). Though the

agent avoids wideband interference sources, it frequently collides with narrow-

band emitters in order to increase its waveform bandwidth. When the penalty

is increased to αc = 30 (Figure 3.8b), the agent’s behavior more closely approxi-

mates a SAA strategy as seen in the previous experiment. In this configuration,

the agent avoids most persistent emitters and leaves small gaps where the spec-

trum was recently occupied. The agent becomes overly conservative when the

penalty is further increased to αc = 50 (Figure 3.8c). In this case, the agent

avoids nearly all other users but often leaves large swaths the spectrum unoccu-

pied. Since αc = 30 most closely matches SAA behavior, it is used as a “default”

value for spectrum sharing behavior.

Next, the behavior of the continuous control agent is evaluated in the 2.4-

2.5 GHz band across various values of the distortion penalty from Equation 3.3.

To balance the inherent trade-off between mutual interference mitigation and

waveform adaptation, the reward function hyperparameters are constrained to

be inversely related with β = βbw = βfc and αc = 30 · (1−β). Formulated in this

manner, the radar obtains a smooth trade-off between sense-and-avoid operation

when β is low and full-band operation as β tends to unity.

Figure 3.9 shows the average training reward across several distortion values

for the PPO agent. For all values of β aside from β = 0, the agent converges

with similar stability and sample efficiency as in Figure 3.5. The β = 0 agent
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Figure 3.9: Episodic training reward in the 2.4-2.5 GHz ISM band (varying
adaptation penalty).

converges to a large reward because its optimal policy is to deterministically

occupy the entire channel bandwidth. Overall, reasonable values of β do not

impact the learning process.

Figure 3.10 quantifies the spectrum sharing behavior of the PPO agent as a

function of the distortion coefficients βbw and βfc . Large β values monotonically

increase the agent’s tolerance for mutual interference and, interestingly, its mean

bandwidth utilization (Figure 3.10a). All but the β = 0 agent consistently utilize

more bandwidth than the SAA agent. For β ≤ 0.5, this results in only a slight

increase in collision bandwidth (Figure 3.10b). However, increasing β further

causes the agent to aggressively increase its bandwidth and collision rate. In

these cases the missed opportunity bandwidth becomes negative (Figure 3.10c)

since the radar occupies more bandwidth than the widest open band.

Figure 3.11 shows the impact of the β parameter on the agent’s waveform
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Figure 3.10: Spectrum sharing metrics in the 2.4-2.5 GHz ISM band (non-zero
adaptation penalty).
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Figure 3.11: Waveform adaptation metrics in the 2.4-2.5 GHz ISM band (non-
zero adaptation penalty).

adaptation behavior. Larger β values consistently decrease the amount of pulse-

to-pulse waveform adaptation within each CPI. Unlike in Figure 3.10, the reduc-

tion in adaptation is a more linear function of β. Therefore, the β parameter

allows the agent to smoothly transition between a bandwidth-maximizing SAA

strategy and a fixed emission radar. Although this experiment trained separate

agents for each configuration, practical implementations could train one agent

over a range of β values and adjust the parameter in real-time to meet opera-

tional requirements.

To relate the metrics in Figure 3.11 to radar performance, Figure 3.12 shows

several range-Doppler point spread functions for varying values of β. When

β = 0, the agent mimics the sense-and-avoid algorithm and makes drastic wave-

form modifications on each pulse, producing a range-Doppler map that is heavily

distorted by RSM (Figure 3.12a). The RSM effect is appreciably reduced by in-

creasing β to 0.5, although there is still smearing across Doppler. Setting β to

0.75 further reduces the distortion in the response, and the waveform’s sidelobe

structure is largely recovered. Finally, β = 1 (Figure 3.12d) corresponds to full-
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(d) βbw = βfc = 1

Figure 3.12: Range-Doppler responses across various adaptation penalty values.
Each response is representative of a typical 256-pulse CPI in the 2.4-2.5 GHz
band. To balance the inherent trade-off between waveform adaptation and colli-
sion avoidance, the reward function parameters for each agent are linearly related
with αc = 30 · (1− β) and β = βbw = βfc .

104



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

600

500

400

300

200

100

0

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

PPO
DDQN

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

10

20

30

40

50

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

15

20

25

30

35

40

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

7.5

10.0

12.5

15.0

17.5

20.0

22.5

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

PPO
DDQN
SAA

Figure 3.13: Episodic training reward in the 2.59-2.69 GHz band (no waveform
adaptation penalty).

band operation, which recovers the ideal range-Doppler response with no RSM.

Thus, the distortion penalty introduced in Equation 3.3 provides additional de-

grees of freedom for balancing the trade-off between collision avoidance and RSM

mitigation.

3.3.2 2.59-2.69 GHz Environment

This section repeats the experiments from Section 3.3.1 in the 2.59-2.69 GHz

band that is occupied exclusively by a cellular tower located next to the Univer-

sity of Oklahoma’s Advanced Radar Research Center (ARRC). Since this band

has only one primary user, its occupancy statistics are much more predictable

over time than the 2.4-2.5 GHz ISM band. Although the 2.59-2.69 GHz band is

unoccupied for long periods of time, the primary user occupies nearly the entire
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channel when present. Overall, the band is significantly less dynamic and has

rich temporal structure that a cognitive radar can learn.

Figures 3.13-3.15 summarize the training dynamics of the agents in the 2.59-

2.69 GHz band when only the spectrum reward in Equation (3.1) is optimized.

Despite significant differences in the channel statistics, the trends from the pre-

vious section still largely hold. Figure 3.13 shows that the RL agent consistently

obtains more reward than DDQN and once again converges in approximately

half number the environment interactions.0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

600

500

400

300

200

100

0

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

PPO
DDQN

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)
(b) Mean collision bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

10

20

30

40

50

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

15

20

25

30

35

40

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

7.5

10.0

12.5

15.0

17.5

20.0

22.5

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

PPO
DDQN
SAA

(a) Mean change in waveform bandwidth

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

600

500

400

300

200

100

0

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

PPO
DDQN

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

10

20

30

40

50

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

15

20

25

30

35

40

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

PPO
DDQN
SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

7.5

10.0

12.5

15.0

17.5

20.0

22.5

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

PPO
DDQN
SAA

(b) Mean change in center frequency

Figure 3.15: Waveform adaptation metrics in the 2.59-2.69 GHz band (no wave-
form adaptation penalty).

Both the PPO and DDQN agents exploit the temporal structure of the pri-

mary user to avoid mutual interference more successfully than the SAA agent

(Figure 3.14b), and the PPO agent utilizes approximately 6-8 MHz more band-

width than the DDQN on average (Figures 3.14a and 3.14c). Unlike for the

2.4-2.5 GHz experiment, the PPO agent utilizes 2-3 MHz more bandwidth than

the SAA agent on average for the same collision bandwidth. This indicates

that the predictive capabilities of the PPO agent are beneficial in this environ-

ment. Although none of the agents optimize for waveform adaptation, DDQN
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Figure 3.14: Spectrum sharing metrics in the 2.59-2.69 GHz band (no waveform
adaptation penalty).

107



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

400

300

200

100

0

100

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

6

7

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

100

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

20

0

20

40

60

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

5

10

15

20

25

30

35

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

5

10

15

20

25

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

Figure 3.16: Episodic training reward in the 2.59-2.69 GHz band (varying adap-
tation penalty).

modifies its waveform parameters to a much greater extent than SAA or PPO

(Figures 3.15a and 3.15b).

Figures 3.16-3.18b examine the trade-offs between bandwidth utilization and

interference avoidance for varying adaptation parameter values in the 2.59-2.69

GHz band. As before, the reward parameters are linearly constrained as αc =

30 · (1− β) with β = βbw = βfc .

Again, the PPO agent consistently converges to a stable episodic reward af-

ter training for all values of β (figure 3.16). Unlike in the 2.4-2.5 GHz band,

increasing the adaptation penalty causes the PPO agent to increase its interfer-

ence tolerance without altering its bandwidth utilization for β < 1 (Figures 3.17a

and 3.17b). This behavior arises because the primary user occupies nearly the

entire channel when present, so the agent must choose to use the full bandwidth

and collide with the primary user or avoid the primary user entirely by making

108



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

400

300

200

100

0

100

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

6

7

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

100

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

20

0

20

40

60

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

5

10

15

20

25

30

35

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

5

10

15

20

25

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

(a) mean radar waveform bandwidth

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

400

300

200

100

0

100

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

6

7

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

100

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

20

0

20

40

60

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

5

10

15

20

25

30

35

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

5

10

15

20

25

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

(b) Mean collision bandwidth
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Training Steps (M)

400

300

200

100

0

100

Ep
is

od
ic

 R
ew

ar
d

(a) Mean episode reward

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

1

2

3

4

5

6

7

Co
lli

si
on

 B
an

dw
id

th
 (

M
H

z)

(b) Mean collision bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

30

40

50

60

70

80

90

100

Ra
da

r 
Ba

nd
w

id
th

 (
M

H
z)

(c) Mean radar bandwidth utilization

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

20

0

20

40

60

M
is

se
d 

Ba
nd

w
id

th
 (

M
H

z)

(d) Mean missed opportunity bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

0

5

10

15

20

25

30

35

B
 (

M
H

z/
pu

ls
e)

(e) Mean change in bandwidth

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Training Steps (M)

5

10

15

20

25

f c
 (

M
H

z/
pu

ls
e)

(f) Mean center frequency shift

bw = fc = 0
bw = fc = 0.25
bw = fc = 0.5
bw = fc = 0.75
bw = fc = 1

SAA

(c) Mean missed opportunity bandwidth

Figure 3.17: Spectrum sharing metrics in the 2.59-2.69 GHz band (varying wave-
form adaptation penalty).
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Figure 3.18: Waveform adaptation metrics in the 2.59-2.69 GHz band (varying
waveform adaptation penalty).

excessively large changes to its emissions. The magnitude of these modifica-

tion still monotonically decrease with increasing β, but the difference for small

penalty values is less pronounced than in the previous experiment.

3.4 Summary

This chapter presented a novel deep RL technique for efficient RF spectrum

access with a pulse-agile cognitive radar. Unlike existing RL approaches, this

work formulates the waveform parameter optimization task as a continuous con-

trol problem where the agent selects the frequency-domain characteristics of its

emissions from a continuous set of values. This allows the agent to precisely

specify the frequency content of its emissions and scale its behavior to wideband,

high-resolution operation that is not possible under prior learning methods. The

proposed RL agent also uses a recurrent-attention encoder to process channel

estimates at the full temporal and frequency resolution of the spectrum sensing

process.
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Next, a novel reward function was presented for cognitive radar spectrum

sharing applications. The reward function simultaneously optimizes the radar’s

bandwidth utilization, mutual interference avoidance, and waveform adaptation

behavior in high-dimensional spectrum environments. To fully characterize the

properties of the resulting RL agent, several experiments were conducted using

over-the-air data collected from the 2.4-2.5 GHz and 2.59-2.69 GHz bands using

an SDR testing platform. These experiments demonstrate that the proposed

technique is performant compared to baselines from the literature. They also

show that the reward parameters can be tuned to produce a range of emergent

agent behaviors. Although separate agents were trained for each reward configu-

ration under consideration, it is also possible to train generalist agents that can

adapt their behavior during inference by using several different reward configu-

rations during training.
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Chapter 4

Graph Learning for Autonomous Search and Track

This chapter analyzes sensor control techniques for the joint multi-object search

and track problem. In search and track applications, an autonomous sensing

platform must continuously search a region of interest for unknown objects while

maintaining accurate state estimates on previously detected objects. Existing

solutions to this problem from the literature typically rely on myopic heuristics or

computationally intensive online planning routines that scale poorly to complex,

high-dimensional control spaces. To address these shortcomings, this chapter

proposes a novel graph learning solution that can be applied to the general class

of search and track tasks with minimal scenario-specific tuning. This chapter is

a significantly extended version of the preliminary conference publication [117]

and much of the discussion that follows is adapted from the journal publication

that is currently under review [118].

4.1 Problem Formulation

This section formulates the joint search and track problem as a partially-observable

Markov decision process (POMDP) that can be solved using reinforcement learn-

ing. First, a graph representation for multi-object search and track scenarios is
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Table 4.1: Node features

Feature Agent Search Track
Class label ✓ ✓ ✓

Age (time steps) ✓ ✓ ✓
State vector ✓ ✓ ✓

Covariance diagonal ✓ ✓ ✓
Survival probability ps ✓ ✓ ✓

Search weight ✓
Sensor state ✓
Track quality ✓

Existence probability r ✓

presented. The graph representation encodes the history of the environment as

the scenario evolves over time. As will be shown, the graph structure can be

constructed directly from the output of an RFS multi-object tracker and can be

processed efficiently using graph neural networks (GNNs). Section 4.1.2 presents

a performant GNN architecture for processing the scenario graphs. Due to the in-

herent sparsity of the problem and its graph representation, the time complexity

of the graph encoder is approximately linear with respect to the number of entities

in the environment. Since the TOMB/P filter can also perform data association

in linear time (see Section 2.4.3), the overall pipeline has approximately linear

time complexity and is well-suited for real-time operation. Section 4.1.3 derives

a parameterized reward function that jointly optimizes search and track perfor-

mance. The graph representation, encoder, and reward function have all been

significantly streamlined compared to the initial conference publication [117].

4.1.1 Graph State Representation

The search and track agent models the environment state as a heterogeneous

graph G = (V , E , U) which encodes the dynamics of the system as the active

113



Key

Agent node

Track node

Search node

Transition edge

Predict edge

Update edge
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Figure 4.1: Representative illustration of the graph state representation. The
scenario graph is composed of agent, search, and track nodes, where each node
represents the state of an entity at a particular time. Entity nodes are connected
via state transition, update, or predict edges.

sensor interacts with its environment over time. The set of nodes V includes three

classes of entities: agent nodes, track nodes, and search nodes. Each edge in the

set E represents a state transition over time or a measurement prediction/update

between an agent and object. The global feature vector U describes the overall

state of the multi-object tracker and scenario. Each component of the graph

structure is described in turn, including the node/edge/global features and the

relational rules which govern the graph topology.

The search and track problem involves three distinct types of entities/nodes.

Agent nodes represent the sensing platform at each time step. The graph adds

one agent node per time step, and each agent node connects to the previous

agent node via a transition edge. Track nodes represent the state history of each

tracked object. The graph adds one track node per tracked object at each time

step and connects successive track states via transition edges. A measurement
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update edge connects the track node to the corresponding agent node if the object

was detected. Otherwise, the track node connects to the current agent node via a

prediction edge. Search nodes represent the Gaussian mixture components of the

TOMB/P filter undetected intensity described in Section 2.4.3. Since the search

intensity may have an excessively large number of components, each component

only retains its most recent state estimate node.

Figure 4.1 shows a stylized illustration of the proposed graph representation

for a mobile beam-agile sensor. Nodes and edges are added incrementally to the

graph as the scenario evolves over time. Due to the prediction edges, the current

agent node can access every other node in the graph in at most three hops.

This property ensures that the graph encoder network presented in Section 4.1.2

requires no more than three GNN layers to access the complete graph state.

Each node also contains a feature vector describing its corresponding entity

(Table 4.1). All node types share several common features, including a one-

hot class label, the node age (in time steps), and kinematic information such

as the state vector and covariance matrix. Agent nodes contain a feature vector

describing the internal sensor state. For instance, a beam-agile radar sensor state

may consist of the current steering angle and beamwidth while a mobile platform

state may include its heading and speed. Track nodes contain features describing

the track’s state estimate, such as its track quality and existence probability.

Search nodes contain the weight of their corresponding intensity component. In

contrast to the preliminary work in [117], the graph encoder shares a unified

feature space across all node types. Features that are not used for a given node

type (i.e., with no ✓in Table 4.1) are filled with zeros.

The graph models three different relation types between entities (Table 4.2).

As for the node features, edges share a common feature space. Each edge con-
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Table 4.2: Edge features

Feature Transition Update Predict
Class label ✓ ✓ ✓

Relative pose ✓
Detection probability ✓
Measurement vector ✓ ✓

tains a one-hot label vector indicating its class type. State transition edges

encode relative pose information (e.g., change in position and orientation) be-

tween subsequent time steps. Both prediction and update edges contain the

measurement vector that would be produced from a noise-free measurement of

the state estimate mean. Measurement update edges also contain the detection

probability.

The graph contains a 5-dimensional global feature vector that describes the

overall tracker state. The global features are listed below:

• The sum of undetected intensity component weights

• The number of active tracks

• The sum of all track scores (Equation (4.2))

• The search task priority cs (Equation (4.1))

• The track task priority ct (Equation (4.1))

Since the scale of several node, edge, and global features may vary significantly

depending on the scenario, the encoder applies a symmetric logarithm (symlog)

transformation to all features prior to processing [83]. This eliminates the need

for manual feature normalization across different scenarios and prevents gradient

explosion due to large inputs.
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4.1.2 Graph Encoder Network

This section presents a neural network architecture for processing the environ-

ment graphs discussed in Section 4.1.1. The graph encoder maps a variable-size

input graph to a fixed-dimension latent vector suitable for downstream learning

tasks. Figure 4.2 outlines the network topology. The network executes three

processing stages: encoding, graph processing (relational reasoning), and a final

decoding step.

The encoding stage independently projects each node, edge, and global fea-

ture vector into a shared latent space using a single dense layer. Unlike the

preliminary work in [117], the graph is homogeneous and the parameters of the

projection layers are shared across all node and edge types. This reduces the

overall number of learnable parameters and improves generalization across dif-

ferent scenarios. The encoding step also projects the global features into the

latent space and adds the result to each node and edge embedding to provide

global context during graph processing. Regardless of the GNN type, skip con-

nections are applied to mitigate oversmoothing problems that are common in

GNNs [119]. RMSNorm [120] is also applied prior to each GNN layer to improve

training stability.

The final decoding step distills the latent graph state into a single feature

vector. Many pooling operators can be used to aggregate information across

graphs and sets [121], [122]. This work uses the embedding vector of the current

agent node to represent the entire graph. The current agent node is highly central

due to the prediction and update edges connecting it to all other entities in the

scenario. Therefore, it encodes both local ego information about the sensor state

and global structural information across the graph. Additionally, directly using

the agent node embeddings avoids the need for potentially expensive pooling
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Figure 4.2: Graph processing network architecture. The network first projects
each node, edge, and global feature vector into a shared latent space. Next, the
model forms a graph and performs L layers of GNN processing on the entire
graph. The decoding stage extracts the latent representation of the agent node
from the current timestep to represent the complete graph state.
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operations. Given the output latent vector, the graph encoder uses a dense layer

to project the embedding into the TD-MPC2 world model latent space.

4.1.3 Reward Function

Given the graph state representation and encoder network, all that remains is to

define a suitable reward function that guides the RL agent towards optimal search

and track behavior. The total reward Rt at time t is a weighted combination of

individual task rewards:

Rt = csR
search
t + ctR

track
t , (4.1)

where Rsearch
t and Rtrack

t are the search and track reward components, respec-

tively, and cs, ct ≥ 0 are the priority weights for each task. Ideally, this reward

function should drive the agent to maintain high-quality state estimates on as

many objects as possible while devoting sufficient resources to discovering new

objects in the surveillance region. To minimize the amount of prior knowledge

required during training, the reward components should also depend only on the

multi-object filter state rather than ground truth information which may not be

available during online training.

To evaluate tracking task performance, let ρ(x(i)) be a score function that

maps each track state estimate x(i) to a numerical score in the range [0, 1], where

higher scores indicate better track quality. The track reward defines the agent’s

overall tracking performance as the sum of individual scores across all active

tracks:

Rtrack
t =

∑
i∈C

ρ
(
x

(i)
t|t

)
, (4.2)

where C is the set of “confirmed” tracks. A track is defined as confirmed if
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its existence probability exceeds a user-specified threshold rth and it has been

associated to at least M measurements. These constraints encourage the agent

to confirm tentative tracks and ensure the agent is not rewarded for false tracks.

Note that the tracking reward is strictly non-negative and achieves its maximum

value when all tracks have a score equal to unity.

Countless metrics can be used to quantify the track quality of a state estimate

([123] describes several metrics and their shortcomings). This work models each

object state as a Gaussian distribution and uses the state covariance trace as an

error measure. The track score for a state estimate x(i) with covariance P (i) is

computed as:

ρ(x(i)) = max
(

1− tr(WP (i)W T )
trmax , 0

)

= max
(
1− e(i), 0

)
,

(4.3)

where e(i) is the trace error ratio in the first equality, trmax is a user-specified

maximum tolerable trace, and W is a weight matrix that extracts and scales

specific matrix elements. Equation (4.3) assigns a score of unity to tracks with

zero trace in the relevant dimensions, and the score decays linearly to zero as

the trace approaches or exceeds trmax. For the experiments in Section 4.3, W

extracts the position components of the covariance matrix without scaling.

For the search task, the agent must repeatedly explore the surveillance region

to detect and localize as many objects as possible. As discussed in Section 2.4.3,

the TOMB/P filter explicitly models undetected objects using a Poisson RFS

with intensity function λu(x). This intensity function describes the number of

undetected objects per unit volume in the state space. Therefore, integrating the

λu(x) over the surveillance region yields the expected total number of undetected
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objects. The search reward is defined to minimize this quantity directly:

Rsearch
t = −

∫
λu(x)dx = −

Nu∑
i=1

w
(i)
t|t . (4.4)

The second equality in Equation (4.4) holds when the intensity function is rep-

resented as a Gaussian mixture of the form:

λu(x) =
Nu∑
i=1

w(i)
u N (x;µ(i)

u , P
(i)
u ). (4.5)

Equation (4.4) is a strictly non-positive penalty term that is only zero when

the undetected intensity is uniformly zero (i.e., when the tracker predicts no

undetected objects remain in the region).

Substituting Equations (4.4) and (4.2) into Equation (4.1) gives:

Rt = csR
search
t + ctR

track
t

= −cs

Nu∑
i=1

w
(i)
t|t + ct

∑
j∈C

ρ(x(j)
t|t )

= −cs

Nu∑
i=1

w
(i)
t|t + ct

∑
j∈C

max (1− e, 0)

= −cs

Nu∑
i=1

w
(i)
t|t + ct

∑
j∈C

1− ct

∑
j∈C

min
(
e(j), 1

)

= ctNconfirmed − ct

∑
j∈C

min
(
e(j), 1

)
− cs

Nu∑
i=1

w
(i)
t|t .

(4.6)

Therefore, the search and track error decomposes into three distinct terms. The

first term in the last equality rewards the agent for confirming tentative tracks.

The second term is a penalty proportional to the state estimation error in each

track. This term must be clipped to ensure that the overall reward cannot

decrease by confirming a track. The third term is simply the search penalty
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from Equation (4.4), which gives the expected number of undetected objects

that remain in the surveillance region.

Figure 4.3 shows the reward function behavior for several task priority values

as the track quality and sum of undetected intensity weights vary from 0 to 1.

Warm and cool colors indicate regions of high and low reward, respectively.

When the task priorities are equal, the pareto fronts for each reward region lie

along diagonal lines in this space (Figure 4.3a). Increasing the relative priority of

the search task decreases the slope of these pareto optimal regions (Figures 4.3b

and 4.3d), indicating that the reward becomes less sensitive to changes in the

track quality. Conversely, increasing the relative tracking task priority drives the

optimal regions to lie between increasingly vertical lines in the space (Figures 4.3c

and 4.3e).

4.2 Experiment Setup

4.2.1 Baseline Comparisons

Section 4.3 compares the proposed graph RL approach to the sensor control

technique from [42]. The authors of [42] formulate the joint search and track task

as an optimal control problem and solve it via explicit planning in an environment

simulator. When the number of feasible control inputs is small, the planning

approach simulates all possible action sequences and selects the action with the

lowest expected cost. This exhaustive search strategy becomes computationally

infeasible for larger action spaces and longer planning horizons, so the authors

also introduce a Monte Carlo Tree Search (MCTS) technique to select control

actions [43]. Both planners select actions in receding-horizon fashion, re-planning

the entire action sequence at each time step as new measurements arrive at the
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Figure 4.3: Reward heatmaps over several values of the task priority weights.
Each image shows the reward landscape as a function of the undetected inten-
sity weight (x-axis) and total track quality (y-axis). Red indicates high-reward
regions while blue indicates low-reward regions.

123



sensor.

Unlike this work, the planners from [42] use the Poisson Multi-Bernoulli

Mixture (PMBM) filter from [18] as the underlying multi-object tracking fil-

ter. The PMBM filter maintains an explicit hypothesis tree for data association

and requires computationally expensive data association techniques to update

the multi-object state. To avoid this computation during planning, the planners

assume that each object in the sensor field-of-view produces a noise-free measure-

ment with no false alarms or new object births. To improve robustness to false

alarms, the planning procedure only considers tracks with existence probability

r > rth, where rth is set to a small value to encourage the agent to confirm or

delete low-confidence tracks.

4.2.2 Metrics

The experiments in Section 4.3 characterize the performance of each autonomous

agent in terms of its search and track capabilities, runtime computational require-

ments, and learning efficiency. The generalized optimal sub-pattern assignment

(GOSPA) metric from [124] is a common metric for quantifying joint search and

track performance. In its most general form, GOSPA measures the distance be-

tween two finite sets X and Y as:

d(c,α)
p (X, Y )

=
 min

π∈
∏

|Y |

|X|∑
i=1

d(c)
(
xi, yπ(i)

)p
+ cp

α
(|Y | − |X|)

 1
p

,

(4.7)

where d(c)(x, y) = min(d(x, y), c) for some distance metric d(·, ·) and cut-off value

c > 0, ∏|Y | is a set containing all possible permutations of Y , 1 ≤ p <∞ controls

the sensitivity to outlier values, and α ≤ 2.
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The authors of [124] suggest the constraint α = 2 for multi-object tracking

applications, which simplifies Equation (4.7) to:

d(c,2)
p (X, Y )

= min
γa∈Γ

 ∑
(i,j)∈γa

d (xi, yj)p + cp

2 (|X|+ |Y | − 2|γa|)
 1

p

,

(4.8)

where Γ is the set of all one-to-one assignments between the elements of X and Y .

Equation (4.8) decomposes into components that independently measure track

localization errors, false track errors, and missed track errors. These components

are respectively defined as:

dloc(X, Y, γ⋆
a) =

∑
(i,j)∈γ⋆

a

d (xi, yj)p , (4.9)

dfalse(X, Y, γ⋆
a) = cp

2 (|X| − |γ⋆
a|) , and (4.10)

dmiss(X, Y, γ⋆
a) = cp

2 (|Y | − |γ⋆
a|) , (4.11)

where γ⋆
a is the assignment that minimizes Equation (4.8) for a multi-object state

estimate X and ground truth set Y .

In other words, objects that are associated to ground truth in the optimal

assignment γ⋆
a contribute to the localization error in Equation (4.9). Objects

in X that are not assigned to a ground truth element contribute to the false

error in Equation (4.10), increasing the GOSPA error by cp/2 for each false

track. Similarly, ground truth objects in Y that are not associated to a track

contribute cp/2 to the GOSPA via the miss error in Equation (4.11). The analysis

in this chapter computes the optimal assignment γ⋆
a using the modified Jonker-

Volgenant algorithm derived in [125], [126]. In addition to Equations (4.9)-(4.11),
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the experiments also report the sum of undetected intensity weights and total

track quality as measures of search and track performance.

Runtime complexity is also a critical consideration for autonomous sensor

control techniques. This chapter evaluates the runtime complexity and scalability

of the planning agents from [42] as a function of the planning horizon and size of

the control input space. Since the runtime of the graph RL agent does not scale

appreciably with these quantities, its computational efficiency is characterized

as a function of the scenario graph size. Finally, the learning efficiency of the

graph RL agent is reported by plotting its learning curves in each scenario over

20 random seeds.

4.2.3 Assumptions and Common Parameters

The simulation studies in Section 4.3 use the TOMB/P filter described in Sec-

tion 2.4.3 for multi-object state estimation and an unscented Kalman filter (UKF)

for single-object state estimation. The UKF generates sigma points as described

in [101] with parameters α = 10−3, β = 2, and κ = 0. Although the planning

baselines from [42] use a PMBM filter for multi-object state estimation and an

extended Kalman filter (EKF) for single-object state estimation, they use the

TOMB/P filter and UKF in these experiments to ensure a fair comparison of

state estimation performance. Both the graph RL and planning agents use an

existence probability threshold of rth = 0.05 to define active/confirmed tracks

for track maintenance and reward computation.

The TOMB/P filter implementation models the birth and undetected inten-

sities as Gaussian mixtures with N (b) and N (u) components, respectively. Birth

components added to the undetected intensity in the predict step are merged

after the update step to maintain a constant number of undetected intensity
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components. Classical mixture reduction techniques (e.g., [127]) are computa-

tionally expensive, so each birth component is simply merged into the nearest

undetected component in terms of Euclidean distance between means. To further

reduce simulation complexity, detection and survival probabilities are evaluated

using only the mean of the object state density:

pd(x(i)|s) ≈ pd(E[x(i)]|s), and (4.12)

ps(x(i)) ≈ ps(E[x(i)]|s) (4.13)

where s is the sensor state and x(i) is the state of object i. Additionally, the sensor

models in the experiments that follow are intentionally made simple and general

to capture the general behavior of many common sensor types (e.g., radar, lidar,

camera) without being tied to a specific application.

The RL agent uses the graph encoder architecture described in Section 4.1.2

to process the environment graph at each time step. The relational reasoning

module uses L = 3 residual gated graph ConvNet (R-GGCN) layers with an

embedding dimension of 128 for all node, edge, and global features. The result-

ing output is projected to a 512-dimensional latent vector using a single dense

layer, then passed to the TD-MPC2 world model. The graph encoder has ap-

proximately 320k parameters in total. All other TD-MPC2 hyperparameters are

identical to the default 5M parameter model from [81].
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Figure 4.4: Example realization of the beam optimization scenario. The station-
ary sensing platform (yellow circle) controls an electronically-steered beam (red
sector). In this instance, the sensor maintains 4 active tracks (green circles) and
has yet to detect one ground truth object.

4.3 Results

4.3.1 Beam Optimization Task

The first experiment evaluates each autonomous agent in a 2-D scenario where

a stationary sensing platform operates in a 2000 m × 2000 m region of interest

(Figure 4.4). The sensor lies at the origin of the coordinate system and uses

an electronically-steered beam to localize objects in the environment. At each

decision step, the agent selects the steering angle θsteer and beamwidth θBW of

the beam.
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The sensor’s detection model is defined as:

pd(x(i)) =


0.6 + 0.3 · (θBW − θmin

BW) in beam,

0 otherwise,
(4.14)

where θmin
BW is the minimum possible beamwidth of the sensor and an object with

state x(i) is considered to be in the beam if its azimuth ϕ(i) lies within the range

[θsteer − θBW/2, θsteer + θBW/2]. In other words, the model assumes the detection

probability is constant within the beam and zero outside, and that the probability

decays linearly from 0.9 to 0.6 as the beamwidth increases to its maximum value.

The sensor steers its beam instantaneously from 0◦−360◦ with beamwidth values

from 20◦ − 40◦.

The active sensor measures the radial range and azimuth of objects in the

environment. The measurement likelihood function is Gaussian distributed as

p(zt|xt) = N (zt;h(xt), Rt) with mean and covariance defined below:

h(xt) =


√
p2

x + p2
y

atan2(py, px)

 , Rt =

σ2
r 0

0 σ2
θ

 , (4.15)

where (px, py) is the Cartesian position of the object relative to the sensor and

σr, σθ are the measurement errors in range and azimuth, respectively. This

experiment assumes that measurement errors are constant as a function of time

and sensor state, although this need not be the case in general.

The kinematic state of each object includes its 2-D position (px, py) and ve-

locity (vx, vy) to form a state vector x = [px, vx, py, vy]. Object states evolve

according to a nearly constant velocity (NCV) model with transition density
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p(xt+1|xt) = N (xt+1;FCV xt, QCV ), where:

FCV = I2 ⊗

1 ∆t

0 1

 , QCV = qI2 ⊗

∆t3

3
∆t2

2

∆t2

2 ∆t

 . (4.16)

Here, I2 is the 2 × 2 identity matrix, ⊗ is a Kronecker product, ∆t is the time

difference between state transitions, and q is the process noise intensity. Objects

enter the scenario according to a Poisson process which produces a new object

every 50 s on average. When an object is born, its position is uniformly sampled

within the scenario extents and its speed is uniformly selected between 0−10 m/s

with a random heading. Objects continue along their trajectories until they exit

the scenario extents, at which point they are removed from the simulation.

The TOMB/P birth model is a Gaussian mixture of the form in Equa-

tion (4.5). To approximate a diffuse prior, the means of each component µb,i =[
pb,i

x , v
b,i
x , p

b,i
y , v

b,i
y

]
are selected such that pb,i

x and pb,i
y form a uniform 7× 7 grid in

position and vb,i
x = vb,i

y = 0. The mixture covariances are equal for all birth com-

ponents and defined as P b,i = diag ([2000/7, 10, 2000/7, 10])2 to cover the region

of the state space where objects may exist. The birth mixture weights are equal

and set to wb,i = (1/50)/49 = 4.081× 10−4 for all components, corresponding to

an expected object birth every 50 s. The survival probability is ps = 0.997 within

the surveillance region and zero outside. Table 4.3 summarizes the relevant pa-

rameters discussed in this section.

Since the platform is stationary and the beam is steered instantaneously, the

the baseline planning agent from [42] need only optimize its behavior over a sin-

gle time step. Given sufficiently fine discretization and an accurate environment

simulator, the exhaustive planner is nearly optimal for the beam optimization

task in terms of joint search and track performance. Here, the planner discretizes
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Table 4.3: Beam Optimization Scenario Parameters

Parameter Value Unit
Scenario extents 2000× 2000 m
Steering angle 0− 360 degrees

Beamwidth 20− 40 degrees
Max sensor range 1500 m

Max localization error 50 m
∆t 1 s

Range measurement error 5 m
Azimuth measurement error 1 degrees
Object motion process noise 0.1 —

Average birth rate 0.02 s−1

Birth model Uniform Poisson —
Birth grid size 7× 7 —

Survival probability 0.997 —
RL discount factor 0.95 —

the control space into 20 uniformly spaced steering angle bins and 5 beamwidth

bins, resulting in 100 feasible control action. At each decision step, the plan-

ning routine explicitly simulates all possible actions and selects the action which

maximizes the joint search+track cost function from [42]. Though they were

not implemented here, this exhaustive search procedure also is similar to the

approaches employed in [14].

Figure 4.5 shows the mean training reward of the graph RL agent in the beam

optimization task, along with its 95% confidence interval. The dashed black line

indicates the average reward of the exhaustive search planner over 100 Monte

Carlo episodes with 1000 decision steps each. All agents assume equal priority

between the search and track tasks and set cs = ct = 1 in Equation (4.1) during

training. The RL agent converges to a similar episodic reward as the planning

baseline after 2M environment steps, though there is significant variation in

reward across seeds since environment realizations are heavily randomized.
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Figure 4.5: Learning curves for the beam optimization task over 20 random seeds.
The black line gives the average reward of the MCTS planning agent from [42]
over 100 Monte Carlo episodes. The RL agent obtains similar task performance
as the planner after training is complete.

Figure 4.6 shows the relevant search and track performance metrics for the

beam optimization task. This experiment compares the exhaustive search plan-

ner to three RL configurations: search+track (S+T) with cs = ct = 1 in Equa-

tion (4.1), search-only with cs = 1, ct = 0, and track-only with cs = 0, ct = 1.

Since the S+T case is the primary focus of this work, metrics are computed from

the average across the 20 S+T independently-trained RL agents with 100 Monte

Carlo episodes per agent. The metrics for other configurations are averaged over

100 Monte Carlo episodes.

The S+T RL agent and planner perform best on the joint search and track

task, achieving average GOSPA values of 38.068 and 37.671, respectively, com-

pared to 48.525 for the search-only agent and 43.405 for the track-only agent

(Figure 4.6a). To verify the statistical significance of this result, a two-tailed
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Figure 4.6: Search and Track performance metric for the beam optimization task.
Three configurations of the RL agent (search+track, search-only, track-only) are
compared to the exhaustive planning agent from [42] in terms of (a) GOSPA,
(b) mean localization error, (c) Miss error, (d) False error, (e) Total undetected
intensity weight, and (f) Total track quality.
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Table 4.4: Search and track metrics for the beam optimization task.

Metric RL (S+T) RL (S) RL (T) Planning [42]
GOSPA 38.068 48.525 43.405 37.671

Loc. Error 12.144 11.036 6.298 9.163
False Error 129.223 130.625 51.000 68.475
Miss Error 1258.829 2250.512 2161.725 1453.612

Search weight 0.555 0.347 1.619 0.602
Track Quality 1.719 0.825 1.171 1.615

t-test was performed to compare the search and track performance of the RL

and planning techniques. The null hypothesis of the test states that the mean

GOSPA of the S+T RL agent equals the mean GOSPA of the planner. The

resulting t-value is 3.640 with 19 degrees of freedom. The corresponding p-value

is 1.74 × 10−3, indicating that the small GOSPA difference between the two

methods is statistically significant for a significance level α = 0.05. Since the

exhaustive planner is nearly optimal for the beam optimization scenario, this

result suggests that the graph RL agent successfully learns a performant policy

for the joint search and track task.

As expected, the track-only agent consistently maintains the lowest localiza-

tion error on initiated tracks, followed by the exhaustive planning agent (Fig-

ure 4.6b). Figure 4.6c shows that the S+T RL agent sacrifices slightly higher

per-track localization error to maintain more tracks than all other configurations

(Figure 4.6c). The search-only agent has a similar localization error but fails

to actively maintain tracks, producing a high miss error and a correspondingly

high overall GOSPA error. Although track deletion is not explicitly optimized

by either method, all configurations maintain low false track error and effectively

remove false tracks (Figure 4.6d).

Figure 4.6e shows that the S+T and planning agent perform similarly on the
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Figure 4.7: Scaling performance of the encoder network as a function of the input
graph size (assuming 3 edges per node). Runtime complexity scales linearly with
the size of the graph, and the encoder maintains sub-millisecond inference time
for graphs with fewer than 104 nodes.

search task, reducing the search intensity weight to 0.555 and 0.602, respectively.

The tracking performance of each agent is also similar, with the S+T RL agent

obtaining a slightly higher overall track quality of 1.719 compared to 1.61 for the

planning agent (Figure (4.6f)). The search-only agent maintains a low search

intensity weight of 0.347 but fails to maintain tracks, producing the lowest track

quality overall. The track-only agent performs poorly on the search task and fails

to initiate tracks on many objects, resulting in a lower overall track quality than

the S+T and planning agents. Table 4.4 summarizes these trends by reporting

the mean value of each metric across all Monte Carlo episodes. The bold values

in the table indicate the configuration with the highest mean value across all

trials for each metric.

The final experiments in this section compare the scalability and runtime
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Figure 4.8: Exhaustive planner runtime analysis. The computational require-
ments of the exhaustive planner from [42] scale exponentially with the planning
horizon (colored lines). The graph RL agent maintains a constant runtime of
1.2 ms per decision during inference (dashed black line).

computational requirements of the planning and RL agents. Figure 4.7 shows

the inference time of the graph encoder as a function of the the input graph

size on an RTX 4090 GPU. We assume that each node in the graph has three

incoming edges on average, which is typical for the sparse graphs encountered in

the beam optimization scenario. For small graphs with fewer than 1000 nodes,

the GPU is memory-bound and the runtime is approximately constant. Beyond

this threshold, the runtime complexity scales linearly with the graph size and

the encoder maintains sub-millisecond inference time for graphs with up to 10 k

nodes. For reference, the graphs used for training the RL agent contain approx-

imately 100 nodes each.

Figure 4.8 shows the runtime of the exhaustive planner from [42] as a function

of the planning horizon and number of feasible control inputs. All values in the
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figure are averaged over 100 time steps in the beam optimization scenario on an

AMD Ryzen Threadripper PRO 3955WXs CPU. To avoid excessive simulation

times, the dashed colored lines represent extrapolated values whose runtime ex-

ceeds 100 s per decision. The approach from [42] scales exponentially with the

horizon, quickly becoming infeasible even for modestly complex planning prob-

lems.

Since the graph RL agent uses dynamic programming to control its optimiza-

tion horizon rather than explicit planning, its runtime does not scale with the

horizon. The RL approach also plans in a continuous action space and its run-

time does not depend on a pre-defined discretization of the control inputs. These

properties make the graph RL approach drastically more efficient than the ex-

haustive planner for all possible configurations. Recent work has also shown that

the runtime complexity of TD-MPC2 can be further reduced by with imitation

learning techniques [85].
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4.3.2 Mobile Surveillance Scenario

100 75 50 25 0 25 50 75 100
X Position (m)

100

75

50

25

0

25

50

75

100

Y 
Po

sit
io

n 
(m

)

Transition edges
Predict edges
Update edges
Ground Truth
Track
Agent

Figure 4.9: One realization of the mobile surveillance scenario. The sensing
platform (yellow circles) maintains tracks (green circles) on two ground truth
objects (red stars) and has yet to detect a third object in the bottom half of the
surveillance region. For visual clarity, older states in the platform trajectory have
smaller circle markers than more recent states. Gray lines represent prediction
edges between agent nodes and search nodes.

The next scenario considers a mobile sensing platform that patrols a 200 m ×

200 m area to localize objects of interest (Figure 4.9). At each decision step,

the autonomous agent updates the platform speed and heading via the control

input ut = [∆vt,∆ψt], where ∆vt and ∆ψt are the change in speed and heading,

respectively. The platform has a maximum speed of 10 m/s, can accelerate or

decelerate at up to 3 m/s2, and can turn at a maximum rate of π/2 rad/s.

The kinematic state of objects in the environment evolve under a coordinated

turn (CT) model. The CT model assumes that objects move with constant speed

while executing a turn with constant angular velocity [95]. In the 2-D case, the
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CT state vector is defined as x = [px, vx, py, vy, ω], where (px, py) and (vx, vy) is

the 2-D position and velocity, respectively, and ω is the turn rate. The transition

density is Gaussian-distributed with p(xt+1|xt) = N (xt+1;FCTxt, QCT ), where

the state transition matrix is given by:

FCT =



1 sin(ω∆t)
ω

0 −1−cos(ω∆t)
ω

0

0 cos (ω∆t) 0 − sin (ω∆t) 0

0 1−cos(ω∆t)
ω

1 sin(ω∆t)
ω

0

0 sin (ω∆t) 0 cos (ω∆t) 0

0 0 0 0 1


, (4.17)

and the process noise covariance is a matrix of the form:

QCT =

qaUU
T 0

0 qω

 , U = I2 ⊗

∆t2

2

∆t

 , (4.18)

where qa and qω are the process noise intensities for the linear acceleration

and turn rate, respectively. This scenario assumes qa = 3 × 10−4 and qω =

(0.01π/180)2.

Similar to the previous experiment, the birth model is a Gaussian mixture

with means µb,i =
[
pb,i

x , v
b,i
x , p

b,i
y , v

b,i
y , ω

b,i
]
, where pb,i

x and pb,i
y form a uniform 8× 8

grid in position and vb,i
x = vb,i

y = ωb,i = 0. Each birth mixture component has an

identical covariance matrix P b,i = diag ([200/8, 1, 200/8, 1, π/180])2 and weight

wb,i = (1/100)/64 = 1.562 × 10−4. Again, the survival probability is a uniform

ps = 0.997 within the surveillance region and zero outside. New objects appear

in the simulation according to this birth model such that a new object is born

every 100 s on average.

The mobile platform is equipped with a sensor that operates with a limited
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range of rmax = 20 m. The sensor’s detection probability is a Gaussian function

of the object’s distance from the platform when the object lies within the sensor

range and zero otherwise:

pd(x(i)) =


exp

[
−1

2

(
r

rmax

)2
]

r ≤ rmax,

0 r > rmax,

(4.19)

where r is the Euclidean distance between the object and sensing platform. Un-

like the beam optimization task in Section 4.3.1, the mobile sensor directly mea-

sures the Cartesian position of objects in the environment. The measurement

likelihood function is a Gaussian density p(zt|xt) = N (zt;Hxt, Rt) with:

H =

1 0 0 0 0

0 0 1 0 0

 , Rt =

σ2
x 0

0 σ2
y

 , (4.20)

where σx and σy are the measurement errors for the x and y position components,

respectively.

Table 4.5 summarizes the relevant scenario parameters of the mobile surveil-

lance task. Note that the RL and graph encoder parameters are identical to

those in Section 4.3.1 aside from the discount factor, which is increased to 0.99.

This increased discount factor reflects the fact that the mobile surveillance task

requires longer-term behavioral optimization since the platform requires many

successive decision steps to reach distant goal points. In general, the graph RL

approach requires minimal tuning across different scenarios aside from the dis-

count and the underlying simulator used to generate experiences.

Figure 4.10 compares the training reward of the graph RL agent to the reward

of the MCTS planning agent from [42]. The MCTS agent plans over a horizon
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Table 4.5: Mobile Surveillance Scenario Parameters

Parameter Value Unit
Scenario extents 200× 200 m

Max platform speed 10 m/s
Max sensor range 20 m

Max linear acceleration 3 m/s2

Max turn rate π/2 rad/s
Max localization error 10 m

∆t 1 s
X pos. measurement error 0.1 m
Y pos. measurement error 0.1 m
Acceleration process noise 3× 10−4 —

Turn rate process noise (0.01π/180)2 —
Average birth rate 0.01 s−1

Birth model Uniform Poisson —
Birth grid size 8× 8 —

Survival probability 0.997 —
RL discount factor 0.99 —

of H = 10 time steps, discretizes the control space into 5 uniformly spaced

heading bins and 4 speed bins, and performs 100 MCTS iterations per decision

step. This MCTS configuration represents a reasonable trade-off between task

performance and computational complexity and requires approximately 1.5 s per

decision. Unlike the beam optimization task from Section 4.3.1, the RL agent

ultimately achieves a larger reward than the MCTS planner after 2M training

steps.

Figure 4.11 plots the search and track metrics for the MCTS planning agent

and the RL configurations discussed in Section 4.3.1 (search-only, track-only,

S+T). As before, the S+T RL and planning agents achieve the lowest GOSPA

errors overall, achieving GOSPA values of 7.209 and 7.560, respectively (Fig-

ure 4.11a). The S+T RL agent tolerates slightly higher localization errors (Fig-

ure 4.11b) than the planning agent (1.743 and 1.119, respectively). However,
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Figure 4.10: Learning curves for the mobile surveillance task over 20 random
seeds. The black line gives the average reward of the MCTS planning agent
from [42] over 100 Monte Carlo episodes. The RL agent ultimately achieves a
higher reward than MCTS after training is complete.

the RL agent drops fewer tracks than all other configurations (Figure 4.11c).

and achieves an average miss error of 49.273. As a result, the RL agent main-

tains a greater overall track quality than all other configurations on average

(Figure 4.11f). Unlike in the beam optimization task, the planning agent con-

sistently maintains a slightly lower undetected intensity weight than the S+T

RL agent (Figure 4.11e). Aside from the search-only agent, all configurations

effectively delete false tracks from the filter (Figure 4.11d) and maintain false

errors below 10. Table 4.6 reports the average value of each metrics across all

experiments.

To verify the statistical significance of these results, a one-tailed t-test was

performed to compare the joint task performance of the RL and planning agents.

As in Section 4.3.1, the null hypothesis of the test states that the GOSPA of
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Table 4.6: Search and track metrics for the mobile surveillance task.

Metric RL (S+T) RL (S) RL (T) Planning [42]
GOSPA 7.209 10.422 9.105 7.560

Loc. Error 1.743 2.213 0.175 1.199
False Error 4.943 15.850 0.864 3.347
Miss Error 49.273 92.520 98.237 62.554

Search weight 0.862 0.645 1.363 0.802
Track Quality 2.007 0.983 0.973 1.756

the S+T RL agent equals the GOSPA of the MCTS planner. In this case, the

alternate hypothesis states that the GOSPA of the RL agent exceeds that of the

MCTS planner. With 20 independent S+T RL agents evaluated over 100 Monte

Carlo episodes each, the resulting t-value is 9.734 with 19 degrees of freedom.

The p-value is 4.051× 10−9, indicating that the GOSPA difference between the

two methods is statistically significant for a significance level of α = 0.05.

Figures 4.11e and 4.11f demonstrate more significant differences in the be-

havior of the S+T RL agent and the MCTS planner. The MCTS planner places

greater emphasis on the search task and reduces the undetected intensity to

an average value of 0.835 compared to 0.986 for the S+T agent (Figure 4.11e).

Meanwhile, the S+T agent attains an average total track quality of 2.15 com-

pared to 1.66 for the MCTS planner (Figure 4.11f). This indicates that the S+T

agent maintains high quality tracks on more objects than the other configura-

tions on average.

This experiment concludes by comparing the computational complexity of

the MCTS planner to the graph RL agent. Figure 4.12 shows the average run-

time of the MCTS planner as a function of the planning horizon and number of

MCTS iterations. Unlike the exhaustive search planner, the runtime of MCTS

is independent of the number of feasible control inputs and scales linearly with
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Figure 4.11: Search and Track performance metric for the mobile surveillance
task. Three configurations of the RL agent (search+track, search-only, track-
only) are compared to the MCTS planning agent from [42] in terms of (a)
GOSPA, (b) mean localization error, (c) Miss error, (d) False error, (e) Total
undetected intensity weight, and (f) Total track quality.
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the planning horizon and number of iterations. However, the MCTS planner still

scales poorly compared to the RL agent and requires > 1 s per decision for even

modest planning horizons and iteration counts. Though the runtime complexity

of MCTS can be improved by heavily optimizing the simulator and performing

MCTS rollouts in parallel, it is unlikely that these optimizations would reduce

the runtimes by several orders of magnitude to match the 1.2 ms latency of the

RL agent.

4.4 Summary

This chapter has presented a novel reinforcement learning solution to the joint

search and track control problem. First, a graphical representation of the general

class of the multi-object tracking problem was developed. These graphs model
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the complete history of sensor states and object tracks in a flexible structure

that accommodates dynamic, time-varying sensor control scenarios. The graph

structure was shown to be sensor agnostic and suitable for processing with graph

neural networks. Next, a GNN architecture was developed to encode the scenario

graphs into a compact latent representation for downstream learning tasks. Due

to the inherent sparsity of the graph representation, the computational complex-

ity of the GNN encoder scales linearly with the scenario history and size. Finally,

a novel reward function was derived to unify the search and track objectives into

a single optimization criterion.

The performance of the proposed graph RL agent was evaluated in two sim-

ulation studies. In the first experiment, the autonomous agents controlled a

stationary sensor with an electronically steered beam. The second scenario con-

sidered a mobile platform tasked with patrolling a region using a range-limited

sensor. In both scenarios, the graph RL agent matches or outperforms state-of-

the-art planning techniques from the literature on the joint search and track task.

At the same time, the proposed technique leverages world model planning to re-

duce inference-time computational requirements by several orders of magnitude

compared to online planning methods. The experiments also showcase the graph

RL architecture’s ability to remain performant in highly disparate scenarios with

minimal hyperparameter tuning. These results make the graph RL approach a

promising option for resource-constrained sensor control regardless of the specific

sensor or scenario.
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Chapter 5

Conclusion

5.1 Summary

This dissertation developed several deep RL techniques for autonomous sensor

control applications. Traditional control techniques often rely on myopic single-

step heuristics, computationally intensive online planners, or machine learning

methods that cannot adapt to complex, dynamic environments. This work aims

to demonstrate that combining deep RL with relational reasoning and continuous

control can overcome these limitations and provides a powerful general frame-

work for autonomous sensor control. In particular, deep RL enables the cognitive

agent to learn strategies that optimize long-term performance directly from ex-

perience. Relational reasoning makes it possible to model complex interactions

between entities in the environment and to encode useful inductive biases of

the problem directly into the learning representation. Finally, continuous con-

trol formulations provide maximum flexibility in the action selection process,

allowing the agent to select control actions with as much precision as the prob-

lem requires. This hypothesis was evaluated in two distinct application spaces:

radar-communications spectrum sharing and autonomous search and track. In

both cases, the proposed relational RL techniques outperform state-of-the-art
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baselines in terms of runtime complexity, final task performance, or both.

5.2 Novel Contributions

To address the shortcomings of the existing literature, this dissertation proposed

the following contributions for the spectrum sharing task:

1. A POMDP formulation for the spectrum sharing task was developed to

solve the problem as a high-dimensional continuous control task. The

agent processes its frequency channel observations at the full resolution

of the spectrum sensing process without downsampling. To fully utilize

these degrees of freedom and maximize flexibility, the agent optimizes its

waveform parameters from a continuous set.

2. A novel reward function was derived to balance radar performance and

mutual interference avoidance across entire coherent processing intervals.

This reward function is shown to smoothly trade bandwidth utilization,

interference avoidance, and waveform coherence with minimal tuning across

dynamic channel statistics.

3. A novel recurrent-attention network architecture was presented for radar-

based spectrum access. The network is designed to exploit the periodic

structure of pulsed radar data to efficiently process high-resolution spec-

trum data over extended time horizons.

4. The RL spectrum agent was evaluated using over-the-air data collected

from a software-defined radio testbed. The agent is shown to perform

favorably compared to the existing state-of-the-art in both the 2.4-2.5 GHz

and 2.59-2.69 GHz bands.
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For the autonomous search and track task, this work makes the following

contributions:

1. A novel graphical representation was developed for the general class of

search and track problems. The graph representation models spatiotempo-

ral relationships between sensing platforms, tracked objects, and search re-

gions of interest. The representation is sensor-agnostic and accommodates

scenarios with a variable number of entities (agents, tracks, and search re-

gions) during runtime.

2. A graph neural network (GNN) architecture was presented for processing

time-varying scenario graphs. Since the graph representation is sparse, the

GNN processes graphs with approximately linear time complexity in the

number of entities in the multi-object tracking filter.

3. A novel reward function was derived to adaptively balance the search and

track tasks. The reward function requires minimal tuning across sensor

types and can be computed directly from the state estimate of a multi-

object tracking filter.

4. The search and track task was formulated as a planning problem in the

continuous control domain. Unlike discrete planning approaches, the pro-

posed planner can operate in large control spaces without incurring addi-

tional computational cost.

5. Recent advances in model-based RL were leveraged to perform planning in a

learned world model rather than the true environment simulator. The plan-

ning procedure is also augmented with a learned value model that allows

the graph agent to optimize its behavior over long time horizons without
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explicit simulation. As a result, the overall decision-making pipeline is or-

ders of magnitude faster than state-of-the-art planning techniques, making

it highly suitable for real-time operation.

6. The TOMB/P multi-object tracking filter was used to represent the en-

vironment state for the autonomous search and track agent. This design

choice further reduces the latency for decision-making since the TOMB/P

filter performs data association with linear time complexity in the number

of tracks and measurements. It also significantly reduces the time required

to train the agent using commercial hardware.

5.3 Future Work

This dissertation provides a foundation for future research into applications of

deep reinforcement learning to autonomous sensor control. Several promising

avenues for future work are outlined below for the two application spaces con-

sidered in this work.

5.3.1 Radar-Communications Spectrum Sharing

Future work could expand upon several aspects of the cognitive radar spectrum

sharing formulation from Chapter 3. For instance, the reward function in Equa-

tion (3.4) effectively balances the spectrum sharing and radar performance ob-

jectives but requires a degree of manual tuning and does not directly optimize

task-level performance metrics of interest. Future work could therefore explore

more principled reward structures that more directly express the trade-offs be-

tween each objective. As a starting point, the distortion reward in Equation (3.3)

is expressed in terms of waveform adaptation metrics that are only a proxy for
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coherent radar performance. The distortion reward could instead derive directly

from characteristics of the range-Doppler PSF such as the peak sidelobe level

(PSL) or integrated sidelobe level (ISL) [128]. Alternative rewards based on im-

age processing metrics such as the structural similarity index measure (SSIM)

[129] could also be used to compare the ideal fully coherent PSF to the pulse-agile

response.

Similarly, the spectrum reward from Equation (3.1) characterizes mutual in-

terference in terms of the collision bandwidth. Future reward functions could

incorporate direct feedback from the radar detection/tracking process or from

communications quality-of-service metrics. Given a set of task-level quality mea-

sures for each objective, the RL agent could also select additional radar param-

eters (e.g., the pulse width and pulse repetition frequency) in addition to the

waveform’s frequency content to optimize the overall performance of the system.

The architecture of the cognitive agent itself could also be improved in fu-

ture work. The recurrent-attention architecture presented in Chapter 3 was de-

signed for computational efficiency and does not include several recent advances

in transformer network design (e.g., skip connections and layer normalization).

Novel network architectures could explore the use of set transformers and pool-

ing by multi-head attention (PMA) techniques to combine attention processing

and pooling into a single module [121]. Scalable transformer architectures could

also be investigated to eliminate the recurrent component entirely [130]. Future

work must carefully consider the real-time performance of novel network archi-

tectures on software-defined platforms. Since pulse-agile radar systems operate

on microsecond-level timescales, an architecture that is performant on offline

training data may react too slowly in realistic environments.
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5.3.2 Graph Learning for Sensor Control

The graph learning approach presented in Chapter 4 can also be extended in

several ways. The experiments in Chapter 4 use a single autonomous sens-

ing platform to perform the joint search and track task. However, the graph

formulation can naturally accommodate a time-varying number of sensors as

well.Figure 5.1 illustrates one possible graph structure for multi-agent operation.

In this formulation, the graph stores the trajectories of Ns sensors that operate

independently. If data fusion is performed at a central processor, each sensor

could share an identical environment graph at each time step. For decentralized

communication-limited operation, each sensor could maintain its own local graph

that is periodically updated when the agent communicates with other agents.

Agent-to-agent interactions could be modeled as an additional edge type in the

graph (blue edges in Figure 5.1). Future work could investigate the scalability of

the multi-agent graph RL approach as a function of the number of active sensors

and the degree of communication between agents.

Multi-task operation is a major aspect of the TD-MPC2 algorithm that was

not explored in this work. Rather than training a separate agent for each scenario

or sensing modality, future work could exploit the structural similarity between

sensor control problems to train a single generalist agent that seamlessly oper-

ates across multiple tasks. To this end, future work could investigate graphical

foundation models for sensor control that are pre-trained on a diverse corpus of

scenarios and fine-tuned for specific applications as needed. Augmenting the ex-

isting agent to support multi-task operation would likely require minimal changes

to the network architecture beyond scaling the size of the world model and con-

ditioning all model components on the current task.

Finally, future work should deploy the graph RL agent on a real autonomous
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Figure 5.1: Proposed multi-sensor extension to the graphical search and track
approach. Two autonomous platforms (agents 1 and 2) maintain a shared graph
state. The multi-agent formulation extends the single-agent graph with separate
trajectory nodes for each sensor and inter-agent communication edges (blue).
Search nodes are omitted for clarity.

platform to evaluate its performance under real-world constraints. Since the

graph RL agent operates on millisecond-level inference timescales, it should be

straightforward to incorporate into a robotic platform control loop (where 50

Hz operation is standard). Since the graph agent operates on highly processed

tracker outputs, it should be robust to sensor artifacts and other deviations from

the simulation model. Since the search and track reward function defined by

Equations (4.1)-(4.4) does not require ground truth information, the deployed

agent could be trained directly on real situational data with minimal direct su-

pervision.
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Appendix A

Preliminary Graph Search and Track Formulation

A.1 Problem Formulation

This appendix presents a preliminary graph learning solution for the search and

track problem that formed the foundation of the work in Chapter 4. Compared

to this appendix, the approach in Chapter 4 significantly improves the graph rep-

resentation, neural network architecture, and reward function to make the model

highly scalable and general-purpose. However, the preliminary approach defined

below is included for completeness and to motivate the generalized formulation.

Much of the discussion in this chapter follows from the original conference pub-

lication [117].

The proposed formulation models relationships between objects in the en-

vironment (e.g., sensors and tracked objects) as a heterogeneous graph that is

incrementally updated as the scenario evolves. The resulting graphs provide a

concise state representation for a model-based RL agent that plans future actions

in a learned world model without discretizing its control space. The graph RL

approach is largely sensor-agnostic, scales to a time-varying number of tracked

objects and search regions of interest, and supports massively parallel process-

ing using a graph neural network. The performance of the agent is verified in a
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mobile surveillance scenario and compared to a set of myopic heuristic policies.

A.2 Proposed Algorithm

A.2.1 Graph State Representation

This section derives a graph-theoretic representation of the search-and-track en-

vironment history using the TOMB/P filter from Section 2.4. The environment

state is a heterogeneous graph G = (V , E , U), where V and E are sets of nodes

and edges, respectively (Figure A.1a), and U is a global feature vector. The node

set V consist of agent, search, and track nodes. Agent nodes describe the state of

the sensing platform at each time step. Search nodes describe components of the

undetected object intensity λu, which is represented as a Gaussian mixture as in

Equation (4.5). In general, increasing the number of mixture components results

in a more finely-detailed search “grid” (which need not be uniformly spaced) at

the expense of greater computation. Track nodes represent the state history of

tracks in the RFS filter. Although the TOMB/P filter only maintains the current

state estimate for each object, the graph representation stores track states over

multiple time steps.

The edge set E comprises six five edge types (Figure A.1a):

• State transition edges: Connect agent nodes across subsequent time steps.

These edges include relative pose information (e.g., translation and rota-

tion) where required.

• Measurement update edges: Connect agent nodes to track nodes that were

associated to a measurement in the same time step.

• Prediction edges: Connect the current agent node to the most recent node
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Figure A.1: Graph representation of the multi-object search-and-track environ-
ment. The scenario graph is composed of agent, search, and track nodes, which
can be connected through various edge types. Search nodes act as spatial aggre-
gators which share information between their k nearest neighbors.
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for each track. The graph discards old prediction edges at each time step.

• Missed detection edges: Connect agent nodes to tracks in the same time

step that have pd > 0 but where not associated to any measurements.

• Nearest neighbor edges: Connect each search node to its k nearest spatial

neighbors using the Mahalanobis distance as a metric [95].

Additionally, each track node is connected to the previous and subsequent nodes

in its history with a predict/update/miss edge. Note that the nearest neighbor

edge type introduces a computationally expensive pairwise distance calculation

between search nodes, limiting the scalability of the approach when the search

grid is large or high-resolution.

In practice, a decision-making agent rarely makes use of the entire scenario

history. To reduce the size of the graph (and thus the memory/compute footprint

of the algorithm), the environment observations only retain nodes and edges from

the previous T = 50 time steps. Although it is not considered in depth here,

future work could also examine Gaussian mixture reduction [127] strategies to

further reduce computation requirements without sacrificing fidelity in the state

representation.

A.2.2 Entity Features

Each node class in the heterogeneous graph possesses a unique set of features.

Table A.1 provides a complete list of features for each class, where a checkmark

indicates that the feature in question is included in the node representation. All

nodes contain the kinematic state of their corresponding entity (i.e., the state

vector from the tracker) and the node’s age in units of time steps. This work

assumes the agent state is perfectly known, so agent nodes do not include state
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Table A.1: Node Features

Feature Agent Search Track
Kinematics (position, velocity) ✓ ✓ ✓

Age (time steps) ✓ ✓ ✓
Covariance diagonals ✓ ✓

Survival probability ps ✓ ✓
Log search weight ✓

Existence probability r ✓
Covariance trace ✓

covariance or survival information. Track nodes include the Bernoulli existence

probability r and survival probability ps from the TOMB/P tracker. Since the

agent actively estimates the state of tracked objects, track nodes also include

the state covariance matrix and a track quality metric. In this case, the track

quality measure is the covariance trace normalized by the maximum tolerable

trace (see Section A.2.4). Edges also include feature vectors that describe relative

kinematics (position, velocity) between nodes and a one-hot label indicating the

edge class. Since the scale of undetected weights may vary significantly across

scenarios, the weights are log-scaled before they are added to the search node

feature vector. The feature vectors use the square root of covariance diagonals

and traces, and the agent applies a symmetric logarithm function to all features

in order to maintain a reasonable input scale [83].

A.2.3 Graph Encoder Architecture

This section presents a neural network architecture that produces a fixed-size

vector representation of the environment from the dynamic graph state. Figure

A.2 outlines the general network architecture. In the first step, node features are

transformed independently using a 2-layer MLP which includes LayerNorm [51]

and ReLU activations.
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Figure A.2: General encoder architecture for the autonomous agent. Each node
type is processed by a separate 2-layer MLP before forming the graph, and the
graph is processed with L graph neural network (GNN) layers. The final feature
vector is the vector concatenation of the current agent node and pooled node
features.

Next, the encoder processes the graph formed via Section A.2.1 with an L-

layer graph neural network to produce a latent representation of each node. The

network processes the resulting node embeddings as a set, using a pooling by

multi-head attention (PMA) layer to summarize the node states with a single

vector [121]. The final output representation is the concatenation of the pooled

representation and the current agent node’s latent vector. The encoder output

thus captures global context about the entire scenario history while retaining a

precise representation of the local agent state.

Each of the L = 2 GNN layers in the results that follow uses the graph

isomorphism network (GIN) update rule defined in Equation (2.16), where each

layer uses a 2-layer MLP with LayerNorm and ReLU activations. The network

incorporates edge features by projecting them to the embedding dimension and

adding them element-wise to each neighbor embedding h(k−1)
u in the GIN update.

The time complexity of the PMA and GIN layers is linear in the number of nodes,
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making the architecture scalable to scenarios with dense surveillance grids and

many tracked objects.

A.2.4 Reward Function

This section presents a reward function that encourages the agent to adaptively

balance search and track performance. The reward function is a linear combina-

tion of task-specific components:

Rt = αRtrack
t + βRsearch

t , (A.1)

where Rtrack
t and Rsearch

t are the search and track rewards for time t, respectively,

and α and β are scalar priority weights for each task. The following derivation

defines task rewards such that they have similar scales for each task, simplifying

the selection of α and β.

The search reward Rsearch
t is computed directly from the undetected intensity

λu in the TOMB/P filter. As stated in Section A.2.1, λu is a Gaussian mixture

whose component weights represent the expected number of undetected objects

in a localized region of the state space. The filter update step scales these weights

by the detection probability to reflect a reduction in uncertainty. To push the

agent to obtain high-pd observations on uncertain regions of the search volume,

the search reward derives from the reduction in undetected intensity across time

steps:

Rsearch
t =

∑Nu
t|t−1

i=0 wu,i
t|t−1 −

∑Nu
t|t

j=0 w
u,j
t|t

max(wu
t|t−1)

, (A.2)

where wu
t|t−1 and wu

t|t are the predicted and posterior undetected mixture weights,

respectively. Since wt|t−1 ≥ wt|t, the search reward is always non-negative. In
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other words, the numerator measures the expected number of new objects “uncov-

ered” by the most recent sensor action, and the denominator further constrains

the reward contributions from each mixture component to the range [0, 1].

The tracking task aims to maintain accurate state estimates on as many

detected objects as possible. Though countless metrics for quantifying state

estimation error exist [123], this work uses the trace of the state covariance

matrix as a proxy for localization performance (where small traces indicate good

state estimates). The track reward is the scaled one-step reduction in the total

trace between all tracked objects:

Rtrack
t =

∑Nd
t|t−1

i=0 tr(P i
t|t−1)−

∑Nd
t|t

j=0 tr(P
j
t|t)

max(tr(Pt|t−1))
, (A.3)

where P i
t|t−1 and P j

t|t are the ith and jth covariance matrices in the predicted

and posterior Multi-Bernoulli distributions, respectively, and the tr(·) operator

sums the diagonal terms of an input matrix. To minimize the impact of false

track hypotheses (e.g., due to false alarms), only tracks with existence probability

r > rmin contribute to the reward. Like Rsearch, the track reward is also strictly

non-negative. The denominator again constrains the reward contributions from

each tracked objects to the range [0, 1].

Since Rsearch and Rtrack have the same form and scale, the task priorities are

set as a convex combination with α ∈ [0, 1] and β = 1 − α. The tracking task

priority is defined as follows:

α =

√
max(tr(Pt|t−1))

ρ
, (A.4)

where ρ is a user-specified maximum tolerable state estimation error. With
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β = 1 − α, Equation (A.4) encourages the agent to prioritize tracking when a

track needs to be updated and search when all tracks have good state estimates.

The behavior of the agent is thus entirely characterized by the tolerable error

threshold ρ. Both Equations (A.3) and (A.4) clip the trace values to not exceed

ρ2. The complete reward function given by Equation (A.1) depends only on the

outputs of the TOMB/P prediction and update steps.

A.3 Experimental Results

This section evaluates the performance of the graph RL approach in a 2D scenario

where a mobile platform detects and tracks objects in a 100 m× 100 m region of

interest (Figure A.1b). The agent uses TD-MPC2 (Section 2.2) as its underlying

RL engine, modeling sensor control as a continuous control problem that selects

the platform velocity and heading at each time step. The platform is randomly

relocated in the map at the start of each episode, collecting data at ∆t = 1 s

intervals for 1000 s before the environment is reset. The agent moves with a

maximum speed of 10 m/s and detects objects within a rmax = 15 m radius

according to the following detection function:

pd(xi) = exp
−1

2

(
||pi − pagent||

rmax

)2
 , (A.5)

where pi and pagent are the xy positions of the object and agent, respectively. The

sensor provides position-only measurements of objects using a linear-Gaussian

model that has a diagonal covariance with an error of σp = 0.1 m in each measured

dimension. This simple scenario highlights the agent’s ability to reason over long

time horizons since the agent must perform path planning over many time steps

to reach desirable states.
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All non-platform object motion follows a nearly constant velocity (NCV)

model [95] with process noise σ2
w = 0.01 m/s2. The object birth model is a

Gaussian mixture ∑Nb

i=1 w
b,iN (x;µb,i, P b,i) with N b = 49 components. The birth

weights wb,i are equal and set such that a new object is expected every 100 s.

The mixture mean vectors µb,i = [xb,i, 0, yb,i, 0] form a 7 × 7 uniform grid in

position, and the mixture covariance matrices are equal and defined as P b,i =

diag([100/7, 1, 100/7, 1])2 to represent a diffuse prior. To further diversify the

training scenarios, the agent begins each episode with 0-3 pre-initialized tracks

of varying quality and the initial number of undetected objects is uniformly

initialized between 0 and 3.

A.3.1 Search-Only Agent

The first experiment considers the degenerate case of a search-only agent obtained

by setting ρ = ∞ in Equations (A.1) and (A.4). This configuration encourages

the agent to obtain high-pd observations on undetected regions in λu with large

weights while neglecting the tracking task entirely. The RL agent is compared to

a baseline search-while-track policy that constantly drives the agent to illuminate

the undetected intensity component with the largest weight.

Figure A.3a shows the reward obtained by the agent during the training

interval. The red dashed line indicates the average reward from the search-

while-track heuristic over 1000 Monte Carlo episodes. The RL agent learns to

outperform the heuristic policy in under 300k time steps and converges to an

average reward of approximately 230 after 2M steps. The smooth convergence of

the agent verifies that the graph encoder produces a useful state representation

for learning the task. Though the heuristic gives reasonable results compared

to the agent at the start of training, the path planning capabilities of the RL
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agent are indispensable and provide a clear advantage over the greedy policy.

Figure A.4 more thoroughly characterizes the tracking performance (localization

error) and search performance (total undetected weight) of the RL agent for the

search-only case. The next section describes this performance in more detail and

relates it to an agent trained to search and track.

A.3.2 Joint Search-and-Track Agent

The next experiment evaluates an RL agent trained on the joint reward function

with error tolerance ρ = 15 m (equal to the detection range of the sensor). The

experiment compares the agent to a heuristic which illuminates the search region

with the highest weight as before, but interrupts its search to update tracks once

their localization error exceeds 0.5ρ. This behavior is inspired by traditional ac-

tive radar trackers that optimize their dwell schedules to meet a track sharpness

constant relative to the radar beam [131]. This experiment also adds clutter mea-

surements which are uniform in the sensor field-of-view and Poisson-distributed

at a rate of 1 false alarm per time step. Only the xy position components of the

covariance are used to compute the traces in Equation (A.3) and in the perfor-

mance metrics of Figure A.4.

Figure A.3b shows the reward obtained by the RL agent over the training

period, along with the reward of the joint search-and-track heuristic and the

search-only policy from the previous section. The dashed lines again indicate the

average reward for each heuristic over 1000 Monte Carlo trials. Unsurprisingly,

the RL agent and joint heuristic significantly outperform the search-only policy

when tracking constraints are added to the reward, obtaining rewards of 79 and

100 on average, respectively. Overall reward values in this scenario are lower

because the tracking task “steals” reward from the search task due to the scale

180



0.0 0.5 1.0 1.5 2.0
Environment Steps (M)

0

50

100

150

200

250

Ep
is

od
ic

 R
ew

ar
d

RL Agent
Search-only Heuristic

(a) Search-only mode (ρ =∞)

0.0 0.5 1.0 1.5 2.0
Environment Steps (M)

0

20

40

60

80

100

120

Ep
is

od
ic

 R
ew

ar
d

RL Agent
Search-only Heuristic
Search + Track Heuristic

(b) Joint search-and-track mode (ρ = 15 m)

Figure A.3: Episodic training reward for RL agents with (a) no track maintenance
requirements and (b) a maximum tolerable localization error of 15 m. In both
cases, the RL agent learns to outperform its heuristic counterparts.
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Figure A.4: Search and track metrics for the RL agents over a representative
episode. The search-and-track agent maintains significantly lower localization
error than the search-only agent with minimal impact to the search performance.
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factor defined by Equation (A.4). The RL agent outperforms the joint heuristic

after approximately 1.25M time steps, though the performance gap is less signif-

icant than in Figure A.3a.

To further characterize the learned behavior of the RL agents, Figure A.4

plots the two primary metrics for track and search over a representative episode

in the environment simulation. Figure A.4a shows the localization error over time

for both agents. The search-and-track agent maintains an average localization

error of 3.9 m throughout the episode, which is well below the maximum 15 m

tolerance. Interestingly, the search-and-track agent tends to avoid localization

errors above 10 m so that it does not lose tracks entirely. By contrast, the

search-only agent’s average localization error is 14.7 m and its mean tracking

error frequently exceeds the 15 m threshold.

Figure A.4b shows the sum of undetected intensity weights over the same

episode, which provides an approximate measure of the number of undetected ob-

jects in the entire map. Both agents consistently decrease the search uncertainty

over time, with the search-only and search-and-track agents obtaining average

total weights values of 1.2 and 1.3, respectively, over the entire episode. Though

the search-only agent consistently outperforms the search-and-track agent in this

metric, the difference is relatively small. This indicates that the search-and-track

agent learns to efficiently incorporate a surveillance pattern into its track update

behavior.

A.4 Summary

This appendix presented a novel reinforcement learning solution for the joint

search-track problem. The approach introduced a graphical representation of

the environment history that follows directly from the output of the TOMB/P
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filter. This work also introduced a scalable graph neural network architecture

that produces a fixed-size latent vector from a dynamic environment state graph.

The appendix also derives a novel reward function that adaptively manages the

trade-off between search and track tasks. The performance of the graph learning

agent was verified in a 2D mobile surveillance scenario, showing that the RL

agent outperforms a set of reasonable baseline policies.
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Appendix B

Acronyms and Abbreviations

BPTT Backpropagation through time

CE Cross-entropy

CNN Convolutional neural network

CPI Coherent processing interval

CPU Central processing unit

CT Coordinated turn

CWNA Continuous white noise acceleration

DA Data association

DFT Discrete Fourier transform

DDPG Deep deterministic policy gradient

DDQN Double deep Q-Network

DQN Deep Q-Network

DRQN Deep recurrent Q-Network

DSA Dynamic spectrum access

EKF Extended Kalman filter

FFN Feedforward neural network

FFT Fast Fourier transform
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FOV Field of view

FPGA Field-programmable gate array

FSS Fast spectrum sensing

HOCAE Hardware-optimized cell averaging estimation

GAT Graph attention network

GCN Graph convolutional network

GIN Graph isomorphism network

GNN Graph neural network

GOSPA Generalized optimal sub-pattern assignment

GPU Graphics processing unit

GRU Gated recurrent unit

ISL Integrated sidelobe level

ISM Industrial, scientific, and medical

LFM Linear frequency modulated

LMB Labeled multi-Bernoulli

LN Layer normalization

LLM Large language model

LSTM Long short-term memory

MAP Maximum a posteriori

MARL Multi-agent reinforcement learning

MB Multi-Bernoulli

MCTS Monte Carlo tree search

MDP Markov decision process

MHA Multi-head attention

MLP Multi-layer perceptron

MMSE Minimum mean square error
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MPC Model predictive control

MPPI Model predictive path integral

NCV Nearly constant velocity

PAC Perception-action cycle

pdf Probability density function

PE Positional encoding

PHD Probability hypothesis density

PMA Pooling by multi-head attention

PMBM Poisson multi-Bernoulli mixture

pmf Probability mass function

POMDP Partially observable Markov decision process

PPO Proximal policy optimization

PPP Poisson point process

PRF Pulse repetition frequency

PRI Pulse repetition interval

PSF Point spread function

PSL Peak sidelobe level

PU Primary user

RDM Range-Doppler map

ReLU Rectified linear unit

RF Radio frequency

RFS Random finite sets

R-GGCN Recurrent gated graph convolutional network

RL Reinforcement learning

RSM Range sidelobe modulation

RNN Recurrent neural network
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SAA Sense-and-avoid

SAC Soft actor-critic

SDR Software-defined radio

SINR Signal-to-interference-plus-noise ratio

SNR Signal-to-noise ratio

SLAM Simultaneous localization and mapping

SU Secondary user

SSIM Structural similarity index measure

TD-MPC Temporal-difference model predictive control

TD-MPPI Temporal-difference model predictive path integral

TOMB/P Track-oriented multi-Bernoulli/Poisson

TPU Tensor processing unit

UAS Unmanned aerial system

UKF Unscented Kalman filter
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