UNIVERSITY OF OKLAHOMA

GRADUATE COLLEGE

P-HARMONIC THEORY ON ELLIPSOIDS WITH GEOMETRIC

APPLICATIONS

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of

Doctor of Philosophy

By

LINA WU
Norman, Oklahoma
2006



UMI Number: 3218986

®

UMI

UMI Microform 3218986

Copyright 2006 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346



P-HARMONIC THEORY ON AN ELLIPSOID AND GEOMETRIC
APPLICATIONS

A DISSERTATION APPROVED FOR THE
DEPARTMENT OF MATHEMATICS

BY

Shihshu Walter Wei, Chair

Kyung Bai Lee

Edward Cline

Todd Sandel

Mei-Jun Zhu



© Copyright by LINA WU 2006
All rights Reserved.



DEDICATION

to

My parents

Guizhi Xiong and Shunzhong Wu



Acknowledgements

My first, and most earnest, acknowledgment must go to my advisor and chair
of my committee. Nearly for six years, Professor Shihshu Walter Wei has been
instrumental in ensuring my academic, professional, financial, and moral well be-
ing ever since. In every sense, none of this work would have bee possible without
him. | also thank Professor Meijun Zhu for his sincere advice in my study life
and for being there when | need them most. Many thanks also to committee mem-
bers Professor Kyung-Bai Lee and Profssor Edward Cline and Professor Todd L.

Sandel.

| am indebted to the Department of Mathematics in University of Oklahoma
for direct financial aid through fellowships, awards, and travel grants. Professor
Paul Goodey deserves particular credit for his generosity and encouragement to
my Ph.D program, especially for the mosfiaiult time in my life when my fa-
ther had a stroke. | would also like to thank the Mathematics Graduate Secretary,
Anne Jones, for her consistent help. | am also indebted to Professor Gongbao Li
who was my advisor when | was a graduate student in Wuhan Institute of Physics

and Mathematics, Chinese Academy of Sciences. Professor Gongbao Li laid the



foundations of my Mathematical ability towards researching.

A penultimate thank-you goes to my wonderful parents for bringing me into
this beautiful and challenging world. My mother and my father deserve far more
credit than | can give them. | also owe a huge debt of gratitude to my uncle and
my aunt because they have been spending most of their time and energy on helping
my father make a quick recovery from his stroke in China. | am extremely grateful
for their generosity without which both this dissertation and my graduate study life
would not have been possible. My most heartfelt, acknowledgment must go to my
friend, Paul Chen. Paul Chen has worked diligently, and successfully to show me
life outside school. His support and encouragement has turned my life in graduate
school into a pleasure.

Far too many people to mention individually have assisted in so many ways
during my graduate life at Norman. They all have my sincere gratitude. In particu-
lar, 1 would like to thank Li Junfang, Huang Kun, Amy and David Hanning, Robert

Sulman, and Guan Wei.



Contents

(1__Introduction and Statements of Main Result$ 1
1.1 Background. . . . . . . . . .. ... 1
M2 ManResulls. .. ........ ... ... . ... .. ..... 8

[2  Representing homotopy groups and spaces ol maps [gy-harmonic|

[maps into ellipsoids 16

Regularity of p-energy minimizing maps Into a closed upper-half el-

lipsoid E" 31
B1 Prelminares. . . . . . ... ... 32
[3.2  Regularity fop-minimizer into closed half-ellipsoids . . . . . . 35

Vi



[3.3 A stability inequality,L? andL" gradient estimates on upper-half

closedellipsoids . . . . ... ... .. ... ... . ... 39

[3.4 Liouville theorems for p-harmonic or p-stable maps from a p-parabolic

manifoldMinto BN . . . . . . . . oo 45

4 Liouville theorems for p-stable maps into anE" with p-superstrongly

[unstable Indexwy 51

4.1  p-Stability inequality,L* andL" Gradient Estimates op-SSU Elt

lipsoids . . . . . . . . . . e 52

[4.2  Liouville theorems fop-stbale maps intp-SSU ellipsoids. . . . 54

5 Non-existence of stable currents on ellipsoifls 56
B1 Prelminarids. . . . . . . . . . 56

[5.2 Nonexistence of stable currents or submanifolds in ellipsoids 58

6 Applications to Yang-Mills Instability | 60

[/ A compact convex hypersurface in a Euclidean space 61

[ p-Harmonic Generalizations of the Unitormization theorem and Bochner's

[Method, and Geometric Applications ([52]) 68

vii



Chapter 1

Introduction and Statements of Main Results

1.1 Background

Let M" be a compact Riemannian manifold with possibly nonempty boundary,
and letN* be isometrically immersed iR%. LY(M, N) denotes the set of maps
u: M — RYwhose component functions have first weak derivativekPirand
u(x) € N a.e. onM.

Definition 0.1: The p-energy foru € LY(M, N) is given by

Ep(u):lf |dujPdv
PJm

wheredu denotes the dierential ofu, anddvis the volume element d¥l.
Definition 0.2: A mapu € L‘f(M, N) is said to be weaklyp-harmonic ifitis a

weak solution to the following Euler-Lagrange equationgron LP(M, N):
div(lduP2du) = 0

Whenp = 2, ap-harmonic map is reduced to a harmonic mapis called p-
stable(orp-minimizing) if u is a local(resp. global)minimum gf-energy func-
tional E, within a homotopy class dff(M, N) having the same trace @M.

In the first part of this paper, we are interested in representing homotopy

groups byp-harmonic maps with applications to minimal submanifolds of ellip-



soids. Just as harmonic forms represent cohomology classes, stable currents repre-

sent homology classes, so geharmonic maps represent homotopy classes.

It is well known that on one hand, each class in nontrivial fundamental group
7, can be represented by a closed geodesic of minimum length on a compact Rie-
mannian manifold by the existence theorem due to Cartan. On the other hand,
there does not exist a closed length-minimizing geodesic on an orientable and even-
dimensional manifold with positive sectional curvature by the nonexistence theo-
rem due to Synge. Combining the existence theorem and the nonexistence theorem

together, Synge obtains the following conclusion:

n1(N) = O if N is a compact orientable and even-dimensional manifold with

positive sectional curvature.

We also use an idea that curvature implies topology via p-harmonic maps. The
technique of striking a delicate balance between the existence and the nonexistence,

leads from a hypothesis on curvature to a topological conclusion.

Along this direction, we discuss the existence and the nonexistence for the

higher homotopy classes, i > 1.

Existence Theorem(S.W.Wei)4g]): If N is a compact Riemannian mani-
fold, then each class im(N) # O can be represented byC&® p-harmonic maps

from S' into N minimizing p-energy in its homotopy class for amy> i.

Nonexistence Theorem(S.W.Wei)4q]): Let N be a minimak-submanifold



of a unit Euclidean sphere such that the Ricci curvaRio® of N satisfies
. 1
Ric¥ > k(1 - 5)

where 2< p < k, thenN is p-superstrongly unstablg{SSU) which implies that
there are no nonconstaptstable maps oi.
Combining the above two Wei’'s theorems, we obtain the following conclu-

sions:
1. Ricci curvature implies topological vanishing properties,

2. Topological Vanishing Theorem(#8]): Every compacp-SSU manifoldN

is [p]-connected, i.e.

mi(N) =m(N) = --- =m(N) =0

Let’s recall what’s the meaning @g¢SSU manifolds.

Definition 0.3: A Riemannian manifold ig-strongly unstablef-SU) if it is
neither the domain nor the target of any nonconstant smostible map.

Definition 0.4: A Riemannian manifoldN with a Riemannian metri¢, )y is
said to bep-superstrongly unstablg{SSU) forp > 2, if there exists an isometric
immersion inRY such that, for all unit tangent vectoxsto N at every point/ € N,

the following functional is alwaysegative
Foy(X) = (p = 2)(h(X, X), h(X, X))ra +(QJ (X), X)n
where

k
(Q)(X), Xon = D (20X, @), h(X, @) = (h(X, X), (e, @))re),
i=1



h is the second fundamental formMfin R%, and{ay, - - - , @y} is alocal orthonormal
frame onN neary.
In fact, every compagb-SSU manifold isp-SU.(cf. Theorem 3.1 81])).

Definition 0.5: A p-SSU indexw, on a p-SSU manifoldN is defined to be:

. $p(Y)
“p =2 &K+ p-250)

wheregy(y) = infjx=1(—Fpy(X)) andS(y) > 0 is a positive upper bound of the

sectional curvature dfl aty.

We obtain the main result in the first part which is a topological vanishing
theorem for minimal submanifolds in ellipsoids by a Ricci curvature assumption.
Furthermore, on ellipsoids we explore geomekjeconnectedness by applying
Topological Vanishing Theorem, and solve the Dirichlet problemgpfbarmonic
maps with any given boundary data.

Here and throughout this paper, unless stated otherwise, we denote an ellipsoid
+~--+X§+1 =1la>0VvV1i<i<n+l1}a

a,
{(Xe,- -+ s %n+1) € E" T X1 = O}, max@) =

E" = {(Xg, "+ »Xn1) € R™

R l\)ll—‘><l\)
=

closed upper-half ellipsoidE"
MaX<i<ni1 (@), MINE@) = MiMicn.a(a), andu = T,

In the second part of this paper, we discuss Liouville-type theoremgp-for
harmonic orp-stable maps into either a closed half-ellipsé@or an ellipsoide"
with the p-superstrongly unstable indieg,. We derive anLP gradient estimate

and establish Liouville fop-minimizing tangent maps into a closed half-ellipsoid

E" by a Bochner formula with related estimates and the first, second variational



formulas for p-energy functional on maps between Riemannian manifolds. We
establish Liouville-type theorems on an ellipsd&f with a p-SSU indexw, by
developing fundamental tools in the study«f, the second fundamental form of
an ellipsoidE" isometrically imbedded iR, and anLP gradient estimate in a
p-SSU manifold. In fact, most of geometric, analytic and topological properties of
E" are characterized hy, depending only om, p, and the ration. For example,

wp Serves as an indication of the regularity theory. Naively speaking, the elgser

is 1, the easier it is to establish a Liouville theorem in termp-ti volume growth
condition in the domain. Furthermore, we study the Liouville-type theorems when
the domain is gp-parabolic manifold. Here it should be mentioned that there is
a "gap phenomenon” betweenpaparabolic manifold and a manifold witp-th
volume growth condition. Actually, we can furnish an example of gap phenomena
which is ap-parabolic manifold with exponential volume growth insteadpeh

volume growth.

In the third part of this paper, we are interested in the existence and non-
existence of stable rectifiable currents (or submanifolds) on an ellifiSoiehich
extends Lawson and Simons’ statement about nonexistence of stable varifolds in a

unit sphere.

Our basic method is to apply for Trace Formulas due to R. Howard and S.W.Wei
([33)) and a way of estimating the second fundamental fornEbfin R™* (cf.
Lemma 2.1). The study of nonexistence of stable submanifolds has received wide

attention among mathematicians. The earliest result of this type known to us is



the result of Synge that a compact, orientable, even dimensional Riemannian man-
ifold of positive sectional curvature has no stable closed geodesics. The first results
about the nonexistence of stable submanifolds other than closed geodesics seem to
be in the celebrated paper of Simor42]). Lawson and Simons show that a Eu-
clidean spher&" contains no stable submanifolds. The24]) made a conjecture:
there are no closed stable submanifolds in any compact, simply connected, strictly
%-pinched Riemannian manifold. Ralph Howard and S.Walter Vi&g])|verify

this conjecture for several classes of positively curved manifolds. They show how
the geometry of a Riemannian manifdldl’ affects the existence, or the nonexis-
tence of stable submanifolds by giving conditions on the second fundamental form
of M" immersed in a higher dimensional Euclidean space. On the basis of these
results made by Ralph Howard and S.Walter Wei, we obtain the nonexistence the-
orem of stable currents d&".

In the fourth part, we studi£" as a geometric application of Yang-Mills in-
stability of convex hypersurfaces. Let’s recall what'’s the instability of Yang-Mills
connections.

Definition 0.6: Let M be a compact Riemannian manifold and a principal
G-bundle P over M, whereG is a compact Lie group. On the spaCeof the

connections irP, the Yang-Mills functionall : C — Ris defined by

1
J(w) = §f QI w e C
M

whereQ is the curvature of the connection.

Definition 0.7:A critical point of J is called a Yang-Mills connection and its



curvature a Yang-Mills field. A Yang-Mills connectienis said to be weakly stable

if the second variation ad atw is non-negative, i.e.,

d2
@J(wt)h:o >0

for every smooth family of connectionsg, -6 < t < §, with wy = w. We say that
a compact Riemannian manifoM is Yang-Mills instable if, for every choice @
and every principl&-bundleP overM, none of the nonflat Yang-Mills connections
in P is weakly stable.

At the Tokyo Symposium on "Minimal Submanifolds and Geodesics” in Septem-
ber of 1997, J. Simons announced the following theorem in his talk entitled "Gauge
Fields”. (His lecture has never been published).

Theorem:For n > 5, the n-spher&" with the natural metric is Yang-Mills
instable.

In our paper, we obtain Yang-Mills instability of an ellipsoid based on the
work of Y.B Shen and Y.L.Pani4B3]) and the works of Shoshichi Kobayashi, Yoshi-
hiro Ohnita, and Masaru Takeuch2d]).

In the fifth part of this paper, we verify that all of conclusions in the above
topological, analytic and geometric theoremsBhare still valid on a compact
convex hypersurfach” in R™1 if the assumptions on the ratioon an ellipsoicE"
are replaced by the assumptions on its maximum principal curvatureifharg
minimum principal curvature min() on N".

Definition 0.8: SupposeN" is a compact hypersurface in a Euclidean space

R™! lety be a unit normal vector filed tN", and{ey, - - - , e,} be a local orthonor-



mal frame filed orN s.t. the second fundamental fohm(x) = (Vg v, €)) = Ai(X)dj;

A =min inf Vv, X
L eNn ||X||=1,XET><(N")< X% X)

Ah=max sup (Vyv, X)
XENT |1x|=1, XeTx(N")

_
-7

Ho
In the sixth part of this paper%p]), we make sharp global integral estimates

by a unified method, and find a dichotomy between constancy and "infinity” of
weak sub- and supersolutions of a large class of degenerate and singular nonlin-
ear partial diferential equations on complete noncompact Riemannian manifolds,
by introducing the concepts of their corresponding "p-finite, p-mild, p-obtuse, p-
moderate”, and "p-small” growth, and their counter-parts "p-infinite, p-severe, p-
acute, p-immoderate,” and "p-large” growth. These lead naturally to a General-
ized Uniformization Theorem, a Generalized Bochner’s Method, and an interative
method, by which we approach various geometric and variational problems in com-
plete noncompact manifolds of general dimensions. In particular, we give applica-

tions to minimal surfaces and to biharmonic maps between complete noncompact

manifolds.

1.2 Main Results

Let's describe the following important Lemmas before we look at the main

theorems.



Lemma 2.1(Estimate on the second fundamental form of an ellipsoi&"
embedded inR™?): Supposer is a unit normal vector field on an ellipsol
imbedded inR™! andY is any unit tangent vector oB" at a point x, then the
second fundamental form

hyy = (Vy,Y)

satisfies:

min(g) max (@)
(max@)? = ™ = (min@))?

whereV is the Riemannian connection &1 and(, ) is the Riemannian metric
onR™L,

Lemma 2.2(Estimates on principle curvatures and sectional curvatures of
E" embedded inR™*)(Y.B.Shen and Y.L.Pan (B3]): Supposd4;}, is a family
of principle curvatures o&" embedded ifR™* satisfying O< A; < A,--- < 1, and

Se€" denotes any sectional curvature Bhembedded ifR™!. Then:

_ min(a)

1T (max@))?

_ max@)

"~ (min(@))?
(min(ay))? o (max@))?
max@)y = > = (min@)y’

Lemma 2.3(Criteria for p-SSU ellipsoids ): An ellipsoid E" is p-SSU if

n
,u<f/;.

Lemma 2.4(An Estimate onp-Superstrongly Unstable Indexw, on p-SSU

ellipsoids): Suppose an ellipsoi" is a p-SSU manifold, then:



The estimate is sharp on sph&¥r).
In this section we describe the main results presented in this thesis into the

following categories:

A. Representing homotopy groups and spaces of maps by p-harmonic maps
into ellipsoids

Theorem 2.1(Topological Vanishing Theorem on Minimal Submanifolds
into Ellipsoids): Let N be a minimalk-submanifold of an ellipsoid&" such that

the Ricci curvaturdic of N satisfies:

1 (max@))?

Rie™ > K= 2) (ingagy?

where 2< p < k. ThenN is p-SSU and
m3(N) = mo(N) = -+ = 7y(N) = 0

Whena; = --- = a,,1, Wwe recapture S.W.Wei's nonexistence theorem which
is sharp (cf. Remark 2.1).

Theorem 2.2(Geometrick, connectedness and Dirichlet problems on el-
lipsoids: Let an ellipsoidE" be a compacp-SSU n-manifold with an appropriate

p-SSU indexw,. ThenE" is geometrically §(wp, 5) — 1)p,-connected. Hence:
1. E"is (d(wyp, 6) — 1)-connected.

2. CY{(N,E") is dense iri_(lj(‘“""s)_l(N, E") for any compact manifolN with pos-

sibly non-empty boundary.

10



3. Each class iy, (E") can be represented by a sun@f* p-harmonic map
of SY»9) into E". Furthermore, if the class is nontrivial, these nonconstant

p-harmonic representatives goeunstable.

4. Each class iy, (E") can be represented by a sun@3f'd(wp, 6)-harmonic

map ofS%r?) into E".

5. For anyp <dimN and 2< p < d(wp,d), and any given boundary data
ne Lf,_i(aN, EM), the Dirichlet problem forp -harmonic maps int&" has
5
a solution, which is locally Klder continuous up téN and isC“ in the

interior of N of the singular set of Hausd®dimension< dimN — p' — 1.

6. In particular, the Dirichlet problem fop-harmonic maps int&" has a solu-

tion with singular set of Hausdfirdimension< dimN — d(wp, 6) — 1.

7. Forany 2< p < d(wp, 6) — 1, the homotopy class of any map to or frdh

contains a map of arbitrarily smail-energy.
8. If n < 2d(wp, d) — 1, thenE" is homeomorphic to a sphere.

where for each constantOo < 1, and eaclp-SSU indexw, on ap-SSU manifold

M", we set an integer:

d(wp,6) =2+ [[p+2vp -]l

p+1-6+2+/p-5.

if Wp 2 p+1+2+p—5 '

d(wp, 6) = max1+[5-1. [P}

11



otherwise. Here {]], is the greatest integet]ff t, if t is not an integer; otherwise

[[t] =t-1.

B. Regularity of p-minimizers into a closed haIf-eIIipsoidE_ﬂ
Theorem 3.1 ( Regularity of p-Minimizers into Closed Half-ELLIPSOIDS

): Every p-stable orp-minimizing tangent mapg > 1) fromR (I > 2) into E_Q is

2 24/p2-3p+3 2 2/ p?-3p+3 af _p-1
constant forp + -5 — ———— < | < p+ 5 + —F5— andu < (/557

Moreover, for anyp-minimizing mapu : M — E_Q, it has a closed singular sEtof

Hausdoff dimensiondim(Z) < dim(M) — {p + p%l + 2—”:)2__13p+3} -1

C. Liouville theorems for p-stable maps from p-parabolic manifolds into p-
SSU ellipsoidsE"

Theorem 4.1(P and L% Gradient Estimates) Let u be ap-stable map from
a complete Riemannian manifoM into an ellipsoidE" with u < 3 g Then for

any¢ € C3'(M), we have:

1. p-Stability Inequality:

5 — pu?
a : zdupdvsf VPR duP2dv
fM(n+p—2)(mm(a>2)f' fdvs ) Iveliad

2. LP Gradient Estimate:

fgpldulpdvs Cf|V§|pdv
M M

whereC is constant depending an p, u.

12



3. L9 Gradient Estimate: LetK be the lower bound of the Ricci curvature of

n(%—p)

(n—l)(n+p—2)]’ then

M,andge[p+2,p+2

f &dufdv < le K& du2dv + sz |V&|9dv
M M M
whereC,, C, are constants depending o, u andK.

Theorem 4.2(Liouville-type Theorem for p-Parabolic or g-Parabolic Man-

ifolds):

1. Every p-stable map from a p-parabolic manifoldM into an ellipsoidE"

with u < f/% is constant fop > 2.

2. Every p-stable mapu from g-parabolic manifoldvl with Ric™ > 0 into an
ellipsoid E" with y < \E is constant, where

n(:E — p)
(n=1)(n+p-2)

gel[p+2p+2 1.

D. On the non-existence of stable currents and submanifolds on ellipsoids
Theorem 5.1 (Nonexistence of stable submanifolds in an ellipsoid)An

ellipsoid E" has no closed stabledimensional submanifolds j* < ”‘Tk*z In

particular, a unit spher8" has no close&-dimensional submanifolds for any<d

k <n.

13



E. Applications to Yang-Mills Instability

Theorem 6.1(Yang-Mills instability of an ellipsoid): An ellipsoid E" with

p < /2 is Yang-Mills instable.
The casea; = a,ap = --- = ap.1 = 1 witha < n— 3 is due to Shoshichi

Kobayashi, Yoshihiro Ohnita, and Masaru TakeucB8][].

F. The main theorems on a compact convex hypersurface in a Euclidean space
Theorem 7.1 SupposeN" is a compact convex hypersurfaceRir?, thenN"

is ap-SSU Riemannian manifold ify < g whereu is defined as in Definition 0.8.
Theorem 7.2 Let N" be a compact convex hypersurfaceRH:. SupposeN;

is a minimalk-submanifold ofN" such that the Ricci curvatuRRic™: satisfies:
i 1 .,
Ri > k(l — B)/ln

ThenN; is p-SSU wherel, is defined as in Definition 0.8.
Theorem 7.8 SupposeN" is a compact convex hypersurfaceRfi. Then if

Ho < % we have the following properties:

1. Any p-harmonic stable map from N" into a compact manifold is constant.
2. Any p-harmonic stable map from a compact manifold int®" is constant.

3. Any p-harmonic map fromN" into a compact manifold with nonpositive

sectional curvature is constant.

4. The identity madd|yn is p-unstable.

14



. N"is [p]-connected. i.ex;(N") = --- = 1 (N") = O

. Inf{Ep(n); 7 is homotopic to a mag : M — N"} = inf{Ey(n) : n is ho-
motopic toé : N" — K} = 0 for any compact manifoldM and any map

& M — N"; for any complete manifol&k and any mag : N" — K.

. CY(M,N") is dense irL}(M, N") for any compact manifold/ with possibly

nonempty boundary.

. Foranyp <dimM and 2< p’ < p+ 1, and given boundary data €
Llp'_p_l/(aM, N"), the Dirichlet problem forp’-harmonic maps has a solution
u e LY (M, N") minimizing p’-energy in the class of mapse LY (M, N")
with the traceulsne = 1 which is locally Holder continuous up @M, and
is C1 in the interior of M off the singular set f6 Hausdoft dimension<

dimM - p’ - 1.

15



Chapter 2
Representing homotopy groups and spaces of maps

by p-harmonic maps into ellipsoids

2.1 Preliminaries

Now we begin with some concepts of the second fundamental form:

Let M" be an n-dimensional Riemannian manifold isometrically immersed in
a Euclidean spad@™™. The normal bundle oM in R™*™ will be denoted byl M+,
covariant derivative oM by V and the standard covariant derivativeRH™ by V.
Let h be the second fundamental formMfin R*™. Then for eachx € M, hy is a
symmetric bilinear map front M, x T M, to T My. If X, Y are vector field orM,

thenV, V, andh are related by the Gauss equation:
VY = VyY + h(X,Y)

whereX, Y are smooth vector fields dil. For eaclx € M andn € T M, let A7 be
the Weingarten map for the directign It is a self-adjoint linear map’ : T My —

T M, and is related to the second fundamental form by
(h(X,Y),n) = (ATX,Y)

for X, Y € T M, andn € T M. Denote byv+ the induced connection on the normal

bundle, that is ify is a section of M+ andX is a vector field orM thenVyn* is the

16



orthogonal projection oY ontoT M*. Itis related toA andV by the Weingarten
equation:

ATIX = Vi = (Vxp)* = (Txp)T

where ()* is an orthogonal projection onfloM* and ()" is a tangential projection
onto TM. The connection§ and V* induce a connectio¥ on all the tensor
bundles constructed frommM andT M+*. In particularA can be viewed as a smooth
section of hom{ M+, hom(T M, T M)).

Lemma 2.1(Estimate of the second fundamental form of an ellipsoidE"
embedded inR™1): Supposev is a unit normal vector field on an ellipsol"
imbedded inR™! andY is any unit tangent vector oB" at a point x, then the
second fundamental form

hyy = (Vy1,Y)

satisfies:

min(a;) max(@)
(max@))? = Y= (min(@))?

whereV is the Riemannian connection &1 and(, ) is the Riemannian metric

on R™1,

Proof: SupposgUq,U,,---,Un,1} is a standard o.n.b.iR™!. SinceE" is a

2 2

level set of 2 + - + %*1 = 1, we know a normal vectaf = ZPIll%Ui, then a
1 +1 4

unit normal vectow = £ = —— Ml XU;. Supposer = M BU; is a unit

(xmt ;7)? &

tangent vector field o&" with Y g2 = 1, then we compute

— 1 = 1
Vyw=—VVWZ+Y(—)Z
=z e Y

17



vy = (T2, Y) = (T4 2, Y)

IZ]]
n+1
ﬁ% _ 1 _ Y[ .] U
()i Xh)) ’
1 ”iﬁ. "
RCEE R
whereY[x] = dx(Y) = 8.
+1
B
RETET <zn+1ﬁ4 e

(Recall: X" g2 = 1 because of a unit tangent vectoand 3.} "2 =1 o0nE")

1 n+1 , 1 n+1 ﬁz n+1 1
@) - L @y < 2w < 2 min@)y - M@y

11 11
1ZIl (max@))2 = '~ izl (min(a-))2

n+1 n+1 n+1
1 1

(max@)? - (Z 2)(max(a))2 S22 S (Z (ef) (mln(a))2 = min@))?
nilﬁ_lz . n+1 ﬁ|2 ~ 1
S~ &min@)?  min(a)?

. _max@)
Y= (min(@))?

In fact, we also prove the factm < |VyZ| < m for any unit tangent

vectory.

Furthermore, if we rewrite an ellipsolf : X1 = f(X,--- , %) wheref = ag1(1-
Zik:l 2—2)%, we can estimate the principle curvatysg, - - - , 1} on EX based on the

: fJ of i _
calculation oth <V3v €),0ij = dij — wheref; = M,f = %o andw =

18



1+ Z!‘:1 fiz)%,i,j = 1,2,--- ,k because the principle curvaturgel, - -- , 4} are
solutions of a system of equatiodst(h;; — 1g;;) = 0. So we get:

N maX<i<k:1(a)
1<i<k [Ming<icie1(8)]?

) ming; -
min = 1SISk+1(ai) 5
lisk  [Maxa<i<ksa(ay)]

Since the sectional curvatuRiemon EX is a product of two principle curvatures,

we can estimate the sectional curvatRient":

maX<i<k+1(a) )2

SuDRienJF - ( [Ming<i<,1(84)]2

) ) K MiN<i<k+1(a5) 2
inf Rient = ([max1<i<k+1(a)]2)

The most details can be found in Y.B.Chen and Y.L.Pan’s w@tg])[as follows:
Lemma 2.2(Estimates of principle curvatures and sectional curvatures of

E" embedded inR™*)(Y.B.Shen and Y.L.Pan (£3))): Suppos€A}lL, is a family

of principle curvatures o&" embedded ifR™* satisfying O< A; < A,--- < 1, and

Se¢" denotes any sectional curvature Bhembedded ilR™*. Then:

_ min(a)
T (max@))?
_ max@)
" (min@))?
(Min(@))* _ o g _ (Max@))®
(max@))* ~ ~ (min&))*

Proof:(cf. Lemma 2, Lemma 3, and Corollary 1 ir#d]).
Next we talk about a p-SSU manifold with p-SSU indgx In 1992, S.W.Wei
([49)) for the first time identified and discussed a large class of manifolds with pos-

itive Ricci curvature called "superstrongly unstable manifolds” and their associated
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"superstrongly unstable indices”. In 1994, Wei and Y&ld]] found to find a large
class of "distinguished” manifolds equipped with-8uperstrongly unstable mani-
folds”(that is, p-SSU) together with "p-superstrongly unstable indices”(thabjg3,
which included his previous work in 1992 as a special case for treqtiag?2.
Aided by the work of Wei, we can identifi£” with a p-SSU manifold together
with p-SSU indexwy.

Example 2.1 The simplest example of an SSU manifolddswherek > 2
and the simplest example of a p-SSU manifol8%svherek > p. The reason is the
following: On a unit spheré = S, the covariant derivative is a position operator.
that is: Vxv = X for any unit tangent vectoX wherev is a unit normal vector to

SK. Then the second fundamental fohm

hy o, = A'(X @i) = (Vxv, i)y = (X ai)v

hxx = A"(X, X) = (Vxv, X)v = (X, X)v = v

hai,ai = Av(ali, ai) = <V<1i v, CZi)V = <C¥i, Qi)V =V

So, we have:
K
Q09X = D (@l =P M @.1)
- 2Zk: KX aid))? - k (2.2)
= 2|;|12 ~k (2.3)
= 2-k (2.4)
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Similarly, we have:

Foy(X) = (P = 2)hxxl” +<Q(X), Xn (2.5)

= p-2+2-Kk (2.6)

= p-Kk (2.7)

Example 2.2 The simplest SSU index on an SSU manifoldN is w = k;kz on

Skfor k > 2 and the simplest p-SSU index, on a p-SSU manifolt is w, = k%fz

on Sk for k > p. The reason is following: A unit sphef®* is a Riemannian
manifold with the constant sectional curvature equalto 1. 8¢) = 1. w =

infyey 2% = K2 wheregp(y) = k — 2 satisfying(Q}!(X), X)n < —@(y)(X, X)x and

#p(y)

Wp = infyeN (k+p-2)S(y) = kE;EZ Wheregop(y) = ianXI:l(_Fp,y(X)) = _(p_ k) =k- p.

Every complete hypersurface B+ is SSU, if and only if all principal cur-
vatures are positive (with respect to a normal vectog, ) < A,--- < A, and the
largest curvature is less than the sum of the oth&rsc A3 + -+ - + A1 &= A <
%Z!‘;Mi- Every complete hypersurface Rf*! is p-SSU, if and only if all prin-
cipal curvatures are positive(with respect to a normal vectog, ) < A;--- A,
and the largest principal curvature is less that prta of the sum of all principal

curvaturesgy < % Z!‘zl/li. Let’s look at an ellipsoid with a p-SSU manifold.

Lemma 2.3(Criteria for p-SSU ellipsoids):An ellipsoid E" is p-SSU ifu <

gol=}

Proof: By Lemma 2.2, we have an estimate for its principal curvatdyes,, ...,

as follows:
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min(ay, ...am.1)) _ maxay, .-an+1)
maxa, ..&n:1)2 M@y, ...8ns1)?

A complete hypersuface iR™?! is p-SSU if and only if its principle curvatures
satisfy

H
0</11S/12S...S/1n<6,

where H = (1; + ...4,)(cf.Theorem 3.3 B1])) We only need to prove that any

principal curvature is less than ompeth of the sum of all principal curvatures. In

fact, we have:
min(a;)
maxa;)?

and

_ maxa)
~ mina)?

i

then

_H_ maxa) n_min(@)
p  (min(@))? p(maxa))?

A4

Hence we know thaE" is p-SSU if

_maxg) ,[n
7 mina) \E

Lemma 2.4(An Estimate onp-Superstrongly Unstable Indexw, on p-SSU ElI-

lipsoids): Suppose an ellipsoid" is a p-SSU manifold, then:

The estimate is sharp on sph&¥r).
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Proof. Suppose

X2 X
E'ig= =2+ + 22 =1
a% a§+1
then
. $p(Y)
= M (s p - 25W)
where
_ 0y (Max&))?
S(y) = sugeeSe€ (y) = (min@))*
and

$p(y) = infiy=1(—Fpy(X)), E" — R™!
FP,V(X) = (p - 2)|hXX|2 + ZT:]_ 2|th/j|2 - hxxH

whereH is the mean curvature(i.e. the trace of the second fundamental forms from
E" into R™Y) and{ay, - - - , @) is an o.n.b. irE", v is an unit normal vector t&".

Here{as,--- ,an, v} is an 0.n.b irR™!, By Lemma 2.1 we have

min@) _, ~_ _max@)
(max@))2 =~ "~ (min(@&))?

n
—Fpy(X) = =(p — 2)lhxxl” + hxxH — ZZ e,
=1
)2 in(a in(a
ymaxa))” =~ min(@) = min(a) oLy, zp

>—(p-2) (min(@&))*  (maxa))?2 (maxa))? ||

where we can estimate the mean curvatur. é;(:))z < H < n™@) and we also

min(a;)?
know the following fact:{as, as, - - - , an, v} is also an o.n.b. iR, then
1 no1 1
ﬁVxZ = ;<ﬁVxZ,ajoz)afj + (ﬁvxz’ V)
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||— ZIP > ) (==VxZ P
1zn Z 1z

2
= Z P
=1

-2 vz < (MEXE)"
iz = (min@))?

(cf. Lemma 2.1)

(max@)? | (min@)? _(max@a))?
=202 iyt Mmaxa))® (mina))’
maxa)? | (mina)y?
i)y "max@))

(maxa))? | - (min(a))?
~Pmina)? T Nmaxa)?

T e p- 2R
P, (min@)°
(n+p-2) (n+p-2)(maxa))®
ns—p
(n+p 2)

The estimate is sharp on sph&¥r) because o{”—;”VXZ, vy=0

2.2 Topological Vanishing Theorem on Minimal

Submanifolds in Ellipsoids

Theorem 2.1(Topological Vanishing Theorem on Minimal Submanifolds

in Ellipsoids): Let N be a minimalk-dimensional submanifold of an ellipsok!

such that the Ricci curvatuiicY of N satisfies:

. 1. (max@))?
RicN > k(1 - o) (min@)*
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where 2< p < k. ThenN is p-SSU and
mi(N) = mo(N) = - = gy (N) = 0

Proof: For any unit vectorX € T,(N), we choose an orthonormal frame
{ag,--- ,a¢} on N such that at xX = ax. Forl < i, < Kk, IetRij(respR_’ij) de-
note the sectional curvature of N(resp. an ellipdefifor the sectior; A ;. For
1<i, j <Kk lethj = (vyaj)* wherev is the Riemannian connection & and ()

is the projection onto the normal spaEgN)*. The fact that N is minimal says:
Y hi=0---(1)

Let h(Y, Z) = (vvZ,v) wherev is the Riemannian connection &i*%, Y and Z are
local vector fields orE", andv is the unit normal vector t&". And the second

fundamental fornh of N in R*1 splits into:
[h(X X)P = K + (X X)P -+ (2)
Applying the Gauss-curvature equation, we have:
Rk = Ri + (hii, hwoen — b2 where 1< i < k---(3)
Summing (3) over X i < kand applying (1), we have:

Ric(X) = Riclar) = ST R — 2, h2 - (4)

In view of (4), the assumptioRicY > k(1 — %)max@)z implies:

min(a)*

oy Ri — P hz = Ric(X) > k(1 - ?1)) maxa)?

min(a;)*
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_ — 2
SKi R < SR - k(1 - 1)mear

And by Lemma 2.2, we have an estimate for the sectional curvatui are.

Hence
maxa)? 1, maxa)?

min(@)* " p’ min(a)®
(max(@))?
min@y

On the other hand, by the assumption tNats a minimal submanifold oE"

hi < (k—1)

(—-— D ——\a

and the formula (cf. (2.12)/84]) p.322), we have:
k —_— —
(Q'(X), X0, = (=2RIEX), X0 + (O (T ¥, @i {Tc0: X
i=1
k J— J—
= (=2RicX X)n + (Z hii )hxx
i=1
By Lemma 2.1, we can estimaﬁgx as follows:

hxx < D@ )

= min(a)?

Therefore, we can get:
Foy(X) = (p = 2)lhl® + (Q}'(X), X)
whereX = ay

k
= (P 2)(nfy + h&) + (~2RicX X) + (O hi)he

i=1

(by (5) and (6))

(maxa))?  (maxa)? . 1 (maxa)? | (maxa)?

<(p-2< 1) +
P= 200~ ViminGay)? * (minta))?! o) (min@)? * " (mina)*
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=0
Then, N is p-SSU by the definition. Furthermore, by Topological Vanishing Theo-

rem, we know thaN is [p]-connected, i.ex1(N) = m2(N) = - - - = m(N) = 0.

In contrast to the above theorem, S.W.Wei obtained Sphere Theorem as follows:
Sphere Theorem(S.W.Wei)#8]): Let N be a minimak-submanifold of a unit

Euclidean spher89! such that the Ricci curvatuiicY of N satisfies:
. 1
RicY > k(1 - 5)

where 2< p < k. ThenN is p-SSU. As a consequence(N) = - -- = m(N) = 0.

Remark 2.1:

1. We recapture Sphere Theorem when the lower bound for Ricci curvature in

an ellipsoid is equal to that in a unit sphere.

2. Sphere Theorem is sharp; that is: Let

K _ Qi i 2p-i; [2P— ] 2p+1
N S(,/zp)xS ("—Zp ) € SP(1)

forany 1< j < p. ThenN is a minimalk-dimensional submanifold of a unit

Euclidean sphere such that for each tangent vector to its first fﬁ't(tquip),

K

. 2p,. 1
Rid = =S(j-1)<2p(l->)=k-
[ J(J ) < 2p( Io) 5

wherek = 2p. But 7j(N) # 0,725_j(N) # 0. In particular, ifj = p, the

Clifford embeddings

k _ pi pi 2p+1
N S(\/E)XS(\/Q)CS (1)
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with

1
RidV = k(1- =
I ( IO)

but

np(N) #0

for all p. There also exist totally geodesic embeddiNgs= SP(1) in the unit

sphere withRic" = k(1 - %) wherep = k butmp(N) # 0.

2.3 Geometric connectedness and Dirichlet

problems on p-SSU ellipsoids

In this section, we can explore geomekjeconnectedness (henk&onnectedness)
for somek >> [p] on an p-SSU ellipsoid&" wherek depends on some appropri-
ate p-SSU indexv,. Moreover, we obtain a nonexistence theorem which asserts
that no p-SSU ellipsoid can be either the domain or the target of any nonconstant
p-stable maps (into a complete manifold or from a compact manifold). We also
solve the Dirichlet problem for p-harmonic maps from a compact manhbidto
a p-SSuU ellipsoid.

Theorem 2.2(Geometrick, connectedness and Dirichlet problems on el-
lipsoids: Let an ellipsoidE" be a compact p-SSU n-manifold with an appropriate

p-SSU indexw,. ThenE" is geometrically §(wp, 6) — 1)p,-connected. Hence:
1. E"is (d(wyp, 6) — 1)-connected.
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2. CY(N,E") is dense iri_i(‘“p"s)_l(N, E™ for any compact manifold N with pos-

sibly non-empty boundary.

3. Each class imy,,(E") can be represented by a sunGdf p-harmonic map
of S4«r into E". Furthermore, if the class is nontrivial, these nonconstant

p-harmonic representatives are p-unstable.

4. Each class iy, (E") can be represented by a sun@3f d(wp, 6)-harmonic

map ofS4r9) into E".

5. For anyp <dimN and 2< p < d(wp,6), and any given boundary data
n e Lf_A(aN, EM), the Dirichlet problem forp -harmonic maps int&" has
>
a solution, which is locally Klter continuous up té@N and isC in the

interior of N of the singular set of Hausd®dimension< dimN — p' — 1.

6. In particular, the Dirichlet problem for p-harmonic maps itbhas a solu-

tion with singular set of Hausdfirdimension< dimN — d(w,, 6) — 1.

7. Forany 2< p < d(wp, 6) — 1, the homotopy class of any map to or frd

contains a map of arbitrarily smail-energy.
8. If n < 2d(wp, d) — 1, thenE" is homeomorphic to a sphere.

where for each constanto < 1, and each p-SSU index, on a p-SSU manifold

M", we set an integer:
d(wp,0) =2+ [[p+2+p-14]]
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p+1-6+2+/p=4.

if Wp 2 p+1+2+p-s '

d(wp.5) = max1+ 2], [pl)

otherwise. Here {]], is the greatest integet]ff t, if t is not an integer; otherwise

[[t] =t-1.
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Chapter 3

Regularity of p-energy minimizing maps into a closed

upper-half ellipsoid E"

Mappings between Riemannian manifolds M — N that are critical points
or minimizers for p-energy function&, have been investigated extensively. Reg-
ularity estimates for elliptic systems, in particular the Euler-Lagrange equation for
p-energy, were first obtained by UhlenbedkH]) for p > 2, and later by Tolksddi
([44]) for p > 1. Regularity theory of p-energy minimizing maps between Rieman-
nian manifolds has been established by Hardt-Lidl|j[and Luckhaus 26]), for
casep > 1. the question of minimizing the p-energy in appropriate homotopy
classes has been studied by Whie3]. S.Walter Wei and Chi-Ming Yau §1])
derives the first and second variational formulas for the p-energy functional on
maps between Riemannian manifolds and obtain a Bochner formula and related

estimates as a fundamental tool in the study of p-harmonic maps.

In this chapter, our work is built on the regularity of local p-minimizers on an
ellipsoidE", via the first and second variational formula for p-energy functional on

maps, together with a technique of Bochnertn
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3.1 Preliminaries

Consider a smooth map: M — N, whereM is compact. Denote the pull-
back tangent bundle df by u asu™'TN, and denote the pull-back connection by
VY. Letv, w be smooth sections imr'T N, vanishing identically on a neighborhood

of OM.

Choose a one-parameter family of smooth mapsuch thatu, = u and

%—Lt"h:o = v and a two-parameter variatiof., st) = us; such thatv = %gtzo

[)usl

= Ist=0. We shall also denote dy : M x R — N the smooth map defined

andw =

by F(x,t) = u/(x) for one-parameter variations.

First variational formula for p-energy

d _ ~
GEWIeo= [ 102 Ycwiv @y

where{ey, - - - , €,} is a local orthonormal frame field av, and€ meansdu(e).

Second variational formula of two parameters for p-energy(u is not a

necessary p-harmonic map)

ik i} .
GigapUsdlso = fM (p— 2)duP*( > (Vav. 8N D (Ve w, &))
i ]
: ou
U (Y (Ve VY — o + RUW.B)V. )
i=1
n
+ Z(Vév,Véw})dv (3.1)
i=1
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The second variational formula of one-parameter for p-harmonic map

d2
de

Elo = [ (p-2iuP (Y (av )y

duP2( ) (RY(v, &)V, &)

+

- Z(V; VeV = Vg oVs V) +divg")dv (3.2)

whereg” is a diterential 1-form given by’ (x) = (Vyv, V), for a local vector field
on M.

We now turn to the following pointwise estimate on the Bochner Formula
based on Wei and Yau'’s work in 1994(]).

Lemma 3.1:( Bochner Formula)Letu: M — N be a p-harmonic map when

M is compact, then:
Ji, —KlduP-2#dv < —(p- 1)(28 - 1) [, [duP*%| v |dudv + %2 [0 S|duP#dv

wheren = dimM and -K =lower bound ofRic™ and S =upper bound for the
sectional curvature on N for every positive consjant 1.

Proof:(cf. Lemma 1.3 (#7]))

As an application of the first variational formula, we can look at the Liouville
theorem for tangent maps that serves as a basis for regularity theorems as follows:
Letu : S™ — N be a smooth, p-harmonic map and ¢ebe a strictly convex
function such that(S"?) lies in the domain o.(If N has a nonpositive sectional
curvature,¢ is the distance function oN) ChooseVe¢ to be the variational vec-

tor field. If u were not constant, then the first variational formula and the strict
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convexity of¢ would lead to a contradiction:

0= duP? ) (&,Vs(V 0
fsn_l| u ;«a a(Ve)) >

Based on this reason, any p-minimizing tangent riRap— N is trivial for each
n=12---. Therefore, S.W.Wei [B1]) proves the regularity for p-minimizing
map into a domain of a strictly convex function as below:

Theorem: Every p-minimizingL? map into a manifold with nonpositive sec-
tional curvature, or into the domain of a strictly convex functio@1¢. In particu-
lar, every p-minimizing-? maps into either a complete noncompact manifold with
positive sectional curvature or an open hemisphe@+is

By the same story of a contradiction between the first variational formula and
the strictly convexity, S.W.Wei 48]) also obtain theorems about the behavior of
p-harmonic maps and p-stable maps.

Theorem: Every smooth p-harmonic majdefined on a compact Riemannian
manifold M into a manifoldN that supports a strictly convex functigns constant.

Theorem: Let M be compact with possibly nonempty boundaiy and N
be compact with nonpositive sectional curvature. Then every p-harmoniczmap
M — N minimizes p-energy in its homotopy class ( that agrees @ithif oM is
nonempty). In particular, every p-harmonic map is stable.

On an ellipsoidE] = {(X1, -+, Xu1) € R™ rax + x5+ -+ %2, = La>

n+1
0} with one parameter as the target space, S.W.Wg|)X[study Liouville-type
theorem forp-minimizing tangent maps into haIf-eIIipsoI’EQ+ ={(Xg, -, Xnt1) €

EZ; Xn1 > O} as follows:
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Theorem: Every p-stable or p-minimizing tangent map frd®hinto E_QL+ is
constant for¢ < d(a, o, p) whered(a, o, p) is a constant depending @ p and

o €(0,1).

3.2 Regularity for p-minimizer into closed
half-ellipsoids

In this section, we discuss the Liouville’s problem for tangent maps based on
the first and second variational formulas for p-energy and a Bochner formula.
Theorem 3.1 ( Regularity of p-Minimizers into Closed Half-ELLIPSOIDS

): Every p-stable or p-minimizing tangent mapé 1) from R(l > 2) into E_Q IS

2 24/p2-3p+3 2 2V p?-3p+3 4f_p-1
constant forp + 2% — =—— < | < p+ & + = andu < {355

p-1 p-1

Moreover, for anyp-minimizing mapu : M — E_Q, it has a closed singular setof

Hausdoff dimensiondim(Z) < dim(M) — (p+ 2 + 2YE_2%) g,

Proof: By the first variational formula for p-energy functionals, any p-harmonic

mapu € LY(M, N) is a weak solution of
div(jduP? v u) + A(vu, vu)|lduP2 =0

where A is the second fundamental form Mfinto RY. From the elementary

2 2
calculuse” is the level set of% Foee+ % — 1, whose gradient vector field

+1

U
29
a

» ,%) is normal to the convex hypersurfaB& in R™?. It follows that any
+1

p-harmonic map = (Ug, -+ ,Unq) : S"* — E? ¢ R™! of classC! is a weak
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solution to

div(jduP2 v ;) + [duPug; = 0--- (.1)

for some functiorp; > 0 and 1< i < (n+ 1). Takingi = n+ 1 in this equation,

integrating it overS'~! and using Stokes’ theorem, we have

fl . |du|pun+lQn+1 =0--- (2)
S

DefineB = {x € S"%; |dul(x) > 0}. Supposedu # 0; then B is open and nonempty.
Hence, from ), uy,; > 0 impliesu,,1|g = 0. On the other handdu,,4| < |du =0

in S"1\B. Thusun;: = 0 in S"*. Combining these two facts we have either
un,1 = 0 (if B is nonempty) or u constant ( if B is empty). If uis constant, we
are done. So we assumg,; = 0 so thatu(S'?) c H(E_Q). Now we deform its
p-minimizing homogeneous extension=_(Uy,-- ,uUn,0) : R — 9(E") along

(0,0,---,0,¢) whereg is a positive function ang € CY(R\{0}) andd(E") =

{(X1,- -+, Xn+1 € ET, X541 = 0}. Since we have
this generates a variatiap(x) in E_Q given by
G0 = ———— (@, - . 500. tanag) : R — 7

V1 + t2p?
where t is a nonnegative number. [Leandii denote the first and second derivative

of u; with respect to t evaluated &t 0. Then clearly we have:

u=(0,---,0,an.1¢)
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U= —¢*(Uy, Up,- -, 0)

Actually we have the following identity:

1 _ - N _ .

@(Bldutlp) = |du|P2((d G, di) + [d WP} + (p — 2)ldiP*(d y, duy)?
d2 1 1P aiP-2(141712 T A P-4 /A4i7T Aif\2
@(Bldutl =0 = [du[P~*(|du[* + (du, du)) + (p — 2)|du]”*(du, du)“ - - - (x)

(T, i) + 10T = - Sd()) = ~2pcle)cd

and the Cauchy-Schwarz inequality implies:
= s 2|42 edu 1, = 22
(di di) + ¢1dU” < 2= V2(U)dgl < 5"l + 2idel(U

where
n
|J|2:(U1)2+...+(Uk)2Sa§+...+aﬁ: a12(3)
i=1
-1 n
(T, o) < —*Idl? + 203 &)l -+ (4)
i=1

Sinceu is minimizing,

d? _ d?
0< @Ep(ut)h:o = . ae

1
(—|d(Ut)|p)|t:0dV
p
_ f (dTP-2(1diTP + (T, di) + (p — 2)/ TP dify?
R
n
< f |dulP?ay, 1|de|” + |dﬁ|p*2{_—l<pz|dm2+2(2 a)ldel*)
R 2 i=1

n
_ 1 _
= L Al ?dg(@f, 1 +2 ) ) — Py’
i=1

So we can get:
1 n
= | (duP Zsf 2 +2 2)dulP2|dpl?
ZL ¢ Rl(an 1 ;6\) "
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f Cog?dTPdx < f dP/dTP-2dx. - (.5)
R R

where

i1
: 2@, +2%L, a)

Splitting the integrals ovelR into spherical and radial directions as follows: if we

choosep = f(r)g(v) wherer = |x andv = ﬁ e S'1, we substitutep into fgin (.5)
and we obtain:

Joa (-1 GPIAUC2 + CogduP)dy [ P idr
S 00
fsl—l g?ldu/(P-2dy fo f2rl-p-1qr

Since the inf of the right-hand side i:{l - p)?, and we know the basic following
fact:

dg =dr? + éd@2
r
df 1 dg
2 _ =0 2 - 2
VE)9@)F = |5 9@)F + - () 5|

then, we can get:

(—1dg¥duP2 + Cag?duP)dy < %(l - p)? f . g?ldulPdv
S—l

gl-1

for every nonzerg € C*(S'1). Settingg = |dul, this gives:

—f |v|du||2|du|p2dv+f Ca|du|P+2dvs}(l—p)2f |duPdy - (.6)
Sl—l Sl—l 4 Sl—l

On the other hand, the Bochner formula for a p-harmonic map Bbrinto E_E
gives:
(I - 2)/duPdy

gl-1
-2 (maxa))’
-1 Jg1 (min(g))*

<-(p-1) ] | dulP? v |dulPdy + duP2dy - - (.7)
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Combining (.6) and (.7), we can get the following inequality:

1-2 -2 (maxa))2, . .
“1 )oY 0D S i T
} - p)? Pdv — p+2
34(I p) fsl_l |dulPdv S|_1Ca|du| dv
)2
=21 7] | iduPdv< -2 (M@)o ey

p-1 4 (p—1)(1 - 1) (min(a))* st

if =2 -3(01-p?=0 and(p_'l‘)g_l) ((m((:))))j — C. < 0, then u is constant. So we get

our conclusion:

2_ 2_
If p+p%1—2—"'op_fp+3sls p+p%1+2—"pp_13p+3and
el > w22+ D(max@))’ > i

then u is constant. Via Hardt and Lin’s work on regularity in 1984]), we can

get the estimates of Hausdibdimension of the singular set.

3.3 A stability inequality, LP and L9 gradient

estimates on upper-half closed ellipsoids

In this section, we derive a stability inequality ahf L9 gradient estimates
which plays a dominating role in our Liouville theorems for p-harmonic, or p-
stable maps developed in next section. We begin with S.W.Wei’s statement about
a stability inequality and_P, L9 gradient estimates oR]. Briefly speaking, his
technique is built on the argument that any p-harmonic magu, Uy, - - - , Uny1) :

M — EI, c R™! of classC! is a weak solution to

div(duP2vu) + |[duPuip; = 0

39



for some positive functiop;, V1 < i < n+ 1 which are associated with the
second fundamental forA"(Vu;, Vu;) and are estimated by the principal curva-
tures (eigenvalues of the second fundamental formy A) - , 4n.1 on E] charac-
terized bya. Choosing an appropriate test function and applying integration by
parts and the Schwarz inequality yield?, LY gradient estimates oE&]. Now,

we improve the results of Wei's work ig" as long as we investigate that any
harmonic mapu : M — E_Q is a weak solution of the same type equation :

div(lduP-2vu,) + |duPu,p; = 0 where the positive functiop is determined by the

principle curvatures o&" characterized byay, - - - , an.1}. TOo be more precise, we
prove tha; is depending op = =€ based on the estimation about the principle

curvatures given by Y.B.Shen and Y.L.Paa3g]).

Theorem 3.2 Let u be a p-harmonic map from a complete n-manifdliéhto

2
an open half-ellipsoid; = (X1, - , Xe1) : % 4o+ 33 = landx,; > 0), o a

+1

p-stable map fronM into a closed haIf-eIIipsoi(E_E. Then for eachy € C3'(M),

we have:
1. A p-stability inequality
f pe?lduPdy < f | v o|duP2dv- - - (4.1)
M M
wherep is a positive function.
2. An LP gradient estimate

fcppldulpdvs Cf | V lPdv- - (4.2)
M M

where C is a constant depending only on p,k,ﬁﬁd%’g;.
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3. An L% gradient estimate

fgoqldulqdvs leK¢q|du|q‘2dv+ CgflVgolqu~--(4.3)
M M M

whereK > —Ric\:, C; andC, are constants depending only on K,psg,=

dimM, andq > p.

Proof By the argument given before, any p-harmonic map(uy, - - - , Uky1) :

M — EX c R*1 of classC! is a weak solution to
div(duP®? v u) + |[duPuip; = 0- - - (4.4)

for some functiorp; > 0 and{1 <i < (k+ 1)}. LetA = {x € M;|du(x) > 0 and

Uk:1(X) > 0}. Applying integration by parts and Schwarz inequality, we have:

_ f FAiv(dUP2 ¥ 10g(Ug)dv = 2 f (v, [dUP2 7 log(Ue1))dV

A A
< [1v ofiduP2av | P A v ogludy
A A
for everyp € C3'(A). on the other hand, in the set A we have:

div(jduP 2 v log(U.1)) = (v|duP2, %

k+1

)+ |duP? A log(Uk.1)

2
- - —21 V Ukl
(Z1dUP2, VU,1) + 1dUP2 A U r) — [duP 2%

k+1 k+1

1 .
div(jduP? ¥ U.1) — [dUP?| v log(Ug:1)?
U1

= —plduP — [du?| v log(U1)?

where the last step follows from (4.4) and we haveset py,;. Combining this

with the preceding equation we have (4.1).
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Replacingp by ¢? in (4.1) and applying Young's inequality, we have
p2
fpgopldulp < fzgop‘zl vV ¢l?|duP-2dv
A A

1 1
< [ 30p-2Dergriaur+ [ Zpetiogpay
A 4 A 2
Since the eigenvalues of the second fundamental form A are the principal curva-

turesq;, for 1 <i <k, (4.4) and elementary linear algebra imply:

pidy = min(dy, - -, A)

o> min(4;)
maxa)

min(a)
o= ma>(a;)3m(4'5)

Choosinge suficiently small yields theéP estimate (4.2), in which C is a constant
depending o and p and k.

To prove Theorem 3.2(3), replageby |[dufyin (4.1) to get:

fA p?lduP#dv < fA [BldUF~(v|dul)e + [du’ v ¢]*/duP*dv
- fA AU 27 PIdU + 5 7 () ¥ () + ¢ v (dU)PIav- - (46)
Integrating the third term by parts, we have:
fA |du|p‘2% v ¢ v (Idu®) = - fA duP?¢?| v (lduf)? ~ fA duP# A (jJduf)¢?

f p@?ldulP¥ + f [duP2duf A (Jduf)e? < f [duP~2*2| v gf? - (4.7)
A A A

We have the following pointwise estimate on the Bochner Formula in [15]. If

u: M — N p-harmonic map and S is an upper bound for the sectional curvature on
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N and-K < Ric¥, then:
lduf A (Iduf) > gldu#2((adu, duy + (8 - 1) v [dul* - K|du? -
at all points wherédu # 0 andn = dimM. So:
fA duP?duf’ A (Jduf)e?

> (BB - 2) f SIduP*?-4 7 [du?
A

+ f —KBp?|du|P+%#~2

A

_ )2
‘f ph=Lmaxa)” o ez
A

n min(a)*

At the same time, we know:

min(a)
d |0+2.8>f 21dUP+%
f py?ldul maxa¥ U

min(a) il 1 @2 "
f (ma>(a.)3 n min(a@)z)sa2|OIu|p !

+ f BB - 2)¢*duP*#-4 v [dull?
A

+ f _KBPIdUP )

A

< f p?ldulP ¥ + f |dulP2duf A (Jduf)e?
A A

Sflclul'D_MﬁIVsDI2
A

Suppose we choogksatisfying:

min@) . n-1 p° -0
maxa)? n min(a)? ~

that is:

—...(4.8)

S|du|4)



then we get:
fA BB = 2)p%duP# 4 v |dulf* < fA KBe*lduP" %~ + fA AU v gl - (4.9)
On the other hand, from the Cauchy-Schwarz inequality, (4.6) implies:

fA pyg?lduP#dv

1
< f |duP2{| v ¢l du® + 5(v(soz))(v(|du|23)) + % v (JduP)[?)
A
< f | v 1 duP=2*% + 28l¢|| v @l|dUP*¥ 73| v |dull + ¢?B%|duP*~4| v |dull?
A

|V @P1duP2% 1 2( 7 gl |duiF ) (j|BId Ui 2 2 v [dul) + 2B dUP 4] v |dui?

h

<2 f | v @l|dulP2% + 257 f @?|duP 4 v |dull?
A A

Substituting (4.9) into this above inequality, we have:

2 :8 -1 2 —2 2182 2 -2
fpgo |dulP*? < f4—| v @/ duP2% + f—Kgo |duPt%#-2...(4.10)
A A B-2 AB—2
Young’s inequality implies that:
P2 o duP
2 P — 2+2,8 p+2'B|du|p+2'B

< €= 1
+2B p+26

(pp+2'8|d u p-2+26

| \v4 90|P+2:3 e (4'11)

< EPEEEﬁZﬁ—p 2+28 p+28|du|p+2ﬁ 1 i p+23...(4,12)
p+28 FEpr g’

Choosings satisfying (4.8) and replacmgbygo “ in (4.10), using (4.5), applying
(4.11) and (4.12) for Hiiciently smalle, and setting) = p+ 28, we then obtain the

LY gradient estimate (4.3), proving Theorem 3.2(3).
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3.4 Liouville theorems for p-harmonic or p-stable

maps from a p-parabolic manifold M into EX

We study the applications to p-harmonic maps from a p-parabolic manifold
into E_E. First let’s recall the definitions of p-parabolic manifolds, manifolds with
p-moderate volume growth, and manifolds with p-th volume growth conditions.

Definition 3.1:A C? function f : M — Ris said to bep-harmonic (respp-
superharmonicp-subharmonic) if itsp-Laplaciana,f = div([Vf|P2Vf = (resp.
<,>)0.

Definition 3.2:A complete noncompact Riemannian maniféitlis said to
be p-parabolic if it admits no nonconstant positigesuperharmonic function, and
p-hyperbolic otherwise.

Definition 3.3:A complete honcompact Riemannian maniféitlis said to

havep-moderate volume growth if there exigf € M andF(r) € #, such that

limsup

r—sco W—l(r)VOI(B(XO; r)) < oo

where

F ={F:[ac) - (0.0) [ 75 = 0, 2> 0)

a

It should be mentioned that there is a "gap phenomenon” between a p-parabolic
manifold and a manifold with the p-th or g-th volume growth condition. Actually,

in this section, we can furnish an example of gap phenomena which is a p-parabolic
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manifold with exponential volume growth instead of p-th volume growth. Because
the essence of a successful approach of Liouville type problems has its roots in
LP gradient estimate which help us to control an integrgtaf’ by an integral of

[Vy|P whereg is a test function good enough, we can successfully widen the Li-
ouville theorems from a manifold with volume growth conditions to a p-parabolic
manifold.

Proposition 3.1(A Maximum Principle for p-harmonic maps into an el-
lipsoid): Let Q be any bounded domain iM with honempty smooth boundary
AQ. Letu = (Up, - ,Ug1) 1 M > EX c RL of classC! be a p-harmonic map
such that.1so > C whereC = inf,q U1 > 0 andM be a complete noncompact
Riemannian manifold anETﬁ denote a closed upper half-ellipsoid. Thap,; > C
onQ.

Proof: Let ¢ = min{u,y — C, 0. If U= (Ug,--- ,Uq1) : M — EX c R¢L of

classC! is a p-harmonic map, then it is a weak solution to
div(duP2vu) + |[duPuip; = 0

for some functiorp; > 0 and 1< i < k+ 1. Applying integration by parts, we get:
0< fM div(|VUu|P VU, 1)¢dv

:—f IVUIP2VUy,1 - Vodv
M

—2 2
= - f VUIP 2| VU4
{Uk+1<C}

<0
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Hence, if there exists a poing at whichug,; < C, then|Vuk,4| = 0 in a neighbor-
hoodQ of Xy, anduy,; = constant C on Q, contradictingC = infsq Uc,1. This

completes the proof.

Theorem 3.3 Every p-harmonic map : M — EX, whose image either lies inside
an open upper half-ellipsoi® or on the equator. If the imaggM) lies insideEX,
thenu is a constant provide! is a p-parabolic manifold.

Proof: In view of Proposition 3.1 in whiclC = 0, if there exists a point, at
whichug,; = 0, thenuy,; = 0 on any domaimf with X, € 9Q. Henceu(M) lies on

the equator.

It follows from Theorem 3.2(2) that we have Bh gradient estimate for every

¢ € Cg(M),

fcppldulpdVS CflV(plpdV---(*)
M M

where C is a positive constant depending only on p,k/,aﬁd%’g)). For any fixed
compact set K irM, we choose a dficiently larger > 0 so that the geodesic ball
B, of radius r centered at a fixed poixg covers K. LetA(r) = B,\K, wherer > 1.
Then there exists a unique function= 1 on the compact K and. is vanishing

on outsideB; andu, is a p-harmonic function between K aig such thau is the

p-minimizer of the p-energy function&,(u) among all functions in the space

Sy = {u e LY(A(r)) : uls = 1 andulss, = O}
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Indeed, given a p-minimizing sequeng} in S;, by the Poincare Inequality

f llPdv < C(r, p) [Ve[Pdy,
A(r) A(r)

for any ¢ € Cg(A(r)), the lower-semicontinuity oy, and the closeness &;
in LY, one can extract a subsequenag} converges ta € L} that realizes the
infimium as the minimum:

Ep(ur) = J'gsfr Ep(u)

Since R is the domain of a convex function, it follows tliatis C1® in the inte-

rior andC® up to the boundary. Then by the maximum principle of p-harmonic
functions we get O< u, < 1. For anyr < r" andx € A(r),u(X) < us(x). By

the Monotone sequence theorem, lim u, = U, in M\dK. It follows from Har-
nack inequality for p-harmonic functions that in a small ball we can have uniformly
Holder estimate and hen&&-® estimate oru, by Hardt-Lin. By a diagonal sub-
sequence argument a subsequencgigfconverges irCt* norm tou,, on every
compact subset o¥;\K, andu, is a p-harmonic function. By the assumption
M being p-parabolicy,, is a constant which implies,, = 1 by the maximum

principle. Hence on every compact subseM}joK
VUr —_ O. . (**)

uniformly asr — oo; and we substitute: = u, into (*) and using the divergence

theorem and (**), we have:

fldulpdvs le |Vu,|Pdv
K B/ \K
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=C; div(u|Vu,|P~2Vu,)dv
B\K

ou
:le IVuP2——ds
K v

9
= le Vu P22 ds 0
3 ov

asr — oo where}’ is a hypersurface betweékK anddB; andv is its unit outer
normal vector. The last step follows from the p-harmonicityobetweenK and

>.. It follows that|du® = 0 on any compact set K and henge= 0 on M. (cf.

([52))

Theorem 3.4 Every p-stable map from a p-parabolic manifoldM into a closed
upper haIf-eIIipsoioE_E is a constant. Every stabfgharmonic
Proof: Proceeding in the similarly way, we can get our desired frorhfan

gradient estimate.

Corollary 3.1: Every smoothp-harmonic map, wherg > 2, on a complete
n-manifoldM into E_E either lies on the equator or is a constant, provide(B,) =
O(rP) asr — .

Corollary 3.2: Every smooth p-stable map from a complete n-manitdid
into a closed haIf-eIIipsoicE_E is constant, provided that one of the following con-

ditions is satisfied:

1. M has p-th volume growth, or
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2. M has a nonnegative Ricci curvature tensor and g-th volume growth where q

Is the same as q in Theorem 3.2(3).

Remark 3.1: Every Riemannian manifold M witkol(B,) = O(r?) asr —

oo is a manifold with p-moderate volume growth. Every complete noncompact
Riemannian manifold M with p-moderate volume growth is p-parabolic ferfd <

co. The p-moderate volume growth bf is a suficient condition for a p-parabolic
manifold, but it is by far not a necessary one. The case of Liouville-type theorem
from the domain with p-th volume growth int®" with {a, = - - - = a1 = 1} is due

to S.W.Wei (B7]). The caseE" witha; = --- = a,,1 = 1 in Theorem 3.3 is due to
Wei-Li-Wu ([52)).

The following is a good example of a complete manifold that does not support
nonconstant positive p-superharmonic function with volume growth of geodesic
balls in M increasing exponentially:

Example 3.1:(p-parabolic manifolds with exponential volume growth)(cf.
Example 3.1 (52]))

Let M be a Euclidean spad®® endowed with a metrids® = f(x)|dx?2, x =
(X1, -+, X,), wheref > 0 is smooth orR", such thatf(x) = 1 for x, < 0 and

for x, > 1. ThenM is a complete Riemannian manifold

_ 1
f(X) T (xn+1)2log?(xn+1) 4

that does not support a nonconstant nonnegative p-superharmonic function. In par-
ticular, M is an n-parabolic manifold. But volume growth of geodesic ballsin
increases exponentially. Indeeled < inf{—(1+log(x,+ 1))?, —(1+log(x,+ 1)+

log?(%, + 1))} < —1 for X, > %1 Thus by Volume Comparison Theorem, there exists
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a sequence of pointy;} ¢ M, and number$r; > 0} such thatB(y;; r;) lies in the

half spacex, > %1, with Vol(B(y;; r;)) = O(€'7) asr; — oo.
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Chapter 4
Liouville theorems for p-stable maps into anE" with

p-superstrongly unstable indexw,

In this chapter, we establish Liouville theorems op-8SU ellipsoid with a
p-SSU indexw,. In the previous chapter, we also discuss Liouville problems in a
closed upper-half-ellipsoiﬁ_ﬂ with the boundary of an equatér= {(Xz, - - , Xns1) €
E", xnr1 = 0}. As one of valuable techniques, this boundArgenerates a variation
associated with the test function. After that, we can deki¥gradient estimate
which is followed by Liouville type theorems. In light of Liouville theorems on
an ellipsoid, it is of interest to relate this problem to the intrinsic geometry of an
ellipsoid. In view of ap-SSU manifold, we can recapture Liouville problemdh

instead ofE" via w, which marks the birth of the importance ot “r:]f‘:(g‘)) in EN.

Aided by the work of Wei, we can identiflg" with a p-SSU manifold together
with p-SSU indexwp,. The purpose of this chapter is to show how f&SU
index wy, affects the geometry dE".More precisely, most of geometric, analytic
and topological properties d&" are characterized by, depending only om, p
and the ratiq: = T2,

In the precious chapter, via the extrinsic variational method as well as an ex-

panded technique of Bochner, we establiSlgradient estimate leading to a Liou-

ville theorem in terms of the volume growth condition. Compared with the method
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in the previous chapter, we realize that this principle gf&SU ellipsoidE" with

wp gives a new role in Riemannian geometrygtarmonic mapsp-stable maps,
resulting in simple new proofs of Liouville-type theorenas, serves as an indica-
tion of the regularity theory. Naively speaking, the closgris to 1, the easier it is

to establish a Liouville theorem in terms of the volume growth condition.

4.1 p-Stability inequality, LP and LY Gradient
Estimates onp-SSU Ellipsoids

Theorem 4.1(p-Stability inequality, LP and L% Gradient Estimates) Letu
be ap-stable map from a complete Riemannian manifsldnto an ellipsoidE"

with u < 3 % Then for any € C3'(M), we have:

1. p-Stability inequality:

L — pu?
T 2dupdvsf V&R|duP-2dv
fM(n+p—2)(mm(a»2§' ' W eried

2. LP Gradient estimate:
ffpldulpdvs Cf [V&Pdv
M M
whereC is constant depending an p, u.

3. LY Gradient estimate: LetK be the lower bound of the Ricci curvature of

n(-p)

M,andge[p+2,p+ ZW], then

f§q|du|qdvs le K& duo2dv + szlvglqdv
M M M
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whereC,, C, are constants depending ojp, u andK.

Proof: Combining Lemma 2.3 and Lemma 2.4 and the following theorem, we
can get the desired.
Theorem(S.W.Wei)(B1]): Letu be ap-stable map from a complete Rieman-

nian manifoldM into a p-SSU manifoldN. Suppose € C7(M).

1. p-Stability Inequality:

¢p(u) 2 2 —2
‘f,\‘/l mf |dU|pdVS ‘f'\;l |V§| |dU|p dv

2. LP Gradient Estimate: Assume thatM) lies in a compact subsé{, of the

p-SSU manifoldN, then

fgpldulpdvg Cf|V§|pdv
M M

whereC is constant depending @, k, p andNo.

3. LY Gradient Estimate: LetK be the lower bound of the Ricci curvature of

2nwp

M, andg € [p+ 2, p+ 7], then
f & du%dv < le K& duo2dv + sz |V&9dv
M M M
whereC,, C, are constants depending kip, w, andK.

The following series of results indicate for appropriate mapsm&5U man-
ifolds how quantitatively, the closer thig-SSU indexw,, is to 1, the easier it is

to establish the Liouville theorem in terms of the volume growth condition in the
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domain, and moreover, the "smoother” the maps is in terms of the Hatistior
mension of the singular set in the domain.
Liouville Theorem Every p-stable map from a complete Riemannian mani-

fold M into a p-SSU manifoldN is constant provided one of the following is true:

1. M hasp-th volume growth(i.e. volumeg;) = O(rf) asr — ), andu(M) c

No, @ compact subset o¥.

2. M has nonnegative Ricci curvature tensor aptth volume growth, where

2wph

Q=P+ 71

Liouville theorem for a tangent map Every p-minimizing tangent mau

defined onR" into a p-SSU manifold is constant fan < d(w,) whered(wp) =
. p+24/p-1 . _ 1

[p+2+2yp-1]] if wp > PRyt otherwise d(wp) = [1 + 1-wp]- Here [t]

denotes the greatest integet and [[t]] = [t] if tis not an integer andf] =t-1

if tis an integer. The details of the proofs can be found in Wei's wd& X[

4.2 Liouville theorems for p-stbale maps intop-SSU

ellipsoids

Theorem 4.2(Liouville-type Theorem for the p-Parabolic or g-Parabolic

Manifolds):

1. Every p-stable mapu from a p-parabolic manifoldM into an ellipsoidE"

with u < 3/% is constant fop > 2.
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2. Every p-stable map from ag-parabolic manifoldV with RicM > 0 into an
ellipsoid E" with u < f/% Is constant, where

Nz — P)

(n-1)(n+p- 2)]'

gel[p+2,p+2

Proof: It follows from LP andL? gradient estimates in the similarly way in
previous chapter.

This result arguments the work of Wei-Li-Wu for ellipsoids with one parame-
tera; = - - - = a1 ([52).

Corollary 4.1(Liouville-type Theorem for the Domain with a p-moderate
Volume Growth): Every p-stable map from a complete Riemannian manifeld

into an ellipsoidE" with u < f/% is constant provided one of the following is true:
1. M hasp-moderate volume growth

2. M has nonnegative Ricci curvature tensor @pachoderate volume growth,

where
e MGEmP
=P D+ p-2)

Proof: This follows at once from Theorem 4.2 by Remark 3.1.
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Chapter 5

Non-existence of stable currents on ellipsoids

The first results about the nonexistence of stable submanifolds seems to be in
J.Simons’s work that there are no oriented close stable hypersurfaces in an oriented
manifold with positive Ricci tensoil?]). J.Simons and Lawson prove that the
standard spher8" contains no stable submanifolds. Along this way, Lawson and
Simons made an conjectur@d]):

Conjecture(L-S) :There are no closed stable submanifolds in any compact,
simply connected, strictlj—pinched Riemannian manifold.

The work of Howard and S.W.Wei3B)) links the relation between the nonex-
istence of stable currents and the curvature of ambient manifolds. They study how
the geometry of a Riemannian manifaldl affects the nonexistence of stable cur-
rents inM by giving conditions on the second fundamental fornMosometrically
imbedded in a Euclidean space. Based on their work, we can obtain the nonexis-

tence results irk".

5.1 Preliminaries

In the following section, we will consider how the geometry of a Riemannian
manifold M" effects the non-existence of the stable currentsiin In particular,

we will give conditions on the second fundamental form of an immersed mani-
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fold M" of a Euclidean space which implies tHdf' supports no stable currents in
dimensionk. First, we talk about the above problem in a general manifold. Sec-
ond, we restrict it to an ellipsoid. Our basic method is to isometrically immerse
the manifoldM" in a Euclidean spacBR™™. Then for any parallel vector field V

on R™™ and compack-dimensional current®l of M" we deform N along the
flow ¢y of the vector fieldV™ obtained by taking the orthogonal projection of V
onto tangent spaces &". And the flow¢!' is the flow generated by, i.e.
2" (X)) = VT(¢e(x)). In this case the formula for the second variation

2

d T
lo = vol@ ) -+ ()

can be greatly simplified. The resulting formula still is hard to compute. But if (*)
Is averaged over an orthonormal bagjs: - - , V,,,m Of R™*™M), it is easy to compute.
The result is a pointwise algebraic condition on the second fundamental form of
M"(corresponding to the average of (*) oW, - - - , Vi.m) Which impliesM" has

no stable currents in dimensiénBy applying the above method, we have:

Lemma 5.1 (Trace Formulas by R.Howard and S.W.Wei)(83]): Suppose we

haveNk ¢ M" < R™M,

trace(Qg) = fM ntrace(Qg)dllgll(X)

and if g is stable thetracg(Q;) > 0. If {€y,--- , &.m} Is an orthonormal basis of

R™M such that{e,--- ,&,} is an o.n.b. ofTf My, {€.1,--* , €.m} IS & basis of the
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normal space of My in R*™ andé =e; A --- A g, then

k n
traceQ) = > Y (2le. &)l - h(e. e)h(e. &)

i=1 r=k+1

And if for some k,trace(Q;) < 0 holds for allé = e, A - - - A g tangent taM", thus

M" has no closed stable submanifolds of dimengion

5.2 Nonexistence of stable currents or submanifolds

in ellipsoids

In this section, by applying Trace Formulas, we consider how the geometry of
an ellipsoid &ects the nonexistence of the stable submanifoldg'on

Theorem 5.1 (Nonexistence of stable submanifolds in an ellipso)d An
ellipsoid E" has no closed stabledimensional submanifold jf* < ”‘—'§+2 In par-
ticular, there are no closed stalldelimensional submanifold in a sphe®&(r) for
any 1<k<n.

Proof: Let N be a k-dimensional submanifold E'. Supposde,--- ,&} is
an o.n.b. inTNy, {e;,--- ,e,} is an o.n.b. inT E}, and{e,--- ,&,,v}isan o.n.b. in
R™!, For any fixed, (1 <i < k), we have:

1 51 1
—VoZ = ) (—-VoZ€)e +(=-VeZVv)v
Izi JZ‘ lzi = iz e

L 1
= Z haejej +(—=-VeZ v)v
£ 1ZI

1

n
iz Va2 = ) ee
=1

59



k
Z e Pl < ﬂv o2 = > Ihee,?
j=1

r=k+1

Applying Lemma 5.1, we get:

k n k n
trace(Q;) = ZZ[ Z |heer|2] - Z Z Neehe e

i=1 r=k+1 i=1 r=k+1

k
1 1
<2 2 k(n-Kk
Z[||Z||2 (mm1<sn+1 as))* Z e, 1] = ||Z||2 (MaX<scns1{as))? (=K

_ 1 2k k(n - k) o
- 12112 [ (minlssml{as})4 (ma)ﬁsssml{as})“] 2 ”Zzl |heej|

1 2k k(n - K)
‘||Z||2[(min1ssn+1{as})4 (MaX<sensaf as)‘*] 22'“*“*1 Zz'heel

i=j=1 i#]
3 1[ 2k k(n - k) ] 1 1
B ||Z||2 (minlssml{as})4 (ma)fl.sssml{as})4 ||Z||2 (maxlsssn+1{as})4

k 2 n+2-k
{-— - }

- ”2”2 (mlnlssml{as})4 (ma)flsssml{as})4

1

1 1
_ = < << —/—MmmMm——
<IVvg < IZI(MaX<senr1l@sh? — hyy < IZI(MiNi<sne1(@s))?

((maxl<s<n+l {ash)? — 2 and

< — 1

(Mim<sni1{as}))

(cf. the proof of Lemma 2.1)
Henceu* < ™2k thentrace(Q;) < O.

Remark 5.1:The above argument can be generalized to a stable currents or

rectifiable varifolds (cf. (33])).
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Chapter 6

Applications to Yang-Mills Instability

Theorem 6.1(Yang-Mills instability of an ellipsoid): An ellipsoid E" with

p < /%% is Yang-Mills instable.
Proof:Supposd4;} is a family of principal curvatures on an ellipsdif.By

Lemma 2.2, we have:

max(@)
(min(ay))?

P I S

(mc'iX(a.))2 -y

/li+/7.j§2

for all pairi # j. Hence, if

max(a)
(min(a))?

min(a)
<(N-2)—=
"~ maxa)?
we know thatE" is Yang-Mills instable (cf. Theorem (5.3)238)))
Remark 6.1 On E" = EJ,(i.e. E} = {(X¢. - ,%Xns1) € R™ad + 35 +

-+ %2, = La > 0)), the estimate becomes4 x = a <

22 for Yang-
Mills instability. This implies the estimata < n — 3 due to Shoshichi Kobayashi,

Yoshihiro Ohnita and Masaru Takeuchi (cf. Example (28[]).
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Chapter 7

A compact convex hypersurface in a Euclidean space

In this section, we will discuss the regularity theory, existence and nonexis-
tence theorems, and representing homotopy groups and spaces of p-harmonic maps

in a compact convex hypersurface in a Euclidean space, generalizing our previous

results inE".

Theorem 7.1 SupposeN™ is a compact convex hypersurfaceRitt. g is

defined as in Definition 0.8 then:

1. If p< 2, thenN™is p-SSU.

m

B-p

. H
2. the index formw, > 4.

[N

Proof: Yx € N™, suppose the principle curvatures satisfyx Q;(x) < 12(X) <

-+ < Am(X) Well,

(W) + o+ dnX) |
p Top TOTMEITMYR

So, we know thatN™ is p-SSU from the definition. Next, we compute the p-SSU

indexw, as follows:

¢p(Y)

@p = I T p=280)

whereS(y) = supRiem\"(y) < 42,

$p(y) = inf  (=Fpy(X))

[IXII=1,XeTy(N™)
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—Fpy(X) = —(p — 2)lhxxl” + hxxH — 22 e, I”
=
> —(p—2)23 + mif — 222

= mii - py,

where letX = 3, gie with ¥, 82 = 1,
m m
Nxe = Z,Bihij = Zﬁi/li(sij = Bidj,
i=1 i=1

m m m
Dl P = B2 < () B = 45,
i=1 j=1 j=1

m_
on > miZ — p, _ ¥ P
PZ M+p-2)12 m+p-2

Theorem 7.2 Let N™ be a compact convex hypersurfaceRft. Suppose\; is a

minimal k-submanifold ofN™ such that the Ricci curvatuRic\: satisfies:
- 1,
Ric™ > k(1 - B)/lm

whereA,, is defined as Definition 0.8. The\y is p-SSU.

Proof: For any unit vectoiX € T4(N;), choose an orthonormal frame field
{a, -+ ,ax} on N; such that at point XX = ax. For1<1i,j <k, IetRij(respR_’ij)
denote the sectional curvature Nf(respN™) for the sectiom; A @j. Leth; =
(Vg @)t whereV is the Riemannian connection & and () is the projection

onto the normal space(N;)*. The fact thalN, is minimal says:

K
hij =0---(1)
=
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Let ﬁ(Y, Z) = (VyZ,v) whereV is the Riemannian connection &1, Y and Z are
local vector fields orN™, andyv is the unit normal vector tti™. And the second

fundamental fornh of N; in R™? splits into:
IhOX X = 1h(X X + 1h(X X = B+ h(X X -+ (2)
Applying the Gauss-curvature equation, we have:
Rk = Ric + (i, by — 2, 1< i < k- (3)

Summing (3) over K i < kand applying (1), we have:

On the other hand, we have:

k-1

> Ric < (k- DRient” < (k- 1)23,
i=1

k
e Y1 < (- D k(L= D = (5 - D9
i=1

At the same time, we have:

k
(QE(X), X) = (=2RIe(X), X) + () (Vays @i)){Vxv, X)

i=1

< -2k(1- %))/lzm + kA2,

2
= k(= - 12
(IO )
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Fox(X) = (p = 2)ld? + (QY*(X), X)
= (p — 2)(Ihwd? + Thxxl) + (Q¥(X), X)
<(p- 2)[(% — 1)/12 + /12] + k(— - 1)/12

Hence,N; is p-SSU.

Theorem 7.3 Let u be ap-stable map from a complete Riemannian manifold
M into a compact convex hypersurfabd in R™?! with p < ﬂmo Then for any

¢ € C3(M), we have:

1. p-stability inequality: fM 1P 2e2ldulPdv < [ V2 duP-2dv

m+p-2

2. LP gradient estimateyf, £PlduPdv < C [ [V&Pdv whereC is constant de-

pending oMy, A, m, andp.

3. L9 gradient estimate: LetK be the lower bound of the Ricci curvature of
2m(—— p)
M, andq € [p + 2 p + mommpa) then J, €9duddv < C; [ Kéddv +

Co fM |V&|9dvwhereC,, C, are constants depending omp, o, andK.
Liouville Theorem 7.4:

1. Every p-stable map from a p-parabolic manifoldM into a compact convex

hypersurfacdN™ in R™! with p < #mo is a constant wherp > 2.

2. Every p-stable map from ag-parabolic manifoldvl with Ric” > 0 into a
complete compact hypersurfab& in R™?! with p < #mo is a constant, where

2m(%—p)
A€lP+2 P+ Gpmpa)
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Theorem 7.5 SupposeN™ is a complete compact convex hypersurfacdit?.
If uis ap-harmonic map from a compact Riemannian manifdldnto N™ and

u(M) c B,z wheredy, is defined in Definition 0.8, themis constant.

Theorem 7.6 SupposeN™ is a compact convex hypersurfaceRt, if p < #—";

whereyg is defined as in Definition 0.8, we have the following properties:

1. Any p-harmonic stable map from N™into a compact Riemannian manifold

iS constant.

2. Any p-harmonic stable map from a compact Riemannian manifold iny’

iS constant.

3. Any p-harmonic map fromN™ into a compact Riemannian manifold with

nonpositive sectional curvature is constant.
4. The identity madd|y~ is p-unstable.
5. N™is [p]-connected. i.er1(N™) = 7o(N™) = --- = 1 (N™) = 0

6. inf{Ep(n7) : 1 is homotopic to a mag : M — N™} = inf{E,(n) :
homotopic ta : N™ — K} = 0 for any compact manifold M and any map
¢&: M — N™; for any complete manifold K and any m&p N™ — K where

E,(n) denotes p-energy for a map
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7. CY(M,N™) is dense irL?(M, N™) for any compact manifold/l with possibly

nonempty boundary.

8. For anyp < dimMand 2< p < (p+ 1), and any given boundary datae
Lf_%(aM, N™), the Dirichlet problem fomp -harmonic maps has a solution
p
Up € L‘l"(M, N™) minimizing p -energy in the class of majse Lfl(M, N™)
with the traceuls = n which is locally Holder continuous up téM, and

is C1 in the interior of M df the singular set of Hausd®rdimension<

dimM-p -1

Theorem 7.7 Let N™ be a compact convex hypersurfaceRft andN™ be ap-
SSU m-manifold with an appropriaf@SSU indexw,. ThenN™ is geometrically

(d(wyp, 6) — 1) — connectedHence:
1. N™is (d(wp, 6) — 1) — connected

2. CY{(M,N™) is dense inLclj(‘“p"S)_l(M, N™) for any compact manifold M with

possibly nonempty boundary.

3. Each class imyq(,,;(N™) can be represented by a sum@f* p-harmonic
map ofS4“r9) into N™. Furthermore, if the class is nontrivial, these noncon-

stant p-harmonic representatives are p-unstable.
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4. Each class intq(,,;(N™) can be represented by a sum @ d(wp, 6)-

harmonic map o89“r? into N™.

5. For anyp < dimMand 2< p < d(wp,d), and any given boundary data
ne Lf_i(aM, N™), the Dirichlet problem foip -harmonic maps intti™ has
5
a solution, which is locally lder continuous up tédM and isC“ in the

interior of M off the singular set of Hausd®dimension< dimM - p’ - 1.

6. In particular, the Dirichlet problem for p-harmonic maps i3 has a solu-

tion with singular set of Hausdfirdimension< dimM — d(wp, 6) — 1.

7. Forany 2< p < d(wp, 6) — 1, the homotopy class of any map to or froif!

contains a map of arbitrarily smasl-energy.
8. If m < 2d(wy, 6) — 1, thenN™ is homeomorphic to a sphere.

where for each constant9¢ < 1, and eaclp-SSU indexw, on ap-SSU manifold

M, we can get an integer:

d(wp,0) =2+ [[p+2yp—4]]

p+1-6+2+/p=3.

[ >
if Wp = p+1+2+p=5 '

0

d(wp,d) = maxl + [1_w
P

1.[pl}

otherwise. Here {[] is the greatest integet]pf t, if t is not an integer; otherwise

[[t] =t-1.
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Chapter 8
p-Harmonic Generalizations of the Uniformization
theorem and Bochner’s Method, and Geometric

Applications ([52])

It is well known that on a complete Riemannian manifold, &fyharmonic
function isconstant A proof of this result can be based on essentially the argu-
ments of Andreotti-Vesentini2]), or Stampacchia inequality (4]) Proposition 3

on page 90). R. Greene and H. Wu prove the following:

Theorem (Greene-Wu (fL2])) If for somep > 1, f is a continuous nonnegative
LP subharmonic function on a complete Riemannian manifdldf nonnegative

sectional curvature outside a compact set , thenO.

A similar result was obtained by Yau B&4]) Theorem 3, and Appendix ) fqv > 1,

andf € C* without any curvature condition. More precisely, he showed thiatsf

a smooth nonnegative subharmonic functiorvbwith liminf ., * fB(Xo;r) fPdv=0

for somep > 1 and some in M, then f is constant. In particular, it follows that

if fisinLP thenf is constant. Here and throughout this paper, unless stated
otherwise, we assunid is a complete manifold with volume elemeht, and de-
note the geodesic ball of radiuscentered ak, in M by B(Xo; ) , its volume by
vol(B(Xo; 1)) , and its boundary byB(x; r) (later we suppress, and denote them

by B(r) , vol(B(r)) , anddB(r) respectively.)
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Ahlfors ([1]) and Nevanlinna @8]) using the conformal mapping argument prove
that every positive superharmonic function on a Riemann suifacg constant,

or equivalentlyM is parabolic, if for somex, € M, anda > 0,

~ 1
[ o= "

J. Milnor ([27]), R. Osserman B9))([30]), Blanc-Fiala-A. Huber (17]), Greene-

Wu ([13)), P. Yang (B7]), J. Jenkins @1]), H. Huber ([L8]), and R. Riedy (B5])

have made further studies on deciding whether or not a surface is parabolic or hy-
perbolic under a curvature or analytic assumption. In general dimensions, Cheng-
Yau ([6]) prove thatM is parabolic if lim sup,_,, r%voI(B(xo; r)) < oo, based on

the following Cheng-Yau estimate: Létbe a positiveC? function onB(xo; b) and
supposefB( 9 ffdws decreasing im > a. Then for any sequena= rq < r; <

- <rp=Db,

1

2 < (rj+l - rj)2 -1
fB(xO;a) Vieg v fs(xo 2) T (Jzo(vol(B(xO; rj+1)) — VOI(B(xo; 7)) )) “
(8.2)

Karp then proves the following:

Theorem (Karp([22])) Every continuous nonnegative subharmonic function

on M is eitherconstant or bothliminf,_., 5 fB(XO,r) fPdv = oo and

1
lim su fPdv= oo 8.3
f—wEr F(r) B(xo:r) ( )

hold for everyp > 1, everyx, € M, and every positivaondecreasingfunctionF

satisfying [~ d—( = oo for somea > 0.
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Karp also refines the results of Greene-Wu, Blanc-Fiala-A. Huber and others for
surfaces, and of Cheng-Yau for Riemannian manifolds, by showingMhat
parabolic if M hasmoderate volume growth i.e. there existx, € M, and a

functionF(r) as above, such that

lim su
>PEEn 2F( N

VOI(B(Xo; 1)) < 0.
This result is further refined to state thdtis parabolic, if for some, € M, and

a> 0,

a Vol(B(xo;T)) ’
by Grigor'yan ([LQ]) ([11]) and Varopoulos @4#§]), or if (8.1) holds, for some¢ €

M, anda > 0, by Lyons-Sullivan 25]), Varopoulos (#6]), Grigor'yan ([10Q])
([11]), Sturm (37])), and Carron (3]) for Riemannian manifolds. Sturm3g])
generalizes and further refines the works of Greene-Wu, Yau and Karp by showing
that if eitherp > 1 andf is a nonnegative subharmonic function & 1 andf is

a nonnegative superharmonic function, ttHeis constant or

0 r
f — dr<o (8.4)
a Jl;(xo;r) frdv

holds for everyx, € M, anda > 0.

The celebrated uniformization theorem of F. Klein, P. Keobe and H. Pdrisar

a classification theorem that sharply divides complete noncompact surfaces into
parabolic and hyperbolic ones and enables us to solve many geometric variational
problems on surfaces(e.@[],([8]),([31]),([15]),([50])). However, in dealing with

higher dimensional geometric problems, the scope of the uniformization theorem
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and its related Laplace operator needs to be widened. For example, the mani-
folds R® andR* are both hyperbolic, and therefore can not be distinguished from
each other in this way, while manifolds with Ricci curvature bounded below by a
nonpositive constant behave like the Euclidean spdem the viewpoint of har-
monic functions(cf. &5])) This motivates us to study the geometric significance
and applications of the-Laplace operatoh, ( defined byA, f = div(|V P2V ),
whereV f denotes the gradient cff), as well as its perturbation, thd-operator,
which does not arise from the ordinary Laplace operatorhis also motivates us,

for our subsequent study, to state

A Generalized Uniformization Theorem: A complete noncompact Riemannian

manifold is eithemp-parabolic or p-hyperbolic, for1 < p < .

Recall aC? functionf : M — Ris said to bg-harmonic ( resp.p-superharmonic,
p-subharmonic) if its p-LaplacianA,f= (resp. <, >) 0, and a complete
noncompact Riemannian manifdldl is said to bep-parabolic if it admits no non-
constant positivg-superharmonic function, angthyperbolic otherwise. Accord-
ingly, R® is 3-parabolic, buR* is not; and the hyperbolic spaét' is n-hyperbolic,

whereas-manifolds withRicM > 0 aren-parabolic.

We initiate this paper by observing that while Karp optimally refines Caccioppoli
inequalities and manipulates them beautifully in an algebraic and analytic manner,
his assumption ing,3J) that the auxiliary functior is nondecreasing can be re-
moved, and the new result becomes optimal and is equivalent to the Sturm’s result

(B.9). Distilling further the basic ideas of Karp inequalities, we develop a unified
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method to refine and generalize the Cheng-Yau estimate and all other results dis-
played above, as well as theif versions due to l.Holopaineril]) T. Coulhon,
I.Holopainen, and L. Saté-Coste ([7]). In fact, we find a dichotomy between con-
stancy and “infinity” of weak sub- and supersolutions of a large class of degenerate
and singular nonlinear partialféerential equations on complete noncompact Rie-
mannian manifolds, by introducing the concepts of their correspondmnite,
p-mild, p-obtuse p-moderate and p-small’ growth, and their counter-partsp-
infinite, p-severe p-acute p-immoderate and p-large” growth :

Definition 8.1A function f hasp-finite growth(or, simply,is p-finite) if there

existsxy, € M such that

iMinf oo 5 fon 1 T1I7V < 0, (8.5)

and hagp-infinite growth(or, simply,is p-infinite) otherwise.

Definition 8.2A function f hasp-mild growth(or, simply,is p-mild) if there
existsxg € M, and a strictly increasing sequence{gfi; going to infinity, such
that for everyly > 0, we have

1

3 () =, (8.6)

. q
j=to fB(xo;rHl)\B(xo;rj)l” dv

and hagp-severe growtlfor, simply,is p-severg otherwise.
Definition 8.3 A function f hasp-obtuse growtHor, simply,is p-obtuse if
there exists € M such that for evera > 0, we have

1

r (;)p_ldr = oo, (8.7)

Joeen 11190V
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and hagp-acute growth(or, simply,is p-acute otherwise.
Definition 8.4 A function f hasp-moderate growtlior, simply,is p-moderatg

if there existxg € M, andF(r) € #,such that

H 1
lim SUR_,.. Feery fB(XO;r) 1fl9dv < oo, (8.8)

and hagp-immoderate growtlfor, simply,is p-immoderatg otherwise, where
< dr
F ={F: [a,oo)—>(0,oo)|f —— =00 for some a 0}. (8.9)
a TF(r)

(Notice that the function ifF are not necessarily monotone.)

Definition 8.5A function f hasp-small growth(or, simply,is p-smal) if there

existsxo € M, such that for evera > 0,we have

1

f:(m)mdr = oo, (8.10)

B(xg.r)

and hag-large growth(or, simply,is p-large) otherwise.
The above definition of p-finite, p-mild, p-obtuse p-moderate p-small’ and “p-

infinite, p-severe p-acute p-immoderate p-large’ growth depends om, andq

will be specified in the context in which the definition is used. This has extended

the scope of previouk? or LP function growth due to Andreotti-Vesentini2|],
Greene-Wu (12)), Yau (]54]) and others, via moderate growth due to Kai2],

to 2-moderategrowth and more generallyp“finite, p-mild, p-obtuse p-moderate

and p-small’ growth. Such a dichotomy between constancy and “infinity” also

occurs forA-sub- andA- superharmonic functions, which are central to the the-

ory of quasiconformal and quasiregular maps, and for a global version of a Re-

verse Cheng-Yau inequality on complete noncompact Riemannian manifolds. Here
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and throughout this paper, unless stated otherwise, we dencteabgneasurable
cross section in the bundle whose fiber at x@& M is a continuous maf, on
the tangent spacg&(M) into T,(M). We assume further that there are constants

1< p<ooandO< a < B < oosuchthat for a.exin M and allh € Ty (M),

(Ax(h), Hm = alhl? (8.11)
(Ah)] < AP (8.12)
(Ax(hy) = Ax(h), g — o)y >0, hy # hy, (8.13)
and
Ax(AN) = [P 2AA (M), A e R\{0}. (8.14)

A function f € Lllc;S(M) is a weak solution ( resp. supersolution, subsolution ) of

the equation

divA(Vf) =0(resp <0, >0) (8.15)

if for all nonnegativep € C3'(M)

f (A(VT),Vo)dv=0(esp >0, <DO0) (8.16)
M
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Here Lllc;f:’(M) is the Sobolev space whose functions are locatiyntegrable and
have locallyp-integrable partial distributional first derivatives. Continuous solu-
tions of B.15) are calledA-harmonic. In the casél,(h) = |h|P-?h, A-harmonic
functions arep-harmonic. A lower ( resp. upper ) semicontinuous functfon

M — RU {co} (resp. {—oo} U R) is A-superharmonic ( respA-subharmonic )

if it is not identically infinite, and satisfies th&-comparison principle: i.e., for
each domairD cc M and for each functioy € C(D) which is A-harmonic in
D,g< f(resp.g > f)in oD impliesg < f (resp.g > f)in D. An A-
superharmonic ( respA-subharmonic ) functiorf is called p-superharmonic (
resp. p-subharmonic ) ifA.(h) = |h|P-2h. A-superharmonic angi-subharmonic
functions are closely related to subsolutions and supersolutior& 1) .( For a

discussion of theA-harmonic equation, we refer the reader to I. Holopainen, T.

Kipelainen and O. Martio’s book(19)]).

1p+1

We define functiorf € L, .

(M) to be a weak solution of thefiierential inequality

fdivA(VT) > 0 (8.17)

if for all nonnegativep € C3'(M)

f (AVF),V(ef))dv <0 (8.18)
M

As an example, we prove the following:
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Theorem A: Every locally bounded weak solutioh: M — (—co, o) of the dif-
ferential inequalityfdiv(A,(Vf)) > 0, with 1 < p < o0, IS constant a.e. provided
f has one of the following:p-finite, p-mild, p-obtuse p-moderate or p-small
growth, for someg > p — 1.0r equivalently, for everg > p — 1, any nonconstant
a.e. locally bounded weak solutidn: M — (—oo, 00) of fdivV(A(Vf)) > 0 has

p-infinite, p-severe p-acute p-immoderateand p-large growth.

The Generalized Bochner’'s Method : On a complete manifold, every nonneg-
ative p-subharmonic ( resp.p-superharmonic ) functiorf is constant provided
f has one of the following:p-finite, p-mild, p-obtuse p-moderate or p-small

growth. forg> p—-1(resp.q< p-1).

We derive composition formulas and find tfiest set of nontrivialgeometric
guantities that are p-subharmonic (resp.p-superharmonic) functions, i.e. the
composition ofp-harmonic morphisms with convex (resp. concave) functions are
p-subharmonic (respp-superharmonic) fop > 2. As an application of The Gen-

eralized Bochner’s Method, we prove

Theorem B Letu : M — SX c R¢! be a smooth (a) harmonic map (where
p = 2) or (b) p-harmonic morphism witlp > 2, whereS¥ is an open hemisphere
centered at polg,. If for someq < p — 1, the height function, defined Hyx) =
(U(X), Yo)re1 for x € M, has one of the followingp-finite, p-mild, p-obtuse p-

moderateor p-smallgrowth, theru is constant.

In an attempt to extend Sacks-Uhlenbeck’s wofl8[] beyond the conformal di-
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mension, FangHua Lin recently has made a breakthrough. In particular, he proves
that if there is no smooth nonconstant harmonic map f&rmto a compact man-

ifold N, then the the Hausdfirdimension of the singular set of any stationary
harmonic map from an-manifold intoN does not exceed— 4. The composition
formulas lead to thexistence of smooth nonconstant harmonic maps frorg®

into such manifold® or into K(rr, 1) manifolds of dimension no less than 3. In par-
ticular, this solves problem of FangHua Lin and ChangYou Wang in dimension

3

We develop arLP version of the method employed irb(]) (cf. ([5Q]) p. 152-
153), so that one can uge(super)harmonic functions to study minimal surfaces.
In ([39]), Schoen-Simon-Yau prove thatM is a stable minimal hypersurface in
a manifoldN™?! with constant sectional curvatuke > 0, and if M satisfies the
volume growth condition

lim RPvol(Bg) = 0 (8.19)

R—oo

for somep € (0,4 + V8/n), thenM is totally geodesic. This solves a generalized
Bernstein Problem in Euclidean space under the volume growth cond@tib® 6n

M for n < 5. In fact, Yau raisethe question( ([56]), p.692, Problem 102) whether
one can prove that a complete minimal hypersurfatén R*™? is a hyperplane
for n < 7. For the casen = 2, it is proved by Colbrie-Fisher - Schoerj,

do Carmo - Peng ), and Pogorelov @1]) that M is a plane . The condition
B.19, which is stronger than p-moderatevolume growth condition, implies that

M is p-parabolic. On the other hand paparabolic manifold can have exponential
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volume growth by the example we constructed (cf. Example 3.1). Just as we
use parabolicity and the uniformization theorem to study variational problems on
surfaces irR® and their related dlierential equations (cf.®0)]) p.153), so do we use
p-parabolicity and the generalized uniformization theorem to study stable minimal
hypersurfaces iR, Thus, extending the work of Schoen -Simon-Yau, we solve
the generalized Bernstein Problemunder thep-parabolicity condition orM for

n<b:

Theorem C  Every p-parabolic stable minimal hypersurface Ri*! is a hyper-

plane forn < 5, wherep € [4,4 + /8/n).

The estimates we make on weak solutions not only work for functions but also for
differential forms, vector fields, sections of bundles of various tensor types, funda-
mental groups of isometric covering, Riemannian manifolds and their geodesic
balls, mappings between Riemannian manifolds,submanifolds, and solutions of
fourth order strongly elliptic semilinear PDEs. As another example, applying our
estimates, and the Generalized Bochner’'s Method, andterative method, we
reduce partial dferential system of the fourth-order, via the third-order and the
second-order, to the zero-order and obtain the uniqueness of constant solutions and
information on geometry. In fact, Jian¢2(]) proves that a smooth mapfrom a
compact manifoldV into a compact manifold of nonpositve sectional curvature is

a harmonic map if and only th is a biharmonic map. We extend Jiang’s work to

biharmonic maps between complete Riemannian manifolds.

Theorem D Letu be a smooth biharmonic map from a complete manifdltb
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a complete manifoldN of nonpositve sectional curvature. If for some> 2, its
tension fieldr(u) has one of the following2-finite, 2-mild, 2-obtuse2-moderate

or 2-small growth, thent(u) is parallel; and ifg = 2, its differential du has
one of the following:2-finite, 2-mild, 2-obtuse 2-moderateand 2-smallgrowth,
thenu is an energy minimizing harmonic map in its homotopy class; and if for
someq > 2, andyp in a simply-connected\, its distance function defined by
f(x) = dist(u(x),yo) for x € M, has one of the following2-finite, 2—mild, 2-

obtuse 2-moderateor 2-smallgrowth, theru is constant.

Corollary A Every smooth biharmonic isometric immersion of a complete man-
ifold M into R¢ is a minimal submanifold d®, if its mean curvature vector field

has one of the following2-finite, 2-mild, 2-obtuse2-moderateor 2-smallgrowth.

This Corollary provides some interesting partial answers to @wanjecture
on biharmonic immersions, namely, the only biharmonic isometric immersions of
a Riemannian manifold into a Euclidean space are the minimal ones (cf. B. Y.
Chen’s survey article §)])).
Similarly, as a special case of our results, we have via a variational approach and the
LP method, extending our previous work pfharmonic maps ang@-stable maps

under volume growth condition in4l]) (cf. Theorem 5.1, p. 196):

Theorem E  1.Everyp-harmonic map from ap-parabolic manifoldM into an
open upper half-ellipsoicIE;+ is constant. 2. Every nonconstanp-stable map

uinto a closed upper half-ellipsoit¥ , is supported by g-hyperbolic manifold
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M, with p-infinite, p-severe p-acute p-immoderate and p-largevolume growth.
Furthermore, ifM has nonnegative Ricci curvature, théhis g-hyperbolic, with
g-infinite, g-severeg-acute g-immoderateand p-largevolume growth. where for

someq>p+ 2.

Extending our previous work3[l]), we also obtain a Liouville-type theorem fpr
stable maps int@-SSU manifolds. This theorem is new even fp& 2 and gener-
alizes a theorem of Wei4B)]), and further refines a theorem of Schoen-Uhlenbeck
([4Q) stating that every stable harmonic map fr&hto S* is constant fok > 3

and 2< n < d(k), whered(3) = 2 and d(k) = min([[£]],4) if k > 4.

The p-harmonic theory with sharp estimates, the generalized uniformation theo-
rem, the generalized Bochner’'s method, the iterative method, arid’thmeethod,
together with the geometric applications listed below seem to provide a new per-
spective in approaching geometric and variational problems occurring in complete

noncompact manifolds of all dimensions.
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