SPARSE INVERSE COVARIANCE ESTIMATION: A DATA MINING TECHNIQUE TO UNRAVEL HOLISTIC PATTERNS AMONG BUSINESS PRACTICES IN FIRMS
ABSTRACT
Firms are seeking ways to improve managerial decision making in order to enhance operational performance. However, the complexities underlying business processes often mean that operational performance depends on a multitude of factors. Yet, at times the number of empirical cases is rather limited. This presents the challenge of discerning meaningful patterns among a large number of variables that can then be used to derive generalized frameworks and mental models for decision making. In this paper, we tackle this challenge with an extension of Sparse Inverse Covariance Estimation (SICE), a novel data mining technique, to address decisions in Operations and Supply Chain Management. We conduct a simulation study to validate the effectiveness of this extension in improving the accuracy and stability of pattern detection. We then apply it to an empirical dataset that is characterized by high dimension, low sample size, and lack of multivariate normal distribution. Our study pioneers the application of SICE in Operations and Supply Chain research. We also extend SICE with bootstrapping. The extended SICE is an effective technique for mining a complex empirical dataset and is a valuable aid for decision support. 
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1. INTRODUCTION
Identification of holistic patterns is crucial when studying several pertinent Operations and Supply Chain Management (O&SCM) issues. One of the notable theoretical advancements in recent O&SCM research is the recognition of complexity involved in firm operations (Hu, Zhu, Wang, & Koren, 2008; Vachon & Klassen, 2002; Wilding, 1998; Giannoccaro, Nair and Choi, 2018).  As a result, O&SCM scholars are coming to the conclusion that the reductionist approach (Sinha & Van de Ven, 2005) that maps one or a small set of business practices to a firm’s performance indicators may not sufficiently capture the true causes for a performance effect. Instead, scholars are calling for research that takes a holistic perspective (Flynn, Huo, & Zhao, 2010) and detects patterns at the system level in order to enhance the accuracy and realism of managerial decision making.
If we view each business practice as a single node, then a firm’s overall operation can be conceived as a system of interconnected nodes (Ray, Barney, & Muhanna, 2004). The abundance of business practices and the complex interactions among them (Kettinger, Teng, & Guha, 1997) present challenges in detecting ways by which firms can attain competitive advantage. This challenge is further accentuated by the fact that it may not be a single business practice, but the configuration of a set of practices (Drazin & Van de Ven, 1985; Flynn et al., 2010; Miller, 1986) that drives firm performance. Firms grapple with ways to transform themselves into high-performing organizations. How do high-performing firms differ from low-performing firms? Specifically, how do these firms differ in the amount of connectivity among practices? Which practices are central to a high-performing firm? What configurations of practices are salient in high-performing firms but not in low-performing firms? Answers to these questions pinpoint the core strengths of a high-performing firm and provide guidelines to align a firm’s investment with the target areas for improvement.
Finding empirical answers to the above questions is a challenging task. One difficulty is caused by the lack of observations to properly model the complex interactions among a large list of variables. Because firms operate as complex systems made up of copious interconnected business practices (Ray et al., 2004), to properly model these business practices we need to analyze datasets that have high dimensions (i.e., containing a large number of variables). However, in order to analyze a high-dimensional dataset, the conventional data analysis methods require a large sample size (Berchtold, Keim, & Kriegel, 2001).  Ironically, O&SCM research has historically faced the issue of low response rate, leading to low number of empirical observations (Van der Vaart & van Donk, 2008).  This lack of sufficient sample size is especially problematic when examining complex relationships among a wide range of variables in searching for the right configurations of capabilities. Thus, it is critical to find a technique that can work with a relatively small sample size and still be able to derive meaningful business insights from a high-dimensional dataset.
Another problem with small sample size is that it is often sensitive to violations of the normal distribution assumption. This violation of normality assumption is common in empirical datasets (Micceri, 1989) and is more problematic in small samples (Ghasemi & Zahediasl, 2012).  Therefore, it is important to find a tool that is robust against violation of normality, or to provide a remedy that overcomes this challenge.
The Sparse Inverse Covariance Estimation (SICE) method, in conjunction with bootstrapping technique, offers a suitable tool to solve the above problems. First, SICE can be operated on a dataset with a large number of variables and it detects intrinsic connections among these variables (Friedman, Hastie, & Tibshirani, 2008; Huang et al., 2010; Jones, Buchan, Cozzetto, & Pontil, 2012). Second, SICE is particularly useful for empirical datasets that have small numbers of observations (Li, Lin, Huang, & Crossland). In such cases, SICE utilizes a penalty parameter that helps to trim off conditional dependencies and reveal true relationships in small datasets. Third, to overcome the lack of multivariate normality distribution often found in empirical datasets (Micceri, 1989), in this paper we introduce an extension of SICE approach that works with bootstrapping. We conduct simulation studies across three common network types and across three network sizes. Results show that the extended approach is superior to the original SICE approach in the accuracy and stability of pattern detection.
Our paper makes the following contributions. First, we pioneer the application of SICE, a novel data mining and decision analysis tool that originated in medical diagnosis (Huang et al., 2010), to the O&SCM research domain. We establish the interpretation of nodes and arcs (i.e., connections between a pair of nodes) in the O&SCM context. We demonstrate the types of business problems and empirical datasets that are best suited to SICE analyses. Second, our research extends SICE with the addition of bootstrapping. We conduct a simulation study to provide proof that the extended method is superior to the original method in the accuracy and stability of detection, and is robust across different network types and sizes.  
In the next section, we review existing O&SCM literature on research tools and techniques used in data mining and decision analytics, and identify how our research contributes to the existing research stream. Then, we provide a brief explanation of the SICE method, followed by a description of the simulation study on the extended SICE method with bootstrapping. We demonstrate the power of this extended method with an empirical dataset that is characterized by high dimension, low observation, and lack of multivariate normal distribution. We are able to derive holistic patterns that lead to high performance in cost, quality, speed, flexibility, and innovation. Lastly, we conclude and discuss future research directions.
2. DATA MINING AND DECISION ANALYSIS IN O&SCM RESEARCH 
To support decision-making, researchers and practitioners in the field of decision sciences are increasingly trying to gain insights by mining relevant data using decision analytics tools (Cios, Pedrycz, & Swiniarski, 1998; Vercellis, 2011). The application of data mining and decision analytics tools in the O&SCM domain is relatively new, yet it has gained momentum for growth in recent years. Table 1 provides an overview of existing literature published between 2000 and 2018, with a focus on tools and techniques used in data mining and decision analytics in O&SCM research. 
<<Insert Table 1 about here>>
	As shown in Table 1, there are three research sub-streams in this domain. First, there are research articles that introduce tools and techniques for data privacy protection while mining data for decision analysis. Muralidhar, Sarathy, and Parsa (2001) introduced a data perturbation requirement that aims at protecting consumer data privacy. They provided specifications for this requirement and tested these specifications with customer data from the banking industry. Similarly, Bapna and Gangopadhyay (2006) proposed a wavelet-based approach to remove confidential data before mining. Later, Muralidhar and Saratju (2005) extended the work of Muralidhar et al. (2001) and developed an enhanced approach that works well with small datasets. More recently, Muralidhar, O’Keefe, and Sarathy (2015) focused on the remote access context and proposed a bootstrap mechanism for response masking. Although this stream of research does not directly address decision analysis, their contribution is undeniable, as data privacy protection is a prerequisite to data mining. These studies lay a solid foundation for decision analytics and e-commerce. 
The second sub-stream of research focuses directly on tools and techniques that can take advantage of the high volumes of transactional data and build better predictive models. Research topics under this sub-stream are diverse, covering both consumer- and firm-level issues. For example, Doumpos and Zopounidis (2011) proposed a new outranking multicriteria decision-aiding model to assess customer credit rating. This model is shown to provide accurate prediction results. Similarly, Demir (2014) compared commonly used prediction models—logistic regression and generalized additive models—with two data-driven approaches. Results show that the data-driven models yield comparable predictive results on patient readmission risk. At the firm level, data mining techniques have been applied to merger and acquisition prediction (Yang, Wei, & Chiang, 2014) and the detection of network intrusions (Zhu, Premkumar, Zhang, & Chu, 2001). In each case, researchers tested the data mining approach with empirical data and validated its usefulness. A common theme of research in this sub-stream is to take advantage of massive amounts of transaction data for data mining and decision analytics in order to achieve incremental improvements in prediction accuracy. 
The third sub-stream of research also focuses directly on tools used in data mining and decision analytics; however, the emphasis here is not so much on improving prediction accuracy as on the exploration of the structure of data. Unlike research in the second sub-stream, there is no “ground truth” (Heath, Bowyer, Kopans, Moore, & Kegelmeyer, 2000) in datasets analyzed in this third sub-stream. Nevertheless, this sub-stream of research captures the essence of data mining as it provides “rich opportunities to discover unsuspected structures and patterns” (Hand, 2007, p. 622) and the findings could potentially be ground-breaking. There are limited studies in this sub-stream. Basole, Bellamy, and Park (2017) introduced a data-driven visualization approach to study innovations in supply chain networks. Their study revealed important clusters, patterns, trends, and outliers of innovations in supply chain networks not identified with traditional research methods. Kulkarni, Apte, and Evangelopoulos (2014) used a latent semantic analysis technique to uncover the intellectual structure of the Operations Management discipline. The contribution of Kulkarni et al. (2014) goes far beyond the study of one academic discipline, with potential implications in analyzing large volumes of unstructured textual data for enhanced business decision analysis.   
Our research contributes to this last sub-stream. We demonstrate that the extended SICE approach is an excellent technique in mining a complex O&SCM dataset, and uncover useful, novel, and unexpected insights. These insights point to the true strengths of a high-performing firm, serve as strategic maps to improve cost, quality, speed, flexibility, and innovation, and are of great value to supply chain managers for improved decision making. 
Additionally, from the methodology perspective, the bulk of existing research across all three sub-streams focuses on challenges brought by voluminous data (McAfee, Brynjolfsson, Davenport, Patil, & Barton, 2012; Provost & Fawcett, 2013; etc.) where a large number of observations are recorded and are available for the extraction of information (Fan & Bifet, 2013). Yet, there are also instances where a dataset has a large number of variables, but a limited number of observations. These are typically encountered when organizations are dealing with strategic decisions involving a multitude of factors that need to be fine-tuned to attain a desired outcome. Conventional research methods are not well equipped to analyze high-dimension and low-observation datasets. Our research shows how SICE can overcome this challenge and derive meaningful patterns among a large number of variables in a small dataset. As such, SICE helps to widen our data mining toolset and improve our analytics ability when the business dataset is constrained in sample size.
Lastly, the SICE method is developed on the assumption of multivariate normality distribution. This can create a problem when it is applied to empirical datasets, which often violate this assumption. Our extension to the SICE method incorporates bootstrapping as a remedy to ensure accurate and stable detection of patterns in small datasets. We conduct simulation studies to validate the advantage of the extended SICE, which opens the door for future application of SICE to empirical datasets, even beyond the O&SCM context. 
3. ANALYTICAL BACKGROUND OF SICE AND AN EXTENSION 
 The SICE method emerged from the biostatistics literature (Yuan & Lin, 2007; Friedman, Hastie, & Tibshirani, 2008) and was notably used in the diagnosis of brain imaging (Huang et al., 2010). A practical problem in the interpretation of brain images is that there are an estimated of 100 billion neurons in a human brain, yet the number of brain images is limited. SICE is called upon to solve this high-dimension and low-observation case and identify patterns that aid medical diagnosis. 
SICE can be used to reveal intrinsic connectivity among a large list of variables. Its advantages over some commonly used analytical tools such as correlation analysis, regression, and structural equation modeling are two-fold. First, it trims off conditional dependencies and helps to identify intrinsic relationships among a large list of variables (Friedman et al., 2008; Huang et al., 2010; Jones et al., 2012). This is important because it is very likely that spurious correlations exist in such a dataset. If not properly controlled, these spurious relationships can cause false identification of cause and effects (Simon, 1954). Second, and related to the first advantage, is SICE’s ability to allow relationship detection in low-observation settings. Because of the first advantage discussed above (i.e., trimming off spurious correlations), the SICE algorithm allows the detection of connectivity in low-sample-size datasets (Friedman et al., 2008), and therefore can be used to detect holistic patterns among a large variety of variables constrained by sample size. Next, we introduce the analytical background of SICE. 
3.1 Analytical Background of SICE
If we denote  variables under study as , , …, ., it is known that the covariance matrix of the variables, denoted as , only encodes marginal correlations. Marginal correlations are not an efficient representation of variable relationships, particularly for high-dimensional applications. For example, consider a one-dimensional chain system where  is connected with . Then, the marginal correlation of any two variables is nonzero due to the intermediate variables that form a pathway between the two variables. To overcome this problem, conditional correlations that are encoded in the inverse covariance matrix (denoted as ) are found to be more effective for high-dimensional applications. If the conditional correlation between any two variables is nonzero, this means the two variables are still correlated even conditioning on all other variables. In other words, it implies that the correlation between the two variables is inherent rather than derivative from other variables.
SICE is a high-dimensional algorithm for learning the inverse covariance matrix from a small sample size, as shown below:
,			(1)
subject to .
Here,  is the sample covariance matrix.  is the likelihood function of . And we impose  since  should be a positive definite matrix.  and  denote the determinant and trace of a matrix,  (or the L1 norm), denotes the sum of absolute values of all the entries in a matrix, and  is to control the total number of nonzero elements in . The basic goal of SICE is to find a  that maximizes the likelihood function, under a constraint that the sum of the magnitudes of all entries in  is bounded by . When  is large enough, the constraint has little effect and SICE is just the usual maximum likelihood estimation of . However, when  is small, SICE is able to produce an estimate for  that is a shrunken version of the estimate by maximum likelihood estimation. It has been found that the estimate for  by maximum likelihood estimation is likely to contain very few zero entries even when the  is actually sparse, while the shrunken estimate for  provided by SICE is able to recover those zero entries in .
To solve SICE, the formulation of SICE can be rewritten as an unconstrained optimization problem:
		(2)
where  is the langrangian multiplier for the constraint . It is easier to solve for the unconstrained optimization problem by tuning  rather than by imposing a direction upper bound  on . And for any , there is a  that corresponds to it. This reformulated SICE problem can be solved by many existing algorithms such as the block coordinate descent algorithms (Banerjee, Ghaoui, & d’Aspremont, 2008; Sun et al., 2009). 
It can be seen from (1) that SICE inherits largely from the analytic framework of multivariate normal distribution, as the objective function in (1) is essentially the log-likelihood function of a multivariate normal distribution. This has been acknowledged in previous works on SICE (Banerjee, Ghaoui, & d’Aspremont, 2008; Friedman et al., 2008; Huang et al., 2010). A distinct feature that separates SICE from conventional multivariate normality is its assumption on sparsity as indicated by the L1 norm penalty on the inverse covariance matrix. 
3.2 Challenges Facing the Application of SICE to O&SCM Research
[bookmark: _Hlk520894471]Our objective is to utilize SICE to detect holistic patterns that drive firm performance. To apply SICE to our research context, we need to overcome two challenges. First, research has shown that empirical datasets can seldom pass normality tests (Micceri, 1989). This is certainly the case for the dataset we use. Therefore, it is important to extend the current research and provide an algorithm to compensate for the lack of multivariate normality distribution in the data.  Second, in the medical diagnosis field where SICE was first applied, a common approach is to control the number of arcs (i.e., connections) and allow the penalty parameter, λ, to vary. For our research context, one of our key research questions is to learn how high-performing firms and low-performing firms differ in the number of connections among different business processes. Therefore, we call for an application algorithm that finds and applies an optimal penalty parameter, λ, and allows the number of connections to vary. 
Note that the choice of fixing the number of arcs and allowing λ to vary vs. fixing the value of λ and allowing the number of arcs to vary is largely determined by research questions. In the O&SCM context, when the objective is to discovery the density of connections along a performance dimension, then we select an optimal λ and allow the number of arcs to vary. For example, if we are interested in learning how many business processes are connected in firms producing high-quality products, then we would use this approach. However, if the research objective is to understand not how many processes are connected, but, given a fixed number of connections, which processes are connected, then we would fix the number of arcs and allow λ to vary. Because we are interested in utilizing SICE for data exploration and discovery of data structure, there is no “ground truth” (Heath et al., 2000) in the dataset. As a result, there is not a uniform criterion to judge the superiority of one approach vs. the other. They represent different ways to discover and display data. Below we demonstrate how we alter the commonly used SICE procedure to accommodate our dataset characteristics and to answer our research questions.
3.3 The Revised Algorithm
We provide an extension to the SICE method with bootstrap (Efron & Tibshirani, 1993), which is a robust nonparametric method. Given a dataset, the bootstrap method is a resampling procedure that mimics the sampling process and creates multiple datasets. Bootstrapping is beneficial for estimating the distribution of a statistics without relying on normal theory. It is useful when there is no analytical form to help estimate the distribution of the statistics of interest. As such, using bootstrapping can extend SICE on non-normal data to help prune unstable connections from the learned network.
Assume that there are  resampled datasets. Subsequently, we could apply SICE on each of the resampled datasets and learn the optimal inverse covariance matrix corresponding to the best  decided by Bayesian Information Criterion (BIC) (Schwarz, 1978). Then, we further combine the  inverse covariance matrices and extract the distribution of each of the inverse covariances—that is, for each , we can extract  estimations that form the “sampled data” of . Thus, as suggested in the literature on bootstrapping technique, a pseudo confidence interval could be extracted from these bootstrapped samples; i.e., we use the percentile bootstrap to derive the confidence interval  where  and  denote the  and  percentiles of the  bootstrapped samples of . Figure 1 below depicts this process.
<<Insert Figure 1 about here>>
We further modified the application of SICE method by employing BIC to guide the optimal selection of λ. When facing a new dataset, a practical challenge is the lack of prior knowledge of how sparse the inverse covariance matrix should be. Thus, model selection methods such as BIC could be used here. The BIC defined in our case is:
.		(3)
Here,  denotes the estimated inverse covariance matrix for the specific choice of , and   is the number of nonzero elements in . For all the available options of , we could calculate the corresponding BIC. The  that achieves the minimum BIC is the optimal one. Below we integrate bootstrapping with SICE analysis based on BIC-guided optimal selection of λ. We present a simulation study on the extended SICE approach.
3.4 The Simulation Study
3.4.1 Objective
The objective of the simulation study is to provide statistical validation of the advantages associated with the extended SICE approach using bootstrapping. We compare the performance of the extended approach with one that does not incorporate bootstrapping. The performance is measured using area under the curve (AUC) (Hanley & McNeil, 1982), which is commonly used for model comparison in machine learning (Hanley & McNeil, 1983). To enhance the external validity of our research, we vary the type and size of simulated networks and examine the performance under each configuration. Table 2 below presents a 3 (types of networks) by 3 (sizes of the network) design. Figure 2 depicts the four key steps involved in the simulation study. 
<<Insert Table 2 about here>>
<<Insert Figure 2 about here>>
3.4.2 An Overview of the Four Steps in the Simulation Study and the Connection between Simulated Networks and SICE
As depicted in Figure 2, the simulation study involves four steps: graph generation, data generation, model fitting, and model comparison. We explain the underlying logic of the simulation below. In doing so, we also explicate the connection between the simulated networks and SICE.
First, in the graph generation step, we generate a set of network graphs as the “ground truth” networks. Note that there is only one corresponding sparse structure of inverse covariance matrix for a given network graph. This means that for a given network graph, the adjacency matrix populated with 1s and 0s is fixed. In this adjacency matrix, an entry of 1 indicates that there is a connection (or arc) between two nodes and an entry of 0 indicates otherwise. Second, based on this adjacency matrix, in the data generation step, we generate the inverse covariance matrix (and subsequent covariance matrix) as well as a simulated dataset for each network graph. Specifically, a value of 0 in the adjacency matrix retains the value of 0 in the inverse covariance matrix. If the value is 1 in the adjacency matrix, a randomly generated value is used to populate the inverse covariance matrix. Once this inverse covariance matrix is populated, we then compute its corresponding covariance matrix and based on the covariance matrix, we generate simulated datasets. In the third step of model fitting, we apply both the traditional BIC approach and the extended approach to the simulated datasets to obtain the estimated inverse covariance matrices and hence obtain the estimated network graphs of connections. Lastly, in the model comparison step, we compare the existence (and absence) of connections in the ground truth networks with those in the estimated networks, based on both traditional and extended BIC approaches. The approach that produces results closer to the ground truth networks is thus more effective. In our case, we demonstrated that the extended approach is superior to the traditional approach because the resulting estimated network graphs are closer to the ground truth networks. Below we provide more detailed description of the four steps involved.
3.4.3 Graph Generation
The simulation started with the generation of nine unique network graphs, varying in network types and sizes, in accordance with Table 2. The three types of network are: Random Network (also called Random Erdos-Renyi graphs, or ER Network), Scale Free (SF) Network, and Small World (SW) Network. We chose to simulate these three types of network as they represent commonly used complex networks (Solé & Valverde, 2004). Figure 3 provides a visual representation of each of the three types of network.  
<<Insert Figure 3 about here>>
As Figure 3 shows, each network type represents different degrees of randomness, heterogeneity, and modularity (please refer to Solé and Valverde [2004] for a detailed description on the properties of these three types of network). For each network type, we created three network sizes ranging from 50 nodes to 200 nodes. Combining different network types and network sizes, altogether we obtained nine unique combination of networks. We generated 100 random graphs for each of the nine combinations. Details pertaining to the commands and parameters used when generating these networks are provided in Supplemental Material A. These graphs serve as the starting point of generating network data. In this simulation study, they also serve as the “ground truth,” i.e., criteria used to judge the accuracy of competing models. 
3.4.4 Data Generation
Once network graphs have been created, simulated datasets can be generated. Details regarding the commands and parameters used to generate datasets are provided in Supplemental Material B. The sub-steps associated with data generation are presented in Figure 2. In essence, if there is an arc (i.e., connection between two nodes) in the graph, a random number is drawn based on a univariate Gaussian distribution to form an entry in an inverse covariance matrix, which is then computed to a covariance matrix via the inverse operation. Lastly, we create simulated datasets based on this covariance matrix by random drawing 500 observations from a multivariate Gaussian distribution.
3.4.5	Model Fitting
The third major step is model fitting. Here two approaches are taken. One is to perform SICE analysis based on optimal lambda guided by BIC scores. We term this “BIC-only” approach. The second approach extends the first approach with bootstrapping.  We term this “BIC+”
 approach.  BIC+ approach allows us to estimate confidence intervals for each arc found on the estimated precision matrix and remove entries when the confidence interval contains zero. We also compute AUC in this step.
3.4.6	Model Comparison
The last step is to compare results of the BIC-only approach with the BIC+ approach. We use AUC to show the effectiveness and compare the performance of both methods. As mentioned earlier, we compare the ground truth networks with their corresponding estimated networks. We represent the existence of an arc between two variables as 1, and 0 otherwise. Thus, the comparison is of a binary nature, i.e., each network corresponds to a 0-1 sequence. When an arc between two variables in the estimated network also exists in the ground truth network, we define it as a true positive case, otherwise a false positive case. We then compute the AUC value. 
Please note that the AUC obtained in our study is the result of in-sample fitting. As mentioned in section 2, the goal of SICE and its extension as applied to our research context is not the prediction but the revelation of the true network structure among a given set of variables. Therefore, what we are concerned with here is to recover and reveal the relationships among a wide range of variables, and in-sample fitting is appropriate for this purpose.
We repeat steps 1 to 3 in Figure 2 one hundred times and compute average AUC values for each of the nine unique networks. In addition, we perform paired t-tests to investigate if the AUC values of the two approaches differ significantly.
3.4.7 Results 
Table 3 presents the mean AUC values for the nine networks. For each network, two AUC values are reported: the BIC-only AUC and the BIC+ AUC.  Table 3 also reports the p-value for the paired t-tests. As shown in Table 3, the AUC values of the BIC+ approach are uniformly larger than those of the BIC-only approach, indicating higher precision in estimation. At the same time, the standard deviation of the BIC+ approach is similar to or lower than that of the BIC-only approach, indicating higher stability of estimation. T-tests further confirmed the above observations, as there is a statistically significant difference in the mean values of AUC for all nine networks, further supporting the advantage of the BIC+ approach. In summary, the extended SICE analysis with bootstrapping (i.e., the BIC+ approach) shows advantages in the accuracy and stability of relationship detection across all three network types and all three network sizes. 
4. APPLICATION OF SICE TO AN EMPIRICAL O&SCM DATASET
In order to illustrate the application of SICE for the O&SCM domain and to showcase the proficiency of this method in detecting holistic patterns in high-dimension, low-observation, and non-normal datasets, we apply the extended SICE method to an empirical dataset, the High Performance Manufacturing (HPM) dataset. We are able to identify the patterns of connections among a set of business practices that exist in high-performance groups, but not in low-performing groups. We present the resulting patterns for the sole purpose of illustration of the application of SICE method to O&SCM research, and as such they should not be generalized beyond this scope. We expand on this point in the limitation section.
4.1 High Performance Manufacturing Dataset
We use wave 3 of the HPM dataset, which was collected between 2004 and 2005 (Roth, Schroeder, Krital, & Huang, 2008).  Wave 3 of this dataset is part of a large study conducted by joint efforts of a large group of international scholars to gain a comprehensive understanding of the paths to global high-performance manufacturing. Each wave of the study collected a large variety of data pertaining to various plant operational issues, practices, and performance outcomes. Wave 3 contains the most comprehensive set of data pertaining to operational practices. 
The basic idea behind the HPM sampling approach is to include both traditional manufacturing firms and high-performance manufacturing firms. The sample firms are selected from three industries (machinery, electronics, and automobile suppliers) and seven countries (the USA, Germany, Finland, Sweden, Japan, Korea, and Austria). Table 4 provides a breakdown of these samples by country and by industry. 
<<Insert Table 4 about here>>
The HPM dataset contains both perceptual and objective items. In order to obtain a broad profile of data on manufacturing practices, data were collected from 10 managers and 11 workers/supervisors. Each of these respondents rated a few segments of the survey that relate to their work (Roth et al., 2008). The total response rate was 65%. 
	Wave 3 of this dataset contains over 1,000 variables, representing 125 multi-item scales, derived from existing O&SCM literature. Items within the same scale are denoted by a set of unique 4-letter identifiers in the variable name. This unique identifier allows us to perform a Principal Component Analysis (PCA) on items within the same scale, which reduces the size of the database to 125 constructs. Each construct corresponds to a particular business practice. Appendix A provides a list of these business practices. The practices are organized around 11 categories (Human Resources, Forecasting, Procurement, Inventory Management, Buyer Supplier Relationship Building, Quality Management, Lean Manufacturing, Just-in-Time, New Product Development, Customer Service, and Logistics). There are multiple business practices within each category. While the total number of business practices is 125, the total number of observations is 197. Thus, the HPM dataset represents a case where a large number of variables are collected on a variety of business practices, yet the size of the observation is low. 
4.2 Data Analysis Procedure
A general overview of the data analysis procedure is depicted in Figure 4. It has two phases. In the first phase, as mentioned earlier, we first ran PCA on the original dataset to obtain a component score for each business practice. This resulted in a new dataset (197*125) based on the first principal component score (explaining the most variance). We then conducted Henze-Zirkler’s multivariate normality test (Henze & Zirkler, 1990) on the new dataset. Test results showed a p-value of <.05, indicating that data are not multivariate normal. Thus, as it was necessary to compensate for the violation of the normality assumption of the dataset, we proceeded to the second phase with the extended SICE approach with bootstrap, as described in Section 3.3 above.
<<Insert Figure 4 about here>>
In the second phase, we bootstrapped 10 times to get 10 new samples. Then for each bootstrapped sample, we performed the following three steps. 
In step one, we ran PCA on the bootstrapped sample to obtain a component score for each business practice and formed a new dataset based on the bootstrapped sample. This procedure is similar to the PCA we performed in the first phase, except that in phase one, PCA was performed on the original dataset for testing possible violation of multivariate normal distribution. The PCA in the second phase was performed on the bootstrapped samples. The goal was to compute one composite score corresponding to each business practice before further SICE analysis.
In step two, we median-split observations into high-performing vs. low-performing groups along each dimension of performance (cost, quality, speed, flexibility, and innovation). This resulted in 10 subgroups for each bootstrapped sample. 
In step three, based on each subgroup we calculated covariance, ran SICE with 100 values of , and selected the optimal λ (and associated SICE matrix) based on the lowest BIC score. 
We performed the above three steps for each of the 10 bootstrapped samples and then computed the mean, variance, and confidence interval (α=.05) for each connection (i.e., arc) in the resulting SICE matrix for the bootstrap samples. We then obtained optimal SICE matrices by excluding all arcs with confidence interval containing 0. In this sense, our integrated approach was able to address the strength of the connections and remove any weak connections.
The approach described above helped us to discover the differences in network density between high- and low-performing groups. Besides regulating λ based on the smallest BIC scores, as described above, we also took a second approach and fixed the sparsity of the matrix (number of arcs = 200) and computed SICE matrices. This approach, commonly adopted in medical diagnosis (Huang et al., 2011), is used on a trial-and-error basis. Different λ values are tried until the desired number of arcs appear in the output graphs.  In practice, this step is often automated so that a computer program continuously tries a λ value from an arbitrarily chosen range, incremented by a fixed interval, until the desired number of arcs appear in the output. The resulting matrices were used to compare and contrast the patterns of connections (i.e., the existence of central nodes [we define central node as a node having three or more pairs of connections with other nodes], the shapes and configurations of the connections, etc.). Below we provide an example of the second approach.
To gain more contextual understanding of the differences between high- vs. low-performing groups, we controlled the sparsity of the network (i.e., we adjust the lambda values until the number of arcs equaled 200 for both high- and low-performance groups) and created network structure diagrams for each group along the five performance categories.  These network structure diagrams help to identify business practices that are hubs to other business practices.  Further, we followed Liu, Lin, Deng, McGovern, and Piantadosi (2016) and distinguished negative connections between business practices from positive connections. In our case, positive connections are denoted by a pair of red arcs between two practices and negative connections are denoted by a pair of black arcs.  We present these network structure diagrams in Appendix B. 
We analyzed the resulting diagrams in terms of the shape and sign of connections, the existence of central nodes, and the configuration of a set of nodes. We observed differences between high-performing and low-performing groups and, based on existing literature in O&SCM, provided domain interpretation and derived managerially relevant decision guidelines.  
The SICE analysis was run on MATLAB Version R2014a, supported by Microsoft Visual C++ Compiler 2010 Standard and Microsoft Windows SDK for Windows Version 7. On a ThinkPad X220 with Intel i7-2640M CPU (2.80 GHZ) and 8 G RAM, each SICE analysis based on the original dataset took approximate .21 hour.  Each SICE analysis with the bootstrapping procedure took 2.65 hours to complete.
4.3 Illustrative Findings
Table 5 below summarizes the differences in holistic patterns between high-performing and low-performing groups. Based on Table 5, high-performing and low-performing groups show differences in the density of the connections among business processes, the pattern of connectivity, the location of the central nodes, as well as the configuration of central nodes and peripheral nodes (i.e., a node having two or less pairs of connections with other nodes). Below, we will highlight each of these differences and address them in terms of the five performance categories.
<<Insert Table 5 about here>>
4.3.1 Density of Connections 
As mentioned in the methodology section, we regulated the lambda parameters that minimize the BIC scores and ran SICE analyses on the 10 subgroups. This resulted in 10 SICE matrices, each with a different level of density, as represented by the number of arcs (i.e., connections between business practices). Table 6 summarizes the number of arcs in high-performing and low-performing firms on each major performance category (based on the original dataset) and results of t-tests based on bootstrapping samples. Appendix C provides the sparsity matrices for the 10 subgroups. 
Based on Table 6, we can see that the resulting network density varies between high-performing and low-performing firms. Below we first discuss general pattern of density and then separately address negative connections and positive connections, with a focus on the number of positive connections among business practices. 
<<Insert Table 6 about here>>
Network Density. In general, high-performing firms have more dense networks of connected practices than low-performing firms. High-performance groups typically exhibit abundant connections among business practices. This is true for all performance categories (i.e., cost, quality, speed of delivery, flexibility, and innovation). The differences in the number of arcs between high-performing groups and low-performing groups are all statistically significant at the p<.001 level.  
Negative Connections. Next, we separated negative connections (denoted by black arcs) from positive connections (denoted by red arcs). Here we controlled the sparsity of the networks (arc=200) and created network diagrams for each of the 10 subgroups. Firms implement business practices to improve performance. Therefore, each implemented practice, such as Just-in-Time, is likely positively correlated with other business practices, such as Lean Manufacturing and Total Quality Management, as they are all targeted at positively improving performance. There could also be cases where business practices are not correlated with each other, because they are targeted at improving different dimensions of firm performance. Nevertheless, by design, it is unlikely that firms will purposely implement any business practice that they know will cause degradation in any key performance area. Therefore, it is reasonable to assume that the negative connections between arcs in the network diagrams represent unplanned consequences brought about by complex interactions among business practices. 
We noticed that many negative connections exist among business practices. This is true in both high-performing groups and low-performing groups. The existence of many negative connections demonstrates the complexity of implementing many business practices simultaneously. Our results suggest that complex interactions among business practices contradict and hinder the effectiveness of some of the practices. Our findings issue a caution to firms that plan to implement a series of best practices. Firms should understand potential hindering effects among some of these best practices and avoid selecting practices that could contradict each other, reducing the effectiveness of the implementation and wasting firm resources.
Positive Connections. When comparing the number of positive connections across high-performing and low-performing groups, we noticed interesting differences among several performance categories. For speed, innovation, and quality categories, we see a higher density of positive connections in high-performing groups than in low-performing ones. However, for cost and flexibility categories, we see the reverse. Below we provide detailed discussion on these findings. 
 	Speed of delivery is a reflection of an effective integration of many business practices. A hiccup in sourcing, production, or distribution will inevitably cause delays and impact speed of delivery. Therefore, a fast delivery speed needs to be backed up by a set of harmonious interconnected processes. Similarly, the quality of a final product is a reflection of many processes that went into making the product (Feigenbaum, 1956). One deviation from the process—for example, the sourcing of a defective part—could result in quality problems in the final product. Therefore, managers cannot pursue quality in isolation. A high-quality product also needs to be backed up by a set of harmonious high-quality processes. This finding calls for integration and connectivity among a large number of business practices. Our findings support the role of process integration in improving speed of delivery and quality of product. 
The high number of positive connections in the high-innovation group is somewhat counterintuitive. Research shows that the existence of a structural hole (Burt, 2002) allows boundary spanners to access unique information from diverse parts of the network (Zaheer & Bell, 2005) and improves the generation of innovative ideas. It naturally follows that fragmented business processes could host many such structural holes and thus opportunities to generate innovative ideas. One possible explanation is that there has to be a balance between connection and separation. Too much of a separation could fail to bring the isolated parties together in order to generate ideas. In addition, innovative outputs include not only idea generation, but also idea realization (Kanter, 2000).  This latter part requires coordination among multiple business processes. On the other hand, too much defragmentation creates redundant knowledge, impeding the generation of innovative ideas. Given the trade-off between integration and separation, we suspect there may be a curvilinear relationship between integration and innovative outcomes.  We call for future examination of this relationship.
For flexibility and cost performance categories, we see the opposite pattern. There is a higher percentage of positive connections in low-performing groups than in high-performing groups. This finding in the flexibility category is again somewhat counterintuitive. Flexibility measures the capability to make changes. Integrated business practices allow the early communication of changes and facilitate collaborative efforts to accommodate changes. Perhaps a plausible explanation of this counterintuitive result is that in a defragmented supply chain, change in one function will cause ripple effects in other functional areas. In other words, the slightest nudge could cause the widest chain reaction. Thus, a fragmented supply chain could respond better to changes, as requested changes can be better isolated without impacting other business practices. We call for future research to examine this interesting phenomenon.
Cost is the other dimension that shows a higher percentage of positive connections in the low-performing group than in the high-performing group. Business integration does not come naturally and requires strategic planning and integration. There are costs associated with such planning and integration effort as well as maintenance of the integration.  It naturally follows that companies focusing on promoting integration of business practices will incur higher cost than companies that do not. 
4.3.2 Configurations of Practices in High-Performing But Not in Low-Performing Firms
We address the differences in configuration of practices both from the shape of the business practice networks and from the existence and identification of central nodes. Here we focus on the interpretation of positive connections among business practices. As shown in Appendix B and summarized in Table 5, we note that the resulting graphs show different patterns between high-performing and low-performing groups on each of the five performance categories. Take the cost category as an example. In high-performing firms (thus low costs), we see sparse positive connections among business practices, with a single central node, Node 43, which represents the practice of set-up time reduction. All connections in this group emanate from this central node, including connections to Nodes 39 (adherence to daily schedule), 45 (use of theory of constraint in production), and 47 (use of Just-in-Time by suppliers). The shape of low-performing firms (thus high costs) is denser and rather than a single central node, there are dual central nodes. Besides Node 43, Node 7 (customization for software application) is another prominent node with multiple positive connections. 
Contrasting to the cost category, the quality category revealed a reverse pattern. Here high-quality firms exhibit a dense dual-centered configuration with the central nodes being Node 7 (customization for software application) and 43 (set-up time reduction). These two central nodes are also connected to each other, forming a cluster of dense connections. Compared to the high-quality group, the low-quality group exhibits isolated, sporadic connections emitting mostly from a single central node, Node 43. This opposition of patterns across cost and quality categories reflects the trade-off between cost and quality (Hayes & Wheelwright, 1984). Firms should realize that achieving low cost and high quality requires different and sometimes opposite sets of configurations of business practices and therefore, as ideal as it sounds, the simultaneous pursuit of high quality and low costs (Schonberger, 1990) seems to be difficult to achieve. This finding provides support to the trade-off theory (Skinner, 1974) of competitive priorities, at least at the system configuration level. 
Similar to our observations above, high-speed and high-innovation groups exhibit a network pattern similar to that of quality, i.e., dense, clustered, and dual-centered networks. The high-flexibility group exhibits a network pattern similar to that of cost, i.e., sparse, scattered, and having one or no center node.
4.3.3 Key Drivers of Firm Performance
Based on Table 5 and Appendix B, two nodes stand out from the rest of the connected nodes: Node 7 and Node 43. Node 7 denotes practices leading to customization for software application. Node 43 denotes set-up time reduction. Both Node 7 and Node 43 act as the hubs of other connected nodes. As such, these are impactful business practices that are tightly coupled with numerous other business practices. A change in either of these business practices will exert influences on numerous other business practices.
5. CONCLUSIONS, LIMITATIONS, AND FUTURE RESEARCH
While the majority of research on data mining and decision analytics has a focus on handling challenges brought by voluminous data, our research takes a unique perspective and tackles complex datasets with a large number of variables. We introduce SICE method and its extension to the decision sciences community and apply it to the O&SCM domain. We pioneer the interpretation of nodes and arcs in the O&SCM context. This allows a direct visual exhibition of operational processes and more importantly, the discovery of relationships among these processes at a global level. This global perspective reveals how processes interact with each other and collectively shape firm performance. It widens the pursuit of operational excellence by putting performance enhancement in a larger framework.
Our study also contributes to the enrichment of data exploration tools and techniques used in data mining and decision analytics in the O&SCM domain, especially in empirical datasets that are constrained by size. SICE helps us to trim off conditional dependence and reveal intrinsic relationships among a large number of variables, even if the number of observations is limited. As such, it has a vast advantage over other commonly used analytical tools that require a large amount of observations to analyze high-dimensional datasets. 
To accommodate data characteristics in our empirical datasets, we integrated SICE with bootstrap, which extends the current usage of SICE. We first conducted a simulation study to validate the advantage of the extended approach, across different network configurations and sizes. We then illustrated the usage of the extended approach with HPM dataset.
We showcased various ways of analyzing HPM data with SICE. We used both the conventional method where we set the number of arcs to be equal across high-performing and low-performing groups, as well as selecting a regulating parameter based on the best BIC scores. 
The resulting diagrams show differences in the number of arcs in each performance category. Our analyses also reveal differences in network shape as well as contents of the central and peripheral nodes across high-performing and low-performing groups on each of the five performance categories. This helps to identify the configuration of nodes that leads to high performance in each category. 
In this research, we draw some preliminary conclusions on the network-level differences between high-performing and low-performing groups. We also acknowledge the following limitations. First, the median-split of data into high-performance and low-performance groups is somewhat arbitrary. Future research can replicate this set of analyses with alternative and more comprehensive ways of splitting the dataset. These replications can help to assess the robustness of the analyses. Second, we did not control for country or sectoral differences that could potentially impact the resulting network patterns. Future research can explore efficient algorithms to control for contextual differences when running SICE analyses. Because of these limitations, the resulting network patterns should be utilized in the context of illustration of the application of the extended SICE approach. We do not recommend the generalization of the results beyond this context.
The application of SICE in solving O&SCM problems is new, and we are only exploring its potentials in detecting holistic patterns at the network level. Future research can leverage off existing research methodologies used in social network analysis and derive further insights. For example, because the resulting products of SICE analyses include a network of correlated nodes and their relationship strength, we could treat each node as a network agent and calculate network centrality as well as betweenness and closeness measures. 
As a new method to the O&SCM audience, SICE offers limitless opportunities to aid decision making in the supply chain area.  We also would like to call for future research that can take this method and apply it to other business phenomena to derive meaningful insights, to detect drivers of high performance, and make intelligent resource allocation decisions.
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TABLE 1 	Representative O&SCM Research on Tools/Techniques Used in Data Mining and Decision Analytics (2000–2018)
	Author, Year
	Research Context
	Method
	Dataset
	Number of Variables
	Sample Size
	Methodological Contribution
	Theoretical/Managerial Contribution

	Sub-stream 1: Protection of Data Privacy 

	Muralidhar et al., 2001
	Data perturbation -Maintaining privacy and confidentiality while providing access to eligible users for data mining
	Specification of a perturbation method that helps to achieve high level of data security
	Bank database
	5 attributes
	Not directly reported
	A new specification for data perturbation to increase protection of data privacy
	Implication for e-commerce.

	Muralidhar & Sarathy, 2005
	Data perturbation for small datasets
	Development of general additive data perturbation method
	Healthcare data
	4 attributes
	50
	Data mask technique that works for small dataset
	Enable masking of small dataset

	Bapna & Gangopadhyay, 2006
	Removing privacy data before data mining
	The Haar & the Daub-4 wavelet transforms
	8 different datasets
	From 4 to 60, depending on the dataset
	From 150 (for 4 variables) to 1,193 (for 8 variables)
	Addressed privacy concerns over data mining by proposing an algorithm to remove private data yet preserve the classification
	Developed an approach to preserve privacy while mining data

	Muralidhar et al., 2015
	Data security in remote analysis systems
	Bootstrapping masking mechanism
	US Census Bureau (American Community Survey public use microdata from the State of Alabama)
	50 variables
	200,000 records
	New bootstrapping mask mechanism
	Proposed a new data masking mechanism that is easy to implement and does not require extensive knowledge of data administrators

	Sub-stream 2: Predictive Models

	Zhu et al., 2001
	Network intrusion detection
	Comparison of multiple methods: neural networks, inductive learning, and rough sets
	Data obtained from sendmail program which contains both normal and abnormal traces
	7 sequences
	1,112 normal sequences and 1,576 abnormal sequences
	Application of three existing methods.
	Improving accuracy of effectiveness of network intrusion detection

	Van Roy & Yan, 2010
	Collaborative filtering system used in online retail 
	A new collaborative filtering algorithm that is relatively robust
	Movie ratings from Netflix's recommendation system
	1 variable (user rating)
	200,000 ratings from 5,000 users for 500 movies.
	Developed a new algorithm and showed it is better than a commonly used one (nearest neighbors algorithm)
	Developed a new collaborative filtering system that is robust against manipulation by unscrupulous vendors

	Doumpos & Zopounidis, 2011
	Credit risk assessment
	ELECTRE TRI outranking  method
	Longitudinal data from a Greek consulting firm containing commercial sector credit history
	10 credit risk rating criteria
	Longitudinal data ranging from 6,376 to 8,062 observations
	Application of ELECTRE TRI outranking method to credit rating
	Built a multi-criteria outranking credit rating model

	Yang et al., 2014
	Technology merger and acquisition prediction
	Ensemble learning method
	SDC Platinum database
	43 indicators
	90 instance of M&A and 689 cases of non-M&A category
	Application of ensemble learning method
	Built a technology M&A prediction model

	Demir, 2014
	Prediction of patients at risk of readmission
	Comparison of multiple methods: classification trees, logistic regression, generalized additive models, multivariate adaptive regression splines (MARS)
	Inpatient care, outpatient care, and A&E (Accident and Emergency) data
	38 variables
	963 patients readmitted to hospitals
	Comparison of different methods in accuracy
	Proposed new predictive models

	Sub-stream 3: Exploration of Structure of Data

	Kulkarni et al., 2014
	Content analysis -Uncovering the intellectual structure of OM discipline
	Latent semantic analysis
	Semantics contained in articles published in top OM journals
	N/A, exploratory research
	Semantics in 2,019 articles
	Illustrate the use of latent semantic analysis techniques
	Uncover the structure of a discipline

	Basole et al., 2017
	Innovation in supply networks
	Network visualization
	Network data obtained from SDC Platinum and Connexiti from 2005–2009; patent data obtained from USPTO and CASSIS database
	4 innovation measures
	Not reported
	Illustrate the use of the visualization method                                
	Depiction of innovations in supply chain networks



TABLE 2 	Three-by-Three Design of Simulated Networks

	[bookmark: _Hlk520849104][bookmark: _Hlk495763833]Network Types
	Network Sizes (Number of Nodes)

	Random Network (ER)
	50
	100
	200

	Scale Free Network (SF)
	50
	100
	200

	Small World Network (SW)
	50
	100
	200





TABLE 3 	AUC Values and T-test Results 


	
	Number of Nodes
	Mean AUC (SD*)
over 100 Networks
	p-value (T-test)

	
	
	BIC
	BIC+Bootstrap
	

	Random Network (ER)
	50
	0.663(0.022)
	0.736(0.021) 
	<.001

	
	100
	0.701(0.014)
	0.739(0.014)
	<.001

	
	200
	0.717(0.010）
	0.738(0.009)
	<.001

	Scale Free Network (SF)
	50
	0.669(0.021)
	0.738(0.019)
	<.001

	
	100
	0.704(0.014)
	0.743(0.014)
	<.001

	
	200
	0.688(0.009)
	0.729(0.008)
	<.001

	Small World Network (SW)
	50
	0.568(0.052)
	0.722(0.051)
	<.001

	
	100
	0.947(0.014)
	0.949(0.013)
	<.001

	
	200
	0.974(0.003)
	0.975(0.003)
	<.001



*SD stands for standard deviation


TABLE 4 	Plant Distribution by Country and Industry

	
	Industry

	Total

	
	Electronics

	Machinery

	Auto Suppliers

	

	Country

	Finland
	14
	6
	10
	30

	Germany
	9
	13
	19
	41

	Japan
	10
	11
	13
	34

	Korea
	8
	8
	8
	24

	Sweden
	7
	10
	7
	24

	United States
	6
	11
	9
	26

	Austria
	10
	5
	3
	18

	Total
	64
	64
	69
	197




TABLE 5 	Holistic Patterns between High-Performing and Low-Performing Groups

	
	Network Density in Number of Arcs*
	% of Positive Connections
	Shape of Positively Connected Nodes
	Configuration of Positively Connected Nodes (Central nodes are in bold)

	
	High Performing
	Low Performing
	High Performing
	Low Performing
	High Performing
	Low Performing
	High Performing
	Low Performing

	Cost*
	1897
	1841
	10%
	34%
	Sparse; Scattered;
One Center
	Dense; 
Clustered;
Dual Centers

	43: 39,45,47

	7: 10, 27, 30, 43, 57, 82,91,96
43: 7,29,39,47,97

	Quality
	2449
	1273
	18%
	16%
	Dense;
Clustered;
Dual Centers
	Sparse; 
Scattered;
One Center

	7: 43,82,96
43:7,39,45,47
	43: 25,39,47

	Speed
	2107
	1691
	22%
	3%
	Dense;
Clustered; 
Dual Centers
	One Single Connected Pair

	7:10,43,57,96
43:7,39,45,4743
	No central node

	Flexibility
	2333
	1374
	7%
	39%
	Sparse;
Scattered; No Center

	Dense; Clustered; Dual Centers

	No central node
	7: 10,43,57,71,91,96
43:7,39,40,44,45,47,85,89,120

	Innovation
	2015
	1783
	17%
	10%
	Dense;
Clustered; Dual Centers
	Sparse;
Scattered;
No Center
	7: 43,57,96
43: 7,39,47
	No central node


Note: 
* For cost category, high performing equates to low cost and low performing equates to high cost.

TABLE 6	The Number of Arcs in High-Performing vs. Low-Performing Groups

	
	High-Performing Group
	Optimal λ for High-Performance Group*
	Low-Performing Group
	Optimal λ for Low-Performance Group* 
	P-value for t-tests

	Cost
	1897
	.6
	1841
	.6
	<.001

	Quality
	2449
	.5
	1273
	1.0
	<.001

	Speed
	2107
	.5
	1691
	.7
	<.001

	[bookmark: OLE_LINK2][bookmark: OLE_LINK3]Flexibility
	2333
	.5
	1347
	1.4
	<.001

	Innovation
	2015
	.5
	1783
	.6
	<.001




* The optimal λ values provided here is for verification and future replication purpose only. Lambda values are data-dependent and thus are not useful statistics. Essentially, they serve as intermediate auxiliary variables for optimization purpose and could not be interpreted or compared across datasets.
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Figure 1: Overview of the robust nonparametric learning framework of SICE
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Figure 2: A flow chart of key steps in the simulation study
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	Figure 3a: Random Network (ER)
	Figure 3b: Scale Free Network (SF)
	Figure 3c: Small World Network (SW)





Figure 3: Three types of network
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Figure 4: Flow chart of analytical procedure
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