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Abstract of dissertation

In this dissertation we consider weak solutions of the System A(u) +B(tx) =  0 on 
a  bounded domain U C R ” where B(u) is a perturbation of critical growth, i.e. 
its growth exponent p equals the integrability exponent of the Sobolev space for 
which A{u) is a coercive eUiptic operator. Under certain structure conditions we 
get a  higher integrability result for I <  p <  n and a regularity result for p >  2.



Introduction

If we consider multiple integrals of the form

J{u) =  J  F{x, u, Du) dx 
n

where

F{x ,u ,p ) :  n x R ^ x R " ^  -)> R,

the study of the stationary point of this integral is equivalent to the study of 

weak solution of the system

(1) -D a A f{x ,  u, Du) +  Bi{x, u, Du) =  0

These integral arise in certain areas of Mathematical Physics.

The Euler equation for J(u) is of the type of system (1), although systems of 

the type (1) are in general not Euler equations of a variational integral, h i this 

thesis we study the case of natural growth conditions. (See Preliminaries for a 

complete discussion), h i the case of an equation weak solutions in n L°° of 

nonlinear equations are smooth under natural growth conditions. Therefore we 

are led to consider n as the natural class to consider. But for systems 

we cannot expect everywhere regularity.

E. De Giorgi’s famous example of 1968 shows that, contrary to the scalar case, 

weak solutions of elliptic systems are not smooth in general even for linear prob-



lems. h i the following decades it had been shown, however, that the set of non­

regularity of the weak solution is rather small and for important systems with 

structure different from De Giorgi’s example that the solution is smooth on the 

whole domain, as for instance for systems in diagonal form.

Perturbations often require additional conditions, too, such as the famous small­

ness condition for linear elliptic operators with perturbations of quadratic growth, 

i.e. critical growth since for linear operators the natural Sobolev space is

In this dissertation we deal with a situation where the solution is bounded but 

the L*” -norm is not restricted, instead we impose a strict positivity condition 

on the perturbation assuing that the solution and the perturbation as vectors in 

the target space have the same direction. For p =  2, results by Wiegner and 

Frehse secure everywhere Holder continuity, using estimates of the Green function 

of the Laplace operator. Our main result for this chapter is a Caccioppoli type 

inequality for elliptic operators satisfying a certain structure condition which 

includes operators in diagonal form such as the p- Laplace operator.

For p =  2 this allows us to regain the results from Wiegner and FVehse using the 

‘direct method’ developed in particular by Giaquinta and Giusti. In addition, 

our results extend to p =  2. Li this case we obtain a ‘reverse Holder inequality’ 

and then use the ‘direct method’ again to obtain almost everywhere regularity, 

i.e. the weak solution is Holder continuous in an open subset Qq such that the 

Hausdorff measure =  0 for some g >  p.
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Preliminaries 

We define

: =

{u E L^{Q) |u has first derivatives in the sense of distributions in ,

and

IMU*..(n) ■■ =  ( J  +1 \ D u r d x ) ' ' " .
n a

We also define

(0) : =  C f (S )

where the completion is understood with respect to the norm || ■

We note the f) is a bounded and connected domain in R'*. We consider bounded 

weak solutions of the system

- D a A f  (ar, u, Du) +  Bi{x, u, Du) =  0,

i.e. vector valued functions u 6 I *  fl Hq^{Q) satisfying 

.  N  n .  N

/  ^  ^  Af{x ,  u, Du)Da<i>*dx +  /  5 1  dx =  0
^ :=!*=! n

for all

6 ; R^) n L*(n ; R^).

The coefficent functions

A f  : fixR ^xR "^  -+ R 
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are subject to the following hypotheses:

Al) Growth Conditions

|Af (x, u, Du)I <  ^i|Dul*’“ '̂  +  l{x) for some(/i > 0)

with

l{x) e

where p' is the Sololev conjugate to p :

(p ')"’’ +  p~^ =  1; 1 <  p <  CO

Â2) Ellipticity conditions

N  n

> A ie r  a > o
1=1 a = l

for

iN e ^  n  n#

A3) Structure Condition

Z  È  O K rh i ' -  z  ?iV ] >  o
(=1 a = l  (=1

for all

T ,p € R ^ t? 6 R " ^ .

Conditions A l) and A2) are the usual condition providing regularity for weak 

solutions for problems with natural growth c ./. [2]. The structure condition A3)

4



is rather restrictive. It is satisfied though, by systems in diagonal form, such as 

the Laplacian and the p-Laplacian. For further discussions and examples of this 

condition c.f. [7].

For the coefficient function Bi{x, u, Du) we have the following assumptions;

Bl) Natural (critical) growth condition:

32) Zero angle condition

N

(Mi - 7i) > 0
»=i

for all 

with

It I < ImI

for all balls B r  with B r  CC 0 .

The growth condition is called natural since it is satisfied by the operators of 

the Euler-Lagrange equation for a  functional of the type

J{u) =  y* h{u)\Du\^dx. 
a

The name critical indicates that for a function u in the perturbation is

only in and not in the refiexive spaces 1,^(0), q > l .

5



Examples for which our conditions are satisfied are given by

—A u  -I- h{u)\Du\^u =  0

and
N

-  Da{\Du\^-^Dci u) +  h{u)\Du\Pu =  0 
0=1

for some non negative continuous function

h : ->• R+.

We now verify B l) for the example

—Au* +  h(u)|Bu|^u‘ = 0 ,  i  = I, . . .  , N

We shall show

iv
A(u)|Du|^u*(u* -  7 *) > 0 , for I7 I <  |u|

t=i

Note
N

5 ^ / i(u)|D u |V ( u‘ - 7 ‘) =
i = l

N

=  h(u)lDu|^ ^ u * (u *  -  7 *) =  h(u)|Du|^[(u, u) -  (u, 7 )]
»=i

Now by the Cauchy inequality (u, 7 ) < ||u|| ||7 ||, hence by assumption (u ,7 ) < 

Hull ||u|| =  ||u||^ =  (u,u), hence (u, u ) - (u , 7 ) >  0  and so h (u )|D up(u ,u—r) >  0  

We also verify A3) for the example

-  ^  Da{\Du\f-^DaU^) 4- h{u)\Du\W  =  0 i  =  1, , isr
0=1

6



Note that
n

tt=l \*—̂ a=l a=l

=  i f r ’ Ê ( i î P i 7 p - « “ ,7))
a=l

=  Ê i « r '  E  ( « f V - î M '> o
a=l i < K N

by the Lagrange identity.

The main result of chapter 1 states that the estimates on the gradient provided 

for p =  2 in [2] are also valid for operators with 1 <  p <  n.

Theorem 1: Suppose that u is a  weak solution of system [1] with

a=l

and

B{u) =  (S,(® ,u,Du)),^i

satisfying Al)-A3) and B1),B2) respectively. Then there is a constant c and an 

exponent q > p  such that

( y  lDul«dx)i/« <  c(y|Du|Pdx)i/P
Bn

Remark: Note that for p >  2, -estimates are available c./.[8]. Using the argu­

ments of [2] chapters 4 and 5 for p  =  2, we can now regain the results of Wiegner 

and Frehse as we point out in Chapter 3. For p ^  2 we are not able to establish

7



the everywhere regularity, however we will show the almost everywhere regular­

ity for certain systems. To this end we consider systems with a perturbation B  

subject to the conditions B l), B2) and the p-Laplacian as elliptic operator, i.e.,
n

We have

Theorem 2 Suppose tha t is the p-Laplacian and that B{u) satisfies B l) and 

B2). Then for a weak solution of (1) there is an open set flo C H such that

u€C O '* (no ,R ")

for all a  <  1 and the n  — q Hausdorff measure of Q\Qq is zero for some q >  

Remark: In our proof we need the regularity result for the unperturbed problem 

of [10], hence somewhat more general operators A{u) can be dealth with, c.f. [11] 

and [10].

In order to prove theorem 2 we use the following theorems. These can be found, 

for instance, in [3] and [10] respectively.

Theorem A: If /  €  L ^ ,  then

i r - ^ { x  €  n  : lim M  R*-" J  \f\dx > 0} =  0
B r

where q >  p.

Theorem B: Let B r  be a ball with radius R  E (0,1] such that B ^r  C Q. Let u 

be a weak solution of system (1). Then there is a positive constant c such that

AP  =  ess sup \Du\^ < C  • f  (l-h  \Du\)^dx.
SiR J

Bsr



See [10] for a complete statement of this theorem. We also present; 

Theorem C: Let B r  be a ball in R ’'  with radius R.

(1) If

u €  HI'^{Br)  , 1 <  p  <  + 0 0 ,

then

y* \u\^dx<C{n,p)RP J  \Du\Pdx

(2) If

B r  B r

U € H ^ ' ^ { B r ) , 1 < P < +00,

then

J  \ u — URl^dx <C{n,p)RF J  \Du\^dx (Poincare inequalities)
B r  B r

where

B r

We also introduce the notion of Hausdorff measure.

Definition Let E  C R ",0  < k < +oo,0 < Ç < +oo, and let {Fh} denote count­

able families of open sets in R ". Then the ^-dimensional Hausdorff measure 

H^[E)  in R ” , is defined by:

00 00

H^{E)  =  2 '‘Wksnp inf{y^(diam  F )̂*; M F̂  D F .d ia m Fh < e},
fc=o h=o

Here is the measure of the unit ball of R*.



Theorem. D: If for a  €  (0,1] there is a number Ro) such that

j  1« -  Ux,p\^dx <
B p ( x )

for all æ in an open set 0  and all p <  min{f%o, dist(z, 90)}, then u  is locally 

Holder continuous with exponent a  in fl.

Theorem E: Let the operator L  satisfy

> A|f I* V ien, |a « ( i) l  <  a ’

where

Lu = Di{a*^{x)DjU +  b*{x)u) +  c*(x)DjU +  d{x)u

and suppose that for some q>  n. If u is a

supersolution of the equation Lu = p + A /*  in fl, non negative in a ball B^n{y) c  

fl and 1 < p <  2^ >  then we have

< C ( M  u +  K m
°R\y)

where C = C(n, A/A, uR, q, p).

10



Chapter 1

Higher integrability

The goal of this chapter is to prove the following theorem.

Theorem: Suppose that u  is a  weak solution of the system

—DaAf{x,  u, Du) +  Bi{x, u, Du) = 0  i =  1, , iV

with conditions A l  — A3 and (B l), (B2) satisfied. Then there is a constant c and 

an exponent q >  p such that

U e f f . 'J iS i .R")

and

( ^ < c{j^\Du\Pdx)^/^
B r /2 B r

for all balls B r  with B r  CC 0 .

h i the proof of this theorem we will use test functions defined by a generalized 

cut oflf procedure. For a function u : Q  we introduce [«]/ by (I 6 R'*')

Ml
_ (  u if|n| <  I

~  1 f

Important for estimates to be derived is the following lemma.

Lmmma A; The ellipticity of A(u) =  —DaA^{x, u, Du)  and condition A3) provide 

the following pointwise estimate

AT n

El
asL

5 3  -Dw)-Do(Ms)* > 0 for tt : n  R ^ , 6  R"** and |u| > B,

I I



Proof of Lftmma; By [7] wc have for 6 €

 ̂ DtxU* i f  |ti| < 9

^ ( D . ( u ‘ ) - u ‘ E  i ï | i D . ( < ‘‘ )) i f  |u | > «

Therefore
N  n

^  5 ^ - 4 ?  (a:, u ,  i? ti)D a([ti]tf)*  =
1=1 a = l

»=1 a = l  (=1

However we notice that by the (A3) condition

E  “ > Du){DaU^ ■ ^  0
t=la=l (=1 ' I

SO th erefore
V n

E  E  £>u)c«(M ,)‘ > 0 i f  |« | > «
i=l a=l

This completes the proof of the lemma.

Proof of the Theorem; Di order to invoke the reverse Holder inequality we have 

to first prove the following Caccioppoli type inequality.

j  \Du\^dx < 6 y  \Du\^dx + y  | u -  v\^dx
B r / J  B r  B r

We verify the inequality using test functions (f> =  ([u]{ — di)rf and obtain the 

result by a finite induction over the increasing sequence of cut off levels

f =  kJ, fc =  1,2,3, . . .  , Af.
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M  =  min{m € N |m<î >  ||«||oo}. 

Here di vectors in defined by

with

“ I ® ! - '
y  i=f« otherwise

B r

the average of u over the ball B r . The function tf is the usual localization function, 

i.e., 77 6  C ^ { B r ) with 0 < 7 7< l , r 7 =  l i n  Bg/gand |Dt7| <  ^  for some fixed C 

greater than 2 .

For an appropropriate J  > 0 we get the following estimate for all € >  0

J  \Du\Pf fdx<€ J  +  j  \ u - u \ ^ d x
B r  B r

where the constant K{e,p) does not depend on R. The Caccioppoli inequality 

then follows. We first verify the above inequality for A; =  1. We invoke Lemma A 

and ellipticity to obtain:

f  fI  \Du\^rfdx< I  (g, u, Du)DgU*rfdx

/ N  n

^  u, Du)Da{[u]iÿrfdx
B r C\{\u \ > S }

.  N n
=  J  Y , ' £ ^ A f i x ,u ,D u ) D a { [ u ] i ^ d iŸ r fd x

B r

13



/ AT n
D u)D^ -  diÿ)  dx

n_ »=la=lB r

N  n

-  f  " ^ ^ A f { x , u , D u ) p D a V r f
t=la=lB r

N

=  -  /  ^5 i(ar,u ,I> ti)([u ]«-rf^)V rf®
J  i=iB r

N  n

Br ^=la=l

= -  J  ^  Si(x, u, Du)([u]< -  difrfdx
BRn{\u\<s} ‘=^

-  J  Bi{x, u, Du) • {[u]< -  dg)*ifdx
flRn{|i»|>i}

AT n

“  /  è  P f  =  (*)
Br

We note that by the Zero angle condition on the set B r  n  {|tx| >  J} we have

N
^  Bi(x, u, Dn)(M< -  dtY > 0.
»=i

This is because |d(| <1 = 5 = |ur| so the zero angle condition applies. Hence we 

get

r ^-  / ^  fli(x, ti, Du) {ui -  diYrfdx < 0
BRn{(tt(<^} ‘=1

therefore

r  ^
(*) < -  J  ^ B i { x , u , D u ) { { u ] i - d i Y r f d x

14



N  n

r ^
< y ^  \Bi{x, u, Dti)| l[u]« -  dt\rfdx

B r

This implies that

+ f  ‘ \Drj\rf ^\[u]i-de\dx
d  i=i 0=1

A J  \Du\^rfdx < 2Sp2 J  \Du\^rfdx
0 Rn{|u|<<>

+  J  pi \Du\^~^^rf~^\[u]i-dt \dx- \-  j  l{x)^r f~^\[u]t  -  dt\dx
Br

Applying Young’s inequality to the last two expressions we get:

A J  \Du\^rY*dx < 2Sp2 J  \Du\^rfdx
S R n { |u | < i }  f l j » n { | t . |< J }

+€î^fc(p) y  |Du|*’T7̂ (iæ +  fc(€,p) y  R~^\[u]t — dt\^dx
B r  B r

or

A y  \D u \^ r fd x < e '^ k ( p )  j  \Du\^rfdx <
B r

fc(c,p) y  R~’'*\[u]t — dil^dx 4- 2Jîi2 J  \Du\^rfdx
Br BRr\{\u\<Sy

This implies that

(X — 26p2) y  <  c^ fc (p ) y  \Du\^rfdx
fljin{|u|<J} B r

15



+fc(e,p) J  R  P\[u]i-di\^dx
B r

Now choose S =  ^  denote c * ^  =  ê and divide A — 2Sfi2 to get:

J  IDul^rfdx < ik{p) J  IDul^rfdx

+fe(e,p) y  R~^\[u]i-di\^dx
B r

Note that the above k may change from estimate to estimate but is not depending 

on R. We can write the last inequality as

J  \Du\^rfdx < ik{p) J  \Du\^r^dx + k{e,p) j  R~^\u-v\^dx
f lR n { |u |< ( ï }  B r  B r

Note |[u]( —di\ < |u —ü|. For the case |[u]<| < |u|, \di\ < |û| cf.: figure 1: By 

the law of cosines c <  6 =  |u — tZ|. Therefore I < rg implies that

a =  < c <  |u -  û|

So the assumption of induction now reads

J  \Du\^ifdx < ik(p) J  \Du\^ifdx +’k{e,p)R~^ f
f l j i n { | t t l < ( f c - l ) t f }  B r  B r

16



r

Fis. 1

We estimate using ellipticity and Lemma A:

A j  \Du\^rfdx

/ N n

Sj»n{{fc-i)f<iu|<M}

17



-  N  n

+  J '^ '£A f(,x ,u ,D u)D M iŸ ’f‘àx

Since

N  n

AT n

/ "
^  tt, i?tt)Da([ti]« -  d i f r fd x< -

BRn{itt|>w} ®=i

N-  f  V  Bf (®, tt, Btt)J5a([u]< -  dtYrfdx
iV n

~ f  ^DaTj([u]f -  d«)'<iæ
B r  i = l * = l

ff
< - J  è (M< - difrfdx

B R O { l u | < ( f c - l ) J }  ‘ = ^

J  ^  B<(x, u, Dn) T/̂ dx
BRn{(*-i)j<|tt|<jfej}

AT

y* ^  Bf (x, u, jDu) (tt -  ^ t t )
BRn{(fc-i)tf<|u|<w}

AT n

(B, ttf -  df) =  (B, ^ t t  -  dt) +  (B, tt -  ^ t t )

where (.,.) denotes the scalar product of vectors.

18



We note that on the set {(fc — l ) f  < |ti| < we have |u — <  S also

>  0  since | j^n | = k S = ^ l>  |dj|.

So
N

f  ^ B i { x , u , D u )  • { ^ u - d i Y i f d x < 0
J  C T  m

So

(**) <  J  f i 2 \ D u \ ^ 2 6 r f d x +  S f i 2 j  \ D u \ ^ T f d x

+ i k { p )  J  \ D u \ ^ T f d x - ^ k { e , p )  j  R ~ "‘* \[ u \i -  d i \ ^ d x
B r  B r

And using the induction assumption

< p 22Sik{p) J  \Du\^rY^dx 4- k{e,p)R~^ ^  | u -  ul^dx
B r  B r

+ S p 2  J  \D u\^rfdx-\-ikip) J  \Du\^rj**dx
f iR n { ( fe —l)5 < |'U l< fc J }  B r

+k{€,p) j  R-P\[u\i-di\^dx

(A — (îjUa) J  \Du\^rfdx < ^22JêA;(p) J  \Du\^rfdx
B R n { { k - l ) 6 < \ u \ < k 6 }  B r

+P2^Sk{€,p)R~^ J  \u — u\^dx-\~ik{p) j  \Du\^rfdx
B r  B r

+ * { £ ,? ) f R-’WuV-dtl’dx
B r

19



This implies that

J  \Du\^rfdx < ik(p) j  \Du\^rfdx-\-k{€,p)R~^ J  \u — u\^dx
flRn{(fc-l)(y<|u|<A:5} B r  B r

Since

J  \Du\^rfdx =  J  \Du\^rfdx 
BRn{|u|<*Æ} BRn{|ul<fc-i)J}

4- J  \Du\^rfdx
flRn{(fc-l)J<li»|<W}

We get (conclusion of induction)

j  \D ufrfdx<ik{p) J  \Du\^Tfdx-hk{€,p)R-f^ J  \u-û\^dx
f l R n { |u |< W }  B r  B r

Since | | ix | |o o  < MS  we get the Cacciopoli inequality

j  \Du\f^rfdx<ëk{p) j  \D u\^rfdx-^k{i,p)R-^ J  \u -ü \P d x
B r  B r  B r

So

(1  — ik{p)) J  \Du\^rfdx + k{€,p)R~^ ^  |u — u\^dx
B r  B r

Choosing i  such that (1  — ik{p)) >  0  for all k{p) we get:

J  \Du\^rfdx < k{e,p)R  ’’ J  [u—till’d®
B r  B r

20



which can be rew ritten as:

y* \Du\^dx <k — u|̂ dar,
Br/2 Br/2

using properties of 17. Applying the Sobolev-Poincare inequality we obtain

^ \D u \^d x  < c( - ^ { D u l^ d x ) ri
B r / 2  B r

We are now is a position to apply the following theorem taken from [2]. 

Theorem: Let Q be an n-cube. Suppose that

^ g ^ d x  < 6{( ^ g d x )^  4- ^ f ^ d x }-\-6 j^g^dx  

Q r  Q 2R Q 2R Q 2R

for each Xo G Q where

Qr = {a? € R”||a:il < Æ, i = 1, ... ,n}

and each

R  < max dist {xo, dQ), Ro} 

where Ro, b, 6 are constants with

6 > 1, Ro >  0 0 <  g <  1,

with

g € L ^ Q ) ,  p > l ,  /  €  r  (Q) r > p .

21



then g €  for g 6  [p,p +  c) and

{^g ^d x )^  < 6i{( j-g ^d x)^  +  ( ^ / ’dx)«}
Q r  Q 2 r  Q s a

Q2R C  Q, R  < Ro, where 61 and e are positive constants depending only on 

b, q, n and r.

We set

g =  , g =  |Dn|T%, f  =  Q,  6 =  0 
n + p

This implies by the above theorem that \ D u \ '^  € for every

p +  n p +  
n n

6 a small chosen constant and

( ^ |D n |^ d x ) r  < C { - ^ \D u \^ d x ) ^
B r / 2  B r

writing p as we obtain by simple algebra

( y  IDnj^dx)^/" <  C{^\Du\Pdx)^^^
B r / 2  B r

where g >  p; this completes the proof of the theorem.
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Chapter 2

Regularity of weak solutions

The goal of this chapter is to prove regularity of weak solutions of System (1 ) 

with coefficiant functions

A f{x ,u ,D u)  =  |Du|P“ *Z)aU*(ar),

i.e. A(u) is the p-Laplacian plus a perturbation. We present a variant of the ar­

gument presented in [3] based on the convexity of the potential of the p-Laplacian 

to deal with all p, 1 <  p < n, simultaneously.

In order to prove theorem 2, we first prove a proposition similar to a lemma 

presented in [2 ].

Proposition: For every x<> € ft and for every p and R  with

p < R <  max{dist(xo,dft, 1 }

we have the inequality

I  ( l +  |£lu|'’) < t e < c [ ( | ) "  +  x(Xo,fl)] I  (1 +
Bp{Xo)

where

x(xo, R) =  giRP''^ J  \Du\^dx)

for an increasing continuous function g : and g(t) going to zero as t

goes to zero.
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Proof of Proposition:

First we note that defines a convex mapping from into R . Therefore we

have for any two |  6  R ”^  and p > 1 :

! ( ! '<
t=l a=l

and

t=L a=l

Now locally we compare the weak solution u of system (1) with a  weak solution 

V of the unperturbed system

-  53 DaAf{Dv)  = 0 ;  in B r /2 for i =  1, . . .  , iV
a=l

V = u  in dBR/2

For p <  J  we have by theorem B c.f. : [10] that

f \Dv\^dx < p"ess sup \Dv\^ < c(-^)” f (1 +  \Dv\^)dx 
J  Bp B n / 3  ^  J  B n / 2

We also note that <  ||v||^«o(n);see [8 |.

Using the convexity of |(|P we get:

/* f  y*
I  \D v\^dx< p j  ^ ^ A f { D v ) D a { v - u y d x

B i / 2  b U

y* \Dv\^dx =  y  \Du\^dx,

B n /2 B n /2

since v is a weak solution of the unperturbed system.

24



For w = u — v m  H^'^{Br/2) we have

J  \Du\^dx < c  j  \Du'^dx
B r / 2  B r /2

and we note that the trivial extension of w is in Next we claim that

♦ y  (1 +  \Du\^)\w\dx < c  j (1 +  \Du\^)dx x(xo, H).
B r / 2  B r

Indeed using first Holder’s inequality and then the reverse Holder inequality ver­

ified for u in chapter 1 we get

J  ju;| ( I  +  |Du|'*)dx <  c[( J  +  ( J  |Du(‘*dx)«]( J  | t ü | î ^ d x ) ^
B r /2 B r /2 B r /2 B r /2

<  c(l -t- J  \Du\^dx){ j  |u;l’’d x ) ^
B r  B r /2

In the last estimate we used the fact that |w |4-p <  c|u;| since q >  p  and applied

Holder’s inequality to /  |w|dx.
B r /2

Since w\dBR/2 =  0, we use Poincare’s inequality to estimate

J  |ti>|*’dx <  cRF J  lDu;|*’dx < cRF J  |Du|*’dx
B r /2 B r /2 B r /2

Multiplying this inequality with estimate (*) follows with

Br{Xo)  
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Also, because of our growth condition we estimate with Young’s i n e q u a l i t y  and 

Holder’s inequality
p  N  n

/  ^  y^^Af{Dv)Da{u — v)*dx 
o  i= l a=l

p

< c I f  {\Dv)\^ { f

V . /  i
< c(y* \Dv\^dx) +  J  \Du\^dx)

Bp Bp

Now putting these results together we get

f \D v fd x <  f \D v\^dx+ p f y^A f{D u)D g(u  — v)*dx
B p  B p  B  ‘ = ^ “ = 1

< |Du|Pdz + C J  [Dvl’̂ dx+p
Bp Bp

.  Af n

/  E  -  ;4f(Du)]D,(u -  v)‘d®
^  » = la = l

< iy* |D u |* ’d z 4- C y  |Dv|'’dx
Bp Bp

(since v is a weak solution of the unperturbed system.)

/
N  n

-  vYdx

f l « / a

=  i y  IDujPrfx +  C  y  |Du|«dx
Bp Bp
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-t-p /  ^  Bi{x, u, Du)w*dx <  x  /* \Du\^dx +  C
B r ,2  *=^ Bp

J \ D v \ ^ + p  J  (14- |Du|^)|w|dz
B r /2

using the definition of weak solution and the growth condition on the perturba­

tion.

With (*) we finally establish the desired inequality of the proposition:

I  \D u fd x  < C ( | ) " (  I
Bp B r /2

+ C I  (1 + \Du\')dx x(xo. R) < C [ ( |) "  +  x ( i . ,  B)] A l  +  \Du\’‘)dx
B r  B r

We shall indicate here how this inequality implies regularity. W ith o <  a  < I 

choose a fixed r  such that 2Ct^ ~ ^  =  I, with C  being the same constant as in 

the proposition just proved. We define 0*, to be the set

[xo 6  fl| there is Ro < min(l, dist such that sup (xo, R) < r"}
R < R o

We shall prove that the weak solution is Holder continuous on We introduce 

for Xo and R <  Ro the quantity

0(H) =  HP-" j  ( l +  IDuHdx
Bh(*o)

For o <  7  <  1 we have:

M.yR) < C t ' 0 {B) ( 1  +  x ( i . ,  B ) r - “ ) 
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To see this note that our proposition implies that

So

n

multiplying by 7 “ " and dividing by 7  ” we obtain

C<f>{R){r  ̂-I- x(®o, A)) =  C0(H)(r" + xi^o, A))r'

= r'*C0(H)(l +  T ^ x i x o ,  R ) )  <  TPC(f>{R){l + r ^ x i x o , R ) ,  ) 

since n >  p 0 < r  < 1.

Since sup x(xo,R) < we have that </>(rR) < y^(p(R) and since 2CrP~P* =  

1 implies Cr** =  r**** we deduce <p(rR) < r^**< (̂R). By iteration we get 4>{t^R) < 

for all A; €  N . This implies the estimate

m  <

for all p with 0 < p < R. hideed for p < R  there exists a k such that <

p < t^R.

Further

<̂ (p) =  y  (14- |Du|P)dz < j  (l +  |Du|P)dx
B.

< J  {l + \Du\P)dx = rV~^4>{r^R).
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Now

Hence the estimate holds with C  =

It follows that for x  6  B{xo^ R) we have

J  \Du\Pdy \Du\P)dy p” '* T w v.y ff »~P+PO
Bp(*) n

To see this observe that by definition of 0(p) we have

j  \Dv.\>dy < < C « ( f l ) ( | r  ̂  | ( 1  +  \Dxi\ndy
Bp(x) n

<p'»-P+P“ Ci yC l +  IDuHdy
n

and so, for every x  €  B(xo, R)

f l.w

this is because by theorem C (Poincare’s inequality)

J  K y) -  u*,pl*’dy < CpP j  \Dufdy
BpM

< C/p"-P+P=Ci J  |u(y) -  u^pl'dy
Bp(i)

<C 3p”+*’“
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Holder continuity follows from Theorem D.

Finally we shall point out why =  0. First we show that

(HP-" J  |Du|Pdr)^/P < (H«-" j
B r  B r

By Holder's inequality we have:

j  \Du\^dx<{J
B r  B r

SO

B.

-

B r

Note that by the result of chapter 1, \Du\^ €  with 9  <  p.

We conclude that

{xo 6  Q\ limjnf J  \Du\^dx > 0}
Br {xo)

C  {xo €  n | liminf j  \Du\^dx > 0 } = : E
Br (Xo)

SO by theorem A of the introduction = 0 and hence =  0.

This completes the proof of the theorem.
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Chapter 3

Everywhere regularity

la  certain cases everywhere regularity holds; i.e. for systems of quadratic growth 

(p =  2) with special structure and assumptions. We will consider systems of 

partial differential equations of the form

n
(3.1) =  f i i x , tx,Du) i =  l, , N.

a,/3=l

These type of systems are called ‘diagonal’ since = A**^Sij where Sij is the 

Kronecker symbol. We assume the following conditions:

(El)

A^^{x) 6

(E2)

^  6  R"; A > 0, (ellipticity)
a,0=1

(Ez)

1 fi{x, u, Du)I <  a|Du|^ + 6 ; a, 6 constants i =  1 , . . .  , N  (quadratic growth)

We also assume that the Z^-estimate for the gradient of a weak solution of (I) is 

true. By definition we have

n  \  =  {xo €  ft : lim i^ R * ""  J  [Du\^dx >  cq}
Br(*o)
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where eo is a positive constant. To show 0  =  we show that for every Xo there 

exists p such that

J  \Du\'^dx < €o.

Bq (*o )

We choose 4> = ut) with 77 e  C ^ { B 2r),V  > 0, in the weak formulation

J A°‘̂ DaU*Dp(l>*dx =  J fi{x,u,Du)<f>*dx i =  1, . . .  , N  
a n

to get

y  A°‘̂ Da{u*)D0{u*Tf)dx = J  fi{x,u, Du)u*rjdx 
n n

or

j  A^^Da{u*)D0{u*)r}dx ■¥ J  A°‘̂ Da{u*)D0rfu*dx =  J  fi{x,u,Du)u*r\dx
n n n

where sup \u{x)\ < M . We take note that the function
n

z  =  M{2R) — \u\^,M(t) :=  sup |u|^ 

is a nonnegative super solution of an elliptic operator with right-hand side

y  A**^DazDprfdx >26  y  rjdx
f l a n  B m

for every 17 6  C ^ ( B 2r ) ,  t? >  0

EVom the weak Hamack inequality (see theorem 8.18 in [5]) we have

f zdx<C[in£z  
J  B r

BiR
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Now let w 6  H o (^2r )  be the solution of the equation

( • )  f = ̂ j 4«ixyiP€Hl(B2R)
Ban Ban

Take 0  =  tüz , we get:

y  DawD0 {wz)dx =  ^  y*
Baa Ban

or

(3.2) ^ y  A^^^Doiw^Dpzdx +  J  zA^^DawD^wdx — J  '^^àx.
Bas Ban Bjr

We have tw <  a i  in B2R by the Maximum principle and w > ag > in by the 

weak Hamack inequality. Moreover, a i  and ag do not depend on R.

Lemma; For a weak solution of (*) there is an as >  0 such that w >  aa in Bi 

with Q2 depending only on A and M  with |A®^(x)l <  M.

Proof: To see this; we perform the change of independant variables x  =  Ry. The 

function v(y) =  w{Ry) is a solution of the Dirichlet problem

{
—Daia^^Dpv) =  1 in Bg 
u =  0  on dBg

where a“^(y) =  A®^(By,u(By)).

As a consequence of the weak Hamack inequality we have the following Lemma, 

implying the independence of a i  and ot2 foom R.

We first show that

(♦)' y  A**^DffwDaHx =  ^  y
B2R B2R
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if and only if

j  ot**^iy)D0v{y)Da<t>{y)dy = j  4>{y)dy
B *  B a

Observe the following

j  Q^^{y)D0v{y)Da<t>{y)dy = j  Hy)dy
B a  B a

if and only if

J  a°‘̂ {y)D^w{Ry)Da<j>{y)dx = j  4>{y)dy (since v(y) =  u;(i2y))
Ba Ba

if and only if

y* a°^{y)RD0w{Ry)Da^{y)dy =  ^{y)dy where <̂ (y) =  <j>{Ry)
Ba Ba

if and only if

R  j  A^^{Ry,u{Ry))Dfiw{Ry)Da^{y)dy = j  ̂ {y)dy
Ba Ba

if and only if

R  j  A**'^{Ry,u{Ry))Di3w{Ry)Da{(f>{Ry)dy = j  i{y)dy
Ba Ba

if and only if

f  A^^{Ry,u{Ry))D0w{Ry)Dai<f>{Ryydy= f  <t>{Ry)dy
B a  B a
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Now let

R
X = Ry = F(y) , J  =  det DF{y) =  det | ‘ . | =  Ü"

R .

then the last equation holds if and only if 

R \
I
Bjr Ban

if and only if

J  A°‘̂ {x,%{x))D0w{x)Da(f>{x)dx =  J  <f>{x)dx
BiR B2R

This proves (♦)'.

Note that if |x| < 1 then x  €  B^{y) for some y with |y| <  3/4. We need a lower 

bound on l|u|Ui(B^)(y). (See theorem 8.18 in [5])

Note that from

—Da{a**^Dffv) = 1  on Eg|-D,
t. U =  I0 on 882

We have the weak formulation

J  A^^DavD0<t>dx =  J  <pdx
Ba Ba

Choose = 77,77 €  C“ (5 j(y ), 77 >  0 and fix H this implies

J  DavDfftjdx =  J  3]dx
B^iv) B^Çy)
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hence

Ci{N) < J  r\dx =  J  a^^DavD0r]dx
Bj(y)

< M ( y* \Dv\^dx)^)i J  \Dv\dx)^
Sj(y) Sj(y)

<MC2{N){ j  \Dv\^dx)i
fij(y)

so

( J  \Dv\^dx2) > M({N).
flj(y)

Now take

T] e  C^{B^{y))  with 0  <  r? <  1 , r? =  1 , on B^{y), <aid\Dr}\ < 4C,

then

J  X\Dv\^ifdx < J  DavD^vrfdx
Sj(y) B^(y)

= J  A**^DavD0{vTi^)dx — J  2r]vA°‘̂ DavD0ridx
Bj(y) Sj(y)

= J  VTĵ dx +  ^  J  \Dv\^rj^dx 4- ^  J  \v\^dx
flj(y) B^(y) B^(y)

SO

^  J  \Dv\^r}^dx < J  vrj^dx +  ^  J  \v\^dx
B^(y) ®j(») ^^(y)
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hence

A J  \Dv\'^ri^dx < 2  J '  vrj^dx +  j  J  \v fdx
®|(y) B^(y)

< 2  J  vrj^dx + C  J  \v\^dx

fij(y) ®j(y)

< ( 2  +  aC) j
f i j ( y )

since one can write Ivp < ajuj, where a  =  m ax |r|.
B a

Since we already have

( f  \Dv\^dx) > { M C (N ) f  

B j ( y )

this implies that

( M C ( N ) f <  I  \D v fd x )<  j  \ D v \ W d x < ^ ^ ^ ^ h  f  I"!*:) 
fl^(y) Sj (̂y) ®j(y)

So

0 < < f  \v\dx < C  m£ V.
2 + a C  “  y ' ' B i ( y )

B^(y) *

From this it can be seen that ag does not depend on R.

In conclusion the relation (setting rj = in (2))

i  J  DffijDazdx +  y* zA**^DawDffwdx ~  J  wzdx
BiR Baa Baa
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implies that

J  D^riDaZdx < CR~^ J  zdx
Bjr Bjr

Since w is bounded in B2R and because of the ellipticity,

J  zA^^DawD^wdx > 0.
B2R

We also have

J  \Du\^rfdx < J  DfffiDadx < CR~^ J  zdx
BtR flan B j r

=  CR-^[E"(inf z ^ R } ) ]
B r

=  C H "-2 (inf z-hR^)
B r

=  CR"-^[M(2A) -  M (R)  +  R^]
Observe that

00

V [M (2^-*i2) -  M (2-*ü)] <  M{2R) < sup |up
fe= 0  ^

so

f  \Du\^dx < C RT-^ ^ [M (2 ^-* H ) -  M (2-*iî) +  R^]
As=Od . fc=0»a-*R

< C H " - 2 (sup|u|2 -kH2)
n

Therefore /  \Du\^dx < Co with p — 2 ~*R for some fe.
Bp (*o )

This implies Cl = Qo and therefore the everywhere regularity of u.

It is natural to ask whether everywhere regularity holds for systems of the type 

A(u) +  B(u) =  0 with A(u) being the p>Laplace operator if p ^  2. I t does not
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seem that the methods’s of that which has been discussed (p = 2) extend in a 

straight forward manner. More research is needed to answer this question.
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