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Abstract of dissertation

In this dissertation we consider weak solutions of the System A(u)+ B(u) =0 on
a bounded domain 2 C R" where B(u) is a perturbation of critical growth, i.e.
its growth exponent p equals the integrability exponent of the Sobolev space for
which A(u) is a coercive elliptic operator. Under certain structure conditions we
get a higher integrability result for 1 < p < n and a regularity result for p > 2.



Introduction
If we consider multiple integrals of the form
J(u) = /F(z, u, Du) dz
Q

where

F (z,u,p): QxR"xR"™ > R,

the study of the stationary point of this integral is equivalent to the study of

weak solution of the system
(1) —D,A{(z,u, Du) + Bi(z,u,Du) =0

These integral arise in certain areas of Mathematical Physics.

The Euler equation for J(u) is of the type of system (1), although systems of
the type (1) are in general not Euler equations of a variational integral. In this
thesis we study the case of natural growth conditions. (See Preliminaries for a
complete discussion). In the case of an equation weak solutions in H2 N L* of
nonlinear equations are smooth under natural growth conditions. Therefore we
are led to consider H2 N L* as the natural class to consider. But for systems
we cannot expect everywhere regularity.

E. De Giorgi's famous example of 1968 shows that, f:ontrary to the scalar case,

weak solutions of elliptic systems are not smooth in general even for linear prob-
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lems. In the following decades it had been shown, however, that the set of non-
regularity of the weak solution is rather small and for important systems with
structure different from De Giorgi’s example that the solution is smooth on the

whole domain, as for instance for systems in diagonal form.

Perturbations often require additional conditions, too, such as the famous small-
ness condition for linear elliptic operators with perturbations of quadratic growth,

i.e. critical growth since for linear operators the natural Sobolev space is H:3(02).

In this dissertation we deal with a situation where the solution is bounded but
the L°°-norm is not restricted, instead we impose a strict positivity condition
on the perturbation assuing that the solution and the perturbation as vectors in
the target space R" have the same direction. For p = 2, results by Wiegner and
Frehse secure everywhere Holder continuity, using estimates of the Green function
of the Laplace operator. Qur main result for this chapter is a Caccioppoli type
inequality for elliptic operators satisfying a certain structure condition which

includes operators in diagonal form such as the p- Laplace operator.

>For p = 2 this allows us to regain the results from Wiegner and Frehse using the
‘direct method’ developed in particular by Giaquinta and Giusti. In addition,
our results extend to p = 2. In this case we obtain a ‘reverse Holder inequality’
and then use the ‘direct method’ again to obtain almost everywhere regularity,
i.e. the weak solution is Holder continuous in an open subset 2o such that the
Hausdorff measure H*~9(2\g) = 0 for some q > p.
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Preliminaries
We define

HY"(Q): =

{u € LP(Q) |u has first derivatives in the sense of distributions in LP(Q2)},

and
lullroiay = (f 1upix+ [ 1Dulpda)ile.
Q Q

We also define

Hy? (Q) := CP(Q)

where the completion is understood with respect to the norm || - [|[H1?(R).
We note the Q is a bounded and connected domain in R™. We consider bounded

weak solutions of the system
—D, A (z,u, Du) + Bi(z,u, Du) = 0,

i.e. vector valued functions u € L® N Hy?(Q) satisfying
N n ) N )
/ YY" Af(z,u, Du)Dogidz + / Y Bi(z,u, Du)¢* dz =0
for all
¢ € Hy?(Q; RY)nL=(@Q; RY).
The coefficent functions
A7 : xRVxR™Y o R
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are subject to the following hypotheses:

Al) Growth Conditions
|AZ(z,u, Du)| < p1|DulP~! +I(z) for some(u > 0)
with
l(x) € LP'(Q);

where p’ is the Sololev conjugate to p:
@) t+pt=11<p<o

A2) Ellipticity conditions
N n
33 A2(zn, 067 2 AEP, A>0
i=l a=1

for

neRY eeR™W,

A3) Structure Condition

N n N
3 A0l - Y €' 20
i=l a=1 =1

for all

v u€RM neR™W.

Conditions Al) and A2) are the usual condition providing regularity for weak
solutions for problems with natural growth c.f. [2]. The structure condition A3)
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is rather restrictive. It is satisfied though, by systems in diagonal form, such as
the Laplacian and the p-Laplacian. For further discussions and examples of this
condition c.f. [7].

For the coefficient function B;(z, u, Du) we have the following assumptions:

B1) Natural (critical) growth condition:

|Bi(z,m, §)| < p2(l€P + 1)

B2) Zero angle condition

N
Y Bi(z,u€) (wi—%) 20

i=1
for all
neR"™ uyeRY
with
vl < ul
for all balls B with Bgp CC Q.

The growth condition is called natural since it is satisfied by the operators of

the Euler-Lagrange equation for a functional of the type
J(u) = / h(s)| DulPdz.
Q

The name critical indicates that for a function u in H?(Q2) the perturbation is
only in L}(Q) and not in the reflexive spaces L(2),q > 1.
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Examples for which our conditions are satisfied are given by
—Au + h(u)|Duf*u =0

and

N
=" Da(|DufP~2Da u) + h(u)| Duffu =0

a=1l

for some non negative continuous function
h:RY 5 R*
We now verify B1) for the example
-Av' + h(u)|Dul>v*=0, i=1,...,N
We shall show

N
) h(u)|DuPui(u’ — %) 20, for |v| < |u|

i=1

Note

N
Y h(w)|Dulfui(uf — ) =

i=1l

N
= h(u)|Dul* Y w'(u’ —7°) = h(u)| Duf*|(u, u) - (u,7)]

i=1

Now by the Cauchy inequality (u,v) < ||u|| [|v], hence by assumption (u,v) <
llull llull = lluli* = (u, u), hence (u, u)—(u,7) > 0 and so h(u)| Du|?(y,u—v) 2 0.
We also verify A3) for the example

n s
- Z Da(loulp-zDo“i) + h(u)IDul”u‘ =0i=1, ... ,N

a=l



Note that

DN [ (Z f?é?hl’(fj E?vi)(‘:,(f?vi))

a=l <1 a=l1 a=1

=[P~ (I€12v1? - (€*.7))

a=1
=D l6r 3 eyt -grr)? 20
a=1 i<i<N

by the Lagrange identity.

The main result of chapter 1 states that the estimates on the gradient provided
for p = 2 in (2] are also valid for operators with 1 < p < n.

Theorem 1: Suppose that u is a weak solution of system [1] with

A(u) = -—(i Do AZ (z,u, Du))iL,

a=1l
and

B(u) = (Bi(z,u, Du))iL,
satisfying A1)-A3) and B1),B2) respectively. Then there is a constant ¢ and an
exponent ¢ > p such that

( leul‘ldz)l/q <¢( lequdz)l/?

Bp/a B

Remark: Note that for p > 2, L™-estimates are available c.f.[8]. Using the argu-
ments of (2] chapters 4 and 5 for p = 2, we can now regain the results of Wiegner
and Frehse as we point out in Chapter 3. For p # 2 we are not able to establish
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the everywhere regularity, however we will show the almost everywhere regular-
ity for certain systems. To this end we consider systems with a perturbation B

subject to the conditions B1), B2) and the p-Laplacian as elliptic operator, i.e.,

A(u) = = Y Do(|DulP~2Dyu).
a=1
We have
Theorem 2 Suppose that A(u) is the p-Laplacian and that B(u) satisfies B1) and

B2). Then for a weak solution of (1) there is an open set Qo C Q such that

u € C%(Qy, RY)
for all a < 1 and the n — ¢ Hausdorff measure of 2\Q, is zero for some g > p.
Remark: In our proof we need the regularity result for the unperturbed problem
of [10], hence somewhat more general operators A(u) can be dealth with, c.f. [11]
and [10].
In order to prove theorem 2 we use the following theorems. These can be found,
for instance, in (3] and [10] respectively.
Theorem A: If f € L}, then

H* %z e Q : liminf R¥™" / |fldz >0} =0
R-0
Bp
where ¢ > p.

Theorem B: Let Br be a ball with radius R € (0, 1] such that B3gp C Q. Let u

be a weak solution of system (1). Then there is a positive constant c such that

MP = esssup|Duf’ <C - R~ / (1-+ |Du)Pdz.
Bar
Bsr



See [10] for a complete statement of this theorem. We also present:

Theorem C: Let Bg be a ball in R"™ with radius R.

(1) If
u € H'?(Bgp), 1 <p < 400,
then
/ |u|Pdz < C(n, p)RP f | Du|Pdz
Bp Br
(2 If
u € H"?(Bg), 1 < p < +00,
then

/ |u —ug|Pdz < C(n,p)R?P / | Du|Pdz (Poincare inequalities)
Br Bg

where

We also introduce the notion of Hausdorff measure.
Definition Let E C R",0 < k < +00,0 < £ < +00, and let {F,} denote count-
able families of open sets in R". Then the k-dimensional Hausdorff measure
H*(E)in R", is defined by:
[~ -] (= -]
H*(E) = 2 *w sup inf{) _(diam Fn)*; |} Fu > E,diam Fy < ¢},
€0 h=o0 =0
Here wy, is the measure of the unit ball of R*.
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Theorem D: If for a € (0,1] there is a number R,) such that

/ [u — uz,p[Pdz < cp™+P*
Bp(z)

for all z in an open set Q and all p < min{R,, dist(z,0N)}, then u is locally
Holder continuous with exponent a in (2.

Theorem E: Let the operator L satisfy
o' (2)€;€; > ME® Vze, £eR™, Y |a(z)| < A?

where

Lu = D;(a* (z) Dju + b*(z)u) + ¢'(z) D;u + d(z)u

and suppose that f'eL/2(Q), geL9/%(Q) for some ¢ > n. If u is a W2(Q)
supersolution of the equation Lu = g+ D; f* in Q, non negative in a ball B4z (y) C

Q and 1 < p < 52, then we have
R"™P||u||,» <C(inf u+ K(R
lull e (Byag,)) < (a ) (R))

where C = C(n,A/\, VR, q,p).
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Chapter 1
Higher integrability

The goal of this chapter is to prove the following theorem.

Theorem: Suppose that u is a weak solution of the system
—Do A7 (z,u, Du) + Bi(z,u,Du) =0 i=1, ..,N

with conditions A1 — A3 and (B1), (B2) satisfied. Then there is a constant ¢ and

an exponent ¢ > p such that

u € HXY(Q,RY)

c

and

( f |Dul*dz) /3 < of f |DufPdz)V/?
Bgr,y Br
for all balls Bg with B cC Q.

In the proof of this theorem we will use test functions defined by a generalized

cut off procedure. For a function u: @ = RY we introduce [u]; by (I ¢ R*)

[“]t={u ful <t

Lu iflu > 1

ful

Important for estimates to be derived is the following lemma.
Lemma A: The ellipticity of A(u) = —D,A?(z, u, Du) and condition A3) provide

the following pointwise estimate

N n
>3 A2 (z,u, Du)Da(fuls) 2 0for u: 2 - R™,0 € R* and [u 2.

i=l a=1

11



Proof of Lemma: By [7] we have for § e R*
D.u? if lul <9

Dq([ulp)* = { ]%I(Da(’ui) —uf 1%1 i%fTDa(“‘)) if |u > 6

Therefore
N

Y " A2(z,u, Du)Da([ule)' =

i=l a=1
_ l
;gAa(z, 4, Du) (Dot — u Zl E D,u')

However we notice that by the (A3) condition

N n
3" Af(z,u, Du)(Dov’ - u Z =Dau') 20
i=1l a=1 =1 I I
so therefore
N n )
3" Y Ag(z,u, Du)Da((uls) > 0if [u] > 6
i=1 a=1

This completes the proof of the lemma.
Proof of the Theorem: In order to invoke the reverse Hélder inequality we have

to first prove the following Caccioppoli type inequality.

/ |Du|’dz<e/|Du|”dz+ (:)/lu—ﬁl"dx
Br

R/2
We verify the inequality using test functions ¢ = ([u]; — di)n® and obtain the

result by a finite induction over the increasing sequence of cut off levels

l=kd k=123, ... M.
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M = min{m € N |mé > ||u||oc}.

Here d; vectors in RY defined by

with

the average of u over the ball Br. The function 7 is the usual localization function,

ie,n€ C®(Br) with0 <7 <1,7=1in Bgrand |Dn| < %’ for some fixed C

greater than 2.

For an appropropriate § > 0 we get the following estimate for all €> 0

BRrn{jul<ss}

/ |DulPrPdz < e / [Dul’n"dz-i-K( &,7) / |u — TPdz
Br

where the constant K(e, p) does not depend on R. The Caccioppoli inequality

then follows. We first verify the above inequality for k = 1. We invoke Lemma A

and ellipticity to obtain:

N n
| DulPnPdz < / z ZA?(::, u, Du) DouinPdz

Ban{|u|<6} Brn{luj<s} =to=t

N n
* / YY" A2(z,u, Du)Da([ule)'nPdz

Br{ju|>s} =1a=1

/ z 2.4"(2, u, Du) D, ([u]¢ = d¢)*nPdz

i=l a=1

13



N n
=/ZZA?($, u, Du) Dy (0P ([u]e — do)?) dz

Br i=l a=1

i=1l a=1

N n
- [ X3 42, DupDam = (ule - i)
Br

N
=- / ZB,—(::, u, Du)([u]¢ - d¢)*nPdz
Br =1l
N n

- / 3 3" 42 (x4, Du) p Dan 7~} ([u]e - dy)'dz

Ba i=l a=l

N
== / Y Bi(z,u, Du)([u]e — do)'nPdz

Ban{lul<s} =1

B / Bi(z,u, Du) - ([u]e - do)'nPdz
Brn{|u|>5}

i=l a=1

N n
- / Z Z:A?(z, u, Du) p Dan "P-l([u]e - dg)idz = (*)
Bp

We note that by the Zero angle condition on the set B N {|u| > §} we have
N -
Z B;(z,u, Du)([u]e — de)* > 0.
i=l
This is because |ds| <! = § = |ug| so the zero angle condition applies. Hence we
get

N
- )" Bi(z,u, Du)(ue — dp)'rPdz < 0
Ban{lul<s} =1

therefore

N .
() <£- / Y Bi(z,u, Du)({u]e — de)nPdz
Brn{lul<d} =1

14



N n .
- [ 3 422, Du) p P Dan(lule - de)'dz

Br i=l a=1

N
< [ XIBe D)l lule - derPde
Ban{lul<é} =

i=l a=1l

N n
+ / Z ZIA?("B’ u, Du)lp ‘ IDTII np-ll[ult - dlldz
Br
This implies that
A / |\ DulPrPdz < 26 / |\ DulPrPdz
BrN{|u|<8} Ban(lui<s)

2 2p ,_
+ / | DulP= = [u] — delda + / 1(e) 2o~ e -~ deld
Bp
Br
Applying Young’s inequality to the last two expressions we get:

A / |\ DulPrPdz < 26, f |\DulPrPdz
BrN{lu|<d} ) BrN{Ju|<8}

+em5 k(p) f |\ DulPrPdz + k(e, p) / R|[uls — defPdz
Bn Br

or
A / |\ DulPrPdz < €755 k(p) / \DulPrPdz <
Ban{lui<s} B
k(e, p) / R™?|[u]¢ — d¢|Pdx + 20u; / | Du|PnPdz
Ba Ban{lul<s}
This implies that

(A = 232) / \DuPrPdz < e k(p) f |DufPrPdz
Brn{|u|<8} Br

15



+k(e, p) / R7?|[u], — d¢|Pdz
Br

Now choose § = 2~ denote ™7 = ¢ and divide A — 26, to get:

\DulPrPdz < k(p) / |\ DulPrPdz
Br

Ban{lul<6}

+k(e,p) | R7P|[ule — d¢fPdz
/

Note that the above k£ may change from estimate to estimate but is not depending

on R. We can write the last inequality as

\DulPrPdz < ek(p) / \DulPrPdz + k(e, p) / R-?|u — aPde
Brn{|u{<s} Bp Br

Note |[u]¢ — d¢| < |u — T|. For the case |[u],] < |ul|, |d¢| < |] cf.: figure 1: By

the law of cosines ¢ < b = |u — 4|. Therefore | < r, implies that
=|[ule—def Sc < |Ju-1
So the assumption of induction now reads

|DufPrPdz < ek(p) / |DulPrPdz + k(e, p)R~P [ lu - BPdz
BrO{lul<(k~1)8} Br Br

16



Fig. 1

We estimate using ellipticity and Lemma A:

A / |DulPnPdz
BrN{(k-1)é<|u|<ks}

N n
< / z ZA? (z, 4, Du)Dau'nPdz

BrN{(k-1)6<|u|<ks} i=l a=1

17



N n
* / Y. D Af(z,u, Du)Da([ul) nPdz

BRn{l‘ul)kJ} i=l a=1

N n
* / Z ZA? (z,u, Du)Dy([ue)nPdz
Brn{lu|<(k-1)) =1a=1
N n

< [ 303 42(e,w, Du)Da([ule - do)'rPde

Br i=1 a=1

2= i Bi(z, u, Du)Dq([ule — de)*nPdz

Brn{ju|>ks} =1

N
‘/B )" Bi(z,u, Du)Da([u]e — de)'1Pdz

RN{(k-1)6<[u|<ks} ;=1

N n
= [ 22 A%z, u, Du)p "~ Dan((ule - de)'dz

Br i=l a=1

-—

N
<- [ YBieuDu (- dorod
Ban{lu|<(k-1)5} =1

= k6 i
- / z Bi(z,u, Du) (l—u-l-u - de) nPdz
BrN{(k-1)<|u|<ks} *=!

- kS
- / Y_ Bi(z,u, Du) (u— —u)'nPdz

. u|
BrA{(k~1)6<|u|<ks} ‘=1 |

N n
+ / > Y 148 (z, u, Du)| p |Dn| 77~ |[u] — de|nPdz

BR i=1 a=1
Since
k& ké
B,u -d = B’_u_d + B’u____u
( { ‘) ( I“[ l) ( ’ IUI )

where (.,.) denotes the scalar product of vectors.
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We note that on the set {(k — 1)d < |u| < ké} we have |u — lkaT"I < 4 also
(B, E lulu d;) > 0 since l ul=ké =1>|d].
So

ZB (z,u, Du) - (l lu d¢)'nPdz <0
BrN{(k-1)d<|u|<ks} =}

So

(x%) < / p2| DulP26mPdzx + Sy / | DufPrPdz
Ban{ju|<(k-1)6} Ban{(k-1)6<|uj<ks}

+ek(p) / \DulPrPdz + k(e, p) / R?[ful, — dy|Pdz
Bgp Bgr

And using the induction assumption

< p228ék(p) / | DulPnPdz + k(e,p)R""/ lu — TPde

+dug / |Du|”n’dx+€k(p)/lDu|"n"dz
BrN{(k-1)6<|u|<kd}

+k(e, p) f R7|[u]; - dePdz

(A = bua) / |DulPrPdz < uy23ek(p) / DufPrPdz
BrN{(k-1)d<|u|<ks}
+uqa26k(€,p)R™? / |u — u|Pdz + ék(p) / | Du|PnPdz

+k(e.p) f R|[u]e — dePdz
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This implies that
\DuPrPdz < &k(p) / \DulPrPdz + (€, p)R~P / lu — TPdz

Ban{(k-1)6<|u|<ks} Br Bgr

Since

|\ DulPrPdz = / |\ DufPrPdz
Brn{lu|<ké} Ban{lui<k-1)§}

+ / | Du|PnPdz
Brn{(k—1)é<|u|<ks}

We get (conclusion of induction)

\DulPrPdz < ek(p) f \DulPrPdz + k(é p)RP / u — aPdz
Brn{|u|<ks} Br Br

Since ||ul|oc < Mé we get the Cacciopoli inequality

/ | DulPrPdz < &(p) / |\ DulPrPdz + k(é, p)R~? / lu — TPdz
Br Br Bgp

So

(1 — &(p)) / |DulPrPdz + k(e, p) R~ / lu— TPdz
Br Br

Choosing € such that (1 — ék(p)) > 0 for all k(p) we get:

/ |DulPrPdz < k(e,p)R™? / ju~—TPdz
Br Br

20



which can be rewritten as:

f \DulPdz < k ][ lu — TPdz,

Bpr;a Bpr/;

using properties of 77. Applying the Sobolev-Poincare inequality we obtain

][ \DulPdz < o ][ | Dul 5 dz) 22
Br/a Br

We are now is a position to apply the following theorem taken from [2].

Theorem: Let Q be an n-cube. Suppose that

][ gPdz < b{(QZi gdz)? + ][ fPdz} + Ooi gPdz

Qr Qar

for each z, € Q where
Qr={z€R™|zi|<R,i=1,...,n}

and each

R < max {% dist (z,,9Q), Ro}
where R,, b, @ are constants with
b>1, Ro>0 0<6<1,

with
geLl’@Q), p>1, feL'(Q) r>p.
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then g € Lloc(Q) forg € [p,p +€) and
( f9%dz)s < by{( ToPda)¥ +( f fidz)<}
Jootsui fout(f

Q2r C Q, R < R,, where b, and ¢ are positive constants depending only on
b,q,n and r.

We set

pnr Bn L, _
= ’ =|D P, =0,9=0
=175 |Dul|3+5, f

This implies by the above theorem that | Du|++5 4P € L},.(B) for every

+n p+n
ALY

, + ¢
n n

€ a small chosen constant and

( ][IDul%dz (leul"dz) n+p

Br/a

writing & as F} . ;‘% we obtain by simple algebra

( ][ |Duj9dz)'/9 < C( ][ | Du|Pdz)/?

Bpr/a

where g > p; this completes the proof of the theorem.
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Chapter 2
Regularity of weak solutions

The goal of this chapter is to prove regularity of weak solutions of System (1)

with coefficiant functions
AZ(z,u, Du) = |DuP~2Dyu'(z),

i.e. A(u) is the p-Laplacian plus a perturbation. We present a variant of the ar-
gument presented in (3] based on the convexity of the potential of the p-Laplacian
to deal with all p, 1 < p < n, simultaneously.

In order to prove theorem 2, we first prove a proposition similar to a lemma
presented in [2].

Proposition: For every z, € 2 and for every p and R with
p < R < max{dist(z,, 99,1}

we have the inequality

/ (1+|DulP)dz < [(%)" + X(Zo, R)] / (1+ |DufP)dz
Bp(z,) BRa(s,)

where

X@oB)=g(R™ [ |Dupdz)

BRr(sq)

for an increasing continuous function g : R* — R* and g(t) going to zero as ¢
goes to zero.
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Proof of Proposition:

First we note that |£|P defines a convex mapping from R™” into R. Therefore we

have for any two £, € R™Y andp>1:

N n
€I < 1P +)_ Y Az(e)E-é);
i=1 a=1
and

N n
SZ:E_:(A"(E) Az -§);

Now locally we compare the weak solution u of system (1) with a weak solution

v of the unperturbed system

a=1

n
{ — S D.A7(Dv)=0; inBgpfori=1,...,N
v=u in dBg/2

For p < £ we have by theorem B c.f. : [10] that

/ |Dv|Pdz < p™ess sup |Dv|? < c(ﬂ)"/ (1+ |Dv|P)dz
R Br/a

B, Bpr/a

We also note that "v”L""(BR/z) < [lvll L= (q); see 8].

Using the convexity of |£|P we get:

/ [Dv|Pdz < p / E EA"(Dv)DQ(v —u)'dz

BR/’ BR/ =1l a=1
+ / |Dv[Pdz = / |Du|Pdz,
Bg/z BR/3

- since v is a weak solution of the unperturbed system.
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For w =u — v in H}'P(Bg/;) we have

/lDuI’szc/ |Du|Pdz

Bp;a Bgr/z

and we note that the trivial extension of w is in H}?(Q). Next we claim that

* / (1+ |DulP)|w|dz < ¢ /(1 + |Dul?P)dz x(z,, R).
Br/2 Br

Indeed using first Holder’s inequality and then the reverse Holder inequality ver-

ified for u in chapter 1 we get

[ Wi+ Dz <el( [ dopie( [ Durde)¥( [ 1wl e

Bpr/a Bpr/a Br/a Bp/3

<cl+ / | DulPdz)( / w[Pdz) 5
Br Bgr/a

In the last estimate we used the fact that |w|¢'37 < clw| since ¢ > p and applied
Holder’s inequality to [ |w|dz.

Bpr/a
Since w|sB, ;2 =0, we use Poincare’s inequality to estimate

/ |w[Pdz < cRP / | Dw|Pdz < cRP / | Du|Pdz

Bgr/a BRr/a Br/2

Multiplying this inequality with R~" estimate (*) follows with

x(zo, R) = (RP—™ / |DulPde)
Bgr(z,)
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Also, because of our growth condition we estimate with Young’s inequality and
Holder’s inequality

N n
/Z ZA?(DU)Da(u - v)'dz
B, *}

i=1l a=1

=1

<c| f0ppy5ae| ([ iurazye
» B,

< o / |DofPdz) + 5 / \DulPdz)
3, ? 5

Now putting these results together we get

N n
f |Dv|Pdz < f |Dv|Pdz +p / Y ") A (Du)Da(u —v)idz
B, B, B,

i=1l a=1

< % / |DulPdz + C / \DvPdz +p
B, B,

N
/ Y Y [43(Du) — AZ(Dv)|Da(u - v)'dz
B’ i=la

=1
1

< 5/[Du|’dz+C/IDv|’dx
B, B,

(since v is a weak solution of the unperturbed system.)

N n )
+p / EZA?(Du)Da(u-v)‘dz

Br/a i=1 a=1

- % f \DulPdz +C / \DufPdz
B, B,
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+p / ZBz(z, u, Du)w'dz < / |DufPdz +C

Bprya =1

/lel"+p / (1 + |DulP)|w|dz
Bpr/a

using the definition of weak solution and the growth condition on the perturba-
tion.
With (*) we finally establish the desired inequality of the proposition:

[ 1pupaz < By [ 1Dolpaz)

By Bgna
+C [ (1+1DuP)dz (20, B) < CLG)" + x(zar B)] [ (1-+1Dup)iz

We shall indicate here how this inequality implies regularity. Witho < a <1
choose a fixed 7 such that 2C7P~?* = 1, with C being the same constant as in

the proposition just proved. We define 2, to be the set
{z, € | there is R, < min(1, dist (z,,d0R)) such that sup (z,, R) < 7"}
R<Ro

We shall prove that the weak solution is Holder continuous on 2,. We introduce

for z, and R < R, the quantity

#(R) = P~ / (1+ | Dul?)dz

Bp(z,)

For 0 < v < 1 we have:

¢(7R) < CrPo(R)(1 + x(Zo) R)7™")
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To see this note that our proposition implies that

#(e) < CHR){(F)" + chi(zo, R)}

So

#(rR) < CH(RI{(Z)" + x(zo, R)} = CH(R)(r" + X(z: R))

multiplying by v~" and dividing by v~" we obtain
Co(R)(m" + x(zo, R)) = CH(R)(™" + x(zo, R))r™"

= "CH(R)(1 + ™" x(z0, R)) < TPCH(R)(1 + T"x(Z0, R),)

sincen>p 0<7r<1l

Since sup x(z., R) < " we have that ¢(TR) < v?¢(R) and since 2C7P~P* =
R<R,

1 implies Cr? = 7P we deduce ¢(TR) < 7P*¢(R). By iteration we get ¢(7*R) <

%P2 4(R) for all k£ € N . This implies the estimate

#(p) < C(£)"4(R)

for all p with 0 < p < R. Indeed for p < R there exists a k such that 7**!R <
p < TER.
Further

b(0) = P / (1+ |DulP)dz < PP~ f (1+ |DufP)dz
B, Blxn
< (F*HR)P-" / (1+ |DulP)dz = 7-"¢(r*R).

th R
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Now

¢(TkR) < TkpaQ(ﬁ(R) - (%)paf(k+1)Pa¢(R)

_ pa p ropa P\Pe
G g )8R = () ol
Hence the estimate holds with C = r—n-pla-1),

It follows that for £ € B(z,, R) we have
/ \DufPdy < C / (1+ |DulP)dy p*—P+Pe
B,(z)

To see this observe that by definition of ¢(p) we have

[ 1pupdy < o0 < CoBIEP By f (1 +|Dup)dy
Bp(z)

<pmecy [(1+1Dup)dy
and so, for every z € B(z,, R)

[u(y) — uz,o[Pdy < C2p™+Pe,
Bp(z)

this is because by theorem C (Poincare’s inequality)

/ lu(y) — s plPdy < Cp? / |DulPdy

B,(z) B,(z)
< CpPp~PHP2C, / [u(y) — ug,|Pdy
B,(2)
< Ca pn+pc
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Holder continuity follows from Theorem D.

Finally we shall point out why H"*~?(2\2,) = 0. First we show that
(RP7™ / |DufPdz)'/? < (RI" / |Du|%z)/4
BR BR
By Hoélder’s inequality we have:

/IDuI"dz < (/ lDuI“dz)”/"lBgll“’/“
Bp

Bp
so
1 P c 94\P/q 1-p/q
Tnr |Du| d:nsl |ua( | Du|%dz)?/9| Bp|
Br RI ™ Bg
1 2
= ( ey /lDul"da:)c
—£-1-q/p
| Br| B
< gy [ 1Dulae)t

Br

Note that by the result of chapter 1, |[Du|? € L}, with ¢ < p.

We conclude that

1
{zo € Qlliminf = f |DufPdz > 0}
Br(z,)

C {zo € 0| liminf 1

of = / \DulPdz >0} =: E
-

Bgr(zo)
so by theorem A of the introduction H"*~9(E) = 0 and hence H*~7(2\,) = 0.

This completes the proof of the theorem.
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Chapter 3

Everywhere regularity

In certain cases everywhere regularity holds; i.e. for systems of quadratic growth
(p = 2) with special structure and assumptions. We will consider systems of
partial differential equations of the form
n I3
(3.1) Y. Da(A*Dpu) = fi(z,u,Du) i=1, ... ,N.
a,f=1
These type of systems are called ‘diagonal’ since Af;-’s = A°P§;; where §;; is the

Kronecker symbol. We assume the following conditions:

(Ev)
A%8(z) € L®(Q)
(E2)
> A% (c)taks = NEI?, VE € R™ A > 0, (ellipticity)
a,f=1
(Es3)
| fi(z,u, Du)| < a|Du|® +b; a,bconstantsi =1, ... ,N (quadratic growth)

We also assume that the LP-estimate for the gradient of a weak solution of (1) is

true. By definition we have

Q\Q={z,€0: ligl_’ing"” / [’Dulzdz > €0}
BRp(z,)
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where ¢ is a positive constant. To show 2 = 2, we show that for every z, there
exists p such that

p " / |Duj?dz < €,.
By(zo)
We choose ¢ = un with n € C°(B2gr),n 2 0, in the weak formulation

/ A*8D,u'Dpdidz = / fi(z,u,Du)¢'dz i=1, ... N
Q Q

to get
/ A% D, () Dy(uin)dz = / fi(z,u, Du)uindz
Q Q

or
/ AP D,(u')Dg(u*)ndz + f A°3D,(u')Dgnu'dz = / fi(z,u, Du)u‘ndz
Q Q Q

where sgp lu(z)] < M. We take note that the function

z=M(2R) - |u|®, M(t) := sup |u|?

t,(zo)

is a nonnegative super solution of an elliptic operator with right-hand side

/ A*AD,zDgndz > 2b / ndz

Bagr Bar

for every n € C3°(B2r),n 20

From the weak Harnack inequality (see theorem 8.18 in [5]) we have

R / 2dz < Clinfz + R?]
Br

Bar
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Now let w € H(B;g) be the solution of the equation

1
*) / A DouDjbdz = 2 / édz Y € HY(B,z)
Bagp Bar

Take ¢ = wz , we get:

/ A8 D wDg(wz)dz = — / wzdz
Bagp Bar

or

(3.2) % / A®D,w?Dgzdz + / zA"“GDangwdz:I—%l-z- / wzdz.

Bzr Bar Bain
We have w < a; in Bz by the Maximum principle and w > a3 > in Bg by the
weak Harnack inequality. Moreover, a; and a; do not depend on R.
Lemma: For a weak solution of (*) thereis an a; >0 such that w > a2 in B,
with ay depending only on A and M with |[A%A(z)| < M.
Proof: To see this; we perform the change of independant variables z = Ry. The
function v(y) = w(Ry) is a solution of the Dirichlet problem

{ —D,(a*®Dgv) =1 in B,
v=0 on 0B,

where a®#(y) = A*#(Ry, u(Ry)).
As a consequence of the weak Harnack inequality we have the following Lemma,
implying the independence of a; and a3 from R.

We first show that

(*)' / A°®DguwD,¢dz = % / ¢dr
BaR BaR
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if and only if

f o (y) Dsv(y) Dad(y)dy = / o(v)dy
B3

B,

Observe the following

By

f a®(y) Dgv(y) Dad(y)dy = / é(y)dy
B,
if and only if
[ 4 WDsw(RDas(u)dz = [ bluddy (since v(y) = w(By)
, 2,
if and only if
[ @) RDsw(Ry)Da(w)dy = [ Bu)dy where d(u) = 8(Ry)
B Ba
if and only if
R [ 4%8(Ry,u(Ry)) Dau(R)Dabiy = [ #u)dy
5 B,
if and only if
R [ 4°8(Ry, u(R)) Dsu(Re) Da(9(Ru)dy = [ )y
Bs By
if and only if
B [ 4°8(Ry, u(Ry)) Do (Ry)Dalo(Ru)ty = [ #(Ru)dy
B,

Bs
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Now let
R
z=Ry=F(y), J= det DF(y) = det ( ) =R"
R
then the last equation holds if and only if

2
% / A% (z,u, (x))D,,w(z)Dm(z)dz:% / ¢(z)dz
Bar Ban

if and only if

/ A%B(z,u, (z))Dgw(z)Dad(z)dz = / #(z)dz

Bar Bar
This proves (*)’.
Note that if [z| < 1 then z € By (y) for some y with [y| < 3/4. We need a lower
bound on ||v[|[,x(5§)(y). (See theorem 8.18 in [5])

Note that from
{ —D,(a*®Dgv) =1 on B;
v=00n 332

We have the weak formulation
/ A®®D,vDg¢dz = / ¢dz
Bz 32

Choose ¢ =1,n € C3°(By(y), n>20and fix R = 3 this implies
/ a®®*D,vDgndz = / ndz

B* (v) B* v)
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hence

Ci(N) < / ndr = / a*#D,vDgndz

Bi(v) B4 ()
< M( / |DulPdz)})( / |Drldz)}
B*(y) B*(y)

<MCN)( [ 1DolPaz)t
B*(y)
SO
( / |Dvf2dzt) > M((V).
3*(&!)
Now take

n€C5°(By(y)) with0<n<1, n=1, on By(y), and|Dy| <4C,

then
/ A|Dv|*n?dz < / A°3D,vDgvntdz
By (v) By ()
- / A°8D,vDg(vn?)dz — / mvA®® DovDgndz
Bk(") By (v)

= / vnzdx+% / [Dvlznzdz-i-; / [v|?dz
By () By (v) By ()

SO

-g- / |Dv|?ndz < / vnzdz-i-%- / [v|?dz
By() By(v) By ()
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hence

A / |Dv|*n%dz < 2 / vnzdz+; / lv|?dz

B&(y) Bi(y) Bi(y)

<2 / vnidz +C / [v|*dz
By (v) By ()

<(2+aC) / |v|dz
B} @)

since one can write |v|? < a|v|, where a = mBaxivI.
3

Since we already have

( [ |Duf*dz) > (MC(N))?
B } (v)

this implies that

o)< [ |DoPae) < [ IDutods < 20 [ idz)

Bi(y) B*(y) B*(y)
So
2
o< MMCW) _ / vldz < C inf v.
2+aC By ()
B}(y)

From this it can be seen that a; does not depend on R.

In conclusion the relation (setting n = w? in (2))

% / A"ﬁDgnDazdz-{- / zA"”Dcngwaz = Elz' / wzdz

Bag Banr Bar
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implies that

/ DgnD,zdz < CR™? / zdz

Bir Bag

Since w is bounded in B,z and because of the ellipticity,

f zA*P DowDgwdz > 0.
Bar

We also have

/ |Du|*ndz < / DgnD.dz < CR™? / zdzx
2R

Bar Bagp
= CR2[R"(inf z + R?)]
Bp
= CR"(inf z + R?)
Br
= CR"%[M(2R) - M(R) + R?¥

Observe that

i[M (2'"*R) - M(27*R)] < M(2R) < sup [uf*
k=0

so

i / |Du|*dz < CR™? f:[M(zl-"R) - M(27*R) + R?|

k=082~k R k=o

< CR™ *(sup |u|® + R?)
Q

Therefore p>™™ [ |Du|*dz <€, with p=2"*R for some k.

This implies 2 :p (f;:)and therefore the everywhere regularity of u.

It is natural to ask whether everywhere regularity holds for systems of the type
A(u) + B(u) = 0 with A(u) being the p-Laplace operator if p # 2. It does not
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seem that the methods’s of that which has been discussed (p = 2) extend in a

straight forward manner. More research is needed to answer this question.
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