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Abstract

This dissertation classifies the pairs of nonzero integers (m, n) for which the locally
compact group of combinatorial automorphisms, Aut(X,,,), contains incommensu-
rable torsion-free lattices, where X, ,, is the combinatorial model for Baumslag-Solitar
group BS(m,n). In particular, we show that Aut(X,,,) contains abstractly incom-

mensurable torsion-free lattices if and only if there exists a prime p < ged(m,n) such

that either = dznmm) or d(’;‘n,n) is divisible by p. In all these cases, we construct in-
finitely many commensurability classes. Additionally, we show that when Aut(X,, )
does not contain incommensurable lattices, the cell complex X,, ,, satisfies Leighton’s
property.

We further describe the structure of uniform lattices in the combinatorial auto-

morphism group of a generalized Baumslag-Solitar complex and exhibit an example

of a uniform lattice in Aut(Xs ) that is not virtually torsion-free.
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Chapter 1

Introduction

In the 1990s, Bass and Kulkarni initiated the systematic study of lattices in the
automorphism group of a locally finite tree and found that any two uniform lattices
in the automorphism group of locally finite trees are commensurable up to conjugacy
[BK90]. Ten years later, Burger and Mozes [BM00a], and Wise [Wis96l, Wis07] made
strong advances in the study of lattices for the product of two trees. They discovered
many exotic examples, showing that this situation is vastly more complicated than the
case of a single tree. This thesis builds on these foundational results by examining the
lattice theory in the combinatorial automorphism group of a generalized Baumslag-
Solitar complex, denoted Aut(X (4 )) for a labeled graph (A, \).

The primary goal of this article is to address the following questions posed in

Section (9) of [For24]:

Question 1.0.1. For which pairs (m,n) does Aut(X,,,) contain incommensurable

lattices?

Question 1.0.2. What are the uniform lattices in Aut(X,, ) with torsion? Are there

uniform lattices that are not virtually torsion-free?



1.1 Torsion-free uniform lattices in Aut(X,,,)

Chapter 1 focuses on torsion-free uniform lattices in the combinatorial automor-
phism group Aut(X,,,), where X,,, is a combinatorial model for the Baumslag-
Solitar group BS(m,n). In this chapter, we answer the question m The group
BS(m,n) acts on X, ,, freely and cocompactly. Furthermore, since BS(m, n) is finitely
presented, X, , is a locally finite two-dimensional cell complex. Figure shows a

local picture of Xy 4.

Figure 1.1: Xy 4

In [For24], Forester established the existence of incommensurable torsion-free uni-
form lattices in Aut(X,,,) for certain pairs of integers (m, n) by proving the following

result:

Theorem 1.1.1. (Forester) The group (Aut(Xga,) contains uniform lattices that are

not abstractly commensurable if one of the following holds:
1. ged(d,n) # 1,

2. n has a non-trivial divisor p # n such that p < d, or



3. n<dandd=1 (mod n).

We will completely classify for which pairs of integers (m, n) the locally compact
group Aut(X,, ) of combinatorial automorphisms contains incommensurable lattices.
We will write any pair of positive integers in the form (dm, dn) where d = ged(dm, dn)

(equivalently, ged(m,n) = 1). The main result of Chapter 1 is the following theorem:

Theorem 1.1.2. The locally compact group Aut(Xaman), for m and n coprime,
contains abstractly incommensurable torsion-free uniform lattices if and only if there
exists a prime p < d such that either p | m or p | n. Furthermore, Aut(Xim.in)

contains infinitely many commensurability classes of lattices when p | m or p | n.

Theorem shows that many complexes X,,, serve as combinatorial models
for incommensurable groups and this behavior is only known in a few other cases:
products of locally finite trees [BMOOb], [Wis07], [Wis96], and also some examples
of Dergacheva and Klyachko [DK23]. In fact, we will show that when m and n
have no divisors less than or equal to d, then any two lattices in Aut(Xgp an) are
commensurable up to conjugacy.

We will say that a space satisfies the Leighton property if any two compact spaces
covered by X admit a common finite sheeted covering up to isomorphism. This
definition is motivated by Leighton’s theorem, which is equivalent to the fact that

trees satisfy the Leighton property.

Theorem 1.1.3. [Lei82/(Leighton’s theorem) Let Gy and Gy be finite connected

graphs with a common cover. Then they have a common finite cover.

Woodhouse established the Leighton property for a family of CAT(0) cube com-
plexes exhibiting symmetry and homogeneity similar to regular graphs [Woo023]|, and

for trees with fins [Woo021]. Shepherd, Gardam, and Woodhouse proved the Leighton



property for “trees of objects” X when Aut(X) has finite edge isometry groups
[She22]. Additional variations on Leighton’s theorem can be found in [BS22], [She22],
[Wo023|, [Woo21], [Neul], [SW24], [DK23], [BM00b], [Wis96], [Wis07]. In the com-
plementary case to Theorem when incommensurable lattices do not exist, we

show that Leighton’s property holds:

Theorem 1.1.4. The Baumslag-Solitar complex X gp an with m and n coprime has

the Leighton property if and only if m and n have no divisors less than or equal to d.

Lastly, in addition to the above result, we have some new results on the invariant
defined by Casals-Ruiz, Kazachkov, and Zakharov |[CRKZ21]. In their work, the
authors solved the isomorphism problem for the following class of GBS groups by
giving an isomorphism invariant vector (we will call it the CRKZ invariant) well-

defined up to cyclic permutation;

BS(1,n') v BS(n™,n™) Vv BS(n",n*)V -V BS(n%-1, n%-1)

forevery I > 1, n>2 k>2 0<aas, - ,a,1 <1 —1. This class of groups is
denoted by C, ;. We show that this vector is commensurability invariant up to scalar

multiplication.

Theorem 1.1.5. Suppose G and Go are two groups in C,;. Then G, is commensu-

rable to Gy if and only if clfl(Gl) = CQXZ(GQ) for some ¢q,c9 € N,

The complete statement of this result is given in Theorem [3.5.8|

1.1.1 Methods

X satisfies Leighton’s property if and only if any two torsion-free lattices in Aut(X)

are commensurable up to conjugacy. Also, if there exists a prime p < d such that

4



either p | m or p | n, then we will provide infinitely many examples of abstractly
incommensurable lattices in Aut(Xgy 4,). Therefore, to prove theorems , and
[1.1.4] it suffices to prove the “if” direction in both theorems.

Section is devoted to a general construction, which produces a prime power
index subgroup of a p-unimodular GBS group.

The converse in Theorem is proved in Section [3.3] For (dm,dn) # (1,1), if
X is a compact cell complex covered by X, an, then the fundamental group of X is
virtually a p-unimodular GBS group for all primes 1 < p < d. We will use the result
of Section [3.2] and Leighton’s graph theorem to construct isomorphic finite index
subgroups of the fundamental groups of any two compact cell complexes covered by
Xdm,an- The proof for X ; follows from the fact that Aut(X;;) is a discrete group
and any two lattices in a discrete group are commensurable.

While proving the converse in Theorem [1.1.2] without loss of generality, we can
assume that p | m. We split the proof into four cases and provide examples of

incommensurable lattices in Aut(Xgm an) for each case using different methods.

Case I p| d;
Case II ptd, n=1, and m # p; .
Case III ptd, n=1, and m = p;

Case IV pfdand n > 1.

Cases I and II are proved in Section In these cases, we employ depth profiles
to construct incommensurable lattices in Aut(Xgm 4n). The depth profile is a com-
mensurability invariant, developed by Forester in [For24], taking the form of a subset

of the natural numbers, depending on a choice of elliptic subgroup.



In Section we generalize the CRKZ invariant vector for a larger class of GBS
groups denoted by €, ;, whose image under the modular homomorphism is generated
by 1/n! for some [ > 1, and the index of an edge group in a vertex group is n‘. We
will prove that the CRKZ invariant provides a commensurability invariant for certain
GBS groups in €,,;. For case III we will construct incommensurable lattices belonging
in G, .

Case IV is proved in Section The argument in this case depends on the notion

of a p—plateau and slide equivalence of certain GBS groups.

1.2 Uniform Lattices in Aut(X,,,)

In chapter 4, we establish that a uniform lattice in Aut(X(4 ) admits a graph of
groups decomposition over 2-ended groups. Here, X4 ) is the combinatorial model
for the generalized Baumslag-Solitar group associated to the labeled graph (A, \).
In particular, this implies that any uniform lattice in Aut(X,,,) is the fundamental
group of a graph of 2-ended groups.

We further construct an explicit example of a graph of 2-ended groups that acts
faithfully, cocompactly, and discretely on Xg 16, thereby yielding a uniform lattice in
Aut(Xg16) that is not virtually torsion-free. Hence answering question com-
pletely.

Conversely, we ask whether every fundamental group of a graph of 2-ended groups
can be realized as a uniform lattice in the automorphism group of some GBS complex.
Our result shows that such groups can always be realized as uniform lattices in the
automorphism group of an almost GBS complex. The main result of Chapter 4 is

stated below.



Theorem 1.2.1. If G is the fundamental group of a graph of 2-ended groups, then
a quotient of G by a finite normal subgroup is a uniform lattice in the automorphism
group of an almost GBS complex. Conversely, every uniform lattice in the automor-
phism group of a GBS complez is the fundamental group of a graph of 2-ended groups.
Furthermore, every uniform lattice in the orientation-preserving automorphisms of a

GBS complex is the fundamental group of a graph of orientable 2-ended groups.

For the forward direction, we start with a group G, which is the fundamental
group of a graph of 2-ended groups, and we equip it with a graph of space structure.
Let X denote the total space of this graph of spaces, and consider its universal cover
X. Since each vertex and edge group is 2-ended, the corresponding vertex and edge
spaces in the graph of spaces are covered by spaces that are quasi-isometric to R.
Hence, X inherits a tree of spaces structure, in which each vertex and edge space
is quasi-isometric to R. We assign a copy of R to each vertex and edge space and
connect them via vertical edges (coming from lifts of paths), resulting in an almost
GBS complex.

For the converse direction, suppose G' is a uniform lattice Aut(X4)), where
(A, ) is a GBS complex. Since X(4 ) is homeomorphic to 7" x R, the action on G on
X(a,)) descends to an action on T". The quotient of this action yields a finite graph,
and the vertex and edge stabilizers are 2-ended subgroups of GG, producing a graph

of groups decomposition for G with 2-ended vertex and edge groups.



Chapter 2

Preliminaries

In this chapter, we provide the basic prerequisites and results needed for the

subsequent chapters.

2.1 Graphs

A graph A consists of two sets V(A) and FE(A), called the vertices and edges of
A, respectively. It also includes an involution on F(A), which sends e € E(A) to
e € E(A), where e # €, and maps 0y, 0, : E(A) - V(A), satisfying 0;(e) = p(€).
For an edge e, the vertices Jy(e) and 0, (e) are called initial and terminal vertices
of e, respectively. We say e joins the initial vertex dy(e) to the terminal vertex
O1(e). An edge e is called a loop if Jy(e) = Oy(€). For each vertex v € V(A), define
Fo(v) = {e € B(4) : dy(e) = v}.

A directed graph is a graph A together with a partition F(A) = ET(A)U E~(A)
that separates every pair {e,e}. The edges in ET(A) are called directed edges. For
each v € V(A), we define Ej (v) = {e € ET(A) : dy(e) = v} and E; (v) = {e €
E=(A) : 0y(e) = v}.



A labeled graph (A, \) is a finite graph with a label function A : E(A) - (Z—{0}),

hence each e € E(A) has a label A(e), which is a nonzero integer.

2.2 Bass-Serre theory

A graph of groups consists of a graph A together with a family of group G, assigning
a group G, to each vertex v € V(A) and a group G, to each edge e € F(A) such that
G. = Go. For each e € E(A), there is an injective homomorphism f, : G, — Gap(e)

A graph of spaces consists of a graph A together with a family of topological
spaces X, assigning a space X, to each vertex v € V(A) and a space X, to each edge
e € E(A) such that X, = Xz. For each e € E(A) there is a m-injective continuous
map ¢, : Xe — Xgy). The total space corresponding to this graph of space is the

quotient topological space

X, = |_|X|_| | | (x.x[0,1)) /N

veV(A ecE(A)
where the equivalence relation ~ identifies (z,0) € X, x [0,1] with ¢.(x) € Xy, (),
and X, x {1} is identified with Xz x {1} via identity map. Note that X, and X, are
subspaces of X4, where X, is identified with X, x {1}.

Let X A be the universal cover of X4 with the covering map p : X 4 — X 4. Then
p~1(X,) consists copies of universal cover of X, and p~!(X,) = p~}(X. x {1}) consists
of copies of universal cover of X,. Therefore, X4 is a total space of a tree of spaces
where all vertex spaces are universal covers of vertex spaces in X and edge spaces are
universal covers of edge spaces in X.

A graph of spaces (A, X) corresponds to a graph of groups (A, §) if for each vertexx
v € V(A), we have m(X,) = G,, and for each edge e € E(A), m(X.) = G, such

that the induced map on fundamental groups satisfies (¢.). = f.. In this case, the

9



fundamental group of the total space X 4 is called the fundamental group of the graph

of groups (A, 9).

2.3 GBS groups

A generalized Baumslag—Solitar group or a GBS group is the fundamental group
of a graph of groups where all edge and vertex groups are Z. Any GBS group can be
represented by a labeled graph (A, \), where the inclusion from the edge group G, to
the vertex group G, (e is given by multiplication by the nonzero integer A(e).

The Baumslag-Solitar group BS(m,n) is the GBS group represented by the la-
beled graph with one vertex and one edge with labels m and n.

For a labeled graph (A, ), a fibered 2-complex, denoted by Z(a ), is the total
space of a graph of spaces in which the vertex and edge spaces are circles. If C, is
the oriented circle for v € V(A) and C., is the oriented circle for e € E(A), and M, is

the mapping cylinder for the covering map C. — Cp,() of degree A(e), then

Ziay = UeeE(A)Me/ ~

where M, and Mz are identified along C, and Csz for each e € E(A), and all copies
of C, are identified by identity map for each v € V(A). The fundamental group of
Z(a,) is the GBS group represented by (A4, \).

Notation: We denote the GBS group defined by the labeled graph having one
vertex and k loops each with labels m; and n; by \/f:1 BS(mj,n;).

A labeled graph is called reduced if every edge e with A(e) = %1 is a loop.

A G-tree is a simplicial tree X on which G acts without inversions, i.e., if g € G
fixes an edge, then it fixes every point on this edge. For a given G-tree X, an

element g € G is called elliptic if it fixes a vertex, and hyperbolic otherwise. Every

10



hyperbolic element has a g-invariant line on which it acts via a non-trivial translation.
A subgroup H < G is called elliptic if there exists a vertex v € V(X)) such that hv = v
forall h € H.

A GBS group is called an elementary GBS group if it is isomorphic to Z, Z x 7Z,
the Klein bottle group or the union of infinitely ascending chain of infinite cyclic
groups; otherwise, it is called a non-elementary GBS group. If G is a non-elementary
GBS group, then any two G-trees produce the same set of elliptic (and hyperbolic)
elements in GG. Therefore, for a non-elementary GBS group, we can define the notion
of elliptic (and hyperbolic) elements independently of its G-trees.

Let G be a GBS group with a G-tree X and a quotient labeled graph (A, \). Fix
an elliptic element a € G. Then, for any ¢ € G, we can find nonzero integers m

lamg = a™. The modular homomorphism is a map ¢ : G — Q*

and n such that g~
defined by g(g) = ™. This map is independent of the choice of elliptic element a. The
restriction of the modular homomorphism to elliptic elements is a trivial map and Q*

is abelian; therefore, it factors through H;(A). If ¢ € G maps to o € Hy(A), which

is represented by a 1—cycle (e, ey, ,€,), then

= 2.1
o0 =155 2.1)
=1
If V is any non-trivial elliptic subgroup of GG, then we have a formula:

V Vv

l9(g)] = Ve v (2.2)

2.4 Lattices in combinatorial automorphism
groups

For a CW complex X, the topological automorphism group (denoted as Auty, (X))

consists of homeomorphisms of X that preserve the cell complex structure of X.

11



The combinatorial automorphism group, denoted Aut(X), is obtained by quotienting
Auty,, (X)), where two automorphisms are considered the same if they induce the same
permutation on the set of cells of X. For a connected and locally finite CW complex
X, the combinatorial automorphism group Aut(X) is locally compact.

In a locally compact group G, a discrete subgroup H < G is called a lattice if
G/H carries a finite positive G-invariant measure, and a uniform lattice if G/H is
compact. A subgroup H in G =Aut(X) is discrete if and only if every cell stabilizer
H, ={h € H: ho = o} is finite. In this case, define the covolume of H to be:

Vol(X/H)= Y 1/|H,|
[o]€cell(X/H)
where the sum is taken over a set of representatives of the H—orbits of cells of X.

The next proposition follows from [BLOT) 1.5-1.6].

Proposition 2.4.1. Let X be a connected locally finite CW complex. Suppose that

G = Aut(X) acts cocompactly on X and let H < G be a discrete subgroup. Then
1. H is a lattice if and only if Vol(X/H) < oo
2. H is a uniform lattice if and only if X/H is compact.

Note that, if H is a torsion-free lattice in Aut(X), then every cell stabilizer H,
is the trivial subgroup. Therefore Vol(X/H) < oo if and only if X/H is compact.

Hence, the above Proposition implies that a torsion-free lattice is uniform.

2.5 The 2—complex X;, ,

For m,n > 0, we define Z,, ,, as the presentation 2—complex corresponding to the
group presentation (a,t : t"'a™t = a™) for the Baumslag-Solitar group BS(m,n). The

complex Z,,,, consists of a single vertex, two edges labeled as a and ¢, and a 2—cell

12



attached along the boundary word t~'a™ta™". We structure Z,,,, as a cell complex
by subdividing the 2-cell into ged(m, n) 2-cells (see Figure for an example). We
will denote the universal cover of Z,,, by X,,,, and the cell complex structure is

inherited from Z,,,. For any nonzero integers m and n define X,,,, to be X, -

a a a a a a a a a
A o\ o o\ \ o\ o o\ A o\ o o\
? ? 7 ? 7 7 ? ? 7
t A tiA Aty A to ce tk_1/\ At
\ \ \ \ \ \
7 ? 7 7 7 ?
a a a a a

Figure 2.1: The cell structure for Z,, ,, when m = 3k, n = 2k.

The following theorem gives a sufficient condition for a GBS group to be a lattice
in Aut(Xgman). We will use this theorem extensively throughout all sections to

construct uniform lattices in Aut(Xgm an).

Theorem 2.5.1. [For2j|] Let G be the GBS group defined by labeled graph (A, \), and

suppose there is a directed graph structure E(A) = ET(A)U E~(A) on A such that

1. for everyv € V(A),

> M) =dm and > |Ae)| =dn

e€ES (v) e€E; (v)

2. for every e € ET(A), let n. = |A(e)|, me = |A(€)|, and k. = ged(me, ne); then
Ne/ke =n and me/ke = m.

Then G is a lattice in Aut(Xam.an)-

The following theorem from [For24] provides the general description of a torsion-
free uniform lattice within the combinatorial automorphism group Aut(Xgm 4n) as a

GBS group, for (m,n) # (1,1).

13



Theorem 2.5.2. [For2J] Suppose m # n and let G be a torsion-free group. Then G
is isomorphic to a uniform lattice in Aut(Xgm.an) if and only if there exists a compact
GBS structure (A, \) for G, a directed graph structure E(A) = ET(A)U E~(A), and
a length function 1 : V(A) U E(A) — N satisfying l(e) = l(€) for all e € E(A) such
that the following holds.

(1) For every v € V(A):

> M) =dm and > |Ae)| =dn (2.3)

eeEar(v) e€Ey (v)

(2) For every e € ET(A),

[(Do(e)|A(e)] = mi(e)
[(D1(e)|A (@) = ni(e)

(3) For every v € V(A), let ko(v) = ged(l(v),m) and ki(v) = ged(l(v),n); then

there exist partitions

EOJF(U):ETU'--LIE,; and Ey (v)=E; U---UE,

(v) ko(v)

such that the sums ) .+ l(e) are all equal for all i, and the sums ) - l(e)

are all equal for all j.

Remark 2.5.3. By the proof of Proposition 4.6 in [For24], the conditions (1) and

(2) in Theorem together imply that the directed graph is strongly connected.

In particular, every directed edge is contained in a directed circuit.

14



2.6 The GBS complex X4 )

Let (A, \) be a labeled graph. Choose a directed graph structure E(A) = ET(A)U
E~(A) on A. We define a 2-dimensional cell complex associated to (A, \) as follows.
For each vertex v € V(A), introduce a vertex w, and a loop a, based at w,. For
each edge e € ET(A) with dy(e) = vy, O1(e) = va, attach ged(A(e), A(€)) 2-cells as
illustrated in figure 2.2 It is straightforward to verify that, after disregarding the
orientation of the edges, the resulting complex is independent of the chosen directed
graph structure on A, and is homeomorphic to the fibered 2-complex Z4 . We
define the generalized Baulslag-Solitar complex X4 ) to be the universal cover of
this cell complex, with the induced cell structure. The orientation of the edges in the

universal cover is not considered.

Wy, o oy o vy . Ay, v, . v, R Qv G, R oy . Ay

t, te(1) te(1) te2) = oo Yleho1) te
w - - > - > -

v2 V3 Ay, Ay, Aoy Ay, Ay,

Figure 2.2: Part of the cell structure for Z4 ) when (A(e), A(€)) = (3k, 2k).

We now describe the combinatorial description of X4 y), generalizing the descrip-
tion of X,,, from Section 4 of [For24]). Let T(4 ) denote the Bass-Serre tree for
G with the labeled graph (A, A). Then X4 ) is homeomorphic to Tia ) x R. Let
7 @ Xy — T{an denote the projection map. The refer to the edges in X4 »)
that project to vertices in T(4,)) as horizontal edges, and those projecting to edges in
T(a,n as vertical edges. For a vertex v € V(T(a4,)), the preimage 7' (v) is called a
branching line; for an edge e € E(T{4)), the preimage 7 *(e) is called a strip. Each

branching line is tiled by horizontal edges. Let q : T( 4,y — A be the quotient map.
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For an edge e € E(T(4,)) with the image q(e) = f € E(A), the strip 77 (e) in X(a )

is an (i, j)-strip where

M) M) )
ged(A(f), A(S)) " ged(A(f), A(F))

(see Figure for an example of (i, j)-strip).

(i.3) = (

Now fix a vertex v € V(T(4,), with image ¢(v) € V(A), and fix f € Ey(q(v)).
There are A(f) edges fi, fo, - far) € E(T(a,n) with initial vertex v and mapping
to f € E(A) under ¢. The strips 7= (f1), 7 1 (f2), - -7 (fi(p)) are attached to the
branching line 7= !(v). Let k = m. Then each strip 7 !(f;) is attached to
branching line 7~ (v) along the coset i + kZ, where we identify the vertices 7~ (v)
with Z. Thus, the A(f) strips are joined to 7 '(v) along cosets i + kZ for i =
1,--+ ,A(f). The description of the neighborhood of each branching line, together

with the structure of the Bass-Serre tree T{ 4 ), completely determines the cell complex

[ ]
[ ]
[ ]
[ ]
[ ]

Figure 2.3: A (2,3) strip.

2.7 Deformation moves

Any two GBS trees for a non-elementary GBS group G are related by an elemen-
tary deformation. That is, they are related by a finite sequence of elementary moves,
called elementary collapses and expansions. There are also slide and induction moves,

which can be expressed as an expansion followed by a collapse.
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Collapse and expansion moves are as follows:
a ., 1 /¢ collap.se a /ne
b d expansion b nd
The induction move is as follows:
a induction la
b b

There are two slide moves:

Imy slide l&/
m n g m n

We will use the following theorem by Forester [For(6] in section [3.6] which provides

a sufficient condition for two reduced labeled graphs to be related only through slide

moves.

Proposition 2.7.1. Suppose (A;, \;) are compact reduced labeled graphs representing
the same GBS group G, fori=1,2. If (G)NZ =1, then A; and As are related by

slide mowes.

2.8 Index of a segment

Let X be a locally finite G—tree. A segment is an edge path o = (e, - ,ex)
with no backtracking. Its initial and terminal vertices are dy(o) = dy(e1) and 0y (o) =
01 (ex), respectively. The pointwise stabilizer of ¢ is Gy = Go,(0) N Ga, (o). The index
of o is the number i(0) = [Gg,s : G5]. One can compute the index of any segment by

applying the remark below iteratively, which can be found in [For24].
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Remark 2.8.1. When o = (e1,ez) with n; = A(e;) and m; = A(g;), for j = 1,2;

then i(0) = niny/ ged(my, noy).

2.9 Subgroups of GBS groups

If G is a GBS group represented by a labeled graph (A, \), then there is a one-
to-one correspondence between conjugacy classes of GBS subgroups of G (excluding
hyperbolic cyclic subgroups) and admissible branched coverings (B,u) — (A, ).
An admissible branched covering from labeled graph (B, u) to (A, A) consists of a
surjective graph morphism 7 : B - A and a degree map d : V(B) U E(B) - N
satisfying d(e) = d(e) for e € E(B), and if ¢ € E(A) with v = dy(e), u € 71 (v),
kue = ged(d(u), A(e)) then

L |77 e) N Eg(u)] = kye

2. If ¢ € 71 (e) N Ey(u) then p(e’) = A(e)/kue, and d(€') = d(u)/ky.e.

u(e) |kue

ku,e = ng((](’U)v/L(@))

Figure 2.4: The admissibility condition. Each edge of p~'(e) N Ep(u) has label

w(e)/kye and degree d(u)/ky.e. There are k, . such edges.
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Let (A, A) be a labeled graph, and 7 : B — A be a covering map in the topological
sense. For any e € E(B), we can define the label u(e) = A(w(e)). Then (B, pu) is
labeled graph, and any constant degree map ¢, coprime to all edge labels of A, makes

7w (B, ) = (A, \) into an admissible cover.

Remark 2.9.1. An admissible branched cover from labeled graph (B, i) to labeled

graph (A, \) describes a topological covering of fibered 2-complexes Z(p ) — Za ).

Finite index subgroups of GBS groups without a proper p—plateau have a nice
description. The notion of a plateau was introduced in [Lev15]. For a labeled graph
(A, \) and a prime number p, a non-empty connected subgraph P C A is a p—plateau
if for every edge e € F(A) with v = Jy(e) belonging to the vertex set of P: p | A(e)
if and only if e ¢ E(P). The subgraph P C A is called a plateau if it is a p—plateau

for some prime p. A plateau P is considered proper if P # A.

Proposition 2.9.2. [Levi)] Given a connected labeled graph (A, ), the following

conditions are equivalent:
e cvery admissible covering m: A — A is a topological covering;

e A contains no proper plateau.

2.10 Depth Profile

The notion of depth profile is introduced in [For24] as a commensurability invariant
of GBS groups. One defines an equivalence relation on the set of subsets of N by
declaring that S C N is equivalent to the set {n/gcd(r,n) : n € S} for each r € N
and taking the symmetric and transitive closure. Let us denote the set {n/ged(r,n) :

n e S} by S/r.
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Proposition 2.10.1. [For2/] Two subsets S and S’ are equivalent if and only if there

exist r,7" € N such that S/r = S"/r".
Given S C N and k € N such that ged(z, k) = 1 for all = € S, define
S[k] = {xk' : 2 € S, and i > 0}. (2.4)

Lemma 2.10.2. Suppose S,S" C N, k € N, and ged(s, k) = ged(s', k) = 1 for all
s€ Sands €8 Then S and S’ are equivalent if and only if S[k] and S'[k] are

equivalent.

Proof. Proposition implies that if S is equivalent to S’, then S/r = S’/r’ for
some 7,7 € N. We can assume that ged(r, k) = ged(r/, k) = 1 since replacing r by
r/ged(r, k) and 1" by 7'/ ged(r’, k) does not change the sets S/r and S’/r', as k is
coprime to all integers in S and S’. This implies that ged(r, sk') = ged(r, s) and
ged(r’, s'k?) = ged(r',s'). Thus, the following sequence of equalities, together with
Proposition implies that S[k| is equivalent to S’[k].

(S[E])/r = (S/r)[k] = (5"/r")[k] = (S[K]) /7"

For the converse, suppose S|k] is equivalent to S’[k]. Then, by Proposition [2.10.1]
we have (S[k])/r = (S'[k])/r" for some r,r" € N. We claim that S/r = S"/r’. Assum-
ing the claim, S is equivalent to S” by Proposition Since S/r C (S[k])/r =
(S'[k])/r', for every s € S, we have

s B s'kd B s kI
ged(r, s) N ged(r, s'k7) N ged(r, s") ged(r', k7)

for some j > 0 and s’ € S’. This is possible only if &7/ ged(r’, k) = 1 since ged(s, k) =
1. Therefore, s/ ged(s,r) € S’/r’. Thus, we have S/r C S’/r’, and similarly S’/r" C
S/r.

O
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Let G be a non-elementary GBS group, and V' < G is a non-trivial elliptic sub-
group. For an element g € G, define its V-depth as D, (V) = [V : V N VY], where V9

denotes the subgroup {gzg™' : x € V'}. Define the depth profile
2(G,V)={D,(V) : g € G is hyperbolic and ¢(g) = 1} C N.

The depth profile is commensurability invariant, i.e., if two non-elementary GBS
groups (G; and G5 are commensurable, then the sets 2(G1,V;) and Z(Ga, Vs) are

equivalent in the above sense (proved in [For24]).
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Chapter 3

Torsion-Free Lattices 1n

Baumslag-Solitar Complexes

In this chapter, we investigate for which pairs of integers (m,n) all torsion-free
uniform lattices in Aut(X,,,) are commensurable. When Aut(X,,,) contains incom-
mensurable lattices, we show using three distinct techniques that it actually contains
infinitely many commensurability classes of such lattices.

In the following section, we introduce the p-modular homomorphism and show
that the p-modulus of a path depends only on its endpoints. This result will be used

to construct an admissible branched cover for p-unimodular labeled graphs.

3.1 The p-modular homomorphism

For a prime number p, the p—adic valuation on the field of rational numbers is the
map v, : Q* = Z defined by v,(%) = vp(a) — v,(b), where v,(m) = max{e € N : p° |

m}.
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Definition 3.1.1 (p—modular homomorphism). For a GBS group G and a prime
number p, the p—modular homomorphism is the map g, : G — Z defined as g, = v, 0q,
where ¢ is the modular homomorphism on G, and v, is the restriction of the p-adic

valuation on @Q*. The GBS group G is called p-unimodular if ¢,(G) = 0.
Let (A, A) be a labeled graph. For an edge path (e, eq,- - ,ex), define
%4(61, €, ,€k) =VpO QA(el, €2, ,ek);
where we define g4 by the right hand side in formula .

Lemma 3.1.1. Let G be a p-unimodular GBS group represented by labeled graph
(A, N\). For edge paths (eq, e, ,ex) and (f1, fa, -+, fi) with the same initial and

terminal vertices, i.e., y(e1) = Oo(f1) and O1(ex) = O1(f1), we have

C_I;‘(€1762> ceeg) = q;l(fl,fz, o fr)

Therefore, for a fixed vertex wy € V(A), we get a well-defined function h, :

V(A) — Z (with respect to wy) defined by

hP(”) = qﬁ(ela €2, 7ek) (31)
for any path (e, eq, -+, ex) in A from wy to v.
Proof. Since (eq,es,-+- ,ex) and (f1, fo, -+, fi) are two edge paths in A from wy to

v, the path (e1,--- e, fi, f1_1, -~ f1) represents a 1—cycle in H;(A). Then,

0= Qp(eh s ,ekjljl—l, e ?1)
= q;(‘fh eeg) + 6154(?1775—1; - f1)

A

:qp(eh"' 7€k>_Q;;4(f1;f2>"' 1)

ThU.S, %4(617"‘7€k):(];;4(f17f2a“'>fl)- O
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Remark 3.1.2. We can define the map ¢? : G — Z for any positive integer n > 1,

n

and Lemma also holds for the map ¢

3.2 p-unimodularity and coverings

In this section, we present a general result regarding an admissible branched cover
of a p-unimodular labeled graph. This result will be used in the subsequent section
to demonstrate that all uniform lattices in Aut(Xgp 4n) are commensurable when m

and n have no divisor less than or equal to d.

Theorem 3.2.1. Suppose (A, \) is a finite labeled graph which is p-unimodular. Then

there exists a finite admissible cover (A,, \,) such that pt \,(e) for all e € E(A,).

Proof. First, perform expansion moves on the edges of (A, \) to obtain a labeled
graph (Aj, A1) such that if p|A;(e) for some e € E(A;), then A\;(e) = p and A\ (€) = 1.

If e € E(A) and p | A(e), then perform v,(A(e)) expansion moves as in Figure 3.1}

Ale) AE) expansion p 1 P 1. 1

Me) Ae)

pS

Figure 3.1: Example illustrating v,(A(e)) = 3 expansion moves for an edge e € E(A).

Consider the subgraph B; of A; with the following vertex and edge set
o V(By)=V(A)
o BE(B1) ={ec E(A):pfhle) (@)}
Note that if e € E(A;) but e ¢ E(By), then A\j(e) = p and A\i(€) = 1 or \(e) =1

and \;(2) = p Now we will define an admissible branched cover (A;, A1) of (A;, A1)
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with the property that p f Aj(e) for all e € E(A;). Figure illustrates this con-
struction with an example. If By = A; (equivalently, F(A;) = E(B;)) then take
(141):1) = (A1, A1)

Claim: The function h, : V(A;) — Z defined by equation (3.1]) with respect to a
fixed vertex wy € V(A;) is constant on each component of Bj.

If v1,v5 € V(By) are in the same component of B; then there exists an edge path
(e1,€9,--ex) in By with dy(ey) = vy, O1(ex) = ve. Since e; € E(By), p t Ale), A(e).

Therefore,

>‘(61>’ /\<€2)’ o ’/\(ek)) =0 (32>

A “ e f—
B (Enen - men) = v, (A(El), N@2), - M@
Choose any edge path (fi, fo, - f-) in A; from wg to v;. Then the edge path given

by (fi, fa, -« fr, €1, €1, - - €x) has initial vertex wy and terminal vertex vs. Then,

hp(Uz) = q;‘(fl,fm - froer, e, eg)
= %?(flaf% o fr) +q;4(€1,61, e eg)
:q]?(flaf%"'fr)

= hp(vl)-

This completes the proof of the claim. For k € Z, define W}, to be the subgraph
of By spanned by vertices v € V(B;) with h,(v) = k. Since B; is a compact graph,
and the p-modulus of each edge in B is either 0, 1 or —1; Wy # @ only for k €
{a,a+1---a+ p} for some o, 5 € Z.

Construct an admissible branched covering (A;, ;) of (4;, A1) by taking a disjoint
union of p’ copies of W,; for all 0 < ¢ < 8 together with some new edges. These
e

copies are denoted as W} i W§+z with the same edge labels as W,;. The

a+1)

surjective graph homomorphism 7, : A; — A, for this admissible branched covering
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wo €Xpansion jJ

(A,A) 1%¢ d
(A1,A1)

Figure 3.2: Construction of the admissible branched cover of the labeled graph (A, \)
when p = 2. Here W) is the white vertex, W; is the green subgraph and W is the
red subgraph. Hence (Ay, \;) contains 2° copies of W, 2! copies of W7, and 22 copies
of Ws.

maps each copy Wi +; to Weq1 via the identity map. Define the degree d; of each

vertex and edge in W7_ . to be p?~. Define

a+1

V(A) = {Ui+i 0 E€V(Way), 0<i<p,and1<j<p'}.
Consider the surjective homomorphism

Lz
‘pi—&-lZ pzZ

defined by ®([a]) = [a] for all [a] € pwilz- The new edges in A; are given as follows:

for each e € E(A;) — E(By) with dy(e) € V(Wyoqs), 01(e) € V(Weayis1) for some
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0 <i< -1, we have A\(e) = p, and A(€) = 1. Then there are p"*! new edges in
Ay, {ed 11 < j < pt) with 8y(e”) = (Bi(e))’.,., and y(e?) = (Bo(e))?Y). Define
the label of these edges and their involution to be 1. 7; maps the edge €’ to e with a
degree p#—i~1.

Let v € V(Wa4i) C V(A;). Then, for any © € 7y *(v), we have dy(0) = p®~*. For
an edge e € E(A;) with dy(e) = v and 0;(e) = w, one of the following conditions
holds: either w € V(W,1;), or w € V(Waiii1), or w € V(Wopi1).

If we V(Wayi), then e € E(W,;) and p 1 Ai(e), hence ged(A(e),dy(v)) = 1, and
any é € 7 '(e) is an edge in W7, for some 1 < j < p’. Therefore |7 (e)NEo(7)| = 1,
M (&) = Mi(e), and dy(€) = pP~' = d(0).

If w € V(Wgayit1), then A (e) = p, hence ged(Ai(e), d1(v)) = p, and any é € 7 *(e)
is a new edge. Therefore |77 (e) N Eo(?)| = p, M(€) = 1, and dy(é) = pP~1.

If w € V(Waii_1), then A\;(e) = 1, hence ged(\(e),dy(v)) = 1 and any é € 7, (e)
is again a new edge. Therefore |77 (e) N Eo()] = 1, M\ (€) = 1 = M(e), and dy (&) =
p?~". Hence (A;, \;) is an admissible branched cover of (A;, \;) for the surjective
map 7y : A, — Ay, with the degree function d; defined above.

Since all new edges have label 1, we can collapse all new edges to obtain a labeled
graph (A,,)\,). Also, p{ Ai(e) for all e € E(A,;), and A, is obtained by from A, via
collapse moves therefore p { A,(e) for all e € E(A,).

Now, we will demonstrate that (A,, \,) defines an admissible branched cover of
(A, X). We have the natural map = : A, — A obtained from the following sequence

of maps:

erpansion ¥ T collapse
A, Spansion, gy g colare g

Define the degree of a vertex u € V(A4,) to be the maximum degree of all the

vertices in A; which maps to u under the collapse map from A; to A,. Every edge
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[ € E(A,) corresponds to a unique edge f € E(A,); define the degree of f to be
the degree of f. Let e € A, with dy(e) = v, and v € 7 '(v). By the construction
of (A, A1), we have v,(d(u)) > v,(A(e)), implying that ged(A(e),d(u)) = p»OE).,
Furthermore, it is evident that |7~ (e) N Ey(u)| = p»*©) and for e, € 7~ (e)N Fy(u),
we have d(e,) = d(u)/p»*) and A\,(e,) = Ae)/p**). Therefore the labeled
graph (A,, \,) defines an admissible branched cover of (A4, ) whose edge labels are

coprime to p. This finishes the proof of the Theorem.

3.3 The Leighton property of X,,,

Assume m and n have no divisor less than or equal to d. We will show that for
such a pair of numbers (dm, dn), all torsion-free uniform lattices in Aut(Xgm, 4n) are
commensurable.

The main result of this section is Proposition [3.3.4] which implies that any torsion-
free uniform lattice in Aut(Xgy, an) for (m,n) # (1,1) has a finite index subgroup
represented by a directed labeled graph with edges labeled m at the initial vertex
and n at the terminal vertex. It follows from Theorem [2.5.21) that the vertices of
these graphs have d incoming and d outgoing edges incident to them. According to
Leighton’s theorem for graphs, any two labeled graphs with these properties share a
common compact admissible cover.

Let’s recall the statement of Leighton’s theorem here,

Theorem 3.3.1. [Lei82, Leighton’s theorem/ Let Gy and G5 be finite connected graphs

with a common cover. Then they have a common finite cover.

For the rest of the section, fix a general torsion-free uniform lattice G in Aut(X g an),
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for (m,n) # (1,1) unless otherwise stated. Let (A, \) be a compact GBS structure for

G given by Theorem with directed graph structure E*(A) and length function

l: E(A)UV(A) — N; then A is strongly connected by Remark

Lemma 3.3.2. Ife € Et(A), then |\(e)| = am and |\(€)| = pn for some 1 < «, <

d.

Proof. Let dy(e) = vy and 0;(e) = vq. Since A is strongly connected, there exists a

directed cycle (e, e, --ex) in (A, A), with e; € ET(A) for each i and e; = e. For

1 <i <k, assume Oy(e;) = vy, and 9 (€;) = vi41.

. . n\e—1 | Xep)A(e2) - A(e;—
Claim(1): For any i € {1,2,---k}, l(v;) = (%) ‘AE@BAEQ;-‘AE@_B

l(Ul).

m

We will prove the claim using induction on 7. It is trivially true for ¢ = 1. Now,

assume that the claim holds for i — 1. By Theorem [2.5.2{2),

U(o(ei-1))|A(eim1)] = L(vi-1)[A(ei—1)| = mi(e;—1).

Therefore I(e;—1) = =l(vi—1)|A(e;—1)|. Furthermore,

1(01(ei-1)[A(Ei-1))] = 1(vi) | A(@i-1)| = ni(ei-1).

Hence,

This proves the claim. Since (eq,es,---€x) is a cycle, v1 = vj41. Hence,
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and so

- <T>k . (3.3)

A(E)A (@) - - A(er)

Claim(2): m | [A(e1)| and n | |\(€y)].

Assuming claim(2) is true we get [A(e)| = am, and |A(€;)| = fn, for some «, § > 1.
Also, by Proposition 2.5.9(1) |A(e)| < dm, and [A(€1)] < dn. Therefore, am =
|IA(e)| < dm, and pn = |\(€)| < dn, implying «, 5 < d. This proves the lemma.

To prove claim(2) we will only prove m | |A(e1)|, and n | |A(€1)| can be proved in
similar manner. Let m = p{'py? - - - p;* be the prime factorization of m. If v, (A(e1)) >
r; for all 1 < 4 < k then m | |A(e)|. Assume there is some 1 < i < k for which
Vp,(A(e1)) < 1.

Without loss of generality we can assume v, (A(e1)) < r;. Then by equation (3.3)),
Vp, (A(€;)) > r for some 2 < i < k. Again without loss of generality, we can assume
that v, (A(e2)) > 7. Since [A(ep)] < dm < pi*H'ph? - pi¥, there exists 2 < j < [
such that v, (A(e2)) < ;. Let s; = v, (A(e2)), then the set J = {j : 5; < 1;} is a

nonempty set. Proposition m(2) provides the following sequence of implications;
[(v2)[A(e2)] = ml(ez)

vp, (L(02)) + vy, ([A(€2)]) = v, (m) 41, (I(e2))
ij(l(v2)) =T; =55 + V:Dj(l(eQ)) > Ty — 8-

Therefore

k(vg) = ged(l(ve), m) > Hp;j_sj. (3.4)

jedJ
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By Proposition W(i’)), Ef(vy) = Ef U---U E,j(vz) such that Y __p+ [A(e)| =
Yoeert |A(e)] =C forall 1 <i,5 <k,,.

dm =Y [\e)

e€E (v2)

= > PO+ + Y )
ecBf eeE;L(UZ)

= Ck?(?)g)

The fact that e; € Ej (v9) and equation [3.4] imply that,

dm dm . s,
Meal < C= oy < s = 11w 197 (35)
jeJ g jeJ JjeJ
By our assumption, [A(ez)| = epi' T Ips2ps? -+ p* for some c,e; > 1. The fact

that no prime less than or equal to d divides m gives the following inequality which

contradicts inequality [3.5]

|Aeg)| > dpi'p3*ps® - - ppf

=ap* []v []p7

j¢J  jeJ
J#1

> d][p7 [1#7

J¢J jedJ

where the last inequality follows from the fact that s; > r; for j ¢ J. O

Proposition 3.3.3. The GBS group G represented by (A, \) is p-unimodular for all

primes p < d.
Proof. Suppose (eq,es,---¢ex) is a cycle in Hy(A) (it need not to be a directed cycle).
Let

{617 €9, ek} = {€i17 €igy ’eir} U {ej17 €joy ’ejs}
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where, {€;,,€i,, . €., €1, €5, -, €, F C ET(A). Let Oy(e;) = v; and 01 (e;) = viy1.

Then Theorem [2.5.2)2), and the fact that i(e) = I(€) imply that

n |A(e; .
_ EIQ;W(%), if e; € ET(A)
l(’l}i+1) =
m )\ €; . _
F:/\gagll@z% if e; € E~(A).
Since (eq, €2, - ex) is a cycle, v1 = vy41 and the same proof as in claim(1) of Lemma

implies

= [A(eg )A(ei) - Ale, )] [A(es )A(es,) - - - )\(fjs)

@M ) AE)| AEA @) M|

U(or) = o) = (=)

Therefore,

Since p < d, and ged(m, i) = ged(n, i) = 1 for all 1 <i < d, we have ged(m, p) =
ged(n, p) = 1. Therefore v, (%) =0, and

qp(€1,62’ . ek) = I/p O q(61’627 P ek)

-4 ()

]

Proposition 3.3.4. For a fized prime number p < d, there exists a finite-indexr GBS

group H, < G with compact directed GBS structure (Ap, \,) and a directed graph
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structure E(A,) = E*(A,) U E~(A,) satisfying (1)-(3) of Theorem such that
for alle € ET(A,),

[Ap(e)| = aem and |A,(€)] = Ben (3.6)
for some 1 < a., B. < d, coprime to p.

Proof. By Proposition [3.3.3] the graph (A, )) is p-unimodular. Therefore, Theo-
rem [3.2.1] guarantees the existence of H, < G. As H,, itself is a uniform lattice in
Aut(Xgm.an), (4p, Ap) admits a directed graph structure satisfying (1)-(3) of Theorem
2.5.2l Finally, Lemma implies that the labels of edges in A, satisfy equation
5.6l O

Corollary 3.3.4.1. There exists a finite-index GBS group H < G with a compact

GBS structure (A, \), and a directed graph structure E(A) = ET(A) U E~(A) satis-
fying (1)-(3) of Theorem such that for all e € E*(A)

IA(e)| =m, and |[\(€)| = n.

Proof. The result follows from applying Proposition iteratively for every prime

p <d. O

Corollary 3.3.4.2. Any two torsion-free uniform lattices in Aut(Xgm.an) are com-

mensurable up to conjugacy.

Proof. Let G and G5 be torsion-free uniform lattices in Aut(Xgy, 4,). By Corollary
3.3.4.1 there exist finite index GBS groups H; < G; with compact GBS structures
(A;, \;) for i € {1,2} satisfying

|A(e)| =m and |A(e)] =n (3.7)
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for all e € E*(A;). By Theorem m(Q) we also have

> IMe) =dm, and Y |A(E)| = dn. (3.8)

eGE(J)r(v) e€Ej (v)

These equations imply that A; and A, are 2d regular graphs. Consequently, by
Leighton’s graph covering theorem, they also share a common finite-sheeted topologi-
cal cover. Equation (|3.8) guarantees that this common cover can be labeled to create
a common admissible cover of /11 and Ag. Thus, H; and H, are commensurable up

to conjugacy in Aut(Xgm an), implying the same for Gy and Gs.

3.3.1 Torsion-free uniform lattices in Aut(X,)

This subsection addresses the last component of Theorem [1.1.2] namely that any
two torsion-free uniform lattices in Aut(X,4) are commensurable.

If Aut(X,,,) is a discrete group, it cannot contain incommensurable lattices
[BLO1l, 1.7]. Also, Aut(X,,,) is discrete if and only if ged(m,n) = 1 [For24, The-
orem 4.8]. Therefore, Aut(X; ;) is discrete, and any two lattices in Aut(X; ;) are
commensurable.

Let I" be a torsion-free uniform lattice in Aut(Xy4) for d > 2. Then, by Proposition
m, I' acts on X4 freely and cocompactly, providing a covering space action. Each
branching line in X4, covers a circle, and each strip covers either an annulus or
a Mobius band, therefore the quotient space may not be orientable. However, by
[[Bas93], Proposition 6.3] we can find an index 2 subgroup G of I' that acts on Xy4
without changing the sides of any strip. Therefore, the quotient obtained from the
action of G on Xgg4 is a fibered 2-complex Z4 ) for some labeled graph (A, ). For

e € E(A), if l(e) denotes the number of 2 cells tiling the annulus corresponding to e
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and [(v) denotes the combinatorial length of the circle corresponding to v, then we

have the following result which is derived from the proof of Proposition 4.6 of [For24].

Proposition 3.3.5. Suppose G is a torsion-free uniform lattice in Aut(Xqq) ford > 2
such that the action of G on X44 does not change the sides of any strip. Let (A, \)
be the labeled graph structure such that Xq4/G is homeomorphic to Zaxn with the
associated length function | : V(A) U E(A) — N. Then, for any edge e € E(A) we

have,

L(9o(e))[A(e)] = U(Dr(e))|A(E)].
2. G is unimodular.

Proof. Condition (1) follows from the cell structure of the annulus corresponding to
the edge e. This annulus is tiled by (1,1) cells whose boundary curves have length
l(e) which wrap |\(e)| and |A(€)| times onto the circles corresponding to dy(e) and
01 (e), respectively.

To prove (2), let (e1.--- ,ex) be a cycle in A. Then, by (1)

e Lep) = Aler) -~ Aew)|
q(€1. , k) |/\(€1> .. )\(Ek>|
_ (9i(e1)) - - LD (e1))
1(0o(’1)) - - - 1(Do(e1))
=1

where the last equality fallows form the fact that dy(e; 1) = 01(e;) for 1 <i <k —1
and 81<6k) = 80<61).
]

Proposition 3.3.6. [Lev07] If G is a non-elementary GBS group then G is uni-
modular if and only if it has a finite index subgroup isomorphic to F, x Z for some

n>1.
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Proposition 3.3.7. Any two torsion-free uniform lattices in Aut(Xyq), for d > 2

are commensurable.

Proof. Let I'; and T'y are two torsion-free uniform lattices in Aut(Xz4). We can
assume that I'; act on 7,4 without inversion (possibly after passing to an index 2
subgroup of I';) for @ = 1,2. By Proposition m ['; are unimodular, and hence
contain a finite index subgroup isomorphic to F},, X Z for some n; > 1 by Proposition
. Finally, since F},, X Z and F,,, X Z are commensurable, it follows that I'; and

I'y are commensurable.

3.3.2 Leighton’s Property

Definition 3.3.1. We say that a cell complex X has the Leighton property if every
pair of compact cell complexes, both having X as their common universal cover,

admits a common finite-sheeted covering.
By Leighton’s theorem, trees have the Leighton property.

Theorem 3.3.8. When m and n have no prime divisor less than or equal to d, the

cell complex X g, an satisfies the Leighton property.

Proof. For cell complexes X; and X, with common universal cover X, 4, the funda-
mental groups m; (X) and m2(X) are torsion-free since X; and X5 are finite-dimensional
aspherical cell complexes, hence defining torsion-free uniform lattices in Aut(Xgm, an)-
For i = 1,2, we can choose labeled graphs (A;, \;) with associated fibered 2-complexes
X;.

For (m,n) # (1,1), the results of Proposition and its corollaries [3.3.4.1]
3.3.4.2{ imply the labeled graphs (A, A1) and (A, A2) admit a common finite sheeted
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admissible branched covering. The fibered 2-complex associated with this common
finite sheeted admissible branched covering provides a common finite sheeted cover
of X; and X, by Remark [2.9.1]

For (m,n) = (1,1) and d = 1, all lattices in Aut(X; ) are commensurable as it is
a dicrete group. Therefore X, ; satisfies Leighton’s property.

For (m,n) = (1,1) and d > 2, we can assume that X; are orientable (possible after
passing to degree 2 covering of X;) for i = 1,2. X, is a fibered 2-complex associated
to some labeled graph (A;,\;) which is unimodular by Proposion , hence p-
unimodular for all prime p. By Theorem [3.2.1] we can find a 2d regular admissible
branched cover (A;, \;) of (A4;, \;) with edge labels 1. By Leighton’s graph covering
theorem, the graphs A, and A, admit a common finite topological cover, denoted as
A. Assigning labels 1 to each edge of A yields a labeled graph (fl, 5\) which defines an
admissible branched cover of ([li, 5\1) Since the composition of admissible branched
covers is again an admissible branched cover, (A,)) defines a common admissible
branched cover for (A, A1) and (As, \y). Thus, the fibered 2-complex associated with

(fl, 5\) provides a common finite sheeted topological cover of X;.

3.4 Example of incommensurable lattices using

the depth profile

We provide examples of incommensurable lattices in both Case (I) and Case (II),

utilizing the commensurability invariant known as the depth profile.
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3.4.1 Incommensurable lattices in Case (I)

In this subsection, we provide examples of incommensurable lattices in Aut(Xam.an),
when there is a prime number p < d such that p | d, and p | m or p | n. Without loss
of generality, let p be a prime number that divides both m and d. Note that p { n
since ged(m,n) = 1.

The lattice I'y. Consider the lattice I'; defined by the directed labeled graph
(Bi, 1) in Figure (3.3)). It is a bipartite graph with two vertices u; (white) and vy
(black), and 2d directed edges. The edges e, es, - - - €4 are directed from u; to v; and

the edges fi, fa, -+, fq are directed from v; to u;. We have u(e;) = pu1(f;) = m and

(@) = m(fi) = n.

Figure 3.3: B,

The lattice I'y for k > 2. This group is defined by the directed labeled graph
(By, p) in Figure . It has k vertices vy, -+ , v , and d(k — 1) + % directed edge.
There are d directed edges from v; to v;41 for 1 < < k — 1 with initial label m and
terminal label n and there are g directed edges from v, to v; with initial label pm

and terminal label pn.

The groups I'y for k > 1 are all latties in Aut(Xg, 4n) by theorem We will

compute the depth profiles of I'y, for £ > 1, and will show that these depth profiles
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Figure 3.4: Graph B; for [ > 2, defining lattices in Aut(Xgy, an) for a prime number

p | d,m. Here, xa denotes the number of edges between vertices.

are not equivalent using Lemma [2.10.2] This will prove that these groups are pairwise

incommensurable.
Definition 3.4.1. A segment o in a G—tree is called unimodular if i(o) = i(7).

Proposition 3.4.1. [For2j|] Let G be a GBS group and X be its GBS tree. Suppose

V' is the stabilizer of a vertex x € V(X). Define the set
I (x) ={i(o) : 0 is a non-trivial unimodular segment with endpoints in Gz}.

Then
2(G,V)C I(x) C 2(G,V)U{1}.

Proposition 3.4.2. Let X, be the Bass-Serre trees for the given GBS structure on
['y. Suppose Vi is the stabilizer of a vertex x; € V(X;) which maps to the black vertex
in the graph of groups By. Then % (x1) = Si[n] — {1} where

Si={m':ieNU{0}}.

Proof. Note that the unimodular segments in X; with both endpoints in I'yz; have
even lengths, and the vertices along these segments alternate between black and white.
Additionally, for this entire proof, we only consider the unimodular segments from a

black to another black vertex in Xj.
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m n_m n

Figure 3.5: A segment 7 in Xj.

Let’s denote any length 2 segment in X; with the labels given in Figure [3.5] by 7.

2

For such segments 7, the initial index i(7) is m? and the terminal index i(7) is n®.

Now every unimodular segment o in X of length > 2 has one of the following forms:
(1) 0 = 0109 with 01, 09 unimodular segments in X
(2) 0 = 7017 with o7 a unimodular segment in X

(3) 0 = Toy7 with 07 a unimodular segment in X.

Let D; denote the set Si[n] — {1} (see equation for definition of S[k]). It is
easy to verify that D, is closed under taking lem. We will show that every unimodular
segment ¢ has index in D; by induction on its length. Let’s denote any edge in X;
with an initial label m and a terminal label n by e. Then, the length 2 unimodular
segments in X; whose end vertices are black are ee and ee. By Remark we can
see that i(ee) = m € Dy, and i(ée) =n € Dy.

If o is of type(1), then by Remark 2.8.1 we have i(0) = lem(i(01),i(02)) € D;.

By Remark[2.8.1] and using the fact that ged(lem(a, b), b) = b, we see the following.

If o is of type(2), then its index is

i(o) = n?m?lem(i(oy), n?),
which lies in D;. Similarly, if o is of type(3), then

i(o) = m*n?lem(i(0), m?),

which also lies in D;. This shows that .#(x;) C D;.

Finally, consider the following unimodular segments in Xj:
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(a) e'e
(b) eled

These segments have indices m?, and n?, respectively. Therefore the index of a
concatenation of segments of type(a) and type(b) is lem(m’,n’) = m'n’. Hence we

also have Dy C ¥ (x7). O

Proposition 3.4.3. Let X, be the Bass-Serre tree for the given GBS structure for
Ly, for k > 2. Suppose Vi is the stabilizer of a vertex xy which maps vi. Then

S (xr) = Sk[n] — {p} where

Sk — {pmzk7 mzk—&—l’ .

Proof. Note that, the unimodular segments in X with both endpoints in I'yxy have
even lengths as they contain equal numbers of forward- and backward-oriented edges.

Let D denote the set Si[n] —{p}. It is easy to check that D is closed under taking
lem. We will show that every unimodular segment in X, with both endpoints in I'yx
has index in D by induction on its length. Let’s denote edges in X, with initial label
m and terminal label n by e, and edges with initial label pm and terminal label pn
by f.

For the base case, we will show that the index of unimodular segments of length 21,
for 1 <1 <k, is contained in D. Observe that i(m eeeery) = i(m €€73) for any segments
71 and 79. Therefore it is sufficient to compute the index of unimodular segments that

are either e'e!, fe'~le!~!f or concatenations of smaller unimodular segments. Since

i(ele) = m! and i(fe"te!"1f) = pn', and since D is closed under taking lcm, it

follows from Remark that the set of indices of unimodular segments of length

20 is contained in D.
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Figure 3.6: A segment 7 in X}

Consider the segment 7 = e*~'f as in Figure . Note that i(7) = pm* and
i(T) = pn®. The index of every unimodular segment in X}, of length > 2k is contained

in the index of one of the following unimodular segments;

(1) oo’ with o, ¢/ unimodular segments in X
(2) T7oT with ¢ a unimodular segment in X}

(3) Tor with o a unimodular segment in Xj.

The index of an unimodular segment of type(1) is lem(i(o),i(0”)) which is contained
in D as it is closed under taking lem. Also, by Remark and the fact that
ged(lem(a,b),b) = b, we get i(t07) = (pn) FpmFlem(pn*,i(o)) € D, and i(ToT) =
(pm)~*pnklem(pm*,i(c)) € D. This shows that % (x;) C D.

Finally, consider the following unimodular segments in X fori > 0, and 0 < j < k—1;
(a) 77
(b) TielelT
(c) Tlelel Tt
(d) 7 felted =t fro
These segments have indices pm™*, m**+7 pn* and pn™**7, respectively. Therefore,

e Concatenation of segments of type(a) and type(c) has index pm®*nizF,

e Concatenation of segments of type(a) and type(d) has index pmiFnizk+iz,
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e Concatenation of segments of type(b) and type(c) has index mik+iipizk

e Concatenation of segments of type(b) and type(d) has index m#*+iipizktiz,
Hence we also have D C .7 (xy,). O
Corollary 3.4.3.1. 2(I'1, V1) = Si[n] — {1} and Z(Tx, Vi) = Sk[n] — {p} for k > 2.

Proof. Since the set . (zy) does not contain 1 for k& > 1, by Proposition we have

Corollary 3.4.3.2. If the prime number p divides both m and d, then the lattices

Iy € Aut( Xam.an) are pairwise abstractly incommensurable for k > 1.

Proof. Enumerate the elements of S; in order for ¢ > 1 and notice that each element

divides the next one. Taking the ratio of successive elements we obtain the sequences

(m,m,m,---) for Sy and
m m m
—m,m,--- M, pm, —,m,m, -, M, pm, —, M, N, -+ ,N, -
k — 2 elements k — 2 elements k — 2 elements

for Si, k > 2. The tails of these ratio sequences are unchanged when passing from 5;
to S;/r for any r € N because the values of ged(r,m/), and ged(r, pm*?) stabilize as
j — oo, all to the same number. The tail for S; will never agree with the tail for S as
p # 1, so we get S7 not equivalent to Sy for k > 2. Also, for k,l > 2, the tails for S
and Sy will agree if and only if { = k. Using Lemma [2.10.1] we conclude that S[n] is
not equivalent to Si[n] for k # [. Furthermore, it’s evident that Si[n] is equal to the
set (S1[n] — {1})/n, which is equivalent to Z(I'y, V1) = Si[n] — {1}. Similarly, Sk[n]
is equal to the set (Sg[n] — {p})/n, which is equivalent to Z(I'y, Vi) = Sk[n] — {p}.
Therefore by Lemma the depth profiles of I'; and I'y are not equivalent for

k # 1 and hence these groups are not abstractly commensurable.
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3.4.2 Incommensurable lattices in Case (II)

In this section, we provide examples of lattices in Aut(Xgy, 4n) that are abstractly
incommensurable when m or n is 1, and such that there exists p < d (not necessarily
a prime), m,n # p such that either p | m or p | n. Without loss of generality, we can
assume m = 1, n # p, and p | n. [For24] provides an example of incommensurable
lattices in Aut(Xg4,) when n # p, using depth profile as a commensurability invariant
(see Theorem [1.1.1)2)). Building on this, we will construct infinitely many such
examples using the depth profile.

The lattice Ay for k > 2 . Consider the group A defined by the directed
labeled graph (Dy,6)) shown in Figure(3.7). The graph Dj consists of k vertices
vy, Vg, -+ - U and dk — p+ 1 directed edges. There are d directed edges from v; to v; 41
for 1 <i < k—1 and d — p directed edges from v, to vy, each with initial label 1
and terminal label n. Additionally, there is a directed edge from vy to v; with initial

label p and terminal label np.

U2 p }”7 1 U1
l N 7,
np
n Xd
U3 xd-p
N\ N ])
AN
-1 AN 1
Vk—1  Xd Uk

Figure 3.7: The graph Dy, for k > 2, defining a lattice in Aut(Xgyq,) for p < d.

Performing a sequence of collapse and slide moves on Dy, for k > 2 (see figure

for an example with k = 5), we obtain the following:
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xd-p-1

Figure 3.8: A sequence of collapse and slide moves on (Aj, d5) that gives a bouquet
of circles with the fundamental group As. A number z inside the petal indicates that
both ends of the petal are labeled z, while xy above a petal denotes the multiplicity

of that petal.

Ay = BS(pn,pn) V \/BS(l,nk) v \/ BS(n,n)V \/ BS(n? n?) Vv \/ BS(n® n®)

d—p—1 d—1 d—1

Vo \/ BS(n* nFh
d—1

= BS(pn,pn) vV BS(1,n*) v \/ BS(1,1)v \/ BS(n,n) Vv \/ BS(n*,n*)v

-1 d—p—1 d—1
\/ BS(n*n?)- .. \/ BS(n* ™t nFh).
d—1 d—1
(3.9)

The following result from [For24] will be used to compute the depth profile of Ay:

Proposition 3.4.4. [For2j|] Let G = BS(1,N) Vv \/._, BS(n;,n;) for some r > 1,

N > 1, and n; dividing N. Suppose the set {ni,na,--n,} is closed under taking lem
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and contains 1. Then, for the vertex group V,
2(G,V)={mN? :§>0and 1 <i<r}.

Proposition 3.4.5. The set of groups {I'1, Ay : k > 2} defines pairwise incommen-

surable lattices in Aut(Xqa,) when n > d, ged(n,d) =1, and n has a divisor p < d.

Proof. For k > 2, the group Ay, defines a lattice in Aut(Xg4,) by Theorem [2.5.1} Let
Vi be the vertex group of the GBS structure for A;. By Proposition the
depth profile of Ay is:

{pnkitt phi pkitl pkit2 opkitk=1. 3 >0} ifd>p+1
DAy, Vi) = (3.10)

{pnkitL pki pkit2 L pkith=l g > () ifd=p+1
In both cases, enumerating the elements of Z(Ay, Vi) in ascending order and com-

puting the successive ratios we get the periodic sequence:

(

n7p7%7n7”'7n7p7%7n7"'7n"' Zfd>p+1
k—1 times k—1 times
pna%ana"'anapnagana'“7”"' Zfd:p+1
\ k—2 times k—2 times
By Corollary [3.4.3.1

2, V1) ={n' i >0},

and the ratio of successive terms in Z(I';, V1) is (n,n,n,---). As the tail of these

ratio sequences never agrees which is a commensurability invariant as mentioned in
Corollary [3.4.3.2) we conclude that any two groups in the set {I'y, Ay : k > 2} are

incommensurable. O
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3.5 Revisiting the CRKZ invariant

In this section, we define a class of GBS groups and provide a necessary condition
for two groups in this class to be abstractly commensurable. This condition will enable
us to prove that the set of groups {I'1, Ay : k > 2} defines pairwise incommensurable
lattices in Aut(Xgq,) when n < d and n t d. Furthermore, we also demonstrate that
this condition is sufficient for a special subset of this class.

In [CRKZ21], the authors introduced a class of GBS groups and constructed an
isomorphism invariant for groups in this class (see subsection for details). We
will refer to this invariant as the CRKZ invariant. Here we will give a new description
of the CRKZ invariant for a larger class of GBS groups and prove the scaling property
of the CRKZ invariant for finite index subgroups arising from topological covers (The-
orem . It follows that the CRKZ invariant is also a complete commensurability
invariant.

Fix an integer [ > 1. Suppose G is a non-elementary GBS group whose image
under the modular homomorphism ¢ : G — Q* is generated by 1/n'L for some n € N
and L € Z. Suppose G is represented by a labeled graph (A, \), and for all edges
e € E(A), Me) = n' for i, > 0. To each GBS group in this form, we will associate a
vector X'(G) € (NU{0})! well defined up to cyclic permutation. We call this vector

the length | CRKZ invariant of G.
Definition 3.5.1. Suppose vy € V(A) is a fixed vertex.

1. A vertex v € V(A) has level i with respect to the base vertex vy if for any path

(e1, €9, - e,) from vy to v, ¢’}(e1, e, -+ €,) =i (mod ).

2. An edge e € E(A) has level ¢ with respect to base vertex vy if, for any path

(fi: far e+ fs) from vy to Do(e), vu(A(e)) + @ (fr, fo, oo+ fs) =i (mod ).
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Let V] (A) (and E; (A)) denote the set of vertices (and edges) that have level i

with respect to the base vertex vy. In particular,

Vi(A)={veV(A): qMey,eq,---e,) =i (mod )}
B, (A) = {e € E(A) : vu(A(e)) + ay (f1. for -+, fi) =i (mod 1)}

where (e, es,- -+, e,) is an edge path in A from vy to v, and (f1, fo, -, fs) is an edge
path in A from vy to dy(e). Note that Vi (A) = Vi (A) and Ei*(A) = E; (A) for

all 1 <i<land k € N.

Definitions is independent of the choice of path from vy to v since any two
such paths (ej,eq,--- ,¢e.) and (f1, fa,--+, fs) in A determines a 1-cycle in H;(A)

given by

(€1>627"' 767”7fs7f3717“' 7f1)

Therefore

q;?(el,eg,"' 7€r)_qg(fl>f27"' 7fs):q;?<€15627"' >€r7fsafs—1"'f1)

imphes qﬁ(ehe%'” 767’> = qg(fl?f?a"' 7fs) (IﬂOd l)

Remark 3.5.1. Edges e and € always have the same level, so e € E; (A) if and only

if e € E} (A). In particular, |E! (A)| is even.

Definition 3.5.2. Let (A, \) be a labeled graph. For a fixed integer [ > 1 and
vo € V(A), define a vector X! (A) in (NN {0})" as
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X1, (A) = (B3, (A)] = 2[V (A | B (A) = 21Vt (A)], - L [EL (A = 2V (A)]) -
The next lemma shows that these vectors are independent of the choice base point,
up to cyclic permutation.

Lemma 3.5.2. Let vy and wy be two vertices in A. Then the vector )Z'fﬂo (A) is a cyclic
permutation ofXéO(A). In particular, Jio)?fjo(A) = )ZLO(A), where o = (I,1—1,---,1)
is the cyclic permutation of {1,2,--- 1} and iq = q’X(e1, eq,- -+ ,e,) for an edge path

(61762,'-- ,er) from vy to wy.

Proof. For an edge path (f1, fa, -, fs) from wg to v, (e1,ea,- -+ , €, f1, fo, -+, fs) is
a path from vy to v with
anler ez, e fifo o fo) = @)(erea o ve) + i (fio fo oo fo)
=iy + ¢y (fi, far -+ fs)  (mod 1)
Therefore, we have V) (A) = Vi"(A) and E. (A) = E.T"(A). Together with the
facts |[VEFH(A)| = |V (A)] and |EiH(A)| = |EL (A)| for all 1 <i <[ and k € Z we

get,

o (K1,(4)) = 0 (15, (A)] = 21V (A)], | BL (A)] = 2V (A,
B (A)] - 2V (A))
= (|Bi(A) = 2V2(A)] [BGH (A)] - 2Vie ()
B (A)] = 2Vt (4)))
— (1ES, (A)] = 2V3,(A)], | L, (A)] = 21V4, (A)], -+
B (A)] = 21V (4)

ol
= X (A).
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]

We will denote any element in the subset {)Z'fjo (A) :vp € V(A)} € (NU{0}) as
X!(A). In the view of Lemma m, X!(A) is a well-defined vector in (NU{0})" up
to cyclic permutation.

Any two splittings of a non-elementary GBS group are in the same deformation
space. This means that these graphs of groups are related via a sequence of expansion
and collapse moves. Thus, by the next lemma, for a non-elementary GBS group G,

we can associate a vector X {(@) well defined up to cyclic permutation. Sometime we

will refer X'(G) as X'(A).

Lemma 3.5.3. If two labeled graphs A and A’ are in the same deformation space

then X'(A) is a cyclic permutation of X'(A’).

Proof. 1t suffices to show that if A’ is obtained from A via a collapse move, then

XU(A') is a cyclic permutation of X!(A).

Collapse & /ENc
s

Suppose A’ is obtained from A by collapsing an edge e with A(e) = N, and
A(€) = 1. Let us denote the image of a vertex v € A via collapse move by v € A’.
Choose dy(e) and (9y(e))" to be the base vertex in A and A’, respectively. If v, (V) = i

(mod 1), then the vertex 0;(e) has level iy, and edges e, € also have level iy. Therefore

» Vi(A)| =1, ifi=4iy (mod 1)
ViA)| = 0
Vi(A)l, if i Z4p  (mod 1),
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and
A |EY(A)| -2, ifi=ip (mod]I)
)| -
|E*(A)], if i Zip (mod I).
Hence [E% (A')| 2|V (A)] = |E™(A)|-2-2([V*(A)|—1) = [E*(A)[ 2]V (A)],
and X'(A") = X'(A) follows from the definition.

]

Theorem 3.5.4. Let G be a GBS group defined by labeled graph (A, \) without a
proper plateau such that for all e € E(A), Xe) = n' for some i, > 0 and ¢(G) =
((1/nM)Ng-. Then for every index d subgroup H < G, X'(H) is a cyclic permutation
of dX'(G).

Proof. Since A does not contain a proper p—plateau, the GBS group H is represented
by a labeled graph A for some d-sheeted topological covering 7 : A — A, by Propo-
sition [2.9.2L Fix a base vertex vy € A and vy € 7' (vg) € V(A).

For any © € V(A) and a directed edge path (éy,és,--- ,é,) from ¥y to 0, the path
(w(é1),m(é3), - ,m(€)) is directed edge path in A from vy to 7(0) with
G (Enés oo, 8) = g (n(@), m(@), - 7(E).

Therefore, for 0 € 771 (v) and v € V(A), we have © € V(A). Similarly, for ¢ € 771 (e)
and e € E*(A), we have é € E*(A). Thus, |E'(A)| = d|E*(A)| and |[Vi(A)| = d|Vi(A)).
Now X%O(A) = d)?f)o (A) follows from the definition of X', O

Corollary 3.5.4.1. Suppose G; are the GBS group represented by the directed labeled
graphs (A;, \;) without proper p—plateau, for i =1,2. If Gy is commensurable to Gs,

then cl)?l(Gl) is a cyclic permutation of cg)?l(GQ) for some ¢y, ¢y € N.

Proof. Suppose G, is commensurable to Gs, then for some finite index subgroup

H;, < G;, H, is isomorphic to Hy. Let H; be represented by the labeled graph B;
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with the covering map m; : B; — A;. Then B; and B, are related via a sequence of
expansion and collapse moves. Therefore, X {(By) is a cyclic permutation of X H(By).
Also, [G; + H]XNG,) = XYB;) = X'(H;) by Proposition . Thus, if Gs is
commensurable to Gy, then ¢; X' (G,) is a cyclic permutation of ¢, X'(Gs) for ¢; =

|G, : H;l. O

3.5.1 Incommensurable lattices in Case (III)

Next, we prove that any two lattices in {I';, Ay : k > 2} are incommensurable
when p = n.
Recall the lattice I'; defined by Figure for m = 1. By collapsing the edge eq4,

and performing d — 1 slide moves, we find that
I = \/BS(l,n2) Y \/ BS(n,n)
d d—1

>~ BS(1,n*) v \/ BS(1,1) v \/ BS(n,n)

d—1 d—1

Also, the group Ay for n = p from (3.9) is

Ay = BS(n®,n*) v BS(1,n*) v \/ BS(1,1) v \/ BS(n,n)Vv \/ BS(n*,n*)v

d—1 d—n—1 d—1

\/BS(n?’,n3) \/BS(nk_l,nk_l).
d—1 d—1

Therefore, I'y and Ay are the fundamental groups of the labeled graphs which are
bouquets of circles. These bouquets consist of one loop labeled 1 and n*, along with

additional loops labeled n for 0 <4 < k — 1, as shown in Figure

Proposition 3.5.5. The set of groups {I'1, Ay : k > 2} define pairwise incommen-

surable torsion-free uniform lattices in Aut(Xgqn), when n < d and ged(n,d) = 1.
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xd-n-1

(a) (B1, 1) (b) (Ds, d5) (¢) (Dy, 6y), for k >3

Figure 3.9: Labeled graphs representing the groups I'y and Ay for £ > 2.

Proof. To show that any two groups in {I'1, Ay : k > 2} are incommensurable, we
will demonstrate that they contain incommensurable finite index subgroups.

To obtain an index [ subgroup Ay, in Ay, unwind the loop in the graph (D, d}.)
labeled 1 and n* into a circle of length [ (see Figure for an example). Next,
collapse all but one of the edges labeled 1 and n* to obtain a bouquet of circles with
edges labeled n' for 0 <4 < kl. The fundamental group of this labeled graph is Ay .
Similarly, unwinding the loop labeled 1 and n? in (B}, 1)) into the circle of length
[ gives index [ subgroup in I';; in I';. It is straightforward to see that the modular

homomorphism of Ay is generated by #, and the vector X M(Ag;) is as follows:
1. X2(Ay)=2(dd—n—1,dd—n—1,--- ,djd—n—1) e N?

2. XM(Ag) =2(d—1,d—n—1dd—1 - d=1.d—1d-n—1.d,

J/

—~
k—3 elements

d—1,---,d—1)in N* for k > 3.

~
k—3 elements

Meanwhile, the modular homomorphism of I'; ; is generated by ﬁ, and

X Ay)=2d—1,d—1,--- ,d—1,d—1) e N%.
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dearee 4 ' collapse
covering map,
d

xd

xd—1

Figure 3.10: The labeled graph on the right represents an index 4 subgroup Az, in
As.

Since all entries of X2(I 1) are equal, X 2(Ty;) and any cyclic permutation of
X 21(A}2) are linearly independent. Therefore, by Corollary 3.5.4.1, I';; and A, 5 are
not commensurable for all [ > 2.

For k,l > 3, X¥(Ay;) has k — 2 consecutive equal terms, whereas X*(A, ;)
has [ — 2 consecutive equal terms. Hence, X M(Ag,) and any cyclic permutation of
X M(A;x) are linearly independent, for k,1 > 3. By the similar argument X (Agg)
and any cyclic permutation of X k(Ay.2) are linearly independent for k& > 3. This

proves that for k,1 > 2, Ay; and A, are commensurable if and only if £ = [. Hence
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the same is true for A, and A;. O

3.5.2 Commensurability criterion for some GBS groups

We conclude this section by giving a solution for the commensurability problem
for a subclass of GBS groups denoted by €,,;. This class of GBS group was introduced
in [CRKZ21]. Forevery l > 1, n > 2k >2,0 < aj,as, -+ ,a,1 <[ — 1, denote
by A = A(n,l;a1,a9,-- ,a,_1) the following labeled graph: it is bouquet of circles
e, ,ex with Mep) = 1, M€1) = n', and A(e;) = A(g;) = n%-1 for 2 < i < k. The

GBS group for this labeled graph is given by
BS(1,n') vV BS(n™,n") VvV BS(n®,n®)V ---V BS(n%-1, n%-1),

The solution to the isomorphism problem for groups in €,,; is given in of [CRKZ21]
Theorem 5.1].

Remark 3.5.6. The vector associated in |[CRKZ21] to a GBS group G in C,; is
XYG).

N

Theorem 3.5.7. [CRKZ21, Theorem 5.1] Let Gy and G are two GBS groups in C,, .
Suppose Gy is the GBS group defined by a labeled graph A1 = A(n,l; a1, a9, -+, ax, 1),
and Gy be the GBS group represented by a labeled graph Ay = A(n,l;b1,ba, -+ bry—1).

Then Gy is isomorphic to Gy if and only if

2. X!(Ay) is a cyclic permutation of X'(As).

The following result provides a necessary and sufficient condition for two GBS

groups in €,,; to be commensurable.
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Theorem 3.5.8. Let Gi and Gy are two GBS groups in C,;. Suppose G is the
GBS group defined by a labeled graph Ay = A(n,l;aq,a9, -+ ,ax,—1), and G be the
GBS group represented by a labeled graph Ay = A(n,l;b1,be, -+ ,bg,—1). Then Gy is
commensurable to Go if and only if cl)?l(Al) is a cyclic permutation of CQXl(AQ) for

some c1,co € N,

Figure 3.11: Slide moves on the bouquet of circles with [ = 3. Here 2° = 2, 2! = 2,

and 22 = 1.

Proof. The “only if” direction follows from Corollary [3.5.4.1 For the converse, by
applying an induction move, we can assume that o X I(A)) = e X! (Ag). Perform slide
moves on labeled graphs A; for i = 1,2 (see Figurg3.11|for an example) to obtain the

bouquet of circles whose GBS group which is isomorphic to G; is the following:

v\ BS(1,1) \/BSnn \/BS -1

Therefore, the graph A; is in the same deformation space as the graph A’, which
is defined by a bouquet of circles with a:f circles each with label n/ on both ends for
each j, and one circle with label 1 on one end and n! on the other end. One can see
that X!(4;) = X1(G;) = 2(a0, zL, -+ 2l71).

Suppose jg < [ — 1 is the smallest number such that :zcgo # 0, and xi = 0 for all
0 < j < jo. Let B! denote a ¢; sheeted topological covering of A that unwinds a loop

in A} with labels n/® on both ends, into a cycle of length ¢; (Figure illustrate
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2 degree 3

covering map

induction
followed by slide

Figure 3.12: Example illustrating Theorem [3.5.8

jo = 1 and ¢ = 3. Here a number z inside the petal means both ends of the petal

have label z, and a number above a petal represents the multiplicity of that petal.

an example of this). We can apply an induction move to each vertex of B! to make
the labels on the cycle n'. By performing slide moves to each vertex of the resulting
labeled graph, we can get all labels on the cycle to be 1. Now, by applying ¢; — 1
collapse moves, we obtain a bouquet of circles. We can adjust the petal labels by
applying slide moves, resulting in ¢;27 = co2 petals with labels n/=9+1 on both ends
for 0 < j <1 — 1, along with one circle having a label 1 on one end and n! on the
other end.

Thus, the labeled graphs B} and Bj are related by slide moves to the same labeled

graph. Consequently, they represent isomorphic finite index subgroups of GG; and Gb,
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respectively. This completes the proof of the theorem.

3.6 Reduced graphs with no proper plateau

In the following section, we will give examples of incommensurable lattices in
Aut(Xgman), when ged(m,d) = ged(n,d) = 1 for m,n > 1, and there is a prime
q < d which divides either m or n. Without loss of generality, we can assume ¢
divides m (hence ged(m, q) = ¢ and ged(d, q) = 1).

Let D be the largest number dividing d — ¢ which is coprime to both m and n.
Let d —q=1D.

The lattice A; for 1 > 2. Consider the lattice A; defined by the directed labeled
graph (L;, \;) given in Figure (3.13)). It is a graph with [ vertices vy, vq,- -+ ,v; and
d(l — 1) + D + 1 directed edges. There are d directed edges from v; to v for
1 <1 <k —1 with initial label m and terminal label n. One directed edge from v; to
vy with initial label gm, and terminal label gn. Lastly, there are D edges from v; to
vy with initial label I'm, and terminal label In.

Recall the graph (Bj, 1) defined by Figure and its fundamental group I';.
Since m,n > 1, the labeled graphs (Bj, p1) and (L;, ;) are reduced for all [ > 1.
The next two lemmas imply that these labeled graphs do not contain any proper
p-plateau. Hence, the finite index subgroups of I'; and A; are given by topological
coverings of By and L; for [ > 2. By analyzing these covers, we will show that any

two groups in {I'y, A; : I > 2} are abstractly incommensurable.

Remark 3.6.1. For the labeled graph (A, \) the following holds which can also be
found in [Lev15]:

58



V2 n xd m U1

qn

U3 xD

N I'm

AN
Vi—1 %d (Y
Figure 3.13: Graph B, for | > 2, defining lattices in Aut(Xgm an) when ged(m,d) =

gcd(n,d) =1 and a prime g < d divides m.

1. For a vertex v € V(A), {v} is a p—plateau if and only if p divides every label at

v.
2. Let P C A be a p-plateau and e € E(A). Then the following holds:

a) If e € E(P), then p1 A(e), A(e).

b) If dy(e),01(e) € V(P) but e € E(P), then p | A(e), A\(€).

c) If dy(e) € P and 0y(e) ¢ V(P), then p | A(e).

d) If Oy(e), 01(e) ¢ P, then there is no restriction.
3. If P C Ais a p-plateau for prime p not dividing any label of A, then P = A.

Lemma 3.6.2. (By, 1) does not contain a proper plateau.

Proof. {u},{v} C By are not p—plateaus for any prime number p by Remark [3.6.1}(1)
and the fact that ged(m,n) = 1.

If e € E(P) for some p-plateau P C By, then by Remark[3.6.1)2a), p { pu1(e), pu1 (€).
Therefore p does not divide m or n and by Remark, [3.6.1(3) P = B;. O

Lemma 3.6.3. (L;,\;) does not contain a proper plateau for | > 2.
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Proof. Let P C L; be a p—plateau for a prime number p. If p is coprime to all
m,n,q, I, then by Remark (3), P = L;, hence P is not a proper p—plateau. We
will show that if p divides any of the numbers m, n, ¢, I, then P is a null graph.

If p| g, then p =q and ¢ | m. Since ged(m,n) =1 and ¢ | m, we have ¢ f n. We
claim that ¢ 1 I. Assuming ¢ | I, we will have the following sequence of implications,

contradicting the fact that ged(d, q) = 1;
q| 1 = q|DI = q|d—q = q]d.

P # {v;} for 1 <i <1 by Remark[3.6.1(1) and the fact that ¢ { I, n. By Remark
3.6.1| (2a), P doesn’t contain any edge since ¢ | m. Therefore P is a null graph.

If p | m, then p{n as ged(m,n) = 1. If p = ¢ then we have already shown that L,
does not contain proper g-plateau. If p # ¢, then P # {v;} by Remark [3.6.1(1) and
the fact that ptn,q. Moreover, the edges are not contained in P as p | m.

If p|n, thenptmand ptq. P # {u},{v} due to Remark [3.6.1(1) and the fact
that p { m,q. The edges are not contained in P as p | n.

We have seen that L; does not contain a proper p—plateau for p dividing m,n or
q. Therefore, assume p { m,n, q. Recall that D was chosen to be the largest number
such that D | (d — ¢) and ged(D,n) = ged(D,m) = 1. If p | I, then d — ¢ = DI
implies pD | (d — q). Also, ged(D,n) = ged(D,m) = 1 = ged(p,m) = ged(n, p)

implies ged(pD, n) = ged(pD, m) = 1, contradicting the choice of D. ]

Proposition 3.6.4. Fori € {1,2}, let G; be the GBS groups represented by a labeled
graphs (A;, \;) with no proper plateau and such that \(e;) # +1 for any e; € E(A;).

Furthermore, suppose q(G;) NZ = {1}. Then if G; and Gy are commensurable, then

V(A1) _ |E(A)]
[V (A2)] |E(A2)|

Proof. Since Gy and Gy are commensurable, there exist admissible covers (A;, A;) of

(A;, \;) representing isomorphic GBS groups.
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Since (A;,\;) does not contain a proper plateau, by Proposition [2.9.2) A; is a

topological cover of A; of some degree d;. Therefore,
|V(1‘L‘)| = d;|V(4;)| and |E(Az)| = d;| E(A;)]. (3.11)

Since A(e;) # £1 for any e; € E(A;), and A, is a topological cover of A;, we have
X&) # £1 for any & € E(A;). Therefore, A; is a reduced graph. By Proposition
, (A, /\~1) and (A, /\~2) represent isomorphic GBS groups if and only if they are
related by slide moves. Since slide moves do not change the numbers of vertices and

edges in a graph, we have
V(A)] = [V(A2)] and [E(A)| = |E(As)). (3.12)

From equations (3.12) and (3.11]), we get the following equality;

V(A _ da _ |B(A)
VA d B

]

Corollary 3.6.4.1. The GBS groups I'1 and A; are not abstractly commensurable for
1> 2.

Proof. Note that By and L; is reduced graph for all [ > 2 as m,n > 1. Also, since
ged(m,n) = 1, it follows that, ¢(I'y) N Z = {1}.
Now, assume I'y and I'; are commensurable groups for [ > 2. By Proposition

we have

which is equivalent to
2 2d

I dl—-1)+D+1
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Rearranging and simplifying this equation yields d = D + 1. Since (L;, ;) is a
uniform lattice in Aut(Xgp an), by Proposition and the fact that I > 1, we get

the contradiction

dm = Z i (e)

e€Ef (v))
=qm+mDI
> gm +mD
=gm+(d—1)m
>2m+ (d—1)m
=(d+1)m
where the last inequality follows from the fact that ¢ is a prime number, and hence

q > 2. 0

Corollary 3.6.4.2. The GBS groups Ay, and A; are not abstractly commensurable for
kE,l>2and k #1 .

Proof. Assume A and A; are commensurable groups. Then, by Proposition [3.6.4 we

have the following statements:

[ di-1)+D+1

E dk—1)+D+1
I(k—1)d+1(D+1)) =k(l—1)d+ k(D + 1))

I(D—d+1)=kD—d+1).

Since d # D + 1 (by the same argument as in the proof of [3.6.4.1)), it follows that

k = 1. This completes the proof of the corollary.
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]

Finally, we conclude this chapter by giving necessary and sufficient conditions for

the cell complex X, an to satisfy Leighton’s Property.

Theorem 3.6.5. The Baumslag-Solitar complex X i, an has the Leighton property if

and only if m and n have no divisor less than or equal to d.

Proof. When m or n has a divisor less than or equal to d, sections 3.5 and
w provide examples of incommensurable lattices in Aut(Xgm.an). This proves the

forward direction of the Theorem. The converse direction is proved in Theorem

B3.3.8 O
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Chapter 4

Lattices in Generalized

Baumslag-Solitar Complexes

In [For24], the author shows that every torsion-free uniform lattice in Aut(X,, )
is a generalized Baumslag-Solitar group, that is the fundamental group of a graph
of infinite cyclic groups. A natural next question is: which groups (possibly with
torsion) can occur as uniform lattices in Aut(X,,,)? Theorem answers this by
proving that any uniform lattice in Aut(X(,, ,)) must be the fundamental group of a
graph of 2-ended groups. More generally, if one considers the automorphism group
of an arbitrary GBS complex, Aut(X4,y)), then every uniform lattice in it is likewise
the fundamental group of a graph of 2-ended groups.

Conversely, given any graph of 2-ended group G, one can produce (possibly after
passing to a finite quotient) a uniform lattice in the automorphism group of a suitable
“almost GBS” complex. In some cases, this almost GBS complex is in fact an honest
GBS complex.

In the next section, we introduce the notion of an almost GBS complex and give

a couple of conditions under which it is actually a GBS complex.
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4.1 Double-labeled graphs and almost GBS
complexes

Definition 4.1.1. A double-labeled graph (A,l, p) is a finite graph A together with

two label functions [, p : F(A) — N.

For a double-labeled graph (A,l, p), we construct a 2-dimensional cell complex
X(a,,p), referred to as an almost GBS complex. This complex is homeomorphic to the

standard GBS complex associated with the labeled graph (A, lp); that is,
Xae = Xagp) = Tagp) X R,

where (Ip)(e) = l(e)p(e). Let m : Xay, — T(ayp) denote the natural projection
map. As in the standard case, the complex X4, ) is constructed from two types of
subspaces: branching lines 7~ !(v) for each v € V(T{4y,)), and strips 7' (e) for each
e € E(T(a,p)). Each strip 771 (e) is tiled as a
( W U )-strip
ged(1(f),1(f)) ged(U(f), 1(f))

where f = g(e) € E(A) is the image of e under the projection of T{ 4, onto A. Let

v € V(T(a,)) and suppose ¢(v) € V(A) is its image. For every edge f € Ey(q(v)),
there are I(f)p(f) edges fi1, fa. - -~ fipotr) € E(T(a,p)) with initial vertex v that map to

f under g. These correspond to the I(f)p(f) strips 7= (f1), 7= (f2), - - 7 (fupp))

-1 . _ 1(f) fot
attached to 7~'(v) in k = ETIGNIG)] distinct ways. In the complex X(a,,), these
strips are joined to 7~ !(v) along the coset i + kZ for all i = 1,2,---1(f)p(f). Once
again, the neighborhood of each branching line, together with the Bass-Serre tree

Ta,1p), completely determines the complex X4 ).
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In general, X(4,, need not arise from the labeled graph (A,lp). The lemma
below provides sufficient conditions under which the complex X4, ,) is indeed the

GBS complex of (A, lp).

Lemma 4.1.1. Let (A1, p) be a double-labeled graph such that ged(I(f),1(f)) = 1

and p(f) = p(f) for every f € E(A). Then the almost GBS complex associated with

(A,l,p) coincides with the standard GBS complexr X a,,) associated with the labeled

graph (4, 1p).

Proof. Consider a strip 77*(e) in (A, lp) with ¢(e) = f € E(A). This strip is tiled as

a (m,n)-strip, where

(m,n) = ( p(HUS) p(lf)l(f)

Since p(f) = p(f), we factor it out to get

o ()
) = (350,207 330 70T

This shows that the tiling in the strip of X4, exactly matches the one in X(4,,).

Therefore, the two complexes are identical in their cell structure. O]

More generally, an almost GBS complex X4 ) may coincide with the GBS com-
plex of a different labeled graph than (A,lp). The lemma below gives sufficient

conditions for exactly this situation.

Lemma 4.1.2. Let (A, L, p) be a double-labeled graph such that p(e) = p(f) whenever
Oo(e) = 0o(f). Then the almost GBS complex X, is actually a GBS complex.

Proof. For each v € V(A), define p(v) = p(e) for any e € FEy(v). Let N be the

least common multiple of all the values p(v) as v ranges over V(A). We construct a
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labeled graph (B, \) along with a projection map 7 : B — A as follows. Begin with
A x {1,2,---N}. For each vertex v € V(A), partition the set of vertices (v,i) into
blocks of size p(v), and identify each block to a single vertex in B. For instance, group
and identify (v,1),(v,2),--- (v, p(n)) into one vertex, then (v, p(n) + 1), (v, p(n) +
2),- -+ (v,2p(n)) into another, and so on. Repeat this process for each vertex v € V(A).
The resulting graph B comes with a natural projection 7 onto A. Next, define a label
function A(e, i) = l(w(e,4)) for each edge (e,i) € E(B). This makes (B, \) a labeled
graph. Moreover, this defines an admissible branched cover of the labeled graph

(A, lp), with the degree function d : V(B) U E(B) — N given by
d(v,i) = p(v), and d(e,i) = 1.

Consequently, the Bass-Serre tree of (B, \) coincides with that of (A, lp), and the GBS

complex associated with (B, \) is identical to the almost GBS complex X(a;,). O

4.2 Two-ended groups

Let G be a finitely generated group. Consider the Cayley graph A(G,S) of G
with respect to a generating set S. The ends of G are defined as the number of ends
of A(G,S), and this is independent of the choice of generating set S. By a theorem
of Hopf, a finitely generated group has 0, 1, 2, or oo many ends.

The following theorem from [Wal79| classifies the set of 2-ended groups.

Theorem 4.2.1. ([Wal79], Theorem 5.12) The following conditions on a finitely gen-

erated group G are equivalent:
1. G is 2-ended group,

2. G is a either a finite by cyclic group G = Kxgx = K X Z or G = Axg B for a
finite group K with [A: K| = [B: K] =2,
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3. G has a finite normal subgroup with quotient 7 or Zo * Zs.

Remark 4.2.2. For a 2-ended group G, the finite normal subgroup appearing in
statement (3) in Theorem is the same subgroup K in statement (2). We refer
to this subgroup as the “canonical subgroup” of G. This subgroup consists of all the
torsion elements of G that act on the Cayley graph A(G,.S) by preserving each end.

H is also the kernal of the action of G on its Bass-Serre tree.

Lemma 4.2.3. Let G = K x(t) be a finite-by-cyclic group for a finite group K and an
infinite cyclic group generated by t. Then, for any other decomposition G = F x (s),

with F finite and s infinite order, we have
K =F and s = kt™ for some k € K

Proof. Suppose ¢ : F'x (s) — K x (t) is an isomorphism of finite-by-cyclic groups.
Then it is trivial that ¢ restricts to an isomorphism ¢|r : F F' — K. This induces

an isomorphism between the quotient groups:

¢ (Fx(s))/F— (K x(t)/K.

Since both quotients are infinite cyclic groups, we must have ¢(sF) = ¢(s)K = tT1 K.
Thus, ¢(s) = t='K' for some k' € K. Alternatively, ¢(s) = kt*! for some k € K, since

(t) acts on K by conjugation. O

Remark 4.2.4. Let G = K x (t) be a finite-by-cyclic group, and let H = F x (kt)
be a finite-by-cyclic subgroup of G, where K and F' are finite groups, and k € K,
and | € Z. Then [G : H] = |l|[K : F]. This follows from the observation that if
{1, 29, -+ ,x,} is a complete set of coset representatives of F' in K, then a complete

set of coset representative of H in G is given by
{t'z; .0 <i<]|l[,1<j<n}
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Let G be a graph of orientable 2-ended groups. Then we can assign two label
functions [, p : F(A) — N such that if e € Ey(v) and G, = K, xZ and G, = K. X Z
then, p(e) = [K, : K.| and | = %

We conclude this section by showing that the fundamental group of a non-orientable

2-ended group contains, as a finite-index subgroup, a fundamental group of an ori-

entable 2-ended group. To prove this, we use the following theorem from [For(2].

Theorem 4.2.5. [For02] Let G be a group, and let X and Y be two cocompact G-

trees. Then the following conditions are equivalent;
1. X and Y have the same elliptic subgroups.
2. There is a coarsely equivariant quasi-isometry i : X — Y.

Lemma 4.2.6. Suppose G is the fundamental group of a graph of 2-ended groups.
Then there exists a subgroup Gy < G of index 1 or 2 which admits a structure of a

graph of orientable 2-ended groups.

Proof. Let B be the underlying graph for the graph of groups structure on G. For
each vertex group G,, let R, denote the Bass-Serre tree associated to G,,, which is
homeomorphic to R. For g € G, let g : R, — R, denote the action of g on R,.
This action induces a bijection on the space of ends, Ends(R,), i.e. §: Ends(R,) —
Ends(R,). We define a group homomorphism ¢, : G,, — Zy by setting ¢,(g) = 0 if
g acts trivially on Ends(R,), and ¢,(g) = 1 otherwise. Similarly, for each edge group
G, define a homomorphism ¢, : G. — Zs in the same manner. Now consider an
edge e € Ey(v) and the injective map f. : G. — G,. We claim that the following
diagram commutes, that is, ¢, o f. = ¢.. In other words, whether an element of

G, preserves or reverses ends agrees with its image in G,. This compatibility ensures
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that we can glue the homomorphism ¢; together to obtain a global homomorphisms

¢ : G —> Zs. The kernel of this map is then a well-defined subgroup of index 1 or 2

G, Je s G,
4.1
A (1)
2Ly

Since f(G.), which is isomorphic to G, is a subgroup of G,, it follows that G,

in G.

also acts on R,. Therefore, R, and R, are two cocompact G.-trees. We claim that
R, and R, have the same elliptic subgroups.

Suppose H < (G, is an elliptic subgroup for the action of GG, on R,.. Then there
exists a vertex v, € V(R,) such that hv, = v, for all h € H, i.e. H C stabg, (ve).
Since G, is a 2-ended group, all elliptic elements have finite order. Therefore, each
h € H acts on R, as an elliptic element as well (i.e., it can not act by a nontrivial
translation). Thus, each element of H fixes some vertex of R,. Suppose for hy, hy € H
we have h; € stabg, (v;) for some vertices vy, ve € V(R,). If v; # vy, then the product
h1ho would act via nontrivial translation of R,, which contradicts the fact that each
element of H fixes some vertex of R,. Therefore, v; = vy, and H < stabg, (v1); hence
we conclude that H is an elliptic subgroup for the action on R, as well. A similar
argument shows that elliptic subgroups for the action on G, on R, are also elliptic
subgroups for the action on G, on R..

By Theorem[1.2.5] there exists a coarsely G.-equivariant quasi isometry ¢ : R, —

R, which makes the following diagram commute:

g
Re e

R
|!
fe(9) R

v

|

<

Ry

|

which in turn includes the following commutative diagram on the ends:
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¥ induces homeomorphism on Ends(R.) on the ends, making the following diagram

commute,

Ends(R,) —— Ends(R,)
¥ ¥
fe(g)

Ends(R,) — Ends(R,)

This ensures that the diagram in commutes, so we get a well-defined map ¢ :
G — Zs, whose kernel, denoted Gy, is a subgroup of GG. By the subgroup theorem,
Gy admits a graph of groups decomposition with a finite underlying graph. The vertex
groups are isomorphic to GoNgG,g~!, and edge groups are isomorphic to GoNgGeg™*
for g € G. Let (B,Z) be the graph of space associated to the given graph of groups
decomposition of G, with total space Zg, and let Zp denote its universal cover.

1

Each conjugate ¢G,g~' acts on a vertex space Z, in Zg, which is 2-ended space

corresponding to the universal cover of Z,. Therefore, the subgroup Gy N ¢G,g~*

1 consists

also acts on Z, and is therefore a 2-ended group. Moreover, Gy N ¢Gug~
precisely of those elements in ¢G, ¢! that preserve the two ends of Z,. Similarly each
Go N gG.g~ 1 is also orientable 2-ended group. Thus, G is the fundamental group of

a graph of an orientable 2-ended groups. O]

4.2.1 Bass-Serre tree for 2-ended groups

The Bass-Serre tree for a 2-ended group is homeomorphic to a line. Here, we
describe in detail how to construct the tree.

Orientable 2-ended groups- Consider an orientable 2-ended group given by
an HNN extension of the form G = Kxg. To distinguish between vertex and edge
groups, we denote the vertex group as K, = K and the edge group as K, = K .
According to Theorem 3.14 in [Wal79], the Bass-Serre tree of G has:
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1. Vertices corresponding to cosets of the vertex group gK,. The stabilizer of such

a vertex under the action of G is gK,g7 .

2. Edges corresponding to cosets of the edge group gK.. The stabilizer of such an
edge under the action of G is gK,.g~!. Each edge gK, connects the vertices gK,

and gtK,, where t is the stable letter in the group G.

Let Z be the graph of space structure for GG, with edge space Z,, and vertex space
Z,, total space Z, and universal cover Z with covering map p : Z —s Z. Then
Z consists of universal covers of vertex space Z, and edge space Z.. By Lemma
3.12 in [Wal79], there is a natural correspondence between the cosets gk, and the
connected components of p~!(Z,), which consists of copies of universal cover of Z,,.
Similarly, there is a natural correspondence between the cosets g K, and the connected
components of p~1(Z,), which consists of universal cover of Z.. Denote the compo-
nent of p~'(Z,) corresponding to coset gK,. by ZgKe and the component of p~*(Z,)
corresponding to coset gK, by ZQKU.

Now, fix a basepoint z, € Z,, and a preimage %, € Z. Consider the orbit GZ,.
Two points g1z, and g9Z, lie in the same component ZgKU if and only if there exists
some element k € stab(gK,) = gK,g~' = K, = K such that g2z, = kg1Z,. Thus,
the vertices in the Bass-Serre tree can also be described as equivalence classes of the

relation on GGz, where the equivalence relation is defined by:
G1Zy ~ §2Z, if and only if ¢1Z, = kg»Z, for some k € K.

In this way, vertices in the Bass-Serre tree are the equivalence classes [g;Z,], and the
edges connect [g1Z,] to [g1tZ,].

Non-orientable 2-ended groups- Consider a non-orientable 2-ended group G =
A xg B, expressed as an amalgamated free product. According to Theorem 3.14 in

[Wal79], the Bass-Serre tree of G has:

72



1. Vertices corresponding to cosets gA and gB, where g € G. The stabilizers of

1

these vertices under the action of G are gAg~' and gBg~!, respectively.

2. Edges corresponding to cosets gK of the edge group. The stabilizer of such an
edge under the action of G is ¢K¢g~'. Each edge gK connects the vertices gA
and gB.

We provide another way to construct the Bass-Serre tree. Let Z be the graph
of spaces structure for GG, consisting of an edge space Zg, vertex spaces Z, and
Zp, and total space Z. Let Z denote the universal cover of Z, with covering map
p: Z —s Z. Then Z contains of universal covers of the vertex spaces Za, Zg,
and the edge space Zx. By Lemma 3.12 in [?], there is a natural correspondence
between the cosets gK and the connected components of p~!(Zx), which consists
of copies of the universal cover of Zy. Similarly, there is a natural correspondence
between the cosets gA and gB and the connected components of p~*(Z4) and p~'(Zp),
respectively. Denote the component of p~'(Zk) corresponding to coset gK by ZgK
and the components of p~(Z4) and p~!(Zp) corresponding to cosets gA and gB by
Zg A and ZgB, respectively.

Now, fix a path v : [0,1] — Z with v(0) = 24 € Za, v(1) = 2z € Zp, and
v(t) ¢ Z4U Zp for all t € (0,1). Choose a lift Z4 € Z4 C Z of z4, and let 4z, be the
lift of v based at Z4. Let Zp = 7z, (1) which is a lift of z5. Note that gz, € ZgA and
gzp € ZgB.

Define an equivalence relation in GZ4, declaring z; ~ Z, if and only if Z; and Z; are
in the same componant of p~(Z,), that is, zy, 2, € ZgA for some g € G. This means

17, for some a € A. Then the equivalence classes correspond bijectively

that z, = gag™
to the connected components of p~'(Z4), hence to the cosets of A in G. Similarly,

define an equivalence relation on GZg by declaring any two elements z;, Zo € GZp are

73



equivalent if they are in the same component of p~!(Zp). These equivalence classes
correspond to the connected components of p~!(Zp). Finally, for z; € GZ4 and a lift

7z, of v based at Z, the equivalence class [Z;] is connected to [z (1)] via an edge.

4.3 Structure of lattices in a generalized GBS
complex

Now, we are ready to prove the main result of this chapter.

Theorem 4.3.1. If G is the fundamental group of a graph of 2-ended groups, then
a quotient of G by a finite normal subgroup is a uniform lattice in the automorphism
group of an almost GBS complex. Conversely, every uniform lattice in the automor-
phism group of a GBS complex is the fundamental group of a graph of 2-ended groups.
Furthermore, every uniform lattice in the orientation-preserving automorphisms of a

GBS complex is the fundamental group of a graph of orientable 2-ended groups.

Proof. Suppose G is a uniform lattice in the automorphism group of a GBS complex
X(an- Then G acts on X4,y cocompactly and discretely. This action induces an
action on the associated Bass-Serre tree T4 ). To eliminate edge inversion in the
action of GG on T4 ), we subdivide each edge of the tree once, resulting in a new tree.
The quotient of this action is a finite graph B, where the vertex and edge groups
correspond to the stabilizers of horizontal lines and strips in X4 y). Since G acts on
X(a,n discretely, these stabilizers are 2-ended groups. Therefore, G is the fundamen-
tal group of a graph of 2-ended groups. Furthermore, if the action of G on X4y
is orientation-preserving, then the stabilizers of the vertices and edges are orientable
two-ended groups. Hence, in this case, G is the fundamental group of a graph of

orientable 2-ended groups.
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Case (I)- We first show that if G is the fundamental group of a graph B of ori-
entable 2-ended groups, then G is a lattice in the automorphism group of a GBS
complex. Let (B,Z) be a graph of spaces for this graph of group decomposition, and
Zp be the corresponding total space. Let T denote the Bass-Serre tree for GG, and let
4 B be the universal cover of Zg. For each g € GG, we denote the deck transformation
induced by g by §: Zg — Zp.

For each vertex v € V(B), let Z, be the vertex space in (B, Z), and choose a
basepoint z, € Z,, with a lift 2, € Zg. Similarly, for each edge e € E(B), let Z, be
the corresponding edge space, with basepoint z. € Z., and a lift Z. € Zp. For each
e € F(B) and its initial vertex dy(e) = v in B, fix a path v : [0,1] — Zp whose
image is contained inside the mapping cylinder (Z, U Z, x [0, 1]) /¢.(z) ~ (2, 0) such
that v(0) = z. and (1) = 2, (recall Z, is identified with Z, x {1} inside Zg). We
denote all such paths by ~, suppressing their dependence on e and v for simplicity.

Define an equivalence relation on the orbit space GZ, by declaring g,z, ~ g2Z, if:

e gz, and ¢z, are in the same vertex space Zf) in the tree of space whose total

space is Zp. Note that ¢ is a lift of v € V(B) in the Bass-Serre tree T, and

e g2, = k;goZ, for some element k; in the canonical subgroup Kj of the stabilizer

of Zs (which coincides with the stabilizer of ).

It is straightforward to verify that this defines an equivalence relation on GZ,.
Construct a cell complex X where the vertex set V(X) contains the equivalence
classes GZ,/ ~, taken over all vertices v € V(B). These vertices are referred to as
black vertices.
For a fixed vertex v € V(B), connect two vertices [¢1Z,] # [922,] by an edge in X
if:

1)



e g2, and ¢9Z, lie in the same vertex space Z;, and

e There exists a stable letter ¢; in the infinte cyclic group in the stabilizer of
Zf] such that go2, = t5912,. (By Lemma and the fact that the canonical
subgroup is normal, any other choice of stable letter yields an element equivalent
to t3g1 2, under the defined equivalence relation.) These will be called horizontal

edges.

To ensure that the horizontal edges are well-defined under the equivalence relation,

suppose [g12,] = [¢}2,], implying g1 2, = k;g| 2, for some kz € K;. Then,
92211 - tﬁglgv - tﬁkjﬁgigv = k%tﬁgigv

where the last equality follows from the fact that the canonical subgroup Kj is normal
in the stabilizer of Zz. Consequently, [¢}2,] is also connected to [tsg}Z,] = [g2Zs] by
an horizontal edge. Similarly, we define equivalence relation on the orbit Gz, for
e € E(B) by declaring two elements ¢;Z. and g»Z., lying in an edge space Z: C Zg

(where € is a lift of e in the Bass-Serre tree T'), to be equivalent if
9226 = kéglge

for some element k; in the canonical subgroup K; of the stabilizer of 7 (i.e. the
stabilizer of € € E(T')). The equivalence classes under this relation form additional
vertices in X, for each e € E(B). These vertices are referred to as white vertices.
Edges between these equivalence classes are defined similarly as before: two distinct
vertices [g12.] # [g12.] are connected by an edge if there exists a stable letter t; (i.e.

a generator of the infinite cyclic subgroup in the stabilizer of Zé) such that

gge = téglge-
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Figure 4.1: L3

[t:2hZ,] (t- hz) [hZ.] [tehZe] [t2h3,.]

Figure 4.2: L;

Up to this point, we have constructed a 1-dimensional cell complex isomorphic to
R for each vertex and edge space in Zp (equivalently, for each vertex and edge in the
Bass-Serre tree 7). We denote the lines formed for each vertex © € V(T') by Lz, and
those formed for each edge é € E(T') by L;. See Figures and

Next, for each edge é € E(T') with initial vertex 0y(é) = ¥ in T', we define edges
connecting the vertices in L; to vertices in L, which we refer to as vertical half-edges.

For the vertex [g;1Z.] in Lz and the vertex [¢2Z,] in Lz, add an edge in X if:

1. g1z lies in the edge space Xé and ¢z, lies in the vertex space X},, with e

adjacent to v in T', and

2. For the path 7 : [0, 1] — Zp from z. to z,, the lift 7,,;, starting at gZ. satisfies

gz (D] = [922].

To verify that the vertical half-edges are well-defined, suppose [¢g1 Z.] = [¢} 2], implying
G1Ze = kegrZ. for some kz € Kz Let Jj,4,z be a lift of v starting at kzgi1Z.. By the
property of covering maps, we have i, 4,7, = ks o Y15, Where k denotes the deck
transformation corresponding to kz. Since ¥ is adjacent to é, the stabilizer of Z; is

contained in the stabilizer of Z;, so kz is also an element in K. Therefore,

Fkegiz. (1)] = [kz 0 g,z (1)] = [ke(9220)] = [kegaZu].
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Hence, [g)2.] = [kzg1Z.] is also connected to [kzg2Z,] = [g22,] by a vertical half-edge,

showing that vertical half-edges are well defined.

We have constructed a connected cell complex X, and now we prove that the group
G acts on X simultaneously. For a vertex [¢1Z,] € V(X), define g[g12,] = [9912.],

similarly for vertices [g12.] € V(X).

1. G preserves the vertices of X: Suppose g € G, and let [g12,] = [g22,], where
J1Zy, and gz, lie in the vertex space Z,;, and ¢22, = k3912, for kz € K. Then
9913, and gg»Z, lie in the same vertex space Zg, where @ = ¢ under the action
of G on the Bass-Serre tree. Since the finite-order element k; stabilizes v, its

1

conjugate gkzg~" is a finite-order element in the stabilizer of w, and thus in the

finite subgroup Ky C Stab(w). We compute:

9927, = gksgiZo = gkag 9917 = (9ksg™ ") 9912,

which shows that [gg2Z,] = [gg12,] in Lg. Therefore, the action of G on black
vertices is well-defined. An identical argument shows that G also acts on the

white vertices of X.

2. G preserves horizontal edges: Suppose [g1Z,] and [¢g2Z,] are connected by a
horizontal edge in Lz, which means that [g12,] = [t5922,] for a stable letter ¢;
in the infinite cyclic group in Stab(v). Let g € G, and suppose g0 = @ in the
Bass-Serre tree 7. Then gt;g~! is a stable letter in the infinite cyclic subgroup
Stab(w), and both gg;Z, and gg»Z, lie in the vertex space Zs. Since the action

of G on Gz, / ~ is well defined, we compute:

lgg170] = [gtug2Z] = [(gtog™ ") 99270],
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showing that [gg;Z,] and [gg2Z,] are connected by an horizontal edge in Ly, as
required. A similar argument shows that horizontal edges in L; are mapped to

horizontal edges in L, under the action of g € G.

3. G preserves vertical half-edges: For ¢;Z. in Z;, let Yg15. be the lift of the path
7 starting from g¢;Z, then we know there is a vertical half-edge between [g; Z]
and [y, (1)]. Note that [y, 2 (1)] is a vertex in Ly,). Suppose for g € G, and
gé = f then gdy(¢) = d(f) in the Bass-Serre tree T Also, the lift of ~ starting
from gg1Z. is G o g,z and g o v,z (1) = 9742 (1). Therefore [gg Z], which is a
vertex in Ly, is connected by an vertical half-edge to [gg,2. (1)], which is a

vertex in L 9 (f)-

Suppose € is an edge in T, and g2, is an element in the edge space Z: and Ygi. (1)
is an element in the vertex space Z; for the initial vertex dy(é) = . We demonstrate
that the combinatorial distance between [z, (1)] and [Y4.4z.(1)] in L; is equal to the
combinatorial distance between [J;.¢z,(1)] and [Yi24z,(1)] in L. This proves that for
every ¢ € E(T) we can assign a positive integer [(€) to it. Suppose the distance
between [z, (1)] and [uge, (1) is 1, 50 that [Fuegs, (1] = (s, (D], Since G0, —
te 0 gz, we have F;.gz, (1) = te74z, (1), and thus [tYez, (1)] = [Fregs. (1)] = [t575z. (1)].
This implies that tz; = k;f,t% for some finite order element k; in the stabilizer of ©.
Consequently, J2gz, (1) = teVizgs. (1) = 43445, (1), showing that the combinatorial
distance between J;2gz, (1) and Jt.gz, (1) is also [, as claimed.

Suppose gé = f in T. We claim that [(é) = I(f). This descends to a well-defined
label function on the edges of the quotient graph B. Let ¢, 2, lie in Zz; then gg; 2. lies

1

in Z 7. Also, if #; is a stable letter in the stabilizer of € then gtzg~" is a stable letter

in the stabilizer of f. Let Y1z be the lift of v starting from gz, then go 7,z is a
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lift of v starting from gg;Z.. Suppose [(€é) = [; then

[:)/9125 (1)] = [t%%églfe (1)]7

where © = Jy(€). Then

Fggrz. (D] = [97g,2.(1)] = [9%%591%(1)] = [gt%g_lgiteglée(lﬂ = [(gtﬁg_l)l%taglée(l)]'

This shows that the combinatorial distance between [Y,4,z.(1)] and [Fg.4,2 (1)] in
Lys is also | in Lyz. Hence, | defines a label for each edge in the graph B. Define
p: E(B) — Nas p(e) = [K. : Ky, where K, is the canonical subgroup in the
edge group G. and Ky, is the canonical subgroup in the edge group Gg,«). Then
(B, 1, p) is a double-labeled graph.

Claim 1- For any v € V(B) and e € Ey(v), a lift v € V(T') of v, and a vertex
[gZ,] € L3, there are exactly p(e) vertical half-edges incident to [¢gZ,], each connecting
to a vertex in some Lg,, where €y, €z, - - €,) € Eo(0) are distinct lifts of e.

Consider a lift %ggv of the inverse path 7, starting from ¢Z,. Suppose that %ggv (1) €
Z;,, for some lift & € Fy(0) of e. Since [K; : Kz | = [K, : K.] = ple), we can
find distinct coset representatives ki, ko,--- ,kye) € Kj such that ky € K; and
ko, - kyey € Ky — K, for @ > 1, and the cosets k; Kz are all distinct. By Bass-
Serre theory, the edges € = k€1, ko€, -+, kp)€1 are distinct lifts of in e in Ey(?).
Moreover, any k € Kj; can be written as k = k;k;z, for some i € {1,---p(e)} and

ks, € K;z,. Consider the lift %kggv of 7 starting at kgz,. Then

%kgév(l) - %k‘ikélgév(l) = kikéﬁgzv(l)a

which implies

[Frgz, (D] = [kike, Tz, (D] = kilke, 7z, (1)] = Kil Tz, (1)),
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since kz, € Kz, and 7, (1) € Zz,. Therefore, the vertex [gZ,] = [kgZ,] is connected
by vertical half-edge to the vertex k;[y,; (1)] € V(Lg,). This shows that there are
exactly p(e) such vertical half-edges emanating from [¢Z,], one for each lift k;é; of e,
as required.

By Remark (Ge : Goywy] = l(e)[Ke : Kgywy] = l(e)p(e). Therefore, T' is the
Bass-Serre tree associated with the labeled graph (B,lp). Now, in the complex X,
delete all edges between white vertices and ignore the white vertices entirely. The
resulting complex is homeomorphic to T' x R, where the branching lines are L; for all
0 € V(T). Each strip is tiled by an (I(e),l(€))-strip. We further subdivide the cells

so that each strip becomes a

( I(e) I(e)
ged(l(e), U(€)) " ged(l(e), (2))

>—strip.

By claim 1, it follows that the new complex which we denote by X is the almost
GBS complex X(p;,). We have already shown that G acts on X. Since this action
preserves Lz Lz, we also get a well defined action of G on X.

If g € G fixes any vertex [g1Z,], that is, [gg12,] = [g12,], then g = k; for some
finite-order element k; in the stabilizer of v. Since the torsion subgroup of the sta-
bilizer of v is finite, it follows that the stabilizer of the vertex [g;Z,] is also finite.
Therefore, the action of G on X is discrete. Moreover, because the action of G on Zg
is cocompact, the action of G on X is also cocompact. Hence, the quotient of G by
the kernel of the action on X (which is a finite normal subgroup) is a uniform lattice

in Aut(X).

General case- Suppose G is the fundamental group of the graph of 2-ended

groups. Let (B, Z) be a graph of spaces structure for G, where the associated graph of
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groups decomposition satisfies the property that each vertex space Z, and edge space
7. itself carries a graph of space structure for the graph of group decomposition of
2-ended groups G, and G., respectively. If G, = A, *k, B,, then the vertex space Z,

is built of vertex spaces Z,,, Zp,, and an edge space Z,. Similarly, if G, = A %k, Be,

then the edge space Z, is consists of Z4_, Zp, and Zk,. In the case where G, = K%,
(or G, = K, %k, ), then the vertex and edge spaces within Z, (or Z,) are homeomorphic
to Zk, (or Zk,), respectively. Denote the total spaces for the graph of spaces (B, 2)
by Zp. Let Zg be the universal cover of Z g, with covering map p : Zp — Zg. Let
T be the Bass-Serre tree corresponding to the decomposition of G.

For each orientable 2-ended group G, (or G.), fix a basepoint z, € Zg, C Z, (or
2e € Zg, C Z.), and a lift 2z, € Z, of 2z, (or a lift z, € Z. of z¢). For each non-
orientable 2-ended group G, = A, *k, By, fix basepints z4,, and zp, , together with a
path v, : [0,1] — Z, such that v,(0) = z4,, 7(1) = zp, and v,(t) ¢ Z4, U Zp, for
t € (0,1), as in Subsection Also, fix lifts Z4,, and Zp, such that the lift 7z,
of v, based at Z4,, satisfies 4z, (1) = Z,,. Carry out the analogous construction for
each non-orientable edge group G.. Now, for an edge e € E(B) such that G, is an
orientable 2-ended group and dy(e) = v, fix a path v : [0,1] — Zp whose image is
contained inside the mapping cylinder M, = (Z,UZ, x [0,1])/¢c(z) ~ (z,0) such that
7(0) = 2z, and y(1) = 2, if G, is orientable, or y(1) = Z,, if G, is non-orientable.

Now we build a cell complex X with two types of vertices, black vertices, which
correspond to the vertex groups G, and white vertices, which correspond to the edge
groups Gl.

When G, and G, are orientable groups, the vertex corresponding to them are
constructed exactly as in Case(I) where G is graph of orientable 2-ended groups.

The same construction also applies to the edges between them, thereby producing

horizontal lines L; and Lz, along with edges connecting them whenever stab(?) and

82



stab(é) are orientable 2-ended groups. When G, is orientable and G, is non-orientable
with Jy(e) = v, construct vertical-half edges from Lz to L; by lifting the path ~, which
starts at z., and ends at z4, and lies entirely inside the mapping cylinder M,.

When G, is a non-orientable 2-ended group, define an equivalence relation on
the orbit set Gz4,, by declaring g1Z4, ~ ¢224, if and only if they lie in the same
component of p~1(Z,,). Similarly, define an equivalence relation on Gzp, by declaring
12, ~ ¢2Zp, if and only if they lie in the same component of p~!(Zp,). The
equivalence classes under these relations will be black vertices of X. We connect two
black vertices [g1Z4,] and [g2Zp,] by a horizontal edge if the lift 4,,z,,) of the path v,
based at g12,, satisfies [Jy(g,2,,)(1)] = [922B,]. This also implies that giZ4, and g2Zp,
lie within the same vertex space Zs C Zp, for some ¥ € V(T') mapping to v. This
construction defines a bipartite graph, whose components are naturally identified with
the Bass-Serre trees of the 2-ended non-orientable groups stab(?), where o € V(T
maps to v (see Section . Since the vertices of this graph correspond to cosets
gA, and ¢gB,, the group G acts naturally on these Bass—Serre tree components. An
analogous construction applies to non-orientable edge group G, to obtain additional
white vertices in X and edges between them. Now we construct vertical half-edges
connecting vertices in Lz to vertices in L; whenever dy(€) = ¥ in 7. When stab(é)
is an orientable group, we connect a vertex [gZ.] in L; to the vertex [J,z (1)] in L,
where 7 is the fixed path inside the mapping cylinder M, for the image e of € in B.
As in case (I), we can check that any vertical half-edge emanating from [gZ.] and
landing in a vertex of L; is unique.

Now assume that stab(€) is a non-orientable 2-ended group. Then stab(?) is also
a non-orientable 2-ended group. A vertex [g1Z4,] in Lz corresponds to a component
of p™1(Z4,), and hence each element of stabilizer of this component acts on Lz by

reflection accros the vertex [g124,]. Suppose g € stab(é) acts on the Bass-Serre tree L;
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by reflection across a unique vertex. Then g is a torsion element and also acts on the
Bass—Serre tree L; by reflection across a unique vertex. We connect the corresponding
vertices by a vertical half-edge. If g, go € stab(é) both fix the same vertex w € Lg,
then g;g- also fixes w and hence has finite order. On the other hand, if g; fixes a
vertex wy € V(L3), and g fixes a different vertex wy € V' (L), with w; # wy, then
7192 acts on Lj as a nontrivial translation, implying that g, g has infinite order, which
is a contradiction. Therefore, each vertex in Lz is connected to a unique vertex in Lj.

We claim that we can choose paths inside the mapping cylinder M, to also define
these vertical edges. For that, pick two vertical edges €4 and eg from L; to L;, starting
from two vertices [g124,] and [g1Zp,], respectively. Choose a path 4.4 from ¢;Z4, to a
representative of the end vertex of €4 and a path 4.5 from g2Zp, to a representative
of the end vertex of eg. Let p(Jea) = Yea and p(Jep) = Vep. Every translation of
Fea is a lift of 7.4. The equivalence class of endpoints [.4(0)] = [g124,] and [Fea(1)]
are connected by vertical half edges, as there exist an element of h € G which acts
on Lz and Lzby reflection across [J.4(0)] and [§.4(1)], respectively. Hence, for every
lift Y4 = g 0 Jea for some deck transformation g, the representative of endpoints
[G04.4(0)] and [g o 4.4 (1)] are also connected by a vertical half-edge, since they are
fixed by the conjugate ghg™' € G. This shows that for every lift é of e and ¥ of
v, the lines L; and Lj, together with all vertical half-edges between them, form a
(1,1(e))-strip for some positive integer [(e).

Once again, in the resulting complex X, delete all white vertices and edges between
them to obtain a cell complex X. Subdivide each cell in X, if necessary, to get an
almost GBS complex structure on X. By construction, there is a natural action of
G on X. Once again, by quotienting out by the kernel of this action, which is a
finite subgroup, we conclude that the quotient of G' by a finite normal subgroup is a

uniform lattice in the automorphism group of X.
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]

Corollary 4.3.1.1. Let GG be the fundamental group of a graph of orientable 2-ended
groups over a graph B, such that for every v € V(B), we have [K, : K.|] = [K, : K/]
for all e, f € Eyg(v). Then a quotient of G by a finite normal subgroup is a uniform

lattice in the automorphism group of a GBS complex.

Proof. Since p(e) = [K, : K.] = [K, : K] = p(f) for all e, f € Ey(v), the hypothesis
of Lemma is met. Therefore, the almost GBS complex X (g, ,) (constructed in
the proof of Theorem [4.3.1)) is in fact a GBS complex. O

4.4 A Non—Virtually Torsion-Free Lattice in
AUt(X&l(;)

In light of Theorem [4.3.1] we observe that many lattices in Aut(X,, ) contain tor-
sion elements. We now construct a uniform lattice in Aut(X5s 16) that is not virtually

torsion-free, thereby answering the question in the negative.

Example 4.4.1. Consider the fundamental group of a graph of groups whose under-
lying graph A consists of a single vertex v and a single edge loop. The edge group is
Z = {a), and the vertex group is the finite-by-cyclic group (Zs X Zs) % Z, given by

the presentation:
{a,b,s:a*=0b*=[a,b] = 1,sas"' = b,sbs™ " = a).

The injective homomorhism f, : Z — (Zy X Zy) x Z is defined by f.(a) = as?, and
the injective homomorhism f : Z — (Zy X Zs) X Z is defined by fes(c) = s*. Then,

the fundamental group I' of the corresponding graph of groups has the presentation:
I'={(a,b,st:a®>=0b"=a,b]=1sas" =b,sbs ' =a,tas’t™ " = s*).
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We claim that this group defines a lattice in Aut(Xjs16). Furthermore, we show that
this lattice is not virtually torsion-free.
To prove that the group is not virtually torsion-free, suppose there is a finite group
() and a homomorphism ¢ : I' — () with torsion-free kernel. Consider the element
#(as®) € T. Since Q is finite, the image ¢(as?) has finite order; let this order be n =
ord(¢(as?)). The relation tas?t=t = s* in I implies that ¢(t)¢(as?)p(t) ! = ¢(s?), so
!)
(

#(as®) and ¢(s?) are conjugate in Q). Therefore, they have the same order, and hence

ord(¢(s?)) = n. Note that in T,
(at?)? = at’at® = atht® = ata’t* = t*.

This implies:

ord(at?) . n

ord(t4) = ord((at2)2) = gcd(ord(atQ), 2) - ng(n, 2).

Since ord(t*) = n, we must have ged(n,2) = 1, i.e., n is odd. This implies that in T’
we have:

(as®)" = as™

Applying ¢, and using ¢((as?)") = 1, it follows that:

¢(a) = d(s™").

1

Now, applying ¢ to the relation sas™ = b we get,

d(b) = ¢(s)p(a)d(s) ™" = d(s)p(s")(s) ™" = d(s7").
Hence
¢(ab) = ¢(s™") = 1.
This implies that ab € ker(¢) is a nontrivial torsion element, contradicting the as-

sumption that ker(¢) is torsion-free. Therefore, such a homomorphism ¢ can not

exist. Thus I is virtually torsion-free.

86



In the terminology of the proof of Theorem [4.3.1 we have l(e) = 2, I(€) = 4,
and p(e) = p(€) = 4, and I" acts on the almost GBS complex X(4,,). By Lemma
[4.1.2] this cell complex is also the GBS complex associated with the labeled graph
shown in Figure , and is therefore isomorphic to Xg ;5. Since the action of I' on the
Bass-Serre tree T4, has a trivial kernel, the induced action of I' on Xg 15 also has
a trivial kernel. Thus, I' < Aut(Xg16) defines a uniform lattice that is not virtually

torsion free.

Figure 4.3: A labeled graph whose GBS complex is Xg 16
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