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SOME BASIC PROPERTIES OF LEFT ALGEBRAIC GROUPS

BI-ALGEBRAIC GROUPS AND ALGEBRAIC GROUPS
INTRODUCTION

Left algebraic groups were first introduced into
algebraic group theory by Magid [ M1 ] . The concepts
arose from study of the problem of covering spaces of
affine algebraic groups: Suppose that E + G is
a connected étale covering space of a connected affine
algebraic group G over an algebraically closed field k .
When does E admit a structure of algebraic group so
that the covering projection is a homomorphism of alge-
braic groups? Magid found that E 1is in general a
pro-affine variety which admits an abstract group
structure in which the left translations by elements of
E are all morphisms of the variety structure, and he
called such a structure a left algebraic group.

This thesis continues the works of Magid on the
theory of left algebraic groups. Also it will introduce
bi~algebraic group structures in which both the left and
right translations by group elementg are all morphisms,

1



which form an intermediate category between the category of
left algebraic groups and that of algebraic groups. In
chapter I we will quote some of the definitions and results
from [ M1 ] and from commutative algebras which are the
ground works for the present investigations. In chapter II
we will study left algebraic groups and bi-algebraic groups.
Finally in chapter III we will ask and answer when a
bi-algebraic group is an algebraic group.

Throughout the discussion k will denote the fixed
algebraically closed ground field for varieties and alge-
braic groups (although we often repeat a statement to
that effect for emphasis). All the algebras are assumed
to be commutative and to have an identity element. If B
is a subalgebra of A then it is assumed that the identity
element of B coincides with that of A . Every algebra
homomorphism is required to send the identity element of
one algebra to that of another. All unadorned tensor

products are taken over the fixed ground field k .



SOME BASIC PROPERTIES OF LEFT ALGEBRAIC GROUPS

BI-ALGEBRAIC GROUPS AND ALGEBRAIC GROUPS
CHAPTER I
ALMOST AFFINE ALGEBRAS AND VARIETIES

We begin by assembling the definitions of almost
affine algebras and almost affine varieties and their
basic properties from [ Ml ] and other sources. Many
additional properties of almost affine algebras and va-

rieties will also be obtained.

DEFINITION 1.1. An aigebra over an algebraically closed

field k is called an almost affine algebra if it is an

integral extension of an affine subalgebra, i.e., every
element of the algebra satisfies some monic polynomial

equation with coefficients lying in the affine subalge-

bra.

Almost affine algebras share the following proper-
ties with affine algebras which are essential for trans-

lation of algebraic properties into geometric ones.

PROPOSITION 1.2. (a) An almost affine algebra is a
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Jacobson (or Hilbert) ring, i.e., all prime ideals are
intersections of maximal ideals.

(b) Every quotient of an almost affine algebra by
a maximal ideal is (isomorphic to) the ground field k .

(c) An almost affine algebra has finite Krull di-
mension, i.e., the supremum of the length n of ascending
chain of prime ideals PO $ Py ? S'z P of the
algebra is finite. If the algebra is an integral domain,
this dimension is the same as the transcendence degree
over k of its quotient field.

(d) The inverse image of a maximal ideal under an
algebra homomorphism of almost affine algebras is again

a maximal ideal.

The results and definition (1.l1l) are all stated in

[ M1, pp. 254-255,.(1.1) and (1.2)] .

The next proposition, also due to Magid [ M1,
p. 255, (1.5) ] , shows that almost affine algebra
structures are preserved under quotient formation and
localization with respect to the multiplicatively closed
subset S =1{ s": n > 0} where s is a non-nilpotent

element.

PROPOSITION 1l.3. Let A be an almost affine algebra, I an

ideal of A . Then A/I and AS are also almost affine

algebras.



We will next define an almost affine variety over an
algebraically closed field k . It will be endowed with a

group variety structure in the next chapter.

DEFINITION l.4. An almost affine variety over k is a pair

(V,A(V)) where V is a point set and A(V) an almost
affine algebra of k-valued functions on V , called the

coordinate ring of V (or the algebra of morphic functions

on V), such that the following conditions are satisfied:

(i) A(V) separates the points of V , i.e., if x
and y are elements of V and x # y then there is a
morphic function £ on V , i.e., an element of A(V), such
that f£(x) # £(y);

(ii) Every k-algebra homomorphism A(V) * k is
the evaluation at a poirt of V , i.e., every element of the
set Algk (A(V),k) of all k-algebra homomorphisms from A (V)
to k sends f to £f(x) for some element x in V for
any morphic function f in A(V) . We will denote a homo-
morphism which is the evaluation at a point x of V by

(o]
X .

An almost affine variety (V,A(V)) will usually be
denoted by the first entry V alone, and A(V) will of
course denote its coordinate ring.

By conditions (i) and (ii) there exists a canonical
bijection from V onto Algk(A(V),k) (which can be regarded

also as the maximal ideal space Max(A(V)) of A(V) , i.e.,



the subspace of Spec(A(V)) consisting of all maximal ideals
of A(V) by proposition (1.2 (b)) since the ground field k
is algebraically closed) given by x =~ x® because (i) says
the map is injective and (ii) says it is surjective, and
accordingly we will identify V with the set Algk(A(V),k)

{ = Max(A(V)) ). We could make the bijection even homeo-
morphism after introducing topologies into our spaces, which

we will do shortly.

DEFINITION 1.5. Let V and W be almost affine varieties

over k. Amap u :V + W is called a morphism (or a
morphic map) if A(W)ou & A(V) , i.e., fon belongs to

A(v) for every £ in AM).

If p : V » W is a morphism of almost affine varie~
ties, then it induces an algebra homomorphism p* from A (W)
back to A(V) , called a comorphism associated to u , given
by composition with u , i.e., u* : A(W) - A(V) by
£ -+ fou .

If V is an almost affine variety, then A(V) is re-
duced, i.e., it has no nilpotent elements. Suppose,
conversely, that A is any reduced almost affine algebra over
k . Then the pair (Max(Aa),A) is an almost affine variety
over k . To prove the assertion let £ be in A , then £
can be regarded as a function £ : Max(A) - k by
M > £f+M, i.e., £ modulo the maximal ideal M in A/M

(= k) for every maximal ideal M of A by proposition



(1.2 (b)). Suppose M and N are distinct maximal ideals
of A . Then there exists an element £ of A with £ in
M but not in N , so that f(M) = 0 and £(N) # 0 , i.e.,
A separates the points of Max(a) .

Next assume that n : A » k is a k-algebra homo-
morphism. Then n is surjective and so its kernel is a
maximal ideal of A, say M . It will be shown that
n = M° . The algebra homomorphism n factors through
A/M = k , hence n(f) =f +M=£(M) forall £ in A,
i.e., n=M° . Hence the pair (Max(Ad),A) is indeed an
almost affine variety. Thus a canonical almost affine varie-
ty is constructed from a reduced almost affine algebra.

Further suppose that n : A » B is an algebra homo-
morphism of almost affine algebras. Then n induces a mor-
phism n, : Max(B) -+ Max(A) of almost affine varieties.

To prove the assertion, let M be an arbitrary element of
Max(B) . To define a morphism, it is enough to determine
(n*(M))o because of the canonical bijection between Max (A)
and Algk(A,k) . So let (n*(M))o = Moon , then 1, so de-
fined is a morphism because (n,)* = n . Also if y : V -+ W
is a morphism of almost affine varieties, then (p*), =4 ,
and if v : W - U is another morphism of almost

affine varieties then so is vop : V + U and

(vou)* = p*ov* ., Therefore, the following proposition is now

established:

PROPOSITION 1.6. There is an anti-equivalence between the




category of reduced almost affine algebras and the category
of almost affine varieties, the functor being A -+ Max(a) ,
n > n, and the inverse functor being Vv -+ A(V) ,

p + u* [ M1, p. 256, (1.7) ] .

Since an almost affine algebra is a Jacobson ring
by proposition (1.2 (a)) in which the radical of any ideal is
the intersection of the maixmal ideals containing it, an
important generalization of the usual affine Hilbert Null-

stellensatz can be stated in the following form:

PROPOSITION 1.7 (Hilbert Nullstellensatz). Let (V,A(V)) be

an almost affine variety, and let I be an ideal of A(V).
If a morphic function f vanishes on the annihilator of I

in V , then some power of f 1lies in the ideal I .

If (v,A(V)) is an almost affine variety, we can in-
troduce the weakest topology on V so that all morphic
functions f in A(V) are continuous where the ground field
k carries the Zariski topology. This topology on V is
also called the Zariski topology. Thus a basis for the
closed sets of V are subsets in V of the form
{x: f(x) =0 for some £ in A(V) } , which will be de-~
noted by v(f) . For £ in A(V) let Ve denote the

camplement of v(f) in V , called a principal (or basic)

open set. Then a basis for the Zariski topology on V is
given by sets of the form Vf where £ is in A(V) .

Since the points of V are in canonical bijection



with the maximal ideals of A(V) or equivalently with the
elements of the set Algk(A(V) +k) , the Zariski topology on
V can be transported to Max(A(V)) or to Algk(A(V) k),
making the bijection homeomorphism. We note that the
principal open sets in Max(A(V)) and Algk(A(V),k) are
then of the form Max(A(V))f = { M in Max(A(V)) : M does not
contain £ } , and Algk(A(V),k)f ={nin Algk(A(V),k):
n(f) # 0 } , respectively, for some morphic function £ in
A(V) . We also note that if W is closed in V then W
coincides with the annihilator in V of the annihilator of

W in A(V) .

We continue to list properties of almost affine

varieties analogous to those of affine varieties.

PROPOSITION 1.8. All closed subspaces and principal open

subsets of an almost affine variety are again almost affine

varieties [ M1, p. 257, (1.8) ].

PROPOSITION 1.9. Let u : V - W be a morphism of almost

affine varijieties such that the associated comorphism un* :

A(W) > A(V) is surjective. Then the image un(V) is an

almost affine subvariety of W and u : V » u(V) is an

isomorphism of almost affine varieties.

PROOF: The following proof is just a verbatim translation

of the proof for affine varieties in [ St, p. 3, Lemma | .

It is first proved that u (V) is the annihilator in W of

the kernel of up*, so that u(v) is closed in W hence a
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subvariety of W . Let Vv be an element of V . Then for
all g in ker(u*) , 0 = u*(g) = gop , hence g(u(v)) =0
for all g in ker(u*) , i.e., u(V) is contained in the
annihilator of ker(p*) . To prove opposite inclusion, let
w be in the annihilator of ker(s*) , i.e., g(w) = 0 for
all g in ker(u*) . Regard w as an algebra homomorphism,
i.e., as w° in Alg, (A(V),k). Then w(g) = 0 for all g

in ker(s*) . Since the. sequence
0 + ker(u*) -+ AMW) > aA(vV) -+ 0

is exact, we have A(V) = A(W)/ker(n*) , and so wo maps
A(V) to k , consequently, there is some element v of V
such that w°(h) = vO(u*(h)) for all h of A(W) . But
then wo(h) = (u(v))o(h) for all h in A(W) , so w =
u(v) , hence the annihilator of ker(n*) is contained in
n(V) , whence n(V) 1is equal to the annihilator of ker(u*)
in W. ‘

Now A(W)|u(V) is isomorphic to A(W)/I , where I is
the annihilator of u(V) in A(W) , and I equals the
radical of ker(n*) by proposition (1.7) . But the radical
of ker(u*) equals ker(p*) since A(W)/ker(pn*) is re-
duced (because A(V) is reduced), hence A(W)|u(V) is iso-
morphic to A(W)/ker(p*) = A(V) . Therefore, the pair
(V) ,A(W)|u(V)) is an almost affine variety by proposition
(1.8) , and isomorphic to V because A(V) is isomorphic

to A(W)|u(V) . Now our proof of proposition (1.9) is com-
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plete.

Next, the existence of direct product of finite or
infinite family of almost affine varieties will be estab-

lished.

PROPOSITION 1.10. If { (Vi,A(Vi)) :i=1,...,n} are
almost affine varieties, then so is their direct product
(HVi,OA(Vi)) .
PROOF: It suffices to prove the assertion when the indexing
set is { 1,2 } . The demonstration is divided into three
steps.

(1) A(Vl) e A(VZ) is an almost affine algebra.

First it is shown that Al ® A(Vz) is integral over
Al ] Az , where Ai is an affine algebra over which A(Vi)
is integral. Let x = ).‘.ai ® bi be an element of Al ® A(Vz) ’
where the sum is taken over i =1, ..., m . Then because
b; is integral over 2, , Az[bl,...,bm] is a finitely
generated Az-—module. So there is a surjective A_-module

2

)% to Ay[by,s.../b ] , where z

homomorphism n from (A2

is a positive integer. Then the map 1 ® n £from
A @ (Az)z to A, @ (Az[bl'”"bm]) is a surjective

_ . - z _ z
Al ® Az module homomorphism because Al ® (Az) = (Al ® A2) ’
which means that A; ® (a,[b;,...,b ]) is a finitely
generated A; ® A -module. But (A; @ A,)[x] =
(A, ® a1 [za; @ b.] € 3, @ A,[by,...,b]) . Hemce x is

integral over Al ® Az .
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A similar argument shows that A(Vl) ® A(Vz) is inte-
gral over Al © A(Vz) . By transitivity of integral de-
pendence A(Vl) ] A(Vz) is integral over Al (] Az. Since
A; ® A, is known to be an affine algebra [ F, pp. 29-30,
(1.30) ] , we just proved that A(V,) © A(V,) is an almost
affine algebra which is integral over the affine algebra
A, 014, .

(2) A(V;) © A(V,) is reduced.

Let f be an element of A(Vl) ® A(VZ) . Then we can

write
£ = Zgi ® hi ’

where hi are assumed to be linearly independent over k .

Let x be an arbitrary element of V. Then we can regard

1
X as an element of Algk(A(Vl) ® A(VZ) ,A(Vz)) by

Ia; © b, ~ Xai(}t)bi ’

where Xai [ bi is a typical element of A(Vl) [ A(VZ) .
Now, suppose £ = 0 for some positive integer n . Then
0 = x(f) = (x(£))®, so x(f) = 0 because A(V,) is re-
duced. But then 0 = Ig,(x)h; , which implies that g, (x) =
0 for all i since hi are linearly independent. Hence
g9; = 0 because x is arbitrary, so we must have f = 0 .

(3) The evaluation map ( )° from vy % v, to
Algk(A(Vl) ® A(Vz) ,k) is a bijection.

It is a consequence of the general fact: If A , B
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and C are algebras over k , then Algk(A ® B,C) =
Algk(A,c) % Algk(B,C) . In our particular setting, we have
that Algk(A(Vl) (4] A(Vz),k) = Algk(A(Vl),k) x Algk(A(Vz),k) =

V1 x V2 .

Assertions (1), (2) and (3) establish that the pair
(V1 % VZ,A(Vl) ® A(Vz)) is an almost affine variety. Hence
by induction the product (nvi,eA(Vi)) is an almost affine

variety. This completes the proof of proposition (1.10).

LEMMA 1.11. Let { Vi : i from I } be a family of almost
affine varieties, and let { Ai : i from I } be the set of
affine algebras such thaf for each i from I A(Vi) is an
integral extension of Ai . Then ?A(Vi) is an almost

affine algebra if and only if @Ai is an almost affine alge-
I
bra.

PROOF: First suppose that @Ai is an almost affine algebra.
I

By definition QACVi) is the direct limit of all the

finite tensor products OA(Vi) (where F is a finite sub-
F
set of I) which are all integral over eAi as we can see
F
from proposition (1.10), so ®A(Vi) is an integral extension
I

of @Ai , which means that @A(Vi) itself is an almost
I I '
affine algebra.

Next, assume that @A(Vi) is an almost affine alge-
I

bra. We found above that @A(Vi) is integral over oAi .
I I
Now, we may regard each Ai as an integral extension of a

polynomial ring Bi by the normalization lemma (See, for

example, [ Hl, p. 8, (1.10) ] .) where B; looks like
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i i . s X i i
k[xl,...,xni] . Then ?Bi is isomorphic to k[xl,...,xni :
i from I J. But 8A(V,) must have finite Krull dimension by

I
proposition (1.2 {(c)), so that all except finitely many Bi
must be k . Let Io ={ i from I : Bi is not k } . Then
I is a finite subset of I . So B, = ©B, which is an
o ;i i
affine algebra. But OAi is integral over® eBi , hence it

I I
is an almost affine algebra.

REMARK 1.12. In lemma (1.11) &Ai is an almost affine alge-
bra if and only if all but finiiely many Ai are integral
over k .

PROOF: An argument analogous to the one used in the proof of

lemma (1.11) will work.

PROPOSITION 1.13. Let { (Vi,A(Vi)) : i from I } be a family

of almost affine varieties. Then the product (gvi,?A(Vi))
is again an almost affine variety if and only if all but
finitely many A, are integral over the ground field k
(where each A; is that affine subalgebra of A(V.) such
that ACVi) is integral over Ai ).
PROOF: First assume that all but finitely many A, are
integral over k . We will divide the demonstration into
three steps.

(1) QA(Vi) is an almost affine algebra.

This is lemma (1.11) combined with remark (1.12).

(2) ?A(Vi) is reduced.

Let x = (x,) be an elenent of 1V, , and regard
. I-{j}*
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it as an element of AlgkosACVi),ACVj)) . Suppose f is
I
an element of @A(Vi) . Then £ = Xbi {(finite sum), where

~ I R
b, = ebin (where all but finitely many bin are 1). 1If

i
=0 , then 0 = x(f) = (x(f))m , so x(f) = 0 because
A(Vj) is reduced. But 0 = x(f) = Z(Hbin(xn)bij) : SO
nbin(xn) =0 for all i , for we could choose bij to be
linearly independent over k . 5o for each i we get
Bin(xn) =0 for some n in I , which means that for each
i, bin =0 for some n from I because we can chooce X,
as an arbitrary element of Vn . Hence f =0 .

(3) The evaluation map ( )°  from nv, to

I
Algk(@A(V.),k) is a bijection.
r i

The fact mentioned in the proof of proposition (1.10),
(3}, is still valid for infinite tensor product, i.e., if B,
and C are algebras over k , then Algk(eB.,c) = NAlg, (B, ,C) .

T 1 I k1
From this fact it folilows that Algk(@A(Vi),k) =
I

nAlgk(A(Vi),k) = nvi , which means that the evaluation map
I I
()% : v, - alg, (®A(V;),k) is a bijection.

1t r

The proof of the only if part is immediate from
lemma (1.11) and remark (1.12). This completes the proof of

proposition (1.13).

We remark here that the Zariski topology which we are
using on the product topology is not the product topology of
Zariski topologies as the following example shows: Consider
the product variety c2 =¢Cx €, where € is the field of

complex numbers regarded as the l-dimensional affine variety



16

over itself. Let A =1{ (X,y) inC€ % € : x = y } be the di-~
agonal. Then the diagonal is closed in the product topology
if and only if € is Hausdorff. But € is not Hausdorff
in the Zariski topology, and the diagonal is clearly closed
in CZ with respect to the Zariski topology.

We will show next that the'product above is the ap-
propriate categorical definition of direct product in the

category of almost affine varieties.

PROPOSITION 1.14. Let { v, @ i=1l,...,n} and W be
almost affine varieties. Then (i) injection (described in
the proof below) Vj > Hvi as well as the canonical pro-
jections nvi > Vj , are morphisms of almost affine
varieties, and furthermore, the canonical projections are all
open maps; (ii) a family W - vy of morphisms of almost
affine varieties yields one and only one morphism of almost
affine varieties W ~ HVi whose composites with the
canonical projections are the given morphisms, i.e., Hvi is
a universal object in the category of almost affine varieties.
PROOF: Again it suffices to prove the assertion when the
indexing set is {1,2 } .

(i) An injection, say, Vl - V1 x V2 given by
x = (x,yo) where Yo is a fixed element of V2 is a
morphism because it is associated to the evaluation homo-
morphism A(Vl) @.A(Vz) -+ A(Vl) given by £ ®g » gy )f .
Similarly, the canonical projection Vl x VvV, > V

2 1
by (x,¥y) + =X is a morphism since it is associated to the

defined



17

inclusion algebra homomorphism A(Vl) > A(Vl) 9 A(Vz) given
by £ » £61 for £ in A(V,) .
Now it will be shown that the canonical projections

’n‘i:lev

the map L V:L x V2 + Vl . It is enough to show that

'ﬂl((Vl * V,)g) is open in v, for all £ in A(V;) © A(V,) .

2 7 Vi are open maps. We will only consider

Now, (V; = V,). ={ (x,y) in Vi xV,: £x,y) #01 .
Thus ‘n’l((Vl x Vz)f) ={ x in Vl : (%,y) in Vl x V2 and
fx,y) #01Y =UL x : £,(5) = £(x,y) # 0} , where the

union is taken over all y with (x,y) in vy x v, and

£(x,y) # 0 . But fy belongs to A(Vl) for a fixed y in
V2 s S0 { X ¢ fy(x) # 0 } is open in Vl , hence

ﬂl((Vl x Vz)f) is open, and therefore 7, is an open map.
(ii) Suppose that there is given a pair of mor-

ul:W—>V1andu2:
* .
ugt s

A(.Vl) + A(W) and "2* : A(Vz) + A(W) , so that there is

phisms of almost affine varieties

W - V2 . Then there are associated comorphisms

a unique algebra homomorphism ul* © "2* : A(Vl) ] A(Vz) >
A(W) givenby £ g - ul*(f)uz*(g) such that the A

following diagram is commutative:

A(Vl) © A(Vz)

Tr.l,V NI’ 2*

AY;) B1* @ uo* A(v,)

A(W)
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Hence the corresponding diagram of almost affine varieties

is also commutative. The morphism (ul* ® pz*)* T W~
Vl x V2 has evidently the required properties. This com-

Pletes the proof of proposition (1.14).

PROPOSITION 1.15. Let { Vi : i fromI } and W be almost

affine varieties such that the product %Vi exists as an
almost affine variety (as asserted in proposition (1.13)).
Then (i) injections Vi > ?vi {as the ones given in the
proof of proposition (1.12)) as well as the canonical pro-
jections gvi > Vio , are morphisms of almost affine va-
rieties, and furthermore, the canonical projections are open
maps in the Zariski topology: (ii) a family W - Vi of
morphisms of almost affine varieties yields one and only one
morphism of almost affine varieties W - gvi whose compo-
sites with the canonical projections are the given morphisms.
PROOF: A little modification of the proof of pfoposition

(1.14) above yields the results.

PROPOSITION 1.16. If V and W are irreducible (i.e., A(V)

and A(W) are integral domains) almost affine varieties, then
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so is their direct product V x W .
PROOF: See [ Hl, p. 28, (4.2) ] for an algebraic proof and

[P, p. 30, (1.31) ] for a topological one.

The'following sequence of propositions give immediate
consequences of the definitions of almost affine algebra and

variety.

PROPOSITION 1.17. ZLet { A; ; i from I } be a direct sys-
tem of almost affine algebras all integral over a fixed affine
subalgebra Ao which is element-wise invariant under all tran-
sition maps. Then dir lim Ai is an almost affine algebra.
PROOF: Let x be an element of dir lim A; . Then there is
an almost affine algebra A; and x; with x = ni(x) where
ng is an algebra homomorphism in the definition of

dir lim Ai . Since X5 is integral over Ao there exists a
monic polynomial P(X) in AOEX} with P(x;) = 0 . Then

0= §(x) where §(x) is a monic polynomial over ni(Ao)

with coefficients the images of the coefficients of P(X) ,

so that X 1is integral over ni(Ao) which is inside

dir lim ni(Ao) = Ao (because ni(Ao) = AO ).

COROLLARY 1.18. Let { vy i from I } be projective system

of almost affine varieties with all A(Vi) satisfying the
same conditions as in proposition (1,17). Then proj lim Vi
is also an almost affine variety.

PROOF: From the projective system { Vv, : i from I } we

obtain a direct system { A(Vi) : i from I } of almost
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affine algebras. So by proposition (1.17) above,

dir lim A(Vi) is an almost affine algebra, and it is
reduced. Then Max(dir lim A(V.}) is an almost affine va-
riety, and Max(dir lim ACVi)) = Algk(dir 1lim A(Vi),k) =
proj lim Algk(A(Vi),k) = proj lim Vi . Hence the pair
(proj lim Vi,dir lim A(Vi)) is an almost affine variety.

This completes the proof of proposition (1.18).

PROPOSITION 1.19. Let { Vi : i from I } be a projective

system of almost affine varieties and V be an almost affine
variety which is the projective limit of the system

{ Vi : i fxom I } . Then every morphic function £ on V
factors through vi as f = fioui for some i in I

where uy is a morphism of almost affine varieties defining
V as the projective limit of v, and fi is a morphic
function on v, -

PROOF: Since A(V) = dir lim A(Vi) , £ = “i*(fi) for some

in I . So f = fioui .

PROPOSITION 1.20. Every almost affine variety is a pro-

affine variety, i.e., is a projective limit of affine va-
rieties.

PROOF: Let V be an almost affine variety. Since the al-
gebra A(V) of morphic functions on V is an almost affine
algebra, it is integral over an affine subalgebra Ao , say,
so that given any finite subset E of A(V) , the algebra

AOEE] is a finitely generated A -module, hence a finitely
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generated A -algebra. Then A(V) = dir lim A_[E] (where
the limit is taken over all the finite subsets E of

A(V)). Using the anti-equivalence of the category of almost
affine varieties and the categoty of reduced almost affine
algebras, we get a projective system { Max(AOCE]) : B is a
finite subset of A(V) } of almost affine varieties. Now
proj lim Max(Ao[E]) = proj lim Algk(Ao[El,k) =

Alg, (dir lim A o[E] k) = Alg, (A(V),k) =V , vhich proves that

V is the projective limit of affine varieties Max(a [E]) .

We conclude the chapter with examples of almost

affine varieties.

EXAMPLES 1.21. (1) All affine varieties.

(2) Let k be a field of characteristic p # 0 ,
and let

A= k[Xy,eea X, ]/T

where I is the ideal generated by { X§+1 - Xi : i=1,...
n,... } . Then A is an integral domain almost affine al-
gebra which is not affine. Let V = Max(A) . Then V =

. ® P - .
{ Cxi) in k : Xi1 =¥ }, and we get an almost affine
variety (V,A) which is not affine.

Regard k as the l-dimensional affine variety, and
define an affine variety Vi =k, for i=1,...,n,...,

cos s . p

and a transition morphism My 3 Vi+1 - Vi by x - x
Then V = proj lim Vi r 1.e., V is a projective limit of
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copies of l~dimensional affine variety k .

Consider the projection morphism = : V - V; =k
given by in) + Xy . Then r is a bijection because k
is of characteristic p (but not an isomorphism; in fact
none of the bijective transition morphisms vy is an iso-
moxrphism) .

In a similar fashion, we can construct such an
almost affine variety over a field of characteristic zero,
but the resulting variety is no longer in bijection with
the ground field regarded as a l-dimensional affine variety.

(3) Let V be a connected affine variety over k
of characteristic p # 0 with positive dimension, and let
A be the separable closure of A(V) . Then A is an almost
affine algebra which is never affine, and Max(A) is an
almost affine variety. See [ M1, p. 271, (3.7) and (3.8) ]

and also [ M2 ] for definition and proof.



CHAPTER II
LEFT ALGEBRAIC GROUPS AND BI-ALGEBRAIC GROUPS

We will define a left algebraic group and bi-alge-
braic group as a type of group varieties by imposing a
group structure on an almost affine variety. Left alge-
braic groups were originally defined by Magid [ M1 |, and
his work is the starting point of our investigation in this

chapter.

DEFINITION 2.1. A left algebraic group over an algebrai-

cally closed field k is an almost affine variety G
which possesses a structure of abstract group such that for
each fixed element x of G the left translation
A, # G > G given by y -+ xy is a morphism of the
almost affine variety structure. A homomorphism of left
algebraic groups over k 1is a morphism of almost affine
varieties which is at the same time a homomorphism of the
underlying abstract group structures.

A bi-algebraic group over k is a left algebraic
group G in which the right translation Py ¢ G + G
given by y + yx is also a morphism of the almost affine
variety structure for every element x of G .

23
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We will often denote (Ax)*(f) by fex and

(ox)*(f) by x+f for a morphic function £ in A(G) .

The question whether a bi-algebraic group is a
pro-affine algebraic group will be taken up in the next
chapter. We note that if G is an affine algebraic
group we require that its algebra of morphic (or polynomial)
functions A(G) be a fully stable subalgebra (i.e., a Hopf
subalgebra) of the Hopf algebra of all representative
functions on G . Refer, for example, to the definition of
an affine algebraic group given by Hochschild in [ Hl, pp.
14-25, chapters 2-3 ] . In the definition of a left alge-
braic group, however, we do not require A(G) to be a
subalgebra of the above mentioned Hopf algebra. In fact.
Magid gave an example c¢f a left algebraic group G such
that there are non-representative morphic functions in
A(G) . See [ M1, p. 271, (3.6.4) ] . Magid also adopted
the following definition: A left algebraic group G is

called a representative left algebraic group if (i) A(G)

is a subalgebra of the Hopf algebra of all representative
functions on G , and (ii) A(G) is an affine algebra

[M3, p.1, Ga.1)] .

DEFINITION 2.2. Let H be an abstract subgroup of a left

algebraic (or bi-algebraic) group G . Then H is called a

left algebraic (or bi-algebraic) subgroup of G if H is a

closed subvariety of G and is a left algebraic (or bi-alge-
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braic) group by itself. A morphic function on H is just
the restriction of a morphic function on G to H , so that
the algebra of morphic functions on H is A(G)/I , where

I 1is the annihilator ideal of H in A(G) .

We will first prove that the direct product of
finite or infinite family of left algebraic (or bi-alge-
braic) groups exists in the category of left algebraic (or

bi-algebraic) groups.

PROPOSITION 2.3. If { Gi :i=1,...,n} are left alge-

braic (or bi-algebraic) groups, then so is their direct
product HGi .

PROOF: Because of proposition (1.10) it suffices to show
that G, carries a left algebraic (or bi-algebraic) group
structure. We only consider the left algebraic case. The
bi-algebraic case can be handled similarly. It may be
assumed that the indexing set is { 1,2 } . To prove that
all left translations on G1 x G2 are morphisms, let

x G

(xl,xz) and (yl,yz) be elements of G and h of

1 2
A(Gy x G,) = A(G;) © A(G)) . Then h is in the form

zfi ® 9; (the sum is taken over finite i ) where fi is in
A(Gy) and g, in A(G,) and so [ heixy,x)] (yq,y,) =

[ (2£; © g5) (x,¥,)] (¥q,¥,) = (£, © 9;) (X1¥7,%,7,) =

BE; B¥1)8;5 (oY) = TUE X)) ) (950 %p) () =

[z (£;-%,) © (g;°%,)] (y;,¥,) , so that he(xy,x,) =

z(fi-xl) ® (gi-xz) and hence h-lxl,xz) belongs to
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A(Gl) ® A(Gz) because fi~x1 is in A(Gl) and 9;°%, in
A(Gz) for all i, X, in G1 and X, in G2 . Hence all
left translations are morphisms. This completes the proof

of proposition (2.3).

PROPOSITION 2.4. Let { G, : i from I } be an arbitrary

family of left algebraic (or bi-algebraic) groups such that
eA(Gi) is an almost affine algebra. Then the direct product
§Gi is a left algebraic (or bi-algebraic) group.
égggg: Again we consider only the left algebraic case. By
proposition (1.13) we just need to show that IIGi carries a
left algebraic group structure. Let x and ; be taken
fram HGi . To prove that all left translations are
morphiims, it 1s enough to consider the case when £ is a
generator of gA(Gi) , that is, £ is in the form ?fi ’
where fi =1 for all but finitely many i . Now
(f-x) (y) = £(xy) = (gfi)((xjyj)) , where x = (xi) and
y = (yi) . Then (?fi)((xjyj)) = nfi(xiyi) (the product now
is taken over finite i , and fi are those fi #F1) =
H(fi-xi)(yi) = (?fi~xi)(y), i.e., £f£-x = ?fi-xi which be-
longs to gA(Gi) because fi-xi belongs to A(Gi) . Hence
all left translations on IIGi are morphisms. The proof of
proposition (2.4) is now cgmplete.

As in propositions (1.14) and (1.15) we can show that
the product above is a universal object in the category of

left algebraic (or bi-algebraic) groups.
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PROPOSITION 2.5. Let { Gi :i1i=1,...,n} and H be left

algebraic (or bi-algebraic) groups. Then (i) the canonical
injections Gi +>- nGi ¢ as well as the canonical projections
nGi > Gio age homomorphisms of left algebraic (or bi-alge-
braic) groups, and the canonical projections are all open
homomorphisms; (ii) a family H - G, of homomorphisms
of left algebraic. (or bi-algebraic) groups yields one
and only one homomérphism-of left algebraic (or bi-alge-
braic) groups H -+ HGi' whose composites with the:
canonical projections are the-givan homomorphisms.
PROOF: (i) The prcof is similar to that of proposition
(1.14(1)).

(ii) Suppose there is given a family of homomorphisms
of left algebraic (or bi-algebraic) groups wy ot H - Gi .
Then it yields a homomorphism g : H - nGi given by
u(x) = ("i(x)) such that its composite with the i-th pro-
jection is My e This homomorphism must be unique because
the i-th coordinate of the image of any point x of H
under u must coincide with ui(x) because of the pre-

scribed property of n . This completes the proof of pro-

position (2.5).

PROPOSITION 2.6. Let { Gi :1ifromI} and H be left

algebraic (or bi-algebraic) groups such that the direct

product nGi exists in the category of left algebraic (or
I

bi-algebraic) groups. Then (i) the canonical injections

G, + [G, , as well as the canonical projections
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gGi—rG
bi-algebraic) groups, and furthermore, the canonical pro-

i v are homomorphisms of left algebraic (or

jections are open homomorphisms; (ii) a family H - Gi
of homomorphisms of left algebraic (or bi-algebraic) groups
yields one and only one homomorphism of left algebraic (or
bi-algebraic) groups H - nG; whose composites with the
canonical projections are thi given homomorphisms.
PROOF: (i} A slight modification of the proof of pro-
position (1.14) will yield the result.

(ii) The proof of proposition (2.5(ii)) above

extends easily to the infinite case.

We will next prove that the category of left alge-
braic (or bi-aglebraic) groups is closed under the pro-—

jective limit.

PROPOSITION 2.7. Let { Gi : i from I } be a projective

system of left algebraic (or bi-algebraic) groups over k

such that QA(Gi) is an almost affine algebra. Then
I

proj 1lim Gi is also a left algebraic (or bi-algebraic)
group over k .

PROOF: The abstract subgroup proj lim Gy of nGi is
I
closed (in the Zariski topology) since it is the annihilator

of the ideal generated by the set { fiouijow = fiom; ¢

3 i
i< 3} where fi are morphic functions on Gi P ¥y :
Gj -+ Gi homomorphisms in the projective system { Gi :

ifrom I}l and "j s IIGi - Gj canonical projection homo-
I
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morphisms. Since ngi is a left algebraic (or bi-algebraic)
group by propositioi (2.4), proj lim Gi is also a left
algepraic (or bi-algebraic) group with (OA(Gi))/J as its
algebra of morphic functions where J isIthe annihilator
ideal of proj lim G in gA(Gi) . This completes the
proof of proposition (2.7).

The projective limit of affine left algebraic groups
need not be a left algebraic group in the sense of definition
(2.1), although it is a certain type of pro-affine left alge-
braic groups. Furthermore, Magid proved that there are left
algebraic groups which are not the projective limit of affine
left algebraic groups [ M1, p. 271, (3.6.3) ] . Compare the
last assertion with proposition (1.20) which states that

every almost affine variety is the projective limit of affine

varieties.

We now give examples of left algebraic or bi-algebraic

subgroups.

EXAMPLES 2.8. (1) Let G be a left algebraic group. Then
(i) the. connected component G1 of the identity e.ement 1
of G 1is a left algebraic subgroup of G ; (ii) if G is
a bi-algebraic group then G1 is bi-algebraic and normal,
and if G 1is affine with morphic inversion then Gy bieal=
gebraic and normal of finite index, and G

1
cogggcted left algebraic subgroup of finite index in G .

is the only
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PROOF: (i} Since G, is a closed subset of G, we only
need to show that G1 is an abstract subroup of G . Now,
if x is an arbitrary element of Gl then xG1 is a

connected component of G containing X because the left

translation by x is an automorphism of G , hence xGl =

Gl . Since x is arbitrary, =Xy belongs to G1 for all
elements x and y of G, . Also x-lG1 is a connected
component of G containing 1, where () X : G - G is

the inversion of the abstract group structure, hence
x-lGl = G, , so that x 1 belongs to G, for every element

x in G1 . Therefore, G1 is an abstract subgroup of G ,
hence a left algebraic subgroup of G .
(ii) If G 1is a bi-algebraic group, then clearly

G, is a bi-algebraic subgroup of G . Also xle.x isa

1
connected component of G containing 1 for every element

x of G , so that x-lGlx = G

G1 is normal in G . If G is affine with morphic in-

1 for all x in G . Hence

version, then, by [ F, pp. 44-45, (2,2) ]+ G can be written
as the finite disjoint union of cosets | lel""'anl } o,
which are also irreducible components of G . Hence Gl
is a normal (as we saw above) bi-algebraic subgroup of finite
index. Next, let H be any connected left algebraic subgroup
of finite index in G . Write G as the disjoint and finite
union of cosets { yH,...,y H} . Then G, = lef\ GjyiH) =
U(Gln y;H) , so that G, = Gll'\ yjH for some 3j because

the right hand side is the disjoint union of closed subsets
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of G . So we must have Gl c yjH » hence G, = yjH since

yjH is connected. Then Yj is an element of G, , and so
. _ ol _
is ys5" . Hence H = yj G =Gy -

(2) Let G be a bi-algebraic group. Then the

following are all bi-algebraic subgroups of G : (i) the
centex 2 of G ; {(ii) the centralizer cy of an element
y of G ; (iii) the normalizer NE of a subset E of

G ; (iv) the stabilizer Sp={x in G; XE=E} of

a subset E of G .

PROOF: Since 12, Cy, N, , and SE are all abstract

E
subgroups of G , we only need to prove that they are closed
subsets of G . But it follows from the fact that (i) 2 =
{x in G : (f:y -~y f)(x) = 0 for all y in G and £
in A(G) } , (ii) Cy ={x in G : (fry -y i (x) =0

for all £ in A(G) } , (iii) NE ={x in G :

(f-E - E-f)(x) =0 for all £ in A(G) } , (iv) s_ =

E

{x in G : (B-£f - £(E))(x) =0 for all £ in A(G) } ,
which are the annihilators in G of the ideals of A(G)
generated by { fry -y-f:y in G and £ in A(G) } ,
{ foy-y-£:£f in A(G)} , { £rE-E-f : £ in A(G) } ,
and { E-f - £(E) : £ in A(G) } , respectively, because
fey, y°£, £-E, E-f are all elements or subsets of A(G)
for every y in G and £ in A(G) since G is a
bi-algebraic group.

(3) Let G be a bi-algebraic group, and let E be

any subset of morphic functions in A(G) . Then the set of
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(left) E-invariant elements in G , EG ={x in G : f-x

f for all £ in E } 1is a bi-algebraic subgroup of G .
PROQF: It is first shown that B is an abstract subgroup
of G . Suppose that x and y are elements of EG .
Then f-x=f and f-y=f for all £ in E . So
fe(xy) = (f+x)ey=£f.y=£f forall £ in E . Clearly 1
is in G . Now, for a fixed element x of G , the map
G + G given by y - x-ly is a bijection, hence G =
{ x‘ly :y in G} . Suppose x is an element of °G .
Then £fex = f for all £ in E . Therefore, for any £
in E , (f-x)(x-ly) = f(x—ly) for all y in G , whence
fly) = (f-x_l)(y) for all y in G , which means that for
all £ in E , £ = f-x-'1 , hence x_l belongs to EG , SO
that EG is an abstract subgroup of G .

Next it is established that EG is a closed subset
of G . But it is a consequence of the fact that EG =
{x in G : (£-x)}(y) = £f(y) for all f£f in E and y in
G}l)={x in G : (y-£)(x) = £(y) for all £ in E and
y in G} ={x in G : (y-£f - £f(y))(x) = 0 for all £
in E and y in G } , which is the annihilator in G of
the ideal in A(G) generated by the set { y+-f - f(y) : £
in E and y in G111 .

(4) Let G be a bi-algebraic group, and let E be
a G-stable subset of A(G) . Then the set of E-invariant
elements of G , BB = {x in G: f.x = £ =x£f for all

f in E } 1is a normal bi-algebraic subgroup of G .

It
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PROOF: Let H = EGE . By a similar reasoning as in the

proof of the example above, we can show that H 1is a

bi-algebraic subgroup of G . So we only prove that H is
normal in G . Let X be any element of H . Then £f:x =
f =xf for all £ in E . Now, f-(yxy_l) =

((f'Y)'X)‘Y-l = (f‘Y)'Y—l = fe(yy ) =f for all y in G
and £ in E . Similarly, (yxy-l)-f = £ for all y in
G and f in E . Therefore, yHy-l is a subset of H ,
hence H 1is a normal subgroup of G .

(5) Let G be a bi-algebraic group such that the
group inversion is a morphism (hence homeomorphism), ‘and let
H be an abstract subgroup of H . Then (i) the closure
Cl(H) of H is a bi-algebraic subgroup of G , and (ii)
if H is normal in G then so is CI1(H) .

PROOF: (i) We first show that if x is in C1(H) and

flH= 0 (where f is from A(G)) then f+x|H =10 . Let

y be in H . Then (£f-x)(y) fixy) = (y'£)(x) . So it is

enough to prove that (y*f)|H

0. But if z 1is from H
then (y-£)(z) = f(2y) = 0 .

Next we show that C1(H) is closed under the multi-
plication of G . Let x and y be from C1l(H) , and let
f be from A(G) such that f{H =0 . Then £f(xy) =
(£:x) (y) = 0 by the result above because f'x|H =0 .

Finally we will show that Cl(H) is closed under the
)-l

inversion of G . Since ( : G » G 1is a homeo-

morphism, (Cl(H))™T = c1((H)™1)

1

Cl(H) . Hence Cl(H) is
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a bi-algebraic subgroup of G .
(ii) Let x be from G and y from Cl(H) , and
4L

let £ be fram A(G) with £|H =0 . Then f(xyx
(x-lfx)(y) = 0 because (x—lfx)|H = 0 due to the normality
of H in G . Hence xyx"l belongs to Cl(H) , so CL1(H)

is also normal in G .
We next list a few examples of left algebraic groups.

EXAMPLES 2.9. (1) Aall affine (hence all linear) algebraic
groups and their closed subgroups.

(2) The invertible elements of any finite dimensional
associative algebra (which is in fact an affine algebraic
group). For more information on linear algebraic groups
consult [ B].

(3) Magid showed that a left algebraic group
structure arises from an étale covering of an affine alge-
braic group. See [ Ml, p. 260, (2.3) and (2.4) ] .

(4) Hochschild and Mostow proved that every complex
analytic group having a faithful representation carries a
left algebraic group structure. Refer to [ HM2, p. 118,
(3.1) ] .

Magid also proved that a left algebraic group struc-
ture is given by semi~direct product of algebraic groups as
is shown in the follwoing lemma. Before we state the result
and its corollary as an additional example of left algebraic

groups we will recall the necessary definition: Let H and
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K be left algebraic groups over k , and s : K -+ Aut(H)
a homomorphism of abstract groups, where Aut(H) denotes
the group of left algebraic group automorphisms of H .

Then the semi-direct product H s K 1is the group whose

underlying set is the cartesian product H x K and whose

group multiplication is given by
(102,50 (¥ 1Y) = (yS(X,) (yy)0%,¥,)

Now the following result is taken from [ M1, p. 267,
6.0 ].

LEMMA 2.10. The semi-~direct product H s K defined above

is a left algebraic group.

We will obtain further examples of left algebraic

groups.

EXAMPLES 2.11. (1) This is an example of an affine left
algebraic group which is not an affine bi-algebraic group
(and hence is not an affine algebraic group). Refer also to
[ aM2, p. 128 ] and [ M1, p. 267, (3.2) ] .

Define a multiplication by a fixed non-zero complex
number from left : € - € by x » ax , which is a
morphism from € into € (where € is regarded as the
l-dimensional affine additive group), and is clearly an
automorphism of € . Let s : € -+ Aut(C) be defined by
s(x) (y) = exp(x)y for all x and y from €, i.e.,

s(x) is an algebraic group automorphism given by left
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structure is also preserved under a homomorphism whose as-

sociated comorphism is surjective.

PROPOSITION 2.12. Let ¥ : G » H be a homomorphism of
left algebraic (or bi=-algebraic) groups such that u* is
surjective. Then »(G) is a left algebraic (or bi-alge-
graic) subgroup of H and y : G » p{(G) is an isomor-

phism of left algebraic (or bi-algebraic] groups.

PROPOSITION 2.13. Let G be an irreducible left algebraic

(or bi-algebraic) group and H an algebraic group, and let

uw: G - H be a homomorphism. Then u(G) is an algebraic
subgroup of H .

PROOF: The image 1 (G) is a subgroup of H which contains
a nonempty open subset of Cl((G)) [ M1, p. 257, (1.9) ] .
By example (2.8(5}), Cl(u(G)) is an irreducible algebraic
group. Since u(G) contains an open subset of Cl(u(G)) ,

we must have 1 (G) = Cl(u{(G)) . Hence n(G) is algebraic.

We note that in proposition (2.13) if G is affine
then we do not need to have G irreducible in view of
example (2.8(1)). We will use this fact later in chapter

III.

COROLLARY 2.14. If u* is surjective in proposition (2.13}),
then G is an algebraic group.
PROOF: Combine proposition (2.13) with proposition (2.12),

and the result follows.
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integral.
(1) The subalgebra Ag of H-invariant elements of
A, . { £ in Ab : f«x = £ for every element x of H} ,

is an affine algebra.

a, is an affine algebra, so we can write A =
k[fl,...,fn] » where £, are generators of A_ . We may
assume that Ao is H-stable because we can replace Ao by
k[fi-x :i=1,...,n and x from H ] which is, by as-
sumption (i), an affine subalgebra of A(G] and is H-stable.
Therefore, we may even assume that fi-x all belong to

{ fl,...,fn } for every element x of H and all i =
l,...yn . Then H restricted to A, is a subgroup of sn '

the symmetric group on n symbols, so that H acts as a

finite automorphism group of the affine algebra A, - Hence
Ag is a finitely generated algebra [ F, pp. 186-187,
(5.50) J.

(2) The algebra A(G)Y ={ f in A(G) : f-x = £ for
all elements X of H } of H~invariant elements of A(G)
is an almost affine algebra.

To prove the assertion, we establish that A(G)H is
an integral extension of Ag which was shown to be an affine
algebra above. Let f be an arbitrary element of A(G)H .
Since £ 1is integral over Ao , there exists a monic poly-
namial P(X) in A [X] with P(f) =0 . By assumption (i),
the set of H-translates of £, { f.x : x in H } is finite,

so that we can form a product §(x) = P(X)+x where P(X)-x
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are polynomials in X whose coefficients are the x-trans-
lates of those of P(X) , and the product is taken over all
the elements x of H . Then Is(f) = 0 since P(X) ap-
pears among the factors of 5(}() . We also have i’(x)-x =
E‘(X) for all elements x of H , so that i'(x) belongs to
Ag'[x] « Since iQ{l is a monic polynomial, it is a poly-
nomial for integral dependence of £ over Ag .

(31 A(G) is integral over A(G)}I .

Let A = k[fl,...,fn] as before. Then each gener-
rator fi is integral over Ag because fi satisfies a
polynomial Pi(x) =I(X ~ fiex) which is a monic polynomial
with coefficients in Ag where the product is taken over
the elements x of H . So Ao is integral over Ag ,
whence A(G] is integral over AZI .

(4) Every element of Algk(A(G)H,k) is the re-
striction to A(,G)H of an element of Algk(A(G) +kK)

To prove the assertion, it is enough to show that
every algebra homomorphism fron A(G)H to k has an ex-
tension to A(G) . Let n be an algebra homomorphism from
a(G)® to k . Then its kernel is a maximal ideal of
A(_GIH . Since A(G) is integral over 1-\(G)!'I as shown
above, there exists a maximal ideal M of A(G) 1lying over
ker(n) , i.e., A(G)H(\M = ker(n) . Define an algebra homo-

”
morphism n from A(G] to k by

n(f) = £+ M,
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for any £ in A(G) . Let g be an arbitrary element of
A(G)H . Then ;(g) =g+ M= g + ker(y) , which shows that
; is an extension of g to A(G) .

(5) The evaluation map from G/H into Algk(A(G)H,k)
is a bijection.

The evaluation map ( )° from G/H in

Algk(A(Glﬂ,k) is given by
xH)°(£) = £(x) = x°(f) ,

for every element x of G and £ of A(G)H . The map is
well-defined, and surjective since every element of
Algk(A(G)H,k) is in the form x° for some element X of

G by result (4). To show that the map is injective, let
2H # wH . Then, by assumption (ii), there exists a morphic
function f in A(G) such that f|zH =0 and f£lwH =1 .
Since the set of H-translates of £ , { f«x : x in H}

is finite by hypothesis (i), we can form a product g

nf.x , where the product is taken over all x in H . Then
gy =g for all elements y of H , i.e., g belongs to
a@?® , and also g(zW) = 0 and g(wH) = 1 ,i.e., (zM)° #
wi)® on a(G)® , hence the evaluation map ( )° is
injective.

(6) Summarizing results (1) through (5), we have
an almost affine variety (G/H,A(GIH) . It only remains to
show that G/H carries the structure of left algebraic

group. Let £ be in A(G)H and x in G . Then
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(fex)ey = £-(xy) = £-(y'x) = (£:yY)ex = f<x , since H is
normal so that y' belongs to H , and f is H-invariant.
Therefore, all left translations on G/H are morphisms.

This completes the proof of proposition (2.15).

The following proposition shows the universal prop-

eaty of a quotient left algebraic group.

PROPOSITION 2.16 1Let H be a properly normal left alge-

braic subgroup of a left algebraic group G . Then (i) the
canonical projection » from G to G/H is a homo-
morphism; (ii) if = is any homomorphism of left algebraic
groups from G into G' whose kernel contains H then
there is one and only one homomorphism & from G/H to G'
such that ;ow =y ;3 (iii) G/H is unique up to isomorphism.
PROOF: (i) Let £ be an element of A(G/H) = A(G)T . Then
for all elements x of G, for(x) = £(xH) = (f-H) (x) =
f(x) , i.e., for 1is a morphic function on G . Hence 1
is a homomorphism.

(ii) There is a unique abstract group homomorphism
; : G/H »~ G' with ;on =y . Therefore, it is enough to
show that ; is a morphism. Let £ be a morphic function
in A(G') , X an element of H and y of G . Then
((Eom)+x) (y) = £ xy)) = EG ) = (Fol) (¥) 4 i.e.,
(fo;)-x = fo; for all elements x of H , so that fo; is
an element of A(G/H) = A(G)H . Hence ; is a homomorphism.

(iii) This is an immediate consequence of result (ii)
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above.

PROPOSITION 2.17, In propositon (2.16), assume further that

the ground field is of characteristic zero, G and G* are
irreducible, and that ﬁ is surjective with ker(yl = H .
Then ; s G/H +~ G' is an isomorphism of left algebraic
groups.

PROOF: The homomorphism ; : G/H > G* is a bijective
homomorphism of left algebraic groups, and G/H is also an
irreducible left algebraic group. Then by [ M1, p. 257,
(1.10) ], a(G/H) = a(G)® is purely inseparable algebraic
over the quotient field of the image of A(G') under the
associated comorphism (u)* : A(G') - A(G/H) (which can
be regaréed as embedding because ; is surjective). But
then (;)* must be surjective since the characteristic of
k is zero. Hence by proposition (2.12) ; must be an

isomorphism.

The following propositions give examples of properly

normal left algebraic subgroups.

PROPOSITION 2.18. Let H and K be normal left algebraic

subgroups of a left algebraic group G with G = H x K .
Then G/H is also a left algebraic group, and it is iso-
morphic to K .
PROQF: The assertion is proved in three steps.

@ a@? = a0 e am)™ is isomorphic to
A(K) .
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semi-direct product with respect to a certain homomoxphism

s : K +» Aut(H) . Then H is a properly normal left
algebraic subgroup of G , and G/H is isomorphic to K

as a left algebraic group.

PROOF: We are identifying H with Hx { 1} , so that

we can view H as a normal left algebraic subgroup of
G=H : K under the multiplication in the semi-direct
product (although K cannot be normal in G). Now the rest

of the proof is identical to that of proposition (2.18).

PROPOSITION 2.20. Let H be normal finite left algebraic

subgroup of a left algebraic group G . Then the abstract
factor group G/H has a left algebraic group structure with
A(GIH as its algebra of morphic functions.

PROOF: First H is liccally finite on A(G) , since H is
finite. Next it is shown that A(G) separates the class of
cosets of H . Let xH # yH , and let H={ h ,...,hn} .
Then =xH = { xh re+esXh, } and yH = { Yhy,e..,Yh, } . Now
regard G as Max(A(G)) , and then xhl,...,xhn,yhl,...,yhn
are all distinct maximal ideals of A(G) . We assert that
for each i =1,...,n there exists a morphic function fi

on G such that fi is not in xh, but is in all the others,
hence in their intersection (hence in their product). If
this is not the case then every element in the product of all
the other maximal ideals xhj and yhj belong to the maxi-~
mal ideal xhi , so that xhi contains the product, hence

contains one of the maximal ideals in the product (since xhi
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corresponds a finite group Hf (as defined below) which is
a homomorphic image of H .

Por a morphic function £ on G , define a relation
g over E by x "g ¥ if and only if g.x = g.y for
every element g of the finite set { f-x : x is in H } .
Then -~ £ is an equivalence relation on H . To show this,
let x , y and 2z be elements of H . It is clear that
x "f x and that x “f y implies y g X Suppose next
that x "f y and vy -f 2 , and let g be any element of
the set { fox : x from H } . Then g+«x = gy = g*z , i.e.,
Cx “g 2 . Now let Hf = H/‘f . The set Hf is made into
an abstract group. Let [x] denote the equivalence class

containing x , and define the multiplication on Hf by

1 [¥] = [xv] -

First we will show that the product is well-defined. Suppose
that [x]

[x'] and [y] = [y'] . Then for every g in
the set { f-x : x is in H} , g-(xy) = (g:x)'y = (g+x)-y" =
(g*x*)+y"' = g« (x'y') because g-x is also in the set
{ £2x : x is in H} . Hence [xy] = [x'y'] . With this
multiplication Hf is an abstract group with the identity
element [1] and [x-l] béing the inverse of [x] .

Né.xt we cléi.m that Hp is a finite group. Now,
x ff y 3if and only if there is some g in the set { f«x :
x is in H } with‘ g*x # g«y . But there are only finitely

many. distinct ge+x , so only finitely many distinct equiva-
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lence classes, whence the group Hf is a finite t(hence left
algebraic) group.

(1ii) For each morphic function f on H there
exists a normal subgroup H; of H of finite index such
that £ belongs to A(H)H .

By result (i) above we get a finite group H

£
is a homomorphic image of H , hence a normal subgroup Hf

which

of finite index in H such that Hf = H/Hf . We claim that
£ 1lies in A(H)Hf . Let y be an element of Hf . Then
vy ”f 1, and hence g*y =g for all g in the set [ f'x :
X in H'} . In particular, fy = f . Since y is arbitrary
in Hf . £ Dbelongs to A(H)H .

(iii) There exists an injective homomorphism from H
into the pro-finite left algebraic group ﬁ .

For each i from I , we have a homomorphism from H
onto H/Hi . These together give a homomorphism
p:H - IIH/Hi . The image of H under u 1is contained
in H by éefinition of & . We will show that u 1is an
injection. Let x be an element of H with x # 1 . Then
there is a morphic function £ on H with f-.x # £ (because
H is itself an almost affine variety). By result (ii) there
exists a subgroup Hﬁ of finite index in H with £ 1lying
in A(H) . The image of x in H/Hf takes £ to f-x
(f now regarded as a function on H/Hf), so is not the

identity element in H/H? . Hence the image of x in It

under 3 cannot be the identity element, so u is an in-
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jection.

Now Cl(u(H)) in i (with respect to the induced
topology on ﬁ from the product topology of nH/Hi) is a
closed topological subgroup of ﬁ (where ﬁ is now
regarded as a closed topological subgroup of r[H/Hi because
i is also closed with respect to the product iopology on
iﬂ/hi) so Cl(n(H)) is a pro-finite topological group.
(See [ Hi ] for more details on pro-finite topological

groups.) This campletes the proof of proposition (2.21).

We will show next that certain pro-finite left alge-

braic subgroups are locally finite.

PROPOSITION 2.22. Let H be a normal pro-finite left alge-

braic subgroup of a left algebraic group G such that only
finitely many coordinate rings A(xH) of the closed sub-
varieties xH are distinct (although they are all iso-
morphic). Then H is locally finite on A(G) .

PROOF: It must be shown that the set of H-translates of g
in A(G) , { gx:x in H 1} , is a finite set. Since

H = proj lim Hi as a left algebraic group where Hi are all
finite left algebraic groups, given a morphic function g

on G , we get, by proposition (1.19), (g-y|H) (W) =
((g|B)'y)w) = tlg;ou ) y) (W) , where u; are homomorphisms
in the definition of H = proj lim H, » 94 is an element of
A(Hi) for some i, and y and w from H . But

((gioui)-y) (w) = (gioui) (yw) = gi(ni(YW)) = gi(ni(y)ui(wn =
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(gi~pi€y))@ui0«) ¢ So that g-y|H = (g; »;(¥))ou; , hence

{ gwlg : v in H} ={ (gs°uy(¥llou; : y in H )} where the

set on the right hand side is a finite set because the set

{ ui(y) :y in H} (which is a subset of Hi) is a finite

set. Then it follows that the set { g:y|xH : y in H}

is also a finite set because A(xH) is isomorphic to A(H) .
Now G =|JxH , where the union is taken over all x

in G , and xH are closed sets in G , so that if g is in

A(G) and y in H then g-y is completely determined by

its restriction gey|xH . But the set { ge.y|xH : y in

H } , as we saw above, is a finite set, and there are only

finitely many distinct such algebras A(xH) when X ranges

over G because of the given hypothesis, so that the set

{ gy :y in H} is a finite set. Hence H is locally

finite on A(G) . This completes the proof of proposition

(2.22).

The following example shows that locally finiteness
is not a necessary condition for a given normal subgroup to
be properly normal: Let G = C2 =€ x € . Then by pro-
position (2.18) H = € x {0} is a properly normal left alge-
braic subgroup of G (such that G/H = € ) . Take £ =
X+ Y from A(G) = k[X,¥] . Then for any x in H,
fx=X+Y+x=f+ x , which forms an infinite set when

X ranges over H (although its linear span over k is

finite dimensional), so is not locally finite.



CHAPTER IIIX

BI-ALGEBRAIC GROUPS AND ALGEBRAIC GROUPS

In this chapter we investigate when a bi-algebraic
group is an algebraic group. More specifically, the prob-
lem can be stated as follows: Suppose that G is a bi-alge-
braic group over an algebraically closed field k . (1) 1Is
the group multiplication G x G -+ G a morphism? (2) Is
the group inversion G + G also a morphism? (3) Are
questions (1) and (2) independent of each other?

The set of problems was first formulated in the
category of affine bi-algebraic groups by Palais [ P, 510 ],
and he himself obtained many significant results. Later,
Magid [ M4 ] studied the same problems in the same (that is,
affine) setting, and proved that the answer to (1) is in the
affirmative (if the ground field k is infinite and perfect,
which always holds in our case since k 1is assumed to be
algebraically closed).

We will examine the problems in a different manner,
and obtain similar results. We will also study the problems
in a more general setting where the given bi-algebraic group
is almost affine as a variety. What we are trying to achieve

51
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is an algebraic analogue of Montgomery's theorem [ Mo ]
which states that every complete metric separable bi-topolo-

gical group is a topological group.

We rely heavily on the results of Palais [ P ] for
definitions and techniques of proof in obtaining the first
several propositions which extend the affine case to the
almost affine case.

We begin with a definition and a general lemma: A
sequence { fn } of morphic functions on a variety V

{(affine or almost affine) is said to be point-wise eventually

zero if for each x in V there exists a positive integer

Nx such that fn(x) = 0 when n is greater than N, -

The sequence { fn } is said to be eventually zero if fn =

0 for all sufficiently large n .

Recall also the following: If X and Y are sets,
and £ : Xx ¥ » k is a function, then £ and fy both
denote functions Y -+ k and X -+ k given by fx(y) =
f(x,y) and fy(x) = f(x,y) , respectively, for any element

(x,y) of X x ¥ . (We are simply fixing one of the two

variables at a time.}

LEMMA 3.1. Let X be any set and let B be a finite di-
mensional subspace of the vector space kX of all k-valued
functions on X . Then { x° : x from X } spans the dual
space B* of B , so in particular there exist { Kyreons

x, } in X such that q (xllo,...,(xnlo } is a basis for
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B* . Choose such { KyreeerX } and let { Ep +eerfy }
be the dual basis for B** = B, If Y is any set and

£ :XxY¥ » k is any function such that fy lies in B
for all y in Y then f can be expressed as

ZE; © (£1) .

PROOF: See [ P, (3.1) ].

COROLLARY 3.2, If { fn } 1is a sequence of morphic
functions on a variety (affine or almost affine) which is
point-wise eventually zero but is not eventually zero, then
there is a subsequence of { fn } whose elements are
linearly independant.

PROOF: See [ P, (3.3) ].

The following proposition is an easy extension of
[ P, (7.1) and (7.4) ] to the almost affine case where the

original setting was affine.

PROPOSITION 3.3. If V is an irreducible variety (affine

or almost affine), then the following are all equivalent:

(1) If v is decomposed as the countable union of
subsets { Sh } then at least one s, is dense in V .

(2) V cannot be decomposed as the countable union
of proper closed subvarieties.

(3) V cannot be decomposed as the countable
increasing union of proper closed subvarieties.

(4) If Vv is the increasing union of a sequence of

closed subvarieties { Vn } whose union is V then some



54

Vn is equal to V .

(5) V is of the second category relative to the
Zariski topology.

{6) If V is the increasing union of a sequence of
subsets | Sn } then some Sn is dense in V .

(7) 1If a sequence { fn } of morphic functions on
V 1is point-wise eventually zero then it is eventually zero.
PROOF: In this entire proof the union is taken over a
countable collection of sets or varieties.

(1) » (2): Suppose that V =UVi where V. are
proper closed subvarieties. Then V =\JC1(Vi) . But
ClCVi) =V # Vv for any index 1 , which contradicts (1).

(2) > (3): Obvious.

(3) » (4): Clear.

(4) -~ (6): Obvious.

(61 ~ (1): sSuppose V =US_ , and assume that no
Cl(Sn) equals V . Let T, = S;, and T =5 U... U S,
n=1,.... Then Tn<: T 41 for all n=1,..., and also
v=UT, . So V= Cl(r ) for some index n . Then V =
cus; U ... Us)) = c1(sl)u Uc1(sn) , which is im-
possible since V 1is irreducible.

Thus we have proved that (1}, (2), (3), (4) and (6)
are all equivalent.

(2) » (5): Let V =\)vn » where V = are closed.
Then each v, is a closed subvariety. So V = Cl(Vn) =V

n
for some v, - Since V has non-empty interior, so does
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(5) » (2): Suppose V =\JV_, where V_ = are closed
subvarieties. Then some Vn has non-empty interior U .
But Cl(U) =V because V is irreducible, so V = Cl(U) =
Cl (.Vn), = Vn .

Now we have that all (1) through (6) are equivalent.
So we show the equivalence between (3) and (7), our proof
will be complete.

(3) » (7 Let { £} be a point-wise eventually
zero sequence of morphic functions on VvV . Set Vn =
nf;l (0) (where the intersection is taken over k > n .
Then Vn is a closed subvariety, and VnC Vn+1 ’
n=1,... . We claim that V =\JVn . To prove this let

X be an element of VvV , then fn(x) = 0 for sufficiently

large n . Say fk(x) = 0 whenever k > ng then x must
lie in Vn + hence the claim is established. Now by

(o]
hypothesis we must have V = Vn for some index n . Then

we have fk(x) = 0 whenever k > n for all x in V, i.e.,
fk =0 whenever k> n , i.e., { fn } 1is eventually zero.
(7) - (3): Suppose (3) does not hold. Then we can
write V =UVn + Where V = are closed subvarieties and
VnC Vol for n=1,... . Pick a morphic function fn # 0
on V so that fn]Vn =0 . Now, any x in V 1lies in all
Vn for sufficiently large n , so fn(x) = 0 for such
n , i.e., the sequence { fn } 1is point-wise eventually

zero. But { £ } is not eventually zero, for all £ = are
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dimensional subspace of A(V) . Let B be the linear span
of { fy ty from §} , which is, a fortiori, a finite di-
mensional subspace of K. Apply lemma (3.1) to £|V x § :
VxV'-> k , and we can choose {xl,...,xn} from Vv and
a basis { Eqreeerly } for B such that

£lvx s =1z, @ (£*ils) ,

because (£|V x §)*i = £5i|s . Let g = LE; ® £%i . Then
g 1is a morphic function on V x V¥ (for s and £5i are
morphic functions on V ). We claim that £ = g . Clearly
£%|s = ¢*|s by definition of g . But S is dense in V ,
so fX = gx for all x in V . Hence £f(x,y) = fx(y) =
gx(y) = g({x,y) for all (x,y) in Vv xV , i.e., £ =g

as claimed, which implies that £ is also a morphic
function on V x V since g is.

Next suppose that £ : Vv x V -+ k is a morphic
function. Then we can put f = Egi ] hi : where g5 and
h; are elements of A(V] . Now let (x,y) be an element of
V *x V. Then fx(,y) = f(x,y) = Zgi(x)hi(y) , SO £ =
Zgi(xlhi, i.e., £ 1lies in the span of hi , hence the
span of { £° : x from V } is finite dimensional subspace
of A(V) . (We can argue similarly for the span of |{ fy :
y from VvV }.}

Palais [ P, (9.3) ] showed that every affine variety
over an uncountable algebraically closed field is alge~

braically of the second category. In the following sequence
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of propositions we will generalize the result and others

into almost affine varieties.

PROPOSITION 3.6. Let V be an irreducible almost affine

variety over k such that dimkA(V) (dimension over k of
A(V)) is countable. Then V is algebraically of the
second category if and only if every separately morphic
function on Vv % V -+ k is a morphic function.
PROOF: The proof requires only a slight modification of
[P, (8.2) and (8.3) ]. First suppose that V is alge-
braically of the second category, and that £ : V xV -+ k
is a separately morphic function. By hypothesis we can
write A(V) as a countable increasing union of finite di-
mensional subspaces Ai of dimension i . Let si be the
subset of V consisting of y such that fy : V + k
belongs to Ai . Then V 1is a countable increasing union
of S; v hence some Si is dense in V because V is
algebraically of the second category. So it follows from
proposition (3.5) that f is a morphic function on V x V .
Next suppose that V is not algebraically of the
second category. We will show that there exists a
separately morphic function £ : v x Vv -+ k which is not
a morphic function. By definition we can f£ind a sequence
{ £ } of morphic functions on V which is point-wise
eventually zero but is not eventually zero. By corollary
(3.2) we can assume that the fn are linearly independent.

Then f(x,y) = zfn(x)fn(y) (n=1,...) is a well-defined
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separately morphic function on V x V . For each positive
integer d we will show that there exist Yyree-r¥g in Vv
such that fyl,...,fyd are linearly independent which by
lemma (3.5) implies that £ is not a morphic function on

V x V . Since fy = zfn(ylfn and the fn are linearly
independent in A(V} it will suffice to choose Yyre-er¥yg
in V so that the sequence (fl(yi),...,fn(yi),...) are
linearly independent in kK . In particular it will
suffice to choose them so that (fl(yi),...,fd(yi)) are
basis for kd . Let B be the d-dimensional subspace of
A(V) spanned by fl""’fd and choose by lemma (3.1} Yyreeer
Y4 in V such that { (yl)o,...,(yd)o } is a basis for
B* . If { Ypreeerbyg } is the basis for B* dual to fl,
...,fd then (fl(yi},...,fd(yi)) is just the vector com-
ponents of (yi)° with respect to the basis { wl,...,wd } .

This completes the proof of proposition (3.6).

PROPOSITION 3.7. Let V be an almost affine variety over

k which cannot be decomposed into a union of dimkA(V) or
less proper closed closed subvarieties. Then every sepa-
rately morphic function £ : Vv v -+ k is a morphic
function.

PROOF: We can always write A(V) =Ua, where dimA, is
finite and the union is taken over I with card(I) =

dim A(V) . Let S, =1 x in V : £ belongs to A;} .

Then V ==L)Si where the union is again over I , for if x

is in V then fx is in A(V) because f is a separa-
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tely morphic function, so that fx lies in some Ai . Hence
x is in si r so V =USi as required.

Now V=UJs;, € UCl)E vV, so v=NJcl(s))
Then by assumption some Cl(si) equals V . Thus we have
found a dense subset S = Si of V such that for all x in
S8 morphic functions ix lie in a fixed finite dimensional
subspace of A(V) , namely, Ai . So by lemma (3.5), £ is

a morphic functionon V % V .

PROPOSITION 3.8. Suppose that V is an irreducible affine

variety over k such that the following conditions are all
satisfied:

(i) If W is a closed subvariety of V of dimension
dim V - 1 , then W is not an I-union (where card(I) is
infinite) of proper closed subvarieties;

(i1} V itself ia an I-union of proper closed
subvarieties.
Then V has at most card(I) distinct irreducible closed
subvarieties of dimension dimV - 1 .

PROOF: By hypothesis (ii) we can put

V=Uvil

where the union is taken over I . We may assume that the
varieties Vi are all irreducible.
Now suppose that Y 1is an irreducible closed sub-

variety of V of dimension dim V - 1 . Then
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Y= U (\Vil '

where the union is taken over I . But then by hypothesis

(i) Y=Y(\Vi for some i from I . So Y_C_Vi,hence
dim ¥ ¢ dim Vi . On the other hand, Vi is a proper closed
subvariety of the irreducible variety V , so that dim Vi <
dim V - 1 = dim Y . Hence dim Y = dim V, » 80 Y=V,
because Vi is irreducible. This result means that there

are at most card(I) distinct such Y . This completes the

proof of proposition (3.8).

PROPOSITION 3.9. Let V be as in proposition (3.8), and

let £ be a polynomial function on V . Then the set
E={ce in k :dim £ (a) » dimV - 2 } has cardinality
at most card(I) .

PROOF: If dim £ *(a) =dimV , then f *(a) =V . So f
is a constant function on V , and hence no B8 ¥ ¢ belongs
to E. If dimf  (¢) = dim V - 1 then one of its irre-
ducible components is one of card(I) distinct irreducible
subvarieties of dimension dim V - 1 by proposition (3.8) .
since £3(8)MN £ (@) =4 when 8 #a , the set S =

{ e in k : dim f—l(a) =dim V - 1} has cardinality at
most card(I) . Hence card(E) < card(s) + 1 < card(I) ,

since card(I} is infinite. So the proof is now complete.

PROPOSITION 3.10. No affine variety V over k such that

card (k) is uncountable can be written as a union of less
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than card(k) proper closed subvarieties.

PROOF: It is enough to consider the case when the given
variety is irreducible. If there is an irreducible affine
variety which can be decomposed as an I-union of proper
closed subvarieties where card(I) < card(k) , pick one of

the smallest dimension, say Y . So we have

Y=UYi .

where the union is taken over I . As before we may assume
that Yi are all irreducible. If dim Y = 0 , then
dim Yi = 0 because Yi # 4, s0 Yi is a point, so that
card (YY) = card(I) which is infinite. On the other hand
if dim Y = 0 then Y itself is a point, which is a contra-
diction since we just found that card(Y) is infinite.
Hence dim Y must be at least 1 , so that there is a non-
constant surjective polynomial function f on Y ; we can
pick such a polynomial function because Y can be mapped
surjectively onto an affine space k" by the normalization
lemma (because A(Y) is an integral extension of an affine
polynomial ring k[xl,...,x&] where n = dim Y ) and the
conposition of the surjection with one of the projection
maps yields the function f we want. Since k 1is alge-
braically closed, dim £ “(3) = dim ¥ - 1 for all o in
k ,sothat S=1{o dn k:dimf T(a) =dim¥ -1} =k .
Now the variety Y satisfies all the hypotheses (i)

and (ii) in proposition (3.8), so, by proposition (3.9),
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we have card(E) § card(I) , using the notation of the
proposition. But we have just proved that S = k , so that
card(I) 2 card{(k) (since S C E ) which contradicts the
hypothesis card(I)} < card(k) . This completes the proof of

proposition (3.10).

We remark that proposition (3.10) above says that
every affine variety over an uncountable field is alge-
braically of the second category, which is [ P, (9.3) ] as

stated before.

Now we extend proposition (3.10) to almost affine

varieties.

PROPOSITION 3.1l. No irreducible almost affine variety V

over k (which is assumed to be uncountable) can be written
as a union of less than card(k) proper closed subvarieties.
PROOF: A(V) is an integral extension of an affine sub-
algebra of A(V) , say Ao . Let Vo be the irreducible
affine variety Max(Ao) . Then there is a surjective
morphism 1 : Vv -+ V° which corresponds to the inclusion
A, & AW .

We claim that the morphism is a closed map. Let C
be a closed set in V . Then there is an ideal J in A(V)
such that we can consider C as the set of all maximal
ideals of A(V) containing the ideal J . The map u
acts on the points in C by sending M to Idf\Ao , SO

evidently 1 (C) contains the set of all maximal ideals of
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‘A, containing J/\Ao . 8o we will show the opposite
inclusion. Let m be a maximal ideal of Ao containing
J {'\Ao . Then there corresponds to m a maximal ideal m*
of Ao/(AO(\ J) . Since A/J is integral over Ao/(Aof\ J)
(by proposition (1.3)), there exists a maximal ideal of
A/J 1lying over m' , which in turn implies that there is

a maximal ideal M of A(V) containing J so that M
goes to m under ﬁ . Hence ﬁ(c) is the set of all
maximal ideals of A, containing J(\A, ., so u(C)l is
a closed set in Vo corrasponding to the radical ideal
gN\a, .

Now suppose to the contrary that V can be written
as an I-union of proper closed subvarieties where card(I)
is less than card(k) . Then V = u(V) = u(UV;) =[Julv,) .
So we must have u(Vi) =Y, for some i from I by our
hypothesis that card(I) is less than card(k) because
) (.Vi) are all closed subvarieties of the affine variety v,
(by proposition (3.10)).

Since A(Vi) = A(V)}/J where J is the ideal of
morphic functions vanishing on vi , it is integral over an
affine algebra Ao/ (J (\Ao) , so that we get another surjec-
tive morphism from Vi onto an affine variety W =

Max(Ao/ (J {'\A o)) . The commutative diagram of algebras;

A (V) — A(V)/3

J J

A — AO/ (J’/\Ao)
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yields the commutative diagram of varieties;

=
<
\~3
.
\
5 — <

in which all morphisms in the lower triangle are now surjec-—
tive. Then the lower horizontal morphism is an isomor-
phism by proposition (1.9) because it is surjective and
the corresponding algebra homomorphism is also surjective,
which means that A = A /(A f\ J) , hence A N\JT =0 .

We claim next that I =0 . Let £f be an arbitrary
morphic function in J . Consider the following commutative

diagram of affine algebras:

a (] —— A El/G N [ED

I .

A, —— AJENA[EHNA)

since A_\J =0, we must have (N2 [f)NA) =0,
so that the lower horizontal homomorphism is an isomor-
phism. The corresponding commutative diagram of affine

varieties is as follows;
o

Y — Y
oo
VO ‘-——J XO

where Y = Max(a_[£]) , Y, = Max(a [£]/(3 2 [£])) , and
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REMARK 3.13. If we assume that the ground field k is un-
countable and the variety is affine in corollary (3.12)
above, then we always have dimkACV) < card(k) because
dimkA(V) is countable. So every separately polynomial
function Vv % Vv + k 1is a polynomial function, which

is again [ P, (9.3] ].

Now, we will specialize corollary (3.12) and remark
(3.13] to the group multiplication of a bi-algebraic group
and show that we can be less stringent on cardinality
assumption due to the bi-algebraic group structure.

Let G be a bi—~algebraic group (affine or irre-
ducible almost affine) and let £ be a morphic function
on G . Then we will denote by G-f, £«G , and G-£-G
the linear spans (which are subspaces of A(G)) of
{ x*f : x from ¢! , { f'x : x from G} , and

{ x*f*v : x and y are from G } , respectively.

PROPOSITION 3.14., 1If G is a bi-algebraic group (affine or

irreducible almost affine) over an.uncountable field k ,

then the following are all equivalent:

(1) dimkf-G % card(k) for every £ in A(G)

2) dimthf = finite for every £ in A(G}

3) dimkGif < card(k) for every £ in A(G)

(4) dimkwa = finjte for every £ in A(G)

(5) dimkG-f~G = finite for every £ in A(G)

(6} dimkg~f~G < card(k) for every f in A(G)
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yj%f are all in A(G) . Evaluating the function at x in

Vf r We get

{y-£ - >:gi(y) Lyi-f)) (x) =
fxy) - 2g; (Y1£(xy;) =
(£-x1(y) - z(E-x1(y;)lg;y) =
(£-x)(y) - Ib;(x)g; (y) =
(f-x - b, (x)g) (y) = 0,

where the sum is taken over F , which means that the
morphic function y:f - Egi(y)(yief) vanishes on a dense
subset VF of G, so it is an identically zero function

on G , that is,
yeof = Zgi(y)(yi-f) ’

where the sum is taken over F . Hence the span G:f of
the left translates of £, { y*f :y from G } , has

finite dimension < card(F) with a generator { yi-f :

i from F } .

2)

+

(3): Obvious.

"(3) » (4): Modify the proof of the first implication;
(1) > (2).

{4) - {1): Obvious.

(4) » (5): Clear because y+f'x = y*(f'x) =
(y*£fl°x , and (2] and (4) are equivalent.

(5] -~ (6): OQbvious.

(6] » (1): Clear because fex = (l1+£f)x = 1le£fx .
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(4) > (7): Suppose that 1 : G x G + 6 is a group
multiplication. Let | f1r...,£ } be a basis of £:G
such that we can choose Yj from G with fi(yj) = Gij
(by lemma (3.1)), so that, for all x in G , £f«x =
z:ai(.‘x)fi , Where a; G -+ Lk are some functions. Now,
aj(x) = (f-x)Cyj) = (ijfl(X) , SO yj-f = aj , which means
that all aj are in A(G)} . But (f-x)(y) = zaiCx)fi(y) ’
so fixy) = xai(x)fi(y) , that is, (fou)(x,y) =
(Za; ® fi)(x,y), hence fou = za; © f; belongs to
A(G) ® A(G) , which means that p is a morphism.

(7) ~ (8): We divide our demonstration into several
steps.

(i} A(G) is a bi~stable subalgebra of the Hopf
algebra of all representative functions on G .

We must show that for any £ in A(G) the linear
span f'G of the set { f'x : x in G} is a finite di-
mensional subspace of A(G) . Since the group multipli-
cation ¥ : G X G * G is a morphism, which makes the
coordinate ring A(G) a bi-stable bi-algebra with the corre-
sponding comorphism as its comultiplication u¥* :

A(G) * A(G) ® A(G) . Let m* =y ., If £ is an element

of A(G) , let Y(f)} = tgi ® h.i , i=1,...,n , vhere g;
are chosen to be linearly independent over k . Then

fx = fgiCx)hi and so f£*G is a finite dimensional with

a basis | h, Y.

(i)} G 1is isomorphic to the group of all proper
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algebra automorphisms of A(G) under the representation of
G in the latter group.

We first recall some facts about proper algebra
automorphisms. An algebra automorphism o of A(G) is
proper if and only if vyoo = CLA ® d)oy . But in our case
¢ 1s proper if and only if it commutes with any right
translation given by g -+ g*xXx . To prove this, look at
the left hand side in the defining equation, If £ is an
element of A(G) , and x and y of G, then
Y(o(£))(x,¥) = Ig;(x)h,(y) (where we set y(o(£f)) =
Zgi ® hi) = g(f) (xy) = (6(f)+x){y) . Next consider the
right hand side of the equation. ((lA ® g)oy(f)) (x,y) =
Zai (x) (o (bi)) (y) (where we assume that y(f) =
ta; ® bi) = (o(Eai(x)bi))(y) = (o(£-x))(y) . Since y is
arbitrary, we obtain that o¢ is a proper automorphism if
and only if o(f)*x = o(f'x) for all £ in A(G) and
x in G, i.e., (Lx}*oo = oo(Lx)* for all x in G .

We now show that the representation of G in the
group of all proper algebra automorphisms of A(G) :

x =+ (1A ® x)oy , is an isomorphism. We note that

(lA ® x)oy is nothing but (Rx)* , for if £ is from
A(G}] and y from G , then ((J.A ® x)oy(£)) (y) =
Zgi(y)hi(x) (where we let Y (f) = tg, ® hi) = f(yx) =
(x-£) (y] , bence (@, ® x)oy(f) = x-£ . So it is immediate
from this fact that CI'A @ x)oy 1is indeed a proper algebra

autcomorphism A(G) because (Rxl*o (LY)* = (Ly)*o ('Rxl* for
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all x and y from G . The map is clearly injective. To
show that it is also surjective, let ¢ be any proper alge-
bra automorphism of A(G) . Then <co0 is an algebra homo-
morphism A(G} -+~ k (where e : A(G) » k is given by

£f » £(Q)) , so it is in G (now regarded as
Algk(A(G),k)) . If we show that (lA ® (eoo))oy = ¢ we are
done. Now let f be an element of A(G) and x of G .
Then LCLA ® (eoa)loy(£f)) (x) = Z'gi(X) (cr(hi)) (1) (where we
let y(f) = rg; ® hi) = o(£f+x) (1) (by the same argument as
we used before} = (c(£1+x)(1l) (because o« is proper) =

o (f)(x) . Hence we have that lA ® (coo)oy = ¢ as required.

(iii) G 1is isomorphic to some pro-affine algebraic
group.

Let B be the smallest Hopf algebra containing the
bi-algebra A(G) . Then Algk (B,k) is a pro-affine alge-
braic group.

Hochschild and Mostow proved that Algk(B,k) is
isomorphic with the group of all proper algebra auto-
morphisms of A(G) [ EHML, p, 1129 ]: They showed that
eyvery proper algebra automorphism o of A(G) can be
mapped to a unique extension of ¢oo (in Algk(A(G) k) =G )
to Algk(.B,k) . Hence every element of G can be regarded
also as an element of Algk(B,k) , S0 we must have G =
Algk('A(Gl,ki = Algk(‘B,k) as we wished. We remark that they
were interested to show only that the group of all proper

algebra automorphisms of A(Gl is isomorphic with
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Algk(B.k) . In fact, in their context, G is not iso-
morphic with the group of all proper automorphisms of A(G)
because they did not assume that the pair (G,A(G)) 1is a
pro-affine algebraic variety but that they only assumed
that A(G) 1is a bi-stable algebra of representative
functions on G .

(8) > (9): Immediate from the proof of the ahove
implication; (7) =+ (8), (iii).

(9) +~ (4): Nothing to prove; it is (i) in the
implication; (7) + (8). This completes the proof of prop-

osition (3.14)

We should remark that the crucial point in the above
discussion is the first implication; dimkf-G < card (k)
implies dimkG-f = finite , in whose proof we used prop-
osition (3.11). All others are consequences of it.

Although proposition (3.14) supplies necessary and sufficient
conditions for an affine bi-algebraic group (over an un-
countable field) to be algebraic, we will obtain the same
through different way by explicitly exhibiting a morphic
representation of an affine bi-algebraic group (over any

field) in some general linear gxoup.

PROPOSITION 3.15. Every affine bi-algebraic group is an

affine algebraic group if and only if dimkG-f~G is finite.

PROOF: The only if part is clear. (See proposition (3.18)

where an explicit proof is written out.) Now suppose that
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d:i_mkG-f-G is finite and so dimkG-f is finite. We divide
our proof into several steps.

(1) There is an injective homomorphism from G into
a general linear group.

write a(G) = k[£y,...,£ ] , and let V be the
vector subspace over k of A(G) spanned by the set of

left translates of fi '
‘{x'fi :x in G and i=1,...,n1} .

We know that V is finite dimensional because di_mkG-fi
is finite for all i=1,...,n .

Note that V 1s stable under (pxl* : A(G) ~ A(G)
which is given by £ -+ x*f for all x in G and that V
generates A(G) as an algebra because the generators fi
are in V . So we can define amap o : G + gl(V) (the
algebra of linear endomoxrphisms of V ) by »p(x) = (px)*lv
such that 0 (G) 1lies in GL(V) . For (£,£f') in V x V*

let X, £t be the matrix coefficient defined by
r
-— ]
Xf’fu.('l‘) = £'(T(£))

for all T in gl(V) . Then gl(V) is an affine algebraic
variety with coordinate ring A(gl(V)] = k[Xf, g ¢ (£,£') in
V% v*] . Also let D be a polynomial function in A(gl(V))
given by D(T) = determinant of T , and let A(GL(V]} =
(a(gl(V)))[1/D] . Then the pair (GL(V),A(GL(V))) is an

affine algebraic group. (See [ Bo | or [ st ] for more
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value zero, it must be a unit, so that 1/(Dop) is itself a
polynomial function. Clearly o : G =+ GL(VI is
injective, hence p is a morphic injection of G into the
general linear group GL(V) .

(2) Every homomorphic image of an affine bi-alge-
braic group in an affine algebraic group is an affine alge-
braic group.

This is just proposition (2.13).

Now we see by (1) and (2) that the image o (G) in
GL(V) 1is an affine algebraic group. 1In order to show that
G is itself an affine algebraic group we must show that G
is isomorphic to its image o (G) . For this we need the
next and final step.

(3) The comorphism o* : A(GL(V)) - A(G) is
surjective.

Let {g;:1i=1,...m} beabasisof V (€a(a) )
and let | Ei t:i=1,...,m} be the dual basis for V* .
It is enough to show that each basis element 9; has a pre-
image in A(GL({V)) . Now for all T in GL(V) we can

write
T(gi) = ZEj(T(gi))gj .
Define a polynomial function in A(GL(V)) by setting

!
i85

where 1 is the identity element of G . Then for any T

h. = Ig.(1)X
i = Pey (X,
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in GL(V)

h, (T) = Zgj(llxgilgj(T) =
29, (1)E, (T(g;)) =
T(gi)(l) .

But o*(h;) (xJ = (hjoe) (x)
((o)*(g;)) (1) (x+g,) (1)

Thus p*(A(GL(V))) contains V , and hence equals A(G)

by (o (X)) = hy (o )%) =

gi(x) ¢+ i.e., o*(hy) =g, -
because V generates A(G) . Hence p* is a surjective
algebra homomorphism.

Now applying proposition (2.14) we get that
p 3 G > p(G) 1is an isomorphism of an affine bi-algebraic
group G with an affine algebraic group ¢(G) . This means
that G itself must be an affine algebraic group. This

completes the proof of proposition (3.15).

A use of proposition (3.14) in connection with prop-
osition tj.iS) is the fact that dimkG-f-G < card(k) implies
dimkG-f-G is finite, thus making the sufficient condition
less stringent when the ground field is uncountable. From

this observation we can obtain the following:

COROLLARY 3.16. Every affine bi-algebraic group over an

uncountable field is an algebraic group.
PROOF: Clear because dimkgef-G < dimkA(G) which is always

countable.

COROLLARY 3.17. An affine bi-algebra which is a coordinate
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rings of an affine bi-algehraic group over an uncountable

field always possesses an antipode, i.e., is a Hopf algebra.

We learn form proposition (3.15} or corollary (3.16)
that every proposition generalizing the properties of affine
élgebraic groups into those of representative bi-algebraic

groups is just a tautology.

Next we will obtain the same necessary and sufficient
condition for an irreducible almost affine bi-algebraic
group (over any field) to be a pro-affine algebraic group
as in prposition (3.14), reducing the almost affine case
to the affine case (i.e., proposition (3.15)) and taking the
projective limit. Of course the result is evident due to
proposition (3.14] if the ground field is uncountable,

but we are proving it directly from proposition (3.15).

PROPOSITION 3.18. An irreducible almost affine bi-alge-

braic group over k is a pro-affine algebraic group if and
only if for every morphic function £ in A(G) the linear
span G+f°G of { x'f:y :x and y from G} is finite
dimensional,

PROOF: PFirst suppose that G is an algebraic group.

The consequence is clear in view of the argument used in
proposition (3.14), but we prove it directly for
completeness, Then the group multiplication G x G -+ G
induces the comultiplication A(G] -+ A(G) ® A(G) which

makes A(G) a Hopf algebra. Denote the camultiplication
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by v , and let y(f) = Zgi 8 hi (where g; and h, are
linearly independent] for a morphic function £ in A(G) .

Then £(xy) = Ig;(x)h;(y) , so (y+£)(x) = Ih, (y)lg; (x)

Hence

(1) y+f

which is in a finite dimensional subspace of A(G) gener-
ated by | 9yreeer9y } (CG+£:G because we can solve
system (1) above for g9; in terms of yj-f choosing yj
so that the matrix (hi(yj)) is non-singular). But
f(xzy) = Egi(x)hi(zy) = Zgi(x)(yehi)(Z) ; so (x-f-y)(2) =

Zgi(x)(y~hi)(z) . Herce,
(2) x-f-y = 1g, (x) (y-h,)

which is again in a-finite demensional subspace of A(G)
spanned by { y-hi :y form G and i=1,...,n}
(CG-£-G) since { y-h, :y from G } spans a finite
dimensional subspace of A(G) for each i by the result
above. We have thus established that the span G-f-G of
{ xefey : 2 and y from G } has finite dimension.

Next suppose that dimkG-f-G is finite for each
morphic function f in A(G) . Let B, = A_[G-£-G] be
the subalgebra of A(G) containing A (which is assumed
to be the affine subalgebra over which A(G) is integral)
generated by G-£+G . Then the subalgebra Bf is an affine

algebra because Ao is affine and dimkafeG is finite.
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Furthermore, B is bi-stable under translations by the
elements of G , and is integral over Ao .

Let He = { x in G : gex =g forall g 1in
Bg } . Then Hf is a normal subgroup of G , and is closed
because Bf is bi-stable and Hf =1 x in G :
(yog - g(y))(x} =0 for all g in B; and y in G}
which is the annihilator in G of the ideal of A(G)
generated by { y-g - g{y) : g in Bf and y in G}

Now, let Gf = G/Hf and define a map 1
Gf - Max(Bf) given by XHe > m = the maximal ideal of
morphic functions in Bf vanishing at x (which is the
same as the intersection of the maximal ideal of morphic
functions in A(G) vanishing at x with Bf ) . Then
the map n 1is well-defined, and is surjective because A(G)
is integral over Bf .

We will show that n© is bijective so that we can
identify Gf with Max(Bf) as bi-algebraic groups with
the same coordinate ring Bf . It only remains to show that
T 1is injective. We will first prove that m, = my if and
only if m(x—ly) =m . Now, if m_ = my and £ an

X

element of m(x—ly)’ then 0 = f(x—ly) = (f-x-l)(y) , SO

f-x_l lies in my and hence )‘E-x"1 lies in m, so that
_ -1 _ . _

0= (fox T)(x) =£() , i.e., m . ly)EE m; . On the other

hand if m, = my and £ is in m, then 0 = £(1) =

£ x)

(f-x_l)(k) , SO that f-x_l lies in m (= my )

hence O (x_ly) .

(Fex1)(y) = £&xLy) , so £ lies in m

’
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Thus m, S n (x-ly) - Hence m, =m (x—ly) . Conversely
suppose that m(x-ly) =T . Then £(&} = 0 if and only if
(f-x) Q) = 0 if and only if (frxi(x_ly) = 0 if and only
if £(y) = Q@ . Hence m, = my .

Now, to show that = is injective we must show that
m, = m, implies x_ly lies in H; . But by the result we
proved above it is enough to show that m, = my implies
x lies in Hf . Recall that X 1is in Hf if and only if
(y2g - g(¥)(x) =0 for all g in B and y in G .
Suppose me=m ., and g is an element of Bf , ¥y of G.
Then (y+g - g(y))(1) =g(y) -g(y) =0, so 0=
(y*g - g(¥))(x) . Hence x is in H; .

Thus the pair (Gf,Bf) is an affine variety. More-
over, Gf acts on Bf morphically from right and left
because G is a bi-algebraic group, so that Gg¢ is itself
an affine bi-algebraic group. But dimkGf-geGf is finite
for all g 1in Bf by definition of Bf , hence Gf is an
affine algebraic group by proposition (3.15).

Now, we have A(G) = dir lim B; , hence G =
proj lim Gf , which means that G is now a pro-affine alge-

braic group. This completes the proof of proposition (3.18).

We should note again that because of proposition (3.14)
we can replace the condition dimkG-st is finite by the
less restrictive one dimthst < card(k) or even by
dimkg-f < card(k) as in the affine case (i.e., proposition

(3.15)1) if the ground field k is uncountable.
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We established by proposition (3.14) that if the
ground field is sufficiently large every bi-algebraic group
(affine or irreducible almost affine) is an algebraic group.

Although it appears that an almost affine algebraic
group whose coordinate ring has countable dimension as a
vector space over k (when k is also countable) is affine,

the following example shows it is not so.

EXAMPLE 3.19. Refer back to example (2.11(2)). Here we are
assuming that the ground field k is countable in that
setting. Then G is a countable almost affine algebraic
group with dimkA(G) being countable. But G 1is not

affine.

In conclusion, we summarize what is obtained: First,
the answers to (1) and (2) of the problems of Palais stated
at the outset of the chapter are both in the affirmative if
and only if dimkG~f~G is finite (or dimkG-f < card (k)
when card(k) is uncountable) for every morphic function
£ on G; and secondly, (2) always follows from (1).
However, there still remains the question whether or not
dimkGaf-G is finite (or dimkG~f < card(k) when card(k)
is uncountable) for any irreducible almost affine bi-alge-

braic group, although it is always the case for every affine

bi~algebraic group due to the result in [ M4 J.
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