INFORMATION TO USERS

This was produced from a copy of a document sent to us for microfilming. While the
most advanced technological means to photograph and reproduce this document
have been used, the quality is heavily dependent upon the quality of the material
submitted.

The following explanation of techniques is provided to help you understand
markings or notations which may appear on this reproduction.

1. The sign or ‘“target” for pages apparently lacking from the docurient
photographed is ‘“Missing Page(s)”. If it was possible to obtain the missing
page(s) or section, they are spliced into the film along with adjacent pages.
This may have necessitated cutting through an image and duplicating
adjacent pages to assure you of complete continuity.

2. When an image on the film is obliterated with a round black mark it is an
indication that the film inspector noticed either blurred copy because of
movement during exposure, or duplicate copy. Unless we meant to delete
copyrighted materials that should not have been filmed, you will find a good
image of the page in the adjacent frame. If copyrighted materials were
deleted you will find a target note listing the pages in the adjacent frame.

3. When a map, drawing or chart, etc., is part of the material being photo-
graphed the photographer has followed a definite method in “sectioning”
the material. It is customary to begin filming at the upper left hand corner of
a large sheet and to continue from left to right in equal sections with small
overlaps. If necessary, sectioning is continued again—beginning below the
first row and continuing on until complete.

4. For any illustrations that cannot be reproduced satisfactorily by xerography,
photographic prints can be purchased at additional cost and tipped into your
xerographic copy. Requests can be made to our Dissertations Customer
Services Department.

5. Some pages in any document may have indistinct print. In all cases we have
filmed the best available copy.

University
Microfilms
International

300 N. ZEEB RD., ANN ARBOR, M1 48106



8129429
FERNANDES, ROLLIN LUCAS

COMBINED CONDUCTION AND RADIATION IN AN ABSORBING,
EMITTING AND SCATTERING CYLINDRICAL MEDIUM USING THE
FINITE ELEMENT METHOD

The University of Oklahoma PuD. 1981

University
Microfilms
International 3. zesb Road, Ann Arbor, Mr4s106
Copyright 1981
by
Fernandes, Rollin Lucas
All Rights Reserved



PLEASE NOTE:

In all cases this material has been filmed in the best possible way from the available copy.
Probleme eticountered with this document have been identified here with a checkmark __ v .

-t

Glossy photographs orpages

Colored illustrations, paper or prin_t__

Photographs with dark background _____

lllustrations are poorcopy

Pages with black marks, not original copy

Print shows through as there is text on both sides of page ______
Indistinct, broken or small print on several pages __l_/___

Print exceeds margin requirements

© ® N O O » © D

Tightly bound copy with print lost in spine

Y
o

Comgputer printout pages with indistinct print

-t
—

Page(s) - lacking when material received, and not available from school or
author.

12. Page(s) seem to be missing in numbering only as text follows.
13. Two pages numbered . Textfollows.

14, Curling and wrinkled pages

15. Other

University
Microfiims
International



GRADUATE COLLEGE

COMBINED CONDUCTION AND RADIATION IN AN
ABSORBING, EMITTING AND SCATTERING
CYLINDRICAL MEDIUM USING THE

FINITE ELEMENT METHOD

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of

DOCTOR OF PHILOSOPHY

BY
ROLLIN FERNANDES
Norman,'Oklahoma

1981



COMBINED CONDUCTION AND RADIATION IN AN
ABSORBING, EMITTING AND SCATTERING
CYLINDRICAL MEDIUM USING THE
FINITE ELEMENT METHOD
A DISSERTATION
APPROVED FOR THE SCHOOL OF AEROSPACE, MECHANICAL

AND NUCLEAR ENGINEERING




ACKNOWLEDGEMENTS

I wish to express my sincere appreciation and gratitude
to Dr. John Francis who served as‘director‘of this disserta-
tion. His constant willingness to assist and the many long
hours that he did, in fact, devote were of immense value in
the completion of this dissertation.

I am honored that Dr. Tom Love has taken time to be on
my committee. His knowledge and expertise is appreciated.

I also wish to thank Dr. Egle, Prof. Turkington and
Dr. Eliason for consenting to serve on my committee.

Finally, I wish to express thanks to my wife,Bertha,

and my family, especially my parents, for their support.

iii



TABLE

ACKNOWLEDGEMENTS . . . . .

LIST OF TABLES . « + o « =«

LIST OF FIGURES . . . . .

NOMENCLATURE « « « + « « &

Chapter
I.
II.
III.

Iv.

V.

VI.

INTRODUCTION . .

FORMULATION . . .

OF CONTENTS

FINITE ELEMENT FORMULATION .

NUMERICAL APPROXIMATIONS TO

THE INTEGRALS .
RESULTS . . . .

CONCLUSIONS . . .

REFERENCES . . « « ¢ & « &

APPEND IX * . L] o L - - - .
The Computer Program

iv

Page
iii
v
vi

vii

46
43
63
65
68



LIST OF TABLES

Table Page
1. Limits for the Regions . . « ¢ + & o ¢ ¢ o o« & 15
2. Heat Transfer Rates for Surface

.Emissivities of 0.1 . ¢« ¢ ¢ ¢ ¢ ¢ ¢ o o o o« 51
3. Heat Transfer Rates for Surface

Emissivities of 0.5 . . ¢ ¢ ¢ ¢ ¢ o o o o s 52
4. Heat Transfer Rates for Surface

Emissivities of 1.0 . . ¢ ¢ ¢« o o o ¢ o o o 53



Figure

l.

12'

13.
14,

15.

l6.

LIST OF FIGURES

Coordinate System for Cylindrical
Geometry . « « o ¢ o o o o o o s s & o »

Upper and Lower Regions . « « « « + « &
ANGleS . ¢ ¢« ¢ ¢ e e s s 6 s e s e e s
Regions . & v ¢« ¢ o« o o « o o o o o o @
Regions for Different Intensities . . .
Location for Variable Limits . . . . . .
Element and Node Locations . . . « « « .
Radiative Equilibrium . . . . . . . . .
Radiative Equilibrium . . . . « « + « &
Effect of N on Temperature Distribution

Effect of Scattering on Temperature
Distirbution for surface Emissivities .

Effect of Surface Emissivity . -
on Irradiation « +« ¢« o o o o o o o o o @

Steady State Temperature Profiles . . .

Effect of Surface Emissivity on
Temperature Distribution . . . . . . .« .

Transient Temperature Profiles for
Combined Conduction and Radiation . . .

Effect of Scattering on Transient
Temperature Distribution . . . . . . . .

vi

Page

10
15
41
43
54
55
56

57

58
59

60

61

62



03]

L I - B o o

oven

wire

NOMENCLATURE

specific heat at constant pressure

incident radiation or irradiation

radiative intensity

thermal conductivity

refractive index

conducﬁion radiation parameter

radiative heat flux

conductive plus radiative heat flux

radius !

inner radius

outer radius

positive real number less than 1

coordinate along the ray

time

temperature

temperature at the outside radius

temperature at the inner radius

coordinate along the horizontal projection of the
ray

thermal diffusivity and angle between a ray and
the horizontal

extinction coefficient and angie

local azimuthal angle

vii



€ emissivity

8 outward drawn normal to the cylindrical surface V
8’ polar angle

K absorption coefficient

v , frequency

) density

o scattering coefficient

o4 Stefan-Boltzmann constant
T optical distance

3, ¢ radiation potential

¥ azimuthal anéle

w solid angle

w,=3  albedo

Nondimensionalized variables

n = G
n-og reference

nZ T
0sTreference

kg

4n¢g T4
N0t treference

y = interpolating function

and gq"

kBTreference

b= 2o TF
‘ S7ref

r* = Br

2l
O*
1

Bxr _
o
viii



R* = BR
t* = -.EZ.E
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CHAPTER I
INTRODUCTION

With the advent of the recent energy crisis and rapidly
spiraling energy prices, conservation of energy has become a
primary concern. One of the many ways to reduce consumption
of energy is the use of insulation to reduce heat transfer.
The proper use of insulation materials requires an under-
standing of the properties of thermal insulation particularly,
the value of thermal conductivity. However, the determination
of conductivity of iﬁsulating materials is rendered difficult
because of the combination of conduction,convection and radia-
tion in the process of heat transfer. The combination of
these three modes vastly increases the complexity of the
analysis of any system, and, consequently, makes the modeling
o£ the experimental procedure for the determination of thermal
conductivity much more difficult.

Several methods for the measuring of thermal conduc-
tivity have been established, of which the "guarded hot-plate"
method is the most common. The control system in the proce-
dure is very sophisticated, and the data are taken under
steady state conditions which require a long time. Moreover,
to insure one dimensionality, the system must be fairly large

in size. Besides, thermal conductivity measured by this

1



2
.method will not be accﬁrate if semi-transparent materials
are used. Only by using a combined conduction and radiation
heat transfer model can the true values of thermal conduc-
tivity be found. Other geometries, e.g., spherical and cylin-
drical, have similar problems to the guarded hot-plate method.

Another method of determining thermal conductivity is
the so-called "hot-wire method." Since it is a transient
method, data can be obtained relatively quickly. Also the
system can be constructed relatively small. Numerous inves-
tigators have studied the hét—wire method both ekperimentally
and analytically ([1,2,3]1. A recent summary of the state of
the art for the hot-wire thermal conductivity method was
reported by Davis {4], and Shil'pran ([5], comparing it with
other methods.

Briefly, the hot-wire method [6,7,8] consists of embed-
ding a small wire in the center of a rectangular parallelo-
piped of insulating material and applying a step flux to the
wire. The wire temperature is then monitored, and from the
temperature versus time relationship at large time, the ther-
mal conductivity is determined. Thus the geometry of the
hot-wire method is cylindrical.

All the studies mentioned eﬁrlier consider heat trans-
fer by conduction only. Ofteh other modes of heat transfer
are also present. When values for thermal conductivity are
required in semi~-transparent insulating materials, the effect

of heat transfer by radiation is also important. For many
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insulating materialé the heat-transfer by convection is how-
eVef, negligible. As a first step'toward understanding com-
bined conduction and radiation in a cylindrical medium with

a given flux on one boundary (i.e. the hot-wire problem),

the problem of combined conduction and radiation in a cylin-
drical medium with known temperatures on the boundaries should
be investigated.

Combined conduction and radiation in a medium has been
analyzed by numerous authors using various geometricsf Vis-
kanta and Merriam'[9] studied the problem for a spherical
geometry using varioué boundary conditions. Fernandes,
Francis and Reddy ([10] ,.as well as Viskanta (111 have been
among the many authors who have studied the problem.of'com-
bined conduction and radiation for the planar geometry.
Chang and Smith [12] have studied the transient and steady
state problem using'the Eddington approximation for a medium
between coaxial cylinders, while Howell [131 solvedAthe
steady state problem using exchange factors. Saito et al.
[18] investigated the hot wire method analytically and exper-
imentally with combined conductive and radiative heat trans-
fer. A number of solutions [14-17] were obtained considering
radiative equilibrium for tﬁe cylindrical geometry. 'Of these
only the solutions obtained by Perlmutter and Howéll [171
can be considered exact.

The purpose of this study is to solve the problem of

combined conduction  and radiation in an absorbing, emitting
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and scattering medium of cylindrical geometry, and with kn

temperatiures on the boundaries.



CﬁAPTER II
FORMULATION

The problem will be formulated using the procedure of
Kestin [21] or Kuznetsov [22]. For the cylindrical geometry
infinitely long in the 2 direction, the intensity I depends
on the radius r, polar angle 6' and the azimuthal angle Y.
The following notation will be used to'specify the angles
shown in figure 1:

g = horizontal projection of the acute angle between

the direction of intensity and a line from the
point of entry into the medium to the center cf the
wire

y = horizontal projection of the angle measured clock-
wise from the radius to the directioﬁ of the
intensity

® = angle between the direction of the intensity and
the outward drawn normal to the surface

o = angle between the ray and the horizontal

e' = polar angle

From figure 2
Upper Region 6' = % -a

daw

]

sinb' dao' do -

- cosadady



Gt

Figure 1. Coordinate System for Cylindrical Geometry.



UPPER
REGION

LOWER
The vertical plane contains thel  REGION

ray of intensity

Figure 2. Upper and Lower Regioné
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As 9' varies from 0 to %, o varies from %— to 0

Lower Region 8¢ = % + o
dw = sin 9' de' dy
= cosadady
As 0' varies from -121 to m, o varies from 0 to %
The irradiation Gv(r) = :)I_dm
o 27 Ya o

- [ f Ivcos“de“+f I,cosadyda

K
o

% 2w
2[ f I, cosadyda (1)
0 (s}

From Figure 3 it can be shown that cosé" = cosa' cosy'. ~ (2)

[N

dividing the annulus into four regions as in Figure 4 and

using eqﬁation (2) we have in:

region I cos (T-8) = cosa cosy 0 <y <%

region II cos 6 = cosa cos (T-y) % sy<m
region III cos 8= cosa cos (y-T) 7 <y < ?
region IV cos (n-6) = cosa cos (27-Y) -;-"< y < 2q



U]
@ is the acute angle between
the ray and the normal
PNM 1lies in the horizontal plane

SNM 1ies in the vertical plane

HORIZONTAL
PLANE

b

Figure 3. Angles

o



Figure 4. Regions
Thus in each region cos 6 = - cosa COSY (2a)

The net radiative flux directed radially oftward is given by

q, (r) =_ﬁ I, cosé du

° 27 Té o
=f f I, cosZacosy dyda—f A[Ivcosza cosydyda
.g o o o ‘
I
2 27
= - 2-[ [ I, cos2e cosy dyde (3)
0o o

The transport equation using the coordinates shown in

Figure 1 is given as

dIv . a, -
3 = - By I, +k,I, + ey G, (4)
where 8, = oy + K

extinction coefficient

s

scattering coefficient

absorption coefficient

10
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11
and G, = irradiation or the incident intensity defined in
‘ equation (1)
For a medium with refractive index n we have from equation (4)
div ‘
G5 =" 8y Iy +kn? I+ Gy (5)

Q

=
A<

where Ibv is the black body intensity or Planck's function

_ . ., _dx _
From Figure 1 it is seen that ds = cosa (6)

and r2 = x2 + R2 - 2xR cosB : (7)
Along a given ray B is constant and by taking the derivative
of equation (7) we obtain

rdr = dx (x - R cosB) o (8’

From Figure 1 we have

cosy = _R—C_Q_]S:_B_-_}_(_ 0 .<- Y-{lzr_
cos (m-y) = 5:5%2§§ % <y <

Using the above expressions along with equation (8) we obtain

the result
= . dr
.cosy = - & 0 <y<m (9)
Noting from Figure 1 that %% = cosa and using equation (9),
equation (5) becomes
' —e n2 - : .
dIv - vav _ Ky Ibv ova .
= (10)
dr COSYCOSa COSYCOSa dmcosycosa

By denoting I as the intensity in the range 0 <y< %

.~
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. _
and I; as the intensity in the range % <y< m, and further by
expressing equation (10) for the range of y between 0 and %

only we obtain the following transport equations

- - - 2
dIv ) Bv Iv ) K, Ibv ) 9, Gv 0§ <1 (11
dr CcOsSycosa COSYyCOsa 4TCOSYCOSQ Y3
and
+ + 2
dI, . ByLy _ AR Thy . 7,8y 0
T - T . 0 <Y< \*2)
. dr COSYCOSa cosycosa 41cosycosa -

I

It should be noted here that the directions 1% and 17 are
applicable only to a point located at some radius r. Using
the procedure of Kesten [21] we will now show that equation (11)
is applicable of 0 X< 2Rcosfand equation (12) is applicable
for R cosB < x < 2RcosB
From equation (7) we can show that

%X - R cosg = £{r2 - R2sin2g}*
For x>R cosR, X - R cosB = + {r? - stinzﬁ};5
and for % < R cosB, X - R cosB = - {r2 - R2sin2g}*

Thus equation (8) becomes

dx = - r dr for 0 <x< R cosB
{r2 - R2sin?p}*
and dx =1r dr

" T for R cosB <x< 2R cosB
{r? - R?sin?g}4

Using the above relationships together with equation (6) we

obtain equation (11) valid for 0 §x<‘R cosB, and equation

(12) for R cosB <x< 2R cosp
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Relationship between y and 8

From Figire 1 it is seen that
r sin y = R sin 8 for 0 <y< =

r sin (m-y)

{r2~R25iHZB}%COSa {rz-stinZB}%cosa

0. rG
+ v \Y]

4n{r2—stin28}%cosa

R sing for % y< m
r sin (y-n) = R sing for <y< %l—
and r sin (2r-y) = R sing for Z sy< am
Thus r sin y = R sing for 0 <y< = (13)
and r sin y = - R sinB for = <y< a7
Using equation (13) we have cosy = {1 - sinzy}!5
(1 - (Bsing)2)? (14)
Since cosy is positive in the range 0 <y< I we take the
. . AN
positive square root in equation (14)
Substituting equation (14) into equations (11l) and
(12) we have
- - _ 2 .
a1, ) Br I, _ €, e I, o ) g, TG, (15)
V% 1 .
dr {r2-R2sin2glcosa  {r2-R2sin2g}’cosa 4y {rz-stinzs}%cosa
+ | + 2
@Iv . svr Iv _ er n Ibv
dr

(16)
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Equations {15) and (16) are applicable for 0 §Y<ﬁ§~
Using the procedure of Gordaninejad [19] and PutchaIEO] we
divide the annular region, Figure 5, into one in which the
rays intercept the inner cylinder, subscripted 1, and a
‘'region in which rays do not intércept the inner cylinder,
subscripted 2.

Setting r* = 8r, R* = BR*, F(r*,g8) = {r*Z—R*ZsinZB}%,

g K

Wy = 32' 1 -wy = EX and assuming gray and temperature
v v

independent properties, we can rewrite equations (15) and

(16) as
d1~ r* (1= wg) r* n21 we T* G

- I” = - b (17)
dr* F(r*,8) cosa F(r*, ) cosc ynF (r*,g) cosa
and

' - 2

art . r* o (1~ wg) r* n*I, . w, r* G (18)
dr* = F(r¥,B8) cosa F(r*,B) cosa - 4w F(r*,g) cosa
Using integrating factors we obtain from equation (17)

_(x* £ T*

J’F(r*,s) cosa dr r* . o .
I e - - f{ (lmuo)n I (xr') + ToG(r')yr!
1 i
: R¥ Rt F(r',g) cosx
_ (x' ar'
F(r',g) cosa
dr!
e
o=l .

for 0 <g<sin "r} (19)

R¥



Figure 5.

Regions for Different Intensities.

Table 1
Limits for the Regions

I S50 (il sp20 | Ropdx20 7,
D : -) -/ /0- ‘ Co ‘t:‘
2 \Iorgy's | D25k | Repor o |1,
l (= ~I - ‘ +
| 3\ Miisrytf SRS | 20cosp> wReosf T
o P 7‘
4 7f23’>7/-&»’gh Sl pz 0 | R 2K K cosf’ i

15



16

Since r dr _ {1'2'-a2};5 for a>o, and since R*sinf > 0
{r2-a2}*

equation (19) can be rewritten as

F(c*,8)
-t -R* cosg
) coso ) ~—osa
I,(r*,a,B)e - I (R¥)e
r* - F(r.IB)

COSsa

’[{(l—wo)nzlb(r')+£§G(r')}r'e

R* F(r',B8) cosa dr?
where at r*=r* I;=I] (r*,q,8)
and  at r*=R* I/=I (R¥)
‘ . F(r*,g) ~R* cosB
- o cosa _ cosa
I, (r*,a,8) = e {I (R*) e
R*
{(1-mo)n21b(r')+§%G(r')}r'
* F(r',B) cosa
r*
_ F(r',B)
cosa
e }
dr'
for 0 <B< sin”t %1 (20)

By a similar argument it is seen that

F(r*IB) -R* COsSB
- o cosa - ' cosa
Ii(r*,u,B) = e {I (R*) e
R*

{ (1=0o)n2I, (r')+20G(r')}r'
b Ly
+
F(r',B8) cosa

r*
_ F(r',B)
cOoSso

e dr'

[S—")
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for sin™! %% _<_(3<sin"1 % (21)

Using integrating factors on equation (18) we obtain

r* r*  r* , .
+ fF(r*,B) cosa 4" f’ [ (1=0o) "I (xr*) 4326 (r") I

I, e = F(r',B) cosa
r¥ ry
r' dr'

JF(r",B) cosa
dr!

- *
for 0 <B< sin 1fg
R*
Using the boundary conditions .

at r* = r* 1

I.;(r*:ayﬁ)

4, *
and at r* = rx I _11(P0)

the above equation can be written as

"F(r*IB) F(r*Q:B)
+ ’ cosa + ‘ coso.
I;(r*,a,B) =e { I,(%) e

F(r',8)
r* cosa

{ (1=0,)n2I, (r')+22G(r') }x'e
. J. o b b _ ar'}

P(r',B) cosu

*
o

for 0 <g< sin~lr} :
R* | (22)

To solve for I: we recoghize that I 1is valid for 0 < x <Rcosg
and I+ is valid for RcosB< X < 2RcosB. Thus at x=Rcosp, i.e.,

r*¥* = R* ging,
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+ . - .
I, (R* sing) = Iz(R* sing)

~ Using integrating factors on equation (18) we can show that

Flr*,8) r* - F(r',8)
+ cosa u cosa
Iz(r*,a.s) e =I5 (R*sing) = ‘[{(1mmo)n21b(r')+;%G(r'»r'e ar!
: F(r',8) cosa
R*sing
(23)
for sin™t f§ 5f3<sin“1 %;
R*
From equation (21) it is seen that
- R*cosg
+ - - cosa
Io(R* sinB) = I, (R* sinB) = I (R*) e
R* -F(r'IB)
) wo cosa
- ! ® L
+ {(1=wo)n®I (") +22G (r") }r e ar
F(r',B) cosc
\ R*sing
" Thus equation (23) becomes
~F (r*,8) _R*cosg
+ cosa - cosa
I,(r*,a,8) = e { T R*)e
~F(r',8)
R* cosa
o [{Qmuo)n?L, (£")4+326(x") Jx' e o
F(r',B) cosa
Rsing
r* F(r',8)
" cosa -
+ {(1-mo)n21b(r')+l-;1-‘r9-G(r')}r' e Car,
F(r',g) cosa
R*sing
o3 -1 r? < -
for sin © 2 B gip7t T - (24)
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Rewriting the expressions for I7, I7, I3 and I, in

. . T
imens b .G i
dimensionless terms T Poagr ¢ = ——n =— we obtain
. o
M%Trer P Jres

F(xr*,g) ~R*cosB s
_ _ cosa  _ cosa
¢ (r*,a,8) = e {s (R*) e

R* -F(r',B)
_ " o cosa
1 'f {(1-ug) T¥ (£) 430 n(x") }x'e ar'}

cosa F(r', )

r*

1 r¥

for 0 <g<sin” =% (25)

¢> (r*,a,B) is similar to ¢ (r*,a,B) except that g lies in

-~ * -
the range sin™t %% <B< gin~t %;
~F (r*,8) F(r*,8)
$1(r*,a,8) = e v {¢‘(r3) e
r* F(r',B)
b1 (1) T 45 n(x)) |, 0%
cosa F(r',p) dr'}
rd
. =1rX .
o
for 0 <g< sin =2 (26)
-F(r*,g) -R;cosB
+ cosa  _ cosa
¢2(r*.:ur8) = e {6 (R*) e
R* -F(r',B)
! (1(1-wo)T*%r')+%%-mr')}r-e S cose L
COSaJ F(r',B)

R*sing
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LY

r# F(r’,8)
oL [(Qmu) T 4o ) rte S5
'CcoS«x F(r', ) -
: R*sinB
- *
for sin 1fg <B< sin-lgi
R* ~ R* (27)

Because of symmetry observed in figure 5 equation (1) can

be written as

TI'A w
G(r*) = 4 J( I cosadyde

0o o©

1r/2 4 1r/2 w

- +
= 4[ f I cosadyde + 4[ f I cosadydae
o o o 4
By using the transformation y' =7 - ywe can redefine

17 in the range 0 5y'<§

qé n/
G(xr*) = 4[ f (I +I°) cosadyda

Si . _ R* . i
ince siny = x sinf 0 v 5

R* cosB ds
dy = 1,
n/ sin_ Rg
and thus G(r*) = 41’ [EI 1 {x*,a,8)+11 (r*,q,8) ] R*cosgcosadpda

F(r*,s)
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7 sin—lr*
/- R¥

.[I;(r*,a,3)+I§(r*,a,s)] R* cosgcosadpfda
*4 FT*, ) (28)
J: sin_lrg
R¥
By non dimensionalizing as before equation (28) becomes
1/ sin”lr
PO /2 ” ﬁ? -, s N i -
n(r*) = 4R* (- $1(r*,0,8) cosacosf dpda
T F(r*rp)
0 o
4 s:l.n—lrO
4R* ¢T(r*,a,8) cosacosf dgdo
F(r*,g)
T4 sin” r
4R* ¢2(r +0,B) cosacoss dgda
F(r*,B) (29)
o sin l
where ¢1, 43 and 83 are as defined in equations
(25) through (27).
, sin~ r* F(x*,B)-R* cosB
cosa cosa _cosg e cosa dBde
* — *
n(r*) = o~ (R¥) j' jﬂ T F(cE,8)
m/ sin” r*
4R* cosB {(1=w)T*(xr ") +2%n(x")} '
F(r*,8) F(r',B)
F(r*,B)"F (r' IB)
cosa dr' dpda



22

A sin~ r * F(xc5,8)-F(r*,8)
coso,
4R* _+ LOSG Cosa _cosB e .
+ 5 ¢; (ro)f f F(r*,B) dgda
~ 3 * ~de
Tp Sin ga XY
*
4R* cos8  {(l-wg)T*(xr")+z2 n(r")} r'
f F(r*,8) F(r' ,8)
*
[+] (o] o
F(r':B)-F(r*,B)
cosa
€ drfdgde
% sin” Ei _ F(xr*,B)+R*cosB
+ 4R* - (R*) R* cosa COsB e cosa dpde
w F(r*,8)
-1 %

o sin ro

Eé sin 1r*

4R* cosB ' { (L-ug) T*(r") +5%n (') }
F(r*,B) F(r',B)

o sin r R*sinp

_ F(x*,B)+F(r',B)
CcOoSsSa

€ dr'dgda

. 4R* j f R f cosp ' {(L-uo) TH(x')+§on(r')}
T F(r*,B) F(r',g)
-1 '

R*¥ R*sing

F(r',8)-F(r*,g) (30)
cosa

e dr'dgdo
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Due to symmetry equation (3) can be written as

mé ] A
q(r*) = —4] I I cos2a cosy dyda
0 o
) T
= -4 { {i" cos2ucosydyda-4 { jI+coszacosYdyda
| )
° 0 mé
Using the transformation y' = 7-y the second term on the

right hand side can be rewritten for y in the range()gy<%
By making use of equation (13) we can obtain the net

radiative flux directed radially outward as

sin_lro

g(r*) = jf j’ 1 ~ I7) cos2q cospg dgda

Ty sin_ r* b
| \ i
+ B f f I3 - 1) cos?a cosg dgda (31)
-1 *

o sin ro

Let O(r*) = &8

The net dimensionless radiative flux directed radially out-

-

ward is

"4 sin” ro

4R*
Q(r*) = I f {¢1 (r*'G'B)"h(r IQIB)}

cos?a cosp dgde



LA sin”~ r*
ﬁ?:f [ {63 (r*,a,8) 43 (£*,a,8) }cos2a cospdada

o sin ro ' )
(32

The energy equation can be written as

oT
pCp 3 + V. (=kVT + q) =
AT 2 _
Thus p 3T - kVeT = - V.q

For the cylindrical geometry we have

3T _,1 3., T 13
Cose=kr3r Far) ~ 737 (O
- k22T L k3T _aq g
B karz YT r T T X

' 2
r*:Br,T*:T 'Qx=g-T_—'N=_]EL—TEandt*=JSLt—'

=]

the energy equation becomes

_ 3T 2rx 1 aT* 1 30,
ot* * %z = T® 3r*  ON or*

'—l

o %% (33)

The conduction radiation parameter N dictates the proportion

of radiative and conductive components of energy transfer.

N

i

N

0 implies heat transfer by radiation only, whereas

» implies heat transfer by conduction only.

Taking the derivative of the terms in equation (32) we have

Ty sin “x¥
30, _ _ 4R ( I

+ -
. {¢1-67) cos2a cosp dgda
ar* ﬂr*z ¢1 q’l

0 0
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*
- ﬂ;z— [ [ {¢Z - ¢o}cos?c cosp dgda
24 |
o sin~lr¥
R*
LA sin-lg_é‘.
4R* RY 2T 247 )
+ me Jf {57k - 3k} cos®a cosg dpda
0 0
W, sin r*
R 3¢t 94T
4+ 4R% {—i%- - ——?2-} cos?a cosp dgd
Tr* 3r* 5T* o a
0 sin"lr%
R*
s
* - - -
+ 113? {¢+(r*,a, sin 1r"‘) - ¢,(r*,a, sin 1r*)}
Tr 2 -ﬁ—*- E.*-

o

cos2a cos(sin”r*) d(sin”'r*) de

Now &3 (r*,a, sin-lr_*_) = $2 (x*,o, sin_lg_*_)

R* R*
% sin-lr’c',‘
. . R* +
Thus 1 3Q 1 9,_ R* 391 _ 3¢l 2
Tocx VT Ex o e f f I3z ~ gy} cos®e cosp dpda
(o] [¢]
ny sin-ly_’i
R*

+ [ J ' {%—; - g—f*- } cos?a cosg dpde
4. .1
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*
5& Sln r

' J’ J’ %%% cos2a cosp dpda

R* R*
+ Tr* 8¢+
2l cos?a cosg dgda

or*
) )
4 -1v-*
17/2 sin :_R-_;
R*
+ Tr* 3¢+
) —Ei cos?a cosp dede  (34)
) sin-lr5 '
R¥

From equation (25) we notice that

}

F(xr*,B) -R* cosB
367 243 r* cosa cosa
at* ~ 3r* _ F(r*,B) cosa °© {¢” (R*) e
R*
! {(1mug) T#(x") +32n (x') }r'
cosa F(r',B)
r ~F(r',B)
-~ cosa }
e dr?
-F(r,8)
F(r*,B) N ‘cOsu
cosa _ 1 {(l-mo)T*ﬂr*)+%ﬂn(r*)}r* e }
+ e cosa F(r*,B)

F(r*,8) - R* cosB

r* - cosa
= F(r%,5) cosa : ¥ (R¥) e
' - F(r*,8)-F(r', 8)
: cosd
+ 1 { (1w ) T )+¢Qn (' )r e
cosa F(r',p) ar!

r*
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- (mwo) TH(*) = 28 n(r*)) (35)

Similarly we can show that

F(rg:B)-F(l’_r 8)

N-{- o “ o s cosa
D = BT T cose [ muo)TH(X*) + 4o n(x*)- ¢1(r]) e
r*
l F(r'rﬁ)-F(r*,B)
- __cosaj { (=0 ) T*™(r")+2n (r') }x' e cosa
F(r',B) ar'}
r* .
o (36)
and
. F(xr*,B) + R* cosB
a‘b;_' o _ cosa
ar* F(r*,8) cosa { (1.-“’0)'1‘#&(!*) + %Q"(r*) ¢ (R¥) e
R* _ F(x*,B)4F (r',B)
1 coso
~ cosa ﬁ(l—wo)'l‘*‘*(r')%hn(r')} r'e dr'
F(r'g)
R*sinf
r*
i F(r',B)-F(r*,8)
- iosa { Q- ) THE ) 5% (x )} ' e cosa
F(r',B) ] d-r'}
R*sinpg (37)

Substituting equations (35), (36) and (37) into equation (34) we obtain

™

Y sin-lg
R*
g—%’& + %-%‘E = %E“_ f f cosa cosB{ (l-wo)f* (r*)+59n (x*)} apda
F(z*,B)
o o
_n
T
= (l-w ) T¥(r*) + 2 xy - DUE*)
—(lwo)T(r)+aﬂn(r) 7
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- . *)
= (l~wy) {T¥r*) - B—%—)— }
Using the above relation in equation (33} we have

_drx 8%t 1 BT - (L-wg)
ot* orkx2 r* g3r* N

{T*k(r*) - B_(_Ei)_ } : ' (38)

Boundary Conditions

Most insulating matérials have surfaces.which appear
rough when compared to wavelengths in which heat transfer by
radiation dominates. As a result we can associate an effec-
tive diffuse reflecﬁance with the two surfaces of our cylin-
drical geometry.v Thus, assuming diffuse surfaces of reflec-
tances ané P, the boundary conditions I:(R*) or 3~ (R*),
and It(rg) or @T(q;) can be evaluated in the follo&ing manner.

The net radiative flux at the oven boundary moving |
radially outward can be obtainéd from equation (31) as

1r/2 sin.'l_r;_g_

R
q(R*) = 4 f f {T} (R*,0,8)-I (R*)} cos?a cosB dBde

¢] [o]

%o Th
+ 4 f I {I; (R*,a,B) - I-(R*) } cos2a cosf dfde
. -1
0

The net radiative flux at the oven boundary moving radially inward

sin 1}
R*

is given by

%Y "

-q(R*) = 4 r f
J o]

[¢]

2
I~ (R* cosa cosf dpda



1 %
117 sin Xo

- 4[ f I (R ,0,B) cosa cosB dpda

0 0

17/1 1r/2
- 44[ f I+ (R*,a,B) cos2o cosB dBda (39)

o] sin lro .

X o

The first term on the RHS is the radiant energy leaving and thus the
remaining terms denote the incident energy. Since the surface radiosity
may be expressed as
T I (R*) = {1-p,) Emitted flux + p, Incident flux, and since the
first term on the RHS of equation (39) can be simplified to =% I (R*) we
obtain the following boundary condition at the oven/material surface
T, sin 1'r*

1 I (R*) = (l'-pl\) “nzlove + 4p1f II (R*,oz g) cos20 cosf dpda

. ™% T

+ 4p1f f I (R*,0,B) cos2a cosf dBda

0 sin

Using dimensionless parameters as before, the above equation becomes

T sin 1r*
5 =2

R*
@_.(R*) (1-p;) T*“oven + é%l'f Itb (R*,a,B) cosZa cosB dfda
o o
A
"'49.1 ( { 4> (R*,&,B) cos?a cosf dpda - (40)
J J
6 sin ro‘

R*
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At the wire/material boundary the net radiative flux outward is

‘!l’é s:.n ]’.'0

4R* ff Il(r*) - I1 (r%,a,B) } cos2a cosp dBda

q(r})

. =1 %
1!’/ sSin I'O
R*
1rI1 (r ) - = ( rll(r *,0,8) cos?a cosB dpda
0

it

] (o}

Using an analysis similar to the one for the other boundary we obtain

N
7. sin "rb
2 R* '
Q;T(r*) (1-P5) T# EB~—Z-*D . (x*,a,8) cos?a cosB dpda (41)
o wire L[F o 1o
©o o

Substituting equations (25), (26) and (27) into equations (40) and .
(41) we obtain the following

‘lTé Sln ro

EBE{F(r*,B)-R*cosB }
= = - T*’*
? (R*) = (1-0,) oven j f cos2o cosB e ¢l(rg)d6da

-1
sin r* R*

cosa cosB{ (1—mn)T*['(r')+ué°an (r")}r*
F(x',B)

{F (z',B)-R¥*cosp}

COSG

€ ar' dpda
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- ZR*cosf

49 cosa _
=1 f f cos2q cosf e ¢ (R*)dBdn
-1 &
)

sin ro

% R* -R*cosf F(r',8) -r(r',B)
9 _ . cosa cosa cosa
+ —k cosa cosB{ (1-w,)T¥(r )+ n (") }c' e
T {e +e
-1 . F(r',B)
o sin "rg R*sing dr’ dBda
; o
(42)
and 1y sin r5 1 0,8)-R*COSB}
4’ (r)=(1-P yTH* 4R*0) cos?a cosB e ¢ (R*) dpdo
1 21 yire m r*

sin ro R*

R*
4R:i_if [ Icosa cosB{ (1-u ) TH(r") 4% (x')}x’

F(r',B)
5

_——_{F(r IB)-F(I'IB)}

CcOSC.
e

dr' dfda
(43)
Equations (38) and (30) along with the boundary conditions given by equa-
tions (42) and (43) are an exact formulation of the problem for diffuse
boundary surfaces. One of the methods that can be used to solve this

problem is the Galerkin finite element method.

Heat Flux

The total heat flux q" = -kix + 4

q

Let = eyt
Qr n UST}ef
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Thus g = -kBT f 4 nzas l;:-ef Qr

dr
1]
ref
' ; ar* 1
Thus ¥ = - _dr* + Zﬁ' Qr

Now Qr is given by

L7
Qr = - %—:—J( Jr¢ cos?a cos8 dfda

0 (o]
'H s:.n r

Thus at the wire Q :l:: f f cos2q cosB {¢1(r ,a,B)v-q‘;I{r;* ,0,8)} dgda
o

Using equations (25) and (26) and simplifying we obtain

: sin ro . C Ry -
+( ) - oo {F(r; ,B8) - R* cosB}
Q = d;(r*) - —— ¢ (R*) cos2a osB e :
o 1Y% TrE f [ ¢ d8da
sin” ;2 R* — {F(r*.B)- F(r',p)}
r* r' cose cosB{ (1—%)T"+”z}aﬂ}e '
T F(x',B) | dr' dgde

The total heat flux at the inner wire is



CHAPTER III

FINITE ELEMENT FORMULATION

The finite element procedure is to divide the radial
domain r} to R* into a finite number of eilements. The
unknown functions T* (r*) and 5 (r*) are approximatéd over each

element in the form

T (%) = wéi)(r*) Téi) | (44)

[

k) = 3o (hkey o (0)
and n(r*) = izlwe%%*) nd

(1)
where ¢ are linear interpolating functions, the subscript e
e N

applies to an element e, and the superscript i denotes the
node index. Linear interpolating are chosen for this problem
since they represent the simplest functions which satisfy the’

conditions for completeness and compatibility. The expres~
(2)

sions for w(;) and ¢’ are given as
' e e
Vo ! (rx) = EE = x*
- rx (2} pa (L) - (45)
‘ e e
(1)
and (P (%) = " T T8
r*(z)(r*(l)
e e

where r;(l) represents the location of the first node of
element e and r;(z) represents the location of the second
node of element e.

33
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The integral texms integrated with respect to r* and r' are repre-
sented by a summation of integrals over the individual elements in the

radial domain rg to R*, Substitution of the assumed form of the unknown’

functions, i.e. equation (44), into the governing equations, multiplica-
tion by the interpolating functions ‘%(j)(f*), j=1,2, and integrating
6ver the individual elements constitutes the Galerkin formulation. The
energy equation (38) contains a conduction term involving second deriva-
tives. Applying the Galerkin procedure to this term and intégrating by

parts we obtain

e
2 . ()

{ 8y Deny aps = - [k d¥e T (D) 4
ey (D
e e

: e

(33
| o+
e

Using equations (44) and (45) we can show that‘the above equation becomes

(2)

r* r
e e
2 * s 2 : s .
ol o)
e e

+ 13 g |

(46)
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Applying the Galerkin formulation to the energy equation (38) we thus

obtain
r*2 : r*(z)
e e
2 % : 5) 2 4 (i) (i)d (3)
- j I N f I oart Gy ) e
r*(l) v r*(l)
e e
el
.Le 2
1 d_ (i) »(i) ,(3)
+ J 7 21 a7 Ye (x*) Tg ¥~ (%) dr*
e
L+ (2)
T2 @,% &
- Q=wg) i (i j
N I {2, 7m0 ¢ (%) ar
kAED
e
e , o
- 3 3 . *
g (L e e B o
r*(l) . r(j)
e , e

Before applying the Galerkin formulation to the expression for the irra-
diation p{r*) given by equation (30}, we must rewrite % (R*) and Qf(rz)
~given by equations (42) énd (43) in terms of the unknown variables T* (r¥*)
and n(r*). After substituting for & (R*) and @T(r;) into equation (30)

we then apply the Galerkin formulation and after solving for the unknowns
T* (r*) and n(r*) we can then evaluate ® (R*) and @{(rg) and thus obtain
the flur. A mathematically equivalent method of evaluating T#*(xr*), n(r*),
¢ (R*) and @T(rg) would be to treat equations (30), (42) and {(43) as simul-
taneous equations together with equation (38) and aéply.the Galerkin

technique to each of the four equations. It is understood that 2  (R*)
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and ¢§(r;) are boundary value constants and as such taking their varia-
tions within each element is physically meaningless. However, the solu-
tions obtained for ¢ (R*) and @E(r;) should be constant for each node

and the formulation is mathematically equivalent to the conventional
technique. This 'new' method has the advantages of less computational
time and ease of equation and programming managebility. It's disadvantage
lies in requiring a bit more computer storage. It should be noted that
the author used both methods and obtained identical results.

Applying the Galerkin formulation to eguation (42) we obtain

-2R* cosB r;(z)
coso 2 (@) ) _(1)
{'1- j’ j’ cos2a cosB e a8da {I;EI. A (x*) WeJ (r*) e (R*) dr*
sin r r;(l)
r,‘(2)
e
(3
= (l—pl)T oven f 7 (r*) dr* \
(1) ’
e .
2@ g sin 1rg 2—{ F(rtip)-Rrcosh, . o J LW
* *) @ ( *)
f f [ cos2a cosB e 1=1¢ (r ) 111 (x*) le Yo
(l) .
Y - dr* dgda
r*(z) L73 sin.lgg ;é(z),
e R'*. )
+ 21 (A-wo) f f f b I MIF{(r',B)—R*cosﬂ}‘i’(j)(r*) dr' dpdadr*
w . f=1 e
(1) (1)
r; o o rf
2 . sin 1ro ;é(l) | |
p1“’0 f f MZ{F(r',B)-R*coss}‘l’e(J) (x*) dr' dpdadr*

*(l) 0 . ) r'(l)
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e (2) - (2)
T h B g2 N .
+ 28 (1-wg) N§M {M {7 (', B)-R*cosB}+M{{ -F (r®,B) -R*cosB}}
i f=approgriate
(1) -1 % element
r* 0 sin "ro r
e o £
‘Pe(j) (x*) dar' &B do dr*
L1 (2)
+ -1—0- ( {Mx{ F(x',B) -R*cosB}+Mo{~F (r',B) -R*cosB}
f=appro rlat%
- emen
(1) sin lr* _ (1)
- .. rf

‘3) (r*) dr' dB do dr* (48)

and from equation (43) we obtain

o+ (2) o (2)
P (i) * W
(1) (3 + J

f A (r*) ¥ (x*) Qle (x¥) = (1-02).1-*“*”,e f ¥ 00 (%) art
o+ L)

e e

sin~ ro
* ,0) =R*
R;ii f f f cos2a cosB e COSO- {F(r 8 cosB}

2
T ‘{’( )(r*) ‘P( )(r*) <I> (R*) dRdodr*
i=l



r* 3, sin r” r!
e 72 % 3 : .
¢ 4R%P2 {~wo) NE [ My Pe*,@)-F(x',8) 1) (r%) ar agdn ar+
T 3 £=1 ° e :
r*(l) o o r'(l)' '
e £
(2)
sin ro r )
+ R0, ' 3
'. ‘n’rg‘) f [ [ f_l f MZ{ F(IS,B)-F(I',B)} lye(J) (r*) dr' dBda dr*
“ ()
e O (49)
-while from equation (30) we obtain
o (2)
e
2 (i) (1) (i
f S0 et e a
ot (1)
€ *(2) LA s:.n_lr* :
e () " ) .
f f f Ms{F(r*,s)-R* cosB} z b (R¥) ¥ U (rR)Y, (%)
dg da dr*
e sin ro .
. R* (1)
+ — 4R* f f f M3{F(r*.B)-F(r*,B)} 2 @f (r;) ‘i‘é )(r*) \P( )(r*)
' i=1
(1) o - |
df do dr*
sin r*
Tl 4R* f f f Ma{F (r*,8)-R* cos8} o g &) (pe) w(l) (r*) !’(J)(r*) 8 du &
i=1
(1) sin r*
'R"?
r;(z) A sin—lg r} ()
+ Atz f “ NEM MH{F(r*,B)-F(r B} ‘l’ )(r*) dr' dB da dr*
T ke <
r;(}) o o rj:! 1)
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r; : 1r/2 sin IJ;;_ | rf‘
+ Ro f f [ e I Ms{F (z*, ) -F (r* ,B)} ¥ (o4 art agan ar
f=
(1) , (1)
r; o} rf
r* @ 5 sin ry 2
i * (1-ug R*
+ & (3; = [ % qu{F(r',B)-F(r*,B)} ‘P(J) (r*) dr' dpda dr*
=1 }
<) ~. (1)
r; rf
51n ro rf' @ - .
R*wo RY )
= f f [MS{F(I /B)-F(r*,8)} ‘P (r*) dr' aBdo dr*
.(l)
wGoug) [ ’ RF NEM | | )
SR ") _ et j
1y -1 element 1
r;( ) o sin “rg o
R dr' gBda dr*
(2) . -1 ,(2)
rz 1y2 sin _;_:_ r/
+ Ko N Ms{-F (e*,8)-F (z*,8)} ¥ (xt)
f=appropriate
r; (1) o sin-lrg element rt! (1) .
R* dr' dRda dr*
(2)  (2)
4R* (1-y,) on o ;: ;: '
MR 5 W {p(z',8)-F (x*,8)} ¥ (x0)
. f—approprlate
. rz( o sm'lr; element

R f dr' dfda dr*
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v, sin~ r* : r%(Z)
Biﬂa M{F (r',g)-T (x*,B)} Wé3)(r*)
f—appr09r1ate
*(1) o sin” r element ré(1)
= dr' dpde dr*
(50)
"where
2 -C_O_S—C!{F(r' B)-R* cosp}
cosy cos T*(l) (l)(r )} r'e
MI{F(r',s)-R* cosg} "F%?"Eg{ —1 f '

{F(z',B)-R* cosB}
cosa cosf { 2 (1) Y(i)(r')} ' e cosd

Mp{F (r',8)-R* cosB} = =Frmm L £ . ’

{F(z*,B)-R* cosB}

) L cosa
M3{F(r*.8f-R* cosB} = 59%%;%?%% e ;
2 . . Y
ok Y@t ayl - COSB r' T (i) (i)
My{F (z*,B)-F(z',B)} = (% B) F(r',B){.~ ?* ¥ ("))
i=l £
ESEE{F(I*,ﬁ)*F(r':B)}
€ \\ L4
2 (i) .
_ cosB x' - (1),
MS{F(r*rB)"F(r"B)} = F(r*,ﬁ) F(r',B) ie1 'ﬂf \yf (r ) ,

————{F(r*.BJ-F(r /8)}

coso
e
NEM = number of elements in the domain rg to R*, and the arguments of
M;, My, M3, My and Mg correspond to the powers of the expohential integrals.
Some terms in equations (48) and (50) which are integrated with

respect to r' do not have limits which coincide with the nodes of the
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elements. An example of such terms are those whose lower limits are
R*sin B, These integrals are treated in the following manner.
Let R* sing lie within some element e as shown below in figure 6
R*sin8

r (1) Element e

L@

Figure 6. - Location for Variable Limits.

r(2) r(Z)
e e
we can prove that [ ndr = f {nél) ‘i’él) (r)+ (2) (2) (r)} dar (51)
R* sinf R* sing

1

where the superscripts (1) and (2) are the nodes of element e, and

v ii)

(r), i=1,2 are the interpolating functions for element e. In order
to satisfy continuity in the solution for n we must have n(R* sinB) as

‘the value of n at r=R* sin g. Thus

(2) (2)
e e \
= (var) , (var) (2) (2)
| f ndr = f {ne ‘i’e (r)+ n ng (r)} ar (52)
R* sing R* sing

;  where var is the location of R* sinB

r(z)-r
and ¥\73%) (z) = -—%—2)——
r - R* sinf
e
‘{,22) (x) = r—(-R‘)"sinB
' -R*sinB )
(var)

Now N (R* sinf) = Ne



. 1) '
R* sinB - re (@)

=,re(2).'v-,-.R"f sinf )
2 A e * 2 _ Q) e
e e e e
Thus froﬁ equation (52) we obtain
r(2) (2)
. (1) (2)
-* * - _
[1a [ g O oz e
/ réz} _ rél) e 2 e sing
R* sinB R* 51ns
+ n22) r(;)R* sinf 1} ar
re - R* sinB
(2)
& (1)
(2) r-r
- Xe r (1) e (2)
f { @ e T _m }oar
r -
e e e e
R* sing :
r(2)
2w
= I
f i=l T'Ie ‘{Ie (r) dr
R* sinf

and equation (51) has been proved,

Now that the finite element approximations have been made and the

Galerkin procedure used, the next step involves the assembly of eguations.

Setting j = 1,2 the flux term

(_1)3 9T* | in equation (47) reduces to - 3T*
Y ar* for

réj) rél)
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.
j=1, and %%; | for j=2. Thus from equations (47), (48), (49) and (50)
r(2)
e

we see that for each element e we have 8 equations and 10 unknowns, i.e.

TXr N & R*), Qf(r*) and gz;-which are unknown at both nodes 1 and 2 of

each element.

Global Node 1 2 3 4 I ?EM—l NEM NEM+1
Element 1 ) 3 ] j—NEM_l -

Figure 7. - -Element and Node Locations.

Thus for NEM elements we have (8) (NEM) equations and (10) (NEM) unknowns.
But the elements are connected (Figure 7) such that the second node of

an element is shared by the first node of the right side element. Thus

aT* - 9oT* . (2) (1)
Pyos AT+ since r, and I, are the same node. In
(2) (1)
e Tetl -

order to reduce the number of unknowns, the equation corresponding to the
second node, i.e. j=2 of element e, is added to the equation correspond-
ing to the first node, i.e., j=1 of element e+l. The only equations
which remain unaffected are the equations for the first node of element 1
and the equation for the second node of element NEM. Adding the equa-
tions in'Ehisxmanner eliminates the conductive flux unknowns at the
interior nodes. Thus we have (4) (NEM+1) equationé with (4) (NEM+1) + 2
unknowns, the unknowns being T*,n, @ (R*) and <I’+(r2‘,) at each node 1,2,3,

*
eeeess NEM+]l plus the conductive heat flux %%;-at glokal node 1 and at
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node NEM+l. The prescribed boundary conditions are

* = yk | * = T
at r ) o ™. . wire
and at r* = R* T* = T* (53)
oven

can now be solved by any suitable method.

Formulation of the Transient Term .

One of the methods to evaluate the transient term in equation (47)
is the Crank-Nicolson scheme. Denoting the present time step as n and
the next time step as n+l we have

At At

{T*}IH‘J. = {T*} n * -_2 | {T*I}i'*‘l + 7 {T*}n (54)

where At is the time step. 2dding equation (47) in the manner described

in the previous section we obtain a set of simultaneous equations of the

form

(61 (T} + A 1{T*} + [By] {n} + [c;]1 {T¥ + [D;] 2 -0
1

*
MXM MX1 MXM MX1 & MEM  MX1 HXM  MX1 M O (55)
where M = NEM+1
= mmber of nodes in the domain
Maltiplying equation (54) by [G] we obtain
- 2 2 e
% = — * - == % - 3 %
el {3, LR S R vl Rt (6l {r*} | ~(56)

By evaluating equation (55) at time n+l and making use of (56) we have
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= (6] +a,] {T*} + [c,] {T**} + [B.] {q
At . 1 PR L 1! {njy

oT* el 2
+ [D,] {=¢ = [6] {T*} + = I(@6] {T*} (57)
1 or* nt+l n &t n

The initial condition is given as at t* = 0 T* = T nitial
Equations (56) and (57) together with the equations obtained from (48),
(49) and (50) along with the prescribed boundary conditions (53) can now
be solved for T*, n, 3(R*) and qf{ (r§) by any suitable method,

A computer program was written to solve both the steady state and
transient problems. Since the equations are non linear an iterative
procedure was used. A linear solution for T* was assumed and thereby
T*4 was evaluated. The resulting equations were solved and the new value
of T* compared with the initial guess. If convergence to within 0.001
was not obtained for T*, the system of equations was solved againlup-

" dating T*, and hence T*4, as the initial guess. After T* converged the

results were printed.



CHAPTER IV

NUMERICAL APPROXIMATIONS TO THE INTEGRALS

Before obtaining a solution to the problem given a particular set
of parameters, a number of integrals need to be evaluated. One method
of evaluating integrals consists of employing a Gauss quadrature. The
Gauss quadrature has been used to evaluate all the integrals in the study.
Some of the integrals have one or more singularities at the limits. The
integrals themselves exist but the integrals approach infinity a£ one or
more limits. While evaluating the integrals it was found that they were
highly sensitive to any change in the quadrature used for the variable B,
but not sensitive to the change in quadrature of the other variables,
namely r*, r' and a. Thus in order to improve the answers, the limits
on B were divided into two equal parts and a six point quadrature applied
over eacﬁ part. A four point quardature was used for the integrals with
respect to r*, r' and a. On comparing solutions for the radiative equi-
librium case (N=0) with those obtained by the Monte Carlo technique [17]
good results were obtained for the cases involving black surfaces i.e.
El = 82 = 1. But the results for surface emissivities other thaﬁ 1 were
extremely poor. The difficulty arises in the singulﬁrities of the inte~
_grals. By observing the integrals in the expressions for the irra&iation
n and the bdundary terms &(R*) and @I(rg) we recognize that some

integrands are singular at the limits of g or r' or both. Since the

integrais were sensitive to the quadrature on f they were approximated by
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the largest value of the exponential term in the integrand near the sin-
gularity in B. Thus any approximations with respect to singularities in
r' were ignored. It should be noted that because the Gauss quadrature
is used the integrands do not appfoach infinity since the function is

never evaluated at the limits. The integrals were evaluated in the

following manner

-1
s *
11'/2 sin :!:'_; _ iosa{ /r*z-R*ZSIn B - R* COSB}
4R* e {R*) coso cosB e
T {x*? - re? sin%p}t | dgda
S -1 *
o sin s
R
-1 RAT r¥ 2
) - 255'&{ 2 relsin B -R* cosg}
4R* ¢ (R*) cosa cosB e
{z*? - r*? sinZp)}” d?da
sin ro
v sin =~ r*
] "R%
+ 4R* z . - cos&[ r* - R*len B - R* cosB }
= % (R*) cosa cosf e
L) 2 2 2 A
) {r*® - R*“ sin°p}%
3 %
o Slp.. RAiﬁr | (58)

where RAT represents somé positive real number close to but less than 1.
The singularity in the first term on the right hand side oflequation (58)
has now been eliminated. The exponential term of the integrand in the
second‘integral is approximafed by its value at the upper.limit and
reduces to —

_‘{R*z _ r*Z} b

cosa
A B
e since p = Sin =
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Thus the second integral is equal to

- . : %
in"tre < (gt - d

R*
4R* R K (R*) ‘cosa_cosB e cosa
f 2 - R*2sin26};2 dpda

sin RAT r*

1‘_ - ‘D*z - v*21 %
72 R *
. =1
{% - sin (RAT)} f cos e onet -
J ¢ (R*) da

. "0

i .
T

The Galerkin technique can now be applied to the integral above resulting

in
réZ) . { melre?)
4 _ 1 -1 % coso
21 %- sin "t ram) f cosa e
O
2 @) ) )
0 Yo B v () dede

The other integrals with singularities in B are handled in a similar
manner. The v;'xlue of RAT was chosen such that the radiative equilibrium
solution for non black surfaces closely approximated those obtained by
the Monte Carlo method [17]. This criteria was selected because, tc the
author's knowledge, the Monte Carlo solution is the pnly known exact

solution available for comparison. Setting RAT = 0.97 gave adequate

results.



CHAPTER V
RESULTS

Known exact solutions for the problem of combined con-
duction and radiation in the cylindrical geometry exist only
for the extreme cases, i.e. conduction only or radiative
equilibfium. Pure conduction is a trivial problem and the
results can be readily verified by consideration of the cases
where w, = 1.

Radiative equilibrium solutions were compared with
those obtained by the Monte Carlo technique [17]. Figufe 8
shows results obtained by the finite element and Monte Carlo
methods for various surface emissivities. In figure 9 the
twp methods were compared for black surfaces and different
radius ratios and optical depths. The radial domain was
divided into 20 equal elements. The results compare well
with those obtained by the Monte Carlo technigque.

Combined conduction and radiation solution were compared
with those obtained by Chang [12]. Although Chang's solution
is based on an Eddington's first approximation model of radi-
ation heat transfer, it is one of the few known solutions
that exist for this problem even though scattering is omitted.
The steady state fesults are compared in figure 13, while the
transient case is compared in figure 15. The radial domain

was divided into 19 elements of which 12 closest to the wire
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Weré of length 0.025 and the remaining 7 were of length 0,10.

Figure 10 shows the effect of the conduction radiation
parameter N on the temperature distribution. N equal té
infinity implies heat transfer by conduction only and thus we
expect a log curve. N = 0 implies heat transfer by radiation
only and we would éxpect temperature slip at the boundary.

Figure 11 shows the effect of scattering on the temper-
ature distribution. For w, = 1, the medium does not absorb
but only scatters radiation, and thus we would expect a log
curve. For other values of w, the medium absorbs incident
radiation.

Figure 12 shows the effect of surface emissivities on
the irradiation n, while figure 14 shows their effects on the
temperature distribution. It is seen that at the hot surface,
i.e. r* = rg, the irradiation decreases as the emissivity
decreases since less radiation is emitted, while the initial
slope of the temperature increases with decrease in emissivity.

Figure 16 shows the effect of scattering on the transi-
ent temperature distribution. Nineteen elements were used of
siies 0.025 and 0.1 and the time step chosen was 0.001. This
time step was selected to avoid any temperature fluctuations
at early times.

Tables 2, 3 and 4 present results for the conductive,
radiative and total heat flux at the wire. It is seen that
decreasing N increases the conductive and total heat flux.

. s sl C s
Decreasing the surface emissivities reduces the radiative
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heat flux. The conductive fluxes obtained in these tables
are solved as part of the sysﬁem of equations rather than

being calculated after the temperature profiles are obtained.

TABLE 2

Heat Transfer Rates'for Surface
Emissivities of 0.1

1.0 T* 0.1 e1=€2=0.1

*= *= * =
s 1.0 R*=2,0 T oven

wire

*
we s r*;r* 0, e, y
o (o}
N=1.0
0 -1.343 0.076 1.362
0.5 -1.323 0.079 1.343
1.0 -1.298 0.062 1.314
N=0.5
0 -1.388 0.076 1.426
0.5 -1.348 0.079 1.387
1.0 -1.298 0.062 1.329
N=0.1
0 -1.731 0.076 1.921
0.5 -1.541 . 0.079 1.738

1.0 -1.298 | 0.062 1.454



TABLE 3

Heat Transfer Rates for Surface
Emissivities of 0.5

x, =
wire

0.0
0.5

1.0

0.0
0.5
1.0

0.0
0.5
1.0

1.0

*

Toven= 0.1

dT* /dr*

-1.315
-1.302
-1.298

-1.333
-1.307
-1.298

-1.499
-1.363
-1.298

€122

N=1.0

N=0.5

N=0.1

52

0.380
0.384

0.340

0.379
0.383

0.340

0.372
0.378

0.340

R*=2.0

‘1.410
1.398
1.383

1.523
1.498

1.468

2.430
2.308

2.148



TABLE 4

Heat Transfer Rates for Surface
Emissivities of 1.0

Th o= 1.0 TX  =0.1 . e1=ep= 1.0 r*= 1.0  R*=2.0
wO 9_’11 Qr ¥
dr* r_r* =r* :
P57 °

N=1.0
0 -1.284 0.777 1.479
0.5 ~1.283 0.767 1.475
1.0 -1.298 80.702 1.474

N=0.5
0 -1.274 0.773 1.660
0.5 -1.270 0.765 1.653
1.0 -1.298 . 0.702 1.649

< N=0.1

0 -1.273 0.748 3.144
0.5 ‘ -1.212 ‘ 0.751 3.088
1.0 -1.298 : 0.702 3.053
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. Radiative Equilibzium

for T*, = 1.0
wire

0.0

06 | o 0.1

Optical Depth R*-r; =2

0.5

—t |

—— PRESENT SOLUTION
-~-- MONTE CARLO (I7)

03t €, =€2=I.O
€,:=€,203

€,:€,2 0.1

0.0 ] ] 1 1 1
00 02 0.4 0.6 0.8 1.0
] 2
r-r,
R - r

Figure 8. Radiative Equilibrium.
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Radiative Equilibrium
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%
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i 1 2 0.5
2 0.1 0.1

- —— PRESENT STUDY
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Radiative Equilibrium.

Figure 9.
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Effect of N on Temperature Distributicx
for wq = 0.5
€1 =€5 = 1.0
Tv’;ire=
Toven 0.1
r* = 1.0
(o]
R* = 2.0
1.0
o 0.8
~ Toven
* *
Tﬁhe 1.0ven
0.6
04
0.2
0.0
0.0
v ¥
r-g
R
[

Figure 10. Effect of N on Temperature Distribution.
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Effect of Scattering on Temperature

Distribution for Surface Emissivities

of 0.5
N= 0.03
T*, = 1.0
wire

* = 0.1
oven
r® = 1.0

o
R* = 2.0

1.0

0.8
* »*
T- Toven

% *
Twire - Toven
06

04

02

0.0
00 0.2 0.4 0.6 0.8 1.0
rer
R™ s’:

Figure 11. Effect of Scattering on Temperature Distribution
for Surface Emissivities.
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Effect of Surface Emissivity on

-Irradiation for

W = 0.5
N = 0.05
* = 1.0
wlre
* = 0.1
30 + oven
r* =1.0
R* = 2.0

0.0 : ‘ ~ : .
0.0 0.2 0.4 0.6 0.8 1.0
rer)
¥*
R-ry

Figure 12. Effect of Surface Emissivity on Irradiation.
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1.0

Steady State Temperature Profiles for

N = 0.03

* = 1.0

—— PRESENT STUDY
——— CHANG {(I2)

08
* *
T°Toven
* ko
Twire’Toven
06
04
0.2
0.0 [} L L k] \
0 02 04 _, 06 08 1.0
: I*=ro
Figure 13. Steady State Tempeiature Profiles.
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Effect of Surface Emmissivity on
Termperature Distribution for
N =0.01
wo =0
T*, = 1.0
wire
T* = 0.1
oven
* =
x2 1.0
R* = 2.0
1.0
08
¥ _ ¥
T -Toven
¥ *
Tyire- Toven
0.6
0.4
0.2
O'O L Il [ i
00 0.2 04 0.6 0.8 (.0
*® ¥
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Figure 14. Effect of Surface Emissivity on Temperature Distribution.
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Transient Tenperature Profiles
for Combined Conduction and
Radiation
wg = 0
N =0.03
€] =€7 = 0.5
r* = 1.0 R* = 2.0
o .
T*, = 1.0 T* = 0.1
wire _ cven |
Thitial = %0
i.0¢ '
AN —— PRESENT STUDY
AN\ | ——— CHANG (12)
\ \\
AN
\ ~3J
\ ~J
\\
0.6t AN
\\\ STEADY
STATE
=003 AN
0.4 ¢
0.2t N\
N\
. S
¥ N —
t=0.01 e e T
0.0 — - : . l
0.0 0.2 0.4 0.6 0.8 1.0
rr,
R-r.

Figure 15. Transient Temperature Profiles for Combined
Conduction and Radiation.
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Effect of Scattering on Transient

Temperature Distribution for

N = 0.01
g;=ez = 0.5
r<*) =1.0
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FPigure 16. Effect of Scattering on Transient Temperature Distribution.



CHAPTER VI
CONCLUSIONS

This study has solved the problem of combined conduc-
tion and radiation in an absorbing, emitting and scattering
medium of cylindrical geometry bounded by grey surfaces at
known temperatures. The solutions compare well with known
exact solutions. The author believes that the finite element
technique is best suited for the problem because of the ease
with which integrals with variable limits can be handled and
the accuracy with which the conductive flux can be evaluated
for the steady state case. Another advantage lies in the
fact that the elements do not have to be of equal length and
‘the programming was such that very few changes needed to be
made to change the length of each element or to iﬁcrease the
number of elements. Nineteen or twenty elements were found
to be sufficient for accuracy.

A drawback of the study was the inaccuracy of the Gauss
quadrature when evaluatiné integrals with.singularities.

This problem will be present no matter what method is used
to solve the govefning equations. This stugy made use of the
techniques outlined in Chapter IV to obtain good results.
Another method could involve the use of a more suitable quad-
rature. It should be noted that the inability of the Gauss
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quadrature to properly evaluate the integrals with singular-
ities had very little effect on the'tempefature distribution,
but had a large effect on the irfadiation n. Thus whenever
the solution for n was crucial, i.e. radiative equilibrium
cases (T*% = %); poor results would be obtained unless the
integrals were evaluated properly. However, if the solution
for n is not crucial to the problem, i.e. most combined con-
duction and radiation problems, the solution for the temper-

ature distribution is fairly accurate.

64



10'

REFERENCES

‘Maupin, W.E., "Hot Wire Method for Rapid Determination of

Thermal Conductivity," Ceramic Bulletin, 39, No. 3
(1960), -pp. 139-141,

Poltz, H. and Jugel, R., "The Thermal Conductivity of
Liquids IV," International Journal of Heat and Mass
Transfer, vol. 10 (1967), pp. 1075-1088.

Haarman, J.W., "A Contribution to the Theory of the
Transient Hot Wire Method," Physica, 52 (1971), pp. 605-
619. . .

Davis, W.R., "The Determination of Thermal Conductivity
of Insulating Materials by the Hot Wire Method,"
British Ceramic Research Assoc., Tech Note No. 224.

Shil'pran, E.E., Umanskii, A.S. and Goishov, Yu A., "Non-
steady Methods of Measuring the Thermal Conductivity
of Gases," High Temperatures--High Pressures, vol. 7
(1975), pp. 361-393.

Carslaw, H.S. and Jaeger, J.C., Conduction of Heat in
Solids, Oxford University Press (1947).

Blackwell, J.H., "A Transient Method for Determination
of Thermal Constants of Insulating Materials in Bulk,"
Journal of Applied Physics, vol. 25, No. 2 (Feb., 1954),
pp. 137-143.

Jaeger, J.C., "Conduction of Heat in an Infinite Region
Bounded Internally by a Circular Cylinder of a Perfect
Conductor," Aust. J. of Phy., vol. 9 (1956), pp. 1l67-
179. :

/ 1

Viskanta, R. and Merriam, R.L., "Heat Transfer by Com-
bined Conduction and Radiation between Concentric
Spheres Separated by a Radiating Medium," Trans. ASME,
J.HT. (May 1968), pp. 248-256.

Fernandes, R., Francis, J., and Reddy, J.N., "A Finite
Element Approach to Combined Conductive and Radiative
Heat Transfer in a Planar Medium," to be published in
the 1980 Thermophysics Volume in the AIAA Progress
Series 1in Astronautics and Aeronautics entitled, "Heat
Transfer and Thermal Control."

65



11.

12,

i3.

14.

15.

ls6.

17.

18.

19.

20.

66

Viskanta, R., "Heat Transfer by Conduction and Radiation
‘in Absorbing and Scattering Materials," Trans. ASME,
J.HT., Series C, vol. 87, Feb. 1965, pp. 143-150.

Chang, Y., and Smith, R.S., "Steady and Transient Heat
Transfer by Radiation and Conduction in a Medium
Bounded by Two Co axial Cylindrical Surfaces," Int. J.
HMT, vol. 13 (1970), pp. 69-80.

Howell, J.R., "Determination of Combined Conduction and
Radiation of Heat Through Absorbing Media by the
Exchange Factor Approximation," Chemical Engineering
Progress Symposium Series, vol. 61, No. 59 (1965).

Bayazitoglu, Y., and Higenyi, J., "Higher-Order Differ-
ential Equations of Radiative Transfer: P Approxima-
tion," AIAA Jour., vol. 17, Epril 1979, pp. 424-431.

Modest, M.F. and Stevens, D.S., "Two Dimensional Radia-
tive Equilibrium of a Gray Medium between Concentric
Cylinders," Jour. of Quant. Spect. and Rad. Trams.,
vol. 19, 1978, pp. 353-365.

Olfe, D.B., "Application of the Modified Differential
Approximation to Radiative Transfer in a Gray Medium
between Concentric Cylinders and Spheres," Jour. of
Quan. Spect. and Rad. Trans., vol. 8, Mar. 1968,
pp. 899~907.

Perlmutter, M. and Howell, J.R., "Radiant Transfer
through a Grey Gas between Concentric Cylinders using
Monte Carlo," Jour. HT, vol. 86, Feb. 1964, pp. 165-
179.

Saito, A., Mani, N., and Venart, J.E.S., "Combined Tran-
sient Conduction/Radiation Effects with the Line Source
Technique of Measuring Thermal Conductivity,"” Paper ‘
# 76--CSME/CSChE-6 presented at the 16th National Heat
Transfer Conference, St. Louis, MO (Aug. 8-11, 1976).

Gordaninejad, F., "Analytical Analysis of Combined Con-
ductive and Radiative Heat Transfer as Applied to the
Hot Wire Thermal Conductivity Method," M.S. Thesis,
University of Oklahoma (1980).

Putcha, S., "Combined Conductive and Radiative Heat Trans-
fer in an Emitting and Absorbing Medium of Cylindrical
Geometry," M.S. Thesis, University of Oklahoma (1980).




67

21. Kestin, A.S., "Radiant Heat Flux Distribution in a Cylin-
drically-Symmetric Nonisothermal Gas with Temperature--
Dependent Absorption Coefficient," J. of Quant. Spect.

~and Rad. HT, vol. 8 (1968), pp. 419-434.

22. Kuznetsov, Ye S., "Temperature Distribution in an Infin-
ite Cylinder and in a Sphere in a State of Monochromatic
Radiative Equilibrium," Jour. of USSR Computational
Mathematics and Mathematical Physics, vol. 2 (1963),

Pp. 230-254,




68

APPENDIX



69

Z/FE JOB RafraNss ., FERNANDES ¢ o CLASS=Js TYPRUN=COPY JOE
/%JOBPARM D=NEL,F=9002 - . ’
/Z%ROUTE PRINT LOCAL .
IMPLICIT REAL#8(A~H,0~2}
DIMENSION X(4) 4k (8)9R(21)eT(21),GSTIF(84+85),C3(20,20,5),ETAL21)
DIMENSION D2(20+2055)+C2{20,2032+5)+D1{20+245)+GSAVE(84,85)
DIMENSION GM(21,21)+sTOLDO(2141)+TOTOLD(23 1)+ TAEW(21 1)
DIMENSION TOTNEW(21 1 )sRI(2151)4RHS(21)
DIMENSION Y(6)V(E)
F1(RPyBETA)=DSCRT (RP**2—(RL*¥¥2)*{ DS IN(BETA)%%2))
F2{ALP,BETA)=(DCOS(ALP)*%2 }*DCOS(BETA )/ DEXP(2.0*RLEDCAS(BETA)/
1DCOS(ALP) )
F3(RP,BETA,ALP)=DCOS(ALP)*DCOS(BETAJI*RP/F1(RPEETA) %
1{DEXP({F1(RP,BETA)-RL*DCOS(BETA))/DCGS(ALP))
2+1.0/DEXP( (F1(RP, EETA)+RL*0DCOS(BETA))/DCOS(ALP)))
SFL(RP)=((—~1) %] ) #(RP-FF+DFLOAT (I~1 )% (FF~EE) )/ (FF-EE)
SF2(RR)=((—1) *%J ) *{ RR—HH+DFLOAT (J=1 ) % {HH-GG) ) /7 (HH—GG)
SF3(RR)=({=1)#¢] ) #(RP—HH+DFLOAT( I=1)¢(HH-GG) )/ {HH~GG)
SSFL1{RP )=(FF—RP) 7/ (FF~EE)
SSF2(RP )= (RP-~EE) /(FF=EE)
FALALP,BETA)=({DCOSC(ALP)**2 ) *DCOS{BETA J*DEXP (L F 1{RS+BETA )-RL#*
1DCOS(BETA) ) /DCOS{ALP)) .
FSIRP,+BETA, ALP)=DCOS(ALP)+DCOS(BETAJ*KP/F1{RPEETA)SDEXP((F1(RS»
1BETA)-F1(RP,BETA))/DCCS(ALP))
F6(RRyBETA,ALP )=DCOS(ALP) *DCOS(BETA)/F1{RREETA)$DEXP( (F1(RRsBETA)
1-RL¥DCOS{BETA) )/DCOS{ALP))
F7({RRsBETA,ALP)=DCOS(ALP) *DCOS(BETA}/F1 (RR+BETA)*DEXP((F1 (RS,BETA)
+1=F1(RRs BETA))/0CUSC(ALP))
FB(RR.BETA.ALP)‘DCOS(ALP)*DCOS(BETA)/FI(RR.BETA)/DEXP((Fl(RR.BETA)
1+RUL*DCOS(RETAYI/DCOS(AL P) )
FO{RR.RPBETA+ALP)=0CCS (BETA)/Fi (RRyBETA)*RP/F 1(RP ,BETA)*
IDEXP({F1{RRsBETA)-F1(RPBETA))/DCAS(ALP))
FL10(RRsRP 4 BETALALP)=DCOS(BETAI/F1(RRs BETA)*KP/F1(RP,BETA)*
10EXP((F1{RP4BETA)-F1 (RR,8ETA) )} /DCOS (ALP))
F11(RReRP,BETA+ALP)=DCOS(BETA}/F1(RRs BETA) *RP/F1(RP,BETA)/
10EXPL(F1 (RP,3ETA) +F1 (RR,BETA) }/DCOS({ALP))
F12(RR)=SF2(RRI%((—1)*%1)/(HH-GG) /RR
SSF3(RR )= (HH~RR)/ {HH~GG)
SSF4{RR)=(RR~GG) / (HH~GG)
F13(RP,BETA,ALP)}=DCOS(ALP ) *DCOS{BETA) #*RP/F 1 (RP+BETA)
1#DEXP((F1 (RP+BETA)-RL*DCOS(BETA))/DCOS(ALP))
F20(RR,ALP )=DCOS(ALP) /DEXP(DSQRT(RL*¥¥2~RR*%2 ) /LCOS(ALP))
F21(RR+KP, ALP)=RP/DSQART (RP%#2-RR*£2 }/DEXP{DSQRT(RP**2—RR*%% 2)
1DCOS(ALP))
F22(RR¢ ALP ) =DCOS{ ALP }*DEXP ({RATY*RR-DSARTI{RLX**2-(RAT#RR)I**2))
1/DCOSCALP))
) F23(RRoRP.ALP)—RP/DSQRT(RPt*Z (RAT*kR)**2)*DEXF((RATYtRR
1-DSORT (RP**#2—{RAT*RR ) *%2) }/DCOS(ALP))
F24I{RRsRP+ALP)=RP/DSCRT (RP*#2~(RAT#RR )#%2)/DEXP((RATY #RR
1-DSART{RP# %2~ (RATZRR ) *%2) ) /OCOS(ALP))
DATA V/~=0.23861918614+0¢2386191861+=0¢6612093865+0.661209238€5,
1-0,9324695142, 0. 9224695182/
DATA V/2%0.4679139346, £%¥04260761573,2%0417132449247
DATA X/-04339961 044404339981044,-04861136312,0.861136312/
DATA W/2%0.€652145155+ 240, 347854845/
NIP=1
NN=21%
RS=1.0
RL=2.0
DO 490 I=1,NN
490 R{I)=RS+DFLOAT(f- l)*(RL—RSi/(NN—l)
NQUAD=4
PI=3.1415927



ARSU U

BB=P /240
NEM=NN~-1

AN=0.5 70
W0=0.0 .
RH01=0.0
RH02=0.0
PROP=0.5
TWIRE=1.40
TOVEN=0.1
ITYPE=0
TINIT=0.1
DELT=0,001
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OR THE PHI MINUS(R OUTER) EQUATION

NfOnN
m
3

DO 12 I=1+NEM
D3 12 J=1:KEM
DO 12 K=1+€
ClIsJeK)I=040
D4{I+JsK)=0.0
DO 12 L=1,2
DitI,LeK)=0.0
C2{IvJdsL¢K)=0e0
12 CONT INUE
CC=DARSIN({RS/RL)
DO=P1/24+0
TLMT=DD
DO=CC+{DD-CCI*PRCP
SUM=0.0 .
D0 1010 MS=1,2
C=(DD~CC)/2.0
D={DD+CCi/ZeC
A=(BB=AA} /2.0
B=(BB#+AA)/ 2.0
DO 1 I=].NQUAD
DO 1 J=1,6
1 SUM=SUMHW(T I#VIJ) #F2(X( 1) *%A4B,Y{J)*C+D) *C*A
CC=DD
: DD=TLMT
- 31010 CONTYINUE
DENQOM=1.0-4,0%RHO1&SUM/PIL
NR=NN#*4
NC=NR+1
DO 1000 I=1,4NR
: DO 1000 J=1,NC
©-. 1000 GSTIF(1+J)=0.0 )
IF(RHO! «EQe0+0)G0 TO 6C0O
IF{u0.EQ.00})GC TC 601
DO 1020 I=1,2
CC=DARS IN(RS/RL)
DD=P1/24.0
TLMT=0D
DD=CC+ (DD—-CC ) *PRCP
D0 1020 MS=142
. €={DD~CC)/ 2.0
D={0D+CC) /2.0
00 6 M=1:6
SUN=0.0 .
EE=RL*DSIN{Y{M)}*C+D)
IF(EEGER{1) ANDEELLESR(NNIIGD TO S
-WRITE(6+510)EE . .
510 FORMAT(1Xe *VALUE OF EE EXCEEDS THE LINMITS®,E2046)
S CONTINUE .
DO 3 ICHECK=1 sNN
IF(EEL.LE.R{ICHECK))IGO TO 4



3 CUNTINUE
4 FF=R( ICHECK) .
E=(FF-EE}/ 2.0 n
F={FF+EE} /2.0
EE=R{ ICHECK—-1)
FF=R({ICHECK)
DO 2 L=1,NGQUAD
DO 2 N=1,NQUAD
SUM=SUMfw(L)*V(M)#w(h)tA*C¢E*F’(X(N)*E+FoY(M)*CfD.X(L)tA+B)
1XSFL{XINI*ESF}
2 CONTINUE
NELEM=ICHE CK={
SUM==SUM RHC1 *WO /P 1 /DENOM
DO 100 IL=1NEK
GG=R{ L}
HH=R(IL+1)
GSTIF{IL+2 #NNNELEMANN+I—-1)=GSTIF( IL+2+«MNoNELENVINN+I~1 ) +SUM
1&{4H-GG) /2.0
GSTIF(IL+2#NN+ 1, NELEM+NN+T=1)=CSTIF(IL+24NN+1 s NELEM+NMN+I=1)+SUM
1*#{HH-GG) /2.0
100 CONT INUE
IF{ICHECK «EGNN)GO TC [
ICHECK=ICHECK+1
EE=R{ICHECK-1)
SUM=0.0
GO TO &
& CONTINUE
cC=DpD
DO=TLMT
1020 CONTINVE
‘601 CONTINUE
IF(WUEQ.10}GO TOQ 600
CC=DARS IN{ RS/RL)
OD=P1/2.0
TLMT=DD
DD=CC+({DD—CC) *#PRCP
DO 1030 MS=1,2
- €={DD-CC)/ 2.0
D=({DD+CC) /2.0
DO 7 M=146
EE=RLX*DSIN(Y(M)*C+D)
DO 8 ICHECK=1,NN
IF(EE.ER(ICHECK)}IGO TO 9
8 CONTINUE
9 FF=R(1CHECK)
NELEM=ICHECK~1
E={FF~EE) /2.0
F=(FF+EE)/ 2.0
EE=R(ICHECR=-1}
F=R{ICHECK)
DD 10 IL=14NEM
GG=R(IL)
H=R{IL+1)
00 10 L=1.NQUAD
DO 10 N=14NGUAD
FARE=W(L )¥V(M) %W (N) FALCIXE*FIIXN(N)*E+F Y{M) $C+DX(LI *A+B)
1%4 ¢0%RHO1 *¥(1.0~W0 )/P I*{HH-GG) /2. 0/DENCM :
C3CILINELEM L1 )=C3(JLINELEMSLI+FAKE® (SSFIIXIN)*E4F }%%3)
C3LILsNELEM¢2)=C3(ILoNELEM2)+FAKES(SSFI{X(N)*E+F ) %%3)
1*SSF2(X(N)*E+F) )
C3(lL.N:LEM.3)“C3(lL.NELEM.3)+rAKE*(SSF1(XCN)vaF)~*23
1€(SSF2(X{N)*E+F)%%2)
C3CILoNELE Msg )= C3t'L.NELEM.Q)+FAKE#SSF1(X(N)*E4F)
L1E{SSF2{X(NJ)XE+F)*33)
C3(lL.NELEN.S)“CB(IL.NELEM.S)#FAKE*(SSthx(N)tE+F)*‘¢)
10 CONTINUE



IPTILHELR et UaKIGL TU ¢
ICHECK=ICHECK+1
EE=R({ ICHECK=~1)
GO YO 9 ) , 72
T CONYINUE
€Cc=0D
OD=TLNY
1030 CONTINUE
600 CONTINUVE
DO 11 J=1,42
DO 11 I=1,2
DO 11 IL=]1,NEM
GG=R(IL)
HH=R({IL+1)
IFC(I+J)+EQe3)GO TO 13
GSTIFINNFZ+IL+ 1 oNNR2+IL 4+1=1 I=GSTIF(NNX2+IL+J-1sNNE2+IL+I~1)
1+#(HH~GG) /3.0 '
GO TGO 1§
13 GSTIFINNA24IL & 41 NN224IL4I-1I=GSTIF(NNR2+IL¢J~1 s NN*2+IL+I~1)
1#{HH-GG}/6 40
11 CONTINUE X
DO 112 IL=]1,NEM
GG=R(IL)
HH=R(IL+1)
GSTIF(NN*2+IL ¢NC)=GSTIF(NN*2+IL ¢NC) +{ HH~GG) /2 s C%( 1+ 0=-RHO1 ) /DENOM
1% (TOVEN¥%4 )
nmdumnzz*~+ur*n.znutamqnmazzwm+nr+—.znv+~II|nn~\N.o¢a~.olz:o—.
1/7DENDM*{ TOVEN®*4)
112 CONTINUE
umgrzo—.mo-o.oyno T0 Noom
cc=0 .
oono»nw.zawm\nru -~
TLKT=0D .
DO=CC+DU~CC ) #PROP ) C .
DO 2000 MS=1,2
C=(DD~-CC)/ 2.0
D=(DD#CC) /2.0
IF(W0<EQ«Q«0)GC TC 604
D00 300 I=1,2
DO 300 NELEV=1 4NEWN
EE=R(NELEM)
FF=R(NELEM+1)
E=(FF-EE) /2.0 .
F={FF+EE)/2.0 L e
SUM=0,.0 ‘
DO 301 L=1,KQUAD :
DO 301 M=1,6
D0 301 N=1 ,NQUAD
303 SUM=SUMZW{L)}*V(M)*¥W(N)XAZCH*EXFL1I{XIN)*E+F 4 Y{M)IFCH+D, X(L)*A+B)
IXSFI{X(NISE+F)
SUM=~SUMEWCERHCL /P1/DENCM
D0 300 IL=1,NEM
GG=R{IL)
HH=R{ IL+1)
GSTIF(NR*¥ 24 IL s NN¢NELEM#+1I~1 )=GSTIF{NN%2+IL s NN+NELEM+I~1)
L1+ SUME(HH-GG) /2.0
GSTIF(NN*2 +IL +19 NN+NELEM#I—1)= omqumuzz*~+~r+~.7z*zmrm:+— -13
1+ SUMR (HH-GG) /240
300 CONVINUE
604 CONTINUE
IF(WO.EQe1 »0)}GE TC 602
DO 302 NELEM=1,NEM
© EE=R{NELEW)
FF=RINELEM+1)
E=(FF-EE}/2+0
F=(FF+EE) /2.0



DO 302 IL=1,NEM .-
GG=R(IL) ~
HH=R(IL+1) . ‘
DO 302 L=1.NQUAD n
DO 302 M=1,6 :
DO 202 N=1,NQUAD
FAKE=SW{L) V(M) #W(N) 2A%CREXFI3( X(N)*E+F, Y(M)*C+D s X(L)%A+B)
1 %4 ¢0%RHO1%(140-w0)/Pl%*(HH~-GG)/2s0/DENCM
CICILNELEMG 1 )=C3(ILsNELEM1)+FAKE*(SSFI{X{N) #»E+F)**4)
C3(ILINELEM,2)=C3 (1L NELEMo2) +FAKE®(SSF 1{X(N) $E+F ) #%3)
1#SSF2(X{N) $E+F) .
C3(IL JNELEM+3)=C3 (1L «NELEMs3) +FAKES (SSF 1{ X(N) $E4F) #42)
13(SSF2(XIN)SE+F )5 %2)
C3(ILINELEM3)=C3(ILNELEM4)+FAKES*SSF1 (X{N)*E*F)
1#(SSE2{X(N)$E+F) %23}
C3CIL WNELEN.5)=C3 (1L +NELEM+S) ¢ FAKES (SSF2(X (N) $E+F ) $34 )
302 CONT INUE

- 602 CONTINUE

€C=DD
DD=TLMT

2000 CONTINUE

c
c
<

2602 CONTINVE

INTEGRALS FOR THE EQUATION FOR PHI ONE PLUS(R INNER)

CC=0.0
DD=DARSIN(RS/RL)
TLMT=0D
DD=CC+(DD-CC) *#FRCP
SUM=0.0
DO 2010 MS=1,2
C={DD-CC) /240
D={DD+CC1}/2.0
00 14 L=1+NCGUAD
00 14 M=1,6

14 SUM‘SUMOF4(X(L)*AiB.Y(M)tC*D)*W(L)*V(M)‘A*C
CC=0D
DD=TLMT

2010 CONTINUE

SUM1=—SUM%4,0%RHO1/PI/DENOM

SUN==SUM%4 ¢ 0*RL*RH02/{P1%RS)

DO 15 J=1,2

DO 15 I=1,2

DO 15 IL=1+NEM

GG=R(IL)

HH=R( IL+1)

IFC(I+J)+EQ.3)G0 TO 16
GSTIF(NNESHIL#J~1 NN* 3+ 1L 41-1 )=GSTIF(NN#3+IL+ -1, NNX3+1L+1~1)
14#{HH~GG) /3.0
GSTIF(NN*3+IL+J-1 JNN¥2+IL 4 1-1 )=GSTIF(NN23+IL4+J— 1y NN#24+IL+I=-1)
14¢SUME (HH~GG) /340
GSTIF(NN$2¢IL4J=1 o NNEI+IL+1=1)=GSTIF(NN#2+ IL+J—1 yNN%:34+IL+1-1)
14SUML#{HH-GG) /3.0

GO TO 15

16 GSTIF INN#3+TL#J—1 (NN#24 1L #1~1 )=GSTIF(NN*3+1L+J—1,NN%2+1L+]~1)

14SUMA(HH-GG) /660

GSTIF(NN43+IL#J~1 oNN*3+IL#I=1)=GSTIF(NN®I+IL4J—14NNE34IL+I=-1)
1+(HH~GG) /6.0

GSTIF (NN¥24IL+J=1 NN* 24 IL+I=1)=GSTIF{NN¥2+ 1L+ J-1 NN*3+1L+1~-1)
14SUML *{HH~GG) /640 :

15 CONTINUE

IF(RHO2 .EQ ¢0.0)G0 TO 2603

CC=0.0

DO=DARS IN(RS/RL)

TLMT=DD . _
. DD=CC+{DD-CC) *FRCP : e



saes  srsveeen  msas

TU 2020 Mu=i.8
C=(DD~-CC)/ 2.0
D=(DD+CC) /2.0
IF(WO+EQe0+0)GO TO 60E
DO 17 t=1,2
DO 17 NELEM=1,NEM
EE=R(NELEM)
FF=R{NELEM+1)
E=(FF-EE)/ 2.0
F=(FF4EE)/2.0
SUM=0.0 R
00 18 L=1,NQUAD
DO 18 M=1,6
DO 18 N=1,NQUAD
1B SUN=SUMEFS(X(N)XE+Fs Y{M)IXCH+Ds X (L) 2A4+BI4SFLIX(NISE4F ) %W (L)%

asrs -
AVi{MITWINYI 2 AR CRE

SUM=~SUM¥WO*RL*RHC2/(PI*RS)
DO 19 IL=1 +NEM
GG=R(IL)
HH=R( IL +1)
GSTIF(NN%3 +IL s AN¢NELEM#+1—-13=GSTIF(NN%3+ It s NN4NELEM+I-1])
1+SUMF{HH-GG)} /2.0
GSTIF(NN®3+IL+1s NNtNELEM+I-1 )=GSTIF{NNEI4IL+1 oAN+NELEM+I~1)
1+SUM* (HH-GG) /2.0
19 CONTINVE
17 CONTINUE
605 CONTINUE
IF{WO+EQs1.0)GO TC 603
DO 20 NELEM=1 ,MEM
EE=R{NELEM)
. FF=R(NELEM+1)
E=(FF-EE) /240
F=(FF+EE)/2.0
DO 20 IL=1 +NEM
GG=R(IL)
HH=RC IL+1 )
DO 20 L=1,NCUAD
DO 20 M=1,6
DO 20 N=1,NCUAD
FAKESH{L):EVIM)*W (N) A% CHERFS (X{N)SE+F Y (M) *C+CoX{L) *A+B}
1%4,0%(1+0-WO)*RL*RHO2/({PI*RS) *(HH-GG) /2.0
DACILsNELEM91 )=D4 (IL+NELEMy 1) +FAKE*(SSF1(X(N) 3E+F )*%4)
DA{ILINELEM2)=DA(ILsNELEM2)I+FAKE* (SSF1{X(N) %E4F ) %%3)
12(SSF2(X(N)*E+F))
DA{ILINELEN3)=D8 (IL:NELEM3)+FAKE*(SSFL(X(N)$E+F ) %%2)
JE(SSF2{ X(N)*E+F ) %2}
D4 {IL,NELEM»4 )=D4 (1L NELEM4 ) +FAKEX(SSFI{X{N)*E+F))
$4{ SSF2{ X{NJI*E+F ) %43)
D4 (ILyNELEMS)=D4 (TLsNELEM,S) +FAKE*{(SSF2( X(N) *E+F ) x%4)
2C CONTINUE
603 CONTINUE
€C=0D
DD=TLMT
2020 CONTINUE
2603 COUNTINUE
DO 21 IL=1,NEM
GG=R{IL)
HH=R(1IL+})
GSTIF(NN®3+IL oNCI=GSTIF(NN&3+IL4NCI#( 16 0~-RHO2J*{TWIRE*%4)
. 1%{HH-GG)/2 .0
GSTIF(NNS34+IL4#LaNC)=GSTIF(NN®3+IL+1 oNC)+ {1 sO-RRD2 IR (TWIRER%4}
~ 1%(FH-GG}/240
21 CONTINUE

74
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c INTEGRALS FOR ETA
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(M1 mm J=i
DO 22 1=}
pOD 22 L=
GG=R(IL)
HH=R(IL+1)
IF((1+¢J).EQ3)GD TO 23
GSTIF(NN+IL+J~1 NN*IL¢I=1)=GSTIF{NN+IL#J=1 JNN+IL+I-1}+(HH~GG}/ 39D
GO TO 22
23 GSTIFINNHIL4J~1,NN+IL+I~1)=GSTIF(NNFEL#J=1 JNN+IL+I-L)}+{HH=-6G)764,0
22 CONTINUE
RAT=0.97
RATY=DSQRT(1,0D0~RAT%#2)
VAL=PI/2.0-DARSIN{RAT}
NEXC=1
PO 3000 J=1,2
DG 3000 I=1,2
DO 3000 IL=1,NEM
GG=R(IL)}
HH=R{ILLL)
G={HH-GG} /2,0
H={HH#GG)I/ 240
SUM=0.0
SUMI=0.0
DO 4000 L=1,NCUAD
DO 4000 K=1,NQUAD
SUM=SUM+W L ) e (K) #ARCRF20( X{K)*G+He X{L ) 2A4B)
LRSF2{ X(KI¥*G+H) % SFI(X(K) *G+H)
IECIL JLESNEXCYIGO TO 4000
SUMI=SUML+W(L )swW (K) ¥ AXG#FR2IX(K)#G+Hs X(L)I%AEB)
1%xSF2( X{K)*G+H ) *xSF Z{X(K)*G+H)
4000 COANTINUE
-l SUN==SUM#&.0kVAL/FL
SUM1I=—SUM1 %4, 0%VAL/PI
GSTIFINNFIL4 )=, NN¥2 4L +$1-1)=GSTIF(NN+IL#J=14s NNR2+IL+I=1)+SUM
1+SUML
3000 CONTINUE
DA 24 J=1+2
DO 24 1=1,2
DO 24 IL=1.NEM
GG=R{IL)
HH=R( IL+1)
G={FH-GG)/2.0
H=(HH+GG) /2.0
SUM=0.,0
DO 1040 K=1,NCUAD
€C=0,0
RAT=0.97
IF{IL JLESNEXC)IRAT=L1,40
DD=DARSIN((X{K}*G+H) /RL*RAT]
TLMY=DD
DD=CC+(DD-CC) «FROP
00 1040 MS=},2
C=(LD-CC)/2.0
D=(0DD+CC} /2,0
DO 25 L=14NMQUAD
D0 25 M=1+6
SUM= SUMHWL J vV {M) 2 U{K) £AXCHGHFFO (X (KI¥ GPH, Y (M) 3C+Ds X (L) %A4B)
1%SF2(X{K)*GeH) ¢SFUX(K) #G+H) )
25 CONTEINUE
CC=DD
00=TLMT
1040 CONYINUE
SUM=—-SUHN*4, 0%kpL/PE
GSTIF(NNt L& =1 s NNR2 + L +I—-1 )=GSTIFINN+IL+J—- 1, NR22+IL¢]I=-1)+SUM
24 CONTYINUE .
IF(W0.£Qe040)GC TO 615 o :

s
2
1 sNEM . 75



520

5030

5000
61S

5060

7050
7060

DU DVU0U J=1 9
DO S000 I=1,2 :
D0 5000 IL=1¢NEM 76
GG=R(IL)

HH=R(IL+1)

G={HH=-GG)/2.0

H=(HH+GG) /2.0

D0 5000 K=13;NQUAD

ICHECK=IL+1

EE=X( K} 2G+H

FF=R{ ICHECK}

E=(FF—EE) /2.0

F={FF+EE)/2.0

NELEM=ICHECK~-1

EE=R{NELEM)

SUM=040

SUN1=0.0

D0 S030 L=1,NQUAD

DO 5030 N=1,NQUAD

SUM=SUMEW{K)F WL I *WIN) 2 AXGHERF2L IXIK) 2G+Hs X(N I 4E+F, X(L. ) ¥A+B)
LSELIXIN)*E+F ) %SF 2( X{K)*G+H}

IF(IL.LELNEXC)CO TO 5030
SUMI=SUMLI+W(K)I*¥W (L) * (N} *¥AXGEEXF2I(X(K) #G+Ho X (N)¥XE+F X (L) *A+B}
1#SFLIAX(N)*E4+F)*SF2(X(K)*G+H)

CONTINVE

SUM=~SUMEWO%*VAL/PIL

SUM1=~5UM]1*xw0*VAL/PI

GSTIF(NN+IL+J—1 s NN+NELEM4#I—1 )=GSTIF(NN+IL4+J-15 ANENELEM+I~-1 ) +SUM
145UM1

IF(ICHECKECSNN)GC TC 5000

ICHECK=ICHECK+1

EE=R({ ICHECK-1)

GO TO 5020

CUNTINUE

CONY INUE

IF(W0eEQel10)GO TC 616

DO 5050 J=1.2

DO S050 1IL=1,MNEM

GG=R(IL)

HH=R{IL+1)

G={HH~GG) /2.0

H= (EH+GG) /2.0

DO 5050 K=1,NCQUAD

ICHECK=IL+1

EE=X(K)¥G+H

FF=R(ICHECK)

E=(FF-EE}/2.0

F=(FF+EE)}/ 2.0

NELEM=ICHE CK--1

EE=R(NELEM)

DO S070 L=1,NCUAD

DO 5070 N=1,NQUAD

IF{ ILLENEXC)GO TO 7050

EXC=1 0

GO TO 7060

EXC=040

CONTINUE

FAKE=W{K)*W(L ) #W (N) ¥A$GHE*SF2{ X(K}*G+H) %4+ 0¥ VAL%( 14 0=WC) /PI
JE(F21 (XIK) 2G+Ha X (N) FE4F s X (L) *A+BI+F23 (X (K )XGH+HI X{N) JE+F ¢ X(L.)*A¢B)
2%EXC)

C2LILINELEM I 1}=C2UILINELEMJ» 1} ¢FAREX{SSFI{ X{N} RE+F ) %%4)
C2{ILINELEM¢Jo2)=C2(ILINELEMs Js2 ) +FAKEX{SSFL{X{N)*E+F)%23)
1¢(SSF2{X{N)*E4F)})

C2{ILINELEMeJ +3)=C2(ILsNELEM:J33)+FAKES(SSF1( X{N) ¥E+F ) x%2)
L*{SSF2{ XIN)*E+F ) $x2)
C2LILWNELEMeJ2a)=C2(ILsNELEMyJ 24 )+FAKEX(SSFE( X(N)*E+F))

.



LELSSF2UXINISE+F )*33)

5070

5050
616

27

26

2030

- 29

1050

- 28

.

C2(ILINELEMsJ 95)=C2( IL¢NELEMsJ 45) ¢F AKEX(SSF2 ( X(N) *E4F ) x%4)
CONTINUE '

IF ( ICHECK +EQe AN)GC TQ S050 : .n
ICHECK= [CHECK ¢1

EE=R{ICHECK~1)

GO0 TO 5060

CONTINUE

CONTI NUE

CC=0.0

DD=DARS IN{RS/RL)

TLMT=DD

DO=CC+{0D-CC) #PROP

00 2030 MS=1,2

C={0D~CC}/240

D=(DD#CC)/ 2.0

PO 26 J=1+2

DO 26 I=1,2

PO 26 IL=14NEM

GG=R(IL)

HH=R(IL+1)

G={HH=GG)/ 2.0

H={HH¥GG) /20

SUM=0.0

PO 27 K=1,NCUAD

DO 27 L=1,NQUAD

DO 27 M=1,6

SUMSSUM+W (L) % VM) AW (R) *AXCHGEF7{X(K )#G+Ha Y(MI FC+D2X (L) %A+B)
I#SF2{ X(K) ¥ G+H) *SF 3 X{K) &G+H)

CCATINUE

SUM=—=SUM%4 « C¥RL/P1

GSTIF(NN4IL4J=1 4 NNt3+IL#I=1)=GSTIF(NNtILAJ—1 o NN#3¢IL+I-1)4+SUM
CONTINUE

€C=0D

OD=TLMT

CONTINUE

00 28 J4=1,2

DC 28 I=1.2

DD 28 IL=1.MNEM

GG=R(IL)

HH=R(IL+1)

G={HH-GG) 72,0

H= (HH+GG) /2.0

SUK=0.0

DO 1050 K=1,NQUAD

CC=DARS IN(RS/RL) K
DD=DARSIN{ ( X(K)*G+H] /RL*RAT)
TLMT=DD

DD=CC+{DD-CC)*PROP

DU 1050 MS=1,2

C={D0D-CC)/ 240 ] .
O=(DD+CC)/2.0 . ’ ’ -
DO 29 L=1,NCUAD )
D0 29 M=1:6
SUM-SUM#W(L)*V(M)*W(K)*A*C#G*FG(X(K)*GfH:Y(M)‘C+D-X(L)*A+B)
1HSF2(X(K)#G+H) £5F (X (KI¥G+H)

CCATINUE

<C=DD

DO=TLMT

CCONTINUE

SUM==SUME4 o 0% RL/P]

GSTIF(NN+IL+J=1yNN#2+¢1L41-1)= GSTIF(NN*!L+J—X.hh~2#ILrZ—i)+SUM
CONTINUE

CC=0.0

IF{40+EQ.0 +0)G0 TC 606

DO 30 J=1.2



00 30 IL=1
GG=R(IL) .
HH=R( IL+1) 78
G=({HH-GG) /2.0
H=(HH+GG} /2.0
DO 30 K=1,NCUAD
DD=DARSIN((X(K)*G+H)/RL*RAT)
CC=0,0
TLMT=DD
DO=CC+{DD~-CC) ¥PROP
DO 1060 MS=1,2
C={DD~CC) /240
D=(DD4CC) /2.0
ICHECK=1IL ¢}
EESX{K)AG+H
32 FF=R{ICHECK)
E=(FF-EE)/2.0
F=(FF4EE) /2.0
NELEM=ICHECK~1
EE=R(NELEM)
SUM=0,0
DO 31 L=14NCUAC
DD 31 M=1,6
D0 31 N=1,NQUAD
SUN=SUM+R (K) %W (L) IVIMIEW{N ) $ALCHGREFF H{ X(K ) %G +Hs X(N) ¥E+F,
L1Y{M)%C+D s X(LIZA+B)I*SFL(X(NI*E+F)I*SF2(X(KI}*G+H)
31 CONTINUE
SUN=—SUMEWORRL/PI )
GSTIF (NN#+IL+J=1 4 NN+NELEM+I-1)=GSTLF (NN#IL+ J~1 o NN+ NELEM#I=~1 J4SUM
IF(ICHECK«EQsNN)GO TO 1775
ICHECK=ICHECK+1
EE=R( ICHECK-1)
GO TO 32 .
1070 CC=DD e -
¢ BD=TLMT
1060 CONTINUE
30 CONTINUE
606 CONTINUE
IF{WOEQel «0)GC TC 607
DO 33 J=1,2 ’
DO 33 IL=1,MEV
GG=R(IL)
HH=R{IL+1)
G=(HH-GG) /240
H=(HH4GG)/240
DD 33 K=14NCUAD
DD=DARS IN{ { X( K)*G+H) /RL¥RAT)
CC=0,0
TLMT=DD
- DD=CC+{DD~CC) ¢PROP
DO 1080 MS=1,2
C=(DD-CC) /2.0
D=(LO+CC)/240
ICHECK=IL+#1
EE=X(K)*G+H
34 FFsR({ICHECK)
E=(FF-EE)/2.0
F=(FF+EE)/2.0
NELEM=ICHECK-1
EC=R{NELEM)
DO 35 L=1sNGUAD
DO 35 M=1.6
DO 35 N=1,NGUAD
FAKESWLKI#W (L 1RV (MI*W(N)RAFCEGRESRFG(X(K ) EG+H s X{N) ¥E+F o
EVEM)*CED s X(L) *A+B)#SF2(X{K)*G+H ) %4 ¢O%RL*(1 .0~WC)/PI

-
-
.

NEM



C2(ILaNELEMeS s LIZC2UILINELEMed s 11+ AKERLSSEF L ( X(N) XL *F )x%3)
C2(ILsNELEM,J 42)= C2(lL;NELEMoJ-2)+FAKEt(SSFl(X(N)*E#P)*‘3)
1#{ SSF2( X(N) 2E+4F ) ) 79
C2CILWNELEM,J:3)= C‘(IL.NELEM.J.J)*FAKC#(SSFI(X(N)*EfF)*#Z)
1% (SSF2( X(N)*E<F) #%2)
C2( 1L «NELEM,Jo8)= CZ(IL-NELEM.J.Q)+FAKE#(SSFI(X(h)tEfF))
IX(SSF2(X{N)IRE+F) %33)
C20ILoNELEM, JsS)=C2(TLaNELEMyJ+5)+F AKEX (SSF2 (X (N) RE4F )%#4)
35 CONTINVE
IF(ICHECK<EC4AN)GC TC 1090
. ICHECK=1CHECK +1
EE=R( ICHECK~1)
GO TO 34
1090 CC=DD
DO=TLMT
1080 CONTINUE
33° CONTINVE
607 CONTINUE
CC=0.0
DD=DARS IN(RS/RL) .
TLMT=0D .
DD=CC+(DD~CC)*PROP
DD 2040 MS=1,2
C={DD-CC)/2.0 "
D=(0D+CC)/2.0
IF(W0.EQ.0.0)G0 TC 608
PO 36 J=1,2
00 36 I=t.2
00 36 IL=1,NEM
GG=R{IL)
HH=R{IL+1)
"G={HH-GG) /2.0
H= (HH+GG)/ 240
00 36 K=1,NCUAD
UL=X{K) #G+H
EE=RS
00 236 NELEM=1,1L
IF(NELEM.EQ.IL)GO TO 39
FF=R{NELEM+1)
GO TD 40
.39 FF=UL
40 E=(FF-EE)/2.0
F=(FF+EE)/2.0
FF=R{NELEM#+1)
SUM=0.0 )
DO 41 L=1,NCUAD
DO &1 M=1,6
DO 41 N=1.NQUAD
SUN=S UM+W(K)*N(L)#V(M)*W(N)*A*C*G*E#FlD(X(K)zG#H-n(N)vEfF-
LY(M)#C+Dy X(L)*A+B)*SFLIX(NI*E+F)$SF2(X(K)*G+H)
41 CONTINUE
SUM=—SUM& WO%RL/P]
GSTIF(NN#IL4J=1,NN+NELEM+I~1)=GSTIF (NNt IL+ J=1 s NN¢ NELEM+1~1)+SUM
IF({NELEM.EQ.IL )GO TO 36
EE=R(NELEM+1)
36 CONTINVE .
608 CONYINUE . : S
IF{WOEQ.10)G0 TC 609
D0 42 J=1,2
DO 42 IL=t.NEM
GG=R{ fL)
| BH=R{IL+1) : S
6=(HH=GG) /2.0 o "
H= (HH+GG) /240 :
D0 42 K=1,NCUAD
ULSX(K) *G+H



a3
4

45

42
609

2040

515
49

S50

EESRS
DO 42 NELEN=],IL T

IF(NELEMJEQ.IL)GO TO 43 0
FF=R(NELEM+1) ' S
GO TO a4

FF=UL

E={FF~EE)/2.0

F=(FF+EE)/72.,0

FF=R(NELEM*L)

DO 4S5 L=1,NCUAD

CO0 45 M=1,6

00 45 N=l4NCUAD
?AKE'H(K!*W(L)*V(N)*H(N)tA*C*G*:*F;O(X(K)tG+H.X(N)*E+F-
LY{M)*CH+D o X (L) *A+B )2SF2( X{K )*G+H) %4, 0%RL*( 1+ 0-%C)/P]
C2CILWNELEW ¢ Jo 1 )= C2C(ILoNELEMsJol J+FAKEX(SSFL (X (N)*E+F )%*4)
C2{ILNELEMyJ 2 2)= CZ(iLoNEL:M-JoE}#hAK:'(SSFilX(NJ*:frtO*oJ
12(SSF2(X(N)*E+F}))
C2CILINELEMsJ»3)=C2(ILoNELEM s J33)+FAKE®(SSF1 (X (N)*E+F ) %%2)
13{SSF2{XINJSE+FI%x32]) -

C2CILINELEN s 38 )=C2({ILINELEMs J o4 J+FAKEX(SSFL(X(N)}*E+F ) )
1R( SSF2( X{NDI*E+F ) %%3)
C2{ILINELEMsJ+5)=C2(ILINELEM+J+S)+FAKER(SSF2{ X (M) ZE+F ) *%4)
CONTINUE

IFI{NELEM.EQ.IL )GO TO 42

EE=R{NELEM+1)

CONTINUE

COANTINUE
‘€C=DD

DD=TLHMT

CONTINUE

CC=DARSIN(RS/RL)

IF{W0.EQ.0.,0)GO TA 610

DO 46 J=1,2

D0 46 1=1,2 . )

DO 46 1L=1.NEM . : ' C
GG=R(1L) ’ :
HH=R{IL+1)

6={RH~GG)/ 2.0

H=(HH4GG) /2.0

DO 46 K=1,NQUAD

RAT=0.,97

IF(ILLESNEXC)IRAT=140 .

DP=DARS IN{ {X{K )*G+H)}/RL *RAT)

CC=DARSIN(RS/RL)

TLMT=DD

DO=CC+{DD-CC) *PROP

DO 1100 MS=1,2

C={D0-CC)/ 2.0

D=(CD4CC)/72.0

DO 1110 M=1,6

EE=RL%0S IN(Y(M)*C+0)

IF{EEGE«R{1) e AND.EESLE«R{NN) IGO0 TO 49

WRITE(69515)EE

FORMAT (1X, *THE VALUE OF EE EXCEEDS THE LIMITS IN ETA EQN'4E20.56)
CONTINUE

DO S0 ICHECK=1,NN

IF(EEW.E.R(ICHECK)IGO TO 51

CONTINUE

FF=R{ICHECK)

E={(FF-EE}/2.0

F=(FFYEE)/2.0

EE=R({ICHECK=~1)

FF=R{ICHECK)

SUN=0.0

DO 52 L=1 NCUAD

D0 S2 N=],NQUAD



DUNMSJUM LWL R I ¥w (L)'VIM)'N(NI*A'\.‘U_*:!)’ LILALRIRUPHe ALNJ ¥T Ty
TY(M)RCHD s X(L) $A+BI*SFLIXIN)*E+F ) #SF2(X(KI*G+H)
52 CONTINVE
SUM==SUM*N¥O*RL/P1 ’ ) 81
NELEM=ICHECK~1
GSTIF(NN+IL+J=1 4 NN+NELEM+ I=1)=GSTIF(NN+ L+ J~ 1 s NN$NELEM+I~1 )+ SUM
IFLICHECKLEG.ANIGC TC 1110
ICHECK=ICHECK+1
EE=R{ ICHECK~-1)
GO0 T0 St
21110 CONTINUE
C€C=pD
DD=TLMT
13100 COANTINVE
46 COMNTINUE
610 CONTINUE
IF(W0.EQel «0)GO TC 611
D0 53 J=1,2
DO 53 IL=1,NEM
GG=R(IL)
HH=R( IL+1)
G={HH-GG)/ 2.0
H=(HH+6G) /2.0
0D 53 K=1+NQUAD
RAT=0.97
IFUILLESNEXC)IRAT=140
DO=DARS IN{ (X{K)*G+H)/RL*RAT)
CC=DARS IN(RS/RL)
TLMT=DD
DD=CC+({DD-CC) *PROP
DO 1120 MS=1,2
C=(CD~CC)/2.0
D={CD+CC)/240
DO 1130 M=1.6
EESRL*DSIN(Y(M)*C+D)
DO 54 ICHECK=1,NN
IF(EE,LE.R{ ICHECK))GQ TO SS
$4 CONTINUE
$5 FF=R{ICHECK)
NELEM=ICHECK—1
E=(FF~EE}/2.0
F=(FF+EE)/2.0
EE=R({ ICHECK-1)
FF=R{ICHECK)
DO S6 L=1,NCUAD
DO 56 N=1sNCUAD .
FAKESWIK)SW(L)¥V(M)*W(N) ¥AXCEGREXF11{X{KI%G+H 4 X (N} XE+F,
IV{MI*C+D s X (L) %A+B)#SF2(X(K )#G+H )#4 4 OtRL *( 1 40~ G ) /PI
C2UILINELEN 3 J1)=C2(ILsNELEMyJ o1 J4FAKEX(SSFL (X (N) *E+F ) #%4)
C2UILINELEMsJ +2)=C2( TLoNELEMsJ»2) +F AKEX{ SSF1 { X(N) 2E+F )= %3)
1%(SSF2{X(N)*E+F)) .
C2(ILyNELEMsJ43)=C2(ILsNELEM s J 93 ) +F AKE*{ SSF1 (X(N) *E+F )%%2)
$14{SSF2(X(N)*E+F) **2)
C2(ILoNELEM+J34)=C2{ILoNELEMe 54 J+FAKER(SSFL {X(N)*E+F))
1#{SSF2(X(NJ*E+F ) %43)
C2{ILsNELEMsJ +s5)=C2(ILsNELEMJ»S)4FAKE#(SSF2( X (N) ¥E+F J%%4)
56 CONTINUE
IF({ICFECK«EQWNN)GQ TO 1130
ICHECK=ICHECK+!
EE=R( ICHECK=~1)
GO TO 55
1139 CONTINUE
"7 ¢c=0D
DD=TLMT :
1120 CONTINUE . B
$3 CONTINUE R '
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c
[~
c

68
69

70
7

72

75

74
73

1170

1160
67
613

1

400

H=(HH+GG1/2 40 e
DG 67 K=1,NQUAD . .

UL=X{K) *G+H

PD=DARS IN( (X(K}*G+H)/RL)

CC=DARS IN{R5/RL)

TLMT=DD '

DD=CC+(NDD-CC)*FRCP

DO 1160 MS=1,2

C=(DD-CC)/ 2.0

D=(DD+CC) /2.0

DO 1170 M=1,6

EE=RL*DSIN(Y(M)*C+D)

00 68 ICHECK=1 NN

IF(EEL EJR{ICHECK)}GD TO 69

CONTINUE

LLOW=1CHECK~1

DO 70 ICH=1,.NA

IF(ULLLE.R(ICH))GC TO 71

CONTINUE

LUP=ICH~-1

DO 1170 NELEM=LLOW,LUP
IF(NELEME QuLLCW sORNELEMEQeLUP)IGD TO 72

EE=R{NELEM)

FF=R(NELEM+}1)

GO TO 73

CONTINUE

IF (NELEMeE QL. LLOW . AND s NELEMSEQ«LUP)GC TO 74
IFUNELEMSEQ.LLCW)IGO TO 75

EE=R{NELEM)

GO TO 74

FF=R(NELEM+1)

GO TO 73

FF=UL

E=(FF-EE)/2.0

F=(FF+EE)/2.0

EE=R{NELEM)

FF=R(NELEM#1)

DO 1170 L=1,NQUAD

D0 1170 N=1,NCUAD

FAKE=W{K)}*W(L )¢ V(M) ¥W{N)*A*CXGEEXF1O0(X(K)*G+H s X(N) XE+F
LIY(M)*CHD s X (L) #A+B)I*SF2{X(K I*G+F ) %44 0%RL #( 1 4 O~ WC)/PI
C2{ILNELEM,Js1)=C2{ILsNELEMoJS s )+FAKER(SSFL (X (N)*E+F )%%4)
C2(ILoNELEMJ +2)=C2{ ILJNELEM ¢ J 9 2)+F AKE# (SSF1( XIN)*E+F )¥%3)
1¥{ SSF2{X{NJ2E+F))

C2( 1L eNELEMJ43)=C2{ILsNELEMyJ9s3)+F AKEX (SSF1 (XIN)*E+F ) #%2)
1*(SSF2{X(N)2E+F)x22) . .
C2LILI/NELEMJI24)=C2{IL,NELEMo J 94 )+FAKER(SSFLIX(NI*E+F))
L¥#(SSF2(X(NI*E+F)*23)
C2(IL,NELEMJs5)=C2 (IL+NELEMs JoSIHFAKE*(SSF2( X(N)*E+F ) %%4)
CONTINUE

€C=DD

DD=TLMT

CONTINUE

CONTINUE

CONTINUE

NYEGRALS FOR THE ENERGY EQUAT ION

DO 400 I=1,NN

DO 400 J=1 NN

GM{1,3)=0.0

DO 76 J=1,2

D0 76 I=1,2

08 76 IL=1.NEM

GG=R(IL) - Tt .
HH=R{ IL+1) . ) R o

83



C
c
Cc

X2 Xy

e e L Y]

H={HH+GG) /2.0 ]
IF((I+J)eEQL3)G0 YO 77 .
GSTIF(IL$I=1 NN+ IL+I~1)=GSTIF{IL+J~-1oNNEIL+I-1) 84
1¢(HH~GG) /3 C* (14 0~WC) /(4. 0%AN)
GSTIF{IL+J-1,1IL+1I-1)= GSTIF(IL*J-I'ILOX -1)- (I-OI(HH'GG"
1=2+0/DELT¥(HH=GG) /3.0 *DFLOAT(ITYPE}
GMUIL+J=1o IL+I~1)=CM(IL4J=14 1L ¢]I-1)~(HH=-GG)/ 3.0
GO TOQ 78
7 GSTIFLIL4JI=1 4 IL+1=1)=GSTIF(IL+J=1,IL+I-1)+(1e0/{HH-GG)}
1=240/DELT*{+H-GG ) /6. 0DFLCAT(ITYPE)
GSTIF(IL4J=1 3NN+ IL+I=~1)=GSTIF(IL+J~1s NN+IL#1~1)
14{HH-GG) /6 e C* (14 0~WC) /(4. O%AN)
GMUIL ¢J~1¢ IL+1~1 )=GM{ TL+J=1,4IL+ ]~ 1)~({HH=GG) /64 C
78 SUN=0.0
00 790 K=1.KQUAD
SUNSSUM#W (K)¥G#F12(X{K)I*G+H)
790 CONTINUE
GSTIF{IL+J=2¢ IL#+I=1)=GSTIF(IL+J-2IL#T~1)+5SUM
76 CONTINUE
D0 79 J=1,.2
DO 79 IL=1.NEW
GG=R(IL)
HH=R(IL+1)
G={HH~GG)/2 .0
H=(HH+GG)} /2.0
DO 79 K=1,NCUAD
FAKE=W{KI*G*SF(X (K)*G+H)*({1.0-w0Q)/AN
DICILsJo1)=D(IL sJs 1) HFAKER(SSFI(XIK)*¥GH+H)I*¥4)
DI(ILsJe2)=CLlCIL s Joe 2)4FAKEF(SSFI( X(K)} *GtHI*%3)
1*#{ SSF4{ X{K}*G+H})
DICIL3J+3)=D1CIL +Js 2) +FAKES(SSFI( X(K) G +H) %% 2)
1 (SSFA(X(K)*GH+H) *%2)
DICIL s J98)=DL{IL 9J¢4)+FAKE¥(SSF3I(X(K)*G+E))
1¥#(SSFALX(K )*G+H)*#3)
D1CIL2Je5)=D1 (IL 0 J+5)+FAKE*(SSFA (X(KI2G+H)¢¥%4 )
79 - CONTINUE
WRITE(6+500)
WRITE(6+520)WC+RHEL s RHD2 ¢4 RS»RL ¢ TWIRE TOVEN, AN
S$20 FORMAT(1X) *WO='sF 441 43X, 'RHOI="4F44193X9*'RHO2=,F4.193X,
PBIRS=Y 3F 841 13X 9 RL= 9F 401 93X e *THIRE=¥9F3 a1l 33Xy *TOVEN="3F4410¢3Xs
2'N=9yF4.2)

SAVE STIFFNESS MATRIX

DO 80 I=1,NR
DO 80 J=1,NC
80 GSAVE(1+J)}=GSTIF(1+J)

SOLUTION SOLVER STARTING WITH LINEAR TEMPERATURE PROFILE

IFCITYPELEGL11G0 TO 401
DO 81 I=1.NN
TCI1)=TWIRE +(TCVEN-TWIRE )/ (RL—RS) #{R(1)-RS)
81 CONTINUE
GO TO 86
401 TC1)=TWIRE
TCNN)=TCVEN
DO 402 1=2,NEM
402 TC(1)=TINIT
DO 351 i=1NN
TOLD{ 1» 1)=TENIT
351 TOTOLD(14+1)=040
DO 350 I=2,NEM
350 TNEW(I,1}=TCLD(141)
 TNEW(141)=ThIRE



353

352

358

356

85

89

a7

1]
86

403
404

FNENINN 1 )=HUVEN
NEST=0
NEST=NEST+1

IF{NEST «GT +800)G0 TO 410 85
CALL UPDTDT(DELT ¢GMo TNEW,TCLD ¢ TOTCLD,» TDTNEW o NN oNEM)

DO 352 I=1,NN
TOLD(I+1)=TNE®{I+1)

TOTOLD( L1 )=TDTNEW(L 41)

CALL MATMLT(GM.NN.NN.TCTOLD.loRI)

DO 355 I=1,.NN
RHS(I)=RI(1,1)

CALL MATMLT{(GM,NN,NN,TOLDs1,RI)

DO 356 1=1 AN
RHS(I)=RHS (1) +(2+0/DELTI*RI(I,1)

IF(NEST+GT+1)GC TC 85
GO TO 86
CONTINUVE
DO 89 1=2,NEM
TCI)=GSTIF(1:NC)

T(1)=TWIRE
TINN)=TOVEN
DO 87 I=1,NR
DO 87 J=L.NC
GSTIF(1,J)=0.0
DO 88 1=14NR
DO 88 J=1.NC

GSTIF(1,J)=GSAVE(1sJ)

CONTINUE

IF(ITYPE.£Qe0)GO TO 404
DG 403 I=14NN
GSTIF(I sNC)=GSTIF(IsNCI+RKES(I)

CONT INUE
DO 82 L=1,NEM
DO €2 K=1,NEM
THET1I=T(K}

THET2=T(K+1)

THET12=THET 1%%2
YHET13=THET1%%3

THETI4=THET1*%4
THET22=THETZ*%2

THET23=THET2¢#*3
THET24=THE T2% %4

GSTIF (NN¥2+L oNC) = GST!F(NN*Z#L,NC)+THET14*C1(L-K,1)+4.0*THET13
1#THET2%C3 (L sKe2) +640*%THET1 2¥THET22%C3 (L oK+ 3) 4840 *THET1*THET23
1#C3(LoKos4)+THET24%C3(L Ky 5)

GSTIFCNN#2+L+1oNCI=GST IF(NN#24L+1 s NC)+THET 182C2(L oK+ 1)+ 8. 0% THET13
LIHTHET2¢C3(L+sK+2) +64 OXTHETL 2% THET22%C3 (L +K23)+4 40 #THET1*THET23
1€C3(LoK o4 ) +THET24%C3(L+Ks S) -

GSTIF(HN#3+L s NC)=GSTIF{NN*24L o NC)+THET14%D4(L +Ko1)+40XTHET13
1STHET2%D4(L oK ¢ 2) +€o OXTHET1 24 THET22%D4 (L ¢+Ko¢3)+4.0 ®THET1*THET23
1¢D4(LoK:4 )4THET243D4{L:9Ks5)

GSTIF(NNE3I+L4 1 oNCI=GSTIF{NNt34L+1 4NC) +THETL14#D4(L Kol )} +4,0*THET13
LETHET2%D4 (LoKe2) +€0 0¥ THET 1 25 THET224D4( L. oKy 3} +440 ¥THET1#THET23
13DA{LsK 14 ) +THET244D4 (L +K,5)

DO 82 J=1,2

GSTIF (NN+L+J=1 sNCI=GSTIF(NN+L+J-1 s NC)+THETL14*C2(L sKsJs1)
144.0%THET1 32THET28C2(LsKoJ »2) 60 06 THE TI 2*THET223#C2( L yK 9 J93)
244 JO¥THET 1 $THET223%C2(LsKoJs4 JETHET24%C2(L oKy J 952 '

82 CONTINUE

DO 83 L=1,NEM
THET1=T (L)

THET2=T(L+1)

THET12=THET 1 #%2

THET13=THET1%%3

THET14=THET14%4 _

THET22=THET2¢%2 o L -



IHEI1Z9=THE T£%% S
THET24=THET2%#4 86
00 83 J=1,2
GSTIF(L4J=1sNCI=GSTIF(L+J=1 NCI+THETI6¥D1(LsJ,1)48.04THETL I*THET2
1#D1(L o e2) 460 02THETI22THET224D 1{L +sJ ¢ 3} +8 0% THETLZTHET23%¥D1(L s o8 )
2¢THET244D1 (L +Js5)
83 CONTINUE
CALL SOLVE(GSTIF 4ARsNCs» TWIRE +TCVENs NN}
DO 84 1=2,NEM
THETA=GSTIF( 1+NC)
IF(DABS(THETA-T(11}.6T+0.,001)GC TO 85
84 CONTINUE
IF(ITYPE.EQ.0)G0 TC 420
TNEW(1e1)=TwIRE
TNEW(NN»1)=TOVEN
DO 354 [=2,NEN
354 TNEW(I,1)=GSTIF(I,NC) .
IF(NEST «£Qe1+CR«NEST4EQe2)G0 TO 360
IF(NESTeEQe34 CReNESTLEQ4)GO TC 360
IF{NEST «EQe¢!1040RNEST4EQe20}G0 TG 360
IF(NEST ¢EQ 30 ¢ GReMESTWEQa1201GC TO 360
IF({NEST «EQe200.CReNEST.EQe 300) GO TO 360
IF(NEST «EQ¢400 .ORNEST+EQ«S00)G0 TO 360
IF(NEST+EQe550e0RNESTLEQE00)GC TO 260
IF(NEST «EQ «£50 «ORNESTLEQe700)G0 TO 3€0
IF{NEST«EQ.750 s0R«NEST+EQ.800)G0 TO 360
GO TO 353
360 TIME=NEST#DELT
KRITE(6+500)
WRITE(6,530) TIME
530 FORMAT(1X,'AT TIME =% ,F7.5)
420 CONTINUE
IF(ITYPE.EQ.1)GO TO 405
OTHETA=GSTIF (1 .NC)}
GO TO 406 :
405 DTHETA=(GSTIF(2+.NC)~TWIRE)/Z(R(2)-R(1)}
406 CONTINUE
DO 90 I=2.NEM
90 T(I)=GSTIF(I,NC)
T(1)=TWIRE
T(NN)=TOVEN
‘DO 91 1=1,MN
91 ETA{I)=GSTIF(I+NNNC)
BYWIRE=GST IF(NN%3+1 +NC)
BVOVEN=GSTIF ( NN*¥2+1 4NC)
CALL RESULT(XsWsTsETAIRSIRLIBVNIRE »BVOVEN+RsWGsNNsANsDTHETA Qe FLX o
INIP)
WRITE(65500)
500 FORMAT (1H1)
YRITE(6+S01) (GESTIF(I «NC}I=1 NR}
501 FORMAT(1X, E20,.€) )
WRITE(61:525)DTHETAe GoFLX
625 FORMAT( 1X, 3F 1043)
IF(ITYPELEQ.0)GO TO 410
GO TO 353
410 CONTINUE
stcP
END
SUBROUT INE SOLVE{GSTIF.NR.NCeTWIRE s TOVEN 4NN)
IMPLICYIT REAL®8(A~H.0-2}
DIMENSION GSTIF{NR,NC)
DATA EPS/1.0D~10/
DD SO I=1,NR
GSTIF(IsNC)I=GSTIF(1+NCI~GSTIF(151) ¢TWIRE~GSTIF (I 4NN)*TOVEN
50 CONTINUE :
GSTIF(1sl)=~140



62

61

202

OGS TIF(NNINNI=]1 o0

00 €1 J=14KNR

IF(J+EQe1)GO TO 62 . 87
GSTIF(Je1)=0.0 .

CONTINUE ,

IF(JEQNN)IGD TO 61

GSTIF(J2NN)=0.,0

CONTINUE

DO 9 K=1,NR

IF(DABS(GSTIF(K+K)} oGT«EPS)GO TO S

WRITE(64202)

FORMAT(1 X, " SMALL FIVOT = MATRIX MAY BE SINGUL AR®)

G0 10 !

KP1=K+}

DO 6 J=KP1 4NC

GSTIF(KeJ)=GSTIF(KsJII/GSTIF{K 1K}

GSTIF(KeK)=1,000

D0 9 [=1,NR

IF{IeEQeR eOReGSTIF( I 9K)eEQe00iGO TO 9

DO 8 J=KP1 oNC

GSTIF(ch)”GST[F(XpJ)'GSTlFf!-K)*GSTlF(K J)
GSTIF(I¢K)=040D0

CONTINUE

CONTINUE

RETURN

END

SUBROUTINE RESULT(X:N.TvETA-RS1RL.BVWIRE|BVOVEF|R WCoNNyANDTHET A,
10+FLX s NIP)

IMPLICIT REAL4%8(A~H,0=2)

DIMENSION X(4)W({4) T(21)+ETAL21) R(21) +P(4,6,21) sFR{21),21(21)
DIMENSION Y(6) 4V (6) . .
F16(RP+BETA)=DSORT(RP**2—-(RL%%2)* (DSIN(EETA)%42)) .
F1A(BETA,ALP)={DCCS{ALP )$*2}*DCOS(BETA)*DEXP( (F16{RS,BETA)~
LRL*DCOS(SETA) ) 7/OCCS(ALP))
Fl5‘RPUBETAQALF”=CCUSCALP)*DCOS(BETA)*QP/Flﬁ(Fp!BETA,‘
JOEXP((F16(RSsBETA)-FL16{RPsBETA})/DCOS(ALP))

DATA Y/-0.2286191661+00238619186€1 4=0,6612093865,0.6612093865,
1-0.9324695142,0.9324695142/

DATA V/2%0,467913534692%036076157342%0.1713244924/

NQUAD=4

91—301415927

AA=0,0

BB=PI/2.40

CC=060

DD=DARS IN({RS/RL)

A={8B-AA)/2.0

B=(BB+AA)/2.0

C=(0D~-CC)/ 2.0

D=(DD+CC) /2.0

SUM=0.0

" .DO 10 L=1,NCUAC

10

20

DO 10 M=1,6

SUN=SUM+WIL I3V (M) FA*C*F18( V(M )*¥C+Dy X{L } ¥A+B)
_SUM“—SUM*4.G*RL*BVQVERI(PI*RS)

SUM1=0.0 .

DO 20 L=1,NCUAD

D0 20 M=1,6

DO 20 N=1,NN
PLLsMINIZWIL) V(M) *AXCHFLIS(RIN)+ Y (M )% C405 X(L ) $A4B)
1%((1s0-%WO) x(T(N) ¥24)+HO*ETA(N) /744 C)
H=R(2)-R(1)

H1=R{NN)~R(NN-1)

NL=NN-NIP+1

IF(NIP«EQ.1)G0 TO 45

‘DO 35 N={,.NIP

FR(N)=0,0



35

45

30
L1

ase i e =3 -~ edmed
VU IS L=l huvan

DO 35 M=1.6€

FRIN)=FRINI+P(L,M,N) .
CALL DQSF(HsFReZINIP) ' - o 88
SUM1=ZT(NIP) : :

K=t

DO 40 N=NIP NN

FR(K}=0.0

DO 30 L=1,NCUAD

DO 30 M=1,6

FRIK)ISFR(K)+P{LsMyN)

K=K+1

CALL DQASF(HIsFRyZI,NL)

SUMI=SUM} 21 (NL)

SUML==SUM] #4. C2RL/(PI%RS)

- Q=YW IRELSUNLSUML

50

.49

51

52

$3

202

FLX==DTHETA+Q/ (4+0%AN)

RETURN '

END

SUBROUTINE UPDTOT{DELT G TNEW 4TOLDs TOTOLD2sTOTNEW NINJNEM)
IMBLICIT REAL*8(A-H,0-2)

DINENSION G{NN'NN) TNEW{21+1)»TOLD(21+1)sTDTOLC(2151)s TDTNEW{21,1)
DEMENSION R{21+1)sRRR(21,22) .
CATA EPS/1 .00-10/

NL=NN¢1

DO SO0 I=1,NN

DO S0 J=1,4NN

RRR{I+J)=G( 132

D0 49 I=1,NN

RRR{1sNL)=0.0

CALL MATMLT(GsNNyNN, TNEWs 14R)

00 S1 I=1.NMN

RRR{T oNL)I=RRR{I+NL)+(2.0/7DELT)*R(1,1)

CALL MATMLT{(GsNN NNy TOLDs L1 4R)

DO 52 I=1,NN
RRR{I«NLI=RRROI+NL)—{2,0/DELT)I*R(1,1)

CALL. MATMLT (Go NNy NAN,TDTOLDs1,yR)

DO 53 I=1.NN

RRR{ISNL)=RRR{IsNL)~R(1,41)

DO 9 K=1,NN

IF(DABS(RRR{KsK} ) eGTEPS)GC TO 5
WRITE(6,202) .
FORMAT(S5X,* SUBROUTINE UPDTOT-PIVCTSNALL-MATRIX SINGULAR®)
GO TO 1

KP1=K+1

DO €& J=KPl,yNL

RRRIK3JI=RRE(K ¢ J ) /RRR (K yK)

RRR(K+K)=1 40

DO 9 I=1.Nh

IF{I.EQ.K ¢ORRRR(I4K)eEQe0+0)G0 TO S

DO 8 J=KP1 oNL

RRR{I+JI=RRR{ 1+J)=RARCI »KI*RRR(K ¢ I}
‘RRR{LsK)}=0+0

CONTI NUE

DO S5 I=1.NN

TOTNEW( L+1 J=RRROIsNL)

CONTINUE

RETURN

END

SUBROUTINE MATMLT(AsMoNyBelsC)

IMBLICIT REAL*B(A-H,0-2)

DIMENSION A{21+21)+8(2141)sC(21,1)

C SUBROUTINE MULTIPLIES A{M.N) BY B{N.L) TC GIVE C{(¥,L)

DO 10 I=1.M
DO 10 J=1,L
C(I,J)=04.0

C e ie e PN — e s . [N - .. e e



00 1D K=sleN . '
10 CCTeJ)SCUIJ)+ALTKIEBIKS)

RETURN

END

JES2 JOB STATISTICS ==mmm—m
1,321 CARDS READ

0 SYSOUT PRINT RECORDS

0 SYSOUT PUNCH RECORDS

0000 MINUTES EXECUTIGON TIME

89



