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Abstract

High peak-to-average power ratio (PAPR) waveforms present a challenge to
radar systems in which high power amplifiers operate in saturation to increase
power efficiency. Previous works have demonstrated a marked reduction in PAPR
by leveraging digital arrays, namely, utilizing the spatial complement of a set of
steering vectors to not interfere with RF functions. The previous work was extended
by first using waveform spectral orthogonal complements to reduce PAPR, then fur-
ther generalizing to n dimensional orthogonal subspace utilization, including using
all avaiable degrees of freedom (time, azimuth, elevation, etc.) simultaneously or

sequentially to reduce the impact in any one dimension.



Chapter 1

Introduction & QOutline

One of the primary concerns of the field of radar is the total emitted power from
a given aperture. Since a higher power emitted would, all things being equal, pro-
duce a higher signal-to-noise ratio (SNR), the variance of any estimation limited
by SNR would decrease, resulting in higher precision estimates. However, power
budgets often limit existing radar systems, especially when considering mobile sys-
tems. Therefore, it is advantageous to maximize the efficiency of a radar transmitter,
as that is equivalent to maximizing the power for a given power budget, therefore
increasing the precision of any estimates reliant on SNR. The primary method of
increasing power emitted from radar apertures uses saturated amplifiers, a partic-
ular nonlinear amplifier case that introduces some design limitations. Developing
methods to work with saturated amplifiers is crucial in increasing radar efficiency

and precision.

1.1 Contributions

This thesis has the following contributions:

* Previous work, which reduced the peak-to-average power ratio (PAPR) of

signals by combining two separate signals in the time domain [1, 2], or in the



spatial domain, was extended by considering the problem formulations in the
temporal domain and arbitrary dimensions with a generalized signal model.
The technique of alternating projections was adapted from the Far-Field Ra-
diated Emission Design (FFRED) algorithm (the spatial domain technique)
[3, 4, 5] and developed into two new algorithms: Orthogonal Subspace PAPR
Reduction (OSPR) and Orthogonal Frequency PAPR Reduction (OFPR).

* A faster version of vector rejection that considers the sparsity of signals in the
frequency domain was developed. This formulation reduced the complexity
of the operation from quadratic to quasilinear, potentially allowing its use in

real-time.

* More efficient formations of the previous algorithms were implemented using
the fast vector rejection, which greatly reduced computational complexity in

each case.

* The exact complexity improvement using the fast vector rejection was derived

analytically for each algorithm.

* The effects of different parameters of the newly developed OSPR and the use

of OFPR in conjunction with FFRED were examined.

* The efficacy of OFPR and OSPR were demonstrated on waveforms with a

high PAPR.

1.2 Thesis Outline

This thesis is concerned with the effects of and use of saturated amplifiers. In

particular, it is about overcoming the limitations introduced when using this am-



plifier class. The work is divided into three chapters, each focusing on a different
aspect of nonlinear amplifiers. Chapter 1 investigates the rationale behind the use of
saturated amplifiers. It also focuses on the nonlinear aspects of saturated amplifiers
that make their use with arbitrary waveforms infeasible.

Chapter 2 gives a general overview of the concepts on which this thesis is based.
Topics include the overview of amplifier use, classes of amplifiers, linearity, and
nonlinear effects. Also, some linear algebra topics are discussed that underpin the
algorithms developed in the following chapters.

Chapter 3 describes in detail the previous methods with which one mitigates the
issues associated with the use of saturated amplifiers. It also shows the improve-
ments of the previous work in terms of computational complexity.

Chapter 4 presents new work based on the previous work that extends it to a
more general form. The previously mentioned improvements were implemented,
resulting in overall more general algorithms.

In Chapter 5, the results of the previous and new works are presented for com-
parison. Various graphs and tables illustrate the capabilities of these algorithms
(and, in the case of the last presented approach, a general framework) to reduce
PAPR and ultimately facilitate the use of high PAPR waveforms with saturated

waveforms.



Chapter 2

Background

2.1 Amplifier Classes

In radar systems, high power amplifiers must be employed to achieve the maxi-
mum power output. There are multiple amplifier classes than can be considered for
radar applications, each with its pros and cons that determine their use as conditions

dictate.

2.1.1 Class A

Perhaps the most straightforward class of amplifier, the class A amplifier uses
a conduction angle of 360 degrees, ensuring that all of the information contained
in the input is amplified [6]. However, because of the non-idealities of transistors,
this class requires that the amplifying device be biased to conduct at all times, rep-
resenting a significant power loss. The maximum efficiency of a class A amplifier
is 25% efficient under normal circumstances [7]. This is because This fact severely
limits class A use in radar systems, where the low power efficiency would result in

low SNR and imprecise estimates.



2.1.2 Class B

The next step in amplifier efficiency is class B. This class differs from class A
in that each active element (i.e., transistor) uses a conduction angle of only 180
degrees, which reduces the issue of inefficient biasing [8]. Typically, this would
cause significant distortion since only half of the input signal would be used. Using
a push-pull configuration, however, the associated nonlinearities with a conduction
angle of 180 degrees can be reduced. This class has a maximum efficiency of
w/4 ~ 78% [8]. The efficiency of class B makes it much more suited to and is
typically employed in radar systems. However, as discussed later, this efficiency is

reduced when operating in the linear region.

2.2 Linearity

The previous amplifier classes present a major trade-off in waveform design:
linearity versus efficiency. While a class B amplifier is much more efficient than
an equivalent class A design, the linearity is reduced. Linearity is defined as the
output waveform being equivalent to the input multiplied by some constant. The
primary drivers of nonlinearities in class B amplifiers are saturation nonlinearities
caused by output clipping (crossover and slew rate effects also exist, but there are
techniques to reduce them, such as in class AB [8]). When clipping, the output
no longer equates to the input multiplied by a constant, but rather it is equal to the
input multiplied by a constant when the modulus (amplitude) is less than or equal
to the voltage limits, and the voltage limit otherwise. A useful metric for defining
the required linearity of an amplifier is peak-to-average power ratio. The PAPR of a

waveform is defined as the peak amplitude squared divided by the root mean square



of the waveform squared. The root mean square of a waveform s(t) is

1 E
S(t)RMS = \/T2 — Tl /T |S(t>’2dt (21)

and the PAPR
| S <t>peak | 2

PAPR =
S(t)RMS

(2.2)

Higher PAPR waveforms reduce the power output of amplifiers because of clip-
ping, as the input must be scaled appropriately to avoid distortion. From 2.2, it is

straightforward to show that the power output as a function of PAPR is

Pmaz
Py = —er 2.3
"~ PAPR 2:3)

meaning that the power output is scaled by the inverse of the PAPR.

2.2.1 Fully Saturated Amplifiers

As mentioned previously, radar system design places emphasis on maximizing
transmitted power and power-added efficiency. Therefore, class B is usually se-
lected over class A operation despite the nonlinear effects. In order to achieve the
highest possible output power from a class B amplifier (equivalently, in this case,
highest efficiency), first note that because of clipping, the power output will scale
linearly with the power input until the maximum power output is reached. This
point, at which power input and output are maximized, is the most efficient point
to operate, as increasing the power input further results in no increased power out-
put. In general, waveforms transmitted through saturated amplifiers are of the form

y(t) = e/*®_ This class of waveforms is called constant modulus since the signal’s



absolute value (modulus) is constant. The PAPR of the constant modulus waveform
is 1:

2 2
PAPR = M — & =1. (2.4)

y()Rus |1[?
Therefore, when designing waveforms for saturated class B amplifiers, aim for a

PAPR of 1 so that no information will be lost when clipping occurs in the amplifier.

2.3 Linear Algrebra Concepts
The concept of the orthogonal subspace comes from linear algebra, where it is
known that the inner product of two length /N vectors a and b is defined as
N
<ab>=) ab =a"b (2.5)

=0

where * represents complex conjugation. Two vectors are defined to be orthogonal
if their inner product is zero. If it is the case that the vectors are elements of R?,
then orthogonality can be considered equivalent to the lines representing the vectors

being perpendicular. Two vectors that are orthogonal have the following property:
(a+ b)rvs = \/aiys + bPaus (2.6)
because, when viewing average power, which is the square of the RMS,
Patb = (arms + brus)” (2.7)

Payp = a}%MS + b12zMs + 2(ab)rms = alzzMs + bI%MS (2.8)

(@a+b)rvms = / Patb = \/ a]%MS + b}QzMs (2.9)



This property will be used later when deriving powers of waveforms and orthogonal
signals. Another property of orthogonal waveforms is that the projection of a vector

b onto an orthogonal vector a, Pb is the zero vector.

P = a(a”a)ta” (2.10)
Pb = a(a”a)'ab=0 (2.11)

from (2.5).
ab=<ab>=) ab;=0"=0 (2.12)

This equation also shows that orthogonal vectors have a commutative inner product
even when complex (which is not the case in general), since the complex conjugate

of zero is still zero.

2.3.1 Projections

The aforementioned projection matrix has a few properties worth mentioning.

First of all, it is Hermitian, meaning

P =PpPH4 (2.13)

where P is a projection. Proof:

P = a(a”a)'a”

PY = (a(a”a)'a”)? = a(a”a)ta”



because

(AB)? =B A"

and (af’a)~! is a scalar. This also shows that P is normal:

PYP = PP = PPY (2.14)

The projection matrix is also idempotent:

P?=P =P" (2.15)

Proof:

P? = PP = a(a”’a) '(a”a)(a’’a) 'a” = a(a’a)'a’ = P (2.16)

These facts will later be used to simplify some expressions. The projection matrix

is equivalent to the follwing operation:

ab’!

which is the standard orthogonal projection. Another useful operation is vector

rejection, which is defined as

bH
ay = a — EFb (2.18)

Ay = A — a1



or equivalently

a, =P a (2.19)

where

P, =I-b(b"b) 'b” (2.20)
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Chapter 3

Previous Techniques and Improvements

Saturating amplifiers and the associated nonlinear effects severely limit the class
of waveforms used in conjunction with saturated amplifiers. However, techniques
have been developed that can mitigate these effects. Approaches considered here
are orthogonal subspace techniques, which make use of spectral or spatial degrees

of freedom to make the overall signal constant modulus.

3.1 Power Efficient Tandem-Hopped Radar and Communica-

tions (THoRaCs)

The Power Efficient Tandem-Hopped Radar and Communications algorithm
(PE-THoRaCs) [1, 2, 9], which extends the original THoRaCs framework, focuses
on the simultaneous emission of a radar and communications signal from a shared
aperture. Using the spectrum simultaneously for multiple purposes is of great util-
ity to cognitive radar. Cognitive radar can be thought of in a colloquial sense as
“smart” because it considers the environment in which it is operating. This can take
the form of spectrum sensing and interference avoidance, whereas traditional radar
systems are more static in their approaches and deal with interference more on the

receive side instead of considering the source of interference and how to avoid it.

11



In a nutshell, cognitive radar seeks to avoid problems in the first place that tradi-
tional radar does not avoid but instead deals with directly. THoRaCs fits into this
framework by providing a method to use the spectrum for both radar and comms
purposes simultaneously. This intelligent use of spectrum, which is considered a
limited (and changing) resource in the cognitive framework, is the primary utility
of the algorithm. However, the power-efficient formulation of THoRaCs is also
considered in that it not only focuses on the coexistence of radar and comms but
also in that their coexistence can be constructed in such a way as to produce an

overall constant modulus waveform, facilitating the use of saturated amplifiers.

3.1.1 Spectral Shaping

The first step of the THoRaCs algorithm is to generate a psudeo-random opti-
mized frequency modulation continuous wave (PRO-FMCW) waveform [10]. The
PRO-FMCW waveform starts as a constant modulus waveform with random intial

phases, which can be viewed (in discretized form) as

som = exp(j/x) € CV*! (3.1)

where sq,,, is the 0" iteration of the m'* pulse, and x is a random vector such
that z; € x ~ U 2.). This procedure generates a random vector such that |si| =
|s;|Vi,j € [0, N — 1] for a length IV signal. In order to impose a spectral shape on

this waveform one can apply the following operation:

bpm = F H|G| ®@exp(jLF {skm})} € CV! (3.2)

12



where © is the Hadamard (element-wise) product and by, is the result of the kth
iteration of spectral shaping of sy, to have the desired spectral shape of |G|%.
After spectrally shaping the waveform, the algorithm notches the waveform, which

consists of a vector rejection operation mentioned previously in (2.18).

brm = PLe, b + Ty € CV¥ (3.3)

where Bk,m is the result of the k" iteration of vector rejection of by, with respect
to the communications signal which is to be embeded, r,,,. Here P |, is the vector

rejection of r,,,, which can be written as

P, =In.y —rp(cir, ) el c VN (3.4)

This waveform is unlikely to be constant modulus since the projection of a constant
modulus signal onto a non-constant modulus signal (in this case, r,,) is generally
non-constant modulus. Therefore, the algorithm takes an additional step of making

the signal constant modulus by stripping the amplitude information:

Skt1m = exp(jéf)k,m) e CNx! (3.5)

thus resulting in the constant modulus signal s ,, that represents the start of the
next iteration £ + 1. The process is then repeated K times, which results in the
final signal sk ,,, To satisfy all constraints it is required that the sets of signals that
are constant modulus, have the given spectral shape, and satisfy P, sk ,, = r,, all

intersect.

13



3.1.2 Standard Complexity analysis

The most expensive operation in the THoRaCs algorithm is the vector rejection
operation, which consists of multiplying the CV*¥ rejection matrix P, with the

CN*1 vector by, resulting in an overall complexity of O(iN?) for i iterations.

3.1.3 Frequency Domain Vector Rejection

While the conventional vector rejection operation complexity is on the order
of O(N3) for a vector in CV*!, faster techniques can reduce this complexity by
instead considering the problem in the frequency domain. This is because a vector
projection is simply finding the value of a such that a will minimize the distance

between a vector a and another vector a; which lies in the direction given by b =

_b_
[[b]]

min ||a — abl[? (3.6)

The end goal of this projection is that the projected vector that is in the direction of
b. The rejection is found by subtracting the projection of a onto b from a (i.e. the
rejection is a — proj,a). This results in a vector that is orthogonal to b. Consider b
as some bye; +boes +...b, ey for orthonormal basis vectors e,,. A vector orthogonal

to b can easily be found by constructing a new basis such that

€, bl =0
f, = (3.7

Oxy«1 otherwise

It follows that

< [fifs..£,]a, b >= OVa (3.8)

14



because

[flfgfn] ©O) [eleg...en] = ON><N (39)

and
< [fifs.. £,]a [erer..e, )b >= Y ([fifs..f,] © [erer..e,])a®@b" =0 (3.10)

where * represents complex conjugation. Now, simplify this procedure as

N
p=> f, (3.11)
n=1
and the rejection is given by
aa=pGa (3.12)

The difference between the two operations is that it is possible for there to be over-
lap between two orthogonal vectors ( a;b; # 0Va;, b; € a, b)) when using projection,
but the fast projection only considers vectors such that a;b; = 0Va,;, b; € a, b. For
these algorithms, this is irrelevant because it is still possible to converge even with
the fast projection. However, the overlap of the sets is reduced in this case (since

the set of orthogonal vectors is reduced.)

3.1.4 Fast Projection and Complexity Analysis

In general, it is known that for every element of most signals, they are generally
not equal to zero almost surely. However, different bases will have more or less ze-
ros than the standard basis. For bandlimited signals, there are a substantial amount
of zeros in the frequency domain, which enlarges the span of the orthogonal basis.

Therefore the FFT is used to move the signals to the frequency domain, where the

15



fast projection (which is an element-wise multiply) is carried out, and moved back

by the IFFT to complete the operation. The new THoRaCs algorithm becomes

brm = |G| ® exp(jLF {sp.m}) € CN*! (3.13)
Bim = F P, © B} + 1, € CVX! (3.14)
Sk1m = exp(jéf)km) e CcNx! (3.15)

This has effectively reduced the complexity by removing the projection matrix cal-
culation. Now the complexity is on the order O(iNlogN) since the most expensive

operations are now the FFTs.

3.2 Far-field Radiated Emision Design (FFRED)

3.2.1 Phased Arrays

A phased array radar system consists of multiple discrete antenna elements ar-
ranged in some geometric pattern to form an antenna array. The phased part of
the name comes from the fact that they are spaced according to the wavelength of
emitted light, and by varying the phase at each element, the emission pattern can
be effectively “steered” in any direction. This electronic steering is advantageous
compared to traditional mechanical steering, which is limited in speed by inertia
and other physical details, while only the electronics of the array limit the speed of
steering for an electronic array.

Traditional active and passive electronically steered arrays (AESAs and PESAs)
have a single waveform generator and are steered using analog or digital phase

shifters. This is in contrast to digital arrays where, depending on the configuration,

16



transceivers exist at the subarray or element level. By decentralizing waveform
generation, greater flexibility can be achieved in waveform transmission. The ulti-
mate end is element-level digital arrays, where each element can be phase-shifted
digitally in the waveform generator.

One of the many practical applications of digital phased arrays is the extra de-
grees of freedom when designing waveforms. Since each array element is equipped
with a unique transceiver, any arbitrary beamforming can be achieved by digital
beamforming. This opens the door to orthogonal subspace utilization, where the
simultaneous access to the entire beamspace is exploited to utilize the orthogonal
complement to decrease the PAPR.

The Far-field Radiated Emission Design (FFRED) algorithm proposes using this
orthogonal subspace to reduce the PAPR of transmissions for digital arrays [3, 4, 5].
In particular, the FFRED algorithm was introduced to facilitate simultaneous radar
and comms emissions from the same aperture. However, it can be applied to any
transmission scenario in which one or more of the component waveforms are not

constant modulus.

3.2.2 Signal Model

The following is the beamforming notation that will be used in the FFRED
algorithm. In the far field the the emissions from a phased array will equal the

following [3]
M

> sm(t)exp (jmkdsind) = g(t) (3.16)

m=0

[y

where M is the number of array elements,d = \/2 is the spacing between elements,
Sm(t) is the waveform emitted by the m' element, k = 27”, 0 is the desired angle

of emission, and ¢(¢) is the desired signal at the far away point. The far field

17



assumption will hold for a distance r = %, the Fraunhofer distance, where D is
Md, or the total size of the array. Considering the aperture of most arrays will be
on the order of a decimeter (more or less) and the wavelength will be on the order
of centimeters (more or less), then the Fraunhofer distance works out to be on the
order of decameters. For example, a radar with aperture size ) = 50cm operating
at f = 10GHz will have a wavelength of A = 3cm which implies a Fraunhofer
distance of r = % = 16.7m.

Since the systems in question are digital systems, instead of working with the

continuous functions s,,(t) and g(t), the waveforms are discretized so that they can

be represented digitally. The discrete version of (3.16) is [3]

vi(0)S =g’ (3.17)
where
S = [sg, 81, ..., Sp_1]" € CMXN (3.18)
s,g € CV*! (3.19)
and
v(0) = [1efjkdsin0“'efj(Mfl)kdsinH}T c cMx1 (3.20)

where NNV is represents the number of time samples. This formulation naturally lends
itself to an extension for multiple signals in different directions. For the multi-signal

scenario the matrices are constructed as [3]

C = [v(6y),v(6s),...,v(0,)] € CM*L (3.21)

which contains the discretized spatial steering vectors for each of the L spatial an-

18



gles 6;, and

G = [g1, 8, ..g] e CLN (3.22)

which contains the L resulting discretized far field signals. These constraints are

gathered into the compact matrix representation [3]

cis=aG (3.23)

3.2.3 Problem Formulation

With the definitions in hand, one can focus on the problem formulation, which
will lead to the development of an algorithm to minimize the optimization prob-
lem. The algorithm will ideally result in a constant modulus waveform that can be
transmitted without distortion through a saturated amplifier. Stated mathematically,
the optimal S is a matrix such that (3.23) holds and the Frobenius squared norm is
minimized

min  ||S][?
S (3.24)
subjectto CS =G

The solution to the optimization problem (3.24) is found directly using algebra

[3]:
S, =C(C”C)"'G (3.25)

The resultant waveform S, would indeed be the optimal solution to 3.23. However,
this optimzation missed the primary requirement, which is that the waveform must

be constant modulus, which for a matrix is defined as

Ism(n)| = [sp(q)|Vm,p € [0, M —1],Vn,q € [0, N — 1] (3.26)

19



Therefore the new optimization becomes

min ||S][?
S
subjectto CHS =G (3.27)

Ism(n)| = |s,(q)|Ym,p € [0, M —1],Vn,q € [0, N — 1]

and the solution to this optimization is the sum of the original S, and anew S, such
that [3]
C"S| =0rxn (3.28)

and

S=S,+S, —exp <j4§> (3.29)

3.2.4 Optimization

The optimization problem can be solved using a series of alternating projections,
which will be discussed in further detail later. Start with an initial constant modulus
S, = wel4(5+)_ The first projection PA(SZ-), which project the signal onto the set of

signals such that PS,- = S,, can be formulated as [3]

Hém ISi — Si|[?

(3.30)
subjectto  CfS, = G
The solution to (3.30) is [3]
Si=P.S; +8. (3.31)
where P is the aforementioned orthogonal complement projection operator
P, =Iywy — P =1, —C(CHC)ICH (3.32)
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and I, 1s the M x M identity matrix.
The second projection, which projects the first projection into the set of constant

modulus signals is represented by

min |[Siy1 — S|
Sit1 (3.33)
subject to  [S;1mal =7 Vn € [0, N —1],¥m € [0, M — 1]

for some real amplitude +. The solution to (3.33) is
S;i1 = yel4S) (3.34)

v, which is the sum of the squared powers of the two projections (Eq. (2.8)), can be

represented as

_ P+ :

where the two p are the average powers of S, and P | S, respectively.

3.2.5 FFRED Frequency Domain

The FFRED algorithm is subject to improvement when moving calculations to
the frequency domain. As shown in section 3.2.4 FFRED algorithm consists of two
projections:

S, =P,S, +8S. (3.36)
Siy1 = el 4S9 (3.37)

where S; is an M x N matrix where each of the M rows represents an element
in a phased array and each of the NV columns represents a time sample. Applying

the same logic as was used in developing the fast frequency implementation of
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THoRaCs in section 3.1.4 results in the expressions

S, = F Hko F{S;}} +8. (3.38)

Siy1 = yel <0 (3.39)

where k is an M x 1 ideal frequency domain bandstop filter. For example,

k=[1,1,..,0,...,1] (3.40)

In other words, k is a vector of ones with zeros placed at the desired signal loca-
tion. This version removes the need to compute and store the M x M projection
matrix and reduces the matrix multiply to a matrix-vector multiply. The standard
matrix product is replaced with the Hadamard product to denote that k should be
element-wise multiplied with each column of F {SZ} This is equivalent to the right
multiplication of an M x M matrix where the diagonal is R, but this formulation is

inefficient and defeats the purpose of moving to the frequency domain.

3.2.6 Efficient Frequency Domain Implementation of Gradient
Descent FFRED

In the previous section, the solution to the optimization problem was found by

considering two sets of waveforms that each individually met one of the criteria,

and iteratively projecting the solution between the two sets to find the intersection.

However, there are alternative methods to solve the optimzation. In particular, one

may simplify the two constaints into one single cost function:[5]

J(7,x) = ||lg — vAexp (jx) ||3 (3.41)
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where 7 (7, x) is the 2-norm (Euclidean) distance between the vectorized desired
signal g = vec(G) € CEV*! and the beamformed constant modulus signal YA exp (jx) €
CMN x1 and

A =Iy,n®C e CNMNL (3.42)

where @ is the Kronecker product. Since the two constaints have been combined
to form one cost function, the gradient descent method can now be applied to the
problem. Gradient descent works by updating our optimization target (in this case,
the vector x) in the direction of fastest decrease (i.e., the gradient) of the cost func-
tion. The cost function can be solved for ~ as a function of x, which results in the
following expression: [5]

~ R{g" A exp(jx)}
1) = T AT epn

(3.43)

Then we can solve the overall expression using y(x) [5]
VT (x) = 23 {7(x) exp(—jx) © (A (y(x) AT exp(jx) —g)))}  (3:44)

which results in a waveform ~(x)Aexp (jx) that meets the criteria. However,

using the Kronecker product is inefficent and the algorithm can be simplified as

_ R{E(C°G 0 exp(jX))}
ICTexp(jX)|f%

7(X) (3.45)

VxJ (X) = 23 {7(X) exp(—jX) © (C (v(X)C" exp(jX) = G)))}  (3.46)
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3.2.7 Complexity analysis

The various implementations of the FFRED algorithm have various complexi-
ties. Starting with the initially proposed FFRED algorithm, the computational com-
plexity of the multiplication of the projection matrix P, € CM*M with § ¢ CM*¥V
is on the order O(M?N) using traditional matrix multiply, or, if M ~ N, O(N?),
giving an overall complexity O(iN?3) for 7 iterations. In the frequency domain
formulation the most expensive computation is S,, which comes to O(iM?L) =~
O(N?),L. << M when considering C(C#C)~1G as equivalent to (C*)*G,
where T is the pseudoinverse. When the angle is not changing, this is a one-time
calculation, meaning that in the long run, the complexity is closer to O(iNlogN),

which is the complexity of the FFTs.
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Chapter 4

New Techniques

4.1 Orthogonal Frequency Peak-to-average Power Ratio Reduc-

tion (OFPR)

The previous techniques considered temporal orthogonal subspaces (THoRaCs)
and spatial orthogonal subspaces (FFRED). However, in each case, the original
focus of the algorithm design was on dual radar comms functionality. These ideas
can be expanded to more general cases, first in the temporal case, then in general
for any number of dimensions. The Orthogonal Frequency Peak-to-average Power
Ratio Reduction (OFPR) algorithm, discussed first, will be based on FFRED in
that it uses two alternating projections that produce a constant modulus signal with

given desired characteristics but operates in the temporal/spectral dimension.

4.1.1 Signal Model

Let the desired transmitted signal be represented as a bandlimited discrete finite

signal given by a length N x 1 vector r, such that

r[n] = |cp|e I o +4e 4.1)
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Equivalently,
B

—_

r=> v(fio 4.2)
b=0
where
v(f) =11, e—jefmf, e—ﬂdmf’ s e—j(N—1)¢Af]T (4.3)
isan N x 1 frequency vector and pp = QW“

Equation (4.3) can then be simplified as the matrix operation

r = Dc 4.4)

where D = [v(fy) v(f1) ... v(fg)] is an N x B underspecified DFT matrix and

c = [cy,c1,...,cp] is a B x 1 vector of complex frequency coefficients.

4.1.2 Problem Formulation

Because of the limitations of nonlinear amplifiers, OFPR will ideally result in
some signal s that is equivalent to r within its bandwidth, yet is also constant modu-
lus. In general, some r which is not necessarily bandlimited, but contains no useful
information outside of the bandwidth of interest will still suffice. Therefore r may
be expressed as

i=Dc+Dc, (4.5)

where D ¢ represents all frequency content outside of the relevant bandwidth.
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The problem can be formulated as

min |[s||?
subjectto Ps=r (4.6)

s = qe?“0n

where P is the orthogonal projection operator
P=DD" 4.7)

and * represents the Moore-Penrose inverse, which in this case is computed using
singular value decomposition since D is not full rank.

It can be shown that the minimum norm solution s, to (4.6) is

I
=1

(4.8)

Sk

as Pr = DD*Dc+DD*D,c; = Dc = r. due to the properties of the pseudoin-
verse. DDTD ¢, is the zero vector because D | is orthogonal to D and therefore
the projection of D onto D is the zero matrix.

The first constraint enforces that s, is equal to r in the relevant bandwidth de-
fined by D. However, it does not satisfy the constant modulus constraint. As s
and r must be equal across the bandwidth of interest for the first constraint to be
satisfied, the spectrum outside of the relevant bandwidth must be used to make s
constant modulus.

In order to satisfy both constraints, the null space of D will be used to form
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some vector s; which is orthogonal to s, such that

S=s,+s]| 4.9)

where s, is the non-constant modulus minimum norm solution satisfying (4.6), and
s isan N x 1 vector such that

Ps, =0 (4.10)

and s, + s, add up to a constant modulus signal

S, +s, = el 4.11)

where a represents some constant amplitude. Because s, and s, are orthogonal,

the average power of s, represented by «, is simply

o’ = f.+B1 (4.12)

where (3, and 3, are the average powers of s, and s, respectively, defined by

1
By = NHS*HZ (4.13)
and
1 2
BL = NHSLH (4.14)

As the solution s, is optimal and therefore constant, a change in « represents a

change in the power of the orthogonal signal. The percent of the power that the
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orthogonal subspace occupies is

BL

%5 = =5 x 100% (4.15)
«

As this power does not contribute to the actual signal being sent, this power is
wasted in the sense that it does not contribute to the transfer of data. However, it
still can serve as illumination for simultaneous radar comms. For communications,
%P is a measure of efficiency. By varying %/, , the amount of power that is put
into the orthogonal complement is varied, affecting the degree to which the constant

modulus constraint can be satisfied.

4.1.3 Optimization

It has been shown [4] that a series of alternating projections will satisfy both
constraints of (4.6) (given that the intersection of the two sets exists). The algorithm
works by first projecting Sy into the vector space containing solutions to the first
constraint. Next, s; is projected into the vector space of constant modulus signals.
The space of all constant modulus signals is non-convex; therefore, one must use an
iterative process to converge to a solution satisfying the constraints. This process
is a modification of the projection onto convex sets (POCS) algorithm [11, 12] into
the error reduction algorithm (ERA) because the second projection is onto a non-
convex set [4, 13, 14, 15, 16]. Using the error reduction algorithm framework, the
resulting algorithm will be of the form

Initialize : Sg,2 =0
repeat
si=P A(gi)

Sit1 = PB(Si)
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=141
until converged
where the algorithm will alternate between two projections until some convergence
criteria is met.
Start with an initial constant modulus §; = ae?“(59), The first projection Py4(§;),

which will enforce the signal constraint, can be formulated as

min ||§1 —S7;||2
S:

! (4.16)
subjectto Ps; =r
The solution to (4.16) is
s; = P.s; + s, (4.17)
where P is the orthogonal complement projection operator
P, =1y —P=1Iy.,y —DD" (4.18)

and Iy, v is the N x NN identity matrix.
The second projection, which projects the first projection into the set of con-
stant modulus signals, in this case ae’“’, where /(-) represents the phase of the

argument, is represented by

min ||S;41 — si?
St (4.19)
subject to  |S;41(n)| =aVn € [0, N — 1]

for some real amplitude .. The solution to (4.19) is
;i1 = ae??() (4.20)
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From (4.15), it is known that «, which is the sum of the squared powers of the two

projections, can be represented as

(BN
a = (1—%5¢> “4.21)

After reaching some convergence criteria, if the two sets intersect, a solution
is found. Otherwise, one can choose between either taking the result of the first
or second projection. If the two sets do not intersect, then it is unlikely that the
constant modulus solution will be equal to r across its bandwidth.

If other methods such as FFRED [4] can further reduce the PAPR, then one
should take the answer as s; to avoid distortion and signal degradation. The result
will be the signal with extra power in orthogonal frequencies to reduce the PAPR.
However, if the system is not a phased array, then the answer should be taken as s;
since that result will always be constant modulus.

By varying %[, it is determined how much of the power of our signal is put
into the orthogonal frequencies. By placing more power in this part of the spec-
trum, it becomes more likely that the two sets will intersect, and therefore, the so-
lution will be both constant modulus and equal to r across its bandwidth. However,
by increasing %3, , the relative power of the communications signal is decreased.
Therefore a trade-off emerges between a high enough %/, guaranteeing the inter-
section of the two solution spaces and a low enough %3, that keeps enough power
in r as to represent an overall increase in efficiency by allowing high power am-
plifiers to operate in saturation mode. Unlike the case of [4], the OFPR algorithm
has a second design degree of freedom - the dimension of the bandwidth used for
the signal. For a given %[, OFPR will reduce the PAPR more for larger allowed

bandwidth, shown later in Chapter 5.
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4.1.4 Basis Definition

When defining D, the natural choice is to use all the frequencies that make up
the bandwidth of the signal of interest and leave the rest for OFPR to use in reducing
the PAPR. However, one would like to limit the total bandwidth of the signal. Let
a € Z such that

f={f|feforf+a=N/2} (4.22)

where f is the set of frequencies that determine r, and fisa B x 1 vector of new
frequencies. a represents the so called “guard window,” much like in communica-
tions, that is set aside and reserved so that no extra power is placed in the window.
By placing the window around N/2, the total bandwidth of the signal is limited.

From f , construct D

D = [v(fo) v(f1) ... v(f3)] (4.23)

where f; is the it" element of f.

4.1.5 Frequency Domain

As the OFPR algorithm works by placing extra power in the unused bandwidth
of a signal, the operation P | S; can be viewed as a form of bandpass filtering. There-
fore, instead of the expensive matrix vector multiply, fast Fourier transforms (FFTs)
are used to do this filtering in the frequency domain. Let g be a length /V spectral
shape vector such that

g(f) = 0, 1 otherwise (4.24)

Substituting g for P yields

S; = g %8; S, (4.25)
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where * is the convolution operation. Taking the discrete Fourier transform (DFT)

of the former equation yields
S =88 +8, (4.26)

because of the convolution theorm. This leads to the modified algorithm

si=F g - F{5:}} +s. (4.27)

Siy1 = el4) (4.28)

Because there is no matrix-vector multiplication in this algorithm, it will be faster
than the previous version. Also, with the removal of P, which is size N2, the storage

requirements will be significantly reduced.

4.1.6 Gradient Descent Version

From [5], the optimization problem (4.6) can be equivalently stated as

min o

X (4.29)
subjectto aPe’™ =r

and a relaxed form as
min J (&,X) = ||aPe’* — r|? (4.30)

Solving for & in terms of x yields

 R{rfPeix)

&%) = P (4.31)
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Inserting this into the previous equation yields

T(a(%),%) = T (%) = || - (%{H:PH}) 432
The gradient of the cost function with respect to x is
VeJ (%) = 25 {a (X) e 7% . (P¥ (a(X) Pe* — 1))} (4.33)
and because P is unitary, it can be reduced to
VeJ (%) =24 (X) S {e 7% (P (a(X) * — 1))} (4.34)

The benefit to using this form of the algorithm is that the answer will always be
optimal in the sense that the difference between Pe/* and r will be minimized as
well as the power outside of the usable bandwidth. This form can be thought of as
always choosing the “correct” value of %/, that is the smallest possible value that
leads to a minimized error. From the previous section, modify the gradient descent

algorithm by performing filtering in the frequency domain. First, define S as
§=F{e*} (4.35)
The new gradient descent algorithm becomes
VeJ (%) =2a(X)S{e ™ F'{g (a(x)8-1)}} (4.36)

« can be written as
~ R{e"Fgs}}
| F-1{gs}|?

(4.37)
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4.1.7 Complexity analysis

The most expensive operation in the OFPR algorithm is the projection P s,
which is O(N?). Therefore the overall complexity of the algorithm is O(iN?),
where 1 is the number of iterations. This is also the case for the gradient descent
version. By doing work in the frequency domain, the matrix-vector multiply is re-
moved, and the most expensive operations become the FFTs, which are O(NlogN),
giving an overall complexity of O(iNlogN) for both the regular and gradient de-

scent versions.

4.2 Orthogonal Subspace Peak-to-average Power Ratio Reduc-

tion (OSPR)

OFPR extended the FFRED to the temporal dimension and, in doing so, showed
that it applies to any dimension in which degrees of freedom are available. This
leads naturally to the development of an even more general algorithm: Orthogonal
Subspace Peak-to-Average Power Ratio Reduction (OSPR). Instead of only work-
ing on one dimension, such as space or time, the OSPR algorithm works on all
available dimensions. For rectangular phased arrays, which beamform in azimuth

and elevation, there are three dimensions available to place extra power.

4.2.1 Signal Model

Let our general discretized signal be a rank N tensor of the form

r=vi®vye®..QVy (4.38)

35



where each v,, represents the desired signal in dimension n. Each v, is size t,,
meaning that the overall dimensions of r are ¢; X t5 X ...t,,. This representation can
balloon very quickly. Considering each ¢,, to be on the same order, the size of the
tensor would be on the order of O(t'), which shows that just the size of the tensors
in question grow exponentially. Therefore, it is advantageous to consider another
operating regime in which the OSPR algorithm is applied sequentially across the
different dimensions of the array. This will benefit from being much faster, at the

cost of any coupled effects between dimensions.

4.2.2 Simultaneous Approach

As before, the problem can be formulated as

min ||s||?
subjectto Ps=r (4.39)

s = ael

where P is the orthogonal projection operator
P=rr" (4.40)

The minimum norm solution s, to (4.39) is
S, =T (4.41)

The first constraint enforces that Ps, = r. To satisfy the second constraint, the

orthogonal subspace of r will be used to form some tensor s; which is orthogonal
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to s, such that

—s, +s, (4.42)

wm

where s, is the non-constant modulus minimum norm solution satisfying (4.6), s

isant; X ty X ... X ty tensor, and s, + s, add up to a constant modulus signal
S, +s| = Oéejéel’Q’S‘“N (4.43)

where « represents some constant amplitude. Because s, and s, are orthogonal,

the average power of s, represented by «, is simply
o =B+ BL (4.44)
where (3, and 3, are the average powers of s, and s, respectively, defined by

1 2
— s, 445
b t1t2...tNHS | (4.45)

and
1

Br= tity

lIsL||? (4.46)

As the solution s, is optimal and therefore constant, a change in « represents a

change in the power of the orthogonal signal.

e

%oBL = —5 x 100% (4.47)
«

is the percentage of total signal power that the orthogonal signal takes up.
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4.2.3 Sequential Approach

Instead of forming our tensor r and applying the OSPR algorithm all at once,
instead, operate sequentially across the different dimensions to greatly reduce com-

plexity. Each step will operate on v, a size t,, X 1 vector, rather than r.

min Han2
Sn

subjectto P,s, =v, (4.48)

Sy = oved 4O
where P,, is the orthogonal projection operator for the vector under consideration
P, =v,v/' (4.49)
The minimum norm solution s, to (4.48) is as before

Sin = Vn (4.50)

To satisfy the second constraint, the orthogonal subspace of v,, will be used to

form some vector s, ,, which is orthogonal to s,,, such that
Sn = Sun T S1n (451)

where s, is the non-constant modulus minimum norm solution satisfying (4.48),

S1n s aty,l vector, and s,, + s, add up to a constant modulus signal

Sin +S1p = ae?“On 4.52)
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where « represents some constant amplitude. Because s,,, and s, are orthogonal,
the average power of s is

o =B, + b1 (4.53)

where (3, and 3, are the average powers of s,,, and s, respectively, defined by

1
and
1 2
BL = t_||SJ_n|| (4.55)

As the solution s, is optimal and therefore constant, a change in « represents a

change in the power of the orthogonal signal.

AL

%6, = —= x 100% (4.56)
«

is the percentage of total signal power that the orthogonal signal takes up.

4.2.4 Optimization

When using either the simultaneous or sequential approach, the algorithm will
look the same, except that in the simultaneous case the algorithm will be operating
over the entire tensor at once, while the sequential approach will be applied to
each dimension separately. Using the error reduction algorithm framework, the
algorithm will be of the form

Initialize : So,2 =0
repeat

S; = PA(gz)
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Siy1 = Pg(si)
1=1+1
until converged
where the algorithm will alternate between two projections until some convergence
criteria is met.
The rest of the notation will be for the simultaneous case; the sequential case
would add the ,, subscript as appropriate. Start, as before, with an initial constant
modulus §; = ae’“(). The first projection P4 (8;), which will enforce the signal

constraint, can be formulated as

min ||§7, _Si||2
S:

' (4.57)
subjectto Ps; =r
The solution to (4.57) is
where P is the orthogonal complement projection operator
P, =Iyun =P =T xinp, — 11" (4.59)

and Iy, is the N x N identity tensor.
The second projection, which projects the first projection into the set of con-
stant modulus tensors, in this case ae’“?, where Z(-) represents the phase of the

argument, is represented by

min |[|Si41 — s
Sit (4.60)
subjectto  [$;41(1,2,3..N)| = «
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for some real amplitude «.. The solution to (4.60) is
Siy1 = ael“) (4.61)

From (4.47), it is known that o, which is the sum of the squared powers of the two

projections, can be represented as

(B
a = (1_%ﬂL) (4.62)

Using the sequential version of the OSPR algorithm will result in /V vectors that

must be combined to form the final tensor as

S=5®8&..Q8yN (4.63)

4.2.5 Frequency Domain

The same frequency domain improvements as before can be applied to OSRP.

Let g, be a length ¢,, spectral shape vector such that
g, =[1,1,...,0, ..., 1] (4.64)

Where the number and placement of zeros depends on the dimension. Substituting
g for P and taking the discrete Fourier transform (DFT) of the former equation
yields

Sim =F {8n - F{Sin}} + Sin (4.65)

Sip1n = aelEin) (4.66)
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For the simultaneous version:

si=F g  F{8:}} +s. (4.67)
Siy1 = el“() (4.68)

where
=808 ®..8n (4.69)

4.2.6 Complexity analysis

The most expensive operation in the simultaneous OSPR algorithm is the pro-
jection P §; which is O((t1ts...t,)?) ~ O(it*") for i iterations, which, depend-
ing on N and ¢ could be very large. For the frequency domain formulation, this
becomes approximately O(it™logt" ), which is slightly more manageable. In the
sequential version, the algorithm has a complexity on the order O(it?) for each di-
mension, giving an overall complexity of O(Nit?), which is far less complex than
the simultaneous version. For the frequency domain formulation, the overall com-
plexity is O(Nitlogt). Overall, the simultaneous algorithm grows exponentially

with dimension, whereas the sequential algorithm grows linearly.
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Chapter 5

Results

The algorithms shown apply to different problems and are thus best used when
used together. Both FFRED and OFPR can be shown to be special cases of the
more general OSPR algorithm. Therefore, the results of OFPR and OSPR will be
shown to illustrate the impact of operating the time dimension and the impact of

sequential versus simultaneous operation for OSPR.

5.1 Metrics

While the projection of the constant modulus solution into orthogonal frequen-
cies will reduce the PAPR, the extent to which it does is dependent on the following
factors: the number of iterations that OFPR is allowed to run, the amount of power
the algorithm will put into orthogonal frequencies, represented by %/, , and the
number of orthogonal frequencies available, whichis b, = N — b — 2a. Therefore
the results will examine a few metrics that will measure the efficacy and efficiency

of OFPR. The PAPR is defined as
2
max |s;|

vllsill?

PAPR = (5.1)
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5.2 OFPR

The desired waveform r is an OFDM waveform with 4-QAM modulation of
length N = 1024. Leta = N/64 = 16, and b = 2N so that b, = $N. All results
were averaged over 20000 iterations. The first figure will investigate the effect of
%3, on the reduction of PAPR. For this test, OFPR was ran for 100 iterations for
each value of %f,. As one can see, the PAPR reduces with %f,, up to a value
of %51 = %100, at which point the PAPR has been reduced by 7 dB. This result
demonstrates the decreasing difference between s; and §; with respect to %/, , and

how given a certain value of %0, §; is more likely to be equal to s;.
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Figure 5.1: Peak-to-average Power Ratio versus %0 .
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To further underline this point, the next figure investigates the RMS difference
between the original transmit waveform and §; as a function of %/,. As one can
see from Fig. 5.2, the RMS difference between the two waveforms decreases up
to a point at which the increasing power of the out-of-band portion begins to leak
into the in-band part and causes distortion. This distortion, combined with the
decreasing efficiency of the algorithm with increasing %3, , shows that too high a
selection of %3, is harmful to efficiency and correctness. Therefore, one should
take care when choosing the correct value of %/, which depends on the required
minimum error or efficiency. The bit error rate is the proportion of bits that differ
after the signal has been received and decoded (in this case, the receive is identical

to the transmit.) The figure shows the result of the constant modulus projection.

10_4 F T T T T T T T T T 0.4

Bit Error Rate
RMS Difference

10.35
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0.2

Bit Error Rate
RMS Difference

1 0.15

10.1

10-7 1 1 1 1 1 1 1 1 1 005
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%BJ_

Figure 5.2: RMS Difference and Bit Error Rate vs %/, .
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The following figure investigates the impact of the number of iterations on the
PAPR of the OFPR waveform. As can be seen from Fig. 5.3, the algorithm has
nearly converged (as much as possible) in only ten iterations. Such fast conver-
gence demonstrates the usefulness of the algorithm for real-time applications. The

figure also reflects the impact of %3, as higher values lead to convergence to lower

PAPRs.
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Number of Iterations

Figure 5.3: Peak-to-average Power Ratio versus Number of Iterations.

As the algorithm is utilizing the extra bandwidth outside of the original signal,
the next figure examines the impact of the guard window (which reduces the outside
bandwidth) on the reduction of PAPR. Intuitively, one would expect the efficacy to

decrease with decreasing extra bandwidth available. As one can see from Fig. 5.4,
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as the signal takes up more of the total bandwidth, the more the PAPR is reduced.
The x-axis of the figure represents the total bandwidth of the signal as a percentage
of the total possible. In other words, percentage bandwidth is the sum b + b .
The graph begins at 62.5% since that is what the original signal occupies. The
PAPR reduction increases with percent bandwidth because the initial b is fixed, and

therefore an increase in percent bandwidth is equivalent to an increase of b
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Figure 5.4: PAPR versus % Bandwidth.

The following figure examines the use of “empty” room in the spectrum of the
signal of interest by investigating the spectral properties of a signal generated by
OFPR. As one can see in Fig. 5.5, the extra power is placed entirely outside of the

bandwidth of the original signal and is notched at the ends to avoid out-of-band

47



interference. The width of the notch at the ends is the guard window is represented
by a. The OFPR and original waveform line up identically in the middle (the band
of interest) as expected. One notes that the overall power of these two waveforms
is different, since there is more spectral content in the OFPR waveform. This is
on purpose, however, to illustrate the equality of the two waveforms in-band (after

taking power into account), and to show the placement of the out of band power to

ensure the signal is constant modulus.
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Figure 5.5: Spectra of original and OFPR signals.

Because the extra interference is out of band (in the case of s;) or is minimized
within the band (in the case of s;), a simple bandpass filter can be used to avoid out

of band emission. This step must occur after amplification, though, as the filtered
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signal will no longer be constant modulus. As one can see from Fig. 5.6, filtering the
signal significantly reduces the out-of-band interference since the spectral content

of the communications signal is unaffected by the algorithm.

T T T
s Al
OFPR Waveform
Original Waveform

IN
o
T

N
(2}
T

-50

Power (dB)

-55 .

65 | | } | | | | | \ | _

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Normalized Frequency (x = rad/sample)

Figure 5.6: Spectra of original and filtered OFPR signals.

From [17], it is known that the efficiency of a class B amplifier is given by
Mg = Ge 9748 (5.2)

Where G = 90.7% is the optimal efficiency of the amplifier, g = 0.1202 and v, is
the PAPR of the signal in dB. The portion of usable power of the OFPR waveform
is defined as

RM S (Ps)?

Nofpr = RM—S(SV (53)
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and the total efficiency is

1 = NaTofpr (54)

Using this model, the increased efficiency of OFDM transmission is demonstrated
as seen in Fig. 5.7. Three traces are shown. The blue trace is the final power
efficiency of the converged OFPR algorithm after the constant modulus projection.
The red trace is also the final power efficiency of the converged OFPR algorithm but
is taken prior to the constant modulus projection. These two results are compared
to the original OFDM signal, shown in the yellow trace. Shown also is that for
high enough %[, efficiency decreases to the point where the original waveform is
more efficient to transmit. Also, it can be seen that the non-constant modulus result
is less efficient than the original transmission. However, it is still of value when
considering that the non-constant solution will provide a more accurate rendition
of the desired signal than the constant modulus result. For most cases where one
desires efficiency, the constant modulus is much more efficient than the original or

non-constant modulus result.

5.3 OFPR and FFRED

The FFRED algorithm has demonstrated reducing the PAPR of a transmit wave-
form matrix by utilizing the orthogonal complement of spatial steering vectors.
When using such a technique, the excess power required to make high PAPR signals
constant modulus results in large spatial sidelobes and potentially reduced transmit
power in the intended direction. Combining OFPR with these techniques can work
in tandem and produce constant modulus signals with improved spatial and spec-
tral containment. Consider the previous waveform being transmitted by a M = 32

element array, with element spacing d = % Consider a single beam transmit of the
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aforementioned OFDM signal towards 6. = 15°. Without OFPR, FFRED has large
sidelobes, as can be seen in Fig. 5.8. This test was performed with 10? iterations
of FFRED to ensure convergence. The next figure will investigate the impact that
OFPR can have on the spatial spectrum of FFRED. The same test as before will
be performed, but now the waveform is processed by OFPR before being used by
FFRED, resulting in lower spatial sidelobes signal as seen in Fig. 5.8. This test was
performed with %3, = %60, at which point the efficiency is still greater than not

using OFPR (as was shown in Fig. 5.7).
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54 OSPR

In order to understand the difference between the simultaneous and sequen-
tial versions of OSPR, the results will first investigate the spatial-temporal fre-
quency spectrum of each of the proposed methods (frequency domain versions of
FFRED, OFPR, OSPR). The spatial-temporal spectrum consists of taking the two-
dimensional Fourier transform of the resulting beamformed matrix. Consider the
previous OFDM waveform of length N = 219 = 1024. In the time domain, this
waveform has a high PAPR, which can be seen in Fig. 5.9.

Using just OFPR alone will result in very good spatial characteristics (i.e., low
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Figure 5.9: Specified waveform in the time domain.

sidelobes). However, the overall reduction of PAPR will be reduced. As one can
see in Fig. 5.10, the spatial characteristics are indeed good. However, the underuti-
lization of the spectrum results in a lower PAPR reduction than would be possible
by utilizing the entire spatial-temporal spectrum (the PAPR reduction will be shown
in a later graph).

To see the performance of the various algorithms in the direction of interest, one
can take the results of the spatial-temporal spectrum and extract the vector along the

direction of interest. Or, more formally,

g =Sty (5.5)

where S is the result of the optimization, and v is the steering vector of the direction

of interest. Fig. 5.11 shows the result for each of the algorithms as a function of
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Figure 5.10: Spatial-temporal Spectrum of OFPR (i.e., the conventially
beamformed results of OFPR ).

the temporal spectrum (i.e., the Fourier transform of the time-domain signal in the
direction of interest). One can also examine the waveform power as a function of
steering angle. This figure shows the equivalent information as in Fig. 5.8, except
that the number of array elements has changed in this case. Fig. 5.12 shows the
best algorithm (in terms of spatial sidelobes) is OFPR since there is no utilization
of the spatial orthogonal complement. The next best is sequential OSPR, followed
by FFRED, and finally simultaneous OSPR. The simulated phased array that was
used has M = 2'° = 1024 elements placed d = )\/2 apart. As one can see in
Fig. 5.13, the FFRED algorithm has placed extra noise in the areas that are outside
of the temporal spectrum of interest and the spatial spectrum of interest. This is
good in the sense that the extra power will be orthogonal to the original waveform.

However, underutilized parts of the spatial-temporal spectrum near the edges can
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Figure 5.11: Temporal spectrum of the proposed algorithms in the direction of
interest.

be seen. Since the spectrum of the original waveform is low in those regions, they
will correspondingly be low in the FFRED processed spectrum.

In order to use the simultaneous version of OSPR, one must construct a spectral
mask that will guarantee that the masking of any matrix will be orthogonal to the
input matrix. In Fig. 5.14, one can see how the majority of the spatial-temporal
spectrum is available for use, with the small dark region in the middle corresponding
to the spatial-temporal spectrum of the original waveform.

In the simultaneous version of OSPR, one would expect that the extra spectral
power would be placed in all parts of the spectrum which were not masked off by
the mask. As one can see in Fig. 5.15, extra power is indeed present in all of the
spatial-temporal spectrum, representing a full utilization of the available resources.

By using the entire spectrum, the effect in any one dimension is reduced.
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Figure 5.12: Spatial spectrum of the proposed algorithms in the direction of
interest.

The sequential application of the OSPR algorithm has a much simpler structure
than the simultaneous version. In Fig. 5.16, one can see that the overall extra spatial
power is akin to the combination of the FFRED and OFPR powers rather than a full
overall utilization. The edges of the spectrum are underutilized as in FFRED, but
the extent to which they are underutilized is reduced since the OFPR waveform has
higher temporal sidelobes.

Finally, one would like to see how much the PAPR is being reduced at each
step of each algorithm. Fig. 5.17 presents this information. One notes that the
OSPR sequential version starts at a lower PAPR than the rest of the algorithms; this
is because the input to the algorithm is simply the OFPR waveform, which has a
reduced PAPR. Since all the algorithms converge within the given window, the fact

that this algorithm starts at a lower value has no consequence on the overall results.
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Figure 5.13: Spatial-temporal spectrum of FFRED.
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Figure 5.14: Spatial-temporal spectrum of the (frequency based) projection tensor.
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Figure 5.15: Spatial-temporal spectrum of simultaneous OSPR.
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Figure 5.16: Spatial-temporal spectrum of sequential OSPR.
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From the figure, one can see that the best overall performance is achieved using the
OSPR sequential model. This does not line up with the author’s expectation that the
simultaneous version of OSPR would perform the best. In fact, the OSPR sequential
version performs on the same level as FFRED, suggesting an underutilization of

spectral resources that merits further investigation.
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©
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Figure 5.17: PAPR reduction for each iteration of the proposed algorithms.

5.5 Conclusion

Inspired by recent work [4, 5], two new methods of PAPR reduction for non-
constant modulus waveforms have been developed, and two previous methods have
been improved using fast vector rejection methods. The orthogonal complement
of the waveform was used to reduce PAPR significantly. The effects of different

parameters of OFPR were examined in conjunction with the use of FFRED. The
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efficacy of OFPR and OSPR were demonstrated on waveforms with a high PAPR.
For future work, optimal power distribution, i.e., the minimal combined power in
spatial sidelobes and orthogonal frequencies to allow for the most efficient wave-
form design, will be explored. Also, the discrepancy between the simultaneous and

sequential versions of OSPR will be investigated.
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