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ABSTRACT

Laminar, natural convection flows of a Newtonian fluid in a
two-dimensional rectangular enclosure are considered. The two vertical
walls of the enclosure are assumed to be isothermal surfaces maintained
at two different temperatures and the horizontal walls are assumed to be
adiabatic surfaces,

The physical nature of the flows in all regions of the flow-

field, including the corners, is explained for the first time., The

crucial point of this part of the analysis is the determination of the
correct force balance in the core. The resulting pressure force-
buoyancy force balance gives the experimentally observed linear temper-
ature profile in the core region.

The vertical wall boundary layers are found to be governed by
a second-order set of nonlinear parabolic partial differential equations
that are nonsimilar. The exact solution of these equations (even in a
numerical sense) presents a formidable problem. It was therefore de-
cided to perform an approximate zeroth-order solution using von Karman
integral techniques, This solution is shown to agree reasonably well
with previously published experimental data and numerical solutions.

The "pseudo-elliptic'" zeroth-order behavior of completely en-
closed natural convection flows is revealed here for the first time.
A "longtime upstream influence" is shown to exist for the vertical wall

boundary layers even though they are governed by parabolic equations.
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THE SOLUTION OF LAMINAR NATURAL CONVECTION FLOWS
IN RECTANGULAR ENCLOSURES BY THE METHOD OF

MATCHED ASYMPTOTIC EXPANSIONS

CHAPTER I

INTRODUCTION

Preliminary Remarks

During the past decade there has been a resurgence of interest
in natural counvection flow phenomena. This renewed interest has re-
sulted in advances in many areas of fluid mechanics research, The anal-
ysis of cryogenic tankage for space vehicles [1 - 10], the design of
industrial processes such as glass furnaces [11], [12], a need for im-
proved analytical techniques by heating engineers [13], the analysis of
cooling systems for nuclear reactors and turbine blades [14 - 16], and
the analysis of geophysical flows [17] are typical of the current prob-
lems that have provided the impetus for further research in natural con-
vection. The common interests of researchers working on topics such as
these have led to the adoption of what has become a "model problem" in
natural convection [11], [13]. The solution of this problem is of di-
rect practical interest to heating engineers, process designers, and
those analyzing cooling systems for nuclear reactors and turbomachinery;

but, more ismportantly, it serves as a vehicle for the development of




analytical techniques that can eventually be extended to a broader class

of natural convection flows.

A Model Problem In Natural Convection

The model problem may be stated in the following manner. Con-
sider a two-dimensional rectangular enclosure of width, W, and height, H,
completely filled with a Newtonian fluid (Figure 1.1). There is a
steady state natural convection flow in the enclosure as a result of the
two vertical walls being maintained at different temperatures, T;c and
Tb . The horizontal walls are assumed to be adiabatic surfaces and the
gravitational acceleration vector,'é, is aligned with the negative x*-
axis., The two objectives of any analytical study of this system are:

1. Prediction of the detailed structure of the flowfield, and

2. Prediction of the total rate of heat transfer through the

fluid from one vertical wall to the other,.

Experimental Results of Previous Investigations

Experimental studies by Elder [ 17], [ 18], Eckert and Carlson
[19], and MacGregor and Emery [ 20] have delineated the various possible
flow regimes and provide a detailed qualitative description of the flow
structure in each regime. The following discussion is based upon the
results of these four studies.

Elder's experiments show that the basic laminar circulatory
flow in the enclosure can produce steady, large scale secondary flows
in the interior regions of the fluid, thereby giving rise to a multi-
cellular flow pattern (Figure 1.2). These experiments suggest, that

for a given aspect ratio, there is a "eritical Grashof number" above
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which the flow is always multicellular. Furthermore, experimental re-
sults also suggest that, if the aspect ratio of the enclosure is of 0(1),
the critical Grashof number is large enough so that the entire laminar
boundary layer flow regime is unicellular. Therefore, both this dis-
cussion and the work that follows will be limited to the study of uni-
cellular flows; that is, to enclosures with aspect ratio of order unity,

Five distinct unicellular flow regimes have been identified.
They have been categorized by various investigators according to

Grashof number, N R’ as follows:

G
1. Conduction regime (NGR < 103)
2. Asymptotic regime (103 s NGR < 104)

3. Llaminar boundary-layer regime (104 L | P 109)

GR
4, Transition regime (NGRN 109)
5. Turbulent boundary-layer regime (NGR.> iOg)
The upper limit of the laminar boundary layer regime is not well estab-
lishéd with different investigators (see for example [17], [19]) re-

porting different maximum values of N Typical isotherm and stream-

GR’
line patterns and velocity and temperature profiles for the conduction,
asymptotic, and laminar boundary layer regimes are shown in Figure 1.3.

The temperature profiles in the conduction regime are essenti-
ally linear across the enclosure except in regions near the top and
bottom walls. 1In these regions the temperature profiles are nonlinear,
indicating a convective contribution to the total rate of heat transfer
across the enclosure owing to a very weak circulatory flow.

The asymptotic flow regime is characterized by a circulatory

flow which is stronger than the one found in the conduction regime, but
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which is still relatively weak. The velocity and temperature profiles
are symmetrical with respect to the centerline of the enclosure. The
heat transfer through the central portion of the enclosure is higher in
this regime than in the conduction regime because of a larger convective
contribution by the stronger circulatory £flow.

In the laminar boundary layer regime the isotherms are hori-
zontal except in the vertical wall boundary layers and in the immediate
vicinity of the horizontal walls. A uniform vertical temperature gradi-
ent is established; that is, the flow in the central, or "core", region
of the enclosure is thermally stratified. The heat transfer in this
regime is primarily due to the convective flow in the boundary layers
with an almost negligible contribution made by conduction through the
core region of the fluid. Relatively large velocities occur only in
; the vertical wall boundary layers. The velocities in the core region
are relatively small :ad have almost no vertical component. Unlike ex-
ternal flow natural convection boundary layers which only entrain fluid,
the vertical wall boundary layers in the enclosure both entrain and ex-
pel fluid. Thus, the core flow provides the mechanism for feeding and

draining these boundary layers.

The transition flow regime that separates the laminar and
turbulent boundary layer regimes is characterized by unsteady, wavelike

instabilities near the vertical walls similar to those found on a verti-

cal plate immersed in an infinite fluid. 1In the core regions the iso-

therms are horizontal and the velocities relatively low. Finally, the

turbulent boundary layer regime is qualitatively similar to the laminar

boundary layer regime, although the boundary layer thicknesses are larger.




In addition to the detailed field measurements mentioned above,
overall heat-transfer measurements have been made [ 21 -23] and are
available for comparison with the results of analytical studies.

Since this work will be concerned only with an analysis of

the laminar boundary layer flow regime, all further discussion will be

limited to this flow regime.

A Survey of Previous Analytical Investigations

Previous analytical studies may be categorized as those em-
ploying:

1. integral methods

2. asymptotic methods

3. finite difference methods

The model of Emery and Chu [ 21] uses integral methods to cal-
culate the overall rate of heat transfer across the enclosure. It pre-
dicts the experimental data with reasonable accuracy but, characteris-
tically, yields no information on the detailed structure of the flow-
field. Furthermore, the model is based upon the erroneous assumption
that the structure of the flow in the vertical wall boundary layers is
identical to that of the flow on a vertical flat plate in an infinite
fluid. This is physically impossible since the flat plate boundary
layer only entrains fluid while the boundary layer in the enclosure must
both entrain and expel fluid in order to conserve mass for the entire
enclosure. It must therefore be concluded that the close agreement of

this model with experimental data is rather fortuitous.



Gill [13] used asymptotic methods to obtain an exact solution
in the neighborhood of the enclosure centerline (x ~ H/2). He also
found an approximate solution for the limiting case of infinite Prandtl
number which is in agreement with Elder's experimental data [17].
Neither of these solutions, however, describes the entire flowfield for
an arbitrary Prandtl number which is ultimately the problem of interest.

The main thrust of the research effort on the enclosure prob-
lem has been concentrated on the development of numerical solutions of
the governing equations [ 11], [20], [24 - 28). These studies employ
various finite difference techniques to performnumerical solutions of
the governing equations. They have all enjoyed some degree of success
in predicting both the overall heat-transfer rate and the detailed
features of the flowfield. However, limitations on computer storage
space and time have prevented finite difference models from being ap-
plied to flows in the practically important high Grashof portion of the

laminar boundary layer regime (106 <N, < 109). This is caused by the

GR
well-known fact that the boundary layer thickness decreases with in-
creasing Grashof number which, in turn, requires an increase in the
number of gridpoints needed to adequately resolve the features of the
flow in the boundary layers. Noble [11] estimates that for uniform

grid spacing a Grashof number of 106 represents a practical upper limit
based on computer storage requirements and that an increase in Grashof
aumber from 106 to 107 would double storage requirements. He does note,
however, that this difficulty may be overcome to some extent by refining

the grid size only near the enclosure walls and in a later paper f12]

he and his colleagues have successfully applied this technique. However,
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as pointed out by Emmons [ 29], a number:of‘serious questions exist con-
cerning the adequacy of the convergence criteria in current use by those
employing finite difference techniques. In the absence of mathematically
rigorous proofs of accuracy and convergence, most numerical solutions
are assumed to have "converged" because they '"look good" when compared
with preconceived trends in the data., Also, numerical solutions by
their very nature do not readily indicate parametric trends or lend
themselves to an understanding of the basic physical processes pgccurring
in the problem. Finally, even if all the above-mentioned faults of
numerical methods could somehow be resolved satisfactorily, an alterna-
tive technique would be desirable on the basis of economics alone,
since the numerical methods are extremely costly in terms of program-
ming effort and computer time.

It therefore seems apparent that the integral and finite dif-
ference methods presently being used to solve the enclosure problem
have been extended to their respective limits of application and that
a fresh approach is needed if further advances in both understanding

and computational efficiency are to be made.



CHAPTER II

THEORETICAL DEVELOPMENT

Preliminary Remarks

The fundamental objective of this research is to systematic-
ally obtain an approximate solution for the unicellular laminar bound-
ary layer flow regime. This will be accomplished by formulating the
problem within the framework of singular perturbation theory. The
decision to employ asymptotic methods is based upon the desired na-
ture of the solution; that is, the solution should not only predict
the overall rate of heat transfer across the‘enclosur;, but should

also reveal the detailed structure of the flowfield.

The Governing Equations
The flow in the enclosure is assumed to be governed by the
Navier-Stokes equaticns as modified by the Boussinesq approximation.

They are given by

v . ?ﬁ =0 (continuity) (2.1a)
oV * 2ok

oD = - (R)g - vp + ko vV (momentum) (2.1b)
*

DT 2 %

oe =%’ T (energy) (2.1c)

% *
bp = - (Bpo)(T - TO) (state) (2.1d)

11



-
Here V is the velocity with components u

12

kS * * *
and v in the x and y

directions, respectively, o0 is the reference density corresponding to

LN
some isothermal reference state at temperature T0 , g the acceleration

*
of gravity, Op the disturbance demsity, p< the pressure, ko the

w
dynamic viscosity, T the temperature, «

0 the thermal diffusivity,

and B the coefficient of thermal expansion.

tions:

Equations (2.1) are derived subject to the following assump-

The fluid is Newtonian and all fluid properties, except
the density as it appears in the body force term, are
constant.

Viscous dissipation is negligible.

The effect of pressure on density is negligiﬁle compared
to that of temperature; that is, the isothermal compres-
sibility is much smaller than the coefficient of thermal
expansion.

The fluid is a radiatively non-participating medium.

The pressure, p*, is defined as the actual pressure in

%
the fluid, p' , less the static head, or

= 1 -
P =p ooég
where: @g is the gravitational potential, defined such
-
that g = grad ég
Variations in density caused by variations in temperature
are small compaxad with the referemnce demsity, or

b % %
—p%‘:‘B(T -To)

<< 1
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A rigorous discussiqn of the adequacy and limitations of these assump-
tions is given by Noble [11].
For the two-dimensional, steady state flow of interest,

equations (2.1) may be expressed in Cartesian coordinates as follows:

ou v ..
S +——%=0 (continuity) (2.2a)
ox Ay
% au* " au* 1 3 % % * ‘azu* azu'k\
sy = - B @I - 1) + v (T + )
ox oy o dX Ax oy
%*
(x -momentum) (2.2b)
i a—vi:. i av* ) _];- 3 * azv* azv*
u =TV % 7 p %t Yo %2 + *2
Ax 3y 0 3y X Ay
(y -momentum) (2.2c)
% o 2 % 2 %
% A E3 /
T L | S @l—+5T (energy) (2.24)
* % 0 *2 *2
3x dy ax dy

*
where the equation of state (2.1d) has been substituted in the xc-
o

momentum equation.

These equations are subject to the following boundary condi-

tions:

0 (x,0) = 0 (2.3a)
%

v (x ,0) =0 (2.3b)
¥ ¥ %

T (x,0) =T, (2.3c)
%

u(x ,W) =0 (2.3d)
* %

v (x W) =0 (2.3e)
¥ % Yo

T (x W) = Tb (2.3f)
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% ¥

u (H,y ) =0 (2.3g)

% ¥

v #H,y) =0 (2.3h)
F3 ¥

él_@_iu =0 (2.31)
AxX

u(0,9) =0 (2.33)

vi(0,y) =0 (2.3k)

QELS%;X:l =0 (2.34)
ox

Equations (2.2) form a set of four scalar equations in the

Kk %k *
four unknowns u , v , p , and T and, therefore, along with the set

of boundary conditioms given by equatioms (2.3), constitute a mathe-
matically "well posed" problem. Gill [13] noticed that the governing
equations and their boundary conditions possess the property of re-

*
maining unaltered by a simultaneous sign change of the variables u ,

% * H Je W ¥
v, (x - 5), and (y - 5) when the signs of the variables p and
* *
(Tc - TO ) remain unchanged. Since this is a symmetry property in-
volving reflection of the velocity components about the geometric

P *
center of the enclosure (xc = H/2, yc = W/2); it is called the centro-

symmetry property of the equations and boundary conditioms. As will

be seen later, this property plays a crucial role in obtaining the
solution of the problem.

The boundary conditions on u* and v* merely reflect the well-
known fact that the velocity of a viscous fluid, relative to a solid

surface, must be identically zero at the surface. The boundary condi-

* ¥
tions on T and its first derivative with respect to x correspond to
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the problem definition of isothermal vertical walls and adiabatic hori-
zontal walls, respectively. The analysis that follows will be based
on the assumption that the right-hand vertical wall of the enclosure

is the '"hot" wall and the left-hand vertical wall is the "cold" wall;
%

that is T. > T..
b a

The governing equations (2.2) and the boundary conditions will

now be put in nondimensional form by introducing the following non-

-

dimensional variables %
/9P
¥ * %
= .ll_ QE - \ax ) - X__
v u dx ~ /dp \ X = er
\axr/
%
v E y. %*
v, 9P\
¥ ¥ % % 3 ka * y*
T-1,  T-T, S%E_La N y = £
T= 47— = (-E‘ ry
f-TJ AT ’ ayr/

a

where u_ Vr’ %5‘1:, %EL:, er and Lry are reference quantities that
must be selected so as to correctly scale the governing equations in
each region of the flowfield. Since the reference temperature, TS,

was set equal to the cold wall temperature, T:; the nondimensional
temperature,'T, will vary between the limits of zerg and unity every-
where in the flowfield. Therefore, the temperature scaling will remain
unchanged over the entire enclosure. A reference pressure gradient

is employed instead of a reference pressure since the pressure gradient
represents a pressure force, which is the physically meaningful quan-
tity in the problem. Rewriting the governing equations (2.2) and the

boundary conditions (2.3) in terms of the nondimensional variables

gives:
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Y\ du Ve N dv
f—_> Sx + <i—_) 5; =0 (continuity) (2.4a)
rx ry
“3 Vodu e | du 139 3p Yo'r azu
SRl -l S Ak 5‘)(53 JoE + eanT + (Lz ) &5+
rx ry 0 ox
rx
v u 2
+ ( 2 r) 94 (x-momentum)  (2.4b)
L Ay
ry
u v v2 VAV 2 VIRV 2
. \ ; \ / \ / \ \
e () - )2 S S
rx ry 0 3% L dy
rx ry
(y~-momentum) (2.4¢)
u \Y o 2 o 2
r> 3T ('t é__'.[_‘_’O)bT 0MNO'T
(L ) u - + I ) v 5y -\ 2 7 + <12 ) % (energy) (2.4d)
rx ry L ax oy :
rx ry
u(x,0) =0 (2.5a)
v(x,0) =0 (2.5b)
T(x,0) =0 (2.5¢c)
u(x, ) = 0 (2.5d)
ry
v(x, 7o) = 0 (2.5¢)
r'y
T(x, ) = 1 (2.56)
ry
U(iﬁ*,)’) =0 (2.5g)
rx
H
v »y) =0 (2.5h)

rx



3T (q;,y) |

- -0 (2.51)
u(0,y) =0 (2.53)
v(0,y) =0 (2.5k)
G - g (2.50)

Scaling of the Governing Equations

The analytical and experimental results of previous investi-

gations indicate that for the laminar boundary layer flow regime the

flowfield may be divided into nine separate and physically distinct

regions as shown in Figure 2.1. These regions may be grouped in the

following manner:

(1) the "core" region - (region 5)

(2) the vertical wall boundary layers - (regions 4 and 6)
(3) the horizontal wall boundary layers - (regions 2 and 8)
(4) the corner regions ~ (regions 1, 3, 7 and 9)

Because of the centro-symmetry property of the governing

equations their solutions do not have to be obtained in all nine regions

of the flowfield. It will be shown that only the solutions in the

core, two corners, one vertical wall boundary layer, and both hori-

zontal walllboundary layers must be evaluated to determine all of the

unknown constants and functions in the problem. Regions 2 (the top

horizontal wall boundary layer), 3 (the top right-hand corner), 5

(core), 6 (right-hand vertical wall boundary layer), 8 (bottom hori-

zontal wall boundary layer), and 9 (bottom right-hand corner)Awere
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chosen for this purpose. Any variable of interest, Q, in these regions
will be denoted by the symbols shown in Figure 2.2.

The vertical wall boundary layer will be scaled first, followed
by the horizontal wall boundary layers. Several assumptions must be
made to scale these regions., These assumptions dictate all of the
reference quantities in the core region (with the sole exceptiom of
the length scales, taken to be the overall dimensions of the enclosure).
Thus, the validity of the assumptions made in scaling the vertical and
horizontal wall boundary layers may be verified by comparing the re-
sulting core solution with experimental data and numerical solutions.

Finally, the scaling will be done for the corner regions,

Scaling of the (Right-Hand) Vertical Wall Boundary Layer Equations
Experimental evidence indicates that distinct natural convec-
tion boundary layers are formed on the vertical walls of the enclosure
when the Grashof number is greater than about 104. This empirical fact

is used as a starting point for the analysis. Assume that

~t

er = H (2.6)

¢
i
ot

(2.7)

where: & = characteristic vertical wall boundary layer

thickness
so that: H> > §

Thus, the spatial coordinates are given by:

* Y%
¥ == (2.8)
L :
rx
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w° % W *
y = =L =14 (2.9)
L 8
ry
The continuity equation (2.4a) may now be written as:
~4 ’:; -~
%, () =0 2.10)
ax u oy

However, in the vertical wall boundary layer both terms in the continu-

ity equation must be of the same order. This may be proven in the fol-

~

lowing manner. First, suppose that Crﬂ) >>1. Then, to lowest order,

~
u d
r

the continuity equation would reduce to

2
il
(e]

so that

~

Y= v(7<) only.

~

But, v = 0 at y = 0 because there is no flow through a solid surface.
Also, v is nonzero as y = ® so the boundary layer can entrain or expel

fluid. Thus, ¥ must be a function of’; as well as x and it is impossible

v_H V_H
for ——:) to be >> 1, Conversely, if it is assumed that {——=) << 1,
u 0 uré

the continuity equation, to lowest order, would reduce to

%2
il
Q

~
1

so that u.= G') only.

~ K3
But, since W =0atx =0and at X = 1 and has some maximum value in

between, U must also be a function of X as well as y and it is
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v H
impossible for (:%:) to be << 1, Therefore,
ur
”GrH )
T~ = 1 (2.11)
u o
T

Substituting equations (2.6), (2.7), and (2.11) in the x-momentum

equation (2.4b) yields:

~2 .
_><“ Sé + 2%) = ( 0)\;;’1 r) 93 + @gAT)T
O ﬂ[@) ‘LZ'E —..i;t' (2.12)
ox” 3y

It is now assumed that an inertia force-viscous force-buoyancy force

balance holds in the vertical wall boundary layers. This gives
2

'Er véﬁr
() = eaan = (I55) (2.13)
H 52
v
- _0) 5
Thus, u. (11 NGR (2.14)
.k
and, H = NGR (2. 15)
where NGR’ the Grashof number is given by
_ e
N = (7—) (2.16)
Yo

and represents a characteristic ratio of buoyant forces to viscous
forces in the problem., Therefore, the scaling for the vertical wall

boundary layer thickness is identical to the well-known result for
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external flow laminar natural convection boundary layers. Equation

(2.11) now gives:

Y
’;r = (‘ﬁq) NGR% (2.17)

The pressure gradient (pressure force) in the vertical wall
boundary layer is not an applied pressure gradient such as those which
occur in forced convection flows. Therefore, the pressure force plays
a passive role in the dynamics; that is, the pressure gradient will
adjust itself as it "needs to do" in order to satisfy the dynamics of

the flow. Thus;

~2
/ 120 u
H@E|)-%
Po’ “3x

2
1 - (),
Bx!r H
then; y v 5 - 2
EL(=E)) - ED e aw
By\r ry ax|r H

All of the refereunce quantities for the vertical wall boundary
layers are now known. Substituting these quantities in the governing

equations (2.4) and the boundary conditions (2.5d, e, f) yields

I T (2.21a)

ox 3y

p R N R~ R~ (2.21b)
dx ay ox 3 oy
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N\ (~ A ~ av) _ _ A ( -1) v ( -‘1) A v
2 — ——— = - ——— ——
(NCR )(u — + v — = + NGR — + NGR =5 (2.21¢)
%) ny 3 A Ay
~ -~ 2 2,
~ ~ 7 -k
K dy T PR’ dx dy
and,
u(x,0) =0 (2.22a)
V(x,0) =0 (2.22b)
Tk 0) =1 (2.22¢c)
where the Prandtl number, NPR’ is given by
-
PR ¥ . (2.23)

and gives the ratio of the diffusivity of momentum to the diffusivity

of thermal energy. The Prandtl number is now assumed to be 0(1l). If

the Prandtl number is > > 0(1), the vertical wall boundary layers must
be rescaled as suggested by Eichhorn [30] since the inertia - viscous -
buoyancy force balance would no longer hold across both the momentum

and thermal boundary layers. For a Prandtl number much less than order
unity, the thermal boundary layer is much thicker than the momentum
boundary layer. Then the inertia forces are no longer of the same order
as the buoyancy forces in the outer part of the thermal boundary layer.
If, however, the Prandtl number is much greater than order unity, the
momentum boundary layer is much thicker than the thermal boundary

layer. 1In this case the buoyancy forces are not the same order as the

inertia and viscous forces in the outer part of the momentum boundary

layer.
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The small parameter, ¢, is now defined as:

o -1/8
NGR

This value of the small parameter was chosen because it is the only
value that yields expansions in integral powers of ¢ in all regions of

the flowfield.

Rewriting equations (2.21) in terms of the small parameter, ¢,

gives: - -
_a_;g + 2 =0 (2.24a)
3X 9y
~ ~ ~ /,
“%+V%=‘%+T+e4%+% (2.24b)

3x ox 3x A% dy
€ (u gg + v %g) = - %g + 68 ;:% + e %:% (2.24¢)
A% oy Ay ox Ay
(NPR>(PG§:T+7’§§) - ¢t %ﬂ;—g (2. 24d)
ox By 3x~ 3y

The following expansions in integral powers of the small parameter, ¢,

are assumed for the dependent variables:

TEY) ~ TG +e T ED + ez"'uz(?c,”;o + ... (as e~ 0) (2.25a)
VED ~ TGN +e Y ET) +eV,ET + ... (as e~ 0) (2.25b)
~ N N ol ~ ~ ~J %‘ ~
PG ~ DGV +e B EY) + e B, EY) + ... (as € = 0) (2.25¢)
Pt Ind N ~i Ll ~ ~ N b Pt N
T(X,y) ~ To(x,y) + e Tl(x,y) + € Tz(x,y) + ... (as e » 0) (2.25d)

Substituting these expansions into equations (2.24) and the boundary
conditions (2.22), gathering terms of like powers of €, and noting that
in order for this result to hold for arbitrary values of ¢ all of the

coefficients must identically vanish, gives an infinite number of sets
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of governing equations and boundary conditions for the various order
problems., Only the zeroth-order set of equations and boundary conditions

is given here:

A Av
1:9 + 7:9 =0 (2.263a)
I5'e oy
y a"‘uo - 'a“‘o A’BO az‘do
Yo = tVvox =< vt <3 (2.26b)
AX Ay X oy
a“ﬁo
— = 0 (2.26¢)
3y
a"fo a’TO az‘fo
()@, =2 +% =) = =2 (2.26d)
dx oy Ay
with,
uo&,O) =0 (2.27a)
T’o X,0) =0 (2.27b)
TO(;,O) =1 (2.27¢)

(plus. matching conditions with core and corner regions)

The zeroth-order equations (2.26) for the vertical wall
boundary layers form a second-order system of nonlinear, parabolic,
partial differential equations. It will be shown that the solutions
of these equations must be matched to a flow with a linear temperature
profile in the core region. Cheesewright [31], however, has shown that
similarity transforms cannot be obtained for this case. Thus, the
vertical wall boundary layer equations are nonsimilar which substan-
tially increases the difficulty of their solution,

The governing equations and boundary conditions for the first-

and second-order problems are given in Appendix A.
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Scaling of the (Bottom) Horizontal Wall Boundary-Layer Equations
A careful study of the flow in the enclosure reveals thal the
flow in the core region is the only available mechanism for feeding
and draining the boundary layers on the vertical walls. ‘Thus, the

horizontal reference velocities in these two regions must be identical,

(9 (9

Further examination of experimental and numerical results shows that

or

the filows in the vicinity of the horizontal walls exert only a small
effect on the entire flowfield and serve mainly to provide transition
regions from the core flow to the zero relative velocity and adiabatic
wall boundary conditions at the horizontal walls. Therefore, the
horizontal reference velocities in the core and the horizontal wall

boundary layers are equal, or
Vo=V, = (—E_) (2.29)

The reference length parallel to the horizontal walls is the

width of the enclosure, or

L =W (2.30)

and the reference length perpendicular to these walls is the horizontal

wall boundary layer thickness. Thus;

i =% (.31

where: _
A = characteristic horizontal wall boundary

layer thickness

so that: W>> }
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Therefore, the spatial coordinates for the (bottom) horizontal wall

boundary layer are

I %
k= =2 (2.32)
i, 8
% %
y =L = %— (2.33)
L

ry

The reference pressure gradient parallel to the horizontal
walls is assumed to be the same as the reference pressure gradient in

the core region parallel to the horizontal walls, or

2| -2 (2.34)
awl,  avl,
But, since the vertical pressure gradient in the core region is "im-

pressed" on the vertical wall boundary layers, as shown by equation

(2.26c); it follows that

éR‘ = éi (2.35)
5x|r 5; r )
o | PV DV2
gﬁ( - ( > g ) Ner = g g ) (2.36)
T H ¢ H

The length scales in the core region are the enclosure dimensions, or:

1L =H (2.37)
X
Lry = w (2.38)
then, 2 2
apl . (Esz)’éz ) - (fQ:Q.) N = (gg29_> (2.39)
ay\r Lry ox r HZW GR € H
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Equation (2.34) now gives:

2 2
2| - (iﬁ;§—> Neg = (3929—) (2.40)

BY| eSHZW
r
then, - 2
2B Ly po o Pov0
o\ Ner T \ 82 (2.41)
3% | L ¢ "HA
r X

The continuity equation (2.4a) may be written as:

- L v -
Bu (_EE_E) AV _ (2.42)

3x Lryur 9y

Arguments similar to those used for the vertical wall boundary layers

show that both terms in this equation must be of the same order.

Therefore,
L v
“EL o (2.43)
u
ry r
so that: ) -rx )
i - (E——) v (2.44)
ry

Substituting equations (2.29), (2.30), and (2.31) in equation (2.44)

A
- Go) e - G

gives:

All of the reference quantities with the exception of A,
the length scale perpendicular to the horizontal walls, are now known.
The characteristic boundary layer thickness, A, will be determined by
considering all of the possible force balances in the y-momentum

equation (2.4c). Writing this equation in terms of the reference

quantities gives:
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(o) 5 29) « - () 2+ (i) + (B )

3y 9y Y (2.46)

There are, in general, four possible force balances in this equation:

1. inertia - pressure ~ viscous force balance

2, inertia - pressure force balance

3. inertia - viscous force balance

4., pressure - viscous force balance
Cases 1 and 2 may be rejected immediately because the inertia force
and pressure force terms are obviously not of the same order, The
balance in case 3 cannot be obtained since the pressure force term has
the largest coefficient. Thus, the pressure force - viscous force
balance of case 4 is the only possible balance. Equating the coeffi-

cients of the pressure force and viscous force terms in equation (2.46)

Ner = (EH%) NGI%{ = ( ?-12) (2.47)

- () e -1’

where K%), the aspect ratio of the enclosure, is assumed to be of

gives

or,

order unity. Equations (2.15) and (2.48) give

that is, the horizontal wall boundary layers are much thinner than the
vertical wall boundary layers. This agrees with the previously men-

tioned observation that the flows in the vicinity of the horizontal
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walls exert only a small effect on the entire flowficld and scrve
mainly to provide transition regions from the core flow lo Lhe zero
relative velocity and adiabatic wall boundary conditioms at the hori-

zontal walls., Equation (2.45) now gives:
v 5 v %
i = (D) a7 (D))
Y (11 W Ner * \®/\w (2.49)
all of the reference quantities for the horizontal wall boundary layers

are now known. Substituting these quantities in the governing equation

(2.4) and the boundary conditions (2.5j, k, 4) yields:

L, g (2.50a)
dX Ay

2 - - - 2 . 2- .3 2-
W - W a-2

dx dy WSk W52
(2.50b)
- 2-
- - N\
) (“ i R T (5) 2 (2.50¢)
ox oy 3y  ax y
4 = AT | - AT %% 6 fH\ 327
¢ (NPR>(U —tv ‘?) =T te ﬁ) 3 (2.50d)
X Ay ox oy
and,
u(0,y) =0 (2.51a)
v(0,y) =0 (2.51b)
a2y _ (2.51¢)
dx

where the pressure force - viscous force balance is obtained in the y-

momentum equation (2.50c).

The following expansions are assumed for the depeundent vari-

ables:
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- - - - e - - - - 2- - -
u(x,y) ~ uo(x,y) + € ul(x,y) + € uz(x,y) + ... (ase

$

0) (2.52a)

v(x,y)~ 50(§,§) + ¢ Ql(i,§) + ez§2(§,§) + ... (as e

!

0) (2.52b)

- - - - e - 2 - -
P(x,¥)~ py(x,y) + e py(x,y) +ep,(x,y) + ... (as

™
L

0) (2.52¢)

TR~ To@5) + 6 TG +e &) + ... (as e = 0) (2.52)

™
1

Substituting these expansions into equations (2.50) and the boundary
conditions (2.51), gathering terms of like powers of €, and noting that
in order for this result to hold for arbitrary values of ¢ all of the
coefficients must identically vanish, gives an infinite number of sets
of governing equations and boundary conditions for the various order
problems. Only the zeroth-order set of equations and boundary condi-

tions are given here:

35, 3% -
“?9 + -:9 =0 (2.53a)
OxX 3y
Ap
_:Q =0 (2.53b)
ox

- 2~
apo fo) VO
—_—= ) (2.53¢c)
Ay 3%
azio

—5 =0 . (2.53d)
ox

and, _ -
uo(O,Y) =0 (2.543)

60(0,5) =0 (2.54b)
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0 (2.54¢)

(plus matching conditions with core and corner regions)

The zeroth-order equations (2.53) and boundary conditions (2.54) for
the horizontal wall boundary layer are linear. Their exact solutions
will be obtained later in the analysis. The governing equations and
their boundary conditions for the first- and second-order problems are
given in Appendix A.

In a similar manner, the zeroth-order set of governing equa-
tions and boundary conditions for the top horizontal wall boundary

layer are found to be:

b a=0
—_— — (2.55a)
dX 3y
aSO
—= =0 (2.55b)
dX
35 a2$0
- — (2.55¢)
3y 2k
32?0
— =0 (2.55d)
A%
and, ﬁo(o,§) =0 (2.56a)
60(0,§) =0 (2.56b)
3T, (0,¥)
> =0 , (2.56¢)

oxX

(plus matching conditions with core and corner regions)
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Where the spatial coordinates for the top horizontal wall boundary

layer are given by:

1. e

H - x

= H - xl

X = — =3 T (2.57)
er e (HW)
Y %

= y y

y=T- == (2.58)

L W

ry

Scaling of the Governing Equations for the Core Region

Several early investigators of the enclosure problem, such as
Batchelor [32] and Pillow [33], assumed that the core is an isothermal
region. It can easily be demonstrated that this assumption corresponds
to an inertia force - viscous force balance in the x-momentum equa-
tion. Subsequently, numerical solutions and experimental evidence
(i.e., [117 and [19], respectively) have shown that the core is not
isothermal but is, instead, thermally stratified. The thermal strati-
fication in the core is characterized by nearly horizontal isotherms
such that the temperature is a function of the vertical coordinate
only; that is, T = T(x) only. Indeed, experiment shows T(x) to be
linear in x. It will be shown that this result corresponds to a pres-
sure force - buoyancy force balance in the x-momentum equation.

Observing that the core flow feeds and drains the horizontal
wall boundary layers gives:

v v

o =5, () wa - (D

All of the reference quantities in the core region are now known. The

reference lengths, er and L , are just the overall dimensions of the
ry
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enclosure, or:

L
rx

]

H (2.37)

Lry =W .(2'38)

The vertical reference velocity, u_, was found to be

i
9 s -« GO
( e \g/\i (2.59)
by observing that the core feeds and drains the horizontal wall
boundary layers. Similarly, the horizontal reference velocity, Vo
was found to be
v

Y]
(0N % ( 0\ ‘
Ve T <1{> Ner = 2 H) (2.29)

by observing that the core also feeds and drains the vertical wall

boundary layers. The vertical reference pressure gradient, %& , was
obtained by noting that the vertical pressure gradient in the core is
"impressed" on the vertical wall boundary layers as shown by equation

(2.26c). Thus,

op
var

2
Povo ) P0Yo
- (%) w, = ( (2.36)
iy 3 GR = \E Hs)

3

The horizontal pressure gradient in the core then follows as:

0, b vy
(er> ax| ( g . > Ner = ( g 2 ) (2.39)
HW e H'W

The spatial coordinates for the core region are

¥ %

”

[l
L-‘Ix

1
:r:lx

(2.60)
rx
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%
=L _ ¥
Y =i S (2.61)

There was no freedom whatsoever in choosing the above refer-
ence quantities. Except for the length scales, er and Lry’ they were
all dictated by the assumptions made in scaling the vertical and hori-
zontal wall boundary layers. The validity of these assumptions will
now be established by demonstrating that they result in a pressure
force - buoyancy force balance in the x-momentum equation which, in
turn, yields the experimentally observed linear temperature profile in
the core. Substituting these reference quantities in the governing

equations gives:

1
3 3u (E>ZQ\1=
et 2 lg) 5570 (2.62a)
3/2 ¥y .2 2 .2
105) du 7(&) du _ _2p 9 E.) [a_u HY™ 9 7u]
€ (w 4 OX te W M dy ¥ tT+e (w 2 + W ay2
(2.62b)
2 2 2
7 (8, 2y CE) oL (B2, sk, (1) 2y
€ (w) Uyt W Vay Ty e [ax2+ W2
(2.62¢)
% 2 2.2
3 H\* 2T ( )(ﬁ) AT _ Z[B_I (E) 9 T
€ <NPR)(W) Uk T \Ner/\W/ Yy T © ax2+ W asz (2.62d)

these equations do not possess any boundary conditions. Their solu-
tions, however, are required to match with the solutions of the vertical
and horizontal wall boundary layers. The equations indicate that:
1. Both terms in the continuity equation do not have to be ?f
the same order in the core. This is because both terms

can be identically zero in this region.
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2. The reference quantities dictated by the assumptions made
in scaling the vertical and horizontal wall boundary layers
result in a pressure force - bouyant force balance in the
x-momentum equation (2.62b).

The following expansions are assumed for the dependent vari-

ables:

u(x,y) ~ UO(X,y) + e ul(x,y) + ezuz(x,y) + ... (as e » 0) (2.63a)
v(x,y) ~ vy(x,y) +e vi(x,y) + ezvz(x,y) + ... (as e = 0) (2.63b)
2
P(x,y) ~ py(x,y) +¢ pl(x,y) + ¢ pz(x,y) + ... (as e =~ 0) (2.63¢c)

T(x,y) ~ To(x,y) +¢e Tl(x,y) + esz(x,y) + ... (as ¢ = 0) .(2.63d)

Substituting these expansions into equations (2.62), gathering terms of
like powers of ¢, and noting that in order for this result to hold

for arbitrary values of ¢ that all of the coefficients must identically
vanish, gives an infinite number of sets of governing equations for the
various order problems. The first four sets of these equations are as

follows:

Zeroth Order

0

55 =0 , (2.64a)
%P0 _ T (2.64b)
dx 0 ‘

Bpo

2= 0 (2.64¢)
v 2% _ 0 (2.64d)
0 oy :



First-Order

avl

Ay

apl
ox

(NPR)(H)( Vo ::0 v

Third-Order

(v (%)‘f

Yo Bx

X
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2
BTl

15y *

AT

V2 3y . )

& =

(NPRXw)( Yo ay 1 % tv

29 T

) 7

A°T
°)=_..._Q+

(2.

(2.

(2.

(2.

(2.

(2.

(2.

2
23 T0

-5 (2.

oy

(2.

(2.

.
5T

0

V3 %37')
(2.

aTl

2%y

65a)

65b)

65¢c)

65d)

66a)

66b)

66c)

66d)

67a)

67b)

67¢c)

67d)
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The governing equations for the fourth-order problem are listed in

Appendix A.

Zeroth-Order Solution in the Core Region

The zeroth-order continuity equation (2.64a) gives:
vy = vo(x) only (2.68)

The zeroth-order energy equation is given by

aTO
vq 5y 0 (2.64d)

But, in general, 0 is nonzero since the vertical wall boundary layers

must entrain and expel fluid. Thus;

— =0 (2.69)

so that: TO = To(x) only (2.70)

The zeroth-order y-momentum equation

apo

s;— =0 (2.64c)
gives:

Pg = Pg(x) only (2.71)

The zeroth-order x-momentum equation (2.64b) may now be rewritten as:

-d_)_(— = TO (2.72)

Substituting equation (2.69) in the first-order emergy equation (2.65d)

gives:

Vo 5T = 0 (2.73)
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However, as shown above, v, is in general nonzero so that:

0
4T1
537- =0 _ (2.74)

The second-order y-momentum equation

P 0 2.66

5 = (2.66c)
gives:

P, = pz(X) only (2.75)

Thus, the second-order x-momentum equation (2.66b) may be rewritten

t
as

dp2
= TZ (2.76)

Since the left-hand member of equation (2.76) is a function of x only,
the right-hand member is either a constant or a function of x only.

In either case it follows that:

(0%
N

T

=0 (2.77)

[¢%

y

Substituting equations (2.69), (2.74) and (2.77) in the second-order

energy equation (2.6€d) gives:

d 2T0
=0 (2.78)
2
dx
Integrating yields:
TO = ¢ X + c, (2.79)

This systematically and rationally obtained analytical solution for the

zeroth-order temperature distribution in the core region reproduces the

experimentally observed linear stratification profile. This establishes
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the validity of the assumptions made in scaling the vertical and hori-
zontal wall boundary layers. Equation (2.72) may now be integrated to

obtain the zeroth-order pressure distribution in the core. This gives:

2
po—-%clx +c2x+c3 (2.80)
The third-order y-momentum equation
Bp3
.B_};— =0 (2.67¢)
yields Py = Pg (x) only (2.81)

so that the third-order x-momentum equation (2.67b) may be rewritten

as:
— =T (2.82)

The left-hand member of equation (2.82) is a function of x only.
Therefore, the right-hand member is either a constant or a function of

x only. 1In either case it follows that:

—2 =0 (2.83)

Substituting equations (2.69), (2.74), (2.77), and (2.83) in the third-

order energy equation (2.67d), gives:
2
sy dT. 4T
H 0 _ 1
(%5) ) “oqw T2 (2.84)
2 X
. (d le
u. = d x2
WG
e/ C‘;g)

Since the right-hand member of this equation is a function of x only;

(2.85)
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u, is either a function of x only, a nonzero constant, or identically
zero. However, neither of the first two of these possibilities would
allow global conservation of mass for the entire enclosure to be

satisfied, Thus,

u =0 (2.86)

Summarizing the zeroth-order core solution:

uy = 0 (2.86)

Vg = vo(x) (2.68)
2

Py = ¥ c;x t+oeyx + <, (2.80)

T0 = clx + c2 (2.79)

Since ug = 0; the flow in the core is, to lowest order, entirely hori-~
zontal. This horizontal component of velocity, vo(x), will be deter-
mined by the solution of the vertical wall boundary layers. It will
just be the function required to feed and drain these boundary layers.
The constants 2 and cy will be given by matcﬁing conditions. The
pressure, p, is defined as the pressure due to motion. Thus, it
would be identically equal to zero if there was no motion in the en-
closure, This would occur when the wall températures were equal, or

% 3
T, = T,. Im that case, the pressure would be given by:

Py = ¢y = O (2.87)
Scaling of the (Bottom Right-Hand) Corner Region Equations.
The scaling in this region is based on the fact that

the mass flow rate out of the mass flowrate into
the bottom horizontal wall = the bottom right-hand
;boundary layer corner region
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which requires that:
w\!5

<ervr) = (irxor) =€ vO(ﬁ)

(2.88)

Both terms in the continuity equation must be the same order to satisfy

global conservation of mass for the corner region.

Grer
~ =1
4 L
rry
or, A . wlﬁ
urLry B errx - ¢ vO(H)
so that:

0, - ()@

L
r

o= ()
r i H

rx

Thus;

(2.89)

(2.90)

(2.91)

(2.92)

Substituting equations (2.89), (2.91) and (2.92) in the energy equation

(2.4d) and rearranging gives:

>
>

2

(1 )’ﬁrz \ (g)‘é 2

T \N \ A ) W N
PR" ¢ L ox PR ¢ L

rx Ty

>

>
Py IOJ
x>

+

<>
2/ |0)

f ()=

5 .2

)

B) T
W52 (2.99)

This equation admits three possibilities for the coefficients of the

terms in the right-hand member:

L 5
cose 1. ()N -
rX

!
—

|
-t

L %
o G
r

R
y

(2.94a)

(2.94b)
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~

I R e )

PR ¢ 1.
ry

or,

x Lry (2.94c)

A systematic investigation of these three cases is presented in Appen-
dix B. Through a process of elimination, this analyis proves that the
only possible set of governing equations is given by Case 3 for a pres-
sure force - viscous force balance in the y-momentum equation. The
analysis shows that any other set of governing equations is impossible
since they either require a force balance that cannot be obtained or
produce a solution that cannot be matched. The resulting reference

quantities and spatial coordinates are as follows:

£=1 =ed 6 /b (2.95)
rx Ty
% e
" X
X = = = : (2.96)
L €3 HS/6 W1/6
rx
W % W k3
A -y -y
§ =L = (2.97)
{ e3 H5/6 w1/6
ry
v 1/3
~ _h — O (E
~ ~ 0 \Y)
-5 - (2.99)
r y r e H

Substituting'these reference quantities in the governing equations

(2.4) and the boundary conditions (2.5 d,e,f,j,k,L) gives:

[o94

(2.100a)

w0
+
A%
]
o
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w ;é a'\ a"\ ~ n A2,\ 826
¢ (ﬁ) (ﬁ R A R R (2.100b)
AR Ay AR AR Ay
/ % -~ Col -~ a2,. azl\
¢ \g> (G X éz) =- 2 — +3 (2.100¢)
AR 3y 3y A% 3%
% ~ a 24 2+
¢ (NPR><%> (ﬁ 249 é‘) = 9’7 + ¢ 5 (2.100d)
3% 3y k" Ay
and, §(%,0) =0 (2.101a)
V(%,0) =0 (2.101b)
T(2,0) = 1 (2.101c)
G(0,9) =0 (2.101d)
v(0,9) =0 (2.101e)
RO - g (2.101€)

AR
Thus, a pressure force - buoyancy force - viscous force balance is ob-
tained in the X-momentum equation and a pressure force - viscous force

balance in the y-momentum equation.

The following expansions are assumed for the dependent vari-

ables:

!

B9 ~ 83,5 +6 8 R,9) + e, (1,5) + ... (as € = 0) (2.102a)
IGH) ~ S5 e Y G + e292(§,§) + ... (ase - 0) (2.102b)
A LA A A LA A A A A 24\ A A

B(X,¥) ~ py(x,¥) +e p (X,§) + e py(x,y) + ... (as ¢ = 0) (2.102¢)

1G9 ~ Ty@5) +e 1G9 + e2%2(§,§) + ... (as e~ 0) (2.102d)
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Substituting these expansions into equations (2.100) and the boundary
conditions (2.101), gathering terms of like powers of ¢, and noting
that in order for this result to hold for arbitrary values of ¢ that
all of the coefficients must identically vanish, gives an infinite
number of sets of governing equations and boundary conditions for the
various order problems. Only the zeroth-order set of equations and

boundary conditions are given here:

da 3V
0,9, (2.103a)
d% 3y
3%, . 2%, 2%,
— =Tt (2.103b)
3% A% Ay
38, 3260 3%,
=5 + 5 (2.103¢)
Ay 9% dy
2’1, 271,
——-2—-+'—2— =0 (2.103d)
133 3y
and, 3,(%,0) = 0 (2.104a)
¥,(k,0) =0 (2.104b)
%O(Q,O) =1 (2.104c)
6,(0,9) =0 (2.104d)
Go(o,§) =0 (2.104e)
3T4(0,9)
=0 (2.104f)
3%

(plus matching conditions with the vertical and horizontal

wall boundary layers)



The governing equations and their boundary conditions for the first-
and second-order problems are given in Appendix A.

In a similar manner, the zeroth-order set of governing equa-
tions and boundary conditions for the top right-hand cormer region are

found to be:

36 A%

9, 2. (2.105a)
A% dy

3,  » azao azﬁo

SRR T (2.105b)
Ax 3% DY

2+ (2.105¢)

dy AR Ay

azro 52%0

-2 t =53 =0 (2.105d)

3K 3y

and, ﬁo(é,O) =0 (2.106a)
%0(§,0) =0 (2.106b)
T0(§,0) =1 (2.106¢)
ﬁ0(0,§) =0 (2.106d)
%O(o,§) =0 (2.106e)
214(0,%)

b -0 (2.106f)
X

(plus matching conditions with the vertical and horizontal
wall boundary layer equations)
where the spatial coordinates for the top right-hand corner region are

given by:
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e 3
3

H-x H-x

A

o B - (2.107)
3 e3H576w1/6
rxX

A W-y W-y

7= = (2.108)
7 3,576,176
ry

The zeroth-order equations (2.103) for the (bottom right-hand)
corner region are a second-order set of linear, elliptic, partial dif-
ferential equations. The pressure-buoyancy-viscous force balance in the
x-momentum equation (2,103b) and the pressure-viscous force balance in
the y-momentum equation (2.103c) characterize the flow as a "slow flow"
with buoyancy. The energy equation (2.103d) shows that the emnergy
transport in the corner is by conduction only and that the temperature
distribution is given by a solution of the energy equation alone, in-
dependent of the dynamics of the flow,

The solution of equations (2,103) will be outlined here but
not carried to completion since the equations are elliptic and thus re-
quire boundary conditions on all four sides of the cormer region. The
boundary conditions on the side of the cormer region that matches with
the vertical wall boundary layer are, however, unknown at this point in
the analysis, Cross-differentiating the momentum equations (2.103b) and

(2.103c) and eliminating the pressure terms gives:

o} 4, N 3 ug e} Y ) d 4 .

2. 3 "~ T3 + T, =0 (2.109)
3X Ay  dy d% DYy 3%

A streamfunction, @0, is now defined so that
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>

- = u() (2.110a)

r)y

i

0.5 (2.110b)
A 0

ax

The function satisfies identically the continuity equation (2.103a).

Substituting equation (2.110) in equation (2.109) gives

X X % dT
40 +2 g 5+ 40 + —2 =0 (2.111)
3% 3% Dy 3 dy

which is the nonhomogeneous biharmonic equation.
When all the boundary conditions for the corner region have
been determined, the energy equation (2.103d) may be solved for the

temperature distribution, TO = T0(§,§). This result is then substitu-

ted in equation (2.111) which is solved for the streamfunction.

Solution of the Zeroth-Order Problem for the Entire Enclosure

In general, this solution would require solving the zeroth-
order governing equations in all nine of the physically distinct regions
of the flowfield. However, it has already been shown that, because of
the centro-symmetry property of the governing eduations, only six of
the nine regions must be considered. The core, the right-hand vertical
wall boundary layers, the top and bottom right-hand corner regions, and
the top and bottom horizontal wall boundary layers were chosen for this
purpose, The solutions in these regions will be in terms of a number
§f unknown constants and functions which are determined by matching

conditions.
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The solutions in the core have already been determined. The
solutions of the top and bottom horizontal wall boundary layers will be
determined next, This will be followed by a discussion of the nature
of the exact solutions for the corners and vertical wall boundary layers.
Finally, an approximate solution of the vertical wall boundary layer
equations will be obtained by means of integral techmiques,

Solution of the (Bottom) Horizontal Wall Boundary Layer Equations

As before, the bottom horizontal wall boundary layer is gov-

erned by the following zeroth-order set of equations

— + — =0 (2.538)
Ax Ay
550
— =0 (2.53b)
AX
N 3250
=2 - — (2.53¢)
qy Ax
3°1,
—— =0 : (2.53d)
dX
" with, 3,(0,%) =0 (2.54a)
60(0,§) =0 (2.54b)
3T,(0,)
-0 (2.54¢)

(plus matching conditions with core and corner regions)
These equations (2.53) and their boundary conditions (2.54) are linear

and may be solved exactly (at least in terms of unknown functions of ;).
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Integrating the x-momentum equation (2.53b) gives
P = £, (M (2.112)
where: f1 = function of y only

Substituting this result in the y-momentum equation (2.53c) and inte-
grating gives:

Vo= EE R 4R £,0) + £, (2.113)

Substituting this expression for 50 into the continuity equation (2.53a)

and integrating yields:

G- - 1/6 % f'(y) - 1/2 X £1(y) - x£X(y) + £,(¥) (2.114)
0 1 2 3 4 :
Integration of the energy equation (2.53d) gives:

TO = x f5(§) + f6(§) (2.115)

The no-slip condition at x =0 (2.54b) and the expression for 90

(2.113) now give:

£,(y) = £1(y) =0 (2.116)
Similarly, the condition for no normal flow at the wall (2.54b) and
the expression for GO (2.114) yield

£,(3) =0 (2.117)

while the adiabatic wall condition (2.54c) and the temperature distri-

bution (2.115) give:
£.(y) =0 (2.118)

Substituting equatioms (2.116), (2.117), and (2.118) in equations

(2.112), (2.113), (2.114), and (2.115) gives the following solutions
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of the bottom horizontal wall boundary layer equations:

n, = - 1/6 % rr<§) 172 % fé(&) (2. 119)
vy = 1/2 %2 £1(y) + x £,(3) (2.119b)
Py = £, (2.119¢)
To = f6(§) (2.119d)

Similarly, the solutions of the zeroth-order set of governing

equations for the top horizontal wall boundary layer are given by:

Gy = - 1/6 - ) - 172 <2 F) () (2.120a)
Sy = /2 % B+ F,G) (2.120b)
Py = F1 () (2.120¢)
T, = F ) (2.120d)

where the Fn's are unknown functions of ; only.
The unknown functions fl’ f2’ f6’ Fl’ F2, F6 will be determined
by matching with the core solutions.

Matching of the (Bottom) Horizontal Wall

Boundary Layer and Core Solutions

Pressure Matching

The core region, or "outer", solution for the pressure dis-

tribution is given by equations (2.80) and (2.87) as:

%2+ c.x (2.121)

=1/2 <, 9

Pg
Rewriting this solution in horizontal wall boundary layer, or "inner"

variables gives:
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i 6 - 3 L.
pol = e2W/D (e (/M) X 46 (e,) (/M (2.122)
Taking the "inner limit" of this outer solution as € - 0 yields:

Lim pgi) =0 (2.123)
-0

This limit may be rewritten in outer variables as:

2im (p81> =0 (2.124)
e=0

The horizontal wall boundary layer, or "inner", solution for the pres-
y

sure distribution is given by equation (2.119c) as:

50 = f1(§) (2.119¢)
Rewriting this solution in core, or ''outer", variables gives:

Py = £, (0 (2.125)

Taking the "outer limit'" of this inner solution as ¢ - 0 yields:

Lim (5é°) = £.(y) (2.126)
[2)

The limit matching principle [34]

[ inner limit 7 = [ outer limit B
.of the outer solution. i.of the inner solutionJ
gives:
2im <p01> = Lim (51°) (2.127)
0 0
e-~0 e¢~0
or, _
£,(9) =£,(y) =0 (2.128)
Thus, Voo -
fl(y) = fl(y) =0 (2.129)
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Temperature Matching

The core region, or outer, solution for the temperature distri-

bution is given by equation (2.79) as:

T0 =c X + <, (2.79)

Rewriting this solution in horizontal wall boundary layer, or inmer,
variables gives:

Tgi - e3(c1)(W/H)% %+ e, (2.130)

Taking the inner limit of this outer solution as ¢ = 0 yields:

2\
Lim (Tgl = c, (2.131)
e-0

This limit may be rewritten in outer variables as:

. oil _
gig (To > =c, (2.132)

The horizontal wall boundary layer, or inner, solution for the tempera-

ture distribution is given by equation (2.119d) as:
TO = fﬁ(Y) (2.119d)
Rewriting this solution in core, or outer, variables gives:

=io _
I, = f6(y) (2.133)
- Taking the outer limit of this inner solution as ¢ = 0 yields

Lim (Té°) = £,() (2.134)
e=0

The limit matching principle now gives:
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Lim ('Jfgi) = 1im (l(l)o> ' (2.135)
e~0 e-0

or,
f6(y) = f6(y) =c, (2.136)

Substituting equation (2.129) in equation (2.119b) yields:
60 = X f2(§) (2.137)

Matching this solution for GO with the core solution

Vo = vo(x) only (2.68)
gives:

f2(§) = (constant) = K; (2.138)
Therefore;

fé(;’) =0 (2.139)

Substituting these results in the zeroth-order solutions for the

(bottom) horizontal wall boundary layer gives:

uy =0 (2.140a)
;o = Ky x (2.140b)
50 =0 (2.140c¢)
%O = c, : (2.140d)

In a similar manner, matching the solutions (2.120) of the
zeroth-order governing equations for the top horizontal wall boundary

layer to the core solutions gives:

30 =0 (2.141a)



Vo = K, X (2.141b)
SO =%c  +c, (2.141c¢)
Ty=c +¢ (2.141d)

Equations (2.140) and (2.141) show that the horizontal wall

boundary layers are regions of constant pressure and temperature.

Summary of Zeroth-Order Solutions

The following zeroth-order solutions were obtained for the .ore

region:
uy = 0 (2.86)
vy = vo(x) (2.68)
=% 2 + (2.80)
Pp = % 6% c X .
TO = ¢ X + <y (2.79)

As before, the zeroth-order solutions for the bottom and top horizontal

wall boundary layers were found to be given by:

uy = 0 (2.140a)
60 = Kli (2.140b)
50 =0 (2.140c)
TO =c, (2.140d)
and,

ﬁo =0 ' (2.141a)

|
~
LA

vy = Ky (2.141b)



57

Py = 5 ¢t ¢y (2.141c)
TO =c + c2 (2.1414d)
respectively.

The zeroth-order solutions for the bottom and top right-hand cormer

regions may be represented symbolically as follows:

Gy = Gy (2.142a)
iy = 99 (%,9) (2.142b)
130 = ﬁo(ﬁ,g’) (2.142c)
T = %O(Q,y) (2.1424d)
and,

&, = FNERS) (2.143a)
50 - 5O(§,§) | (2.143b)
by = By Gy (2.143¢)
i, = 1,65 (2.143d)

In a similar manner, the zeroth-order solutions for the (right-hand)

vertical wall boundary layer may be given symbolically as:

TJO =”ﬁo(c1, ¢y Nops %, Y (2.144a)
Vo = Voleps <y NPR,‘E,‘§) (2.144b)
Py = Bpleys €0 Nppr X, V) (2.144c)
“"EO =“'I"0(c1, ¢y Nops X, ‘ (2.1444)

If the exact solutions in all of the above regions were known,

the constants could be determined at this point by matching.
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The only parameter appearing in the normalized zeroth-order
solutions is the Prandtl number. ‘the Crashofl number st nol cxpected
to appear since the lowest order solution is for a fixed value of this
parameter; that is, for an infinite Grashof number. The absence of the
aspect ratio, (H/W), is; however, quite an interesting result as this
implies that variations in this parameter affect the present steady
state solution only in the higher order corrections. This will be dis-
cussed in more detail when the results of this analysis are compared
with the results of other investigations.

The ve;tical component of velocity in the core flow is iden-
tically zero, while the horizontal component is given by the unknown
function vy(x). This function is, in turn, given by the entrainment-
extrainment velocity profiles of the vertical wall boundary layers.,
Thus, the flow in the core merely serves to feed and drain these boun-
dary layers. This flow must be such that continuity is maintained for
the entire enclosure, centro-symmetry is preserved, and matching with
the solutions of the horizontal wall boundary layers is achieved.

The exact nature of the flows in the horizontal wall boundary
layers and the core region may now be understood. It is well known that
in a Soundary layer the velocity component normal to the wall is much

smaller than the velocity component parallel to the wall. In fact, for

the vertical wall boundary layers the characteristic velocities were

found to be

T o= 4 (2.14)

and,
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v = (2.17)

~

~
so that the ratio of the physical velocities, u and v is given by:

~% v
L - G’-) -ﬁ> ~ 0(e?) (2.145)
u u Ur

However, since the core flow feeds and drains the vertical wall boun-
dary layers, the horizontal velocity scale in the core region must also
be'vr. Therefore; since the vertical velocity in the core, Ug, Was
shown to zero; the velocities in the core are also extremely small
(O(ez)) relative to the vertical velocities in the vertical wall boun-
dary layers.

The scaling of the core region gave a pressure-buoyancy force
balance. Thus, the flow in the core is an inviscid, bouyancy dominated
flow in which both inertia and viscous forces are, to the lowest order,
completely negligible. Inasmuch as the horizontal wall boundary layers
must match with the core flow, they must also have a characteristic
horizontal velocity given by‘;r, that is, they must also be flows in
which inertia is unimportant. This is reflected in the pressure-viscous
force balance obtained in scaling these regions. This balance is char-
acteristic of "slow", or "low Reynolds number" flows.

Thus, if a Reynold's number, N for the horizontal wall bound-

Re’

ary layers is defined as
0Oirx\-’r
N, = —— (2.146)
Re kg

then,
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L
\
) NGR (2.147)

so that:

N, =0 as N =o (2.148)

Therefore, there are no momentum boundary layers on the horizontal walls.

Since they are regions of constant temperature, however, they are actu-

ally thermal boundary layers because they provide a rapid transition

from the linear temperature distribution in the core to the adiabatic
boundary conditions at the horizontal walls,

The governing equations (2.103) in the (bottom right-hand) cor-
ner region are a second-order system of linear, elliptic, partial differ-
ential equations., It appears that, at least in primciple, their exact
solutions could be obtained in the manner previously outlined. It will
be shown, however, that the vertical wall boundary layer equations may
be solved without first solving the corner equations. Furthermore,
since the corner regions are extremely small (irx = ﬁry‘w 0(63)), they
do not numerically affect the overall rate of heat transfer across the
enclosure to any great extent. Hence, the corner solutions were not
obtained and are given above only in symbolic form (2.142). Neverthe-
less, these solutions may be discussed from a physical point of view,
The flow in (say) the bottom right-hand corner region serves to turn
the flow in the bottom horizontal wall boundary layer into the right-
hand vertical wall boundary layer and to insure that the no-slip bound-
ary conditions are satisfied on both walls. The solution also has to
meet the adiabatic boundary condition on the horizontal wall, the con-

stant temperature boundary condition on the vertical wall, and must
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match with the solutions of the horizontal and vertical wall boundary
layers.

The (right-hand) vertical wall boundary layer equations (2.26)
are a second-order system of nonlinear, parabolic, partial differential
equations whose solutions must match with the solutions of the top and
bottom (right-hand) corners and the core region, The vertical wall
boundary layers are, however, nonsimilar [30], 311 and as such their
solution presents a formidable problem (even in a numerical sense), as
will be shown below. Therefore, the solutions of the (right-hand) ver-
tical wall boundary layer equations are also given only in symbolic
form (2.144).

Integration of the nonsimilar vertical wall boundary layer
equations requires initial conditions at X = 0 and the values of the
unknown constants, ¢y and Coe The initial conditioms, in turn, provide
one set of boundary conditions for the cornmer problem which is governed
by elliptic equations and hence requires boundary conditions on all
four boundaries for its solution., Thus the values of the unknown con-
stants, 5 and €y the initial conditions for the vertical wall boundary
layer, and one set of boundary conditions for the corner problem are

apriori unknown. If the values the constants, c, and Cys and of each

1
point on the initial profiles are regarded as parameters, there are
(20 + 2) parameters in the problem. The criteria for selecting the
constants, N and Cys and the initial profiles follow from the centro-
symmetry property of the governing equations and from the matching con-

ditions. In principle, one guesses the initial profiles,'To(O;y),

'30(0;;),‘;0(0;3), and the values of the constants, < and €y and then
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proceeds to integrate the governing equations. The resulting solution
is then examined to determine if it is centro-symmetric and if it matches
with the core and corner solutions. For a unique solution, only one

set of constants and profiles will yield these results.

Matching of the Right-Hand Vertical Wall Boundary
Layer and the Bottom Right-Hand Cormer Region
Because of the nonsimilar nature of the vertical wall bound-

ary layers, it was decided to perform an approximate solution using
von Karman integral techniques. This solution will aid in understanding
the gross nature of these flows and what is required to obtain their
exact solutions. Before this can be accomplished, it remains to be
shown that the corner regions do not have to be solved in order to
solve the vertical wall boundary layers. This will be done by examining
the matching of the right-hand vertical wall boundary layer and the
bottom right-hand corner region. These regions definitely overlap in
the direction perpendicular to the vertical wall (y*-direction). How-
ever, ensufing overlap in the direction perpendicular to the horizontal
wall (x*-direction) leads to nontrivial matching conditions for the
solutions in these two regions. To obtain these conditions, an inter-
mediate coordinate,’Ei, is introduced. This coordinate is defined for

convenience as:

i xa’( %

~ X

X = %—i—" = -é—ﬁ (2.149)
rX

~1 .
(the intermediate coordinate, x, is not unique.)
The one-term vertical wall boundary layer, or outer, solutiom

for the streamfunction is given by:
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¥ =T %3] (2.150)

Rewriting this solution in intermediate variables gives
~1~

T =Vyle .51 (2.151)

Then, in physical variables the streamfunction is:

T = = Tle %7 | (2.152)

The one-term bottom right-hand corner region, or inner, solution for

the streamfunction may be written as:
§ = @;Otﬁ,ir] (2.153)
Rewriting this solution in intermediate and outer variables gives
-G OO
so that in physical wvariables the solution becomes:

1/6
] (2.155)

J

= oo 1 (GO O

Comparison of equations (2.152) and (2.155) shows that the mass flow-
rate out of the cormer into the vertical wall boundary layer is, to
lowest order, zero even though the velocity is nonzero. (The mass flow-
rate is of higher order because of the small length scale perpendicular
to the vertical wall.)

The one-term vertical wall boundary layer, or outer, solution

for the vertical velocity is given by:

T = ﬁot';,;] (2.156)
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Rewriting this solution in intermediate variables yields:

uy-e (2.157)
Thus, in physical variables the velocity may be written as:
~ v N\ A~ ~f A~
U= (—-2—) g e %y (2.158)

e H
The one-term bottom right-hand corner region, or inner, solution for

the vertical velocity may be written as:
& = Gyl %, (2.159)

Rewriting this solution in intermediate and outer variables

- EBO . OO .16

so that in physical variables the vertical velocity is given by:

0T BHET 00T ww

¢ H

o>

Since the physical variables must match in the intermediate region,
equations (2.158) and (2.161) give

~% %

=& (2.162)

[~

i ! i, \1/6 176
() Tole ¥31 = K%() [/“ O C)( ] (2.163)

Thus;

T wtn - A9 @0 00T e
€

3

«

Integrating with respect to'§ gives:
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T w5, 0@~ 2 fBO T QYT e
This implies that §,~ 0 as x=0
wiess =, or 1 J (G, BB )5 wee -0

€ [

On a physical basis the former of these two possibilities, that is,

mo -0 as x = 0 (2.166)

is taken as the correct result, Equation (2.166) shows that an approx-
imate solution of the vertical wall boundary layer equations can he

performed without first solving the corner equations.

Overall Rate of Heat Transfer Across the Enclosure

If an average heat transfer coefficient for the enclosure, h,

is defined as

h = —-;—9-—7.‘_——— (2.167)
(T - Than

t

where Q is the total rate of heat transfer across the enclosure, then:

%
dx (2.168)
*

y =H

H L

. - % Y 8T
Q=h(Tb-Ta)(H>=-LK %
oy

Rewriting this equation in nondimensional form gives:

1 ~4

- _ AT ~ 1/4

Ny ™ (L = dx) Ner (2.169)
Y1y=0

- -Eﬂ)
where: NNU = <K

average Nusselt Number
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In principle, the Nusselt number would be determined by find-

ing the exact solutions of the right-hand corner regions, formirg a
3T .

composite expansion for -— , and integrating this expression over
0
y =0

the right-hand vertical wall as shown above.




CHAPTER III

APPROXIMATE SOLUTION OF THE ZEROTH-ORDER PROBLEM

Preliminary Remarks

The exact solution of the nonlinear set of partial differential
equations (2.26) that govern the flow in the vertical wall boundary
layers presents a formidable problem as these boundary layers are non-
similar. Thus, in order to facilitate an understanding of the overall
structure of the zeroth-order solution, it was necessary to resort to
an approximate method of solving these equations., It was, therefore,
decided to perform a Von Karman integral solution of the vertical wall

boundary layer equations,

Formulation of the Integral Equations for the

(Right-Hand) Vertical Wall Boundary Layer

As before, the governing equations and their boundary conditions

for the (right-hand) vertical wall beoundary layer are given by:

aﬁo 'A"{ro

— +t-— = 0 (continuity) (2.26a)

Ax Ay

. a'tio N a"‘uo a’EO N azﬁo

Uy = + Vo = = - + T0 + 5 (‘v-momentum) (2.26b)
AX d BX dy

3P, N

- = 0 (y-momentum) (2.26¢c)

Ay

67
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P?EO ~ 2T aZTO
(N )Qﬁ —— ———) = —_— (energy) (2.26d)
PR 0 ~ 0 ~ ~2
3% Ay oy
with, ’50(32,0) =0 (2.27a)
”GO&,O) = 0 (2.27b)
’TOG,O) =1 (2.27c)

(plus matching conditions with core and corner regiomns)

The spatial coordinate perpendicular to the vertical wall,';,
has been nondimensionalized by a 'characteristic" boundary layer thick-

~
ness, &, as follows:

~ W -
V= = (2.9)
o e H

The variable, 8, used in the following analysis is defined as the
actual boundary layer thickness, 6*, normalized by the characteristic
boundary layer thickness,'g, or:

bl

%
5= - ; (3.1)
5 H

(o]

Integrating the X-momentum equation (2.26b) from‘y =0 to

'V = &, we have

5 U & v a6 3 5 U

fﬁo-:oﬁ-Lﬁo:Qd"y=-Ljo :'Q+LT0<‘°"-:"

0 ox Ay Jx 3y §=0
(3.2)

The continuity equation (2.26a) and the'§-momentum equation (2.26c¢)

may be written as
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3V 3u
':'Q T ‘:’Q (3.3)
oy AX
and,
30 =’30(§) only (3.4)
respectively,

Substituting these results in equation (3.2) and rearranging gives

da [f 2 43] = (@ =)&) + Lé’fod"i - é}—q N
y

oy

(3.5)

which i5 the momentum integral equation for the (right-hand) vertical
wall boundary layer.

Noting that the temperature at the edge of the boundary layer,

ATO , 1s just the core temperature TO,(which is a function of x only);
&
the energy equation (2,26d) may be rewritten as
2
a(‘fo—°f> 00 NPT LY A A
(NR)[~ —= Y 6]= — ( )L~o 6J
P 5y 3y PR 5% -
(3.6)

Integrating this equation fromy =0 toy = § gives:

5 2T, = a\‘zo
J; uo dy - j; (T f:“ d;
3% 5 Ay
(T T ) 3T
1 0770, pd ., P05
- (N >[ = -" b Y = & (3.7)
PR 3y Y0 3%

Substituting the continuity equation (3.3) in equation (3.7) and re-

arranging we have
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b o e 2 (T To ) 5 o
j; [‘L (ug) (T, - TOG)J;J - (N;R>[ R : y=0] ) Jﬁo o g;é dy
(3.8)

which is the energy integral equation for the (right-hand) vertical
wall boundary layer.
The following set of approximate velocity and temper ature

profiles will be assumed in order to integrate equations (3.5) and

(3.8):
T = (G165 A - 5/6° (3.92)
P~y ~ ~ ~ 2 .
T, = T06 + (1 - Toé)(l - y/d) : (3.9b)
where:

'ﬁo(z) is a function of x only.

These profiles do not depict some of the details of the flow such as
the velocity and temperature "overshooting" at the outer edge of the
boundary layer (see for example, [11], I31]). However, as with all
integral methods, even though the assumed profiles may not accurately
portray the detailed structure of the flow; integrals cf the profiles
are fairly accurately represented because of the "smoothing' qualities
of the integration process.

The temperature at the edge of the boundary layer,‘ﬁoé, is

given by the temperature in the core region, or:

?b = T, (3.10)

Equations (2.8) and (2.60) show that the vertical coordinate, in the

vertical wall boundary layer,'§, and the vertical coordinate in the
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core, x, are both scaled by the same reference length, H, or:
~ ¥* '
X =x = (x /H (3.11)

Therefore, equation (2.79) for the temperature distribution in the
core and equation (3.11) may be substituted in equation (3.10) to
yield:

TO6 =c X + <, (3.12)

The Y-momentum equation (2.25¢) gives

By = Pe(® (3.13)

that is, the pressure distribution in the core region is impressed on
the vertical wall boundary layers. Therefore, equations (2.80), (2.87),

(3.11) and (3.13) give:

~

By =k ¢ ¥+ ¢, ¥ (3.14)

Substituting the assumed velocity and temperature profiles (3.9) and the
expressions for the temperature at the edge of the boundary layer (3.12)
and the pressure distribution (3.14) in the momentum integral (3.5) and

energy integral (3.8) equations gives:

~o Y
B L[] Q-7 e - ()
B L[t % o)) = IR -7 - ) - @)w)
(3.15b)
respectively.

These equations form a simultaneous set of two nonlinear, first-order,
ordinary differential equations with variable coefficients and as such

cannot be solved analytically in terms of known functions. Therefore,
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equations (3.15) will be solved numerically by means of a digital

computer,

Numerical Solution of the Momentum Integral

and Energy Integral Equations for the (Right-Hand)

Vertical Wall Boundary Layer

Evaluation of the Unknown Constants, , and ¢y

Since equations (3.15) must be solved numerically, it is nec-
wemrenv——agsary at this point to specify the values of the unknown constants,

< and Cye It was previously noted that if the exact solutions were
known in all regions, these constants could be evaluated by matching.
However, since the exact solutions are not known and yet the values of
<y and c, are still required, plausibility arguments supplemented by
the results of previous investigations will be used to evaluate these
constants.

A typical streamline plot for the unicellular, laminar bound-
ary layer flow regime is shown in Figure 3.1, Consider a fluid parti-
cle that traverses the enclosure on one of the "outside" streamlines;
that is, a particle that travels almost the entire length of each of
the vertical wall boundary layers. In the limit of NGR.d ©, one might
intuitively expect that the particle would be heated up to the hot wall
temperature by the time it reached the top of the hot wall boundary
layer and began moving across the enclosure in the vicinity of the top
horizontal wall, The plausibility of this intuitive result may be seen
by examining the ratio of the characteristic time a fluid particle spends
in the vertical wall boundary layer (''convection time') ovér the charac-
teristic time for the diffusion of thermal energy from the wall out to

the fluid particle ("diffusion time'"). The convection time, t , for a
c
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%

6
NGR = 10
NPR =1
H/W =1

Figure 3.1, Typical Streamline Configuration for the Uni-

cellular Laminar Boundary-Layer Flow Regime
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%
fluid particle moving at a distance y from the vertical wall is given
hy:

t

c (3.16)

H
~ *
g
r
Substituting the expressions for ﬁ; (2.14) and T (2.15) in equation

(3.16) gives:

~

Hy

c
GR

The diffusion time, for the same particle may be written as:

tD,

D —_— (3.18)

or,
2
t o~ (3.19)
D N 1/2
0" GR

The desired ratio of the convection time over the diffusion time is now

given by equations (3.17) and (3.19) as:

tc 1
<. (3.20)
6y 3

PRY

For a fluid particle that enters the vertical wall boundary layer from
the corner region, the distance from the vertical wall,';, may be

approximated by the following expression:

y = (3.21)

ol lo»

Substituting equations (2.15), (2.95), and (3.21) in equation (3.20)

gives:
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5& (“L_"/ﬂ Y 3/8

- N - (3.22)
t, NPR)\W GR

Thus, for Prandtl number, Npé’ and aspect ratio, (H/W), of order unity

equation (3.22) yields

ot

-E—]c-;- - as NGR - o (3.23)

that is, the fluid particle spends a much greater time in the vertical
wall boundary layer than is required for thermal energy to diffuse out
from the wall to the particle.

Similarly, the fluid particle would be cooled to the cold wall
temperature after traversing the cold wall boundary layer. Thus, the
fluid in the top horizontal wall boundary layer would have a tempera-
ture of unity and the temperature of the fluid in the bottom horizontal
wall boundary layer would be zero. Therefore, for the linear core

temperature profile

Tg = ¢y X+ ¢ (3.24)
to match these results, it is required that:
€y = 1 (3.25a)
and,
c, = 0 (3.25b)

The numerical results of Noble [11], the analytical results of Gill
[13], and the experimental results of Ekert and Carlson f19] all suggest
the validity of equations (3.25). Therefore, the values of cy and <y

given by equations (3.25) will be used in the numerical solution of

equations (3.15).
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Substituting equations (3.25) in equations (3.15) gives:

105 P [6 ] (3)(1 - - (%) (3.26a)
i“i[wv>u-m]=”“1'$,<y%\ 3.260
0 & 0 17 ) (9 12/ '

Forms of the Momentum and Energy Integral Equations
Required for Numerical Integration
The momentum and enerygy integral equations (3.26) are inte-
grated numerically using a fourth-order Runge-Kutta technique ! 35].

Thus, before proceeding, these equations must be recast in a form

suitable for solution by this method. It proves convenient to define

a new variable, F, as

F=8T

0 (3.27)

where F is analogous to a streamfunction,

Rewriting equations (3.26) in terms of the variables F and'ﬁb gives:

@
L Ly - DA o (3.284)
dx (3) (@
2 Ty (1%
1 d ~ (F)
s — LA - %) - (3.28b)
e 1= Fo®m " D
Equations (3.28) may be rearranged to give
(60) (Ty)
dF 3 F
ar - - - (3.29a)
& O ® @ A%)
4 3) @) 72
06903 el 105>(;-‘21> (3.29h)
& @ (2) (15%)

which are the '"standard" forms required for the application of the

Runge-Kutta technique,
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Initial Values of the Variables F andﬁflO

In order to initiate the integration process it is necessary
to obtain approximate analytical solutions of equations (3.29) that are
valid near X = 0. These approximate solutions are found by recasting
equations (3,29) as integral equations and then employing an iterative
process to solve the integral equations near X = 0.

The momentum and energy integral equations (3.29) may be re-

written as:

(120) (0 )
dF% | 3 F 0
+ = (3.308)
dx  (1-%) (Npp)
NN 6 v
- = (70) (1-%X) - (21)<ﬁ—- + 105><;§> (3.30b)
&x 1% PR
These equations are both of the form
d
o +HPMy = QX (3.3D)
for which the general solution is given by:
-J‘de rs rPdX
y =e [J Q e~ dx + (constant)] (3.32)

Thus, equations (3.30) may be rewritten as the following set of inte-

gral equations:

x U
2 ~3 2 r120\ * "o
F* = [1-X7" [ F7(0) + ==— }A dx (3.33a)
! [ \NPR) 2 (1_;;)3 ]
~ ~, 3
2 1 (o2 5 120 X (1'x)3Uo
U, = | ——={T50) + [14](1 - (1-%)7] - |==— + 210 —_— dx
0 [(1_;)3]1 0 [NPR ] L 2 }
(3.33b)

Near X = 0, equations (3.33) reduce to
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X
F2 = (l@ ¥ d% (3. 34a)
N 0
PR
0
-~ ~3
XU
12 = (70y% - (=22 4 210 9 & (3.34b)
0 N 2
PR 0 F

where it has been assumed that F(0) ='ﬁo(0) = 0. Assume the following
solutions to be valid near x = 0

Y, = o ¥/

0 (3.35a)

2 ~3/2
X

F B

(3.35b)

where o and B are constants.
Substituting these assumed solutions (3.35) in equations (3.34) and

performing the required integration yields:

(B)'E%/z = (%;—Z) /2 (3.36a)
@HF = [(70) - (%?:9- + 210)(%?:>.\ £ (3.36b)
PR A
Thus, if
g = 30
Ny (3.37)
d, %
an o = [;-:-0_2-{-&;] (3.38)
2 8

the solutions (3.35) are exact near X = O and no further iteration is
required, Substituting equations (3.37) and (3.38) in equations (3.35)

gives:

x
~ 70 ~%
Uy = [—ﬂp— X (3.39)
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5 Y
i ~
o[ ]
PR

5
2778

Equations (3.39) are used to start the integration process by compu-
ting the values of F and"ﬁ0 at the end of the first integration inter-
val (x ; h). These equations, however, do not contain any free para-
meters and, hence, the results of the numerical integration are depen-
dent upon the nature of the approximate solutions (3.39) used to ini-
tiate the process, Therefore, some criterion must be established for

determining the validity of the approximate solutions (3.39) inasmuch

they affect the overall results of the numerical integration process.

Criterion For Evaluating the Suitability of the Approxi-
mate Solutions Used to Initiate the
Integration Process
The criterion for evaluating the suitability of the appoxi-
mate solutions used to start the numerical integration is based upon

the centro-symmetry property of the flow. This property requires that

the velocities be "reflected" about the geometric center of the en-

* %*
closure (x = H/2, y = W/2). Consider the core velocities at the edges
of the vertical wall boundary layers as shown in Figure 3.2. Centro-

symmetry requires that:

W, =- M, (3.40)

However, to lowest order, it has been shown that the vertical velocity

in the core is identically zero, or:

ug = 0 . (2.86)
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et

_-—— o~ —eE— &

H/2

p— /2 »te W/2 —{

Figure 3.2, Velocity Components in the Core Region
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Therefore, equation (3.40) reduces to

(VO)A = - (VO)C (3.41)

Furthermore, since ug = 0, it can be seen that

(vo)A = (VO)B (3.42)
Thus, equations (3.41) and (3.42) give
(VO)B = - (VO)C (3.43)

that is, the entrainment-extrainment flow for the vertical wall bound-
%
ary layer must be antisymmetric about x = H/2. This, in turn, requires

that:

Vo| » = B/2 =0 (3.44)
X

Therefore, the centro-symmetry property of the flow requires that the
resulting solutions be such that the horizontal velocitiy at the edge

¥
of the boundary layer is identically zero at x = H/2,

Expression for the Horizontal Velocity at the Edge of the
(Right-Hand) Vertical Wall Boundary Layer

The horizontal velocity at the edge of the vertical wall bound-
ary layer must be calculated since it provides the criterion for evalu-
ating the method used to initiate the numerical solution. Also, since
the velocity is just the entrainment-extrainment velocity, it is the
velocity distribution in the core region.

The continuity equation for the (right-hand) vertical wall

boundary layer equation is given by:
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o7
=
(]
b)
2
o

|
+
|
i

2

x

Q/,
<

= () (2.26a)

Integrating this equation across the boundary layer gives:
Gpg=-S| | 6% aG/o)) (3.45)
0’6 Qe bt 0

Substituting equation (3.9a) for“&O in equation (3.45) yields:

d(S‘GO)

. 1 )

(Vo) = - 55 = - = (3.46)
0’6 12 & 12 gy

Finally, substituting equation (3.29a) in equation (3.46) gives

(5) @y -

+
M (B 8y (15

(vg)g = - (3.47)

which is the horizontal velocity at the edge of the vertical wall bound-
ary layer.
Nusselt Number For the Approximate Solution

An expression for the Nusselt number was found to be:

1

- 1/4 3t

Ny = Ner L—;L dx (2.169)
oy y=0

Thus, for the zeroth-order solution:

1 a‘TO
- 1/4 r‘ — &
N = N ~ X (3.48)
NU © GR g 3y Y0

Substituting equation (3.9b) in equation (3.48) gives:

1 ~, .
- 1/4 -
Ny = - 2 Ngg L (1 z x) dx (3.49)

Equation (3.49) is integrated numerically.




CHAPTER 1IV

PRESENTATION OF RESULTS

Preliminary Remarks

The stated objectives of this analysis are:
(1) prediction of the detailed structure of the flowfield,
and
(2) prediction of the total rate of heat tramsfer through the
fluid from one vertical wall to the other.
Thus, the accuracy of the solution will be assessed by comparing both
the velocity and temperature profiles and the correlation for the over-
all rate of heat transfer with the results of previous investigations.
After making these comparisons the implications of the present study

about the general nature of enclosed natural convection flows will be

discussed,

Comparison of the Velocity and Temperature Distributions

With the Numerical Results Obtained by Noble

The vertical velocity and the temperature profiles at H/2
and the horizontal velocity profile in the core will be compared with
the finite difference solutions of Noble [11] for a flow with a Grashof
number, NGR’ of 106, a Prandtl number, N R’ of unity, and aggaspect

P

ratio, (H/W), of unity. These comparisons are shown in Figures 4.1 to

83
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4.3, respectively. The velocity and temperature profiles exhibit the
expected nature of a von Karman integral solution; that is, they do not
accurately predit the detailed structure of the flowfield. The most
serious discrepancy, however, is shown in Figure 4.3 which reveals that
the core velocity, Vo becomes infinite near x = 0 and x = 1. 1Indeed,

equations (3.35b) and (3.46) show that

vy~ x-}‘ (4.1)

near x = 0. Thus, the core velocity in the appoximate zeroth-order
solution cannot be matched with the linear velocity profiles in the
horizontal wall boundary layers (2.140b), (2.141b)., This appears to be
due to the nature of the assumed profiles in the approximate solution
of the vertical wall boundary layers. The singularity is identical to
the leading edge singularity found in the integral solution of the

natural convection flow on a vertical, isothermal plate immersed in

an isothermal fluid of infinite extent [ 36].

Comparison of the Correlation for the Overall Rate of

Heat Transfer Across the Enclosure with the Results

of Previous Investigations

Equation (3.49) for the Nusselt number, ﬁNU’

numerically on a digital computer. The results are shown in Table 4.1,

was integrated

Correcting these results for Prandtl number gives

w = @) - () e

=z

where the Rayleigh number, NRA’ is defined as the product of the Grashof

number, NGR’ and the Prandtl number, NPR' This correlation will now be
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Jﬁl 759 dx
Prandtl Number 0 3y =0
.73 .16678
1.00 .18038
1.05 .18590
1.10 . 18637
2,00 .21872

Table 4.1, Coefficients for Equation (3.49)

Obtained by Numerical Integration
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compared with the numerical and experimental results of several previ-
ous investigations.
Jakob [23] analyzed the experimental data of Mull and Reiher

[ 37] and proposed the following correlations:

for (2)(104) < NGR(W/H)3 < (105). Correcting for Prandtl number gives:

By = (.19)(NRA)1/4 (%)5/36 b .4)

Based on their experimental results, Eckert and Carlson [19]

suggested that
- .3
NNU = (.119)(NGR) (4.5)

for (104) < NGR'< (5)(106), which may be corrected for Prandtl number

to give:
.3
iy = (.126)(NRA) (4.6)

The exponent (.3) in this correlation suggests that the flows in the
vertical wall boundary layers of Eckert and Carlsons' experiments were
turbulent. Their visual observations with a Zehnder~Ma§h interferometer,
however, confirmed that these flows were laminar., They assumed that
the thermally stratified flow in the core is somehow responsible for
the relatively high value of the exponent, At the present time, this
point has not been resolved and other investigators, such as de Vahl
Davis [ 26] and Newell and Schmidt [25], have reported even higher values
of this exponent (.315 and .397, respectively).

Noble [11] has shown that the data from both his finite dif-

ference solution and theseof Wilkes [37] correlate with:
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.28 16

(3)' 4.7)

N = (‘233)(NRA>

for (10" < . )/ < (10%).

RA
The correlation derived in the present study (4.2) and the
correlation of Eckert and Carlson (4.6) do not exhibit any dependence
of the Nusselt number, ﬁN
relations of Jakob (4.4) and Noble (4.7) show only a weak dependence of

ye on the aspect ratio, (H/W), while the cor-

the Nusselt number on this parameter. This implies that the rate of heat
transfer across the enclosure is essentially independent of the width
of the enclosure, W, This appears to result as in the laminar boundary
layer regime the vertical wall boundary layers are separate and distinct
with a structure which is independent of the enclosure width.

All of the above correlations are plotted in Figure 4.4 for an
aspect ratio, (H/W), of unity. The results of this work are shown to
be in good agreement with the results of both the numerical and the ex-
ﬁerimental studies. Thus, as is typical with integral methods, the
overall, or gross, aspects of the flow, such as the total rate of heat

transfer, are predicted with some degree of accuracy.

Remarks on the General Problem of Contained Natural

Convection Flows

Van Dyke [ 34] has pointed out that a most curious feature of
perturbation methods is that they may supriously change the type of the
governing partial differential equations., The most striking example of
this feature is the "boundary layer approximation' where the Navier-Stokes
equations, which are elliptic, are replaced by parabolic equations inside

the boundary layer. Thus, as was shown in Chapter II, the zeroth-order




100
ECKERT & CARLSON (19)
-
10 NOBLE (11)\’ -
P
- -
— /
-7 - SENT STUDY
- PRE
_ /
® - JAKOB (23)
1 I NEE] t 3 1 p el IR RNEN |
10% 10° 10° 107 108
Npa

Figure 4.4, Heat Transfer Correlations

16



92

is ejected from the bottom of the left-hand vertical wall boundary layer,

- o
moves across the core in the manner described above, and enters the bottom

of the right-hand vertical wall boundary layer. This completes an
entire circuit around the enclosure and the particle is now able to
again influence the flow at the point where it began the circuit. The
characteristic time for a fluid particle to make a complete circuit

around the enclosure is given by:
(VH> <2W> 2 (2 4. 8)

Similarly, the characteristic time spent in the vertical wall boundary

layers by a typical fluid particle is:
2
2H 4 (2H
o, = () = ¢ (5) @9
’ u_ 0

The time scale for the "upstream influence" on the vertical wall bound-
ary layers (tcir) must, however, be considered in relation to the time
a fluid particle spends in the vertical wall boundary layers (t

VWBL)'

Thus, forming their ratio gives:

(0 0

so that

t .
CclY
— @ as N - o

tVWBL GR

unless (H/W) ~ Ncéla. This latter possibility is excluded, however,

since the present analysis is only for aspect ratios of order unity.

Therefore, even though the vertical wall boundary layers are governed
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vertical wall boundary layer equations (2.26) are a second order set

of nonlinear, parabolic partial differential equations. It is well-
known that flows governed by parabolic equations may be characterized

as having "no upstream influence"; that is, the flow at any point in

the flowfield depends only on the flow upstream of that point and is not
influenced by the downstream flow, Thus, in external boundary layer
flows where a given fluid particle is assumed to pass through the flow-
field only once, there is never any "upstream influence", on the lowest

order solution. In completely enclosed natural convection flows, how-

ever, a fluid particle passes through a given point in the flowfield
again and again. Consider a fluid particle that traverses the enclosure
on one of the "outside" streamlines as shown in Figure 3.1, that is, a
particle that traverses almost the entire length of each of the vertical
wall boundary layers. As the particle (say) enters the bottom of the
right-hand vertical wall boundary layer, its temperature is increased

by an energy transfer from the wall and it is accelerated up the wall in
the boundary layer by the resulting bouyant force. In order to conserve
mass for the entire enclosure, the particle is ejected from the right-
hand vertical wall boundary layer near the top horizontal wall and
travels across the enclosure on a horizontal streamline in the core.
Since the isotherms are also horizontal in the core, the temperature of
the particle remains constant as it crosses this region. The particle
then enters the left-hand vertical wall boundary layer, where its tem-
perature is decreased by an energy transfer to the wall, and it is
accelerated down the wall in the boundary layer by the bouyant force.

Again, in order to conserve mass for the entire enclosure, the particle
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by parabolic partial differential equations, there is a 'longtime up-

stream influence" on the zeroth-order flow implied by the matching

conditions. Thus, the flow will exhibit a "pseudo-elliptic" type of

behavior and, in this respect, it is significantly different from ex-

ternal natural convection boundary layer flows,




CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

Conciusions

The following major conclusions may be drawn from the results

of this work:

Y]

(2)

(3)

The physical nature of the flows in all regions of the flowfield,

including the corners, have been explained for the first time.

The crucial point of this part of the analysis is the determination
of the correct force balance in the core. The resulting pressure-
buoyancy force balance gives the empirically observed linear tem-
perature profile in the core-region, which, in turn, validates the
assumptions made in scaling the vertical and horizontal wall
boundary layers.,

The most difficult mathematicaf problem is encountered in the
solution of the nonsimilar vertical wall boundary layers which are
governed by a second-order set of nonlinear, parabolic differential
equations.

As expected, the approximate integral solution of the vertical wall
boundary layer equations does not accurately portray the details

of the flow but does give a reasonably accurate correlation for

the overall rate of heat transfer across the enclosure. The

accuracy of the integral solution could probably be improved by a

95
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more judicious choice of velocity and temperature profiles.
(4) The "pseudo-elliptic" behavior of completely enclosed natural con-

vection flows is shown here for the first time.

Recommendations for Future Research

The problems recommended for future research may be divided
into two categories:
(1) improvements of the present solutiomn, and
(2) problems similar to the one analyzed in this work that may be
analyzed by applying the methodology developed here.
The first of the above categories includes the following prob-
lems:
(a) the "exact" (at least in a numerical sgnse) solution of the vertical
wall boundary layer equations
(b) investigation of the above solution to determine if it can be used
to predict the onset of multicell flows
(c) higher order solutions
(d) solutions for which the Prandtl number is not of order unity, and
(e) exact solutions of the flows in the corner regions
The exact solution of the vertical wall boundary layer equations
presents a formidable mathematical problem as they are nonsimilar. The
most fruitful approach would probably be to use the asymptotic methods
developed by Meksyn [ 39], since these methods would yield amnalytical
solutions that would allow the matching to be carried out explicitly.
The variational techniques proposed by Schechter [40] also have the

potential for giving the solution in an analytical form. - Even the purely
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numerical techniques, such as those developed by Merkin [41] and Clutter
and Smith [42], would be difficult to apply, since it has already been
shown that their application would require guessing the values of each
of the points on the initial profiles in addition to the values of the
constants <y and <, (2 » + 2 parameters) before integrating the equa-
tions.

Inspection of finite difference solutions and experimental
data suggests that carrying out the higher order solutions may be im-
portant since they may add significant corrections to the lowest order
solution. These corrections may be relatively large since the expan-

sions proceed in integral powers of the smaller parameter, e¢; that is,

-1/8.

oR Thus, at a Grashof number of (say) 104, the

in powers of N
first order corrections would have a value of approximately .3.

Solutions for which the Prandtl number is not of order unity
would require that the governing equations be rescaled; since there
would be a second small parameter (the Prandtl number, NPR’ raised to
a power) in the problem.

The exact solutions of the flows in the corner regions also
pose a difficult mathematical problem as the method of matching these
solutions with the solutions of the horizontal and vertical wall bound-
ary layer equations is not completely understood at the present tiﬁe.

The second category of problems fecommended for future
research includes:

(a) investigation of the present problem for the case of turbulent flow

(b) flows resulting from applying different boundary conditions to the

present problem, and
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{(c) flows for which the usual Boussinesq approximation breaks down.

In general, the methodology developed in the present problem
can be applied to the case of turbulent flow; however, the governing
equations would have a different form in order to model the turbulence.

Flows that result from applying different boundary conditions
to the present problem include the cases of constant temperature (or
heat flux) horizontal walls, the case of a free upper horizontal sur-
face, and the so-called "mixed case" of a constant temperature on one
vertical wall and a constant heat flux on the other. The solutions
of these problems should not differ significantly from the present
solution except in cases where the thermal boundary conditions on the
horizontal walls would tend to produce an unstable stratification of
the core region., The latter situation could occur, for instance, if
the bottom horizontal wall was maintained at a temperature higher than
that of the "cold" vertical wall,

One of the most important flows for which the Boussinesq ap-
proximation breaks down is the case of variable fluid properties.
In a discussion of a paper by MacGregor and Emery [ 20], Landis has
shown that the temperature distribution may be affected to the same
order of a variable thermal conductivity as by a variable.viscosity.
Thus, any study of the variable property case would have to include a

variable thermal conductivity as well as a variable viscosity.
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APPENDIX A

SUMMARY OF THE GOVERNING DIFFERENTIAL EQUATIONS AND
BOUNDARY CONDITIONS FOR THE ZEROTH AND HIGHER-ORDER

PROBLEMS IN EACH REGION OF THE ENCLOSURE
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The zeroth and some of the higher order governing differential

equations and their boundary conditions are summarized below for

of the physically distinct regions in the enclosure.

The (Right-Hand) Vertical Wall Boundary Layer

Zeroth-Order

3u_ Av
—2+ —2=0
AX Ay
Su S 3 > %
W“WT V9T o= thht T3
3 dy dx ay
Ap
—=0
oy
3% T %
)y =2 4%, 28) - 230
P Oa";c an aﬁ}-;Z
with, -
uo(x,O) =0
TJOG,O) =0
TO&,O) =1

(plus matching conditions with core and corner regions)

First-Order

du, Av
L0
AxX oy
3N 33 3u ot 3p X
~ 1 ~ 0 ~ 1 ~ 0 1 ~ 1
uOT+u —;—+V0—:-+V1—;:—=-T+T1+~2
3% 1 5% Ay dy dx dy

each
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a;
—L -0
3
3t 5t ST gt %
[ 1 ~ 0 ~ 1 ~ 0 1
NP \UO - + w + Vo = + Vi <)< 2
9% % Ay 9 9
with,
El(x,O) =0
7;1&,0) =0
Tl(x,O) =0

(plus matching conditions with the core and corner regions)

Second Order

du, 3V
—t+—t-0
ax oy
Su 3u 3u 3u 3u 3u
Y j:g + Uy j:l + u,y 2 + Vo j:g + vy j:l + v, j:g
X Ox dx Ay dy Ay
¥, . o,
=< Tt 3
ax oy
B~
—2 -0
oy
™ a“fz - a’”l U PR £ a“i:l . 3%, 32‘1‘:0
(NPR)(uO = twy oAy, TV, Y, 7:‘) =7
ox Ax ox 3y Ay dy 3y
with,
uz(x,O) =0
vz(x,O) =0
Tz(x,O) =0

(plus matching conditions with core and cormer regions)
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The (Bottom) Horizontal Wall Boundary Layer

Zeroth-Order

du v

ox oy

p

— =0

ox with,

- 2- l.:'l (0,3’) =0
apo —5 vy 0
-2 - -
3y 0% ' vo(0,y) =0

2- - -
3T 3T (0,y)

0 _ 0

-2 U —— =0

Ax ax

(plus matching conditions with core

and corner regions)

First-Order

du ov
—+—=0
ox 3y
) with,
3 - -
i R 5,(0,5) =0
dx ) )
- 24 Vl(O’Y) =0
1% .
3y Biz OTl(O,Y) o
T, ox
3x2 =0 "(plus matching conditions with core

and corner regions)

Second-Order

du ;v

dx 3y




108

'of)?_ with, )
—< =) u, (0,y) =0
- 2
X . .
| , v,(0,y) =0
55 .2 v,(0,y)
2 __ 2 -
dx

2’7, |

= 0 (plus matching conditions with the
dx

core and corner regions)

The Core Region

The equations in this regionm do not possess any boundary
conditions. Their solutions must, however, match with the solutions
of the vertical and horizontal wall boundary layer equationms.

Zeroth-Order

First Order

ay
apl

— =T

ox 1
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3T aT AT\ azr 2y

2 °a, 0\ _ m? ° %o
\NPR)( )\"o 3y TSy tvasy) 2+ <w} )
x ay

Third-Order
?—“.124./—1:1-\%—6—‘,—3—:0
dx KW} oy
i
AX 3
?_’13._0
3y
()@ 20 52+ (0 57 #7552 w233t v 550
PR/\W Oax P 1By 2 dy 3 dy
2
e TO H>2 o) T
= '\ "_i“
ax oy
Fourth-Order
21, (B)E Y
5« T\w 55 <O
2% _
ox 4
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ap av
:-—4 + v, - 0 =0
2y 0 oy
L aT oT.. BL Al
2 1 0 ( 3
( PR)(W) ( v tuse)t PR)\W/\VO ay V1 3y
2
3T 3Ty 37T, 2 3 T,
+ v, L+ 0} = ( )
35yt % 5y) W
The (Bottom Right-Hand) Corner Region
Zeroth-Order
8u 33
9 +—— =0
d% oy
3% 3% 8%
0 _ =« 0 0
= "t T2 T2
dx 0x 3y
apo ) 4 9 Yo
~ T2 T3
Ay AX oy
3%t 3%
0 0
2 t 2 ° 0
axX oy
With, ~ s~ ~ ~ -
O(X,O) ad 0 UO(O;Y) = 0
v (%,0) =0 00(0,9) =0
To(x,O) 1 BTO(O,Y) o
d%

(plus matching
wall boundary

First Order

conditions with the vertical and horizontal

layers)

+ v

Al

2

zay
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B S
A 3y
ko 38 3, %, . ok %
a, — + ¥ -——) = - — + T, + + —
W O3 O3 a1 8% 8%
. 2.
35 AV, AV ap AV 3V
(w) \u AO + QO — = - Al + L 1
H 3X 5;’ dy A% ay

+
0 A% d aﬁz a§2
with,

ul(x,O) =0 ul(O,y) =0

Vl(X,O) =0 vl(O,y) =0

T, (%,0) =0 3T, (0,$)

1 1

=0
ox

(plus matching conditions with the vertical and horizontal
wall boundary layers)

Second-Order

aA al\
— 4 —==0
X oy
~ A "~ ~ ~ 2». 2A
\ % Jdu da ou du ap . 37u 0"u
(0 (5 b+ 8, 0 4o ag, 9 o Z2yg 2,22
% 3% dX 3y DYy Ax d% 3y
A 3% 3% 3% 3. 3%, a%
W\z ' 1 . 0 " 1 N A 2 T2 2
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9X ox dy 3y oy b’ Ay
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with,
uz(x,O) =0 u2(0,y) =0
vz(x,O) =0 , v2(0,y) =0
Tz(x,O) =0 BTZ(O,Y)
—— =z
dK

(plus matching conditions with the vertical and horizontal

wall boundary layers)



APPENDIX B

INVESTIGATION OF ALTERNATIVE FORMS OF THE

GOVERNING EQUATIONS FOR THE CORNER REGIONS
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As shown in Chapter 11:
€0 = (@ 5) =< vy(H) (B.1)
IX Y rX r° O\H )
AN
\ L X) 1 (B.2)
a_L
rry
or,
1
”“i)—(“i)-ev(wy2 (8.3
(ur ey’ T Vrtrx O\H (B.3)
Thus;
A %
~ . O w
S T \ 2 )kﬁ) (8.4)
L
ry
and,
( (B.5)
Substituting equations (B.2) and (B.5) in the energy equation (2.4d)

and rearranging gives

~
A

L e ]

rx

Q)
M
Q)

<

This equation admits three possibilities for the coefficients

terms in the right-hand member:

L .
Case 1. (%——><—£¥——>K%) =1 (B.
PR € er

case 2. (N )( = )(w) =1 (B.

=

cue 5. (L)(- )(w) CwiSal)

PR € L PR ¢ L
ry

(N )\ n )(H\z (B.

6)

of the

7)

8)
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or,

~

er = Lry (B.9)

These three cases will now be investigated in a systematic fashion.

This analysis will determine the correct values of the reference

lengths, L and L , and the reference velocities, 4 and ¥ , as well
rx ry r r

as the corresponding force balances in the momentum equations.

Case 1

As shown above, for Case 1

\ N
G I (8.7)
L
Thus, .
L X
_Xry (E
g Nog H) (B.10)
rx

Substituting this result in the energy equation (B.6) gives

>
N

202 (0 2
d% 3y Ax

or, to the lowest order:

—0 = 0 (B.12)

Integrating this result gives a linear functiom in y which is not
acceptable since it cannot be matched with the solution of the bottom

horizontal wall boundary layer. Therefore, Case 1 is rejected on this

basis,
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Case 2

For Case 2

(’"’>( )\w)

which gives

1 L
bey (2 )(H)
i e NPR W
rx

~ '~ 2
2 (A AT . ~ 9 ) ( > ) o) 2371
€ u—+v— = —

or, to the lowest order:

Integrating this result gives

Ty = % gl(y) + gz(y)

where: 8,8, are unknown function of y only.

This expression (B.16) for %0 is a possible solution.

(B.8)

(B.13)

(B.14)

(B.15)

(B.16)

The implications

of this scaling on the force balances in the momentum equations must

now be examined.

It is now assumed that the pressure force in the corner region

is the same order as the pressure force in the vertical wall boundary

layer, so that

(B.17)
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then,
l v =) (.18)
AN ry Ox‘r

Substituting equations (B.13) and (B.17) in equation (B.18) gives:

2
A 0V aNon /1 %
) . (5

8§rr ¢’ H3

Substituting equations (B.2), (B.4), (B.5), (B.13) and (B.19) in the

y-momentum equation (2.4c) and rearranging yields:

3
e N . ~ ~ . N ~ 2 2
(T PRVWA/ LAV LAV F_ PRy 3P [ e \TaTv 2 2 (WY AV
Gl Y = - (T3 S G Tt e NPR)\H).AZ{
er AX Ay € H dy er ax Sy

(B.20)

There are, in general, four possible force balances in this equation:
1. inertia - pressure - viscous force balance
2. inertia - pressure force balance
3. inertia - viscous force balance
4, pressure - viscous force balance
an examination of these force balances will determine the correct
value of the reference length, irx’ for Case 2.

Intertia - Pressure - Viscous Force Balance

Equating the coefficients of these three terms in equation

e3NPR W Npg ¢
(i3 )G - () - (5) o B2
rx

67 H3
rx

(B.20)

From which:

>
Qo

~
Lo

Lk 1/3 (B.22)
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Substituting this result back into the y-momentum equation (B.20) yields

. .2,
¢ (NPR)\H)\U Dyl - 2+ [” : )(H) i V (8.23)
0y 3 Cax’

Thus, an inertia - pressure - viscous force balance cannot be obtained
for case 2 as the inertia terms are lost in the 1limit as ¢ approaches
zero.

Inertia -~ Pressure Force Balance

Equation (B.20) gives

3

& Nopvy - Npr Y

\5 )(§> “\73 (B.24)
L e H
rxX

From which:
= ¢l0/3 H2/3 wl/3 (.25)
rX '

Substituting this result back into the y-momentum equation (B.20):

R S 3%
€ ( PR>\‘II§)\ Q__ v 5_‘!_) - €2(NPR)(H) -al} + »2 &NPR)k—g) =
y ox
(B.26)
Therefore, an inertia ~ pressure force balance is clearly impossible
for Case 2 as both the inertia and pressure terms are lost in the limit

as ¢ approaches zero.

Inertia Force - Viscous Force Balance '

CPH -

Since the Prandtl number, NPR’ and the aspect ratio, (W/H), are both

This gives:

0(1); the right- and left-hand members of equation (B.27) can never be of

the same order, independent of the value of er. Thus, an inertia -
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viscous force balance is also impossible for Case 2.

Pressure - Viscous Force Balance

This is the only remaining possible balance in Case 2, Equa-

ting the coefficients of the pressure force and viscous force terms in

equation (B.20) gives

N
RS (B.28)
€ H L
rX
Then;
f = o 4 (B.29)
X N1/3 ’
PR

Substituting equations (B.4), (B.5), (B.13), (B.17), (B.18), and (B.29)

in the governing equations (2.4) gives

24, 2V, (B.30a)
3% Y

() (e 28 0 92 - s Hu2)A2 0 202 ) (BP0
%/ \" LTV )T e Wpr/\ad 72 T ¢ Mpp\it) 2!

AX oy 9x X Ay
(B.30b)

2( \(W) 3V , o B9 2p , 1279 , 2(y2)(W) 259)
e “{ ) —)'ﬁ CLANEE —3) =-2P4leT+efn )(— F

\ srAEN x i 3 La§2 Wer)\g 520 (B.300)

TNZVA§i+-”;% -53L+ 2<Nz>-afi B.30d)
e\ pr\ S H V) =T e \Npp) T (B.

fo)'S Ay ax ay

~
WV

where the pressure force - viscous force balance is obtained in the

y-momentum equation (B.30c).

To lowest order, these equations reduce to:
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Au AV
0,9y (B.31a)
dx 3y
B} B, ‘
— =T (B.31b)
A 0
9x
23, 3%,
JO- (B.31c)
3y 3%
az%o
5 = 0 (B.31d)
3%
Integrating the energy equation (B.31d) once gives:
aT, -
— = hl(§') (B.32)
ox
where: hn's = functions of ¥ only
Since the bottom horizontal wall is adiabatic:
3T,(0,9)
— =0 (B.3)
Ax
This gives: hl(§) =0 (B.34)
Therefore, a second integration gives
T0 = hz(y) (B.35)

Substituting this result in the X-momentum equation (B.31b) and in-
tegrating yields:

By = X by () + hy(H (B.36)
It has already been shown in Chapter II that the pressure distribution

in the core is "impressed" on the vertical wall boundary layers. Thus;

the pressure distribution in the vertical wall boundary layers is known
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to be:

~ ~2 ~

Py = X ¢, X +oc, X (B.37)

The pressure distributions in the right-hand vertical wall boundary

layer and bottom right-hand corner regions will now be matched.

Pressure Matching

The corner region, or "inmer", soluticon for the pressure distribution

is given by equation (B.36) as:
By = % hy(§) + hy(P) (8.38)

Rewriting this solution in vertical wall boundary layer, or ''outer",

variables gives:
8/3 %
~ o~ 1/3 4/3(3{ 0 (e N, M1/3 4/3(gx_>z~‘*
L hz[e Nor \&/) Y] * N1/3) Bale Npp \@/ Y
PR (B.39)

' Taking the "outer limit" of this inner solution as ¢ = 0 yields:

Lim ~

e0 (Pg) =% hy(0) (B.40)

The vertical wall boundary layer, or outer, solution for the pressure

distribution is given by equation (B.37) as:

~

Bo =k ok + ¢, ¥ (B.41)

Rewriting this solution in corner, or inner, variables gives:

68/3 a2 N
8o = B ()(Sgry) 8+ ¢, 2 (B.42)
Ner

Taking the "inmer limit" of this outer solution as ¢ = 0 gives:

Lin By = ¢, & (8.43)
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This limit may be rewritten in outer variables as:

Lim

oo (Bg) = ¢y x (B.44)

‘The limit matching principle [ 34]

“inner 1limit 1 _ [outer limit B!
rof the outer solution.| of the inner solutionj
gives:
X h2(0) =c, X (B.45)
or,
h2(0) =c, (B.46)

Substituting the isothermal boundary condition on the right-hand verti-
cal wall as given by

T.(X,0) =1 (3.217)

c, =1 (B.48)

It is known from numerical solutions and experimental results such as

Noble {11] and Elder [ 28], however, that:
c, =0 (B.49)

Thus, Case 2 is rejected on this basis. (A physical argument for the

impossibility of equation B.48 is given in Chapter III.)

Case 3
For Case 3

I = I B. v.
er Lry (B.9)

Substituting equations (B.2), (B.4), (B.5), (B.9), and (B.18) in the

y-momentum equation (2.4c) gives
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e2 \(W(a 2% PXA 1\ » e V(W% 0%
~n ~ ¢ ¢
(T('ﬁ(u'?*"‘""(s 3)\A+A3>“>(T‘3+—I§)

er X oy e H oy er Ax Ay

(B.50)

There are, in general, four possible force balances in this equation:

1. 1inertia - viscous force balance

2. inertia - pressure - viscous force balance

3. 1inertia - pressure force balance

4, pressure - viscous force balance
an examination of these force balances will determine the correct
value of the reference length, ﬁrx’ for Case 3.

Inertia - Viscous Force Balance

Inspection of equation (B.50) reveals that; since the aspect
ratio. (W/H), is always O(l); the inertia force and viscous force terms
can never be of the same order, independent of the value of er.

Inertia - Pressure - Viscous Force Balance

This balance cannot be obtained because the inertia force and
viscous force terms can never be of the same order as shown above.

Inertia - Pressure Force Balance

Equating the coefficients of the inertia force and pressure
force terms in equation (B.50) gives

) - ()

3 H3
X

X

(B.52)

Substituting this result in the y-momentum equation (B.50) and re-

arraunging gives
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A~ N ~ % 2A 2A
e (62402002 (B (2F, 2] (.53)
d% DY dy 3%~ dF

Thus, an inertia force-pressure force balance cannot be obtained as
the inertia and pressure terms are lost in the limit as e approaches
zero.

Pressure - Viscous Force Balance

This is the only remaing possible force balance, Equating the

coefficients of the pressure force and viscous force terms in equation

() - (O

(B.50) gives

¢ H L
rx
so that:
i = w0 yt/t (B.55)
rx
Substituting this result in equation (B.9) gives
I =t =e3 /0yt (B.56)

Ty rX

Substituting these results in equations (B.4), (B.5), and (B.18) yields

’ V \ 7/ %
~ ~n - 0 —
ur-vr-(2 )‘:1) (B.57)
e H
and, 3 s povoz
e (B.58)
%\ oy _— H

Substituting these reference quantities in equations (2.4) gives the
following set of governing equations for the (bottom right-hand) corner

region



125

u Ly (B.59a)
3% Ay

. lé . ~ ~ A ~ ~ 24\ \2/;

e\g) (Géﬂ+69ﬁ>=-§3+'r+a—‘2—’+9—92- (B.59b)
A% 3y Bk ART Ay

ok . . . 2. .2,

eg) <GBV+G—3—‘—’)=-B—R+9——‘2’+B—% (B.59¢)
% 5% 3% AR° 3
% ~ 24 2

g(NPR><%) (ﬁ L _a_r) = —a——z + a—i (B.594)

% 3y 3% Y

where the pressure force-viscous force balance is obtained in the y-

momentum equation (D.59c)

Thus, the only possible scaling for the corner regions is

given by the following set of reference quantities:

T: ]:; =€3 H5/6 w1/6

x - ry (B.60a)
v 1/3
A e o\(W
U =V 5 ( 2 )<H> (B.60D)
e H
A A oAV
B LWy (20 (B.60c)
Al A 83
O | oy . e H




