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ABSTRACT

Laminar, n a tu r a l  convec tion  flows o f  a Newtonian f l u i d  in  a 

tw o-dim ensional r e c ta n g u la r  en c lo su re  a re  c o n s id e re d .  The two v e r t i c a l  

w a lls  o f  the en c lo su re  a re  assumed to be is o th e rm a l  s u r fa c e s  m ain tained  

a t  two d i f f e r e n t  tem peratures  and the h o r i z o n t a l  w a l l s  a re  assumed to  be 

a d i a b a t i c  s u r f a c e s .

The p h y s ic a l  n a tu re  of the flows in  a l l  reg io n s  o f  the  flow- 

f i e l d ,  in c lu d in g  the c o rn e r s , is  ex p la in e d  fo r  the  f i r s t  tim e. The 

c r u c i a l  p o in t  o f  t h i s  p a r t  o f  the a n a l y s i s  i s  the  d e te rm in a t io n  o f  the 

c o r r e c t  fo rce  ba lance  in  the co re .  The r e s u l t i n g  p re s su re  fo rce -  

buoyancy fo rce  ba lance  g ives the e x p e r im e n ta l ly  observed l i n e a r  temper­

a tu re  p r o f i l e  in  the  core reg io n .

The v e r t i c a l  w all boundary la y e r s  a re  found to  be governed by 

a second -o rder  s e t  o f  n o n lin e a r  p a ra b o l ic  p a r t i a l  d i f f e r e n t i a l  equa t ions  

t h a t  a re  n o n s im i la r . The ex ac t  s o lu t i o n  o f  th e se  equ a t io n s  (even in  a 

num erical sense)  p re s e n ts  a form idable problem . I t  was th e re fo re  de­

cided  to  perform  an approximate z e r o th - o r d e r  s o lu t io n  us ing  von Karman 

i n t e g r a l  te ch n iq u es .  This s o lu t io n  i s  shown to  ag ree  reasonab ly  w e ll  

w ith  p re v io u s ly  pub lished  experim en ta l d a ta  and num erical s o lu t i o n s .

The " p s e u d o - e l l i p t i c "  z e r o th - o r d e r  behav io r  o f  com plete ly  en­

c lo sed  n a t u r a l  convection  flows i s  r e v e a le d  he re  fo r  the f i r s t  tim e.

A " long tim e upstream  in f lu en ce"  i s  shown to  e x i s t  fo r  the v e r t i c a l  w a l l  

boundary la y e r s  even though they  a re  governed by p a ra b o l ic  e q u a t io n s .

IV
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'mi: SOLUTION oi’ lam inar natural convection elows 

IN RECTANGULAR ENCLOSURES BY THE METHOD OF 

MATCHED ASYMPTOTIC EXPANSIONS

CHAPTER I  

INTRODUCTION 

P re l im in a ry  Remarks

Dvring the p a s t  decade th e re  has been a resu rgence  of i n t e r e s t  

in  n a tu ra l  convection  flow phenomena. This renewed i n t e r e s t  has r e ­

s u l te d  in  advances in  many a re a s  o f  f l u i d  mechanics r e se a rc h .  The a n a l ­

y s is  o f  cryogenic tankage fo r  space v e h ic le s  [1  - 10], the des ign  of 

i n d u s t r i a l  p rocesses  such as g la ss  fu rnaces  [ l l ] ,  [ 1 2 ] ,  a need fo r  im­

proved a n a l y t i c a l  techn iques  by h e a t in g  eng ineers  [ 1 3 ] ,  the a n a ly s i s  of 

coo ling  systems fo r  n u c le a r  r e a c to r s  and tu rb in e  b lades  [14 - 16 ],  and 

the  a n a ly s i s  of geophysica l flows [17] a re  ty p ic a l  o f  the c u r re n t  p rob­

lems t h a t  have provided the  impetus fo r  f u r th e r  re s e a rc h  in  n a tu r a l  con­

v e c t io n .  The common I n t e r e s t s  o f  r e s e a rc h e r s  working on to p ic s  such as 

these  have led to the adop tion  o f  what has become a "model problem" in  

n a tu ra l  convection  [ l l ] ,  [ l 3 ] .  The s o lu t io n  o f  t h i s  problem is  o f  d i ­

r e c t  p r a c t i c a l  i n t e r e s t  to  h e a t in g  e n g in e e rs ,  p rocess  d e s ig n e r s ,  and 

those analyz ing  co o lin g  systems fo r  n u c le a r  r e a c to r s  and turbom achinery; 

b u t ,  more im p o rtan t ly ,  i t  se rv es  as a v e h ic le  fo r  the development o f



a n a ly t i c a l  techn iques  th a t  can e v e n tu a l ly  be extended to a broader c l a s s  

o f  n a tu ra l  convection  flows.

A Model Problem In  N a tu ra l  Convection 

The model problem may be s ta t e d  in  the fo llow ing  manner. Con­

s id e r  a tw o-dim ensional r e c ta n g u la r  en c lo su re  o f  w id th ,  W, and h e ig h t ,  H, 

com pletely f i l l e d  w ith  a Newtonian f lu id  (F igure  1 .1 ) .  There i s  a 

s teady  s t a t e  n a t u r a l  convection flow in  the en c lo su re  as a r e s u l t  o f  the
ic

two v e r t i c a l  w a lls  being  m aintained a t  d i f f e r e n t  tem p era tu res ,  T  ̂ and
"k

Ty . The h o r i z o n ta l  w a lls  are  assumed to be a d ia b a t i c  s u r fa c e s  and the
-* * 

g r a v i t a t i o n a l  a c c e le r a t io n  v e c to r ,  g, i s  a l ig n e d  w ith  the nega t ive  x -

a x i s .  The two o b je c t iv e s  of any a n a l y t i c a l  s tudy  o f  t h i s  system a re :

1. P r e d ic t io n  o f  the d e t a i l e d  s t r u c t u r e  o f  the f lo w f ie ld ,  and

2. P r e d ic t io n  of the t o t a l  r a t e  o f  h e a t  t r a n s f e r  through the 

f l u i d  from one v e r t i c a l  w a l l  to  the  o th e r .

Experim ental R esu lts  o f  P revious In v e s t ig a t io n s  

Experim ental s tu d ie s  by E lder  [17] , [ 1 8 ] ,  E ckert  and Carlson 

[1 9 ] ,  and MacGregor and Emery [20] have d e l in e a te d  the  v a r io u s  p o s s ib le  

flow regimes and p rov ide  a d e t a i l e d  q u a l i t a t i v e  d e s c r ip t io n  o f  the flow 

s t r u c t u r e  in  each regim e. The fo llow ing  d is c u s s io n  i s  based upon the 

r e s u l t s  of these  fou r s tu d ie s .

E ld e r 's  experiments show th a t  the  b a s ic  lam inar c i r c u l a t o r y  

flow in  the en c lo su re  can produce s te a d y ,  la rg e  s c a le  secondary flows 

in  the i n t e r i o r  reg io n s  o f  the f l u i d ,  th e reb y  g iv in g  r i s e  to  a m u l t i ­

c e l l u l a r  flow p a t t e r n  (Figure 1 .2 ) .  These experim ents su g g es t ,  th a t  

fo r  a given a sp e c t  r a t i o ,  the re  i s  a " c r i t i c a l  Grashof number" above



*  *  
T =Ta

1

L
ADIABATIC
SURFACE

W

H

'ADIABATIC
SURFACE

*  *

*
y

Figure 1 .1 . System fo r  Model Problem in  N atu ra l Convection
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(a) (b) (c) (d) (e)

I)

A

B

(a) Nga = ( 1 .8 8 ) (lOT)

(b) Nga = (1 .0 ) (1 0 " )

(c)  = (1.35)(1CT)

(d) Nga = (1 .5 9 ) (1 0 " )

(e) Nga = (1 .8 7 ) (1 0 " )

F igure  1 .2 .  S tream line  P a t t e r n s  fo r  Some M u l t i c e l l u l a r  

Flows Observed by E ld e r



which the flow  i s  always m u lt ic e llu la r . Furthermore, experim ental re ­

s u lt s  a lso  suggest th a t, i f  the asp ect r a tio  o f  the enclosure i s  o f 0 (1 ) ,  

the c r i t i c a l  Grashof number is  large enough so that the e n tir e  laminar 

boundary la y er  flow regime is  u n ic e llu la r . Therefore, both th is  d is ­

cu ssion  and the work th at fo llow s w i l l  be lim ited  to the study o f u n i­

c e l lu la r  flow s; that i s ,  to enclosures with aspect r a t io  o f  order u n ity .

Five d is t in c t  u n ic e llu la r  flow regimes have been id e n t if ie d .

They have been categorized  by various in v estig a to rs  according to

Grashof number, N , as fo llow s:CvK

1. Conduction regime ^ 10^)
3 42. Asymptotic regime (10 £ N ^ 10 )

4 93. Laminar boundary-layer regime (10 S N S 10 )GR
9

4. T ransition  regime (N_„ w 10 )
• 9

5. Turbulent boundary-layer regime (N„„ > 10 )

The upper l im it  o f  the laminar boundary layer regime is  not w e ll e s ta b ­

lish ed  w ith  d if fe r e n t  in v e s t ig a to r s  (see  for example [ 1 7 ] ,  [1 9 ] )  r e ­

porting  d if fe r e n t  maximum values o f  Typical isotherm  and stream­

lin e  patterns and v e lo c ity  and temperature p r o f i le s  for the conduction , 

asym ptotic, and laminar boundary layer  regimes are shown in  Figure 1 .3 .

The temperature p r o f i le s  in  the conduction regime are e s s e n t i ­

a l ly  lin e a r  across the enclosure except in  regions near the top and 

bottom w a lls . In these regions the temperature p r o f i le s  are n on lin ear , 

in d ica tin g  a con vective con tr ib u tion  to  the to ta l ra te  o f  heat tran sfer  

across the enclosure owing to a very weak c ircu la to ry  flow .

The asym ptotic flow regime i s  characterized  by a c ir c u la to r y

flow which i s  stronger than the one found in  the conduction regim e, but
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which i s  s t i l l  r e l a t i v e l y  weak. The v e lo c i ty  and tem pera tu re  p r o f i l e s  

a r e  symmetrical w ith  r e s p e c t  to  the c e n te r l i n e  o f  the  e n c lo su re .  The 

h e a t  t r a n s f e r  through the c e n t r a l  p o r t io n  of the en c lo su re  i s  h ig h e r  in  

t h i s  regime than in  the  conduction  regime because o f  a l a r g e r  convec tive  

c o n t r ib u t io n  by the s t ro n g e r  c i r c u l a t o r y  flow.

In the lam inar boundary la y e r  regime the iso therm s a re  h o r i ­

z o n ta l  except in  the v e r t i c a l  w a ll  boundary la y e rs  and in  the immediate 

v i c i n i t y  o f  the h o r iz o n ta l  w a l l s .  A uniform v e r t i c a l  tem peratu re  g r a d i ­

e n t  i s  e s ta b l i s h e d ;  t h a t  i s ,  the flow in  the c e n t r a l ,  o r  " c o re " ,  reg ion  

o f  the enc losu re  i s  th e rm a lly  s t r a t i f i e d .  The h e a t  t r a n s f e r  in  th i s  

regime is  p r im a r i ly  due to  the  convec tive  flow in  the boundary la y e rs  

w ith  an almost n e g l ig ib l e  c o n t r ib u t io n  made by conduction  through the 

core  reg ion  o f  the f l u i d .  R e la t i v e ly  la rg e  v e l o c i t i e s  occur only  in  

the v e r t i c a l  w all boundary l a y e r s .  The v e l o c i t i e s  in  the  core reg ion  

a re  r e l a t i v e l y  small nd have alm ost no v e r t i c a l  component. Unlike ex­

t e r n a l  flow n a tu ra l  conv ec tio n  boundary la y e rs  which on ly  e n t r a in  f l u i d ,  

the  v e r t i c a l  w all  boundary la y e r s  in  the enc losu re  bo th  e n t r a in  and ex­

p e l  f l u i d .  Thus, the  co re  flow p rov ides  the mechanism fo r  feed ing  and 

d ra in in g  these  boundary l a y e r s .

The t r a n s i t i o n  flow regime th a t  s e p a ra te s  the lam inar and 

tu rb u le n t  boundary la y e r  regimes i s  c h a ra c te r iz e d  by u ns teady ,  wavelike 

i n s t a b i l i t i e s  near the  v e r t i c a l  w a lls  s im i la r  to  those  found on a v e r t i ­

c a l  p l a te  immersed in  an i n f i n i t e  f l u i d .  In the  core reg io n s  the i s o ­

therms a re  h o r iz o n ta l  and the  v e l o c i t i e s  r e l a t i v e l y  low. F in a l ly ,  the 

tu rb u le n t  boundary la y e r  regime i s  q u a l i t a t i v e l y  s im i la r  to the  laminar 

boundary la y e r  regim e, a l th o u g h  the  boundary la y e r  th ic k n e s s e s  are  l a rg e r .



In  a d d i t io n  to the d e t a i l e d  f i e l d  measurements mentioned above, 

o v e r a l l  h e a t - t r a n s f e r  measurements have been made [21 -23] and a re  

a v a i l a b l e  fo r  comparison w ith the  r e s u l t s  o f  a n a ly t i c a l  s t u d i e s .

Since th is  work w i l l  be concerned only w ith  an a n a ly s i s  o f  

the lam inar boundary la y e r  flow regim e, a l l  f u r th e r  d i s c u s s io n  w i l l  be 

l im i te d  to th i s  flow regime.

A Survey o f  Previous A n a ly t ic a l  In v e s t ig a t io n s

Previous a n a l y t i c a l  s t u d i e s  may be ca tego rized  as those  em­

p loy ing :

1. in t e g r a l  methods

2. asym ptotic methods

3. f i n i t e  d i f f e re n c e  methods

The model o f  Emery and Chu [ 2l] uses in t e g r a l  methods to  c a l ­

c u l a te  the o v e r a l l  r a t e  o f  h e a t  t r a n s f e r  ac ro ss  the  e n c lo su re .  I t  p r e ­

d i c t s  the experim ental da ta  w ith  rea so n ab le  accuracy b u t ,  c h a r a c t e r i s ­

t i c a l l y ,  y ie ld s  no in fo rm ation  on the d e t a i l e d  s t r u c tu r e  o f  the  flow- 

f i e l d .  Furtherm ore, the model i s  based upon the erroneous assum ption 

t h a t  the  s t r u c tu r e  of the flow in  the v e r t i c a l  w all boundary la y e r s  i s  

i d e n t i c a l  to  th a t  o f  the flow on a v e r t i c a l  f l a t  p l a t e  in  an i n f i n i t e  

f l u i d .  This i s  p h y s ic a l ly  im poss ib le  s in c e  the f l a t  p l a t e  boundary 

la y e r  only  e n t ra in s  f lu id  w hile  the  boundary lay e r  in  the en c lo su re  must 

both  e n t r a in  and expel f lu id  in  o rd e r  to conserve mass fo r  the  e n t i r e  

e n c lo su re .  I t  must th e re fo re  be concluded th a t  the c lo se  agreement o f  

t h i s  model w ith  experim ental d a ta  i s  r a t h e r  f o r tu i to u s .



G il l  [13] used a sym pto tic  methods to o b ta in  an ex ac t  s o lu t io n  

in  the neighborhood o f  the enc lo su re  c e n te r l i n e  (x »  H /2 ).  He a lso  

found an approximate s o lu t i o n  fo r  the l im i t in g  case  o f  i n f i n i t e  P ran d tl  

number which i s  in  agreement w ith  E l d e r ' s  ex p e r im en ta l  d a ta  [1 7 ] .

N e ith e r  o f  these  s o lu t i o n s ,  however, d e s c r ib e s  the e n t i r e  f lo w f ie ld  fo r  

an a r b i t r a r y  P ran d tl  number which i s  u l t im a te ly  the  problem o f  i n t e r e s t .

The main t h r u s t  o f  the  re sea rch  e f f o r t  on the en c lo su re  prob­

lem has been co n ce n tra te d  on the development o f  num erica l s o lu t io n s  of 

the governing equations  [11] , [ 2 0 ] ,  [24  - 28]. These s tu d ie s  employ 

v a r io u s  f i n i t e  d i f f e r e n c e  techn iques  to perform n um erica l s o lu t io n s  of 

the governing eq u a t io n s .  They have a l l  enjoyed some degree  o f  success 

in  p r e d ic t in g  both the o v e r a l l  h e a t - t r a n s f e r  r a t e  and the  d e t a i l e d  

f e a tu r e s  o f  the f lo w f ie ld .  However, l i m i t a t i o n s  on computer s to rag e  

space and time have p rev en ted  f i n i t e  d i f f e r e n c e  models from being ap­

p l i e d  to  flows in  the p r a c t i c a l l y  im portan t h igh  G rashof p o r t io n  o f  the 

lam inar boundary la y e r  regime (10^ < N^^ < 10^). This is  caused by the 

well-known f a c t  th a t  the boundary la y e r  th ic k n e s s  d e c re a se s  w ith  i n ­

c re a s in g  Grashof number which, in  tu rn ,  r e q u i r e s  an in c re a s e  in  the 

number o f  g r id p o in ts  needed to  adequa te ly  re s o lv e  the  f e a tu r e s  o f  the 

flow in  the boundary l a y e r s .  Noble [11] e s t im a te s  t h a t  fo r  uniform 

g r id  spacing  a Grashof number o f  10^ r e p re s e n ts  a p r a c t i c a l  upper l im i t  

based on computer s to ra g e  requ irem en ts  and th a t  an in c re a s e  in  Grashof 

number from 10^ to 10^ would double s to rag e  re q u ire m e n ts .  He does no te ,  

however, th a t  th i s  d i f f i c u l t y  may be overcome to  some e x te n t  by r e f in in g  

the g r id  s i z e  only  n ea r  th e  en c lo su re  w a lls  and in  a l a t e r  paper [12] 

he and h is  co l leagues  have s u c c e s s fu l ly  ap p l ied  t h i s  te ch n iq u e .  However,
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as p o in ted  o u t  by Emmons [ 2 9 ] ,  a number o f  s e r io u s  q u e s t io n s  e x i s t  con­

c e rn in g  the adequacy o f  the convergence c r i t e r i a  in  c u r r e n t  use by those 

employing f i n i t e  d i f f e r e n c e  tech n iq u es .  In the  absence o f  m a them atica lly  

r ig o ro u s  p ro o fs  o f  accuracy  and convergence, most num erical s o lu t io n s  

a re  assumed to  have "converged" because they " look  good" when compared 

w ith p reconceived  tren d s  in  the  d a ta .  Also, num erical s o lu t io n s  by 

t h e i r  very n a tu re  do no t r e a d i ly  in d ic a te  pa ram etr ic  t rends  or lend 

them selves to  an unders tand ing  o f  the  b a s ic  p h y s ic a l  p ro cesses  o ccu rr in g  

in  the problem. F in a l ly ,  even i f  a l l  the above-mentioned f a u l t s  o f  

num erical methods could somehow be re so lved  s a t i s f a c t o r i l y ,  an a l t e r n a ­

t i v e  techn ique  would be d e s i r a b l e  on the b a s is  o f  economics alone, 

s in c e  the num erical methods a re  ex trem ely  c o s t l y  in  terms o f  program­

ming e f f o r t  and computer time.

I t  th e re fo r e  seems ap p are n t  t h a t  the  in t e g r a l  and f i n i t e  d i f ­

fe ren ce  methods p r e s e n t ly  being  used to  so lve  the en c lo su re  problem 

have been extended to t h e i r  r e s p e c t iv e  l i m i t s  o f  a p p l i c a t io n  and th a t  

a f r e s h  approach i s  needed i f  f u r th e r  advances in  both  unders tand ing  

and com pu ta tiona l e f f i c i e n c y  a re  to be made.



CHAPTER I I  

THEORETICAL DEVELOPMENT

P re l im in a ry  Remarks 

The fundamental o b je c t iv e  of t h i s  re s e a rc h  i s  to  sy s te m a tic ­

a l l y  o b ta in  an approxim ate s o lu t i o n  fo r  the u n i c e l l u l a r  lam inar bound­

a ry  la y e r  flow regim e. This w i l l  be accomplished by fo rm u la ting  the 

problem w ith in  the framework o f  s in g u la r  p e r tu r b a t io n  theo ry .  The 

d e c is io n  to employ asym pto tic  methods i s  based upon the  d e s ire d  na­

tu re  o f  the s o lu t i o n ;  th a t  i s ,  the s o lu t io n  should no t on ly  p r e d ic t  

the  o v e r a l l  r a t e  o f  h e a t  t r a n s f e r  ac ross  the e n c lo s u re ,  bu t should 

a lso  r e v e a l  the d e t a i l e d  s t r u c t u r e  o f  the f lo w f ie ld .

The Governing Equations 

The flow in  the  en c lo su re  i s  assumed to  be governed by the 

N avier-S tokes eq u a t io n s  as m odified  by the Boussinesq approxim ation. 

They a re  g iven  by

7 . "v = 0  (c o n t in u i ty )  (2 .1a )

Pq = - (ôp)g - vp + PiQ 7 V (momentum) (2 .1b) 

nx* 2 *
—  = cVqV T (energy) (2 .1c )

&p = - O P q)(T* - T*) ( s t a t e )  ( 2 . Id)

11
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*  *  *  *
Here V is  the v e l o c i t y  w i th  components u and v in  the x and y

d i r e c t i o n s ,  r e s p e c t i v e l y ,  i s  the r e fe ren c e  d e n s i ty  corresponding  to
*  -»

some iso the rm al  r e fe ren c e  s t a t e  a t  temperature , g the a c c e l e r a t i o n  

o f  g r a v i t y ,  ôp the d i s tu rba nce  d e n s i t y ,  p the p r e s s u re ,  the

dynamic v i s c o s i t y ,  T the te m pera tu re ,  cKq the thermal d i f f u s i v i t y ,  

and B the c o e f f i c i e n t  of  thermal expansion .

Equations (2.1)  a re  der ived  s u b je c t  to the fo l lowing assump­

t i o n s  :

1. The f l u i d  i s  Newtonian and a l l  f l u i d  p r o p e r t i e s ,  except  

the d e n s i ty  as i t  appears  in  the body fo rce  term, are 

c ons tan t .

2. Viscous d i s s i p a t i o n  i s  n e g l i g i b l e .

3. The e f f e c t  o f  p r e s s u re  on d e n s i ty  i s  n e g l i g i b l e  compared 

to t h a t  of  t em pera tu re ;  t h a t  i s ,  the iso thermal  compres­

s i b i l i t y  i s  much s m a l l e r  than the c o e f f i c i e n t  o f  thermal 

expansion.

4. The f l u i d  I s  a r a d i a t i v e l y  n o n - p a r t i c i p a t i n g  medium.

5. The p r e s s u re ,  p , i s  defined  as the a c t u a l  p re s s u re  in  

the f l u i d ,  p ' * ,  l e s s  the s t a t i c  head,  or

*  *

P = p '  - Po *g

where: i s  the g r a v i t a t i o n a l  p o t e n t i a l ,  def ined such

t h a t  g = grad

6 . V ar ia t ions  in  d e n s i t y  caused by v a r i a t i o n s  in  temperature 

a re  small compared w i th  the r e fe re n c e  d e n s i t y ,  or

I *
= 1 e (T - Tq ) < <  1
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A r igorous  d i s c u s s io n  o f  the adequacy and l i m i t a t i o n s  of  the se  assump­

t ions  is  given by Noble [ l l ] .

For the two-dimensional ,  s teady  s t a t e  flow of i n t e r e s t ,  

equat ions  (2 .1)  may be expressed in  C a r t e s i a n  co o rd in a te s  as fo l lows:

* *
^  = 0 ( c o n t i n u i t y )  ( 2 . 2a)

dx ôy

^ ^  ̂^ + (Bg) ( T %  T ," )  4  + 4̂ )
ÔX ôy Pq 9x ÔX ôy

(x -momentum) ( 2 . 2b)

*  *  *  2 *  2 
ÔV * ÔV 1 ôp (Ô V . Ô V ^

+ -  z  + '"oÔX ôy 0 ôy ox ôy

* ÔTu

(y -momentum) ( 2 . 2c)

^  V* à £  .  .  à ! î ! )  ( 2 . 2d ,
ÔX ôy ÔX ôy

Vc
where the equa t ion  o f  s t a t e  ( 2 . Id)  has been s u b s t i t u t e d  in  the x -

«
momentum eq u a t io n .

These e q ua t ions  a re  s u b je c t  to the fo l low ing  boundary co n d i ­

t i o n s  :

u ' ( x  , 0 ) = 0 (2 .3a)

V (x ,0)  = 0 (2 .3b)

* * *
T (x ,0) = (2 .3c)

* *
u (x ,W) = 0 (2.3d)

it it
V (x ,W) = 0 (2 .3e)

it it it
T (x ,W) = (2 .3 f )
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u (H,y ) = 0 (2.3g)

V (H ,y ) = 0  (2 .3h)

= 0 (2 .31)
âx

u*(0,y*) = 0 ( 2 . 3 j )

V (0 ,y  ) = 0 (2.3k)

— ' = 0 ( 2 . 3 t )
ÔX

Equat ions (2 .2 )  form a s e t  of  four  s c a l a r  equa t ions  i n  the
* * * * 

four  unknowns u , v , p , and T and,  t h e r e f o r e ,  along with  the s e t

o f  boundary c o n d i t io n s  g iven  by equa t ions  ( 2 . 3 ) ,  c o n s t i t u t e  a mathe­

m a t i c a l l y  "well  posed" problem. G i l l  [13] no t i c e d  t h a t  the govern ing

equa t ions  and t h e i r  boundary c o n d i t io n s  possess  the p ro p e r ty  o f  r e -
*

maining u n a l t e r e d  by a s imul taneous  s ign  change o f  the v a r i a b l e s  u ,

* * H * W *V , (x ■ "2 ) > (y - -g) when the s igns  o f  the v a r i a b l e s  p and
ic ic

(T - Tg ) remain unchanged.  Since t h i s  i s  a symmetry p r o p e r ty  i n ­

vo lv ing  r e f l e c t i o n  o f  the v e l o c i t y  components about  the geometr ic
ic ic

c e n t e r  o f  the enc losu re  (x = H/2> y = W/2); i t  i s  c a l l e d  the  c e n t r e - 

symmetry p ro p e r ty  o f  the equa t ions  and boundary c o n d i t i o n s .  As w i l l  

be seen  l a t e r ,  t h i s  p r o p e r ty  p lays  a c r u c i a l  r o l e  in  o b ta in in g  the 

s o l u t i o n  of  the problem.
* *

The boundary c o n d i t io n s  on u and v merely r e f l e c t  the w e l l -  

known f a c t  t h a t  the v e l o c i t y  of  a v iscous  f l u i d ,  r e l a t i v e  to a s o l i d

s u r f a c e ,  must be i d e n t i c a l l y  zero a t  the s u r f a c e .  The boundary condi-
*  * 

t i e n s  on T and i t s  f i r s t  d e r i v a t i v e  w ith  r e s p e c t  to  x correspond to
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the problem d e f i n i t i o n  o f  i so the rm al  v e r t i c a l  w a l l s  and a d i a b a t i c  h o r i ­

zon ta l  w a l l s ,  r e s p e c t i v e l y .  The a n a l y s i s  t h a t  fol lows w i l l  be based 

on the assumption t h a t  the r i g h t -h a n d  v e r t i c a l  w all  o f  the enc lo su re

i s  the "ho t"  w all  and the l e f t - h a n d  v e r t i c a l  w a ll  i s  the "co ld"  w a l l ;
* *

t h a t  i s  T, > T .b a

The governing equa t ions  (2 .2 )  and the boundary c o n d i t i o n s  w i l l  

now be put  in  nondimensional  form by In t roduc ing  the fo l lowing  non-

dimensiona l  v a r i a b l e s
*

u
ur

*
v s

Vr
*

T -T0
*

T -T ____ £
AT

ÔX ^  \
\ B ^ r /

*

*

rx

9y
\ôy r )

y =
ry

whe “ i -  ' ' r -  Ü  r  • I y
L and L are  r e f e r e n c e  q u a n t i t i e s  t h a t  rx ry

must be s e l e c t e d  so as to c o r r e c t l y  s c a l e  the governing equa t ions  in
*

each r e g io n  o f  the f l o w f i e l d .  Since the r e f e r e n c e  tem pera tu re ,  Tq ,
*

was s e t  equal  to  the  cold w all  te m pera tu re ,  T^; the nondimens ional  

te m pera tu re ,  T, w i l l  vary  between the  l i m i t s  o f  zero and u n i t y  every­

where i n  the f l o w f i e l d .  There fo re ,  the tempera ture  s c a l i n g  w i l l  remain 

unchanged over the e n t i r e  e n c lo su re .  A r e f e r e n c e  p r e s s u re  g r a d i e n t  

i s  employed in s te a d  of  a r e f e r e n c e  p r e s s u re  s in ce  the p r e s s u r e  g ra d ie n t  

r e p r e s e n t s  a p r e s s u re  fo r c e ,  which i s  the p h y s i c a l l y  meaningful  quan­

t i t y  i n  the problem. Rewrit ing the governing equa t ions  (2 .2)  and the 

boundary c o n d i t io n s  (2 .3 )  in  terms o f  the nondimensional  v a r i a b l e s  

g ives :
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( l ^ )  + ( î ^ )  a ?  " ° ( c o n t i n u i t y )  (2.4a)
rx ry

( ^ )  “ l î  h ¥ ^ )   ̂ I f  = - J i f  + <WT)T
rx r y  ■’ 0 ôx

+ f ^ (x-momentum) (2.4b)

LI? "y

( ¥ ^ )  “ I f  -  ( A   ̂ I f = -  (^ )d ^  r ) i f + i y : ) A + 1^ )  4
rx ry 0  ̂ L Sx L Syrx  ry  ^

(y-momentum) (2 .4c)

/ rx  ry

u (x ,0 )  = 0 (2 .5a)

v (x ,0 )  = 0 (2.5b)

T(x ,0)  = 0 (2 .5c)

u ( x , ^ )  = 0 (2.5d)
ry

v ( x , ^ ^ )  = 0 (2 .5e)

T ( x , r ^ )  = 1 (2 .5 f )
ry

u ( r ^ , y )  = 0 (2.5g)
rx

v ( ^ , y )  = 0 (2.5h)
rx
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9T ( ï f - ' y )

-  à " - -  = °

u(0 ,y )  = 0 ( 2 .5 j )

v(0 ,y )  = 0 (2.5k)

— = 0 (2 .5 t )

S ca l ing  of  the Governing Equat ions

The a n a l y t i c a l  and experimenta l  r e s u l t s  o f  previous  i n v e s t i ­

g a t io n s  i n d i c a t e  t h a t  fo r  the laminar boundary l a y e r  flow regime the 

f lo w f ie ld  may be d iv ided  in to  n ine s e p a ra t e  and p h y s i c a l l y  d i s t i n c t  

reg ions  as shown in  F igure 2 .1 .  These re g io n s  may be grouped in  the 

fo l lowing  manner:

(1) the "core"  r eg io n  - ( reg ion  5)

(2) the v e r t i c a l  w a l l  boundary l a y e r s  - ( reg ions  4 and 6 )

(3) the h o r i z o n t a l  w a l l  boundary l a y e r s  - ( reg ions  2 and 8 )

(4) the co rne r  reg ions  - ( reg ions  1, 3, 7 and 9)

Because o f  the centro-symmetry p ro p e r ty  o f  the governing

equa t ions  t h e i r  s o lu t i o n s  do not  have to be ob ta ined  in  a l l  nine reg ions  

o f  the f lo w f ie ld .  I t  w i l l  be shown t h a t  on ly  the s o lu t i o n s  in  the 

co re ,  two c o rn e r s ,  one v e r t i c a l  w a l l  boundary l a y e r ,  and both h o r i ­

zo n ta l  wal l  boundary l a y e r s  must be eva lua ted  to determine  a l l  o f  the 

unknown cons tan t s  and func t ions  in  the problem. Regions 2 ( the  top 

h o r i z o n t a l  wal l  boundary l a y e r ) ,  3 ( the top r i g h t -h a n d  c o rn e r ) ,  5 

( c o r e ) ,  6 ( r igh t -ha nd  v e r t i c a l  w a ll  boundary l a y e r ) ,  8 (bottom h o r i ­

zo n ta l  wal l  boundary l a y e r ) , and 9 (bottom r ig h t -h a n d  corner)  were
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Figure 2 .1 .  P h y s i c a l ly  D i s t i n c t  Regions in  the F lowfie ld  

fo r  the Laminar Boundary-Layer Flow Regime
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chosen fo r  t h i s  purpose.  Any v a r i a b l e  o f  i n t e r e s t ,  Q, in  these  reg ions  

w i l l  be denoted by the symbols shown in  Figure  2 .2 .

The v e r t i c a l  w a l l  boundary l a y e r  w i l l  be sca led  f i r s t ,  followed 

by the h o r i z o n t a l  w a l l  boundary l a y e r s .  Seve ra l  assumptions must be 

made to sca le  these  r e g io n s .  These assumptions d i c t a t e  a l l  o f  the 

r e f e r e n c e  q u a n t i t i e s  in  the co re  re g io n  (with the so le  excep t ion  of  

the leng th  s c a l e s ,  taken  to be the o v e r a l l  dimensions o f  the e n c lo s u re ) .  

Thus, the v a l i d i t y  of  the assumptions made in  s c a l i n g  the v e r t i c a l  and 

h o r i z o n t a l  wa l l  boundary l a y e r s  may be v e r i f i e d  by comparing the r e ­

s u l t i n g  core s o l u t i o n  w i th  exper im en ta l  da ta  and numerica l  s o l u t i o n s .  

F i n a l l y ,  the s c a l i n g  w i l l  be done fo r  the co rn e r  r e g io n s .

S ca l ing  of  the (Right-Hand) V e r t i c a l  Wall Boundary Layer Equations

Exper imental  ev idence i n d i c a t e s  t h a t  d i s t i n c t  n a t u r a l  convec­

t i o n  boundary l a y e r s  a re  formed on the  v e r t i c a l  w a l l s  o f  the enc losure
4

when the Grashof number i s  g r e a t e r  than  about  10 . This e m p i r ica l  f a c t  

i s  used as a s t a r t i n g  p o in t  f o r  the a n a l y s i s .  Assume t h a t

L = H (2 .6)rx

( 2 -U

where: 6 s  c h a r a c t e r i s t i c  v e r t i c a l  w a l l  boundary la ye r

th i ck n es s

so t h a t :  H > "> 6

Thus, the s p a t i a l  co o rd in a te s  a re  given by:

* *

X (2'G)
rx
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y = (2 .9 )
L 6ry

The c o n t i n u i t y  equa t ion  (2 .4a)  may now be w r i t t e n  as:

~  /V Hv ~
— (2.10)
ax  ay

However, in  the v e r t i c a l  w a ll  boundary l a y e r  both terms in  the c o n t i n u ­

i t y  equa t ion  must be o f  the same o r d e r .  This may be proven in  the f o l ­

lowing manner.  F i r s t ,  suppose t h a t  / ^ r ^ \  > >  1. Then, to lowest  o r d e r ,

the c o n t i n u i t y  equ a t io n  would reduce to

€  = 0
By

so t h a t

V = v(x;  only .

But, ~  = 0 a t  y = 0 because th e re  i s  no flow through a s o l i d  s u r f a c e .  

Also,  V i s  nonzero as y -* » so the boundary l a y e r  can e n t r a i n  or  expel

f l u i d .  Thus, V must be a fu n c t io n  o f  y as w e l l  as x and i t  i s  imposs ib le

,v H. V Hv
fo r  ( —̂ )  bo be > >  1. Conversely,  i f  i t  i s  assumed t h a t  l - ^ )  < <  1,

u 6^
r  r

the c o n t i n u i t y  e qua t ion ,  to lowest  o r d e r ,  would reduce to

^  = 0 
cfx

so t h a t  U '= u(y) on ly .

But,  s ince  "u = 0 a t  "x = 0 and a t  x = 1 and has some maximum value in  

between,  u must a l s o  be a fu n c t io n  o f  x as w e l l  as y and i t  i s
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,v^H.
Impossible fo r  to be < <  I ,  There fore ,

u Ô r

V H
= 1 ( 2 . 11 )

U Ôr

S u b s t i t u t i n g  equa t ions  ( 2 .6 ) ,  ( 2 .7 ) ,  and (2 .11)  in  the x-momentum 

equa t ion  (2 .4b) y i e l d s :

( f ) ( - 1  g  . - ( g ( |  j  I  + esADT

I t  i s  now assumed t h a t  an i n e r t i a  f o r c e -v i s c o u s  force-buoyancy force

balance  ho lds  in  the v e r t i c a l  w all  boundary l a y e r s .  This gives
2

(t) “ ■ (^)

Thus, " r  '  ( t )  ” gR  ̂ (2-14)

and,  ^  ^ (2.15)

where N , the  Grashof number i s  given by GR

^0

and r e p r e s e n t s  a c h a r a c t e r i s t i c  r a t i o  o f  buoyant  fo rces  to viscous 

fo rces  in  the  problem. Therefore ,  the s c a l i n g  f o r  the v e r t i c a l  wall  

boundary l a y e r  th ickness  i s  i d e n t i c a l  to the well-known r e s u l t  for
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ex t e rn a l  flow laminar  n a t u r a l  convec t ion  boundary l a y e r s .  Equat ion 

( 2 . 11) now gives :

<2.17)

The p r e s s u re  g r a d ie n t  ( p r e s s u re  fo rce)  in the v e r t i c a l  w a l l  

boundary la y e r  i s  no t  an app l ied  p r e s s u re  g rad ie n t  such as those  which 

occur in forced convec t ion  f lows.  Therefore ,  the p r e s s u r e  fo rce  plays 

a pas s ive  ro l e  in  the dynamics; t h a t  i s ,  the p re s su re  g r a d i e n t  w i l l  

a d j u s t  i t s e l f  as i t  "needs to do" i n  o rder  to  s a t i s f y  the  dynamics of  

the flow. Thus;
1=2

( 5 0 ?  r ) - f  (2 1*)
' P o '  'Ô X

S u b s t i t u t i n g  e qua t ion  (2 .14) in equa t ion  (2.18) g ives :

2

then; _  2
\  /PnV

&y I,  T-ry Sx ,

All o f  the  r e f e r e n c e  q u a n t i t i e s  fo r  the v e r t i c a l  w a l l  boundary 

laye rs  a re  now known. S u b s t i t u t i n g  these  q u a n t i t i e s  i n  the governing 

equat ions  (2 .4 )  and the boundary c o n d i t io n s  (2.5d ,  e ,  f )  y i e l d s

^  ^  = 0 ( 2 . 21a)
cix ay

<2.21b)
ÔX ay ox âx ay
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r)x 4  y a y  4X r^y

ax ay PR ax ay

an d ,

u ( x , 0 ) = 0 ( 2 . 22a)

v ( x , 0 ) = 0 ( 2 . 22b)

' r f x  0 ) = 1 ( 2 . 22c)

where the P ra n d t l  number, Np^, i s  given by

N = ^”PR ĉ o . (2.23)

and g ives  the r a t i o  of  the d i f f u s i v i t y  o f  momentum to the d i f f u s i v i t y  

o f  thermal energy .  The P ra n d t l  number i s  now assumed to be 0 ( 1 ) . I f  

the P ra n d t l  number i s  > 0 ( 1 ) ,  the v e r t i c a l  w a l l  boundary l a y e r s  must

be r e s c a l e d  as suggested by Eichhorn [30] s in ce  the i n e r t i a  - v iscous  - 

buoyancy fo rce  balance would no longer hold ac ro ss  both the momentum 

and thermal boundary l a y e r s .  For a P r a n d t l  number much l e s s  than o rde r  

u n i t y ,  the thermal boundary la y e r  i s  much t h i c k e r  than the  momentum 

boundary l a y e r .  Then the i n e r t i a  fo rces  a re  no longer o f  the  same orde r  

as the buoyancy fo rces  in the o u te r  p a r t  o f  the thermal boundary l a y e r .  

I f ,  however,  the P rand t l  number i s  much g r e a t e r  than o r d e r  u n i t y ,  the 

momentum boundary la y e r  i s  much t h i c k e r  than the thermal boundary 

l a y e r .  In t h i s  case the buoyancy fo rce s  a re  n o t  the same o rd e r  as the 

i n e r t i a  and v iscous  fo rces  in  the o u te r  p a r t  o f  the momentum boundary 

l a y e r .
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The small  parameter ,  e ,  i s  now def ined  as :

Ih is  value oC the small parameter  was chosen because i t  is the only 

value t h a t  y ie ld s  expansions in  i n t e g r a l  powers of  e in a l l  r eg ions  of  

the f l o w f i e l d .

Rewrit ing equat ions  (2 .21)  in  terms of the smal l  pa ram ete r ,  e .

g ives :

—  + —  = 0 (2 .24a)
six ôy

+ + + ^  (2.24b)
3x S Ï  i f

+ + ( 2 . 2 4 0
ÔX ôy ôy ôx ôy

ôx ôy ôx ôy

The fo l lowing  expansions in  i n t e g r a l  powers of  the smal l  pa ram ete r ,  e ,  

a r e  assumed fo r  the dependent v a r i a b l e s :

u (x ,y )  ~  u^(x ,y )  + e u^ (x ,y )  + e " ^ (x .y )  + . . .  (as e -* 0) (2.25a)

% (x ,y )  — VQ(x,'y) + e 'v^(x, 'y) + e^^dxg 'y )  + . . .  (as e -♦ 0) (2 ,25b)

^ ( x f y )  ~ 'pQ(x, 'y)  + e 'p^ (x , 'y )  + e^PgfxJy) + . . .  (as e -* 0) (2.25c)

T(x,y)  Tg(xjy)  + e ' r ^ (x ,y )  + s^T2 (x ,y )  + . . .  (as  e -  0 ) (2.25d)

S u b s t i t u t i n g  these expans ions in to  equat ions  (2.24) and the boundary 

c o n d i t io n s  (2 . 22) ,  g a th e r in g  terms o f  l i k e  powers o f  e ,  and n o t in g  t h a t  

i n  o r d e r  f o r  t h i s  r e s u l t  to ho ld  f o r  a r b i t r a r y  va lues  o f  e a l l  o f  the 

c o e f f i c i e n t s  must i d e n t i c a l l y  van i sh ,  gives an i n f i n i t e  number of  s e t s
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of  governing equa t ions  and boundary c o n d i t io n s  fo r  the var ious  o rder  

problems. Only the z e r o t h - o r d e r  s e t  o f  equa t ions  and boundary cond i t ions  

i s  given here:

— u + — u = 0 (2.26a)
dx ay

ax ay ax ay

—  = 0 (2.26c)
ay

ÔT a'T„.

ax ôy ay

w ith ,
Uq ( ^ , 0) = 0 (2.27a)

V (5(,0) = 0 (2.27b)

Tq ( ^ , 0) = 1 (2.27c)

(p lus  matching c ond i t ions  with  core and co rne r  reg ions )

The z e r o t h - o r d e r  equat ions  (2 .26) f o r  the v e r t i c a l  wal l  

boundary l a y e r s  form a second-order  system o f  n o n l i n e a r ,  p a r a b o l i c ,  

p a r t i a l  d i f f e r e n t i a l  equa t ions .  I t  w i l l  be shown t h a t  the s o lu t i o n s  

o f  these  eq u a t io n s  must  be matched to a flow wi th  a l i n e a r  temperature 

p r o f i l e  in  the  core reg ion .  Cheesewright [ 3 1 ] ,  however,  has shown th a t

s i m i l a r i t y  t rans fo rm s  cannot  be ob ta ined  fo r  t h i s  case .  Thus, the

v e r t i c a l  w a l l  boundary l a y e r  equa t ions  a re  n o n s im i la r  which s u b s tan ­

t i a l l y  in c re a s e s  the d i f f i c u l t y  o f  t h e i r  s o l u t i o n .

The govern ing  equat ions  and boundary co n d i t io n s  fo r  the  f i r s t -  

and second-order  problems are given in  Appendix A.
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Sca l ing  of  the (Bottom) H or izon ta l  Wall Boundary-Layer Equations 

A care fu l  s tudy o f  the  flow in  the enc losu re  r e v e a l s  llial the 

flow in the core reg ion  i s  the only  a v a i l a b l e  mechanism for  feeding 

and d r a in in g  the boundary l a y e r s  on the v e r t i c a l  w a l l s .  Ihus , the 

h o r i z o n t a l  r e fe renc e  v e l o c i t i e s  in  these two reg ions  must be i d e n t i c a l ,

' ' r  " ~ r  ■ ( i t )  " gR = ( " T ;)  (2-28)e H

F ur the r  examination of  exper im en ta l  and numerical  r e s u l t s  shows t h a t  

the flows in  the v i c i n i t y  o f  the  h o r i z o n t a l  w a l l s  e x e r t  on ly  a small 

e f f e c t  on the e n t i r e  f l o w f i e l d  and serve mainly to provide t r a n s i t i o n  

reg ions  from the core flow to  the zero r e l a t i v e  v e l o c i t y  and a d i a b a t i c  

wal l  boundary c ond i t ions  a t  the h o r i z o n t a l  w a l l s .  There fore ,  the 

h o r i z o n t a l  r e fe renc e  v e l o c i t i e s  in the core and the h o r i z o n t a l  wal l  

boundary la y e r s  a re  equa l ,  or

Vj. = (2.29)

The r e fe ren c e  le n g th  p a r a l l e l  to the h o r i z o n t a l  w a l l s  i s  the

width o f  the enc lo su re ,  o r

L = W (2.30)ry

and the re fe renc e  le ng th  p e rp e n d ic u la r  to these  w a l l s  i s  the h o r i z o n t a l  

w a l l  boundary la y e r  t h i c k n e s s .  Thus;

L = I  (2.31)rx

where:
Â ^ c h a r a c t e r i s t i c  h o r i z o n t a l  wal l  boundary

l a y e r  th ickness  

so t h a t :  W ">> &
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Therefore ,  the s p a t i a l  coo rd ina tes  fo r  the (bottom) h o r i z o n t a l  wal l  

boundary l a y e r  are

*  *

X = —  = —  (2.32)

\ x  ^

* *
y = ^  (2.33)

L ^ ry

The r e f e r e n c e  p re s su re  g r a d ie n t  p a r a l l e l  to the h o r i z o n t a l  

w a l l s  i s  assumed to  be the same as the r e f e r e n c e  p re s s u re  g r a d ie n t  in

the core r e g io n  p a r a l l e l  to  the h o r i z o n t a l  w a l l s ,  o r

s ÿ i f  ay If
(2.34)

But, s ince  the v e r t i c a l  p re s su re  g r a d i e n t  in  the core reg ion  i s  "im­

pressed"  on the v e r t i c a l  w a l l  boundary l a y e r s ,  as  shown by equat ion  

(2 .26c ) ;  i t  fo l lows t h a t

(2.35)
r

The length  s c a l e s  in  the core r eg ion  are the enc lo su re  dimensions,  o r ;

L = H (2.37)
rx

L = W (2.38)ry

then,  2 2

gl, ■ 0@l.) ■ (w) ■» ■
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Equation (2.34) now g iv e s :

then,  2 2

The c o n t i n u i t y  e q u a t io n  (2 .4a )  may be w r i t t e n  as :

^  ^  -  0 ( 2 . « )
LpyU, Ôy

Arguments s im i l a r  to those  used fo r  the  v e r t i c a l  w all  boundary laye rs  

show t h a t  both terms in  t h i s  e q u a t io n  must be o f  the same o rd e r .  

There fore ,

L V
= 1 (2.43)

L Ü ry  r

so t h a t  ;
“r  = t ^ )  ^ r  (2-44)

ry

S u b s t i t u t i n g  equa t ions  ( 2 .2 9 ) ,  ( 2 .3 0 ) ,  and (2.31) in  equa t ion  (2.44)  

gives  :

e HW

All o f  the r e f e r e n c e  q u a n t i t i e s  with  the excep t ion  o f  E ,  

the leng th  sc a le  p e r p e n d ic u la r  to the h o r i z o n t a l  w a l l s ,  a re  now known. 

The c h a r a c t e r i s t i c  boundary l a y e r  t h i c k n e s s ,  E ,  w i l l  be determined by 

con s id e r in g  a l l  o f  the p o s s i b l e  fo rce  ba lances  in  the y-momentum 

equa t ion  (2 .4 c ) .  W ri t ing  t h i s  e q u a t io n  in  terms of  the r e fe re n c e  

q u a n t i t i e s  g ives :
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("cS(" ̂  ^ +(I)' 4 )
'  r)x dy oy A ox oy .46)

There a r e ,  in  g e n e r a l ,  four  p o s s i b l e  fo rce  ba lances  in  t h i s  equa t ion :

1 . i n e r t i a  - p r e s s u r e  - v iscous  fo rce  balance

2 . i n e r t i a  - p r e s s u re  force ba lance

3. i n e r t i a  - vi scous  force  ba lance

4. p r e s s u r e  - v iscous  force  ba lance

Cases 1 and 2 may be r e j e c t e d  immediately because the i n e r t i a  fo rce  

and p r e s s u r e  fo rce  terms a re  obv ious ly  no t  o f  the  same o r d e r .  The 

ba lance  in  case 3 cannot  be ob ta ined  s in ce  the p r e s s u re  fo rce  term has 

the l a r g e s t  c o e f f i c i e n t .  Thus, the p r e s s u r e  fo rce  - v iscous  fo rce  

ba lance  o f  case 4 i s  the only  p o s s i b l e  b a lan ce .  Equat ing  the c o e f f i ­

c i e n t s  o f  the  p r e s s u r e  fo rce  and v iscous  fo rce  terms in  equa t ion  (2.46) 

g ives

"CR = (P) «ol = (-E)A G A
o r .

I = (I)' = 'XI)'
/ tl \

where the a s p e c t  r a t i o  o f  the e n c l o s u r e , i s  assumed to be of

o rd e r  u n i t y . Equa tions  (2 .15)  and (2 .48) give

t h a t  i s ,  the  h o r i z o n t a l  w a l l  boundary l a y e r s  a re  much th i n n e r  than the 

v e r t i c a l  w a l l  boundary l a y e r s .  This ag ree s  w i th  the  p r e v io u s l y  men­

t ioned  o b s e r v a t i o n  t h a t  the flows in  the  v i c i n i t y  o f  the  h o r i z o n t a l
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w a l l s  e x e r t  o n l y  a sma l l  e f f e c t  on the e n t i r e  f l o w f i e l d  and s e r v e  

mainly t o  provide t r a n s i t i o n  reg ions  from t h e  core f l ow to Die x e r o  

r e l a t i v e  v e l o c i ty  and a d i a b a t i c  w a l l  boundary c ond i t ions  a t  the h o r i ­

z o n ta l  w a l l s .  Equation (2 .45)  now g ives :

a l l  o f  the r e fe ren c e  q u a n t i t i e s  f o r  the h o r i z o n t a l  w a l l  boundary laye rs  

a re  now known. S u b s t i t u t i n g  these  q u a n t i t i e s  in  the governing equat ion  

(2.4)  and the boundary c o n d i t io n s  ( 2 . 5 j ,  k,  -t) y i e l d s :

M  + È2 = 0 (2.50a)
Bx By

OX By Bx Bx By
(2.50b)

Bx By By Bx By

Bx By Bx By

and,

ü (0 ,ÿ )  = 0 (2.51a)

v (0 ,y )  = 0 (2 .51b)

= 0 (2.51c)
Bx

where the p r e s s u re  fo rce  - v iscous  fo rce  balance  i s  ob ta ined  in  the y- 

momentum equa t ion  (2 .5 0 c ) .

The fo l lowing expansions  a re  assumed fo r  the dependent  v a r i ­

a b l e s :
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2_
i i ( x , y ) ~  u^(x ,y )  + e u^ (x ,y )  + e u^Cx.y) + . . .  (;is e -  0 ) (2 . ' j2;i)

2_
v ( x , y ) ~  VQ(x,y) + e v^ (x ,y )  + e Vgfx.y) + . . .  (as e -  0) (2.52b)

_ _ _ _ _ _ _ 2_ _ _
p ( x , y ) ~  P g ( x , y )  + e p ^ ( x , ÿ )  + e P g f x . ÿ )  + . . .  (as e -* 0) (2.52c)

T(x ,ÿ ) -^  ÏQ(x,ÿ)  + e  ï ^ ( x , ÿ )  + e^TgCx.ÿ) + . . .  (as e -* 0) (2.52d)

S u b s t i t u t i n g  these  expans ions in to  equat ions  (2,50) and the boundary

c o n d i t io n s  ( 2 .5 1 ) ,  g a th e r in g  terms o f  l i k e  powers of  e ,  and n o t in g  t h a t

in  o rde r  fo r  t h i s  r e s u l t  to hold fo r  a r b i t r a r y  values o f  e a l l  o f  the 

c o e f f i c i e n t s  must i d e n t i c a l l y  van ish ,  gives an i n f i n i t e  number o f  s e t s  

o f  governing equa t ions  and boundary co n d i t io n s  for  the var ious  o rde r  

problems.  Only the z e r o t h - o r d e r  s e t  of  equat ions  and boundary c o n d i ­

t ions  are  given here:

= 0 (2.53a)
^x r)y 

^ P ,
^  = 0 (2.53b)

and ,

ÔX

< 2 . 5 3 0
3y ÔX

- r r  = ° (2.53d)
&x

UQ(0,y) = 0 (2.54a)

Vq(0,Ÿ) = 0 (2 .54b)
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oT (0 ,ÿ)
— --------  = 0 ( 2 . 5/u)

<ix

(plus matching c o n d i t io n s  w i th  core and co rne r  r eg ions )

The ze ro th -o rd e r  equa t ions  (2 .53)  and boundary c ond i t ions  (2.54) fo r  

the h o r i z o n t a l  w all  boundary l a y e r  a re  l i n e a r .  Thei r  exac t  s o lu t i o n s  

w i l l  be obta ined  l a t e r  in  the a n a l y s i s .  The governing equat ions  and 

t h e i r  boundary c o n d i t io n s  fo r  the  f i r s t -  and second-order problems are 

given in  Appendix A.

In a s i m i l a r  manner, the z e ro t h -o rd e r  s e t  o f  governing equa­

t io n s  and boundary co n d i t io n s  fo r  the top h o r i z o n t a l  wal l  boundary 

la y e r  a re  found to be:

^  ^  (2.55a)
dx âÿ

ÔP,
° = 0 (2.55b)

dx

2fo.!!!o
ay ax%

(2.55c)

 ^  = 0 (2.55d)
a^^

and, üg(0 ,ÿ )  = 0 (2.56a)

VQ(0,y) = 0 (2.56b)

a ! L ( o ,y )
— ^ ----------- 0 (2.56c)

ax

(plus matching c o n d i t io n s  w i th  core and corner r eg ions )
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Where the s p a t i a l  c o o rd in a te s  fo r  the top h o r i z o n t a l  wal l  boundary 

l a y e r  a re  given  by:

(2.57)
€ (HW) '

*  *= y y
y = —  = ( 2 . 5 8 )

ry

S ca l in g  o f  the Governing Equations f o r  the  Core Region

S evera l  e a r l y  i n v e s t i g a t o r s  of  the enc lo su re  problem, such as 

B a tche lo r  [32] and P i l low  [ 3 3 ] ,  assumed t h a t  the core i s  an i so the rm al  

r e g io n .  I t  can e a s i l y  be demonstrated t h a t  t h i s  assumption corresponds  

to an i n e r t i a  fo rce  - vi scous  fo rce  ba lance  in  the x-momentum equa­

t i o n .  Subsequent ly ,  numerica l  s o lu t i o n s  and exper im en ta l  ev idence 

( i . e . ,  [ i l l  and [19] , r e s p e c t i v e l y )  have shown t h a t  the core  i s  not  

i so the rm al  bu t  i s ,  i n s t e a d ,  the rm al ly  s t r a t i f i e d .  The thermal s t r a t i ­

f i c a t i o n  in the core i s  c h a r a c t e r i z e d  by n e a r l y  h o r i z o n t a l  iso therms 

such t h a t  the temperature i s  a fu n c t io n  o f  the v e r t i c a l  co o rd in a te  

on ly ;  t h a t  i s ,  T = T(x) on ly .  Indeed,  experiment shows T(x) to be 

l i n e a r  in  x. I t  w i l l  be shown t h a t  t h i s  r e s u l t  co rresponds  to a p r e s ­

sure  fo rce  - buoyancy fo rce  ba lance in  the x-momentum eq u a t io n .

Observing t h a t  the core flow feeds and d r a in s  the  h o r i z o n t a l  

w a l l  boundary l a y e r s  g ives :

All  o f  the r e f e r e n c e  q u a n t i t i e s  in  the core  r eg io n  a re  now known. The

r e f e r e n c e  l e n g th s ,  L and L , a re  j u s t  the o v e r a l l  dimensions o f  the ® ’ rx  ry
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e n c lo s u re ,  o r :

L = H (2.37)rx

L = W (2 .38)
ry

The v e r t i c a l  r e f e r e n c e  v e l o c i t y ,  u^,  was found to be

" r = m '  ^

by observ ing  t h a t  the core feeds and d r a in s  the h o r i z o n t a l  w a l l  

boundary l a y e r s .  S i m i l a r l y ,  the h o r i z o n t a l  r e f e r e n c e  v e l o c i t y ,  v^, 

was found to be

Vr '  (ir) "cl ' Æ )  (2-29)e H

boundary l a y e r s .  The v e r t i c a l  r e f e r e n c e  p r e s s u r e  g r a d i e n t ,  ,

by observ ing  t h a t  the core a l so  feeds and d r a in s  the v e r t i c a l  wal l

was

obta ined  by n o t in g  th a t  the v e r t i c a l  p r e s s u re  g r a d i e n t  in  the core i s  

" impressed"  on the v e r t i c a l  w a l l  boundary l a y e r s  as shown by equa t ion  

( 2 .2 6 c ) .  Thus,

K-#l
The h o r i z o n t a l  p r e s s u re  g r a d i e n t  in  the core then  fo l lows  as :

â £
ôy

The s p a t i a l  c o o rd in a te s  fo r  the co re r eg io n  are
*  *

X = ^ ^  (2.60)
^ rx  ”
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* is

y  = L ^ W~ ( 2 . 6 1 )
ry

There was no freedom whatsoever in  choosing the above r e f e r ­

ence q u a n t i t i e s .  Except fo r  the  leng th  s c a l e s ,  and L^y, they were 

a l l  d i c t a t e d  by the assumptions made in  s c a l i n g  the v e r t i c a l  and h o r i ­

z o n t a l  w a l l  boundary l a y e r s .  The v a l i d i t y  of  these  assumptions w i l l  

now be e s t a b l i s h e d  by dem onst ra t ing  t h a t  they r e s u l t  i n  a p ressu re  

fo rce  - buoyancy fo rce  ba lance  in  the x-momentum equa t ion  which, in 

t u r n ,  y i e l d s  the ex p e r im e n ta l ly  observed l i n e a r  temperature p r o f i l e  in 

the co re .  S u b s t i t u t i n g  these  r e f e r e n c e  q u a n t i t i e s  in  the governing 

e q u a t io n s  g ives ;

E; + I? ' ° (2-62»)

‘Bx Ay

(2.62b)

’  “  I ;  "  I 7  ■ -  w ;  5 ^  '  1 7 2  *  W  7 2  !ox oy
(2.62c)

K W “g +K ) ® 4] ( 2 . - )
Ax Ay

th e se  equa t ions  do no t  possess  any boundary c o n d i t i o n s .  Thei r  s o lu ­

t i o n s ,  however,  are r e q u i r e d  to match with  the s o lu t i o n s  o f  the v e r t i c a l  

and h o r i z o n t a l  wal l  boundary l a y e r s .  The equa t ions  i n d i c a t e  t h a t :

1. Both terms in  the c o n t i n u i t y  e qua t ion  do n o t  have to be o f  

the same o rd e r  in  the core .  This i s  because both terms 

can be i d e n t i c a l l y  zero in  t h i s  r eg ion .
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2. The r e f e r e n c e  q u a n t i t i e s  d i c t a t e d  by the  assumptions made 

in  s c a l i n g  the v e r t i c a l  and h o r i z o n t a l  w a l l  boundary layers  

r e s u l t  in a p r e s s u r e  fo rce  - bouyant fo rce  ba lance  in  the 

x-momentum equa t ion  (2 .62b) .

The fo l low ing  expansions  a re  assumed for  the dependent  v a r i ­

ab les  :
2

u(x ,y )  ~  Ug(x,y) + e u^ (x ,y )  + e U2 (x,y)  + . . .  (as e -• 0) (2 .63a)

2
v(x ,y )  ~  VQ(x,y) + e v^ (x ,y )  + e Vg^x.y) + . . .  (as e -* 0) (2.63b)

2
p(x ,y )  ~  PQ(x,y) + e  p^ (x ,y )  + e  PgCx.y) + . . .  (as e -* 0) (2.63c)

T(x,y)  ~  Tg(x,y)  + e T^(x,y)  + e^T2 (x,y)  + . . .  (as e -• 0) J[2.63d)

S u b s t i t u t i n g  th e se  expans ions in to  equat ions  (2 .62 ) ,  g a t h e r in g  terms of  

l i k e  powers o f  e ,  and n o t in g  t h a t  i n  o rde r  fo r  t h i s  r e s u l t  to hold 

fo r  a r b i t r a r y  va lues  o f  e t h a t  a l l  o f  the c o e f f i c i e n t s  must i d e n t i c a l l y  

van ish ,  g ives an i n f i n i t e  number o f  s e t s  o f  governing equa t ions  fo r  the 

var ious  o rde r  problems.  The f i r s t  four  s e t s  of  the se  equa t ions  a re  as 

fol lows :

Zeroth Order

= 0 (2 .64a)
ay

^Pq

^  .  0  (2 .64c)
ay

Vq ^  =  0  ( 2 . 6 4 d )
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F i r s t - O r d e r

âv
= 0 (2.65a)

ôPl
( 2 ' * 5 b )

9p
 ̂ = 0 (2.65c)

dT
''O ^  + V. ^  = 0 (2.65d)

oy 1 5y

Second-Order

â^T = 0 (2 ' 66a)

^P2
â ; r  = ?2

= 0 (2 . 66c)

ox oy

2_ „ 2„

Third-Order

Ô T  + (w) o T  " ° (2'*?*)

SPo
ô ; r  = ?3

aps
= 0  (2.67c)

2

j
; ,2j  ,  ^ 2 ,  <2.67d)

Ox^
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The R o v e r n i n #  eqt i . J t i ons  f o r  t h e  f o u r t h - o r d e r  p r oh l em o r e  l i s l c d  in 

Appendix A,

Zero th-Order S o lu t io n  in the Core Region 

The ze ro th -o rd e r  c o n t i n u i t y  equa t ion  (2.64a) g iv e s :

Vq = Vq(x ) o n ly  (2 .68 )

The z e r o t h - o r d e r  energy equa t ion  i s  given  by

*0  = 0 (2 '64d)

But, in  g e n e ra l ,  Vq i s  nonzero s in ce  the v e r t i c a l  w all  boundary l a y e r s  

must e n t r a i n  and expel  f l u i d .  Thus;

^  = 0 (2.69)
oy

Tq = Tq (x) on ly  (2.70)

The z e r o t h - o r d e r  y-momentum equa t ion

ĈPq
= 0 (2.64c)

oy

gives  :

Pq = Pg(x) on ly  (2.71)

The z e r o t h - o r d e r  x-momentum e qua t ion  (2.64b) may now be r e w r i t t e n  a s :

d f  ■ "o

S u b s t i t u t i n g  equa t ion  (2.69) i n  the f i r s t - o r d e r  energy e qua t ion  (2.65d) 

g ives :
ST

' 'O  s T  ■ “  < 2 . 7 3 )
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However, as shown above,  i s  in  gene ra l  nonzero so t h a t :

4T
= 0 (2.74)

The second-o rder  y-momentum equa t ion

â T  * °  ( 2 -66C)

gives  :

Pg = Pgfx) on ly  (2 .75)

Thus, the second-o rde r  x-momentum equa t ion  (2.66b) may be r e w r i t t e n  

as

dPz

Since the l e f t - h a n d  member o f  e q u a t io n  (2.76) i s  a f unc t ion  o f  x only,

the r i g h t -h a n d  member i s  e i t h e r  a c o n s ta n t  o r  a f u n c t i o n  of  x only.

In e i t h e r  case i t  fo l lows  t h a t :

àT
= 0 (2.77)

S u b s t i t u t i n g  eq u a t io n s  ( 2 .6 9 ) ,  (2.74)  and (2 .77)  in  the second-order  

energy equ a t io n  ( 2 . 66d) g ive s :

— ^  = 0 (2.78)
d X

I n t e g r a t i n g  y i e l d s :

Tq = c^x + Cg (2.79)

This s y s t e m a t i c a l l y  and r a t i o n a l l y  ob ta ined  a n a l y t i c a l  s o l u t i o n  fo r  the 

z e r o t h - o r d e r  tempera tu re  d i s t r i b u t i o n  in  the core  r e g io n  reproduces  the 

ex p e r im e n ta l ly  observed  l i n e a r  s t r a t i f i c a t i o n  p r o f i l e . This e s t a b l i s h e s
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the v a l i d i t y  o f  the assumptions  made in s c a l i n g  the v e r t i c a l  and h o r i ­

zon ta l  w a l l  boundary l a y e r s .  Equat ion  (2.72)  may now be i n t e g r a t e d  to

o b ta in  the z e r o t h - o r d e r  p r e s s u r e  d i s t r i b u t i o n  in  the co re .  This g ives ;

Pq = % ^1 + C2 X + C3 (2.80)

The t h i r d - o r d e r  y-momentum equat ion

^  = 0 (2.67c)
oy

y ie ld s  p^ = p^ (x) on ly  (2.81)

so t h a t  the t h i r d - o r d e r  x-momentum equa t ion  (2.67b) may be r e w r i t t e n  

as :

dpo
d f  -  T3 (2.82)

The l e f t - h a n d  member o f  eq u a t io n  (2 .82)  i s  a f u n c t io n  o f  x only .

There fore ,  the r i g h t - h a n d  member i s  e i t h e r  a c o n s ta n t  o r  a fun c t io n  of

X only .  In e i t h e r  case i t  fo l lows  t h a t :

dT
= 0 (2.83)

S u b s t i t u t i n g  equa t ions  ( 2 .6 9 ) ,  ( 2 .7 4 ) ,  (2 .7 7 ) ,  and (2 .83)  in the t h i r d -  

o rde r  energy equa t ion  (2 .67d) ,  g ive s :

a V ,
o r ,

Uq = 7-----  ̂Av i — ( 2. 85)

Since the r ig h t -h a n d  member o f  t h i s  equa t ion  i s  a f u n c t i o n  o f  x only;



4 2

Uq i s  e i t h e r  a fu n c t io n  of  x on ly ,  a nonzero c o n s t a n t ,  o r  i d e n t i c a l l y  

ze ro .  However, n e i t h e r  o f  the f i r s t  two o f  th e se  p o s s i b i l i t i e s  would 

al low g loba l  c o n s e rv a t io n  o f  mass fo r  the  e n t i r e  enc lo su re  to be 

s a t i s f i e d .  Thus,

Uq = 0 ( 2 . 86 )

Summarizing the z e r o t h - o r d e r  core  s o l u t i o n :

Uq = 0 ( 2 . 8 6 )

Vq = Vq(x) ( 2 . 68 )

Pg = % c^x^ + CgX + c^ (2.80)

Tq = c^x + c^ (2.79)

Since Uq = 0; the f low in the core i s ,  to lowest  o rd e r ,  e n t i r e l y  h o r i ­

z o n t a l .  This  h o r i z o n t a l  component o f  v e l o c i t y ,  v^ (x ) ,  w i l l  be d e t e r ­

mined by the s o l u t i o n  o f  the v e r t i c a l  w a l l  boundary l a y e r s .  I t  w i l l  

j u s t  be the fu n c t io n  requ i red  to feed and d r a i n  these  boundary la y e r s .

The c o n s ta n t s  c^ and c^ w i l l  be given by matching c o n d i t i o n s .  The

p re s s u r e ,  p ,  i s  de f ined  as the p r e s s u re  due to  motion.  Thus, i t

would be i d e n t i c a l l y  equal  to  zero i f  th e re  was no motion in  the en­

c lo s u re .  This would occur when the w a l l  tempera tu res  were equal ,  o r  
* *

Tg = Ty. In t h a t  ca se ,  the p r e s s u re  would be given  by:

Pq = C3 = 0 (2.87)

Sca l ing  o f  the (Bottom Right-Hand) Corner Region Equations

The s c a l i n g  in  t h i s  reg ion  i s  based on the f a c t  t h a t

the mass flow r a t e  ou t  of  the mass f low ra te  in to
the bottom h o r i z o n t a l  w all  = the  bottom r ig h t -h an d
boundary l a y e r  co rne r  r eg ion
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which r e q u i r e s  t h a t ;

Both terms in  the c o n t i n u i t y  equa t ion  must be the same o rde r  to s a t i s f y  

g loba l  conse rva t ion  o f  mass fo r  the co rner  r eg ion .  Thus;

V  L
= 1 (2.89)

Û Î,r  ry

o r ,

“r ' - ry °

so th a t :

ry

\  = P X B '
rx

S u b s t i t u t i n g  equa t ions  ( 2 .8 9 ) ,  (2.91) and (2.92) i n  the energy equat ion  

(2.4d) and r e a r r a n g i n g  g ive s ;

y * ( 4 X 7 T ) ( r y „ ,
rx ry

This equat ion  admits  th re e  p o s s i b i l i t i e s  f o r  the c o e f f i c i e n t s  of  the 

terms in  the r i g h t -h a n d  member:

Case 1. ( n^ ( “ ^ X D  "  ̂ (2.94a)
PR e

case 2. = i  (2 .94b)
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case  3. / J _

\ A  i 1,rx ry

o r ,

L = L (2,94c)rx  ry

A sys tem a t ic  i n v e s t i g a t i o n  o f  these  th re e  cases  i s  p re sen te d  in  Appen­

dix  B. Through a process  o f  e l im i n a t io n ,  t h i s  a n a l y i s  proves t h a t  the 

only p o s s i b l e  s e t  o f  governing equa t ions  i s  given  by Case 3 fo r  a p r e s ­

su re  fo rce  - v iscous  force  balance  in  the y-momentum equa t ion .  The 

an a ly s i s  shows t h a t  any o th e r  s e t  o f  governing equa t ions  i s  impossible  

s ince  they e i t h e r  r e q u i r e  a fo rce  balance  t h a t  cannot  be ob ta ined  or  

produce a s o l u t i o n  t h a t  cannot  be matched.  The r e s u l t i n g  re fe renc e  

q u a n t i t i e s  and s p a t i a l  c oo rd ina te s  a re  as fo l lows:

A  ' \ y  ■ (2-95)

^ = f  ■ 7 7 ^rx

ry

S u b s t i t u t i n g  these  r e f e r e n c e  q u a n t i t i e s  in  the governing  equat ions

(2.4)  and the boundary c o n d i t io n s  (2.5 d , e , f , j , k , & )  g ives :

#  + ^  = 0 ( 2 . 100a)Bx By
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« m ÿ  + + t  + + A  ( 2 . ,oob)
\ n /  \   ̂ A ^  A /  -Vax ^y ?)x ?̂ x :)y

Ax ôy 3y %x Ôy

* (NppJla) (û : :  + * = È_T + à_T (Z.lOOd)
ôx d y  f^x 9 y

and, û ( x , 0 ) = 0 ( 2 . 101a)

v (x ,0 )  = G (2.101b)

T(x,0)  = 1 (2.101c)

G(0 ,ÿ)  = 0 ( 2 . 101d)

0 (0 , y) = 0 ( 2 . 101e)

à î .(.0 ,2 ) = 0 ( 2 . 101 f)
:)x

Thus, a p re s s u re  fo rce  - buoyancy fo rce  - v iscous  fo rce  balance  i s  ob­

ta in e d  i n  the x-momentum e q u a t io n  and a p r e s s u re  fo r c e  - v iscous  fo rce  

balance  in  the y-momentum e q u a t io n .

The fo l lowing expansions  a re  assumed fo r  the dependent  v a r i ­

ab le s  ;

u ( x , y ) ~  UQ(x,y) + e  G^(x,y)  + s^U2 (x ,y )  + . . .  (as e -♦ 0 ) ( 2 . 102a)

v(x ,y )  ~  Vp(x,y) + e  v^ (x ,y )  + e^V2 (x ,y )  + . . .  (as  e -• 0 ) ( 2 . 102b)

P(x ,y )  ~  pg (x ,y )  + e  p^ (x ,y )  + e ^ p 2 (x ,y )  + . . .  (as  e -  0) (2.102c)

T ( x , y ) T g ( x , y )  + e T^(x,y)  + s^T2 (x ,y )  + . . .  (as e -  0) (2.102d)
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S u b s t i t u t i n g  these  expans ions  in to  equa t ions  (2 .100 )  and the boundary 

cond i t ions  ( 2 . 101) ,  g a t h e r in g  terms o f  l i k e  powers o f  e ,  and noting  

t h a t  in  o rder  fo r  t h i s  r e s u l t  to hold  for  a r b i t r a r y  va lues  of  e th a t  

a l l  o f  the c o e f f i c i e n t s  must i d e n t i c a l l y  van i sh ,  g ives  an i n f i n i t e  

number of  s e t s  o f  governing  equa t ions  and boundary co n d i t io n s  fo r  the 

va r ious  o rde r  problems.  Only the z e r o t h - o r d e r  s e t  o f  equat ions  and 

boundary c o n d i t io n s  are  given h e re :

— 2 + — 2 = 0 (2.103a)
ax ay

 ̂ 2 2

—  = T + — ^  + — ^  (2.103b)
oy

A 2 A - 2 a

—  = — ^  ^  (2.103c)
_ A  A Z — a Z

ay o x  oy

2-' 2-' 
a ?o a ?o- ^  + - ^  = 0 (2.103d)
ax ay

and, Uq(x , 0) = 0  (2,104a)

Vg(x ,0)  = 0 (2.104b)

Tq(x , 0) = 1 (2 .104c)

Gq(0,y) = 0 (2.1040)

3 ^ (0 ,y) = 0 (2.104e)

a i - c o .y )
—   = 0 (2 .104 f )

ax

(p lus  matching c o n d i t io n s  w ith  the v e r t i c a l  and h o r i z o n t a l  

w a l l  boundary l a y e r s )
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The governing equa t ions  and t h e i r  boundary co n d i t io n s  f o r  the  f i r s t -  

and second-order  problems are  given  in  Appendix A.

In a s i m i l a r  manner, the z e r o t h - o r d e r  s e t  of  governing equa­

t ions  and boundary co n d i t io n s  fo r  the top r igh t -hand  corner  r eg ion  are 

found to be:

ABu av
= 0 (2,105a)

3x ay

A O' '  O a
-  A ^  6  A L  A

' 2 .105b)
ax ax ay

ay ax ay

- r p  + - T 2 ^ - 0  (2.105d)
ax ay

and, G q ( x , 0 )  = 0 (2.106a)

V q( Î ,0 ) = 0 (2.106b)

Tq(5,0)  = 1 (2.106c)

Gq(0 , 5-) = 0 (2.106d)

Vq(0 , 9 ) = 0 (2.106e)

S T n ( 0 , y )
— ^   = 0 (2 .106f)

ax

(plus matching c o n d i t io n s  w i th  the v e r t i c a l  and h o r i z o n t a l  

w a ll  boundary l a y e r  equa t ions )  

where the s p a t i a l  coo rd ina tes  f o r  the top r igh t -hand  co rne r  r eg ion  a re  

given by;
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rx

ry

The z e r o t h - o r d e r  equat ions  (2,103) fo r  the (bottom r igh t -hand )  

corner r eg ion  are  a second-order  s e t  o f  l i n e a r ,  e l l i p t i c ,  p a r t i a l  d i f ­

f e r e n t i a l  e q u a t io n s .  The pressure -buoyancy-v iscous  force  ba lance  in the 

x-momentum e qua t ion  (2.103b) and the p re s s u re -v i s c o u s  force  balance in 

the y-momentum equa t ion  (2.103c) c h a r a c t e r i z e  the flow as a "slow flow" 

with buoyancy. The energy equa t ion  (2,103d) shows t h a t  the energy 

t r a n s p o r t  in  the co rne r  i s  by conduct ion only  and th a t  the temperature 

d i s t r i b u t i o n  i s  given by a s o l u t i o n  o f  the energy equat ion  a lone ,  i n ­

dependent  o f  the dynamics of  the flow.

The s o l u t i o n  of  equat ions  (2.103) w i l l  be ou t l ined  here but  

not c a r r i e d  to comple t ion s ince  the equa t ions  are  e l l i p t i c  and thus r e ­

qu i re  boundary c o n d i t io n s  on a l l  four  s id e s  o f  the corner  reg ion .  The 

boundary c o n d i t io n s  on the s ide  o f  the co rne r  r eg ion  t h a t  matches with 

the v e r t i c a l  w a l l  boundary la y e r  a r e ,  however,  unknown a t  t h i s  p o in t  in 

the a n a l y s i s .  C r o s s - d i f f e r e n t i a t i n g  the momentum equat ions  (2.103b) and 

(2.103c) and e l im i n a t in g  the p re s s u re  terms g ives :

^3^ ^3^ ^3..

ax  %y ay3 °

A s t ream func t ion ,  ij/g, i s  now def ined  so t h a t
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~  = ( 2 . 1 1 0 .1)
oy

'5*0—  = - V (2.110b)
ax °

The func t ion  s a t i s f i e s  i d e n t i c a l l y  the c o n t i n u i t y  equa t ion  (2.103a). 

S u b s t i t u t i n g  equa t ion  (2.110) in  equa t ion  (2.109) gives

4-' 4'" _ 4/- _ ^

âx ax ay oy ay

which i s  the nonhomogeneous biharmonic equa t ion .

When a l l  the boundary c ond i t ions  fo r  the co rne r  reg ion  have

been determined,  the energy equa t ion  (2.103d) may be solved fo r  the

temperature d i s t r i b u t i o n ,  Tq = lQ (x ,y ) .  This  r e s u l t  i s  then s u b s t i t u ­

ted in equat ion ( 2 . 111) which i s  solved fo r  the s t ream func t ion .

So lu t ion  o f  the Zero th - Order Problem fo r  the E n t i r e  Enclosure 

In g e n e ra l ,  t h i s  s o l u t i o n  would r e q u i r e  so lv in g  the ze ro th -  

o rde r  governing equa t ions  in  a l l  n ine  of  the p h y s i c a l l y  d i s t i n c t  reg ions  

of  the f l o w f i e l d .  However, i t  has  a l re a d y  been shown t h a t ,  because of  

the centro-symmetry p ro p e r ty  o f  the governing equa t ions ,  on ly  s i x  of  

the nine reg ions  must be cons ide red .  The co re ,  the r ig h t -h a n d  v e r t i c a l  

wal l  boundary l a y e r s ,  the top and bottom r ig h t -h a n d  co rne r  r e g io n s ,  and 

the top and bottom h o r i z o n t a l  w a l l  boundary laye rs  were chosen fo r  t h i s  

purpose.  The s o lu t i o n s  in  the se  reg ions  w i l l  be in  terms o f  a number 

o f  unknown co n s tan t s  and fu n c t io n s  which a re  determined by matching 

c o n d i t i o n s .
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The s o lu t i o n s  in the core have a l r e a d y  been determined.  The 

s o lu t i o n s  o f  the top and bottom h o r i z o n t a l  w a l l  boundary la y e r s  w i l l  be 

determined nex t .  This w i l l  be followed by a d i s c u s s io n  o f  the n a tu re  

of  the e x ac t  s o l u t i o n s  fo r  the co rn e r s  and v e r t i c a l  wal l  boundary l a y e r s .  

F i n a l l y ,  an approximate s o l u t i o n  of  the  v e r t i c a l  w a l l  boundary l a y e r  

equa t ions  w i l l  be obta ined  by means o f  i n t e g r a l  te chn iques .

S o lu t io n  of  the (Bottom) H o r iz o n ta l  Wall Boundary Layer Equat ions

As b e fo re ,  the bottom h o r i z o n t a l  w a l l  boundary l a y e r  i s  gov­

erned by the fo l lowing  z e r o t h - o r d e r  s e t  of  equa t ions

+ — U = 0 (2.53a)
Sx Sÿ

SPq
—  = 0 (2.53b)
Sx

(2.53c)

— = 0 (2.53d)
Sx^

w i th ,  Ug(0,y) = 0 (2 .54a)

VgfO.ÿ) = 0 (2.54b)

ST (0,y)
 --------  = 0 (2 .54c)

Sx

(plus  matching c o n d i t io n s  w i th  core and co rner  reg ions )

These equa t ions  (2.53) and t h e i r  boundary c o n d i t io n s  (2.54) a re  l i n e a r  

and may be solved  e x a c t ly  ( a t  l e a s t  in  terms o f  unknown fu n c t io n s  o f  y ) .
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I n t e g r a t i n g  the x-momentum e qua t ion  (2.53b) gives

Po = fqCy) (2.112)

where: = fu n c t io n  o f  y only

S u b s t i t u t i n g  t h i s  r e s u l t  i n  the y-momentum equa t ion  (2 .53c ) and i n t e ­

g r a t i n g  g ives :

VQ = % f j  + X f^ (y )  + fg (y)  (2.113)

S u b s t i t u t i n g  t h i s  e x p re s s io n  fo r  Vq i n to  the c o n t i n u i t y  e qua t ion  (2.53a)  

and i n t e g r a t i n g  y i e l d s :

Gq = - 1/6 f%(9) - 1/2 f^ (ÿ )  - x f - ( ÿ )  + f^ (ÿ )  (2.114)

I n t e g r a t i o n  of  the energy e q u a t io n  (2.53d) g ives :

Tq = Ü fg(9) + fg(P)  (2.115)

The n o - s l i p  c o n d i t io n  a t  x = 0 (2.54b) and the e x p re s s io n  fo r  Vq 

(2.113) now give :

fjCÿ) = f ' ( ÿ )  = 0 (2.116)

S i m i l a r l y ,  the c o n d i t i o n  f o r  no normal flow a t  the  w a l l  (2.54b) and

the e x p re s s io n  fo r  Ug (2.114) y i e ld

f^(ÿ)  = 0 (2.117)

while the a d i a b a t i c  w a l l  c o n d i t i o n  (2 .54c)  and the tempera tu re  d i s t r i ­

b u t io n  (2.115) give:

f^ fÿ)  = 0 (2.118)

S u b s t i t u t i n g  equa t ions  (2 .116) ,  (2 .1 1 7 ) ,  and (2.118) in  equa t ions  

(2 .112 ) ,  (2 .113) ,  (2 .1 1 4 ) ,  and (2.115) g ives the fo l low ing  s o lu t i o n s
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o f  the bottom h o r i z o n t a l  wall  boundary l a y e r  equa t ions :

r.  ̂ -- - 1 /6  fy(ÿ)  - 1 /2  i ^ (ÿ )  ( 2 . 11

Vq = 1/2 f | ( y )  + X fgfy) (2.119b)

Pq = f^Cÿ) (2.119c)

Tq = fg (ÿ )  (2.119d)

S i m i l a r l y ,  the s o lu t io n s  o f  the z e r o t h - o r d e r  s e t  o f  governing 

equa t ions  fo r  the top h o r i z o n t a l  w a l l  boundary l aye r  a re  given by:

= - 1/6 F"(ÿ) - 1/2 x^ F^(y) (2.120a)

Vq = 1/2 x^ Fj^(y) + X F^(y) (2.120b)

Pq = Fpfy) (2 . 120c)

Tq = F^(y) (2.120d)

where the F^ ' s  are unknown fu n c t io n s  of  y only.

The unknown func t ions  f^ ,  f ^ ,  fg ,  F^, F^, Fg w i l l  be determined 

by matching w i th  the core s o l u t i o n s .

Matching of  the (Bottom) H o r iz o n ta l  Wall 

Boundary Layer and Core So lu t ions

P ressu re  Matching

The core  r eg io n ,  o r  " o u t e r " ,  s o l u t i o n  fo r  the p re s su re  d i s ­

t r i b u t i o n  i s  g iven  by equat ions  (2 .80)  and (2 .87)  as :

Pq = 1/2  CjX^ + CgX (2.121)

Rewrit ing  t h i s  s o l u t i o n  in  h o r i z o n t a l  w a l l  boundary l a y e r ,  or  " in n e r " ,  

v a r i a b l e s  g iv e s :
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o i  6 , , ,    -2  3 ’Pq = e (1/2)(C^)(W/H) x" + e (c^XW/H)" x (2.122)

Taking the " in n e r  l i m i t "  of  t h i s  o u te r  s o lu t i o n  as e -• 0 y i e l d s ;

t im  = 0 (2.123)
e-*0

This l i m i t  may be r e w r i t t e n  in  o u te r  v a r i a b l e s  as;

t i m  (p °^ )  = 0 (2.124)
e-*0

The h o r i z o n t a l  w a l l  boundary l a y e r ,  or  " in n e r" ,  s o l u t i o n  fo r  the p r e s ­

sure d i s t r i b u t i o n  i s  given by equa t ion  (2.119c) as;

Pq = f^(y)  (2.119c)

Rewrit ing  t h i s  s o l u t i o n  in  core ,  or  " o u te r " ,  v a r i a b l e s  g ive s ;

P q °  = f i ( y )  (2.125)

Taking the " o u te r  l i m i t "  o f  t h i s  inne r  s o lu t i o n  as e -• 0 y i e l d s :

t im  (p o ° )  = f-i (y) (2.126)
6-^0  ̂ '

The l i m i t  matching p r i n c i p l e  [341

j" inne r  l i m i t  _ |” o u te r  l i m i t  1
 ̂o f  the o u t e r  s o l u t i o n .  Lof the inne r  s o l u t i o n !

g ives :

e-»0 '  '  e-*0
t i m  ( pq^) = t im ( pq° )  (2.127)

o r .
f i< y)  = f^ (y)  = 0 (2.128)

f | ( ÿ )  = f%(ÿ) = 0 (2.129)
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Temperature Matching

The core reg ion ,  o r  o u t e r ,  s o l u t i o n  fo r  the temperature d i s t r i ­

b u t ion  i s  given  by equa t ion  (2.79) a s :

Tq = X + (2.79)

Rewrit ing  t h i s  s o l u t i o n  in  h o r i z o n t a l  w a l l  boundary l a y e r ,  o r  inne r ,  

v a r i a b l e s  g ives :

T°^ = e^(Ci)(W/H)^ X + C2 (2.130)

Taking the inne r  l i m i t  of  t h i s  o u t e r  s o l u t i o n  as e -* 0 y i e l d s :

t im ( t° ^ )  = c (2.131)
e- 0

This l i m i t  may be r e w r i t t e n  in  o u t e r  v a r i a b l e s  a s ;

U r n  ( t ° ^ )  = c (2.132)
e-^0

The h o r i z o n t a l  w a l l  boundary l a y e r ,  o r  in n e r ,  s o l u t i o n  fo r  the tempera­

tu r e  d i s t r i b u t i o n  i s  given by e qua t ion  (2.119d) as :

\  = f^ (y )  ( 2 . i i 9 d )

Rewrit ing  t h i s  s o l u t i o n  in  co re ,  o r  o u t e r ,  v a r i a b l e s  g ive s :

Tq° = fg(y) (2.133)

Taking the o u te r  l i m i t  of  t h i s  inne r  s o l u t i o n  as e -* 0 y i e ld s

^im ( tJ ° )  = f^ (y)  (2.134)
e-*0

The l i m i t  matching p r i n c i p l e  now g ives :
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tim (* 0^) ( 2 . 1']5)
e—0 G—0

o r ,

fg(y)  = fg (ÿ)  = Cg (2.136)

S u b s t i t u t i n g  equa t ion  (2.129) in  e q u a t io n  (2.119b) y i e l d s :  

Vq = X fgfy) (2.137)

Matching t h i s  s o l u t i o n  fo r  Vq with  the core s o lu t i o n

Vq = ■Vq(x) on ly  ( 2 . 6 8 )

gives :

Therefore ;

f g ty )  = (cons tan t )  = (2.138)

f ’ (ÿ) = 0 (2.139)

S u b s t i t u t i n g  these r e s u l t s  in  the z e r o t h - o r d e r  s o lu t i o n s  fo r  the 

(bottom) h o r i z o n t a l  w a l l  boundary la y e r  g iv e s :

Uq = 0 ( 2 . 140a)

Vg = X (2.140b)

Pq = 0 (2.140c)

ÏQ = Cg (2.140d)

In a s i m i l a r  manner, matching the s o lu t i o n s  (2.120) o f  the 

z e r o t h - o r d e r  governing equa t ions  fo r  the top h o r i z o n t a l  w all  boundary 

l a y e r  to the core s o lu t i o n s  g ives :

Uq = 0 (2 .141a)
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Vg = Kg X (2.141b)

Pq = ^ ^1 + C2 (2.141c)

Tq = + Cg (2.141d)

Equations, (2.140) and (2.141) show t h a t  the h o r i z o n t a l  w all  

boundary l a y e r s  a re  reg io n s  of  c o n s ta n t  p r e s s u re  and temperature.

Summary of  Zeroth-Order  S o lu t ions  

The fo l lowing  z e r o t h - o r d e r  s o lu t i o n s  were ob ta ined  fo r  the core

reg ion :

Ug = 0 ( 2 . 8 6 )

Vg = Vg(x) (2 . 6 8 )

2
Pg = % C^x + CgX (2.80)

Tg = c^x + Cg (2.79)

As b e fo re ,  the z e r o t h - o r d e r  s o l u t i o n s  fo r  the bottom and top h o r i z o n t a l  

w a l l  boundary l a y e r s  were found to be given  by:

üg = 0 (2.140a)

Vg = K^x (2.140b)

Pg = 0 (2.140c)

Tg = c^ (2.140d)

and,

Sg = 0 (2.141a)

Vg = KgX (2.141b)
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Po •  i  ■=! + ' 2
(2.141c)

*0 ■ n  + '2
(2.141d)

r e s p e c t i v e l y .

The z e r o t h - o r d e r  s o lu t i o n s  f o r  the bottom and top r ig h t -h an d  co rner

reg io n s  may be r ep resen ted  s ym bo l ica l ly  as fol lows :

"0 = (2.142a)

= So(S.y) (2.142b)

Po = PgCa.y) (2.142c)

to  = t o ( i , y ) (2.142d)

and,

(2.143a)

%o = Vo(S,y) (2.143b)

Po = Po(S,y) (2.143c)

A  ̂ % A
Tq = i o (» .y ) (2.143d)

In a s i m i l a r  manner, the z e r o t h - o r d e r  s o l u t i o n s  fo r  the ( r ig h t -h a n d )

v e r t i c a l  w a l l  boundary l a y e r  may be given sym bol ica l ly  as :

"“0 = " 2 ’ NpR, X, y) (2.144a)

= ^ ^ ( = 1 '  =2' HpR' y) (2.144b)

= 'P o (= i '  =2' NpR. 'S, "y) (2.144c)

= ^ * (= 1 '  =2' HpR' X, y) (2.144d)

I f  the exac t  s o l u t i o n s  in  a l l  o f  the above reg ions  were known, 

the  c o n s ta n t s  could be determined a t  t h i s  p o in t  by matching.
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'1716 only paramete r  appearing in the normalized zeroli i-orcier  

s o lu t i o n s  is the Prandtl  number, 'Ihe Crashof number was not cxpcoled 

to appear s ince  the lowest  o rder  s o lu t io n  i s  fo r  a f ixed  value of  th i s  

parameter;  th a t  i s ,  fo r  an i n f i n i t e  Grashof number, 'fhe absence of  the 

aspect  r a t i o ,  (H/W), i s ;  however, qu i t e  an i n t e r e s t i n g  r e s u l t  as th i s  

implies t h a t  v a r i a t i o n s  in  t h i s  parameter a f f e c t  the p r e s e n t  s teady 

s t a t e  s o l u t i o n  only in  the h ighe r  order  c o r r e c t i o n s .  This w i l l  be d i s ­

cussed in  more d e t a i l  when the r e s u l t s  of  t h i s  a n a l y s i s  a re  compared 

with the r e s u l t s  o f  o th e r  i n v e s t i g a t i o n s .

The v e r t i c a l  component of  v e l o c i ty  in the core flow is  iden­

t i c a l l y  ze ro ,  while  the h o r i z o n t a l  component i s  given  by the unknown 

function  V q ( x ) .  This func t ion  i s ,  in  tu rn ,  given by the ent ra inment-  

ex t ra inment v e l o c i t y  p r o f i l e s  of  the v e r t i c a l  w a l l  boundary la y e r s .

Thus, the flow in the core mere ly serves  to feed and d r a in  these boun­

dary l a y e r s .  This flow must be such t h a t  c o n t i n u i t y  i s  maintained  fo r  

the e n t i r e  en c lo su re ,  centro-symmetry i s  p re s e rv ed ,  and matching with 

the s o lu t i o n s  o f  the h o r i z o n t a l  w a ll  boundary l a y e r s  i s  achieved.

The exac t  n a tu re  o f  the flows in  the h o r i z o n t a l  wall  boundary 

laye rs  and the co re r e g io n  may now be unders tood.  I t  i s  w ell  known th a t  

in a boundary l a y e r  the  v e l o c i t y  component normal to  the  w all  i s  much 

smal le r  than the v e l o c i t y  component p a r a l l e l  to the  w a l l .  In f a c t ,  for

the v e r t i c a l  wal l  boundary laye rs  the c h a r a c t e r i s t i c  v e l o c i t i e s  were 

found to be

'*0

and.
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(2.17)
e H

so t h a t  the r a t i o  of  the p h y s ic a l  v e l o c i t i e s ,  u and v i s  g iven  by;

£ *  = © ( 3^)  ~  (2 .145)
u u

However, s in c e  the core flow feeds  and d r a in s  the v e r t i c a l  wa l l  boun­

dary  l a y e r s ,  the h o r i z o n t a l  v e l o c i t y  s c a l e  in the core reg ion  must a l so  

be v^. T here fo re ;  s ince  the v e r t i c a l  v e l o c i t y  in the core ,  Uq , was

shown to ze ro ;  the v e l o c i t i e s  in  the co re  are a l s o  extremely small  
2

(0(e )) r e l a t i v e  to the v e r t i c a l  v e l o c i t i e s  in  the v e r t i c a l  w a l l  boun­

dary l a y e r s .

The s c a l i n g  of  the core r eg io n  gave a p ressure -buoyancy  force  

ba lance .  Thus, the flow in  the core i s  an i n v i s c i d ,  bouyancy dominated 

flow in  which both i n e r t i a  and v iscous  fo rce s  a r e ,  to the lowes t  o rd e r ,  

comple te ly  n e g l i g i b l e .  Inasmuch as the h o r i z o n t a l  wall  boundary l a y e r s  

must match with  the core flow, they  must a l so  have a c h a r a c t e r i s t i c  

h o r i z o n t a l  v e l o c i t y  given by v^, t h a t  i s ,  they must a l so  be flows in  

which i n e r t i a  i s  un im portan t .  This  i s  r e f l e c t e d  in  the p r e s s u r e - v i s c o u s  

force  ba lance  ob ta ined  in  s c a l i n g  these r eg ions .  This ba lance  i s  c h a r ­

a c t e r i s t i c  o f  "slow",  or  "low Reynolds number" f lows.

Thus, i f  a Reynold 's  number, fo r  the h o r i z o n t a l  w a l l  bound­

ary  l a y e r s  i s  def ined  as

then,
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\ e  ■ ( ï ï /  ( 2 - ' 4 7 )

-* 0 as ^ gR ”  (2.148)

Therefore ,  th e re  a re  no momentum boundary l a y e r s  on the h o r i z o n t a l  w a l l s . 

Since they are  r eg ions  o f  c o n s ta n t  tempera ture,  however,  they a re  a c t u ­

a l l y  thermal boundary l a y e r s  because they provide  a r ap id  t r a n s i t i o n  

from the l i n e a r  tempera tu re  d i s t r i b u t i o n  in  the core to the a d i a b a t i c  

boundary c o n d i t io n s  a t  the h o r i z o n t a l  w a l l s .

The governing equa t ions  (2.103) in  the (bottom r ig h t -h a n d )  c o r ­

ner  r eg ion  are  a s econd-order  system o f  l i n e a r ,  e l l i p t i c ,  p a r t i a l  d i f f e r ­

e n t i a l  e q u a t io n s .  I t  appears  t h a t ,  a t  l e a s t  in  p r i n c i p l e ,  t h e i r  exac t  

s o lu t i o n s  could be ob ta ined  in  the manner p r e v io u s l y  o u t l i n e d .  I t  w i l l  

be shown, however,  t h a t  the v e r t i c a l  w a ll  boundary l a y e r  equa t ions  may 

be solved w i th o u t  f i r s t  s o lv in g  the corner  e q u a t io n s .  Furthermore,  

s ince  the co rne r  reg ions  a re  ext remely  small  (L^^ = 0 ( e ^ ) ) ,  they

do not  num e r ica l ly  a f f e c t  the o v e r a l l  r a t e  o f  h e a t  t r a n s f e r  ac ros s  the 

enc losu re  to any g r e a t  e x t e n t .  Hence, the co rne r  s o lu t i o n s  were not  

ob ta ined  and a re  given  above only in symbolic form (2 .142 ) .  Never the­

l e s s ,  the se  s o lu t i o n s  may be d iscussed  from a p h y s i c a l  p o in t  o f  view.

The flow in  (say) the bottom r igh t -hand  co rne r  r e g io n  se rves  to tu rn  

the flow in  the bottom h o r i z o n t a l  wal l  boundary l a y e r  in to  the r i g h t -  

hand v e r t i c a l  w a l l  boundary la y e r  and to in s u re  t h a t  the n o - s l i p  bound­

ary  c o n d i t io n s  a re  s a t i s f i e d  on both w a l l s .  The s o l u t i o n  a l s o  has to 

meet the a d i a b a t i c  boundary c o n d i t io n  on the h o r i z o n t a l  w a l l ,  the con­

s t a n t  tempera ture  boundary co n d i t io n  on the v e r t i c a l  w a l l ,  and must



match with the s o lu t i o n s  of  the h o r i z o n t a l  and v e r t i c a l  w a l l  boundary 

l a y e r s .

The ( r ig h t -h a n d )  v e r t i c a l  w a l l  boundary la y e r  equat ions  (2.26)  

a re  a second-order  system o f  n o n l i n e a r ,  p a r a b o l i c ,  p a r t i a l  d i f f e r e n t i a l  

equa t ions  whose s o l u t i o n s  must match w i th  the s o lu t i o n s  of  the top and 

bottom ( r ig h t -h a n d )  co rne rs  and the core r e g io n .  The v e r t i c a l  w all  

boundary l a y e r s  a r e ,  however,  n o n s im i la r  [ 3 0 ] ,  [31] and as such t h e i r  

s o l u t i o n  p r e s e n t s  a formidab le  problem (even in a numerical  s e n s e ) ,  as 

w i l l  be shown below. There fo re ,  the s o l u t i o n s  o f  the ( r ig h t -h a n d )  v e r ­

t i c a l  w a l l  boundary l a y e r  equa t ions  are  a l s o  given  only in  symbolic 

form (2 .144) .

I n t e g r a t i o n  o f  the n o n s im i la r  v e r t i c a l  w a l l  boundary l a y e r  

equa t ions  r e q u i r e s  i n i t i a l  c o n d i t io n s  a t  x = 0 and the va lues  o f  the 

unknown c o n s t a n t s ,  c^ and c^.  The i n i t i a l  c o n d i t i o n s ,  in  t u rn ,  provide  

one s e t  o f  boundary c o n d i t io n s  fo r  the c o rn e r  problem which i s  governed 

by e l l i p t i c  equa t ions  and hence r e q u i r e s  boundary co n d i t io n s  on a l l  

four  boundaries  f o r  i t s  s o l u t i o n .  Thus the va lues  of  the unknown con­

s t a n t s ,  and Cg, the i n i t i a l  c o n d i t io n s  fo r  the v e r t i c a l  w a l l  boundary 

l a y e r ,  and one s e t  o f  boundary c o n d i t io n s  fo r  the co rner  problem a re  

a p r i o r i  unknown. I f  the va lues  the c o n s t a n t s ,  c^ and c^,  and o f  each 

p o in t  on the i n i t i a l  p r o f i l e s  a re  regarded  as param ete rs ,  the re  a re  

(2m + 2) param eters  in  the problem. The c r i t e r i a  fo r  s e l e c t i n g  the 

c o n s t a n t s ,  c^ and c^ ,  and the i n i t i a l  p r o f i l e s  fol low from the  c e n t r o -  

symmetry p ro p e r ty  o f  the  govern ing e q u a t io n s  and from the matching con­

d i t i o n s .  In p r i n c i p l e ,  one guesses the i n i t i a l  p r o f i l e s ,  Tg(0, 'y) , 

' ug(0 , 'y) , 'pg(0 , 'y ) , and the va lues  o f  the c o n s t a n t s ,  c^ and c^,  and then
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proceeds to i n t e g r a t e  the governing eq u a t io n s .  The r e s u l t i n g  s o lu t io n  

is  then examined to determine i f  i t  i s  cent ro-symmetr ie  and i f  i t  matches 

with the core and co rne r  s o l u t i o n s .  For a unique s o l u t i o n ,  only one 

s e t  of  co n s tan t s  and p r o f i l e s  w i l l  y i e ld  these  r e s u l t s .

Matching o f  the Right-Hand V e r t i c a l  Wall Boundary 

Layer and the Bottom Right-Hand Corner Region 

Because of  the n o n s im i la r  n a tu re  o f  the v e r t i c a l  w a l l  bound­

ary  l a y e r s ,  i t  was dec ided  to perform an approximate s o l u t i o n  using 

von Karman i n t e g r a l  te chn iques .  This s o lu t i o n  w i l l  a id  in  unders tanding  

the gross  n a tu re  o f  the se  flows and what i s  r e q u i re d  to o b ta in  t h e i r  

e x ac t  s o l u t i o n s .  Before t h i s  can be accomplished,  i t  remains to be 

shown th a t  the corner  reg ions  do not  have to be solved  in o rd e r  to 

so lve the v e r t i c a l  w a l l  boundary l a y e r s .  This w i l l  be done by examining 

the matching o f  the r i g h t - h a n d  v e r t i c a l  w all  boundary l a y e r  and the

bottom r ig h t -h an d  co rne r  r e g io n .  These reg ions  d e f i n i t e l y  over lap  in

*the d i r e c t i o n  p e rp e n d ic u la r  to  the v e r t i c a l  w a l l  (y - d i r e c t i o n ) .  How­

ever ,  ensu r ing  ove r la p  in  the d i r e c t i o n  p e r p e n d ic u la r  to the h o r i z o n ta l  

w a l l  (x - d i r e c t i o n )  leads  to n o n t r i v i a l  matching c o n d i t i o n s  fo r  the 

s o lu t i o n s  i n  these  two r e g io n s .  To o b t a i n  these  c o n d i t i o n s ,  an i n t e r ­

mediate c o o rd in a te ,  x^, i s  in t ro d u ced .  This co o rd in a te  i s  defined  fo r  

convenience as :

rx

( the  in t e rm e d ia te  c o o rd in a te ,  x^, i s  no t  u n ique . )

The one-te rm v e r t i c a l  w a l l  boundary l a y e r ,  or  o u t e r ,  s o lu t i o n  

f o r  the s t r eam fu n c t io n  i s  given  by:
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T = 1 q ^ , ' v '] (2.150)

Rewrit ing  th i s  s o l u t i o n  in  i n t e rm e d ia te  v a r i a b l e s  gives

H  = *Q[€ x \ y ]  (2.151)

Then, in  p hys ica l  v a r i a b l e s  the s t r eam func t ion  i s ;

T" = X^,y] (2.152)
e

The one- te rm bottom r ig h t -h a n d  co rn e r  reg ion ,  or  inne r ,  s o l u t i o n  fo r  

the s t ream func t ion  may be w r i t t e n  as :

f  = ®Q[x,y] (2.153)

Rewrit ing t h i s  s o l u t i o n  in  i n t e rm e d ia te  and o u te r  v a r i a b l e s  gives

« = *o[(S)(l)'^^ <2.154)
s

so t h a t  in  p h y s ica l  v a r i a b l e s  the s o l u t i o n  becomes:

°  < ' V ©  *0 [ © ) ©  > © ( I )  ]  <2-<5=>
s

Comparison of  equa t ions  (2 .152) and (2.155) shows t h a t  the mass f low- 

r a t e  o u t  o f  the co rner  i n t o  the v e r t i c a l  w a l l  boundary la ye r  i s ,  to 

lowest o rd e r ,  zero even though the v e l o c i t y  i s  nonzero.  (The mass flow- 

r a t e  i s  of  h ighe r  o rde r  because o f  the small  leng th  s c a le  p e r p e n d ic u la r  

to the v e r t i c a l  w a l l . )

The one- te rm v e r t i c a l  w a l l  boundary l a y e r ,  o r  o u t e r ,  s o l u t i o n  

for  the v e r t i c a l  v e l o c i t y  is g iven by:

'u ='uQ['x,'y] (2.156)
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Rewriting this solution in intermediate variables yields:

U =  U q [ s  X ,y] (2.157)

Thus, in  p h y s i c a l  v a r i a b l e s  the v e l o c i t y  may be w r i t t e n  a s :

= ( " f " )  (2.158)
e V  ^

The one-term bottom r ig h t -hand  co rner  reg ion ,  or  in n e r ,  s o l u t i o n  fo r  

the v e r t i c a l  v e l o c i t y  may be w r i t t e n  as:

Û = UQ[x,yl (2.159)

Rewriting this solution in intermediate and outer variables 

e '

so that in physical variables the vertical velocity is given by: 

. - K .......>= m o "  © ( I ) " :

Since the p h y s i c a l  v a r i a b l e s  must match in  the i n t e r m e d i a t e  re g io n ,  

equa t ions  (2.158) and (2.161) give

u = Û (2.162)

or,

( - r ) V ® = ( " r ) ©  ^ o [(^ X l)  ’ © ( I )  ^
e H e H

Thus ;

K \ y ]  . . I S )  a j ( ^ ) ( 5 )  , ( f ) l S )  I (2.164)
ay

Integrating with respect to "y gives:

© ( # n
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qLs X ,y] ~  e
3 i © i l ) ' ©  <2,165)

e

This implies  t h a t  ^  0 as x -* 0

unless T CO, or f o [ ( ^ X | )  ' G)(w) ^  ~  3
e e

On a p h y s i c a l  b a s i s  the former o f  these  two p o s s i b i l i t i e s ,  t h a t  i s ,

as  e -* 0 .

\1jq -• 0 as X -• 0 (2.166)

i s  taken as the c o r r e c t  r e s u l t .  Equa t ion  (2.166) shows t h a t  an approx­

imate s o l u t i o n  o f  the v e r t i c a l  w a l l  boundary l aye r  equa t ions  co,n b,s 

performed w i th o u t  f i r s t  so lv in g  the co rne r  equa t ions .

O ve ra l l  Rate o f  Heat  T ra n s fe r  Across the Enclosure 

I f  an average h e a t  t r a n s f e r  c o e f f i c i e n t  f o r  the e n c lo su re ,  h, 

i s  de f ined  as

h a *  . 
d b  -

(2.167)

where Q i s  the t o t a l  r a t e  o f  h e a t  t r a n s f e r  ac ross  the e n c lo s u re ,  then;

(2.168)Q = h ( I*  - T*) (H) = - \  Èl!
4] By

dx
*

y =H

Rewrit ing t h i s  equa t ion  in  nondimens ional  form g ives :

NU By
(2.169)

y=0

where: = average  N usse l t  Number
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In principle, the Nusselt number would be determined by find­

ing the exact solutions of the right-hand corner regions, forming a

, and integrating this expression overÔTcomposite expansion for —
y=0

the right-hand vertical wall as shown above.



CHAPTER I I I

APPROXIMATE SOLUTION OF THE ZEROTH-ORDER PROBLEM

P re l im in a ry  Remarks 

The exac t  s o l u t i o n  of  the n o n l i n e a r  s e t  o f  p a r t i a l  d i f f e r e n t i a l  

equa t ions  (2 .26)  t h a t  govern the flow in  the  v e r t i c a l  w a l l  boundary 

l a y e r s  p r e s e n t s  a formidable  problem as the se  boundary l a y e r s  a re  non­

s i m i l a r . Thus, in  o rde r  to f a c i l i t a t e  an unders tand ing  o f  the o v e r a l l  

s t r u c t u r e  o f  the z e r o t h - o r d e r  s o l u t i o n ,  i t  was necessary  to r e s o r t  to 

an approximate method o f  s o lv in g  these  e q u a t io n s .  I t  was, t h e r e f o r e ,  

decided to per form a Von Karman i n t e g r a l  s o l u t i o n  o f  the v e r t i c a l  w all  

boundary l a y e r  e q u a t io n s .

Formula t ion  o f  the I n t e g r a l  Equa tions  fo r  the 

(Right-Hand) V e r t i c a l  Wall Boundary Layer 

As b e f o r e ,  the govern ing equa t ions  and t h e i r  boundary c ond i t ions  

fo r  the ( r i g h t -h a n d )  v e r t i c a l  w a l l  bn iadary  la y e r  are given  by:

 H -----  = 0 ( c o n t i n u i t y )  (2 .26a)
<w

Ax Ay

Au Au Ap A u
u^ ----  + "v^ ------   1 T_ + — r— (x-momentum) (2.26b)

0 ~  0 0 ~ 2  Ax Ay Ax Ay

a”po
  = 0 (y-momentum) (2 .26c )
Ay

67
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”p r ) ( " o  - Z - + ^ 0 ~ )  (energy) (2.26d)
dx dy dy

with ,  Uq( x , 0 )  = 0 (2.27a)

Vq ( x , 0)  =. 0 ( 2 . 2 7 b )

Tq ( ^ , 0) = 1 (2 .27c)

(p lus  matching cond i t ions  w i th  core and co rner  r eg ions )

The s p a t i a l  coord ina te  p e rp e n d ic u la r  to  the v e r t i c a l  w a l l ,  y, 

has been nondimensional ized  by a " c h a r a c t e r i s t i c "  boundary l a y e r  t h i c k ­

ness ,  Ô, as  fo l low s ;

= ( 2 . 9 )
6 s H

The v a r i a b l e ,  6 , used in  the fo l lowing  a n a l y s i s  i s  def ined as the 

ac tu a l  boundary l a y e r  th ickness ,  6 , normalized by the c h a r a c t e r i s t i c  

boundary l a y e r  t h i c k n e s s ,  ô, o r :

A *  A *
= (3 .1 )

6 e H

I n t e g r a t i n g  the x-momentum e q u a t io n  (2.26b) from y = 0 to 

y = 6 , we have

y=0

(3 .2 )

The c o n t i n u i t y  e qua t ion  (2.26a) and the y-momentum equat ion  (2 .26c) 

may be w r i t t e n  as
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(3 .3 )
ôy

and,

Pq = Pq^c) on ly (3 .4 )

r e s p e c t i v e l y .

S u b s t i t u t i n g  these  r e s u l t s  in  e q u a t io n  (3.2)  and r e a r r a n g i n g  gives

j x

(3.5)

y=0

which i s  the momentum i n t e g r a l  equa t ion  fo r  the ( r ig h t -h a n d )  v e r t i c a l  

w all  boundary l a y e r .

Noting t h a t  the tempera ture  a t  the edge of  the boundary l a y e r ,  

T- , i s  j u s t  the core temperature T_,(which i s  a fu n c t io n  of  x only );  

the energy equat ion  (2.26d) may be r e w r i t t e n  as

( a ^ o  ^  - ( a ^ of)x By By B%
(3 .6 )

I n t e g r a t i n g  t h i s  e qua t ion  from ^  = 0  to y = 6 g ives :

PR " By ]
y=0

Jb “0
(3 .7 )

S u b s t i t u t i n g  the c o n t i n u i t y  e qua t ion  (3.3)  i n  equa t ion  (3 .7 )  and r e ­

a r rang ing  we have
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dx MO 6 PR ay y=0
(3.8)

which i s  the energy i n t e g r a l  equa t ion  f o r  the ( r ig h t -h a n d )  v e r t i c a l  

w a l l  boundary l a y e r .

The fo l lowing  s e t  of  approximate v e l o c i t y  and temperature 

p r o f i l e s  w i l l  be assumed in  o rde r  to i n t e g r a t e  equa t ions  (3.5)  and

( 3 .8 ) :

Uq = rUQ(x)] ( ^ / 5 ) (1 - y /6 )^  (3 .9a)

' r  + (1 - ' t ) (1  - y /6 )^  - (3.9b)
" ^6 6

where :
Uq (x) i s  a f u n c t io n  of  x only.

These p r o f i l e s  do not  d e p i c t  some of  the d e t a i l s  o f  the flow such as 

the v e l o c i ty  and temperature  "overshoot ing"  a t  the o u t e r  edge of  the 

boundary l a y e r  (see fo r  example, [ l l ] ,  ( 3 1 ] ) .  However, as  with  a l l  

i n t e g r a l  methods,  even though the assumed p r o f i l e s  may no t  a c c u r a t e l y  

p o r t r a y  the d e t a i l e d  s t r u c t u r e  o f  the f low; i n t e g r a l s  o f  the p r o f i l e s  

a re  f a i r l y  a c c u r a t e l y  r e p re s e n t e d  because o f  the "smoothing" q u a l i t i e s  

o f  the i n t e g r a t i o n  p ro ces s .

The tempera tu re  a t  the edge o f  the  boundary l a y e r ,  T. , i s

given by the tempera ture  in  the core r eg io n ,  o r :

To - To (3.10)
o

Equations (2 .8 )  and (2.60)  show t h a t  the v e r t i c a l  c o o rd in a te ,  in  the

v e r t i c a l  w a l l  boundary l a y e r ,  x, and the  v e r t i c a l  coo rd ina te  in  the
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co re ,  X ,  are both sca led  by the same r e f e r e n c e  leng th ,  H, or ;

It = X = (x /H) (3 .11)

There fore ,  equa t ion  (2.79) f o r  the t em pera tu re  d i s t r i b u t i o n  in  the

core and equa t ion  (3 .11)  may be s u b s t i t u t e d  in  equa t ion  (3 .10)  to 

y i e ld :

Tq = c^ 'x + Cg (3.12)
Ô

The'y-momentum e qua t ion  (2 .25c ) g ives

”Pq = (3.13)

t h a t  i s ,  the p r e s s u r e  d i s t r i b u t i o n  in  the  core  r eg ion  i s  impressed on 

the v e r t i c a l  w a l l  boundary l a y e r s .  There fore ,  equa t ions  (2 .8 0 ) ,  (2 .8 7 ) ,  

(3.11) and (3.13) g ive :

'pQ = % c^ 'x^ + Cg X (3.14)

S u b s t i t u t i n g  the  assumed v e l o c i t y  and tempera tu re  p r o f i l e s  (3.9)  and the 

express ions  fo r  the tempera ture  a t  the  edge of  the  boundary l a y e r  (3.12) 

and th e  p res su re  d i s t r i b u t i o n  (3.14) i n  the  momentum i n t e g r a l  (3 .5 )  and 

energy i n t e g r a l  (3.8) equa t ions  g iv e s :

îès ̂  [* “3  ■ (!)(' - =1 * - =2) - (t)

M  '2)] ■ - "i, 3 - =2) - (ii)(®o)
(3.15b)

r e s p e c t i v e l y .

These equat ions  form a simul taneous  s e t  of  two nonlinear ,  f i r s t - o r d e r ,  

o rd ina ry  d i f f e r e n t i a l  equa t ions  w i th  v a r i a b l e  c o e f f i c i e n t s  and as such 

cannot  be solved a n a l y t i c a l l y  in  terms of known f u n c t i o n s .  T h e re fo re ,
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equa tions  (3.15) w i l l  be solved num erica l ly  by means o f  a d i g i t a l  

computer.

Numerical  S o lu t io n  of  the Momentum I n t e g r a l  

and Energy I n t e g r a l  Equations fo r  the (Right-Hand)

V e r t i c a l  Wall Boundary Layer

E v a lu a t io n  of  the Unknown Cons tants ,  c^ and c^

Since equa t ions  (3.15) must be solved num er ica l ly ,  i t  i s  nec-  

""essary a t  t h i s  p o in t  to s p e c i fy  the va lues  o f  the unknown c o n s t a n t s ,  

c^ and Cg. I t  was p r e v io u s ly  noted t h a t  i f  the exac t  s o lu t i o n s  were 

known in a l l  r e g io n s ,  these  cons tan t s  could be eva lua ted  by matching.  

However, s ince  the exac t  s o lu t i o n s  a re  no t  known and y e t  the va lues  of  

c^ and Cg a re  s t i l l  r e q u i r e d ,  p l a u s i b i l i t y  arguments supplemented by 

the r e s u l t s  o f  p rev ious  i n v e s t i g a t i o n s  w i l l  be used to eva lua te  these  

c o n s t a n t s .

A t y p i c a l  s t r e a m l in e  p l o t  fo r  the u n i c e l l u l a r ,  laminar bound­

ary  la y e r  flow regime i s  shown in  Figure 3 .1 .  Consider a f l u i d  p a r t i ­

cle t h a t  t r a v e r s e s  the enc losure  on one of  the " o u t s id e "  s t r e a m l in e s ;  

t h a t  i s ,  a p a r t i c l e  t h a t  t r a v e l s  almost  the e n t i r e  leng th  of  each of  

the v e r t i c a l  w a l l  boundary l a y e r s .  In the l i m i t  of  N -» ™, one might 

i n t u i t i v e l y  expec t  t h a t  the p a r t i c l e  would be hea ted  up to  the h o t  wal l  

temperature by the time i t  reached the top o f  the  ho t  w a l l  boundary 

la yer  and began moving ac ro ss  the enclosure  in  the v i c i n i t y  o f  the top 

h o r i z o n t a l  w a l l .  The p l a u s i b i l i t y  o f  t h i s  i n t u i t i v e  r e s u l t  may be seen 

by examining the r a t i o  o f  the c h a r a c t e r i s t i c  time a f l u i d  p a r t i c l e  spends 

in the v e r t i c a l  w a l l  boundary l a y e r  ( "convec t ion  t ime") over the c h a ra c ­

t e r i s t i c  time f o r  the d i f f u s i o n  o f  thermal energy from the w all  ou t  to 

the f l u i d  p a r t i c l e  ( " d i f f u s i o n  t i m e " ) . The convec tion  t ime,  t ^ ,  f o r  a



73

-#»y

H/W = 1

Figure  3 .1 .  Typical  S treamline  C onf igu ra t ion  fo r  the Uni­

c e l l u l a r  Laminar Boundary-Layer Flow Regime
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*
f lu id  p a r t i c l e  moving a t  a d i s t a n c e  y from the v e r t i c a l  wall is given 

by:

(3.16)c ,

S u b s t i t u t i n g  the exp res s ions  fo r  (2.14) and % (2 .15) in equation

(3.16) g ives:

" gr

The d i f f u s i o n  t ime,  t ^ ,  f o r  the  same p a r t i c l e  may be w r i t t e n  as :

*2
t  y  (3.18)

o-Q

or,
«2-2 

' Ô GR

The d es i r ed  r a t i o  of the  convec tion time over the  d i f f u s i o n  time i s  now 

given by equat ions  (3 .17) and (3.19) as :

t  ,
^ -------— (3.20)

For a f l u i d  p a r t i c l e  t h a t  en t e r s  the v e r t i c a l  wall  boundary la yer  from 

the corner  r e g io n ,  the  d i s t a n c e  from the v e r t i c a l  w a l l ,  ”y, may be 

approximated by the fo l lowing  express ion :

y = -  (3.21)
1,

S u b s t i t u t i n g  equa t ions  ( 2 .1 5 ) ,  (2 .9 5 ) ,  and (3.21) in  equa t ion  (3.20) 

gives  :
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Thus, for  P rand t l  number, N _,  and a s p e c t  r a t i o ,  (H/W), of order un i ty  

equa t ion  (3.22) y ie ld s

t
m  as  N -* CO ; (3.23)

t h a t  i s ,  the  f l u i d  p a r t i c l e  spends a much g re a t e r  time in  the  v e r t i c a l  

w a ll  boundary la yer  than i s  r e q u i r e d  fo r  thermal energy to  d i f f u s e  out 

from the wal l  to the p a r t i c l e .

S im i l a r l y ,  the f l u i d  p a r t i c l e  would be cooled to  the  cold w a l l  

temperature a f t e r  t r a v e r s i n g  the  cold w a l l  boundary l a y e r .  Thus, the 

f l u i d  in the  top h o r i z o n t a l  w a l l  boundary la yer  would have a tempera­

tu r e  of u n i t y  and the tempera tu re  of the f l u i d  in the  bottom h o r i z o n t a l  

wall  boundary la yer  would be ze ro .  T h e re fo re ,  for  the  l i n e a r  core  

tempera ture  p r o f i l e

Tq = Cj X + C2 (3.24)

to  match these  r e s u l t s ,  i t  i s  r e q u i re d  t h a t :

c^ = 1 (3.25a)

a n d ,

Cg = 0 (3.25b)

The numerical  r e s u l t s  of Noble [ 1 1 ] ,  th e  a n a l y t i c a l  r e s u l t s  of  G i l l  

[1 3 ] ,  and the exper imenta l  r e s u l t s  of  Eker t  and Carlson [ 19] a l l  sugges t  

the v a l i d i t y  of  equa t ions  ( 3 .2 5 ) .  There fo re ,  the values o f  c^ and c^ 

given by equa t ions  (3.25) w i l l  be used in  the numerical  s o l u t i o n  o f  

equa t ions  (3 .15 ) .
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S u b s t i t u t i n g  equa t ions  (3.25) in equa t ions  (3 .15) g ive s ;

Ï05 ^  - i~f)
6 U0 \

12 J

(3.26a)

(3.26b)

Forms of the Momentum and Energy I n t e g r a l  Equat ions 

Required fo r  Numerical I n t e g r a t i o n  

The momentum and energy i n t e g r a l  equa t ions  (3.26) a r c  i n t e ­

g ra ted  num erica l ly  us ing a f o u r th - o r d e r  Runge-Kutta techn ique  ! 15j. 

Thus, before  p roceed ing ,  the se  equa t ions  must be r e c a s t  in  a form 

s u i t a b l e  fo r  s o l u t i o n  by t h i s  method.  I t  proves conven ien t  to  de f ine  

a new v a r i a b l e ,  F, as

F = 6 Tf„ (3.27)

where F i s  analogous to  a s t r e a m fu n c t io n .

Rewrit ing  equa t ions  (3.26) in  terms of  the v a r i a b l e s  F and g ives :

1 -  JL (F % ) = X a . l L - .x )  _ l_ o
105 (3) (Üq) (F)

Equations (3 .28) may be rea r ranged  to  give

^  (3)(F)
d% -  (Npa)(F) - (2)(1-X)

0 ^ (35) (1-"^ ^  ^

dx" «<0> PR

(3.28a)

(3.28b)

(3.29a)

(3.29b)

which a re  th e  " s t an d a rd "  forms r eq u i re d  fo r  the a p p l i c a t i o n  of the  

Runge-Kutta techn ique .
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I n i t i a l  Values o f  the Var iab les  F and 

In o rde r  to  i n i t i a t e  the i n t e g r a t i o n  process i t  i s  necessary

to  ob ta in  approximate a n a l y t i c a l  s o lu t i o n s  of  equat ions  (3.29) t h a t  a re  

v a l id  near  ”x = 0.  These approximate s o lu t i o n s  a re  found by r e c a s t i n g  

equa t ions  (3.29) as i n t e g r a l  equa t ions  and then employing an i t e r a t i v e  

process  to  so lve  the i n t e g r a l  equa t ions  near  *x = 0.

The momentum and energy i n t e g r a l  equat ions  (3.29) may be r e ­

w r i t t e n  as :
2 2 (1 2 0 ) (Tj )

—  + =   (3.30a)
cfx (1 -90  (Npj^) 

du! (3 ) (u ! )
—  - -------- —  = (70) (1-90 - (21) + 10 5 ) ( -^ )  (3.30b)
cG ( I -X )

These equa t ions  a re  both of the  form

+ P(x )y  = Q(x) (3.31)

for  which the g en e ra l  s o l u t i o n  i s  given  by:

J P d x P dx
y = e j^ jQ  e ' '  dx + ( c o n s t a n t ) ^  (3.32)

Thus, equa t ions  (3.30) may be r e w r i t t e n  as th e  fo l lowing s e t  of i n t e ­

g r a l  eq u a t io n s :

+ tuK i - - [ i^  .  no] f  ^  4

(3.33b)

Near 9c = 0 ,  equa t ions  (3.33) reduce  to



78

=(aPR
Uq j x  (3.34a)

,x U?
= (70)X - + 210) (fx (3.34b)

PR Jq F

where i t  has been assumed t h a t  F(0) = Uq(0) = 0. Assume the fo l lowing 

s o lu t io n s  to be v a l id  near  x = 0

"Uq = a  (3.35a)

F ^ =  0 ^ 3 / 2  (3.35b)

where a  and B a re  c o n s t a n t s .

S u b s t i t u t i n g  these  assumed s o l u t i o n s  (3.35) in  equa t ions  (3.34) and 

per forming the r e q u i r e d  i n t e g r a t i o n  y i e l d s :

(B)^3/2 .  - 3 / 2  (3.36a)
” PR

(a^)x  = [ ( 7 0 )  - + 2 1 o ) ( | - ) ]  X (3 .36b)

Thus, i f

^ (3.37)

2 + — 8

the s o lu t i o n s  (3 .35)  a re  exac t  nea r  x = 0 and no f u r t h e r  i t e r a t i o n  i s  

r e q u i r e d .  S u b s t i t u t i n g  equa t ions  (3 .37)  and (3 .38)  in  equa t ions  (3 .35)  

gives :

= [ - -----2 T n^ ]  (3.39)

2 ~ 8
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2 + — -----

Equations (3.39) are used to s t a r t  the i n t e g r a t i o n  process  by compu­

t i n g  the va lues  o f  F and TJq a t  the end o f  the f i r s t  i n t e g r a t i o n  i n t e r ­

va l  (x = h ) . These eq u a t io n s ,  liowever, do no t  con ta in  any f r e e  p a r a ­

meters  and, hence ,  the r e s u l t s  o f  the numerical  i n t e g r a t i o n  a re  depen­

dent  upon the na tu re  of  the approximate s o lu t i o n s  (3.39) used to i n i ­

t i a t e  the p roces s .  Therefore ,  some c r i t e r i o n  must be e s t a b l i s h e d  for  

de termin ing  the  v a l i d i t y  of  the approximate s o lu t i o n s  (3.39) inasmuch 

they a f f e c t  the o v e r a l l  r e s u l t s  o f  the numerical  i n t e g r a t i o n  p rocess .

C r i t e r i o n  For Eva lua t ing  the S u i t a b i l i t y  of  the Approxi­

mate So lu t ions  Used to I n i t i a t e  the 

I n t e g r a t i o n  Process 

The c r i t e r i o n  fo r  e v a l u a t i n g  the s u i t a b i l i t y  o f  the appoxi-  

mate s o lu t i o n s  used to s t a r t  the numerical  i n t e g r a t i o n  i s  based upon 

the c e n t r o - symme t r y  p ro p e r ty  o f  the flow. This p ro p e r ty  r e q u i r e s  t h a t

the v e l o c i t i e s  be " r e f l e c t e d "  about  the geometric  c e n te r  o f  the en-
* *

c lo su re  (x = H/2,  y = W/2). Consider the core v e l o c i t i e s  a t  the edges

o f  the v e r t i c a l  wal l  boundary l a y e r s  as shown in Figure 3 .2 .  Centro-

symme t r y  r e q u i r e s  th a t :

(V)^ = - <̂ >C (3.40)

However, to lowest  o rd e r ,  i t  has been shown th a t  the v e r t i c a l  v e l o c i t y

in  the  core i s  i d e n t i c a l l y  ze ro ,  o r :

Uq = 0 (2.86)



80

VERTICAL WALL
BOUNDARY LAYERS

H/2

H/2

W/2 W/2

Figure 3 .2 .  V e loc i ty  Components in  the Core Region
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T here fo re ,  equa t ion  (3.40) reduces to

‘V f t  •  -  < V c

Furthermore ,  s ince  Uq = 0, i t  can be seen t h a t

(3.42)

Thus, eq u a t io n s  (3.41)  and (3 .42)  give

(*0 )3  = - (vQ)c (3-43)

t h a t  i s ,  the e n t ra inm e n t -ex t r a inm en t  flow fo r  the  v e r t i c a l  w a l l  bound- 

a ry  la y e r  must be an t isymmetr ic  about  x = H/2.  This ,  in  t u r n ,  r e q u i r e s

t h a t :

Vql * = H/2 = 0 (3.44)
' X

T h ere fo re ,  the centro-symmetry p ro p e r ty  of  the f low r e q u i r e s  t h a t  the

r e s u l t i n g  s o l u t i o n s  be such t h a t  the h o r i z o n t a l  v e l o c l t i y  a t  the edge
y?

o f  the boundary l a y e r  i s  i d e n t i c a l l y  zero  a t  x = H/2.

Express ion  fo r  the H or izon ta l  V e lo c i ty  a t  the  Edge o f  the 

(Right-Hand) V e r t i c a l  Wall Boundary Layer 

The h o r i z o n t a l  v e l o c i t y  a t  the edge o f  the v e r t i c a l  w a l l  bound­

a ry  l a y e r  must be c a l c u l a t e d  s ince  i t  p rov ides  the  c r i t e r i o n  fo r  ev a lu ­

a t i n g  the method used to i n i t i a t e  the numerica l  s o l u t i o n .  Also,  s ince  

the v e l o c i t y  i s  j u s t  the e n t r a in m e n t -ex t r a in m en t  v e l o c i t y ,  i t  is  the 

v e l o c i t y  d i s t r i b u t i o n  in  the core  r e g io n .

The c o n t i n u i t y  equa t ion  fo r  the ( r i g h t -h a n d )  v e r t i c a l  w a ll  

boundary l a y e r  equa t ion  i s  given by:



82

rfx d y

I n t e g r a t i n g  t h i s  e qua t ion  ac ross  the boundary l a y e r  g ives;

(2.2ha)

(3 .45)

S u b s t i t u t i n g  equa t ion  (3 .9a)  fo r  Uq in  equa t ion  (3 ,45)  y i e l d s :

1 1 dF
^''oh  '  ■ Î 2 (fx 12

(3.46)
dx

F i n a l l y ,  s u b s t i t u t i n g  equa t ion  (3 .29a) in  equa t ion  (3.46) gives

(F)(5)(Uq)

= - (Np^)(F) + ( 8 ) ( l - x )
(3,47)

which i s  the h o r i z o n t a l  v e l o c i t y  a t  the edge of  the v e r t i c a l  w a l l  bound­

ary  l a y e r .

N usse l t  Number For the Approximate S o lu t io n  

An ex p re s s io n  fo r  the N usse l t  number was found to be:

" n u - ^ g r "  I' dy y=o
(fx (2.169)

Thus, fo r  the z e r o t h - o r d e r  s o l u t i o n :

N = N iNU GR Jq ây
1/4 r (fx (3 ,48)

y=0

S u b s t i t u t i n g  e qua t ion  (3,9b)  in  equa t ion  (3,48) g iv e s :

" t o '  -  2 (3 .49)

 ̂ Equation (3 ,49) i s  i n t e g ra t e d  num er ica l ly .



CHAPTER IV

PRESENTATION OF RESULTS

Pre l iminary  Remarks 

The s t a t e d  o b je c t iv e s  o f  t h i s  a n a l y s i s  a r e :

(1) p r e d i c t i o n  o f  the d e t a i l e d  s t r u c t u r e  of  the f l o w f i e l d ,  

and

(2) p r e d i c t i o n  o f  the t o t a l  r a t e  o f  hea t  t r a n s f e r  through the

f l u i d  from one v e r t i c a l  w a l l  to  the o th e r .

Thus, the accuracy  o f  the s o lu t io n  w i l l  be a s ses sed  by comparing both 

the v e l o c i t y  and temperature p r o f i l e s  and the c o r r e l a t i o n  fo r  the o v e r ­

a l l  r a t e  of  h e a t  t r a n s f e r  with  the r e s u l t s  o f  prev ious  i n v e s t i g a t i o n s .  

A f te r  making th e se  comparisons the i m p l i c a t i o n s  of  the p re s e n t  s tudy  

about the g ene ra l  n a t u r e  o f  enclosed n a t u r a l  convec tion  flows w i l l  be 

d i s c u s s e d .

Comparison o f  the Veloc i ty  and Temperature D i s t r i b u t io n s  

With the Numerical R esu l t s  Obtained by Noble

The v e r t i c a l  v e l o c i t y  and the temperature p r o f i l e s  a t  h/2

and the h o r i z o n t a l  v e l o c i t y  p r o f i l e  in  the core w i l l  be compared with

the f i n i t e  d i f f e r e n c e  s o lu t io n s  of  Noble [11] f o r  a flow with a Grashof 

6number, N , o f  10 , a P ra n d t l  number, N , o f  u n i t y ,  and an a s p e c t
G K  i r  R

r a t i o ,  (H/W), o f  u n i t y .  These comparisons a r e  shown in Figures 4 .1  to

83
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4 . 3 ,  r e s p e c t i v e l y .  The v e l o c i t y  and temperature p r o f i l e s  e x h i b i t  the 

expec ted  n a tu re  o f  a von Karman i n t e g r a l  s o lu t i o n ;  th a t  i s ,  they do not  

a c c u r a t e l y  p r é d i t  the d e t a i l e d  s t r u c t u r e  of  the f l o w f i e l d .  The most 

s e r io u s  d i s c rep a n cy ,  however, i s  shown in  Figure 4.3 which r e v e a l s  t h a t  

the core v e l o c i t y ,  Vq , becomes i n f i n i t e  near  x = 0 and x = 1. Indeed,  

equa t ions  (3.35b) and (3 .46) show t h a t

Vq ~  X ^ (4 .1)

nea r  x = 0. Thus, the core v e l o c i t y  in the appoximate ze ro th -o rd e r  

s o l u t i o n  cannot  be matched with  the l i n e a r  v e l o c i t y  p r o f i l e s  in the 

h o r i z o n t a l  w a l l  boundary l a y e r s  (2.140b),  (2 .141b).  This appears to be 

due to the n a tu re  o f  the assumed p r o f i l e s  in  the approximate s o lu t i o n  

o f  the v e r t i c a l  w a l l  boundary l a y e r s .  The s i n g u l a r i t y  i s  i d e n t i c a l  to 

the lead ing  edge s i n g u l a r i t y  found in  the i n t e g r a l  s o lu t i o n  of  the 

n a t u r a l  convec t ion  flow on a v e r t i c a l ,  i so thermal p l a t e  immersed in 

an i so the rmal  f l u i d  o f  i n f i n i t e  ex t e n t  [ 3 6 ] .

Comparison o f  the C o r r e l a t i o n  f o r  the O vera l l  Rate o f  

Heat T ran s fe r  Across the Enclosure with  the Resu l t s  

o f  P rev ious  I n v e s t i g a t i o n s

Equa tion (3 .49)  f o r  the Nusse l t  number, was i n t e g r a t e d

num er ica l ly  on a d i g i t a l  computer . The r e s u l t s  a re  shown in  Table 4 .1 .  

C o r rec t ing  these  r e s u l t s  f o r  P r a n d t l  number gives

■  (f) ■ (4-2)

where the Rayle igh  number, N ^ ,  i s  de f ined  as the p roduct  o f  the Grashof

number, N_„, and the  P ra n d t l  number, N„„. This c o r r e l a t i o n  w i l l  now be GR JrK
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P ra n d t l  Number
----- dx

°  y.O

.73 .16678

1.00 .18038

1.05 .18590

1.10 .18637

2.00 .21872

Table 4 . 1 .  C o e f f i c i e n t s  f o r  Equation (3.49) 

Obtained by Numerical I n t e g r a t i o n
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compared with  the numerical  and exper imenta l  r e s u l t s  o f  s ev e ra l  p r e v i ­

ous i n v e s t i g a t i o n s .

Jakob [23] analyzed the exper imenta l  da ta  of  Mull and Reiher

[ 37] and proposed the fo l lowing c o r r e l a t i o n s :

/ , « 5/36

fo r  (2)(10^) < N (W/H)^ < (10^).  C o r re c t in g  fo r  P ran d t l  number g ives :

Based on t h e i r  exper imenta l  r e s u l t s ,  Ecker t  and Carlson [ 19] 

suggested t h a t

"mi ■ ( (4 .5 )

4 6fo r  (10 ) < < (5)(10  ) ,  which may be c o r r e c t e d  for  P r a n d t l  number

to give:

"m '  ( • ( ^ « ( ■ ' J  (4.6)

The exponent  ( . 3 )  in  t h i s  c o r r e l a t i o n  sugges ts  t h a t  the flows in  the

v e r t i c a l  w a l l  boundary la ye rs  o f  Ecker t  and Car l sons '  experiments were 

t u r b u l e n t .  Thei r  v i s u a l  o b s e rv a t io n s  w i th  a Zehnder-Mach i n t e r f e r o m e t e r ,  

however, confirmed t h a t  these  flows were laminar.  They assumed t h a t  

the the rm al ly  s t r a t i f i e d  flow in  the co re  i s  somehow r e s p o n s ib le  for  

the r e l a t i v e l y  h igh value o f  the exponent .  At the p r e s e n t  t ime,  t h i s  

p o in t  has no t  been reso lved  and o th e r  i n v e s t i g a t o r s ,  such as de Vahl 

Davis [26] and Newell and Schmidt [ 2 5 ] ,  have repo r te d  even h ighe r  va lues  

o f  t h i s  exponent  ( .315 and .397,  r e s p e c t i v e l y ) .

Noble [ 11] has shown t h a t  the da ta  from both h i s  f i n i t e  d i f ­

ference  s o l u t i o n  and those o f  Wilkes [37]  c o r r e l a t e  w i th ;
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-  ( . 2 3 3 ) ( nJ  ( - )  ( ' . .7)Nil

for  ( u / ‘) -  (Nj^^)(W/ll)^ < ( l o f ) .

The c o r r e l a t i o n  der ived  in  the p r e s e n t  s tudy  (4 .2 )  and the 

c o r r e l a t i o n  o f  Eckert  and Carlson (4.6)  do not  e x h i b i t  any dependence 

of  the N usse l t  number, on the a spec t  r a t i o ,  (H/W), w hile  the c o r ­

r e l a t i o n s  of  Jakob (4 .4)  and Noble (4.7)  show only a weak dependence of  

the N usse l t  number on t h i s  paramete r .  This impl ies t h a t  the r a t e  of  h e a t  

t r a n s f e r  ac ross  the enc lo su re  i s  e s s e n t i a l l y  independent  of  the width 

o f  the e n c lo su re ,  W. Tliis appears to r e s u l t  as in the laminar  boundary 

layer  regime the v e r t i c a l  w all  boundary l a y e r s  a re  s e p a r a t e  and d i s t i n c t  

with  a s t r u c t u r e  which i s  independent  o f  the enc losu re  w id th .

All of  the above c o r r e l a t i o n s  a re  p lo t t e d  in  F igure  4 .4  for  an 

aspec t  r a t i o ,  (H/W), o f  u n i t y .  The r e s u l t s  o f  t h i s  work a r e  shown to , 

be in good agreement with  the r e s u l t s  o f  both the numerica l  and the ex­

per im en ta l  s t u d i e s .  Thus, as i s  t y p i c a l  with  i n t e g r a l  methods,  the 

o v e r a l l ,  o r  g ross ,  a s p ec t s  of  the flow, such as the t o t a l  r a t e  of  hea t  

t r a n s f e r ,  a re  p r e d i c t e d  w i th  some degree o f  accuracy .

Remarks on the General  Problem o f  Contained N a tu ra l  

Convection Flows 

Van Dyke [34] has po in ted  out  t h a t  a most cu r io u s  f e a t u r e  o f  

p e r t u r b a t i o n  methods i s  t h a t  they  may s u p r io u s ly  change the type o f  the 

governing p a r t i a l  d i f f e r e n t i a l  equa t ions .  The most s t r i k i n g  example of  

t h i s  f e a t u r e  i s  the "boundary l a y e r  approximation" where the Navier-Stokes  

eq u a t io n s ,  which are e l l i p t i c ,  are r ep laced  by p a r a b o l i c  equa t ions  in s id e  

the boundary l a y e r .  Thus, as was shown in  Chapter  I I ,  the z e ro th -o rd e r
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i s  e j e c t e d  from the bottom of the l e f t - h a n d  v e r t i c a l  w a l l  boundary layer,
■

moves ac ro ss  the core  in the manner d esc r ib e d  above,  and e n t e r s  the bottom 

o f  the r ig h t -h a n d  v e r t i c a l  w a l l  boundary l a y e r .  This completes an 

e n t i r e  c i r c u i t  around the enc lo su re  and the p a r t i c l e  i s  now ab le  to 

ag a in  in f luence  the flow a t  the p o in t  where i t  began the c i r c u i t .  The 

c h a r a c t e r i s t i c  time fo r  a f l u i d  p a r t i c l e  to make a complete c i r c u i t  

around the enc lo su re  i s  given by;

u r  0r

S i m i l a r l y ,  the c h a r a c t e r i s t i c  time spen t  in the v e r t i c a l  w a ll  boundary 

l a y e r s  by a t y p i c a l  f l u i d  p a r t i c l e  i s :

W  ■(?)■''* ( % )  (4-9)
U ur

The time s c a l e  fo r  the "upstream in f lu e n c e "  on the v e r t i c a l  w a ll  bound­

ary  la y e r s  ( t^^^ )  must,  however, be cons idered  in  r e l a t i o n  to the time 

a f l u i d  p a r t i c l e  spends in  the v e r t i c a l  w a l l  boundary la y e r s  

Thus, forming t h e i r  r a t i o  g ives :

VWBL e

so t h a t

^^cir „as -* œ
^VWBL GR

un le ss  (H/W) ~  This l a t t e r  p o s s i b i l i t y  i s  excluded,  however,GR

s ince  the p r e s e n t  a n a l y s i s  i s  on ly  f o r  a s p e c t  r a t i o s  o f  o rd e r  u n i ty .  

There fore ,  even though the v e r t i c a l  w a l l  boundary l a y e r s  a re  governed
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v e r t i c a l  w a l l  boundary la y e r  equa t ions  (2 .26) a re  a second o rd e r  s e t  

of  n o n l in e a r ,  p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .  I t  i s  w e l l -  

known t h a t  flows governed by p a r a b o l i c  equa t ions  may be c h a ra c te r i z e d  

as having "no upstream in f lu en ce" ;  t h a t  i s ,  the flow a t  any p o in t  in  

the f lo w f ie ld  depends only on the  flow upstream o f  t h a t  p o in t  and i s  not 

in f luenced  by the downstream flow. Thus, in  e x t e r n a l  boundary layer  

flows where a given f l u i d  p a r t i c l e  i s  assumed to pass through the f low­

f i e l d  only  once,  th e re  i s  never any "upst ream i n f l u e n c e " ,  on the lowest 

o rde r  s o l u t i o n .  In completely  enclosed  n a t u r a l  convec t ion  f lows,  how­

ever ,  a f l u i d  p a r t i c l e  passes through a given  p o in t  i n  the f low f ie ld  

again  and aga in .  Consider a f l u i d  p a r t i c l e  t h a t  t r a v e r s e s  the enclosure 

on one o f  the " o u t s id e "  s t r eam l in e s  as shown in  F igure  3 .1 ,  t h a t  i s ,  a 

p a r t i c l e  t h a t  t r a v e r s e s  almost  the e n t i r e  leng th  o f  each o f  the v e r t i c a l  

wall  boundary l a y e r s .  As the p a r t i c l e  (say) e n t e r s  the  bottom of  the 

r igh t -hand  v e r t i c a l  wall  boundary l a y e r ,  i t s  temperature i s  increased  

by an energy t r a n s f e r  from the  w a l l  and i t  i s  a c c e l e r a t e d  up the w a l l  in  

the boundary la y e r  by the r e s u l t i n g  bouyant  f o r c e .  In o rd e r  to conserve 

mass fo r  the e n t i r e  enc lo su re ,  the p a r t i c l e  i s  e j e c t e d  from the r i g h t -  

hand v e r t i c a l  w a ll  boundary l a y e r  nea r  the top h o r i z o n t a l  w a l l  and 

t r a v e l s  a c ro s s  the enc losu re  on a h o r i z o n t a l  s t r e a m l in e  in  the co re .  

Since the isothe rms a re  a l so  h o r i z o n t a l  in  the co re ,  the temperature of  

the p a r t i c l e  remains co n s tan t  as  i t  c ro s s e s  t h i s  r e g io n .  The p a r t i c l e  

then e n t e r s  the l e f t - h a n d  v e r t i c a l  w a l l  boundary l a y e r ,  where i t s  tem­

p e ra t u r e  i s  decreased by an energy t r a n s f e r  to the  w a l l ,  and i t  is  

a c c e l e r a t e d  down the w all  in  the boundary l a y e r  by the bouyant fo rce .  

Again, in  o rd e r  to  conserve mass fo r  the  e n t i r e  en c lo su re ,  the  p a r t i c l e
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by p a rab o l ic  p a r t i a l  d i f f e r e n t i a l  eq u a t io n s ,  th e re  i s  a " longtime up- 

stream in f lu e n c e " on the z e r o t h - o r d e r  flow implied by the matching 

co n d i t io n s .  Thus, the flow w i l l  e x h i b i t  a " p s e u d o - e l l i p t i c " type of  

behav ior and, in  t h i s  r e s p e c t ,  i t  i s  s i g n i f i c a n t l y  d i f f e r e n t  from ex­

t e r n a l  n a t u r a l  convec tion  boundary l a y e r  f lows.



CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

The fo l lowing  major conclusions  may be drawn from the r e s u l t s

o f  t h i s  work:

(1) The p h y s ic a l  n a tu re  o f  the flows in  a l l  r eg io n s  of  the f lo w f ie l d ,  

in c lu d in g  the c.orners, have been exp la ined  fo r  the f i r s t  time.

The c r u c i a l  p o in t  o f  t h i s  p a r t  o f  the a n a l y s i s  i s  the de te rm ina t ion  

o f  the c o r r e c t  force balance  in  the co re .  The r e s u l t i n g  p r e s s u re -  

buoyancy fo rce  ba lance  gives the e m p i r i c a l l y  observed l i n e a r  tem­

p e r a t u r e  p r o f i l e  in  the c o re - r e g io n ,  which,  in  tu rn ,  v a l i d a t e s  the 

assumptions made in  s c a l i n g  the v e r t i c a l  and h o r i z o n t a l  wal l  

boundary l a y e r s .

(2) The most d i f f i c u l t  mathematical  problem i s  encountered in  the 

s o l u t i o n  o f  the nons im i la r  v e r t i c a l  w a l l  boundary l a y e r s  which are 

governed by a second-order  s e t  of  n o n l i n e a r ,  p a ra b o l i c  d i f f e r e n t i a l  

e q u a t i o n s .

(3) As expec ted ,  the  approximate i n t e g r a l  s o l u t i o n  o f  the v e r t i c a l  w a ll  

boundary l a y e r  equat ions  does not  a c c u r a t e l y  p o r t r a y  the d e t a i l s

o f  the flow bu t  does give a reasonab ly  a c c u ra te  c o r r e l a t i o n  fo r  

the o v e r a l l  r a t e  o f  h e a t  t r a n s f e r  ac ros s  the e n c lo su re .  The 

accuracy  of  the i n t e g r a l  s o l u t i o n  could probab ly  be improved by a

95
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more ju d i c io u s  choice  o f  v e l o c i t y  and tempera tu re  p r o f i l e s .

(4) The " p s e u d o - e l l i p t i c "  behavior  o f  comple te ly  enclosed  n a t u r a l  con­

ve c t io n  flows i s  shown here  fo r  the f i r s t  t ime.

Recommendations fo r  Future Research 

The problems recommended fo r  fu tu re  r e s e a r c h  may be divided 

in t o  two c a t e g o r i e s :

(1) improvements of  the p r e s e n t  s o l u t i o n ,  and

(2) problems s i m i l a r  to the one analyzed in  t h i s  work th a t  may be

analyzed by app ly ing  the methodology developed he re .

The f i r s t  o f  the  above c a t e g o r i e s  inc ludes  the fo l lowing prob­

lems :

(a)  the "exac t "  ( a t  l e a s t  in  a numerical  sense)  s o l u t i o n  o f  the v e r t i c a l  

w a l l  boundary l a y e r  equa t ions

(b) i n v e s t i g a t i o n  o f  the above s o l u t i o n  to de termine  i f  i t  can be used

to p r e d i c t  the o n s e t  o f  m u l t i c e l l  flows

(c)  h ig h e r  order  s o lu t i o n s

(d) s o lu t i o n s  fo r  which the P r a n d t l  number i s  n o t  o f  o rde r  u n i ty ,  and

(e)  e x ac t  s o lu t i o n s  o f  the flows in  the co rne r  reg ions

The exac t  s o l u t i o n  o f  the v e r t i c a l  w a l l  boundary la y e r  equat ions  

p r e s e n t s  a formidable mathematica l  problem as they  a r e  n o n s im i l a r . The 

most f r u i t f u l  approach would probab ly  be to use the asymptotic  methods 

developed by Meksyn [ 3 9 ] ,  s in ce  the se  methods would y i e l d  a n a l y t i c a l  

s o l u t i o n s  t h a t  would al low the matching to be c a r r i e d  ou t  e x p l i c i t l y .

The v a r i a t i o n a l  techniques  proposed by Schechter  [40] a l s o  have the 

p o t e n t i a l  fo r  g iv ing  the s o l u t i o n  i n  an a n a l y t i c a l  form. ' Even the pu re ly
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numerica l  te chn iques ,  such as those developed by Merkin [41] and C l u t t e r  

and Smith [ 4 2 ] ,  would be d i f f i c u l t  to apply ,  s in ce  i t  has a l re ad y  been 

shown t h a t  t h e i r  a p p l i c a t i o n  would r e q u i r e  guess ing  the va lues  o f  each 

o f  the p o in t s  on the i n i t i a l  p r o f i l e s  in  a d d i t i o n  to the values  o f  the 

c o n s ta n t s  c^ and c^ (2 <» + 2 paramete rs )  be fo re  i n t e g r a t i n g  the equa­

t i o n s  .

In s p ec t io n  of  f i n i t e  d i f f e r e n c e  s o l u t i o n s  and exper imenta l  

da t a  sugges ts  t h a t  c a r ry in g  ou t  the h ig h e r  o r d e r  s o lu t i o n s  may be im­

p o r t a n t  s ince  they may add s i g n i f i c a n t  c o r r e c t i o n s  to  the lowest  o rde r  

s o l u t i o n .  These c o r r e c t i o n s  may be r e l a t i v e l y  la rge  s in ce  the expan­

s io n s  proceed in  i n t e g r a l  powers o f  the s m a l l e r  parameter ,  e ; t h a t  i s ,  

in powers o f  N Thus, a t  a Grashof number o f  (say) 10^, the

f i r s t  o rd e r  c o r r e c t i o n s  would have a value o f  approxim ate ly  .3 .

S o lu t ions  fo r  which the  P r a n d t l  number i s  no t  o f  o rd e r  u n i t y  

would r e q u i r e  t h a t  the governing equa t ions  be r e s c a l e d ;  s ince  th e re  

would be a second small parameter  ( the  P r a n d t l  number, r a i s e d  to

a power) i n  the problem.

The exac t  s o lu t i o n s  o f  the flows i n  the co rner  reg ions  a l s o

pose a d i f f i c u l t  mathematical  problem as the method o f  matching th e se

s o l u t i o n s  with the s o lu t i o n s  o f  the h o r i z o n t a l  and v e r t i c a l  w a l l  bound­

ary  l a y e r  equa t ions  i s  no t  comple te ly  unders tood  a t  the p r e s e n t  t ime.

The second ca tegory  o f  problems recommended f o r  fu tu r e  

r e s e a r c h  inc ludes :

(a) i n v e s t i g a t i o n  of  the p r e s e n t  problem fo r  the case o f  t u r b u l e n t  flow

(b) f lows r e s u l t i n g  from apply ing  d i f f e r e n t  boundary c o n d i t io n s  to  the

p r e s e n t  problem , and
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(c) flows fo r  which the usual  Boussinesq approximat ion breaks  down.

In g e n e ra l ,  the methodology developed in  the p r e s e n t  problem 

can be app l ied  to the case of  t u r b u l e n t  flow; however, the governing 

equat ions  would have a d i f f e r e n t  form in  o rde r  to model the tu rbu lence .

Flows t h a t  r e s u l t  from app ly ing  d i f f e r e n t  boundary cond i t ions  

to the p r e s e n t  problem inc lude the cases  of  c o n s t a n t  tempera ture  (or  

h ea t  f lux)  h o r i z o n t a l  w a l l s ,  the case  o f  a f r e e  upper h o r i z o n t a l  s u r ­

face ,  and the s o - c a l l e d  "mixed case"  o f  a c o n s t a n t  tempera tu re  on one 

v e r t i c a l  w a l l  and a cons tan t  h e a t  f lu x  on the o t h e r .  The s o lu t i o n s  

o f  these  problems should no t  d i f f e r  s i g n i f i c a n t l y  from the p r e s e n t  

s o l u t i o n  excep t  in  cases  where the thermal boundary c o n d i t i o n s  on the 

h o r i z o n t a l  w a l l s  would tend to produce an u n s ta b l e  s t r a t i f i c a t i o n  of  

the core r e g io n .  The l a t t e r  s i t u a t i o n  could occur ,  fo r  i n s t a n c e ,  i f  

the bottom h o r i z o n t a l  wa l l  was main ta ined  a t  a tempera tu re  h ig h e r  than 

t h a t  of  the "co ld"  v e r t i c a l  w a l l .

One o f  the most impor tant  flows fo r  which the Boussinesq  ap­

proximat ion  breaks down i s  the  case o f  v a r i a b l e  f l u i d  p r o p e r t i e s .

In a d i s c u s s i o n  o f  a paper by MacGregor and Emery [ 2 0 ] ,  Landis has 

shown t h a t  the tempera ture d i s t r i b u t i o n  may be a f f e c t e d  to the same 

o rd e r  of  a v a r i a b l e  thermal c o n d u c t iv i t y  as by a v a r i a b l e  v i s c o s i t y .  

Thus, any s tudy  o f  the v a r i a b l e  p ro p e r ty  case would have to  inc lude  a 

v a r i a b l e  thermal c o n d u c t iv i t y  as w e l l  as  a v a r i a b l e  v i s c o s i t y .
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SUMMARY OF THE GOVERNING DIFFERENTIAL EQUATIONS AND 

BOUNDARY CONDITIONS FOR THE ZEROTH AND HIGHER-ORDER 

PROBLEMS IN EACH REGION OF THE ENCLOSURE
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The zeroth and some of the higher order governing differential 

equations and their boundary conditions are summarized below for each 

of the physically distinct regions in the enclosure.

The (Right-Hand) V e r t i c a l  Wall Boundary Layer

Zeroth-Order

^  dy

“O j r  + ''o p  + : : 2-
dx oy ox dy

_  = 0 
dy

ôT„ dTn\

v ^ p j ^ o  * ~ o  ’  7^.dx dy dy^

w i th ,  _  _
Uq(x , 0)  = 0

Vg(x,0) = 0

=  1

(p lus  matching cond i t ions  with core  and co rner  r eg ions )

F i r s t -O rd e r

du., dv 
 1 +  —1  = 0
dx d'y
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^ . 0
?>y
ST, ÔT̂  ST, STq. S^^/ \  1 m.* 0 1

1'‘prJ',"o + “i ?t  + ''o ::r- + "i„ . -  ̂ , ~ 2Sx Sx Sy Sy Sy

with ,

u^(x,0) = 0 

v^(x ,0 )  = 0 

T (̂x,0) = 0

(plus matching c o n d i t i o n s  with  the core and co rne r  reg ions )

Second Order

S'u Sv 
~  + ~  = 0 
S"x s'y

~  ^ 2  -  9“ l  _  ~  ^“ 2 ~  ~  ^"O
“O ^  + “ 1 ^  +  “ 2 F " "  '’O F "  "2Sx Sx Sx Sy Sy Sy

àPo _  ^ "2

p - . o

with ,  ^
Ugfx^O) = 0

VgCX.O) = 0

TgCx.O) = 0

(plus matching c o n d i t io n s  with  core and co rner  reg ions )



1 0 7

The (Bottom) Hor izon ta l  Wall Boundary Layer

Zeroth-Order

h'A ôy

'Pq
=  0

ÔX

b y

0 = ^

A =  0

F i r s t - O r d e r

+ - - i  = 0
dx dÿ

dx 

dp

=  0

dy

dx^

Second-Order

1

=  0

du dv 
_ +  =  0 

dx dy

w i th ,
Uq (O.Ÿ) = 0

Vq( 0 , y) = 0

aTo(o .ÿ )
=  0

dx

(plus matching  c ond i t ions  with  core 

and co rne r  re g io n s )

wi th ,

u^ (0 ,y )  = 0 

v^ (0 ,y )  = 0

a î \ ( o . ÿ )

dx
=  0

(plus matching cond i t ions  with  core 

and corner  r eg io n s )
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op^ w i th ,

n X

2_ VgfO.y) = 0

aÿ ôx^ ^ Q

— — = 0 (p lus  matching c o n d i t io n s  w i th  the

core  and co rner  r eg ions )

The Core Region

The equa t ions  in  t h i s  r eg io n  do not  possess  any boundary 

c o n d i t i o n s .  The ir  s o lu t i o n s  mus t ,  however, match with  the s o l u t i o n s  

o f  the v e r t i c a l  and h o r i z o n t a l  w a l l  boundary la y e r  e q u a t io n s .  

Zero th-Order

Î ? - "

- . Ï ? -
F i r s t  Order

ôp,

ô 7"  "  ^1
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ôy = 0

VQ a ? -  + â p - =  0

Second-Order

àv,

§ 7 = G

Sp.

Sy =  0

, M  9T a ̂  ,  . ,

"PB/Wk'-O 9 ^  + ''l 5T  + "2 37-; ■ ^  + y Ôy

Third-Order

ôx \W/ ôy

7 T  ■ ^3

=  0

ÔPo
= 0

ây

'PRV\W/ "0 ôx

ÔT,
s „ l f S 1  U .  r - 9 .  +  ( n j , J ( | ) ( v „  3 7  a- - 1  5 y

- 2  ^  a ^ i  ,  a i  
’ i  3 7  "2  3 7  ” 3 â r )

ÔX

Fourth-Order

! % ,  i H f  t h .
2 W /  . 2ôy

ôu. h  ôv.sr* if) 5 7  * “

s r  ■ ■'4
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^  + ''o °

a i \  Ô T „ .  y ,  Ô T  r ) T  r ) T

+ V, + V,.̂ pr)(S) ("o ôir + ̂  ôirJ + Kij(i)(^ ôy 1 ôy 2 ôy

ÔX ô y

The (Bottom Right-Hand) Corner Region

Zeroth-Order

Ô X  oy

 ̂  ̂ ;s 2/v \ 2^
Î Î O , ,

ox  ox oy

- 2 a ai2a
Spq a v„ s

ôy ôx ôy

ôx ôy

" 1 ^ ' "  Ûq (x , 0) = 0 UqfO.y) = G

S_(x ,0 )  = 0 VgfO.y) = 0o

Tq(x ,0) = 1 01^(0,y)
=  0

ôx

(plus  matching co n d i t io n s  with  the v e r t i c a l  and h o r i z o n t a l  

w a l l  boundary l a y e r s )

F i r s t  Order



n i

âu . 9v 
  +    = 0

OX 9y OX ôx ôy

2 2
/ W \ %  / .  .  Ô V q .  Ô P i  ô  V i  ô  * 1

PR/\H/ \  0 0 %. /  . . 2  ^„2ôx ôy ôx ôy

with ,
û ^ (x ,0 )  = 0 0 ^ ( 0 , y) = 0

v^(x ,0 )  = 0 v^ (0 ,y )  = 0

T (x ,0)  = 0 ÔT (0 ,ÿ)
— i   =  0

ôx

(plus  matching c o n d i t io n s  with  the v e r t i c a l  and h o r i z o n t a l

w all  boundary l a y e r s )

Second-Order

ôû ôv_
— -  +  — ^  =  0 
ôx ôÿ

. T \ %  / ÔÛ- ÔÛ, ô û . \  ô p ,   ̂ ô^û-  ô^û

ôx  ̂ ôx ^ ôy  ̂ ôy '  ôx ôx^" ôÿ^

1 /\ - ^  /\ m. f\ r» ~ 2  A  -s. 2  ̂
. ôv, -  -  -  -

+ ^0
S + V

ôx ôÿ 1
aÿ ôx

+ ^0 + V, 1 = -

ôx ôÿ
1 ôÿ ôÿ

4- n 4- w 4- V ! Î o \ ô^T,

^ " l ôx ôÿ
+ '"l

Bÿ ôx^

2

ôx ôx ôÿ ôÿ ôÿ ôx^ ôÿ^

ÔT, ÔT„ ÔT, ÔT.\ ô “T^ ô^T

ôx ôx ôÿ ôÿ ôx" ôÿ^
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ügCx.O) = 0 ûgCO.y) = 0

v^ (x ,0 )  = 0 0 ^ ( 0 , y) = 0

Tgfx.O) = 0 aTg(0 ,y)
=  0

ôx

(p lus  matching  c o n d i t io n s  w i th  the v e r t i c a l  and h o r i z o n t a l  

w a l l  boundary l a y e r s )
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Thus ;
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As shown ill f:h;ipLor II :

1.

" ''O ©

,v i .
= 1 ( B . 2 )

Û ir  ry

,e V,

and,

. 0 \W
V = (B.5)

S u b s t i t u t i n g  equat ions  (B.2) and (B.5) in the energy equa t ion  (2 .4d) 

and r e a r r a n g i n g  gives

rx  ry

This equa t ion  admits  th ree  p o s s i b i l i t i e s  fo r  the c o e f f i c i e n t s  of  the 

terms in  the r igh t -hand  member:

PR e

Case 2.

ry

/L X h

Case 3. - ( t X -
rx

W/PR , PR S L,y



1 1 5

o r ,

î r x  = î r y  (B'9)

These th ree  cases  w i l l  now be in v e s t ig a t e d  in  a sy s tem a t ic  fash ion .

This a n a l y s i s  w i l l  determine the c o r r e c t  va lues  o f  the re fe re n c e

le n g th s ,  L and L , and the re fe renc e  v e l o c i t i e s ,  u and v , as wel l  rx  ry  r  r

as  the corresponding  fo rce  balances  in  the momentum equa t ions .

Case 1

As shown above,  fo r  Case 1

PR

Thus,

rx

S u b s t i t u t i n g  t h i s  r e s u l t  in  the energy e q u a t io n  (B.6) gives

.  4T , .  &T _ / . - / . N -2

8x 8y 8%: 8y

o r ,  to the lowest  o rd e r :

 ^  = 0 (B.12)
By

I n t e g r a t i n g  t h i s  r e s u l t  g ives  a l i n e a r  fu n c t io n  in  y which i s  not 

a ccep tab le  s ince  i t  cannot  be matched with  the s o l u t i o n  of  the bottom 

h o r i z o n t a l  w a l l  boundary l a y e r .  Therefore ,  Case 1 i s  r e j e c t e d  on th i s  

b a s i s .
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Case 2

For Case 2

ry

which gives

S u b s t i t u t i n g  t h i s  r e s u l t  i n  the energy equa t ion  (B.6) gives

2s, o  . 2 ,2
e

9x ay '  ax ay

o r ,  to the lowest  o r d e r :

 T -  0 (B.15)
ax

I n t e g r a t i n g  t h i s  r e s u l t  g ives

Tq = X gj(y) + ggCy) (B.16)

where: g^jg^ a r e  unknown fu n c t io n  o f  y on ly .

This exp res s ion  (B.16) f o r  Tq i s  a p o s s i b l e  s o l u t i o n .  The im p l ic a t io n s  

o f  t h i s  s c a l i n g  on the fo rc e  ba lances  in  the momentum equa t ions  must 

now be examined.

I t  i s  now assumed t h a t  the p re s s u re  fo rce  in  the corner  reg ion  

i s  the same o rd e r  as the p r e s s u re  fo rce  in  the v e r t i c a l  w a l l  boundary 

l a y e r ,  so t h a t

a i

ax r  a x  I ;  s H
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then,

T, /"̂ »-vN /An  1
( B . 1 8 )IE

riy ■ ( f )  e i  '
r  ry

S u b s t i t u t i n g  equa t ions  (B.13) and (B.17) i n  equa t ion  (B.18) g ives ;

= ( % ) #oy e H'r

S u b s t i t u t i n g  eq u a t io n s  (B .2),  (B .4) ,  (B.5) ,  (B.13) and (B.19) in  the 

y-momentum equa t ion  (2 .4c )  and r e a r ra n g in g  y i e l d s :

L dx ?iy e H oy L &x 6yrx rx
(B.20)

There a r e ,  in g e n e r a l ,  fou r  p o s s ib le  fo rce  ba lances  in  t h i s  equa t ion :

1. i n e r t i a  - p r e s s u re  - v iscous  force  ba lance

2. i n e r t i a  - p r e s s u re  fo rce  balance

3. i n e r t i a  - v iscous  fo rce  ba lance

4. p r e s s u r e  - v iscous  fo rce  balance

an examination o f  these  fo rce  ba lances  w i l l  determine the c o r r e c t

value of  the r e f e r e n c e  l e n g th ,  L , fo r  Case 2.°  rx

I n t e r t i a  - P re s su re  - Viscous Force Balance

Equat ing  the  c o e f f i c i e n t s  o f  these th r e e  terms in  equa t ion

( V ^ x i ) = ( - Æ ) = f e )L G H Lrx  rx

From which:

PR
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Substituting this result back into the y-inomentuni equation (B.2Ü) yields

ay  ay ax ay

Thus, an i n e r t i a  - p r e s s u r e  - v iscous  force  ba lance  cannot  be obta ined  

fo r  case 2 as the i n e r t i a  terms are l o s t  in the l i m i t  as e approaches 

z e r o .

I n e r t i a  - P ressure  Force Balance 

Equat ion (B.20) g ives

( ^ ) ©  = 
rx

From which:

L = G Ĥ /3 1̂ 1/3 (15.25)
rx

S u b s t i t u t i n g  th i s  r e s u l t  back in to  the y-momentum e q u a t io n  (B.20):

ox ay oy ax ôy

(B.26)

There fo re ,  an i n e r t i a  - p r e s s u r e  fo rce  balance  i s  c l e a r l y  impossib le  

f o r  Case 2 as both the  i n e r t i a  and p r e s s u re  terms a re  l o s t  in  the l i m i t  

as e approaches ze ro .

I n e r t i a  Force - Viscous Force Balance '

This g iv e s :  ^3^

Ii .. Lrx  rx

Since the P ra n d t l  number, Np^, and the a s p ec t  r a t i o ,  (W/H), are both 

0 ( 1 ) ;  the r i g h t -  and l e f t - h a n d  members of  e q u a t io n  (B.27) can never be of  

the same o rd e r ,  independent  of  the value o f  Thus, an i n e r t i a  -



viscous  force  ba lance  i s  a l so  imposs ib le  fo r  Case 2.

Pressure  - Viscous Force Balance

This i s  the on ly  remaining p o s s i b l e  balance  in  Case 2. Equa­

t i n g  the c o e f f i c i e n t s  o f  the p re s s u re  fo rce  and v iscous  fo rce  terms in 

equa t ion  (B.20) gives

G (B.28)

rx

Then;

eS/S H 
" r x  = - - Ï 7 T

PR

S u b s t i t u t i n g  equa t ions  (B .4),  (B .5) ,  (B.13),  (B.17),  (B.18),  and (B.29) 

in  the governing eq u a t io n s  (2.4)  gives

—  + — = 0 (B.30a)
a s  aÿ

ax ay ax ax ay
(B.30b)

+ * !:) = - + [::% + T:?] ( s . a o c )ax ay ay a% ay

ax a y àx ay
r-

where the p r e s s u re  fo rce  - viscous force ba lance  i s  ob ta ined  in  the 

y-momentum eq u a t io n  (B.30c) .

To lowes t  o r d e r ,  these  equa t ions  reduce to :
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—  + —  = 0 (B.31a)
<)x By

ôp."
—  = T  ' (B.31b)
Bx °

By ÔX

= 0 (B.31d)
Bx

I n t e g r a t i n g  the energy equa t ion  (B,31d) once g ives :

ato—  = h . (ÿ) (B.32)
Bx 1

where: h ^ ' s  = func t ions  of  y only

Since the bottom h o r i z o n t a l  w a l l  i s  a d i a b a t i c :

3Tn(0,y)
 — --------  = 0 (B.331

Bx

This g ive s :  h^(y) = 0 (B.34)

Therefore ,  a second i n t e g r a t i o n  g ives

Tq = hg(y) (B.35)

S u b s t i t u t i n g  t h i s  r e s u l t  i n  the x-momentum equa t ion  (B.31b) and i n ­

t e g r a t i n g  y i e l d s :

Pq = X h^Cy) + hg(y) (B.36)

I t  has a l r e a d y  been shown in  Chapter  I I  t h a t  the p r e s s u re  d i s t r i b u t i o n  

in the core i s  "Impressed" on the v e r t i c a l  wa l l  boundary l a y e r s .  Thus; 

the p re s s u re  d i s t r i b u t i o n  i n  the v e r t i c a l  wa l l  boundary l a y e r s  i s  known
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to be;

pQ = ^ X + Cg'x (B.37)

The p re s s u re  d i s t r i b u t i o n s  in the r ig h t -h a n d  v e r t i c a l  w a l l  boundary 

laye r  and bottom r ig h t -h a n d  corner  r eg ions  w i l l  now be matched.  

P ressu re  Matching

The co rner  r e g io n ,  or  " in n e r " ,  s o l u t i o n  fo r  the p r e s s u re  d i s t r i b u t i o n  

i s  given by equa t ion  (B.36) as:

Pq = X h , (y )  + hg(y) (B.38)

Rewrit ing t h i s  s o l u t i o n  in  v e r t i c a l  w a l l  boundary l a y e r ,  o r  " o u te r " ,  

v a r i a b l e s  g ives :

PR
(B.39)

Taking the " o u te r  l i m i t "  o f  t h i s  inne r  s o l u t i o n  as e ^  0 y i e l d s :

(Po) ='% hgtO) (B-40)

The v e r t i c a l  w a l l  boundary l a y e r ,  o r  o u t e r ,  s o l u t i o n  fo r  the p r e s s u re  

d i s t r i b u t i o n  i s  g iven  by equa t ion  (3.37) as :

c^x^ +  C2 X (3.41)

Rewrit ing  t h i s  s o l u t i o n  in  co rne r ,  or  in n e r ,  v a r i a b l e s  g ives :

pQ = (%) (c^ )^ "1/3 )  * + Cg X (B.42)
*̂ PR

Taking the " in n e r  l i m i t "  of  t h i s  o u te r  s o l u t i o n  as e -* 0 g iv e s :

e i o  ( ? o )  =  = 2  *  ( B ' 4 3 )
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This l i m i t  may be r e w r i t t e n  in  o u t e r  v a r i a b l e s  as:

(Pg) = C g i ;  (K.44)

The l i m i t  matching p r i n c i p l e  f 34]

j ' inne r  l i m i t  1 _ F o u t e r  l i m i t
l o f  the outer so lu tion .]  Lof the inner s o lu t io n j

gives :

o r ,

X h^CO) = Cg X (B.45)

hgfO) = (B.46)

S u b s t i t u t i n g  the i so the rm al  boundary c o n d i t i o n  on the r i g h t - h a n d  v e r t i ­

c a l  w a l l  as given by

Tq (x , 0) = 1 (B. i?)

in  equa t ion  (B.46) y i e ld s

Cg = 1 (B.48)

I t  i s  known from numerical  s o l u t i o n s  and exper imenta l  r e s u l t s  such as 

Noble [11] and Elder  [ 2 8 ] ,  however, t h a t :

Cg = 0 (B.49)

Thus, Case 2 i s  r e j e c t e d  on t h i s  b a s i s .  (A p h y s ica l  argument f o r  the

i m p o s s i b i l i t y  o f  e q u a t io n  B.48 i s  g iven  in  Chapter  I I I . )

Case 3

For Case 3

S u b s t i t u t i n g  equa t ions  (B .2 ) ,  (B .4 ) ,  (B .5 ) ,  (B.9) ,  and (B.18) i n  the 

y-momentum equa t ion  (2 .4c )  g ives
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) V  

2
L &x oy s H oy L ox

(B.50)

There a r e ,  in  g e n e ra l ,  four  p o s s i b l e  fo rce  ba lances  in  t h i s  equa t ion :

1. i n e r t i a  - v iscous  fo rce  balance

2. i n e r t i a  - p r e s s u re  - v i s cous  fo rce  balance

3. i n e r t i a  - p r e s s u re  fo rce  ba lance

4. p r e s s u r e  - v iscous  fo rce  ba lance

an examinat ion o f  these  fo rce  ba lances  w i l l  determine the c o r r e c t  

value of  the r e f e r e n c e  l e n g th ,  t  , f o r  Case 3.a  rx

I n e r t i a  - Viscous Force Balance

I n s p e c t i o n  o f  equa t ion  (B.50) r e v e a l s  t h a t ;  s in ce  the a s p ec t

r a t i o .  (W/H), i s  always 0 ( 1 ) ;  the i n e r t i a  fo rce  and v iscous  fo rce  terms

can never be o f  the same o rd e r ,  independent  of  the value  of

I n e r t i a  - P re s su re  - Viscous Force Balance

This ba lance  cannot  be o b ta ined  because the i n e r t i a  fo rce  and

v iscous  fo rce  terms can never  be o f  the  same o rde r  as shown above.

I n e r t i a  - P re s su re  Force Balance

Equat ing the c o e f f i c i e n t s  o f  the i n e r t i a  fo rce  and p re s s u re

fo rce  terms i n  eq u a t io n  (B.50) g ives

2

This y i e l d s :

Î. -  (B.52)rx

S u b s t i t u t i n g  t h i s  r e s u l t  i n  the  y-momentum equa t ion  (B.50) and r e ­

a r rang ing  g ives
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+ + ( . . S 3 )
 ̂ as a/ aÿ 'a:, ay ^

Thus, an i n e r t i a  f o r c e - p r e s s u r e  fo rce  balance  cannot be ob ta ined  as 

the i n e r t i a  and p re s s u re  terms a r e  l o s t  in  the l i m i t  as e approaches 

z e r o .

P re s su re  - Viscous Force Balance

This i s  the on ly  remaing p o s s i b l e  force ba lance .  Equat ing the 

c o e f f i c i e n t s  o f  the p re s s u re  fo rce  and v iscous  force terms in  equa t ion

(B.50) gives ,

( "§ 3 )  °  (*-54)
® "  ^ rx

so t h a t ;

L = (B.55)rx

S u b s t i t u t i n g  t h i s  r e s u l t  in  e q u a t io n  (B.9) gives

£ = £ = (B.56)r y  rx

S u b s t i t u t i n g  these  r e s u l t s  i n  e q u a t io n s  (B .4),  (B.5) ,  and (B.18) y i e ld s

e H

and ,
M l M 0 0 (B.58)
ax  I r  3y

S u b s t i t u t i n g  these  r e f e r e n c e  q u a n t i t i e s  in  equat ions  (2 .4 )  g ives  the 

fo l low ing  s e t  o f  govern ing equa t ions  f o r  the (bottom r ig h t - h a n d )  corner  

re g io n
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—  + —  = 0 (B. 59a)

+ . . M  + T + A  + A
OX ôy ôx ôx ôy

(B.59b)

ôx oy ôy ôx ôy

:(*^R)(H) (" r: + *:::) =:::5 + ::n[ (*-594)ôx ôy ôx ôy

where the p re s su re  fo rc e -v i sc o u s  force balance i s  o b ta ined  in  the y- 

momentum equa t ion  (D.59c)

Thus, the only p o s s i b l e  s c a l i n g  fo r  the co rne r  reg ions  i s  

given by the fo l lowing  s e t  o f  r e fe re n c e  q u a n t i t i e s :

£ = L = (B.60a)r x  ry

(t :)(I) (B'GOb)
S H

5i| .5i, (B.60C)
ÔÎ1,  ay L


