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ABSTRACT

Several serious limitations have been encountered in
the past with the common frequency domain techniques for
chemical process ldentification methods. These include such
methods as direct frequency response testing, random testing
and pulse testing. Most of the difficultles are assoclated
directly with noise problems and with the fact that frequency
domailn methods do not permit accurate determination of the
system's parameters. PFurthermore, none of the available
identification methods determines the reliability of the ob-
talned model.

The major goal of this work was to devise a modeling
technique that simultaneously evaluates the system parameters
along with their associated uncertainties. The proposed tech-
nique for linear system identification is based exclusively
on time doﬁain analysis. Fundamental mathematical relations
of linear differential equations are utilized for the identifi-
cation and an extensive error propagation énalysis permits
the determination of the uncertainty'associated'with each of
the system paraheters.

The procédure 1s based on analysis of transient output
responses of the process to be ldentified. Arbitrary input
pulses can be utllized to force the system from steady state.
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For identification of an n'? order model, n linearly
independent response functions are required. It 1is assumed
fhat the order of the system to be ldentified is either known
or strongly suspected beforehand. The correct order of the
system 1s then determined through proper interpretation of
the error propagation analysis.

The method was lnvestigated by analog computer sim-
ulation studlies of second and third order systems with and
wlthout superimposed nolse. Also, actual chemical plant test
data were utllized for identificatilon.

The identification procedure was programmed and
carried out on a digital computer. Medlum size digital com-
puters are sufficient for effective execution of the analysis.
Computational time requiremeﬁts are insignificant.

The time domain identificatlion technique was found
to be superlior to conventlonal methods in several respects:
(1) Accurate determination of natural frequencies was obtained
for systems with natural frequencies ranging from very closely
separated to ratios up to 1000! (2) Noise problems were not -
very severe and did not generally corrupt the results sig-
nificantly. (3) The error propagation analysis successfully

determined the uncertainty assoclated with the models.
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A TIME DOMAIN TECHNIQUE FOR LINEAR
SYSTEM IDENTIFICATION

CHAPTER I
INTRODUCTION

Considerable progress has been made in recent years
in the area of process control and dynamics. The number of
recent publications of research papers in this field is re-
markable and of particular note is the relative number of
theoretical papers as compared to reports of experimental re-
search. Although the impact of various developments in sys-
tems' engineering by other disciplines such as electrical and
aerospace engineering 1s still apparent, cheﬁical engineers
seem to have finally reélized that the problems in chemical
process control are sufficlently different from problems in
other disciplihes to Justify original and independent research.
The availability of high capacity and powerful computing ma-
chinery (digital and analog) has removed many computational
barriers and enabled researchers to attack problems which
were not solvable previously because of computational 1limita-
tions. Particularly notable is the work done in analysis of
chegical reactor dyngmics and stability [1,2,4,34] and de-
velopments of new and sophisticatéd control philosophies such
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2
as optimal control techniques [7] and methods which utilize
the invariance principle as a désign guide [6,22,41]. Also,
because of increased computing capabllity considerable work
has been done in analyzing overall plant performéhée and
stabllity. Results of this nature have been obtained for
distillation columns, heat exchangers and the like.

In contrast to conventional "rule of thumb" and semi-
empirical methods for control system design, these new tech-
niques are characterized by the systematic consideration of
all aspects of the system dynamics and in particular system
constrailnts and limitations. By the establishment of math-
ematically defined, optimal control schemes evaluation of an
overall control strategy can be carried out. Although cri-
teria for the existence of an optimum are not unique in nature
and the use of englineering Jjudgement 1s required in their
selection as discussed by Kalman [26], a large amount of the
ambiguity has been removed by utilization of the new
techniques.

One of the basic requirements of advanced control de-
sign (and analysis) techniques is the complete understanding
of the plant dynamic behavior, i.e. a reliable mathematical
model of the plant dynamic characteristics is of.fundamental
importance. There exists a general trend in the use of ad-
vanced design techniques to become more and more "sophisti-
cated" and "scientific". With conventional feedback control
schemes little has to be known about the dynamics of the con-

trolled system in order to obtain stable satisfactory control
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action.. However, 1t cannot be expected that an optimum con-
trol design will.be obtained without an adequate description
of the process. |

One can generally state that the more information
that 1s given about a system, the better 1ts control can be
designed. A feedback controller monitors the error in the
controlled variable and acts on a "manipulative" variable to
counteract the cause of error, i.e. the disturbance. However,
the amount of control effort is directly related to the exist-
ing error, thereby requiring the presence of an error before
any control action can be taken. This type of control can
be designed effectively with 1little knowledge about the system
dynamics. However, overdesign of the system and the controls
has often been the price for this uncertainty. In the sophis-
ticated "optimum" control schemes an effort is made to use
information about the system dynamics in order to anticipate
the required control action, thus beling able to apply correc-
tive action prior to the propagation of the disturbance to
the controlled variable. This type of control is realized
in the form of "feedforward" control. There is little evi-
dence of any application of the novel "overall" design tech-
niques to actual industrial plants. In fact, little has even
been reported of experimental laboratory work of this nature.

There appears to be a conslderable lag between theory
and application [8,45]. One can speculate as to the reasons
for this lag. It has been argued that a lag between theory

-and application always exlsts and 1s a natural phenomenon,
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often even an advantage! 1In this particular case, however,
the lag 1s not really between theory and application; it is
rather a lag between a suggestion for application and the
application itself. An important reason for this delay ap-
pears to be the uncertainty assocliated with plant application
of the mathematical methods. Information about process be-
havior i1s required which is not readily available. Although
theoretical considerations may be useful 1in evaluating the
general topology of plant equations and thereby providing
formal models, it is frequently impossible to evaluate the
actual parameters numerically with any degree of confidence.
Another difficulty is that even 1f mathematical models can
be evaluated from theoretical considerations, they are, as
has been mentioned by Rosenbrock [45], frequently too com-
plicated to be handled. However, the most serious limitation
is that usually the overall plant performance 1s not adequate-
ly understood and even a reliable formal model cannot be ob-
tained from theoretical considerations.

Since the theoretical approach may not yield satis-
factory dynamic models of plant operation, one must frequently
resort to experimental methods for model evaluation (often
called "system identification"). By "experimental methods"
i1s meant the evaluation of plant dynamic behavior from actual
plant test data.

Experimental data are obtained from measurements of
responses of plant output (state) variables, to programmed

or unprogrammed variations in input (disturbance) variables.
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In addition, information about steady state operating condi-
tions is often useful. Present day methods for system iden-
tification are quite useful fbr evaluating simple mathematical
models of chemicél plants, but their value from the control
standpoint is limited due to several serious drawbacks.

Several testing and analysis techniques for system
identification have been developed in the past. All testing
methods are based (as has been mentioned) on the analysis of
input-output relationships and differ essentially in the types
of test signals applied and the mathematical techniques used
for data manipulation. The basic methods can be classified
as: (1) sinusoidal (frequency response) testing, (2) statis-
tical or random testing, and (3) pulse testing and Fourier
transformation. All of these methods for ldentification can
be considered as frequency domain techniques in the sense
that at some stage of the analysis the data 1s transformed
into the frequency domain. All of the above methods depend
on frequency domain representations, usually magnitude and
phase lag versus frequency dilagrams (Bode plots), for the
final plant evaluation. -

Direct frequency response testing has been wildely
used in the past [11,18,35,38]. It was originally adopted
from electrical engineering (as have been most fundamental
concepts in control and systems engineering) for utilization
in the chemical plant. Although frequency response testing
is natural and convenient in electrical engineering applica-

tiong, it did not generally prove satisfactory in the process
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industries as was pointed out by Hougen [25]. The basic
virtue of the method 1s the simplicity with which the data
can be handled. Reasonable accuracy of the results can be
obtained if noise effects are minimized [18,19,49,50]. G@Gen-
eral drawbacks of the method which have been widely recognized
are: (1) the tests are long and time consuming and may cause
the system to deviate drastically from its normal mode of
operation, thereby resulting in production of off specifica-
tion products or even damaging the equipment [9,25], (2) a
large number of tests over a wide range of frequencies is re-
quired regardless of the complexity of the system, (3) sinu-
" 8oildal function generators may be difficult and expensive to
build and operate, (4) only a limited class of plant variables
can be sinusoidally forced wlth any expected degree of success,
and at a reasonable cost, (5) system noise strongly limits
the general applicability of the method since the frequency
range of testing 1s seriously reduced and the results cor-
rupted, and (6) even mild nonlinearities will corrupt the ex-
.pected sinusolidal response [50]. The need to evaluate the
system model from the Bode plots or other frequency domain
representationsiis a serious limitation (as will be discussed
later). Although work has been done and.is still being pub-
lished on the utilizatibn of direct frequency response test-
ing [31,47,48,49], it has usually been used for model verifi-
cation rather than identification. Comparison of theoretical
models (of varying complexity) to experimental data has been

the main reason for this type of testing. Most of the
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publications of direct frequency response testing report of
laboratory scale work, and only a few of plant scale work.
The usefulness of this method 1s, however, strongly questioned
even on laboratory scale.

The serious limitations of direct frequency response
testing for identification of chemical processes led investi-
gators to develop alternate methods that would eliminate the
difficulties encountered with this technique. A method that
seems, at least theoretically, to take advantage of some of
the limitations inherent in direct frequency response testing
1s random testing followed by statistical analysis of the re-
sulting responses [20,46,51,54,55]. The limitations due to
nolse would be expected to be eliminated since random dis-
turbances are used to force the system [19]. In fact, already
exlsting noise could be used to advantage. Also a limited
number of tests 1s required for the identification. Even
though the tests are long this requirement would not seem to
be a major limitation, since the system is not "strongly"
disturbed. Particularly complex function generators are not
required, whiéh simplifies the method from the experimental
viewpolint.

The random testing technique was lnvestigated theo-
retically by Tierney and Homan [51] utilizing digital computer
simulations and by Gallier [19,20] experimentally. Several
serious limitations of the method have been reported. 1In
particular the length of the required test records is exces-

sive if high accuracy of results is desired. This requirement
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is due to the high standard deviations of the correlation
functions that are obtained from finite records. Furthermore
the computational requirements are quite severe, and partic-
ularly cumbersome 1is the enormous amount of data handling.
Tierney reports that about 2500 data points were required to
obtain reliable estimates of the correlation function! An-
other limitation which has been recognized [20,51] is the
difficulty of generating an input nolse function which has a
sufficiently wide, nearly-flat, power spectrum in order to
obtain adequate frequency response representations over an
acceptable frequency range.

Nevertheless, even with these problems it 1s not the
analytical and computational problems that make the method
inadequate. Chemical processes suffer from iInherent nolise
in the output variables even when they are operated‘at steady
state conditions. The noise sources are usually unknown.
They can exlst as random disturbances which are inherent in
input variables as well as in the process parameters (which
usually include some function of flow, temperature or concen-
tration). 1In. addition, instrument noise may sometimes be
present'which results in an apparent observation which is not
inherent in the process. The important point 1s that this
noise is not simply related to a specific forcing variable
and its source is usually unknown. Thus, any speculation
that observed output, steady state noise aids in the random
identification procedure is basically incorrect. If a cer-

tain input variable is randomly pulsed, the observed output
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is corrupted with the steady state noise which is not corre-
lated with the forced input.

The signal to nolse ratio will give additional prob-
lems. The amount of power that can be introduced into the
system through a random forcing function is quite limited,
particularly so when the output variable in question has weak
coupling with the forcing variable. Thus the signal to noise
retio problem may be even more sevére for random testing than
for other test methods. When the problem of signal to nolse
ratio becomes severe it would seem reasonable to attempt to
iIntroduce more energy into the system through the forcing
variable. An improvement in this respect could be the intro-
duction of a single, powerful pulse rather than a random
function. Since frequency domain analysis and representation
are required, the usefulness of the method is further limited.

Pulse testing and Fourier transformation has been pro-
posed and developed to overcome some of the serious difficul-
ties encountered with direct sinusoidal testing. This method,
which 18 a refinement of the transient response testing, was
first introduced for analysis of chemlical processes by Hougen
[(24,25]. With this method the forcing variable is excited by
a single pulse and the input and response are recorded. Both
are transformed numerically into the Fourier domain and the
ratio of the transform of the response to the transform of
the input gives the frequency response function for the par-
ticular input-output pair tested. The frequency response 1is

then plotted on a Bode diagram which 1s a diagram of magnitude
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rétio and phase lag versus frequency. Since the power spec-
tral density of a single pulse theoretically covers the whole
freduency range, 1t follows that a single test is adequate
to evaluate the completé frequency response functilon.

Hougen and his assoclates have extensively investi-
gates this technique [13,14,23,24,25,37,44] which has gained
fairly wide acceptance [9,49,52]. Stermole [49] has studied
the dynamic response of heat exchangers and WatJjen [52] has
invesﬁigated the dynamics of a pulsed-plate extraction column.

Naturally this method has some remarkable advantages
over sinusoidal testing. Baslically, one test replaces a whole
series of sinusoildal tests. The computation is not too in-
volved, and above all no special function generators for plant
testing are required.

From a practical standpolint some of the above state-
ments have to be qualified. First the quality of the calcu-
lated transfer funcﬁion i1s strongly dependent on the quality
of the spectral density function of the applied pulse. This
problem has been studied by Dreike [12] who demonstrated the
sensitivity of thevidentification to pulse shapes and dura-
tions. If the nature of the system is not known in advance,
some experimentation has to be expected before a proper pulse
can be applied. Thus the statement that one test is suffi-
clent 18 not generally true in practice. Furthermore, at
least in theory, the response has to be recorded for an in-
finite length of time or equivalently until steady state 1is

again reached. 1In practlice this requirement can take a rather
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long period of time. Dreike, Hougeh and Mesmer {13] have
- 8tudlied the problem of truncation error due to utilization
of limited (finite) record segments, i.e., utilization of
response records which end before returning to steady state.
This truncation error and the effect of improper input pulses
q(which have only a limited range of reliable frequency con-
tent) manifest themselves in the resulting frequency response
function in the form of a "cut-off frequency". Beyond the
cut-off frequency, cycling occurs. As a result the uncer-
tainty or scattering of the results becomes excessive, and
the frequency response function becomes unreliable.

One might argue that to elimlinate this problem the
response should be recorded until steady state is "practically"
reached. For a chemical process the time involved may be im-
practical, particularly if the process has long time constants,
because of possible drifts in steady state operating condi-
tions. Thus the problem of finite cutoff frequency is un-
avoidable. This problem often drastically limits the useful
range of the frequency response function.

Nolse introduces addltional difficulties. Tall ends
of the response curves, where the amplitudes are low, may
lose their significance completely. Also other parts of the
response curve may contain noticeable uncertainty. The need
to rely upon these uncertaln sections of the responses 18 a
serious limitation. Since the response curve has to be num-

erically Fourier transformed, curve fitting of the forcing

pulse and the response function is essential-. The quality of
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the approximating functions 1s a decisive factor in determin-
ing the quality of the resulﬁant frequency response function.
Some of this problem can be solved by using smoothing tech-
niques, thereby improving the results over certain ranges.
The amount of computation required is certainly not trivial
and requires a digital computer [14]. However, computational
length should not be consildered a maJjor limitation.

Summarizing, all three methods discussed above may
have their particular advantages and drawbacks which will
affect the selection of a method for application to a specific
problem.

When dynamic plant testing 1s carried out for the
purpose of model identification, one may or may not have a
preconcelved 1ldea of the model topology. However, there is
essentially no knbwledge about the model parameters since
their evaluation 1s the prime obJjective of the tests. Under
these circumstances it may turn out to be very difficult to
evaluate the parameters numerically from Bode plot representa-
tions, particularly when noise 1s present. Systems describ-
able by a first order lag (i.e. having one pole and no zero)
are easlly identifiable from the frequency domain representa-
tions, while systems of higher complexity may lead to con-
siderable difficulties. Dudnikov and Golant [15,21] have
proposed a method for explicit determination of the system's
parameters from frequency domain representations. It appears,
however, that thelir method does not provide significant

improvement.
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Generally the ﬁseful range of the magnitude ratio
plot does not exceed one to two decades on the logarithmic
frequency scaie when actual equipment and plaht tests are
performed, as can be seen from various experimental test re-
sults [47,48,49,52]. Here useful range means the frequencies
on the Bode plot to the right of the first break point or, in
the resonant case, to the right of a peak. Thus the identifi-
able natural frequencles are limited to this range of at most
two decades. Also the identifiable order of the system 1is
subject to these limitations. The phase lag versus frequency
plot is usually less reliable than 1s the magnitude ratio
plot, therefore offering little additional information. If,
for example, the system is of second order (i.e. exhibits two
poles) then the pole corresponding to the high frequency will
not be identifiable if it is outside the "useful range". 1In
this case the system would be ldentified és first ordef. On
the other hand, if the high frequency pole is in the "useful
range” it may be too close to the other pole to enablé rell-
able humerical evaluation of either of the two, particularly
if there is an uncertainty assoclated with the frequency
response function (or the Bode plot). Irregularities in the
Bode plot, which ffequently exist to some extent, may dras-
tically affect the possibility of numerical evaluation of the
parameters. Further, dispersion of the experimental points
in the range beyond the cutoff frequency often introduces un-
certainty as to the order of the system. Naturally, for

higher order systems the problems are more severe. When the



14
system contains complex poles evaluation of the damping ratio
18 especilally difficult even when noise effects are minimized
[12].

In the foregoing sections the limitations of present
day system identification methods have been discussed. In
spite of the fact that frequency domaln methods are very use-
ful as a design and analysis tool in various control problems,
and therefore frequency domain representations of the system
dynamics are often desired, it appears that frequency domain
techniques offer no real advantage for chemical procesé-
identification. On the contrary, they seem to possess some
serious limitations and disadvantages. It was the purpose
of this research to develop an identification method that
overcomes these difficulties.

The most significant limitations of any model identi-
fication procedure result from uncertainties associlated with
noise in the response data. Minimization of the noise effects
"and of error propagation in the numerical analysis 1s essen-
tlal if the technique 1is to be successful. In a chemical
plant, fluctuations in the output variables are normally pres-
ent even when operated under steady state conditions. This
noise can originate from two sources: (1) Instrument nbise,
which can be caused by sensing devices, transducing elements
or under certain circumstances even by the recorders them-
selves, and (2) plant noise which results from external dis-
turbances such as fluctuations in flow rates, temperatures,

concentrations and the 1like. These external disturbances can
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be in the input variables (from a dynamic viewpoint), or in
plant parameters which are assumed to be constant. The point
of significance 18 that the specific nolse sources are unknown
and therefore the nolse must be considered as inherent in the
process. Thus, error or uncertainty 1s associated with any
response curve of the system. Since the noise usually pos-
sesses a statistically constant magnitude, it follows that
the relative significance of the nolse depends on the strength
of the test signal. 1In other words, it is the signal to noise
ratio which determines the degree of uncertainty assoclated
with the test data. There 1s usually a practical limit to
the attainable response amplitude, and the corresponding sig-
nal to nolse ratio can be considered as the minimum uncer-
tainty level.

When the system responses are nolsy, there is a cer-
fain amount of error theoretically associated with the corres-
ponding model. Stated differently, perturbation of the model
within given l1limits does not yleld responses that differ
significantly enough to be distinguilshable from each other
when the noise level 1s considered. This discrepancy in the
ldentifiable model is a theoretical uncertainty which does
not take into account any error that 1s introduced by the
numerical manipulations of a speciflc identification tech-
nique. It 1s, therefore, a lower bound for the error in the
model. The amount of errér introduced by a particular identi-
fication method depends on data handling and numerical pro-

cedures used. The confidence limits of the obtained model



16

are thus a function of the sensitivity of & particular

identification technique.

The problem of model reliability is normally ignored
by systems engineers who deal with process identification.
This information is, however, of considerable importance in
the design of advanced control systems which is based on
extensive knowledge of the process dynamlics. Such a measure
of rellability can be given in the form of confldence limits
for the evaluated system parameters. The determination of
such confidence limits involves an extensive study of error
propagation through the numerical procedures based on the
error in the original response data.

One of the maJor goals of this work was to devise a

modeling technique that simultaneously evaluates the system

parameters along with thelr associated uncertainties. Any

ambiguity assoclated with the ldentified model is removed and
provision 1is made for a quantitative measure of 1ts relil-
ability. Knowledge of the error associated with the experil-
mentally determined models does not eliminate the difficul-
ties inherent with system identification in the presence of
noise. However this knowledge is of significant value when
these models are used for design or analyslis purposes.

In the present work a technique for linear system

identification, based exclusively on time domaln analysis, 1is

proposed. This technique, which is based on some fundamental
mathematical relations of linear differential equations,

offers many unique advantages over the previously discussed
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methods. In particular, the system parameters are explicitly
determined thereby overcoming difficulties associated with
frequency domain techniques. In addition, implementation of
this technique yields error bounds associated with each of
the system parameters.

The identification procedure is based on analysis of
transient output records of the process to be ldentified.
These output records are the responses of the‘process relax-
ing from an exclted state. Normally thlis can be achieved
through pulsation of process inputs by arbitrary pulses. For
identification of an n*! order model, n linearly independent

response functions are required. In general the linear in-

dependence of the responses can be secured by pulsing differ-
ent process inputs, or combinations of inputs, for each
response.

It is implicit in the above dilscusslion that the order
of the system to be identified is either known or strongly
suspected. Once the tests have been'carried out and the re-

sponses obtained the correct order of the system can be deter-

mined through proper interpretation of the error analysis

assoclated with the identification.

In Chapter II general background principles of linear
systems are discussed, and the baslc technique is derived.
The error propagation analysis is presented in Chapter III,
and the princilples of the error minimization technique are
discussed. Chapter IV presents a discussion of the error

propagation through integration of the response functions.
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A method is derived for estimation of the error in the inte-
grals (based on the noise in the response function).® 1In
Chapter V the proposed identification technique is formalized
and is presented in its final schematic working form. Chap-
ters VI and VII present and discuss the results of the experi-

mental investigation of the method.

*The discussion in Chapter IV 1s not essentlial for
the understanding of the princliples of the identification
technique. It points out, however, certain limitations and
is very important for proper utilization of the method.



CHAPTER II
THEORY

Linear mathematical models constitute an adequate
description of a broad class of chemical processes over cer-
tain ranges of operating conditlons. These processes are
generally multivériable, i1.e. possess a number of inputs and
outputs, and can be described by a set of first order differ-
entlal equations relating the variables. Such a set of equa-
tions can be expressed in a generallzed vector-matrix fomrm,
where the process inputs and outputs are considered to be
vector quantities; By means of the vectorial description
each of the output variables 1s related to all of the other
variables. Whille this description 1s convenient from a math-
ematical viewpoint, it 1s frequently sufficient to have the
relationship between a single output variable and the input
variables only. This description is commonly called a scalar
model. The ldentification of the vectorial formulation di-
rectly 1s undesirable due to the high sengltivity of the
numerical manipulation of experimental data. This difficulty
1sjm1nimized in lidentification of the scalar model because of
the reduced number of parameters to be determined.

It is convenient to identify the scalar model through

19
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an equlvalent canonical description often called the state
space formulation. Through this transformation process the
scalar model 1s represented by a hypothetical vector model
that permits direct evaluation of the system's parameters from
the process' responses. For general time varying systems the
ldentification procedure requires differentiation of the re-
sponse functions, a numerical process which is extremely
sensitive to errors. For constant parameter systems the
canonical representation offers an unique mathematical ad-
vantage. By proper manipulation of the equations, the dif-
ferentiation procedure 1s replaced by integration of the
responses. Since integration is inherently a smoothing
process, there 1s an immediate contribution to the stability

of the identification results.

General Considerations

A general chemical précess* is schematically described

by Figure 1.
%, (¢) y(t)
e ~ —
x5(t) ¥o(t)
General Chemical Process :
x,() v (€)

Figure 1. General Chemical Process

*By process, or synonymously, plant or system, in the
following discussions, will be meant a mathematical model of a

dynamic system.
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The variables yy(t), 1 =1, . . ., n, are output or
dependent variables, and xJ(t), J=1, . . ., m, are the
forcing variables or inputs.

The output variables yi(t) need not necessarily all
be physical outputs; some of them can be consldered internal
functlions of the process itself. The input varlables are
frequently classifled, from a control standpoint, as to wheth-
er they are controllable or uncontrollable inputs. For exam-
ple, changes in the amblent temperature may be considered an
uncontrollable input to a heat-exchanger whereas variations
in coolant flow-rate are generally considered as controllable.
From the identification aspect a similar distinction should
be made, i.e. forceable and unforceable inputs.

A general process can be linear, linear time varying
or nonlinear and 1is describable by 1ts input-output relation-

ship as follows:

y(t) = £x(t),y(t)] (2-1)
where y(t) = yl(t), . . .,‘yh(t) is an n vector, x(t) =
xl(t), .« «s %Xy(t) 18 an m vector, and f[ ] describes the

functional relationshlip between input and output. If the
process is linear (or linear time varying), it can be formu-

lated as
F(t) = A(t)F(t) + B(t)X(t) (2-2)

where §(t) and X(t) are column vectors of order n and m
respectively, A(t) is a (n x n) matrix with time dependent
elements and B(t) 1s a (n x m) matrix with time dependent



22
elements. (°) stands for differentiation with respect to
time. The matrices A(t)‘and B(t) are independent of #(t) and
%x(t).
In expanded form Equation (2-2) can be written as a

set of n firét order differential equations of the form:

g%lizl = a,,(t)y(t) + ...+ ay (t)y,(t) + by (t)x,(t)
oo+ byp(t)x(t)
: (2-3)
dyn(t')

Fee— = 8y (6)yy(6) + oon + ap (£)5,(6) + by (8)xy(0)

A bnm(t)xm(t)

Relationships of the form (2-3) can normally be obtained from
fundamental energy and mass balances on the system.

Equations of the general type such as (2-2) or (2-3)
are often obtained as linearized models where the existing
nonlinear terms have been discarded or properly truncated
[50]. The input-output relationships of a linear system
described by Equation (2-2) are completely characterized by

the matriceés A(t) and B(t). The structure of these matrices
describes the topology* of the system.
If the parameters aij(t) and bik(t) in (2-3) are con-

tinuous time functions and possess the required number of

*In this context topology means the structure of inter-
actions in the plant.
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finite contlinuous derivatives,* then it is possible to express
th

one of the output variables yi(t) in terms of an n order
linear ordinary differential equation of the form:

n-1l
d"y, (t) () dy, (t) (835 ()
—_— 4+ a. (t) =775+ ... + & (t)y,(t) =
at® e nt*/o1

m n-1
a " xi(t)
g, (t) —="+ ...+ g, (t)x,(t) (2-4)

where the coefficients ai(t) are combinations of aij(t) and

their time derivatives, and the coefficients gJi(t) are com-

binations of aij(t) and by, (t) and their time derivatives.

Some of the coefficients gJi(t) may be zero and therefore the

order of the right hand side operators may be lower than n-1l.
To illustrate the transformation of Equation (2-2)

into form (2-4) consider the constant parameter, second order

system:
¥, () a;, 8 |va(t) bj; O x) (t)
= . + .
yo(t) 857 8op yo(t) 0 b, x5(t)

which in terms of y;(t) transforms into

e + - = . + .
He) +oaq(e) +ay (6) = g% + 0% * 8%,
where:

a) = -(a); + apy;)

as - zlla22 = 810857
&= Pl

*#A condition usually fulfilled in real processes.,
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g = -a22b

12 11

8ap = 315000

The usual identification methods evaluate the zeros and poles
of systems of the form (2-4). It can be seen from the above

simple second order system that the coefficients a may be-

i
come (and usually are) very sensitive to variationsjin a,.
Therefore, reconstruction of the matrices A and B in Equation
(2-2) cannot be reliably executed if uncertainties in the
parameters a; are present. Thus, models of the form (2-2)
are difficult, if not impossible to obtain from experimenéal

test results.

Equation (2-4) can be written in operator form as

m
k
Ly, ()7 = JZQ el (x,(8)] . (2-5)

where L(n)[ ] and Mgkj)[ ] are linear differential operators,
with time dependent parameters, of order n and kJ respectively,
where kj < n-1. If the right hand side of Equation (2-5) 18
lumped as a general time function f(t), Equation (2-5) trans-
forms to

Ly 0)) = £(6) (2-6)

For simplicity of notation the subscript 1 will be

dropped in the following discussions. If the system described
by (2-6) is unforced, (f(t) = 0), the homogenous equation can

be written: Nl
n -
L™ y(e)7 = ay(t) g () &_FBD s L+ a (t)y(t) = O
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There exists a set of n linearly independent solutions#* to
(2-7), wj(t), J=1, ..., n, such that any solution ¥(t) to
(2-7) 1s given as a linear combination of md(t):

n
1) = ) Cyoy(t) (2-8)
J=1

where CJ are constants. The set wj(t), J=1, ..., n, 18
said to be a fundamental set of solutions to (2-7), or al-
ternatively, & basis to the n dimensional solutlon space.
Given such a set of solutions, the linear system (2-7) is
uniquely described [10].

To evaluate the solution (or response) of system
(2-6) to any arbitrary time function f(t), the unit impulse
response will be introduced. The unit impulse function 6(t)
i3 mathematically defined as

8(t) = 0 for t # 0
® (2-9)

S 6(t)dt = 1 .

Consider the solution to the system

LM y6)1 = £(8) = 8(t - 1) , (2-10)

where A 1s the time at which the impulse function is applied
to the system. 1If the system is a general (time varying)
linear system, then the response will be a function of both

the observation time, t, and the time at which the impulse

*n solutions @ (t) are linearly independent if there
exists no nontrivial sgt of constants Cl, ..., C, such that

Cio (L) + Copo(t) + ... + Cp@,(t) =0
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is applied, A. The response to the unit impulse function is
denoted by W(t,\) and is frequently called the weighting
function. Since 6(t - L) is zero for all t ¥ A, the impulse
response is the homogeneous (zero-forcing) response of the
gsystem for t > A, satisfylng a particular set of initial
conditions at t = A, Thus, the weighting function is a
particular solution ¥(t) to the system (2-7). It will later
be shown how it can be obtalned from the fundamental set of
solutions qh(t). For t < A\, W(t,\) 18 of course identically
equal to zero and so are all its derivatives. Thus:

(n)
L [w(t,A)]=0 for t # A (2-11)

If Equation (2-10) is considered,

(n)
L [W(t,A)] = &(t - A) . (2-12)
Integrating Equation (2-12) and applying the second condition
of Equation (2-9):

(n)
L. [W(t,\)]dt =1 (2-13)

88

Substitution of Equation (2-11) into (2-13)

Ate n
1im L [wW(t,r)])dt =1 (2-14)

e=0
A-¢€

or since W(t,A) = 0 for t < A:
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{ dn--l ) dn-2 )
[W(t,A)] + a,(t) S——s [W(t,A)] + ... +
ol 1(8) “mg W
Ate (2-15)
£)W(t, A +a (t) 11 W(t,A)dt = 1
a1 (t)w( )}tzx a,(t) Lim 3 (t,A)

Since W(t,A) = O for t < A it follows that W(t,\) and its
first n-2 derivatives must be zero at t = A.f Thus, the
welighting function possesses the following properties:
a
(a) &_ W(t,A)|, . =0 fora=0,1, ...,n-2, n
3% t=\

(0) 222 w(e,0) ] 1
s (2-16)

(c)xfn)[w(t,x)J =0 for t # A
(d) W(t,A) 1s unique!

The reéponse of system (2-6) to an arbitrary forcing function
£f(t) can be expressed in terms of the system weighting func-

tion by the following equation:
t
y(t) = §u(e,n)e(r)ar (2-17)

The upper limit of integration indicates that only those

‘values of £f(t), for which A < t, are significant in determin-
ing y(t). For a physical realizable system, W(t,A) = O, fof
t < A; since otherwise the system would be anticipatory, l.e.

responsive to future values of the forcing functions.

*If this condition were not fulfilled it would mean
that either W(t,A) or at least one of its first n-2 derivatives
experiences a finite discontinuity at t = A in which case all
the higher derivatives (including the (n-1)3%) would be unde-
fined and (2-15) would not be satisfied.
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That Equation (2-17) holds can be shown by direct
substitution of y(t) from (2-17) into (2-6). Thus, taking
the first derivative of (2-17)

t
%L’El - _S g.%’-(lz_"l £(A)ar + W(e,A)e(X) ], _, - (2-18)

The last term vanishes since by (2-16) W(t,A) = O for t = A.
Similarly:

£
k k
3 t
._l}g_(_lat t) . §T—(—'—Htw A) r(\)ax  for k=0, 1, ..., n-1 (2-19)

For the nth derivative:

n-1

n
A

Q_%’_(_l S__E!.t_ﬁ;l £(N)dn + —ﬁ%-t—’—)- £ 1, (2-20)

dt -2 at" ot =

and by utilizing condition (b) of (2-16) one obtains:

—r-)ﬂ—l S £(r)dx + £(t) (2-21)

- Bt

Substituting the above expression for the derivatives into
the expanded form of (2-6):

n -1

S {__"_ﬁi_ll+ a; (t) ___1_ W(E,A) + ...+ & (t)u(t, x)}f(x)dx
+ £(t) = £(t) (2-22)
from which 1t follows that:
t
S L(n)[w(t,x)]f(x)dx = 0 (2-23)

which is immediately verified by condition (c), Equation
(2-16).
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If y(t) = O prior to t = r then

t
v(t) = S W(t,\)E(M)dn . (2-24)
T

If a translient is present at ¢ v and f(t) =0, fort <,

then

y(t) = Z c o (6) + § W(E (DA (2-25)
J=1

where ¢J(t), J=1, ..., n, are solutions to (2-7) and

ANt

CJ, J=1, ..., n, are constants determined by the initial
conditions (i.e. the value of y(t) and its derivatives at

time t = ¢) such that
n

y(r) = Z choj('r) . (2-26)
J=1

The utility of the welighting function as a means for
system characterization is now evident: It can be convenient-
ly used for evaluation of system response to an arbitrary
forcing function, and it 1s of particular convenience for
time invariant linear systems, as will be discussed later.

It can be shown [57] that the weighting function is given by

the relation
n
W(t,)) = U(t - 1) }: wj(t)m;(x) (2-27)

where mj(t) are any n linearly 1ndependent solutions to the
homogeneous Equation (2-7), and ¢J(t) are n 11nearly inde-
pendent solutions to the adjoint Equation of (2-7)

n -14n-
LM e ty(e)7 - (-1>“§;§iﬁl + (-1) -fi—fr (a1 ()y(t)] + ...

+ a (t)y(t) = 0 (2-28)
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In Equation (2-27) U(t - \) is the unit step function applied

at t = A where it 1s understood that:

{ O fort <2 }
Ut - 1) = l fort 22
The weighting function can also be expressed in terms

of the wd(t) alone [10] as follows:

< Wy(t)Wpg(2)
W(EA) = U(t - ) JZ; e to) (2-29)

where wr(¢ﬁ’ cees qh)(k) is the Wronskian of (9,, +.., ¢h)

evaluated at t = A, 1i.e.

c.pl(t) cee @ (%)
o, (%) oo @ (t)

Wn(®,, «ovs @ )(R) = det. . vee o- (2-30)
o™ ey L. oP () .

er(x) is the determinant obtained from Wr(wl, cees 94)(2) bY

. o0l by

) mJ, L J

replacing the Jth column (¢j
(0, ..., 0, 1).
An equivalent but slightly different form for W(t,\)

has been proposed by Miller [36]

%, (t) oo ()
| e, (1) eor 90
-1 . .
4irl)n Ut - A) @, (1) coe Pp(2)
W(t,r) = (@, s 900 det. L ST
cp(n'e)(x) cp(n"g)(x)
(2-31)

If a fundamental set of solutions to a linear system of the
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form (2-7) is given, then the weighting function can be
evaluated by means of Equation (2-29) or (2-31). The solu-
tion of system (2-6) to any forcing function f(t) can thus
be computed by means of Equation (2-17) or (2-25).
Furthermore, it can be shown [10,57] that given the
set of solutions ¢J(t), the homogeneous operator of Equation

(2-7) can be constructed as follows:

L(n)[y(t)] = %ﬂ + ...+ a (t)y(t)

(6) ... %(t)  w(E)
a(t) .o glE)  F(t) (2-32)
det : e :
n)(e) ... olm)(e) yn)(e)
W&, s S8

At this stage reconsider Equation (2-5) and its equivalent
form Equation (2-6)

LMo - }; g e, (61 = £(8) (2-5)

Equation (2-25) can be rewritten as
) t

y(t) = JZ; c @, (8) + § W(t,0) JZ; M, 3 ey (1) Jan

T
n m t (kj)
JZ& c,%,(t) + JZA §w(t,x>mJ [x;(A)lax . (2-33)

Equation (2-33) expresses the response of the system to any
input function xj(t). Equation (2-33) can be expressed in an

equivalent, but more convenlent, form as
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n

m t
t) = € s A A)ax -34
y(t) le C o, (t) + J; § Wy(t,0)xy(M)a (2-34)

where WJ(t,x) in Equation (2-34) is related to W(t,\) in

(2-33) by the expression
k

k
Wy(eA) = (-1) 9 &) (g J5)W(8,1)T + ...+ g(E) W(E,2) .
kg kj
dt (2-35)
In operator form (2-35) can be written as:
k
WJ(t,l) = M; J)*[W(t,l)] (2-35&)

where Mgkd)*[ ] is the adjoint operator of Mskj)[ J. Equa-
tions (2-34) and (2-35) can be verified directly through
integration by parts of Equation (2-33) and comparison to
(2-34).

Consider again the linear system, Equation (2-6):

n-1
L(n)[y(t)] = Qf%i&l + a,(t) g;ﬁ:¥izl + ..o+ a (t)y(t) = £(t)
dat
(2-6)

Assodiated with Equation (2-6) there 1s a system of equations

y(t) = Zl(t)
g%l&fl = Zg(t)
(2-36)
dzp-1(t) - 2, (t)
dz,(t)
T = -an(t)zl(t) - an_l(t)zg(t) S e = al(t)zn(t)

+ Th(t)
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where Th(t) = f(t). This relationship can be expressed in

vector-matrix form as
B(t) = 8 = K(t)2(t) + T(t) (2-37)

where Z(t) i1s a column vector, %(t) = col(z;(t), ..., zn(t)),
T(t) is a column vector, T(t) = col(0, ..., O, Th(t)) and
A(t) is the n x n matrix of coefficients:

0 1 (0] .. O
0 0 1 R ¢

) = | . ) I e . (2-38)
-an(t) -a,_(t) -a _,(t) ... -a;(¢t)

That the system represented by Equation (2-36) is equivalent
to Equation (2-6) with fegard to the relationship of y(t) to
zl(t) can be easily verified by direct substitution. Equa-
tion (2-36) 1is sometimes called the state-space equation of
the system represented by Equation (2-6) [58]. The equivalence
relation between Equations (2-36) and (2-6) warrants some dis-
cussion. In Equation (2-36) the variables z;(t) (for i =

2, ..., n) are artificial and have no physical significance

in the sense of input output varlables of the original system.
The only variable which has physical meaning is zl(t). How-
ever, both systems have the same fundamental solution space
and moreover, both y(t) and zl(t) are related to f(t) or Th(t)
by the same mathematical relationship. Mathematical manipula-
tion of the éystem of Equations (2-36) does not alter this

relationship as long as the physical (or mathematical) meaning
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of zl(t) and Th(t) is preserved. What has been done, in
effect, is the formulation of a hypothetical structure for
a scalar system.

Of more importance here is the relationship between
the original system, Equation (2-3) and its "equivalent" form
Equation (2-36), Equation (2-36) is obtainable from (2-3) by
a linear transformation, and from a mathematical viewpoint
the two are similar systems. However the topological struc-
ture has been completely altered and all the output variables
except y;(t) have been “lost" in the process of transformation.
The individual output variables yl(t) and zl(t) do, however,
still bear the same relationship to the forcing, or input,
variables. Thus, if only the dynamics of y;(t) 1s of interest
the topological transformation 1s entirely immaterial.

The homogeneous part of (2-37) is:

2(t) = K(t)z(t) (2-39)
The fundamental solution matrix (i.e. the matrix obtained by
adjoining n linearly independent solution vectors Yd(t) =

col(QJl, vees @ n) of Equation (2-39) is given by

J
? (t) L. ? (t)
@ (t) e @ (t) | |
o) = | T Lo (2-40)
¢§n'l)(t)... ‘Pén'l)(t) ,

where vJ(t), J=1, ..., n, are n linearly independent solu-

tions of Equation (2-7). If @(t)u(t) = ¥(t) is a solution
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to Equation (2-37), where u(t) is a matrix function yet un-

determined, then
2(t) = Hthu(e) + &c)u(t) (2-41)
Substitution of Equation (2-41) into (2-37) yields
¥(t) = & (t)u(t) +&t)a(t) = K(t)&(t)u(t) + F(t) (2-42)

and since é(t) = K(t)®t) (as & t) satisfies Equation (2-39))

i(t) = K(t)&(t)u(t) + &t)u(t) = K(¢t)¥t)u(t) + T(t) (2-43)

or &t)u(t) = T(t) . (2-44)
Since & t) is a nonsingular matrix [10]

t

u(e) = § & F(M)ar + ¢ (2-45)

T

and &
¥(t) = &) -c + § ae)e ()T (2-46)
T
The constant matrix C is determined by the initial conditions
such that:
X(r) = &r)C
Comparing Equation (2-46) with (2-25) it can be seen that:
W(t,A) = &(t)8 (1) (2-47)

where W(t,A) is the matrix weighting function for Equation
(2-37). W(t,\) is related to W(t,A) of Equation (2-25).
Since z(t) in Equation (2-37) equals y(t) in Equation (2-6)
and since f(t) = col(0, ..., O, ?h(t)), where T (t) = £(t),
it follows that the weighting function W(t,\A) is given as:
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W(E,A) = W61y, = [&E)F ()] (2-48)

where the subscript (1n) in the above equation stands for the
element in the first row and n'® column. Equation (2-48) can
be verified by expansion of Equation (2-46) subject to the

gliven constraints.

Systems with Constant Parameters

In the preceding sectlions the properties of a general
class of linear (time varying) systems have been discussed.
Although of considerable importance in adaptive and programmed
control schemesi‘general (nonperiodic) time varying systems
are of little, if any, significance in the process industries.
Time variations in parameters are normally not present (except
for high frequency noise), and if such exist the variation is
slow and insignificant from a control aspect. Examples of
such slow variations are catalyst deactivation in catalytic
reactors, changes of ambient temperature in heat transfer
equipment, etc. Perliodic controller resetting usually takes
care of such varlations. When fast time variations in param-
eters are expected, then cascaded or adaptive control schemes
are usually applied.

Identification of nonperiodic, time varying systems
is virtually impossible since the identified model is valid
only for the observation perliod. Thus, no useful information
about the system can be obtained.

Systems with periodically varying parameters are
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uncommon in the chemical industry, but interest in such sys-
tems 1s growlng. Investigation of the dynamics of a pulsed
‘arc reactor is currently underway at Massachusetts Institute
of Technology, and studies of the performance of pulsed pro-
cesses (such as heat exchangers, distillation columns, etc.)
have been reported with quite impressive results. Mathemat-
ical relationships for identification of linear systems with

rameters are presented in Appendix B.

periodic time varying

Although so , onlinear effects are present in most
chemical processesjconstant parameter, linear models often
adequately describi the overall dynamic behavior. Most non-
linear effects in chemical processes can be described by
linear models with time delays and are accurate within the
uncertainty limits of experimental test data. Since gen-
eralized techniques for identifying nonlinear models are un-
available, it is frequently desirable to find an approximate
"linearized model" which, in turn, is used as a basis for im-
provement and proper introduction of nonlinear terms. The
forthcoming discussions will center on identification of
linear models with constant parameters.

Invariant linear systems can be considered as a
special subcase of the general time varying, linear systems;
thus, the preceding mathematical relationships afe valid for
the latter. Significant simplifications in the theory are,
however, posslible and these will be discussed in the present
section.

If the linear system is invariant then Equation (2-6)
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can be written as

' n-1
L(n)[)f(t)] = gf-rzli-t—l'l’ al g—nqy(t) + ... + any(t) = f(t)
I as (2-49)

where a4, 1 =1, ..., n, are constants. Assocliated with

Equation (2-49) is a system similar to (2-37):
2(t) = A2(t) + F(t) (2-50)

where A is the following constant matrix:

o 1 0 ce. 0
o o 1 ce. 0

= |. ) O (2-51)
o o o .. 1
"8y "B, ) B,p .. -8

and T(t) and Z(t) have the same meaning as in Equation (2-37).
The homogeneous fundamental solution matrix &t) of
Equation (2-50) is the same as (2-40) and it is a simple
matter to show that:
&t) = e (2-52)
where & is the matrix of Equation (2-51) and C a constant,
nonsingular matrix determined by the 1initial conditions

(#0) = C). From Equation (2-47) it follows that the weight-
ing function for Equation (2-50) is:

Wt,n) = &t)d (\) = [ethcire Moyt = ot . glemME
- o.
- e(t-)‘)A - W(’c _ l) ( 53)

Thus, the weighting function for a constant parameter, linear
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system is a function of the elapsed time between the time

the input was applied A and the time of observation t. Equa-
tion (2-17) then becomes

t %
y(t) = 3 Wit -~ A)P(A)dA = S e{E=M)Ae 3 yqn (2-54)

Let Q be a nonsingular constant matrix such that
uql =g (2-55)

where J is the Jordan canonical form of A

Jb, 0 0 ... 0
0 o 0 ... O

J = . . . LI I . (2-56)
0 0 0 ... Jg

and where J, 1s a diagonal matrix: J, = diag(b;, ..., ﬂq)

and the J; are (ry x ri) matrices of the form

bq+i 1 o ... O 0
0 pq+i 1 ... O 0
I DD : (2-57)
0 o .. qui 1
0 0 0 ... © bgra| 1=1, .oy 8
The elements 01, ..., Dq are the distinct roots of the char-
acteristic equation of & (det.(I® - A) = 0) and ¢ are the

qgrl
characteristic roots of A of multiplicity ri,'(r1 > 1).

It follows that
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where

and

tJ 7.3

It can be shown [40] that

-1
e(t-A)QIQ _ e(t-x)J _ Qe(t-l)lé—l

from which it follows that

W(t,A) = &t)FT(A) =

or

&t) = [Q

-le(t-X)J

tJ
e ° o 0
tJ
0 e 1 0
tJ
0 0 e °
tp
e 1 0 0]
to
0 e ° 0
.tp
o} 0 e 9
tri--l
1 0t
Zri-lil
<r1-§)-
0 O 1 1>0
t-A)A -1 (t-2\)J
e( A _ Q e( ) Q
t-1)A
QlE(r) = e( ) Hr) .

(2-58)

(2-59)

(2-60)

(2-61)

(2-62)

(2-63)
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Equation (2-63) will later be used as the basis for the pres-

ent identification technique.

Derivation of the Identification Technique

In the preceding sections general mathematical rela-
tionships have been discussed, which constitute the foundation
for the proposed identification technique. Although the tech-
nique has not yet been explicitly outlined, the general phil-
osophy has been 1mplied; The analysis is carried out entirely
in the time domaln without resorting to frequency domain
analysis. The system welghting function in its analytical
form or an equivalent formulatlion is the ultimate goal of the
identification.

In the present sectlion the mathematical procedures
of the identification are presented, and in the following
section a preliminary evaluation of the expected advantages
and limitations 1is carried out, including a discussion of
some of the alternative routes that can be followed.

Consider the general linear (time varying) process

described in Figure 2:

(1))
x1(t) My ~ [x(t)]
k
xo(t) Mé 2)[x2(t)]
Linear (time varying)
. Process Ly(t)
' (kp)
x(%) | M ™ [x(t)]

Figure 2. Scalar Linear Process
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where xl(t), cees xk(t) are process inputs and y(t) is the

process output, all of which are assumed to be measurable.
The process can be described by the scalar nt? order linear
differential equation
m
LMo - JZ; mng)[xJ(t)J , (2-5)
where y(t) is the output variable of interest (out of the n
existing output variables y;(t)), with respect to which the
system dynamics is to be evaluated. No one of the process
parameters is assumed to be known. The order n of the system
18 considered to be known although thlis knowledge is not an
essential requirement.*
The system of Equation (2-5) can also be represented
in the equivalent form (2-6)

™)1 = 26) (2-6)
where f(t), as before, represents a general arbitrary forcing
function. Schematically Equation (2-6) 1s represented in
Figure 3:

Linear (time varying)

£(t) s Process L y(t)

Figure 3. Scalar Linear Process with General Input Function

Although Equations (2-5) and (2-6) are mathematically
equivalent, they differ from each other in concept. Equation

(2-6) describes the system response to an "overall" disturbance

*Frequently the formal system equatlons are given from
theoretical considerations. If no prior knowledge of the sys-
tem topology is available, a model of "desired" order can be
assumed which is later verified or invalidated.
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(or forcing function), but it does not reveal anything about
the coupling or linkage between the "real" input variables
and the particular output variable under consideration. It
can, therefore, be considered only as a partial model and

will be hereafter called The General Model of the System.

Equation (2-5) describes the total dynamic behaviour of the
system giving the exact relationship between y(t) and any of
the inputs xJ(t). It will be hereafter called The Particular

Model of the System. The welghting function W(t,\) assoclated

with Equation (2-6) will be called the General Weilghting

Function of the system, and the weighting function associated
with (2-5) WJ(t,k), which relates a particular input variable

xJ(t) to the output y(t), will be called the Particular

Weighting Function WJ(t,k).

Although the general model 1s only a partial descrip-
tion of the system it may often be of interest by 1ltself,
particularly when stabllity and general response character-

istics are to be investigated.

Determination of the General Model
It hgs been indicated in previous sections (Equations
(2-29) and (%—31)) that the general weighting function of a
linear system of order n can be evaluated numerically from a
set of n linearly independent solutlons of the homogeneous
equation. In practical terms this means that n linearly in-

dependent response curves® of the unforced plant are needed.

*n response curves are linearly independent 1f there
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Such a set can be obtained eiperimentally by forcing the
gsystem n times to lihéarly independént initial conditionsf
at which time the input 1s removed and the system relaies
autonomously to 1lts steady state.

Given a record of the n linearly independent responses,
the Wronskian can be obtained by numerical differentiation of
the response curves. The general weighting function W(t,\)
can thus be constructed by means of Equation (2-29) or (2-31).
Also, the homogeneous operator L(n)[y] can be determined by
Equation (2-32).

A slightly different approach for determining the
general weighting function 1s possible by making use of the
state-space formulation and the linear system described by
Equation (2-37). A fundamental solution matrix &(t) can be
constructed, Equation (2-40), and the weighting function
evaluated by means of Equations (2-47) and (2-48).

Determination of the Particular Model
Assoclated with each of the input variables xe(t)
there i1s a particular weighting function Wg(t,A) which relates
xe(t) with its corresponding output response y(t). Equation

exist no constants c;, ..., ¢, such that:
. n—l .

e, [y (t), vq(t)s ..o, y( )(t)J + ealyo(t), ¥yol(t), ...,
171 1 1 2 2

- . n-1
()T + ool + enlyn(8)s Fo(6)s wens w60 = 0

*By the exlstence and uniqueness theorems of dif-

ferentlal equations [10] if the initial conditions are lin-

early independent, the solutions are independent over the
whole time domain.
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(2-34) relates the response y(t) to all the input variables

xJ(t) as follows:
m t

n .
y(t) = C,e. (t) + W (t,0)x,())dr (2-34)
JZ; 37 JZ; § J J

If all the xj(t)'s except x,(t) are kept zero then Equation

(2-34) can be written as:
n ¢
y(t) = Jz; ¢y0y(6) + § et M)x (1)ar (2-64)
= T

where W,(t,\) is the particular weighting function to be

determined.

n
The term z: quh(t) in (2-64) 18 the transient

J=1
response which depends on the initial conditions, i.e. the

state of the system at t = r. If the initial conditions of
the system are zero prior to application of the input xe(t)

then Equation (2-64) becomes:
t
y(t) = § Wl )xe(Mar (2-65)
T

Wo(t,1) has been previously shown to be given by Equation

(2-35) as: |
k K
e d®
we(t:)\) = ("l) _"Fe [geo(t)w(txl)] + ... F geke(t)w(ts)‘)
at

(2-35)
where W(t,\) is the general weighting function of the system,
and the differential operator on the right hand side is the
adjoint of the operator Mike [ ] in Equation (2-5). W(t,A)

is determined by the methods described in the previous section;



46
(k,)
thus, in order to determine We(t,k) the operator Me L]
remains to be evaluated.
The relation between x.(t) and y(t) can also be ex-

pressed in a form equivalent to Equation (2-23) as
£ (k)
y(t) = § wie,nmg ® x (1) 100 (2-66)
T

or alternatively
t k

y(t) = S W(t,x)geo(t) 9—;—9- [xg(X)lan + ...
T dt

t
+ S W(t,M)gg, (£)x,(1)dA (2-67)
T €

The coefficients geJ(t) can be determined numerically by the
followling procedure: The system 1is forced ke times with
linearly independent forcing functions which are recorded
together with their corresponding responses. By numerical
solution of ko relations of the type represented by Equation
(2-67) the coefficients geJ(t) are evaluated.

If the process is stationary (constant parameter) the
evaluation of the operator M_ €[ ] is considerably simplified.

Equation (2-67) can then be written as

t X t
¥(t) = 8o § W(t,) ;;e [xg(A)Jah + ... + Bar § W(t,)x(A)ar

(2-68)
The testing procedure described above 1s applied in a similar
manner, but the equations can be solved explicitly for the

parameters. Utilization of special forcing functions such
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as a step function, a ramp and sinusoidal input further
simplifles the evaluation.

Success in the evaluation of the particular model
hinges almost entirely on the accuracy of the general weight-
ing function W(t,\). Any error in W(t,A) will propagate and
possibly even be magnified in the process of evaluating the
particular weighting function. On the other hand, if a
satisfactory general model can be obtained, it would seem
that no particular difficulties should be encountered with
evaluation of the particular model. All further discussion

will be limited to lidentification of the General Model.

Identification of the General Model for
Constant Parameter Systems

The techniques described previously for identifica-
tion of the general model of linear time varying systems also
hold, of course, for constant parameter systems. They are,
however, subject to rather serious limitations because of the
noise problems involved and particularly because of the
Sensitivity of the operation of differentiation of numerical
data. Furthermore, the weighting function is obtained numer-
ically, i.e. a plot of W(t,\) versus time, which in general
18 not useful in application. To obtaln its analytical
(functional) description is not a trivial operation, partic-
ﬁlarly when W(t,\) 1s corrupted by noise effects. Noise in
the weighting function plot will possibly completely obscure
the results. A different technique for identification of
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constant parameter systems, which is not subject to the above
limitatlons, 1s based on the specialized equations for coh-
stant parameter systems presented previously.
Conslder the homogeneous system assocliated with

Equation (2-49)
(n) n n-1
L [y(t)] =‘-1—l51£$§l+ a, iﬁ-_-l&(ﬂ+ oo +ay(t) =0
dat dt
(2-69)

The general weighting function for the assoclated system,
Equation (2-50) is given by Equation (2-53) as

Wt - 2) = &)@ (n) = e(E-ME (2-53)

such that [W(t-x)]1n is the weighting function in question.
& t) is the fundamental solution matrix as given by
Equation (2-40)

(8)  .er g (5)
@ (t) .. @ (t)

Ht) = epl oo o (2-40)
RGN it

where ¢3(t) are the linearly independent, unforced (homogen-
eous) responses of the system. X is the equivalent coeffi-

cient matrix given by Equation (2-51)

|
]

(2-51)

e o o o) 2

éoaaoo
1

S

]

[

: HO
4

N

1

e o o

i)
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Equation (2-53) could be used for direct determination of
W(t - A) from the response curves. Also, W(t - A) would be
obtained numerically as a function of its argument. A more
promising approach would seem to be the evaluation of the
matrix A (or its Jordan canonical form). Given A numerically;
the analytical form of the weighting function, transfer func-
tion or differentlal equation 1s easily constructed. Noilse
problems, however, could be a severe limlitation if the
determination of A depends on only two pointé of the response
curves; moreover, little of the avallable information would
be utilized. If one could obtain "average" results by
utilization of the whole response curves, better results
could be expected. This idea constitutes the basis for the
forthcoming discussilon.

Postmultiplication of Equation (2-53) by ®\) yields

ot) = e T M0y (2-70)

Let 6 = t - A (where 6 = constant), then

o(t) = eo(r) (2-70a)
Since & is considered constant it follows that A becomes a
linear function of t. 1In addition the matrix function esK
becomes a constant matrix. Integration of Equation (2-70a)

on both sides with respect to t from t = t{ to t = tl + &

ylelds: t1+6 o F1E8
{ o(t)at = e § ®(1)dt (2-71)
t 1

Substituting A for t on the right side of Equation (2-71) and
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noticing that dt - d\ = 0 and dt = d\ and

for t=t, ; A=t] -8

and for t = tl + 86, A= tl

one obtains t1+d Y
§ et)at = ¥ § onyan . (2-72)
tl tl-b .

The above integration procedure can be repeated,

leading finally to the result

tn_1+6 t1+6 5_Et:n._l+6
S dtn_g ) § dt“(t) =e S dtn_a L)
n-1 1 tn-1
S dty S dA®(1) (2-73)
or in compact notation
8
E— -
n~1[tn»l} ¢ q'n—-l(tn-l ¢) (2-74)
where
tn_l+6 t,+8
T e - \ at__, ... { ate(t) (2-75)
th-1 t1
and
t_ ,+6 t+6 t
_ n=l. 2 'l
k1 -8 ~= S dt o, - S dty S dax®(1) .

(2-76)

The matrix &(t) can be written as:
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o, (¢) coo @ (%)
b (t) ... B(t)

o) = | . . = 12, ,(¢)]
o{"1(e) ... (n-l)(s)

where.wij(t)fstands for the element of the 1th row and the

J column, and:

o,,(t) = &{*(t)

where the term on the right represents the (1-—1)th derivative
with respect to time of the Jth solution.
It fdllows from the above that

LR ORI N O (2-77)
where
t o +6 t1+6
-1 1 -
'qp'i"'J“('t'n""_"lT = 0 S at__, .- S dtcpgi 1) (¢) . (2-78)
‘ tp-1 t; -
Similarly
B0y - 87 = O3 TE - 801
where
t_ ,+6 totb t
. n-1 2 1 i"l)
Bty - 8) = { oaty oo § ety dwg () .
tno1 ts £,=8

(2-80)

The advantages of integrating the solution matrix can
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now be recognized. The repeated integration of &t) that
yields Equation (2-T4) eliminates the need for numerical
differentiation of the response curves. Rather, integration
of the data is performed, thus smoothing the results and
cancelling out random nolse effects. Also, ali the available
Information over a preselected lnterval né 1s utilized in the
evaluation, thereby obtalning average values for eSK i1f drifts
or nonlinear effects are present.

Since t,, ; and 8 in Equation (2-74) are preselected

constants, the matrices qh_l(tn_l) and qh-l(tn-l - &) are
constant (numerical) matrices that can be directly determined
from the response curves and their integrals. Given the
above matrices, Equation (2—74) can be rewritten to evaluate

6A
e

_— -1 8A
a;;l(tn-i7 c’n.ﬂtn-l -8 =e" =H (2-81)

Given H numerically, & can be evaluated by the following
procedure. H 1is transformed into its Jordan canonical form,
from which the characteristic values of A are determined from
Equations (2-56)-(2-60).

From the characteristic values f;, ..., R, of &,
| which are actually the natural frequencies (the poles) of the
system, the coefficients of the differentlial system, Equation
(2-69), can be determined. Given the differential equation,
the transfer function and the weighting function can easily
be evaluated in their analytical form.

The foregoing discussion constitutes the foundatlon
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for the proposed identification technique. 1In the following
" chapters the discussion will center exclusively around the
identification of the General Model of constant parameter

systems.

Perturbation Models and Steady State Operation

The foregoing discussion centered around a linear

system describable by Equation (2-5):
m

(n) (ky)

Lo [y(8)1 = ) M, 9 [x(t)] (2-5)
J J
J=1
When the forcing functions are removed, 1i.e., xJ(t) = 0,

J=1, ..., m, the homogeneous equation 1s obtailned:

(n)
L [y(t)l=o0 (2-6)

In reality, systems possess a finite steady state operating
level, and when the forcing functions (or inputs) are removed,
the plant ceases to function. Conslider a plant with output
y(t) and a set of inputs fj(t). At steady state all deriv-

atives of the plant variables are zero and thus:
?:
ay=)g, X (2-82)
n
3=1 kg

Equation (2-82) describes the steady state mass, energy and
entropy.balances of the system.

One can consider the plant variables to be composed
of a steady state part, and a perturbation part which describes

the deviation from steady state

V(t) = ygg + vp(t)

Xj(t) = xggg + xy(8)  J=1, .coum (2-83)
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Equation (2-5) then becomes

(n) R (k) "

[ygg + ¥p(t)]1 = P! My < [xygq + xy,(8)] (2-84)

But since yg, and xJés are constants, Equation (2-84) degen-
erates to

(n) < (k;)) -
L [yp(t)] + 8V, = JZ; M, (xJp(t)] JZ; ngJsts (2-85)
Substitution of Equation (2-82) into (2-85) yields
(n) T (k)
L (01 = 0wy g () (2-86)

which is the same as Equation (2-5) above. Thus Equation
(2-5) can be considered as a perturbation model of the system.
In order to reconstruct the total model of the system the
steady state conditlons have to be known.

When a process 1s to be identifled, the total varia-
bles are usually measured rather than the perturbations.
Since the 1ldentification 1s performed with respect to the
perturbation model, the steady state operating conditions

have to be measured independently and subtracted.

Preliminary Evaluatlon of the Technique
In.the present section a pfeliminary discussion of
the lidentification method is presented which is based only
on interpretation of the theoretical principles. Some of the
advantages and possible limitatlions of the proposed method
are discussed and evaluated. Part of the argumentation in

this section is intuitive and is intended primarily to
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introduce the reader to some of the problems which have been
studied. A detailed analysis of these problems is presented
in later chapters.

Certalin mathematical procedures which are theoretical-
ly exact are very sensitive from a numerical calculation view-
point and may become doubtful or even worthless when uncer-
tainty in the data or truncation are involved. In contrast
to numerical differentiation which suffers from this limita-
tion, numerical integration is considered to be a smoothing

"smooth out"

process. However, integration does not really
random nolise but in reallty changes its relative significance.
When the nolse 1s truly random, i.e., the mean value of it
is zero, then integration may reduce its effect or even
eliminate it entirely. The important point 1s that no in-
formation is lost. When the noise in the response is biased,
i.e., 1t is not randomly distributed around the true value,
then integration may act as a noise amplifier. The relative
magnitude of error may then increase even to the point where
all useful information is lost. Fortunately the bias problem
can be greatly reduced by proper calibration of the measuring
devices. The noise frequency also affects the resultant
integral curves, and i1t may be expected that the higher the
frequency the better will be the results of integration.

It was previously shown that by proper integration
of the fundamental solution matrix the need for data differen-

tiation is eliminated. For thls technique n-1 integrations

are required for this purpose for an hth order model. There
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18 however no theoretical limit for the permitted number of
integrations. If integration results 1in suppression of noise,
it might be desirable to perform more than n-1 integrations.
The answer to this problem is, naturally, dependent on the
general error propagation into the integrals and cannot be
glven a priori. Chapter IV deals with estimatlon of error
propagation into integrals of response functions and provides
quantitative answers to many of the questions raised above.

In performing the integrations, the limits tn-l and
6, Equation (2-T4), were arbitrarily selected, thereby leaving
two degrees of freedom in constructing the fundamental
matrices. Naturally it would be desirable to select t_ 4
and 6 such as to minimize the error 1n‘the identified model.
It is at this stage premature to discuss this problem any
further since it strongly depends on the propagation of
error. It will therefore be postponed for later chapters.

In conventional methods for process identification
the system poles and zeros for a certaln input-output pair
are evaluated simultaneously from the frequency response
function (usually from Bode plots). Under certain circum-
stances this procedure may be a drawback since the results
of identificatilon are dependent on the dynamic relationship
between a particular input-output pair. In the present
method the poles and zeros are ldentifled 1n two separate
procedures, and therefore the identification of the system
poles (or General Model) is independent of any particular

input-output relationship. The forcing variables can be
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selected at willl to obtain the best response curves. Usually
1t is desirable to force those inputs that are best coupled
with the output under consideration. Since relaxed (unforced)
responses are used to identify the system poles, it is even
possible to pulse plant parameters. Of course,_pulsation of
several variables simultaneously in order to force more energy
into the system, and thereby obtaining stronger response sig-
nals, is also possible. The flexibility in testing may be of
great advantage in overcoming noise problems.

The foregoing discussidn also hints at an answer to
the problem of obtaining n, linearly independent response
curves. Theoretically linearly independent responses can be
obtained by forcing certain input variables with pulses that
have different power spectral densitles. Thereby different
natural frequencies are forced differently each time. 1In
practice the responses may not be sufficiently different
(1inearly independent) when noise is present. The answer to
the problem is to force different variables (or combination
of variables) to obtain the desired responseé. Experimental

evaluation of the problem is presented later.



CHAPTER III
ERROR PROPAGATION ANALYSIS

Common methods for system ldentification do not offer
an error propagation analysis for estimation of the reliabil-
ity of the identified model. The importance of the knowledge
of the uncertainty which 1s in the experimentally determined
model has been discussed previously. In this work, particular
emphasis has been placed on this problem.

The error propagatlion analysis presented in this
chapter serves a two-fold purpose:

(1) it provides an estimation of the model reliability;

(2) it serves as a tool for the actual execution of

the ldentification procedure.
In 1ts second capacity, the error analysls procedure insures
a minimization of the propagation of the error that is in-
herent in the response functions into the identified param-
eters. This error minimization is achleved by a systematic
gearch through the response functions for the location where
the contribution of the individual parameters (natural fre-
quencies) is most significant. Thus the error associated
wlth high natural frequencies would be minimized when the
initial segments of the response function is utilized.

58
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Conversely the error of the lower natural frequéncies is
minimized when wider segments of the response function are
used. In addition to the latter use of the error propagation
analysis, 1t 1s also valuable in determining the actual order
of system when it 1s not known before the lidentification 1is
carried out.

In a mathematical sense, the word error 1ls generally
used to mean a deviation between an observed quantity and the
true value which it represents. When the true value 1is known,
the error can be explicitly defined. When only a range of
values within which the true value lies is known, the error
loses its exact meaning. In this case one can only speak of
an uncertainty which possesses given bounds. Obviously,
every observation must lie within the permitted range for
the true value. Under these circumstances one does not know
generally whether a particular observation really possesses
an error. All that can be said is that a certain amount of
uncertainty 1s associated with the observation. When a large
number of simllar observations 1is made, a distribution of
values will be obtained which allows the following quantities
to be defined: 1) the mean value of the observations, which
is statistlcally the best representation for the true value,
2) the expected deviation (or the expected magnitude of the
error) which, loosely speaking, is the most likely value of
the error, and 3) the extreme error which represents the
largest obtainable value for the error. Error propagation

analysls can be based on the expected error or on the
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extreme error. When 1t is based on the expected error, an
expected'value for the error has to be determined at each
stage of the computation. Similarly, when the error propaga-
tion analysis 1s based on extreme error, the error must be
maximized at each stage of the computation. The present work
is concerned with the latter approach.

There are two different kinds of primary error sources
- which will affect the results of any numerical computation and
which differ in character, origin and significance. One such
error 18 the uncertainty of the data. This error is largely
responsible for the uncertainty assoclated with the final re-
sults. It does, however, not have any influence on the numer-
ical values of the results since the computations are based
only on the nominal values of the data. Another possible
error source 1s roundoff and truncatiop error which affects

the numerical values of the results. Roundoff error may be-

come significant when the degree of accuracy of each computa-
tional step 1s low or when a large number of consecutive com-
‘putations is performed. -

In the present analysis the effects of roundoff error
are totally insignificant compared to the error due to data
uncertainty. This latter error is larger than the former by
several orders of magnitude. With this as the basis roundoff
and truncation error will therefore be neglected in the

present analysis.

Before proceeding with the detalled error analysis it

is desirable to summarize the computational steps involved
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in determining the system parameters from the response func-
tions. The computational steps are:

1) Evaluation of the matrices ¥ _(t_ ) and
n-1" n-1
a;-l(tn-l - &) of Equations (2-77) and (2-79) from

the response curves and their integrals.

)
2) Inversion of the matrix ag;l(tn-l 7. N

-
3) Postmultiplication of § _ Tt T by (& T - 8)

4) Evaluation of the characteristic roots of eSA,

5) Construction of the Jordan canonical form of eGIL

6) Evaluation of the characteristic roots (natural
frequencies) of the system from the Jordan canon-
ical form, Equations (2-59) and (2-60).

The first step of the computation involves thé selec-
tion of integration limits tn—l and 6. This problem will be
discussed at later stages and for the time being it is suffi-
clent to assume t . and & are given values. The construction

of the matrices ‘%-1<fn-1’ and “%-1(tn_1 - 8) 1s straightfor-

ward and follows directly from their definitions. There 1is

no particular difficﬁlty assoclated with the evaluation of
these matrices although the error bounds of the data have to
be evaluated at this stage. In Chapter IV a method for
estimation of error propagation into the integrals of the
response curves 1s presented.

When a matrix has multiple characteristic roots, the
Jordan form 1s 1ts canonical representation. From a numerical
viewpoint, however, 1t is justified to assume that every n x n

matrix 1s similar to a dlagonal matrix regardless of the
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multiplicity of the eigenvalues. The reason for this state-
ment 1s that if there are multiple roots, they can be made
distinct by infinitesimal perturbations of the matrix ele-
ments. The result is, of course, an infinitesimal change in
the values of the elgenvalues, which when considered from a
practical viewpoint is negligible. In the present analysis
the assumption of distinct eigenvalues will be made since it
leads to much simpler numerical manipulations.

The error propagation analysis will be carried out
individually for each computatlional step and & general nota-

tion will be used for convenlence.

Error Bounds of the Inverse of ig"l(t - 05)

n-1

The matrix 1;~1(tn-1 - &) represents an approximate

value* for the integrated fundamental matrix. For convenlence

of notation denote 1;_11tn_1 - &) by ®. Then if the true
value of the integrated fundamental matrix 1s represented by

T, the error matrix E will be
E=T-&. (3-1)

The matrix E 1s composed of unknown elements e1J which
may be positive, negative or zero, but which are not greater
in magnitude than some bounds niJ’ which are the extreme error
estimates for the individual elements of the response curves

and theilr integrals. It 1s desired to find the bounds of

*Since the correct value 1s unknown due to the exist-
ing uncertainty.
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variation of the elements of the inverse of T knowing the
value of ® and the bounds of E. The problem can be stated
alternatively as how does the inverse of ® deviate from the
inverse of T (as a function of the elements of ® and E). Of
course ® and E are assumed to be nonsingular matrices. It
will be assumed that 3-1 can be obtained by exact methods,
that is 1f ® 1s glven, ® = can be evaluated with absolute
accuracy or at least correct to a desired number of decimal
places.

From Equation (3-1) it follows that

T FeE) ez BT =F 1),
(3-2)
where I 1s the ldentity matrix. If the elements of E are
small enough so that any norm of Ei_l is less than 1, it can

1

be shown [16,53] that T~ can be expressed in terms of the

convergent series

- - —_ -1 -1
Tl='§l[I-E¢bl+(E¢b )2-(E¢ )3+...]. (3-3)

Thus

_-1 _-1 _-1 5 _-1
3 [I-E0 + (E®@ )°-(E® ¥ +...]=

-1 I P -1 3 -1
I-E» +(E® ) -(E® )+ .. .=(I+E® ). (3-4)

The accumulation of inherent error in the inverse is given
-1
1 —

by the difference between T~ and ® . If the discrepancy

matrix (or the error of the inverse) is denoted by D, then
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—1

1 _-1 -1 =1 3
[I-E® + (E® ) - (E® )"+ ...]1-®

p=11_.% =9

-1 _-1 -1 -1 5 -1 3
= -9 E® (I -E + (E® ) - (E® )+ ...]

1 -1 |
[I+ E® 1. (3-5)

-1 _-
= - E@
Neglecting the higher order terms in Equation (3-5),
the first order discrepancy (approximation) matrix D, is

obtained as
-1 =1

This equatlion can symbolically be written as

-1 -1 __=-1
a(® ) = -& (d9)® . (3-6a)

(It is interesting to notice that the first order discrepancy
matrix can be obtained formally by differentiating the equa-
tion I = & -'6-1. Thus 0 = d& -3-1 + 3:1(76-1), from which
Equation (3-6a) follows immediately.)

The first order discrepancy matrix D, of Equation
(3-6) 1is of much.simpler form than the total discfepancy D,
Equation (3-5), and should, therefore, be used whénever
applicable. To estimate the goodness of D; it will be neces-
sary to estimate the upper bounds of the discrepancy matrix D.

Define N(P), the norm of a real matrix P, as the

quantity which satisfies the conditions:

a) N(P) 20
b) N(P) = 0 if and only if P = O (3-7)
¢) N(cP) = |c|N(P), where ¢ 1s a scalar.
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d) N(Pl + P2) < N(Pl) + N(P2)
e) N(P1P2) < N(Pl) N(P2)
£f) N(P) =1 if P is a fundamental unit
matrix (with all elements zero except

for one element which is unity).

(3-7)

continued

Several norms that satisfy the above conditions are

available. Two norms used in the present work are

Nm(P) = n - max|p, , |
T
1,5 14
where n is the order of the matrix P, and
2
#

M(P) = [ T py

Application of conditions (3-7) to (3-5) gives with
=1
N(E® ) <1

S R |
N(D) < Mo )N(E¢l__l s
1 - N(E® )

-1
and if N(E)N(® ) <1 it follows that

_-1
N(D) s N(E)[(® )JfI
1 - N(E)N(® )

(3-8)

(3-9)

(3-10)

(3-11)

Equation (3-1D represents an upper bound for the discrepancy

matrix D énd similarly the numerator of this equation repre-

sents an upper bound for the first order discrepancy matrix

Dl' Thus one may write:

Bound (Dj)
Bound (D) = T °

1 - N(E)N(ir )

(3-12)
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The replacement of the inequality sign in Equation (3-11) by
the equality sign in (3~12) is permitted since it results in
an even more conservative estimate.

From Equation (3-12) it is clear that the first order
discrepancy estimate is very unsatisfactory when N(E)N(irl) -1
and is of doubtful value unless N(E)N(irl) < 0.1. If
N(E)N(?i»-l) < 0.1, the first order discrepancy bounds will
underestimate the true discrepancy by 11l per cent or less.

In the foregoing discussion it was shown how the
discrepancy of the inverse matrix can be evaluated. It has
yet to be shown how the extreme discrepancies are determined.
The discussion of this subject will first focus on the first
order dlscrepancy approximation, and will then be extended
to the general case.

The first order discrepancy matrix was given by
Equation (3-6) as ;iflgif . Formal expansion of this product

th

in terms of the k¢ element gives

—1 _-1 =1 _-1
= - E = 3 X
ﬁ( ¢L {3 q:kiequJJL E]

—1 -1
where by ¢h1 is meant the kith element of ¢ . Since one is

) (3-13)

free to select the signs of the elements eiJ 80 as to obtailn

the extreme 4 » 1t is possible to select consistently the

sign of each element to be equal to, or opposite to, the sign
——l1l_-1

of B 4%y

Deflne:
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-1 . -1
t — _—
e sl
1l When q&i has the same sign as QJL

-1
-1 When Eii has the opposite sign to

that of wJL '
-1 -1

0 en elther @ r ¢ 1s zero.
g When r ¢h1 o wJL ro

Then e, = eijleijl‘

th element of the extreme first order discrépancy matrix

The k&
can then be written as:

-1 -1

ke = T ] By gleyy 19y,

. (3-15)
If leijl take on values as large as the maximum bounds niJ’
Equation (3-15) becomes
_-1 _-1

Yiee T 5 Bt ™%e (3-16)
Theoretically it is necessary to fix the sign of each e1J
in order to obtain the extreme discrepancy for some particular
element. Sometimes these signs may maximize the discrepancy
associated with some other elements of D;, or even all the
elements, but this possibility is not generally true. To
1llustrate this point consider the simple second order matrix

-1
[ =

2 5
-3 1

The error matrix has all elements equal to 1 in
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absolute value. It 1s a simple matter to show that the ex-

treme value for dl'll is 35. It is obtained when the matrix
9 is
1 -1
e:
1 -1
and that the extreme value for dl'l2 is 42 which is obtained
when 0 is
1 1
o::
1l 1

It is thus obvious that in general not all elements
of Dl will attain thelr extreme value simultaneously. Since
in practice the elements of ® can possess only one set of
values, there arises the question as to what should be the
criterion for selectlion of 8. For the case where all the
elements of Dl attaln thelr extreme value simultaneously the
answer to this question is quite obvious. For the more gen-
eral case the situation 1s not so simple. Recalling that the
ultimate purpose of the error propagation analysis is the
evaluation of the extreme attainable errors of the system's
poles, it becomes evident that the answer should depend on
the error behavior in the subsequent computational steps.

As will be seen later (cf. Equation (3-33)), the error of the

characteristic roots of the system is proportional to the

norm of the error of the product of ﬁ?-l‘fn-ls and
-1
- 8) . Therefore it 1s necessary to select 6 such

Ih-l(tn—l
as to maximize the norm of this error term which will later
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be shown to be given by
1

D, = D+ E @ (3-22)
-1
where D, 1s the error of the product 15-1(tn-17°1%-1(tn-1' 57,

®. stands for & (t ) and E, represents the error asso-
1 n-1''n-1°_; 1
clated with Gi. D and § have the same meaning as before.
Utilization of the properties of Equation (3-7) gives:
- -1 - _~1
N(Dh) = N(@ln + E; & ) = N(cle) + N(Elcb )
- 1
< N(¢&)N(D) + N(El¢ ). (3-17)

Thus 1t can be concluded that the matrix © must be
selected such that the norm of the discrepancy matrix D be
maximized. Normally fhis condition also implies the max-
imization of the norm of Dl’ The criterion is a rather
loose one since 1t leaves the choice of the norm to be
arbltrary, and there is no guarantee that the use of differ-
ent norms will yield consistent results. It 1s, however, the
best general criterion that can be established from theoret-
ical considerations, and it can be expected that in general
any norm will be adequate. In the present work the norm

NT(Dl) of Equation (3-8) was selected for convenience. Thus
the selection of 8 will be based on the criterion

max NT(Dl) = max [n- max Idijl]:ma.x- max |&, .| (3-18)
8 1,,1 8 1JJ

iJ

The maximization of the first order dlscrepancy
matrix can now be summarized as follows: Each element dl:k&
is maximized individually according to (3-14) and (3-16).
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The matrix ® that corresponds to the element dl:k& that 1s
largest in absolute value is then used to recalculate the
elements of Dl‘
The calculation of the extreme discrepancy matrix D
can be accomplished by means of Equation (3-5) using the
error matrix E with the corresponding signs that have been

evaluated for the first order approximation Dl‘ Thus

=1 —-15 _-1 3 -1 -1
D=DI[I- E® + (E® )" - (E® ) + ...1]=D[I+E® ] |,
(3-19)

and the calculation actually involves the evaluation of a

—-1 1
correction matrix [1 + E® ] . In practice it may be more

convenient to compute the convergent series directly.

There may arise the question as to whether the maxi-
mization of the first order discrepancy matrix and the total
discrepancy matrix occur simultaneously (with the same sign
matrix ). Obviously if this condition is not true, Equation
(3-19) will not yield the extreme total discrepancy. Only
if any one 6f the elements of D is larger than the correspond-

—1
ing elements in ¢ , will D and D1 not necessarily be maximized

simultaneously [16]. However, if such is the case, the in-

verse ¢ is usually totally unreliable and no further con-

slderation of the problem is Justified.

Error Bounds of e6A

-1 -1
Given the matrix ¢ = ];_l(fn_lﬁ- 6) with bounds

of error D and the matrix i& = a%-l‘tn-l; with bounds of

error El' It 1s desired to find the extreme error bounds
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for the product
=5 * 6A
H=q¢ =e". ‘ (3-20)

If the error associated with H is expressed by D), one may

write

— -1 - -1 -1 —
H+Dh=(¢l+E1)(Q +D)=¢1¢ +El¢ +01D+E1D.

(3-21)

The error matrix D has been evaluated in the previous
section and 1s fixed in magnitude and signs of its elements.
The error matrix El is composed of unknown elements el:ij
which are bounded in magnitude by "1J’ where the elements
niJ are identical to the error bounds of the matrix & in the
previous section.

If the error matrices El and D are relatively small
compared to the other components of Equation (3-21), their
product can be neglected and after subtraction of (3-20) from
(3-21)

D,=®D+E® (3-22)

is obtained. Formal expansion of (3-22) in terms of the

elements ylelds

= Y ) + -— _

i1y T i (®), 1% el:ik””kj) (3-23)

i th -1
where as before % 5 stands for the kJ'" element of & .

As will be seen in the next section (Equation (3-33)),
the errors of the characteristic roots of H are proportional

to the norm of the error matrix Dh. Therefore in order to
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find the extreme errors it is necessary to adjust the signs
of e . such as to maximize the norm of Dh' Maximization
of any norm of Dh wlll be achieved if every element dh:ij
attains its largest possible magnitude. However as can be
easlly seen, not all the elements of Dy, are necessarily

maximized simultaneously.

Let €., = 87,4, |e1:1k| and define . such that
f t P d 3t i
1 1f the product () 8 positive
P Qp1:11c kj kJ P
-1
=< =1 if the product @ d ® 1is negative ~24
01 9k P P11 %y g (3-24)
1

L 0 if E&J is zero.

Then
-1

l:ik‘elzikwk.j)

d =ZI (e

h:ij i lzikko+ (3-25)

and if lel'ikl attain their maximum value Ny (3-25) becomes:

=
1% Pk 5

d = % (9 ] n

h:ij Kk l:ikdk,j+ 1:ik ) (3-26)

' Maximization of any element dh:iJ determines the
corresponding 1" row of 8 which, 1in turn, fixes the 18
row of the matrix D,,. Sometimes several or even all the
elements of a row of D, are maximized simultaneously but
this situation 1s not in general true. Furthermore, all the
other rows of 81 remain arblitrary and unaffected by this
process.

In the present work the norm NT(Dh) which was defined
by Equation (3-8) was selected as the criterion for
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maximization of the error. Thus 1t is necessary to evaluate
the matrix 81 such that the largest element of Dh is maximilzed.
To find the largest possible element of Dh it is necessary to
determine the attalnable extreme of each element dh:iJ in-
dividually (and independently of any other elements). Since,
however, the maximization of the elements is only row de-
pendent, that 1s, only the elements of one row of 81 are
fixed by fixing an element in the corresponding row of Dh’
the calculation process can be carried out row by row. Thus

the largest element dh of the 1th row of D, is found, and

the 1th row of 81 corresponding to this element 1s used to
recalculate all the other elements of this row in D,. The
process 1s then repeated for all other rows of the discrepancy

matrix Dh'
Error Bounds of the Elgenvalues of e6A
Y

The error bounds for the matrix function e have

been found in the previous section. In this section the

error bounds for the eilgenvalues of e6I wlll be determined.
Given the real matrix eéi'=.H which is assumed to

possess distinct eigehvalues* Vl’ ceey vn and eigenvectors

v ey vn, then by definition of the eigenvectors

1)
Hvi = vivi o (3—27)
Also let vy, ..., V. be the eigenvectors of HY (the transpose

of H). The error bounds of the elements of H are expressed

#Cf, discussion on page 62.
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by the matrix Dh‘ If Dh is a small perturbation of H then
a typlical elgenvector of H + Dh can be expressed as vy t

v, where €1J are small constants. The eigenvalues

19y *15%3

that correspond to this eigenvector 1is expressed as vy + Avi.

An equation similar to (3-27) can then be written to give

(H + Dh)(v1 + 153 eijvj) = (vi + Avi)(v1 + 1§J eiJvJ)
(3-28)

Expansion by terms of Equation (3-28) and utilization of
(3-27) yields

1§J eiJHvJ + thi + Dh iﬁj eijvj = Avivi + vi 153 eiJVJ
+ vy 1§J eiJvJ . (3-29)

The last terms on both sides of Equation (3-29) are products

of small perturbation terms and can be neélectéd. Thus

e,  Hv, + vy = Av,v, + €, V.V, . -30
173 SV DaVa T OV By e VY (3-30)
Premultiplication of Equation (3-30) by Xz (the transpose of
vy) yields
T T

since the product Xz- vJ = 0 for 1 # J [17].

Finally the error of the eigenvalues is given by

T .
C WDy (Dpvyeyy)
= =7

vy V%) (3-32)

LERE]
where (v,,v,) = Vyp¥4q *oeee t VypVyy, 18 the inner product

of v; and v,, and similarly for (thi’zi)'
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Equation (3-32) 1s a first order approximation for

the error of the eigenvalues. A higher order approximation
would result in considerable complication of the equations.
Fortunately, it is unnecessary for the purposes of the present

error estimates.

It is interesting to study the upper bounds for the
error in Equation (3-32). Application of the definitions
for the norm of a matrix (Equation (3-7)) and definitions
for the norm of a vector [17] to (3-32) yilelds:

N(Dp ) hvyli- vyl

IAV l < = C N( ): (3"’33)
1 vl
where
_WvANeuyil 3 _
=1 |(V1a21)| lcos B (3-332)

lAvil and I(vi,gi)l are absolute values of the corresponding
quantities,"and ivy 4 and vy W are norms of the vectors v,
and v, respectively defined as 1v, 1 = (v2 + ...+ vfn)é ete.

al i1
The quantity C, 1s frequently called the distortion coeffi-

i
cient for the matrix Dh corresponding to the eigenvalue Vy -
The angle 8 1s the angle between the vectors v, and v,.

Thus the error in the eigenvalues 1s proportional to
the norm of the error matrix Dh‘ It should be noticed that
all the quantities, except for Dy,» on the right hand side of
Equation (3-33) are related only to the nominal values of the
data and not to the error terms.

If the matrix H has complex eigenvalues, Equation
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(3-32) has to be modified for finding the discrepancies of
both the real and imaginary parts. Let

v, = Re(vy) + JIm(vy)
vy, = Re(vy) + JIm(vy) (3-34)
v, = Re(y;) + JIn(y,)

where Re and Im stand for the real and imaginary parts

respectively and J = /-1. Substitution of the quantities of
(3-34) in (3-32) yields

[aRe(vy) + JAIm(v,)1[Re(vy) + JIm(vy)],[Re(y;) + JIm(yy)] =

= DplRe(vy) + JIm(vy)],[Re(y,) + JIm(y,)].
~ (3-35)
After expanding Equation (3-35) and equating the real and
imaginary terms

ARe(vy)(Re (v, ),Re(v,) - In(vy),In(yy)] - AIm(vy)[Re(v,),In(y,)

+ In(vy),Re(v3)] = DyRe(vy), Re(vy) - DyIm(vy),In(v;)
| (3-36a)

and

ARe(vi)[Re(vi),Im(xi) + Im(vy),Re(vy)] + AIm(vi)[Re(vi),Re(Xi)

- In(vy),In(y,)] = ByRe(vy), In(yy ) + DpIm(vy)oRelyy) o o

are obtained. Simultaneous solution of Equations (3-36a) and

(3-36b) for ARe(v,) and AIm(v,) yields the final result:

MRe(v,) = I&§§;t{§55 (3-37a)

P + T



7

a o
= stn(v;) = Bf=Ed (3-37b)

+
where
p= Re(xi):Re(Xi) - Im(vi),Im(xi)
q-= DhRe(vi):Re(xi) - DhIm(vi):Im(X1)
_ (3-38)
r = Re(vy),Im(vy) + Im(vi),Re(gi)

B = DhRe(vi),Im(gi) + DhIm(vi),Re(zi)

For real eigenvalues Equation (3-37a) reduces to (3-32) as

expected.

Error Bounds of the System's Poles

Since the eigenvalues vi and consequently the poles
py are distinct, it follows from Equations (2-63) and (2-81)

that
vV, = e 1=1, seey NN, (3-39)

The eigenvalues vy may be real or complex and Equation (3-39)

can in general be written as

6[Re(py )+JIm(p, )]

Re(vi) + JIm(vi) = e (3-40)
When the péleé are real; Equation (3-40) reduces to (3-39).

Multiplication of Equation (3-40) by its complex conjugate

equation ylelds (00)
26Re(p
Re(v,)? + Im(vy)® = e 1 (3-41)

from which the real part of the pole Re(py) 1s obtained as
1 2 2 m
Re(py) = 5§ 108 [Re(vy)< + Im(vy)“]. (3-42)

Differentiation of Equation (3-41) and replacement of the
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differentials by difference terms ylelds

28Re(py )
2[Re(v, )ARe(v, ) + Im(v,)aIm(vy)] = 28e ARe(p, ),
A s T (3-83)

from which the error bound associated with the real part of

the pole is obtained as

tmo(py) = LTI Lm0 L (3

Se
After substitution of Equation (3-41) into (3-44) the final

result for ARe(pi) is obtained:

Re(Vi)ARe(Vi) + Im(Vi>AIm(V1) (3-45)

8Re(py) =
1 6[Re(vi)2 + Im(v1)2]

Since the signs of ARe(vy) and 8Im(vy) are arbitrary, the

extreme error of Re(py) can be written as

|IRe(vy)aRe(vy) | + [Im(vy)aIm(vy) |

max[ARe(py )] = (3-46)

8[Re(vy)  + Im(vy)"]

When the poles are real Equation (3-44) becomes

avy

ARe(pi)v= Apy = %5, (3-47)
Se 1

which is of considerable significance as will be seen later.
To evaluate the complex part of the pole, Equation
(3-40) can be rewritten as

5Re(01)
Re(vy) + JIm(vy) = e [cos [8Im(py)} + J sin {8Im(py)]}]

(3-48)

from which
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5Re(py )
Re(vi) = e 17 cos [GIm(pi)] . (3-49)

Thus Im(py) is glven by

Re(v,)
1 1 (3-50)

M(pi) = %’ cos

L Re(v)Z + m(vy)

The error assoclated with the complex part of the
pole is obtained by differentiation of Equation (3-49), and
after some algebra is given by -

ARe(vy) + SRe(vy)ARe(p4)

61!11(\’1) - . (3"'51)

Im(p,) =

The extreme error of Im(pi) is obtained by adjustment

of the signs and can be expressed as

|aRe(vy)| + |8Re(vy )ARe(p4) |
GIm(vi)

max [AIm(pi)] = (3-52)

Discussion

The mathematical expressions that describe the
propagation of error through the numerical computations are
rather complex, and digital computing facilities are nec-
essary for their utilization.

Based on the error propagation analysis several gen-
eral observations concerning the identification technique
can be made. Equation (3-33) provides a good starting point

for this discussion.
A RRAAY

lavy | < ¢ N(Dy) = N(Dp) - (3-33)

I(Visﬁ) l

There are two separate factors that contribute to
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the error of an eigenvalue vy ¢ (1) the distortion coeffi-
cient C, which is a functlion only of the nominal values of
the data but not of the initial error estimates, and (2) the
norm of the error matrix Dy, which is a function of both the
data and the error estimates.

The distortion coefficient constitutes a sensitivity
measure for the identification of the eigenvalue vi. It may
be considered a weighting factor for N(Dh) with respect to
v1 and therefore it provides a quantitative measure of how
well a particular pole is represented in the response data.
The norm N(Dh) provides a general measure for the uncertainty
associated with the identification but does not act as a dis-

criminating factor between the individual eigenvalues. If,

for example, the response vectors are weakly independent*

and consequently the matrix 1%-1(tn-1 - §) is poorly condi-
tioned, (i.e. the elements of the inverse are very sensitive
to errors in the original matrix), the norm N(D,) will be
large, and a large error will be indicated for all the eigen-
values. Thus the error estimate establishes a criterion for
acceptance or rejection of a certain set of response func-
tions. It will be seen later that this characteristic 1s of
particular importance since it indicates the possibllity for
utilizing the error criterion in the determination of the

system's order.

#Strictly speaking the response vectors can only be
either linearly dependent or independent. What 1s meant
here by weakly independent 1s that due to nolse effects the
independence of the responses cannot be clearly established.
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It was previously stated that the parameters tn 1 and

& are free to be selected arbitrarily. It 1s quite evident
from the error propagation analysis that the selection of
both 6 and tn-l effects the error of the final results. Al-
though tn-l does not enter the calculations explicitly at

any stage, it is assoclated with the fundamental matrices

'Gn'_l'('tn"—)_l and En_l(t 1 §): it determines what section

of the response record is to be used for carrying out the

identification. Since in general the nolse level is inde-
pendent of the signal level, it 1s quite obvious that moving
further out on the response record results in 1lncreasing the
relative uncertainty of the data and therefore in obtaining
a less reliable ldentification. Consequently, since the
best possible ldentification 1s desired, none of the initlal
information of the response functions should be discarded.
It therefore follows from Equation (2-80) that tn-l must be
selected to be equal to 8§. The above conclusion was also
reached experimentally as will be shown later.

The parameter 8 determines the width of the record
segment over which the identification 1s to be performed.
Its effect on the quality of the results 1is quite significant.
Consider again Equation (3-47) which describes the error
assocliated with real poles:

bpy = —o- (3-47)
be .

The relative error of Py is given by
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by Sy - (3-53)

If Avi 1s considered to be independent* of 6, Equation
(3-53) can be written as

£ ]
)
Ppi€
where K is a proportionality constant. A plot of Equation
(3-54) as a function of bpi for K=1 is presented in Figure 4.
it can be seen from this plot that the relative error asso-
clated with the pole is a strong function of 6. It is min-

imized when -6p1 = ] or when § =-;L-= Ti’ where T1 is the 1th

time constant of the system. It :;n thus be stated that the
error associated with a particular time constant is minimized
when 8 is equal to this time constant. This last observation
is, of course, true for all the time constants of the system,
and the error for each time constant will be minimized at a
particular value of 8. Thus there does not, in general, exist
one unique & which should be selected for the ldentification,
but rather, several values of 8 which minimize the individual
errors associated with the various time constants. Figure 5

shows the relative error, Equation (3-53) associated with

different values of py; as a function of b8«

*This independence is generally not strictly true but
it can be expected that Av4 will be a weak function of 8§,
particularly so when the relative error in the original
response data 1is small.
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The above observations are not strictly correct since
Avi is not a constant, and it 1is not éntirely independent of
6. Therefore the error may not be minimized exactly at the
time constants and slight deviations from this value may be
expected. Of greater importance is the dependence of both
Avy and the identified value for p4 oOn the actual response
records. If the responses are nolsy, l.e. relatively large
error 1s associated with them, then both Av4 and Py will
fluctuate as 8 18 changed. As a result the functions repre-
sented in Figures 4 and 5 will be noisy. The general pattern
of these plots will, however, be preserved.

When the poles are complex, the error associated with
the real part will behave similarly to the error in the case
of real poles. The relative error assoclated with the
imaginary part can be obtained by proper substitution of
Equation (3-40) into (3-51) to yileld

AIm(py)  |ARe(vy)| + |6Re(vi)ARe(E;ll

Im(py) SRe(p

(3-55)
Im(pi)e i) sin [6Im(pi)] .

It is quite obvious that due to the sinﬁsoidal term in the
denominator of Equation (3-55), the relative error associated
with the lmaginary part will possess a perlodic oscillation
and will approach infinity at periods when GIm(pi) = nm,
Equation (3-55) has not been plotted here, but it will be
discussed further in Chapter VI.

The foregoing discussion strongly indicates as to how

the identification procedure should be carried out and
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formalized in practice. This subject is discussed in detail
in Chapter V.



CHAPTER IV
ERROR ESTIMATION FOR INTEGRALS OF RESPONSE CURVES

The error propagation analysis presented previously re-
quires a knowledge of the uncertainty associated with the ini-
tlal response data. As the basic Information required for the
proposed identification procedure 1is the résponse functions and
their integrals, it 1s necessary to obtain estimates for the
propagation of error when the response records are integrated.

A rigorous statistical analysis of this problem presents
certain difficulties. These difficulties arise from the fact
that finite records of random functions are avallable while
the analysis 1s strictly applicable only to infinite records.
Certain simplifying assumptlions have been made in order to
apply the theory to the analysis of the available records.
While a conventional approach utilizing the direct evaluation
of the correlation and spectral density functions of the sta-
tionary random process that 1s superimposed on the time re-
sponse 1s theoretically possiblé, it would not be Justifiled in
this case. The mathematical analysis is too complex and
costly compared with the amount of information gained.

The problems assoclated with the rigorous evaluation
of the error propagation are discussed and certain significant

871
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points of this identification method are elucidated. A sim-
plified method 1s proposed for obtaining an approximate
estimate of the error propagation through the integration
process. This method is based on zero crossing distribution
of Gausslian random functions.

Errors in the response curves can occur for many dif-
ferent reasons. Q@enerally the uncertainty i1s present in the
form of random noise superposed on the true function such

that "on the average" its effect on the function i1s zero.

Sometimes a consistent error 1s present and may be caused by
offsets or time lags in measuring devices. When the first
type of uncertainty is present, the propagation of the error
into the integrals of the responses can be evaluated. The
second type of error presents more serious problems since
accurate knowledge of 1ts exlistence is usually unavailable
and consequently erroneous ldentification will be a possible
result. If a measure of the consistent error is given it can
be easily handled by subtraction of its effect prior to the
analysis. Another source of error which usually has to be
taken into account 1s the presence of reading error introduced
during interpretation of the response records. This error is
normally randomly distributed and it 1s indirectly included
in the present analysis. Since 1ts effect 1s small compared
to uncertainties from other sources, it wlll not require
separate conslideration.

In the present work only the error propagation due
to the presence of random nolise is discussed. Since the
propagation of error is a function only of the s3tatistical

properties of the nolse and 1s independent of the nature of
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the response function with which it 1is associated, it is
sufficient to study the behavior of the random function alone
without specific regard to the response.

In theory, the nolse can assume any statistical dis-
tribution. However it will in general be Gaussian or will
have a distribution that can be closely approximated by a
Gaussian process. The following assumptions willl be made:

(1) The noise 1s a stationary* and ergodic** random

process.

(2) The noise is described by a Gaussian distribution.

(3) The expectation (or the mean value) is zero, i.e.:

T
Efe(t)] = %1m %T S e(r)dr =0 (4-1)

Two different cases will be considered for the necessary
analysis:

(1) Continuous analysis, in which case the responses
are continuously recorded and simultaneously
integrated. Thus the integration is considered
to be exact.

(2) Discrete analysis, in‘which case the responses
are gampled at constant time intervals. The
integration is then performed numerically'

utilizing sampled data.

*A random process is defined as stationary if
every translation in time preserves the probability and
statistical properties.

#¥p gtationary random process possesses the ergodic
property.if its ens@mble averages and statistical properties
are the same as 1its time averages and statistical properties.
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Continuous Analysis

Suppose the noise is assumed to be a Gaussian random
process with zero mean and denoted by x(t). It is desired to
evaluate the statistical properties of the integral of x(t)

given by t

y(¢) = { x(r)ar (4-2)
0

from the statistical properties of x(t). y(t) is of course

a random process, and 1t is Gaussian since x(t) is Gaussian
[27]. Since x(t) is not a deterministic function of time
particular values cannot be assigned to it for predetermined
values of time. The limits of integration in (4-2), therefore,
have only a statistical correspondence with x(t). In order
to evaluate the statistical properties of y(t) it is there-
fore necessary to perform averaging processes over all
possible lower limits of integration. With this requirement

in mind Equation (4-2) is rewritten in the form
t+y
y(t,v) = § x(r)ar, (4-3)
' Y

where t 18 considered a parameter.
The statistical properties of y(t) of interest in
the present study are the mean value and the mean square

value. The mean value of y(t) is given by

T t+y
E(y(t)] = 1im él'f S dy S x(r)dr . (4-4)
. T-«n_ T Y

By changing the order of integration [27], (4-4) becomes
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T t+y
Efy(t)] = 11m~%T S dy S x(r)dr
T T Y
T+t T T
= lim %T»[ S x(7)dr S dy + S x(7)ar S dy
-T -T+t 7-t
T+t
+ S x(7)dr S dv]
T -t
T+t T
= '}:‘:I.m.-é-T [ -é (r + T)x(r)dr + ¢ -T§t x(r)de
™¢
+ (0 x4 t)x(r)ar J=0. (4-5)
T

The last step in the computation of Equation (4-5) follows
from the fact that E[x(t)] = O and can be directly verified.
The fact that the expected value for y(t) is zero
does not mean that a particular record of y(t) is randomly
distributed around zero. The correct interpretation of
Equation (4-5) is that statistically y(t) has an equal chance
of being above or below its mean value when evaluated over
all possible records; a specific function y(t) may assume
any arbitrary value. '
In order to evaluate the mean square value of y(t)

it 1s first desirable to determine its autocorrelation func-

tion. Let
v+t t
y(t) = S x(r))ar, = - S x(y ~ 7y)ar ,
Y (0]
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and ytt+r t+vr
y(t + 7) = S x(12)d72 = - S x(y - 72)d72.
Y 0
Then, t thr
y(£).y(t + 1) = ( x(y - mdar, § x(v - r)ar,
0 0
t t+r

= é dTl é x(y - Tl)X(Y - 72)d12. (4-6)

The autocorrelation function Ryy(w) of y(t) is given by the
expectation (mean value) of y(t) . y(t + r) and is evaluated

by averaging (4-6) over all initial limits of integration y:

Ryv(71) = E[y(t) - y(t + 7)]

| T t t+r
= %iz.%ﬁ -é dy [ § dry é x(y - Tl)x(Y - 72)d12 ]
t t+r T
= S dry S dTo [ %32 éT’_é x(y - 79)x(y - 15)ay J
t t+r .
= é dTl é axx<72 - Tl)dT2 s (4-7)

where R _(r) is the autocorrelation function of x(t). The
mean square value of y(t) 1is given by eyy(o) as |
t t

Bly(t)%] = A, (0) = § ar, { Rep(rp = 1))ar,.  (4-8)
0 0 :
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The double integral in Equation (4-8) can be re-
written by changing the variable of integration to yield
t t t t-r
o 1
Ely(t)°] = S ary S Ryy(To = 71)d1, = S ar, S Rex(T0)dT, .
(0] 0 0] "Tl
(4-9)
The repeated integral in Equation (4-9) can, as before, be

evaluated by changing the order of integration to give

, ¢ t-v, 0 t
Ely(t)"] = S Rex(72)dTs S dry + S Rex(T2)dTy S dry
0] o) -t -5
t
= 2§ (v - e (rp)ar, . (4-10)
ol

The last step in Equation (4-10) follows from the fact that
R () 18 an even function of r [27]. Equation (4-10) can

then be rewritten as

t t
E[y(t)e] = 2t S Rxx(‘l')d‘r -2 S 'rRxx('r)d'r . (4-11)
0 0

As t becomes large the second term on the right becomes a
constant since Rxx(T) approaches zero for large values of
v.* The mean square value then approximately becomes (for
large t) t

E[y(t)2] =2t S R.xx(-r)d-r . (4-12)
0

Thus the mean square value for y(t) approaches infinity as

#x(t) is a stationary Gaussian random process.
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t approaches infinity. The random process y(t) is not a
stationary random process since its mean square value is a
function of t. This result may be somewhat surprising since
it does not comply with normal intuition. It can, however,
be reasoned qualitatively and the physical interpretation may
uncover some interesting points. The (Gaussian random process
x(t) is defined only by its statistical parameters, i.e., the
mean value and correlation function. The mean value provides
information about the average amplitude but implies nothing
as to possible amplitude fluctuations. Similarly the correla-
tion function determines the mean amplitude fluctuation (in
an absolute value sense) and the average probability for.sign
changes., It does not provide any deterministic information
of these values. The function x(t) may therefore possess any
arbitrarily large values and may change signs at arbitrarily
low frequencies without violating the statistical require-
ments.* As a result, x(t) may accumulate finite or infinite
deviation from its mean value over any finite interval. When
the integration is begun at a finite instant of time vy, y(t)
may possess an initlal uncorrectable error which increases
with t. The function y(t) will generally drift away from
zero at an arbitrary rate. Equation (4-12) determines the
average drifting rate. The fact that the mean value of y(t)
is zero means that y(t) possesses equal probabilities to

drift above or below zero.

*An exception to this situation will be discussed
later.
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The mean square value of y(t) will be bounded and

the process be stationary if and only if

S R (r)dr =0 . (4-13)
0 .

This condition coincides with the requirement that the power
spectral density function G,,(w) of x(t)* possesses no com-

ponent of zero frequency (DC component) since

w
=2\ & -
a _(0) =2 a, (r)ar . (4-14)
o
This result 1s quite interesting and deserves some

further discussion. In order for x(t) to possess an integral
which is a stationary function, it must have no power asso-
clated with the zero frequency component. Loosely, this
condition means that if x(t) is visualized as a Fourier
series with random coefflcients and frequencles, the
frequency w, must never assume the value zero. Thus x(t)
must change signs at finite intervals, which conforms with
intuitive notions of random functions.

The fact that integrals of random Gaussian nolse
functilons are generally not stationary presents some diffi-
culties in the theoretical analysis if a "general" noise model

is to be assumed. In the following discussion it will be

#*The power spectral density function 1s defined as
the Fourler transform of the correlation function [3]

G, (w) = % § Rxx(1)e-JwTdf = % S R () cos wrdr

and can be interpreted as a function describing the power
assoclated with each value of frequency.
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shown that from practical considerations it is Justified to
assume a "particular" noise model that satisfies the require-
ments of Equations (4-13) and (4-14).

The principal difficulty associated with the analysis
arises from the necessity of evaluating the statistical
properties of the random noise from finite records. In
practice it is necessary to assume that

to
&=\ x(n)ar =0, (4-15)

°0

where t, is an arbitrary interval of time over which the mean
value is evaluated. Equation (4-15) obviously violates, in
a strict sense, the definition of the mean value of Equation
(4-5) and the interpretation associated with it. If t is an
arbitrary interval of time smaller than to, it follows that

t
max [ é x(r)dr ] = x|, (4-16}

where K is some finite number. Practically this limit means
that, fegardless of record length, the maximum accumulative
error is bounded. Thus the conclusion that the integral of
a random function 1s not stationary is meaningless in the
present analysis. The preceding argument is very important
and deserves some further clarification. In reality, as

in theory, it is possible that the integral of x(t) will
experience a drift from zero. The point 1s that one has

no specific knowledge of the existence of this drift. To

1llustrate, consider the typical noisy response curve shown



97

in Figure 6. The dotted smooth curve represents the true,
noilse free, response function. This curve cannot be pre-
dicted on the basis of the given experimental data since it
does not constitute the "best" fit. The requirement that
the mean value over a finite record length be zero is in it~
self insufficient to describe the function since there is an
infinite number of curves satisfying this condition. A
criterion commonly used for curve fitting is an orthogonal
polynomial fit based on minimization of the mean square
error. The solld smooth curve represents such a fit. By
forcing a "best" fit on the response curve, one simultaneously
forces a noise model on the random function. In an intuitive
sense the above arguments can be assoclated with the notion
that stationary nolse fluctuates at a certain average
frequency around its mean value. Likewlse one tends to
assocliate some finite, "reasonable", maximum, zero-crossing
interval with the intuitive concept of a noise function. Of
course the term reasonable leaves much to individual Judgment.

-From the preceding discussion it is clear that, due
to practical 1limitations, one inevitably restricts the per-
missive noise models tb a particular and very limited class.
Since the noise 1s evaluated from finite records, the
integral of the random function is artificially bounded,
(Equation (4-16)), and over the tested region it is therefore

forced to be stationary. It seems therefore Justified to

assume that also over the infinite record the random function

satisfies the requirement that G,,(0) = O.



X(t)

P X

-
»
|
L NOISY RESPONSE FUNCTION
BEST FIT OF NOISY RECORD

R = / A “/\ ;=*T7'#::
5 ‘et Kmue RESPONSE FUNCTION

1 L I s 1 2 4 N I L 1 I " g 1 2 2 o 12 4

t

FIGURE 6. TYPICAL NOISY RESPONSE FUNCTION

86



99

Zero-Crossing Problem

In the present work the evaluation of the statistical
properties of the noilse is carried out only to obtain an esti-
mate for the propagation of error into the integrals of the
response curves. This calculation is obviously only of
secondary importance for the identification procedure, and
it is therefore not Jjustified to invest excessive computa-
tional effort in obtaining a noise model. Evaluation of the
correlation function and spectral density directly would re-
quire a large amount of computation and is therefore impracti-
cal. A method for evaluating approximative nolse models that
proved to be quite successful in estimating the propagation
of error into the integrals, and also to be simple in applica-
tion, 1s based on the relationship between zero-crossing
distributions of random time functlons and the respective
correlation functions.

The problem of evaluating the axls-crossing distribu-
tion of random time functions has been carried out by several
investigators to varylng degrees of completion [29,30,32,33,
42,437, To obtain the desifed results, an approach proposed
by McFadden [32,33] will be used.

McFadden cohsiders an "infinitely clipped" noise
function, that is, a random prdcess cut such that'only the
zero-crossing intervals remain invariant but all other in-
formation 1s lost. After clipping, the functlion is defined
as follows: Let E(t) be clipped to form x(t) where x(t) is
both stationary and ergodic. The function x(t) may assume
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only the values 11 and either value has equal probability.
The autocorrelation of x(t) is denoted by r(r). For a
Gaussian random process &(t), with normalized autocorrelation

p(vr), x(t) (after infinite clipping) is defined as

1 for &(t) 2 0
-1 for E(t) <O

x(t)

4
x(t) ( 17)

Then the autocorrelation function of x(t) is related to p(t)
(28] by o
r(r) =.% arc sin p(r) , (4-18)

where p(r) is the autocorrelation function of §(t).

The probability density P(+) 1s defined for axis
crossing intervals in the following manner: @Glven a zero at
time t, P(r)dr 1s the conditional probability that the next

zero llies between t + r and t + v+ + dr. Then

S P(r)dr = 1 (4-19)
0
and ®
Yy = E[1] = S «P(r)dr , (4-20)
v o . _

where vy = E(r] is the mean axis-crossing interval. The ex-
pected number of zero-crossings per unit time is denoted by
B8 and defined by B = 1/v.

if X, = x(tl) and x, = x(t2) then the probability
that X1 and Xo have different signs can be evaluated as
follows. Let the probability that x; and Xo are both positive

be P, and similarly define P__, P_, and P__. Then



-+ =
P++ + P+- + P_+ P__ 1

E(x3) = 1P+ (-1)-P__+ 1-P__+ (-1)'P__

E[x2] = l-P_H_ + (-1)-P__ + (-l)-P+_ + 1P

E[x x ]=1-P + 1.P + (-1)-P + (~-1)-P
xy %0 = 3r, RN

where E[xl] and E[xz] are the expected values of Xy and X,
respectively, and E[xlxz] 1s the expected value of the product
of x, and x,. Clearly E[xl] = E[x2] = 0 since both have equal

1

likelihood of being negative and positive, and E[xlxe] = r12'

The solution of the four equations yields

P, =P (4-21)

= 1
+- -+ - H'(l - T

12) 3

and the probability that X, and X, are of different signs 1s

=31 - -
P_*P_, 5 (1 r12) . (4 22)

Let tl = t and t, = t + At where At is small enough
that the probability of finding more than one zero between
t and t + At 1s negligible. Then the probabillity that x(tl)
and x(tz) are of opposite signs becomes the expected numﬁer'
of zeros per unit time multiplied by At.

Thus

BAt = % [1 - r(at)] . (4-23)

For sufficiently small At, r(At) can be expressed by the
truncated Taylor series r(At) = 1 + r'(0)AT, and finally

At = % (1 - r'(0)at - 1) = - % r'(0)at ,
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or 1
B=-1r'(0). (4-24)

For clipped Gaussian noise B can be expressed as & function

of the correlation function p(r) by

o= -3 =0 = 1m {- 3§ [ £ aro sn (0]}

1l - p' (1) ] (4-25)
T r=0 Jil _ p2(¢)

If p*'(0) = O then by L'Hospital's rule (since p(0) = 1):

Sy p" (1) 41 - 02(x) _
B =& U e (4-26)

from which 1t follows that

p' (1) 2= _att
1in [[1 e ] ln [-p"(7)] .

Finally
1 " 1/2
B==x[-p (0)1] . - (4-27)
The above result is exact, it was previously derived from a
different approach by Rice [43].

Evaluation of the probability distribution function
of zero-crossing intervals P(r) is more difficult than the
mean interval, and to date only approximate solutions to
the problem have been found. Rice [43], who was the first
to study the problem, developed a first approximation to the
solution for Gaussian random processes. Following his lead

several attempts have been made to obtain better estimates
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[29,30,33]. Experimental studies have also been performed
and results were obtained which agree closely with some of
the theoretical formulas [42]. For reasons which will be
discussed later, it was decided to use, for the present pur-
pose, an approximation proposed by McFadden [32] which coin-
cides with Rice's solution.

Let Pn(T) be the probability of the sum of n+l
successive axis-crossing intervals. (Thus Po(w) is the
probability density for one zero-crossing interval). Also,
let p{n,t) be the probability that a given time interval of
length T contains exactly n zeros. Let us now find a general
relationship between Pn(v) and p(n,r).

Conslder the following events E_; E ; E_; Eh and E5:

1 2 3
El: There are exactly n points in the interval
(t: t+ T)
E2: There are exactly n polnts 1n the interval

(¢, t + v+ dr)
E.: There are exactly n points in (t, t + 1) and

there 1s one point in the adjacent interval

(t+ 7, t+ 7+ dr).
The probability of more than one polnt in an infinitesimal
interval is neglected.

Ey: There are not more than n points in (t, t + )

and there is one in (t + 7, t + 7 + dr).
There are not more than (n-1) points in (t, t+ 1)
and there is one in (t + 7, t + v + dr).

E2 can be divided into two alternatives:
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Eél): There are exactly n points in (t, t + r) and
none in (t + r, t + ¢ + dr)
(2): There are exactly n-1 points in (t, t + 1)
and there is one in (t + v, t + 7 + dr).

Then

prie{!’} + rlEs)

pr ()}+P[E()

PI‘[El]

Pr{E2] }

Subtraction of the above two equations ylelds

Pr(8,] - PriEy) = PriEy) - Pr(Eo")) .

Since PI‘[E]_] = p(n:-'r):
and PP{EQ] = p(n,t + dr)

the difference (neglecting higher order terms) 1is

Pr{E;} - Pr{E;} = p'(n,r)dr .
Now pr{Eg} = Pr{E,} - PriEs]) ,

Pr{E,} = Bdr S P (¢)de
T

and

Pr{ES} = Bdr § Pn_l(L)dL .

The above two equations may be interpreted as follows: Bdr

is the probability of finding one point in (t+r, t+rt+dr).

o
S Pn(b)dé is the conditional probabillity that the (n+1)st

point prior to the one in (t+r, t+r+dr) occurs before the

@D
time t, given a point in (t+r, t+v+dr). Then Bdr S P (t)de
0
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is the Joint probability of finding one point in (t+r, t+r+dr)

and no more than n points in (t, t++). Similarly for

Bdr S Pn_l(&)dc. Then
T

PriE) = 8dr | [(Py(2) - Py (2)at .
T

By similar reasoning

(2) ¢
Pr{E; } = Bdr S {Pn_l(L) - P _o(¢)Jat ,
T

and finally
p'(n,7) = -8 | [P (4) - 2B _;(¢) + B _o(4)1at . (4-28)
T

Differentiation of Equation (4-28) with respect to r yields

p"(n,r) = B[P (1) - 2P _ (1) + Pp_o(7)1. (4-29)

For n = 0 and 1:
p"(0,7) = BP (1)
p"(1,7) = a[P1(¢) - 2P, (7)] .

Now consider the interval (t, t+r). If the number of zeros
in the interval 1s even then,.and only then, x(t) and x(t+r)
have the same sign. In this case the autocorrelation r(r)

or E[x(t)x(t+r)] is given by the infinite series

- n
r(r) = ) (-1) p(n,t) . (4-30)
n=0

Differentiation of Equation (4-30) twice with respect to r

gives (1) = i (_1)np"(n,-r) . (4-31)

n=0
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Substituting for p"(n,r) in Equation (4-31) yields

r"(1) = BBo(7) - B[Py (1) - 22,(7)]+ Y (-1)"p"(n,7)
n=2

= 38P,(7) - BB (1) + ) (-1)"B[P,(7) - 2P (1)

n-1
n=2
+ Pn-Q(T)] (4-32)
or " ® |
) ¥ ()P (r) . (4-33)
n=0

If Pn(T) i8 neglected for n 2 1 for small r then

P (1) = 4lr) (4-34)

For (Gaussian processes Equation (4-18) can be substituted in
(4-34) to yield
2
Po() 9'§%§.§_§ [(are sin p(7)] . (4-35)
dr

Equation (4-35) is the desired result for the probability
distribution of zero-crossing intervals. Clearly Equation
(4-35) 1s a good approximation for P(r) for small values of

% sinée in this range the probability df having more than one
zero in the interval r 1s negligible. For larger values of
v, Equation (4-35) becomes inaccurate as an approximation
for P(r), and its region of reliability depends in general

on the properties of r(r). A more detalled discussion of

this problem wlll be presented later.
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Evaluation of Noise Model

Because of the fact that Equation (4-35) is only a
first approximation to P(r) which becomes ﬁnreliable for
large values of ¢, it cannot be used for direct evaluation
of p(r). Furthermore, since the purpose of the present
analysis 1s only to obtain an estimate of error propagation
in integration it would be undesirable to introduce excessive
numerical calculations.

If a formal nolse model could be proposed which would
be completely determined by a limited number of parameters,
and if, furthermore, these parameters could be determined
from zero-crossing information over the range of small values
of 7, then Equation (4-35) could become very useful. A gen-
eral representative noise model cannot be proposed at this
point due to lack of knowledge about the system to be repre-
sented. With this limitation in mind, only a typical noise
model which represents a falrly wide class of random processes
can be discussed.

Bendat [3] has shown that a great many natural random

phenomena can be characterized by an Exponential-Cosine auto-

correlation function

R(r) = aeKlTleos v, (4-36)
where ' )
A>0,K>0,c>0.

The corresponding normalized correlation function is

p(r) = e Kltleos cn . (4-37)
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Thus, in this case p(r) is completely determined by the two
constants K and ¢. A typical plot of Equation (4-37) is given
in Figure 7. The corresponding spectral density fundtions
are shown in Figure 8 for K° > 3c2 and for K° < 302. The
disadvantage of this model 1s the fact that it possesses a
finite power component at w = O. As has been previously dis-
cussed this characteristic would cause drifts in the integral
functions which are in practice undetectable., To overcome
this problem it was decided to approximate the exponential
cosine process by a "band pass" model, i.e., a noise model
which has a constant spectral density between two finite
frequencies and zero elsewhere. This model of course repre-
sents an idealized situation and is physically incorrect.
It 1s, however, a reasonable assumption since the high
frequency components are not expected to contribute much to
the 1ntegration error and the low frequency components are
"absorbed" by the process and are undetectable.

The band pass approximatlon is represented schemat-
ically in Figure 9. The solid curve represents the exponen-
tial cosine model, and the dashed line 1s the spectral density
of the 1dealized situation.

The spectral density function for the band pass model
is given by

K for w. <w < nw
N ° ° (4-38)

G, (w) =
X { 0O elsewhere

The correlation function of the noise is then
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Figure 7. Typical Cosine-Exponential Autocorrelation Function
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Figure 8. Typical Spectral Density Corresponding to a Cosine-
Exponential Correlation Function
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Models.
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® mw,
Rxx(T) = g G, {w) cos wrdw = K S cos wrdw
0] Wo
K
=.;-[sin mw,t - 8in on], (4-39)

and the mean square value is

K
Rax(0) = Lim-g-[sin mugr - sin 6or] = K wp(m - 1) . (4-4o)

Thus the normalized correlation function p(r) is

Ryx(T) _ 8ln mwyr - sin wyt

Plr) = g (07 = —Tm - Tlegr ~

The correlation function p(r) is given in terms of two

(4-41)

parameters m and W, which completely characterize it. If
the mean value for zero-crossing intervals and the variance
of zero crossing intervals are expressed in terms of p(7),
then m and W, can be determined.

The mean zero-crossing interval can be evaluated by
substitution of Equation (4-41) into (4-27). The derivation
is presented in Appendix C and the final result is

_n_ T 3
Y= —— (4-42)
Yo J(me + m+ 1 .

The variance of zero-crossing distribution is given by

0° = S (r - Y)2P(T)dT . (4-43)
0

Evaluation of Equation (4-43) presents a certain difficulty:

In the previous section an approximation for P(r) in terms
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of p(t), Equation (4-35), was obtained which is, however,
1nacéurate for large values of r. Better approximations to
this problem have been obtained by other investigators [30],
but these methods are too complicated and cannot be solved
explicitly for p(r) (except numerically). It turns out that
for a band pass spectrum the approximation of Equation (4-35)
adequately describes P(r) for values of r up to about |
1.5 - 2 times the mean interval y. Flgure 10 represents a
comparison between theoretical and experimental results based
on McFadden's and Longuet-Higgins' publications. It can be
seen that P(r) coincides with the experimental results and
with Longuet-Higgins' approximation Pge)(v) for small values
of r. It is important to notice that the actual distribution
is almost symmetric with respect to y. Thus if symmetricity
of P(r) with respect to Yy is assumed, Equation (4-43) can be
rewritten as

2 Y 2

o =2 S (v - v)°P(r)dnr (4-44)

0

and Equation (4-35) can be utilized to express P(r) in terms
of p(r) since it is a satisfactory approximation over the

range O - y. The mathematics of the derivation is presented
in Appendix D and the final result which is expressed in terms

of (o/y) 1is
2
(30 =&

where n=+w Jf‘Q 3
m + m+ 1 .

sin™d [ SR BT o B8 T ] 4, (4-45)

o3
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Equation (4-45) cannot be solved analytically. A plot of the
numerical solution of o/y aé a function of m is given in
Figures 11 and 12. It 1s interesting to notice that the
ratio o/y is not a function of the parameter w, and depends
only on the band-width of the spectrum m. From Figure 11
it can also be noted that for a given value y, the standard
deviation o of zero-crossing intervals increases with an in-
crease in the bandwidth of the spectrum. When m=l only the
single frequency w, is present and the variance of zero-
crossings becomes 0. In thils case the random function be-
comes completely periodic. The mean zero crossing interval
given by Equation (4-42) is a function of both w, and m.
Notlce in particular that the lower the frequencies the
higher 1s the mean zero crossing interval.

The parameters m and w, can now be evaluated from
Equation (4-45) and Figure 11. The mean zero crossing
interval y and the standard deviation ¢ can be evaluated

experimentally by standard methods.

Evaluation of the Statlistical Properties of the Integrals
Once the parameters m and w, are known and the

spectral density is given by

woswsmwo

K
Gex(0) = { (4-38)

elsewhere

the mean square error of the integral can be evaluated di-
rectly. From the fact that integration between the limits

0,t corresponds to passing the noise through a process with
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a transfer function 1/s it follows [27] that:

Gxx(w) Gxx(m)
(¢} = =
(" Tellegel - " uF

The mean square error of the integral is then given by

(4-39)

Ryy(0) = § 8y, (0)d . (4-40)

Substitution of Equations (4-38) and (4-39) into
(4-40) results in

(o 1 K 1
Ry, (0) = g'éo 5 dw = 3;»[ 1-3 ] . (4-41)

For second integration

@, . (w) _ Gxx(w)

Gyp(w) = Lsr = (4-42)
w w
Thus the mean square error for the second integral is
mw
° K
R,5(0) = K Loaw=_=_ 1

22(0) ‘é&’*’m 3(”3[1-13] (4-43)

o (o}

For higher orders of integrations the above process is

repeated.
The ratio between the mean square error of the inte-

grated response and that of the original function is given by

K m -
v (0) (2D

= = 44y
x\0) _ K(m - 1w, - (4-44)
g
. g =1 -
or: S w VE . (4-45)
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For the second integration the respective results are

Rzz(o) = m2 + m+ 1

Tx(0) T 3T (h-46)
3m w, |
and
35 1 m< + m+ 1
% W / o il (4-47)

Analog Computer Studies

Analog computer simulation studies were performed to
evaluate the advantages and limitations of the proposed method
for estimation of error propagation through integration of
noisy response curves. The primary purpose of this study was
to determine the validity of the approximative, band-pass,
noise model as a tool for prediction of error propagation.

The analog computer circuilt dlagram 1s shown in
Figure 13. White noise (the spectral density function of
which is constant over all frequencies) was generated by a
General Radio Co. Type 1390-A random noise generator. The
noise was amplified by a gain of 100 and fed through a
potentiometer into a second order linear system. The system
was programmed on a Donner Model 3100 D analog computer as
modified by Bishop and Sims [5]. The system response was
integrated, and both the response and its integral were re-
corded on a Sanborn, six-channel recorder, Model 156-1100C.
Since the random noise generator exhibited a D.C. blas, an
adjustable constant voltage was fed into the system to com-

pensate for the drift. A sample record is shown in Figure 14.
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In order to estimate the error in the integral of
the response curve from the random characteristics of the
response itself, it was necessary to evaluate the approxi-
mative band pass spectral density of the response. The number
and lengths of zero crossing intervals were evaluated from a
given record. The mean zero crossing interval y was deter-
mined from knowledge of the total record length and the number
of intervals. The standard deviation o was determined from
the interval lengths and the mean interval. The first order
approximation of zero crossing intervals in terms of the
correlation function of the noise, Equation (4-15), has been
previously shown to be valid only for small zero-crossing
intervals. It was therefore decided to evaluatelthe standard
deviation o from only the zero-crossing intervals that are
smaller than the mean. This approach proved to be
satlisfactory. |

Thus o was given by:

n
REPTES

LisY

1/2

where n is the number of intervals, 43 is the length of the
1*P interval and y is the mean interval length.

Given the ratio o/y, the value for m in Equation
(4-38) is then found from (4-42). The ratio between the
érror-in the integral and the error in the original response
function 1s then given by Equation (4-45).

The results of the analog computer studies are
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presented in Tabie 1. The various intermediate steps of the
calculations are also shown. The values § in Table 1 are
the damping factor of the second order system; the transfer

function of which can be expressed as

1
F(s) =
() 82 + 28ws + Eé

where s is the Laplace operator and w is the undamped natural
frequency.

In Figure 15 a comparison between thé theoretical
spectral density function of the output noise and the
approximative, experimentally-evaluated, band pass model 1is
shown for representative cases. The theoretical spectral
density of the response noise is given by

X
- w8)° 4+ 4t

a(w) = F(Ju)-F(-J0) K = —p
(w

where K 18 the spectral density of the input white noise.
The band pass model 1s expressed by Equation (4-38) in terms
of m, w, and K, where K 1s yet to be determined. Since both
noise models must have the same mean square value it follows
that

[ -]
Rxx(o) = lig -Gxx(w) cos wrdw = S Gyy(w)dw = K(m - 1w, .
™V 0 0

The term on the right expresses the mean square value of the

approximative band pass model, Equation (4-40). Thus,

= K(m - 1w, .
& - u°)° + 4gtuCT °

é = Kdw
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The above integral was evaluated by contour integration to
yleld:
K = K(m - 1)u, .
28w
If K 1s arbitrarily scaled to be 1 then

i
2855 (m - 1)w,

All the parameters in the above equation are known,

thus K can be evaluated.

Discussion

The results of the analog computer studies of error
propagation into the integrals of the response curves are
summarized in Table 1. In the ninth column the predicted
ratios oy/ox of standard deviations of the 1ntegrals to the
standard deviations of the responses is listed. The observed
value for this ratio (determined from actual measurement of
amplitude ratios) is given in the next column. The deviation
between the two columns in percent 1is given in the last column.
The error of prediction varies between O percent up to about
50 percent. This prediction is a satisfactory one, consider-
ing the crude noise model that has been assumed. For the
present purposes the accuracy of these results 1s certainly
sufficient as 1t is desired for an order of magnitude esti-
mate, rather than the generation of accurate numbers. The
prediction is in general conservative; 1l.e., there is a gen-

eral tendency to obtain an overestimation of the error, which



TABLE 1

RESULTS OF ANALOG COMPUTER STUDIES OF ERROR PROPAGATION
INTO INTEGRALS OF RESPONSE CURVES
VNEZEZ:IL' oy/ox
Test of Zero Y o Yo calcu- | 9y/%% %

.No. 4 Crossings| (sec)| (sec) | o/y m (1/sec) | 1ated | Obser. [Error
1 0 20 4.46 0.146 0.0328 1.03 0.697 1.413 1.271 10.0
2 0 36 3.18 0.153 0.0487 1.04 0.978 | 1.0 1.0 0.0
3 0.25 63 1.42 0.64 0.45 20.0 0.1858 | 1.201 0.79 34.2
4 0.3535 52 0.9959| 0.2931 } 0.294 2.5 1.747 0.361 0.362 0.0
5 0.459 by 1.0829| 0.3914 | 0.361 3.9 1.146 0.441 0.461 -4.5
6 0.5 T9 1.177 0.528 0.449 19.5 0.23 0.967 0.50 48.2
T 0.5 76 1.133 0.496 0.434 11.0 0.413 0.73 0.581 20.4
8 0.5 55 1.172 0.569 0.460 37.5 0.1225 | 1.089 | ©.88 19.2
9 0.5 39 1.107 0.315 0.285 2.4 1.62 0.483 | 0.312 35.4
10 0.5 249 1.153 0.485 0.42 8.0 0.552 0.835 0.72 .| 13.8
11 | 0.707 46 1.158 | 0.54 0.466 |90.0 0.05 0.463 | 0.538| -16.2

G2t
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is desirable since in the error propagation analysis one is
interested in obtaining upper bounds of error.

Figure 15 shows a comparison between the theoretical
spectral density function of the response noise and the
"approximative" band pass model. It 1s quite clear that as
an approximation to the actual spectral density function the
idealized band pass model is totally meaningless. However,
this comparison was not the purpose of the present work, and
one should not interpret it as such. It should be noticed
that for the case where § = O and the system exhibits an in-
finite resonant peak, the band pass model approximates the
spectral density quite well. As § becomes larger the approxi-
mation becomes worse and shifts toward the higher frequency
range. This shift may be a compensating effect for the loss
of the D.C. and the low frequency components. However, too
much physical meaning should not be assoclated witﬁ the band
pass model since the model itself 1s physically incorrect and
unrealizable. |

Better estimation of the spectral density function
(or correlation function) from zero-crossing information
would be possible if a plausible and physically realizable
noise model were assumed. The exponentlal cosine correlation
function, for example, would be such a model. Of course, a
higher price in terms of additional computation would have to
be paid for the evaluation.

For the present work the particular nolse model

selected was not critical. However, it is the approach rather
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than the particular noise model that is of significance.
Through further refinement the method may eventually serve as
a valid and relatively simple approach for evaluating auto-

correlation functlions and power spectral denslities.

Discrete Analysis

In many cases it may be necessary or desirable to
sample the response records and perform the integration

numerically. One then faces the following situation:

(a)

A
B
[

Y
Jitl X(t+r)

Xi4nr1
\\\\\\\\ :\\\\\\; (b)
——t

— — -

N
X X
Y, T X343 d4n 1+n+2
[ ) Y2T |

-t

1 [ 1 >> ! 1 L

1T (4+1)T (i+2)T (443)T 7)(1+n)T (1+n+1)T (i+nt+2)T

Figure 16. Discrete Sampling of Random Noise
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Figure (16-a) describes the continuous random process which
is sampled at intervals T. The resultant function in Figure
(16-b) is a discrete process in which the sampled points are
connected by line segments. The propagation of error through
integration will of course also be a function of the partic-~
ular integration scheme used.

In the present analysis the trapezoidal rule for
integration is applied. The statistical distribution of the
sampled points is, as can be expected, a function of the
statistical properties of the continuous random process. It
will be assumed here that the correlation function for the
continuous random process is known. This information can be
obtained by the methods described in the previous section.

Let the sampling interval be denoted by T, and let
xJ be the corresponding sampled points on the continuous
random function. The points X(t) are points on the discrete
record. It is desired to evaluate the expectation R-_(7) =
E[X(t)X(t + v)]. The interval  can be expressed as t =
(n+ 6)T where 8 < 1 and n 1s an integer. If X(t) is

assumed to lie between x; and x then x(t+r) may lie either

i+l

between Xytn and Xyent1 °F between x,, .. and Xy into®

y as the fractional distance of X(t) between adjacent xJ's

Define

(0 < ys1l). Then for x(t) where
iT<t < (4 + 1)T
if 0 < ] <1 -0

then Xyin < x(t + 1) <x

such that 0 s Yo € 1.

1+n+l
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However 1if 1l -8 = Y, s 1

then <x(t+ 1) <x

Xi+n+l i+n+2

such that 0 = 72 =0 .

Thus if x(t) 1s denoted by X; and x(t+r) by X5, then

x, = x,(1 - Yl) + x

1 1 1+1 M1

- x1+n(1 - Y2) + Xi4n+1 Y2 if (1+n)T < t+r < (i+n+l)T

»
n
I

1f (1+n+l)T < t+r < (1+nt2)T
(4-48)

It can be seen from Figure (16-b) that Y, = yl'+ 9 when

+ 9 -1whenl -9 < Y, s 1.

Xyne1 (1= Yp)+ X5, 400

0 = Y, S 1 -6 and that v, =Y

2 1
Subgtitution of the above values for 72 in Equation

(4-U48) yields

(a) xy =%, (L -v -0)+x (v +0)
when (1+n)T < t+r < (i+n+l)T
| (4-49)
(b) xp = xi+n+l(2 - Yy -8)+ x1+n+2(Y1 +6 -1)
when (1+n+1)T < T+ < (i+n+2)T.

From which it immedlately follows that

(a) X%, = [x (3 - v)) + %y 9y Mx,, (1 - v, - 0)

172
+ x1+n+1(”1 +8)]

for O s yvy. <1 -9
1 (4-50)
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+ x + 9-1
1+n+2(Yl )]
forl -9 sy s1 (4-50)
1 continued

The autocorrelation function Rxx(* is then given by

Pt = Un oty L i_Zm { S e (3 =)+ %)
(x (2 - vy - 8) + %, (v +8)ldy;
) Q) xR -y - e)
1-9
%y imeplYy ¥ 8 - 1)1y, | (§-51)

Evaluation of the integral terms in Equation (4-51) leads to

m

Rexl7) = lim'z'mlTl' Z { x1+1x1+n%>' (1 - 0)°
e i=-m
_ 1 _ 3
xixi+n+l[9(l 8) + z (1 -8)”)
3, 2
Xy ¥ e | (l - 8) e(l - 8)7]

(1 SRR SO i NN o L

%%l 3
1.3 1 .3 3
" It XX e B K ¥y [(1 - 8)e '6 6]
1,2 1,3
X141 %14n2l 2 8~ 5 07 } (4-52)

Since @ is constant, Equation (4-52) can be further

simplified to yield, after collecting terms,
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Rg(r) = R [0 - )TN L (2 - )31+ & _[aTIL L (1 - 6)3

3

1 - - 8)° - 34+ p(1-
+ 101 8)? +%(1 0) %—‘1'9) + 8(1-9)
+ % 831 + Re[(n+ 1)TI(6(1 - 8) + % (1 - 9)3
+ %_ 62 - 'é' 637 + R [(n + 2)T] % 83 (4-53)

which after further simplification yields the final result

Rx(1) = Ryl(n - VT L - Lo+ L 6% - 167
+ Ry (n?)[ 2 - 0%+ L 021+ R [(n+ 1)TIL 2+ 30
XX 3 6 2
+306% -2 851 + 2 Reyl(n + 2)170° (4-54)
where v = (8 + n)T.
The mean square value of X is given by
_ _ 2 1
Rxx(o,) = 3’ R’xx(o) +"3' R’xx(T) . (4’55)

Obviously the integral of the sampled random process X is
generally nonstatlonary, and a drift from the true value will
occur. As the sampling interval T becomes smaller, the
correlation function REE(T) approaches RXX(T) and the mean
square value REK(O) approaches R__(0). 'It'ié therefore
generally desirable to reduce the sampling interval if the
noise magnitude is significant. Evaluation of the correla-
tion function of the integral of x(t) is possible by methods
similar to those used for the continuous analysis. The re-
sults, however; are quite complex and not tractable. When

the sampling interval 1s small enough (i.e., the correlation
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function of the discrete case REE(T) 1s close enough to the
correlatlion function of the continuous case axx(w)) the con-

tinuous analysis should be used as an approximation.



CHAPTER V
FORMALIZATION OF THE TECHNIQUE

In the previous chapters, various individual aspects
of the identification technique have been discussed. Here an
integrated and formalized description of the actual procedure
wlll be presented.

In order to implement the lidentification technique
the number of linearly independent response functions corres-
ponding to the suspected order of the system have to be ex-
perimentally generated. The techniques for generating these
responses as well as the method for determining the correct
order of the system have been or will be discassed.

The error propagation analysls associated with the
identification serves not only the purpose of estimation of
the uncertainty of the results, but must also provide a tool
for the minimization of this uncertainty. It is quite evident
at thls point that the proposed identification method hinges
strongly on this latter aspect of the error analysis. When
accurate estimates of the errors assoclated with the identifi-
cation are desired, good estimates of the uncertainty of the
data are required. However, when the error propagation serves
primarily as a tool for the execution of the identification

133
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process, no stringent requirements are necessary when esti-
mating the error of the data, since the error minimization
characteristics depend only indirectly on the magnitude of
this error.

In the last sectlion of Chapter III it has been shown
how the uncertainty of the identifled poles depends on the
selection of the integration parameter 6. In order to obtain
the best 1ldentification, 6§ must be selected so as to minimize
the relative error assoclated with the poles. However, since
the values for the poles are unknown, 6 cannot be obtained a
priori. Furthermore, since all the relative errors are not
minimized simultaneously (at the same &§) there does not, in
general, exist a single unique 6§ at which the identification
for all poles should be carried out. If the responses were
noise free and the error were a smooth function of 8§ with
only one relative minimum (except for the case of the
imaginary parts of complex poles) as in Figure 5, a simple
iteration procedure could be established for minimization of
the errors assoclated with the various poles. Each pole would
then be treated individually and would be evaluated at a
particular value of 6. Consequently the best and most rapid
identification of the system would result.

In practice, since the response functions are general-
ly noisy, the errors (as a function of &) fluctuate and an
iterative procedure cannot easlly be employed. In the present
work no attempt was made to establish the most efficient

process for the error minimization. Rather, an extensive
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study of the error propagation characteristics was performed.
In order to describe the actual identification and
error minimization procedure utilized, consider the illustra-
tion presented below where one of the two response functions

and its integral of a second order system are schematically

shown.
] ]
1
]
] {
]
i
» 1 ]
S y(t) ' !
] ]
] ]
] ]
1 ]
] ]
] i
3 1
] ]
§ I
]
| |
1 ]
i ]
y(t) { |
1 i
H
] 1
| ]
1 ]
H ]
{ ]
i ]
21
The fundamental matrices ]r_—T—__—T and HF (t - &) are

constructed from the response curves and their 1ntegrals for
the selected 6. The limit of integration 6§ is initially
selected as a small value such that, in the investigator's
Judgement, it is not larger than a fraction of the lowest
time constant of the system to be identified. Thus the ini-
tially generated fundamental matrices are evaluated over a

relatively narrow segment of the response function. The
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identification routine is then 1lnitlalized to generate the
natural frequencies and their errors. At this point 6§ is in-
creased by a constant interval and the process repeated until
the records are completely exhausted. The value of 6 at which
the smallest relative error 1is obtalned for each individual
pole is considered as the value of 8§ at which this pole is
identified. Figure 17 shows schematlcally the formalized
structure of the identification process. Digital computer
programs for the identification procedure corresponding to
the schematic structure of Figure 17, written in the Osage
Algol compiler language,* are listed in Appendix E. It should

be noticed that programs for preparation of the data, i.e.,

- 0) and

construction of the fundamental matrices a;:l(tn-l
EE:ITE;:IT, have not been included in Appendix E. They are
of no general use and depend entirely on the measuring and
recording facilities available. Figure 17 follows step by
step through the computational stages required for the
identification and the error analysis. The error evaluation
and the main identification computation are performed simul-
taneously, i.e. the error evaluation for each computational
stage 18 performed immediately following the calculations
for this stage. The bold faced boxes of Flgure 17 represent
the main computational stages while the bottom part of the

diagram represents the error minimization section of the

*The Osage Algol language is a slightly modified
version of the Algol 60 language [39,56], used on the Osage
high speed computer at the University of Oklahoma Computer

Center,
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calculation.
In the following paragraphs several comments concern-
ing the actual utilization of the technique are made.
1) Selection of the System Order. In the present

tfechnique the order of the system to be identified has to be
assumed beforehand. Frequently one may have a preconceived
idea of the order of the equations describing the tested
plant or of the desired order of the model. In these cases

a model of the desired order 1s to be found. When no knowl-
edge of the system order 1s avallable, the order of the model
can be arbitrarily assumed, and the ldentification can be per-
formed with respect to this order. If the order assumed is
too high the identification will nevertheless be carried out
properly and the actual order will be indicated by the‘re~
sults through the error estimates. If the assumed order is
too low the error criteria will indlcate such. This problem
is further discussed in Chapter VI in assoclation with the
results of the experimental investigation.

2)}Type of Required Plant Test Data. The only require-

ment of the test data is that the n response functions be
linearly independent. For identification of the General Model
the responses have to be zero-input responses, i1.e. the re-
sponses generated during the relaxation of the system follow-

ing a forced input.
3) Construction of the Fundamental Matrices ﬁg-lltn-ls

—

and & (t . - §]. The construction of the fundamental

matrices is performed by formally expanding Equations (2-77) -
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(2-80). For illustration purposes the expanded expressions

for second and third order systems are given below. Thus for

second order systems

P38 =8 = 9y 5 4(ty) - @5 5 4(8; - 8) (5-1)
and
P30 ) = 95,04 (8 + 8) - 95 5 ,4(8) (5-2)

where in the above equations 5;3("7 represents the 1j%P term
of the fundamental matrix. The subscript J on the right hand
slde of the equations represents the Jth response record,

and the second index represents the (2-1)th integral of the
response curve. Thus for example, ¢2,1(t1+6) is the value

of the first integral of the second response function eval-

unated at tl+6. Similarly for third order systems

e (t,-0)=¢9

13 %2 5,3-1{%+ ©)

" 295,54 (%p) * 9y 54 (8y - 8)

(5-3)

and

EEET?;T = @3,3-1(t2 + 26) - 2¢J,3-1(t2 + 8) + ¢J,3-i(t2) .

| | (5-4)
It should be remembered that in the above equations the re-
sponse functions and their respective integrals are perturba-
tion varliables, 1.e. evaluated with respect to steady state
as the zero operation level.

4) Evaluation of the Imaginary Parts of Complex Poles.

It follows from Equation (3-48) that
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6Re(py)
Re(v,) =e ' cos [8Im(py)] , (5-5)
from which
= "1 Re(vi) _
6Im(pi) cos [ ;3ﬁ3TBIT ] . (5-6)

Since the 1inverse trigonometrlc functions are multi-
valued functions of their arguments, it follows that &6Im(p.)
is given only within a multiplicity of 2nk, where k is un-
known. Thus without knowledge of k, Im(pi) cannot be deter-
mined. This difficulty can be eliminated by evaluation of
the system at two close values of 8 and by proper manipula-
tion of the results. This procedure is, however, not neces-
sary and much simpler solutions of the problem are possible.
The easiest and usually a satisfactory approach for evaluation
of k is through inspection of the response records from which
Im(pi) can be determined approximately. Another approach to
determine an approximate value for Im(pi) is through the
error estimation. It has been shown in the last section of
Chapter III that the relative error of the imaglnary parts
of complex poles possesses a periodic oscillation as a func-
tion of § and approaches infinity at intervals of GIm(pi) = 1.
Thus, from the error plot as a function of &, Im(pi) can be
obtained sufficlently accurately to determine k.

5) Selection of the parameter th.1+ Although the

computer programs in Appendix E have provision for variation

of t this parameter should always be taken equal to & as

n-1°
was discussed in Chapter III.



CHAPTER VI

ANALOG COMPUTER SIMULATION STUDIES

The experimental investlgation of the identification
technique was carried out for the followlng purposes:

(1) To investigate and demonstrate the capability
of the technique to identify systems over a wide range of
natural frequency ratios for both real and complex poles,
in particular in the regilons where the identification is
usually difficult.

(2) To study the error propagation and error minimi-
zation characteristics of the technique and to compare the
results to conclusions from the theoretical studies.

(3) To investigate the sensitivity of the technique
to noise and to study the error propagation characteristics
under these conditions.

(4) To investigate the effect of estimation of error
bounds of the response data on the prediction of the error
in the results.

(5) To investigate methods for securing linearly
independent responses and to study the sensitivity of the
identification method when only weak linear independence
between the responses 1s present.
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(6) To investigate the problem of misidentification,
i.e. the ldentification when the order of the system is not
assumed correctly.

(7) To study the effect of variation of the integra-
tion parameter tn-l'

(8) To investigate the possibility of smoothing out
the nolse and improving the reéults through higher order
integration of the response records, i.e. through the utiliza-
tion of fundamental matrices ® of order higher than n-1l.

(9) To compare the technique to the pulse testing
and Fourier transformation identification method.

Construction_of an experimental apparatus that per-
mits an investigation over such a wide range of conditions
is not feasible. Furthermore, accurate control over the
operating conditions and precise knowledge of the parameters
of such an apparatus could not be easily obtained. An
effective way to perform the proposed study ﬁas to simulate
the systems on an analog computer where the equations could
be accurately programmed and their performance controlled to
obtain the responses. Identification calculations were per-
formed on the Osage computer.

The investigation was divided into three general
phases:

(1) Analog computer simulation and identification
studies of second order systems.

(2) Analog computer simulation and identification

studies of third order systems.
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(3) Identification of actual chemical plant test data

by means of a digital computer.

The third phase of the investigation was carried out
to demonstrate the identification of an actual chemical plant
of high degree of complexity which exhibits strong noise and

nonlinear effects.

Analog Computer Simulations

The simulation studies were performed on the modified
Donner Model 3100D Analog Computer [5]. The computer is a
medium size analog computer with an operating range of X100
volts. The circuit diagram is shown in Figure 18. The
analog computer was divided into four major functional sec-
tions: (1) the simulated system, (2) the noise generator
circuitry, (3) the forcing (or pulsing) circuitry and (4)
the output devices. Each of the above functional sections

i1s described and discussed below.

(1) The Simulated System: 1is a third order, constant

parameter, linear differential system consisting of the dashed
box in Figure 18 containing integrators Il, I2, and I3. The

mathematical equations describing the system are

y1(t) = a3, (8) + 8y, (¢) + &,y (t) + x (8) + x(¢)

yolt) =a_y (t) +a_y (t)+a yo(8) + x,(¢) (6-1)

2lyl 22 2 23

y3(t) = ag;¥;(t) + agy,(t) + agays(t) + x3(t)

where y,(t), yo(t) and y3(t) are the outputs of integrators
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I1, I2 and I3 respectively, xl(t), xe(t) and x3(t) are the
respective forcing inputs, and x(t) is the noise input into

integrator Il. The parameters a are adjusted by proper

i
setting of the coefficient potentiometers 4-12 and the input
gains (Gl-3G9. The inverter In2 is tentatively programmed

for the purpose of sign adjustments of the coefficients. The
system also simulates a second order system by setting poten-

tiometers 6-10 to zero, thereby reducing Equation (6-1) to

y1(t) = a1y, (8) + a, .y, (¢) + x,(t) + x(¢)
. 6-2)
yo(t) = a v, (8) + ay (t) + x (¢) . (

The system was tested and identified with respect to
yl(t), and by elimination of ya(t) and y3(t) from Equation
(6-1) the following scalar third order equation is obtained:

y (8) + 2y (£) + ay (t) + ay (t) = £(¢) + £ (t) , (6-3)

where

a _ +a +a
1 11 22 33

v
i

= + + - - -
2 = 811800 T 817833 7 8p5833 7 29585 T 81383, 85383,
= + - -
83 T 817850833 F 815853837 T 813835857~ 857803835 T 85583933

The forcing function f(t) in (6-3) is the combined term ob-
tained as a result of the forcing functions xl(t), xo(t) and
x3(t). The forcing function £ (t) is the result of x(t) and
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is itself a random function.

The second order system of Equation (6-2) is reduced
by elimination of yz(t) to
yp(t) + a,5,(t) + ay, (t) = £(t) + £_(¢)

where al = all + a22

82 = 8y1%0 7 f12%;

(2) The Noise Generator Circuitry: The noise gen-

erator was a random square pulse generator. It consisted of
a radioactive source and a counting tube that generated high
frequency random impulses, a tlime base oscillator and an
electronic coincildence circuitry. Whenever a time base pulse
and a random impulse occurred simultaneously, switching of
the square pulse occurred. The mean frequency of the square
pulse was adjustable, within the range of about 7 to 17 zero-
crossings per second, by varilation of the time base frequency.
The probability distribution of the random pulse is Poissonian,
but since its frequency was high compared to the system's
natural frequenciés, it could be considered Gaussian (by the
central limit theorem [27]). A sample of a high speed re-
cording of the random noise is given in Figure 27a. Since
the nolse generator provided a pulse with amplitude range
0-(-)20 volts, it was necessary to adjust the DC level in
order to obtain a symmetric pulse (¥ 10 volts). This re-
quirement was accomplished by superposition of a DC voltage

that was adjustable through potentiometer 8.
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(3) The pulsing circuitry: This circuit consisted

of integrator I5 which was fed an adjustable voltage through
potentiometer 1 and a series of switches. When switch SW1l
is closed and SW2 is in normal position, a ramp function is
generated which fed to one of the integrators Il, I2 or I3
by proper setting of switches SW3 and SW4. When SW1 is
switched to normal position, the ramp generation is inter-
rupted and a‘constant voltage 1s fed to the integrator. When
SW2 1is switched the input 1is removed from the system and
1ntégration of output yl(t) begins in I4. By variation of
the switching procedure it is possible to generate a wide
variety of pulse shapes and durations. Slight modification
of the circuitry of switches SW3 and SW4 permitted the
pulsation of two or all the integrators simultaneously.

(4) Output devices: These components consisted of

the digital output assembly and of a Sanborn six channel re-
corder model 156-1100C. The digital output assembly that was
used to record the system's responses consisted of: (1)
‘Dymec model 2900B channel scanner, (2) Hewlett-Packard model
3440A digital voltmeter, (3) Hewlett-Packard model HT75-562A
digital recorder (printer), (4) Dymec model 2540 coupler and
(5) Friden model SP-2 paper-tape punch. The sampling frequency
of the digital output assembly was one reading per second, and
the recorded values were slimultaneously printed and punched

on paper-tape. The punched paper-tape was directly usable

as input to the Osage computer, and thereby the need for

manual data reduction was eliminated. The printed data 1list
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served for checking the punched output. The channel scanner
was sometimes used for the purpose of alternately recording
the response function and its integral. The Sanborn six
channel recorder was used.to record the input noise, the
pulsing function and the various system variables for visual

inspection and for estimation of errors (uncertainty) in the

responses.

Procedure for Simulation Studies and Identification

The simulated systems were programmed on the analog
computer (Figure 18) according to Equation (6-1) or (6-2).
The setting of the parameters aij was done by adjustment of
the coefficient potentiometers 4-12 and the respective gains
G1-G9. The galns were set by proper programming of the input
resistors and the feedback capacitors of integrators Il, I2
and I3. Thus, for example, Table 2 shows the proper settings

for a third order system that possesses the following natural

frequencies:
Py = -0.10607 [1/sec]
po = -0.004904 + J 0.0136 [1/sec]
o, = ~0.004904 + § 0.0136 [1/sec]

In programming the various systems it was necessary
to take into consideration some physical limitations of the
analog computer and of the output devices. Since the sampling
frequency of the digital output was one reading per second, it
was not possible to program systems with time constants

smaller than 5 to 10 seconds i1f a reasonable number of
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TABLE 2

EXAMPLE OF POTENTIOMETER AND GAIN SETTINGS
FOR THIRD ORDER SYSTEM*

Input
1] ay 4 Pot. No. Pot. Setting | Resistor | Gain
11 0.014780 4 0.1478 1M 0.1
12 0.085850 6 0.8585 1M 0.1
13 0.006912 5 0.6912 10M 0.01
21 0.000985 12 0.0985 10M 0.01
22 0.008905 11 0.8905 10M 0.01
23 0.003690 10 0.3690 10M 0.01
31 0.088650 7 0.8865 M 0.1
32 0.099800 8 0.9980 1M 0.1
33 0.092200 9 0.9220 1M 0.1

*All three feedback capacitors were 10uf.

samples over the time constant period was desired. On the
other hand, 1t was difficult and undesirable to program very
long time constants due to drifts in the analog compuﬁer
performance and due to the sensitivity of the computer in
these ranges of operation. These limitations become quite
important under certain testing conditions as will be noted
later.

The tests were performed by forcing the different
inputs individually (or simultaneously) in order to obtain

the necessary independent responses. Usually the forcing
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functions were square, trapezoidal or triangular pulses, the
duration of which was determined such as to introduce the
largest possible amount of energy into the system without
overloading the computer. The strength of the responses of
the tested outputs (yl(t)) depended largely on the inter-
coupling between the variables. Thus for poorly coupled
systems, the responsés obtained in yl(t), when y,(t) or y3(t)
were pulsed, were rather weak. This limitation affected the
quality of identification. To overcome such limitations more
than one variable was pulsed simultaneously, thereby improving
the response characteristics.

For second order systems an attempt was made to gen-
erate the integrals of the response functions on the analog
computer and to record both the response functions and the
integrals simultaneously (on the digital output it was of
course necessary to sample both functions alternately). This
procedure was successful only for short tests due to the fact
that it was necessary to attenuate the integral functions
in order not to exceed the operating range of the analog
computer and to avoid overloading the amplifiers. For
relatively long tests the attenuation factors became too
high, thereby reducing the accuracy of the recorded integral
functions. Thus for most tests only the response functions
were recorded and the integration was performed numerically
on the digital computer.

The estimation of error in the response data was

done as follows: for tests in which no noise was superimposed,
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the uncertainty of the response functions and thelr integrals
was estimated as 1/2 percent of full scale deflection, i.e.,
1/2 volt. This value corresponds roughly to the reliability
of the analog computer operation. For tests where noise was
introduced, the error in the response functions was estimated
by measuring only the maximum amplitude of fluctuation of the
response to noise, i.e., steady state operation. The estima-
tion of error in the integrals was conducted according to the
methods of Chapter IV.

The fundamental matrices were generated on the Osage
computér according to the instructions in Chapter V. The
final data were fed as input to the computer program

(Appendix E) which carrlied out the identification.



CHAPTER VII
DISCUSSION OF RESULTS

Identification of Second Order Systems with Real Poles

A typical segment of a Sanborn recording of a set of
linearly independent response functions and the corresponding
forcing pulses of a simulated second order system are shown
in Figure 19. The two forcing functions applied were trap-
ezoldal pulses and were used to force y;(t) and yo(t) indi-
vidually, thereby securing linear independence of the re-
sponses. The system tested had two real natural frequenciles
of -0.002 [1/sec] and -0.1 [1/sec], the ratio of which 1is 50.
This ratio of natural frequencies 1s moderately high, but it
is in a range where identificatlion by conventional methods
is possible.

The results of identification of this system are
shown in Figure 20. In Figure 20a the error prediction as a
function of 6 1s presented, and in Figure 20b the correspond-
ing identificatlon results are shown.

The error prediction corresponds to estimated un-
certainty of the data of 0.5 volts (0.5 percent of full scale
deviation). This estimate is based on a general knowledge
of the accuracy of the analog computer, but is quite arbitrary
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since 1t does not take into account the uncertainty intro-
duced by errors in the potentiometer settings. This error
is difficult to estimate since it depends on factors such as
the range of the potentiometer scale used and other external
factors which could not be evaluated properly. However,
these uncertainties do not affect the response functions,
but rather they result in deviations between the system that
was actually programmed and the system that was intended to
be programmed; 1.e., the calculated system. In reallty, the
estimation of 0.5 percent error in the response functions
was not so much intended to predict the actual errors in the
identified poles but rather to serve as a tool in the minimi-
zation of the predicted errors.

Comparison of the:actual error prediction in Figure
20a with the simplified theoretical curves in Figure 5 shows

the effect of the term Av, which in Flgure 5 was assumed to

1
be constant. According to the simplified Equation (3-54) the

error should be minimized when 6 is equal to the time coﬁstant,
which for the high natural frequency corresponds to error
minimization at 6 = 10 seconds. In actuality the error was
minimized at 6 = 30 seconds. This difference is a result of
the effect of Avi which is in reality a function of &§. As
will be seen later this drift of the error minimizatlon to
higher values of & was consistent throughout all the tests.

In the plots of the relative predicted error only
the range up to 100 percent was included since beyond this

value the identification is totally meaningless. However,
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as 1s obvious from the steep slopes of the error curves, the
predicted error rises quickly to values as high as 105 percent.
This rapid increase is an advantage because 1t very clearly
indicates the error minimization region even when noise is
present (as will be seen later).

The predicted relative error curve of the low natural
frequency flatteﬂs out at relatively low values of 8§ as com-
pared to the value of the corresponding time constant, which
is in agreement with theoretical considerations. This behav-
ior is desirable since it allows proper identiflcation over
relatively short records. It also eliminates the need to
perform tests that are so long as the highest time constant,
particularly when the natural frequencies are wldely separated.
In effect the ldentification procedure can be considered as
a process of decoupling the various natural frequencies, each
of which 1s identifled in the region of & where its effect is
most significant.

The results of the identification, Figure 20b, also
illustrate some interesting points. The identification of
the high frequency 1s very accurate and stable at low values
of §, which is the range where the corresponding relative
error is minimized. For larger values of &, where the pre-
dicted error increases again, the identification becomes
unstable and begins to drift. This difficulty is of course
expected since as 6 increases the high frequency term becomes
relatively insignificant and its reliability doubtful. The

identification curve for the high frequency does not exténd'
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beyond 6 = 70 seconds since the computation became unreli-
able.* Thls phenomenon was present in most of the identifi-
cation tests when relatively wldely separated natural
frequencies were present.

The ldentification of the low natural frequency was
essentially stable over the whole region except at very low
values of 8. The fact that the identified value of the low
- natural frequency was not in exact agreement with the calcu-
lated value (a deviation of about 9 percent) probably is a
result of error in the potentiometer settings on the analog
computer and not the identification itself.

In general, the smoothness of the error curves and
the stability of the identification (as a function of &) is
seen to be a good criterion for the quality and reliability
of the l1dentification. The actual final identification is
taken to be the values of the natural frequencies at which
the calculated relative errors are minimized. The predicted
relative errors of the identified natural frequencies for
the system of Figure 20 are less than 1 percent, which in
this case is a realistic estimate. .

For the identification that was discussed above, tl
was taken to be equal to 6 as was recommended in Chapters III
and V. The effect of performing the ldentification at values

of tn larger** than 6 was also investigated experimentally.

-1

*The argument of a logarithmic term in the computa-
tion became negative.

*##¥Smaller values are impossible.



158
Figure 21 shows the effect of varlation of tl on the identifi-
cation of a second order system with real poles py = -0.0646
[1/sec] and pp = -1.9354 [1/sec]. The predicted relative
error 1s shown as a function of tl for various values of 6§,
As tl increases the error rises rapldly to very high values.
The exception in the case where 6§ = 1.5 seconds (where the
error decreases when tl is increased from 1.5 to 3 seconds)
1s due to the fact that this particular change causes a
relative improvement of the identification. On the other
hand the overall results are not improved as can be seen from
the dashed line that connects the points for which § = tl.
The general conclusion confirms the theoretical considera-

tlons that tn nmust be invarliably selected to be equal to

~1
6. Therefore, throughout the remaining studies, 6 = tl.

Figure 22 shows the identification of a second order
system with extremely wide separation between the natural
frequencies (ratio of natural frequencies is 1000). The high
frequency of such systems can usually not be identified by
standard techniques. As before, the identification of the
high frequency term 1is very stable at low values of 6 and
begins to drift as 6 increases beyond the value where the
error is minimized. The relative bandwidth of stable iden-
tification of this frequency 1s lower than in Figure 20,
which 18 to be expected. It should be noticed that the pre-
dicted error for the high natural frequency is much larger
than the actual instability of the identification. The in-

crease 1is a result of the relatively high sensitivity of
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this natural frequency.

The identification of the low natural frequency is
unstable at low values of 6. It becomes stable as 8§ increases
and 1s in agreement with the corresponding error curve. The
slight drift in the identified value of the low frequency 1is
more than likely due to drifts in the analog computer opera-
tion which became significant when prolonged tests were |
performed.

Of particular note 1s the fact that the low natural
frequency 1s properly identified (and the predicted error is
relatively low) at values of & which are considerably lower
than the corresponding time constants. As was stated before,
this characteristic is of great importance in ldentification
of chemical processes which usually possess very long time
constants and respond very slowly.

The identification of a system wlith very close poles
is presented in Figure 23. The sampling frequency was rel-
atively low due to physical limitatilons of the output equip-
ment (Cf. Chapter VI). Therefore the points in the graph
were connected by straight line segments rather than by
curves. The identification 1s stable throughout the tested
region (exéept for very low valueé of 8 at which the identifi-
catlon 1s always extremely sensitive). The identification of
both natural frequenciles occurs simultanecusly as can be seen
from the error minimization characteristics in Figure 23b.

In general the ildentification of second order systems

with real poles was very satisfactory throughout the tested
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reglon and no particular limitations were discovered. A
summary of final ldentification results of a variety of
tests 1s given in Table 3. The fact that there is no con-
sistent pattern in the error prediction as a function of the
natural frequency ratios is due to variations in the degree
of linear independence and the quality of the responses.
This problem of linear independence of the responses will be

discussed later in further detall.

Identlification of Second Order Systems with

Complex Poles

Figure 24 presents a typical set of linearly inde-
pendent response records and the integrals which were ob-
tained from a simulated second order system with complex
poles. The forcing functions which are also shown were
narrow triangular pulses. The results of the identification
of this system are shown in Figure 25. Thls system which
has a pair of complex poles pl,2 = -0.06 ¥ J 0.19078 possesses
a damping factor & = 0.3 and has very stable characteristics.
As can be seen from Figure 25b the ildentification of both the
real and the lmaginary parts of the natural frequency 1s very
stable throughout the tested region of 6. The error propaga-
tion characteristics of the real part of the natural frequency
are quite similar to the case of real poles although its flat
region 1s relatively wilde.

Of particular interest is the behavlior of the relative

error of the lmaginary part of the pole. The relative error



FINAL RESULTS OF IDENTIFICATI

TABLE 3

SYSTEMS WITH REAL POLES

ON Ol: SECOND ORDER

= — —
Calculated System Identified System

Test 9y [1/sec) sy [1/8e0]

Series -», [1/8ec] -p,[1/800] Po/Py
No Identified % Relative R Identified % Relative ™

. Value Predicted Error [sec] Value Predicted Error rgea)

1200 0.09429 0.1077 1.4 0.09602 1.72 12 0.1087 2.314 12
800 0.06667 0.1 1.5 0.06742 1.208 10 0.10764 2,545 10
1600 0.05 0.2 4,0 0.0493 0.147 12 0.1997 0.909 4
1700 0.02 0.2 10.0 0.0195 2.2u6 18 0.199 0.936 20
1 0.002 0.1 50.0 0.002149 0.71 126 0.1011 0.324 30
1900 0.002 0.2 100.0 0.001878 6. 60 0.1974 0.248 14
6000 0.0004 0.2 500.0 0. 12 T.37 1 0.1879 1.39 16
6100 0.0002 0.2 1000.0 i 0.0001885 9.01 2 0.1997 14.6 20

®All identifications were based on estimation of 0.5% error in the response data.
##Value at which the predicted error was minimized and pole evaluated.
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possesses a perilodlic oscillation and approaches infinity at
intervals when 6Im[p; ] = m, a result which is in agreement
with the theoretical considerations of the last section of
Chapter III. The branches of the error function change in
height since the relative error is a ratio between a term
that 1s similar to the error function of real poles and a
sinusoidal term (Cf. Equation (3-55)). Therefore the
relative error of the imaginary part is minimized at the
minimum of the branch closest to the value of & at which the
relatlive error of the real part is minimized. Although this
1s difficult to see in Figure 25 due to the flatness of the
error curve of the real part of the natural frequency, it 1s
clearly apparent in Figure 26 which shows the error propaga-
tion characteristics of a complex system with & = 0.7. The
second branch of the error in Figure 26 is already higher
than 100 percent.

As the damping factor increases, the wildth of the
branches of the error curve of Im(pi) increases. Thls can
be seen by comparison between Figure 25a and Figure 26. When
. § approaches unity the imaginary part of the pole approaches
zero and its identification becomes very sensitive. Table 4
shows the 1dentification of a system with two identical poles
(g = 1). It can be noticed that even slight errors in the
response records affect the ability of the identification re-
sults to indicate either a complex system with a very small
and uncertaln imaginary part or a real system with two dis-

tinct but close natural frequencies. When & approaches zero,



{00
L © REAL PART OF NATURAL
ool FREQUENCY
A IMAGINARY PART OF
- NATURAL FREQUENCY
80 (ESTIMATED ERROR IN THE
ol- F RESPONSE DATA = 0.5 %)
alv»
< TOF
o L
o4
60}
(1 =
P
& 50f
W L
wu »
> 40
: =
4 30¢
11}
w R
® 20}
10}
o [y . g 2 2 g 8 3 L 9 2 s 3 2

0 2 4 6 8 10 12 14 [ I8 20 22 24 26 28 30
d (sec)

FIGURE 26. ERROR PROPAGATION CHARACTERISTICS OF SECOND ORDER SYSTEM
WITH COMPLEX POLES: | 2=-0.14% j0.142828. NO SUPERIMPOSED NOISE

891



TABLE 4

IDENTIFICATION OF A SECOND ORDER SYSTEM WITH IDENTICAL

POLES (§ = 1) : p; = py = 0.1[1/sec)*

-Re(p) In(p) -0y -0p
8{sec]
Identified & Predicted Identified £ Predicted Identified % Predictead Identified % Predicted
Value [1/sec) Error Value {1/sec] Error Value (1/sec] Error Value [1/sec) Error
2 0.1002 48.042 0.01663 1.5 x 10'3‘
4 0.1016 19.514 0.0109 7.2 x 10 .
6 0.03008 154.8 0.1828 130.4
8 3 0.09827 44,7 0.1043 128.7
10 0.1019 B.Zg 0.0102 1.4 x 103
12 0.1019 3. 0.0097T4 1.1 x 10
14 0.1018 0.893 0.00993 97.62
16 0.1018 1.364 0.0101 104.09
18 0.1019 1.891 0.0090 151.23
20 0.1020 2.491 0.00884 169.71
22 0.1020 3.007 0.00908 179.45

'Identi!‘icluon was based on

estimation of

0.5% error in the response data,

691
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the system response approaches a sustalned oscillation. For
such systems the ldentification of the real part of the
natural frequency becomes senslitive. It must be emphasized,
however, that in these border regions (when & approaches
unity or zero) the paris that become difficult to ldentify
are insignificant, and thelr effect can be practically

neglected.
In general the ldentiflcatlon is stable for both the

real and the lmaginary parts of the natural frequencies for
values of € between 0.1-0.95. Table 5 gives a summary of
the final results of identifilcation of systems over this

range.

Effect of Noise and Error in Response Data

on Quality of Identiflcation

A sample of a high speed recording of the nolse func-
tion generated by the random square pulse generator is shown
in Figure 27a. The mean frequency of this noise function is
13.7 zero-crossings per second. This random noise function
was attenuated and introduced into the tested systems to gen-
erate the noise in the response functions, Figure 18. Figure
27b and ¢ show the nolsy response functlons of a second order
system with widely separated natural frequencies. The noise
level in these response records was estimated as 3.4 volts
(1.e. 3.4 percent of full scale deviation). The corresponding
identification results of this system are shown in Figure 28.

Due to the nolise the relative error curve is no longer smooth



TABLE 5

RINAL RESULTS OF IDENTIFICATION OF SECOND ORDER
SYSTEMS WITH COMPLEX POLES*

[ T T
Calculated System Identified System
Test
Re(p1) (1/sec] Im(pt) (1/sec)

Series ~Re(p1) Im(p1) .

No. [1/8ec]) {1/sec] Identified % Relative - Identified % Relative

Value Predicted Error [sec) Value Predicted Error

2100 0.09 0.04358 0.9 0.0908 3.34 20 0.0445 10.8

2200 0.10 0.12 0.8 0.,1613 4,42 8 0.1208 6.16

2300 0.14 0.142828 0.7 0.1408 1.125 8 0.1437 1,004
2400 0.12 0.16 0.6 0.1208 2.749 10 0.16126 5.23

2500 0.10 0.1732 O.g 0.1008 0,742 6 0.1743 0.454
2600 0.08 0.1833 0, 0.08107 0.493 24 0.1847 0.385
2700 0.06 0.19078 0.3 0.0609 0.501 24 0.1913 1,123
2800 0.04 0.19596 0.2 0.0405 1.566 14 0.1970 0.573
2900 0.02 0.199 0.1 0,0202 0.635 18 0.1994 0.208

T.T

®All identifications were based on estimation of 0.5% error in the response data.

“*value at which the predicted error was minimized and pole evaluated,
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but rather possesses random characteristics. However, the
error minimizatlion region 1s still clearly identiflable even
for the high frequency. It is important to notice that the
bandwidth of stability of the high natural frequency 1s very
narrow because of the noise, indicating the high sensitivity
of 1ts identification. This effect is expected since the
high natural frequency interacts with the noilse and its
response 1s thereby masked. At a high enough noise level
there would be no distinguishable difference between the
effect of nolse and that of the high natural frequency pres-
ent. Thus for all practical purposes, under such circum-
stances, the system could be ldentified at best as first
order. Figure 28b shows the results of the identification.
It can be seen that the high frequency term possesses a
relatively stable value only over the narrow region where
the corresponding error ls minimized. The stability of
identlfication of the low natural frequency 1is only slightly
affected by the presence of the noise. The fact that the
ldentified value of the low natural frequency deviates by
about 9 percent from the calculated value is probably due to
errors in potentiometer settings on the analog computer.

The identification of a system with complex poles
in the presence of nolse 1s shown in Figure 29. The effect
of nolse magnitude on the quality of the identification is
studied. For comparison the identiflcation results of this
system (§ = 0.5) without superimposed noise is also presented.

Typical noisy response records are shown in Figure 30.
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POLES:J,'2=-O.|1jO.l732(l/sec.). EFFECT OF NOISE MAGNITUDE ON

QUALITY OF IDENTIFICATION.
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The most important point that is seen from Filgure 29
is the significant narrowing of the bandwidth of &6 over which
the system can be ldentifled, due to increased noise: beyond
§ = 12 seconds for the system with 8 percent noise and beyond
6 = 14 seconds for the system with 4 percent noise, negative
logarithmic arguments were obtained in the identification
calculations, indicating total unreliability of the response
data Iin these regions. This breakdown can be appreciated if
the response records of Figure 30 are consulted: It can be
seen that beyond about t = 15 seconds little, 1if any, of the
significant response 1is still present 1in the recorded signal.
Within the identifiable region the error curves are quite
stable and well behaved even for the system with 8 percent
noise level.

The results of the ldentification in Figure 29b i1illus-
trate an interesting and important phenomenon. For the system
with no superimposed nolse the identificatlon 1s extremely
stable and the results agree exactly with the calculated
values. As noise is introduced into the system, a drift in
the identified values (as a function of 8) becomes evident
which Increases as the noise level 1s raised. This effect
is not a result of the presence of random noise, which ac-
counts only for the fluctuations 1n the identified values
but not for the drift. It is g consequence of the fact that
the input noise function was not properly balanced and there-
fore introduced a bias into the system's response functions.

This bias, which, 1n effect, 1s a shift in the steady state
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was not taken into account and was not subtracted from the
responses prior to the integration and the construction of
the fundamental matrices. This difficulty illustrates the
need for correct knowledge of steady state operating condi-
tions when the present identiflication method is utilized.
However, this phenomenon also suggests the means for elimina-
tion of the difficulty: when the steady state conditions
are not accurately known, or when bilases which aré not ac-
counted for are present in the response data, a simple
correction prdcedure can be established for elimination of

the error, based on the drift as a crilterion.

Effect of Error Estimation or Quality of Identification

Figure 31 shows the effect of variation of the esti-
mates of error bounds for the response data on the minimiza-
tion characteristics of the predicted relative errors of the
natural frequencies. The response functions that were used
for this identification were free of superimposed noise.

The irregularity in the results of identification of the low
natural frequency 1s apparently due to some disturbance in
the analog computer bperation during the testing. When the
estimated uncertainty of the response data is low, the pre-
dicted band of stability of the high natural frequency 1s
very wide. As the assumed error bounds of the data are in-
creased, the predicted bandwidth of stability of the high
frequency becomes narrower, and the error minimization shifts

toward lower values of 8. This trend 1s 1in agreement with
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observations made in the previous section.

Figure 32 shows the effect of error estimation in the
case where nolse was present in the response data. When the
error was underestimated, the predicted relative error of
both natural frequencies was minimized in unstable regions.
For the high frequency, the minimization occurred at too high
a value of 8 and for the lowmfrequency at too low a value of
6, which can lead to erroneous identification. Furthermore,
the predlicted error level is unrealistically low. When the
error was correctly estlimated reliable results were obtained.
Overestimation of the error results in safe evaluation of
the location of error minimlzation but drastically exaggerates
prediction of the uncertainties in the results. Thus the
relative error of the high frequency in Figure 32a for the
high error estimation is never below 100 percent. This re-
sult 1s another form of erroneous ldentification since it
implies that the high natural frequency does not have any
significant effect in the presence of the noise, which is
not correct.

It can be concluded that as the actual nolse level
increases, it becomes more and more important to have good
error estimates 1f reliable identification is desired. Over-
estimation of the error is usually safer than, and superior
to, underestimation.

Methods for Securing Linear Independent Responses

and Effects of Weak Linear Independence

The effect of weak linear independence of the
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response functions is very similar to the effect of error.
Although weak linear independence does not introduce random
characteristics into the results, 1t magnifies the effect of
existing error. From a theoretical viewpoint linear inde-
pendence can be secured‘by forcing a certain input variable
with pulses that contain different spectral density distribu-
tions. Practical experimentation with this method failed to
provide the required responses and no significant linear in-
dependence was obtained, even when virtually no noise was
present in the system. As noted previously, the method that
was successfully applied for obtalning linear independent
responses was forcing a different variable, or combination

of variables, each time.

Effect of Utilization of Higher Order ® Matrices

The results that were obtained by utilization of
fundamental matrices ® of order higher than n-l1 in order to
improve the results of identification were usually unfavorable.

Although the nolse effects were considerably reduced
thfough the process of integration, it appeared that unac-
countable errors such as blas and steady state deviations
were conslderably amplified through the higher order integra-

tion process. Thls technique 1is therefore not recommended.

Identification of Third Order Systems

The results of identification of some representative
third order systems are illustrated in Figures 33, 34 and 35.
Figure 33 shows the results of identification of a
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system with three moderately separated real poles. The
identification is generally stable except for the range of
low & where some deviation 1s evident. The error minimiza-
tlon characteristics are quite stable and properly behaved.

Figure 34 illustrates the results of identification
of a system with one real pole and a pair of complex poles.-
The complex pole has a damping factor € = 0.531 and the
ratlo between the real pole and the real part of the complex
pole is 8.5. Figure 34b indicates very stable identification
results as expected for such a system.

The results of identification of a rather sensitive
third order system are illustrated in Figure 35. Thls system
possesses one real pole and a pair of complex poles. The
damping factor € of the complex pole is 0.341 and the ratio
between the real pole and the real part of the complex pole
is 23. It is evident from Figure 35b that the identification
of the real pole becomes quite difficult and unstable due to
its relatively high frequency. The error prediction in
Figure 35a is in accord with the theoretical consliderations.

Several general observations can be made concerning
the identification of third (and higher) order systems:

(1) The deviation between the predicted and real
errors becomes exceedingly large as the system's order in-
creases. This behavior is evident in Figures 34a and 35a
where the predicted errors are noticeably hlgher than the
calculated devliations. The reason for this phenomenon 1s the

fact that the error propagation analysls evaluates the extreme
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bounds of errors, i.e. the largest possible errors, rather
than the expected (most likely) deviations. As the order of
the sYstem increases, the probabllity of attaining the ex-
treme error bounds becomes exceedingly low because of the
increased number of permutations of matrix configurations.
In fact, the proportionality 1is 1/h2.

It might be suggested that 1t would be desirable to
perform an error analysis baséd on the expected deviations.
This approach is questionable 1f the increased complexity
and computational requirements are taken into consideration.

(2) The generation of responses that are sufficiently
independent (with regard to the noise level) becomes more
difficult as the order of the system 1s increased. This
statement 1s quite obvlious and the equivalent of 1ts implica-
tions 1s true for any identification method.

(3) Computational sensitivity may become a factor to
be considered when higher order systems are to be identified.

(4) The largest interval & over which the identifica-
tion can be performed is (1/n)th of the response record
length., Thus for third order systems 6 can extend to one
third of the record length (as compared to one half for.
second order systems). In other words longer response
records are required for identification of higher order
systems. Thus the relative bandwidth of stability for the
high frequencies becomes narrower and thelr identification
becomes more sensitive.

In spite of the above remarks the results of the
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identification of third order systems are very satisfactory
and indicate favorable possibilitles for identification of

even higher order models.

The Problem of Misldentification

Figure 36 illustrates the results of an attempt to
ldentify a third order model for a second order system.
Thus, three response functions were used for the ldentifica-~
tion and three natural frequencies were evaluated.

The two truly existing natural freqﬁencies (pl =
-0.02 [1/sec], pp=-0.2 [1/sec]) are correctly identified and
the results are very stable. The predicted relative error
(not illﬁstrated) behaves properly and in accordance with
theory.

The third erroneous natural frequency i1s obtained as
a result of errors present in the responses (which is the
only reason for the responses not being absolutely linearly
dependent). This apparent natural frequency is very unstable
and oscillates strongly, as a function of 6, even toward
positive values which would imply the system's instability!
The predicted relative error for this natural frequency was
in the order of 105 percent throughout the tested range.
Consequently this natural frequency would be rejected if any
reasonable acceptance criterion were established. Thus, for
all practical purposes, this system is in effect identified
as belng of second order.

The error analysis, belng a very sensitive gauge of
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the reliabllity of the identification, indicates whenever
difficulties in the identification are present. The cause
for difficulty of identification is invariably weak, linear
independence between the responses. The error analysis indi-
cates which of the natural frequencles 1s poorly presented
in these responses and thereby, implicitly, determines the
effective order of the system (as evidenced through these
particular responses). Since the reason for this weak linear
independence cannot be determined directly through the

identification, engineering judgment has to be applied.

Identification of Actual Chemical Plant Test Data

Actual chemical plant test data were obtained for
identification by the time domain technique. These test
data of an operating plant were originally generated by a
petroleum company for the purpose of analysis and identifica-
tion by the pulse testing and Fourlier transformation method.
The response data and the respective forcing pulses are
presented in Figure 37.

Before presenting the results of the identification,
several remarks pertaining to the test data are in order:

(1) No particular effort was made to generate linearly
independent response functions since for the Fourlier trans-
formation identification method only one test is required.
Although the responses are satisfactory from this aspect they
were obtained by simply forcing the different inputs without

any particuldr emphasis on linear independence.
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(2) The system possesses pronounced nonlinearities
as can be observed by inspection of the response functions.
Of particular note is the dead-time (or time delay) which is
clearly recognized in the responses 6f test no. 2 in Figure
37. A definite change of slope 1s evidenced in both response
functions y;(t) and y,(t), which occurs at t = 90 and is the
result of a sudden change in the 1input level which occurs at
t = 65. Thus, there 1s a dead time of about 25 time units.

(3) The strong oscillations of the input function in
test no. 1 do not (visually) appear to affect the response
characteristics. The apparent reason i1s the relatively high
osclllation frequency as compared to the plant's natural
frequencies. The change in the operation level of the input
of test no. 2 has a profound effect on the response functions,
and as a consequence (as will be seen later) also a harmful
effect on the identification results.

(4) No steady state data were avallable. The steady
state operating levels (indicated by the dashed lines in
Figure 37) were estimated by a trial aﬁd error identification
procedure where an effort was made to eliminate drifts in
the identification results (cf. discussion on page 178).

(5) The noise level in the response functions is very
high and was estimated as 20 percent of the maximum amplitude
deviation.

(6) No attempts were made to smooth the response
records. The identification was made based on readings off

the actual response functilons.
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(7) The order of the system was not known a priori.
However, since only two sets of test data were available, a
second order model was the highest posslble order or identifi-
catlon. As the identification results prové, second order
identification was satisfactory.

Two sets of identification tests were made: one was
based on the responses of yl(t) and the other on the responses
of yg(t). Since only the general model was sought, both
identification test sets were expected to yleld the same
results, i.e., the system's poles.

The results of the ldentification are presented in
Tables 6 and 7.

In Table 6 the results of the identification based
on the response records of yl(t) are listed. At low values
of & two real poles are identified, which are quite unreliable
as indicated both by the wlde fluctuations in the identified
values (as a function of 8) and by the respective error pre-
dictions. The results become more stable, however, as & in-
creases. As & reaches 18 TU (time units) a pair of complex
poles begins to appear, which has a real part of about
0.0105 [1/TU] and a damping factor of about 0.71. This
identification is steadily obtained, (within ¥ 30 percent),
as & increases up to 42 TU.

It should be noted that the identification of the
imaginary part of the pole is less reliable than the real
part, which is evident both from the identified values and

from the predicted relative errors. The error for the real



TABLE ©

IDENTIFICATION OF CHEMICAL PLANT TEST DATA
(BASED ON RESPONSE RECORDS OF yl(t) IN FIGURE 37)

~Re(p) Im(p) -0 -0,
sgTu)™* Identified Per Cent Identified Per Cent Identified Per Cent Identified Per Cent

Value Predicted Value Predicted Value Predicted Value Predicted
[1/TU] Error [x/TU] Error {1/TU] Error [1/7U] Error

2 0.02154 T 38T.0 0.84180 4739.5

6 0.01079 15.8 0.1289 207 .4

10 0.01459 8.3 0.1019 189.7

14 . 0.01882 3.0 0,07799 87.3

18 0.01047 36.0 0.0129 216.7 :

22 0.007015 39.2 0.01646 T7.6 '

26 0.01335 32.6 0.0167 48.3

30 0.01052 20,4 0.00954 72.9

34 0.01078 11.6 0.0170 43,2

8 0.01052 7.75 0.011 39.2

2 0.01319 13.9 0.0107 31.6

46 0.02032 8.74 0.0124 36.5

50 0.02172 9.35 0.0105 52.5

54 0.0185 11.73 0.01455 93.2

R6T

*Error prediction is based on estimation of error bounds of 20 per cent (of full scale deviation) in the response functions and
25 per cent in the integrals.

*¥
TU are normalized time units used in the response records in Figure 37.




TABLE 7

IDENTIFICATION OF CHEMICAL PLANT TEST DATA

(BASED ON RESPONSE RECORDS OF ya(t) IN FIGURE 37)

-

-Re(p)

Inm(p)

- .. |

-pl -p2

S{TU e Identified Per Cent Identified rer Cent Identified Per Cent Identified Per Cent
Value Predicted Value Predicted Value Predicted Value Predicted
{1/10) r {1/TU)] Error [1/1u] Error {1/1v) r

2 0.01171 308.3 | m—— ——

6 0.1667 143.5 0.01833 2&28.2
10 0.05397 102.1 0.01053 2.,
14 0.01712 124.9 0.0401 .2
18 0.02338 51.0 0.00947 18.34
22 0.00492 61.37 0.01445 116.32
26 0.01302 12,00 0.01845 23.39
30 0.0134 11.07 0.01935 17.13
34 0.0077 20.1 0.0185 18.22

8 0.01296 13.3 0.0173 21.33

2 0.01383 18.08 0,01905 15.4
46 0.02683 18.11 . 126,0
50 0.02258 23.70 0.07004 119.53
54 0.02097 17.36 -— —

*Error prediction is based on estimation of error bounds of 20 per cent (of full scale deviation) in the response functions and

25 per cent in the integrals.
#4TU are normalized time units used in the response records in Figure 37.

G6T
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part is minimized at & = 38 TU and the imaginary part at & =
42 TU. The final identification, (corresponding to the value
of & at which the error minimization occurs), is pl’2 =
-0.01052 ¥ J 0.0107 [1/TU].

As & reaches 46 TU there occurs a sudden Jjump in the
identification of the real part of the pole to a value of
about -0.02 [1/TU], without any significant simultaneous
change in the predicted relative error. This upset 1is ob-
viously a result of the change in the input level in test no.
2 which propagates into the responses at t = 90 TU. The
identification (of a second order system) reaches this value
of t when & = t/2, 1.e., 6 = 45 TU. This value 1is in agree-
ment with the results of the ldentification.

From Table 7, which presents the identiflcation re-
sults based on the response records of y2(t), observations
similar to those above, concerning the identification char-
acteristics, can be made. The identified values for the
poles are 91,2 = -0.01343 F J 0.01905 [1/TU]. The deviation
in the identification of the real parts between Table 6 and
Table 7 are rather insignificant, consldering the uncertainty
level of the results. However the deviliation in the identifi-
cation of the imaginary parts, (about 40 percent based on
the value of Table 7), is of significance and is probably a
result of slight errors in evaluation of the steady state
conditions.

No other information about the dynamics of the tested

plant was avallable and therefore no comparison of results
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could be made. Nevertheless, the identification appears to
be very satisfactory, and in spite of the limitations and
uncertainties associated with the test data, quite reliable
results are obtained.

The effect of nonlinearities has not been investigated
in this research and therefore no conclusions concerning their
effect on the identification can be made.

Noise can be tolerated even when present at relatively
high levels so0o long as its frequency 1is high compared to the
system's natural frequencies. Low frequency disturbances
during the testing perliod may have a disastrous effect on
the identification as 1s evidenced from the results due to

the change in the input level of test no. 2.



CHAPTER VIII

CONCLUSIONS AND RECOMMENDATION.

Concluslons

The time domain technigue appears to be a useful
method for linear system identification. It permlits accurate
determination of the system's parameters and overcomes most
of the difficultlies assoclated with frequency domain identifi-
cation methods. The assoclated error propagation analysis
proves to be a very powerful tool, both as a convergence
criterion for actual execution of the ildentification and as
a device for prediction of the degree of rellability of the
identiflied model. The computational requirements are not
severe, and the ldentification can be effectively carried out
on a medium size digital computer. The computing time is
insignificant, and except for the error analysis, could be

carried out by hand.

Range of Applicabllity

From the results of the identification studies of
simulated systems it appears that systems with a very wide
range of natural frequency ratios can be identified. Second
order systems with real poles, which have natural frequency
ratlios ranging from 1 to 1000, have been properly evaluated.

198
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No particular difficulties have been encountered in identifi-
cation of systems with complex poles. However, the identifi-
cation of the imaginary parts of the poles for systems with
high damping factors is slightly more sensitive than the
identification of the corresponding real parts. Third order
systems have been properly ldentified, and it appears that
the method may beAuseful for identification of even higher

order systems when the nolse level 1s low.

Effect of Nolse

The uncertainties linfroduced into the identification
due to the presence of noise are generally nominal, i.e.,
of the same order of magnltude as the nolse present. Low
natural frequencies are usually less affected, whereas the
high natural frequencies may be lost if the nolse level is
too high. Low frequency disturbances such as changes or
drifts of steady state operation level cannot be tolerated

for this identification method.

Determination of the System's Order

Although this identification method does not explicit-
ly determine the order of the system, it can be evaluated
through proper execution of the ldentification. The order of

the system 1s indicated through the error propagation analysis.

Comparison to Frequency Domaln Identification Methods

This investigation indicates superiority of the

present time domain identification method over frequency
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domain techniques from various aspects:

(1) It permits exact evaluation of the numerical
values of the system's parameters which cannot be easily
done with frequency domain methods.

(2) It is applicable over much wider ranges of
natural frequency ratios than frequency domain methods.

(3) It optimizes the identification in the sense
that the error of identification is minimized, thereby
reducing the_effects of noise and error in the data.

(4) It permits estimation of the quality of the

identified model.

Limitations

No particular limitations of the time domaln tech-
nique have been discovered in this investigation. It is,
however, possible that for higher order systems the method
may become unstable. Nonlinearities in the system, the
effect of which has not been studied in this investigation,

may also introduce some unexpected difficulties.

Recommendations for Future Work

The present investigation focused mainly on the
determinatlion of the general model of linear systems. Several
aspects of the proposed ldentification method have yet to be
gtudied.

(1) The theoretical principles for identification of
the Particular Model have been outlined in Chapter II. This

problem has to be investigated both experimentally and
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computationally. An error evaluation procedure will have to
be established for this phase of the identification. Various
types of input functions should be lnvestigated.

(2) The effect of nonlinearities in the systems
should be studied with particular emphasis on the approxima-
tion of nonlinear systems by linear models. Input forcing
functions must be generated which will either not affect the
system parameters or will affect them in some predetermined
way .

(3) An extensive comparison of this method with
frequency domain techniques should be made.

(4) A rigorous experimental program designed to
elucidate difficulties with this and other identification
techniques should be performed. In particular various common
types of chemical processes should be lnvestigated.

(5) With regard to the error analysis an optimal
search scheme for the determination of the minimum error,
and correspondingly the "correct" value of the time constant,

should be established.
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APPENDIX A
NOMENCLATURE¥

n x n coefficient matrix of a linear time
varying system (2-2)

coefficient matrix of equivalent linear system
(2-38)

coefficlent matrix of equivalent constant
parameter linear system (2-51)

constant

constant coefficient of (n-i)th derivative of
the dependent varlable in an nth order scalar
linear differential system (2-49)

140 element of matrix A(t) (2-3)
coefficient of the (n-1)®! derivative of the

th order scalar dif-

dependent variable in an n
ferential system (2-4)

n x m coefficient matrix of a linear time
varying system (2-2)

13*0 element of matrix B(t) (2-3)

general constant matrix

*The numbers at the end of the definitions are the

equation numbers in which the symbols are either defilned or

first used.
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el:iJ
£(t)

T(t)
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arbitrary constant
distortion coefficient for matrix Dy, corres-
ponding to eigenvalue vy (3-33a)
arbitrary constant
parameter in Exponential4Cosine autocorrela-
tion function (4-36)

error (discrepancy) matrix of inverse matrix

® (3-5)

first order approximation of matrix D (3-6)
error matrix assoclated with the matrix H
(3-22)

130 element of matrix D

thh element of matrix Dh
k™ element of matrix D
determinant

error bound matrix for @ (3-1)

error bound matrix for fundamental matrix'a1
(3-21)

statistical expectation (4-1)

index

thh element of errof matrix E

thh

element of error matrix E1
general time function (general forcing func-
tion of a process)

forcing functilon vector of equivalent linear

system (2-37)
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€ ()
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Ca
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nth forcing function of equivalent linear
system (2-36)
nonsingular n x n constant matrix
power spectral density function of random
function x(t) (4-14)
power spectral density functlon of random
function y(t) (4-40)
coefficient of the (n-k)"® derivative of the
Jth independent variable of a scalar differen-
tial system (2-4)
constant matrix defined by the product

-1
$ Ttn_l) '1;_1(tn_1-3)

n-1

transpose of matrix H

identity matrix

imaginary part of a complex number
subscript

Jordan canonical matrix (2-56), (2-57)
subscript

/=T (3-34)

constant (parameter of Exponential-Cosine
autocorrelation function) (4-36)
parameter of band-pass noise model (4-38)
spectral density of white noise
subscript

integer

order of differential operator (2-5)
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linear differential operator of order n (2-5)
adjoint linear differential operator of order
n (2-28)
index
ith experimental zero crossing interval
linear differential operator of order kJ of
the Jth forcing function (2-5)
adjoint linear operator of MJkJ [ 3
index |
parameter of band-pass noise model (4-38)
norm of a matrix (3-7)
Turing norm of a matrix (3-8)
Hotteling norm of a matrix (3-9)
order of the system
general n x n matrix
general n x n matrix
general n x n matrix
probability density function for zero crossing
intervals (4-19)
probablility density function of n successive
axis crossing intervals
probability
périodic nonsingular matrix (B-5)
15" element of matrix P (3-8)
probabllity that there are exactly n zeros in

an interval 1 of a random process

nonsingular constant matrix (2-55)
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R_(7)
XX

r(r)

211
index
constant n x n matrix (B-5)
real part of a complex number
autocorrelation function of random process
y(t) (4-7)
autocorrelation function of random process
x(t)
index
autocorrelation function of clipped Gaussilan
random process (4-18)
Laplace operator
subscript
true value matrix for @ (3-1)
interval of random process
sampling interval of discrete random process
period of time variation
time
limit of ith integration of response record
(2-72) - (2-76)
iength of a finlte segment of a random process
unit step functlon applied at t = A
particular solution matrix function (2-41)
1th eigenvector of matrix H (associated with
elgenvalue Vi) —

ith

elgenvector of the transpose HT of matrix H
transpose of elgenvector v, |

unit impulse response (general weighting
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W(t,2)
W(t-1)

W(t-))

R %) (8)

Wny(2)
X3
x(t)
x(t)
x(t)
%,(4)
xjés-
xJp(t)
xy(t)

%(t)
y(t)

y(t)
yy(t)
¥(t)
¥(t)

ySB
yp(t)

"

f

i

[

il

|

il
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function) of linear system (2-12)
particular weighting function of a linear
(2-34)
weighting function matrix of linear system
(2-47)
welighting function matrix for constant

system assoclated with input xJ(t)

parameter linear system (2-53)

weighting function for constant parameter
linear system (2-54)

Wronskian of a differential system (2-30)
(2-29)

1th sample point of random process

random process (4-2)

clipped Gaussian random process (4-1T)
discrete random process

Jth total input variable (2-83)

Jth steady state input (2-83)

input perturbation variable (2-83)

1®M 4nput function to a chemical process
(2-3)

input vector of a linear process (2-2)
dependent (output) variable of a scalar lin-
ear process (2-7)

random process (4-2)

1*h gependent variable of linear process (2-3)

output vector of a linear process (2-2)
total output variable (2-83)

steady state output (2-83)

output perturbation variable (2-83)
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g(t)
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1th dependent variable of equivalent linear
system (2-36)
output (dependent variable) vector of equiv-

alent linear system (2-37)

Greek Letters

mean number of zero crossing intervals of a
random process per unit time

initial time of random process (4-3)

mean zero crossing interval of Gauséian random
process (4-20)

fractional distance between sample points of
random process, Figure 16

fractlonal distance between sample points of
random process, Figure 16

difference

time interval of integration of response
records (2-70a)

unit impulse function (2-9)

small increment

small constants (3-28)

random function (4-1)

(4-45)

ﬁpper bound for the 1Jth element of the error
matrices E and El

sign matrix assocliated with matrix E

sign matrix associated with matrix El
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th

91J = 1Jth element of sign matrixrs (3-14)

el:ik = 1k  element of matrix 6;

A , = time parameter at which impulse 1s applied
(2-10)

A = particular value of time, parameter of W(t,\)

vy =.1th elgenvalue of matrix H '

£(t) = Gaussian random process

4 = damping factor of second order linear system

Py = ith characteristic root or pole of linear
system

p(7) = normalized autocorrelation function of Gaussian
random process

z = gummation symbol

o = standard deviation of statistical function

T = particular value of time

T = variable of integration (4-6)

L = variable of integration (4-6)

®(t) = fundamental solution matrix for linear system
of equation (2-39), (2-40)

L = abbreviated notation for ];—lrtn-l-sj

abbreviated notation for & (f )

P
"

_ n-1" n-1
1;:’1?;:;7 = higher integrated fundamental solution matrix
(2-75) |
® ;(t, _1-5) = lower integrated fundamental solution matrix
(2-76)
® = ijth element of matrix @ (3-13)

QiJ
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) = 1kth element of matrix ‘1

cpl:ik

wj(t) = J*h response function (or solution) of linear
system

@;(t) = Jth solutlon of the adjoint linear system
(2-27)

qﬁJ(t) = 130 element of fundamental solution matrix
®(t)

th
=
¢1J‘tn-l, 13 element of !%-l‘tn—lj

%, (6,15 = 13*0 eilement of LA G

¢§i~l)(t) = (i—l)th derivative with respect to time of
Jth response of linear system

¢J,k(t) = kth integral of Jth response function evaluated
at time ¢t

Y(t) = particular solution (or response function) of

linear system

¥(t) = complete solution matrix of linear system
(2-41)

w = frequency

w, = frequency parameter of band pass nolse model
(4-38)

w = natural osclllation frequency of second order

linear system



APPENDIX B

GENERAL MATHEMATICAL RELATIONSHIPS FOR IDENTIFICATION
OF LINEAR SYSTEMS WITH PERIODICALLY TIME
VARYING PARAMETERS

Consider the linear system
F(t) = A(E)F(E) + B(E)X(t) , (B-1)

where A(t) is a (n x n) matrix with periodic elements of
period To and B(t) is a (n x m) matrix with periodic elements

of period To such that

A(t)
B(t)

At + To)
B(t + T,) 070 . (B-2)

n

Let ®(t) be a fundamental solution matrix to the

homogeneous system
F(t) = A(t)¥(t) (B-3)

such that each column of ®(t) is a solution vector ¢J(t) =
col. (¢Jl(t), cees Q)Jn(t)], and cpJ(t), J=1, ..., n, are
linearly independent. Then ¥(t) is also a fundamental solu-

tion matrix to (B-3) if it is related to ®(t) by

¥(t) = &t + 1) . (B-4)
- 216
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Correspondingly to every such matrix &(t) there
exists a periodic nonsingular matrix P with pefiod To’ and a

constant matrix R such that

tR
&t) = P(t)e . (B-5)
The proof of (B-5) will be outlined here to clarify

the above relationship. Since
®(t) = A(t)¥(t)
1t follows that

H(t + T) = A(t + T )&t + T,)
A(t)Y(t) .

)

¥(t)

i

Thus ¥(t) is a solution matrix to (B-3), and it is a funda-
mental matrix (nonsingular) since det. ¥(t) = det. &t + To)

# 0.

Since every fundamental matrix can be obtained from

another fundamental matrix by the relation
(t) = &t)-C ' (B-6)

where C 1s a constant, nonsingular matrix, there exists a

particular matrix C such that
®(t + To) = ¥(t) = &t)-C . (B-7)
Moreover, there exlsts a constant matrix R such that

T R
C=e ° (B-8)
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Thus by combining (B-7) and (B-8)
TOR
Bt + 1) = ot)e O . (B-9)
Let P(t) be defined as
-tR
P(t) = &t)e . (B-10)
Then using (B-9) it follows that

Bt + T,) -(t + TO)R

Ht + T,)e

‘P(t)eTon e-(lc + TR

®(t)e "R = p(t) . (B-11)

Thus, P(t) i1s a periodic matrix, and it is nonsingular since
&t) and e’ are both nonsingular.

| The signifilcance of the above relations 1s that the
determination of a fundamental matrix &®(t) over an interval
of length T leads at once to the determination of &t) over
(~=,=).

Thus C in (B-8) is given, in terms of (B-7), by
-1, -1 |
® (r)®(r + To) =& (0)¥w) =¢C (B-12)

and from this relation R is given by (log C)/To. The matrix
P(t) 1s determined by (B-10) over an interval (r,vT,).
Since P(t) is periodic it is at once determined over an
interval (-=,»). Thus ®t) is determined over (-=,=) by
Equation (B-5).

Every solution to (B-1) is given in terms of & t) by



219

means of the equation

‘ B
y(6) = &) § &7 (0B(Ix()ar

[8(6)® (1) IB(A)x(1)dA (B-13)

]
gLt

-1
where &(t)® (A) = W(t,r) is the weighting function for
(B-1).
By means of Equation (B-5) it follows that

W(t,0) = &6)FT(A) = [p(s)e"Rirp(r)e Ry

= p(t)e{t-MR p=1(4) (B-14)

Since:

P(t) = P(t + TO) = P(t + nTo)’ +n = 1, 2, 3,

one obtains

P(t) = P(%)
-1 -1
P (A\)="P (1),
where
6§ =t - mT 0s6sTT
o o
T=1tT - n‘I‘o 0 s 171 < To .

Thus, Equation (B-14) can be written as

W(ea) = p(s) e MR (B-15)

It 1s interesting to examine some of the properties
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of the constant matrix R. If @i(t) is another fundamental

solution matrix of (B-3), then:
®t) = ¢ (t).¢

where G 18 a nonslingular constant matrix. Substitution of

the above relation into Equation (B-9) yields
TOR
¢ (t + T,)a = & (t)ae s (B-16)

and after postmultiplication of both sides of the equation

by a1
TR 1
Qi(t + To) = ¢i(t)ae a

T,GRG™
¢i(t)e (B-17)

Thus, every matrix & (t) determines a matrix arg ™t

which is similar to R. It should, however, be noted that
although R is not determined uniquely, all the characteristic
quantities assoclated with R, which are invariant under sim-
ilarity transformations, are unique. It is clear from the
above discussion that the matrix P(t) is also not unique and
depends on &t).

There exists a matrix G that transforms R into the

Jordan canonical form, Equation (2-55), such that GRG™> = J.

Equation (B-14) then becomes

1

-1
1 e(t-x)GRG ap (1)

W(t,\) = P(t)a

1 (8-2)T -

P(t)a l(A) . (B-18)
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I P(t)6™} 1s denoted by P, (t) then:

W(e) = py(0)elT1)T 2l (B-19)

The matrices J and Pl(t) are uniquely described by the system

and are not dependent on any particular fundamental solution
matrix.

Equation (B-19) reduces to

(t=2)J _-1

W(t,A) = Pl(a)e Py (7) (B-20)

The uniqueness of the matrices Pl(t) and J is important when

analyzing real systems by means of experimental data.



APPENDIX C

DERIVATION OF EQUATION (4-42) FOR THE MEAN ZERO
' CROSSING INTERVAL OF BAND PASS NOISE

The mean zero-crossing interval of a Gaussian random

process 1s given by Equation (4-27) as:

v=5=" [y ] - (4-27)

The normalized correlation function p(r) of a band-
pass noise model is described by Equation (4-41) as:

sin me T - 8in wo'r
p(1) =~ T - (4-41)

Differentiation of (4-41) with respect to rt ylelds

= 1 1
o (1) = gy [ 7 (4 c08 wom - mug cos mugr)

-1 (sinw
e

3 T - sin mon)]

o (c-1)

For the existence of (4-27) it 1s necessary to show that
p'(0) = 0. Substitution of (4-41) into (C-1) and rearrange-

ment of the equation ylelds

1 1 1
p' () = T =mya; 7 (Yo 008 WoT - mug cos mugr) - T p(r)

1 wo cos wo'r - mwo cos mwo-r
- i T e - o(1) ] (c-2)

222




223
In the limlt, as r approaches zero, Equation (C-2)
becomes (after utilization of L'Hospital's rule)
(mmo)2 sin mw r - wg sin w

- 0 _ oT
&xg p'(r) =5 = 1}‘18 T = wo, -o'(7) ] s
(c-3)

from which it follows that

(mwo)2 sin mw_ v - wg sin w_r

= o 0
2 ii’g D'(T) = iilg (T - m)wo = 0, (0-4)

and finally
p'(0) = 0 (c-5)

as required. The second derivative of p(r) can be evaluated

as:
2 2
‘(e = 1 I:(mmo) sin mw 7 - wy sin w 7 ]
pAT T (I - m)w,
_ .]:— [ wo cos wo'r - mwo cos mwo'r ] ) Q.(T) N '
12 (1 - m)wo T T§
2 2
1 (mw ) 8in mow_r - W< sin w_r
- e -2 (1) ] (c-6)
()

The last step in the derivation of Equation (C-6)
results from substitution of Equation (C-2) into it, in
order to eliminate p(r). In the limit as v approaches zero:

3 3
(mwgy )~ cos mwyr - wg cos wyr

" _ " ~ 0 _
p"(0) = i_{rg p'(7) = 5= 3;}}3 (T - mu,
- 2p"(7) ] (c-7)

Thus
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2(m3 _
p"(0) = %.wo(T — ml) = - %-wﬁ(m? +m+ 1) . | (c-8)

The final result is obtained by substitution of (C-8) into
(4-27) as:

_m 3 _
Y_wo«/me+m+l (§-42)



APPENDIX D

DERIVATION OF EQUATION (4-45) FOR THE RATIO BETWEEN
THE STANDARD DEVIATION AND THE MEAN ZERO CROSSING
INTERVAL OF BAND-PASS NOISE

The variance of zero crossing intervals 1s expressed

by Equation (4-44) as

: Y
=2 é (v - v)°p(r)ar . (4-144)

The zero crossing probability distribution function

was expressed by Equation (4-34) as

P (1) = I = F w(n) . (4-34)

Substitution of Equation (4-34) into (4-44) yields

2 Y
%y'= % S (r - v)'r"(r)dr

0
Y

=X § (@ + 2 - 2vn)e"(n)an
g 3 Y o Y

=-& S r2r" (1)de +-%7 S r'"(v)dr - %5 é re'(r)dr (D-1)
0] : 0 S . .

To evaluate Equation (D-1) it 1s necessary to solve each term
on the right of the equation individually. Thus the first

term yields
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Y 5 5 Y Y
é rer'(r)dr = [ er'(T) ]0 -2 é rr'(7)dr

> Y Y J
[ *2rt(n) 1, - [ 2re(r) ], + 2 \ r(r)ar
0

Y
Yri(y) - 2ye(y) + 2 S r(r)dr . (D-2)
0

The second term yields:

Y
{ 2"(rar = [ r'(n) ]Y = r'(y) - r'(0) . (D-3)
o 0
And for the third term one obtailns

Y y Y
{ me"(r)ar = [ ] - { r'(r)ar
0 © 0

=[ () ) -] n(n) "

[ ! (1 ]O [ r(r ]O
= yr'(y) - r(y) + r(0) . (D-4)

After substitution of (D-2), (D-3) and (D-4) into (D-1):
02=Y 2 Y Y3
-l [ Yer! (y) - 2vyr(y) + 2 S r(r)dr ] + g [r'(y) - r'(0)]
o
- X lyr'(y) - x(v) + 2(0)]
r(rar - @ [ 20) + y 2140) ]

r(nar - ¥ [543 (5D ]

r(r)dr (D-5)

MO}

I
Nl )<
oL OO
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The second to the last step in the derivation of Equation
(D-5) follows since r(0) = 1 by definition, Equation (4-18),
and since r'(0) =-2/y', Equation (4-24). Division of Equa-
tion (D-5) by ¥° yields

( > —-% S r(r)dr . (D-6)

For a band-pass nolse model

) -1  8in mwyt - sin wyT
r(r) = = sin [ @ = 1787 ] (D-7)
and y is given by Equation (U4-42) as
n 3
Y= wg (4-42)

m2 + m+ 1
Substitution of the above two equations into (D-6)
yields: |

w :
X me+mt 1
(_q)e 2:2 m2+m+l'_2_ S 1 sinmwo-r-sin W, T
Y T 3 m sin [ (m - I)ta, ]d'f
0 .
(D-7)
Through changing the variable of integration in Equation (D;7)

from 1t to wyr, Equation (D-T) becomes

2 m
(.% > _ ﬁ%’J[;é + ? + 1 § sin"l[ Sin(ﬁT:'f}? T ]dr
(D-8)

After denoting m J[::E:: by n the required result 1is obtained:
: me+mm-1 :
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R ] ar (4-45)



APPENDIX E
COMPUTER PROGRAM LISTINGS FOR IDENTIFICATION PROCESS

In this appendix the listings of the computer pro-
grams that were used for the identification procedure,
written in the Osage Algol language [56], are presented.

The meaning of the various input variables and proper
explanations of the various computational procedures are
given in comments throughout the programs.

Programs for the preparation of the fundamental ma-

trices aL-llEn-lj and ¥ (% ~ -8 are not 1isted because of

thelr specialized nature, thelr dependence on the particular

recording procedures and on the recording faclilities that
are availlable.

For utilization of the identification programs the
followling comments may be helpful:

| 1. Care should be taken to read-in the various input

variables according to the proper formats as indicated by the
declarations at the beginning of Program 170. Thus variables
that are declared as Real (or Real Array) should have a
decimal polint, and variables that are deélared as Integer
(or Integer Array) may not have a decimal point.

2. The series identification number (identified as
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sys) should have at most four digits.

3. If only the final results at each value of & and
the final identification results are desired, only tl4 and
t15 should be read-in as 1; all other t's should be read-in
as zero.

4. For identification of second or third order sys-
tems, values of 0.0000001 for eps and the convergence
criteria eps 1, eps 2, eps 3 and eps 4 are generally

satlisfactory.
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Fopmat out25(J1, 'Srrer',32, ‘o2’ ,32, 'eigenvalue’,82,12,J1,85,
‘Real’, 82, 'Part',83, 'imaginary’, 82, ‘part ' ,J1);

Foruat out26(J1, 'Relative’,32, 'error',52, 0,52, 'eigenvalus ', 82,12,
91,85, 'Real’, 32, 'Part’,33, 'imginary’ ,52, ‘Part’,J1);

Porpat out27(J1, ‘Relative’,82, ‘Errev',32, 'er', 82, taturel’, 82,
‘Prequenay’,J 1, ‘cemputed’ 52, '=*,32,R10,85, 'Predicted’,
82,'=',R10,J1)3

Pepgat out28(J7, ‘System’,52, 'Identification’,S2, ‘0P ,82, 'TESTY,

82, 'SERIES*,83,14,53, 'ORDER',83,12,3(J1));

Popgut eut29(2(J1), 'MATURAL',52, ' PREQUENCY' , 34, '=!,34,R10,85,
PREDICTED' , 52, 'ARLATIVE' , 52, 'ENROR' , 34, '’ ,84,R10,85,2(J1));

Foxmet out30(J7);

Yormat out31(2(J1), 'MATURAL PFREQUENCY ,J1,82,'REAL PANT (DANPING)e *,R10,813,
'EROR = ',R10,J71,82,'COMPLEX PART (beta®delta) = °
»R10,810,'ERROR = ' R10,J1);

Forpat out32(J1, 'NELATIVE ERROR OF NATURAL PREQUENCY’,J1,

'REAL PART',S60,'COMPLEX PART',J1,'CONPUTED = ',R10,82, ‘PREDICTRD',
82,'=1,82,R10,89, 'PREDICTED = ',R10,J1);

Pormat out33(J1,'T(n-1)',82,'=',R10,88, 'delta’,82,'=',R10,3(J1));

Pormat out3A{2(J1), 'WATURAL PFREQUENCY',J1,'REAL PART « ‘,R10,88,
'PREDICTED RELATIVE ERROR = ',R10,J71,'COMPLEX PART = ‘,R10,
S5,'PREDICTED RELATIVE ERROR = ',R10,2(J1));

Zor 1 - 1 Step 1 Until n De Begin

Comment read in the errer bainds boundda(1] of che dats.

4 1s the 1th rew ef the fundamental matrix;

READPT{ DECIMAL,bounddal1]);

Por § -~ 1 Step 1 Wntil n De Al4,J] «~ beundda(4] Ends

If ti=1 Thep Begin FMMINT(out8);

Per 1 « 1 Step 1 Until n Do

PRINT(out3,A[1,1),0.4,A[1,n)); PRINT(skip) End;

idn « 0

Cosment Input of .Foh&.“?...: -u—m a1{1,3) are the elements of

the matrices ( -4) and ( respectively.

T1 1s the valus hn ..- nn-«ﬁ»ﬂv“:n:ut . v
indication whether the recerd has deen eximusted. If last=0
then the record has been exhausted. sys is an identification
number of the system;

inital:s Por 1 « 1 Step 1 Until n Do

For J= 1 8tep ' Untdl n Do

gagnl—nuhucb‘mﬂuu:u

READPT( HEXADS,T1,delta, last,sys)}

Copment When the record is exhausted the final identification cutput
will be executed;

Begin If 1dn=0 Then Goto retwr Rlse I ~(icnesys) Then Begin

PRINT(out28,1dn,n); For 1 = t Step 1 Wntil n Do Begin

If Conf{1]¢Con(1] Then Begip PRINT(out29,Root[1],Cont(1]);

PRINT( out33,7T1(1]),de1ta1{1])End .

Else Begin j-1; ALTER: PRONT(out34,Col §),Conl3],Cel3],Contia(3]);

PRINT( out33,T72[ 51, de1ta2[J]); $-141;

If 3-2%BNTIER(J/2)=0 Then Begin 1-J;Goto ALTER End End End;

PRINT(out30);

retur: Yor 4 -~ 1 Step 1 Unti) n Do Bexlp

Root[1)=Cont[1])~1; TT1[1]-deltat[1]+0;

T12[1])=de1ta2[1]-0; Con[1}=Cenrid[1]=1;

Co(1] - Caf[4] « 1 End; 1dn - eys IEnd End 5

Begin Integer new;

Cosment Optional input of expected values of time constants.

(useful and necessary for comparative purposes enly)s

If t18=1 Then Begin

Yor 1 - 1 Step 1 Matdl n De

READPT(HEXADS,ATC{1]) Ends

PRINT( out 1,n,8y8,T1,delta); PRINT(skip)}

IL t2=1 Then Begin PRINT{eut2);

Por 1 « 1 Step | Matil n Do

PRINT out3,a[1,1),0c0,a{1,n]); PRINT(skip);

PRINT{ out);

Yor 4 - 1 8tep t Until n Do

PRINT( out3,81{1,1)5000s atl1,n]); PRINT(siip) BEnd;
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If t9=! Then Begin

Pop 4~ 1 Step 1 Uptil n Do

Por 3 = 1 Step t Mntil n Do Begin

petl1,3) 1{A(2,3)/al1,3)) ;s

pe2(4,9) = {(Al2,9)/a1(3,3))* Ends

PRINT{out21); Pap 1 ~ 1 Step ' Wntil n Do

I eut3,pe1(2,1),..., pe1[1,n]); PRINT(skip);
PRINT(out22); Par 1 - 1 Step ' Untdl n Do
moe{out3,pe2(1,1),..., pe2(2,n]); PRINT(skip) End;
If $10=1 Then Degin norw! « norm(a,n); nerw2 « norm(at,n) Ends
invert(a,n,eps,singul); Gote next;

singuls  PRINT(out); Qoteedvance;

nexts AL ¢3=1 Than Ragin PRINT(outS);

Por 2 ~ 1 Step 1 Until n Do

PRIV out3,8(1,1),.0.,0[1,0)); PRINT( akip) Bnds
alaym « 03 ’

Por 1~ 1 Jtep 1 tati] n Re Begip

Zax 3 - 1 Step 1 Wtd) n Do Regin

pred(1,3) - a1ec{1,3) -~ 03 P(1,3] - O Rd

ox(1] « 05 d{1] « 0; x[1] = 3[2] = O; nat[1) = O Wg; B[0) ~ 15
inverre(n,s,diso,A,alarm);

If t4=1 Then Pegin PRINT(outb,alarm);

Por 1«1 8tep 1 Until nde

PRINT{eut3,d4a0(1,1]) 000 dlse(1,n]); PRIONT(ekip) End;
If t11=1 Thep Pegin

Pop 1 -~ 1 Ziep 1 Witd2 n Do

Zor 3~ t Step t Until n De

pe1(,3] ~ {(asscl1,3)/a(2,3))s

PRINT(out23); For 1 ~ 1 Step 1 Until n Do
PRINT(out3,pe1({1,1),..., pei(i,n]); PRINT(skip) End;
multip(n,pred,at,a);

If t10=1 Then Begin nerm3 ~ nerw(a,n); nered ~ norm(prod,n);
PRINT( out20,norm1,norm?,norn3,normt) End;
multerr(n,a1,a,d180,A,F);

If t5=1 Then Begin FRINT{out9);

For 4 - 18tp ' Matil n D

PRINT{ out3,prod[1,1), 000, prod(1,n]);

PRINNskip); PRINT{out8);

For 1« 18tep 1 Mti) n Do

PRINT{ out3,P[2,1),00.,P(1,n])3 PRINT(skip);

Bnd; charec(pred,n,b); = = 03
Bairsto(n,d,eps0,epsi,eps2,eps3,K,m,x, 2,08t ,0%)3
If ti2=1 Then Regin

Fop 1 « t Step 1 Mntil n Do

Pop 5~ 1 8tep 1 Tntdl n Do

pet[1,3] = 1(P{1,3)/prodls,3])';

PRINT(out23); For 1 « 1 Step 1 Unti]l n Do

;gaaw-vimnnz uuuuu ﬁ.;a-E:- ;ganﬁ.ﬂv End;
If t6=1 Thep Begin

PRINT( out 10,[0), ..., b(n));

PRINT(out11);

For 1« 1 Step 1 Until m Do

PRINT(out 12,x[1),2{1],nat[1),ex[1]) Ena;

rt - 0;

d;

Begin Integar nerv;

Par 1 - 1 Step 1 Until m Do Begin

IL ex[i]=i Then Begin

PRI ot 13); Qotg advance Bnd; If mat{1)=1 Then Bogin
1e1; If n-29ENTIER(n/2)=1A1=1 Then

sfa)=Ig [x[11'<|Is[1])' Then s(1]

Kse x[1];

If n-2*ENTIER(n/2)=1a 1=1 Then Goto Allj

1 = r1+1; rx[r1] ~ x[1]; 1mx[r1] - O;

All:

1« pi+1; rxf{r1) « 2{1]; t=x{r1] - O End Else Bexin
ri > i+ rx{r1] « 2[1); 1ax{rt] « 2[1]);

r1 = ri+13 rxlr1] - z2[1); t=x(r1] - -z[1] End End;
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Pop 4 « 1 Step 1 Until n De

Per 3 - 1 Stap ' MLl n Do

al1,3] = prealdptls

Zex 1 - 1 Step ' Dntil rt De Regin

Zev 3 = 1 Step | Mmtil n Do Pegin

rv(3) - imv[3] = 0; rvi[3] « 1mv(1] - O s

dvecter(pred,rv,inv,rx(1),ixx[1],5,0ps,81n81e);

Gete instead; single: PRINT(eutid,i); Gete advance;

instead: iwector(a,rvi,imvi,rz(1),inx[1],n,0ps,8ingle)s

IL t7=1 Them Begin PRINT(out15,1);

PRINT(out3,rv(1),000,0v[n));s

ﬂm‘(m&!lvlil...uhv(ll)l PRINT(skip);

PRINY eut 16,1)3

PRINY{ a3, rvi{1],0.0,0vi(n]);

PRINT(out3, tmv1[1),...,1mvi[n])); PRINT(skip) End;

disorep ~ disim « O3

error(n,imx(1),discrep,d1sin,P,2v, inv,rvi,invl);

If tBw1 Then Begin

PRI out 17,4,rx{1],imx(2])s PRINT(out25,1);

PRI out3, d1screp,disin) Bnds

IL t13=1 Then Begin normi = disorep/rx[1); norm2 - assim/imx([1ls

PRINT(out26,1); PRINT(out3,nomi,norm2) gnd;

Comment Calculation of system poles. At this stage also the testing
and minimization of error is carried out;

I tax(1]=0 Then Regin If rx{1) < O Thep PRINT(out19) Else Besin

41 « LN(rx[4]));

TC « 4al/delta; ERTC « discrep/(delta®rx[1]);

PRINT{ out 18,TC,BNIC); IL t15=1 Then Begin

normt « |({TC-ATC[1])/ATC[1])";

nors2 - |(BRTC/TC) '3

If norm2 < Conf(1) Then Begin Conf[1] ~ nore2;

TT1[1]=T1 ; deltat[2] « delta;

Root{1] ~ TC End;

PRINT( out27,normi,nerw2) End End Eod

Else Begin di= rx(1]%rx(1) +imx(1)®imx[1];

TC-IN(d1)/(2%delta);

ERTC ~ ([dlscrep®rx[1])' + |disim*imx[1]')/(delta*dl);

7¢I - rxf1]/senr(d1);

NP=ARCTAN( 8QRT( 1-TCI®*TCI)/1CI);

BRNP- (|discrep' + [rx[1])*delta®BRTC')/1mx[1];

PRINT{ out31,7C,ERTC, NV, ERNP) 3

norm3~ |(ERTC/IC)'s norwie|(ERNP/NP)!;

nerwmt=| ((TC-ATC[1))/ATC[1]) '3

I$ norm3<Con(1]} Then Begin Con[1l}enorw3;

Tr2{1]+T1; deltali)-delta;

Contid{1]lencrwl; Co{1]-TC; Ce[1]-NP End;

PRINT( out32,norm1,norm3, norwé ) Endind;

Eng;

advance: If last=0 Then Goto final;

goto inital;

final: End End;

Program 200;

Procedure invert (a,n,eps,singul); Value m,eps;

Beal) Arrey a; Integer n; Real eps; label singul;

Comment inverts & matrix in it's own space using the
Gauss-Jordan method with cemplete matrix piveting.
I.e0. at sach stage the pivet has the largest absolute
valus of any element in the remaining matrix. The
coerdinates of the successive matrix pivets used at
sach stags of the reduction are recerded in the susccessive
element positions of the row and celumm index vecters r
and o. These are later called upen by the precedure persute
which rearranges the rows and celvans ef the mstrix. If
the matrix is singular the procedure exits to an appropriate
label in the main preogrem;
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Pegin Integer 1,5,k,1,pivi,pivy,p; Real pivet, h;

Integer Array ryel1in);

Mg Progedure permute (201,1,8);

Copment set rew and celumn index vecters;

Par 4 ~ 1 Step 1 Until n Do rf1] - ¢1) - 4;

Comment £ind initial pivet; pivi « pivy = 1;

Por 4 - 1 Step 1 Until n De

For 3~ 1 Step 1 Untdl n Do

1L |(alpiva,pav])* < [(a[1,3]) Then Begin

pivl « 1; pivy « § Bnd;

Comment start reduction;

Por 1 = 1 Step t Until n Lo Begin

1«2[1); rl1) - rlptvi]s r(pavi] = 15 1 = o(1]; cl1)= clpivs);

clpivy] = 1; If H(alr[1), o[1]])' < eps Then Begin

Comment here include an apprepriate output precedure te recerd
1 and the current values of r{1:n) and ol1:n);

Jete singul End;

Eor J - n Step -1 Untl) 1+1, 1-1 Step -1 Unti) t Do

afr{1], o[3]] = alr(1]), el3))/alr(1]), cl1]);

a(r(1]), (1)) = 1/a(r(s]), o[1]); pavet = O;

For k - 1 Step 1 Unti] 1-1, 141 Step 1 Until n De Begin

For § - n 3tap -1 Inti] 141, 1«1 Step -1 Unti) ¢ Do Begin

h - alrl1], olJ]]) * alr(k], o[2]];

a[rlk), e[3]] = alrik), o(J]) -~ M

If1<kat<ga [(pavot) < [(alrlk), ol31))

Then Bexin pivi = k; pivy = 33 pivet « a(r(x]), o[J]) End cenditienal

End J leop;

alr{k}, o{1])]) = -a(r[1], ol1]]®a{r{k], c[1]] End k 10op End 1 loop and reduction;
Comment rearrange rows; perwute(a[3,pl,alk,pl, §,k,r.¢,n,p);

Comment rearrengs columns; permute (alp,3),alp,k],J,k;c,mn,p)

End invert;

Program 201;

Procedure permute(a,bd,J,k,s,4,n,p); Value n;

Real a,b; Integer Apray s,d; Integer J,k,n,p;

Compant & procedure using Jonsen's device which exhanges
rows or columns of a matrix to achieve a rearrengement
specified by the permutatien vectors s,d[1:n). Klements
of s specify the eriginal seurcs locations while elements
of d specify the desired destination locations. Nermally
s and b will be called as sudbscripted variabdbles of the
same array. The parmeters J,k neminate the subsoripts of
the dimensien affeoted by the permutation, p is the Jensen
parameter. As an example of the use of this procedure
suppose r,c[1:n] to contain the row and columm sudbscripts
of the successive matrix pivets used in a matrix inversion
of an array al1:n,1:n] L.0. r{1], o{1] are the relative
subscripts of the first pivet r(2], o[2) those of the secend
pivet and se an. The two calls permute (a(J,pl, alk,pl,d,k,
r,e,n,p) and permute (alp,3), alp,kl,J,k,¢,r,n,p) will perform
the required rearrangesment of rows and column respectively;

Begin Intesar ArTey tag, leo[1:n]; Integer 1,t;

Rea] w3

Comment set up initial vector tag number and address arreys;

Yor 1 - 1 Step 1 Pntdl n Do tegli] = 1ec(1] - 1;

Comment start persutation;

Por 1 - 1 Step 1 Dntil n Do Begin

t ~sl1]; § = 20e(t]); k- al1];

I ~<(J=k) Then Begin For p -~ 1 Stap 1 Untll n Do Begip

wea;a~=b bewind teglJ) - tag(k); taglk) « ¢;

lecft) ~ loc[tag(Jl]); loo(tag(Jy]) = J End Jk cenditional

nd 1 leop

Jod permute;
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Progrem 202;

Precedure multip(n,s,db,c); Value n;

Arrsy 8,b,c; Integer n;

Compent This procedure multiplies twoe matrices b and ¢ such
that a(1,3) - b1,k)%([k,J] and the result stored in a;

Begin Integer 1,J,k;

Zor 1 ~ 1 Step 1 Uptil n Do

Zer 3 = 1 Step 1 Uatil n Do Begin

al1,3] -~ 0;

Por k ~ 1 3tep ' Utii n Do

al1,3] = al1,3)+d[1,k]%(K, 3] 2nd

nd multip;

Program 206;

trecedure charec(s,n,b); Value n; Integer n;
AI'I‘! a,b;

Comment finds the ceefficients of the characteristic
equation of & matrix d{1) of the form bH[O)rh +
(1)1 4...4b[n-1]r + Bin)=O. the procedure
uses Hessenberg's method and 1f it fails it
switches to Leverrier's method;

Begin Integer 1,J,1,k,m; Real fu,fun,func,beta;

Arrsy q,p(1:n, 1:n), S[1:n);

Real Procedure f(s,q,2,e,n); Value z,s,n;

Integer z,8,n; Arrey 8,q;

Begin Integer k; Real t;

t = 03 For k ~ s-1 Step 1 Until n Do

t = tsalz,k) © glk,s-1]; £ ~ ¢t Bnd;

Reel Procedure g(.,p,s,8,m); Valus z.8,m;

Integer z,s,m; Array p,q;

Zegin Integer k; RNeal t;

t - 0; Popr k ~ 2 Step ' tntil m Do

t = t4glz,k) * plk,e~1); g - ¢t End;

FPor 1 = 1 Step 1 Until n Do If 2=1 Then Begin

ql1,1] = 15 qf1,2) - 03 p[1,1] - -a{1,1] End

Else If 1=2 Thap Rexin

q{’»o'] - 0; ql1,2] = a[2,1); D[‘n'] « -1 End

Else Bein ql1,1) - 03 ql4,2] = a[4,1); pl1,1) ~ O End;

if ql2,2)=0 Than Goto next;

For J - 3 Step 1 Unti) n Do Begin

For 1 - 1 Step 1 Until n Do If 1<J Then Begin

ql1,3] = 0; fun ~ £(a,q,1,4,n) + &(q,pPs1,5,1-1); p(1,3-1]) -

-tun/q(1,1] Ind

Elsg If 1=3 Then Begin

P[‘;J“) - =13 fun ~ £{s,q,1,3,n) + &(q,p,1,3,3-1);

ql1,3) - fun End

Rlse Bexin pl1,3-1) -~ 0; fwn ~ £(a,q,1,3,n) + g(q,ps1,3,3-1);

ql4,3) = fun End;

if al3,3) = O Than Qoto next End:

Por 4 « 1 Step 1 Until n Do If 1=1 Then

pli,8) = -a[1,n] * qin,n] Else Begin

fun - g(q,p,1,n+1,1-1) + al1,n] * gln,n); pl4,n] -~ -run/ql1,1) End;

Comment Now that the matrix p{1,J] has been ovaluated the following
procedure will evaluate the coefficients b{3j] in the characteristic
equation;

For 1 - 1 Step 1 Until n Do Begin b[1) = O;

Per § = 1 Step 1 Until n Do q(1,3] = O Eng;

ql1,1] = 13 bin) « vin) + ql1,1] * p[1,n];

Yor J = 2 Step 1 Until n Do Begln fun - O;

Por 1 « 1 Step 1 Until J-1 Do fun = fun+p[1,3-11%q(1,1]; ql1,3] = fm;

Por 4 = 2 Step 1 Until § Do If 1 < J Then Begin fun - 0;

Por 1 - 1 Step 1 Untdl J-1 Do

fun « fun+q(1,1] * p(1,3-1); q[1,J] = fun+qf1-1,3-1) Bud

Bise al4,3) = q1-1,3-1]; .

Zor 1 - O Step t Untd) J-1 Do

b{n-1]) ~ v[n-1] + plI,m]*ql1+1,3] Bnd; b(0] - O;
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Yop 1 ~ O Step 1 Until n-1 Do

(1] = v[1] + q(n-1,n]) ; OGoto final;

next: Comment The fellowing 1s an alternative procedure fer
evaluation ef the coefficients of the characteristic
equatien. It 1s based on leverriers method;

Zar 2~ 1 8tep ' ttd)l n Do

Par § - 1 3tap 1 lnti) n De

IZ 1=3 Then pl1,3] = 1 Elae p[1,9) - O;

Zep 1 - 1 Step ¥ Mntd) » Do Begin

Por 1«1 8tep ' Until n D

Fop § - ¢ Stap ' Mtdl n De Regin fu = 0

Pop k ~ 1 Step f Until n Do

fu - fu+ali,k] ®plk, 31 qf1,3] = fu Eng;

Per 1 ~ 1 Step 1 Wnty] n Do

Pop J - 1 Step 1 Unti} n Do

pl1,3] = als,3]; S{1] = 0;

For 1 « 1 Step 1 Unti) n Do

s{1] « s(1) + pl1,1) mng;

(0] - 1;

For J - 1 Step 1 Until n De Begin

func - 0; fun - 3;

‘Ror 1 - 1 Step 1 Until J Do Regin

beta = (=1)1~1; fmc = func + B[J-1]} © S[1] © veta Rnd;

b(J] « fune/fun Bd next;

Yor J = 1 Step 1 Unti) n De

(3] = vl3le((-1)Y);

final: BEnd charec;

Program 207;
Progedure bairste(n,s,epsO,epsi,eps2,eps3,K,m,x,y,nat,ex);
Valye n; Integer n,K,m; Beal epsO,epsi,eps2,eps3;
Integer Array ex,nat; Real Array e,x,y;
Comment This Bairstow Hitchceck itsration is used to find
successively pairs of roots of a polynomial equation
of degree n with coefficients af1] (1s0,1,...,n)
where a{n] iz the censtant term. On exit from the
procedure, m is the number of pairs of roots feund,
x[1]) and y{1] (1=1,.¢.,m) are a pair of real roots
if nat{i)=1, the real and imaginary parts of a complex
pair 1f nat{i]e-1, and ex[1] indicates which of the
following conditions was met to exit from the iteration
loop in finding this pair
(1) Remainders r1,r0, become absolutely less than epsi.
(2) Cerrections, incrp, incrq, becoms sbsolutely less
than eps2
(3) The raties, incrp/p, incrq/q, become abselutely
less than eps3
(4) The number of iterations become K. In the last case,
the pair of roots found 1s not reliadble and ne further
effort to find additional roots is made. The quantity
epsO 13 used as a lower bound for the denominater in
the expressions from which incrp and incrq are found;
Begin Integer 1,J,k,n1,n2,m1;
Array b,c[0:0+1]; Real p,q,r0,r1,80,81,v0,v1,det0,det1,det2,1nerp,
incrq,S,T;
For 1 - 0 Step 1 Until n Do
®(1]) « af1]; dln+1] « 0; n2 « ENTIBR((n+1)/2); n1 « 2m2;
For m1 - 1 Step 1 Unty] n2 Do Begin
P=0; q~0;
Por k = 1 Step t Unti] K Do Regin
step: For 1 - O Step 1 Until n? Do
.el2) = »v[1);
Yor J - ni-2, ni-4 Do Begin
Por 1 = O Step 1 Mntdl J Do Besin
c[1+1) = ali+1)-pre[1); ol1+2) « c[1+2]=q%[1] End Bnd;
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r0 = ¢(n1); r1 = c[ni=1); 80 = o{n1-2); 81 « cfni1-3);

v0 = =q®1; v1 « g0=3i%p; detO ~ v150-vO¥st;

I 14et0* < opsO Thep Degin p = p+1; q = q+1;

Geto step End;

detd = gO%r1-319r0; det2 « rO°vi-ri®v0; inerp « det1/detO;
incrq = det2/det0; p = prinerp; q = ginerq;

IL |r0' < spat Then Regin

I Ir1' < epsl Thep Begin ex(mi1) « 1; Qoto next End Bng;
It lincrp' < eps2 Then Begin

If |tnerq' < eps2 Than Begin ex(mi) « 2; goto next ¥nd Endi
If linerp/p' < spa3 Ther Begin

It lancrq/q' < sps3 Then Bagin ex(m1] ~ 3; Qote next End End Ands
ox[mi]) ~ 4;

next: 8 - ~p/2; T~ S2uq;

If ~(7<0) Then Begin

T = SQRT(T); mat{mi] = 1; x(m1] « S+T; y(mwi1] = S-T End;
1f T<O Then Begin

nat(mi] « =1; x[m1] « S3 y(m1) « SQAT(-T) End;

If ex(m1]=4 Then Goto out;

Por 3 - O Step ! Unti] ni1-2 Do Regin

bl+1] = v{g+1)-pob(J);s vl3+2) = v[3+2)-q*b(JI]) Bnds

nt! - ni=2;

If niK1 Then Begin

outs m ~ m1; Goto final End;

If n1<3 Then Bexin
mt « mi+1; ex(mi) « 13 p = B[1IA[0]; q = [2])/A[0]; Oato next End Buds

1«1;
final: End;
Program 210;

Progedure ivector(a,rx,imx,rl,iml,n,eps,single);

Valug n,a,rl,iml,eps; Integer ni Array a,imx,rx; Ragl rl,iml,eps;

labe] single;

Comment This procedure evaluates the components of the
elgenvecter of matrix a(i,J] assuming that the
first component 1s equal te 1. rl and iml are
the real and imaginary parts of the eiganvalue
for which the eigenvector 1s evaluated. rx{i)
and imx(1] are the real and imaginary parts
respectively of the ith component of the eigenvecter;

Begin Integer 1,J,m; Array d[1:12mn-1],b{1:2%n-1,1:12%n-1]),c[1:2%n,1:2%n);

Mc Progedure invert(200,1,4);

If ~(im1=0) Then Goto other;

rx[1] « 1;

Por 1 - 2 Step 1 Mtil n Do Begin

afi-1) - -a{1,1];

Tar J - 2 Step 1 Untd] n Do

b[’v“-.’"] - af1,) Bnd;

Por 1 - 1 Step 1 Until n Do imx(1] ~ 0;

For 4 = 1 Step 1 Wntd) n-1 Do

bl1,1] = b[4,1)-rl; invert(b,n-1,eps,singul);

Goto exit; singul: Joto single;

oxit:  For i - 2 Step 1 Until n Do Begin rx{1) - 0;

For J - 1 Step 1 Dat11 n-1 Do

rx[1] « rx[1] + b[1-1,3] * a[J] BEnd; OGote final;

other: Por i ~ 1 Step 1 Until n Do Pegin

rx[i) = 1; d[1] « 1m1;

Tor J -~ 1 Step ! Until n Do b[1,3) - a[1,3];

b[4,2] = b{1,1] - r1 Ends

invert(d,n,eps,singul);

Por 1 - 1 Step 1 Unti] n Do Pegin

imx(1) - O; Por J = 1 Step 1 Wntdl n Do

imx(1) - 1mx[1] + ®{1,3]%a[3) End:

final: End;
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Prograa 213;
Zrocedure inverre(n,c,d,A,alurw); Value n,A,c; integer n,slare;
Array ©,4,A;

Commant T™his precedure finds the extrome discrepency matrix
d{1,3) for the inverse c[1,J) of & matrix knewing
the magnitude of the errer deumds Al1,3] of the erigimal
metrix. The extrems discrepencies are based on the slement
which attairs the largest adaslute srrer. If alares0
at the exit from the procedure them the cemputatien has
beem regularly perferwmed. If slarws! then the errer was
tee largs and enly the first erder discrepsncy i1s given;

Begin Integer 1,3,k,2,11,31; Real f,5,01,Rerm,neral;

Arrey £,81,82,82:8%,85,1,7,T1,d41[ 118, 1:n];

Mo Precedure muitip(202,1,4); £ ~ O; alarm - O;

Por 1 = 1 Step ) Until n De

Por 3 = 1 Step Y Untl) » De Degln

85(1,3) - 2(1,3) = 2[4,3) - O; g1(1,3] - gl1,3} = 1{4,3) = ©;

T[3,3) ~ al1,3] - a1{3,3]} - O3

Tor k = 1 $tap ' Unti)l n Do

or 1 - 1 Step 1 Intil n Do Begin

8 = el1,k)%I([1,3]); Tilk,1] = I o<O Then -1 Klse If s=O Then O Zlse 1;

a{1,3] = a[1,3) + T1{Kk,1] ® A[K,1) * s Bng; £1 - al1,3];

If '£¢i01 Then Begin £ - £1;

Per 11~ 1 Step 1 Dntll n Do

For 31~ 1 Step 1 Dntii n Do

7[11,31] ~ T1[11,31) Pnd Eng;

orp 1~ 9 Step ' Untii n Do

or &~ 1 Ster 1 Dntdl n Do Begin dls,3) = O;

For k= 1 Step ' Untdl n Lo

Por 1 - 1 Step ' Uptil n ke

4{1,3) = c{1,k) * Alk,1] ® T{k,1] ® c[1,3) + df1,4] End;

For 1 = 1 Step ' Unti) n Do

Por J - 1 Step 1 Untd) n Do

Af2,3] - A{1,3] * T[41,3); nom ~ O; mt”“l‘.‘lc);

Yor 1 = 1 Step 1 Mtil n Do Begin normt « 0;

Por 3= 1 Step t Dntd)m Dp

norm! - nornt + Ig{1,3)'; If nerm < norm! Thep nars ~ normi BEnd;

If nerm < O.1 Then Gote final

Elge If 0.95 < norm Then Begin alarm = 1; Ooto fimal Ends

mltip(n,g1,8,8)5 wultip(n,g2,g1,8)s mltip(n,g3,82,8);

miltip(n, g4, 83,8)3

Por 1 = 1 Step 1 Until n Do I[1,1] - 1;

or 1 = 1 Step 1 Dntd) n De

For 3~ 1 Step 1 Intdl n Do

&[1,31 - 1[1,3] - gl1,3] + g1(4,9) - 204,31 + g3(1,3) - g8(4,3);

mltip(n,d1,d,g5);

For 1 - 1 Step 1 Dpti) n Do

Por § - 1 Step 1 Dntil n De df1,3]} - a1(4,3);

final: End;

Program 214;

Procedurs multerr(n,A,c,d,b,P); Yalue n,A,0,d,b; Integer n;
Array A,c,4,b,F;

Copment This procedure finds the bounds of error F[1,J] ef the
product of two matrices A{1,3) ® c[J,k) given the beunds of
error d(1,3] of of1,5] and b[1,3) of Al1,3]. The extreme
discrepency is found such as to maximize the largsst element of F;

Begin Integer 1,J,k,1%,J1,mr,nt;

Real £,£1; Integer Array r,t{1:n];
Array T,R,F1,T1,R1{ 12n,1:n),AR,AT[ 1:n];

Per 1 = 1 Step 1 Unt1l n Do Begin

Psx J = 1 Step 1 atil n Do

T{1,3) - R{1,J3) - '[3031 - “[1-.’] -0

rli) -~ t[1) -0 g3 £~ 0;

Por j1 = 1 Step 1 ntil n De Begin

Por 1 = 1 Step | Until n De



240

Por J = 1 Step 1 Until n Do Pegin

If t[3)=0 a r[1]=0 Then Begin

Por k = 1 Step 1 Unt) m Do Begin

T1(k, 3] « I£ Af1,k] < O Then -1 Elss If A(1,k]=O0 Then O Eise 1;
R1{4,k) « If olk,3] < O Then -1 Elss IC e[k, 3])=0 Then O Else 1;
P1[1,3) = P1[1,3] + Al3,k] ® T1{k, 3] * alk,3) + ©[1,k] ® Ri{1,k] ®
°(kuﬂ g End;

£1 « Pi(2,3); P3[1,3] = 0; If £ < £1 Then Begin

Ceoefiymt=3 mr-1;

Pop 11 « 1 Step 1 Unt1l n Do Begin

AT[11] = Ti[19,mt]; AR[11] « Rilur,11) End End End;

Por 2 = 1 Step 1 Until n Do Begin

T(i,mt] - AT[2); Rlwr,1] - AR[1) Ends

tiut] ~rlur] ~ t; £ -0 Bds

Tar 1 -t Stap 1 Until n Do

For J - 1 Step 1 Mtil » De Bagid

For k = 1 Step 1 Until n De

P(1,3) - Pl1,3) + A[1,k] * T(Kk, 3] * alk,3) + bl1,k) * R[1,k] ® c[k,J)
Ind BEnd;

Progran 215;

Irocedurs errer(n,beta,discr,discim,ds,g,d,e,8);

Yalua n3 Intesar n; Rea) beta,discr,discis;

Array da,g,4,e,m;

Commant This precedurs evalustes the errer bounds ef the
eigenvalues of & satrix of erder n, given the error
bounds da[1,3] of the metrix. beta 1s the valus of
the imaginary part of the eigenvalue for which the
bounds are cosputed. disor snd discim are the dounds
of the resl and imaginary parts of the eigesnvalue
respectively (always given in abselute walue). gi)
and a{1) are the real and imeginary parts ef the ith
component of the eigsnvecter cerrespending to the
eigenwalus in question. ¢[1] and m{1] are the real
and immginary parts of the ith cemponent of the
eigenvector of the trenspose matrix;

Bexin Integar 1535 Besl hyDsrs8,t,u,v,w,den,mumt ,pamP;

Array o,f{1:n];

If beta=O Then Goto other;

Per 4 - 1 Step 1 Mntil n Do Bexin of1) - £[4] - 0;

For J = 1 Step 1 Unti]l n Do Begin

c[1] « of1] + da[1,3] * gl3);

21} - £{1] + oaf4,5) * af3) End Ends

Reperegeotegeveye«0;

For 1 - 1 Step 1 Until n Do Begin

heh+ gla) ®ef1); p=p + al1) * m(1);

rer+ofl) *ef1); s -8+ £[2) * m[1];

tet+gli] *al1); ueu+ dt] *elL];

vev+eo[i) sml1); wew+ £[1) * o[1) End;

den « (b-p) ® (hep) + (t+u) * (t+u);

numl = (h=p) ¢ (r-s) + (t+u) * (ww);

oum2 « (hep) ® (vin) - (t+u) ® (r-s);

discr = [numi / den'; discim » |mm2 / den';

Goto final;

other ¢ t «0; 8 «0;

Por 1 = 1 Step 1 Uat1l n Do Begin cf1) = O;

For 3 = 1 Step 1 Until n Do

o[1) = ol1) + aal4,3) *-gl3) Ends

Por 1 - 1 Step 1 Until n Do Beg'n

t«t+ol1) *elil; s s+ gl2] » ol4) Ena;

ddsor ~ |t/s'; discim - O

final: BEnd;



