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ABSTRACT

S e v e ra l  s e r io u s  l i m i t a t i o n s  h ave  been  e n c o u n te re d  in  

th e  p a s t  w ith  th e  common fre q u e n c y  dom ain te c h n iq u e s  f o r  

ch em ica l p r o c e s s  i d e n t i f i c a t i o n  m e th o d s. T hese  in c lu d e  such  

m ethods a s  d i r e c t  f re q u e n c y  re s p o n s e  t e s t i n g ,  random  t e s t i n g  

and  p u ls e  t e s t i n g .  Most o f  th e  d i f f i c u l t i e s  a r e  a s s o c i a t e d  

d i r e c t l y  w ith  n o i s e  p ro b lem s and w ith  th e  f a c t  t h a t  f re q u e n c y  

dom ain m ethods do n o t p e rm it  a c c u r a te  d e te r m in a t io n  o f  th e  

s y s te m 's  p a ra m e te r s .  F u r th e rm o re , none o f  th e  a v a i l a b l e  

i d e n t i f i c a t i o n  m ethods d e te rm in e s  th e  r e l i a b i l i t y  o f  th e  o b ­

t a i n e d  m o d el.

The m a jo r  g o a l o f  t h i s  work was t o  d e v is e  a  m o d e lin g  

te c h n iq u e  t h a t  s im u lta n e o u s ly  e v a lu a te s  th e  sy s te m  p a ra m e te rs  

a lo n g  w ith  t h e i r  a s s o c i a t e d  u n c e r t a i n t i e s .  The p ro p o se d  t e c h ­

n iq u e  f o r  l i n e a r  sy stem  i d e n t i f i c a t i o n  i s  b a se d  e x c lu s iv e ly  

on tim e  dom ain a n a l y s i s .  F undam en ta l m a th e m a tic a l  r e l a t i o n s  

o f  l i n e a r  d i f f e r e n t i a l  e q u a t io n s  a r e  u t i l i z e d  f o r  th e  i d e n t i f i ­

c a t io n  and  an  e x te n s iv e  e r r o r  p ro p a g a t io n  a n a l y s i s  p e rm its  

th e  d e te r m in a t io n  o f  th e  u n c e r t a i n t y  a s s o c i a t e d  w ith  each  o f  

th e  sy s te m  p a ra m e te r s .

The p ro c e d u re  i s  b a se d  on a n a l y s i s  o f  t r a n s i e n t  o u tp u t  

r e s p o n s e s  o f  th e  p ro c e s s  t o  be i d e n t i f i e d .  A r b i t r a r y  in p u t  

p u l s e s  can  be u t i l i z e d  to  f o r c e  th e  sy s te m  from  s te a d y  s t a t e .
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F o r i d e n t i f i c a t i o n  o f  an  n^^ o r d e r  m odel, n  l i n e a r l y  

in d e p e n d e n t re s p o n s e  f u n c t io n s  a r e  r e q u i r e d .  I t  i s  assum ed 

t h a t  th e  o r d e r  o f  th e  sy s tem  to  be i d e n t i f i e d  i s  e i t h e r  known 

o r  s t r o n g ly  s u s p e c te d  b e fo re h a n d . The c o r r e c t  o r d e r  o f  th e  

sy s tem  i s  th e n  d e te rm in e d  th ro u g h  p r o p e r  i n t e r p r e t a t i o n  o f  

th e  e r r o r  p ro p a g a t io n  a n a l y s i s .

The m ethod was i n v e s t i g a t e d  by a n a lo g  com puter sim ­

u l a t i o n  s t u d i e s  o f  second  and  t h i r d  o r d e r  sy s te m s w ith  and 

w ith o u t  su p e rim p o sed  n o i s e .  A lso , a c t u a l  ch em ic a l p l a n t  t e s t  

d a ta  w ere  u t i l i z e d  f o r  i d e n t i f i c a t i o n .

The i d e n t i f i c a t i o n  p ro c e d u re  was programmed and 

c a r r i e d  o u t  on a  d i g i t a l  co m p u te r. Medium s iz e  d i g i t a l  com­

p u te r s  a r e  s u f f i c i e n t  f o r  e f f e c t i v e  e x e c u t io n  o f  th e  a n a l y s i s .  

C o m p u ta tio n a l tim e  re q u ire m e n ts  a r e  i n s i g n i f i c a n t .

The tim e  domain i d e n t i f i c a t i o n  te c h n iq u e  was found  

to  be s u p e r io r  t o  c o n v e n t io n a l  m ethods i n  s e v e r a l  r e s p e c t s :

( l )  A c c u ra te  d e te rm in a t io n  o f  n a t u r a l  f r e q u e n c ie s  was o b ta in e d  

f o r  sy s te m s w ith  n a tu r a l  f r e q u e n c ie s  ra n g in g  from  v e ry  c lo s e ly  

s e p a r a te d  to  r a t i o s  up to  1 0 0 0 Î (2 ) N o ise  p ro b lem s w ere n o t 

v e ry  s e v e re  and  d id  n o t  g e n e r a l l y  c o r r u p t  th e  r e s u l t s  s i g ­

n i f i c a n t l y ,  (3 )  The e r r o r  p ro p a g a tio n  a n a l y s i s  s u c c e s s f u l ly  

d e te rm in e d  th e  u n c e r t a i n t y  a s s o c i a t e d  w ith  th e  m o d els .
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A TIME DOMAIN TECHNIQUE FOR LINEAR 

SYSTEM IDENTIFICATION

CHAPTER I  

INTRODUCTION

C o n s id e ra b le  p ro g r e s s  h a s  been  made In  r e c e n t  y e a r s  

i n  th e  a r e a  o f  p ro c e s s  c o n t r o l  and  dynam ics. The num ber o f  

r e c e n t  p u b l i c a t i o n s  o f  r e s e a r c h  p a p e rs  i n  t h i s  f i e l d  i s  r e ­

m arkab le  and o f  p a r t i c u l a r  n o te  i s  th e  r e l a t i v e  num ber o f  

t h e o r e t i c a l  p a p e rs  a s  com pared t o  r e p o r t s  o f  e x p e r im e n ta l  r e ­

s e a r c h .  A lth o u g h  th e  im p ac t o f  v a r io u s  d ev e lo p m en ts  i n  s y s ­

tem * e n g in e e r in g  by o t h e r  d i s c i p l i n e s  such  a s  e l e c t r i c a l  and  

a e ro sp a c e  e n g in e e r in g  i s  s t i l l  a p p a r e n t ,  c h em ic a l e n g in e e r s  

seem to  have f i n a l l y  r e a l i z e d  t h a t  th e  p ro b lem s in  c h em ic a l 

p ro c e s s  c o n t r o l  a r e  s u f f i c i e n t l y  d i f f e r e n t  from  p rob lem s i n  

o th e r  d i s c i p l i n e s  to  J u s t i f y  o r i g i n a l  and  in d e p e n d e n t r e s e a r c h .  

The a v a i l a b i l i t y  o f  h ig h  c a p a c i ty  and p o w e rfu l com puting  ma­

c h in e ry  ( d i g i t a l  and a n a lo g )  h a s  removed many c o m p u ta tio n a l  

b a r r i e r s  and e n a b le d  r e s e a r c h e r s  to  a t t a c k  p rob lem s w hich 

w ere n o t  s o lv a b le  p r e v io u s ly  b e c a u se  o f  c o m p u ta tio n a l  l i m i t a ­

t i o n s .  P a r t i c u l a r l y  n o ta b le  i s  th e  work done i n  a n a l y s i s  o f  

c h em ic a l r e a c t o r  dynam ics and s t a b i l i t y  [ 1 ,2 ,4 ,3 4 ]  and d e -
V

v e lopm en ts  o f  new and s o p h i s t i c a t e d  c o n tr o l  p h i lo s o p h ie s  such

1
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a s  o p tim a l c o n t r o l  te c h n iq u e s  [7 ]  and  m ethods w hich  u t i l i z e  

th e  in v a r ia n c e  p r i n c i p l e  a s  a  d e s ig n  g u id e  [ 6 ,2 2 ,4 1 ] .  A lso , 

b e c a u se  o f  in c r e a s e d  com pu ting  c a p a b i l i t y  c o n s id e r a b le  w o it  

h a s  been  done i n  a n a ly z in g  o v e r a l l  p l a n t  p e rfo rm an c e  and 

s t a b i l i t y .  R e s u l t s  o f  t h i s  n a tu r e  have  been  o b ta in e d  f o r  

d i s t i l l a t i o n  co lu m n s, h e a t  e x c h a n g e rs  and  th e  l i k e .

In  c o n t r a s t  to  c o n v e n t io n a l  " r u l e  o f  thumb" and se m i-  

e m p ir ic a l  m ethods f o r  c o n t r o l  sy s tem  d e s ig n ,  th e s e  new t e c h ­

n iq u e s  a r e  c h a r a c t e r i z e d  by  th e  s y s te m a t ic  c o n s id e r a t i o n  o f  

a l l  a s p e c t s  o f  th e  sy s te m  dynam ics and  i n  p a r t i c u l a r  sy s tem  

c o n s t r a i n t s  and  l i m i t a t i o n s .  By th e  e s ta b l is h m e n t  o f  m ath­

e m a t i c a l ly  d e f in e d ,  o p t im a l  c o n t r o l  schem es e v a lu a t io n  o f  an  

o v e r a l l  c o n t r o l  s t r a t e g y  can  be c a r r i e d  o u t .  A lth o u g h  c r i ­

t e r i a  f o r  th e  e x i s te n c e  o f  an  optim um  a r e  n o t  u n iq u e  i n  n a tu r e  

and  th e  u se  o f  e n g in e e r in g  judgem ent i s  r e q u i r e d  i n  t h e i r  

s e l e c t i o n  a s  d is c u s s e d  by  Kalman [ 2 6 ] ,  a  l a r g e  am ount o f  th e  

a m b ig u ity  h a s  b een  rem oved by u t i l i z a t i o n  o f  th e  new 

te c h n iq u e s .

One o f  th e  b a s ic  r e q u ir e m e n ts  o f  advanced  c o n t r o l  d e ­

s ig n  (and  a n a l y s i s )  te c h n iq u e s  i s  th e  com ple te  u n d e r s ta n d in g  

o f  th e  p l a n t  dynam ic b e h a v io r ,  i . e .  a  r e l i a b l e  m a th e m a tic a l  

m odel o f  th e  p l a n t  dynam ic c h a r a c t e r i s t i c s  i s  o f  fu n d a m e n ta l 

im p o r ta n c e . T h ere  e x i s t s  a  g e n e r a l  t r e n d  i n  th e  u s e  o f  a d ­

vanced  d e s ig n  te c h n iq u e s  t o  become more and more " s o p h i s t i ­

c a te d "  and " s c i e n t i f i c " .  W ith  c o n v e n t io n a l  fe e d b a c k  c o n t r o l  

schem es l i t t l e  h a s  to  be known a b o u t th e  dynam ics o f  th e  con­

t r o l l e d  sy s tem  i n  o r d e r  to  o b t a in  s t a b l e  s a t i s f a c t o r y  c o n t r o l
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a c t io n .  H ow ever, i t  c an n o t be e x p e c te d  t h a t  an  optimum co n ­

t r o l  d e s ig n  w i l l  be o b ta in e d  w ith o u t  an  a d e q u a te  d e s c r i p t i o n  

o f  th e  p r o c e s s .

One can  g e n e r a l l y  s t a t e  t h a t  th e  more In fo rm a tio n  

t h a t  I s  g iv e n  a b o u t a sy s te m , th e  b e t t e r  I t s  c o n t r o l  can  be 

d e s ig n e d . A fe e d b a c k  c o n t r o l l e r  m o n ito rs  th e  e r r o r  In  th e  

c o n t r o l l e d  v a r i a b l e  and a c t s  on a  " m a n ip u la tiv e "  v a r i a b l e  to  

c o u n te r a c t  th e  c a u se  o f  e r r o r .  I . e .  th e  d i s tu r b a n c e .  H ow ever, 

th e  amount o f  c o n t r o l  e f f o r t  I s  d i r e c t l y  r e l a t e d  to  th e  e x i s t ­

in g  e r r o r ,  th e r e b y  r e q u i r i n g  th e  p re s e n c e  o f  an  e r r o r  b e fo r e  

any  c o n tr o l  a c t i o n  can  be ta k e n .  T h is  ty p e  o f  c o n t r o l  can 

be  d e s ig n e d  e f f e c t i v e l y  w ith  l i t t l e  know ledge a b o u t th e  sy stem  

dynam ics. H ow ever, o v e rd e s ig n  o f  th e  sy stem  and th e  c o n t r o l s  

h a s  o f te n  b e en  th e  p r i c e  f o r  t h i s  u n c e r t a i n t y .  I n  th e  s o p h is ­

t i c a t e d  "optimum" c o n t r o l  schem es an  e f f o r t  I s  made t o  u se  

In fo rm a tio n  a b o u t th e  sy s tem  dynam ics I n  o r d e r  t o  a n t i c i p a t e  

th e  r e q u i r e d  c o n t r o l  a c t i o n ,  th u s  b e in g  a b le  to  a p p ly  c o r r e c ­

t i v e  a c t io n  p r i o r  to  th e  p ro p a g a t io n  o f  th e  d i s tu r b a n c e  to  

th e  c o n t r o l l e d  v a r i a b l e .  T h is  ty p e  o f  c o n t r o l  I s  r e a l i z e d  

In  th e  form  o f  " fe e d fo rw a rd "  c o n t r o l .  T here  I s  l i t t l e  e v i ­

dence  o f  any  a p p l i c a t i o n  o f  th e  n o v e l " o v e r a l l "  d e s ig n  t e c h ­

n iq u e s  to  a c t u a l  I n d u s t r i a l  p l a n t s .  In  f a c t ,  l i t t l e  h a s  even  

been  r e p o r te d  o f  e x p e r im e n ta l  l a b o r a to r y  work o f  t h i s  n a tu r e .

T here  a p p e a rs  t o  be a  c o n s id e r a b le  l a g  b e tw een  th e o ry  

and a p p l i c a t i o n  [ 8 ,4 5 ] .  One can  s p e c u la te  a s  t o  th e  re a s o n s  

f o r  t h i s  l a g .  I t  h a s  b een  a rg u e d  t h a t  a  l a g  b e tw een  th e o r y  

and  a p p l i c a t i o n  a lw ay s e x i s t s  and I s  a  n a t u r a l  phenom enon.
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o f t e n  even  an  a d v a n ta g e !  In  t h i s  p a r t i c u l a r  c a s e ,  how ever, 

th e  l a g  i s  n o t  r e a l l y  betw een  th e o ry  and a p p l i c a t i o n ;  i t  i s  

r a t h e r  a  l a g  betw een  a  s u g g e s t io n  f o r  a p p l i c a t io n  and th e  

a p p l i c a t i o n  i t s e l f .  An im p o r ta n t  r e a s o n  f o r  t h i s  d e la y  a p ­

p e a r s  to  be th e  u n c e r t a i n t y  a s s o c i a t e d  w ith  p la n t  a p p l i c a t i o n  

o f  th e  m a th e m a tic a l m eth o d s. I n fo rm a t io n  a b o u t p ro c e s s  b e ­

h a v io r  i s  r e q u i r e d  w hich i s  n o t  r e a d i l y  a v a i l a b l e .  A lthough  

t h e o r e t i c a l  c o n s id e r a t io n s  may be u s e f u l  i n  e v a lu a t in g  th e  

g e n e r a l  to p o lo g y  o f  p l a n t  e q u a t io n s  and th e re b y  p ro v id in g  

fo rm a l m o d e ls , i t  i s  f r e q u e n t ly  im p o s s ib le  to  e v a lu a te  th e  

a c t u a l  p a ra m e te rs  n u m e r ic a l ly  w ith  any d e g re e  o f  c o n f id e n c e . 

A n o th e r d i f f i c u l t y  i s  t h a t  even  i f  m a th e m a tic a l m odels can  

be e v a lu a te d  from  t h e o r e t i c a l  c o n s i d e r a t i o n s ,  th e y  a r e ,  a s  

h a s  been  m en tio n ed  by R osenbrock  [ 4 5 ] ,  f r e q u e n t ly  to o  com­

p l i c a t e d  to  be h a n d le d . H ow ever, th e  m ost s e r io u s  l i m i t a t i o n  

i s  t h a t  u s u a l l y  th e  o v e r a l l  p l a n t  p e rfo rm an c e  i s  n o t  a d e q u a te ­

l y  u n d e rs to o d  and even  a  r e l i a b l e  fo rm a l m odel c an n o t be  o b ­

t a in e d  from  t h e o r e t i c a l  c o n s id e r a t i o n s .

S in c e  th e  t h e o r e t i c a l  a p p ro a c h  may n o t  y i e l d  s a t i s ­

f a c t o r y  dynam ic m odels o f  p l a n t  o p e r a t io n ,  one m ust f r e q u e n t ly  

r e s o r t  to  e x p e r im e n ta l  m ethods f o r  m odel e v a lu a t io n  ( o f t e n  

c a l l e d  " sy s te m  i d e n t i f i c a t i o n " ) .  By " e x p e r im e n ta l  m ethods" 

i s  m eant th e  e v a lu a t io n  o f  p l a n t  dynam ic b e h a v io r  from  a c t u a l  

p l a n t  t e s t  d a t a .

E x p e r im e n ta l d a ta  a r e  o b ta in e d  from  m easurem ents o f  

re s p o n s e s  o f  p l a n t  o u tp u t  ( s t a t e )  v a r i a b l e s ,  to  programmed 

o r  unprogram m ed v a r i a t i o n s  in  in p u t  ( d i s tu r b a n c e )  v a r i a b l e s .
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In  a d d i t i o n ,  in fo rm a tio n  a b o u t s te a d y  s t a t e  o p e ra t in g  c o n d i­

t i o n s  i s  o f t e n  u s e f u l .  P re s e n t  day  m ethods f o r  sy s tem  id e n ­

t i f i c a t i o n  a r e  q u i te  u s e f u l  f o r  e v a lu a t in g  s im p le  m a th e m a tic a l 

m odels o f  c h e m ic a l p l a n t s ,  b u t  t h e i r  v a lu e  from  th e  c o n t r o l  

s ta n d p o in t  i s  l im i t e d  due to  s e v e r a l  s e r io u s  d raw backs.

S e v e ra l  t e s t i n g  and  a n a l y s i s  te c h n iq u e s  f o r  sy s tem  

i d e n t i f i c a t i o n  have  been  d e v e lo p e d  i n  th e  p a s t .  A ll  t e s t i n g  

m ethods a r e  b a se d  (a s  h a s  been  m e n tio n e d )  on th e  a n a l y s i s  o f  

in p u t - o u tp u t  r e l a t i o n s h i p s  and d i f f e r  e s s e n t i a l l y  i n  th e  ty p e s  

o f  t e s t  s i g n a l s  a p p l ie d  and th e  m a th e m a tic a l  te c h n iq u e s  u se d  

f o r  d a ta  m a n ip u la t io n .  The b a s i c  m ethods can  be c l a s s i f i e d  

a s ;  ( l )  s i n u s o id a l  ( f re q u e n c y  re s p o n s e )  t e s t i n g ,  (2 )  s t a t i s ­

t i c a l  o r  random  t e s t i n g ,  and (3 )  p u ls e  t e s t i n g  and F o u r ie r  

t r a n s f o r m a t io n .  A ll o f  th e s e  m ethods f o r  i d e n t i f i c a t i o n  can 

be c o n s id e re d  a s  f re q u e n c y  dom ain te c h n iq u e s  i n  th e  se n se  

t h a t  a t  some s ta g e  o f  th e  a n a l y s i s  th e  d a ta  i s  tra n s fo rm e d  

in to  th e  f re q u e n c y  dom ain. A ll  o f  th e  above m ethods depend  

on f re q u e n c y  dom ain r e p r e s e n t a t i o n s ,  u s u a l ly  m agn itude  and 

phase  la g  v e r s u s  f re q u e n c y  d iag ram s (Bode p l o t s ) ,  f o r  th e  

f i n a l  p l a n t  e v a lu a t io n .

D i r e c t  f re q u e n c y  re s p o n se  t e s t i n g  h a s  been  w id e ly  

u se d  in  th e  p a s t  [ 1 1 ,1 8 ,3 5 ,3 8 ] .  I t  was o r i g i n a l l y  a d o p te d  

from  e l e c t r i c a l  e n g in e e r in g  (a s  have  b een  m ost fu n d am e n ta l 

c o n c e p ts  i n  c o n t r o l  and sy s tem s e n g in e e r in g )  f o r  u t i l i z a t i o n  

in  th e  c h em ic a l p l a n t .  A lthough  f re q u e n c y  re sp o n se  t e s t i n g  

i s  n a tu r a l  and  c o n v e n ie n t i n  e l e c t r i c a l  e n g in e e r in g  a p p l i c a ­

t i o n s ,  i t  d id  n o t  g e n e r a l ly  p ro v e  s a t i s f a c t o r y  i n  th e  p ro c e s s
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I n d u s t r i e s  a s  was p o in te d  o u t by Hougen [ 2 5 ] .  The b a s ic  

v i r t u e  o f  th e  m ethod i s  th e  s i m p l i c i t y  w ith  w hich  th e  d a ta  

can  be h a n d le d . R e a so n a b le  a c c u ra c y  o f  th e  r e s u l t s  can  be 

o b ta in e d  i f  n o is e  e f f e c t s  a r e  m in im ized  [ 1 8 ,1 9 ,4 9 ,5 0 ] .  Gen­

e r a l  d raw backs o f  th e  m ethod w hich  h ave  b een  w id e ly  re c o g n iz e d  

a r e :  ( 1 ) t h e  t e s t s  a r e  lo n g  and  tim e  consum ing and may cau se

th e  sy s te m  t o  d e v ia te  d r a s t i c a l l y  from  i t s  no rm al mode o f  

o p e r a t io n ,  th e r e b y  r e s u l t i n g  i n  p ro d u c t io n  o f  o f f  s p e c i f i c a ­

t i o n  p r o d u c ts  o r  even  dam aging th e  equ ipm en t [ 9 , 2 5 ] ,  ( 2 ) a 

l a r g e  num ber o f  t e s t s  o v e r  a  w ide ra n g e  o f  f r e q u e n c ie s  i s  r e ­

q u ir e d  r e g a r d l e s s  o f  th e  c o m p le x ity  o f  th e  sy s te m , ( 3 ) s in u ­

s o id a l  f u n c t io n  g e n e r a to r s  may be  d i f f i c u l t  and  e x p e n s iv e  to  

b u i ld  and  o p e r a t e ,  (4 )  o n ly  a  l i m i t e d  c l a s s  o f  p l a n t  v a r i a b l e s  

can  be s i n u s o i d a l l y  f o r c e d  w ith  any  e x p e c te d  d e g re e  o f  s u c c e s s ,  

and  a t  a  r e a s o n a b le  c o s t ,  ( 5 ) sy s te m  n o is e  s t r o n g ly  l i m i t s  

th e  g e n e r a l  a p p l i c a b i l i t y  o f  th e  m ethod s in c e  th e  f re q u e n c y  

ra n g e  o f  t e s t i n g  i s  s e r i o u s l y  re d u c e d  and th e  r e s u l t s  c o r ­

r u p te d ,  and  ( 6 ) even  m ild  n o n l i n e a r i t i e s  w i l l  c o r r u p t  th e  ex ­

p e c te d  s i n u s o i d a l  re s p o n s e  [5 0 ] .  The need  to  e v a lu a te  th e  

sy s tem  m odel from  th e  Bode p l o t s  o r  o t h e r  f re q u e n c y  dom ain 

r e p r e s e n t a t i o n s  i s  a  s e r io u s  l i m i t a t i o n  ( a s  w i l l  be  d is c u s s e d  

l a t e r ) . A lth o u g h  work h a s  b een  done and  i s  s t i l l  b e in g  pub­

l i s h e d  on th e  u t i l i z a t i o n  o f  d i r e c t  f re q u e n c y  re s p o n s e  t e s t ­

in g  [ 3 1 , 4 7 , 4 8 , 4 9 ] ,  i t  h a s  u s u a l ly  b een  u se d  f o r  m odel v e r i f i ­

c a t io n  r a t h e r  th a n  i d e n t i f i c a t i o n .  C om parison  o f  t h e o r e t i c a l  

m odels ( o f  v a ry in g  c o m p le x ity )  t o  e x p e r im e n ta l  d a ta  h a s  been  

th e  m ain r e a s o n  f o r  t h i s  ty p e  o f  t e s t i n g .  M ost o f  th e
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p u b l i c a t i o n s  o f  d i r e c t  f re q u e n c y  re s p o n s e  t e s t i n g  r e p o r t  o f  

l a b o r a to r y  s c a le  w ork , and  o n ly  a  few  o f  p l a n t  s c a le  w ork.

The u s e f u ln e s s  o f  t h i s  m ethod i s ,  h ow ever, s t r o n g ly  q u e s t io n e d  

even  on l a b o r a to r y  s c a l e .

The s e r io u s  l i m i t a t i o n s  o f  d i r e c t  f re q u e n c y  re sp o n se  

t e s t i n g  f o r  i d e n t i f i c a t i o n  o f  ch em ic a l p r o c e s s e s  l e d  i n v e s t i ­

g a to r s  t o  d e v e lo p  a l t e r n a t e  m ethods t h a t  w ould e l im in a te  th e  

d i f f i c u l t i e s  e n c o u n te re d  w ith  t h i s  te c h n iq u e .  A m ethod t h a t  

seem s, a t  l e a s t  t h e o r e t i c a l l y ,  t o  ta k e  a d v a n ta g e  o f  some o f  

th e  l i m i t a t i o n s  in h e r e n t  i n  d i r e c t  f re q u e n c y  re s p o n se  t e s t i n g  

i s  random  t e s t i n g  fo llo w e d  by s t a t i s t i c a l  a n a l y s i s  o f  th e  r e ­

s u l t i n g  r e s p o n s e s  [ 2 0 ,4 6 ,5 1 ,5 4 ,5 5 ] .  The l i m i t a t i o n s  due to  

n o is e  w ould be  e x p e c te d  to  be e l im in a te d  s in c e  random d i s ­

tu rb a n c e s  a r e  u s e d  t o  f o r c e  th e  sy s tem  [ 1 9 ] .  I n  f a c t ,  a l r e a d y  

e x i s t i n g  n o i s e  c o u ld  be u se d  to  a d v a n ta g e . A lso  a  l im i t e d  

num ber o f  t e s t s  i s  r e q u i r e d  f o r  th e  i d e n t i f i c a t i o n .  Even 

tho u g h  th e  t e s t s  a r e  lo n g  t h i s  re q u ire m e n t  w ould n o t  seem to  

be a  m a jo r  l i m i t a t i o n ,  s in c e  th e  sy s tem  i s  n o t  " s t r o n g ly "  

d i s t u r b e d .  P a r t i c u l a r l y  com plex f u n c t io n  g e n e r a to r s  a re  n o t  

r e q u i r e d ,  w hich  s i m p l i f i e s  th e  m ethod from  th e  e x p e r im e n ta l  

v ie w p o in t .

The random  t e s t i n g  te c h n iq u e  was i n v e s t i g a t e d  th e o ­

r e t i c a l l y  by  T ie rn e y  and Homan [5 1 ] u t i l i z i n g  d i g i t a l  com puter 

s im u la t io n s  and by G a l l i e r  [1 9 ,2 0 ]  e x p e r im e n ta l ly .  S e v e ra l  

s e r io u s  l i m i t a t i o n s  o f  th e  m ethod have b e en  r e p o r t e d .  In  

p a r t i c u l a r  th e  l e n g th  o f  th e  r e q u i r e d  t e s t  r e c o r d s  i s  e x c e s ­

s iv e  i f  h ig h  a c c u ra c y  o f  r e s u l t s  i s  d e s i r e d .  T h is  re q u ire m e n t
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I s  due to  th e  h ig h  s ta n d a rd  d e v ia t i o n s  o f  th e  c o r r e l a t i o n  

f u n c t io n s  t h a t  a r e  o b ta in e d  from  f i n i t e  r e c o r d s .  F u rth e rm o re  

th e  c o m p u ta tio n a l re q u ire m e n ts  a r e  q u i t e  s e v e r e ,  and p a r t i c ­

u l a r l y  cumbersome i s  th e  enorm ous am ount o f  d a ta  h a n d lin g .  

T ie rn e y  r e p o r t s  t h a t  a b o u t 2500 d a ta  p o i n t s  w ere r e q u i r e d  to  

o b ta in  r e l i a b l e  e s t im a te s  o f  th e  c o r r e l a t i o n  f u n c t io n !  An­

o th e r  l i m i t a t i o n  w hich  h a s  been  re c o g n iz e d  [2 0 ,5 1 ]  i s  th e  

d i f f i c u l t y  o f  g e n e r a t in g  an  in p u t  n o is e  f u n c t io n  w hich h a s  a  

s u f f i c i e n t l y  w id e , n e a r l y - f l a t ,  pow er sp e c tru m  in  o r d e r  to  

o b ta in  a d e q u a te  f re q u e n c y  re s p o n se  r e p r e s e n t a t i o n s  o v e r  an 

a c c e p ta b le  f re q u e n c y  ra n g e .

N e v e r th e le s s ,  even  w ith  th e s e  p ro b lem s i t  i s  n o t  th e  

a n a l y t i c a l  and c o m p u ta tio n a l  p rob lem s t h a t  make th e  m ethod 

in a d e q u a te . C hem ical p ro c e s s e s  s u f f e r  from  in h e r e n t  n o is e  

in  th e  o u tp u t  v a r i a b l e s  even  when th e y  a r e  o p e ra te d  a t  s te a d y  

s t a t e  c o n d i t i o n s .  The n o is e  s o u rc e s  a r e  u s u a l ly  unknown.

They can  e x i s t  a s  random d is tu r b a n c e s  w hich  a r e  in h e r e n t  in  

in p u t  v a r i a b l e s  a s  w e ll  a s  in  th e  p ro c e s s  p a ra m e te rs  (w hich  

u s u a l ly  in c lu d e  some f u n c t io n  o f  flow , te m p e ra tu re  o r  concen­

t r a t i o n ) .  In  a d d i t i o n ,  in s t in m e n t  n o is e  may som etim es be 

p r e s e n t  w hich  r e s u l t s  i n  an a p p a re n t  o b s e r v a t io n  w hich i s  n o t  

in h e r e n t  i n  th e  p r o c e s s .  The im p o r ta n t  p o in t  i s  t h a t  t h i s  

n o is e  i s  n o t  s im p ly  r e l a t e d  to  a  s p e c i f i c  f o r c in g  v a r i a b le  

and i t s  s o u rc e  i s  u s u a l ly  unknown. T h u s, any  s p e c u la t io n  

t h a t  o b se rv e d  o u tp u t ,  s te a d y  s t a t e  n o i s e  a i d s  in  th e  random 

i d e n t i f i c a t i o n  p ro c e d u re  i s  b a s i c a l l y  i n c o r r e c t .  I f  a  c e r ­

t a i n  in p u t  v a r i a b l e  i s  random ly p u ls e d ,  th e  o b se rv e d  o u tp u t
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I s  c o r ru p te d  w ith  th e  s te a d y  s t a t e  n o is e  w hich  i s  n o t  c o r r e ­

l a t e d  w ith  th e  fo r c e d  in p u t .

The s ig n a l  to  n o is e  r a t i o  w i l l  g iv e  a d d i t i o n a l  p ro b ­

lem s. The am ount o f  pow er t h a t  can  be in t r o d u c e d  i n to  th e  

sy stem  th ro u g h  a  random  f o r c in g  f u n c t io n  i s  q u i t e  l i m i t e d ,  

p a r t i c u l a r l y  so  when th e  o u tp u t  v a r i a b l e  i n  q u e s t io n  h a s  weak 

c o u p lin g  w ith  th e  f o r c in g  v a r i a b l e .  Thus th e  s ig n a l  to  n o is e  

r a t i o  p rob lem  may be ev en  more s e v e re  f o r  random  t e s t i n g  th a n  

f o r  o t h e r  t e s t  m e th o d s. When th e  p ro b lem  o f  s ig n a l  t o  n o is e  

r a t i o  becom es s e v e re  i t  would seem re a s o n a b le  to  a t te m p t  to  

in t r o d u c e  more e n e rg y  i n to  th e  sy s tem  th ro u g h  th e  f o r c in g  

v a r i a b l e .  An im provem ent i n  t h i s  r e s p e c t  c o u ld  be th e  i n t r o ­

d u c t io n  o f  a  s i n g l e ,  p o w e rfu l p u ls e  r a t h e r  th a n  a  random 

f u n c t io n .  S in c e  f re q u e n c y  dom ain a n a l y s i s  and  r e p r e s e n ta t i o n  

a r e  r e q u i r e d ,  th e  u s e f u ln e s s  o f  th e  m ethod i s  f u r t h e r  l i m i t e d .

P u ls e  t e s t i n g  and F o u r ie r  t r a n s f o r m a t io n  h a s  been  p r o ­

posed  and d e v e lo p ed  t o  overcom e some o f  th e  s e r io u s  d i f f i c u l ­

t i e s  e n c o u n te re d  w ith  d i r e c t  s i n u s o id a l  t e s t i n g .  T h is  m ethod , 

w hich i s  a  r e f in e m e n t  o f  th e  t r a n s i e n t  r e s p o n s e  t e s t i n g ,  was 

f i r s t  in t ro d u c e d  f o r  a n a l y s i s  o f  c h e m ic a l p r o c e s s e s  by Hougen 

[ 2 4 , 2 5 ] .  W ith  t h i s  m ethod th e  f o r c in g  v a r i a b l e  i s  e x c i te d  by 

a  s in g l e  p u ls e  and th e  in p u t  and re s p o n s e  a r e  r e c o rd e d . B oth 

a r e  t r a n s fo rm e d  n u m e r ic a l ly  i n to  th e  F o u r i e r  dom ain and th e  

r a t i o  o f  th e  t r a n s fo r m  o f  th e  re s p o n se  to  th e  t r a n s fo rm  o f  

th e  in p u t  g iv e s  th e  f re q u e n c y  re s p o n se  f u n c t io n  f o r  th e  p a r ­

t i c u l a r  i n p u t - o u tp u t  p a i r  t e s t e d .  The f re q u e n c y  re s p o n se  i s  

th e n  p l o t t e d  on a Bode d iag ram  w hich  i s  a  d ia g ra m  o f  m ag n itu d e
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r a t i o  and p h a se  la g  v e r s u s  f r e q u e n c y . S in c e  th e  pow er sp e c ­

t r a l  d e n s i ty  o f  a  s in g l e  p u ls e  t h e o r e t i c a l l y  c o v e rs  th e  w hole 

f re q u e n c y  ra n g e ,  i t  fo l lo w s  t h a t  a  s in g l e  t e s t  i s  a d e q u a te  

t o  e v a lu a te  t h e  co m p le te  f re q u e n c y  re s p o n se  f u n c t i o n .

Hougen and  h i s  a s s o c i a t e s  have  e x te n s i v e l y  i n v e s t i ­

g a te s  t h i s  te c h n iq u e  [ 1 3 ,1 4 ,2 3 ,2 4 ,2 5 ,3 7 ,4 4 ]  w h ich  h a s  g a in e d  

f a i r l y  w ide a c c e p ta n c e  [ 9 ,4 9 ,5 2 ] .  S te rm o le  [4 9 ]  h a s  s tu d ie d  

th e  dynam ic r e s p o n s e  o f  h e a t  e x c h a n g e rs  and  W atJen [5 2 ] h a s  

i n v e s t i g a t e d  th e  dynam ics o f  a  p u l s e d - p l a t e  e x t r a c t i o n  colum n.

N a t u r a l l y  t h i s  m ethod h a s  some re m a rk a b le  a d v a n ta g e s  

o v e r  s in u s o id a l  t e s t i n g .  B a s i c a l l y ,  one t e s t  r e p l a c e s  a whole 

s e r i e s  o f  s i n u s o i d a l  t e s t s .  The c o m p u ta tio n  i s  n o t  to o  i n ­

v o lv e d , and  above a l l  no s p e c i a l  f u n c t io n  g e n e r a to r s  f o r  p l a n t  

t e s t i n g  a r e  r e q u i r e d .

From a  p r a c t i c a l  s t a n d p o in t  some o f  t h e  above s t a t e ­

m ents have  to  be q u a l i f i e d .  F i r s t  th e  q u a l i t y  o f  th e  c a lc u ­

l a t e d  t r a n s f e r  f u n c t io n  i s  s t r o n g l y  d ep en d en t on th e  q u a l i t y  

o f  th e  s p e c t r a l  d e n s i ty  f u n c t io n  o f  th e  a p p l i e d  p u l s e .  T h is  

p rob lem  h a s  b een  s tu d ie d  by D re ik e  [1 2 ] who d e m o n s tra te d  th e  

s e n s i t i v i t y  o f  th e  i d e n t i f i c a t i o n  to  p u ls e  sh a p e s  and  d u ra ­

t i o n s .  I f  th e  n a tu r e  o f  th e  sy s te m  i s  n o t  known in  a d v a n c e , 

some e x p e r im e n ta t io n  h a s  to  be e x p e c te d  b e fo r e  a  p r o p e r  p u ls e  

can  be a p p l i e d .  Thus th e  s ta te m e n t  t h a t  one t e s t  i s  s u f f i ­

c i e n t  i s  n o t  g e n e r a l l y  t r u e  i n  p r a c t i c e .  F u r th e rm o re , a t  

l e a s t  i n  th e o r y ,  th e  re s p o n se  h a s  t o  be re c o rd e d  f o r  an  i n ­

f i n i t e  l e n g th  o f  tim e  o r  e q u iv a l e n t ly  u n t i l  s te a d y  s t a t e  i s  

a g a in  r e a c h e d . I n  p r a c t i c e  t h i s  re q u ire m e n t  can  t a k e  a  r a t h e r
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lo n g  p e r io d  o f  t im e . D re ik e , Hougen and Mesmer [1 3 ]  have  

s tu d ie d  th e  p ro b lem  o f  t r u n c a t i o n  e r r o r  due to  u t i l i z a t i o n  

o f  l im i te d  ( f i n i t e )  r e c o rd  se g m e n ts . I . e . ,  u t i l i z a t i o n  o f  

re s p o n se  r e c o r d s  w hich end  b e fo r e  r e tu r n in g  to  s te a d y  s t a t e .  

T h is  t r u n c a t i o n  e r r o r  and th e  e f f e c t  o f  Im p ro p er In p u t  p u ls e s  

(w hich  have  o n ly  a  l im i t e d  ra n g e  o f  r e l i a b l e  f re q u e n c y  co n ­

t e n t )  m a n if e s t  th e m se lv e s  In  th e  r e s u l t i n g  f re q u e n c y  re s p o n se  

f u n c t io n  In  th e  form  o f  a  " c u t - o f f  f r e q u e n c y " . Beyond th e  

c u t - o f f  f r e q u e n c y , c y c l in g  o c c u r s .  As a  r e s u l t  th e  u n c e r ­

t a i n t y  o r  s c a t t e r i n g  o f  th e  r e s u l t s  becom es e x c e s s iv e ,  and  

th e  f re q u e n c y  re s p o n s e  f u n c t io n  becom es u n r e l i a b l e .

One m ig h t a rg u e  t h a t  t o  e l im in a te  t h i s  p ro b lem  th e  

re s p o n se  sh o u ld  be  re c o rd e d  u n t i l  s te a d y  s t a t e  I s  " p r a c t i c a l l y "  

r e a c h e d . F o r  a  ch em ic a l p ro c e s s  th e  tim e  In v o lv e d  may be Im­

p r a c t i c a l ,  p a r t i c u l a r l y  I f  th e  p ro c e s s  h a s  lo n g  tim e  c o n s t a n t s ,  

b e c a u se  o f  p o s s ib l e  d r i f t s  In  s te a d y  s t a t e  o p e r a t in g  c o n d i­

t i o n s .  Thus th e  p ro b lem  o f  f i n i t e  c u to f f  f re q u e n c y  I s  u n ­

a v o id a b le .  T h is  p ro b lem  o f t e n  d r a s t i c a l l y  l i m i t s  th e  u s e f u l  

ra n g e  o f  th e  f re q u e n c y  re s p o n se  f u n c t io n .

N o ise  I n t r o d u c e s  a d d i t i o n a l  d i f f i c u l t i e s .  T a l l  en d s  

o f  th e  re s p o n se  c u r v e s ,  w here th e  a m p li tu d e s  a r e  low , may 

lo s e  t h e i r  s i g n i f i c a n c e  c o m p le te ly . A lso o th e r  p a r t s  o f  th e  

re s p o n se  cu rv e  may c o n ta in  n o t i c e a b l e  u n c e r t a i n t y .  The n e e d  

to  r e l y  upon th e s e  u n c e r t a in  s e c t i o n s  o f  th e  r e s p o n s e s  I s  a 

s e r io u s  l i m i t a t i o n .  S in c e  th e  re s p o n s e  cu rv e  h a s  t o  be  num­

e r i c a l l y  F o u r i e r  t r a n s fo rm e d , c u rv e  f i t t i n g  o f  th e  f o r c in g  

p u l s e  and th e  r e s p o n s e  f u n c t io n  I s  e s s e n t ia l* .  The q u a l i t y  o f
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t h e  a p p ro x im a tin g  f u n c t io n s  i s  a  d e c i s iv e  f a c t o r  i n  d e te rm in ­

in g  th e  q u a l i t y  o f  th e  r e s u l t a n t  f re q u e n c y  re sp o n se  f u n c t io n .  

Some o f  t h i s  p rob lem  can  be s o lv e d  by u s in g  sm oo th ing  te c h ­

n iq u e s ,  th e r e b y  im prov ing  th e  r e s u l t s  o v e r  c e r t a i n  r a n g e s .

The am ount o f  co m p u ta tio n  r e q u i r e d  i s  c e r t a i n l y  n o t  t r i v i a l  

and  r e q u i r e s  a  d i g i t a l  com pu ter [ l 4 ] .  However, c o m p u ta tio n a l 

le n g th  sh o u ld  n o t  be c o n s id e re d  a  m a jo r  l i m i t a t i o n .

Sum m arizing , a l l  t h r e e  m ethods d is c u s s e d  above may 

have  t h e i r  p a r t i c u l a r  a d v a n ta g e s  and d raw backs w hich w i l l  

a f f e c t  th e  s e l e c t i o n  o f  a  m ethod f o r  a p p l i c a t i o n  to  a  s p e c i f i c  

p ro b lem .

When dynam ic p l a n t  t e s t i n g  i s  c a r r i e d  o u t f o r  th e  

p u rp o se  o f  m odel i d e n t i f i c a t i o n ,  one may o r  may n o t  have  a 

p re c o n c e iv e d  id e a  o f  th e  m odel to p o lo g y . H ow ever, th e r e  i s  

e s s e n t i a l l y  no know ledge a b o u t th e  m odel p a ra m e te rs  s in c e  

t h e i r  e v a lu a t io n  i s  th e  p rim e o b j e c t i v e  o f  th e  t e s t s .  U nder 

th e s e  c ir c u m s ta n c e s  i t  may tu r n  o u t t o  be v e ry  d i f f i c u l t  to  

e v a lu a te  th e  p a ra m e te rs  n u m e r ic a l ly  from  Bode p l o t  r e p r e s e n ta ­

t i o n s ,  p a r t i c u l a r l y  when n o is e  i s  p r e s e n t .  System s d e s c r ib -  

a b le  by a  f i r s t  o r d e r  l a g  ( i . e .  h a v in g  one p o le  and no z e ro )  

a r e  e a s i l y  i d e n t i f i a b l e  from  th e  f re q u e n c y  dom ain r e p r e s e n ta ­

t i o n s ,  w h ile  sy s tem s o f  h ig h e r  c o m p le x ity  may le a d  to  con­

s i d e r a b l e  d i f f i c u l t i e s .  D udnikov and G o lan t [1 5 ,2 1 ]  have 

p ro p o se d  a  m ethod f o r  e x p l i c i t  d e te r m in a t io n  o f  th e  s y s te m 's  

p a ra m e te r s  from  fre q u e n c y  dom ain r e p r e s e n t a t i o n s .  I t  a p p e a rs ,  

how ever, t h a t  t h e i r  m ethod does n o t  p ro v id e  s i g n i f i c a n t  

im p ro v em en t.



13

G e n e ra lly  th e  u s e f u l  ran g e  o f  th e  m agn itude  r a t i o  

p l o t  does n o t  ex ceed  one to  two d e ca d es  on th e  lo g a r i th m ic  

fre q u e n c y  s c a le  when a c t u a l  equ ipm en t and p l a n t  t e s t s  a re  

p e rfo rm ed , a s  can  be se e n  from  v a r io u s  e x p e r im e n ta l  t e s t  r e ­

s u l t s  [ 4 7 ,4 8 ,4 9 ,5 2 ] ,  H ere u s e f u l  ran g e  means th e  f r e q u e n c ie s  

on th e  Bode p l o t  to  th e  r i g h t  o f  th e  f i r s t  b re a k  p o in t  o r ,  in  

th e  re s o n a n t  c a s e ,  to  th e  r i g h t  o f  a  p e a k . Thus th e  i d e n t i f i ­

a b le  n a t u r a l  f r e q u e n c ie s  a r e  l im i t e d  to  t h i s  ra n g e  o f  a t  m ost 

two d e c a d e s . A lso  th e  i d e n t i f i a b l e  o r d e r  o f  th e  sy s tem  i s  

s u b je c t  to  th e s e  l i m i t a t i o n s .  The p h ase  la g  v e r s u s  f re q u e n c y  

p lo t  i s  u s u a l ly  l e s s  r e l i a b l e  th a n  i s  th e  m agn itude  r a t i o  

p l o t ,  t h e r e f o r e  o f f e r i n g  l i t t l e  a d d i t i o n a l  in f o r m a t io n .  I f ,  

f o r  exam ple , th e  sy s te m  i s  o f  second  o r d e r  ( i . e .  e x h i b i t s  two 

p o le s )  th e n  th e  p o le  c o rre s p o n d in g  to  th e  h ig h  f re q u e n c y  w i l l  

n o t  be i d e n t i f i a b l e  i f  i t  i s  o u t s id e  th e  " u s e f u l  r a n g e " . In

t h i s  c a se  th e  sy s te m  w ould be i d e n t i f i e d  a s  f i r s t  o r d e r .  On

th e  o th e r  h a n d , i f  th e  h ig h  f re q u e n c y  p o le  i s  i n  th e  " u s e f u l  

range"  i t  may be to o  c lo s e  to  th e  o th e r  p o le  to  e n a b le  r e l i ­

a b le  n u m e r ic a l e v a lu a t io n  o f  e i t h e r  o f  th e  tw o, p a r t i c u l a r l y  

i f  t h e r e  i s  an  u n c e r t a i n t y  a s s o c i a t e d  w ith  th e  f re q u e n c y  

re sp o n se  f u n c t io n  ( o r  th e  Bode p l o t ) .  I r r e g u l a r i t i e s  i n  th e  

Bode p l o t ,  w hich  f r e q u e n t ly  e x i s t  t o  some e x t e n t ,  may d r a s ­

t i c a l l y  a f f e c t  th e  p o s s i b i l i t y  o f  n u m e r ic a l e v a lu a t io n  o f  th e  

p a ra m e te r s .  F u r t h e r ,  d i s p e r s i o n  o f  th e  e x p e r im e n ta l  p o in t s  

i n  th e  ra n g e  beyond th e  c u t o f f  f re q u e n c y  o f t e n  in t r o d u c e s  u n ­

c e r t a i n t y  a s  t o  th e  o r d e r  o f  th e  sy s te m . N a tu r a l ly ,  f o r

h ig h e r  o r d e r  sy s te m s th e  p ro b lem s a r e  more s e v e re .  When th e
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sy s te m  c o n ta in s  com plex p o le s  e v a lu a t io n  o f  th e  dam ping r a t i o  

i s  e s p e c i a l l y  d i f f i c u l t  ev en  when n o is e  e f f e c t s  a r e  m in im ized  

[12].
In  th e  fo re g o in g  s e c t io n s  th e  l i m i t a t i o n s  o f  p r e s e n t  

day  sy s te m  i d e n t i f i c a t i o n  m ethods h ave  b een  d i s c u s s e d .  In  

s p i t e  o f  t h e  f a c t  t h a t  f re q u e n c y  dom ain m ethods a r e  v e ry  u s e ­

f u l  a s  a  d e s ig n  and a n a l y s i s  t o o l  i n  v a r io u s  c o n t r o l  p ro b le m s, 

and  t h e r e f o r e  f re q u e n c y  dom ain r e p r e s e n t a t i o n s  o f  th e  sy stem  

dynam ics a r e  o f t e n  d e s i r e d ,  i t  a p p e a rs  t h a t  f re q u e n c y  dom ain 

te c h n iq u e s  o f f e r  no r e a l  a d v a n ta g e  f o r  c h e m ic a l p ro c e s s  

i d e n t i f i c a t i o n .  On th e  c o n t r a r y ,  th e y  seem to  p o s s e s s  some 

s e r io u s  l i m i t a t i o n s  and  d is a d v a n ta g e s .  I t  was th e  p u rp o se  

o f  t h i s  r e s e a r c h  to  d e v e lo p  an  i d e n t i f i c a t i o n  m ethod t h a t  

overcom es th e s e  d i f f i c u l t i e s .

The m ost s i g n i f i c a n t  l i m i t a t i o n s  o f  any  m odel i d e n t i ­

f i c a t i o n  p ro c e d u re  r e s u l t  from  u n c e r t a i n t i e s  a s s o c i a t e d  w ith  

n o is e  in  th e  re s p o n s e  d a t a .  M in im iz a tio n  o f  th e  n o i s e  e f f e c t s  

and  o f  e r r o r  p r o p a g a t io n  in  th e  n u m e r ic a l  a n a l y s i s  i s  e s s e n ­

t i a l  i f  th e  te c h n iq u e  i s  t o  be s u c c e s s f u l .  I n  a  c h em ic a l 

p l a n t ,  f l u c t u a t i o n s  in  th e  o u tp u t  v a r i a b l e s  a r e  n o rm a lly  p r e s ­

e n t  even  when o p e ra te d  u n d e r  s te a d y  s t a t e  c o n d i t i o n s .  T h is  

n o i s e  can  o r i g i n a t e  from  two s o u rc e s :  ( l )  In s t ru m e n t  n o i s e ,

w hich  can  be c au se d  by s e n s in g  d e v ic e s ,  t r a n s d u c in g  e le m e n ts  

o r  u n d e r  c e r t a i n  c ir c u m s ta n c e s  even  by th e  r e c o r d e r s  them ­

s e l v e s ,  and  ( 2 ) p l a n t  n o is e  w hich r e s u l t s  from  e x te r n a l  d i s ­

tu r b a n c e s  su c h  a s  f l u c t u a t i o n s  in  f lo w  r a t e s ,  te m p e r a tu r e s ,  

c o n c e n t r a t io n s  and  th e  l i k e .  T hese e x t e r n a l  d i s tu r b a n c e s  can
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be in  th e  in p u t  v a r i a b l e s  (fro m  a  dynam ic v ie w p o in t ) ,  o r  in  

p l a n t  p a ra m e te rs  w hich  a r e  assum ed to  be c o n s t a n t . The p o in t  

o f  s ig n i f i c a n c e  i s  t h a t  th e  s p e c i f i c  n o is e  s o u rc e s  a r e  unknown 

and t h e r e f o r e  th e  n o is e  m ust be c o n s id e re d  a s  in h e r e n t  i n  th e  

p r o c e s s .  T hus, e r r o r  o r  u n c e r t a i n t y  i s  a s s o c i a t e d  w ith  any 

re sp o n se  c u rv e  o f  th e  sy s te m . S in c e  th e  n o is e  u s u a l ly  p o s ­

s e s s e s  a  s t a t i s t i c a l l y  c o n s ta n t  m ag n itu d e , i t  fo l lo w s  t h a t  

th e  r e l a t i v e  s i g n i f i c a n c e  o f  th e  n o is e  depends on th e  s t r e n g th  

o f  th e  t e s t  s i g n a l .  In  o t h e r  w ords, i t  i s  th e  s ig n a l  to  n o is e  

r a t i o  w hich d e te rm in e s  th e  d e g re e  o f  u n c e r t a i n t y  a s s o c i a t e d  

w ith  th e  t e s t  d a t a .  T h ere  i s  u s u a l ly  a  p r a c t i c a l  l i m i t  to  

th e  a t t a i n a b l e  re s p o n se  a m p li tu d e , and  th e  c o rre s p o n d in g  s i g ­

n a l  to  n o is e  r a t i o  can  be c o n s id e re d  a s  th e  minimum u n c e r ­

t a i n t y  l e v e l .

When th e  sy s tem  re s p o n s e s  a r e  n o i s y ,  t h e r e  i s  a c e r ­

t a i n  amount o f  e r r o r  t h e o r e t i c a l l y  a s s o c i a t e d  w ith  th e  c o r r e s ­

pond ing  m odel. S ta te d  d i f f e r e n t l y ,  p e r t u r b a t i o n  o f  th e  model 

w i th in  g iv e n  l i m i t s  does n o t  y i e l d  r e s p o n s e s  t h a t  d i f f e r  

s i g n i f i c a n t l y  enough to  be d i s t i n g u i s h a b l e  from  e ac h  o th e r  

when th e  n o is e  l e v e l  i s  c o n s id e r e d .  T h is  d is c r e p a n c y  i n  th e  

i d e n t i f i a b l e  m odel i s  a  t h e o r e t i c a l  u n c e r t a i n t y  w hich  does 

n o t  ta k e  i n t o  a c c o u n t any e r r o r  t h a t  i s  in tro d u c e d  by th e  

n u m e ric a l m a n ip u la t io n s  o f  a  s p e c i f i c  i d e n t i f i c a t i o n  t e c h ­

n iq u e .  I t  i s ,  t h e r e f o r e ,  a  lo w e r bound f o r  th e  e r r o r  i n  th e  

m odel. The am ount o f  e r r o r  in tro d u c e d  by  a  p a r t i c u l a r  i d e n t i ­

f i c a t i o n  m ethod d ep en d s on d a ta  h a n d lin g  and n u m e r ic a l p ro ­

c e d u re s  u s e d . The c o n f id e n c e  l i m i t s  o f  th e  o b ta in e d  m odel
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a re  th u s  a  f u n c t io n  o f  th e  s e n s i t i v i t y  o f  a p a r t i c u l a r  

I d e n t i f i c a t i o n  t e c h n iq u e .

The p rob lem  o f  m odel r e l i a b i l i t y  I s  n o rm a lly  Ig n o re d  

by sy stem s e n g in e e r s  who d e a l  w ith  p ro c e s s  I d e n t i f i c a t i o n .  

T h is  In fo rm a tio n  I s ,  how ever, o f  c o n s id e r a b le  Im p o rtan ce  In  

th e  d e s ig n  o f  advanced  c o n t r o l  sy s tem s w hich  i s  b a se d  on 

e x te n s iv e  know ledge o f  th e  p ro c e s s  dynam ics. Such a m easure  

o f  r e l i a b i l i t y  can  be g iv e n  In  th e  form  o f  c o n fid e n c e  l i m i t s  

f o r  th e  e v a lu a te d  sy s tem  p a ra m e te r s .  The d e te r m in a t io n  o f  

such  c o n fid e n c e  l i m i t s  In v o lv e s  an e x te n s iv e  s tu d y  o f  e r r o r  

p ro p a g a tio n  th ro u g h  th e  n u m e r ic a l p ro c e d u re s  b a sed  on th e  

e r r o r  In  th e  o r i g i n a l  re s p o n se  d a ta .

One o f  th e  m a jo r  g o a ls  o f  t h i s  woric was to  d e v is e  a 

m odeling  te c h n iq u e  t h a t  s im u lta n e o u s ly  e v a lu a te s  th e  sy stem  

p a ra m e te rs  a lo n g  w ith  t h e i r  a s s o c i a t e d  u n c e r t a i n t i e s . Any 

a m b ig u ity  a s s o c i a t e d  w ith  th e  I d e n t i f i e d  m odel I s  removed and 

p ro v is io n  I s  made f o r  a q u a n t i t a t i v e  m easure  o f  I t s  r e l i ­

a b i l i t y .  Knowledge o f  th e  e r r o r  a s s o c i a t e d  w ith  th e  e x p e r i ­

m e n ta l ly  d e te rm in e d  m odels does n o t  e l im in a te  th e  d i f f i c u l ­

t i e s  I n h e re n t  w ith  sy s tem  I d e n t i f i c a t i o n  In  th e  p re s e n c e  o f  

n o i s e .  However t h i s  know ledge I s  o f  s i g n i f i c a n t  v a lu e  when 

th e s e  m odels a r e  u se d  f o r  d e s ig n  o r  a n a ly s i s  p u rp o s e s .

In  th e  p r e s e n t  work a te c h n iq u e  f o r  l i n e a r  sy s tem  

I d e n t i f i c a t i o n ,  b a se d  e x c lu s iv e ly  on tim e  dom ain a n a l y s i s . I s  

p ro p o se d . T h is  te c h n iq u e ,  w hich I s  b a sed  on some fu n d am en ta l 

m a th e m a tic a l r e l a t i o n s  o f  l i n e a r  d i f f e r e n t i a l  e q u a t io n s ,  

o f f e r s  many u n iq u e  a d v a n ta g e s  o v e r  th e  p r e v io u s ly  d is c u s s e d
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m ethods. In  p a r t i c u l a r ,  th e  sy s tem  p a ra m e te rs  a r e  e x p l i c i t l y  

d e te rm in e d  th e r e b y  overcom ing  d i f f i c u l t i e s  a s s o c i a t e d  w ith  

fre q u e n c y  dom ain te c h n iq u e s .  I n  a d d i t i o n .  Im p le m e n ta tio n  o f  

t h i s  te c h n iq u e  y i e l d s  e r r o r  bounds a s s o c i a t e d  w ith  each  o f  

th e  sy s tem  p a ra m e te r s .

The I d e n t i f i c a t i o n  p ro c e d u re  I s  b a sed  on a n a l y s i s  o f  

t r a n s i e n t  o u tp u t  r e c o r d s  o f  th e  p ro c e s s  to  be I d e n t i f i e d .

T hese o u tp u t  r e c o r d s  a r e  th e  r e s p o n s e s  o f  th e  p r o c e s s  r e l a x ­

in g  from  an  e x c i te d  s t a t e .  N o rm ally  t h i s  can  be a c h ie v e d  

th ro u g h  p u l s a t i o n  o f  p ro c e s s  I n p u ts  by a r b i t r a r y  p u l s e s .  F o r 

I d e n t i f i c a t i o n  o f  an n^^  o r d e r  m o d e l, n l i n e a r l y  In d e p e n d e n t 

re sp o n se  f u n c t io n s  a r e  r e q u i r e d . In  g e n e r a l  th e  l i n e a r  I n ­

dependence  o f  th e  r e s p o n s e s  can  be s e c u re d  by p u l s in g  d i f f e r ­

e n t  p ro c e s s  I n p u t s ,  o r  c o m b in a tio n s  o f  I n p u t s ,  f o r  each  

r e s p o n s e .

I t  I s  I m p l i c i t  In  th e  above d i s c u s s io n  t h a t  th e  o r d e r  

o f  th e  sy s te m  to  be I d e n t i f i e d  I s  e i t h e r  known o r  s t r o n g ly  

s u s p e c te d .  Once th e  t e s t s  h ave  b een  c a r r i e d  o u t  and th e  r e ­

sp o n se s  o b ta in e d  th e  c o r r e c t  o r d e r  o f  th e  sy s tem  can  be d e t e r ­

m ined th ro u g h  p ro p e r  I n t e r p r e t a t i o n  o f  th e  e r r o r  a n a l y s i s  

a s s o c i a t e d  w ith  th e  I d e n t i f i c a t i o n .

In  C h a p te r  I I  g e n e r a l  back g ro u n d  p r i n c i p l e s  o f  l i n e a r  

sy s tem s a re  d i s c u s s e d ,  and  th e  b a s ic  te c h n iq u e  I s  d e r iv e d .

T h e .e r r o r  p ro p a g a t io n  a n a l y s i s  I s  p r e s e n te d  In  C h a p te r  I I I ,  

and  th e  p r i n c i p l e s  o f  th e  e r r o r  m in im iz a tio n  te c h n iq u e  a re  

d i s c u s s e d .  C h a p te r  IV p r e s e n t s  a  d i s c u s s io n  o f  th e  e r r o r  

p r o p a g a t io n  th ro u g h  I n t e g r a t i o n  o f  th e  re s p o n se  f u n c t i o n s .
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A m ethod i s  d e r iv e d  f o r  e s t im a t io n  o f  th e  e r r o r  i n  th e  i n t e ­

g r a l s  (b a se d  on th e  n o is e  i n  th e  re s p o n se  f u n c t i o n ) .*  In  

C h a p te r  V th e  p ro p o se d  i d e n t i f i c a t i o n  te c h n iq u e  i s  fo rm a l iz e d  

and i s  p r e s e n te d  i n  i t s  f i n a l  s c h e m a tic  w ork ing  fo rm . Chap­

t e r s  VI and  V II p r e s e n t  and  d i s c u s s  th e  r e s u l t s  o f  th e  e x p e r i ­

m en ta l i n v e s t i g a t i o n  o f  th e  m ethod .

*The d i s c u s s io n  i n  C h a p te r  IV i s  n o t  e s s e n t i a l  f o r  
th e  u n d e rs ta n d in g  o f  th e  p r i n c i p l e s  o f  th e  i d e n t i f i c a t i o n  
te c h n iq u e .  I t  p o i n t s  o u t ,  h o w ev er, c e r t a i n  l i m i t a t i o n s  and 
i s  v e ry  im p o r ta n t  f o r  p r o p e r  u t i l i z a t i o n  o f  th e  m ethod .



CHAPTER I I  

THEORY

L in e a r  m a th e m a tic a l m odels c o n s t i t u t e  an  a d e q u a te  

d e s c r i p t i o n  o f  a  b ro a d  c l a s s  o f  ch em ic a l p r o c e s s e s  o v e r  c e r ­

t a i n  ra n g e s  o f  o p e ra t in g  c o n d i t i o n s .  T hese  p ro c e s s e s  a r e  

g e n e r a l l y  m u l t i v a r i a b l e ,  i . e .  p o s s e s s  a  num ber o f  in p u ts  and 

o u tp u ts ,  and can  be d e s c r ib e d  by a s e t  o f  f i r s t  o r d e r  d i f f e r ­

e n t i a l  e q u a t io n s  r e l a t i n g  th e  v a r i a b l e s .  Such a  s e t  o f  eq u a ­

t i o n s  can  be e x p re s s e d  i n  a  g e n e r a l i z e d  v e c to r - m a t r ix  fo rm , 

w here th e  p ro c e s s  in p u ts  and o u tp u ts  a r e  c o n s id e re d  to  be 

v e c to r  q u a n t i t i e s .  By means o f  th e  v e c t o r i a l  d e s c r i p t io n  

e ach  o f  th e  o u tp u t  v a r i a b l e s  i s  r e l a t e d  to  a l l  o f  th e  o th e r  

v a r i a b l e s .  W hile t h i s  d e s c r i p t i o n  i s  c o n v e n ie n t from  a  m ath­

e m a t ic a l  v ie w p o in t ,  i t  i s  f r e q u e n t ly  s u f f i c i e n t  to  have th e  

r e l a t i o n s h i p  betw een  a  s in g l e  o u tp u t  v a r i a b l e  and th e  in p u t  

v a r i a b l e s  o n ly . T h is  d e s c r i p t i o n  i s  commonly c a l l e d  a  s c a l a r  

m odel. The i d e n t i f i c a t i o n  o f  th e  v e c t o r i a l  fo rm u la t io n  d i ­

r e c t l y  i s  u n d e s i r a b le  due to  th e  h ig h  s e n s i t i v i t y  o f  th e  

n u m e r ic a l  m a n ip u la t io n  o f  e x p e r im e n ta l  d a t a .  T h is  d i f f i c u l t y  

i s  "m inim ized in  i d e n t i f i c a t i o n  o f  th e  s c a l a r  m odel b e ca u se  o f  

th e  re d u c e d  num ber o f  p a ra m e te rs  to  be d e te rm in e d .

I t  i s  c o n v e n ie n t to  i d e n t i f y  th e  s c a l a r  model th ro u g h

19
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an e q u iv a le n t  c a n o n ic a l  d e s c r i p t i o n  o f t e n  c a l l e d  th e  s t a t e  

space  fo rm u la t io n .  T hrough t h i s  t r a n s fo r m a t io n  p ro c e s s  th e  

s c a l a r  model i s  r e p r e s e n te d  by a  h y p o th e t i c a l  v e c to r  m odel 

t h a t  p e rm its  d i r e c t  e v a lu a t io n  o f  th e  s y s te m 's  p a ra m e te rs  from  

th e  p r o c e s s ' r e s p o n s e s .  F o r  g e n e r a l  tim e  v a ry in g  sy stem s th e  

i d e n t i f i c a t i o n  p ro c e d u re  r e q u i r e s  d i f f e r e n t i a t i o n  o f  th e  r e ­

sponse  f u n c t io n s ,  a  n u m e ric a l p ro c e s s  w hich i s  e x tre m e ly  

s e n s i t i v e  t o  e r r o r s .  F o r c o n s ta n t  p a ra m e te r  sy stem s th e  

c a n o n ic a l  r e p r e s e n ta t io n  o f f e r s  an u n iq u e  m a th e m a tic a l a d ­

v a n ta g e . By p ro p e r  m a n ip u la t io n  o f  th e  e q u a t io n s ,  th e  d i f ­

f e r e n t i a t i o n  p ro c e d u re  i s  r e p la c e d  by i n t e g r a t i o n  o f  th e  

r e s p o n s e s . S in c e  i n t e g r a t i o n  i s  i n h e r e n t l y  a  sm ooth ing  

p ro c e s s ,  t h e r e  i s  an im m ed ia te  c o n t r ib u t io n  t o  th e  s t a b i l i t y  

o f  th e  i d e n t i f i c a t i o n  r e s u l t s .

G e n e ra l C o n s id e r a t io n s  

A g e n e r a l  ch em ica l p ro c e s s *  i s  s c h e m a tic a l ly  d e s c r ib e d  

by F ig u re  1 .

G e n era l C hem ical P ro c e s s

F ig u re  1 . G e n era l C hem ical P ro c e s s

*By p r o c e s s ,  o r  synonym ously , p la n t  o r  sy s te m , in  th e  
fo llo w in g  d i s c u s s io n s ,  w i l l  be  m eant a  m a th e m a tic a l model o f  a 
dynamic sy s tem .
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The v a r i a b l e s  y ^ C t ) ,  1 = 1 ,  . . n ,  a r e  o u tp u t  o r  

d e p en d en t v a r i a b l e s ,  and  X j ( t ) ,  j  = 1 , . . . , m ,  a r e  th e  

f o r c in g  v a r i a b l e s  o r  I n p u t s .

The o u tp u t  v a r i a b l e s  y ^ ( t )  n eed  n o t  n e c e s s a r i l y  a l l  

be p h y s ic a l  o u tp u ts ;  some o f  them  can  be c o n s id e re d  I n t e r n a l  

f u n c t io n s  o f  th e  p ro c e s s  I t s e l f .  The In p u t  v a r i a b l e s  a r e  

f r e q u e n t ly  c l a s s i f i e d ,  from  a  c o n t r o l  s t a n d p o in t ,  a s  t o  w h e th ­

e r  th e y  a r e  c o n t r o l l a b l e  o r  u n c o n t r o l l a b l e  I n p u t s .  F o r  exam­

p l e ,  changes In  th e  am b ien t te m p e ra tu re  may be c o n s id e re d  an  

u n c o n t r o l l a b le  In p u t  t o  a  h e a t - e x c h a n g e r  w h ereas v a r i a t i o n s  

In  c o o la n t  f l o w - r a t e  a r e  g e n e r a l l y  c o n s id e re d  a s  c o n t r o l l a b l e .  

From th e  I d e n t i f i c a t i o n  a s p e c t  a  s i m i l a r  d i s t i n c t i o n  sh o u ld  

be m ade. I . e .  f o r c e a b le  and  e n f o r c e a b le  I n p u t s .

A g e n e r a l  p ro c e s s  can  be l i n e a r ,  l i n e a r  tim e  v a ry in g  

o r  n o n l in e a r  and  I s  d e s c r lb a b le  by I t s  I n p u t - o u tp u t  r e l a t i o n ­

s h ip  a s  fo l lo w s  ;

y ( t )  = f [ x ( t ) , y ( t ) ]  ( 2 -1 )

w here y ( t )  = y ^ ( t ) ,  . . . ,  y ^ ( t )  I s  an n v e c t o r ,  x ( t )  = 

x ^ ( t ) ,  . . . ,  X j^(t) I s  an  m v e c to r ,  and f  [ ] d e s c r ib e s  th e  

f u n c t io n a l  r e l a t i o n s h i p  be tw een  In p u t  and o u tp u t .  I f  th e

p ro c e s s  I s  l i n e a r  ( o r  l i n e a r  tim e  v a r y in g ) .  I t  can  be fo rm u­

l a t e d  a s

ÿ ( t )  = A ( t ) y ( t )  + B ( t ) x ( t )  ( 2 - 2 )

w here y ( t )  and x ( t )  a r e  colum n v e c to r s  o f  o r d e r  n and  m 

r e s p e c t i v e l y ,  A ( t )  I s  a  (n x n)  m a tr ix  w ith  tim e  d e p en d en t 

e le m e n ts  and B ( t )  I s  a  (n x m) m a tr ix  w ith  tim e  d e p en d en t
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e le m e n ts .  (* )  s ta n d s  f o r  d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  

t im e .  The m a t r ic e s  A( t )  and  B ( t )  a r e  in d e p e n d e n t o f  ÿ ( t )  and 

x ( t ) .

In  expanded  form  E q u a tio n  ( 2 - 2 )  can be w r i t t e n  a s  a 

s e t  o f  n f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t io n s  o f  th e  form :

= a i l ( t ) Y i ( t )  + . . .  + & i n ( t ) y n ( t )  + b ^ ( t ) x i ( t )

+ . . .  + b i m ( t ) x m ( t )

• (2 -3 )

R e la t io n s h ip s  o f  th e  form  ( 2 - 3 )  can  n o rm a lly  be o b ta in e d  from  

fu n d am e n ta l e n e rg y  and  m ass b a la n c e s  on th e  sy s te m .

E q u a tio n s  o f  th e  g e n e r a l  ty p e  such  a s  ( 2 - 2 )  o r  ( 2 - 3 )  

a r e  o f t e n  o b ta in e d  a s  l i n e a r i z e d  m odels w here th e  e x i s t i n g  

n o n l in e a r  te rm s  have been  d i s c a r d e d  o r  p r o p e r ly  t r u n c a te d  

[ 5 0 ] .  The in p u t - o u tp u t  r e l a t i o n s h i p s  o f  a l i n e a r  sy s tem  

d e s c r ib e d  by E q u a tio n  ( 2 - 2 )  a r e  c o m p le te ly  c h a r a c t e r i z e d  by 

th e  m a t r ic e s  A ( t )  and B ( t ) .  The s t r u c t u r e  o f  th e s e  m a t r ic e s  

d e s c r ib e s  th e  to p o lo g y *  o f  th e  sy s te m .

I f  th e  p a ra m e te rs  a ^ j ( t )  and b ^ ^ ( t )  i n  ( 2 - 3 )  a r e  con­

t in u o u s  tim e  f u n c t io n s  and  p o s s e s s  th e  r e q u i r e d  num ber o f

* In  t h i s  c o n te x t  to p o lo g y  means th e  s t r u c t u r e  o f  i n t e r ­
a c t i o n s  i n  th e  p l a n t .
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f i n i t e  c o n tin u o u s  d e r i v a t i v e s , *  th e n  i t  i s  p o s s ib le  to  e x p re s s  

one o f  th e  o u tp u t  v a r i a b l e s  y ^ ( t )  i n  te rm s  o f  an  n^^ o r d e r  

l i n e a r  o r d in a r y  d i f f e r e n t i a l  e q u a t io n  o f  th e  form ;

4 * V i( t )  dy , ( t )
— ------- + & i ( t )  n -1  + • • •  + & n ( t ) y i ( t )  =

Q ud t

m

[  S j l ( t )   ̂ ]  (2 -4 )

Where th e  c o e f f i c i e n t s  a ^ ( t )  a r e  c o m b in a tio n s  o f  a ^ j f t )  and 

t h e i r  tim e  d e r i v a t i v e s ,  and th e  c o e f f i c i e n t s  g j ^ ( t )  a r e  com­

b i n a t i o n s  o f  a  ( t )  and b i % ( t )  and  t h e i r  tim e  d e r i v a t i v e s .
^ J

Some o f  th e  c o e f f i c i e n t s  g j ^ ( t )  may be z e ro  and  t h e r e f o r e  th e  

o r d e r  o f  th e  r i g h t  hand s id e  o p e r a to r s  may be lo w e r th a n  n - 1 .

To i l l u s t r a t e  th e  t r a n s f o r m a t io n  o f  E q u a tio n  ( 2 - 2 )  

i n t o  form  ( 2 - 4 )  c o n s id e r  th e  c o n s ta n t  p a ra m e te r ,  second  o r d e r  

sy s te m :

y^(t) ^11 *12 yi(t) bii 0 %l(t)
= « + .

yg(t) *21 *22 ygft) ° "22 Xg(t)

w hich  in  te rm s  o f  y ^ ( t )  t r a n s fo rm s  i n t o

ÿ p )  + a ^ ^ ( t )  + + gggXg

w here:

®1 "  - (* 1 1  *2 2 )
^2 " *11*22 ■ *12*21 
« U '  *>u

♦A c o n d i t io n  u s u a l ly  f u l f i l l e d  i n  r e a l  p ro c e s s e s ,
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®12 * "*22^11 

®22 '  *12^22

The u s u a l  i d e n t i f i c a t i o n  m ethods e v a lu a te  th e  z e ro s  and p o le s  

o f  sy s tem s o f  th e  form  ( 2 - 4 ) .  I t  can  be se e n  from  th e  above 

s im p le  second  o r d e r  sy s tem  t h a t  th e  c o e f f i c i e n t s  a  may b e -
X  J

come (and u s u a l ly  a r e )  v e ry  s e n s i t i v e  to  v a r i a t i o n s  i n  a ^ .  

T h e re fo r e ,  r e c o n s t r u c t i o n  o f  th e  m a t r ic e s  A and B in  E q u a tio n  

( 2 - 2 )  c an n o t be  r e l i a b l y  e x e c u te d  i f  u n c e r t a i n t i e s  i n  th e  

p a ra m e te rs  â  ̂ a r e  p r e s e n t .  T hus, m odels o f  th e  form  ( 2 - 2 )  

a r e  d i f f i c u l t ,  i f  n o t  im p o s s ib le  to  o b ta in  from  e x p e r im e n ta l  

t e s t  r e s u l t s .

E q u a tio n  ( 2 - 4 )  can  be  w r i t t e n  i n  o p e r a to r  form  a s

J=1
(n)  ( k , )

w here ' [  ] and  Mj *' [ ] a r e  l i n e a r  d i f f e r e n t i a l  o p e r a to r s ,

w ith  tim e  d e p en d e n t p a ra m e te r s ,  o f  o r d e r  n  and k j  r e s p e c t i v e l y ,  

w here k j  s  n - 1 .  I f  th e  r i g h t  hand s id e  o f  E q u a tio n  ( 2 - 5 )  i s  

lum ped a s  a  g e n e r a l  tim e  f u n c t io n  f ( t ) .  E q u a tio n  ( 2 - 5 )  t r a n s ­

fo rm s to

L ^ ^ ^ [ y i ( t ) ]  = f ( t )  . ( 2 - 6>

F o r  s i m p l i c i t y  o f  n o t a t i o n  th e  s u b s c r ip t  i  w i l l  be 

d ropped  in  th e  fo l lo w in g  d i s c u s s io n s .  I f  th e  sy stem  d e s c r ib e d  

by ( 2 - 6 )  i s  u n f o r c e d ,  ( f ( t )  = 0 ) ,  th e  hom ogenous e q u a t io n  can 

be w r i t t e n :  ^

a ^ t t )  . . .  + a „ ( t ) y ( t )  = 0
d t "  ^ d t "  1 (2 -7 )
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T here  e x i s t s  a  s e t  o f  n l i n e a r l y  in d e p e n d e n t s o lu t io n s *  t o

( 2 - 7 ) ,  c p j ( t ) ,  j  = 1 ,  n ,  su ch  t h a t  a n y  s o l u t i o n  l ( t )  t o

(2 -7 )  i s  g i v e n  a s  a l i n e a r  c o m b in a t io n  o f  flPj(t);
n

t ( t )  = ^  C . q ) . ( t )  (2 -8 )
j = l

w here Cj a r e  c o n s t a n t s .  The s e t  v ^ ( t ) ,  j  = 1 , n ,  i s

s a id  t o  be a  fu n d am e n ta l s e t  o f  s o l u t io n s  to  ( 2 - 7 ) ,  o r  a l ­

t e r n a t i v e l y ,  a  b a s i s  to  th e  n d im e n s io n a l  s o l u t io n  sp a c e . 

G iven su ch  a  s e t  o f  s o l u t i o n s ,  th e  l i n e a r  sy s te m  ( 2 - 7 )  i s  

u n iq u e ly  d e s c r ib e d  [1 0 ] .

To e v a lu a te  th e  s o l u t io n  ( o r  r e s p o n s e )  o f  sy s tem  

( 2 - 6 )  t o  any  a r b i t r a r y  tim e  f u n c t io n  f ( t ) ,  th e  u n i t  im p u lse  

r e s p o n se  w i l l  be  in tr o d u c e d .  The u n i t  im p u lse  f u n c t io n  5 ( t )  

i s  m a th e m a tic a l ly  d e f in e d  a s

6 ( t )  = 0 f o r  t  /  0
00
^ 6 ( t ) d t  = 1

( 2 - 9 )

C o n s id e r  th e  s o l u t io n  to  th e  sy s tem

L ( " ) [ y ( t ) ]  = f ( t )  = 6 ( t  -  \ )  , (2 -1 0 )

w here X i s  t h e  tim e  a t  w hich  th e  im p u lse  f u n c t io n  i s  a p p l ie d  

t o  th e  sy s te m . I f  th e  sy s tem  i s  a  g e n e r a l  ( t im e  v a ry in g )  

l i n e a r  sy s te m , th e n  th e  re s p o n s e  w i l l  be  a  f u n c t io n  o f  b o th  

th e  o b s e r v a t io n  t im e , t ,  and  th e  tim e  a t  w hich  th e  im p u lse

*n s o l u t i o n s  «Pj(t )  a r e  l i n e a r l y  in d e p e n d e n t i f  t h e r e  
e x i s t s  no n o n t r i v i a l  s e t  o f  c o n s ta n t s  C l ,  . . . ,  C^ su ch  t h a t  

Ci'3p]_(t) + C2«P2(t) + . . .  + C^qpy^(t) = 0
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i s  a p p l i e d ,  X. The re s p o n se  to  t h e  u n i t  im p u lse  f u n c t io n  i s  

d e n o te d  by  W( t , X)  and i s  f r e q u e n t ly  c a l l e d  th e  w e ig h tin g  

f u n c t i o n .  S in c e  6 ( t  -  X) i s  z e ro  f o r  a l l  t  /  X, th e  im p u lse  

re s p o n se  i s  th e  hom ogeneous ( z e r o - f o r c in g )  re s p o n s e  o f  th e  

sy s te m  f o r  t  > X, s a t i s f y i n g  a p a r t i c u l a r  s e t  o f  i n i t i a l  

c o n d i t io n s  a t  t  = X. T h u s, th e  w e ig h tin g  f u n c t io n  i s  a 

p a r t i c u l a r  s o l u t io n  ' f ( t )  t o  th e  sy s te m  ( 2 - 7 ) .  I t  w i l l  l a t e r  

be shown how i t  can be o b ta in e d  from  th e  fu n d am e n ta l s e t  o f  

s o l u t io n s  <pj( t  ) .  F o r  t  < X, W( t , X)  i s  o f  c o u rs e  i d e n t i c a l l y

e q u a l  t o  z e ro  and  so a r e  a l l  i t s  d e r i v a t i v e s .  T hus:

L ^ " ^ [ W( t , X) ]  = 0  f o r  t  /  X (2 -1 1 )

I f  E q u a tio n  (2 -1 0 )  i s  c o n s id e r e d ,

(n )
L [ W( t , X) ]  = 6 ( t  -  X) . (2 -1 2 )

I n t e g r a t i n g  E q u a tio n  (2 -1 2 )  and a p p ly in g  th e  seco n d  c o n d i t io n  

o f  E q u a tio n  ( 2 - 9 ) :

f  (n)
^ L. [ W( t , X ) ] d t  = 1 (2 -1 3 )

S u b s t i t u t i o n  o f  E q u a tio n  (2 -1 1 )  i n t o  (2 -1 3 )

(n )
l im  \  L [ W( t , X ) ] d t  = 1 (2 -1 4 )
e -0  / J  

X — €

o r  s in c e  W( t , X)  = 0 f o r  t  < X:
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{ ^ - 5 ^  [ W ( t , x ) l  + a , ( t )  2 _ _ _  [ w ( t , l ) ]  + . . .  + 
dt at

X+t (2 -1 5 )
a  ( t ) W ( t , X ) }  + a  ( t )  11m \  W( t , X) d t  -  1

"  1 I t -X  e -0

S in c e  W( t , X)  = 0 f o r  t  < X I t  fo l lo w s  t h a t  W(t ,X)  and I t s
#

f i r s t  n -2  d e r i v a t i v e s  m ust be z e ro  a t  t  = X. T h u s, th e  

w e ig h tin g  f u n c t io n  p o s s e s s e s  th e  fo l lo w in g  p r o p e r t i e s :

_a
( a )  z _ _  W(t ,X)  I » 0 f o r  a  = 0 ,  1 ,  . . n - 2 ,  n 

at®

( c ) l j * ) [ W ( t , X ) ]  = 0  f o r  t  ^  X

( d )  W( t , X)  i s  u n iq u e  I

The re s p o n s e  o f  sy s tem  ( 2 - 6 )  t o  an  a r b i t r a r y  f o r c in g  f u n c t io n  

f ( t )  can  be  e x p re s s e d  in  te rm s o f  th e  sy s te m .w e ig h tin g  fu n c ­

t i o n  by th e  fo l lo w in g  e q u a t io n :
t

y ( t )  = ^ W( t , X) f (X)dX (2 -1 7 )

The u p p e r  l i m i t  o f  i n t e g r a t i o n  i n d i c a t e s  t h a t  o n ly  th o s e  

v a lu e s  o f  f ( t ) ,  f o r  w hich X < t ,  a r e  s i g n i f i c a n t  i n  d e te rm in ­

in g  y ( t ) .  F o r  a  p h y s ic a l  r e a l i z a b l e  sy s te m , W(t ,X)  = 0 , f o r  

t  < X, s in c e  o th e rw is e  th e  sy s te m  w ould be a n t i c i p a t o r y ,  i . e .  

r e s p o n s iv e  t o  f u t u r e  v a lu e s  o f  th e  f o r c in g  f u n c t io n s .

* I f  t h i s  c o n d i t io n  w ere n o t  f u l f i l l e d  i t  would mean 
t h a t  e i t h e r  W( t , X)  o r  a t  l e a s t  one o f  i t s  f i r s t  n -2  d e r i v a t i v e s
e x p e r ie n c e s  a  f i n i t e  d i s c o n t i n u i t y  a t  t  = X in  w hich c a se  a l l
th e  h ig h e r  d e r i v a t i v e s  ( in c lu d in g  th e  ( n - l ) ® ^ )  w ould be u n d e ­
f i n e d  and  (2 -1 5 )  w ould n o t  be  s a t i s f i e d .
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T hat E q u a tio n  (2 -1 7 )  h o ld s  can  be shown by d i r e c t  

s u b s t i t u t i o n  o f  y ( t )  from  (2 -1 7 ) i n t o  ( 2 - 6 ) .  T h u s, ta k in g  

th e  f i r s t  d e r i v a t i v e  o f  (2 -1 7 )

^  f (X)dX + 1^^^ . (2 -1 8 )

The l a s t  te rm  v a n is h e s  s in c e  by ( 2 - l 6 )  W ( t , \ )  = 0 f o r  t  = X. 

S im i la r ly :  

t
^ f (X)dX f o r  k  = 0 ,  1 ,  . n- 1 (2 -1 9 )

a t

F o r th e  n^^ d e r i v a t i v e :

4 ^  = I  f ( l )  I , , ,  ( 2 .2 0 )
d t  -® a t  a t   ̂ ^

and by u t i l i z i n g  c o n d i t io n  (b )  o f  ( 2 - l6 )  one o b ta in s :

^ ,̂ ( 1 ) = ^ Ü & À l  f ( x ) dX + f ( t )  (2 -2 1 )
d t  -® a t

S u b s t i t u t in g  th e  above e x p re s s io n  f o r  th e  d e r i v a t i v e s  i n to  

th e  expanded form  o f  ( 2 - 6 ) :  

t  ^ n - 1
^ -H & i ( t )  W(t ,X)  + . . .  + a n ( t ) W ( t , X ) } f ( i ) d X

- 0» a t  a t
+ f ( t )  = f ( t )  ( 2 - 22 )

from  w hich i t  f o l lo w s  t h a t :

^ (n )
^ L [W( t , X) ] f ( X)dX = 0 (2 -2 3 )

w hich i s  im m e d ia te ly  v e r i f i e d  by c o n d i t io n  ( c ) .  E q u a tio n  

(2 - 1 6 ).
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I f  y ( t )  = 0 p r i o r  to  t  = t th e n
t

y ( t )  = ^ W( t , X) f (X)dX . (2 -2 4 )
T

I f  a  t r a n s i e n t  i s  p r e s e n t  a t  t  = t and f ( t )  = 0 , f o r  t  < t , 

th e n  n t
y ( t )  = ]] C <p ( t )  + \  W( t , X) f (X)dX , (2 -2 5 )

w here ? j ( t ) ,  j  = 1 , . n ,  a r e  s o l u t io n s  t o  ( 2 - 7 )  and 

C ji j  = 1 , n ,  a r e  c o n s t a n t s  d e te rm in e d  by th e  i n i t i a l

c o n d i t io n s  ( i . e .  th e  v a lu e  o f  y ( t )  and i t s  d e r i v a t i v e s  a t  

tim e  t  =■ t ) su ch  t h a t
n

y(T)  = ^  C.<P.(t ) . (2 -2 6 )
J=1

The u t i l i t y  o f  th e  w e ig h tin g  f u n c t io n  a s  a  m eans f o r  

sy s te m  c h a r a c t e r i z a t i o n  i s  now e v id e n t :  I t  can  be  c o n v e n ie n t­

l y  u s e d  f o r  e v a lu a t io n  o f  sy s te m  re s p o n se  to  an  a r b i t r a r y  

f o r c in g  f u n c t i o n ,  and i t  i s  o f  p a r t i c u l a r  c o n v en ien c e  f o r  

t im e  i n v a r i a n t  l i n e a r  s y s te m s , a s  w i l l  be d is c u s s e d  l a t e r .

I t  can  be shown [5 7 ] t h a t  th e  w e ig h tin g  f u n c t io n  i s  g iv e n  by 

th e  r e l a t i o n

n
W(t ,X)  = U( t  -  X) y  *  ( t ) 9 * ( X )  (2 -2 7 )

J=1
w here q) . ( t )  a r e  any  n l i n e a r l y  in d e p e n d e n t s o l u t io n s  t o  th e

^  *
hom ogeneous E q u a tio n  ( 2 - 7 ) ,  and  T ^ ( t )  a re  n  l i n e a r l y  in d e ­

p e n d e n t s o l u t i o n s  t o  th e  a d j o i n t  E q u a tio n  o f  (2 -7 )

( n ) _  \ n - l^ n - 1
L [ y ( t ) ]  = ( - 1 )  — + ( - 1 )  — ^  [ a i ( t ) y ( t ) ]  + . . .

d t  d t
+ a ^ ( t ) y ( t )  = 0 . ( 2 - 2 8 )
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In  E q u a tio n  (2 -2 7 )  U (t -  X) I s  th e  u n i t  s t e p  f u n c t io n  a p p l ie d

a t  t  = X w here I t  I s  u n d e rs to o d  t h a t ;

J  0 f o r  t  < X .

t  .  X ;

The w e ig h tin g  f u n c t io n  can  a l s o  be e x p re s s e d  I n  te rm s

o f  th e  (p ( t )  a lo n e  [1 0 ]  a s  f o l lo w s :
J

w .i(t)W r.,(X )
T (2-29)

Where ( | ^)(X) I s  th e  W ronsklan  o f  <p )̂

e v a lu a te d  a t  t  = X, I . e .

, <P^)(X) » d e t .

q \ ( t )
9 l ( t )

(2-30)

t«X .

Wpj(X) I s  th e  d e te rm in a n t  o b ta in e d  from  Wj,(<p^, . . . ,  q p ^ ) ( x )  by 

r e p la c in g  th e  column ( cp ,̂ V y  . .  . ,  by

(0> • • • s 0> 1 ) .

An e q u iv a le n t  b u t  s l i g h t l y  d i f f e r e n t  form  f o r  W(t ,X)  

h a s  b een  p ro p o se d  by M i l l e r  [3 6 ]

W( t , X)  ■ , d e t .

q» i(t)

9 l ( k )

* i ( x )

, ( n - 2 )

(2-31)

I f  a  fu n d a m e n ta l s e t  o f  s o l u t io n s  to  a  l i n e a r  sy s te m  o f  th e
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form  (2 -7 )  i s  g iv e n ,  th e n  th e  w e ig h tin g  f u n c t io n  can  be 

e v a lu a te d  by means o f  E q u a tio n  (2 -2 9 ) o r  ( 2 - 3 1 ) .  The s o l u ­

t i o n  o f  sy s tem  ( 2 - 6 )  t o  any  f o r c in g  f u n c t io n  f ( t )  can  th u s  

be com puted by means o f  E q u a tio n  (2 -1 7 )  o r  ( 2 - 2 5 ) .

F u r th e rm o re , i t  can  be shown [1 0 ,5 7 ]  t h a t  g iv e n  th e  

s e t  o f  s o l u t io n s  <Pj ( t ) ,  th e  hom ogeneous o p e r a to r  o f  E q u a tio n  

(2 -7 )  can  be c o n s t r u c te d  a s  f o l lo w s :

^ Cy ( t ) ]  = — + . . .  + a  ( t ) y ( t )  
d t

T l ( t )  . . 9 ^ ( t )  y ( t )  
^ ( t )  y ( t )

d e t . • •

n

(2-3 2)

At t h i s  s ta g e  r e c o n s id e r  E q u a tio n  (2 -5 )  and  i t s  e q u iv a le n t  

form  E q u a tio n  ( 2 - 6 )

m( n)  ?  ( k , )
L [ y ( t ) ]  = y  M, J [ x , ( t ) ]  = f ( t )

j = i  •’ ■'
E q u a tio n  (2 -2 5 )  can  be r e w r i t t e n  a s

V f  V  (%l)y ( t )  -  X  C ,  ( t )  + \  W( t , X)  )  M ,  J  [ x , ( X) ] d X
j = i  •> J T A  ■’ •’
n ^ ( k , )
I  C j9 j ( t )  + ^W(t,X)Mj  ̂ [Xj(X)]dX

J=1 J=1 T

(2 -5)

(2 -3 3 )

E q u a tio n  (2 -3 3 )  e x p re s s e s  th e  re s p o n se  o f  th e  sy stem  t o  any  

in p u t  f u n c t io n  X j ( t ) .  E q u a tio n  (2 -3 3 )  can  be e x p re s s e d  i n  an  

e q u iv a le n t ,  b u t  more c o n v e n ie n t ,  form  a s
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n m t

y ( t )  = C j 9 j ( t )  + ^  Wj ( t , X) x j ( X) dX (2 -3 4 )

where Wj ( t , X)  i n  E q u a tio n  (2 -3 4 )  i s  r e l a t e d  t o  W(t ,X)  i n  

(2 -3 3 )  by th e  e x p re s s io n  

k  k j
W j ( t . x )  -  ( - 1 )  •> £ L j -  [ g j j t ) w ( t . x ) ]  + . . .  + w ( t , x )  .

d t  J •’ (2 -3 5 )

In  o p e r a to r  fo rm  (2 -3 5 )  can be  w r i t t e n  a s :

( k , )
Wj ( t , X)  = Mj J [ W( t , X)3  (2 -3 5 a )

( k j ) *  ( k i )
where M. [ ] i s  th e  a d j o i n t  o p e r a t o r  o f  M. [ ] .  E qua- 

J J
t i o n s  (2 -3 4 )  and (2 -3 5 )  can  be v e r i f i e d  d i r e c t l y  th ro u g h  

i n t e g r a t i o n  by p a r t s  o f  E q u a tio n  (2 -3 3 )  and  com parison  to  

( 2 -3 4 ) .

C o n s id e r  a g a in  th e  l i n e a r  sy s te m . E q u a tio n  ( 2 - 6 ) :

l / * ^ [ y ( t ) ]  = + a ^ ( t )  ^  + . . .  + a ^ ^ ( t ) y ( t )  -  f ( t )

(2 -6 )

A s s o c ia te d  w ith  E q u a tio n  ( 2 - 6 )  t h e r e  i s  a  sy s tem  o f  e q u a t io n s  

y ( t )  = Zj^(t)

^  - 2 ( t )

(2-36)

d Z j j ( t )
  =  - a n ( t ) z i ( t )  -  a n - l ( t ) % 2 ( t )  -  a j ^ ( t ) Z j ^ ( t )

+ \ ( t )
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w here T ^ ( t )  » f ( t ) .  T h is  r e l a t i o n s h i p  can  be  e x p re s s e d  in  

v e c to r - m a t r ix  form  a s

2 ( t )  = ^  -  A ( t ) Z ( t )  + T ( t ) (2 -3 7 )

w here 2 ( t )  i s  a  column v e c t o r ,  2 ( t )  = c o l ( z - ^ ( t ) ,  z ^ ( t ) ) ,

7 ( t )  i s  a  colum n v e c to r ,  T ( t ) = c o l ( 0 ,  . . . ,  0 ,  ? ^ ( t ) )  and 

7f ( t )  i s  th e  n X n m a tr ix  o f  c o e f f i c i e n t s :

î ( t )  =

0 1 0 . 0
0 0 1 . 0

- &n ( t ) - * h - l ( t ) -^ n -2 < ^ )  • . - a ^ ( t )

( 2- 38 )

T hat th e  sy s te m  r e p r e s e n te d  by  E q u a tio n  (2 -3 6 )  i s  e q u iv a le n t  

t o  E q u a tio n  ( 2 - 6 )  w ith  r e g a r d  to  th e  r e l a t i o n s h i p  o f  y ( t )  t o  

z ^ ( t )  can  be e a s i l y  v e r i f i e d  by  d i r e c t  s u b s t i t u t i o n .  Equa­

t i o n  (2 -3 6 )  i s  som etim es c a l l e d  th e  s t a t e - s p a c e  e q u a t io n  o f  

th e  sy s tem  r e p r e s e n te d  by E q u a tio n  ( 2 - 6 )  [ 5 8 ] .  The e q u iv a le n c e  

r e l a t i o n  b e tw een  E q u a tio n s  (2 -3 6 )  and  ( 2 - 6 )  w a r ra n ts  some d i s ­

c u s s io n .  I n  E q u a tio n  (2 -3 6 )  th e  v a r i a b l e s  z ^ ( t )  ( f o r  i  *

2,  . . . ,  n )  a r e  a r t i f i c i a l  and  have  no p h y s ic a l  s i g n i f i c a n c e  

i n  th e  se n se  o f  in p u t  o u tp u t  v a r i a b l e s  o f  th e  o r i g i n a l  sy s te m . 

The o n ly  v a r i a b l e  w hich  h a s  p h y s ic a l  m eaning  i s  z ^ ( t ) .  How­

e v e r ,  b o th  sy s te m s  have th e  same fu n d a m e n ta l s o lu t io n  sp a ce  

and m o reo v e r, b o th  y ( t )  and  z ^ ( t )  a r e  r e l a t e d  to  f ( t )  o r  T ^ ( t ) 

by th e  same m a th e m a tic a l r e l a t i o n s h i p .  M a th em a tica l m a n ip u la ­

t i o n  o f  th e  sy s te m  o f  E q u a tio n s  (2 -3 6 )  d o e s  n o t  a l t e r  t h i s  

r e l a t i o n s h i p  a s  lo n g  a s  th e  p h y s ic a l  ( o r  m a th e m a tic a l)  m eaning
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o f  Zj^(t)  and T ^ ( t ) I s  p r e s e r v e d .  What h a s  b een  do n e , in  

e f f e c t ,  i s  th e  f o rm u la t io n  o f  a  h y p o th e t i c a l  s t r u c t u r e  f o r  

a  s c a l a r  sy s te m .

Of more im p o rta n c e  h e re  i s  th e  r e l a t i o n s h i p  betw een  

th e  o r i g i n a l  sy s te m . E q u a tio n  ( 2 - 3 )  and  i t s  " e q u iv a le n t"  form  

E q u a tio n  (2 -3 6 ) . E q u a tio n  (2 -3 6 )  i s  o b ta in a b le  from  (2 -3 )  by  

a  l i n e a r  t r a n s f o r m a t io n ,  and from  a  m a th e m a tic a l  v ie w p o in t 

th e  two a r e  s i m i l a r  sy s te m s . However th e  to p o lo g ic a l  s t r u c ­

t u r e  h a s  b een  c o m p le te ly  a l t e r e d  and a l l  th e  o u tp u t  v a r i a b le s  

e x c e p t y ^ ( t )  h ave  b e en  " l o s t "  i n  th e  p r o c e s s  o f  t r a n s f o r m a t io n .  

The in d iv id u a l  o u tp u t  v a r i a b l e s  y ^ ( t )  and  z ^ ( t )  d o , how ever, 

s t i l l  b e a r  th e  same r e l a t i o n s h i p  t o  th e  f o r c i n g ,  o r  i n p u t ,  

v a r i a b l e s .  T h u s , i f  o n ly  th e  dynam ics o f  y ^ ( t )  i s  o f  i n t e r e s t  

th e  to p o lo g ic a l  t r a n s f o r m a t io n  i s  e n t i r e l y  im m a te r ia l .

The hom ogeneous p a r t  o f  (2 -3 7 )  I s :

2 ( t )  = A ( t ) 2 ( t )  (2 -3 9 )

The fu n d am e n ta l s o l u t io n  m a tr ix  ( i . e .  th e  m a t r ix  o b ta in e d  by 

a d jo in in g  n l i n e a r l y  in d e p e n d e n t s o l u t io n  v e c to r s  Y j ( t )  = 

col(qi , . . . ,  V ) o f  E q u a tio n  (2 -3 9 )  i s  g iv e n  by
J  -L

* ( t )

? i ( t )

q y / t )
T n 't )

<P(n -1 )
n ( t )

(2 -4 0 )

w here 9 j ( t ) ,  j  = 1,  . . . ,  n ,  a r e  n  l i n e a r l y  in d e p e n d e n t s o lu ­

t i o n s  o f  E q u a tio n  ( 2 - 7 ) .  I f  $ ( t ) u ( t ) = % ( t ) i s  a  s o lu t io n
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to  E q u a tio n  ( 2 - 3 7 ) ,  w here u ( t )  i s  a  m a tr ix  f u n c t io n  y e t  u n ­

d e te rm in e d , th e n

i ( t )  = è ( t ) u ( t )  + * ( t ) û ( t )  ( 2 -4 l )

S u b s t i t u t i o n  o f  E q u a tio n  ( 2 - 4 l )  i n t o  (2 -3 7 )  y i e l d s

T(t) » $  ( t ) u ( t )  + * ( t ) u ( t )  = X ( t ) # ( t ) u ( t )  + T ( t )  (2-42)

and since $ ( t )  = X ( t ) # ( t ) (as $ ( t ) s a t i s f i e s  Equation (2-39))

i ( t )  = X ( t ) « ( t ) u ( t )  + # ( t ) u ( t )  = X ( t ) # ( t ) u ( t )  + T ( t )  (2 -4 3 )

or * ( t ) u ( t )  = T ( t )  . (2-44)

S in ce  # ( t )  i s  a  n o n s in g u la r  m a tr ix  [1 0 ]
t

u ( t )  = ^ *"^(X )7(X )dX  + C (2 -4 5 )

and t

2 ( t )  = # ( t )  - C + ^ * ( t )* " ^ (X )7 ( \ )d X  (2 -4 6 )
T

The c o n s ta n t  m a t r ix  C i s  d e te rm in e d  by th e  i n i t i a l  c o n d i t io n s  

such  t h a t :

%(%) = #(t)C
Com paring E q u a tio n  (2 -4 6 )  w ith  (2 -2 5 )  i t  can  be se e n  t h a t :

¥ ( t , X )  » * ( t ) * " ^ (X )  (2 -4 7 )

w here W( t , X)  i s  th e  m a tr ix  w e ig h tin g  f u n c t io n  f o r  E q u a tio n  

( 2 - 3 7 ) '  W( t , X)  i s  r e l a t e d  t o  W(t ,X)  o f  E q u a tio n  ( 2 - 2 5 ) .

S in c e  z ( t )  i n  E q u a tio n  (2 -3 7 )  e q u a ls  y ( t )  i n  E q u a tio n  ( 2 - 6 )  

and s in c e  f ( t )  = c o l ( 0 ,  . . . ,  0 ,  f ^ ( t ) ) ,  w here T ^ ^ t)  = f ( t ) ,  

i t  fo l lo w s  t h a t  th e  w e ig h tin g  f u n c t io n  W(t ,X)  i s  g iv e n  a s :
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W(t ,X)  = (2 -4 8 )

w here th e  s u b s c r ip t  ( i n )  i n  th e  above e q u a t io n  s ta n d s  f o r  th e  

e lem en t i n  th e  f i r s t  row and n  colum n. E q u a tio n  (2 -4 8 )  can  

be v e r i f i e d  by e x p a n s io n  o f  E q u a tio n  (2 -4 6 )  s u b je c t  t o  th e  

g iv e n  c o n s t r a i n t s .

S ystem s w ith  C o n s ta n t P a ra m e te rs  

In  th e  p re c e d in g  s e c t io n s  th e  p r o p e r t i e s  o f  a  g e n e r a l  

c l a s s  o f  l i n e a r  ( t im e  v a ry in g )  sy s tem s have  b een  d i s c u s s e d .  

A lthough o f  c o n s id e r a b le  im p o rta n c e  i n  a d a p t iv e  and  program m ed 

c o n tr o l  schem es, g e n e r a l  ( n o n p e r io d ic )  tim e  v a ry in g  sy s tem s 

a re  o f  l i t t l e ,  i f  a n y , s i g n i f i c a n c e  i n  th e  p ro c e s s  i n d u s t r i e s .  

Time v a r i a t i o n s  i n  p a ra m e te rs  a r e  n o rm a lly  n o t  p r e s e n t  (e x c e p t  

f o r  h ig h  f re q u e n c y  n o i s e ) ,  and  i f  such  e x i s t  th e  v a r i a t i o n  i s  

slow  and i n s i g n i f i c a n t  from  a  c o n t r o l  a s p e c t .  Exam ples o f  

such  slow  v a r i a t i o n s  a r e  c a t a l y s t  d e a c t i v a t i o n  in  c a t a l y t i c  

r e a c t o r s ,  changes o f  am b ien t te m p e ra tu re  i n  h e a t  t r a n s f e r  

e q u ip m en t, e t c .  P e r io d ic  c o n t r o l l e r  r e s e t t i n g  u s u a l l y  t a k e s  

c a re  o f  such  v a r i a t i o n s .  When f a s t  tim e  v a r i a t i o n s  i n  param ­

e t e r s  a r e  e x p e c te d , th e n  c a sc a d e d  o r  a d a p t iv e  c o n t r o l  schem es 

a re  u s u a l ly  a p p l i e d .

I d e n t i f i c a t i o n  o f  n o n p e r io d ic ,  tim e  v a ry in g  sy s tem s 

i s  v i r t u a l l y  im p o s s ib le  s in c e  th e  i d e n t i f i e d  m odel i s  v a l i d  

o n ly  f o r  th e  o b s e r v a t io n  p e r io d .  T hus, no u s e f u l  in fo r m a t io n  

ab o u t th e  sy s tem  can  be o b ta in e d .

System s w ith  p e r i o d i c a l l y  v a ry in g  p a ra m e te rs  a r e
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uncommon in  th e  c h em ic a l i n d u s t r y ,  b u t  i n t e r e s t  i n  such  s y s ­

tem s i s  g ro w in g . I n v e s t i g a t i o n  o f  th e  dynam ics o f  a  p u ls e d  

a r c  r e a c t o r  i s  c u r r e n t l y  underw ay a t  M a s s a c h u s e tts  I n s t i t u t e  

o f  T ech n o lo g y , and  s t u d i e s  o f  th e  p e rfo rm an c e  o f  p u ls e d  p r o ­

c e s s e s  (su c h  a s  h e a t  e x c h a n g e rs , d i s t i l l a t i o n  co lu m n s, e t c . )  

have  been  r e p o r t e d  w ith  q u i t e  im p re s s iv e  r e s u l t s .  M athem at­

i c a l  r e l a t i o n s h i p s  f o r  i d e n t i f i c a t i o n  o f  l i n e a r  sy s te m s  w ith  

p e r io d ic  tim e  v a ry in g  j ^ r a m e te r s  a r e  p r e s e n te d  i n  A ppendix  B.
j i

A lth o u g h  s o o | |« o n l i n e a r  e f f e c t s  a r e  p r e s e n t  i n  m ost 

ch em ic a l p r o c e s s e s jp c o n s ta n t  p a ra m e te r ,  l i n e a r  m odels o f t e n  

a d e q u a te ly  d e s c r ib e  th e  o v e r a l l  dynam ic b e h a v io r .  Most non­

l i n e a r  e f f e c t s  i n  ch em ic a l p r o c e s s e s  can  be d e s c r ib e d  by 

l i n e a r  m odels w ith  tim e  d e la y s  and  a r e  a c c u r a te  w i th in  th e  

u n c e r t a i n t y  l i m i t s  o f  e x p e r im e n ta l  t e s t  d a t a .  S in c e  g e n ­

e r a l i z e d  te c h n iq u e s  f o r  i d e n t i f y i n g  n o n l in e a r  m odels a r e  u n ­

a v a i l a b l e ,  i t  i s  f r e q u e n t ly  d e s i r a b l e  t o  f i n d  an  a p p ro x im a te  

" l i n e a r i z e d  m odel" w h ich , i n  t u r n ,  i s  u se d  a s  a  b a s i s  f o r  im­

provem ent and p ro p e r  i n t r o d u c t i o n  o f  n o n l in e a r  te rm s . The 

fo r th c o m in g  d i s c u s s io n s  w i l l  c e n t e r  on i d e n t i f i c a t i o n  o f  

l i n e a r  m odels w ith  c o n s ta n t  p a ra m e te r s .

I n v a r i a n t  l i n e a r  sy s te m s can  be c o n s id e re d  a s  a 

s p e c i a l  su b c a se  o f  th e  g e n e r a l  tim e  v a r y in g ,  l i n e a r  sy s te m s ; 

t h u s ,  th e  p re c e d in g  m a th e m a tic a l  r e l a t i o n s h i p s  a r e  v a l i d  f o r  

th e  l a t t e r .  S i g n i f i c a n t  s i m p l i f i c a t i o n s  i n  th e  th e o r y  a r e ,  

how ever, p o s s ib l e  and  th e s e  w i l l  be  d i s c u s s e d  i n  th e  p r e s e n t  

s e c t io n .

I f  th e  l i n e a r  sy s tem  i s  i n v a r i a n t  th e n  E q u a tio n  ( 2 - 6 )
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can  be w r i t t e n  a s

* [ y ( t ) ]  = y ( t )  + . . .  + a ^ y ( t )  -  f ( t )

(2-49)

Where a ^ ,  1 = 1 ,  . . . ,  n ,  a r e  c o n s t a n t s .  A s s o c ia te d  w ith  

E q u a tio n  (2 -4 9 )  I s  a  sy s te m  s i m i l a r  t o  (2 -3 7 ) :

z ( t )  = %2 ( t )  + T ( t  )

w here T  I s  th e  fo l lo w in g  c o n s ta n t  m a t r ix ;

(2- 50)

1
0

-a n  -a.h -1 -a.h - 2

0
0

1
“8.-

(2 -5 1 )

and T ( t ) and 2 ( t )  have  th e  same m eaning a s  In  E q u a tio n  (2 -3 7 )  

The hom ogeneous fu n d am e n ta l s o lu t io n  m a tr ix  4 ( t )  o f  

E q u a tio n  (2 -5 0 )  I s  th e  same a s  (2 -4 0 )  and I t  I s  a  s im p le  

m a t te r  to  show t h a t :

$ ( t )  = ( 2 - 5 2 )

w here "K I s  t h e  m a tr ix  o f  E q u a tio n  (2 -5 1 )  and C a  c o n s ta n t ,  

n o n s in g u la r  m a tr ix  d e te rm in e d  by  th e  I n i t i a l  c o n d i t io n s  

( # ( 0 )  = C) .  From E q u a tio n  (2 -4 7 )  I t  fo l lo w s  t h a t  th e  w e ig h t­

in g  f u n c t io n  f o r  E q u a tio n  (2 -5 0 )  I s :

W(t,X) = «(t)flr̂ (X) = [e^^C][e = ê Ĉ • C"̂ e“̂ ^

= = W (t -  X)

T hus, th e  w e ig h tin g  f u n c t io n  f o r  a  c o n s ta n t  p a ra m e te r ,  l i n e a r
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system  I s  a  f u n c t io n  o f  th e  e la p s e d  tim e  betw een  th e  tim e  

th e  In p u t was a p p l ie d  X and  th e  tim e  o f  o b s e rv a t io n  t .  Equa­

t i o n  ( 2 - 1 7 ) th e n  becom es
t  t

y ( t )  = ^ W(t -  X)f(X)dX .  ^ e ^ ^ “ ^^^f(X)dX (2 -5 4 )

L e t Q be a  n o n s ln g u la r  c o n s ta n t  m a tr ix  such  t h a t

QAQ"^ = J  (2 -5 5 )

w here J  I s  th e  Jo rd a n  c a n o n ic a l  form  o f  A

J  =

Jo 0 0

0 J^ 0

0

0

s

( 2 - 5 6 )

and w here J^  I s  a  d ia g o n a l  m a t r ix :  J q = d l a g ( P i ,  bq)

and th e  J^  a r e  ( r ^  x r ^ )  m a t r ic e s  o f  th e  form

J  — 
1

^q+1 ^

q+1

0

0

0
1

0

0

0

Pq+1 1

'q+1

( 2 - 5 7 )

The e le m e n ts  Pq a r e  th e  d i s t i n c t  r o o t s  o f  th e  c h a r ­

a c t e r i s t i c  e q u a t io n  o f  T .  ( d e t . ( l P  -  Â) * O) and p^^^ a r e  th e  

c h a r a c t e r i s t i c  r o o t s  o f  A o f  m u l t i p l i c i t y  r ^ ,  ( r ^  > l ) .

I t  f o l lo w s  t h a t
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t J

t J .
0

0

t j .

(2- 58)

where

and

t J .

t J .  tp q + i  
e ^ = e

e

0

t p i

tp ,

1 t

0 1

0
0

0 0

t ' l - i

(2 -5 9 )

(2- 60 )

i  > 0

I t  can  be shown [4 0 ] t h a t

, (2- 61)

from  w hich i t  fo l lo w s  t h a t

w ( t , l )  = 4 ( t ) * ^ ( l )  = = Q - l . ( t - l ) J g ^  (2 -6 2 )

o r



4 l

E q u a tio n  (2 -6 3 )  w i l l  l a t e r  be u se d  a s  th e  b a s i s  f o r  th e  p r e s ­

e n t  i d e n t i f i c a t i o n  te c h n iq u e .

D e r iv a t io n  o f  th e  I d e n t i f i c a t i o n  T ech n iq u e  

In  th e  p re c e d in g  s e c t io n s  g e n e r a l  m a th e m a tic a l  r e l a ­

t io n s h ip s  have  b een  d i s c u s s e d ,  w hich  c o n s t i t u t e  th e  fo u n d a t io n  

f o r  th e  p ro p o se d  i d e n t i f i c a t i o n  te c h n iq u e .  A lthough  th e  t e c h ­

n iq u e  h a s  n o t  y e t  b een  e x p l i c i t l y  o u t l i n e d ,  th e  g e n e r a l  p h i l ­

osophy h a s  b een  im p l ie d .  The a n a l y s i s  i s  c a r r i e d  o u t  e n t i r e l y  

i n  th e  tim e  dom ain w ith o u t  r e s o r t i n g  to  f re q u e n c y  dom ain 

a n a l y s i s .  The sy s tem  w e ig h tin g  f u n c t io n  i n  i t s  a n a l y t i c a l  

form  o r  an  e q u iv a le n t  f o rm u la t io n  i s  th e  u l t i m a t e  g o a l  o f  th e  

i d e n t i f i c a t i o n .

In  th e  p r e s e n t  s e c t i o n  th e  m a th e m a tic a l  p ro c e d u re s  

o f  th e  i d e n t i f i c a t i o n  a r e  p r e s e n te d ,  and  i n  th e  fo l lo w in g  

s e c t io n  a  p r e l im in a r y  e v a lu a t io n  o f  th e  e x p e c te d  a d v a n ta g e s  

and  l i m i t a t i o n s  i s  c a r r i e d  o u t ,  in c lu d in g  a  d i s c u s s io n  o f  

some o f  th e  a l t e r n a t i v e  r o u t e s  t h a t  can be fo l lo w e d .

C o n s id e r  th e  g e n e r a l  l i n e a r  ( t im e  v a ry in g )  p ro c e s s  

d e s c r ib e d  in  F ig u re  2 :

y ( t )
L in e a r  ( t im e  v a ry in g )  

P ro c e s s

F ig u re  2 . S c a la r  L in e a r  P ro c e s s
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w here a r e  p ro c e s s  I n p u ts  and y ( t )  I s  th e

p ro c e s s  o u tp u t ,  a l l  o f  w hich  a r e  assum ed to  be m e a su ra b le .

The p ro c e s s  can be d e s c r ib e d  by  th e  s c a l a r  n^^ o r d e r  l i n e a r

d i f f e r e n t i a l  e q u a t io n

(n )  , , S  ( k . )
L C y ( t ) ]  -  I “ j  •' C x j ( t ) ]  .  ( 2 -5 )

w here y ( t )  I s  th e  o u tp u t  v a r i a b l e  o f  I n t e r e s t  (o u t  o f  th e  n 

e x i s t i n g  o u tp u t  v a r i a b l e s  y ^ C t ) ) ,  w ith  r e s p e c t  to  w hich th e  

sy s te m  dynam ics I s  to  be e v a lu a te d .  No one o f  th e  p ro c e s s  

p a ra m e te r s  I s  assum ed to  be known. The o r d e r  n o f  th e  sy s tem  

I s  c o n s id e re d  to  be known a l th o u g h  t h i s  know ledge I s  n o t  an 

e s s e n t i a l  r e q u ir e m e n t .*

The sy s tem  o f  E q u a tio n  (2 -5 )  can  a l s o  be r e p r e s e n te d  

In  th e  e q u iv a le n t  form  ( 2 -6 )

L * " ' [ y ( t ) ]  = f ( t )  ( 2 - 6 )

w here f ( t ) ,  a s  b e f o r e ,  r e p r e s e n t s  a  g e n e r a l  a r b i t r a r y  f o r c in g  

f u n c t i o n .  S c h e m a tic a l ly  E q u a tio n  ( 2 - 6 )  I s  r e p r e s e n te d  In  

F ig u re  3 :

f ( t )  _ - P ro c e s s y ( t )? L in e a r  ( t im e  v a ry in g )

F ig u re  3* S c a la r  L in e a r  P ro c e s s  w ith  G e n era l In p u t  F u n c tio n

A lthough  E q u a tio n s  ( 2 - 5 )  and ( 2 - 6 )  a r e  m a th e m a tic a l ly  

e q u iv a l e n t ,  th e y  d i f f e r  from  each  o t h e r  In  c o n c e p t. E q u a tio n  

( 2 - 6 )  d e s c r ib e s  th e  sy s tem  re s p o n s e  to  an  " o v e r a l l "  d i s tu r b a n c e

* F re q u e n tly  th e  fo rm a l sy s te m  e q u a t io n s  a r e  g iv e n  from  
t h e o r e t i c a l  c o n s id e r a t i o n s .  I f  no p r i o r  know ledge o f  th e  s y s ­
tem  to p o lo g y  I s  a v a i l a b l e ,  a  m odel o f  " d e s i r e d "  o r d e r  can  be 
assum ed w hich  I s  l a t e r  v e r i f i e d  o r  I n v a l i d a t e d .
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( o r  f o r c in g  f u n c t i o n ) ,  b u t  i t  d o es n o t  r e v e a l  a n y th in g  a b o u t 

th e  c o u p lin g  o r  l in k a g e  betw een  th e  " r e a l "  in p u t  v a r i a b l e s  

and  th e  p a r t i c u l a r  o u tp u t  v a r i a b l e  u n d e r  c o n s id e r a t io n .  I t  

c a n , t h e r e f o r e ,  be c o n s id e re d  o n ly  a s  a  p a r t i a l  m odel and  

w i l l  be h e r e a f t e r  c a l l e d  The G e n e ra l Model o f  th e  S y s tem . 

E q u a tio n  (2 -5 )  d e s c r ib e s  th e  t o t a l  dynam ic b e h a v io u r  o f  th e  

sy s te m  g iv in g  th e  e x a c t  r e l a t i o n s h i p  be tw een  y ( t )  and any  o f  

th e  in p u ts  X j ( t ) .  I t  w i l l  be h e r e a f t e r  c a l l e d  The P a r t i c u l a r  

Model o f  th e  S y s tem . The w e ig h tin g  fu n c t io n  W(t ,X)  a s s o c i a t e d  

w ith  E q u a tio n  ( 2 - 6 )  w i l l  be c a l l e d  th e  G e n era l W eig h tin g  

F u n c tio n  o f  th e  sy s te m , and  th e  w e ig h tin g  fu n c t io n  a s s o c ia te d ,  

w ith  (2 -5 )  W j ( t , X ) ,  w hich r e l a t e s  a  p a r t i c u l a r  in p u t  v a r i a b l e  

X j ( t )  to  th e  o u tp u t  y ( t ) ,  w i l l  be  c a l l e d  th e  P a r t i c u l a r  

W eig h tin g  F u n c tio n  W j ( t , X ) .

A lthough  th e  g e n e r a l  m odel i s  o n ly  a  p a r t i a l  d e s c r i p ­

t i o n  o f  th e  sy s te m  i t  may o f t e n  be o f  i n t e r e s t  by i t s e l f ,  

p a r t i c u l a r l y  when s t a b i l i t y  and g e n e r a l  re s p o n se  c h a r a c t e r ­

i s t i c s  a re  to  be i n v e s t i g a t e d .

D e te rm in a t io n  o f  th e  G e n e ra l Model

I t  h a s  b een  in d ic a t e d  in  p re v io u s  s e c t io n s  (E q u a tio n s
/

( 2 - 2 9 ) and ( 2 - 3 1 ) )  t h a t  th e  g e n e r a l  w e ig h tin g  f u n c t io n  o f  a 

l i n e a r  system  o f  o r d e r  n can  be e v a lu a te d  n u m e r ic a l ly  from  a  

s e t  o f  n l i n e a r l y  in d e p e n d e n t s o l u t io n s  o f  th e  hom ogeneous 

e q u a t io n .  In  p r a c t i c a l  te rm s  t h i s  means t h a t  n l i n e a r l y  i n ­

d ep en d en t re s p o n se  c u rv e s*  o f  th e  u n fo rc e d  p l a n t  a r e  n e e d e d .

*n re s p o n se  c u rv e s  a r e  l i n e a r l y  in d e p e n d e n t i f  t h e r e
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Such a s e t  can  be o b ta in e d  e x p e r im e n ta l ly  by  f o r c i n g  th e
#sys tem  n t im e s  t o  l i n e a r l y  in d e p e n d e n t  i n i t i a l  c o n d i t i o n s  

a t  which t im e  th e  i n p u t  i s  removed and th e  sy s te m  r e l a x e s  

au tonom ously  t o  i t s  s t e a d y  s t a t e .

G iven a  r e c o r d  o f  t h e  n l i n e a r l y  in d e p e n d e n t  r e s p o n s e s ,  

t h e  W ronskian  can  be  o b ta in e d  by n u m e r ic a l  d i f f e r e n t i a t i o n  o f  

t h e  re s p o n s e  c u r v e s .  The g e n e r a l  w e ig h t in g  f u n c t i o n  W (t,X) 

can t h u s  be c o n s t r u c t e d  by means o f  E q u a t io n  (2 -2 9 )  o r  ( 2 - 3 1 ) .  

A lso ,  t h e  homogeneous o p e r a t o r  L ^ ^ ^ [y ]  can  be d e te rm in e d  by 

E q u a t io n  ( 2 - 3 2 ) .

A s l i g h t l y  d i f f e r e n t  a p p ro a c h  f o r  d e te r m in in g  th e  

g e n e r a l  w e ig h t in g  f u n c t i o n  i s  p o s s i b l e  by making u s e  o f  t h e  

s t a t e - s p a c e  f o r m u la t io n  and th e  l i n e a r  sy s te m  d e s c r i b e d  by  

E q u a t io n  ( 2 - 3 7 ) .  A fu n d am e n ta l  s o l u t i o n  m a t r ix  * ( t ) can be 

c o n s t r u c t e d .  E q u a t io n  ( 2 - 4 0 ) ,  and th e  w e ig h t in g  f u n c t i o n  

e v a lu a t e d  by  means o f  E q u a t io n s  (2 -4 7 )  and  ( 2 - 4 8 ) .

D e te r m in a t io n  o f  th e  P a r t i c u l a r  Model 

A s s o c ia te d  w i th  each  o f  t h e  i n p u t  v a r i a b l e s  Xg(t) 
t h e r e  i s  a  p a r t i c u l a r  w e ig h t in g  f u n c t i o n  W g(t,X) w hich  r e l a t e s  

X g ( t )  w i th  i t s  c o r r e s p o n d in g  o u tp u t  r e s p o n s e  y ( t ) .  E q u a t io n

e x i s t  no c o n s t a n t s  c ^ ,  . . . ,  c^ such t h a t ;

C i [ y j ( t ) ,  y % ( t ) ,  . . . ,  y j * " ^ ) ( t ) ]  +  C 2 [ y 2 ( t ) ,  y 2 ( t ) ,  . . . ,  

y ( n - l ) ( ^ ) ]  +  +  C n C y n ( t ) ,  y ^ ( t ) ,  . . . ,  y ^ ” " ^ ^ ( t ) ]  =  0

*
By t h e  e x i s t e n c e  and u n iq u e n e s s  th e o re m s  o f  d i f ­

f e r e n t i a l  e q u a t io n s  [1 0 ]  i f  t h e  i n i t i a l  c o n d i t i o n s  a r e  l i n ­
e a r l y  in d e p e n d e n t ,  t h e  s o l u t i o n s  a r e  in d e p e n d e n t  o v e r  th e  
whole t im e  dom ain.
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(2 -3 4 )  r e l a t e s  t h e  r e s p o n s e  y ( t )  t o  a l l  t h e  i n p u t  v a r i a b l e s  

% j ( t )  a s  f o l lo w s :
n m t

y ( t )  -  ^  C j f j ( t )  + ^ W j( t ,X )X j( l )d X  ( 2 -3 4 )

I f  a l l  t h e  X j ( t ) ' s  e x c e p t  X g ( t )  a r e  k e p t  z e ro  th e n  E q u a t io n

(2 -3 4 )  can  be  w r i t t e n  a s :
n t

y ( t )  = C j * j ( t )  + 5 W e ( t , l ) X g (X ) d \  ( 2 - 6 4 )

where W g(t,X ) i s  t h e  p a r t i c u l a r  w e ig h t in g  f u n c t i o n  t o  be 

d e te rm in e d .
n

The te rm  T  C ^ 9 . ( t )  i n  ( 2 - 6 4 )  i s  t h e  t r a n s i e n t  
J=1

re s p o n se  w hich  depend s  on t h e  i n i t i a l  c o n d i t i o n s ,  i . e .  t h e

s t a t e  o f  t h e  sy s te m  a t  t  = t . I f  t h e  i n i t i a l  c o n d i t i o n s  o f

t h e  sy s tem  a r e  z e r o  p r i o r  t o  a p p l i c a t i o n  o f  th e  in p u t  x ^ ( t )

th e n  E q u a t io n  (2 -6 4 )  becom es:
t

y ( t )  = ^ Wg(t,X)Xg(X)dX . ( 2 -6 5 )
T

W g(t,X) h a s  been  p r e v i o u s l y  shown t o  be g iv e n  by E q u a t io n  

(2 -3 5 )  a s :

W g ( t , X )  =  ( - 1 )  ® 2 _ j _  U e o ( t ) W ( t , > . ) ]  +  . . .  +  ( t ) W ( t , l )

d t  ® ®
( 2 - 3 5 )

where W (t,X) i s  t h e  g e n e r a l  w e ig h t in g  f u n c t i o n  o f  t h e  sy s te m ,

and th e  d i f f e r e n t i a l  o p e r a t o r  on t h e  r i g h t  hand  s id e  i s  t h e
(k  )

a d j o i n t  o f  t h e  o p e r a t o r  Mg ® [ ] i n  E q u a t io n  ( 2 - 5 ) .  W (t,X) 

i s  d e te rm in e d  by t h e  m ethods d e s c r i b e d  i n  t h e  p r e v io u s  s e c t i o n ;
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(k  )

t h u s ,  i n  o r d e r  t o  d e te rm in e  Wg(t,X.) t h e  o p e r a t o r  [ ]

re m a in s  t o  be e v a l u a t e d .

The r e l a t i o n  b e tw een  Xg(t) and  y ( t )  can a l s o  be e x ­

p r e s s e d  i n  a  fo rm  e q u i v a l e n t  t o  E q u a t io n  ( 2 - 2 3 )  a s

r  (k  )
y ( t )  = \  W(t,X)Mg ® [Xg(X)]dX ( 2 - 6 6 )

T
o r  a l t e r n a t i v e l y

f kg
y ( t )  = ^ W ( t ,X )g ^ ^ ( t )  [Xg(X)]dX + . . .

T d t  ®
t

+ 5 W ( t ,X ) g ^  (t)X g(X )dX  ( 2 - 6 7 )
T ^

The c o e f f i c i e n t s  g  , ( t )  can  be d e te rm in e d  n u m e r i c a l ly  by t h e
® J

f o l lo w in g  p ro c e d u re  : The sy s te m  i s  f o r c e d  t im e s  w i th

l i n e a r l y  in d e p e n d e n t  f o r c i n g  f u n c t i o n s  w hich  a r e  r e c o r d e d  

t o g e t h e r  w i th  t h e i r  c o r r e s p o n d in g  r e s p o n s e s .  By n u m e r ic a l  

s o l u t i o n  o f  kg r e l a t i o n s  o f  t h e  ty p e  r e p r e s e n t e d  by E q u a t io n  

( 2 - 6 7 ) t h e  c o e f f i c i e n t s  g g j ( t )  a r e  e v a l u a t e d .

I f  t h e  p r o c e s s  i s  s t a t i o n a r y  ( c o n s t a n t  p a ra m e te r )  t h e
(kg )

e v a l u a t i o n  o f  t h e  o p e r a t o r  ® [ ] i s  c o n s i d e r a b ly  s i m p l i f i e d .  

E q u a t io n  (2 -6 7 )  can  th e n  be  w r i t t e n  a s
t  kg t

y ( t )  = ggg ^ W (t,X ) É —  [Xg(X)]dX + . . .  + 5 W (t,X)x(X)dX
T d t  ® ^  -

(2- 68)

The t e s t i n g  p ro c e d u re  d e s c r i b e d  above i s  a p p l i e d  i n  a  s i m i l a r  

m anner, b u t  t h e  e q u a t io n s  can  be s o lv e d  e x p l i c i t l y  f o r  th e  

p a r a m e te r s .  U t i l i z a t i o n  o f  s p e c i a l  f o r c i n g  f u n c t i o n s  such
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a s  a  s t e p  f u n c t i o n ,  a  ramp and s i n u s o i d a l  In p u t  f u r t h e r  

s i m p l i f i e s  t h e  e v a l u a t i o n .

S u c c e s s  I n  th e  e v a l u a t i o n  o f  t h e  p a r t i c u l a r  model 

h in g e s  a lm o s t  e n t i r e l y  on th e  a c c u ra c y  o f  th e  g e n e r a l  w e ig h t ­

in g  f u n c t i o n  W (t ,X ) .  Any e r r o r  I n  W (t,X) w i l l  p ro p a g a te  and 

p o s s ib l y  e v en  be  m a g n i f ie d  In  t h e  p r o c e s s  o f  e v a l u a t i n g  th e  

p a r t i c u l a r  w e ig h t in g  f u n c t i o n .  On th e  o t h e r  han d . I f  a  

s a t i s f a c t o r y  g e n e r a l  model can be o b t a i n e d .  I t  would seem 

t h a t  no p a r t i c u l a r  d i f f i c u l t i e s  s h o u ld  be e n c o u n te re d  w i th  

e v a l u a t i o n  o f  t h e  p a r t i c u l a r  m odel. A l l  f u r t h e r  d i s c u s s i o n  

w i l l  be l i m i t e d  t o  I d e n t i f i c a t i o n  o f  t h e  G en era l  M odel.

I d e n t i f i c a t i o n  o f  t h e  G e n e ra l  Model f o r  

C o n s ta n t  P a ra m e te r  System s 

The t e c h n iq u e s  d e s c r ib e d  p r e v i o u s l y  f o r  I d e n t i f i c a ­

t i o n  o f  t h e  g e n e r a l  model o f  l i n e a r  t im e  v a ry in g  sy s tem s a l s o  

h o ld ,  o f  c o u r s e ,  f o r  c o n s t a n t  p a ra m e te r  sy s te m s .  They a r e ,  

how ever, s u b j e c t  t o  r a t h e r  s e r i o u s  l i m i t a t i o n s  b e ca u se  o f  th e  

n o i s e  p ro b lem s  In v o lv e d  and p a r t i c u l a r l y  b e c a u se  o f  t h e  

s e n s i t i v i t y  o f  t h e  o p e r a t io n  o f  d i f f e r e n t i a t i o n  o f  n u m e r ic a l  

d a t a .  F u r th e r m o r e ,  t h e  w e ig h t in g  f u n c t i o n  I s  o b t a in e d  num er­

i c a l l y ,  I . e .  a  p l o t  o f  W (t,X) v e r s u s  t im e ,  which I n  g e n e r a l  

I s  n o t  u s e f u l  I n  a p p l i c a t i o n .  To o b t a i n  I t s  a n a l y t i c a l  

( f u n c t i o n a l )  d e s c r i p t i o n  I s  n o t  a  t r i v i a l  o p e r a t i o n ,  p a r t i c ­

u l a r l y  when W (t,X ) I s  c o r r u p te d  by  n o i s e  e f f e c t s .  N o ise  In  

t h e  w e ig h t in g  f u n c t i o n  p l o t  w i l l  p o s s i b l y  c o m p le te ly  o b sc u re  

t h e  r e s u l t s .  A d i f f e r e n t  t e c h n iq u e  f o r  I d e n t i f i c a t i o n  o f
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c o n s t a n t  p a r a m e te r  sy s te m s ,  which I s  n o t  s u b j e c t  t o  t h e  above 

l i m i t a t i o n s ,  i s  b a s e d  on th e  s p e c i a l i z e d  e q u a t io n s  f o r  co n ­

s t a n t  p a ra m e te r  sy s tem s  p r e s e n t e d  p r e v i o u s l y .

C o n s id e r  t h e  homogeneous sy s te m  a s s o c i a t e d  w i th  

E q u a t io n  (2 -4 9 )

(n )  ^n-1 .
I y ( t ) ]  =

d t "  d t
. . .  + a „ y ( t )  .  0

( 2 - 6 9 )

The g e n e r a l  w e ig h t in g  f u n c t i o n  f o r  t h e  a s s o c i a t e d  sy s te m . 

E q u a t io n  ( 2 -5 0 )  i s  g iv e n  by E q u a t io n  (2 - 5 3 )  a s

W(t -  X) = 4 ( t ) 4 r ^ ( X )  = e ( t-& )% (2 - 5 3 )

such  t h a t  [ ¥ ( t - X ) ] ^ ^  i s  t h e  w e ig h t in g  f u n c t i o n  i n  q u e s t i o n .

# ( t ) i s  t h e  fu n d am e n ta l  s o l u t i o n  m a t r ix  a s  g iv e n  by 

E q u a t io n  ( 2 - 4 o )

« ( t )  =

* ^ ( t )

4 ^ ( t )

♦ „ ( t )
^ n ( t )

( 2 -4 0 )

. . .

where f j ( t ) a r e  th e  l i n e a r l y  in d e p e n d e n t ,  u n f o rc e d  (homogen­

e o u s )  r e s p o n s e s  o f  th e  sy s te m . % i s  t h e  e q u i v a l e n t  c o e f f i ­

c i e n t  m a t r ix  g iv e n  by E q u a t io n  (2 -5 1 )

A =

0 1 0 0
0 0 1 0

- 4 - ^ - 1 : :

(2-51)
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E q u a t io n  ( 2 -5 3 )  c o u ld  be u s e d  f o r  d i r e c t  d e t e r m i n a t i o n  o f  

¥ ( t  -  X) from  th e  re s p o n s e  c u r v e s .  A lso ,  W(t -  X) w ould  be 

o b t a i n e d  n u m e r i c a l ly  a s  a  f u n c t i o n  o f  i t s  a rg u m e n t.  A more 

p ro m is in g  a p p ro a c h  would seem t o  be th e  e v a l u a t i o n  o f  t h e  

m a t r ix  Î  ( o r  i t s  Jo rd a n  c a n o n i c a l  fo rm ) .  G iven 7f n u m e r i c a l l y ,  

t h e  a n a l y t i c a l  form  o f  t h e  w e ig h t in g  f u n c t i o n ,  t r a n s f e r  f u n c ­

t i o n  o r  d i f f e r e n t i a l  e q u a t io n  i s  e a s i l y  c o n s t r u c t e d .  N o ise  

p ro b le m s ,  how ever, c o u ld  be  a  s e v e re  l i m i t a t i o n  i f  t h e  

d e t e r m i n a t i o n  o f  A dep en ds  on  o n ly  two p o i n t s  o f  t h e  r e s p o n s e  

c u rv e s ;  m o reo v e r ,  l i t t l e  o f  t h e  a v a i l a b l e  i n f o r m a t i o n  would 

be u t i l i z e d .  I f  one c o u ld  o b t a i n  " a v e ra g e "  r e s u l t s  by 

u t i l i z a t i o n  o f  th e  whole r e s p o n s e  c u r v e s ,  b e t t e r  r e s u l t s  

c o u ld  be e x p e c te d .  T h is  i d e a  c o n s t i t u t e s  t h e  b a s i s  f o r  th e  

fo r th c o m in g  d i s c u s s i o n .

P o s t m u l t i p l i c a t i o n  o f  E q u a t io n  (2 -5 3 )  by  $(X) y i e l d s

$ ( t )  = e (^ " ^ )^ # (X )  . ( 2 -7 0 )

L e t  6 = t  -  X (where 6 = c o n s t a n t ) ,  th e n

6Â
$ ( t )  = e  $(X) (2 -7 0 a )

S in c e  6 i s  c o n s id e r e d  c o n s t a n t  i t  f o l lo w s  t h a t  X becom es a  

l i n e a r  f u n c t i o n  o f  t .  I n  a d d i t i o n  th e  m a t r ix  f u n c t i o n  e 

becomes a  c o n s t a n t  m a t r i x .  I n t e g r a t i o n  o f  E q u a t io n  (2 -7 0 a )  

on b o th  s i d e s  w i th  r e s p e c t  t o  t  from  t  = t ^  t o  t  = t ^  + 5 

y i e l d s :  ^ ^ j
C 6A C
\  $ ( t ) d t  = e \  # (X )d t  (2 -7 1 )
t i  t i

S u b s t i t u t i n g  X f o r  t  on t h e  r i g h t  s i d e  o f  E q u a t io n  ( 2 - 7 l )  and
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n o t i c i n g  t h a t  d t  -  dX = 0 and  d t  = dX and

f o r  t = t ^  , X = t ^  -  6

and  f o r  t = t j ^ + 6 ,  X = t ^

one o b t a i n s  t^+fi _  tĝ

^ # ( t ) d t  = ^ #(X)dX . (2 -7 2 )
t i  t j , - 6

The above i n t e g r a t i o n  p r o c e d u re  can  be r e p e a t e d ,  

l e a d i n g  f i n a l l y  t o  t h e  r e s u l t

J  d t ^_2 . . .  \  d t # ( t ) = e ^ d tn _ 2  . • •
^n -1  1 ^n-1

tg + ô  t i\ d t i  \  dX*(X) (2-73)
t g  t ^ - ô

o r  i n  com pact n o t a t i o n

"  (2-74)

♦ n - l ' V l )  = )  a t n - 2  - - -  i  « « ( t )  (2 -7 5 )
t n - 1  ^1

and

________________  t_  t + 6 to+6  tn
♦ n - l ( V l  -  *) = i  d t ^ - 2  I  ^ •

t n _ i  t g  t ^ - 6

(2-76)

The m a t r ix  * ( t ) can  be w r i t t e n  a s ;
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♦ ( t )  =

9 l ( t )

* l ( t )

. .  V ^ ( t )

. .  V n ( t)

. . .

where y . , ( t )  s t a n d s  f o r  t h e  e le m e n t  o f  th e  1 row and  t h e
, t h  / J  _
j  colum n, and :

where t h e  te rm  on th e  r i g h t  r e p r e s e n t s  t h e  ( i - l ) ^ ^  d e r i v a t i v e  

w i th  r e s p e c t  t o  t im e  o f  t h e  s o l u t i o n .

I t  f o l lo w s  from  t h e  above t h a t

( 2 - 7 7 )

where

t n - l + «

t n - 1

(2- 78 )

S i m i l a r l y

1 , - 1  ( \ - i  -  = [ * i j ( V i  -

where

tn - lZ * tgi- 6 t]^

% / V i  -  ”  " 1  « n - 2  • • •  ^ ":*1 \  .
t n - 1 t g  t ^ —6

( 2 - 8 0 )

The a d v a n ta g e s  o f  i n t e g r a t i n g  th e  s o l u t i o n  m a t r ix  can
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now be r e c o g n iz e d .  The r e p e a t e d  i n t e g r a t i o n  o f  # ( t ) t h a t

y i e l d s  E q u a t io n  (2 -7 4 )  e l i m i n a t e s  th e  n eed  f o r  n u m e r ic a l

d i f f e r e n t i a t i o n  o f  th e  r e s p o n s e  c u r v e s .  R a th e r ,  i n t e g r a t i o n

o f  th e  d a t a  i s  p e r fo rm e d ,  t h u s  sm ooth ing  th e  r e s u l t s  and

c a n c e l l i n g  o u t  random n o i s e  e f f e c t s .  A lso ,  a l l  t h e  a v a i l a b l e

i n f o r m a t io n  o v e r  a  p r e s e l e c t e d  i n t e r v a l  n6 i s  u t i l i z e d  i n  th e

e v a l u a t i o n ,  t h e r e b y  o b t a i n i n g  a v e ra g e  v a lu e s  f o r  e®^ i f  d r i f t s

o r  n o n l i n e a r  e f f e c t s  a r e  p r e s e n t .

S in c e  t^ _ ^  and 6 i n  E q u a t io n  (2 -7 4 )  a r e  p r e s e l e c t e d

c o n s t a n t s ,  t h e  m a t r i c e s  $  TPB TT and  $  TTt ,  -  6) a r en - i  n - i  n -1  n - l
c o n s t a n t  ( n u m e r ic a l )  m a t r i c e s  t h a t  can  be d i r e c t l y  d e te rm in e d  

from th e  r e s p o n s e  c u rv e s  and t h e i r  i n t e g r a l s .  G iven  t h e

above m a t r i c e s .  E q u a t io n  (2 - 7 4 )  can  be r e w r i t t e n  t o  e v a l u a t e
6A e :

= H (2 -8 1 )

Given H n u m e r i c a l l y ,  A can  be  e v a l u a t e d  by t h e  f o l lo w in g  

p r o c e d u r e .  H i s  t r a n s fo rm e d  i n t o  i t s  Jo rd a n  c a n o n i c a l  fo rm , 

from which t h e  c h a r a c t e r i s t i c  v a lu e s  o f  A a r e  d e te rm in e d  from 

E q u a t io n s  ( 2 - 5 6 ) - ( 2 - 6 0 ) .

From t h e  c h a r a c t e r i s t i c  v a lu e s  P ^ ,  . . . ,  o f  %, 

w hich a r e  a c t u a l l y  t h e  n a t u r a l  f r e q u e n c i e s  ( t h e  p o l e s )  o f  th e  

sy s te m , t h e  c o e f f i c i e n t s  o f  t h e  d i f f e r e n t i a l  sy s te m . E q u a t io n  

( 2 - 6 9 ) ,  can be d e te rm in e d .  G iven  th e  d i f f e r e n t i a l  e q u a t io n ,  

th e  t r a n s f e r  f u n c t i o n  and t h e  w e ig h t in g  f u n c t i o n  can  e a s i l y  

be e v a l u a t e d  i n  t h e i r  a n a l y t i c a l  fo rm .

The f o r e g o i n g  d i s c u s s i o n  c o n s t i t u t e s  th e  f o u n d a t io n
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f o r  t h e  p ro p o se d  i d e n t i f i c a t i o n  t e c h n i q u e .  I n  th e  f o l lo w in g  

c h a p t e r s  t h e  d i s c u s s i o n  w i l l  c e n t e r  e x c l u s i v e l y  a ro u n d  th e  

i d e n t i f i c a t i o n  o f  th e  G e n e ra l  Model o f  c o n s t a n t  p a ra m e te r  

s y s te m s .

P e r t u r b a t i o n  Models and  S te a d y  S t a t e  O p e ra t io n

The f o r e g o in g  d i s c u s s i o n  c e n t e r e d  a ro u n d  a  l i n e a r

sy s tem  d e s c r i b a b l e  by E q u a t io n  ( 2 - 5 ) :

(n)  V ( k . )
L [ y ( t ) ]  = % M. J [ x , ( t ) ]  ( 2 - 5 )

j = l  ^

When th e  f o r c i n g  f u n c t i o n s  a r e  rem oved, i . e . ,  Xj(t) = 0 ,

j  = 1 ,  . . . ,  m, t h e  homogeneous e q u a t io n  i s  o b ta in e d :

(n )
L [ y ( t ) 3  = 0 ( 2 - 6 )

I n  r e a l i t y ,  sy s te m s  p o s s e s s  a  f i n i t e  s t e a d y  s t a t e  o p e r a t i n g  

l e v e l ,  and  when th e  f o r c i n g  f u n c t i o n s  ( o r  i n p u t s )  a r e  rem oved, 

th e  p l a n t  c e a s e s  t o  f u n c t i o n .  C o n s id e r  a  p l a n t  w i th  o u tp u t  

y(t) and a  s e t  o f  i n p u t s  Xj(t). At s t e a d y  s t a t e  a l l  d e r i v ­

a t i v e s  o f  t h e  p l a n t  v a r i a b l e s  a r e  z e ro  and  t h u s :

m

E q u a t io n  (2 -8 2 )  d e s c r i b e s  t h e  s t e a d y  s t a t e  m ass ,  e n e rg y  and  

e n t r o p y  b a l a n c e s  o f  th e  sy s tem .

One can  c o n s i d e r  t h e  p l a n t  v a r i a b l e s  t o  be composed 

o f  a  s t e a d y  s t a t e  p a r t ,  and a p e r t u r b a t i o n  p a r t  which d e s c r i b e s  

th e  d e v i a t i o n  from  s t e a d y  s t a t e

y ( t )  “  y s s  + y p ( t )  . .  ,
Xj ( t )  = Xj as  + Xj p ( t )  J = 1,  . m ( 2 - 83 )
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E q u a t io n  (2 - 5 )  th e n  becomes 

(n )  S  ( k . )
L [ y , g  +  y p ( t ) ]  “  I  •' [ % j s s  +  = j p ( t ) ]  ( 2 - 8 ^ )

But s i n c e  and a r e  c o n s t a n t s .  E q u a t io n  (2 -8 4 )  deg en ­

e r a t e s  t o

(n )  V (% i) r
' [ y p ( t ) ]  + Spy,. -  Mj J Cxj^(t)] (2-85)

S u b s t i t u t i o n  o f  E q u a t io n  (2 - 8 2 )  i n t o  (2 -8 5 )  y i e l d s

( n ) ^  ( k , )
L [yp( t)3 = 2. Mj [X jp( t ) ]  (2-86)

J 1

w hich i s  t h e  same a s  E q u a t io n  (2 -5 )  ab o v e .  Thus E q u a t io n  

( 2 - 5 )  can  be c o n s id e r e d  a s  a  p e r t u r b a t i o n  m odel o f  th e  sys tem . 

I n  o r d e r  t o  r e c o n s t r u c t  t h e  t o t a l  model o f  t h e  sy s tem  th e  

s t e a d y  s t a t e  c o n d i t i o n s  have  t o  be known.

When a p r o c e s s  i s  t o  be  i d e n t i f i e d ,  t h e  t o t a l  v a r i a ­

b l e s  a r e  u s u a l l y  m easu red  r a t h e r  th a n  th e  p e r t u r b a t i o n s .

S in c e  t h e  i d e n t i f i c a t i o n  i s  p e rfo rm ed  w i th  r e s p e c t  t o  th e  

p e r t u r b a t i o n  m odel, t h e  s t e a d y  s t a t e  o p e r a t i n g  c o n d i t i o n s  

have  t o  be m easured  i n d e p e n d e n t ly  and s u b t r a c t e d .

P r e l im in a r y  E v a l u a t i o n  o f  th e  T ec h n iq u e  

I n  th e  p r e s e n t  s e c t i o n  a  p r e l i m i n a r y  d i s c u s s i o n  o f  

t h e  i d e n t i f i c a t i o n  method i s  p r e s e n t e d  w hich  i s  b a se d  o n ly  

on i n t e r p r e t a t i o n  o f  th e  t h e o r e t i c a l  p r i n c i p l e s . Some o f  t h e  

a d v a n ta g e s  and p o s s i b l e  l i m i t a t i o n s  o f  t h e  p ro p o s e d  method 

a r e  d i s c u s s e d  and e v a l u a t e d .  P a r t  o f  t h e  a rg u m e n ta t io n  i n  

t h i s  s e c t i o n  i s  i n t u i t i v e  and i s  in te n d e d  p r i m a r i l y  to
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i n t r o d u c e  t h e  r e a d e r  t o  some o f  t h e  p rob lem s which have been  

s t u d i e d .  A d e t a i l e d  a n a l y s i s  o f  t h e s e  p ro b lem s i s  p r e s e n te d  

i n  l a t e r  c h a p t e r s .

C e r t a i n  m a th e m a tic a l  p ro c e d u re s  which a r e  t h e o r e t i c a l ­

l y  e x a c t  a r e  v e ry  s e n s i t i v e  from  a n u m e r ic a l  c a l c u l a t i o n  v iew ­

p o i n t  and may become d o u b t f u l  o r  even  w o r t h l e s s  vrtien u n c e r ­

t a i n t y  i n  t h e  d a t a  o r  t r u n c a t i o n  a r e  in v o lv e d .  In  c o n t r a s t  

to  n u m e r ic a l  d i f f e r e n t i a t i o n  w hich  s u f f e r s  from  t h i s  l i m i t a ­

t i o n ,  n u m e r ic a l  i n t e g r a t i o n  i s  c o n s id e r e d  t o  be a  sm ooth ing  

p r o c e s s .  However, i n t e g r a t i o n  does  n o t  r e a l l y  "sm ooth o u t"  

random n o i s e  b u t  i n  r e a l i t y  ch an g es  i t s  r e l a t i v e  s i g n i f i c a n c e .  

When th e  n o i s e  i s  t r u l y  random, i . e . ,  t h e  mean v a lu e  o f  i t  

i s  z e r o ,  t h e n  i n t e g r a t i o n  may re d u c e  i t s  e f f e c t  o r  even 

e l i m i n a t e  i t  e n t i r e l y .  The im p o r ta n t  p o i n t  i s  t h a t  no i n ­

fo rm a t io n  i s  l o s t .  When th e  n o i s e  i n  th e  re s p o n s e  i s  b i a s e d ,  

i . e . ,  i t  i s  n o t  random ly d i s t r i b u t e d  a ro u n d  t h e  t r u e  v a lu e ,  

th e n  i n t e g r a t i o n  may a c t  a s  a  n o i s e  a m p l i f i e r .  The r e l a t i v e  

m agn itude  o f  e r r o r  may th e n  i n c r e a s e  even  t o  t h e  p o i n t  where 

a l l  u s e f u l  i n f o r m a t io n  i s  l o s t .  F o r t u n a t e l y  t h e  b i a s  prob lem  

can  be g r e a t l y  red u c ed  by p r o p e r  c a l i b r a t i o n  o f  t h e  m easu ring  

d e v ic e s .  The n o i s e  f r e q u e n c y  a l s o  a f f e c t s  t h e  r e s u l t a n t  

i n t e g r a l  c u r v e s ,  and i t  may be e x p e c te d  t h a t  t h e  h i g h e r  th e  

f re q u e n c y  t h e  b e t t e r  w i l l  be t h e  r e s u l t s  o f  i n t e g r a t i o n .

I t  was p r e v i o u s ly  shown t h a t  by p r o p e r  i n t e g r a t i o n  

o f  t h e  fu n d a m e n ta l  s o l u t i o n  m a t r ix  t h e  need  f o r  d a t a  d i f f e r e n ­

t i a t i o n  i s  e l i m i n a t e d .  F o r  t h i s  te c h n iq u e  n -1  i n t e g r a t i o n s  

a r e  r e q u i r e d  f o r  t h i s  p u rp o se  f o r  sin n^^ o r d e r  m od el.  T here
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I s  how ever no t h e o r e t i c a l  l i m i t  f o r  t h e  p e r m i t t e d  number o f  

I n t e g r a t i o n s .  I f  I n t e g r a t i o n  r e s u l t s  I n  s u p p r e s s io n  o f  n o i s e .  

I t  m igh t be d e s i r a b l e  t o  p e r fo rm  more th a n  n -1  I n t e g r a t i o n s .  

The answ er  t o  t h i s  p rob lem  I s ,  n a t u r a l l y ,  d e p e n d e n t  on th e  

g e n e r a l  e r r o r  p r o p a g a t io n  I n t o  t h e  I n t e g r a l s  and  c an n o t  be 

g iv e n  a  p r i o r i .  C h a p te r  IV d e a l s  w i th  e s t i m a t i o n  o f  e r r o r  

p r o p a g a t io n  I n t o  I n t e g r a l s  o f  r e s p o n s e  f u n c t i o n s  and  p r o v id e s  

q u a n t i t a t i v e  a n sw e rs  t o  many o f  t h e  q u e s t i o n s  r a i s e d  above .

In  p e r fo rm in g  th e  I n t e g r a t i o n s ,  t h e  l i m i t s  t^ _ ^  and 

6, E q u a t io n  ( 2 - 7 4 ) ,  were a r b i t r a r i l y  s e l e c t e d ,  t h e r e b y  l e a v in g  

two d e g re e s  o f  freedom  In  c o n s t r u c t i n g  th e  fu n d am e n ta l  

m a t r i c e s .  N a t u r a l l y  I t  would be  d e s i r a b l e  t o  s e l e c t  t^ ^ ^  

and  6 such  a s  t o  m in im ize  t h e  e r r o r  I n  t h e  I d e n t i f i e d  m odel.

I t  I s  a t  t h i s  s t a g e  p re m a tu re  t o  d i s c u s s  t h i s  p ro b lem  any 

f u r t h e r  s in c e  I t  s t r o n g l y  depends on t h e  p r o p a g a t io n  o f  

e r r o r .  I t  w i l l  t h e r e f o r e  be p o s tp o n e d  f o r  l a t e r  c h a p t e r s .

I n  c o n v e n t io n a l  m ethods f o r  p r o c e s s  I d e n t i f i c a t i o n  

th e  sy s tem  p o le s  and z e r o s  f o r  a  c e r t a i n  I n p u t - o u t p u t  p a i r  

a r e  e v a l u a t e d  s im u l t a n e o u s ly  from  th e  f r e q u e n c y  r e s p o n s e  

f u n c t i o n  ( u s u a l l y  from  Bode p l o t s ) .  U nder c e r t a i n  c irc u m ­

s t a n c e s  t h i s  p ro c e d u re  may be a  draw back s i n c e  t h e  r e s u l t s  

o f  I d e n t i f i c a t i o n  a r e  d ep en d en t on th e  dynamic r e l a t i o n s h i p  

be tw een  a  p a r t i c u l a r  I n p u t - o u t p u t  p a i r .  I n  t h e  p r e s e n t  

method t h e  p o l e s  and z e r o s  a r e  I d e n t i f i e d  I n  two s e p a r a t e  

p r o c e d u r e s ,  and  t h e r e f o r e  t h e  I d e n t i f i c a t i o n  o f  t h e  sys tem  

p o le s  ( o r  G e n e ra l  Model) I s  In d e p e n d e n t  o f  any  p a r t i c u l a r  

I n p u t - o u t p u t  r e l a t i o n s h i p .  The f o r c i n g  v a r i a b l e s  can  be
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s e l e c t e d  a t  w i l l  t o  o b t a i n  t h e  b e s t  r e s p o n s e  c u r v e s .  U s u a l ly  

i t  i s  d e s i r a b l e  t o  f o r c e  th o s e  i n p u t s  t h a t  a r e  b e s t  c o u p le d  

w i th  t h e  o u t p u t  u n d e r  c o n s i d e r a t i o n .  S in c e  r e l a x e d  ( u n f o r c e d )  

r e s p o n s e s  a r e  u s e d  t o  i d e n t i f y  th e  sy s te m  p o l e s ,  i t  i s  even  

p o s s i b l e  t o  p u l s e  p l a n t  p a r a m e te r s .  Of c o u r s e ,  p u l s a t i o n  o f  

s e v e r a l  v a r i a b l e s  s im u l t a n e o u s ly  i n  o r d e r  t o  f o r c e  more e n e rg y  

i n t o  t h e  sy s te m , and  th e r e b y  o b t a i n i n g  s t r o n g e r  r e s p o n s e  s i g ­

n a l s ,  i s  a l s o  p o s s i b l e .  The f l e x i b i l i t y  i n  t e s t i n g  may be  o f  

g r e a t  a d v a n ta g e  i n  ov ercom ing  n o i s e  p ro b le m s .

The f o r e g o in g  d i s c u s s i o n  a l s o  h i n t s  a t  an a n sw e r  to  

t h e  p rob lem  o f  o b t a i n i n g  n ,  l i n e a r l y  in d e p e n d e n t  r e s p o n s e  

c u rv e s .  T h e o r e t i c a l l y  l i n e a r l y  in d e p e n d e n t  r e s p o n s e s  can  be 

o b t a in e d  by  f o r c i n g  c e r t a i n  i n p u t  v a r i a b l e s  w i th  p u l s e s  t h a t  

have  d i f f e r e n t  power s p e c t r a l  d e n s i t i e s .  T hereb y  d i f f e r e n t  

n a t u r a l  f r e q u e n c i e s  a r e  f o r c e d  d i f f e r e n t l y  e ac h  t im e .  In  

p r a c t i c e  t h e  r e s p o n s e s  may n o t  be s u f f i c i e n t l y  d i f f e r e n t  

( l i n e a r l y  in d e p e n d e n t )  when n o i s e  i s  p r e s e n t .  The a n sw e r  t o  

t h e  p ro b lem  i s  t o  f o r c e  d i f f e r e n t  v a r i a b l e s  ( o r  c o m b in a t io n  

o f  v a r i a b l e s )  t o  o b t a i n  t h e  d e s i r e d  r e s p o n s e s .  E x p e r im e n ta l  

e v a l u a t i o n  o f  t h e  p ro b lem  i s  p r e s e n t e d  l a t e r .
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Common m ethods f o r  sy s tem  i d e n t i f i c a t i o n  do n o t  o f f e r  

an  e r r o r  p r o p a g a t io n  a n a l y s i s  f o r  e s t i m a t i o n  o f  t h e  r e l i a b i l ­

i t y  o f  t h e  i d e n t i f i e d  m odel. The im p o r ta n c e  o f  t h e  know ledge 

o f  th e  u n c e r t a i n t y  w hich  i s  i n  t h e  e x p e r i m e n t a l l y  d e te rm in e d  

model h a s  been  d i s c u s s e d  p r e v i o u s l y .  I n  t h i s  w ork , p a r t i c u l a r  

em phasis  h a s  been  p l a c e d  on t h i s  p ro b lem .

The e r r o r  p r o p a g a t io n  a n a l y s i s  p r e s e n t e d  i n  t h i s  

c h a p t e r  s e r v e s  a tw o - f o l d  p u rp o se :

(1 )  i t  p r o v id e s  an  e s t i m a t i o n  o f  t h e  model r e l i a b i l i t y ;

( 2 ) i t  s e r v e s  a s  a  t o o l  f o r  t h e  a c t u a l  e x e c u t io n  o f  

t h e  i d e n t i f i c a t i o n  p r o c e d u re .

I n  i t s  second  c a p a c i t y ,  t h e  e r r o r  a n a l y s i s  p ro c e d u re  i n s u r e s  

a  m in im iz a t io n  o f  t h e  p r o p a g a t io n  o f  th e  e r r o r  t h a t  i s  i n ­

h e r e n t  i n  t h e  re s p o n s e  f u n c t i o n s  i n t o  t h e  i d e n t i f i e d  param ­

e t e r s .  T h is  e r r o r  m in im iz a t io n  i s  a c h ie v e d  by a  s y s te m a t i c  

s e a r c h  th ro u g h  t h e  r e s p o n s e  f u n c t i o n s  f o r  t h e  l o c a t i o n  w here 

t h e  c o n t r i b u t i o n  o f  t h e  i n d i v i d u a l  p a r a m e te r s  ( n a t u r a l  f r e ­

q u e n c ie s )  i s  m ost s i g n i f i c a n t .  Thus t h e  e r r o r  a s s o c i a t e d  

w i th  h ig h  n a t u r a l  f r e q u e n c i e s  would be m in im ized  when th e  

i n i t i a l  segm ents  o f  t h e  re s p o n s e  f u n c t i o n  i s  u t i l i z e d .
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C o n v e rse ly  th e  e r r o r  o f  t h e  lo w e r  n a t u r a l  f r e q u e n c i e s  I s  

m in im ized  when w id e r  segm ents  o f  th e  r e s p o n se  f u n c t i o n  a r e  

u s e d .  In  a d d i t i o n  t o  t h e  l a t t e r  u se  o f  th e  e r r o r  p r o p a g a t io n  

a n a l y s i s ,  i t  i s  a l s o  v a lu a b le  i n  d e te rm in in g  th e  a c t u a l  o r d e r  

o f  system  when i t  i s  n o t  known b e f o r e  t h e  i d e n t i f i c a t i o n  i s  

c a r r i e d  o u t .

In  a m a th e m a tic a l  s e n s e ,  th e  word e r r o r  i s  g e n e r a l l y  

u se d  t o  mean a  d e v i a t i o n  be tw een  an  o b se rv e d  q u a n t i t y  and  th e  

t r u e  v a lu e  w hich i t  r e p r e s e n t s .  When t h e  t r u e  v a lu e  i s  known, 

t h e  e r r o r  can  be e x p l i c i t l y  d e f i n e d .  When o n ly  a  ra n g e  o f  

v a lu e s  w i th in  w hich  t h e  t r u e  v a lu e  l i e s  i s  known, t h e  e r r o r  

l o s e s  i t s  e x a c t  m eaning . I n  t h i s  c a se  one can  o n ly  sp eak  o f  

an u n c e r t a i n t y  w hich  p o s s e s s e s  g iv e n  bounds. O b v io u s ly ,  

e v e ry  o b s e r v a t i o n  must l i e  w i t h in  t h e  p e r m i t t e d  ra n g e  f o r  

t h e  t r u e  v a lu e .  Under t h e s e  c i r c u m s ta n c e s  one does  n o t  know 

g e n e r a l l y  w h e th e r  a  p a r t i c u l a r  o b s e r v a t i o n  r e a l l y  p o s s e s s e s  

an  e r r o r .  A l l  t h a t  can  be s a i d  i s  t h a t  a  c e r t a i n  amount o f  

u n c e r t a i n t y  i s  a s s o c i a t e d  w i th  t h e  o b s e r v a t i o n .  When a  l a r g e  

number o f  s i m i l a r  o b s e r v a t i o n s  i s  made, a  d i s t r i b u t i o n  o f  

v a lu e s  w i l l  be o b t a in e d  which a l lo w s  th e  f o l lo w in g  q u a n t i t i e s  

to  be d e f in e d :  l )  t h e  mean v a lu e  o f  t h e  o b s e r v a t i o n s ,  which

i s  s t a t i s t i c a l l y  t h e  b e s t  r e p r e s e n t a t i o n  f o r  t h e  t r u e  v a l u e ,

2) t h e  e x p e c te d  d e v i a t i o n  ( o r  th e  e x p e c te d  m ag n itu de  o f  th e  

e r r o r )  w h ich , l o o s e l y  s p e a k in g ,  i s  t h e  most l i k e l y  v a lu e  o f  

t h e  e r r o r ,  and 3) th e  e x trem e  e r r o r  which r e p r e s e n t s  th e  

l a r g e s t  o b t a i n a b l e  v a lu e  f o r  t h e  e r r o r .  E r r o r  p r o p a g a t io n  

a n a l y s i s  can  be b a se d  on th e  e x p e c te d  e r r o r  o r  on th e
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ex trem e e r r o r .  When i t  i s  b a se d  on t h e  e x p e c te d  e r r o r ,  an  

e x p e c te d  v a lu e  f o r  t h e  e r r o r  h a s  t o  be d e te rm in e d  a t  e ac h  

s t a g e  o f  t h e  c o m p u ta t io n .  S i m i l a r l y ,  when t h e  e r r o r  p ro p a g a ­

t i o n  a n a l y s i s  i s  b a s e d  on  ex trem e  e r r o r ,  t h e  e r r o r  m ust be 

maxim ized a t  e ac h  s t a g e  o f  t h e  c o m p u ta t io n .  The p r e s e n t  work 

i s  co n ce rn ed  w i th  t h e  l a t t e r  a p p ro a c h .

T here  a r e  two d i f f e r e n t  k i n d s  o f  p r im a ry  e r r o r  s o u r c e s  

w hich w i l l  a f f e c t  th e  r e s u l t s  o f  any n u m e r ic a l  c o m p u ta t io n  and  

w hich d i f f e r  i n  c h a r a c t e r ,  o r i g i n  and s i g n i f i c a n c e .  One such  

e r r o r  i s  t h e  u n c e r t a i n t y  o f  th e  d a t a .  T h is  e r r o r  i s  l a r g e l y  

r e s p o n s i b l e  f o r  t h e  u n c e r t a i n t y  a s s o c i a t e d  w i th  t h e  f i n a l  r e ­

s u l t s .  I t  d o e s ,  ho w ever, n o t  have  any  i n f l u e n c e  on t h e  num er­

i c a l  v a lu e s  o f  t h e  r e s u l t s  s in c e  th e  c o m p u ta t io n s  a r e  b a se d  

o n ly  on th e  nom ina l v a lu e s  o f  t h e  d a t a .  A n o th e r  p o s s i b l e  

e r r o r  so u rc e  i s  ro u n d o f f  and  t r u n c a t i o n  e r r o r  w hich a f f e c t s  

t h e  n u m e r ic a l  v a lu e s  o f  t h e  r e s u l t s .  R oundoff  e r r o r  may b e ­

come s i g n i f i c a n t  when t h e  d e g re e  o f  a c c u ra c y  o f  eac h  com puta­

t i o n a l  s t e p  i s  low o r  when a  l a r g e  number o f  c o n s e c u t iv e  com­

p u t a t i o n s  i s  p e r fo rm e d .

In  t h e  p r e s e n t  a n a l y s i s  t h e  e f f e c t s  o f  ro u n d o f f  e r r o r  

a r e  t o t a l l y  i n s i g n i f i c a n t  compared t o  t h e  e r r o r  due t o  d a ta  

u n c e r t a i n t y .  T h is  l a t t e r  e r r o r  i s  l a r g e r  th a n  t h e  fo rm e r  by 

s e v e r a l  o r d e r s  o f  m a g n i tu d e .  W ith t h i s  a s  t h e  b a s i s  r o u n d o f f  

and  t r u n c a t i o n  e r r o r  w i l l  t h e r e f o r e  be n e g l e c t e d  i n  t h e  

p r e s e n t  a n a l y s i s .

B e fo re  p ro c e e d in g  w i th  t h e  d e t a i l e d  e r r o r  a n a l y s i s  i t  

i s  d e s i r a b l e  t o  summarize t h e  c o m p u ta t io n a l  s t e p s  in v o lv e d
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i n  d e te r m in in g  th e  sy s tem  p a r a m e te r s  from  th e  r e s p o n s e  f u n c ­

t i o n s .  The c o m p u ta t io n a l  s t e p s  a r e :

1) E v a lu a t io n  o f  t h e  m a t r i c e s  ?  T T t  77  andn - 1 '  n - 1 '
^ n - l^ ^ n - 1  “ E q u a t io n s  ( 2 -7 7 )  and  ( 2 -7 9 )  from

th e  r e s p o n s e  c u rv e s  and t h e i r  i n t e g r a l s .

2) I n v e r s i o n  o f  t h e  m a t r ix  ?  T T t  . -  6 ) .n - 1 '  n -1
3) P o s t m u l t i p l i c a t i o n  o f  "5 7 [ t  T J  by Z J ï   ̂ -  6)n -1  n -1  n -1  n -1
4)  E v a lu a t io n  o f  t h e  c h a r a c t e r i s t i c  r o o t s  o f  e®^.

5 )  C o n s t r u c t i o n  o f  t h e  Jo rd a n  c a n o n ic a l  fo rm  o f  e * ^ .

6) E v a lu a t io n  o f  t h e  c h a r a c t e r i s t i c  r o o t s  ( n a t u r a l  

f r e q u e n c i e s )  o f  t h e  sy s tem  from  t h e  J o rd a n  canon­

i c a l  fo rm . E q u a t io n s  (2 -5 9 )  and  ( 2 - 6 0 ) .

The f i r s t  s t e p  o f  t h e  c o m p u ta t io n  i n v o l v e s  t h e  s e l e c ­

t i o n  o f  i n t e g r a t i o n  l i m i t s  T h is  p ro b lem  w i l l  be

d i s c u s s e d  a t  l a t e r  s t a g e s  and  f o r  t h e  t im e  b e in g  i t  i s  s u f f i ­

c i e n t  t o  assume and 6 a r e  g iv e n  v a l u e s .  The c o n s t r u c t i o n

o f  t h e  m a t r i c e s  * n - l ^ ^ n - l ^  ^ n - l ^ ^ n - l  “ s t r a i g h t f o r ­

ward and  f o l lo w s  d i r e c t l y  from  t h e i r  d e f i n i t i o n s .  T h e re  i s  

no p a r t i c u l a r  d i f f i c u l t y  a s s o c i a t e d  w i th  t h e  e v a l u a t i o n  o f  

t h e s e  m a t r i c e s  a l th o u g h  t h e  e r r o r  bounds o f  t h e  d a t a  have t o  

be e v a l u a t e d  a t  t h i s  s t a g e .  I n  C h a p te r  IV a  m ethod f o r  

e s t i m a t i o n  o f  e r r o r  p r o p a g a t io n  i n t o  t h e  i n t e g r a l s  o f  th e  

r e s p o n s e  c u rv e s  i s  p r e s e n t e d .

When a  m a t r ix  h a s  m u l t i p l e  c h a r a c t e r i s t i c  r o o t s ,  th e  

J o rd a n  form  i s  i t s  c a n o n ic a l  r e p r e s e n t a t i o n .  Prom a  n u m e r ic a l  

v i e w p o in t ,  h ow ever, i t  i s  j u s t i f i e d  t o  assume t h a t  e v e r y  n  x n 

m a t r ix  i s  s i m i l a r  t o  a  d i a g o n a l  m a t r ix  r e g a r d l e s s  o f  t h e
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m u l t i p l i c i t y  o f  t h e  e i g e n v a l u e s .  The r e a s o n  f o r  t h i s  s t a t e ­

ment i s  t h a t  i f  t h e r e  a r e  m u l t i p l e  r o o t s ,  t h e y  can  be made 

d i s t i n c t  by  i n f i n i t e s i m a l  p e r t u r b a t i o n s  o f  th e  m a t r ix  e l e ­

m e n ts .  The r e s u l t  i s ,  o f  c o u r s e ,  an  i n f i n i t e s i m a l  change i n  

t h e  v a lu e s  o f  t h e  e i g e n v a l u e s ,  w hich when c o n s id e r e d  from  a 

p r a c t i c a l  v ie w p o in t  i s  n e g l i g i b l e .  I n  t h e  p r e s e n t  a n a l y s i s  

th e  a s su m p tio n  o f  d i s t i n c t  e ig e n v a lu e s  w i l l  be made s i n c e  i t  

l e a d s  t o  much s im p le r  n u m e r ic a l  m a n ip u la t io n s .

The e r r o r  p r o p a g a t io n  a n a l y s i s  w i l l  be c a r r i e d  o u t  

i n d i v i d u a l l y  f o r  e ac h  c o m p u ta t io n a l  s t e p  and a  g e n e r a l  n o t a ­

t i o n  w i l l  be  u s e d  f o r  c o n v e n ie n c e .

E r r o r  Bounds o f  t h e  I n v e r s e  o f  ?  _ ( t  I -  6) 
 n - 1 '  n -1

The m a t r ix  -  i )  r e p r e s e n t s  an  a p p ro x im a te

v a lu e *  f o r  t h e  i n t e g r a t e d  fu n d a m e n ta l  m a t r ix .  F o r  c o n v e n ie n c e

o f  n o t a t i o n  d e n o te  ?  T T t  , -  6) by Then i f  t h e  t r u en - 1 '  n -1
v a lu e  o f  t h e  i n t e g r a t e d  fu n d am e n ta l  m a t r ix  i s  r e p r e s e n t e d  by  

T, t h e  e r r o r  m a t r ix  E w i l l  be

E = T -  $ .  ( 3 - 1 )

The m a t r ix  E i s  composed o f  unknown e le m e n ts  e^^  ̂ w hich  

may be p o s i t i v e ,  n e g a t iv e  o r  z e r o ,  b u t  w hich a r e  n o t  g r e a t e r  

i n  m ag n itu de  t h a n  some bounds w hich a r e  t h e  e x trem e  e r r o r

e s t i m a t e s  f o r  t h e  i n d i v i d u a l  e le m e n ts  o f  th e  r e s p o n s e  c u rv e s  

and  t h e i r  i n t e g r a l s .  I t  i s  d e s i r e d  t o  f i n d  th e  bounds o f

*S in ce  t h e  c o r r e c t  v a lu e  i s  unknown due to  t h e  e x i s t ­
i n g  u n c e r t a i n t y .
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v a r i a t i o n  o f  t h e  e le m e n ts  o f  t h e  i n v e r s e  o f  T knowing th e

v a lu e  o f  $  and t h e  bounds o f  E. The p rob lem  can  be s t a t e d

a l t e r n a t i v e l y  a s  how does t h e  i n v e r s e  o f  $  d e v i a t e  from  th e

in v e r s e  o f  T ( a s  a  f u n c t i o n  o f  t h e  e le m e n ts  o f  and E ) .  Of

c o u rs e  ♦  and E a r e  assum ed t o  be n o n s i n g u l a r  m a t r i c e s .  I t
— —1

w i l l  be assumed t h a t  $  can  be o b t a in e d  by e x a c t  m e th o d s , 

t h a t  i s  i f  $  i s  g iv e n ,  $  can  be  e v a lu a t e d  w i th  a b s o l u t e  

a c c u ra c y  o r  a t  l e a s t  c o r r e c t  t o  a d e s i r e d  number o f  d ec im a l  

p l a c e s .

Prom E q u a t io n  ( 3 - 1 )  i t  f o l lo w s  t h a t  

.  ( $ +  E ) " l  -  [ ( I  + = ■ ® ' \ l  + eT ^ ) ‘ ^ ,
(3 - 2 )

where I  i s  th e  i d e n t i t y  m a t r i x .  I f  t h e  e le m e n ts  o f  E a re
— 1

sm a ll  enough so t h a t  any norm o f  E$ i s  l e s s  th a n  1 ,  i t  can 

be shown [ 16 , 5 3 ] t h a t  can  be  e x p re s s e d  i n  te rm s  o f  th e  

c o n v e rg e n t  s e r i e s

= ■$"^[1 -  E*"^ + (E $  -  ( E * ^ ) 3  + . . . ]  . ( 3 -3 )

Thus

— "1 —-1  _ - l , 2 . —- 1 .  o
$ *  [ I  -  E $  + ( E *  ) -  ( E $  ) j  + . . . ]  =

_ - l  _ - l  2 -1  3 _ - l
I  -  E $  + ( E $  ) -  ( E ?  ) j  +  . . . = ( I  + E $  ) . ( 3 - 4 )

The a c c u m u la t io n  o f  i n h e r e n t  e r r o r  i n  th e  i n v e r s e  i s  g iv e n  

by th e  d i f f e r e n c e  b e tw een  T and  $  . I f  t h e  d i s c r e p a n c y

m a t r ix  ( o r  t h e  e r r o r  o f  t h e  i n v e r s e )  i s  d e n o te d  by  D, th e n
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D = ^ = # ^ [ I  -  + (E *  -  (E *  + . . . ] - ♦  ^

—-1  —-1  —-1  _ r l  2 —-1  9
= - $  E$ [ I  -  E *  + (E $  ) -  (E *  r  +  . . . ' ]

_ - l  _ - l  _ “1 _i
= - $  E$ [ I  + E $  ] ^ . ( 3 - 5 )

N e g le c t in g  th e  h i g h e r  o r d e r  te rm s i n  E q u a t io n  ( 3 - 5 ) ,  

t h e  f i r s t  o r d e r  d i s c r e p a n c y  ( a p p ro x im a t io n )  m a t r ix  i s  

o b t a in e d  a s
-1  -1

= - ^  Ei$ . ( 3 - 6 )

T h is  e q u a t io n  can  s y m b o l i c a l ly  be w r i t t e n  a s

 -1   - 1  -1
d ( #  ) = - *  ( d $ ) *  . ( 3 - 6 a )

( I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  t h e  f i r s t  o r d e r  d i s c r e p a n c y  

m a t r ix  can be o b t a i n e d  f o r m a l ly  by  d i f f e r e n t i a t i n g  t h e  e q u a ­

t i o n  I  = *  . $  . Thus 0 = d $ ' $  4- # d ($  ) ,  from  w hich

E q u a t io n  ( 3 - 6 a )  f o l lo w s  im m e d ia te ly . )

The f i r s t  o r d e r  d i s c r e p a n c y  m a t r ix  o f  E q u a t io n  

( 3 - 6 )  i s  o f  much s im p le r  fo rm  th a n  th e  t o t a l  d i s c r e p a n c y  D, 

E q u a t io n  ( 3 - 5 ) ,  and  s h o u ld ,  t h e r e f o r e ,  be u s e d  w henever 

a p p l i c a b l e .  To e s t i m a t e  t h e  g o o d n ess  o f  i t  w i l l  b e  n e c e s ­

s a r y  t o  e s t im a t e  th e  u p p e r  bounds o f  th e  d i s c r e p a n c y  m a t r ix  D.

D e f in e  N (P ) ,  t h e  norm o f  a  r e a l  m a t r ix  P, a s  t h e  

q u a n t i t y  which s a t i s f i e s  t h e  c o n d i t i o n s :

a )  N(P) i  0

b )  N(P) = 0 i f  and  o n ly  i f  P = 0 ( 3 - 7 )

c )  N(cP) = | c |N ( P ) ,  w here  c i s  a  s c a l a r .
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d) N(P^ ±  Pg) s  N(P]^) + N(Pg)

e )  N(P P ) a N(P ) N(P )
, \  ( 3 - 7 )

f )  N ( P ) = l l f P l s a  fu n d a m e n ta l  u n i t  c o n t in u e d

m a t r i x  (w i th  a l l  e le m e n ts  z e ro  e x c e p t  

f o r  one  e le m e n t  w hich  I s  u n i t y ) .

S e v e r a l  norm s t h a t  s a t i s f y  t h e  above  c o n d i t i o n s  a r e  

a v a i l a b l e .  Two norm s u s e d  I n  t h e  p r e s e n t  wortc a r e

Nm(P) = n ' m ax |p  I ( 3 - 8 )
l , j

where n I s  t h e  o r d e r  o f  th e  m a t r ix  P , and

Nh(P) = [ Ï  P? ( 3 - 9 )

A p p l i c a t i o n  o f  c o n d i t i o n s  ( 3 -7 )  t o  ( 3 - 5 )  g i v e s  w i th  
_ - l  

N(E* ) < 1

N(D) ^ , (3 -1 0 )
1 -  N (E* )

_ - l
and  I f  N (E )N ($ ) < 1 I t  f o l lo w s  t h a t

__-l 2
N(D) s  î l l El LLî — ( 3- 11)  

1 -  N (E )N ($  )

E q u a t io n  ( 3 - l l )  r e p r e s e n t s  an  u p p e r  bound f o r  t h e  d i s c r e p a n c y  

m a t r ix  D and s i m i l a r l y  t h e  n u m e ra to r  o f  t h i s  e q u a t io n  r e p r e ­

s e n t s  an  u p p e r  bound f o r  t h e  f i r s t  o r d e r  d i s c r e p a n c y  m a t r ix  

D^. Thus one may w r i t e  :

Bound (D i)
Bound (D) = ----------------- Z - I ~  ' (3 -1 2 )

1 -  N (E )N (*  )
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The r e p la c e m e n t  o f  th e  i n e q u a l i t y  s ig n  i n  E q u a t io n  (3 -1 1 )  by

t h e  e q u a l i t y  s i g n  i n  (3 -1 2 )  i s  p e r m i t t e d  s i n c e  i t  r e s u l t s  i n

an even  more c o n s e r v a t iv e  e s t i m a t e .

From E q u a t io n  ( 3 -1 2 )  i t  i s  c l e a r  t h a t  t h e  f i r s t  o r d e r
_ - l

d i s c r e p a n c y  e s t i m a t e  i s  v e ry  u n s a t i s f a c t o r y  when N (E)N ($ ) -  1
_ - l

and i s  o f  d o u b t f u l  v a lu e  u n l e s s  N (E )N (*  ) < 0 . 1 .  I f
_ - l

N (E )N (# ) < 0 . 1 ,  th e  f i r s t  o r d e r  d i s c r e p a n c y  bounds w i l l

u n d e r e s t im a te  t h e  t r u e  d i s c r e p a n c y  by 11 p e r  c e n t  o r  l e s s .

I n  t h e  f o r e g o in g  d i s c u s s i o n  i t  was shown how th e

d i s c r e p a n c y  o f  t h e  i n v e r s e  m a t r ix  can  be  e v a l u a t e d .  I t  h a s

y e t  t o  be shown how th e  e x trem e  d i s c r e p a n c i e s  a r e  d e te rm in e d .

The d i s c u s s i o n  o f  t h i s  s u b j e c t  w i l l  f i r s t  f o c u s  on t h e  f i r s t

o r d e r  d i s c r e p a n c y  a p p ro x im a t io n ,  and  w i l l  t h e n  be e x te n d e d

t o  t h e  g e n e r a l  c a s e .

The f i r s t  o r d e r  d i s c r e p a n c y  m a t r ix  was g iv e n  by 
 -1  -1

E q u a t io n  ( 3 - 6 )  a s  - $  E$ . Form al e x p a n s io n  o f  t h i s  p ro d u c t  

i n  te rm s  o f  t h e  k t  e le m e n t  g i v e s

" l : k t  “  f  * < 3 - 1 3 )

where by i s  meant th e  k i ^ ^  e le m e n t  o f  $  . S in c e  one i s

f r e e  to  s e l e c t  t h e  s i g n s  o f  t h e  e le m e n ts  e^^j so  a s  t o  o b t a i n

th e  ex trem e  d , i t  i s  p o s s i b l e  t o  s e l e c t  c o n s i s t e n t l y  th e  
1 : k t

s ig n  o f  e ac h  e le m e n t  t o  be e q u a l  t o ,  o r  o p p o s i t e  t o ,  t h e  s ig n  
— —1——1

D e f in e  :
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' I j

1 _ “ l
1 When qp  ̂ h a s  th e  same s ig n  a s  qp

k l
-1

-1  When «P h a s  t h e  o p p o s i t e  s ig n  t o

t h a t  o f  qp
-1

-1 -1
0 When e i t h e r  qp o r  qp i s  z e r o .

k i  j t

(3-14)

®1J ■

The k t* ^  e le m e n t  o f  th e  ex trem e  f i r s t  o r d e r  d i s c r e p a n c y  m a t r ix  

can  t h e n  be  w r i t t e n  a s :

-1
d

l : k t " i  j  ^ k i® i j  ^®ij ' " j t (3 -1 5 )

I f  le ^ j  I t a k e  on v a lu e s  a s  l a r g e  a s  th e  maximum bounds 

E q u a t io n  ( 3 -1 5 )  becomes

d
_ - l  _ - l

= -E  E qp e n qp 
l i k l  i  J k i  i j  i j  J t

(3 -1 6 )

T h e o r e t i c a l l y  i t  i s  n e c e s s a r y  to  f i x  th e  s ig n  o f  e a c h  e ^ j  

i n  o r d e r  t o  o b t a i n  th e  ex trem e d i s c r e p a n c y  f o r  some p a r t i c u l a r  

e le m e n t .  Sometimes t h e s e  s i g n s  may maximize t h e  d i s c r e p a n c y  

a s s o c i a t e d  w i th  some o t h e r  e le m e n ts  o f  o r  even a l l  th e  

e le m e n t s ,  b u t  t h i s  p o s s i b i l i t y  i s  n o t  g e n e r a l l y  t r u e .  To 

i l l u s t r a t e  t h i s  p o i n t  c o n s i d e r  th e  s im p le  second  o r d e r  m a t r ix

-1 
?  =

2
-3

5

1

The e r r o r  m a t r ix  h a s  a l l  e le m e n ts  e q u a l  t o  1 i n



68

a b s o l u t e  v a lu e .  I t  I s  a  s im p le  m a t t e r  t o  show t h a t  t h e  e x ­

trem e  v a lu e  f o r  d , I s  35 . I t  I s  o b t a in e d  when th e  m a t r ix  

8 I s

1 -18 =

1 -1

and t h a t  t h e  ex trem e v a lu e  f o r  d I s  42 w hich  I s  o b t a in e d
1:12

when 0 I s

1 1
0  =

1 1

I t  I s  th u s  o b v io u s  t h a t  I n  g e n e r a l  n o t  a l l  e le m e n ts  

o f  w i l l  a t t a i n  t h e i r  ex trem e  v a lu e  s im u l t a n e o u s ly .  S in c e  

I n  p r a c t i c e  th e  e le m e n ts  o f  0 can  p o s s e s s  o n ly  one s e t  o f  

v a l u e s ,  t h e r e  a r i s e s  t h e  q u e s t io n  a s  t o  vAiat s h o u ld  be  t h e  

c r i t e r i o n  f o r  s e l e c t i o n  o f  0 . F o r  t h e  c a s e  w here  a l l  t h e  

e le m e n ts  o f  a t t a i n  t h e i r  e x trem e  v a lu e  s im u l t a n e o u s ly  t h e  

a nsw er  t o  t h i s  q u e s t io n  I s  q u i t e  o b v io u s .  F o r  t h e  more g e n ­

e r a l  c a s e  t h e  s i t u a t i o n  I s  n o t  so  s im p le .  R e c a l l i n g  t h a t  t h e  

u l t i m a t e  p u rp o se  o f  t h e  e r r o r  p r o p a g a t io n  a n a l y s i s  I s  th e  

e v a l u a t i o n  o f  th e  ex trem e  a t t a i n a b l e  e r r o r s  o f  t h e  s y s t e m 's  

p o l e s .  I t  becomes e v id e n t  t h a t  t h e  a n sw er  s h o u ld  depend on 

th e  e r r o r  b e h a v io r  I n  t h e  su b s e q u e n t  c o m p u ta t io n a l  s t e p s .

As w i l l  be  se e n  l a t e r  ( c f .  E q u a t io n  (3 -3 3 ) )>  t h e  e r r o r  o f  t h e  

c h a r a c t e r i s t i c  r o o t s  o f  t h e  sy s te m  I s  p r o p o r t i o n a l  t o  t h e

norm o f  t h e  e r r o r  o f  t h e  p r o d u c t  o f  )  and
—1

-  6) . T h e r e fo r e  I t  I s  n e c e s s a r y  t o  s e l e c t  0 such

a s  t o  meuclmlze th e  norm o f  t h i s  e r r o r  t e n n  w hich  w i l l  l a t e r
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be shown to be given by
—  —-1+ El* (3-22)

—1
where is the error of the product ^̂ -l̂ n̂-l̂ * ^-l^^n-1 " /

♦- stands for ? TT̂ 7T and E, represents the error asso- 1 n-i n-i _i J.
elated with D and * have the same meaning as before.

Utilization of the properties of Equation (3-7) gives:

_ __-l _ _-l
N(D̂ ) = N(*̂ D + El* ) i N(*iD) + N(Ei * )

_ _-l
i N(*̂ )N(D) + N(Ei* ). (3-17)

Thus It can be concluded that the matrix 0 must be 

selected such that the norm of the discrepancy matrix D be 

maximized. Normally this condition also Implies the max­

imization of the norm of D̂ . The criterion Is a rather 

loose one since It leaves the choice of the norm to be 

arbitrary, and there Is no guarantee that the use of differ­

ent norms will yield consistent results. It Is, however, the 

best general criterion that can be established from theoret­

ical considerations, and It can be expected that In general 

any norm will be adequate. In the present work the norm 

N̂ (D̂ ) of Equation (3-8) was selected for convenience. Thus 

the selection of 0 will be based on the criterion

max Nm(D,) = max [n • max |d,, | ] #  max • max |d̂  . | (3-18)
 ̂ 0  1 , J  0 1 , j  I j

The maximization of the first order discrepancy

matrix can now be summarized as follows: Each element d
l:kt

Is maximized Individually according to (3-14) and (3-16).
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The m a t r ix  0 t h a t  c o r re s p o n d s  to  t h e  e le m e n t  d t h a t  i s
l : k t

l a r g e s t  i n  a b s o l u t e  v a lu e  i s  t h e n  u s e d  t o  r e c a l c u l a t e  th e  

e le m e n ts  o f  D^.

The c a l c u l a t i o n  o f  th e  ex tre m e  d i s c r e p a n c y  m a t r i x  D 

can  be a c c o m p lish e d  by means o f  E q u a t io n  (3 -5 )  u s i n g  t h e  

e r r o r  m a t r ix  E w i th  th e  c o r r e s p o n d in g  s ig n s  t h a t  have  b een  

e v a l u a t e d  f o r  t h e  f i r s t  o r d e r  a p p ro x im a t io n  D^. Thus

-=■1 , _ r l  2 _ r l  3 _ - l  -1
D = D^CI -  E# + (E $  ) -  (E $  + . . . ]  = + E$ ]

(3 -1 9 )

and t h e  c a l c u l a t i o n  a c t u a l l y  i n v o lv e s  th e  e v a l u a t i o n  o f  a
—-1 -1

c o r r e c t i o n  m a t r ix  [1 + E$ ] . I n  p r a c t i c e  i t  may be more

c o n v e n ie n t  t o  compute th e  c o n v e rg e n t  s e r i e s  d i r e c t l y .

T h ere  may a r i s e  th e  q u e s t io n  a s  t o  w h e th e r  th e  m ax i­

m iz a t io n  o f  t h e  f i r s t  o r d e r  d i s c r e p a n c y  m a t r ix  and t h e  t o t a l  

d i s c r e p a n c y  m a t r ix  o c c u r  s i m u l t a n e o u s ly  (w i th  t h e  same s ig n  

m a t r ix  0 ) .  O b v io u s ly  i f  t h i s  c o n d i t i o n  i s  n o t  t r u e .  E q u a t io n  

(3 -1 9 )  w i l l  n o t  y i e l d  th e  ex trem e  t o t a l  d i s c r e p a n c y .  Only

i f  any one Of t h e  e le m e n ts  o f  D i s  l a r g e r  th a n  t h e  c o r r e s p o n d -
 “1

in g  e le m e n ts  i n  $  , w i l l  D and n o t  n e c e s s a r i l y  be  m axim ized

s im u l ta n e o u s ly  [ 1 6 ] .  However, i f  su ch  i s  th e  c a s e ,  t h e  i n -  
_ - l

v e r s e  ♦  i s  u s u a l l y  t o t a l l y  u n r e l i a b l e  and no f u r t h e r  con ­

s i d e r a t i o n  o f  t h e  p rob lem  i s  j u s t i f i e d .

&T
E r r o r  Bounds o f  e

_ - l  - 1
Given t h e  m a t r ix  $  = THE _ ' -  6 ) w i th  boundsn —1 n - i

o f  e r r o r  D and  t h e  m a t r ix  )  w i th  bounds o f

e r r o r  E ^ . I t  i s  d e s i r e d  t o  f i n d  t h e  ex trem e  e r r o r  bounds
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f o r  th e  p ro d u c t

H .  4 ^ *  = e*A . (3 -2 0 )

I f  th e  e r r o r  a s s o c i a t e d  w i th  H i s  e x p re s s e d  by one may 

w r i t e

_  —-1  -1  _ - l  _
H + = (*L + E i ) ( $  + D) = + *^D + E^D .

(3-2 1)
The e r r o r  m a t r ix  D h a s  been  e v a lu a t e d  i n  t h e  p r e v io u s

s e c t i o n  and i s  f i x e d  i n  m agn itude  and s ig n s  o f  i t s  e le m e n ts .

The e r r o r  m a t r ix  Ê  ̂ i s  composed o f  unknown e le m e n ts  e ^ . ^ j

w hich a r e  bounded i n  m agn itude  by n , where t h e  e le m e n ts
^ J

T'iJ i d e n t i c a l  t o  t h e  e r r o r  bounds o f  th e  m a t r ix  ♦  i n  th e  

p r e v io u s  s e c t i o n .

I f  t h e  e r r o r  m a t r i c e s  E^ and D a r e  r e l a t i v e l y  sm a ll  

compared to  t h e  o t h e r  com ponents o f  E q u a t io n  ( 3 - 2 1 ) ,  t h e i r  

p ro d u c t  can  be  n e g l e c t e d  and a f t e r  s u b t r a c t i o n  o f  (3 -2 0 )  from 

(3-2 1)
__ _ - l

Dh = + E^$ (3 -2 2 )

i s  o b t a i n e d .  Form al e x p a n s io n  o f  (3 -2 2 )  i n  te rm s  o f  th e  

e le m e n ts  y i e l d s

‘̂ h r i j  “  k ^ " ^ l : i k ^ J  ^ ® l : i k \ j ^  (3 -2 3 )
 -1 -1

where a s  b e f o r e  s ta n d s  f o r  t h e  k j  e le m e n t  o f  ?  .

As w i l l  be  seen  i n  th e  n e x t  s e c t i o n  (E q u a t io n  ( 3 - 3 3 ) ) ,

t h e  e r r o r s  o f  t h e  c h a r a c t e r i s t i c  r o o t s  o f  H a r e  p r o p o r t i o n a l

t o  t h e  norm o f  t h e  e r r o r  m a t r ix  D^. T h e re fo re  i n  o r d e r  to
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f i n d  th e  e x tre m e  e r r o r s  i t  i s  n e c e s s a r y  to  a d ju s t  th e  s ig n s

o f  e su ch  a s  t o  m axim ize th e  norm o f  D. . M a x im iza tio n  
l : i k  h

o f  any norm  o f  w i l l  be a c h ie v e d  i f  e v e ry  e le m e n t d ^ ,^ ^  

a t t a i n s  i t s  l a r g e s t  p o s s ib le  m a g n itu d e . However a s  can  be 

e a s i l y  s e e n ,  n o t  a l l  th e  e le m e n ts  o f  a r e  n e c e s s a r i l y  

m axim ized s im u lta n e o u s ly .

® l: lk  “ ® l: lk -  '® l: ik l  * l : l k

_   -1
1 i f  th e  p ro d u c t cp d v  i s  p o s i t i v e

l : i k  k J  k J
  —1

-1  i f  th e  p ro d u c t qp d V i s  n e g a t iv e  (3 -2 4 )
1 • ik  k  J k  J

 —1
0 i f  i s  z e ro .

® l; ik

Then

^ h : i j  ”  k  ^ * * * l:lk \j  ® l: ik  ^® l:ik  ^ \ j ^  (3 -2 5 )

and i f  a t t a i n  t h e i r  maximum v a lu e  ( 3 - 2 5 ) becom es:

* h : i j  “  k ^‘‘’l ; i k \ j  ® l : i k ^ i k ^ j ^  ( 3 - 2 6 )

M a x im iza tio n  o f  any e le m e n t d^ d e te rm in e s  th e  

c o rre s p o n d in g  i^ ^  row o f  w h ich , i n  t u r n ,  f i x e s  th e  i ^ ^  

row o f  th e  m a t r ix  D^. Som etim es s e v e r a l  o r  even  a l l  th e  

e le m e n ts  o f  a  row o f  a re  m axim ized  s im u lta n e o u s ly  b u t  

t h i s  s i t u a t i o n  i s  n o t  i n  g e n e r a l  t r u e .  F u r th e rm o re , a l l  th e  

o t h e r  row s o f  0^ rem ain  a r b i t r a r y  and u n a f f e c te d  by t h i s  

p r o c e s s .

In  th e  p r e s e n t  work th e  norm N,j,(D^) w hich  was d e f in e d  

by E q u a tio n  (3 -8 )  was s e l e c te d  a s  th e  c r i t e r i o n  f o r
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m a x im iz a tio n  o f  th e  e r r o r .  T hus I t  I s  n e c e s s a ry  t o  e v a lu a te

th e  m a t r ix  0^ such  t h a t  th e  l a r g e s t  e le m e n t o f  I s  m axim ized.

To f in d  th e  l a r g e s t  p o s s ib l e  e le m e n t o f  I t  I s  n e c e s s a r y  to

d e te rm in e  th e  a t t a i n a b l e  e x tre m e  o f  each  e le m e n t d, , ,  I n -
h : l j

d l v l d u a l l y  (an d  In d e p e n d e n tly  o f  any  o t h e r  e le m e n ts ) .  S in c e ,  

h ow ever, th e  m a x im iz a tio n  o f  th e  e le m e n ts  I s  o n ly  row d e ­

p e n d e n t ,  t h a t  I s ,  o n ly  th e  e le m e n ts  o f  one row o f  0^ a r e  

f i x e d  by f i x i n g  an  e le m e n t In  th e  c o r re s p o n d in g  row o f  D^, 

th e  c a l c u l a t i o n  p ro c e s s  can  be c a r r i e d  o u t row by row . Thus

th e  l a r g e s t  e le m e n t d^ o f  th e  1^^ row o f  Ik, I s  fo u n d , and
h :  Ik

th e  1^^ row o f  0^ c o r re s p o n d in g  t o  t h i s  e le m e n t I s  u se d  to  

r e c a l c u l a t e  a l l  th e  o t h e r  e le m e n ts  o f  t h i s  row In  D^. The 

p ro c e s s  I s  th e n  r e p e a te d  f o r  a l l  o t h e r  rows o f  th e  d is c re p a n c y  

m a tr ix  D^.

6ÂE r r o r  Bounds o f  th e  E ig e n v a lu e s  o f  e 

The e r r o r  bounds f o r  th e  m a t r ix  f u n c t io n  e * ^  have  

b een  fo u n d  In  th e  p re v io u s  s e c t i o n .  In  t h i s  s e c t i o n  th e  

e r r o r  bounds f o r  th e  e ig e n v a lu e s  o f  e®^ w i l l  be  d e te rm in e d .

G iven  th e  r e a l  m a tr ix  e* ^  = H w hich  I s  assum ed to  

p o s s e s s  d i s t i n c t  e ig e n v a lu e s *  v ^ , . . . ,  and  e ig e n v e c to r s  

v ^ , . . . ,  v ^ , th e n  by d e f i n i t i o n  o f  th e  e ig e n v e c to r s

HVi = v^V i . (3 -2 7 )

A lso  l e t  v ^ , . . . ,  2̂  b e  th e  e ig e n v e c to r s  o f  ( th e  t r a n s p o s e  

o f  H ). The e r r o r  bounds o f  th e  e le m e n ts  o f  H a r e  e x p re s s e d

* C f. d i s c u s s io n  on page 6 2 .
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by  th e  m a tr ix  D^. I f  i s  a  sm a ll  p e r t u r b a t i o n  o f  H th e n

a  t y p i c a l  e ig e n v e c to r  o f  H + can  be e x p re s s e d  a s  +

G^jVj w here a r e  sm a ll  c o n s t a n t s .  The e ig e n v a lu e s

t h a t  c o rre s p o n d  to  t h i s  e ig e n v e c to r  i s  e x p re s s e d  a s  + 6v^ 

An e q u a t io n  s i m i l a r  to  (3 -2 7 )  can  th e n  be w r i t t e n  to  g iv e

(H + D ^ ) (v ,  + « i jV j )  -  (v^  + AV^)(V, +
( 3- 28)

E x p an sio n  by  te rm s  o f  E q u a tio n  (3 -2 8 )  and u t i l i z a t i o n  o f  

(3 -2 7 )  y i e l d s

th ^ + 4 .  ^ i j - j  = "''1’'!  + - I  ' i / j

" '"1 xh W3 ■

The l a s t  te rm s  on b o th  s id e s  o f  E q u a tio n  (3 -2 9 )  a r e  p ro d u c ts  

o f  sm a ll p e r t u r b a t i o n  te rra s  and  can  be  n e g le c te d .  Thus

l ^ J  '  '" ' ' l ' ' !  + l ^ J  • (3 -3 0 )

P r e m u l t i p l i c a t i o n  o f  E q u a tio n  (3 -3 0 )  by v^ ( th e  t r a n s p o s e  o f  

Vj^) y i e l d s

= ZiA ViVi , (3 -3 1 )

s in c e  th e  p ro d u c t v j  • v . = 0 f o r  i  /  j  [ 1 7 ] .
-L J

F i n a l l y  th e  e r r o r  o f  th e  e ig e n v a lu e s  i s  g iv e n  by

.  ̂ i V l  (V 3L <^1>  „
-  T -  ( v , , v .  ) (3 -3 2 )

3 - 1 '

w here ( v , v̂  ̂) = i i  •••■*■ '^in—i n  ^^e in n e r  p ro d u c t

o f  Vĵ  and  v ^ , and  s i m i l a r l y  f o r  (D^v^^^v^).
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E q u a tio n  (3 -3 2 )  I s  a  f i r s t  o r d e r  a p p ro x im a tio n  f o r  

th e  e r r o r  o f  th e  e ig e n v a lu e s .  A h ig h e r  o r d e r  a p p ro x im a tio n  

w ould r e s u l t  i n  c o n s id e r a b le  c o m p lic a tio n  o f  th e  e q u a t io n s .  

F o r tu n a te ly ,  i t  i s  u n n e c e s s a ry  f o r  th e  p u rp o s e s  o f  th e  p r e s e n t  

e r r o r  e s t im a te s .

I t  i s  i n t e r e s t i n g  to  s tu d y  th e  u p p e r  bounds f o r  th e  

e r r o r  i n  E q u a tio n  ( 3 - 3 2 ) .  A p p l ic a t io n  o f  th e  d e f i n i t i o n s  

f o r  th e  norm o f  a  m a tr ix  (E q u a tio n  ( 3 - 7 ) )  and  d e f i n i t i o n s  

f o r  th e  norm o f  a  v e c to r  [ 1 7 ] to  (3 - 3 2 ) y i e l d s :

lAvi I * °  ( 3 - 3 3 )

where
II V i  « . 11 V j  I I ______________

K v ^ .v ^ ) !  jco s 3 I
Ç-i = r = T - ^ T T  '  (3 -3 3 a )

| 6v ^ | and | ( v ^ , v ^ ) |  a r e  a b s o lu te  v a lu e s  o f  th e  c o rre sp o n d in g  

q u a n t i t i e s ,  and  Uv^ü and  llv^U a re  norm s o f  th e  v e c to r s  v^
2 g 1

and Vĵ  r e s p e c t iv e ly  d e f in e d  a s  Mv̂ m = (v^^  + . . .  + v^^)2 e t c .  

The q u a n t i ty  i s  f r e q u e n t ly  c a l l e d  th e  d i s t o r t i o n  c o e f f i ­

c i e n t  f o r  th e  m a t r ix  c o rre sp o n d in g  to  th e  e ig e n v a lu e  v^ . 

The a n g le  P i s  th e  a n g le  be tw een  th e  v e c to r s  v^ and  v^^.

Thus th e  e r r o r  i n  th e  e ig e n v a lu e s  i s  p r o p o r t io n a l  to

th e  norm o f  th e  e r r o r  m a tr ix  D. . I t  s h o u ld  be n o t ic e d  t h a th
a l l  th e  q u a n t i t i e s ,  e x c e p t  f o r  D^, on th e  r i g h t  hand  s id e  o f  

E q u a tio n  (3 -3 3 )  a r e  r e l a t e d  o n ly  to  th e  n o m in a l v a lu e s  o f  th e  

d a ta  and  n o t  t o  th e  e r r o r  t e r m s .

I f  th e  m a t r ix  H h a s  com plex e ig e n v a lu e s .  E q u a tio n
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( 3 - 3 2 ) h a s  t o  be m o d if ie d  f o r  f i n d in g  th e  d i s c r e p a n c ie s  o f  

b o th  th e  r e a l  and im a g in a ry  p a r t s .  L e t

* Re(vj^) + j lm ( v i )  

= R e(v^) + J lm (v ^ ) 

Z i  = R e (Z i)  + J lm (Z i)

(3 -3 4 )

w here Re and Im s ta n d  f o r  th e  r e a l  and  im a g in a ry  p a r t s  

r e s p e c t i v e l y  and  J = S u b s t i t u t i o n  o f  th e  q u a n t i t i e s  o f

(3 -3 4 )  i n  ( 3 - 3 2 ) y i e l d s

[A R e(v^) + jA Im (V i)] [R e (v i)  + j I m ( v ^ ) ] , [ R e ( v ^ )  + j lm (v ^ ) ]  =

= DhCRe(Vj^) + j I m ( v i ) ] , [ R e ( V i )  + Jlm (V j^)].

(3 -3 5 )

A f te r  e x p an d in g  E q u a tio n  (3 -3 5 )  and  e q u a t in g  th e  r e a l  and  

im a g in a ry  te rm s

ARe(vj^)[Re(Vj^),Re(vj^) -  Im (v ^ ) ,Im (v ^ ) ]  -  AIm (Vj^)[Re(v^),Im(Vj^) 

+ I m ( v i ) ,R e ( v i ) ]  = Dj^Re(vj^), R e (v ^ ) -  I ) y ^ l m { v ^ )

(3 -3 6 a )

and

4 R e (v ^ )[R e (v ^ ) ,Im (v ^ )  + Im (V j^),R e(v i) ] + A Im (v^)[Re(V j^),Re(vj^) 

-  I m ( v i) , I m ( v ^ ) ]  = D^Re(vj^),Im(Vj^) + D j^Im (V i),R e(v^)
( 3 -3 6 b )

a r e  o b ta in e d .  S im u lta n eo u s  s o l u t i o n  o f  E q u a tio n s  (3 -3 6 a )  and 

(3 -3 6 b )  f o r  ARe( )  and  Alm(v^) y i e l d s  th e  f i n a l  r e s u l t ;

ARe(v^) = y - .|  + J L ?  (3 -3 7 a )
F  + r
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w here
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Alm (v^) = P ig  ~ (3 -3 7 b )
p + r

P = R e(vj^)>R e(v^) -  Im( v ^ ) ,Im (vj^) 

q = D̂ Re(v̂ ),Re(v̂ ) - D̂ Im(v̂ ),Im(v̂ ) 

r  = R e ( v ^ ) , I m ( v i)  + Im (v i) ,R e (v ^ )

B =  D h R e(v i) , Im (v^ )  + Dj^Im(v^),Re(v^)

(3 -3 8 )

F o r  r e a l  e ig e n v a lu e s  E q u a tio n  (3 -3 7 a )  re d u c e s  t o  (3 -3 2 )  a s  

e x p e c te d .

E r r o r  Bounds o f  th e  S y s te m 's  P o le s  

S in c e  th e  e ig e n v a lu e s  and  c o n s e q u e n tly  th e  p o le s  

P i a r e  d i s t i n c t .  I t  f o l lo w s  from  E q u a tio n s  (2 -6 3 )  and  ( 2 - 8 l )  

t h a t
6p i

v ^ = e  1 = 1 , . . . , n .  ( 3 - 3 9 )

The e ig e n v a lu e s  may be  r e a l  o r  com plex and  E q u a tio n  (3 -3 9 )  

can  I n  g e n e r a l  be w r i t t e n  a s

R e (v ,)  +

When th e  p o le s  a r e  r e a l .  E q u a tio n  ( 3 - 4 o )  re d u c e s  to  ( 3 - 3 9 ) .  

M u l t i p l i c a t i o n  o f  E q u a tio n  ( 3 - 4 0 )  by I t s  com plex c o n ju g a te  

e q u a t io n  y i e l d s

R e(v ^)2  + lm ( v i )2  = g2 *R e(P i)^  ( 3 - 4 l )

from  w hich  th e  r e a l  p a r t  o f  th e  p o le  Re(pj^) I s  o b ta in e d  a s

R e ( P i )  =  g y  l o g e  t R ® ( ' ^ l ) ^  +  I m ( v j ^ ) ^ ] .  ( 3 - 4 2 )

D i f f e r e n t i a t i o n  o f  E q u a tio n  ( 3 - 4 1 ) and  re p la c e m e n t o f  th e
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d i f f e r e n t i a l s  by d i f f e r e n c e  te rm s y i e l d s

2 6 R e (p .)
2 [R e (V .)A R e (v .) + I m ( ) A I m ( ) ]  = 26e ARe(p ) ,

 ̂ (3-43)

from  w hich  th e  e r r o r  bound a s s o c i a t e d  w ith  th e  r e a l  p a r t  o f  

th e  p o le  i s  o b ta in e d  a s

4R , ( P J  .  H e ( v , ) A R e ( v , ) ^ .^ ^ ( v , ) A l : . ( v , )

6e ^

A f te r  s u b s t i t u t i o n  o f  E q u a tio n  ( 3 - 4 l )  i n to  (3 -4 4 )  th e  f i n a l  

r e s u l t  f o r  ARe(p^) i s  o b ta in e d :

A R e(pi) = ^
6 [R e (v i)  + Im (v^) ]

S in c e  th e  s ig n s  o f  ARe( )  and  Alm(vj^) a r e  a r b i t r a r y ,  th e  

ex trem e  e r r o r  o f  R e(p ^ ) can  be w r i t t e n  a s

m a x [ A R « ( p J ]  =  l H ^ ( v i ) A R e ( v , ) U  M v i ) | î - ( V i )  I 

6 [R e (v i )  + Im(vj^) ]

When th e  p o le s  a r e  r e a l  E q u a tio n  (3 -4 4 )  becom es

Av,
ARe(pi) = Api 5^ (3-47)

6e 1

w hich i s  o f  c o n s id e r a b le  s ig n i f i c a n c e  a s  w i l l  be se e n  l a t e r .

To e v a lu a te  th e  com plex p a r t  o f  th e  p o le .  E q u a tio n  

(3 -4 0 )  can  be r e w r i t t e n  a s

ô R e(P i)
R e(v^) + Jlm(Vj^) = e [c o s  [ 6Im(pj^)} + j  s i n  {6lm (p ^ ) ) ]

(3 -4 8 )

from  w hich
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6R e(p . )
Re(vj^) = e co s  [ 6Im (pj^)] . (3 -4 9 )

Thus Im (p^) i s  g iv e n  by

,  1 R e(v )
Im (p l)  = J  o o B ~ ^  - ■ (3 -5 0 )

V R e(v ^) + Im (v^)

The e r r o r  a s s o c i a t e d  w ith  th e  com plex p a r t  o f  th e  

p o le  i s  o b ta in e d  by  d i f f e r e n t i a t i o n  o f  E q u a tio n  ( 3 - 4 9 ) ,  and  

a f t e r  some a lg e b r a  i s  g iv e n  by

A l m ( . (3 -5 1  )

The ex trem e  e r r o r  o f  Im (p^) i s  o b ta in e d  by  a d ju s tm e n t 

o f  th e  s ig n s  and  can  be e x p re s s e d  a s

max C A Im (p,)] = I ( 3 . 5g)
5Im (v^)

D is c u s s io n

The m a th e m a tic a l e x p re s s io n s  t h a t  d e s c r ib e  th e  

p ro p a g a tio n  o f  e r r o r  th ro u g h  th e  n u m e r ic a l c o m p u ta tio n s  a r e  

r a t h e r  com plex , and  d i g i t a l  com puting  f a c i l i t i e s  a r e  n e c ­

e s s a r y  f o r  t h e i r  u t i l i z a t i o n .

B ased  on th e  e r r o r  p ro p a g a t io n  a n a l y s i s  s e v e r a l  g e n ­

e r a l  o b s e r v a t io n s  c o n c e rn in g  th e  i d e n t i f i c a t i o n  te c h n iq u e  

can  be m ade. E q u a tio n  (3 -3 3 )  p r o v id e s  a  good s t a r t i n g  p o in t  

f o r  t h i s  d i s c u s s io n .
IIV. H • Bv. B

lAVll c Cĵ N(Dh) = T- -T N(Dh) . (3-33)

T h ere  a r e  two s e p a r a te  f a c t o r s  t h a t  c o n t r ib u te  to
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th e  e r r o r  o f  an  e ig e n v a lu e  v^ : ( l )  th e  d i s t o r t i o n  c o e f f i ­

c i e n t  w hich i s  a  f u n c t io n  o n ly  o f  th e  n o m in a l v a lu e s  o f  

th e  d a ta  b u t  n o t  o f  th e  i n i t i a l  e r r o r  e s t im a t e s ,  and ( 2 ) th e  

norm o f  th e  e r r o r  m a tr ix  w hich i s  a  f u n c t io n  o f  b o th  th e  

d a ta  and th e  e r r o r  e s t im a t e s .

The d i s t o r t i o n  c o e f f i c i e n t  c o n s t i t u t e s  a  s e n s i t i v i t y  

m easure  f o r  th e  i d e n t i f i c a t i o n  o f  th e  e ig e n v a lu e  I t  may

be c o n s id e re d  a  w e ig h tin g  f a c t o r  f o r  N(Dj^) w ith  r e s p e c t  to  

and t h e r e f o r e  i t  p ro v id e s  a  q u a n t i t a t i v e  m easu re  o f  how 

w e ll  a  p a r t i c u l a r  p o le  i s  r e p r e s e n te d  in  t h e  re s p o n s e  d a ta .  

The norm N(D^) p ro v id e s  a  g e n e r a l  m easu re  f o r  th e  u n c e r t a i n t y  

a s s o c i a t e d  w ith  th e  i d e n t i f i c a t i o n  b u t  d o es n o t  a c t  a s  a  d i s ­

c r im in a t in g  f a c t o r  be tw een  th e  i n d iv id u a l  e ig e n v a lu e s .  I f ,  

f o r  exeimple, th e  re s p o n se  v e c to r s  a r e  w eak ly  in d e p e n d e n t*  

and  c o n s e q u e n tly  th e  m a tr ix  -  6 ) i s  p o o r ly  c o n d i­

t io n e d ,  ( i . e .  th e  e le m e n ts  o f  th e  in v e r s e  a r e  v e ry  s e n s i t i v e  

to  e r r o r s  i n  th e  o r i g i n a l  m a t r ix ) ,  th e  norm  N(D^) w i l l  be 

l a r g e ,  and  a  l a r g e  e r r o r  w i l l  be i n d ic a t e d  f o r  a l l  th e  e ig e n ­

v a lu e s .  Thus th e  e r r o r  e s t im a te  e s t a b l i s h e s  a  c r i t e r i o n  f o r  

a c c e p ta n c e  o r  r e j e c t i o n  o f  a  c e r t a i n  s e t  o f  re s p o n s e  fu n c ­

t i o n s .  I t  w i l l  be  se e n  l a t e r  t h a t  t h i s  c h a r a c t e r i s t i c  i s  o f  

p a r t i c u l a r  im p o rta n c e  s in c e  i t  i n d i c a t e s  th e  p o s s i b i l i t y  f o r  

u t i l i z i n g  th e  e r r o r  c r i t e r i o n  i n  th e  d e te r m in a t io n  o f  th e  

s y s te m 's  o r d e r .

♦ S t r i c t l y  sp e a k in g  th e  re s p o n se  v e c to r s  can  o n ly  be 
e i t h e r  l i n e a r l y  d ep en d en t o r  in d e p e n d e n t .  What i s  m eant 
h e re  by w eak ly  in d e p e n d e n t i s  t h a t  due t o  n o i s e  e f f e c t s  th e  
in d ep en d en ce  o f  th e  r e s p o n s e s  c a n n o t be  c l e a r l y  e s t a b l i s h e d .
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I t  was p r e v io u s ly  s t a t e d  t h a t  th e  p a ra m e te r s  t  . and
n -1

6 a r e  f r e e  t o  be s e l e c t e d  a r b i t r a r i l y .  I t  I s  q u i t e  e v id e n t

from  th e  e r r o r  p ro p a g a t io n  a n a l y s i s  t h a t  th e  s e l e c t i o n  o f

b o th  6 and  t  _ e f f e c t s  t h e  e r r o r  o f  th e  f i n a l  r e s u l t s .  A l-  n - l
though  d o es n o t  e n t e r  th e  c a l c u l a t i o n s  e x p l i c i t l y  a t

any  s t a g e .  I t  I s  a s s o c i a t e d  w ith  th e  fu n d am e n ta l m a t r ic e s

?  , ( t  7T  and  TP " -  6 ) :  I t  d e te rm in e s  w hat s e c t io n
n -1  n -1  n -1  n -1

o f  th e  re s p o n s e  r e c o rd  I s  t o  be  u se d  f o r  c a r r y in g  o u t  th e  

I d e n t i f i c a t i o n .  S in c e  I n  g e n e r a l  th e  n o is e  l e v e l  I s  In d e ­

p e n d en t o f  th e  s ig n a l  l e v e l .  I t  I s  q u i t e  o b v io u s  t h a t  m oving 

f u r t h e r  o u t  on th e  re s p o n s e  r e c o r d  r e s u l t s  In  I n c r e a s in g  th e  

r e l a t i v e  u n c e r t a i n t y  o f  t h e  d a ta  and  t h e r e f o r e  i n  o b ta in in g  

a  l e s s  r e l i a b l e  I d e n t i f i c a t i o n .  C o n se q u e n tly , s in c e  th e  

b e s t  p o s s ib l e  I d e n t i f i c a t i o n  I s  d e s i r e d ,  none o f  th e  I n i t i a l  

In fo rm a t io n  o f  th e  re s p o n s e  f u n c t io n s  sh o u ld  be d i s c a r d e d .

I t  t h e r e f o r e  fo l lo w s  from  E q u a tio n  ( 2 - 8 o )  t h a t  t^ ^ ^  m ust be 

s e l e c t e d  to  be e q u a l  t o  6 . The above c o n c lu s io n  was a l s o  

re a c h e d  e x p e r im e n ta l ly  a s  w i l l  be  shown l a t e r .

The p a ra m e te r  5 d e te rm in e s  th e  w id th  o f  th e  r e c o r d  

segm ent o v e r  w hich  th e  I d e n t i f i c a t i o n  I s  t o  be p e rfo rm e d .

I t s  e f f e c t  on th e  q u a l i t y  o f  th e  r e s u l t s  I s  q u i t e  s i g n i f i c a n t .  

C o n s id e r  a g a in  E q u a tio n  (3 -4 7 )  w hich  d e s c r ib e s  th e  e r r o r  

a s s o c i a t e d  w ith  r e a l  p o le s :

Av.
= -îfr (3-47)

6e ^ .

The r e l a t i v e  e r r o r  o f  Pĵ  I s  g iv e n  by
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Ap. Av
- p j  -   Î S J  ■ (3 -5 3 )

6p^e

I f  AVĵ  i s  c o n s id e re d  to  be In d e p e n d e n t*  o f  6, E q u a tio n  

( 3 - 5 3 ) can  be w r i t t e n  a s

^  = '  (3 -5 4 )
 ̂ fiPiC ^

w here K i s  a  p r o p o r t i o n a l i t y  c o n s ta n t ,  A p l o t  o f  E q u a tio n  

(3 -5 4 )  a s  a  f u n c t io n  o f  f o r  K=1 i s  p r e s e n te d  in  F ig u re  4 . 

I t  can  be se en  from  t h i s  p l o t  t h a t  th e  r e l a t i v e  e r r o r  a s s o ­

c i a t e d  w ith  th e  p o le  i s  a  s t r o n g  f u n c t io n  o f  6 , I t  i s  m in­

im iz e d  when -Ap = 1 o r  when A =—— = T j , w here T . i s  th e  i^ ^
1 P i ^ 1

t im e  c o n s ta n t  o f  th e  sy s te m . I t  can  th u s  be s t a t e d  t h a t  th e  

e r r o r  a s s o c i a t e d  w ith  a  p a r t i c u l a r  tim e  c o n s ta n t  i s  m in im ized  

when A i s  e q u a l  to  t h i s  t im e  c o n s ta n t .  T h is  l a s t  o b s e r v a t io n  

i s ,  o f  c o u rs e ,  t r u e  f o r  a l l  th e  tim e  c o n s ta n t s  o f  th e  sy s te m , 

and  th e  e r r o r  f o r  e ac h  tim e  c o n s ta n t  w i l l  be m in im ized  a t  a  

p a r t i c u l a r  v a lu e  o f  A, Thus t h e r e  does n o t ,  i n  g e n e r a l ,  e x i s t  

one u n iq u e  A w hich  sh o u ld  be s e l e c te d  f o r  th e  i d e n t i f i c a t i o n ,  

b u t  r a t h e r ,  s e v e r a l  v a lu e s  o f  A w hich m in im ize  th e  i n d iv i d u a l  

e r r o r s  a s s o c i a t e d  w ith  th e  v a r io u s  tim e  c o n s ta n t s .  F ig u re  5 

shows th e  r e l a t i v e  e r r o r .  E q u a tio n  (3-53 ,\ a s s o c i a t e d  w ith  

d i f f e r e n t  v a lu e s  o f  p^ a s  a  f u n c t io n  o f  A^

* T h is  in d ep e n d en c e  i s  g e n e r a l l y  n o t  s t r i c t l y  t r u e  b u t  
i t  can  be e x p e c te d  t h a t  Avi w i l l  be a  weak f u n c t io n  o f  A, 
p a r t i c u l a r l y  so when th e  r e l a t i v e  e r r o r  i n  th e  o r i g i n a l  
re s p o n s e  d a ta  i s  s m a ll .
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The above o b s e r v a t io n s  a r e  n o t  s t r i c t l y  c o r r e c t  s in c e  

i s  n o t  a  c o n s ta n t ,  and  i t  i s  n o t  e n t i r e l y  in d e p e n d e n t o f  

6 . T h e re fo re  th e  e r r o r  may n o t  be  m in im ized  e x a c t l y  a t  th e  

tim e  c o n s ta n t s  and  s l i g h t  d e v ia t i o n s  from  t h i s  v a lu e  may be  

e x p e c te d . Of g r e a t e r  im p o rta n c e  i s  th e  dependence  o f  b o th  

and th e  i d e n t i f i e d  v a lu e  f o r  on th e  a c t u a l  re s p o n se  

r e c o r d s .  I f  th e  r e s p o n s e s  a r e  n o i s y ,  i . e .  r e l a t i v e l y  l a r g e  

e r r o r  i s  a s s o c i a t e d  w ith  them , th e n  b o th  and  w i l l  

f l u c t u a t e  a s  6 i s  c h an g e d . As a  r e s u l t  th e  f u n c t io n s  r e p r e ­

s e n te d  i n  F ig u r e s  4 and 5 w i l l  be n o i s y .  The g e n e r a l  p a t t e r n  

o f  th e s e  p l o t s  w i l l ,  h ow ever, be  p r e s e r v e d .

When th e  p o le s  a r e  com plex , th e  e r r o r  a s s o c i a t e d  w ith  

th e  r e a l  p a r t  w i l l  b ehave  s i m i l a r l y  to  th e  e r r o r  i n  th e  c a se  

o f  r e a l  p o l e s .  The r e l a t i v e  e r r o r  a s s o c i a t e d  w ith  th e  

im a g in a ry  p a r t  can  be o b ta in e d  by p ro p e r  s u b s t i t u t i o n  o f  

E q u a tio n  ( 3 - 4 o )  i n t o  (3-5%) to  y i e l d

Alm(pi) |ARe(vi)l+ |ôRe(vi)ARe(pi)|
- m j u  “  ■ ; — :— —  '3 - 5 5 )

Im (p i)e  s in  [Ô lm fp ^)] .

I t  i s  q u i te  o b v io u s  t h a t  due t o  th e  s in u s o id a l  te rm  i n  th e  

d e n o m in a to r  o f  E q u a tio n  ( 3 - 5 5 ) ,  th e  r e l a t i v e  e r r o r  a s s o c i a t e d  

w ith  th e  im a g in a ry  p a r t  w i l l  p o s s e s s  a  p e r io d i c  o s c i l l a t i o n  

and w i l l  a p p ro a c h  i n f i n i t y  a t  p e r io d s  when 6Im (p^) = n n . 

E q u a tio n  ( 3 - 5 5 )  h a s  n o t  b een  p l o t t e d  h e r e ,  b u t  i t  w i l l  be 

d is c u s s e d  f u r t h e r  i n  C h a p te r  V I.

The fo re g o in g  d i s c u s s io n  s t r o n g ly  i n d i c a t e s  a s  to  how 

th e  i d e n t i f i c a t i o n  p ro c e d u re  sh o u ld  be c a r r i e d  o u t  and
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fo rm a liz e d  In  p r a c t i c e .  T h is  s u b je c t  I s  d i s c u s s e d  I n  d e t a i l  

I n  C h a p te r  V.



CHAPTER IV

ERROR ESTIMATION FOR INTEGRALS OF RESPONSE CURVES

The e r r o r  p ro p a g a tio n  a n a l y s i s  p re s e n te d  p r e v io u s ly  r e ­

q u i r e s  a know ledge o f  th e  u n c e r t a i n t y  a s s o c i a t e d  w ith  th e  I n i ­

t i a l  re sp o n se  d a ta .  As th e  b a s ic  In fo rm a tio n  r e q u i r e d  f o r  th e  

p ro p o sed  I d e n t i f i c a t i o n  p ro c e d u re  I s  th e  re s p o n se  f u n c t io n s  and  

t h e i r  I n t e g r a l s ,  I t  I s  n e c e s s a ry  to  o b ta in  e s t im a te s  f o r  th e  

p ro p a g a tio n  o f  e r r o r  when th e  r e s p o n s e  r e c o rd s  a r e  I n t e g r a t e d .

A r ig o r o u s  s t a t i s t i c a l  a n a l y s i s  o f  t h i s  p rob lem  p r e s e n t s  

c e r t a i n  d i f f i c u l t i e s .  T hese d i f f i c u l t i e s  a r i s e  from  th e  f a c t  

t h a t  f i n i t e  r e c o r d s  o f  random f u n c t io n s  a re  a v a i l a b l e  w h ile  

th e  a n a ly s i s  I s  s t r i c t l y  a p p l i c a b le  o n ly  to  I n f i n i t e  r e c o r d s .  

C e r ta in  s im p l i f y in g  a ssu m p tio n s  have  b een  made In  o r d e r  to  

a p p ly  th e  th e o ry  to  th e  a n a l y s i s  o f  th e  a v a i la b l e  r e c o r d s .

W hile a c o n v e n tio n a l  a p p ro a ch  u t i l i z i n g  th e  d i r e c t  e v a lu a t io n  

o f  th e  c o r r e l a t i o n  and s p e c t r a l  d e n s i ty  f u n c t io n s  o f  th e  s t a ­

t io n a r y  random p ro c e s s  t h a t  I s  su p e rim p o sed  on th e  tim e  r e ­

sponse  I s  t h e o r e t i c a l l y  p o s s ib l e .  I t  w ould n o t  be J u s t i f i e d  In  

t h i s  c a s e .  The m a th e m a tic a l a n a l y s i s  I s  to o  com plex and 

c o s t ly  com pared w ith  th e  amount o f  In fo rm a t io n  g a in e d .

The p ro b lem s a s s o c ia t e d  w ith  th e  r ig o r o u s  e v a lu a t io n  

o f  th e  e r r o r  p ro p a g a t io n  a re  d is c u s s e d  and c e r t a i n  s i g n i f i c a n t

87
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p o in t s  o f  t h i s  i d e n t i f i c a t i o n  m ethod a r e  e lu c id a t e d .  A sim ­

p l i f i e d  m ethod i s  p ro p o se d  f o r  o b ta in in g  an  a p p ro x im a te  

e s t im a te  o f  th e  e r r o r  p ro p a g a t io n  th ro u g h  th e  i n t e g r a t i o n  

p r o c e s s .  T h is  m ethod i s  b a se d  on z e ro  c r o s s in g  d i s t r i b u t i o n  

o f  G a u ss ia n  random f u n c t i o n s .

E r r o r s  i n  th e  re s p o n s e  c u rv e s  can o c c u r  f o r  many d i f ­

f e r e n t  r e a s o n s .  G e n e ra lly  th e  u n c e r t a i n t y  i s  p r e s e n t  i n  th e  

form  o f  random  n o is e  su p e rp o se d  on th e  t r u e  f u n c t io n  such  

t h a t  "on  th e  a v e ra g e "  i t s  e f f e c t  on th e  f u n c t io n  i s  z e r o .  

Som etim es a  c o n s i s t e n t  e r r o r  i s  p r e s e n t  and  may be c a u se d  by 

o f f s e t s  o r  tim e  l a g s  i n  m ea su rin g  d e v ic e s .  When th e  f i r s t  

ty p e  o f  u n c e r t a i n t y  i s  p r e s e n t ,  th e  p ro p a g a t io n  o f  th e  e r r o r  

i n t o  th e  i n t e g r a l s  o f  th e  r e s p o n s e s  can  be e v a lu a te d .  The 

seco n d  ty p e  o f  e r r o r  p r e s e n t s  more s e r io u s  p ro b lem s s in c e  

a c c u r a te  know ledge o f  i t s  e x i s te n c e  i s  u s u a l ly  u n a v a i la b le  

and c o n s e q u e n tly  e r ro n e o u s  i d e n t i f i c a t i o n  w i l l  be  a  p o s s ib l e  

r e s u l t .  I f  a  m easure  o f  th e  c o n s i s t e n t  e r r o r  i s  g iv e n  i t  can  

be e a s i l y  h a n d le d  by s u b t r a c t io n  o f  i t s  e f f e c t  p r i o r  t o  t h e  

a n a l y s i s .  A n o th e r so u rc e  o f  e r r o r  w hich u s u a l ly  h a s  t o  be 

ta k e n  i n t o  a c c o u n t i s  th e  p re s e n c e  o f  r e a d in g  e r r o r  in t r o d u c e d  

d u r in g  i n t e r p r e t a t i o n  o f  th e  re s p o n s e  r e c o r d s .  T h is  e r r o r  i s  

n o rm a lly  random ly  d i s t r i b u t e d  and i t  i s  i n d i r e c t l y  in c lu d e d  

i n  th e  p r e s e n t  a n a l y s i s .  S in c e  i t s  e f f e c t  i s  sm a ll com pared 

t o  u n c e r t a i n t i e s  from  o t h e r  s o u r c e s ,  i t  w i l l  n o t  r e q u i r e  

s e p a r a te  c o n s id e r a t io n .

I n  th e  p r e s e n t  work o n ly  th e  e r r o r  p r o p a g a t io n  due 

to  th e  p re s e n c e  o f  random n o is e  i s  d is c u s s e d .  S in c e  th e  

p r o p a g a t io n  o f  e r r o r  i s  a  f u n c t io n  o n ly  o f  th e  s t a t i s t i c a l  

p r o p e r t i e s  o f  th e  n o is e  and  i s  in d e p e n d e n t o f  th e  n a tu r e  o f
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th e  re s p o n se  f u n c t io n  w ith  w hich  I t  I s  a s s o c i a t e d .  I t  I s  

s u f f i c i e n t  t o  s tu d y  th e  b e h a v io r  o f  th e  random  f u n c t io n  a lo n e  

w ith o u t  s p e c i f i c  r e g a rd  to  th e  r e s p o n s e .

In  th e o r y ,  th e  n o is e  can  assum e any s t a t i s t i c a l  d i s ­

t r i b u t i o n .  However I t  w i l l  I n  g e n e r a l  be G a u ss ia n  o r  w i l l  

have  a  d i s t r i b u t i o n  t h a t  can  be c lo s e l y  a p p ro x im a te d  by a  

G a u ss ia n  p r o c e s s .  The fo l lo w in g  a s su m p tio n s  w i l l  be  made:

(1 )  The n o is e  I s  a  s t a t i o n a r y *  and e rg o d lc * *  random  

p r o c e s s .

(2 )  The n o is e  I s  d e s c r ib e d  by a  G a u ss ia n  d i s t r i b u t i o n .

(3 )  The e x p e c ta t io n  ( o r  th e  mean v a lu e )  I s  z e r o .  I . e . :
T

E [ e ( t ) ]  = 11m ^ e(T)dT -  0 (4 -1 )
T -  _T

Two d i f f e r e n t  c a s e s  w i l l  be c o n s id e re d  f o r  th e  n e c e s s a r y  

a n a l y s i s :

(1 )  C o n tin u o u s  a n a l y s i s .  I n  w hich c a se  th e  r e s p o n s e s  

a r e  c o n tin u o u s ly  r e c o rd e d  and s im u lta n e o u s ly  

I n t e g r a t e d .  Thus th e  I n t e g r a t i o n  I s  c o n s id e re d  

t o  be  e x a c t .

(2 )  D i s c r e te  a n a l y s i s .  I n  w hich c a se  th e  r e s p o n s e s  

a r e  sam pled  a t  c o n s ta n t  tim e  I n t e r v a l s .  The 

I n t e g r a t i o n  I s  th e n  p e rfo rm ed  n u m e r ic a l ly  

u t i l i z i n g  sam pled d a t a .

*A random  p ro c e s s  I s  d e f in e d  a s  s t a t i o n a r y  I f  
e v e ry  t r a n s l a t i o n  In  tim e  p r e s e r v e s  th e  p r o b a b i l i t y  and 
s t a t i s t i c a l  p r o p e r t i e s .

**A s t a t i o n a r y  random p r o c e s s  p o s s e s s e s  th e  e rg o d lc  
p r o p e r ty  I f  I t s  ensem ble  a v e ra g e s  and s t a t i s t i c a l  p r o p e r t i e s  
a r e  th e  same a s  I t s  tim e  a v e ra g e s  and  s t a t i s t i c a l  p r o p e r t i e s .
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C o n tin u o u s  A n a ly s is

Suppose th e  n o is e  i s  assum ed to  be a  G au ss ian  random

p r o c e s s  w ith  z e ro  mean and d e n o te d  by  x ( t ) .  I t  i s  d e s i r e d  to

e v a lu a te  th e  s t a t i s t i c a l  p r o p e r t i e s  o f  th e  i n t e g r a l  o f  x ( t )

g iv e n  by ^

y ( t )  = ^ x(T)dT ( 4 - 2 )
0

from  th e  s t a t i s t i c a l  p r o p e r t i e s  o f  x ( t ) .  y ( t )  i s  o f  c o u rse  

a  random  p r o c e s s ,  £uid i t  i s  G a u ss ia n  s in c e  x ( t )  i s  G a u ss ia n

[ 2 7 ] .  S in c e  x ( t )  i s  n o t  a  d e t e r m i n i s t i c  f u n c t io n  o f  tim e  

p a r t i c u l a r  v a lu e s  c an n o t be a s s ig n e d  to  i t  f o r  p re d e te rm in e d  

v a lu e s  o f  t im e .  The l i m i t s  o f  i n t e g r a t i o n  in  (4 -2 ) , t h e r e f o r e ,  

h av e  o n ly  a  s t a t i s t i c a l  c o rre sp o n d e n c e  w ith  x ( t ) .  I n  o r d e r  

t o  e v a lu a te  th e  s t a t i s t i c a l  p r o p e r t i e s  o f  y ( t )  i t  i s  t h e r e ­

f o r e  n e c e s s a r y  to  p e rfo rm  a v e ra g in g  p r o c e s s e s  o v e r  a l l  

p o s s ib l e  lo w e r  l i m i t s  o f  i n t e g r a t i o n .  W ith t h i s  re q u ire m e n t

i n  m ind E q u a tio n  (4 -2 )  i s  r e w r i t t e n  i n  th e  form
t+Y

y ( t , Y )  = ^ x(r)dT , (4 -3 )
Y

w here t  i s  c o n s id e re d  a  p a ra m e te r .

The s t a t i s t i c a l  p r o p e r t i e s  o f  y ( t )  o f  i n t e r e s t  i n  

th e  p r e s e n t  s tu d y  a r e  th e  mean v a lu e  and  th e  mean sq u a re  

v a lu e .  The mean v a lu e  o f  y ( t )  i s  g iv e n  by

T t+Y
E [ y ( t ) ]  = l im  ^  ^ dY ^ x(r)dT . (4 -4 )

T**® -T  Y

By c h an g in g  th e  o r d e r  o f  i n t e g r a t i o n  [ 2 7 ] ,  (4 -4 )  becom es
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T t+Y

E [ y ( t ) ]  = l l m  gL. ^ dY ^ x(T)dT

- T f t  T T
1® :èïî f

T
i i s  5 ?  [  ^ x(T)dT ^ dY + ^ x ( î ) d T  ^ dY

-T -T  -T + t T -t
T+t T

+ ^ x(T)dT ^ dY ]
T T - t

-T + t T
■= l i r a  ^  ^ ( t  + T)x(T)dT + t  ^ x ( r ) d T

-T  - T f t
T+t

+ ^ (T -  T + t ) x ( T ) d x  J = 0 . ( 4 -5 )

T

The l a s t  s t e p  i n  th e  co m p u ta tio n  o f  E q u a tio n  (4 -5 )  fo l lo w s  

from  th e  f a c t  t h a t  E [ x ( t ) ]  = 0 and can  be  d i r e c t l y  v e r i f i e d .

The f a c t  t h a t  th e  e x p e c te d  v a lu e  f o r  y ( t )  i s  z e ro  

d oes n o t  mean t h a t  a  p a r t i c u l a r  r e c o rd  o f  y ( t )  i s  random ly 

d i s t r i b u t e d  a ro u n d  z e ro .  The c o r r e c t  i n t e r p r e t a t i o n  o f  

E q u a tio n  (4 -5 )  i s  t h a t  s t a t i s t i c a l l y  y ( t )  h a s  an  e q u a l  chance  

o f  b e in g  above o r  below  i t s  mean v a lu e  when e v a lu a te d  o v e r  

a l l  p o s s ib le  r e c o r d s ;  a  s p e c i f i c  f u n c t io n  y ( t )  may assum e 

any a r b i t r a r y  v a lu e .

In  o r d e r  to  e v a lu a te  th e  mean s q u a re  v a lu e  o f  y ( t )  

i t  i s  f i r s t  d e s i r a b l e  to  d e te rm in e  i t s  a u t o c o r r e l a t i o n  fu n c ­

t i o n  . L e t
Y + t  t

y ( t )  = ^ x(T^)dT^ = -  ^ x(Y -  T i)d T i ,



92

Y+t+T t+T
y ( t  + t )  = ^ x (T 2 )d T 2  = -  ^ x (y  -  T g)dT 2.

Y 0

t  t + T

y ( t ) . y ( t  + t) -  ^ x (y  -  TjjdT^ ^ x (y  -  Tg)dT2
0 0

t  t + T

-  ̂ d?!  ̂ x(y - t̂ )x(y - TgldTg. (4-6)

The a u t o c o r r e l a t i o n  f u n c t io n  B ( r )  o f  y ( t )  i s  g iv e n  by th e
y y

e x p e c ta t io n  (mean v a lu e )  o f  y ( t )  • y ( t  + t )  and i s  e v a lu a te d  

by a v e ra g in g  (4-6) o v e r  a l l  i n i t i a l  l i m i t s  o f  i n t e g r a t i o n  y :

Byy( r )  -  E [ y ( t )  . y ( t  + r ) ]

t + T

\  : 
0

T

-T

T t

-T 0

t  t + T

\  A T I  \ dTp I l i m
0  0 T-»00

t  t + T

\  (iT. \
* x x ' ^ 2  -  ■

0  1  S
(4-7)

w here ( T) i s  th e  a u t o c o r r e l a t i o n  f u n c t io n  o f  x ( t ) .  The 

mean s q u a re  v a lu e  o f  y ( t )  i s  g iv e n  by Byy(O) a s

2 t  t
E [ y ( t )  3 = B yy(o) = ^ dT^ ^ * xx (^2  ” (4 -8 )
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The d o u b le  i n t e g r a l  i n  E q u a tio n  (4 -8 )  can  be  r e ­

w r i t t e n  by c h an g in g  th e  v a r i a b l e  o f  i n t e g r a t i o n  to  y i e l d

t  t  t  t -T ^

E[y(t)^]  = ^ dTi ^ RxxfTg - Ti)dTg = ^ dTi ^ *
0 0 0

(4-9)

The r e p e a te d  i n t e g r a l  i n  E q u a tio n  (4 -9 )  c a n , a s  b e f o r e ,  be 

e v a lu a te d  by  c h an g in g  th e  o r d e r  o f  i n t e g r a t i o n  t o  g iv e

t  t -T g  0 t
E[y(t)®] -  \  RxxtTgidTg \  dTi + \  *%x(T2)dT2 ^

0 0 - t  - T g

t
= 2 ^ ( t  -  T g ) f t ^ ^ ( T g ) d T g  . (4 -1 0 )

0

The l a s t  s t e p  i n  E q u a tio n  (4 -1 0 )  fo l lo w s  from  th e  f a c t  t h a t  

Rxx^t ) i s  an  ev en  f u n c t io n  o f  t [ 2 7 ] .  E q u a tio n  (4 -1 0 )  can 

th e n  be r e w r i t t e n  a s

t  t
E [ y ( t ) 2 ]  = 2 t  ^ R^^(T)dT -  2 ^ TR^^(T)dT . (4 -1 1 )

0 0

As t  becom es l a r g e  th e  seco n d  te rm  on th e  r i g h t  becom es a 

c o n s ta n t  s in c e  R^x(T) a p p ro a c h e s  z e ro  f o r  l a r g e  v a lu e s  o f  

T . *  The mean s q u a re  v a lu e  th e n  a p p ro x im a te ly  becom es ( f o r  

l a r g e  t ) ^

0

Thus th e  mean s q u a re  v a lu e  f o r  y ( t )  a p p ro a c h e s  i n f i n i t y  a s

E [ y ( t ) 2 ]  -  2t  ^ R^^(T)dT . (4 -1 2 )

* x ( t )  i s  a  s t a t i o n a r y  G a u ss ia n  random  p r o c e s s .
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t  a p p ro a c h e s  i n f i n i t y .  The random p ro c e s s  y ( t )  i s  n o t  a  

s t a t i o n a r y  random  p r o c e s s  s in c e  i t s  mean sq u a re  v a lu e  i s  a 

f u n c t io n  o f  t .  T h is  r e s u l t  may be somewhat s u r p r i s i n g  s in c e  

i t  d o es n o t  com ply w i th  no rm al i n t u i t i o n .  I t  c a n , how ever, 

be  re a so n e d  q u a l i t a t i v e l y  and th e  p h y s ic a l  i n t e r p r e t a t i o n  may 

u n c o v e r  some i n t e r e s t i n g  p o i n t s .  The G a u ss ia n  random  p ro c e s s  

x ( t )  i s  d e f in e d  o n ly  by  i t s  s t a t i s t i c a l  p a ra m e te r s ,  i . e . ,  th e  

mean v a lu e  and  c o r r e l a t i o n  f u n c t io n .  The mean v a lu e  p ro v id e s  

in fo rm a tio n  a b o u t th e  a v e ra g e  a m p litu d e  b u t  im p l ie s  n o th in g  

a s  to  p o s s ib le  a m p litu d e  f l u c t u a t i o n s .  S im i la r ly  th e  c o r r e l a ­

t i o n  f u n c t io n  d e te rm in e s  th e  mean a m p litu d e  f l u c t u a t i o n  ( i n  

an  a b s o lu te  v a lu e  s e n s e )  and th e  a v e ra g e  p r o b a b i l i t y  f o r  s ig n  

c h a n g e s . I t  d o e s  n o t  p ro v id e  any d e t e r m i n i s t i c  in fo rm a t io n  

o f  th e s e  v a lu e s .  The f u n c t io n  x ( t )  may t h e r e f o r e  p o s s e s s  any 

a r b i t r a r i l y  l a r g e  v a lu e s  and  may change s ig n s  a t  a r b i t r a r i l y  

low  f r e q u e n c ie s  w ith o u t  v i o l a t i n g  th e  s t a t i s t i c a l  r e q u i r e ­

m e n ts .*  As a  r e s u l t ,  x ( t )  may a c c u m u la te  f i n i t e  o r  i n f i n i t e  

d e v ia t io n  from  i t s  mean v a lu e  o v e r  any f i n i t e  i n t e r v a l .  When 

th e  i n t e g r a t i o n  i s  begun  a t  a f i n i t e  i n s t a n t  o f  tim e  y ,  y ( t )  

may p o s s e s s  an  i n i t i a l  u n c o r r e c ta b le  e r r o r  w hich i n c r e a s e s  

w ith  t .  The f u n c t io n  y ( t )  w i l l  g e n e r a l l y  d r i f t  away from  

z e ro  a t  an  a r b i t r a r y  r a t e .  E q u a tio n  (4 -1 2 )  d e te rm in e s  th e  

a v e ra g e  d r i f t i n g  r a t e .  The f a c t  t h a t  th e  mean v a lu e  o f  y ( t )  

i s  z e ro  means t h a t  y ( t )  p o s s e s s e s  e q u a l  p r o b a b i l i t i e s  to  

d r i f t  above o r  below  z e r o .

*An e x c e p t io n  t o  t h i s  s i t u a t i o n  w i l l  be d is c u s s e d
l a t e r .
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The mean sq u a re  v a lu e  o f  y ( t )  w i l l  be bounded and

th e  p ro c e s s  be  s t a t i o n a r y  i f  and  o n ly  i f
0»
i  *x%(T)dT = 0 . (4 -1 3 )
0

T h is  c o n d i t io n  c o in c id e s  w ith  th e  re q u ire m e n t t h a t  th e  power 

s p e c t r a l  d e n s i ty  f u n c t io n  x ( t ) *  p o s s e s s e s  no com­

p o n e n t o f  z e ro  f re q u e n c y  (DC com ponent) s in c e
GO

0 ^ ( 0 )  -  I  ^ »3(j,(T)dT . (4 -1 4 )
0

T h is  r e s u l t  i s  q u i t e  i n t e r e s t i n g  and  d e s e r v e s  some 

f u r t h e r  d i s c u s s io n .  In  o r d e r  f o r  x ( t )  to  p o s s e s s  an  i n t e g r a l  

w hich  i s  a  s t a t i o n a r y  f u n c t i o n ,  i t  m ust have  no pow er a s s o ­

c i a t e d  w ith  th e  z e ro  f re q u e n c y  com ponent. L o o s e ly , t h i s  

c o n d i t io n  means t h a t  i f  x ( t )  i s  v i s u a l i z e d  a s  a  F o u r i e r  

s e r i e s  w ith  random  c o e f f i c i e n t s  and f r e q u e n c ie s ,  th e  

fre q u e n c y  «û  m ust n e v e r  assum e th e  v a lu e  z e ro .  Thus x ( t )  

m ust change s ig n s  a t  f i n i t e  i n t e r v a l s ,  w hich confo rm s w ith  

i n t u i t i v e  n o t io n s  o f  random  f u n c t io n s .

The f a c t  t h a t  i n t e g r a l s  o f  random G a u ss ia n  n o is e  

f u n c t io n s  a r e  g e n e r a l l y  n o t  s t a t i o n a r y  p r e s e n t s  some d i f f i ­

c u l t i e s  in  th e  t h e o r e t i c a l  a n a l y s i s  i f  a  " g e n e ra l"  n o i s e  model 

i s  to  be assum ed . In  th e  fo l lo w in g  d i s c u s s io n  i t  w i l l  be

♦The pow er s p e c t r a l  d e n s i ty  f u n c t io n  i s  d e f in e d  a s  
th e  F o u r ie r  t r a n s fo rm  o f  th e  c o r r e l a t i o n  f u n c t io n  [3 ]

CD CD

®xx(“ ) “ ÏÏ ^ *xx(T)e"J*TdT = I  ̂R^^(t ) cos WTdT
0

and can  be i n t e r p r e t e d  a s  a  f u n c t io n  d e s c r ib in g  th e  pow er 
a s s o c ia t e d  w ith  each  v a lu e  o f  f re q u e n c y .
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shown t h a t  from  p r a c t i c a l  c o n s id e r a t i o n s  I t  I s  J u s t i f i e d  t o  

assum e a  " p a r t i c u l a r "  n o is e  m odel t h a t  s a t i s f i e s  th e  r e q u i r e ­

m ents o f  E q u a tio n s  (4 -1 3 )  and  ( 4 - l 4 ) .

The p r i n c i p a l  d i f f i c u l t y  a s s o c i a t e d  w ith  th e  a n a l y s i s  

a r i s e s  from  th e  n e c e s s i t y  o f  e v a lu a t in g  th e  s t a t i s t i c a l  

p r o p e r t i e s  o f  th e  random  n o is e  from  f i n i t e  r e c o r d s .  In  

p r a c t i c e  I t  I s  n e c e s s a ry  t o  assum e t h a t

^o
^ x(T)dT « 0  , (4 -1 5 )

o 0

w here t ^  I s  an  a r b i t r a r y  I n t e r v a l  o f  tim e  o v e r  w hich  th e  mean

v a lu e  I s  e v a lu a te d .  E q u a tio n  (4 -1 5 )  o b v io u s ly  v i o l a t e s .  In

a  s t r i c t  s e n s e ,  th e  d e f i n i t i o n  o f  th e  mean v a lu e  o f  E q u a tio n

( 4 - 5 )  and  th e  I n t e r p r e t a t i o n  a s s o c i a t e d  w ith  I t .  I f  t  I s  an

a r b i t r a r y  I n t e r v a l  o f  tim e  s m a l le r  th a n  t ^ .  I t  f o l lo w s  t h a t

t
max ^ x ( ? )d T  J = |K | , ( 4 - l 6 )

^ 0
w here K I s  some f i n i t e  num ber. P r a c t i c a l l y  t h i s  l i m i t  m eans 

t h a t ,  r e g a r d l e s s  o f  r e c o r d  l e n g t h ,  th e  maximum a c c u m u la tiv e  

e r r o r  I s  bounded . Thus th e  c o n c lu s io n  t h a t  th e  I n t e g r a l  o f  

a  random f u n c t io n  I s  n o t  s t a t i o n a r y  I s  m e a n in g le s s  In  th e  

p r e s e n t  a n a l y s i s .  The p re c e d in g  argum en t I s  v e ry  Im p o r ta n t  

and  d e s e rv e s  some f u r t h e r  c l a r i f i c a t i o n .  In  r e a l i t y ,  a s  

I n  t h e o r y .  I t  ^  p o s s ib l e  t h a t  th e  I n t e g r a l  o f  x ( t )  w i l l  

e x p e r ie n c e  a  d r i f t  from  z e r o .  The p o in t  I s  t h a t  one h a s  

no s p e c i f i c  know ledge o f  th e  e x i s te n c e  o f  t h i s  d r i f t .  To 

I l l u s t r a t e ,  c o n s id e r  th e  t y p i c a l  n o is y  re s p o n s e  c u rv e  shown
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in Figure 6. The dotted smooth curve represents the true, 
noise free, response function. This curve cannot be pre­
dicted on the basis of the given experimental data since It 
does not constitute the "best" fit. The requirement that 
the mean value over a finite record length be zero Is In It­
self Insufficient to describe the function since there Is an 
Infinite number of curves satisfying this condition. A 
criterion commonly used for curve fitting Is an orthogonal 
polynomial fit based on minimization of the mean square 
error. The solid smooth curve represents such a fit. By 
forcing a "best" fit on the response curve, one simultaneously 
forces a noise model on the random function. In an Intuitive 
sense the above arguments can be associated with the notion 
that stationary noise fluctuates at a certain average 
frequency around Its mean value. Likewise one tends to 
associate some finite, "reasonable", maximum, zero-crossing 
Interval with the Intuitive concept of a noise function. Of 
course the term reasonable leaves much to Individual Judgment.

From the preceding discussion It Is clear that, due 
to practical limitations, one Inevitably restricts the per­
missive noise models to a particular and very limited class. 
Since the noise Is evaluated from finite records, the 
Integral of the random function Is artificially bounded, 
(Equation ( 4 - l 6 ) ) ,  and over the tested region It Is therefore 
forced to be stationary. It seems therefore justified to 
assume that also over the Infinite record the random function 
satisfies the requirement that G^(0) = 0.
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Zero-CrossInK Problem 
In the present work the evaluation of the statistical 

properties of the noise is carried out only to obtain an esti­
mate for the propagation of error into the integrals of the 
response curves. This calculation is obviously only of 
secondary importance for the identification procedure, and 
it is therefore not justified to invest excessive computa­
tional effort in obtaining a noise model. Evaluation of the 
correlation function and spectral density directly would re­
quire a large amount of computation and is therefore impracti­
cal. A method for evaluating approximative noise models that 
proved to be quite successful in estimating the propagation 
of error into the integrals, and also to be simple in applica­
tion, is based on the relationship between zero-crossing 
distributions of random time functions and the respective 
correlation functions.

The p ro b lem  o f  e v a lu a t in g  th e  a x i s - c r o s s in g  d i s t r i b u ­

t i o n  o f  random  tim e  f u n c t io n s  h a s  b een  c a r r i e d  o u t by s e v e r a l  

i n v e s t i g a t o r s  t o  v a ry in g  d e g re e s  o f  c o m p le tio n  [2 9 ,3 0 ,3 2 ,3 3 ,  

4 2 , 4 3 ] .  To o b ta in  th e  d e s i r e d  r e s u l t s ,  an  a p p ro a ch  p ro p o se d  

by McFadden [3 2 ,3 3 ]  w i l l  be  u s e d .

McFadden considers an "infinitely clipped" noise 
function, that is, a random process cut such that only the 
zero-crossing intervals remain invariant but all other in­
formation is lost. After clipping, the function is defined 
as follows: Let §(t) be clipped to form x(t) where x(t) is
both stationary and ergodic. The function x(t) may assume
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o n ly  th e  v a lu e s  ±1 and e i t h e r  v a lu e  h a s  e q u a l  p r o b a b i l i t y .

The a u to c o r r e l a t i o n  o f  x ( t )  I s  d e n o te d  b y  r f y ) .  F o r  a  

G a u ss ia n  random  p ro c e s s  § ( t ) ,  w ith  n o rm a liz e d  a u t o c o r r e l a t i o n  

p ( t ) ,  x ( t )  ( a f t e r  I n f i n i t e  c l i p p i n g )  I s  d e f in e d  a s

x ( t )  = 1 f o r  § ( t )  i  0
(4 -1 7 )x(t) = -1 for §(t) < 0

Then th e  a u t o c o r r e l a t i o n  f u n c t io n  o f  x ( t )  i s  r e l a t e d  to  p ( t )

[ 2 8 ] by

r ( r )  = & a r c  s i n  p ( r )  , ( 4 - l 8 )

w h ere p ( t ) I s  th e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  § ( t ) .

The p r o b a b i l i t y  d e n s i ty  P ( t ) I s  d e f in e d  f o r  a x is

c r o s s in g  I n t e r v a l s  In  th e  f o l lo w in g  m anner: G iven  a  z e ro  a t

time t, P(r)dT Is the conditional probability that the next
z e ro  l i e s  be tw een  t + T  and  t  + r  + d r .  Then

00

 ̂P(x)dT = 1 (4 -1 9 )
0

and

Y = E [ t ]  = ^ T P ( r ) d T  , (4 -2 0 )
0

w here y = E [ t ] I s th e  mean a x i s - c r o s s i n g  I n t e r v a l .  The e x ­

p e c te d  num ber o f  z e r o - c r o s s ln g s  p e r  u n i t  tim e  I s  d e n o te d  by 

0 and  d e f in e d  by 0 =  1 /y .

I f  x^ = x ( t ^ )  and  Xg = x ( t g )  th e n  th e  p r o b a b i l i t y  

t h a t  X]̂  and  Xg have d i f f e r e n t  s ig n s  can  be e v a lu a te d  a s  

f o l lo w s .  L e t th e  p r o b a b i l i t y  t h a t  x^ and  Xg a r e  b o th  p o s i t i v e  

be P ^  and  s i m i l a r l y  d e f in e  P , P_+ and I ^ _ .  Then
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+ p ^ + p ^  + p “ 1
" T — —"T  — —

E[%i] = 1-P̂  ̂ + (-1)'P__ + l'P+_ + (-1)'P_+

ECXg] = 1-P++ + (-1)'P__ + (-l)'P+_ + 1.P_̂

E [x  -X ] »  1 -P  + 1-P  + ( - l ) . P  + ( - l ) . p
1 2 ++ —— + — —+

w here E [x ^ ] and  E[Xg] a r e  th e  e x p e c te d  v a lu e s  o f  x^ and  Xg 

r e s p e c t i v e l y ,  and  E [x ^ x ^ ] I s  th e  e x p e c te d  v a lu e  o f  th e  p ro d u c t 

o f  x^ and Xg. C le a r ly  E [x ^ ]  = E [x g ] = 0 s in c e  b o th  have e q u a l 

l i k e l ih o o d  o f  b e in g  n e g a t iv e  and  p o s i t i v e ,  and  E [x ^x ^ ] » r ^ ^ .  

The s o l u t io n  o f  th e  f o u r  e q u a t io n s  y i e l d s

P+_ = P_+ = ?  (1 -  - (4-21)

and  th e  p r o b a b i l i t y  t h a t  x^ and  x^ a re  o f  d i f f e r e n t  s ig n s  i s

+ P_+ = 2  (1 -  . (4-22)

L e t t ^  = t  and  tg  = t  + At w here At i s  sm a ll enough 

t h a t  th e  p r o b a b i l i t y  o f  f in d in g  more th a n  one z e ro  betw een  

t  and t  + At i s  n e g l i g i b l e .  Then th e  p r o b a b i l i t y  t h a t  x ( t ^ )  

and x ( t g )  a r e  o f  o p p o s i te  s ig n s  becom es th e  e x p e c te d  num ber 

o f  z e ro s  p e r  u n i t  tim e  m u l t i p l i e d  by  A t.

Thus

BAt = 1 [1 -  r ( A t ) ]  . (4 -2 3 )

F o r  s u f f i c i e n t l y  sm a ll  A t, r ( A t)  can  be e x p re s s e d  by th e  

t r u n c a te d  T a y lo r  s e r i e s  r ( A t )  = 1 + r '(O )A T , and  f i n a l l y

BAt * ^  (1  — r* (0 )A t  -  1 ) = — ^  r* (0 )A t  ,
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or
e = -  1 r ' ( 0 )  . (4 -2 4 )

F o r  c l ip p e d  Q a u ss la n  n o i s e  p can  be e x p re s s e d  a s  a  f u n c t io n  

o f  th e  c o r r e l a t i o n  f u n c t io n  p ( r )  by

e = -  2  r ' ( 0 )  = l lm  ^  § 7  [  §  a r c  s i n  p ( t ) ] }
T^O

‘  I  i i g  [  -  ]  . (4 -2 5 )
v T -  p® (t )

I f  p * (0 )  = 0 th e n  by  L 'H o s p l t a l 's  r u l e  ( s in c e  p (0 )  = 1 ) :

8 .  i  I t o  £ - i l l V T ^ Z ^ Z i I l  ,  (U -2 6 )
T**0

from  w hich  I t  fo l lo w s  t h a t

P ( t )

F i n a l l y

£ 1 ^ 4 =  f  = 1 1 .
-* T**0

— llm  [ “ p ” ( t ) ]  .

1 /2
6 = ^  C - p " ( 0 ) ]  . ( 4 - 2 7 )

The above r e s u l t  I s  e x a c t .  I t  was p r e v io u s ly  d e r iv e d  from  a 

d i f f e r e n t  a p p ro a c h  by  R ice  [ 4 3 ] .

E v a lu a t io n  o f  th e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t io n  

o f  z e r o - c r o s s in g  I n t e r v a l s  P ( t ) I s  more d i f f i c u l t  th a n  th e  

mean I n t e r v a l ,  and  to  d a te  o n ly  a p p ro x im a te  s o l u t io n s  to  

th e  p rob lem  hav e  b e e n  fo u n d . R ic e  [4 3 ] ,  who was th e  f i r s t  

t o  s tu d y  th e  p ro b le m , d e v e lo p e d  a  f i r s t  a p p ro x im a tio n  to  th e  

s o l u t io n  f o r  Q a u ss la n  random  p r o c e s s e s .  F o llo w in g  h i s  le a d  

s e v e r a l  a t te m p ts  have  b een  made t o  o b ta in  b e t t e r  e s t im a te s
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[ 2 9 ,3 0 ,3 3 ] .  E x p e r im e n ta l s t u d i e s  have a l s o  b een  p e rfo rm ed  

and r e s u l t s  w ere o b ta in e d  w hich a g re e  c lo s e ly  w ith  some o f  

th e  t h e o r e t i c a l  fo rm u la s  [ 4 2 ] .  F o r r e a s o n s  w hich  w i l l  be  

d is c u s s e d  l a t e r ,  i t  was d e c id e d  to  u s e ,  f o r  th e  p r e s e n t  p u r ­

p o s e , an  a p p ro x im a tio n  p ro p o se d  by McFadden [3 2 ]  w hich  c o in ­

c id e s  w ith  R i c e 's  s o l u t i o n .

L e t Pjj( t ) be th e  p r o b a b i l i t y  o f  th e  sum o f  n+1 

s u c c e s s iv e  a x i s - c r o s s in g  i n t e r v a l s .  (Thus Pq ( t ) i s  th e  

p r o b a b i l i t y  d e n s i ty  f o r  one z e r o - c r o s s in g  i n t e r v a l ) .  A lso , 

l e t  p (n ,T )  be  th e  p r o b a b i l i t y  t h a t  a  g iv e n  tim e  I n t e r v a l  o f  

l e n g th  T c o n ta in s  e x a c t ly  n z e r o s .  L e t u s  now f i n d  a  g e n e r a l  

r e l a t i o n s h i p  b e tw een  P ^(T ) and p ( n , r ) .

C o n s id e r  th e  fo l lo w in g  e v e n ts  E^; E^j E^; E^ and  E^:

Ê : There are exactly n points in the interval
(t, t + t)

Eg: There are exactly n points in the interval
(t, t + T + dr)

Ê : There are exactly n points in (t, t + t) and
there is one point in the adjacent interval 
(t + T, t + T + dr).

The probability of more than one point in an infinitesimal 
interval is neglected.

Êĵ: There are not more than n points in (t, t + t)
and there is one in (t + t, t + t + d?).

Ê : There are not more than (n-l) points in (t, t+ t)
and there is one in (t+ t, t +  t +  dr).

Eg can  be d iv id e d  i n t o  two a l t e r n a t i v e s :
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T here  a r e  e x a c t l y  n  p o in t s  In  ( t ,  t  + t )  an d

(2 )
none i n  ( t  + r ,  t  + t  + d r )

Eg : T h ere  a r e  e x a c t l y  n - l  p o in t s  i n  ( t ,  t  + t )

and  t h e r e  i s  one i n  ( t  + t ,  t  + t  + d r ) .

Then

P r f E i )  = P r ( E ^ l ) )  + P rfE g )

PrCEg) = PrfEg^)) + Pr{Eg^^

S u b t r a c t io n  o f  th e  above two e q u a t io n s  y i e l d s

( o )
P rfE ^ ]  -  P rfE g ) = P rfE g )  -  Pr{Eg '̂ 3 .

S in c e  P rfE ^ ]  = p ( n ,T ) ,

and  P r iE g ]  = p ( n ,x  + d r )

th e  d i f f e r e n c e  ( n e g le c t in g  h ig h e r  o r d e r  te rm s )  i s

Pr{Eg} -  P rfE ^ ]  = p '( n ,x ) d T  .

Now P r iE g ]  = P r (E ^ )  -  Pr{E^} ,

and  T
P rfE ^}  = PdT ^

T
09

PrCE^} -  3dT 5 P ^_ 3 ^(t)d t .
T

The above two e q u a t io n s  may be i n t e r p r e t e d  a s  f o l lo w s :  gdx

i s  th e  p r o b a b i l i t y  o f  f in d in g  one p o in t  i n  ( t+ x ,  t+ x + d x ) .
OD

^ c o n d i t i o n a l  p r o b a b i l i t y  t h a t  th e  (n+-l)®^
X

p o in t  p r i o r  to  th e  one i n  ( t + x ,  t + T f d x )  o c c u rs  b e fo r e  th e
CD

t im e  t ,  g iv e n  a  p o in t  i n  ( t+ x ,  t+ x + d x ) . Then Pdx ^ P j j ( t ) d t
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I s  th e  J o i n t  p r o b a b i l i t y  o f  f in d in g  one p o in t  i n  ( t+ T , t+ r+ d r )  

and no more th a n  n p o i n t s  i n  ( t ,  t + ? ) .  S i m i la r ly  f o r  

pdT ^ Then
T

CD

P r C E j )  =  p d T  ^  C P n ( t )  -  P n _ i ( t ) d t  .

T

By s i m i l a r  r e a s o n in g

( 2 )  f
Pr{E2 ) = M t \  CP„_i(<.) -  P „ .g ( t) ] (M . ,

T
and  f i n a l l y  ^

p ‘ ( n , r )  = -9  ^ -  2 P ^ _ i(^ )  + P n _ 2 (4 ) ]d t  • (4 -2 8 )
T

D i f f e r e n t i a t i o n  o f  E q u a tio n  (4 -2 8 )  w ith  r e s p e c t  t o  t y i e l d s

p ” (n,T) =■ SCPn(T) -  2P^_^(T) + P„_2( t ) ] .  (4-29)

F o r  n = 0 and 1 :

p " ( 0 , r )  = 3P^j(r) 

p " ( 1 , t )  =  3 [P j^ (r) -  2 P q ( t ) ]  .

Now c o n s id e r  th e  i n t e r v a l  ( t ,  t + r ) .  I f  th e  num ber o f  z e ro s  

i n  th e  i n t e r v a l  i s  even  th e n ,  and  o n ly  th e n ,  x ( t )  and x ( t + r )  

have  th e  same s ig n .  In  t h i s  c a se  th e  a u to c o r r e l a t i o n  r ( r )  

o r  E [ x ( t ) x ( t + r ) ]  i s  g iv e n  by th e  i n f i n i t e  s e r i e s

( t )  = ^  ( - 1 )  p ( h , t )  . ( 4 - 3 0 )r .
n=0

D i f f e r e n t i a t i o n  o f  E q u a tio n  (4 -3 0 )  tw ic e  w i th  r e s p e c t  t o  r  

g iv e s
r " ( T) =

n=0
r"(T) -  Î  ( - l ) V ( n . T )  .  ( 4 - 3 1 )
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Substituting for p " (n ,T )  In Equation (4-31) yields

9
r " ( T )  = BPgfT) -  P [ P i ( t )  -  2Pq ( t ) ]  + ^  ( - l ) ” p " (n ,T )

n=2
CO

-  3BPo ( t ) -  ^  ( - l)" S C P n (T ) -  2 P n _ i(T )
n=2

+ Pn-gtf)] (4-32)

or

n=0

I f  P „ ( t ) I s n e g le c te d  f o r  n  ^ 1 f o r  sm a ll t th e nn

^ o ( ^ ) ~ 4 ^ -  (4 -3 4 )

For Qausslan processes Equation (4-l8) can be substituted In 

(4-34) to yield

Po(T)  ̂ Bln p ( t ) ]  . (4-35)
dt

Equation (4-35) Is the desired result for the probability 

distribution of zero-crossing Intervals. Clearly Equation 

(4-35) Is a good approximation for P ( t )  for small values of 

T since In this range the probability of having more than one 

zero In the Interval t  I s  negligible. For larger values of 

Tj  Equation (4-35) becomes Inaccurate as an approximation 

for P ( r ) f  and Its region of reliability depends In general 

on the properties of r(r). A more detailed discussion of 

this problem will be presented later.
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E v a lu a t io n  o f  N o ise  Model 

B ecause  o f  th e  f a c t  t h a t  E q u a tio n  (4 -3 5 )  i s  o n ly  a 

f i r s t  a p p ro x im a tio n  to  P ( t )  w hich becom es u n r e l i a b l e  f o r  

l a r g e  v a lu e s  o f  r ,  i t  c a n n o t be  u s e d  f o r  d i r e c t  e v a lu a t io n  

o f  p ( t ) .  F u r th e rm o re , s in c e  th e  p u rp o se  o f  th e  p r e s e n t  

a n a l y s i s  i s  o n ly  to  o b ta in  an  e s t im a te  o f  e r r o r  p ro p a g a t io n  

i n  i n t e g r a t i o n  i t  w ould be  u n d e s i r a b le  to  in t r o d u c e  e x c e s s iv e  

n u m e r ic a l  c a l c u l a t i o n s .

I f  a  fo rm al n o is e  m odel c o u ld  be p ro p o se d  w hich w ould 

be  c o m p le te ly  d e te rm in e d  by a  l i m i t e d  num ber o f  p a ra m e te r s ,  

and i f ,  f u r th e rm o re ,  th e s e  p a ra m e te rs  c o u ld  be d e te rm in e d  

from  z e r o - c r o s s in g  in fo rm a tio n  o v e r  th e  ra n g e  o f  sm a ll v a lu e s  

o f  T ,  th e n  E q u a tio n  (4 -3 5 )  c o u ld  become v e ry  u s e f u l .  A g en ­

e r a l  r e p r e s e n ta t i v e  n o is e  m odel c a n n o t be p ro p o se d  a t  t h i s  

p o in t  due t o  la c k  o f  know ledge a b o u t th e  sy s tem  to  be r e p r e ­

s e n te d .  W ith t h i s  l i m i t a t i o n  i n  m ind , o n ly  a  t y p i c a l  n o is e  

m odel w hich  r e p r e s e n t s  a  f a i r l y  w ide c l a s s  o f  random  p r o c e s s e s  

can  be d i s c u s s e d .

B endat [3 ]  h a s  shown t h a t  a  g r e a t  many n a t u r a l  random  

phenomena can  be c h a r a c te r i z e d  by an  E x p o n e n tia l-C o s in e  a u to ­

c o r r e l a t i o n  f u n c t io n

R ( t ) = Ae“^ ^ ’’’ U o s C T  , (4 -3 6 )

w here

A > 0 ,  K > 0 ,  c > 0 .

The c o rre s p o n d in g  n o rm a liz e d  c o r r e l a t i o n  f u n c t io n  i s

p ( t ) = e '^ ^ ^ lc o B  CT . (4 -3 7 )
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T h u s, In  t h i s  c a se  p ( r )  i s  c o m p le te ly  d e te rm in e d  by  th e  two 

c o n s ta n t s  K and c .  A t y p i c a l  p l o t  o f  E q u a tio n  (4 -3 7 )  i s  g iv e n  

i n  F ig u re  7* The c o rre s p o n d in g  s p e c t r a l  d e n s i ty  f u n c t io n s  

a r e  shown i n  F ig u re  8 f o r  > 3c^ and  f o r  < 3 c ^ . The 

d is a d v a n ta g e  o f  t h i s  m odel i s  t h e  f a c t  t h a t  i t  p o s s e s s e s  a 

f i n i t e  power com ponent a t  w = 0 . As h a s  b een  p r e v io u s ly  d i s ­

c u sse d  t h i s  c h a r a c t e r i s t i c  w ould c a u se  d r i f t s  i n  th e  i n t e g r a l  

f u n c t io n s  w hich a r e  i n  p r a c t i c e  u n d e te c t a b l e .  To overcom e 

t h i s  p rob lem  i t  was d e c id e d  to  a p p ro x im a te  th e  e x p o n e n t ia l  

c o s in e  p ro c e s s  by  a  "band  p a ss"  m o d el, i . e . ,  a  n o i s e  m odel 

w hich h a s  a  c o n s ta n t  s p e c t r a l  d e n s i ty  b e tw een  two f i n i t e  

f r e q u e n c ie s  and  z e ro  e ls e w h e re . T h is  m odel o f  c o u rs e  r e p r e ­

s e n t s  an  i d e a l i z e d  s i t u a t i o n  and  i s  p h y s i c a l ly  i n c o r r e c t .

I t  i s ,  how ever, a  r e a s o n a b le  a ssu m p tio n  s in c e  th e  h ig h  

fre q u e n c y  com ponents a r e  n o t  e x p e c te d  t o  c o n t r i b u t e  much to  

th e  i n t e g r a t i o n  e r r o r  and th e  low  f re q u e n c y  com ponents a r e  

"ab so rb ed "  by th e  p r o c e s s  and a re  u n d e te c t a b l e .

The band  p a s s  a p p ro x im a tio n  i s  r e p r e s e n te d  sch em at­

i c a l l y  i n  F ig u re  9 . The s o l i d  c u rv e  r e p r e s e n t s  th e  exponen­

t i a l  c o s in e  m odel, and  th e  d ash ed  l i n e  i s  th e  s p e c t r a l  d e n s i ty  

o f  th e  i d e a l i z e d  s i t u a t i o n .

The s p e c t r a l  d e n s i ty  f u n c t io n  f o r  th e  band  p a s s  model 

i s  g iv e n  by

, K f o r  ui_ s  u) s  mu)_
= f  ~  ( 4 - 3 8 )

 ̂ 0 e ls e w h e re

The c o r r e l a t i o n  f u n c t io n  o f  th e  n o i s e  i s  th e n
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F ig u re  7* T y p ic a l  C o s in e -E x p o n e n tia l  A u to c o r r e la t io n  F u n c t io n

3

(I)

( b )

3

W  —

F ig u re  8 .  T y p ic a l  S p e c t r a l  D e n s ity  C o rre sp o n d in g  t o  a  C osine- 
E x p o n e n tia l  C o r r e l a t i o n  F u n c tio n
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E x p o n e n tia l  C o s in e  Model

K _ _

Band P a ss  
A p p ro x im atio n

3

0

F ig u re  9* C om parison  Betw een S p e c t r a l  D e n s i t ie s  o f  C o sin e  
E x p o n e n t ia l  and  B an d -P ass-A p p ro x lm atlo n  N o ise  
M ode ls.



I l l
muig

Rx%(T) = ^ G ^ (u )) c o s  u>Tdu) = K ^ co s (UTdtt)

“»o

K
=-~[sln muî T - sin WqT], (4-39)

and th e  mean s q u a re  v a lu e  i s  

K
R^^(O) = l i m - ^ [ s i n  mm^T -  s in  uj^t] = K («^(m -  l )  . ( 4 - 4 o )

Thus th e  n o rm a liz e d  c o r r e l a t i o n  f u n c t io n  p ( t )  i s

The c o r r e l a t i o n  f u n c t io n  p ( r )  i s  g iv e n  i n  te rm s  o f  two 

p a ra m e te r s  m and uUq w hich  c o m p le te ly  c h a r a c t e r i z e  i t .  I f  

th e  mean v a lu e  f o r  z e r o - c r o s s in g  i n t e r v a l s  and  th e  v a r ia n c e  

o f  z e ro  c r o s s in g  i n t e r v a l s  a r e  e x p re s s e d  i n  te rm s  o f  p ( t ) ,  

th e n  m and  can  be  d e te rm in e d .

The mean z e r o - c r o s s in g  i n t e r v a l  can  be e v a lu a te d  by 

s u b s t i t u t i o n  o f  E q u a tio n  ( 4 - 4 l )  i n to  ( 4 - 2 7 ) .  The d e r i v a t i o n

i s  p r e s e n te d  in  A ppendix  C and th e  f i n a l  r e s u l t  i s

Y = 5 ”  t  i  ̂ ( 4 - 4 2 )
o V m + m 4- 1 

The v a r ia n c e  o f  z e r o - c r o s s in g  d i s t r i b u t i o n  i s  g iv e n  by
CO

^  ( t  -  Y ) ^ P ( T ) d x  . ( 4 - 4 3 )
0

E v a lu a t io n  o f  E q u a tio n  ( 4 - 4 3 )  p r e s e n t s  a  c e r t a i n  d i f f i c u l t y :  

I n  th e  p re v io u s  s e c t i o n  an  a p p ro x im a tio n  f o r  P ( t )  i n  te rm s
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o f  p ( t ) #  E q u a tio n  ( 4 - 3 5 ) ,  was o b ta in e d  vihich i s ,  ho w ev er,

in a c c u r a te  f o r  l a r g e  v a lu e s  o f  t . B e t t e r  a p p ro x im a tio n s  to

t h i s  p ro b lem  have  been  o b ta in e d  by o t h e r  i n v e s t i g a t o r s  [ 3 0 ] ,

b u t th e s e  m ethods a r e  to o  c o m p lic a te d  and  c an n o t be  s o lv e d

e x p l i c i t l y  f o r  p ( t ) (e x c e p t  n u m e r ic a l ly ) .  I t  t u r n s  o u t  t h a t

f o r  a  band  p a s s  sp e c tru m  th e  a p p ro x im a tio n  o f  E q u a tio n  (4 -3 5 )

a d e q u a te ly  d e s c r ib e s  P(t) f o r  v a lu e s  o f  t up to  a b o u t

1 .5  -  2 t im e s  th e  mean i n t e r v a l  y .  F ig u re  10 r e p r e s e n t s  a

com parison  be tw een  t h e o r e t i c a l  and e x p e r im e n ta l  r e s u l t s  b a se d

on M cF adden 's and  L o n g u e t- H ig g in s ' p u b l i c a t i o n s .  I t  can  be

seen that P(t) coincides with the experimental results and
(2 )

w ith  L o n g u e t- H ig g in s ' a p p ro x im a tio n  P^ ( t )  f o r  sm a ll  v a lu e s  

o f  T .  I t  i s  im p o r ta n t  t o  n o t i c e  t h a t  th e  a c t u a l  d i s t r i b u t i o n  

i s  a lm o s t  sym m etric  w ith  r e s p e c t  t o  y .  Thus i f  s y m m e tr ic i ty  

o f  P ( t )  w ith  r e s p e c t  to  y i s  assum ed . E q u a tio n  (4 -4 3 )  can  be 

r e w r i t t e n  a s

= 2 ^ ( t  -  Y ) ^ P ( T ) d T  (4 -4 4 )
0

and E q u a tio n  (4 -3 5 )  can be u t i l i z e d  to  e x p re s s  P(t) i n  te rm s  

o f  p ( t )  s in c e  i t  i s  a  s a t i s f a c t o r y  a p p ro x im a tio n  o v e r  th e  

ran g e  0 -  y . The m a th em a tic s  o f  th e  d e r i v a t i o n  i s  p r e s e n te d  

i n  A ppendix D and  th e  f i n a l  r e s u l t  w h ich  i s  e x p re s s e d  i n  te rm s  

o f  ( o /y )  i s

C 7  ) "  = I n  ?  '  ]  0^ ( ^ - “ 5 )

w here n = n / —g---2.
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E q u a tio n  (4 -4 5 )  c a n n o t be  s o lv e d  a n a l y t i c a l l y .  A p l o t  o f  th e  

n u m e r ic a l  s o l u t io n  o f  a / y  a s  a  f u n c t io n  o f  m I s  g iv e n  In  

F ig u re s  11 and  1 2 . I t  I s  I n t e r e s t i n g  to  n o t ic e  t h a t  th e  

r a t i o  a / y  I s  n o t  a  f u n c t io n  o f  th e  p a ra m e te r  »q and depends 

o n ly  on th e  b a n d -w ld th  o f  th e  sp e c tru m  m. Prom F ig u re  11 

I t  can  a l s o  be n o te d  t h a t  f o r  a  g iv e n  v a lu e  y, th e  s ta n d a rd  

d e v ia t i o n  o o f  z e r o - c r o s s in g  I n t e r v a l s  I n c r e a s e s  w ith  an  I n ­

c re a s e  I n  th e  bandw id th  o f  th e  sp e c tru m . When m=l o n ly  th e  

s in g l e  f re q u e n c y  o»q I s  p r e s e n t  and  th e  v a r ia n c e  o f  z e r o -  

c r o s s ln g s  becom es 0 . In  t h i s  c a se  th e  random  f u n c t io n  b e ­

comes c o m p le te ly  p e r i o d i c .  The mean z e ro  c ro s s in g  I n t e r v a l  

g iv e n  by E q u a tio n  (4 -4 2 )  I s  a  f u n c t io n  o f  b o th  and m. 

N o tic e  In  p a r t i c u l a r  t h a t  th e  lo w e r  th e  f r e q u e n c ie s  th e  

h ig h e r  I s  th e  mean z e ro  c r o s s in g  I n t e r v a l .

The p a ra m e te rs  m and  uuq can  now be e v a lu a te d  from  

E q u a tio n  (4 -4 5 )  and F ig u re  1 1 . The mean z e ro  c ro s s in g  

I n t e r v a l  y  and  th e  s ta n d a rd  d e v ia t i o n  o can  be e v a lu a te d  

e x p e r im e n ta l ly  by s ta n d a r d  m e th o d s .

E v a lu a t io n  o f  th e  S t a t i s t i c a l  P r o p e r t i e s  o f  th e  I n t e g r a l s  

Once th e  p a ra m e te rs  m and  a r e  known and th e  

s p e c t r a l  d e n s i ty  I s  g iv e n  by

.  K iDq s  u) s  mu»o
= { ■  (4 -3 8 )

'■ 0 e ls e w h e re

th e  mean s q u a re  e r r o r  o f  th e  I n t e g r a l  can  be e v a lu a te d  d i ­

r e c t l y .  From th e  f a c t  t h a t  I n t e g r a t i o n  b e tw een  th e  l i m i t s  

0 , t  c o r re s p o n d s  to  p a s s in g  th e  n o is e  th ro u g h  a p ro c e s s  w ith



115

0.50

0.45

0.40

0 .35

0 .30

0.25

0.20

0.15

0.10

0 .05

20 40 60 100 2 0 0  4 0 0  8 0 0
m

FIGURE II. NUMERICAL SOLUTION OF EQUATION ( 4 - 4 5 )
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a  t r a n s f e r  f u n c t io n  l / s  I t  fo l lo w s  [ 2 7 ] t h a t :

*-'•> ■ ^
The mean s q u a re  e r r o r  o f  th e  i n t e g r a l  I s  th e n  g iv e n  by

<D

(^yy(O) = ^  Gyy(m)du) . (4 -4 0 )
0

S u b s t i t u t i o n  o f  E q u a tio n s  (4 -3 8 )  and  (4 -3 9 )  I n to  

(4 -4 0 )  r e s u l t s  In
mu)

Ryy(O) = K ^
o

F o r  seco n d  I n t e g r a t i o n

O zz(») = ^ 4 ^  = (4 -4 2 )
(0 ui

Thus th e  mean s q u a re  e r r o r  f o r  th e  seco n d  I n t e g r a l  I s

mu»o
« z z (0 )  = £  I  = (4 -4 3 )

«“o ' "  3<»|

F o r h ig h e r  o r d e r s  o f  I n t e g r a t i o n s  th e  above p ro c e s s  I s  

r e p e a te d .

The r a t i o  betw een  th e  mean s q u a re  e r r o r  o f  th e  I n t e ­

g r a te d  re s p o n s e  an d  t h a t  o f  th e  o r i g i n a l  f u n c t io n  I s  g iv e n  by

-  K("> -  l ) » o  ■ . 2XX' ' O muÜQ
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F o r  th e  second  i n t e g r a t i o n  th e  r e s p e c t iv e  r e s u l t s  a r e

3m tt»Q

and  _ --------------

< iiFW ■

A nalog C om puter S tu d ie s  

A nalog co m p u ter s im u la t io n  s t u d i e s  w ere p e rfo rm ed  t o  

e v a lu a te  th e  a d v a n ta g e s  and  l i m i t a t i o n s  o f  th e  p ro p o se d  m ethod 

f o r  e s t im a t io n  o f  e r r o r  p r o p a g a t io n  th ro u g h  i n t e g r a t i o n  o f  

n o is y  re s p o n se  c u rv e s .  The p r im a ry  p u rp o se  o f  t h i s  s tu d y  was 

to  d e te rm in e  th e  v a l i d i t y  o f  th e  a p p ro x im a tiv e , b a n d -p a s s ,  

n o is e  m odel a s  a  t o o l  f o r  p r e d i c t i o n  o f  e r r o r  p r o p a g a t io n .

The a n a lo g  co m p u ter c i r c u i t  d iag ram  i s  shown i n  

F ig u re  1 3 . W hite  n o is e  ( th e  s p e c t r a l  d e n s i ty  f u n c t io n  o f  

vdiich i s  c o n s ta n t  o v e r  a l l  f r e q u e n c ie s )  was g e n e r a te d  by a  

G en era l R adio  Co. Type 139O-A random  n o is e  g e n e r a to r .  The 

n o is e  was a m p l i f ie d  by  a  g a in  o f  100 and  f e d  th ro u g h  a 

p o te n t io m e te r  i n to  a  seco n d  o r d e r  l i n e a r  sy s te m . The sy s tem  

was programmed on a  D onner M odel 31OO D a n a lo g  com pu ter a s  

m o d if ie d  by B ish o p  an d  Sim s [ 5 ] .  The sy stem  re s p o n s e  was 

i n t e g r a t e d ,  and  b o th  th e  re s p o n s e  and  i t s  i n t e g r a l  w ere r e ­

co rd ed  on a  S a n b o rn , s ix - c h a n n e l  r e c o r d e r .  Model 156 -IIO O C. 

S in c e  th e  random  n o is e  g e n e r a to r  e x h ib i t e d  a  D .C . b i a s ,  an  

a d ju s ta b le  c o n s ta n t  v o l ta g e  was f e d  i n to  th e  sy s te m  to  com­

p e n s a te  f o r  th e  d r i f t .  A sam ple r e c o rd  i s  shown in  F ig u re  l 4 .
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FIGURE 13. ANALOG COMPUTER CIRCUIT
DIAGRAM FOR STUDIES OF ERROR 

PROPAGATION IN NOISE INTEGRATION
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FIGURE 14. SAM PLE RECORD OF RANDOM FUNCTION AND ITS INTEGRAL
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I n  o r d e r  to  e s t im a te  th e  e r r o r  i n  th e  i n t e g r a l  o f  

th e  re s p o n se  c u rv e  from  th e  random  c h a r a c t e r i s t i c s  o f  th e  

re s p o n se  i t s e l f ,  i t  was n e c e s s a ry  t o  e v a lu a te  th e  a p p ro x i­

m a tiv e  band  p a s s  s p e c t r a l  d e n s i ty  o f  th e  r e s p o n s e .  The num ber 

and  le n g th s  o f  z e ro  c r o s s in g  i n t e r v a l s  w ere e v a lu a te d  from  a  

g iv e n  r e c o r d .  The mean z e ro  c r o s s in g  i n t e r v a l  y was d e t e r ­

m ined from  know ledge o f  th e  t o t a l  r e c o r d  l e n g th  and  th e  num ber 

o f  i n t e r v a l s .  The s ta n d a r d  d e v ia t i o n  o was d e te rm in e d  from  

th e  i n t e r v a l  l e n g th s  and  th e  mean i n t e r v a l .  The f i r s t  o r d e r  

a p p ro x im a tio n  o f  z e ro  c r o s s in g  i n t e r v a l s  i n  te rm s  o f  th e  

c o r r e l a t i o n  f u n c t io n  o f  th e  n o i s e .  E q u a tio n  ( 4 - 1 5 ) ,  h a s  b een  

p r e v io u s ly  shown to  be  v a l i d  o n ly  f o r  sm a ll z e r o - c r o s s in g  

i n t e r v a l s .  I t  was t h e r e f o r e  d e c id e d  t o  e v a lu a te  th e  s ta n d a r d  

d e v ia t io n  o from  o n ly  th e  z e r o - c r o s s in g  i n t e r v a l s  t h a t  a r e  

s m a l le r  th a n  th e  m ean. T h is  a p p ro a c h  p ro v ed  to  be 

s a t i s f a c t o r y .

Thus o was g iv e n  by :

- [ 1  I
i = l

t l^ Y

w here n  i s  th e  num ber o f  i n t e r v a l s ,  i s  th e  l e n g th  o f  th e  

i ^ ^  i n t e r v a l  and  y  i s  th e  mean i n t e r v a l  l e n g th .

G iven t h e  r a t i o  o/ y, th e  v a lu e  f o r  m in  E q u a tio n  

(4 -3 8 )  i s  th e n  found  from  ( 4 - 4 2 ) .  The r a t i o  betw een  th e  

e r r o r  i n  th e  i n t e g r a l  and  th e  e r r o r  i n  th e  o r i g i n a l  re s p o n s e  

f u n c t io n  i s  th e n  g iv e n  by  E q u a tio n  ( 4 - 4 5 ) .

The r e s u l t s  o f  th e  a n a lo g  co m p u ter s t u d i e s  a r e
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p r e s e n te d  i n  T a b le  1 . The v a r io u s  in te r m e d ia te  s t e p s  o f  th e  

c a l c u l a t i o n s  a r e  a l s o  shown. The v a lu e s  S i n  T a b le  1 a r e  

th e  dam ping f a c t o r  o f  th e  seco n d  o r d e r  sy s te m ; th e  t r a n s f e r  

f u n c t io n  o f  w hich  can  be e x p re s s e d  a s

w here s i s  th e  L a p la c e  o p e r a t o r  and » i s  th e  undamped n a tu r a l  

f r e q u e n c y .

In  F ig u re  15 a  co m p ariso n  betw een  th e  t h e o r e t i c a l  

s p e c t r a l  d e n s i ty  f u n c t io n  o f  th e  o u tp u t  n o i s e  and  th e  

a p p ro x im a tiv e , e x p e r im e n ta l ly - e v a lu a te d ,  band  p a s s  m odel i s  

shown f o r  r e p r e s e n ta t i v e  c a s e s .  The t h e o r e t i c a l  s p e c t r a l  

d e n s i ty  o f  th e  re s p o n se  n o is e  i s  g iv e n  by

0(d)) = F (Ju )).F (-Jtt))*K  = - - 2 -------------------------------- '
(o) > (I) ) + 4Ç u) (V

w here K i s  th e  s p e c t r a l  d e n s i ty  o f  th e  in p u t  n h i t e  n o i s e .

The band p a s s  m odel i s  e x p re s s e d  by E q u a tio n  (4 -3 8 )  i n  te rm s 

o f  m, (Oq and K, w here K i s  y e t  t o  be  d e te rm in e d . S in c e  b o th  

n o is e  m odels m ust have th e  same mean s q u a re  v a lu e  i t  fo l lo w s  

t h a t
0» 00

ft ^ ( 0 )  = l i m  V Q ™ ( » )  co s  (UTdo) = {  aYx(®)du) = K(m -  l)u)_ . 
T-0 g 0 ~

The te rm  on th e  r i g h t  e x p re s s e s  th e  mean s q u a re  v a lu e  o f  th e  

a p p ro x im a tiv e  band  p a s s  m o d el. E q u a tio n  ( 4 - 4 o ) .  T hus,

- - 2 -------Æ * "  g  2110 “  -  ^)®o •
(tu -  l u )  + 4 § u ) U )
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The above I n t e g r a l  was e v a lu a te d  by c o n to u r  I n t e g r a t i o n  to  

y i e l d ;

= K(m -  l)tt)Q .
2Ç¥^

I f  E  i s  a r b i t r a r i l y  s c a le d  to  be 1 th e n

K -  "
2ÇuB^(m -  1 ) o)q

A ll  th e  p a ra m e te rs  i n  th e  above e q u a t io n  a r e  known, 

th u s  K can  be e v a lu a te d .

D is c u s s io n

The r e s u l t s  o f  th e  a n a lo g  co m p u ter s t u d i e s  o f  e r r o r  

p ro p a g a t io n  i n t o  th e  i n t e g r a l s  o f  th e  re s p o n se  c u rv e s  a r e  

sum m arized i n  T a b le  1 . In  th e  n in th  colum n th e  p r e d i c t e d  

r a t i o s  o  / a  o f  s ta n d a r d  d e v ia t io n s  o f  th e  i n t e g r a l s  t o  th eÿ  A

s ta n d a rd  d e v ia t i o n s  o f  th e  r e s p o n s e s  i s  l i s t e d .  The o b se rv e d  

v a lu e  f o r  t h i s  r a t i o  (d e te rm in e d  from  a c t u a l  m easurem ent o f  

a m p litu d e  r a t i o s )  i s  g iv e n  i n  th e  n e x t  colum n. The d e v ia t io n  

betw een  th e  two colum ns in  p e rc e n t  i s  g iv e n  i n  th e  l a s t  colum n. 

The e r r o r  o f  p r e d i c t i o n  v a r i e s  be tw een  0 p e r c e n t  u p  to  a b o u t 

50 p e r c e n t .  T h is  p r e d i c t i o n  i s  a  s a t i s f a c t o r y  o n e , c o n s id e r ­

in g  th e  c ru d e  n o is e  m odel t h a t  h a s  b een  assum ed . F o r  th e  

p r e s e n t  p u rp o s e s  th e  a c c u ra c y  o f  th e s e  r e s u l t s  i s  c e r t a i n l y  

s u f f i c i e n t  a s  i t  i s  d e s i r e d  f o r  an  o r d e r  o f  m ag n itu d e  e s t i ­

m a te , r a t h e r  th a n  th e  g e n e r a t io n  o f  a c c u r a te  n u m b ers . The 

p r e d i c t i o n  i s  i n  g e n e r a l  c o n s e r v a t iv e ;  i . e . ,  t h e r e  i s  a  g e n ­

e r a l  te n d e n c y  to  o b ta in  an o v e re s t im a t io n  o f  th e  e r r o r ,  w hich



TABLE 1

RESULTS OP ANALOG COMPUTER STUDIES OP ERROR PROPAGATION 
INTO INTEGRALS OP RESPONSE CURVES

T e s t
No. §

T o ta l  
Number 
o f  Z ero  

C ro s s in g s
, Y  ̂
( s e c )

0
( s e c ) o/ y m ( 1 / s e c )

C a lc u ­
l a t e d O b se r. E r r o r

1 0 20 4 .4 6 0 .1 4 6 0 .0 3 2 8 1 .0 3 0 .6 9 7 1 .4 1 3 1 .2 7 1 1 0 .0

2 0 36 3 .1 8 0 .1 5 3 0 .0 4 8 7 1 .0 4 0 .9 7 8 1 .0 1 .0 0 .0

3 0 .2 5 63 1 .4 2 0 .6 4 0 .4 5 2 0 .0 0 .1 8 5 8 1 .2 0 1 0 .7 9 3 4 .2

4 0 .3 5 3 5 52 0 .9 9 5 9 0 .293 1 0 .2 9 4 2 .5 1 .7 4 7 0 .3 6 1 0 .3 6 2 0 .0

5 0 .4 5 9 44 1 .0 8 2 9 0 .3 9 1 4 0 .3 6 1 3 .9 1 .1 4 6 0 .4 4 1 0 .4 6 1 - 4 .5

6 0 .5 79 1 .1 7 7 0 .5 2 8 0 .4 4 9 1 9 .5 0 .2 3 0 .9 6 7 0 .5 0 4 8 .2

7 0 .5 76 1 .1 3 3 0 .4 9 6 0 .4 3 4 1 1 .0 0 .4 1 3 0 .7 3 0 .5 8 1 2 0 .4

8 0 .5 55 1 .1 7 2 0 .5 6 9 0 .4 6 0 3 7 .5 0 .1 2 2 5 1 .0 8 9 0 .8 8 1 9 .2

9 0 .5 39 1 .1 0 7 0 .3 1 5 0 .2 8 5 2 .4 1 .6 2 0 .4 8 3 0 .3 1 2 3 5 .4

10 0 .5 249 1 .1 5 3 0 .4 8 5 0 .4 2 8 .0 0 .5 5 2 0 .8 3 5 0 .7 2 1 3 .8

11 0 .7 0 7 46 1 .1 5 8 0 .5 4 0 .4 6 6 9 0 .0 0 .0 5 0 .4 6 3
_

0 .5 3 8 - 1 6 .2

rv>
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I s  d e s i r a b l e  s in c e  i n  th e  e r r o r  p ro p a g a t io n  a n a l y s i s  one i s  

i n t e r e s t e d  i n  o b ta in in g  u p p e r  bounds o f  e r r o r .

F ig u re  15 shows a  co m p ariso n  be tw een  th e  t h e o r e t i c a l  

s p e c t r a l  d e n s i ty  f u n c t io n  o f  th e  re s p o n se  n o is e  and th e  

"a p p ro x im a tiv e "  band  p a s s  m odel. I t  i s  q u i te  c l e a r  t h a t  a s  

an  a p p ro x im a tio n  to  th e  a c t u a l  s p e c t r a l  d e n s i ty  f u n c t io n  th e  

i d e a l i z e d  band  p a s s  m odel i s  t o t a l l y  m e a n in g le s s . H ow ever, 

t h i s  co m p ariso n  was n o t  t h e  p u rp o se  o f  th e  p r e s e n t  w ork , and 

one sh o u ld  n o t  i n t e r p r e t  i t  a s  su c h . I t  sh o u ld  be n o t ic e d  

t h a t  f o r  th e  c a se  w here 1 = 0  6md th e  sy s tem  e x h i b i t s  an  i n ­

f i n i t e  r e s o n a n t  p e a k , th e  band  p a s s  m odel a p p ro x im a te s  th e  

s p e c t r a l  d e n s i ty  q u i t e  w e l l . As § becom es l a r g e r  th e  a p p ro x i ­

m atio n  becom es w orse  and  s h i f t s  to w ard  th e  h ig h e r  f re q u e n c y  

ra n g e . T h is  s h i f t  may be  a  co m p en sa tin g  e f f e c t  f o r  th e  l o s s  

o f  th e  D. C. and  th e  low  f re q u e n c y  com ponen ts. H ow ever, to o  

much p h y s ic a l  m eaning sh o u ld  n o t  be  a s s o c i a t e d  w ith  th e  band  

p a s s  model s in c e  th e  m odel i t s e l f  i s  p h y s i c a l ly  i n c o r r e c t  and 

u n r e a l i z a b l e „

B e t t e r  e s t im a t io n  o f  th e  s p e c t r a l  d e n s i ty  f u n c t io n  

( o r  c o r r e l a t i o n  f u n c t io n )  from  z e r o - c r o s s in g  in fo r m a t io n  

w ould be p o s s ib l e  i f  a  p l a u s i b l e  and  p h y s i c a l ly  r e a l i z a b l e  

n o is e  m odel w ere assum ed . The e x p o n e n t ia l  c o s in e  c o r r e l a t i o n  

f u n c t io n ,  f o r  ex am p le , w ould b e  such  a  m o d e l. Of c o u r s e ,  a  

h ig h e r  p r i c e  i n  te rm s  o f  a d d i t i o n a l  co m p u ta tio n  w ould h av e  to  

be  p a id  f o r  th e  e v a lu a t io n .

F o r  th e  p r e s e n t  work th e  p a r t i c u l a r  n o is e  m odel 

s e l e c te d  was n o t  c r i t i c a l .  H ow ever, i t  i s  th e  a p p ro a c h  r a t h e r
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th a n  th e  p a r t i c u l a r  n o i s e  m odel t h a t  i s  o f  s i g n i f i c a n c e .  

Through f u r t h e r  r e f in e m e n t  th e  m ethod may e v e n tu a l ly  s e rv e  a s  

a  v a l i d  and  r e l a t i v e l y  s im p le  ap p ro ach  f o r  e v a lu a t in g  a u to ­

c o r r e l a t i o n  f u n c t io n s  an d  pow er s p e c t r a l  d e n s i t i e s .

D is c r e te  A n a ly s is  

In  many c a s e s  i t  may be  n e c e s s a ry  o r  d e s i r a b l e  to  

sam ple th e  re s p o n s e  r e c o r d s  and  p e rfo rm  th e  I n t e g r a t i o n  

n u m e r ic a l ly .  One th e n  f a c e s  th e  fo l lo w in g  s i t u a t i o n :

i+nflx(t+T)

IT  ( i+ l ) T  ( i+ 2 )T  ( i+ 3 )T  l i + n ) T  (i+ rH -l)T  (i+rH-2)T

F ig u re  1 6 . D i s c r e te  Sam pling o f  Random N o ise
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F ig u re  ( l 6 - a )  d e s c r ib e s  th e  c o n tin u o u s  random  p ro c e s s  w hich 

i s  sam pled  a t  i n t e r v a l s  T . The r e s u l t a n t  f u n c t io n  i n  F ig u re  

( l 6 - b )  i s  a  d i s c r e t e  p r o c e s s  i n  w hich  th e  sam pled  p o i n t s  a r e  

c o n n e c te d  by  l i n e  se g m e n ts . The p ro p a g a t io n  o f  e r r o r  th ro u g h  

i n t e g r a t i o n  w i l l  o f  c o u rs e  a l s o  be a  f u n c t io n  o f  th e  p a r t i c ­

u l a r  i n t e g r a t i o n  scheme u s e d .

In  th e  p r e s e n t  a n a l y s i s  th e  t r a p e z o i d a l  r u l e  f o r  

i n t e g r a t i o n  i s  a p p l i e d .  The s t a t i s t i c a l  d i s t r i b u t i o n  o f  th e  

sam pled  p o i n t s  i s ,  a s  can  be e x p e c te d , a  f u n c t io n  o f  th e  

s t a t i s t i c a l  p r o p e r t i e s  o f  th e  c o n tin u o u s  random  p r o c e s s .  I t  

w i l l  be assum ed h e re  t h a t  th e  c o r r e l a t i o n  f u n c t io n  f o r  th e  

c o n tin u o u s  random  p ro c e s s  i s  known. T h is  in f o rm a t io n  can  be 

o b ta in e d  by th e  m ethods d e s c r ib e d  in  th e  p re v io u s  s e c t i o n .

L e t t h e  sam p lin g  i n t e r v a l  be  d e n o te d  by  T , and  l e t

Xj be th e  c o r re s p o n d in g  sam pled  p o i n t s  on th e  c o n tin u o u s  

random f u n c t i o n .  The p o in t s  3Ë(t) a r e  p o i n t s  on th e  d i s c r e t e  

r e c o r d .  I t  i s  d e s i r e d  t o  e v a lu a te  th e  e x p e c ta t io n  R ~ ( t )  = 

E [ x ( t ) x ( t  + t )]. The i n t e r v a l  t can  be e x p re s s e d  a s  t =
(n  + e)T  w here 0 ^ 1  and  n  i s  an i n t e g e r .  I f  x ( t )  i s  

assum ed to  l i e  b e tw een  x^ and th e n  x ( t + r )  may l i e  e i t h e r

betw een  x .  ̂ and  x . ,  ̂ o r  be tw een  x , , ,  ̂ and  x^ D e fin ei+ n  i+n+1 i+n+1 i+n+2
Y a s  th e  f r a c t i o n a l  d is te u ic e  o f  x ( t )  b e tw een  a d ja c e n t  X j 's

(0  ^ Y s  l ) .  Then f o r  x ( t )  w here

iT  < t  < ( i  + l ) T

i f  0 s  Yj 1 -  0

th e n  x̂  < x ( t + T ) < x
i+ n  i+n+1

su ch  t h a t  0 ^ Y2 ^ 1 .
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However i f  1 -  9 ^ ^ 1

then î+nti < *(* + t) < x̂ +̂ +g

su ch  t h a t  0 ^ Yg ^ 8 .

Thus i f  3c(t) i s  d e n o te d  by  x ( t + r )  by Xg, th e n

-  _ r ^ i+ n (^  -  Yg) + Xi+n+iYg I f  ( l+ n )T  < t + T  < (i+ n+ 1)T

^ * i + n + l ( ^ " Yg)+ ^i+n+sY g ( l+ n + l)T  < t + T  <  ( i+n+2)T

(4 -4 8 )

I t  can be seen  from  F ig u re  ( l 6 - b )  t h a t  Yg = Ŷ  + 0 when 

0 s: Ŷ  ^ 1 -  8 and t h a t  Yg = + 8 -  1 when 1 -  0 i  y^̂ 1 .

S u b s t;

(4 -4 8 )  y i e l d s

S u b s t i t u t i o n  o f  th e  above v a lu e s  f o r  Yg i n  E q u a tio n

* 2  '  -  e )  +  +  e )

when (i+ n )T  < t + T  <  ( i+n+1)T

(4 -4 9 )

( b )  x g  =  X i + ^ i ( 2  -  Y i  -  0 )  +  X i + n + 2 ( Y l  +  8 -  l )

when (i+n+1 )T < IM-t  <  ( i+ n+ 2)T .

From w hich  i t  im m e d ia te ly  fo l lo w s  t h a t

( a )  =  [ X j ^ ( l  -  -  e )

f o r  0 s  Y, ^ 1 - 0
1 (4 -5 0 )
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(b )  = [ % i ( l  -  Y^) + - Y j  -  9 )

f o r  1 -  0 s  Y ^ 1  (4 -5 0 )
^ c o n tin u e d

The a u t o c o r r é l a t i o n  f u n c t io n  R ^ ( T )  I s  th e n  g iv e n  by
m 1-0

°  â r V î  l  {  ^  •
l= -m  0 

-  Vi -  9) + x^+^+^(Y^ + 8 )3 1 ^ 1

1

+ ^ C x ^ d  -  Y j  + V l ^ ' l ^ ' ^ W l ' ®  -  -  8)
1-0

+ W 2 < \  + « - }  ( '* -5 1 )

E v a lu a t io n  o f  th e  i n t e g r a l  te rm s  In  E q u a tio n  (4 -5 1 )  l e a d s  t o

m

"'z^('^) = S t V t  1  {  V A + n  è  (1 -  8 )^
l=-m

+ V l + n f l ( « ( l  -  8) + i  (1 -  8 )3 ]

'*' * i + l * l + n + l (  5  (1  ■ 8 )^  + | -  8 ( 1  -  9 )  ]

+ V i + n (  I  -  8 )^  -  §  (1  -  8)^3 + x ^ X i+ ^ iC  I  92

-  i  9^3 + x^x^+^+2 i  83 + - 9 ) 9 + 1  9 3 ]

+ ^ l+ l= 'l+ n + 2 (  è  82 -  1 9 3 ]  }  ( 4 - 5 2 )

S in c e  0 I s  c o n s ta n t .  E q u a tio n  (4 -5 2 )  can be f u r t h e r  

s i m p l i f i e d  t o  y i e l d ,  a f t e r  c o l l e c t i n g  te rm s .
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R ^ ( T )  = B^^C(n -  1 ) T ] [  I  (1 -  0 ) 3 ]  + R^^[nT][ 1 ( 1 -  e )^

+ 1 0(1  -  0 )^ + 1 (1  -  0 )^ -  ^  (1 -  0 )^ + 0 ( 1 -  0 )

+ i  0^] + RxxC(n + 1 ) T ] [ 0 ( 1  -  0)  + 1 (1  -  0 )3

è  ^ + 2)T] 1 03 (4-53)

w hich a f t e r  f u r t h e r  s i m p l i f i c a t i o n  y i e l d s  th e  f i n a l  r e s u l t  

®3E5E(t ) = BxxC(^ -  1 )T ][  ^  §  8 + ^  ^  8^]

+ I  -  0^ + I  0^] + + 1 ) T ] [  I  + I  0

+ I  0  ̂ -  I  03] + ^  R^xC(n + 2)T]03 , (4-54)

where t = (0 + n )T .

The mean sq u a re  v a lu e  o f  x  i s  g iv e n  by

*55f(0) = I  » x x (0 ) + i* x x ( T )  • (4 -5 5 )

O b v io u sly  th e  i n t e g r a l  o f  th e  sam pled  random  p ro c e s s  x  i s  

g e n e r a l ly  n o n s t a t i o n a r y , and a  d r i f t  from  th e  t r u e  v a lu e  w i l l  

o c c u r .  As th e  sam p lin g  i n t e r v a l  T becom es s m a l l e r ,  th e  

c o r r e l a t i o n  f u n c t io n  R ^ ( ?) a p p ro a c h e s  R^^(? )  and  th e  mean 

sq u a re  v a lu e  R _ ( 0 )  a p p ro a c h e s  1^ 1® t h e r e f o r e

g e n e r a l ly  d e s i r a b l e  to  red u c e  th e  sa m p lin g  i n t e r v a l  i f  th e  

n o is e  m ag n itu d e  i s  s i g n i f i c a n t . E v a lu a t io n  o f  th e  c o r r e l a ­

t i o n  f u n c t io n  o f  th e  i n t e g r a l  o f  x ( t )  i s  p o s s ib le  by m ethods 

s i m i l a r  t o  th o s e  u se d  f o r  th e  c o n tin u o u s  a n a l y s i s .  The r e ­

s u l t s ,  how ever^ a r e  q u i te  com plex and  n o t  t r a c t a b l e .  When 

th e  sa m p lin g  i n t e r v a l  i s  sm a ll enough ( i . e . ,  th e  c o r r e l a t i o n
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f u n c t io n  o f  th e  d i s c r e t e  c a se  R _ ( t ) i s  c lo s e  enough to  th e  

c o r r e l a t i o n  f u n c t io n  o f  th e  c o n tin u o u s  c a s e  ) th e  con ­

t in u o u s  a n a l y s i s  sh o u ld  be u se d  a s  an  a p p ro x im a tio n .



CHAPTER V 

FORMALIZATION OF THE TECHNIQUE

In  th e  p re v io u s  c h a p t e r s ,  v a r io u s  i n d iv i d u a l  a s p e c t s  

o f  th e  i d e n t i f i c a t i o n  te c h n iq u e  have  been  d i s c u s s e d .  H ere an 

i n t e g r a t e d  and  fo rm a l iz e d  d e s c r i p t i o n  o f  th e  a c t u a l  p ro c e d u re  

w i l l  be p r e s e n te d .

In  o r d e r  to  im plem ent t h e  i d e n t i f i c a t i o n  te c h n iq u e  

th e  num ber o f  l i n e a r l y  in d e p e n d e n t re s p o n se  f u n c t io n s  c o r r e s ­

pond ing  to  th e  s u s p e c te d  o r d e r  o f  th e  sy stem  have to  be e x ­

p e r im e n ta l ly  g e n e r a te d .  The te c h n iq u e s  f o r  g e n e r a t in g  th e s e  

r e s p o n s e s  a s  w e l l  a s  th e  m ethod f o r  d e te rm in in g  th e  c o r r e c t  

o r d e r  o f  th e  sy s te m  have been  o r  w i l l  be d i s c u s s e d .

The e r r o r  p ro p a g a tio n  a n a l y s i s  a s s o c i a t e d  w ith  th e  

i d e n t i f i c a t i o n  s e r v e s  n o t  o n ly  th e  p u rp o se  o f  e s t im a t io n  o f  

th e  u n c e r t a i n t y  o f  th e  r e s u l t s ,  b u t  m ust a l s o  p ro v id e  a  t o o l  

f o r  th e  m in im iz a t io n  o f  t h i s  u n c e r t a i n t y .  I t  i s  q u i t e  e v id e n t  

a t  t h i s  p o in t  t h a t  th e  p ro p o se d  i d e n t i f i c a t i o n  m ethod h in g e s  

s t r o n g ly  on t h i s  l a t t e r  a s p e c t  o f  th e  e r r o r  a n a l y s i s .  When 

a c c u r a te  e s t im a te s  o f  th e  e r r o r s  a s s o c i a t e d  w ith  th e  i d e n t i f i ­

c a t io n  a r e  d e s i r e d ,  good e s t im a te s  o f  th e  u n c e r t a i n t y  o f  th e  

d a ta  a re  r e q u i r e d .  How ever, when th e  e r r o r  p ro p a g a t io n  s e r v e s  

p r im a r i l y  a s  a t o o l  f o r  th e  e x e c u t io n  o f  th e  i d e n t i f i c a t i o n

133
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p r o c e s s ,  no s t r i n g e n t  re q u ire m e n ts  a r e  n e c e s s a ry  when e s t i ­

m a tin g  th e  e r r o r  o f  th e  d a t a ,  s in c e  th e  e r r o r  m in im iz a t io n  

c h a r a c t e r i s t i c s  depend o n ly  I n d i r e c t l y  on th e  m ag n itu d e  o f  

t h i s  e r r o r .

In  th e  l a s t  s e c t i o n  o f  C h a p te r  I I I  I t  h a s  been  shown 

how th e  u n c e r t a i n t y  o f  th e  I d e n t i f i e d  p o le s  depends on th e  

s e l e c t i o n  o f  th e  I n t e g r a t i o n  p a ra m e te r  6. In  o r d e r  to  o b ta in  

th e  b e s t  I d e n t i f i c a t i o n ,  6 m ust be s e l e c t e d  so a s  to  m in im ize  

th e  r e l a t i v e  e r r o r  a s s o c i a t e d  w ith  th e  p o le s .  H ow ever, s in c e  

th e  v a lu e s  f o r  th e  p o le s  a r e  unknown, 6 can n o t be  o b ta in e d  a 

p r i o r i .  F u r th e rm o re , s in c e  a l l  th e  r e l a t i v e  e r r o r s  a r e  n o t  

m in im ized  s im u lta n e o u s ly  ( a t  th e  same 6) th e r e  do es n o t .  I n  

g e n e r a l ,  e x i s t  a  s in g le  u n iq u e  6 a t  w hich  th e  I d e n t i f i c a t i o n  

f o r  a l l  p o le s  sh o u ld  be  c a r r i e d  o u t .  I f  th e  r e s p o n s e s  w ere 

n o is e  f r e e  and th e  e r r o r  w ere a  sm ooth f u n c t io n  o f  à  w ith  

o n ly  one r e l a t i v e  minimum (e x c e p t  f o r  th e  c a se  o f  th e  

Im a g in a ry  p a r t s  o f  com plex p o le s )  a s  I n  F ig u re  5> a  s im p le  

I t e r a t i o n  p ro c e d u re  c o u ld  be e s t a b l i s h e d  f o r  m in im iz a tio n  o f  

th e  e r r o r s  a s s o c i a t e d  w ith  th e  v a r io u s  p o le s .  Each p o le  w ould 

th e n  be t r e a t e d  I n d iv id u a l ly  and  w ould be e v a lu a te d  a t  a  

p a r t i c u l a r  v a lu e  o f  6 . C o n se q u e n tly  th e  b e s t  and  m ost r a p id  

I d e n t i f i c a t i o n  o f  th e  sy stem  w ould r e s u l t .

I n  p r a c t i c e ,  s in c e  th e  r e s p o n s e  f u n c t io n s  a r e  g e n e r a l ­

l y  n o i s y ,  th e  e r r o r s  ( a s  a  f u n c t io n  o f  6) f l u c t u a t e  and  an  

I t e r a t i v e  p ro c e d u re  c a n n o t e a s i l y  be  em ployed . In  th e  p r e s e n t  

w ork no a t te m p t  was made to  e s t a b l i s h  th e  m ost e f f i c i e n t  

p r o c e s s  f o r  th e  e r r o r  m in im iz a t io n . R a th e r ,  an e x te n s iv e
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s tu d y  o f  th e  e r r o r  p ro p a g a t io n  c h a r a c t e r i s t i c s  was p e rfo rm ed .

In  o r d e r  to  d e s c r ib e  th e  a c t u a l  i d e n t i f i c a t i o n  and  

e r r o r  m in im iz a t io n  p ro c e d u re  u t i l i z e d ,  c o n s id e r  th e  i l l u s t r a ­

t i o n  p r e s e n te d  below  w here one o f  th e  two re sp o n se  f u n c t io n s  

and i t s  i n t e g r a l  o f  a  seco n d  o r d e r  sy s tem  a re  s c h e m a t ic a l ly  

shown.

y ( t )

t

The fu n d am e n ta l m a tr ic e s  ?  T ( t 77  and  ?  717  ̂ -  6 ) a r en - 1 ' n - 1 '  n - 1 ' n -1
c o n s t r u c te d  from  th e  re s p o n se  c u rv e s  and  t h e i r  i n t e g r a l s  f o r  

th e  s e l e c te d  6. The l i m i t  o f  i n t e g r a t i o n  6 i s  i n i t i a l l y  

s e l e c te d  a s  a sm a ll v a lu e  such  t h a t ,  i n  th e  i n v e s t i g a t o r 's  

Judgem ent, i t  i s  n o t  l a r g e r  th a n  a  f r a c t i o n  o f  th e  lo w e s t 

tim e  c o n s ta n t  o f  th e  sy s tem  t o  be i d e n t i f i e d .  Thus th e  i n i ­

t i a l l y  g e n e ra te d  fu n d am en ta l m a t r ic e s  a r e  e v a lu a te d  o v e r  a 

r e l a t i v e l y  n a rro w  segm ent o f  th e  re s p o n s e  f u n c t io n .  The
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i d e n t i f i c a t i o n  r o u t in e  i s  th e n  i n i t i a l i z e d  t o  g e n e r a te  th e  

n a t u r a l  f r e q u e n c ie s  and  t h e i r  e r r o r s .  At t h i s  p o in t  6 i s  i n ­

c re a s e d  by  a c o n s ta n t  i n t e r v a l  and  th e  p r o c e s s  r e p e a te d  u n t i l  

th e  r e c o r d s  a r e  c o m p le te ly  e x h a u s te d . The v a lu e  o f  6 a t  w hich  

th e  s m a l le s t  r e l a t i v e  e r r o r  i s  o b ta in e d  f o r  e a c h  i n d iv id u a l  

p o le  i s  c o n s id e re d  a s  th e  v a lu e  o f  6 a t  w hich  t h i s  p o le  i s  

i d e n t i f i e d .  F ig u re  17 shows s c h e m a t ic a l ly  t h e  fo rm a liz e d  

s t r u c t u r e  o f  th e  i d e n t i f i c a t i o n  p r o c e s s .  D i g i t a l  com pu ter 

p rog ram s f o r  th e  i d e n t i f i c a t i o n  p ro c e d u re  c o rre s p o n d in g  to  

th e  sc h e m a tic  s t r u c t u r e  o f  F ig u re  1 7 , w r i t t e n  i n  th e  Osage 

A lg o l c o m p ile r  la n g u a g e ,*  a r e  l i s t e d  in  A ppendix  E. I t  sh o u ld  

be n o t ic e d  t h a t  p rog ram s f o r  p r e p a r a t i o n  o f  th e  d a ta ,  i . e . ,

c o n s t r u c t io n  o f  th e  fu n d am e n ta l m a t r ic e s  ?  , ( t  , -  é ) andn -1^  n -1
?  - ( t  T J , have  n o t  been  in c lu d e d  i n  A ppendix  E . They a r e  n —1 n -1
o f  no g e n e r a l  u se  and  depend e n t i r e l y  on th e  m ea su rin g  and 

r e c o rd in g  f a c i l i t i e s  a v a i l a b l e .  F ig u re  17 fo l lo w s  s te p  by 

s t e p  th ro u g h  th e  c o m p u ta tio n a l s ta g e s  r e q u i r e d  f o r  th e  

i d e n t i f i c a t i o n  and  th e  e r r o r  a n a l y s i s .  The e r r o r  e v a lu a t io n  

and th e  m ain i d e n t i f i c a t i o n  c o m p u ta tio n  a r e  p e rfo rm ed  s im u l­

ta n e o u s ly ,  i . e .  th e  e r r o r  e v a lu a t io n  f o r  e ac h  c o m p u ta tio n a l  

s ta g e  i s  p e rfo rm e d  im m e d ia te ly  fo l lo w in g  th e  c a l c u l a t i o n s  

f o r  t h i s  s t a g e .  The b o ld  fa c e d  b o x es  o f  F ig u re  17 r e p r e s e n t  

th e  m ain c o m p u ta tio n a l  s t a g e s  w h ile  th e  b o tto m  p a r t  o f  th e  

d iag ra m  r e p r e s e n t s  th e  e r r o r  m in im iz a tio n  s e c t i o n  o f  th e

*The Osage A lg o l la n g u a g e  i s  a  s l i g h t l y  m o d if ie d  
v e r s io n  o f  th e  A lg o l 60 lan g u a g e  [3 9 ^ 5 6 ] , u s e d  on th e  Osage 
h ig h  sp eed  co m p u ter a t  th e  U n iv e r s i ty  o f  Oklahoma Com puter 
C e n te r .



137

E R R O R  B O U N D S

S E T  i  T O  I N IT IA L  

V A L U E  A N D  I NI T IA L IZ E  

C O M P U T A T I O N

I. I N V E R T  

T H E  MA T RI X

# m « i

Z. F I N D  T H EE V A L U A T E

AND  F O R

N E W  V A L U E S  O F  f

14. F I N D  T H E

1 MA T R I X O F  E R R O R

B O U N D S  O F

S

2 o .  F I N D  T H E

M AT RI X OF  E R R O R

B O U N D S O F  H
U I J

3  F I N D  T H E  

C H A R A C T E R I S T I C  

P O L Y N O M I A L  O F  H

4 .  F I N D  T H E  

E I G E N V A L U E S  

O F  H A k'l,"
4 0 . F I N D  T H E  

E I G E N V E C T O R S  

O F  H

S  F I N D  t h e  

P O L E S  O F  

T H E  S Y S T E M

2 b .  F I N D  T H E  

T R A N S P O S E  

M A T R I X  O F  H

Ĥ
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c a l c u l a t i o n .

In  th e  fo l lo w in g  p a ra g ra p h s  s e v e r a l  comments c o n c e rn ­

in g  th e  a c t u a l  u t i l i z a t i o n  o f  th e  te c h n iq u e  a r e  made.

1 ) S e le c t io n  o f  th e  System  O rd e r . In  th e  p r e s e n t  

te c h n iq u e  th e  o r d e r  o f  th e  sy s tem  to  be i d e n t i f i e d  h a s  to  be  

assum ed b e fo re h a n d . F r e q u e n t ly  one may have a  p re c o n c e iv e d  

id e a  o f  th e  o r d e r  o f  th e  e q u a t io n s  d e s c r ib in g  th e  t e s t e d  

p l a n t  o r  o f  th e  d e s i r e d  o r d e r  o f  th e  m odel. In  th e s e  c a s e s  

a  m odel o f  th e  d e s i r e d  o r d e r  i s  to  be fo u n d . When no know l­

edge o f  th e  sy s tem  o r d e r  i s  a v a i l a b l e ,  th e  o r d e r  o f  th e  m odel 

can be a r b i t r a r i l y  assum ed , and  th e  i d e n t i f i c a t i o n  can  be p e r ­

form ed w ith  r e s p e c t  to  t h i s  o r d e r .  I f  th e  o r d e r  assum ed i s  

to o  h ig h  th e  i d e n t i f i c a t i o n  w i l l  n e v e r th e le s s  be c a r r i e d  o u t 

p r o p e r ly  and th e  a c t u a l  o r d e r  w i l l  be in d ic a t e d  by  th e  r e ­

s u l t s  th ro u g h  th e  e r r o r  e s t im a t e s .  I f  th e  assum ed o r d e r  i s  

to o  low  th e  e r r o r  c r i t e r i a  w i l l  i n d ic a t e  su c h . T h is  p rob lem  

i s  f u r t h e r  d is c u s s e d  in  C h a p te r  VI i n  a s s o c i a t i o n  w ith  th e  

r e s u l t s  o f  th e  e x p e r im e n ta l  i n v e s t i g a t i o n .

2 ) Type o f  R e q u ire d  P la n t  T e s t  D a ta . The o n ly  r e q u i r e ­

ment o f  th e  t e s t  d a ta  i s  t h a t  th e  n re s p o n se  f u n c t io n s  be 

l i n e a r l y  in d e p e n d e n t .  F o r  i d e n t i f i c a t i o n  o f  th e  G e n era l Model 

th e  r e s p o n s e s  have to  be z e r o - in p u t  r e s p o n s e s ,  i . e .  th e  r e ­

sp o n se s  g e n e ra te d  d u r in g  th e  r e l a x a t i o n  o f  th e  sy s tem  fo l lo w ­

in g  a  f o r c e d  in p u t .

3) C o n s t ru c t io n  o f  th e  F undam ental M a tr ic e s

and " 5 ) . The c o n s t r u c t io n  o f  th e  fu n d am e n ta l

m a t r ic e s  i s  p e rfo rm ed  by  fo rm a l ly  ex p an d in g  E q u a tio n s  (2 -7 7 )  -



139

( 2 - 8 o ) .  F o r i l l u s t r a t i o n  p u rp o se s  th e  expanded  e x p re s s io n s  

f o r  second  and t h i r d  o r d e r  sy stem s a r e  g iv e n  b e lo w . Thus f o r  

second  o r d e r  sy s tem s

1 > lj( t i  - i )  = - 6) (5 -1 )

and

^ 7 ? =  -  * J . 2 - l ( t l )  '  (5 -2 )

w here i n  th e  above e q u a t io n s  f  r e p r e s e n t s  th e  i j ^ h  te rm

o f  th e  fu n d am e n ta l m a t r ix .  The s u b s c r ip t  J on th e  r i g h t  hand

s id e  o f  th e  e q u a t io n s  r e p r e s e n t s  th e  j  re s p o n se  r e c o r d ,

and th e  second  in d e x  r e p r e s e n t s  th e  ( 2 - i ) ^ ^  i n t e g r a l  o f  th e

re s p o n se  c u rv e . Thus f o r  exam ple , ( t  +6) i s  th e  v a lu e
2 ,1  -I-

o f  th e  f i r s t  i n t e g r a l  o f  th e  second  re s p o n s e  f u n c t io n  e v a l ­

u a te d  a t  t^ + 6 . S im i la r ly  f o r  t h i r d  o r d e r  sy s tem s

’ lj'^ 2  - = ”j ,3 -l'* 2 ^  + '"j , 3 - 7 ‘ 2 -

( 5 - 3 )
and

^ y ,3 - i ( ^ 2  " 2 * j ,3 _ i ( t 2  + Ô) + V j j g - i f t g )  '

( 5 - 4 )
I t  sh o u ld  be rem em bered t h a t  in  th e  above e q u a t io n s  th e  r e ­

sp o n se  f u n c t io n s  and t h e i r  r e s p e c t iv e  i n t e g r a l s  a r e  p e r t u r b a ­

t i o n  v a r i a b l e s ,  i . e .  e v a lu a te d  w ith  r e s p e c t  to  s te a d y  s t a t e  

a s  th e  z e ro  o p e r a t io n  l e v e l .

4 )  E v a lu a t io n  o f  th e  Im ag in a ry  P a r t s  o f  Complex P o l e s . 

I t  fo l lo w s  from  E q u a tio n  ( 3 - 4 8 )  t h a t
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6 R e ( p a )
R e ( v ^ )  = e  0 0 8  [ 6 l m ( p ^ ) ]  ,  ( 5 - 5 )

6 t a ( p ^ )  =  c o s - 1  j- ]  ( 5 - 6 )

e

S in c e  th e  in v e r s e  t r ig o n o m e t r ic  f u n c t io n s  a r e  m u l t i ­

v a lu e d  f u n c t io n s  o f  t h e i r  a rg u m e n ts , i t  fo l lo w s  t h a t  6Ira(pj^) 

i s  g iv e n  o n ly  w i th in  a m u l t i p l i c i t y  o f  2nk , w here k i s  u n ­

known. Thus w ith o u t know ledge o f  k ,  Im (p^) c an n o t be d e t e r ­

m ined . T h is  d i f f i c u l t y  can  be e l im in a te d  by  e v a lu a t io n  o f  

th e  sy s te m  a t  two c lo s e  v a lu e s  o f  6 and  by p ro p e r  m a n ip u la ­

t i o n  o f  th e  r e s u l t s .  T h is  p ro c e d u re  i s ,  how ever, n o t  n e c e s ­

s a ry  and  much s im p le r  s o lu t io n s  o f  th e  p ro b lem  a r e  p o s s ib l e .  

The e a s i e s t  and  u s u a l ly  a  s a t i s f a c t o r y  a p p ro a ch  f o r  e v a lu a t io n  

o f  k i s  th ro u g h  in s p e c t io n  o f  th e  re s p o n s e  r e c o rd s  from  w hich 

Im (p^) can  be d e te rm in e d  a p p ro x im a te ly . A n o th e r a p p ro a c h  to  

d e te rm in e  an  a p p ro x im a te  v a lu e  f o r  Im (p^) i s  th ro u g h  th e  

e r r o r  e s t im a t io n .  I t  h a s  been  shown in  th e  l a s t  s e c t i o n  o f  

C h a p te r  I I I  t h a t  th e  r e l a t i v e  e r r o r  o f  th e  im a g in a ry  p a r t s  

o f  com plex p o le s  p o s s e s s e s  a  p e r io d i c  o s c i l l a t i o n  a s  a  fu n c ­

t i o n  o f  6  and  a p p ro a c h e s  i n f i n i t y  a t  i n t e r v a l s  o f  6 Im (p^) = t t . 

T hus, from  th e  e r r o r  p l o t  a s  a  f u n c t io n  o f  6 , Ira(p^) can  be 

o b ta in e d  s u f f i c i e n t l y  a c c u r a t e ly  t o  d e te rm in e  k .

5 ) S e l e c t io n  o f  th e  p a ra m e te r  t^ ^ ^ .  A lthough  th e  

com pu ter p rog ram s i n  A ppendix E have  p r o v i s io n  f o r  v a r i a t i o n  

o f  t ^ ^ ^ ,  t h i s  p a ra m e te r  sh o u ld  a lw ay s be ta k e n  e q u a l t o  6 a s  

was d is c u s s e d  i n  C h a p te r  I I I .



CHAPTER VI 

ANALOG COMPUTER SIMULATION STUDIES

The e x p e r im e n ta l  i n v e s t i g a t i o n  o f  th e  i d e n t i f i c a t i o n  

te c h n iq u e  was c a r r i e d  o u t f o r  th e  fo l lo w in g  p u rp o se s ;

(1 )  To i n v e s t i g a t e  and  d e m o n s tra te  th e  c a p a b i l i t y  

o f  th e  te c h n iq u e  t o  i d e n t i f y  sy s tem s o v e r  a  w ide ran g e  o f  

n a t u r a l  f re q u e n c y  r a t i o s  f o r  b o th  r e a l  an d  com plex p o le s ,  

i n  p a r t i c u l a r  i n  th e  r e g io n s  w here th e  i d e n t i f i c a t i o n  i s  

u s u a l ly  d i f f i c u l t .

(2 )  To s tu d y  th e  e r r o r  p r o p a g a t io n  and e r r o r  m in im i­

z a t io n  c h a r a c t e r i s t i c s  o f  th e  te c h n iq u e  and  t o  compare th e  

r e s u l t s  to  c o n c lu s io n s  from  th e  t h e o r e t i c a l  s t u d i e s .

(3 )  To i n v e s t i g a t e  th e  s e n s i t i v i t y  o f  th e  te c h n iq u e  

to  n o i s e  and to  s tu d y  th e  e r r o r  p r o p a g a t io n  c h a r a c t e r i s t i c s  

u n d e r  th e s e  c o n d i t i o n s .

(4 )  To i n v e s t i g a t e  th e  e f f e c t  o f  e s t im a t io n  o f  e r r o r  

bounds o f  th e  re s p o n s e  d a ta  on th e  p r e d i c t i o n  o f  th e  e r r o r  

i n  th e  r e s u l t s .

(5 )  To i n v e s t i g a t e  m ethods f o r  s e c u r in g  l i n e a r l y  

in d e p e n d e n t r e s p o n s e s  and  to  s tu d y  th e  s e n s i t i v i t y  o f  th e  

i d e n t i f i c a t i o n  m ethod when o n ly  weak l i n e a r  in d ep en d en ce  

b e tw een  th e  r e s p o n s e s  i s  p r e s e n t .

l 4 l
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(6 )  To i n v e s t i g a t e  th e  p ro b lem  o f  m i s i d e n t i f i c a t i o n ,  

i . e .  th e  i d e n t i f i c a t i o n  when th e  o r d e r  o f  th e  sy s tem  i s  n o t  

assum ed c o r r e c t l y .

(7 )  To s tu d y  th e  e f f e c t  o f  v a r i a t i o n  o f  th e  i n t e g r a ­

t i o n  p a ra m e te r  t  _ .n - i
(8 )  To i n v e s t i g a t e  th e  p o s s i b i l i t y  o f  sm ooth ing  o u t 

th e  n o is e  and im p ro v in g  th e  r e s u l t s  th ro u g h  h ig h e r  o r d e r  

i n t e g r a t i o n  o f  th e  re s p o n se  r e c o r d s ,  i . e .  th ro u g h  th e  u t i l i z a ­

t i o n  o f  fu n d am e n ta l m a t r ic e s  $  o f  o r d e r  h ig h e r  th a n  n -1 .

(9 )  To com pare th e  te c h n iq u e  t o  th e  p u ls e  t e s t i n g  

and F o u r ie r  t r a n s fo r m a t io n  i d e n t i f i c a t i o n  m ethod .

C o n s t ru c t io n  o f  an e x p e r im e n ta l  a p p a r a tu s  t h a t  p e r ­

m its  an  i n v e s t i g a t i o n  o v e r  such  a  w ide ran g e  o f  c o n d i t io n s  

i s  n o t  f e a s i b l e .  F u r th e rm o re , a c c u r a te  c o n t r o l  o v e r  th e  

o p e ra t in g  c o n d i t io n s  and  p r e c i s e  know ledge o f  th e  p a ra m e te rs  

o f  such  an  a p p a r a tu s  c o u ld  n o t  be e a s i l y  o b ta in e d .  An 

e f f e c t i v e  way to  p e rfo rm  th e  p ro p o se d  s tu d y  was to  s im u la te  

th e  sy s tem s on an  a n a lo g  com pu ter w here th e  e q u a t io n s  c o u ld  

be a c c u r a t e ly  program m ed and t h e i r  p e rfo rm an ce  c o n t r o l l e d  to  

o b ta in  th e  r e s p o n s e s .  I d e n t i f i c a t i o n  c a l c u l a t i o n s  w ere p e r ­

form ed on th e  Osage com pu ter.

The i n v e s t i g a t i o n  was d iv id e d  i n to  t h r e e  g e n e ra l

p h a s e s :

(1 ) A nalog com puter s im u la t io n  and  i d e n t i f i c a t i o n  

s t u d i e s  o f  second  o r d e r  sy s te m s .

(2 ) A nalog com puter s im u la t io n  and  i d e n t i f i c a t i o n  

s t u d i e s  o f  t h i r d  o r d e r  sy s te m s .
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(3 )  I d e n t i f i c a t i o n  o f  a c t u a l  c h e m ic a l p l a n t  t e s t  d a ta  

by means o f  a  d i g i t a l  co m p u ter.

The t h i r d  p h a se  o f  th e  I n v e s t i g a t i o n  was c a r r i e d  o u t  

to  d e m o n s tra te  th e  I d e n t i f i c a t i o n  o f  an  a c t u a l  ch em ic a l p l a n t  

o f  h ig h  d e g re e  o f  c o m p le x ity  w hich e x h i b i t s  s t r o n g  n o is e  and 

n o n l in e a r  e f f e c t s .

A nalog C om puter S im u la t io n s  

The s im u la t io n  s tu d i e s  were p e rfo rm e d  on th e  m o d if ie d  

D onner Model 3100D A nalog  Com puter [ 5 ] .  The com puter I s  a  

medium s i z e  a n a lo g  com pu ter w ith  an  o p e r a t in g  ran g e  o f  ±100 

v o l t s .  The c i r c u i t  d iag ra m  I s  shown In  F ig u r e  18 . The 

a n a lo g  com pu ter was d iv id e d  I n to  f o u r  m a jo r  f u n c t i o n a l  s e c ­

t i o n s :  ( l )  th e  s im u la te d  sy s te m , (2 )  th e  n o i s e  g e n e r a to r

c i r c u i t r y ,  (3 )  th e  f o r c in g  ( o r  p u ls in g )  c i r c u i t r y  and (4 )  

th e  o u tp u t  d e v ic e s .  Each o f  th e  above f u n c t i o n a l  s e c t io n s  

I s  d e s c r ib e d  and  d is c u s s e d  b e lo w .

( l )  The S im u la te d  S ystem : I s  a  t h i r d  o r d e r ,  c o n s ta n t

p a ra m e te r ,  l i n e a r  d i f f e r e n t i a l  sy stem  c o n s i s t i n g  o f  th e  d ash ed  

box In  F ig u re  l 8  c o n ta in in g  I n t e g r a t o r s  I I ,  1 2 , and 13 . The

m a th e m a tic a l e q u a t io n s  d e s c r ib in g  th e  sy s te m  a r e

ÿ l ( t )  = + a ^ ^ y ^ C t) + a ^ ^ y ^ ( t )  + x ^ ( t )  + x ( t )

ygC t) = a g ^ y ^ ( t)  + a^ ^ y ^ C t) + a ^ ^ y ^ ( t )  + x ^ ( t )  (6 -1 )

yg(t) = a2iyi(t) + aggy2(t) + a^3y3(t) + X3(t) ,

w here y ^ ( t ) ,  y g ( t )  and  y ^ ( t )  a r e  th e  o u tp u ts  o f  I n t e g r a t o r s
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FIGURE 18. ANALOG COM PUTER CIRCUIT DIAGRAM AND DIGITAL 
OUTPUT ASSEMBLY FOR SIMULATION STU D IES .



145

I I ,  12 and  13 r e s p e c t i v e l y ,  x ^ ( t ) ,  X g ( t )  and  x ^ ( t )  a r e  th e  

r e s p e c t iv e  f o r c in g  I n p u t s ,  and x ( t )  I s  th e  n o i s e  I n p u t  In to  

I n t e g r a t o r  I I .  The p a ra m e te rs  a^^  ̂ a r e  a d ju s te d  by  p ro p e r  

s e t t i n g  o f  th e  c o e f f i c i e n t  p o te n t io m e te r s  4 -12  an d  th e  In p u t  

g a in s  Q1-Q9. The I n v e r t e r  In 2  I s  t e n t a t i v e l y  program m ed 

f o r  th e  p u rp o se  o f  s ig n  a d ju s tm e n ts  o f  th e  c o e f f i c i e n t s .  The 

sy s te m  a l s o  s im u la te s  a  second  o r d e r  sy s te m  by s e t t i n g  p o te n ­

t io m e te r s  6 -1 0  to  z e r o ,  th e re b y  re d u c in g  E q u a tio n  (6 -1 )  to

7 i ( t )  = a ^ ^ y ^ ( t )  + + x ( t )

(6 -2 )
y g f t )  = ^ 2 / 1 ^^^ + ^22^2^^^ + X g ft)  •

The sy s te m  was t e s t e d  and I d e n t i f i e d  w ith  r e s p e c t  to  

y ^ ^ (t) , and  by e l i m in a t i o n  o f  y g ( t )  and  y ^ ( t )  from  E q u a tio n  

( 6 - 1 ) th e  fo l lo w in g  s c a l a r  t h i r d  o r d e r  e q u a t io n  I s  o b ta in e d :

ÿ ^ ( t )  + a ^ y ^ ( t )  + a ^ y ^ ( t )  + a ^ y ^ ( t )  = f ( t )  + f ^ ( t )  , (6 -3 )

w here

a = a  + a  + a 
1 11 22 33

^2 “  *11*22 *11*33 ^  *22*33 " *12*21 " *13*31 “ *23*32

*3 * *11*22*33 *12*23*31  *13*32*21  “ *11*23*32  "  *22*31*13

”  * 33 * 12*21  *

The f o r c in g  f u n c t io n  f ( t )  In  (6 -3 )  I s  th e  com bined te rm  ob­

t a i n e d  a s  a  r e s u l t  o f  th e  f o r c in g  f u n c t io n s  x ^ ( t ) ,  x g ( t )  and 

X g ( t ) .  The f o r c in g  f u n c t io n  f ^ ( t )  I s  th e  r e s u l t  o f  x ( t )  and
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±8 i t s e l f  a  random  f u n c t io n .

The seco n d  o r d e r  sy s tem  o f  E q u a tio n  (6 -2 )  i s  re d u c e d  

by e l im in a t io n  o f  ygC t) to

ÿ l ( t )  + a ^ y ^ ( t )  + a g y ^ ( t )  = f ( t )  + f ^ ( t )  

where a^ =

^2 = *11*22 ■ *12*21

(2 )  The N o ise  G e n e ra to r  C i r c u i t r y ; The n o is e  g e n ­

e r a t o r  was a  random  sq u a re  p u ls e  g e n e r a t o r .  I t  c o n s i s t e d  o f  

a  r a d io a c t iv e  s o u rc e  and a  c o u n tin g  tu b e  t h a t  g e n e ra te d  h ig h  

f re q u e n c y  random  im p u ls e s ,  a  tim e  b a se  o s c i l l a t o r  and an  

e l e c t r o n i c  c o in c id e n c e  c i r c u i t r y .  W henever a  tim e  b a se  p u ls e  

and a  random  im p u lse  o c c u r re d  s im u lta n e o u s ly ,  s w itc h in g  o f  

th e  sq u a re  p u ls e  o c c u r r e d .  The mean f re q u e n c y  o f  th e  sq u a re  

p u ls e  was a d j u s t a b l e ,  w i th in  th e  ra n g e  o f  a b o u t 7 to  17 z e r o -  

c ro s s in g s  p e r  se c o n d , by v a r i a t i o n  o f  th e  tim e  b a se  f r e q u e n c y . 

The p r o b a b i l i t y  d i s t r i b u t i o n  o f  th e  random  p u ls e  i s  P o is s o n ia n ,  

b u t s in c e  i t s  f re q u e n c y  was h ig h  com pared to  th e  s y s te m 's  

n a tu r a l  f r e q u e n c ie s ,  i t  c o u ld  be c o n s id e re d  G au ss ian  (b y  th e  

c e n t r a l  l i m i t  th eo re m  [ 2 7 ] ) .  A sam ple o f  a  h ig h  sp eed  r e ­

c o rd in g  o f  th e  random  n o is e  i s  g iv e n  i n  F ig u re  2 7 a . S in c e  

th e  n o is e  g e n e r a to r  p ro v id e d  a  p u ls e  w ith  a m p litu d e  ra n g e  

0 - ( - ) 2 0  v o l t s ,  i t  was n e c e s s a ry  t o  a d ju s t  th e  DC l e v e l  i n  

o r d e r  to  o b ta in  a  sym m etric  p u ls e  (+ 10 v o l t s ) .  T h is  r e ­

q u irem en t was a c c o m p lish e d  by s u p e r p o s i t io n  o f  a  DC v o l ta g e  

t h a t  was a d ju s t a b l e  th ro u g h  p o te n t io m e te r  8 .



147

(3 )  The p u ls in g  c i r c u i t r y ; T h is  c i r c u i t  c o n s i s te d  

o f  i n t e g r a t o r  15 w hich was fe d  an  a d ju s t a b l e  v o l ta g e  th ro u g h  

p o te n t io m e te r  1 and a  s e r i e s  o f  s w i tc h e s .  When sw itc h  SWl 

i s  c lo s e d  and  SW2 i s  in  no rm al p o s i t i o n ,  a  ramp f u n c t io n  i s  

g e n e ra te d  w hich f e d  to  one o f  th e  i n t e g r a t o r s  I I ,  12 o r  13 

by p ro p e r  s e t t i n g  o f  sw itc h e s  SW3 and SW4. When SWl i s  

sw itc h e d  t o  no rm al p o s i t i o n ,  th e  ramp g e n e r a t io n  i s  i n t e r ­

ru p te d  and  a  c o n s ta n t  v o l ta g e  i s  f e d  t o  th e  i n t e g r a t o r .  When 

SW2 i s  sw itc h e d  th e  in p u t  i s  rem oved from  th e  sy s te m  and 

i n t e g r a t i o n  o f  o u tp u t  y ^ ( t )  b e g in s  i n  l 4 .  By v a r i a t i o n  o f  

th e  s w itc h in g  p ro c e d u re  i t  i s  p o s s ib l e  to  g e n e r a te  a  w ide 

v a r i e t y  o f  p u ls e  sh a p es  and  d u r a t i o n s .  S l i g h t  m o d if ic a t io n  

o f  th e  c i r c u i t r y  o f  s w itc h e s  SW3 and SW4 p e r m i t te d  th e  

p u l s a t i o n  o f  two o r  a l l  th e  i n t e g r a t o r s  s im u lta n e o u s ly .

(4 )  O u tpu t d e v ic e s : T hese com ponents c o n s i s t e d  o f  

th e  d i g i t a l  o u tp u t  a ssem b ly  and o f  a  S anborn  s i x  c h a n n e l r e ­

c o rd e r  m odel 156 -llO O C . The d i g i t a l  o u tp u t  a ssem b ly  t h a t  was 

u se d  to  r e c o r d  th e  s y s te m 's  r e s p o n s e s  c o n s i s t e d  o f :  ( l )

Dymec m odel 29OOB c h a n n e l s c a n n e r ,  (2 )  H e w le tt-P a c k a rd  m odel 

344OA d i g i t a l  v o l tm e te r ,  (3 )  H e w le tt-P a c k a rd  m odel H75-562A 

d i g i t a l  r e c o r d e r  ( p r i n t e r ) ,  (4 )  Dymec m odel 2540 c o u p le r  and

( 5 ) F r id e n  m odel SP-2 p a p e r - ta p e  p u n ch . The sam p lin g  f re q u e n c y  

o f  th e  d i g i t a l  o u tp u t  a ssem b ly  was one r e a d in g  p e r  se co n d , and  

th e  r e c o rd e d  v a lu e s  were s im u lta n e o u s ly  p r i n t e d  and  punched

on p a p e r - t a p e .  The punched p a p e r - ta p e  was d i r e c t l y  u s a b le  

a s  in p u t  t o  th e  Osage co m p u ter, and  th e re b y  th e  n e ed  f o r  

m anual d a ta  r e d u c t io n  was e l im in a te d .  The p r i n t e d  d a ta  l i s t



148

se rv e d  f o r  c h e c k in g  th e  punched  o u tp u t .  The c h a n n e l s c a n n e r  

was som etim es u s e d  f o r  th e  p u rp o se  o f  a l t e r n a t e l y  r e c o r d in g  

th e  re s p o n se  f u n c t io n  and i t s  i n t e g r a l .  The S anbo rn  s ix  

c h an n e l r e c o r d e r  was u se d  to  r e c o r d  th e  in p u t  n o i s e ,  th e  

p u ls in g  f u n c t io n  and th e  v a r io u s  sy s te m  v a r i a b l e s  f o r  v i s u a l  

in s p e c t io n  and  f o r  e s t im a t io n  o f  e r r o r s  ( u n c e r t a i n ty )  i n  th e  

r e s p o n s e s .

P ro c ed u re  f o r  S im u la t io n  S tu d ie s  and  I d e n t i f i c a t i o n

The s im u la te d  sy s te m s w ere program m ed on th e  a n a lo g  

com puter (F ig u re  l 8 ) a c c o rd in g  to  E q u a tio n  ( 6 - l )  o r  ( 6 - 2 ) .

The s e t t i n g  o f  th e  p a ra m e te rs  a^^  ̂ was done by a d ju s tm e n t o f  

th e  c o e f f i c i e n t  p o te n t io m e te r s  4 -1 2  and  th e  r e s p e c t iv e  g a in s  

G l-O g. The g a in s  w ere s e t  by p r o p e r  program m ing o f  th e  in p u t  

r e s i s t o r s  and th e  fe e d b a c k  c a p a c i to r s  o f  i n t e g r a t o r s  I I ,  12 

and  13 . T h u s, f o r  ex am p le . T ab le  2 shows th e  p ro p e r  s e t t i n g s  

f o r  a t h i r d  o r d e r  sy s te m  t h a t  p o s s e s s e s  th e  fo l lo w in g  n a tu r a l  

f r e q u e n c ie s :

= - 0 .10607  [ 1/ s e c ]

Pg = -0 .0 0 4 9 0 4  + J 0 .0 1 3 6  [ 1 / s e c ]

p^ = -0 .0 0 4 9 0 4  + j  0 .0 1 3 6  [ 1/ s e c ]

In  program m ing th e  v a r io u s  sy s tem s i t  was n e c e s s a r y  

t o  ta k e  i n t o  c o n s id e r a t i o n  some p h y s ic a l  l i m i t a t i o n s  o f  th e  

a n a lo g  com pu ter eind o f  th e  o u tp u t  d e v ic e s .  S in c e  th e  sam p lin g  

f re q u e n c y  o f  th e  d i g i t a l  o u tp u t  was one re a d in g  p e r  se c o n d , i t

was n o t  p o s s ib l e  to  p rogram  sy s tem s w ith  tim e  c o n s ta n t s

s m a l le r  th a n  5 t o  10  seco n d s  i f  a  r e a s o n a b le  num ber o f
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TABLE 2

EXAMPLE OF POTENTIOMETER AND GAIN SETTINGS 
FOR THIRD ORDER SYSTEM*

i j *1J P o t .  No. P o t .  S e t t i n g
In p u t

R e s i s t o r G ain

11 0 .0 1 4 7 8 0 4 0 .1 4 7 8 IM 0 .1

12 0 .0 8 5 8 5 0 6 0 .8 5 8 5 IM 0 .1

13 0 .0 0 6 9 1 2 5 0 .6 9 1 2 lOM 0 .0 1

21 0 .0 0 0 9 8 5 12 0 .0 9 8 5 lOM 0 .0 1

22 0 .0 0 8 9 0 5 11 0 .8 9 0 5 lOM 0 .0 1

23 0 .0 0 3 6 9 0 10 0 .3 6 9 0 lOM 0 .0 1

31 0 .0 8 8 6 5 0 7 0 .8 8 6 5 IM 0 .1

32 0 .0 9 9 8 0 0 8 0 .9 9 8 0 IM 0 .1

33 0 .0 9 2 2 0 0 9 0 .9 2 2 0 IM 0 .1

♦ A ll t h r e e  fee d b ac k  c a p a c i to r s  w ere lO p f .

sam p les  o v e r  th e  tim e  c o n s ta n t  p e r io d  was d e s i r e d .  On th e  

o t h e r  h a n d . I t  was d i f f i c u l t  and  u n d e s i r a b le  t o  program  v e ry  

lo n g  tim e  c o n s ta n t s  due t o  d r i f t s  i n  th e  a n a lo g  com pu ter 

p e rfo rm an c e  and  due to  th e  s e n s i t i v i t y  o f  th e  com pu ter i n  

t h e s e  r a n g e s  o f  o p e r a t io n .  T hese  l i m i t a t i o n s  become q u i te  

im p o r ta n t  u n d e r  c e r t a i n  t e s t i n g  c o n d i t io n s  a s  w i l l  be  n o te d  

l a t e r .

The t e s t s  w ere p e rfo rm e d  by  f o r c in g  th e  d i f f e r e n t  

i n p u t s  i n d i v i d u a l l y  ( o r  s im u lta n e o u s ly )  i n  o r d e r  to  o b ta in  

th e  n e c e s s a r y  in d e p e n d e n t r e s p o n s e s .  U s u a l ly  th e  f o r c in g
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f u n c t io n s  w ere s q u a re ,  t r a p e z o id a l  o r  t r i a n g u l a r  p u l s e s ,  th e  

d u r a t io n  o f  w hich  was d e te rm in e d  su ch  a s  t o  In t ro d u c e  th e  

l a r g e s t  p o s s ib l e  amount o f  e n e rg y  I n to  th e  sy s tem  w ith o u t 

o v e r lo a d in g  th e  co m p u te r. The s t r e n g th  o f  th e  re s p o n s e s  o f  

th e  t e s t e d  o u tp u ts  ( y ^ f t ) )  depended  l a r g e l y  on th e  I n t e r -  

c o u p lln g  b e tw een  th e  v a r i a b l e s .  Thus f o r  p o o r ly  c o u p le d  

s y s te m s , th e  r e s p o n s e s  o b ta in e d  I n  y ^ f t ) ,  when y g f t )  o r  y ^ f t )  

w ere p u ls e d ,  w ere r a t h e r  weak. T h is  l i m i t a t i o n  a f f e c t e d  th e  

q u a l i t y  o f  I d e n t i f i c a t i o n .  To overcom e su ch  l i m i t a t i o n s  more 

th a n  one v a r i a b l e  was p u ls e d  s im u lta n e o u s ly ,  th e re b y  Im prov ing  

th e  re s p o n s e  c h a r a c t e r i s t i c s .

F o r  seco n d  o r d e r  sy s tem s an  a t te m p t  was made to  g en ­

e r a t e  th e  I n t e g r a l s  o f  th e  re s p o n se  f u n c t io n s  on th e  a n a lo g  

com pu ter and  to  r e c o rd  b o th  th e  re s p o n s e  f u n c t io n s  and th e  

I n t e g r a l s  s im u lta n e o u s ly  (on th e  d i g i t a l  o u tp u t  I t  was o f  

c o u rs e  n e c e s s a r y  t o  sam ple b o th  f u n c t io n s  a l t e r n a t e l y ) . T h is  

p ro c e d u re  was s u c c e s s f u l  o n ly  f o r  s h o r t  t e s t s  due to  th e  f a c t  

t h a t  I t  was n e c e s s a r y  to  a t t e n u a t e  th e  I n t e g r a l  f u n c t io n s  

In  o r d e r  n o t  to  ex ceed  th e  o p e r a t in g  ra n g e  o f  th e  a n a lo g  

co m p u ter and  to  a v o id  o v e r lo a d in g  th e  a m p l i f i e r s .  F o r 

r e l a t i v e l y  lo n g  t e s t s  th e  a t t e n u a t io n  f a c t o r s  became to o  

h ig h ,  th e r e b y  r e d u c in g  th e  a c c u ra c y  o f  th e  re c o rd e d  I n t e g r a l  

f u n c t i o n s .  Thus f o r  m ost t e s t s  o n ly  th e  re s p o n se  f u n c t io n s  

w ere r e c o rd e d  and  th e  I n t e g r a t i o n  was p e rfo rm e d  n u m e r ic a l ly  

on th e  d i g i t a l  c o m p u te r.

The e s t im a t io n  o f  e r r o r  In  th e  re s p o n s e  d a ta  was 

done a s  f o l lo w s :  f o r  t e s t s  In  w hich  no n o is e  was su p e rim p o sed .
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th e  u n c e r t a i n t y  o f  th e  re s p o n se  f u n c t io n s  and t h e i r  i n t e g r a l s  

was e s t im a te d  a s  1 /2  p e rc e n t  o f  f u l l  s c a le  d e f l e c t i o n ,  i . e . ,  

1 /2  v o l t .  T h is  v a lu e  c o rre sp o n d s  ro u g h ly  to  th e  r e l i a b i l i t y  

o f  th e  a n a lo g  com puter o p e r a t io n .  F o r  t e s t s  w here n o is e  was 

in t r o d u c e d ,  th e  e r r o r  i n  th e  re s p o n s e  f u n c t io n s  was e s t im a te d  

by m easu rin g  o n ly  th e  maximum a m p litu d e  o f  f l u c t u a t i o n  o f  th e  

re sp o n se  to  n o i s e ,  i . e . ,  s te a d y  s t a t e  o p e r a t io n .  The e s t im a ­

t i o n  o f  e r r o r  i n  th e  i n t e g r a l s  was c o n d u c ted  a c c o rd in g  to  th e  

m ethods o f  C h a p te r  IV.

The fu n d am e n ta l m a t r ic e s  w ere g e n e ra te d  on th e  Osage 

com puter a c c o rd in g  to  th e  i n s t r u c t i o n s  in  C h a p te r  V. The 

f i n a l  d a ta  w ere f e d  a s  in p u t  to  th e  com puter p rogram  

(A ppendix E) w hich  c a r r i e d  o u t  th e  i d e n t i f i c a t i o n .



CHAPTER V II 

DISCUSSION OP RESULTS

I d e n t i f i c a t i o n  o f  Second O rd e r System s w ith  R e a l P o le s

A t y p i c a l  segm ent o f  a  Sanborn  r e c o r d in g  o f  a s e t  o f  

l i n e a r l y  In d e p e n d e n t r e s p o n s e  f u n c t io n s  and  th e  c o rre s p o n d in g  

f o r c in g  p u l s e s  o f  a  s im u la te d  second  o r d e r  sy s tem  a r e  shown 

I n  F ig u re  1 9 . The two f o r c in g  f u n c t io n s  a p p l ie d  w ere t r a p ­

e z o id a l  p u l s e s  and w ere u s e d  to  f o r c e  y ^ f t )  and  y g ( t )  I n d i ­

v i d u a l l y ,  th e re b y  s e c u r in g  l i n e a r  In d ep en d en ce  o f  th e  r e ­

s p o n s e s .  The sy s tem  t e s t e d  had  two r e a l  n a t u r a l  f r e q u e n c ie s  

o f  - 0 .0 0 2  [ 1/ s e c ]  and  - 0 .1  [ 1 / s e c ] ,  th e  r a t i o  o f  w hich  I s  5 0 . 

T h is  r a t i o  o f  n a t u r a l  f r e q u e n c ie s  I s  m o d e ra te ly  h ig h ,  b u t  I t  

I s  In  a  ra n g e  w here I d e n t i f i c a t i o n  by c o n v e n t io n a l  m ethods 

I s  p o s s i b l e .

The r e s u l t s  o f  I d e n t i f i c a t i o n  o f  t h i s  sy s tem  a r e  

shown I n  F ig u re  20 . In  F ig u re  20a th e  e r r o r  p r e d i c t i o n  a s  a 

f u n c t io n  o f  6 I s  p r e s e n te d ,  and  In  F ig u re  20b th e  c o rre s p o n d ­

in g  I d e n t i f i c a t i o n  r e s u l t s  a r e  shown.

The e r r o r  p r e d i c t i o n  c o rre sp o n d s  t o  e s t im a te d  u n ­

c e r t a i n t y  o f  th e  d a ta  o f  0 .5  v o l t s  ( 0 .5  p e r c e n t  o f  f u l l  s c a le  

d e v i a t i o n ) .  T h is  e s t im a te  I s  b a se d  on a  g e n e r a l  know ledge 

o f  th e  a c c u ra c y  o f  th e  a n a lo g  co m p u ter, b u t  I s  q u i t e  a r b i t r a r y
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s in c e  i t  d o es  n o t  ta k e  i n to  a c c o u n t th e  u n c e r t a i n t y  i n t r o ­

duced by e r r o r s  in  th e  p o te n t io m e te r  s e t t i n g s .  T h is  e r r o r  

i s  d i f f i c u l t  to  e s t im a te  s in c e  i t  depends on f a c t o r s  such  a s  

th e  ran g e  o f  th e  p o te n t io m e te r  s c a l e  u se d  and  o t h e r  e x te r n a l  

f a c t o r s  w hich  c o u ld  n o t  be e v a lu a te d  p r o p e r ly .  H ow ever, 

th e s e  u n c e r t a i n t i e s  do n o t a f f e c t  th e  re sp o n se  f u n c t i o n s ,  

b u t r a t h e r  th e y  r e s u l t  i n  d e v ia t i o n s  betw een  th e  sy s tem  t h a t  

was a c t u a l l y  programmed and th e  sy stem  t h a t  was in te n d e d  to  

be program m ed; i . e . ,  th e  c a l c u l a t e d  sy s tem . In  r e a l i t y ,  th e  

e s t im a t io n  o f  0 .5  p e rc e n t  e r r o r  i n  th e  re sp o n se  f u n c t io n s  

was n o t  so much in te n d e d  to  p r e d i c t  th e  a c tu a l  e r r o r s  in  th e  

i d e n t i f i e d  p o le s  b u t  r a t h e r  to  s e rv e  a s  a t o o l  i n  th e  m in im i­

z a t io n  o f  th e  p r e d ic te d  e r r o r s .

C om parison  o f  th e  a c t u a l  e r r o r  p r e d i c t i o n  i n  F ig u re  

20a w ith  th e  s im p l i f i e d  t h e o r e t i c a l  c u rv e s  in  F ig u re  5 shows 

th e  e f f e c t  o f  th e  te rm  Av^ w hich  i n  F ig u re  5 was assum ed to  

be c o n s ta n t .  A cco rd ing  to  th e  s i m p l i f i e d  E q u a tio n  (3 -5 4 )  th e  

e r r o r  sh o u ld  be m in im ized  when à  i s  e q u a l to  th e  tim e  c o n s ta n t ,  

w hich f o r  th e  h ig h  n a tu r a l  f re q u e n c y  c o rre sp o n d s  to  e r r o r  

m in im iz a tio n  a t  6 = 10 se c o n d s . I n  a c t u a l i t y  th e  e r r o r  was 

m in im ized  a t  6 = 30 se c o n d s . T h is  d i f f e r e n c e  i s  a  r e s u l t  o f  

th e  e f f e c t  o f  Av^ w hich i s  i n  r e a l i t y  a f u n c t io n  o f  6. As 

w i l l  be se en  l a t e r  t h i s  d r i f t  o f  th e  e r r o r  m in im iz a t io n  to  

h ig h e r  v a lu e s  o f  6 was c o n s i s t e n t  th ro u g h o u t a l l  th e  t e s t s .

In  th e  p l o t s  o f  th e  r e l a t i v e  p r e d ic te d  e r r o r  o n ly  

th e  ran g e  up to  100 p e rc e n t  was in c lu d e d  s in c e  beyond t h i s  

v a lu e  th e  i d e n t i f i c a t i o n  i s  t o t a l l y  m e a n in g le s s . H ow ever,
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a s  i s  o b v io u s  from  t h e  s t e e p  s lo p e s  o f  t h e  e r r o r  c u r v e s ,  th e  

p r e d i c t e d  e r r o r  r i s e s  q u i c k ly  to  v a lu e s  a s  h ig h  a s  10^ p e r c e n t .  

T h is  r a p i d  i n c r e a s e  i s  an a d v a n ta g e  b e c a u se  i t  v e ry  c l e a r l y  

i n d i c a t e s  t h e  e r r o r  m in im iz a t io n  r e g i o n  even  when n o i s e  i s  

p r e s e n t  ( a s  w i l l  be se e n  l a t e r ) .

The p r e d i c t e d  r e l a t i v e  e r r o r  c u rv e  o f  th e  low n a t u r a l  

f re q u e n c y  f l a t t e n s  o u t  a t  r e l a t i v e l y  low v a lu e s  o f  6 a s  com­

p a re d  t o  t h e  v a lu e  o f  t h e  c o r r e s p o n d in g  t im e  c o n s t a n t ,  which 

i s  i n  ag reem en t w i th  t h e o r e t i c a l  c o n s i d e r a t i o n s .  T h is  beh av ­

i o r  i s  d e s i r a b l e  s in c e  i t  a l lo w s  p r o p e r  i d e n t i f i c a t i o n  o v e r  

r e l a t i v e l y  s h o r t  r e c o r d s .  I t  a l s o  e l i m i n a t e s  t h e  need  to  

p e rfo rm  t e s t s  t h a t  a r e  so lo n g  a s  t h e  h i g h e s t  t im e  c o n s t a n t ,  

p a r t i c u l a r l y  when th e  n a t u r a l  f r e q u e n c i e s  a r e  w id e ly  s e p a r a t e d .  

I n  e f f e c t  t h e  i d e n t i f i c a t i o n  p ro c e d u re  can  be c o n s id e r e d  a s  

a  p r o c e s s  o f  d e c o u p l in g  th e  v a r i o u s  n a t u r a l  f r e q u e n c i e s ,  e a c h  

o f  w hich  i s  i d e n t i f i e d  i n  th e  r e g io n  o f  5 w here i t s  e f f e c t  i s  

m ost s i g n i f i c a n t .

The r e s u l t s  o f  th e  i d e n t i f i c a t i o n .  F ig u re  20b , a l s o  

i l l u s t r a t e  some i n t e r e s t i n g  p o i n t s .  The i d e n t i f i c a t i o n  o f  

t h e  h ig h  f r e q u e n c y  i s  v e ry  a c c u r a t e  and  s t a b l e  a t  low v a lu e s  

o f  6, w hich  i s  t h e  ran g e  where t h e  c o r r e s p o n d in g  r e l a t i v e  

e r r o r  i s  m in im iz e d .  F o r  l a r g e r  v a lu e s  o f  6 , where t h e  p r e ­

d i c t e d  e r r o r  i n c r e a s e s  a g a i n ,  t h e  i d e n t i f i c a t i o n  becomes 

u n s t a b l e  and  b e g in s  t o  d r i f t .  T h is  d i f f i c u l t y  i s  o f  c o u rs e  

e x p e c te d  s in c e  a s  6 i n c r e a s e s  th e  h ig h  f r e q u e n c y  te rm  becomes 

r e l a t i v e l y  i n s i g n i f i c a n t  and i t s  r e l i a b i l i t y  d o u b t f u l .  The 

i d e n t i f i c a t i o n  c u rv e  f o r  t h e  h ig h  f r e q u e n c y  d oes  n o t  e x te n d



157

beyond 6 = 70  s e co n d s  s in c e  t h e  c o m p u ta t io n  became u n r e l i ­

a b l e . *  T h is  phenomenon was p r e s e n t  i n  m ost o f  th e  i d e n t i f i ­

c a t i o n  t e s t s  when r e l a t i v e l y  w id e ly  s e p a r a t e d  n a t u r a l  

f r e q u e n c i e s  w ere p r e s e n t .

The i d e n t i f i c a t i o n  o f  th e  low  n a t u r a l  f r e q u e n c y  was 

e s s e n t i a l l y  s t a b l e  o v e r  t h e  whole r e g i o n  e x c e p t  a t  v e ry  low 

v a lu e s  o f  6 . The f a c t  t h a t  t h e  i d e n t i f i e d  v a lu e  o f  t h e  low 

n a t u r a l  f r e q u e n c y  was n o t  i n  e x a c t  ag reem en t w i th  th e  c a l c u ­

l a t e d  v a lu e  ( a  d e v i a t i o n  o f  a b o u t  9 p e r c e n t )  p ro b a b ly  i s  a  

r e s u l t  o f  e r r o r  i n  t h e  p o t e n t i o m e te r  s e t t i n g s  on th e  a n a lo g  

com puter  and n o t  t h e  i d e n t i f i c a t i o n  i t s e l f .

I n  g e n e r a l ,  t h e  sm oothness  o f  t h e  e r r o r  c u rv e s  and 

th e  s t a b i l i t y  o f  t h e  i d e n t i f i c a t i o n  ( a s  a  f u n c t i o n  o f  6 ) i s  

se en  t o  be a good c r i t e r i o n  f o r  t h e  q u a l i t y  and r e l i a b i l i t y  

o f  t h e  i d e n t i f i c a t i o n .  The a c t u a l  f i n a l  i d e n t i f i c a t i o n  i s  

t a k e n  t o  be t h e  v a lu e s  o f  th e  n a t u r a l  f r e q u e n c i e s  a t  which 

th e  c a l c u l a t e d  r e l a t i v e  e r r o r s  a r e  m in im iz e d .  The p r e d i c t e d  

r e l a t i v e  e r r o r s  o f  th e  i d e n t i f i e d  n a t u r a l  f r e q u e n c i e s  f o r  

t h e  sy s tem  o f  F ig u r e  20 a r e  l e s s  t h a n  1 p e r c e n t ,  which in  

t h i s  c a se  i s  a  r e a l i s t i c  e s t i m a t e .

F o r  t h e  i d e n t i f i c a t i o n  t h a t  was d i s c u s s e d  above , t ^

was t a k e n  t o  be e q u a l  t o  6 a s  was recommended i n  C h a p te r s  I I I

and V. The e f f e c t  o f  p e r fo rm in g  th e  i d e n t i f i c a t i o n  a t  v a lu e s

o f  t  l a r g e r * *  th a n  6 was a l s o  i n v e s t i g a t e d  e x p e r i m e n t a l ly ,n —1

*The a rgum en t o f  a  l o g a r i t h m i c  te r ra  i n  t h e  computa­
t i o n  became n e g a t i v e .

* * S m a lle r  v a lu e s  a r e  i m p o s s ib l e .
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F ig u r e  21 shows t h e  e f f e c t  o f  v a r i a t i o n  o f  t^  ̂ on th e  I d e n t i f i ­

c a t i o n  o f  a  second  o r d e r  sy s tem  w i th  r e a l  p o l e s  p-̂  = -0 .0 6 4 6  

[ 1 / s e c ]  and pg = - 1 .9 3 5 4  [ 1 / s e c ] ,  The p r e d i c t e d  r e l a t i v e  

e r r o r  I s  shown a s  a  f u n c t i o n  o f  t^  ̂ f o r  v a r i o u s  v a lu e s  o f  6 .

As t ^  I n c r e a s e s  t h e  e r r o r  r i s e s  r a p i d l y  t o  v e ry  h ig h  v a lu e s .  

The e x c e p t io n  In  t h e  c a se  where 6 = I .5  s e co n d s  (where th e  

e r r o r  d e c r e a s e s  when t ^  I s  I n c r e a s e d  from  1 .5  t o  3 s e c o n d s )

I s  due t o  th e  f a c t  t h a t  t h i s  p a r t i c u l a r  change c a u s e s  a 

r e l a t i v e  Im provem ent o f  th e  I d e n t i f i c a t i o n .  On th e  o t h e r  

hand t h e  o v e r a l l  r e s u l t s  a r e  n o t  Im proved a s  can  be  se e n  from  

th e  d a sh ed  l i n e  t h a t  c o n n e c ts  th e  p o i n t s  f o r  w hich  6 = t ^ .

The g e n e r a l  c o n c lu s io n  c o n f i rm s  th e  t h e o r e t i c a l  c o n s i d e r a ­

t i o n s  t h a t  t ^  ^ m ust be I n v a r i a b l y  s e l e c t e d  t o  be e q u a l  t o  

Ô0 T h e r e f o r e ,  th r o u g h o u t  t h e  re m a in in g  s t u d i e s ,  6 = t ^ .

F ig u r e  22 shows th e  I d e n t i f i c a t i o n  o f  a  second  o r d e r  

sy s tem  w i th  e x t r e m e ly  wide s e p a r a t i o n  be tw een  t h e  n a t u r a l  

f r e q u e n c i e s  ( r a t i o  o f  n a t u r a l  f r e q u e n c i e s  I s  1 0 0 0 ) .  The h ig h  

f r e q u e n c y  o f  such  sy s tem s  can u s u a l l y  n o t  be I d e n t i f i e d  by 

s t a n d a r d  t e c h n i q u e s .  As b e f o r e ,  t h e  I d e n t i f i c a t i o n  o f  th e  

h ig h  f re q u e n c y  te rm  I s  v e ry  s t a b l e  a t  low v a lu e s  o f  6 and 

b e g in s  to  d r i f t  a s  6 I n c r e a s e s  beyond th e  v a lu e  where th e  

e r r o r  i s  m in im iz ed .  The r e l a t i v e  b andw id th  o f  s t a b l e  I d e n ­

t i f i c a t i o n  o f  t h i s  f r e q u e n c y  I s  lo w e r  th a n  I n  F ig u r e  20 , 

which I s  to  be e x p e c te d .  I t  sh o u ld  be n o t i c e d  t h a t  th e  p r e ­

d i c t e d  e r r o r  f o r  th e  h ig h  n a t u r a l  f r e q u e n c y  I s  much l a r g e r  

th a n  th e  a c t u a l  i n s t a b i l i t y  o f  t h e  I d e n t i f i c a t i o n .  The I n ­

c r e a s e  I s  a r e s u l t  o f  t h e  r e l a t i v e l y  h ig h  s e n s i t i v i t y  o f
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FIGURE 22. IDENTIFICATION OF SECOND ORDER SYSTEM WITH REAL POLES: 
j; = -0 .0 0 0 2 (l/sec .) ,J ’2= -0.2 (I/sec.). NO SUPERIMPOSED NOISE.
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t h i s  n a t u r a l  f r e q u e n c y .

The i d e n t i f i c a t i o n  o f  t h e  low n a t u r a l  f re q u e n c y  i s  

u n s t a b l e  a t  low v a lu e s  o f  6. i t  becom es s t a b l e  a s  6 i n c r e a s e s  

and  i s  i n  ag reem en t w i th  t h e  c o r r e s p o n d in g  e r r o r  c u rv e .  The 

s l i g h t  d r i f t  i n  t h e  i d e n t i f i e d  v a lu e  o f  th e  low f r e q u e n c y  i s  

more th a n  l i k e l y  due t o  d r i f t s  i n  t h e  a n a lo g  com puter  o p e r a ­

t i o n  w hich  became s i g n i f i c a n t  when p ro lo n g e d  t e s t s  were 

p e r fo rm e d .

Of p a r t i c u l a r  n o te  i s  t h e  f a c t  t h a t  t h e  low n a t u r a l  

f r e q u e n c y  i s  p r o p e r l y  i d e n t i f i e d  (and  th e  p r e d i c t e d  e r r o r  i s  

r e l a t i v e l y  low) a t  v a lu e s  o f  6 w hich  a r e  c o n s i d e r a b ly  lo w e r  

t h a n  t h e  c o r r e s p o n d in g  t im e  c o n s t a n t s .  As was s t a t e d  b e f o r e ,  

t h i s  c h a r a c t e r i s t i c  i s  o f  g r e a t  im p o r ta n c e  i n  i d e n t i f i c a t i o n  

o f  c h em ic a l  p r o c e s s e s  which u s u a l l y  p o s s e s s  v e ry  lo n g  tim e 

c o n s t a n t s  and re s p o n d  v e ry  s lo w ly .

The i d e n t i f i c a t i o n  o f  a  sy s te m  w i th  v e ry  c lo s e  p o l e s  

i s  p r e s e n t e d  i n  F ig u r e  23 . The sa m p lin g  f r e q u e n c y  was r e l ­

a t i v e l y  low due t o  p h y s i c a l  l i m i t a t i o n s  o f  th e  o u tp u t  e q u ip ­

ment (C f .  C h a p te r  V I ) .  T h e r e fo r e  t h e  p o i n t s  i n  t h e  g ra p h  

w ere c o n n e c te d  by s t r a i g h t  l i n e  segm en ts  r a t h e r  th a n  by 

c u r v e s .  The i d e n t i f i c a t i o n  i s  s t a b l e  th ro u g h o u t  th e  t e s t e d  

r e g i o n  ( e x c e p t  f o r  v e ry  low v a lu e s  o f  6 a t  which th e  i d e n t i f i ­

c a t i o n  i s  a lw ay s  e x t r e m e ly  s e n s i t i v e ) .  The i d e n t i f i c a t i o n  o f  

b o th  n a t u r a l  f r e q u e n c i e s  o c c u r s  s im u l t a n e o u s ly  a s  can  be s e e n  

from  t h e  e r r o r  m in im iz a t io n  c h a r a c t e r i s t i c s  i n  F ig u re  23b.

In  g e n e r a l  t h e  i d e n t i f i c a t i o n  o f  second  o r d e r  sy s te m s  

w i th  r e a l  p o l e s  was v e ry  s a t i s f a c t o r y  th ro u g h o u t  th e  t e s t e d



162

Q . E R R O R  P R E D I C T I O N  
( E S T I M A T E D  E R R O R  I N  T H E  

R E S P O N S E  D A T A  " 0 . 0 * I

A  H I G H  N A T U R A L  F R E Q U E N C Y  
«  L O W  N A T U R A L  F R E Q U E N C Y

50

> 40

30

20

(T («ec)

0.12 b .  I D E N T I F I C A T I O N  R E S U L T S

0.10
C A L C U L A T E D

V A L U E0.09

>- 0.08

5  0.07
O 0.06 w
^  0.05

C A L C U L A T E D
V A L U E

0.04

3  0.03

z 0.02 
0.01

<f (sec)
FIGURE 23. IDENTIFICATION OF SECOND ORDER SYSTEM WITH REAL POLES: 

^ ,«-0.0667 (I/sec.),vfj^-O.Kl/sec.). NO SUPERIMPOSED NOISE.
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r e g io n  and no p a r t i c u l a r  l i m i t a t i o n s  were d i s c o v e r e d .  A 

summary o f  f i n a l  I d e n t i f i c a t i o n  r e s u l t s  o f  a  v a r i e t y  o f  

t e s t s  I s  g iv e n  I n  T ab le  3 . The f a c t  t h a t  t h e r e  i s  no con­

s i s t e n t  p a t t e r n  I n  t h e  e r r o r  p r e d i c t i o n  a s  a  f u n c t i o n  o f  th e  

n a t u r a l  f r e q u e n c y  r a t i o s  I s  due to  v a r i a t i o n s  I n  t h e  d e g re e  

o f  l i n e a r  In dep en d en ce  and th e  q u a l i t y  o f  th e  r e s p o n s e s .

T h is  p ro b lem  o f  l i n e a r  Independence  o f  t h e  r e s p o n s e s  w i l l  be 

d i s c u s s e d  l a t e r  I n  f u r t h e r  d e t a i l .

I d e n t i f i c a t i o n  o f  Second O rd e r  System s w i th  

Complex P o le s

F ig u re  24 p r e s e n t s  a  t y p i c a l  s e t  o f  l i n e a r l y  i n d e ­

p e n d en t  r e s p o n s e  r e c o r d s  and th e  I n t e g r a l s  w hich  were ob­

t a i n e d  from  a s im u la te d  second  o r d e r  sy s tem  w i th  complex 

p o l e s .  The f o r c i n g  f u n c t i o n s  which a r e  a l s o  shown were 

n a rro w  t r i a n g u l a r  p u l s e s .  The r e s u l t s  o f  th e  I d e n t i f i c a t i o n  

o f  t h i s  sy s tem  a r e  shown In  F ig u re  2 5 . T h is  sy s te m  w hich 

h a s  a p a i r  o f  complex p o le s  p = - 0 .0 6  T  j  O.19078  p o s s e s s e s
1 j 2

a damping f a c t o r  § = 0 .3  and h a s  v e ry  s t a b l e  c h a r a c t e r i s t i c s .  

As can be seen  from  F ig u r e  25b th e  I d e n t i f i c a t i o n  o f  b o th  th e  

r e a l  and  th e  Im ag in a ry  p a r t s  o f  th e  n a t u r a l  f r e q u e n c y  I s  v e ry  

s t a b l e  th ro u g h o u t  th e  t e s t e d  r e g io n  o f  6. The e r r o r  p ro p a g a ­

t i o n  c h a r a c t e r i s t i c s  o f  th e  r e a l  p a r t  o f  th e  n a t u r a l  f r e q u e n c y  

a r e  q u i t e  s i m i l a r  t o  t h e  c a se  o f  r e a l  p o l e s  a l t h o u g h  I t s  f l a t  

r e g io n  I s  r e l a t i v e l y  w ide .

Of p a r t i c u l a r  I n t e r e s t  I s  th e  b e h a v io r  o f  th e  r e l a t i v e  

e r r o r  o f  th e  Im ag in a ry  p a r t  o f  th e  p o l e .  The r e l a t i v e  e r r o r



TABLE 3

FINAL RESULTS OF IDENTIFICATION OF SECOND ORDER SYSTQIS WITH REAL POLES*

Test
Series
No.

Calculated System Identified System

-Pj[l/sec] -PgCl/seo] Pg/Pl
Pi [1/sec] Pg [1/sec]

IdentifiedValue # Relative Predicted Error [sec]
IdentifiedValue i> Relative Predicted Error .**[sec]

1200 0.09t29 0.1077 1.14 0 .09602 1.729 12 0 .1087 2.314 12
800 0.06667 0.1 1.5 0 .06742 1.204 10 0.10764 2 .5 4 5 101600 0.05 0.2 4.0 0 .0 4 9 3 0.147 12 0 .1997 0 .9 0 9 41700 0.02 0.2 10.0 0 .01955 2.246 18 0.199 0 .9 3 6 201800 0.002 0.1 50.0 0.002149 0.71 126 0.1011 0.324 301900 0.002 0.2 100.0 0 .001878 6 .8 0 60 0 .1974 0.248 14

6000 0.0004 0.2 500.0 0.000412 7 .3 7 0.1879 7 .4 9 16
6100 0.0002 0.2 1000.0 0.0001885 9 .0 1 0 .1997 14.6 20

Ch4̂

*A11 Identifications were based on estimation of 0.5)1 error In the response data. 
**Value at which the predicted error was minimized and pole evaluated.
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p o s s e s s e s  a p e r i o d i c  o s c i l l a t i o n  and a p p ro a c h e s  i n f i n i t y  a t  

i n t e r v a l s  when 5 Im [p^] = n ,  a  r e s u l t  which i s  i n  ag reem en t 

w i th  t h e  t h e o r e t i c a l  c o n s i d e r a t i o n s  o f  th e  l a s t  s e c t i o n  o f  

C h a p te r  I I I .  The b ra n c h e s  o f  th e  e r r o r  f u n c t i o n  change i n  

h e ig h t  s in c e  t h e  r e l a t i v e  e r r o r  i s  a r a t i o  be tw een  a te rm  

t h a t  i s  s i m i l a r  t o  th e  e r r o r  f u n c t i o n  o f  r e a l  p o le s  and a 

s i n u s o i d a l  te rm  (C f .  E q u a t io n  (3 -5 5 ) )*  T h e re fo re  t h e  

r e l a t i v e  e r r o r  o f  t h e  im a g in a ry  p a r t  i s  m in im ized  a t  t h e  

minimum o f  th e  b ra n c h  c l o s e s t  t o  th e  v a lu e  o f  6 a t  w hich  th e  

r e l a t i v e  e r r o r  o f  t h e  r e a l  p a r t  i s  m in im ized . A lthough  t h i s  

i s  d i f f i c u l t  t o  se e  i n  F ig u r e  25 due to  t h e  f l a t n e s s  o f  th e  

e r r o r  c u rv e  o f  th e  r e a l  p a r t  o f  th e  n a t u r a l  f r e q u e n c y ,  i t  i s  

c l e a r l y  a p p a r e n t  i n  F ig u r e  26 which shows th e  e r r o r  p ro p a g a ­

t i o n  c h a r a c t e r i s t i c s  o f  a  complex sy s tem  w i th  § = 0.7* The 

second  b ra n c h  o f  t h e  e r r o r  i n  F ig u re  26 i s  a l r e a d y  h i g h e r  

th a n  100 p e r c e n t .

As th e  damping f a c t o r  i n c r e a s e s ,  t h e  w id th  o f  t h e  

b ra n c h e s  o f  t h e  e r r o r  c u rv e  o f  Im(pj_) i n c r e a s e s .  T h is  can  

be seen  by com parison  be tw een  F ig u re  25a and F ig u r e  26 . When 

§ a p p ro a c h e s  u n i t y  t h e  im a g in a ry  p a r t  o f  th e  p o le  a p p ro a c h e s  

z e ro  and i t s  i d e n t i f i c a t i o n  becomes v e ry  s e n s i t i v e .  T a b le  4 

shows th e  i d e n t i f i c a t i o n  o f  a  sys tem  w i th  two i d e n t i c a l  p o le s  

(§ = l ) .  I t  can be n o t i c e d  t h a t  even s l i g h t  e r r o r s  i n  th e  

re s p o n s e  r e c o r d s  a f f e c t  t h e  a b i l i t y  o f  th e  i d e n t i f i c a t i o n  r e ­

s u l t s  t o  i n d i c a t e  e i t h e r  a complex sy s tem  w i th  a  v e ry  sm a ll  

and  u n c e r t a i n  im a g in a ry  p a r t  o r  a r e a l  sy s tem  w i th  two d i s ­

t i n c t  b u t  c lo s e  n a t u r a l  f r e q u e n c i e s .  When I  a p p ro a c h e s  z e r o .
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t a b l e  U

IDENTIFICATION OF A SECOND ORDER SYSTEM WITH IDENTICAL 
POLES (Ç • 1) : Pj “ Pg “ 0.1[l/seo]*

A[aeo]
-Re(p) I*(p) -<*1 -*2

Identified f  Predicted Identified f t Predicted Identified f t Predicted Identified f t PredictedValue [l/eeo] Error Value [1/aec] Error Value C1/aec] Error Value [1/aec] Error

2 0.1002 48.042 0.01663 1.5 X 10^
H 0.1016 19.514 0.0109 7.2 X 10^
6 0 .0 9 6 0 8 1 5 4 .8 0.1058 1 3 0 .48 0 .0 9 8 2 7 144.7 0.1043 1 2 8 .710 0.1019 0.0102 1.4 X 10^
12 0.1019 0.00974 1.1 X loJ14 0.1018 0.893 0.00993 97.62
1 6 0.1018 1.364 0.0101 104.0918 0.1019 1.891 0.0090 151.2320 0.1020 2.491 0.00884 169.7122 0.1020 3.007 0.00908 179.45

&

Identification was baaed on eatlnatlon of 0 .5 } ( error In the reaponae data.
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t h e  sy s tem  r e s p o n s e  a p p ro a c h e s  a s u s t a i n e d  o s c i l l a t i o n .  F o r  

such sy s tem s th e  I d e n t i f i c a t i o n  o f  t h e  r e a l  p a r t  o f  th e  

n a t u r a l  f r e q u e n c y  becom es s e n s i t i v e .  I t  m ust be em phasized , 

how ever, t h a t  In  t h e s e  b o r d e r  r e g io n s  (when 5 a p p ro a c h e s  

u n i t y  o r  z e r o )  t h e  p a r t s  t h a t  become d i f f i c u l t  t o  I d e n t i f y  

a r e  I n s i g n i f i c a n t ,  and t h e i r  e f f e c t  can  be p r a c t i c a l l y  

n e g l e c t e d .

I n  g e n e r a l  t h e  I d e n t i f i c a t i o n  I s  s t a b l e  f o r  b o th  th e  

r e a l  and t h e  Im a g in a ry  p a r t s  o f  th e  n a t u r a l  f r e q u e n c i e s  f o r  

v a lu e s  o f  § be tw een  0.1-0.95* T ab le  5 g i v e s  a  summary o f  

th e  f i n a l  r e s u l t s  o f  I d e n t i f i c a t i o n  o f  sy s tem s o v e r  t h i s  

r a n g e .

Effect of Noise and Error In Response Data 

on Quality of Identification 

A sample of a high speed recording of the noise func­

tion generated by the random square pulse generator Is shown 

In Figure 27a. The mean frequency of this noise function Is 

13*7 zero-crosslngs per second. This random noise function 

was attenuated and Introduced Into the tested systems to gen­

erate the noise In the response functions. Figure l8. Figure 

27b and c show the noisy response functions of a second order 

system with widely separated natural frequencies. The noise 

level In these response records was estimated as 3.4 volts 

(i.e. 3*4 percent of full scale deviation). The corresponding 

Identification results of this system are shown In Figure 28. 

Due to the noise the relative error curve Is no longer smooth



TABLE 5
FINAL RESULTS OF IDENTIFICATION OP SECOND ORDER 

SYSTEMS WITH COMPLEX POLES*

Calculated System Identified System
Test
Series -He(pi) Im(pl)

Re(pl) [l/sec] Im(pl) [l/sec]

No. [1/sec] [l/sec] i Identified
Value

j( Relative 
Predicted Error

.***[sec] Identified
Value ft Relative 

Predicted Error
.»*‘[see]

2100 0.09 0.04358 0.9 O.O9O8 3 .3 4 20 0.0445 10.8 202200 0.16 0.12 0.6 0 .1 6 1 3 4.42 8 0.1208 6 .1 6 82300 0.14 0.142828 0.7 0.1408 1 .1 5 5 8 0.1437 1.004 82400 0.12 0.16 0.6 0 .1 2 0 8 2 .7 4 9 10 0 .1 6 1 2 6 5 .5 3 10
2500 0.10 0.1732

0.1833
0.5 0.1008 0 .7 4 2 6 0 .1 7 4 3

0.1847
0 .4 5 4 6

2600 0.08 0.4 0.08107 0 .4 9 3 24 0 .3 6 5 24
2700 0 .0 6 0.19078 0 .3 0 .0 6 0 9 0 .5 0 1 24 0 .1 9 1 3 1 .1 2 3 242800 0.04 0 .1 9 5 9 6 0.2 0.0405 1 .5 6 6 14 0 .1 9 7 0 0 .5 7 3 8
2900 0.02 0 .1 9 9 0.1 0.0202 0 .6 3 5 18 0 .1 9 9 4 0 .2 0 8 6

H-oM

All identifications were based on estimation of 0 .5 )( error In the response data. 
*VaIue at which the predicted error was minimized and pole evaluated.
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b u t  r a t h e r  p o s s e s s e s  random c h a r a c t e r i s t i c s .  However, t h e  

e r r o r  m in im iz a t io n  r e g io n  i s  s t i l l  c l e a r l y  i d e n t i f i a b l e  even 

f o r  th e  h ig h  f r e q u e n c y .  I t  i s  im p o r ta n t  t o  n o t i c e  t h a t  th e  

b an d w id th  o f  s t a b i l i t y  o f  th e  h ig h  n a t u r a l  f r e q u e n c y  i s  v e ry  

n a rro w  b e c a u se  o f  th e  n o i s e ,  i n d i c a t i n g  th e  h ig h  s e n s i t i v i t y  

o f  i t s  i d e n t i f i c a t i o n .  T h is  e f f e c t  i s  e x p e c te d  s in c e  t h e  

h ig h  n a t u r a l  f r e q u e n c y  i n t e r a c t s  w i th  th e  n o i s e  and i t s  

r e s p o n s e  i s  t h e r e b y  masked. At a  h ig h  enough n o i s e  l e v e l  

t h e r e  would be no d i s t i n g u i s h a b l e  d i f f e r e n c e  be tw een  th e  

e f f e c t  o f  n o i s e  and  t h a t  o f  th e  h ig h  n a t u r a l  f r e q u e n c y  p r e s ­

e n t .  Thus f o r  a l l  p r a c t i c a l  p u r p o s e s ,  u n d e r  such  c ircu m ­

s t a n c e s ,  th e  sy s te m  c o u ld  be i d e n t i f i e d  a t  b e s t  a s  f i r s t  

o r d e r .  F ig u r e  28b shows th e  r e s u l t s  o f  t h e  i d e n t i f i c a t i o n .

I t  can be se en  t h a t  t h e  h ig h  f r e q u e n c y  te rm  p o s s e s s e s  a 

r e l a t i v e l y  s t a b l e  v a lu e  o n ly  o v e r  t h e  n a rro w  r e g io n  where 

t h e  c o r r e s p o n d in g  e r r o r  i s  m in im iz ed .  The s t a b i l i t y  o f  

i d e n t i f i c a t i o n  o f  t h e  low n a t u r a l  f r e q u e n c y  i s  o n ly  s l i g h t l y  

a f f e c t e d  by  t h e  p r e s e n c e  o f  t h e  n o i s e .  The f a c t  t h a t  t h e  

i d e n t i f i e d  v a lu e  o f  th e  low n a t u r a l  f r e q u e n c y  d e v i a t e s  by 

a b o u t  9 p e r c e n t  from  th e  c a l c u l a t e d  v a lu e  i s  p ro b a b ly  due to  

e r r o r s  i n  p o t e n t i o m e t e r  s e t t i n g s  on t h e  a n a lo g  com pu ter .

The i d e n t i f i c a t i o n  o f  a  sy s tem  w i th  complex p o le s  

i n  t h e  p r e s e n c e  o f  n o i s e  i s  shown i n  F ig u r e  29 . The e f f e c t  

o f  n o i s e  m ag n itu d e  on t h e  q u a l i t y  o f  t h e  i d e n t i f i c a t i o n  i s  

s t u d i e d .  F o r  co m p ariso n  th e  i d e n t i f i c a t i o n  r e s u l t s  o f  t h i s  

sy s tem  (§ = 0 .5 )  w i th o u t  su pe rim po sed  n o i s e  i s  a l s o  p r e s e n t e d .  

T y p ic a l  n o i s y  r e s p o n s e  r e c o r d s  a r e  shown i n  F ig u re  30.
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The m ost I m p o r ta n t  p o i n t  t h a t  i s  s e e n  from  F ig u r e  29 

i s  th e  s i g n i f i c a n t  n a r ro w in g  o f  t h e  b an d w id th  o f  6 o v e r  which 

th e  sy s te m  can  be i d e n t i f i e d ,  due t o  i n c r e a s e d  n o i s e :  beyond

6 = 12 se co n d s  f o r  t h e  sy s tem  w i th  8 p e r c e n t  n o i s e  and beyond 

6 = l 4  se co n d s  f o r  t h e  sy s tem  w i th  4 p e r c e n t  n o i s e ,  n e g a t iv e  

l o g a r i t h m i c  a rg u m e n ts  were o b ta in e d  i n  th e  i d e n t i f i c a t i o n  

c a l c u l a t i o n s ,  i n d i c a t i n g  t o t a l  u n r e l i a b i l i t y  o f  t h e  re s p o n s e  

d a t a  i n  t h e s e  r e g i o n s .  T h is  breakdow n can  be a p p r e c i a t e d  i f  

t h e  r e s p o n s e  r e c o r d s  o f  F ig u r e  30 a r e  c o n s u l t e d :  I t  can  be

se e n  t h a t  beyond a b o u t  t  = 15 se co n d s  l i t t l e ,  i f  a n y ,  o f  th e  

s i g n i f i c a n t  r e s p o n s e  i s  s t i l l  p r e s e n t  i n  t h e  r e c o r d e d  s i g n a l .  

W ith in  t h e  i d e n t i f i a b l e  r e g io n  t h e  e r r o r  c u rv e s  a r e  q u i t e  

s t a b l e  and w e l l  b ehaved  even  f o r  t h e  sy s tem  w i th  8 p e r c e n t  

n o i s e  l e v e l .

The r e s u l t s  o f  th e  i d e n t i f i c a t i o n  i n  F ig u r e  29b i l l u s ­

t r a t e  an i n t e r e s t i n g  and im p o r ta n t  phenomenon. F o r  th e  sy s tem  

w i th  no su p e r im p o sed  n o i s e  t h e  i d e n t i f i c a t i o n  i s  e x t r e m e ly  

s t a b l e  and  th e  r e s u l t s  a g re e  e x a c t l y  w i th  th e  c a l c u l a t e d  

v a l u e s .  As n o i s e  i s  i n t r o d u c e d  i n t o  t h e  sy s te m , a  d r i f t  i n  

t h e  i d e n t i f i e d  v a lu e s  ( a s  a  f u n c t i o n  o f  6) becomes e v id e n t  

w hich i n c r e a s e s  a s  t h e  n o i s e  l e v e l  i s  r a i s e d .  T h is  e f f e c t  

i s  n o t  a  r e s u l t  o f  t h e  p re s e n c e  o f  random n o i s e ,  w hich a c ­

c o u n ts  o n ly  f o r  t h e  f l u c t u a t i o n s  i n  t h e  i d e n t i f i e d  v a lu e s  

b u t  n o t  f o r  th e  d r i f t .  I t  i s  a  consequen ce  o f  t h e  f a c t  t h a t  

th e  i n p u t  n o i s e  f u n c t i o n  was n o t  p r o p e r l y  b a la n c e d  and t h e r e ­

f o r e  i n t r o d u c e d  a  b i a s  i n t o  t h e  s y s t e m 's  r e s p o n s e  f u n c t i o n s .  

T h is  b i a s ,  w h ich , i n  e f f e c t ,  i s  a  s h i f t  i n  t h e  s t e a d y  s t a t e



178

was n o t  t a k e n  I n t o  a c c o u n t  and was n o t  s u b t r a c t e d  from  th e  

r e s p o n s e s  p r i o r  t o  th e  i n t e g r a t i o n  and  th e  c o n s t r u c t i o n  o f  

th e  fu n d am e n ta l  m a t r i c e s .  T h is  d i f f i c u l t y  i l l u s t r a t e s  t h e  

need  f o r  c o r r e c t  knowledge o f  s t e a d y  s t a t e  o p e r a t i n g  c o n d i ­

t i o n s  when th e  p r e s e n t  i d e n t i f i c a t i o n  m ethod i s  u t i l i z e d .  

However, t h i s  phenomenon a l s o  s u g g e s t s  t h e  means f o r  e l i m i n a ­

t i o n  o f  t h e  d i f f i c u l t y :  when t h e  s t e a d y  s t a t e  c o n d i t i o n s  

a r e  n o t  a c c u r a t e l y  known, o r  when b i a s e s  which a r e  n o t  a c ­

co u n ted  f o r  a r e  p r e s e n t  i n  t h e  r e s p o n s e  d a t a ,  a  s im p le  

c o r r e c t i o n  p ro c e d u re  can be e s t a b l i s h e d  f o r  e l i m i n a t i o n  o f  

th e  e r r o r ,  b a s e d  on th e  d r i f t  a s  a  c r i t e r i o n .

E f f e c t  o f  E r r o r  E s t im a t io n  o r  Q u a l i t y  o f  I d e n t i f i c a t i o n

F ig u r e  31 shows th e  e f f e c t  o f  v a r i a t i o n  o f  t h e  e s t i ­

m ates  o f  e r r o r  bounds f o r  t h e  r e s p o n s e  d a t a  on th e  m in im iz a ­

t i o n  c h a r a c t e r i s t i c s  o f  t h e  p r e d i c t e d  r e l a t i v e  e r r o r s  o f  t h e  

n a t u r a l  f r e q u e n c i e s .  The re s p o n s e  f u n c t i o n s  t h a t  were u s e d  

f o r  t h i s  i d e n t i f i c a t i o n  were f r e e  o f  su p e r im p o sed  n o i s e .

The i r r e g u l a r i t y  i n  t h e  r e s u l t s  o f  i d e n t i f i c a t i o n  o f  th e  low 

n a t u r a l  f r e q u e n c y  i s  a p p a r e n t l y  due t o  some d i s t u r b a n c e  i n  

th e  a n a lo g  com pu ter  o p e r a t io n  d u r in g  t h e  t e s t i n g .  When t h e  

e s t im a te d  u n c e r t a i n t y  o f  t h e  re s p o n s e  d a t a  i s  low, t h e  p r e ­

d i c t e d  band o f  s t a b i l i t y  o f  th e  h ig h  n a t u r a l  f re q u e n c y  i s  

v e ry  w ide . As t h e  assumed e r r o r  bounds o f  th e  d a ta  a r e  i n ­

c r e a s e d ,  t h e  p r e d i c t e d  ban dw id th  o f  s t a b i l i t y  o f  th e  h ig h  

f r e q u e n c y  becom es n a r ro w e r ,  and th e  e r r o r  m in im iz a t io n  s h i f t s  

to w ard  lo w e r  v a lu e s  o f  6. T h is  t r e n d  i s  i n  ag reem ent w i th
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o b s e r v a t i o n s  made i n  th e  p r e v io u s  s e c t i o n .

F ig u re  32 shows th e  e f f e c t  o f  e r r o r  e s t i m a t i o n  i n  th e  

c a se  where n o i s e  was p r e s e n t  i n  t h e  r e s p o n s e  d a t a .  When th e  

e r r o r  was u n d e r e s t im a te d ,  t h e  p r e d i c t e d  r e l a t i v e  e r r o r  o f  

b o th  n a t u r a l  f r e q u e n c i e s  was m in im ized  i n  u n s t a b l e  r e g i o n s .

F o r  th e  h ig h  f r e q u e n c y ,  t h e  m in im iz a t io n  o c c u r r e d  a t  to o  h ig h  

a  v a lu e  o f  6 and  f o r  th e  low f r e q u e n c y  a t  to o  low a  v a lu e  o f  

6, which can l e a d  t o  e r ro n e o u s  i d e n t i f i c a t i o n .  F u r th e rm o r e ,  

t h e  p r e d i c t e d  e r r o r  l e v e l  i s  u n r e a l i s t i c a l l y  low . When th e  

e r r o r  was c o r r e c t l y  e s t im a t e d  r e l i a b l e  r e s u l t s  were o b t a i n e d .  

O v e r e s t im a t io n  o f  t h e  e r r o r  r e s u l t s  i n  s a f e  e v a l u a t i o n  o f  

th e  l o c a t i o n  o f  e r r o r  m in im iz a t io n  b u t  d r a s t i c a l l y  e x a g g e r a t e s  

p r e d i c t i o n  o f  t h e  u n c e r t a i n t i e s  i n  t h e  r e s u l t s .  Thus t h e  

r e l a t i v e  e r r o r  o f  t h e  h ig h  f r e q u e n c y  i n  F ig u r e  32a f o r  t h e  

h ig h  e r r o r  e s t i m a t i o n  i s  n e v e r  be low  100 p e r c e n t .  T h is  r e ­

s u l t  i s  a n o th e r  form  o f  e r r o n e o u s  i d e n t i f i c a t i o n  s i n c e  i t  

im p l i e s  t h a t  th e  h ig h  n a t u r a l  f r e q u e n c y  does n o t  have  any  

s i g n i f i c a n t  e f f e c t  i n  th e  p r e s e n c e  o f  th e  n o i s e ,  w hich i s  

n o t  c o r r e c t .

I t  can be c o n c lu d ed  t h a t  a s  th e  a c t u a l  n o i s e  l e v e l  

i n c r e a s e s ,  i t  becomes more and more im p o r ta n t  t o  have  good 

e r r o r  e s t i m a t e s  i f  r e l i a b l e  i d e n t i f i c a t i o n  i s  d e s i r e d .  O ver­

e s t i m a t i o n  o f  t h e  e r r o r  i s  u s u a l l y  s a f e r  t h a n ,  and s u p e r i o r  

t o ,  u n d e r e s t i m a t io n .

Methods f o r  S e c u r in g  L in e a r  In d e p e n d e n t  R esp onses  

and E f f e c t s  o f  Weak L i n e a r  Independence

The e f f e c t  o f  weak l i n e a r  in d ep en d en ce  o f  th e
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□  E R R O R  P R E D I C T I O N
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FIGURE 3 2 .IDENTIFICATION OF SECOND ORDER SYSTEM WITH REAL POLES' 

j", =-0.02 ( l/sec.), j"2 = -0.2(l/sec.). EFFECT OF ERROR ESTIMATION ON 
QUALITY OF IDENTIFICATION. ESTIMATED NOISE LEVEL:

3.5% IN RESPONSES, 2% IN INTEGRALS.
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response functions is very similar to the effect of error. 
Although weak linear independence does not introduce random 
characteristics into the results, it magnifies the effect of 
existing error. From a theoretical viewpoint linear inde­
pendence can be secured by forcing a certain input variable 
with pulses that contain different spectral density distribu­
tions. Practical experimentation with this method failed to 
provide the required responses and no significant linear in­
dependence was obtained, even when virtually no noise was 
present in the system. As noted previously, the method that 
was successfully applied for obtaining linear independent 
responses was forcing a different variable, or combination 
of variables, each time.

Effect of Utilization of Higher Order * Matrices 
The results that were obtained by utilization of 

fundamental matrices $ of order higher than n-1 in order to 
improve the results of identification were usually unfavorable 

Although the noise effects were considerably reduced 
through the process of integration, it appeared that unac­
countable errors such as bias and steady state deviations 
were considerably amplified through the higher order integra­
tion process. This technique is therefore not recommended.

Identification of Third Order Systems 
The results of identification of some representative 

third order systems are illustrated in Figures 3 3 , 34 and 3 5 . 

Figure 33 shows the results of identification of a
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FIGURE 33. IDENTIFICATION OF THIRD ORDER SYSTEM WITH REAL 
POLE Sid*,»- 0 . 0 0 5 4 0 2 7  (l/sec.),  < f ,» -0 .036722 (l/sec .) ,  i f ,» - 0 . 0 5 3 5 6 7  ( l / s e c . ) .

NO SUPERIMPOSED NOISE.
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FIGURE 34. IDENTIFICATION OF THIRD ORDER SYSTEM WITH ONE 
REAL POLE = -0.10636 (l/sec.) AND A PAIR OF COMPLEX POLES: 
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sy s tem  w i th  t h r e e  m o d e ra te ly  s e p a r a t e d  r e a l  p o l e s .  The 

i d e n t i f i c a t i o n  i s  g e n e r a l l y  s t a b l e  e x c e p t  f o r  t h e  ra n g e  o f  

low 6 where some d e v i a t i o n  i s  e v i d e n t . The e r r o r  m in im iz a ­

t i o n  c h a r a c t e r i s t i c s  a r e  q u i t e  s t a b l e  and  p r o p e r l y  b eh av ed .

F ig u r e  34 i l l u s t r a t e s  t h e  r e s u l t s  o f  i d e n t i f i c a t i o n  

o f  a sy s tem  w i th  one r e a l  p o le  and a  p a i r  o f  complex p o l e s . 

The complex p o le  h a s  a damping f a c t o r  § = 0 .5 3 1  and  th e  

r a t i o  be tw een  t h e  r e a l  p o le  and th e  r e a l  p a r t  o f  t h e  complex 

p o le  i s  8 . 5 .  F ig u r e  34b i n d i c a t e s  v e ry  s t a b l e  i d e n t i f i c a t i o n  

r e s u l t s  a s  e x p e c te d  f o r  such  a  sy s tem .

The r e s u l t s  o f  i d e n t i f i c a t i o n  o f  a  r a t h e r  s e n s i t i v e  

t h i r d  o r d e r  sy s te m  a r e  i l l u s t r a t e d  i n  F ig u r e  35* T h is  system  

p o s s e s s e s  one r e a l  p o le  and  a  p a i r  o f  complex p o l e s .  The 

damping f a c t o r  § o f  t h e  complex p o le  i s  0 .3 41  and th e  r a t i o  

be tw een  t h e  r e a l  p o le  and th e  r e a l  p a r t  o f  t h e  complex p o le  

i s  2 3 . I t  i s  e v id e n t  from  F ig u r e  35b t h a t  t h e  i d e n t i f i c a t i o n  

o f  th e  r e a l  p o le  becomes q u i t e  d i f f i c u l t  and u n s t a b l e  due to  

i t s  r e l a t i v e l y  h ig h  f r e q u e n c y .  The e r r o r  p r e d i c t i o n  i n  

F ig u re  35a  i s  i n  a c c o rd  w i th  t h e  t h e o r e t i c a l  c o n s i d e r a t i o n s .

S e v e r a l  g e n e r a l  o b s e r v a t i o n s  can  be made c o n c e rn in g  

t h e  i d e n t i f i c a t i o n  o f  t h i r d  (and  h i g h e r )  o r d e r  sy s te m s :

( 1 ) The d e v i a t i o n  be tw een  th e  p r e d i c t e d  and  r e a l  

e r r o r s  becomes e x c e e d in g ly  l a r g e  a s  t h e  s y s te m 's  o r d e r  i n ­

c r e a s e s .  T h is  b e h a v i o r  i s  e v id e n t  i n  F i g u r e s  34a and  35a 

where t h e  p r e d i c t e d  e r r o r s  a r e  n o t i c e a b l y  h i g h e r  t h a n  th e  

c a l c u l a t e d  d e v i a t i o n s .  The r e a s o n  f o r  t h i s  phenomenon i s  th e  

f a c t  t h a t  t h e  e r r o r  p r o p a g a t io n  a n a l y s i s  e v a l u a t e s  t h e  ex trem e



187

bounds o f  e r r o r s ,  i . e .  t h e  l a r g e s t  p o s s i b l e  e r r o r s ,  r a t h e r  

th a n  th e  e x p e c te d  (m ost l i k e l y )  d e v i a t i o n s .  As t h e  o r d e r  o f  

th e  sy s tem  i n c r e a s e s ,  th e  p r o b a b i l i t y  o f  a t t a i n i n g  t h e  ex ­

trem e e r r o r  bounds becomes e x c e e d in g ly  low b e c a u se  o f  th e  

i n c r e a s e d  number o f  p e rm u ta t io n s  o f  m a t r ix  c o n f i g u r a t i o n s .

I n  f a c t ,  t h e  p r o p o r t i o n a l i t y  i s  1 /n ^ .

I t  m igh t be  s u g g e s te d  t h a t  i t  would be d e s i r a b l e  to  

p e rfo rm  an e r r o r  a n a l y s i s  b a se d  on th e  e x p e c te d  d e v i a t i o n s .  

T h is  a p p ro ach  i s  q u e s t io n a b le  i f  t h e  i n c r e a s e d  c o m p le x i ty  

and c o m p u ta t io n a l  r e q u i r e m e n ts  a r e  t a k e n  i n t o  c o n s i d e r a t i o n .

(2 )  The g e n e r a t i o n  o f  r e s p o n s e s  t h a t  a r e  s u f f i c i e n t l y  

in d e p e n d e n t  (w i th  r e g a r d  to  th e  n o i s e  l e v e l )  becomes more 

d i f f i c u l t  a s  t h e  o r d e r  o f  t h e  sy s tem  i s  i n c r e a s e d .  T h is  

s ta te m e n t  i s  q u i t e  o b v io u s  and t h e  e q u iv a l e n t  o f  i t s  im p l i c a ­

t i o n s  i s  t r u e  f o r  any  i d e n t i f i c a t i o n  m ethod.

(3 )  C o m p u ta t io n a l  s e n s i t i v i t y  may become a f a c t o r  t o  

be c o n s id e re d  when h i g h e r  o r d e r  sy s tem s a re  t o  be i d e n t i f i e d .

(4 )  The l a r g e s t  i n t e r v a l  6 o v e r  which th e  i d e n t i f i c a ­

t i o n  can  be p e rfo rm ed  i s  ( l / n ) ^ ^  o f  th e  re s p o n se  r e c o r d  

l e n g t h .  Thus f o r  t h i r d  o r d e r  sy s tem s 6 can  e x te n d  t o  one 

t h i r d  o f  t h e  r e c o r d  l e n g t h  ( a s  compared to  one h a l f  f o r  

second  o r d e r  s y s te m s ) .  I n  o t h e r  words lo n g e r  r e s p o n se  

r e c o r d s  a r e  r e q u i r e d  f o r  i d e n t i f i c a t i o n  o f  h i g h e r  o r d e r  

sy s te m s .  Thus t h e  r e l a t i v e  b andw id th  o f  s t a b i l i t y  f o r  th e  

h ig h  f r e q u e n c i e s  becomes n a r ro w e r  and t h e i r  i d e n t i f i c a t i o n  

becomes more s e n s i t i v e .

I n  s p i t e  o f  t h e  above rem arks  t h e  r e s u l t s  o f  th e
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i d e n t i f i c a t i o n  o f  t h i r d  o r d e r  sy s tem s a r e  v e ry  s a t i s f a c t o r y  

and i n d i c a t e  f a v o r a b l e  p o s s i b i l i t i e s  f o r  i d e n t i f i c a t i o n  o f  

even  h i g h e r  o r d e r  m od e ls .

The Problem  o f  M i s i d e n t i f i c a t i o n

F ig u r e  36 i l l u s t r a t e s  t h e  r e s u l t s  o f  an  a t t e m p t  to  

i d e n t i f y  a  t h i r d  o r d e r  model f o r  a  second  o r d e r  sy s te m .

T hus, t h r e e  r e s p o n s e  f u n c t i o n s  were u se d  f o r  t h e  i d e n t i f i c a ­

t i o n  and  t h r e e  n a t u r a l  f r e q u e n c i e s  were e v a l u a t e d .

The two t r u l y  e x i s t i n g  n a t u r a l  f r e q u e n c i e s  (p^ =

-0.02 [ 1 / s e c ] ,  pg = - 0 .2  [ l / s e c ] )  a r e  c o r r e c t l y  i d e n t i f i e d  and 

th e  r e s u l t s  a r e  v e ry  s t a b l e .  The p r e d i c t e d  r e l a t i v e  e r r o r  

( n o t  i l l u s t r a t e d )  b e h av e s  p r o p e r l y  and i n  a c c o rd a n c e  w i th  

t h e o r y .

The t h i r d  e r r o n e o u s  n a t u r a l  f r e q u e n c y  i s  o b t a i n e d  a s  

a  r e s u l t  o f  e r r o r s  p r e s e n t  i n  t h e  r e s p o n s e s  (w h ich  i s  th e  

o n ly  r e a s o n  f o r  t h e  r e s p o n s e s  n o t  b e in g  a b s o l u t e l y  l i n e a r l y  

d e p e n d e n t ) .  T h is  a p p a r e n t  n a t u r a l  f r e q u e n c y  i s  v e ry  u n s t a b l e  

and o s c i l l a t e s  s t r o n g l y ,  a s  a  f u n c t i o n  o f  6, even  to w a rd  

p o s i t i v e  v a lu e s  w hich  would im p ly  th e  s y s te m ’ s i n s t a b i l i t y !  

The p r e d i c t e d  r e l a t i v e  e r r o r  f o r  t h i s  n a t u r a l  f r e q u e n c y  was 

i n  t h e  o r d e r  o f  10^ p e r c e n t  th r o u g h o u t  t h e  t e s t e d  r a n g e .  

C o n se q u e n tly  t h i s  n a t u r a l  f r e q u e n c y  would be r e j e c t e d  i f  any 

r e a s o n a b le  a c c e p ta n c e  c r i t e r i o n  were e s t a b l i s h e d .  T hu s , f o r  

a l l  p r a c t i c a l  p u r p o s e s ,  t h i s  sy s tem  i s  i n  e f f e c t  i d e n t i f i e d  

a s  b e in g  o f  seco n d  o r d e r .

The e r r o r  a n a l y s i s ,  b e in g  a v e ry  s e n s i t i v e  gauge o f
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the reliability of the identification, indicates whenever 
difficulties in the identification are present. The cause 
for difficulty of identification is invariably weak, linear 
independence between the responses. The error analysis indi­
cates which of the natural frequencies is poorly presented 
in these responses and thereby, implicitly, determines the 
effective order of the system (as evidenced through these 
particular responses). Since the reason for this weak linear 
independence cannot be determined directly through the 
identification, engineering judgment has to be applied.

Identification of Actual Chemical Plant Test Data 
Actual chemical plant test data were obtained for 

identification by the time domain technique. These test 
data of an operating plant were originally generated by a 
petroleum company for the purpose of analysis and identifica­
tion by the pulse testing and Fourier transformation method. 
The response data and the respective forcing pulses are 
presented in Figure 37-

Before presenting the results of the identification, 
several remarks pertaining to the test data are in order:

(l) No particular effort was made to generate linearly 
independent response functions since for the Fourier trans­
formation identification method only one test is required. 
Although the responses are satisfactory from this aspect they 
were obtained by simply forcing the different inputs without 
any particular emphasis on linear independence.
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(2 )  The sy s te m  p o s s e s s e s  p ro n o u n ced  n o n l l n e a r l t i e s  

a s  can  be o b se rv e d  by i n s p e c t i o n  o f  t h e  re s p o n s e  f u n c t i o n s .

Of p a r t i c u l a r  n o te  i s  th e  d e a d - t im e  ( o r  t im e  d e la y )  w hich  i s  

c l e a r l y  r e c o g n iz e d  i n  th e  r e s p o n s e s  o f  t e s t  no . 2 i n  F ig u r e  

37 . A d e f i n i t e  change o f  s lo p e  i s  e v id e n c e d  i n  b o th  r e s p o n s e  

f u n c t i o n s  y ^ C t)  and y g ( t ) ,  w hich  o c c u r s  a t  t  = 90  and i s  th e  

r e s u l t  o f  a sudden  change i n  t h e  i n p u t  l e v e l  which o c c u r s  a t  

t  = 6 5 . T h us , t h e r e  i s  a  dead  t im e  o f  a b o u t  25 t im e  u n i t s .

(3 )  The s t r o n g  o s c i l l a t i o n s  o f  t h e  i n p u t  f u n c t i o n  i n  

t e s t  n o .  1 do n o t  ( v i s u a l l y )  a p p e a r  t o  a f f e c t  t h e  r e s p o n s e  

c h a r a c t e r i s t i c s .  The a p p a r e n t  r e a s o n  i s  t h e  r e l a t i v e l y  h ig h  

o s c i l l a t i o n  f r e q u e n c y  a s  compared to  t h e  p l a n t ' s  n a t u r a l  

f r e q u e n c i e s .  The change i n  t h e  o p e r a t i o n  l e v e l  o f  t h e  i n p u t  

o f  t e s t  n o .  2 h a s  a  p ro fo u n d  e f f e c t  on th e  r e s p o n s e  f u n c t i o n s ,  

and a s  a co n seq uence  ( a s  w i l l  be  s e e n  l a t e r )  a l s o  a  h a rm fu l  

e f f e c t  on th e  i d e n t i f i c a t i o n  r e s u l t s .

(4 )  No s t e a d y  s t a t e  d a ta  w ere  a v a i l a b l e .  The s t e a d y  

s t a t e  o p e r a t i n g  l e v e l s  ( i n d i c a t e d  by  t h e  dashed  l i n e s  i n  

F ig u re  37) were e s t im a t e d  by a  t r i a l  and  e r r o r  i d e n t i f i c a t i o n  

p ro c e d u re  where an  e f f o r t  was made t o  e l i m i n a t e  d r i f t s  i n  

th e  i d e n t i f i c a t i o n  r e s u l t s  ( c f .  d i s c u s s i o n  on page 178 ) .

( 5 ) The n o i s e  l e v e l  i n  t h e  r e s p o n s e  f u n c t i o n s  i s  v e ry  

h ig h  and was e s t i m a t e d  a s  20 p e r c e n t  o f  t h e  maximum a m p l i tu d e  

d e v i a t i o n .

( 6 ) No a t t e m p t s  were made t o  sm ooth th e  re s p o n s e  

r e c o r d s .  The i d e n t i f i c a t i o n  was made b a s e d  on r e a d in g s  o f f  

th e  a c t u a l  r e s p o n s e  f u n c t i o n s .
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(7 )  The order of the system was not known a priori. 
However, since only two sets of test data were available, a 
second order model was the highest possible order or identifi­
cation. As the identification results prove, second order 
identification was satisfactory.

Two s e t s  o f  i d e n t i f i c a t i o n  t e s t s  were made: one was

b a se d  on t h e  r e s p o n s e s  o f  y ^ f t )  and  th e  o t h e r  on th e  r e s p o n s e s  

o f  y 2 ( t ) .  S in c e  o n ly  t h e  g e n e r a l  model was s o u g h t ,  b o th  

i d e n t i f i c a t i o n  t e s t  s e t s  were e x p e c te d  to  y i e l d  th e  same 

r e s u l t s ,  i . e . ,  t h e  s y s te m 's  p o l e s .

The results of the identification are presented in 
Tables 6 and J.

I n  T a b le  6 th e  r e s u l t s  o f  t h e  i d e n t i f i c a t i o n  b a s e d  

on th e  r e s p o n s e  r e c o r d s  o f  y ^ ( t )  a r e  l i s t e d .  At low v a lu e s  

o f  à  two r e a l  p o l e s  a r e  i d e n t i f i e d ,  w hich  a r e  q u i t e  u n r e l i a b l e  

a s  i n d i c a t e d  b o th  by th e  wide f l u c t u a t i o n s  i n  th e  i d e n t i f i e d  

v a lu e s  ( a s  a  f u n c t i o n  o f  6) and by  t h e  r e s p e c t i v e  e r r o r  p r e ­

d i c t i o n s .  The r e s u l t s  become more s t a b l e ,  how ever, a s  6 i n ­

c r e a s e s .  As 6 r e a c h e s  l 8  TU ( t im e  u n i t s )  a  p a i r  o f  com plex 

p o le s  b e g in s  t o  a p p e a r ,  w hich h a s  a  r e a l  p a r t  o f  a b o u t

0 .0 1 0 5  [1/TU] and  a  damping f a c t o r  o f  a b o u t  O.7 1 . T h is  

i d e n t i f i c a t i o n  i s  s t e a d i l y  o b t a i n e d ,  ( w i t h in  T  30 p e r c e n t ) ,  

a s  6 i n c r e a s e s  up t o  42 TU.

It should be noted that the identification of the 
imaginary part of the pole is less reliable than the real 
part, which is evident both from the identified values and 
from the predicted relative errors. The error for the real



TABLE O

IDENTIFICATION OF CHEMICAL PLANT TEST DATA 
(BASED ON RESPONSE RECORDS OF y ^ ( t )  IN FIGURE 3 7 )*

-R e (p ) Im (p) -P 1 " 2

6 [TU]** I d e n t i f i e d P e r  C ent I d e n t i f i e d P e r  C ent I d e n t i f i e d P e r  Cent I d e n t i f i e d P e r C ent
V alue P r e d ic te d V alu e P r e d ic te d V alue P re d ic te d V alue P re d ic te d

[ 1 /TU] E r r o r [ 1/TU ] E r r o r [ 1/TU ] E r r o r [ 1/TU] E r ro r

2 0 .0 2 1 5 4 3 8 7 .0 0 .8 4 1 8 6 4739 .5
6 0 .0 1 0 7 9 7 6 .8 0 .1 2 8 9 2 6 7 .4

10 0 .0 1 4 5 9 8 9 .3 0 .1 0 1 9 1 8 9 .7
14 0 .0 1 8 8 2 7 3 .6 0 .0 7 7 9 9 8 7 .3
18 0 .01047 3 6 .0 0 .0 1 2 9 2 1 6 .7
22 0 .007015 3 9 .2 0 .0 1 6 4 6 7 7 .6
26 0 .01335 3 2 .6 0 .0 1 6 7 4 8 .3
30 0 .01052 2 0 .4 0 .0 0 9 5 4 7 2 .9
34 0 .0 1 0 7 8 1 1 .6 0 .0 1 7 0 4 3 .2
38 0 .01052 7 .7 5 0 .0 1 1 3 9 .2
42 0 .01319 1 3 .9 0 .0 1 0 7 3 1 .6
46 0 .02032 8 .7 4 0 .0 1 2 4 3 6 .5
50 0 .02172 9 .3 5 0 .0 1 0 5 5 2 .5
54 0 .0 1 8 5 1 1 .7 3 0 .0 1 4 5 5 9 3 .2

vo

E r r o r  p r e d ic t i o n  I s  b a se d  on e s t im a t io n  o f  e r r o r  bounds o f  20 p e r  c e n t  ( o f  f u l l  s c a l e  d e v ia t io n )  i n  th e  re sp o n se  f u n c t io n s  and 
25 p e r  c e n t  i n  th e  i n t e g r a l s .

TU a r e  n o rm a liz e d  tim e  u n i t s  u se d  i n  th e  re sp o n se  r e c o r d s  i n  F ig u re  3 7 .



TABLE 7

IDENTIFICATION OF CHEMICAL PLANT TEST DATA , (BASED ON RESPONSE RECORDS OF yg(t) IN FIGURE 37)

-Re(p) Im(p) -p1 -P g

6[TU]«* Identified Per Cent Identified Per Cent Identified Per Cent Identified Per CentValue Predicted Value Predicted Value Predicted Value Predicted[1/TO] Error [1/TU] Error [1/TU] Error [1/TU] Error

2 0.01171 308.3
6 0.1667 143.5 0.01833 2428.3

10 0.05397 102.1 0.01053 32.4
14 0.01712 124.9 0.0401 88 .218 0.02338 51.0 0.00947 18.34
22 0.00492 61.37 0.01445 116.3226 0.01302 12 .00 0.01845 23.3930 0.01343 11.07 0.01935 17.1334 0.00778 20.19 0.0185 18.22
38 0.01296 13.34 0.0173 21.330.01383 13 .08 0.01905 15.4
46 0.02683 18.11 0.0097 126.0
50 0.02258 23.70 0.07004 119.5354 0.02097 17.36

VO
VJl

•Error prediction le based on estimation of error bounds of 20 per cent (of full scale deviation) In the response functions and 
25 per cent In the Integrals.

**TU are normalized time units used In the response records In Figure 37.
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p a r t  i s  m in im ized  a t  6 = 38 TU and  t h e  im a g in a ry  p a r t  a t  & =

42 TU. The f i n a l  i d e n t i f i c a t i o n ,  ( c o r r e s p o n d in g  t o  t h e  v a lu e

o f  6 a t  w hich th e  e r r o r  m in im iz a t io n  o c c u r s ) ,  i s  p =
1 > 2

- 0 .0 1 0 5 2  T  J 0 .0107  [1 /T U ].

As 6 r e a c h e s  46 TU t h e r e  o c c u r s  a  sudden Jump i n  th e  

i d e n t i f i c a t i o n  o f  t h e  r e a l  p a r t  o f  t h e  p o le  t o  a v a lu e  o f  

a b o u t  - 0 .0 2  [1 /T U ], w i th o u t  any  s i g n i f i c a n t  s im u l ta n e o u s  

change i n  t h e  p r e d i c t e d  r e l a t i v e  e r r o r .  T h is  u p s e t  i s  ob ­

v i o u s l y  a r e s u l t  o f  t h e  change i n  t h e  i n p u t  l e v e l  i n  t e s t  n o . 

2 w hich p r o p a g a te s  i n t o  t h e  r e s p o n s e s  a t  t  = 90  TU. The 

i d e n t i f i c a t i o n  ( o f  a secon d  o r d e r  sy s te m ) r e a c h e s  t h i s  v a lu e  

o f  t  when 6 = t / 2 ,  i . e . ,  6 = 45 TU. T h is  v a lu e  i s  i n  a g r e e ­

ment w i th  t h e  r e s u l t s  o f  t h e  i d e n t i f i c a t i o n .

Prom T ab le  7> w hich p r e s e n t s  t h e  i d e n t i f i c a t i o n  r e ­

s u l t s  b a se d  on t h e  re s p o n s e  r e c o r d s  o f  y g ( t ) ,  o b s e r v a t i o n s  

s i m i l a r  t o  th o s e  ab o v e ,  c o n c e rn in g  th e  i d e n t i f i c a t i o n  c h a r ­

a c t e r i s t i c s ,  can be made. The i d e n t i f i e d  v a lu e s  f o r  t h e  

p o le s  a r e  p = -0 .0 1 3 4 3  T  J O.OI905  [1 /T U ] . The d e v i a t i o n1 j 2
i n  t h e  i d e n t i f i c a t i o n  o f  t h e  r e a l  p a r t s  be tw een  T ab le  6 and 

T ab le  7 a r e  r a t h e r  i n s i g n i f i c a n t ,  c o n s i d e r i n g  th e  u n c e r t a i n t y  

l e v e l  o f  t h e  r e s u l t s .  However th e  d e v i a t i o n  i n  th e  i d e n t i f i ­

c a t i o n  o f  t h e  im a g in a ry  p a r t s ,  ( a b o u t  40 p e r c e n t  b a se d  on 

th e  v a lu e  o f  T ab le  7 ) ,  i s  o f  s i g n i f i c a n c e  and  i s  p ro b a b ly  a 

r e s u l t  o f  s l i g h t  e r r o r s  i n  e v a l u a t i o n  o f  t h e  s te a d y  s t a t e  

c o n d i t i o n s .

No o t h e r  i n f o r m a t i o n  a b o u t  t h e  dynam ics o f  t h e  t e s t e d  

p l a n t  was a v a i l a b l e  and  t h e r e f o r e  no com parison  o f  r e s u l t s
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c o u ld  be made. N e v e r t h e l e s s ,  t h e  i d e n t i f i c a t i o n  a p p e a r s  t o  

be v e ry  s a t i s f a c t o r y ,  and i n  s p i t e  o f  t h e  l i m i t a t i o n s  and 

u n c e r t a i n t i e s  a s s o c i a t e d  w i th  t h e  t e s t  d a t a ,  q u i t e  r e l i a b l e  

r e s u l t s  a r e  o b t a i n e d .

The e f f e c t  o f  n o n l i n e a r i t i e s  h a s  n o t  been  i n v e s t i g a t e d  

i n  t h i s  r e s e a r c h  and t h e r e f o r e  no c o n c lu s io n s  c o n c e rn in g  t h e i r  

e f f e c t  on t h e  i d e n t i f i c a t i o n  can  be made.

N o ise  can  be t o l e r a t e d  even  when p r e s e n t  a t  r e l a t i v e l y  

h ig h  l e v e l s  so lo n g  a s  i t s  f r e q u e n c y  i s  h ig h  compared t o  t h e  

s y s te m 's  n a t u r a l  f r e q u e n c i e s .  Low f r e q u e n c y  d i s t u r b a n c e s  

d u r in g  t h e  t e s t i n g  p e r i o d  may have  a  d i s a s t r o u s  e f f e c t  on 

th e  i d e n t i f i c a t i o n  a s  i s  e v id e n c e d  from  t h e  r e s u l t s  due to  

th e  change i n  t h e  i n p u t  l e v e l  o f  t e s t  n o .  2 .



CHAPTER V I I I  

CONCLUSIONS AND RECOMMENDATION.

C o n c lu s io n s

The t im e  domain te c h n iq u e  a p p e a r s  t o  be a  u s e f u l  

method f o r  l i n e a r  sy s tem  i d e n t i f i c a t i o n .  I t  p e r m i t s  a c c u r a t e  

d e te r m in a t io n  o f  t h e  s y s te m 's  p a ra m e te r s  and overcom es most 

o f  t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i th  f re q u e n c y  domain i d e n t i f i ­

c a t i o n  m e th o d s . The a s s o c i a t e d  e r r o r  p r o p a g a t io n  a n a l y s i s  

p ro v e s  to  be a v e ry  p o w e rfu l  t o o l ,  b o th  a s  a con v erg en ce  

c r i t e r i o n  f o r  a c t u a l  e x e c u t io n  o f  t h e  i d e n t i f i c a t i o n  and a s  

a  d e v ic e  f o r  p r e d i c t i o n  o f  t h e  d e g re e  o f  r e l i a b i l i t y  o f  th e  

i d e n t i f i e d  m odel. The c o m p u ta t io n a l  r e q u i r e m e n ts  a r e  n o t  

s e v e r e ,  and th e  i d e n t i f i c a t i o n  can be e f f e c t i v e l y  c a r r i e d  o u t  

on a  medium s i z e  d i g i t a l  com pu ter .  The com puting  t im e  i s  

i n s i g n i f i c a n t ,  and  e x c e p t  f o r  t h e  e r r o r  a n a l y s i s ,  c o u ld  be 

c a r r i e d  o u t  by h a n d .

Range o f  A p p l i c a b i l i t y  

Prom th e  r e s u l t s  o f  t h e  i d e n t i f i c a t i o n  s t u d i e s  o f  

s im u la te d  sy s te m s  i t  a p p e a rs  t h a t  sy s tem s  w i th  a  v e ry  wide 

ran g e  o f  n a t u r a l  f r e q u e n c y  r a t i o s  can  be i d e n t i f i e d .  Second 

o r d e r  sy s te m s  w i th  r e a l  p o l e s ,  w hich  have  n a t u r a l  f r e q u e n c y  

r a t i o s  r a n g in g  from  1 t o  1000 , have  b een  p r o p e r l y  e v a l u a t e d .

198
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No p a r t i c u l a r  d i f f i c u l t i e s  have  b een  e n c o u n te re d  i n  i d e n t i f i ­

c a t i o n  o f  sys tem s w i th  complex p o l e s .  However, t h e  i d e n t i f i ­

c a t i o n  o f  th e  im a g in a ry  p a r t s  o f  t h e  p o l e s  f o r  sy s tem s w i th  

h ig h  damping f a c t o r s  i s  s l i g h t l y  more s e n s i t i v e  th a n  th e  

i d e n t i f i c a t i o n  o f  th e  c o r re s p o n d in g  r e a l  p a r t s .  T h i r d  o r d e r  

sys tem s have  been  p r o p e r l y  i d e n t i f i e d ,  and i t  a p p e a rs  t h a t  

t h e  method may be u s e f u l  f o r  i d e n t i f i c a t i o n  o f  even  h i g h e r  

o r d e r  sy s tem s when th e  n o i s e  l e v e l  i s  low.

E f f e c t  o f  N o ise  

The u n c e r t a i n t i e s  i n t r o d u c e d  i n t o  t h e  i d e n t i f i c a t i o n  

due t o  th e  p re s e n c e  o f  n o i s e  a r e  g e n e r a l l y  n o m in a l ,  i . e . ,  

o f  th e  same o r d e r  o f  m agn itude  a s  t h e  n o i s e  p r e s e n t .  Low 

n a t u r a l  f r e q u e n c i e s  a r e  u s u a l l y  l e s s  a f f e c t e d ,  w hereas  th e  

h ig h  n a t u r a l  f r e q u e n c i e s  may be l o s t  i f  t h e  n o i s e  l e v e l  i s  

to o  h ig h .  Low f re q u e n c y  d i s t u r b a n c e s  such a s  changes o r  

d r i f t s  o f  s t e a d y  s t a t e  o p e r a t i o n  l e v e l  cann o t be t o l e r a t e d  

f o r  t h i s  i d e n t i f i c a t i o n  m ethod.

D e te rm in a t io n  o f  t h e  S y s te m 's  O rder 

A lthough t h i s  i d e n t i f i c a t i o n  method does  n o t  e x p l i c i t ­

l y  d e te rm in e  t h e  o r d e r  o f  t h e  sy s te m , i t  can be e v a l u a t e d  

th ro u g h  p r o p e r  e x e c u t io n  o f  th e  i d e n t i f i c a t i o n .  The o r d e r  o f  

t h e  sy s tem  i s  i n d i c a t e d  th ro u g h  th e  e r r o r  p r o p a g a t io n  a n a l y s i s .

Com parison to  F requency  Domain I d e n t i f i c a t i o n  Methods 

T h is  i n v e s t i g a t i o n  i n d i c a t e s  s u p e r i o r i t y  o f  th e  

p r e s e n t  t im e  domain i d e n t i f i c a t i o n  method o v e r  f r e q u e n c y
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domain t e c h n iq u e s  from  v a r i o u s  a s p e c t s :

(1 )  I t  p e rm i t s  e x a c t  e v a l u a t i o n  o f  t h e  n u m e r ic a l  

v a lu e s  o f  t h e  s y s te m 's  p a ra m e te r s  which c a n n o t  be e a s i l y  

done w i th  f r e q u e n c y  domain m eth ods .

(2 )  I t  i s  a p p l i c a b l e  o v e r  much w id e r  r a n g e s  o f  

n a t u r a l  f r e q u e n c y  r a t i o s  t h a n  f r e q u e n c y  domain m ethod s .

(3 )  I t  o p t im iz e s  t h e  i d e n t i f i c a t i o n  i n  t h e  se n se  

t h a t  th e  e r r o r  o f  i d e n t i f i c a t i o n  i s  m in im iz e d ,  t h e r e b y  

r e d u c in g  t h e  e f f e c t s  o f  n o i s e  and e r r o r  i n  t h e  d a t a .

(4 )  I t  p e r m i t s  e s t i m a t i o n  o f  t h e  q u a l i t y  o f  th e  

i d e n t i f i e d  m odel.

L i m i t a t i o n s

No p a r t i c u l a r  l i m i t a t i o n s  o f  t h e  t im e  domain t e c h ­

n iq u e  have  b een  d i s c o v e r e d  i n  t h i s  i n v e s t i g a t i o n .  I t  i s ,  

how ever, p o s s i b l e  t h a t  f o r  h i g h e r  o r d e r  sy s te m s  th e  method 

may become u n s t a b l e .  N o n l i n e a r i t i e s  i n  t h e  sy s te m , th e  

e f f e c t  o f  which h a s  n o t  b een  s t u d i e d  i n  t h i s  i n v e s t i g a t i o n ,  

may a l s o  i n t r o d u c e  some u n e x p e c te d  d i f f i c u l t i e s .

Recommendations f o r  F u tu r e  Work

The p r e s e n t  i n v e s t i g a t i o n  fo c u s e d  m a in ly  on th e  

d e t e r m i n a t i o n  o f  th e  g e n e r a l  model o f  l i n e a r  s y s te m s .  S e v e ra l  

a s p e c t s  o f  t h e  p ro p o se d  i d e n t i f i c a t i o n  method have y e t  t o  be 

s t u d i e d .

( l )  The t h e o r e t i c a l  p r i n c i p l e s  f o r  i d e n t i f i c a t i o n  o f  

t h e  P a r t i c u l a r  Model have  b een  o u t l i n e d  i n  C h a p te r  11 . T h is  

p rob lem  h a s  t o  be i n v e s t i g a t e d  b o th  e x p e r i m e n t a l l y  and
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c o m p u t a t i o n a l l y .  An e r r o r  e v a l u a t i o n  p ro c e d u re  w i l l  have  t o  

be e s t a b l i s h e d  f o r  t h i s  phase  o f  t h e  i d e n t i f i c a t i o n .  V a r io u s  

t y p e s  o f  i n p u t  f u n c t i o n s  s h o u ld  be i n v e s t i g a t e d .

(2 )  The e f f e c t  o f  n o n l i n e a r i t i e s  i n  t h e  sy s tem s  

s h o u ld  be s t u d i e d  w i th  p a r t i c u l a r  em p h as is  on t h e  approx im a­

t i o n  o f  n o n l i n e a r  sy s tem s by l i n e a r  m o d e ls .  I n p u t  f o r c i n g  

f u n c t i o n s  m ust be  g e n e r a te d  which w i l l  e i t h e r  n o t  a f f e c t  t h e  

sy s tem  p a ra m e te r s  o r  w i l l  a f f e c t  them  i n  some p re d e te rm in e d  

way.

(3 )  An e x t e n s i v e  com parison  o f  t h i s  m ethod w i th  

f r e q u e n c y  domain t e c h n iq u e s  sh o u ld  be made.

(4 )  A r i g o r o u s  e x p e r im e n ta l  p rogram  d e s ig n e d  to  

e l u c i d a t e  d i f f i c u l t i e s  w i th  t h i s  and o t h e r  i d e n t i f i c a t i o n  

t e c h n iq u e s  s h o u ld  be p e rfo rm e d . I n  p a r t i c u l a r  v a r i o u s  common 

ty p e s  o f  c h e m ic a l  p r o c e s s e s  sh o u ld  be i n v e s t i g a t e d .

(5 )  W ith r e g a r d  to  th e  e r r o r  a n a l y s i s  an  o p t im a l  

s e a r c h  scheme f o r  t h e  d e t e r m in a t io n  o f  t h e  minimum e r r o r ,  

and c o r r e s p o n d in g ly  t h e  " c o r r e c t "  v a lu e  o f  th e  t im e  c o n s t a n t ,  

s h o u ld  be e s t a b l i s h e d .
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APPENDIX A 

NOMENCLATURE*

A ( t )  = n X n c o e f f i c i e n t  m a t r ix  o f  a  l i n e a r  t im e

v a r y in g  sy s tem  ( 2 - 2 )

Â ( t )  = c o e f f i c i e n t  m a t r ix  o f  e q u i v a l e n t  l i n e a r  sys tem

(2 -3 8 )

7T = c o e f f i c i e n t  m a t r ix  o f  e q u i v a l e n t  c o n s t a n t

p a r a m e te r  l i n e a r  sy s tem  (2 -5 1 )

A = c o n s t a n t

= c o n s t a n t  c o e f f i c i e n t  o f  ( n - i ) ^ ^  d e r i v a t i v e  o f  

th e  d e p en d e n t  v a r i a b l e  i n  an n^^  o r d e r  s c a l a r  

l i n e a r  d i f f e r e n t i a l  sy s tem  (2 -4 9 )  

a ^ j ( t )  = i j ^ ^  e le m e n t  o f  m a t r ix  A ( t )  ( 2 - 3 )

a ^ ( t )  = c o e f f i c i e n t  o f  t h e  ( n - i ) ^ ^  d e r i v a t i v e  o f  th e

d e p en d e n t  v a r i a b l e  i n  an  n^^  o r d e r  s c a l a r  d i f ­

f e r e n t i a l  sy s tem  (2 -4 )

B ( t )  = n  X m c o e f f i c i e n t  m a t r ix  o f  a  l i n e a r  t im e

v a ry in g  sy s tem  ( 2 - 2 )  

b ^ j ( t )  = i j t h  e le m e n t  o f  m a t r ix  B ( t )  ( 2 - 3 )

C = g e n e r a l  c o n s t a n t  m a t r ix

*The num bers a t  t h e  end o f  th e  d e f i n i t i o n s  a r e  t h e  
e q u a t io n  num bers i n  w hich  th e  sym bols a r e  e i t h e r  d e f in e d  o r  
f i r s t  u s e d .
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Cj  = a r b i t r a r y  c o n s t a n t

= d i s t o r t i o n  c o e f f i c i e n t  f o r  m a t r ix  c o r r e s ­

pond ing  to  e ig e n v a lu e  (3 -3 3 a )  

c = a r b i t r a r y  c o n s t a n t

c = p a ra m e te r  i n  E x p o n e n t ia l - C o s in e  a u t o c o r r e l a ­

t i o n  f u n c t i o n  (4 -3 6 )

D = e r r o r  ( d i s c r e p a n c y )  m a t r ix  o f  i n v e r s e  m a t r ix
_ - l
$  (3 -5 )

= f i r s t  o r d e r  a p p ro x im a t io n  o f  m a t r ix  D ( 3 -6 )

= e r r o r  m a t r ix  a s s o c i a t e d  w i th  th e  m a t r ix  H 

( 3 - 2 2 )

dj^j = i j t h  e le m e n t  o f  m a t r ix  D

d ^ . ^ j  = i j t h  e lem en t  o f  m a t r ix

e lem en t o f  m a t r ix  l : k t  1
d e t . [  ] = d e te rm in a n t

E = e r r o r  bpund m a t r ix  f o r  $  ( 3 - 1 )

E^ = e r r o r  bound m a t r ix  f o r  fu n d a m e n ta l  m a t r ix

(3 - 2 1 )

E [ ] = s t a t i s t i c a l  e x p e c t a t i o n  ( 4 - 1 )

e = in d ex

e ^ j  = i j ^ ^  e lem en t o f  e r r o r  m a t r ix  E

e ^ , ^ j  = i j ^ ^  e lem en t  o f  e r r o r  m a t r ix  E^

f ( t )  = g e n e r a l  t im e  f u n c t i o n  ( g e n e r a l  f o r c i n g  f u n c ­

t i o n  o f  a  p r o c e s s )

7 ( t )  = f o r c i n g  f u n c t i o n  v e c t o r  o f  e q u i v a l e n t  l i n e a r

system  (2 -3 7 )
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î ^ ( t )  = f o r c i n g  f u n c t i o n  o f  e q u i v a l e n t  l i n e a r

sy s te m  (2 -3 6 )

0  = n o n s i n g u l a r  n  x  n  c o n s t a n t  m a t r ix

®xx^®^ ~ power s p e c t r a l  d e n s i t y  f u n c t i o n  o f  rauidom

f u n c t i o n  x ( t )  ( 4 - l 4 )

Qyy(œ) = power s p e c t r a l  d e n s i t y  f u n c t i o n  o f  random

f u n c t i o n  y ( t )  ( 4 - 4 o )  

g j ^ ( t )  = c o e f f i c i e n t  o f  t h e  ( n - k ) ^ ^  d e r i v a t i v e  o f  t h e
t h

J in d e p e n d e n t  v a r i a b l e  o f  a  s c a l a r  d i f f e r e n ­

t i a l  sy s te m  (2 -4 )

H = c o n s t a n t  m a t r ix  d e f i n e d  by  t h e  p ro d u c t

TH = t r a n s p o s e  o f  m a t r ix  H

I  = i d e n t i t y  m a t r ix

Im( ) = im a g in a ry  p a r t  o f  a  com plex number

i  = s u b s c r i p t

J  = J o rd a n  c a n o n ic a l  m a t r ix  ( 2 - 5 6 ) ,  (2 -5 7 )

J = s u b s c r i p t

J = (3 -3 4 )

K = c o n s t a n t  (p a ra m e te r  o f  E x p o n e n t ia l -C o s in e

a u t o c o r r e l a t i o n  f u n c t i o n )  (4 -3 6 )

K = p a ra m e te r  o f  b a n d -p a s s  n o i s e  model (4 -3 8 )

K = s p e c t r a l  d e n s i t y  o f  w h i t e  n o i s e

k  = s u b s c r i p t

k = i n t e g e r

k  = o r d e r  o f  d i f f e r e n t i a l  o p e r a t o r  ( 2 -5 )
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(n)

L [ ] = l i n e a r  d i f f e r e n t i a l  o p e r a t o r  o f  o r d e r  n ( 2 -5 )
( n ) *

L . C ] ■= a d j o i n t  l i n e a r  d i f f e r e n t i a l  o p e r a t o r  o f  o r d e r

n  (2 -2 8 )  

t  = in d ex

I a = i ^ ^  e x p e r im e n ta l  z e ro  c r o s s i n g  i n t e r v a l
T k J

M  ̂ [ ] = l i n e a r  d i f f e r e n t i a l  o p e r a t o r  o f  o r d e r  k  o f
^ t h  J

t h e  J f o r c i n g  f u n c t i o n  (2 -5 )
( k j ) *  ( k , )

Mj  ̂ [ ] = a d j o i n t  l i n e a r  o p e r a t o r  o f  Mj  ̂ [ ]

m = in d ex

m = p a ra m e te r  o f  b a n d -p a s s  n o i s e  model (4 -3 8 )

N( ) = norm o f  a m a t r ix  ( 3 - 7 )

Nip( ) = T u r in g  norm o f  a  m a t r ix  (3 -8 )

Njj( ) = H o t t e l i n g  norm o f  a  m a t r ix  (3 -9 )

n = o r d e r  o f  th e  sy s te m

P = g e n e r a l  n x n m a t r ix

= g e n e r a l  n x  n m a t r ix  

?2 = g e n e r a l  n x  n m a t r ix

P ( t ) = p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  z e ro  c r o s s i n g

i n t e r v a l s  (4 -1 9 )

Pj^ ( t ) = p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  n s u c c e s s iv e

a x i s  c r o s s i n g  i n t e r v a l s  

Pr{ 3 = p r o b a b i l i t y

P ( t )  = p e r i o d i c  n o n s i n g u l a r  m a t r ix  (B-5)

P ^ j = i j ^ ^  e le m e n t  o f  m a t r ix  P (3 -8 )

p ( n , T )  = p r o b a b i l i t y  t h a t  t h e r e  a r e  e x a c t l y  n z e r o s  i n

an  i n t e r v a l  t o f  a  random p r o c e s s  

Q = n o n s i n g u l a r  c o n s t a n t  m a t r ix  (2 -5 5 )
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q = in d e x

R = c o n s t a n t  n  x n m a t r ix  (B -5)

Re( ) = r e a l  p a r t  o f  a  com plex number

®yy(T) = a u t o c o r r e l a t i o n  f u n c t i o n  o f  random p r o c e s s

y ( t )  (4 -7 )

R (t) = a u t o c o r r e l a t i o n  f u n c t i o n  o f  random p r o c e s s
X X

x ( t )

r  = in d e x

r ( r )  = a u t o c o r r e l a t i o n  f u n c t i o n  o f  c l i p p e d  G au ss ian

random p r o c e s s  ( 4 - l 8 )  

s  = L a p la c e  o p e r a t o r

8 = s u b s c r i p t

T = t r u e  v a lu e  m a t r ix  f o r  $  ( 3 - 1 )

T = i n t e r v a l  o f  random p r o c e s s

T = sam p lin g  i n t e r v a l  o f  d i s c r e t e  random p r o c e s s

Tq = p e r i o d  o f  t im e  v a r i a t i o n

t  = t im e

t ^  = l i m i t  o f  i ^ ^  i n t e g r a t i o n  o f  r e s p o n s e  r e c o r d

( 2 - 7 2 ) -  ( 2 - 7 6 )

t ^  = l e n g t h  o f  a  f i n i t e  segm ent o f  a  random p r o c e s s

U( t - X)  = u n i t  s t e p  f u n c t i o n  a p p l i e d  a t  t  = X

u ( t )  = p a r t i c u l a r  s o l u t i o n  m a t r ix  f u n c t i o n  ( 2 - 4 l )

v^ = i ^ ^  e i g e n v e c to r  o f  m a t r ix  H ( a s s o c i a t e d  w i th

e ig e n v a lu e  v^)

Vĵ  = i ^ ^  e ig e n v e c to r  o f  th e  t r a n s p o s e  o f  m a t r ix  H

v^ = t r a n s p o s e  o f  e i g e n v e c t o r  v̂ ^

W(t ,X)  = u n i t  im p u lse  r e s p o n s e  ( g e n e r a l  w e ig h t in g
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f u n c t io n )  o f  l i n e a r  sy s te m  (2 -1 2 )

W j ( t , l )  = p a r t i c u l a r  w e ig h tin g  f u n c t io n  o f  a  l i n e a r

sy s tem  a s s o c i a t e d  w ith  in p u t  X j ( t )  (2 -3 4 )  

W (t,X ) = w e ig h tin g  f u n c t io n  m a t r ix  o f  l i n e a r  sy s tem

(2 -4 7 )

V (t-X ) = w e ig h tin g  f u n c t io n  m a t r ix  f o r  c o n s ta n t

p a ra m e te r  l i n e a r  sy s te m  (2 -5 3 )

W (t-X) = w e ig h tin g  f u n c t io n  f o r  c o n s ta n t  p a ra m e te r

l i n e a r  sy s tem  (2 -5 4 )

• • • j4 'n ) ( t )  = W ronskian  o f  a  d i f f e r e n t i a l  sy s tem  ( 2 - 3 0 )

Wpj(X) = (2 -2 9 )

Xĵ  = i  sam ple p o in t  o f  random  p ro c e s s

x ( t )  = random  p ro c e s s  (4 -2 )

x ( t j  = c l ip p e d  G a u ss ia n  random  p ro c e s s  (4 -1 7 )

3c(t) * d i s c r e t e  random  p r o c e s s

x \ ( t )  = t o t a l  in p u t  v a r i a b l e  (2 -8 3 )
- t hXjgg = j  s te a d y  s t a t e  in p u t  (2 -8 3 )

X jp ( t )  = in p u t  p e r t u r b a t i o n  v a r i a b l e  ( 2 - 8 3 )

x ^ ( t )  = i ^ ^  in p u t  f u n c t io n  to  a  c h em ic a l p ro c e s s

(2 -3 )

x ( t )  = in p u t  v e c to r  o f  a  l i n e a r  p ro c e s s  (2 -2 )

y ( t )  = d ep en d e n t ( o u tp u t)  v a r i a b l e  o f  a  s c a l a r  l i n ­

e a r  p ro c e s s  (2 -7 )  

y ( t )  = random  p ro c e s s  (4 -2 )

y j^ (t)  = i^ ^  d ep en d en t v a r i a b l e  o f  l i n e a r  p ro c e s s  (2 -3 )

ÿ ( t )  = o u tp u t  v e c to r  o f  a  l i n e a r  p ro c e s s  (2 -2 )

y ( t )  = t o t a l  o u tp u t  v a r i a b l e  (2 -8 3 )

ygg = s te a d y  s t a t e  o u tp u t  (2 -8 3 )

y p ( t )  = o u tp u t  p e r t u r b a t i o n  v a r i a b l e  (2 -8 3 )
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z ^ ( t )  = d e p en d e n t v a r i a b l e  o f  e q u iv a le n t  l i n e a r

sy s tem  ( 2 - 3 6 )

2 ( t )  = o u tp u t  (d e p e n d e n t v a r i a b l e )  v e c t o r  o f  e q u iv ­

a l e n t  l i n e a r  sy s te m  ( 2 - 3 7 )

G reek L e t t e r s

P = mean num ber o f  z e ro  c ro s s in g  i n t e r v a l s  o f  a

random p r o c e s s  p e r  u n i t  tim e

Y = i n i t i a l  tim e  o f  random p r o c e s s  (4 -3 )

Y = mean z e ro  c r o s s in g  i n t e r v a l  o f  G a u ss ia n  random

p ro c e s s  (4 -2 0 )

Ŷ  = f r a c t i o n a l  d i s t a n c e  be tw een  sam ple  p o i n t s  o f

random p r o c e s s .  F ig u re  I 6 

Yg = f r a c t i o n a l  d i s t a n c e  be tw een  sam ple  p o i n t s  o f

random p r o c e s s .  F ig u re  I 6 

A = d i f f e r e n c e

6 = tim e  i n t e r v a l  o f  i n t e g r a t i o n  o f  re s p o n s e

r e c o r d s  ( 2 - J O a )

6 ( t )  = u n i t  im p u lse  f u n c t io n  (2 -9 )

e = sm a ll in c re m e n t

= sm a ll c o n s ta n t s  ( 3 - 2 8 ) 

e ( t )  = random f u n c t io n  (4 -1 )

n = (4 -4 5 )

= u p p e r  bound f o r  th e  i j ^ ^  e le m e n t o f  th e  e r r o r  

m a t r ic e s  E and  

0  = s ig n  m a tr ix  a s s o c i a t e d  w ith  m a tr ix  E

0 ]̂  = s ig n  m a tr ix  a s s o c i a t e d  w ith  m a t r ix  E^
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0 . = e lem en t o f  s ig n  m a tr ix  8  ( 3 - l4 )
t h

8 = Ik  e le m e n t o f  m a tr ix  0i
1 :1 k

\  = tim e  p a ra m e te r  a t  w hich  Im p u lse  I s  a p p l ie d

(2-10)
X = p a r t i c u l a r  v a lu e  o f  t im e , p a ra m e te r  o f  W (t,X )

= 1^^ e ig e n v a lu e  o f  m a tr ix  H 

ç ( t )  = G a u ss ia n  random p ro c e s s

Ç = dam ping f a c t o r  o f  seco n d  o r d e r  l i n e a r  sy s te m

= 1^^ c h a r a c t e r i s t i c  r o o t  o r  p o le  o f  l i n e a r  

sy s tem

p ( t ) = n o rm a liz e d  a u t o c o r r e l a t i o n  f u n c t io n  o f  G a u ss ia n

random  p ro c e s s  

Z = sum m ation symbol

o = s ta n d a r d  d e v ia t io n  o f  s t a t i s t i c a l  f u n c t io n

T = p a r t i c u l a r  v a lu e  o f  tim e

= v a r i a b le  o f  I n t e g r a t i o n  (4 -6 )

Tg = v a r i a b le  o f  I n t e g r a t i o n  (4 -6 )

$ ( t ) = fu n d am e n ta l s o lu t io n  m a tr ix  f o r  l i n e a r  sy s tem

o f  e q u a t io n  ( 2 - 3 9 ) ,  (2 -4 o )

$  = a b b r e v ia te d  n o ta t i o n  f o r  "5 7TÎ ,-& )n - 1 ' n -1

$1 = a b b re v ia te d  n o t a t i o n  f o r  "5 T Ï  T
^  n - 1 ' n -1

"5 TTt 77  = h ig h e r  I n t e g r a te d  fu n d am e n ta l s o lu t io n  m a tr ixn-1- n -1
(2 -7 5 )

4 ^ ^ 2 ( t^ _ 2 - 6 ) = lo w e r I n t e g r a te d  fu n d am e n ta l s o lu t io n  m a tr ix  

(2-7 6 )

= I j ^ ^  e le m e n t o f  m a tr ix  $  (3 -1 3 )
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œ = e le m e n t o f  m a tr ix
1 :1 k  ^

9  ( t )  = re s p o n se  f u n c t io n  ( o r  s o l u t io n )  o f  l i n e a r
J

sy s tem

q)*(t) = s o l u t io n  o f  th e  a d j o i n t  l i n e a r  sy s tem
3

(2 -2 7 )

V ( t ) = I j t ^  e lem en t o f  fu n d a m e n ta l s o l u t io n  m a tr ix
J

* ( t )

e le m e n t o f

(p., ( t ^  T -6 )  = I j t h  e le m e n t o f  ?  H t   ̂-6  )
i j  n -x  n -1  n -1

^J^  ^ ^ ( t )  = ( l - l ) ^ ^  d e r i v a t i v e  w ith  r e s p e c t  to  tim e  o f

J^^  re s p o n s e  o f  l i n e a r  sy s te m

çp ( t )  = k^^  I n t e g r a l  o f  re s p o n s e  f u n c t io n  e v a lu a te d
J

a t  tim e  t

Y( t )  = p a r t i c u l a r  s o l u t io n  ( o r  re s p o n s e  f u n c t io n )  o f

l i n e a r  sy stem

2 ( t ) = co m p le te  s o lu t io n  m a tr ix  o f  l i n e a r  sy s tem

( 2 - 4 l )

u) = f re q u e n c y

u)q = f re q u e n c y  p a ra m e te r  o f  band  p a s s  n o is e  model

(4 -3 8 )

Ü) = n a t u r a l  o s c i l l a t i o n  f re q u e n c y  o f  second  o r d e r

l i n e a r  sy stem



APPENDIX B

GENERAL MATHEMATICAL RELATIONSHIPS FOR IDENTIFICATION 

OF LINEAR SYSTEMS WITH PERIODICALLY TIME 

VARYING PARAMETERS

C o n s id e r  th e  l i n e a r  sy s tem

y ( t )  = A ( t ) y ( t )  + B ( t ) x ( t )  , (B - l )

where A( t )  i s  a  ( n  x  n)  m a tr ix  w ith  p e r i o d i c  e le m e n ts  o f  

p e r io d  T^ and  B ( t )  i s  a  (n x m) m a t r ix  w ith  p e r io d i c  e le m e n ts  

o f  p e r io d  T^ su ch  t h a t

A( t )  = A( t  + T )
T_ ^  0 (B -2 )

B ( t )  = B( t  + T^)

Le t  * ( t )  be a fu n d am e n ta l s o l u t io n  m a tr ix  to  th e  

hom ogeneous sy s te m

y ( t )  = A ( t ) y ( t )  (B -3 )

such  t h a t  e ac h  colum n o f  # ( t ) i s  a  s o l u t io n  v e c to r  v , ( t )  =
J

c o l .  C*Vj^(t ) ,  ( P j ^ ( t ) ] ,  and  » j ( t ) ,  J = 1 , . n ,  a r e

l i n e a r l y  in d e p e n d e n t .  Then Y( t )  i s  a l s o  a  fu n d a m e n ta l s o lu ­

t i o n  m a tr ix  to  (B -3 ) i f  i t  i s  r e l a t e d  t o  # ( t ) by

Y( t )  = 4< t + Tq ) . (B -4 )

216
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C o rre s p o n d in g ly  to  e v e ry  su ch  m a t r ix  $ ( t ) t h e r e  

e x i s t s  a  p e r io d i c  n o n s in g u la r  m a tr ix  P w ith  p e r io d  T ^, and  a  

c o n s ta n t  m a tr ix  R su c h  t h a t

<Kt) = P(t)e^^ . (B-5)

The p ro o f  o f  (B -5 ) w i l l  be o u t l i n e d  h e re  t o  c l a r i f y  

th e  above r e l a t i o n s h i p .  S in ce

i ( t )  = A ( t ) * ( t )

i t  fo l lo w s  t h a t

T ( t )  = # ( t  + T^)  = A( t  + T ^ ) * ( t  + Tq )

= A ( t ) Y ( t )  .

Thus Y( t )  i s  a  s o l u t io n  m a tr ix  t o  (B -3 ) ,  an d  i t  i s  a  fu n d a ­

ment)

/  0 .

m e n ta l m a tr ix  ( n o n s in g u la r )  s in c e  d e t .  Y( t )  = d e t .  # ( t  + T^)

S in c e  e v e ry  fu n d am e n ta l m a tr ix  can  be o b ta in e d  from  

a n o th e r  fu n d a m e n ta l m a tr ix  by th e  r e l a t i o n

Y( t )  = $ ( t ) • C (B -6 )

w here 0 i s  a  c o n s t a n t ,  n o n s in g u la r  m a t r ix ,  t h e r e  e x i s t s  a  

p a r t i c u l a r  m a t r ix  C such  t h a t

# ( t  + T^) = Y( t )  = * ( t )  • 0 . (B -7 )

M oreover, t h e r e  e x i s t s  a  c o n s ta n t  m a tr ix  R such  t h a t

T R
C = e °  . (B -8 )
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Thus by com bin ing  (B -7 ) and (B -8)

o

L e t P ( t )  be d e f in e d  a s

T^R
# ( t  + T ) = $ ( t ) e  °  . ( b -9 )

P ( t )  = # ( t ) e  . (B -10)

Then u s in g  (B -9 ) i t  fo l lo w s  t h a t

- ( t  + T )R 
P ( t  + Tq ) = # ( t  + Tq )6 o

= $ ( t ) e  = P ( t )  . ( B - l l )

T hus, P ( t )  i s  a  p e r io d i c  m a tr ix ,  and  i t  i s  n o n s in g u la r  s in c e

# ( t ) and e a r e  b o th  n o n s in g u la r .

The s ig n i f i c a n c e  o f  th e  above r e l a t i o n s  i s  t h a t  th e  

d e te rm in a t io n  o f  a  fu n d am e n ta l m a tr ix  $ ( t ) o v e r  an  i n t e r v a l  

o f  le n g th  T^ le a d s  a t  once to  th e  d e te rm in a t io n  o f  $ ( t ) o v e r  

( - a . ,00) .

Thus C in  (B -8 ) i s  g iv e n , i n  te rm s  o f  (B -7 ) , by

-1 -1 
$  ( t ) 4 > ( t  + Tg) = *  (0 )$ (u )) = C (B -1 2 )

a n d  f r o m  t h i s  r e l a t i o n  R i s  g i v e n  b y  ( l o g  C) / T^.  T h e  m a t r i x  

P ( t )  i s  d e t e r m i n e d  b y  ( B - I O )  o v e r  a n  i n t e r v a l  ( t , ' H - T q ) .

S in ce  P ( t )  i s  p e r io d ic  i t  i s  a t  once d e te rm in e d  o v e r  an  

i n t e r v a l  ( - ®, ®) .  Thus $ ( t ) i s  d e te rm in e d  o v e r  ( -®,®)  by 

E q u a tio n  (B -5 ) .

E very  s o l u t io n  to  (B - l )  i s  g iv e n  i n  te rm s o f  * ( t )  by
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means o f  th e  e q u a t io n

t
y ( t )  = # ( t )  ^ $  ( X) B( X) x( X) d\

— CD

t
= ^ [ # ( t ) *  (X) ]B(X)x(X)dX (B -13)

— CD

-1
w here # ( t ) #  (X) = W ( t , X ) i s  th e  w e ig h tin g  f u n c t io n  f o r  

( B - l ) .

By means o f  E q u a tio n  (B -5 ) i t  f o l lo w s  t h a t  

W(t , X)  = $ ( t ) 4 : ^ ( X )  = [ P ( t ) e t R ] [ P ( X ) e ^ R ] - l

= P ( t ) e ( t - k ) R  p " l ( x )  (B - l4 )

S in c e :

P ( t )  = P ( t  + T^)  = P ( t  + n T^ ) ,  +n  = 1 ,  2 ,  3,

one o b ta in s

P ( t )  = P(6)  

p‘ \ x )  = p ’ \ t ) ,

Where
6 = t - m T  0 3 6 go o
T = t  -  nT^ 0 a T 3 T@

T h u s, E q u a tio n  (B -14 ) can  be w r i t t e n  a s

( t - X) R -1
W( t , X)  = P( 6)  e P ( t )  . (B -15)

I t  i s  i n t e r e s t i n g  to  exam ine some o f  th e  p r o p e r t i e s
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o f  th e  c o n s ta n t  m a t r ix  R. I f  * ( t )  I s  a n o th e r  fu n d am e n ta l
1

s o lu t io n  m a tr ix  o f  (B -3 ) ,  th e n :

* ( t ) = $ ^ ( t ) . 0

w here Q i s  a  n o n s in g u la r  c o n s ta n t  m a t r ix .  S u b s t i t u t i o n  o f  

th e  above r e l a t i o n  i n t o  E q u a tio n  (B -9 ) y i e l d s

T_R
4 ^ ( t  + Tq ) 0 = 4 ^ ( t ) Ge  °  , (B -16)

and a f t e r  p o s t m u l t i p l i c a t i o n  o f  b o th  s id e s  o f  th e  e q u a t io n  

by
T^R

4 ^ ( t  + T^)  = $ ^ ( t ) Ge  G

TLGRG'l
= 4 ^ ( t ) e  (B -17)

T h u s, e v e ry  m a tr ix  4 ^ ( t ) d e te rm in e s  a  m a tr ix  GRG~^ 

w hich i s  s i m i l a r  to  R. I t  s h o u ld , h ow ever, be  n o te d  t h a t  

a lth o u g h  R i s  n o t  d e te rm in e d  u n iq u e ly ,  a l l  th e  c h a r a c t e r i s t i c  

q u a n t i t i e s  a s s o c i a t e d  w ith  R, w hich a r e  i n v a r i a n t  u n d e r  sim ­

i l a r i t y  t r a n s f o r m a t io n s ,  a r e  u n iq u e .  I t  i s  c l e a r  from  th e  

above d i s c u s s io n  t h a t  th e  m a tr ix  P ( t )  i s  a l s o  n o t  u n iq u e  and 

depends on $ ( t ) .

T h ere  e x i s t s  a  m a tr ix  G t h a t  t r a n s fo r m s  R i n t o  th e  

Jo rd a n  c a n o n ic a l  fo rm . E q u a tio n  ( 2 - 5 5 ) ,  such  t h a t  GRG“ ^ = J .

E q u a tio n  (B - l4 )  th e n  becom es

= O P ' l ( t )  . (B -18)
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I f  P ( t ) G I s  d e n o te d  by P . ( t )  th e n :

The m a t r ic e s  J  and  P ^ ( t )  a r e  u n iq u e ly  d e s c r ib e d  by  th e  sy s te m  

and a re  n o t  d ep en d en t on any p a r t i c u l a r  fu n d am e n ta l s o l u t io n  

m a t r ix .

E q u a tio n  (B -19) re d u c e s  to

W( t , X)  = p “^ ( t ) (B -20)

The u n iq u e n e s s  o f  th e  m a t r ic e s  P ^ ( t )  and J  i s  im p o r ta n t  when 

a n a ly z in g  r e a l  sy s tem s by  means o f  e x p e r im e n ta l  d a ta .



APPENDIX C

DERIVATION OF EQUATION (4 -4 2 )  FOR THE MEAN ZERO 

CROSSING INTERVAL OF BAND PASS NOISE

The mean z e r o - c r o s s in g  I n t e r v a l  o f  a  G a u ss ia n  random

p ro c e s s  i s  g iv e n  by E q u a tio n  (4 -2 7 )  a s :

^ °

The n o rm a liz e d  c o r r e l a t i o n  f u n c t io n  p ( r )  o f  a  b an d ­

p a s s  n o is e  model i s  d e s c r ib e d  by E q u a tio n  ( 4 - 4 l )  a s :

s in  mui^T -  s in  œ t
p(t) = (m -  l)(«oT • (4 -4 1 )

D i f f e r e n t i a t i o n  o f  ( 4 - 4 l )  with r e s p e c t  to  t y i e l d s

p ' ( ? )  '  [  T ' “o “o '' ■ “ "o '"“o '')

-  ^  ( s i n  V  -  o ln  ■"“ o ' ' ) ]  ( C - i )

F o r th e  e x is te n c e  o f  (4 -2 7 )  i t  i s  n e c e s s a ry  t o  show t h a t

p ' ( 0 )  = 0.  S u b s t i t u t i o n  o f  ( 4 - 4 l )  i n to  ( C- l )  and  r e a r r a n g e ­

ment o f  th e  e q u a t io n  y i e l d s

P ' ( T )  = 7  (*"o iDq T -  mu>Q co s mm^T) -  ^  p(t)
1 r *"o cos OqT -  mwiQ co s mui^T , ^

=  T  L  —  [ r n E j i i g - - - - - - - - - - - - - - - - - - - - p ( T )  J  ( c - 2 )
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In  th e  l i m i t ,  a s  t a p p ro a c h e s  z e r o .  E q u a tio n  (C -2 ) 

becomes ( a f t e r  u t i l i z a t i o n  o f  L 'H o s p i t a l 's  r u l e )

. M .  § .  a

(C -3 )

from  w hich i t  f o l lo w s  t h a t
2 2 (mu) ) s i n  mu) T -  (w s i n  ui t

— (1  — - - 0 .  ( c - 4 )

and f i n a l l y
P ' ( 0 )  = 0  ( C- 5)

a s  r e q u i r e d .  The second  d e r i v a t i v e  o f  p ( t ) can  be  e v a lu a te d  

a s :

, 1 -  “ o 1
p ( f )  = T  L  (1  -  m)o.o------------------  J

1 r  »0 *0? -  1 o ' ( t ) , o( t )
I T  L r ~ ' m T S ^  J  ■

■ H ]  ( . - « I

The l a s t  s t e p  i n  th e  d e r i v a t i o n  o f  E q u a tio n  (C -6 ) 

r e s u l t s  from  s u b s t i t u t i o n  o f  E q u a tio n  (C -2 ) i n t o  i t ,  i n  

o rd e r  to  e l im in a te  p ( t ) .  In  th e  l i m i t  a s  t  a p p ro a c h e s  z e ro :

p " ( 0 )  = l i m P " ( . )  ° ° °
T - 0  ^  T - 0  '  '  O

-  2 p " ( t )  ]  (C-7)

Thus
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p " (0 )  = §  = -  3  “o(®^ + m + 1 ) . (C -8 )

The f i n a l  r e s u l t  i s  o b ta in e d  by s u b s t i t u t i o n  o f  (C -8 ) i n t o  

(4 -2 7 )  a s :

S  ^-------  (4 -4 2 )
n r  + m + 1



APPENDIX D

DERIVATION OP EQUATION (4 -4 5 )  FOR THE RATIO BETWEEN 
THE STANDARD DEVIATION AND THE MEAN ZERO CROSSING 

INTERVAL OF BAND-PASS NOISE

The v a r ia n c e  o f  z e ro  c r o s s in g  i n t e r v a l s  i s  e x p re s s e d  

by E q u a tio n  (4 -4 4 )  a s

2 Y 2a = 2 \ ( t  -  y) P(r)dT . (4 -4 4 )

The z e ro  c r o s s in g  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t io n  

was e x p re s s e d  by E q u a tio n  (4 -3 4 )  a s

^o ( t ) = = -Jf r " ( T )  . (4 -3 4 )

S u b s t i t u t i o n  o f  E q u a tio n  (4 -3 4 )  i n t o  (4 -4 4 )  y i e l d s  

2 ?
1 T =  ?  ^ (?  -  Y) r " ( T) dT 

0 
y

= ■J J  ( t^ + -  2YT) r " ( T) dT

^  ^ T^r " ( T) dT + ^ r " ( r ) d T  -  ^ Tr " ( ? ) dT (D - l)

To e v a lu a te  E q u a tio n  (D - l)  i t  i s  n e c e s s a ry  to  s o lv e  e ac h  te rm  

on th e  r i g h t  o f  th e  e q u a t io n  i n d i v i d u a l l y .  Thus th e  f i r s t  

te rm  y i e l d s
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Y Y
\ T^r”(T)dT = r T^r'fy) 1 - 2 \  Tr'(T)dT
n  0 0

Y Y Y
= r T^ r ' ( T )  1 - r 2Tr ( T)  1 + 2 \  r(?)dT  

L -JQ 0 0
Y

= Y^r ' ( Y)  -  2 y r { y )  + 2 ^ r ( T ) d r  . (D -2)

The second  te rm  y i e l d s ;

y ,Y
{ r"(T)dT = r r‘(T) 1 = r’(Y) - r'(0) . (D-3)
0 L Jo

And f o r  th e  t h i r d  te rra  one o b ta in s

Y y y
\ Tr"(T)dT = r Tr'(r) 1 - \ r’(T)dT
0 L Jo g

= r  T r ' ( T )  1^ -  r  r ( T)  V
0 0

= Yr ' (Y)  -  r ( Y)  + r ( 0 )  . (D -4)

A f te r  s u b s t i t u t i o n  o f  (D -2 ), (D -3) and (D -4) i n t o  ( D - l ) :

2 Y ^
[  Y^r ' ( Y)  -  2Yr(Y) + 2 ^ r (r ) dT ]  + Tp [ r ' ( Y )  -  r ' ( 0 ) ]

0
-  Cyi*' ( y) -  r (  y) + r ( 0 ) ]

= 2  \  r ( T) dT -  Ŷ  [  + Y ]
0

= I  ^ r ( T) dT -  Ŷ  [  & +  i ( r  % )  ]
0
Y

=  ̂ \ r(T)dT (D-5)
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The seco n d  to  th e  l a s t  s t e p  i n  th e  d e r i v a t i o n  o f  E q u a tio n  

(D -5) fo l lo w s  s in c e  r ( 0 )  = 1 by d e f i n i t i o n .  E q u a tio n  ( 4 - l 8 ) ,  

and  s in c e  r ' ( 0 )  = - 2 / y ' .  E q u a tio n  ( 4 - 2 4 ) .  D iv i s io n  o f  E qua­

t i o n  (D -5) by y i e l d s

2 Y
^  ^  j  r ( r ) d T  o (D -6)

0
F o r a b a n d -p a ss  n o is e  model

- ( w = I  ] ,  (D -7 )

and  Y i s  g iv e n  by E q u a tio n  (4 -4 2 )  a s

S u b s t i t u t i o n  o f  th e  above two e q u a t io n s  i n t o  (D -6)

y i e l d s :

-  /  u>oVr
r  G f  “’o / m f  + m + 1 2 r _ ^ ^ s in  m u ,^ T -s in
V Ÿ  V tT V  3 W j  Bin L Cm “ D tiUq-----

(D-7)

Through c h an g in g  th e  v a r i a b le  o f  i n t e g r a t i o n  i n  E q u a tio n  (D -7) 

from  T to  uJq T, E q u a tio n  (D -7) becomes

Vm

(D -8)

A f te r  d e n o tin g  n J  by n th e  r e q u i r e d  r e s u l t  i s  o b ta in e d :
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C O s i n - 1  r  s i n  n i T -  s i n t  
L (m 1  ) ' t

J dT (4-45)



APPENDIX E

COMPUTER PROGRAM LISTINGS FOR IDENTIFICATION PROCESS

In  t h i s  a p p en d ix  th e  l i s t i n g s  o f  th e  com puter p ro ­

gram s t h a t  w ere u se d  f o r  th e  i d e n t i f i c a t i o n  p ro c e d u re , 

w r i t t e n  i n  th e  Osage A lg o l la n g u a g e  [ 5 6 ] ,  a r e  p r e s e n te d .

The m eaning o f  th e  v a r io u s  in p u t  v a r i a b l e s  and p ro p e r  

e x p la n a t io n s  o f  th e  v a r io u s  c o m p u ta tio n a l  p ro c e d u re s  a re  

g iv e n  in  comments th ro u g h o u t th e  p ro g ra m s.

Program s f o r  th e  p r e p a r a t i o n  o f  th e  fu n d am e n ta l ma­

t r i c e s  ?  7X1 7 7  and 4» T ( t  - -6} a r e  n o t  l i s t e d  b e ca u se  o fn - i  n -1  n —X n —x
t h e i r  s p e c i a l i z e d  n a tu r e ,  t h e i r  dependence  on th e  p a r t i c u l a r  

r e c o r d in g  p ro c e d u re s  and  on th e  r e c o r d in g  f a c i l i t i e s  t h a t  

a r e  a v a i l a b l e .

F o r u t i l i z a t i o n  o f  th e  i d e n t i f i c a t i o n  p rogram s th e  

fo l lo w in g  comments may be h e l p f u l :

1 . C are  sh o u ld  be ta k e n  to  r e a d - i n  th e  v a r io u s  in p u t  

v a r i a b le s  a c c o rd in g  to  th e  p ro p e r  fo rm a ts  a s  i n d ic a t e d  by th e  

d e c l a r a t i o n s  a t  th e  b e g in n in g  o f  Program  1 70 . Thus v a r i a b l e s  

t h a t  a re  d e c la r e d  a s  R ea l ( o r  R ea l A rra y ) sh o u ld  have  a 

d ec im a l p o i n t ,  and  v a r i a b l e s  t h a t  a r e  d e c la r e d  a s  I n t e g e r  

( o r  I n t e g e r  A rra y )  may n o t  have  a  d e c im a l p o i n t .

2 . The s e r i e s  i d e n t i f i c a t i o n  num ber ( i d e n t i f i e d  a s
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s y s )  sh o u ld  have  a t  m ost f o u r  d i g i t s .

3 . I f  o n ly  th e  f i n a l  r e s u l t s  a t  e ach  v a lu e  o f  6 and 

th e  f i n a l  i d e n t i f i c a t i o n  r e s u l t s  a re  d e s i r e d ,  o n ly  t l 4  and 

t l 5  sh o u ld  be r e a d - i n  a s  1 ; a l l  o th e r  t ‘ s sh o u ld  be  r e a d - in  

a s  z e ro .

4 . F o r  i d e n t i f i c a t i o n  o f  second  o r  t h i r d  o r d e r  s y s ­

tem s, v a lu e s  o f  0 .0000001 f o r  ep s  and th e  co n v erg en ce  

c r i t e r i a  e p s  1 , e p s  2 , ep s  3 and  ep s 4 a re  g e n e r a l l y  

s a t i s f a c t o r y .
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Par 1 »  1 8 f  p 1 n i t l l  n ^
2K j » * SUP 1 Uatll n £2.
• II» J l  •  p r« d l j» l l i '
.Uk 1 »  I BUS 1 PB tll r1 J22 ( m o
Far J «  1 »t«p 1 a i t 11 B Og Begin
rv(j] •  iBVlj] * 0 | pvllj] -  iBvIt] « 0 d g l
l«M tar(irad»re»lB V »n(i)»laaiIl],B ,ape»slB sls)i
Pete laetaedi alnglei M iniT(eut1*,l); Pete •PeaBee;
1n«t e»di leaatar(g»r*t»lBV1trK[t]»lagi[l]>B»epa,BlB(la)i 
ZC t7-1 %Um l a t t i  PB«T( eut 15,1)1 
railRl «it3,rv( 1 ] , . . .  ,rv(B] ) I 
rantr(eBt3,iMr(i],...,iB*(B])i m nrlakip)! 
mnirlaiitiP.Di
m n r(au t3 ,rT l(1 ]»» .» ,rv1 (B ])i 
m if r (a a t3 ,lM l[ l] ,. . . .lB V 1 [B ]) i  MUMTlaklp) M i  
dleorep -  d ia l#  » 0;
avpar(B ,lazIl],d lM M p,d lalB ,P ,rv ,lB v ,pv l,lB vl)i 
■U tS - i  BeglB
m z ii r ( a a t1 7 , l ,n ( l ] , la x [ l ] ) i  raiHT(aut2S,l)i 
7RHR(aat3idl8eptp»dlala) a id i
I f  t1 3 -l Then Begin nenal » d lea rep /rx flli  nanaS -  d la ln /lnx IH t 
ra n fr(a u t2 6 ,l) | FRINT(aat3»nana1,norB2) U di
Caamant C aleulatlan of eyaten p slea . At th la  atage a lae  tba tea tlng  

and n ln ln lxa tlan  e f  e r re r  la  aarrled  euti 
I f  la x ( l] -0  Than Begin I f  m i l l  < 0 raHR(e«t19) Ü H  Budtt 
d l  « m ( rz [ l ] ) l
TC •  d l/d e lta ;  ERTC -  d lae rep /(d e lta* rx [l])i 
PRHIT{outl8,TC,BBTC)t I f  tl9*1 HaiLfiUElB 
nem l « |((TC-ATC[l])/ATC[l])'|
B o m S  -  |(HRTC/TC)'|
I f  n a n e  < Cenfll] Bu IB C cafll] -  nanfi;
TT1[1]<T1 I  d e l ta l l l ]  -  d a lta i 
R eotll] -  TC M l
PRHfr(aut27,Berml,nem2) M  M  Bid 
Klae Begin d l -  r z [ l ]* rz [ l]  +lm z[l]«iaoi[l]i 
T0-lN (dl)/(2adelta)|
ERTC -  ( |d lae rep * rx [l]‘ + |d la lB * lB x [l] ') /(d e lta* d l)i 
TCI -  rxtl]/S«B T(dl)|
HP-ARCTAK(8PRT( 1-TCiaTCI)/TCI)|
ERNP- (Idlaerep* + |n [l]* d a lta« B R T C ')/M (l] |
PBIHn out31 ,TC,ERTO, W.BBRF) I
noi«3- |(ERTC/rc)'i nom4-|(ERHP/B»)'i
nena1-|((TC-ATC[l])/ATC[l])'|
I f  Borm3<Cam[l] Then Begin Cam[l]«nam3l 
T te l lM t i  de ltaZ lD -d e lta ;
Canfld[ll«ner*4| Co[l]»TC| Ce[l]-BP M |
FRHR( eut3S,nem1 ,natai3,noiat)BBaDdl
S â l
advanoai If laat^ Than Pete flnali 
Pete Inltali 
final: M  M l

Pregten 200|
freaedure Invert (a ,n ,epa,a ln*ü .) i Valaa n.epai 
B t l l  Array a i Integer ni Real epai lab e l alngoli 
Caaaaent Inverta a  n a tr lz  In I t 'a  own apaee ualng the

Pauaa-Jardan Bathed n l th  oaaplete n a tr lz  p lvetlng.
I .e .  a t  each atag# tha p ivet haa the largaat ahaeluta 
value e f  any eleaant la  the remaining m atrix. Tha 
aeerdlmatea e f  the auooeaalve matrix p lveta uaed a t  
eaeh ataga e f  the  reduotlan are raoerded l a  tba auooeaalve 
element pealtlana e f  the rev and oeluan Index veotera r  
and e . Theae are  la te r  oalled  upon by the preoedure permute 
which rearrangea the  rewa and celumna e f  the m atrix. I f  
the matrix la  alagular the  preoedure ex lta  to  an appropriate 
label In  the mala pregrami
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g«gli> l o t w r  l> J> k ,l,p lv l.p lv J ,p i B—l  p ivo t, hi 
Intooor *rr»y r ,c ( l in ) t  
Us freooA ro ponuto  (901,1,8);
Co— it  oot row and oolimm Indox vaotora;
Ek  1 •  1 Stop 1 H itll  n D£ r ( l ]  -  e ( l ]  -  l ;
Co—ont find I n i t i a l  pivot; p lv l » p lv j -  1;
Per 1 »  I Stop 1 t t i t l l  n Do
2BC i -  1 5top 1 t t i t l l  n Cs

|( a (p lv l ,p lv j] ) ' < | ( a ( l , j ] ) '  Ttion Begin 
p lv l » 1; plv j -  j  ftid;
Coemont e ta r t  reduction;
Per 1 -  1 Stop I t t i t l l  n Ee Begin
1 » r ( l j ;  r l l j  -  r (p lv l) ;  r (p lv l]  -  1; 1 »  o (lJ ; o (l)»  o (p lv j);
« [p lv j] > 1 ;  I f  l ( e [ r [ l ] ,  o ( l ] ] ) '  < ope Then Bogin
CflHUt boro Inoluda en eppreprlato output preoedure t e  reoerd 

1 end the current valuae e f  r ( l tn ]  end o (lin ];
Goto elngul Bid;
Car J '  B Step - I  t t i t l l  1+1,  1-1 Stop -1 t t i t l l  1
e ( r ( l ] ,  o [ j] ]  -  a ( r ( l ] ,  e ( J ] ] /a [ r ( l ] ,  e ( l ] ] ;
e ( r [ l ] ,  o [ l] ]  -  l / a ( r ( l ] ,  o ( l ] ] ;  p iv et -  0;
f m  k -  1 Step 1 t t i t l l  1-1, 1*1 Stop 1 t t i t l l  n De Begin
P9T j  -  n 2 ttP  -1 t t i t l l  1+1, 1-1 -1 t t i t l l  1 Dg Begin
h -  a [ r ( l ] ,  o ( j] ]  •  a [r(k ] , o ( l ] ] ;
a [ r (k ] ,  o ( j] ]  -  a [ r[k ] , o ( j] ]  -  h;

l f l < k a l < j A  I (p iv o t) ' < l(a [ r (k ] ,  o t jJ J ) '
Then Bogin p lv l -  k; p lv j -  j ;  pivot -  a ( r (k ] ,  o ( j ] )  Bid oendltlonal 
Bad j  loop;
a ( r [k ] ,  o ( l] ]  -  - a [ r [ l ] ,  o [ l] ]* e (r(k ] , o [ l ] l  Jg;d k loop Bid 1 loop end roduotlon; 
Cnewint  roerren#e rewe; p e m u ta (a (j,p ] ,a (k ,p ] , j ,k ,r ,o ,n ,p ) ;
CoMont reerrenpt eelineie; peraute (a[p , j] ,e (p ,k ] ,j ,k > o ,r ,n ,p )
Bid Invert;

Pregran 201;
Preoedure p o iee ito (a ,h ,j,k ,a ,d ,n ,p ); Value n;
Weal a ,b ; Integer I r r a r  e ,d ; In teger j ,k ,n ,p ;
Coemont a  preoedure ualng Jeneon'e davloe whlob oehengee

rewe or oelineie e f  a  n a tr lz  to  aohlave a raarran#m ent 
epaclflad by the pom utatlon veotera e ,d [1 in ]. Bloaente 
e f  e epeclfp the o rig in a l aeuroa looatlona while olanente 
o f d epoolfy the daelred doetlnatlon  looatlona. Nomally 
a  and b w ill bo called  ae aUbecrlptad varlabloa e f the 
eene a rray . The pem etore j ,k  nominate the aUbeorlpte e f  
the dlnonelen affeoted  by the  permutation, p la  the Joneon 
paremetor. Ae an ezenple o f the uao e f  th le  preoedure 
auppoeo r ,o (1 in ] to  oomtaln the  row end oeliam eUbeorlpte 
e f  the  euocoeelva m atrix p lvete uaed In a matrix Invarelon 
o f an array  a[1 :n ,1 in ] I . e .  r [ l ] ,  o[1] are the re la tiv e  
eubeerlpta e f  the f l r e t  p lvet r (2 ] ,  e[2] thaee of the eaeond 
p lvet end ee on. The two c e lle  permute ( e [ j ,p ] ,  a [k ,p ] ,j ,k ,  
r ,o ,n ,p )  end permute ( a (p , j ] ,  a [p ,k ] , j ,k ,c ,r ,n ,p )  w ill porfeim 
the required reerrengmeent o f rewe and ooluai roepoctlvely; 

lUoin Integer Array tag , leo[1 tn]; Bltoger l , t ;
Beal w;
Çgmmt cet up I n i t i a l  vector tag  mnBor and addroee arraye;
Per 1 - 1  Stop 1 t t i t l l  n Eg ta g [ l ]  -  le o ( l]  -  1;

e ta r t  poraaitatlon;
Per 1 - 1  Stop 1 t t i t l l  n gg (ggfp 
t  -  e [ l ] ;  j  -  lo o (tJ ; k -  d [ l] ;
I f  - ( j - k )  Qbo Itg lB  ZBr P -  1 Step 1 t t i t l l  n Qg Bg^g 
w - e ; a - b ; b - w  Bld> te g [ j]  -  teg (k ]; tag(k] -  t ;  
l e o ( t]  -  lo o [ta g (j]] ; lo e [ ta g [ j] ]  -  j  jk  oendltlonal 
Bkj 1 loop 
JBd. permute;
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m w n m  so it
fraeedwr» m ultlp(n,m ,b,e); Valu; n;
Array a ,b ,e ; I n t a t r  ni

Thla preeadura a u ltlp lla a  two ua trleaa  b and e «ueh 
th a t a [ l> j)  -  b (l,k ]* e [k ,J ]  and tha raau lt atarad In ai 

lak ln  I n t a » r  l ,j« k ;  
f a r  1 - 1  5tap 1 U ntil n g ; 
f a r  J -  1 Stap l U ntil n Do Baaln 
a (l« J ]  -  0 |
Far k -  1 SSlfi I U ntil n Qa 
a [ l , j |  -  a [ l . j]o b ( l .k ]« e (k .l]  QUI 

BOltlpi

Fregram 206;
Fraaadura oharoe(a>n,b)i Valua m Integer n;
Array a ,b ;
Ca— n t flnda tha e ea ff lc lan tt e f  the eh arae ta rla tle  

aquation e f a a a tr lz  b{ l] e f  the fe ra  b(0]r» * 
b [l]rh"1  + ,#.+b[n-1]r + b (n ]^ «  the precadura 
uaaa Raaaanbarg'a aathed and I f  I t  f a l l s  I t  
aaltchaa t e  la v a r r la r 's  aathed;

Begin In teger l , J , l . k , a ;  «aal fU.fUn.fune.beta;
Array q>p(1in,t>n], S[1in];
Waal Preoadura f(a,q>x>a,n): Valua z ,a ,n ;
In taaar s .a .n ;  Array a ,q ;
Begin In teger k; Real t :
t - 0 ;  ^  k -  a-1 Step 1 D htll n ga
t  -  t*a[g ,k ] a q[k ,a-1]; f  -  t  Bid;
Baal Frecadura g (^ ,p ,a ,a ,a ) ;  Value s .s .a ;
In teger <>a,a; Array p.q;
Begin Integer k; Real t ;
t - 0 ;  E g  k -  2 Step I Tbitll a  De
t  -  t+q[g,k] * p [k ,a-1 ]; g  -  t  J ^ ;
Ear 1 - 1  s tep  1 U ntil n ga IT 1-1 Then Begin
q[l»11 -  1; q[l>2] -  0; p l l . l j  -  - a [ l , t ]  End 
JQ lt i t  1-2 O hd Begin
q [l< l]  -  0; q ( l ,2 ]  -  a [2 ,l ] ;  p [ l , l j  -  - I  End
B ite BaaIn q [ l ,1 ]  -  0; q l l ,2 ]  -  a ( l , l ] ;  p [ l , l ]  -  0 End;
I f  q[2,2]«0 ItBn Qeta next;
Far j  -  3 Step 1 D htll n ge Stgill
Far 1 - 1  Stap 1 t t i t l l  n ga I f  K j  Than Begin
q t l . l l  -  0; fiai -  f ( a ,q , l , j , n )  + g ( q ,p , l , j , l - 1 ) ;  p ( l . J - l l  -
- f u n /q ( l , l ]  Bid
Else I f  1 - j  Than Begin
p [l«J-1J -  -1 ; fun -  f ( a ,q , l , J ,n )  + g(q .p ,l«J>J-1): 
q[l« j ]  -  fun jBBl
£LU fiUda p [ l> J - l)  -  U; fun -  f ( a ,q , l , J ,n )  + g(q>p>l>J>J-1):
q [ l , j ]  -  fun Bull
I f  q[4>j] -  0 Xhgn Oata next Bid!
Far 1 -  1 Stap 1 t t i t l l  n ga I f  1-1 Than 
p [ l .n ]  -  -a[l> n] •  q(n,n] U gg  Begin
f t»  -  g ( q . P . l . n t 1 , l - 1 )  + a [ l ,n ]  •  q[n ,n ]; p [ l , n ]  -  - fu n /q [ l , l]  p id :
Caaaant Mea th a t tba a a tr lz  p [ l , j ]  haa been evaluated the fellew lng

preaadura «111 evaluate tha eee ffle len ta  b [J] In the eh areo ta rls tla  
aquation;

Far 1 - 1  Stap 1 t t i t l l  n gg Begin b [ l ]  -  0;
Far j  -  1 Step 1 t t i t l l  n Do q [ l , j ]  -  0 Bid:
q f1» ll -  1; b(nj -  b(n] + q[1,1] •  p[1«n];
Far J -  2 Step 1 t t i t l l  n  D e Begin fun -  0;
For 1 - 1  Stap 1 t t i t l l  j-1  gg ftm -  fu n + p [l,J -1 ]» q (l,l] ; q[1>J] -  fun;
For 1 — 2 Step 1 t t i t l l  j  Dg I f  1 < j  Then Begin fun -  0;
For 1 - 1  Stap I t t i t l l  J-1 gg
f t»  -  fu n + q d .lj  a p [ l .J -1 ] ;  q [ l , j ]  -  fuiH-q[l-1,J-1 J a id  
I le a  q [l>J] -  q [l-1 .J -1 ] ;
Fee 1 -  O Step 1 t t i t l l  j-1  gg
b [n - l]  -  b [n - l]  + p t^ .a ja q d e l . j )  Bid; b(0] -  O;
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JS5 1 » 0 SUD I UhtU n-1 Gg 
b t l l  -  b t l l  * qtm-l«nl : Oote fln&l;
nanti gam m l Tha fallew ln# la  am a lta m a tlv a  praoadura fa r

avaluatlam a f  tha oeafflelamta of tha eharaetarla tlo  
aguatlan. I t  la  baaad on Lavarrlara aathodi 

Ear 1 * 1  Stan 1 g » tii  n pq
Zap j  * I Stan 1 IbiUl n Dg
U  1 -j TbM) p t i . j l  -  I H a t  p t i . j l  -  0)

1 -  1 SUn I Utatll n Oa haodn
B *  1 -  1 stap  1 u n til  n Ca
ESE j - 1  SUn I until n Ba haaln Ai -  Oi
Pof k •  I S u n  1 t t i t l l  n Ca
fu  -  fla + a [ l ,k l  •  p tk . j l ;  q tl» J l -  fu ted i 
ÎSE 1 •  1 Stan 1 t t i t l l  n Ea
f a r  j  -  I stap  1 t t i t l l  n Ba
p ( lf j}  -  q t l . j l l  s ( l ]  .  0|
Pop 1 « 1 stop  1 t t i t l l  n Be 
S tu  -  S tu  + P l l . l j  End; 
btOl -  1;
fa r  j  -  I Stop I t t i t l l  D Ga Eaxu>
funo » 0] run -  Jl
Pgr 1 -  I Stan 1 t t i t l l  J Ba. Baaln
baU  -  t-1 )* "’» funo -  fimo ♦ b t j - l l  •  S t l l  •  batm Bidi
b t j l  -  fumo/fUm nanti
{op j  -  1 Stap 1 t t i t l l  n Ba
b t j l  -  b l j l« t t - l ) ^ ) i
flmali Sssl eharaei

Proaram SOTi
Prooadura balratoln,a,ap*0,apa1,apa2,ap«3,K ,m ,n,y,nat,an);
Valua m m tanar n.K.m; Baal apaO,apa1,ap»2,ap#3:
Intanar Array an,nnt; Baal Array a ,n ,y ;
Co—ant Thla Balratow Hlteheoek I ta ra tle n  la  u u d  to  find

aueeosalvaly pair# of roota o f a polynomial aquation 
of dagroa n with eeafflo lan ta  a t l ]  (1 -0 ,1 ,. . . ,n )  
whara atn] I t  tha  conatant ta r a .  On a n lt  from tha 
prooadura, a  la  tha m abar o f pair# o f roota found, 
n t l l  and y t l l  (1 -1 ,... ,m )  aro a  p a ir  o f ra a l roota 
I f  n a t t l ] - 1 ,  th a  ro a l and Imaginary parta  o f a campion 
p a ir  I f  n a t t l ] —1, and a n ( l]  Indlcataa which of tho 
following oondltlona wat mat to  an lt from tha I to ra tlo n  
loop In finding th la  p a ir

(1) Bonalndara r1,rO , bocoao abaolutoly loot than opal.
(2) Corractlena, Imorp, Inorq, bocomo abaolutoly la ta  

than apa2
(3) Tha ra tlo a , Inerp/p , Incrq/q, bacona abaolutaly 

laaa than apa3
(4) Tha numbar o f lU ra tlo n a  baoema K. m  tha la a t  e a u ,  

tha p a ir  of roota found la  not ro llab lo  and no fu rther 
e ffo r t  to  find  add itional roota la  mada. Tha quantity 
apaO la  u u d  aa a lowar bound fo r tha danomlnater In 
tha anpraaalona from which Incrp and Inorq are found;

Bogin Integer 1 ,j,k ,n1 ,n2 ,n1;
Array b ,o [0 :n+ l]| Baal p,q,rO ,r1,aO ,a1,vO ,v1,datO ,dat1,dat2,lnorp, 

lncrq ,S ,T |
Par 1 - 0  Stap 1 Until n Qg
b [ l]  -  a ( l ] |  b[n+ll -  0; n2 -  HNTlBB((n+l)/2); n1 -  2412;
Ear ml -  1 stap  1 U ntil n2 Gg Bagln 
P  -  0; q -  0;
Ear k -  1 Stap 1 t t i t l l  K Ba Baaln 
atapi Pop 1 - 0  Stap 1 O htll n l  Ba 
o ( l]  -  b ( l ] |
Pop j  -  n1-2, n1-4 Ba Bonin 
Ear 1 -  0 Stop 1 t t i t l l  j  Be Bonin
o (l+ l] -  ojl+11-pOo[l]| o[l+2] — a[l+2)-qOo[l] ttidi
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rO -  o(n1]; r l  » o(n1-1]| »0 -  a(nt-2){ «1 -  e[n t-3 ]i
*0 — - 4*a1|  »1 “  datO -  v1*aO-vO*al|
J /  IdatO* < apaO g g g  Baaln p » p+1; q -  q+l; 
data  atap End:
da tl -  aO*rl-al*rO; datZ •  rO**t-r1*vO} Inerp -  datl/datO j 
Inerq -  dat2/dat0 | p -  p+lnerp; q -  q+lnerqi 
JX |rO> < apal Than Baaln
i t  I n '  < apal Than Baaln az(a l] -  I ;  data naxt Bid B ids
i f  llnorp ' < ap«2 Than Baaln
i t  I Inerq ' < ap§2 Then Baaln aa[ml] -  2; data  naxt Bid B«d«
i t  jln e rp /p ' < apa3 Than Baaln
I f  jlnopq/q ' < apa3 Than Baaln ax[al) -  3: fiatfl naxt .Bid Bid Bids
a x ia l]  -  4;
naxt: S -  -p /2 ; T -  s2-qs
I f  -i(T<0) Thaw Baaln
T -  SQRT(T)| natlw t] -  Ij xlwl] -  S+Tj y[wl] -  S-T Bhdi 
I f  T<0 Than Baaln
n a tln l]  *  - I ;  x[nl] »  S | y[wl] -  SQBT(-T) Bid:
I f  ax(wl]-4 Than data auts
Per 1 - 0  Stan I t t i t l l  n1>2 Cs 6 u l o
b [j+ ll  -  h[j+ l]-p«b[j]s bIj+2] -  btJ+Bj-qablj] Bids
n1 “  n1-2;
i f  n1<l Than Baaln
auti m » Bis data f in a l Bids
I f  n1<3 n u n  Baaln
ml »  m1+1; ax ia l] -  I ;  p -  b ll] /b l0 ] ;  q -  b l2 ]/b I0 ] | data naxt Bid Bids 
1 -  Is
f in a l: Bids

Praaram 210;
Praeadwa iv ac te r(a ,rx ,lm x ,rl, ln l,n ,apa>alng la) :
Valua n ,a ,r l , lB l .a p a i  iQ^idUT n; Aq ^ z a.lm x.rx ; Baal rl.lm l.ap a : 
labe l alngla:
C edant Thla preeadura avaluataa the oeaqsananta a f  tha 

a lsanvaetar a f  matrix a l l , j ]  aaaumlng th a t tha 
f l r a t  eempenant la  aqual t a  I. r l  and 1ml ara 
tha ra a l and lamglnary parta a f tha al#anvalua 
f a r  nhleh tha alganvaotar la  avaluatad, r a i l ]  
and Imxil] ara tha ra a l and Imaginary parta  
raapaotlvalp a f  tha 1th oempenant a f  tha alganvactar:

Begin m taxar 1 ,j,m; Array d II:2 < n -l],b II:2*n-l,li2*D -l],eIli2< 'n ,li2*n]| 
Me Preeadura lnvart(200 ,1,4})
I f  -i( lm l^ ) Than data athar) 
r x l l ]  -  I;
Par 1 - 2  Stan I O itll  n Da Baaln 
d l l - l ) — - a l l , I ])
Cot j  -  2 Stan I a i t l l  n Da
b U - l ,J - l ]  -  a l l , j ]  Bids
Par 1 -  I Stan I t t i t i l  n  Eg Imxil] -  0;
Par 1 -  I Stac I B itl l  m-1 Ed
b l l , i ]  -  b l l , l ] - r l )  lnvart(b ,n -l,apa,a lngul})
data e x it)  alnguli data alngla;
a x lti  P ^  1 - 2  Stan I t t i t l l  n Da Baaln r a i l ]  -  0;
Par 3 -  I Stan I t t i t l l  n -l Ed
r a i l ]  -  r x l l ]  + b I l - 1 ,j ]  •  d i j]  Bid: data f in a l;
a thar: £ sr  1 -  I f&gg I t t i t l l  n Da Baadn
r x l l ]  -  I; d l l]  -  1ml;
£SE j  -  I Stan I Until n Qg b l l , j ]  -  a l l , j ] ;  
b l l , l ]  -  b t l , l ]  -  r l  Bid: 
ln v art(b ,n ,apa ,a lngu l);
Par 1 - 1  Stan I t t i t l l  n gg Baaln 
Imxil] -  0; Pÿp J -  I Stan I t t i t l l  n Dg 
Im xil] -  Im xil] + b l l , j ] * d l j ]  Bid: 
f in a l:  Bid:
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F r» g — 213:
f n n d t a ^  lav*pr*(n«e,4,A ,al«ni): v»iu» n ,* ,e : In t» « T  n .iU i* :
Arrmy o,A,A;
EobIDS TM* pf*e*dur* finds t to  sz trsns dlsertpsney a s t r ls  

d [ l .J )  f s r  tb s  Invsrss e [ l , j ]  # f s  n s tr lx  knsnlng 
tbs ns#iltuds a t tb s  arrar bsaatds A ( l ,j ]  # f tb s  ss4glnsl 
n s tr lx .  Tbs sxtrsnn dlserspsnclss a r t  bsssd an t t e  t is s a n t 
■Aleb s t t s l r s  tbs Is ra s s t  sbsslv ts a r r s r .  I f  slsx—O 
a t  tb s  a x lt  frsm tb s prsesdura tb sa  tb s e ssfo ta tlan  te s  
basa ra fu la r ly  parfanssd. I f  a la n t- l  tbsn tb s  arrar was 
taa  lares  and snip tba f i r s t  srdar dlserapaney Is  glvsn;

! S ^  In tsd sr l , J , k , l , 11, j l ;  gaU f .s .f l .n s ra .n s m l:
Array e ,c l.c2 ,(3 .eA ,(S .l.T .T 1 ,d l[1 :a ,1 tn ] | 
bo fraaadura au ltlp(202, t.A): f  -  0; a la m  -  0; 
fa r  1 -  1 Stsp 1 t h t l l  n Da 
P s  I  > I s i ip  1 HBtii n c t  i u i a
f A f l .J l  -  #3(1.11 -  «2(1,31 -  0 | «1(1,31 -  «(1,31 -  1 (1 ,3 ] -  0;
T [ l ,3 l  -  d ( l ,3 l  -  d l ( l ,3 l  -  0:
Scr k »  I stop 1 a i t i i  n E t
fa r  1  -  1 Stsp 1 a i t l l  n Do Baaln
s -  e ( l ,k l* e ( l ,3 l l  T l(k ,l]  -  I f  s<0 Tbsn -1 « 1 ^  I f  s-o T tm  0 1;
<1(1,31 -  d ( l ,3 l  + T l(k ,l l  •  A [k ,ll •  s  BsE: f i  > d ( l ,3 l :
I f  'f '< if l<  a a  Banin f  -  f l ;
f w  11 -  1 Stsp 1 P b t l l  n Da
Pw 3’ “  1 Stsp 1 n i t l l  n S>
7(11,31] -  71(11,31] g i l  S lii
Par 1 »  1 s t s p  1 tk it i i  n Be
fa r  J ~ 1 S tar 1 Ik itll n Da Banin d ( l ,3 l  -  Oj
Par k -  1 Stas 1 Tkitll n Is
Par 1 » 1 Stap I tk itll  a  Bp
1(1,31 -  c ( l ,k ]  a A (k ,l]  •  T (k ,l l  •  e ( l ,3 l  + d ( l ,3 l  gad;
1st  1 -  I S tar 1 a i t l l  n Eg
Par 3 -  1 Stop 1 Tkitll n E>
A (l,3 l -  A (l,3 l •  T ( l ,3l :  nam  -  0; su ltlp (n ,« ,A ,e ):
Par 1 -  1 Stap 1 Ik itll n Do Bmrin naral -  0/
Par 3 -  1 Stop 1 Tkitll n Eft
nam l > narml a l s ( l , 3 l ' l  I f  nom  < narmi Tban narm » nam i 
I f  n a n  < 0 .1  Than Oata f in a l
Elsa I f  0.9S < n a n  Than Bgg^n a la m  -  1| Oata f in a l  a id : 
■ I2 ltlp(n ,«1 ,« ,s)| n u ltlp (a .« 2 ,« 1 ,s)i ssiltlp(n,«3,C 2,«): 
■ ultip(n,«A ,c3,c):
Pag 1 -  1 Stop 1 T h tll n Da 1(1,1] -  1;
P g  1 -  1 Stop 1 T kitll n SS
P g  3 -  1 Stop 1 Tkitll n Ba
«5(1,31 -  i ( i , 3 l  -  «(1,31 + «1(1,31 -  «2(1,31 + «3(1,31 -  «*(1,31: 
n a ltlp (n ,d 1 ,d ,« 5 ):
P g  1 -  1 Stop 1 u n til  a BB
P g  3 -  1 Stag 1 Tkitll n Da d ( l ,3 l  -  d l [ l ,3 l l
f in a l:  Bid:

Pragran 21k;
Praeadnra m lta rr(n ,A ,o ,d ,b ,P ) ; ValPS n ,A ,a ,d ,b ; In tanar n;
Array A ,c,d,b,P ;
gaggggt Ib is  p iaeadurs  finds tba bounds a f  a r ra r  P ( l ,3 l  a f  tbs

frodoet a f t i »  na trlo as A [l,3 l * e (3 ,k l «Iran  tba  baunds a f 
a r ra r  d ( l ,3 l  a f e [ l ,3 l  and b [ l ,3 l  a f  A (l,3 l .  Tba axtraaa 
dlserapaney Is  feand sueb as to  naxlalsa tb a  la r« ss t s lsaan t of 

Bsgln Imta«sr l,3 ,k ,1 1 ,3 1 ,n r,m t;
Baal f ,f 1 ;  In ta« sr Array r ,t ( 1 :n ] :
Array T,B,P1,T1,B1(1:n,1:n],AB,AT[1:a]; 

fa r  1 - 1  Stap 1 C b tll n  Da Basin 
Par 3 -  1 stop  1 Tkrtll a Da 
T (l,3 )  -  B ( l ,3 l  -  P ( l ,3 l  -  P I[1.31 -  0» 
r l l j  -  t [ l ]  -  0 Bid: f  -  Oj 
Par 3 1 - 1  Stap 1 Tkitll n  Do Bagln 
Par 1 - 1  Stap 1 Tkitll n  Da
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rsc. J • s f p  I m t i i  B sa. e ix io
I £  t l j i -O  A r ( l ] - 0  a m  B#g*n 
H e  k -  1 5t«p 1 a » tl l  m Ba B««ln
T l[k.j] -  I f  Ad.k] < 0 a m  -« U u  I f  A(l>k]-0 mgn O gig.
RlCl,k) -  I f  e[k ,J) < 0 Hun -1 U u  I f  e [k .j]-o  a m  « ! l j f  is
R l l l . j l  -  r i f l . J l  ♦ A tl.k ] •  T l(k ,j ]  •  d tk .J l ♦ b f l .k l  •  R lC i.kl •  
o ik . j i  a n  W s
f l  -  P lU .Ili P l l l . j j  » Oj I f  f  < fl Then kegln 
f  « f ij  ■» -  Jj BP •  1|
Far I I  *  I 8 f p  I tk itll n D» Begin
AT(1I] •  T llll,B tI | All(ll| •  BK ar.ll] M  M
Far 1 * 1  3t«p I Batll n M Bagln
T (l.B tl -  AT(l]j B [ v , l ]  -  AR(1] b d i
t(m t] - pCbpI * Ij f * 0  ads
Ck  1 - 1  Stap I tk itll  n a
fSE j  -  I Stap I tk itll  n a  lU lB
Par k -  I Stap 1 tk itl l  n  a
P f l . j ]  -  P ( l , j ]  * A (l,k ] •  r [ k . j ]  •  <t{k.J] -f b [ l .k ]  * B (l.k] •  o[k ,J] 
But Bidl

Praaram 215;
Prnaadura a rrar(n ,ta ta ,d laor,d lao lm ,dm ,g ,d ,a ,m );
Valna n j In taaar n; Waal bata>dlaer>dlaolaj 
Array da,g,d,a,m ;
BflHint Ih la  praeadura avaluataa tka a r ra r  baunda a f  tha

alganvaluaa a f  a  a a t r lz  a f  a rdar n, (Ivan tha a rra r  
baiaida d a [ l , j ]  a f tha m atrix, bata la  tha  valua a f 
tha Imaginar y  p a rt a f tha  alganvalua f a r  ahlch tha 
baunda ara  eamputad. d laa r and dlaalm ara  tha  baiaida 
a f  th a  r a a l  and Imaginary p arta  a f tha  alganvalua 
raapaatlvaly  (almaya glvan la  abaaluta vnlna). g ( l)  
and d ( l ]  ara  tha ra a l and Imaginary parta  a f  tha 1th 
oa^anamt a f  tha  alganvactar earraapandlag t a  tha 
alganvalua la  quaatlan. a ( l ]  and n ( l ]  ara  tha ra a l 
and Imaginary p a rta  a f  tha 1th oampanant  a f  tha 
a lganvactar a f  tha  tranapaaa matrlzs 

Sggla In taaar l , j j  B t t l  h,p,p,a,t«u,v,v,dan,inml,miime;
Array c > f( lin ] |
jCf batarO Than Oata a thar;
gar 1 - 1  s tap  1 O htll n  Ba Baaln c [ l ]  -  f ( l ]  -  0;
par j  -  I Stan I Ik itll n Da Bagln
c l l j  -  o [lJ  + d a [ l , j ]  •  g[J];
f ( i ]  -  f [ l ]  + d a ( l , l J  •  d [J] a n  ftdS
h — p — r - a  — t - u  — v - w - 0 ;
per 1 - 1  Stap I Ik itll n Dg Bagln
h -  h  + g ( l]  •  a l l ] ;  p -  p + d [ l]  •  m (l];
r  -  r  + c [ l]  •  a ( l ] ;  a -  a + f ( l ]  •  m [l];
t  -  t  + g [ l]  •  m [l]; u  -  u + d [ l j  •  a [ l ] j
V -  V + e t l ]  •  m [l]; w -  w + f [ l ]  •  a [ l ]  Bid;
dan -  (h-p) •  (h-p) + (t+u) •  (t-Mi);
nuBl -  (h-p) •  ( r -a )  + (t+u) •  (v+w);
mm2 -  (h-p) a (v+w) -  (t+u) •  ( r -a ) ;
d lac r -  |nim: /  dan '; dlaclm -  |nuu2 /  dan';
Oata f in a l ;
a th a r i t  -  0; a -  0;
Per 1 -  I Stan I Ik itll  n Da Bagln e [ l)  -  0;
Per J -  1 Stap 1 Ik itll  n  Da 
a ( l ]  -  c [ l ]  + d a [l« j]  a  g [ j]
Per 1 - 1  Step I Ik itll  n Dg B a t n 
t  -  t  + o i l)  a a l l ] ;  a -  a + g [ l ]  * a l l ]  Bid: 
d lac r -  | t / a ' j  dlaclm -  0; 
f in a l :  Bid:


