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ABSTRACT

In this dissertation, Chapter One has given an introduction including literature
review. A modified direct integration method is presented in Chapter Two to solve 3-D
radiative transfer in emitting, absorbing and linear-anisotropic scattering finite cylindrical
media. This scheme effectively avoids an integral singularity in the coupled Fredholm
type integral equations of radiative transfer. The scheme leads to faster and more accurate
results, which are needed in combined mode and non-gray problems. The calculated
incident radiation and heat fluxes agree well with published results by discrete ordinates
method. Using the transformed integral equations, the effects of boundary emission and
reflection can also be easily handled. In Chapter Three, a general set of integral equations
is presented to solve 3-D radiative heat transfer problems in emitting, absorbing and
linear anisotropic scattering finite hollow or solid cylinders with non-homogeneous
media. By tracing a ray to compute the intensity, it is much easier to handle the spatial
changing properties including extinction coefficient. Both the continuous changing
property and step-changing property are dealt with without difficulties. The solid angle
integration of the incident radiation and heat fluxes is represented by the bounding
surface integration. In order to avoid the singularity near the bounding surface, the
surface integrations are transformed to new modified integral equations like in Chapter
two. By doing so, we get more flexible general integral equations applicable to all cases
like 3-D solid cylinders, 3-D hollow cylinders, finite cylinders or infinite cylinders. This
scheme has been verified by comparing the results with published data in the literature. It
is believed that this method is useful in combined radiation and convection heat transfer

problems. Finally in Chapter Four, the combined convective and radiative heat transfer in



the entrance length of a pipe with or without the porous insert is solved by control
volume method and integral equation scheme. The results are compared between the pipe
flow with the porous insert and flow without the porous insert. The porous insert in a pipe
will enhance both the convective and radiative heat transfer under certain parameters.

The effects of several important parameters on this enhancement are discussed in detail.



CHAPTER ONE

1. INTRODUCTION

In the past twenty years, with increase in energy consumers and the
development of high temperature equipment, radiative heat transfer in participating
media has received tremendous consideration and attention in industry. A lot of
applications which we can find include combustion chambers, cooling systems of nuclear
reactors, solar energy recovery equipment, and high temperature heat exchangers. Among
these applications, the cylindrical geometry is the most common and important.

Actually, going through the literature, one can find many methods available to
solve radiative heat transfer problems. The method of spherical harmonics was first
suggested by Jeans [1.1] and described in the book by Kourganoff [1.2]. The Monte
Carlo method based on the statistical characteristics of physical processes in radiative
heat transfer was reviewed by Howell [1.3], and discrete ordinates method was
thoroughly studied [1.4-1.8]) and recently extended to combined modes [1.9], thereby
keeping compatibility with the CFD approach. Here, our interests focus on the exact
integral method of radiative heat transfer.

The integral method is an accurate and efficient way to solve radiative transfer
problems. We can see, later, that it couples easily with the differential equations
governing the transport of mass, momentum and energy in combined heat transfer
numerical models. Lin [1.10] and Thynell [1.11] presented integral equations for

axisymmetric finite cylindrical participating media. Zhang and Sutton [1.12] gave the



SV-type (surface & volume) integral equations of transfer for 3-D non-homogeneous
cylindrical media, although they just discuss the 2-D results. Later they developed
efficient S-type (surface) integral equations for cylindrical media [1.13] to overcome
singularity problem in volume integrations. But a singularity still exists in surface
integrations especially near the boundaries.

In order to totally escape the singularity problem while still using a simple
numerical integration method, like the Gauss-Legendre Quadrature method, and fill the
blank of lacking 3-D cylindrical results in the literature, in Chapter 2 of this dissertation
the transformed integral equations are derived and used to solve 3-D anisotropic
scattering radiation problems. The effects of scattering albedo to the distributions of
incident radiation and three net heat flux components in z, r, and ¢ direction are
presented. Also the effects of linear anisotropic coefficient are known in 3-D cases. It has
been found that the transformed integral equations are much easier to handle than original
integral equations while doing numerical computation. The computation is fast and
stable.

In Chapter 3 of this work, a general integration method based on the
transformed equations and S-type equations is formulated and solved for variable
properties. This scheme is much more powerful and flexible than equations in Chapter 2
in solving radiative heat transfer problems in cylindrical coordinates. The method
provides the foundation for solving the combined convection radiation problems later in
Chapter 4. The general integral equations for 3-D finite hollow cylinders are presented,
and reduced to simplified equations for finite solid cylinders and infinite hollow cylinders

automatically when certain variables are defined. By these equations, we can solve



radiative transfer problems for non-homogeneous media with space-dependent scattering
albedo and extinction coefficient. In addition to the problems with continuous-change of
properties, wé can also deal with problems of step-change in properties. That means
layered cylindrical problems, which have many applications such as thermal insulation
and laminated biotissues, can be solved with the general integral equations. The results of
3-D radiative transfer with spatially changing properties are discussed in detail. The
effects of linear anisotropic scattering coefficient on the hemispherical reflectivity for a
layered solid cylinder and effects of different layer material on the hemispherical
reflectivity for a hollow cylinder are presented.

In Chapter 4, the combined convective and radiative heat transfer of both
hydraulically and thermally developing flow with porous insert in the flow pipe of a high
temperature heat exchanger, which uses the flue gas as working fluid, is programmed and
computed. For the porous layer, we use Brinkman type extension of the Darcy law and
include convective terms in the momentum equation. The whole domain is divided by
non-overlapping grids, so the staggered grids are used for different variables. The
governing equations of continuity, momentum, and energy are solved by control volume
methods (SIMPLE) and the radiation source term in the energy equation is solved by
integral method developed in Chapter 3. First, we calculated the combined heat transfer
in the entrance region without the porous insert, second we consider the combined
transfer in the entrance region with the porous insert. Then for different parametric cases,
we compare the results of these two situations to find the advantages of using the porous
insert in high temperature heat exchangers. Two dimensional radiative heat transfer

results give us detail of the radiative transfer from upstream, downstream and the cooling



wall. As a result, we have knowledge about when and how to use the porous insert to
enhance the total heat transfer and efficiency of the equipment. The effects of important
flow parameters like Reynolds number, flue gas properties like emissivity and extinction
coefficient, and porous material properties like Darcy number are discussed in detail. All

these data are currently limited in the literature.
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CHAPTER TWO

2. RADIATIVE TRANSFER IN FINITE CYLINDRICAL MEDIA USING
TRANSFORMED INTEGRAL EQUATIONS

A modified direct integration method is presented to solve 3-D radiative
transfer in emitting, absorbing and linear-anisotropic scattering finite cylindrical media.
This scheme effectively avoids an integral singularity in the coupled Fredholm type
integral equations of radiative transfer. The scheme leads to faster and more accurate
results, which are needed in combined mode and nongray problems. The calculated
incident radiation and heat fluxes agree well with published results obtained by discrete
ordinates method. Using the transformed integral equations, the effects of boundary

emission and reflection can also be easily handled.

2.1 Introduction

Radiative heat transfer in cylindrical media is important in industrial
applications such as the design of combustion chambers, furnaces and high temperature
heat exchangers. There are many papers dealing with the radiative transfer in
multidimensional cylindrical enclosures with participating media. Lin [2.1] in 1987
presented mathematical formulas for radiative transfer in cylindrical, rectangular,
triangular, and spherical absorbing and isotropically scattering media. Thynell [2.2], Tan
[2.3], Zhang and Sutton [2.4] also gave the exact integral equations of transfer for

radiation in various cylindrical cases.



The radiative transfer equation can be cast as coupled Fredholm integral
equations of the second kind. Some terms in these equations have a strong singularity
behavior, for example, the equation of heat flux g, in radial direction. Efforts have been
made to remove the singularity when evaluating these equations numerically; Crosbie
and Schrenker [2.5] gave an application of a technique called the method of removing the
singularity by Squire [2.6] for numerically handling singularities. This method subtracts a
weighted function from the singular integral, thus removing the singularity, while leaving
the integral of the kernel to be evaluated analytically. This remainder is singular also, but
in some cases can be transformed to known functions or integrated analytically. As in
Crosbie and Schrenker [2.5] research on the radiative transfer in a two-dimensional
rectangular medium, the integration of the kernel can be finally integrated analytically
because the good performance of the kernel and regularity of the geometry. Loyalka [2.7]
applied this technique to Milne’s problem in neutron transport, the remainder of the
kernel integration becomes the well-known exponential integral E,(x). This method needs
much work to evaluate the integration of the kernel and in some complex cases the
remainder cannot be evaluated analytically. So, the singularity cannot be predictably
solved in the general case.

A partition-extrapolation technique was provided by Wu and Wu [2.8], [2.9],
but the method is complicated and time consuming.

Thynell [2.2], [2.10], and Lin [2.1], used the relation of the Bickley function
and the modified Bessel function to solve the incident radiation and heat fluxes in 1-D or

2-D infinitely long geometries. The functional form of kernel changes for the analogous

3-D problem.



The objective of this work is to develop a modified or transformed integral
equation of transfer in general 3-D cylindrical media. These transformed equations of
transfer in absorbing, emitting, and linear-anisotropic scattering media can be

numerically evaluated easily without singularity.

2.2 Integral Equations of Transfer for General Cylindrical Geometry
The radiative transfer in absorbing, emitting, and linear-anisotropic scattering
cylindrical media bounded by diffusely emitting and reflecting opaque walls is expressed

by the following equations. For a gray medium or a single frequency [2.15],

1 di(s,Q)

—_— +1(s5,€2) = 8(5,), @2-1)
B(s) ds
where s represents the position (z,r,¢) of the radiation intensity in cylindrical coordinate.

Q is the unit vector representing the intensity direction (0,p) in 4% solid angle. Please
refer to Figure 2-1. B is the extinction coefficient of the medium and I is the radiation

intensity. The source term in equation (2-1) is defined as
S(s,Q) =1 -), [Tz, r. )+ % [Py - 1(s.dY . (2-2)
ar
where o is the scattering albedo of the medium and the linear-anisotropic scattering
phase function is
pQ,Q)=1+aQ-Q'. 2-3)
The incident radiation G(z,r,¢), radiation heat fluxes g¢.(z,r.¢4) in r direction,

q.(z,r,9) in z direction, and ¢q,(z,r,¢) in ¢ direction are, respectively, defined by

G(z.r.¢) = [I(z,r.4.9)-dQ, (2-4a)



q,(z.r.9) = [I(z,r,$,Q)-cos(é,,Q) - 4Q, (2-4b)
q.(zr.9) = [I(z,r,,Q)-cos(é.,Q)-dQ, (2-4¢)

44(z.7.9) = [I(z,r,9,Q)-c0s(¢,,)-dQ0. (2-4d)

The source term defined by equation (2-2) can be further expressed as
S(s,Q) = (1-@)1,(T) + %{G(s) +ag, (5)cos(é, . 9) +4.(s)cosE.., ) + g, (s) cos(z, M} (2-5)

The formal solution [2.15] of the intensity in equation (2-1) is
1(5,) =1, exp‘:—- J‘ ,B(s')ds'} + j B(s)S(s", Q) exp[:—- j ,B(s”)ds']ds’ . (2-6a)

Referencing Figure 2-2, [; is the intensity leaving the bounding surface i (i=1, 2, 3 for
bottom, top, and side surface of the cylinder respectively) into the medium. For
comparison with published cases, one might take the extinction coefficient  as constant
in the medium. In that case, the intensity in (2-6a) is given as

1(5,Q) = 1,(5,, e + [S(s". e f-ds' . (2-6b)

+

The physical meaning of the above equation is clear. The intensity of radiation

at any point s and in a given direction Q results from the contribution of the radiation
leaving the boundary and the contribution of energy source term of all interior points like

s'. All have exponential decay because of the extinction along the ray path.

10



2.2.1 Incident Radiation and Heat Fluxes

Considering the cylinder shown in Figure 2-2, the incident radiation and heat
fluxes are evaluated by the respective integration over the whole 4n solid angle. Using

the following relation from Viskanta [2.11]

dQ = M , (2-7a)
d (s,s,)
dsdq=—"_. 2-7b)
d-(s,s")

where 0; is the angle between the unit normal vector n,of surface i and the intensity

direction Q. The term d(s, s,) is the distance from s; to s while d(s,s") is the distance

from s’ to s. The coordinates of point s, on surface 1, point s; on surface 2, point s; on
surface 3, and point s’ in the volume are respectively (z,r1,01), (22,r2,92), (z3.r3,¢3), and
(z',r',¢'). Substituting equations (2-6b), (2-7a), and (2-7b) into equations (2-4a) to (2-4d),

yields

3 -
G(S) = Z I[le—ﬂ-d(.r.:,) “‘isz.g,__dé,-.‘-
=l gy d (S, s')

(1-a)I,(T)+ '
P ’ . . . ~fd(ss’) ﬂdV
; 4—”-[(} +a,q, cos(é,,Q) +a,q_cos(é..Q) +aq, cos(é,,Q)] d*(s,s")
,(2-88)

: 8, -cos(é,,Q
)= s 220 i,
=l 4 d (S, S,)

(i -ao),(T)+

() e—ﬂd(.m') COS(é’_, ﬁ)ﬁiV'
v ;[G +a,q, cos(e,,Q) +a,q. cos(é_,Q) + agq, cos(é‘,Q)] d’(s,5")

a(2'8b)

11



: ,-cos(é., Q)dA,
0.(9)=Y [1,eptenr S50 1CONEL DA, |

=] A dl(s9si)
| -o)I,(T)+ . A ,
(m )M, (T) ) gt SOSCE, DBV
. —[G +a,q, cos(é,, Q) +a,q. cos(é_, Q) +a,q, cos(é,, Q)] d*(s,s")
dr (2-8¢)
and
3 cosé, -cos(é,,fl)dA,
9,()=2 |LeP : +
’ ; ,Z,[ d=(s,s,)
(1 -a)I,(T)+ paioy €OS(E, AV’
-~ -~ A e -
26 +a,q, cos@, ) +aq. cos@..) + aq, cos@,, ) PR
4r .(2-8d)

Where in cylindrical coordinates, the distance between any two points s(z,r,¢) and

s'(z',r',9") is expressed as

d(s,s") = [rZ +r'2 =2rr'cos(p— @) +(z-2')° ]”2 ) 2-9)

There exist the following equations for cosines. For details, please refer to Zhang and

Sutton [2.4].
cos6, =cos(iil,f2) = 2 57T (2-10a)
[r‘ +n" =2 cos(¢—¢,)+z'}
cos8, = cos(f,,Q) = - L-z —, (2-10b)
r’+r," —2rr,cos(¢ —¢,) +(L —2)2]
R—rcos(¢—-¢,) (2-10¢)

cosf, = cos(,,Q) = — —.
[r“ +R* —=2rRcos(¢—¢,) +(z, -z)“]l

Where equation (2-10a), (2-10b), or (2-10c) is respectively for surface 1, 2, and 3. In
Figure 2-3, the intensity in the direction of Q starting from point s'(z’,r',¢’') to point

s(z,r,9), yields the following relations.

12



r

- A z-2
cos(e.,Q) =3

, - @2-11a)
[r2 +r'* =2rr'cos(p —¢') +(z —z’)'f

cos(é,,Q) =+ roricos(¢—¢’) —, (2-11b)
[r2 +r'* =2rr'cos(p —¢4") +(z - z’)2} }

cos(é,, ) = - r’sin@—¢) @-11c)

[rl +r'? =2rr'cos(p —¢") +(z - 2')* }/2

If the point s'(z’,r',¢’) is at surface 1, the coordinate becomes s(0,r;.¢1), and then

substitute (0,r;,¢,) in place of (z',r',¢’) in the above equations. It is the same situation if
the point s'(z',r',¢’) is on surface 2 or surface 3.

By substituting equations (2-10) to (2-11) into equations (2-8), resultant

expressions for incident radiation and heat fluxes are

2zR 2xR

G(z,r,¢)= ‘H-[ ~pd(s.s) £ rldrld¢| J‘Il -Bed(s.5,) (L-2)- r,dr2d¢’

d*(s,s,) d’(s,s,)
’ﬁ, e [R —rcos(¢ —4,))- Rdz,dg, (2-12a)
00 d’(s, 53)
- 2 roricos@-¢) .. 227 r'sin(g—¢% (.
ZT?L{(I a))IO(T)+4”[G+anr dGs.s) aq. dGs. )'*'alqo d(s.s) :I}
000 ,-pdis.s) p-r'dz'dr'dg’
d*(s,s")
iy 27l =1 cos(@-9)]- -ndndg,
e = s 2onomd o al e
zj"j‘l —ﬁd(“)(L z)- [" =r cos(p - ¢2)] rzdrzd¢z
d'(s,s,)
” 1 o-pitssy [R=rcos@—,)]-[r - Reos@ ~¢,)]- Rdz,dg; | (2-12b)
d*(s,s;)
a o r-r cos(¢—¢) z-z' r'sin(g—¢") ||
zf‘].]‘{(l w)lb(T)+ 4” [G+alqr d(S,S') lq: d( )+alq‘ d(S,s') ]}
030 gt [r —r'cos(p —o")]- B -r'dz'dr'dg’
d’(s,s"
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8 —pdissy 2°(2—0)-rdrdg,

q.(z,r,¢)= jj[le

d! (s,s,)

zf[j'loe—ﬂ'd(:.x:) (L — Z) . (i— L) . rzdrzd¢2 +

I3t d®(s,s,)

zji 3.1 o~ Ptsm) [R—rcos(p —¢:))-(z~z,) - Rdz,dg, +

37 3 d*(s,s,)

_ @ r—r'cos(¢p —g") z—2'
2]5?[]{(1 w)lb(T) + Ax [G + a4, d(s,s') +alq: d(s,s') +
000 ,-pdis.e) (z=2")-B-r'dz'dr'd¢’
d’(s,s")
and
2xR :
_ ~Ped(s.5) £ '["l sin(g — ¢, )] rdrdg,

qé(z’r’¢)"' !![le d.‘(S,Sl) +
2]"[][2[;9..1(”:) (L-2)- ["2 Si':(¢ -9, )] r,dr,dg, +

LF d’(s,s,)

Tir,e-ouwm Rreos@ -l [Rsing -¢,)} Rdzd,
J d*(s,s,)

+agq.

w
2ML{(I—a))l,,(T)+-‘;’—r-liG +aq, 4GS

] o

000 ,-pucen) [r'sin(g — ") B-r'dz'dr'dg’
d*(s,s")

r—r'cos(¢ —¢") z-z .

¢

r'sin(¢ —¢")
@y d(s,s")

(2-12¢)

r'sin(g-¢") ||
1 d(s,s")

(2-12d)

I

Equations (2-12) are the exact integral equations for three-dimensional cylindrical

enclosures with absorbing, emitting, and anisotropically scattering media. Defining the

first integral terms in equations (2-12a)-(2-12d) as Gl, qcl, q.1, and q41, respectively,

these represent the effects of surface 1 for emitting and reflecting. Similarly, the second

terms and the third terms are represented by G2, q:2, q.2, 442, G3, q:3, q.3, and q43. The

volume integration terms in equations (2-12a)-(2-12d) denoted as Gv, q,v, q.v, and qeV,

represent the effects of medium emitting and in-scattering. Summarizing,

G(z,r,9) =Gl(2,r,9) + G2(z,r,9) + G3(z,r,¢) + Gv(2,r,9),

14
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q,(z.r.9)=q,z,r.$)+q,2(z,r,$) +4,3(z,r,9) +q,%(z,r.9) , (2-13b)
q.(z,r.9)=q.1(z,r,¢)+q.2(z,r.9) +q.3(z,r,9) +q.v(z,r,9), (2-13¢)

q¢(z’r’¢) = ‘I¢l(z,r,¢)+‘I¢ 2(29r9¢) +q‘3(Z,r,¢)+q‘V(Z,r,¢) ° (2'13d)

2.2.2 Boundary Conditions
Considering diffusely emitting and reflecting opaque walls with unit refractive

index the following relations result:

LOr g = 200D, (2-14a)
L(Lrg) =200 (2-140)
T
Lz R = 2000, (2-14c)
where
J,0,r,9) = £,0T," 0.r.) + p, [1(0,r,4)-cos(-¢,,Q)-dQ, (2-152)
Jy(L,r,8) = &0T," (Lr.§) + p, [I(L,r.8)-cos(é,)-d2, (2-15b)
2r
J,(z,R,8) = £,0T," (z, R,$) + p, j’ I(z,R,¢)-cos(é,,Q)-dQ . (2-15¢)

Where J,, J,, and J; are the radiosities of surface 1, surface 2, and surface 3 respectively.
The radiosity is the radiant energy leaving the surface per unit of time and area. It is equal

to the emission plus the reflected part of the incident energy. I;, I, and I; are the entering
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intensities on the bounding surface 1, surface 2, and surface 3. Equations (2-15) can be

further expressed as
J,0,r,9) = £,6T,' (0,r,9) + p,{~4.2(0,r,8) — 4.3(0,r,$) — q.v(0,r.$)}, (2-16a)
Jo(Lyr,¢) = £,0T," (L, r,0) + po{q \(L,r,8) +q.3(L,r,$) + q.v(L,r,$)}, (2-16b)

J4(2,R,9) = £,0T;" (z, R, $) + p;{q.1(z, R, $) + 4, 2(2, R, $) + 4, 3(z, R,#) + q,%(z, R, $)}

(2-16¢)

Because surface 3 is a concave surface, a q,3 term appears in the above equation of J;.

2.3 Coordinate Transformation

The equations (2-12) are Fredholm second kind integral equations with a
singularity when the distance d(s,s;)) or d(s,s’) tends to zero or very small (as s’
approaches s). Methods using multiple orders/types of quadrature methods to integrate
the equations, which may remove an apparent singularity, resulted in numerically
oscillating results. It is not practical to avoid all possible grid lines or points (z, r, ¢)
approaching integration points (2’, r', ¢’), especially when computing the heat flux q,.. A
trigonometric coordinate transform method was therefore used for the purpose of

avoiding this difficulty in the numerical calculation.

2.3.1 Integration of the Volume
First, one may consider the volume integration terms in equations (2-12). The

transformed coordinates are shown in Figure 2-4 to Figure 2-6. If the incident radiation

and heat fluxes calculated at the point s(zr,$), then the integration precedes over the
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volume with respect to (z’,r',¢’). The angle a (below) is defined as in Figure 2-4, yielding

the following relations:

p=p(r,rd—8)=[r+r -2r'cosi@ -] ", @-17)
d(s,s")=p-seca, (2-18)
z'=z+p-tana, dz'=p-sec’a-da, (2-19a,b)
a, —arctan 2=2 a, =arctan 22Z. (2-20a,b)

P p

Using above equations, the integration with respect to z’ becomes the integration over a.
In the projected view of the cylinder (Figure 2-5 and Figure 2-6), the original point is
moved from O(0,0) to S(r,$). The coordinates of S’ will change from the previous (r',¢')
to (p,x). The boundary points of r'=R will have the following equation in the new

coordinates while x goes from 0 to 2n:

p(r':R):pR=-"-JF—rZSin2(¢-l)—r'cos(¢_Z)' (2-21)
There are also
r'=\r*+p?+2rp-cos(¢-z), (2-22)

, _rsing+ p-siny

tang rcosg+p-cosy (2-23)
The Jacobian of this transformation is
o(r',g’
= é;% =Z, (2-24)
So we have (referring to Figure 2-6)
r'dr'd¢' = p-dp-dy (2-25)

From the triangle relations shown in Figure 2-6, there are
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r—r'cos(¢—¢)=-p-cos(¢— 1), (2-26a)
r'-sin(¢ —¢") = p-sin(¢ — ). (2-26b)
By utilizing above relations, the integration of (r'dz’dr'd¢’) can be easily transformed to

(p’sec’a-dadpdy), yielding nonsingular forms that are easier to evaluate numerically.

@
2xpray l_ 1 T v _ _ _ ) . . _ .
Gz, r @) = J' ‘”{( o), (T)+ yyn [G a,q, cos(¢ — y)cosa —a,q. sina + a,q, sin(g z)cosa]}

0 0a\,-poweca . do( Bdp)dy
(2-27a)

2xpray _ _a)_ _ _ _ . . _ .
9.z d) = j- j j-{(l o), (T)+ ppu [G a,q, cos(¢ — y)cosa —a,q_ sina +a,q, sin(¢— y)cos a]}
0 0a

e #P%2 (~1)cos(¢— y)cos a-da(Ldp)dy
(2-27b)

[
2xpray - T Bl _ _ _ ) . . _ )
g9z 8) = J- I J-{(l o), (T)+ yye [G a,q, cos($p— y)cosa—a,q_sina +a,q, si(g— ) cosa]}

0 Q@ g-breeca (_sina)-da(fdp)dy
(2-27¢)

and

[0)
ezl el — ), (T +—1G - _ _ si i _ .
9,9z, r.8) = I“-{( w)l,( )+47r [G a,q, cos(¢—- y)cosa—a,q_sina +a,q, sin(¢ z)cosa]}

0 0@ g-prrueca gin(d— y)cosa -da(fdp)dy
(2-27d)

where

L(T) = L[ ro))=1,{T[z'(z.a. p).r'(r. 6, 0. )-8 (.0, p, )}, (2-28a)

G =Glz'(z,a, p).7'(r. 6, 0, 2):4'(r.8, 0. )] (2-28b)
4, =4.[2'z.a.p).r'(r.6. 9, 2).8'(r- 8. . 2], (2-28¢)

. =a.[2(z.a.p).r'(r.6. 9. 2).8' (.8, 0, 1)), (2-28d)
1, =4,[z'z.a.0).r'(r.8, 0, 2).8'(r.8, P, 1)} (2-28¢)
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2.3.2 Integration of the Bottom Surface (2,=0)
Similarly, for the integration of the bottom surface (z,=0) on the cylinder, the

following relations result where the point (z',r,¢’) is replaced by point (0,r,,9).

—arctan 2= = arctan ==, (2-29)
p p
p(r, = R)= pp =R ~r’sin* (¢ — x) —r-cos(¢ - 1), (2-30)
rn= \/r2 +p* +2rp-cos(d - x), (2-31)
tang, = rsing+ p-sin y (2-32)
rcosg+p-cosy’
rdgdr, =p-dy-dp, (2-33)

and
r—rcos(¢—@)=—-p-cos(¢d—x), r.-sin(@—¢,) = p-sin(p—y) (2-34a,b)

By utilizing above relations, the integration of (ridr;d¢,) can be easily transformed to

(pdpdy) as follows:
(X)) =B-pseca;
Gl(z,r,¢) = j j S (-Dsinag, cos® a,dpdy, (2-35a)
[+ )
22pr(X) e-ﬁ prseca;
q,(z,r,9) = II , ———sina, cos’ a, cos(¢ — y)dpdy, (2-35b)
[ )
2xpr(X)  -f-pseca
q.1(z,r.¢) = J' II, ——-—p—-sin2 a, cos’ adpdy , (2-35¢c)
0 o0
2xpp () e-ﬁ p-seca,
q,1(z,r.9) = I I, —————(-Dsina, cos® a, sin(¢ ~ y)dpdy,  (2-35d)
0 o
where
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I, = L,[0,r,(r.8. p, ). 6,(r. 8, p- 1)} (2-36)

2.3.3 Integration of the Top Surface (2,=L)

For integration of the top surface

a, = arctan 272 arctanéi, 2-37)

p p
pr, =R)=p, =R* —r*sin’ (¢ - x) —r-cos($ - 2), (2-38)
r = \ﬁ-l +p>+2rp-cos(@¢— 1), (2-39)

_rsing+ p-siny
rcosg+p-cosy’

tan @, (2-40)

r,d¢,dr, = p-dy -dp, (2-41)

and
r—r,cos(¢g—¢,)=—p-cos(¢—x), r,-sin(g—¢@,) = p-sin(g - ) (2-42a,b)
By utilizing above relations, the integration of (r.dr.d¢;) can be easily transformed to

(pdpdy) as follows:

2zpr(2) e-p-p-seca:

G2(z,r,9) = I I[, -—p—sin a, cos’ a,dpdy , (2-43a)

0 0

2xPr(X) e—ﬂ-p-seca:

.2zr9)= [ |1, (-Dsina, cos’ @, cos(@ — y)dpdy ,  (2-43b)

0 P

2xpPr(Z) -B-pseca;

q.2@r.9)= | [I,——(-Dsin® @, cos® a.dpdy , (2-43¢c)
p
0o o
2z0(2) e-ﬁ-p-gca!
q,2(z,r,9)= I I, ———sina, cos’ a, sin(¢ — y)dpdy - (2-43d)
0 0 P

where
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L =L[Lr(r.0.0.1).6,(. 8,0, 2)]

2.3.4 Integration of the Side Surface (r;=R)

(2-44)

These are similar to above sections, except point (z',r',¢') being replaced by

point (z3,R.$3).

p(r, = R) = p, =|R* —r*sin’( - ) - r-cos(¢ - 7).

d(s,s;) = pp -seca,

2
2, =z+ p,-tana, dz,; = p,-sec” a-da,

-
-

s Ay = arctan s
Pr Pr

— —
-

a, = arctan

_rsing+ p, -siny

tang, = s
# rcosg+ p, -cos y

R-d¢ __Pedy
> cos(gy—x)’

and
R —rcos(¢ —¢;) = p, -cos(¢; — 1),
r—Rcos(p—@;) =—p, -cos(¢— 2),

R-sin(¢p ~@;) = pp, -sin(p— 7).

(2-45)
(2-46)

(2-47a,b)

(2-48a,b)

(2-49)

(2-50)

(2-51a)

(2-51b)

(2-51¢c)

By utilizing above relations, the integration of (Rdz;d¢;) can be easily transformed to

2 2
Pr -sec’ a

da -dy as follows.
cos(¢; — x)

G3(z,r,@) = j jlse‘”""*““’ cosa-dady ,

0a

21
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2)!“1

4,3(z,r.9) = [ [I,e"*=*(~1)cos’ acos(p - z)-dady , (2-52b)

0 a

xas

q.3(z,r.9)= I I Le ##*2(—])sinacosa-dady , (2-52¢)
0 a
q,3(z,r.9) = .J' jlse’”""‘"“" cos’ asin(¢ - ) -dady . (2-52d)
0ay
where
13 :13[23(2".’¢!a91)9R9¢3(r9¢9x)] (2'53)

All necessary transformed integral equations are obtained for finite cylindrical
geometry. Substituting equations (2-27a)-(2-27d), (2-35a)-(2-35d), (2-43a)-(2-43d), (2-
52a)-(2-52d) into equations (2-13a)-(2-13d) respectively, give the expressions for

G(zr.9), a(z.1.9), qz(z.r.$), and qy(z.r,9) as

2zPr(X) -p-pseca

G(z,r.#)= | [I, “———(-Dsing, cos® a,dpdy +
0 0 p

2KPR(Z) e—ﬂ-p-s‘ca:

I, ———sina, cos’ a,dpdy +

0 o P

o (2-54a)

I j13e Fons<e cosa - dady +

0 a

xppa,

I I{(l -o),(T)+ Zw;[G ~a,q,cos(¢ — y)cosa —a,q.sina +a,q, sin(p — x) cosa]} .
0 OngThesa . da(Bdp)dy
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2z2pr(X) e-ﬂ-psecal

q,(z,r. )= j jIl ~ sina, cos’ a, cos(¢ — x)dpdy +
0 0 P
2xpr(X) e-ﬂvp-seca;
[, = (~D)sina, cos’ a, cos(p — x)dpdy +
p

0 0

2za; , (2-54b)
I _[I e PP (1) cos” acos(d — x) - dady +

i"“{(l w)l, (T)+——[G —a,q,cos(¢— y)cosa—aq. sina +a,q, sin(¢ - l)cosa]}
00

@ g-Boseca (_1)cos(P — x)cosa -da(fdp)dy

'l)tﬂn(l) —ﬂ.p.seca| ,
o« 2
q.(z,r.9)= I I, ——[;-——sm’ a, cos’ a,dpdy +

0 0

I Ill ¢ (-1)sin*a,cos’ a,dpdy +
0 0 p

22 (2-54c)
I Le PPr=a (~1)sina cosa -dady +
0

zipﬂ;{(l -o),(T)+ 4_‘2:;[6 —a,q,cos(p— y)cosa—aq. sina +a,q, sin(¢ — y)cos a]} .

0 0@ g-frseca_sina) - da(fdp)dy

2xpr(X) -f-psecay

q,(z,r.9)= [ fl. —p—(—l)sinal cos’ a, sin(p - x)dpdy +
o 0
22pp(2) _-p-psecas

I flz —e-——[;—-——sin a, cos’ a, sin(¢ — y)dpdy +
0 0

2ra; (2-54d)
Ij13e Fenseca o052 g sin(gp — y) -dady +
0 a

i"“ - a))Iz,(T)+——[G —a,q, cos($— y)cosa —a,g.sina +a,q, sin(¢ - z)cosa]}

@@ FPsea gin(@ — y)cosa -da(fdp)dy
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2.3.5 The Transformation of Boundary Conditions

The transformation of boundary conditions utilizes equations (2-16). Solving
the integrations in J; and J, follows the earlier transformations. Substituting (z,r,$) by
(0,r,0) or (L,r,9) in the q,1 equation (2-35¢), q.2 equation (2-43c), q.3 equation (2-52c)
and q,v equation (2-27c), each term in equations (2-16a) and (2-16b) for J, and J; is
obtained .

For integral terms in J3, when you substitute (z,r,¢) by (z,R,9) in the g1, q¢2,

q:3, and q,v equations, pgr will be zero when cos(g - 7) > 0, so there are

kY4

é

EAE 101 ~f-psecay
q,1(z,R.¢) = I I I ¢ sing,cos’a cos(@—y)dpdy, (2-55a)
W F
T

2 Ter(X) e -f-pseca,

q,2(z,R,9) = I I I, -——p—(-l)sina2 cos’ a, cos(¢ — x)dpdy, (2-55b)

—¢

5

q,3(z,R,9) = ) I Il e 7% (~1)cos® acos(p — y)-dady , (2-55¢)

b g a,
3t

Ze @ . .
4.9z, R g) = -j "]". i{(l -w)!,(T) +E[G—a‘q' cos(¢— y)cosa—aq. sina+a,q, sin($— x)cos a]}-

x

Lo O e Fesea (~)cos(p - ) cosa-da(fdp)dy
(2-55d)

Put above equations in (2-16c), we get the expression for J3.

2.4 Numerical Method

In order to evaluate coupled equations (2-54), uniform grids 24x24 divide the

domain. Piecewise linear or second order Lagrange polynomial interpolation are assumed
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for the incident radiation and heat fluxes and 20 point Gauss-Legendre quadrature was
used to integrate equations. Iteration method was used to solve them simultaneously. It is
found the convergence is fast while the criterion can be set very small (107 to 10%).
The values of incident radiation and heat fluxes on the boundaries are
obtained by direct computation from the integrals as:
The values on surface 1
G|, ocer = UMG (2,7, 8)

= l_i_l'rox[Gl(z, r,@)+G2(z,r,8)+G3(z,r,8) + Gv(z,r,$)] (2-56a)
=2J,(0,r,9) + G2(0,r,8) + G3(0,r,9) + Gv(0,r,p)

q"‘:mjbcel = l:i_?;)lqr(z9 r’¢)
=limlg, (z,7,9)+ 4, 2(z..8) + 4,3z, 7. ) + 4,9 . 9)], (2-56b)
=0+4q,2(0,r,¢)+q,3(0,r,8) +q,v(0,r,9)

9 e = limg.(2,7.9)
=limlg.1(z,7.6) +4.2(z.r.6) +4.3(z.r.9) + .¥(z.7.8)]. (2-56¢)
=J,(0,r,9) +q.2(0,r,¢) +q.3(0,r,$) + 9.v(0,r,¢)

q‘ I.md'm:el = l:i-l-l(} q* (Z, r ¢)
~limlg, 1z.r.9) +4,2G.r ) + 4,3 D+ quzr )] @560

= O+q¢2(0’r’¢)+q¢3(0,"s¢)+‘I¢v(0s’s¢)

The values on surface 2
GLurfacel = !.i_l,r[! G(z,r, ¢)
= lim[Gl(z,r,4) + G2(z,r,) + G3(z,7.8) + G¥(z,r,4)] (2-57a)

=Gl(L,r,$)+2J,(L,r,8)+G3(L,r,¢)+Gv(L,r,9)

qumfacez =£i_1}2q,(z,r,¢)
= l:iﬂ[qu(z,r, ¢) + qr 2(2’ r’ ¢) + qr 3(2’ r’ ¢) + qrv(z’ r’ ¢)]s (2'57b)
=q,1(L,r,¢)+0+q,3(L,r,¢)+q,v(L,r,@)
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q:|su'facel = l:i_{lgq=(z’ r’¢)
= li_{rg[qzl(z, r.8)+q.2(z,r,8)+4.3(z.r.9) + 4.v(z.r.9)), (2-57¢)
=q W(L,r.¢)—J,(L,r,9)+q.3(L,r,9)+q.v(L,r,9)

9 g =124, 57:8)
= l:i_{rg[q, 1(z,r,9) +q,2(z,r,$) +q,3(2,r,9) + q,V(z,r, ¢)] (2-57d)

=q,W(L,r,$)+0+q,3(L,r,$)+q,v(L,r.9)
The values on surface 3

GI.mJaceS = !i_r,!i} G(Z, r, ¢)
= !i_{rlg[Gl(z, r.@)+G2(z,r,8) +G3(z,r,$) + Gv(z,r,9))
=Gl(z, R,9) + G2(z, R, ) +[2J,(z, R,$) + G3(2, R,$)] + Gv(z, R, $)

,  (2-58a)

q’l.mrﬁ:cel% = !‘i_{‘[}q’(z’ r, ¢)
=limlg, 1(z,7,8) +4,2(z,r.$) +4,3(2,r,$) + 4,v(z.1.9)] , (2-58b)
=4,1(z, R.$) +4,2(z, R §) +[~J3 (2, R.9) + 4,3(2, R, )]+ 4,9z, R. $)

q=i.\'u’fac23 = lri_E%q:(z,r,¢)
=limlg.(z.r.$) +4.2z.r.9) +4.3@r ) + 4.0 9)] . (2580)
=q.1(z,R,0)+q.2(z,R,8) +[0 + q.3(z, R, $)]+ 9.v(z, R, §)

Q¢ Lu'faceS = }‘iﬂ q' (Z, rs ¢)
= !.i_r’%[q¢ I(Z, r9¢) + q¢ 2(2,r,¢) + ‘I¢ 3(Z,r,¢) + q;"(z, rs¢)] (2'58d)

=4,1(z, R,$) +4,2(z, R.9) +[0+4,3(z, R, )]+ 4,v(z, R, §)
We can see at the boundaries, some values of incident radiation and heat fluxes are not
the same as calculated or expressed by the integral equations (2-12) and transformed
integral equations (2-54). In other words, equations (2-12) and (2-54) are invalid at
boundaries. The incident radiation and heat fluxes at the intersection of boundary

surfaces are obtained by multidimensional extrapolation.
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2.5 Results and Discussions

In order to validate the current code, some 2-D cases in the literature were run
and compared with the available data. The method is then extended to 3-D problems. The

description for those problems is presented below.

2.5.1 Two-Dimensional Results

For simplicity, the application of the current method is illustrated in a 2-D
axisymmetric cylinder (finite in z) for comparison to published results. Assuming
axisymmetric loading on the boundary, the heat flux q4 will disappear. The incident
radiation and other two heat fluxes will become the functions of only two variables (z,r).
The 3-D equations are easily resolved to 2-D for comparison to published results (see
Appendix A).

The resultant equations are coupled, so we need to solve them simultaneously
including boundary conditions. In specific computations, cold boundaries are considered,
i.e., [;=0, i=1,2,3, but the walls diffusely reflect radiation, i.e., €;=€>=¢3=0.5. The medium
is at a uniform temperature such that I,[T(t;,t,)]=1. The effects of the scattering albedo ®
on the incident radiation and heat fluxes are evaluated. Figure 2-7 shows the distribution
of the heat flux q.(t,,R) versus axial optical thickness compared with Li, Ozisik, and Tsai
[2.13] and Thynell [2.14] results. There is good overall agreement of the present work
with these results. However, there is difference near the boundary z=0 and z=L,
particularly with smailer o.

The effects of © on the distribution of centerline incident radiation G and heat

flux q. in axial direction are shown in Figure 2-8. Both the incident radiation and heat
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flux q, are symmetric to z=L/2 plane and decrease with increasing scattering albedo.
Furthermore, results become more uniform with larger scattering albedo.

Figure 2-9 is about the distributions of the incident radiation and heat flux g
at the middle plane z=L/2 with respect to normalized optical thickness t/R. The
distribution of the heat flux q, on the top surface with respect to normalized optical
thickness 1,/R is illustrated in Figure 2-10. We can see they are symmetric to the center
axis r=0 and radial heat flux q; is zero at the centerline.

Figure 2-11 shows the contributions of each integrals term to the total incident
radiation. The term Gv comes from the integration of the volume source term, i.e., the
last integral term in equation (2-59a). G1, G2, and G3 are the contributions of the bottom,
top, and side surface emitting and reflecting respectively, i.e., the first, the second, and
the third integral term in equation (2-59a). The sum of them is the total incident radiation
G. In the case of cold walls with £,=¢,=€3=0.5, Gv contributes most; G1 and G2 are the
same at the middle plane (average 3.6 percent of G).

Figure 2-12 shows the distributions of the individual integrals of heat flux
q«(0.5L,7;) vs. normalized radial optical thickness. The effect of sidewall emitting and
reflecting q,3(0.5L,t;) is negative. Therefore, the total heat flux is smaller than the heat
flux q,v, which is the result of the volume source term integration including medium
emitting and scattering. q,1 or q,2 contribute about 12 percent of the total radial heat flux
while q,3 contributes about 75 percent of the total heat flux (negative effect).

In Figure 2-13, one can see the effects of the optical thickness on the heat flux
at the sidewall. Again, there exists a difference at the boundary edges compared with Li,

Ozisik, and Tsai [2.13] and Thynell [2.14] results. For larger optical thickness, there is
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larger difference at the edge. The Thynell [2.14] solution was constructed using power
series expansions and collocation methods based on discrete ordinates. Here, the non-grid
terms in the integral are interpolated or extrapolated during integration; however, the grid
values are iterated to the convergence criteria noted earlier. In the limit as grid spacing
decreases in the current method, the exact solution should result. So there may exist some
approximation, while the present work uses exact integral equations.

Most of the data presented in above figures used 19 iterations with a
convergence criterion of 107, Typical computation time was about 5 minutes in Digital
Fortran 5.0 on a generic PC with 1GB memory and an AMD Athlon™ XP 1.2 GHz

processor.

2.5.2 Three-Dimensional Results

Radiative heat transfer with absorbing, emitting and scattering medium in a
three-dimensional cylinder (L=2R=1.0) is considered. The boundaries are diffusely
emitting and reflecting opaque walls. The bottom and top boundaries are cold and black.
The medium is at uniform temperature such that I[T(t.,t.t0)}=1. The following 6 cases
will be computed for comparison purpose. Note that these 3-D cases represent opaque
partial side wall diffuse emission and/or reflection. Cases 1-2 have continuous side wall
radiosity change around angular coordinate along the full height of the finite cylinder,
and present a true ¢ variation. Cases 3 to 5 present true non-symmetric partial wall cases.

Case 6 has highly forward and backward scatter.
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Table 2-1 Case conditions for 3-D radiative heat transfer computations

Side surface emitting property Side surface &
(surface 3) (surface 3)
_ £3=1/2(1-sing)
Case 1 | Cold wall, I5=0 (©=0.1,0.5,0.9, a,=0)
_ . P Black wall €3=1.0
Case 2 | J3=n(1+sin¢), or [;=(1+sind) (@=0.5, a,<0)
Case 3 Half of the wall [0,7] & [0,L] emitting, J;=n (I3=1); Black wall €3=1.0
Another half J;=0. (0=0.5, a;=0)
Case 4 Quarter of the wall [0,7/2] & [0,L] emitting, J;=n (I=1); | Black wall £;=1.0
Another part J;=0. (©0=0.5, a)=0)
Case 5 Quarter of the wall [0,x] & [L/2,L] emitting, J;=r (I;=1); | Black wall €5=1.0
Another part J;=0. (0=0.5, 2,=0)
Case 6 | Same as case 1, except anisotropically scattering Same as casel, ©=0.5

(but 2,=0.99, -0.99)

The effects of ® on the distribution of heat fluxes q«(t,,R,0) and q¢(t-,R,0) in

axial position are shown in Figure 2-14. We can see that q¢(t;,R,0) decreases with

increasing scattering albedo as in 2-D cases, the magnitude of q¢(t,,R,0) also decreases

with increasing albedo. Both of them become more uniform with larger albedo.

Figure 2-15 shows the distribution of heat fluxes q«0.5L,t,0) and

q¢(0.5L,1,0) with respect to radial position t,/R. The heat flux q4(0.5L,t.,0) in angular ¢

direction is also symmetric to the center axis r=0.

The incident radiation at mid-plane t,=0.5L, but different radial position is

shown in Figure 2-16 changing with angle ¢. At side surface r=R, G(0.5L,R,¢) changes

the most with the angle; while at center line =0, G(0.5L,0,¢) remains constant. We can
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also see the effects of scattering albedo from the Figure. The smallest albedo makes the
biggest change around angle ¢.

The heat fluxes g, and q4 at mid-plane t,=0.5L, but different radial position is
shown in Figure 2-17 changing with angle ¢. Unlike incident radiation, center line heat
fluxes q«0.5L,0,4) and q4(0.5L,0,4) change with ¢ instead of remaining constant, but they
tend toward sinusoidal change around the zero horizontal axis. One interesting
phenomenon is that the magnitude of heat flux at side surface q/(0.5L,R,$) may be larger
than q«0.5L,0,¢), while the magnitude of q¢(0.5L,R,¢) is always smaller than
qs(0.5L,0,0).

Figure 2-18 shows the distribution of heat flux q, around angle ¢. We see that
q. at the bottom surface t,=0 and the top surface 1,=L are symmetric to the zero
horizontal axis. Like incident radiation, center line heat flux q.(0,0,¢) or q.(L,0,4¢) does
not change with angle ¢.

The comparison of heat flux g, at mid-plane t,=0.5L for Case 1 and Case 2 is
shown in Figure 2-19. The magnitude of q,(0.5L,0,¢) and q(0.5L,R,$) of Case 2 is much
bigger than that of Case 1. At side surface, q(0.5L,R,$) can not be negative for Case 1,
only reflecting situation. But for Case 2, black wall emitting boundary, q«{0.5L,R,$)
could be negative or positive.

Figure 2-20 gives the comparison of incident radiation G(0.5L,0.5R,¢) and
heat flux q¢(0.5L,0,4) for Case 2, Case 3 and Case 4. Both the incident radiation and heat
flux of Case 3, which is half wall emitting, change around ¢ in a similar tendency as that

of Case 2, which is sidewall continuous emitting in sine function of ¢. This is reasonable
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conceptually. The G(0.5L,0.5R,$) and q4(0.5L,0,4¢) of Case 4, which has a quarter of the
wall emitting, changes along ¢ differently as shown in Figure 2-20. During the range
[0,n/2], the incident radiation reaches the local maximum value, which is expected.

The distribution of heat flux q, around ¢ is shown in Figure 2-21 for Case 2,
Case 3 and Case 4. The heat flux q,(0,0,0) at the bottom surface and center point remains
constant in three cases, but q,(0,0.5R,$) changes with ¢. We see again here that
qz(0,0.5R,9) of Case 3 changes along ¢ with similar shape as Case 2. The q.(0,0.5R,¢) of
Case 4 follows a similar curve coinciding with the quarter wall [0,7/2] emitting boundary
condition.

Figure 2-22 displays the changes of q,(0.5L,0,¢) and q,(0.5L,0.5R,¢) along ¢
for Case 3 and Case 4. The magnitude of q;(0.5L,0.5R,¢) is larger than q.0.5L,0,¢) in
Case 4 during [0,7/2], while smaller than q«(0.5L,0,4) in Case 3 during [0,x]. This is due
to the extremely asymmetry of Case 4.

Figure 2-23 demonstrates the different distributions of incident radiation and
heat flux q, for Case 3 and Case S. The G(t,,0,7/2), G(1.,0.5R,n/2) and G(t,,R,n/2) reach
local maximum in the range of [0.5L,L] for Case 5. In Case 3 q.(t;,0,n/2) is zero at
1.=0.5L, while the zero point of q,(t,,0,7/2) will move higher to above 0.6L in Cas\ ».
This is because the upper sidewall is emitting in Case 5.

The comparison between Case 3 and Case 5 is also shown in Figure 2-24 for

heat flux q,. Because the upper partial wall emission, we see the distributions as shown in

the Figure. The heat flux q,(t,,0.5R,n/2) are larger than q,(1,,0,n/2) in magnitude in the

range [0.5L,L] for Case 5.
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The influences of linear anisotropic scattering coefficient al are shown in
Figure 2-25 to Figure 2-29. There are no big differences among isotropic scattering,
forward scattering and backward scattering, especially on the boundary, for the cases
considered. From Figure 2-27, we can see the al’s influence in the range [0,7] is weaker
than the influence when ¢ in [r,27], that is because the side wall reflection (0.5<p;<1.0)
is stronger in the range of [0,x] than the reflection (0<p;<0.5) in [r,27].

However we can see in Figure 2-29, how G(L/2,0,¢), G(L/2,R/48,¢) and
G(L/2,R/16,¢), which are grid point 1, 2 and 3 from the original point in r coordinate
respectively, change with ¢ in isotropic case, forward scattering and backward scattering
cases. This is interesting and because in forward scattering and backward scattering
cases, the heat fluxes like q, go into the source term. So the values of G(0.5L,0,¢) are not
exactly constant when a1=0.99 and al=-0.99 because of the numerical computation. But
the values of G(0.5L,0,4) will lie on the constant lines, without the expanded scale in
Figure 28, for this case with an albedo of 0.5. The highly forward scatter case (a1=0.99)
gives results slightly more than 1% lower on average than isotropic incident radiation,
while highly backward scatter (al=-0.99) gives slightly less than 1% greater than
isotropic.

Computation times, on the same generic PC referred to earlier, ranged 5 to 6
hours for fully 3-D cases, this may be compared to about 5 minutes for 2-D cases.

For grid convergence, when we use double grid number to divide the domain,
the average difference or error is about 0.1 percent. So we consider the current grid size is

enough to get the convergent resuits.
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2.6 Conclusions

A set of transformed integral equations for radiative transfer in a 3-D finite
cylinder was developed that can be easily integrated by numerical method without
singularity effects. Although there is a p in the denominator of the surface integral term
(similar to the volume term in 1-D), it is well-behaved first order term and does not cause
oscillations. The transformed 3-D equations were also cast into 2-D axisymmetric
cylindrical media for comparison purposes. The numerical results show good agreement
with published data except in extreme cases. Computational time for most of the 2-D
comparisons was about 5 minutes on a good PC. A strong benefit of the current method is
a detailed knowledge of each contribution of the volume and boundary to the total
incident radiation and heat fluxes, which allows one to attack those computational terms
giving the most difficulty with more robust methods, in future work.

Several simple 3-D cases were computed with the new integration strategy.
Several of these cases included results for simple ¢ variation in the sidewall diffuse
emission/reflection. Unlike 2-D cylindrically symmetric cases, G shows a small variation
with ¢ along the cylinder axis for 3-D anisotropic scatter (Case 6). Other cases included
true 3-D partial (in both z and ¢) sidewall emission. The computational time for these
new 3-D cases was still fairly large for the current generation of 1 to 2 GHz class PCs (5
to 6 hours). More efficient computational methods, such as those presented, allow

application to more realistic modeling of nongray pure radiation and combined modes of

heat transfer problems.
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2.7 Nomenclature

a; linear anisotropic scattering coefficient
A differential surface area, m’

d distance, m

G incident radiation, W/m?

I the radiation intensity, W/m?
J the radiosity of the surface, W/m?
L the cylinder height, m
components of net radiative heat flux, W/m?
R the cylinder out radius, m
S radiation source term, W/m>

T temperature, K

\% differential volume, m’

Greek symbols

a the specified angle, transformed coordinate

B extinction coefficient, 1/m

€ the emissivity of the surface

0 angle between surface normal vector and the intensity direction

P the reflectivity of the surface, or the specified distance (transformed coordinate)
¢ cylindrical angular coordinate
4 the specified angle, transformed coordinate

® single scattering albedo
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Q the unit vector of the intensity direction, or the solid angle

Subscripts

b black body

i surface i

r radial direction

R at out radius position
z axial direction

¢ angular direction
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Figure 2-1 Illustration of the physical system and coordinates.

Surface 2

Surface 3

Surface 1

Figure 2-2 Schematic diagram of the physical model and radiation transfer path.
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Surface 3

Surface 1

Figure 2-3 Schematic diagram of the coordinates and the radiant ray direction.

/—_ Surface 2
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Surface 3

Surface 1

Figure 2-4 Schematic diagram of coordinates transformation.
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; r=R

Figure 2-5 Top view of the cylinder coordinates transformation. Capital S is the projection of point s
and capital §' is the projection of point s'.

-
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ey -

Figure 2-6 The enlarged illustration of coordinates transformation. Capital S is the projection of
point s and capital S’ is the projection of point s'.
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Figure 2-13 The effects of the optical thickness on the distribution of q,(t,,R) with respect to
normalized optical thickness t,/L, for a hot medium enclosed by cold walls, £,=¢;=€;=0.5, ©=0.5.
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Figure 2-14 The effects of scattering albedo on heat fluxes q,.(1,R,0) and q4(7,,R,0) of a 3-D hot
cylinder enclosed by cold walls with £,=¢,=1.0, £,=0.5(1-sin}), see case 1 in table 2-1.
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Figure 2-15 The effects of scattering albedo on the distribution of heat fluxes q,(0.5L,r,,0) and
q4(0.5L,1,,0) with respect to normalized optical thickness 1,/R for case 1 in table 2-1.
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Figure 2-16 The effects of scattering albedo on the distribution of incident radiation at mid-plane
©.=0.5L with respect to angular coordinate ¢ for case 1 in table 2-1.
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Figure 2-18 The distribution of heat fluxes q, at bottom or top surface, but with different radial

position, with respect to angular coordinate ¢ for case 1, 0=0.5.
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Figure 2-19 The comparison between case 1 (0=0.5) and case 2 for heat flux q,(0.5L,0,¢) and
q(0.5L,R,$) with respect to angular coordinate ¢.
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Figure 2-20 The distribution of incident radiation G(0.5L,0.5R,$) and heat flux q4(0.5L,0,¢) with
respect to angular direction ¢ for case 2, case 3 and case 4 in table 2-1.
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Figure 2-21 The distribution of heat flux g, at bottom surface, but at different radial position, with
respect to angular coordinate ¢ for case 2, case 3 and case 4 in table 2-1.
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optical thickness t,/L for case 3 and case § in table 2-1.

48



50 - - — - —

o s LT TRty TITT e

[ - >- - Sdd ST I
‘_5 P R S -

.

MRSt SR S Spve =

G@O.5Lt.0)

4.0 -

35 -

Incident radiation G(0.5L,1,,0)

3.0 -
—-+-a1=0.99
—e—a1=0
25 -
.- 31=-0.99
2_0 — . - —— . —_ - - - = BN . -
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1.0

Radial position tJ/R

Figure 2-25 The effects of linear anisotropic scattering coefficient al on the distribution of incident
radiation G(0.5L,t,,0) with respect to normalized optical thickness t/R for case 6.
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Figure 2-26 The effects of linear anisotropic scattering coefficient al on the distribution of heat flux
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Figure 2-28 The effects of linear anisotropic scattering coefficient al on the distribution of incident
radiation G(0.5L,0,¢) and G(0.5L,R,}) with respect to angular coordinate ¢ for case 6 in table 2-1.
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Figure 2-29 The effects of linear anisotropic scattering coefficient al on the distribution of incident
radiation G at different radial position with respect to angular direction ¢.
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2.9 Appendix A

Two-Dimensional Equations

In converting the 3-D analysis to 2-D for comparison to published resulits,

consider for isotropic scattering, the transformed integral equations (2-54) reduce to:

(-Dsina, cos’ a,d pd y +

2x pr(X) e-ﬂ»p-s:ca:

I j. I,———sina, cos’ a,dpdy +
0 0 P

2ra, (Ala)
j I13e""""‘°°“ cosa-da-dy+

0 a

Tj j[(l w)l, (T)+ —G(z+ptana, Jrt+p*+2rp- cosz)]
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* e PPada(Bdp)d y

r PR(Z) -ﬁ‘p-secq

(-1)sina, cos® a, cos yd pd y +
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The radiosities of boundary surfaces by equation (2-15) are expressed as

J,(0,r) = £,6T,' (0,r) + p, 3

L

J,(L,r)= g,0T, (L,r) + p,3
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CHAPTER THREE

3. A GENERAL INTEGRATION METHOD FOR RADIATIVE TRANSFER IN 3-
D NON-HOMOGENEOUS CYLINDRICAL MEDIA WITH ANISOTROPIC
SCATTERING

A general set of integral equations is presented to solve 3-D radiative heat
transfer problems in emitting, absorbing and linear anisotropic scattering finite hollow or
solid cylinders with non-homogeneous media. By tracing a ray to compute the intensity,
it is much easier to handle the spatial change properties including extinction coefficient.
Both the continuous change property and step-change property are dealt with without
difficulties. The solid angle integration in getting the incident radiation and heat fluxes is
represented by the bounding surface integration. In order to avoid the singularity problem
near the bounding surface, the surface integrations are transformed to new modified
integral equations by mathematic methods. By doing so, we get more flexible general
integral equations applicable to all cases like 3-D solid cylinders, 3-D hollow cylinders,
finite cylinders or infinite cylinders. This scheme has been verified by comparing the
results with published data in the literature. It is believed that this method is useful in

combined radiation and convection heat transfer problems.

3.1 Introduction
Radiative heat transfer in cylindrical media is important in various industrial
applications such as combustion chambers and high temperature heat exchangers. We can

find many papers dealing with radiation in multidimensional cylindrical media by
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integral equations of transfer [3.1]-[3.4]. According to Zhang and Sutton [3.5], most
integral equations in the literature are SV-type, which is surface integration plus volume
integration for participating media. They suggested a new way to solve radiative heat
transfer problem by so-called S-type integral equations, which only include surface
integration, in cylindrical media. The S-type integral method can easily be developed to
other geometries as well. The intensity at each point in the medium is obtained by tracing
the ray starting from the bounding surface, integrated along the line. Once obtained the
intensity at the point in every direction, the incident radiation and heat fluxes can be
determined by the integration over 4x solid angles. The solid angle integration is
transformed to the integration of bounding surfaces around the medium.

For most interior points of the medium, there are no singularity problems in S-
type integral equations. There do exist singularity points near the boundaries. This
singularity comes from the transformation of solid angle integration to surface
integration. To avoid this difficulty while computing the incident radiation and heat
fluxes in the whole domain, a same coordinate transformation is adopted here as in a
previous paper [3.6] for surface integrations.

Here, we give a more general form of integral equations for radiative transfer
in finite 3-D non-homogeneous participating media with anisotropic scattering in solid or
hollow cylinders. Not only will the spatial variation of albedo be treated, but also that of
the extinction coefficient. Further, non-smooth or abrupt step change of extinction

coefficient in cylindrical layers will also be considered.
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3.2 Integral Equations of Transfer
When the radiative properties of the medium are independent of frequency,

the radiative transfer equation will take the form [3.7]

1 di(s,Q)
B(s) ds

+I(5,Q) = S(5,Q) (3-1)

where the source term in above equation is defined as

n*sT*
T

S(s, f)) =(1-w)

+= [pY - I(s. Q)Y (3-2)
ar o

and n is the refractive index of the medium, o is the scattering albedo. If a linear-

anisotropic scattering phase function is assumed, then
pQ, Q) =1+a,Q-Q' (3-3)
Considering a specified boundary condition (Figure 3-1):
I(s,Q) =1 ats=s; (3-4)
Then the formal integration of the transfer equation (3-1) along the path s in the direction

Q subject to this boundary condition is expressed as
I(s, fZ) =1, exp[— ]'ﬂ(s')ds'} + ]ﬂ(s’)S'(s’, fl) exp[— :" B( s')ds"]ds' (3-5)
For the simplicity in expression, we define
£(s,,5) = [B(s")ds' (-6)
So the intensity in equation (3-5) can be expressed simply as

I(s, f)) =1, exp[—- 7(s;, s)] + I B(ISG, f)) exp[— z(s’, s)]ds’ (3-7
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The incident radiation and heat flux at a particular point can be evaluated by
the integration of the intensity at that point around the whole 4= solid angle. In cylindrical

coordinates (Figure 3-2), they are expressed in following forms:

G(zr.9) = [I(z,r,8,0)-dQ, (3-8a)
q,z.r.9) = [I(z,r,$,Q)-cos(,,Q) - dC2, (3-8b)
9.(z.r.9) = [I(z,r,4,Q)-cos(?.,Q)-dQ2, (3-8¢)
4,(z.r.9) = [I(2,r.$,9)-cos,,$)-dQ. (3-8d)

The source term in cylindrical coordinates with linear anisotropic scattering medium is

given by

5(s,9) = S(z,7,0,Q)
G(z,r, 3-9)
=(l_,,,),m+£{ AT . . ]}
4r |a, [q,(z, r.g)cos(e,,Q)+q._(z,r,p)cos(e., Q) +q,(z,r,$)cos(e,, )

3.2.1 General Equations in Finite Hollow Cylinders

If the medium is enclosed by several bounding surfaces i (i=1,2,3...), the solid
angle integration in equations (3-8) could be transformed to surface integrations. A 3-D
hollow cylinder is shown in Figure 3-3. The point s(zr,$) is surrounded by a bottom
surface, a top surface, outer cylinder and inner cylinder, which are surface 1, surface 2,
surface 3 and surface 4 respectively. The incident radiation and heat fluxes are expressed

as

G(z.r.$)=2. (|1 (z,r,¢,ﬁ)-‘—1°{(1§§5d,4, (3-10a)
=l 4 (24
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cosé.

q,(z,r.9)= ZHI(ZJ $.Q)-cos(é ,,Q) e (3-10b)
=1 ,’
q.(z.r.9) = Zl: Hl(z ,r,9,$2)-cos(é..Q) c‘zs?s)dA,. (3-10c)
4,Gr =Y [[1(z.r.$.€)-cos(é, ) °‘zsos)dA, (3-10d)
=l

where 0; is the angle between the unit normal vector »,of surface i and the intensity

direction Q (Figure 3-2). The term d(s,, s) is the distance from point s; on the boundary i

(i=1,2,3,4) to point s in the medium and can be computed by

d(s,.s) =2 +r* ~2rrcos@-¢) +(z-2)}] G-11)
The actual integration of surface 1 is on the area A;-B;-C,-fi-e,-d;-A| shown shadowed
in Figure 3-3. The same area of surface 2 is Aj-B,-C;-fr-€;-d;-A,. The surface 3
integration is on the outer cylindrical surface in between A,-B,-C, and A,-B»-C;. The
integration to surface 4 is the integration of the inner cylindrical surface in between fi-e;-
d; and f>-e3-d>.
The equations for cosines in above equations (3-10) are from Zhang and
Sutton [3.4], Chen and Sutton [3.6] and listed in Appendix B.

By substituting all cosines into equations (3-10), the resultant expressions for

incident radiation and heat fluxes are
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and

Gerd)= [f 1crsd~

surfacel ( l ,S)

(L—2)-d4,
DR T

~ [ ou — T COS(¢ ¢3 )] 6114
mrf‘['!ﬂ I(Z, ",¢9 Q) d3 (S s)
_U 1(z,r,$,Q) [rcos(p —¢,)- R, ] d4,

3
surfaced d’(s,,s)

(3-12a)

q,(z,r,¢)= ”’ 1(z,r,¢,Q)z [r —r, cos(¢ - ¢|)]dA

surfacel d“(sns)
[ 1ergiyEz2yl-rcos@-golat, |
surface2 d (s" ,S)
[ 1€z [Rou =1 08B =4l lr = Ry cos@ =)}

P}
surface3 d ( S5, S)

I‘[ 1(2 ’., ¢,Q) [" COS(¢ ¢4) Rm] [" Rm COS(¢ ¢4 )] dA'

surfaced d ( Sy, S)

(3-12b)

q.(z,r,9) = H I(z,r,é, Q)f(_z_M_,.
surfacel ( ‘,S)

H [(z,r,¢,Q)(L 2)(z—L)-d4, |

surfacel d4(s1 »$)
i 1(z,r,¢,f2)[ ou '°°S(¢4 $))(z-z,)-dd;,
surface3 d (SS’S)

) 1(z,r,¢,fz)[’°°s(¢‘¢4) -R,](z-z,)-d4,

3
surfaced d (S_.,S)

(3-12¢)
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dA
q,(z,r,9) = H 1(z,r,¢,Q) [r, sin(¢ — ¢l)]

4
surface} d (Sl N s)

(L=2)-[r,sin@~¢,)]-dd,

[ 1zr.e. %

surface? d(s,,s) (3-12d)
([ 1627,y e =reos(® =] R sin@=y)-ddy |
surface3 d 4 (s3 . s)
A [r cos(¢—¢,)— R, ] R, sin(¢p—¢,)-dA,
wo'!tcje«i fzr.g.) d*(s,,s)

Equations (3-12) are the exact integral equations for 3-dimensional hollow cylindrical

enclosures with absorbing, emitting, and anisotropically scattering media. Defining the

first integral terms in equations (3-12a)-(3-12d) as Gl1, ql, q.1, and g1 respectively and
so on with the second, third and forth terms, we have

G(z,r,9) =Glz,r,0) +G2(z,r,9) + G3(z,r,8) + G4(z,r,9), (3-13a)

q,(z,r,9) =q,1(2,r,9) +q,2(z.r.$) +q,3(2,r.9) +q,4(z,r.¢),  (3-13b)

q.(z.,r.9) =q.1z,r,9) +q9.2(z,r,9) +9.3(2,r.$) + q.4(z,r.¢),  (3-13¢)

2,(zr9) = 4,1z r,9) +4,2zr.8) + 4,3z, 9) +q,4zr.9).  (3-13d)

The integration of surface 1 will be separated into two parts (Figure 3-4). One part is the

integration of area S-fi-e;-d,-S; other part is the integration of area S-d;-A,-B,-C;-f}-S.
The integration of surface 2 is the same as surface 1.

In order to calculate the integrations without the singularity problem, we use
the same coordinate transformation method as by Chen and Sutton [3.6], which is moving
the original point from 0(0,0,0) to S(z,r,$) referring to Figure 3-3 and Figure 3-4. By
doing so, the integration point coordinate (zir;,¢;) is transformed to a new defined
coordinate (a,y,y), where a is the angle defined as in Figure 3-3; y is the distance from

projection point (r,¢;) to (r.$); and y is the angle defined as in Figure 3-4. The
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transformed expressions for incident radiation and heat fluxes are (for more details, see

Appendix B):
( ¥n) ¢m
Gli(z,r,9) = I I—(—smal)cos ald;dl+ I I—(-smal)cos addy (3-14a)
-(j+¢... 3 i) ©
(F+ha) Tpu),
G2(z,r,9) = j I—sma, cos a,d;dx-&- I I—smaq cos’ a,dpdy (3-14b)
-(:+¢... o7 3 Zeg)
(F+9a) 4,
G3(z,r,9) = j I[ cosa-dady (3-14¢)
-Gt
bl
Ga(z,r, ¢)_ j jl cosa -dady (3-14d)
(?é,..
(G+) | (——».
q.1(z,r,¢) = j j'—sma, cos’ a, cos ydmdy + I j‘—smal cos’ a, cos ydpdy (3-15a)
-G+ ° (F+#a) °
(o), f ),
q,2(z,r.9)= J' I —sina, cos a,(-cos,z)d;dz-l- I I—sma,cos a,(—cos y)dmdy (3-15b)
A5+n) o G o) °
GHa) 4,
q,3(z,r,)= j Il-cosz a(—cos y)dady (3-15¢)
_(%*’)al
b,
q,4(z,r,9) = f II -cos® a(—cos y)dady (3-15d)
Grpa)



Era) g

2 e
q.1(z,r,9) = f T—-sm a, cos’ adudy + I j—sinz a, cos’ a, dndy (3-16a)
-G ° Gt
G f ),
q.2(z,r,9) = j' I (-=Dsin’ a, cos® a,d;dz-l» j' I—( 1)sin® @, cos® a,ddy (3-16b)
-(%d.) s ) °
(%"') as
q.3(z,r,9) = j II-(—sina)cosa-dadx (3-16¢)
-G
by,
9.4z r.9)= | [I-(-sina)cosa-dady (3-16d)
G T
and
) (——mm
q,1(z,r.9) = I j —sina, cos’ @, sin ydydy + I j—smal cos’ a, sin yduly (3-17a)
5o © G+om) °
( O..) 'n
q,2(z,r,9) = j j —sina, cos’ a,(—smx)d;dz-i» I j—sma,cos a,(—sin y)dmdy (3-17b)
-(%'0.. oV (Tﬂ.)
G+ o,
q,3(z,r.@) = I II -cos® a(—sin y) - dady (3-17¢)
-G ®
Fbag,
q,4(z,r.9)= I II -cos’ a(-sin y)-dady (3-17d)
(Gta) ™
where
@, =cos™ LS (3-18)
r
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Vo =\ R —r'sin® g —rcosy (3-19a)

Yu=—yR,>—r’sin’ y —rcosy (3-19b)

0-z L-z

4 Y

(3-20)

Here yro Or Yg; is the distance from a point on outer cylinder or inner cylinder to the
concerned point S(r,9) in the projection view. When calculating o; and a; limits in the
above integrations, use YR, Or Yg; instead of y in equation (3-20).

In order to compute the radiation intensity, the old coordinate value (z;ri,9;) is

required. Once the new coordinate (a.y,x) is known, the coordinate (zr.¢i;) can be

obtained by
z, =ytana+z (3-21a)
r=yr*+7> +2rycosy (3-21b)
é, =tan™ Yoo if x,>0and y,>0 (3-21c)
xl
¢ =27r+tan 2L ifx >0and y, <0 (3-21d)
xl
¢ =r+tan” 2 ifx <0 (3-21e)
xl
where
x, =rcosg+ycos(p+y), Yy, =rsing+ysin(g+ y) (3-22)

In above equations, v is replaced by yg, in surface 3 integrations and by yg; in surface 4

integrations.
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Equations (3-14)-(3-17) plus equation (3-7) are the complete set of descriptive

equations to solve for incident radiation, heat fluxes, and the intensity.

3.2.1.1 Equations for finite solid and infinite hollow cylinders

An interesting point of above equations is when Riy=0, then ¢i,=n/2, equations
(3-14)-(3-17) become the equations for solid cylinders automatically. The second term of
G1 and G2 will equal to zero, as does G4. The same thing happens with the second term
of qrl, q:2, q.1, qz2, q¢! and qy2; and the whole terms q4, q.4 and q¢4 vanish. The
following equations hold for 3-D solid cylinders.

-rYR., 'rYRu

G(z,r,9) = I I —(-sina,)cos’ a,dndy + I I —sina, cos’ a,dmdy +
. e e (3-23a)
I ]'1 -cosa -dady
n ar K?’xn
q.(z,r.¢)= _" _f —sma, cos’ a, cos ydpdy + I I —sina, cos’ a,(—cos y)dudy +
i -r 0 -z 0 (3-23b)
I J.I -cos’ a(—cos y)dady
7Rn K?’no
q.(z,r.9)= I I—sm a, cos’ adpdy + I I (=Dsin* a, cos’ a,dndy +
0 w0 ¥ (3-23¢)
III -(-sina)cosa-dady
ll’?nn Irfkn
q,(z,r,9) = j j —sma, cos’ a, sin ydpdy + I j—sma, cos’ a, (—sin y)ddy +
e e o7 (3-23d)

I I[ -cos’ a(—sin y)-dady

-xa,
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In addition it may be noted that when a,=-n/2 and o;=n/2, the whole set of
equations (3-14)-(3-17) become the equations for infinitely long hollow cylinders

automatically. Because all the integrations of surface 1 and surface 2 will equal to zero,

these are:
G+ 3 g %
Gr.g)= | j’l cosadady + j' jl cosadady (3-24a)
)3 GHm) -3
G 5 e L
q,(r.¢)= I j[ -cos’ a(—cos y)dady + I Il cos’ a(~cos y)dady (3-24b)
-G -3 (G-
o) 5 )T
q,(r.9)= II cos® a(—sin y)- dadx-&- I II cos’ a(~sin y)-dady (3-24c¢)

_z
2

1
wla
>

3
'
win

(—M

In above equations, the first term is the integration of outer cylinder, in which
YRo is used to determine the start point coordinate (z;,r;,¢;) of intensity; while the second
term is the integration of inner cylinder, in which yg; is used to determine the coordinate
(zi,ri,$i). Gauss-Legendre quadrature is suggested to compute the integration of angle o
from -n/2 to ®/2, so a suitable z; value can be obtained from equation (3-21a) by
assuming z=0 because the characteristics of tangent function. If a 20-point quadrature is

used, z; can be handled and accurate integration results will be obtained at the same time.

3.2.2 The Radiation Intensity

The surface integrations are purely a geometric evaluation. Radiative
properties are considered in the intensity computation. The intensity from boundary point

si(zi,1i,9i) to concerned point s(z,r,¢) in the medium is given by
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1
I(z,r,$,Q) = I, expl-(s,,9)]+ [B(z.r'.92S(2.,r", ¢’ Dexpl-(s',5)]- d(s,,5)dt (3-25)

where d(s;,s) is determined by equation (3-11), point s'(Z,r',¢’) lays between the start

point si(z;.r;,$;) and end point s(z,r,$). We have

s'=s,+(s=s); 12¢20 (3-26)
then
Z'=z,+(z~2)-t (3-27a)
p = /x'z + y'z (3-27b)
¢ =tan™ y_' if x>0and y'>0 (3-27¢)
x
@' =27 +tan™ l,- if x¥>0and y' <0 (3-27d)
x
¢ =r+tan” !-'- if x'<0 (3-27¢)
x
where

x'=rcosg, +(rcosg—~r,cosg,)-t y =r,sing +(rsing—r,sing,)-t (3-28)

The optical thickness in equation (3-25) is simply integrated by
s 1
2(s,,8) = [B(s")ds' = [B(',r',$")-d(s,,5)-dt (3-29a)
5 0

The optical thickness from point s’ to point s can be obtained by the same procedure

except point si(z;,r;,9;) replaced by point s'(Z,r’,¢') as

7(s’,5) = ]ﬂ(s')ds" = I B, r",¢"-d(s',s)-dt (3-29b)
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Using these equations, the intensity from any start point s; to point s can be easily
determined even in non-homogeneous medium, because the distribution changes of
extinction coefficient and scattering albedo are considered in the integral calculation.
Note that, even though this is illustrated for gray properties, the same general procedure

would apply for monochromatic radiation.

3.2.3 Boundary Conditions

The boundary conditions can be generally expressed as

L,(0,r,8) = £,(0,r,8) + £1,,(0,r,8) +% [1(0.,r,9)-cos(-¢,,0)-d2  (3-30a)
2
L(L,r.¢)= fL(L,r,@)+&,1,,(L,r,$) +’—:t-2— II(L,r,¢) -cos(é.,Q)-dQ  (3-30b)
13 (29 Rout ’¢) = .fS (Z, Roul ’¢) + 831b3 (Z’ Roul ’¢) + _ft_s II(Z’ Roul ’¢) * cos(ér aﬁ) ‘m (3"300)

[,(z,R,.0)= f.(z, R, ,8) +&,1,,(2, R,,,,¢)+%— [1(z.R,.8)-cos(-¢,.0)-dQ2  (3-30d)
2r

Where we have considered only diffuse reflection. fj, f5, f3 and f; are possible externally
incident radiations at the boundaries. When the boundary is transparent, the second and
third terms do not apply. If it is opaque, the first term is eliminated. Equations (3-30) can

be further expressed as

[l(o7r’¢) =f;(0,",¢)+811,,|(0,r,¢)+% —q:Z(O,r,¢)—q:3(0,r,¢)-q:4(0,r,¢)} (3'313)

Ich,r,m=f2(L,r,¢)+szln(L,r,¢)+ft—2{q..1(L,r,¢)+q:3(L,r,¢)+q:4(l:,r,¢)}(3-31b)
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13 (2, Ram 9¢) = f.3 (Z, Rom :¢) + 83Ib3 (Z, an ’¢) +

Yol (3-3[0)
—’tl'{qu(z9 Roul ’¢) + qr 2(2! Roul 9¢) + qr3(z’ Raul ’¢) + q,4(2, Roul ’¢)}

14(2’ Rin’¢) = f:t("” Rm’¢) +841£74 (Z’Rin’¢) + %{qr‘(z’ Rm’¢) +Q,2(ZaR.n,¢)+qr3(Z9 Rm’¢)}(3-3ld)

Because surface 3 is a concave surface, a q,3 term appears in the I3 equation. When

calculating ¢,1(z,R,,.9), 4,2(z.R,,.#) and q,3(z,R,..9), Yro Will be zero when

T T . .. .
Y <x< S0 the integrations in equations (3-15) become
G T G
= I + (3'32)
REar DI Ca DS

Note that the incident radiation and heat fluxes on the outer cylindrical surface will also

utilize this relation.

3.3 Numerical Methods

In order to evaluate the coupled equations above, the uniform grids 26x26 x26
divide the domain. Piecewise second order Lagrange polynomial interpolation is assumed
for the incident radiation, heat fluxes and entering intensity at the boundaries. 20 point
Gauss-Legendre quadrature is used for all integrations and iteration is used to solve the
resultant equations simultaneously. It is found that the convergence is fast (criteria 105 to
10®). The values of incident radiation and heat fluxes on the boundaries are obtained by
direct computation from the integrals as:

surface 1

!



surface 2

G, e =iMG(z,7,9)
= l.i_t}g[Gl(z,r,qt) +G2(z,r,9)+G3(z,r,9) + GA(z, r,¢)]
=2J,(0,r,9)+G2(0,r,¢) +G3(0,r,9) + G4(0,r,9)

9 s =104, (2,7,9)
= limlg, 1(z.7.6) +4,2(,7,9) + 4,3z, 9) +4,4(z.r. H)]
=0+4,2(0,r,4)+q,3(0,r,$) +q,4(0,r,9)

q.: I.rmfacel = l:i_,n(}q:(z’ r’¢)
= l:i_xg[q: I(z,r,8)+q.2(z,r,8) +q.3(z,r, ) + q.4(z.7,9)]
=J,(0,r,9)+4.2(0,r,8) + q.3(0,r,p) +q.4(0,r,9)

Q¢ surfacel = l:i_t.rolq, (Z, Ts ¢)
= limlg, 1z.r.$) + 4, 2(z.r.$)+ 4,3(z.7-8) + 4,41 9]
= 0 + q‘2(0,r,¢) +q¢3(09rs¢) + Q¢4(0s’,¢)

G2 =liMG(2,1,9)
=lim[GI(z,r.6) + G2(z,r.)+ G3(z.r.$) + GA(z.r.$)]
=Gl(L,r,§)+2J,(L,r,§)+G3(L,r,9)+G4(L,r,9)

q’lsurﬁlcel = l:i_t,lzq’(z’r’ ¢)
= l:igg[q,l(z,w) +4,2(z,r,9) +4,3(z,r,9) +4,4(z,r.9)]
=q,1(L,r,)+0+q.3(L,r,4)+q,4(L,r,¢)

q:l.mq’accl = Ei_{?q:(z’ ",¢)
=limlg.1(2,r,4) +4.2(z,7.$) + 4.3z, 7, $) +4.4(z.r. )]
=q.1(L.r,$)~J,(L,r.8) +4.3(L,r.$) +q.4(L,r.¢)

9, I.mlj’acez = !.i_l’%qf (Z, r, ¢)
= !_i_gLn[q. I(z,r.9) +4q,2(z,r,$)+q,3(z,r,4) +q,4(z, ,-,¢)]
=q,1(L,r,¢)+0+q,3(L,r.$)+q,4L,r.¢9)
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surface 3

Glsurfacea = rﬁtﬂ?,,, G(z,r,¢)
= lim [Gi(z.r.8) + G2(z.r,8) + G3(z,r.8) + G4(z,r,8)] (3-35a)

= GI(Z, Roul ’¢) + Gz(z’ Roul ’¢) +[2J3 (Z, Rour ’¢) + G3(Z’ Ram ’¢)] + G4(Z, Raut 9¢)

q’lsurﬁ:ce} = ,Egl’ q, (29 r, ¢)
= lim [9.1Cz.7.8) + 4, 2(z,r.$) + 4,3(z.7.8) + 4, 4(2,7.9)] (3-35b)
= qr l(z’ Roul ’¢) + qr 2(2’ Rau: ’¢) + [—JJ (Z, Roul ’¢) + qr 3(2’ Rout ’ ¢)] + qr 4(2’ Ruul ’ ¢)

9| e = 1iM4. (2,7, )
= lim [g,1(z,r.$)+9.2(z.r.9) + 4. 3(z.r.$)+ 4.4(z.1.9)] (3-350)
= q: l(z’ Raur 9¢) + qzz(z’ Rout ’¢) + [0 + q: 3(2’ Roul ’¢)]+ q: 4(29 Raur ’¢)

q‘ surface3 = r-l—i»IRr,,l., q‘ (Z, rs ¢)
= lim[g,1Gz.r.#)+9,22.r.9)+ 4,3z r.8) + 4,41 9)] (3-35d)
= @12, R o)+ 4,22, R ) + [0+ 4,3(2, Ry )]+ 4,42, R,y 1 9)

surface 4
Glsurﬁ:ce4 = ,ljg‘ G(Z,",¢)
= linR:' [G1(z,r,8) + G2(z,7.8) + G3(z2,r,8) + Ga(z,r,9)] (3-36a)

=Gl(z,R,,$)+G2(2,R,.0) +G3(2,R,,.0) +2J,(2,R,,.9)

9| uaes = 10 4, (2:7,0)
= lim[g,1(z,r.6) +4,2(z.7.8)+4,3(z.7.8) +4,4(z.r.$)] (3-36b)
=4,1(z,R,,$)+4,2(z,R,, )+ 4,32 R, .8) + J (2, R, )

q:imlfaced = ’l_:l’xg; q:(z’ r, ¢)
= lim[.1(z.7.$) +4.2(2,7.8) + 4.3(z:r.$) +4.4(z.7.$)] (3-36¢)
=4.1(z,R,,8) +4.2(2, R, ) +4.3(2: R,..9)
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4|, s =liMa,(2.7.0)

= lim 2,1z, r.9) +4,2(2.r.8) + 9,3z, r.$) + 4,4(z.7.9)] (3-36d)

=q,1(z,R,.9)+4,2(z,R,,.9)+q,3(z,R,,.0)
where Ji=nI; for the diffuse i boundary in above equations. We can see some values of
incident radiation and heat fluxes are invalid at boundaries (not the same as expressed by
the transformed integral equations). The incident radiation and heat fluxes at the

intersection of boundary surfaces are obtained by multidimensional extrapolation.

3.4 Results and Discussions

In this work, we solve some typical radiative heat transfer problems by above-
mentioned surface integral equations. Considering a non-homogeneous medium, we have
continuous change properties and step-change properties (as in layered materials). In

order to compare with available data in the literature, we start from the 2-D results.

3.4.1 Continuous-Changing Property 2-D Resuits

In the axisymmetric cylindrical medium, the incident radiation and heat fluxes
will be the function of only z and r. The heat flux q4 vanishes also. The whole set of
equations are easily obtained from 3-D equations (3-14)-(3-17) by omitting the ¢ variable
or setting ¢ equal zero. In order to compare with available data in the literature, the

following cases are computed to test the current scheme.
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Table 3-1 Case conditions for continuous-changing property 2-D solutions

Geometry Medium property Surfaces

B=uniform, Iy(t;1)=1.0, All cold walls
Solid cylinder _ T, T, T, .2 e1=1.0,
Case 1 Re[=10 | @705, 1-075(5), 0375(:1)+0.5() 610,
al=0, 0.99, -0.99 £3=1.0

B=uniform, lp(t,t)=1-(t/R)’, All cold walls
Solid cylinder z, T, T, .2 £1=1.0,
Case 2 R=I=1.0 ®=0.5, 1—0.75(—E), 0'375(7)+0'5(TQ-) £=1.0,
al=0, 0.99, -0.99 £3=1.0

Io(t2,1)=1.0, ©=0.5, All cold walls
Solid cylinder _ z, T, .2 £=1.0,
Case 3 R=[=10 |B=10. 05+0.75(5), 12-04(-0) 1.0,
al1=0 (isotropic scattering) £:;=1.0

Hollow cylinder | B=1.0, Iy(t,7)=1.0, ©=0.5 All cold watls
ollow cylinder =1.0, lp(t,t)=1.0, ®=0. = =

Case4 | Rin=0.1,0.5,0.8 o s ‘8;(:?20‘”’
w=L=1.0 |al=0, 0.99, -0.99 ez, 1.0

If we consider the scattering albedo change [3.5,3.8] in the medium with

optical thickness as shown in Figure 3-5 The scattering albedo changes with normalized

radial distance t/R in three different cases., the effect of this albedo change on the heat

flux q«(t,,R) is presented in Figure 3-6. There is a good agreement between current work

and the results of Zhang and Sutton [3.5].

The effects of scattering albedo and linear anisotropic coefficient on the

incident radiation and heat flux q, are shown in Figure 3-7. As expected, we can see that

the bigger the local scattering albedo in the medium, the smaller the incident radiation

and heat flux q,. The linear anisotropic coefficient al’s influence is small compared with

scattering albedo. The difference of forward scattering and backward scattering on the

incident radiation will increase when albedo increases. But, the difference of forward and
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backward scattering on the heat flux g, will decrease with the albedo increase because of
cylinder geometry (diameter larger than height, R=L=1).

Figure 3-8 shows the influence of the linear anisotropic coefficient al on the
heat flux at the bottom surface. The effects of al will increase with the increase of optical
thickness and the increase of scattering albedo (see Figure 3-5). The data presented here
agree well with published results [3.8].

Figure 3-9 shows the combined effects of scattering albedo ® and medium
emission intensity. We can see similar incident radiation and heat flux changes with
albedo as that shown in Figure 3-7. But, the effects of albedo on G and g, will decrease as
local medium emission decreases. This is illustrated in the figure especially near the
cylindrical boundary. The linear anisotropic coefficient influence is similar to that shown
in Figure 3-7.

If the medium is non-homogeneous and the extinction coefficient changes in
three different combinations as shown in Figure 3-10, the distributions of incident
radiation G(0.5L,t,) and heat flux q/0.5L,t;) with normalized optical thickness /R are
presented in Figure 3-11. The larger the local extinction coefficient P, the larger the
incident radiation and heat flux q,. This is because the optical thickness increases with p.

The present scheme also is verified in hollow cylinder cases. Figure 3-12
gives the distributions of incident radiation and heat flux g, with respect to normalized
optical thickness t/Roy in different inner cylinder radii and black surface boundaries.
Figure 3-13 shows the effects of inner cylindrical wall emissivity €4 on the distribution of
G and q, along radial direction. When &; equals zero, due to total reflection on the inner

cylindrical surface, the heat flux g, at the inner wall should be zero as shown in the
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figure. The incident radiation when £,=0 will be much greater than that when &=1 (black
surface). Both the effects of the inner radius and inner wall emissivity on the results are
shown.

Figure 3-14 shows the effect of anisotropic scattering on the incident
radiation. The inner wall emissivity will affect this effect of scattering coefficient al. The
greater the inner wall emissivity is, the smaller the effect of al on incident radiation G.

This is especially obvious near the inner wall.

3.4.2 Continuous-Changing Property 3-D Results
The equations (3-14)-(3-17) can be directly applied to solve 3-D cylindrical
radiative heat transfer problems. Considering a non-homogeneous medium, the following

cases are analyzed to compare with available data in the literature.

Table 3-2 Case conditions for continuous-changing property 3-D solutions

Geometry Medium property Surfaces
. . All cold walls
Solid cytinder | BURIform, (7,7, 7y)=1.0 £1=1.0,
Case 5 =T — 0=0.1, 0.5,09 =
2R=L=1.0 ’ ’ ) £2=1.0,
al=0 (isotropic scattering) £5=1/2(1-sing)
B=uniform, Ip(T,T,Ts)=1.0 All cold walls
Solid cylinder _ z, z, z,., €1=1.0,
Case 6 R=L=1.0 ®=0.5, 1- 0.75(?) , 0'375(I) + 0.5(—R—) £=1.0,
al=0, 0.99, -0.99 €3=1/2(1-sin¢)
Ib(t2T19)=1.0, ©=0.5 All cold walls
Solid cylinder _ T, 7,3 ei=1.0,
CaSC 7 R=L=l .O B_‘l .0, 0.5 + 0.75("}") 9 l .2 - 0.4('&") 82=l ~0,
al1=0 (isotropic scattering) £3=1/2(1-sin¢)
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Figure 3-15 to Figure 3-17 have shown the comparison of current work to
previous results [3.6], which used the Surface-Volume integration method, for case 5 in
table 3-2. There is good agreement between the two methods. Figure 3-15 presents the
effects of scattering albedo on the two heat fluxes g, and q4. The magnitudes of both heat
fluxes decrease with increasing albedo. Figure 3-16 illustrates the distributions of q, and
Qe in the radial direction. We can see the typical effects of albedo on the distributions.
Figure 3-17 has variations of incident radiation and heat fluxes g, and q¢ around angular
coordinate. The incident radiation G(0.5L,0,¢) at center line =0 remains constant along
different angular positions while the heat fluxes q«0.5L,0,4), q4(0.5L,0,4¢) tend toward
sinusoidal change around the zero horizontal axis. The distributions at different radial
positions r=0, 0.5R, R are also given in the figure.

Under spatial change, for the albedo situations shown in Figure 3-5, the
distributions of heat flux q{t,,R,0) at cylindrical surface and heat flux q.(t;0,0) at
centerline are expressed in Figure 3-18. Heat flux q. is always symmetric to the mid-
plane t,/L=0.5. The distributions of two net flux components q«(0.5L,t,0) and
qe(0.5L,7,,0) at mid-plane along radial direction are shown in Figure 3-19. Compared
with Figure 3-16, the effects of spatial change albedo are clear. The higher the scattering
albedo, the smaller the heat fluxes. At somewhere higher albedo, q, will be negative.

For case 6 listed in table 3-2, the variations of incident radiation and heat flux
qr along the angular coordinate are shown in Figure 3-20. The incident radiation
G(0.5L,0,9) at the centerline remains constant as before in Figure 3-17. The heat flux
q+(0.5L,0,¢) tends toward sinusoidal change around the zero horizontal axis also. But the

distributions when r=0.5R and r=R are at different relative positions compared with that
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in Figure 3-17 because albedo ®; changes with the r coordinate. The distributions of the
two net flux components q¢ and g, around angular direction are shown in Figure 3-21.
We can see the difference at different r (0, 0.5R, R) positions.

The effects of linear anisotropic scattering coefficient al are shown in Figure
3-22. The difference of forward scattering and backward scattering on the heat flux q, is
not obvious. But for the incident radiation, this difference reaches 8 percent maximum at
the centerline. As expected, the greater the local scattering albedo is, the bigger the
difference between forward scattering and backward scattering.

Figure 3-23 presents the effects of extinction coefficient on two net flux
components q, and q4. The non-homogeneous property change is represented by 8 change
as shown in figure 10. The greater the local B is, the larger the heat flux g, but the smaller
the magnitude of qq at angular position ¢=0. Figure 3-24 shows the distributions of center
point (0.5L, 0) heat fluxes q, and qq around angular coordinate at different p conditions. It
is interesting to note that at smaller center B condition, both heat fluxes tend toward

larger magnitude sinusoidal change around the zero horizontal axis.

3.4.3 Step-Changing Property Resuits

For multi-layer systems, there are many potential applications (like composite
layers for thermal insulation and laminated biotissues). One can find numerous methods
[3.9-3.12] reported in the literature. Those methods are usually 1-D problems. The
researchers gave different equations for step-change non-homogeneous cases and
continuous change cases. However for variable property cases here, the solid angle

integration is simply a geometric evaluation. The same integral equations (3-14)-(3-17)
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apply. The importance lies in the calculation of intensity. When a ray is traced to
calculate the intensity (the interface between two layers is assumed free and non-
reflecting), all radiation related factors go into the given intensity equation (3-7). The
only difference here in step-change property is to apply Gauss Quadrature integration by
segments.
For a two layer, 3-D radiation problem, assume step-change extinction
coefficient and scattering albedo (Figure 3-25) in the radial direction:
p,r.eY=p, - @.r'.¢)=w,, when R,<r'<R, (3-37a)
pz.rV=p. oZ.r.¢)=0,, whenR,<r'<R, (3-37b)
where ‘in’ and ‘out’ refer to the inside and outside layers respectively. When R;;=0, this
becomes a two-layer solid cylinder problem automatically as before. If the radiation
loading on the boundary (temperature or externally incident radiation) is not
axisymmetric, it could be a true 3-D problem although the properties are symmetric. The

integral equations (3-14)-(3-17) behave the same. First we consider computation of the
intensity from start point si(z;,ri,$;) to point s(z,r,¢) if the line s,_s across two layers.
If any point s'(Z',r’,9’) lays on and between the line sTs, there are
Z2'=z,+(z-2)t where 12¢20 (3-38a)

r= fxpl +y12 (3-38b)

where
x'=x,+(x—x,)-t =r,cosd, +(rcos¢ ~r,cosg,)-t (3-39a)
y'=y:+(y’yi)’t=’;5in¢i+(r5in¢_rism¢i)’t (3'39b)

The cross point of the line E,—.s: with the circle =R, is determined by
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x?+y?=R, (3-40a)
that is
[r,. cos@, +(rcosg—r, cosg, )t]2 +[r,. sing, + (rsing—r, sing, )t]2 =R’ (3-40b)

we solve above equation for t as follows:

to= rlr —reos@-g)l 'l —:'cos(¢-¢,-)]z +7 (R 1) (3-41)
2 v’

where

y=[r +r? —2rrcos - )" (3-42)
In equation (3-42), the ‘-’ operation in the numerator goes with solution t; and the ‘+’
operation goes with solution t,. So the root t; is always greater than t;. Usually, we may

have three situations. One is no solution or both t; and t; do not belong to [0,1], so there
is no intersection between line s,s and middle cylindrical plane r=Rp; another situation is

only one of t, and t; belongs to [0,1], so there is only one intersection; the last situation is
both of t; and t; fall in the range [0,1], so there are two intersections. From systematic
analysis of equation (3-41), we have following possibilities:

If r <R, (Figure 3-25)

1) When ¢,,1, £[0,1]

I(z,r.$,Q) = I, expl- B,d(s,,9)}+ [ B,S(@,)expl- B, (1-1)d(s,,9)H(s,, 5)dt (3-43a)

2) Whenonly 1, €[0,1]
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I(z,r,¢,f2) =1, exp{—[ﬂmt[ +ﬂin(l—tl)k(si9s)}+
Iﬂau{s(wow )exp{- [ﬂoul (tl —t) + ﬂin (l —ll )}i(si ,S)}d(s,- ’S)dt + (3'43b)

1

[B.S(@,)expl- B, A~0)d(s,.$)H(s,. $)di

If r > R, (Figure 3-26)

3) When no solution or ¢,,¢, & [0, 1]
i
12,8, = 1, expl= B, d(5,, )+ [BouS(@, )expl= B, (1=1)d(s,,5)H(s,, )dt (3-43c)
0

4) Whenonly ¢, €[0,1]

1(2,",¢,f2) =1, exp{- nf2 +ﬂoul ( = )P(SI,S)}'F

[B,5(@,)exp{=[8,(t, ~0) + B0 ~1, ) H(s,, V(s 5)dt + (3-43d)
Q
i
Iﬂ out S(woul )exp[— ﬂ out (l - ')d(s t? s )k(s, ’ S)df
5) When both 1,4, €[0,1]

1(z,r,0,Q) = I exp{—[B,ut, + B (t: =)+ Boua 1 —1,) (5, 5)} +
]ﬂoms(wom )exp{— [ﬁaw (ll - ') + ﬂm (t’l _ll ) + ﬂmu (l —tl )k(s: ’ s)}d(s: ’ S)dt

g 3-43
|B.S(@,)expt=[B,(t, —0)+ B, A1-1,) (s, 5)}d(s,, s)dr + (343
1

[B.uS@,.)expl- B, (A -0d(s,, 5)H(s,,5)dt

Until now we certainly find it’s not difficult to solve for the intensity. It is

even easier in step-change property case, because we don’t need to integrate to obtain the

optical thickness.
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In order to compare with available data in the previous paper [3.11], we

consider axisymmetric radiative transfer in following cases listed in table 3-3.

Table 3-3 Case conditions for step-changing property 2-D solutions

Geometry Medium property Boundaries

I6(t7)=1.0
Solid cylind
Case 8 R:=1,cyR:,'m:2 Bin=08, 1.0,1.2, Pour=0.8, 1.0, 1.2

(2-D)

All cold walls
_ €| =1 D 82=l ’
L=1 , 5, o0 (!)in—o. l s 05, 0.9, ) (oout=0. 1 N 05, 0.9 l3=f3=0(trans.)
al=0 (isotropic scattering)

Solid cylinder Lo(T2s7)=0 Transparent
Case9 | R =1 ,Ry=2 |Pin=10 PBou=10 boundary
(“D) L'_"w (!)in=0.1, 0.5, 0-9, wout=0°1’ 0'5$ 0’9 fszlln
al=0, 0.99, -0.99
Iy(t2,t)=0,
er
Case 10 | g 20'ow 207 | Bo=0.8, 10,12, Bou0.8, 10,12 | ‘oo Perslt
(l'D) L:w miﬂ=0°2’ 0-59 0~89 mout=0'27 0'59 0'8 fs—_-'l/n ﬁzo

al1=0 (isotropic scattering)

The distributions of incident radiation and heat flux q, for a hot solid
cylindrical media in case 8 are shown in Figure 3-27, Figure 3-28. The effects of two
layers with different scattering albedo but same extinction coefficient are presented in
Figure 3-27, while the effects of two layers with different extinction coefficient but same
albedo are presented in Figure 3-28. Smaller albedo or greater extinction coefficient leads
to greater incident radiation and heat flux.

The effect of cylinder length is illustrated in Figure 3-29. The result of L=5 is
almost the same as the result for infinite long cylinder.

Considering case 9 listed in table 3-3, the dependence of hemispherical
reflectivity on the scattering albedo and linear anisotropic coefficient for a solid infinite
long layered cylinder is presented in table 3-4. The influence of step change albedo is not

negligible. So the homogeneous assumption for a layered medium may cause a large
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error in the solution and may not be used in actual design and application. The forward
scattering and backward scattering also have certain effects on the reflectivity as we can

see from table 3-4. The isotropic assumption may lead to an average 10 percent error.

Table 3-4 The effects of linear anisotropic scattering coefficient on hemispherical reflectivity for a
cold solid cylindrical medium with transparent boundary, f3(R.)=1/%, Ru=1; Roy=2

®in ®out Current work

al=-0.99 al=0 al=0.99
0.1 0.9 0.62113 0.56406 0.48665
0.5 0.5 0.29457 0.25981 0.21805
0.9 0.1 0.11659 0.10914 0.10099

Considering case 10 listed in table 3-3, the effects of various combinations of
Bin and Pout, ®in and @y on the hemispherical reflectivity are shown in table 3-5. The
results of current work agree well with the results of Wu and Wu [11]. At the same
scattering albedo, the reflectivity increases with the increasing in-layer coefficient Bi,.
Under the same extinction coefficient, the reflectivity decreases with the increasing in-

layer scattering albedo ®;,.

Table 3-5 Hemispherical reflectivity for a cold hollow cylindrical medium with transparent
boundary, fy(R..)=1/%, f(R;,)=0, and Ri;=1, Ra=2, Ry=3

Oin Dout Current work C.Y. Wu and S.C. Wu [11]
Bin=0.8 Bin'_"l .0 ﬁin--l 2 Bin=0-8 ﬂin=l .0 B,‘nzl 2
Bout::l .2 Bou[=l .0 Bou(=0.8 Bom=l -2 Boulzl -0 Bou[=0.8
0.2 0.8 0.38066 0.37876 0.37631 | 0.38044 0.37861 0.37640
0.5 0.5 0.19159 0.20245 0.21833 | 0.19133 0.20226 0.21824
0.8 0.2 0.08058 0.09535 0.11940 | 0.08046 0.09527 0.11935
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From all above discussions, we can see the current scheme is how flexible in

computing radiative heat transfer in cylindrical medium.

3.5 Conclusions

A general and flexible integration scheme is illustrated to solve radiative heat
transfer problems in cylindrical non-homogeneous media. Results for 2-D continuous
property change problems; 3-D continuous property change problems and 2-D step-
change property problems are presented for hollow or solid, finite or infinite long
cylinders. Some of them agree well with results of other people. The computer program is
very stable and converges fast. Usually it takes about 1 minute to compute for a 1-D
cases, 30 minutes for a 2-D step-change property cases, 60 minutes for a 2-D continuous
property change cases and more than 15 hours for a 3-D continuous property change
cases in Digital Fortran 5.0 on a generic PC with 1GB memory and an AMD Athlon™
XP 1.2 GHz processor.

It is believed that this method contribute to the combined heat transfer

computation, which is also our future work.

3.6 Nomenclature
a; linear anisotropic scattering coefficient
A differential surface area, m’
distance, m
f external incident radiation at the boundaries

G incident radiation, W/m?
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I the radiation intensity, W/m?

J the radiosity of the surface, W/m®

L the cylinder height, m

q components of net radiative heat flux, W/m?
Rin  the inside cylindrical radius, m

Rowt  the outside cylindrical radius, m

S radiation source term, W/m’

T temperature, K

Greek symbols

a the specified angle, transformed coordinate

g extinction coefficient, 1/m

£ the emissivity of the surface

0 angle between surface normal vector and the intensity direction
Y the specified distance, transformed coordinate

p surface reflectivity

T optical thickness

[ cylindrical angular coordinate

4 the specified angle, transformed coordinate
(1) single scattering albedo

Q the unit vector of the intensity direction, or the solid angle

Subscripts
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black body

surface i

radial direction

at inside radius position
at outside radius position
axial direction

angular direction
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Figure 3-1 Hlustration of the ray path, direction and boundary condition.

I(z1,$,Q)

Figure 3-2 Schematic diagram of the cylindrical coordinate and the radiant ray direction.



B,

Surface 3

-BJ---b r

Rout

Surface 1

Figure 3-3 Schematic diagram of surface integration domain in a hollow cylinder.

x=(n/2+¢in)

-
-
-

Rout

x=—(n/2+in) or
GBn/2-én)

Figure 3-4 Top view of the coordinates transformation. Capital S is the projection of point s and
capital S, is the projection of point s;.
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w/R
Figure 3-5 The scattering albedo changes with normalized radial distance t/R in three different
cases.
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case 1
14 - w-=1-0.75(z/R)
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,=0.375(z/R)+0.5(x/R)?

-
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Heat flux q(,,R)
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04 -
— current work
: a4 Zhang and Sutton (5]
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L

Figure 3-6 The effects of the scattering albedo on the radial beat flux q.(1,,R) for a hot solid
cylindrical medium enclosed by cold black walls, L=R=1.0.
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case 1

~-~-at1=-0.99 q«0.5L.7)

Incident radiation G(0.5L,x,) and heat flux q(0.5L,,)

40 e e e et T TN R R R - —

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1.0
/R
Figure 3-7 The comhined effects of scattering albedo and linear anisotropic coefficient on the

distributions of incident radiation G(0.5L,t,) and heat flux q,(0.5L,t,) with respect to t,/R for case 1
in table 3-1.

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
0.0 r —

casel, o»=1-0.75(x/R)

R=L=1.0

Heat flux q,(0,7,)

.en
Tv~ao
..

—~—isotropic scatteringa1=0 T TTmeeeeo T
------ forward scaltering a1=0.99
—-—- backward scattering a1=-0.99

-3.0

R

Figure 3-8 The combined effects of the optical thickness and linear anisotropic coefficient on the
distribution of heat flux q,(0,t,) with respect to /R for case 1 in table 3-1 with ©,=1-0.75(t,/R).
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case 2
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incident radiation G(0.5L,t,) and heat flux q(0.5L,1,)
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R
Figure 3-9 The combined effects of scattering albedo and linear anisotropic coefficient on the

distributions of incident radiation G(0.5L,t,) and heat flux q,(0.5L,t,) with respect to normalized
optical thickness t,/R for a non-isothermal hot cylindrical medium (case 2 in table 3-1).

14
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Bi=1
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3
§ 0.8 B:20.5+0.75(z4R)
Q
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€
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0.0 - -

0.0 0.1 02 0.3 04 05 06 07 0.8 09 1.0
wR
Figure 3-10 The extinction coefficient changes with normalized radial distance t/R in three different
cases.
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R

Figure 3-11 The effects of extinction coefTicient on the distributions of incident radiation G(0.5L,t,)
and heat flux g,(0.5L,1,) with respect to normalized optical thickness t,/R for case 3 in table 3-1.
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- case 4 (c4=1.0)
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[3 : q{0.5L.7,)
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"Rou

Figure 3-12 The effects of inner cylinder radius on the distributions of incident radiation G(0.5L,t,)
and heat flux q,(0.5L,7,) with respect to normalized optical thickness T,/Rq, for a hot hollow
cylindrical medium enclosed by cold black walls (case 4 in table 3-1).
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6.0 -
: case 4 (£,=0, 1.0)

50 -

40 - G(0.5L,x,)
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=0 q{0.5L.%)

incident radiation G(0.5L.,7,) and heat flux q,{0.5L,7,)

Figure 3-13 The effects of inner wall emissivity on the distributions of incident radiation G(0.5L,t,)
and heat flux q,(0.5L,1,), for a hot hollow cylindrical medium (case 4 in table 3-1).

6.0 — - - —
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Figure 3-14 The combined effects of inner wall emissivity and linear anisotropic coefficient on
incident radiation G(0.5L,t,) for a hot hollow cylindrical medium (case 4 in table 3-1).
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Figure 3-15 The comparison of present work and previous work [6] for the effects of scattering
albedo on the distributions of q,(t,,R,0) and q4(t,,R,0) with respect to t,/L for case § in table 3-2.

1.0 S,

case 5

0.8 — current work
a SV integration [6]

a SV Integration [6]
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Radial position t/R

Figure 3-16 The comparison of present work and previous work [6] for the effects of scattering
albedo on the distributions of q.(0.5L,t,,0) and q4(0.5L,t,,0) with respect to radial position for case §
in table 3-2.
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Incident radiation G and heat fluxes g, q,

case 5, 0=0.5
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Figure 3-17 The comparison of present work and previous work [6] for the distributions of incident
radiation and heat fluxes q, and g, at mid-plane 1,=0.5L, but with different radial positions, with

Heat fluxes q,{r,,R,0) and q,(1,,0,0)

respect to angular coordinate ¢ for case § in table 3-2, ©=0.5.
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Figure 3-18 The effects of spatial change albedo on the distributions of heat fluxes q, and q, with

respect to axial position for case 6 in table 3-2, al=0,
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Figure 3-19 The effects of spatial change albedo on the distributions of heat fluxes q.(0.5L,7,,0) and

q4(0.5L,t,,0) with respect to radial position for case 6 in table 3-2, al=0.
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Figure 3-20 The distributions of incident radiation and heat flux g, at mid-plane t,=0.5L, but with
different radial position, with respect to angular direction ¢ for case 6 in table 3-2 with spatial change
albedo ®,.
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Figure 3-21 The distributions of q, at mid-plane, q, at bottom surface, but both with different radial
positions, with respect to angular coordinate ¢ for case 6 in table 3-2 with spatial change albedo w,.
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Figure 3-22 The effects of linear anisotropic coefficient on the incident radiation G(0.5L,t,0) and

heat flux q,(0.5L,1,,0) for case 6 in table 3-2 with spatial change albedo o,.
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Figure 3-23 The effects of spatial change extinction coefficient on the distributions of heat fluxes
q.(0.5L,t,,0) and q4(0.5L,t,,0) at angular position $=0 with respect to radial position for case 7 in

table 3-2.
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Figure 3-24 The effects of spatial change extinction coefficient on the distributions of heat fluxes
q.(0.5L,0,¢) and q,(0.5L,0,$) with respect to angular position for case 7 in table 3-2.
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Figure 3-25 Schematic diagram for two-layer hollow cylindrical medium when tracing a ray to
compute optical thickness (r<R,).
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Figure 3-26 Schematic diagram for two-layer hollow cylindrical medium when tracing a ray to
compute optical thickness (r>Ry,).
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Figure 3-27 The effects of different combinations of scattering albedo on the distributions of incident

Incident radiation G(0.5L,r) and heat flux q(0.5L,r)

radiation and heat flux q, with respect to radial distance for case 8 in table 3-3.
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Figure 3-28 The effects of different combinations of extinction coefficient on the distributions of
incident radiation and heat flux g, with respect to radial distance for case 8 in table 3-3.
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Figure 3-29 The effects of cylinder length on the distributions of heat flux q,(0.5L,r) with respect to
radial distance r for case 8 in table 3-3.
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3.8 Appendix B
Cosine Equations

Based on the geometric relations [3.4,3.6], the cosines of the angle between the
surface normal vector and the intensity direction Q are given as follows:

Z

cos6, =cos(r‘r,,f2)= — —577 > (Bla)
[r' +n° ~2rm cos(¢-¢l)+z‘]

L-z

cosé, =cos(r‘12,f2) =1 - 577 (B1b)
[r2 +r ~2rr,cos(¢—¢,)+(L— z)-]
cosé, =cos(ﬁ3,f2) = . R,, —rcos(¢—¢;) 7 (Blc)
[+ R, -2rR,, cosd -, + (2, - 2
rcos(¢_¢4)— Rm (Bld)

cosé, =cos(r'z4,f2)= - - -
[r- + Rm _erm COS(¢—¢4)+(Z4 "Z)-}

The intensity in the direction of Q starting from point si(z,r;,;) on the boundary
surface i (i=1,2,3,4) to point s(z,r,$), yields the following direction cosines.

2-2Z

cos(é:,fl) = : -7 (B2a)

I +r2 2 cos(p -4 + (- 2,)?]
cos(é,,$2) = —— r—r.cos(g—9,) — (B2b)

[r‘ +r° =2rr,cos(¢p — ¢ )+(z—z,)‘]

A A r sin(¢ — @,

cos(e,,2) = - " ,Sin(¢—4,) R (B2¢)

P 41 —2m, costp—¢,) + (z—2,)?]

Coordinate Transformation Relations
There are following geometric relations from Figure 3-3 and Figure 3-4:

dA =dd, =y -dy -dy (B3)

105



¥ Ro 2
d4;, = dy |-\Yz,sec” a-da
’ [c08(1—¢3 +¢) Z] : )

- Yri Av. sec® o -
dA, -[-cos(z 4 +¢)dl] =i S€C” da)

d(s;,s)=y-seca
z=-y-tanq,, L-z=y- -tana,
Z,—zZ=yp -tana, 2z, —zZ=y, -tana
R, —rcos(g —¢;) =y, cos(y — ¢, +¢)
reos(¢ —¢,) =R, =7ul-cos(x 4, + )]

r—rcos(p—¢)=y(-cosy) (i<l,2)

rsin(@—@)=y(-siny) (=1,2)

Raul Siﬂ(¢ _¢3) = 7Ra(_SinZ) ’ Rm Sin(¢ _¢4) =¥ri (‘Sinl)
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(B4)

(B5)

(B6)
(B7a,b)
(B8a,b)

(B9)

(B10)

(Blla)

r—R, cos(¢—@)=yg(—cosy), r—R,cos(p—@,)=yy(-cosy) (Bllbc)

(B12a)

(B12b,c)



CHAPTER FOUR

4. ENHANCEMENT OF HEAT TRANSFER: COMBINED CONVECTION AND
RADIATION IN THE ENTRANCE REGION OF CIRCULAR DUCTS WITH
POROUS INSERTS

The combined convective and radiative heat transfer in the entrance length of
a pipe with or without the porous insert is solved by control volume method and integral
equation scheme. The results are compared between the pipe flow with the porous insert
and flow without the porous insert. The porous insert in a pipe will enhance both the
convective and radiative heat transfer. The effects of several important parameters on this

enhancement are discussed in detail.

4.1 Introduction

In high temperature systems, an effective way to enhance heat transfer is to
add convection-radiation converters (CRC). This technology began in early 1970’s due to
the shortage of energy and the desire to recover as much as possible of the heat from
exhaust gas of industrial furnaces for high efficiency. Earlier authors like Mori et al.
[4.1,4.2] suggested adding parallel plates in high temperature gas side of heat exchangers
for heat transfer augmentation. The plates receive heat energy from the gas by
convection, and then emit radiation to the colder absorbing surface. The metal emissivity
is much higher than the gas, so more heat can be recaptured by the absorbing surface.
Later Hirano et al. [4.3], Zhang and Ebadian [4.4] proved this efficient way in their

research.
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Echigo [4.5] improved the enhancement effect by using porous CRC instead
of solid plates. Because the large surface area per unit volume of the porous material, the
porous CRC can cause a big temperature drop in the gas side. This is not only effective to
the energy recovery but also benefits the environment. Later Zhang, Sutton, and Lai [4.6]
solved a fully developed pipe flow with a CRC core in the center of the pipe. Their
results proved the efficiency of CRC to the enhancement of combined heat transfer
modes.

The essential assumptions in the previous research are: the working gas is
non-radiating; the porous medium is non-scattering; and fully developed flow is assumed
in the pipe. These assumptions are not always valid in actual applications. For example,
the working gas may be a participating medium if carbon dioxide or steam is contained in
the flow.

Here, the purpose of this study is to consider as many factors as possible to
simulate an entrance region, so a more accurate evaluation can be obtained for such a
complicated system. The entrance region is numerically solved by control volume
method in CFD for both the flow field and the temperature field. The Brinkman type
extension of the Darcy law is used with the Navier-Stokes equation to express the
velocity field in the whole domain. The working gas is assumed to be radiating and the
porous insert is assumed to be absorbing, emitting and scattering. Finally, we present the
effects of upstream emissivity, downstream emissivity, Reynolds number, extinction

coefficients, scattering albedo and Darcy number contribution to the enhancement of heat

transfer.
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4.2 Governing Equations

The problem under consideration consists of a circular pipe as shown in
Figure 4-1. A porous core is inserted in the middle of the pipe with radius Ry. The hot
participating gas enters the pipe with uniform velocity ui and temperature Ti, and is
cooled by the cold pipe wall at constant temperature Tw. Both the fluid and the porous
matrix have constant properties. If we consider axisymmetric, laminar, and boundary-
layer flow and neglect axial rate of change of viscous stress, the governing equations for

fluid and porous layers reduce to the following equations respectively:

Continuity equation
Fluid layer % . ?Q'ar_") + % =0 (4-1a)
Porous layer %.i(%r'—‘irg =0 (4-1b)
Momentum equation
Fluid layer % a("; r w) , a(pa;““) = -i;% + y[%:—r(r %)] (4-2a)
Porous layer % a(r;; r uv) + a(pa -zuu) =—@ %’;’: -9 T"é— u+u, [—l-%(r gl):l (4-2b)
Energy equation
Fluid layer la("’i: ™, a(pca : Tw) =%%(b%t)+-§;(k%)-v.qﬂ (4-3a)
Porous layer -:- a("’;" ™, a(”% - Tw) _ %%(ker Z—f) +—a";(k, %) -V.§,  (4-3b)

where z is the flow direction shown in Figure 4-1, u and v are the velocity components in

z or r direction respectively. The terms p, k, p, and C,, are properties of the fluid; 9, K, pe
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and k. is the porosity, permeability, effective viscosity and effective conductivity of the
porous insert respectively. The Einstein formula can be used to obtain pe, but many
researchers suggest that p. is approximately equal to the viscosity of the fluid. In this
work, we assume pe=pn. The following equation is used to compute k., the effective
thermal conductivity,

k, =@k, +(1- @)k, @-4)
where k¢ is the conductivity of the fluid; k; is the conductivity of solid material of porous
insert. The last term in the energy equations (4-3a), (4-3b) is the contribution by thermal

radiation and can be computed for gray radiation by the following relation:

V.G, = B -w)4n’cT* - G) 4-5)
where g, is the net radiative heat flux; f is the extinction coefficient; ® is the scattering
albedo; n is the refractive index, which is assumed as one in this work; ¢ is the Stefan-
Boltzmann constant; and G is the incident radiation.

Due to the boundary-layer flow simplifications, the radial momentum
equation has been eliminated. Instead, we use the integrated mass conservation equation

below to complete the problem:

th
I27zru- dr=nR, u, 4-6)
0
The boundary conditions are
At outlet boundary z=L outflow boundary condition
At centerline r=0 ou_ , oa _
or or
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OMpy  OU

At interface =R, Ufid™=Uporouss M o M, g;m
aT {1 aT rous
Tﬂuid=Tp0tous, k aﬂr 4 = ke g:
At outside wall r=Ry w=v=0, T=T.« @-n

where the outflow boundary condition is that the region near the outflow boundary
exhibits local one-way behavior when Peclet number is sufficiently large according to
Patankar [4.10]. So the coefficient ag is equal to zero (see equation 4-26). We neglect the

diffusion at the outflow boundary.

4.2.1 Equations of Radiative Heat Transfer

In order to solve for the radiation source term included in the energy
equations, we have to consider the radiative heat transfer equations. Here, we use the
same integral method as in previous paper [4.7] or Chapter 3 to calculate the incident
radiation and components of net heat flux in the domain. We know that incident radiation
and heat flux at a particular point can be evaluated by the integration of the intensity at
that point around the whole 4= solid angle. In axisymmetric 2-D cylindrical coordinate

system (Figure 4-2), they are expressed in the following forms:

G(z,r) = j' I(z,r,2)-dQ, (4-8a)

'Y 4
q.(z,r)= j[ (z,r,ﬁ) -cos(é',,f))-dQ . (4-8b)
q.(z,r)= II (z,r, f)) -cos(é:,ﬁ) -dQ, (4-8¢)
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where q,, q, are the components of net heat flux in r and z direction respectively.

I(z,r,Q) is the intensity at position s(z,r) and in Q direction, which can be computed by
I(z,r, ) = I, expl-1(s,, )]+ [B(s)S(s" Dexpl-2(s', )5’ (4-9)

where s; is the boundary point, Q is the ray direction from start point s; to end point s,
and s' is the intermediate point between s; and s. [; is the entering intensity at boundary i
(i=1,2,3 for inlet, outlet, and outside boundary respectively). Actually the above equation
is the formal solution of the radiative transfer equation expressed by Ozisik [4.9]. The
source term in above equation is due to the medium emitting and scattering, which can be

expressed as

b
n‘oT*
T

S(5,Q)=(1-w)

+2 j Q' -Q)- I(5,Q)dY’ (4-10)
4 ar

If the linear-anisotropic scattering phase function is assumed
p(, ) =1+a,Q-Q @é-11)
the source term expression in cylindrical coordinate becomes

S(s,Q) = S(z,r,Q)

R . 4-12)
—(-),(T) + Zw;{G(z, P)+a g, (z,r)c0s@, . ) +q. (z.r)cosC.. )}

where the optical thickness in equation (4-9) is defined by
7(s.8)= [Blshds’,  (s',s)= [B(s"ds” (4-13)

5 k4

The radiative boundary conditions are

At inlet z=0, transparent boundary I,(O,r)= fi(r) (4-14a)
At outlet z=L, transparent boundary L(L,r)y=f,(r) (4-14b)
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4
At the opaque wall =Row  I5(2,R,,) =f‘“—a;L~+—’;—" II (z,R,, )cos(e, ,Q2)dQ (4-14c)

out

where f; and f5 are possible externally incident radiations at the inlet and outlet. In order
to be compatible with temperature boundary conditions, we assume they can be

expressed in the form:

4 4
- elGI:n - a[elj;n ]
- ’

y fi= e,oT*(L,r) _ole,T*(L,r)]
L= 1= =

v/ 4 v 4 v 4 v/ 4

(4-14d)

where the coefficients e; and e, are between [0,1] in order to be compatible with different
actual situations, for example colder source temperature. When they are both equal to 1.0,
we have the maximum externally incident radiations. The detail of solution to these

equations will be given later in the numerical section.

4.2.2 Dimensionless Form of Governing Equations
Considerable insight into the physical meaning of this problem may be made
through nondimensionalizing the governing equations. By introducing the following

dimensionless variables and parameters:

- r - pod
r =— 2=
Rout Ram
— u —_ v
Uu=— V=—
u, um
0’—'—]-_’]:' p= P 2
n PU,
. C
R __p umRma Pr:'u 14
y7; k
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Da=—— Bo=t_—¢"n
Rom- n‘aI""
— G _ q
G = :
of,’ o,
AL =1
o, oT,’
F=p-R, a5 =2 (4-15)

The continuity, momentum, and energy equations can be rewritten as follows (Re is

Reynolds number, Pr is Prandtl number, Da is Darcy number, and Bo is Boltzmann

number).
Continuity equation
. | o(r-v) ou
Fluid | -———+—=0 4-16a
uid layer = P = ( )
1 o(F-v) om
P I —_—— e —= 0 4'l6b
orous layer = p= = ( )
Momentum equation
Fluid layer —1_- orav) a(uu) _p e L l:é—?:(?' E_)] (4-17a)
r or oz dz Re|Fror or
Porous layer }_ a(h:—v) + oun) = —(oiﬁ»-(o 1 u+ 1 [1 a_ r @__-)] 4-17b)
r or 0z dzZ ~Re:Da (Re) \FroF or
Energy equation
Fluid layer LOT7O) [ 3@O) _ 1 [10 .00, 0'0] BU-@) &= 49ty (4-180)
FooF & RePr|FoF oF oz Bo
) —
Porous layer — L d(7v0) a(u o__1 |-1 0 —a—a-) + o e:l + pl-o) (G -46*) (4-18b)

oF & (RePr)I_aFaF &’ Bo
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where the dimensionless radiation term can be expressed as

Gz = [IzF.0)-d, (4-19a)
4r
7.z, = [I(Z,F.Q)-cos(¢,,Q)-dQ, (4-19b)
i
7.z.F) = [1Z.7.Q)-cosé.,Q)-dQ, (4-19c¢)
ar

and

1(z,7,Q) = I, exp[- 7(s,, )]+ ]',[7 (s"S(s", Q) exp[- z(s', 5)]- a5’ (4-20)

S =(l-w)I,(6) +4ﬂ {5 (Z,F)+a, [¢7, (Z,F)cos(é,, Q) +7.(Z, F)cos(é:,fl)]} 4-21)
T

2(s,,5) = [B(s)ds' = [B(s") :s = [B(shas (4-22)
where we have
L@=2 (4-23)
T

For momentum and energy equations, the dimensionless boundary conditions become

At inlet boundary Z=0 u=1, v=0, =1

At outlet boundary z = RL outflow boundary condition

At centerline 7 =0 @_ =0, 2g: 0
or or

_ = R _ 1 Oy 1 ou
AtFr=R_ =—=1 W =W, s fud poro
"~ R. sud =Uporows* Re " GF  Re, OF
1 44, 1 00,

oﬂm'dza s =

prow’ RePr oF  (RePr), oF
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At outside wall r =1 u=v=0, 6=0 =" 4-24)

For radiation, there are boundary conditions as

4

Atinlet =0 (07 =7 =8% _& (4-252)

T T

4 F —
Atoutlet 7= -~ L(L,F)=7, =29 &N (4-25b)

vall ) ”
4
At the wall 7=1 I,(z)) _Eb P ji(f,l)cos(é,,n)dn (4-25c¢)
V4 T 4 .

The above equations are coupled and needed to be solved simultaneously; the detail of

the numerical method is discussed below.

4.3 Numerical Methods
Because momentum equations, energy equations and radiative heat transfer
equations are solved by different techniques, we’d like to discuss the flow-heat transfer

problem and radiative heat transfer problem separately in the following sections.

4.3.1 Numerical Method for Momentum and Energy Equations

The control volume method (SIMPLE) is used to get discretization equations
of momentum equations and energy equations. The computing domain is divided into a
number of non-overlapping control volumes and each differential equation is integrated
over the control volume. The staggered grid and the power-law scheme are adopted. For

details refer to Patankar [4.10]. A typical control volume in cylindrical coordinates is
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shown in Figure 4-3. The two-dimensional discretization equation may be expressed at a
point P in terms of adjacent east, west, south and north neighbors as
a,®, =a, 0, +a,d, +a;d; +a,d®, +b (4-26)

where @ could be dimensionless velocity # or temperature 6. The coefficients are

determined by
a; = D,A(P)+[-F,.0] a, =D, A(R,)+[F,.0] (4-27a,b)
ay = D,A(P,)+[-F,.0] as = D,A(P)+[F,.0] (4-27c,d)
b=SFArAz (4-27¢)
a, =ay, +a; +as +ay — S, FAFAZ (4-271)

the power-law formulation in the above equations is
(P =[o,a-0.1p)*| (4-28)

where P=F/D called Peclet number. For momentum equations in both fluid layer and

porous layer, F and D are specified as follows

F, =), Az F, =(v). Az (4-29¢.d)
D, =0 D, =0 (4-30a,b)
D, =" D =" (4-30c,d)
Re, (67), Re,(or),
But in fluid layer, we have
s =2 "A';’ C S, =0 (4-31a,b)

while in porous layer, we have
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5, = 2P "P.) ,=-=2 @-31cd)
AZ ReDa
For energy equations, F and D are calculated by
F, = (F@) OF F, =(Fu), &F (4-32a,b)
E, =(rv), Az F, =(rv),Az (4-32c,d)
F.AF rAr
D=—*— D, = = (4-33a,b)
(RePr), (&%), (RePr), (%),
D, = TalZ D =— 582 (4-33¢,d)
(RePr), (o), (RePr), (or),

The above equations are for both the fluid layer and porous layer except using effective
value ke to obtain Prandtl number in the porous layer. As to the source term in energy

equations, by using the recommended linearization method by Patankar [4.10], we have

BU-0) (= . 1nn
S, =£T-(G +126") (4-34a)

5, =-1680-2) 5 (4-34b)
Bo
where 0° is the last iteration value of dimensionless temperature.

In order to complete the whole problem specification, we consider pressure
correction. Here the total mass conservation equation (4-6) is used to get pressure
correction equation and pressure is assumed to be only a function of Z variable. The
velocity component v is computed from the discretization equation of the continuity
equation.

It is worth while to note that because the staggered grids are used, the 7, v,

and O discretization equations are set on different grids. Here the 0 grid is normal, & grid
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is staggered with the normal one in z direction, and v grid is staggered with the normal

one in r direction.

4.3.1.1 The interface property

The computational domain includes the fluid layer and the porous layer, so
obtaining a good representation for the heat flux q, at the interface n shown in Figure 4-4
is very important to get the correct solution. There are two kinds of grid schemes to deal
with this difficulty. One is shown in Figure 4-4 and other is shown in Figure 4-5.

In Figure 4-4, the control volume face n locates exactly on the interface. In

this situation, we have the harmonic diffusion coefficient at the interface expressed as

In(7y /7,)
r = 4-35
" AN A (#33)
r, r,

where I' represents conductivity k in energy equation and viscosity p in momentum
equation.

In Figure 4-5, a line of ‘ghost’ grid points locate exactly on the interface. They
are referred to as ghost is because their A7 is equal to zero. This scheme can be used
only when radial velocity is small enough compared with the axial velocity. As shown in
the figure, the grid point P, the south control volume face, and the north control volume
face are located at the same interface position. In this case, we do not need to derive
special expressions for the interface property. Instead we compute the south coefficient a,
of point P normally but using the porous layer property and compute the north coefficient
a, of point P normally but using the fluid layer property. In doing so, the interface

boundary condition will be satisfied automatically.
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4.3.2 Numerical Method for Radiative Transfer Equations

The interface for thermal radiation is assumed free and non-reflecting. The
medium is enclosed by three bounding surfaces i (i=1, 2, 3 for inlet, outlet and side-wall

boundaries respectively), so the solid angle integration for incident radiation could be

transformed to surface integration as follows.

cosé, di
(2. F I(z,7, dA 4-36
G(z,F)= ij T (4-36a)
4.(Z,7) = Z [[7z.7.9)-cos(é,.) °‘zsa )dZ, (4-36b)
=l 19
7.(Z,F)= 2.: _UI(Z,F ,©)-cos(é.,) °‘Zs‘?s)d71, (4-36¢)

where d4, is differential dimensionless area; ©; is the angle between the unit normal

vector n, of surface i and the intensity direction Q (Figure 4-2). The term d(s,,s) is the
dimensionless distance from point s,(Z,,7,4,) on the boundary i (i=1,2,3) to point

s(Z,7,¢) in the medium and can be computed by

(s, 5) = [F? +7* = 2FFcos(@—8) +(z-2)*] " 4-37)
where for 2-D problem here, let ¢ equal zero. Please note that the surface integration

involves only the geometry. Radiation properties augment the calculation of the intensity.
The cosines in equations (4-36) are listed in the Appendix C [4.7]. By substituting all

cosines into the equations, we obtain
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sz oy ZodA oo = on L —2)-dd,
GEn= MI‘,LI("' D 09 ‘.,sz[ D)
i 174 [ ! Feosg, | di,
surface3 ’ d:'(ss,s)

(4-38a)

7.G.F) = ”' z 7 Q)z[r r,cos¢l] dA

surfacel (S 1e s )

n- i(z,?,fl)(L z)[r r,cos¢,]dA
dt (s,,5)

(4-38b)

H 1(Z,7,Q) [R,.. —7cosg, |- [F-R,,, cosg, |- dA,
surface3 d (53,S)

7.(Z.F)= ",',Q z(z 0)- dA
& m}[!el ) (sns)

- - (L Z)(z - L) dA
MLL T
- _~ [k —Fcosg, Kz -2, )- dA,
I, F,QQ)—2 —
sulj‘!‘;c[':i (z ’ ) d4(33,S)

(4-38¢c)

where R, =1. To calculate the surface integrations easier and without singularity near
the boundary, we use the same coordinate transformation by Chen and Sutton [4.6, 4.7] to
transfer the coordinate (Z,,7,4,) (i=1,2,3) of integration to a new coordinate. An angle o
is defined as shown in Figure 4-6, then in the projection view of the cylinder (Figure 4-7),
the original point is moved from 0(0,0) to S(7 ,9). v is the distance from S; to S. ¥ is the
angle shown in the figure. The new defined coordinate (a,y,x) is used to obtain

transformed integral equations. For more details, see the Appendix C at the end. By doing

so, we have
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where

lr)'n fr)’n

G(Z,F)= I I—(—-smal)cos ady + I j—-sma, cos’ a,dmdy +

o7 o7 (4-39a)
I If -cosa -dady
x Yn x VR
q,(z,r)= I I—sm a, cos’ a, cos ydndy + I I—sm a, cos’ a,(—cos y)dndy +
=0t il (4-39b)

I IT -cos® a(—cos y)dady

-za

q.(z,F) = _”—-sm a, cos’ a,drdy + “'—(-l)sm a, cos’ a,ddy +
a o ¥ =0 ¥ (4-39¢)
I IT -(-sina)cosa -dady

-ray

72 =R, —F’sin’ y ~Fcosg (4-40)

Q, =arctan-——:i, a, =arctan———z- (4-41a,b)
4 4

where y should be replaced by yr in equations (4-41) when calculating a; and o limits in

the third terms of equations (4-39), which is the surface 3 integration.

Once the new coordinate (a,y,x) is known, the old coordinate (Z,,7,,4,) can be

obtained by

Z =ytana, +2 (i=1,2) 4-42)

7= f F2+y*+2Fycosy (i=1,2) (4-43)

$=tan” 2, ifx >0and y,>0 (4-44a)
%
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¢ =2z+tan? 2L, if %, >0 and 7, <0 (4-44b)
X;
¢ =m+tanZ  if ¥, <0 (4-44c¢)
where we have
X =Fcosg+ycos(@+x); y, =rsing+ysin(g+ x) (4-45)

In above equations, ¢ is taken as zero for this 2-D problem. The old coordinate (Z,,7,,4,)

is required in computing the radiation intensity.

4.3.2.1 Intensity

Considering a radiative ray along the path starting from point s,(Z,,7,4,) to
point s(Z,7,¢), the radiation intensity once arrived at the point s(z,7,#) is computed by
the equation (4-20). Here we have two layers with different properties, so we need to

integrate by segments. A step-change extinction coefficient and scattering albedo are

assumed in the radial direction as follows:
BEF)= B = Brorss @EFF)=0, =0p,,, When0<F <R, (4-46a)
BGE.F)=Bo = Bprua» OEZF)=0,, =®,,, WwhenR <r'sR
If the line s, across these two layers, the intensity from start point s,(Z,,7,4,) to

concerned point s(Z,7,4) (¢ =0 or omitted for 2-D problem) will go through different

layers. The position of intersection is required.
If any point s'(Z’,7’,¢") lays on the line ;E , then

Z’=%Z,+(Z-z)-t where 1220 (4-47a)
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= =2 =2

r=4x"+y
where
X'=X +(X-X,)-t=rF cosg, +(Fcosp—r,cosd,) t
y' =y, +(y-y))-t=Fsing, +(Fsing -7 sing,) -t
The intersection point of the line and the circle 7 = R,, is determined by

12

]|

that is

[F, cosg, +(Fcosg—F, cosg, | +[F sing, +(Fsing—Fsing [ =R’

The above equation is solved for t as follows:

_ 7l —Feos(p— 4] £ 7’ [ ~Feos(@ - 4)F +7*(R,’ -F)
},2

f,

where

y=[F +7 -2/ cos(p-4)]"

(4-47b)

(4-47¢)

(4-47d)

(4-48a)

(4-48b)

(4-49)

(4-50)

In equation (4-49), the ‘-’ operation in the numerator goes with solution t; and the ‘+’

operation goes with solution t;. So the root t; is always greater than t;. We may consider

three situations. One is no solution or both t; and t; do not belong to [0,1], so there is no

intersection between line s,s and middle cylindrical plane 7= R, ; another situation is

only one of t; and t; belongs to [0,1], so there is only one intersection point; the last

situation is both of t; and t; fall in the range [0,1], so there are two intersection points.

From systematic analysis of equation (4-49), we have following possibilities:
If 7 <R, (Figure 4-8)

1) When 1,,¢, £ [0,1]
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1,7, = I, expl- B,d(s,.9))+ [B.S(@,)expl- B, -nd(s, ,)H(s,,s)dt (4-51a)
2) When only 1, €[0, |

’(z 7. =T expl-[B,ut, + B A—1t)H(s,, 9)}+
S(@,,)exp-[B. (o, =0 + B, A- 1)l (s,,)}d(s,,s)dt +  (4-51b)

1-."’ °‘-—'"

(@,)expl- B, A -0d(s,, ) (s, s)dt

If 7> R, (Figure 4-9)
3) When no solution or ¢,,t, ¢ 0, 1]

— ~

@7, =T, expl- B d(s,, )|+ [BuS(@) expl- B 0~ (s,.5) (s, 5)dt 4-51c)
0
4) When only 1, €[0,1]

ifrn) I, expl-[But, + B (-1 (s, )} +
S(@,)expl-[B,(t, ~)+ B, A-1,) (s, . (s, 5)de + (4-51d)

o'q

i
Iﬂ aulS (wour ) exp[ ﬂ out (1 t)d (sl 4 S)F(sl ? S)dt
5) When both ¢#,,¢, €[0,1]

IR =1, exP{‘ [ﬁ::-«ﬁ + B, -1)+ B, “2)F(si’s)}+

]ﬂou.s (@) exp{- [ﬂm 6, —-0+B,(t,-t)+ B, 0A~t, )}7(8, , S)}r7(5, ,s)dt
153 - _ _ _ _ 4-
jﬂms(win)exp{_ [ﬂm(‘2 _‘) + ﬂam(l —tl)}l(sns)}l(s,-,S)dt + ( Sle)

L

[BouS (@ expl- Bou (- 0d(s, ) H (s, 5)at
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Now we obtain all basic equations to solve this problem. In order to evaluate those
coupled equations in above sections, grids 42x18 divide the domain. Fluid layer and
porous layer use different grid sizes. Piecewise second order Lagrange polynomial
interpolation is assumed for the incident radiation, heat fluxes and entering intensity at
the boundaries. 20 point Gauss-Legendre quadrature is used to integrate radiative
equations and the iteration method is used to solve all equations simultaneously. It is
found that the solution is stable while the criterion is set very small (107 to 10®). The
values of incident radiation and heat fluxes on the boundaries are obtained by direct
computation from the integrals same as in our previous papers [4.7, 4.8]. The corner point

values, which are the values at the intersection point of boundaries, are obtained by

multidimensional extrapolation.

4.4 Results and Discussions
In order to evaluate the augmentation of heat transfer by using porous insert,
the following calculation of the dimensionless bulk temperature is necessary
i[ii&’df
0

8, =2, (4-52)
|arar
0

The total Nusselt number is related to the total heat flux through the cooling wail

q.D 2q R
Nu - w out = w = tout 4.53
T k(z'b -Tw) k(ab -aw)Tm ( )
where
9w =G T4, (4-54)
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In the above equation, quc. and qu, are the contributions of convection and radiation

respectively. They are determined by

oT kT 06

=-k—| =- n 4-55a

ol =R e (4-55a)

Qur = 6.7'(2’ Rom) ° O'Tm4 (4’55b)

Further, we define
q..D 2 06

N e = — 4-56a
“ KB, -0T, @ -6) " e
Nu, = — Do (4-56b)

’ k(eb - ow )I:n

By the first law of thermodynamics, we have the overall energy balance equation for the

entire geometry as
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where Tpin and Tpou are the inlet and outlet mean bulk temperature respectively, Q;in and

Qrout are the radiation energy at the inlet and outlet respectively, computed by
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In order to have detail knowledge about the effects of the porous insert, we
have to know the actual combined convection and radiation heat transfer without the
porous insert in the pipe. Because of the limited data in the literature, the following

situation is considered to obtain necessary information first.
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4.4.1 Combined Heat Transfer without Porous insert

The computations are carried out on the clear in-pipe flow without porous
insert, which is the combined convection and radiation heat transfer in the entrance with
simultaneously developing velocity and temperature field. The following values of flow
and geometry parameters are adopted: Re=100~1000, T;=1200K, T,=500~800K,
€4s=0.2~0.8, Row=0.lm, L=0.8m, Paus=0, 0.5, 5m”’, o0nis=0~0.2, €=0.05~1.0,
€,=0.05~0.4 (based on the extinction coefficient of the flue gas, the emissivity of the gas
may range from 0.05 to 0.39, but if the inlet is close to the combustion chamber, the
upstream coefficient e; may equal to 1.0), a1=0, the fluid properties are assumed to be the
properties of dry air at temperature 1000K, p=0.363kg/m3, Cp,=1104.60J/kg-K,
k=0.0641W/m-K, u=41.538x10® kg/s-m. We will discuss the validation of the method
and the influences of some important parameters below.

In order to validate the present code, a special case without radiation was run.
These given conditions represent the pure convective developing flow in the entrance
region of a clear tube. The results are compared with Kays {4.11], Ulrichson and Schmitz
[4.12], which are discussed in the book by Kakac and Yener [4.13], and shown in Figure
4-10. The resuits of the current work fall between that of above mentioned two works.
Kays results were obtained by solving the combined entrance region problem and
employing Langhaar’s velocity profiles [4.14]. He neglected the effect of the radial
velocity component, so the local Nusselt number is over estimated. Ulrichson and
Schmitz used values for the axial velocity component also taken from the work of

Langhaar, but computed the radial component from the continuity equation. Actually
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from the discussions of the book [4.13], differences of local Nusselt number among many
investigators are observed near the inlet. This is due to the tremendous changes of
velocity and temperature fields and strong sensitivity of parameters where close to the
inlet. The results of current code are achieved by solving continuity equation, momentum
equation and energy equation together. The velocity developing along the flow direction
is shown in Figure 4-11. The current results are compared with Manohar’s [4.15] and

found in good agreement.

4.4.1.1 The upstream and downstream externally incident radiation

For the radiative heat transfer, there are several important parameters that
have strong effects on the final results. One is the boundary conditions specified at the
inlet and outlet. Most investigators assume upstream and downstream incoming radiation
as black body source, that is e, and e; are assumed to be 1.0 in the equation (4-14d). But
in industry applications, this is not always true. Assuming e, and e equal to 1.0 strongly
affects the analysis results.

The inlet and exit boundary conditions for radiative heat transfer depend on a
number of factors. If a region up or downstream beyond the porous insert is large, in
comparison to the adjacent area normal to the flow, while the gas is radiatively
transparent, then the incident radiation will appear to originate from radiatively black
walls. This could result in a colder temperature radiatively than the continuous average
inlet or exit gas temperature. If the same external relatively large (in comparison to the
flow area) region has a luminous combustion or an optically thick gas, then the condition

will appear as radiatively black at the gas temperature. If the same region is of the same
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order of size as the flow area while the walls are not black (for example refractory brick)
or the gas is semi-transparent, then the up or downstream radiative problem must be
solved prior to input to the current combined problem. Here, the radiation is specified as
an incident radiative intensity at either end of the duct being analyzed. Thus, any of the
conditions above can be replicated.

If we fix the coefficient €,=0.05 and cooling wall emissivity €,=0.8, then the
effect of upstream externally incident radiation on the radiative heat flux qu, at the wall is
shown in Figure 4-12. This effect is even larger than the effect of cooling wall
temperature in almost half a length of the pipe near the inlet. In another half length of the
pipe at the outlet side, the effect of the wall temperature increases with z coordinate. We
can see that in the most entrance region, the radiative flux quw is positive, which means
the radiant heat is transferred from the hot flue gas to the wall. But in the case of €,=0.05
and T,=800K, the radiative flux qu, is negative even at both inlet and outlet sides except
near the middle of the length. This phenomenon means that the radiant heat is transferred
from the wall to the hot gas at both ends area because the wall and gas emit most of the
energy out to the upstream and downstream.

Figure 4-13 and Figure 4-14 shows the distributions of radiative heat flux q,
(kW/m?) at the inlet and outlet respectively. At the inlet, the effects of upstream
coefficient e, are still larger than the effects of cooling wall temperature. When e, is 0.4
or 1.0, the g, is positive at both wall temperatures S00K and 800K. The radiant heat
comes into the domain from upstream. When e, is 0.05, the radiant heat will emit out to
the upstream whether the wall temperature is S00K or 800K. With the increase of the

wall temperature, the heat flux q, decreases. At outlet, as expected, the effects of wall
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temperature are much larger than the effects of upstream coefficient e; as shown in
Figure 4-14. The radiative heat flux q, is positive at the outlet, so the radiant heat is
transferred from the domain to the downstream. With the increase of wall temperature
and e, the heat flux q, increases. Because the large scale, the g, is almost constant in
these figures. The actual distribution of q, is shown in Figure 4-15 for the case €,=0.05
and T.~=800.

The distributions of net radiative heat flux component q, along the flow
direction at different upstream incident radiation cases are shown in Figure 4-16. When
the coefficient e, is 0.05, the heat flux at centerline r=0 is negative at inlet and positive at
outlet, which means the hot gas emits radiant heat to both upstream and downstream.
When the upstream coefficient e, is 1.0, the domain gets the most radiant energy from the
upstream.

When the hot gas emits radiant heat to the upstream and downstream in the
case ¢,=0.05 and T,,=800, the development of temperature field in the entrance is shown
in Figure 4-17. The gas temperature drops fast near the inlet as shown in the figure. At
the midpoint of the flow, the temperature drops to a little higher than the wall
temperature. At the outlet, the gas temperatures of some points are even lower than the
wall temperature because of self-emission to the downstream.

If we fix the upstream coefficient ¢;=0.4 and cooling wall emissivity £,=0.8,
the combined effects of downstream coefficient e; and cooling wall temperature are
shown in Figure 4-18. The downstream coefficient e; only affects the radiative heat flux
qwr at the wall in the range close to the outlet as shown in the figure. Unlike the upstream

emissivity, the effect of downstream emissivity is smaller than the effect of cooling wall
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temperature even near the outlet. The radiative flux qu, increases with the increase of

downstream coefficient e; especially at the outlet.

4.4.1.2 The emissivity and temperature of the cooling wall

The effects of cooling wall temperature and emissivity on the radiative heat
flux qur at the wall are shown in Figure 4-19. If we assume both upstream and
downstream coefficient e;=e;=0.05, then when the wall temperature is SO0K, the radiant
heat is transferred from the hot gas to the wall in the most entrance region. When the wall
temperature is 800K, the radiant heat is transferred from the wall to the gas except at
several points in the middle. This is because most of the radiant heat is emitted out to
upstream and downstream as we stated before, and the wall emissivity is much higher
than the gas emissivity. The effect of wall emissivity is smaller than the effect of wall
temperature as shown in the figure. With the decrease of the wall emissivity, a more
uniform heat flux at and along the wall is achieved.

The combined effects of wall temperature and emissivity on the distributions
of net radiative heat flux component q, along the flow direction are shown in Figure 4-20.
With the increase of wall temperature, the radiant heat emitted out to the upstream and
downstream by the gas will increase. Increasing the cooling wall temperature forces more
radiant heat from the hot gas transferred to the inlet and outlet and less radiant heat is
transferred to the wall, or even the gas to accept radiation from the wall. It is also
interesting to note that at a high temperature 800K, the larger wall emissivity lets more

radiant heat be emitted to upstream and downstream. But at low temperature S00K, the
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larger wall emissivity has less radiant heat going upstream and downstream. This means

other factors than the wall emission may play an important role.

4.4.1.3 The extinction coefficient of the fluid

The extinction coefficient of the fluid also influences the final results. The
effects of the coefficient on the radial flux at the wall and axial flux along the z direction
are shown in Figure 4-21 and Figure 4-22 respectively. The effects of extinction
coefficient are smaller than the effects of wall temperature near the inlet and outlet, but
are in the same magnitude as that of wall temperature in the middle of the pipe. The
extinction coefficient has stronger influence on the axial component of net radiative heat
flux than that on the radial component of the net flux as shown in the figures. This is
because the total optical thickness in z direction (=B¢L) is much larger than the optical
thickness in r direction (=BR). With the increase of the extinction coefficient, the
radiative heat energy transferred from upstream will decrease and the energy transferred
to downstream will increase as shown in Figure 4-22. In the middle of the pipe, the
increase of the extinction coefficient does not bring the increase but decrease of both

radial and axial components of the net flux.

4.4.1.4 The scattering albedo of the fluid

The effects of the single scattering albedo on the radiative heat flux at the wall
are much smaller than that of other parameters as shown in Figure 4-23. So considering
the gas as non-scattering will not cause big errors. But at the inlet and outlet, there exist

some differences of results among different scattering albedo values. Increasing
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scattering albedo causes both the heat flux transferred to the wall near the inlet and heat
flux transferred from the wall near the outlet to decrease. That means larger scattering

albedo results more uniform distributed radiative heat flux as expected.

4.4.1.5 Reynolds number

The effects of Reynolds number as well as the effects of cold wall temperature
on the radiative heat flux on the wall are shown in Figure 4-24. The effects of wall
temperature are larger than that of Reynolds number in the area close to the inlet and
outlet. In reverse, Reynolds number has stronger influence than wall temperature in the
middle of duct as shown in the figure. The heat flux at the wall will increase with the
increase of Reynolds number. This is due to the fact that larger Reynolds number means
larger mass flow rate and more hot gas flowing through.

The effects of Reynolds number on both of the convective and radiative heat
transfer are shown in Figure 4-25. With the increase of Reynolds number, convective and
radiative heat fluxes increase. But the largest increase of convective flux occurs near the
inlet, while the largest increase of radiative flux happens near the outlet. At the same
Reynolds number, radiative heat flux is 2~6 times of the convective heat flux. This factor
decreases with the increase of Re number near the inlet, but increases with Re number
near the outlet. So in the heat transfer calculation of high temperature equipment,
neglecting radiative transfer may be damaging.

Due to the existence of radiation, the temperature field has been changed, so

the convective heat transfer is enhanced compared with pure convection cases as shown
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in Figure 4-26. The convective Nusselt number is about 6% higher in the combined

radiation and convection situation.

4.4.2 Combined Heat Transfer with Porous insert
The computations are carried out on the in-pipe flow with a porous insert. The
following values of flow and geometry parameters are adopted: Re=100~1000,

Ti=1200K, T,=500~800K, €,=0.8, Row=0.lm, R, =0.2,0.5, L=0.8m, Da=10"~1.0,

9=0.875, k=Sks Bin=Bporous=200,400m™, ©i=Wporous=0.5,0.8, Pnuia=0.5m™, Wauia=0,
e1=¢;=0.05~0.4, al=0, the fluid properties are assumed to be the properties of dry air at
temperature 1000K as before.

With the porous insert, the flow field has been changed as shown in Figure 4-
27 for a non-dimensional porous radius R, =0.5 and Darcy number Da=0.01. The

dimensionless velocity is developing in the flow direction in the figure. As the fluid flows
in the z direction, some of it will flow from the porous domain to the non-porous domain;
we can see the dimensionless velocity # decreases in the porous domain but increases in
the non-porous domain as z increases.

Under the same parameters, the comparison of temperature fields between
pure convection and combined convection-radiation cases with and without the porous
insert is made as shown in Figure 4-28. At clear flow case (Rn=0), the radiation effect is
small and cause the core temperature to drop. By using the insert, the radiation effect is
increased and causes the porous core temperature to drop a lot. The porous insert is
emitting significant heat to the receiving wall by radiation. The convective Nusselt

numbers in the pure convection and combined convection-radiation cases with and
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without the insert are shown in Figure 4-29. If consider combined convection-radiation
heat transfer, the use of the insert cause the temperature gradient near the wall to
increase, so the convection is improved. If consider pure convective heat transfer, in most
area, the convective Nusselt number is increased due to the use of the porous insert. The
temperature developing speed is different because the geometry is changed by using the
porous insert, so in a short area near the inlet, the convective Nusselt number is
decreased.

The comparison between the clear flow and the flow with the porous insert

(R, =0.5) for convective and radiative heat flux at the wall is shown in Figure 4-30.

With the porous insert, the convective heat transfer is enhanced up to 20% at the outlet.
This enhancement increases with the coordinate z. The radiative heat transfer in the
porous insert case is about 1.6~2.8 times of that in the clear fluid case. It is interesting to
note that the radiative transfer enhancement decreases with the coordinate z except near
the inlet. The increases for the convective and radiative Nusselt number are also shown in
Figure 4-31. In the porous insert case, the convective Nusselt number can be increased up
to 55% at the outlet and radiative Nusselt number can be more than 2 times of that in the
clear fluid case.

The distributions of radiant heat from upstream and downstream in the cases
of flow without porous insert and flow with porous insert are shown in Figure 4-32. At
the inlet, q, is negative, that means there is radiant heat emitting from the domain to the
upstream. With the porous insert, this outgoing energy increases to 2.2~7.5 times of that
without the porous insert. At the outlet, q, is positive and the radiant heat emits out to the

downstream. With the porous insert, this downstream-going energy increases too, but not
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as much as the upstream-going energy at the outlet. It will increase from 2% to 20% with
the most at the porous domain as shown in the figure.

From the discussions above, we know that porous insert is a benefit to the
combined heat transfer at above parameters situation. Those parameters will influence
these benefits, because the velocity field and temperature field will be changed if those
parameters change especially at the entrance range. The effects of some important

parameters on the results are discussed in the following subsections.

4.4.2.1 The radius of the porous insert
If the dimensionless radius of the porous insert is 0.2 rather than 0.5, the flow
field in this case is shown in Figure 4-33. Compared with Figure 4-27, the difference is

the speed of the velocity development in both the porous domain and non-porous domain.

When R, =0.2, the velocity in the porous domain is more developed than that of
R, =0.5. On the other hand, the flow fleld in clear area of R, =0.2 case is less
developed than that of R, = 0.5 case.

The temperature field in this case is shown in Figure 4-34. The temperature in
the porous domain is much smaller than the temperature in the clear flow area. As stated
previously, the fluid transfers the heat energy to the porous insert, which emits the
thermal energy to the cold wall, upstream, and downstream depending on the externally
incident radiation from upstream and downstream.

The distributions of radiative heat fluxes to the wall at different radius are

shown in Figure 4-35. The radiative heat flux when R, =0.2 is about 1.1~1.3 times of

that of clear flow, while the heat flux when R_ = 0.5 is about 1.6~2.7 times of that of
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clear flow. The enhancement of convective heat flux when R, = 0.2 is also smaller than

that of convective flux when R, =0.5.

4.4.2.2 The upstream externally incident radiation

The externally incident radiation at the inlet and outlet boundaries will
influence the radiative heat transfer. As we discussed before, the upstream coefficient e,
has much stronger effects on the final results than the downstream coefficient e;. The
comparison of the effects on the distributions of radiative and convective heat transfer at
the wall is shown in Figure 4-36. We can see that the convective heat transfer is almost
the same at three different upstream coefficients (e;). The radiative heat flux increases
with the increase of upstream coefficient e;. The largest enhancement of the radiative flux
happens near the inlet.

The effects of the porous insert at different upstream externally incident
radiation values are shown in Figure 4-37. At lower incident radiation case, the effect of
the porous insert is larger than that of the porous insert at higher incident radiation
condition especially near the inlet. The reason for this is due to the shield effect of the
porous insert on the radiation from upstream and is shown in Figure 4-38. When the

upstream coefficient e, is 0.4, the radiant energy comes into the domain if no porous
insert. But with a R =0.2 porous insert, the total coming energy will decrease a lot

because the shield effect of the porous insert. At somewhere of the porous domain, the
radiation even comes out to the upstream. The shield effect of the porous insert is

stronger at higher externally incident radiation as shown in the figure. So when there
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exists strong radiation coming from upstream, using the porous insert will bring less or

no benefits.

4.4.2.3 The cooling wall temperature

Increasing the cooling wall temperature will result in the radiative heat flux to
the wall decreases as shown in Figure 4-39. At some points, the radiant heat is even
transferred from the wall to the gas. With the porous insert, the radiative flux to the wall
will be increased to 1.1~2.0 time of the original flux without the insert. If the original
flux is from the wall to the fluid, then with the porous insert, this absolute amount of the
flux is decreased. The largest increment due to the insert is near the inlet. The wall

temperature has little effects on this increment.

4.4.2.4 Reynolds number

The distributions of dimensionless velocity # with respect to 7 at different z
locations are illustrated in Figure 4-33 and Figure 4-40 for Re=1000 and Re=100
respectively. As the fluid flows in the z direction, some of it will flow from the porous
domain to the non-porous domain, we can see the dimensionless velocity # decreases in
the porous domain but increases in the non-porous domain in both the figures. When
Re=100, the flow field gets fully developed at the outlet for dimensionless L =8 as
shown in Figure 4-40. Because the velocity lines at z=3/4L and z=L are almost the same.

The distributions of outlet temperature with respect to radial coordinate at
Re=500, 1000 with and without the porous insert are shown in Figure 4-41. The

temperature in the porous domain is much smaller that that in the fluid domain due to the
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radiation of the porous insert. The benefits of the insert are larger at higher Reynolds
number. The distributions of the mean temperature at different Reynolds number values
are also shown in Figure 4-42.

The effects of Reynolds number on the enhancement of radiative heat flux are
shown in Figure 4-43. The enhancement of the radiative flux increases with Reynolds
number. The heat flux with the porous insert could be about 1.1~1.38 times of that

without the insert when Re=1000, while about 1.03~1.2 times when Re=100.

4.4.2.5 The scattering albedo of the parous insert

The effects of the scattering albedo of the porous insert on the radiative heat
transfer are shown in Figure 4-44. We can see that smaller albedo cause larger radiative
heat flux from the gas to the cooling wall. Although this effect is not big, choosing the
material with smaller scattering albedo for the porous insert brings higher efficiency for

the total heat transfer. Still, this effect is stronger near the inlet than the outlet.

4.4.2.6 The extinction coefficient of the porous insert

The extinction coefficient of the porous insert has effects on the enhancement
of radiative heat transfer too, although not big as shown in Figure 4-45. Increasing the
extinction coefficient has the same effects as decreasing the scattering albedo. Larger
extinction coefficient brings bigger benefits to the heat transfer as shown in the figure
especially near the inlet. So choosing porous material with large extinction coefficient

and small scattering albedo for the insert is good to the heat transfer enhancement.
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4.4.2.7 Darcy number Da

The effects of Darcy number are important for all porous materials. The
developments of the flow field at Da=0.001, 0.01, and 0.1 are shown in Figure 4-46,
Figure 4-33, and Figure 4-47 respectively. It is interesting to note that when Darcy
number is 0.001 and 0.01, some of the fluid will flow from the porous domain to the clear
domain. So, the velocity in the center of clear domain increases, while the velocity in the
porous domain decreases in the entrance range. When Darcy number is 0.1, the porous
insert allows more fluid to flow through. So, the velocity in the porous domain will
increase just like the center of clear domain as shown in Figure 4-47. The mass flow rate
in the porous domain increases with Darcy number when get fully developed.

The effects of Darcy number on the radiative heat transfer are shown in Figure
4-48. To increase Darcy number will enhance the heat transfer to the wall. When Darcy
number is increased from 0.0001 to 0.01, the radiative heat flux increases from 1.05~1.23
times of clear flow to 1.10~1.38 times of clear flow. But if Darcy number further
increased from 0.01 to 0.1, the radiative heat flux increases a little. The heat flux of
Darcy number 1.0 remains the same as Darcy number 0.1.

The decreasing of bulk mean temperature along the flow passage is shown in
Figure 4-49. Larger Darcy number will cause bigger mean temperature drop through the
flow passage. So more gas enthalpy is captured and transferred to the cooling wall by
radiation.

If we fix the outlet dimensionless pressure as zero, the relative pressure
distributions along the flow direction at different Darcy numbers are shown in Figure 4-

50. The pressure drop of Darcy number being 0.1 is almost the same as that without
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porous insert. When Darcy number is 0.01, the pressure drop is about 1.09~1.18 times of
the pressure drop of clear flow. This is an acceptable value for industry application. But
when Darcy number is 0.001, the pressure drop increases a lot to about 1.23~1.35 times
of that of clear flow. This will largely increase the consuming power of the flow system.
Large Darcy number will benefit the radiative heat transfer enhancement, but
the value of Da is normally much less than unity. Weinert and Lage [4.16] in 1994
reported a sample of compressed aluminum foam of 1mm thick, which has a Da number
about 8 and is ‘hyper-porous medium’. The material called Berl saddles has a relatively
big permeability of 1.3x107~3.9x107m?, a porosity of 0.68~0.83, and a Da number about
10° [4.17]. A kind of ceramic foam, the material of which is Cordierite
(2A1,05°58i0,-2MgO) has been investigated by Hoffmann [4.18] to find its properties
are: porosity=0.875, particle diameter=8.33x10*m, and apparent absorption
coefficient=197m™'. By using Kozeny’s equation, its permeability is calculated to be
around 1.65x10"m? and so the Darcy number is about 1.65x107° if defined by K/Rou’
here. The ceramic foam called cordierite (manufactured by Bridgestone Tyre Co. Ltd)
was made into a plate sample and investigated by Kamiuto etc. [4.19]. Its properties are:
porosity=0.879, pore diameter=(2.82~6.35)x10>m, extinction coefficient=212.3m™, and
albedo is about 1.0. By using Kozeny’s equation, its permeability is calculated and the
result is about 1.04x10°m2 The Darcy number is about 1.04x10” here. From the
radiative heat transfer and pressure drop point of view, the Da number is the bigger the
better. In this work, the properties of the porous medium are adopted according to the
properties of cordierite as stated above. The relationship of these properties of porous

material is very complicated and need specific experimental investigation.
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4.4.3 Error Analysis

In above numerical computation, we use 42x18 grids to divide the domain for
dimensionless R,=0.2 porous insert. Then we use more grids 80%38 to divide the domain
for the same case. The results are compared and an average error about 0.093 percent is
obtained. It took about 16 hours for 42x18 case, but about 70 hours for 80x38 case in
Digital Fortran 5.0 on a generic PC with 1 GB memory and an AMD Athlon™ XP 1.2
GHz processor. So the grid size of 42x18 is convergence and save a lot of compute time.

We assume Peclet number is large and outflow boundary condition at exit
boundary. Doing so is to let the coefficient ag=0, which means the axial diffusion is

neglected. In order to evaluate the error caused by assuming sufficiently large Peclet

number, we extend the flow passage from L =8 to L =12, and compute the same case
to compare the results. The velocity and temperature fields agree well in these two cases
of dimensionless length 8 and 12. At the same positions the biggest velocity difference is
about 0.38 percent and the biggest temperature difference is about 1 percent. So we
conclude that the outflow boundary condition will not cause big errors as expected by
Patankar [4.10] and is an effective way to deal with flow exit boundaries.

At the inlet of the flow, uniform velocity and temperature distributions are
assumed. Actually in practical application, this is impossible. The flow will slow down in
the upstream beyond the porous insert. To analyze the error caused by this inlet
condition, the same case as uniform distributions is computed again but assuming a split
flow with the inlet velocity in the porous domain to be 20% and 30% of the inlet velocity

in fluid domain for Da=0.001. Based on the previous numerical resulits, a split flow with
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the inlet velocity in the porous domain to be 80% and 90% of the inlet velocity in clear
domain is assumed for Da=0.01. The results are compared in the velocity fields. For
Da=0.001 and Re=1000, after z=0.22L (dimensionless length is 8), the velocity profiles
are almost the same in the three cases of assuming porous inlet velocity equal 1.0, 0.3,
and 0.2 (clear domain inlet velocity equal 1.0). For Da=0.01 and Re=100, after z=0.1L,
the velocity profiles are the same in the three cases of porous inlet velocity being 1.0, 0.9,
and 0.8. In the case of Da=0.01 and Re=1000, for more than half way of L, the velocity
profiles exist much difference in above three cases. This is because the total developing
region is increased at higher Reynolds number. But we can see that when assuming
porous inlet velocity being 0.9, the velocity of some points inside the porous domain is
increased along the flow direction. This is impossible in actual situation and means the
assumed inlet velocity is smaller than the actual inlet velocity. So for super-porous
medium with large Da=0.01, assuming uniform inlet velocity being 1.0 as Alkam etc. did
in their paper [4.20] may not cause big errors.

In current work, we assume constant properties for flue gas. But the
temperature change is not small, doing so may cause certain errors. In a general case of
Tin=1200K, T,=500K, Re=1000, Da=0.01 and dimensionless R,=0.2 shown in Figure 4-
42, the inlet bulk mean temperature (dimensionless) is 1.0 and the outlet bulk mean
temperature is 0.74. The property at 1000K is used in the computation. The following
values are estimated: Rei/Reiwo=74%, Rejwo/Rewi=84%, Prioo/Prin=99.2%,
Prou/Pri000=99.8%, so there have certain errors caused by assuming constant Reynolds
number if our working fluid is gas. The continuous property change with the temperature

should be considered in the future work.
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4.5 Conclusions

In this chapter, a combined convective and radiative heat transfer computing
scheme is provided and used to solve combined problems, with and without the porous
insert. For the situation without the insert, combined heat transfer in the entrance length
with simultaneously developing velocity field and temperature field is computed. The
effects of several important parameters are discussed. At certain conditions (smaller
upstream externally incident radiation and higher wall temperature), the cooling wall will
give radiant heat to the flue gas even when the gas temperature is higher than the wall
temperature. So the radiative inlet and outlet boundary conditions are very important to
the radiative heat transfer.

The combined heat transfer in the entrance length with the porous insert is

also formulated and computed. With the porous insert, the radiative heat transfer and
convective heat transfer are both enhanced. With a R, =0.5 porous insert, the

convective Nusselt number can be increased up to 55% and the radiative Nusselt number
can be increased up to 150%. The porous insert can provide a shield effect to the coming
in radiation from upstream; the enhancement effect is larger at lower upstream incident
radiation than that at higher upstream incident radiation. If externally upstream incident
radiation is high (above certain value), using the porous insert has small enhancement
effects or no effects. The large extinction coefficient and small scattering albedo of the
porous material benefit the enhancement effect of the insert. Increasing Darcy number of

the porous insert will also benefit this enhancement effect.
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4.6 Nomenclature

a
ay
A
Bo
Co
d

Da

Nu

Pr

Re

Rout

coefficients of discretization equations
linear anisotropic scattering coefficient
differential surface area, m”

Boltzmann number

constant pressure specific heat, J/(kg K)
distance, m

Darcy number

coefficient related to externally incident radiation and defined in equation (4-14d)
incident radiation, W/m?

the radiation intensity, W/m?>

thermal conductivity, W/(m K)

the cylinder height, m

mass rate of the fluid, kg/s

refractive index

Nusseit number

pressure, N/m?

Prandtl number

net radiative heat flux, or components of net radiative heat flux, W/m?
Reynolds number

the porous insert radius, m

the outside cylindrical radius, m

radiation source term, W/m?

146



T temperature, K

u velocity in z direction, m/s

\' velocity in r direction, m/s

Greek symbols

a the specified angle, transformed coordinate

B extinction coefficient, 1/m

€ the emissivity of the surface

0 dimensionless temperature K, or angle between surface normal vector and the
intensity direction

Y the specified distance, transformed coordinate

M absolute viscosity, N s/m>

P density kg/m’, or surface reflectivity

T optical thickness

? porosity

x the specified angle, transformed coordinate
® single scattering albedo

Q the unit vector of the intensity direction, or the solid angle

Superscript

non-dimensional quantity

Subscripts
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black body. or bulk

effective

east neighbor

fluid

surface i

inlet, or inside porous domain
north neighbor

outlet, or outside fluid domain
radial direction

at out radius position

solid material

south neighbor

convective and wall

radiative and wall

axial direction

wall

west neighbor

148



—
—_

= Borous > (2

- 4 Rout
—

—

Tw

Figure 4-1 Schematic diagram of the flow system and coordinates.
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Figure 4-3 A typical control volume in cylindrical coordinate.
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Surface 2 (outlet)
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Figure 4-6 Schematic diagram of the transformed coordinates.

Figure 4-7 Top view of the transformed coordinates, S and S, are the projection points of s and s;.
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Figure 4-8 Schematic diagram for two-layer media when tracing a ray to compute optical thickness
(r<Rn).
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Figure 4-9 Schematic diagram for two-layer media when tracing a ray to compute optical thickness
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Figure 4-10 The comparison of current work with Kays etc. for the laminar flow in the entrance
region with simultaneously developing velocity and temperature profiles.
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Figure 4-11 The comparison of velocity developing profiles for Pr=0.7158 and constant wall
temperature T,=500K.
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Figure 4-12 The distributions of radiative heat flux aloag the wall at different upstream externally

Radiative heat flux q, (kW/m?) at inlet

incident radiation conditions.
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Figure 4-13 The distributions of radiative heat flux from upstream along radial coordinate at
different upstream incident radiation conditions.
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Figure 4-14 The distributions of radiative heat flux to downstream along radial coordinate at
different upstream incident radiation conditions.

-17.5 -
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
‘ Re=100
-180 - T1,=1200K
Broc=0.5m", wy,4=0
£,=0.8, @,30.05
-18.5 -

-19.0 -

-19.5 -

Radiative heat flux g, (kW/m®) at inlet

-20.0

-20.5 - _—
Dimensioniess r

Figure 4-15 The distribution of radiative heat flux from upstream along radial coordinate when
€,=0.0S and T,=800K.
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Radiative heat flux q, (kW/m?®) at centerline r=0

Figure 4-16 The distributions of net heat flux component q, along axial direction at different
upstream incident radiation conditions.
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Figure 4-17 The temperature developing profiles for Re=100, ¢,~0.05 and T,=800K.

156



Re=100

Ta=1200K
Bauc=0.5m™", We,=0
£,=0.8, e,=0.4

-
o

B T

T.=500K

———downstream coefficient e2=0.05
--o-- downstream coefficient e2=0.4

Radiative heat flux q,, (kW/m?) at the wall
(¢ ]

5 -

Figure 4-18 The distributions of radiative heat flux along the wall at different downstream incident
radiation conditions.
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Figure 4-19 The distributions of radiative heat flux along the wall at different wall temperature and
emissivity conditions.
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Figure 4-20 The distributions of net heat flux component q, along axial direction at different wall
temperature and emissivity conditions.
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Figure 4-21 The distributions of radiative heat flux along the wall at different fluid extinction
coefficients.
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Figure 4-22 The distributions of net heat flux component q, along axial direction at different fluid
extinction coefficients,
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Figure 4-23 The distributions of radiative heat flux along the wall at different fluid scattering
albedos.
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Figure 4-24 The distributions of radiative heat flux along the wall at different Reynolds numbers.
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Figure 4-25 The distributions of convective and radiative heat flux along the wall at different
Reynolds numbers
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Figure 4-26 The comparison of convective Nusselt number between pure convection and combined
convection-radiation.
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Figure 4-27 The velocity developing profiles for in-pipe flow with the porous insert
R.=0.5(dimensionless).
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a) Temperature field for dimensionless Rm=0
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b) Temperature field for dimensionless Rm=0, £,~0.8, e,~e,=0.05, Bauwia=0.5m", ©q,ig=0
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¢) Temperature field for dimensionless Rm=0.5

Dimensionless temperature contour for convection-radiation when Rm=0.5, Re=1000
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d) Temperature field for dimensionless Rm=0.5, Da=0.01, £,~0.8, e,=€,=0.05, Buia=0.5m", 0g,is=0,
Bp.,..,..,=200m“, Wporous—0.8

Figure 4-28 The comparison of temperature fields between pure convection and combined
convection-radiation cases with and without porous insert (T,,=1200K, T,=500K)
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Figure 4-29 The comparison of convective Nusselt number between pure convection and combined
convection-radiation cases with and without porous insert.
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Figure 4-30 The distrihutions of convective and radiative heat fluxes at the wall for the pipe with and
without the porous insert.
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Figure 4-31 The comparison of convective and radiative Nusselt number between the cases with and

Radiative heat flux q, (kW/m?) at z=0, L
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Figure 4-32 The distributions of net flux component q, at the inlet and outlet for cases with and

without the porous insert.
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Figure 4-33 The velocity developing profiles for in-pipe flow with the porous insert
Rn=0.2(dimensionless).
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Figure 4-34 The temperature developing field for in-pipe flow with the porous insert (Da=0.01,
Tin=1200K, T,=500K, £,=0.8, €,=€,=0.05, $,is=0.5m", ®n4is=0; Brorows=200m ", 10po,0us=0.8).
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Figure 4-35 The distributions of convective and radiative heat fluxes along the wall at different
dimensionless R,,.
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Figure 4-36 The distributions of convective and radiative heat fluxes at different upstream incident
radiation conditions with R,=0.2.
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Figure 4-37 The comparison of radiative heat fluxes with and without the porous insert at different
upstream incident radiation conditions.
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Figure 4-38 The distributions of net flux component q, at the infet at different upstream incident

radiation conditions.
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Figure 4-39 The distributions of radiative heat flux at the wall for T,=500K and 800K.
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Figure 4-40 The velocity developing profiles for in-pipe flow with the porous insert
Ra=0.2(dimensioniess) and Re=100.
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Figure 4-41 The comparison of outlet temperature at

different Reynolds numbers.
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Figure 4-42 The distributions of bulk mean temperature
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Figure 4-43 The comparison of the enhancement of radiative heat flux by the porous insert at
different Reynolds numbers.
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Figure 4-44 The distributions of radiative heat flux at the wall under different porous scattering
albedo conditions.

170



12
‘ Dimensionless Rm=0,0.2
Re=1000, Da=0.01
T,=1200K, T,=500K
10 £ £,=0.8, e,=e,=0.05
Bruc=0.5 M, Weu=0
Brorus=200,400mM™, wig0,5=0.8

Radiative heat flux g,, (kW/m?) at the wall
(-]

2 - —e—Rm=0
- --~extinction coefficient=200 1/m
—e—extinction coefficient=400 1/m

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
Dimensionless z
Figure 4-45 The distributions of radiative heat flux at the wall under different porous extinction

coefTicients.
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Figure 4-46 The velocity developing profiles for in-pipe flow with the porous insert
Ra=0.2(dimensionless) and Da=0.001.
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Figure 4-47 The velocity developing profiles for in-pipe flow with the porous insert
Rn=0.2(dimensionless) and Da=0.1.
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Figure 4-48 The distributions of radiative heat flux at different Darcy numbers.
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Figure 4-49 The distributions of bulk mean temperature at different Darcy numbers.
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Figure 4-50 The distributions of relative pressure at different Darcy numbers.
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4.8 Appendix C

Cosine Equations
Based on the geometric relations [4.7], the cosines of the angle between the

surface normal vector and the intensity direction € are given as follows:

4

cosb, =cos(iil,f2) = - B
r’+n°-2m cos(¢—¢,)+zlr

, (92)

cos, =cos(A,,Q) = [ L-z 2

r®+r’ =2rr,cos(¢—¢,)+(L __z)z]“Z ,

cos 8, =cos(f;,Q) = Ry ~reos9—¢,) — . (C3)

r’+R,, —2rR,, cos(p—¢;)+(z; —‘")2]/2

The intensity in the direction of Q starting from point si(z;,r;,0;) on the boundary
surface i (i=1,2,3) to point s(z,r,¢), yields the following direction cosines.

z-z,

cos(é.,Q) = [ , (C9)

r2+r’=2rr, cos(¢—~¢,)+(z—z,)2]/2

cos(é,, ) = [ r=r,cos(¢-4) (C5)

r+r’ —2rr, cos(¢ — ¢ )+(2"2,)2r2 ,

cos(é‘ i ﬁ) - [ r, Sin(¢ - ¢: ) (C6)

P21t —2rm cos@~4)+(z-2)] "

For axisymmetric 2-D problem, ¢ equal zero in above equations and equation (C6) is not

required.

Coordinate Transformation Relations
There are following geometric relations for coordinate transformation:

dA, =dA, =y -dy-dy C7)
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dA, =[ Yz dx]-(yR sec’ a-da) (C8)

cos(y — s + @)
d(s,s)=y-seca (i=1,2) (C9)
d(s,,s) =y, -seca (C10)
Z=-y-tane,, L-Z=py-tana, (C11)
R, —Fcos(¢—@;) =y cos(x — ¢, +9) (C12)
F—rcos(¢—¢)=y(-cosy) (i1,2) (C13)
F =R, cos($ —¢,) = 7 (~cos %) (C14)
Z,—Z=y, tana (C15)

where let ¢ =0 for 2-D problem, point S(7,#) will becomes S(#,0) in Figure 4-7.
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