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INTRODUCTION

In [1], Auslander and Buchsbaum characterize separability for a
Noetherian ring S over a base ring R in terms of ramification of
prime ideals in S . They prove that, with rather general assumptions,
S 1is R-separable if and only if each maximal ideal of S is unrami-
fied (Theorem 2.5)., If more conditions are put on R and S , namely
that R is an integrally closed Noetherian domain and S the integral
closure of R 1in a separable field extension of the quotient field of
R, with S R-projective, they achieve the following result: S is R-
separable if and only if each prime ideal of height one in S is un-
ramified (Corollary 3.7). We will give examples to show that this
result can fail to hold if the Noetherian restriction on R 1s removed
or if S is not R-projective.

We focus our attention here on the prime ideals of the base ring

R, and call S height 1 separable over R if S 1s separable at each

localization at a height 1 prime ideal of R . We establish some general
properties of height 1 separable algebras, analogous to some of the basic

properties of separable algebras, and we also give several examples of



height 1 separable algebras which are not separable. In Chapter 4 we
define and prove the existence of a height 1 separable closure of a
given base ring. In the last chapter we restrict our attention to a
certain class of domains, which we call semi-Krull domains, and, by
generalizing somewhat the earlier notion of a height 1 closure, we are
able to prove the existence of a unique height 1 closure. We then prove
a Galois correspondence theorem which gives a one-to-one correspondence
between integrally closed height 1 strongly separable subalgebras of the
height 1 closure and certain subgroups of the automorphism group of the
height 1 closure over the base ring.

All ring and algebras throughout this paper are assumed to be
commutative with unit. The base ring will always be denoted by R and

all unadorned tensors are taken over R .



CHAPTER 1
HEIGHT 1 SEPARABLE ALGEBRAS: BASIC PROPERTIES

The purpose of this chapter is to define height 1 separability
and to establish some basic properties.

For a ring R , let X’(R) denote the set of all prime ideals
in R having rank (height) =1 . If S is an R-algebra and Q is in
X’(S) , thenby Q N R we mean the contraction of Q to R . We
remark that if Rc S, S is integral over R, and P is in X’(R) ,
then there exists a prime Q in X“(S) with QNR =P . We note
also that if Going Down holds for the R-algebra S (e.g., if S is
R-flat - see [15; p.33]1), then QN R is in X’(R) if Q is in X’(8) .
We shall call this property NBU (for No Blowing Up, as in [7]).

‘DEFINITION 1.1 An R-algebra S 1is height 1 separable over R

if SP is a separable RP-algebra for all P in X’(R) . S is

strongly height 1 separable if S 1is height 1 separable and finitely

generated and projective as an R-module. S 1is height 1 strongly

separsble if SP is separable as an RP-algebra and finitely generated

and projective as an Ry-module for each p in X’(R) . We remark



that strong height 1 separability implies height 1 strong separability.
Suppose that M is an S ® S module for an R-algebra S .

Then, for in X’(R M =M®R_ isan (S®S) =S & S -
module. Let W = meM:(s®1m=(1®sm, forall s in S} .

S
Define likewise Mpp .

PROPOSITION 1.2 If S 1s finitely generated as an R-algebra,

S
and M is an S ® S module, then (Ms)ngpP , for p in X’(R) .
Proof: Let S: s i=1,...,n, generate S as an R-algebra,
and define fi t: MM by fi(m) =(1® si)m - (Si ® 1)mn . Then we

have the exact sequence O > Ms > M £ 1‘1111 M ( I = product)

where g(m) = (f‘l(m),...,fn(m)) , forminM . For p in X’(R) we

have (II Mp) = H(Mp) , and so obtain the following diagram:

0 —» (I\/[S)p -——+Mp — (I M)p

Lok

0— MP — M — M) .
p b Iy

S
Thus we see that (MS)p gMpP )

Let S® denote S®S and s; denote S ® S .

LEMMA 1.3 If M is an s®-module for an R-algebra S , then

S
Hom e(Sp,MP) gMpP , by £~ f(1), for all p in X*(R) .

S
p

S
Proof: Note that f£(1) is in Mpp if f is in Hom e(‘SP’MP) R

S
p



since (s ® 1)f(1)

f((s®1)1) = f(s) = F((L®s)L) = (1 ®s)f(1) ,

S
forall s in & . If m isin MP define £ :S_ M b
@ “p P € p Vp Y

f(s) =sm . Then f is in Homse(Sp,MP) . If £(1) =0, then
f =0 . The lemma follows. P

If h:M~-»M is a homomorphism of SC-modules M and M’ s
and if p is in X’(R) , we have the induced map h_ : M —»MI') , and

¢ p
the following diagram: *

Hom (S M)——-L———*Hom (s_,M)
s PP rsh of qup

%
I I
S n?=n|m S
M Y j8) p. Do 1ig Y
s P P
We claim that hpp is well-defined and the diagram commutes. If m

S S
is in MPP , then hpp(m) = hp(m) , and (s ® l)hp(m) = hp((s ® 1)m) =

*
h 1®sm) =(1®s)h . Give f:8 M then h(f)=nh f
p(( m) = ( )p(m) vsn b M, p( ) b 0T
and we have hpf‘(l h(f‘(l)) hpp(f(l)) , since f(1) is in Mp.

Thus we have

f > h f
b

l

S
(1) — hpp(f(l)) = hpf(l) , and the diagram commutes.

We can now state a characterization of height 1 separability,
similar to that for separability found in [3; p.43].
THEOREM 1.4 S is a height 1 separable R-algebra if and only

if for all SS-modules M and M’ and all onto S° homomorphisms



S S S

h : M~>M, the map hpP : Mﬁp »-M£ P is onto, for all p in X*(R) .

(Note that if h is onto then hp is onto.)

Proof: If S is height 1 separable over R , then for p in

X’(R) , Sp is S;-projective. Thus, if hp : M > M 1is onto, we have
S

h; is onto, which implies that hpP is onto.

Conversely, suppose the condition holds. To show Sp is Rp—
separable, we show Sp is S;—projective, for all p in X’(R) . Let
f : N+ N be an onto homomorphism for S;-modules N and N . If we
let M= NP s M2 = Né and h : M -+ M" be the map fp , then we have
S®_modules M and M’ and an onto SC-module homomorphism h : M -» M’
such that Mb =N, Mé = N and hP = £ . Then, since h 1is onto,

S

S S
*
hpp jsontoandso £2 : N®? >N P is onto. Hence, f : Hom e(SP,N) -

S
D

Hom e(SP,N') is onto, proving that Sp is S;-projective.
S
P

We now prove some general facts about height 1 separability.

PROPOSITION 1.5 Suppose that R1 and R2 are R-algebras and

that Si is a height 1 separable Ri-algebra for 1i=1,2 . Let R

1
map to 31 ® R2 by r=>r®1 and let R2 map to Rl ® R2 by
r—+1®7r . Suppose that Rl ® R2 satisfies NBU over both Rl and R2 .
Then Sl ® 52 is a height 1 separable Rl ® R2-algebra.

Proof: Let p be in X’(Rl ® R2) and let p, =P NR, , so

that p, is in X’(Ri) . Then, since (Si)p is separable over
1
(Ri)pi we have that (Sl)Pl ® (82)p2 is separable over (Rl)Pl ®

(R )_ is separable

® (S,)
2°p,'P

2)p2 . Localizing further we have ((Sl)pl

4



over ((Rl)p1 ® (Rz)pz)p . Since ((Sl)pl ® (S2)P2)P = (S1 ® SZzp ,

and likewise for (Rl ® R2)P , the result follows.

COROLLARY 1.6 If S, and S, are height 1 separable R-

1 2
algebras, then so is Sl ® S2 .
Proof: Let R, =R, =R in (1.5), and note that if p is in

X’(Rl ® R2) = X’(R) , then p=pN R, =P NER, .

COROLLARY 1.7 If S 1is a height 1 separable R-algebra and

T 1is an R-algebra satisfying NBU over R, then T ® S is height 1
separable over T .

Proof: In (1.5)1et S,=S, S, =T, R, =T and R, =R .

2 1 1 2
If p is in X’(R1 ® R2) =X’(T) , then pNT=p, and pNR is in
X’(R) by hypothesis. The conclusion follows by (1.5).

COROLLARY 1.8 If I is an ideal of R such that R/I

satisfies NBU over R and if S is a height 1 separable R-algebra,
then R/I ® S = S/IS 1is height 1 separable over R/I .

Proof: Follows directly from (1.7).

We remark that the hypothesis that R/I satisfies NBU over R
is fairly restrictive.

If I contains a prime ideal of height = 1 and R/I has a

prime ideal P of height 1, then NBU is not satisfied; if P are

0’F1

primes in R with PO g Pl c I, then PO cP % PNR, andso PNR

1

is not in X’(R) .

PROPOSITION 1,9 If I is an ideal of S and S is a height

1 separable R-algebra, then S/I 1is a height 1 separable R-algebra.
Proof: If is in X’(R then (S/I) =S /I_ . Since S
P (R) , then (§/1), =S /I 5

is separable over RP and IP is an ideal in Sp , the result follows.
5



COROLLARY 1,10 If S 1is a height 1 separable R-algebra and

f :S->958 is a surjective homomorphism, then S’ is a height 1
separable R-algebra,

Proof: Since S/ker(f) = 8’ , the result follows by (1.9).

Our next proposition deals with the R/I’-algebra S/I , where
I is an ideal of S and I’ is an ideal of R contained in INR .
But first we prove two lemmas.

LEMMA 1.11 Let I be an ideal of R and p 2 I a prime
ideal. Then Rp/Ip = (R/I)p/l .

Proof: Define f : Rp - (R/I)p/I by r/s > (r+ I)/N(s+1),
for » in R and s in (R - P . This is a well-defined surjection,
and we show that its kernel is Ip . Suppose that (r + I)/(s +I) =0

in (R/I) Then there is an s’ + I in R/I = p/I with

p/T°
(s” + I r+I)=0; i.e., s’r is in I . Note that s’ is in

R - p, since otherwise s” + I would be in p/I . Then we have
s’r/s’s = r/s 1s in Ip . On the other hand, if r/s 1is in Ip s
then r is in I and clearly f(r/s) = 0 . Thus the kernel of f is
Ip and the proof is complete.

LEMMA 1.12 Let I be any ideal in R and let p be a prime
in R/I . Denote pNR by Q. Then, if M is any R-module with
M™M=0, MQ=MP.

Proof: Follows by the following string of equalities: MQ =

(by

M® RQ = M/IM ® RQ

1.11) = M ® (R/I)p

(M® R/I) ® RQ

M Qh/l (R/I)p = Mb .

PROPOSITION 1.13 Let S be a height 1 separable R-algebra

=M® RQ/IQ =M® (R/I)Q/I

it

and I an ideal in S . Let I’ be an ideal of R contained in



I N R such that R/I’ satisfies NBU as an R-algebra. Then S/I
is a height 1 separable R/I’-algebra.

Proof: Let p be in X’(R/I’) ; then Q =p NR is in
X’(R) . By (1.9), S/I is height 1 separable over R . Hence,
(S/I)Q is a projective (S/I ® S/I)Q-module. Since I’ cINR,
S/I®S/I =8/1 8@/1’ S/I . Also, I’(S/I) =0 and
I’(S/I ®

R/I’

pe /1) = (8/1 8.,

jective (S/I 8?/1’ S/I)P-module and a separable (R/I')p—algebra.

S/I) = 0. Thus, by (1.12), (S/I)p = (S/I)Q and
(s/1 e S/I)Q . Therefore (S/I)p is a pro-
Next, we have a version of transitivity.

PROPOSITION 1.14 Let T be a height 1 separable S-algebra,

finitely generated as an S-module, where S 1is a height 1 separable
extension of R and integral over R . Then T is a height 1
separable R-algebra,

Proof: Let p be in X’(R) . We show first that Tp is a
height 1 separable Sp-algebra. For Q in X’(SP) , let Q° be
QNS . Then, since Sp =3® Rp is a flat S-module, NBU holds and
Q” is in X’(S) . Thus, TQ’ is a separable S

(TQ’)p is separable over (S

Q,-algebra, and so
. (B T., T., ® R_.
Q’)p (y(Q)p we mean Ty, ® R )

Since (TQ')P = (Tp)Q and (SQ,)p = (Sp)Q , Wwe see that Tp is height

1 separable over Sp , for each p in X’(R) .

Suppose M 1s a maximal ideal of Sp , for p in X’(R) .
Since Sp is an integral extension of Rp , MAN Rp must be maximal
in Rp ;i.ed, MN Rp = pRp . Since ht(M) < ht(M n Rp) [11; p.30,
45] and ht(M N Rp) = ht(pRp) <=1, we have ht(M) <1 ; i.e., M is

in X’(S . Since T is a finitely generated S_-module and (T
(p) b ¥ genera b (p)M

7



is (Sp%w-separable for all maximal ideals M is Sp , we have that Tp
is separable over SP [3; p.72]. Then, since Sp is separable over
R.p , it follows that Tp is separable over Rp . We have shown that T
is height 1 separable over R .

REMARK 1.15 We remark that in the proof of (1.14) we have
shown the following: If S 1is an integral extension of R and T 1is
a height 1 separable S-algebra, finitely generated as an S-module, then

Tp is separable over Sp , for all p in X’(R) .



CHAPTER 2

POLYNOMIAL EXTENSIONS

In this chapter we examine R-algebras of the form R[x]/(f(x)) ,
where f(x) is a monic polynomial in R[x] . We also give an example
of a height 1 separable R-algebra which is not separable.

DEFINITION 2.1 A monic polynomial f(x) in R[x] is a

height 1 separable polynomial if R[x]/(f(x)) is a height 1 separable

R-algebra.

We recall that for a field K , a polynomial f(x) in K[x]
is separable if and only if there exist P and Q in K[x] with
Pf + Qf* = 1 , where f’ denotes the derivative of f . It is also
known that this result holds for commutative rings (with 1 ). We
note this result next.

PROPOSITION 2.2 For a commutative ring R , a monic polynomial

f(x) in R[x] is separable if and only if there exist P and Q in
R[x] with Pf +Qf” =1.

Proof: Let M be a maximal ideal in R , and let I be the

ideal in R[x] generated by f and f’ . Then



R[x]/I ® RM = (RM[x])/I , where I is the ideal generated by the
canonical images F,f’ of f,f’ , respectively, in R[x]M .

Let S = R[x]/(f) ; then S is a finitely generated R-module.
Thus S 1is R~separable if and only if S/MS 1is R/M-separable for
every maximal ideal M in R . Note that SMS = (RM[x])/(F) .
Sinee R/M 1is a field, T is separable if and only if I = (F,F’) =
RM[x] ; i.e., if and only if (RM[x])/I = O . By the above, we see
that S 1is R-separable if and only if R[x]/I ® RM =0 for all
maximal ideals M in R . By the Nakayama Lemme, R[x]/I ® RM =0
for all maximal ideals M if and only if R[x]/I = O . This proves
the proposition.

2.3 From (2.2) we see that if f(x) is a separable polynomial
and f(a) = 0, then f’(a) is a unit.

COROLLARY 2.4 A monic polynomial f in R[x] dis height 1

separable if and only if Ip = Rp[x] for each p in X’(R) , where
I is the ideal in R generated by f and £’ .

Proof: Follows directly from (2.2), since (R[x]/f)p =
Rp[x]/fp and Ip is generated by fp and fé , Wwhere #p denotes
the polynomial f with its coefficients considered as elements of Rp

2.5 As in (2.3), we note that if f(x) is height 1 separable
and S = R[x]/f , then whenever a is a root of f in S, f;(a)
is a unit in Sp , for 311 p in X’(R) .

Let f(x) be a height 1 separable polynomial in R[x] , and
let S=R[x]/f. let a=x+(f) in S . Then a is a root of f

in S, and, since the leading coefficient of x - a 1s a unit, the

10



Euclidean algorithm is valid here [12; p.120]. Hence, x - a divides

f in S[x]. Let

f(x) = (X - a)(bo 4 o se bn—2xn-2 + xn"'l)
= cee n-1 n e n_2 n-1
= (box + + bn—ZX + X ) - (abo + + abn_2X * ay )
= x" n-1 n-2
= X+ (bn—2 - a)x o+ (bn-B - abn_g)x
4+ esee 4 (bo -— abl)x - abo
Since f(a) = 0 , we have the following:
n n-1 i
(¥) a = iZO (abi - bi—l)a , Where bn-l =1 and b = 0.

Recall that if T is a separable R-algebra then the separability idem-
potent for T is the unique idempotent e in T ® T such that e
maps to 1 under the multiplicationmep T® T+ T and (1® t)e =
(t®1l)e , for all t in T . We are going to describe the separa-
bility idempotent for Sp in terms of a , b, , and f’(a) , for p
in X’(R) .

PROPOSITION 2.6 In the setting described above, the element

n-1 . b.
i . . .
e = a ® =—=~——— Iin S ®S for in X’(R is the
izo f’(a) D D ) 1Y ( ) P)

separability idempotent for Sp

Proof: If m : SP ® Sp -> Sp is the multiplication map, then we
i

n-1. a'b,
1

have m(e) = 7 = =
izof(af f

Ezg =1 . To show that (1 ®s)e = (s ® 1)e

for all s in Sp , we need only show (1 ® a)e = (a ® 1)e , since

Sp is generated over Rp by a . We have the following:

11



i

1 n-1 .
® - i+l
(1® a) z a ®—T—7 and (a® 1l)e izoa ®—T-H, =T -

n-1 .
. n 1 i 1
* = - =
From ( ) we obtain a ® m—)- L_ZO (abi bi—l )a ] ® T (a

n-l ; &by - b,
izo 2 ®_—'('T— , since the terms sb, - b, ; are in R . Then,

n-1

: ) ; ;  abs - by 1] n-Z-l[. ab]
l)e = ®'——F—7'+ ®'——-7T-7—— ®'——F—7
a® e i a a e 4 a

=0
(1® a)e . Thus e is the separability idempotent.

The key to the above is the fact that if Sp is Rp—separable,
then f’(a) is a unit in Sp . If f’(a) is not a unit in S , then
S itself cannot be R-separable. If we let

n-1 .

e’ = iZO al ® bi , an element of S ® S , then the above shows that it
is still true that (1®s)e’ = (s ® 1)e’ for all s in S, but it
is no longer true that ) aibi =1, since ) a‘ibi = f’(a) . However,
the element e’ acts like a "pre-image" for the separability idempotent
of each localization Sp , P in X’(R) , in the sense that the ideal
generated by m(e’) in SP , namely Sp itself, is the same ideal
generated by m(e) , where m is the multiplication map, since
m(e’) = f’(a) is a unit in Sp

Next we give an example which is based on the following exercise
in [11; #8, p.114]. Let k be a field, and let R’ be the ring of all
polynomials in k[x,y] having no term in a power of x alone. Let M
be the prime ideal in R’ consisting of all polynomials having constant

term zero. Note that the ideal (y) is not prime in R’ , since (xy)2

12



is in (y) but xy is not in (y) . Suppose there is a prime ideal P
with (y) CPCM. If f belongs to M- P, then at least one term
of f is not in P ; this term cannot be in (y) , so it must be of the
form rxiy , i=>=1. But then (rxiy)2 = r2x2iy2 isin (y) c P,
implying rxiy is in P , a contradiction. Thus, M is minimal over
(y) . Further, rank(M) = 2 since M contains the zero ideal and the
prime ideal of all polynomials with constant term equal to zero and no
term in a power of y alone.

EXAMPLE 2.7 (A height 1 separable R-algebra which is not sepa-
rable.) Using the notation in the above exercise, let R = BM . Then,
MR, is minimal over (y) , and by localizing we have ensured that the
element y cannot be contained in any prime in X’(R) , for the
existence of such a prime would contradict the minimality of MRM over
(y) . Let £(t)=1t"-y , where 1/n is in R, and let S = R[t]/(f) .
Then S is a finitely generated projective R-module. Since y 1is not
aunit in R, S is not R-separable [10; 2.4]. But, since y is not
in any prime p in X’(R) , y is a unit in Rp , and so SP =
Bp[t]/(f) is Rp—separable. (We note that (2.4) also shows that S is
height 1 separable over R , since (-1/y)f(t) + (t/ny)f’(t) =
(-1/9)(#% - ) + (t/my)(nt™™) = 1)

2.8 We also show now that the domain R in (2.7) is integral-
1y closed. This will follow if we show that R’ 1is integrally closed.
Suppose g is in the quotient field of R’ and integral over R’ .
Then, since g 1is also in the quotient field of k[x,y] and integral
over k[x,y] , g is in k[x,y] . Write g = g(x,y) as a polynomial

in y :

13



n

glx,y) = go{x) + g(x)y + o+ + g (x)y .
Since gl(x)y £ oeee 4 gn(x)yn is in R’ we see that go(x) must be
integral over R’ . Thus, g satisfies a monic polynomial in R’[t] :
)n

gyx o=t

+ a,(x,y)gy(x + e +alxy) =0,

where each a; is in R’ .
Since each ai(x,y) contains no terms in powers of x alone, we see
that c; = ai(x,O) must be an element of k, i =1,...,n . Thus

X)n_1+ eee + :O

n
go(x) + clgo( N

This says that go(x) is integral over the field k , but this is

impossible unless go(x) is a constant. Thus we have

g(x,y) = constant + g (x)y + +++ + gn(x)yn

and we have that g(x,y) is in R’ . This shows that R’ is integral-

ly closed,and, hence, that R = %ﬁ is also integrally closed.
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CHAPTER 3

HEIGHT 1 GALOIS EXTENSIONS

In this chapter we define height 1 Galois and give some

examples of height 1 Galois extensions, which will also be examples of
height 1 separable extensions that are not separable.

Throughout this chapter let S be an extension of the base
ring R, and let G be a finite group of R-algebra automorphisms of
S. If g isin G and p is in X’(R) , let gp : SP - Sp be the
induced map given by gp(s/t) =g(s)/t , for s in S and t in
R-p . Then it is easy to check that gp is an Rp—automorphism of
Sp . Denote the set of all gp s, for g in G, by Gp

G

3.1 Let S” be the subring of G-invariant elements of S ,

G
and let spp be the Gp—invariants of sp . Under the identification of

S® Rp with SP , given by the map s ® r/t - rs/t , we may identify
the group Gp with G ® 1, as shown in the following commutative

diagram:

15



g®l

S®Rp » S ® R
s ® v/t ———— g(s) ® v/t
rs/t —— rg(s)/t
= g(rs)/t
J ,
°p g » 5

1%

Since G is a finite group, and so "almost finite" as defined in [13],

Theorem 1.13 in [13] shows that (S ® RP)G®1 - @ R j dee.,

G
P . (g%
Sy ( )p
We establish some notation in order to present our next theorem.

The constructions we will make are basically the same as presented in
[3; Chap. III].

3.2 Let S{G} be the free S-module with basis consisting of
elements u.g , for each g in G . We make S{G} an S-algebra by
defining multiplication as follows: ug «a = g(a)ug , for a in S,

and () agug)(z bou,) = y agg(bf)ufg . If p is in X’(R) , then

(S{G})P = SP{G} (here u, * e = gp(a)ug for a in Sp ) by the map
aug/t - (a/t)ug ,for a in S and t in R-p.

Define j : S{G} » HomR(S,S) by J() agug)(s) =Y agg(s) , for
s and 2 in S . Similarly we define jp : SP{G} > HomRP(SP,Sp) by

j = f d i S . Note that if S
JP(Z agug)(s) Y aggp(s) , for 8, and s in § ote that i

is finitely presented as an R-module then HomR (Sp Sp) = HomR(S,S)p s
p 2
and the map jp is induced by J .
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3.3 Let C(G,S) be the ring of S-valued functions on G .
Then ©€(G,S) is an R-algebra, and we claim that C(G,S)p = C(G,Sp) ,
for p in X’(R) , by the map £/t -~ (1/t)f , for £ in C(G,S) ,

t in R-p; i.e., (f/t)g) = f(g)/t , where g isin G . To

1]

show this map is injective, suppose that f(g)/t = 0 , for each g
in G . Then, for each g , there is a tg in R-p with tgf(g) =
0. Set t’' =1 tg . Then t’ isin R-p and t’f(g) =0, for
each g , and so f/t = 0. To show the map is surjective, let h Dbe
in C(G,Sp) , and suppose G = {gl,...,gn} . If h(gi) = si/’ci s
for sS4 in S and ti in R-p, let t =T ti . Define f : G-~ S
by f(gi) = (.H. ”c.J.)si . Then, since (f/t)(gi) = f(gi)/t = si/ti =
J#1

M%),mhwefﬁ+h.

Now define L : S® S - C(G,S) by L(] a; ® b, )g) = N a;e(by) ,

for a;,b, in S and g in G . Then, since (S ® S)p = Sp th Sp s

we have the induced map Lp : Sp e Sp - C(G,Sp) given by

P

Lp(z 8y ®'bi)(g) =) aigp(bi) , for ag;,b. in SP and g in G .
We will define a height 1 Galois extension of R +to be an extension
which is a Galois extension as defined in [3] at each localization at
a prime in X’(R) . Thus the following theorem is basically Proposi-
tion 1.2 of [3; Chap. III] applied to each localization Sp .

THEOREM 3.4 Using the above notation, the following are equiv-
alent:
G)p

b. For each nonzero idempotent e in Sp and fp,gp

(1) a. (S = Rp for each p in X’(R) .

17



in G_ with f_#g_ , there isan x in S_ such
p D P P
that f (x)e x)e .
p() %gp()
¢c. S 1is a height 1 separable R-algebra.
(2) a. (SG)P = Rp for each p in X’(R) .
b. For each p in X’(R) there exist elements x ,...,xn,

1
Yyoeees¥, in Sp with ) xjfp(yj) = 8, 10 where fp
isin G .
D
(3) a. Sp is a finitely generated projective Rp—module for
each p in X’(R) .
b. For each p in X’(R) the map jp is an isomorphism.
(4) a. (SG)p = Rp for each p in X’(R) .
b, For each p in X’(R) the map Lp is an isomorphism.
(5) a. (SG)p = Rp for each p in X’(R) .
b. For p in X’(R) and each fp 1 in Gp , and for
each maximal ideal M in SP , there is an x in
S with f£(x)-x not in M.
1Y 1Y
Proof: (1) implies (2). Localize at p in X’(R) ; the proof

is exactly as in [3].

(2) implies (3). ILocalize first; proof as in [3].

G
(3) implies (4). First we show SPp = Rp , for p in X’(R) .
G
Clearly Rp c SpP . Now, since jp is an isomorphism, we see that

jp(Center of SP{G}) = Center(HomR (SP,SP)) = Rp . Thus, we need only
G | P G

show spp c Center(SP{G}) . Let x be in SPP . Then xu; is in

SP{G} , and (xul)(Z sfuf) =3 xspu, , for each ) spup In S?{G} .

G
_ . . p i}
Also, () sfuf)(xul) Y sffp(x)uf . Since x is in Sp , fp(x) X,
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and so x (identified with Xuy ) is in the center of Sp{G} . Hence,

G
Spp c D ? and we have equality. The rest of the proof is as in [3].
(4) implies (2). Let the element h of C(G,SP) be given by

h(f) = Gf 1 Since Lp is an isomorphism, there are elements
b
XpseeesXp¥pseee0y, in Sp such that Lp(z x; ® yi) = h . Then,

h(f) = Ib(Z X; ® yi)(f) =y xifp(yi) = 5fp’l .
(2) implies (1) and (5) equivalent to (2) are as in [3].

DEFINITION 3.5 ILet S be an extension of R and let G be

a finite group of automorphisms of S . S 1is a height 1 Galois exten-

sion of R with group G if any of the five equivalent conditions in

(3.4) are satisfied.

We will now characterize height 1 Galois extensions in a
special setting.

Recall that a prime ideal Q in an R-algebra S is said to

be unramified (see [1]) if p = Q N R satisfies the following:

(1) pSy = @5y
(2) SQ/pSQ is a separable field extension of Rp/pRp .
Let R and S be integrally closed domains and G a finite
group of automorphisms of S such that SG = R , and suppose that, .for

each p in X’(R) , l:t.p is Noetherian. (This will be the case, for
example, if S is a Krull domain — see [7; p.82].) Since G is

finite, each element s in S satisfies the relation I (s - gi(s)) =0,
product taken over all g; in G . The coefficients are symmetric

functions of gi(s) and hence belong to s® =R . Thus , S is integral
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over R . Since R 1is integrally closed, Going Down holds for S over
R [2; pp.343,344); thus, if Q is in X°(S), then p=QNR is in
X’(R) . If L is the quotient field of S +then any element in L

can be written as a quotient with numerator in S and denominator in

R (see [18; p.78]). Letting G act on L , we see that if K is the
quotient field of R, then K = LG , and so L is a Galois extension
of XK [3; 1.4, p.86].

PROPOSITION 3.6 With S and R as described above, S is a

height 1 Galois extension of R 1if and only if S is unramified at all
the primes Q in X’(S) with ht(Q) =1 .

Proof: Suppose that S 1s height 1 Galois over R and let Q
be a height 1 prime in S ; 1let p =Q N R . Note that since pSO € Q@S

Q

and pSQ #0 , then pS. will equal QSO , Since QS. is of height 1 ,

Q Q
provided that pSQ is a prime ideal in S, . This follows from the

Q

separability of Sp over Rp , Since then we have that Sp/pSP is
separable over the field Rp/pRp and is therefore a finite product of
fields. Then, SQ/pSQ is also a product of fields and hence a field
itself, being a local ring, since it is just a further localization of
Sp/pSp . Hence, pSQ is a prime ideal of SQ and pSQ = QSQ . By
the sbove we have also shown that SQ/PSQ is separable over Hp/pRp .
Thus we have that S is unramified over R at all the height 1 primes
in X’(8) .

Conversely, suppose that S 1s unramified at the height 1

primes in X’(S) . Let p be in X’(R) . Then, by (3.1),

(Sp)G = (SG)p = Rp , and, as in the discussion preceding the proposition,
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the quotient field of Sp is a Galois field extension of the quotient
field of Rp , hence a finite separable field extension. Then, since

Rp is integrally closed and Noetherian, and Sp is the integral closure
of Rp in the quotient field of Sp , we have that Sp is a finitely
generated Rp—module, [6; 5.48, p.185]. Thus, if we can show that

Sp/pSp is separable over Rp/pRp , 1t follows that Sp is Rp—separable
[3; 7.1, p.72].

Since R 1is integrally closed and S 1s integral over R such
that the quotient field of S 1is a finite separable field extension of
the quotient field of R , there are only are only a finite number of
primes in S 1lying over p [8; 12.5, p.121]; denote these by

Ql,...,Qn . Each Qi is in X’(S) , and we are given that S ./QiSQ.

L 1

Q
is a separable field extension of R.P/pRp , for each i . We will show

that S_/pS is R _/pR_-separable by showing that S =11 S, /Q.S .
a op/p - p/p o~S€P v g p/pSP Qi/ %,

For the moment replace Rp by R, pRp by p, Sp by S , and the
ideals QiSp by Qi . Then we still have Qi NR=p, and, since p
is maximal in R, Qi is maximal in S . Further, if Q is any maxi-
mal ideal of S, then QN R =p , and so Q must be one of the Qi's .

Thus, Q,...,0 ave all the maximal ideals in S . Iet I =0 N +++ 1

1]

Qn . Then pScI. Now, for each i , we have (pS)Q = (Qi)
1 1

(Ql N eee N Qn)Q = IQ . Hence, pS =1 . By the Chinese Remainder
1 i

Theorem we have S/pS =TI S/Qi . Since S/Qi = S/Qi @g SQ =
Q, i
i

S/Qi @b SQ = SQi/QiSQ , we see that

1

1
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S/pS =11 S, /Q.S .
Qi 1Qi

Going back to our original notation, the above says that Sp/psp =
n SQ./QiSQ. (note that (SP) = SQ ). As we noted above, this

1T 8 Q@ Y
shows that Sp is Rp—separable. Finally, since SP is comnected for
each p in X’(R) , we see that S is height 1 Galois over R by
(3.4=1). This completes the proof of the proposition.

We remark that if S and R are as in Example 2.7, then the
first part of the proof of (3.6) shows that S is unramified at each
height 1 prime ideal of S .

Recall that if R and S are domains with R ¢ S, and such
that the quotient field of S , say L , is a finite extension of the
quotient of R , then the complementary module C(S/R) is defined to
be the set of all elements x in L such that tr(xS) ¢ R , where
tr is the trace map, and the Dedekind different D(S/R) is then
defined to be the set of all x in L such that xC(S/R) ¢ S . A4s in
[7; Chap. IV], we now consider the situation where S is a Krull domain
and G 1is a finite group of automorphisms of S . Then, letting R = SG s
R is also Krull, and so both R and S are integrally closed domains.
If L and K are the quotient fields of S and R , respectively, then

g = 1%

, and so L 1is a Galois extension of K . The following appears
as Proposition 1.6.3 in [7; p.84]: In the setting just described, S is
unramified over R at p in X’(S) if and only if p does not contain

D(S/R) . Fossum uses this result in the following test for ramification.

Let u be a primitive element for L over K such that uw is in S ,
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and let f(t) be its minimal polynomial. Then, one can check that
o(s/R) ¢ £4(u)™'s , and so £’(u) is in D(S/R) . Thus, if there are
primitive elements Upseessly in S such the elements fi(ul),...,
fﬁ(un) are not in any height 1 prime ideal of S , then S is unrami-
fied at all height 1 primes in X’(S) . This result is used in the
following two examples of height 1 Galois extensions (which are also
examples of height 1 separable extensions that are not separable).
EXAMPLE 3.7 (See [7; p.85] or [17; p.58].) Let k be a field
of characteristic p and let n be an integer relatively prime to p ,
and suppose k contains a primitive n-th root of unity, w . The map

on S = k[x "Xr] s » =2 , defined by xi - wxi and extending

170"
linearly, is a k-automorphism. The cyclic group G generated by this
automorphism is the finite group Z/nZ . The fixed subring R = SG is
the subalgebra of S generated by all monomials of degree n . Each
x; 1s a primitive element with minimal polynomial fi(t) = t" - x? .
It is easy to see that no height 1 prime ideal in S can contain all

the elements fi(xi) = nx?_l , i=1,...,r . Thus, S

is unramified
at each height 1 prime in X’(S) , and by (3.6) is a height 1 Galois
extension of R .

In particular, S is height 1 separable over R . We show that
S is not R-separable. Let I be the ideal iIn R generated by all
monomials of degree n . Then R/I = k , a field. Now, S/IS cannot
be separable over the field R/I because S/IS contains the nilpotent
elements X, + IS . Thus, S is not separable over R .

We further note that, sinece R/I 1s a field, S/IS 1is not

height 1 separsble over R/I . However, this does not violate (1.8)
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because R/I does not satisfy NBU over R . We see that X’(R/I)

i
(@}
-

and 0NR=1. Since (0)¢ (x?) ¢I, I isnotin X'(R).
The next example is similar to (3.7) and is also found in

(17; p.58].

i

EXAMPLE 3.8 ILet k,w, and n be as in (3.7). Let S
k(x,y] . Themap x->wx , ¥y~ w_ly is a k-automorphism of S . If
we let R = SG , where G 1is the group generated by this automorphism,
then we see that R = k[x,y,xy] . As in (3.7), the elements x and
y are primitive elements for the quotient field of S over that of R,
with minimal polynomials fl(t) =% - ¥ and fz(t) =" - yn s
respectively. Since no height 1 prime ideal in S can contain both
nxn-l and nyn_l ; we see that S 1is unramified at the height 1 primes
in X’(S) and is therefore a height 1 Galois extension of R .

As in (3.7), we see that S 1is not separable over R . Let I
be the ideal (x%,y ,xy) in R . Then R/I = k , and S/IS is not
separable over R/I since S/IS contains nilpotent elements.

We remark that in both (3.7) and (3.8) we have the following
situation: R 1is integrally closed and Noetherian and S is the
integral closure of R 1s a separable field extension of the quotient
field of R (see (5.7)). Since S is unramified at each minimal prime
ideal in S but S is not R-separable, S is not R-projective [1; 3.7,

P.759]. Thus the hypothesis that S be R-projective cannot be removed

in [1; 3.7].
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CHAPTER 4

HEIGHT 1 SEPARABLE CLOSURES

In this chapter we define what a height 1 separable closure is
and show that under certain conditions a height 1 separable closure does
exist.

There are two basic approaches to showing the existence of a
separable closure of a connected base ring R . One way, as in [3;
Chap. III] or [10], is to start with the base ring and construct larger
and larger extensions having the desired properties, until the process
finally stops, which it will, by a cardinality argument. The other
approach, as used in [14] is to start at the top and tensor together
representatives of all possible extensions with the required properties,
and then "discard" just enough in order to arrive at a connected exten-
sion, The "discarding" is done by modding out an ideal generated by
idempotents, leaving a connected quotient ring. We will show in
Example 4.18 that certain difficulties arise if this second approach is
used in the height 1 separable case. We will use the first method

described above to construct a height 1 separable closure.
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DEFINITION 4.1 An R-algebra S 1is called height 1 connected

over R if SP is connected for each p in X’(R) . If R is
height 1 connected over itself we simply say that R is height 1 con-
nected.

EXAMPLE 4.2 (A connected extension which is not height 1 con-
nected.) Let R be the domain in Example 2.7. Recall that the element
y in R 1is not a unit and is not in any height 1 prime of R . Let
S = R[t]/(t2 - y2) . Then, as in (2.7), S 1is a strongly height 1
separable extension of R . S is not a domain, but S 1is connected,
as we show next. Suppose r + st 1s an element of S such that

)2 2, 2rst + 32t2 = r2

r + st . Hence, 2rs = s and 2 s2y2 =y, If s#0, then

r =3, and we get 82y2 =%, or, 482y2

(r +st)*=r+st. Then r + 32y2 + 2rst =

1 . But this cannot happen

O and r=0 or 1. S

since y d1is not a unit in R , and so s

is not, however, height 1 connected. If p is in X’(R) , then y is

a unit in R.p , and we see from the above that the element % + %y—lt

is idempotent in Sp .
DEFINITION 4.3 S 1is height 1 separably closed if, whenever T

is a strongly height 1 separable extension of S which is height 1 con-
nected over S, then T =S .
If R is a height 1 connected ring an extension S is a height

1 separable closure of R if:

(i) S 1is a locally strongly height 1 separable extension
of R; i.e., S is a direct limit of strongly height 1 separable sub-

extensions of R ; and
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(ii) S 1is height 1 separably closed and height 1 con-
nected over R .
In addition to the height 1 connectedness of the base ring R ,
we will need the following property in order to show the existence of a
height 1 separable closure.

DEFINITION 4.4 An R-module M 1is height 1 divided over R

(or simply height 1 divided, if there is no confusion) if, whenever a

and b are in M with a # b there is a prime ideal p in X’(R)
with ap # bp , where ap and bp denote the elements a/l1 and b/l
in Mp ; in other words, M is height 1 divided if, whenever m is in
M and m, = O for all p in X’(R) , then m =20 .

If M is height 1 divided, then the map M -~ I M
p in X’(R) p

given by m - (mp)p in X*(R) is an injection.

Notice that M will be height 1 divided if, for each nonzero
m in M there isa p in X’(R) with AnnR(m) ¢ p . For then, if
mp=0, there is an s in R-p with sm =0 . But then s is in
An.nR(m) Cp, and so we must have m = 0 . In particular, if R is a
domain, R 1is height 1 divided.

EXAMPLE 4.5 (A ring which is not height 1 divided.) Let R’
be a commutative ring, and M a maximal ideal in R’ with rank greater
than 2 . Let R =R’ ®R"/M , with multiplication defined by
(r,s)(r’,s”) = (rr’,rs” + r’s) , where T and s are in R’ and s
denotes the element s + M .

Iet s bein R’ -M, so that (0,s) # 0 in R . Then we

claim that (O,§)P=O in Rp for each p in X’(R) . If p is in
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X’(R) , then there exists an element (r,t) in R-p , with r in
M and t in R’ ; for, if (r,t) isin p foreach r in M and
t in R’ , then (PO,R'AW) ¢ (Pl,R’/M) <P, where Pg ¢ P, ¢ M are
primes in R’ and (Pi,R'/M) are primes in R ., This contradicts
the fact that p is in X*(R) . Then, we have (r,t)(0,8) = (r « O,
rs + 0t) = (O,rs) = (0,0) , and so (0,5)p =0 in Rp , for each p
in X’(R) . Note that for this element (0,5) , Ann((0,s)) =
(M,R’M) , which is not contained in any prime in X’(R) .

LEMMA 4.6 Suppose R 1is height 1 divided and M is a finitely
generated projective R-module. Then M is height 1 divided.

Proof: First, we show the lemma is true if M 1is a finite free

R-module; i.e., M = R® . This follows immediately from the observation
that (Rp)p = (R.p)n , for p in X’(R) . Hence, if (xl,...,xn) is in
n

R~ and (xl,...,xn)P =0 for each p in X’(R) , then <Xi)p =0
for each p and so by hypothesis, X, = 0, for i=1,...,n.

Now, if M is a finite projective R-module, then M 1is a
direct summand of R , for some n . Since R is height 1 divided
by the above, the result follows.

PROPOSITION 4.7 Suppose R 1is height 1 divided, T is a

strongly height 1 separable R-algebra, S is a locally strongly height
1 separable R-algebra, and S is height 1 connected over R . Then,
|AlgR(T,S)| is bounded by cardinal depending only on R .

Proof: Let S = dir lim Si , where each Si is a strongly
height 1 separable R-algebra. Note that AlgR(T,S) < HomR(T,S) . Also,

since T 1is finitely presented over R , HomR(T,S)p = Home(Tb,Sp) s
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for each p in X’(R) . Thus we identify an element fp in

Hom _(T,S with the f ¢+ T S in H T,S . We show
gl T28); mP p F Ty ome( S

first that HomR(T,S) is height 1 divided as an R-module. Suppose

f is in HomR(T,S) and fp is the zero map, for each p in X’(R) .
Since T is finitely generated over R , there is an index I such
that f belongs to HomR(T,Si) . Since T and S; are finitely
generated projective R-modules, HomR(T,Si) is finitely generated and
projective over R also. Thus, by (4.6), since fp is in HomR(T’Si)p
and is identically zero for each p in X’(R) , f must be identically
zero also, showing that HomR(T,S) is height 1 divided.

Now, since Tp is a strongly separable Rp-algebra and SP is

connected, for p in X’(R) , we have |HomR (TP,SP)I < rankR (TP) by

D 1Y
[3; 1.6, p.88]. Thus, we have AlgR(T,S) c HomR(T,S) c
I Hom_ (T ,S ) (this last inclusion by the height 1 dividedness
. ’ R p'p
p in X*(R) o
of Hom(T,S) ), and we see that [Alg (T,S)| = ) rank_ (T ) .
R R . , R ''p
p in X’(R) D

COROLLARY 4.8 If R is height 1 divided and S is a locally

strongly height 1 separable R-algebra, height 1 connected over R , then
the cardinality of S 1is bounded by some cardinal M depending only
on R .

Proof: Let S(R) be a set of representatives of isomorphism
classes of strongly height 1 separable R-algebras. Sinece S 1is
locally strongly height 1 separable over R , S 1s the union of
strongly height 1 separable R-subalgebras Si of S . Each Si in

this union is isomorphic to some Si in S(R) . By (4.7),
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IAlgR(Si,S)l is bounded by eco, = ) rankp (Si)p . Thus,

i pinX/(R)
[s| =7} cS,lel . Ifwelet M= § c.|T| , then we have
. 1 . T
i T in S(R)
Is] =M .

Corollary 4.8 is the first step in showing the existence of a
height 1 separable closure, as it provides a bound on the cardinality
of the type of extension we need. The next major step is provided in
Proposition 4.10. First, we prove a lemma.

LEMMA 4.9 Suppose T 1s a direct limit of rings Ti , for
i in some index set I , where each Ti is a strongly height 1

separable extension of R . If TO is any one of the Ti's , then T

is a loeally height 1 strongly separable TO—algebra.
Proof: Let TO be one of the Ti's 3 then T = dir 1im T,

i=>20

We need to show that each Ti , for 1 >0, is a height 1 strongly

separable T.-algebra.

0
Let p be in X’(TO) ,and let pNR=Q. Since Ty is a

projective R-module, Q is in X“(R) [15; p.33]. Thus, (’I’i)O is

strongly separable over RQ , (TO) (Ti)Q , and (T is also

Q< 0g

strongly separable over R Hence, (Ti)Q is strongly separable

Q-

over (TO) [3; 2.4, p.94]. Localizing further at p in X’(TO)

Q

shows that (( ). . The lemma

Q'p
will follow once we show that ((Ti)Q)p = (Ti)p . This isomorphism is

Ti)Q)p is strongly separable over ((TO)
given by the map 1/t(a/b) -~ a/bt , for a in T,» b in R-Q,
and t in Ty~ P - This map is well-defined, for if 1/t(a/b) =

1/s(c/d) , then there is an r in T, -p with (s * a/b =t + ¢/d) =

0
0 ; thus, bdr(s * a/b -t « ¢/d) =0, and so r(dsa - bte) =0,
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showing a/bt = ¢/ds in (Ti)p . The map is clearly onto, and is
injective: if a/bt = e¢/ds , with a,c in Ti , b,d in R-Q,

and t,s in T, - p , then there is an r in To - p with

0
r(dsa - bte) = O ; then, rbd(s + a/b -t + ¢/d) = 0, with rbd in
TO - p , showing that 1/t(a/b) = 1/s(c/d) in ((Ti)Q)p . This
completes the proof.

PROPGSITION 4.10 If S is a strongly height 1 separable

extension of T and T 1is a locally strongly height 1 separable exten-
sion of R, then S 1is a locally strongly height 1 separable extension
of R.

Proof: ILet T = dir lim Ti » Where each Ti is a strongly
height 1 separable R-algebra. Since S 1is finitely presented over T ,

there is an index 1 , say i =0 , and a finitely presented To-module,

say SO s such that S = SO @% T [9; 6.3.3, p.134]. We claim that
0
S~ can actually be chosen to be a ring which is finitely generated and

0

projectvie as a To-module. Let Xpseees¥y generate S as a T-module.

We may assume that S contains each Xi and all the products Xixj ,

0

and that SO is generated as a To—module by XyseerXp o Since S 1is

a projective T-module, there are elements fl,...,fn in HomT(S,T)

such that x = ) f‘i(x)xi , for each x in S . We may assume that T,
has been picked large enough to contain all the fi(xj) , 1,5 =1,...,n .
Then, for each x in SO s fi(x) is in TO . Thus, each fi is an

element of Hom, (SO,TO) , end the elements x,,f, , i=1,...,n, form
0

a finite dual basis, showing that SO is a finite projective To—module.

S, 1s a ring because it contains all the products xixj of the

0
generators X,
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Next, we show that S, is a height 1 separable extension of

0

T Note that T 1s integral over TO since it is integral over

O .
R . Now, since S is strongly height 1 separable over T , then Sp
is separable over Tp for each p in X’(TO) , by (1.15). Thus,

S =(S8.) ® T
P 0'p (TO)p P

strongly separable (To)p-algebra. Then, TP is faithfully flat over

is Tp—separable. By (4.9), Tp is a loeally

(TO)p , which implies that (SO)p is separable over (TO)P [20; 2.9,
p.93]. Thus, SO is height 1 separable over Ty -
If we can show that SO 8@ Ti , 120, is a strongly height
0

1 separable R-algebra, then the proof will be complete since S =

SO 8%0 T = d§r>1ém(so 8&0 Ti) . Now, if NBU holds for T, over T

then by (1.7), S

O s

0 8@0 Ti is height 1 separable over Ti ; we show

next that NBU does hold for T, over T, . Let p be in X’(Ti) .

0
Since T, is flat as an R-module, Going Down holds, and ht(p N R) =

ht(p) <1 . Since T, 1is integral over T, , ht(p) = ht(p N TO)

0

[11} p.30,45]. Hence ht(p) =< ht(p N TO) <ht((pNT,) NR) =

O)
ht(p N R) <1, and so p N T, is in X’(TO) .

Since SO 8% Ti is height 1 separable and finitely generated
0

over Ti , and Ti is height 1 separable and integral over R , by

transitivity (1.14) we have that SO e Ti is a height 1 separable
0

R-algebra. Finally, since SO 8% Ti is a finitely generated projec-
0

tive Tiamodule and Ti is a finitely generated projective R-module,

we see that SO @@ Ti is a finitely generated projective R-module.
0
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As remarked earlier, this finishes the proof.

LEMMA 4,11 If T dis a height 1 connected extension of R
and S 1is a height 1 connected extension of T , finitely generated
and projective as a T-module, then S 1s a height 1 connected extension
of R.

Proof: Let p be in X’(R) ; then Tp is connected. Suppose
there is an idempotent e in Sp . Then, Sp = Spe x Sp(l -e),
where Spe and Sp(l - e) are finitely generated and projective over
Tp . If Q is in X'(Tp) , then Q’ = Q NT is in X’(T) , and so
SQ’ is connected. Now, SQ’ = (Sp)Q , and so SQ’ = (Spe)Q X (Sp(l - e))Q .
Thus, either (Spe)Q or (Sp(l - e))Q must be zero. Since TP is
connected, this implies that either Spe or Sp(l - e) is zero; i.e.,

either e =0 or 1 -e =0, proving the lemma.

THEOREM 4.12 If R 1is height 1 connected and height 1 divided

then a height 1 separable closure of R exists.

Proof: Suppose there is no height 1 separable closure of R .
Then, whenever T is a locally strongly height 1 separable extension of
R , height 1 connected over R, T is not height 1 separably closed;
i,e., there exists an extension S which is strongly height 1 separable
and height 1 connected over T , with T properly contained in S .
By (4.10), S 1is a locally strongly height 1 separable extension of R ;
by (4.11), S is height 1 connected over R . Thus, if the theorem is
false, there must exist a transfinite collection of extensions of R,
{Si} , indexed by a class of ordinals {i} , with the following prop-

erties:
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(1) Si is a locally strongly height 1 separable extension
of R which is height 1 connected over R ; and,
. s < s
(2) if i =3, then Si < Sj .
For (1), if i is a nonlimit ordinal the extension S:.L of 8.

i-1
exists by the discussion above; if i is a limit ordinal, then Si
is found by taking the direct limit of all Sj with j< 1.

For each S; in this collection we have ISiI <=M, where M
is a fixed cardinal depending only on R , by (4.8). Thus, if we take
k to be any ordinal with cardinality greater than M , then i< k
for all i in the collection {i} . Forming the direct limit of Si ’

i<k, we have |dir lim Sil > M , a contradiction. Thus, a height 1

separable closure for R exists.

It is at this point, if we continue to parallel the develop-
ment of the usual separable closure of a connected ring, that we
would like to be able to prove that a height 1 separable closure is
unique up to isomorphism. This proves to be a stubborn result here.
The key to proving uniqueness in the separable case is the fact that,
if S 1is the separable closure of R and T 1is a strongly separable
extension of R , then the number of R-algebra homomorphisms from T
tc S 1is precisely rankR(T) (see [3; Chap. III]). This allows one
to prove that, if S and S’ are both separable closures of R , then
there exist R-algebra injections S - S” and S’ - S and that the
composition is an isomorphism. In the height 1 case, unfortunately,
there seems to be no convenient way to determine the number of R-algebra
homomorphisms from a strongly height 1 separable extension to a height 1

separable closure.
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When R 1s a domain there is another technique for attempting
to show uniqueness. If S 1is a height 1 separable closure of R which
is a domain also, then S is contained in a separable closure of the
quotient field of R , since the quotient field of S 1is a separable
(algebraic) field extension of the quotient of R (see Chapter 5, (5.8)).
Hence, if S and T are two height 1 separable closures of R , each a
domain, we might as well assume they are both contained in the same
separable closure of the quotient field of R . Suppose that T =

dir 1im Ti . If it is true that STi is a strongly height 1 separable

extension of S , then S STi , and so S = dir lim(STi) = ST . By

symnetry we would have T = ST , and so S =T . (Note that the height
1 connectedness is no problem here since these are all domains.) Since
the map S ® Ti -+ STi is a surjection, STi will be a finitely generated
height 1 separable extension of S provided that NBU is satisfied for
the R-algebra S . This we will show in (4.13). The problem is to show
that STi is a projective S-module. In the next chapter we will look
at a certain class of domains and weaken the definition of’height 1
separable closure somewhat by replacing "strongly height 1 separable
with "height 1 strongly separable." There we will be able to prove
uniqueness as outlined above. Thus, 1t appears that, although the
height 1 separable closure found here is a maximal extension satisfying
the given conditions, it is not quite large enough to be unique.

We finish this chapter with a few more general results related

to the above discussion and one more example,

PROPOSITION 4.13 Suppose S = dir lim Si , Where each Si is an

extension of R finitely generated and projective as an R-module. Then
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Going Down holds for S over R,
Proof: Suppose P’ S P are primes in R and Q is a prime
in S with P=QNR . We need to find a prime Q* in S, @’ % Q,

with Q* N R =P .

Let T, be the set of all primes J in S; with J<€Qn S;
and J ﬁ R = P’ . Since Going Down is satisfied for Si over R ( Si
is a flat R-module), T; 1is not empty. Further, since S; 1sa
finitely generated R-module, Ti is finite [2; p.327].

If Si c Sj , the map Tj - Ti given by J - Jd N Si , 1s well-
defined. Thus, the sets Ti form an inverse system of nonempty, compact
Hausdorff spaces (in the discrete topology), and so the inverse limit is

nonempty. If (Ji) is in this inverse limit, we have J, N R = P’

iel
for each 1 , and, if Si - Sj R Ji = Jj N Si . Let Q” = dir lim Ji s
and we see that Q° is prime in S, Q" € Q , and Q" N R =P .
LEMMA 4.14 If R 1s an integrally closed domain and S is a
strongly separable connected extension of R , then S 1s a domain.
Proof: Let R = dir lim R£ , Where each Ri is a finitely
generated algebra over the integers, hence, Noetherian. Then, since the
ring of integers is a Nagata ring (see [15; p.231]), each R} is
Nagata [15; p.240]. This implies the integral closure of each R& s
say R, , is a finite R{-module (a property of Nagata rings). So each
Ri is Noetherian and integrally closed, and we have R = dir lim Ri .
Since S 1is a strongly separable extension of R , there is an index

i, say i=0, and a strongly separable extension of RO , say S

o J
such that S =8, ® R [14; III.6, p.49]. Then S = dir 1im(S. ®, R.) ,
0 RO 0 RO ol

limit taken over i =0 .
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Since S0 is strongly separable over RO , S0 gho Ri is

strongly separable over Ri . Hence, R, ¢ SO ® Ri [3; 2.3, p.9%].

fa
Also, SO 8ho Ri c So gho R = S Dbecause SO is Ro-flat, and so we have
So gho Ri is connected. Then, by [10; 4.2, p.473], SO @ho R, is a

domain, and so S itself is a domain.

PROPOSITION 4.15 Let R be an integrally closed domain and

let S be a strongly height 1 separable extension of R with SP con-
nected for all p in X’(R) with ht(p) =1 . Then S is a domain.

Proof: Let X be the quotient field of R . Since X is flat
over R, K®S is height 1 separable over X by (1.7). Since K is
a field, this means that K ® S is a separable K-algebra. Thus we have
K®S=(XK® S)el x eoe x (K ® S)en , where each e, is an idempotent
in X® S, and each (K ® S)ei is a field.

Consider the map S —~ (1 ® S)ei given by s - (1 ® s)ei . Let
Pi be the kernel of this map. Each Pi is a prime ideal in S since
(1® S)ei is a domain. Suppose r isin R and (1® r)e:.L =0 .
Then (1 ® r)ei =r(l® l)e:.L = 0 , which implies that r = O . Hence,
Pi NR=(0), and Pi is a minimal prime in S, as S 1is integral
over R .

Suppose x belongs to N P, . Then, (1 x)ei = 0 for each
i . Since S 1is flat over R, S may be ldentified with 1® S ¢
K®S . Identifying x with 1® x , we have x = (1 ® x)1 =
(L®x)) e; =] (L®x)e;, =0. Thus NP, =(0). Notice also that

if xy =0, for x and y in S and x not in any Pi , then y
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belongs to every Pi , and so y = 0 . Hence, the set of zero
divisors in S is contained in U Pi . Now we can show that S is
domain. Suppose x and y are nonzerc elements of S with xy =0 .
If Q is a height 1 prime ideal in R , then SQ is a domain. ([10;

p.473].) Then, in S. , elther x or y is zero; say x = 0 . Then

Q
there is an element q in R -Q with gx = 0, and so gq must be
in some P, . But then, ¢ belongs to P, NR=(0), acontradiction.
So xy #0, and S is a domain.

We remark that Example 4.2 shows that if S is not height 1
connected over R , then S may not be a domain even if S itself is

connected and strongly height 1 separable over R .

COROLLARY 4.16 If R 1is an integrally closed domain, then a

height 1 separable closure of R 1s also a domain.

Proof: First note that if R is a domain, then R is height

1 divided and height 1 connected, so R has a height 1 separable
closure S . Then, S is a direct limit of strongly height 1 separable,
height 1 connected extensions of R , each of which is a domain by
(4.,15), Thus, & is a domain.

PROPOSITION 4.17 Let R be an integrally closed domain and

let S and T be strongly height 1 separable, height 1 comnected exten-
sions of R . Assume that S and T are contained in the same
separable closure of the quotient field of R . Then, ST is a height
1 strongly separable extension of R .

Proof: Notice that S and T are domains whose quotient fields

are separsble algebraic extensions of the quotient field of R (see

38



(5.7)), so it makes sense to assume they are both contained in the same
separable closure. Then, ST is also a darain contained in this

separable closure. Let p be in X’(R) . Then SP ®h ?p is a
P

strongly separable extension of Rp . The multiplication map
m : SP ® Tp —»-(S’I)p is a surjection, and so (ST)p is a finitely
generated separable extension of Rp

Since Sp ® Tp is finitely generated, projective, and
separable over Rp ,» we have that SP R Tp is a product of domains
D1 X eee x D (this follows from (4.14)). Each D; is a strongly
separable extension of Rp . Let Q be the kernel of the map m .
Then @ is a prime ideal in Sp ® Tp = Dl X ees X Dn , and so @

must be of the form D, x see X Qi X see X Dn (all factors are Dj

1
except the i-th) for some prime ideal Q; in D, . Since RP c Sp ® Tp ,
QN Rp = (0) . Thus, Q; N Rp = (0) , and, since Dy is integral over

RP y o= (0) . Hence, (ST)p = (Sp ® Tp)/Q =D, . This makes (ST)p
projective over Sp ® TP and therefore projective over Rp . We have

shown that ST 1is a height 1 strongly separable extension of R .

We noted at the beginning of this chapter an alternative way of
constructing a separable closure of a connected ring [144 Chap. III].
An important part of this construction is the following: If R is con-
nected, T a locally strongly separable extension of R and I an
ideal of T generated by idempotents, then T/I is also a locally
strongly separable extension of R [14; Thm. III.5, p.48]. The proof
of this depends on the fact that, if T = dir 1lim Ti , Where each Ti

is a strongly separable subextension of T , then I N Ti is an ideal
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in Ti generated by idempotents. Our next example will show that this
can fail to hold for locally strongly height 1 separable extensions.

For reference we recall the definition of the Boolean spectrum
X(R) of a commutative ring (see, e.g., [19] or [14; Chap. II]). X(R)
is the set of all maximal Boolean ideals of R , where a maximal
Boolean ideal is a nonempty set E of idempotents in R satisfying
the following:

(i) for every idempotent e of R, elther e or 1 -e is
in E , but not both; and,

(i1) if e and f are idempotents of R then ef is in
E if and only if e isin E or f is in E .

If £f:R~->S is a ring homomorphism, the induced continuous
map Spec(f) : Spec(S) - Spec(R) in turn induces a continuous map
X(f) : X(8) » X(R) . This map takes a maximal Boolean ideal of idem~
potents in X(S) to the set of idempotents that map into it under £ .

EXAMPLE 4.18 Let R and S be as in Example 4.2. Thus, S =

R[t]/(t2 - y2) is a comnected strongly height 1 separable extension of
R . Define themap h” : S»>R xR by h’(r + st) = (r + sy,r - sy) .
Then h’ is an injection. Let h : S-S X R be the composition of

h” with the inclusion map R X R S x R . We have the following di-

rected system: S —E—+ S x R —Eﬁl—+ S xRxR —2§l§£—+ SXxRXRXR=

eee , where 1 is the identity on R . To simplify the notation, re-

fl f2 f3
write this sequence as Tl — T > T3 -> ¢+« , where T1 =S,

2

T2 =SxR, fl =h, f2 =hx1, ete. Each Ti is a strongly

height 1 separable extension of R , and so T = dir lim Ti is a
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N

locally strongly height 1 separable extension of R . We will show
that X(T) = proj lim X( Ti) is homeomorphic to the subspace
{1,1/2,1/3,...,0} of the real numbers.

Each T, has the n minimal idempotents eI;Ll = (1,0,...,0),...,

e, = (0,...,0,1) . Thus each X(Tn) consists of n maximal Boolean

ideals E?‘ s J=121,...,n , where E? is the set of all idempotents in
Tn with a 0 in the j-th component.

Consider the map f‘i : Ti - Ti+1 . For any idempotent e in

Ti s fi(e) is the idempotent in Ti +1 obtained by writing down the

first component of e and then writing down e itself as the next 1

components; i.e., fi(e) is just e with the first component repeated.

Thus, f maps E; into both ET]‘ and E;l , but for j>2, f
i . i+l . .
maps Ej into Ej+l only. So the map X( f‘i) : X(Ti+l) ->X(Ti) is
. B, for j=1,2
given by X(f. )(El.+l) = We may picture the
0 i :
Ej-l s, for j=3

inverse system {X( Ti) ,X( fi)} as in the following diagram:

. Z/ ’,, // ,// z// .
b 5 5 5 5o X1
1 \ / 2 / 3 / /A / 5

s\, _H oW
Eg'\ 7 3 KT5)
Ei\/}gs X(TZ)

Ei X(Tl)
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We see that X(T) = proj lim X(Ti) consists of the following coherent

sequences:
_ el o2 23
Sl - (El,EZ’EB’...)
_ (el mR 3 4
S, = (El,El,EZ,EB,...)

el 2.3 4.5
53 = (El,El,El,Ez,EB,...)

2 i
l’o-o,El,ooo)

So = (Ei,E .
The bijection between X(T) and {1,%,...,0} is given by 8; < 1/i ,
SO <« 0 . Moreover, the topologies of the two spaces are equivalent.
As a subspace of the reals, {1,%,...,0} has as a basis of open sets
the sets {1/n} , {l/n,1/n + 1,1/n+ 2,...,0} , for n=1. As a
subspace of I X(Ti) , where each X(Ti) has the discrete topology,
X(T) has as a basis of open sets all sets of the form
(Al x A, x eee) N X(T) , where A, = X(‘I‘i) for all but finitely many
indices. From the above diagram it is easy to see that these sets are
precisely {Sn} s {Sn,Sn+l,...,SO} , for n=21.

We claim now that if I dis the ideal in T generated by the

idempotents in the element S, of X(T) , then T/I =R . Let Ii =

0
In Ti . Then T/I = dir lim Ti/Ii .

We show first that R C T/I . Since RS S, R 1is embedded
in T by the map which identifies an element r iIn R with the equiv-
alence class of elements {r,(r,r),(r,r,r),...} in dir lim T, =T.

Suppose this equivalence class is the zero element in T/I . Then, for

some index i, (r,r,...,r) is in I, . Since the generators of I
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all have a O in the first conponent, the first component of each
element in Ii is 0; i.e., =0, and so RC T/I .

Next we show that R actually maps onto T/I . For any index
i, Ti =S x R x *ee xR, Since Ti/Ii ¢ T/I and T/I 1is connected,
Ti/Ii is also comnected. We see that S x R x ¢+« x R maps onto
Ti/Ii , and so all but one of the minimal idempotents in S x R x ¢e¢+ xR
maps onto O in Ti/Ii , and the remaining idempotent maps onto the
identity. Thus, either S or R maps onto Ti/Ii . Now, S maps to
Ti/Ii by r + st=>(r + sy,r - sy,...,7 - sy) + I . The element r + sy
in R maps to (r + sy,r + sy,...,r + sy) + I . Note that
(r + SY,T + SY,eau,? + 8y) = (T + SY,T = SFseeersT = 8y7) = (0,257,...,257) .
Since sy 1s not a unit in R , the equivalence class containing
(0,2sy,...,2sy) , namely {(0,2sy,...,2sy),(0,257,...,257,25y),...} ,
isin I . Thus, (0,2sy,...,28y) is in I; , and we see that r + st
and r + sy map onto the same coset in Ti/Ii . So, if S maps onto
Ti/Ii , this mapping factors through R , and R maps onto Ti/Ii .
Therefore, R maps onto T/I , and we have that T/I =R .

Consider now the ideal I, in T2 =S xR . Since RC
T2/I2 € T/I =R, we have T2/I2 =R, If 12 is generated by idem-
potents in S x R , then 12 must be generated by the idempotent
(0,1) . But then T2/I2 = 8 , a contradiction. Hence, I, is not
generated by idempotents.

We remark that the above proof fails if S = R[t]/t2 - y2 is
strongly separable over R (as it should, by the proof of III.5, p.48

in [14]), because then y is a unit in R and R does not map onto

T/I , as in the proof above.
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CHAPTER 5
SEMI-KRULL DOMAINS

In this chapter we define a class of domains called semi-
Krull domains, and, by generalizing the notion of a height 1 separable
closure, we are able to show that a unique (up to isomorphism) height
1 separable closure exists for a semi-Krull domain, We then prove a
Galois correspondence theorem, showing that there is a one-~to-one
correspondence between integrally closed height 1 strongly separable
subextensions of the height 1 separable closure S of the semi-Krull
domain R and closed groups of finite index of the full automorphism
group of S over R , in the usual sense of Galois theory.

Throughout this chapter we will make a slight change in the
meaning of X’(R) : X’(R) will denote the set of all prime ideals in
R which are of height one. In this chapter R will always be a
domain; if Sp is Rp—separable for same height 1 prime p in R,

then 1t follows automatically that S( is R(O)-separable (by a

0)
further localization). Also in this chapter, by a finite height 1

strongly separable extension of R we will mean a height 1 strongly
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separable extension which is finitely generated as an R-module.

We recall that a domain R is a Krull domain if RP is a
discrete valuation ring (DVR) for each p in X’(R) , R =10 Rp , the
intersection taken over all p in X’(R) , and if any nonzero element
of R 1lies in at most a finite number of primes in X’(R) . A Krull
domain is integrally closed. It turns out that Krull domains provide
a convenient setting in which to work with height 1 separability. How-
ever, the condition that R =N Rp will not be needed in what we do,
so we make the following definition.

‘DEFINITION 5.1 A domain R 1is a semi-Krull domain if:

(i) R is integrally closed,
(ii) Rp is a DVR for each p in X’(R) , and
(iii) each nonzero element of R 1is contained in at
most a finite number of primes in X’(R) .

EXAMPIE 5.2 (A semi-Krull domain which is not Krull.) Let R
be the domain of Example 2.7. In (2.8) we showed that R is integrally
closed. We show next that if p is in X’(R) , then RP is a DVR.
Recall that R = R& » where R’ € k[x,y] contains all polynomials with
no term in a power of x alone and M is the maximal ideal of all
polynomials with zero constant term. Since a height 1 prime in R
corresponds to a height 1 prime of R’ contained in M , we may as well
just show that Rﬁ is a DVR, where p is in X’(R’) and p is con-
tained in M . Since y is not in p (recall that y is not an ele-
ment of any height 1 prime contained in M ), we have x = xy/y is in

Ry . Thus, k[x,y] ¢ R Let Py = pRp N k[x,y] . Then k[x,y]PO c Ri)



Suppose that f/g 1is in Ré , where f is in R’ and g is in
R - =p. If g were in PO , then we would have g 1in pRé , say
g=ab, for a in p and b in R’ -p . But then gh =a is in

p , a contradiction. Thus, f/g is in k[x,y]P , and we have
0

k[x,y]P = R’ , This shows that Ré is Noetherian. Since Ré is a
one-dimgnsional integrally closed Noetherian domain, Ré is a PID
(see [11; #14, p.73]1). Then, because Ré is a PID and a local ring
distinet from its quotient field, RI’) is a DVR [4; 7.7, p.50].

We show now that a nonzero element of R cannot lie in
infinitely many height 1 prime ideals. If f/g #0 is in R = R& and
f/g 1lies in a height 1 prime, say pRM , where p 1is a height 1 prime
of R’ contained in M, then f is in p . So if f/g 1lies in in-
finitely many height 1 primes of R , then f is in infinitely many
height 1 primes of R’ contained in M . We show this cannot happen in

Suppose f #0 is in R’ and f lies in p, a height 1
prime of R’ contained in M . As above, let PO = k[x,y] N pRé , and
we have that k[x,y]PO = Ré . Hence, PO is a height 1 prime of
k[x,y] , and £ is in PO . If P and Q are height 1 primes of R’
with P # Q , then R§ 7 Ré . To see this, pick an element b in Q -~ P
and an a in R’ - Q . Then a/b is in Rﬁ . If a/b = c/d , where
¢ isin R and 4 is in R’ - Q , then ad = bec . But this cannot
happen, since ad is in R’ - Q and be is in Q . Thus, Ré 7 Ré .
Now, since k[x,y]PO = Ré and k[x,y]Qo = Ré , Where Po
as defined gbove, then PO # QO if P#Q . Thus, if f 1lies in

and QO are
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infinitely many height 1 primes of R’ , then f 1lies in infinitely
many height 1 primes of k[x,y] . But this camnot happen since k[x,y]
is Krull., Hence, we have shown that R 1s a semi-Krull domain,
Finally, we show that R 1s not Krull; i.e., that R # N Rp s
the intersection taken over all height 1 primes p . As we have noted,
the element x = xy/y 1lies in each RP , for p in X’(R) . But x
is not in R = RM , for if x=f/g , for f in R and g in R’ - M,
then gx = f . But this is a contradiction since the left side contains
an x-term ( g has a nonzero constant) and f contains no terms in x
alone.
Before we examine the height 1 separable closure of a semi-

Krull domain, we prove two very useful results.

DEFINITION 5.3 An R-algebra S 1is height 1 separable almost

everywhere in X’(R) if SP is a separable Rp—algebra for all but pos-

sibly a finite number of primes p in X’(R) .

PROPOSITION 5.4 1Let R be semi~Krull and let S , a domain,

be an R-algebra finitely generated as an R-module such that the quotient
field of S 1is a finite separable field extension of the quotient field
of R. Then S is height 1 separable almost everywhere in X”(R) .

Proof: Let L,K be the quotient fields of S,R, respectively.
Since L is a finite separable extension of X , L = K(u) , for some
primitive element u in S . Let f(x) be the minimal polynomial of
u . Since u is integral over R and R is integrally closed, f(x)
is in R[x] [2; pp.310,311]. Let r be the resultant of f and f’ ,
r = Res(f,f’) . If b 1is the leading coefficient of f” , then, since
r and b are in R , there are at most a finite number of primes in
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X’(R) containing r or b .
Suppose p is in X’(R) and neither r nor b is in p .

Let Tp = Rp[x]/(f) . We show that Tp is a strongly separable Rp-

algebra., Clearly Tp is a finitely generated projective Rp—module.
Let k be the field R /pR_ . Then, T R_)T =

e /PR, » T/(p p) D
(Rp[x]/(f))/(pRp)Tp = k[x]/(f) . Since Res(f,f’) isnot in p (and
b isnot in P ), Res(f,f’)#0 in k . Hence, f is a separable

polynomial. Since pRp is the only maximal ideal in Rp and Tp is

a finite Rp—module, it follows that Tp is a separable Rp—algebra.

Next th S =T . Note that T_ ¢S since T
ext we show that D p ote tha p < 5p c D

and Sp are both contained in L . Since Rp is a PID and Sp is

a torsion-free Rp—module, we see that Sp is Rp-flat [2; 3.2, p.15].
Since Sp is also finitely generated as an Rp—module, we have that

Sp is Rp—projective [5; 2, p.287]. Now, with Tp separable over

R and Sp projective over R, S_ 1is projective over TP [3; 2.3,

Y D D
p.48). Thus, Sp = Tp ® M , for some projective Tp—module M. We

claim that M = (0) . We have Sp o K =1 . Thus,

p
(Tp@M)@R K=(Tp@K)@(M@K)=K[x]/(f)ea(M®K)=Lea(M®K).
P
Hence, L ® (M®K) =L , and so M® K = (0) . Since M 1is a free
Rb-module we have M = (0) . Thus, Sp = TP , and the proof is complete.
PROPOSITION 5.5 If R 1s a PID and S is a domain which is

strongly separable over R , then S is integrally closed.
Proof: Let L be the quotient field of S and let T be the
integral closure of S in L . Let x bein T . Then S[x] is a

torsion-free R-module, and is thus flat over R . S[x] is also

48



finitely generated as an R-module, and so by [5; 2, p.287], S[x]

is a projective R-module. Furthermore, since S is R-separable, we
have that S[x] is projective as an S-module [3; 2.3, p.48]. Thus,
S[x] =S ®M , for some projective S-module M . We show that

M= (0) . We have S[x] ®
(88 L)® (M® L) =L&(M® L) . Hence, M8 L = (0) , and,

L =1L[x] =L . Also, (S@M)®8L=

since M is S-projective, we have M = (0) . Theretore S = S[x] ,
proving that x is in S, and so S 1is integrally closed.

We now define the height 1 separable closure of a semi-Krull
domain.

DEFINITION 5.6 ILet R Dbe a semi-Krull domain. A domain S

which is an extension of R 1is sald to be a height 1 separable closure

of R if the following hold:

(i) S is a locally finite height 1 strongly separable extension
of R; i.e., S 1is a direct limit of finite height 1 strongly
separable subextensions of R .

(i1) Whenever T is a domain which is a finite height 1

strongly separable extension of S, then T =S ; i.e., S 1s height

1 separably closed,

We will show that a height 1 separable closure exists in these
circumstances and is unique up to isomorphism.

LEMMA 5.7 Suppose S and T are domains with quotient fields
K and L , respectively. If T is a height 1 separable extension of
S then L 1is a finite separable (algebraic) field extension of X .

Proof: Let p be in X’(S) . Then, since Tp is
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Sp-separable, we see that (S - O)"lTp = (S - O)‘lT is a separable
K-algebra. The field L is just a further localization of (S - 0)-1T ,
and so, by transitivity we have that L is a separable K-algebra. Since
K is a field, then L must be a finite separable (and hence, algebraic)
field extension of X .

COROLLARY 5.8 If S and T are domains such that T is a

locally height 1 separable extension of S , then the quotient field
of T 1is a separable algebralc field extension of the quotient field
of S .

Proof: Let L,K be the quotient fields of T,S , respectively..
Any finitely generated sub-K-algebra of L is contained in the quotient
field of some height 1 separable extension of S . This quotient field
is a separable algebraic extension of K by (5.7). Thus T itself
is a separable algebraic field extension of K .

A usefyl characterization of strong separability which we will
use in the next theorem is given in [3; 2.1, p.92]. We note it here for
reference.

5.9 S 1is a strongly separable extension of R if and only if
there is an element t in HomR(S,R) and elements XpsenesXs¥snees¥y
in S such that ) %xyy =1 and Y xjt(ij) =x forall x in S.

‘THEQREM 5.10 If R is a semi-Krull domain, then a height 1

separable closure of R exists.
Proof: Suppose S is a domaln which is a locally finite height
1 strongly separable extension of R . If p is any prime in X’(R) ,

then Sp is a locally strongly separable extension of Rp , and so the
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cardinality of Sp is bounded by some cardinal number depending only
on Rp [3; 3.3, p.103]. Since S ¢ SP , we see that the cardinality
of S 1is also bounded by a cardinal number depending only on R .
Now let T be a domain containing S and a finite height 1
strongly separable extension of S . We will show that T is a
locally finite height 1 strongly separable extension of R .
Let XyseeerX generate T as an S-module. Let xixj =
z aijkxk , for 255k in S . Pick a finite subset F of T . Each
element f of F dis of the form f = §:Xs 5 83 in S . If

S = dir lim Si , where each Si is a finite height 1 strongly separable

R-subalgebra of S , then there is an index i , say 1 =0, such

that S0 contains all the elements aijk and Si descrihed above.
Let TO = Z Soxi . Then TO is an So-algebra, finitely generated as
an So-module.

Without loss of generality we may assume that the quotient
field of TO is a finite separable field extension of the quotient
field of R . (See Remark 5.11 following the theorem.) Thus, by (5.4),
Ty 1s height 1 separable over R almost everywhere in X’(R) .

Suppose that p is in X’(R) and (TO)p is not Rp—separable.
We will show that we can replace SO by some Si , 1=0, so that
the "new" (TO)p is Rp-separable, and that raising SO like this will
not affect the separability of TO at primes in X’(R) where it was
already separable. We show this last point first.

If S,¢8;,let T, = Y S;x; . Suppose that (To)Q is R~

separable for Q in X’(R) . By the construction of T, , We see

that the map Si ®h TO - Ti is onto, and hence, the map
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. (r) (T, i . Si .
(Sl)Q ng (Tolg = ¢ l)Q is onto. Since (Sl)Q and (To)Q are each
RQ-separable, it follows that (Si)Q ® (TO)Q is RQ—separable, and

therefore (Ti)0 is separable over R. . Now (Ti)Q c TQ , a domain,

Q
and so (Ti)Q is a torsion-free RQ-module. Since (Ti)Q is finitely

generated as an R.-module, we have (Ti)Q is projective over RQ .

Q

Thus we see that (Ti)Q

shown that if we replace SO by a larger Si and therefore T0 by

is strongly separable over RQ . We have

Ti s Ti is strongly separable at any prime in X’(R) where TO is

strongly separable. (Notice that if p is in X’(R) and (TO)p is

Rp-separable, then (TO)p is automatically strongly separable over
R.p just as in the argument above for (Ti)Q )

We now return to the first part of the claim. Suppose that p

is in X’(R) and To is not separable over Rp . We know that Tp
b

is separable over Sp by (1.15). Further, we show that Tp is SP—
projective. As in the proof of (1.14), we have that any maximal ideal
in Sp is actually in X’(Sp) . If Q is in X’(Sp) , then

Q” =GNS isin X(S), andso T is strongly separable over

QI
SQ, . Therefore, (TQ,)p = TQ, ? Rp is a strongly separable exten-

sion of ( Since (Tp)Q = (TQ,) and (Sp)Q = (SQ,)p , we see

%o’ )p ) P
that each localization of Tp at a maximal ideal of Sp yields a
finitely generated flat module. Thus, ?p is a flat Sp—module. Since
Tp is finitely generated and flat over Sp ’ TP is projective over
Sp by [5; 2, p.287]. Hence, Tp is strongly separable over $p

To simplify the notation we will drop the subscript p for

the moment. We have the following situation: T is a strongly
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separable extension of S, S 1is a locally strongly separable
extension of R, SO € S 1is a strongly separable extension of R ,
and TO €T is an So—algebra, finitely generated as a module. There
are elements 2455 i=1,...,n,in T and t in HomS(T,S) such
that ) z,y, =1 and Y zjt(ij) =x, foreach x in T . Let

2, = 2 aijxj and v; = z bijxj , for aij and bij in S . If

necessary, replace So by a larger Si so that SO contains all

, b,. , and t(xi) . Then () Sixi) =) sit(xi) is in S

815 7 °1; 0

and so t|, is in Hom, (T.,S.) . Also, T, contains the elements
TO S0 0’"0 0

Z:sYs - Hence, TO is strongly separable over SO , and thus

strongly separable over R . In our original notation, we have

shown that T is strongly separable over Rp

OP

We may repeat this process finitely many times, if necessary,
in order to obtain TO C T such that TO is a finite height 1
strongly separable extension of R . Since we can find such a TO
containing any finite subset of T , we have shown that T is a local-
ly finite height 1 strongly separable extension of R .

A cardinality argument as in (4.12) shows that a height 1
separable closure of R must exist.

REMARK 5.11 In the proof of (5.10) it was noted that the
quotient field of TO = z Soxi could be assumed to be a finite separable
field extension of the quotient field of R . This can be assured by
picking a large enough So , as we show now. Let L,K,LO,KO be the
quotient fields of T,S,TO,SO » respectively. We know that L is a

finite separable field extension of X By (5.7). Hence, L is
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strongly separable as a K-algebra. Let L = K(u) , for a primitive
element u in S . Each element x, in T ¢ L (recall that
XysenerXy generate T over S ) can be expressed as a polynomial
in u, say fi(u) , with coefficients in K . Now, if necessary,

raise SO so that SO contains the element u and KO contains

all the coefficients of the f,(u) . Then L, = Ky(u) .

Since L 1is strongly separable over K , there are the
elements z,y; , i=1,...,m, in L and t in HomK(L,K) as
in (5.9). If necessary, raise SO again so that all the Zs9¥s

are in L, and t(u) is in Ky - Then, tILO is in HomKO(LO,KO) s

and it follows that L. is a strongly separable extension of K

0 0"

KO is a finite separable extension of the quotient field of R by

(5.7), and so we have that L. is also a finite separable field ex-

0
tension of the quotient field of R .

Before we prove uniqueness, we note the following.

LEMMA 5,12 If R is semi-Krull and S = dir lim Si » Where

each Si is a domain extension of R , finitely generated as an R-

module, then NBU holds for S over R .

Proof: Let Q be in X’(S) and let p =GN R . Suppose

there is a prime P’ in Spec(R) with (0) ? P ¢ P Note that
S is a domain, and since each Si is finitely generated over R ,
S 1is integral over R . Then, since R is integrally closed,

there is a prime 0’ in Spec(S) with 0 cQ and Q" NR =P

[2; 4, p.343], a contradiction. Thus p is in X’(R) .
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'THEOREM 5.13 The height 1 separable closure of a semi-Krull

domain R is unique, up to isomorphism.

Proof: If S 1is a height 1 separable closure of R ,
then the quotient field of S 1is a separable algebraic extension
of the quotient field of R by (5.8). Hence, S is contained
in a separable closure of the quotient field of R . We will
show that, inside this separable closure, S is unique. Since any
two separable closures are isomorphic, the result will follow,

Suppose that both S and T are height 1 separable
closures of R contained in the same separable closure of the
quotient field of R . Let T = dir lim Ti » where each Ti is
a finite height 1 strongly separable extension of R . We claim
that STi is a finite height 1 strongly separable extension of
S, for each i . Since NBU holds for S over R (5.12), we
have that S® T, is height 1 separable over S by (1.7). Since
S® Ti maps onto STi s STi is also height 1 separable over
S by (1.10). Hence, we need only show that (STi)Q is projective
over S. for each Q in X’(S) . ILet p=0Q nR ; then p is

Q

in X’(R) . To simplify the notation, we replace Rp , Sp , and

Ti with R, S, and T , respectively. We have the following
p

situation: R is a DVR (and so Noetherian, integrally closed),
S 1is a locally strongly separable extension of R , and T
is a strongly separable extension of R . Let S = dir lim Si s

where each Si is a strongly separable extension of R .
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Since each Si ® T is a strongly separable R-algebra,
S; ® T is a finite product of domains [10; 4.2, p.473]. We claim
that S® T 1is also a finite product of domains. Since S ® T
is finitely generated and projective over S, S ® T contains

only a finite number of idempotents, e RTLNY and we have

1’

S®T=(8S® T)el X ese x (S®T) let (S ® T)e be any

e, -
one of the summands. Suppose that a and b arein S®T =
dir 1im(S; ®T) such that (ae)(be) = 0 . There is an index i
such that a , b, and e are in (Si ®T)cS®T (T is
R-flat). Thus, e is an idempotent in S, ® T and in the
domain (Si ® T)e , (ae)(be) =0 . Thus, either ae = 0 or
be=0 in (S® T)e, and so (S® T)e is a domain.

Write S®T = D1

Since each Di is strongly separable over S (because S ® T

X ese X Dn » a product of domains.

is), we have S ¢ Di . Consider the surjection D, x ses x Dn + ST

1
which is the multiplicationmap S ® T - ST . Since SCS®T
and S € ST , the kernel of this map intersects S in (0) .

This kernel is a prime ideal of the form B = D, x ees x pi X

1
see X Dn ;, for some prime P; in one of the Di's . Then,
BNS=1(0) implies that p; N8 =(0) , and so pi=(0),
since Di is an integral extension of S . Thus, Di is iso-
morphic to ST as S-modules, and we have ST 1is a projective

S ® T-module. Since S ® T 1is projective over S , so is ST .

In our original notation we have shown that SpTi = (STi)p is
Y
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a projective Sp-module, for p=QNR, Q in X’(S) . Local-
izing at p in Spec(R) and then localizing again at Q in
Spec(S) is just the same as localizing at Q to begin with,
since RCS and p € Q. Hence, (STi)Q is a projective
SQ-module. Clearly, (STi)Q is finitely generated over SQ .
We have shown that STi is a finite height 1 strongly separable
extension of S . Since S is height 1 separably closed,
S = STi , for each i . Thus, S = dir lim STi = ST . The sym-
metry of the argument shows that T = ST , andso S =T, as
desired.

We remark that if R is a semi-Krull domain, then R
is certainly height 1 connected and height 1 divided. If S is
a height 1 separable closure as defined in Chapter 4, then S
is contained in the height 1 separable closure we have just
exhibited, for if S is a locally strongly height 1 separable
extension of R , then S 1is a locally finite height 1 strongly
separable extension of R . Thus, as we remarked following (4.12),
the closure of Chapter 4 is "large enough" to be maximal, but
not "large enough'" to be unique.

PROPOSITION 5.14 If R is semi-Krull with height 1

separable closure S , then S 1is integrally closed.
" Proof: We show first that SP is integrally closed if
p isin X’(S) . Forsucha p, let Q=pNR . Then Q

is in X’(R) by (5.12). Since SQ is locally strongly separable

57



over R, , a PID, we seee that S, is a direct limit of strongly

Q Q
separable extensions of RQ , each of which is integrally closed
by (5.5). Hence, SQ is integrally closed. Then it follows
that Sp , being a further localization on SQ s 1s integrally
closed also. Now suppose that x 1s an element of the quotient
field of S and x 1is integral over S . Then x 1is in the
quotient field of Sp , for any p in X’(8S) , and x is inte-
gral over Sp . Thus, x 1is in Sp . Consider now the finitely
generated S-algebra S[x] . Since x 1is integral over S ,

we see that S[x] is actually finitely generated as an S-module.
If p is in X’(S) , we have shown above that S[x]p = Sp .
Hence, S[x] is a finite height 1 strongly separable extension

of S . Since S 1is height 1 separably closed, we have

S{x] =8 . Thus, x isin S, and S is integrally closed.
We make a few observations now.

5.15 With R and S as above and T a locally finite
height 1 strongly separable domain extension of R , then there
is an R-algebra injection T - S , since T is contained in a
height 1 separable closure of R which is isomorphic to S .

5,16 With R and S as above and T a height 1
strongly separable domain extension of R , then there are only

finitely many morphisms in AlgR(T,S) .
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Proof: ILet p be in X"(R) . Since Tp is a finitely
generated separable Rp—algebra and Sp is connected, there are
only finitely many Rp—homomorphisms from TP to SP by [3;
1.6, p.88]. If £ :T~>S and g : T > S are R-algebra maps
with f # g , then the induced Rp—algebra maps fp and gp are
not equal. Hence there cannot be infinitely many R-algebra maps
from T to S .

5.17  Suppose that S is contained in W , a separable
closure of K , the quotient field of R . If f 1is a K-automor=-
phism of W , then f(S) =S, since f(S) is also a height 1
separable closure of R contained in W . Also, if p is in
X’(R) , then f(S_) =5_.

b i
PROPOSITION 5.18 Let T be an integrally closed domain

extension of the semi-Krull domain R , with T finitely generated
as an R-module. Then T 1is a semi-Krull domain.

Proof: Let p bein X’(T) . Then, since R is integrally
closed and T is integral over R, Q =1p ﬁ R is in X’(R) . RO
is Noetherian, and, since TQ is a finite RQ—module, TQ 1s Noe~-
therian., Hence, Tp , a further localization of TQ , 1s also
Noetherian, Then, since Tp is Noetherian, integrally closed, and

has only one nonzgero prime, pT_, Tp is a DVR [4; 10.7, p.69].

b
Next, let t be a nonzero element of T , and suppose T

belongs to infinitely many primes in X’(T) . Since t is integral
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over R, there are elements a; in R with £+ altn_l teerta =0

Then, we have

(%) a = -t - a.t - e ma %,

n-1

The element a s then, belongs to infinitely many primes in X°(T) .

Each prime in X’(T) contracts to a prime in X’(R) , and, further,

there are only a finite number of primes in X’(T) 1lying over any prime

in X’(R) , since T is a finite R-module [2; p.327]. Thus, a

belongs to infinitely many primes in X’(R) , and so a =0. From
n-1 n-2

(%) we then obtain 8 1 = -t - alt - ses - gn_zt .  The above

argument shows that a1 7 O . Repeating this argument, we eventually
see that all a;, = 0 , a contradiction since + # 0 . Hence, t 1lies
in at most finitely many primes in X’(T) . Since T is integrally
closed by hypothesis, the proof is complete.

The above proof can be modified slightly to prove the same

conclusion with different assumptions on T .

PROPOSITION 5.19 Let R be semi-Krull, and let T be an

integrally closed domain extension of R , integral and height 1 strongly
separable over R . Then T is semi-Krull,

Proof: If p is in X’(T) , the proof that Tp is a DVR is
exactly as in (5.18). The second part of the proof also follows as in
(5.18), except that the reason that there are only a finite number of
primes in T 1lying over any prime in R follows from the fact that T
is a height 1 separable extension of R . For then, the quotient
field of T is a finite separable extension of the quotient field of

R by (5.7). By [8; 12.5, p.121], there can be only finitely many
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primes in T 1lying over any prime in R .

PROPOSITION 5,20 Let R be semi-Krull with height 1 separable

closure S . If T is an integrally closed domain contained in S
which i1s a finite height 1 strongly separable extension of R , then
S 1is a height 1 separable closure of T also.

Proof: By (5.18), T is semi-Krull. If S = dir lim S; »
where each Si is a finite height 1 strongly separable extension of
R , there is an index 1 , say 1 =0, such that T C Si . Thus, S =
dir lim Si , limit taken over 1 = O . We show that each Si in this
direct limit is also height 1 strongly separable over T . If p is

in X*(T), let Q=0p NR. Then Q is in X’(R) . Since Si is a

Q
strongly separable extension of RQ and TQ is a strongly separable
RQ-extension contained in Si s Si is a strongly separable extension

Q Q
of TQ [3; 2.4, p.94]. Then, since RCT and Q< p, Si and Tp
P
are just further localizations of S, and T, . Hence, S. 1is a
' ? g

strongly separable extension of Tp . This finishes the proof.

COROLLARY 5.21 With R, T , and S as in (5.20), any R-

algebra morphism f : T - S is induced by an automorphism of S .
Proof: Let S” denote S considered as a T-algebra by the
action of f ; i.e., t + s =f(t)s, for t in T and s in S.
S 1is a height 1 separable closure of T by (5.20), and hence, so is
S’ . Thus, there is an isomorphism g : S+ S’ . For all s in S
and t in T we have g(ts) =1t *» g(s) = £f(t)g(s) . If s =1, we

get g(t) = £(t) , forall t in T .
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We will show in (5.23) that if f is any R-endomorphism of S ,
then f 1s actually an automorphism. First, a lemma,

IEMMA 5.22 Let T’ be a height 1 strongly separable domain
extension of R and let T be a height 1 separable domain extension
of R. If f dis an R-algebra homomorphism from T to T’ , then f
is an injection.

Proof: If x is in the kernel of f , then fp(x) =0 for
each p in X’(R) , where fp is the induced map from Tp to Té .
But the kernel of fp is (0) by [3; 2.6, p.96]. Thus, tx =0 , for
some t in R-p, andso x =0,

PROPOSITION '5.23 Let R be semi-Krull with height 1 separable

closure S . If f 1is any R-algebra homomorphism from S to S , then
f is an automorphism of S .

‘Proof: Suppose f(x) =0 for some x in S. Let T bBe a
finite height 1 strongly separable extension of R contained in S

such that x isin T . If t t_ generate T as an R-module,

prevesty
let T’ be a finite height 1 strongly separable extension of R in S
containing f(ti) , i=1,...,n . By (5.22), the restriction of f
to T , mapping T to T’ , is an injection. Hence, x =0, and f
is an injection.

We show now that f is onto. Let y bein S and let T be
a finite height 1 strongly separable extension of R in S containing
y . By (5.16) there are only finitely many embeddings of T into S,
say gs...,8, - let g be the inclusion map, gl(x) =x for x in
T . Since flT : T >S5 is an injection, {f o gyseeesf 0 gh} =

{gl,...,gn} . Thus, g = fog, , for some i . Then we have

62



y = gl(y) = f(gi(y)) , showing f is onto.

Our objective in the rest of this chapter is to examine the
Galois theory connected with the height 1 separable closure of a semi-
Krull domain. This means we will be interested in the groups AutT(S)
and Autq (Sp) , for certain subextensions T of R in S and p
in X’(R)p. We begin to look at these groups in the next proposition.

PROPOSITION 5.24 Let R be semi-Krull with height 1 separa-

ble closure S . Let T be any extension of R contained in S,
and let L,F Dbe the quotient fields of S,T , respectively. Then,

for any prime p in X’(R) , the groups AutF(L) s AutT(S) , and

T

Aut,, (S_) are isomorphic.
D D

Proof: We show first that AutT(S) and Aut,, (Sp) are iso-
b

morphic. Let f be in AutT(S) . Then fp : Sp -+ Sp , given by

fp(s/r) = f(s)/r for s in 8, r in R-p, is in Aut, (_Sp) .
D
Suppose that f is in Aut, (Sp) . We will show that

£ =Fl, is in AutT(S) . The map T extends toamap g : L 1L

S
given by g(s/t) = #(s)/f(t) , for s,t in S and t #0 . It is
straightforward to check that g is in AutF(L) . Now, by (5.8),

L is a separable algebraic field extension of K , the quotient field
of R . Hence, L is contained in a separable closure W of K .
Since W is unique (inside a fixed algebraic closure of K ), g
extends to an automorphism g of W [12; 2, p.171}. By (5.17),

g[s is in AutT(S) . By the construction of g we see that

g|S = F|,=f . The composition AutT(S) - AutTp(Sp) > AutT(S) ,
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= £ 1is the identity on AutT(S) , and the com-

iven by £+ f > ¢
& v p~ pls
position AutTp(Sp) > AutT(S) -> AutTp(Sp) , given by T - f|S =f > fp =f
is the identity on Aut, (SP) ( fp = f Dbecause fp(s/r) = f(s)/r =
D

f(s/r) , for s in S and r in R -p ).

Now we show that Aut_(L) and AutT(S) are isomorphic. As we

o
noted above, if f is in AutT(S) , then T : L ~+L given by f(a/b) =
f(a)/f(b) for a,b #0 in S, is in AutF(L) . If we start with some
f in AutF(L) , as above, f extends to an automorphism g of the
separable closure of the quotient field of R , and f = gls is in
AutT(S) . It is easy to see by the construction of these mappings that
they describe the desired isomorphism between AutT(S) and AutF(L) .
The next proposition is the first step towards the Galois

correspondence we will establish.

PROPOSITION 5.25 Let R be semi-Krull with height 1 separable

closure S . Let T be an integrally closed height 1 strongly separable

extension of R contained in S . Then, if H = AutT(S) , T = SH .

Proof: Let x be an element of S - T . Let F be the quotient

field of T and K be the quotient field of R . Then F is a.finite
separable extension of K by (5.7). Suppose that W 1is a separable
closure of K containing both S and F . Since S 1s a direct limit
of finitely generated R-modules, S is integral over R , and thus
integral over T . Since T is integrally closed, we see that x is in
W - F . Thus, by standard Galois theory, there is a g in AutF(W) with

glx) # x . Hence, f = g]s is in AutT(S) with f(x) # x , and so stor .

5.26 We note in particular that (5.25) implies that S° = R ,
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where G = AutR(S) . If H is any subgroup of G , then H is almost
finite, as defined in [13], since there are only finitely many restric-
tions of H to any finitely generated subalgebra of S by (5.16).
Hence, by [13; Thm. 1.13], (SH)p = (Sp)H , where we have identified
Hp with H. If H =G , chen Rp = Sg , and we see that Sp is an
infinite Galois extension of Rp . Further, we show that LG =X,
where L and K are the quotient fields of S and R , respectively,
and G acts on L by f(s/t) = f(s)/f(t) , for s,t in S and f
in G . ILet W be a separable closure of K containing L . If x
is any element of L - K, then x is in W - K . Hence, there is an
f in Aut (W) such that f(x) 7 x . Let g-= f|S , and suppose
x=a/b , for a,b in S . We see that g is in AutR(S) and g
extends to g in AutK(L) as described above. Thus, g(a/b) =
g(a)/g(v) = £(a)/f(b) = f(a/p) # a/b . Therefore, X = i , and L 1is
an infinite Galois extension of K .

PROPOSITION 5.27 Let R be semi-Krull with height 1 separable

closure S , and let H be a subgroup of AutR(S) . Then &1 is

integrally closed.
“Proof: If x is in the quotient field of SH and integral
over st , then x is in S, since S is integrally closed (5.14).

Then, since x 1is left fixed by all the elements of H, x is in SH

5,28 As we have shown above, the groups AutK(L) and AutR(S)

are isomorphic, where L and X are the respective quotient fields.
AutK(L) has the usual Krull topology: a set H C AutK(L) is open if

and only if H = AutE(L) , where KCECL and E is a finite
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extension of K ; a subset of AutK(L) is closed if and only if it is
an intersection of open subgroups. We use the topology on AutK(L)

to define a topology on AutR(S) as follows: A set H ¢ AutR(S) is
open if and only if H = AutT(S) , where T is a height 1 strongly
separable extension of R contained in S . For such an extension T ,
the quotient field of T , say F , is a finite (separable) extension
of K, and so AutF(L) is an open subgroup of AutK(L) . By (5.24),
AutF(L) = AutT(S) . Conversely, let H = AutF(L) be an open subgroup
of AutK(L) , for some finite extension F of K. If T = st s

then F is the quotient field of T (actually we know that any
element of F is of the form t/r , for + in T and r in R by
[18; p.78]). We claim that T is height 1 strongly separable over R .
Let p be in X’(R) . Since TP is the integral closure of Rp in
F and Rp is Noetherian and integrally closed, Tp is finitely
generated as an Rp—module [6; 5.48, p.185]. Furthermore, since Rp

is a PID, Tp is a flat Rp—module. Thus, by [5; 2, p.287], Tp is a
projective Rp-module. Since Sp is locally strongly separable over
Rp , there exists a strongly separable extension of Rp , say SO y

with Rp - TP cSs By [3; 1.12, p.46], S. is separable over Tp

0 - 0
Now, Tp is Noetherian, since RP is, and Tp is integrally closed;
thus, by [10; 4.2], SO is a projective Tp-module. Hence, TP is
separable over Rp . Thus, T 1is a height 1 strongly separable
extension of R, and AutT(S) = AutF(L) by (5.24).

We note also that since Sp 1s_an infinite Galois extension
of Rp , for p in X’(R) , Autap(sp) has the usual Krull topology
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(a subset is open if and only if it is of the form AutT,(Sp) for
some strongly separable extension T’ of Rp ), and this topology
coincides with that of AutK(L) . We have seen that if F is a finite
extension of K, T’ = (SH)p is a strongly separable extension of Rp
and AutT,(Sp) = AutF(L) . If T’ is a strongly separable extension
of RP , then F , the quotient field of T’ , is a finite extension
of K and AutT,(Sp) = Autg(L) .

An immediate result of the preceding discussior is the next
proposition.

PROPOSITION 5.29 Let R be semi-Krull with height 1 separable

closure S , and let T be a height 1 strongly separable extension of
R contained in S . Then the integral closure of T is also height 1

strongly separable over R .

Proof: Let H = AutT(S) . Then, if L and F are the

quotient fields of S and T , respectively, we have AutT(S) =
AutF(L) , and F is a finite (separable) extension of the quotient
field of R . As in (5.28), st is an integrally closed height 1
strongly separable extension of R , with quotient field F . Since
T c s we see that S° must be the integral closure of T .

For reference, we guote here the following results found in
[16]:

5.30 Let S be a comnected (commutative) ring which is a
locally finitely generated separable R-algebra and suppose R = SG

for some automorphism group G of S . (Then S is automatically

locally strongly separable over R by Theorem 1 in this same paper.)
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Then, if R’ is a finitely generated separable R-subalgebra of S ,
R’ = SH , where H is the set of all automorphisms in G which are
the identity on R’ , and (G : H) < » ., Conversely, if H is a
subgroup of G with (G : H) < = , then s isa finitely generated
separable R-subalgebra of S (Theorem 2(ii)).

5.31 Let S be a comnected (commutative) ring which is a
locally finitely generated separable R-algebra and let R = SG for
some automorphism group G of S . Then there exists the usual one-
to-one Galois correspondence between locally finitely generated
separable R-subalgebras of S and closed subgroups of AutR(S) .
(Theorem 3(i).)

PROPOSITION 5.32 Let R be semi-Krull with height 1 sepa-

rable closure S , and let H be a closed subgroup of finite index in
G = AutR(S) . Then, T = ' is an integrally closed height 1 strongly
separable extension of R and AutT(S) =H.
Proof: SH is integrally closed by (5.27). If p is in X’(R) ,
then Sp is locally strongly separable over R.p . Since H 1is a sub-
H

group of AutR(S) = AutRp(Sp) of finite index, ?p = (SH)P = Sp is

a finitely generated separable extension of Rp , as in (5.30). Tp is
Rp-projective since it is contained in some strongly separable extension
of Rp . Thus T 1is a height 1 strongly separable extension of R .
To finish the proof, we need to show that AuiT(S) = H . This
follows easily from (5.31). Since HP ( =H ) is a closed subgroup of
G

H
Gp (=6), Rp = Spp , and Tp = SPP , we have AutTp(Sp) = Hp .
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Therefore, AutT(S) =H.

We now state the Galois theorem we have been leading up to.

THEOREM 5.33 Suppose R 1is a semi-Krull domain with height 1

separable closure S , and let G = AutR(S) . Then there exists a one-
to-one correspondence between integrally closed height 1 strongly
separable extensions T of R contained in S and closed subgroups
H of finite index in G, givenby T ~ AutT(S) , H-~ st

Proof: If T 1is an integrally closed height 1 strongly sepa-

rable extension of R and H = Aut,(S) , then T = st by (5.25). We
show now that H is closed and has finite index in G . If p 1s in

X’(R) , we have G = Autp (sp) and H = Aut, (sp) . Also, sp is an
P 1%
infinite Galois extension of Rp and Tp is a strongly separable

extension of Rp . Thus, H has finite index in G by (5.30). By
(5.31), we have that H is a closed subgroup of G . The rest of the

proof follows by (5.32).

We do not expect that if T is an integrally closed height 1
strongly separable extension of R then T must be finitely generated
over R . Such an extension T is the integral closure of R in a
finite separable extension of the quotient field of R , and in general
for T +to be finitely generated over R we would need to assume that
R is Noetherian (e.g., see [6; p.185]). We shall show in the next
example that in our setting such a T may not be finitely generated.
The example also shows that a finitely generated height 1 strongly

separable extension need not be integrally closed.
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EXAMPLE 5.34 We return once more to the ring in Example 2.7:

k is a field, R’ ¢ k[x,y] is the ring of all polynomials with no term
in a power of x alone, M is the prime ideal in R’ of all polynomials
with zero constant term, and R = Ry . R is semi-Krull by (5.2). Also,
the element y belongs to no prime in X’(R) .

Let S = R[‘c,]/'l:2 -y = R[Vy] . Then, as in (2.7), S dis a finite
height 1 strongly separable extension of R . We will show that (1) the
integral closure of S , say T , is not finitely generated as an R-
module, and, (2) T is height 1 strongly separable over R .

Proof of (1): Let T’ be the integral closure of R’[Vy] . An

element of T’ is of the form a + bVy , where a and b are in the
quotient field of R’ . Now, for each i = 0 , the element 1, = VY is
in T’ , because X = xly/y is in the quotient field of R’ and xl\/37

is integral over R” . Let N’ be the R’ ~-module generated by the elements

1]

1,ti for 1 =20 . We claim that N” = T” . By the above, we see that

N ¢ T/ . Now suppose that a + bVy is in T’ , for elements a,b in the
quotient field of R’ . Since a + bVy is integral over R’[Vy] , it is
integral over R’ . If K is the quotient field of R’ , then a + By
belongs to the finite extension of K with basis {1,V/y} and the char-
acteristic polynomial of a + BVy is (%t - (a + BVF) )t - (a - BVY)) =

+2 - 2at + (8.2 - b2y) . The coefficients of this polynomial are in R’
since a + bVy is integral over R’ [2; p.310]. Thus, a is in R’
(since % is in R” ) and so b2y isin R . Let b =f/g , where f
and g are in R’ ¢ k[x,y] , and, as elements of k[x,y] , £ and g

are relatively prime. Then, we have f‘gy/g2 is in R’ , which implies

that g2 must divide y . Thus, g 1is actually a constant; and we see
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that the element b 1lies in k[x,y] . Write b =) cixi + hix,y) ,
where c; is in k , and the polynomial h(x,y) has no terms in a
power of x alone. Then a + bWy = a + h(x,yVy + } citi , an element
of N’ . Therefore, T” ¢ N* , and we have equality. We have shown
that, as an R’-algebra, T’ = R’[to,tl,...] . Now, sinece T’ 1is

integrally closed, so is iM and we have TM = (R [to,tl,...]%m =

Bﬁ[tO’tl""] = R[to,tl,...] . Thus R[to,tl,...] is integrally

closed. Since S € R[t,,t .1 ¢ T, the integral closure of S , we

(0L R
have T = R[to,tl,...] . Further, we have actually shown above that

T 1is generated as an R-module by the elements 1,t.,t

1} 2,1-- .

We show that T cannot be finitely generated as an R-module
by showing that tn cannot be written as an R-linear combination of

1’tl’°"’tn-l , for n=1 . Suppose that xn%§ =r. + rlx%§ + eee 4+

0
rn_lxn-L%§ » Where each r. is in R . Then, ry = 0 , and we have

n n-1 .
X7 = TqX Foere i oX . Let r, = fi/gi , Wwhere fi,gi are in

R’ (and so have no terms in a power of x alone), and g is in

R” =M (and so g; has a constant term)., Clearing denominators we

n-1
)fn_lx .

Setting y = 0 in the above equation, we see that the left hand side is

'l n: LI N ]
obtain (glg2...gn_1)x (g2g3...gn_1)flx + + (gng"'gn—Z
a nonzero polynomial in x of degree n , while the right hand side is
a polynomial in x of degree at most n - 1 , a contradiction. Thus
T ceannot be finitely generated as an R-module.

Proof of (2): This follows easily now. We know that T is

generated as an R-module by the elements 1,V§}XV§}XZV§,... . If p 1is

any prime in X’°(R) , x = xly/y is in F!.IJ , since y isin R-p.
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Hence, Tp is generated over Rp by the elements 1,Vy , and we have

Tp = Sp » which is strongly separable over RP .

While an integrally closed height 1 strongly separable exten-
sion T of B may not be finitely generated, it is true that T is
the integral closure of a finitely generated height 1 strongly separable
extension, as in the above example. We prove this next.

PROPOSITION 5.35 If T c S 1s an integrally closed height

1 strongly separable extension of R , then there is an R-subalgebra
F c T, finitely generated and height 1 strongly separable over R ,
such that the integral closure of F is T . Furthermore, Fp = Tp s
for each p in X’(R) .

Proof: Let L and K be the quotient fields of T and R,
respectively. Then L is a finite separable extension cf K . Let
ai/bi , i=1,...,n , generate L over K , where a; and bi 70
are in T . Let B Dbe the R~subalgebra of T generated by the ele-
ments ai’bi . Since B is integral over R , we see that B is
actually finitely generated as a module over R . It is straightfor-
ward to check that the quotient field of B is L . By (5.4), B
is height 1 separable almost everywhere in X’(R) .

We show next that if Bp is Rp-separable for p in X’(R) ,

then B =T . Si R ¢cB c¢T and T_  is strongly se bl
e o D nee p S B & T o rongly separable
over Rp R TP is strongly separable over Bp , and thus TP = Bp @M,

for some projective Bp-module M . Tensoring both sides of this equa-

tion with L over Bp we obtain L=L& (M®

5 L) . Hence,

D

72



M® L= (0) , and, since M is projective over BP , we have

Suppose now that p is in X’(R) and Bp is not separable
over Rp . By the strong separability of Tp over Rp there are ele-

ments Zss¥; i=1,...,n, in Tp and t in HomRP(Tp,RP) with

Y z;y; =1 and ) zjt(ij) =x, foreach x in Tp . Let T’ be
an R-subalgebra of T , finitely generated as an R-module, with

BcT ¢T, and such that Té contains the elements 2555 Then

t[T, is in Homy (TP’RP) , and we see that Tp is strongly separable
1Y 1Y
over R
1Y

Repeating this process finitely many times (if necessary) we
finally arrive at a finitely generated height 1 strongly separable R~
algebra F with B ¢ F C T and such that the quotient field of F
is L . Since T is integrally closed, we see that T must be the
integral closure of F . Finally, we note thet we have shown above

that for the F we have constructed, Fp = TP for each p in X’(R) .

We finish this chapter with the following Galols correspondence
for integrally closed extensions which are direct limits of height 1
strongly separable extensions.

'PROPOSITION 5.36 Let R be semi-Krull with height 1 sepa-

rable closure S , and let G = AutR(S) . Then there exists a one-to-
one correspondence between integrally closed locally height 1 strongly
separable extensions T of R contained in S and closed subgroups

H of G, givendy T +-AutT(S) , H=~> st
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Proof: Suppose T 1is integrally closed and T = dir lim Ti s
where each Ti is height 1 strongly separable over R and Ti cT.

Then we have H = AutT(S) = Auty (s) =n Aut, (S) , and so H is
i i

closed in G . Since the quotient field of T 1is a separable alge-
braic extension of the quotient field of R , we have T = SH Jjust
as in the proof of (5.25).

Conversely, suppose H is closed in G . Then H =N Aut, (s),
i

for some set of height 1 strongly separable extensions Ti of R. We
may assume that each Ti is integrally closed, for if Ti is the
integral closure of Ti , and L,Fi are the quotient fields of S,Ti s

we have Au'tF.(L) = AutT_(s) = Au't,-l-,.(S) . If T, syeensT;  is any

i i i 1 n
finite set of the Ti's » then Aut m (s) = Aut,, (S) N see

i .Ti i i
1 "2 n 1
Aut,, (8) . Furthermore, since T, ® 0+ ®T, is height 1 separable
in 1 n
over R (1.6), the product Ti ...Ti is height 1 separable over R .
1 n
If p is in X’(R) , then we see also that (T, ol Ty ) is actually

!
strongly separable over Rp , since it is finitely generated over R

and contained in some strongly separable subalgebra of Sp . Thus,

T/ = U Ti ...Ti , where the union is taken over all finite products of
1 n
the Ti's , 18 a locally height 1 strongly separable extension of R ,

and H =N AutT (S) , where the intersection is taken over all

5 ...Ti
1 n
finite products of the Ti's . As we noted above, we may as well assume
that each of the finite products Ti ...Ti is integrally closed, and
1 n

hence that T’ is integrally closed. Thus, we have
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AutT,(S) q
5 =8 = T by the first part of the proof, and so S 1is

integrally closed and height 1 strongly separable over R . To

complete the proof, we need to show that Aut H(S) ¢ H, since it is
S

always true that H C Aut H(S) . Let H; = Autg (S) . Noting that
S i
NH. H, H,

=s * >US™® and S = T, by (5.35), we have

o
Aut (S) c Aut (S) ¢ N Aut ,, (S) =N Aut,, (S) = H . This completes
H - H. - H. T.
S 1 i 1
us S
the proof.

75



10.

11.

12.

13.

BIBLIOGRAPHY

Auslander, M, and D. Buchsbaum. "On ramification theory in
Noetherian rings," Amer. J. Math. 81(1959), 749-765.

Bourbaki, N. Commutative Algebra. Hermann, Addison-Wesley, 1972.

DeMeyer, F. and E. Ingraham. Separable Algebras over Commutative
Rings. Springer-Verlag, 1971, #1&1.

Endler, 0. Valuation Theory. Springer-Verlag, 1972.

Endo, S. "On flat modules over commutative rings," J. Math. Soc.
Japan 14(1962), 284-291. —

Fogarty, J. Invariant Theory. W. A. Benjamin, 1969.

Fossum, R. 'The Divisor Class Group of a Krull Domain. Springer-
Verlag, 1973.

Gilmer, R. Multiplicative Ideal Thecry. Marcel Dekker, 1972.

Grothendieck, A. and J. Dieudonné. FEléments de GE€ométrie
Algébrique I. Springer-Verlag, 1971.

Janusz, G. "Separable algebras over commutative rings," Trans.
‘Amer. Math. Soc. 122(1966), 461-479.

Kaplansky, I. Commutative Rings. Allyn and Bacon, 1970.

Lang, S. Algebra. Addison-Wesley, 1971.

Magid, A. "Locally Galois algebras," Pac. J. Math. 33(1970),
707-724.

76



14.

15.
16.

17.

18.

19.

20.

Magid, A. The Separable Galois Theory of Commutative Rings.
Marcel Dekker, 1974.

Matsumura, H. Commutative Algebra. W. A. Benjamin, 1970.

Nagahars, T. "A note on Galois theory of commutative rings,"
Proc. Amer. Math. Soc. 18(1967), 334-340.

Samuel, P. Lectures on Unique Factorization Domains, Tata
Institute of Fundamental Research, Bombay, 1964.

van der Waerden, B. L. Modern Algebra II. Ungar, 1950.

Villamayor, O. and D. Zelinsky. "Galois theory with infinitely
many idempotents," Nagoya Math. J. 35(1969), 83-98.

Bass, H. Lectures on Topics in Algebraic K-Theory, Tata
Institute of Fundamental Research, Bombay, 1967.

77



