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ABSTRACT

Although a great amount of research has been done
in the area of stochastic programming, no really satis-
factory method has been found for finding the cumulative
distribution (CDF) of the maximum value of the objective
function. This dissertation describes a method for find-
ing the CDF that often simplifies the computation.

The CDF for a given basis, as well as the probability
that a certain basis 1is optimal (and feasible) is found
by integrating over the space for which the given basis
is optimal (and feasible). To simplify the space of in-
tegration, and often the integration as well, a change of
variables 1s made using the Jacobian Theorem. The CDF
is then found by summing the contributions of CDF for a
given basls over all appropriate bases.
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DISTRIBUTION OF THE MAXIMUM OF THE OBJECTIVE FUNCTION
CHAPTER I
INTRODUCTION

Almost since linear programming began in the late
1940's, researchers have had to grapple with a related but
tricky problem that has come up in practice as well as
theory: what to do if various coefficlents take on values
that are only known probabllistically. Such coefficlients--~
those whose values can only be given by a known or assumed
probability distribution--will henceforth be denoted as
stochastic coefficients, vectors containing such coeffi-
clents are to be called stochastic vectors, and the program-
ming problems using such cogfficients will be lumped toge-
ther and called probabilistic programming. Many appli-
cations of probabilistic programming have been found: for
example, multiperiod allocation when demand coefficients are
stochastic [10,11], transportation problems [28,23], manage-

ment decision problems [18], and capital budgeting [16].



In order to classify the various probabilistic pro-
gramming problems which have been investlgated, flrst con-

sider the standard linear programming problem:

n
max z(x) = ] c¢4X (1)
i=1 1
subject to
n
) 8y4%3 + Xpyy =0y I =1, 2, ..om (2)
i=1
X 20 k=1, 2, ... my, mtl, ... m+n (3)

We then have the following categories of probabilistic pro-
gramming. The terminology comes malnly from Sengupta
et al [20].

Chance-Constrained programming: In this case, the con-

straints (2) become
n
i=1
where either the aJi or the bj are given by some probabili-

1, 2, ... m. See for

ty distribution and 0 < aj <1 J
instance, [8], [13], [15], and [22].

Programming under uncertainty: In this problem (1)

and (2) become



k
max{izl cixy + Ey[F(y)]},

where Ey[F(y)] designates taking the expected value with

respect to y of a function F(y), subject to

k n
Y assxe + ) as.yy SD j=1,2,...m
i*i jvi 3¢
121 9 1=K+1 9 ]

where the aji i=k+l1,...n or the bj's may be stochastic.
See, for example, [9], [14]1, [25], [26], [27], [29], and
[30].

Aspiration criterion programming (term due to [12]):

In this problem (1) becomes

max Pr[z(x) =

. CyXy 2 zO] where Z, is constant.

1

e s

See, for instance, [12] and [19].

Stochastic programming: In this problem, the objec-

tive 1s to find the distribution of max z(x), where z(x)
is given in (1), and denotes the maximum value of the ob-
Jjective function given values for the stochastic coeffi-

clents. Several approaches to stochastlc programming have

been considered.

Active Approach: In this case, a basis 1s selected and

fixed before the values of the stochastic coefficlients are

observed or known. If the cy's are stochastlic, one may have



feasibility, but a change in the ci's may cause the basis
to be non-optimal. If the bJ's are stochastic, one may
have optimality, but changes in the bJ's may cause infea-
sibility, and in [20] this would add a cost to the objec-
tive function.

Passive Approach: This is the approach of this dis-

sertation. An optimal (thus feaslilble) basis 1s selected
after the values of the stochastic coefficlents are known--
that is, the basls can change with the change in the bJ'S
or c;'s, so that one is neither infeasible nor nonoptimal.

Sengupta, Tintner, and Millham [20] and Sengupta,
Tintner, and Morrison [21] give relationships between
max z(x) for the active and max z(x) for the passive ap-
proaches.

The method given in [20] and [21] for finding the
distribution of max z(x) is called the "method of sample
points." A (finite) number of sets of fixed values of the
stochastic coefficients, known as sample points, are substi-
tuted for the stochastic coefficients in the objJective func-
tion and the constraints. For each set of sample polnts, the
resulting linear programming problem is solved, and a proba-
billty density function is then fitted to the resulting

functional values of max z(x). The authors of [21] mention



that Kolmogorov-Smirnov non-parametric tests can be used
empirically to fit the data.

There are several drawbacks to this approach. One 1is
determining how many sample points to choose in order to
make a "good enough fit". Another is having (in general)
to resolve the problem for each set of sample points using
the simplex method, because different sets of sample polnts
may produce different optimal bases. Finally, there is the
problem of finding the best probability density function
to fit the functional values of the sample points and of
max z(x).

A similar article by Bracken and Soland [6] simpli-
fieg the theory by only letting the c¢'s be stochastic and
by letting them have only discrete or multivariate distri-
butions. In elther case, in finding the distribution of
the maximum of the objective function, the determination of
a number of extreme points 1s made. The chief drawbacks to
using the above method 1s (1) the restrictions on the e's
and (2) the difficulty in finding the extreme points in
sufficient number to get a reliable estimate of the dis-
tribution.

Babbar in [1] conslders the stochastic coefficients to

be normally distributed and the matrix A=(aji) to be square.



Then, given any set of values for the stochastic coefficients,
he proceeds by means of determinants, to find the values of
the decision varliables and of the objective function. He al-
so finds the probability and cumulative distributions of
the decision variables and of the objective functlon. Since
the "A-matrix" is not generally square, and distributions
other than normal occur in practice, these results have 1li-
mited applicability.
Prekopa in [17] expands u-uy, into a Taylor series where

u = max z(x) and u, = max[z(x)| the stochastic coefficients
are fixed]. He then shows under the appropriate conditions
that if Pr{f(gn, by, A,) < x} tends toward some function
¢(x) for large n, where ¢, 1s a sequence of vectors (cl(n),

.. ¢,M), b, a sequence of vectors (bﬁn), e bén)), and

A, 1s a sequence of matrices of aij’ and f is a real-valued

funetion, then Pr{% (u-uo)Sx} also tends toward ¢(x) where

2

0% 1s the variance of u-u,. A disadvantage of the method is

that no technique is given for computing ¢(x).

Finally, Bereanu does obtaln a closed form expression
for the distribution of max z(x). In [3] he considers
linear programming problems having a single random varia-

ble. For example, in one case (1) becomes



min f£(x)

minfe'+t(w)d'Ix
X

where c¢' and d4' are vectors of constants and t(w) is the
only random variable. He then finds the cumulative dis-
tribution of the optimal value of the objective function
to be a pilecewlse linear sum of functional values of T(z),
where T(z) is the cumulative distribution of t(w). The
other cases are similar. A disadvantage of the method is
that it is only shown for those problems in which any sto-
chastlic coefficlent 1is a linear combination of any other.

In [4] Bereanu considers elther the b's or the c's to
be stochastic and defines what he calls decision regions
of stochastic linear programming. Letting c(t) = c© +

r

t.el + ...+ trcr, where ¢, ¢!, ... cf are constants and

1
tys +e. t, are random variables, he defines a decision re-
gion to be the set

Sy = {tlc'(t)xm = minfe'(t)x, x is in the feasible spacell
X

% is an optimal basic feasible solution for at

where x
least one value of t. Under the assumption that the c¢'s
are stochastic he finds the minimum of the objJjective func-
tion, denoted by y(t) to be a linear function over S2 for
all &. He then finds the mean, varlance, and probabillities

of y(t) in terms of integrals over the sets Sz. Similar



results are obtained in the case of stochastic b's. Al-
though basic properties of the decislion regions are given,
the method of sample points must still be used to obtain
the distribution of max z(x).

In [5] Bereanu utilizes the Laplace transform to
find the distribution of ¢(t), the optimal value of the ob-
Jective function. To use his method, the declsion regions
as mentioned above must be found, and then the probability
that the stochastic coefficients are within each declsion
region must be computed. Given these probabilities and also
the Laplace transform of the distribution of ¢(t) over each
decision region, the Laplace transform of the distribution
function of ¢(t) is found. Unfortunately, though, not
every distribution has a Laplace transform of simple form.

In order to obtain a closed-form distribution of the
maximum value of the objective function, one may need to
find the set of bases that can be optimal. In [32], Zinn
describes an algorithm that generates all those primal
simplex bases that satisfy the optimality criterion and are
feasible and no others. A stopping rule is formulated which
determines when all bases that can be optimal and feasible

have been found.



Statement of Problem

The problem to be considered in this thesis 1s that
which J. K. Sengupta et al [20] refer to as the passive ap-
proach to stochastic programming. It resembles the ordi-

nary linear programming problem:

nes-13

max z(x) = Xy
i=1
subJect to
n
izl 4%y + Xpyy = by, jJ=1,2,...m
X 20, k=1,2, ... m, m+l, ... mtn

except that one or more of the coefficlents are stochastic--
that 1s, thelr values can only be given in terms of random
variables--and the distribution of max z(x) as a function

of all values of the stochastlc coefficlents 1is deslred.

The problem is narrowed by letting only the bJ's or the ci's
be stochastle. Furthermore, while they may have a Jjoint
probability distribution, it 1s defined everywhere and plece-
wise continuous. Moreover, the probability of the feasible
region belng non-empty and bounded is positive. Flnally,

it i1s assumed that the set of possible optimal and feasible

solutions 1s known, or can be found, such that no two of them
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are optimal and feasible simultaneously. The method given
in [32] is a good way to enumerate them. Instead of
attempting to find the distribution of max z(x) by means

of sample points as used by J. K. Sengupta and others in
[20] and in [21], the approach taken here is, given the
distribution of the bJ's alone or of the ci's alone, to
find this distribution directly or, given the Joint distri-
bution of both the bJ's and ci's, at least use a simplified
version of the Monte Carlo method over the method of sample
points.

The method is similar to that given by Bereanu in [4]
but uses a transformation of variables to determine the
distribution of max[z(x)]l. Moreover, the dissertation will
glve a specific method of finding the probability that a
basis is optimal and feasible and the probability that the
objective function does not exceed a certaln value whereas
(4] only suggests the sample point method for finding these
probabilities.

For notational purposes, define b to be the column
vector (D5 by oo bm)T, c to be the row vector (eqs co,

+e+ Cp), A the matrix of the a,, 's, and eg = (81, “ee Gm)

i
1s defined suech that 61 = ¢y if xJ is the 1D element of

the basis for Js<n and &;=0 if Xy is in the basis for j>n.



CHAPTER II

CASE OF STOCHASTIC b's

In the problem

n
Max z(x) = ] c4%X, , (1)
gb 1t
subject to
n
L 8y3% * Xy = by J=1,2, ...m (2)
i=1
X 20, k=1,2, ...m, mtl, ... min (3)

considerlfirst the case of the bJ's being stochastic. De-
note f(b) as the joint continuous probabllity distribu-
tion of b = (by, by ... by)*. et {6 [§ =1, 2, ... m}
be a particular set of vglues for the bJ's. Assuming that
a bounded solution exists, then solving (1) subject to (2)
and to (3) with bg replacing by for J = 1, 2, ... m, an
optimal solution 1is found with'{xi lk = 1, 2, ... m} being
the set of basic variables of the solution. This basic

feasible solution, denoted E°, represents an extreme

11
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point of the solution set. Define A; to be the column
vector of A whose elements are coefficients of x;: Ay =
(2145 8pqs +-- ;)" and define B = (a9, A3, ... A0) to
be an mxm square matrix such that Ag corresponds to xg.
(B is commonly referred to as the basis matrix.)

If the bj's are then allowed to vary over their range,
the point E® changes position in m-space. First to be
Investligated are the conditions under which EC remains op-

timal. Since only the b,'s vary, and since changes in the

J
bj's do not effect the optimality of the solution so long
as it is feasible, the set'{xﬁ | x =1, 2, ... m} remains
feasible, and thus optimal, i1f and only 1f the following
holds:

B=! b =r 20. (4)

From the above, one obtalns
B(B~!'b) = b = Br. (5)
The probability that EC remains the optimal extreme
point 1s

P=j]é..ff(g)dblde...dbm, (6)

where S = {b | (4) holds}. Substituting (5) in for the bJ's,

(6) becomes (see [2], page 335),
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P=[f.

.« [ £(Br) | I, | drydr, . . .odry , ()
r 20

where Jr 1ls the Jacobian:

m by
Because by, = (Br), = } By ;r and 77— = B this im-
k =k j=1 kj*J 2 ary ki’
plies
J, = det[Byy] = det(B) . (8)

Note that Jr is nonzero because the columns of B, the
Aﬁ's must be linearly independent.

However, not every set of m xk's for k=1, 2, ... m+n
necessarlily forms an optimal basis for any selection of
values of the bJ's. Letting G be an m-element subset of the
set {x, | k=1, 2, ... my m¥l, ... min}, G forms an optimal
basis if and only if (4) is satisfied and the objJective
function is maximized. It can be shown that if G satisfies
the optimality criterion for one selectlon of the bj's,
whether or not G 1s feaslible, then G 1s an optimal basis
whenever it 1s feaslble, because the optimality conditions
are independent of the bJ's (see [24], page 95). For this
reason there is no need to explicitly choose values for the

by's. Given any G, (7) only gives the probability that G
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is feasible.

Using the above results, define

1l, 1f the set G satisfles the optimality criterion.

0, otherwise.

To determine  whether G = 1l or ag = 0, one may only
need to consider a portion of the constraints and a portion
of the slack variables. For let G = {x

.+ and x are all of the slack vari-

where x X s
Ny42 T

Nps1’
ables. The usual method to check the optimality criterion
1s to compute Q4 = cp B~! Ay - cy and see 1f Q 2 0 for all
J such that 1 € § £ mtn and Xy § G. To ease the computa-
tion, establish a new set of equations (1'), (2'), and (3'),
like those of (1), (2), and (3) except that if & slack vari-
able appears in G, then its corresponding constraint does
not appear in (2') and the variable itself does not appear
in (3'") (or, of course, in (1')). Let J be the set of in-
dices {Jlxj appears in (3')}. For the new set of equations,

Aﬁ 1s the column vector of coefficlents of x, in (2'), cé =

! 1

e ny An2’

ceo Ag ). To check for

cnk), and B' = (A "

nys e
optimality in (1') subjeet to (2') and (3'), simply compute

' 1

Qy = cy B A; - ¢, and see 1f g, 2 0 for all j such that



J & J and x4 é'{an, e xnk}.

If G is optimal in (1') subject to (2') and (3'),
then G satisfles the optimality criterion for (1) subject
to (2) and (3). This 1s because (2) just represents new
addition of constraints onto (2') (and (3) additional
slack varlables to (3')), and the addition of constraints
effects only the feasibility of a basls, not the optimality
(see [24], page 101).

If two or more non-coincident optimal extreme points
exist for the same set of bJ's, one can change some of the
cy's, say (cil’ 012’ cee cik) by "arbitrarily small" numbers
eil, 812’ N eik so that each choice of‘the bJ's glves
only one optimal extreme point and hence only one optimal
basis. .To understand what 1s being done, 1f non-coincident

and optimal extreme points, say 51, 52, co &P

, exist for
certain bJ's then they can be simultaneously contained in

a hyperplane representing the objective function. However,
by a slight change of the ci's, a hyperplane like that given
above can contain only one point from {x', x?, ... x1} and 1t
is the optimal one. Then proceed to define the-aG's as

given above.

Thus, given a general set of m varlables G, the proba-

bility that G is an optimal basis can be given by
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P = [f . [ £(Br)ag | det(B)| dry, dr,, ... dry (9)

r2o0
(note that equation (8) is used to replace Jr).
This leads to the followlng theorem:

Theorem 1: ] Py = 1 - P, where Py 1s as defined in
H

(9), H is the set of all m-element subsets, of {xy, X2,
cor Eps Xpags ee xm+n}’ and P~ = Pr {no G is feasible}.
Proof: It is clear from (9) that

Py = og Pr {¢ is an optimal basis}.

Because it follows from the hypothesis that if G is
an optimal basis, then it is unique and, since the sets of
values of the bj's at which each GeH 1s an optimal basis
intersect only 1n sets of zero content (see Appendix A),
] Pr{G 1s an optimal basis} = Pr( |J {G¢ is an optimal basis})
H X H

Pr {there 1s an optimal basis}

=1-~-P

Hence ) Pp =1 -P7. q.e.d.
H

Theorem 2: If z(x) is unbounded for one set of bJ's,

then z(x) is unbounded or non-existent for all sets of bJ's.
Proof: Suppose that z(x) i1s unbounded for a selection

of the bJ's forming the vector b. Then, after a serles of
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simplex operations (see [24], page 59), there 1s a column r

such that CgB™'A, - ¢, < 0 (indicating that x, is a candi-

r

date to enter the basis) and B'lgr < 0. Let there be a change
in the bJ's, changing the vector b to b'. No change occurs

in the values of CgB™'A, - c, or of the column vector B~'A.,

r
but the right-hand side, B'lg', may change. Suppose that
for some jJ, (B"l_‘g')J < 0. If (B'IAT)J < 0, then by simply

t
increasing the varlable x the revised ;]---rl constralnt,

rn’

m+n

!

(BT A% = (BTIRD),

r
is satisfied for x,20, r =1, 2, ... mtn, and the objective
function can increase without bound. If (B"IA_I,)J = 0, then
try a dual simplex multiplication on the revised JEE con-
straint. If there 1is an s such that (B"gs)J < 0, then the
dual simplex method can be applied, and, since the values
of C.B™'A - ¢, and of B™'A, remain unchanged after the
method 1is used, the solution stays unbounded. If (B"_!is)‘j
2 0 for all s, then the solution 1s non-existent. q.e.d.

Thus, 1f the solution turns out to satisfy the criterion

of unboundedness (CyB™'A - ¢, < 0 and B™'A, < 0 for some r

r
and matrix B), then due to the above theorem, there is no
point in trying to find the distribution of max 2z(x).

It 1is noteworthy that in order to find the probability
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that G i1s feasible (but not an optimal basis), one only

needs to know the Ak's corresponding to the elements of G.
At this point comes the investigation of the distribu-

tion of Z(b) = max{z(x)|b}. Consider the probability that

Z(b) < ¢, where ¢ is some finite real number. Then

Pr{Z(b) < ¢ and G is an optimal basis}
= Py(d) = “fos¢ ... [£(p)dbydb, ... dby ,  (10)

where 8y = {b| (4) holds and Z(b) < ¢}.
Given the values of the by's, one has Z(b) = cpB7'b,
and hence for beSy, cgB™'b < ¢ .

Since b = Br, 1t then follows that

Z(b) =

el eyry

le-13

J=1

Changing the variables of integration in (10) from the bj's

to the rJ's as was done before, one has

Pa(d) = ag I/é" Je(Br) |3, ldry, dr,, ... drp (11)
¢ m
where Sy = {r|r>0 and 2Z(b) = ] &yry < o1,
J=1

Before specifyling the limits of the integration in

equation (11), the following should be noted: 1f €,<0 and

if

ne~s8

gyry = cpr £ ¢ for vy = . 2 0, then T 8ir. < 0

J=1 J=1
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for Ty 2 §k. Thus ry is allowed to vary from zero (because
r, may equal zero) to infinity. Next, reorder the rj's

so that all of those rj's whose corresponding coeffilcients
in the vector cy are less than or equal to zero come at
the end of the r vector. Aj's, cy's, bJ's, and rows and
coiumns of A and B are also to be reordered accordlngly.

Let p be the number of remalning rj's. After such a re-

ordering, one can deduce from the equation cpr < ¢ that

p m
I &r. g0 - ] &yry =0 (12)
351 J*J Jop+1 3=

(defining the right-hand sum of (12) to be zero if p-m).
Then considering the 1limits of (11) as defined by S,,

one can deduce from (12) that r, varies from 0 to

2 [¢' - giry] = =— [0 - ég,r,] .
2y j=2 37 £, 37

After rq is integrated out, it follows that r, then varies

from 0 to
Logpro ) 8yry] = = [ - I a1,
&2 1=3 82 g3 T
Finally, rp varies from 0 to
1 (¢") =2 1[¢ - ]f &r,1,
ep ep gepe1 0

(where the sum from p+l to m is zero for p=m).
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Thus, (11) and therefore (10), can be written in the

following definite form:

e @ hy(r') hy (r') h,(r')
Py(¢) = aG[o ...jo fo fo fo £(Br) (13)
|det(B)|drl,dr2,...drk,...drp,drp+l,...drm s
1 )
where h, (r') = = [¢ - é,r,].
K Ey j=k#1 99

Clearly, 1lim PG(¢) = PG' Thus, due to theorem 1,
$-roo

P (¢)
F(¢) =Y & | and from the definition of S, F(-») = 0.(14)

g (1-P7)
Moreover, it follows from (13) that F(¢) is non-decreasing,
so F(¢) 1s the distributlion of the maximum value of the ob-
Jectivelfunction——in other words, the probabllity that
Z(b) < ¢.

This leads to the following theorem:

Tﬂeorem 3: If the only stochastle vector is b, then
the brobability that a certain choice of m variables, G, 1s
an optimal basis is given by (9). Also, the cumulative dis-
tribution of Z(b) given that G 1s an optimal basis is
PG(¢)/PG, where P;(¢) 1s as given by (13). Moreover F(¢)
defined in (14) yields the (cumulative) distribution of the
maximum of the objectlive function.

Equations (9) and (13) give a theoretical method for
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computing P, and PG(¢) provided that the function f(b) 1s

G
defined over all of Rm, where RM is the Cartesian product of
the real line m times. However if f(b) changes functional
form over different portions of R™, there may be one or
more multiple integrations for each of the regions and the
limits to these integrations may be complicated. Consider
three kinds of functions for f(b):

(1) A single functional form over all of Rm, for
example the multivariate normal,

(2) A single functional form over the region
RP = {b ¢ B" | b > 0} and zero outside RP, as for example,
the negative exponential, and

(3) Neither of the first two cases, as for example,
the uniform.

If £f(b) is in case (1), then f(Br) is also of single

functional form for all r > 0. Hence, in computing PG by

(9) there is no need to set up more than one multiple

0o o [+<]
integral and P, = o L & ce L f(Bz)Idet(B)Idrldrz...drm.
PG(¢) is likewise computed with no need to set up another
multiple integral for a different region of RM,
If £(b) is in case (2) and if all 3y5 2 0, then every

entry of the matrix B i1s also non-negative. Hence Br 2 0
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for r > 0 and so f(Br) is of single functional form for
r e RP. Thus Py and Pi($) are computed just as in case (1).
Examples of this are given in the Appendix.

On the other hand, if aij<0 for some values of 1 and

J and if the a,.'s appear in B then for some r 2 0, (Br);<0

1j
and thus f(Br) = 0. Hence, the actual computation of (9)
and of (13) involves finding the limits implicit in the
equation Br 2 0.
If £(b) is in case (3), the computation of (9) and of
(13) may be very complex. Consider the uniform:
1 %

T A A
d,d d,

< b, ¢ u,(d;=u
= i
£(b) = {T192""" oot

i-zi), for 1=1,2,...m

0, otherwise.
After a change of variables, one has in the computation of

P for example, that the space of integration for posi-

G.)

tive f(Br) (which equals — 1 ___ ) is 2, < (Br), < uy
- dldzcnodm - i

fori=1, 2, ... m, and (Bg)i may be a sum of m terms for

each 1.



CHAPTER III
CASE OF STOCHASTIC c's

Now consider the problem of (1) given (2) and (3)
when only the ci's are the stochastic coefficients. Ana-
logous to before, let f(c) be the joint probability den-
sity function of the c,'s. Letting {ci | i=l,2,...n} be
a set of fixed values for the cy's define the set {x; |
k=1,2,...m} similarly as before: the basis after the re-
sulting deterministic linear programming problem is solved.
Ay and B are defined exactly as before, Before proceeding,
denote those cg's that are coefficients of an xg as basic
coefficients and h < min(m,n) as the number of basic co-
efficients. Then reorder the ci's so that the first h of
them are baslc, and reorder the Ai's correspondingly.
Likewise, reorder the rows of A (and hence those of (2)) so
that the flrst h constraints are tight--that 1s, the slack
variables (xn+J’ whefe j>0) are equal to zero. The rows

of A that are to be tight can easily be shown to be those

rows in which the corresponding slack varlable is not in

23
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the set {xz | k=1,2,...m}. The matrices B and A to be used
later are those matrices resulting from this reordering,

and 1t can then be shown that ¢

._B=(el’ "'eh, O’ o e O).

First to be determined are the conditions under which

the xﬁ's remain in solution. Since only the c,'s vary

i

and since changes in the c¢,'s do not affect the feasibility

i
of the solution so long as it is optimal, {xﬁ | k=l,2,...m}
remalns in solution if and only if the following conditions

of optimality hold:

B A-c =520 (15)

eg BTl =t 20 (16)

The probability that the xﬁ's remain in solution is

thus given by
P = ij... [£(e)dey, dey, ..v dep (17)

where R = {c |(15) and (16) hold}.

In order to change the variables of EB

of £, note the following: (a) due to the laws of simplex

to those of s and

multiplications (see [24], page 90) for igh,

B=! &, = (0, ... 0, 1, 0, ... 0)T

1th position

and hence for igh the 1th entry of (15) is simply °1‘°1=Si=0’
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and (b) for i>h the gth entry of (16) equals zero as will
be shown in the following lemma:

Lemma: In equation (16), (gBB'l)i = 0 for i>h.

Proof: By the definition of B the last m-h columns of
B correspond to the last m-=h columns of the identity ma-
trix. Let by be the entries of B and ¢;y those of B~!.
Then the entries of BB~! are

m

] eyibgy =
54y C11%9x

) where § = 1

ik? pq

for p=q and 6pq=0 for p#q. Consider k>h. Then by, = 83y,
and so
m

Y cyq84 = Cho
jap 1JK 1k

m
Sk = E 4P =

hence the last m-h columns of B~™! are also identical to
the last m-h columns of the ldentlty matrix. Because of

this and of the fact that the :1.Elr—1 entry of c¢_ equals zero

_..B
for i>h, (gBB‘l)1 =
h n
g.e,, = e, * 0+ o - = 0. .e.d.
2 3841 Z 8 J=£+1 Cyy q.e

The above lemma shows that the simplex multipliers for
the slack variables in the basis are zero.
Because of the results above, ti=0 for i>h and Si=°

for i<h. Defining &

gy = (¢

1, a0 e eh),£= (tl, c o th) and
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B to be the first h rows and columns of B, one can derive

from (16) §B = t8. Furthermore, by equation (15),

|

and denoting e cn), and

= (8415 +oe Sp)s &= (e,
A to be the submatrix consisting of the last n-h columns
and of the first h rows of A, one can deduce from (15)
that s = tA - c.
The preceding suggests the following substitutions:
cy = (£8)y, 1 =1,2, ... h (18)
c; = (tA); - 845 1 =htl, ... n. (19)
In actual practice, (ﬁﬁ)i replace the basic coefficlents

and (ﬁi)i - 8, replace the other coefficients of c.

i
At this poilnt, the Jacoblan, Jc, is computed:

9¢C oC
J_ = det [——l p}

c r, ?
) j asq
acl 801 acl Eil
9% N R
ach ach ach EEE
0 1 ath ash+1 asn
= det

9y 41 9Ch41 9Cn4g 4y

8ty oty 98y 33y
ac, sc,  dc, sc,
9% %y 38py By



9y % g ...0
atl . & & at'h
L ] a -
8ey . 0 ...0
ot
Btl h
= det
ac
91 h+1 -1 0
ot
Btl h
: 0o
% Cn 0.1
t ot
o h ]
' -
acl 301
- Btl Bth
= (-1) det .
ach th
_Btl 3th—
h Bci
and because for igh, ¢y = J tJBji’ 3% = Byys hence
J=1 k
_ n-h ATy _ n-h ~
J_ = (-1) det(B”) = (=1) det(B) . (20)

c

It follows from (18) and (19) that f£(c) = f(£8, tA - 5).
Thus, substituting (18) and (19) into (17) and applying
the change of variables theorem (see [2], pages 335-336),
one has

P=[f .../ £(tB, €A - 5) | J, | at dat

> d8p g -.. (21)
£20,520 h? Rt

1’ * o0

ds,, where J 1s as given in (20).
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However, just as before, not every m-element subset of
{x)5 %55 on Xy oo xm+n} is necessarily a basis. Similar
to the case of the bJ's being stochastic, one may say that
1f G (defined as before) 1s feasible, then it satisfies
the feasibility eriterion. So, much as before, define

1, if the set satisfies the feasibility criterion.

e {O, otherwise.

Using the above definition (and formula 20), the pro-
bability that G forms a basls 1s found to be
Pg = ff - . . [£(EB,EA-5)ag|det(B)|dty ... dt dsy,, ... ds, (22)

£20,820

This leads to

Theorem U4: 7§ Pq = 1-P%, where Py 1s as defined in (22),
H

H 1s as defined in Theorem 1 and PY = Pr{unbounded solution
occurs}.

Préof: Similar to that of Theorem.l.

Much as before, in order to find the probability that
G is optimal (but not necessarily basic), one only needs
to know the corresponding Ak's and rows of A (and generally
only a portion of thelr entries).

Next consider the investigation of the distribution
of Z(¢) = max{z(x)| the values of the c,'s are given},

when G 1s the basis for some GeH. Much as before, the
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probabllity that Z(c)<¢ where ¢ is some finite real num-

ber, can be written as

Pr{Z(c)<¢ and G 1s the basis} = P,(¢)

R
¢

where Ry = {c| (15) and (16) hold and Z(c) < ¢}.
Let bJ: j=1,2,...m, be the (fixed) bounds on the con-

straints. Since ti=0 for iz2k+1l one has

m h
Z(e) = ¢gB7'b = tb = ] tyby, = ] t.by = tb

AN

where ﬁ = (bli’ .. by). Thus Pr{Z(c)<¢} = Pr{tb < ¢}.

Changing the variables of integration of (23) from the
ci's to the corresponding ti's and si's yields

Pa($) = ag Ifﬁ" [£(£B, £R-3)|det(B)|dty ... dt,ds,,q ... dsp, (24)
¢

where R, ="{(£,8) |

In order to specify the limits of integration of (24),

jct>
o>
o>

>0, s 20and th < ¢}.

it 1s helpful to flrst reorder the t,'s of ﬁ (and hence

the appropriate ci's). Notice that if by < 0 and

fay

o)
k.

e~

(o]
) tyby £ ¢ for t, = t., then igl t,by < ¢ for ty 2t

i
Similar to before, the ty's in ﬁ are reordered so that those
ty's whose corresponding coefflcients in the b vector are

less than or equal to zero are at the end of the ﬁrvector,
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ey

and the ci's, bd's and the rows and columns of A and B are
to be reordered correspondingly. Let q be the number of
remaining ti's.

Thus, by the same reasoning as before, (24) can be

written in the following definite form:

o o= og(t) g (t) g (8"
P = * o e o o LI B 1 o o o
ot =g oo I h J A
£(£8, EA—§)|det(B)|dt1...dtthq+1...dthdsh+1...dsn,(25)
; ;
where g, (t') = 1/b, [¢ - b,t,] and b,t, =0
k k 1=k+1 T 1 jeg+1 T 1

for k=h.

Since 1lim P,(¢) = P, ,F(¢) = ZHPG(¢)/(1—Pu) is the dis-

p-roo
tribution of the maximum of the objective function by Theorem
4, where this time PG(¢) is as defined in (25).

The results can be summarized in the next theorem:

Theorem 5: If the only stochastic vector is c, the

probability that a certain GeH is a basis is given by (22).
Also, the probability density function of Z(c) given that

G 1s the basis is PG(¢)/PG, where PG(¢) is as given in
(25). PFinally, F(¢) as defined immediately preceding this
theorem is the distribution of the maxlimum of the objective

funection.
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Simllar to the case of the b,'s being stochastic, equa-

J
tions (22) and (25) give a theoretical method for compu~

ting P, and PG(¢) provided that the function f(c) 1s defined

G
over all of R?. The discussion concerning f(b) starting on

page 20 applies as well to f(c).



CHAPTER IV
CASE OF BOTH THE b's AND c's BEING STOCHASTIC

The third and final case 1s a generalization of the
first two cases: consider (1) subject to (2) and (3) let-
ting both ¢ and b be stochastlic with a joint probability
density function denoted f(b,c). As before, let'{x§|k=l,
2,... m} be the set of basic variables of the optimal solu-
tion after a particular set of values (b2, ... b;) and
(cg, ces cg) replace the by's and ¢;'s in (1) and (2) re-
spectively. Then for the xﬁ's to remaln both feasible and
optimal, all three equations (4), (15), and (16) must hold.
The probability of this is

P=f...[f ... ]f(’g,g)dbl ... db de

de_ , (26)
S R n

ll-o

where S is as in (6) and R as in (17). Making the substi-
tution (5) for b and (18) and (19) for ¢, one can easily

verify that (26) becomes

32
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P= ... [f... [r(BriB,tA-5)]|det(B)]
r20,t20,520

dt.ds ds_. (27)

|det(B) [ar) ... dr dt) ... dtyds ., ... ds;

In contrast to the first two cases, 1f G is any m-element

e X_, «.. X_, }, then (27) is the

subset of {xl, Xpy oo m mn

probability that G 1s a basls, since it i1s immediately

possible to find values of the bJ's and ci's to make G a

basis. Hence Pr{G is a basis} 1s as given in formula (27).
To find the distribution of Z(b,c) = max{z(x)|the

values of the b,'s and c,'s are given} with G as a basis,

i i
note that Z(b,¢c) = EBB'19_= tb = tBr, where t i1s defined
as (t15 by oe tys 05 +.. 0) = (£, 0, ... 0). Hence
Pr{Z(b,c) < ¢} = PritBr < ¢} = Pg(¢) (28)

{f oo Jf .. JE(be)db, ... dbyde ... dep,

To
where T¢ = {(b,c)| (4) holds for b, (15) and (16) hold for
¢, and gBB'lg < ¢}, which, after the appropriate substitu-

tions are made, 1s equivalent to

P.(¢) = f .o. ff ... [£(Br, tB, £A-5)|det(B)]
° Ti / (29)

h "h+l
where T$ = {(r,£,5) | r20, £20, 520, and tBr < ¢}.

ldet(B)ldr1 .o. drpdt ... dt ds .. dsp,

However, there 1s no simple way to define the limits
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of even (29), much less (28), and so one must use a modi-
fied version of the Monte Carlo method glven 1in Appendix
Bl

This yields the following variation of Theorems 2 and

Theorem 6: If both b and ¢ are stochastic, then the
probability that G is a basis is given by PG as shown in
(27). Also, the probability density of Z(b,c) when G is
a basis is PG(¢)/PG, where Ps(¢) 1s glven by (29). More-
over, the probability density function of the maximum of
the objective function, F(¢), clearly equals to
ZHPG(¢)/(1-P‘—Pu), where H and P~ are defined exactly as in
Theorem 1 and PY as in Theorem 4.

Note: The foregoing work with the stochastic b's
and c¢'s implicitly assumes that all of them can vary from
-® to », If there are restrictions on the distributions
of b's and c¢'s, one must be sure that these restrictions are
reflected in thelr appropriate substitutions: for 1instance,

1f £(c)>0 only for ¢>0, then one must have t820 and tA-s 2 O.



CHAPTER V
CONCLUSION

The foregoing results allow one to theoretically find
the exact dlstribution of the maximum of the objective
function F(¢) whenever elther b or ¢, or both, are sto-
chastlic vectors. There are three cases to be considered.
In each, a basls G = {xkl k=1, 2, ... m} is presumed and
ZG(b,c) designates the maximum value of the objective func-
tion.

Caée l. Only the b-vector 1is stochastic. In this
case, ohe has to find the (square) matrix B which consists
of the éolumn vectors of A whose entries are coefflclents
of an element of G, and Cas which is an indication of whe-
ther or not G can be made basic. One then computes ZG(b,c)
= gcp I, Py by formula (9), Bo(¢) by formula (13), and F(¢) =
EyPe(¢)/(1-P7).

Case 2. Only the c-vector 1s stochastlic. 1In this
case, the matrices needed for computation are A and ﬁ.

K is a submatrix of A whose rows are those of A in which

35
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the appropriate slack variables are not in G and whose

columns are those A,'s (or subsets of them) having coeffi-

i
clents of x;'s that are not elements of G. The matrix B
consists of the columns Ay (or subsets of them) having as
entries coefficients of an element of G and of rows that
are exactly like those of A. Also O is as in case 1.
Then Z,(b,c) = tb, where for t = (T t5s -- tn), ty =0

whenever x, ¢ G, P, is computed by formula (21), PG(¢) is

G
found by formula (23) F(¢) = I P,(9)/(1-P%).

Case 3. Both the b and the ¢ vectors are stochastic.
In thils case, define the B, ﬁ, and A matrices as they are
in cases (1) and (2), set Z,(b,c) = tBr, where t is de-

fined as in case (2), and compute P, by formula (23) and

G
PG(¢) by formula (29). Unfortunately, formula (29) is
not as straightforward in integration as in formula (13)
or formula (26) and may have to be approximated by Monte
Carlo technlques. However, it 1s easier to apply this
technique to formula (2%) than to formula (28), which 1is
how PG(¢) is normally expressed, also
F(¢) = IyPy(¢)/(1-P7-PY),
In the first two cases, the advantages of computing

F(¢) are twofold: (1) it is theoretically exact, and (2)

unlike the Monte Carlo methods and those of Bereanu, no
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linear programming is needed for the computation except
possibly for determining dG. In the last case, although
a version of the Monte Carlo method is needed, no linear
programming is required (see Appendix B).

The first example starting on page 42 and especially
the last example starting on page 48 give indications of
the ease of computation that the change of variables as
presented in this dissertation can effect. However, as the
second example on page 45 illustrates, the computation need
not be very efficient when the distribution has different
functional forms for different regions of its domain. For
this type of distribution, though, no method yet known 1is
particularly efficlent.

Although no extensive numerical calculations of PG
and PG(¢) were made the computations of these quantities
using numerical analysls may be a useful alternative to ap-
proximating F(¢) by the method of sample points, whose

drawbacks have already been noted.



APPENDIX A

Let Gp = {x X xm} (xJ variable) be two dif-

1, 2, e o 0
ferent optimal bases and Dp =‘{‘QIGp is an optimal basis}

for p = r,s.* The purpose of this appendix is to show that
DrnDs has zero content (a set in n dimensions has zero

content if 1t cannot contain an n-cube. See [2], page 317).

Define for a particular beD,, Gr(g) = (xl, X5 X

§ﬁ+n) as an (m+n)-component vector of specific values of

the xi's making z(x) optimal under the constraining coef-
T

ficients (by, by, ... b )" =Db. Also define c = (cg, oy,
vee Cpo 0, ... 0), whence z(Dr,E) = E ag(g) is the optimal

value of z(x) for beD,. Similarly for ES(Q) and z(Ds,g).

Finally, define 53 as corresponding to xi (or let Eﬁ cor-

respond to xi) ir is is the specific value that replaces

the variable xi.

Because Gr and Gs are different primal bases, both

contain variables not found in the other. Denote L ='{xk|

®¥If two or more bases can be optimal and feasible si-
multaneously, change the objectlve function as given on
pages 15 and 16, and choose the optimal bases that result.

38
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x, € G, U6 - (Grf]Gs)}. Given a b, z(D,,b) = ¢

€
- =T T T
c Gs(g) = z(DS,g) implies that G,(b) = Gs(g), (this fol-
lows from the definition of z(D,,b) and the fact that no
two bases can be optimal and non-coincident simultaneously),
and thus §£=0 for all corresponding xkeL. Hence if Q;Drn Ds’
then both Eg(g) and Eg(g) have fewer than m nonzero elements,
and all of these elements correspond to those found in
¢.Na,.

Since (A,I) is a matrix of constants, (A3I) represents

a linear mapping from the set ¥y ='{(;i, Xy ove X

m’

—_ T _ _ T .
Xn4n) 1 to the set B8 = {b = (b), by, ... by )"} as follows:

2!
(A,1)ET(b) = b, G (b) €y

It has been shown that if g*eDr(]Ds, then G- (

b¥) must have
fewer than m nonzero elements and they correspond to those
of Grn G,. Let P ='{§Tey|§5=0 if the corresponding x, ¢

(Grﬂ G,)}. Then ar(

b¥*)eP and (A,I)PDD,()D . Since
dim(P)<m, dim((A,I)P)<m, whence dim(Drf]Ds)<m. Because
Drf]Dé:ZB, B is m~dimensional, and Drf1DS cannot contain
an m-cube, DrﬂDS has zero content. gq.e.d.

A simllar result can be shown for the case of the ci's

being stochastic simply by conslidering the dual.



APPENDIX B

The purpose of thls appendix is to demonstrate a ver-
sion of the Monte Carlo method to be used for equation
(29). Due to the definition of T' (i.e., r20, ﬁ;o, and
E}O), one does not need to conslider negatlve numbers.

First pick a basis, which determines the matrix B, and

T&- Next, given an €>0, pick numbers Ml’ . Mm’ Mm+1’

oo M .. so that Priuy 2 Mi} - ﬁ%ﬁ » where uy=ry for 1<igm,
ui=ty for m+l < 1 < mth, and uy=sy for mth+l < 1 < min

(a1l matrices and vectors are assumed to have been rear-

ranged as discussed in the case of the c¢,'s being stochastie).

1
Hence, Pr{0 < u; < My for 1 =1, 2, ... m, ... m+n} 2 Pr
m+n _
{u; = 0} - izl Pr{uy; 2 My} 2 Pr{u; 2 0} - e.

Before describing the Monte Carlo method used on (29),
some observations are in order. Let a function f(x) be
defined over some (finite) set in hyperspace, V. To ap-
proximate the integral of f(x) over V, one can randomly

pick a number of points, X15 X5, ++. Xy, from V. Then

ko
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N f(x )
(1 1 ) x (hypervolume of V)
g1=1 N

is an estimation of the desired lntegral.

Let P = {(r,£,s) = (Ug, «=. u

m+

m? tee U n) |0 < u; < Mi}

and Q = {(r,£,5)e P| tBr < ¢}. Define for a set W, V(W)
to be the hypervolume of W in hyperspace. Finally, let
g(ﬁ,ﬁsg) = f(Br, ﬁ_B-’ EK‘E)-

Equation (28) is simply Pr{r > 0, £ 2 0, s > 0 and tBr
< ¢} % Pr{(g,ﬁ,g) e Q}. Let ny, nys ... ny De a sequence of

m+n random numbers:

i i i
ny = (g1 ove Ty vee Tpa)s
1 _ 1 1 1
= () 1 1 _ o1 & oo
= (ul, o o0 um’ L ) um+n), £i - {ujll S J S m}’ Ei {uJ

m+l < J < m+th}, and E& = {uj'm+h+1 ¢ J < min}. Designate vy

as being in the set U , denoted vy € U¢, if t.Br, < $s and

¢ =171
let N¢ be the number of such‘vectors in U¢.
Due to the above results, Pr{(r, £, s) e Q} & |}

Y1€Us
[g(gi, ﬁ&, E&)/N¢]V(Q). For.a large number of vectors v,

V(Q) % [(number of v,

4 in Q)/(number of v, in P)] x V(P) =

m+n ‘
[N¢/N] I_M,. Hence, equation (29) is approximated by
J=1 '
m+n
] [e(ry, £,58,)/8] 1 M
veu, o T e



EXAMPLES

As a first example, consilder
max z(xl,xz) = 2x%q

subject to
Xq + x, + X3

Xq + 2x2 + xu

Il - €
where Pr{k, < b,} = Fy(b;) =

1

and

1 - e'2b2, b

Pr{k, < by} = F,(by) =

0, otherwise

As shown in Figure 1, the pos
sible bases are (xl,xz), (xl,x3),

and (x ). The joint probabilit

2%y
distribution is f(bl,b2) =

- ~(b1+2b
£ (b))f,(by) = 2e 1+2b2)

The probability that G, = (xl,xg)

forms a basls is now computed:
1 1
B =
1 2

42

~P1, by20

y

lO, otherwise

o2

"Figure 1
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1 1iiry
Br = = (rp +tr,, 7 # 2r,) = (by,b,).

1 2]|r,
Hence,
~[(rytr,) + 2(r.+2r,) ] -(3r,+5r,)
£(Br) = 2e 1'°2 17772 = 2e 1 -2
3.1 = [det(B)| = 1.

Thus, applying the formula,

© © "(3r +5r2)

= 1 = 2_
PG1 = L & 2e (1) dr.dr, = 3z

If the probability that G, = (xl,x3) forms a basis is

2
1 1
B =
1 0°
1 1 rq
Br = = (r tr,, rl)
1 O ry

-(3r_ +r,)
£(Br) =2 Y 2, |3

desired, one has

rl =1,

© o  —(3r;t+r,)

2
and so P = 2e (1) dr.dr. = =
Go & L 172~ 3

Finally for G3 = (xz,xu),

1 0 rq
Br = = (ry, 2ry ¢ ry) s
2 1 r2

and so
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The Pr{max z(xl,xz) < ¢} is computed next:

For G the space of integration is bounded by

19
ry =0, rp, =0, and Cpr = 2r1+3r2 < ¢. Hence, for ¢>0,

1/3¢ 1/2¢-3/2rp  -(3r +5r,)

P, (¢) = f I 2e dr.dr
Gy ry=0 1r=0 12
1/3¢ -5r (-3/2¢-1/2r,)
= f %[e 2 - e 2 ]drz
r2=
2 2 e-5/3¢ ) E e-3/2¢ . ? e-5/3¢
15 15 3 3 ?

and PG (¢) = 0 for ¢<0.
1 .

For G2, the space of integration is bounded by r1=0,
r2=?, and gBr = 2rl < ¢. Thus, for ¢20,
® ¢/2 -(3r tr,)
P62(¢) = S 2e drldr2
® -2r (=3/2¢-r,)
= [ 2/3[e °-e *"Jar,
0
-3/2¢
=2/3 ~2/3 e
Similarly for G3:
o ¢/3 -(5r1+2r2)
PG3(¢) = 4 & 24 dr,dr,
~5/3¢
=1/5-1/5¢e
—5/3¢ } -3/2¢

F(¢) = PG1(¢) + PG2(¢) + PG3(¢) =] + e 2e
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for ¢>0.
As a second example, consider

max z(x) = lel
subject to X4 + 2x2 + x3 = 3

+ K2x2

3X1+X2+Xu=5

X1y X5 2 0
where
2
5 0 < c, <1
Fo(ey) = Pr{k) < ey} ={0, ¢y <1
1, cq > 1
and
cg, 0 < 02 <1
1, cy, > 1l
Hence,
Mclca, 0 < c; <1 and 0 < c, £ 1
f(cl, 02) =
0, otherwise

The probability that G, = (x,, x2) is in solution is

1
calculated first. It is computed thus:

A = {¢}

-]
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c.) = tB =

t
AA 1 1 2
(Cl, 2 [ [ l] = (tl + 3t2, 2t1 + tz)

_ 2 2
= 4(2t1 + 7tlt2 + 3t2).
P, = b + + 31 * Bdt._dt
Gy { & (26,476, 8,+38,)ap * 5dt, 2%,
(0,1)
where
1, 1f 0 < tl+3t2 < 1 and
oy = 0 < 2t,+t, < 1
0, otherwise A 1
1 7)
‘ >
(Recall that f(c., c,) is nonzero only ——A4,(1,0) 't
1 2
Figure 2

if 0 < c, < 1and 0 <c, <1 and that (cy,c,) = (£,#3t, ,

- 1-—
2t1+t2)).
P, =20 ff (26 + Tt.t. + 3t2)dt,db
G, 1 172 2’7 2"
A
1
+ 20 ff (2t + Tt b, + 3t°)at,_ dt

A 1 172 2’7271
2

where Al and A2 are as shown in Figure 2. Carrying out the

integration yields
P, & .82.
Gy
If the probability that G2 = (xl, x3) is desired, one
= [1] B = [3]

has,aG2 = 1 by reference to Figure 3, A
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£8 = 3t

1 tA =5 =t -s

(cl’c2) = (3t9 tl - Sl)

det(B) = (~1)2-1 (3) = -3

f(eq,e,) = £(£8, tA - 5)

2
= ll(3t1)(t1 - s5,) = 12(tl - tlsl)

1l
o0 oo 5 3
PG2 = L L 12(¢] - tqa;) * 30, ds,dt,,
xl
where !
. Feasible region 1s
1, if tl - s1 < 0 and tl < % crosshatched.
a’:
A 0, otherwise Figure 3
Refer to Figure 4.
1/3 tl 5
- - 8
PG2 ]o [o 36(t] - t,s,)ds dt, 1
A
=1ga .06
(0,1) ]
Finally one can find the distri-
bution of Z(c), given G2 = (xl,x3) is
the basis. In thls case, the probabi-
11ty that 2(g) = § + B = 3t; + 56, = A
3t; < ¢ 1s desired (recall that t,=0
in this case. Figure U

[« < BN - <]
Therefore, PG2(¢) = & % 12(t§ - t18;)a,3ds,dt,, where

ap ls as defined before.
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Po(¢) = 36 % { ap(t] = t95;)ds,dty
=d 05051
Fat>1
0, ¢ < 0.

This example problem shows that the change of varia-
bles as described in this dissertation can ease considera-
bly the computation of some probabilities. Suppose that

a maximization problem had the following constraints:

Xq + 2x2 + Mx3 + 3x4 + Xg = b1
3x1 + 7x2 + 9x3 + 6xli + Xe = b2
2x1 + 3x2 + l2x3 + 9xu + x7 = b3

Xq + 11x3 + 10xu + Xg = bﬂ ’

where
-(b_+2b_+2b_+b,)

. he 12 34 e by, by, by, by 2 0

£(p) =

0, otherwise

Further suppose that G ='{x1, X5s X35 xu} is an optimal basis

and it is desired to find PG.
In thls situation, B =

oW
ow=In
ERw =
Bwovow

3

and making the change of variables, one has
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1 2 4 3"r1‘ i ry + v, + ur3 + 3]
b o 3 7 9 6 r, _ 3rl + 7r2 + 9r3 + 6ru
- 2 312 9f|rs 2ry + 3r, + l2rg + 97y
_1 0 11 10_ _I'u_ B rl + 11I’3 + 10I‘)_L
-(b1+2b2+2b3+b4)
and note that Br 2 0 for r = 0. Thus f(b) = le =
-(12r1+21r2+57r3+u3ru)
be s> |Ip] = 1, and
= d =
Bo = [ S S, T(BR) arydradradry = oy a7y (n3)

If the integration 1s done directly without a change
of variables, then

Po=fJ [ [ ) db,db,db4dby, .

B~1'b20
[ 75 -21 -1 -9] [ 75 -21 -1 -9][b4]
24 7 0 3 -24 7 0 3||b,
B-1 = and so B™1p =

-5 1 1 0 -5 1 1 0||bs
| -2 1-1 1 | -2 1 -1 1i]|b,]

750, - 21b, - bs - 9b,,] 0]

i -24b, - Tb, - 3by, z 0

50y + b, + b3 0

| -20; + by - by + Dby 0

Unlike the situation after the change of variables, the
determination of the limits for bl’ bo, b3, and bu present

great difficulties.
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