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RECURRENT TENSOR FIELDS AND CONFORMAL

RIEMANNIAN MANIFOLDS
CHAPTER I
INTRODUCTION

All of the results obtained in this dissertation are
of a global nature, and the spaces to be considered in the
following are restricted to Be compact Riemannian manifolds
with positive definite fundamental forms, such spaces being
defined in Chapter I1I.

The classical results of the study of conformal cor-
respondence in the small between Riemannian manifolds are
well-known (1, pp. 89-95]. Riemannian manifolds of recurrent
curvature, to be defined in Chapter 1I, were introduced by H.
S. Ruse, whose work was extended by A. G. Walker [3, pp. 36-
64). Some éf Walker's results are listed in Chapter II for

reference in this digssertation.
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One of the purposes of this dissertation is to de-
termine if it is possible for a general Riemannian manifold,
with certain restrictiéns on the curvature, to be globally
conformal to a Riemannian manifold of recurrent curvature.
Another purpose of this dissertation is to determine if it
'is possible for a Riemannian manifold of recurrent curvature
to be globally conformal to a flat Riemannian manifold.
These two problems are studied in Chapter V.

The method that is used to obtain the results of
Chapter V gives rise to some results on global conformal cor-
respondence between other types of Riémannian manifolds.
These results, being more general than those obtained in
Chapter V, are given in Chapter IV,

The property of recurrency that the curvature tensor
field of a Riemannian manifold of recurrent curvature pos-
sesses is extended natuially to the definition of a general
recurrent covariant tensor field. Chapter III contains re-

sults on the global existence of such tensor fields.




CHAPTER 11
DEFINITIONS AND REFERENCE THEOREMS

Consider the real Euclidean space E, of n dimensions.
A continuous mapping F of an open subset S of E, into E, can
be defined by expressing the coordinates (%!, %2, ..., ®%)
of P, the image of PeS, as continuous functions of the co-
ordinates (xl,.xz, evy X of P:
(2.1) © - fed, o2, L, W),
(Thréughout this dissertation all small Latin indices will
have the range 1, 2, ..., n inclusive.) Such a mapping is
sald to be of class CY, r>0, if the functions fl have con-
tinuous partial derivatives up to the order r inclusive and

satisfy the condition that the Jacobian

oxt
3

never vanishes in S,

An n-dimensional manifold is a connected Hausdorff

space which has the property that each point of the space

has a neighborhood homeomorphic to some open set of Euclidean

3



n-space E; .
A system D of differentiable coordinates in an n-
dimensional manifold M, consists of an indexed family
{Uq, oL €A} of open sets covering M,, and, for each « € A,
the index set, a homeomorphism
O + S, — Uy s
where S, is an open set iﬁ E,, such that the mapping

2.2) ojlo, : 0,1 (W0 )0 (U, N Ug) & pEA

_ B
is differentiable of class C*, r >0.
Two systems of coordinates D, D in M, of class CF
are said to be r-equivalent if the compésite families
i) ]
form a system of class C*. This is a proper equivalence re-
lation, so t‘;hat the vaiious systems of coordinates separate

into disjoint equivalence classes.

An n-dimensional differentiable manifold M, of class

Cr is an n-dimensional manifold M,, together with an r-
equivalence class of systems of coordinates in M. The open

sets U, , A€A, are called coordinate neighborhoods, while

the coordinate systems valid in Uy are called local coordi-

nate systems. Let P be a point of M, such that Pe U, N U .

Then the homeomorphism gives P the coordinates
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, reey xﬂ, while the homeomorphism 6, gives P the co-
ordinates il, 22, ..., X, These two sets of loca1>coordi-
nates are related by equations of the type

= fi(xl, x2, ..., x0),

where the functions fl are of class Cr, and the Jacobian

is non-zero in Ux N U; )

Let O be a real-valued continuous function defined
on M. Let P be a point of M, and U, a coordinate neighbor-
hood con taining P, with local coordinates xl, x2, ceu, XT,

Then, in U, 0 can be considered as a function of the co-

ordinates, x%, xZ, ..., x0, or briefly,

0= o) = 0.
¢ is said to be differentiable of class CS5 at P if @(xi) has
continuous partial derivatives through the s-th order at P.
The function § is called differentiable of class CS on M, if
it is differentiable of class C5 at every point of M.

A differentiable manifold My of class CY, r>0,
always. admits a globally defined positive definite covariant
tensor field of order 2 wﬁose component functions

8ik

are of class Cf™L on M,, as was proved by N. E. Steenrod
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[2, p. 120]. Thus, with each coordinate neighborhood U, in
M,, we can associate a positive definite quadratic form in
the differentials dx?,
(2.3) dg? - gypdxdaxk,
where gjk(xi) = gkj(xi), and the répeated'index, as it will
throughout this dissertation, denotes the summation over its

range. The quadratic form (2.3) does not depend on the co-

ordinate system used and is called the fundamental form of
the manifold. An n-dimensional differentiable manifold on
which a fundamental form (2.3) is given is called an n-

dimensional Riemannian manifold.

An n-dimensional Riemannian manifold is said to be
compact if, for any system of coofdinéte neighborhoods
oo = eA} which covers the manifold, there exists a finite
subfamily of the system which covers the manifold.

Because of the above-mentioned result of Steenrod,
it willlbe assumed throughoqt this dissertation that, if M,
is a Riemannian manifold of class CT, then the coefficients
B3k of the fundamental form of M, are functions of class cr-1
on M;. The.symmetric second-order covariant tensor field on
M, whose components are the functions 8k will be said to be

of class Cr'1 on M,. This tensor field will also be denoted

by 8ik and is called the fundamental covariant tensor field



of M,.

Now let M, be a Riemannian manifold of class CT

1AV

(r

cients of the Riemannian connection ¥ of M,, defined by

3). Then, since 8ik is of class Cr'1 on M, the coeffi-

isf 98s] +_ggsk ) 381R>

. RN
S R =l vl

are of class C'"2 on M,, where the functions giS are defined

by

(2.5) gt =1 ¢ls,
A g

where

(2.6) g = lgij # 0,

and G*° is the cofactor of g ; in g. The curvature tensor

field Rhijk of M,, whose components are defined by

-h

is consequently of class ct3 on M, (Functions of class c°

on M, are continuous on M, ). The Ricci tensor field Rij’
whose components are defined by

' = ohk = ph

(2.8) Rij = & Rpijk = Rijns

and the scalar curvature R of M, defined by

(2.9) _ R = gtiRg; ,

" are of class C"3 on M,. Thus if r 2 3, R is continuous on My.
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Let ‘Bij'”k be a tensor field of class C1 on

M. ..p
M,. If comma (,) denotes the covariant derivative with re-

spect to the Riemannian conmection ‘J", then

aBij...k i.
(2.10) ii---k - Lm...p 4 psi...k B
B fm...p,t D xt fm...p! st

i",..s ij...k 5
+ ...+ B Rm--~P(—Et -BH sm...pr_gt

",,,k S
R RE N
For a scalar field § of class Cl on M., we have its gradient

(2.11) b1 =20

dxi
The square of the length of the gradient is given by
(2'12)_ Al@ = gqu)’j_q)’j
1f ¢ is of class €% on M, the laplacian of 0 is
(2'13) ‘/32(1!) = glJ((byi)’j = (gij¢:i)aj = glj(»’i_'] ’
where ¢:ij denotes the second covariant derivative of ¢ with
respect to the Riemannién connection T,

Now let M, be an n-dimensional Riemannian manifold

>

of class Cr,.r' 2 (This restriction is placed on r so that
the coefficients of the Riemannian connection will be con-
. tinuous on Mn).

Definition 2.1. Let.Til,,,ip be an arbitrary co-

variant tensor field of order p and of class C8, s 2 1, on
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My, If Til°"ip is not a zero tensor field and if Til"'ip

satisfies the condition

(2.14) T C=Ti.. ..
ig.dp 5 7 Ty

for some continuous vector field Xj on M,, then Til'--ip is

Aj

said to be a recurrent tensor field on M.

In Chapter III the existence of recurfent tensor
fields on compact Riemannian manifolds is studied, the main
result being that a tensor field which is itself the co-
variant derivative of another tensor field cannot be a re-
current tensor field,

In particular, if the curvature tensor field Rynjjk
of M, satisfies (2.14) for some vector fieldAj on M,, then
My 18 said to be a Riemannian manifold of recurrent curvature.
We classify Riemannian manifolds of recurrent curvature by
the following definitions {3, p. 37]:

Definition 2.2. A K-manifold, denoted by K,, is an

n-dimensional Riemannian manifold which is not flat and whose
curvature tensor field Ryjjk satisfies the condition

(2.15) Rhijk,2 = Rhijk Ay

for some non-zero vector field A on K.

Definition 2.3. A K*-manifold, denoted by x§ , 1is

an n-dimensional Riemannian manifold which is either a K, or

satisfies both of the conditions
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(2.16) Rhijk,l =0
and

where Ay is some non-zero vector field on K:.
When (2.16) is satisfied by the curvature tensor
field of a Riemannian manifold, the manifold is said to be a

symmetric Riemannian manifold.

We now state a definition and two theorems of a local
nature due to Walker {3, pp. 41-49]. A K*-manifold which
locally admits n-2 independent parallel vector fields is

called a locally simple g*-manifold.

Theorem 2.1. Every real K*-manifold with a definite
funda&ental form is locally simple.

Theorem 2.2. A necessary and sufficient conditibn
that a K*-manifold be locally simple is that locally the com-

ponents of the curvature tensor field have the form

(2.18) Rhigk = "hi™k >
where
(2.19) mij =Ioi't‘j -,Ojv'ti s

£1i,%i being two vector fields such that the vector field Ay
appearing in (2.17) is locally of the form
(2.20) | Aj=op +BYy

®and 8 being scalars.
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The-proof of Theorem 2.2 depends on the fact that P4
and Ty are linearly independént vector fields, which means
that a locally simple K*-manifold cannot be flat. For if
the K*-manifold were flat, we would have
(2.21) ‘Rpijk = 0.
This would imply that m4 4 is a zero tensor, or
(2.22) PiY - pyt = 0.
Multiplying (2.22) by pi and summing on i give
(2.23) | (Pif’i) Ty - (fi"i)fj = 0.
Thus, if the K*-manifold‘is flat, Pi and ¥ are linearly
dependent.

It should also bé.noted that the second-order co-

variant tensor field 4 is anti-symmetric. That is,
(2.24) mij = -myq .

This dissertation is concerned only with the study
of real K" -manifolds with a positive definite fundamental
form. By Theorem 2.1, such manifolds are locally simple. To
obtain global results aboﬁt K*-manifolds, it is necessary to
define simple (in the large) K*—manifolds. By Theorem 2.2
and the discussion follow}ng it, we are led to the following

definition:

Definition 2.4. A K -manifold, K: , 18 said to be

vsimple (in the large) {if:
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(i) K* is not flat

(iij The fundamental form of K: is positive definite

(iiij The curvature tensor field of Kﬁ satisfies
(2.25) Ruijk = Thimjk
throughout K:, where |
(2.26) miy = Pt - L34
In (2:26) we assume that'pi,'ti are two vector fields defined
on K*¥ such that the vector field A; appearing in (2.17) is,
throughout K:, of .the form
(2.27) 'Ai=dloi+gz»i ,
ofland B being scalar fields defined on Kg.

The conditions under which a Riemannian manifold is
locally conformal to a flat Riemannian manifold (one on which
‘Rhijk = 0) have been found [1, p. 92]. The present author,
-in an unpublished work, has extended this to a study of the
conditions under which a Riemannian manifold is locally con-
formal to a K-manifold. 1In this dissertation, these_samé

problems are studied globally.

Definition 2.5. Let Mn be a Riemannian manifold of

class C¥, r > 0, with fundamental covariant tensor field gjk
of class ¢! on M,. A transformation of the fundamental co-

variant tensor field, defined by

2

(2.28) - Bik=e oéjk ’




13

where 0" is a scalar field of class C5 on M,, is called a
global conformal transformation of the fundamental covariant
tensor field of M;. If-c'is a constant throughout M, the
transformation is a sihilarity transformation.

It follows from (2.28) that the components of the
transformed fundamental covariant tensor field Ejk are of
class ¢t on_Mn,_where

(2.29) t = Min{s, r-1].

" The fundamental contravariant tensor field of M, is trans-

formed into

(2.30) gl o o203

under the global conformal transformation defined by (2.28),
and the combonents Eij are seen to be of class Ct also, where
t is defined by (2.29). The coefficients of the Riemannian
connection ¥ of M, are transformed into

2.31 = ' S
- The = T #8356y - 8080

where comma (,) denotes the covariant derivative with respect
to ¥, and these functions are of class ¢t ! on My. Let 045
denote the second covariant derivative of ¢ with respect to T
and put

(2.32) Glj

The curvature tensor field of Mn is transformed into

= G;ij - 0,40y -
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R = 20 . - s Gy - :
(2.34) Rhijk = " [Ruijk * 8nk%ij * 835%k ~ 8hj%ik - 8ik%j
+ (ghkgij - ghjgik) /-‘310'] )
and the éomponents of the transformed curvature tensor field
are of class ¢t~2 on M,. Furthermore, the Ricci tensor

field and the scalar curvature-of M, are transformed re-

spectively into

(2.35)  Ryj =Ry + (D)0 + g5+ (n-2) Aol

and

(2.36)  R=e2[R + 2(0-1)4,0+ (n-1) (-2)AF].

Therefore, the componehts of the transformed Ricci tensor
field and'the transformed séalar curvature are also of class
Ct'2 on M,.

The following theorem, due to E. Hopf [5, p. 30}, is

instrumental in proofs of the major results of this
dissertation.

Theorem 2.3. On a compact differehtiable manifold
M., if a scalar field §(x) of class C2 satisfles the

condition

. 2 .
= oJk _QIQ__ 1900 3 <
L) = ¢ $X) IOk + h*(x) 3,1 0 (or £0)

everywhere on Mn,>where gjk(x) are coefficients of a positive

definite quadratic form at every point of M,, and hi(x)'are
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continuous functions on M,, then we have
0 = const.

everywhere on M, and then automatically

L) =0
throughout M.



CHAPTER III
RECURRENT TENSORS ON RIEMANNIAN MANIFOLDS

In this chapter we oBtain some theorems which per-
tain to fhe existence (in thenlarge) of recurrent tensor
fields on compact Riemannian manifoids. Throughout this
chapter M denotes an n-dimensional Riemannian manifold of
class CT, with r sufficiently large to insure that all
theorems and their proofs will be valid and meaningful. It
will also be assumed that the fundamental coQariant tehsor
field of M, is of class Cr'l, so that the coefficients of
the Riemannian connection of M will be of class Cr"2 on M.
Let these coefficient functions be denoted by r‘}k(x).

First we have | ‘

Theorem 3.1. Let M, be a compéct Riémannian manifold
of class CY (r 2 2) with a positive definite fundamental form
) gijdxidxj, and let'¢ be a écalar field of class C% on Mh.

Then the gradient vector field

16
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QD

cannot be a recurrent vector field.

Proof: Llet us assume that @,i is recurrent. Then,

by Definition 2.1, ¢,; is not a zero vector field and

satisfies

(3.1) @,jj = ¢,iﬂj ,

wheré @,ij = (Q,i),j, and Xj is a continuous vector field on
M,. In the expression L()) appearing in Theorem 2.3, let the
functions gjk(x) be the coﬁponents of the fundamental contra-
variant tensor field of M and choose the functions hk(x) to
be

(3-2) hkGo) = -gld [, - 2y,

wheré [—?j are ;he coefficients of the Riemannian connection
of M_ and are continuous on M_, since M, is of class C'

(r 2 2), and where Zj are the components‘of the continuous
vectorhfield given in (3.1). The functions hk(x) are there-
fore continuous on M. Upon substituting from (3.2) into the
expression for L({) and regrouping, we obtain

(3-3) L) = A0 - g,y
where 432(@) is defined by (2.13). Substitution from (2.13)

reduces (3.3) to

(3'4) . L(¢) = gkj(b)kj - gij’jQ’k .
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It follows from (3.1) that |
(3.5) L) = 890,0, - 89,2, = 0.
Thus, L(¢) = 0 on M, and, by Theorem 2.3,
0 = const.
evérywhere on M . Consequently, ¢,i is a zero vector field
and cannot be a recurrent vector field.

Theorem 3.2. Let Mn be a compact Riemannian mani-
fold of class C¥ (r 2 2) with a positive definite fundamental
form gijdxidxj, and let Zi be a covariant vector field of
class C2 on M,. Then the second-order covariaﬁt teﬁsor field

1,3
cannot be a recurrent tensor field.

Proof: 1If ;i,j_were a recurrent tensor field, then,
by Definition 2.1, Zi,j would not be a zero tensor field and
would satisfy
(3.6) £1,3k = Zi,jxk’
where ?i,jk = (Zi,j),k~and Ay is a continuous vector field on
My. 1In the expression L(Q) in Theorem 2.3, let
(3.7) 9 = észs
and hk(x) be given by (3.2).

Then we have

(3.8) L) = L) =4 (%) &Y @), .

?
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Substituting |

(3.9) Z\Z(ZSES) = 2Zi’jzi,j + ZZngst,jk

and

(3.10) (zszs),k = Zis?s,k

into (3.8), we obtain

(3.11) L(2°2g) =§'2£i’j2i,j n zgsgjkﬁ's,jk -zgsgjkis,klj ,
which reduces, by (3.6), to

(3.12) Lg%, - 2803E,

Since
i,] _ _ab_cd
2 TR B PN

1s a positive definite form in Za o it follows that

(1) Lg% = 283 4 2 0.
Therefore, by Theorem 2.3,
(3.14) | L(E'Fe) = 287734, = 0

everywhere on M,. Since ii’J?i’j 1s positive definite, it
follows that
£14=0.
Thus, zi,j 1s & zero tensor field and, consequgntly, cannot
be a recurrent tensor field.
Theorem 3.1 is valid for a scalar field, a tensor
field of order zero; and Theorem 3.2 is valid for a covariant

vector field, a covariant tensor field of order one. We now
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generalize these results in the following theorem, valid for
a covariant tensor field of arbitrary order.

Theorem 3.3. Let M, be a compact Riemannian ﬁanifold
of class C* (r 2 2) with a positive definite fundamental form
gijdxidxj, and let gil'..ip be a covariant tensor field of
order p and of class 02 on M. Then the covariant tensor

field of order p + 1,

L

Zil.n.ip’j

cannot be a recurrent tensor field.

Proof: If gil.;.i were a recurrent tensor field,

PJ
then, by Definition 2.1, gil.hnip 3 would not be a zero tensor
’

field and would satisfy the condition
(3.15) | = ‘
‘Zil"'ip,jk gil...ip,jhk ’

vhere £, )  » @nd %y is a continuous

= (
'ip,jk ?il"'ip,j ,
vector field on M,. Now consider the scalar field

a1
¢ =% L pZil,,,ip

1f, in the expression L()), we choose the functions hk(x) as

defined by (3.2), we have

i1...1 iy...1
G g Ry ) <A @R )

- jk“ 211;.;ip
g Aj (.f ?il"‘ip),k *

Upon éubstituting from

@17 @ty _zgil Yoty Apk
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and

(3.18) Aygtletegy ) - 2311"'1P’3511,,,1p ]

i LI .i k
v 2ft1dp F11.. 4p, 4k »
(3.16) becomes

(3.19) L(gil"'ipii i) = 2211"'1P’3?i sl
. 1 P 1 P.J

vogti o gd¥ey) g0 gk

- gjkaj(2311‘"'ipéil...1p,k) )

which reduces, by (3.15), to

(3.20) L(gil-'-ipéil,,,i ) = 2?11"'1P’J€11...1

P Py

| i;...15,
Since g7l p’jgil"*ip,j

is a positive definite form in gil- , we have

cedp g

(3.21) L(?il"'ipgil...ip) - 2;11-..ip,1?11,,,1pj 2

on M,. Hence, by Thebrem 2.3,

... _ogll...1p, =
(3.22)  L(g"1 1P?11...ip) = 2% ° jgilmip,j -0
on M. Since

1...1
A TR

is positive definite, we conclude from (3.22) that

=0 .
Pyt

Therefore, iil" is a zero tensor field and, conse-

'ipnj
quently, cannot be a recurrent tensor field.
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When the tensor field ?il‘,‘ip is itself a recurrent
tensor field, we have the following special case of Theorem

3.3:

Corollary 3.3.1. Let M, be a compact Riemannian
manifold of class C* (r 2 2) with a positive definite funda-
mental form. If Zil"'ip is a recurrent tensor field of
class C2 on M,, it cannot be recurrent twice. |

Another consequence of Theorem 3.3 is obtained when
M, is a K-manifold of class C* (r 2 3). Since r 2 3. the
curvature tensor field of M, is a continuous tensor field

and, by Definition 2.2, is a recurrent tensor field: We have

Corollary 3.3.2. Let K, be a compact Riemannian

K-manifold of class C¥ (r,g 3) with a positive definite fun-
damental form. Then there exists no covariant tensor field
Thij

1

of order 3 and of class C* on K for which the relation

(3.23) Rutgk = Thig,k

holds.

‘Proof: From Theorem 3.3, no recurrent tensor field
can be the covariant derivative of another covariant tensor
field. Thus, in a K-manifold, (3.23) is impossible.

As a conclusion to this chapter, we shall apply
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Theorem 3.3 to obtain a genéralization of the following
theorem due to S. Bochner [5, p. 170]:
Theorem 3.4. On a coﬁpact Riemannian manifold of
class CT (r 2 2) with a positive definite fundamental form,
if, for an arbitrary covariaﬁt tensor (or scalar) field, the

r-th successive covariant derivative vanishes,

(3.24) -0,

Zi1“-ip,k1.¢..kr
then the first derivative already vanishes. That is,

(3.25) 0

gi]_...ip,k -
Theorem 3.5. On a éompact Riemannian manifold M,
of class C¥ (r 2 2), if, for an arbitrary covariant tensor
(or scalar) field, the r-th successive covariant derivative

can be expressed as

(3.26) 2y,

. =% )
pokp e k(ro1)ke g11"'1P»k1~-k(r-1) ky

for some continuous vector field zi on M, then the first

derivative already vanishes. That is,

(3.27) zil---ip,k = 0.
Proof: By the method of proof of Theorem 3.3, (3.26)
implies

0.

2.,

v dp kL. k(o1

Consequently, by Theorem 3.4, (3.27) follows.



CHAPTER IV
CONFORMAL RIEMANNIAN MANIFOLDS

Let Mn be a Riemannian manifold with fundamental co-
variant tensor field gjk and curvature t?nsor field Rhijk'
Let ¢ be a scalar field on Mn defining a global conformal
transformation of the fundamental covariant tensor field of
M, as in Definition 2.5. If the transformed curvature

tensor field Rhijk satisfies the condition

(4.1) Ryjijk = O

throughout M, then M, is said to be reduced to a flat
Riemannian manifold by the global conformal transformation
of the fundamental covariant tensor field. 1t is shown in
this chapter that for cértain types of Riemannian manifolds
such a global conformal transformation of the fundamental
covariant tensor field is impossible. The method of this
chapter also leads to the main results of Chapter V, in

which K*-manifolds are studied.

24
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If n # 1, (2.36) can be wfitten as

(4.2) ; n-2 e 620"R' - R
4T+ AT 5 -T)

This equation will be used in the proof of

Theorem 4,1, Let Mn(n 2 2) be a compact Riemannian

fiv

manifold of class Cr‘(r

i

3) with a positive definite funda-

mental form g1dx dxJ , such that the scalar curvature R of
M, satisfies the condition

(4.3) R20

throughout Mn. There exisés no global conformal transforma-
tién of th: fundamental covariant tensor field which is de-
termined by a scalar field ¢ of class C° (s 22) on M,, such

that the transformed scalar curvature R satisfies the condi-

tion

(b.4) R 50
throughout M, unless

(4.5) R=0

throughout Mn' Then automatically
(4.6) R=0
throughout, and the global conformal transformation is just
a similarity transformation.
Proof: Let M, be a compact Riemannian manifold on

which the given hypotheses are satisfied. Since M, is of
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class CY {r 2 3) and o is of class C% (s 2 2), conditions
(2.28) through (2.36) are satisfied throughout M,. Since
n 2 2, n-1#0 and (4.2) is satisfied throughout M. Fur-
thermoré, R and R are conéinuous on M_. By virtue of (2.12)

and (2.13), (4.2) can be written as

(4.7) i3 - n-2 ,ij, e20R-R

Now consider the expression

(4.8) LE) = Jk(x) 220 +hl() :
B Biaek !
If we choose hi(x) as
i = - jk~i P."_Z. ij

(4.9) w0 = gl ¢ 2R e,
we have, by virtue of (4.7), ‘

_ ”oe
4.10) : L(r) = & _R-R
(4.10) | () = £ R

1t follows from (4.3) and (4.4) that
L(o) S
throughout M. Thus,;by Theorem 2.3,
0= const.
throughout M,, and
L) =
throughout M, . Therefore, by (4.10), it follows that
R=R=0

and the proof is complete.
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Theorem 4.2, Let M, (n 2 2) be a compact Riemannian
manifold of class C¥ (xr 2 3) with a positive definite funda-

mental form gijdxidxj, such that the scalar curvature R of M,

satisfies the condition

N

(4.11) R=0

thfoughout M,. There exists no global conformal transforma-
tion of the fundamental covariant tensor field which is de-
termined by a scalar field ¢ of class ¢S (s 22) on Mn’ such

that the transformed scalar curvature R satisfies the condi-

tion

(4.12) R20

throughout Mn, unless
(4.13) R=0
throughout M . Then automatically
(4.14) R=0
throughout, and the global-COnformal transformation is just
a similarity transformation.

Proof: The method of proof is the same as the proof
of Theorem 4.1, except in the present case we find

L(¢) 2 0

throughout M,. Theorem 2.3 also applies here, and the con-
clusion follows.

A useful consequence of Theorems 4.1 and 4.2 is



28
Theorem 4.3. Let M, (n 2 2) be a compact Riemannian |
manifold of class C* (r 2 3) with a positive definite funda-
| mental form gijdxidxj, such that the scalar curvature R of M,

satisfies either of the conditions

(4.15) CR20
or
(4.16) R 0

throughout Mn' There exists no global conformal transforma-
tion of the fundamental covariant tensor field which is de- .
termined by a scalar field ¢ of class C¥ (s 2 2) on M, such

that the transformed scalar curvature R satisfies the condi-

tion

(4.17) R=0
throughout M, unless

(4.18) R=0

throughout M., and then.the global conformal transformation
is just a similarity transformation.
| Proof: If (4.15) is satisfied, the hypotheses of
Theorem 4.1 are satisfie&, and the conclusion follows. If
(4.16) 1is satisfied, the hypotheses of Theorem 4.2 are
satisfied, and the concluéiop follows.

As a conseqﬁence of Theorem 4.3, we have

Theorem 4.4. Let M, (n Q‘Z) be a compact Riemannian
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manifold of class C* (r 2 3) with a positive definite funda-
mental form gijdxldxj, such that the scalar curvature R of

M, satisfies either

]
ny
o

or

nA

R=0

throughout M, . There exists no global conformal transforma-
tion of the fundamental covariant tensor field which is de-
termined by a scalar field ¢ of class C5 (s 2 2) on M, and
which_reduces.Mn to a flat Riemannian manifold, unless R = 0
throughout M,, and then the global conformal transformation
is a similarity transformation,

Proof: _If Mn were reduced to a flat Riemannian
manifold by a global conformal transformation, the trans-
formed curvature tensor field would have to satisfy

Rpsji = O
throughout M. It would follow immediately that
R=0
throughout M- The hypotheses of Theorem 4.3 would be satis-
fied, and, theréfore, the conclusion follows.
When M, is of constant curvature, we have the

following

Corollary 4.4.1. Let Mn (n £ 2) be a compact
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Riemannian manifold of qlass ct (r 2 3) with a positive defi-
nite fundamental form gijdxidxj, such that the scalaf curva-
ture R of M, is a constant th;oughout M,. There exists no
global coﬁfofmal transforﬁation of the fundamental covariant
ténsor field which requces M, to a flat Riemannian manifold
unless R is identically zero on M, and then the global con-
formal transformation is a similarity.

Now, for a Riemannian manifold Mh, consider the Riceil
quadratic form
wheregi is an arbitrary contravariant vector field on M. If

| i

are the coefficients of a positive definite quadratic form

on M,, then the scalar curvature

satisfies

RY0
on M , since gij are the coefficients of the positive defi- '
note fundamental form on M,. Similarly, if

Rij
are the coefficients of a negative definite form on M,, then

R<0

on M,. By Theorem 4.4, neither of these situations is
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possible if M, is compact and of class C* (r 2 3), such that
there exists_a global conformal transformation of the funda-
mental covariant tensor field which reduces M, to a flat
Riemannian manifold. The above consideration leads to
Thgorem 4.5, Let M (n 2 2) be a compact Riemannian

manifold of class C¥ (r 2

3) with a positive definite funda-
mental form gijdxidxj. Let there be a global conformal
transformation of the fundamental covariant tensor field
which is determined by a scalar field ¢~ of class C° (s 2 2)
on M, and which reduces M, to a flat Riemannian manifold.
Then the Ricci quadrafic form

Rijéigj
is neither positive definite nor negative definite through-

out Mn'



CHAPTER V
RIEMANNIAN MANIFOLD AND K*-MANIFOLD

This chapter is concerned with the study of two prob-
lems, the first of which is to determine if a co&pact
Riemannian manifold can be reduced to a K*-manifold by a
suitable global conformal transformation of the fundamental
covariant tensor field. A necessary condition is found. The
scalar curvature of the Riemannian manifold cannot be non-
negative throughout the manifold.

The second problem is té determine if a compact K*-
manifold can be reduced to a flat Riemannian manifold by a
suitable global conformal transformation of the fundamental
covariant tensor field. This is found to be impossible‘for
a compact simple (in the large) K manifold.

We are concerned here 6nly with Riemannian manifolds
with positive définite fundamental forms. By Theorem 2.1, a
K*-manifold with a positive definite fundamental form is at
least locally simple. Only global results are of interest

32
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hefe, and, therefore, the K*-manifolds to be considered are
those K*-manifolds-which are simple (in the large) in the
sense of Definition 2.4.
For the purpose of obtaining the results mentioned
above, we first prove |
Theorem 5.1. Let Kg be a simple (in the large) K*-
manifold. Then the scalar curvature R of K: satisfies the
“condition
RZ0
throughout K:.- Furthermore, R cannot be identically zero on
Proof: By Definition 2.4, there exists an anti-
symmetric second-order»govariant tensor field mjj on K: such
that the curvaturé tensor field of K: satisfies
(5.1) Rtjk = "hijk
throughout K:. From (5.1), it follows that

_ ohk _ ohk
This in turn gives
ij ij hk
(5.3) R = g Rij': g g mhimjk P
which reduces to
(5.4) R = -mijmij .
Since

mij mij
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.:, it follows from (5.4)

is a positive definite form in my 4

that

A

R=0

throughout K:. Furthermore, if R were identically zero on
*
Kﬂ , then mij

' *
would be a zero tensor field throughout K:. Kp would be

would be identically zero on K:. Thus, Ryijk

flat, contradicting the assumption that it is simple (in the
large).

We are now able to prove

Theorem 5.2. Let M, (n ZAZ) be a cbmpacf Riemannian -
manifold of class CY (r Z 3) witﬁ a positive definite funda-
mental form gijdxidxj, such that the scalar curvature R of
Mn satisfies

RZ20

throughout M,. There exists no global conformal transforma-
tion of the fundamental covariant tensof field which is de-
termined by a scalar field ¢ of claés CS (s 22) on M, and
which reduces M, to a simple (in the large) K -manifold.

Proof: Suppose there is a glébal conformal trans-
formation of the fundamental coVariant tensor field which re-
duces M_ to a sim?le (in the large) K*-manifoldf By Theorem
5.1, the transformed scalar curvature R satisfies

R<€o0
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throughout Mﬁ. The hypotheses and, hence, the conclusion of
Theorem 4.1 are satisfied. That is,
R=R=0

throughout Mn. By Theorem 5.1, R cannot be zero throughout,
since M, was assumed to be.reduced to a simple (in the large)
K*-manifold by the global conformal fransformation. This
- contradiction establishes the theorem.
We now apply Theorem 4.4 to obtain the final result
~ of this chapter, |

Theorem 5.3. Let K: (n 2 2) be a compact simple (in
the large) K*emanifold of class C* (r 2 3). There exists no
global conformal transformation of the fundamental covariant
tensor field which ié determined by a scalar field ¢ of class
Cs-(s 2 2) oﬁ K: and which reduces K: to a flat Riemannian
manifoid._

Proof: By Theorem 5.1, the hypotheses of Theorem
4.4 are satisfied in the present case. Therefore, if there
were a global conformal transformation which reduces Kg to a
flat Riemannian manifold, the scalar curvature of Ky would
satisfy

R=0

throughout K:, by Theorem 4.4. This is impossible, by

Theorem 5.1. This contradiction establishes the theorem.
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