
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction.

1. The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photolng at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Zeeb Road
Ann Arbor, Michigan 48106



I l
74-19,255

PHILLIPS, Thomas Melton, 1943- 
CCMPLETENESS IN TOPOLOGICAL SPACES.
The University of Oklahana, Ph.D., 1974 
Mathematics

University Microfilms, A XEROX Com pany, Ann Arbor, Michigan

-•-11 lO m oOED-rATirkM  LIAC DCCM M IPDnCII MPH PVAfîTI Y AS RECEIVED.



THE UNIVERSITY OF OKLAHOMA. 

GRADUATE COLLEGE

COMPLETENESS IN TOPOLOGICAL SPACES

A DISSERTATION 

SUBMITTED TO THE GRADUATE FACULTY 

in  p a r t i a l  f u l f i l lm e n t  o f  th e  req u ire m en ts  fo r  th e

d egree  of 

DOCTOR OF PHILOSOPHY

By

THOMAS M. PHILLIPS 

Norman, Oklahoma 

1974



COMPLETENESS IN TOPOLOGICAL SPACES

APPROVED BY

DISSERTATION COMMITTEE



ACKNOWLEDGEMENTS

I  w ish to  e x p re ss  my s in c e r e  a p p re c ia t io n  to  P ro fe s s o r  John W. 

Green f o r  h i s  p a t ie n c e ,  u n d e rs ta n d in g  and g u idance  d u rin g  th e  p a s t  th r e e  

y e a r s .  I n  p a r t i c u l a r ,  I  am g r a t e f u l  f o r  th e  env ironm ent o f  in d iv id u a l  

c r e a t i v i t y  in  w hich I  was encou raged  to  work and w ith o u t w hich t h i s  

p a p e r  would be p e r s o n a l ly  l e s s  m e an in g fu l.

I  am e t e r n a l l y  g r a t e f u l  to  my w ife ,  Rona, and my so n , S c o t t ,  

f o r  t h e i r  u n s e l f i s h  d e v o tio n  th ro u g h o u t my g ra d u a te  s tu d ie s .  I  am a ls o  

in d e b te d  to  Dr. C h a rle s  D. R obinson who has been a  so u rce  of c o n s ta n t 

encouragem ent over th e  p a s t  y e a r s .

I  would l i k e  to  th a n k  P ro fe s s o r s  John C. B rix e y , B ernard  R. 

McDonald, and W illiam  T. R eid  f o r  s e rv in g  on my a d v iso ry  com m ittee.

iii



Film ed a s  r e c e iv e d  

w ith o u t p a g e (s )  iv -v  »

UNIVERSITY MICROFILMS.



TABLE OF CONTENTS

S e c tio n  Page

1. INTRODUCTION ..................................................................  1

2 . D E FIN IT IO N S....................    4

3. PRIMTIVE B A S E S ........................................................  6

4. SETS OF INTERIOR CONDENSATION 17

5. ARONSZAJN SPACES ........................................................  22

6 . MOORE SPACES........................................................................52

REFERENCES.........................................................................................41

VI



COMPLETENESS IN TOPOLOGICAL SPACES

1. INTRODUCTION

One o f th e  m ost s i g n i f i c a n t  g e n e ra l iz a t io n s  o f th e  concep t o f  a  

m e tr ic  sp a c e  i s  t h a t  o f  a  sp ace  s a t i s fy in g  th e  f i r s t  th r e e  p a r t s  o f  R. L. 

M oore's Axiom 1 [1 6 ]. Such a  space  i s  c a l le d  a  Moore sp ace  w h ile  a 

sp ace  s a t i s f y i n g  a l l  o f  Axiom 1 [16] i s  c a l le d  a com plete  Moore sp a c e . 

E very (com plete) m e tr ic  sp ace  i s  a  (com plete) Moore sp a c e , b u t th e re  

e x i s t  (com plete ) Moore sp aces  w hich a re  no t m e tr iz a b le .  S in ce  t h i s  

p a p e r  i s  p r im a r i ly  concerned  w ith  v a rio u s  form s, o f  com ple teness i n  . .

to p o lo g ic a l  sp a c e s , th e  rem ain in g  comments w i l l  fo cu s  m ain ly  on com plete  

Moore sp aces  and f u r th e r  g e n e r a l iz a t io n s  o f  com plete  m e tr ic  sp aces .

R o b erts  [20] showed t h a t  a  m etric  s p a c e  i s  m e t r ic a l ly  to p o lo g i­

c a l ly  com plete  i f  and o n ly  i f  i t  i s  a  com plete Moore sp a c e . Many theorem s

d e a l in g  w ith  com plete  m e tr ic  sp a c e s  a re  a ls o  v a l id  f o r  com plete Moore

sp a c e s . The fo llo w in g  exam ples w ere s in g le d  o u t by A rm entrout in  [3 ] :

Theorem A. [16; C hap ter I ,  Theorem 162] The in t e r s e c t i o n  o f

co u n tab ly  many open dense s u b s e ts  o f a  com plete Moore sp ace  S i s  dense  

in  S.

Theorem B. [16; C h ap te r I I ,  Theorem 1] A conn ec ted  and lo ­

c a l ly  co n n ec ted  com plete Moore sp ace  i s  a rc w ise  co n n ec ted .

Theorem C. [16; C h ap te r I ,  Theorem 164] A com plete  Moore

sp ace  i s  s e p a ra b le  i f  and o n ly  i f  i t  does n o t  c o n ta in  u ncoun tab ly  many 

m u tu a lly  e x c lu s iv e  open s e t s .
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In  1950 Rudin [21] in tro d u c e d  a v a r i a t i o n  o f com pleteness in  

Moore sp aces  and a  sp ace  s a t i s f y i n g  Axiom 1" ( e q u iv a le n t ly  Axiom 1 ' ' ' )  

o f  [21] i s  c a l le d  a  sem icom plete  Moore sp a c e . Every com plete  Moore sp ace  

i s  sem icom ple te , b u t an  exam ple i s  g iv e n  in  [21; Theorem 9] o f  a  sem i­

com plete Moore space  w hich i s  n o t  com plete . T h is  a p p a re n tly  i s  th e  o n ly  

known example o f  such a  sp ace , and i t  i s  n a t u r a l  to  a sk  w hat a d d i t io n a l  

p r o p e r t i e s  a re  s u f f i c i e n t  to  g u a ra n te e  t h a t  a  sem icom plete Moore space 

i s  com plete . In  [21] R o b e rts ' r e s u l t  i s  ex tended  to  show t h a t  a m e tr ic  

space i s  com plete  i f  and o n ly  i f  i t  i s  a  sem icom plete Moore sp ace . Al­

though Rudin p ro v id es  s e v e ra l  i n t e r e s t i n g  theorem s and exam ples, r e s u l t s  

co n ce rn in g  sem icom plete Moore sp aces  as such  a re  r e l a t i v e l y  s c a rc e . 

However, a number o f  theorem s co n ce rn in g  com plete  Moore sp a c e s  which 

have ap peared  in  th e  l i t e r a t u r e  q u i te  r e c e n t ly  a r e  v a l id  f o r  sem icom plete 

Moore spaces and even sp aces  s a t i s f y i n g  a  more g e n e ra l com pleteness 

p ro p e r ty  d e sc r ib e d  below . A rm entrou t o b se rv e s  in  [3] th a t  th e  th re e  

theorem s p re v io u s ly  m entioned in  th e  d is c u s s io n  o f  com plete Moore sp aces  

a re  a ls o  v a l id  f o r  sem icom plete Moore sp a c e s .

In  1930 A ronszajn  [ 4 ] ,  in  h is  s tu d y  o f  a rc w ise  co n n ec ted n ess , 

in tro d u c e d  th e  fo llo w in g  com ple teness axiom f o r  a  T^ (= r e g u la r  H ausdorff) 

sp a c e : th e re  i s  a  sequence G o f  b a ses  f o r  t h e  top o lo g y  o f  th e  space

such th a t  i f  g = g^ , g2 »**« i s  a  sequence w ith  g^ e and g ^ ^ c  

f o r  each  n ,  th e n  th e r e  i s  a  p o in t  every  neighbo rhood  o f w hich co n ta in s  

a  te rm  o f  g. A lthough n o t in  c h ro n o lo g ic a l o r d e r ,  such a  sp ace  i s  a  

g e n e r a l iz a t io n  o f a  sem icom plete  Moore sp a c e . A ronszajn  d id  n o t develop  

a th e o ry  o f  th e se  sp aces  beyond showing th a t  th e  p re v io u s ly  m entioned 

a rc  theorem  (Theorem B) h o ld s  in  t h i s  s e t t i n g .  The argum ents g iven by
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Moore [16; lo c .  s i t . ]  w i l l  show t h a t  Theorems A and C a ls o  have an a lo g s  

f o r  spaces s a t i s f y i n g  A ro n sz a jn 's  axiom . Z ip p in  [35] ex tended  R o b e r ts ' 

r e s u l t  by showing th a t  a  m e tr ic  space  i s  co m p le te  i f  and o n ly  i f  i t  

s a t i s f i e s  A ro n sz a jn 's  axiom and he a ls o  e x h ib i te d  a  space s a t i s f y i n g  

A ro n sz a jn 's  axiom  b u t w hich i s  n o t a  Moore sp a c e .

In  1963 A rh a n g e l 's k i i  [2] in tro d u c e d  th e  concep t o f  a base  o f  

co u n tab le  o rd e r  and p roved  th a t  a sp ace  i s  m e tr iz a b le  i f  and o n ly  i f  i t  

i s  a  paracom pact H ausd o rff space  hav in g  a b a s e  o f  c o u n ta b le  o rd e r .  In  

1967 Wicke and W o rre ll appended a  r a th e r  n a t u r a l  com ple teness p ro p e r ty  

to  th e  d e f in i t i o n  o f a b a se  o f  c o u n ta b le  o r d e r  and c a l le d  th e  r e s u l t  

a  A -base. For e s s e n t i a l l y  s p a c e s , th e  e x i s te n c e  o f  a  b a se  o f  co u n t­

a b le  o rd e r  i s  e q u iv a le n t to  th e  e x is te n c e  o f  a  sequence o f  b a se s  hav ing  

a  s t r i k i n g  s i m i l a r i t y  to  th a t  in  A ro n s z a jn 's  axiom. In  f a c t ,  a  space  

s a t i s f i e s  A ro n sz a jn 's  axiom i f  and o n ly  i f  i t  h as  a A -base. C o n seq u en tly , 

a  Tg space  hav in g  a  b a se  o f  co u n tab le  o rd e r  (A -base) i s  c a l le d  an A ron- 

s z a jn  space  (a com plete A ronsza jn  s p a c e ) .  T hese sp aces  a r e  g e n e r a l iz a ­

t io n s  o f  Moore sp aces  and sem icom plete Moore sp aces  r e s p e c t iv e ly .

One m ajo r p o in t  on which Moore sp a c e s  and A ronsza jn  sp aces  d i f f e r  

from  m e tr ic  sp aces  i s  t h a t ,  w h ile  ev e ry  m e tr ic  sp ace  i s  a  d en se  sub­

space  o f  a  com plete  m e tr ic  sp ace , th e r e  i s  a  Moore sp ace  w hich i s  n o t  a  

subspace o f  any com plete A ronsza jn  sp ace . (See [21 ; Theorem 8 ] and [1 7 ] .)  

C o n s id e rab le  work has been  done by A lzoobaee [ 1 ] ,  Green [1 2 ] , Reed [1 9 ] , 

and  Whipple [23] in  o rd e r  to  e s t a b l i s h  s u f f i c i e n t  (and in  some in s ta n c e s ,  

n e c e ssa ry )  c o n d itio n s  u nder w hich a  Moore sp ace  h as  a  com ple tion  o r  

sem icom ple tion . A pparen tly  th e  c o m p le ta b i l i ty  o f  A ro n sza jn  sp aces  has 

n o t  been in v e s t ig a te d .
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S ince  1965 W o rre ll and  Wicke have engaged in  a  v e ry  tho rough  

in v e s t ig a t io n  o f  co m p le ten ess  in  spaces h av in g  a base  o f c o u n ta b le  o rd e r  

a s  w e ll  as sp aces  h av in g  a p r im i t iv e  b ase  as d e sc r ib e d  i n  S e c t io n  3 o f  

t h i s  p aper and n o n - f i r s t - c o u n t a b le  an a lo g s  o f  spaces h av in g  a  b a se  o f 

c o u n ta b le  o rd e r  such as  th e  and g^ sp a c e s  d e f in e d  in  [251. The b a s is  

f o r  th e  p ro o fs  o f  many o f  t h e i r  r e s u l t s  i s  e s s e n t i a l l y  th e  te c h n iq u e  

em ployed by Rudin in  [21; Theorem 2 ] . An e x te n s iv e  l i s t  o f  t h e i r  works 

i s  found i n  th e  b ib l io g ra p h y  a lth o u g h  many o f  t h e i r  r e s u l t s  have n o t 

been  p u b lish e d . Many o f th e  d e f in i t i o n s  u sed  in  t h i s  p ap e r a re  due to  

W o rre ll and Wicke and can b e  found  i n  [28] and [2 9 ].

The co n ce p t o f  a  s e t  o f  i n t e r i o r  c o n d e n sa tio n , a s  in tro d u c e d  by 

W o rre ll and Wicke in  [28] a s  a  g e n e r a l iz a t io n  o f  a  Gg s e t ,  h as  proved 

to  be  v e ry  u s e fu l  in  th e  in v e s t ig a t io n  o f  to p o lo g ic a l  co m p le ten ess  in  

sp aces  more g e n e ra l  th a n  m e tr ic  sp a c e s . In  S e c tio n  4 o f  t h i s  p ap e r some 

g e n e ra l  p r o p e r t i e s  of s e t s  o f  i n t e r i o r  c o n d en sa tio n  a re  p re s e n te d  to  

d em o n stra te  th e  s i m i l a r i t y  to  s e t s .  These p r o p e r t i e s  a r e  a l s o  u s e fu l  

i n  S e c tio n  5 w here s e v e ra l  e x te r n a l  c h a r a c te r i z a t io n s  o f  com plete  Aron- 

s z a jn  sp aces  a r e  g iv e n . I n  S e c tio n  6 com ple teness  and sem icom ple teness  

i n  Moore sp aces  a re  com pared, in  p a r t i c u l a r  w ith  re g a rd  to  th e  s i m i l a r i t y  

betw een th e  r o le s  o f Gg s e t s  and s e t s  o f  i n t e r i o r  c o n d e n sa tio n .

2 . DEFINITIONS

T hroughout t h i s  p a p e r  N d en o te s  th e  s e t  o f  p o s i t i v e  in te g e r s  and 

S d en o tes  a to p o lo g ic a l  sp a c e .

2 .1  I f  M i s  a  s u b s e t  of a s e t  X and F i s  a c o l l e c t i o n  o f sub­

s e t s  o f  X, th e n  { f  f] M |f e F} i s  c a l le d  th e  t r a c e  o f  F on M and i s  de­

n o te d  by Tr^^F.
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2 .2  I f  G i s  a  c o l l e c t io n  o f  s e t s ,  th en  G* d e n o te s  th e  un ion  o f  

a l l  th e  members o f G. I f  G i s  a  w e ll-o rd e re d  c o l le c t io n  o f  s e t s  and h  

i s  a  s e t  w hich i s  a s u b s e t  o f  some member o f  G, th en  G(h) d en o tes  th e  

f i r s t  member o f  G c o n ta in in g  h . I f  h = {P} fo r  some P e G*, th en  G(h) 

w i l l  be d en o ted  by G (P ).

2 .3  A sequence G o f s e t s  i s  s a id  to  be  m onotonie i f  and o n ly

i f  G .1 ^  G f o r  each  n .  n+1 n

2 .4  I f  I  c S  and G i s  a  sequence each  term  o f  w hich i s  a  c o l­

l e c t i o n  o f  s e t s  open in  T , th e n  G i s  s a id  to  be  T -open .

2 .5  I f  T c  S and B i s  a c o l l e c t io n  o f s e ts  open in  S such th a t  

i f  P £ T and U i s  an open s e t  i n  S c o n ta in in g  P , th e re  i s  a  s e t  i n  B 

c o n ta in in g  P and c o n ta in e d  in  U, th e n  B i s  s a id  to  b e  a b a se  f o r  S a t  T.

2 .6  I f  G i s  a  sequence  o f  c o l le c t io n s  o f  s e t s  and g i s  a  mono­

to n ie  sequence o f nonem pty s e t s  such  th a t  g^ £ G  ̂ f o r  each  n ,  th e n  g i s  

c a l le d  a  G - f i l t e r b a s e . I f  each  member o f  each  term  o f  G i s  a s u b se t o f

S and g i s  a  G - f i l t e r b a s e  such  t h a t  g^^^^ c  f o r  each  n ,  th e n  g i s  c a l le d  

a G -n e s t.

2 .7  I f  each  o f  f  and g i s  a sequence ( c o l l e c t io n )  o f s e t s  such 

t h a t  each  te rm  (member) o f  f  c o n ta in s  a te rm  (member) o f  g , th en  f  i s  

s a id  to  be c o a r s e r  th a n  g o r  e q u iv a le n t ly  g i s  f i n e r  th an  f .

2 .8  I f  X i s  a  s e t  and MC X, th e n  a sequence G i s  c a l le d  a 

m o n b to n ic a lly  c o n t r a c t in g  sequence  o f  M in  X i f  fo r  each n ,  G^ i s  a 

c o l l e c t io n  o f  s u b s e ts  o f  X c o v e r in g  M such  th a t  i f  g £ G^ and x e M H g , 

th e re  i s  a s e t  in  G^^^ c o n ta in in g  x  and c o n ta in ed  in  g.

2 .9  I f  X i s  a  s e t  and M C X, th e n  a sequence G i s  c a l le d  a 

p r im i t iv e  sequence o f  M in  X i f  f o r  each  n ,  G  ̂ i s  a  w e ll-o rd e re d  c o l le c t io n



o f su b se ts  of X co v e rin g  M such  th a t  i f  g e G^, th e r e  i s  a p o in t P in  

M such th a t  g = G^(P) and i f  Q e M, th e n  G^^^(Q) c G ^ (Q ) .

2 .1 0  I f  X i s  a  s e t  and M e X and G i s  a p r im i t iv e  sequence o f

M in  X, th en  a  G - f i l t e r b a s e  g i s  c a l le d  a  p r im it iv e  r e p r e s e n ta t iv e  o f  G 

i f  f o r  each  n ,  th e re  i s  a  p o in t  P in  S such  th a t  g^ = G^(P) and

Sn+1 "  G n+i(P).

2 .1 1  A c o l l e c t io n  o f  s e t s  i s  s a id  to  be p e r f e c t ly  d e c re a s in g  

i f  and on ly  i f  i t  c o n ta in s  a  p ro p e r  s u b s e t  o f  each o f  i t s  members.

2 .12  A base  o f  c o u n ta b le  o rd e r  f o r  S i s  a  b a se  B f o r  th e  topo ­

logy  o f  S such th a t  i f  P i s  a  p o in t  b e lo n g in g  to  each  member o f  a  p e r­

f e c t l y  d e c re a s in g  s u b c o l le c t io n  T of B, th e n  T i s  a  b a se  f o r  S a t  P.

2 .1 3  A X -base f o r  S i s  a  b ase  o f  c o u n tab le  o rd e r  B fo r  S such

th a t  i f  T i s  a  p e r f e c t ly  d e c re a s in g  m onotonie s u b c o lle c t io n  o f  B, th e re  

i s  a p o in t  every  neighborhood  o f  w hich c o n ta in s  a  member o f T.

2 .14  S i s  e s s e n t i a l l y  i f  and o n ly  i f  f o r  each  two p o in ts  

X and y , e i t h e r  {x} = {y} o r  {x} fl {y} = (j).

3. PRIMITIVE BASES

3 .1  DEFINITION. A b a se  B f o r  th e  topo logy  o f S i s  c a l le d  a  

9 -base  f o r  S i f  th e re  i s  a sequence H o f  c o l le c t io n s  o f  open s e ts  such

th a t  B = and i f  D i s  an  open s e t  c o n ta in in g  th e  p o in t  P , th e r e

i s  an n such th a t  o n ly  f i n i t e l y  many s e t s  in  c o n ta in  P and one such 

s e t  i s  a s u b se t  o f  D.

3 .2  DEFINITION. A b ase  B f o r  th e  topo logy  o f  S i s  c a l le d  a  

p r im it iv e  b ase  f o r  S i f  th e re  i s  a  sequence  H of w e ll-o rd e re d  c o l le c t io n s  

o f  open s e t s  such  th a t  B = and i f  D i s  an open s e t  c o n ta in in g



7
th e  p o in t P , th e n  th e re  e x i s t  in te g e r s  n and k  such th a t  has a t  l e a s t  

n e lem en ts  c o n ta in in g  P and th e  n ' t h  such  e lem en t i s  a  su b se t o f  D.

3 .3  REMARK. The concep t o f a  6-b a s e  as  a g e n e r a l iz a t io n  o f a 

o - lo c a l ly  f i n i t e  (o r o -p o in t  f i n i t e )  b a se  i s  due to  W o rre ll and Wicke 

[32] and th e  co ncep t o f  a  p r im i t iv e  b ase  a s  a  g e n e ra l iz a t io n  o f  a  0-b a s e  

i s  a ls o  due to  W o rre ll and Wicke [33 ]. A p p a ren tly  th e  a c tu a l  te rm  f i r s t  

appea red  in  [30] and [3 1 ]. Theorem 3 .4  shows t h a t ,  in  e s s e n t i a l l y  T^ 

sp a c e s ,  a  p r im i t iv e  base  i s  a l s o  a  g e n e r a l iz a t io n  o f a  b ase  o f  co u n t­

a b le  o rd e r .

Exam ple. The space  X in  [5 ; Example 2 .3 ]  i s  a  paracom pact q u a s i-  

d e v e lo p a b le  sp ace  which i s  n o t  a Moore sp a c e . By [6 ; Theorem 8 ] X has 

a  0 -b a se , hence a  p r im it iv e  b a se . But X does n o t have a  b ase  o f coun t­

a b le  o rd e r  s in c e  a paracom pact space  h av in g  a  b ase  o f co u n tab le  o rd e r  

i s  m e tr iz a b le .

Exam ple. The long l i n e  L [22] h a s  a  b ase  o f co u n tab le  o r d e r ,  

hence a p r im i t iv e  b ase . However, L does n o t  have a  0 -base  f o r  i f  i t  d id ,  

th e n  L w ould b e  w eakly 6- r e f i n a b l e ,  hence paracom pact by [6 ; Theorem 1 1 ].

Exam ple. Every space  hav ing  a  p r im i t iv e  b ase  i s  f i r s t  c o u n ta b le  

b u t  th e  S o rg e n fre y  l i n e  S [14] i s  a  f i r s t  c o u n ta b le  space  w hich does 

n o t  have a p r im i t iv e  b a se . For c lo se d  s e t s  in  S a re  Gg s e t s  [14] and i f  

S has a p r im i t iv e  b a se , th e n  by Theorem 4 .9  S has a  b a se  o f  c o u n ta b le  

o rd e r  and h e n c e , b e in g  p aracom pact, i s  m e tr iz a b le .

Remark. The f i r s t  example g iven  above shows t h a t ,  u n l ik e  th e  

c a se  f o r  sp a c e s  having  a  b ase  o f  c o u n ta b le  o rd e r ,  a paracom pact space 

h av in g  a  p r im i t iv e  b ase  need n o t be m e tr iz a b le .  However, see  C o ro lla ry  

3 .1 3 .



3.4  THEOREM. I f  S i s  e s s e n t i a l l y  T^, th en  S has a b a se  o f  count­

a b le  o rd e r i f  and on ly  i f  th e re  i s  an S-open p r im it iv e  sequence G o f

S such  th a t  i f  P i s  a p o in t  b e lo n g in g  to  each  te rm  o f a  p r im i t iv e  re p re ­

s e n ta t iv e  g o f  G, th e n  g i s  a  b a se  f o r  S a t  P .

P ro o f .  Suppose S has a  b ase  o f  c o u n ta b le  o rd e r .  By [32; Theorem 2] 

th e r e  i s  a sequence B o f b ases  f o r  S su ch  t h a t  i f  P i s  a  p o in t  b e lo n g in g  

to  each  term  o f  a  B - f i l t e r b a s e  b ,  th en  b i s  a  b ase  fo r  S a t  P and by 

[29; Lemma 2 .1 ]  th e re  i s  a p r im i t iv e  sequence  G o f  S such  t h a t  G^ c  B^ 

f o r  each n . G has th e  d e s ir e d  p ro p e r ty .

C onversely , suppose G i s  an S-open p r im it iv e  sequence o f  S having

th e  in d ic a te d  p ro p e r ty . The argum ents f o r  Lemmas 2 .2  and 2 .3  o f  [29]

show th a t  th e re  i s  a m onotonie sequence B o f  open covers o f  S such  th a t  

e v e ry  B - f i l te r b a s e  i s  f i n e r  th a n  some p r im i t iv e  r e p r e s e n ta t iv e  o f  G.

S in c e  each term  o f B i s  c l e a r ly  a  b a se  f o r  S , S has a b ase  o f  c o u n ta b le  

o rd e r  by [32; Theorem 2 ] .

3 .5  LEMMA. Suppose X c  y c  s and X c  T c: S and B i s  a  sequence
CO

o f  w e ll-o rd e re d  b ases  f o r  S a t  Y and f o r  each  n ,  H =(H ) _ , i s  a  Y-openn nm m -i

p r im it iv e  sequence o f X. Then th e r e  i s  a  T -open p r im it iv e  sequence W 

o f  X such t h a t  fo r  each  n  e N and P e X, ( i )  c  Tr^B^; ( i i )  W^^^(P)

=  B ^(P); and ( i i i )  W^(P) 0 Y<= (? ) 1 i+ j  = n + l} .

P ro o f .  For each  n ,  l e t  Tr^B^ be w e ll -o rd e re d .  = {U e Tr^Bj^|U fl Y 

i s  co n ta in ed  in  some s e t  in  i s  a  b a se  f o r  T a t  X. L e t x < y in

i f  and only  i f  (1) H^j^Cx 0 Y) < H^^Cy H Y) o r  (2) H^^(x H Y) = H^^Cy H Y) 

and X < y in  Tr^B^. i s  w e ll-o rd e re d  by t h i s  o rd e r in g . Thus = 

{V ^(P)|P  e X} is  a  w e ll-o rd e re d  s u b c o l le c t io n  o f  Tr^B^ c o v e rin g  X such 

t h a t  i f  w G th e re  i s  a p o in t  Q in  X such  t h a t  w = W^(Q) and i f  P e X, 

th e n  W^(P) = V ^(P).
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L et P e X. Then H^^(P) < H^^(Wj_(P) fl Y ). Suppose H^^(P)

<  ̂ (Wy (P) n Y ). There i s  a  s e t  v  in  such  t h a t  P e v  and v PI Y c : H ^^(P).

So n Y) = H^^(P) < (W^(P) n Y) im p lie s  v < W^(P) in  V y  H ence,

V^(P) < V < W^(P) which i s  a  c o n t r a d ic t io n .  So H^^(P) = H^^(W^(P) fl Y ), 

whence W^(p) H Y c  H ^^(P).

Suppose k i s  a  p o s i t i v e  in t e g e r  and . . ,W^ a re  w e ll -o rd e re d

T-open co v e rs  o f X such  th a t  i f  n < k , th e n

(I^ )  i f  w E th e re  i s  a  p o in t  P in  X such  th a t  w = W ^(P);

» 2 >

( I j )  W^(P) n Ï  <= f){Hy (P) | i+ j  = n + l)  f o r  each  P e X;

and i f  k  > 1 and n < k - 1 , then

( I 4 ) (P) ^  \ ( P )  n B^(P) f o r  each P e X.

I f  i  < k+1, l e t  ic+2-i den o ted  by G^. L e t = {U e Tr^B^^^jsom e

s e t  in  W, and  some s e t  in  B, c o n ta in  U and i f  i  < k+1, some s e t  i n  G, k k i

c o n ta in s  U fl Y}. V, . - i s  a  base  f o r  T a t  X. V i s  w e ll-o rd e re d  so th a tk+1 k+1

X < y i f  and  on ly  i f

(1*) th e re  i s  a  p o s i t iv e  in t e g e r  j  < k+1 su ch  th a t  G .(x  fl Y)

^ G j(y n Y) and i f  i  i s  th e  l e a s t  such  in te g e r ,  th e n  

G^(x n Y) < GL(y n Y ); o r

( 2 ')  G^(x n Y) = G^(y fl Y) f o r  i  = l , . . . , k + l  and

(a) W^(x) < W ^(y); o r

(b) \ ( x )  = \ ( y )  and B ^(x) < B ^ (y ); o r

(c) Wj^(x) = W^(y) and Bj^(x) = B^(y) and x  < y in  Tr^Bj^^j^-

Then = {V ^^^(P)|P e X} i s  a  w e l l -o rd e re d  s u b c o l le c t io n  o f

c o v e rin g  X such  th a t  i f  w e ^ \+ i>  th e r e  i s  a  p o in t  Q in  X such th a t

w = and i f  P e X, th en  = V ^ ^ ( P ) . T hus, p r o p e r t i e s

( I^ )  and (Ig,) h o ld  f o r  n  = k f l .
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L e t P e X. There i s  a  s e t  v  in  such  t h a t  P £ v , v fl Y

c  G^(P) and v c  Wj^(P) fl B ^ \P ). Suppose th e re  i s  a  p o s i t i v e  in te g e r

j  such  t h a t  G .(P ) ^ G. (W, . (P ) fl Y) and l e t  i  h e  th e  l e a s t  such in t e g e r .3 3 K.TX

C le a r ly  G^(P) < G^(Wj^^(P) H Y) and f o r  each  n < k+1, G^(P) = G^(v n ? ) -  

I f  th e re  i s  a  p o s i t i v e  i n t e g e r  n  < i ,  th e n  G^(v fl Y) = G^(P) = G^(W^^^(p)

n Y ). S in ce  G^(v fl Y) = G^(P) < ( '̂^k+1 M Y ), i t  fo llo w s  from  p ro ­

p e r ty  ( 1 ')  o f  th e  o rd e r on t h a t  v  < W ^^^(P). T h is  i s  a c o n t ra d ic t io n

s in c e  W^_^^(P) = V^^^(P) < v . So G^(P) = G ^(W ^^(P) fl Y) f o r  each  j  < k+1. 

H ence, H Y c  11^^^ G j(p ) = n { H _ ( P ) j i+ j  = k+2} and p ro p e r ty  ( I^ )

h o ld s  f o r  n  = k+1. I f  W^(P) < , th e n  s in c e  G j(v  fl Y) = Gj(P)

= Gj(W]^^^(P) n Y) f o r  j  = l , . . . , k + l  and W^(v) = W ^(P), i t  fo llo w s  th a t  

V < ^k+1 ^ h ic h  i s  a g a in  a  c o n t r a d ic t io n .  C le a r ly

-  so W^(P) = \ ( W j^ + i( P ) ) .  S im ila r ly  Bj^(P) = B,^(U^^^(P))

hence (P) C  W,_(?) fl 3 ^ (P ) and p ro p e r ty  ( I^ )  h o ld s  f o r  n = k .

By in d u c tio n  th e r e  e x i s t s  a  sequence W as  d e s c r ib e d .

3 .6  THEOREM. S h as  a  p r im it iv e  b ase  i f  and on ly  i f  th e r e  i s

an S-open p r im i t iv e  sequence W o f S such th a t  i f  D i s  an open s e t  c o n ta in ­

in g  th e  p o in t  P , th e re  i s  an n  such  th a t  W^(P) C D .

P ro o f . Suppose S has a p r im i t i v e  b a se  and l e t  H b e  a  sequence a s  in  

D e f in i t io n  3 .2 .  For each  p a i r  o f  p o s i t i v e  in t e g e r s  n and k , l e t

= { ( v ^ , . . . , v ^ ) 1 th e re  i s  a  p o in t  P such  t h a t  f o r  each  i  < n ,  v \ i s  

th e  i ' t h  s e t  in  H^ c o n ta in in g  P}. I f  v  = ( v ^ , . . . , y ^ )  e l e t  v^

= L e t be w e l l -o rd e re d  by th e  le x ic o g ra p h ic  o rd e r  and l e t

= { v * |v  £ be w e l l -o rd e re d  so  th a t  x  < y in  F^^ i f  and o n ly  i f

th e  f i r s t  e lem en t v o f  su ch  t h a t  x = v̂  ̂ s t r i c t l y  p reced es  th e  f i r s t  

e lem en t w o f  such t h a t  y = w^. L e t D be an open s e t  c o n ta in in g  th e
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p o in t  P. T here e x i s t  in te g e r s  n and k  such t h a t  has a t  l e a s t  n  e le ­

m ents c o n ta in in g  P and th e  n ' t h  such  elem ent i s  a  su b se t o f D. F o r 

1 < i  < n ,  l e t  b e  th e  i ' t h  e lem en t o f c o n ta in in g  P and l e t  

V = (Vj^,. . .  ,v ^ ) . V* i s  th e  f i r s t  e lem ent o f F ^^  c o n ta in in g  x .

L e t G2 , . . .  be an enum era tion  o f { F ^^ jn , k e N}. I f  D i s  an

open s e t  c o n ta in in g  th e  p o in t  P , th e r e  i s  an  n  such th a t  P e  G^* and

G^(P) c  D. For each  n ,  l e t  T^ = {u|u i s  open in  S, U ^ G^ and th e r e  is

a  p o in t  P in  U such  th a t  no p ro p e r  open s u b se t o f  U c o n ta in s  P}. L e t

K = G U T be w e ll-o rd e re d  so  t h a t  each e lem en t o f G p rece d es  each  n  n n n

elem ent o f and th e  o rd e r  o f  G^ i s  p re se rv e d . i s  w e l l -

o rd e re d  so t h a t  X < y in  3^ i f  and o n ly  i f  i t  i s  t r u e  th a t  i f  i  ( r e s p .  j )

i s  th e  l e a s t  i n t e g e r  no l e s s  th an  n such  th a t  x  e ( re s p . y e ) ,

th e n  (1) i  < j  o r  (2 ) i  = j  and x < y in  K^.

L e t V be an  open s e t  c o n ta in in g  th e  p o i r . P  and l e t  n  e N. L et

U be an open s u b s e t  o f V c o n ta in in g  P such t h a t  i f  i  i s  a  p o s i t i v e  in ­

te g e r  l e s s  th a n  n and P e K^*, th e n  U c tK ^ (p ). i f  no p ro p er open sub­

s e t  o f U c o n ta in s  P , then  U e  K c  B and P e  U(= V. O th e rw ise , l e t  Dn n

be a  p ro p e r  open s u b se t o f  U c o n ta in in g  P. T h ere  i s  an i  such  t h a t

G^(P) c  D and c l e a r ly  i  > n . So G^(P) e 3^  and P e  G^(P) c  V. In

e i t h e r  ca se  th e r e  i s  a  s e t  in  c o n ta in in g  P and co n ta in ed  in  V. Thus,

B i s  a  b a se  f o r  S. n

So B = Bj^, E g , . '"  i s  a  m onotonie sequence  o f  w e ll-o rd e re d  b ases  

f o r  S such  t h a t  i f  D i s  an open s e t  c o n ta in in g  th e  p o in t P , t h e r e  i s  an 

n such th a t  B^(P) c  d . By Lemma 3 .5  (w ith  X = Y = T = S and = {S})

th e re  i s  an S-open p r im it iv e  sequence W o f S such  th a t  i f  n e N and

P E S, th e n  W^^^(P) c  B ^(P). I t  fo llo w s  th a t  W has th e  d e s ir e d  p ro p e r ty .  

The co n v erse  fo llo w s  d i r e c t ly  from  th e  d e f in i t i o n s .
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3 .7  THEOREli. I f  S has a p r im it iv e  b ase  and A i s  a b a se  fo r  S, 

th e n  A c o n ta in s  a  y r im it iv e  b ase  f o r  S.

P ro o f .  L e t G be  an S-open p r im it iv e  sequence o f S such th a t  i f  D i s  ar

open s e t  c o n ta in in g  th e  p o in t P, th e r e  i s  an n  such  th a t  G^(P) c D .

L e t W be an S-open p r im it iv e  sequence o f  S as  in  Lemma 3 .5  w ith  X = Y

= T = S and f o r  each  n ,  H = G and B = A. Then IT , W i s  a  s u b c o l-n n "n = l n

l e c t i o n  o f A w hich i s  a  p r im it iv e  b ase  f o r  S.

3 .8  THEOREM. I f  S has a  p r im it iv e  b a se  and X i s  a  subspace o f

S, th e n  X has a  p r im i t iv e  b a se .

P ro o f . L et G be  an S-open p r im it iv e  sequence o f S such th a t  i f  D i s  an

open s e t  c o n ta in in g  th e  p o in t P , th e re  i s  an -n  such  th a t  G^(P) c  D. F or

each  n , l e t  = {G^(P) |p  e X). Then F = F^ ,̂ F g , . . .  i s  an S-open p r im i­

t i v e  sequence o f  X. W ith Y = S and T = X and f o r  each  n ,  = F and 

th e  to p o lo g y  o f S, by Lemma 3 .5  th e re  i s  an X-open p r im it iv e  sequence 

W o f  X such  t h a t  ^  F^(P) f o r  each  P e X and n e N. L et P e X

and l e t  D be  an open s e t  in  X c o n ta in in g  P. I f  U i s  an open s e t  in  S

such  th a t  U n X = D, th e r e  i s  an n such th a t  F (P) = G (P) c= U hencen  n

W^(P) c  B. So X has a  p r im it iv e  b a s e .

3 .9  THEOREM. I f  every  p o in t  o f  S has a  neighborhood hav ing  a

p r im i t iv e  b a s e ,  th e n  S h as  a  p r im it iv e  b a s e .

P ro o f .  By Theorem 3 .8  each p o in t Q o f  S has an open neighborhood U(Q) 

h av in g  a  p r im i t iv e  b a s e . L e t H^ = b e  a  U(Q)-open (hence

S-open) p r im i t iv e  sequence o f  U(Q) such  th a t  i f  P e U(Q) and D i s  an

open s e t  c o n ta in in g  P , th e re  i s  an n such  t h a t  H^^(P) D. L et S be 

w e ll-o rd e re d  and i f  n  e N and x i s  a  s e t  c o n ta in e d  in  some s e t  in

e S}, l e t  Q^(x) deno te  th e  f i r s t  p o in t  Q o f S such th a t  some
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s e t  in  c o n ta in s  x. I f  Q e S and n  e N and x  i s  e i t h e r  a  p o in t of S 

o r  a  s e t  c o n ta in e d  in  some s e t  in  l e t  H^^(x) be den o ted  by H ^(Q ,x).

L e t T ( th e  to p o lo g y  o f S) be w e ll-o rd e re d .

Suppose k  e N and i s  a w e ll-o rd e re d  open co v e r o f S each

member o f  w hich i s  co n ta in ed  in  a  s e t  in  e S}* and i f  g e G^,

th e r e  i s  a  p o in t  P such th a t  g = G ^(F ). = {U e x ju  i s  c o n ta in e d  in

some s e t  in  G^ and some s e t  in  |Q e S}*} i s  w e ll-o rd e re d  so  t h a t

X < y in  i f  and only  i f

( 1) Qj^(x) < Qjç.(y); o r

( 2) Q^(x) = Q%(y) and H%jQ^(x),x) < H^.(Q^^(y) ,y )  ; o r

(3) Qj^(x) = Q^(y) and Hj^(Q^(x) ,x ) = H^(Q^(y) ,y ) and Gj^(x) < G^(y) ;

o r

(4) Qj^(x) = Qj^(y) and H ^(Q ^(x),x) = H ^(Q ^(y),y ) and G^(x) = G^(y)

and X < y in  T .

L et = {Vj^(P)|P E S}. I f  P e S, th e n  G^^^(P) = ? ^ ( P ) .

L e t P e S and l e t  Q = ) • Then H^(Q,P) < •

Suppose H^(Q,P) < H ^(Q ,G ^^^(P)). i s  a  b a se  f o r  S so th e re  i s  a  s e t  

V in  su ch  t h a t  F c v E^(Q,P) H G ^(P ). Q^(v) < Q s in c e  v  c  H ^(Q ,P).

I f  Q^^v) < Q, th e n  by th e  d e f in i t i o n  o f  th e  o rd e r  on V^, v < G ^^^(P), 

a  c o n t r a d ic t io n  s in c e  G^^^ (P) = V^(P) < v . Thus Qj^Cv) = Q and Hj^(Qj^(v) ,v )

= H^(Q,v) = H^(Q,P) < Hence v < G ^ ^ ( P ) ,  w hich i s  aga in

a c o n t r a d ic t io n .  So H^(Q,P) = H^XQ,G%^^(P)), t h a t  i s ,  \(Q jj^(G j^+i(P)) .H)

C le a r ly  G^(P) < G ^(G ^^^(P)). Suppose G^(P) < G^(G |^j^(P)) and 

l e t  V be as above. The p reced in g  argum ent shows th a t  Qj^(v) = Q^XG^^^CP)) 

and H%XQk(v),v) = H^(Q]^(G^]^(P)),P) = * S ince
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Gj^(v) = G^(P) < G^XG^^,2 ( P ) ) ,  i t  fo llo w s  from  th e  d e f in i t i o n  o f  th e  o rd e r 

on. t h a t  V  < G^_^^(P) , a g a in  a  c o n t r a d ic t io n .  So G^(P) = G^XG^^^(P)).

Thus th e re  i s  an S-open p r im i t iv e  sequence G o f S such  t h a t  i f  

P e S and k £ N, th e n  G^^^(P) c  H^(Qj^(Gj^^^(P)) , P ) . L et P e S and k s N 

and l e t  v b e  an open s e t  such  th a t  P e v <r ^^k^^k+1  ̂ ^  G ^^^(P).

S in ce  ^  fo llo w s  th a t

Q^_j_^(v) < ( P ) ) . V i s  c o n ta in e d  in  some s e t  in  G^^^ and some s e t

in  { H ^ + 2 G S}*, h ence  v  e and Ĝ _|_2 "  ^k+1^^^ -

« k f l 0= ^ 2 0 ' »  i  Q k -iC ')  Ï  « k W id - i» » -

L e t D be an open s e t  c o n ta in in g  th e  p o in t  P. 

i s  a  n o n - in c re a s in g  sequence in  S so th e r e  a r e  an in te g e r  m and a  p o in t 

Q such th a t  Qj^CG^^^^CP)) = Q f o r  a l l  k  > m. T here i s  an in te g e r  n such 

th a t  H^(Q,P) C D . I f  k  = n+m, th e n  G^^^^CP) =H ,^(Q ^(G ]^]^(P)),P) = H^(Q,P) 

c  D. Thus S has a  p r im i t iv e  b a se .

3 .10  DEFINITION . S i s  a  (A^) sp ace  i f  and on ly  i f  th e r e  

i s  an S-open m o n o to n ica lly  c o n t ra c t in g  sequence G of S such  t h a t  i f  g 

i s  a  G - f i l t e r b a s e ,  th e n  Hg^ i s  a nonempty co u n tab ly  com pact (com pact) 

s e t  such th a t  i f  U i s  an open s e t  c o n ta in in g  Qg^, then  U c o n ta in s  a  te rm  

o f  g. I t  i s  an easy  consequence o f  [2 9 ; Lemma 2 .1 ] ,  [2 5 ; Lemma 5 . 1 ] ,  and 

th e  p ro o fs  o f [29; Lemmas 2 .2  and 2 .3 ]  th a t  a  T^ sp aceS  i s  aA ^ (A^) 

sp ace  i f  and only i f  th e r e  i s  an S-open p r im i t iv e  sequence G o f  S such  

t h a t  i f  g i s  a p r im i t iv e  r e p r e s e n ta t iv e  o f  G, th en  pg^ i s  a  nonem pty 

c o u n ta b ly  compact (com pact) s e t  such th a t  i f  U i s  an open s e t  c o n ta in in g  

flg^, th e n  Ü c o n ta in s  a  te rm  o f  g . A lso  [25; Lemma 2 .1 ]  shows t h a t  a

space  i s  a A ^-space i f  and o n ly  i f  i t  s a t i s f i e s  C o n d itio n  K o f  [2 8 ].

3 .1 1  REMARK. For H au sd o rff s p a c e s ,  c o n d itio n s  A^ and A  ̂ a re  

g e n e r a l iz a t io n s  o f th e  co n cep t o f a A -base (se e  [25; P ro p o s i t io n  2 .1 ] )
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to  spaces w hich need  n o t  be  f i r s t  c o u n ta b le . However, a  f i r s t  c o u n ta b le  

H ausdorff Xy space  does n o t  n e c e s s a r i ly  have a X -base, e . g . ,  a f i r s t  

c o u n ta b le  compact n o n -m e tr ia a b le  H ausdo rff space  (se e  [22; Examples 48 , 

97 , and 1 0 7 ]) .

3 .1 2  THEOREM. A X ^-space has a  X -base i f  and o n ly  i f  i t  

h as a  p r im it iv e  b a s e .

P ro o f . Suppose S i s  a  X^-space h av in g  a  p r im it iv e  b a s e . As in  th e

p ro o f o f Theorem 3 .6 ,  th e r e  i s  a  sequence B o f w e ll -o rd e re d  b ase s  f o r  S

such t h a t  i f  P e S, th e n  {B^(P) |n  eN} i s  a  b a se  fo r  S a t  P. L et G b e  an

s-o p en  m o n o to n ic a lly  c o n t r a c t in g  sequence o f S a s  in  D e f in i t io n  3 .1 0 . By

[29; Lemma 2 .1 ]  th e r e  i s  a  p r im it iv e  sequence F o f S s u c h  th a t  f o r

each n .  By Lemma 3 .5  (w ith  X = Y = T = S and H^ = F f o r  each  n) , th e re  i s  an S-

open p r im i t iv e  sequence  W o f S such t h a t  i f  P e S and n  s N , th e n  W^(P)

and W^^^(P) c:B^(P) . For each P e S ,  {W^(P)|neN} i s  a b a s e  for  S a t  P.  By

[29; Lemma 2 .4 ]  th e r e  i s  an  S-open p r im i t iv e  s e q u e n c e Z o fS s u c h  t h a t  i f

P e S ,  (P )C Z ^ (P ) and Z ^(P )^W ^(P) f o r  e a c h n .  Hence {Z ^(P )}neH } i s  a

b ase  f o r  S a t  P . I t  fo llo w s  from  the  p ro o fs  o f  [29; Lemmas 2 .2  and 2 .3 ]  th a t

th e re  i s  a  m onotonie sequence  V o f  b ases  f o r  S such  t h a t  ev e ry  V - f i l t e r b a s e

i s  f i n e r  th a n  some p r im i t i v e  r e p r e s e n ta t iv e  o f  Z. L et v b e  a V -n e s t  and l e t

z be a  p r im it iv e  r e p r e s e n ta t iv e  o f  Z c o a r s e r  th a n  v . F o r e a c h n ,  th e r e  i s  a

p o in t  P such  th a t  z =Z  (P ) and z , ,  = Z , ,  (P ) .  Thus z , .  C z  . By [29; n n n n  n + l n + l n n + l n

Lemma 2 .2 ]  th e re  i s  a W - f i l te r b a s e w c o a r s e r  th an  z a n d  an F - f i l t e r b a s e  f

c o a rs e r  th a n  w. S in c e  f  i s  a G - f i l t e r b a s e ,  Qf^ i s  a  nonempty c o u n ta b ly

compact s u b s e t  o f  S such  th a t  i f  U i s  an  open s e t  c o n ta in in g  th e n

U c o n ta in s  a term  o f  f .  F o r each n ,  th e r e  i s  a j  such  t h a t  z . c  f  .3 n

By [25; Lemma 5 .1 ]  M = i s  a  nonempty co u n tab ly  com pact s e t  such  th a t
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i f  U i s  an open s e t  c o n ta in in g  M, th e n  U c o n ta in s  a  term  o f  z . By [25; 

Remark 5 .1 ] ,  { P ^ |n  e N} e i t h e r  i s  f i n i t e  o r  h as  a  l i m i t  p o in t  in  M.

Case 1 . Suppose {P^jn  e N} i s  f i n i t e .  T here i s  a  p o in t  P such  

th a t  P^ = P f o r  i n f i n i t e l y  many n . S in ce  {Zj^(P)jk e N} i s  a  b ase  f o r  

S a t  P , i t  fo llo w s  th a t  z i s  a base  f o r  S a t  P . So v converges to  P and

p e (iv^ = n \ .

Case 2 . Suppose { P ^ |n  e N} h as  a  l i m i t  p o in t  P in  M. L e t k  e N. 

There i s  an n > k such t h a t  P^ e Z ^^P ). So Zj^(P^) < Z^XP) • S in ce  P i s  

in  M = n z j = H z j, f  i s  in  z^  = -  ^ k < V

and z C Z , (P ) = Z ,(P ) . So {Z, (P )[k  e N} i s  c o a rs e r  th an  z ,  hencen  xC n  iC ic

c o a rs e r  th a n  v . S ince {Zj^(P)lk e N) i s  a  b a se  f o r  S a t  P , v converges 

to  P and P e flv , = flv .

In  b o th  c a se s  S h as  a  X-base by [24; Theorems 1 and 4 ] .  The 

co n v erse  fo llo w s  from  Theorems 3 .4  and 3 .6 .

3 .13  COROLLARY. A paracom pact l o c a l l y  co u n tab ly  compact space  

i s  m e tr iz a b le  i f  and on ly  i f  i t  h as a  p r im it iv e  b ase .

P ro o f . T h is  fo llo w s  from Theorem 3 .1 2  and th e  f a c t  th a t  a  l o c a l ly  coun t­

ab ly  com pact Tg space  i s  a  X  ̂ space  (s e e  Theorem 3 .14) and a  paracom pact 

space  hav in g  a  b a se  o f c o u n ta b le  o rd e r  i s  m e tr iz a b le .

3 .14  THEOREM. I f  S i s  a  Tg space  e v e ry  p o in t  o f  w hich h as  a

(^b) ne ig h b o rh o o d , th e n  S i s  a  X^ (X^) sp a c e .

P ro o f . By Theorem 5 .7  e v e ry  p o in t  Q o f S has an open neighborhood  U(Q)

w hich i s  a X  ̂ (X^) space . L e t b e  a U (Q )-open p r im i t iv e

sequence o f  U(Q) such th a t  i f  h i s  a  p r im it iv e  r e p r e s e n ta t iv e  o f  

th en  M = i s  a nonempty c o u n ta b ly  com pact (com pact) s u b s e t o f

U(Q) such  t h a t  i f  V i s  an  open s e t  i n  U(Q) c o n ta in in g  M, th en  V c o n ta in s  

a  term  o f  h . By Lemma 3 .5  th e re  i s  a  U (Q )-open p r im it iv e  sequence
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o f  U(Q) such  th a t  W^(P) c  H^(P) f o r  e ac h  P e U(Q) and i f  w e  W^, th en  

CU (Q ) . As in  th e  p ro o f o f  Theorem 3 .9 , th e re  i s  an S-open p r im it iv e  

sequence  G o f  S such  th a t  i f  P e S and k e N, then  (P) c  Wj^(Qj^(Gj^^j^(P)) ,P) 

and ( ^ h is  n o ta t io n  i s  d e fin e d  in  th e  p ro o f

o f  Theorem 3 .9  f o r  an a r b i t r a r y  w e l l -o r d e r  on S .) L et g be a  p r im it iv e  

r e p r e s e n ta t iv e  o f G. For each n ,  th e r e  i s  a p o in t P^ such  th a t  = G  ̂(P^) 

and ĝ _|_̂  = *^n+l^^n^‘ ^  n o n -in c re a s in g  sequence w ith

r e s p e c t  to  th e  w e l l -o rd e r  on S so th e r e  i s  an in te g e r  m and a p o in t  Q 

su ch  th a t  = Q f o r  k > m. Thus i s  a d e c re a s in g  se ­

quence o f  s e t s  such  th a t  f o r  each  k , g ^  = W ^ ^ ^ ( Q ,P ^ ^ )

c: W^(Q.P^I ^ ~). By [29; Lemma 2 .2 ]  th e r e  i s  a  p r im itiv e  r e p r e s e n ta t iv e  w 

o f  c o a r s e r  th a n  g and a  p r im i t iv e  r e p r e s e n ta t iv e  h o f  c o a rs e r  th an

w. The p ro o f  o f  [25; Lemma 5 .1 ]  shows th a t  M= i s  a nonempty

c o u n ta b ly  compact (com pact) s u b s e t  o f  U(Q) such  th a t  i f  V i s  an open 

s e t  in  U(Q) c o n ta in in g  M, th e n  V c o n ta in s  a  term  of g . S ince th e r e  i s  

an  in t e g e r  k such  th a t  = g ^ , i t  fo llo w s  th a t  S i s  a (X^) sp ace .

4 . SETS OF INTERIOR CONDENSATION

4 .1  DEFINITION. A s u b s e t  M o f  S i s  s a id  to  be a s e t  o f  i n t e r i o r  

co n d e n sa tio n  in  S i f  and o n ly  i f  th e r e  i s  an S-open m o n o to n ica lly  con­

t r a c t i n g  sequence G o f  M such  t h a t  i f  P i s  a  p o in t b e lo n g in g  to  each  

te rm  of a  G - f i l t e r b a s e ,  th e n  P i s  in  M. Such a sequence G w i l l  b e  c a l le d  

an S -sequence f o r  M. O bviously  a  Gg s e t  i s  a s e t  o f i n t e r i o r  c o n d e n sa tio n . 

However, i t  fo llo w s  from th e  r e s u l t s  i n  S e c tio n  6 th a t  i f  S i s  a sem i­

com plete  Moore sp ace  w hich i s  n o t com plete  (such  as th e  example g iv en  

in  [21; Theorem 9 ] ) ,  th en  S i s  a s e t  o f  i n t e r i o r  conden sa tio n  in  th e  

Wallman c o m p a c tif ic a t io n  wS o f S b u t  S i s  n o t a Ĝ  in  wS.
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4 .2  THEOREM. M i s  a  s e t  o f  i n t e r i o r  co n d e n sa tio n  in  S i f  and 

only  i f  th e re  i s  an S-open p r im it iv e  sequence H o f  M such  t h a t  i f  P i s  

a p o in t  w hich b e lo n g s  to  each  term  o f a  p r im it iv e  r e p r e s e n ta t iv e  o f H, 

then  P i s  in  M.

P ro o f. I f  M i s  a s e t  o f  i n t e r i o r  condensa tion  in  S and G i s  an S -sequence 

f o r  M, th e n  by [29; Lemma 2 .1 ]  th e re  i s  a p r im it iv e  sequence  H o f M such 

th a t  f o r  each n ,  c: G^. H has th e  d e s ire d  p ro p e r ty .  C onverse ly , l e t  

H be an S-open p r im i t iv e  sequence o f  M having th e  in d ic a te d  p ro p e r ty .

By [29; Lemma 2 .3 ]  th e r e  i s  an  S-open m o n o to n ica lly  c o n t ra c t in g  sequence 

G of M such  t h a t  ev ery  G - f i l t e r b a s e  i s  f in e r  th a n  some p r im it iv e  re p re ­

s e n ta t iv e  o f  H. I t  fo llo w s  th a t  G i s  an S -sequence f o r  M and M i s  a  

s e t  o f  i n t e r i o r  co n d en sa tio n  in  S.

4 .3  THEOREM. The in t e r s e c t i o n  o f  co u n tab ly  many s e t s  o f in ­

t e r i o r  co n d en sa tio n  i s  a  s e t  o f i n t e r i o r  c o n d e n sa tio n .

P ro o f. L e t M^, M2 , . . .  b e  s e t s  o f i n t e r i o r  co n d e n sa tio n  in  S and f o r  each

n , l e t  H = (H )°° , b e  an  S -sequence fo r M . L e t M = [lL_i M and f o r  eachn nm' m=l ^ n n - i  n

n , l e t  G  ̂ = (Gnm)m=i b e  a  p r im it iv e  sequence o f  M  ̂ such  t h a t  G^^ <=

[29; Lemma 2 .1 ] .  By Lemma 3 .5  th e re  i s  an S-open p r im it iv e  sequence

W o f M such  th a t  i f  P e M and n  e N, then  W^(P) c : (P) [ i+ j = n + l} .

Suppose P i s  a  p o in t  b e lo n g in g  to  each  term  o f  a  p r im it iv e  r e p r e s e n ta t iv e
00

w of W. F o r each n ,  G^ i s  a  p r im it iv e  sequence o f  M in  S and (^^+^-1 m=l 

i s  a d e c re a s in g  sequence o f s e t s  such th a t  f o r  each  m, th e r e  i s  a p o in t

” n-hn-l "  “  “ n-hn-1 = "n -ta -1  '

By [29; Lemma 2 .2 ]  th e r e  i s  a  G ^ - f i l te rb a s e  g^ c o a r s e r  th a n  (^n+ m -l^npl'

hence c o a rs e r  th a n  w. P b e lo n g s  to  each te rm  o f  g^ so  P i s  in  M̂  f o r  

each n . By Theorem 4 .2  M i s  a  s e t  o f i n t e r i o r  co n d e n sa tio n  in  S.
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4 .4  LEML\. I f  S has a p r im it iv e  b ase  and M i s  a s e t  o f  i n t e r i o r  

c o n d en sa tio n  in  S , th e r e  i s  an S -sequence  f o r  M each te rm  o f w hich i s  

a base  f o r  S a t  M.

P ro o f. L e t W be a p r im it iv e  sequence o f  S a s  in  Theorem 3 .6 .  F or each

n , l e t  B = n? W. be w e ll-o rd e re d  so t h a t  x < y in  B i f  and o n ly  i f’ n  '^i=n X -  n

i t  i s  t r u e  t h a t  i f  i  ( r e s p .  j )  i s  th e  f i r s t  in te g e r  no l e s s  th a n  n such

th a t  X e ( r e s p .  y e W^) , th en  (1) i  < j  o r  (2 ) i  = j  and x  < y in

W.. B i s  a  b a se  f o r  S and B (P) = W (P) f o r  each P e S. L e t H b e  anX n  n n .

S-open p r im it iv e  sequence o f M as  in  Theorem 4 .2 .  By Lemma 3 .5  th e re

i s  an S-open p r im i t iv e  sequence G o f M su ch  th a t  i f  P e M and n  e N,

th en  G^_^^(P) c  B (? ) and G^(P) c y ^ ( P ) .  F or each n , l e t  F^ = G^.

I f  P e M, n e N, and D i s  an open s e t  in  S c o n ta in in g  P , th e n  th e r e  i s  a

k > n such  th a t  G^_^^(P) ^  B^X?) = W^(P) c  d . so F^ i s  a  b a se  f o r  S a t

M f o r  each  n . Suppose P i s  a  p o in t  b e lo n g in g  to  each te rm  o f an F -

f i l t e r b a s e  f .  F o r each  i  e N, th e r e  i s  an in te g e r  n^ > i  such  th a t

f .  e G and th e r e  i s  a  p o in t  P . in  M such  th a t  f .  = G (P .)  H (P .)  
i n ,  1 1 Î  i

c ^ H i(P i) .  By [29; Lemma 2 .2 ]  th e r e  i s  a  p r im it iv e  r e p r e s e n ta t iv e  h o f  

II c o a r s e r  th a n  f .  P b e lo n g s to  each  te rm  o f  h so P i s  in  M. Thus F i s  

an S -sequence f o r  M.

4 .3  THEOREM. I f  X i s  a  s e t  o f  i n t e r i o r  co n d en sa tio n  in  Y and

c i t h e r  (1 ) Y i s  a  Gg in  S o r  (2 ) S has a  p r im it iv e  b ase  and Y i s  a  s e t

o f  i n t e r i o r  co n d en sa tio n  in  S, th e n  X i s  a  s e t  o f i n t e r i o r  c o n d e n sa tio n  

in  S.

P ro o f . In  e i t h e r  c a s e ,  th e re  i s  an S -sequence B fo r  Y such  t h a t  B^ 

i s  a  b a se  f o r  S a t  Y f o r  each n . By Theorem 4 .2  th e re  i s  a Y-open p r im i­

t i v e  sequence H o f  X .such  th a t  i f  P i s  a  p o in t  o f  Y b e lo n g in g  to  each
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term  o f  a  p r im i t iv e  r e p r e s e n ta t iv e  o f  H, th en  P i s  in  X. By Lemma 3 .5  

th e re  i s  an S-open p r im i t iv e  sequence W o f  X such th a t  f o r  e ac h  n e 

and i f  P e X, th en  W^(P) R Y c tH ^ (P ) .

L e t P b e  a  p o in t  b e lo n g in g  to  each  te rm  of a  p r im i t iv e  r e p re ­

s e n ta t iv e  w of W. F o r each  n ,  th e r e  i s  a p o in t  P in  X such  th a t  wn  n

= W ^(P^). Thus (w^ n i s  a  d e c re a s in g  sequence o f s e t s  such  th a t

fo r  each  n ,  P i s  a  p o in t  o f  w fl X su ch  th a t  w riY  = W ( P )  D Y C H ( P ) .n n n n n  n n

By [29; Lemma 2 .2 ]  th e re  i s  a  p r im it iv e  r e p r e s e n ta t iv e  h  o f H c o a r s e r  th an

(w n Y) - .  w i s  a  B - f i l t e r b a s e  and P b e lo n g s  to  each  te rm  o f  w so P n n = i

i s  in  Y. Thus P i s  i n  each te rm  o f h ,  hence P i s  in  X. So X i s  a  s e t

o f  i n t e r i o r  co n d en sa tio n  in  S by Theorem 4 .2 .

4 .6  THEOREM. I f  S i s  an e s s e n t i a l l y  T̂  ̂ s p a c e -h a v in g  a  b ase  o f  

c o u n ta b le  o rd e r  and M i s  a  c lo se d  s e t  in  S, then  M i s  a s e t  o f  i n t e r i o r  

co n d en sa tio n  in  S.

P ro o f. L e t B b e  a  sequence o f b a se s  f o r  S such  t h a t  i f  P i s  a  p o in t  

b e lo n g in g  to  each  te rm  o f a  B - f i l t e r b a s e  b ,  th en  b i s  a  b a se  f o r  S a t  

P [32; Theorem 2 ] .  For e ac h  n , l e t  = {b e B^|b R M f  $ } . C le a r ly ,

G i s  an  S-open m o n o to n ic a lly  c o n t r a c t in g  sequence o f  M. L e t F be a  p o in t  

w hich belongs to  each  te rm  o f a  G - f i l t e r b a s e  g . I f  P i s  n o t  in  M, th e n

S -  M c o n ta in s  a  te rm  o f g , a c o n t r a d ic t io n .  So P e M and G i s  an S-

sequence f o r  M.

4 .7  DEFINITION. S i s  s a id  to  be d ev e lo p ab le  i f  and  o n ly  i f

th e re  i s  a  sequence G o f open co v e rs  o f S such  th a t  i f  P e S and U i s

an open s e t  c o n ta in in g  P , th e r e  i s  an  in te g e r  n such  th a t  s t ( P , G ^ ) c  U.

Such a  sequence G i s  c a l le d  a developm ent f o r  S. I t  i s  w ell-know n th a t  

i f  S i s  d e v e lo p a b le , th en  S has a  m onotonie developm ent.
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4 .8  THEOREM. I f  M i s  a  s e t  o f  i n t e r i o r  co n d en sa tio n  in  a  develop ­

a b le  sp a c e  S , th en  M i s  a in  S.

P ro o f .  L e t B be a  developm ent f o r  S and l e t  H b e  a  p r im it iv e  sequence

o f M in  S a s  i n  Theorem 4 .2 . By Lemma 3 .5  th e r e  i s  a  p r im itiv e  sequence

W o f  M in  S such th a t  fo r  each n ,  c  and i f  P e M, th en  W^(P) c:H ^ (P ) .

L e t P e n r  1 W * and f o r  each  n ,  l e t  w b e  a  s e t  in  W c o n ta in in g  P. n—i  n n  n

I t  fo llo w s  from  th e  n a tu re  o f  a  developm ent t h a t  w = has a  mono­

to n ie  subsequence w’ = F o r each  n ,  th e re  i s  an in t e g e r  > n

and a  p o in t  P in  M such th a t  w ' = W. (P )<= W (P )<= H (P ) .  By [29 ; n n  n  n  n n n

Lemma 2 .2 ]  th e re  i s  a  p r im it iv e  r e p r e s e n ta t iv e  h  o f H c o a rse r  t h ^  w '.

P i s  in  e a c h  term  o f  h ,  hence P i s  in  M. Thus f)”  i W * ^  and c l e a r ly‘ ‘n = l n

MC W^*. So M i s  c in  S =

4 .9  THEOREM. I f  S i s  e s s e n t i a l l y  T ^, th en  S has a  b a se  o f  

c o u n ta b le  o rd e r  i f  and  only  i f  S has a  p r im i t i v e  b ase  and c lo se d  s e t s  

in  S a re  s e t s  o f i n t e r i o r  c o n d e n sa tio n .

P ro o f .  By Theorem 4 .3  c lo se d  s e t s  in  any sp ace  X a r e  s e ts  o f  i n t e r i o r  

c o n d e n sa tio n  i f  and on ly  i f  f o r  each open s e t  D in  X, c lo se d  s e t s  in  D 

a r e  s e t s  o f  i n t e r i o r  co n d en sa tio n  ( in  X ). Thus t h i s  theorem  i s  e q u i­

v a l e n t  to  [3 4 ; Theorem 1 ].

4 .1 0  COROLLARY. [32; Theorem 4] I f  S has a  8-b a se  and c lo s e d  

s e t s  i n  S a r e  Gg s e t s ,  then  S i s  d e v e lo p a b le .

P ro o f .  A sp ace  in  w hich c lo se d  s e t s  a re  Gg s e t s  i s  e s s e n t i a l l y  T^ and

a sp ace  h a v in g  a 6-b a s e  has a p r im i t iv e  b a s e .  So S has a b a se  o f  coun t­

a b le  o rd e r  by Theorem 4 .9 . By [32; Theorem 3] i t  s u f f ic e s  to  show th a t  

S i s  8- r e f i n a b l e .  L e t B = B^ be a  9 -b a se  fo r  S and l e t  G b e  an

open co v e r o f  S. F o r each n , l e t  = [b  e B^jb i s  c o n ta in ed  in  some
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s e t  in  G} and l e t  (U be  a  n o n - in c r e a s in g  sequence o f  open s e t s  innni m—i

S such th a t  = S -  I f  f o r  each  n and k , = 11̂  U {g fl

g e G}, th en  (J{H ^^|n,k e N} i s  a 8- r e f in e m e n t o f  G. Thus S i s  6- r e f in a b le .

5 . ARONSZAJN SPACES

5 .1  DEFINITION. A T^ sp a c e  h av in g  a  base o f c o u n ta b le  o rd e r  

(X -base) i s  c a l le d  an A ro n szajn  sp a c e  (a  com plete A ronsza jn  s p a c e ) . The 

fo llo w in g  c h a r a c te r i z a t io n s  fo llo w  from  [32; Theorem 2] and [29; Theorems 

3 .2  and 3 .3 ] :  A T^ space  S i s  an  A ro n sza jn  space  (a com plete A ronszajn  

space) i f  and o n ly  i f  th e re  i s  a sequence  G o f b ases  f o r  th e  topo logy

o f S such t h a t  i f  g i s  a G - f i l t e r b a s e ,  th e n  g converges to  (some p o in t 

o f  S and to )  each  p o in t  o f  Qg^. Thus a  T^ space  i s  a  com plete A ronsza jn

space  i f  and o n ly  i f  i t  s a t i s f i e s  A ro n s z a jn 's  axiom (se e  In t r o d u c t io n ) .

A sequence G a s  above i s  c a l le d  an  A ronsza jn  sequence (a  com plete A ronszajn  

sequence) f o r  S and by th e  p ro o fs  o f  [32; Theorem 2] and [29; Theorem 

3 .2 ] ,  G may be assumed to  b e  m ono ton ie .

5 .2  DEFINITION. A T ychonoff (= co m p le te ly  r e g u la r  H ausdo rff) 

space  S i s  Cech com plete i f  and o n ly  i f  S i s  a Gg in  i t s  S tone-C ech 

c o m p a c tif ic a t io n  8S.

5 .3  DEFINITION. S i s  H au sd o rff  embedded in  a  space  T p rov ided  

S i s  a  subspace o f T and f o r  each  x  e S and y e T, th e r e  e x i s t  m u tu a lly  

e x c lu s iv e  open s e t s  in  T c o n ta in in g  x and y  r e s p e c t iv e ly .

5 .4  THEOREM. L et S b e  a  T^ sp a c e . Then th e  fo llo w in g  s t a t e ­

m ents a re  e q u iv a le n t :

(1) S i s  a com plete  A ro n sz a jn  sp a c e ;

(2) S i s  an open co n tin u o u s  image o f  a com plete m e tr ic  sp ace ;

(3) S i s  an open c o n tin u o u s  image o f  a space having  a  X -base.
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A lso , th e  fo llo w in g  a re  e q u iv a le n t  and (1) im p lie s  (4 ) .  F u rth erm o re , 

i f  S has a p r im it iv e  b a s e , th en  (4 ) im p lie s  (1 ) .

(4) S i s  a  sp ace ;

(5) S i s  an open c o n tin u o u s  image of a Cech com plete  sp ace ;

(6) S i s  a  s e t  o f i n t e r i o r  co n d en sa tio n  i n  every  space  i n  w hich 

i t  i s  dense and H au sd o rff  embedded;

(7) S i s  a  s e t  o f i n t e r i o r  co n d en sa tio n  in  i t s  Wallman compac­

t i f i c a t i o n  (liS.

P ro o f . (1) and (2) a r e  e q u iv a le n t  by [24; Theorem 4 ] .  S in ce  a com plete  

m e tr ic  space  has a  X -base , (2) im p lie s  (3 ) .  (3) im p lie s  (1) by [27;

Theorem 1 ] . (4) im p lie s  (5) by [28; Theorem 1] and [25; Lemma 2 .1 ] .

Suppose S i s  an open con tin u o u s image o f  a  Cech com plete space  

X. X i s  a s e t  o f i n t e r i o r  c o n d en sa tio n  in  gX. Theorem 2 o f [28] rem ains 

v a l id  i f  th e  p h ra se  "Tg sp ace  o f w hich i t  i s  a  dense  subspace" i s  r e ­

p la c e d  by th e  p h ra se  " sp a ce  i n  w hich i t  i s  dense and H au sd o rff embedded" 

from w hich i t  fo llo w s  t h a t  (5 ) im p lie s  (6) .

S i s  H ausdo rff embedded in  wS by [8 ; Lemma 6 ] ,  hence (6) im p lie s

C7).

The p ro o f o f  [28; Theorem 3] w i l l  e s t a b l i s h  th e  fo llo w in g : I f

S i s  a s e t  o f  i n t e r i o r  co n d e n sa tio n  in  a  T^ com pact space  E in  w hich i t  

i s  d ense  and r e g u la r ly  embedded, th e n  S s a t i s f i e s  c o n d itio n  K ( e q u iv a le n t ly  

S i s  a X ^-space [25 ; Lemma 2 .1 ] ) .  (C o n d itio n  (S2) as used  in  th e  p ro o f  

o f  [28; Theorem 3] i s  in c o r r e c t  and should  re a d  a s  fo llo w s : I f  P e S

and n < k , th en  H^(P) c  H ^(P). The e x is te n c e  o f  a  sequence H hav ing  

t h i s  s t ro n g e r  p ro p e r ty  i s  a consequence o f  [29; Lemma 2 .4 ]  assum ing o n ly  

th a t  th e  subspace i s  r e g u la r ly  embedded in  th e  c o n ta in in g  s p a c e .)  Thus

(7) im p lie s  (4 ) .
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(1) im p lie s  (4) by [25; P ro p o s i t io n  2 .1 ]  and i f  S h as  a p r im i­

t i v e  b a s e ,  th e n  (4) im p lie s  (1) by Theorem 3 .12 .

5 .5  REMARK. A mapping f  o f S on to  a sp ace  R i s  s a i d  to  b e  in ­

d u c t iv e ly  open i f  and on ly  i f  th e r e  i s  a  subspace S ’ o f  S such  t h a t  th e

r e s t r i c t i o n  o f  f  to  S ' i s  open and f ( S ')  = R. S in ce  b o th  [28; Theorem 2]

and [27; Theorem 1] a re  v a l id  f o r  in d u c t iv e ly  open m appings ( f o r  th e  

l a t t e r ,  s e e  th e  comment on page 261 o f  [2 7 ] ) ,  Theorem 5 .4  rem ains v a l id  

i f  th e  word "open" i s  re p la c e d  by " in d u c t iv e ly  o p e n ."

5 .6  REMARK. I t  i s  w e l l  known th a t  a  su b sp ace  o f a  com plete 

m e tr ic  sp ace  i s  com plete  (w ith  r e s p e c t  to  a  co m p a tib le  m e tr ic )  i f  and 

o n ly  i f  i t  i s  a Gg s e t .  An analogous r e s u l t  h o ld s  f o r  com plete  and 

sem icom plete  Moore sp a c e s . A Gg su b se t o f a com plete A ro n sza jn  sp ace

i s  a  com plete  A ro n sza jn  sp ace  b u t th e  converse  i s  n o t  t r u e .  For exam ple, 

th e  long  l i n e  L [22] i s  a  com plete A ronszajn  space  and th e  s e t  M o f  

o r d in a l  p o in ts  o f  L i s  c lo se d  i n  L and th e re f o r e  i s  a  com plete  A ro n sza jn  

s p a c e . However, M i s  n o t  a  Gg in  L.

5 .7  THEOREM. I f  S i s  a  Tg (Xy) space  and M i s  a  s e t  o f 

i n t e r i o r  co n d e n sa tio n  in  S, th e n  M is  a  X  ̂ (X^) sp a c e . Thus a su bspace  

o f  a  com plete  A ro n sza jn  sp ace  i s  com plete i f  and o n ly  i f  i t  i s  a  s e t  o f 

i n t e r i o r  c o n d e n sa tio n .

P ro o f .  Theorem 4 .5  and [28; Theorem 3] show th a t  a  s e t  o f  i n t e r i o r  

c o n d e n sa tio n  in  a  Cech com plete  space  i s  a  X  ̂ sp a c e .

L e t X be  a  T^ com plete M-space (se e  [25; D e f in i t io n  3 .2 ] )  and 

l e t  Y be a  s e t  o f  i n t e r i o r  co n d en sa tio n  in  X. By [25 ; P ro p o s i t io n  3 .1 ]  

th e r e  i s  a sequence U o f open co v ers  o f  X such t h a t  i f  K i s  a  d e c re a s in g  

seq u en ce  o f  nonempty c lo se d  s e t s  in  X such  th a t  f o r  each  n ,  some s e t
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i n  c o n ta in s  a  term  o f  K, th en  <}>• I t  fo llo w s  from [29; Lemmas

2 .1 ,  2 .4  and 2 .2 ]  t h a t  th e r e  i s  an  X-open p r im i t iv e  sequence G of Y such  

t h a t  i f  P i s  a  p o in t o f X b e lo n g in g  to  <^ach term  o f a  G - f i l t e r b a s e ,  th e n

P i s  in  Y and i f  Q e Y and n g N, then  c  G^(Q). F o r each n ,

l e t  = {V|V i s  open in  X and V i s  c o n ta in e d  in  some s e t  in  U^}. By

Lemma 3 .5  th e re  i s  a  Y-open p r im i t iv e  sequence W o f Y such  t h a t

crTr^B ^ and W^(P) c  G^(P) f o r  each  n e N and P e Y. L e t w b e  a  W - f i l t e r -

b a s e .  F o r each  n , w ( th e  c lo s u r e  of w in  X) i s  c o n ta in e d  in  some s e tn n

i n  U^, so A = f)w ^r <i>- There  i s  a G -nest g c o a r s e r  than  w, hence A c: [)g^

C Y . Suppose th e re  i s  a  sequence  x^ , X g , . . .  o f  d i s t i n c t  p o in t s  o f  A

su c h  th a t  { x ^ |k  e N} has no l i m i t  p o in t .  For each  n ,  l e t  = { x ^ |k  > n} .

Then K^, K ^ , . . .  i s  a  d e c re a s in g  sequence o f  c lo se d  s e t s  su ch  th a t  f o r

e a c h  n ,  i s  co n ta in ed  in  some s e t  in  U^. So Q f  <j>, w hich y ie ld s  a

c o n t r a d ic t io n .  Thus A i s  c o u n ta b ly  com pact. Suppose th e r e  i s  an open

s e t  V in  X c o n ta in in g  A b u t c o n ta in in g  no te rm  o f  w. T here  i s  a sequence

X2 , . . .  o f d i s t i n c t  p o in t s  o f  Y such t h a t  i f  k  e N, th e r e  i s  a  j  > k

su ch  th a t  x^ s ŵ  -  V. By th e  argum ent g iv e n  abo v e , { x ^ jk  e N} h as  a

l i m i t  p o in t  P which c l e a r ly  i s  i n  A. Thus P i s  in  V and V c o n ta in s  some

Xj .̂ T h is i s  a  c o n t r a d ic t io n .  So Y i s  a  sp a c e .

Now suppose S i s  a  T^ X^^^y) sp a c e  and M i s  a s e t  o f  i n t e r i o r

c o n d e n sa tio n  in  S. By [25; Theorem 4 .1 ]  th e r e  e x i s t  a T^ com plete  M-

s p a c e  (paracom pact Cech com plete  space) X and a co n tin u o u s  open s u r j e c -

t i o n  f  o f  X o n to  S. L e t H be an  S -sequence f o r  M and f o r  each  n , l e t

f  ^(H ) = {f ^ ( h ) |h  E H} . Then f  ^(H) = (f  ^(H ) )  i s  an X -sequencen n n  n - i
-1 -1f o r  f  (M). F or c l e a r ly  f  (H) i s  an X-open m o n o to n ic a lly  c o n t r a c t in g

sequence o f f  ^(M). I f  x  i s  a  p o in t  o f  X b e lo n g in g  to  each  term  o f
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an f  ^ ( H ) - f i l t e r b a s e  b , then  f (x )  b e lo n g s  to  each  t e r a  o f  f ( b )  which 

i s  an U - f i l t e r b a s e .  Thus f (x )  i s  in  M and x i s  in  f  ^(M ). So f  ^(M) 

i s  a  s e t  o f  i n t e r i o r  co n d en sa tio n  in  X, hence f  ^(M) i s  a  (X^) sp ace .

By [25; Theorem 4 .3 ]  M is  a X^ (X^) sp a c e .

Suppose S i s  a  com plete A ro n sza jn  space  and M i r  a com plete 

su b sp ace  o f S. By p a r t  (6) o f  Theorem 5 .4 ,  M i s  a s e t  o f  i n t e r i o r  con­

d e n s a tio n  in  M and by Theorem 4 .6 ,  M i s  a s e t  o f i n t e r i o r  co n densa tion  

in  S. So M i s  a  s e t  o f  i n t e r i o r  co n d e n sa tio n  in  S by Theorem 4 .5 . The 

co n v erse  fo llo w s  from Theorem 3 .1 2 .

5 .8  LEMMA. L et S be a  T^ sp ace  and  T a  dense su b sp ace  o f a 

sp ace  X and f  a  con tinuous mapping o f T in to  S. I f  Y i s  a subspace o f  

X c o n ta in in g  T such  th a t  f o r  each  x e Y, f (T r^ N b d ^ )  i s  a  convergen t 

f i l t e r b a s e  in  S , then  the  fu n c t io n  g from Y to  S d e f in e d  by g(x)

= lim  f(Tr^N bd^x) i s  a  con tinuous e x te n s io n  o f  f  to  Y.

P ro o f . I f  X e T, then  c l e a r ly  f (x )  = lim  f(T r^ N b d ^ )  so  g i s  an e x te n s io n

o f  f .  L e t U be an open s e t  in  X and l e t  y b e  a p o in t o f  U n  Y and l e t

V b e  an  open s e t  in  S c o n ta in in g  g (y ) .  T here i s  a neighborhood  W o f y 

in  X such  th a t  f(W M T)(= V. T i s  dense  i n X s o W f i U f l T ^ c j )  and

V n f(U n I )  f  <),. So g(y) e f(U H T) and g(U fl Y) c  f(U  fl T ) . Thus,

i f  X £ Y and V i s  an open s e t  in  S c o n ta in in g  g (x ) ,  th e r e  i s  a n e ighbo r­

hood U o f  X in  X such th a t  g(U H T) f ( u  fl T) <= v.  S ince  S i s  T^, i t  

fo llo w s  t h a t  g i s  co n tin u o u s .

5 .9  LEMMA. I f  S i s  a  com plete A ro n sza jn  space  and Mc: s, th e r e  

i s  an  A ro n sza jn  sequence G f o r  M such  th a t  every  G - f i l t e r b a s e  converges 

in  S.

P ro o f . L e t B be a  com plete A ro n sza jn  sequence f o r  S and l e t  H be a
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p r im i t iv e  sequence o f  H such t h a t  c: [29; Lemma 2 .1 ] .  L e t

= {h n M[h e and f o r  n > 1 , l e t  = {k (1 H^(P) |k  e and P £ k}.

L e t = (jT_^ and l e t  g be a G - f i l t e r b a s e .  For each  i ,  th e re  i s  an 

i n t e g e r  n^ > i  such th a t  e and th e r e  i s  a  p o in t  P^ e g^ such  th a t

(P^) c: H ^(P^). By [29; Lemma 2 .2 ]  th e re  i s  an H - f i l t e r b a s e  h 

c o a r s e r  th a n  g . S ince  h converges in  S, g converges in  S and i f  th e re  

i s  a  p o in t  x in  f]g^, th en  h co nverges  to  x , hence  g converges to  x . I f

P £ M and = H^(P) 0  . . .  fl H^(P) fl N, th e n  k^ e K and { k ^ j i  £ N} i s

a  b a se  f o r  M a t  P s in c e  {PL(P) | i  £ N} i s  a  b ase  fo r  S a t  P. So each 

i s  a  b a se  f o r  M and G i s  an A ro n sz a jn  sequence fo r  M.

5 .1 0  THEOREM. I f  S i s  a  s p a c e , th e n  th e  fo llo w in g  s ta te m e n ts  

a r e  e q u iv a le n t :

(1 ) S i s  a  com plete A ro n sz a jn  sp a c e ;

(2) S i s  f i r s t  c o u n ta b le  and f o r  each  d e v e lo p a b le  space  X and

subspace T of X and c o n tin u o u s  fu n c tio n  f  from T in to  S, 

th e re  e x i s t  a Gg s e t  Y i n  X c o n ta in in g  I  and a  co n tin u o u s  

e x te n s io n  o f  f  to  Y;

(3 ) S i s  f i r s t  c o u n ta b le  and  f o r  each  space X and dense  sub­

space T o f  X and c o n tin u o u s  fu n c tio n  f  from  T in to  S , th e re

e x i s t  a s e t  o f  i n t e r i o r  co n d e n sa tio n  Y in  X c o n ta in in g  T

and a  co n tin u o u s e x te n s io n  o f  f  to  Y.

P ro o f . Suppose S i s  a com plete A ro n sza jn  sp a c e , X i s  a  sp a c e , T i s  a 

dense subspace  o f X, and f  i s  a  c o n tin u o u s  fu n c t io n  from  T in to  S. L et 

G b e  an A ronszajn  sequence f o r  f (T ) su ch  th a t  every  G - f i l t e r b a s e  converges 

in  S. F o r each n , l e t  f"^(G ^) = { f“ ^ ( g ) lg  £ G^}. Then f~^(G) =

i s  a T-open m o n o to n ica lly  c o n t r a c t in g  sequence  o f T. L e t H be a  p r im it iv e
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sequence o f  T such t h a t  H c  f  ^(G ) f o r  each  n [29; Lemma 2 .1 ] .  Byn n

Lemma 3 .5  th e r e  i s  an. X-open p r im it iv e  sequence W o f  T such  th a t  i f

P e l  and n e N, th en  W^(P) H t c H ^(P). I f  w e th e re  i s  a  p o in t

P o f  T such t h a t  w = W^^^(P) c  W^(P) and i t  fo llo w s th a t  c  W*.

L et V, = W, and f o r  n  > 1 , l e t  V = {v fl W (P) Iv e V . and P  s v H W*}. 1 1  n n ' n - i  n

L et n be a  p o s i t i v e  in t e g e r  such  th a t  V* , = W* , .  I f  P e W* c: W* -® n- 1  n- 1  n n -1

= V* 1 , th e re  i s  a  s e t  v in  V . such t h a t  P e v ,  hence P e v H W (P)n - 1  n - i  u

e V . Thus W *cz V * and c le a r ly  V *(Z  W *. S in ce  V.* = W_* i t  fo llo w s  n n n  n n i  i

t h a t  V^* = W^* fo r  a l l  n . L e t Y = {x e x |x  belongs to  each  te rm  o f a

V - f i l t e r b a s e } .  I f  x e T and v^(x) = W^(x) fl . . .  fl W^(x) , th en  v = v^^,

V g , . . .  i s  a V - f i l t e r b a s e  each  term  of w hich c o n ta in s  x , so x £ Y and

T c= Y. L et X £ Y and n £ N and l e t  v be  s e t  in  c o n ta in in g  x . S in ce

X i s  in  V* and V* , = W *. , i t  fo llo w s  th a t  v fl W , - (x) i s  a s e t  in  n+1 n+1  n+1 ’ _ n + i

c o n ta in in g  x and c o n ta in e d  in  v. Thus V i s  a  m o n o to n ica lly  con­

t r a c t i n g  sequence o f  Y w hich i s  c l e a r ly  an X -sequence f o r  Y. So Y i s  

a s e t  o f i n t e r i o r  co n d en sa tio n  in  X.

L et X £ Y and l e t  v be  a V - f i l t e r b a s e  each term  o f  w hich c o n ta in s  

X .  By [29; Lemma 2 .2 ]  th e re  i s  a W -f i l te rb a s e  w c o a r s e r  th a n  v and 

th e re  i s  an  H - f i l t e r b a s e  h c o a rs e r  than  Tr^w. S in c e  f ( h )  i s  a G - f i l t e r ­

b a s e , f (h )  converges in  S , hence f (T r^ N b d ^ )  converges in  S. Thus f

has a con tinuous e x te n s io n  to  Y by Lemma 5 .8 .  A lso  any sp ace  having  a

b ase  o f c o u n ta b le  o rd e r  i s  f i r s t  c o u n ta b le  so  (1 ) im p lie s  (3 ) .

That (3) im p lie s  (2) fo llo w s from  Theorem 4 .8  by f i r s t  ex ten d in g  

th e  given  fu n c tio n  to  a in  T^. S ince  c lo sed  s e t s  in  X a re  Gg s e t s  

in  X, the  im p lic a t io n  fo llo w s .

Suppose (2) h o ld s .  A theorem  of Ponomarev [18] a s s e r t s  th a t  

every  f i r s t  c o u n ta b le  T^ space  i s  an open co n tin u o u s image o f  a  m e tr iz a b le
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sp a c e . L e t f  be a  co n tin u o u s open s u r j e c t io n  o f a m e tr ic  sp ace  X onto  

S and l e t  X be a  com pletion  o f X. T here  e x i s t  a  s u b s e t  Y o f  X c o n ta in ­

in g  X and a  co n tin u o u s  e x te n s io n  g o f  f  to  Y. Y i s  a  com plete  m e tr ic  

sp a c e  and g i s  an in d u c t iv e ly  open co n tin u o u s  mapping o f  Y on to  S. So 

S i s  a  com plete  A ronsza jn  space  by Remark 5 .5 .  Thus (2) im p lie s  (1 ) .

5 .1 1  DEFINITION. A (com ple te ) c e n te re d  base f o r  S i s  a  b ase  

o f  c o u n ta b le  o rd e r  (X -base) B such  th a t  ev e ry  p e r f e c t ly  d e c re a s in g  su b - 

c o l l e c t i o n  T o f  B i s  r e g u la r  ( i . e .  each  s e t  in  T c o n ta in s  th e  c lo s u re  

o f  a  s e t  in  T ) .

5 .1 2  REMARK. The co n cep t o f  a (com plete) c e n te re d  b a se  was 

in tro d u c e d  in  [11 ] u s in g  somewhat d i f f e r e n t  te rm ino logy  from  t h a t  above 

b u t  th e  two a re  e a s i l y  sho^jn to  b e  e q u iv a le n t .  An e s s e n t i a l l y  T^ space  

h a v in g  a c e n te re d  b a se  i s  r e g u la r  so  i f  S i s  a T^ space  hav in g  a  (com­

p le t e )  c e n te re d  b a s e , th en  S i s  an A ro n sza jn  space (a  com plete  A ro n sza jn  

s p a c e ) .  However, no exam ple o f  an A ro n sza jn  space  (a  com plete  A ro n sza jn  

sp ace )  w hich does n o t have a  (com plete ) c e n te re d  b ase  i s  g iv en  i n  [11 ] 

and  to  th e  a u th o r 's  know ledge, no such  exam ple has been  found . In  an 

a t te m p t to  f in d  a  r e l a t i v e l y  l a r g e  c l a s s  o f T^ spaces h av in g  a  (com ple te ) 

c e n te re d  b a s e , i t  i s  proved in  [11] th a t  (1) i f  S i s  a  T^ sp ace  hav in g  

(co m p le te ) c e n te re d  b a se s  l o c a l l y ,  th e n  S h as  a (com plete ) c e n te re d  

b a se  and (2) ev ery  metacom pact (com plete ) Moore space h as  a  (com plete) 

c e n te re d  b a s e . T h is  l a t t e r  r e s u l t  i s  ex tended  to  a  l a r g e r  c l a s s  o f 

sp a c e s  in  Theorem 6 .15  b u t th e  te c h n iq u e  used  th e re  i s  e s s e n t i a l l y  t h a t  

u sed  in  [1 1 ] . However, th e  pu rp o se  f o r  in tro d u c in g  th e s e  c o n c e p ts  h e re  

i s  to  o b ta in  an e x te n s io n  p ro p e r ty  f o r  open co n tin u o u s m appings s im i la r  

to  th o se  in  Theorem 5 .1 0 . The fo llo w in g  lemma i s  needed f i r s t .
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5 .1 3  LEM ^. An e s s e n t i a l l y  space  S has a  (com plete) c e n te re d  

b a se  i f  and o n ly  i f  th e re  i s  a m onotonie sequence G o f  b a se s  f o r  S such 

th a t  i f  g i s  a  G - f i l t e r b a s e ,  th en  g i s  r e g u la r  and g converges to  (some 

p o in t  o f S and to ) each p o in t  o f  flSn*

P ro o f .  Suppose S i s  an e s s e n t i a l l y  space  hav ing  a  (com plete) c e n te re d

b a se  B. By [32 ; Theorem 2 ' ]  ( [2 9 ; p ro o f  of Theorem 3 .2 ] )  th e re  i s  a

m onotonie sequence G o f  b a se s  f o r  S such  th a t  fo r  each  n , G^cz B and i f

g i f  a  G - f i l t e r b a s e ,  th e n  g converges to  (some p o in t  o f  S and to )  each

p o in t  o f I f  g i s  p e r f e c t ly  d e c re a s in g , then  g i s  r e g u la r .  Suppose

g i s  n o t p e r f e c t ly  d e c re a s in g . There i s  p o in t  x in  f)g^ and g i s  a  b ase

f o r  S a t  X.  Thus g i s  r e g u la r  s in c e  S i s  r e g u la r .

C o n v erse ly , l e t  G be a  m onotonie sequence as d e sc r ib e d  and l e t

H be a p r im i t iv e  sequence o f  S such t h a t  cz [29; Lemma 2 .1 ] .  For

each  n , c o n ta in s  no p e r f e c t ly  d e c re a s in g  s u b c o l le c t io n .  F or suppose

K i s  a p e r f e c t ly  d e c re a s in g  s u b c o l le c t io n  o f f o r  some n and l e t  k^ ,

k2 , . . .  b e  a  sequence such  th a t  f o r  each  i ,  p ro p e r ly  c o n ta in s

F o r each  j ,  th e re  i s  a  p o in t  P. of S such  t h a t  k . = H ( P . ) .  But s in c e
]  J n

H ( P . , i )  = k . . . c  k . , i t  fo llo w s  th a t  k . , .  < k . .  So k , , k „ , . . .  i s  an ] + l  J+1 ] 3+1 J 1 2'

s t r i c t l y  d e c re a s in g  sequence w ith  r e s p e c t  to  th e  w e l l  o rd e r  on H^. T his

y ie ld s  a  c o n t r a d ic t io n .

L et B = and l e t  T b e  a  p e r f e c t ly  d e c re a s in g  s u b c o lle c t io n

o f  B. L e t t ^  be a  s e t  in  T. T here i s  an  in te g e r  n^ such  th a t  t^  e

c ^  G^. S in ce  no c o n ta in s  a  p e r f e c t ly  d e c re a s in g  s u b c o l le c t io n ,

th e r e  e x i s t  an in te g e r  n ,  > n . and a  s e t  t .  e H ^  G ^  G, such  th a t^ X z TI2

t£  ^  tj^. T h is  p ro cess  may b e  c o n tin u e d  to  c o n s tr u c t  a G - f i l t e r b a s e  t  

w h ich , by th e  su p p o s itio n  on G, i s  r e g u la r .  Thus t ^  c o n ta in s  th e  c lo su re
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o f  some s e t  in  T and T i s  r e g u la r .  The p ro o f  g iven  in  [32 ; Theorem 2] . 

( [2 9 ;  Theorem 3 .3 ] )  shows th a t  B i s  a  b ase  o f c o u n ta b le  o r d e r  (1 -b ase ) 

f o r  S, hence B i s  a (com plete) c e n te re d  b a se  f o r  S.

5 .14  THEOREM. I f  S i s  a Tg space  hav in g  a com plete  c en te red  

b a s e ,  X i s  an e s s e n t i a l l y  T^ space  hav ing  a  b a se  o f  c o u n ta b le  o rd e r  and 

f  i s  an open co n tin u o u s mapping o f a  su b sp ace  T o f  X in to  S, then  th e re  

e x i s t  a  s e t  Y o f i n t e r i o r  co n d en sa tio n  in  X c o n ta in in g  T and an open 

co n tin u o u s  e x te n s io n  o f  f  to  Y.

P ro o f .  By Theorems 4 .5  and 4 .6  i t  may be  assumed th a t  T i s  dense in  X. 

Lev  G be  a sequence o f  b a se s  f o r  S a s  in  Lemma 5 .1 3 . By [32; Theorem 

2 ] th e r e  i s  a  sequence B o f b ases  f o r  X such  t h a t  i f  P i s  a p o in t of X 

b e lo n g in g  to  each  term  o f  a B - f i l t e r b a s e  b ,  th en  b i s  a  b a se  fo r  X a t  P.

F o r  each  n , l e t  = {U]U i s  open in  X and f(U  H T) e G^}. Suppose

n  e N, X e T , and V i s  an open s e t  in  X c o n ta in in g  x . S in ce  f i s  open,

th e r e  i s  a s e t  g in  G  ̂ such  th a t  f ( x )  e g and g ct f  (V H T ) . I f  U i s

an  open s e t  i n  X such th a t  U D T = f  ^ ( g ) ,  th en  f(lJ  A V A T) = g and

U n V i s  a s e t  in  X^ c o n ta in in g  x and c o n ta in e d  in  V. So i s  a  b ase

f o r  X a t  T. L e t H be  a  p r im it iv e  sequence o f  T such  t h a t  c  [29; 

Lemma 2 .1 ] .  By a  s im p le  m o d if ic a tio n  o f  [29; Lemma 2 .4 ] ,  th e re  i s  a 

p r im i t iv e  sequence W o f  T such  th a t  f o r  each  n ,  cr and V^(P) c  H^(P) 

f o r  each  P e T. L et V and Y be as i n  th e  p ro o f  o f  (1) im p lie s  (3) in  

Theorem  5 .1 0 . Suppose x e Y and l e t  v b e  a  V - f i l t e r b a s e  each  term  o f 

w h ich  c o n ta in s  x . As in  th e  p ro o f o f  Theorem 5 .1 0 , th e re  i s  a W - f i l t e r -  

b a s e  w c o a r s e r  than  v and by [29; Lemma 2 .2 ]  th e re  i s  an H - f i l t e r b a s e

h  c o a r s e r  th a n  w. f(T r^w ) i s  a G - f i l t e r b a s e ,  hence i s  r e g u la r  and con­

v e rg e s  to  some p o in t  in  S. So f(T r^ M b d ^ ) co nverges  in  S and by Lemma

5 .8  th e  mapping g from Y in to  S d e f in e d  by  g (x) = lim  fCTr^Nbd^x) i s  a
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co n tin u o u s  e x te n s io n  o f f  to  Y. I f  U i s  an open s e t  in  X, x e U H Y 

and V ,  w ,  and h a re  a s  above, th e n  th e re  i s  an in t e g e r  n such  th a t  h^ 

c U  and th e re  i s  an in t e g e r  m such  th a t  c: h ^ . f(Tr^w ) i s  r e g u la r  so

th e r e  i s  an in t e g e r  j  such  th a t  f  (w  ̂ fl T) c: f  (w^ fl T ) . Now g (x) e f  (w^ fl T) 

c f  (w^ n T )cr f(U n T ). Thus g(U 0 Y) c  f(U  fl T) and c le a r ly  f(U  H I )  

c g (U  n Y). So g(U n Y) = f(U  n T) and g(U H Y) i s  open. Thus g i s  an 

open mapping.

6 . MOORE SPACES

6 .1  DEFINITIONS. A T^ d ev e lo p ab le  sp ace  i s  c a l le d  a Moore 

s p a c e . S ince ev e ry  d e v e lo p a b le  sp ace  has a b a s e  o f c o u n tab le  o rd e r ,  

ev ery  Moore space  i s  an A ro n sza jn  sp ace . A developm ent G f o r  S i s  c a l le d  

com plete  i f  and o n ly  i f  G i s  m onotonie and i f  M^, M^, « - « i s  a d e c re a s in g  

sequence o f nonem pty c lo se d  s e t s  in  S such t h a t  f o r  each n , i s  a 

s u b s e t  o f  th e  c lo s u re  o f some s e t  in  G^, th e n  Hm  ̂ f A developm ent

G f o r  S i s  c a l le d  semicompl e t e  i f  and on ly  i f  G i s  m onotonie and i f  g 

i s  a  G - f i l t e r b a s e ,  th e n  f|g^ f  <̂ . A Moore sp ace  i s  s a id  to  be  com plete 

(sem icom plete) i f  and o n ly  i f  i t  has  a com plete  (sem icom plete) d evelop ­

m ent. Every com plete Itoore sp ace  i s  sem icom plete  b u t th e re  i s  a  sem i­

com plete  Moore space  t h a t  i s  n o t com plete [2 1 ] .

6 .2  THEOREM. A Moore space  i s  sem icom plete  i f  and on ly  i f  i t  

i s  a  com plete A ron sza jn  sp a c e .

P ro o f . Suppose S i s  sem icom plete  and l e t  G be  a sem icom plete develop­

ment f o r  S. L e t = Ĝ  ̂ and f o r  n > 1 , l e t  = {g e G^|g i s  co n ta in ed  

in  some s e t  in  I t  i s  easy  to  show t h a t  H = H^, H g , . . .  i s  a ls o

a sem icom plete developm ent fo r  S. L et h be  an H - f i l t e r b a s e .  T here i s  a
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p o in t  X in  L et U be  an  open s e t  c o n ta in in g  x and l e t  n b e  an in ­

te g e r  su ch  t h a t  s t ( x ,G ^ ) c  U. There i s  a s e t  g in  w hich  c o n ta in s  

h^^j^ and s in c e  x  e i t  fo llo w s t h a t  h ^ ^  c= g c U . Thus h  converges

to  X and H i s  a  com plete A ronsza jn  sequence f o r  S.

C o n v e rse ly , suppose S i s  a  com plete  A ronszajn  sp a c e  and l e t  B 

be  a m onotonie com plete A ronsza jn  sequence fo r  S. Let H b e  a develop­

ment f o r  S and f o r  each n , l e t  G  ̂ = {b c B ^|b i s  c o n ta in e d  in  some s e t

in  G = G^, G g ,. . .  i s  a  m onotonie developm ent fo r  S. I f  g i s  a

G - f i l t e r b a s e ,  th en  g i s  a B - f i l t e r b a s e  and g converges to  some p o in t  x

o f S and c l e a r ly  x e f)g* So G i s  a  sem icom plete  developm ent f o r  S and 

S i s  sem icom plete .

6 .3  COROLLARY. ( c f .  C o ro lla ry  6 .13 ) I f  S i s  a  Moore sp ace ,

then  each  o f th e  s ta te m e n ts  in  Theorems 5 .4  and S .]0  i s  e q u iv a le n t  to

S b e in g  sem icom plete . In  p a r t i c u l a r ,  th e  fo llo w in g  a r e  e q u iv a le n t :

(1) S i s  sem icom plete;

(2) S i s  a s e t  o f i n t e r i o r  co n d en sa tio n  in  ev e ry  sp ace  i n  which

i t  i s  dense and  H ausdo rff embedded;

(3) S i s  a s e t  o f  i n t e r i o r  co n d en sa tio n  in  wS;

(4) I f  T i s  a d en se  subspace o f a  space  X and f  i s  a  con tin u o u s

mapping o f T in t o  S , th e n  f  has a  co n tin u o u s e x te n s io n  to

a  s e t  o f  i n t e r i o r  co n d en sa tio n  in  X.

6 .4  DEFINITION. I f  H i s  a sequence o f open c o v e rs  o f  S such

th a t  i f  P e S , some term  o f  H i s  f i n i t e  a t  P ( i . e . ,  c o n ta in s  o n ly  f i ­

n i t e l y  many s e t s  which c o n ta in  P ) ,  th e n  i s  c a l le d  a 6-c o v e r  of

I f  K i s  a  0 -co v er o f S which i s  a re f in e m e n t o f a cover G o f S,

then  K i s  c a l le d  a 0 -re fin e m e n t of G. I f  ev e ry  open co v er o f S has a

6- r e f in e m e n t ,  th en  S i s  s a id  to  be 6- r e f i n a b l e .
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6 .5  LEMMA. I f  G i s  an open, co v er o f  a d e v e lo p a b le  space  S,

th e n  G has a  8- re f in e m e n t H = such  th a t  i f  P e S , th e re  i s  an

in te g e r  n such  t h a t  i s  f i n i t e  a t  P f o r  a l l  i  > n .

P ro o f . By [7 ; Theorem 9] th e r e  i s  a  o - d i s c r e t e  c lo se d  re f in e m e n t K

= o f  G co v e rin g  S such  th a t  f o r  each  n , ev ery  s e t  in  i s  a

su b se t o f  a s e t  in  F o r each  n e N and k e K^, l e t  U^(k) be an

open s e t  in  S c o n ta in e d  in  some s e t  in  G and c o n ta in in g  k  such th a t

U^(k) n (K^ -  {k})* = (j). F o r each  P e S -  K^*, l e t  V^(P) be  an open

s e t  c o n ta in in g  P and c o n ta in e d  in  some s e t  in  G such  th a t  V^(P) H = ^.

Then = { U ^ (k ) |k  e K } U {V ^(P)|P  s S -  K^*} i s  a  re f in e m e n t o f G

co v e rin g  S w hich  i s  f i n i t e  a t  each  p o in t  o f  K^* and H = i s  a

6- re f in e m e n t o f  G. S ince K * c: K* , , i t  fo llo w s  th a t  i f  P e S and nn  n+1

i s  an in t e g e r  such  th a t  P e K * , then  H. i s  f i n i t e  a t  P f o r  a l l  i  > n .
1   -

6.6  LEMI-IA. I f  S has a  0-c o v e r  each  elem ent o f  w hich i s  develop­

a b le ,  th en  S i s  d e v e lo p a b le .

P ro o f. L et G = G  ̂ be a  9-c o v e r  o f  S such  th a t  each  s e t  in  G i s

d e v e lo p ab le . L e t F be an open cover o f  S and f o r  each  n e N and g e G^,

l e t  H^(g) = be a  6- re f in e m e n t ( in  g) o f  th e  open cover

F ^(g ) = { f n  g | f  E F} o f  g h av in g  th e  p ro p e r ty  in  Lemma 6 .5 .  For each

p a i r  o f p o s i t i v e  in te g e r s  n  and k , l e t  = Ug^g \k ^ ® ^  and l e t

H = tÇ ^ n k ’ Each i s  a re fin e m en t o f  F co v e rin g  S. L et P e S

and l e t  n be an  in te g e r  such  th a t  G  ̂ i s  f i n i t e . a t  P . L e t g ^ ^ . . . , g j  be

th e  s e t s  in  G^ w hich c o n ta in  P . For each  i  < j , th e r e  i s  an in te g e r  n^

such  th a t  i f  m > n . , th en  H (g .)  i s  f i n i t e  a t  P . I f  k = n , + . . . +  n . ,-  1 nm 1 J

th e n  i s  f i n i t e  a t  P . So H i s  a 8- re f in e m e n t o f  F and S i s  6- r e f  in a b le .  

Each s e t  in  G i s  d e v e lo p a b le , hence e s s e n t i a l l y  T^. L e t x and

y be p o in ts  o f  S such th a t  x  e {y} and l e t  g be a  s e t  in  G c o n ta in in g
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X. Then y e g, h e n c e  x  e  g H = 7 ÿ } ® .  By [13 ; Theorem 1] y e W ®

c { x } ^  and S i s  e s s e n t i a l l y  T^. Each s e t  in  G has a  b a se  o f  c o u n ta b le  

o rd e r  so by [32 ; Theorem 1] S has a b a se  o f  c o u n ta b le  o rd e r .  Thus S i s  

d ev e lo p ab le  by [32; Theorem 3 ] .

6 .7  THEOREM. I f  S i s  a  T^ space  h av in g  a  0-c o v e r  each e lem en t

o f w hich i s  a  sem icom plete  Moore s p a c e , th en  S i s  a sem icom plete Moore 

sp ace .

P ro o f . By Lemma 6. 6  S i s  a  Moore space  and th e  sem icom pleteness o f  S 

fo llo w s  from  Theorem 6 .2  and [29; Theorem 3 .1 ] .

6 . 8  EXAMPLE. The space  Z in  [21; Theorem 9] i s  a  non-com plete

Moore space  w hich i s  th e  u n ion  o f  a c o u n ta b le  p o i n t - f i n i t e  c o l le c t io n  

o f  com plete open su b sp a c e s .

P ro o f . U sing  th e  n o ta t io n  o f  [2 1 ] , = b ^  U { F ^ |t  e U i= i 1^%}* i s  an

open su b sp ace  o f  Z f o r  each  X e M. I f  K i s  th e  sem icom plete developm ent 

f o r  Z d e f in e d  i n  [2 1 ] , th e n  (Tr^ i s  a com plete developm ent fo r

S„ andS i s  com p le te . By [15; Theorems 2 and 3] ev ery  Moore sp ace  i s  

co u n tab ly  m etacom pact so th e  c o u n ta b le  open co v er {S^[X e M} o f Z has a 

p r e c i s e ,  hence c o u n ta b le , p o i n t - f i n i t e  open re f in e m e n t H. Each s e t  in  

H i s  an open su b sp ace  o f  some hence i s  a  com plete  Moore space  and th e  

r e s u l t  fo l lo w s .

6 .9  THEOREM. I f  S i s  a  T^ space  hav in g  a  l o c a l ly  f i n i t e  open

co v er each  s e t  o f w hich i s  a  com plete  Moore s p a c e ,  th e n  S i s  a com plete 

Moore sp a c e .

P ro o f . By Lemma 6. 6  S i s  a  Moore sp ace . L e t G b e  a m onotonie develop ­

ment f o r  S and l e t  U be a l o c a l l y  f i n i t e  co v e r o f  S by open com plete 

su b sp a ces  o f  S. F o r each s e t  u in  U, l e t  G(u) be a  m onotonie developm ent
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f o r  u . L e t V be an open co v er o f  S each  member of w hich in t e r s e c t s  on ly

f i n i t e l y  many s e t s  in  U. F o r each  n , l e t  = { h |f o r  some v e V and

u £ U, h i s  a  s e t  in  G ^(u ), h c  v H u and h i s  c o n ta in e d  in  some s e t  in

G^}. Then H = H g , . . .  i s  a  m onotonie developm ent f o r  S. L e t .

be a  d e c re a s in g  sequence o f  c lo se d  nonempty s e t s  in  S such  th a t  f o r  each

n ,  M i s  c o n ta in e d  in  th e  c lo s u re  o f  some s e t  h in  H . L et v  b e  a s e t  n n  n

in  V c o n ta in in g  h^. v i n t e r s e c t s  o n ly  f i n i t e l y  many s e t s  u ^ , . . . , u ^  in

U. F o r each  n ,  h^ i s  c o n ta in e d  in  some s e t  u in  U and s in c e

C h ^  V and c  h^  u , i t  fo llo w s  th a t  v i n t e r s e c t s  u and u  = u^ fo r

some j  < k . Sc th e re  e x i s t  an in t e g e r  j  < k  and an in c re a s in g  sequence

n , , n o » ..*  o f p o s i t iv e  in te g e r s  such  th a t  R ^  u . and h e G ( u .)
1 2 '  °  i  J i  i  J

G :G .(u .) .  M i s  c lo se d  in  u . so  by th e  com ple teness  Of G (u.)» fl” --! M.= r  j  n , 3 3 r  i  i

f  4». Thus H i s  a  com plete  developm ent fo r  S and 5 i s  com plete .

6 .1 0  DEFINITION. An e s s e n t i a l l y  space  S i s  c a l le d  s tro n g ly  

Cech com plete  i f  and on ly  i f  th e r e  i s  a  sequence G o f  open covers o f  S 

su ch  th a t  i f  U i s  an open f i l t e r b a s e  such t h a t  f o r  each  n , some s e t  in  

G  ̂ c o n ta in s  a  s e t  in  U, th e n  U co n v e rg e s . Such a  sequence G i s  c a l le d  

a  com plete  sequence o f open c o v e rs  o f  S.

6 .1 1  THEOREM. I f  S i s  a  Tg s tro n g ly  Cech com plete  sp ace  and 

T i s  a  d en se  subspace  o f  a  sp ace  X and f  i s  a  co n tin u o u s  mapping o f  T 

in t o  S, th e n  th e re  e x i s t  a  G  ̂ s e t  Y i n  X c o n ta in in g  T and a co n tin u o u s  

e x te n s io n  o f  f  to  Y.

P ro o f . L e t  H b e  a com plete sequence o f  open co v e rs  o f  S and f o r  each  

n ,  l e t  G^ = { u |u  i s  open in  S and U i s  c o n ta in e d  in  some member o f  each 

o f H^, H2 » . . . ,H ^ } .  Then G = G^, Gg, . . .  i s  a  m onotonie com plete sequence 

o f  b a se s  f o r  S. F o r each  n ,  l e t  = {u |u  i s  open in  X and f(U fl T)
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i s  c o n ta in e d  in  some s e t  in  G^}. Y = K* i s  a  G. in  X c o n ta in in g

T. L et X e Y and l e t  F = {V e G ^ |fo r  some open s e t  U in  X c o n ta in in g  x ,

f  (U n T )  c :  V}. I f  and V2 a re  s e t s  in  F and and a re  open s e t s

in  X c o n ta in in g  x such  th a t  f(U^ D T) c: f o r  i  = 1 , 2 , th en  V =

i s  a  s e t  in  G^ and U = A Ug :is an open s e t  in  X c o n ta in in g  x such  th a t

f(U  n T) C V . S in ce  T i s  dense in  X, no s e t  in  F i s  em pty. Thus F 

i s  an open f i l t e r b a s e  in  S. I f  n i s  a  p o s i t i v e  in te g e r  and U i s  a  s e t  

in  c o n ta in in g  x , th en  f(U  H t ) i s  c o n ta in e d  in  some s e t  V in  G^

So V i s  in  F and f o r  each  n ,  F H <p. Thus F converges in  S and th e

r e s u l t  fo llo w s  from  Lemma 5 .8 .

6 .1 2  THEOREM. I f  S i s  a T ychonoff space  hav ing  th e  e x te n s io n  

p ro p e r ty  in  Theorem 6 .1 1 , then S i s  Cech com plete .

P ro o f. L e t X be  a  G in  SS c o n ta in in g  S and l e t  g be a con tinuous e x -
0

te n s io n  to  X o f th e  i d e n t i t y  on S. S in c e  gX = SS, X i s  Cech com plete 

and by [10; Theorem 2 .8 ]  th e re  i s  a  sequence H o f  open covers  o f X such  

th a t  i f  U i s  an open f i l te r s u b b a s e  in  X such th a t  f o r  each n , con­

ta in s  a member o f  U, th e n  F or each  n ,  l e t  G  ̂ = {h H s|h e H^}

and suppose F i s  an open f i l te r s u b b a s e  i n  S such  t h a t  f o r  each n , G^ 

c o n ta in s  a member o f  F . For each f  s  F , l e t  U (f) be  an open s e t  in  X

such  th a t  U (f)  fl S = f  and U(f) i s  in  i f  f  i s  in  G^. Then U = { U (f) |

f  e F} i s  an  open f i l te r s u b b a s e  in  X such  th a t  f o r  each  n ,  c o n ta in s

-Xa  member o f  Ü. So th e r e  i s  a p o in t  x  in f]U  . I f  f  e F , th en  x e U(f) 

hence g (x ) e g (U (f)^ )c :  g (U (f))^  = g (U (f)  R S)^ * g ( f ) ^  = f^ .  Thus 

g (x ) e f) and G i s  a com plete sequence o f  open co v e rs  o f  S in  th e  se n se  

o f  [10 ]. By [10; Theorem 2 .8 ] S i s  Cech com plete .

6 .1 3  COROLLARY. (c f . C o ro lla ry  6 .3 )  I f  S i s  a  Moore sp a c e , 

th en  th e  fo llo w in g  s ta te m e n ts  a re  e q u iv a le n t  ;
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(1) S i s  com plete;

(2) S i s  a Gg in  every  space  in  w hich i t  i s  dense  and H ausdorff

embedded;

(3) S i s  a Gg in  wS;

I f  S i s  co m p le te ly  r e g u la r ,  then  each  o f th e  above i s  e q u iv a le n t  to ;

(4) i f  T i s  a dense subspace o f a  space X and f  i s  a  con tinuous

mapping o f T in to  S, th en  f has a co n tin u o u s  e x te n s io n  to

a Gg in  X.

P ro o f . T hat (1) im p lie s  (2) i s  observed  in  [9; Theorem 2 .1 3 ] (a lth o u g h  

th e  w ord "dense" was o m itte d ) . T hat (2) im p lie s  (3) fo llo w s  from [8 ; 

Lemma 6 ] and (3) im p lie s  (1) by [8 ; Theorems 7 and 3 ] . (1) im p lie s  (4)

in  g e n e ra l  by Theorem 6 .1 1  and [9; Theorem 2 .1 3 ] . I f  S i s  co m p le te ly  

r e g u la r ,  th en  (4) im p lie s  (1) by Theorem 6.12 and [ 8 ; Theorem 3 ].

6 .1 4  DEFINITION. S i s  s a id  to  be orthocom pact i f  and only  i f  

ev ery  open cover G o f  S has an open re fin e m en t H c o v e rin g  S such th a t  

i f  X i s  a  p o in t o f  S, th e n  th e  i n t e r s e c t io n  o f a l l  th e  s e t s  in  H w hich 

c o n ta in  x i s  open. H i s  c a l le d  a  Q -refinem en t o f G.

6 .15  THEOREM. (1) I f  S i s  an orthocom pact Moore s p a c e , then

S h as  a  c e n te re d  b a se . (2) I f  S i s  a  com plete A ro n sza jn  sp ace  w hich

has a  c e n te re d  b a s e ,  th en  S has a com plete c e n te re d  b a s e .

P ro o f . (1) The argument f o r  t h i s  p a r t  o f  th e  theorem  i s  e s s e n t i a l l y

th a t  in  [11; Theorem 9 ] . L e t G be  a  m onotonie developm ent f o r  S and

f o r  each  n ,  l e t  be a  Q -refinem en t o f  G^. L e t = Q^ and f o r  each n ,

l e t  = {U E V i s  in  th e n  e i t h e r  U ci V o r  U fl (S -  V)

^ L e t Suppose th e re  i s  an in t e g e r  m > 1 such th a t

B does n o t cover S and l e t  P e S -  B*. F o r each i  < m, l e t  U. be th em m 1
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i n t e r s e c t i o n  o f  a l l  the  s e t s  in  c o n ta in in g  P i f  P e C^* and o th e rw ise

l e t  = S. T here i s  an in t e g e r  k > m such  t h a t  s t(P ,G ^ j c  U^.

L e t V be a  s e t  in  c o n ta in in g  P. Then V i s  c o n ta in e d  in  ev e ry  s e t  in

|_L c o n ta in in g  P so e i t h e r  V E o r  th e r e  i s  a s e t  in

c o n ta in in g  V (hence P) b u t n o t c o n ta in in g  V. In  e i t h e r  c a se  some s e t

i n  B c o n ta in s  P. m

S in ce  B i s  a  re f in e m e n t of G , S = B, , B „ , . . .  i s  a  m onotoniem m’ 1 2

sequence  o f  bases f o r  S. L e t b be a  B - f i l t e r b a s e .  For each  i ,  th e r e  

i s  an in t e g e r  n% > i  such th a t  e . L et j  and k be p o s i t i v e  i n ­

te g e r s  w ith  k > n . .  Then b, e C and b . e C (= , C and
J k ^ -  k" ^

b, n (S -  b . )  = (j). Thus b, c: b . and b i s  r e g u la r .  Suppose th e r e  i s  a
K  J  K J

p o in t  X in  f]b^ and U i s  an open s e t  c o n ta in in g  x . T here i s  an i  such

t h a t  s t(x ,G ^ )  c: U. b^ i s  c o n ta in e d  in  some s e t  in  cz so b^ c t U

and b converges to  x . Thus S has a c e n te re d  b a se  by Lemma 5 .1 3 .

(2) L e t A be a com plete A ro n sza jn  sequence  f o r  S. By Lemma

5 .1 3  th e r e  i s  a  m onotonie sequence B o f b a se s  f o r  S such  t h a t  i f  b i s  a

B - f i l t e r b a s e ,  th e n  b i s  r e g u la r  and b converges to  each  p o in t  o f  Ob^.

L e t H be  a  p r im it iv e  sequence o f  S such  th a t  [29; Lemma 2 . 1 ] .

By Lemma 3 .5  th e r e  i s  a p r im it iv e  seq u en ce  W o f S such t h a t  i f  n e N,

W c  B and W (P) c  h (P) f o r  each P e S. L e t G = 11.^ W.. S in cen n n n n Ui>n x

{ H \ ( x ) | i  e N} i s  a  m onotonie b ase  f o r  S a t  x f o r  each x  e S , G = Ĝ ,̂

G2 >«*.  i s  a  m onotonie sequence o f  b a se s  f o r  S. Suppose g i s  a  G - f i l t e r ­

b a s e .  F o r each i ,  th e re  i s  an n .  > i  su ch  th a t  g . e W c: g <= B ..1 -  ‘’x n .  n . X
1  X

So g i s  a  B - f i l t e r b a s e  hence g i s  r e g u la r  and i f  th e re  i s  a p o in t  x  in

flg^j th e n  g converges to  x . F or each  i ,  th e re  i s  a  p o in t  P^ o f  S su ch

t h a t  g^ = M  ̂ (P^) c: W^(P^)c: H^(P^) and by [29; Lemma 2 .2 ]  th e r e  i s  an I l - f i l t e f -  

b a se  h c o a r s e r  th an  g . h i s  an A - f i l t e r b a s e  and h converges to  some
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p o in t  X o f  S. T h e re fo re , g converges t o  x  and S h a s  a  com plete  c e n te re d  

b a se  by Lemma 5 .1 3 ,

6 .16  EXAMPLE. The ta n g e n t d is c  sp ace  X [22] i s  an orthocom pact 

Moore sp ace  w hich is  n o t  m etacom pact.

P ro o f . L e t R be th e  s e t  o f  r e a l  num bers. F o r each  n > 1 and k > 0 ,  th e re

i s  a  p o s i t i v e  number 6 (n ,k )  such  th a t  i f  I  i s  an  open i n t e r v a l  whose

le n g th  does n o t  exceed o (n ,k )  and S = { (x ,y )  jx  e I  and 2 (2n+k) ^ ^ ^ 2n+k  ̂

i n t e r s e c t s  an open b a l l  i n  th e  p la n e  h av in g  c e n te r  ( r ,  and ra d iu s  

th e n  S i s  co n ta in ed  in  th e  open b a l l  h av in g  c e n te r  ( r ,  and r a d iu s

—. L et G be an open co v e r o f  X and f o r  each  r  s  R, l e t  n be a p o s i t iv e

1 . 1 .in t e g e r  such th a t  th e  open b a l l  hav ing  c e n te r  ( r ,  and ra d iu s  —  i s
r  r .

c o n ta in e d  in  some s e t  in  G. L et U ( n ,k , j )  = { (x ,y ) |- ^  ô (n ,k )  < x < 5 (n ,k )

and < y < 2̂ ^ }  f o r  j  = 0 , ±1, ± 2 , . . .  and k  = 0 , 1 ,  2 , . . .  and

n  = 1 , 2 , . . . .  For each r  e R, l e t  U (r) = { ( r ,0 ) }  U U ^ U (n ,k ,j) jn  =

and U ( n ,k , j )  i n t e r s e c t s  th e  open b a l l  h a v in g  c e n te r  ( r ,  ^  ) and ra d iu s

Then U (r)  i s  an open s e t  in  X c o n ta in in g  ( r ,0 )  and c o n ta in e d  in  some 

s e t  in  G. I f  H i s  a p o in t  f i n i t e  open co v e r o f  { ( x ,y ) |y  > 0} each s e t  o f  

w hich i s  c o n ta in e d  in  some s e t  in  G, th e n  H U { U ( r ) ] r  e R} i s  a Q - re f in e -  

ment o f  G. Thus X i s  o rthocom pact.
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