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CCMPLETENESS IN TOPOLOGICAL SPACES
1. INTRODUCTION

One of the most significant genmeralizations of the concept of a
meiric space is that of a space satisfying the first three parts of R. L.
Moore's Axiom 1 [16]. Such a space is called a Moore space while a
space satisfying all of Axiom 1 [16] is called a complete Moore space.
Every (complete) metric space is a (complete) Moore space, but there
exist (complete) Moore spaces which are not metrizable. Since this
paper is primarily concerned with various forms of completeness in
topological spaces, the remaining comments will focus mainly on complete
Moore spaces and further generalizations of compleke metric spaces.

Roberts [20] showed that a metric space is metrically topologi-
cally complete if and only if it is a complete Moore space. Many theorems
dealing with complete metric spaces are also valid for complete Moore
spaces. The following examples were singled out by Armentrout in [3]:

Theorem A. [16; Chapter I, Theorem 162] The intersection of
countably many open dense subsets of a complete Moore space S is dense
in S.

Theorem B. [16; Chapter I1, Theorem 1] A connected and lo-
cally connected complete Moore space is arcwise connected.

Theorem C. [16; Chapter I, Theorem 164] A complete Moore
space is separable if and only if it does mot contain uncountably many

mutually exclusive open sets.



In 1950 Rudin [21] introduced a variation of completeness in
Moore spaces and a space satisfying Axiom 1" (equivalently Axiom 1'''")
of [21] is called a semicomplete Moore space. Every complete Moore space
is semicomplete, but an example is given in [21; Theorem 9] of a semi-
complete Moore space which is not complete. This apparently is the only
known example of such a space, and it is natural to ask what additional
properties are sufficient to guarantee that a semicomplete Moore space
is complete. In [21] Roberts' result is extended to show that a metric
space is complete if and only if it is a semicomplete Moore space. Al-
though Rudin provides several interesting theorems and examples, results
concerning semicomplete Moore spaces as such are relatively scarce.
However, a number of theorems concerning complete Moore spaces which
have appeared in the literature quite recently are valid for semicomplete
Moore spaces and even spaces satisfyiné a’more general completeness
property described below. Armentrout observes in {3] ihai the three
theorems previously mentioned in the discussion of complete Moore spaces
are also valid for semicomplete Moore spaces.

In 1930 Aromszajn [4], in his study of arcwise connectedness,
introduced the following completeness axiom for a T3 (= regular Hausdorff)
space: there is a sequence G of bases for the topology of the space
such that if g = 81> 8gsees is a secuence with g, € Gn and 8. +1< 8,
for each n, then there is a point every neighbo;hood of which contains
a term of g. Although not in chronological order, such a space is a
generalization of a semicomplete Moore space. Aronszajn did not develop
a theory of these spaces beyond showing that the previously mentioned

arc theorem (Theorem B) holds in this setting. The arguments given by
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Moore [16; loc. sit.] will show that Theorems A and C also have analogs
for spaces satisfying Aronszajn's axiom. Zippin {35] extended Roberts'
result by showing that a meFric space is complete if and only if it
satisfies Aronszajn's axiom and he also exhibited a space satisfying
Aronszajn's axiom but which is not a Moore space.

In 1963 Arhangel’skii [2] introduced the concept of a base of
countable order and proved that a space is metrizable if and only if it
is a paracompact Hausdorff space having a base of countable order. 1In
1967 Wicke and Worrell appended a rather natural completeness property
to the definition of a base of countable order and called the result
a A-base. For essentially '.I‘l spaces, the existence of a base of count-
able order is equivalent to the existence of a sequence of bases having
a striking similarity to that in Aronszajn's axiom. In fact, a T3 space
satisfies Aronszajn's axiom if and only if it has a»h-base. Consequently,
a T3 space having a base of countable order (A-base) is called an Aron-
szajn space (a complete Aronszajn space). These spaces are generaiiza—
tions of lMoore spaces and semicomplete Moore spaces respectively.’

One major point on which Moore spaces and Aronszajn spaces differ
from metric spaces is that, while every metric space is a dense sub-
space of a complete metric space, there is a Mocore space which is not a
subspace of any complete Aronszajn space. (See [21; Theorem 8] and [17].)
Considerable work has been done by Alzoobaee [1], Green [12], Reed [19],
and Whipple [23] in order to establish sufficient (and in some instances,
necessary) conditions under which a Moore space has a completion or
semicompletion. Apparently the completability of Aronszajn spaces has

not been investigated.



Since 1965 Worrell and Wicke have engaged in a ver:; thorough
investigation of completeness in spaces having a base of countable order
as well as spéces having a primitive base as described in Section 3 of
this paper and non-first-countable analogs of spaces having a base of
countable order such as the Bc and Bb spaces defined in [25]. The basis
for the proofs of many of their results is essentially the techrique
employed by Rudin in [21; Theorem 2]. An extensive list of their works
is found in the bibliography although many of their results have not
been published. Many of the definitions used in this paper are due to
Worrell and Wicke and can be found in [28] and [29].

The concept of a set of interior condensation, as introduced by
Worrell and Wicke in [28] as a generalization of a Gy set, has proved
to be very useful in the investigation of topological completeness in
sfaceé more general than me;ric spaces. In éection 4 of‘this p%pér.séme
general properties of sets of interior condensation are presented to
demonstrate the similarity to G; sets. These properties are also useful
in Section 5 where several external characterizations of complete Aron-
szajn spaces are given. In Section 6 completeness and semicompleteness
in Moore spaces are compared, in particular with regard to the similarity

between the roles of GG sets and sets of interior condensation.
2. DEFINITIONS

Throughout this paper N denotes the set of positive integers and

S denotes a topological space.

2.1 If M is a subset of a set X and F is a collection of sub-

sets of X, then {f N1 M|f ¢ F} is called the trace of F on M and is de-

noted by TrMF.
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2.2 If G is a collection of sets, then G* denotes the union of
all the members of G. If G is a well-ordered collection of sets and h
is a set which is a subset of some member of G, then G(h) denotes the
first member of G containiné h. If h = {P} for some P ¢ G*, then G(h)
will be denoted by G(P).

2.3 A sequence G of sets is said to be monotonic if and only
if Gn+l c G,:1 for each n.

2.4 If Tc S and G is a sequence each term of which is a col-
lection of sets open in T, then G is said to be I-open.

2.5 If TcS and B is a collection of sets open in § sugh that
if P € T and U is an open set in S containing P, there Is a set in B

containing P and contained in U, then B is said to be a base for S at T.

2.6 If G is a sequence of collections of sets and g is a mono-
tonic sequence of nonempty sets such that g, € Gn for each n, then g is

called a G-filterbase. If each member of each term of G is a subset of

S and g is a G-filterbase such that §n+ Clgn for each n, then g is called

1
a G-nest.

2.7 1If each of f and g is a sequence (collection) of sets such
that each term (member) of f contains a term (member) of g, then f is
said to be coarser than g or equivalently g is finer than f£.

2.8 If X is a set and ME X, then a sequence G is called a

monotonically contracting sequence of M in X if for each n, Gn is a

collection of subsets of X covering M such that if g ¢ Gn and x e MN g,
there is a set in Gn+l containing x and contained in g.
2.9 If X is a set and M& X, then a sequence G is called a

primitive sequence of M in X if for each n, Gn is a well-ordered collection




of subsets of X covering M such that if g ¢ G,» there is a point P in
M such that g = Gn(P) and if Q ¢ M, then Gn+l(Q) chn(Q).
2.10 If X is a set and Mc X and G is a primitive sequence of

M in X, then a G-filterbase g is called a primitive representative of G

if for each n, there is a point P in S such that g, = Gn(P) and

A Gn+l(P)'

2.11 A collection of sets is said to be perfectly decreasing

if and only if it contains a proper subset of each of its members.

2.12 A basz of countabie order for S is a base B for the topo-

logy of S such that if P is a point belongiug to each member of a2 per-
fectly decreasing subccllection T of B, then T is a base for S at P.

2.13 A X-base for S is a base of countable order B for S such
that if T is a perfectly decreasing monotonic subcollectiqn of'B,'there
is a point every neighborhood of which contains a member of T.

2.14 S is essentially Tl if and only if for each two points

x and y, either {x} = {y} or {x} N {y} = ¢.
3. PRIMITIVE BASES

3.1 DEFINITION. A base B for the topology of S is called a
6-base for S if there is a sequence H of collections of open sets such
that B = U:=l Hn and if D is an open set containing the point P, there
is an n such that only finitely many sets in Hﬁ contain P and one such
set is a subset of D.

3.2 DEFINITION. A base B for the topology of S is called a

primitive base for § if there is a sequence H of well-ordered collections

of open sets such that B = UQQ

=1 By and if D is an open set containing
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the point P, then there exist integers n and k such that Hk has at least
n elements containing P and the n'th such element is a subset of D.

3.3 REMARK. The concept of a 8-base as a genéralization of a
o-locally finite (or o-poin£ finite) base is due to Worrell and Wicke
[32] and the concept of a primitive base as a generalization of a 6-base
is also due to Worrell and Wicke [33]. Apparently the agtual term first
appeared in {30] and [31]. Theorem 3.4 shows that, in essentially T1
spaces, a primitive base is also a generalization of a base of count-
able order.

Example. The space X in [5; Example 2.3] is a paracompact quasi-
developable space which is not a Moore space. By [6; Theorem 8] X has
a b-base, hence a primitive base. But X does not have a base of count-
able order since a paracompact space having a base of countable order
is metrizable.

Example. The long line L [22] has a base of countable order,
hence a primiti&e base. However, L does not have a 9-base for if it did,
then L would be weakly 6-refinable, hence paracompact by [6; Theorem 1ll1].

Example. Every space having a primitive base is first countable
but the Sorgenfrey line S [14] is a first countable space which does
not have a primitive base. For closed sets in S are G; sets [14] and if
S has a primitive base, then by Theorem 4.9 S has a base of countable
order and hence, being paracompact, is metrizable.

Remark. The first example given above shows that, umnlike the
case for spaces having a base of countable order, a paracompact space
having a primitive base need not be metrizable. However, see Corollary

3.13.
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3.4 THEOREM. If S is essentially Tl, then S has a base of count-
able order if and only if there is an S—-open primitive sequence G of
S such that if P is a point belonging to each term of a primitive repre-
sentative g of G, then g is a base for S at P.
Proof. Suppose S has a base of countable order. By {32; Theorem 2]
there is a sequence B of bases for S such that if P is a point belonging
to each term of a B-filterbase b, then b is a base for S at P and by
[29; Lemma.Z.l] there is a primitive sequence G of S such that Gn<: B,
for each n. G has the desired property.

Conversely, suppose G is an S—opgn primitive sequence of S having
the indicated properfy. The arguments for Lemmas 2.2 and 2.3 of [29]
show that there is a monotonic sequence B of open covers of S such that
every B-filterbase is finer than some primitive representative of G.
Siﬁce each term of B is ciearly a baseifor S, S has a Bése of countable
order by [32; Theorem 2].

3.5 LEMMA. Suppose XS Y S and XS TC S and B is a sequence

<«

of well-ordered bases for S at Y and for each n, H =(H _. is a Y-open
n - nm’ m=l

primitive sequence of X. Then there is a T-open primitive sequence W

of X such that for eachne N and P ¢ X, (i) Wh<= TrTBn; (ii) Wh+1(P)

< B, (P); and (iii) W_(P) nyc ﬂ{Hij (P)|i+j = n+1l.

Proof. For each n, let Tr,B be well-ordered. vV, ={Ue TrTBllU ny

is contained in some set in Hll} is a base for T at X. Let x <y in V;
if and only {f (1) Hll(x Ny) < Hll(y NY) or (2) Hll(x ny) = Hll(y ny
and x <y in TrTBl. Vl is well-ordered by this ordering. Thus Wl =

{Vl(P)IP € X} is a well-ordered subcollection cf Tr,B, covering X such

that if v € W,, there is a point Q in X such that w = Wl(Q) and if P ¢ X,

l’
then Wl(P) = Vl(P).



Let P ¢ X. Then Hll(P) < Hll(Wl(P) NN Y). Suppose Hll(P)
< Hll(WI(P) NY). There is a set v in V, such that P e v and vl Yo Hll(P)'

= ’ . . .
So Hll(v ny) Hll(P) <H \Wl(P) 1 Y) implies v < Wl(P) in Vl Hence,

11
Vl(P) <v< Wl(P) which is a contradiction. So Hll(P) = Hll(wl(P) ny,
whence Wl(P) nyc Hll(P).

Suppose k is a positive integer and Wl,... ,Wk are well-ordered
T-open covers of X such that if n < k, then

(Il) ifwe Wn’ there is a point P in X such that w = Wn(P);

(IZ) WnC TrTBn;

[y i = .

(I3) W ()N Y<{H (@) |i+3 = n+l} for each P e X;
and if k > 1 and n < k-1, then

(14) Wn+l(P) c Wn(P) n Bn(P) for each P ¢ X.

If 1 < k+l, let Hi be denoted by Gi' Let V

k+

set 1in Wk and some set in Bk contain U and if i < k+1i, some set in G

1={UeTr

TBk +1 l some

Jkt2-1
i
contains U 1 Y}. Vk+1 is a base for T at X. v’.c+l is well-ordered so that
x < y if and only if
(1') there is a positive integer j < kt+l such that Gj xNY)
# Gj (y N ¥) and if i is the least such integer, then

Gi(x ny < Gi(y 1 Y); or

2" Gi(x ny = Gi(y NY) for i=1,...,k+1 and

A

(a) Wk (%)

(®) W (x) =W (y) and B (x) < B, (y); or

W (¥); or

() Wk(x) = Wk(y) and Bk(x) = Bk(y) and x <y in TrTBk-*-l'
Then Wk+1 = {Vk+l(P) IP e X} is a well-ordered subcollection of TrTBk+l
covering X such that if w & Werrs there is a point Q in X such that

W= Wk+1(Q) and if P ¢ X, then Wk-f-l(P) =V Thus, properties

e+ (B
(Il) and (IZ) hold for n = k+l.
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Let P ¢ X. There is a set v in V such that P e v, v Y

k+l
1 . s .
c r[f__'l Gi(P) and vc Wk(P) n Bk(P). Suppose there is a positive integer

j such that Gj(P) # Gj(wk+l(P) NN Y) and let i be the least such integer.
Clearly Gi(P) < Gi(wk+l(P) N Y) and for each n < ktl, Gn(P) = Gn(v ny.

If there is a positive integer n < i, then Gn(v ny) = Gh(P) =G

n(wk+1(P)

N ¥Y). Since Gi(v ny) = Gi(P) < Gi(w ®) N YY), it follows from pro-

kt+1

]
perty (1') of the order on Vk+l that v < Wk

+l(P). This is a contradiction

since Wk+l(P) = vk+l(P) <v. So Gj(P) = Gj(wk+l(P) N Y) for each j < ktl.

k+1
j=1

holds for mn = k+l. If Wk(P) < Wk(wk+l(P)), then since Gj(v ny) = Gj(P)

Hence, wk+l(P) nycli Gj(p) = ﬂ{Hij(P)[i+j = k+2} and property (13)

(P), it follows that

Gj(wk+l(P) NY) for j=1,...,k+1 and Wk(v) = Wk

v < Wk+l(P) in Vk+l which is again a contradiction. Clearly Wk(P)
< WG, (®)) so W (®) = W, (W, (P)). Similarly B (B) = B, (¥, (B))

hence ¥, _, (?) & W, (2) n Bk(P) and property (14) holds for n = k.
By induction there exists a sequence W as described.
3.6 THEOREM. S has a primitive base if and only if there is
an S-open primitive sequence W of S such that if D is an open set contain-
ing the point P, there is an n such that Wﬁ(P) c D,
Proof. Suppose S has a primitive base and let H be a sequence as in
Definition 3.2. For each pair of positive integers n and k, let
Vnk = {(vl,...,vn)lthere is a point P such that for each i < n, vy is
the i'th set in Hk containing P}. If v = (vl,g..,vn) g Vnk’ let v,

= n;=l Ve Let Vn be well-ordered by the lexicographic order and let

k

Fnk = {v*lv € Vnk} be well-ordered so that x < y in Fﬁk if and only if

the first element v of Vn such that x = v, strictly precedes the first

k

element w of Vnk such that y = w Let D be an open set containing the

*e
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point P. There exist integers n and k such that H.l has at least n w2le~
ments containing P and the n'th such element is a subset of D. For
1<i<m, let vy be the i'th element of H'k containing P and let
v = (vl,... ,vn). v, is the first element of Fnk containing x.

Let G . be an enumeration of {Fnkln, ke N}. IfD is an

1° GZ" .
open set containing the point P, there is an n such that P ¢ Gn* and
Gn(P) < D. For each n, let Tn = {UlU is open in S, U £ Gn and there is
a point P in U such that no proper open subset of U contains P}. Let

Kn = Gn U Tn be well-ordered so that each element of Gn precedes each
element of Tn and the order of Gn is preserved. B = U:=n Ki is~ well-
ordered so that x < y in Bn if and only if it is true that if i (resp. j)
is the least integer no less than n such that x ¢ Ki (resp. y ¢ Kj),
then (1) i < j or (2) i=jandx_<_yinKi.

Let V be an open set containing the poir. P and let n € N. Let
U be an open subset of V containing P such that if i is a positive in-
teger less than n and P ¢ Ki*, then U CKi(P). If no proper open sub-
set of U contains P, then U ¢ Kn c Bn and P ¢ U< V. Otherwise, let D
be a proper open suﬁset of U containing P. There is an i such thaﬁ
Gi(P) € D and clearly i > n. So Gi(P) £ Kic Bn and P ¢ Gi(P) cvV. In
either case there is a set in Bn containing P and contained in V. Thus,
B, is a base for S.

So B = Bl’ BZ"" is a monotonic sequence of well-ordered bases
for S such that if D is an open set containing the point P, there is an
n such that B (P) © D. By Lemma 3.5 (with X =Y =T =S and Hys = {sh
there is an S-open primitive sequence W of S such that if n ¢ N and
P e S, then Wn+1(P) c Bn(P). It follows that W has the desired property.

The converse follcws directbly from the definitions.
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3.7 THEOREM. If S has a primitive base and A is a base for S,
then A contains a jprimitive base for S.
- Proof. Let G be an S—open primitive sequence ¢f S such that if D is ar
open set containing the point P, there is an n such that Gn(P) cD.
Let W be an S-open primitive sequence of S as in Lemma 3.5 with X =Y
=T =S and for each n, Hn = G and Bn = A. Then U:=l Wn is -a subcol~
lection of A which is a primitive base for S.

3.8 THEOREM. If S has a primitive base and X is a subspace of
S, then X has a primitive base.
Proof. Let G be an S-open primitive sequence of S such that if D is an
open set containing the point P, there is an.n such that Gn(P)C: D. For
each n, let F = {Gn(P)]P € X}, Then F = F» Fy,... is an S-open primi-
tive sequence of X. With Y =S and T = X and for each n, Hn = F and
Bn the topoiogy of S, by iemma 3.5 ;here is an X—dpén pfimiti&e sequence
W of X such that Wn(P) c Fﬁ(P) for each P e Xandne N. Let Pe X
and let D be an open set in X containing P. If U is an open set in S
such that UM X = D, there is an n such that Fn(P) = Gn(P)C: U hence
Wn(P)CZ D. So X has a primitive base.

3.9 THEOREM. If every point of S has a neighborhood having a
primitive base, then S has a primitive base.
Proof. By Theorem 3.8 each point Q of S has an open neighborhood U(Q)
having a primitive base. Let HQ = HlQ, HZQ"'f be a U(Q)-épen (hence
S-open) primitive sequence of U(Q) such that if P ¢ U(Q) and D is an
open set containing P, there is an n such that HnQ(P)‘: D. Let S be
well-ordered and if n ¢ N and x is a set contained in some set in

U{HnQ]Q € S}, let Qn(x) denote the first point Q of S such that some
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Q

set in Hn contains x. If Qe S and n € N and x is either a point of §
or a set contained in some set in HnQ, let HnQ(x) be denoted by Hn(Q,x).
Let T (the topology of S) be well-ordered.

Suppose k € N and Gk is a well-ordered open cover of S each
member of which is contained in a set in {HkQIQ € S}* and 1if g ¢ Gk’
there is a point P such that g = G, (F). V, = {Ue 7{U is contained in
some set in Gk and some set in {H§+1IQ e S}*} is well-ordered so that
x <y in Vk if and only if

(D Q® < Q(; or

(2) Q (x) = Q. (y) and H (Q (x),%)

(3) Q. (x) = Q(y) and H(Q (x),x) = B (Q(y),y) and G (x) < G (¥);

A

H (Q (¥),¥); or

or N
(4) @ (x) = q(y) and Hk(Qk(X),X) = H (Q (y),y) and G (x) = Gk(y)
and x <y in t.

Let 1= {Vk(P)IP ¢ S}. If PeS, then G, (P) = V. (B).

Cier
Let P € S and let Q = Qk(Gk+l(P))' Then Hk(Q,P) < Hk(Q’Gk+l(P))'

Suppose Hk(Q,P) < Hk(Q,Gk+1(P)). Vk is a base for S so there is a set

v in V, such that P e vE E (Q,P) NG (P). Q. (v) < Q since v & H (Q,P).

if Qk(v) < Q, then by the definition of the order om Vk,v < Gk+1(P),

a contradiction since G.
nee S

Hk(Q’V) = Hk(Q,P) < Hk(Q’Gk+1(P))' Hence v < Gk+l(P)’ which is again

(®) = V, (P) < v. Thus Qk(V) = Q and H _(Q.(v),V)

a contradiction. So Hk(Q,P) = Hk(Q’Gk+1(P))’ that is, Hk(Qk(Gk+l(P))’P)
= H (Q (Gppp ()61 (B)).
hY
Clearly Gk(P) < Gk(Gk+1(P))' Suppose Gk(P) < Gk(Gk+1(P{) and
let v be as above. The preceding argument shows that Qk(v) = Qk(Gk+1(P))

and Hy (Q (v),v) = B (Q (G yy (®),B) = B (Q (Gyyy (B)) 16y yq (7)) Since
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Gk(v) = Gk(P) < Gk(Gk+l(P))’ it follows from the definition of the order
on Vk that v < Gk+l(P)’ again a contradiction. So Gk(P) = Gk(Gk+1(P))'
Thus there is an S-open primitive sequence G of S such that if
P e S and k ¢« N, then Gk+l(P) C:Hk(Qk(Gk+l(P)),P). Let Pe S and k e N
..and let v be an open set such that P ¢ vC& Hk+2(Qk(Gk+l(P))’P) n Gk+l(P).
Since Hk+2(Qk(Gk+1(P))’P) CZHk+1(Qk(Gk+l(P)),P), it follows that
Qk+l(v) < Qk(Gk+1(P))' v is contained in some set in Gk+l and some set
in {H§+2{Q e S}*, hence v ¢ Vk+l and Gk+2(P) = Vk+l(P) < v. Thus
Qer Crerp B 2 Qg (V) = QG (BD)
Let D be an open set containing the point P. (Qk(Gk+1(P)))k=l

is a non-increasing sequence in S so there are an integer m and a point

Q such that Qk(Gk+1(P)) = Q for all k > m. There is anh integer n such

that H (Q,P) ©D. If k = nim, then Gy ) (F) SH, (Q(Gyy (P),P) = Hy (Q,F)
< D. Thus S has a primitive base.

3.10 DEFINITION . S is a A, (Ab) space if and only if there
is an S-open monotonically contracting sequence G of S such that if g
is a G-filterbase, then f]én:is a nonempty countably compact (compact)
set such that if U is an open set containing ﬂén, then U contains a term
of g. It is an easy consequence of [29; Lemma 2.1], {25; Lemma 5.1], and

the proofs of [29; Lemmas 2.2 and 2.3] that a T, spaceS :Lsa)\c -()‘b)

1
space if and only if there is an S-open primitive sequence G of S such
that if g is a primitive representative of G, then ﬂgn is a nonenmpty
countably compact (compact) set such that if U is an open set containing
ﬂén, then U contains a term of g. Also [25; Lemma 2.1] shows that a

T3 space is a Ab-space if and only if it satisfies Condition K of [28].

3.11 REMARK. For Hausdorff spaces, conditions Xc and Ab are

generalizations of the concept of a A-base (see [25; Proposition 2.1
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to spaces which need not be first countable. However, a first countable
Hausdorff Ab space does not necessarily have a \-base, e.g., a first
countable compact non-metrizable Hausdorff space (see [22; Examples 48,
97, and 107]).

3.12 THEQCREM. A T lc—,space has a A-base if and only if it

3
has a nrimitive base,.

Proof. Suppose S is a T3 lc-_space having a primitive base. As in the
proof of Theorem 3.6, there is a sequence B of well-orderad bases for S
such that if P&S, then {B_(P)|neN} is a base for S at P. Let G be an
S-open monotonically contracting sequence of S as inDefinition 3.10. By
[29; Lemma 2.1] there is a primitive sequenceF of S such that FnC Gn for
eachn. By Lemma 3.5 (with X=Y=T=S and Hn =F for eachn), there isan S-
open primitive sequence W of Ssuch that ifPeS and neN, then Wn(P) CFn(}?)
and W_,, (P) CBn(P). For each P ¢ é, {wn(]?) |n €N} is abase for SatP. By
[29; Lemma 2.4] there is an S-—open primitive sequence Z of S such that if
PesS, 'Zm_l(P)CZn(P) and Zn(P)CWn(P) for eacha. Hence {Zn(P) }n cN} isa
base for SatP. It follows fromthe proofs of [29; Lemmas 2.2 and 2.3] that
there is a monotonic sequence V of bases for S such that every V-filterbase
is finer than some primitive representative of Z. Let vbe aV-nest and let
z be aprimitive representative of Z coarser than.v. For eachn, there is a
point Pn such that zn=Zn(Pn) and zn+l=zn+l(Pn)' Thus En+1 c:zn. By [29;
Lemma 2.2] there is a W-filterbase w coarser than z and an F-filterbase £
coarser than w. Since f is a G-filterbase, ﬂEn is a nonempty countably
compact subset of S such that if U is an open set containing ﬂfn, then

U contains a term of £. For each n, there is a j such that z:i c fn'

By [25; Lemma 5.1] M = ﬂ;n is a nonempty countably compact set such that
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if U is an open set containing M, then U contains a term of z. By [25;
Remark 5.1], {Pn]n € N} either is finite or has a limit point in M.

Case 1. Suppose {Pnln e N} is finite. There is a point P such
that P =P for infinitely many n. Since {Zk(P)Ik € N} is a base for
S at P, it follows that z is a base for S at P. So v converges to P and
P e ﬂGn = ﬂvh. |

Case 2. Suppose {Pnlne:N} has a limit point P in M. Let k ¢ N.
There is an n : k such that Pn € Zk(P)’ So Zk(Pn) < Zk(P)‘ Since P is
in M = n'z'j = ﬂzj, Pisin z =2, (P)=2 (P). Thus, 2, (B) < Z,(P)
and z C:Zk(Pn) = Zk(P)’ So {Zk(P)[k £ N} is coarser than z, hence
coarser than v. Since {Zk(P)‘k € N} is a base for S at P, v converges
to P and P ¢ ﬂ\—rn = ﬂvn.

In both cases S has a i-base by [24; Theorems 1 and 4]. The
converse follows from Theorems 3.4 and 3.6.

3.13 COROLLARY. A paracompact locally countably compact space
is metrizable if and only if it has a primitive base.
Proof. This follows from Theorem 3.12 and the fact that a locally count-
ably compact T3 space is a A, space (see Theorem 3.14) and a paracompact
space having a base of countable order is metrizable.

3.14 THEOREM., If S is a T, space every point of which has a
lc (Ab) neighborhood, then S is a A (Ab) space.
Proof. By Theorem 5.7 every point Q of S has am open meighborhood U(Q)
which is a A, (Ab) space. Let HQ = HIQ, HZQ,..l be a U(Q)~open primitive
sequence of U(Q) such that if h is a primitive representative of HQ,
then M = ﬂi%?(Q) is a nonempty countably compact (compact) subset of
U(Q) such that if V is an open set in U(Q) containing M, then V contains

W

a term of h. By Lemma 3.5 there is a U(Q)-open primitive sequence
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of U(Q) such that WQ(P)(: HS(P) for each P ¢ U(Q) and if w ¢ Wg, then

n
GS cU(Q). As in the proof of Theorem 3.9, there is an S-open primitive

sequence G of S such that if P ¢ S and k ¢ N, then Gk+1(P)C: Wk(Qk(Gk+l(P)),P)
and Qk+l(Gk+2(P)) < Qk(Gk+l(P))' (This notation is defined in the proof
of Theorem 3.9 for an arbitrary well-order on S.) Let g be a primitive
representative of G. For each n, there is a point Pn such that g, = Gh(Pn)
and B+l = Gh+l(Pn)' (Qk(gk+1)):=1 is a non-increasing sequence with
respect to the well-order on S so there is an integer m and a point Q

such that Qk(gk+l) =Q for k : m. Thus (gk+m):=l is a decreasing se-~
quence of sets such that for each k, S14m = Gk+m(Pk+m)C: Wk+m:l(Q’Pk+m)
C:Wk(Q’Pk+m)' By [29; Lemma 2.2] there is a primitive representative w

of WQ coarser than g and a primitive representative h of HQ coarser than
w. The proof of [25; Lemma 5.1] shows that M==ﬂ§g(Q) is a nonempty
countably compact (compact) sﬁbset of U(Q) sueh that if V is an open

set in U(Q) containing M, then V contains a term of g. Since there is

-G (Q)
an integer k such that &

= éz, it follows that S is a A, (Ab) space.
4, SETS OF INTERIOR CONDENSATION

4.1 DEFINITION. A subset M of S is said to be a set of interior

condensation in S if and only if there is an S—open monotonically con-

tracting sequence G of M such that if P is a point belonging to each
term of a G-filterbase, then P is in M. Such a sequence G will be called

an S-sequence for M. Obviously a GG set is a set of interior condensation.

However, it follows from the results in Section 6 that if S is a semi-
complete Moore space which is not complete (such as the example given
in [21; Theorem 9]), then S is a set of interior condensation in the

Wallman compactification wS of S but S is not a Gg in wS.
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4,2 THEOREM. M is a set of interior condensation in S if and
only if there is an S-open primitive sequence H of M such that if P is
a point which belongs to each term of a primitive representative of H,
then P is in M.
Proof. If M is a set of interior condensation in S and G is an S-sequence
for M, then by [29; Lemma 2.1] there is a primitive sequence H of M such
that for each n, Hn<: Gn. H has the desired property. Conversely, let
H be an S—-open primitive sequence of M having the indicated property.
By [29; Lemma 2.3] there is an S-open monotonically contracting sequence
G of M such that every G-filterbase is finer than some primitive repre-
sentative of H. It follows that G is an S-sequence for M and M is a
set of interior condensation in S. :

4.3 THEOREM. The intersection of countably many sets of in-
terior condensation is a set of interior condensation.
Proof. Let Ml’ Mé,... be sets of interior condensation in S and for each
n, let Hn = (Hnm);=l be an S-sequence for Mh. Let M = ﬂ;=l bg and for each
n, let Gn = (Gn39:=1 be a primitive sequence of Mh such that Gnm(: Hnm
[29; Lemma 2.1]. By Lemma 3.5 there is an S-open primitive sequence
W of M such that if P ¢ M and n ¢ N, then W _(P) ﬂ{(;ij (P)|itj = ntl}.
Suppose P is a point belonging to each term of a primitive representative
w of W. For each n, Gn is a primitive sequence of M in S and (wn+mrl):?l
is a decreasing sequence of sets such that for each m, there is a point

3 I = c .
Pmin v . 4 N M such that Voim-1 Wﬁ+mrl(an)’ hence, w_, Gnm(an)

. @
By [29; Lemma 2.2] there is a Gn—fllterbase g, coarser than (wn+mrl)m=l’
hence coarser than w. P belongs to each term of g, S° P is in Mh for

each n. By Theorem 4.2 M is a set of interior condensation in S.
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4.4 LEMMA. If S has a primitive base and M is a set of interior
condensation in S, there is an S-sequence for M each term of which is
a base for S at M.
Proof. Let W be a primitive sequence of S as in Theorem 3.6. For each
n, let Bn = LE;n Wi be well-ordered so that x : y in Bn if and only if
it is true that if i (resp. j) is the first integer no less than n such
that x € Wi (resp. v € Wj), then (1) i < j or (2) i=j and x : y in
Wi' Bn is a base for S and Bn(P) = Wh(?) for each P ¢ S. Let H be an
S-open primitive sequence of M as in Theorem 4.2. By Lemma 3.5 there
is an S-open primitive sequence G of M such that if P ¢ Mand n ¢ N,
then G, (2) & B _(P) and G_(P) ©H (P). For eachn, let F_= Uin G-
IfPe M, neN, and D is an open set in S containing P, then there is a

k > n such that G

c = c i
k+l(P) Bk(P) Wk(P) D. SoF is a base for S at

M for each n. Suppose P is a poiant belonging to cach term of an F-
filterbase £. TFor each i € N, there is an integer n, : i such that

£; € Gni and there is a point Pi in M such that f; = Gni(Pi)C: Hni(Pi)
c:Hi(l’i). By [29; Lemma 2.2] there is a primitive representative h of
H coarser than £. P belongs to each term of h so P is in M. Thus F 1is
an S-sequence for M.

4.5 THEOREM. If X is a set of interior condensation in Y and
cither (1) Y is a Gg in S or (2) S has a primitive base and Y is a set
of interior condensation in S, then X is a set of interior condensation
in S.

Proof. 1In either case, thnere is an S-sequence B for Y sucn that Bn

is a base for S at Y for each n. By Theorem 4.2 there is a Y-open primi-

tive sequence H of X such that if P is a point of Y belonging to each
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term of a primitive representative of H, then P is in X. By Lemma 3.5
there is an S-open primitive sequence W of X such that for each n ¢ N,
Wnc B and if P ¢ X, then Wn(P) ny CHn(P).

Let P be a point belonging to each term of a primitive repre-
sentative w of W. For each n, there is a point Pn in X such that v,

o 3
= Wn(Pn). Thus (wn n Y)n=l is a decreasing sequence of sets such that
for each n, P_ is a point of w fl X such that w_ 1Y =W (P.) N Y<H (P).
n n n n''n n n

By [29; Lemma 2.2] there is a primitive representative h of H coarser than
(wh N Y):=l. w is a B-filterbase and P belongs to each term of w so P
is in Y. Thus P is in each term of h, hence P is in X. So X is a set
of interior condensation in S by Theorem 4.2.

4.6 THEOREM. If S is an essentially T. space having a base of

1
countable order and M is a closed set in S, then M is a set of interior
condensation in S.
Proof. Let B be a sequence of bases for S such that if P is a point
belonging to each term of a B-filterbase b, then b is 2 base for S at
P [32; Theorem 2]. For each n, let G = e Bnlb NM+#4¢}. Clearly,
G is an S-open monotonically contracting sequence of M. Let F be a point
which belongs to each term of a G-filterbase g. If P is not in M, then
S - M contains a term of g, a contradiction. So P € M and G is an S-
sequence for M.

4.7 DEFINITION. S is said to be developable if and only if
there is a sequence G of open covers of S such that if P e S and U is
an open set containing P, there is an integer n such that st(P,Gn)C: u.

Such a sequence G is called a development for S. It is well-known that

if S is developable, then S has a momnotonic development.
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4.8 THEOREM. If M is a set of interior condensation in a develop-
able space S, then M is a Gg in S.
Proof. Let B be a development for S and let H be a primitive sequence
of M in S as in Theorem 4.2. By Lemma 3.5 there is a primitive sequence
W of M in S such that for each n, VQIC: Bn and if P ¢ M, then Wh(P) C:Hn(P).
Let P ¢ ﬂ:=l Wh* and for each n, let v be a set in Wn containing P.
It follows from the nature of a development that w = (wn):=l has a mono-
tonic subsequence w' = (wh,):=l' For each n, there is an integer jn 2n
and a point Pn in M such that wn' = wjn(Pn) < Wn(Pn) < Hn(Pn). By [29;
Lemma 2.2] there is a primitive representative h of H coarser than w'.

P is in each term of h, hence P is in M. Thus ﬂ:=l W * ©M and clearly

(o]
* Cr M a0 A~ 0 3
ME ([T W% S Mis g in

[¥)]

4.9 THEOREM. If S is essentially T., then S has a base of

1’
countable order if and only if S has a primitive base and closed sets
in S are sets of interior condensation.
Proof. By Theorem 4.3 closed sets in any space X are sets of interior
condensation if and only if for each open set D in X, closed sets in D
are sets of interior condensation (in X). Thus this theorem is equi-
valent to [34; Theorem 1].

4.10 COROLLARY. [32; Theorem 4] If S has a 6-base and closed
sets in S are G5 sets, then S is developable.
Proof. A space in which closed sets are Gg sets is essentially Tl and
a space having a 6-base has a primitive base. So S has a base of count-
able order by Theorem 4.9. By [32; Theorem 3] it suffices to show that

S is 8-refinable. Let B = U:=l Bn be a 6-base for S and let G be an

open cover of S. For each n, let Hn = {b ¢ Bnib is contained in some
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set in G} and let (Unm):=1 be a non-increasing sequence of open sets in
(-]
= - * =
S such that nm=l Up,=S-H* If for eachn and k, B, =H U{ghn Unkl

g ¢ G}, then U{an]n,k ¢ N} is a 9-refinement of G. Thus S is 6-refinable.
5. ARONSZAJN SPACES

5.1 DEFINITION. A T3 space having a base of countable order

(A-base) is called an Aronszajn space (a complete Aronszajn space). The

following characterizations follow from [32; Theorem 2] and [29; Theorems
3.2 and 3.3]: A T3 space S is an Aronszajn space (2 complete Aronszajn
space) if and only if there is a sequence G of bases for the topology

of S such that if g is a G-filterbase, then g converges to (some point

of S and to) each point of ﬂgn. Thus a T3 space is a ecomplete Aronszain

space if and only if it satisfies Aronszajn's axiom (see Introduction).

A sequence G as above is called an Aronszajn sequence (a _complete Aromszaijn

sequence) for S and by the proofs of [32; Theorem 2] and [29; Theorem

3.2], G may be assumed to be monotcnic.
5.2 DEFINITION. A Tychonoff (= completely regular Hausdorff)

space S is Cech complete if and only if S is a Gy in its Stone-Cech

compactification BS.

5.3 DEFINITION. S is Hausdorff embedded in a space T provided

S is a subspace of T and for each x € S and y € T, there exist mutually
exclusive open sets in T containing x and y respectively.

5.4 THEOREM. Let S be a T, space. Then the following state-

3
ments are equivalent:
(1) S is a complete Aronszajn space;

(2) S is an open coatinuous image of a complete metric space;

(3) S is an open continuous image of a space having a A~base.
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Also, the following are equivalent and (1) implies (4). Furthermore,
if S has a primitive base, then (4) implies (1).

(4) S is a Xb space;

(5) S is arn open continuous image of a Cech complete space;

(6) S is a set of interior condensation in every space in which

it is dense and Hausdorff embedded;
(7) S is a set of interior condensation in its Wallman compac—
tification wS.

Proof. (1) and (2) are equivalent by [24; Theorem 4]. Since a complete
metric space has a A-base, (2) implies (3). (3) implies (1) by [27;
Theorem 1]. (4) implies (5) by [28; Theorem 1] and [25; Lemma 2.1].

Suppose S is an open continuous image of a Cech complete space
X. X is a set of interior condensation in 8X. Theorem 2 of [28] remains
vélié.if th; phrasé ”T2 sééce.of whi;h'it is a dense subsgéce” is.ree
placed by the phrase "space in which it is dense and Hausdorff embedded"
from which it follows that (5) implies (6).

S is Hausdorff embedded in wS by [8; Lemma 6], hence (6) implies
a.

The proof of [28; Theorem 3] will establish the following: If
S is a set of interior condensation in a Tl compact space E in which it
is dense and regularly embedded, then S satisfies condition K (equivalently
S is a Ab—space [25; Lemma 2.1]). (Condition (S2) as used in the proof
of [28; Theorem 3] is incorrect and should read as follows: If Peg S
and n < kK, then'§;E§$E<: Hn(P). The existence‘of a sequence H having
this stronger property is a consequence of [29; Lemma 2.4] assuming only
that the subspace is regularly embedded in the containing space.) Thus

@) impiies 4).
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(1) implies (4) by [25; Proposition 2.1] and if S has a primi-
tive base, then (4) implies (1) by Theorem 3.12.
5.5 REMARK. A mapping f of S onto a space R is said to be in-

ductively open if and only if there is a subspace S' of S such that the

restriction of £ to S' is open and £(S') = R. Since both [28; Theorem 2]
and [27; Theorem 1] are valid for inductively open mappings (for the
latter, see the comment on page 261 of [27]), Theorem 5.4 remains valid
if the word "open" is replaced by "inductively open."

5.6 REMARK. It is well known that a subspace of a complete
metric space is complete (with respect to a compatible metric) if and
only if it is a Gé set. An analogous result holds for complete and
semicomplete Moore spaces. A G6 subset of a complete Aronszajn space

is a complete Aronszajn space but the converse is not true. For example,

the iong line L [22] is a compléte Aronszajn space and theAset M of
ordinal points of L is closed in L and therefore is a complete Aronszajn
space. However, M is not a G5 in L.

5.7 THEOREM. 1If S is a T3 Ac (Ab) space and M is a set of
interior condensation in S, then M is a Ac (Ab) space. Thus a subspace
of a complete Arcnszajn space is complete if and only if it i; a set of
interior condensation.

Proof. Theorem 4.5 and [28; Theorem 3] show that a set of incerior

condensation in a Cech complete space is a A, space.

b

Let X be a T, complete M-space (see [25; Definition 3.2]) and

3
let Y be a set of interior condensation in X. By [25; Proposition 3.1]
there is a sequence U of open covers of X such that if K is a decreasing

sequence of nonempty closed sets in X such that for each n, some set
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in Un contains a term of X, then f]Kn# ¢. It follows from [29; Lemmas
2.1, 2.4 and 2.2] that there is an X-open primitive sequence G of Y such
that if P is a point of X belonging te e2ch term of a G-filterbase, then
Pis in Y and if Q¢ Y and n ¢ N, then 5;;1?67]: Gn(Q)' For each n,
let B = {V|V is open in X and V is contained in some set in Un}. By
Lemma 3.5 there is a Y-open primitive sequence W cf Y such that Wn
c:TrYBn and Wn(P)tz Gn(P) for eachne N and P ¢ Y. Let w be a W-filter~
base. For each n, ;n (the closure of wn in X) is contained in some set
in Un’ so A= ﬂt;n'r‘ ¢. There is a G-nest g coarser than w, hence A < ﬂgn

Y. Suppose there is a sequence x of distinct points of A

12 Kgae oo
such that {xklk € N} has no limit point. For each n, let K = {xklk 4 n}.

Then K is a2 decreasing sequence cf closed sets such that for

12 KZ""
each n, X is contained in some set in u,- So ﬂl&l# ¢, which yields a
contradiction. Thus A is countably compact. Suppose there is an open
set V in X containing A but containing no term of w. There is a sequence
XKps Xpseee of distinct points of Y such that if k € N, there is a j > k
such that X € w& - V. By the argument given above, {xk]k € N} has a
limit point P which clearly is in A. Thus P is in V and V contains some
Xy . This is a contradiction. So Y is a Ac space.

Now suppose S is a T3 Ac(kb) space and M is a set of interior

condensation in S. By [25; Theorem 4.1] there exist a T, complete M-

3
space (paracompact Cech complete space) X and a continuous open surjec-
tion £ of X onto S. Let H be an S-sequence for M and for each n, let
-1 - - - o

f (Hn) = {f 1(h)[h € H% . Then f 1(H) = (f 1(Hn))n=l is an X-sequence

for f—l(M). For clearly f—l(H) is an X-open monotonically contracting

sequence of f~1(M). If x is a point of X belonging to each term of
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an f—l(H)-filterbase b, then f(x) belongs to each terw of £(b) which
is an H-filterbase. Thus £(x) is in M and x is in f_l(M). So ffl(M)
is a set of interior condensation in X, hence f—l(M) is a Ac (Ab) space.
By [25; Theorem 4.3] M is a A (Ab) space.

Suppose S is a complete Aronszajn space and M ir 3 complete
subspace of S. By part (6) of Theorem 5.4, M is a set of interior con-
densation in M and by Theorem 4.6,'ﬁ is a set of interior condensation
in S. So M is a set of interior condensation in S by Theorem 4.5. The
converse follows from Theorem 3.12.

5.8 LEMMA. Let S be a T, space and T a dense subspace of a
space X and f a continuous mapping of T into S. If Y is a subspace of
X containing T such that for each x e Y, f(TrTNbdXx) is a convergent
filterbase in S, then the ?unction g from Y to S defined_by_g(x)
= lim f(TrTNbdxg) is a continuous extension of f to Y.

Proof. If x ¢ T, then clearly £(x) = lim f(TrTNbdxg) so g is an extension
of £f. Let U be an open set in X and let y be a point of U f1 Y and let

V be an open set in S containing g(y). There is a neighborhocd W of y

in X such that f(WN T)S V. T is dense in X so WA UNT # ¢ and

VN EWNT) #¢. Sog(y) e £(U NT) and g(U N Y)S T(T M T). Thus,

if xe¢ Y and V is an open set in S containing g{x), there is 2 neighbor-
hood U of x in X such that g(U N T)E TWNT)SV. Since S is T3, it
follows that g is continuous. '

5.9 LEMMA. If S is a complete Aronszajn space and M & S, there
is an Aronszajn sequence G for M such that every G-filterbase converges
in S.

Proof. Let B be a complete Aronszajn sequence for S and let H be a
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primitive sequence of M such that Hn cB [29; Lemma 2.1}. Let Kl
= {0 Nl e B} and forn>1, lee K = {k NH (®)|keK _; and P ekl
Let Gn = U:=n Ki and let g ?e a G-filterbase. For each i, there is an
integer ng : i such that 8; € Kn. and there is a point Pi €8 such that
g C:Hn,(Pi)‘: Hi(Pi)' By [29; ;emma 2.2] there is an H-filterbase h
coarserlthan g. Since h converges in S, g converges in S and if there
is a point x in ﬂgn, then h converges to x, hence g converges to x. If
PeMand k; =H (®) N ... NH,(P) N M, then k; ¢ K; and {k i e N} is
a base for M at P since {Hi(P)[i e N} is a base for S at P. So each G
is a base for M and G is an Aronszajn sequence for M.

5.10 THEOREM. If S is a T. space, then the following statements

3
are equivalent:
(1) S is a complete Aronszajn space;
(2) S is first countable and for each developable space X and '
subspace T of X and continuous function f from T into S,
there exist a 66 set Y in X containing T and a continuous
extension of £ to Y;
(3) S is first countable and for each space X and dense sub-
space T of X and continuous function f from T into S, there
exist a set of interior condensation Y in X containing T
and a continuous extension of £ to Y.
Proof. Suppose S is a complete Aronszajz space, X is a space, T is a
dense subspace of X, and f is a continuous function from T into S. Let
G be an Aronszajn sequence for f(T) such that every C-filterbase converges
n’‘n=

in S. For each n, let f_lccn) = {f"l(g)lg e G }. Then £l = e 1

is a T-open monotonically contracting sequence of T. Let H be a primitive



28

sequence of T such that an: f_'l (Gn) for each n [29; Lemma 2.1]. By
Lemma 3.5 there is an X-open primitive sequence W of T such that if

PeTand ne N, then Wn(P) Nt CHn(P). If we Wn there is a point

+1°
= s * %
P of T such that w IJn+1(P) c Wn(P) and it follows that wn+l c Wn'
= = N yx
Let V) =W, and forn > 1, let V = {v n Wn(P)lv € Vn—,l and P e v H WX},

Let n be a positive integer such that V¥ _ = W& ., If P e Wk W*
n-1 n-1 n n-1

=V
Vn—l

* * 5 * 3 % = W% §
€ Vn' Thus Wn c Vn and clearly anc Wn . Since V; Wl it follows

, there is a set v in V__; such that P ¢ v, hence P e v n W_(P)

that V * = W * for all n. Let Y = {x & X|x belongs to each term of a
V-filterbase}. If x € T and v () =W NN Wn(x), then v = v,,
Voseee is a V-filterbase each term of which contains x, so x € Y and

TC Y. Let x €Y and n £ N and let v be set in Vn containing x. Since

% is in V* % = uk . . ]
is in V% , and VE, = W&, it follows that v ﬂwn_*_l(x) is a set in
Vn+1 containing x and contained in v. Thus V is a monotonically con-

tracting sequence of Y which is clearly an X-sequence for Y. So Y is
a set of interior condensation in X.

Let x € Y and let v be a V-filterbase each term of which contains
X. By [29; Lemma 2.2] there is a W-filterbase w coarser than v and

w. Since f(h) is a G-filter-

there is an H-filterbase h coarser than TrT

base, f(h) converges in S, hence £ (TrTNbdXx) converges in S. Thus £
has a continuous extension to Y by Lemma 5.8. Also any space having a
base of countable order is first countable so (1) implies (3).

That (3) implies (2) follows from Theorem 4.8 by first extending
the given function to a G(S in TX. Since closed sets in X are GG sets
in X, the impi‘cation follows.

Suppose (2) holds. A theorem of Ponomarev [18] asserts that

every first countable T, space is an open continuous image of a metrizable
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space. Let f be a continuous open surjection of a metric space X onto
S and let 22 be a completion of X. There exist a GG subset Y of ;(containf
ing X and a continuous extension g of f to Y. Y is a complete metric
space and g is an inductively open continuous mapping of Y onto S. So
S is a complete Aronszajn space by Remark 5.5. Thus (2) implies (1).

5.11 DEFINITION. A (complete) centered base for S is a base

of countable order (A-base) B such that every perfectly decreasing sub-
collection T of B is regular (i.e. each set in T contains the closure
of a set in T).

5.12 REMARK. The concept of a (complete) centered base was
introduced in [11] using somewhat different terminology from that above
but the two are easily shown to be equivalent. An essentially Tl space
having a centered base is regular so if S is a T, space having a (com-
plete) centered base, then S is an Aronszajn space (a compiége Aronszajn
space). However, no example of an Aronszajn space (a complete Aronszajn
space) which does not have a (complete) centered base is given in [11]
and to the author's knowledge, no such example has been found. In an
attempt to find a relatively large class of T3 spaces having a (complete)
centered base, it is proved in [11] that (1) if S is a T3 space having
(complete) centered bases locally, then S has a (complete) centered
base and (2) every metacompact (complete) Moore space has a (complete)
centered base. This latter result is extended to a larger class of
spaces in Theorem 6.15 but the technique used there is essentially that
used in [11]. However, the purpose for introducing these concepts here
is to obtain an extension property for open continuous mappings similar

to those in Theorem 5.10.. The following lemma is needed first.



30

5.13 LEMMA. - An essentially T, space S has a (complete) centered

1
base if and only if there is a monotonic sequence G of bases for S such
that if g is a G-filterbase, then g is regular and g converges to (some
point of S and to) each point of ngn.
Proof. Suppose S is an essentially Tl space having a (complete) centered
base B. By [32; Theorem 2'] ([29; proof of Theorem 3.2]) there is a
monotonic sequence G of bases for S such that for each n, GnC: B and if
g if a G-filterbase, then g converges to (some point of S and to) each
point of ﬂgn. If g is perfectly decreasing, then g is regular. Suppose
g is not perfectly decreasing. There is point x in ﬂgn and g is a base
for S at x. Thus g is regular since S is regular.

Conversely, let G be a monotonic sequence as described and let
H bg a‘prigitivg sequence of-S such that Hn<= Gn [29; Lemma 2.1]. For
each n, Hn contains no perfectly decreasing subcellection. For suppgée
K is a perfectly decreasing subcollection of Hn for some n and let kl’
k2"" be a sequence such that for each i, ki properly contains ki+ .
For each j, there is a point Pj of S such that k.j = Hn(Pj)' But since
19 k2,... is a

strictly decreasing sequence with respect to the well order on Hn' This

= c i
Hn(Pj+l) kj+1 kj’ it follows that kj+l < kj‘ So k
yields a contradiction.

Let B = U:=l Hn and let T be a perfectly decreasing subcollection

of B. Let t1 be a set in T. There is an integer n, such that tl € Hn
1

C:Gn C3G1. Since no Hn contains a perfectly decreasing subcollection,
1
there exist an integer n, > ng and a set t, e H_ < G ‘=G2 such that
2 2

tzcz £y This process may be continued to construct a G-filterbase t

which, by the supposition on G, is regular. Thus ty contains the closure
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of some set in T and T is regular. The proof given in [32; Theorem 2] .
([29; Theorem 3.3]) shows that B is a base of countable order (A-i:ase)
for S, hence B is a (complete) centered base for S.

5.14 THEOREM. If S is a T3 space having a complete centered
base, X is an essenticily Tl space having a base of countable order and
f is an open ccutinuous mapping of a subspace T of X into S, then there
exist a set Y of interior condensation in X containing T and an open
continuous extension of f to Y.

Proof. By Theorems 4.5 and 4.6 it may be assumed that T is demse in X.
Lz: G be a segquence of bases for S as in Lemma 5.13. By [32; Theorem

2] there is a sequence B of bases for X such that if P is a point of X
belonging to each term of a B-filterbase b, then b is a base for X at P.
For each ﬁ, let K.n = {U]U is open in X and f@W N T) ¢ Gn}. Suppose
neN, xeT, and V is an open set in X containing x. Since f is open,
there is a set g in Gn such that £(x) ¢ g and g< £(W N T)., If U is

an open set in X such that G T = f-l(g), then £ N VNT) =g 2and
UNV is aset in X containing x and contained in V. So K is a base
for X at T. Let H be a primitive sequence of T such that Hn<: Bn {29;
Lemma 2.1]. By a simple modification of [29; Lemma 2.4], there is a
primitive sequence W of T such that for each n, Wn c Kn and Wn(P) c Hn(P)
for each P ¢ T. Let V and Y be as in the proof of (1) implies (3) in
Theorem 5.10. Suppose x ¢ Y and let v be a V-filterbase each term of
which contains x. As in the proof of Theorem 5.10, there is a W~filter-
base w coarser than v and by [29; Lemma 2.2] there is an H-filterbase

h coarserthan w. f(TrTw) is a G-filterbase, hence is regular and con-
verges to some point in S. So f(TrTNbdxx) converges in S and by Lemma

5.8 the mapping g from Y into S defined by g(x) = lim f(TrTNbdxg) is a
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continuous extension of £ to Y. If U is an open set in X, x ¢ U ¥
and v, w, and h are as above, then there is an integer n such that hn
cU and there is an integer m such that Vi c:hn. f(TrTw) is regular so
there is an integer j such that ?TSG—TTES-c:f(wm 1 T). Now g(x) e'fﬁi{ﬁ*fi
c:f(wm NTc £(UNT). Thus g(UNY)c< £(U N T) and clearly £(U N T)
cg(UNY)., SogUNY) =£WNT) and g(U N ¥) is open. Thus g is an

open mapping.
6. MOORE SPACES

6.1 DEFINITIONS. A T, developable space is called a Moore
space. Since every developable space has a base of countable order,
every Moore space is an Aronszajn space. A development G for S is called
complete if and only if Gis monotonic and if Ml’ MZ’ ... is a decreasing
sequence of nonempty closed sets in S such that for each n, Mn is a

subset of the closure of some set in Gn’ then ﬂMﬁ # ¢. A development

G for S is called semicomplete if and only if G is monotonic and if g

is aG-filterbase, then ﬂén # ¢é. A Moore space is sa2id to be complete
(semicomplete) if and only if it has a complete (semicomplete) develop-
ment. Every complete Moore space is semicomplete but there is a semi-
complete Moore space that is not complete [21].

6.2 THEOREM. A Moore space is semicomplete if and only if it
is a complete Aronszajn space.

Proof. Suppose S is semicomplete and let G be a semicomplete develop-

ment for S. Let Hy = G and for mn > 1, let H_ {g € Gnlé is contained
in some set in Hn-l}‘ It is easy to show that H = H;, Hy,... is also

a semicomplete development for S. Let h be an H-filterbase. There is @
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point X in ﬂﬁh. Let U be an open set containing x and let n be an in-
teger such that st(x,Gn)c: U. There is a set g in Gn which contains

c g <«U. Thus h converges

hn+l and since x ¢ hn+1’ it follows that hn+

1
to x and H is a complete Aronszajn sequence for S.

Conversely, suppose S is a complete Aronszajn space and let B
be a monotonic complete Aronszajn sequence for S. Let H be a develop-
ment for S and for each n, let Gn = {b ¢ Bn]b is contained in some set

in Hn}. G=2¢G is a monotonic development for S. If g is a

12 G2,...
G-filterbase, then g is a B-filterbase and g converges to some point X
of S and clearly x ¢ ﬂé. So G is a semicomplete development for S and

S is semicomplete.

6.3 COROLLARY. (cf. Corollary 6.13) If S is a Moore space,
then each of the statements in Theorems 5.4 and 5.10 is equivalent to
S being semicomplete. In particular, the following are equivalent:

(1) S is semicomplete;

(2) S is a set of interior condensation in every space in which

it is dense and Hausdorff embedded;

(3) S is a set of interior condensation in wS;

(4) If T is a dense subspace of a space X and f is a continuous

mapping of T into S, then f has a continuous extension to
a set of interior condensation in X.

6.4 DEFINITION. If H is a sequence of open covers of S such
that if P ¢ S, some term of H is finite at P (i.e., contains only £fi-
nitely many sets which contain P), then U:=1 Hn is called a §-—cover of
S. If K is a B-cover of S which is a refinement of a cover G of S,

then K is called 2 6-refinement of G. 1If every open cover of § has a

6~refinement, then S is said to be 6-refinable.
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6.5 LEMMA. If G is an open cover of a developable space S,
then G has a g~refinement H = LE;I Hn such that if P ¢ S, there is an
integer n such that Hi is finite at P for all i > n.
Proof. By [7; Theorem 9] there is a g-discrete closed refinement K
= U= Kn of G covering S such that for each n, every set in Kn is a

subset of a set in Kn+ For eachn ¢ N and k ¢ Kn’ let Un(k) be an

1°
open set in S contained in some set in G and comtaining k such that
Un(k) n (Kn - {k}hH* = ¢, For eachP ¢ S - Kn*, let Vn(P) be an open
%
set containing P and contained in some set in G such that Vn(P) n Kn = ¢,
- < ol s .
Then H = {U (k) |k ¢ X } U {V_ (B)[P ¢ S - K *} is a refinement of G
covering S which is finite at each point of Kh* and H = U:=1 Hn is a
g-refinement of G. Since Kn* C:K;+l, it follows that if P ¢ S and n
is an integer such that P ¢ gh*, then Hi is finite at P for all i > n.
6.6 LEMMA. If S has a g-cover each element of which is develop-

able, then S is developable.
Proof. Let G = U:=1 Gn be a 8-cover of S such that each set in G is
developable. Let F be an open cover of S and for eachn ¢ N and g ¢ Gn’
let Hn(g) = U;=l an(g) be a O-refinement (in g) of the open cover
F (g = {£ N g|f ¢ F} of g having the property in Lemma 6.5. For each
pair of positive integers n and k, let an = Ugan an(g) and let
H= U:,k?l an. Each L is a refinement of F covering S. Let P ¢ S
and let n be an integer such that Gn is finite .at P. Let gl,...,gj be
the sets in Gn which contain P. For each i < j, there is an integer o
such that if m > n_, then H (g.) is finite at P. If k =n, +...+ n_,

1 nm 1 1 i
then an is finite at P. So H is a f-refinement of F and S is g-refinable.

Each set in G is developable, hence essentially T;. Let x and

y be points of S such that x eA{y}S and let g be a set in G containing
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X, Then v € g, henceX € g n T§TS = {y}*. By [13; Theorem 1] y ¢ x}E

o

chETS and S is essentially Tl. Each set in G has a base of countable
order so by [32; Theorem 1] S has a base of countable order. Thus S is
developable by [32; Theorem 3].

6.7 THEOREM. If S is a T3 space having a g-cover each elemernt
of which is a semicomplete Moore space, then S is a semicomplete Moore
space.

Proof. By Lemma 6.6 S is a Moore space and the semicompleteness of §
follows from Theorem 6.2 and [29; Theorem 3.1].

6.8 EXAMPLE. The space I in [21; Theorem 9] is a non-complete
Moore space which is the union of a countable point-finite collection
of complete open subspaces.

Proof. Using the notation of [21], SX = bx U {Ftlt € U:=l Iix}* is an
open subspace of I for each X ¢ M. If X is the semicomplete development
for £ defined in [21], then (TrSXKn):=1 is a complete development for
SxandSX is complete. By [15; Theorems 2 and 3] every Moore space is
countably metacompact so the countable open cover {Sx[X ¢ M} of £ has a
precise, hence countable, point-finite open refinement H. Each set in
H is an open subspace of some SX hence is a complete Moore space and the
result follows.

6.9 THEOREM. If S is a T3 space having a locally finite open
cover each set of which is a complete Moore space, then S is a complete
Moore space.

Proof. By Lemma 6.6 S is a Moore space. Let G be a monotonic develop-

ment for S and let U be a locally finite cover of S by open complete

subspaces of S. For each set u in U, let G(u) be a monotonic development
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for u. Let V be an open cover of S each member of which intersects only
finitely many sets in U. For each n, let H = {h|for some v ¢ V and
ueU, his a set in Gn(u), h<v Nu and h is contained in some set in
o =
Cn" Then H Hl’ 9

be a decreasing sequence of closed nonempty sets in S such that for each

H,,... is a2 monotonic development for S. Let Ml’ MZ”"
n, Mh is contained in the closure of some set hn in Hn. Let v be a set
ia1 ¥V containing hl' v intersects only finitely many sets Upseeesly in
U. For each n, En is contained in some set u in U and since MhC: Ml
.
hy

some j < k. Sc there exist an integer j < k and an increasing sequence

C v and MnC Kn C u, it follows that v intersects u and u = uj for

. . - T C
Ny, Dyseee of positive integers such that hni uj and hni € Gni(uj)
C . . 00
Gi(uj)' Mhi is closed in u; so by the completeness of G(uj), ni=l Mi
ﬂ:=1 Mh # ¢. Thus H is a complete development for S and S is complete.

i
6.10 DEFINITION. An essentially Tl space S is called strongly

Cech complete if and only if there is a sequence G of open covers of §

such that if U is an open filterbase such that for each n, some set in
G, contains a set in U, then U converges. Such a sequence G is called

a complete sequence of open covers of S.

6.11 THEQOREM. If S is a T3 strongly Eech complete space and
ﬁ?isa dense subspace of a space X and f is a continuous mapping of T
into S, then there exist a G5 set Y in X containing T and a continuous
extension of f to Y.
Proof. Let H be a complete sequence of open covers of S and for each
n, let Gn = {U|U is open in S and U is contained in some member of each
of Hl’ Hz,...,Hn}. Then G = Gl’ G2,... is a monotonic ccmplete sequence

of bases for 5. For each n, let K = {t|v is open in X and £(U N T)



37
x>
. . . . - % 3 . N
is contained in some set in Gh}‘ Y nn=1 KX is a Gy in X containing
T. Let xe Y and let F = {Ve¢ Gl[for some open set U in X containing x,
f@WNT) V). IfV, and VZ are sets in F and U

1 1
in X containing x such that f(Ui N < v, fori=1, 2, then V = VlﬂV2

and U, are open sets
4

is a set in G1 and U = Ul n U2 is an open set in X containing x such that
f(UNT) €V. Since T is dense in X, no set in F is empty. Thus F
is an open filterbase in S. If n is a positive integer and U is a set
in K.n containing x, then f(U N T) is contained in some set V in Gn C:Gl.
So V is in F and for each n, F N Gn # ¢. Thus F converges in S and the
result follows from Lemma 5.8.

.6.12 THEOREM. If S is a Tychonoff space having the extension
property in Theorem 6.11, then S is Cech complete.
Proof. Let X be a G6 in BS containing S and let g be a continuous ex—
tension to X of the identity on S. Since BX = 8%, X is Eech complete
and by [10; Theorem 2.8] there is a sequence H of open covers of X such
that if U is an open filtersubbase in X such that for each n, Hn con~
tains a member of U, then {]U# ¢. For each n, let Gn ={hNslhe Hn}
and suppose F is an open filtgrsubbase in § such that for each n, Gn
contains a member of F. For each £ ¢ F; let U(f) be an open set in X
such that U(f) NS = £ and U(f) is in H if f is in G . Then U = {u(f)|
f ¢ F} is an open filtersubbase in X such that for each n, Hn contains
a member of U. So there is a point x in[]ﬁx. If £ € F, then x e'ﬁ?ETX

hence g(x) ¢ g@E VS gWE)° = a(UE) NS)° = g(F)° = F°. Thus

(7]

g(x) € [rfsand G is a complete sequence of open covers of S in the sense
of [10]. By [10; Theorem 2.8} S is Eech complete.
6.13 COROLLARY. (cf. Corollary 6.3) If S is a Moore space,

then the following statements are equivalent:
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(1) S is complete;

(2) S is a G, in every space in which it is dense and Hausdorff

8
embedded;

(3) Sis a Gy in wS;
If S is completely regular, then each of the above is equivalen: to:
(4) if T is a dense subcpace of a space X and f is a continuous
mapping of T into S, then f has a continuous extension to
a G6 in X.
Proof. That (1) implies (2) is observed in [9; Theorem 2.13] (although
the word "dense'" was omitted). That (2) implies (3) follows from [8;
Lemma 6] and (3) implies (1) by [8; Theorems 7 and 3]. (1) implies (4)
in general by Theorem 6.11 and [9; Theorem 2.13]. If S is completely
regular, then (4) implies (1) by Theorem 6.12 and [8; Theorem 3].

6.14 DEFINITION. S is said to be orthocompact if and only if

every open cover G of S has an open refinement H covering S such that
if x is a point of S, then the intersection of all the sets in H which

contain x is open. H is called a Q-refinement of G.

6.15 THEOREM. (1) 1If S is an orthocompact Moore space, then
S has a centered base. (2) If S is a complete Aronszajn space which
has a centered base, then S has a complete centered base.
Proof. (1) The argument for this part of the theorem is essentially
that in [11; Theorem 2]. Let G be a monotonic development for S and
for each n, let Qn be a Q-refinement of Gn. Let C1 = Ql and for each n,
let C .0 = {Ue Q |if Visin |;  C,, then either TSV or U N (S - V)

# ¢}, Let Bm = Ui Suppose'fhere is an integer m > 1 such that

CC‘
>m i

Bm does not cover S'and let Peg S - B;. For each i < m, let Ui be the
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intersection of z2ll the sets in Ci containing P if P ¢ Ci* and otherwise
. = S. i i > cil,  U,.

let U:.. S. There is an integer k 2 m such that st(P,Gk) ﬂ1<m i

Let V be a set in Qk containing P. Then V is contained in every set in

L;|.<m C, containing P so either V e C,_or there is a set in Umfi<k Cy

k
containing V (hence P) but not containing V. In either case some set
in Bm contains P.

Since Bm is a refinement of Gm’ B = Bl’ Bz,... is a monotonic
sequence of bases for S. Let b be a B-filterbase. For each i, there
is an integer o, 2 i such that bi € Cn . Let j and k be positive in-

tegers with k > n.. Then bk £ Cn and bj e C

< U C. and
3 k nj i<n 1 i

ko
bk n (¢ -~ bJ.) = é. Thus t;k CZbJ. and b is regular. Suppose there is a
point x in ﬂbn and U is an open set containing x. There is an i such

that st(x,Gi)~c u. bi is contained in some set in Gn C G so b, =U

and b converges to x. Thus S has a centered base by Lemna 5.13.

(2) Let A be a complete Aronszajn sequence for S. By Lemma
5.13 there is a monotonic sequence B nof bases for S such that if b is a
B-filterbase, then b is regular and b converges to each point of ﬂbn.
Let H be a primitive sequence of S such that an An [29; Lemma 2.1].
By Lemma 3.5 there is a primitive sequence W of S such that if n ¢ N,
Wn‘: Bn and Wn(P) c Hn(P) for each P € S. Let Gn = Ui>n‘wi' Since
{Wi(x)li € N} is a monotonic base for S at x for each x ¢ S, G = Gy 5
GZ"" is a monotonic sequence of bases for S. Suppose g is a G-filter-
base. For each i, there is an ng2 i such that g, e WniC B, € B;.
So g is a B-filterbase hence g is regular and if there is a point x in
ﬂgn, then g converges to x. For each i, there is 2 point Pi of S such
that 8 =Wn. Pi) c wi(Pi)c: Hi(Pi) and by [29; Lemma 2.2] there is anll-filter-

1
base h coarser than g. h is an A-filterbase and h converges to some
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point x of S. Therefore, g Aconverges to x and S has a complete cent:red
base by Lemma 5.13.

6.16 EXAMPLE. The tangent disc space X [22] is an orthocompact
Moore space which is not metacompact.
Proof. Let R be the set of real numbers. For eachn > 1 and k > O, there
is a positive number 8(n,k) such that if I is an open interval whose
length does not exceed é(n,k) and S = {(x,y) lx e I and E—é‘m <y < -ﬂlﬁ}

intersects an open ball in the plane having center (r, 'Zin) and radius

L
2n’

%. Let G be an open cover of X and for each r € R, let n_ be a positive

then & is contained in the open ball having center (r, -rlT) and radius

intéger such that the open ball having ceanter (r, nir) and radius -r%— is
contained in some set in G. Let U(n,k,j) = {(x,y)]‘g- §(n,k) < x < ri;-g §(n,k)
and-z—-(—z-i—_l_w <y <ﬁ£} for 5 =0, #1, #2,... and k= 0, 1, 2,... and
n=1, 2,.... For each r ¢ R, let U(xr) = {(r,0)} UU{U(n,k,j)In =n_

and U(n,k,j) intersects the open ball having center ( r, -2-];) and radius )
711;}. Then U(r) is an open set in X containing (r,0) and contained in some

set in G. If H is a point finite open cover of {(x,y) |y > 0} each set of

which is contained in some set in G, then H U {U(r)]r e R} is a Q-refine-

ment of G. Thus X is orthocompact.
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