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Abstract

In a recent paper, Ziga Virk defined a type of continuous map which pre-
serves extension properties. We generalize this notion and call such maps
extensional maps. In this paper we will establish many of the basic prop-
erties of extensional maps. We will then show that extensional maps are
preserved by the limit of an inverse system. Finally, there is a generalization
of inverse systems called approximate inverse systems, due to Mardesi¢ and
Rubin. We will prove several new results concerning these approximate sys-
tems, and then show that extensional maps are preserved by the limit of an

approximate system as well.
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Chapter 1

Introduction

1.1 Absolute Extensors and ANRs

In this paper, map will always refer to a continuous function. Spaces are
topological spaces, with no other assumptions included. Generally, though,

we will be concerned with either compact Hausdorff or compact metric spaces.

Definition 1.1.1. Given a space X, a subspace A C X, a space K, and a
map f: A — K, fissaid to extend over X if there existsamap F : X — K

such that F|s = f.

The extension problem asks: Given a space X, a subspace A C X, a
space K, and a map f : A — K, under what conditions does the map f

extend over X7 The diagram below illustrates the situation.



The main notion in extension theory is that of an absolute extensor.

Definition 1.1.2. A space K is said to be an absolute extensor (AE) for
a space X if for every closed subspace A C X and every map f: A — K, f
extends over X. One writes either K € AE(X) or X7K.

Using this notation, one can state the well-known Tietze Extension The-
orem as: A space X is normal if and only if X7R. That is, R is an absolute
extensor for the class of normal spaces. Other examples of absolute extensors
include the unit interval I, and, as the product of absolute extensors is again
an absolute extensor, the cube I™ for any n € N, the space R" for any n € N,
and the Hilbert cube I*°.

However, the sphere 5™, n € N is not an absolute extensor for the class
of normal spaces. For example, let X = R? A = S! C R?, K = S! and
f = id|s1. Then by the no-retraction theorem, there cannot exist a map
F :R? — S' such that F|g = id|s1. However, every map in a sphere can be

extended over a neighborhood, which leads us to our next definition.

Definition 1.1.3. A space K is said to be an absolute neighborhood
extensor (ANE) for a space X if for every closed subspace A C X and

every map f : A — K, f extends over a neighborhood U of A in X. That



is, there exists a map F': U — K such that F|4 = f.
The following theorem comes from [4].

Proposition 1.1.4. If a contractible space Y is an ANE for the class C, then

Y is an AE for the class C.

For us, the most important example will be that every polyhedron is an

ANE for the class of compact Hausdorff spaces.

Definition 1.1.5. By a polyhedron we will mean the geometric realization
of a simplicial complex. If K is a simplicial complex, then |K| will denote

the geometric realization of K.
The following proposition concerning polyhedra will be useful.

Proposition 1.1.6. Let X be a compact space. Suppose that f : X — |K|
is a map where K is a simplicial complex. Then f(X) C |L| for some finite

subcomplex L of K.

Closely related to AEs and ANEs are the notions of absolute retracts
and absolute neighborhood retracts. We will first define what we mean by a

retract and neighborhood retract.

Definition 1.1.7. Let A € X. Then A is said to be a retract of X if
there exists a map r : X — A such that r|4 = id|4. The map r is called a

retraction.

Definition 1.1.8. Let A C X. Then A is said to be a neighborhood
retract of X if there exits a neighborhood U of Ain X and amapr: U — A

such that r|4 =id|a.



Definition 1.1.9. A metrizable space K is said to be an absolute retract
(AR) if every embedding of K as a closed subspace of any metrizable space

Z is a retract of Z.

Definition 1.1.10. A metrizable space K is said to be an absolute neigh-
borhood retract (ANR) if every embedding of K as a closed subspace of

any metrizable space Z is a neighborhood retract of Z.

As in the case of ANEs, every polyhedron is an ANR for the class of
compact Hausdorff spaces.

The following two very useful facts about ANRs come from [4].

Theorem 1.1.11. If K is an ANR then there exists an € > 0 such that if
f,g: X — K are any two maps defined on an arbitrary space X with the

property that for all z € X, d(f(x),g(x)) < e, then f and g are homotopic.

Proposition 1.1.12. FEvery contractible ANR is an AR.

1.2 Covering Dimension and Factorization The-
orems

Definition 1.2.1. Given a collection of sets U, the order of U, written
ordU, is the largest integer n such that there are n + 1 members of U having

a non-empty intersection.

Definition 1.2.2. A covering V is a refinement of a covering U if each

member of V is contained in some member of U.

Definition 1.2.3. A space X has dimension < n, dim X < n, if and only

if every finite open covering has a refinement of order < n.

4



The following classical result provides a link between dimension and ex-

tension theory:
Theorem 1.2.4. For a normal space X, dim X < n if and only if XT.S".

Using 1.2.4, the Mardesi¢ Factorization Theorem [9] can be restated as

follows.

Theorem 1.2.5. If X and Y are compact Hausdorff spaces, X75™, and
f: X =Y is amap, then there exist a compact Hausdorff space Z and maps

g: X —>Zandh:Z =Y, such that f = hg, ZTS™, and wt(Z) < wt(Y).

Here, wt(Z) denotes the weight of Z, which is the minimum cardinality
of a base for the topology of Z.

This result has been generalized many times. In [8], Levin, Rubin and
Schapiro generalized this theorem so that one may replace S™ with any CW-
complex. Their work was later generalized by Virk [13]. From [8] and [13]
arose the notion of an extensional map.

The following definition comes from [13].

Definition 1.2.6. Let X and Z be spaces. A surjective map f: X — Z is
said to be an extensional map if the following condition is satisfied: For
every pair A C B of closed subsets of Z and every map o : A — K, where K
is any CW-complex, if ao f|z-1(4) : f71(A) = K extends over f~!(B), then

« extends over B.



fHA) ————— [7H(B)
f f
K - « A . B

The question that we want to answer is: If  haveamap a: A — K, can |
extend that map over B? What an extensional map allows us to do is to “pull
back” and look at the similar question for f~'(A4), f~'(B) and a o f|z-1(a).
Intuitively, this means that Z will have similar “extension properties” to
X, or that f is a map that preserves extension properties. The situation is
illustrated in the above diagram, where if the map & exists, then the map
will exist.

Using this definition we can state Virk’s generalization of 1.2.5.

Theorem 1.2.7. Suppose g : X — Y is a map defined on a compact
Hausdorff space X. Then there exist a compact Hausdorff space Z with
wt Z < {wtY,No}, a map p : Z — Y, and a surjective map f : X — Z

such that g = pf and f is an extensional map.

We are going to look at how extensional maps behave with respect to
inverse limits, and the more general notion of approximate inverse limits. We

will see that extensional maps are preserved by these limits. First, though,



in the following section, we will generalize the idea of extensional maps and

prove some basic properties concerning them.

1.3 Basic Results Concerning Extensional Maps

Definition 1.3.1. A surjective map f : X — Z is an extensional map
relative to a space K if, given any pair A C B of closed subsets of Z
and any map o : A — K for which avo f|z-1(4) : f7'(A) = K extends over

f~YB), the map « extends over B.
We can also consider extensional maps relative to a class of spaces.

Proposition 1.3.2. Fvery homeomorphism is an extensional map relative

to the class of all topological spaces.

Proposition 1.3.3. Every retraction is an extensional map relative to the

class of all topological spaces.

Proof. Let X be a space, Z a retract of X and r : X — Z a retraction. Let
A C B be closed subsets of Z and a : A — K be a map, where K is a space.
Suppose « o 7|,-1(4) : 771 (A) = K extends over r~'(B), say to & Then
&|p is an extension of o over B.
Indeed, since B C r~}(B), & is defined on all of B. Let a € A. Then
a € r~1(A), and (a|g)(a) = a(r(a)) = ala). Thus we have the desired

extension. O

Proposition 1.34. If f : X — Y and g : Y — Z are extensional maps

relative to a space K, then go f : X — Z is an extensional map relative to

K.



Proof. Let A C B be closed subsets of Z and o : A — K a map. Suppose
that a0 (g0 f)|(gop)-1(a) : (g0 f)"H(A) = K extends over (go f)"}(B).
Since f is an extensional map relative to K, g~ *(A) C ¢g~!(B) are closed
subsets of Y, and « o g|y-1(4) : g7'(A) = K is a map to K, we can extend
a o g over g~1(B).
Then since g is an extensional map relative to K, and a o g[g-1(4) :

g 1 (A) = K extends over g~(B), we have that a extends over B. O
The following proposition is obvious.

Proposition 1.3.5. Let Z and K be spaces. If ZTK, then any continuous

surjection f : X — Z defined on a space X is an extensional map relative to

K.

Using 1.3.5, and the fact that if Z is a compact Hausdorff space, then

Z7|K| for any contractible polyhedron | K|, we arrive at the following.

Proposition 1.3.6. Let Z be a compact Hausdor(f space and |K| be a con-
tractible polyhedron. If f : X — Z is a continuous surjection, then f is an

extensional map relative to |K|.

Proposition 1.3.7. Let X and Z be spaces. If f : X — Z is an extensional
map relative to a space K, and L is a retract of K, then f is an extensional

map relative to L.

Proof. Let A C B be closed subspaces of Z, and a : A — L be a map.
Suppose that a o flp-1a) 1 [7'(A) — L extends over f~!(B), say to & :

f~Y(B) — L. We wish to show that a extends over B.



Treat the mapsa: A —+ L C K and & : f~!(B) - L C K as maps to K.
Then, since f is an extensional map relative to K, we have that o extends
over Btoamap f: B — K to K.

Let r : K — L be a retraction. Then ro 3 : B — L is the desired

extension of o, and so f is an extensional map relative to L. O

Lemma 1.3.8. Let X and Z be spaces. If f : X — Z is an extensional map
relative to a space K, L is a space that is homotopy dominated by K, and Z
has the homotopy extension property relative to L, then f is an extensional

map relative to L.

Proof. Let A C B be closed subsets of Z and o : A — L a map. Let
g: L — K and h: K — L be maps such that ho g ~idy.

Suppose that o o f|p-14) : f7'(A) = L extends over f~'(B), say to
&: fY(B) = L. Then goa: f~!(B) — K is an extension of goao f|p-1(4) :
fY(A) — K. Since f is an extensional map relative to K, goa : A — K
extends over B, say to §: B — K.

Consider ho 8 : B — L. We have ho 8|4 = hogoa ~ id; oaw = a. Thus,

« is homotopic to a map that extends over B, and so «a extends over B. [

Proposition 1.3.9. Let {K,|u € T'} be a collection of nonempty spaces,
put K equal to the topological product of this collection, and let X and Z be
spaces. 1If, for each p € ', f: X — Z is an extensional map relative to K,

then f 1s an extensional map relative to K.

Proof. Let A C B be closed in Z, and o : A — K a map. Suppose « o
fly=1ay « [7HA) = K extends over f~(B), say to & : f~'(B) - K. We

wish to show that « extends over B.



Consider o, = p,oa : A = K,,, where p, is the projection from K to K,,.
Then &, = p,oa: f~1(B) — K, is an extension of a0 f[p-1(4) : f71(A) = K
over f~1(B).

Since for each 1 € I', f is an extensional map relative to K, o, extends
over B to a map 8, : B — K,. Define a map § : B — K by taking

pu(B(2)) = Bu(z) for every z € B. Then (3 is an extension of o over B. [

Some basic facts about extensional maps have now been established. We
will now give a short outline of the rest of the paper. In chapter two we will
show that extensional maps are preserved by limits of inverse systems. In
chapter three we give the definition of the more general notion of the limit of
an approximate inverse system, which was introduced by Mardesi¢ and Rubin
[10]. We establish several new results about closed subspaces of approximate
inverse systems. We then use these results to show that extensional maps
are preserved by limits of approximate inverse systems.

In chapter four we will look at a type of dimension introduced by Dran-
ishnikov and Dydak [2] called extension dimension, and introduce a similar
construction for extensional maps.

In chapter five we are concerned with the extension problem when the
range is an inverse limit or an approximate inverse limit. In the case of
inverse limits we show that under certain conditions maps to an inverse limit
can be extended, but only to a neighborhood of the limit in the product space.
In the case of approximate inverse limits, for a map to an approximate inverse
limit there exists a map to a neighborhood of the limit in the product which
is arbitrarily close to the original map.

In chapter six we look at a new definition of dimension, (m, n)-dim, intro-

10



duced by Fedorchuk [3]. Using the tools that we established in chapter three,
we show that this type of dimension is preserved by approximate inverse

limits.

11



Chapter 2

Inverse Sequences and Systems

In this chapter we will show that extensional maps are preserved by inverse
limits. In section one we will look at basic definitions and theorems concern-
ing inverse sequences and systems. In section two we will see that extensional
maps are preserved by the limit of an inverse sequence. In the third section
we will see that extensional maps are preserved by the limit of an inverse

system.

2.1 Definition

Definition 2.1.1. An ordered set (I', <) is said to be a directed set if for
for any two elements v;, 72 € T' there exists a v3 € I' such that 3, < 73
and 7, < 3. We call 73 a successor of 7, and 7,, and we call 1, and 7,

predecessors of 3.

Definition 2.1.2. A directed set in which each element has only a finite

number of predecessors is said to be cofinite.

12



Definition 2.1.3. An inverse system X = {X,,, p,,/, '} of spaces consists of
the following: a partially ordered set (I, <) which is directed; for each v € T,
a space X,; for each pair v < ' from I', a map p, : X,y = X,. The maps
must satisfy the following two conditions: (1) p,, = idx., and (2) if v <+

and 7' <", then p,v = pyy 0 Py

Definition 2.1.4. An inverse system indexed by N is called an inverse

sequence.

Definition 2.1.5. A point z = (p,(7)) € [[ o X, belongs to X = lim X

provided the following condition is satisfied: For all v € T, if v < ' then

Py (T) = pyypy ().

The following lemmas and theorems concerning inverse systems and se-

quences will be useful.

Theorem 2.1.6. If in an inverse system X = {X,,p,,I'}, all X, are

Hausdorff spaces, then X =1lim X s closed in H’yeF X,.

Theorem 2.1.7. If in an inverse system X = {X,,pyy,I'}, all X, are

compact and nonempty, then X = lim X s also compact and nonempty.

Theorem 2.1.8. For an inverse system X = {X,,p,, '}, the collection of
p;l(U), such thaty € I and U C X, is open in X, is a base for the topology
of X = lim X.

Theorem 2.1.9. Let X = {X,,pyy,I'} be an inverse system of compact
Hausdorff spaces, X = limX, A be a closed subspace of X, K be a CW-
complex, and f : A — K be a map. Then for some v € I' there is a map

Iy i py(A) = K such that f >~ f, op,|a.

13



2.2 Limit Theorem for Inverse Sequences

In this section, given an inverse sequence Z = (Z;, p;;) and subset A C Z, let
Ay, = pr(A) for each k € N.

In Theorem 2.2.3 we will show that extensional maps are preserved by the
limit of an inverse sequence. In the following section, Theorem 2.3.1 will show
that extensional maps are preserved by the limit of an inverse system. While
2.3.1 is more general than 2.2.3, Theorem 2.2.3 and its proof are included
due to the fact that they are somewhat simpler.

The following lemma will be needed in both the proof of 2.2.3 and 2.3.1.

Lemma 2.2.1. Let K be an ANR, and X a normal space with the homotopy
extension property with respect to K. Let A be a closed subset of X, a: A —
K a map and & an extension of a over X. Then, for any extension of «
over a neighborhood U of A to a map B : U — K, there exists a neighborhood
V. C U of A and a map B* : 'V — K such that (1) flv = p* and (2) p*

extends over X.

Proof. Using 1.1.11, choose an open cover W of K such that for any space Z,
any maps f:Z — K and g : Z — K that are star-W close are homotopic.
By continuity and the fact that U is a neighborhood of A in X, for each
x € A, there exists a neighborhood S, of z in X such that &(S,) C W for
some W € W and S, C U. Also, there exists a neighborhood T}, of x in X
such that 5(7,) C W* for some W* € W.
Consider the open set V* = [ J{S,.NT,|z € A}. Then V* is a neighborhood

of A contained in U. By normality, there exists a neighborhood V' of A such

14



that

ACVCVCV*CU. (2.1)

The maps & and 3 are both defined on V' (and so also on V). We wish
to show that on V, the maps & and f3 are star-W close. Let z € V. Then for
some v € A, z € S, NT,. So since z € S, for some W € W, a(z) € W and
a(x) = a(x) € W. Furthermore, since z € T, for some W* € W, 3(z) € W*
and B(z) = a(x) € W*. Thus, W NW* # &, and so & and 3 are star-WW
close.

So we have that on V, the maps & and § are homotopic. The map @ is
defined on all of X, and so S| extends over all of X. Let 8* = f|y,. Then
5*:V — K extends over X. n

Corollary 2.2.2. In particular, Lemma 2.2.1 is true when K is a CW-

complex and X is a compact Hausdorff space.

Theorem 2.2.3. Let Z = (Z;,p;j) be an inverse sequence of compact Haus-
dorff spaces, and Z = limZ. Let X be a compact Hausdorff space, f : X — Z
a surjective map, and K a CW-complex. If f; =p;o f: X — Z; is an exten-
sional map relative to K for each i € N, then f : X — Z is an extensional

map relative to K.

15



Proof. Let A C B be closed subsets of Z, and a: A — K a map. Suppose
that oo flj-1a) : f7'(A) — K extends over f~'(B) to &. Extend & to
a neighborhood S of f~!(B). We will continue to call this new extension
a. Since f is a closed map, there exists a neighborhood U of B such that
iUy cs.

By 2.1.9, for some ¢ € N there exists a map «; : A; — K such that
Q; © pi’A = .

Consider p; '(A;). Then A is a closed subset of p; *(A;). The map a;op;|4
extends over p;l(Ai) to a;op; |Pi_1( A So by the homotopy extension property,
a extends over p; '(A;), to a map (1) o which is homotopic to ; © il =1y
on p; '(A;). We can extend a* to a neighborhood W of p;*(4;), which is also
then a neighborhood of A. Without loss of generality, we can assume that
W C U, so that f~}(W) C S.

We will now show that there exists a neighborhood V' C W of A such
that a* o f|s-1y : f71(V) — K extends over S. First we note that f~1(WW)

is a neighborhood of f~*(A), and a*o f|s-1w) : f~H(W) — K is an extension

16



of ao f|s-1(4y over f~H(W). So by Lemma 2.2.1, there exists a neighborhood
T of f~'(A) such that (2) a* o f|r extends over S. Since f is a closed map,
there exists a neighborhood V' C W of A such that f~1(V) CT.

Now choose k > ¢ so that both p,;l(Ak) C V and pgl(Bk) C U. Note that
P H(Ar) € p;i'(A). By (1) o is homotopic to o © Pil,=1(4,) oD p; t(Ay), so
(3) a*|p;1(Ak) is homotopic to aiopi|p;1(Ak). Note that (4) a;op; = a;opfopy,.

Since p; '(A) C V, we have that f~1(p,'(A4x)) € f~1(V) C T. By (2),
we get that (5) a* o f\f,l(pgl(Ak)) C fU(ppt(Ag)) — K extends over S, and
so also extends over f~(p;*(By)), since f~(p;'(By)) C f~1(U) C S.

Using (3) and (4) we get the following

a® o flr1pmian) (22
~0; 0 Pi © fl 1071 () (23)
= opf OPk© flffl(pEI(Ak))‘ (24)

Applying (5) and the homotopy extension property, a;opFopgof| F 1 (A0)
extends over f~1(p.'(By)). By our assumption that py o f is an extensional
map relative to K, «o; opﬂAk extends over By, say to [y : By — K. Then
Br o prlp : B — K is an extension of «; o p;|a : A — K. Since a; o p;|4 ~ a,

by the homotopy extension property, a extends over B. O]

2.3 Limit Theorem for Inverse Systems

In this section, given an inverse system Z = (Z,, pyy, ") and subset A C Z,

for each v € I, let A, = p,(A) .

17



Theorem 2.3.1. Let Z = (Z,, pyy,1') be an inverse system of compact Haus-
dorff spaces, and Z = limZ. Let X be a compact Hausdorff space, f : X — Z
a surjective map, and K a CW-complex. If pyof : X — Z, is an extensional
map relative to K for each v € T', then f : X — Z is an extensional map

relative to K.

Proof. Let A C B be closed subsets of Z, and a: A — K a map. Suppose
that a o fls-14) : f7'(A) — K extends over f~'(B) to &. Extend & to
a neighborhood S of f~!(B). We will continue to call this new extension
a. Since f is a closed map, there exists a neighborhood U of B such that
iUy cs.

By 2.1.9, for some v € I' there exists a map a, : A, — K such that
ay 0 pyla = a.

Consider p;'(A,). Then A is a closed subset of p'(A,). The map a, o
D~y|a extends over p;l(Ay) to a0 p7]p7_1 (A,)- So by the homotopy extension
property, a extends over pZ '(A,) to a map (1) a* which is homotopic to
0Py |,=1 4,y 00 P31 (A,). We can extend o to a neighborhood W of pJ ' (4,),
which is also then a neighborhood of A. Without loss of generality, we will
assume that W C U, so that f~1(W) C S.

We will now show that there exists a neighborhood V' C W of A such
that o* o f|p-1v) : f71(V) — K extends over S. We note that f~'(W) is a
neighborhood of f~'(A). Since o* is an extension of «, the map a*o f| -1y :
f7HW) — K is an extension of oo f|s-1(4) over f~1(W). So by Lemma 2.2.1,
there exists a neighborhood T'C f~Y(W) of f~!(A) such that (2) o* o f|r
extends over S. Since f is a closed map, there exists a neighborhood V- C W

of A such that f~%(V) C T.

18



Now choose 7' > 7 so that both p;,l(Aw/) C V and p;,l(Bw/) C U. Note
that p;,l(AW/) C p;'(A,). By (1), the map o* is homotopic to a, O Prylp-10a,)
on p;*(A,), so (3) Oé*|p;/1 (4,) is homotopic to ., o p7|p;/1(A7/). Note that (4)
Qy O Py = Qy O Pyy O Py

Since p,'(A,) € V, we have that f~'(p2'(A,)) € f~'(V) € T. Using
(2), we get (5) a”o fli1(-1(a.,) ° ffl(p;,l(Av/)) — K extends over S, and

v N

50 also extends over f~(p2'(By)), since f~(p ' (By)) € f71(U) € S.

Using (3) and (4),

a0 flprpia (2:5)
N0uy 0 Py © flf*l(p;,l(AW/)) (2.6)
=(ly O Pyt O Py O f’ffl(p;/l(Ayl))' (2.7)

By the homotopy extension property and (5), .y, 0py 0 pyo f| I A)
extends over f *1(p;,1(BW/)). By our assumption that p.,s o f is an extensional
map with respect to K, a.,op,. extends over B.,, say to #,,. Then 5, 0p.,/|p :
B — K is an extension of o, op,|a : A — K. Since ., o p,|4 =~ a, the map

« extends over B. O
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Chapter 3

Approximate Inverse Systems

3.1 Definition

We will now prove a theorem analogous to Theorem 2.2.3 in the more general
setting of approximate inverse systems.

We will use the following from [10]:

Definition 3.1.1. An approximate inverse system X = {X,,e,,p,,['} of
metric compacta consists of the following: a partially ordered set (I", <) which
is directed and has no maximal element; for each v € I', a compact metric
space X, with metric d and a real number e, > 0; for each pair v </ from
I', a map p, : Xy = X,. Moreover, the following three conditions must be
satisfied:

(A1) d(p"/172p72"/37p”/173> <&y, 7 < Y2 <3, Py = id.

(A2) For all v € I" and 1 > 0 there exists a 4" > = such that for all v, >~ >

7" we have that d(pyy, Pyiys: Pyra) < 10
(A3) For all ¥ € T" and n > 0 there exists a ' > v such that for all 4" >
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and x, 2’ € X,» we have that if d(z,2") < e.» then d(py,»(x), pyyr(2)) < 1.

Definition 3.1.2. A point z = (p,(z)) € [[ o X, belongs to X = limX
provided the following condition is satisfied.

(L) For all v € T" and i > 0 there exists 7' > v such that for all v/ >+ we

have that d(p,(z), pyypyr(z)) < .

The following theorems and lemmas will be useful.

Theorem 3.1.3. (Theorem 1 from [10]) If in an approximate system X =
(X, 89,00y, ), all Xy # 0, then also X =lim X # ().

Theorem 3.1.4. (Theorem 2 from [10]) The limit X of an approzimate

system of compacta is a compact Hausdorff space.

Lemma 3.1.5. (Lemma 3 from [10]) The collection of all sets of the form

p;l(Vy), where v € I' and V,, C X, is open, is a basis for the topology of X.

Lemma 3.1.6. (Lemma 4 from [10]) For every v € I' and n > 0 there is a

v > such that for every v" >~ one has d(pyyrpyr,py) < 1.

3.2 Closed Subspaces of Approximate Inverse
Limits

We will now establish several propositions dealing with closed subspaces of
approximate inverse limits that will be helpful in proving the main theorem.

In this section let X = { X, e, py, ['} be an approximate inverse system,
X =1limX, and A C X be closed. We will define A, = p,(A). A, is clearly

closed in X,.
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Proposition 3.2.1. A = ﬂ P, H(A).
yel’

Proof. 1t is clear that A C ﬂ pgl(Aﬂ,).

~yel
We will now show that ﬂ P, (A,) € A. To do this, let € ﬂ Py (A).
vyel vyel

We will show that for every neighborhood U of z that U N A # ().

Let U be a neighborhood of x. Then, by 3.1.5, there exists a basic open
set of the form p>'(U,), where U, is open in X, such that x € p;'(U,) C U.

Since p,(x) € U,, there exists an n > 0 such that B(p,(z),n) C U,. Let
v > ~ satisfy 3.1.6 for v and 7/3.

Since = € ﬂ p;'(A,), we have x € p;,l (A,), and so there exists an a € A

vyerl
such that p,(x) = py(a). Then we have that

d(py(z), py(a))
Sd(pv(x)a Py D! (x)) + d(p'y'y’p’y’ (x),pv(a))
=d(py(2), Pry Dy (T)) + d(prypy(a), py(a))

<n/3+n/3 <n.

So, py(a) € B(p,(x),n) C U,, and thus, a € p;*(U,) C U. O

Proposition 3.2.2. For any neighborhood U of A, there exists a v € I' such

that for all v > ~, p;,l(Ay) cU.

Proof. By 3.1.5, for each a € A there exists a basic open set of the form
p5.}(V4,), where V., is open in X, such that a € p>'(V,,) C U. Also, for
each a € A there exists an 7, > 0 such that B(p,,(a),n.) C V4,.

For each a € A let W, = p;!(B(py,(a),7./3)). Then the collection

{W,la € A} covers A. So, by the compactness of A, there exists a finite
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subset A* C A such that {W,|a € A*} covers A.

Using 3.1.6, choose a v € T" such that for all a € A*, v > ~,, and for all
v > 7, we have that d(p,py,Py.) < /3.

We will now show that for 7/ > ~, p;,l(AV/) C U. To do this, let z €
p;,l (A,). Then there exists an a € A such that p, (z) = py(a). Since a € A,
there exists a* € A* such that a € W-.

We now wish to show that 2 € p_! (V,.). The following inequalities hold

a*

by the choice of v, and the fact that a € Wi,-.

A(Pryyurn Py (T), Py () < Mg /3
A(Pryer Dy (@), Py (@) < 1ax/3

(s, (@), Py (7)) < M /3.

And so, since p, Dy () = py..yDy(a), the triangle inequality and the
preceding three inequalities give us that d(p., .(x),p,,.(a*)) < 1. Then,
P (x) € V;,.. This implies that « € p3' (V,,.) € U, and so p;/l(A,Y/) C

U. ]

The following resolution property is well known for approximate inverse
limits. Our goal now is to establish a similar property for a closed subspace

A of an approximate inverse limit X.

Proposition 3.2.3. (Proposition 3.4 from [7]) Let X = {X,,e,,pyy, '} be
an approximate system of compact metric spaces X, and X =1limX. Then
for every map h : X — P into a compact polyhedron P, there exist a v € T’

and a map f: X, = P such that h ~ fp,.
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To accomplish this we will construct an approximate system having A as

its approximate inverse limit.

Construction 3.2.4. Let X = {X,,¢,,p,,,'} be an approximate system
with (I, <) being an ordered set which is directed, has no maximal element
and is cofinite. As before, X =1lim X and A C X is closed.

For each v € I' our goal is to construct a closed neighborhood of A,
with certain properties, and a number 1, > 0. The neighborhood will be
constructed inductively, and will be denoted N(A,).

Let v/ € I'. If 4 has no predecessors, set N(A,/) to be the closed e,
neighborhood of A/, and set n,, = ¢,.

Suppose that N(A,) and 7, have been constructed for all 4" with less
than n predecessors.

Suppose now that 7 has n predecessors. Let v < ' be a predecessor of
7. Then N(A,) has already been constructed. We will denote by 71,72, ... 7k
those predecessors of ' for which p,,/(A,) C int N(A,). If no such prede-
cessors exist, set N(A,) equal to the closed e, neighborhood of A/, and
Ny = €y. Otherwise, if 1 < k < n, then there exists 7, > 0 such that
the closed 7, neighborhood of A, is contained in ﬂl 1 p7 »(N(A,,)) and
Ny < ey. Set N(A,) equal to the closed n, neighborhood of A,.. We note
that N(A) € ﬂz 1p77 (N(Ay,)).

Having completed the induction, we will construct a new relation <’ such
that v <’ 4/ if and only if v < 4/ and for every v > +' we have that

A(pyyr Dy, Do) < My. We will put v ="+ if and only if vy = 7.

Remark 3.2.5. Note that by our construction, if v <"+’ then p,./(N(A4,)) C

N(A,). Indeed, suppose that v <" /. Then d(pyypy,py) < 1y. So we
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have that p,. (A,) = pyy(py(A)) C N(p,(A)) = N(A,). Since py(A,) C
N(A,), by the construction of N(A,/), we have N(A,) C p;Vl,(N(AW)), and
S0 Py (N(Ay)) € N(A,).

Remark 3.2.6. Also note that if v <’ 4" and v/ < ~+” then v <’ ",

Lemma 3.2.7. (I', <') as defined in 3.2.4 is a partially ordered set which is

cofinite, has no maximal element and is directed.

Proof. (I', <’) is obviously cofinite and partially ordered.

We will now show that (I', <') has no maximal element. Let v € . By
Lemma 3.1.6 there exists a 7 > = such that for every v/ >+ one has that
d(pyyrpyr, Dy) < 1. Since (I', <) has no maximal element, there exists a
~" > ~'. Thus by our construction, v" >’ ~.

Finally, we will show that (I', <’) is directed. Let 7;, 79 € I'. Then since
(', <) has no maximal element, there exists v; >’ v; and 75 >" 75. Since
(I, <) is a directed set there exists v € I" such that v; < v and 5 < . By

Remark 3.2.6, 71 <’ v and 75 <’ 7. Thus, (I', <') is a directed set. ]
By Proposition 9 of [11] the following proposition is clear:

Proposition 3.2.8. Let X = {X,,e,,pyy,['} be an approximate system
with (', <) being an ordered set which is directed, has no maximal element
and is cofinite, and X = limX. Let (I',<') be as defined in 3.2.4, X' =
{X,, 4,0y, '} be an approzimate system using the ordered set (I', <), and

X' =1limX'. Then X = X'.

Proposition 3.2.9. A = {N(A4,),&y,pyy, (I <)} as defined in 3.2.4 is an

approzimate inverse system with lim A = A.
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Proof. One can easily check that A satisfies the axioms (A1), (A2), and (A3).

Let A’ =lim A. We wish to show that A" = A.

Let a € A. Of course, we wish to show that a € A’. Clearly a €
[I,er N(A4,). By condition (L), we need to show that for each v € T
and 7 > 0 there exists 71 >" v such that for all v >’ 7, we have that
d(py(a), pyyrpyr(a)) < .

Let v € I'and n > 0. Since a € A C X, there exists 4/ > 7 such that
for all v >+, d(p,(a), pyy(py7(a))) < n. Choose ¥, so that 43 >’ v and
7 > 9. Soif v >’ 41, we have that d(p,(a),pyypy(a)) < n. And so,
ac A

Now let a € A". We will show that a € [ p p5'(A,), and so by Propo-
sition 3.2.1 we will have a € A.

Suppose on the contrary that a ¢ (0 . p; ' (A,). There there exists y € T
such that p,(a) ¢ A,. So there exists n > 0 such that B(p,(a),2n) N A, = 0.

Choose ' large enough so that it simultaneously satisfies condition (L)
for the point a, v and 1/3, condition (A3) for the system A, v and 7/3, and
Lemma 3.1.6 for v and 7/3.

By condition (L) we have

d(py(a), prypy(a)) < n/3. (3.1)

Since N(A.,) is an n,-neighborhood of A/, p,(a) is a distance of less
than or equal to e, from A,. So there exists a point b € A such that
py(b) € Ay and d(py(a),py (b)) < ey. Then by our application of condition
(A3) we have that
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A(pyy (D (@), Py (D (D)) < /3. (3.2)

By our application of Lemma 3.1.6 we have

d(pwf(py(b)),pv(b)) <n/3. (3.3)

Finally, (3.1), (3.2), (3.3) and the triangle inequality give us

d(p,(a), p,(b)) <. (3.4)

Since b € A, p,(b) € A,. This contradicts the fact that B(p,(a),2n) N

A, =10, and so we conclude that a € (), p;'(4,), and so a € A. O

Applying Proposition 3.2.3 to the approximate inverse system A that we

have constructed we arrive at the following:

Proposition 3.2.10. Let X = {X,,&,,p,y, '} be an approzimate system
with (T, <) being an ordered set which is directed, has no maximal element
and is cofinite. Let X = 1lim X and A C X be a closed subspace. Then for
every map h : A — K into a compact polyhedron K, there exist a v € I and
amap f: N(A,) = K such that h >~ fp,|a.

We will need the following lemma in the proof of the main theorem in the

next section.

Lemma 3.2.11. Let X = {X,,,e,,p,, '} be an approzimate system with
(I, <) being an ordered set which is directed, has no mazimal element and is

cofinite. Let X =limX and A C X be a closed subspace. If a., : N(A,) = K
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is a map into a compact polyhedron K, then there exists v >’ ~v such that

f07’ all ,y// 2/ ,)//’ we have Oé,y op7|p;,}(N(A7//)) ~ Oé,y Op,y,yll (@) p7//|p;/}(N(A'y”)).

Proof. Using Theorem 1.1 of section IV of [4], it is easy to show that there
exists a finite open cover W = {W;|i = 1,2,3,..n} of K such that if two
maps to K defined on an arbitrary space are VW-close, they are homotopic.

Consider the collection {a7'(W;)[i = 1,2,3,...n}. This is a collection of
open sets which covers N(A,). Let n > 0 be a Lebesgue number for this
cover.

Choose 7' >’ 7 so that 7/ satisfies Lemma 3.1.6 for v and 7/2. Then for
every " >’ ~/ one has d(py,pyr,py) < /2.

Now let 7" >" 4/, We will show that a, o p7|p;/}(N(Aw)) and o, © p,m 0
Py | PAN(A,) BT Wh-close.

Let z € p;,/l(N(Avu)). Since 7 is a Lebesgue number for {a ' (W;)]i =
1,2,3,..n}, B(py(z),n) € a7 (W;) for some 1 < i < n. Then since we
know that d(py,p,(z),py(x)) < n/2, we have that py,vpy(z),py(z) €
o '(Wi). And so aypyyrpy(z), cnpsy(z) € Wi So a, opﬂ,|p;,}(N(Aw)) and

Qy O Pyt © p””’PW_/}(N(Aw“)) are WW-close, and thus a, o p,y]p;/}(N(Aw)) o~ (0

R |p;,}(N(AA///))' u

3.3 Limit Theorem for Approximate Inverse
Systems with Cofinite Indexing Set

Theorem 3.3.1. Let Z = {Z,,e,p,y,I'} be an approzimate system with
(T, <) being an ordered set which is directed, has no mazimal element and

is cofinite. Let X be a compact metric space, Z = limZ and f : X — Z a
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surjective map. If, for each v € I', pyo f : X — p,(Z) is an extensional map
relative to a polyhedron K, then f : X — Z is an extensional map relative

to K.

Proof. Let A C B be closed subsets of Z. Let a« : A — K be a map
and suppose that a o f|4 : A — K extends over f~1(B), say to & : B —
K. Extend & over a neighborhood S of f~!(B). Continue to call the new
extension &. Since f is a closed map, there exists a neighborhood T of B
such that f~1(T) C S.

By Proposition 3.2.10, there exists v € I' such that there is a map « :
N(A,) — K such that a, op,|4 ~ a. Since p;*(N(A,)) is a closed neighbor-
hood of A, using the homotopy extension property, o extends over p_ Y(N(4,)
to a map a* : p; (N (A,) — K such that (1) oy 0 p,|,-1(n(a,) = @*. Note
that we can choose 7 large enough so that p>'(N(A,) C T.

(2) By Lemma 3.2.11 there exists 7/ >’ v such that for all v >" 4/, we
have oy © pylp=tv(a,n) = @ © Py © Pyl (via )

As in the proof of Theorem 2.2.3, we will show that there exists a neigh-
borhood V' C p ' (N(A,)) of A such that a*o f[s-1v) : f~H(V) = K extends
over S.

First we note that f~'(p;'(N(A,))) is a neighborhood of f~'(A), and
a* o flrp-rnayy - F (T HN(A,))) — K is an extension of a o fly-1(4
over f~H(p; (N (A,))). So by Proposition 2.2.1, there exists a neighborhood
W of f71(A) such that a* o f|y extends over S. Since f is a closed map,
there exists a neighborhood V' C p *(N(A,)) of A such that f~'(V) Cc W.
And so since a* o f|y extends over S, we have that a* o f|;-1() extends over

S.
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Now choose 7' >’ ~ such that p;,l (A,) CV, p;,l(sz) C T, and +' satisfies
(2).

Since ffl(p;,l(Avl)) C f71(V), and a* o f|;-1(v) extends over S, we have
that a* o f|f71(p;,1(,47,)) extends over S. By (1) we have, a* o f|f,1(p;/1(A7,)) ~
Uy O Py © f\f,l(p;ll(Avl)). Using this and (2) we have a* o f\f,l(p;ll(Av,)) ~
QyOPy10P~O f| 1 A So, by the homotopy extension property, a,0p.o
p,ylof|f,1(p;/1(A7,)) extends over S, and since f~'(p}(By/)) € f~1(T) C S, we
have that it also extends over f _l(p;,l(B,Y/)). By our assumption that p, o f
is an extensional map, cv, o p,./| A, extends over B/, say to 8, : By — K.

Then, B, op, is defined on all of B. So since B,/ 0py/|4 = @y 0Py 0pyr|a =

@, 0 py|a = a, by the homotopy extension property, « extends over B.  [J

3.4 Mardesi¢ Trick for Approximate Inverse
Systems

The well-known Mardesi¢ trick provides a cofinite indexing set in the case of
commutative inverse systems. We wish to extend this method to the case of
approximate inverse systems. Construction 3.4.1 and the proof of 3.4.2 are

due to [12] and correspondence with Vlasta Matijevic.

Construction 3.4.1. We will begin our construction with an approximate
system Z = {Z,, €4, Paar, A} with (A, <) being an ordered set which is di-
rected and has no maximal element.

Let B = {b C A|b is finite and max(b) exists}. We will order B by inclu-
sion. Define a function ¢ : B — A by ¢(b) = max(b) for b € B.

We claim that ¢ is surjective and nondecreasing. To show surjectivity, let
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a € A. Then t({a}) = a. To show that ¢ is nondecreasing, let by, b, € B with
by < by. Then by C by, and so max(bh;) < max(by). So we have t(by) < t(by).
We will now define a new approximate system Y = {Y}, €, qur, B}. (B, <)

is defined as above. We will set Y}, = Z;3, €, = €43), and quy = pr(oye(r)-
Proposition 3.4.2. Y as defined in 3.4.1 is an approximate inverse system.

Proof. By Definition 3.1.1 we have to show that Y satisfies conditions (A1),
(A2) and (A3).

(A1) Let by < by < bs. We must show that d(qy,p,Gbobss @rbs) < by -
Indeed, max(b;) < max(by) < max(bs), and so t(by) < t(by) < t(b3). By

condition (A1) for the approximate system Z, we have

d(pt(bl)t(bz)pt(bz)t(bg)7pt(b1)t(b3)) < €t(by)-

So clearly by our construction, d(qp,p,qbybs> Gbibs) < Eb, -

(A2) Let b € B and n > 0. By (A2) for Z, we have that there exists
a’ > t(b) such that for all ay > a1 > a’ we have that d(pyp)e; Paraz> Pe(b)as) < 1
Put & = bU {d’'}. Note that (/) = d/, and &' > b. Let by > by > '. Then
we have t(by) > t(b1) > t(b') = a’. And 50, d(Pew)t(v)Pe(br)t(b)s Pe)i(b)) < 1-
This gives us that d(qu, @b,p,, Gn,) < 1, and proves property (A2) for Z.

(A3) Let b € B and np > 0. By (A3) for Z, there exists an o’ > t(b) such
that for every a” > d/, and for all z, 2’ € Z,/, we have that if d(z,2") < e
then d(pipyar (2), Prpyar(2')) < n. Let ¥ = bU {a'}. Then t(b') = o’ and
b > b. Let b > b'. Then t(b") > (V') = d'. Let y,y’ € Yy» = Zypry, and
d(y,y') < ey = eypry- Then we have that d(pywyew) (¥), Proywn(y')) < 1, and

so d(qu (), g (y')) < 1. 0
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Proposition 3.4.3. Let Z and Y be as in 3.4.1, and Z = limZ and Y =
limY. Then the function h : Z — [[,cpYs such that q(h(2)) = pyw)(2), is

continuous, injective, and h(Z) =Y, showing that Z ~Y .

Proof. Clearly h is continuous.

To show h is injective, let z1, 29 € Z, with 21 # 2z5. Then there exists
a € A such that p,(21) # pa(22). So, since t({a}) = a, we have q(q3(h(21)) =
Pa(z1) # Pa(22) = qay(h(22)), and thus h(z1) # h(z2).

We will now show that h(Z) =Y.

Let z € Z. We need to show that h(z) € Y. That is, we need to show
that for each b € B and 1 > 0 there exists &' > b such that for all b > b we
have d(qy(h(2)), g gy (h(2))) < n. To do this, let b € B and n > 0. We first
note that ¢(b) € A, and so since z € Z, there exists a’ > ¢(b) such that for all
a” > a’ we have d(pyw)(2), DevyarPar (2)) < 1. We will set ' = bU {a’}. Then
b € B and i/ > b. Note that t(0') = '

Let 8" > V. Then t(b") > t(b') = a’. So then, d(gy(h(2)), g qr (h(2))) =
d(pew) (2), Pewyewy ey (2)) < m. Thus, h(z) € Y.

Let y € Y. We are going to construct a point z € [, .4 Z, such that

acA
h(z) = y. For each a € A, we will define z by p.(2) = qa3(y). We need
to show two things. First, we need to show that z € Z. That is, that z is
actually in the limit. Second, we need to show that h(z) = y.

To accomplish these two things, we must first establish that if (1) by, by €
B with t(by) = t(b2), then ¢, (y) = q,(y). Suppose on the contrary that
biybs € B, t(by) = t(bs) but that i, (5) # 6, ()

Note that Y3, = Y, = Zy4,). Let n = d(a, (v), @,(y)). Since y € Y,

by condition (L), there exists b > by, by such that for all ¥ > b we have
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d(qn, (), @ q (y)) < n/3 and d(gu,(y), o aw (y)) < n/3. By our construc-
tion @y, b = Pe(by)eh') = Pe(bo)t(v)) = Qbob/ -

So by the triangle inequality we have,

d(qe, (¥), @2 (y))
<d(qe, (¥); Goryr v () + d(@s,00q0 (1), 46> ()
=d(qe, (¥); Gorr @ () + Aot @ (1), 4o, ()
<n/3+n/3

<.

This is a contradiction. So if by,by € B with ¢(by) = t(by), then g, (y) =
v, (Y)-

Now we wish to show that z € Z. To do this we must show that condition
(L) is satisfied. Let a € A and nn > 0. We need to find an a’ > a such that for
all @’ > o’ we have d(pyopa(2),pa(2)) < n. Since y € Y there exists v/ € B
such that ¥ > {a} (that is, ¥ O {a} and so a € V') such that for all " > ¥/
we have d(qaprqv(Y), 41ay () < -

We will set @' = max(b'). Then o' > a. Let a” > o’. Consider v’ =
v¥U{a"}. Then 8" > ' and t(b"”) = a”. So we have p,»(2) = ¢y (y) = @ (y)
and Giayp = Paar- Thus, d(paarpar(2), pa(2)) = d(qgayer s (¥), 4ay (y)) < 1.
And so z € Z.

Now we will show that h(z) =y. Let b € B. Then, q,(h(2)) = pup)(2) =
a0y (y) = @(y). The last equality follows from the fact that ¢({t(b)}) = ¢(b)
and the above argument. And so h(z) = y. Thus, h is surjective, and so is a

homeomorphism. O
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3.5 Limit Theorem for Approximate Inverse
Systems

Using the Mardesi¢ trick we established in the previous section, we can drop

the assumption of cofiniteness from the main result.

Theorem 3.5.1. Let Z = {Z,,c4,Paar, A} be an approximate system with
(A, <) being an ordered set which is directed and has no mazximal element.
Let X be a compact metric space, Z = limZ and f : X — Z a surjective
map. If, for each a € A, pyo f: X — p(Z) is an extensional map relative

to a polyhedron K, then f : X — Z is an extensional map relative to K.

Proof. Using 3.4.1 construct a new system Y = {Y}, &y, gy, B} such that B
is cofinite and Z =Y = 1limY. Let h : Z — Y be the homeomorphism
described in the previous section.

For b € B, denote the identity map from Y} to Xy4) as 4. Then pyp) =
iy o py 0 h. The map pypy o f : X — Zyp) is an extensional map relative to
K, and so iyop,oho f: X — Z) is an extensional map relative to K.
By 1.3.2 and 1.3.4, we have that p,oho f : X — Y} is an extensional map
relative to K. By 3.3.1, we have that ho f : X — Y is an extensional map
relative to K. Using 1.3.2 and 1.3.4 once again, we get that f: X — Z is an

extensional map relative to K. O
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Chapter 4

Extensional Map Dimension

In this chapter our goal is to construct a notion of dimension for extensional
maps similar to the extension dimension. First, we will define extension
dimension. We will then establish two theorems that will be necessary to
prove the existence of extensional map dimension. Finally, we will define

extensional map dimension, and prove its existence.

4.1 Extension Dimension

We have seen, 1.2.4, that covering dimension can be defined in terms of
extensions of maps in spheres. Also, while this paper will not discuss co-
homologial dimension in any detail, a similar characterization exists for this
type of dimension. One has dimg X < n if and only if X7K(G,n) where
K(G,n) is an Eilenberg MacLane complex. This led to the development by
Dranishnikov and Dydak [2] of the idea of extension dimension.

The following construction comes from [6].

Construction 4.1.1. Let C be a class of spaces, T a class of CW-complexes,
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and K, K’ € T. If it is true that for all X € C, X7K implies X7K’, then we
write K <) K'. This defines a preorder on 7. We define an equivalence
relation on 7 by K ~ ) K'if and only if K <) K" and K' <) K.
The equivalence class of K under this relation is called the extension type of
K relative to (C,T). By ET ¢ 1) we mean the class of extension types relative
to (C,T). The relation <(c ) induces a partial order on the extension types

ET ¢,7), which we will also denote <(c 7).

Definition 4.1.2. The extension dimension of X relative to (C,T), de-
noted extdim 7y X, is the initial element, if it exists, of the class of extension

types {D € ET ¢ 7)|X7L for all L € D}.

See [6] for several examples of classes C and T for which extdim ¢ 7 exists.

4.2 The V> Operator

The following construction comes from [5].

Construction 4.2.1. For each simplicial complex K, let Fx be the collection
of nonempty, finite subcomplexes of K. Fix a simplicial complex K, and let
M € Fg. Let Doy i be the set of D € Fg such that M C D. We will define
a relation ~(y7, k) on D k). For D,C € Dy, D~k C if there exists
a simplicial isomorphism from D to C which is the identity on M. Clearly
~(m,K) 18 an equivalence relation on Dy k). We denote the equivalence class
of D € D,k as [D](a,k)-

Let &Ky be the set of equivalence classes of Dy k) under the relation
~m,k)- The set Enr iy is countable. Using the Axiom of Choice, we will

fix one representative from each equivalence class. That is, we will fix a
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function O k) Emxy — Doiy 50 that O i) ([D] k) € (D)) for
each D € Dy k).

Assume that the preceding construction has been applied to each M €
Frk.

For M € Fx and E C k), Om,x)(E) is a subcomplex of K contain-
ing M. Thus, (i) for all M € Fg, 0w x)(Enrk)) is a subcomplex of K
containing the subcomplex M.

We now define a function ¥ from the set of subcomplexes L of K to the

set of subcomplexes of K by

v(r) = {U Oonior (Eri )| M € ]—"L} .
By (i), for each pair of subcomplexes L C L’ of K,
(ii) W(L) is a subcomplex of K, and L C V¥(L), and
(iii) W(L) C ¥(L).
We will define ¥* inductively. Let W°(L) = L. For each k € N, if
U*=1(L) has been defined, then by W*(L) we mean ¥(U*~1(L)). Put,

(L) = J{ ")k e N}.
Then, ¥*(L) is a subcomplex of K.

Lemma 4.2.2. (Lemma 3.1 from [5]) Let K be a simplicial complex and L
a subcomplex of K. Then W1(U>®(L)) = ¥*(L), and hence ¥>*(¥>°(L)) =
Uo(L).

Lemma 4.2.3. (Lemma 3.2 from [5]) Let K be a simplicial complex and L

a subcomplex of K. If
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1. L=0, then V(L) =0,
2. L is finite, then card(¥!(L)) < N,

3. L is infinite and k € N, then we may conclude that

card(V*(L)) = card(¥>(L)) = card(L).

Proposition 4.2.4. (Corollary 4.5 from [5]) Let K be a simplicial complex
and X a Hausdorff o-compactum with X1|K|. Then for every subcomplex L
of K, X71|U>(L)|.

Proposition 4.2.5. Let X and Z be compact Hausdorff spaces, K a simpli-
cial complez, and f : X — Z an extensional map relative to |K|. Then for
any nonempty subcomplexr L C K, f : X — Z is an extensional map relative

to [U>(L)|.

Proof. Fix a subcomplex L of K. Let A C B be closed in Z, and o : A —
|W>°(L)| a map. Suppose that o f|p-1(4): f7H(A) = [U°(L)| extends over
f7YB), say to &: f~1(B) — |¥>(L)|. We wish to extend « over B.

Treat o and & as maps to |K|. Then, since f is an extensional map
relative to | K|, there exists a map §: B — |K| such that |4 = «.

There exists M € Fye(r)y such that §(A) C [M|. Now §(B) C |M’|
for some finite subcomplex M’ of K, where M C M’. By the definition of
UH(W>(L)), we may as well assume that M’ C UH(¥>(L)) = U>(L). Hence,

B(B) C |U*>(L)|, and so we may treat 5 as a map to |U>°(L)|. O
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4.3 Wedge Theorem

To achieve a similar theorem for wedges, we will have to make use of a

strengthened version of extensional maps.

Definition 4.3.1. A surjective map f : X — Y is a strong extensional map
relative to K if for each pair A C B of closed subsets of Z and any map
a: A — K for which ao f: f71(A) = K extends toamap a: f~1(B) = K,

there exists a map 3 : B — K such that So f=a: f(B) - K.

Theorem 4.3.2. Let X and Z be compact Hausdorff spaces. Let f : X — Z
be a strong extensional map relative to an arbitrary wedge of intervals. Let
{K,|p € T} be a collection of nonempty simplicial complexes. Put K =
V {E | € T}, where say v is a vertex common to K,, for all pn € I'. Suppose
that for each p € ', f is an extensional map relative to |K,|. Then f is an

extensional map relative to |K|.

Proof. Select a regular neighborhood vC' of v which is the cone from v to a
closed subpolyhedron C' of |K|. Choose C” in such a way that C' = C', vC’
is also a cone neighborhood of v and vC'\ int vC" = C' x I with say C x {0}
corresponding to C” and C' x {1} corresponding to C'.

For each p € I, let C), = C N [K,| and C], = C" N |K,|. The preceding
construction is to be done so that vC|, C vC), are cone neighborhoods of v
in |K,[, and that vC), \ intvC}, = C, x I via restriction of the preceding
identification.

For each p € I, let I, = [0,1] and put L = \/ {I,|p € T'}. We fix a map

g : |K| — |L| so that for each u € T,
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Lo g(|Kyul) € 1y

9(Cy) = {3}, 9(vC}) C [0, 3;
3. g(|K,| \ vC,) = 1; and
4. g(vC, \ intovC)) C [5,1].

The existence of such a map can be seen readily from the preceding de-
scription of the cone neighborhood of v. Let A C B be closed subsets of Z
and a1 A — |K| a map. Suppose that oo f|y-1(4y : f71(A) — |K| extends
over f~Y(B), say to & : f~'(B) — |K|. We wish to show that o extends over
B. Note that since A is compact, we can assume | K| to be finite.

Consider goa : A — |L|. Then goao f|p-14): fH(A) — |L| extends
over f71(B) to goa : f7Y(B) — |L|. Since f is a strong extensional map
relative to any wedge of intervals, g o a extends over B, say to 8 : B — |L],
in such a way that o f=goa: f~1(B)—|L|.

Let D C |L| be the cone from the vertex 0 having the property that
DN, =10,3] for each p. Note that g=*(D) = vC". Put By = 37}(D) and
Ay = AN p~YD).

Surely a(Ag) C g~ (D) = vC’. As a contractible polyhedron, vC’ C |K|
is a retract of |K|. Let r; : |K| — vC” be a retraction. Then it is easily
seen that ry o &|s-1(py) : f71(By) — vC” is an extension of oo f|s-1(4,) :
f~Y(Ap) — vC". Thus, since f is an extensional map relative to contractible
polyhedra, a4, extends over By to a map «q : By — vC".

For each p € T, let B, = 7'([3,1]), [3,1] C I,. Then {B,|p € T'} is

a discrete collection of closed subspaces of B. Write A, = B, N A. Then

A=A UU{A,|ln €T} Also, B= By UJ{B,|p €T}

40



One checks that «(A,) C |K,|UvC’, and the latter is homotopy equivalent
to |K,|. Put o, : ByUA, — |K,| UvC" equal to ag on By and o on A,,.

Now consider f~'(By U A,). We wish to extend ay, o f|;-1(pyua,) over
f7'(Bo U By,). The two maps &|s-1(pyua,) and a, o f|r-1(p,ua,) are defined
on f~1(ByUA,). We will show that they are homotopic on f~1(ByU A,,).

One can check that &(f(By)) C vC" and (o, 0 f)(f(By)) C vC". For
z € f~1(A,) we have &(z) = a, o f(x). We wish to construct a map H :
(BoUA,)x I — |K,|UvC", such that H(zx,0) = a,of(x) and H(z,1) = a(x).

Consider the closed subpace
FE = (BO X {0}) U ((B()ﬂAu) X ]) U (B[) X {1}) - BO x 1.

Define a map h : E — vC’ by,

h(z,0) = (o 0 f)(x) x € By
h(z,t) = (o0 f)(x) = a(z) reByNA,; 0<t<1
h(z,1) = a(x) x € By.

Since vC’ is an absolute extensor for By x I we have that h extends

over By x I, say to a map H : By x I — v(C’. We will now define a map

A~

H:(ByUA,) x I —|K,|UvC' by,

H(z,t) = H(x,t) r€By 0<t<1

H(z,t) = (a, 0 f)(z) = a(z) reA, 0<t<1

So, @|s-1(Byua,) and oy, o flp-1(Byua,) are homotopic on f~1(By U A,).
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Since & : f~}(ByU B,) — |K| is defined on all of f~'(By U B,), by the
homotopy extension property we can extend a, o f|s-1(p,ua,) over f “HByu
B,), say to &, : f~Y(BoUB,) — |K].

Since f is an extensional map relative to |K,|, and |K,| is homotopy
equivalent to |K,|UvC’, by Lemma 1.3.8, f is an extensional map relative to
| K| UvC". Let ry : |K| — |K,|UvC’ be a retraction. Then roa,|s-1(5,uB,) :
f"Y(BoUB,) = |K,|UvC" is an extension of ,f|s-1(p,ua,). Thus, there
is an extension of o, over By U By, call it o, : By U B, — |K,| UvC’. For
a € ByUA,, aj(a) =r(aula)) = ayla).

Finally, we define a* : B — |K| to be J{aj|u € T'}. The map o is the

desired extension of «. OJ

4.4 Extensional Map Dimension: Definition
and Existence

Now that we have established the > operator and a wedge theorem, we
will define the extensional map dimension, and prove its existence. The

construction parallels the construction of the extension dimension.

Construction 4.4.1. Let C be a class of spaces, T a class of CW-complexes,
and K, K’ € T. If it is true that for all X, Z € C and all maps f : X — Z, f
is an extensional map relative to K implies f is an extensional map relative
to K', then we write K < 7) K'. This defines a preorder on 7. We define
an equivalence relation on 7 by K ~ ) K’ if and only if K <7 K’
and K' <) K. The equivalence class of K under this relation is called

the extensional map type of K relative to (C,7). By EMT ¢ 7) we mean
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the class of extension types relative to (C, 7). The relation <) induces
a partial order on the extensional map types EMT ¢ 7y, which we will also

denote < 7).

Definition 4.4.2. The extensional map dimension of f : X — Z relative
to (C,T), denoted extmap-dim 7 X, is the initial element, if it exists, of the
class of extensional map types {D € EMT 7 |f : X — Z is an extensional

map relative to L for all L € D}.

Theorem 4.4.3. Let T be the class of polyhedra, and C be the class of com-
pact Hausdorff spaces. If X, Z € C and f : X — Z 1is a surjective map, which
s a strong extensional map relative to an arbitrary wedge of intervals, then

extmap-dim ry f ewists.

Proof. Choose a collection U of polyhedra |M|, each M having cardinality
< Ny, so that U has the property that if L is a simplicial complex with
card L < W then for some |M| € U, L is simplicially isomorphic to M, and
if |[M|,|N| € U with M simplicially isomorphic to N, then M = N. Then
cardid < 2% . We may assume that there is a fixed 0-simplex v such that for
each |M| e U, v e M.

Let K = \/ {M||M| € U and f is an extensional map relative to |M|}.
Since cardYf < 2%, the number of summands in K is at most 2%°. By 4.3.2,
f is an extensional map relative to |K|. We claim that | K| is a representative
of extmap-dimc 7 f.

Let |[L| € T and f be an extensional map relative to |L|. We must show
that |K| < |L|. That is, we must show that if g : W — Y is an extensional
map relative to | K|, where WY € C, then g is an extensional map relative

to |L|.
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Let A C B be closed subsets of Y and o : A — |L| be a map. Assume
that cwog|y-1(4) : 971 (A) — |L] extends over g~ !(B), say to & : g~'(B) — [L|.
We wish to extend a over B. We note that a(A) C a(g~(B)) C |Ly|, where
Ly is a finite subcomplex of L.

By 4.2.5, since f is an extensional map relative to |L|, it is also an ex-
tensional map relative to [U>°(Lg)|. By 4.2.3 (2), card W>°(Ly) < ¥,. By our
construction of ¢« we can assume that |[U>°(Ly)| € U, and thus is a summand
of |K|. Thus, by 1.3.7, g is an extensional map relative to |[¥>°(Lg)|. So there
exists an extension of « over B, say 5 : B — |W>(Lg)| C |L|, proving that g

is an extensional map relative to |L|. O

44



Chapter 5

Extensions into Neighborhoods

of the Limit

5.1 Inverse Sequences

Theorem 5.1.1. Let Z = {Z;,pi*'} be an inverse sequence of compact metric
spaces with surjective bonding maps and limit Z. For a space X, if X1Z;
for each i € N, then for any neighborhood U of Z in the topological product
11° Zi, for any closed subspace A of X, and for any map f: A — Z, there

exists a map F : X — U such that F|4 = f.

Proof. Fix a neighborhood U of Z in the product [[{° Z;, a closed subspace
Aof X, and amap f: A — Z. For each i € N let p; denote the projection
map in Z;.

Then p;f : A — Z; is a map, and so by our assumption that X77;, the

map p; [ extends over X, say to g; : X — Z;.
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Set

G = (91792793,-~-)~

Then Gy : X — [[{° Z; is a map. We will now construct a sequence of maps

from X to [[° Z;. Set

Ga = (p192, 92, g3, Ga, ----)

G3 = (p?g?npgg&g?ngéb )

G; = (pilgiapégiv ‘--719;:7192‘,91',91'“7 )

Clearly for each i € N, G; : X — [[°Z; is a map. Moreover, G;|4 = f.

Indeed, on A,

Gi = (pzlghpégl? "'7pz:—lgi7 iy 9i+1, )
= (P\Dig, DD, s Pi_1DiG, Dids Dis 19, ---)

= (P19, P29, D39, -, g, Pit19, -..) = .

We claim that there exists an n € N such that G,,(X) C U. Since Z is
compact, there exists a finite collection {U;|1 < ¢ < m} of basic open sets
in the product topology that covers Z, and whose union is contained in U.
Since U; is a basic open set, it is of the form [[;°V; where V; # Z; only
finitely many times. Let n; € N be a number so that V; = Z; for all j > n,.
Let n = max{n;|1 <i < m}.

We now wish to show that G,,(X) C U. Let x € X. Since each pﬁ“ is

surjective, Z; = p;(Z). Since g,(X) C Z,, there exists some z € Z such that
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Pn(2) = gn(z). The collection {U;|1 < i < m} covers Z, and so there exists
a k such that z € U,. We wish to show that G, (x) € U, C U. Because of
our choice of n, Uy = [[°V; where V; = Z; for all j > n. Since z € Uy,
we have that p;(z) € V; for all j € N. We will now show that G, (z) € Uj.
For j < n, p;j(Gn(7)) = (p}gn)(x) = P} (pn(2)) = pj(2). And so, for j < n,
p;(Gn(z)) € V. For j > n, V; = Z;, and so of course p;(G,(x)) € V;. We

have shown that G, (z) € U, C U. We set F' = G,, to conclude the proof. [

5.2 Inverse Systems

Theorem 5.2.1. Let Z = {Z,,p,,I'} be an inverse system of spaces with
surjective bonding maps and compact limit Z. For a space X, if X1Z, for
each v € I', then for any neighborhood U of Z in the topological product
Hvel" Z, for any closed subspace A of X, and for any map f: A — Z, there

exists a map F : X — U such that F|4 = f.

Proof. Fix a neighborhood U of Z in the product [[, . Z;, a closed subspace

~er
Aof X, and amap f: A— Z. For each v €T, let p, denote the projection
map to Z,.

Then, p,f : A — Z, is a map, and so by our assumption that X7Z, the
map p.f extends over X, say to g, : X — Z,.

For each vy € T', we will now construct a map from X to Hwer Z,. Let

Gy + X — Hver Z, be defined as follows. Let z € X. If v < 0, then

Py (G (2)) = Paye(gro(2)). Otherwise, if v f Yo, set py(Gqo(z)) = g,(2).

Clearly, for each vo € I', G, : X = [, £, is a map.

vyel

Moreover, G,,|a = f. Indeed, for z € A, and v < v, py(G4(2)) =
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Prio(930 (7)) = Do (P f () = py(f (). If v £ 70, then py(Gy(x)) =
91() = pyo (f ().

We claim that there exists a 7/ € I such that G, C U.

Since Z is compact, there exists a finite collection {U;|1 < i < m} of
basic open sets in the product topology which covers Z, and whose union is
contained in U. Since U; is a basic open set, it is of the form H%F V. where
V., # Z. only finitely many times. Let I'; = {y € '|V, # Z,}. Then ", T;
is a finite set. Pick 4/ € I' such that 4/ > ~ for all v € [J;", I';.

We now wish to show that G.,(X) C U. Let z € X. Since each p,.,
is surjective, Z, = p,(Z) for all v € I". So, since g,/(X) C py(Z), there
exists some z € Z such that p,(z) = g, (z). The collection {U;|1 < i < m}
covers Z, so there exists a k such that z € U,. Because of our choice of 7/,
Uy = HWGFV,y where V,, = Z, for all v such that v £ 4/. Since z € Uy, we
have p,(z) € V, for all v € I We will now show that G./(x) € Uy. For
7 < PGy () = Pry (9 () = P (P (2)) = py(2). And so, for v </,
p(Gy(x)) € V. It v £+, V, = Z,, and so of course p,(G,(x)) € V.
We have shown that G (z) € Uy, C U. We set F' = G to conclude the

proof. O]

5.3 Approximate Inverse Systems

Theorem 5.3.1. Let Z = {Z,, e, pyy, '} be an approzimate inverse system
of metric compacta with surjective bonding maps and limit Z. For a space X,
if XTZ, for each v € I', then for any neighborhood U of Z in the topological

product [[,.r Z, for any closed subspace A of X, for any map f : A —

yel

Z, and for any 6 > 0 there exists a map (i) F' : X — U such that (ii)
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d(p,F(x),pyf(x)) <0 for allz € A and vy €T.

Proof. Fix a neighborhood U of Z in the product [], - Z;, a closed subspace

~ver
Aof X,amap f: A = Z, and 6 > 0. For each v € TI', let p, denote
the projection map to Z,. We will construct a map F' : X — U such that
d(p,F(z),pyf(x)) <dforallz € Aand v €T

For each z € Z, let U, be a basic open set in the product topology such
that z € U, C U. Since U, is a basic open set, it is of the form H%FV7
where each V,, is open in Z, and V, # Z, only finitely many times. Let
I', ={y eIV, # Z,}. For each v € I, since p,(z) € V,, there exists a
d(z,7) > 0 such that B(p,(z),d(z,7)) C V,.

Set

U; = (H B (pv(Z),é(zév)» <\ II %

~YET\T',
Then z € U; CU, CU.

The collection {U}|z € Z} covers Z. So since Z is compact there exists
a finite set of points {21, 22, ...z, } such that {U} |1 < i < m} covers Z. Set
d* = min (min{@\ 1<i< m},(S).

The set I'y = [J;-, I',, is finite. Using 3.1.6, pick 7' € I such that o' > v
for all v € T'g, with the property that if v > +/, then we have d(p»p,», py) <
5.

For each vy € T', p,f : A — Z, is a map. So by our assumption that
X71Z,, the map p,f extends over X, say to g, : X — Z,,.

We will now construct a map G from X to Hwer Zy. Let Gy X —
[1,er Z, be defined as follows. Let z € X. If v € Ty, then p, (G (2)) =
Py (g4 (2)). Otherwise, if v ¢ Iy, set p, (G (2)) = g4(z). Clearly G : X —
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[[,er Z, is a map.

To prove (ii), let x € A and v € T'y. Then, p,(G,(x)) = pyy(gy(x)) =
pryy (F(2)). By our choice of 7', we have d(p,py (f(2)), 52 (f(2))) < 6 <
9, and so d(p,(Gy(x)),p,f(x)) < 0. On the other hand, if v ¢ Ty, then
(G (@) = g1 () = p £ (), and 50 of course, d(ps (G (2)), pr f(2)) < 6.

We claim that G,(X) C U. Let x € X. Since each p,. is surjective,
Z, =py(Z) for all v € I'. So, since g,/(X) C p(Z), there exists some z € Z
such that p,(2) = gy (x). The collection {U}[1 < i < m} covers Z, and so
there exists a k such that 2z € U7 .

We wish to show that G./(z) € U, C U. We note that U,, =[] V5,
where for each v € I', V, is open in Z,. To accomplish this, we need to show
that for every v € I, p, (G (z)) € V. First consider v € I',, CT'y. Then by

our choice of 4/, we have d(p,p,,py) < §*. And so,

d(py(Gy (), py(2k))
=d(pyy (g (2)), Py (2t))
=d(pyy Py (2), Py (21))
<d(pyypy (2),p4(2)) + d(py(2), y (2))
<0+ m

3 * 3

<5(Zk7 7)

<

Thus, p, Gy (2) € B(py(2k),0(2k,7)) € V5.
For v ¢ T',,, we have that V, = Z,, and so of course p,(G.,(x)) € V..
And so, G/(xz) € U,, CU. Thus, G (X) CU.
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To conclude the proof, we set F' = G./. [
The following definition and corollary can be found in [1].

Definition 5.3.2. A directed set I is said to be w-complete if for each count-

able chain 'y of elements of I" there exists an element sup(I'g) in I

Proposition 5.3.3. For each countable subset I'g of an w-complete set I’

there exists an element ' € T such that ' > ~ for every v € T'y.

Corollary 5.3.4. Let Z = {Z,,c,,pyy, '} be an approximate inverse system
of metric compacta with surjective bonding maps and limit Z, and let T be w-
complete. For a space X, if X177, for each v € I, then for any neighborhood
U of Z in the topological product H»yer Z, for any closed subspace A of X,

and for any map f : A — Z, there exists a map F : X — U such that
Fla=F.

Proof. Using the notation from the proof of 5.3.1, we know that for each
n € N there exists a map G,, : X — U such that for every v € I' and
z € A, d(p,G,,(z),p,f(z)) < L. Further, we had that for every v > 7,
there existed a map G : X — U such that for every v € I" and = € A,
d(p, Gy (), py f(x)) < +.

Let ~ € T be greater than or equal to =, for every n € N. Such an
element 7 exists because I is w-complete.

Clearly G.,(X) C U. We claim that G,/|4 = f. Let vy € I" and = €

A. Then we have that d(p,G,(z),p,f(z)) < % for every n € N. Thus

PGy (z) = pyf(x), and so Gy |4 = f. ]
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Chapter 6

The Dimension (m,n)-dim

In this chapter spaces are assumed to be normal and 7. In a recent paper,
[3], Fedorchuk has defined a new generalization of covering dimension. It is

based on the following well-known theorem from classical dimension theory.

Theorem 6.0.5. (Theorem 1.7 from [3]) A space X satisfies the inequality
dim X < n if and only if for every sequence (A;, B;), i = 1,2,...,n+ 1, of
pairs of disjoint closed subsets of X there exists for each i = 1,...n+1 a

partition P; between A; and B; such that PyN\ Py N ...N P, = 0.

6.1 Introduction to (m,n)-dim

Definition 6.1.1. (Definition 2.1 from [3]) Let u = (Uy, Uy, ...,Uy,,) be a
cover of X and let & = ([, Fy, ..., F},) be a family of closed subsets of X
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such that

F,cU;, j=1,..,m

ordd < 1.

Then (u, ) is said to be an m-pair in X.

Definition 6.1.2. (Definition 2.5 from [3]) Let (u, ®) be an m-pair of X.
A closed set P C X is said to be an n-partition of (u, ®) if there exists
a family of open sets v = (V1, V4, ..., V) of X such that F; C V; C U;, for

i=1,2,....,m;ordv <n;and X \ P=Jwv.

Definition 6.1.3. (Definition 2.7 from [3]) For each i = 1,...,r let (u;, ®;)
be an m-pair of X. The sequence ((u1,®1), (uz, P2), ..., (u,, ®,)) is called
n-inessential in X if for each ¢ = 1,...,r there exists an n-partition P; of

(u;, ®;) such that LN PN ...N P, = 0.

Definition 6.1.4. (Definition 2.8 from [3]) Let m,n € N with n < m. To
every space X one assigns the dimension (m,n)-dimX, which is an integer
> 1 or co. The dimension function (m,n)-dim is defined in the following

way:
1. (m,n)-dimX = —1 if and only if X = (;

2. (m,n)-dimX < k, where k > 0, if every sequence
((ug, @1), (ug, o), ..., (ugs1, Pry1)), where for each ¢ = 1,2,....k + 1

(u;, ®;) is an m-pair of X, is n-inessential in X;

3. (m,n)-dimX = oo, if (m,n)-dimX < k is false for each k > —1.
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Theorem 6.1.5. (Theorem 2.9 from [3]) For every space X we have
(2,1)-dimX = dim X.

Proposition 6.1.6. (Proposition 2.19 from [3]) Let f : X — Y be a map
and let a sequence (u;, ®;) of m-pairs of Y be n-inessential in Y. Then the

sequence (f~1u;, f71®;) is n-inessential in X.

Proposition 6.1.7. (Proposition 2.20 from [3]) Let (u},®}) and (u?, ®?),
1 < i < r, be two sequences of m-pairs of X. Let u; = (‘Uj,...,'U.),
ol = (1@l . 100 ), w? = (2UY, ..., 20, and ®F = (20%,..., 20 ). Assume
that

FjCPF CPU S, =1 j=1am.

If the sequence (u?,®?), i = 1,...,r is n-inessential in X, then the sequence

(ul, ®}), 1 < i <, is n-inessential in X.

6.2 Approximate Inverse Limits and (m, n)-dim

In [3], Fedorhcuk shows that (m,n)-dim is preserved by inverse limits.

Theorem 6.2.1. (Theorem 2.21 from [3]) Let S = {Xa, pap, A} be an inverse
system of compact spaces X, with (m,n)-dimX, < k, and let X = lim S.
Then (m,n)-dimX < k.

In 6.2.8, we will prove that (m,n)-dim is preserved by limits of approxi-
mate inverse systems. First, we must establish several facts concerning ap-

proximate inverse systems.
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In this section, let X = {X,, 4, Paar, A} be an approximate inverse system
of metric compacta, with directed set (A, <), as described in chapter three.
Let X =1lim X.

The following theorem is pulled from the proof of Theorem 3 of [10].

Theorem 6.2.2. Let U = (p,}(U1), ...,p. ! (Uy)) be a covering of X, where
a; € A and U; C X, is open in X,,, i = 1,...,m. Then there exists an index
a € A and an open covering V = (V4,..., V) of X, such that p;*(V;) C U;

fori=1,....m.

Proof. Choose closed sets F; € X, i = 1,...,m, such that F; C p'(U;),
i=1,..,m, and (Fi,..., F,,) covers X. Next choose closed sets H; C X,
such that H; C U; and F; C p,'(H;) € p,!(U;). Finally, choose numbers
1n; >0 ,4¢=1,...,m, such that the n;-neighborhood of H; is contained in U;.
That is, N(H;,n;) C U;.

By 3.1.6, there is an a > ay, ..., a,, such that d(pa,, Pa;ala) < Mi/2, 1 =
1,...,m. Now consider the sets W; = N(H;,1;/2), G; = p, ,(W;),i =1,...,m.
We claim that p,'(H;) C p, ' (G;) € p, ! (Us), i =1,...,m.

Indeed, if x € p,'(H;), then pyap.(x) € Wi, i = 1,...,m. We also have
that p,(z) € G, that is, z € p,'(G;), which establishes that p,'(H;) C
pa ' (Gy).

To establish that p,'(G;) C p;l(Ui), consider = € p,'(G;). Clearly
pa(z) € G; = p,,(W;), and thus pg,apa(z) € N(H;,1:/2).

We conclude that p,, (z) € N(H;,n;) CV;. That is, « € p;b_l(Ui).

Since (Fh, ..., Fy,) is a covering of X, (p,*(G1),...,p,(G)) is an open
covering of X. Set V}, = Gy, Vo = Gs, ... Vyoy = Gpoq, and V,,, = G, U

X4 pa(X). Then the collection V = (V4,...,V},,) is an open covering of X,
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and p;1(V;) CU; fori=1,...,m. O

Corollary 6.2.3. For each finite open covering (Uy, ...,Uy) of X there exists
an index a € A and an open covering (Vi, ..., Vin) of Xa such that p;*(V;) C
U, fori=1,...m

Lemma 6.2.4. For each finite open covering (Uy,...,Uy) of X and each
index a € A there exists an index a’ > a such that there is an open covering

(Viy ooy Vi) of Xo with p,}(V;) C Uy, fori=1,...,m
Using 3.2.2, one can show the following.

Lemma 6.2.5. Let & = (F|, Fy, ..., F,,) be a collection of closed sets of X

such that ord(®) < 1. Then there exists a € A such that the collection

Pa(P) = (pa(F1), 0a(Fs), ..., pa(Frn)) has order < 1.

Corollary 6.2.6. Lemma 2.4 is true for any a’ > a.

Theorem 6.2.7. Let (Uy,Us, ...,U,,) be a finite open covering of X and ® =
(F1, Fy, ..., Fyy) be a collection of closed subsets of X such that ord(®) < 1 and
F; CU;. Then for somea € A the collection p,(®) = (pa(F1), Pa(F2), ..., Pa(Fin))
has order < 1, and there exists a finite covering (Vi,Va, ..., Viy,) of X, such

that p, ' (Vi) C Ui and po(F;) CV; fori=1,2,..m

Theorem 6.2.8. Let X = {X,, €4, Para, A} be an approzimate inverse sys-
tem with (m,n)-dimX, < k for all a € A, and let X = limX. Then
(m,n)-dimX < k.

Proof. Let ((u;, ®;)), i =1,...,k+ 1 be a sequence of m-pairs of X. We wish
to show that this sequence is n-inessential in X. Let u; = (Ui, Us, ..., U! )

and ®; = (F}, Fy,...,F").
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Using 6.2.7, for each i = 1, ..., k+ 1 we can find an index a; € A such that
ul = (U U5, URY) and pa,(9:) = (P, (F), Pa, (FY), .. P, (F},)) are an
m-pair of X, satisfying the condition that pgil(U}i’i)) CU;forj=1,..,m.
Note that from the definition of an m-pair we have ordp,, (®;) < 1 and
pal(F;) C U]W) for j=1,...,m.

There exist closed neighborhoods Gg-i’i) of paZ(FJZ) and open sets Vj(i’i) of
X, such that the following conditions hold: (1) p,,(F}) C int G;i’i) - Ggi’i) -
Vj(i’i) C W C UJW), (2) vi = (VO v VS covers X, (3) the order
of gt = (G G . GEDY is < 1. Then (v, g!) is an m-pair of X,,.

(4) For each i = 1,...,k + 1, there exists d; > 0 so that for all j =1,...,m
the ¢; neighborhood of pal(F;) is contained in Gg-i’i) and the ¢; neighborhood
of \W is contained in U]W).

(5) Using 3.1.6, pick ag € A so that for all ¢ = 1,...,m, ap > a; and

d(pai 3 paiaopao) < 51

Set
(1,0) _ 1 (i), - N
V;' _paiao(‘/j )7 1_17"'7k+17 j_17""m
(@,0) _ 1 (5:0)y. - N
G = Daag (G577); i1=1,.,k+1;, j=1,...m
L AR AL N ACUY i=1,.,k+1
90 = GV GYO L Glioy, i=1, .k + 1.

It readily follows from (1), (2) and (3) that for each i =1, ..., k+1, (v?, ¢?)

is an m-pair of X,,. Since (m,n)-dimX,, < k this sequence of m-pairs is
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n-inessential in X,,. Then by 6.1.6, the sequence

(pgol(v?)’p;ol(g?))7 Z:17ak+1 (6]_)

is m-inessential in X.

To conclude the proof we must show foreachi =1,...,k+1landj=1,..m
that (i) F} C p (G and (i) p, ' (V") C UL

Fix ¢ and j.

To show (i), let © € Fj. Then p,(z) € po,(F}). By (5) we have
A(Pa; (%), Pasae () < 9, and so by (4) we have pg,a,Pa () € Gg-i’i). This
implies that p,,(z) € p;hO(GY’i)) = G;i’o), giving us = € p;ol(Ggi’O)), and
proving (i).

To show (ii), let = € p;ol(Vj(i’O)) = Do (Pt (VJ(”))) Then pa,a0Pag () €
Vj(i’i). By (5) we have d(pa, (%), Paae () < 0;, and so by (4) we have p,,(x) €
U]W). This implies that = € p;il(UJ(i’i)) C U}, and proves (ii).

And so by 6.1.7, the sequence (u;, ®;), ¢ = 1,...,k + 1, is n-inessential in
X. [
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Chapter 7

Conclusion

We have established several basic properties of extensional maps. We have
shown that extensional maps are preserved by the limit of an inverse system.
Moreover, we have shown that extensional maps are preserved by the limit
of an approximate inverse system. To accomplish this we established several
new results concerning approximate systems. In particular, we have shown
that a closed subspace of an approximate limit is itself the limit of some
approximate system.

We have also shown that a notion similar to extension dimension can be
defined for extensional maps, and we then proved that this extensional map
dimension exists.

Finally, we investigated the dimension (m, n)-dim. We showed that (m,n)-dim
is preserved by the limit of an approximate inverse system. To accomplish
this we established several new results concerning covers of the approximate
limit.

There are many interesting questions concerning extensional maps that

remain open. Extensional maps obviously preserve extension properties. Are
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there other properties that extensional maps preserve? Are there condi-
tions on the spaces that would guarantee the existence of an extensional
map between them? This paper deals exclusively with compact Hausdorff or
compact metric spaces. Could these theorems be extended to non-compact
spaces?

There are also many interesting questions involving (m,n)-dim. It is
currently even unknown what (m,n)-dimR” is equal to. Also, it is known
that every compact Hausdorff space with dim < k can be written as the limit
of an approximate system of compact polyhedra, each having dim < k. Is

the same true for (m,n)-dim?
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