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Abstract

Crystallographic groups of solvable Lie groups generalize the crystallographic
groups of Euclidean space. The quotient of a solvable Lie group G by the
action of a torsion-free crystallographic group of G is an infra-solvmanifold
of G. Infra-solvmanifolds are aspherical manifolds that generalize both closed
flat manifolds and closed almost flat manifolds (that is, infra-nilmanifolds).

Here we complete the classification of 4-dimensional infra-solvmanifolds by
classifying torsion-free crystallographic groups of certain 4-dimensional solv-
able Lie groups. The classification also includes those crystallographic groups
with torsion.

We prove that every 4-dimensional infra-solvmanifold is the boundary of
a compact 5-dimensional manifold by constructing an involution on certain
4-dimensional infra-solvmanifolds which is either free, or has 2-dimensional
fixed set.

The Ricci signatures (that is, signatures of the Ricci transformation) of 4-
dimensional Lie groups have been classified. A Ricci signature can be realized
on an infra-solvmanifold M of G if M is a compact isometric quotient of
G, where GG has left invariant metric with prescribed Ricci signature. We
classify which Ricci signatures can be realized on certain 4-dimensional infra-

solvmanifolds.
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1 Introduction

This dissertation is a study of the crystallographic groups of 4-dimensional
solvable Lie groups and their corresponding 4-dimensional infra-solvmanifolds.
Crystallographic groups of solvable Lie groups generalize the well known crys-
tallographic groups of R"™. Infra-solvmanifolds are aspherical manifolds that
generalize closed flat manifolds. This document is organized as follows: Chap-
ter 1 provides background material and summarizes the main results, Chapter
2 establishes that every 4-dimensional infra-solvmanifold is the boundary of a
compact b-dimensional manifold, Chapter 3 completes the classification of the
crystallographic groups of the solvable 4-dimensional geometries, and Chapter
4 explores Ricci signature properties of the 4-dimensional geometries. Finally,

we provide some topics for further exploration in Chapter 5.

1.1 Definitions and Notation

1.1.1 (Crystallographic Groups and Infra-Solvmanifolds). For our pur-
poses, we will assume all Lie groups to be connected and simply connected.

Let G be a solvable Lie group. The group of affine diffeomorphisms of G is:

AF(G) = G x Aut(G),



which has group operation (a, A)(b, B) = (aA(b), AB). There is an action of
Aff(G) on G. For (a,A) € Aff(G) and g € G,

(a,A).g = aA(g).

Under this action, the subgroup G = {(g,id) | ¢ € G} C Aff(G) acts on G as

left translations.

Definition 1.1.2. Let K be a maximal compact subgroup of Aut(G). A
discrete subgroup IT of G x K C Aff(G) is called a crystallographic group of
G when

(1) The quotient IT\G is compact.

(2) The translation subgroup I' := IT N G is of finite index in /7.

The translation subgroup I' is normal in /7, and we refer to the finite group
® := [1/T" as the holonomy group of II. Thus, a crystallographic group I7 fits

the diagram of short exact sequences

1 r I d 1
| | |
1 G GxK K 1.

Condition (2) of Definition implies that [' is a discrete subgroup of G
and that I'\G is compact. That is, ' is a cocompact lattice of G. For simply
connected solvable Lie groups, a result of Mostow [30, Theorem 6.2] implies
that I'\G has finite volume if and only if I'\G is compact. So, the terms
“lattice” and “cocompact lattice” are equivalent for our purposes. Since I" acts
as left translations on G, it acts freely on GG, and we say that the quotient I'\G
is a solvmanifold when G is solvable, and a nilmanifold when G is nilpotent.

The quotient IT\G is a closed manifold precisely when II acts freely on G.



This is equivalent to Il being torsion-free.

Definition 1.1.3. Let I be a torsion-free crystallographic group of G. The
quotient IT\G is an infra-solvmanifold when G is solvable, and an infra-

nilmanifold when G is nilpotent.

In [22], the various definitions of infra-solvmanifold appearing in the liter-
ature are shown to all be equivalent. Here we have adopted Definition 1 in
22).

Note that with the Euclidean metric, Isom(R™) = R"xO(n,R), so an infra-
solvmanifold for G = R" and K = O(n,R) is simply a closed flat manifold.

Topologically, Condition (2) of Deﬁnitionstates that an infra-solvmanifold
IT\G is finitely covered by the solvmanifold I"\ G with covering transformation
group ®. This explains the prefix “infra” and is motivated by the classical
result that any closed flat n-manifold is finitely covered by a flat torus Z"\R™.
Thus, in our context, infra-solvmanifolds generalize closed flat manifolds, and
solvmanifolds generalize flat tori.

When G is nilpotent, Auslander proved that Condition (1) of Definition
actually implies Condition (2). When G is abelian, this was due to
Bieberbach.

Theorem 1.1.4 (Bieberbach’s First Theorem in the nilpotent case [24, The-

orem 8.3.2]). Let G be nilpotent and
IIcGxK

be discrete and such that II\G is compact. Then the translation subgroup

['=1II NG is of finite index in G, and the quotient T'\G is compact.



When G is solvable, Condition (2) in Definition is needed, because
there are examples of solvable G and discrete subgroups IT C G x K with IT\G
compact, for which IT N G is not of finite index in I1. In other words, Bieber-
bach’s First Theorem does not extend to all solvable Lie groups. Dekimpe,
Lee, and Raymond provide sufficient criteria in [8] for a solvable Lie group to
satisfy Bieberbach’s First Theorem.

Crystallographic groups of solvable Lie groups of type (R) satisfy a rigidity

property:

Theorem 1.1.5 (Rigidity of crystallographic groups [24, Theorem 8.4.3]). Let
G be a solvable Lie group of type (R) and I, II' be finite extensions of lattices

in G. Then every isomorphism between II and I1' is conjugation by an element

of Aff(G).
Consequently, infra-solvmanifolds of solvable Lie groups of type (R) are rigid:

Theorem 1.1.6 (Rigidity of infra-solvmanifolds [24], Theorem 8.4.3]). Ho-

motopy equivalent infra-solvmanifolds of type (R) are affinely diffeomorphic.

1.1.7 (The 4-Dimensional Geometries). The classification of the 4-dimensional
geometries appears in [43], analogous to Thurston’s eight 3-dimensional geome-
tries [40, [35].

Recall that the 3-dimensional geometry Nil® is the group of upper triangular

matrices

N

o O
S =8
—_ <

and the 3-dimensional geometry Sol® is the semidirect product R? X ()R where



Notation 1.1.8. Following Hillman’s convention [16,[17], the term 4-dimensional
solvable geometry will refer to the type (R), solvable, and unimodular groups

R?*, Nil® x R, Nil*, Sol®> x R, Sol? . Soly', and Sol;*.

m,n’

In dimension 4, except for Soly*, which splits as Nil®> x R, all solvable

geometries are of the form R? x4,y R for ¢ : R — GL(3,R):

100 1 u 0
R*:  pu)=10 1 0 Nil> xR: ¢(u)= [0 1 0
001 00 1
[ u su? -e_" 0 0
Nil*: ou)=10 1 w S’ xR: ¢(u)=1]0 ev 0
00 1 0 0 1
(v 0 0 B
Solg' :  p(u) =10 e+ 0 Solim: opu)y=10 e 0
0 0 e 0 0 e U+
-e“ ue* 0 )
Solg": p(u)=|0 e 0
_0 0 e 2

(1.1)

For Sol,, ,, 8 > 1 is such that ¢(u) is conjugate to an element of SL(3, Z).
This guarantees that Solf,m has a lattice [23]. The characteristic polynomial
of ¢(u) is x> — maz? + nx — 1 for m,n € Z. Tt is known that Solg’" has no
compact forms [23] and therefore does not appear in the list of 4-dimensional

geometries in [43].



Soli* can be described as the multiplicative group of matrices

1 ez =z
0 e yf,
0 0 1

which splits as the semidirect product Nil® x R. It has 1-dimensional center
(v = z = y = 0 in the above matrix). The quotient of Sol;* by its center is

Sol®; we have the short exact sequence
1 — Z(Soli*) — Sol* — Sol* — 1.

All 4-dimensional solvable geometries are type (R) and unimodular. There-

fore, with a left invariant metric on G,
Isom(G) C G x K C Aff(G),

where K is a maximal compact subgroup of Aut(G) [13]. In fact, all of the

4-dimensional solvable geometries admit a left invariant metric so that
Isom(G) =G x K.

The discrete cocompact subgroups IT of Isom(G) acting freely on G yield the
compact isometric quotients of GG, denoted I1\G.

All 4-dimensional solvable geometries except Soly satisfy the generalized
First Bieberbach Theorem [§]: if IT C Isom(G) C G x K (G # Soly') is discrete
and cocompact, then the translation subgroup I' = I NG is a lattice of G and
the quotient ® = [1/I" is a finite subgroup of K C Aut(G). Therefore, the
compact isometric quotients of a 4-dimensional solvable geometry GG, excluding
Soly!, are in fact infra-solvmanifolds of G. The compact isometric quotients of

Solg* are known to be mapping tori of linear self diffeomorphisms of the 3-torus



T3. However, they are not infra-solvmanifolds of Soly'. Rather, they can be
realized as infra-solvmanifolds of a different solvable 4-dimensional Lie group.
However, this Lie group is not of type (R), and it also is not a 4-dimensional
solvable geometry. In fact, Soly' does not even admit a lattice and therefore
has no crystallographic groups ([I7, Corollary 8.5.1] and [23, Theorem 3.5,
Theorem 4.2]).

Conversely, Hillman has shown that every 4-dimensional infra-solvmanifold
M is geometric. That is, M is diffeomorphic to a compact isometric quotient
of one of the solvable 4-dimensional geometries equipped with left invariant

metric [I6, Theorem 8]. Thus, we have

Theorem 1.1.9 ([16, Theorem 8)). (1) Any 4-dimensional infra-solvmanifold
1s diffeomorphic to a compact isometric quotient of a 4-dimensional solvable
geometry.

(2) The compact isometric quotients of G, where G is one of the siz 4-
dimensional geometries R*, Nil*> x R, Nil*, Sol® x R, Sol;‘fmn, Soly!, are precisely

the infra-solvmanifolds of G.

1.2 Main Results

It is a remarkable theorem of Hamrick and Royster that for every closed flat
n-manifold, M, there is an (n + 1)-dimensional compact manifold W with
OW = M [15]. That is, M bounds. By the works of Gromov and Ruh, a
closed manifold has an almost flat structure if and only if it is diffeomorphic
to an infra-nilmanifold I7\G [12| B3]. Thus, it seems natural to ask if infra-

nilmanifolds bound.



Conjecture 1.2.1 ([I0, Conjecture 1]). If M is an n-dimensional infra-
nilmanifold, then there exists a compact (n+ 1)-dimensional manifold W with

oW =M.

Some partial results are known [41]. Hillman has asked if all 4-dimensional
infra-solvmanifolds bound [I8]. Dimension 4 is the first dimension of interest,
as the only 2-dimensional infra-solvmanifolds are the torus and Klein bottle,
and both are boundaries. Also, it is well known that all closed 3-dimensional
manifolds bound. We shall answer Hillman’s question affirmatively:
Theorem If M is a 4-dimensional infra-solvmanifold, then M bounds.
That is, there is a compact 5-dimensional manifold W with OW = M.

Classifying the crystallographic groups of 4-dimensional solvable geome-
tries is important. The crystallographic groups of R* have been classified; see
for example [I], while Dekimpe has classified those of Nil* x R and Nil* [7].
The infra-solvmanifolds of Soly, ,, have been classified by Hillman [I7]. This
is equivalent to a classification of the torsion-free crystallographic groups of
Solfn’n. Partial classifications of the infra-solvmanifolds of Sol* x R (torsion-
free crystallographic groups of Sol® x R) are presented in [5], [I8]. Here we will
complete the classification of the crystallographic groups of Sol*, Sol®> x R,
and Solim. Easily checked criteria for such groups to be torsion-free are also
provided.

Theorem . There are 14 families of Soli* crystallographic groups. Let
IT be a crystallographic group of Soli*. Any subgroup of Dy can be the holon-
omy group of II, where Dy is the dihedral group of 8 elements. The mazimal
holonomy of a torsion-free Soly* crystallographic group, so that II\G is an

infra-solvmanifold, is Dy.



Theorems [3.4.1813.4.31| There are 60 families of Sol*> x R crystallographic

groups. Let IT be a crystallographic group of Sol®> x R. Any subgroup of Dy x Zs
can be the holonomy group of II. If II is torsion-free, so that II\G is an infra-
solvmanifold, IT must have holonomy {e}, Zy, Z3, 73, Z4, or Dy. In particular,
there is no infra-solvmanifold of Sol® x R with mazimal holonomy Dy x Zs.

Theorem . There are 7 families of Soliw crystallographic groups. Let
II be a crystallographic group of Solfnyn. The possible holonomy groups of 11
are the subgroups of Zo X Zo. In particular, the mazimal compact subgroup of

crystallographic group. If

n

Aut(Solfnm), Z3, cannot be the holonomy of a Solfn’
II is torsion-free, so that II\G is an infra-solvmanifold, I must have holonomy
{e} or Z,.
We now consider curvature of the 4-dimensional solvable geometries. Let
G be a 4-dimensional solvable geometry. With arbitrary left invariant metric
on G,
Isom(G) C G x K C Aff(G),

for a maximal compact subgroup K C Aut(G) [13]. Depending on choice
of left invariant metric, a 4-dimensional solvable geometry can have different
isometry groups and Ricci signatures. Here are the possible Ricci signatures

on some of the 4-dimensional solvable geometries [21]:



G Possible Ricci signatures

R4 (0 0,0,0)

Nil> x R | (0, -)

Nil* (0, =), (4,4, = =), (+, = —, —)

Sol® x R (0 0,0, ),( , ,—,—),(+,+,—,—),(+, ;=)
Soly,, | (0,0,0,=),(0,4,—, =), (+,4,—, =), (+,— —, —)
Solg! (0,0,0,-), (0, +, —, —)

Table 1.1: Ricci signatures

Suppose we only consider left invariant metrics on G that induce a particu-
lar Ricci signature. The compact isometric quotients of G may not account for
all infra-solvmanifolds of G, as Isom(G) may be a proper subgroup of G x K,
for a maximal compact subgroup K of Aut(G). Given an infra-solvmanifold
M of G, a Ricci signature can be realized on M if there is a left invariant
metric on G with prescribed Ricci signature such that M = IT\G, for some
II C Isom(G).

Theorems [4.3.5), [4.3.8] [4.3.11] (1) If M is an infra-nilmanifold of Nil*,

then any of the three Ricci signatures (0,4, —,—), (+,+,—,—), (+,—, —, —)
can be realized on M.

(2) Every infra-solvmanifold of Solm s the mapping torus of a linear self

diffeomorphism S of T3; S has three distinct real eigenvalues. If all eigen-
values have the same sign, then any of (0,0,0,—), (0,+,—,—), (+,+,—, —),
(+,—,—,—) can be realized on M. Else, only (0,0,0,—) and (0,4, —,—) can
be realized on M.

(3) If M is an infra-solvmanifold of Sol* x R which has an order 4 element

in its holonomy, then only (0,0,0,—) can be realized on M.

10



2 Cobordism Classes of 4-Dimensional Infra-Solvmanifolds

In this section, we shall prove that every compact 4-dimensional infra-solvmanifold
bounds. That is, if M is a 4-dimensional infra-solvmanifold, then there is a
compact 5-dimensional manifold W with OW = M. In other words, the cor-
bordism class of a 4-dimensional infra-solvmanifold in the unoriented Thom
cobordism group Q is trivial. In light of Hillman’s result that 4-dimensional
infra-solvmanifolds are geometric (Proposition , it suffices to show that
all compact isometric quotients of the solvable 4-dimensional geometries bound.
Theorem is established by exhibiting an involution (if not free) with 2-
dimensional fixed set on infra-solvmanifolds with Nil® x R, Nil*, Sol® x R, or
Sol;* geometry. We will show that the Stiefel-Whitney number wj(M) van-
ishes by a result of R.E. Stong [38], and from this, it will follow that all

Stiefel-Whitney numbers vanish.

2.1 Translational Involutions

We construct an involution on an infra-solvmanifold M = II\G when the
center of G, Z(G), is non-trivial. The involution is induced by left translation.

This technique was used to show closed flat n-manifolds bound [15] [11].

Lemma 2.1.1. Let M = II\G be an infra-solvmanifold with Z(G) non-trivial.

Note I' N Z(G) is a lattice of Z(G). Let t be a free generator of ' N Z(G) and

11



set s = t3. Translation by s induces an involution on M if and only if A(s) = s
modulo I' N Z(G), for all A € ®. That is, translation by s commutes with the

action of ® on I'\G.

Proof. Since s commutes with I', translation by s defines a free involution on
the solvmanifold I'\G. To induce an involution on M, translation by s must

normalize the action of ® on I'\G. For any (a, A) € II, we have

(s,id)(a, A)(—s,id) = (s-a - As™', A)

=((I —A)s-a,A) (since s € Z(G)).

Therefore, s induces an involution on M when (I — A)s € I' N Z(G); that is,
A(s) = s modulo I' N Z(G), for all A € ®. Note that Z(G) = R* for some
k, and s € Z(G). Note that A restricts to a linear map on Z(G), so that we
may write s -a - As™! = (I — A)s. O

2.2 Structure of Fixed Set

Let M denote the solvmanifold ['\G. We have the coverings

G 2 M -2 M.

We refer to the involutions induced by translation by s as translational invo-
lutions. Let 15 : M — M denote the induced involution on M yis M — M

denote the induced involution on M, and F' denote the fixed set of 7, on M.

Lemma 2.2.1. The preimage of F in M is a finite disjoint union of closed,

connected, submanifolds. We can write

12



~

where the union is over all possible injective homomorphismsn : (is) = Zg — @

and

Each E, is a finite disjoint union of components of p~*(F).

Proof. The fixed set F' of the translational involution must be a finite disjoint
union of closed connected submanifolds [6, p.72]. Since p is a finite sheeted
covering, p~'(F) also admits the structure of a finite disjoint union of closed
connected submanifolds.
If # € p~!(F), then s() = (a, A)(Z) for some unique A € ® where (a, A) €
1. Thus,
& =5%2) = (a, A)*(2).

Since the deck transformation group acts freely, (a, A)?> € ', and thus A% = I.
So n(zs) = A defines an injective homomorphism 7 : Zy — ®. We warn
the reader the action of n(i;) = A € ® on M is induced not just by the
automorphism A, but rather by the affine transformation (a, A). The preimage
of F in M is indexed by all possible injective homomorphisms n : Zy — &.

That is,

Note that E,, = F,, when 1, =1, and E,, N E,, = 0 otherwise.

The actions of s and 7(i,) commute on M by Lemma m By definition,
E,, is the fixed set of the involution 7(z,) ! 02, = 1(i5) 02, on M. So it must be
a finite disjoint union of closed connected submanifolds [6, p.72], and therefore

must be a finite disjoint union of components of p~(F). O

13



When exp : g — G is a diffeomorphism, for A € Aut(G), we have Fix(A) =
exp(Fix(A.)), where A, is the automorphism of g induced from A. When G is
a 4-dimensional solvable geometry, G is type (E) and exp is a diffeomorphism.
So Fix(A) is always diffeomorphic to R¥. We have the diagram of coverings,
where the vertical arrows are inclusions.

G . M oM

I T |

Unq_l(En) N UWET7 - F

Now we analyze ¢ (E,).

Lemma 2.2.2. Assume that exp : g — G is a diffeomorphism. The preimage
of B, in G under q : G — M is a disjoint union of submanifolds of G. In
fact, if n(is) = A € ® with (a,A) € II, then any component of ¢~*(E,) is

Fix(ys~'a, A) for some v € . Consequently, the preimage of E, in G is
¢ ' (E,) = U Fix(ys™'a, A).

Further, each Fix(ys™'a, A) is a left translate of the connected subgroup Fix(A)
of G and is diffeomorphic to R™, where n = dim(Fix(A)) = dim(Fix(A.)).

Proof. Because E,, is a disjoint union of closed submanifolds and ¢ is a covering,
¢ ' (E,) is a (possibly not connected) submanifold of G without boundary.
Let A = n(is) and let (a, A) € II. An element # € G projects to & € B, if

and only if there exists v € I' such that s(Z) = vy(a, A)(Z), or equivalently,
T = (ys'a, A)(T).

That is, Z must be in the fixed set of the affine transformation (ys~la, A).

14



Consequently, the preimage of F, in G is

¢ (B, = U Fix(ys'a, A).

vyel’
Some sets in the above union may be empty. The fixed set of an affine
transformation, if non-empty, is just a translation of the fixed subgroup of its

automorphism part; that is, if zy € Fix(b, B), then
Fix(b, B) = zoFix(B).
To see this, note that if zgy € zoFix(B) (so y € Fix(B)), then

(b B)(xoy) = bB(x0) B(y)
= (b, B)(x0)y

= Zoy.

For the other inclusion, note that if z € Fix(b, B), then z = xox,'2. We claim

that z; 'z is in Fix(B):

B(zy'z) = B(xo) ' B(2)
= B(zo) ' 'bB(2)

= [(b, B)(z0)] " (b, B)(2)

_ 1
=4 2.

Any two left translates of Fix(A) are either disjoint or equal. Since exp
is a diffeomorphism, any left translate of Fix(A) is a submanifold of G dif-
feomorphic to R™, where n = dim(Fix(A)). Since I is countable, ¢~ !(E,)) is
expressed as a countable union of submanifolds of G, each of which has dimen-

sion dim(Fix(A)). This forces each component of the submanifold ¢~*(E,) to

15



have dimension equal to that of Fix(A).
In fact, we claim a component E, of ¢~'(F,) is equal to Fix(ys 'a, A) for
some v € I'. The argument above shows that ¥ € En belongs to Fix(ys~ta, A)

for some v € I'. Since Fix(ys™'a, A) is connected,
Fix(ys'a, A) C E,,.

Also, Fix(ys~ta, A) is closed in En: since it is closed in GG. Note that the inclu-
sion Fix(ys~ta, A) — En is open by invariance of domain, as both manifolds

have the same dimension. Consequently, Fix(ys la, A) = En‘ O

An important consequence of Lemma is that all components of F
lifting to E, must have the same dimension equal to that of Fix(n(i,)), where

n(is) € ® is the unique automorphism of G' coming from 7.

Lemma 2.2.3. Let II\G be an infra-solvmanifold with translational involution
induced by s. Suppose that A € ® has order 2 and A(s) = s™*. Letn : Zy — ®

be the homomorphism n(is) = A. Then E, = (.

Proof. Let v = (a,A) € II and define II' = (I', ). Note that I[I'\G is an
infra-solvmanifold with Z,; holonomy and translational involution 4/, induced
by s.

We claim that the group generated by I’ and s, (II',s), is torsion-free.
A general element of (/I’, s) with holonomy A is of the form (sya, A), where

v € T'. We have to check that (sya, A)? is not the identity, for any v € I'. Now

(s7ya, A)* = (s7aA(s)A(7)A(a),id)
= (yaA(ya),id), (since s € Z(G))

= (74, A)* # (e,id),
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and this cannot be the identity because (ya, A) € II and II is torsion-free.
Consequently, (II',s) is torsion-free and hence (II’;s) acts freely on G.

Therefore s acts as a free involution on the infra-solvmanifold I7'\G. Note

that the preimage of Fix(¢/,) C II’'\G in I'\G under the double covering I'\G —

II'\G is precisely E,. Hence E, must be empty. H

2.3 Dimension of Fixed Set

Given a 4-dimensional infra-solvmanifold I7\G with translational involution
is induced by translation by s as defined in Lemma [2.1.1] the fixed set F will
be a disjoint union of submanifolds. We will need to compute the dimension
of Fix(i,). By Lemma[2.2.2] a component of F lifts to G as a left translate of
Fix((i,)), where 1(i,) is an involution in Aut(G). Every involution in Aut(G)
belongs to a maximal compact subgroup K of Aut(G). When G is one of the
4-dimensional solvable geometries, Aut(G) has finitely many components, as
Aut(G) is algebraic. A result of Mostow [29, Theorem 3.1] implies that all
maximal compact subgroups of Aut(G) are conjugate. Therefore, we can fix a

maximal compact subgroup K and compute dim(Fix(A)) for each involution

Ain K.

Lemma 2.3.1 ([I7, p.135]). (1) A mazimal compact subgroup of Aut(Nil* xR)
15
O<2, R) X ZQ.

(2) If A € O(2,R) X Zy restricts to the identity on R and has order 2, then

dim(Fix(A)) = 2.
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Proof. A maximal compact subgroup of Aut(Nil*) is O(2,R) and acts as

; 1 z =z 1 (az + by) 3(aba? + 2bczy + cdy? + 2det(A)2)
a
A= d] 01 y|l— |0 1 (cx + dy)
c
0 01 0 0 1

The induced action of A € O(2,R) on Z(Nil®) is multiplication by det(A).
Therefore, Fix(A) is 1-dimensional on Nil® for all A € O(2,R). A maximal
compact subgroup of Aut(Nil®> xR) is O(2, R) x Zy, where O(2,R) C Aut(Nil?)
and Zs acts as a reflection on R. Thus, if A € O(2,R) x Z, restricts to the

identity on R, then dim(Fix(A)) = 2. O

Lemma 2.3.2. (1) A mazimal compact subgroup of Aut(Nil*) is Zy x Z,.
(2) Let A € Aut(Nil') have order 2. If A restricts to the identity on
Z(Nil"), then dim(Fix(A)) = 2.

Proof. Recall the splitting of Nil* as the semidirect product R® x R. Letting
g denote the Lie algebra of Nil*, we have g = R? x R, where R acts by the

matrix

o O O

10
01
0 0
With standard bases e;, e, e5 of R? and e, of R, g has relations

[e47 62] = €y, [64763] = €s.

For A € Aut(g), A induces an action on the quotient g/ [g, g] = (e3, e4), denote

a b
c d|

We will see that B determines the action of A on e; and e;. The relation

this action by

B =

[e4, €3] = eq, implies A(eq) = det(B)es. Compactness forces det(B) = +1.
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We also compute

Afer) = A([es, ]) = [A(es), A(ey)]

= [bes + dey, det(B)es] = det(B)de;.
Again, compactness implies d = +1. Since [es3, ;] vanishes, we have

0= A([es, e2]) = [A(e3), Ale2)]

= [aesz + cey, det(B)es] = det(B)ce;.

Thus ¢ vanishes and B must be upper triangular of the form

+1 b
0 =1

By conjugation we can set b = 0. Thus, a maximal compact subgroup of

Aut(Nil*) cannot be larger than Zy x Z,. Conversely, we see that

Ly X Ly = {(£I3,1), (£J,—1)} C Aut(R? x R), (2.1)
where
1 0 0
J=10 -1 0],
0 0 1

defines a subgroup of Aut(Nil*). It now follows that a maximal compact
subgroup of Aut(Nil') is {(+1Is,1), (£J, —1)} = Zy x Zs.

Note that (—I3,1) and (—.J,—1) do not act as the identity on Z(Nil%).
The remaining involution (.J, —1) restricts to the identity on Z(Nil*) and has

2-dimensional fixed subgroup. ]

Lemma 2.3.3. (1) A mazimal compact subgroup of Aut(Sol;') is D,.
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(2) Let A € Aut(Sol!) have order 2. If A restricts to the identity on
Z(Soly"), then
dim(Fix(A)) = 2.

Proof. Both Aut(Sol’) and Aut(Sol;') have Dy as their maximal compact sub-

group (Propositions|3.1.4] and |3.1.8]),

0 -1 1 0
D4 = , = Z4 X ZQ.
1 0 0 -1

For A € Dy, let A be +1 if A is diagonal, and —1 if A is off-diagonal. Then A

acts on Sol®> = R? x R as

) 1 e'z z 1 e (az + by) $(abx? + 2bcxy + cdy® + 2 det(A)z)
a —
A= d] (0 e y|+— |0 eu (cx + dy)
c
0 0 1 0 0 1

For both Sol® and Sol;*, A is the induced action of A on Sol’/R? =
Sol;*/Nil 2 R. Note that multiplication by det(A) is the induced action of

A on Z(Sol!). Thus, the only involution in D, restricting to the identity on
-1 0

Z(Sol) is
st

] and evidently it has 2-dimensional fixed subgroup. [
Lemma 2.3.4. (1) A mazimal compact subgroup of Aut(Sol® x R) is
D4 X Z27

where Dy C Aut(Sol®) and Zy acts as a reflection on R.
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(2) Let A € Dy C Dy x Zy C Aut(Sol® x R) have order 2.

-1 0 0

1
If A= or + , then

0
, then
-1

Proof. The first statement is clear since a maximal compact subgroup of

dim(Fix(A)) = 2.

1
IfA=+
! 0

dim(Fix(A)) = 3.

Aut(Sol®) is D,. For the second statement, recall that the induced action

of A on the quotient Sol®/R? = R is +1 if A is diagonal and —1 otherwise. [

2.4 Proof of Bounding

The following relations among Stiefel-Whitney classes for 4-manifolds are known.

Lemma 2.4.1 ([37]). For any 4-manifold M,
(1) wiwy = wiws =0
(2) Wi = wi + wy
Therefore, M is a boundary if and only if the Stiefel-Whitney numbers

wi(M) and wy(M) are 0.

A solvmanifold I'\G is parallelizable since one can project a framing of
left invariant vector fields from G to ['\G. Hence the Euler characteristic
X(I'\G) vanishes. Since any infra-solvmanifold /7\G is finitely covered by a
solvmanifold, x(/I\G) = 0. Therefore, the mod 2 Euler characteristic, which

is wy(M), vanishes. Hence the only Stiefel Whitney consider is w{(M).
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Proposition 2.4.2 ([38, Proposition 9.2]). A manifold M"™ is unoriented
cobordant to a manifold M’ with differentiable involution having a fixed set

of dimension n — 2 if and only if W} (M) = 0.

We will use this result to show that wi(M) = 0 for a 4-dimensional infra-
solvmanifold, by constructing an involution with 2-dimensional fixed set. It is
well known that any closed manifold with free involution bounds. So, hence-
forth we assume our involution to have non-empty fixed set.

We will also need the following result on the crystallographic groups of
Sol> = R? x R. Note that the nil-radical of Sol® is R?. Let IT C Isom(Sol*) =
Sol® x D, be a crystallographic group with lattice I' and holonomy ®. Recall
the action of D, as automorphisms of Sol® from Lemma [2.3.3 Let

pr; : Sol> — Sol’/R? = R,

denote the quotient map. If I' is a lattice of Sol®, then I meets the nil-radical

in a lattice ' N R? & Z? and pry(T') & Z is a lattice of R [32, Corollary 8.28].

Proposition 2.4.3 (Lemma [3.2.10). Let IT C Isom(Sol®) = Sol® x Dy be

crystallographic and let v denote a generator of pry(I') = Z.

N

If (b, B) € IT where B =+

0
C Dy, then pry(b) = v2.
0 -1

For Nil* x R geometry manifolds, we need to study the holonomy repre-

sentation

p:®— Aut(Z(Nil® x R))
closely.

Lemma 2.4.4. Let M = II\G with G = Nil®> x R. Then there is a set of

generators ty,t, for T N Z(G) = Z2, t; € Z(Nil®), so that with respect to the
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basis ty, s,

1 0] [-1 o]
(1) p(¢)C<_O e >,or
1 1] [-1 o]
(2) p(¢>)C<_O e o >

Proof. We have Z(G) = Z(Nil*) x R. Since

[G,G] = Z(Nil*) = R,

Z(Nil*) is invariant under any automorphism of G. Further, I' N Z(Nil?) is a
lattice of Z(Nil®) [7, Lemma 1.2.5].

Note that p(®) has Z(Nil?) as an invariant subspace. Because p(®) can be
conjugated (over GL(2,R)) into O(Z(G)), we can assume that it leaves the
orthogonal complement of Z(Nil®) invariant as well. The maximal compact

subgroup of O(Z(G)) leaving Z(Nil*) invariant is

e (b0 [0 2))

Thus, over GL(2,R), p(®) can be conjugated into this Zy X Z,. But over

GL(2,Z), there is one more case.
Let t1,ty be two generators of IT N Z(G) = Z?, where t; generates IT N

Z(Nil*). It is known that an involution A € GL(2,Z) with vanishing trace

0 —1 0 -1
hard to see that we can keep t; the same, but change t; to t, = aty + ¢y for

1 0 1 1
is GL(2,Z) conjugate to either [ ] or [ ] [4]. Using this, it is not

a € Z, to put p(®) in the desired form. O
We are now ready to prove the main theorem.

Theorem 2.4.5. All J-dimensional infra-solvmanifolds are boundaries.

23



Proof. The flat 4-dimensional manifolds M = IT\R* are all boundaries by
Hamrick-Royster [15].

When G = Solfmn or Solg', any compact form M = II\G is a mapping
torus of 7%, and is therefore a T bundle over S* ([17, Corollary 8.5.1] and [23,
Theorem 3.5, Theorem 4.2]). Because T is orientable, w; (M) is induced from
the base of the fibration. That is, let p denote the projection p : M — S
Now w; (M) = p*(c) for some class ¢ € H'(S';Zy) = Zy. To see that w; is

induced from a class in the base of the fibration, note that
Hl(M, ZQ) = hOIl’l(Hl(M, Z), Zg) = hOIIl(T('l(M), Zg)

It is known that w;(M), under the above isomorphism, is the cohomology
class which assigns 1 to an element of v € (M) if the tangent bundle is non-
orientable when restricted to vy and 0 if the tangent bundle of M is orientable.

Since the fiber of M is orientable, the w; (M) must come from the base. Then:

Of course, wy(M) vanishes as well.
Case G = Nil*, Sol* :

For M = IT\G when G is Nil* or Sol/*, let s = tz where  is a generator of
I'N Z(G). We consider the translational involution defined in Lemma [2.1.1}
Our explicit computation of maximal compact subgroups of Aut(Nil*) and
Aut(Sol;*) shows that A(s) = 4s for any holonomy A € ® (recall that s is
central). This also follows since Z(G) is invariant under any automorphism

and 1-dimensional. Let n : Zs = (s) — ® be an injective homomorphism.

If n(s)(s) = —s, then E, = 0 by Lemma [2.2.3] If n(s)(s) = s, then n(s)
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acts as the identity on Z(G) and 7(s) has 2-dimensional fixed subgroup on G
(Lemmas and [2.3.3). By Lemma m, E, is 2-dimensional. Therefore,

Fix(s) is 2-dimensional.
Case G = Sol*> x R :
Now consider a Sol®> x R geometry manifold I7\G. Let s = t2 where ¢

is a generator of ' N Z(G). Since A(s) = +s for all A € ®, s defines an

involution on I1\G. Let n: Zy = (s) — ® be an injective homomorphism. If

n(s)(s) = —s, then E, = () by Lemma [2.2.3]

In the Sol® xR geometry case, not all involutions in ® inducing the identity

on Z(Sol® x R) have 2-dimensional fixed subgroup (Lemma [2.3.4). When

-1 0 0
n(s) = A, where A is one of [ 0 or + , F, is 2-dimensional,
since Fix(A) is 2-dimensional. But for
1 0
B—+ ,
0 —1

Fix(B) is 3-dimensional. However, we shall see that when 7(s) = B, E, is

empty. Note that the nil-radical of Sol* x R is R?® with quotient R. Let
pr:Sol> xR — R

denote the quotient homomorphism by the nil-radical of Sol* x R. If we let
pr, : Sol> x R — Sol® denote the quotient of Sol> x R by its center and let
pr; : Sol> — R denote the quotient of Sol® by its nil-radical, then pr factors as
bTy © Pry,

Pr,:/Z(Sol® xR) Sol? pr,:/R?

pr: Sol®> x R R.

Now pr(I') is a lattice of R. Let v denote a generator of pr(I'). By Lemma
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2.2.2) the preimage of E, in Sol® x R is given by,

|J Fix(ys™'b, B) for (b, B) € II.

~vel
However, all sets Fix(ys~'b, B) are empty for any v € I". To see this, suppose
x € Sol’ x R satisfies

vs 'bB(z) = x.

We will apply pr = pr, opr, to both sides. Note that pr(b) = 3 by Proposition

2.4.3 pr(y) = v" for some n € Z, pr(s) = 0, and
pr(B(z)) = B(pr(z)) = pr(z)
(since B is diagonal, B = +1). Thus, application of pr yields
o™ 4 pr(z) = pr(z),

which is a contradiction. This shows that E, is empty when 7(s) = B.
Therefore, Fix(s) has no 3-dimensional components and is 2-dimensional

in the Sol®> x R geometry case.
Case G = Nil> x R :

Finally, consider a Nil* x R geometry manifold IT\G. Now Z(Nil*> x R) =
Z(Nil?) x R. We will use either Z(Nil*) or R to induce an involution on IT\G
depending on which case of Lemma [2.4.4] occurs.

Suppose we can take t1,t, with t; € Z(Nil*), as a generating set of 'NZ(G)
so that p(®) is diagonal for this generating set (case (1) of Lemmal[2.4.4)). Take

1
s = t5 for our involution on M. Lemma [2.2.3| implies that F, is non-empty

only when 7(s)(s) = s. This conditions means that 7n(s) fixes the R factor
in Z(Nil> x R) = Z(Nil’) x R. But all such 7(s) fixing R must have a 2-
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dimensional fixed set on Nil*> x R by Lemma [2.3.1]

Now suppose case (2) of Lemma occurs. This time, we must take

1
s = t? for our involution. If 5(s) acts as a reflection on Z(Nil*), Lemma [2.2.3

implies F, is empty.

1 1
We claim further that E,, is empty when n(s) € ® with p(n(s)) = [O 1] :

1
To see this, note that translation by s = 7 is also induced from translation by

1
s'=t7ty". But n(s)(s') = s'~1. Hence Lemma [2.2.3| implies that E, is empty

in this case.

Thus we conclude that the only non-empty components of Fix(s) can arise
from n(s) € ¢ with p(n(s)) = id. But Lemma implies that all such n(s)
have 2-dimensional fixed set. Therefore, when G' = Nil® x R, in either case of
Lemma [2.4.4] we have an involution with fixed set of constant dimension 2.

For any manifold with Nil*> x R, Nil*, Sol;*, or Sol®> x R geometry, we have
constructed an involution with 2-dimensional fixed set. By Stong’s result
(Proposition 2.4.2), wi(M) = 0. Thus, all Stiefel-Whitney numbers are zero

and we have established that all 4-dimensional infra-solvmanifolds bound. [
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3 Crystallographic Groups of the 4-Dimensional Solv-

able Geometries

In the sections below, we compute Aut(G), and the maximal compact subgroup

of Aut(G), where G is one of Sol®, Sol® x R, Sol* . Solg', and Sol;*.

m,n’

3.1 Computation of Aut(G)

To understand Aut(G) when G is one of Sol> = R? x R, Sol,, , = R® x R, or
Solg' = R xR, first note that Sol® has nilradical R?, and both Sol,,, ,, and Solg'
have nilradical R3. The nilradical is invariant under automorphisms, and we

will apply the following lemmas.

Lemma 3.1.1. Let G = R" x4 R and suppose that R™ is invariant under all
automorphisms of G. Then a € Aut(G) restricts to an automorphism A of
R", and hence, induces an automorphism A of the quotient R. There is a
homomorphism
Aut(R" xR) —— Aut(R") x Aut(R)
o) e (A, A)

Furthermore, A and A must satisfy
¢(Au) = Ap(u)A™ (3.1)

Proof. Let f: R — R" be the map (not a homomorphism in general) defined
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by a(0,u) = (f(u), A(u)) € R" x4 R. Then a(x,u) = (Ax + f(u), A(u)). The

equality a ((x,u)(y,v)) = a(x,u)a(y,v) yields

fw) + ¢(Au)(Ay + f(v)) = A(o(u)(y)) + f(u+v).

For this to hold for every x,y,u, and v, we must have f(0) = 0, which yields

the desired result. O
Next, we calculate the kernel of the map Aut(R™ x,R) — Aut(R") x Aut(R).

Lemma 3.1.2. The kernel of the map Aut(R™ x4 R) — Aut(R™) x Aut(R)
can be identified with the group of crossed homomorphisms Z'(R,R"). The

crossed homomorphism n € Z'(R,R") action is given by

fu) = (x+n(u),u),

and satisfies the cocycle condition

n(u+v) = nu) + ¢(u)(n(v)). (3.2)

Proof. Let f : R" xg R — R" x4 R be an automorphism which induces the
identities on R™ and R. Then f(x,u) = (x + n(u),u) for a map n: R — R™.

We compute

Fu) fy,v) = (x4 n(u) + o(u)(y) + ¢(u)(n(v), v + v),

fx+o(u)(y), utv) = (x+ ou)(y) +n(u+v), u+wv),

which yields the desired conclusion. O]

Remark 3.1.3. When H'(R,R") = 0, every crossed homomorphism is prin-
cipal. This occurs when det(I — ¢(u)) # 0. That is, for n € Z'(R,R"), there
exists xo € R" such that n(u) = dxg = (I — ¢(u))xo. So when H'(R,R") = 0,
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the correspondence 17 — X gives an isomorphism between the group of crossed

homomorphisms and R".

Proposition 3.1.4. We have Aut(Sol®) = Sol® x (R* x D), where Dy is
the dihedral group with 8 elements. Under this isomorphism, Sol® acts as

inner automorphisms, and (RT x Dy) is identified with the group of matrices

0 -1 1 0
R+><D4:<k[ ]k[ ]>,k>0,(kzlyieldsD4),A€R+xD4

1 0 0 —1
A:( ,Au).

x
ul— A
) )
Proof. Any automorphism « restricts to an automorphism of the nilradical

acts on Sol® as
x

(A = +1 if A is diagonal, A = —1 otherwise.)

R? of Sol’, so Lemma applies. Since eigenvalues are invariant under
conjugation, ¢(Au) and A¢(u)A~! must have the same eigenvalues. Hence

A = +1 is forced. That is, we have

A(u) =u or Au) = —u.

If A(u) =u (fl(u) = —u, respectively), then A must be of the form

A=" € GL(2,R) (A = € GL(2,R), respectively) :
c
Conversely, for any matrix A,
b _
A= 1" Nou)— [ al’], 4u],
c d Y Y

where either a = d = 0 or b = ¢ = 0, defines an automorphism of Sol®.
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Thus the image of Aut(Sol®) — GL(2,R) is

(o}

and this group is isomorphic to R™ x (R x D,), where R™ is the scalar matrices

} |

0 b
c 0

:a,b,c,deR*},

with positive entries, and

e 0
R=<E°= cceR and Dy =
0 e°

By Lemma[3.1.2] we obtain a splitting

=1 0
0 =1

0 =1
1 0

Y

Aut(Sol’) = ZJ(R,R?) x (RT x (R x Dy)).

But on Sol?, every crossed homomorphism is principal, so that ZQ{(R, R?) >~ R?

as described in Remark |3.1.3 Thus we have,

Aut(Sol?) 2 R? x (RT x (R x Dy)) 2 (R? x R) x (RT x Dy)

>~ Sol® x (RT x D).

For the last isomorphism, we observe that the action of R? x R on Sol® is by

inner automorphisms. Since Sol® has trivial center, Inn(Sol*) 2 Sol®. O]

The computation of Aut(Sol}, ) and Aut(Soly') proceeds in an identical fash-

m,n

ion.
Proposition 3.1.5. We have Aut(Sol,, ,,) = R® x (R*)®. Here (R*)® is identi-
fied with the group of diagonal matrices in GL(3,R) and acts on the R? factor

linearly in the semi-direct product. For (xg, A) € R?® x (R*)3, (x¢, A) acts on

Solfn’n as follows: for (x,u) € Solfnm — R3 x4 R,

(x,u) = (A(x) + (I = ¢(u))%0, u).
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Proof. Any automorphism « restricts to an automorphism of the nilradical

R3 of Sol*

m,n’

so Lemma applies. Since eigenvalues are invariant under

conjugation, ¢(Au) and A¢(u)A~! must have the same eigenvalues. Hence

A = +1 is forced. Thus ¢(u) and A commute. Computation shows that A
must be diagonal. Thus the image of Aut(Soly, ) in Aut(R?) consists only of

diagonal matrices. Conversely, when A is diagonal, (x,u) — (Ax,u) defines

an automorphism of Solfn’n. So the group of invertible diagonal matrices (R*)?

lifts back to Aut(Soliw). By Lemma/3.1.2} we obtain a splitting Aut(SolﬁLn) =

Z}(R,R%) » (R*)%. But on Sol,

m,n?

every crossed homomorphism is principal.

That is, for n € Z4(R,R?), n(u) = d0x¢ = (I — ¢(u))xq, for some xo € R®. [

Note that we could proceed as in Proposition and express Aut(Solim)

in terms of Inn(Sol,, ,,) = Sol,, ., but this will not be necessary.

m,n?

Proposition 3.1.6. We have Aut(Solg') = R?® x (GL(2,R) x R*). Here
GL(2,R)xRR* is identified with the group of block diagonal matrices in GL(3,R)

given by
A0
0 b

Y

and acts on the R3 factor linearly in the semi-direct product. For (xg, A) €

R3 x (GL(2,R) x R*), (x¢, A) acts on Soly' as follows: for (x,u) € Solg,
(%, u) = (A(x) + (I = ¢(u))xo, u).

Proof. Any automorphism « restricts to an automorphism of the nilradical
R? of Soly', so Lemma applies. Since eigenvalues are invariant under
conjugation, ¢(Au) and A@(u)A~! must have the same eigenvalues. Hence

A = +1 is forced. Thus ¢(u) and A commute. Computation shows that A

must be block diagonal as in the statement of the proposition. Conversely,
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for B € GL(2,R) x R*, (x,u) — (Bx,u) defines an automorphism of Solg'.
Thus the image of Aut(Solg') in Aut(R?) is GL(2,R) x R* and GL(2,R) x R*
lifts back to Aut(Soly'). By Lemma we obtain a splitting Aut(Solgy') =2
Z(R,R?*) x (GL(2,R) x R*). But on Solg', every crossed homomorphism is

principal, so that Zé(R, R3) = R3. ]

Note that both the geometries Sol® x R and Sol;* have center R with quo-
tient isomorphic to Sol®. So when G = Sol® x R or Sol*, we have the short

exact sequence

1 — 2(G) — G — Sol®> — 1.

When G = Sol®> x R or Sol;*, an automorphism & of G, induces an automor-
phism « of Sol®, an automorphism A of the center, and an automorphism A
of the quotient R = Sol®/R2.
Aut(G) —— Aut(Sol?) x Aut(R) —— Aut(R) x Aut(R?) x Aut(R)
& (o, A) — (4, A, A)
(3.3)

Recall that A determines A, according to whether A is diagonal or off-diagonal.

Proposition 3.1.7. We have Aut(Sol®> x R) = R x (Aut(Sol®) x R*). Here
Aut(Sol*) x R* acts on Sol® x R in the obvious way as automorphisms on each

factor. The R factor is the kernel of the homomorphism Aut(Sol®> x R) —

Aut(Sol*) x Aut(R), it acts as automorphisms as follows: for (( [x] ,u) ,t) €
Y

Sol®> x R and k € R,

(G ) = (] e)o)

The action of Aut(Sol®) x R* on R in R x (Aut(Sol®) x R*) is given by mul-
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tiplication by AA.

Proof. Clearly, Aut(Sol®) x Aut(R) 22 Aut(Sol®) x R* lifts back to Aut(Sol® x
R). The kernel of Aut(Sol®> x R) — Aut(Sol’) x Aut(R) is the group of
crossed homomorphisms Z'(Sol®,R). Since Sol® acts trivially on the cen-
ter R, the crossed homomorphisms become genuine homomorphisms, and
Z'(Sol’, R) = hom(Sol’, R) = hom(Sol’/ [Sol’,Sol’] ,R) = hom(R,R) = R,
acting as translations of the central R-factor of Sol®> x R. We therefore obtain

a splitting Aut(Sol®> x R) 2 R x (Aut(Sol*) x R*). O

Given & € Aut(Soli), A determines A. That is, A = det(A). Of course, A

is also determined.

Proposition 3.1.8. We have Aut(Sol!) = R x Aut(Sol®). The group R is

the kernel of the homomorphism
Aut(Sol*) — Aut(Sol?).

For k € R, the action on Soli* is given by

1 ez =z 1 ez z+ku
0 e* y|+— [0 e Y
0 0 1 0 0 1

The action of Aut(Sol®) on R in R x Aut(Sol®) is multiplication by AA.

Proof. We have seen that the image of Aut(Sol;*) under
Aut(Soli*) — Aut(Sol®) x Aut(R) — Aut(R) x Aut(R?) x Aut(R)

is determined by its image in Aut(R?). On the other hand, Aut(Sol®) lifts back

to Aut(Sol;). Recall the isomorphism Aut(Sol®) 2 Sol® x (R x Dy) given in
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Proposition . First, Sol* € Sol® x (R* x Dy), corresponding to the inner
automorphisms of Sol® lifts to the inner automorphisms of Aut(Sol*). Note
that Inn(Sol,*) = Inn(Sol®) = Sol®.

For the part R* x Dy of Aut(Sol?), we have that a diagonal or off-diagonal

matrix A € GL(2,R) can be lifted to an automorphism of Sol;*:

1 eA%(az + by) 3(aba? + 2bcay + cdy?® + 2(ad — be)z)

1 ez z
a b
A= d]: 0 e* y|+— |0 e (cz + dy)
C
0 0 1 0 0 1
This formula is valid only for the cases when either a = d = 0 (4 = —1) or

b=c=0(A=+1).

The kernel of Aut(Sol;*) — Aut(Sol®) is the group of crossed homomor-
phisms Z'(Sol®, R). Since Sol® acts trivially on the center R, the crossed homo-
morphisms become genuine homomorphisms, and Z*!(Sol*, R) = hom(Sol*, R) =

hom(R,R) = R. Thus we have a splitting Aut(Sol;*) = R x Aut(Sol®). O

In summary,

G Aut(G)

Sol? Sol® x (R* x D)
Sol> x R | R x (Aut(Sol?) x R*)
Sol,,,, | R¥x (R*)?

Solg' R? x (GL(2,R) x R*)
Sol* R x Aut(Sol®)

Table 3.1: Aut(G) of 4-dimensional solvable geometries

With any left invariant metric on G,
Isom(G) C G x K C Aff(G),
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where K is a maximal compact subgroup of Aut(G) [13]. In fact, all of the

4-dimensional solvable geometries admit a left invariant metric so that
Isom(G) = G x K,

where K is any of the maximal compact subgroups listed in the table below.

In the table below, we list K for each of the 4-dimensional solvable geometries.

G K C Isom(G)
Nil> x R | O(2,R) x Z,
Nil* Zo X Lo

Sol® D,

Sol> xR | Dy x Z,
Soly,,, |73

Solg' O(2,R) x Zy
Sol;* D,

Table 3.2: Maximal compact subgroup of Aut(G)

3.2 Crystallographic Groups of Sol®

In this section, we shall classify the crystallographic groups of Sol®. Given a
Sol® crystallographic group @ C Sol® x Dy, Q N Sol® is a lattice I' with finite

quotient group ® C Dy, and we have the short exact sequence
1-T—-Q—d—1.

The first step will be to classify the lattices of Sol® up to isomorphism. For
u € R, let E* denote the action of R on R? in Sol®. Our classification, as well
as the notation conventions, will be needed in the 4-dimensional case. See [14]

for another classification.
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3.2.1 (Lattices of Sol?). In this section, we show the well known fact that
there is a one-one correspondence between the isomorphism classes of lattices
(discrete, cocompact subgroups) of Sol® and the weak-conjugacy classes (see
below) of S € SL(2,Z) with trace, tr(S) > 2.

We say a matrix H € GL(2,7Z) is hyperbolic if it has two distinct real
eigenvalues, say A and 1, with [A| + || > 2. Note that H induces a linear

diffeomorphism of 72 with directions of both expansion and contraction. Let

021 022

S = [011 012] € SL(2,Z) with tr(S) > 2. Such a matrix is a hyperbolic

matrix with both eigenvalues A, % positive.

Let Z? xs 7Z be the extension of Z? by Z with the group operation

(x,m) - (y,n) = (x+ 8™y, m+n).

(9 =) ()

Then Z? xs Z has relations

Let

e, @] =1, es-e -e;' =€ e, e3-ey-e;' =ef2-e52.  (34)
Notation 3.2.2. For uniformity of statements, we always take

N
0 A

with § <1<\

Lemma 3.2.3. Let S € SL(2,Z) with tr(S) > 2. Let P and A be matrices
such that PSP~' = A and det(P) = 1. Then QSQ™' = A (with det(Q) = 1)
if and only if Q is of the form +E%- P for d € R.
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Proof. Recall E¢ is a diagonal matrix. If P and () both diagonalize S, then
(QPHA(QP™)~! = A. Since trace(S) > 2, S has two distinct positive real
eigenvalues: \,1/\. For QP! to leave the two eigenspaces invariant, it should
be a diagonal matrix. Since det(QP~!) =1, QP~! = &£ FE9 for some d € R.
Conversely, Suppose PSP~! = A. Then

(£EP)S(+EP)™!' = EY(PSPY)E*= E‘AE~ = A. O

With such P and A for §, we define a map

¢ 7 xg T — Sol® (3.5)
( m],u) — (P v ,uln(A)).
y y

The relation PSP~! = A guarantees that ¢ is a homomorphism. Clearly, the

image is a lattice of Sol®. It maps the generators as follows.

(S5} l—)tl = P61
€y — t2 = Pez (36)

€3 — t3 = (0, hl()\))
We denote image of Z? x5 Z as Is:
FS = <t1,t2,t3> - 8013.

Conversely, we show any lattice of Sol® is isomorphic to such a T, as the
following proposition shows. We say S,S’ € SL(2,Z) are weakly conjugate if

and only if &' is conjugate, via an element of GL(2,Z), to S or S~

Notation 3.2.4. We shall refer to a lattice of Sol® generated by t,ts, t3 of

the form in assignment (3.6)) in Subsection as a standard lattice of Sol®.
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Proposition 3.2.5. There is a one-one correspondence between the isomor-
phism classes of Sol’-lattices and the weak-conjugacy classes of S € SL(2,7Z)
with tr(S) > 2. Therefore, any lattice of Sol® is conjugate to Ts, for some S,

by an inner automorphism of Sol®.

Proof. Let S € SL(2,Z) with tr(S) > 2. Then the assignment in Sub-
section yields a lattice I's C Sol®.

We show that any lattice I' is conjugate to I's for some §. The intersection
of I with the nilradical R?, ' NR?| is a lattice of R?, [32, Corollary 8.28]. Let
t1,to € R? be a generating set for I' N R?, and suppose {t;,ts,t} generates
I'. Then t is of the form (a,In(\)). We can assume that A > 1, by taking
the inverse of t, if needed. But conjugation by ((E™™ — I)~'a, 0) maps this
lattice to

I'= <(t170)’ (t270)7 (0,1H(/\))>

Define P by Pe; = t; and Pes = to, and set S = P"'E™M P, We claim that
S € SL(2,7Z). Since tstit;' = E™Mt; must be in T, EMWVt; = 743>, for
some integers o1, 091, so that P~'E™M Pe; = gy1e; + 091€,. Similarly, for
integers o2, 099, P~ 1E™XN Pey = g€ 4 099€5, which shows that S is integral.

Notice that, in case det(P) < 0, we can make it positive by taking —t; in
place of t;. Furthermore, we can assume that det(P) = 1. For conjugation by
(0, ﬁ(}))]) € Aff(Sol®) maps this lattice to another which has det(P) = 1.
Therefore our I is, in fact, conjugate to the lattice Is.

It remains to show the isomorphism class statement. If S’ = BS*B~! with
B € GL(2,Z), where ¢ = +1, then an isomorphism between Z? x5 Z and
7* xs 7 is given by e; — Be; for i = 1,2 and e; — ces.

Conversely, suppose two lattices of Sol® are isomorphic. We may assume
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these lattices are of the form I's and I's;. Our goal is to show that S and &’

are weakly conjugate. We have an isomorphism
G2 Ns T — 72 xg 7.

Since Z? is the discrete nil-radical (maximal normal nilpotent subgroup) in
both groups, ¢ restricts to an isomorphism on the Z? factors, say B € GL(2,Z).
Also, ¢ induces an isomorphism e on the quotients. Then ¢ = 1. Therefore,
¢ is of the form

p(x,m) = (Bx +n(x,m),em).

However, one can quickly see that 7 is independent of x. So n(x, m) = n(m).

Then applying ¢ to (0,1)(x,0)(0, —1) € Z* x5 Z in two different ways, we get

¢(<0> 1)(X7 0)(07 _1)) = ¢(8X7 O) = (B(SX), O)

¢(0,1)p(x,0)¢(0, —1) = (1(1), €)(Bx,0)(n(1),€) " = (5" Bx,0)
Thus, BSx = 8"Bx for every x, and we have 8’ = BSB™!L. O

3.2.6 (Classification of Sol® Crystallographic Groups). For our classi-
fication, we first show that @ can be conjugated in Aff(Sol®) in such a way
that the lattice Q N Sol® is of the form I’s for some S, see assignment in
Subsection 3.2.11

Proposition 3.2.7. Any crystallographic group Q' of Sol® can be conjugated
in Aff(Sol®) to Q C Sol®> x Dy so that:

(1) We have QNSol® = Ts. That is, the translation subgroup of Q is a standard
lattice of Sol®, generated by t1, ta, and ts as in in Subsection .

(2) The holonomy group ® is generated by at most two elements of Dy, and

therefore Q) is generated by (ti,ts,ts), and at most two isometries of the form
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(t1't3°t5%, A), for A € Dy and real numbers a;.

Proof. Any maximal compact subgroup of Aut(Sol®) is conjugate to Dy C
Aut(Sol?). Then we observe that the conjugations performed in the proof of

Proposition leave D, invariant. ]

For ease of computation, we will assume our Sol® crystallographic group is
embedded in Sol® x D, as in Proposition [3.2.71 Note that Q NR? = (t;, t,) is
a lattice of R?, isomorphic to Z2. Denote the quotient Q/T" by Zg so that we

have the diagram:

1 1
1 T Q i 1 (3.7)
22 e
1 z Za i 1
1 1

First we will classify all possible extensions Zg which can arise as quotients

of Sol® crystallographic groups.

Lemma 3.2.8. If A = —1, a3 can be taken to be 0. Otherwise, as = 0 or %

(mod Z).

Proof. For (t32, A) € Zg, when A = —1, we can assume that a3 = 0. That is,
a3

given (t't52t5%, A) € Q, conjugation by (t; 2 ,1) sets ag = 0:

a3 a3
2

(ty 2, D)(t0t22t90, A) (65, 1) = (165249, A).
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Note that this conjugation keeps the lattice in standard form.
All elements in D, with A = 1 are involutions, so when A = 1, we compute
in Z@I

(65, A) = (65, 1) = (65, D).
For this to be in Z = (t3), a5 = 0 or 3 (mod Z) is forced. O

Note that we only have to consider subgroups of D, C Aut(Sol®) up to

conjugacy. Using Lemma |3.2.8] we give a complete list of Zg.
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L

A

Z x 7

ZXZQ

ZNZQ

ZNZ4

e-([32]
(2]
(22
w([22])

43

(Z x Zy) x ZY

ZXZQ,
Z x 70,

(ZXZQ) NZQ

ZNZQ

(Z % Zy) x ZY

(ZXZQ) NZQ

a37(b3)
CZ3—O
1
Cl3—2
ag—O
1
a3—§
(13—0
a3:0
a3—0,
a3 Oa
_1
CL3—2
CL3—O,
CL3—O,
a3:O,
a3:0,

by =0
by =3
7b3:0
b3 =0
bgzé
b3:0
bgzé



The groups with () mark will be shown to not lift to crystallographic
groups of Sol®. That is, there does not exist a Sol*-crystallographic group
whose quotient is such a Zg. See Corollary [3.2.11]

Recall from diagram that () is an extension

1 — 72 = (t1,t3) - Q — Zgo — 1.
Having classified all possible Zg, we now classify all abstract kernels
¢ : Lo — GL(2,7Z).

Of course
p(ts) =S

is fixed already. For & = (t§*, A) € Zg, if A = +1, p(&@) must commute with
S. Otherwise, p(@) conjugates S to its inverse.

Recall the embedding
¢ 7? xg 7 — Sol?,
of assignment (3.6) in Subsection [3.2.1] where ¢(e;) = Pe; = t; for i = 1,2
and ¢(e3) = (0,In()\)) = t3. We compute, for [m] €72
U]
(t65°65°, A) (¢ 65, T) (¢ 65°65°, A) 7 =
(657 A(t)"£57)t5, ).

Such conjugation is independent of a;, as and defines an element of GL(2,7Z).
That is,

65 A 65657 = €715,
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for my, me € Z. With the definition of P and A in assignment (3.6|) in Sub-
section [3.2.1]

T pripes gp |
mo %)
We define
A=P AP
8% =P AP,

so that S A = P~TA%AP.

Theorem 3.2.9. For each Zg in the list (3.8)), the following is a complete list
of homomorphisms ¢ : Ze — GL(2,7Z) with ¢(t3) =S and

P(t% A) =8 A

p(th, B) = S B,
up to conjugation in GL(2,7Z).

(0) @ is trivial,

Zo =17 = (t3).

1) ®=7Zy: A=

1 0
0 —1}
Lo =7 = (tz,a = (t3,A)).
o o(a) = —K with det(K) = —1, tr(K) =n >0, and S =nK + 1.
-1 0
0 —1|

Lo =1 X Ly = <t3,@ = (tg,A))

(2a) =7y A=

e p(a) =A, and S € SL(2,Z) with tr(S) > 2.
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(2b)

(3

(37)

(4)

(8)

(6a)

-1 0
0 -1

(I):ZQA:

)

Lo =7 = (tz,a = (t3,A)).

o p(a) = —K with det(K) =41, tr(K) =n>2, and S =nK — I.

0 1
1 ol

Zq) =7 ZQ = <t3,C_t = (tg,A))

(I):ZQA:

® gO(O_é) = A, and S € SL(Z,Z) with 012 = —0921.

0 1
1 ol
Lo =17 XLy = (ts,a = (t3, A)).

1 0
0 -1

0 1
—1 ol

Lo =7 XLy = <t3,0_é = (tg,A))

(D:ZQA:

* p(a) =

], and S € SL(Q,Z) with 011 = 092.

(I):Z4AI

e p(a) =A, and S € SL(2,Z), symmetric and tr(S) > 2.

]l g

(t3, B)).

@ZZQXZQ =

Z(I)—ZXZQ <t3,0&—
e pla)=—-K, ¢(B) =B (1) +(2a)
o S =nK+1, where K € GL(2,Z), det(K) = —1, and tr(K) =n > 0.

0 1 -1 0
» B = :
1J L —J

Lo = (L X Ly) x Ly = (t3,a = (t3, A), 3 = (t3, B)).

CD:ZQXZQ.'A:

o p(a)=A, p(8)=DB (3)+(2a)
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(6ai)

(6b)

(6bi)

(7

(74)

o S € SL(2,Z) with 015 = —091 and tr(S) > 2.

0 1 —1 0]
(I):ZQXZQ.'A: ,B: 5
0 0 -1
Z‘I’ = (Z X ZZ) X Z2 = <t37@ = (t37 ) B (tgu >>
1 0 _
° p(a) = [o 1], o(B) =18 (3i)+(2a)

e S € SL(2,Z) with 11 = 093 and tr(S) > 2.

0 1 -1 0
B =

1 0] [0 -1

Lo =T x Ly = (t3,& = (t3, )B:(tsa B)).

CI):ZQXZQ.'A:

o p(@)=A, p(f) = -K (3)+(2b)
e S=nK —1I, where K € SL(2,Z) with tr(K) =n > 2; kig = —koy.

0 1
10

-1 0
0 -1

@ZZQXZQ.'A: ,B:

)

Lo =7 x Ly = (t3,a = (t3, )B:(t?,? B)).

1 0 _
* (@) = [0 1], p(f) = -K (3i)+(2b)
o S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2; ky; = kaa.
01 1 0
CD:Z4><IZ2.'A: ,B: ,
10 0-1

Z¢:<ZXZQ)><]ZQ:<t3ad:(t37 A), g = (t3> B)).
e pla)=A, p(f) = -K (includes (6a) ) (3)+(1)
oS = nK+1, K& GL(2,Z), det(K) = —1, tI‘(K) > 0; k1o = —koy.
0 1] 1 0]
’B = 2
1 0 0-—1

Zo = (Z X Zo) % Ty = (tg,a = (t%, A), B = (t7, B)).

CI):Z4><IZ2.'A:
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1
0 ? ]7 p(B) =-K (includes (6ai) ) (3i)+(1)

e S=nK+1, K¢€ GL(Z,Z), det(K) = —1, tI‘(K) =n>0; kyy = koo.

° p(a) =

The proof will be deferred to the end of the section.

Lemma 3.2.10. For Zg = Z X Zy = (t3,a = (t3, A)), where ® = Zy, A =

1 0
[0 1] , there is no homomorphism ¢ : Ze — GL(2,Z) with

o(ts) = S € SL(2, 7).

Proof. By applying the Rational Zero Theorem to the characteristic polyno-

mial of S, we see that A must be irrational. The matrix
Sp(a) = PT'APP'AP = PTTAAP

must be integral. The sum of its eigenvalues, % — A, must be an integer. On
the other hand, since %—i— A is an integer, we infer that 2\ is an integer, so that

A is rational, which is a contradiction. .

Corollary 3.2.11. In the list of Zs (3.8)), the 4 cases with () cannot be the

quotient of a Sol*-crystallographic group.

Proposition 3.2.12 (Procedure of finding S and its diagonalizing matrix P).
With a group Ze in the list (3.8)), qualifying P and S can be found as follows:

(1) Ifag =0, p(a) = S'A = A= P 'AP should satisfy the following.

—1 0 -

@ IfA= 0 1],thenA:A(noconditéononS).
01 -

@[fA: 1 Ol,thenA:A, G,TLdO'12:O'21.
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01
© If A= Lol then A can be SL(2,Z)-conjugate to either A itself or
1 0 ~ ~ 1 0
. FOTA:A, 019 = —0921, forA: , 011 = 022.
0-1 0-1

(2) Ifas =%, then A= +1. There are two cases.

@ If A = , the condition 8% o P7'AP € GL(2,Z) forces S =

nK —I with det(K) = 41, tr(K) =n > 2. Then p(a) = S o P7'AP =

® IfA=

] the condition S0P~ 'AP € GL(2,Z) forces S = nK+
I with det =—1,tr(K)=n>0. Then p(a) =S8 o P71AP = — K.

(3) If ® has two generators, negotiate so that both conditions are met.
That is, ¢ : Ze — GL(2,7Z) given by
p(ts) =S
o(a) =8 o P AP

o(3) = 8% 0 P BP

must be a homomorphism.

Once we found S and ¢(a) = 8% o P7YAP, we form a = (t3°, A). Then

the unique extension (ti, to, t3, ) satisfies the following:

m n
ta(E7E02)t5 " = 671672, where [ 1] _S[ 1],

mo

w n
oz(t’flt;”)ofl = t"t5?, where [ 1] = (07)[ 1].

%)
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The proof requires a series of lemmas.

When a3 = 0, p(@) = S’A = A. There are many matrices A, depending on
P. We show how to cut down the number of possibilities for A. Essentially, we
will be selecting a new set of generators for the lattice I's to obtain a simpler

formula for (@) = A. The following is known (see e.g., [4, p.182]).

Lemma 3.2.13. Let A € GL(2,Z), tr(A) = 0. Then A is SL(2,Z)-conjugate

to one and only one of the following matrices:

2ol L0 a) foa]

The last two matrices are SL(2,7Z)-conjugate to their own negatives.

+

However, the first two (order 4 elements) are only conjugate by a matrix
of negative determinant. Thus, they are not SL(2, R)-conjugate. A very im-

portant fact for us is:

0 1
Corollary 3.2.14. and
10 0—1

GL(2,Z)-conjugate.

1 0
] are GL(2,R)-conjugate but not

1

For the lemma below, recall that our convention is PSP~! = [)‘ ] with

A> 1.

Lemma 3.2.15. Let P € SL(2,R), S = (0y5) € SL(2,Z) with tr(S) > 2.

Then

01 0
(a) P71 ]P: [ if and only if P = +

-1 0 1 —sint cost
S is diagonalized by such a P if and only if 010 = 091.

cost sint ]

(b1) P71 P = if and only if P = +

| 10 1 sinht cosht
S is diagonalized by such a P if and only if 010 = —09;.

[ 0 1 0 cosht sinht]
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= ok =

t
b2) Pt P =
(%2) 0 0—1 V2
S is diagonalized by such a P if and only if 011 = 099.

0 1 1 0
] if and only z'fP::I:i2

],t%o_

Proof (of Proposition [3.2.12). For cases (1)® and (1)©), let S € SL(2,Z), P
be such that

PSP'=A

P~'AP = B € GL(2, 7).

For a U € SL(2,Z), set &’ = USU! and P’ = PU"'. We can embed

72 xs Z into Sol® using P’ so that the following diagram commutes:

Sol?  —— Sol® (Pz,vIn(\)) —— (PUY(Ux),vIn()))
| | | |
72 xsl —— 7% xysy-1 Z (z,v) — (Uzx,v)

Therefore the image of both Z? xg Z and Z? xg Z in Sol® is T's; we have
not changed the lattice. The effect is just a change of basis. For this new

embedding of our lattice, note that
A= PT'AP =UPT'APU = UAU .

In case (1)®), we use this fact and Lemma [3.2.13| to find a U such that
VAU =

0 1 ~
. 0] ; whereas in case (1)(© we can find a U such that UAU ! =

~ 1 0
or UAU! = .
0 -1

(2) Now we look at the case az = 3.
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-1 0

(2)@ Let A= 01

S2A = (P 'A2P)(P'AP) = P!

1 ou+1l o

VIT+2

091 O +1

Note that this is one of the square roots of S. That is,

2
| 11 012
021 022

The condition S2A € GL(2,Z) requires that the trace of S be of the form

on+1 012

1
< s o1 o+l

n? — 2 for some integer n > 0. Since /T + 2 = n, S must be of the form

kv k
S=nK —1, where K = [ 1 12].

k21 k22

Then tr(S) = n? — 2 and det(S) = 1 imposes

ki1 4 koa =n # 0,

ki1koo — ki2kor = 1.

With such an S,

| 1 :
o(a) =S2A = —\/ﬁ(SJr I = —E(nK) = —K (assuming tr(K) =n > 2).

52



0

(2)® Let A= 01

1
L 0

S2A= (P 'AP)(P'AP) = P!
( ) ) 0 N

P

o —1 012 ]

T VT2 1
021 022 —

Note that this is one of the square roots of S. That is,
2
1 o —1 012 | 11 %12
— = )
0921 099 — 1 021 022
The condition S2A € GL(2,7Z) requires that the trace of S be of the form

n? + 2 for some integer n > 0. Since v/T — 2 = n, S must be of the form

ki k
S=nK+1, where K = [ H 12].

k21 k22

Then tr(S) = n? + 2 and det(S) = 1 imposes

ki + koo = n # 0,

Fi1kao — kigkor = —1.
With such an S,

ola) = SiA—— T172(S —1I)= —%(nK) = —K (assuming tr(K) =n > 0).

This finishes the proof of Proposition [3.2.12], and hence of Theorem [3.2.9,
For Theorem [3.2.9, when there is more than one generator, apply criteria from

both cases (1) and (2) from Proposition 3.2.12] O
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Theorem [3.2.16| below will be needed in our classification of both the crys-

tallographic groups of Sol® and Sol?

m,n’

and we state it in suitable generality.

Theorem 3.2.16. For each homomorphism ¢ : Z¢ — GL(k,Z), where Zg is
an extension of Z = (tg+1) by a finite group ®, with p(t3) = S in Theorem

(k =2, Sol® case), or p(ty) =S in Section (k =3, Soly,,, case), we
have an isomorphism H2(Zg, Z*) = H'(®; Coker(I—S)) where Coker(I—S) =
(I —8)~YZ*/7ZF C T* is a finite abelian group. Thus the set of all equivalence

classes of extensions @,
1 —7ZF —Q — Z¢ — 1,

is in one-one correspondence with H'(®; Coker(I — 8)).

Proof. Since det(I —8) # 0, H'(®; Coker(I — §)) is finite, as Coker(I — S) is
finite.

First we verify that ¢(Ze) C GL(k,Z) = Aut(Z*) leaves the group (I —
S)~1ZF ¢ R* containing Z* invariant. Suppose a € R* such that (I — S)a =
z € 7ZF. Then,

(I =8)(p(trsr)a) = (I —S)(Sa)

Now for p(a), if A = +1, then

(1= 8)(p(a)a) = p(@)(I - S%)a



and if A = —1, then

= p(@)(-87H(I - S)a

= pla)(-SY)z € Z*.

These show that, if a € (I — S)~1Z*, then so are ¢(t;,;)a and ¢(a)a. Conse-
quently, (I —8)7'1ZF* is ¢(Zg)-invariant. Since a — p(tpy1)a = (I — S)a € ZF,
tr41 acts trivially on Coker(/—S). We obtain an induced action of Zg / (tg41) =
® on Coker(I — 8), and so H'(®; Coker(I — 8S)) is defined.

Suppose we have a class in H?(Zg; ZF), which defines an extension Q.

Since Z* C R* has the unique automorphism extension property, there exists

a push-out Q [24, (5.3.4)] fitting the commuting diagram

1 7k Q T 1
b
1 RF 0 Zo 1.

We claim that @ is the split extension R* x Zg. Note that Zg contains Z =
(tp11) as a finite index subgroup, and H?(Z; R*) vanishes. Then H?(Zg; R") is
annihilated by the index of Z = (tx11) in Z¢ [2, Proposition 10.1]. Therefore,
H?(Zg; R*) vanishes. Thus we can always assume that such a @ is embedded
in R¥ x Zg. Since Z C Zg lifts back to Is, it lifts back to @ so that @ contains
(0,t11) € R*xZg. For any element t}, ;& € Zg, pick a preimage o = (a, @) €
RF x Zg, taking care that a = 0 if @ = id. Clearly, ty, ;& — a defines a map
n: Ze — R¥/ZF = T*. Evidently, n maps into Coker(I —S) C T*, which in
turn, yields

n:® — Coker(I —S).
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We claim that 7 is a crossed homomorphism. Let @, 3 € ®, and let n(a) =

a,n(3) = b. Then n(ty", &) = a,n(t},5) = b, and we have

(a, t?ﬂd)(ba tZ+1B> = (a+ @(tﬁl@)(b% t;cn+1dt2+13)

= (a+p(ti)(p(@) (b)), 67 (atp a7 )aB).

; ~4n  ~—1 __ ¢l
Since aty ,a~" = t,, for some I,

n(af) = a+ o(ti)(p(a) (b))
=n(a) + 8™ (p(a)(n(3)))

= (@) + ¢(a)(n(B)),

where the last equality holds because ¢(a)(n(3)) € Coker(I — S), and the
action of § on Coker(I — §) is trivial (if a € Coker(/ — §), then (I — S)a €
7ZF, and hence a = Sa modulo Z*). Thus 7 is a crossed homomorphism.
Conversely, such a crossed homomorphism 7 clearly gives rise to an extension

(). Thus, we obtain a surjective map
ZY(®; Coker(I — S)) — H*(Zg; Z"),
which we claim is a homomorphism. To see this, given
n:® — Coker(l — §),

we find a 2-cocycle f : Zg X Zo — ZF representing the extension @ corre-
sponding to n. Fix a lift 7 : & — (I — S)"}(Z") (not a homomorphism in

general) of 7. Then we can write any element of @) as

(n+n(a), t,a),
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where n € ZF and m € Z. Now, for

(ny +7(a), 671,a) and (ny +7(8), £.7,9) € Q.

(01 +77(@), 6774,0) (2 + (), £2,8) =

(n1 +8™p(a)(n2) +7(a) + S™p(a) (1(0)), ti} a2, B).

Therefore, @ is represented by the 2-cocycle f : Zg X Zgo — Z* defined by

Feh o 60,8) = (@) + S™e(a) (i(8)) — n(af).

It is now clear that addition of crossed homomorphisms in Z'(®; Coker(I —S))
corresponds to addition of 2-cocycles in Z?(Zg; ZF).

Now we shall prove that @ splits if and only if the corresponding 7 is a
coboundary, i.e. n € B!'(®;Coker(I — §)). Note that this will imply that

ZY(®; Coker(I — S)) — H*(Zg; ZF) induces an isomorphism
H'(®; Coker(I — S)) = H*(Zg; ZF).
A splitting Ze — () induces a homomorphism
s: Lo — @

Suppose s(tp1) = (2, tg41) with 2 € Z*¥. (Even in this case, our definition of

shows that, we will pick (0, t1) as our preimage of t;,1 so that n(tx.1) =0,
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and n(a) = a if s(a) = (a, @) for others). Let y = (S — I)~'z. Then

(v, Dz, th1) (=, 1) = (y + 2 — ¢(tri1) (), trr1)
=+ =)W, tr+1)

= (07 tk+1)7

and

(y, (a,a)(—y,I) = (y +a— ¢(a)y,a)

= (a+ (I - ¢(a))y, @),

Qi

by letting a + (I — ¢(@))y = v,

Now,

(v,a)(0,tp1)(v,@) "t = (v — (atpa H)v, atpat)
=(v— tl?+1V7 t?—&-l)

= (I = 8"V, t41)-

Since Z is normal in Zg, for s to be a homomorphism, we must have (I—S%)v

0 mod Z. This happens if and only if v = 0 mod Z, which holds if and only if

n(@) =a=(e(a) - I)(-y) = (9y)(@),

so that n is a coboundary.

Remark 3.2.17 (Cocycles and Coboundaries). For each subgroup ® of Dy, we

describe both Z!(®; Coker(I —S)) and B*(®; Coker(I —S)). For ® & Zy X Zs,
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we need to check that the commutator of (a, @) and (b, 3) is in Z2. For Zy,
there is no cocycle condition to check (since I + ¢(a@) + ¢(a)? + ¢(a)® = 0).
Likewise for Z,4 X Zs, there is no cocycle condition for the order 4 element.

(1) ® = Zy = (a). Then

ZY(®; Coker(I — S)) = {a € Coker(I — S) : (I + p(a))a= 0},

BY(®; Coker(I — 8)) ={a= (I —¢(a))v: v € Coker(I — S)}.
(2) ® =Z4 = (&). Then

Z1(®; Coker(I — 8)) = {a € Coker(I — S)},

BY(®; Coker(I — S)) ={a= (I —¢(a))v: v € Coker(I —S)}.

(3) D =17y X Uy = <5é,ﬁ> Then

Z1(®; Coker(I — S)) = {(a,b) € Coker(I —S) : (I + p(a))a =0,

(I +¢(F)b = 0,(I —p(a)b = (I —¢(F))a},

B (®; Coker(I — S)) = {(a,b) = ((I — p(@)v,(I —¢(B)v) :

v € Coker(I — S)}.

(4) ® = Zy x Zy = (&, B| &%, 32, (Ba)*). Then

ZY(®; Coker(I — S)) = {(a,b) € Coker(I — ) : (I + p(@))a = 0,

(I + ()b = 0},

B'(®; Coker(I —S)) = {(a,b) = ((I — p(@))v,(I —¢(B)v) :

v € Coker(I — S)}.
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Suppose we found an extension Q; that is, n € H'(®; Coker(I — S)) with
n(a) = a. Then

Q = <t17t27t37 a = (tcllltZth37 A))

has the following presentation:
ny4n —1 mi4mo n
ty(t7 ty?)t; T = t7"'t5?, where =S ,

m n
a(tith?)a~! = t7t5"?, where Ho= (@) [ 1] :

_mg_ (%)
1 w 0\ |
atsa”! = tV1t¥2t4, where M= <I — SA> ), (3.9)
U)Q_ _CLQ_
2 _ qurguzg(1+A)as Ui _ N L
a” =ty , where = (I +¢(a)) it A =1,
() a9

ot =id, if ord(A) = 4.

Remark 3.2.18. An element of H*(®; Coker(I —S)) determines a unique (up

to isomorphism) extension of Z? by Zg, which we can also view as
1-ITs—>Q—d— 1.

This also follows from group cohomology. For an element of H'(®; Coker(I —
S)) fixes the exponents aq,aq,as in equation (3.9), and defines an abstract

kernel ® — Out(Ts). As Is has trivial center, H?(®; Z(Ts)) is trivial.

Corollary 3.2.19. Let Q = (I's, (t{*t52t5%, A)) be an extension in Theorem
with lattice I's = (t1,t2,t3). Suppose p(&) = —K and S =nK + 1 (in
Theorem A has order 2, A =1, and a3 = 3). Then H'(®; Coker(I —
S)) = 0. Therefore, there exists t{*t5? which conjugates (t‘fltSQté, A) to (té, A)

and leaves I's invariant.
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Proof. We have det(I — p(a)) = 1+ det(p(@)) —tr(p(@)). If det(p(@)) = —1,
this quantity is nonzero since tr(p(@)) # 0. Else, if det(¢(a@)) = 1, we had
that |tr(p(a))| > 2. Consequently, I — (@) is non-singular and we may take
v = (I —¢(a))ta. Then our v conjugates (té, A) to (t‘fltg%é, A). Tt remains

to show v € (I — 8)7!'Z2. First observe that (@) is a square root of S.

(@)% = P'WVAAVAAP = PP AA?P (since A = +1, A is diagonal)

=P 'AP=S.

Now

(1= 8)v = (I + (@) - p(@)v = (I +p(a))a € Z2 =

Lemma 3.2.20. When o = (t{'t5°t5*, A) € Q satisfies a3 = 1 and A =1, yo

is not torsion for any v € Is.

Proof. Note that A is necessarily of order 2. Let pr : Sol> — R denote the
quotient homomorphism of Sol® by its nil-radical R?. Write y € I's as t}t5>t5?.

Application of pr to (ya)? yields
pr(ya)® = 2nz + 1,
from which we infer ya is not torsion. O]

Theorem 3.2.21 (Classification of Sol®*-geometry). The following is a com-
plete classification crystallographic groups of Sol>. In each case, we give ®,

Zg, the abstract kernel ¢ : Zo — GL(2,7Z) (which gives the action of Ze on

b
(t1,t2) ), equations defining a = [a1] , b= [;] from H'(®; Coker(I — 8S)),
az 2

and conditions for Q to be torsion-free. Note that o(t3) =S by definition.
For each abstract kernel Z¢e — GL(2,Z) give in Theorem [3.2.9 we give
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(1) The holonomy @, the conditions on S, and the abstract kernel

¢:Zs — GL(2,7)

(this fixes the exponents on t3).

(2) A computation of H'(®; Coker(I —S&)) (this fixes the exponents on t;, t).

(3) When the group is torsion-free.

0

(1)

(2a)

¢ = trivial, S € SL(2,7Z) with tr(S) > 2; Q = T.
e Torsion-free

1 0
0 -1
e S=nK+1, K € GL(2,Z) with det(K) = —1, tr(K) =n > 0.

O =T A= Zo =17 = (tg,a = (t2, A)).

e p(a) = —-K

e H'(®; Coker(I — 8)) is trivial so that a = 0.
1

L Q = <t1,t2,t3,0[ = (t§7A)>

e Torsion-free

(D:ZQZ A=

-1
O],Zq;. :ZXZQ = <t3,d: (tg,A))
0 -1

e S € SL(2,Z) with tr(S) > 2.

o pla)=A

o H'(®;Coker(I — 8)) = 5optli=4 C 7y x Zp. That is, all a with

(I — S)a = 0, taken modulo 2a.
® Q == <t1,t2,t3,()é = (ttllltgz,A)>.

e Always has torsion
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-1 0
0 -1
e S=nK—1I, K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.

(Qb) (I):Zgi A:

],Zq,:Z: (ts, @ = (£2, A)).

e p(a) =—-K
o H'(®; Coker(I — §)) is trivial so that a = 0.
L4 Q = <t17t27t3)& = (t?f?A)>

e Torsion-free

0 1

(3) CD:ZQ:A: 0 ,Z@ZZNZ2:<t3,O_é:(tg,A>>.

eSe SL(Q,Z), tl"(S) > 2, with 012 = —O091.
e pa)=A
o H'(®; Coker(I —S)) C Zy can be described as all a with (I —S)a =0,

where (I — S)v =0.

as = —ay taken modulo (v; — Uz)[
-1

[ Q = <t17t2,t3,0é = (ttllltSQ,A».
e Always has torsion

01

(317) (I):ZglA: 0 ,Z@ZZNZQZ<t37d:(tg,A>>.

eS¢ SL(Q,Z), tr(S) > 2, with o117 = 099.

oo
090(a)—[0 _1]

e H'(®; Coker(I—S)) C ZyxZsy can be described as all a with (I—8)a =

0
0, 2a; = 0 (so a; = 0 or 1) modulo [ ] where (I — S)v =0.

2’[)2
o Q - <t17t2,t3,Oé = (t?1t32714)>-

(o114+1)(2n+1

e Torsion-free if and only if a; = % and ay # s ) for any n € Z.
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0 1
-1 0
e S € SL(2,7Z), symmetric, and tr(S) > 2.

(4) (I):Z43A: ,Z@ZZNZ4:<t3,@:(tg,A)>.

o pla)=A

o H'(®; Coker(1—-8)) = eillod) € 7, That is, all a with (I-8)a = 0,

taken modulo (I — A)a.
o Q = <t1,t2,t3,0€ = (tclllt327A>>'

e Always has torsion

1 0
0 -1

(5) CD:ZQXZQ:A:

-

Lo =17 x Ly = (ts,a = (t3,A), 5 = (t3, B)).
e S=nK+1, K € GL(2,Z) with det(K) = —1 and tr(K) =n > 0.
o p(a)=—-K, p(3) =B (1) +(2a)

o H'(®;Coker(I — §)) = 2@UtEL C 7, x Z,. That is, all b with

(I + K)b = 0, taken modulo 2b.

1
o Q = <t17t27t37 a = (t§7A)7B = (tlilt327 B>>
e Always has torsion

0 1 -1 0
? B: ?
1 0] [o —1]

Zq; = (Z X ZQ) X ZQ = <t3,0_é = (tg,A),B = (tg,B)>

(63.) (D:ZQXZQZA:

e S € SL(2,Z) with 015 = —09; and tr(S) > 2.

o (@)= A, p(f) = B (3)+(22)

e H'(®; Coker(I—S8)) can be described as all a, b with (/—S)a = 0 and
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(6ai)

(6b)

(I-8)b=0,ay =—ay, by —by—2a; =0, a and b modulo (Ul—’l)g)|: 1 ]
—1

and 2v for v € Coker(I — §), respectively.
o Q= (t1,ty, t5, 0 = (t't32, A), 5 = (t0't52, B)).
e Always has torsion
0 1 -1 0

, B= )
10 0 -1

Zq; = (Z X ZQ) X ZQ = <t3,0_é e (tg,A),B = (tg,B)>

(I):ZQXZQZA:

e S € SL(2,7Z) with 017 = 099 and tr(S) > 2.

1 0
° (@) = lo 1], p(0) =B (3i)+(2a)
e H'(®;Coker(I — 8)) can be described as all a, b with (I —S)a=0
0
and (I —S)b =0, 2a; =0, 2by — 2a; = 0, a and b taken modulo [ ]

and 2v for v € Coker(/ — §), respectively.
o Q= (t1,t, b3, = (t7't52, A), B = (t1't%, B)).
e Always has torsion

01
0

(D:ZQXZQIA: ,B:

Zo =17 % Ty = (t5,G = (t3, A), B = (], B)).

e S=nK—1I, K €SL(2,Z) with tr(K) =n > 2; and k5 = —ko;.

o p(a) = 4, ¢(8) = -K (3)+(2b)
o H'(®;Coker(I —8)) = H'({A); Coker(I + K)) C Zy, that is, all a with

(I +K)a=0and a; = —a; modulo (v; —vy) ! , where (I + K)v =

1
i Q = <t17t2,t3,Oé = (t?1t327"4)76 = (t§73)>
e Always has torsion
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(6bi)

(7

(74)

01
10

-1 0
0 -1

O =7y x Ly: A= ,B=

?

Zo =L 3 Ts = (tg.a = (t% A), 3 = (t3, B)).

.SZHK—I, K e SL(2,Z> with tI'(K) =n>2; ki1 = koo.

* p(a) = [ (1) (1) ] o(B) = —-K (31)+(2b)

o H'(®; Coker(I —8)) = H'((A); Coker(I + K)) C Zy x Zs, that is, all a

0
with (/+K)a = 0 and 2a; = 0 taken modulo [

, where (/+K)v = 0.
2U2

1
* Q= <t17t27t37a = (tclllt;uaA)?ﬂ = (t§78)>

(kufl)(2n+1

e Torsion-free if and only if a; = % and ay # oTITS ) for any n € Z.

0 1 1 0
aB: )
10] 0—1]

Ty = (T x L) % Ty = (t5,0 = (83, A), f = (2, B).

S =74 X7y A=

e S=nK+I1KEe¢ GL(2,Z), det(K) =—1, tI‘(K) > 0; kg = —ko1.
ep(a)=A, o3 =-K (includes (6a)) (3)+(D)
o HY(®;Coker(I — 8)) is all a with (I — S)a = 0 and ay = —ay, taken

modulo (v; — vg) , where (I + K)v =0.

o Q = <t17t2at37a = (tClllth’A)7/6 = (t??aB)>

0 1 10
7B: Y
10] 0—1]

o = (Z X Zo) % Ty = (tg,a = (8%, A), 3 = (t3, B))

e Always has torsion

(D:Z4>4Z21 A=

e S=nK+1, K e€GL(2,7Z), det(K) = —1, tr(K) > 0; k11 = kao.
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1
e (@) = [ 0 _(1) ], o(p)=-K (includes (6ai) ) (B)+ (D)

o H'(®;Coker(I — 8)) is all a with (I — S)a = 0 and 2a; = 0, taken

0
modulo [

, where (I + K)v =0.
2’02
1
o Q = <t1,t2,t3,0[ = (t(lllt62127A)76 = (t?faB)>

e Always has torsion

See equation (3.9 for a description of the relations. Of course, when the

holonomy has two generators «, (3, we also have:

la, Bl =t for t € Is, if & =Zy X Zo;

(aB)* =t for t € Ts if & = Zy x Zs.

Proof. Theorem [3.2.9 classifies all the Zg and abstract kernels ¢ : Zge —
GL(2,7Z) up to conjugation in GL(2,Z) (which is essentially up to a change
of generating set for the lattice). This fixes as, b3. Theorem allows us
to find aq, as, by, by for each abstract kernel ¢. This is all we need for a Sol?

crystallographic group ). The proof of torsion-free criteria for cases (31i),

(6bi) is postponed until Corollary |3.2.24]
(0) See Theorem [3.3.2]

(1) By Proposition|3.2.12(2)®), S = nK+I, where det(K) = —1, tr(K) =n >
0. Then p(a) = 8o P'AP = —K. Corollary 3.2.19|shows H'(®; Coker (I —
S)) is trivial, and thus we can take a; = a; = 0. By Lemma [3.2.20] @ is

torsion-free.
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-1 0
0 -1
A € GL(2,Z) automatically. Now a must satisfy (I — S)a € Z? modulo

(2a) Let A = . There is no condition on S, as ¢(a) = S°A =

(I — p(a))a = 2a, since (I + p(a))a= 0 € Z* already. Note that all elements
of H'(®; Coker(I —S)) are of order 2, and is generated by at most 2 elements.
Therefore, H'(®; Coker(I — 5)) is at most Zg X Zs. The square of « is always

the identity. Therefore, () has torsion.

(2b) Let

A:
0 -1

By Proposition [3.2.12 (2)®), S = nK — I with det(K) = +1, tr(K) =n > 2.

-1 0
]7613:%'

Then p(a) = S8®o P1AP = —K. By Corollary[3.2.19 we can take a; = ay =

1
0 so that a = (t3, A). By Lemma |3.2.20 @ is torsion-free.

(3) Let

1
A= . ], and A= A.

10
The conditions on S follow from [3.2.12[ (1)(©. Let o = (t{'t3?, A). Then a

must satisfy (I — S)a € Z2,

1

(I+p(a))a= [1 1] a =0 modulo (/—¢(@))v = [ _11] v, for (I-S)v € 72,

computing, we obtain the claimed conditions. Applying the coboundary oper-

ator to the cocycles yields:

B aq - 2&1
dwo]-[2]

This computation implies that H'(®; Coker(I — S)) is at most Z,.
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To show that () always has torsion, note that as = —ay, and

0 = (6157 AP = (665" A6, T)

= (b7t - b5t T)

= (e, I).
(37) Let
01 ~ 1 0
A= ] , and A= + A.
1 0 0 —1

Conditions on S follow from [3.2.12] (1)(©. Then a must satisfy (I —S)a € Z?,

0
0

0

2
(I+p(a))a = [0 0

] a =0 modulo (/—p(a))v = [ g] v, for (I-S)v € 7.

This shows that a; = 0 or . Note that H'(®; Coker(I — S)) can be at most

Zo X Zo. The torsion criteria follow from Corollary |3.2.24]

(4) Let
A=

0 1 ~
, and A= A.
-1 0

The conditions on S follow from (3.2.12((1)(®). By Remark[3.2.17, we just need
a € Coker(I — §), taken modulo Im(I — ¢(@)). Note that det(I — ¢p(a@)) = 2,

which implies that H'(®; Coker(I — S)) is at most Zy. As a* = e, Q always

has torsion.

(5) Let & =7y x Zy = (A, B), where
1 0 -1 0

, B= , and agzé.
0—-1 0-1
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This is a combination of (1)+(2a). From case (1), S =1 +nK € GL(2,7Z)
with det(K) = —1. By Corollary [3.2.19] we can take a; = az = 0. We need b
to satisfy (I —S)b = 0. However, the cocycle conditions for Zs X Zy in Remark
show that we must have (I — ¢(a@))b = (I + K)b = 0. In fact, since
(I -S8)=(I—K)(I+ K), this condition implies (I —S)b = 0. Since we have
already fixed a; = as = 0, for the coboundary in Theorem [3.2.16] we take b

modulo (I — ¢(3))v = 2v only when v satisfies (I — ¢(a))v = (I + K)v =0.

Hence

2

Coker(! + K) cz
2.

H*(®; Coker(I — S)) Coker(I + K) =

As 3?2 = e, Q is never torsion-free.

(6&) CI):ZQXZQI A=

01 -1 0 ~
, B = , and A= A.
0 0 -1

This is a combination of (3)+(2a). We have (I —S)a=0and (I —S)b =0.

Also, a and b also must satisfy the cocycle conditions in Remark [3.2.17] Note
that (I + ¢(a))a = 0 forces ay = —a,;, whereas (I — o(a))b— (I —p(3))a=0
forces by — by — 2a; = 0, —by + by — 2a3 = 0. Since ay = —ay, the second

equation is redundant. We take a and b modulo (I —¢(&))v and (I —¢(3))v,

has torsion.

respectively, where (I — S)v = 0. As ) contains a subgroup of type (3), @
. -1 0 ~ 10
(6ai) @ZZQXZQIA: ]7 and A = .

01
B= £ A
10 0 -1 0

Similar to case (6a), this is a combination of (3:7)+(2a). From the cocycle

condition (/+¢(a))a = 0, a; = 0 or 3. The description of H'(®, Coker(I —8))

follows just like in case (6a). As 3% = e, Q has torsion.

0 1
0

-1 0
0 -1

(6b)(1):ZQXZQIA: ,B: ,A:A, and bgzé
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This is a combination of (3)+(2b). To have A = A, Proposition [3.2.12
(1)©, (2)@ force o139 = —o9; and S = nK — I, where K € SL(2,Z) with
tr(K) = n > 2, which taken together yield the desired conditions on K. By

Corollary 3.2.19, we can take b; = by = 0. Hence,

o = (t?ltgzv A)?

8= (t2,B).

The cocycle conditions in Remark [3.2.17] force (I + p(@))a = 0 as well as

(I —p(B))a= (I + K)a=0. This shows a € Coker(I + K). Since by, by =0
is fixed, take a modulo (I — ¢(&))v only when (I —¢(3))v = (I + K)v = 0.
Hence

H'(®; Coker(I — S)) =2 H'((A); Coker(I + K)) C Zs.
There is always torsion in (), as it contains a subgroup of type (3).
01

1 0] ~ [1 0
,B= JA= by =1
0 0 -1 0-1

This is a combination of (3¢)+(2b); Similar to case (6b), we apply Propo-
sition [3.2.12| (1)(©, (2)® to obtain & = nK — I, where K € SL(2,Z) with
tr(K) = n > 2, ki3 = kg. By Corollary [3.2.19) we can take by = by = 0.

(6bi) (I):ZQ XZQ: A=

Hence,

a = (t7't57, A),

1
B =(t3,B).
The argument to establish

H'(®; Coker(I — 8)) = H'((A); Coker(I + K)) C Zy X Z,
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1 0
is identical to that of (6b). In this case, we use p(a) = [ ] rather than

0-1

p(a) = A and obtain the desired conditions on aj,as. The torsion criteria

follow from Corollary [3.2.24

01 1 0

10 0—-1
We apply Proposition 3.2.12((1)(©), (2)® to obtain the conditions S = nK+1,

(7) O=7yxZy: A= B= JA=A, and by = L.

Y

where K € GL(2,Z) with det(K) = —1 and tr(K) > 0; and kj5 = —koy. This
is a combination (3)+ (1) which includes (6a). By Corollary [3.2.19] we can
take by = by = 0. Therefore,

o= (t(flt;2,A), p= (tg,B).

For (I — S)a = 0, the only cocycle condition that a must satisfy is (I +
¢(@))a = 0, which forces as = —a; (Remark [3.2.17). However, we have fixed
by = by = 0. Therefore, when computing the coboundaries, we can take a
modulo (I — ¢(a))v only for (I — S)v where v also satisfies (I — ¢(3))v =
(I + K)v = 0. Note that (I + K)v = 0 actually implies (I — S)v = 0 since

(I =8) = (I —K)(I+ K). There is always torsion in @, as it contains a

0 1 1 0 ~ 1 0
7_B: ,A: ab3:%’
1 0 0-—1 0 -1

We apply Proposition [3.2.12| (1)©), (2)® to obtain & = nK + I, where K €
GL(2,7Z) with det(K) = —1 and tr(K) =n > 0; and ky; = koo.

subgroup of type (4).

(72) CI):Z4>4Z22A:

This is a combination of (3i)+ (1), which includes (6ai). By Corollary [3.2.19|

we can take by = by = 0. Therefore,

N

a= (9t A), 3 = (t2,B).

72



The description for H'(®; Coker(I — §)) follows as in case (7), using p(a) =

rather than p(a@) = A. There is always torsion in (), as it contains
0—-1

a subgroup of type (4).

This finishes the proof of Theorem [3.2.21 O]

3.2.22 (Detecting Torsion in Sol’ Crystallographic Groups). A crys-
tallographic group @ of Sol® is torsion-free precisely if it acts freely on Sol®.

Using this fact, we will give proofs of the torsion criteria in Theorem [3.2.21]

Proposition 3.2.23 (Compare [35, Theorem 5.3]). Every Sol®-geometry man-
ifold Q\Sol® has the structure of

e The mapping torus of a hyperbolic linear self-diffeomorphism of T? (Q

is of type (0), (1), or (2b) ).
e The union of two twisted I-bundles over Klein bottles (@Q is of type (3i)

or (6bi) ).

When Q is of type (3i), Q\Sol® can be described as T? x I with T? x {0}

1 0
identified to itself by the affine involution ([all, [ ]), and T? x {1}

a9 0 —1
. . . . ) ai 011 —012
wdentified to itself by the affine involution , .
) 021 —011
_ -1 0 . . _ 3
If —p(a) = 01 is used instead of p(&), then Q\Sol® can be de-

scribed as T? x I with T? x {0} identified to itself by the affine involution

ax 1 0 . ' | | |
< 1o 1])’ and T? x {1} identified to itself by the affine involution
a2

a1 —011 012
, .
@2 [—021 011
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When Q is of type (6bi), Q\Sol® can be described as T? x I with T? x {0}

1 0
identified to itself by the affine involution <[a1]7 [ ]), and T? x {1}

a9 O —1
. . . . . a —ki1 k1o
wdentified to itself by the affine involution , )
a2 —kor kn

Proof. If Q = T's is a Sol® crystallographic group of type (0), then Q =2
Z? x5 Z. The action of I's on Sol® is equivalent to an action of Z? xs Z on
R? xs R. A fundamental domain for this action is given by the unit cube I3
and evidently Q\Sol® is given by T? x I with T2 x {0} identified to T? x {1}
via S, which we view as a hyperbolic self-diffeomorphism of 72. Note that
R? — R? xg R — R induces the fiber bundle with infinite cyclic structure

group generated by S
T? — T's\Sol® — S*.

If Q is of type (1), then Q\Sol® is the quotient of I's\Sol® by the involution

defined by a = (té, [ ; _(1) ]) On the base of T? — T's\Sol® — S, « acts
as a translation. Thus a fundamental domain for the action of « is given by
T%x[0,1]. Note that o identifies 7% x {0} with T?x {3} via p(a) = —K, which
is a square root of S. This ¢(@) is a hyperbolic matrix with one eigenvalue
positive and the other negative, and Q\Sol® is the mapping torus of p(@). The
argument for type (2b) is identical, in this case we obtain the mapping torus

of a hyperbolic matrix with both eigenvalues negative.

Now suppose @ is of type (3i). Then @ is the quotient of I's\Sol® by the

1
involution defined by a = (t‘flt;’?,

). Here « acts as a reflection on

the base S'. As in the preceding case, a fundamental domain for this action is
given by T2x [0, 1]. Now o identifies 7% x {0} to itself and T?x {3} to itself. We

seek criteria for a to act freely on these boundary tori so that they are identified

74



to Klein bottles. Then cutting Q\Sol® along 7% x {1} yields two twisted I-
bundles over Klein bottles. Indeed, (t]'t5*, A).t7't5* = t{'t5> A(t7't3?) shows
that « acts on T? as the affine transformation (a,p(@)). For an arbitrary
clement £7¢27t2 € T2 x {1},
B (691622, A) 47142263 — byt 402 (621 422) A(62)
= b5t 5 At 637)t;

1 1
= (st t52t5") (b3 A(ET'£5%)t5 ") t3 € T x {5}.

Since conjugation by t3 is the action of S, we see that « acts on T? as the
affine transformation (Sa, Sp(@)). But since a € Coker(I — ), this simplifies
to (a,Se(@)). The condition that o1, = 099 ensures that Sp(a) has order 2.
Note that cutting Q\Sol® along 72 x {1} results in two components, each a
twisted I-bundle over a Klein bottle.

The argument in case (6bi) is nearly identical. In this case, note that @)
contains a group of type (2b), say ', as an index 2 subgroup. Therefore,
Q\Sol® is the quotient of Q"\Sol® by a = (t‘l“t?, [ (1) (1) ]) But because
@'\Sol? admits the structure of a 72 bundle over S*, the construction for (3i)
applies. A fundamental domain for the action of a on @’\Sol® is given by
T? x {1}. As in case (3i), a acts on T? x {0} affinely as (a, ¢(@)). For an

1
arbitrary element t7't32t; € 7% x {1}, we have

1 1
(t5, B)(t1"t5%, A).t7 657ty

= t3 B(t't5°) BA(t]'t5°) BA(t3)

N
-

1 _11 1
=t Bty 65°)t; "t BA(6 65°)t;

1 1 1 1\ 1 1
= (t2Bt7 o)t 2) (thA(tf1t§2)t3 2) 6 € 7% x {7},
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Now conjugation by (t3, B) is the action of ¢(3) = —K on T?. Hence
o acts affinely on 7% x {1} as (¢(B)a, p(B)¢(@)). But we had the condition

(I —p(B))a= I+ K)a € Z?, so this simplifies to (a, o(3)p(a)). As in case

(37), we obtain a union of two twisted I-bundles over Klein bottles. O

Corollary 3.2.24 (Torsion in Sol® Crystallographic Groups). Consider the

crystallographic groups of Sol® in Theorem [3.2.21]

A group of type (31) is torsion-free if and only if

(0'11 + 1)(2n + 1)
2012

1
@ =3 and ay # for any n € Z. (3.10)

A group of type (6bi) is torsion-free if and only if

2k112

1
a =3 and ay # for any n € Z. (3.11)

Proof. By Proposition [3.2.23] for type (37) groups, we need the affine involu-
a 1 0 a —

tions " and " o1 T freely on T2, which
as| |0 —1 az| |021 —Omn1

occurs precisely when a; and ay satisfy (3.10)).

1 0
For type (6i) groups, we need the affine involutions ( [all , [O 1] ) and
a9 —

ai —kn ka2 9 . .
, to act freely on T, which occurs precisely when a; and
a2 —ko1 k1

ay satisfy (3.11)) O

3.3 Crystallographic Groups of Sol;*

Here we provide a classification of the crystallographic groups of Sol;!. Given

a crystallographic group Il C Sol* x Dy, [ .= 1IN Sol* is a lattice of Sol;*
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with finite quotient group ® C D,. We have the short exact sequence
10— —®—1.
The first step will be to classify the lattices T of Sol.

3.3.1 (Lattices of Sol;*). Let G denote either Sol* = Nil x R or Sol® x R.
Given a lattice Is of G, T'N Z(G) = Z is a lattice of Z(G) = R and the
projection map

G — G/Z(G) = Sol®

maps Is to a lattice of Sol®, which is isomorphic to I's, for some S € SL(2,Z)

with trace(S) > 2. Thus, Ls is the central extension
1—>Z—>fg—>FS—>1.

Such central extensions of Z by I's are classified by the second cohomology

group H*(Ts; Z).

Theorem 3.3.2. Let S € SL(2,Z) with trace(S) > 2. There is a one-one

correspondence between the equivalence classes of all central extensions
1—7—T1 — I —1

and the set Z. & Coker(S — I).

Proof. Recall I's = Z?% x5 Z.

H*(Z? x5 Z; Z) = Free (Hy(Z* x5 Z; 7)) @ Torsion (Hy(Z* x5 Z; 7))
=73 (2°/(S - 1)Z?

=7 @ Coker(S — I).
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The first term Z comes from the central direction. The second term Coker(S —
I) is finite, because det(S — I) = 2 — tr(S) # 0. For {q,(my,mq)} € Z &

Coker(S — I), we shall denote the corresponding T' by f(g;thm). O

Here we shall show that f(g;qml,m,z) with ¢ # 0 embeds as a lattice in Sol;*.

An S € SL(2,Z) with tr(S) > 2 produces P and A. Then we had the map

(3.5)) in Subsection [3.2.1}

¢ 7 xg T — Sol® (3.12)
([x],u> — (P v ,uln(A)).
y y

We combine this with Sol*> — Sol;*

1 ez x
T
Y

0 0 1

The only ambiguities are the central slots. So let

_1_ I pu o
e1:< 0 ,0>;—>(Pe1,0)'—>t1= 0 1 P21 | >
V] 0 0 1
_0_ 1 pi2
62:<1 ’O>'_>(P6270)'—>t2: 0 1 paf,
L] 0 0 1
- - (3.13)
- - 1 0 Cs
0
LY 0 0 1

1 01
t, =10 1 0
0 01
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where ¢;’s are to be determined. Then [ti,ts] = t4 (regardless the values of

¢i’s).

Lemma 3.3.3. For any integers q, my, mo, there exist unique cq, co for which
{t1,t2,t3,t4} forms a group f(g;q,ml,m) with the presentation

~ 1
F(S;q,m1,m2) = <t1,t2,t3,tz | [tl,tg] = t4, t4 18 centml,

my
—1 _ 401140214 ¢
m2

tatots ! = t72652%t,7 ).

1
Consequently, I'(s,q.mi,my) @5 solvable and contains I'y = (t1,t2,t]) as its

discrete nil-radical, where I'y is a lattice of Nil.

Proof. We only need to verify the last two equalities. But they become a

system of equations on ¢;’s

(1_0_ )C o :@_021(012+1—011+011\/T2—4)
11)C1 21C2 TE 1 )
m2+012(021+1—022—022\/T2—4)

—019¢1 + (1 — 099) 2 = 7 2m )

where T' = 011 + 092. Since [ — S is non-singular, there exists a unique solution

(3.14)

for ¢y, cs. O

Remark 3.3.4. (1) There are 1-parameter family of P’s diagonalizing S with
det(P) = 1. In the above lemma, the ¢;’s are independent of choice of P
because equation has coefficients only from the matrix S.
(2) Note that a lattice f(s;%ml’mQ) of Sol}* projects to the lattice I's of Sol®.
(3) The equation also shows the cohomology classification. Sup-
pose {c1,c2} and {c}, ¢y} are solutions for the equations with {m;, ms} and

{m/,mL}, respectively. Then (¢ — ¢1,cy — ¢3) € (%Z)Z if and only if (m} —
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my, mh — my) € Coker(ST — I') = Coker(S — I). This happens if and only if
F(Sé%ml,m&) = F(87Q7ml17m/2).
(4) Notice that c3 does not show up in the presentation of the lattice

I'(s;4,m1,m2)- This implies that c3 can be changed without affecting the isomor-

phism type of the lattice.

Notation 3.3.5 (Standard lattice). The lattice generated by

I pu «a 1 p2 1 0 ¢ ) 1 Oi
ti=10 1 pyu|.t2=]0 1 pxo|l.t3=1[0 X 0], tf=1]0 1 0
0 0 1 0 0 1 0 0 1 0 0 1

with ¢; = 0, is called a standard lattice of Sol*.

Therefore, any lattice of Sol;* is isomorphic to a standard lattice. However,
a non-standard lattice (i.e., ¢z # 0) will be needed when we consider finite
extensions of I's (in the holonomy Z, case).

The following lemmas on lattices of Sol;* will be needed in the next section.

Lemma 3.3.6. Let f(g;q,ml,m) be a lattice of Soly*, embedded as in assignment

- Let ri,79 € Q. Then
b1ty = ty’t7 ).
Proof. We compute that
6] = 07 g .

Lemma 3.3.7. Let f(s;%m,mz) be a lattice of Solyt, embedded as in assignment

. Let ai,as € Q. Then, for A= =1,

i T ila
0601682651 = t0t262, where | | =8| |, and v € Q.

ly a2
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ai .
. It remains to

~ [
Proof. The definition of I'(s,q m, m,) shows that [ll
2 a2

show that v rational. Because a; and ay are rational, there is a positive integer

n so that na,,nay € Z. By Lemma |3.3.6,
(t]1t52)" = t11t5% - - - t7' 3% (n times)
= T2ty for o € Q.
Therefore,

A/parpas\ng—A Agnargnasypu’ p—A
t3 (t11t22) ts - ts t) 1132 2t4 t3
= 6t e

= t't5°ty for some ny,ny € Z, and u € Q,

where the last equality follows from that na; and nay are integers, together
with the relations in Lemma [3.3.3

On the other hand, we have that

4 (69 692)" 54 = e840 622057 - - 6449 62t5 7 (n times)
= ththty - - t1t2tY(n times)

_ gl gnle gnvtw
= t7"t5 2t for some w € Q,

where the last equality follows from Lemma |3.3.6]

Consequently, we have
tIEn2ty = trhenlgn Y,
This forces n; = nly and ny = nly. Therefore,

nv +w = u.
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Since n € Z, u,w € Q, it follows that v € Q. H

Example 3.3.8. For § =

1
]. We have)\:%(5+\/ﬁ). Take

5 3
_5d (1 _ ;) d
p_| v \27m
_1 —1-v/21 ’
d 10d

(d # 0 arbitrary) and ¢ = 1 to get

6=1 (5(7 +V/21) + 28my — 70m2>

2 = 35 (—(49 + V1) — 14my + 14m,)

Therefore, f(5;17m17m2) is represented as follows:

1 2% 55 (28m1 — T0mg + 5V/21 + 35)
tih=10 1 -1 ;
0 0 1
(1 L (=21+v20)d L (—14m, + 14m, — V21 — 49)
to=10 _11_0\(1/5 )
0 0 1
1 0 s 10 1
t3=10 2(5+v21) 0|, ta=]0 10
0 0 1 00 1

These have relations

tatity = tItot]", tatots! = t tot)"2.

11
S_I:[ ]’
5 2

and Coker(S — I) = Zs. Therefore, depending on (my, msy), we have 3 non-

Notice that

~ 1
equivalent I'(s;1m,,m,)’s. Of course, one can throw in a finer generator tf, in
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place of t,.

3.3.9 (Classification of Sol;' Crystallographic Groups). Let IT C Sol;* x
K be a crystallographic group of Soly*, where K is a maximal compact sub-
group of Aut(Sol;*). As all maximal compact subgroups of Sol;* are conjugate,

we can assume that K is the maximal compact subgroup

S\ )

of Aut(Sol;!), whose action on Sol;* is described in Proposition [3.1.8] Fur-
thermore, we can conjugate /7 in Aff(Sol;*) so that the lattice of IT is some

L'(5:q,m1,ms), Where f(s;%ml’mﬂ is embedded in Sol;' as in assignment 1} in
Subsection B.3.1]

Proposition 3.3.10. (1) Any crystallographic group II of Soli* can be conju-

gated into Sol* x Dy in such a way that

1
ITNSol* = (ty,ty,t3,t5),

where
I pu «a I p2 1 0 ¢ 101
ti=10 1 pa|,ta=10 1 pap|,ts=10 A 0|, ts=1(0 1 0O
0 O 1 0 0 1 0 0 1 0 01

(2) The holonomy group ® is generated by at most two elements of Dy, and
1
thus I is generated by (tq,ts,t3,t]) and at most two isometries of the form

(L1 t52t5°ty", A), for A € Dy and real numbers a;.

Proof. Let ' = I1NSoli*. This lattice must meet the center of Soli* in a lattice:

I' N Z(Sol) is a lattice of Z(Sol;!), say generated by t!. Also I' N Nil is a
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1
lattice of the nilradical Nil, so we can find generators (ti, to,t) of this lattice

as given in the statement. The remaining one generator for the lattice I must

project down to a generator of the quotient Z. It must be of the form

1 a cs
ts =10 X b
0 0 1
120
Conjugation by [0 A —.| maps tj to the form of t;. Recall that
0 0 1

I'/Z(T) gives rise to S, and we can find P = (pi;) diagonalizing S. Assum-
ing det(P) = 1 (this can always be achieved, as in the case of Sol*), we have

1

[t1,ts] = t4. Therefore, any lattice is conjugate to a lattice (ty,to, ts, t7). O

However, we will see that we can always take c3 = 0, except possibly in the
case when the holonomy ® is Z4. Because lattices of Sol;* project to lattices
of Sol®, the projections Sol;* — Sol®> and Aut(Sol;*) — Aut(Sol*) induce a
projection Soly* x Dy — Sol® x D, which carries a Sol;* crystallographic group to
a Sol® crystallographic group. Furthermore, when IT is embedded in Sol;* x Dy
as in Proposition , the lattice fg = f(s;q7m17m2) projects to a standard

lattice I's of Sol®. That is, we have the following commuting diagram:
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—_
—_

7z — iz,
1 Is I i) 1
|
1 I Q i) 1
1 1

Here is an outline of our procedure for obtaining the Sol;* crystallographic

groups.

(1) For each Sol® crystallographic group @ from Theorem [3.2.21] classify lifts
of Ts to lattices of I's of Sol;* (Theorem [3.3.2]).

(2) Show that the abstract kernel & — Out(I's) will induce an abstract kernel
o — Out(fs), after possibly making the central generator of I's finer (i.e.,

taking a larger value of ¢).

(3) Once an abstract kernel ® — Out(T's) is fixed, show that after possibly
taking a larger value of ¢, the obstruction in H3(®;Z) to the existence of IT

vanishes. Then the equivalence classes of extensions
1— fs — I —-d -1

are classified by H2(®; Z(T's)) = H%(®;Z). The details follow.

Our goal is finding all crystallographic groups IT of Sol;* which project down
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to . In general, it is not true that there exists II fitting the commutative

diagram of exact sequences

7 — 7
[

1 Is I d 1
b

1 T's Q ) 1

Even though fs always exists, for II to exist, sometimes the kernel Z needs
to be “inflated”. It turns out that, after appropriate inflation, an extension I

always exists. We will need the following lemma.

Proposition 3.3.11. Let Q be a Sol® crystallographic group with standard
lattice T's. Suppose in Proposition |3.3.10, we have fized the c;, as well as set
q = 1, thus fizing the lattice f(g;lmm) = (ty,to,t3,ty). For any generator
A€ D, let

a = (t7't2t5%t51 A) = (a, A).
The powers ay,as, and az are determined by the abstract kernel ® — Out(Ts)

(Remark [3.2.18). Consider the effect that conjugation by « has on f(s;l,m,nz).

Note that conjugation by « is independent of ay. We have the relations:

atia™t =ttt where [m1] = (@) [1]
1 1 Loty s, p o )
mo 0

atoal = U262 where || = (a ’
2 1 L2y, p(a) )
o 1

. w N |a
atza”! = tYE52 65, where [ 1] = (I—SA) [ l],

(] a2

atsa”t =t
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where v1 and vy are rational numbers. We can adjust c3 so that vs is rational,

as well.

Proof. First we claim that the image of f(S;l,m,na) under conjugation by «,

N(O‘)(F(S;Lm,nz)) = O‘F(S;l,m,nz)a_lv

is a lattice of Soly* lifting the standard lattice I's of Sol®.

As conjugation by « defines an automorphism of Sol*, u(a)(f(‘g;l,m’ng)) is
again a subgroup of Sol;*. Since conjugation by « is an affine diffeomorphism
of Sol*, M(O&)(f(s;l’nl’nﬂ) is also discrete. Because u(&)(f(&lmm)) lifts the

standard lattice I's of Sol®, and maps the generator t4 of

Z<80114) N f(s;l,n1,n2)

to t4, it follows that M(Oé)(f(g;ljnth)) is cocompact. Therefore fi(a) (I (s;1,n,,ns))
is a lattice of Sol;* lifting T.

All such lifts are given in Lemma m From equation in Subsection
3.3.1} we see that for any two solutions ¢y, ¢y and ¢}, ¢, both ¢ —¢; and ¢, — o

must be rational. Thus v; and vy are rational numbers.

For

1 w T a
atza”! = t1t52 65, where [ 1] - <I —SA> !
W

] , (3.15)

Q2

we need only consider two cases by Theorem [3.2.21] First, consider the case

when a3 = % Then A must be diagonal, so that A = +1:

1
o = (t;t?, A)

A=+1.
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In the computation below, let t; denote t3 with the (1,3)-slot set to be zero,

so that t3 = f:gtff’.

1 _1
atzat =t2 A(ts)t, 2

N

FOA _
=t Atsty)t;

%A Acs %
1, I _1
— t2tat Pttt 2

1 S A
= t2tgt, 2611V = gl

Since A = 41, there is always a choice of ¢; which makes (A — 1)¢; € Q.

Now consider the case when ag = 0, o = (t]'t3*t3*, A). We compute:

atza ™t = t1 652 A(t3)t, 2t M
= 7652 AEat )ty 2t
R T T e T
=t e ey
= e et g e

- (t‘flt‘g?tft;“th“ltgA) A Des

Now by Lemmas [3.3.6| and |3.3.7, and using that a;, as are rational, we have

— thrgletg ey A,
for a rational number u. Equating this with equation (3.15]), we obtain
u+(A—A)es

tUpve et = th ekt
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Now w; = by and wy = by is forced. Therefore,

~ —

vy =u+ (A— Acs.

Because A = +1, A = 41, and u is rational, c5 can always be chosen so that

v3 is rational. ]

Proposition 3.3.12. Let Q be a crystallographic group of Sol®, from Theorem

3.2.21). Then there exists ¢; and q so that the abstract kernel & — Out(Iy)
~ ~ 1

induces ® — Out(L'(s,0.m1ma)), Where T(sgm,my) = (1, t2,ts,t]) is a lattice

of Soly* lifting Ts.
Proof. The abstract kernel of ® — Out(Is) is given by, for A € @,
p(a) : Ts — Is, where av = (£7't52t5%, A) € Q.

For any integer ¢ > 0, we can form the lattice of Sol;*

1

<F(3;1,N17n2)7 tz> - F(S§Q7qn17qn2)'

That is, we add a finer generator of the central direction to f(g;ljnl’nz).

Now, for each generator of A € ®, the v; in Proposition [3.3.11] are rational.
Therefore, for q large enough, f(g;q,qm,qnz) is invariant under conjugation by
(t]'t57t5%t5", A), for each A € ®. As this conjugation is independent of lift of
(t11t52t5°, A) to (t7'52t5°t51, A), with my = gn; and my = gny, we obtain an

abstract kernel ® — Out<f($;q,m1,m2))- O

Proposition 3.3.13. Let Q — Sol’> x Dy be a crystallographic group for
Sol® containing Ts. Assume that the abstract kernel ® — Out(Is) induces

o — Out(f(g;q7m17m2)). Then for some p > 0, there exists II which fits the
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following commuting diagram

=
N

3
(s}
5 |-

1 r (S;pg,pma,pm2) iy P 1
1 —— I's Q ) 1
1 1

Proof. Since the center of f(g;q,mhmg) is %Z and @ is finite, H>(®; %Z) is finite.
This means the obstruction class to the existence of the extension vanishes if
we use piqZ for the coefficients, for some p > 0. That is, it vanishes inside
H3(®; piqZ)' Thus, with such pq, the center of f(S;pq,mepmz) is piqZ, and an

extension I1 exists. O

So we can assume that after appropriate inflation, there exists an exten-
sion /I with lattice f(s;q,mth), for some ¢ > 0. The Seifert Construction
will show that such an abstract extension actually embeds in Sol* x D, as a

crystallographic group.

Theorem 3.3.14. Let I = f(s;%ml’mz) be a lattice of 80114, and
1—T —I—&—1
be an extension off by a finite group ®. Then there exists a homomorphism
0 : IT — Sol;* x D, C Sol;* x Aut(Sol;")

carrying T onto a standard lattice. This 0 is injective if and only if ® C Dy.
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Such 0 is unique up to conjugation by an element of Sol* x Aut(Sol;").

Proof. Soli* is completely solvable, and we can apply the Seifert construction
[24, Theorem 7.3.2] with G = Sol;* and W = {point}. Since @ is finite, the
homomorphism ¢ : 1T — Out(I') — Out(Sol;*) has finite image in Out(Sol;!),
and it lifts back to a finite subgroup C' of Aut(Sol;*). But this C' can be
conjugated into Dy C Aut(Sol;*), a maximal compact subgroup. Consequently,

we have a commuting diagram

1 — ' — 17 6} 1
1 —— Solf —— Sol* x D, D, 1

The essence of the argument is showing that the cohomology set H?(®; Sol*)
is trivial for any finite group ®. The uniqueness is a result of [24, Corollary

7.7.4]. Tt also comes from H'(®;Sol;*) = 0. O

After inflation, the Seifert Construction produces a crystallographic group
of Soli*. Often we can assume that ¢; = 0, that is, f(s;qvmlij) is a standard
lattice of Sol;*. Recall that Aut(Sol;*) = R x Aut(Sol®) (Proposition [3.1.8)),
where k € R acts by

1 e*x =z 1 e'z z+ku
0 e y|l+— 10 e Y
0 0 1 0 O 1

We have the following:

Theorem 3.3.15. For all holonomy groups, except Z,, a crystallographic
group II of Soli* embeds into Soly* x Dy in such a way that IT N Soli is a

standard lattice (c3 = 0).
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Proof. Let e denote the identity element of Sol;*. For the statement concerning
¢s, conjugation by (e, k) with k = —% sets c3 = 0 in t3. However, this
conjugation moves Dy to kDykt.

Suppose every A € ® satisfies AA = +1. Since such A commute with l%,
conjugation by (e, /%) leaves the holonomy group ® inside D, while moving ts3
so that ¢ = 0. This applies to, from the list of Theorem [3.2.9] all the groups
lifting Sol® crystallographic groups of type (2a), (2b), (3), (3i), (6a), (6ai),

(6b), and (6bi).

1 0

0—1
3.3.16| show that a generator « of IT projecting to A € ® can be conjugated to

Suppose ¢ contains A = Then Corollary |3.2.19) and Lemma

1 .
a = (t3,A) (so that a; = aa = a4 = 0). Then, we shall show that t3 = tst}

can be replaced by ts (where ts is t3 with c; = 0).

o = (t7, A) = ((E5t5)%, A)? = (Bat5)3 A((B5t5)?)

1
2
3t

/—\

)2

”‘CS >
w

-+

=0

CAJ

l\J\H

w‘&
W o=

H~>

-t

H‘>

t4

Thus t; = a® € IT, and we can take t5 instead of t3 as a generator for the same
group (which is apparently redundant since « is in the set already). From the
list in Theorem [3.2.9] the groups (1), (5), (7) and (7i) contain such an A
in the holonomy.

The only case that is not covered by these two cases is when ® = Z, (type
(4) in the list), which is discussed below in our main classification (Theorem

3.3.21). 0
Lemma 3.3.16. If det(A) = —1, by conjugation, as can be made 0.

_ %4 ~
Proof. Suppose det(A) = —1. Conjugation by t, * fixes the lattice I'(s.q.m, m2),

and moves (t7't32t5°t5", A) to (t7't52t5°, A). O
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Proposition 3.3.17 (Fixing a4, by). Consider the commuting diagram in Propo-

sition |3.3.13|. Given ) and integers q,my, ms, we had f(s;qﬂnl’mz). The only
thing that remains for the construction of II s fixing ay, by. As is well known,

all the extensions II in the short exact sequence
l— f(s;q,ml,mz) -1 —d—1

are classified by H*(P; Z(f(s;%m,m))) = H?*(®;Z). When ® = (A),
H2<ZP;Z) =

see [25 Theorem 7.1, p.122] .

In actual calculation, this becomes an equation
aP = t?1t7212tg3ti4
for integers n; andk4:é,z’:0,1’.-.,p_1_ ]

Remark 3.3.18. When ® = (A, B) is not cyclic, A = B = +1 never happens,

so we can set one of ay, by to zero. Thus, H2(®; Z(Is)) is cyclic for all ®.

3.3.19 (Detecting Torsion in Sol;' Crystallographic Groups). Given a
lattice fs of Soly! (which projects to a lattice I's of Sol®), the short exact
sequence

1—>Z(f3)—>1:5—>Fg—>1
induces an S'-bundle over the solvmanifold I's\Sol®,

S — Ts\(Sol!) — Is\Sol®.

The following lemma will be useful for determining when a Sol;* crystallo-
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graphic group has torsion.

Lemma 3.3.20. Let fs be a lattice of Soli*, projecting to a standard lattice
Is of Sol®, and suppose that for o € Soly* x Dy, the group IT = (fg,oz> is
crystallographic. Let & denote the projection of a to Sol> x Dy. When the
automorphism part of a acts as a reflection on the center of Soli*, IT is torsion-

free if and only if (I's, @) is torsion-free.

Proof. Obviously, if (I's, @) is torsion-free, then IT must be torsion-free. For
the converse, suppose that (I's,@) has torsion. In this case, the action of &
on the solvmanifold Ts\Sol® must fix a point. Observe that the action of «
on the solvmanifold fs\Soll4 is S! fiber preserving. Therefore, a circle fiber is
left invariant under the action of a.. Since a acts as reflection on the fiber, «

must fix a point. Therefore, II has torsion. n

Theorem 3.3.21 (Classification of Sol;*-geometry). The following is a com-

plete list of crystallographic groups of Soly*, viewed as lifts of Sol* crystallo-

graphic groups, see Theorem [3.2.21]

We assume that in each case ¢, ¢y, co, and c3 are fixed so as to induce an ab-
stract kernel ¢ — Out(f(g;%mhm)) with vanishing obstruction in H3(®;Iy).
Recall that this was possible by Proposition and Theorem [3.3.14]. In all
cases, except, ® = Z,, we can take cg3 = 0 (Theorem . In the Z4 holon-
omy case, we have two different (up to isomorphism) choices for ¢3. Whenever
the holonomy group contains an automorphism which is off-diagonal, the orb-
ifold is non-orientable. To avoid repetition, we do not give the classification
of the exponents on ti,ty by H2(Ze;Z%) = H'(®;Coker(I — S)), as these
exponents are fixed by @) (see Theorem .
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(0) @ = trivial
® C3 — O
o I] = f(S;q,mmnz)'

e Torsion-free

(1) D=7y A=

o IT = (ty,to,t3,t], a = (t2, A)).
o H%(®; Z(Ts)) is trivial.

e Torsion-free

(2a) ® =74 A=

1
o [] = <t1,t2,t3,t2,0& = (ttlllthtiM,A».

o H2(®; Z(Is)) = Zs. There are two choices for a4, the solutions of

a? =t (i=0,1).

e Torsion-free for 1 =1

(2b) @ZZQI A:

1 1

o IT = (ty,to,t3,t], 0 = (t2t5*, A)).
o H*(®; 2(Ts)) = Za, a1 = 0 or 5-.

e Torsion-free
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(37)

(4)

(8)

o IT = (tq,to, ts, t], a0 = (£I'52, A)).
o H%(®; Z(Ts)) is trivial.

e Always has torsion
0 1
10

1
o /] = <t1,t2,t3,tz,a = (t(llltg2,14)>.

o H%(®; Z(Ty)) is trivial.

e IT is torsion-free if and only if a; = % and ap 2 ZUEVCHD 1 any

2 2012
0 1
-1 0

e There are two choices for c3 in t3. They are solutions of d = 0 or

n € 7.

(I):Z4I A=

_ 1- +(1- _
d = { for c3, where atza™"' = t{lmo)m o onartizon)o g 1gd - pa

corresponds to a different abstract kernel ® — Out ().
1
o [] = <t1, tg, t3, tZ , 0 = (tcllltgztffl, A)>

o H*(P; Z(ﬁg)) = Zy. There are 4 choices for ay which make o = t{,
(i=0,1,2,3)

e [] is torsion-free only when ¢ =1, 3.
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(6a)

(6ai)

(6b)

1

o IT = (ty,to, ts, ), 0 = (té,A)ﬁ = (ththt}) B)).

o H 2(¢;Z(f5)) = Zs. There are two choices for by, the solutions of
8 —ti, (i=0,1).

e /] is torsion-free only when ¢ = 1.

01
10

CD:ZQXZQZA: ,B:

ec3=0

oIl = (tl,tg,tg,tﬁ, a = (t1t32, A), B = (t1thth B)).

o H2(®; Z(Is)) = Zy. There are two choices for by, the solutions of
B2 =ti, (i =0,1).

e Always has torsion

0 1
1 0|’

1
o IT = (ty,ty,ts, ), 0 = (t11t52, A), 5 = (t7't52t%, B)).
o H2(®; Z(Is)) = Zy. There are two choices for by, the solutions of

F =t (i=0,1).

e /] is torsion-free if and only if i = 1, G1=%, a2:bz+%, b, #
021(1(12:?1 , ba %%ﬁmﬂ)—l— 1 for any m,n € Z.
01 -1 0
0 -1
063:()

o IT = (ty,t, ts,t), 0 = (t't52, A), B = (t2t}*, B)).
o H2(®; Z(Is)) = Zy. There are two choices for by, the solutions of
32 =tst), (i =0,1).
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(6b7)

(7

(74)

e Always has torsion

0 1
10

CD:ZQXZQIA: B =

?

ec3=10
1

1 1
o IT = (ty,t,ts, ), 0 = (t't52, A), 5 = (2t} B)).

o H2(®; Z(Is)) = Zy. There are two choices for by, the solutions of

B% = tstf, (i =0,1).

e /] is torsion-free if and only if a; = % and as # % for any

0 1 10
B =
10] [(3—1]

1 1
o IT = (ty,ty,ts,t], 0 = (t't52, A), B = (t2t4*, B)).

n € 7.

o H2(®; Z(Is)) = Z4. There are 4 choices for by, the solutions of (fa)* =

J

t!,(j=0,1,2,3).

e Always has torsion

0 1 1 0
, B =
10 ] [ 0—1 ]
1 1
o IT = (ty,to, ts, ), a = (t9't52, A), = (t2t%, B)).

o H2(®; Z(I's)) = Z4. There are 4 choices for by, the solutions of (a)? =
t:,(j=0,1,2,3).

1
2

_koit1 3

and ay = TR

e /] is torsion-free if and only if j = 1,3 and a; =

fOYiZO,...,kll—l.
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Proof. In cases (2a), (2b) and (4), ® = Z,, p = 2 or 4. Let tz be a free
generator of I's N Z(Sol;!). Since det(A) = +1, a? has t4 component t,7 %+,

where ¢ is independent of a4. The equation
prag+{=0

has solutions

1 p—1
a’4ua4+qu>"'7a4+ q

cach corresponding to a different class in H2(®; Z(Is)). In fact, the number ¢
is always a rational number, and hence so is a4 (or by). The remaining cases
when ® = Zy X Zo or D, are similar. We set one of exponents on t; = 0 by
Lemma (3.3.16, and apply the above technique to find the remaining exponent

on ty.
(0) See Theorem [3.3.2

(1) Since A = —1, Lemma |3.3.16| implies a4 can be conjugated to zero. So,

1
IT = (tq,tg,t3,t4, = (t3, A)). As Q is torsion-free, so is II.

(2a) There are two choices for ay, the solutions of a? = t{, (i = 0,1). Recall
1
that @Q is never torsion-free, and thus IT is torsion-free only when o? = t.

That is, when i = 1, the class representing IT in H*(Zy; Z (ﬁg)) corresponds to

the non-split (torsion-free) extension
1—>fg—>ﬂ—>Zg—>1.

(2b) By the Sol® case, we can take a; = ay = 0 so that o = (t2t5*, A). Then

o? = tst3*. Therefore, ay = 0 or i. As (@ is torsion-free, so is II.

(3) By Lemma [3.3.16], we may assume as = 0, equivalently, H2(®;Z(f3))
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vanishes. Let a = (t7't5%, A). As @ always has torsion, Lemma |3.3.20] applies
to show that I1 has torsion. Alternatively, explicit computation, like in the
Sol® case, also shows that I7 has torsion. For ay = —a;, and one can compute

that
o’ = (’5‘1“1:2_0“,14)2 = (e, I).

(3i) By Lemma3.3.16, we may assume ay = 0, that is H2(®; Z(Is)) vanishes.
Therefore, a = (t{'t5?, A). Lemma [3.3.20| applies to show that I is torsion-
free precisely when () is torsion-free, and hence precisely when the criteria

from Theorem [3.2.21] (31i) are satisfied.

(4) This is the only case where a non-standard lattice is present, that is c3 # 0.

We have the relations

[t1ta] = t4, t4 central,
tatity 1 = t7t52 ),
tatoty | = t717t522t]",
atja”t = t5 1t
ataa™t = tt}?

-1 _ ((1—0o22)ar+o12a2 (o21a1+(1—011)az L —1 4 us+2c3

4 _ jha—(a —a2)%4uq
4

« , Where
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(011 + 022 — 2)v1 = (=021 + 022 — 1)my + (011 — 021 — 1)m
+ (011 — 011091 + 092 — (03 + 021 — 2011091)092 — 01103,)
— (011 + 022 —2)-ax
(011 + 022 — 2)v2 = (1 — 021 — 722)m1 + (011 + 021 — 1)m2
— (011 — 022)(—1 — 021 + 011022) — (011 + 022 — 2) - a2
2012(011 + 022 — 2)ug = (( o22m1 — g12m2) + 3( 011 — 012)012022) - a1
+ ((—o12m1 + o11m2) 4+ 3(—012 + 022)011012) - a2
+ 012002 - af + (022 — 011022) - araz + (011 — 2)o12 - a3,
(011 + 022 — 2)vg = 2a1 (022 + 011 (021022 — 021 — 055) + 2(022 — 1)my — 20921m2)

+ 2az(011 — 022(011021 — 021 + 0%1) — 2091m1 + 2(011 — 1)ma)

Recall that my, mo and all o;;’s are integers. Since

ar{ 1 on—1 o Uy 7
T o11+022—2 ;UL Up € &
a3 021 O22-1| | U2

v1, Vg, U4 and uy are all rational numbers. Note that c3 and a4 appear only once

1

in atsa~! and o, respectively. The above equalities show that both c3 and

a4 must also be rational numbers. With a pre-determined ¢ in I7 N Z(Sol;") =

1
(ti), suppose c3 = —% (a solution for uy + 2c3 = 0). Then cj = c3 + %; i

another solution so that

-1 _ j(1—022)a1+o12a2 fo21a1+(1—011)az —1,d

where d = 0 or %. Unless c3 is a multiple of %, the corresponding lattice is

1 A~
non-standard. In case ¢z = (%)p, then t; = t3 - (t])?, where t3 has no ty-

1 .
component. Since (t{)? € II, we can replace the generator t3 by t3 so that
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the lattice becomes standard.
For a4, we have
4 _ tia4—(a1—a2)2+v4

« )

Then there are 4 choices for a4, ay = %jwm, (1 =0,1,2,3). These are

the solutions of

o=t (i=0,1,2,3).

For ¢« = 0,2, II has torsion. To see this when ¢ = 2, note that

1 2 2

(t,°a®)?=t, "t =e.
For ¢ = 1,3, II is torsion-free.

(5) By Corollary|3.2.19] we can take a; = as = 0. Since det(A) = —1, we may
assume a4 = 0 by Lemma/3.3.16 There are two choices for b4, the solutions of
B =t (i =0,1). Thus H2(®, Z(Is)) = Zs. Like case (2a), IT is torsion-free

1
only when 3% = t;.

(6a) There are two choices for by, the solutions of 32 = t{, (i = 0,1). That is,
H%(®, Z(Is)) = Zs. As I contains a group of type (3a), it is never torsion-

free. (6ai) There are two choices for by, the solutions of 3> = t, (i = 0,1).

That is, H2(®, Z(Is)) = Z,. For IT to be torsion-free, the subgroups (Is, a),
(fg,ﬁ), and <fg,aﬁ), where

/ 0 -1
a as— b
Oéﬁ _ <t11+b1t22 b2t44, [ , . ])

must all be torsion-free. The group <fg, B3) is torsion-free precisely when by

1
satisfies 3% = t.
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We need criteria for (t{t5?, A) and (2 7"'t327"2, AB) to be of infinite order.
By Lemma [3.3.20, these they are of infinite order precisely when they are
infinite order, projected to Sol®>. By computing when the appropriate affine
maps in Proposition [3.2.23] are fixed point free, we obtain the conditions a; =

5, a2 =by+ 3, by £ 2z2(ntl) + 3 by iw—i—%foranym,nez

2 0’11 1 2012

(6b) Note that, ay = 0 by Lemma [3.3.16, and there are two choices for by, the
solutions of 42 = t5t7, (i = 0,1). Hence H%(®, Z(Is)) = Zy. As II contains a

subgroup of type (3), which has torsion, it must have torsion as well.

(6bi) Note ay = 0 by Lemma[3.3.16] and there are two choices for b4, the solu-
tions of 42 = tst?, (i = 0,1). Thus H%(®, Z(Is)) = Zy. Recall from Theorem
3.2.21| that @ (and hence II, by Lemma [3.3.20]) is torsion-free precisely when

the affine maps
_al_ (10
_CL2_ ’ i 0-1
ai —ki1 ka2
_Clz_, _—k21 k11
are fixed point free on T2, which occurs precisely when a; = % and ay #

k n
%l(zﬂ)foranyneZ

(7) We may take ay = 0 without loss of generality by Lemma 6l (Ba)t=
t;** shows that there are 4 choices for by, the solutions of (fa)* = t45, (j=
0,1,2,3). Hence H?(Dy; Z(ﬁg)) = Z4. As II contains a subgroup of type (3),

it has torsion.

(77) Like case (7), we take ay, = 0 and there are 4 choices for b4, the solutions of

(Ba)t = t47, (j=0,1,2,3), so that H2(Dy: Z(Is)) = Zs. For II to be torsion-
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free, (I's, Ba) is necessarily torsion-free. This forces by to satisfy (Ba)! =
tﬁ, (7 = 1,3). Note that # and the holonomy element corresponding to —B,
afa, are of infinite order when projected to Sol®, and hence also on Soly’.
Thus the only remaining holonomy elements to consider are o and

ﬁOéﬁ — <t1k11a1k12a2t2k21a1k11a2tib4+v’ [ 01 _01]> )

We need criteria for (t{'t32, A) and (t;™1@~Meeg kna—kue 4 B AR) to be
infinite order, when projected to Sol®.

By Proposition [3.2.23] we just need to ensure that the appropriate affine
maps are fixed point free on T2, and this occurs precisely when

1 (o11+1)(2n+1)
a; =35, Qa2 z I P
% — kyiag = %7
—k11 012(2n+1)

2 2(c11-1)

— ki2as

With a; =  and ay = —%ﬁl + k—il for i = 0,...,k; — 1, using that
det(K) = —1 and K% = &, one can compute that the remaining criteria are

satisfied. In fact, we compute

(o1 +1)(2n+1) (kY + kigkoy +1)(2n + 1)

2019 4k11kqo
B 2]4}12[621(27’1, + 1) o ]{721(277, + 1)
4k:llle lel ‘

Now, for m € Z,

_k’?l"’l 1 . k21(2n—|—1)

T S
—kyy — 1420 ko(2n+4 1) 4 2mky,
2k14 N 2k11
—1420  2ky(n+1) + 2mkyy
2k 2k1; ’
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a contradiction for any integers ¢, n, m, as the numerators are of different parity.

For the remaining criterion, we compute

—k —k kop + 1 )
L ki2as = L k12 <— 2 + ! )

2 2 2k ki
. —ki1 + kiokar + kip — 2kyi
B 2k1;
1+ kg — 2ky9i
2kqy '

Now, for m € Z,

14 k1o — 2k9t . 012(271 + 1)

= +m =
2]{711 2(0’11 — ]_)
1 + k12 - 2]{?127; _ 2]211]{312(277, + 1) L o=
2k11 Q(kll + k12k21 - 1)
14 k1o — 2kq90 _ 214?11/612(371 +1) = kia(2n + 1) 4+ 2mky; .
2k 4k, 2k,
1-— 2k12i . Q(lelg + mk;n)

a contradiction for any integers ¢,n,m, as the numerators are of different

parity. Therefore, with a; = % and ay = —’“2212—31 + ﬁ fori =0,...,k1—1,
J
and (Ba)* =t{,(j = 1,3), II is torsion-free.

This completes the proof of Theorem [3.3.21 O

We have shown that every Sol;* crystallographic group IT can be conjugated
so that the holonomy ® is a subgroup of our fixed D, C Aut(Sol;*). We take
c3 = 0 (standard lattice) for all holonomy groups except Z,. In this case,
we have two values for c3. This corresponds to two distinct abstract kernels,
which give rise to different isomorphism classes. Alternatively, in the Z, case,

one may assume c3 = 0. Then, however, ® is not a subgroup of D,. Rather,
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d C l%DJfl, where k € R acts by

1 e*x =z 1 ez z+ku
0 e y|l+— 10 e Y
0 0 1 0 O 1
Remark 3.3.22. Let IT and IT’ be two crystallographic groups of Sol;*, with

projections to Sol® crystallographic groups, Q and Q' , respectively. That is,

1

/(I N Z(Soli")) = @,

Q'

1

II'/(IT' N Z(Soltt))

Our classification is up to equivalence of extensions, a finer notion of equiv-
alence than isomorphism. However, we observe that Q and )" being isomor-
phic is necessary for II and II' to be isomorphic. This is easy to see from
the rigidity property of these crystallographic groups (Theorem . Any
isomorphism between IT and I’ is conjugation by an element of Aff(Sol;') =
Soli* x Aut(Sol;*). Such a conjugation must carry ITNZ(Soli*) to II'NZ(Sol),

and hence must induce an isomorphism between @ and Q'

3.3.23 (Examples). First we show that Sol;* x D, embeds into the affine
group Aff(4) — GL(5,R). The following correspondence is an injective homo-

morphism of Lie groups, Sol;* < Aff(4),

1 —%e‘“y EuTx 0 2%
1 ez 2 0 e 0 0 x
0 e y|—10 0 e 0 y (3.16)
0 0 1 0 0 0 1 u
| 0 0 0 0 I
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Moreover, the automorphisms

0 0 b
“ 0 € Aut(Sol})
0 d c 0
can also be embedded as

(ad 00 0 0] [=bc 00 0 0]
0 a 0 0 0 0O 0 b 0
0O 0 d 0 0], 0O ¢ 0O 0 O0f,
0O 0 010 0 00 —10
[0 0 0 0 1} | 0 00 0 1

respectively, where a, b, ¢, d are £1. Note that, if we remove the first row and
the first column from Aff(4), we get a representation of Sol® into Aff(3).

If we write the element (a, A) € Sol;* x Dy as the product a - A, then the
group operation of Sol;* x Dy is compatible with the matrix product in this

affine group. The action of A on a is by conjugation. That is,

(a-A)(b-B)=aAbB
=a(AbA™") - AB
= (a,A) - (b, B).

Example 3.3.24 ((4) Non-standard lattice). This is an example where c3 is
1

-1 0

non-zero (Theorem [3.3.21). Let A = and o = (t7't52t5*, A). Let

S = . Then A = 3 + 2/2, and with

2 5

—pV2EVE VR
1 _1 ’
2(24+2) 2 2+v2

IT = (t1,t9,ts,t,,a), where a = (t{'t5*t5*, A) € Sol* x Aut(Sol*), has a
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representation into Aff(4):

— N
S 3
I
—~ -
- -
_ —~
— —
3 | <
_1001m1 e oS!
o
— _ COOITI
m N (ap] - o O O
(@] —le —
S~— n
T = — O O O — 4
o o - O a_2.|_0
o o o +H O o o o 4 o o o o — o |
(@) — O O
N O A O O SO AN 0 O o O o —H O O @ 4
—le a_201
_ o o o | _
o 4 O O O O 4 N O o o 4 O O O
— O O O O - o O O H O O o o +H o o o o —+H€H o o
L
Il Il Il Il
— [a\] el <t
- - + +
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11 has a presentation

[t1,ts] = t4, and ty is central

tatity ! =t t5t]", tatots! = t7tot]"2,

1

_ _ 7(—4—2a1+m1—m2) 1(2—2a2—3m1+m2)
atiat =t,'t]

—1 5
, atoa™ =t,t] ,

_ _ _1,5a2+2c3+a1 (—5+5m1—2ma)+az(3—az—2m1+m
atsa 1 _ tl 4a1+2a2t§a1t3 1t4 24+2c34aq( 1 2)+az(3—az 1 2)’

_ —a?+4as—as(24+az+2m1)+2a1 (—3+az+2mi—m
at,a 1 =t ot = t, 1+4as—az(2+az 1)+2a1( 2 1 2)'

1 —
0

N[

From (I —8)™! = [ ] , we have Coker(I — S) = Zy x Zy generated by

1
2

The coboundary is

o [E ] o
i 5]

Thus we have only two cases
ay - 0 %
ay 0" (o]

For simplicity, we shall assume m; = my = 0.

0
With [Ch] = [O]’ IT = (t1,t9,t3,t,,a), a = (t3*, A) € Sol* x Aut(Sol*), has

a2
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a presentation

[t1,ts] = t4, and t, is central
tatits =t t3, tatots! = t7t3,
atiat =t,1t,7, atya! =ttt
atsa ™t = t3't3%, atya”! =t

4 tdaq
(R

The minimum ¢ for I's is ¢ = 1, and we have choices ay = 0, Z—i, %, Z% and c3 = 0, %

(any combination of a4 and c¢3), with the same center. So, there are 8 distinct
groups. Half of them (with ¢35 = 0) have standard lattices, and the rest (with

c3 = %) have non-standard lattices.

a ! 1
1] — [(2) , T = (t),tg,t3,t,,a), where a = (£2t5*, A) € Sol;*

With
a2
Aut(Sol), has a presentation

[t1,ts] = t4, and t4 is central

tatits! =t t3, tatoty' = t7t),
_5

atia ™t =ty 2, atya ! = tty,

%+203

atza~! =t %t,t5 'ty atga !t =ty

~ 5
The minimum ¢ for I’s is ¢ = 2 (which comes out of at;a™! = t;'t, ?), and
we have choices a4 = %, 13—6, %, % and c3 = % or % (any combination of a4 and
c3), with the same center. So, there are 8 distinct groups. All these groups

have non-standard lattices, because no ¢z is an integer multiple of é for g = 2.
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Example 3.3.25 ((6bi)). Let ® = Zy X Zy = (A, B), where

01 -1 0 . 1 0 ~
A= , B= with A = , B=B.
10 0-1 0-—-1
Then & must be of the form nK — I. Let us take
3 2 17 12
K = . Then, § = .
4 3 24 17

Note that k13 = koo and tr(K) = n = 6 > 2. Therefore, S satisfies the

conditions for case (6bz) and

= (tclllt327 A)?

5.b
ﬁ = (t§t447B)'
Then A = 17 + 12v/2, and with

P =

1
% 23/4 ]
1 1 ’
\712 23/4
the equation in Lemma yields

1 = (102 4+ V2 + 2m; — 3my)

Cy = 1(—204 — V2 — 3my + 4my).

Coker(I + K) is Z4 X Zy, and we have

H B H i=0,1,2,3; j=0,1.
v 1
2 2

From (I + ¢(@))a = 0, we have
110
a= " =121 1|, ij=o01 (3.17)
a9 0 %
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For any v € Coker(I + K),

B

Therefore, H'({A); Coker(I + K)) = Zg X Z5 (quotient of Z4 x Z) is generated

(5v)(A) = (I — A)v = M

2U2

by a in (3.17) above. Our group /I has presentation

[tl,tg] = t4, [tz,t4] = 1, for i = 1,2,3,

tatitst =t 630", tatats ! = t1%t5 ¢,

_ —51—a2—m1+§m2 _ 1, —
atia™! = t,t, 2 ata !t =t

_ — 8(3a1—2 -
Ozthé 1 — tl 16a1+12a2t2( al a2)t3 1

t204a%+a1 (—272a2+17(60+m1)—24m2)+az(—714490a2—12m1+17m2)
-ty )

atat =t

6+ 1my—m L tog
ﬂtlﬂ*1 :t;3t2*4t46+2 1 27 ﬂt2671 :tf2t;3tz( 108—mq+ 2)7

BB =t5, Bty =t,,
o = 2@ Blreatm)jams
52 = t3t421b47

2 1 7
_ dai1—2ao —4(a1—a2) -1 6a1—2b4+§a2(306+10a2+5m1—7m2)+a1(—204—12a2—§m1+5m2)
[, 8] = t; ty t3 ty .
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Of the 8 groups, seven groups have torsion, and one is torsion-free.

o] Jo] o
M= , [1] . a?=id,
a2 (0] [3
a] [ .
= Both IT and @) are torsion-free,
._al2_ _O_
- -
ay 5 .
[92] L[4l
- 1
ay 5 _ .
[92] 3]

) 0 2

(k11—21])€(2m+1) = 2mil = 1 as stated in Theorem [3.3.21
12

1
Cl/ =
Note that [ 1] = [2 is the only case that satisfies a; = I and ay #
a

Example 3.3.26 ((74)). This example has maximal holonomy group Dy, but
it does not contain all the possible holonomy actions. For example, groups of

type (6b) or (6bi) are not subgroups of this group. Let & = ZyxZy = (A, B),
01 1 0

) B = Y
10 0-1

a = (t7't57, A),

where

A:

and

3.b
6 - (t§t447B)'

Our S is of the form

S=nK+1,
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where
ki k
oo |Fn R
ka1 Koz
with det(K) = —1 and tr(K) = n # 0. Now for ¢(a), we have two choices.

1

0 -1
group, we take the latter case. Therefore we consider case (712), ki1 = kos.

We can take A = Aor A =

] . Since the former yields always a torsion

As an example, we take

1 2 3 4
K= , therefore n = ki1 + k=2, S=nK+1= 5 3|

11

1
C1 = g(-lQ —|— \/§+4m1 — 4m2)

1
4

Then A = 3 4 2v/2, and with

P p—

| N
) o)
w W
&= sl
(3] [\

the equation in Lemma |3.3.3| yields

Co (—\/5—47711 +2m2)

Recall we can take c3 = 0 by Theorem [3.3.21] Our crystallographic group
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IT = (tq,t2,t3,t,, a, 3) has a representation into Aff(4):

1 0 5 0 i(mg—my—3)
0100 1
ti=100 10 ,
000 1 0
(0000 1 |
(1 =1 0 0 L(my—2my) ]
0 1 00 0
ta=[0 0 1 0 ,
0 0 01 0
0 0 00 1 |
(100 0 0 |
0340 0
ts=10 2 3 0 0 (because ¢z = 0),
000 1 In(3+2v2)
(0000 1 |
(1000 1]
01000
tsy={0 010 0],
000710
(0000 1|
[ 1 —2 4 0 (a(az+my —my—3) + az(me — 2my)) 1
0o 1 0 0 a
(A= 0 0 -1 0 as
0o 0 0 -1 0
0 0 0 0 1 |
-1 0 0 0 by |
0 -1 -2 0 0
bB)=] 0 -1 -1 0 0
0 0 1 Llog(3+2v2)
00 0 1 |
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We have

Now

yields
0

-1 0

I+g0(a):[(2) >I+90(5):[0 —2]'

Then (I + ¢(@))a = 0 yields 2a; = 0, which is not a new condition. We have

)= tbl L)

The coboundary Im(/ — ¢(@)) yields the trivial group, and hence there are 4

4 choices for a,

non-equivalent groups I1. The group Il has a presentation

[tlatQ] = t47 [t17t4] =1 (Z = 17 273)7
tatits ! = t3tot]", tatoty ! = t1tot]"2,
atia”h =t 3T atoa Tt = ¢t

)

— — 2(a1—a _1,3a%—a1(3+6a2—3m1+2m2)+az(6+2a2—4m1+3m
atsa 1_ t] 2a1+4a2t2( 1 2)t3 1t4 1—ai( 2 1 2)+az( 2 1 2)

ata™t =t

%(—1—2m1+m2)

Bt =ty 'ty ] , BtoB7h =ty e

Btz =t,, BtaB7" =t

—a1(—3 —
052 _ t?a1t4 a1(—34az2+mi1—ma2)

Y

52 - t37

(O[ﬁ>4 _ t;4b4+a%+4a1a2+2a§—2a1 (3—m1+m2)—2a2(2m1—m2).
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Out of these 4 groups (by the choice of a;’s), only one group can be torsion-free,

and 3 groups have torsion.

a|  [o] Jo

o , [1] ot =id

a2 0] |3

[ ] 1] 2

“lo e (t;l(aﬁ)2a> =id
1

[ @2 [ 2]

aj _ % a2:_k21+150

az|  |0] 2k1

When m; =0, a1 = %, as = 0, ¢ = 4 (minimum), b, takes values 116, 0<j<4.

When by =0 or 116, 11 is torsion-free. When by = %6 or 1%, 11 has torsion.

3.4 Crystallographic Groups of Sol® x R

Here we provide a classification of the crystallographic groups of Sol® x R.
Given a crystallographic group I1 C (Sol® x R) x (Dy x Zy), L=1In (Sol®> x R)
is a lattice of Sol®> x R with finite quotient group ¥ C Dy x Z,. We have the
short exact sequence

1 =T I —T—1.

3.4.1 (Lattices of Sol’> x R). In the cohomology classification of lattices in
Theorem , the Sol®> x R case corresponds precisely to when ¢ = 0. We
will see that f(s;o,ml,mg) embeds as a lattice of Sol® x R.

An S € SL(2,Z) with tr(S) > 2 produces P and A. Using P and A, we
embed Z? x Z into Sol® as in assignment in Subsection , which we
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now lift to Sol®> x R. Recall the definition of Sol®> x R as R3 Xgw) R, where

e 0 0
plu) =10 e* 0
0 0 1

The only ambiguities are the central slots. So let

1 P11
61:<[0],0>I—><P61,0)'—>t1: P21 70 y
C1
-0- D12
e2:< ) ,O)r—>(Pe2,O)»—>t2: paa| 0|,
| ] o
i (3.18)
o 0
€3 = ( 0 ,1> — (0,In()) — t3 = 0f,In(N\) |,
|V s

t4: 0 70 )

where ¢;’s will be determined later. Then [tq, ts] = e (regardless the values of

¢i'’s).

3.4.2 (Warning). In this notation, the central factor of Sol® x R goes to the
3rd slot of R® C R3 x R. That is,

0
Sol> xR > (e,s)— | [0].,0] e R®*xR.

S

Lemma 3.4.3. For any integers mqy, mo, there exist unique cq,co for which
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{t1,t2,t3,t4} forms a group IN“(S;()’ml’mQ) with the presentation

L(s5:0m1ms) = (b1, b2, b3, 64| [b1,82] =t =€, t4 is central,
tytity ! = 75t
tatotsh = t717t322t)"2).

Consequently, T (s.0,my.ms) is solvable and contains Z* = (t1,t2,t4) as its

discrete nil-radical, a lattice of R3 in R3 C R3 x R.

Proof. We only need to verify the last two equalities. But they become a

system of equations on ¢;’s

(1 - 011)01 — 021C2 = 1

(3.19)

—012C1 -+ (1 — 0'22)02 = My

Since I — § is non-singular, there exists a unique solution for ¢y, ¢s. O

Remark 3.4.4. (1) There are 1-parameter family of P’s diagonalizing S with
det(P) = 1. In the above lemma, the ¢;’s are independent of choice of P
because equation has coefficients only from the matrix S..

(2) The equation also shows the cohomology classification. Sup-
pose {c1,c2} and {c], ¢y} are solutions for the equations with {m4, ms} and
{m/, mb}, respectively. Then (¢} — ¢1,dy — ¢2) € Z* if and only if (m} —

my, mh — my) € Coker(ST — I') = Coker(S — I). This happens if and only if

F(5§0,m17m2) - F(S;O,mll,mg)-
(3) Notice that c3 does not show up in the presentation of the lattice

I'(5;0,m1,mz)- This implies that c3 can be changed without affecting the isomor-

phism type of the lattice.
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Notation 3.4.5 (Standard lattice). The lattice generated by

P P12 0 0
t, = P21 70 7t2: D22 70 >t3: 0 >ln()\) 7t4_ 0 70
C1 Co C3 1

with c; = 0, is called a standard lattice of Sol® x R.
Any lattice of Sol® x R is isomorphic to a standard lattice.

3.4.6 (Classification of Sol’ x R Crystallographic Groups). Given a crys-
tallographic group II C Isom(Sol® x R) = (Sol® x R) x (D4 x Z,), we can
conjugate IT in Aff(Sol®> x R) so that IN“(S;thmz) satisfies criteria of Notation
3.4.5| except possibly for the condition that c3 = 0. Indeed, like the case of
Soli*, we will see that ¢ = 0 cannot always be achieved when we have fixed
our maximal compact subgroup of Aut(Sol®> x R) to be Dy x Z,. Note that

I'(5.0,m1,ms) DProjects to a standard lattice of Sol®.

Notation 3.4.7. We will let 7 denote the automorphism of Sol® x R given by
a reflection in the central direction. In the description of Sol®> x R as R? x R,

(x,t) € R? x R is mapped to (Tx,t) € R? x R under 7, where

0
0

~

Il
o O =
oS = O

—1

Proposition 3.4.8. (1) Any crystallographic group IT of Sol> x R can be

conjugated into (Sol®> x R) x (Dy x Zy) in such way that

f‘s =1InN (8013 X R) = <t1,t2,t3,t4>
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where

P11 P12 0
tl - P21 70 ) t2 - D22 70 ) t3 — ,hl(/\) ) t4 - 70
C1 Co C3 ]_

(2) The holonomy group ¥ is generated by at most three elements of Dy X Zs,
and therefore I is generated by (ti,ts, ts, ty) and at most three isometries of

the form (t3't52t%t% B) for B € Dy x Zy and real numbers b;.

Proof. Let p : Sol> xR — Sol® denote projection. Given a lattice fg of Sol® xR,
Is must meet the center of Sol® x R (the R factor of Sol® x R) in a lattice

IsN Z(Sol® x R) = Z. Let t4 denote a generator of Is NR. Then t4 must be

of the form

ty = 0l,0

Let ¢ denote the automorphism of Sol® x R defined by multiplication by ¢ on

the center:
x x
/ yl,u| — yl,u
t 0t

After conjugating Is by (e,é)_1 in Aff(Sol> x R), t4 has the desired form.
For the remaining generators, note that p(ﬁg) must project to a lattice of
Sol®>. The conjugations by elements of Aff(Sol®) in Proposition also lift
to conjugations by elements of Aff(Sol® x R) (see Proposition , so that
t1, te, and t3 have the desired form. Therefore, we can assume that p(ﬁg) is a
standard Sol® lattice Is. Finally, observe that the conjugations in Aff(Sol® x R)

do not change the maximal compact subgroup Dy X Z,. O]

121



Similar to the Sol;* case, the quotient of IT by Z(Is) = (t4),
Q=1II/{ty) =1I/Z,

is a finite extension of the Sol® lattice I's by W. In fact, we have the following

commuting diagram.

1 1
7 — 7
1 T's I v 1
H
1 T Q N 1
1 1

Recall that we have let 7 denote the generator of the Z, factor in Dy X Zs.
The inclusion ¥ — Dy X Zy lifts an inclusion of ® <— D,, where ® is one of the

holonomy groups in List (3.8]) in Subsection m That is, there is a ® C Dy

for which the diagram commutes:

W—>D4XZ2

l l/Zz:ﬁ)

b —— D4
Crystallographic groups of Sol®> x R do not in general project to crystal-
lographic groups of Sol®, as 7 projects to the trivial automorphism of Sol®.

Using the notation of our Sol® crystallographic group classification, @ fits the

short exact sequence
1_>Z2:<t17t2>_)Q_>Z\I/_>17
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to which Theorem [3.2.16| applies. The group Zy fits the short exact sequence
1 —=7Z=(t3) > Zy — V¥ — 1.

Similar to the Sol® case, Zy is a subgroup of 3Z x (Dy x Z,), where 1Z = (t§>
That is, any element of Zy can be expressed as (t3*, A), where ag = 0 or %,
and A € (D4 X Zy). We need to classify all such Zy and abstract kernels
¢ : Zy — GL(2,Z). The inclusion Zy — 37 x (D4 x Zy) lifts an inclusion
of Ze — %Z X Dy, where Zg is a group of one of the types from list in
Subsection[3.2.6] That is, the following diagram commutes (note that Zy = (7)
is central in 37 % (Dy x Zs)):

Z\p R %ZX] (D4 XZQ)

l l/ZF(T)

Lo — %Z X Dy

There are many more such groups in the Sol® xR case than in the Sol® case.
For example, notice that Zg may contain an element of the form 5 = (t3, 7)
with () = I. Such a Zy did not arise in the Sol® case.

Here is our methodology for classifying the Sol® xR crystallographic groups.
Essentially, we classify all @, then examine how to lift them to Sol® x R.
(1) Classify the possible abstract kernels ¢ : Zg — GL(2,Z) with ¢(t3) = S.
This fixes the holonomy group and the exponents on ts.
(2) Apply Theorem to obtain all (). This fixes the exponents of tq, ts,
as elements of H?(Zy;Z?) = H'(¥; Coker(I — S)).
(3) Classify lifts of I's to lattices of I's of Sol* x R (Theorem .
(4) Determine which Sol® x R lattices I's admit an abstract kernel ¥ —

Out(fg), induced by conjugation by lifts of elements of Q.
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(5) Once an abstract kernel ¥ — Out(Ls) is fixed, the equivalence classes of

extensions

1— fs — I —->¥ -1
are classified by H2(U; Z(I's)) = H2(¥;Z), fixing the exponents on t,.

Lemma 3.4.9 (cf. Lemma [3.3.16). If (t]'t5?t5°t3*, A7) € II (A € Dy, 7 is
reflection on center of Sol®> x R), then by conjugation, ay can be made 0.

aq

Proof. Conjugation by t, * fixes the lattice T(s0,m,.my), and moves (t{'t32t5t54, A)
to (t]1t52t5%, A). O
Lemma 3.4.10 (cf. Lemma [3.2.10). Let

1 0

0 -1

If Zy contains an element of the form a = (3, A) or (£, A7), then Zy cannot

A:

arise as the quotient of a Sol®> x R crystallographic group.

Proof. The matrix

o(t3)p(a) = Sp(a) = PT'APP'AP = PT'AAP

must be integral. The sum of its eigenvalues, % — A, must be an integer. On

the other hand, since %—{— A is an integer, we infer that 2\ is an integer, so that
A is rational, which is a contradiction. A similar argument works for —A as

well. ]

3.4.11 (Existence of ¥V — Out(fg)). Given a Sol® crystallographic group
() with abstract kernel ¥ — T, we showed the ezistence of a Sol;* lattice

f(‘g;thm), lifting I's, together with induced abstract kernel ¥ — Out(f(g;q,mhmg))
(Proposition [3.3.13)).
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Given 8 = (t2tht5t}*, B) € (Sol®> x R) x (D4 x Zy), here we provide
precise conditions for a Sol® xR lattice fg = (ty, t2, t3, t4) to be invariant under
conjugation by 3, so that we obtain an abstract kernel ¥ — Out(f(s;thmz,)).
The computations below are independent of by and so we set by = 0. The

conditions on ¢; in the following tables are of course modulo the integers.

a = (t7152t9, A) p(a) on ty,ty Conditions on ¢;

atia™t =t cg=0or

—1 0
A= L pola)=A
0_1] p(@)

N[—= N

_ 142
oty =t 15 cy =0 or

-1 0

A= 0 1],90((1):14

atia™! =ty g

(017 02) = (07 0)

- 1,2
atya! =t 1t

OétQOé_l = t1t201+02 (Cl, CQ) = (%, %)
o0 1] : o
A= ol pla)=A atia™! =ttt T c1—cy =0
i ) atya™l =t
[0 1] 1 0
A= , pla) = atia” ! =t co =0 or %
10 0—1

Table 3.3: Conjugation on t; and to when holonomy action is trivial on center

and a3 =0
I
a=(t3,A) | u(a)on ty,ty Conditions on ¢;
90(54) = _K atla—l — tl—kut2—k21ti1+k11c1+k2102 (Cla 02) c Coker([—l—KT)

atoa™

—ki24—k k k
1 _ tl 12t2 22ti2+ 12¢1+k22C2

Table 3.4: Conjugation on t; and to when holonomy action is trivial on center

and as :%
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a = (L7529, A7) p(a) on ty, ty Conditions on ¢;
—1 0 ) o
A= 0-1 |’ pla) = A atija” =t None
] atoa™! = t2_1
_ 01 A 1 —1y—ci+c
4= 1ol pla) = A atiat =1ty 97 | (e1,02) = (0,0)
L atQa_l — tltgm—cz (Cl, 02) — (%7 %)
0
A= 0 ) 90<d) =A atlail = t2tzcl_62 c1+c=0
) ] atya™! =ttt
01 1 0
A= , pa) = atia! = bt c,=0o0r 1
10 0—1 ! 2
atoa™! = t2_1
A=1 atiat =ttt 2 c1 =0 or %
OétQOéil = t2t22c2 Cy = 0 or %

Table 3.5: Conjugation on t; and t, when holonomy action is reflection on

center and a3 =0

I
a=(t3, A7) | pu(a) on tq,ty Conditions on ¢;
(,0(6./) =K Oztlozfl _ tl—knt2—k21t201+k1101+k2102 (017 02) c COker(KT—I)
atga_l _ t;k12tszzztic2+k1201+k2202
(p(d) = K Oétlozfl — tlflltgﬂt;cl_kllcl_km@ (Ch 02) c Coker(I+KT)

atgofl _ t/1€12t72€22t202*k12c1*/€2202

Table 3.6: Conjugation on t; and t; when holonomy action is reflection on

center and as

1
2

We now study the holonomy action on the t3 generator of a Sol® x R lattice;

that is, we study atsa~'. From the Sol® relations, equation (3.9) in Subsection
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atsa”t = tYItER Lty

where [Zj = (1-5%) [Zj

Of course, w; and ws are integers; we need ws to be an integer.

a = (t752t3, A) | p(a) on t3 Conditions on ¢;

A=+1 atza! =ty tat, T2 crwy + cowy = 0

A=-1 atga =ty ey e TR | oy = awidews o
clwi+cows

1
2 +2

Table 3.7: Conjugation on t3 when holonomy action is trivial on center and

as — 0
a=(t3,A) p(a) on tg Conditions on ¢;
p@) =—K,(A=+1) | atza™ =t3 None

Table 3.8: Conjugation on t3 when holonomy action is trivial on center and

_ 1
a3—§

a = (L7529, AT)

p(a) on t3

Conditions on ¢;

A=+1

_ Q¢ — _
atga 1 :t?lﬂ1t12vzt3t4 C3—Clw1 —C2wW2

_ clwi+cowz
€3 =—""5

_ clwitcows

1
2 +2

A=—-1

atza~! = )ty e e

C1W1 + CoWwg = 0

Table 3.9: Conjugation on t3 when holonomy action is reflection on center and

a3:0

127




I
a=(t3,AT) p(a) on tg Conditions on ¢;

gO(d) = :tK, (121 = +].) O[tg(l/71 = t3t2283 cy = 0 or %

Table 3.10: Conjugation on t3 when holonomy action is reflection on center

1

and az = 3

Remark 3.4.12. When ¢; = ¢ = ¢35 = 0, so that ﬁg = I's x Z, the above

criteria on the ¢; are immediately satisfied.

Lemma 3.4.13 (cf. Theorem . Let IT C (Sol®> x R) x (Dy x Zs) be a
Sol* x R crystallographic group, with lattice embedded as in Proposition m
If all elements of IT are of the form (x,A) € IT with A =1, or (x, At) € Il
with A = —1, then we can assume that c3 = 0 (This is analogous to the Sol*

case when AA = +1 for all holonomy elements A).

Proof. Let k denote the automorphism of Sol® x R defined as:

x T
k: yl,u| — y U
t t+ ku

Setting k = &5, we see that conjugation by (e,k)"' € Aff(Sol® x R) sets

cs = 0, while fixing the maximal compact subgroup Dy X Zs. O]

3.4.14 (Computation of Cyclic Powers). Before our main classification
result, we provide computations of the cyclic powers of all possible a. This
will be useful for determining the exponents on t4, as well as checking whether

or not a crystallographic group has torsion.
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o = (6650, A)

a” (n = ord(A))

1 0

A= 5 90(@) =A @2 — ti(a4+alcl+a202)
| 01
[0 1

A - ) 90<O_4) - A a4 — ti(a4+alcl+a202)
-1 0

A= 0 (1) y (P(O_é) =A 042 — tclu-i-azt6211+a2tia4+alcl+a262_a261_ach
[ 0 ]_ 1 1 0 . N

A = y (p(@) fry 062 — t%alti( ) 2)
| 1 0] 0-1

Table 3.11: Cyclic powers when holonomy acts trivially on center and az = 0

T
a = (t5ty", A)

" (n =ord(A))

p(a) = —K,(A=+1)

2
o = taty™

Table 3.12: Cyclic powers when holonomy acts trivially on center and a3z = 3

1

a = (£62240t%, Ar) on (n = ord(A)
—1 0
L 0-1
[0 1
—1 0

A= (1) 0 ) Qp(d) =A a? = t(fl+a2tgl+a2tz(alcl+a202+a201+a102)
[0 1] 1 0

A= , gp(d) = OZ2 — t%altlhlcl
L 10 0—1

A= I, Oé2 — t%altgaZtZQ(alcl_;,_aQQ)

Table 3.13: Cyclic powers when holonomy acts as reflection on center and

a3:0
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o = (62t3, A7) a" (= ord(4))
(@) = £K,(A = +1) a? = tst;

Table 3.14: Cyclic powers when holonomy acts as reflection on center and

1
a3:§

3.4.15 (Detecting Torsion in Sol® x R Crystallographic Groups). Given
a lattice I's of Sol® x R (which projects to a lattice I's of Sol®), the short exact
sequence

1HZ<f5)—>f5—>Fs—>1

induces an S*-bundle over the solvmanifold Ts\Sol?,
St — T's\(Sol® x R) — Is\Sol®.

Lemma 3.4.16 (cf. Lemma. Let fs be a lattice of Sol®> x R, projecting
to a standard lattice Ts of Sol®, and suppose that for o € (Sol® xR) xt (Dy x Zs),
the group I = (f& a) is crystallographic. Let & denote the projection of « to
Sol® x Dy. When the automorphism part of o acts as a reflection on the center

of Sol* x R, II is torsion-free if and only if (Is, @) is torsion-free.

Proof. Obviously, if (I's, @) is torsion-free, then IT must be torsion-free. For
the converse, suppose that (I's, @) has torsion. In this case, the action of & on
the solvmanifold I's\Sol® must fix a point. Observe that the action of o on the
solvmanifold T's\(Sol® x R) is S! fiber preserving. Therefore, a circle fiber is
left invariant under the action of a. Since «a acts as reflection on the fiber, «

must fix a point. Therefore, II has torsion. O

Lemma 3.4.17 (cf. Lemma [3.2.20). When 3 = (t't92t5t%, B) € IT satisfies

by = % and B =1, 3 is not torsion for any v € fg.
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Proof. Note that B is necessarily of order 2. Let pr : Sol®> x R — R denote
the quotient homomorphism of Sol® x R by its nil-radical R?. Write v € fg as

t71t52t5°t, 1. Application of pr to (v3)? yields

pr(v8)* = 2ns + 1,
from which we infer v/ is not torsion. O

We are now ready the classify the Sol®> x R crystallographic groups. We
will enumerate the Sol®> xR crystallographic groups associated to each abstract
kernel ¢ : Zg — GL(2,7Z). The Sol® xR crystallographic groups will be ordered
according to the abstract kernel in Theorem that ¢ lifts. We start our
classification with the trivial case ((0) Family). In all cases, we give:

(1) The holonomy W, the conditions on S, and the abstract kernel
¢ Ly — GL(2,7Z)

(this fixes the exponents on t3).
(2) A computation of H'(¥; Coker(I —&)) (this fixes the exponents on ty, ts).

As a matter of notation, we set

b t
a= “ b= l,andr: 1,
(05} bQ tQ

the exponents on tq,t, corresponding to holonomy elements A or Ar, B or
Br, and 7, respectively.

(3) Conditions on 1, cs, ¢5 (this fixes the lattice I's, and induces an abstract
kernel ¥ — Out(Ly)).

(4) Exponents on t4, which are classified by H2(¥; Z(Ts)).

(5) When the group is torsion-free.
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Theorem 3.4.18 ((0) Family). The crystallographic groups of Sol* xR, lifting
an abstract kernel Zo — GL(2,7Z) of case (0) of Theorem are:

(0a) U = {e}, Zy = (t3)
e S € SL(2,Z) with tr(S) > 2
ec3 =10
o 1 = (Ts)

e Torsion-free

(0b) W = Zy, Zy = (t3,7 = (t3,7))
e S € SL(2,Z) with tr(S) > 2
°p(7) =1
e H'(U;Coker(I —S)) isall r with (/ —S)r=0 and 2r =0
ec; =0or %,andCQZOOY%
e Two choices for ¢z (up to isomorphism), see Table
o 11 = (Ts,y = (£ 65, 7))
o H%(W; Z(Is)) is trivial.
e Torsion-free when r # 0.
(0c) U =Zy, Zy = (t3,7 = (t:%’T))
S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.
°p(7) =K
e H'(U; Coker(I — 8§)) is trivial, so that we can take r = 0.

e (c1,09) € Coker(I + KT)
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ec3=10
~ 1
o [ =(I's,y=(t3,7))
o H2(U: Z(Is)) is trivial.

e Torsion-free

Proof. The arguments in Theorem establish the three different possibil-
ities for Zy. In particular, (2b) from Theorem [3.2.9| gives the conditions on
S in case (0c). The difference is that ¢(7) is given by K, not —K, as in
Theorem (2b).

In case (Ob), the cocycle condition for r € Coker(I—S8) is that (I+¢(7))r =
2r = 0, whereas the coboudary vanishes. This shows our description of
H'(¥; Coker(I —8)). In case (0c), H'(¥; Coker(I —8)) vanishes by Corollary

0.2, 191

In all cases, the conditions on ¢y, ¢o follow from the Tables [3.5]and [3.6], We
can take c3 = 0 in case (0a) by Lemma [3.4.13] and c¢3 = 0 is forced in case
(0c) by Table [3.14] Table |3.9| shows that we have two choices for c3 in case

(0b).

Evidently, groups of type (0b) are torsion-free when r # 0. The groups of
type (0c) are torsion-free Lemma [3.4.17} In all three cases, we take ay = 0 by
Lemma [3.4.9, and H2(¥; Z(Is)) vanishes. O

Theorem 3.4.19 ((1) Family). The crystallographic groups of Sol* xR, lifting
an abstract kernel Ze — GL(2,7Z) of case (1) of Theorem m

1 0
, are
0 —1

A:
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(1a)

(1b)

(1¢c)

U =Ly, Ty = (t5, 0 = (t3, A))

e S =nK + I, where K € GL(2,Z) with det(K) = —1, tr(K) =n > 0.
e p(a) =—K

e H'(U:; Coker(I — 8§)) is trivial, so that we can take a = 0.

e (c1,09) € Coker(I + KT)
ec3=10

o I = (Ts,a = (623, A))

o H*(W; Z(Ts)) = Zs, as =0 or 1
e Torsion-free

U = Zo, Ty = (ts, G = (t7, A7)

e S =nK + I, where K € GL(2,Z) with det(K) = —1, tr(K) =n > 0.
o p(a)=—-K

o H'(T; Coker(I — &)) is trivial, so that we can take a = 0.

e (c1,cp) € Coker(KT — 1)

ec3=10

o I = (Is,o0 = (fé,AT))

o H2(U: Z(I)) is trivial.

e Torsion-free

W =73 T = (ts,0 = (8],4),7 = (¢,7))

e S =nK + I, where K € GL(2,Z) with det(K) = —1, tr(K) =n > 0.

o p(a) =—-K,p(7) =1
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e H'(U;Coker(I —S)) is all r with (/ + K)r =0 and 2r =0
e (c1,¢) € Coker(I + K') and ¢; =0or 5, co=0o0r %

e One choice for ¢z, Table [3.9] gives two different values for ¢z, but only
one satisfies (ay)? € T.

o 7= (To.o = (645, 4),7 = (61654, 7))

o H2(W; Z(Is)) = Zs, as =0 or &

2

e Torsion-free when r # 0.

Proof. First, observe that

cannot be lifted to a Sol®> x R crystallographic group by Lemma [3.4.10| and

we therefore disregard this case.

In cases (1a) and (1b), H'(¥; Coker(/ —8)) vanishes by Corollary|3.2.19|
In case (1c), Corollary [3.2.19) implies we may take a = 0. Then the cocycle

conditions imply that r must satisfy
(I+K)r=0
and

(I +¢(¥))r=2r=0.

In all cases, the conditions on c;, ¢y follow from the Tables and
[3.6l We can take ¢3 = 0 in case (1a) by Lemma [3.4.13] and ¢3 = 0 is forced

in case (1b) by Table |3.14l Table 3.9 shows that we have two choices for c3
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in case (1c). However,
(0)? = 652t

for integers n;, and a rational number v. Only one choice for ¢3 (modulo the

integers) will ensure —c3 + v is integral.
The two choices for a4 in cases (1a) and (1c¢) arise from Table [3.12}
o = tgt3, O

Theorem 3.4.20 ((2a) Family). The crystallographic groups of Sol®> x R,
lifting an abstract kernel Zeo — GL(2,Z) of case (2a) of Theorem m

-1 0
, are
0 -1

A:

(2aa) U = ZQ, qu = <t3,0_é = (tg,A)>
e S € SL(2,Z) with tr(S) > 2
e p(a)=A

o H'(W; Coker(I — 8)) = gmeti=5k. That is, all a with (I — S)a = 0,

taken modulo 2a.

001:Oor%,02:Oor%

e c3 = 0, must satisfy conditions in Table

o IT = (Ts,a = (£ 652 t5t5", A))

o H2(U: Z(Is)) = Zo, ay = —(a1c1 + ascs) + 1i=0,1

e Torsion-free when 7 = 1
(2ab) U = Zy, Zy = (t3,a = (t3, A1)
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e S € SL(2,Z) with tr(S) > 2
e p(a)=A

o H'(U; Coker(I —8)) = 2%‘;%({;5‘% That is, all a with (I — S)a = 0,

taken modulo 2a.

e Two choices for ¢z (up to isomorphism), see Table
o IT = (Is,a = (t71£3249, A7))

o H%(W; Z(Is)) is trivial.

e Always has torsion

(2ac) W =73 Zy = (t3,a = (t3, A),7 = (t3,7))
o S € SL(2,Z) with tr(S) > 2
e p(a) =Ap(7)=1
e H'(U; Coker(I —8)) is all a,r with (I —S)a = (I —S)r = 0 satisfying
2r=0

1

2,022001"l

ec,=0or 3

e Two choices for ¢z (up to isomorphism), see Tables and
o 1T = (Ts,a = (674528565, A), 7 = (8755, 7))
o HX(W; Z(Ts)) = Zs, as = —(ar¢1 + asea) + (i = 0,1)
e Always has torsion
(2ad) W = 73, Zy = (85,0 = (t5, 4), 7 = (6, 7))
e S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.

e p(a) =Ap(7) =K
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e H'(U;Coker(I — 8)) = % That is, all a with (I — K)a =0,

taken modulo 2a.

e (c1,¢2) € Coker(I + KT) and ¢; =0or 3, co=0o0r %
e c3 = (0, must satisfy conditions in Table [3.7

o 7= (Ts.o = (76576063, 4), 7 = (&5, 7)

o HX(W; Z(Ts)) = Zs, as = —(ar¢1 + asea) + (i = 0,1)

e Torsion-free when 7 = 1

(2a0) W = 73, Zy = (t5, 0 = (t3, A7), 7 = (t7,7))
o S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.
e (@) = A, p(7) = K

o H'(U; Coker(I —§)) = st That is, all a with (I — K)a = 0,

2Coker(I—K

taken modulo 2a.

e (c1,cy) € Coker(I + KT)

e c; = 0, must satisfy conditions in Table |3.9
o 1= (T, = (74574365, A7), 7 = (t5,7)

o H2(U:; Z(Ts)) = Zs, two choices for a;. We have (ay)? =t th2t54294+°
for integers nq, and some rational number v, and therefore two solutions

for ay.

e Always has torsion

Proof. The computation for H'(¥; Coker(I — §)) for cases (2aa) and (2ab)

follows immediately from that of case (2a) in Theorem [3.2.21] That for cases
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(2ac), (2ad), and (2ae) follows from computing the appropriate cocycle con-
ditions in Remark [3.2.17, together with application of Corollary [3.2.19, In
particular, in cases (2ad) and (2ae), we take r = 0 by Corollary |3.2.19; the

commutator cocycle condition in cases (2ad) and (2ae) then reduces to

(I = o(7))a= (I - ¢(a)r
(I — K)a=0.

In all cases, the conditions on ¢i, ¢y follow from the Tables [3.3] and
3.6l We can take c3 = 0 in case (2aa) by Lemma [3.4.13] We have two choices
for c3 in cases (2ab) and (2ac). For cases (2ad) and (2ae), notice that from

Table [3.14] 42 = tst,; “*, so that ¢ = 0 is forced.

The two choices for a4 in cases (2aa), (2ac), and (2ad) arise from Table

o 12

o = tZ(a4+a1C1+a202).

The torsion criteria are clear, given that Sol® groups of type (2a) in Theo-
rem [3.2.21| always have torsion. Notice that 7 in case (2ad) cannot contribute
torsion by Lemma [3.4.17] Lemma [3.4.16| implies that (2ab) always has tor-

sion, and that (2ac) also has torsion as it contains case (2ab). Case (2ae) is

always torsion by Lemma |3.4.16) O

Theorem 3.4.21 ((2b) Family). The crystallographic groups of Sol*> x R,
lifting an abstract kernel Zo — GL(2,7Z) of case (2b) of Theorem [3.2.9)

-1 0
A= ],are

0 -1
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(2b2) U = Zy, Zy = (5,0 = (2, A))
e S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.
e p(a) =—K
e H'(U; Coker(I — 8§)) is trivial so that a = 0.

e (c1,cy) € Coker(I + KT)

e Torsion-free

(2bb) W = Zs, Zy = (t3,G = (t7, A7))
e S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.
o p(a)=—-K
e H'(U; Coker(I — 8§)) is trivial so that a = 0.
e (c1,cy) € Coker(KT — 1)
ec3=10
o I = (Ts, a0 = (t2, A7)
o H2(U: Z(I)) is trivial.
e Torsion-free
(2b) ¥ =73, Ty = (8,5 = (£, 4),7 = (t3, 7))
e S =nK — I, where K € GL(2,Z) with det(K) = +1, tr(K) =n > 2.

o p(a) =—-K,p(7) =1
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e H'(U; Coker(I — S)) all r with (I + K)r =0, 2r = 0.
e (c1,¢) € Coker(I + K') and ¢; =0or 5, co=0o0r %

e One choice for ¢3, Table 3.9 gives two different values for ¢s, but only

one satisfies ()2 € Ts.

~ 1
o Il = <F3=a - (t§tZ4aA)77 - (t?t?tgﬂ—»
o H2(U; 2(Ts)) = Zs, as =0, }

e Torsion-free when r # 0.

Proof. First, note that

[SEENI

1
Z\I/ = <t3,C_K: (t?faA)?:Y: (t

7))
7))

W o=

= (t3,a = (t3, A7),y = (¢

is a lift of type (2a) from the Sol® classification, and it corresponds to type
(2ae) in Theorem |3.4.20L

The computation for H'(¥; Coker(/—S8)) for cases (2ba) and (2bb) follows
immediately from that of case (2b) in Theorem |3.2.21] That for case (2bc)

follows from computing the appropriate cocycle conditions in Remark [3.2.17],
together with application of Corollary |3.2.19

In all cases, the conditions on ¢, ¢y follow from the Tables and
3.6l We can take c3 = 0 in case (2ba) by Lemma [3.4.13] From Table [3.14]
c3 = 0 is forced in case (2bb). Table [3.9| shows that we have two choices for

c3 in case (2bc). However,

(07)? = 6657677,
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for integers n;, and a rational number v. Only one choice for ¢3 (modulo the

integers) will ensure —c3 + v is integral.

For the torsion criteria, notice that Sol® groups of type (2b) were always

torsion-free. N

Theorem 3.4.22 ((3) Family). The crystallographic groups of Sol* xR, lifting
an abstract kernel Zo — GL(2,Z) of case (3) of Theorem [3.2.9]

01
A= ],ar@

10

(32) U =7y, Zy = (t3,a = (t3, A))
o S € SL(2,Z) with 015 = —091 and tr(S) > 2.
o p(a)=A
e H'(U;Coker(I — 8)) can be described as all a with (I — S)a = 0,

where (I — S)v = 0.

ay = —ay taken modulo (v; — Uz)[
-1

eci—cp=0
e Two choices for ¢3 (up to isomorphism), see Table
o II = (I, o = (£142240t%4, A))

o H2(W; Z(Is)) = Zs, as = 0 or :

1
2

e Torsion-free when a4 =
(3b) W =7y, Zy = (t3,a = (t§, AT))
e S € SL(2,Z) with 019 = —09; and tr(S) > 2.

epa)=A
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(3c)

(3d)

e H'(U;Coker(I — 8)) can be described as all a with (I — S)a = 0,

as = —ay taken modulo (v; — U2>|: where (I — S)v = 0.

—1

eci+c=0

e c3 = 0, must satisfy conditions in Table (3.9
o T = (Ts,a = (t0"t3t, AT))

o H2(U: Z(Iy)) is trivial.

e Always has torsion

U =175 Zy = (t3,0 = (t5,4),7 = (t5,7))

e S € SL(2,Z) with 015 = —091 and tr(S) > 2.

. ol@) = Ag(7) = 1

o H'(U;Coker(I — 8)) can be described as all a, r with (I — S)a =

(I-=8)r=0,r=(0,0) or (3, %),

and as = —a; taken modulo (v; — U2>|:
—1

L ] where (I —S)v =0.
e (c1,c9) = (0,0) or (c1,¢0) = (%, %)

e Two choices for ¢z (up to isomorphism), see Tables and
o 11 = (Ts, o = (67456565, A), 7 = (t{'£5t5, 7))

o H2(W; Z(Ts)) = Zs, as = 0 or :
e Always has torsion

W =74, T = (65,0 = (£, 4),7 = (65, 7))

o S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2 and ko = —ko;.

e p(a) =Ap(7) =K
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e H'(U;Coker(I — S)) can be described as all a with (I — K)a = 0,

ay = —ay taken modulo (v; — U2>|: where (I — K)v = 0.

—1
e (c1,c2) € Coker(I + K1), c; —c2 =0

e c3 = (0, must satisfy conditions in Table
o I1 = (Ts, o0 = (£1£3240t34 ) A), v = (t2,7))
o HX(W; Z(Ts)) = Zy, as =0 or 1

e Always has torsion

Proof. The computation for H!(¥; Coker(I — §)) for cases (3a) and (3b)
follows immediately from that of case (3) in Theorem [3.2.21] That for cases

(3c) and (3d) follows from computing the appropriate cocycle conditions in

Remark [3.2.17], together with application of Corollary [3.2.19, Let us examine
(3c) in greater detail. Notice that the cyclic power cocycle condition forces

2r = 0. Furthermore, consider the commutator cocycle condition in case (3c):

(I = p(a))r = (I = p(v))a

This forces r to be either (0,0) or (3, 1).

In all cases, the conditions on ¢y, ¢y follow from the Tables[3.3] and [3.6]
We can take c3 = 0 in case (3b) by Lemma [3.4.13] From Table[3.14] ¢3 = 0 is

forced in case (3d). For cases (3a) and (3c), we have two choices for cs.

For the choices we have for a4 in cases (3a), (3c), and (3d), note that
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c1 — ¢ = 0 and by Table

a? = tclbl-i—agtgl+a2tia4+alcl+agcz—agcl—a102 _ tiuﬁm(q%z)wz(q%z) _ tZM'
For the torsion criteria, notice that Sol® groups of type (3) always have
torsion. Thus Lemma[3.4.16applies to show that « is always a torsion element
in case (3b), ay is a torsion element in case (3c), and a~y is a torsion element
in case (3d). Only in case (3a) can we resolve torsion in the central direction
of Sol’* x R.
O

Theorem 3.4.23 ((3i) Family). The crystallographic groups of Sol® x R,
lifting an abstract kernel Zo — GL(2,Z) of case (3i) of Theorem [3.2.9]

0 1
A= ],ar@

10

(3ia) U = Zy, Zy = (t3,a = (t3, A))

eS¢e SL(2,Z) with 017 = 099 and tI’(S) > 2.

1 0
0-1

e H'(U:;Coker(I — 8)) can be described as all a with (I — S)a = 0,

° p(a) =

2a; =0 (so a; = 0 or 3) modulo [

0
where (I — S)v =0.
2?]2
ecy=0or %
e Two choices for ¢z (up to isomorphism), see Table
o I1 = (Ts,a = (t1t32t9t5*, A))

[ H2(‘If; Z(fg)) = ZQ, a4 = —QCy + %(Z = 0, 1)
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(o114+1)(2n+1

e When ¢ = 0, torsion-free when a; = % and ay # o ) for any

ne€z

e When ¢ = 1, always torsion-free

(3ib) U = Zy, Zy = (t3,a = (t3, AT))

eS¢ SL(Q,Z) with 017 = 099 and tr(S) > 2.

1o
090(61)—[0_1]

e H'(U:;Coker(I — 8)) can be described as all a with (I — S)a = 0,

0
2a; =0 (so a; = 0 or 3) modulo [ ] where (I — S)v = 0.

21)2

1

ec;=0or 3

e c; = 0, must satisfy conditions in Table |3.9
o IT = (Ts, o0 = (t9'£52t3, A7)
o H%(W; Z(Is)) is trivial.

(011+1)(2n+1

e Torsion-free when a; = % and ay # Sy ) for any n € Z.

(3ic) V=173 Zg = (t3,a=(t3,A),7 = (t3,7))
eSce SL(Q,Z) with 017 = 099 and tI'(S) > 2.

0-1
e H'(¥;Coker(I — 8)) can be described as all a, r with (I — S)a =

090(61):[1 O],m):J

0
(I —=S)r =0, 2r = 0, 2a; = 0 with a taken modulo L ] where
V2
(I-S)v=0.

ocleor%,and@:Oor

1
2

e Two choices for ¢3 (up to isomorphism), see Tables [3.7] and
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(3id)

o IT = (Is,a = (£01£2240%1, A), v = (£ 4249, 7))
o HX(W; Z(Ts)) = Zs, ay = —ascy + 4(i = 0,1)

e Torsion-free when r # 0, t; + a1 = %, to + as # % for any

n € Z, and...

(011+1)(2n+1

e when ¢ = 0, in addition a; = % and ay # Sy ) for any n € Z

e when ¢ = 1, no additional condition

U =732 Zy = (tz,a= (t3, A),7 = (t2,7))

e S =nK — I, where K € SL(2,Z) with tr(K) =n > 2 and ki1 = koo.
1 0
e p(a) = (7)) =K
p(a) [0_1] v(7)
e H'(U;Coker(I — 8)) can be described as all a with (I — K)a = 0,

0
2a; = 0 modulo [ where (I — K)v = 0.

2’02

ec;=0o0r 1, and (c1,c2) € Coker(I + K7)

e c3 = (0, must satisfy conditions in Table
o 1= (Ts,0 = (' t58365", ), = (t],7)

o HX(W; Z(Ts)) = Zo, ay = —ascy + 4(i = 0,1)
e Torsion-free ...

owheni:O,alzéandag;,—é%foranynez

e when i = 1, the (I, (7)) must be torsion-free, projected to Sol®.

Proof. The computation for H'(¥; Coker(I — §)) for cases (3ia) and (3ib)

follows immediately from that of case (3i) in Theorem [3.2.21} That for cases

(3ic) and (3id) follows from computing the appropriate cocycle conditions in
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Remark [3.2.17], together with application of Corollary [3.2.19, Let us examine
(3ic) in greater detail. Notice that the cyclic power cocycle condition forces
2r = 0. We do not obtain an additional condition on r from commutator

cocycle condition in case (3ic):

(L = pla))r = (I —p(7))a
o
r=0.
0 2

In all cases, the conditions on ¢, ¢y follow from the Tables [3.3] and
.61 We can take ¢ = 0 in case (3ib) by Lemma [3.4.13] From Table [3.14]
c3 = 0 is forced in case (3i¢d). For cases (3ia) and (3ic), we have two choices

for cs.

For the choices we have for a4 in cases (3ia), (3ic), and (3:d), note that

2
a? _ t%al t4(a4+a202) ‘

For case (3ia), when ¢ = 1, I is always torsion-free. But when i = 0,
the projection of IT to a Sol® crystallographic group of type (3i) must be

torsion-free. The torsion criteria now follow from Theorem [3.2.21] case (37).

For case (3ib), by Lemma [3.4.16] the projection of IT to a Sol® crystallo-

graphic group of type (3i) must be torsion-free, and hence the desired criteria.

For case (3ic), we first require that r # 0 for v to be of infinite order. In
addition,

Ja = (6 Ar)
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must be infinite order when projected to Sol®> by Lemma Thus we
obtain the stated conditions on a; + t; and ag + ta.

Now, when ¢ = 1, « is never torsion. But when ¢ = 0, the projection of
a to Sol® must be of infinite order, and we obtain additional conditions on a4

and as.
For case (3¢d), note that when ¢ = 0, both

a = (t7'ty", A)

1
ay = (765765, A7)

must be torsion-free, when projected to Sol®. This occurs precisely when the

Sol® crystallographic group of type (3i),
1
Q, = <t17 t27 t32 ) O[>

is torsion-free. Note that the lattice of Q' is (ti, ta, té} = Z*? x i Z. The desired
criteria on a; and a, now follow by applying the result of Theorem [3.2.21] case
(3¢) with K in place of S.

When ¢ = 1, a and v are always of infinite order. But Lemma |3.4.16

implies that

1
ay = (t7't5°t5, A7)

must be of infinite order, when projected to Sol®. This occurs precisely when
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the Sol® crystallographic group of type (3i),
Q” = <t17 t27 t37 O‘V)
_1
is torsion-free. We can conjugate ay by t; * to obtain
_1 1 1 a  al
ty " (£ 85785, AT)ts = (t'6,°t5t5", A7)
Now one could apply Theorem [3.2.21] case (3i) to obtain criteria on aj, ah. [

Theorem 3.4.24 ((4) Family). The crystallographic groups of Sol® xR, lifting
an abstract kernel Zo — GL(2,Z) of case (4) of Theorem [3.2.9

0 1
A= ],are

-1 0

(42) W =74, Zy = (t3,a = (t3, A))
e S € SL(2,7Z), symmetric and tr(S) > 2.
o p(a)=A
o H'(; Coker(I — §)) = et
® (c1,¢2) = (0,0) or (c1,¢2) = (35, 5)
e Two choices for c3 (up to isomorphism), see Table

o 1T = (Ts,a = (67't5°t565, A))

o HX(W; Z(Ts)) = Zy, as = —(a1¢1 + asca) + 1(i = 0,1,2,3)

e Torsion-free for : = 1,3

(4b) U =7y, Zy = (t3,a = (t3, AT))
e S € SL(2,Z), symmetric and tr(S) > 2.
e p(a)=A
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e H'(U; Coker(I — S)) = %.

e (c1,¢2) = (0,0) or (c1,¢2) = (3, 3)

e c3 = 0, must satisfy conditions in Table [3.9
o T = (Ts,a = (t3't3°t3, AT))

o H%(W; Z(Is)) is trivial.

e Always has torsion

(40) U =Zy x Ly, Ly = (t3,a = (t3, A),7 = (3, 7))
e § € SL(2,Z), symmetric and tr(S) > 2.
o p(a)=A
e H'(W; Coker(I—S8))isalla, r with (/—S)a= (I-8)r=0,r = (0,0)
or (3,1), and a taken modulo (I — A)v, for (I — S)v =0.
e (c1,c9) = (0,0) or (c1,¢0) = (%, %)
e Two choices for ¢z (up to isomorphism), see Tables and
o 11 = (Ts, o = (67456365, A), 7 = (t{'t5t5, 7))
o HX(W; Z(Ts)) = Zs, as = —(a1¢1 + asca) + 1(i = 0,1,2,3)

e Always has torsion

(4Q) U = Zy x T, Ty = (t5,0 = (83, A), 7 = (t7,7))
e S =nK — I, where K € SL(2,Z), symmetric with tr(K) =n > 2.
e p(a)=Ap(7) =K
e H'(U; Coker(I — 5)) = %.

e (c1,¢2) € Coker(I + K7T), (¢1,¢2) = (0,0) or (c1,¢2) = (3, 3)
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e c3 = (0, must satisfy conditions in Table

o IT = (Is,a = (£7142260t%4 A), v = (t2, 7))

o HX(W; Z(Ts)) = Zu, as = —(a1¢1 + asea) + 1(i = 0,1,2,3)

e Always has torsion

Proof. The computation for H!(¥; Coker(I — §)) for cases (4a) and (4b)
follows from that of case (4) in Theorem [3.2.21] That for cases (4c) and (4d)
follows from computing the appropriate cocycle conditions in Remark [3.2.17]
together with application of Corollary For case (4c), notice that the
cyclic power cocycle condition for 7 forces 2r = 0. We obtain an additional

condition on r from the commutator cocycle condition in case (4c):

(I = p(a))r = (I = »(y))a

1 -1
r=0,

which forces (¢1,t2) = (0,0) or (t1,%2) = (5, 3).

In all cases, the conditions on ¢y, ¢y follow from the Tables[3.3] and [3.6]
We can take ¢3 = 0 in case (4b) by Lemma [3.4.13] From Table[3.14] ¢3 = 0 is

forced in case (4d). For cases (4a) and (4c), we have two choices for cs.

For the choices we have for a4 in cases (4a), (4c), and (4d), note that

from Table 3.17]

a4 _ ti(a4+a161+a202).

Recall that Sol® groups of type (4) always have torsion. Lemma [3.4.16

shows that groups of type (4b), (4c), and (4d) all have torsion. Only in case
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(4a) can we resolve torsion in the central direction, just like the case of Sol;*

crystallographic groups of type (4) (Theorem [3.3.21]). O]

Theorem 3.4.25 ((5) Family). The crystallographic groups of Sol* xR, lifting
an abstract kernel Zge — GL(2,Z) of case (5) of Theorem [3.2.9

A:

(52) U =72 Zy = (ts,a = (t? A), 3 = (t3, B))

e S=nK+1, K € GL(2,Z), det(K) = —1, and tr(K) =n > 0.

o p(@) = —K,p(8) =B

o H'(U; Coker(I — 8)) = %{;}%

e (c1,¢) € Coker(I + K*), ¢y =0o0r 35, co=0or 5
e c3 = (0, must satisfy conditions in Table [3.7

o 1= (Ts,a = (585, 4), 6 = (¢ ¢4 451, 1))

° HQ(\I/,Z(fS)) = Z2 X ZQ, a4 = 0 or %, b4 = —(0461 +G262) + %(Z = O, 1)

e Torsion-free when 7 = 1

(6b) U =72, Zy = (ts,G = (t, A7), 3 = (t3, B))

o S=nK+1, K e€GL(2,Z), det(K) = —1, tr(K) =n > 0.

e p(a) = —K,p(f) =B

~ Coker(I+K
o H'(T; Coker(I — S)) = W(;;K))

e (c1,¢2) € Coker(KT — 1), ¢c;=00r 1, co=0o0r 3
e c; = 0, must satisfy conditions in Table
o IT = (Ts,a = (t, A7), 5 = (tVt2t3t}, B))
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(5¢)

(6d)

o HX(W; Z(Ts)) = Zs, by = —(arc1 + ascy) + 4(i = 0,1)

e Torsion-free when 7 =1

U =73, Zy = (5,6 = (t], A), B = (£}, B7))

o S=nK+1, K € GL(2,Z), det(K) = —1, tr(K) = n > 0.
o pla) = —K o(3) = B

o H'(W; Coker(I — 8)) = Sl

e (c1,¢9) € Coker(I + KT)

e Unique choice for ¢3 (up to isomorphism), found by solving (a/3)? € I,

this ¢; must satisfy the conditions in Table
o I1 = (Is,a = (t3t}', A), B = (t}'t3t3, Br))
o H2(W; Z(T5)) = Zs, ag =0 or }

e Always has torsion

V= Zga Z‘l’ = <t370_5 - <t§7A)7B - (tgaB)fy = (tg77>>

e S=nK+1, K € GL(2,Z), det(K) = —1, and tr(K) =n > 0.

e p(@) = =K, 0(f) = B,p(7) =1
e H'(V; Coker(I —S))isall b, r with (/+ K)b = (I+K)r =0, 2r = 0,

and b taken modulo 2b.
e (c1,¢3) € Coker(I + KT), ¢y =0o0r 3, co=0o0r 3

e Unique choice for c3 (up to isomorphism), found by solving (ay)? € I,

this cs must satisfy the conditions in Tables [3.7] and
o I = <f$v o= (t??t%v A)a b= (t?lthtth‘L, B)?V = (ttllt?tg’ 7_)>
o H*(U; Z(Ts)) = Zo X Lo, ag = 0 or &, by = —(ar¢1 +ases) + £(i = 0,1)
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e Always has torsion
Proof. First, observe that

Zy = (t5,0 = (62, A),5 = (t%, B).7 = (t2,7))

= <t3vd = (tg’AT)7B = (tgaB)vi/ = (t§77)>

cannot be lifted to a Sol® x R crystallographic group by Lemma [3.4.10, and
we therefore disregard this case.
Also, note that

Z\Il - <t37d = (téaAT)aB = (tg>B7_)>

= <t37 a = (t??’ _A>a B = (tg> BT)>
is conjugate to a Sol® x R crystallographic group of type (5¢), as A and —A

are conjugate in Dy X Zso.

The statements regarding H'(¥; Coker(I — S)) for cases (5a), (5b), and
(6¢c) follow from that of case (5) in Theorem [3.2.21. The statement for
Case (5d) follows from the cocycle conditions in Remark [3.2.17] together with

application of Corollary [3.2.19]

The conditions on the ¢;, as well as the choices for the exponents on ty,
follow from our proceeding classification of Sol* x R groups with cyclic holon-

omy.

For the torsion criteria, note that in cases (5a) and (5b), both <fg, a) and
(Ts, af) are torsion-free by Lemma [3.4.171 In these cases we must take i = 1

to get that (Is,3) (and hence IT) is torsion-free. Groups of type (5¢) have
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torsion by Lemma [3.4.16, As a group of type (5d) contains a group of type

(5¢), it likewise has torsion. O

Theorem 3.4.26 ((6a) Family). The crystallographic groups of Sol*> x R,
lifting an abstract kernel Zo — GL(2,7Z) of case (6a) of Theorem [3.2.9)

01
10

A= B =

0 -1
(68.8.) \Ij = Z%, Z\IJ - <t3,0_5 = (tgaA)vg = (tg7B)>

eS¢ SL(Q,Z) with 019 = —09; and tl"(S) > 2.

e (@) = A,p(P) = B
o H'(U:;:Coker(I —S8)) isa, bwith (/ —8)a= ([ —-8b=0, a =

and 2v for

—ay, by — by —2a; = 0, a and b modulo (v; — 'U2)|: 11

v € Coker(I — §), respectively.

e (c1,¢2) = (0,0) or (3,3)

e Two choices for ¢z (up to isomorphism), see Table
o 17 = ([0 = (606240657, A), 5 = (€236, B))

° HQ(\II; Z(ﬁg)) = ZQ X Zg, ayq = 0 or %, b4 = —(a161 +CL202) + %(Z = O, 1)

e Always has torsion

(6ab) U =72, Zy = (ts,a = (t3, A1), 5 = (t), B))

e S € SL(2,Z) with 015 = —09; and tr(S) > 2.

e v(@) = A, (B) =B

o H'(V;Coker(I —8)) is a, b with (] —S)a= (I —S)b =0, a; =
1
-1

—ay, by — by —2a; = 0, a and b modulo (v; — U2)|: and 2v for

v € Coker(I — §), respectively.
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(6ac)

(6ad)

e (c1,¢2) = (0,0) or (3,3)

e c3 = 0, must satisfy conditions in Table

o I = ([5,a = (t7'£5°t3, A7), § = (t7'£'t5¢]", B))

o HX(W; Z(Ts)) = Zo, by = —(arc1 + azcs) + £(i = 0,1)

e Always has torsion

U= Z%? Z\P = <t370_5 = (tgaA)vﬁ (tga BT))

eS¢ SL(2,Z> with 0192 = —09] and tr(S) > 2.

o p(a) = A,p(8) =B
o H'(U;Coker(I —8))isa, bwith (/ —S)a= ([ —-8b=0, a =

1
—ay, by — by — 2a; = 0, a and b modulo (v; — U2)|: '

v € Coker(I — §), respectively.

eci—cp=0

e Two choices for ¢3 (up to isomorphism), see Tables [3.7] and

o IT = (Ts,a = (tTt22tt5%, A), § = (t2't52t9, BT))

o HX(W; Z(Ts)) = Zy, ay =0 or 1

e Always has torsion

W= 73, Ty = (6,0 = (8, 4).5 = (6, 5).7 = (.7)

e S € SL(2,Z) with 015 = —09; and tr(S) > 2.

o p(a) =A,p(B) = B,p(7) =1

e H'(U; Coker(I—S8))isa, b, r with (I-S)a= (I-S)b= (I-S)r =0,

r = (0,0) or (%, %), as = —Aaq, bl — b2 — 2&1 = O,

a and b modulo (v; —wy) { L
—1

] and 2v for v € Coker(I —S), respectively.
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(6ae)

(6af)

b (01702) = (070) or (%7 %)
e T'wo choices for ¢3 (up to isomorphism), see Tables and
o 11 = (Ts, o = (67856365, A), 5 = (67634567, B), v = (474545, 7))

o HQ(\I/,Z(ﬁg)) = Z2 X ZQ, Ay = 0 or %, b4 = —(a161 +G262) + %(Z = O, 1)

e Always has torsion

U= Zg’ Z‘I’ = <t3,0—5 = (tgaA)aﬂ = (tgaB)a;}/

W o|—

(t

7))

e S =nK —1I,where K € SL(2,Z) with tr(K) =n > 2 and kj3 = —ko;.

e (@) =Ap(B)=DB,0(7) =K
o H'(W;Coker(I —S)) is a, b with (I — K)a= (I — K)b = 0, a, =

and 2v for

1
—ay, by — by — 2a; = 0, a and b modulo (v; — 'U2)|: '

v € Coker(I — K), respectively.

e (c1,¢2) € Coker(I + K7T), and (¢1,¢2) = (0,0) or (3, 3)

e c3 = (0, must satisfy conditions in Table

o IT = (Ts,a = (£242240t%, A), B = (£24%24%% B), v = (t2, 7))

° H2(\D;Z(f5)) = Ty X Zg, ag = 0 or %, by = —(ayc1 + asco) + %(z =0,1)

e Always has torsion

U= Zg? Ly = <t376‘ = (tg’A)aﬁ = (tngT)v’7 = (ti’?vT»

e S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2 and kj3 = —ko;.

d 90(0_4) :A,QD(B)ZB,()O(’_)/):K
o H'(¥;Coker(I —S8))isa, bwith(I—K)a=([—-Kb=0,a =

1
—ay, by — by —2a; = 0, a and b modulo (v; — U2)|: and 2v for

-1

v € Coker(I — K), respectively.
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e ¢ —cy =0, (c1,09) € Coker(I + KT)

e c; = 0, must satisfy conditions in Table [3.7] and Table |3.9

o IT = (Ts,a = (£742240t%, A), B = (£24%24%% Br), v = (t2, 7))

° H2(\II;Z(f3)) = Ty X Lo, ay = 0 or %, two choices for by. We have

(B7)? = tT1t22t5t2%4™ for integers ny, and some rational number v, and

therefore two solutions for by.

e Always has torsion

Proof. First, observe that if a Sol® x R crystallographic group IT has

Ly = <t3764 = (tg7AT)>B = (tngT»

= <t37 (tg7 _A>7 (tg> BT))?

then it is conjugate to a Sol® x R crystallographic group of type (6ac), as —A

and A are conjugate in Dy X Zs (and BT remains fixed under this conjugation).

The statements regarding H'(¥; Coker(I —S8)) for cases (6aa), (6ab), and
(6ac) follow from that of case (6a) in Theorem [3.2.21] The statements for

cases (6ad), (6ae), and (6af) follow from the cocycle conditions in Remark

3.2.17], together with application of Corollary [3.2.19|

The conditions on the ¢;, as well as the choices for the exponents on ty,
follow from our proceeding classification of Sol® x R groups with cyclic holon-
omy. In particular, note that in case (6aa), from the cyclic cases, we obtain

two conditions on (¢, ¢y)

Cl—CQZO

01200r§,02:()0r—,
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and these two conditions force (c1, ) = (0,0) or (1, 1).

All Sol® x R crystallographic groups of this type have torsion, just like their

corresponding Sol® crystallographic groups. In case (6aa), we need the groups

<f57 O‘)
(Ts, B)

(Ts, o)

to all be torsion-free. All these groups are torsion, when projected to Sol® crys-
tallographic groups, and so we must resolve the torsion using the R direction

of Sol? x R. We have:

ay = 0,2 =0 = all have torsion

1 -
ay = 5,2’ =0 = (Is, ) has torsion

a;,=0,1=1 = <ﬁ§, «) has torsion

ay =1 = <fg,0zﬁ> has torsion

T2

Now groups of type (6ad) and (6ae) have torsion, as they contain a group
of type (6aa) as a subgroup. To see that groups of type (6ab), (6ac), and
(6af) have torsion, we may appeal to Lemma |3.4.16| O

Theorem 3.4.27 ((6ai) Family). The crystallographic groups of Sol> x R
lifting an abstract kernel Zo — GL(2,Z) of case (6ai) of Theorem [3.2.9]

0 1 —1 o]
, are

10

A= B =

0 -1

(6aia) U =72 Zy = (t3,a = (tJ, A), 3 = (t3, B))
e S € SL(2,Z) with 017 = 099 and tr(S) > 2.
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(6aib)

1 0 -
[ ] @ = s e B
o(@ [0_1] oD
o H'(V; Coker(I—8))isalla, b with (/—8S)a=(I-8)b=0, 2a; =0,

0
2by, —2a5 = 0, a and b taken modulo
2’02

] and 2v for v € Coker(I —S§),

respectively.

co=0ori

ec,=0o0ri 3

3
e Two choices for ¢3 (up to isomorphism), see Table

o IT = (Ts,a = (t7't22t3t5", A), B = (t2t5243t%", B))

o H*(U; Z(Ts)) = Zy X Ly, a5 = —ascy + 4(i = 0,1), by = —(are; +
asc2) + (5 =0,1)

e Torsion-free when 57 =1, and...

. 1)(2n+1
e when i =0, a; = 1 and ay 7%%127”)foranyneZ

‘m@—"“foranynEZandag—bg

e wheni=1, a; + b, 500

2
U =72 Zy = (t3,a = (t3, A7), B = (t3, B))

e S € SL(2,Z) with 017 = 099 and tr(S) > 2.

|10 B
w(a)—lo_l],s@(m—B

e H'(U; Coker(I —38))isall a, b with (/—S)a= (I-S8)b=0, 2a; =0,

0
2by —2a5 = 0, a and b taken modulo
2U2

] and 2v for v € Coker(I —S§),

respectively.
oquor%,cg:Oor%
e c3 = 0, must satisfy conditions in Table

o Il = <f5705 = (t(llltgatgvAT)’ﬁ = (t?lthtth‘L, B))
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® H2(\II; Z(fg)) = ZQ, b4 = —(a101 + (IQCQ) + %(] = O, 1)

012(2n—|—1) 1
2(o11—1) + 27

e Torsion-free when j = 1, a; = %, ay = by + %, by

bg 5_& (o114+1)(2m+1)

2012

—I—% for any m,n € Z.

(6aic) U =172 Zg = (t3,a = (t3,A), 3 = (3, BT))

eS¢ SL(Q,Z) with 017 = 099 and tr(S) > 2.

0—-1
o H'(U;Coker(I—S8))is all a, b with (I —S)a= (I-8)b =0, 2a; =0,

090(61):[1 O]w):B

0
2by, —2a5 = 0, a and b taken modulo [ ] and 2v for v € Coker(I —3S§),

2U2
respectively.

e cy=0or %

e T'wo choices for ¢3 (up to isomorphism), see Tables and
o IT = (Is,a = (£11t920t%, A), 6 = (6245249, BT))

o HX(W; Z(Ts)) = Zo, ay = —ascy + 4(i = 0,1)

e Always has torsion

(Gaid) U= ng Z\I/ = <t3,5é = (tgaA)aﬁ = (tg,B),ﬁ/ = (tgaT»

e S € SL(2,Z) with 017 = 09 and tr(S) > 2.

0—-1
e H'(U; Coker(I—S8))isalla, b, r with (/-S)a= (I-S)b=(I-S)r =

w(oz):[l Ol,so(ﬁ):ww):f

0, 2a; =0, 2by — 2a5 = 0, 2r = 0, a and b taken modulo [ ] and 2v

for v € Coker(I — §), respectively.

oquor%,cQ:Oor%

162



(Baze)

(6aif)

e Two choices for ¢3 (up to isomorphism), see Tables and

o II = (Ts,a = (67t5°65¢5%, A), 5 = (7' t5°85t50, B), v = (t7'65¢3, 7))

o H*(W; 2(Ts)) = Zy X Lo, as = —agcy + 4(i = 0,1), by = —(are; +
ascs) +1(5 =0,1)

e Always has torsion

U =73, Zy = (tz,a = (t3,A), 3 = (t3, B),y = (t2,7))

o S =nK — I, where K € SL(2,7Z) with tr(K) =n > 2 and ki1 = kas.

1o
090(00—[()_1

e H'(¥; Coker(I—S8))isalla, bwith (I-K)a=(I-K)b=0,2a, =0,

() = B,p(7) = K

0
2by —2as = 0, a and b taken modulo [

and 2v for v € Coker(/ — K),
2?)2

respectively.

ecy=0o0r3,ca=0o0r 3, and (¢, c) € Coker(I + K7)

e c; = 0, must satisfy conditions in Table [3.7

o IT = (Ts,a = (£742249t%, A), 5 = (£24%24%% B), v = (£2, 7))

o H*(W; 2(Ts)) = Zy X Lo, as = —agcy + 4(i = 0,1), by = —(are; +
ascs) +1(j =0,1)

e Torsion-free when j = 1, and when the torsion-free criteria for <fg, a, )

(6aia), and <fg,’}/a,ﬁ> (6aib) are satisfied.

U =173, Zy = (t;,a = (t3, A), 3 = (t3, B7),7 = (3, 7))

o S =nK — I, where K € SL(2,Z) with tr(K) =n > 2 and ki; = koo.

I . N
e p(a) = [0_1],90(@—5’&(7)—}(
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e H'(U;Coker(I — S)) can be described as all a, b with (I — K)a =
(I — K)b=0,2a; =0, 2bo —2a; = 0, a and b taken modulo LZJ and
2v for v € Coker(I — K), respectively.

ecy=0o0r 1, (c1,c) € Coker(I + K7)

e c3 = 0, must satisfy conditions in Table [3.7] and Table [3.9

o IT = (Ts,a = (£42240t%, A), § = (£24%24%% Br), v = (t2, 7))

o HX(W: Z(Is)) = Zy X Zn, ay = —ascy + 1(i = 0,1), two choices for
by. We have (87)? = t1t532tst3* ™ for integers ny, and some rational

number v, and therefore two solutions for b,.

e Always has torsion

Proof. Observe that if a Sol® x R crystallographic group IT has

Ly = (t3,a = (t3, A7), B = (t3, BT))

= <t37 (tg, _A>7 (tgv BT))?

then it is conjugate to a Sol® x R crystallographic group of type (6aic), similar

to the situation in Theorem [3.4.26]

See Theorem [3.2.21] case (6ai), for H(¥; Coker(I — S)) in cases (6aia),
(6aib), and (6aic). For cases (6aid), (6aie), and (6aif) use the cocycle
conditions in Remark [3.2.17] together with Corollary [3.2.19] The conditions
on the ¢ follow from previous cases. The computation of H2(¥; Z(Is)) is
similar to that in Theorem [3.4.26, and so we obtain the stated exponents on

t,.

The groups of type (6aic) (and hence also those of type (6aid) and (6aif))
always have torsion by Lemma [3.4.16]
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In case (6aia), we must take j = 1 to ensure that <fg, B) is torsion-free.

When ¢ = 0, <ﬁg, af3) is torsion-free. When i = 1, (fg, ) is torsion-free. Thus,

i=0 = (Is,a) must be torsion-free projected to Sol®

=1 = <f3, a3) must be torsion-free projected to Sol®

Both the groups <fg, a) and (fg, a3) are Sol® crystallographic groups of type

(3i). The projection of a3 to Sol® is
(t91 015272 AB).

By computing when the appropriate affine maps in Proposition [3.2.23] are
fixed point free, we obtain the desired conditions. See also Theorem [3.3.21]
case (6ai).

In case (6aib), we must take j = 1. Lemma [3.4.16] then implies that both
the groups <f3, a) and <f3, af) must both be torsion-free when projected to
Sol®. The proof for this case now proceeds as in Theorem [3.3.21] case (6ai).

For case (6aie), we must take j = 1, which is is necessary for the group
<ﬁg,")/, B3) to be torsion-free. Then, IT will be torsion-free precisely when the
groups <ﬁg, a, 3) and <fg,’}/Oé, () are torsion-free, as the union of these three

72 holonomy Sol® x R crystallographic groups exhausts 7. O]

Theorem 3.4.28 ((6b) Family). The crystallographic groups of Sol> xR lifting
an abstract kernel Ze — GL(2,Z) of case (6b) of Theorem [3.2.9

-1 0
, are
0 -1

01
10

A= B =

(6ba) U =72, Zy = (ts,a = (t2, A), f = (t2, B))
o S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2 and kjp = —ko;.
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(6bb)

(6bc)

e p(a) = A,p(B) = —K
o H'(U;Coker(I — 8)) = H'((A); Coker(I + K)), that is, all a with

(I + K)a=0 and ay = —a; modulo (v; — vy) ! ,for (I + K)v=0.

e —cy =0, (c1,c9) € Coker(I + KT)

e Two choices for ¢3 (up to isomorphism), see Table
o 7 = (Ts, o = (£262240t%, A), 8 = (62¢%, B))

o HX(W; Z(Ts)) = Zy X Lo, as =0 or 1, by =0, L

e Torsion-free when a4 = %, by =0

U= 72, Ly = (ts,0 = (), A7), B = (3, B))

o S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2 and ko = —ko;.

o p(@) = A, p(f) = —K
o HY(U;Coker(I — S)) = H((A);Coker(I + K)), that is, all a with

1
(I + K)a=0 and ay = —a; modulo (v; — v) , for (I + K)v =0.
—1

eci+c=0, (c1,c0) € Coker(I + KT)

e c3 = 0, must satisfy conditions in Table |3.9
o I = (Ts,a = (£74224), A7), 5 = (t3t%, B))
o HX(W; Z(Ts)) = Zs, by =0, &
e Always has torsion

U =72, Ty = (tg,a = (t2, A), 3 = (t2, BT))
e S =nK —1I, where K € SL(2,Z) with tr(K) =n > 2 and kjy = —ko;.

i SO(O_Z) = Av 90<5) =—-K

166



(6bd)

o H'(U;Coker(I — S)) = H'((A);Coker(I + K)), that is, all a with

1
(I + K)a=0 and ay = —a; modulo (v; — v) , for (I + K)v =0.

e ¢ —cy =0, (c1,c2) € Coker(KT — 1)

e c3 = 0, must satisfy conditions in Table
o IT = (Ts,a = (t42240t%, A), 3 = (t2, Br))
o HX(W; Z(Ts)) = Zy, as =0 or 1

e Always has torsion

U= Zga Z\I/ = <t3,07 = (tgaA)aﬁ = (t???B)a:Y = (tg,’i')>

e S =nK —1I,where K € SL(2,Z) with tr(K) =n > 2 and kj3 = —ko;.

o p(@) = A, 0(f) = —K,p(7) = I
e H'(U;Coker(I — 8)) can be described as all a, r with (I + K)a =
(I+K)r=0,r=(0,0)or (3,1) and ay = —ay,

1

a taken modulo (v; — vy) where (I + K)v = 0.
-1

e (c1,¢2) = (0,0) or (¢1,¢2) = (3,3), and (¢, ¢2) € Coker( + K7T)

e Unique choice for ¢3 (up to isomorphism), found by solving (3v)? € fg,

this c3 must satisfy the conditions in Tables [3.7 and
- 1
o Il = <F5'v o= (t?lt?tgt?v A),B= (t32t247 B),y = (t?t?t%T))

o HX(W; Z(Is)) = Zy X Zs, ay =0 or L

29

by =0, 1

e Always has torsion
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Proof. First, observe that if a Sol® x R crystallographic group IT has

_ 1
Ly = (t3,a = (t3, A7), 3 = (t2, BT))
1 1
= (t3, (t3, —A), (t3, BT)),
then it is conjugate to a Sol®> x R crystallographic group of type (6bc), as
_1 1
conjugation by t; * sends (t2,—A) to (t3,—A), and —A and A are conjugate
in D4 X Zg.

Also, note that

Ly = (ts,0 = (0, ), = (t3, B),7 = (t3,7))

is a lift of type (6a) from the Sol® classification, and it corresponds to type

(6af) in Theorem [3.4.26]

The statements regarding H'(¥; Coker(I — S)) for cases (6ba), (6bb),
and (6bc) follow from that of case (6b) in Theorem [3.2.21l The statement

for case (6bd) follows from the cocycle conditions in Remark [3.2.17] together

with application of Corollary [3.2.19]

The conditions on the ¢;, as well as the choices for the exponents on ty4, fol-
low from our proceeding classification of Sol® x R groups with cyclic holonomy.

In case (6bd), from the cyclic cases, we obtain three conditions on (¢, ¢s)

01—02:0
1

01:00r§,c2:00r§

(c1,¢2) € Coker(I + K7),
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and the first two conditions force (c1,¢2) = (0,0) or (3, 3).

For case (6ba), notice that both (I's, &) and (I's, a/3) project to Sol® groups

with torsion, whereas <fg, f3) is already torsion-free on Sol® x R. These three

groups are torsion-free only when a4 = % and by = 0. Lemma [3.4.16| implies

the remaining groups of this type all have torsion. O]

Theorem 3.4.29 ((6bi) Family). The crystallographic groups of Sol®> x R
lifting an abstract kernel Zo — GL(2,Z) of case (6bi) of Theorem [3.2.9]

-1 0
, are
0 -1

01
10

A: B:

Y

e S =nK — I, where K € SL(2,7Z) with tr(K) =n > 2 and ki1 = koo.

1 0
01 ] ,p(B) = —K

o H'(U;Coker(I — 8)) = H'((A);Coker(I + K)), that is, all a with

e p(a) =

, where (I + K)v =0.

0
(I + K)a =0 and 2a; = 0 taken modulo [2
o)

ecy=0o0r 1, (c1,c) € Coker(I + K7)
e Two choices for ¢3 (up to isomorphism), see Table
o [] = <f57a = (t?lthtth‘l,A),ﬁ = (tgt?f?B»

o HX(W; Z(Ts)) = Zy X L, ay = —agcy + £(i = 0,1), by = 0,

N[ =

e Torsion-free...

k11— n
% for any n € Z.

e wheni=20,by =0, alzéand@;‘é
e when ¢ = 1,by = 0, always

owheni:(),b4:%,a1:%andaQ;z—é%foranyneZ.
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e wheni=1b; = %, <f3, o) must be torsion-free, projected to Sol®.

(6bib) W = 72, Zy = (tg, & = (t0, A7), B = (t2, B))

e S =nK — I, where K € SL(2,7Z) with tr(K) =n > 2 and ky; = koo.

|10 L
w(a)—lo_l],w(m— K

o H'(U;Coker(I — 8)) = H'((A);Coker(I + K)), that is, all a with

0
(I + K)a =0 and 2a; = 0 taken modulo [ , where (I + K)v = 0.

2’02

ec;=0o0r %, (c1,c9) € Coker(I + KT)
e c; = 0, must satisfy conditions in Table |3.9
o IT = (Is,a = (t1t3249, A7), 5 = (t2t%, B))

o H2(U: Z(Is)) = Zs, by = 0,

1
2

e Torsion-free if and only if a; = % and ay # % for any n € Z.

(6bic) W = 72, Ty = (ts,a = (t, A), 3 = (t2, BT))

e S =nK — I, where K € SL(2,7Z) with tr(K) =n > 2 and ki1 = koo.

|10 L
w(a)—lo_l],ww)— K

o H'(U;Coker(I — 8)) = H'((A);Coker(I + K)), that is, all a with

0
(I + K)a =0 and 2a; = 0 taken modulo [ , where (I + K)v = 0.

2’02

ecy=0o0r 3, (¢c1,¢2) € Coker(K” —1)

e c; = 0, must satisfy conditions in Table [3.7
o IT = (Ts,a = (t42240t%, A), 3 = (t2, Br))
o HX(W; Z(Ts)) = Zo, as = —ascy + 4(i = 0,1)
e Torsion-free...
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(kll—l)(2n+1

e when i =0, alzéandagié ST )foranynEZ.

e when i =1, (ﬁg, af3) is torsion-free, projected to Sol®.

(6bid) W = 73, Ty = (ta,a = (£, A), 3 = (t2, B), 7 = (£, 7))

e S =nK — I, where K € SL(2,Z) with tr(K) =n > 2 and ki; = koo.

oo - L
090(&)—[0_1]790(6)— K,p(¥)=1

o H'(W; Coker(I—8))isall a, r with (/+ K)a= (I+K)r =0, 2a; =0,

0
and 2r = 0, a taken modulo [ ] , where (I + K)v =0.

21)2

eci=0o0r1,co=0o0r3, (c,c) € Coker(I + K7)

e Unique choice for ¢z (up to isomorphism), found by solving (37)? € I,

this ¢3 must satisfy the conditions in Tables [3.7] and
- 1
i H = <FS7 o= (t?I tg2tgtz47 A)? /6 = (t32 tZ47 B)? ’-y = (til téztg7 T))

° H2<\P,Z(fg>> = Z2 X ZQ, as = —QagCo + %(Z = 0, 1), b4 = O,

N[ —=

e Torsion-free when r # 0 and when the torsion-free criteria for <f3, a, 3)

(6bia), and <ﬁg,’ya,5> (Bbib) are satisfied.
Proof. First, observe that if a Sol® x R crystallographic group IT has

Zy = (ts,a = (83, A7), § = (82, Br))

= <t37 (t??ﬂ _A)7 (t??ﬂ BT)>7

then it is conjugate to a Sol® x R crystallographic group of type (6bic), similar

to the situation in Theorem [3.4.28
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Also, note that

Z\II = <t3754 = (tgaA)>ﬂ = (t§78)7:)/ = (t?%aT»

= (ts,a = (t0, A), B = (), Br), 7 = (t],7))

is a lift of type (6ai) from the Sol® classification, and it corresponds to type

(6aif) in Theorem [3.4.27].

See Theorem [3.2.21] case (6bi), for H(¥; Coker(I —S)) in cases (6bia),
(6beb), and (6bic). For case (6bid), use the cocycle conditions in Remark
[3.2.17] together with Corollary The conditions on the ¢; follow from
previous cases. The computation of H2(¥; Z(Is)) is identical to that in The-

orem [3.4.28, and so we obtain the stated exponents on t,.

In case (6bia), the subgroup <ﬁ5‘, () is torsion-free by Lemma |3.4.17]

i=0,by=0 = (ﬁg, a), <fg, a3) must be torsion-free projected to Sol®
i=1,bp =0 = already torsion-free
1

i=0,by = 3 — (fg, ) must be torsion-free projected to Sol®

1 -
i=1,by = 3 — (Ts, af) must be torsion-free projected to Sol®

Thus, when ¢ = 0,b; = 0, we apply the criteria for case (6bi) in Theorem
. When i = 1,bs = 0, both (I's, a) and (Is, a3) are already torsion-free.
When ¢ = 0,by = %, <fg, af3) is torsion-free, and we apply the criteria for case
(3i) in Theorem to ensure that (Is, ) is torsion-free.

In case (6bib), Lemma |3.4.16] applies to show that the projection of II to
a Sol® group of type (6bi) must be torsion-free, so we apply the criteria for
case (6bi) in Theorem [3.2.21

In case (6bic), when i = 0, the projection of IT to Sol® must be torsion-
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free. When 7 = 1, <f370[> is already, torsion-free, but we must ensure that
(fg, af3) is torsion-free when projected to Sol®.

When [T is of type (6bid), of course r # 0 is necessary and sufficient for
the group (fg,% B) to be torsion-free. Then, IT will be torsion-free precisely
when the groups (fg,a, B) and (ﬁg,fya, () are torsion-free, as the union of

these three Z2 holonomy Sol®> x R crystallographic groups exhausts IT. See
Example [3.4.34] O

Theorem 3.4.30 ((7) Family). The crystallographic groups of Sol® x R lifting
an abstract kernel Zo — GL(2,Z) of case (7) of Theorem [3.2.9

1 0
, are
0 —1

01
10

A= B =

Y

(73-) v = D4; Z\I/ = <t3;65 = (tg7A)7B = (t?%’B»

oS = nK+1, K € GL(2,Z), det(K) = —1, tI‘(K) > 0, and ks = —koy.

o o(a@) = A p(f) =-K
o HY(U; Coker(I — 8)) is all a with (I —S)a = 0 and ay = —ay, taken

modulo (v; — ?]2)|: L , where (I + K)v =0.

® ¢ —cy =0, (c1,09) € Coker(I + KT)
e T'wo choices for ¢3 (up to isomorphism), see Table
o 7= (Ts.a = (67 €576581%, A), 0 = (651", B)
o H2(U: Z(Is)) = Zsy X Zy, as = 0 or s, by=0o0r3
e Always has torsion
(76) W = Dy, Zy = {t3.a = (t5, Ar), 5 = (t;, B))
o S=nK+1, K e€GL(2,Z), det(K) = —1, tr(K) > 0, and k13 = —ko;.
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o o(@) = Ap(f) =-K
o H'(U; Coker(I — 8)) is all a with (I —S)a = 0 and ay = —ay, taken

, where (I + K)v = 0.

modulo (vy — vg) { L

e +cy=0, (c1,c9) € Coker(I + K7)

e c3 = 0, must satisfy conditions in Table (3.9
o 7 = (Ts, o = (242249, A7), B = (t2t%, B))
o HX(W; Z(Ts)) = Zsy, by=0or 1

e Always has torsion

(7) W=Dy, Zy = (t5,a = (t3, A), B = (t2, Br))

e S=nK+1, K e GL(2,Z), det(K) = —1, tr(K) > 0, and kjo = —ko;.

o p(@) = A, p(f) = —K
o H'(U; Coker(I — 8)) is all a with (I —S)a = 0 and ay = —ay, taken

1
modulo (v; — vg)[ , where (I + K)v =0.

—1
ec;—cy =0, (c1,c) € Coker(KT — 1)

e c; = 0, must satisfy conditions in Table [3.7
o II = (Is, o = (£11£22t0t94 A), 3 = (2, B1))
o HX(W; Z(Is)) = Zy, as = 0 or &

2

e Always has torsion

(7d) W = Dy, Zy = (ts,a = (t3, A1), 3 = (t2, B7))
e S=nK+1, K ¢ GL(2,Z), det(K) = 1, tr(K) > 0, and kus = —ka1.

i SO(O_Z) = Av 90(5) =—-K
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(7e)

e H'(U; Coker(I — 8)) is all a with (I —S)a = 0 and ay = —ay, taken

, where (I + K)v = 0.

modulo (v; — 112)[ !

o ¢ +cy=0, (c1,c2) € Coker(KT — 1)

e c; = 0, must satisfy conditions in Table |3.9

o 11 = (Ts, 0 = (£2420624, A7), 3 = (2, Br))

o H2(W; Z(Is)) = Za, four choices for a4, the solutions of (a3)* =
t7,(j =0,1,2,3).

e Always has torsion

U = Dy X Zy, Ly = (t3,a = (t3, A), 3 = (t2, B), 5 = (t3,7))

e S=nK+1,KeGL(22Z),det(K) = —1, tr(K) > 0, and kj3 = —ko;.

0 (@) = A, p(F) = —K,0(7) = 1

o H'(U;Coker(I—8))isalla, r with (I-8S)a=(I-8)r=0,a; = —a,

and (t1,£2) = (0,0) or (3, 7).
}, where (I + K)v = 0.
1

’%)7 (01702) S Coker(]+ KT)

a taken modulo (v; — v9) { !

e (c1,¢9) = (0,0) or (

e Unique choice for c3 (up to isomorphism), found by solving (37)? € I,

this ¢3 must satisfy the conditions in Tables [3.7 and

- 1
o 1 = (Is, o = (¢7't5°t3t5%, A), 6 = (63¢5, B), 7 = (t7't5°t5, 7))
o H2(U: Z(Is)) = Zs X Zs, as = 0 or S, by=0o0r3

2

e Always has torsion
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Proof. Observe that

Zy = (ts,a = (£, A), = (t3, B).7 = (t3,7))

1
= <t37 (tg? A)? (tga BT)? (t?? ) T))?
does not lift to a Sol® x R crystallographic group by Lemma [3.4.10]

The statements regarding H'(¥; Coker(I —S)) for cases (7a), (7b), (7c),
and (7d) follow from that of case (7) in Theorem [3.2.21] The statement for
case (7e) follows from the cocycle conditions in Remark [3.2.17] together with
Corollary Note also that the conditions on the ¢; follow from previous

cases.

However, the holonomy W is no longer a direct product of cyclic groups. In
case (7a), the holonomy ¥ = D, acts trivially on Z (IN“S), and with this trivial
action,

H*(Dy;Z) = Zy X Zo.

Indeed, solving a? € fg and 3% ¢ fg yield the choices a4 = 0 or a4 = %, and
by =0 or by = 3.

In case (7b), we set a4, = 0 by Lemma 3.4.9 and obtain the two choices for
by by solving 3* € fg. Case (7c) is similar, except that we take by = 0. For
(7d), <f3, af3) is a Sol® x R group of type (4a), so that we obtain 4 choices

for ay.

A Sol® x R group of type (7a) contains a subgroup of type (4a), <ﬁ§, af).
In the notation of Theorem [3.4.24] <fg, af3) corresponds to the torsion case,
that is, ¢ = 0 or 2. Thus, all groups of type (7a) (and hence of type (7e))

have torsion.
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The Sol® x R groups of type (7b) and (7c) have a subgroup of type (4b),
(fg, a3), which has torsion.
For case (7d), Lemma |3.4.16| applied to the subgroup (ﬁg, a) shows that

11 has torsion. O

Theorem 3.4.31 ((74) Family). The crystallographic groups of Sol* xR lifting
an abstract kernel Ze — GL(2,Z) of case (7i) of Theorem [3.2.9]

1 0
B = , are

(Tia) V= Dy, Zg = (ts,a = (t3,A4),5 = (t? B))

01
10

A:

eS=nK+1I K¢ GL(Z,Z), det(K) =—1, tI‘(K) =n >0, ki1 = koo.

. ola)=| | Ol,so(ﬁ):—ff

0—-1
e H'(V;Coker(I —8)) is all a with (I — S)a = 0 and 2a; = 0, taken

0
modulo [ ] , where (I + K)v =0.

209

ecy=0o0r 1, (c1,c2) € Coker(I + K7T).

e T'wo choices for ¢3 (up to isomorphism), see Table

o 17 = (Ts.00 = (( 674545, A). 6 = (¢4 )

o HX(W; Z(Ts)) = Zy X Lo, ay = —agcy + £(i = 0,1), by = 0 or 1

e Always has torsion

(7Zb) U= D4; Z‘ll = <t37d = (tg>A7—)>ﬁ = (t?%?B»

eS=nK+1 K¢ GL(2,Z), det(K) =—1, tI‘(K) =n >0, ki1 = koo.

e p(a) = 01
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e H'(V;Coker(I —8)) is all a with (I — S)a = 0 and 2a; = 0, taken

0
modulo [

2’02

] , where (I + K)v =0.
eci=0o0r 1, (c1,¢0) € Coker(I + K7T).

e c3 = 0, must satisfy conditions in Table 3.9
o I7 = (Ts, o = (242240, A7), B = (t2t%, B))
o H(W; Z(Ts)) = Zy, by = 0 or :

e Always has torsion

(7ic) W = Dy, Zy = (t5,a = (t0, A), 3 = (62, Br))

S =nK+1, K e GL(?,Z), det(K) = —1, tI‘(K) =n >0, k11 = koo.

1 0
0 —1 ] 7@(6):_[(

o H'(V;Coker(I —8)) is all a with (I — S)a = 0 and 2a; = 0, taken

* p(a) =

0
modulo [

, where (I + K)v =0.
2U2

ecy=0o0r 1, (c1,c0) € Coker(KT —I).

e c3 = (0, must satisfy conditions in Table [3.7
o 7 = (Ts, o = (£262240t%, A), 8 = (b2, Br))
o HX(W; Z(Ts)) = Zy, ay = —ascy + 4(i = 0,1)

e Always has torsion

(7id) W = Dy, Zy = (t5,a = (£, Ar), 3 = (t2, Br))

S =nK+1, K e GL(?,Z), det(K) = —1, tI‘(K) =n>0, k11 = koo.

cvla)=1 |
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(7ie)

e H'(V;Coker(I —8)) is all a with (I — S)a = 0 and 2a; = 0, taken

0
modulo [

2’02

] , where (I + K)v =0.
eci=0or 1, (c1,c) € Coker(KT —1I).

e c3 = 0, must satisfy conditions in Table 3.9
o I = (Ts, 0 = (£7 42492 A7), B = (3, Br))

o H2(W; Z(Is)) = Za, four choices for a4, the solutions of (a3)* =
t1,(j =0,1,2,3).
1

e Torsion-free j = 1,3 and a; = 5 and ay = —%ﬁl + kLn for i =

0,...,]{711—1

— 1
U= D4 X Z27 Z\If — <t370_5 - (tg7A)7ﬁ = (t;,B),’_}/ = (tga7->>

e S=nK+1, K¢ GL(Q,Z), det(K) = —1, tI'(K) =n>0, ki1 = kos.

* p(a) =

1 0 _ N
01 ] s o(B) = =K, 0(7) =1

e H'(U; Coker(I —8)) is all a, r with (I —S)a= (I —8S)r =0, 2a; =0,

0
2r = 0, a taken modulo
21)2

], where (I + K)v =0.
ec;=0o0ri ca=0o0r3, (c,c) € Coker(I + K7).

e Unique choice for c3 (up to isomorphism), found by solving (37)? € I,

this ¢; must satisfy the conditions in Tables [3.7 and

- 1
o [I =(Is,a= (tcllltémtgt?a A), B = (t;ti‘l, B),y = (ttllt?tg’T»
° H2(\I/,Z(fg>) =7y X ZQ, a4y = —Q9Cy + %(Z = 0, 1)7 b4 =0or %

e Always has torsion
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Proof. The group

Zy = (ts,a = (£, A), = (t3, B).7 = (t3,7))

1
= <t37 (tg? A)? (tga BT)? (t?? ) T))?
does not lift to a Sol® x R crystallographic group by Lemma [3.4.10]

See Theorem [3.2.21] case (74), for H'(¥; Coker(I — S)) in cases (7ia),
(71b), (7ic), and (7id). For case (7ie) use the cocycle conditions in Re-
mark [3.2.17] together with Corollary [3.2.19] The conditions on the ¢; follow
from previous cases. The computation of H2(¥; Z(Is)) is identical to that in

Theorem [3.4.30, and so we obtain the stated exponents on t,.

A Sol® x R group of type (7ia) contains a subgroup of type (4a), <ﬁg, af),
which has torsion, as in Theorem [3.4.30, Thus, all groups of type (7ia) (and
hence of type (7ie)) have torsion.

Also, like in Theorem [3.4.30] groups of type (7ib) and (7ic), have a torsion
subgroup of type (4b), that is (fg, af).

Only case (7id) remains. Our criteria for I to be torsion-free are identical
to the Sol;* case (Theorem , case (7i)). First, the subgroup of type
(4a), <fg, o), must be torsion-free, which occurs when j = 1,3 in (a3)* = t.
By Lemma the elements § and afa cannot contribute torsion. The
only remaining elements are o and Saf. That is, we need the groups (fg, a)
and <f5, Baf) to be torsion-free. They are torsion-free precisely when their

projection to Sol® groups of type (3i) are torsion-free by Lemma [3.4.16] The
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projections of a and Baf3 to Sol® are:

(61657, A),

(tl_kual_k12a2t2_k21a1_k11a214, BAB)

The proof now proceeds exactly as in the Sol;* case (Theorem |3.3.21], case
(71)). See Example |3.4.35] O

Remark 3.4.32. In each case, one must explicitly check that a group I
exists with the lattice L and given exponents on the t;,. In particular, for
generators A and B of ¥, let o and (3 be generators of I1, projecting to A and
B, respectively. For each relation r(A, B) = e between A and B in ¥, we need
to check that r(a, 8) € Ls.

In the special case when ¢; = ¢; = ¢3 = 0, so that the lattice fg is a direct
product I's X Z, once we have an abstract kernel ¥ — Out(fg) these conditions
are immediately satisfied, and an extension exists.

For example, suppose that
Then for

a = (t7't5" 575", A)

B = (trttsty, B)
With aq, as, az, and a4 given in the classification, we also need to check that
aBa BT = tthR st
for integers n;. In fact, ny, no, ng are always integral (Theorem . But it
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must be checked that n4 is integral for an extension to exist.
3.4.33 (Examples).

Example 3.4.34 ((6bid)). Here we give an example of a torsion-free Sol® x R

crystallographic group with Z3 holonomy. See Theorem [3.4.29] Take

3
K:[ . Then, § =

4 3 24 17

17 12]

Note that ki1 = kos and S satisfy the conditions for case (6bid) in Theorem
3.4.29] Form Z? x5 Z and embed it in Sol® as a standard lattice, Is. We lift
I's to the lattice fg =Ts x Z of Sol> x R. Simply set ¢; = ¢3 = ¢35 = 0 in
Notation . We have defined our lattice I's of II. Now we must define

a = (EIt52t5t54, A),
34b
B = (t§t44>B)a

Y= (7).

so that II is torsion-free. Let us set

(11— _O_
a = =

CLQ_ 0
t ] 1

r = 1 = 2
2] 0]

1

ay = 5

by = 0.

Notice that a and r satisfy all cocycle conditions. Checking the torsion criteria

of Theorem |3.4.29 we see that the group <f3, 7, 3) is torsion-free since r # 0.

182



The Sol® xR group of type (6bia), (f:g, a, (3), is torsion-free by our choice of a4
and by. Finally, we check that the Sol® x R group of type (6bib), <ﬁg, ya, (Y,

is torsion-free. Note that
1 1
ya = (ttotgt], AT).

The exponent on t; is %, and as for the exponent on to,

0# 21s =T, Tty

for any n € Z. Therefore the criteria for <f5,7a, B3) to be torsion-free are

satisfied. From this it follows that II is torsion-free.
So IT\(Sol? x R) defines an infra-solvmanifold of Sol*> x R with Z3 holonomy.

This example is analogous to the following flat 4-manifold IT"\R* with Z3
holonomy. We define
' C R* % O(4,R)
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by II' = (7, «, 3, ), where

o] [t 0 0 0
0| 10 =1 0 0
o = s
ol 10 0 1 0
2] [0 0 01
0] [-1 0 0 0]
0 100
=11,
. 0 10
0] | 0 0 1]
T [too o
ol 1010 0
¥ = ,
0ol 10 01 0
0] [0 00 —1

Example 3.4.35 ((7id)). Here we give an example of a torsion-free Sol® x R

crystallographic group with D4 holonomy. See Theorem |3.4.31] We take

1 2 3 4
K = NE therefore n = k11 + koy =2, S=nK+1= E

As in Example [3.4.34] Z? x5 Z and embeds in Sol® as a standard lattice, Ts.
We lift I's to the lattice fg =I5 x Z of Sol> x R by setting ¢; = ¢» = ¢35 = 0

in Notation [3.4.5] Now we must define

a = (t5t5749t5" A7),

8= (t],Br),

so that IT is torsion-free. We compute that (3)* = t;* with ¢; = 0, and we
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define

Note that the cocycle conditions on a are satisfied; namely, a € Coker(I —S).
Also the torsion-free criteria for case (7¢d) of Theorem [3.4.31] are satisfied, as

(af)* =tg, a1y = 3, and as = ——kggll = 0.

Thus I7\(Sol® x R) is an infra-solvmanifold of Sol®> x R with D, holonomy.

3.5 Crystallographic Groups of Soliw

We have the family of solvable Lie groups of the form R? x, R, where

e 0 0
opu)y=10 e 0 0> 1.
0 0 e—(1+9)u
The parameter 6 corresponds precisely to the isomorphism type of the Lie
group. Since we are concerned with crystallographic groups, we need to assume
that # is chosen so that our Lie group admits a lattice. This is equivalent
to ¢(up) being conjugate to an element of SL(3,Z), for some ug. Then the

S—ma?4nr—1=(v—e")(v—ev)(zv—

characteristic polynomial of ¢(ug) is ©
e~10%) for m,n € Z, and we will denote the group R* x4 R by Sol,, .. It
is known that there are only countably many such 6 [23]. For the rest of this

section, fix such a 6.

Here we provide a classification of the crystallographic groups of Solfmn.
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Given a crystallographic group
II C Soly,,, % Z3,

I' = II N Sol®, s a lattice of Solfn’n with finite quotient group ® C Z3. We

m,n

have the short exact sequence
10— 1 —®—1.

The arguments in this section are nearly identical to those used in our
classification of Sol® crystallographic groups. For u € R, let E* denote the

action of R on R? in Solfmn.

3.5.1 (Lattices of Soly, ). First we will describe the lattices of Sol,, . Let

S € SL(3,Z) have three distinct real eigenvalues A1, As, ﬁ, satisfying \; = \§

and
AL > >1> !
1 2 My
Notation 3.5.2. We always take
A 0 0
A - )\2 0 9
0 0 x5

with)\1>)\2>1>ﬁ.

We form the semi-direct product Z? xs Z and embed this group in Solﬁw

as a lattice. Let P be a matrix with det(P) = 1 diagonalizing S:
PSP'=A = g

where the last equality follows from A\ = ;.
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With such P and A for S, we define a map

¢: 7 xs T — Soly, ., (3.20)
(n,u) — (Pn,uln(Ag))

The equality PSP~ = A = E™*2) guarantees that ¢ is a homomorphism.

4

m,n’

The image is a lattice of Sol and it maps the generators as follows.

elr—>t1:Pe1
egr—>t2:Pe2 (321)
e3»—>t3:Pe3

es — ty = (0,1n(\y)).
We denote image of Z* x5 Z as Is:
Is = (ty, t2, t3,64) C Sol}, ..
Notation 3.5.3. A lattice of Solim generated by tq,to,t3,t, of the form in

assignment 1) is a standard lattice of Solf‘n’n.

Conversely, we show any lattice of Soliw is isomorphic to such a I's as the

following proposition shows.

Proposition 3.5.4 (cf. Proposition. There is a one-one correspondence
between the isomorphism classes of Sol%n—lattices and the conjugacy classes of
S € SL(3,7Z) with three distinct real eigenvalues Ay > Ag > 1 > %)\2 such that
Ny = \i. Therefore, any lattice of Solim s conjugate to Is, for some S, by an

inmer automorphism of Sol}, .

Proof. We show that any lattice I is conjugate to ['s for some §. The intersec-

tion of I with the nilradical R®, T NR?, is a lattice of R?, [32, Corollary 8.28].
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Let t1,t9, t3 € R3 generate ' NIR3, and let {ti, to, t3,t} generate I'. Then t is
of the form (a,In()\2)), for some Ay. We can assume that Ay > 1 by taking the
inverse of t, if needed. Conjugation by ((E™*2) — I)~'a, 0) maps this lattice
to

I'=((t1,0), (t2,0),(t3,0) (0,In(A2))).

Define P by Pe; = t;, for i = 1,2,3, and set S = P~'ERX) P Ag F(2)
acts on (ti,ts,t3) as an integral matrix, S € SL(3,Z) necessarily. Notice
that, in case det(P) < 0, we can make it positive by taking —t; in place
of t;. Furthermore, we can assume that det(P) = 1. For conjugation by
(0, WI) € Aff(Sol,, ,,) maps this lattice to another which has det(P) = 1.
Therefore T is conjugate to I's in Aff(Sol,, ).

We now show the isomorphism class statement. If &' = BSB~! with
B € SL(3,Z), then an isomorphism between Z? x5 Z and Z3 xs Z is given by
e; — Be; for1=1,2,3 and ey — ey.

Conversely, suppose two lattices of Solfnm are isomorphic. We may assume

these lattices are of the form I's and I's,. We have an isomorphism
¢:Z3 NSZ—>Z3 NSIZ.

Since Z3 is the discrete nil-radical of both groups, ¢ restricts to an isomorphism
on the Z? factors, say B € GL(3,Z). Also, ¢ induces an isomorphism € on the

quotients, so that ¢ = £1. Therefore, ¢ is of the form
¢(x,m) = (Bx +1(x,m),em).

Evidently, n is independent of x. So n(x,m) = n(m). Then applying ¢ to
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(0,1)(x,0)(0,—1) € Z* x5 Z in two different ways, we get

¢((0> 1)(X7 0)<07 _1)) = ¢(8X7 O)
= (B(8x),0)

(0, 1)¢(x,0)(0, 1) = (n(1), €)(Bx,0)(n(1),¢)”"
= (8" Bx,0)

Thus, BSx = 8“Bx for every x, and we have S = BSB~!. Now, € = +1 is
forced since, by definition, both & and &’ have two eigenvalues greater than
1, and one eigenvalue less than 1. Furthermore, by taking —B in place of B

if needed, we can assume that B € SL(3,Z). Thus, S and &’ are conjugate in
SL(3,Z). O

3.5.5 (Classification of Sol,, , Crystallographic Groups).

4

m,n

Proposition 3.5.6. Any crystallographic group II of Sol,, . can be conjugated
in Aff(Soly, ,,) to IT C Sol,, ,, x Z3 so that:

(1) We have I N Solfn’n = [s. That is, the translation subgroup of II is a
standard lattice of Solfn’n, generated by ty, ts, t3, and t4 as in assignment
(3.21]) in Subsection m .

(2) The holonomy group ® is generated by at most three elements of Z3, and

therefore I is generated by (ti, to, t3, t4), and at most three isometries of the

form (t{'t52t3°t51, A), for A € Z3 and real numbers a;.

Proof. Any maximal compact subgroup of Aut(Solfmn) is conjugate to Z3 C

Aut(Soly, ) (see Proposition [3.1.5). Observe that the affine conjugations in
Proposition leave this maximal compact subgroup Z3 fixed, while putting

the lattice in standard form. O
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We will assume any Solim crystallographic group is embedded in Solfn’n X

73 as in Proposition [3.5.6] In fact, we will see that the group Z3 can never

4

m,mn

occur as a holonomy group of a Sol’ . crystallographic group. In fact, the

maximal holonomy of a Solim crystallographic group is Z3.

Notation 3.5.7. Let

-1 0 0 1 0 0 10 0
n=|0 10, =10 -1 0}, 3=101 0],
0 01 0 0 1 00 -1

denote the automorphisms generating the maximal compact subgroup Z3 of

Aut(Solfnvn) (see Proposition [3.1.5]).

Note that ITNR3 = (t,, ty, t3) is a lattice of R3. Denote the quotient I7/Z3

by Z4 so that we have the diagram:

1 1
1 Ts I ® 1 (3.22)
2 e
1 Z Zo ® 1
1 1

Note that the quotient Z in the above diagram is generated by t4, not
t3, as was the case for Sol®. First we will classify all possible Zg, as well as
abstract kernels ¢ : Zg — GL(3,Z), which can arise as quotients of Sol,, ,

crystallographic groups. The holonomy ® is a subgroup of Z3 = (1, 75, 73).
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Lemma 3.5.8 (cf. Lemma 3.2.8). For a = (tj',A) € Zy, as = 0 or 3

(mod Z).
Proof. Note that A = +1 for all A € Z3. Thus,
(t5*, A)* = (¢3™, 7).
For this to be in Z = (t4), as = 0 or 3 is forced. O

Lemma 3.5.9 (cf. Lemma [3.2.10)). If Zg is an extension of Z by ® that is

4

m,n’

the quotient of a crystallographic group II of Sol then Zg¢ cannot contain

an element of the form a = (t3, £7;).

Proof. Recall that the lattice of II is of the form I's. The trace of S must be
integral:

€7

AL+ A )
1+ 2+>\1)\2

Note that the matrix
o(ty)p(a) = Sp(a) = P'APP Y (£7;,)P = P 'A(£T)P.

must be integral, and so must have integral trace. We will argue the claim for
+7,. Then,

:F)\li)\gi € 7.

A1 g
Of course, the Rational Zero Theorem implies that all eigenvalues of & must
be irrational. From the above equations, we infer that 2\, € Z, so that A\ is
rational, a contradiction. Therefore, Zg cannot contain (t$, £71). The proof

of the claim for 7 and =73 is identical. O

Remark 3.5.10. From Theorem [3.2.16] an element of H'(®; Coker(/ — S))

fixes the exponents on the t; in Proposition and hence defines an abstract
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kernel ® — Out(Ts). As Is has trivial center, H?*(®; Z(Is)) is trivial, and we
have a unique (up to isomorphism) extension of I's by ®, which we can also

view as

157 > I — Ze — 1.

Proposition 3.5.11. Let IT = (T, (tfltgztg‘”’t%, A)) be an extension in Theo-
rem defining a Solﬁw crystallographic group with lattice T's = (t1, t2,t3,t4).
Then H'(®; Coker(I — 8)) = 0. Therefore, there exists t}'t52ty* which conju-
gates (t‘l”t‘ftg?’t%, A) to (t%, A), and leaves Ts invariant.

Proof. Note that A has order 2 and A = 1. Further, p(a) = P~'vVAAP. As

I —+VAAis non-singular,

P YI—VAAP =1— P '"VAAP =1 — ¢(a)

is non-singular and we may take v = (I — ¢(a)) 'a. Then our v conjugates
1 1
(t2, A) to (t5't52t3°t3, A). Tt remains to show v € (I —8)'Z>. First observe

that p(@) is a square root of S.
o(a)? = PT'WAAVAAP = PTLAA®P (since A is diagonal)
= P'AP=3S.

Now

(I—-8)v=(+q¢@a)I—-qpa)v=1+q¢pa)acZ. O

Lemma 3.5.12 (cf. Lemma3.2.20). When o = (t7't32t5°t3*, A) € II satisfies

ay = %, vy 18 infinite order for all v € I's.

Proof. Let pr : Solil’ — R denote the quotient homomorphism of Solim by

n

its nil-radical R3. Write v € Ts as t]'th*t3°t}*. Application of pr to (ya)?

192



yields

pr(ya)® = 2ny + 1,
from which we infer ya is not torsion. ]
Theorem 3.5.13 (Classification of Solfmn—geometry). The following is a com-

plete list of crystallographic groups of Solfn’n. In each case, we give ®, Zg, the

abstract kernel p : Ze — GL(3,Z) (which gives the action of Ze on (t1,ta,t3) ),

aq b1
equations defining a = |ay|, and b = |by| from H(®;Coker(I — S)),
as bg

and whether II is torsion-free. Note that ¢(ty) = S by definition, where

S € SL(3,Z) has three distinct real eigenvalues

A A 1
1> Ag > >)\1/\2

such that \§ = \;.

(0) ® = trivial
o [l =Ts
e Torsion-free
(1a) ® = Zp: A=y, Zp = 7 = (tu, & = (£2, A)).
e p(a) = K is a square root of S, with one negative eigenvalue.
o H'(®; Coker(I — 8)) is trivial so that a = 0.
o IT = (Ts, o = (£2, A)) = Z5 315 Z

e Torsion-free
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(1b)

(2a)

(2b)

(3a)

O =T A= 71, Lo = 7= (tg, @ = (£2, A)).

e p(a) = K is a square root of S, with two negative eigenvalues.
e H'(®; Coker(I — 8)) is trivial so that a = 0.

o IT = (Ts,a = (£2, A)) = Z3 »x Z

e Torsion-free

D=7y A= 1,7 =7 X Ly = (ty,a = (t3, A)).

o p(a)=—1

o H'(®;Coker(I—S8)) = 20&)%((]]__‘?) C Z3. That is, all a with (I —S)a =

0, taken modulo 2a.

o [T = (Is,a = (t71£5265°t9, A))

e Always has torsion

O =7y A= I, Zo=7=(ts,a=(t2,A)).

e o(@) = K is a square root of S, with three negative eigenvalues.
e H'(®;Coker(I — §)) is trivial so that a = 0.

o IT = (Ts, o = (£2, A)) = 7 315 Z

e Torsion-free

@ZZQXZQZA:—[,B:TZ',

Z(I):ZXZQ = <t470_5: (t27A)7B: <t27B)>

e p(a) = —1, p(f) = K is a square root of S, with one negative eigen-

value.

o H'(®; Coker(I—38)) = ;2L C 73 That is, all a with (I —K)a =

0, taken modulo 2a.
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(3b)

1
o II = <F3,Oz - (t(llltg2t§3t27A)vﬁ - (tZ’B»

e Always has torsion

CI):ZQXZQI A:—[,B:—TZ’,
- 1
Zo =7 X Ly = (ty,a = (t3, A), 3 = (t}, B)).

o p(a) = —1, p(f) = K is a square root of S, with two negative eigen-

values.
e H'(®; Coker(I-S8)) = %{I_f?) C Z3. That is, all a with (I—K)a =
0, taken modulo 2a.

o IT = (Is, a0 = (t7'65265°¢9, A), 5 = (t2, B))

e Always has torsion

Proof. Straightforward application of Lemmas|3.5.8/and [3.5.9[show the various

possibilities for Zg. In particular, there is no Zg with ® = Z3, as any such

Zg cannot occur as the quotient of a Solfn,n crystallographic group by Lemma

9.0.91

In cases (1a), (1b), and (2b), recall from the proof of Proposition |3.5.11

that

p(a) = P~'WVAAP

is a square root of S. When A = 7;, —7;, and —1I, then (@) has one, two, and

three negative eigenvalues, respectively. We denote ¢(a) by K. Proposition

3.5.11| shows that we may take a = 0 in cases (1a), (1b), and (2b). That is,

H(®; Coker(I — 8)) is trivial in these cases.

In cases (2a), the cocycle condition on a vanishes since

(I+¢(@)=1—-1=0.
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The coboundaries are

(I = p(@))a = 2a,
for a € Coker(/ — §). Therefore,

Coker(I — S)
1 . _ — C 3
H*(®; Coker(I —8)) ok (I=8) = Zs,

where the last inclusion follows from the fact that H'(®; Coker(I — 8§)) is
generated by at most 3 elements of order 2.

In cases (3a) and (3b), we can set b = 0 by Proposition [3.5.11] The
commutator cocycle condition then forces a € Coker(I—K), so that (I—K)a =

0. Having fixed b = 0, the coboundaries are
(I —p(a))a = 2a,

for a € Coker(/ — K'). Hence,

Coker(I — K
H'(®; Coker(I — S)) = 2Coker((l — K)) C 7Zs.

Lemma/|3.5.12|shows that (1a), (1b), and (2b) all are torsion-free. Indeed,
II is isomorphic to Z> xx Z in these cases. In case (2a), a? = e, and cases

(3a) and (3b) also have torsion, as they contain a type (2a) subgroup. [

Remark 3.5.14. The quotient of Sol4m,n by a crystallographic group I of type
(0), (1a), (1b), or (2b) is the mapping torus of a linear self-diffeomorphism
of T3. These were known to be all the infra-solvmanifolds of Sol,, ,, [23]. On
the other hand, our classification here includes the crystallographic groups
with torsion, and shows that Z3 cannot occur as the holonomy of any crystal-

lographic group of Solfn’n.
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4 Curvature of 4-Dimensional Infra-Solvmanifolds

Depending on choice of left invariant metric, a 4-dimensional solvable geometry
can have different isometry groups and Ricci signatures. Here are the possible

Ricci signatures on the 4-dimensional solvable geometries of the form R3 x R

(all but Sol*.) [21]:

G Possible Ricci signatures

R* (0 0,0,0)

Nil> x R | (0, -)

Nil* (0,+, =) (4, —, =), (+,—, = —)

Sol* x R (0,0,0, —-), (0 ,+,—,—),(+,+,—,—),(+,—,—,—)
Sol,, (0,0,0,=),(0,+,—, =), (+,+,—, =), (+,—, —, —)
Solg* (0,0,0,—),(0,+,—,—)

Table 4.1: Ricci signatures

Suppose we only consider left invariant metrics on G that induce a partic-
ular Ricci signature. This may place restrictions on the size of the isometry
group, and hence the compact isometric quotients of G may not account for
all infra-solvmanifolds of G. Given an infra-solvmanifold M of G, a Ricci
signature can be realized on M if there is a left invariant metric on G with
prescribed Ricci signature such that M = I1\G, for some II C Isom(G). We

will only consider 4-dimensional solvable geometries of the form R? x R. As
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there is only one possible Ricci signature for metrics on Nil* x R, and Solg'
has no infra-solvmanifolds (though it has compact forms), we examine which
Ricci signatures can be realized on infra-solvmanifolds with Nil*, Sol?  and

m,n’

Sol® x R geometry.

4.1 Ricci Curvature

Let M be a Riemannian n-manifold. First, we recall the definition of the
Ricci quadratic form r and Ricci transformation 7, which are both measures

of curvature at a point p € M. We will use Milnor’s definitions [27].

Definition 4.1.1. The Ricci quadratic form at p is a real valued quadratic
function on 7,(M). Fix an orthonormal basis (ey,...,e,) of T,(M). For

veT,(M),

n

r0) = S {Ru, (v), ).

i=1
If v is a unit vector, then r(v) is the Ricci curvature in the direction of

v. It is n — 1 times the average of the sectional curvatures of the 2-planes

containing v.

Definition 4.1.2. The Ricci transformation at p € M is the self-adjoint map
7:T,(M) — T,(M) defined by

n

P(0) = Y Renler).

i=1
The Ricci quadratic form r and the Ricci transformation 7 are related by

the identity
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Definition 4.1.3. The eigenvalues of the Ricci transformation 7 at p are the

principal Ricci curvatures of the metric at p.

Definition 4.1.4. The collection of signs of the principal Ricci curvatures at

p is the Ricci signature of the metric at p.

4.2 Computation of Ricci Signatures for Metric Lie Al-

gebras

When G is a Lie group, any left invariant metric can be specified by declaring
a basis (v1,vs,...,v,) of the tangent space at the identity T.(G) = g to be
orthonormal. We use left translation by g to propagate the metric across the

tangent bundle: We declare €g,v1, {g,vs, ..., {4, to be an orthonormal basis

for T,(G).

Proposition 4.2.1 (cf. [34], Proposition 1.3). There is a one-one correspon-
dence between the set of all left invariant metrics on a Lie group and the group

of upper triangular matrices with positive diagonal entries.

Proof. By choosing a basis for g, we can identify g with R", so that the stan-
dard basis vectors eq, . . ., e, form an orthonormal basis for g. Any other metric
on G can be specified by declaring Aey, ... Ae, to be an orthonormal basis,
for A € GL(n,R). We obtain the same metric if and only if A is orthogonal.
By the Gram-Schmidt process, A can be written uniquely as KB, where K is

orthogonal, and B is an upper triangular matrix with positive entries. O]

Left translation by g € GG is an isometry carrying e € GG to g. In particular,
the Ricci signature at any point ¢ € G is the same as the Ricci signature

at the identity. So we may speak of the Ricci signature of the left invariant
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metric. The Ricci signature of a left invariant metric can be computed from
the structure of the Lie algebra g and the orthonormal basis vy, vs, ..., v, of g

27.

Notation 4.2.2. Suppose a metric Lie algebra g has a codimension 1 ideal
u. Let b be a unit vector orthogonal to u, and let L denote the restriction of
ad(b) to w:

L(u) = [b,u].

Let S be the self-adjoint transformation (L + L*). The ideal u may also be

thought of as a metric Lie algebra; let us denote the Riemannian connection

for u by V.

Lemma 4.2.3 ([27, Lemma 5.5]). For any u,v € u, we have the following

expressions for V:

Vib=0 and Viu=1(L— L*)u

Vub=—5u and V.o = V0 + (Su, v)b.

Proposition 4.2.4 ([9]). Suppose a Lie algebra g has an idealu of codimension
1. Assume that u is abelian, so that the Lie bracket and ¥V wvanish on u, as
well as tr(L) = 0, so that tr(S) = 0. Then, for u € u, we have the following

formula for the Ricci transformation:

mm:%m¢mmzéup—pm@y

200



Proof. We compute, for an orthonormal basis ey, ..., e, of g, with e, = b,

) = [ Y Viewe — Ve, Vaer + vuveieZ) + Vipugh — VoVub + V, Vb

= nz_<su,€i>vab) + <nz<Sei,ei>Vub> SLu—+ 1L (L L*)S
nz:<5u,€i>5'€¢)— (S)SU—SLU+ (L — L*)Su

=1

SSu— SLu+ $(L — L*)Su
= §(L+ L)L+ L7)u — §(L+ L) Lu + §(L — L)(L + L*)u

— L(LL = L' L)u=L[L, L] u m

Proposition 4.2.5 (|27, Lemma 2.3]). Suppose a Lie algebra g has an ideal

u of codimension 1. Let b be a unit vector orthogonal to w. Then
#(b) = —tr(S?)b,
where S? is the self-adjoint transformation = (L + L).

Proof. Take an orthonormal basis ey, ..., e, of g, with e,, = b.

1
(Z et — Ve, Viei + V5V6162> + Vi — VuVib + Vi Vb
1

-1

Z Le€i — Ve, 3(L — L)e; + (Seg, €,) Vb

1=

n—

1
1

= —SL€¢,€i>b— <S€1,%(L— L*)€1>b
=1

= (~tr(SL) — Ltr(SL — SL*)) b,
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Now we have, using that tr(L) = tr(L*), tr(LL*) = tr(L*L),

—tr(SL) — 4tr(SL — SL*) = tr (—3LL — §L*L — {LL — ;L*L 4+ {LL* + ;L*L")

1
2
str(LL) — tr(L*L).
Now note that

—tr(S%) = =1 (tr(LL) + tr(L*L) + tr(LL*) + tr(L*L"))

= _le (2tr(LL) + 2tr(L*L)) = —%tr(LL) — %tr(L*L). H

4.3 Ricci Signatures of the 4-Dimensional Solvable Ge-
ometries
From here on, we specialize to the case when g is the Lie algebra of a 4-

dimensional solvable geometry of the form R?® x, R. Note that R® x, R is

completely determined by the matrix ¢(1):

00 0 010
R Y(1)= 10 0 0 Nil> xR: ¢(1)=10 0 0
00 0 00 0
0 1 0] 10 0
Nil': ()= |0 0 1 Sol’ xR: ¢(1)={0 1 0
00 0 0 00
10 0 00 0
Solg' : ¥(1)=10 1 0 Soly, .t ()= 10 1 0
00 —2 00 —(146)
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Let ey, eq, €3, e4 denote the standard basis vectors for g = u x R:

e =

o = O O

0
0
0
1

o o O =
o O = O

Any left-invariant metric on GG can be uniquely specified by an upper triangular

matrix:

bll bl2 bl3 b14

B — 0 by bag boy (4 2)
0 0 by bsl '

0 0 0 by

with b1y, bag, b3, byy > 0, and declaring the vectors v; = B’e; to be an orthonor-
mal basis for g. Note that vq, vy, vy form an orthonormal basis of the ideal
u = R3 of g, while vy is a unit vector orthogonal to this ideal.

Let L denote the transformation ad,, restricted to the ideal u = R3 =

(v1,Vva,vs), and set

bir b1z bz
B= |0 by bysl- (4.3)
0 0 bs3

With respect to the basis (v;), note that L has matrix form
B~ 4p(bas)B.

By a theorem of Gordon and Wilson [13], with any left-invariant metric on

a 4-dimensional solvable geometry,

Isom(G) C G x K C Aff(G),
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where K is a maximal compact subgroup of Aut(G). That is, the group of
isometries fixing the identity, Isom.(G), must be a subgroup of K C Aut(G).
Given a € Aut(G), let a, denote the induced automorphism of g. Recall that
we have identified g with R* by taking the standard basis for g = R3 x R, and

so we may view «, as an element of GL(4,R). Of course, Aut(G) = Aut(g).

Lemma 4.3.1. Suppose an orthonormal basis of g is specified by such a matriz
B’ in assignment (4.2). Let o, € Aut(g). Then a, defines an isometry of g if

and only if a, is orthogonal when expressed in terms of the basis
v, = Ble;.
That 1s,
B 'a.B € O(4,R).

We will restrict our attention to the ideal R3 of g = R3 x R. This ideal is

the nilradical of g, and so we have the restriction homomorphism
p: Aut(g) — Aut(R?) = GL(3,R).

If a, € Aut(g) is an isometry of g, then a,, must restrict to an isometry of the

ideal R® = (v, vy, v3). Therefore,
B 'p(a,)B € O(3,R).

The condition B~'p(a,)B € O(3,R) will put rather strict restrictions on
B, for certain choices of p(ay) in the image of p(Aut(g)). This in turn will

place restrictions on the possible Ricci signatures. Recall in our discussion of
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the crystallographic groups of Solfn’n that we have fixed the notation:

-1 0 0 1 0 0 10 0
T = 1 0|,=2=10 -1 0|, 3=1(0 1 0
01 0 0 1] 00 -1
We also will set i}
0 —a 0
A= i 0 O
0 0 1

Lemma 4.3.2.

1) The condition B~ (x7)B € O forces bjs = b3 = 0.

9

) \ (5.R)

(2) The condition B~ (+7m2)B € O(3,R) forces big = byz = 0.
(3) The condition B~*(+73)B € O(3,R) forces b1z = byg = 0.
(4) (£4) (

4) The condition B~'(£A)B € O(3,R) forces by = by = beg = 0.

Proof. For (1),

—1 —2bi2 _2b3
b11 b11
B +m)B=x| 0 1 0 | €0(3,R)
0 0 1

forces bia = by3 = 0.

For (2),
1 2b1o 2bi2bo3
b11 b11b22
Bl (#m)B=+|0 -1 -2 | cO(3R)
0O O 1

forces by = byz = 0.

For (3),
2b13b22—2b12b2
10 : b11b22 ’
Bl (+m)B=+|0 1 2 € O(3,R)
0 0 —1
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forces b3 = bys = 0.

For (4), we compute that

__ bio . b3, _abas _ bisbiz _ abos —b13bao+b12ba3
abaz aby1ba2 b11 aby1b22 b11 b11b22
-1 _ b b b b
B (£A)B =+ b1y b1p b1z _ bag
( ) ab22 ab22 ab22 b22
0 0 1

As A has positive determinant, this matrix must be in SO(3,R). As the upper
2 x 2 diagonal block must be in SO(2,R), we must have b = 0. From the

(1,3) and (2, 3) entries of this matrix, we obtain the equations

—biz — abyz =0,
bis — abyz = 0,
which force b1z = by3 = 0, as well. O

Definition 4.3.3. Given an infra-solvmanifold M of GG, a Ricci signature can
be realized on M if there is a left invariant metric on G with prescribed Ricci

signature such that M = II\G, for some II C Isom(G).

Suppose a basis of the Lie algebra g is specified by B’ as in assignment
(4.2). Recall that L denotes the transformation ad,, restricted to the ideal
u=R3 = (vy, vy, v3). With respect to this basis (v;), note that L has matrix
form

N = B 14(byy)B.
By Lemma [4.2.5]
r(vy) = —tr(S?) < 0.

We claim that tr(S?) > 0 for all G of the form R? x R, except for the trivial
case G = R*. To see this, simply note that the matrix form of S is 3(N +N7),

which is a symmetric matrix. Thus, the v, direction always corresponds to
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negative Ricci curvature, and we always put it as the last sign in the Ricci
signature notation:

(%, %, %, —).

By Proposition [4.2.4], with respect to the basis v, va, v3 of R?, the matrix
form of 7, restricted to R3, is given by

Plps = % [N,NT] = %(NNT — NTN).

To obtain the Ricci signature of the metric with basis given by B’, we need to

compute the signs of the eigenvalues of f|R3.

4.3.4 (Nil*). The crystallographic groups IT of Nil*, and their associated infra-
nilmanifolds /7\Nil* are classified in [7]. The maximal holonomy of an infra-

nilmanifold of Nil* is Z2. With standard basis for the Lie algebra of Nil*,
Isom(Nil*) = Nil* x Z2,

where Z3 is as defined in equation (2.1]) in section . Note that Z3 consists

of diagonal matrices.

Theorem 4.3.5. If M is an infra-nilmanifold of Nil*, then any of the three

Ricci signatures (0,4, —, —), (+,+,—, —), (+,—,—, —) can be realized on M.

Proof. Declare the basis of the Lie algebra of Nil* given by

by 0 0 0

g |0 b2 00
0 0 by 0]
0 0 0 by

to be orthonormal. That is, declare v; = B'e; to be orthonormal As B’ is
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diagonal,

Isom(Nil*) = Nil* x Z2,

where Z32 is the maximal compact subgroup in equation (2.1)) in section ,
regardless of the diagonal entries of B'.
Recall that with respect to the basis vi, va, vz, the matrix form of 7 re-

stricted to R3 is given by

1 1 _
o = (VN7 = LN N, where N = BB,

~

7

We compute that the eigenvalues of this matrix are

Dbty Dssbily 1 Upbdy D5l
207, T 203, 2 b b ) )

By choosing different values for by1, bao, b33, and by, the third eigenvalue can be
positive, negative, or vanishing. Therefore, any of the three Ricci signatures

0,+,—,-), (+,+,—,—), (+,—,—, —) can be realized on M. O

4.3.6 (Sol,, ). Recall that we have the family of Lie algebras R® x4 R, where

6 0 0
P(1)=10 1 0
00 —(146)
The parameter § > 1 corresponds precisely to the isomorphism type of the
Lie algebra. Let an orthonormal basis of g be specified by B’ in assignment
1} To realize metrics on certain infra-solvmanifolds of Solfn’n, we will see

that B must have a certain form. For these various forms of B, we record the

eigenvalues of 7|, in Table .
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B Eigenvalues of 7|, =
L[N,NT] = J(NNT = NTN), where N = B~14(bs) B

by 0 O

0 b b 0. — baz/ b§2+b§3b4214(2+9)2 b2/ b§2+b§3bi4(2+9)2
22 23 ) 202, ) 202,

0 0 b

bll 0 b13

0 b 0 0  bizy/b; 467563, (1420)% b1z /b3, +b73b1,(1426)°
2 ’ W, , W,

0 0 b

bll 612 0

0 b 0 0 _b12 b%1+b%2bi4(—1+9)2 b12\/b%1+b%2634(—1+9)2
2 ’ W, > 3,

0 0 bs3

Table 4.2: Eigenvalues of f}RS for Solfmn

Lemma 4.3.7. Let
M = II\Sol;, ,

for II C Solfnm X Aut(Solfmn) be an infra-solvmanifold of Solfn’n, diffeomorphic
to an infra-solvmanifold M’ = H’\Solfnvn of type (1a) (respectively, (1b)) in
Theorem [3.5.13]

If the image of the holonomy of IT" in Aut(R3) is generated by 7; (respec-
tively, —7;), then the image of the holonomy of II in Aut(R3) must also be

generated by T; (respectively, —;).

Proof. Since IT and II' are isomorphic, Theorem [1.1.5 implies that IT and IT’
are conjugate in Aff (Solfn,n). Hence the holonomy groups must be conjugate
in Aut(Soliw). But the image of Aut(Soliw) (and hence also that of Aut(g))
in Aut(R?) under restriction is the group of diagonal matrices (R*)3, and +7;

is central in (R*)3. O
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Theorem 4.3.8. For each type of torsion-free Solfn’n crystallographic group
11 in Theorem [3.5.13], we list the Ricci signatures which can be realized on the

infra-solvmanifold IT\Soly, .

Infra—Solfnm Holonomy| Realizable Ricci Signatures

(0) {e} (0,0,0,-), (0,4,--), (+5+,-17), (+757)
(1a) Ly (0,0,0,-), (0,+,--)

(1b) Ly (0,0,0,-), (0,+,-,-)

(2b) Ly (0,0,0,-), (0,45--), (+5+5-17), (+5757)

Table 4.3: Realizable Ricci signatures on infra—Solim manifolds

Proof. In cases (0) and (2b), Lemma does not provide any restriction on

B. Of course, Table shows that (0,0,0,—) and (0,+, —, —) are realizable

on M. In fact, we can explicitly realize the Ricci signature (+,+, —, —) with
B — 0 o bz O
0 0 b33 O
0 0 0 by

With this choice of B, the determinant of 7|, = (NN — NTN) is:

_ b33b3:05,(—1 4 60)2(2 + 6)*(1 + 20)?
8% bys?

< 0.

Since 6 > 1, when we take b3 and bo3 to be nonzero, the three eigenvalues of

7| g5 must have signs (+,+, —), as the trace of (NN” — N”N) vanishes. On
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the other hand, we realize the Ricci signature (4, —, —, —) with

bii bz bz 0

g |0 b2 0 0
0 0 by O
0 0 0 by

With this choice of B, the determinant of 7|, = (NN — NTN) is:

b3,b3,05,(—1 4+ 0)%(2 + 0)%(1 + 26)?

> 0.
8bt,

When b5 and b3 are nonzero,the eigenvalues of f’|R3 must have signs (+, —, —),
as the trace of %(NNT — NTN) vanishes.

By Lemma [4.3.7, the image of the holonomy in Aut(R®) of any infra-
solvmanifold diffeomorphic to an infra-sovlmanifold of type (1a) (or (1b)) is
generated by 7; (or —7;).

In case (1a), when the holonomy of I7 is generated by 77, 75, or 73, Lemma
forces b1y = b1z = 0, byjo = bys = 0, or b3 = by = 0, respectively. Table
shows that the eigenvalues of 7|, can only have signs (0,0,0) or (0,+, —).

Likewise, in case (1b), when the holonomy of II is generated by —7, —7o,
or —73, Lemma forces bias = big = 0, bya = beg = 0, or biz = byg = 0,
respectively. Again, Table shows that the eigenvalues of f“RS can only have
signs (0,0,0) or (0, +, —). Consequently, in both cases (1a) and (1b), only the

Ricci signatures (0,0,0,—) and (0,+, —, —) can be realized on IT\Sol,, ,. [

4.3.9 (Sol® xR). When G = Sol® xR, the image of Aut(g) under the restriction
homomorphism

Aut(g) — Aut(R?),
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is the subgroup of GL(3,R) consisting of matrices of the form

A0
0 k

Y

0 0 b
where A is of the form [g d] or [ O] . See Proposition [3.1.7
c

Lemma 4.3.10. Let

M = IT\(Sol® x R)

and

M' = IT'\(Sol’® x R)

for IT, IT" C Sol® x R x Aut(Sol® x R) be two diffeomorphic infra-solvmanifolds
of Sol® x R.

(1) If 7; (respectively, —7;), for i = 1,2, is in the image of the holonomy of
II" in Aut(R?), then 7; (respectively, —7;), for j = 1,2, is in the image of the
holonomy of IT in Aut(R?).

(2) If 73 (respectively, —73) is in the image of the holonomy of IT" in Aut(R?),
then 73 (respectively, —73) is in the image of the holonomy of IT in Aut(RR3)

(In our classification of Sol® x R crystallographic groups, we denoted 73 by 7).

0 10
(3) If |—1 0 0| is in the image of the holonomy of 7" in Aut(R?), then
0 01
—a 0
0 0}, for some real number a, is in the image of the holonomy of I7 in

0 0 1
Aut(R3).

Q= O

Proof. Since II and II' are isomorphic, Theorem implies that Il and

212



II' are conjugate in Aff(Sol® x R). Hence their holonomy groups must be
conjugate in Aut(Sol®> x R). Moreover, the image of the holonomy groups in

Aut(R?) must be conjugate in the image of Aut(Sol®> x R) in Aut(R?).

For (1), note that the only conjugates of 7, and —7; in the image of Aut(Sol® x

R) in Aut(R3), are 7 and —7y, respectively.

For (2), note that 73 is central in the image of Aut(Sol® x R) in Aut(R?), and

so has no conjugates.

0 10
For (3), note that in the image of Aut(Sol® x R) in Aut(R?), |—1 0 0] is
0 01
0 —a 0
conjugate to any matrix of the form % 0f,a>0 ]
0 1

Theorem 4.3.11. For each type of torsion-free Sol*> xR crystallographic group
IT in Section [3.4], we list the Ricci signatures which can be realized on the infra-

solvmanifold IT\(Sol® x R).
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Infra-Sol® x R Holonomy| Realizable Ricci Signatures

(0a) {e} (0,0,0,-), (0,4,--), (+,+517), (+47-)
(0b), (0c) Z (0,0,0,-), (0,+,--)

(1a), (1b) Zs (0,0,0-), (0,4--)

(1¢) 73 (0,0,0,-)

(2aa) Zs (0,0,0-), (0,4-)

(2ad) 72 (0,0,0,-), (0,+,-,-)

(2ba) Z, (0,0,0,-), (0,+,--)

(2bb) Zo (0,0,0,-), (0,4,--), (+,4,-), (+4--)
(2bc) 72 (0,0,0,-), (0,+,-,-)

(3a) Zo (0,0,0,-), (0,4,--), (+,4,-), (+,--1)
(3ia), (3ib) Zs (0,0,0,-), (0,4,--), (+,4,-), ()
(8ic), (3id) 72 (0,0,0,-), (0,4+,-,-)

(4a) Ly (0,0,0,-)

(5a), (5b) 72 (0,0,0,-)

(6aia), (6aib) | Z3 (0,0,0,-), (0,4,-,-)

(6aie) 73 (0,0,0,-), (0,4--)

(6ba) 72 (0,0,0,-), (0,+,-,-)

(6bia), (6bib) | Z3 (0,0,0,-), (0,4+,-,-)

(6bic) 72 (0,0,0,-), (0,4,--), (+,4,-), (+,--1)
(6bid) 73 (0,0,0,-), (0,+,-,-)

(7id) Dy (0,0,0,-)

Table 4.4: Realizable Ricci signatures on infra-(Sol® x R) manifolds

Proof. We can view Sol® x R as Solim with 6 = —1. Therefore, Table
applies.
The image of the holonomy in Aut(R?) of any infra-solvmanifold of Sol® x R

diffeomorphic to an infra-solvmanifold of type (1c) must contain 73 and either

71 or 7o, by Lemma4.3.10} Then Lemma forces the condition by = by3 =
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bos = 0 on B. Now apply Table with § = —1. Therefore, only the Ricci
signature (0,0,0,—) can be realized.

By Lemma , the image of the holonomy in Aut(R?) of any infra-
solvmanifold diffeomorphic to an infra-solvmanifold of type (4a) or (7:d)

contains an element of the form

0 —a 0
1 0
0 0 1

Now Lemma places the condition bjy = b3 = beg = 0 on the matrix B.
Thus Table shows that the eigenvalues of f’}RS all vanish in these cases.
Therefore, only the Ricci signature (0,0,0,—) can be realized in cases (4a)
and (7:id).

The image of the holonomy in Aut(R?) of any infra-solvmanifold of Sol® x R
diffeomorphic to an infra-solvmanifold of type (5a) must contain —73, 71, and
7. For type (5b), the image of the holonomy in Aut(R3) must contain —73,
—11, and —7,. In both cases, b1y = bj3 = by3 = 0 by Lemma . Now apply
Table with 6 = —1 to see that only the Ricci signature (0,0,0, —) can be
realized.

The image of the holonomy in Aut(R?) of any infra-solvmanifold of Sol® x R
diffeomorphic to an infra-solvmanifold of type (2ad) or (2bc), must contain
both 73, and —73. Then Lemma [4.3.2] forces the condition b1z = be3 = 0 on B.
We can make the signs of the eigenvalues of ﬂm either (0,4, —) or (0,0,0),
by choice of by, (Table |4.2] with 6 = —1).

The argument for cases (0b), (0c), (1a), (1b), (2aa), and (2ba) is sim-
ilar. In these cases, any infra-solvmanifold of Sol®> x R diffeomorphic to an

infra-solvmanifold of the above types must have a holonomy element project-
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ing to 7; or —7; in Aut(R?). Lemma m places conditions on B, and Table
with § = —1 yields the desired result. In case (2bb), no condition on B is
forced, as the image of the holonomy in Aut(R?) is —1.

It remains to argue for cases (3a), (3ia), and (3ib). We claim that any

of the four Ricci signatures of Sol* x R are realizable. In fact, with basis

4 =3 bz 0
0 5 by 0
B = o , (4.4)
0 0 by O
0 0 0 by
we compute that
3 4
010 0 E O
4|1 00 0 i3 9
B! B=|> ° € O(4,R).
001 0 0 0 1
000 —1 0 0 0 —1

Thus, with any orthonormal basis of this form, the isometry group contains
0

1

the determinant of f‘w is

1
0 ] , in the notation of Theorems|3.4.22/and |3.4.23| With B’ of this form,

1
%bi}, (75 — bi) b,

As f{RB’ has vanishing trace, the eigenvalues of f‘R:,, have signs (+, —, —) and
(+,+, =), when 75—b%; > 0 (b3 # 0) and 75—b?; < 0, respectively. Of course,
when b2, = 75, the eigenvalues of f}w have signs (0,4, —). This proves that

the four Ricci signatures can be realized in cases (3a) and (3¢a). For case
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(3ib), with basis

4 3 —b3 0
05 b 0
B = t , (4.5)
00 by O
00 0 by
we compute that
01 0 0 -2 2 0 0
4110 0 0 i3 90
B B=1]5 75 € O(4,R).
00 -1 0 0 0 —1
00 0 -1 0 0 0 -1

Thus, with orthonormal basis of this form, the isometry group contains

1

form, the determinant of f‘RS is again

0 1
[ 0 ] 7, in the notation of case (3ib) of Theorem [3.4.23, With B’ of this

1
%b% (75 - b%?,) bg4.

So, all four Ricci signatures realized in cases (3a) and (3¢a) are also realized
in case (3tb).

In cases (3ic), (3id), (6aia), (6aib), (6aie), (6ba), (6bia), (6bib), and
(6bid), b1z = byz = 0, as the holonomy must contain either 73 or —75 . Only
two Ricci signatures are realizable depending on choice of b15. In fact, in these
cases, we can use the basis with b;3 = 0, to realize the Ricci signature
0,4, —,—).

For case (6bic), the holonomy generator BT in Theorem [3.4.29 restricts
to —I in GL(3,R), and does impose any restriction on B, and we argue just

like in cases (3a) and (37a). OJ
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5 Topics for Further Research

There are remaining questions about the topology and geometry of 4-dimensional

infra-solvmanifolds (Problems [5.1.1| and [5.2.1] below). Another direction for

further research is to extend known partial results for Conjecture to cer-

tain infra-solvmanifolds (Problems|[5.3.3|and [5.3.2{ below). Another interesting

project is to characterize which solvable Lie groups satisfy the First Bieberbach

Theorem (Problem below).

5.1 Geometric Description of Infra-Solvmanifolds

Hillman provides a geometric classification of infra-solvmanifolds of Sol®> x R
in [I8] as Seifert fiberings over 2-dimensional flat orbifolds. We have pro-
vided a complete classification of all crystallographic groups of Sol® x R. The
torsion-free crystallographic groups II correspond to infra-solvmanifolds I7\G.
However, we do not give a correspondence between our classification and Hill-

man’s classification.

Problem 5.1.1. Find the correspondence between the torsion-free crystallo-
graphic groups of Sol®> x R described here, and the classification Hillman pro-

vides in [I8]. Also describe the infra-solvmanifolds of Soly*, as Hillman does

for Sol* x R in [18].
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5.2 Pin* Structures on Infra-Solvmanifolds

The group Spin(n) is the double cover of SO(n). The groups Pint(n) and
Pin~(n) are two double covers of O(n). They are the same topologically, but
have different group structures. The groups Pin*(n) allow a generalization
of Spin structures to non-orientable manifolds; an orientation together with a
Pin™ (or Pin™) structure is equivalent to a Spin structure. An orientable Rie-
mannian manifold M has a Spin structure precisely when the Stiefel Whitney
class wy (M) vanishes. A Riemannian manifold M has a Pin™ structure if and
only if wy (M) vanishes and has a Pin~ structure if and only if wo (M) +w? (M)
vanishes.

Hillman begins to explore which 4-dimensional infra-solvmanifolds admit
Pin* and Pin~ structures in [19]. This is related to a question of Ron Stern: is
there an orientable aspherical surface bundle over the torus 72 which does not
admit a Spin structure? A 4-dimensional infra-solvmanifold may provide such
an example. Putrycz and Szczepanski determined that only three orientable
flat 4-manifolds are not Spin [31]. However, these are not surface bundles over

the torus.

Problem 5.2.1. Determine which 4-dimensional infra-solvmanifolds admait
Pin™ and Pin~ structures.
5.3 Bounding Problem for Infra-Solvmanifolds

Since all 4-dimensional infra-solvmanifolds bound, some n-dimensional infra-
nilmanifolds bound, and all closed flat n-manifolds bound, it is reasonable to

ask if n-dimensional infra-solvmanifolds bound.

219



Conjecture 5.3.1. Let M = I[I\G be an n-dimensional infra-solvmanifold.

Then there ezists a compact (n + 1)-dimensional manifold W with OW = M.

Hamrick and Royster used translational involutions to show that closed flat
n-manifolds bound [15]. Marc Gordon introduced translational involutions in
his proof that certain closed flat manifolds bound [II]. When G is solvable
and has non-trivial center, translational involutions can also be used, as was

done in here in the proof of Theorem [2.4.5]

Problem 5.3.2. Let M = [I\G be an n-dimensional infra-solvmanifold. As-
sume that G has non-trivial center. Is there a compact (n + 1)-dimensional

manifold W with OW = M ¢

On the other hand, Conjecture [5.3.1) may be false. To give a counterexample
to Conjecture or (Conjecture , we would need an infra-solvmanifold
(or infra-nilmanifold) with a non vanishing Stiefel-Whitney number. In [42 20]
there are examples of flat manifolds with non-trivial Stiefel Whitney classes

and this should be useful to approach:

Problem 5.3.3. Give an example of an infra-solvmanifold or infra-nilmanifold

which does not bound.

5.4 Bieberbach’s First Theorem on Solvable Lie Groups

It is not well understood when a solvable Lie group satisfies Bieberbach’s First
Theorem (Theorem|1.1.4). Even a 4-dimensional solvable geometry, Soly', does
not satisfy it. See [§] for more examples of solvable Lie groups which do not

satisfy Bieberbach’s First Theorem.
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Problem 5.4.1. Characterize the solvable Lie groups for which Bieberbach’s

first theorem holds.

Good progress has been made by Dekimpe, Lee, and Raymond, who give
a sufficient, but not necessary, condition for a solvable Lie group to satisfy
Bieberbach’s first theorem [§]. In [3], Buser gives a geometric proof of Bieber-
bach’s First Theorem for R”, inspired by Gromov’s work on almost flat mani-
folds. Essentially, the idea is to show that the isometries in a crystallographic
group of R™ with very small rotation part are in fact pure translations. Exam-
ining Buser’s argument when R" is replaced with a solvable Lie group should
provide a simple characterization of solvable Lie groups satisfying Bieberbach’s

First Theorem.
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