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ABSTRACT

Analytic design methods for combination feedback-
feedforward control systems are developed and evaluation is
made of systems yielding qptimal performance while subject
to constraints commonly encountered in the chemical industry.
The optimization is based on minimization of the mean square
output of a system subject to a random disturbance utilizing
the mathematical techniques pioneered by Wiener for the solu-
tion of the design equations. Side conditions of constraint
on mean sqguare control effort, signal-to-noise ratic in the
feedback system, and minimization of error output caused by
misidentification of plant parameters were found to be neces-
sary to give physically realizable and meaningful designs.
‘The analytic design methods were found useful for analysis
of control system performance and capabilities under a
variety of constraints but the optimal designs are marginally
superior to "ideal" or "invariant" feedforward controllers
coupled with tuned proportional feedback controls. The
principal improvement in the optimal design was in conserva-
tion of control effort when compromises in system performance

were necessary because of this restriction.
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ANALYSIS OF OPTIMAL COMPOSITE FEEDBACK-
FEEDFORWARD CONTROL

CHAPTER 1
INTRODUCTION

There is constant need for improvement of process
control in the chemical industry. Technical advances in many
fields make possible new processes for which good control is
required at conditions where measurement itself is difficult.
At the other end of the spectrum, competitive pressures
usually dictate that older processes must approach near-
optimal operation if acceptable profit margins are to be
maintained.

Development of optimal control theory has proceeded
to a very high plane, especially for problems in electronic-
or aerospace-related fields. However actual use of sophis-~
ticated optimal control laws in chemical processes has been
limited. The present work describes an application of an
existing control optimization technique to a class of systems
having control capacity constraints and information sources

typical of chemical processes.

General Control Considerations

Automatic controllers for chemical processes can be
divided into three classes based on the source of the signal
used to initiate contronl acticn. The type most commonly

1



2
encountered is primary feedback control in which control
action is determined by the difference between the value of
the output or controlled variable and some reference or
"ideal" output. Another type is feedforward control in which
inputs or disturbances to the system are monitored and
control action is computed to offset the effect of the dis-
turbances on the output. The third type of control is
secondary feedback in which control action is based on the
value of secondary or uncontrolled system state variables
whicl are related to the controlled output. However, in the
present work, the class of systems will be restricted to
those in which secondary variables are not monitored so that
this third type of control will not be considered.

Feedback and feedforward control each have relative
advantages and disadvantages. The principal advantage of
feedback control as compared to feedforward control, and the
primary reason for the greater popularity of the former, is
that feedback has a high degree of tolerancé'for design
inaccuracies. If, for some reason, a feedback controller
produces inexact control compensation, the inexact system
output which results is sensed by the controller and becomes
the basis for further control action. If inexact control
action occurs in a system having feedforward control only,
the undesirable output persists indefinitely because feed-
forward control action is initiated by deviations of the
system inputs.only.

Feedback control possesses some limitations however,
that are absent in feedforward control. When a high degree
of control is attained, the difference between actual output
and the reference (set point) becomes small so that signal-

to-noise ratio problems become important in the feedback
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~amplification system. This problem does not occur with
feedforward control since input disturbances containing
sufficient energy to cause significant system output generally
produce acceptable controller signal-to-noise ratios. Addi-
tional difficulties are often encountered in feedback systems
because of dead times which occur in the output sensing sys-
tem. Both feedback and feedforward control are affected
adversely by dead time in the controller but with the former,
the sensing dead time of feedback circuit must be added to
the controller dead time so that the problem is intensified.
For example a system which is temperature controlled by cool-
ing water flow may have controller dead time due to factors
such as pneumatic transmission losses and valve hysteresis.
If feedback control of the output temperature is used, addi-
tional transport delay may occur if, for example, the sensor
is located downstream. This sensing circuit dead time must
be added to that in the controller in computing feedback
control capacity. As feedforward control is based on values
of input flows or temperatures, it would not be affected by
lags in the output measurement.

The various qualities of feedback and feedforward
control tend to complement each other. When the best possible
control is desired, a composite controller consisting of a
combination of feedback and feedforward is indicated. Here
it would be expected that a controller basing its operation
on two sources of process information is capable of control
performance that is superior to that of a controller with but
a single source of informa’ion.

Optimization techniques to determine the most effi-
cient implementation of this information are used in the

present work to develop design equations for composite control
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systems. Emphasis has been focused on optimization conditions

that would be encountered in a typical chemical process.

Statement of General Problem

It is assumed that the objective of the control de-
sign and operation is to attenuate the output response of
chemical process systems which are activated by random dis-
turbances. In addition it will be assumed that the process
system or plant can be adeqguately described by linear dif-
ferential equations with constant coefficients; in fact,
specific design consideration will be given to controllers
wﬁiéh cause the plant to operate in the linear range for a
large fraction of the time. Only single variable plants are
treated, i.e., plants which have but one disturbance variable
and one controlled output variable. The generalization to n
disturbances is a trivial multiplication of controllers but
the generalization to n outputs is far from trivial.

In setting up the differential equations, process
dead times will be taken into consideration by allowing the
argument of the time functions to be shifted along the time
axis. All times will be referred arbitrarily to the process
times, i.e., a disturbance entering a process will be denoted
d(t) while the output variable which is sensed TC time units
later is given as c(t + Tc). The value of the controlling
or manipulative variable must be specified by the controller
TM time units before it is used and hence becomes m(t - TM).

Under these conditions the general process dynamics
can be described by the differential equation
dn n-1

— c(t+T )+a_ — ct+T )+ ... +a.c(t+71_) =
dtn C n-1 dtn 1 C 0 C

a3 ac
= b — - o o o - D oo o ’
3 403 m(t -rM) + + bom(t 'rM) + = dtk d(t) + + god(t)

(1-1)
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where the a's, b's and g's are constants, c(t + Tc) is the
output variable measured TC time units after the process
time, m(t - TM) is the manipulative variable specified by
the controller TM time units before the process time, and
d(t) is the disturbance variable that enters the process at
"process" time.

It is most convenient to work with the Laplace
transformation of this equation that results from assuming
zero initial conditions. Transforming (1-1) into the Laplace

domain yields

Cc(s) = PD(s)D(s) + PM(s)M(s) R (1-2)

where PD(s) and PM(s) are the "plant transfer functions."

If dead times are absent, these functions are rational func-
tions (i.e., ratios of polynomials) in the Laplace transform
variable s, while if dead times are present they are rational
functions multiplied by an exponential factor in s. The
functions C(s), D(s) and M(s) are Laplace transformations of
the output variable c(t), disturbance variable 4d(t), and
manipulative variable m(t), respectively. The design ob-
jective will be to define transfer functions of controllers,
Qc(s) and QD(s), so that a minimum C(s) will occur when the

manipulative variable is defined as

M(s) = QD(S)D(S) - QC(S)C(S) . (1-3)

The function Qc(s) is the feedback transfer function since
its control action is based on information from the output
while QD(s) is the feedforward transfer function since its
control action is based on information from the input. A

block diagram of the system with its controls is shown in

Figure 1-1.
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It is obvious that the minimum absolute value of
system response occurs if the output variable can be made

identically zero, in which case it follows from (1-2) that
M(s) = - () D(s) . (1-4)

This relation can be realized formally if the feedforward
control function is defined as

P_(s)
Q = - 22— . (1-5)

D PM(s)

There are a number of reasons why this ideal solution
to the optimal contrcl problem can seldom be achieved in
practice. If the transfer function, PM(s), has a larger
exponential dead time than does the function PD(s), the ratio
given in (1—5)* will have a net positive exponential factor
which requires that the controller, QD(s), react to a dis-
turbance before it occurs. Further if the system is bound
by constraints such as a maximum of the magnitude of the
manipulative variable, M(s), the use of (1-4) will result in
overloading the control system with a corresponding degrada-
tion of response. Finally, if there is any error in the
plant describing functions, PD(s) or PM(s), there will be a
"model error output"” for which the feedforward controller
cannot compensate. -

These factors can be formulated in mathematical terms
and then incorporated into an explicit analytic optimization

*
technique developed by N. Wiener [W2]. It will be shown that

*Throughout this work, equations will be referred to
by the equation number in parenthesis and brackets will denote
references to the bibliography.
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in the absence of dead times, this formulation leads to the
specification of a feedback controller with infinite gain.
Feedback is not only insensitive to model error but is, in
fact, the only effective way to control "model erroxr output."
If signal-to-noise ratios and dead times in the output
sensing and amplification systems are considered in the
optimization equations along with the previously mentioned
factors of controller dead time, control effort constraint
and model error output, then physically realizable composite
control designs are obtained that seem to be real optimums.
The present work is devoted to the development of the design
equations and analysis of the resultant controls.

Control systems synthesized using Wiener's technique
minimize the mean square of the value of some state variable
of a system under excitation by a random disturbance. Ex-
plicit evaluation of the mean square value of this variable
is achieved by use ' operational transform techniques based
on Parseval's theorem. Using these techniques, the necessary
and sufficient conditions can be determined for the existence
of a minimum. The mathematical implications of these condi-
tions lead to the Wiener-Hopf integral equation which can be
solved explicitly for the control function ky the complex
variable techniques described by Wiener. Output minimization
in the presence of constraints is achieved by minimizing a
weighted sum of several state variables after adjusting the
value of the weighting factors (or Lagrangian multipliers)
so that the secondary variables satisfy the side conditions
when the system is excited by a statistically characterized
random disturbance. The constraints must be carefully chosen

so that all important factors of the physical problem are
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represented while still allowing mathematical solution of

the eguations.

Review of Previous Work

The art and science of feedforward controller design
in the process industry began about 15 years ago with the
study of cascade control. Although feedback still dominates
the field, interest in feedforward has increased steadily as
process control engineers have realized that the existence
of a continuous monitor of disturbances makes feedforward
control particularly suitable for many chemical process
problems [Cl]. While some investigators have implied that
feedforward alone may be sufficient for control purposes,
most have concluded that a combination of feedback and feed-
forward is needed in the majority of cases. Undoubtedly
feedforward control will be "encountered more fregquently in
the future as an essential aspect of composite control" [B10].

Most of the previous work on feedforward control has
not been concerned with explicit optimization methods. The
reason is that if the exact mathematical model is known, a
controller can be constructed which is the mirror image of
the plant so that when its output is added to that of the
plant, disturbance attenuation is perfect. Harris and
Schecter [H2] and Bollinger and Lamb [B7,B8] in their work
on chemical reactor controls specified mirror images of
linear approximations to the system describing functions for
the feedforward portion of their controllers. The feedback
section of these control systems, chosen in both cases by
cut and try procedures, compensated only for the plant non-
linearities and for inaccuracies of analog computer program-

ming. Haskins and Sliepcevich [H3] in their study of the
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invariance principle used nominal feedforward controllers
with no primary feedback but showed how compensation of
analytic non-linearities may also be programmed in the feed-
forward section of the controller.

Studies of control of distillation columns are com-
plicated by the fact that it is often impossible to monitor
continuously those primary output variables that need to be
controlled. Hence transfer functions of disturbances to
secondary variables are found and these variables are made
invariant by use of "mirror image" control [L6,M1]. Feedback
here usually consists of manual adjustment of drift although
several authors have advocated development of more sophis-
ticated feedback techniques [L7,ML].

Analytic design methods based on a calculus of varia-
tions approach for feedback control systems were investigated
by Newton, Gould and Kaiser [N2]. They found an optimal
open loop control function and then computed the feedback
controller necessary to give the desired open loop function.
This optimization method was based on minimization of the
mean square error between an ideal reference and the actual
output in the presence of constraints, and in particular
constraints on control effort. The equations defining
necessary conditions for the minimum were solved by use of
advanced complex variable theory (as demonstrated by Wiener
[W2]) to yield an explicit analytic solution for the control
function. The feedback controllers resulting from this
treatment were ordinarily not physically realizable so that
an artificial "band-pass" constraint was added to limit high
fregquency gain [N3]. The use of this constraint and its

results are not readily evaluated for many process industry

applications.
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In the present work, this same fundamental mathema-
tical technique is employed; the main difference is in the
type of constraints which are used and the fact that two
control functions are computed - one relating to feedback
alone and another overall control function for both feedback
and feedforward. Instead of the "band-pass" constraint, a
feedback signal corruption or noise factor is added which is
essentially a signal to noise limitation on the feedback gain.

Chang [C2] noted that continuous measurement of the
reference signal as well as the plant. output was sufficient
to specify two control functions separately - one an open
loop function compensating for reference set point changes
and a feedback control function compensating for results of
an external or load disturbance. More generally, Horowitz
[H8] showed that as many separate control functions can be
specified as there are independent measurements of system
variables. In the present work, the ideal reference is ‘
assumed to be identically zero so that the open loop reference
point control of Chang becomes trivial.

Note that the monitored gquantities, i.e., the load
disturbance and the output, are not independent in the sta-
tistical sense of having a zero covariance. Indeed, if the
system transfer functions are kncwn exactly, then one of
these quantities is perfectly predictable from a knowledge
of the other. In such a situation there exists an infinite
number of sets of combination controllers which give identical
performance. However if error exists in the mathematical
model, measurement of the second variable adds "independent"
information not available from the first variable so that
unigque combinations of feedback and feedforward are specified

to yield given performance.
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The use of Wiener's methods for optimal control de-
sign as extended by others [K1,Ll1l,P2,M2] define only single
control functions for each output. Although general dis-
cussions of constraints are presented, the cases studied use
constraints which yield controllers often not physically
realizable under conditions of measurement and model accuracy
that exist in chemical process systems. A very important
aspect of analytic control design for these systems by
Wiener's method is the development of constraints that lead
to realistic controllers on one hand and still allow solution
of the complicated equations on the other.

Horowitz [H9)] presents a comprehensive account of
modern non-analytic design methods for control systems, i.e.,
designs in terms of rise time and overshoot, phase and gain
margins, root locus techniques, etc. Although this present
work is indebted to much of the design philosophy developed
there, analytic methods are used here so that families of
solutions for general situations can be investigated more
easily and so that general control capacity for these systems

can be explicitly evaluated.



CHAPTER II
FUNDAMENTAL MATHEMATICAL BACKGROUND

Since development of these control design techniques
is based on some mathematical theorems not frequently en-
countered in chemical engineering, it is appropriate to
review some of them here. Proofs of many of these results

are presented in Appendix A.

Integral Transforms of Mean Square Values

The basic objective of the controllers to be optimized
is to attenuate system output. In order to preserve mathe-
matical tractability, the measure of merit is taken as the
mean square value of the output. Constraints also will be
considered in terms of mean square values. It will be neces-
sary to express these mean square values of time functions
in terms of Laplace transforms in order to solve the optimiza-
tion equations. As a preliminary to exposition of the opti-
mization techniques, the general transformation of quadratic
time functions into the s-domain will be presented. Further-
more, since the disturbance has been assumed to be a random
function, expression of these results in terms of statistical
parameters will be required.

The transformation of gquadratic time functions is
made with the use of a result of Parseval's theorem:

If c*(t) is an arbitrary function of time which (i)
is zero for all t < 0; (ii) approaches zero at least as fast

13

!
i
!
H
i
{




14

-
as e t for all ¢ > 0 as t - «® and (iii) is bounded for all
t; then

o je
S c*(t)zdt = E%E' S c*(s)c¥(-s)as , (2-1)
0 i

where C*(s) is the Laplace transform of c*(t). The proof
of (2-1) is presented in Appendix A.

If c*(t) is the output of a linear system having the
transfer function, PD(s), then the system may be described

in the Laplace domain (cf. (1-1) and (1-2)) as

c*(s) = P_(s)D(s) - (2-2)

Thus the integral sguare output of this system is expressed

as follows:

o 5 N J®

é ok (t)%at = 3;;-_§m P_(s)P_(-s)D(s)D(-s)ds (2-3)
provided that the response meets the various convergence
requirements of Parseval's theorem.

The foregoing equation, which gives the integral -
square output of a system for a deterministic disturbance,
cannot be used if the disturbance is a random time function
for which only the statistical properties are available.
However the mean square output can be functionally related
to the system transfer function and the statistically
described disturbance. As a first step in this development,
the mean value of the disturbance is assumed to be zero.
Clearly it is no problem to design a control system to
eliminate any permanent bias. The statistical property of

random signals that is of greatest interest here is the



15
so-called correlation function, wA*B*(tl'tZ)' This function
is simply the non-normalized covariance between two signals

at specified times, tl and t2. That is,

Ppupx (tqE5) £ <a*(tl)b*(t2)> , (2~4)

where (...) indicates the mean value. It is further assumed
in this work that all random signals are ergodic, i.e., that
the mean value of time averages is constant and not a func-
tion of the particular period over which the average is taken.
This characteristic implies that the correlation function is
a function of tl - t_ rather than of the individual times.

2
Hence @A*B*(tl,tz) becomes wA*B*(T) where 7 = tl - t2.
In order to represent random signals in the Laplace
domain, the cross spectral density, QAB(s) of a random signal

is defined

(s) £ iiﬁ‘% (A (5)BL(-8)) (2-5)

QA*B*

where the function A;(s) and the function B;(s) are the
Laplace transformations of bounded random signals a* (t) and
b* (t) for the region 0 < t < T and are equal to zero else-
where. It is shown in Appendix A that (2-4) and (2-5) may
be related by
. o

¢ (1) = === S $ (s)e®Tas . (2-6)

A*B* 213 . A*B*
This result can be used to determine the response of the
system described in (2-2) to a random disturbance whose
statistics are described by the self- or auto-correlation
function, @DD(T).

Substitution of c*(t) for both a*(t) and b*(t) in
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(2-4), (2-5), and (2-6) and using the relation,

?kox(8) = Po(s)P (=) (s) . (2-7)

gives the result

jm
1
mc*c*(o) = Zn5 S PD(S)PD(—S)@DD(S)ds . (2-8)
_joo

Since from (2-4) it follows that

Pann (0) = (e*(6)%) (2-9)

it can be seen that (2-8) is the mean square value of c* (t)

as evaluated in the Laplace domain.

Note from definition (2-5) that @DD(s) is symmetric,

i.e.,
@DD(s) = QDD(—S) . (2-10)

Therefore it is possible to factor QDD(S) into two symmetric

parts,

) = - -
DD(S) D(s)D(-s) , (2-11)
allowing (2-8) to be made formally identical to (2-3).

Integral Conditions for Optimization

The equations of the previous section related the
mean square output and the transfer function of a time in-
variant linear system to the spectral density of its random
disturbance. Optimal control is coincident with the minimum
of this mean square output consistent with the existence of
any side conditions. In this section, development of Wiener's
technique [W2] continues as the necessary and sufficient

" conditions are developed that allow the minimization of
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integrals of the type (2-8). It will be seen later that
explicit solution of the final control equations is possible
if and only if the integrand of the quantity to be minimized
is linear in the unknown control operator. In order to
simplify the mathematical development, this specialization
is introduced at this point. Thus the integral of (2-3) or

(2-8) may be rewritten as

joo
J[B(s)Pl(s)-+P2(s) 4 3%5 S [B(s)Pl(s)+ Pz(s)]-[B(—s)Pl(—s)+
—JQ

+ P2(—s)]ds ) (2-12)

where B(s) is the Laplace transform of the unknown control
operator b(t) and Pl(s) and P2(s) are Laplace transforms of
known or given operators. To reduce the writing, define the

following for the arbitrary function, Q(s),

Q £ Q(s) and 6'2 Q(~s) (2-13)

where Q(s) is some transfer function as in (2-12). Equation

(2-12) may then be rewritten

jm
: 1 -
J(BPl + P2) = 203 S (BPl + P2)(BPl + P2)ds (2~14)
_Joo

When Q(s) is discussed as' an integrand such as in (2-12) or
(2-14), Q is the complex conjugate of Q since s takes on
imaginary values only in this integral.

The search for the unknown function, B, must always
be restricted to functions which are physically realizable.
This restriction shall mean that B must be non—predictivé,
i.e., as an operator on a state vafiable, it can cause no
control action until after the disturbance has affected it.

Accordingly, b(t) must be zero for negative time and in the
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transform space, this requirement becomes that all of the

poles of the function, B, are in the left half plane (l.h.p.).

In Appendix A, application of the calculus of varia-
tions is utilized to show that the necessary and sufficient

condition that B(s) provide an extremum for J[B(s)Pl(s) +
+ Pz(s)] is

jeo
1 —
3 S (B,F;) (B,P, + P,)ds = O (2-15)
_jco

This equation would be satisfied if the integrand

were identically zero. Since Bl is an arbitrary function

within its class and Pl is a given non-zero function, the

integrand can be zero if and only if

BOPl + P2 =0 (2-16)

However, general solution of this equation can lead to a B0

which is not physically realizable. For instance, if Pl

contains r.h.p. zero while P2 does not, then BOPl can equal

-P_ only if B

5 is unstable.

A morZ general valid solution of (2-15) can be found
by the use of complex variable theory and Cauchy's residue
theorem. The complete development of this solution is given
in Appendix A when it is shown that necessary and sufficient
conditions defining a B0 so that (2-15) is satisfied is

§I(Bopl +P)) =X (2-17)
where X is a function with r.h.p. poles only. The left hand
side of (2-17) is formally identical with the result obtained
by the partial differentiation of the integrand of (2-15)
with respect to EI. This convenient way to arrive at (2-17)

will be used in the subsequent development.
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Wiener's Explicit Solution

In order to find an explicit solution for the control
function defined by (2-17), consider the expanded form of
this equation

BOPiﬁz = PP, = X . (2-17)
Since the left hand side was derived from an integrand along
the imaginary axis, the argument s is always imaginary. It
follows that 3; is the complex conjugate of P1 and that the
function Piﬁz is symmetric with respect to the imaginary
axis. If it has a pole or a zero in the r.h.p., then there
is a corresponding pole or zero (with the same imaginary
part) in the l.h.p. Hence Pl§I can be factored into two
parts - one factor with all of its poles and zeros in the

l.h.p. and the other with poles and zeroes only in the r.h.p.:
P1Pl = YY , (2-18)

where Y has poles and zeros in the l.h.p. only. Note that ¥

is identical to the non-exponential part of P, if P. has no

1 1
r.h.p. zeros or poles.
Dividing (2-17) by Y gives
PP,
2°1 X
== = == ., 2~
ByY + — % = (2-19)

The term BOY has no r.h.p. poles and hence is physically
realizable. The term X/Y has r.h.p. poles only and therefore
is not physically realizable. The inverse transform of a
r.h.p. pole can be considered as a stable function of negative

time or an unstable function of positive time; neither can

be physically constructed. The expression P2Pl also can be

Y
divided into two parts - one that is physically realizable

and one that is not. If all of the functions are ratios of -
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polynomials, they may'be expressed as a sum of partial frac-
tions. Those fractions with residues in the r.h.p. are
transforms of functions which represent response of the sys-
tem to disturbances before the disturbance occurs. The part

of the fraction not physically realizable is designated as
[ fggl ] . The part of the fraction corresponding to the
roots of the denominator with negative real parts, i.e., the
physically realizable part, is designated as [ E;il ] .

¥ J+

By subtraction, (2-10) becomes

S P

B,Y + [ Pz_i_l ]+=—%§.— - [ 2?1 1 - (2-20)

The right hand side of this last equation is analytic (i.e.,
no poles) in the entire l.h.p.; the left hand side is
analytic in the entire r.h.p. They are both equal, there-
fore, to the same function which is analytic in the entire
plane. Liouville's theorem in complex variable theory states

that functions analytic in the entire plane are constants

[(H7]. Thus

P2P1
= =21
BOY + [ v ]_+ constant (2 )

Evaluation of this constant proceeds by noting that
the quantities displayed in (2-21) are, in general, functions
of the complex Laplace transform variable, s. Since both
sides of this equation are equal to some constant, obviously
it is not possible to "solve" this equation to find a numerical
value for s. Therefore to evaluate the constant it can be
reasoned that the numerator and the denominator of both terms
on the left hand side of (2~21) have the same order or degree
as each of the factors of the integrand of (2-15) - the only

change is the possibility of different signs of some of the



21
roots (i.e., Y is of the same order as Pl). It has been
previously shown that this function approaches zero as s - @
(Appendix A). Since (2-21) is an identity in s, it must hold
for all values of s including that for which s becomes infin-
itely large. Thus both sides of (2-21) are equal to zero

and (2-21) may be solved explicitly for B, as follows

0

e 41,

In cases where the functions in (2~-20) are not
rational functions, a similar procedure can still be used -
i.e., the term Péiz/§'is divided into portions that are zero
for t < 0 and portions that are zero for t > 0. It will be
shown in Chapter III that the former is the principal part
of the term at l.h.p. poles. (The principal part of a func-
tion at a single pole is the residue at that pole divided by
the pole itself.) The balance of the term which is zero for
t > 0, is subtracted from both sides of this equation and,
formally, the steps leading to (2-22) are the same as before.

It may now be seen why it was necessary to restrict
the integrand of (2-12) to linearity in the unknown operator
B. If BO weré present in a non-linear form, say as a quad-
ratic factor in (2-17), the solution could proceed in the
same way except that EE and Bg would be included in (2-20).
Even though both sides of the altered (2-20) would be zero
as before, evaluation of the unknown ﬁg at l.h.p. poles of
other functions would be required. It would become necessary
also to find the square rcot of functional forms on the right
hand side of this equation in order to solve for the unknown
function. The only possible alternative would be a very

arduous iterative solution for BO in the function space.
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Utilization of Constraints - Lagrange Multipliers

When several integrals of the type of (2-14) are to
be kept within specified limits while minimizing another, a
form of the Lagrange multiplier rule is used. Suppose that
two functions, J(BPl + P2) and J(BQ1 + 02)' are given with J
defined as in (2-14). The first of these is to be minimized
while maintaining the second below some given positive value
(the value of the integral is non-negative; cf. (A-12).

Formally the problem is to find a B, such that

o
J(BOPl + P2) = min , (2-23)
and
J(By, +Q,) < &” (2-24)
for £*> 0 .
There is, in general, an infinite set of functions,
B

1 which satisfy the last equation. Many of these could be
considered and then the neighborhood of those giving the
least value for (2-23) could be explored further. However
the function space is quite a bit larger than the point space
and successful search methods for all but trivial problems

are nonexistent.

This problem can, however, be solved in an indirect

way. Consider the function

2
= \ -_
F(a,\) J(BPl + PZ) + A J(BQ1 + in . (2-25)

where A is some real constant. This function is a linear

combination of integrals of the form of (2-14) and the condi-
tion for a minimum can be found by formal differentiation of
the integrand with respect to B and solving (2-17) to obtain

(2~22). This explicit solution for B0 will be in terms of
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the unknown, A. If the function, BO(X), is substituted into
. (2-24), a set of numerical A's can be found satisfying that
inequality. Normally, this function is monotonic in both Kz
and |Sﬂ, and a unique largest A _can be found in this set
which satisfies (2-24) where the inequality has been replaced
by equality. )

For any arbitrary choice of A, F(Bo(k),l) will have
a minimum value. If the particular A which satisfies (2-24)
is chosen (where the relationship is monotonic and the in-
equality has been made an eguality), then F(B,A) will have
assumed its minimum value consistent with the constraint of
(2-24) provided this result is interpreted statistically to
mean that the constraint is satisfied a certain percentage
of the time. Of course once a numerical A is found, Bo(k)
can be computed in numerical terms.

The sequence of solving these equations is usually
different in actual computations. A numerical choice is made
for A and substituted into (2-25) which is then solved for
BO by Wiener's techniques. This function is substituted into
integrals of the form of (2-14) giving values of the mean
square error and mean square constraint. Other values for
the parameter A are chosen and this process repeated until a
relationship of error vs. constraint has been found. Such a
parametric set of solutions has, of course, far greater value

than that of a single numerical answer.



CHAPTER III
DEVELOPMENT OF DESIGN EQUATIONS

The basic mathematical techniques have now been
developed which are capable, under a practical set of condi-
tions, of yielding an optimizing controller function. Three
principal problems remain:

(i) Casting the real control design problem and
associated constraints into the proper form such that the
mathematical machinery can process the data;

(ii)’Development of the proper set of constraints so
that the procedure yields a control design which gives a real
and practical optimum;

(iii) Investigation of some simplifications of the

procedure which give control designs not importantly different

from the optimum.

(i) Problem Format

Although portions of the mathematical procedure could
have been developed for more general systems, use of the
entire chain of methods necessitates that the system describ-
ing equations be linear and time invariant. Usually this
requirement will not be a serious restriction since an optimum
control design is to be developed, and deviations from steady
state operating conditions might be expected to be small
enough so that a linear approximation to the dynamics is
reasonably valid. Another limitation dictated by mathematical

24
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expedience is that the constraints and side conditions for
optimization must all be expressed in terms of quadratic
functions. This restriction is actually an attractive feature
to the chemical engineer who often works on processes in
terms of variances and who will usually be readily able to
interpret his problem in terms of mean square deviations.
Traditional constraints such as rise time, overshoot, band
width, phase margin, etc., are often much more difficult to
cast quantitatively into intuitively important terms in
process industry problems.

It is important to recognize, however, that mean
square deviation may not be the ideal measure of controller
performance in all cases. It weights large errors much more
than the smaller ones, and this characteristic may or may
not be appropriate for a given situation. At times, such as
in a chemical reaction where yield is usually a higher order
function of the control variables, the weighting for large
errors may be insufficieﬁt. For random inputs, Chang [C2]
has shown that if the cost function is a monotonic increasing
function of the absolute value of error, then a gquadratic
constraint is at least monotone with the cost function. For
deterministic inputs, even this modest result is not always
true.

The mean square criteria is not used only as a measure
of the output error. In general, there will be constraints
given which limit the size of a given control variable. For
instance, if control is achieved by variation of some flow
rate, a certain maximum and minimum flow rate is available;
alternatively the rate of change of flow rate may be limiting.
If the controller calls for control effort which exceeds the

capacity of the plant, the controller is said to be
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"saturated" and no longer obeys the linear equations of the
original model. In principle it would be possible to set up
a new non-linear model which accounts for the saturation
tendencies of the plant but then the design techniques
described would no longer be applicable. Controller design
methods for non-linear systems do not have, at the present at
least, the scope or generality of the techniques described
here. Hence the approach will be to limit the mean square
value of various control efforts and, in doing so, limit the
fraction of time that the system will operate outside its
linear range. For instance if a given signal has a normal
or gaussian probability distribution, then the control effort

will be within the mean square value about 68% of the time.

(ii) Constraints

‘The general plan used in the development of the
controller design equations is first to perform the optimiza-
tions using a minimum number of constraints. Conflicts are
shown to exist between the predictions of the resulting
control laws and generally known controller performance so
that the design bases are reexamined. Constraints are added
to the problem based on physical reasons so that realistic
optimal control laws are obtained. One of the principal
difficulties of this study is the problem of definition of
proper realistic constraints in a form that still permits
solution of the mathematical problem.

There are a number of implicit constraints contained
in the traditional methods which must be extracted and stated
explicitly by this variational procedure. Proper constraint
definition seems to be one of the reasons why dynamic pro-

gramming methods and Pontryagin's Maximum Principle often
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give "optimum" controllers that are different from the tradi-
tional designs. These situations of implicit constraints
are complicated and subtle and will be discussed in the
sample problems as they are used as vehicles to develop the

overall design procedure.

(iii) Computational Simplifications

While the mathematical procedures described will, in
principle, yield an explicit solution to the optimizing
problem, in fact it turns out that, for even moderately
complicated problems, the algebraic detail becomes all but
prohibitive. In the following a simple but general example
will be pursued in detail with introduction and discussion
of simplifications at various points which will not sig-

nificantly affect the final results.

Specific Transfer Functions for Demonstration Purposes

The transfer functions for a simple physical system
will be developed in this section for use throughout this
chapter so that some subsequent discussions can be made at
the physical, intuitive level.

The plant to be modelled is an elementary first order
system but does possess all of the important classes of ele-
ments found in more complex units: gain, poles and non-
minimum phase dead time. Shown in Figure 3-1l, it consists
of a perfectly stirred tank containing a heating coil through
which heat transfer media is circulated. It is assumed that
the temperature of this media is constant throughout the-coil
and can be used as the manipulative, control variable. The
material entering the tank is subject to the disturbance of
varying temperature, and it is desired to maintain the output

temperature of the tank constant. The only accessible point
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of measurement of the output is some point downstream so that
a pure time delay may exist between a change in the actual
system temperature and its measurement. The manipulative
variable itself need not react instantly; a dead time may
also exist between the time that the controller gives an
order and its execution.
The equation describing the dynamics of this system
is found by making an energy balance:
dec(t+ T )

pvcp dt—L= FCp[d(t) - c(t+ TC)]-*- UHAH[m(t— 'TM) -c(t+ ’Tc)] ’

(3-1)
where d(t) is the feed temperature;

c(t + 7_) is the output temperature observed at a time
Te after leaving the vessel;

m(t - 7. ) is the coil temperature as set by the con-
troller at a time T™ before entering the vessel:

p is the density of the flows:;

V is the volume of the tank; .

Cp is the specific heat of the flows;

F is the flow rate;

UH“is the overall heat transfer coefficient:

AH is the heat transfer area.

The gradients or driving forces are the differences
between the externally accessible values of the variables
which are then corrected for the time lags. It 1is desired
to find the linear operators which will permit construction

of the controller equation defining the optimal manipulative

variable:

LMm(t) = LDd(t) - Lcc(t) . (3-2)

These equations can be identified with the general
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forms previously considered by first subtracting the steady
state components and then transforming the resulting equation

into the s-domain. The Laplace transform of the perturbation

equations are

-T_ S
Tcs KD e M '
M = QDD - QCC ’ (1-2)
where
i FC UpBy
= —B K = a = + -
KD VpCp ' KM pvcp ’ KD KM ’ (3-4)

and C, D, and M are the Laplace transform of c(t)—css,

d(t)—dss, and m(t)—mss respectively, and QD and Qc are the

Laplace transforms of LD/LM and LC/LM respectively.
Comparison of (3-1) with (1-2) shows that the follow-

ing definitions are appropriate

-T s
K e
p- 2
s + Q PD ‘ (3-5)
~(T +—TM)s
KMe A
s + Q = PM ° (3-6)

For future convenience, the following definitions are also

made ¢

K
D
s + Q Py v (3-7)

e
*

5 [
e
*

;*——; P . (3-8)

* . . "
The functions PD and P; are the so-called minimum phase por-

tion of the transfer function. 8Since all of the constants
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are non-negative, notice, for this general class of systems,
that the exponential time lag for the plant transfer function,

PM, is always equal to or larger than the lag of the load

transfer function PD.

Calculation of the optimal control function reqQuires
the values of plant transfer functions as well as the statis-
tical characterization of the random disturbance. For a
.Earticular problem, disturbance parameters may be measured
experimentally or calculated from theoretical considerations
(B2,Cc2,L1,N2,82]. It has been shown [L1,S2] that the spectral
density of any random disturbance can be represented by the

2 + 02),~and often one of

2
sum of terms of the form 4 /(-s
these terms dominate. It will be assumed here that the

spectral density of the disturbance can be adegquately repre-

sented as

?op(s) = 75 2 (3-9)

This equation is an exact form of that representing
(2) constant magnitude square waves whose sign changes as a
random function of time, (b) square waves with randomly
changing signs and amplitude, and (c) a gaussian noise
produced by passing "white" noise through a first order
filter. In general, signals with identical spectral density
may have quite different time behavior.

Normally the exact form of the random disturbance
does not exert an overpowering influence on the configuration
of the optimal controller so that some liberties may be taken
in specification of these parameters. If a more complicated
spectral density is employed, additional difficulties may be

expected in the solution of the design equations.
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Canonical Form of Eguations for Minimization

In order to proceed with the optimization, equations
must. be developed relating the disturbance to the controlled
output which is to be minimized. Equations will also be
developed relating the disturbance to the manipulative
variable since this latter is an important state variable
that will be subject to constraint.

The overall controlled system response to the dis-
turbance is found by algebraic elimination of the manipulative

variable from between (1-2) and (1-3) giving

C = PDD + PMM ’ (1-2)
M = QDD 4- QCC ’ (1"'3)
P + P Q
C = —%—T-E"M?D' D . (3-10)
M™C

The output variable can be eliminated from between the same
two equations giving the functional dependence of the
manipulative variable on the disturbance,
Q. - P O
D D™C
M=—/T——"—"—7—D. (3-11)
+
1l PMQ c
It is seen that although the system was described by linear
differential equations, the above expressions are not linear

in the unknown control operators, Q_ and QC' so that solution

of the equations shown in Chapter I? would be very difficult
at best. Therefore the general approach described by Newton,
Gould, and Kaiser [N2] will be used. The relationships
(3-10) and (3-11l) will be written in terms of unknown opera-
tors that do form linear equations relating the output and

manipulative variable to the disturbance. Thus after the
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optimization has been completed, the unknown operators, Q

C
and QD' can be determined algebraically as functions of the

intermediate operators.

The unknown intermediate operators must be chosen in
such a way so that their physical realizability implies
physical realizability of the real control functions. 1In
other words, it would be undesirable to define the inter-
mediate functions in such a way that, after solving for them
while carefully excluding the possibility of predictive
elements or unstable poles, it were found that the algebraic
manipulations leading back to the real controllers intro-
duced these undesirable elements. As a first step, define

an overall control function, TD' such that

C

D= TD + PD . (3-12)

This choice of TD is somewhat arbitrary; several other forms
could have been chosen but all lead to the same type of re-
sults. From (3-12) it is seen that C is a nonpredictive and
stable function of D if both TD and PD are nonpredictive and
stable. Optimization conditions have already been defined

so that TD is not predictive, and since PD is a real plant
transfer function, it cannot be predictive. PD could be
unstable however, and if (3-12) is to be used, unstable poles
would have to be removed by internal feedback prior to the
optimization. In principle, an unknown function could be
defined permitting cancellation of an unstable pole with a
r.h.p. zero but this procedure would lead to an unstable
controller that would satufate due to stray residual noise.
Thus a further restriction piaced on both PD and PM of (1-2)
is that unstable poles have been removed by feedback prior

to optimization. [N2].
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Although the definition (3-12) is satisfactory from
the standpoint of the C/D relationship, the M/D relationship
must also be examined since obviously the manipulative
variable may not be a predictive function of the disturbance.

Comparison of (3-11l) and (3-12) shows that

T = Py (Qp - PDQC) (3-13)
D 1 + PMQC
from which it follows
T
% =2 (3-14)
M

Equation (3-14) presents no problems if PM contains no non-
minimum phase elements, i.e., r.h.p. 2z2eros or pure time
delays. If PM does contain factors of the form (s-— z)e_Ts.
then the ratio of TD/PM will contain factors of the form
eTs/(s-z) which implies that M could act in anticipation of
the disturbance and/or is not a stable function of the
disturbance. To prevent predictiveness or instability in
M/D, TD may be redefined by the following modification of
(3-12):

C

L -1

D = ByT, *+ P - (3-15)
where BM is the product of non-minimum phase factors,

-TS

(s-2)e , of PM. This definition changes (3-13) to the
form
r, - o e
M M™C

and yields the following expression for the M/D ratio

e (3-17)
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in which the non-minimum phadse elements have beencancelled.
Both ¢/D and M/D are now nonpredictive and stable if T, is.

The function TD alone does not uniquely define either
QD or QC; it merely determines a relationship between infinite
sets of QD's and Qc's any of which would give the same
manipulative variable and output relationship with the dis-
turbance. This result does not stem from the particular
definition made for TD in (3-16); basically the relationships
of the manipulative variable and the output with the dis-
turbance can be used to f£ind only one unknown function. If
two independent intermediate functions had been defined, say
one primarily dependent on Qc and the other primarily de-
pendent on QD’ then (3-16) could be used to find some par-
ticular combination of these two functions which would appear
by itself in both of the equations defining C/D and M/D.
Any optimization procedure dependent only on these two ratios
could only define a form for the (3-16) relationship and not
the individual components. For example, if T, and T, are

1 2
defined as follows

P Q
A ™M D
T, = T ' (3-18)
1 BM 1 + PMQC
I (3-19)
2 BM 1l + PMQC
then from (3-16)
TD = Tl - T2 . (3-20)
and
C
D = BM(Tl T2) + PD ’ (3-21)
T. - T
M_ 1 2
D" - (3-22)
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Any solution of equations involving only C/D and M/D cannot

be specific in Tl orxr T2, but only in the difference, T, - T..

1 2
Interestingly enough, this result implies that the optimal

feedback and feedforward controllers are not individually
unique functions of the simple input-output relationships.
Another unigue intermediate function will be developed after
additional quantities have been found which are to be opti-

mized by the control system.

Minimization of Mean Square Error - No Constraints

Equations will be developed in this section to define
the overall transfer function, TD' which when substituted
into (3-6), will give minimum mean square output. Optimal
controls in the absence of constraints will be considered
in some detail since they represent the simplest class of
limiting cases for complicated situations that will be
studied later. The mean square output may be computed from

(2-8) and (3-15) as follows:

jm
_ 1 S re— 5 -
wCC(O) = 3;; . (BMTD + PD)(BMTD + PD)QDDds . (3-23)
_Jco

The condition for optimal TD corresponds to a minimum of this
integral which is found by formal partial differentiation of

the integrand, Qcc(s), with respect to T; and setting the

result equal to X:

$ = -
BM(BMTD + PD) DD X . (3-24)

where X has poles in the r.h.p. only. It has been seen that

QDD may be factored into two parts,

$ = DD -
DD DD , (2-17)
where D has only l.h.p. poles and zeros and D has only r.h.p.

poles and zeros. Thus (3-23) may be expanded to give



BB TDD + BPDD =X . (3-257

This eguation will be solved first under the assump-

tion that both PD and PM are minimum phase, i.e., TM and T

of (3-5) and (3-6) are both zero. Thus

BM = BD = l Y} (3"'26,’
and
— * o — . .
+ = . '3--27"
TDDD PDDD X (3--27.
where
*
P = :
D BDPD .
P = B P* ; (3-28!
M MM '

and the B's are the non-minimum phase factors of the
respective P's. (Note that if dead time exists only in the
output sensing circuit, i.e., ™™ o, To > 0, then (3-5}! and
(3-6) show that

BD = BM = e . {3-29.

Use of (3-29) with (3-28) in (3-25) also leads to (3-27; so
that the following results are valid whenever there is no
dead time in the controller action itself.)

Equation (3-27) is solved by dividing through by D

and setting both sides of the equation equal to zero, giving

* . N
= - , 3-30"
DT P*D ( .

or, since only l.h.p. poles and zeros are present,

Substitution of this result into (3-16) gives

- _P_D. - S_D_._—__P.D_Q.g (3_32;
P 1 + PMQC

=

As (3~-32) only defines a relationship between QD and QC' an

arbitrary form of one control function must be chosen in
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order to find the other.
A significant case to examine is the one in which

feedback is absent, i.e., Qc is zero, so that (3-32) gives

Q=-3 - (3-33)

Substitution of QC = 0 and the value for QD from (3-33) into
(3-6) shows that the "optimal" output for this design is
identically zero. This relationship given by (3-33) is the
"ideal" or "nominal" feedforward controller such as would be
developed by ordinary feedforward design methods or by
"invariance theory" [H3]. When a control system for a
minimum phase plant is designed without constraints and when
the feedback portion of such a design is arbitrarily made
zero, the optimal control becomes ideal feedforward control.
It is of interest to examine another important
specialization of (3-32). If the feedforward control is
prohibited, i.e., QD is arbitrarily made zero, then it

follows:
-—— = - T, (3-34)
PM

This equation can be satisfied by a non-predictive control
function, Qc, only if BM =1, i.e., ohly if dead times T

and Ty 2Ye zero, and then only by letting QC be infinitely
large. Theoretically it appears that the perfect feedforward
control of a minimum phase plant can be matched only by
unreal infinite gain feedback control. This gquestion will
merit further discussion but it is clear here that not all

of the physically important constraints have been included

in the problem statement. Both the ideal feedforward control

and the specification of infinite gain feedback control have
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resulted from this source.

Before proceeding to the development of constraints,
the case of an unconstrained plant containing dead times will
be considered using the example system described by (3-5)
and (3-6). This case is studied separately because there
are significant differences in both the solution method and
result when dead times are present. Equation (3-25) may be

rearranged

—_— X
TDD + BMPDD =35 (3-35)

or by particularizing and using (3-22)

T. S
M
ot +KDe 2 _ X (3-36)
g + s a + s o+s D °

The second term on the right hand side of (3-36) must
be split into its physically realizable and unrealizable
parts. Although this term has only l.h.p. poles, the
exponential factor in the numerator makes part of it non-
zero for t < 0. To see this point, consider a general case

of a sum of fractions of the type ke'° where B,T > O, (It
B + s
is assumed throughout that the roots of the denominator are

distinct. If they are not, the method of finding residues

is different but the results are the same.) The inverse

-B(t+ T)

transform of this factor is ke u(t + 7) where u(t) is

the unit step function. A plot of this result is shown in
Figure 3-2. The control function TD cannot compensate for
error which occurs for t < 0; hence the only part of Figure
3-2 that is useful for design purposes lies to the right of

-B(t+T)

t = 0. This function is described by ke u(t) which

has the transform of ke-s'r which is the principal part of
B + s
the original term at this l.h.p. pole.



40

N
1\ —
| \
AN
| N
N\
|
|
. |
I
|
| |
|*_Dead -
| Time |
|
|
| !
|
— ‘ i
-T (o)
TS
Figure 3-2. Inverse Transform of E_:—;

Solution of (3-35)

now proceeds by retaining only

the principal parts of the second term at l.h.p. poles which

gives
-T O -T. O
o + o [e - & ]—o (3-37)
C + s o - a a + s g + s - d
from which it follows that
* .
= - -+ ’ -38
TD PD(TDO TDls) {(3-38)
where -7 C -T_ Q
- é e M - Qe M
DO a - o ’
and
-T. 0 -7 Q
™™ ™
7 A e - e
Dl a - o l

The relation between the specific controller functions,

and QD' is found by substi

e

tution of (3-38) into (3-16):
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Q. - PDQC

M C

*
D' DO D1 M : (3-39)

This controller is the limiting case for all systems
to be studied containing dead time and thus will be pursued

further. First consider the controller for nc feedback,

i.e., QC = 0, so that it follows from (3-39) that
B3
QD = —'Ei (TDO + TDls) . (3-40)

This result is the classical solution to the "predictor"
problem [N2]. 1If a control system is asked to anticipate a
random signal and maintain a minimum mean sguare deviation
from the reference, the control action is attenuated to
compensate only for that part of the signal it knows about.
Differentiation of the signal is used to attempt to "predict"
trends based on average frequencies.

The situation for the existence of feedback control

only is found by allowing the feedforward function QD to be

zero. Then from (3-39)

T s
C . —TMs
PM[l - e (TDO + TDls)]

. (3-41)

This solution is wvalid and Qc is physically realizable if
e = 0. Thus a feedback controller has been found which
controls with the same degree of effectiveness as feedforward
control. This equivalence is theoretically possible if there
is a finite dead time in the controller but none in the out-
put sensing loop so that both feedback and feedforward are
subject to the same dead time.

This result can be clarified by consideration of

the physical situation. 1If there is no dead time in the
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controller, the output response can theoretically be reduced
to zero by feedforward control. Finite feedback control
cannot do this well since the control action cannot be keyed
to a variable that is identically Zero. If pure time delays
exist, however, a zero output cannot be achieved even by a
perfect feedforward controller. In such a case, there is an
output to which a feedback controller can be keyed. Aall
that is necessary is to determine the functionality relating
input and output and simply design the feedback controller
to give the same signal as the feedforward controller gives
for the same disturbance. Of course, limits of gain and

noise will probably prevent realization of this controller

in actual practice.

Control System with Constraint on Control Effort

The mathematics of optimization in the presence of a
constraint have already been presented in Chaptef II. Im-
plementation of these techniques where a constraint is placed
on the magnitude of available control effort is considered
in the following discussion.

In general, the control effort may be constrained in
several ways: (i) by the maximum level which it can attain:;
(ii) by some maximum rate of change; or (iii) by some maximum
value of a linear combination of these or other operators on

the manipulative variable. Thus let
alpu (3-42)
= P,M,

where PA is some linear operator in the Laplace transform

space, and let the constraining condition be

la(e) | < £, (3-43)

where a(t) is the inverse transform of A.
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The objective will be to find a TD which minimizes

the mean square output but in addition requires that (3-43)
be valid a large fraction of the time. This dual goal will
be achieved by minimizing the integral corresponding to

(2-25) whose integrand is the sum

= ¢ $ . -
F(TD,X) ce + A AA (3-44)

The quantity, QCC' is the Fourier transform of the mean

square output as computed by (3-23) and QAA is the integrand
of -

)

J
P
1 A —
wAA(O) = == S —— T T ¢ _ds . (3-45)
j

>

217 P.P D"D DD -
—-5o M

2

Substituting (3-23) and (3-45) into (3-44) and then
formally differentiating the integrand with respect to EE
and setting the result equal to X leads to

—_— 2
[BM(BMTD + PD) + A D B— T 1% =X . (3-46)

Rearranging and using (2-10) gives

PP

_A A —_— X
)DT__ + P DB = —= . (3-47)
PMPM D D M D

(1 + X

The function contained in parentheses of the first

term of (3-47) must be symmetric with respect to theAImaginary
axis - every pole or zero with a positive real part has a
counterpart with a negative real part. Thus this term may

be written as follows .
P_P
1 + A2 AR L

PMPM

)

. (3-48)

where Y has l.h.p. poles and zeros only, and Y has r.h.p.

poles and zeros only. With this substitution, (3-47) becomes
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P_DB
D M X
TDYD + 5 = 5y - (3-49)

The principal parts of the second term are found at
l.h.p. poles and the physically realizable part of the left

hand side of (3-49) is set equal to zero, giving

D YD Y +

where, as before, [...], means the sum of principal parts
in the r.h.p. All gquantities on the right hand side.of
(3-49) are known except the parameter, A, which can be
evaluated by substituting TD(K) into (3-45) and then re-
quiring that

P, (0) = £ . (3-51)

If (3-51) is valid, then &£ is the variance of a(t). By
proper selection of £, (3-43) can be made true for an
arbitrary fraction of the time provided that the distribution
function for a(t) is known. Of course this distribution
function is seldom known so that this condition may be
approximated by using the normal (or zny other suitable)
distribution. A very conservative approach could be used in
the form of the Chebychev inequality [w4].

To illustrate the foregoing general discussion, the
specific solution will be obtained for the system described
by (3-3). Assume that the constraint of (3-43) is taken to
be only on the magnitude of control effort so that PA is
unity. Thus (3-48) becomes

2 2

YY¥ =1 + 53 (@ - s2) . (3-52)

B

and from (3-49) it follows that
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T..8
2 M :
I Mo+ s [ Kpe ] ) (3-53)
D XZ B + s (0 + s)(a + s) (B - s) +

where 2

K
B2 = az + —% .

A

The principal parts of the bracketed expression are found at

the 1l.h.p. poles giving explicitly

-7, & -7.C -7 & -T.0
2 ge M_c.e M+<e M_e M >s:’
T = KM B + a B + © B+a B+ 0 (3-54)
D 32 - g (¢ + s) (B + s) T

The only unknown on the right hand side of this equation is
A which appears. explicitly in the equation as well as
implicitly in B. A numerical choice for A fixes the func-
tional form and numerical constants of TD so that it can be
substituted into (3-45) to find a numerical wvalue for wAA(O).
Adjustments in the value chosen for A could then be made
until (3-51) is satisfied. With TD fixed, the nominal output
is computed using (3-23) and the relationship between the
feedback and feedforward controllers (3-16) is defined.

It is of interest to investigéte the form of the
specific control functions, QD and QC' when only one of the
two are permitted. To reduce writing, define constants so

that (3-54) may be written

“Tpo ~ Tp1s

b @ +s)B + s) ° (3-55)

If Qc is made zero, then using (3-55) in (3-16) gives

-T - T .8
_ DO D1 _
QD = KM(B T s) . (3-56)
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Conversely, if QD is made zero, then the same equations yield

(+7T + T __s)(a + s) T_s

DO D1 e C
K (B + s)
QC = KM(? + T .s) -T,.8 ) (3-57)
] . —Do D1 M
K (B + s) ©

It is noted here as with (3-41) that if the feedback dead
time, To! is zero, it is possible to define a feedback con-
troller that theoretically performs as effectively as feed-
forward in output attenuation. Again the explanation lies
in the fact that perfect output attenuation is not expected
of the feedforward controller so that finite output exists
to which feedback can be keyed. In (3-57) as in (3-41) the
numerator of the feedback controller is one dagree higher in
s than the equivalent feedforward controller thus making it
a differentiator. However, the feedforward controller
operates directly on the input disturbance while the feedback
controller operates on the partially integrated and smoothed

output. The net result can intuitively be seen to be

equivalent.

Effect of Error in the Mathematical Model

In the previous development, optimization goals have
been achieved using only one of thé two available degrees of
freedom which was accomplished by arbitrarily choosing one
of the two control functions as zero. In a particular
application, circumstances may make it necessary to choose
one control function to be zero but in general, the "best"
combination of Qc and QD will be sought. It has been already
pointed out that other constraints will be required to specify
the individual functions, Qc and QD' uniquely. An additional

constraint will be defined through consideration of feedforward
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control limitations. These limitations have made it secondary
in use to feedback even though the previous equations seem
to indicate the equality if not superiority of feedforward.

One of the principal weaknesses of feedforward
control is its sensitivity to error in the mathematical model
used in its design. If feedforward control is based on an
inaccurate model, it will produce partially inappropriate
control action. No knowledge of its error is transmitted
back to the controller since feedforward compensation is
based only on the value of the input.

Model error can be divided into two classes: (1)
permanent error, i.e., a value of a parameter which has been
assumed or measured inaccurately; or (ii) transient error,
i.e., parameter values which change with time. The former
type of error will succumb to development of accurate model
identification techniques, or can be "tuned out" by adaptive
control practices. However the variability of transient
error will cause model error output indefinitely. Examples
of the latter range from scaling of heat transfer surfaces
and ambient temperature cycling to variations of catalyst
concentration or activities in systems where other variables
are the measured forcing functions. In short, this type of
error is a form of unmeasured disturbance which is regarded
here in relation to the transfer functions of the monitored
variables. An optimal controller must take this type of
error into consideration.

Computation of the model error factor will be made
by determination of incremental response due to incremental

changes to the system parameters. Thus, from (3-6)
* *
= A +
C + AC (TD + TD P

D + APD)(D + AD) (3-58)
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where AC, AT;, AP_ and AD are errors and T; = BT From

D M D’
definition (2-5), the spectral density of this output is

1 — ,
= lim ((C + AC) L (C + Ac)T>, {(3-59)

T-uw

@
c+AC,C+AC

The error terms may be restricted to factors that are un-
correlated with system time constants by inclusion of the
known, correlatable portion in these paraﬁéters. This
inclusion would occur automatically, for instance, in

empirical experimental system identification techniques.

Thus, assume
lim = {(c_AC_) = lim = (AC.C.) = O , (3-60)
Tow T T T Tow T T T

and (3-59) becomes

1 —
Q = i - = Q Q —
C+AC, C+AC ;i: 7 (CpCp + ACACy) cc * Facac - (3-61)

As shown by (A-13), the contour integral of the last term in
this equation is positive unless Ac(t) is identically zero.
The mean value of the "error output,”" AC, may be

found by subtraction of (3-15) from (3-58) which yields
AC = (ATY & AP )D + (T- + P_)AD + (ATY + AP_)AD 3-62}
- D D D D (AT D - (3-62)

The following covariances are assumed to be zero,

- *
(DAD) = ((ATY + AP_)(T. + PX)) = (AD(AT: + AP_)) = 0 ,
D D’ ''D D D D )
(3-63)
and the definition of spectral density is used again so that

the mean square value of the error output is
jco
— 1 S * — —
= — A AT* + A
{Achc) o3 [{(aTy + AP)) (ATX PD))DD +

_jm

* * —
+ (TD + PD)(TD + PD)(ADAD)]ds . (3-64)
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Equation (3-64) gives the value of output which is
to be expected because of error in the mathematical model
used to design the control system. A simple way to include
the effect of model error in the design procedure would be
to minimize the integral of the sum in (3-15). Somewhat more
generally, a minimization of (ACZ) with a constraint on the
value of (Cz> will be considered so that the effect of
emphasizing reduction of either (C2) or (ACZ) on the optimal

design can be evaluated.

Explicit Determination of Parameter Error

If the output defined by (3-64) is to be included in
the optimization procedure, the 4's must be related to the
primary parameter variations. These relationships will be
developed in the following discussion.

Assume that the various functions can be expanded
into Maclaurin's series with respect to the parameter

variations:

» 2
P(§) = P(0) +g—§ g +;—,a—§ §2 + ... , (3-65)
=0 ° 987 |E=0

where P is a transfer function and § is error in a particular
parameter. P(0) is the estimate of P(E) used for design;
3P . -
the term'SE is called the "error coefficient" [T1]. As a
first approximation to P(§), only the linear term of this
series will be retained assuming that the higher order terms
are small with respect to the first:
oPp
AP = P(§) - P(0) = 3 € . (3-66)
=0
In all of the problems considered here, the

operators are rational functions in s multiplied by an
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exponential time lag. Therefore representation of the gen-

eral transfer function with its errors is

7(z., + Azi + s)

P(8) = (R + OK) o=
173 ]

-(E + AE)s ,

(3-67)

where & is the vector [AK, Az Azn, Ap_, ..., Apm, AE].

i’ 1
The following equations are derived from the definitions in

(3-67) =

2P _ P
=% .

3 AK AK=0
AP _ P
aAzi Az =0 zi + s
3P ___-P (3-68)
AAD. T p. + s’

Pjlap.= Py

3

dP |
= = -sP .
S AE AE=0

Therefore the error due to parameter variation may
be approximated
Az, Ap..
__A_IS‘“___l_z__J__ ]
AP = [ % + 4‘2' T s " L3 - AES P . (3-69)
i
Equation (3-16) shows that T; is affected by errors

in the plant functions as well as errors in the controller

functions. Normally however, any variations in the controller

will be at least an order of magnitude less than those in
the plant functions. Time constants of transmission lines
and control valve reactions would be included in the plant
transfer functions (possibly as an equivalent dead time).

For these reasons, it will be assumed that



AQC = AQD = 0 . (3-70)
Therefore,
, Ty T
ATD = SE; APM + g;; APD . (3-71)

Evaluation of the partial derivatives using (3-16) gives

*
o o T AP, } PoPu®Rc AP, (3-72)
D 1+ P00, P, 1+p 0. P
from which it follows that
T AP P AP

* D M D D
AT + AP_ = + . (3-73)

D D 1 + PMQC PM 1l + PMQC PD

In (3-73) there again appears an undefined function,
QC, to be minimized, which is not linear in describing a
"state" quantity, AC. No amount of rearranging will allow AC
to be described by a single unknown function of Qc and QD
which is linear in describing both C and AC; hence a new
unknown function must be introduced. A number of choices

are possible but the one chosen here will be defined as

P P Q

M D™C
+ z
C BMBD 1 PMQC

T (3-74)
where BD is the non-minimumvphase portion of PD' Other
choices of the form of TC would not affect the end result.

Using this definition in (3-73) gives

ATI’; + 8P = (T]"; il;——i + AP ><1 - i‘—z-l]—;?E) , (3-75)

from which it follows that
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QAc,Ac =

-(r ; — M. ap ><T —-——+A1>D><1-BMBDTC)(1-BMBDTC>@DD.

PM

(3-76)

Thus the spectral density of a third state variable
has been defined adding another dimension to the optimization
problem. The previously described optimization procedure
can be used to find the control function for a minimum of
the mean square value of one of these quantities while the
variances of the other two equal the respective constants.
There are six permutations of_completely equivalent ways to
formulate this problem. The one used here is given as

follows:

Assume that the control effort is constrained by

a(t)? < ¢, (3-77)

and that the system output is constrained by
2
{c(t)") < ¥, (3-78)

then find the operators TB and TC such that (Ac(t)2> is
minimized.
Resorting to the use of Lagrange multipliers, the

problem becomes that of minimizing a contour integral whose

integrand is:

2 2
= $ . -
F(TD'TC'Xl'kZ) QAc,Ac + )‘1 cc + >‘2§AA ! (3-79)

where the contour integrals of QAA and QCC satisfy the
constraints of (3-77) and (3-78) respectively. The minimum

is found by formal differentiation with respect to T; and TE
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and setting the results equal to X. and X, which are func-

1 2
tions with r.h.p. poles only. Explicitly

AP A
3F_ _ 5 M (B, T ——PM + AP )(1 BMBDTC ) (1 BMBDTC ) DD +
= = —
TD M PM M D PM D

— 2 Fafa —
+ — = ’
(ADAD + X )BM(BMTD + PD) + xz P TDDD xl
MM
(3-80)

and

AF =< EBvBp > (1— BvPptc )(BMTD AP 4+ APD> < BT
T P P Py M

DD
. APM+-APD )

X2 . (3-81)

Solution of (3-8l1) proceeds by noting that the last
two factors form a symmetric function which is factorable
into parts with l1l.h.p. poles and zeros, and r.h.p. poles and

zeros. Let these factors be Y and Y respectively. Then,

(l_BMBDTc>< MD>Y=%§. (3-82)

If the transfer functions are all minimum phase,

i.e., if BM and BD are both unity, (3-82) can be satisfied

if Tc = PD or if Y = 0. 1If TC = PD then (3-80) can be solved
for TD in a manner very similar to that already investigated.
If Y = 0, the first term of (3-80) is also zero and it would
be nothing more than coincidence if TD were defined so that
it also satisfied the second part of (3-80). Therefore, the
solution Tc = PD will be examined. The more complicated
problem of non-minimum phase transfer functions would
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require evaluation of physically realizable parts as in
(3-37).

From (3-74), TC = PD if and only if Qc approaches
infinity at all frequencies, a solution which has been met
earlier. Here, however, the situation is different; QD has
not been arbitrarily set equal to zero; indeed, there is no
arbitrariness whatsoever in this solution. After (3-80) has
been solved, as previously, yielding a value for TD' then
(3-16) may be solved for QD. For a very large QC' (3-16)

may be rearranged

L _
QD = PM (TD + PD) . (3-83)

Thus, although QC approaches infinity, the feedforward func-

tion, Q_, remains a finite function balancing the feedback

D
so that the overall control function, T

D’ becomes such that
control effort and output attenuation constraints are met.
This result contradicts the notion that is sometimes implied
that infinite gain feedback theoretically causes infinite
control effort. The infinite gain feedback in this computa-
tion achieves near-zero output by adding "mirror images" of
the measured and unmeasured disturbance to the plant. Of
course this feedback is physically unrealizable despite the
fact that it is within previous constraints so that a further
examination of design bases and constraints is in order.

The result which pitted an infinite feedback system
against the feedforward to achieve a finite, optimal overall
transfer function seems to be the result, at least in part,
of assuming zero error in the controller. The results which
call for infinite gain of the feedback controller stem from

a more subtle source. The basic problem is that continuous

equations are describing a physical phenomena which has, in
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effect, a limited threshold. Consider the following analogous
situation from the field of diffusion.

If a salt shaker were emptied into the Mississippi
River, ordinary continuous diffusion equations would indicate
that if a chemist in Tokyo took a series of samples, in
principle, he could detect a change in salt concentration
due to this disturbance even though the level of the change were
infinitesimally small. Likewise, the feedback controller in
the above design is being called upon to make corrections
based upon output changes which are very small. If a zero
mean square output is not required, the feedback controller
attempts to maintain the variance of the output as near to
the constraint limit as possible to minimize other values,
even in the face of parameter variations. To achieve this
result, maximum gain or a very narrow proportional band is
employed. While the design method has been developed with
constraints against instability (cf. (3-15)), a feedback gain
of infinity can be no better than borderline stable. Infinite
gain will be applied not only to the signal but also to any
noise in the controller and in the sensing element. Control
action based on this noise introduces error in the output,
as well as contributing to saturation of the controller. An
addition to the equations will be introduced in the next sec-

tion to counteract the tendencies discussed here.

Design Eguations for Finite Feedback Control

In control systems of the type considered here, the
controller measures the value of some state variable and then
computes a control effort that depends on the value of this
state variable. In a real situation, it processes not only

the value of the given state variable but also any error that
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is present in the sensed value of the variable and any noise
generated in the controller. The system output is therefore
not the result of only the primary disturbance and the ideal
computed control effort but in addition is corrupted by
control effort erroneously computed from controller noise.
This excess control effort also contributes to saturation of
the controller capacity. These two effects limit the degree
of control effort that can be keyed to a given variable.
From a slightly different point of view, the signal-to-
noise ratio of the quantity which ultimately activates the
manipulative variable must be sufficiently high so that there
is more disturbance attenuation than output corruption.

These effects are usually much more important in the
feedback portion of the control system than the feedforward.
It is seldom desirable to initiate a great deal of feedforward
control effort because of a small disturbance. Disturbance
signals important enough to affect a plant output signifi-
cantly are generally large enough to give high signal-to-
noise ratios in a controller. On the other hand, feedback
controllers are particularly susceptible to these difficul-
ties. The very success of any control effort adds to the
problem ~ as the output becomes closer to the ideal of zero,
the signal~to-noise ratio of the feedback diminishes. 1In
the limit, the feedback controller will be attempting to
compensate for signals generated within itself and can tend
to produce more output than it eliminates. This behavior
is an instability that is somewhat different from that
traditionally produced by poles in the r.h.p. Both however,
tend to occur at high amplification factors and prevention
of this effect is one of seve;al concealed constraints in

the "gain margin" and similar factors built into the
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traditional design methods. For the above reasons, a signal-
to-noise type constraint will be imposed only on the feedback
system.

The formulation of a gain constraint on the feedback
presents somewhat of a problem in order that it be in a form
amenable to solution by Wiener's techniques. It would also
be desirable to avoid introduction of another Lagrange
multiplier since each new variable introduces another dimen-—
sion to be explored by numerical calculation and Bellman's
"Curse of Dimensionality" [Bl] becomes especially acute.

The method to be used here will be to alter (1-3) so
that the feedback function, QC, operates not only on the
output, C, but also on a random noise factor, 9. (The same
Greek letter will be used for the factor and its transform;
the context should indicate which is meant if the argument
is not stated.) The factor 6 tends to mask the effect of
small outputs so that most feedback control effort is
delayed until the output exceeds 8. Thus the response
somewhat resembles that of a system with a small dead time.

The manipulative variable then becomes
M = D - c(c + &) . 3-84
QD QC ( ) ( )

The other equations remain unchanged but will be repeated

here for convenience while deriving the final design

equations:
= + 0 -
C PDD PMM (1-2)
T_ = P ® ~ 9w (3-7)
D M 1+ PMQC
A = PAM ’ (3~-42)

= AD , -
Ac (A[BM¢D] + APD)D + (BMTD + PD) D (3 §2)
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T = ° - (3-64)
C B B 1 + PMQC

From the above it follows

(Q - QP )D - Q5 B B
M= 1 S Q < = Eﬂ (TpD + 52 T8 . (3-85)
MC M D
and
(P_. + PQ)D - P Q 6 B B
D M™D M C M D
C = = (B, T_+ P_)D + ™ & , (3-86)
P
1+PMQC M D D D C
and
B..T AP AP
MD M
Ac = < + > D + (B T + P )AD
PM 1 + PMQC 1 + P Q
(3-87)
B T B B T
M D ) < M"D C )
= —_— + - A .
( PM APM APD 1 ——;;—— D + (BMTD + PD) D

The term & does not appear in (1-2), but is introduced into
(3-86) by (3-84) and is neglected in finding AC.

These equations are used to find the optimizing T

and Tc the same way as in the foregoing developments. The
function,
F(T_,T A ,A)) = & + 228+ 2%, (3-88)
D'¢c’'1’ 2 Ac, AC l cc 2 AA

is the integrand of the contour integral which is to be

minimized. From (3-85) to (3-87),

AP AP

B BT
M M M D C
3 = — M ( -
Ac,AC (BMTD PM + 4P )(BMTD PM APD) 1 )

BB T
MDC
c(1-BRE N 4 (g + R (BT + PR,

(3-89)
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B
_— M M D c'c
= —= ) -
(BMTD + PD)(BMTD + PD)QDD + P B 56 (3-90)
DD
P_P B BTT
— A'A — DDCC
$ = B B == (T7_7T_¢% + — %, .) . (3-91)
8
AA M M PPy D D DD PLPh 8

In these equations it was assumed that no correlation exists

between D and AD or 6.

Necessary and sufficient conditions for the minimum

of (3-88) are found as before by formal partial differentia-

tion of the integrand with respect to E; and T_ and setting

the two results equal to X

and X.,, functions with r.h.p.

1 2
poles only.
B AP AP B B T B, B T
F
L 2 g, o (o - R (- ARy
3Tp M M D D
—_ 22—
+ $ $
By (Byp * Pp)¥apap * M1BuByTp * Pp)ipp
P DP_
2_ — A A
+ A_.B B = T %
2’M M PMPM D DD
Xl ’ (3-92)
B B AP AP B B T
dF M M M M M D C
—_ - —= (B,T.. —— + AP_) (B, T ——— + AP) 1l - ——— .
3Tc PD M D PM D M"D PM D < PD )
.3 + 22 BvPMBpeD . + 22 BMBmfé AE_?D -
DD 1 PDPD Cc 696 2 PMPMPDPD c 68
X, - (3-93)
The spectral density of & appears only in the second of these

equations which, as will be seen, determines Tc. The noise
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factor, 6, affects the overall transfer function only
insofar as it affects Tc thereby changing the amount of
identification uncertainty that must be allowed for in the
feedforward control.

Since there are two equations with two unknowns, in
principle it is possible to reduce by elimination to one
equation which can be solved for one unknown. Since the
unknowns are functions however, and functions with differing
arguments at that, this elementary approach will not work.
Therefore, recourse must be taken to successive numerical
approximations to ogzain a solution. Although convergence
of the solution has not been shown, there are reasons to
believe that the numerical process will always converge
rapidly to a solution and the examples worked herein show
convergence. Although this situation is a rather unsatis-
factory state of affairs, it has the saving grace that it
seems to work.

The general method of solution is based on the idea
that the principal reason for existence of the control system

is the elimination of output, that is, to make C

0. It

was seen previously that a successful design for C = 0 is

BM?D = —PD. On the other hand, if the control effort is very
small because of constraints, then BM?D = 0. Although a

number of other important factors have been introduced to

the equations, an approximation to be used in (3-85) to the

overall control effort would be some constant, Y, times PD,

i.e., let

= - < < . -
ByTh YP, 0<vy<1 (3-94)

Equations (3-92), (3-93) and (3-94) could then be solved by

successive approximations adjusting the value for Y until
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2 . 2 2 _
(e (t) )controlled = (1 - v)™e(t) >uncontrolled - (3-95)

The resulting control functions would then be very near
optimal. |

Actual calculations later indicate that the control
design is quite insensitive to the value used for Y in
(3-94). This result is logicéi since often the error factors
themselves are little more than shrewd guesses and seldom are
functions known with a high degree of accuracy. A choice of
Yy = 1 was found to be gquite satisfactory for reasonably
effective controllers.

With the aid of (3-95), equation (3-93) may be solved
explicitly for TC. Using (3-95) in (3-93) and rearranging

the result gives

B.B_ A AP A
Tc{Pid?%d?[PDTD;( ED'Y PM>< ED'YA§M>§DD+
DD D M D M
L(a2 a2 ARy 1} B, (SR v =)
————— 66 - - -
1 2 PP MED” D P Py,
AP AP
D M
.<_.__Y__>¢ }=x . (3-96)
P Py DD 2

The function enclosed in braces in the first term does not
change value when (-s) is substituted for s and may be
factored into parts with only l.h.p. or r.h.p. poles and

Zeros. Defining new functions and repeating (3-96)
T -3 = . _
TCYY X2 (3~97)

solving as in previous sections:

Tc=%[—%—]+. (3-98)
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With TC known, TD is found by rearranging (3-84) to

give

T { 5 5 AP AP < - BMBDTC > ( - BMBDTC ) N
M M P P PD DD

-5_
+ ByBy [ apsp t ( A+ Kg AF‘ > DD ] } +

M
AD
{ M M APD < 1 - BMBDTC ) ( 1 - BMBDTC ) QDD +
M D D
+ Byp [ + 228 ] }=x, (3-99)
AD, AD 1 DD 1’
or
TUT ¢ W= X . (3-100)

and this equation is solved as before. There are no direct

approximations in this equation except for that included in

TC from (3-94) through (3-98). The assumption for TD made

in that equation has the effect here of influencing the
degree of desirable "detuning" of Th because of model mis-
identification. Again it is intuitive that the solution to
this set of equations should be fast converging.

With TC and TD both defined, arbitrariness discussed
earlier has been removed from Qc and QD. Solving (3-64) for
Qc gives -

M D P

PMP C

B B

D ] (3-101)
MoD
1 - 2D a4

P C

The non-minimum phase factors in the numerator B, and B_ are

M D
cancelled by their counterparts in PM and PD from which
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these factors arose. In the denominator, the second term
vanishes as s = ® and since Qc cannot be infinite at any
frequency, the second term must be less than one at all
frequencies. Furthermore the second term is positive
because Qc must not be negative -~ otherwise the factor
1/(1 + PMQC) would not attenuate disturbances (cf. (3-64)).
For these reasons the denominator may be expressed in a
power series as follows:

B B B. B 2
BlB =1 + ?DTC+< I:DTC> + ..., (3-102)
M D D

and is physically realizable since the terms can contain only
dead times and/or r.h.p. zeros (BD cancels positive exponen-
tials and r.h.p. poles arising from r.h.p. zeros of PD).

The physical significance of this solution is
interesting. The control action at the time of sensing the
output is given by the numerator of (3-101). After a period
of time corresponding to the dead time in the system (from
sensing until control action begins), the control effort is
modified by the second term in the above expansion. After
another similar lag, a third modification occurs as a result
of the third term above, and so on. Thus the controller
applies what it considers to be ideal corrective action due
to any disturbance. This action is modified when information
about the results of the original change reach the controller.

With TC' Q_ and T known, rearrangement of (3-16)

C
can be solved for QD using definition (3-64):
P Q
M™D
BM?D =71+ PMQC - BMBDTC R (3—103)

or
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M
QD = PM (TD + BDTC)(l + PMQC) : (3-104)
and since
1
1 + PMQC = B B R (3-105)
M D
-5 T¢
D
QD then becomes EM o + BT
PM D D C
QD = B B - (3-106)
M D
(1 - o Tc)
D

The numerator of this function is realizable since BM cancels
non-minimum phase elements in PM and the denominator is

expandable as in (3-102).

For the situation of high guality nominal control,

i.e., when TD approaches - PD' it is of interest to consider
a rearranged version of (3-106), namely,
l—(—PD>B Te
B T T D P
M D D D
Q. = < ) (3-107)
D P T
M 1 - BB =<
MDPD

from which it is seen that

T
lim @ = B, L (3-108)
TD-'—PD

=2

Actually the approximation of (3-108) is valid whenever
reasonably good output attenuation is found from the design
equations.

Detailed algebraic solution of the foregoing design

equations is given in Appendix B for a system similar to that
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of (3-3) except that it is generalized to third order in the
denominator and first order in the numerator. Digital
computer programs written in Osage Algol* providing numerical

solutions to these equations are listed in Appendix D.

*The Osage Algol language is a modification of
Algol 60 [W2,N1] used on the Osage high speed computer at
the University of Oklahoma Computer Center.



CHAPTER 1V
ANALOG COMPUTER SIMULATIONS

In this chapter, analog computer simulation for the
various controllers which were developed in previous chap-
ters will be considered. The analog computer is rather
idealized compared to those systems encountered in practice.
The mathematical model is known with a precision and accuracy
usually unattainable in a process plant. Non-linearities
are virtually absent unless deliberately programmed and the
extraneous noise level is much lower than normally encountered
in a real system. These factors can give a misleading picture
of controller efficacy unless some steps are taken to consider
them deliberately. Nonetheless analog computer results can
often give a valuable intuitive insight to the statistical
gquantities which have been heretofore drily computed.

The primary disturbance used for these tests was
derived from a custom built signal generator in which, at
intervals determined by an adjustable time base, the regu-
lated output voltage was switched electronically in a random
fashion depending on whether the number of electrical impulses
collected on the plate of a thyratron tube has been odd or
even during the time base interval. The instrument used
generated square waves of constant absolute magnitude but
with random sign changes whose average frequency was variable
over a range of 0.5 to 500 zero crossings per second.

The desired spectral density of the input disturbance

66
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is obtained by filtering the noise generator output. Thus

. Q (] . . Q 3
if pp 1S the desired spectral density and D¥p* 1S the

spectral density of the actual output where

2
5 = — M -
DD 2 2! (4-1)
(o - S
and
_u*?
® = -
D*D¥* 0*2 _ Sz ! (4-2)

. g* . . .
then a filter of the form ﬁ;‘g——f—i will give the desired

signal since

s o | s+ o*)?
DD M* s + O D*D*

. (4-3)

This type of transformation is limited only by
differentiator accuracy and saturation when "stepping up"”
the frequency and by power content of the signal when
"stepping down" the frequency. The resulting output signal
is, of course, no longer a series of randomly distributed,
constant magnitude square waves but (when stepping down) more
closely approaches a signal with gaussian amplitude variation
as the degree of filtration is increased (cf. (3-22) and
(B2,L1,N2,52]).

Some difficulties occur in analog programs for trans-
fer functions with very small coefficients of high order
derivatives. When these equations are '"solved" for the high-
est order derivative, very high feedback gains result which
use an excessive number of amplifiers and impair computing
accuracy. To alleviate this problem, the small roots can be
factored from the denominator of the rational function and

the partial fractions corresponding to these factors are



68
programmed separately. The output from the small terms is
added to that of the principal function to form the entire
response.

In order to conserve the number of amplifiers and to
preserve computational accuracy, passive circuitry was ex-
tensively used so that several time constants could be com-
puted in one amplifier [B3]. The results from this arrange-
ment were accurate so long as the order of the denominator
of the transfer function exceeded that of its numerator.
When the two were equal, long division was performed so that,
as a consequence of superposition, a constant term could be
added to a stable transfer function.

(a. - EB'b.)sj
J J

n a

n-1
L
LS M [ 2 _ + g—'] X . (4-4)
)
0

In some cases, the controller is required to differen-
tiate the input signal one or more times so that the order
of the right hand side of (4-4) may be higher than the left.
A control law with differentiation can result when control
prediction is desired. 1In this case the controller uses the
differentiation to indicate the trend of the signal and bases
control action on the trend as well as the magnitude. Re-
arrangement and polynomial division as before gives an equa-
tion similar to (4-4) but with positive powers of s present
as well as the constant k to be coefficients of x. Again
these can be added together from a separate treatment because
of superposition.

Differentiation on the analog computer was
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accomplished by the "implicit differentiator" shown in Figure
4-1. If the potentiometer in the lower loop has the value

of one-tenth, then the equation described by this model is

X +y - S vdt = y , (4-5)
so that
dax
T dat c (4-6)

Variation of the value of the potentiometer allows close
approximation to perfect differentiation. If the pot setting
is less than one-tenth, the circuit is stable while it
approaches perfect differentiation as the value is raised

to one-tenth. The best setting in practice may be somewhat
different from one-tenth because of slight variations of
amplifier input resistances and hence the circuit can be
tuned in order to cancel out these effects.

In practice, differentiation is often unsatisfactory
since noise and inaccuracies are magnified by infinite dif-
ferencing. Actual differentiators are usually only approxi-
mations to true differentiation; in some cases the approxima-
tions may be gquite poor [Bl0O].

When part or all of the required transfer function
contained a dead time, the proper signal was fed through a
time delay generator which used a third order Pade approxi-
mation [B3,B10]. Thus any transfer function of the type
previously considered in this work can be programmed.

Figure 4-2 represents the overall analog computer
program with blocks representing the various transfer func-
tions. The transfer functions of some of the control func-

tions are zero for specific situations.
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CHAPTER V
ANALYSIS OF OPTIMAL CONTROL SYSTEMS

The design techniques presented in previous chapters
have been used to generate controllers for various plant
models. The effectiveness of these controllers was studied
by extensive digital computation and analog simulation. The
results of the digital studies are presented here primarily
in the form of graphical correlations of optimal controller
performance. The performance diagrams depict the relation-
ships between available control effort and the level of out-
put attenuation for various values of disturbance frequencies,
model dead times, model error and feedback noise. The analog
computer was used to generate plant responses illustrating
pertinent points of design and control effectiveness.

The arrangement used in presentation of these results
is similar to that used to present the development of the
design equations, i.e., the simpler situations with few
constraints are studied first. As more complex factors are
included, the previous correlations and analog simulations
serve as standards and limiting cases. This method of
presentation has the advantage that the "undiluted" effect
of the several variables can be studied without being masked
by other factors.

The system to be considered in the following discus-
sion is the model as developed in Chapter III:

72
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-T .S -{T

K e KMe
D

+T —
ct Ty

To simplify the presentation the following parameter values

are assumed:

Ky =¥y =1~
@ =Ry t+tK,=2.,
where & has the units of 1/unit time. Various values for To
and Ty are to be considered. The disturbance, D, is of the

form previously considered with spectral density

2
24 ¢
"o =T33 (3-9)
c - s

where u2 is the mean square amplitude and ¢ is the mean

frequency. The manipulative variable, M, is defined by the

control law

= - o) ’ - -—
M QDD QC(C + 8) (3-84)
where 8 is the feedback noise with constant spectral density

QD and QC are the feedback and feedforward control
functions respectively as defined by (3-101) and (3-106).

Systems Without Parameter Errors or Dead Times

As a basis for later comparisons and in order to
study certain effects in the absence of as many complications
as possible, the system described by (3-3) will first be

considered with the dead times, To and T both equal to zero.

MI
In addition, it is assumed that there exists negligible error

in the system parameters. The digitally computed performance
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diagram for this model (Figure 5-1) shows the variation of
mean square output, (cz), as a function of mean square control
effort, <a2>, for parametric values of mean disturbance
frequency, 0. These optimal controls were the result of
minimizing the sum (c2) + kz(az) and parametric values of
the weighting factor, A, are also shown. The mean square
value of the disturbance for all cases was 25.

The value of parameters is given in reduced units
referred to the output variable. Thus a constant disturbance
having a [mean] square amplitude of 25, would, if uncontrolled,
produce a mean square displacement in the output of 25/<12 or
6.25. The actual uncontrolled mean square output computed
for the above random disturbance was 3.571. These units may
be multiplied by any factor for a particular problem.

Figure 5-1 shows that the mean square output de-
creases as control effort increases approaching zero as the
control effort approaches a finite asymptote. The fact that
a mean square control effort of 25 is required asymptotically
for a disturbance whose mean square value is 25 is the more
or less fortuitous result of having identical plant and con-
trol gains (KM = KD = 1). This equality of limiting control
effort and disturbance magnitude can always be arranged for
models of this type by judicious use of scaling factors on
the disturbance and manipulative variable since the "ideal"
feedforward control ratio, M/D, is the ratio of gains, (cEf.
(3-33)).

While there is a broad variation in control effort-
output relationships as a function of disturbance frequency,
there is much less variation in the parameters of the optimal
controllers. For the simple case considered here, the overall
control function, T

D’ is
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Figure 5-1.--Response Characteristics of Optimal Feedforward
Control of First Order System for Various Disturbance
Frequencies, 0. Results are from minimization
of sum (c?) + A2¢a?).
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Tp1,0 ¥ Tp1,1S

Ty =~ + s/3) (L + s/8) (5-2)

(cf. 3-55)). The disturbance frequency ¢ does not enter into
the calculation of the poles of this overall control transfer
function.

The two non-zero constants of the numerator of TD are
plotted on Figure 5-2 as functions of disturbance frequency
for constant values of the Lagrange multiplier A. The coeffi-
cient of the first derivative T is essentially constant

D1,1l
over the entire frequency range while the constant term T

does decrease somewhat at higher frequencies, reflecting 2iéo
fact that these frequencies produce less output and thus re-
gquire less gain to attenuate their effect. Overall there is
only modest controller variation for a broad disturbance
frequency change and it is evident that a controller designed
for the system natural frequency (2 radians per unit time)
would be only moderately different from the optimum controller
based on a unit step function disturbance, i.e., as the dis-
turbance frequency approached zero. For the rest of these
example calculations, the control systems will be evaluated
for a mean disturbance frequency of 1.5.

The model under consideration is assumed to be free
of parameter error. As shown in Chapter III, this assumption
leads to specification of feedforward control without feed-
back if there exists finite noise or dead time in the feed-
back circuit. The feedforward controller, QD' that is thus
specified has one pole and one zero (Table 5-1). As the
amount of control effort inéreases and output decreases, the
time constants of the pole and zero both decrease and the two

become almost equal as they get smaller. The small time
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PARAMETERS OF FEEDFORWARD CONTROL FUNCTION, Q

TABLE 5-1

D

= k

1l + 2zs
1l + ps

’

FOR SYSTEM WITHOUT DEAD TIME OR MODEL ERROR

Mean Square Mean Square Time Time Lagrange Multiplier,

Output, Control Gain, Constant Constant | A, of the minimized
(c2) Effort, (a2) k of Zero, z | of Pole, p sum <c2> + l2<a2

.4402 x 10—8 24.998 .9999 .00194 .0020 0.0019531

.6999 x 10—7 24.991 . 9999 .00385 .0039 0.0039063

1101 x 10-'5 24.964 .9996 .00760 .0078 0.0078125

.1699 x 10_4 24.859 .9984 .01481 .0156 0.015625

.2526 x 10—3 24.469 .9935 .02812 .0312 0.03125

.3469 x 10_2 23.126 .9755 .0510 .0620 0.0625

.4011 x 107 19.209 .9128 .0851 .1210 0.125

.3215 il.270 .7372 .1254 .2235 0.25

1.335 3.313 .4280 .1580 .3535{ 0.5

2.626 0.433 .1621 .1743 .4473 1.0

8L
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constants tend to make both less important individually, and
further since they approcach a common value, they tend to
cancel so that the controller becomes a simple proportioning
device (cf. (3-33)).

In Figure 5-3 the Bode diagrams of the mirror images
of the overall controller transfer functions corresponding
to some of the controllers in Table 5-1 are shown along with
the Bode diagram of the plant transfer function. As implied
by (3-17), the ideal overall control transfer function, TD'
from the stand-point of output attenuation would be the
negative of the plant transfer function, PD. As the degree
of control effort increases with decreasing values of
Lagrange multipliers, A, the difference between PD and -T

D
becomes negligible so that the sum of T_ + PD vanishes -

the perfect feedforward controller. °

Several optimal controllers were studied on an analog
computer and compared with the "ideal" or invariance feed-
forward controller of (3-33) under conditions such that the
manipulative variable M was constrained by electrically
clipping the controller output. This clipping is equivalent
to controller saturation in a chemical plant and as such is
a non~linearity so that the responses cannot be computed
analytically by the methods heretofore described. The input
disturbance was that described by (3-9) where 0 = 1.5 and
was obtained by filtering a square wave having a random
average frequency about 20 times higher. The resulting noise
signal is approximately gaussian with respect to the model.

In Figures 5~4 to 5~6, sample responses of an "ideal"
feedforward controller are compared with those of two optimal
controllers. The latter are designed so that the mean square

control effort is 88% and 67% respectively of that of the
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"ideal" controller. The uppermost channel on these figures
is a record of the disturbance D. The second represents
the action of the manipulative variable M as called for by
the controller. In the case of the "ideal" controller, this
channel is a mirror image of the disturbance while for the
optimal controllers, there is attenuation of the magnitude
of M. The third channel shows the manipulative variable
after clipping occurs. It is seen that there was far more
saturation of the signal from the "ideal" controller than
that from the optimal controllers. The "ideal" controller
used more mean sqguare control effort than the others but, of
course, the maximum could not exceed the level of clipping
for any of the designs.

The second channel from the bottom shows the uncon-
trolled output PDD and the lowest channel is the controlled
output C. The variation of the controlied output as a func-
tion of clipping level is given in Figure 5-7 for the above
series of tests. Even though all tests were run for a time
period exceeding 250 system time constants, the random nature
of the disturbance caused considerable variation in the
results, especially in the data from the system having poorest
control. However it is clear that the greatest output
attenuation was achieved by the "ideal" controller even under
conditions where considerable clipping of the manipulative
variable has occurred. When the controller outputs were
clipped to relatively low levels, the output from all three
systems approach the same value since all were saturated
most of the time.

The above discussion shows that the optimal controller
does not perform its prime function - disturbance attenuation -

better than the simple "ideal" controller even under
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conditions of constrained control effort. The principal
improvement is that the optimal controller saturates the
constrained control boundaries a smaller fraction of the
time. Although control saturation may not be of importance
for some applications, such behavior frequently implies other
undesirable nonlinear effects such as overloading and
hysteresis. These effects will cause further important
degradation of control efficiency. The responses shown above
where the control effort has been clipped cleanly may tend
to underemphasize this beneficial aspect of the optimal
controller. Nonetheless, it is obvious that even if con-
troller saturation is to be avoided, a sanguine estimate of
the amount of available control effort should be used for
design purposes. An actual optimal controller will not use
more control effort than its design value thus some disturb-
ance attenuation will be sacrificed in using the optimum
design if greater control effort is’' available than had been

assumed in the design calculations.

Systems Without Parameter Error but with Dead Time

Introduction of non-zero dead time into the model
described by (3-f%) has an important effect on the performance
of the controlled system. It is assumed that the time delay
occurs in the response of the controller, i.e., Te = 0,
™ > 0. 8Since this time delay applies equally to both feed-
forward and feedback control, the assumption of no parameter
error dictates that feedforward control without feedback is
to be used again for this case. In Figure 5-8 the relation-
ship between available control effort and output attenuation
is plotted for optimal controllers of the same system as

before but with various parameters of dead time. The lines
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of constant values of the Lagrange multiplier, A, used in
the optimization are also shown. The size of the time delay
limits the degree of output attenuation that can be attained
regardless of the amount of control effort applied. It is
interesting to note, however, that even if the dead time is
equal to the system time constant (the system time constant
in this case is the reciprocal of the natural fredquency and
equals one half), the mean square output may still be reduced
to 30% of the uncontrolled value.

As in the previous case, the optimal feedforward
controller has one pole and one zero but there is an important
difference. As shown in Table 5-2, the time constant of the
pole decreases and hence becomes less important as the avail-
able control effort increases. The time constant of the
zero however, approaches a finite limit so that the controller
approaches the ideal, differentiating predictor of (3-40) as
the control effort constraint is relaxed. The Bode diagrams
of the overall control function shown in Figures 5-9 and
5-10 reflect the influence of this zero by the slope change
of the magnitude ratio just above the system natural
frequency. It is especially evident for the case when the
dead time is 0.1 in Figure 5-9. The differentiation of the
disturbance causes the mean square of the control effort to
approach infinity in an attempt to achieve better control.

The responses shown in Figure 5-11 are analog com-
puter tests of the same system as was used previously except
a pure dead time TM of 0.10 time units was included. The
controller used in the test shown in the top channel was the
"jdeal" or invariant controller that was so successful in
attenuation of output in the minimum phasé system previously

considered. In this case, however, the design gives



POLE AND ZERO FREQUENCY OF FEEDFORWARD CONTROL FUNCTION, Q_ =

FOR FIRST ORDER SYSTEM WITH DEAD TIME = 0.125,

e e e e e e

TABLE 5-2

X (1 + zs)
D (1 + ps)

’

PARAMETER ERROR = 0

Mean Square |Mean Square Time Time Lagrange Multiplier,
Output, Control Gain, Constant Constant A, of the Minimized
<c2> Effort, (a2> k of Zero, 2 of Pole, p Sum (cz) + X2<a2>
.0357 415.6 .978 .00098 .1032 -.0009765
.0360 221.6 .978 .00195 .1039 .0019531
.0368 128.8 .977 .003%0 .1051 .0039063
.0383 76.08 .975 .00a280 .1077 .0078125
.0413 51.35 .972 .01560 -.1125 .015625
.0479 38.04. . 965 .03118 .1216 .03125

.0655 29.46 .942 .0620 .1374 .0625
1367 21.20 .871 .1210 .1614 .125
-4778 11.22 .695 .2235 .1903 .25
1.4992 3.11 .399 .3535 .2143 .5
2.710 0.40 .150 .447 . 2265 1.0
[
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relatively poor control. The redeeming feature of this
controller is that the performance does not seem to
deteriorate rapidly as the degree of manipulative variable
clipping is increased. The results in Figure 5-12 show that
the "ideal" controller is one of the poorest for very little
clipping, but becomes one of the better controllers as the
saturation level is reduced.

The second set of curves on Figure 5-11 shows the
response of the differentiating predictor of (3-40) where
the weighting factor for control effort is zero; i.e., there
is no constraint on control effort. It can be seen that an
improvement in response is obtained over the nominal con-
troller in the region of least clipping. The manipulative
variable has not been shown for these cases because the
controller response for this differentiator was simply a
series of high frequency fluctuations from one control limit
to the other. (The same is true to a lesser degree for the
imperfect differentiators to be discussed in the following.)
Not only does this controller use a large amount of control
effort but, as can be seen from the above figures, clipping
of control effort exerts a relatively large effect on its
efficiency. Although this unconstrained optimal controller
is easily the best considered at the highest level of control
effort, it falls off to be the poorest when the ability of
the controller to respond is restricted (Figure 5-12).

The lower channels on Figure 5-11 show the controlled
response of this system (which contains dead time) where
controllers are used that were optimized in the presence of
constraints on control effort. These controllers correspond
to those implied in the construction of the performance

diagram, Figure 5-8, resulting from minimization of the sum,
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(c2> + Xz(az) for the given values of Lagrange multiplier,
A. As indicated on Figures 5-11 and 5-12, efficiency of
output attenuation and sensitivity to control effort clipping
using these controllers is a compromise between the perform-
ance of the nominal controller and the unconstrained optimal
controller. When sufficient control effort is available, a
control design similar to the constrained optimal would seem
most reasonable. However, it is clear that a considerable
reduction in performance must be expected from the control
of a system containing pure time delay regardless of the
design used.

Sometimes the net dead time can be reduced or
eliminated entirely by anticipatory measurement of the dis-
turbance before it enters the system. It is evident from
the foregoing results that premeasurement is desirable when-
ever it is possible. 1In that way, the system would be con-
verted into one similar to that represented in Figure 5-1
provided the disturbance could be anticipated a length of
time corresponding to the dead time of the controller. How-
ever premeasurement usually introduces or intensifies model

error so that a more comparable situation will be treated

below.

Systems with Model Error but without Dead Time

The next class of systems to be considered is one in
which model error is present but dead time is assumed absent.
Again the system is that described by (3-3) and (3-9) but
mutually independent mean square errors of 0.25 was assumed
for each of the parameters. Strictly speaking it is not
possible to have mean square errors of 0.25 in the dead times

while the mean value of Tc = TM = 0. However, for the
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present, interest is to be focused on optimum system perform-
ance in the absence of dead time and the output resulting
from this factor may be considered merely as a separated
unmonitored system input. The cases for which the mean value
of dead times are not zero will be analyzed in a later
section.

The output-control effort relationship for various
levels of output due to model error is shown in Figures 5-13,
5-14, 5-~15, and 5-16. Each graph is constructed for a
different value of feedback noise level. A very low level
of feedback noise is considered in Figure 5-13 where the
average of the absolute value of the feedback noise 6 is
10—4, i.e., 0.0053% of the average absolute value of the
uncontrolled output. Lines of constant "error output" (Ac2>
are nearly horizontal over the full range of interest showing
that the nominal output is a weak function of control effort
for a constant error output. Figure 5-14 is the same as
Figure 5-15 except that the level of noise and error in the
feedback system is assumed to have an absolute value 100
times greater, i.e., the absolute value of the feedback noise
is 0.53% of the uncontrolled output. (Expressed in terms of
the specific model developed in Chapter III, if the input
temperature variation is 5°, then the mean absolute value of
the uncontrolled output would be 1.88° and the feedback noise
assumed for the present case is 0.01°.)

Some of the optimal control functions computed for
construction of this graph are given in Table 5-3. Groups A,
B and C show the parameters of the overall control function,
TD' and feedback control function, Tc, for broad ranges of
output (cz) but at relatively constant sensitivity or model

error output (Acz). Within each group the feedback transfer
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TABLE 5-3

OPTIMAL CONTROL LAWS FOR SYSTEMS DESCRIBED IN PIGURE 5-12

Control Punctions

Outputs
Group Feedback PFunction - Ta Overall control Punction - T,
AnnV Ame Can Gain Zeros Poles Gain Zeros Poles

.2334 1250 .059 .9909 «50 .00215 X 002153 .428 L1790 X ,1425j5 .50, .2323 £ .1872j
A .0452 1253 .060 .9909 .50 .00216 £ ,002143 .483 .0934 £ 05833 .50, .1098 X .1040j
.0151 1192 .065 +9904 .50 .00227 2 002023 .496 .0501 X 02483 .50, .0545 % 05375
.0071 943 .063 .9854 .50 .00295 * ,002033 .498 .0310 £ ,0190j .50, .0319 X ,0315j
.8290 158.3 .116 .9819 .50 .00430 £ ,004303 .276 .2774 £ ,22225 .50, .3327% .1703j
B .1152 168.3 .119 .9819 .50 .00430 £ 004295 .450 .1293 £ ,0933j .50, .1629 % .13483
L0171 172.3 .128 +9817 .50 .00436 £ ,004233 .491 .0689 t ,0391j .50, .0776 & .0738j
.0067 289, .125 .9792 .50 .00437 £ ,00429j .498 .0337 % ,0189j .50, .0353 % ,0348j)
2.201 20.6 .226 .9642 .50 .00860 £ ,00859j .087 .4836 X ,.2383j .50, .2357, .4538
c .8220 24.7 .225 .9640 .50 .00860 £ ,008595 .277 .1918 £ ,16113 .50, .2529 % 08243
.0556 37.0 .245 .9643 .50 .00863 X ,008563 .462 .0966 X .06067 .50, .1186 % ,0910j
.0046 64.4 .231 .9648 .50 .00843 £ .007315 .496 .0494 * .02843 .50, .0535 % ,0500j
.2334 1250 .059 .9909 .50 .00215 * 002155 .428 .1790 X 14255 .50, .2323 % 18725
L1152 168.3 .119 .9819 .50 .00430 X ,00429] .450 .1293 X 09333 .50, .1629 % .1348j
D «2602 17.6 .350 .9466 .50 .01292 X 012863 385 L1194 X 08045 .50, .1646 X ,06463
.2462 13.2 .675 .8954 .50 .02603 £ 025553 .387 .0981 X ,0411j5 .50, .0922, .1899

1742 14,2 3.13 0 - - .406 .1125 .50, .1857
.0151 1192 .065 .9904 .50 .00227 £ .00202j +496 .0501 £ ,02483 .50, .0545 X ,0537§
L0171 172.3 .128 .9817 .50 .00436 X ,004233 .491 .0689 X 03913 .50, .0776 % .07383
E .0264 22.5 .551 .9285 .50 .01747 £ 016923 .468 .0758 X ,03963 .50, .0818 X ,0650j
.0203 21.0 1.230 .8556 .50 .03650 £ ,032093 .470 .0703 X ,02493 .50, .0839 X ,02663

.0188 18.1 3.77 0 - - 471 . .0730 .50, .0981

T0T



102
function remains constant but there is considerable variation
in the overall transfer function. Groups D and E show the
parameters of the two transfer functions over a broad range
of sensitivities but at relatively constant output. Here
the situation is reversed from that of the first three groups.
There is little variation in the overall transfer function,
but there are variations in the feedback transfer functions
showing that changes in sensitivity have been achieved almost
entirely by the use of feedback. (Note here that the overall
transfer function includes both the feedback and feedforward;
cf. (3—95; hence there is no implication that output attenua-
tion is achieved by feedforward alone.) In Table 5-4 the

error output for several optimal controllers is compared

TABLE 5-4

MODEL ERROR OUTPUT OF OPTIMAL CONTROLLERS
WITH AND WITHOUT FEEDBACK

— — = T
Model Error Output Designed without
Consideration
Operating as Operating with of Model
Designed Feedback Removed Error
(ac?) (c? (ac?) (?) (ac?) (c?)
.059 .2334 3.07 .222 3.03 222
. 060 .0451 3.92 .0338 3.62 .0338
. 065 .0151 4.35 .0043 4.16 .0043
.063 .0071 4.47 .0004 4.33 .0004
.116 .8290 2.52 .823 2.76 .823
.119 .1152 3.38 .110 3.23 .110
.128 .0171 4.16 .012 3.93 .012
«125 .0067 4.47 .0004 4.33 .0004
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to the error output from the same controllers when feedback
is removed. The error output of the "optimal" controllers
without feedback increases to approximately the same level
as that of a controller designed for an errorless model.
Thus the earlier conclusion that sensitivity reduction is
achieved solely by the use of feedback has been confirmed.

A phenomenon occurs in Figure 5-14 that was not
observed in Figure 5-13. At low levels of nominal error
there is a limit to the degree of "desensitizing" that is
possible with feedback. Once this limit has been reached,
the "error output" is almost unaffected by further increases
in the allowable mean square control effort. Figure 5-17,

a cross plot of this data, illustrates the situation more
clearly. Use of feedback consuming only small additional
amounts of control effort initially effects a marked reduc-
tion in system sensitivity. For relatively large values of
mean sqguare output, further sensitivity reduction is possible
but gives a high relative cost in control effort. At the
smaller values of mean square output, the initial sensitivity
reduction, although considerable, is less than at high values
of mean square output. In this latter case, it is virtually
impossible to achieve very low levels of error output. Thus
there is a lower limit on output attenuation for a given
sensitivity which arises almost entirely from the second term
of (3-90); i.e., it is the response caused by amplification
of noise and sensing error in the feedback system. Any
attempt to decrease the sensitivity when there is a low
nominal output must result in a greater portion of the overall
control being performed by feedback and use of more feedback

would cause an increase in output due to feedback signal

corruption.
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The presence of factors in the system that impair
feedback performance cause a pronounced increase of system
sensitivity to model error. Figures 5-15 and 5-16 show the
relationship between control effort, nominal output and
model error output for cases where the average feedback noise
has been increased by factors of 10 over the previous example
to 5.3% and 53% of the average absolute value of the uncon-
trolled output. Although the curves are topographically
similar to those before, the parametric values of the error
output show that there is a significant loss of overall
sensitivity reduction. Very little reduction can be achieved
in the latter case even for large amounts of control effort.

In principle, the conditions for an optimum controller
for a specific application could be found on these graphs by
having estimates available for the feedback noise, error in
model parameters, maximum available control effort and either
maximum allowable output or maximum allowable model error
output. Knowing four of these quantities would define a
point on one of these graphs which in turn would define the
achievable level of the fifth quantity. Computation of the
guantities implies a definition of the optimal control used
to compute the point in gquestion. From a different point of
view, this point would correspond to values of the Lagrange
multipliers Xl and Xz of (3-88) which, when substituted into
the design equations, would give a controller design whose
performance is described by the coordinates of the point.
Estimates for the feedback noise, model error and available
control effort are usually available from design considera-
tions or actual measurements. The two output quantities (c2)
and (Ac2> however, should both be as small as possible. 1In

some cases, an allowable upper limit on one or both may
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exist but normally it will be simpler to think of minimizing
a weighted sum of the two.

On each of the foregoing figures describing overall
system performance, dashed lines are shown where the sum of
(c2) + X(Acz) is minimized for values of the weighting factor
A equal to 0.1 and 1.0. These lines generally lie close to
the base curve (where the feedback gain is low) for moderate
levels of nominal output and then rise sharply at some fairly
low level of nominal output. From the previous discussions
it can be seen that at moderate levels of nominal output,
the optimal controller uses feedforward control to attenuate
the principel portion of transient disturbances. The feedback
compensates only a smaller portion, mainly the drift. At
some point, depending on the particular situation, the amount
of feedback is drastically increased but a corresponding
increase in system performance is quite limited by the time
this point is reached. Only in cases of very low feedback
noise or relatively poor output attenuation would the optimal
controller consist primarily of feedback compensation.

To illustrate the response of composite control
systems, a model similar to the one discussed above was
programmed on the analog computer except that error is assumed
to exist only in the plant gain, KD. A mean square feedback
noise level of 10-2 corresponding to about 5.3% of the uncon-
trolled output was used for design purposes. The output
control effort diagram of this system is guite similar to
those shown previously except that the level of error output
is considerably lower since there is only one error source
(Figure 5-18). The optimal controller that was programmed
corresponded to conditions represented by the starred point

on Figure 5-18. This particular combination was chosen for
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illustrative purposes because it represents a compromise
between control effort and sensitivity while retaining good
nominal output attenuation. Feedforward control yielding
this nominal output would have a mean square error output
approximately 20 times greater than the optimum. The

parameters of the optimal control system are given in
Table 5-5.

TABLE 5-5

OPTIMAL CONTROLLER TRANSFER FUNCTIONS FOR SYSTEM
WITH ERROR IN PLANT GAIN

Overall Control Function, T_:

D’ .
A (1 + .07s)
Tp = 0-973 777 1ois) (2 + s) °
Feedback Control Function, Tc:
— (1 + .245s)
TC = 0.951 (L + .100s) (1 + [.206 + 17651s2) (2 + s) ~
Feedforward Controller Function, QD:
_ (1 + .064s) (1 + .790s)
Qy = 0-865 77" 083s) (1 + .667s) °
Feedback COntrollér Function, Qc:
_ (1 + .245s)
Qc = 6.48 (1 + .083s)(1 + .667s) °

Samples of system response under various conditions
are shown in Figures 5-19, 5-20, 5-21 and 5-22. If there is
no parameter error, perfect control can be achieved by feed-

forward control alone. Feedforward control of the perfect
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model in Figure 5-19A shows constant near-zero output despite
the scale factor of two between the uncontrolled and con-
trolled response shown on this series of figures. Theoret-
ically, control by feedback for this system can be made
arbitrarily close in every way to control by feedforward by
use of very high gain and, although it is not realizable in
practice, perfect output attenuation by feedback can be very
nearly achieved on.an analog computer. Figure 19B shows the
same system controlled by a proportional feedback controller
with a gain of 60 - a practical maximum for most process
applications. Although the control shown here is significantly
poorer than with feedforward, it is still quite good (remem-
bering the scale factor of two between the two
representations).

Error in the gain factor of the plant transfer func-
tion drastically impairs feedforward control performance
(Figure 5-19C). 1If this error were constant and permanent,
it could be "tuned" out by adjusting feedforward gain but it
is assumed here that such effects are transitory and cannot
be permanently tuned out. The effect of this error on per-
formance of the feedback system is almost negligible (Figure
5-20A). As a matter of fact the feedback controlled output
remains a constant fraction of the uncontrolled output; the
controlled output is larger in Figure 5-20A than 5-19B simply
because the plant gain error was assumed in a direction such
that the actual output is greater than that calculated for a
given disturbance. Feedback is sensitive to two types of
constraints however - dead time and noise injection into the
feedback detection and gain system. This latter is shown in
Figure 5-20B where the noise depicted in the lowest channel

was added to the signal entering the feedback control system.
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In actual practice it would not be possible to isolate the
noise as shown here; part would be generated in the feedback
system and part would exist as faulty measurement.

Optimal control performance is shown in Figure 5-21.
Figure 5-21A shows the response of the optimal system when
error and feedback noise are absent. Close examination is
required to determine the difference between the response of
this case and that df ideal feedforward under similar condi-
tions; the values for the optimal feedforward control param-
eters in Table 5-5 are not greatly different from those of
ideal feedforward. In Figure 5-21B, the effect of the addi-
tion of the model error is shown. The feedback portion keeps
the controller relatively efficient although not so efficient
as the high gain feedback of Figure 5-20A. When feedback
noise is added, however, the results shown in Figure 5-21C
show that the optimal composite control is superior to all
previously tested. Furthermore, this system consumes far
less control effort than the feedback of Figure 5-20B, its
nearest competitor in terms of output attenuation.

This question remains however: "How does optimal
composite control compare with a composite system designed
by non-analytic methods?" It was observed earlier (Figure
5~7) that in the absence of dead times, output attenuation
of ideal feedforward control is as good or better than that
of optimal feedforward and that the major control improvement
with the optimal control is reduction of control effort. 1In
the present case, the fact that the overall control function,
TD' approaches -PD guarantees that the optimal QD approaches
the nominal QD (cf. (3-108) and Table 5-5) so that the prin-
cipal difference for comparison will be in the feedback.

Ideal feedforward control formed part of the
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non-analytic composite controller which was compared to the
optimal controller. Proportional feedback was added and the
gain adjusted until the output was approximately minimized
for the system operating with all side conditions. This
minimized output, which occurred at feedback gain of 10 to
15, is shown in Figure 5-22A to be somewhat different in
character but about the same in magnitude as that of the
optimal system (Figure 5-21C). As in the earlier case with
feedforward alone, the main difference was that somewhat less
control effort was required by the optimal. When saturation
of control effort was simulated by clipping the manipulative
variable at a level corresponding to about 75% of the maximum
disturbance magnitude, performance of both systems deteriorated
but the output response of the nominal feedforward with pro-
portional feedback was not significantly different from that
of the optimal system (Figure 5-22B, C).

Thus composite control is significantly superior to
feedback or feedforward alone but output attenuation of the
optimal composite control system is not better than that of
a nominal non-analytic system even when subjected to side

conditions very close to those for which the optimal has been

designed.

Model Error with Pure Dead Time

If there is dead time in the controller (TM > 0),
then even in the absence of model error and feedback noise,
there is a non-zero lower limit on the degree of attainable
output attenuation (Figure 5-8). When model error and feed-
back noise are present along with the dead time a further
degradation occurs in controller performance. Figures 5-23

and 5-24 show output vs. control effort for systems with mean
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square model error of 0.25 in each of the parameters and in
the presence of pure time delays of 0.10 and 0.25 respective-
ly. It should be remembered that a dead time, T’ delays the
response of the feedforward and feedback controllers by the
same amount. Thus only relatively poor sensitivity reduction
is possible even when nominal output is relatively high.

Some values of model error output on these figures
exceed those for the nominal feedforward control system
without feedback given in Table 5-4 and on the "no-feedback"
base line on Figure 5-13. Thus, the optimal controller for
a system containing dead time is considerably more sensitive
to model error than nominal control. This result, coupled
with the previously discussed sensitivity of this controller
to permissible maximum control effort (Figure 5-12), indi-
cates that caution is necessary in application of this
"predictive" control design and underscores the advantage of
using feedforward without dead times wherever possible

The situation for dead time in the feedback circuit
only (Tc > 0) is shown in Figure 5-25 for e = 0.1. The high
model error output in this case results from the fact that
the dead time limits the capability of the feedback to
attenuate output. Thus even though the feedback noise level
is very low (i.e., the same as considered in Figure 5-13 -
0.0053% of uncontrolled output), the time delay prevents
effective sensitivity reduction. This result combined with
information from Table 5-4 shows not only that sensitivity
reduction is achieved by use of feedback but also that, in

the absence of feedback, very little can be done to reduce

sensitivity.
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Optimal Control as a Function of Model Error

The previous figures were constructed on the basis
of mean square errors of 0.25 in each of the parameters of
the system. If the error output were "normalized" by dividing
it by the variance of the model parameters, i.e., the mean
square error of each of the parameters (where all errors are
equal), then the given curves change very little for all
levels of model error. This effect is shown in Figure 5-26
where mean square control effort is plotted against "nor-
malized" model error output at two levels of nominal output.
Points shown for mean square model error of 0.1, 0.25 and
0.8 are seen to lie on the same curve. Furthermore the con-
trollers corresponding to points on these curves were essen-
tially independent of model error level. Within each of the
groups of controllers shown in Table 5-6, the only important
change was in the value of the model error. All controller
parameters are relatively constant within each group. However
a change in the level of model error changes the magnitude
of model error output and shifts the location of the curve
describing optimum for weighted sums, (c2> + X(Acz); thus the
form of the optimal control for a specific situation of
constraints would be affected.

All previous calculations except those associated
with Figure 5-18 were made on the basis of uniform error in
each of the model parameters. Figure 5-18 showed that similar
results are obtained when the model error exists in only one
of the parameters, which, in that case, was the plant gain
factor, KD. The magnitudes of the model error output was
less, of course, than when error was assumed to exist in all

of the parameters.

A comparison of the magnitude of model error output
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TABLE 5-6

OPTIMAL CONTROL LAWS FOR SYSTEMS AT VARIOUS LEVELS OF MODEL ERROR

Control Functions

Outputs
an Square Feedback Punction - T Overall Control Function - T
el Brror ( ac?) c D
2
(8e) O ST B T 0 3
(4e“) Gain Zero Poles Gain | Zmros Poles

0.10 .0688 235.2 .0302 .302 .9839 .50 .00382 * ,003823 .459 .1228 1 ,0867j .50, .1526 X ,1313j
0,25 .0872 169.3 .0846 .339 .9819 .50 .00430 £ ,004303 +450 .1293 * ,09335 .50, .1629 f .1348j
0.80 .0526 160.6 .281 .3351 .9815 .50 .00441 £ 004393 .465 L1121 * 07613 .50, .1375 X ,11913
0.10 .0446 37.9 .0698 .698 .9642 .50 .00858 X ,008513 .461 .0968 % .0608j .50, .1189 t 09143
0.25 .0444 37.6 1757 .702 .9640 .50 .00863 * .008563 .462 .0966 * 06063 .50, .1186 X ,0910j
0.80 .0349 51.8 .4711 .590 .9698 .50 .00722 X 007163 .469 .0948 X ,0597j .50, .1146 X ,0945j
0.10 .0143 950 .0197 .197 .9898 .50 .00241 % ,002263 .494 .0574 X ,02975 .50, .0633 % ,0620j
0.25 .0134 1193 .0462 .185 .9904 .50 .00207 £ 002025 .496 .0501 X ,0248j .50, .0545 X ,0537j
0.80 L0153 1042 .1516 .190 +9902 .50 .00233 * 002215 <494 .0603 * 03163 .50, .0669 X .06543
0.10 .0136 175.7 .0360 .360 .9818 .50 .00433  ,004225 .490 .0707 X ,04043 .50, .0799 X .07583
0.25 .0129 172.8 .0910 .364 .9816 .50 .00436 £ 004233 .491 .0689 £ ,0391j .50, .0776 X .0738j
0.80 .0121 196.0 .279 .350 .9825 .50 .00417 X .00402j .492 .0659 X ,0369j .50, .0738 X ,07075
0.10 .0039 48.0 .0798 .798 .9646 .50 .00846 X .006733 .497 .0446 X 02575 .50, .0478 X .0451j
0.25 .0046 41.3 .2137 .854 .9621 .50 .00909 % 008073 .495 .0516 % .0297j .50, .0562 * .0517j
0.80 .0043 45.0 .653 .815 .9638 .50 .00866 * .007363 .496 .0480 X 02763 .50, .0518 X ,0484j
0.10 .0046 116.1 .0514 .514 .975 .50 .00594 % ,002933 .498 ,0358 X .0195j .50, .0378 X ,0369j
0.25 .0054 148.8 .1121 .448 .978 .50 .00522  ,00312j .498 .0380 X ,02603 .50, .0398 X ,0390j
0.80 .0062 137.4 +3532 .443 .979 .50 .00506 X .004055 .497 .0442 X 02363 .50, .0473 % 04613
0.10 .0020 210.9 .0780 .780 .9496 .50 .0233, .000438 .499 .0305 £ .0180j .50, .0311 £ ,0263j
0.25 .0020 228.6 .1965 .785 .9491 .50 .0236, .000391 .499 .0305 X .0180j .50, .0312 X ,0262j
0.80 .0026 215.6 .486 .€07 .9602 .50 .0180, .000715 499 .0297 X ,0180j .50, .0305 X 02763

(A
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for the same relative error in each of the plant parameters
is given in Table 5-7 for which a mean square model error of

0.25 was assumed for each of the elements in the following

model:
=T -(t +7T.)s
K(1+Rs)ecD+KMu+Rs) ¢ M M
c =2 D M (5-6)

(s + a) (1 + Rls) !
where KD = KM =1,

RD = RM = Rl = 0.5 ,

a =2 ,
TC = TM = 0.5 .

The model error output was computed on the basis of a nominal
feedforward controller withgut feedback and for a disturbance
whose spectral density is the same as that for the previous
correlations.

Model error output was zero for variations in pole
locations and feedback dead time since the feedforward con-
troller does not depend on system natural frequencies or
output sensing. However when these errors are present along
with others, interactions occur producing model error output
especially in design of the feedback portion of the control.
Note that the product PMQC, which occurs throughout the
feedback design (cf. (3-64)), is quite dependent on system
natural frequencies.

The least positive output resulted from error in the
time constants of the zeros of PD and PM and was the same for
both. Slightly more mean square output resulted from error
in the gain factors of the load and manipulative variable

transfer functions and again the mean square output was the
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TABLE 5-7

MODEL ERROR OUTPUT CAUSED BY PARAMETER VARIATION
OF 0.25 FOR INDIVIDUAL ELEMENTS OF MODEL

_Tcs _TMS
+ :
- KD(l RDs)e Di-KM(l + RMs)e M
(¢ + s) (1 + Rls)
Term Containing Mean Square Model Error

Error Output, (cz)
KD 0.8929

KM 0.8929

RD 0.7653

RM 0.7653

a 0

Rl 0]

™ 2.6784

Ta 0




125
same for gain error in either of the two functions. The
largest model error output resulted from error in the con-
troller dead time. As illustrated previously in Figures 5-22
and 5~23, the model error output could be considerably higher
if the controller were designed as an optimal partial differ-

entiator instead of an ideal controller.

Optimal Controls for Higher Order Plants

The results of optimal control design for first order
systems can be extended with few changes to more complicated
plants. This simple extension is possible because the opti-
mization is essentially a cancellation technigue; i.e., the
control function cancels the non-minimum phase plant poles
and zeros and adds poles and zeros that give the desired
performance.

A significant difference does appear when the net
system order is higher however, in that feedback noise and
dead time exerts a greater influence on optimal control
sensitivity. This effect is seen in the control effort-
output diagram shown in Figure 5-27 for the following system

M+ D
C=7s+ 2)(L + 0.455) (1 + 0.60s) (5-7)

The feedback noise is assumed to be 10_4 (0.65% of the abso-

lute value of the uncontrolled output) and the model error

has a uniform mean sguare value of 0.25 for all of the param-
eters. Although the topography of Figure 5-27 is quite sim-
ilar to that of Figure 5-14 which depicts a first order system
with similar constraints, it is seen that the general level

of model error output is a much larger fraction of the "no-
feedback" base for the third order system.

An explanation of this result lies in consideration
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of the third order system response to a step function (Figure
5~-28). The s-shaped response curve starts very gradually so
that the output is masked by noise for a longer period of
time than for first order response. Thus feedback control
of higher order systems tends to act as though small dead

times were present.

First Order

System
_2\\

%

Third Order
System

— L Portion of signal masked by noise

Figure 5-28. System Response to Step Functions



CHAPTER VI
EXPERIMENTAL STUDIES

In this chapter, previously considered controller
designs aré applied to a physical system. The mathematical
procedures leading to the controller designs and the analog
computer studies presented in the last chapter are self-
contained within the framework of basic assumptions by which
the dynamics of chemical process systems were represented.
The validity of these assumptions is an important factor

under consideration in the experiments described in this

chapter.

Process Description

The experimental system used was one which has
evolved through five previous doctoral research projects
(F1,83,G61,B5,H3]. At the heart of the process, shown
schematically in Figures 6-1 and 6-2, is a perfectly stirred,
jacketed vessel with hot and cold fluids entering the stirred
center and jacket respectively. The control objective is
to vary the flow rate of the hot fluid so that the temperature
of the separating wall remains constant despite variations
in the flow rate of the cold fluid. Even though this appara-
tus has become quite artificial and the control objective
somewhat impractical, it possesses a number of very desirable
characteristics.

(1) The heat transfer which occurs is an important
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and typical basic chemical engineering process;

(2) The system dynamics are reasonably sensitive and
responsive to control so that significant control is possible:;

(3) The system must be described by higher order
equations so that some of the more elaborate controller de-
signs can be investigated;

(4) Product-type non-linearities are present so that
some dynamic model error always exists regardless of the care
in identification and operation of the system;

(5) The system itself is simple in basic design

keeping maintenance and operating problems moderate.

System Components

Reactor

The simulated reactor (Figure 6-2) was identical to
that used by Stewart [S3], except that the wall between the
0il and coolant was replaced. Instead of steel, the wall
was molded of type metal and was 0.480 inches thick. Eight
thermocouples were located at 3/4 inch spacing approximately
45° apart. Only one, the fourth from the bottom was monitored
continuously to be used as the controlled output variable
c(t). Hot oil entered the one liter reactor at the center
of the bottom. The oil was agitated by a 4 paddle stirrer
driven by a 1/15 horsepower 1725 RPM electric motor. The oil
left the reactor at the top and off center. The coolant, a
50% solution of ethylene glycol and water, entered through a
distributer into the bottom of the annular space surrounding

the reactor wall and left from the top.

Constant Temperature Feed Tanks

The oil was maintained at a constant temperature in
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a 35-gallon tank. The o0il was agitated by a 1/8 horsepower
1725 RPM Lightnin Mixer, Model NC2. The tank contained coils
for both cold water and steam. The steam flow rate was con-
trolled by a Research control valve (1/2 inch), Model 758,
air-to-close (CV = 0.8 and a 3-15 pound range spring). The
recording controller was a Minneapolis-Honeywell Brown
Electronik Potentiometer Pyrometer, Model 152P14P-93-18, with
a copper-constantan thermocouple pickup.

The oil from the heated tank then flowed through a
30-gallon insulated, agitated tank where temperature varia-
tions were blended out. Under conditions of extreme flow
rate changes, the output temperature was observed to drift
slowly and uniformly less than 1/2°F per hour.

The glycol-water solution was maintained at constant
temperature in a refrigerated cooler with a capacity of
approximately 25 gallons. The glycol solution was agitated
by a Mixing Equipment Co. 1/4 h.p. "Lightning" mixer Model
CV-4 with an adjustable stirring rate of 100 to 1800 RPM.

The cooler contained freon coils in which the temperature was
controlled by cycling the operation of the freon compressor.
A Fenwal thermoswitch (Catalog Number 17552-0), having a
temperature range of -100 to 600°F, and a series of relays
started the freon compressor whenever the temperature rose
above the setpoint of the Fenwal thermoswitch.

A 5 gallon section of the coolant container was
baffled away from the main portion and separately agitated
by a 20 watt laboratory type mixer. Coolant flow to the
reactor was withdrawn from this section with the resulting
blending action virtually eliminating temperature variation

in this flow.
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Flow Systems
The oil was circulated by a California bronze gear
pump (l1/4 inch pipe connections) driven by a Goulds Number 2
electric motor (3/4 horsepower). The pump discharge pressure
was set at 40 psi by a valve on the bypass line. The glycol
solution was circulated by a 1/4 horsepower gear pump operat-

ing at 40 to 60 psi.

Flow Controllers and Transducers

The reactor inlet flows of both oil and coolant were
controlled by a flow splitter arrangement. In each stream
the flow was divided so that the fluid passed through an air-
to-open control valve into the reactor and through an air-to-
close control valve to the constant temperature feed tanks.
All four valves were l1/4 inch, Type 75, Research control
valves with 3 to l1l5-pound range springs. The valves each
had a Cv of 0.2 for the oil and 0.08 for the coolant.

The pneumatic signal to the valves originated in the
Taylor Transet electro-pneumatic transducers 701T which had
a range of 3 to 15 psi. The input signals to the transducers
were generated at the analog computer usually from a DC
amplifier output. Feedback loops were built around both
valves to give positive flow control since the valves were
sluggish in action and contained considerable hysteresis.
Simple proportional control with a small amount of integration
to reduce setpoint error was used for these loops. The control
was not highly critical; it was simply necessary that the flow
rates follow the setpoints if the resulting data was to be
meaningfully analyzed. The time constants involved in these
systems were 0.1% to 2% of the dominant system

characteristics.
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Flow Measurements and Transducers

The oil flow rate sensor was a Waugh turbine flow-
meter, Model FL-6SB-1l, rated at 0.15 to 1.0 gallons per
minute. The pulses from this pickup were converted to a
continuous voltage by a Waugh, Model FR-11l1l, pulse rate con-
verter. The output of the pulse rate converter was a voltage
of 250 millivolts maximum, which was available at the analog
computer where it could be amplified.

The coolant flow rate was detected by measuring the
pressure drop caused by flow through a 15 ft. length of 1/4"
polyethylene tubing partially restricted by #12 copper wire
running through it. This arrangement was not only less
susceptible to plugging than an orifice giving comparable
pressure drop but also yielded a linear flow - AP relation-
ship which improved measurement accuracy at lower flow rates.
Even so, some difficulties with plugging and air bubble
blockage occurred until an automobile oil filter with air
bleed on the top was installed. The pressure drop was meas-
ured with a strain cell from a Beckman Model 112 Data Logger
giving a -3 to 12 mv output for O to 15 psi pressure drop.

This signal was amplified directly in the analog computer.

Temperature Measurement

The preamplifier for the wall temperature, controlled
variable, was a Sanborn, Model 350-1500, low-level DC pre-
amplifier with a Model 350-2 plug-in unit. This instrument

allowed an adjustable gain up to 50,000 and an input suppres-

sion of £ 100 millivolts.

Dynamic Mathematic Model

The theoretical dynamic mathematical model of this

system is derived in Appendix C. The transfer functions
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predicted by this derivation are

.24(1 + 0.32s)D + .048(1 + 0.38s)M
(L + 1.03s) (1 + 0.42s) (1 + 0.22s) ’

C = (6-1)
where C is wall temperature in °F, D is coolant flow rate and
M is oil flow rate both in 1lb/min. This equation could have
been used to design the optimal control systems but the

experience of Haskins [H3] indicated that relatively large

error factors would be required.

To avoid large error factors which would result in
optimal controllers consisting primarily of feedback, direct
experimental evaluation of the dynamic parameters was made
using an identification technique originated by M. Heymann [H5]
and currently being developed by R. A. Sims at the University
of Oklahoma Process Dynamics and Control Laboratory. The
technique is based on determination of system natural
frequencies by time domain integrations of the relaxing
response of the system disturbed by sets of linearly inde-
pendent initial conditions. System response to sets of
orthogonal forcing functions is used to evaluate the zeros
by time domain integrations using the previously determined
homogeneous weighting functions. Complete explanation of
both the identification technique and details of the partic-
ular identification can be found elsewhere [H5,H6,Sl].

The results of the identification were

K (1 + 1.33s)D + KM(l + 0.33s)M
c =2 (6-2)
(1 + 0.60s) (1 + 1.38s) !

where the unit of time for the time constants is minutes.
This system was then activated by a random disturbance formed

by filtration of noise from the signal generator previously
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described. The generated noise had a mean frequency of 1.0
radians per second and was filtered down to a frequency of

1.5 radians per minute. That is,

DD 2 2 " (6-3)

For estimation of pole error, the system natural fregquency
nearest this disturbance frequency was chosen as the in-
accurate pole. Relatively good reproducibility of pole and
zero locations was indicated in the experimental identifica-
tion where the accuracy of pole and zero locations appear to
be about + 10%. For optimal controller design purposes, pole
mean square error corresponding to twice this error was
chosen.

Numerical values for the gain factors are not listed
in (6~-2) since these quantities have little inate signifi-
cance, and they depend on amplification factors, temperature-
to-voltage conversions, flow meter and valve calibrations,
etc. The gain of the various experimental controller were
set as a percentage of feedforward gain necessary to return
steady state offsets to the control point. The identification
studies did indicate, however, that plant gains varied con-
siderably as a function of disturbance sign and magnitude.
This variation results from the product nonlinearities that
appear in the tiieoretical describing equation (C-1). However,
inherent partial compensation of this effect occurred with
the controllers because the control objective of constant
wall temperature meant that low coolant flow rates were
matched by low hot o0il flow rates and vice versa. Although
the effect of flow rate on gain was the same for both flows,

the cancellation is not complete. For example, a flow rate
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change of +20% of the steady state caused the gain to change
by a factor of nearly two; for the same variation of flows,
the ratio of gains changed by approximately 30%. These facts
were noted in the computations by assuming gain error of 35%
in both gains but assuming also a convariance between them
of 50%.

Results during identification tests indicated that
noise in the output was about 1 to 3% of the uncontrolled
output. For controller design purposes a mean sgquare error
corresponding to about 4% of the uncontrolled output was
assumed. In addition dead times of 0.035 minutes were assumed
in both the controller and feedback circuits. The error

assumed in these dead times was approximately equal to their

magnitude.

Controller Results

A complete control effort-cutput diagram, shown in
Figure 6-3, was prepared on the basis of (6-2) and the above
mentioned side conditions. Control laws which were selected
to be tested are defined implicitly by the conditions at the
three starred points in Figure 6-3. The characteristics of
these controllers are listed in Table 6-1.

In the presence of control effort constraints, an
optimal control law similar to that of system "A" would be
desired. This control law approaches ideal feedforward con-
trol because of the low model error although some feedback
is present to reduce long term steady state drift. Good
control performance is indicated by this control law. If
greater long term drift could be expected, along with control
effort constraint, the optimal control design could be made

on the basis lower model error output. This would cause
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TABLE 6-1

OPTIMAL CONTROLLER TRANSFER FUNCTIONS FOR EXPERIMENTAL MODEL:

e 140 e-.03s + (141, e-.07a )
(L.68 + 8) (1 + 1.38s)
Controller Overall Control Function - TD Overall Peedback Control Punction - Tc
(1 + 0.33s)
Hominal Ton =~ [1.68 + 8) (1 + 1.388) -
2*
+
A 7 = 0,95 (‘i : ,8;7:3)1 3 T, = 0.556 {1 + {,457 % .13331s) -
8 (1 + .0338) (1 + .4968) (1 + [.561 % ,.383j]s)
iy 2
1+ .158s) (1 + .2268) (1 + .28ls {1+ (.380 % .1199]s)
B = 0.908 on’ T = 0,905
(1 + .1298) (1 + .1948) (1 + .3798) c (1 + .1608) (1 + .3568) (L + [.183 .200j]s)2
+ 2
c = 0.991 (‘i : .g:;:)) (‘i : .g;gz)) () T, = 0.939 (1 + [.347 = .1064]s) -
g ° (1 + .00048) (1 +.3598) (1 + [.194 * .1803)s)
Peedforward Controller PFunction - QD Feedback Controller Punction ~ Qc
o {1+ 0.338) 1+ 1.388) (1,68 +
Nominal Oy =~ (1+ 1.33s) Oy = (1 + 1.338)
A [ % o . oe0358 K = 0,937
%t 7o " To * Oy
B 9 = N — . . 078 K= 1,52 0, =K 078
-7 . 1-7,°0ye -
¢ c o K= 1.57 o

i+ [a

£byls)?

indicates a pair of complex conjugate roots where a is the real part and b is the imaginary part.

6¢ET
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controller "B" to be specified but at significant cost in
output attenuation.

In the absence of strong control effort constraints,
an optimal control law similar to system "C" would be se-
lected. Because of the relatively small dead times, this
optimal controller approaches ideal feedforward with propor-
tional feedback. High performance would be expected of this
controller from the standpoint of attenuation of both nominal
output and model error output.

A preliminary examination of these controllers was
made using analog computer simulations of the plant. These
results, shown in Figure 6-4, were obtained from the idealized
plant, that is, the plant without deliberately added noise
and model error; hence they must be interpreted with the
results of the previous chapter in mind. The disturbance
and manipulative variable are shown in this figure along
with the controlled and uncontrolled output so that later.
comparison is possible since it is not possible to record
controlled and uncontrolled response of a real system
simultaneously.

The best control shown is that with controller A
which approaches ideal feedforward control since only the
small dead times produce significant output. Although
controller C does not approach ideal feedforward control
as closely as does controller A, it possesses a steady state
feedback gain of 25.4 compared to only 2.1 for controller A.
Thus idealized analog computer performance of controller C
is slightly inferior to that of A but C can be expected to
perform better in the presence of model error. Controller B
has almost no feedforward control and achieves imperfect

output attenuation with a feedback controller having a steady



DISTURBANCE-D

MANIPULATIVE

VARIABLE-M

UNCONTROLLED A
vt e o

RESPONSE -P,D \/ "\/ ~/ \/ R S S

CONTROLLED

RESPONSE-C ~ —

~o = ONE TIME UNIT
OPTIMAL OPTIMAL OPTIMAL
CONTROLLER CONTROLLER CONTROLLER
"A" llell llcll

Figure 6-4.--Analog Computer Results for Optimal Composite Control
of Experimental System

™I



142
state gain of 16.0. The results of control effort constraints
for A and B appear to have produced only marginal results but
the idealized results fail to include any effect of feedback
noise.

The experimental plant responses shown in Figures
6-5, 6-6 and 6-7 demonstrate first of all that extensive
efforts extended to stabilize and define the system bore
fruit in terms of plant controllability - the real plant
results were nearly as good as analog computer data. Such
efforts can be expected to be rewarding in any difficult
control problem. '

The steady state, open loop plant without measurable
disturbance or control is seen in Figure 6-5A to be quite
stable with very little drift and a moderate output noise
level. In Figure 6-5B, system response to step functions
is shown. It is clear that an accurate system identification
has been obtained since ideal feedforward control eliminates
93% of the absolute value of the uncontrolled step response
(Table 6-2). Figure 6-5C shows the uncontrolled system
response to a typical disturbance for later comparison with
controlled system response to a similar disturbance.

Optimal control of the physical system is shown in
Figure 6-6. Quantitative results are presented in Table 6-2.
Because of the extended real system operating time, accuracy
of continuous integration of system output is limited.
Therefore graphical integration of the absolute value of
response deviation from nominal steady state values was made.
The ratio of the integrated absolute value of the output to
that of the disturbance for various controllers was compared
to a similar ratio for the uncontrolled system. Control

efficiency based on this ratio is defined as
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TABLE 6-2

EFFECTIVENESS OF CONTROLLERS FOR EXPERIMENTAL SYSTEM

Type of Controller

Controller Efficiency

<S lclat

Relative Control Effort

<S Im|at

g |clat

S |d|dt controlled
< S |d|dt uncontrolled

S |m|dt

S |d|dt controlled
( S |d|dt optimal C

Random Disturbance:
Optimal A

Optimal B

Optimal C

Ideal Feedforward
Proportional Feedback

Ideal F.F. plus
Proportional F.B.

Step Input.
Ideal Feedforward

0.922
0.815
0.963
0.916
0.843

0.973

0.926

0.89
0.72
1.00
0.75
0.94

1.06

97T
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§ lelat

( S ldldt controlled
Control efficiency =1 . (6-4)

<g lelat

S |d|dt uncontrolled
Similar quantities were computed for relative control effort

except that the standard for comparison was the value of
control effort required by the optimal controller C. Thus,

relative control effort is defined as

g lm |at

< S ldldt controlled
Relative control effort = (6-5)

<3 jm |at

S lalat “optimal c
These quantities are given in Table 6-2 for various

controllers.

Earlier results shown in Figures 5-7 and 5-13 caution
against drawing quantitative conclusions based on short dura-
tion, randomly driven tests. However the striking nature of
the results in Figure 6~6 leaves little doubt as to the high
effectiveness of the optimal controllers A and C. As pre-
dicted by analog computer results, performance of the optimal
controller B was considerably poorer than that of the other
two. - -

While optimal control performance is encouraging,
earlier analog tests indicated that composite nominal feed-
forward and proportional feedback control is also quite

effective. In Figure 6-7A it is seen that feedback control
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alone with a steady state gain equal to 35 produces fairly
effective control. Higher feedback gains produced oscilla-
tions probably caused by small dead times in the system.
Ideal feedforward control, shown in Figure 6-7B, gave better
performance than with feedback control although it is possible
that some drift may have occurred if the test had been con-
tinued for very long periods of time. The high degree of
feedforward control efficiency was made possible by the
accuracy of the model identification. Figure 6-7C illustrates
the result of ideal feedforward control with the proportional
feedback such as described above. The control was excellent
and was virtually indistinguishable from that of the optimal
composite controller shown in Figure 6-6C.

These results indicate that the design procedures do
lead to physically realizable controls that perform much as
expected. For this well stabilized and identified plant,
these controllers approximated nominal controllers whose
response is quite similar to that of the optimal. The
constraint on control effort did not greatly influence re-
sults partially because of the low noise level and partially
because the small dead times prevented extremely high feedback

gain in the nominal controllers.



CHAPTER VII
SUMMARY AND CONCLUSIONS

The design equations including all of the constraints
yield physically realizable controls which give real perform-
ance that corresponds broadly to the intuitive ideas leading
to their development. In the absence of significant model
error and dead times primarily feedforward controllers are
specified. If the system is assumed to be constrained by
available control effort magnitude, optimal control laws
result which attenuate the output somewhat poorer than an
ideal feedforward controller even under conditions of
constrained control effort; however the optimal control
saturates a smaller fraction of the time so that superior
optimal output attenuation would result if saturation were
accompanied by other undesirable effects such as hysteresis.
It would be recommended that in most cases, however, that
implementation of optimal controls should be based on
optimistic estimates of available control effort since the
optimal controller will not use more control effort for out-
put attenuation even if it is available. If control satura-
tion does not invoke extra penalties, and in the absence of
contrcl dead time, ideal feedforward is superior to optimal
feedforward.

For systems containing dead times, significant
improvements in control performance can be achieved with the
optimal design. Hgﬁever this controller is a differentiator

149
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which is more sensitive than an ideal controller not only to
constraints of control effort but also to error in the mathe-
matical model. Optimal design for these cases should be made
with less optimistic estimates of available control effort.

When consideration of model error is included in the
design equations, feedback control is specified in addition
to feedforward. In fact, attenuation of output resulting from
model error can be affected only slightly by modification of
the feedforward controller and must therefore be achieved
almost entirely by feedback. If noise associated with the
feedback system is low and if dead times are absent from the
output sensing and amplification circuits, the optimal con-
troller tends to consist primarily of feedback. There is a
definite limit, however, to the degree of output attenuation
with the use of feedback. Amplification of noise and sensing
error produces more output than is being eliminated when
extremely low levels of output are sought. Furthermore,
small dead times in real systems initiate oscillations when
large feedback gains are employed. These same factors limit
the degree of sensitivity reduction that can be achieved by
feedback.

For the carefully stabilized and identified experi-
mental system, it was found that either feedforward or feed-
back control yielded very good results. However, the marked
superiority of the composite control was not only indicated
from the computations, but was also clearly demonstrated by
the experimental study. When the very best control is
desired, this form is indicated.

The relative independence of system sensitivity from
the form of the feedforward control indicates that decoupling

of the equations is possible. Thus all effects of model
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error can be legitimately deleted from the computations of
the feedforward control function. This decoupling of design
equations results in vast simplifications for investigation

of optimal multivariable control systems.

Recommendations for Future Work

Feedforward Control and System Identification

Feedforward control and identification of the gain
and zeros of the process system are completely interdependent -
any improvement in one also aids the other. During this
investigation phenomena were observed during use of feed-
forward control that would be useful for explicit model
identification. The manner in which process gains were
evaluated for control purposes by "tuning" out a steady state
offset was described in Chapter VI. This same method could
provide a basis for accurate determination of product non-
linearities (or first approximations to higher order non-
linearities) by measurement of process gain as a function of
disturbance level. This information would be useful for non-
linear feedforward control.

Inaccurate determination of system zeros manifests
itself in feedforward control as overshoot or undershoot of
the response when steady state gain is accurate. A study of
the form and magnitude of step response of a system with
feedforward control could be used to locate the zeros with

high accuracy.

Optimal Use of Secondary Feedback
In many process systems, variables are or can be
continuously monitored which need not be subject to control.

These variables can be used as a source of process information
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to aid in control of critical output variables. The question
occurs as to what form the controller should assume for
optimal use of this information. The goal of the control
problem would be to develop another control function to be
used to determine the value of the manipulative variable.
Such control would be useful where large dead times prevent
use of feedback control. Methods similar to those discussed
in the present work should be useful in approaching this
problem especially since decoupling of feedback and feed-
forward equations can be used to simplify the algebriac
detail. The suggested approach is to form the correlation
functions between the output and the model error outputs of
the other state variables and then to find the proper com-

bination of state variables that minimizes the model error

output.
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APPENDIX A

MATHEMATICAL PROOFS

Proof of (2-1)

The transformation of guadratic time functions from
the time domain to the Laplace domain is made by the use of
(2-1) =

jco

2 1
c* (t)"dt = Yy S C*(s)C*(-s)ds , (2-1)
o J o

J
where c*(t) is an arbitrary piecewise continuous function of
time which (i) is zero for all t < 0; (ii) approaches zero
at least as fast as e—et for all € > 0O as t = »; and (iii) is
bounded for all t; and C*(s) is the Laplace transform of c*(t).

The proof is straight-forward. By definition

o
C* (s) = S o* (t)e Stat , (A-1)
(0}
and
y+jo
c* (t) ='—LT S C*(s)eStds . (a-2)
2™ y2jm

In (A-1) the lower limit on the integral may be ex-
tended to -» because by hypothesis (i) c*(t) is zero for
t < 0. Furthermore, since c*(t) is also bounded for all t,
C* (s) may not have r.h.p. poles allowing the convergence

159



160

factor, Y, in (A-2) to be taken as zZero. Thus from (A-2) and
(2_1)1

© © Je
S c*(t)2dt =‘E%T S c* (t) S C*(s)eStds dat . (A-3)
o )3 -5

Under conditions of the hypothesis, the order of integration
may be reversed:
o e .
(| e*(v)?ae = ?lﬁ \ cx(s) § er(v)e®tacas | (A-4)
o o

_jm

which by virtue of (A-1), is just a restatement of (2-1).

Proof of (2-6)

In order to transform the mean square value of random
signals from the time domain into the Laplace domain, first
consider two signals a;(t) and b;(t) which are identical with
piecewise continuous functions a*(t) and b* (t) respectively
in the interval 0 < t < T but which are zero elsewhere. If
a*(t) and b*(t) are bounded, a;(t) and b;(t) are Laplace
transformable. Denote these transforms by A;(s) and B;(s)

respectively. Then it follows that

iTST * (£)b* (t+ )dt—-l-§ * )b (t+7)dt
Toa i _ToaT( o (EFT) ’

o j
_ 1 * * s (t+T)
= Zmt é aT(t) S BT(s)e dsdt ,
_jm
jm
_ 1 o * * ST
= ZniT 5 AT( s)BT(s)e ds . (A-5)

_Jw



le6l

Taking the mean value of this last equation yields

joo
T—-7 _ 1 S 1 * * ST _
T Paspx (T) = 219 T (B s)B,(s))e 'ds , (A~-6)
_jco

since {a*(t)b* (t+T)) is a constant equal to @

A*B*(T)' where

{....) indicates mean value (cf (2-4)).

The spectral density %fggs), of a random signal is
defined

(s) 2 ﬁf% (ar(-s)Br(s)) . (2-5)

®
A*B¥

By letting T approach infinity, (A-6) becomes

jco
1 ST
= = 8 ) -
pum (T) = 53 {8 pe(s)e%Tas (2-6)
_jco

Equation (2-6) shows that the spectral density is the Fourier

transform of the correlation function.

‘Conditions for Minimum of (2-14)

To define a physically realizeable optimum transfer

function B that minimizes the following egquation,

joo
) R S _
J(BP +P,) = 7 { (e, +p)@, +P)ds , (2-14)
_jco

assume that the optimum exists and denote it by BO'
Let Bl be any other transfer function belonging to
the same class. Then the minimum value of J[(BO+-eBl)P14-P2]

where € is any real number, will occur at € = 0 and therefore
a_ . . _ . .
at J[(B0 + eBl)Pl + ?2] vanishes at € = 0. To find this

derivative, expand (2-14) to give
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2
J[(B0 + eBl)Pl + P2] = J(BOP + Pz) + € J(BlPl) +

1
ju
+ L S eB.P. (B.P, + P_)ds +
217 117071 2
...joo
joo
+ L S eEB.P. (B.P. + P_)ds . (A-7)
2175 171071 2
_joo

By substitution of -0 for s as the variable of integra-
tion, the last two integrals of this equation are proved

equal; hence,

: _ 2
J[(BO + eBl)Pl + P2] = J(BOPl + P2) + € J(BlPl) + 2eI, (A-8)
jco

1
where I= 213 S BlPl(BOPl + P2)ds . (A-9)
_joo

After differentiation of (A-8) and setting € equal

to zero

agl (s

+ €B.)P. + P_]
a3t 1771 2

0 I. (A~-10)

| =2
€=0

Thus, a necessary condition that BO provide a minimum for

J(BPl + P2) is the vanishing of the integral (A-9) or
jco
1
2m3 S BlPl(BOPl + Pz)ds =0 |, (2-15)

_joa

where Bl is an arbitrary member of the family of admissible
functions, B.
Other standard conditions from the calculus of varia-

tions showing necessity or sufficiency that a function, BO'
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satisfying (2-15) provides a minimum cannot easily be applied.
Instead an oblique approach is used to prove sufficiency.
Let B be any function in the admissible class and define a

Bl such that:

B = B0 + Bl . (a-11)

Then from an equation similar to (A-8),

J(BP, + P2) - J(BlPl) = J(

1 BO 1 + P2) + 21 f (a-12)

Since B contains much arbitrariness within the admissible
class, so does Bl and the term I of (A-12) is not essentially
different from that of (A-9).

By making the substitution of jw for s in an integral

of the form of (2-17), it is found that

je .
75 § e@atsas = 5 §legw Fawzo . @13
—JCD

Hence J(BlPl) is never negative and it is seen from (A-11)
that therefore J(BOPl + P2) < J(BPl + PZ) if I = 0. Thus
I =0 is also a sufficient condition for B0 to be an
optimizing function.

Conditions for Satisfaction of (2-15)

The integral along the imaginary axis in (2-15),

jcn

(BOPl + P )ds =0 , (2-15)

™79 B
215 B1Py
jcb
may be considered as the difference between the contour

integral which encircles the l.h.p. including the imaginary
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axis as a bound and the line integral along the semi-circle
only (Figure A-1). The condition imposed for the convergence
of the integrals of (2-3) and (2-8) show that each of the
factors in (2-15) approach zero as s = ®. This condition
implies that 52 times the integrand of (2-15) is a bounded
number as s = ® which is sufficient to ensure that the
integral on the line integral on the semi-circle around the

l.h.p. is equal to zero [H7]. Therefore

Jm
1
213 S B (B0 1 + P )ds an S BlPl(BOPl + P )ds , (A-13)
_jcn

where S indicates the contour described above. Thus condi-
c

tions for the vanishing of the contour integral are also
conditions for the vanishing of (2-15).

By Cauchy's residue theorem, the value of the contour
integral is 2mj times the sum of residues at the poles in the
l.h.p. Since Bl is arbitrary except that it must have poles

in the l.h.p. only, Ei must have poles only in the r.h.p..

From this requirement it follows that a sufficient condition

for that (2-15) be satisfied is that P (B.P., + P2) have poles

01
in the r.h.p. only. This condition is also necessary. Since

Bl is arbitrary except for pole locations, it contributes
arbitrary values to residues at the poles of the function

Pl(BOPl + P ) Thus if Pl(BOPl + P2) has any l.h.p. poles,

a Bl could be selected so that the sum of residues does not

vanish.

To summarize: necessary and sufficient .conditions

that B0 satisfy the condition of (2-15) where B0 and Bl

belong to a class of linear operators free of poles in the



165

?jco joo jo

J-jm d-jm o-jo
joo
I; ® jc C
INTEGRAL CLOSED INTEGRAL
ALONG ] — CONTOUR -— OVER
AXIS INTEGRAL SEMICIRCLE

Figure A-l.--Evolution of Integral (2-15) in €omplex Plane
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r.h.p., is that Pl(Bopl

having r.h.p. poles only; that is,

+ P2) be equal to some function

P, (ByP, + P) =X (2-16)

where X is a function with only r.h.p. poles.



APPENDIX B
DETAILED SOLUTION OF DESIGN EQUATIONS-~-THIRD ORDER SYSTEM

Extensive difficulties were generated by numerical
solution of the equations in Chapter III. An initial attempt
was made to solve a general system where the plant transfer
functions were each fifth degree in the numerator and denomin-
ator. Dead times were assumed present along with error in
all parameters except three time constants in the numerator
and denominator. This attempt was abandonned when it was
found that the factor multiplying TD in (3-99) was a ratio
of 30th degree polynomials. Even the solution for the simple
example system that was developed near the beginning of
Chapter III is not trivial. In this Appendix, control design
equations are developed in detail for a higher order gen-
eralization of that system. Digital computer programs written
for solution of these equations in the Osage Algol compiler
language* are listed in Appendix D. The programs follow gen-
erally the format and nomenclature presented here.

The general system of (1-2) will be developed in de-

tail here for transfer functions of the form
-E_s
1 +
KD( RDs)e

PD = (s + a) (1 + Rls)(l + st) ’ (B-1)

*The Osage Algol language igs a slightly modified
version of the Algol 60 language [N1,W3] used on the Osage

high speed computer at the University of Oklahoma Computer
Center.
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—EMs

KM(l + RM)e

_PM = (s + @) (1 + Rls)(l + st) . (B-2)

There is a threefold reason for this form. First,

it illustrates the method:; second, the specific results are

useful since most chemical processes can be represented

satisfactorily by equations of this form; and third, it re-

duces simply to the system descriked in Chapter III by making

the coefficient R's equal to zero.

Several assumptions needed later in the solution are

listed here for convenience:

(1)

(2)

(3)

(4)

It is assumed that a relatively "good" overall
transfer function will be found and a vy = 1 is
selected for (3-94). Since the denominator of

PD and PM are equal, one term in the factor

AP APM
(—= - ¥y — ) of (3-94) is eliminated:;
PD PM

The noise associated with the threshold level
of the feedback system is assumed to be "white”

. . . 2
noise whose spectral density is a constant, §

in &
The errors in &, KD' KM’ ED and EM are assumed
to be large enough so that all others may be

neglected. Thus:

AK

D Ac.
AP = ( R, “s+a - SAE_)P_ (B-3)
K,
AG, )
s, = ( - T+ - SME)P, (B-4)

The variance and covariance of the errors are

displayed in the 5 x 5 triangular matrix:
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7
KD
AK
—E?-Aa Aaz -7 - - -
D
AK
- D 2 - -
[Eij]— KD AED Ac AED AED
2
AK_ A A AR A
S
p Tm Fu Ku Ku
AK AKM
—D M 2
& AEM A AEM AED AEM KM AEM AEM
L D
(B-5)

where all matrix elements are mean values.

(5) PA of (3-42) is assumed to be one, i.e., the
control effort constraint is on the magnitude
of the manipulative variable only.

The factors in YY of (3-97) will be calculated first.

With ¥ = 1 and AP defined as in (B-4)

AP AP AK AK
D M D M
PD PM KD KM D M

The term arising from Ad does not appear in this difference.

Continuing from (B-5)

AP APM APD APM

- s (E33 - 2E53 + E55) ’
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AP AP AP AP
D M A 2
( 3 - Y B ) ( P " Y 3 ) = ED - EKS . (B-7)
D M D M '
Now define 3
— % B (-sH?
2 2 Pp A A i=0 i
)\. + )\2 —_ = — 2 2 ? (B_8)
PM M 1 - RM s
2 2
so that 83 = kz Y3/KM '
2 2
By = A Y, /Ky -
2 2 2.2
By = A¥ /Ky * MRy -
L2 2 2
Bo = A2Yo Ky T Ay ¢
A 2
A 2 2 2
Yl—l+<1 (R1+R2) ’
A 2 2 2.2 2
Y2 = (Rl + R2) + a R1R2 ’
A 2.2
Yy = Rle ’

. ‘P_ .
so that the denominator of PM M or PDPD is

2 2 2 4 6
S ) = Y. - Y.s  + YosT - YgsT .

(0.2 - s2) (L -~ Risz) (L - R 0

Using (B-7), (B-8) and (B-9) with (3-96) and (3-97), let

7

5
Z yy,(-s )"
v & i=0 B-10)
Y == 2 2 2 2 2. (
(0" - s )(l-—RMs )(1—RDs )
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where the coefficients Yy, result from adding the rational

functions
3 . 3 .
2,1 2.1
2, _ 2 (ZB,(=-s)" ) (T vy, (-s9)")
M (ED EKs ) . 62 o I o 1 .
2 2 2 2 2 2 2
g - s KD (1 - RDs ) (1 - RMs )

In order to factor (B-10) into functions with r.h.p.
and 1l.h.p. poles and zeros, a dummy variable was substituted
for s2 and the seven roots of the numerator were found. This
root finding step proved to be a very troublesome one. A
digital computer program based on the Bairstow-Hitchcock
method of polynomial factorization was employed [G3] but
more than half of the cases considered failed to converge.
The difficulty was caused by a combination of "ill-conditioned"
polynomials [W4] and very small roots. Modifications were
made to this program (which are listed in Appendix D) so that
about only 5% of the cases of interest did not converge.
However, polynomial factorization remains a very important
and critical problem in these design procedures.

The factors of ¥ were the square root of the factors

of (B-10) if the factorization was successful. Thus, Y could

be reconstructed:

7 .
1
YYq T y,s
Y —é» 3 '
(o + s) (1 + RDs)(l + RMs)
A YYo (1 + yrys) (1 + yrys) ... (1 + yr.s)

(0 + s) (1 + Rys) (1 + Rys) ! (B-11)

where Yo = 1. The factor Yy, may be arbitrarily distributed
between Y and Y. The arrangement of (B-1l)is chosen for

later convenience.

Following (3-96), (3-97) and definition (B-7)
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E_s
e M KD(l + RDs)(ED - EKsz)u.2
z = > > : (B-12)
(a+s)(l+Rls)(1+R2s)(o - s87) '
so that
E s
M 2 2 2, 2
z _ e KD(l—RDs)(l—RMs),(ED—EKs ) .
v (s+a)(s+0) (1 + Rls)(1+st) (l—yrls) (l—yr,,s)
(B-13)
Then it follows that
3 .
z gisl
2 4 i=0
[§]+_(s+a)(s+o)(1+Rls)(l+st) ' (B-14)

where the 95 result from evaluation of the principal parts
of (B-13) at each of the l.h.p. poles and addition of the
four resulting fractions in s.

From (3-98), (B-1l1l) and (B-14) the overall feedback
function TC is found:

3 .
(1 + Rps) (1L + Rys) ( g gisl )
yyo(s + a) (1 + Rls)(l + R2s)( z y;s )

0

All constants on the right hénd side of (B-15) are
known except the multipliers kl and Xz which were introduced
in (B-8). Treating Tc as a known function (which it would
be if values for Xl and X2 have been chosen), solution of
(3-100) can now be achieved.

Let QADAD = 0 for the present. Later the solutions
can be explored for different values of ¥ It will be

AD®
found that there is not much change in the solution as these
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parameters vary. This result is as it should k. of course;
the control system should attentuate all reasonable disturb-
ances well even though tuned to one type considered most

probable.

Several other factors of (3-99) must be computed.

—EMS 3 i
BMBDTC e (L + RMs)( § g;s )
1 - o= =1 - = . (B-16)
D i
Kyyyy | gyis )

In what follows, it will be desirable to be able to
combine all of the factors of U including the function of
(B-16) into one rational function containing only powers of
s. If the exponential time delay EM is non-zero, this will

not be possible. In these cases, a simplifying approximation

has been introduced:

E
—EMs 1 - -Z‘M- s
e = . (B-17)
EM
1 + ?;'s
From the power series expansions,
—EMS (EMS)2 (EMs)3
e =1 - EMs + 1 - 31 + ... (B-18)
and
E
1 - s (B, (Bys)>
=1-E s + - + ... (B-19)
E M 2 3
1+ -H s 2
2
There is only a 50% error in the cubic term for the approxima-

tion for values of s less than one. For larger values of s

the expansion (B-19) is not even valid and the two sides of
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(B~17) approach different limits. From Laplace inversion

theorems, the values of s are large for small values of t

(i.e., lim £(t) = lim sF(s)):; hence the optimum amount of
t-0 g
detuning of TD because of probable errors in the mathematical

model will not be correct for high frequency components of
the signal. Since these components generally damp rapidly
in chemical processes anyway, this inaccuracy is not serious.
(An optimum predictive filter design using the approximation
(B-17) is shown in [N2].) Using the approximation changes
(B-16) to

3 i EM
BB T (1 + Rys) ( § 9;8" 1 (@ - 5" s)
l] - =1 - . (B—-20)
PD 7 i EM
KD (2 yis ) (1 + ?;'s)

0

The high order of (B-20) seriously complicates sub-

sequent computations for T __ so that an investigation of the

first term of (3-89), the grogenitor of (B-20), is in order.
This term represents the output produced because the model
is in error. Some of this output is attenuated by the feed-
back portion of the "erroneous" design. The entire quantity
of (3-89) as it affects (3-96) and subsequent developments
has the effect of "detuning" the overall control so that
large errors will not occur even if the model is partially
wrong but at the expense of best performance if the model is
exactly right.

Numerical calculations show that in the absence of
feedback, i.e., where Tc is zero, very little change in the
model error output is possible with TD. Therefore the factor,

(B-20), which has the effect of "detuning" T_ to compensate

D
for model error, is of only minor importance. For this reason,

(B-20) could be approximated by a lower order rational
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function. The computer program was written so that zeros

would cancel poles until the degree of the denominator was

no greater than four. A maximum degree of four was chosen

as criteria because this required no cancellation in the case
of first order systems with dead times as developed in
Chapter III. The individual cancellations were made on pairs
of roots as close as possible in magnitude. In cases where
complex roots were present in both the numerator and denomin-
ator of (B-20), a pair was cancelled on the basis of nearness
of absolute value. More frequently complex roots were present
only in the denominator. In such cases, the complex root was
approximated by two real roots - one equal to the real part
and one equal to the absolute value of the complex root.

Thus (B-20) becomes

E
M * *
BMBDTC go(l > s) (1 + grls) eeo (1 + gr3s)

1 - —— = ] - ’
* *
PD KDyyo(l + yrls) ce. (1 + yr4s)

(B-21)

where gr; and yr; are the uncancelled roots discussed above.

This is expanded to define

M D C A

Fp

1 - (B-22)

oMmblOMP

and

BMBD'I‘C V@ - BMBDTC 1li

D D T HH_. (-s2)
0 2i

e
o

(B~23)
i

The other factors in (3-99) will now be computed.
From (B-4)
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APy ( ARy Aa

= - - sAE..)
PM Kﬁ o + s M
A A
( —Eﬁ a - Aa) + ( -Eﬂ - QAE, )s - AE R
Ky Ry " o
- &+ s ! (B-24)
and
AR AK
D . _ D _ _ 2
APD ('—E; o aa) + ( KD aAED)s AEDs
P - P »  (B-25)

JiUse (B-5) and (B-23) to define

2

2.i
ap BB . = 2;(=s7)
MM A O
P B 2 2 (B-26)
MM a - s
where
2
ag = Byp ~ 20E,, + @ E,,
3 2
a8y = Ejq 7 %Egy * O Egg
a, = Egg i
APSKPD
A similar expression can be computed for —/——— and
from (B-24) and (B-25) D™D
4 i
—_— = > ' (B-27)
PDPM az - s e
where w. =E - a(E + E,.) + G2E
e o~ ®22 21 42 a1 '’
2
= - [ 4 - -
Wy = Eyy = By + Q(Eg, - Egy) + 0T (Egy - Epq)



Wo = Egy + Ejy m Eyy 7 @ Egy o
Wy = Ey3 - Egy o
w, = E53 .

Now using (3-22), (3-99), (B-8), (B-23) and (B-26) to
calculate UU of (3-100);

4 . 2 ] 3 .
(Zm, (-sHH(Za (-sHh) e (-sH?

2
UT - M | o 0 L0 ]
02 - s2 4 2.1 2 2 1 -~ R252
( Z HH2'(_S )Y (a© = s7) M
i
o

8 ,

uz z uu.(—sz)l
A o *

4

(02 - %) (@ - &)@ - rR%sH (= HH2.(-sz)i)
0 1

M
This expression UU must now be divided into functions with
r.h.p. and 1l.h.p. poles and zeros only. The roots of U were
found by factorization of the numerator of (B-28) with 52
replaced by dummy variable. The l.h.p. roots of U are the
negative square roots of these eigenvalues. Although the
order of the numerator of (B-28) was usually greater than
that of (B-10), fewer difficulties were experienced in the

factorization of (B-28). Thus U is expressed

2
uuou (L + urls) (1 + urzs) ees (1 + ur8s)

U = / (B-29)

oa(l + %-)(1 + i-)(l + 3Ms)ni(l + H;is)

where the uri and Hri are the roots of the numerator of
(B-28) and denominator of (B-23) respectively.

Using the same equations with (B-27) to calculate W
of (3-100):
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5 AP APD ByBpTa BMBD'I'c
P Y -3 ) %50
MD D D
' (E,.-E_)s
(1 + RDs)KDuze M°D 5
= 5 [xl(a + s) +
(c + s)(ao + s)° (1 + Rls)(l + st)(o - s)

4 4

i 2.1
( g w.s™) ( g HEH, . (=s7) ")

+ 2 ) ] . (B-30)
2,1

(¢ - s) 5 HH, . (-s")

The l.h.p. singularities of this equztion are the
plant poles and the negative eigenvalues of g HH ,(—sz)l.

21
Let the evaluation of the principal parts at the poles of

(B-30) be

[2],¢
+ (1 + L s)

2 1 4
3 (1 + p s) (1 + Rls)(l + st)nl(l + Hris)
It should be mentioned, perhaps, that such steps as arriving

2 8 i
M X EE.s
0 1

ali=

(B~31)

at (B~3l) are extremely complicated because of the high order

of the system and because of the occurrence of complex roots.
Using (3-100) and (B-31)

8 .
i
H40ac( g EEis ) (1 + RMs)
Tp = 1 8
uuo(l + 3 s) (1 + Rls)(l + st)ﬂl(l + uris)
2 i
T _.s

Dli
S . -32
1 . (B-32)

Tp2iS

e
oM H|O
[
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The desired result at last! As before, TD is ex-

pressed as a function of the parameters kl and Xz. It will

be necessary to evaluate (c?) and (a?) to determine these

parameters; then (Ac2> can be calculated. From (3-90)

B.B. B B.T T
] = - . -
cc = ByTp + Pp) (BT + P&, + P 855 (B-33)

g

"U

The first term in this expression can be expanded

+ + = B.T T +
(ByTp + Pp) (ByTp + PR)epy = (ByByTpTp * ByTpPfp * BMTDPD

(B-34)

As indicated by (3-23), this expression must be
integrated to calculate the mean square output. Since the
only type of non-minimum phase element considered in this
example is the exponential time delay, BMBM = 1 so that the
first and the last terms of the right hand expression are
polynomials which can be integrated directly by finding
residues or by using specially calculated equations for
rational functions [N1,S81,Cl]. By substitution for the dummy

variable of integration

@®
S TP ppds = S MIDED DDds . (B-35)

Therefore the integral of one of these terms may be evaluated
and then doubled. Contour integration of BM?DPDQDD is the
simplest as there are only four l.h.p. poles -~ three from Pp,
and one from D. The contour integration may be made directly
by finding residues at each of the l.h.p. poles. The integra-
tion of the last term of (B-33) is routine since non-minimum

phase elements cancel. TC is given by (B-15) and 666 is
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assumed to be "white" noise with a constant spectral density

52,

The value of the mean square control effort is evalu-
ated similarly. Since PA and BB both equal one, it follows
from (3-91) that

T T
QAA= QDD+——-_-£—Q—_—

PMPM PDPDPMPM

T

q3|
o

55 - (B-36)

This is evaluated using (B-2) and (B-32):

2 i
T D ETh, ;S
D o4 0
P* T o s 8 ! (B-37)
M (1 + 5 Y (L + RMs)nl(l + uris)
and from (B-1), (B-2) and (B-15)
3 i
Tc (¢ + s) (1 + Rls)(l + st)( g g;s )
Prp¥ . (B-38)
DM

7 .
1
YY KKy ( & v3s™)

Contour integration of these rational functions is also
routine.
Computation of the error caused by faulty model

identification is accomplished by the use of (3-89).

AP AP : B B T B BT
M M M CC MCC
$ =(B T ——+ AP ) (BT +AP ) (L) ~—7)2 .
AcAc M D. PM D MD PM D PD PD DD
(B-39)

This expression was integrated by the same method described
for (B-34). The equation was expanded by multiplication into

the sum of rational functions and rational functions
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multiplied by exponential factors. The former were integrated
by poiynomial integration formulas while direct evaluation
of residues at l.h.p. poles was utilized for the latter.
Having evaluated the error terms, the control func-

tions may now be found explicitly. Referring to (3-102) and

defining

>
o
9]

3 i
z g,
(1 + RMS)( 5 9;° )
= ‘ B-40
- . R )
K yy (£ y.s")
p¥¥o"' 5 Yi
the feedback controller QC is determined
L
Q. = T
c -E,s ’
l - Le
-BE_ s -2E_ s
= %L (L + Le Moo, L2e Mo,
" (B-41)
Similarly, using (3-98) gives
PD TD —EDs
?(——Le )
M D
Qp = -E,S ’
(1 - Le )
P T -E_s -E s -2E_s
D D_;o D ya1srre M +1% Mo+l (B-a2)
PM PM

As mentioned earlier, the actual computations were
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made by assuming values for ll and Xz. Then both control
functions, TC and TD' were calculated and from these the
various outputs evaluated. In principle, it would be possible
to adjust values for Xl and Xz successively until the wvalues
of the outputs and constraints corresponded to those desired
for the plant. In actual fact, the programs necessary for
these calculations exceeded the memory capacity of the
computer so that the computation was divided into three
portions ~ part I computed TC and TD; part II evaluated the
integrals and part III computed the explicit control func-
tions, QC and QD. Cross plots of various outputs and
constraints were constructed so that the values of ll and lz
giving the desired performance were found by graphical
interpolation. The result of this method of computation was
superior to direct calculation of the final values since the
answer was found in terms of a family of solutions indicating

the effect that a variation in the parametric values would

have on the desired control.



APPENDIX C

DERIVATION OF THEORETICAL DYNAMIC MATHEMATICAL
MODEL OF EXPERIMENTAL SYSTEM

The theoretical mathematical model for the experi-
mental system described in Chapter VI was derived following

Haskins [H3] from energy balances on the oil, coolant and

wall:
de

(PVCp)f EE_ = (hAH)i(Tw - Tf) + (CPW)f(Tfin - Tf) - 4aq .
dTw

(PVCp)w T (hAH)i(Tf - ‘I‘w) - (hA)o('I‘w - ’I'cm) . (c-1)
chm

(pVCp)c dt = (hAH)o(Tw - Tcm) + (cpw)c(Tcin - Tco) !

where p = density,

Vv = volume,

C_ = specific heat,
= temperature,

= time,

= film heat transfer coefficient,
heat transfer area,

= heat losses

2o 5 o A
1l

= bulk flow rate,

and subscripts,
f = hot fluid or oil flow,
183
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= cool fluid or coolant mixture,
wall metal properties,

= inside wall,

0O W £ 0
i

= outside wall,
co = coolant effluent out of jacket,
cm = arithmetic mean coolant temperature, i.e.,
T + T
c, co
in

Tcm = 2 ° (c-2)

This describing equation contains product nonlinearities

since the o0il flow rate, Wf, multiplies oil temperature, Tf,

and coolant flow rate, WC, multiplies coolant temperature,

T The "non-linear perturbation model" which results from

co’
subtraction of the steady state from (C-1) may be converted
to the "linear perturbation model" by Taylor series expansion

eliminating the cross-product terms. Thus (C-1) becomes

ar
—£f _ _ -
(pcpv)f i = [(hzb.)i + (wsscp)f]'rf + (hA)iTw + [Cp(Tin Tss)waf.
dTw
(pcpv)w rraie (ha) T - [ (ha), + (hA)O]Tw+ (hl\)o'rcm , (c-3)
dr

cm
(pcpv)c 3¢ = (ha) T - [ (ha) + 2(wsscp)c]'rcm+ [cp (T, =TI W. o

where subscript ss refers to steady state values and all other
symbols are same as before except the various temperatures

which now refer to unsteady state perturbations. In order to
abbreviate some of the subsequent algebra, (C-3) is rewritten

with implicit definitions as follows
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de

Ce & —ffo + H,T + Awaf ;
dTw

Cy at -~ HiTg - (Hy + HOT + HT (c-4)
dT cm . -

c =HT -£T + AT W .

c dt ow c cm cc

The overall transfer function relating the output,
Tw' to the independent variables, Wc and Wf, is obtained by
Laplace transformation of (C-4) followed by substitution of

the first and third into the second giving

3
4{cwcfccs + [c ¢

2
ffc + cwccff + cfcc(Ho + Hi)]s +

2
.F -
+ [cwff_c + (cff + C f )(Ho + Hi) (ccHi

2
£ o + cfHo)]s +

0

+ [(Hi + Ho)fffC - (H

owNn

2
£+ Hifc)]]Tw =

HOATC(Cfs + ff)Wf + HiATf(Ccs + fc)Wé . (c-5)

Haskins evaluated these constants by steady state measurements
and his results were used to estimate siwilar values for the
altered reacter dimensions and different flow rates used in
this experiment. The vaiues, shown in Tabie C-1, when

substituted into {C-5) givsz

oo 224(1 + 0.328)D + .048 (1 + 0.38s)M (C-6)
= (@ + 1.03s) (1 + 0.42s) (1 + 0.22s) '

where C is Tw (°F),
D is Wc (l1bs/min), and

M is Wf (1bs/min).



TABLE C-1

LIST OF SYSTEM CONSTANTS: NOMENCLATURE, VALUES, UNITS, AND SOURCES

Symbol Nomenclature Value Units Source

cpc Coolant heat capacity 0.763 BTU/1b°F Handbook data

Cp, 0il heat capacity 0.538 BTU/1b*F Lab, measurement [H3]

pr Wall metal heat capacity 0.042 BTU/1b°F Handbook dat;

hi 0il side heat transfer coefficient 25 BTU/hr-ft2-°F Estimate from lab and handbook data
hy Coolant side heat transfer coefficient | 100 BTU/hr-ft2-°P Estimate from lab and handbook data
Ai Inside area 0.32 £t? Lab, measurement

A Outside area 0.44 ft2 Lab. measurement

Tci Coolant inlet temperature 21.5 °F steady-state data

Tin Reactor oil inlet temperature 165 °F Steady-state data

T"ss Steady-state wall temperature 73 °F Steady-state data

a Heat loss term 250 BTU/hr Steady-state data

v, Reactor coolant volume .0102 cu,ft Lab, measurement

Vf Reactor oil volume .0170 cu, ft Lab, measurement

v, Reactor wall volume .0162 cu,ft Lab, measurement

wfss Steady-state oil flow rate 140 1b/hr Steady-state data

Ve, Steady-state coolant flow rate 30 1b/hr Steady-state data

9c Coolant density 67.1 1b/cu, ft Handbook data

[ £ 0il density 52,3 1b/cu. £t Lab. measurement [H3]

P, wWall metal density 603 1b/cu. ft Handbook data

981



APPENDIX D

NOMENCLATURE

A,A(s) = Laplace transform of a(t) (3-42)*

AH = heat transfer area (3-1), (C-1)

A*,A* (s) = Laplace transform of a* (t)

a(t) = linear function of manipulative variable (3-42)

a; = constant (1-1), (4-4), (B-26)

a* (t) = continuous random time function (2-4)

B = general unknown transfer function (2-12)

B = non-minimum phase portion of disturbance transfer

D .

function (3-74)

BM = non-minimum phase portion of manipulative variable
transfer function (3-15)

Bl = arbitrary member of a class of general unknown
transfer functions (2-15)

BO = general control transfer function yielding optimal

control (2-15)
B*,B* (s) = Laplace transform of b(t) (2-4)

b* (t) = continuous random time function (2-4)

bj = constant in system describing equation (1-1), (4-4)
c,C(s) = Laplace transform of c(t) (1-2),(2-1)

c(t) = output or controlled variable (1-1)

Cp = gpecific heat (3-1), (C-1)

D,D(s) = Laplace transform of d(t) (1-2)

*The numbers in parentheses at the end of the defini-
tions refer to the equation number where the symbol was
defined or first appeared.
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minimum phase portion of spectral density of
random dizturbance (2-17)

disturbance or load variable (1-1)
dead time in plant transfer function (3-67)
dead time in disturbance transfer function (B-1)

dead time in manipulative variable transfer
function (B~2)

= constants defined by (B-7)

element of error covariance matrix (B-5)
coefficients in (B-31)

flow rate (3-1)

sum of integrals to be minimized (2-25)
constant in system describing equation (1-1)
coefficienﬁs of Tc (B-14)

roots defined by (B-21)

film heat transfer coefficient (C-1)
coefficients defined by (B-22)
coefficients of (B-23)

roots of denominator of (B-23)

maximum value of mean square output (3-78)
integral defined by (A-9)

imaginary number /-1 (2-1)

integral function of argument (2-12)

gain factor of general plant transfer function
(3-67)

gain factor for disturbance transfer function
(3-3),(3-4), (B-1)

gain factor for manipulative variable transfer
function (3-3), (3-4), (B-2)

transfer function defined by (B-40)

for « = ¢,D,M = linear operator in controller
equation (3-2)
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£
M,M(s)
m(t)
P

PA.PA(S)

P, (s)
P5
Py (s)
P

P, (s),
1
PZ(S)

Py
Q.Q(s)
QC(S)
QD(S)
Ql.Q2
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maximum allowable value of a general system state
variable (2-24)

maximum value of mean square control effort (3-77)
Laplace transform of m(t) (1-2)
manipulative or control wvariable (1-1)

general plant transfer function (3-65)

= linear operator on manipulative variable to deter-

mine constraining conditions (3-42)

transfer function of disturbance in system Laplace
domain equation (1-2)

minimum phase portion of disturbance transfer
function (3-7)

transfer function of manipulative variable in
system Laplace domain equation (1-2)

minimum phase portion of manipulative variable
transfer function (3-8) —

. general given or known transfer functions (2-12)

pole of plant transfer function (3-67)

general transfer function (2-13)

transfer function of feedback controller (1-3)
transfer function of feedforward controller (1-3)
general given or known transfer functions (2-24)
heat losses (C-1)

time constant of zero of disturbance transfer
function (B-1)

time constant of zero of manipulative variable
transfer function (B-2)

time constants of poles of plant transfer function
(B-1), (B-2)

Laplace transform variable (1-2)

upper limit on an interval for definition of time
functions (2-5)

temperature (C-1)

feedback control function (3-74)



T 'TD(S)

190
overall control function (3-12), (3-16)

coefficients in overall transfer function (3-38),
(3-55)

general coefficients in overall control function
(5-2)

a form of the overall control transfer function
control transfer functions (3-18), (3-19)
time (1-1)

transfer function with l.h.p. poles and zeros only
(3-99), (3-100), (B-28)

overall heat transfer coefficient (3-1)

roots of numerator of (B-28)

tank volume (3-1), (C-1)

transfer function defined by (3-99), (3-100), (B-30)
bulk flow rates (C-1)

constants in (B-27)

general transfer functions having poles in the
r.h.p. only (2-17)

time function (4-4)

a function that is equal to a given transfer func-
tion except that r.h.p. 2eros are replaced by l.h.p.
zeros of the same magnitude and exponential factors
are absent (2-18), (3-82), (B-11)

time function (4-5)

coefficients of YY (B-10)

coefficients of Y (B-11)

roots of Y (B-11)

transfer function defined by (3-96), (3-97), (B-12)

zero of plant transfer function (3-67)

Greek Letters

system natural frequency or pole of transfer
function (3-3), (3-4), (B-1)

factor defined in (3-53)
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AD
AE

AE
AE
AK

AK
¥y
Ap
AP
op

*
ATD
Az .
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coefficients in (B-8)
weighting factor (3-94)
coefficients in (B-8)
error in system natural frequency (B-3)

model error output or increment in output due to
parameter variation (3-58)

error in evaluation of disturbance (3-58)

error in exponential dead time of general plant
transfer function (3-67)

error in dead time of disturbance transfer function
(B-3)

error in dead time of manipulative variable trans-
fer function (B-4)

error in gain of general plant transfer function
(3-67)

error in gain of disturbance transfer function (B-3)

error in gain of manipulative variable transfer
function (B-4)

error in disturbance transfer function (3-58), (B-3)

error in manipulative variable transfer function
(B-4)

error in ith pPole of general plant transfer
function (3-67)

error in overall control transfer function (3-58)

error in ith Zzero of general plant transfer
function (3-67)

random noise in feedback circuit (3-84)
arbitrary real number (A-7)

Lagrange multiplier or weighting factors (2-25),
(3-79)

magnitude factor of disturbance (3-9)
magnitude factor in generated random noise (4-2)
vector of parameter errors (3-65), (3-67)

density (3-1), (C-1)
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mean frequency of disturbance (3-9)
mean frequency of generated random noise (4-2)
time difference (tl - tz) (2-6)
dead time in output circuit (1-1)
dead time in controller (1-1)

cross spectral density of random time functions,
a(t) and b(t) (2-5)

= correlation function of random functions a(t)

and b(t) (2-4)

mean value (2-4)



APPENDIX E
COMPUTER PROGRAM FOR CONTROLLER DESIGN EQUATIONS

In this appendix, the listing is presented of com-
puter programs which were used to compute optimal control
laws examined in this work. These programs result directly
from the equations developed in Appendix B and the general
nomenclature is similar in both developments.

The three principal programs are listed first: 1In
and T_, are

c D
computed. The output from program 201 is punched paper tape

program 201, the overall control functions, T

containing (in machine language) the initial data along with
various intermediate data including the control functions.
This tape is reintroduced to program 263 where various values
of mean square output are computed and printed. The same
intermediate tape is used again as data for program 265 where

values for the specific controller functions, Q_ and QD' are

computed. All of the control functions are faciored and
listed by this program to facilitate their use. The remainder
of the listed program are subroutines required by one or more
of these three principal programs.

Explanation of input variables and computational
procedures is given in comments throughout all of the
programs. A sample of input data for program 201 is given

at the end of the program listings.
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Program 201;
Comment This program calculates optimum feedback and
feedforward components of a controller for a
system descridbed by C-PDmPMM, where
C is output,
D is disturbance,
M is contreol,
P, 13 EKD*EXP(-EDS)( 1+RdS)/(1+R1S)(1+R2S)(S+ALP),
PM 1s EKM*EXP( -EMS)( 1+RmS)/( 1+R1S)( 1+R2S)(S+ALP),
and where these elements ars subject to
variations displayed in the E[5,5] covariance matrix:

(EEKD/EKD)2 - - - -
EALP*EEKD/EKD EALPZ - - -
EED*EEKD/EKD ERD*EALP EED? - -
EEKD*EEKM/EKD*EKM EALP*EEK/EKM EED*EEKM/EKM (EEXM/EKM)2 -
EEM*EEKD/EKD EEMPEALP EEM®EED EEMSEEKM/EKM  EEM2

and where the 1imit of measurement of CZis EPS.

The disturbance has the spectral density:

D(8)D(~8 )=EMUS/(S1G2-32),

Specific inputs are described at the READ atatement.

Output from this program is punched pare tape of HEXADS data to

be used in Program 263 for integratin of state variadles and in

in Program 265 for determination and listing of the control functions

Tp and T as wel) as the specific controller functions Qg and Qp.
PART I: PROCEDURES AND FORMATS;

Begin

Integer NT1,NT2,IN,NA,NB,I,J,JA,k,LL,LP,MM,K,
IM,K1,K2,K3,KH4,K5,K6, PR, PM, PT,PI;

Rzal ALP,EKM,EKD, EMUS,SIG,AMB1,AMB2, ECKM,ECKD, EPS,BET,EEO,EEK, YK,DY2,
DY1,Y11,Y12,EM,TCK,TCN, YY12,YY14,LIMIT, LAMBA 1, LAMBA2Z, WK, TCKS,
FACT1,FACT2, ED, HK, HKK, TOT, X, UK, EL, ALPS,BETS,

RM,RD,R1,R2,R1S,R2S,RDS,RMS,
AMB1S,AMB2S, EXKMS, EKDS,SIGS,FF, FS, FA,EF2,EF1,EFQ, TDK, TDS, PDS, IP,EI,
BAT,ens0,epst,eps2,eps3,U0S,dex,
CSQ,ASQ,SAZ0, SAZ1,SAZ22,DELCS, RSQ, ESQ, TDKS,ESS, ES, UK, GSQ;

Array E[1:5,1:5],W,81g[0:10],AZ,BZ[0:4];

Integer Array ex{0:8], nat[0:8];

McProcadure product(175,1,10);

McProcedupe Reduce(276,1,12);

McProgcadure Cancel(202,1,20);

McProcedurs Cancelp(206,1,3);

McProcedure Order(200,1,3);

MgProcedure ZoverY(271,1,26);

MgProcedure Factor(203,1,15);

McProcedure Poly(205,1,3);

MgProcedure balrste(207,1,12);

McProcedure Wovert(275,1,21);

Format T1(2(J1),89,'T0',S12,'T1',812,'T2',S12, 'T3',812,'T4*,512,'T5',512,'T6'),

01(J1,6(s2,R6}), 06(J1),
v3(2(71),6(s2,R6)), o7(J1,89,'HO',S12, 'H1',812, 'H2',S12, 'H3',512, 'H4'),
o4(J1,7(s2,R6)), o8(J4s), 09(J37),

os5(2(r1),510,5(82,14)),
P1(3(J1),512, 'XM?, 512, 'KD' , 8§12, ' ALP',512, 'RD',512,
'RM',J1,84,5(52,R6),J1,512, 'R1',S512, 'R2°,
s12,'EM’,S13, 'ED',S12, 'EPS',J1,5(S2,R6) ,2(J1),54,
*AZ:',3(S4,R6),31,S4,'W: ' ,5(S4,R6),J1,

S2, '"EEO=',R6,S2, 'EEKw' ,R6,J1),
P5(J1,510,'08="',R6,J1),
pP2(J1,52,'S10=',R6,54, 'MU=" ,R6,T1),

P3(3(J1),52, 'LAMBDA 1 =',RB,S4, ' LAMEDA 2=',R8,J1);

Comment 201, PART II: CALCULATION OF TC;

rep:

READPT(DECIMAL,E[1,1),...,E[5,5],
EKD,EKM,RD,RM,R1,R2,EM,ED,
ALP,S510,ECKM,ECKD, K2,EPS,
k,dex, RAT,eps0,eps 1,eps2,eps3,
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sigl1),...,s1g[4),PT,
LAMBA 1, LAMBA2,NT1,NT2, FACT1,FACT2}:

Comment E[1,1],...,E[5,5] are values of the covariunce matrix of errors and
EXD, EKM, RD,RM,R1,R2,ENM,ED,ALP are system parameters shown above,
Various values of the disturbance frequency may be tested so that SIG
is SIG,/ECKD,

ECKM is the amplitude of the disturbance, 1,e., EMUSw2*SIG*ECKM,
ECKD is the above stepping factor for SIG,

K2 13 the number of disturbance frequencies to be tested,

EPS 1s the noise level in the feed®ack,

k 18 the number of iterations in BAIRSTO 207,

dex 13 the smallest nonzero coefficient accerted in FACTOR 203,
eps's are convergence factors in BAIRSTO 207,

sig's 1 - 3 are convergence factors in CANCEL 202 and

sig(¥4) 1s convergence factor in ZoverY 271,

PT i3 an unused integer,

LAMBA's are starting values of lagrange multipliers,

NT's are number of increments of the Lagrange multipliers,
FACT's are the values for increments of Lagrange multipliers;
ALPS-ALP2;

EEK-E(3,3]-2.0°E(5,3)+E[5,5);
EEO-E[1,1]-2.0%E([4,1)+E[4,4];
AZ[O)~ALPS*E{4,4)-2.0%ALP*E(4,2)+E[2,2];
BZ(O )~ALPS*E[1,1]-2.0°ALP*E[1,2 +E(2,2);
AZ{1)~E[4,4)+2,0%E(5,2)-ALPS*E[5,5];
BZ[ 1)=~E[1, 1]+2.0%E(3,2)-ALPS*E(3,3];
Az[2]-E(5,5);
Bz{2]-E(3,3];
wl41-E(5,3]);
Wi3)-E{4,3)-E[5,1];
w[2]-!-:[4,1]+E[3,2]+E[5,2]-ALPS*E[5,3];
W[1])~-E{2,1)+E[4,2)+ALPS*(E([5, 1]-E[4,3] )}+ALP*(E(3,2])-E[5,2]);
W[0]=ALPS*E[{4,1]-ALP*(E([2,1]+E[4,2])+E[2,2];
PRINT(P1,EKM, EKD,ALP,RD,RM,R1,R2,EM, ED,
EPS,
Az(0],...,AZ[2], W[O],...,W[4], EEO,EEK);
RDS=RD?; RMS~RM2; R1S~R 12; R2S~R22;
For K1-1 Step 1 Until K2 Do Begin SIG-SIG®ECKD;
SI65~S1G2; EKDS~EKD?; EKMS~EKM2; EMUS-ECKMs2,0%S10;
PRINT(P2,SIG,EMUS); AMBI~LAMBA1;
For NA=1 Step 1 Until NT1 Do
Begin AMB1~FACT1*AMB1; AMB1S~AMB12;
AMB2—-LAMBAZ;
For NB-1 Step 1 Until NT2 Do
Begin Array H,G[1:2,0:10],U,UR,Y[0:12],DS[1:6,0:4]},
HR, UU, EE, YR, x, DTD,DI,CI,g, gr[0: 10]),TD,Q[ 1: 4,0: 12};
YR[10]=gr[4 J«RM;
AMB2-AMB2%FACT2; AMB2S-AME2Z;
If NB«PT*(NB$PT)+PT$PT Then PM-1 Else PM~O;
Comrent |DelPd/Pd-De)Pm/Pm|2=EEO-EEK*SS;
PRINT(P3,AMB1,AMB2};
ZoverY(s1g{4],AMB1S,AMB2S, ALP,S1G,RD,RM,EEO, EEK,
K3,DS,UR,
R1,R2,EMUS, EKD, EM,EPS,eps0,eps1,epa2,eps3, k,dex,RAT, Y, YR, g, &, J,EKM) ;
&f J=-4 Then Begin K~J; Go to PL End;

Comment 210, PART III: CALCULATION OF Td;
PRINT(P5,(81);

HK-g[0)/(EKD*g(8));
Reduce(K3,J,DS, gr, YR, H, EM, LIMIT, 81g, HK, HR) ;
»

if PM=1 Then Begin

PRINT(07); PRINT(03,H[1,0],...,H(1,4]);
PRINT(01,H(2,0],...,H[2,4]);

PRINT(01,HK,LIMIT,g(8]);

End:
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Comment 1-'rc/ru3(s“+n[1,3]s3+...+H[1.D])/(S"+H[2,3]53+---+H[2,0])x

For I=1,2 Do Begin

For J=0,1,2,3,4 Do DI[J1=(-1)I%H[I,J];

product(I,4,H,V,0,4,E,DI,1,G,U);

Eor J-0,1,2,3,4 Do G[I,J)~G[I,2%J);End;

Comment |1-Tc/Pa)2=(0[1,8])s8- 0[1,6)sb+...+0[1,0))/(0[2,8)sB-0[2,6)56+...40[2,0));

Comment |DelPm/Pm|2=( (AZ4)S4_(AZ2)52+A20)/( ALPHAR.S2);

gomment {(DelPm/Pm)(De1Pd/Pd)(WhsisW3s3s.,, . +WO)/(ALPHAR S2);

CI[O)=ALPS;CI{1]e=1;x(0)=1;x[1])=-RMS;

product(0,2,E,AZ,1,4,3,U,0,E,DTD);

product{0,1,E,CcI,2,4,0,U,0,E,DI);

UR[ 1)~-UR( 1]; UR[3)~UR([3];product(0,6,E,DID,0, 1,E,x,0,E,U});

product(9,5,E,DI,0, 3,E,UR,0,E,UU);

1L PM=1 Then PRINT(01,U[0],Uul0],UR(0},DrD[0]),DI[0],CI[0]),x(0]);

Eor 1-0,1,2,3,4,5,6,7 Ro VU[I]-U(1)+VU[I);

k-8; u[o]-uu(0];

Comment U®UBAR=(UU[12)S72-UU[10]5'0+...+00[0])/((S4+H[2,3353+...H[2,0)) (S+ALPHA)*
(same bar)). To find U, it 1s necessary to factor numerator into
(U[0))(UR[1)3S2-1)...(UR[6]252_1). The factored numerator of U is than
(u[0])1/2(UR{ 1)S-1)...(UR[6])5~1);

Factor(K,UU,eps0,epst,eps2,eps3, k,dex, RAT, UR, nat, ex,CI,DID,I);

If Ke-4 Thep Qo fo PL; :

For IM~t Step 1 Until I Do UR[IM]-~SQRT(UR[IM]);

For IM-IM+1 Step 1 Until) 8 Do UR[IM]-0;

4L PM=1 Thep Bemin For LP-1,2 Po

PRINT(01,G[LP,0],...,G[LP,4]));

Ends

YR[O~1; For K5-1 Step 1 Until K Do Begin

MM-( I+2%K5+1)$2;Q[K5,2])~1/SQRT(CI[MM]) ;

Q[X5, 1 1-SQRT(2*Q[K5,2)+DTD[MM]/CI{MM]);

QK5,0]«1;

ii PM=) Then Begin

PRINT(05,MM);

PRINT(03,Q[KS5,0],...,Q[K5,2)); End;

End;

If K=1 Then Begin

For K5-1,2 Do YRIK5]=Q[1,K5] End;

If 2¢K Then product(1,2,Q,DI,2,2,Q,CI,0,E,YR);

If K=3 Then preduct(3,2,Q,D0I,0,4,E,YR,0,E,YR);

YR( 10)«RM;

Eor 1-0,1,2,3,4 Do Begin DTD(I)-H([2,1); CI[I)~0[2,1]; DI[I}~G[1,I] Eng;

WoverU(W,DIT,DI,CI,UR, YR,K, HR, AMB1S,S10,ALF,RD,R1,R2, EXD, EM, ED,EE, x);

HK~~G[2,0]*ALP*SIG/UU(O];

For MM~0,1,2,3,4,5,6,7,8 Do TD{1,MM]-EE[MM]*HK;

PRINT(T1); PRINT(O4,TD[1,0],...,TD[1,8]);

UR[Q)-DI[1]-1/ALP; UR[10}-DI[2])«R1; UR([11)-DI[3]«R2;

UR[12}~1/SI0; Poly(DI,3,CI); Poly(UR,8,U);

For LP-2,3 Do Begin product(9,3,E,cI,9,8,TD,U,LP,TD,UR);

For K5~1 Step t Until K Do Begin

product(LP,9,TD,DI,KS,2,Q,DI,LP,TD,VU); End;

Ci{Cje=1; CI[1]=1/SIG+RM; CI(2]}~RH/SIG; CI{3]~0;

PRINT(O4, TD[LP,0], ..., TD[LP,11)); End;

For 1’112'3"‘:5,5:7:8.9:10111:'2 Do m[“pxl’m[Ilﬁ

PRIND(O4,TDI4, 1], ..., TD(4,12]);

Comment TD(1,6)S6+TD[1,5]55+...4TD[1,0]is numerator of Td and TdD/Pm
u(o) ALP(TD[2,7]ST+TD(2,6156+...+1) 1s the numerator of TD.
u(0) SIG EKM(TD[3,7]ST4TD(3,6])56+...+1) 1s the denominator of Tpn/PM.
END OF PART III;

Comment 210, PART IV: CALCULATION OF MEAN ERRORS;

PL: PUNCH( HEXADS ,, AMB) , AMB2, NA, NB, K) ;

If NA=1ANB=i Then PUNCH(HEXADS,ALP,ALPS,SI0,SIGS,R1,R2,RD,RN,
EKDS, EKD, EPS , EMUS, EKMS, NT 1, NT2,EM,ED, EEO,EEK,
w([0]),...,W[4],42[0),...,AZ[2),B2[0]),...,B2(2]);

if K=-4 Thep go to ML;

For I=-1,2 Dy PUNCH(HEXADS,H([I,0),...,H[I,4]);

PUNCH(HEXADS,TD(1,0), ...,TD[#4, 12],8(0),...,8(3),8(8),¥(0),...,¥[7]);

For I-1 Step 1 Until K Do PUNCH(HEXADS,Q[I,0]),...,Q[I,2]);

ML: PRINT(08);End End End; PRINT(09);@0 to rep;End;.0
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Program 263;
Comment Special purpose program. This program integrates expressions to find the
mean square values of output from systems with control laws from Program 201.
The input to this program 1s the punched HEXADS from 201 and are defined
there. The printed output 1s as followa:
ASQ=mean sguare control effort = RSQ+ESQ,
CSQ=mean sauare output = TDS+PDS+EI+IP,
DEICS=gstimate of mean sugare error output using TD -PD,
DEL=mean square error output.
Other intermediate data may be obtained by the use of sense lights 13,14, or 15;

¢
5

Rea) ALP,ALPS,SIG,R1,R2,RD,RM,EKDS,EKD, EPS, EM, ED, EKMS,EEO,

r1,r2,r3,r4,r5,r6,r7,r8,r9,s,
EEK,SIGS,TDS,PDS, IP,EI,CSQ,RSQ,ESQ,ASQ, DELCS , AMB1, AMB2, EMUS;
Array TD[1:4,0: 12),H[1:3,0: 4),a,b[1:2,0:2),Q,E[ 1: 3,0: 12],R,A,B,C,D,0,¥Y[0: 15];
Integer K,NA,NB,NT1,NT2,I,1,§,k,1;

MeProcedure Product(175,1,13);

McProcedure Poly(205,1,3);

Beal Mc Procedure Integl(204,1,3);

MeProgedure Order(200,1,3);

Switch L-L1,L2;

Format  01(J1,S12,'RSQ',S12, 'ESQ',S12, 'TDS',S12, 'PDS',S512,
‘IP',s812,'EI',J1,S3,6(S3,R6),2(J1),83,'ASQ=",
RB,S3, 'CSQ=',R8,S3, ' DELCS=' ,RB,53, 'DEL=',R8,4(J1)),

02(2(J1),S3, ' LAMBDA1=",R6,S53, ' LAMBDA2=",R6,S3, 'K=',I4),

06(4(J1),586,'ALP',S9, 'SIG',S9, 'R1',S10, 'R2',S10, 'RM',S10, 'RD",
J1,6(s2,R4),2(J1),S6, 'KD',S10, 'EPS',S9, 'MU',510, 'EEO',S10, 'EM',
S10,'ED',J1,6(S2,R4),2(J1)),

o4(2(71),810, 'TEST OUTPUT',3(5(S4,R6),71)),
05(J1,T(S2,R6))Y,

03(J7);
Beal Procedure Residue;
Begin
R[6])-0;
For 3-9,10,11,12 Do Begin
IL TD(4,51=0 Then R{J]~0 Elgse Begin
8=1/TD[4, J);R{7]1=0;R([8)=1;
Far 1-0,1,2,3,4,5,6,7,8,9,10,11,12 Do Begin
R(2)~R[B]*(1+TD[4,1]%s); End;
For 1-0,1,2,3,4,5,6,7,8 Do
R{7)-RIT}+TD{ 1,1)%s1; RIT)-R[7]*(1-RD*s);
For 1-9,10,11,12 Do Begin
I ~(1=3) Then R[8)-R[B]*(1-TD[4,1]}*s)
Else R[B)-R[B]*TD[4,1];End;

Fop k=1 S 1 Until K Do
REBJ-RIBIe L 14alic, 1198+Ql, 21%82);
R[3)=R[7)*EXP((ED-EM)*s)/R(8] End;
R{6}-R(6]+R{J] End:
Residue-R(6]; End;
Procedure Delta;
Begin
For 1~1,2 Do Begin b(1,0]-SQRT(a[1,0]); b(1,2]-SQRT(al1,2]);
b1, 1]-SQRT(2%b(1,0]*v[1,2])-a(4,1]); End 1;
If 1=0 Then Begin
Por 103,7,6,5,“,3,‘2,1,0 Do C[i]-’l’D[‘l,i] End 13
B(8)-0; Por 1-7,6,5,4,3,2,1,0 Do Begin
Bl1]=(C{1+1]-B{1+1))#ALP; C[1+1]-B[1+1); Eng; B[0)=C[O];.
If OCRM Then Begin A(15]=1/RM; B({10]~Q;
For 1~9,8,7,6,5,4,3,2,1,0 Do B{1)~(TD(3,1+1)-B[1+1))*A[15]); End
Else For 1~0,1,2,3,4,5,6,7,8 Do B(1]-TD(3,1); Product(0,7,E,B,2,4,1,B,0,R,D);
A[O}=1; A{1)=1/ALP+R1+R2; A[2]=(R1+R2)/ALP+R1*R2;
A[3)~R1*R2/i\LP; Preduct(0,11,E,D,0,3,E,A,0,E,D);
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Product(0,3,E,C,1,4,H,A,0,E,C); Product(0,7,E,C,1,2,b,A,0,E,C);
If ~({D{111=0) Then C{9)«0;
R{6]~EMUS*Integl(10,D,C)/(ALPS*S102);
A[1]=1.02%ALP; A[2]+0.98%ALP; A[3]=1/Ri; A[4)=1/R2; A[5]=S10; A[6)-1/H[2,1];
A[15]=1; For 1-3,4,6 Do If OCA{1) Then A[15])=A[15]%A[1]);
R[9]-R[10)=R[12])-0;
For 1-1,2,3,4,5,6 Do Begin IL OCA{1) Then Bagin -
For 3-1,2,3,4 Do R[§]+0; R[5]-1;
For 3-8,7,6,5,4,3,2,1,0 Do R(1)+TD(1,J)+A[1]*R[1};
For 3~11,10,9,8,7,6,5,4,3,2,1,0 Do R[2]+TD[2, J)+A[1])*R[2);
For 3-4,3,2,1,0 Do R[(3]-H[3,3]}-A[1)*R[3]);
R{4]=2%(1-RD*AL1])#(H([1,0]-H{1, 1 J*A[1 ] }SEXP(-A{1 J*EM)/( (ALP+A{1 1) #(SIC+A[1 )));
R{4]=R{4]*(H[1,01+H[1,1]*A(1))/(H[2,0)+H{2,1]*A(1]);

For 3~1 Step 1 Ungil 4-1 ,1+1 Step 1 Untd]l 6 Do IL OCA[J] Then RISI-R(5)*(AlJ]-Al1));

R[6+1]-EMUS*A[15]*R[1]*R(3]*R({4]/(R(2)*R(5)); End End 1;
A[0)*b(2,0]); A[1)~RD*b(2,0]4b{2,1); A[2])~RD*b([2,1)+b(2,2]; A[3]-RD*b(2,2];
Product(0,3,E,A,1,4,H,A,0,E,C); C(8]-0;
Al1)=A[2]=1/ALP; A[3)~R1; A[4)=R2; A[5)-1/51G;
Poly(A,5,A); Product(2,4,H,B,0,5,E,4A,0,E,D);
R[ 14]=EMUS* Intagl(9,D,C)/(ALPS*SIG)2;
R{13]«R[6)+R{7]+R[8}+R[{9}+R[10)+R[11}+R[ 12)+R[14];
Ir SLON(15) Then
PRINT(O5,R([6],...,R[14]);

End Delta;

rep: READPT( HEXADS , AMB1, AMB2,NA, NB,K) ;

If NA=1ANB=1 Then READPT(HEXADS,ALP,ALPS,5IG,SIGS,R1,R2,RD,RM,
EKDS, EKD, EPS, EMUS, EKMS , NT1, NT'2, EM, ED, EEO, EEX,
H[3:°]l--"H[3lulla[|n°]"--tataizl)i

If NB=1 Then PRINT(O6,ALP,SIG,R1,R2,RM,RD,EKD,EPS,EMUS,EE0,EM,ED);
PRINT(02, AMB1,AMB2,K) ;

If K=-4 Then Go teo PL;

READPT(HEXADS,H[1,0],...,H(2,4],TD(1,0],...,TD[4, 12},
a{ol,...,0{3),0(8),¥[0],...,¥[7));

For I-1 Step 1 Until K Do READPT(HEXADS,Q{I,0],...,Q[I,2]);

If SLON(14) Then PRINT(05,TD(1,0),...,TD(4,12]);

if o<TD(2,10] Then Begin
For 1-1,2,3,4,5,6,7,8 Do A[1)-TD{4,1];
Oorder(8,A,B);

3-8; 1~9; For 1-1-1 While B[1]=0 Do J~J-1;

For 1-1 Step 1 Until K Do

1f Q[1,2)<B{J)*B(J-1]} ¥ J<2 Then Begin

Eor k=1,2,3 Do Begin

For 1-0,1+1 While -~(TD[k,1+3]=0) Do Begin
TD (e, 1+1)+TD(k,1+1)-Q[1, 1]*TD{k,1]};
TD(k,1+2]~TD(k,1+2]-Q{1,2]*TD(k,1) End;

D[k, 1+2]~0;

TD(k,12+11=0 End; Q1,1)=Q[1,2])=0; J=3+1; G to L10 End;

L9: For k-1,2,3 Do

For i«1,1+1 While ~(TD{k,1+1]=0) Do
TD(k,1]~TD(k,1])-B[ $)*TD(k,1-1);

TD{k, 1]}=0;
For 1~1 Step 1 Until J-1 Do TD[4,1)=B(1);
For 1~J Step?! Until 8 Do TD[4,1]-0;

L10: If o<TD[2,10] 4 1<J Then Begin §=J-1; Go to L9 Eng;

End;

It SLON(13) Then PRINT(05,TD[1,0},...,TD(4,12));
¢(1]=1; c[0)=SIG; Product(0,1,E,C,2,11,TD,B,0,E,D);

For 1-0,1,2,3,4,5,6,7,8,9 Do c(I)erD(1,1};

TDS~EMUS*Integl (10,D,C);

Delta;

D[O]=ALP*SIG; D[ 1 }-ALP+SIOG;D{2]+1;

c[ol=1;c{1)=R1+R2; C(2)=R1*R2;

froduot(v,2,E,D,0,2,E,C,0,E,B);

c(0)=1; c[1])+RD; C[2}=C[3)~0;

PDS~EMUS*EKDS® Integl(4,B,C);

IP~-2%EMUS*Residue*EXD/( ALP*SIAS);

p{o)~1; D[1}=RM;

Product(0, 1,E,D,0, 3,E,0,0,E,C);¢[51-C[6]-0;




199

EI-EPS/(G(8]2#EKDS )*Integl(7,Y,C);
CSQ-TDS+PDS+IP+EI;

For 1+0,1,2,3,4,5,6,7,8,9,10 Do Begin
c(1]~rp(1,1); D(41-TD[3,1] Eng;
RSQ-EMUS*ALPS/( EKMS*SIGS)*Integl(10,D,C);
B[O]=ALP; B[ 1]=1+ALP*(R1+R2);
B[2)~ALP*R1*R2+R2+R1;B[3)«R1*R2;
Product(9,3,E,B,0, 3,E,0,0,8,C);

L1:L2: ESQ-EPS/(G[B)2%EKMS*EKDS)*Integl(7,Y,C);

ASQ-RSQ+ESQ;

E[(1,0]-SQRT(EEO); E[1,1]-SQRT(EEK);
E[1,2]-E[1,1]*RD; E[1,1)~E[1, 1]+E[1,0)*RD;
A[0)-SIG; A[1]-1; Product(0,1,E,A,0,3,E,B,2,E,C);
Product(1,2,E,D, 1,4,H,D,0,E,C);
Product(2,4,E,C,2,4,8,C,0,E,D);
DELCS~EKDS*EMUS*Integl(8,D,C);

PRINT(01,RSQ,ESQ, TDS, PDS, IP,EI,ASQ,CSQ,DELCS,R[13]);
PL: L NA=NT1ANP=NT2 Then PRINT(03);
8o to rep; Engd;0000

Program 265;

Comment This program computes and factors TD' 'I'c, Qp, and Q¢ from input of
punched HEXADS from 201.
If SLON( 10) Then procedure will attempt to factor tranafer functions
until convergence criteria in BAIRSTO 207 is 0.001,
If SLON(8) Then procedure will divide root at ALP out frowm all TDi,
I SLON(9) Then procedure will divide root at 1/RM out from all TD1,
If SLON(12) Then procedure will pot factor tD and TC,
If SLON( 14) Then procedure will pot find or factor QD,QC and LC;

d
5

Baal ALP,ALPS,SIG,SIaGS,R1,R2,RD,RM,KDS,KD,EPS,EMUS,F,
KMS, EM, ED, EEO, EEK, AMB1,AMB2, KDG8, KMG8, KMA,
KM,eps,ee0,em,ed,ambi,amb2;

Integer NA,NB,K,NT1,NT2,total,1,3,k;

Appay W,AZ,B2[0:4),a(1:2,0:2),5{0:8); Integer I;

Array TD[1:4,0:12),H(1:3,0:4],Q,E[1:3,0: 12],¥,G,A,B,LCN,
QDD1,QDN2,QDN1,QCN,QDD,QDN,QCD([0: 20},
aeps,aeel,anm,aed,aambl,aamb2[0: 30);

McProcedure Bairato(207,1,12);

Pormat  00(J1,S9,'EPS',S15, 'ERO',S15, 'EM',S15,
'ED',S14,'LAMBDA 1', S10, 'LAMBDA 2',J1,6(S3,R8),J1),
°1(J7)1

F1(2(J1),' TD',I1,31,7(S2,R7),71,815,6(82,RT7)),
F2(2(J1),' @',31,510,4(S2,R7)),
r3(2(J1),' Y',J1,8(S1,R6));

McProcedure Product(175,1,1);

McProcedure Poly(205,1,3);

Pormat  001(Y1,820,'0',314,'1',514,'2,814, 137,514, 41,514,151,
2(J1),S4,'QDN1',S4,6(S2,RT7),J1,527,3(52,RT),
2(J1),s4, 'QDD1*,54,6(S2,RT),J1,527,4(S2,R7),
2(J1),84, 'QDN21 ,S4,5(S2,R7),
2(J1),s4, 'Qpp2’,S4,6(S2,R7),J1,527,2(S2,R7),
2(J1),84, 'QCN',85,6(S2,R7),J1,527,R7,
2(J1),s4,'qcp’,85,6(52,R7),J1,527,2(S2,RT),
2(J1),s4, 'LoN*, 85,5(S2,RT),J7),

002(JT1,520,10',S14,'1',514,'2',S14,13°,514,'41 ,514, 'S,
2(I1),84, 'QDN',S5,6(S2,R7),71,2(S27,5(52,R7),J1),
J1,84,'QDD',S85,6(S2,RT),J1,2(827,5(82,R7),J1),827,52,R7,
2(J1),84, 'QCN',85,6(S2,R7),J1,529,R7,
2(J‘l),s“.'QCD'.35.5(52.37)u31.327;2(32nﬂ7),
2(\7‘).3“,'WN',SS,S(SZ,B‘”,W))
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Procedure Root(A,L);
Array A; IntegerL;
Begin Beal eps,q; Integer 1,J,I,n,m,K; Arpay e,f[0:10];
Integer Array g,h[0:10];
Format P1(2(J1),' EXIT:',S9,5(I1,518)),
P2(J1,' NATURE:',S9,5(I1,518)),
P3(J1,' ROOTS:',5(52,R10)),
Pu(2(31));
k=L; For q-{Alk}| While q<1D-30 Do k=k-1;
eps«~1D-10; K«50;
k= If 1<k Then k Elge 1;
AGAIN: Bairsto(k,A,eps,eps,eps,eps,K,n,e,f;h,g);
PRINT(P1,8{1),...,8[n));
PRINT(P2,h{1],...,h(n]);
PRINT(P3,ef1],...,e[n]);
PRINT(P3,r[1),...,£[n}); PRINT(P4);
If glnl=l A eps<0.001 & ~( SLON(10)) Then Begin eps-100%eps;
For i-1 Step 1 Until n-1i Do Begin

k-2%( (kct1)$2)-2;

If gl1)=—1 Then Begin B[1]~2%([1]; B[2]l~e[1]24+¢[1]2 Engd
Else Begin B(1]=—e[1]-r{1); B[2]~e[1]*r[1] Eng;

For J-0 Step 1 Until k Do Bexin
AL3+1)=Al3+1)-Bl1]*A(3]); A[3+2)~A[3+2])-BI2]*A[J) End Ema I;

Qo %9 AGAIN End ex;

End of Root;

rep: READPT( HEXADS , AMB 1,AMB2, NA,NB,K) ;

1L NA=1 A NB=1 Thaen READPT(HEXADS,ALP,ALPS,S16G,SIGS,R1,R2,RD,RN,
KDS, KD, EPS, EFUS, KMS, NT 1, NT2, EM, ED, ERO, EEK,

H[S.OL---.H[3.‘01.AI1,01.---.45[2.2]):

If K=-4 Then Go o rep; READPT(HEXADS,
H[1,0},...,K[2,4],TD[1,0),...,TD(#4, 12],
a[0],...,0[3]),0(8],¥(0),...,¥{7]);

Per I-1 Step 1 Until X Do READPT(HEXADS,Q[I,0],...,Q(I,2]);

IL SLON(15) Then Begin

READPT(HEXADS,A(1],...,A[4],K,E[1,0],...,E([3,12],
E[1,0),...,E[3,12],E(1,0],...,E{3,0]);

For I-1 Step 1 Until K Do READPT(HEXADS,E{I,0],...,E[I,2]);

End;

FRINT{0C, EPS, EEO, EM, ED, AMB1, AMBE2) ;

If SLON(9) v SLON(8) Than Begin
P-If SLON(8) Then ALP Else 1/RM;
NOW: For k=1,2,3 Do Begin

For 1~11,1-1 While 1<1 Do Besin

Al1-1)=(TD{x,1)-A[1))*F;

TD(k,1)~A{1) End; TD{k,0]1-A[O] Engd;

If SLON(9) a F=ALP Then Bsgin F-1/RM; gJo to NOW End End;

If SLON(12) Then Begin If SLON(13) Thap EXHLT(T77); go ko REPEAT End;

Por 1~1,2 Do Bogin k=-1;-

For J+0,3+1 While -{TD[1,J)=Q) Do
Begin A[J]~TD[41,4); k=ic+1 End;

PRINT(F1,1,TD[1,0]),...,TD{1,k]);

Root(A,k) End 1;

For 1+0,1,2,3 Do Begin A(t]-G(1);

Al1)=A[1]/0(8) Eng 1;

PRINT(F2,A[0],...,A[3]);

k=If G(3]<1D-30 Then 2 Elas 3;

Root (A,k);

For 1-7,i-1 While Y(1])<1D-30 Da k-1-1;

For i~k Step -t Untdd O Do Al1)=¥[1];

PRINT(F3,Y[0),...,¥[k+11);

Root(A,k);

REPEAT: I SLON(14) Then Begin PRINT(O1); O9 %o rep End;
PRINT( 00, EPS,EEO,EM, ED, AMB1 ,AMB2) ;
KM~-SQRT(KMS) ; KD0S-KD*G(8); KMG8~KNvG[8); KMA-ALP/KM;
A[0)~1/xDa8; A(1])~A{O]*RM; Product(0,1,E,A,0,3,E,0,0,E,LCN); Comment Bq.16-42;
A[0)-1/XMG8; A[1]=A[0]*RD; Product(0,1,E,A,0,3,E,q,0,E,QDN2); Comment Ea.16-44;
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QDD1{9]+0; For 1'8a7a605’l‘o302a1a° Do Baegip L3:
QDD1{1)~(TD[3,1+1)-QDD1[1+1])*SIq;
QUN1([1]-TD{1,1]*KMA; EndL3; Comment Eq.16-44;
A(1]=1/ALP; A[2)=R1; A[3]=R2; Poly(A,3,B);
Product(0,3,E,B,0,3,E,3,0,E,QCN); P~KMA/KDGS;
Fop 1~0,1,2,3,4,5,6 Do QCN[1]~P*QCN[1]; Comment Eq.16-4l;
If 1D-3<ED Then Begin Lh:
Root(QDN1,9); Root(QOD1,9);
Root(QDN2,7); Root(Y,7);
Root(QCN,7); Root(LCN,7);

PRINT(001,QDN1[0],...,QDN1[8],QDD1{0],...,QDD1(9],
QDN2[0],...,QDN2[4],Y[0],...,¥[T],
QeN[0],...,QCN(6]1,¥{0],...,¥(7],
LCN{0]),...,LCN[4]);

go &9 vep End 14;

P!'Od\l(:t(o,9,3,@D1,°,“,E;QDN2;O.E,A); A[iu]‘“[‘S]‘O;

Product (0, 8,F,QDN1,0,7,E,Y,0,E,B);

For 1-0,1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15 Do QDN[1]1-A[1]+B[1]); Cogment Eq.17-16 and 18;
I 1D-3<EM Then Begin L5:

Product(0,9,E,QDD1,0,7,E,Y,0,E,QDD);

Root{QDN, 16); Root(QDD,16);

Root(QCN,7); Root(Y,7);

Root{LCN,7);

PRINT(002,QDN([0],...,QDN[15],QDD[0],...,QDD[16],
QeN{0],...,QCN{6],Y[0),...,¥(7]),1CN[0]),...,LCN[4]);

End L5 Else Begin 16:

For 1-0,1,2,3,4,5,6,7 Do QCD{1]}=¥[(1]-LCN[1];

Product (0,7, E,QCD,0,9,E,QDD1,0,E,QDD);

Root(QDN, 16); FRoot(QDD,16);

Root{QCN,T); Root(QCD,T7);

PRINT(002,QDN[0],...,QDN[15],QDD[0],...,QDD[16],
QeN[0],...,QCN[6]),QCD[0]),...,QCD(7]);

End L6; Go to rep End of 265;

Program 175;

Procedure product(p,n,U,X,q,m,V,Y,r,W,2);

Corment This procedurs multilpies polynomial If p=0 Then X[1] Else U(p,1]
with polynomial If q=O Then Y[1] Else V([q,1] to give the
polynomial. If r=0 Then 2(1] Else Wir,i]+ In all cases, the
loweat index coefficlent represents tha constant term;

Yalue p,n,qsmr,X,Y;

Arpay U,V,W,X,Y,Z;

Integer n,m,p,q,r;

Begin
Beal Array x[0:15],y(0:15),2(0:15];
Integer 1,J,k,a,b,c;

a=p; b=q; c=r;

If OCa Then Begin For 10 Step 1 Unti] n Do x{1]«Ula,1] End
Else For 1-0 Step 1 Until n Do x[1])ex[1];

If O<d Then Begin For 1-0 Step 1 Until m Do y(1l+V([b,1] Bnd
Else FPor 1~0 Step 1 Until m Do y[1]-¥{1l;

For k-0 Step 1 Until n+m Do z[k]~0;

For 1+0 Stop 1 Until n Do Bexin

For J-0 gtep 1t Until m Do Bexin

k-1+3; z(klex{1]*y(J]+z{x];End End;

If O<c Then Begin For 10 Step ! Untid n+m Do Wlc,1]-z[1];End
Else Por 1~0 _Step ' Untdl mm Do 2(1]-z(1]; Ends
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BEogram 200;

Brocedure Order(p,x,y);

Comment This program orders p objects- x[1:p] to y{1:p]
where y[1] 1s the largest;

Value p,x;Real Array y,x; Integer p;

Begin Integer l,n;
Fopr n~p Step -1 Until 1 Do

For k=1 Step 1 Until n m
I x[kl<x[n] Then Begin y(kl=x(kl;x(k)ex(n];x[n)=y[k] End:
For n-1 Step 1 Until p Do y[nl=x[n);

End;

Program 204;
Real Procedure Integl(k,D,C);

Comment Inputs: k - order of denominator,
D - coefficients of denominator,
C -~ coefficients of numerator,
Output: Valus of the contour integral of the rational function

c(s)*c(-5)/(D(s)*D(~s)) around 1l.h.p.

A check 1s made first so that the
coefficient of the highest power of D 1s not less than ﬁo.._m.
Equations from Newton, Gould,and Kaiser.;

Value k,D,C;

RBeal E D,C;

inkeger k;

Begin Real DELS,DEL6,DEL7,DELS, DEL9,DEL10,

DO, D1,D2,D3,D4,D5,06,D7,08,D9,D10,

co,c1,c¢2,c3,04,C5,C6,C7,C8,C9,

gbzahﬁiahgtahgbshahsh

A1,A2,A3,Al,A5,A6,A7,A8,A9,A10,

B1,B2,B3,B4,B5,19,I10;

Integer J,m;

Format ok(J1,S2, ' INTERMEDIATE OUTPUT',J1,3(6(S2,R6),71));

Real Array M[0:8];

Switeh 1~L1,1L2,13,14,15,L6,L7,L8,19,L10;

mek;

Fox J-m While [D(J§1|<1D-18 Do mem-1; Go tgo L{J);

L9: L10: DO~D[0]; D1=D[ 1]; D2~D[2]); D3~D{3); D4=D[4];

D5~D[5]);D6~D[6];07~D{7); D8~D[8]; D9~D([9];D10~D[10];

co~c[o]);Ct=cl1);Cc2-C[2);C3~C[3); Cl4=C[4];C5~C[5);

c6~C(61;C7=C[7];C8~C(8);C9~CI9];

if m=9 Than 8o to LL9; Go to LL10O;

Li:Integl~0;09 to L11;
r2: Integl~(C[1]12#D{0)+c[0]2*D[2])/(2.0*D[0])*D[1]#D[2]) ;G toL1t;

13: Integl =(C[2)2*D[0}*D(1}+(C[1]2-2.0%c[0]*C[2])*D[0]*D(3)+ C[0])2#D[2]
*D[3])/(2.0*D[0)*D[3]*(-D[0}*D[3}+D{1)*D[2]));

8o o T1;

Li: Integl—(C[3]2»(-D[0)2*D{3}+D[0]*D[11*D[2])+(C[2]2-2.0%C[1]*C[3])*
plo)*p[ 1)*D[4)+(C[1]2-2.0%c[0])*C{2]))*D[0]*D[3]*D[4]+C[0)2%(-D[1]
*D{4]2D[2]*D{3])*D[4]) )/(2.0%D(O)*D[4]*

(-p[0}*D[3]2-D[1]2»0[4]+ D[1]*D[2]*D(3])); Gote Li1t;

L5:M[1]~-D[0])*D{3]+D[i]*D[2); M[2]~D[0)*D[5)+D[1]*D[4];

M[3]=(D[2])*M({2]-D[4]*M[1])/D[0]; M[4]~(D(2])*M[3]-D{k]*M{2})/D(0];
M[0]~(D{3]*M[1]-D{1]*M[2])/D(5]; DELS~(D[1)*M[4]-D{3])*M(3)+D[5}*M[2])*D[0];
Integl-(C[4]2eM[0]+(C[3)2.2.0%C[2])*C[4])*M[ 1 }+(C[2])2-2.0*C[1)*C[3])+2.0%C[O])*C[4])*
u[2]+(cl1)2-2.0%c{o1*c[2])*M[3)+C[O}2eM[4]) /(2.0°DRBL5) 580 Lo L11;

L6:M[ 1)=D[0]*D[1]*D{51+D[0)*D(3}2D(1)2*D[4)-D[1]*D{2]*D[3};
u{2)-D(0)*D{3]*D[51+D[ 1)2#p[6]-D[1)*D[2)*D[5]; M[3]1-D[0)*D[5]2
+D(1]*D(3])*D(6)-D[11*D[4])*D[5); M[41=(D[2]*M[3)-D(4]*M[2]+D[6]*M[1])/D(0O];
M[5]=(D[2]*M[4]-D[4]*M[3]+D[6]*M[2])/D[0]; M[0)=(D[4]}*MI1]-L[2])*M[2]+
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D[0]*M[31)/D[6]; DEL6~(D[1]*M[5])-D[3]*M[4}+D[5]*M[3])*D[0];
Integl=(C{5]2sM[01+(C(4]2-2.0%C[3)*C[5])*M[ 1]+(C[3]13-2.00C[2)*C 4]+
2.o-c[1]'0[5])ﬂM[2]+(c[2]2-2.o~c[1]Oc[3]+2.o'c[o]-c[u])m[3]+
(cl112-2%c{o)*c[2])*M[4J+C[0]2*M[5]) /(2*DEL6); Qo ko L14;
L7: M[1)}=(D[1}#*D[4)-D[0}*D[5]))2+(D[0]1*D[3)-D[1]1*D(2])*(D[0])*D[7]-D[1]*D(6)
+D{2]*D[5]-D[3]*D[4]);
M[2)-(D[0)*D[7)-D[1}#D[6])*(-D[0}*D{5)+D[ 1]*D[4])+(D[0])*
D{3]-D[1]*D[2))*(D[2]*D[T]-D[3]*D[6]));
M[3)=(D[0]*D{7]-D{11*D[6])2+(D[0])*D{3])-D[1])*D(2))*(D(4])*D[7]-D[5)*D[6]);
M(0]=(D[5]1#M[ 1]-D[3]*M(2)+D[1]*M[3]))/D(7];
M(4]=(D[2]*M[3)-D[4 J*M[2]+D(6]*M[ 1)) /D[0];
M[5)=(D[2]*M[4]-D{4 ]*M[3]+D[6 ]*M[2))/D(0];
M[61--(D[2]*M[5]-D{4)*M[4 ]+D[6]*M[3])/D[0];
DEL7=-D[0]*(D[ 1]#M{6]-D{3)*M[5+D[S]*M[4]-D[7)*M[3]);
Integl-(C[6)2eM[0]+(C[5]2-2,0*C[4)*C[6])*M[1]+(C[4]2-2.0%C[3)*C[5]+2.0%
c(z]~c[6])vn[z]+(c[3]2-z.o-c[2]~c[l4]+z.o~c[1]-c(51-z.o~c[ojo c{6])*
M[3)+(C[2)2-2 vec[1]%C[3]+2.0%C[O)}*C[4])*M[4)+(C[1)2-2.00C[O]*
c[2])*M[5)+C[012*M[6]1)/(2.0%DELT); Goto L11;
L8:M[1]~(D[0]1*D{7 J+D[2]*D[5]))*(-D[0)*D(1]*D(7])+D[0]}*D[3]*D[5)+2.0*
DL1]2#D[6])+(D[31*D[7]-D[5]12)*(D[0]2*D[5])+D( 1]*D[2])2)+D( 1]*D(3]1*D(B)*(D[O]*
D[31-Dl1)*D[2))-D[ 1]2#D[B]*(D[©]*D[5)~D[ 1 }*D[4])+(-D[2)*D[T)+D[3)*D[6 ]~
D{41*D(5])*(D[0)*D[3]2+D(1]2#D[4])-D[1)*D[6]*(D({1]2*D[6])+3.0*D(0]*
D[3)*D(5))-D[ 1]1*D[2]*D[3]1#(D[3)*D[6)-D[4]*D[5])+2.0*D[0])*D[ 1]*D(4]*D[5]?;

M[2)~(p[0]*D[3]-D[1)*D[2))*(D[0)*D({712-D[ 1)*D(5]*D[8]-D[1]*D[6]1*D{7]+
D[2)*D[51#D[7))+(D{3]*D[8]-D[4)*D[7))*(~-D{0]*D[ 1]}*D[5]+D[0])*D(3]2
-p[1]#*D[2}*D[3)+D[1]2#D[41)-D[01*D[5)*D[7)*(D[0)*D([5]-

D[1)#D[4])+D{ 112#D[81#(D[0]*D[7)-D[1]*D{61);

M[3]=D[ 1)%(D[ 11%D[8)-D[2]#D[7112+(-D[5]*D[8)+D[6)*D{7])*
(plo]*D[1]+D[5]-D[0]*D[3]2+D[ 1)*D{2]*D[31-D[1]2¥D[4] )+
D(0]*D[71%#(-D[0]*D[5)+D[ 1]*0{4}+D[2]*D[3))~2.0*D{0)*
D[1}*D{3)*D[7]*D[8];

M{4)~(-D[5)*D[81+D[6)*D[7])*(2.0*D[0]*D{1]*D[7)-D[0)*D[3]*D(5]
+D[1]*D[2]*D[5]-D[1]2#D{6]}+(-D[3}*D[81+D[4 }#D[7])*(D[0)*D(3)
*p(71-D[1]*D(2]*D[71+D[1)2#D(8})-D[0]2*D[7]3;

M[0)~(D[6)#M[1])-D[4]*M[2]+D{2]*M[3]-D[0]*M[4])/D[8];

M[5)=(D{2)*M[4]-D[4]#M[3]+D[6]*M[2]-D[8]*M[1]))/DIO];
M[6)=(D[2])*M[5]-D[4]*M[4]+D[6]*M[3]-D[8]*M[2])/D[0];
M[7]-(D[2]#M[6]-D[4)*M[5)+D[6]*M[4]-D[8]*M[3])/D[0];
DELB~-D[0}*(D[ 1]}*M[7]-D[3)*M(6]+D[5}*M[5]-D[7]*M[4]);
Integl-(C[7)2#M[0)+(c[6]2-2.0°C[5]*C[7])*M[1]+(C[5]2-2.0%C[4)*
cl6)+2.0%c[3]*C[7])*M[{2]+(C[4)2-2,0%C[3]*C[5]+2.0*C[2)*C[6]-
2.0%C(1]*C(7]1*M[3]+(C[3]12-2.0%C[2]*C[4]+2.0%C[ 1 ]*C[5]-2.0
wclo]*C[6])*M4]+(C[2)2-2.0%CE 1]#C[3)+2.0°C[0)*C 4] ) *M[S)+
(c[1]2-2.0%c[0)*C[2]))*M[6]1+C[0)2*M[7])/(2.0%DELB);
Goto L11;
LL9: A1=D1%D2-DO*D3;
A2-D1*D4-DG*DS;
A3-D3*D4-D2%D5;
Al=-D1*D6-DO*DT;
AS5-D3*D6-D2%DT;
A6-DS*D6-DU*DT;
AT~D1*D8-DO*D93
AB-D3*D8-D2°D9;
A9=-D5*D8-D4*D9;
A1.=D7*D8-D6*D9;
M1=A1%( A1 A10-A2*AQ+A3PAG+AIPABL2, SAUFAG-ASSAS-ASHAT-AT*AT) +A2% ( ~A2#AG-AIPAT+AUCASH2SALRAT ) - AUS A OAY;
M2-A1%( A3*A+HAURAG-AS*AB+AG*AT-AT#AB)+A2* ( ~A2*AG+AUSABHAT®AT ) -AURALOAT;
M3=A1%(A3PA10-AURA {O+AT*AG-ABRAB) +A2% (~A2*A 10+AT*AB) - AU AT*AT;
MieA 19 ( AS#A 10+2. #AT#A10-~AB#AQ ) +A2% ( AT*AG-AUPA10) ~AT*AT#AT;
MS~( D2%ML4- D4* M3+ DE*M2-D8*M1 ) /DO;
M6=( D2#*M5-D4* M4+ D6*M3-DE*M2) /DC;
M7+( D2*M6-D4* M5+ D6*M4—-DE*M3 ) /DO;
MBe( D2#MT-DU#ME+ DE*M5-D8* M4 } /DO;
DEL9«(D1#M8-D3 ?M7+D5*M6-DT*M5+DI* M4 ) #DO;
MO=( D7*M1-D5*K2+D3*M3=-D1*M4) /D9;
I9~( (CB#CBWMOH(CT#CT-2,2CE¥CB)#M1+(CE#CE-2, #CSHCT+2, #CU#CE ) #MR4H( C5#C5-2, $CURCE+2, #C3IHCT-2. 9C24C8 ) *13
+(CU*CH-2,#CINCS5+2, #C2#C6-2, #C1#CT+2, *CONCE ) #Mi+(C3*C3-2, *C2*CH4+2, *C19C5-2, #CO*CE ) *N5
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+(C2%C2~2. #C1#C3+2. #CO*CH ) #M6+(C 1#C 1-2,#CO*C2) *MT+CO*CO*MB) ) /(2. *DEL9) ;
Integl-I9; Goto L11;
LL10: A1=D1%D2-DO*D3;
A2-D1*D4-DO*DS5;
A3-D3*D4-D2¢D5;
Al~D1+D6-DO*DT;
A5~D3*D6-D2*DT7;
A6+-D5*D6-D4*DT;
AT7-D1*D8-DO*D9;
AB-D3*D8-D2*D9;
A9~D5*D8-D4*D9;
A10=D7*D8~D6#D9:
B1=D14D10;
B2~-D3*D10;
B3-D5*D10;
BY-DT7*D10;
B5-D9*D10;
M1=-A1#( (D1%(~A2*BS+AU#BU-AS*A10-AG*B2-2, *AT*A 10+AB*AG+AG*B1)
+D3%(A1#B5+A3*A10+AURA10-AUSB3+AS*B2+AT®A9-AB*AB-AB*B1-B1B1)
+D5% (-A19BlU+AZYB3-A3*AG-A3B2-AL*AG+AS* AB-AGPAT+AT*AB+AT*B1)
+DT*{ A1*A10-A2AG+A3*AG+ASPABHAZ*B 142, *AUSAGHAUYB1-AS*AS-AS#AT-AT*AT) ) )
+A2% ( (D1*( AU*A10+AG*B1-AT*AO+B14B1)+D3% (-A2*A10-A5%B 1+AT*AB+AT*B1)
+D5% (A2*AG+A3*B1-AU*AB_AUB1.AT#AT )+D7*( ~-A2*AG-A2*B1-A3*AT+AUYAS+2, *AL®AT)))
+AL¥( (A7*(-D3*AT+DS*A4-2,#D1%B1)+A4*(D3*B1-D7*A4) ) )4+ D19AT®AT*AT;
M2~-A 1#( ( D1%( - AS¥BU-AT#B4+AB*B3-A10*B1+B1¥B3)+D3* (A3#B4+A4*B4- AG*B2+A9*B1-B 1 #B2)
+D5*( ~A3*B3-AU*B3+A5*B2-AG*B1+AT*E2)
+D9* (A 1%A 10~A2*AO+AI*AG+AZ*ABH+A3®E 142, *AU*AGHAU®*B 1-AS* AS-A5*AT-AT*AT) ) )
+A2% (( D1%(AU*BU-AT*B3)+ D3 (-A2*B4+AT*B2+B1%B1 )+D5% (A2*B3-A4#B2-AT2 5
+D9* (- AZ*AG-A2*B1-A3*AT+ALPASH2, *AL®AT) ))
+AU#( (B1#( ~D3*AT+DS*A4-D1%B1)-DI%AL®AL) 4D 1*AT*AT#*B1;
M3=A1#( (D1#(-AS*B5-AT*B5-B1#B4+B2%B3)4+D3% (A3*B5+AU*B5+B1*B3-B2+E2)
+D7%(-A3*B3-AU%B3+A5*B2-A6*B1+ AT*B2)
+D9*( A 1*BU-A2*B3+A3Z*B2+A3PAG+AL*AQ-ASPAB+AG*AT-AT#AB-ATB1) } )
+A2#( (D1#( A4*B5-B1%B3)+D3%( ~A2*BS+B1%B2)+D7*( A2¥B3-A4*B2-AT*B1)
+DO*( -A2*AG-A3*BI+AU*ABLAUNBI+AT®AT) ) )+Al* ( (Ali*(D7#B1-DG*AT)-B1*B14D3) )+AT*BI*B1%D1;
MieA1#( (D1%( -AB*B5-2, *B 1#B5+B2*B4 ) +D5*( A3*ES5+AU#BS5+B 1#B3-B24B2)
+D7*(=A3*B4-AUSBU+AB®B2.-AG*B14314B2)
+D9%* ( A 1%B5+A3%A10+AL%A 10-AU*B3+-AS*B2+ATHAG-AB*AB.AB*B1-B1*E1)))
+A2#((D1%(AT*B5-B1%B4)+D5% (B1#B2-A2#B5)+D7%(A2%B4-AT#*B2-B1%B1)
+DO% (- A2%A10-A5*B1+AT*AB+AT*B1) ) )+AU( (DO*( ~AT*AT+AU*B1)+B1#(DT*A7-D5%E1) ) )+D1*B1*B1%B1;
M5=A1%( (D3%(-AB%B5-2, *B1%B5+B2%Bl ) +D5% ( AS*B5+AT*B5+B 1#B4-B2#B3)
+D7%( ~A5*BU=AT*B4-+AB*B3-A10%B1+B1*B3)
+D9%( A2¥B5~AUSBU+AS#A 10+ AGYB2+2. *AT*A10-AB*AG-A9*B1) ))
+A2#( (D3%( AT*B5-B1%B4)+D5%( B14B3~A4%BS5 )+D7* ( A4*BY-AT*B3)
+DO*{ ~AU®A10~AG*B1+AT#A9-B1%B1) ) }+AT*( (DI*( 2. #AU*B1-AT*AT)+B1#(DT#AT-D5B1) ) }
+B1#B1%#(D3%B1-D7*A4);
M6+ ( D2%M5-DU* MUY+ DE#M3-DE8*M2+D10*M1 ) /DO;
M7~( D2*MG6-D4 *M5+DE#MU-DB*M3+D10*M2) /DO;
MB~( D2*MT-D4#M6+DE*M5-DE¥MU-+D10%M3 ) /DO;
Mo=( D2#MB-DY *M7+DE*ME6-DB*MS+-D10*MY ) /DO;
DEL 10=-DO*({ D1#Mg-D3* M8+ DS*M7-D7*ME6+DI*M5) 5
MO=-( DB*M 1~DG*M2+ DI *M3-D2%M4+DO®M5) /D 10;
I10=( (CONCI*MO+(CBRCB-2,*CT*CY)#M1+(CT#CT~2, 9CE#CB2, #C5#CY) #M24+( CE#CE-2. #C5#CT+2, #*CU*CB-2,#C3C9 ) *M3
+(C5%C5-2, #CURCE+2, #C32CT-2, *C24CB+2, #C1#C9) #MU+ ( CL#CU-2, #CI*C5+2, #C29C6-2, #C 19CT+2, #CO*CB ) *M5
+{C3*C3-2,%C27CIH-2. #C1#C5=2, *CONCE) *ME+(C29C2-2, %C 1 #C3+2 . *COMCH ) #M7+(C 1#C 1-2, #CO*C2 ) *MB+CO*CO*MI) ) /(

2.%DEL10);

Integle=I10; Joto L11;.
L11:End;

Eregram 205;

Procedure Poly(UR,JJ,TD);

Comment Poly multiplies factored polynomials to produce an
unfactored polynomial of order up to 10 (w JJ)
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le.(1+al1]lx)...(1+a[dT)x) = TD[O] + ... + TD{JI)*xIJ;
Value UR,JJ; Real Array UR,TD; Integer JJ;
Begin Integer I,J,LL,MM,JA,IM,IA,IB,IC; Real Array DTD[O:10);
Eop I~I While |UR[JJ]|<1D-20 Do Begin TD[JJT)«0;JJ=JJ-1 End;
For I-1 Step 1 Unt1l JJ Do TD[I}~0.0;
TD[0])«1.0; TD[10})«1.0;
For I-1 Step 1 Unt1l JJ Do Begin TD[1]~TD{1)}+UR[I]};
TD{ 10}+TD[10]*UR[I];
Por J-I+1 Step 1 Unt})l JF Do Begin DTD[2)~UR[I]J*UR[J];
For LL~J+! Step | Until JJ Do Begin DTD{3)~UR[LL]*DTD{2];
Bor MM-LL+1 Step 1 Unti) JJ Do Begin DTD[4)«~UR[MM)*DTID[3];
Por JA-MM+1 Step 1 JJ Do Begin DID[5]«UR{JA]*DTD(4);
For IM~JA+1 Sgep 1 Until JJ Do Begin DID[6)-UR[IM}*DTD[5];
Eor IA-IM+1 Step 1 Until JJ Do Begin DTD[7]-UR[IA}*DTD(6);
For IB-IA+! Step ! Until JJ Do Begin DID[8)-~UR[IB]*DTD[7};
Eor IC-IB+1 Step 1 JJ Do Begin DTD(9]-UR[IC}*DTD(8];
TD([9 )+Tb[91+DTD(9]
TD[8 ]-Tb{8)+DTD[8]
TD[7 J~TD[7 ]+DTD[7]
TD[6 )~TD[6]+DTD{6]
TD{51-TD[5]+DTD[5]
TD[4]+TD[4]+DTD([4] End;
TD(31~TD[3)+DTP{3] End;
Tp[2)-TD[2]+DTD[2] End;End;
EndEnd;

]

d:
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Erogram 207;
Procedure bairsto(n,a,epsO,epat,eps2,eps3,K,m,x,y,nat,ex);
Yalus n; Intggexr n,K,m; Real epsO,epsi,eps2,eps3;
Intoger Arxpay ex,nat; Real Array a,x,¥;
Comment This Bairstow Hitchcock iteration 1s used to find
successively pairs of roots of a polynomial equation
of degree n with coefficients a(1] (1=0,1,...,n)
where a[n] 1s the constant term. On exit from the
procedure, m is the number of pairs of roots found,
x[1) ana y[1] (4i=1,...,m) are a pair of real roots
if nat{1]=1, the real and imaginary parts of a complex
pair Af nat{41]=-1, and ex[1) indicates which of the
following conditions was met to exit from the iteration
loop in finding this pair
{1) Remainders r!,r0, become absolutely less than epsi.
(2) Corrections, lncrp, incrq, become absolutely less
than eps2
(3) The ratios, incrp/p, lnerg/a, become absolutely
less than eps3
(4) The number of iterations become K. In the last case,
the pair of roots found is not reliable and no further
effort to find additional roots is made. The quantity
eps0 18 used as a lower bound fmr the denominator in
the expressions from which incrp and incrq are found;
Begin Integer 1,4,k,nt,n2,mi;
Arpay b,c[O:n+1]; Real p,q,r0,r1,s0,s81,v0,v1,det0,det1,det2,1nerp,
inerq,S,T;
If a(0)=0 Then Qo to final;
For 1 « O Step 1 Until n Do
v{1]~af1)/al0); bln+1]=0; n2=(n+1)$2; ni1-2*n2;
For m1 - 1 Step 1 Until n2 Do Begin
If ni<3 Then Begin ex[mi)=~1; p~b(1}; o=b[2]; Go to next Eng;
p=0; a~0;
For k ~ 1 Step 1 Until K Do Begin
step: For 1 - O Step 1 Until nt Do
e(1] - b1 ];
For § = ni-2, ni-4 Do Begin
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For 1 - O Step 1 Unt1l J Do Begin
cf1+1) « c[1+1)-p*c[i]); c[i+2] « c[1+2)-q*c[1] End End;
r0 « c¢[ni1l]; r1 « clni-1]; 80 « ¢[n1-2}; st - ¢[n1-3];
V0 - =q¥81; V1 = 80-81%p; detO = v1*30-vO*s1;
If |detO' < epsO Then Begin p = p+1; q = g¥i;
Goto step End;
dett = 80%r1-81%r0; det2 « rO®vi-ri1*v0O; incrp « deti/detO;
inerq < det2/det0; p « ptincrp; q = a+inerq;
If {r0' < epst Then Begin
If |r1' < eps1 Then Begin ex(m1] « 1; Goto next End End;
XL lincrp' < eps2 Then Berin
If |inerq' < eps2 Then Begin ex[m1] < 2; Goto next End Eng;
AL |incrp/p' < ops3 Then Begin
If |incrq/q' < eps3 Then Begin ex[m1] < 3; Goto next End End End;
ex[m1] = 4;
next: S « -p/2; T -~ S2-q;
If ~(T<0) Then Begin
T « SQRT(T); nat[m1] - 1; x[m1] « S+T; y{m1) « S-T Engd;
If T<C Then Begin
nat(m1) « -1; x{m1] « S; y[mt] - SQRT(-T) End;
If ex[mt]el Then Goko out;
For 3 = O Step 1 Until ni-2 Do Begin
b{J+1] - B[J+1]-p*b[J]; B{J+2] = v[3+2]-g*b[J] Eng;
nt = n1-2;
I ni<t Then Begin
m <= m1; Joto final Engd;
final: End;

£ %

Program 207;

Procedure bdairsto(n,a,epsO,epsi,eps2,eps3,K,m,x,y,nat,ex);

Value a,n; Integer n,K,m; Real epsO,epsi,eps2,eps3;

Integer Array ex,nat; Real Array a,x,Yy;

Comment This modification 'SR' of bairsto adds a root at .001
to odd order polynomials to eliminate convergence
problems when thesr polynomials have a very small
root. Other comments for the above bairste apply;

Begin Integer 1,J,k,ni1,n2,mi;.

Array b,c[0:n+1]; Real p,q,r0,r1,s80,81,v0,v1,det0,dett,dot2,incxp,

incra, S, T

Integer Indeik; index=0; RETURMN:

If a[0)=0 Then Go to final;

n2={n+1)$2; ni-2*n2; b[0)=1;

If nien Then For 1-1,1+1 While 1¢n Do d(i]-a{1]/a[0] Else Begin
Xor 1-1,1+1 While 1¢nt Do b[1]-(a[1]+0.001%a[1-1]}/a[0];

Index~1 End;

For m1 « 1 Step 1 Until n2 Do Begin

If n1<3 Thep Bexin ex(mi]=1; p=d[1]; a=b[2]; Go to next End;

P=0; q=~0;

For k = 1 Stop 1 Until K Do Begin

step: For 1 «~ O Step t Until n1 Do

c[1] - b[1]);

For J = n1-2, n1-4 Do Begin

For 1 = O Step 1 Until J Do Begin

cli+1] « c[1+1]-p®c{1]); c[1+2) = c[1+2]-q%c[1] End Bng;

r0 - ¢[n1]; »1 « ¢[ni=1]; 80 « ¢(n1-2); 81 « ¢[n1-3];

VO = -q*s1; v1 « 80-31%p; detO « vi*s0-vO®s1;

If |aetO' < epsO Then Begin p « p+1; q * q+1;

Goto step End;

det1 = 80%r1-81%r0; det2 = rO0*vi-ri*vO; incrp + det1/detO;

incrq = det2/det0; p « péinerp; q = ginerg;

If dlnt1)=0 Then g=incrq«=0;

If |r0' < epst Then Begin

I Ir1t < epst Then Begin ex[m1) ~ 1; Joto next End End;

If |4inerp’ < eps2 Then Begin
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IL |inerq' < eps2 Then Begin ex[m1] « 2; Goto next End End;
Zf linerp/p' < eps3 Then Begin
If linera/q' < epa3 Then Begin ex[m1] « 3; Goto next End End Bnd;
ex[m1] -~ 4;
next: 8 = -p/2; T = s2.q;
Ar ~(T<0) Than Bagin
T « SQRT(T); nat{m1] « 1; x{mi] « S+T; y{mt] ~ S-T Eng;
I T<O Then Begin
nat(mi] = =1; x(m1) - S; y{m1] « SQRT(-T) End;
IL ex[m1]=4 Then Goto out;
For J - O Step 1 Until ni-2 Do Begin
bl3+1]) = vls+11-p*bl3); d[I+2] « BI+2)-a*b[J] End;
nt ~ n1-2;
If ni<1 Then Bexin
out: m «~ mi; Goto final End;
End; final:
4L Index=1 Then Begin
For 1-1 Step 1 Until m Do Begin
IL nat[1]=1 Then Begin
p=x[1)40.001; If |p|<0.0001 Then Begin x[1]-0; Go to L1 End;
a=y[1}+0.001; If |q|<0.000% Then Begin y[1]~0; Go to L1 End End End Ends L1:Ed;

Program 207;

Erocedure bairsto(n,a,epsO,epsi,eps2,eps3,K,m,x,y,nat,ex);

Value a,n; Integer n,K,m; Real epsO,epsi,eps2,eps3;

Integer Array ex,nat; Real Array a,x,y;

Comment This modification 'SS' of balrsto returns to pick a new
p and q if convergence fails and ex = 4; thus it finds
a different set of roots and then returns to find the
smallest set. This modification was the most success-
ful form of bairsto to £ind roots under difficult conditioens
but it was very time consuming since K iteerations were
required before it tried a second set of roots. The other
comments in ths above bairsto apply;

Begin Integer i,J,k,ni,n2,m1;

Array b,c(0:n+1]; Real p,q,r0,r1,80,81,v0,v1,det0,det1,det2,incrp,

inerq,S,T;

Integer Index; Index-O; RETURN:

If a[0)=0 Then Go to final;

For 1 = O Step 1 Until n Do

bl1l~a(1]/a[0); Bln+1)e0; n2-(n+1)$2; ni1=2Mm2;

For m1 « 1 Step t Until n2 Do Begin

If ni<3 Then Begin ex[mile1; p~b[1]; g=b{2]; Go to next End;

P=q~0; NOW:

For k = 1 Step 1 Unt1l K Do Begin

step: For 1 ~ O Step 1 Until nt Do

cl1] - v(1);

For J = n1-2, ni1-4 Do Begin

Bar 1 - O Step 1 Untal J Do Begin

c(1+1] = cli+1)-p*c(1]); c[1+2] « c[1+2)~q%c[1] End End;

r0 = c[n1]; r1 « clni-1]; 80 « c[ni1-2); s1 <~ ¢(n1-3};

VO « -q*s81; V1 « 80-51%p;. det0 « v1*a0-v0*si;

If |det0' < epsO Then Begin p = P+ q = ¢+1;

Sotg step End;

dat1 = 80%r1-31%r0; det2 « rO*vi-r1*v0; incrp - det1/detO;

incrq = det2/detQ; p « p+inerp; q <« q+inerg;

If Ir0i<epsi a |r1|<epst Than Begdn ex(mil-1; Go ko next Ends

I lincrpl<eps2 & |incrqi<eps2 Then Begin ex(m1le2; Qo o next End;

If Jinerp/pli<eps3 A |inerq/q)<vps3 Then ex[m1}-3; go o next End End;

If Index=0 Then Begin p~2*b[1]/(n-1); a=(p/2)%; Index=1; Gp to NOW End;

ex[m1) « 4;

next: 8 = -p/2; T« S°-q:

IL ~(7<0) Then Begin

T « SQRT(T); nat[mt) « 1; x[m1] « S+T; y(mt1] «~ S-T Bnds
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If T<O Then Begin

nat{m1] « -1; x{m1] ~ S; y(m1} -~ SQRT(-T) BEng;

If ex{:1]-4 Then Goto out;

For §~O Step 1 Unti) ni-2 Do Begin R
bL{I+1] ~ blJ+1]-p*b[J]; b(J+2] « ds+2]-q*b[J] Ends
ni=ni1-2; If Index=t Then Begin intox=0; p=a~0 Engd;
If ni<1 Then Begin

out: m « mi; Goto final End;
End ; final: End;

00

Erogram 202;

Procedure Cancel(N,M,X,Y,p,a,s1g,tau,m,n,s,k,u,J,v);
Copment (Special purpose program) This program sets up
criteria for the cancellation of poles and zeros
for Program 276.
Input is fraction (X[1l#x{2]*...*x{N))/(¥[1]*¥(2]*...*Y[M].
"Desired output 1s (ul1]*uf2])*...%ulk])/(v[1]*v[2]*...%v[J)).
Input data:
N,M,x[1:N],y{1:M]) are self -explanatory, (N¢M)
p~desired {maximum) number of sutput poles,
(< a=index of a certain poles used dbelow,
(0.C1) sigi=ratio of y[1]/y[ql,i=1,...,M for which y[1] 1s small
enough to be neglected and summed into an exponential time lag.
(0.5) sig2efraction by which similar small x[1] may exceed yl[1] and
still be cancelled against them.
Criteria on cancellation is that the ratio of cancelling poles
and zeros be near to one. The initial allowed deviation from
one 1s sig3. Subsequent criteria are (1+sig3)*minimum ratio.
Outputs:
tau-exponential time lag, positive for lag,
m, nenumber of poles and zeros after combination of small time
constants intc tau, .
s=m-prenumber of poles to be cancelled by same number of zeros,
ul1:k],v{1: J]=non-cancelled poles and zeros- the desired function;
!ﬂl_‘w N,M, X, ¥,p,q,818;
Integer m,n,v,q,8,N,M, J,k; Real tau;
Real m‘! X,Y,u,v,8ig;

Begin Integer e,f,g,h;1,1,t; Integer Array beta(O:16,0:17];
Rea) test; Real Array x[0:15),y[0:15],8amma[0:16,0:17);

McProcedure Order({200,1,3);
McProcedurs Cancelp(206,1,11);
Procedure check(crit);
Real crit; Begin
test~1D8;1~1;For g~1 Step 1 Until m Do Begin
If beta[1,g]w1 Then 1~i+1 Else Begin
If beta(1,8]=0 Then Begin If g=m Then Begin
If |gamma(1,g])|<test Then test-|gamma[1,g]| End End Else Begin
If ~(betali-1,g-1]=1)a]|gamma(1,8-1]|<testa2{g Then
test~|gammal4,g-1]];
For -1 While f<na-{beta[f+1,gl=0) Do 1~1+1;
If ~(veta(1,g]=1)a]gammal1,g]|<test Then
toste|gammal1,gl]; 1+1+1;
End;crit-test*0.99;End;
If i<n Then Else g~mt+1;End End;
Order(N,X,x);Order(M,Y,y);
J=N+1; tau=O;m=p;  For k=M Step -t Until p+? D¢ Begin
If y[k)/¥lq] <sig{1] Then Begin tau=tau+y[k);J-J~1 End Else Begin
mk; Qoto nextti; End End;
nexti: teM; For 1N Step -t Until J Do Begin
If 1<0 Then Begin n~0; Goto next2; End;
Ir x(1)<y[t])*(1+s1g[2]) Then Begin nel-1;
tau~tau-x(1]; t=t-1End Else Begin
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n=1; Qg Lo next2;End Engd;
next2: Mem; Nen; sem-p;
e~-3;
repeat:Cancelp(N,x,M,y,s1g(3],u,k,v, J,beta,gamma);
If e<3am=3 Then Bogin sig(3}-s1g(3]*1.06;
e-e+1; Go to repeat;End;
If J<p Then G0 to out;
IL x=0 Then Go to out; check(sigl3]);N=i;M-3;
neN; m=M;ee1;
For i=1 Step 1 Until § Do Begin x[1)-uf1);y[1]-v[1] End;
3o to repeat; cut:Eng;

Program 203;
Procedure Factor(K,U,epsO,epsi,eps2,eps3,k,dex,RAT,UR,nat,ex,CI,DID,I);
Comment (Special purpose program for Program 201).
This procedure factors polynomials of ‘order K with coefficients
U where U[K] 1s the coeficient of the highest term and
u[0] 18 the constant term. It automatically checks
to see Af the highest order term is greater than dex -
otherwise it returns a lower order polynomial. I 18 the
number of real roots. The ansuers are as (s-a) etc. for CI
and DID, or as (as-1) etc.for UR. For real roots that are
near to one another the bairste routine
often gives a small imaginary part. If thege are small
ie. 1f Im/Real { RAT, then these are eliminated in the
procedure for finding UR.
Complex roots are given as coefficients of a ocuadratic factor
le, 1+DTD*S+CI*S2 where there are K sets of complex roots.
Bairsto 207 is called to perform the actual factorization;
Value U,eps0Q,eps1,eps2,eps3,RAT,k; Rpal epsO,epsi,eps2,epa3,RAT,dex;

Real Array CI,DID,U,UR; Integer K,k,I; Integer Array nat,ex;
Begin Real ESQ; ~ Real Array DI[0:10]; Integer J,MM,LP,INM;

Mc Procedure bairsto(207,1,12);
I~1;Por J-K While [U[J}|<dex Do Begin K«K-1;If KO Then U[K]~-1End;
PFor J-X Step -1 Until O Do Begin I=I+1;DI{I)eU[J];End;J~K;
If ICO Then Begin I-~0;MM-0;0G0 to rep; End;
bairasto(I,DI,eps0,epsi,eps2,eps3,k,MM,CI,DTD,nat,ex);
rep:
Por K=1 Step ! Until MM Do Begin If ex[K]=§ Then Begin X~-4;Go to PL End End;
nat [MM+1]~2; K~0; lo-1; T: For J=k Step 1 Until MM Do Begin
It nat[J]=1 Then Begin
If RAT|DTD(J)/CI[T}| Then Begin
K—K+I;CI[W4+!]-CI[J]2+M'I.?[J] ;DTD[MM+ 1 )=2#CI[J]); I~I-2;
For IM~J Step 1 Untdl MM Do Begin
CI[IM)=CI[IM+1);DID[{IM]=DID{IM+1]); nat[IMlenat [IM+1] ‘Er_ld;k-J';Ost:o T End
Else DID(J)=CI(J] End End; ESQ-DTD[MM-K];
LP-1;
For IM~1 Step 1 Until MM-K Do Begin If |ESQ'<|CI[IM]'Then U(LP]~CI[IM]Else Begin
U[LP)=ESQ; ESQ-CI[IM] Eng;
If |ESQ'<|PTD{IM]' Then U[LP+1]~DID(IM] Else Begin U[LP+1]}~ESQ; ESQ-UI'D[IH];I\-H_;_;
LP~LP+2 End; U[2%(MM-K)]-ESQ;
For IM-1 Step 1 Until I Do UR{IM]=1.0/U[IM];
Por IM-I+1 Step 1 Until 2%MM Do UR([IM]«0.0;
PL:End End;
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Erogram 206;
Exreocedupe Cancelp(p,N,q,D,crit,nn, Jn,dd, jd,beta,gamma);
Comment (Special purpase program for Program 2Ci).

.This procedure cancels poles and zeros Ici*

which the ratic of |{N/D -1|< crit.

N 1s the 1ist of p zeros- D is ths list of

q poles: nn is the list of pot cancelled Jn

poles and dd is the list of pnot cancelled

Jd polies;
integer p,q,Jn,Ja; Array N,D,nn,dd,gamma; Real crit; Integer ArTay deta;
Begin
Integer 1,J,k; Array n{1:15],4[1:15),a1pha{0:16,0: 17];
MeProcedure Order(200,1,3);
mal‘(ba“;“h&!‘der(q:nad)i
Zor 1~0 Step 1 Until p+2 Do Begin
For 3-0 Step 1 Until q+2 Do Begin
alpha(1, J]-O;betal1, J]«~0; garma(1, 3)-1 Ends End;i~p;
Li:For J=q Step -1 Until 1 Do Begin If bsta[1+1,3)=0 Then Begin
If alJ1<1D-30 Then alphali,Jl-n[1]/1D-30 Else
alpha{1, Jl-n{1]/d[3]; gammal1, J)-alpha(1, 3)-1;
If crit<gamma(1,J) Then betali,Jl=1 Elsc Begin
If jgammafl, J)i<crit Then betall,J)e1;ie2a1;
IL O<1 Then do to L1 Else Go to I2;End {ind

Else beta[1,J]~1;End;L2:
For 1-1 Step 1 Until p Do nn[ilen[1];
Box J-t Step 1 Until q Do dd{Jl=dlJ3];
For, 1-1 Step 1 Until p Do Begin Por J-1 Step 1 Untidl q Po Bemin
It OCbeta[1,3] Then Bogin

nn[1]~0;d4d{3]~0 Bud;End;Ends
Jn=-0; For 1-1 Step t Until p Do Begipn IL nn{1]=0 Then Else
Begin jn-jn+1;nn{Jnlenn(1) End;End;
Ja=0; For i-i Step 1 Until q Do Begin If Ad[1]=0 Then Else
Begin Jd-ja+1;dd[Jal-da[1] End;Eng;
Bng;7

Program 271;

Procedure Z over Y (sigh,AMBIS,AMB2S,ALP,SIG,
RD,RM, EEO, EEK, N, D, bet,R1,R2,EMUS, EKD, EM,
BPS,eps0,epst,eps2,eps3, k,dex, RAT,

Vs T 88, 81> I, EKM) ;

Comment (Specialized program to find function [Z/Y]+ in ‘Program 201);

Valua sigh, AMB1S,AMB2S, ALP, SIG,RD,EXM,

RM, EBO, EEK,R1,R2, EPS, epsC, EMUS, EKD,EM,
epsi,eps2,eps3,dex,RAT,k;

Real sigl,AMB1S,AMB2S,ALP,SIO,RD,

RM, EEO, EEK,R1,R2,EPS,eps0, eps 1,EMUS,EKD,EM,
eps2,eps3,dex,RAT, EKM;

Array y,yr,g8,8r,D,bet;

Integer k,J,N;

Begin

Array CI,DI,DTD,gam[0:15],X[0:1,0:1]);

McProcedure Product(175,1,13);

Integer Array nat,ex[0:10];

Real gal,gig,gr1,8r2,a,ALPS,SIGS,RDS,RMS,R1S,R2S;
Integer I,MM,P;

Real Procedure g(S);

Real S;
Begin Real denom; Integer 1;
denom~1.0;

Por 11 Step 1 Until 7 Do denom~denom*(1-yr[1)*S);
Pop I-1 Step 1 Until N Do Begin
denow-denom®(D{I,2]*S2-D[I,1]#S+1) BEnd;
g~EMUS*EXP(EM*S) EXD*( 1~RDS*S2)#( 1-RM*S)®
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( EEO-EEK*S®) /denom;

End;
McProcedure Factor(203,1,12);
McProgedupe Pely(205,1,3);
ALPS=ALPZ; SIGS=-SIG2;RDS~RL2;RMS~RM2;R!S~R12;R25-R22;
EPS~EPS/EKD?; AMB2S~AMB2S/ERMN2;
g2m[0])~ALPS; gam[ 1]=1.0+ALPS*(R1S+R2S);
gam[2)~R1S+R2S+ALPS#*R1S*R2S; gam[ 3 ]~R1S*.125;
bet[0]-AMB25*gam[0 ]+AMB1IS; bet [ 1 ]~AMB2S*g, m{ 1 HAMBIS*RMS;
bet[2]~-AMB2S*gam{2]; bet (3 ]~AMB2S*gam({3];
Comment. LAMBA124LAMBAZZ/PmPm=(betO-bet1 S2+bat2 S'-vet3 $6)/(1-pM3s2);
cI{1}-RMS; CI[2]-RDS; CI[3]-EEX/EEO; Poly(CI,3,CI);
Product (0, 3,X,gam,0,3,X,bet,0,%,DI); gal-1/SIGS;
Por I-1,2,3,4,5,6,7 Ro DTD{I]-DI{I]+DI[I-1]*gal; DITD[0}«DI(Q);

BAL-EMUS®EEO; glgrSIGSEPS; ]

Pop I-C,1,2,3,4,5,6,7 Do y[I)rgal®CI[I}+gig*DTD(1]);
J-7;88[81=y(0]);

Factor(J,y,epa0,eps1,aps2,epsa3,k,dex,RAT, yT,nat, ex, CI, DTD, MM) ;
Ne-J3

For I-~MM+1 Step 1 Until 7 Do yr[Iley;

If J=-4 Then doto PL;

M J=1,2,3,4,5,6,7 Do m

If OKyr{J] Then yr[J]}-0.00001 Elgg Begin a=yrlJ); yr(J]-SQRT(a) End End; Poly(yr,7,¥);

For I-1 Step 1 Until N Do Begin
Pe(MM+2*1+1)$2; D[I,0]-1; gal~1/CI[P];
If 821<0 Then Begin D[I,1)+D[I,2)~0 Eng Elge Berin
D[I,2)=SQRT(gal); gig-2*D(I,2]-DTD{P)*gal;
Af o<gig Then D[I, 1]-SQRT(glg) Eise Begin D[I,1])-D[I,2]«~0 End End;
Product(0,7,X,y,1,2,D,D1,0,X,y) End;
galeg(~ALP)/({SIG-ALP)*( 1-R1%ALP)*( 1-R2%ALP));
g1g=g(-SIG)/( (ALP-SIG)*{ 1,0-R1*SIG)*( 1.0-R2*SIG));
If Ricaigh Then ar1-0 Elge
Bogin a~1/R1; gri-g(-a)/((ALP-a)*(SIG-a)*(1-R2%a)) End;
If R(sigh Then gr2+-0 Else
Begin a~1/H2; gre~g(-a)/({ALP-a)*(SIG-a)*(1-Ri*a)) End;
R1S~R1+R2; R2S-R1*R2; ALPS~-ALP*SIG; SICS-ALP:+RIG;
28(0]=ga1 *SI0+g1g"ALP+ ( gr 1+gr2) *ALPS;
g2l 1)-ga1 #(SIG*R15+1)+g1g* (ALP*R1S+1)+gr 1#( R2*ALPS+SIAS )+gr2*( R1*ALPS+SIAS) 3
g8(2)=ga1#(SIG*R2S+R1S)+g1g* (ALP*R2S+R 1S )+gr1*({ R2*SIGS+1)+gr2® (R1#SIGS+1);
g8[3]-(ga1+g1g) *R2S+gr 1*R2+gr2#R1;
J=3; Pactor(J,gg,epal,epsi,eps2,eps3,k,dex,RAT, gr,nat,
ex,CI,DTD,MM);
For I-MM+1 Stgp 1 Unti]l 3 Do eriIl)«0;
For I+1,2,3 Do gr[I]—gr(I]; .
If J=1 Then Begin D[6,1]-CI{2};D[6,2])~DI[2];End;
PL: Eng;0

Program 275;

Procedure WoverU(w,h2,h3,hi,ur,yr,m, hr,lan,s1g,21p, rd,r1,r2,kd,em,ed,ec,X);

Comment (Special purpose program computes (W/U)_ for Program 201)

output:

ee[0:18]=coefficients of numerator polynomial,
x[1:9]=time constants of denominator,
res{1:19]«residuss at each time constant;

Yalue w,h2,h3,hii, ur, hr, lam, 81g,21p,1d, r1,r2,em,ed;

Real Array w,h2,h3,hi,ur hr,ee,x,yr;

Integer m;

Bagl lam,sig,alp,rd,r1,r2,em,ed,kd;

Begin Real Arpay v{0:9],tot[0:111,¥(0: 10],res[1:9),2(1:9,0:8];

Baal 8,5q,3; .

inkegar 1i,3,k,n;

MaProgadure Poly(205,1,3);
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For 3-1,2,3,4,5,6,7,8 Do Begin
If 1~9 Then y[3l-z[1,3];
If y[J+1]=0 Then z{1,5]-0 Else z[4,Jl-y[J]-x[1]%z[1,J-1] End End;
End;
Por 1+0,1,2,3,4,5,6,7,8 Do Begin ee[1)-0;
For 3-1,2,3,4,5,6,7,8,9 Do ee[1)eres[J]*z{J,1)+ee[1] End;
ee(9]=0; IL -(yr[10]=0) Then
Begin
For §-1,2,3,4,5,6,7,8,9 Dg tot[jl-eelJl+yr[10]%eeal(j-11;
For 3-1,2,3,4,5,6,7,8,9 Do ee{Jl=tot[J] End;
End;
o

Program 276;
Procedure Reduce(N,J,d,gr,yr,H,EM, tau,s1g, K, hr);
mment (Special purose program)}. This pregram reduces the
order of the raticnal function 1-sum@1,1/sum@2,J
80 that the order of the denominator is (4.
Parameters:
N= No. of complex roots in denominator,
J= No. of complex root sets in numerator,
d= Coefficients of complex roots as a quad-
ratic term - a[1,2)s%+d[1, 11841
1 18 6 for numerator
118 1,...,5 for denominatoer
gr~ real roots of numerator
yr- real roots of denominator
H= polynomial coeefficients
i=1 for numerator
1=2 for denominator
EM= time lag
tau= added time delay from smell time constants
sig~ limits for Cancel
HAK= constant = TCK/H[2,0]
hr~ factors of H[2,1];
Value d,gr,yr,EM;
array q,gr,hr,yr,H,s1g;
Real EM,tau,HK;
Integer N,J;
Array DI,X,u,v[0:10],D[0:6,0:2];
Inkeger 1,p,R,k,k, 33, 3,m,n,8,r5q;
McProcedure tancel(202,1,20);
McProgedure Order(200,1,3);
McErocedure Poly(205,1,3);
MeProcedure product(175,1,13);
If |HK|<.005 Then Begin For i-1,2,3,4 Do
H{1,1)«H([2,1]~hr[1]-0;
H[1,0)=H[2,0]~1;80 %o PL;End;
Re0; For 1~1,2,3,4,6 Do For p=0,1,2 Do D[1,pl=d[1,p];
If~(NwO)a=(J=0) Then Begin R-2; J=0;gr(2)egr{ll;
For 1-1 Step 1 Until N Do
X(1)-11-{D{1,2}/D(6,2]]|; X(0]~-1D6;
For 1-1 Step 1 Until N Do Begin
If X[1)<X[1-1] Then q~i; End; NeN-1;

E

Por J=q Step 1 Until N Do Begin

Por k-1,2 Do D[J,kl-D[J+1,k]; End End;

I (N=0)a~(J=0) Iben er[2])-gr{3)-SQRT(D[6,2]);
D[0,2]-0; D[5,0]=1; p=0;
For i-1 Step 1 Until N Do Begin p~2;

Ir D[1-1,2]<D[1,2] Then Begin
p{s,2)-D[1,2]; D[5,1]=D[1,1];
yr[9-1]eyr{8-1])-SQRT(D[1~-1,2]) Ena

Else yr(9-1leyr([8-1]-SQRT(D[1,2]) Eng;
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Procedure v123(v,ss);

Reul ss; Real Array v;
Begin

ses8; 8q-s2; tot[1le1; toh[Z]-bct[3]-tot[4]—tot[5]~tatl1‘l]—q;
For 1-1 Step 1 Ung1] 8-2%m Do tot{1}«-tot[1]*(t-ur(1])*s);
For 1-m*2 Step -1 Until O Do tot{11]=yr(1l-s*tot{11];
tot[1]=tot[1]%tot{11];

For 1+4,3,2,1,0 Do Begin

tot[21-h2{1]-s*tot[2];

tot[3]-h3{1]+sq*tot([3];

tot{4]-nl4[1)+aqrtot[4];

tot[S)=w[1)+s*tot[5] End;

v{1]ekd*{ 1+rd®*s)#(alp-s ) *EXP( {em-ed ) *a)*tot{2])/tot[1);

vl1]=v[1)*(1-g*yr{10]);

v[2]l=tot[3]*tot{5])/((alp-s)); v[3]=tot[4];

v[7l=lam+v[2]/(v([3]*(a1p+s)); End;
Procedure vi59{v,ss);

Real ss; Real Array v;

Begin Real s;

s-s8; v[#l-1;

v[5)-(a+alp)2*(sigra)*( 1411%8) #( 14r2%3) %ot [2);

For 1-1,2,3,4 Do

If ~(1=n) Then v{4)ev[4]*(1+hr(1]*s) End;

Procedure v67(v,ss);

Real ss; Real Array v;

Begin Real s,131;

s-ss; saes*s; For 1-1,6,7,8,9,10 Do tot([1)~0;

Por 1-t Step 1 Until 8-m#*2 Do tot[1l=tot[1)+ur[1])/(1-ur{1]%s);

For 1-m*2 Step -1 Until 1 Do tot[10]=i%yr[1]}-s®tot[10];

tot [1]=tot[1]+tot[10)/tot[11]);

tot[1]=tot[1]-r1/(1+r1*s)-r2/( 1+r2%s)-1/(sig+s);

Por 1+4,3,2,1 Do Begin

tot [6]-i*n2([1]-s%tot(6];

tot [T]-1#w[i]+a*tot[7];

tot [8)-1#n3[1)+8q*tot[B];

tot [9)-1#nh4{1]+aq*tot[9] End;
tot [10leem-ed+rd/( 1+rd*a)-1/(alp-8)-yr[10)/( 1-yr[10}*s)
-tot[6]/tot[2}+tot(1]);
tot [11]=tot [T]/tot [5]+2%a*tot [8]/tot{3]
+1/(alp-s8)-2*s*tot [9)/tot[4];
v[6)=v[1]*(lam+(tot [10)+tot[11])*v[2]/v[3]);
vI7)=(s1g+a)*( 1+r1%8)*{ 14r2%a); End;
v123(v,~-81g);
rea[B8l=v(1}ev[7]/{(alp~sig)*( 1-r1*s1g)*( 1-r2*s1g)*s1g);
If O<r1 Then Begin a=1/r1; vi123(v,a);
resf{2]-v[1]*v(7]/((alp+a)*(sig+a)*(1.4r2%a)); End
Else res[2]+0;
If 0<r2 Then Begin a=-1/r2; vi23(v,a);
res{3]=vi1)*v[7]/((alp+a)*(sigra)*( 1+x1*a) )End
Elae res[3]~0;
If hr(3]=0 & hr[4]1=0 Then Begin
s=h2({1]-hr(1]; sq-h2[2]-nr[1]*s;
s=s-hr(2]; sg=sq-hr[2]%s;
hr[3]-s/2; hr(4)~SQRT(sq) End;
For n-1,2,3,4 Do Begin
If Ochr[n] Then Begin a=—1/hr[n); vie3(v,a); vi459(v,a);
res[n+3lev1]*v(2])/(v(4]ev[5]);
End Elge res[n+3])«0; Bnd;
vi123(v,-alp); v67(v,-alp);
res(9l=v[1)*v[2]/(v[3]}*v[T]*a15%);
res{1]l=v(6]/(v[T])*alp);
x{1]l=x[9]~1/a1p; x(8]=1/s1g;
x[2)er1; x[3]=r2; x[4)=hr{i1];
x{o)=hr[2]; x[(6)=hr(3]; x{7)=hr(4];
Poly(x,9,¥);
For 1-2,3,4,5,6,7,8,1,9 Do Begin z[1,0])=1;
I ~(res(1])=0) Then Begin
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yr[8-p-R]-EM/2; q~O;
For 1~1,2,3,4 Do Begin
if gr(1]<0 Then Begin
grla+5)=gr{1]; ar(1]-0; q~q+1 End Else
gr[1+5])«0; End;
Cancel (4-R,8-p-R,gr,yr,4-p,2,81g,tau,m,n,s,k,u,J,v);
For kic-k+1 Step 1 Until 4 Do u[idc]~0;
Por J3=J+) Step 1 Unt1l 4 Do v[Jjl=0;
x{ol-1; X[t1]--EM/2;
Poly(u,3,DI}; product(0,3,D,DI,0,1,D,X,0,D,X);
For i-1 Step 1 Until g Do Begin grl1l)egr[1+5];
gr[0l-1;product(0,4,D,X,0,1,D,gr,0,D,X) ; End;
If p=2 Then Begin v[31-D[5,1]/2; v[4]-SQRT(D(5,2]) End;
Poly(v,4,DX);
For 1-0,1,2,3,4 Do Begin hrl1)ev[1];
H[2,1)~ DI[1); H(1,1)-H{2,1]-HK*X[1] End; PL:End;

Some sample data for Program 201:

0.25 0.0 0.0 0.0 0.0

0.0 0.25 0.0 0.0 0.0

0.0 0.0 0.25 0.0 0.25

0.0 0.0 0.0 0.25 0.0

0.0 0.0 0.25 0.0 0.50

1. 1. o. 0. o. 0.
2.0 1. 25. 1.5 1 1D-4
100 1D-30 .02 1b-8 1D-8 1D-8
.001 .5 .05 1010 12

.01 .001 7 5 4, i,



