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Abstract

In the application of most of the reservoir rock models to specific real engi-
neering problems, the role of reservoir rock is frequently limited to its storage
and delivery capabilities; the interaction of fluid flow with rock deformation
has been, for the most part, ignored. However, coupling of fluid flow and rock
or soil matrix deformation has recently become more and more of interest in
many problems in petroleum, civil, environmental, geological and mining en-
gineering. Efforts are currently being addressed to the development of fully
coupled thermal-fluid flow-mechanical models to more realistically represent
natural geological systems. In the oil industry, problems such as ground
subsidence, reservoir compaction, borehole stability, sanding and hydraulic
fracturing need to be addressed with a coupled approach to make predictions
more accurate than when each process is considered to be independent of the
other.

In this frame of reference, here a two-dimensional explicit Lagrangian
finite-difference code, fully-coupled with a two-fluid flow system in porous

media, is developed. The solid deformation is considered using the dynamic

X1X



relaxation procedure which allows the model to go into post-peak behavior of
the material without creating instability. This method is particularely pow-
erful when deformation is by nonlinear/failure systems (i.e. work softening
plasticity).

The code consists of two parts: one mechanical and one fluid flow. The
mechanical calculations essentially solve motion equations with a damping
factor by using several pseudo-time steps until equilibrium is reached. Strains
are determined from displacements and the corresponding stress field calcu-
lated through a constitutive equation. The steps required to reach equilib-
rium are not real time steps but, rather, represent the path that the structure
follows to obtain the equilibrium state.

Coupling the mechanical response with fluid flow is done through mon-
itoring changes in pore pressure. The mechanical part considers undrained
pore pressure and saturation changes occuring due to volumetric strain in
the solid. Once mechanical equilibrium is reached fluid flow is allowed for a
particular real time step. The fluid flow during any real time step puts the
system out of equilibrium and a new set of mechanical steps is required to
bring the system back to equilibrium which, in turn, produces new displace-
ments and stresses within the body.

The fluid flow equations are written using mixing laws and the solid is
treated as another phase. The system of nonlinear equations is numerically

solved using Newton's iteration, or a staggered algorithm, to obtain the pri-



mary variables (pore pressure and water saturation). Newton’s iteration is
used for longer times when bigger time steps are required and the staggered
algorithms are more economic for short times, with smaller time steps.

The code is tested against analytical solutions for single phase flow with
consolidation. Examples of coupled fluid flow and rock deformation for a
simple one-dimensional scenario, as well as for more compex cases such as
a layered oil reservoir compaction are presented. The code is able to suc-
cessfullv handle nonlinearities in fluid flow properties and a work-softening
constitutive equation for the solid matrix. The mutual relationship among
variables such as saturation, pore pressure and displacements is shown. [t
1s also demonstrated that coupling is an important issue to be considered in
compaction problems. Actually, the commonly used staggered procedure of
tranisfering information from a fluid flow code to a stress-strain module can

never reproduce the essential physics involved in reservoir compaction.

XXi



Chapter 1

Introduction

1.1 Research motivation

Coupling of fluid flow and matrix deformation is of great interest in many
problems related to petroleum, civil, environmental, geological and mining
activities, in which interactions between single or multiphase flow and defor-
mation of the rock or soil masses are to be considered. In the oil industry,
the effects that production of oil, gas and/or water from subsurface reservoirs
has on rock deformation and the in situ state of stress are important issues.
Reservoir deformation is responsible for changes in rock porosity and per-
meability and, consequently, can have a marked influence on the fluid flow
characteristics. The fluid flow and deformation effects are coupled, e.g. one
process influences the other and the overall response can not be predicted
with confidence by considering each process independently. Surface subsi-
dence as a result of reservoir compaction during hydrocarbon production is

one example of a common problem involving a coupled rock deformation-



fluid diffusion process. Other examples are: a) wellbore stability; b) sand
production control; ; c) stability of perforations; d)hydraulic fracturing; e)
clean-up of contaminants in the rock mass; and, f)waste disposal in deep
deposits.

In reservoir models and/or simulations, the role of the reservoir rock is
often limited to their storage and delivery capabilities [73|. [nteraction be-
tween fluid flow and rock deformation has, for the most part, been ignored.
Variation of pore volume is considered only through the conventional rock
compressibility parameter, Cg [5]. This means that any nonlinear, time-
dependent, mass behavior of the rock matrix has been disregarded thus re-
ducing matrix deformation to a single parameter, Cg, which in most cases is
considered to be constant. If non-linear behavior of the matrix is important,
as it is in high porosity nearly consolidated reservoir rocks, assumptions of
linear behavior uncoupled with fluid flow may considerably limit the value
of model solutions. Hence, evaluating the relevance of coupled, nonlinear
processes, determining the extent toc which they are important in time and
space, and when they may be safely ignored safely are key points of this
investigation.

To gain insights into the importance of the deformation-diffusion phe-

nomena for a particular application, several tools can be used:

1. field evidence of nonlinear rock deformation and failure (subsidence,

borehole instabilities, sanding, changes in in-situ stresses over the life-



time of the reservoir):

2. laboratory tests of fluid saturated rock samples subjected to fluid flow
that imply nonlinear deformation and/or coupling between fluid flow

and matrix deformation; and,

3. mathematical models that do incorporate the coupling of multiple phase

flow with the rock stress-strain behavior.

[t is number 3, the mathematical modelling aspect, that is addressed in
this dissertation. However, in order to identify relevant effects that ought to
be incorporated in the mathematical models, the other two issues need to
be studied. Certainly the dependency in some cases of permeability on pore
pressure changes and on strain has been stablished [63]).

Recently there has been some effort to develope a fully-coupled thermal-
hydraulic-mechanical model that realistically represents a geological system.
One example of this is the DECOVALEX project which is an international
multidisciplinary effort in this direction [54|. This project is oriented to-
wards the design of underground repositories. In order to analyze such a
disposal system, which is also safe, required the coupling of rock mass sta-
bility, groundwater flow, external stresses and thermal into the model.

Other existing coupled multiphase stress-flow models are based on either
a fully-coupled approach or a modular structure [99]. Li and Zienkiewicz

[66], Li et al. [65]|, Zienkiewicz and Shiomi [131], Lewis and Schrefler [61]



have developed fully-coupled, finite element models. These models, based on
Biot’s poroelasticity theory, together with 'mixture’ theory, consider three-
phase immiscible flow. Tortike and Ali [121], present a model that considers
non-isothermal flow for cyclic steam injection applications. These models
possess the accuracy and versatility offered by the finite element method,
but the large computational and developmental efforts required limit their
use in reservoir simulations [99].

[n the modular approach, conventional stress analysis codes can be used in
conjunction with a standard reservoir simulator. The compatibility between
the modules is based on a modified and extended expression to account for
the pore volume changes in the reservoir (Settari [99]). Variables are calcu-
lated independently in the stress and flow modules for each time step, and
information is traded between them; coupling is performed incrementally by
iterating between modules until convergence is achieved for each time step.

Examples of such a modular approach include thermal recovery of heavy
oils (Settari [99], Tortike and Ali [120], Fung et al. [37]) and integrated
fracture mechanics-consolidation (Settari [100]). Settari [99] uses a three-
dimensional finite element code for a linearly elastic rock and a finite difference-
based fluid flow simulator. In this application it was found that the solid me-
chanics calculation dominates in terms of computer time and memory. This
is because of the finer discretization needed to achieve sufficient accuracy in

the solid mechanics calculations and because direct solvers are typically used




in finite element codes as opposed to more efficient iterative solvers which are
common in reservoir engineering codes. This is aggravated when nonlinear
rock behavior is to be considered since, in such cases, additional iterative
or incremental calculations are required to follow nonlinearities. Moreover,
work-softening, post-peak behavior, characterized by a down-sloping segment
in the stress-strain curve of the rock, is extremely difficult to use with finite
elements.

[Fromm what has been discussed, it seemed that more research was needed
concerning a methodoly that could be practically applied to model multi-
phase flow coupled with consideration of non-linear behavior of the porous
rock media. The fundamental reason for this is the intrinsic complexity in
modelling a nonlinear, work-softening, plastic rock behavior. Under this
set of circumstances, the explicit Lagrangian finite difference technique with
dynamic relaxation was thought to be an alternative worth trying in the
treatment of coupled nonlinear matrix deformation-fluid diffusion problems,
because of its inherent efficiency when large strain problems, or situations in

which physical instability of the solid (failure) may occur [25], [58}, [105].

1.2 Proposed approach

To consider coupled deformation-diffusion processes for multiphase flow (the
solid being one of the phases), an approach based on the explicit Lagrangian

finite-difference technique for the stress-strain analysis is proposed. The main



features of the this technique are the following:
e Lagrangian formulation for the solid strain field;
e cxplicit integration of the motion equation (Newton’s second law);
e use of the dynamic relaxation technique;

e use of a finite difference scheme based on contour integrals (using the

Gauss divergence theorem) for both fluid flow and solid deformation.

Applying this procedure to multiphase flow implies: a) expressing solid
deformation and fluid flow equations in terms of the finite difference scheme
characteristic of this method, b) coupling solid deformation and fluid flow by
including the momentum balance of the mixture (instead of the solid alone)
in the motion equation , and by introducing the undrained pore pressure
generation during the dynamic relaxation procedure, and c) solving the flow.

The code developed here is restricted to plane strain deformation of the
rock, and two-dimensional two-phase flow equations for immiscible fluids.
Darcy’s flow is assumed to hold and relative permeability and capillary func-
tions of saturations are used.

Even though the approach presented here resembles the idea of a modular
approach, it actually accounts for the coupling of the processes using rigor-
ous poroelasticity and mixture theory equations as is done in fully-coupled

models.




One key feature of the numerical approach used here, is the concept of
the dynamic relaxation as introduced by Day [28] and Otter et al. [81]
for structural mechanics. The dynamic relaxation technique is a procedure
that solves the dynamic equations of motion using a damping factor such
that at the limit static, or steady-state, equilibrium is obtained. The time
involved in the 'dynamic’ calculation is artificial; it is only a time intended
to let the system vibrate to achieve balance of forces. By the use of the
dynamic relaxation procedure, the momentum equation is approximated in
a global manner, rather that locally. Therefore, discontinuities in the stress
field will not affect the stability of the numerical calculation. Constitutive
models with the complete stress-strain behavior can be considered even if the
stress-strain curve has a negative slope following some peak stress difference
(work-softening). The inclusion of the inertial terms allows the generation
and dissipation of kinetic energy to be directly considered as they are in
a physical system. Hence, rupture propagation, which can give rise to the
generation of slip surfaces, can be modelled without loss of stability. [t has
been found that many finite element methods, at best, are difficult to use
and, at worst, inaccurate when applied to problems in which deformation is
localized, i.e. when shear bands occur.

The explicit integration of the motion equation implies that calculations
are done with known information from the immediately surrounding elements

or nodes. If the time step is small enough, only the surrounding nodes



will have an influence. Therefore, there is an optimum speed at which the
information can propagate into a particular mesh, and this speed should
be maintained ahliead of the physical wave speed for stability. Actually, the
Courant condition [4] expresses this fact and if the time step exceeds this
condition. the scheme will be unstable.

The explicit scheme for invoking the stress-strain behavior of the rock
has the advantage of not requiring large matrices to be stored and inverted.
Therefore, memory requirements are small. However, the price paid is that
small time steps are required and, consequently, a large number of iterations
arc demanded. This is why explicit methods are best for nonlinear, large
strain problems that may undergo physical instability. Explicit methods,
however, are not efficient for modelling

linear, small strain systems. The explicit scheme is only used for the solid
mechanics portion; for the fluid flow part of the code, Newton'’s iteration is
used, which is a fully-implicit method.

The spatial differentiation characteristic of this approach is based on
Gauss's divergence theorem or, viewed in a different way, on the integral
definition of a partial derivative (Wilkins [128]). This involves approximat-
ing the value of any vector gradient, or function, over a discrete portion of
the medium by a contour integral over a closed-boundary surrounding the
area of interest. This method has an advantage over conventional finite dif-

ference schemes based on Taylor series expansions in that it is not restricted




to rectangular grids. Elements of any shape (or number of sides) can be
considered and any material property can be assigned to them.

Both, element-centered and node-centered derivatives can be represented
through a contour integral along the boundary of the element, or along a
prescribed path crossing different elements. This differencing scheme is not
the same as the finite volume method [15], or the integral method because the
derivatives in the differential equations are approximated inside each element
or path, not the differential equation itself.

From the point of view of calculating fluid velocities (specific discharge
vector) using Darcy’s equation, there is no need to approximate the in-
terblock transmissibilities, as in finite volume or conventional finite differ-
ences schemes. This is considered naturally by the contour operator which
approximates the gradients (see Chapter 2).

This simple differencing method, together with the use of explicit integra-
tion in time, was the base of the early Lagrangian 'hydrocodes’ developed for
computing large deformation dynamic responses of inelastic continua. The
development of the 'hydrocodes’ started in the 50’s and some examples are
the codes by Wilkins [128], Maenchen and Sack [68] and Hancock [47], among
others.

The scheme of coupling the diffusion and the deformation processes is
performed sequentially for each time step: the solid deformation together

with the undrained response of the system (changes in pore pressure and



saturation due to the solid volumetric strain) are considered during what
has been called the 'mechanical’ portion of the code. Equilibrium is achieved
under these conditions for which a series of pseudo time steps are required.
Then the fluid’ portion of the code is called and the diffusion process takes
place in real time. The changes in saturation and pressure that occur will
put the system out-of-balance again. Therefore, a new set of mechanical
pscudo time steps are needed to equilibrate this new condition, and so on,
and so on. This procedure simulates the time scale in which mechanical
and diffusion processes take place: though mechanical deformation can be
practically instantaneous (order of milliseconds), fluid flow can take days,
weeks or even years. Time-dependency in the rock behavior can also be
included [25], although this is out of the scope of this dissertation.

Any of the techniques for time discretization commonly used in reservoir
cngineering, such as IMPES, sequential and implicit methods [5], can be
utilized in combination with the spatial approximations particular to this
method. In this work, a fully-implicit (unconditionally stable) scheme for

the transient flow is implemented.

1.3 Objectives of the research

The goals of this dissertation are the following:

I. Develop a code to model coupled two-phase flow of immiscible fluids in a

deformable porous media using the explicit Lagrangian finite-difference
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technique with dynamic relaxation.

2. Include a stress-strain rock behavior in which linearly elastic behavior

is followed by a linear work-softening branch and by Tresca plasticity.

1

3. Determine flow, saturation and pore pressure and stress patterns.

4. Use the code to study applied problems such as compaction of a reser-

VOir.

5. Perform parametric studies to test the ability of the model to determine

the relevance of the deformation-diffusicn (poroelastic) effects.

ITo save repeated complex verbalization, for the rest of the dissertation, this rheology
(constitutive condition) will be referred to as "trilinear elasto-plastic” or more simply
trilinear behavior. [t should be urderstood that this use is only for convenience and in a
strict sense, many other rheologies could also be trilinear.
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Chapter 2

Literature Review

The literature review primarily describes the characteristics of models that
cousider coupled multiphase flow in deforming porous media. Finally, some
previoiuls codes, based on the Lagrangian f(inite-diference method with dyv-

namic relaxation, are briefly described.

2.1 Coupled models for multiphase flow in
deforming porous media

The first consistent theory formulating the coupled diffusion-deformation
processes in fluid filled porous materials, the theory of poroelasticity, was
presented by Biot [8], [9], [11], [10]. This theory is an improvement over the
early work of Terzaghi [117}] who only considered the one-dimensional consol-
idation of fluid filled soil masses. Over the years, the poroelastic theory has
been enriched by several fundamental solutions and reformulations (Rice and

Cleary [92], Rudnicki [95],]96], Cheng and Ligget [27], Detournay and Cheng
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[30], Cleary [21]) that have facilitated a way to sole complex problems.

Another approach to derive a theory for a fluid saturated solid is provided
by the so-called rnizture theory. This theory was introduced in 1960 by Trues-
dell and Toupin [120|. They use the concepts of superimposed continua and
volume fractions, and derive mechanical and thermal field equations for each
constituent by allowing mass, momentum and energy interactions. Based on
Truesdell’s work, Green and Nahgdi [41], Green [42], and Bowen [12] formu-
late theories for non-linear diffusion of fluid-fluid and fluid-solid mixtures.
Prévost [90] provides an extension by considering non-linear anelastic fluid
permeated porous media. Zienkiewicz and Shiomi {129} and Meroi et al. [75]
present theoretical and computational aspects of large strain static and dy-
namic saturated and semi-saturated porous media, from the mixture theory
point of view, using Biot poroelasticity concepts.

In the opinion of several authors (Derski [29], Ehler and Kubik [35],
Zienkiewicz and Shiomi [129], Detournay and Cheng [30]), both lines of
derivations lead to essentially equivalent equations. However, the mixture
theory is been considered a more systematic approach to the derivation of
balance equations of multiphase media models [35]; and, in a way, confirms
the correctness of Biot’s formulation. Overall, the framework of n-component
mixtures, the solid being one of these components, is particularly suitable in

applications related to hydrocarbon recovery.
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2.1.1 Fully-coupled analytical and semi-analytical mod-
els
Several authors have analytically studied coupled flow and deformation of the
porous medium around boreholes for stability assessment purposes. Most
of these studies were single-phase, isothermal, incompressible and steady-
state flow developments, limited to hydrostatic in-situ stress field conditions.
Paslay and Cheatman [86] study the state of stress around the borehole when
inflow exists. Radial changes in permeability are considered, but not plastic-
ity. Rudnicky et al.[95] develope an analytical solution for elasto-plasticity
around a borehole considering steady-state flow conditions; permeability is
allowed to vary with the radius but symmetry of stresses around the well
axis is assumed. These authors show how increasing flow rates increases the
extent of the plastic or yield zone around the borehole. They also determine
critical flow rates and a stability criterion for an axial-symmetric geometry.
Wang and Dusseault [127] present a poro-elastoplastic model considering
steady fluid flow for a Mohr-Coulomb strain-weakening material. McLellan
and Wang [76] extend this model and study borehole instability problems
considering a poro-elastoplastic material (with a Mohr-Coulomb yield crite-
ria) accounting for the effects of changes in steady-state pore pressure near
the wellbore in the elastic and plastic zones, internal filtercake and oil-based
mud capillary threshold pressure. The effect of the filtercake permeability

and its ratio to the formation permability (in the elastic and plastic zones)
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are assesed. The influence of filtercake thickness and its ability to reduce
inflow on plastic yield radius are studied by these authors as well.

The transient in the coupled problem around a borehole is studied by
Detournay and Cheng {32 by using the poroelasticity theory for a borehole
in a non-hydrostatic stress field. Results show that failure is initiated inside
of the medium and not at the borehole wall, and also, that delayed instabilies

can occur due to poroelastic effects.

2.1.2 Fully-coupled numerical models

One set of models with a common theoretical basis and formulation is ex-
emplified by the works of Li and Zienkiewicz [66], Li et al. [65], Zienkiewicz
and Shiomi [131], Schrefler et al. [97]. The formulation of these models is
developed within the framework of continuum theory of mixtures [7], [6], [48],
[49], using a spatially-averaged approach. These models take into account
rock matrix and fluid compressibility based on Biot’s poroelasticity theory.
Capillary forces between fluids are considered and Darcy’s law for multiphase
flow is assumed. Pore pressure is treated either by taking an average over
the pore space and weighting it by the saturation of each component; or by
considering 'perfect’ wettability of the rock so that only one fluid, usually
water, is in contact with the rock, so the pore pressure equals the water
pressure. The finite element method is used in all these models. Several
time integration procedures are used to deal with the transient calculations.

These models consider saturated or unsaturated porous media [97], and the
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dynamics of the porous media [131].

Within this context, Li [67] and Li et al. [65] develope a model for im-
miscible two-phase flow in a porous medium, which was later generalized to
multiphase flow by Li and Zienkiewicz [66]. A generalized Galerkin procedure
is followed to discretize the governing equations. For the case of two-phase
flow plus deformation of the porous medium, the governing equations are
combined such that two nonlinear mass balance equations for the two fluids,
and one momentum balance equation (dynamic equation of motion) for the
whole mixture are obtained. These equations, together with Darcy’s flow
equations for each fluid, and the constraint given by the capillary pressure
between the fluids complete the system of coupled equations. In this work,
two types of solution in the time-domain are presented: an unconditionally
stable staggered solution [66], and an unconditionally stable direct integra-
tion scheme [132], [133]. The staggered solution is possible only with linear
displacement (four node) elements for the fluid and the solid and is more
cconomic computationally. However, with the direct integration solution,
diverse solid-fluid element meshes are used successfully. Applications of the
codes developed by these authors are limited to very simple examples, so
these codes have not been tested in reservoir simulation modelling. Most
of the formalism presented in Li et al. [65] for two-phase flow in deforming
porous media is followed in this dissertation and is presented in more detail

in Chapter 4.
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Another formalism is that presented by Lewis and Schrefler [61] and fol-
lowed by others [62], [112]. The main difference from Li et al. [65] stems
from the way in which the governing equations are established. In the former
case (Li et al.), the theory of mixtures directly led to the expressions of mass
balance and momentum for the phases and for the mixture. On the other
hand, in the formulation by Lewis and Schrefler [61] the terms contributing
to the rate of fluid accumulation were postulated; the inertial terms of the
momentum equation are ignored. Also, Darcy’s law was assumed valid, but
in terms of absolute fluid velocity. Contrary to this, Li et al. [65] consider
relative fluid velocities with respect to the solid velocity. For subsidence
and reservoir production problems, where small rock matrix deformations
are expected, the absolute fluid velocity is considered reliable enough [61].
However, whenever the solid grain velocity is expected to be significant in
relation to the fluid velocity, the relative velocity of the fluid and the solid
matrix should be considered [9]. Such cases could be, for example, dynamic
problems, or when plastic or finite deformation is present.

Lewis and Sukirman [62] present a numerical simulation for three-dimensional
three-phase flow in a deforming saturated oil reservoir, following Lewis and
Schrefler’s formulation [61]. Again the finite element method is used, but in
this case for an elastic-plastic porous medium, with a Mohr-Coulomb yield
surface. The solution of the semi-discretized equations is obtained with a

direct solver by assuming small strains. The model by Lewis and Sukirman
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[62] is able to capture most of the essence of a conventional black-oil reservoir
simulator [5]: it uses typical variables in reservoir engineering, namely, for-
mation volume factors, solution factor for the gas, capillary pressure curves
and relative permeabilities and, in addition, the deformation of the porous
medium is rigorously taken into account following Biot’s poroelasticity the-
ory.

As an application problem, these authors studied a three-phase coning
case. Their results indicate a reduction in both GOR (gas-oil ratio) and
water cut, for the particular case of the unconsolidated material studied,
in comparison with results which do not consider compaction. They also
point out that for rocks with higher Young’s moduli, the values of reservoir
compaction at the top of the reservoir can be assumed to be zero. These
results match the expected reservoir engineering performance. This paper,
unfortunately, does not address the idea that some areas of the reservoir rock
may be subjected to plastic flow. They did not model the situation near the
borehole where the most critical conditions in term of stresses and flow are
present.

It can be expected that the reservoir rock will present altered patterns of
permeability in a plastic zone. Neither was consideration of the variation of
permeability due to stress changes included. The authors did not mention
the computational requirements nor the CPU time. This is a very important

issue if these kinds of models are going to compete with other available
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reservoir simulators.

Both approaches, Li et al. [66] and Lewis and Schrefler [61], wind up
containing similar terms. In fact, comparing results for the problem of a
column of soil with two-phase flow indicate excellent agreement between the
two approaches [62].

A third group of models is presented by Tortike and Ali [121], [120] for
three-dimensional modelling of the flow of water, oil and gas, including steam,
with heat flow and simultaneous reservoir deformation. These models were
developed to address the problem of thermal recovery (cyclic steaming) of
heavy oil in Canadian tar sands. They are based on balance equations for
heat and mass transfer and equations for solid mechanical equilibrium. The
fluid flow, energy and constitutive equations are coupled through the bulk
velocities (relative velocity between solid and fluids). The sand was modelled
as an elastic-perfectly plastic material. The assumption of incompressible
solid grains (Biot’s parameter « = 1) was considered, which seems to be
justified for the type of unconsolidated sand reservoirs being modelled. As a
result, the solid density is considered to be a function of temperature only.
Pore pressure was set equal to the water pressure.

The discretization in space was done by the finite element method using
Galerkin’s weighting techniques. The resulting system of equations is solved
in time using the Newton-Raphson iterative technique for the model pre-

sented in reference [121]. The authors outline the substantial computational
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resources required to solve this problem. Several other papers published in
the same line of research, trying different numerical approaches, are presented

by Aktan and Ali [2], Ali and Blunschi {3].

2.2 Codes based on the explicit finite differ-
ence technique with dynamic relaxation

The solid mechanics portion of the explicit finite difference code presented
in this dissertation is based on codes presented by Silling [105], and Cundall
[25]. The same type of spatial differencing scheme based on the Gauss diver-
gence theorem and explicit integration of the motion equation with dynamic
relaxation used in these codes is followed here.

Silling [105] studied large deformations of both compressible and incom-
pressible elastic bodies, using the general theory of finite elasticity [43]. His
code (CHIMP) is a purely solid mechanics code, oriented to study localiza-
tion and phase changes in the governing equations of elastic solids. This
code is set up with a total Lagrangian formulation, in terms of the Piola, or
nominal stress tensor field [70]. Deformation gradients are used as measures
of the solid strain. Elements used are quadrilaterals. The type of damping
used in the motion equation is velocity proportional. There is an additional
velocity term introduced in the motion equation together with a factor g,
used to provide critical damping for the system. The critical damping is ob-

tained by estimating the fundamental frequency of the grid, considering the



approximate transit time for infinitesimal waves through the entire width of
the mesh, eg. 3 = n¢/2L, where T is the area-average wave speed in the
mesh and L is a characteristic length. In cases in which damping in the
system does not respond to this approximation, a refined estimate of the
dvnamic relaxation parameters is used, based on an algorithm presented by
Papadrakakis [83], which can automatically adjust the damping. Hourglass-
ing is controlled by using small resistive forces from an algorithm similar
to the one presented by Hancock [47}, although in CHIMP the algorithm is
based on displacements rather than velocity.

Silling [105] adapts the explicit finite difference method with the inclu-
sion of finite deformations in a theoretical study of the conditions prevailing
around a fracture, or crack, in a plastically deforming material [105]. The
cquations describing this problem are elliptic if material behavior is linear
elastic and change to parabolic or hyperbolic when yielding occurs. Other
applications include the propagation of shear bands in a soil block under
compression, and necking in elastic bars [102].

A very interesting application of Silling’s plane strain code is the one
provided by Burridge [14] for slope stability analyses of soils in small scale
centrifuge experiments. Burridge is able to track slip surfaces in the slopes
without inducing any artificially weak element in the mesh. A trilinear ma-
terial behavior was considered, including the increase of the stiffness of the

soil with confining pressure, and, hence, depth for a slope under gravitational
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loading.

[n the two-dimensional version of Cundall’s {25 code (FLAC), elements
used are quadrilaterals but they are internally subdivided into triangles in
order to avoid hourglass problems !. The mixed discretization procedure (69
permits accurate modeling of plastic behavior without the typical 'mesh-
locking™ problem [77]. The damping procedure is not velocity proportional
but, rather, proportional to the magnitude of the out-of-balance force at
cach node. The damping force direction is such that energy is always dis-
sipated. This is an enhancement over the velocity proportional damping
used in Silling’s codes which introduces body forces that can overshadow the

failure process.

!This topic will be addressed further in chapter 3
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Chapter 3

Explicit Lagrangian Finite
Difference Technique

3.1 Introduction

The solution of an initial/boundary value problem, under continuum me-
chanics hypotheses, includes the formulation of conservation equations. In
addition, constitutive equations are needed to define a particular material
behiavior that is being considered. To complete the set of equations, it is also
necessary to define the geometry of the problem, as well as the boundary
conditions. This set of laws and conditions together, referred to as governing
cquations, might be very difficult to solve analytically. Therefore, numerical
techniques are usually used to obtain approximate answers to problems with
complicated initial and boundary conditions.

One of the oldest, and more widely used, numerical tecniques to solve
initial /boundary value problems is the finite difference technique [52]. The

governing equations include derivatives which are approximated by algebraic
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expressions involving field variables, like displacements or stresses, defined
at the grid points or at the blocks, in which the medium is discretized.
Several tvpes of finite-difference representations can be used to solve a
partial differential equation in a given domain. Taylor series, polynomial
titting and finite volume methods are commonly used. In this dissertation,
the derivation of the finite difference scheme is based on an integral approach
using the Gauss divergence theorem. This scheme was introduced by Wilkins

[128] for solid mechanics problems and has been given the name of contour

jinite-difference operator [58]. It is described in Section 3.3.

The purpose of this chapter is to provide a background to the explicit
finite-difference technique combined with the dynamic relaxation procedure.
Only the solid mechanics aspects are included in this chapter; the fluid flow

part is addressed in Chapter 5.

3.2 Formulation of the initial/boundary value
problem

Continuum mechanics theory is followed when formulating the problemn of
two-phase flow in a deforming porous medium. The concept of a represen-
tative elementary volume is considered to be valid together with mixture
theory of superimposed continua; the influence of pre-existing discontinuities

in the rock mass is neglected.
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3.2.1 Equations of motion and equilibrium

One fundamental law that must be satisfied is the principle of linear mo-
mentum. The equations of motion, which result from this principle, can be

expressed in global form as:

/JndS+/ pbdV :/padV, (3.1)
S |4 v

where S is an arbitrary closed surface in the body, V' its volume, pb is the
bodv-force density field, n is an outward-directed unit vector normal to S,
;s the mass density field, a is the acceleration, and ¢ represents the stress
teusor. If o;; is differentiable at any point z, the equation of motion holds

locally, resulting in:
V -a(x,t) + pb(x,t) = pa(x,t) (3.2)

For the equilibrium of the body, all involved forces will balance. This

condition is expressed as:

O5i5 + {)bi =0, (.53)
which is the equilibrium equation for the body.
3.2.2 Constitutive equations

Response of a rock to applied boundary conditions depends upon its rhe-
ological properties. In continuous models, these rheological properties are

represented by constitutive equations which relate strains and stresses. A
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constitutive equation is established through experimental testing under par-

ticular assumptions !. In general, it can be formulated as:

045 = F (0, éyj,--) (3.4)

where F is the functional form of the constitutive equation, &;; is the strain
rate tensor, and ¢, is the co-rotational stress rate tensor (both defined be-

low).

3.2.3 Strain rate and co-rotational stress rate tensors

The deformation of the region is traced by following the motion of the grid
points through a sequence of small time steps, At. The coordinates at the
initial (fixed) reference configuration are described by the coordinate vector
X. The configuration at time ¢ (current) is described by x(X,t).

The kinematic relationship between velocities, ©;, and strains, e;;, is es-

tablished through the definition of the strain rate tensor, which is:
) 1, . .
gij = (i + ) (3.5)

where strains are infinitesimal.
The differentiation is performed with respect to the reference configura-
tion, i.e., the underlying spatial coordinates in Equation 3.5 are those of the

reference configuration.

IFor linear isotropic elasticity, only £ and v are required; these are determined through
a triaxial test under appropriate condijtions. More complicated constitutive laws require
more parameters and a number of different tests.
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The co-rotational stress rate tensor is defined as:

: Dojj;
79 = Ty

— WikOkj + ik Wiy (3.6)

where [L)); is the material derivative, and w;; is the rotation tensor, which is

defined as:
1l . )
wi; = E(uz‘.j — ) (3.7)
For a Lagrangian formulation, the frame of reference is attached to the

solid particles; therefore. the convective terms of the material derivates dis-

appear.
3.2.4 Small and large deformation calculations

For a small strain assumption, the initial (fixed) configuration is taken as
the reference configuration. Neither the correction for rotations of the body
nor the update of the coordinates are needed. For large strain calculations,
however, the reference state is replaced by the instantaneous current position
& at each time step (updated Lagrangian version) [70]. The coordinates are
also up-dated to the new position after each time step. In this manner,
large strains and geometrical non-linearities can be included with very little
computational effort.

When large deformation calculations are made, the grid will actually de-
form following the displacements of the corresponding physical material, as
opposed to the Eulerian formulation in which the change of the quantities is

measured with reference to a fixed mesh.
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3.2.5 Initial and boundary conditions

An initial state of stress has to be prescribed prior to initiation of the dis-
turbance at the domain. The boundary conditions may be in the form of
tractions or velocity restrictions. The traction vector, t;, on a surface with

unit normal, n, is given by Cauchy’s theorem [71] as:
t; = g7 5 (38)

The velocity at a boundary may be zero in any of the coordinate directions,
or it may have a definite non-zero value, i.e. compression at a given rate of
a side of a block. Mixed boundary conditions, such as velocity constraints
in one direction and traction in another direction may be assigned. Con-
tact or frictional boundary conditions are not considered for the particular

applications in this dissertation, but can be incorporated [51].

3.3 Numerical representation of spatial deriva-

tives

Wilkins [128] developed a differencing scheme based on the integral definition

of a partial derivative:

aF—l' L Fn;dS (3.9)
8zi—Al—%<A[~? i ) -

where [ is a scalar, vector or tensorial quantity, z; is a component of the

position vector, A is the area of integration, dS is the incremental arc, and
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FFigure 3.1: Integration path for the contour differencing scheme

n; is the component of the unit outward normal to dS. [f the integration is
done over a path defined by a polvgon of a given number of sides M (Figure
3.1), an approximate expression can replace Equation 3.9,

oF 1 M

~ — FMNp.8 3.10)
or. A " (310

N=1
where FF(V) is the average value of F on the side, £ is the side length, and n;
is the outward pointing component of the normal unit vector to S.

The same result can be obtained using the Gauss divergence theorem to
express the derivative of a function, vector or tensor in a discrete area of
the body in terms of an integral around the boundary limiting this area.

Consider for example, a vector field f, in two dimensions, with continuous
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first-order derivatives in a region of area A, bounded by a curve L. By Gauss

divergence theorem:

/vnm :/f-ndL (3.11)
A L

in which n is the outward normal to the curve, and d A and dL are elements
of area and arc of length, respectively.
[f the derivative is assumed to be constant over the area, or by taking the

average value of the derivative as < f;; >, then:
L .
< [, >= XAf,-JdA. (3.12)
Dividing Equation 3.11 by 4 and comparing with Equation 3.12 gives:
< fi; > 1/<f> dL (3.13)
ij > = i ny .

The finite difference form of Equation 3.13 is obtained by replacing the

integral by a sum over the A sides of the zone,
1 M :
< fij >=ZZ<fi>Nn§”LN, (3.14)
N=1

where L is the length of the N side of the triangle, n; is the component in
the jt*-direction of the outward normal vector to the side, and < f; > is the
average value of f; over the side. Hereafter, this operator will be called the
contour difference operator [58]. If the function varies linearly between the
nodes, this expression is exact. Note that by using this approximadtion, it is

assumed that the gradient of the vector f is constant (equal to the average

value of the gradient) within the area of integration.
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IFor a quadrilateral element, Equation 3.14 can also be obtained by ex-
panding into Taylor series about the center of a zone from the corner points,
as was shown by Herrmann and Bertholf [51].

The code developed for this dissertation was built considering the re-
gion of interest to be portioned into quadrilateral elements as represented
in Figure 3.2(a). Each of these elements is subdivided internally into two
scts of overlapping triangular sub-elements, Figure 3.2(b). The gridpoints at
the corners of the quadrilaterals connect the elements to each other Certain
quantities are associated with nodes while others are associated with elements
(or sub-elements). Node-centered variables are position, velocity, accelera-
tion, stress gradient (forces), body force and damping force. Zone-centered
variables include stress tensor components, strain rate tensor components
and mass density. Note that, in general, vectors are associated with nodes
and tensors with elements. Quantities such as pressure and saturation, to
be used in the two-phase flow calculations, are assigned to elements because
flow equations are solved for the elements.

For a generic quadrilateral, consider one of the overlapping triangles,
(Figure 3.3). The value of the function at the nodes is known and is denoted
by ff; where | = 1,2, 3,4 corresponds to the local numbering of the nodes
forming a quadrilateral. Also, the geometrical parameters such as length

of each side segment (AS) are known quantities. By Equation 3.14 the z-
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Figure 3.2: Discretization of the medium: a) typical mesh with quadrilateral
elements; b) internal sub-discretization in overlaying triangles
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Figure 3.3: Generic quadrilateral with the triangle subdivision showing values
of the function f at the nodes

component of the gradient is:

fiz=—|<f2> (nIAS)TQ—+ < f3> (nIAS)§§+ < [ (nIAS)ﬁ

,._.
|

(3.15)
where < fi12 > is the average value of f; over the side segment 12 of the
triangle, which by assuming a linear variation of f; over the side can be

taken as:
fi+ f12

. (3.16)

< fE>=

The same applies to all segments. Similarly, the y-component is given by:
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1 = 17 55 33 AT 5
fiy = Z[ < B> A8 P4 < B 5> n,08)P+ < [ 5 (n,A5)7T].
(3.17)

The components n, and n, of the normal unit vector to the sides of the

triangle are:

= y(‘l) — y(l) = (0~ (2
n, = —————; n, = —
AST v AST
53 y(3) _ y(’l)' 57 (2 _ ()
"t T TaAsm T AS™
T y(l) _ y(3) IT 3 — (1)
n = —— = — (3.18)
r A g3t v AgH

Substituting Equations 3.16 and 3.18 into Equation 3.15 gives:

L [—(f ) 8+ 18 VSEDI)

3)_, (1)
A 2 2 2 (v -y

(3.19)

fiz = (y® —yM) + (y®—y®)+

Expanding and cancelling terms gives the gradient of f; in x-direction as:

1 , o o .
fiz = -z—z[fi(l)(y(“’ —y®) 4 sP® — My 4 g B y(")}- (3.20)

The corresponding equation in y—direction is:

fiy = —ﬂ[fi(”(l‘(") —z®) 4 fP(® — Wy 4 B z“)}. (3.21)

The contour difference operator can also be used to approximate gradients
at the nodes. For an integration path, such as the one shown in Figure 3.4,
the contour differencing operator, given by Equation 3.14, is applied to the

quadrilateral ABCD to give the following expressions:

B fi _ L (1), (A) (D) (2}, (B) (A)
81_)0—2‘4[&- (y y )+ 7@ — )
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Figure 3.4: Gradient of f; evaluated at the gridpoint O

O E) =y By D (o) y<C>)] (3.22)
df; B V[, 4y (D) (2), (B) (A
(0y>o—_2.‘l[fi (I Zz )+fi (33 I )
1O = 2®) OO - @) (3.23)

where 4 is one-half the area of the quadrilateral ABCD:
a=1 [(y(a) — y PN (A _ 1O _ (5B _ p(D)y(y(4) _ y(C))] (3.24)
4

The integration path now crosses through different elements. Therefore, the
conditions of continuity of the first-order derivative required by the Gauss
divergence theorem may not be met because different quadrilaterals with

different properties are enclosed in the integration path.
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The contour difference operator, given by Equation 3.14, is used to de-
termine stress gradients and velocity gradients in the mechanical portion of
the code. [t is also used in the fluid flow portion to determine pressure,
saturation and velocity gradients, respectively.

Ununlike traditional finite difference schemes, the contour difference oper-
ator is not restricted to rectangular grids. Indeed, the enclosed region may
have any number of sides, and/or material properties. Therefore, complex
geometries and boundary conditions can be handled. The extrapolation to
three-dimensional schemes is straightforward by using Gauss theorem, Equa-

tion 3.11 for a volume enclosed by a two-dimensional surface area [58], [25].

3.4 Hourglassing modes

The drawback of using simple, constant strain quadrilaterals is the presence
of mesh instabilities commonly referred to as hourglassing, zero-energy or
kinematic modes [59|. For polygons with more than three nodes, there are
combinations of nodal displacements which do not produce any strain and,
therefore, no opposing forces are created. The resulting effects are displace-
ments in alternating directions (Figure 3.5).

These effects are result from over-determining the difference equations
[59]. In other words, there are eight independent componerts of velocity per
zone (two at each gridpoint) while only six modes are used to define the

deformation per zone (three components of uniform strain plus three rigid
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Figure 3.5: Typical hourglass mode of deformation in a quadrilateral mesh.

body motions). Hence, there are two undefined modes of deformation which
compose the hourglass. Several procedures have been used to overcome the
hourglass modes (Hancock [47], Silling [104], Herrmann and Bertholf [51]).
One viable, and simple, solution is the use of constant strain triangles, which
do not result in over-determinaning the difference equations [69]. However,
this can lead to an unreallistically stiff response of the model, referred to
as mesh-locking (Nagtegaal et al. [77]). To solve this problem, a mixed

discretization procedure [69] was is (see Section 3.7).
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3.5 Basic calculation cycle

The basic calculation cycle is summarized in what follows. At each time
step, and for each grid point in the mesh, the net nodal forces are computed
as the stress gradients at the zones, plus the gravity and boundary forces.
These forces are not in balance (equilibrium has not been addressed yet).
Therefore, accelerations are produced according to the equation of motion |,
EEquation 3.2.

Integration of this equation in time allows the corresponding velocities,
;. and displacements, u;, to be determined for the grid points. Velocities
are measured in length over each time step. This equation also includes a
damping term which will be introduced in Section 3.12.

Boundary conditions are now placed on the velocities. The strain rates,
¢,j. are computed for each zone from the velocity gradients. Thereafter, the
stress increments are determined by invoking the constitutive equation for
cach zone.

Continuing with the calculation cycle, stress boundary conditions are ap-
plied. Again the forces are calculated and if the body is not in equilibrium,
it will accelerate. The corresponding velocities and displacements are once
again calculated. The cycle is repeated until the out-of-balance forces are
very small and tend to zero, indicating that equilibrium or steady-state con-
ditions have been reached.

Since this is an explicit method, the unknowns are determined using
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known values from the previous pseudo time steps at the local point or at im-
mediate neighboring points. These known variables remain fixed within each
computation step. It is assumed that the newly-obtained velocities do not
affect the stress rates during a particular time step. This is justified only if a
sufficiently small time step is chosen such that, in fact, the information does
not propagate beyond the element. This critical time step is associated with
the speed at which the information is able to propagate in the medium. If
the time step is smaller than this speed, the explicit procedure will be correct.
because no information beyond the immediate surroundings of a node can
affect its behavior. As computation progresses, disturbances will propagate
over several elements to achieve balance of forces throughout the body (the

actual determination of the critical time step is discussed in Section 3.13).

3.6 Strain rates

The strain rate for each sub-element, defined by Equation 3.5, is determined
through the velocity gradients which in turn are calculated using the contour
difference operator, Equation 3.14. For a triangular sub-element, the velocity

gradient components in the x-direction are, from Equations 3.20 and 3.21:

11,;_2:

1T 2 (2 .
= 71 E® =) P -y D)+ +P O )] @.25)
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where (1), (2) and (3) are referred to nodes defining the particular triangle.

The equivalent expression for the y—component of the velocity gradient is:

l

ey =~ @ (2 — 2Dy 4 @D (z® - 2Oy 4 1P (D = )| (3.26)

3.7 Mixed discretization

As previously stated, in finite element and finite difference codes for solid
mechanics, the use of constant strain triangles leads to an over-stiff response
or mesh-locking (Nagtegaal et al. [77]). The excessive stiffness of these
clements has been attributed to over-constraining the volumetric response.
Marti and Cundall [69] propose the mixed discretization procedure to remove
mesh-locking while maintaining the use of very simple elements, such as
constant strain triangles. [n this technique, each quadrilateral is subdivided
into two superposed sets of triangles by two diagonals ( Figure 3.2). The
volumetric (mean or isotropic) stress and strain rate components are taken
to be constant over the whole quadrilateral element, while the deviatoric
compornents are treated separately for each triangular sub-element. Hence,
the volumetric strain rate is averaged over each set of triangles while the
deviatoric part remains unchanged.

The volumetric strain rate, é,,, for the first set of triangles (a, b) in Figure
3.2 is:

éh +e% + e}y +édy

em = , 3.27
: ! (3.27)
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while the deviatoric strain for each triangle is:

—ebs (3.28)

- a é‘"l +€3
1 =
2
b €m + €5 )
ey = —— (3.29)
2
sa
-a Em — €4
Con =
2
. .b
b €m — €y
€oo =
2

A similar procedure is followed for the second set of triangles.

3.8 Constitutive equations

Because of the sequence of calculations, the constitutive relationship is set
in a strain-space model in which stresses are computed from strains. Con-
trary to this, in the stress-space model of a constitutive equation, strains
are computed from stresses (usually an incremental approach is required to
consider nonlinearities [78]). In the program developed for this dissertation,
once the strain rate tensor has been calculated for each triangular subzone,
any constitutive equation can be invoked to determine the stress changes
within this subzone. Actually, several subroutines containing different con-

stitutive equations can be prepared and assigned to different regions of the
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domain when modelling heterogeneous materials. Linear elastic and trilinear

constitutive equations have been included in the present code.

3.8.1 Linear elastic and trilinear stress-strain relation

The stress-strain constitutive relation, in incremental form, for a linear elastic
material is given by:

Agy, = [5,—,-(1{ - %c) exn + QGé,-j]At (3.30)
where §;; is the Kronecker delta, At is the time step, and ¢ and K are the
shear and bulk moduli, respectively.

The trilinear constitutive equation is a very simple stress-strain relation-
ship given by three linear segments [102],A,B, and C, as shown in Figure
3.6(a). This constitutive equation is presented in terms of the radius of
Mohr’s strain circle, ¢,,, and the radius of the Mohr’s stress circle, r,,, Fig-
ure 3.6b. The parameters €1, €m0 and 7. are specified rock values which
determine the peak and the residual strength of the rock. The first segment
4 of the trilinear is the same as the linear elastic stress-strain relation. The

parameter ¢,, is defined as:

- e
€Em = \/6'1'2 + (611 - 5)2 (331)

where e is volumetric strain (e = 8 = e;; + eg2) and ey, €19, €29 are compo-
nents of the strain tensor.
The use of the constitutive equation is shown in Figure 3.6a with dotted

lines. The known strain is given as an input and the corresponding shear
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Figure 3.6: a) Trilinear constitutive relation; b) Mohr's circle of strain
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stress 1s defined by the curve from which is possible to determine the effective

parameter G,.rr as:

TYY
Geff = =2, (3.32)

€m

[n other words, €,, is computed from strains, entering the curve will determine
Giepr and then the stress increments are thus computed using Equation 3.30
applying the effectuve parameter. Note that for the first segment (A), G is
constant, but after the level of strain exceeds ¢,,;, the effective shear mod-
ulus decreases continuously. When €., is exceeded, the shear modulus is
further degraded at a higher rate to maintain the stress at a constant resid-
ual strength.

The unloading behavior is considered through segment D (Figure 3.6a)
using the slope of segment A. Unloading is applied when the ¢,, is lower than
the maximum experienced by a particular element in its loading history.
Reloading follows the same path until this maximum is reached, and the

corresponding segment of the constitutive curve is resumed.

3.9 Stress and displacement boundary con-
ditions

Boundary conditions involve the application of external tractions and/or ve-
locities. To apply velocity boundary conditions, velocities specified at the
boundary are used directly, instead of calculating them through the momen-

tum equation. When velocities other than zero are prescribed, care must be
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taken to apply such boundary conditions in an incremental way. The rate
at which the velocity boundary condition is applied depends on information
propagation speed through the mesh. 2 Silling [104] and Herrmann and
Bertholf [51| present a thorough explanation on the application of this type
of boundary conditions, as well as contact boundary conditions, and others.

This code is designed to accept stresses at the boundaries from which
the corresponding traction forces at the boundary nodes are calculated, as

explained in Section 3.10.1.

3.10 Nodal forces

[f the mass distributed over the area of a zone is lumped at the corner nodes,
the motion equations can be written in terms of nodal masses, accelerations

and forces at the nodes as:
pinternal | phody  pbdry g, (3.33)

D internal
Fi

where is the force on the ith node due to the internal stress gradients,

oo

°"Y is the body force lumped at the node, and the force at a boundary node

is F,-bdry; a; is the acceleration and m is the mass lumped at the nodes (see
Section 3.13).
Therefore, the total nodal force is the sum of the boundary forces, the

gravitational and the internal forces.

2This will not be discussed further since no such boundary condition will be considered
in this dissertation.
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3.10.1 Boundary forces

The nodal forces acting on the boundaries are calculated from the stresses

prescribed at the boundaries by:

Fibdry = UgirynjAs (334)

where n, is the outward normal unit vector of the boundary segment, and
As is the length of the segment over which the stress af}iﬁj is applied. Half of

this force is assigned to each node of the corresponding boundary segment.

3.10.2 Gravity forces

The gravity forces F{ are computed from:

F{ =gim, (3.35)

where 1, 1s the lumped gravitational mass at the node. This is defined as
one third of the mass of any triangle connected to a node. Since a double set.
of overlapped triangles is considered, the resulting quantity must be divided
by two. Thercfore,

1 A

3.10.3 Internal forces

The equivalent forces applied to grid points are determined from the stresses
prevailing in the surrounding zones. For a particular subzone, the gradient of

stress times the area (Ac;j;) may be interpreted as the force on a node due
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Figure 3.7: Generic triangle showing nodal forces

to internal stresses. Actually, the stresses at each subzone act as tractions
on its sides. Then, the traction acting over each segment of the triangle is
substituted for by two equal forces (distributed half-and-half) located at its
extremes. Each triangle corner receives forces from two adjoining segments
(Figure 3.7). For a generic grid point 1, belonging to a triangle in the mesh

, the following expression is obtained:

Fi(l) — A(O’T2~ + 0,31

7,J Ji.j
or, in terms of the contour operator:
p_ 1 o, 313l
Fi = 504(n;"8 +n5°57) (3-37)




The components of the unit normal vector are given by Equations 3.18.
After simplification, the following expressions result for node 1 in the triangle
sketched in Figure 3.7 (nodes |, 2 and 3 are any consecutive nodes in a

counterclockwise sense).

[Un (v = y®) = 0py (= - 22) }

[am (v@ = y®) =0y (=™ = @) J (3.38)

FO =

il

~(1)
Fy

Similar expressions can be written for the rest of the nodes of the sub-element.

The nodal forces are calculated for the grid points corresponding to the
four triangles (two sets) forming the quadrilateral. Within each set, the
forces from triangles meeting at each node are summed. For example, in
the set of triangles a — b (Figure 3.2b), the forces at node 1 from triangles
a and b are summed. The same holds for node 3. However, for node 2,
only the corresponding force for triangle b is considered; similarly, for node
4, only triangle a contributes. The same procedure is followed for triangles
¢ — d. Next, at each grid point, the nodal forces resulting from both sets
are averaged, to give four nodal force vectors which are the contribution of
a particular quadrilateral in the mesh.

The net internal nodal force vector associated with a grid point, Y f;, is
then obtained by summing the corresponding nodal forces from all quadri-
laterals meeting at the grid point.

Applied boundary loads, where pertinent, and gravitational forces are

added to the net internal nodal force vector at this stage, to obtain the total
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nodal force vector, defined in Equation 3.33, for each grid point of the mesh.

3.11 Integration of the motion equation

By using the contour operators in the calculation of stress gradients, the in-
tegration of the motion equation is done in its global (integral) form, Equa-
tion 3.1, rather than in a local form, Equation 3.2. Therefore, discontinuities
in the stress field are allowed without convergence problems.

While the forces are not in equilibrium in the body, the nodes will accel-
crate following the equation of motion. The velocities can be calculated by
integrating this equation in time. If centered finite difference equations are
used for the velocity, the scheme will be second-order accurate in time [4].

Hence,
At

m

agné—An/’l) _ ugn—An/'.’) + (Zfi(n) + 5) (3.39)

where 0 is a damping term (discussed further in the next section). For the
first time step, the velocities at the time (n — An/2) are equal to those at
time n.

Displacements are calculated for the time n as:

R
ul = —* 5 : At, (3.40)

so there is a half time step shift between velocities and displacements.
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3.12 Dynamic relaxation and damping

The code developed here uses the dynamic relaxation procedure introduced
by Day [28] and Otter and Cassell [81]. Dynamic relaxation consists of the
modelling of an equilibrium boundary-value problem by using the dynamic
equations of motion and by using an artificial damping to reduce the large-
time limit of the dynamic problem. The dynamic equations of motion are
used cven though static solutions are pursued. However, an artificial damping
term is included such that, for long terms, a steady-state condition or a static
equilibrium is obtained. A complete discussion of this method is presented
by Underwood [123].

The dynamic relaxation method, together with an explicit finite differ-
ence formulation, are especially well-suited for problems involving complex
systems, e.g. nonlinear, finite strain, physical instability. On the other hand,
it is not efficient for modeling linear, small-strain problems [25].

The artificial damping used in most dynamic relaxation methods is veloc-
ity proportional. That is, the magnitude of the damping force is proportional
to the velocity of the nodes. Cundall [25] points out that a velocity propor-
tional damping introduces body forces, which can overshadow the failure
process. Also, it is difficult to determine the optimum or critical parameter
to provide damping of the system. An adaptive damping is needed accord-
ing to differences in behavior in different regions of the medium. In this

dissertation, the damping scheme proposed by Cundall [25] is used where
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the damping scheme is proportional to the magnitude of the out-of-balance
force at each node. The direction of the damping force is such that energy
is always dissipated. The expression for the integrated motion equation with
the adaptive damping is given by:
. . (= At
ugt*‘\” = ugt a4 4 [Z Fl-(” - af ZF,-(‘)I sgn(usc Sy 22 (3.41)
n
where a is a safety factor, set to 0.8 in the program, and m,, is a ficticious
nodal mass which is derived in Section 3.13.
The time (or pseudo-time) involved in the procedure is a fictitiuos quan-

tity and is intended to let the system achieve static equilibrium.

3.13 Critical time step and density scaling

The explicit time integration scheme is conditionally stable. The stable time
step is limited by the spatial mesh size, and also depends upon the consti-
tutive equations. The stability condition for an elastic solid, discretized into

elements of size Az, is given by the Courant condition [4]; i.e.,

Azx
At < — 3.42
<& (3.42)

where C is the maximum speed at which information can propagate. Typ-
ically, the P-wave or dilatational wave speed, Cp, is the fastest wave. The

speed for dilatational waves in the z,-direction is:

2 180’11
C2=-

(3.43
p Oe, )
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For a linear elastic material, the constitutive relation is given by Equa-

tion 3.30. so 7, 1s:
.2
o = (K — ?G)(ell +exn) + 2Gey
Therefore. the dilatational wave speed in the z;-direction becomes:

(3.44)

[n a rigorous sense, the determination of the critical time step includes an
analysis of the smallest natural period of vibration of the system. Such cal-
culation i1s impractical because it takes a computational effort similar to the
dynamic relaxation procedure. However, some codes are based on estimates
of this natural period. In CHIMP [104], the numerical stability condition is
estimated to be that of the undamped explicit central differencing method

(damping used in CHIMP is velocity proportional), such that:

2

t'l‘f“%‘ < —

u"rna:z:
where ¢ 1s the time step, and wpmaz is the highest natural angular frequency of
the undamped mesh, which can be conservatively estimated using the local

speed of infinitesimal waves. This leads to:

€
t"*% < min (—)
- C
where ¢ is the minimum of the lengths of the zone edges and diagonals,

and C is the local speed in the reference configuration. This approach will
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determine the time step for the smallest zone size; since € can vary over orders
of magnitude through the mesh, it would severely limit the efficiency of the
code.

It ts possible to manipulate the local wave speed by changing the mass
density p. Since C ﬁ for a given constitutive relation, it can be set to any
desired value by adjusting the local density (Underwood [123]). The point
is to find a density distribution which provides a uniform stable time step
for all zones (density scaling). This will not affect the end results since the
problems dealt with are static and, in the static equilibrium equations, the
mass density term does not appear. Therefore, these manipulations can be
made arbitrarily without influencing the asymptotic solution to the dynamic
equation for balance of linear momentum. The gravitational forces are not

affected by this scaling.
3.13.1 Density scaling for a linear elastic material

Following the procedure outlined by Underwood [123], the time step is set
equal to unity, and the nodal masses are adjusted to provide this value. For a
triangle, the minimum propagation distance can be estimated as A/AZ g2,
where A is the area of the triangle and Az,... is the largest side of the
triangle (which is the diagonal of the corresponding quadrilateral). Using

equation 3.42, the following relationship is obtained:

A

At = ———
CpAZmar

(3.45)
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Substituting At = 1, and Equation 3.44 into Equation 3.45, gives:

(K +3G)ALmax

o yE (3.46)
The mass associated with the triangle is 1n, = pA; therefore,
K +3G)Az,
m, = ( 26) g (3.47)

A
However, it 1s necessary to lump masses to gridpoints, so the motion equation
can be solved at this level. Last and Harkness [58] present a procedure to
lump masses to gridpoints in which the center of gravity of the triangle is
not modified. His results point out that lumping one third of the subzone
mass into each node will preserve the location of the center of mass of the
quadrilateral. Hence, the mass for each gridpoint in the triangle is:

L 2
Mgp = F7Ne. (3.48)

The net gridpoint mass for each node in the mesh is given by the sum of
thie masses of all triangles connected to that gridpoint, including the two sets
of overlapping triangles; therefore, the summation needs to be divided by two.
This summation includes all quadrilaterals sharing a particular gridpoint

(maximum of four). The expresion for the net gridpoint mass becomes:

m, =S e (3.49)

2
Since this procedure yields an estimation of the critical time step, a safety
factor can be applied. The safety factor adopted here was 0.8, i.e., the critical

time step is set to 0.8 instead of 1.
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3.13.2 Density scaling for a trilinear material

The nodal masses associated with the gridpoints are determined with the
same expressions as presented in Equations 3.45. 3.46, 3.47. However,
depending on the strain level, the effective moduli are degraded and some
areas of the body will have different properties than others. Therefore, nodal
nmasses have to be recalculated for each mechanical time step, as strain in-
creases in order to speed up the convergence of the dynamic relaxation pro-
cess. [f the dependence of the effective moduli upon confining pressure, for
example, is to be included, the equations for the nodal masses are not the

same and turn out to be complicated expressions [14].

3.14 Mechanical portion verification test

The problem that has been chosen in order to verify the accuracy of the code
is the determination of stresses and displacements induced by a cylindrical
hole in an infinite, isotropic, linear elastic medium, subjected to a uniform
in-situ stress field. Plane strain conditions, perpendicular to the borehole
axis, are assumed. The analytical solution for this problem was formulated
by Kirsch (see Jaeger and Cook, [53]).

A point located at a polar coordinate (r, 8), near an opening of radius a

(Figure 3.8) will experience stresses and displacements given by:

Pa 2 P, —P 4a®*  3a*
P, + '(1 3 ao) LB 2(1 e, L) cos(20) (3.50)
2 2 ré

r- r=

ar



P[*‘PQ 0.2 PL—P‘.’. 30’4
Py + P» 2a  3a*\ .
o = =2 (1 2 = 20 ) sin(0) (3.52)

The analytical solution for the displacements (Jaeger and Cook [53]) is :

2

P Ps 2 Py, — Ps 2 i i
L+ faa” L 22 [4(1—1/)—%] cos(26) (3.53)

ic 240 =
P1 — PQ a2
4G r?

U,

o

[2(1 — ) + j—] sin(26) (3.54)

vg = -

[n these equations, G is the shear modulus of the rock, v is the Poisson’s
ratio, u, is the radial displacement, and vy is the tangential displacement.

The finite difference mesh and boundary conditions used for this problem
are shown in Figure 3.9. Symmetry of the problem permits modeling only a
quarter of the medium. The mesh is composed of 900 quadrilateral elements.
The mesh has been refined near the borehole where the stress gradients and
displacements are greater in magnitude then further away from the borehole.
The element size is increased as the radial distance increases. The hydrostatic
far-field stresses are set at —30 MPa (compressive field), which are input
as initial stresses in the elements. The material properties used are:F =
6.7GPa,v = 0.21, p = 2500K g/m3.

The process of dynamic relaxation of the system is illustraded in Figure
3.10, in which the out-of-balance forces are plotted against pseudo time steps
at the borehole wall. A total of 2350 time steps were needed to lower the
out-of-balance forces four orders of magnitude. At this point, the system

is considered to be in equilibrium. The numerical results for stresses and
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[Figure 3.8: Schematic representation of a borehole subjected to an in-situ
stress field
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Figure 3.9: Finite difference mesh used for the borehole problem
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Chapter 4

Governing Equations for
Multiphase Flow in a
Deforming Porous Medium

4.1 Introduction

An oil reservoir can be envisioned as a multiphase mixture, gas, water and
the rock. The basic formulation for multiphase flow in a deforming porous
medium is presented by Li and Zienkiewicz [66], Lewis and Schrefler [61]
and others [99]. The most pertinent derivations presented in this chapter
follow the formalism in references [66] and [64| for the case of two-phase flow
in deforming porous media. Constants are regrouped and redefined here to
facilitate the subsequent numerical solution by the explicit Lagrangian finite

difference technique.
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4.2 Immiscible two-phase fluid flow in a de-
forming porous media

Cousider a representative elementary volume in a domain containing the
mixture of the following a-constituents: solid, a wetting fluid phase and a
non-wetting phase (¢ = s, w, n, respectively). Pore space is represented by
porosity, ¢. The volume fraction that is rock is, therefore, | — & (the volume
fraction of the fluis is ¢). The fraction of pore space occupied by each fluid
is referred to as the saturation (S, for the wetting phase, and S, for the

non-wetting phase). These quantities obey the constraint:
Sw+ Sp=1. (4.1)

4.2.1 Fluid pressure in a multiphase flow regime

The distribution of fluids in the rock depends on the interfacial tension,
pore geometry (capillary radii), wettability (contact angle with the rock),
stresses, and, in general, is a strong function of the saturation history [98],
[61}. Since these parameters change in time and space, defining pore pressure
is a difficult task.

Several assumptions can be made concerning the definition of pore pres-
sure. [t can be considered that both fluids are in contact with the solid, so

the pore pressure is expressed as:

P = Swa + Snpny (42)
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or alternatively, it can be assumed that:
P =P, (4.3)

if only the wetting fluid is considered to be in contact with the solid. This

last assumption is made for the derivation that follows.

4.2.2 Effective Stress Concept
Effective stress ia by definition:
Tiy = U;j — Q(Sijp, (44)

where | is the effective stress and p is the pore pressure. Biot's poroelastic

coefficient can be expressed by {92]:

(4.5)

where A'; and K are the bulk moduli of solid grains and framework, respec-
tively. The parameter a can also be expressed in terms of other parameters
such as the Skempton coefficient, B and drained and undrained Poisson’s
ratio, v and v,, respectively [31]. For simplicity, the expression given by

Equation 4.5 is used in this derivation.

4.2.3 Governing equations

The continuum isothermal approach for solid and fluid mechanics includes

the following laws and relationships for each component:
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l. mass conservation
2. momentum conservation
3. constitutive or state equations

4. effective stress law for the fluid-permeated solid.

Mass Conservation

The solid mass volume, M, can be expressed as the volume fraction of the-
porous solid, (V; = (1 —¢)V'), times the density of the solid ( ps). Therefore,

mass conservation for the solid requires that:

DMy D
Di a/v“ ~ é)psdv =0

or
(1 — @)ps . I(1l — @)psu;
ot aIi

=0 (4.6)

where u; is the solid velocity. Similarly, the mass conservation equations for

the wetting and non-wetting phases are:

a¢Swa + aQSSwpwai

=0 4.7
ot 8zi ( )
6¢Snpn 8¢Snann.i
= 4.

where U,,; and U,; are the intrinsic velocities for each fluid.The volume frac-

tion of the corresponding fluid is ¢.5; (I = w, n).
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The superficial, or Darcy velocities, are defined as:

Wi = ¢S (Uws — us) (4.9)

vy = ¢Sn(Uni - ui) (410)

where w; and v; denote the wetting and non-wetting fluid velocities, respec-
tively.
Substituting the definitions given by Eqs. 4.9 and 4.10 into Eqs. 4.6- 4.8,

and expanding derivatives gives:

- —ps—— +(l = d)pstii + —(—u; =0 .
(1 t.)at pdt+( D) pstii + oz, ) (4.11)
8(pSquw 8(¢Swpwui) 8pu.,'u}i
BN + oz, + o, =0 (4.12)
OPSnpn a(¢snpnui) aPnUz
= 0. 4.13
ot + 8113,; M 8:ri ( )
or
dpa d[)_, a¢
“_")(ac +“‘az,-) (8t +axl”’>
+(1 - )psui'i = 0 (414)
. 3(15 d¢ 0pwSw OpuwSw
bm w Uug
P 3t ) * ¢( Or; >
8pwwz
+ Bz, + ¢pwS wlii = 0] (4.15)
o¢ o¢ OpnSn OpnSn
S"‘”"(at +“’ax,~) +¢( 3t “on )
%) nYt
+ 2852 L GpaSauis = 0 (4.16)
3:1:1-
(4.17)
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D

Using the definition of material derivative, i.e. §; = % + ”iaiz.’ with

respect to the solid velocity, the previous equations result in:

(l - ¢) Dps D(P .
—_ 1 — IR = 0 4.18
o Dt Dt + (1 = @), ( )
<@ D(Swpw) D@ 1 W apw
- ii+ —w;; — =90 4.19
Sope Dt T Powst gt g (4.19)
® D(Spnpn) Do 1 vi Opn A
+ i T 5TV =0, 4.20
Supm Dt b Pt gt 5 o (4.20)

after dividing Eq. 4.18 by p,, dividing Eq. 4.19 by S,,p,, and dividing Eq. 4.20
by S, Adding Eq. 4.18 to Eqs. 4.19 and 4.20 allows the elimination of
D

the term F’f, yielding two equations:

(1—0)0/}: _(p_DSw ¢ Dpw

+ —— Ui+ Wi
5 Dt S, Dt |, Dt Tt Wi
w; Opuw
=0 4.21
Swa azz ( )
1 — Dp, DS, Dp,
(___(ﬁli g_ _ié_ p +u11+ v‘ll
Ps Dt S, Dt pn Dt S
: O
i %P _ (4.22)
bnpn azi

The relationship between change in pressure and change in volume is given
through the concept of compressibility, C = —%(dV/dp), or alternatively, by
the stiffness, K = 1/C. Using the stiffness definition and the mass balance

equations for each component in the mixture, namely,

D(psVs)

=0
Dt !
D (pwVw)
—_— =0 4.23
T , (4.23)
D(paVn)
Dt =0
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the following expressions are obtained:

. for the wetting fluid:

pw Dt V., Dt K, Dt'
2. for the non-wetting fluid:
Il Dpn 1 DV, 1| DP,
pn Dt V, Dt K, Dt'
3. for the solid,
Il Dp, 1DV, 1 DP, i
ps Dt Vy, Dt K, Dt 3(1 - ¢)K,

Since the hydrostatic pressure is:

1 DPy,
75 = 3K, (Ui,i+ )

Ks Dt

and with K, = A4(1 — a), from Equation 4.5, then:

L Dp, L DP, 1
oy Dt [(a_‘ﬁ)l\’s Dt _(l_a)"*'i] (1—¢)
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(4.25)

(4.26)

(4.27)
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Next, Equations. 4.24, 4.25 and 4.28 are substituted into Equations 4.21 and

4.22, and together with the restriction of Equation 4.1, the results are:

(CX—(ﬁ)DPer" +@DPW+¢DSW+1
—— taui; + — o A T T Wi
K. Dt YR, Dt TS5, Dt st
wi
= _ Pwi = 0(429)
Swpw
(a — ¢) DPy ¢ DP, ¢ DS, 1
— 5 toua + = = Vi
k. Dt (*atpeprto o tgvat
v = 0 (4.30)
Sﬂpnpn,z = .

Making use of the relationship for the capillary pressure as a function of the

pressure difference in the fluids, it is known that:

DP, DP.  DP,

Dt _ Dt ' Dt (4.31)
and from Equation 4.1:
DS, DS, (4.32)
Dt Dt '
Also, it can be shown that:
DP. dP. DS, (4.33)
Dt ~ dS, Dt '
since it has been assumed that P. = P.(S,,).
Substituting these expressions into Equation 4.30 gives:
K, Dt oM™ K,,(P“' Dt Dt S. Dt
V4,i Uy
- —Pni — 0 434
5. St (4.34)
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Grouping terms in Eq. 4.29 and 4.34 gives:

DPy (o — DS,
Suw (a 2y ¢)+¢—-——

Dt K K Dt
+aSyuqi; + w;i; + E'Pw,i = 0 (4.35)
DP,/a — ¢ 1) ) DSw< | )
S +— )+ o—— —P.S. -1

Dt ( K K, Dt \K,

~i—aSnu,-',- + vi; + }ii-pn,i = 0 (4.36)
These can be written as:
DP, . DS, w;
chwlw + ngﬁ- + aSyui + wii + 'p_wpw,i =0 (4.37)
DP,, DSy, . U; .
SnCMT + C"Q_Dt— +aSpug; + v+ o P = 0 (4.38)
where,

[(a — ¢) & ‘
Cyi = + 4.39
1 K. K. ( )
Cuw2 = ¢ (4.40)

[(c—¢) ¢
Cn1 = + 4.41
! K Kn (4.41)

dP. S,

C = — -1 4.42
n? ¢ ldSw Kn ] (4.42)

Expanding the material derivatives, and grouping the terms in Eqgs. 4.37

and 4.38, a set of equations AX = B for the unknowns Pw and S'w is obtained:

any ap\ (Pu) _ (b
(021 022) (Sw) - (62) (4.43)
where P, and S, stand for partial derivatives with respect to time of wa-

ter pressure and water saturation, respectively. The terms in matrix A are
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defined as:

a;; = SuCuwi; @12 = Cup
a;y = SpChui; a0 = Cpo (4.44)
and the matrix B is:
by = —SwCuitiPus — CunttiSuwi — @Swliis — Wii — %pw,i (4.45)
w
bo = —=S,CmuiPuy; — CnouiSyi — aSnpuii — Vig — 1)—1‘-10,1't (4.46)
n

This set of equations can be solved as X = A~!B, which gives:

Sn C"wQ ) w C"n.‘.’

[.)w == Dp QUi — uiPw,i
1 Vg wy
1- —D—(Ui,icw’.’. — w;;Cno + —pniCu2 — '_zpw,ic'n’l) (4.47)
p n w
: SnSw(Cnl -C l) 1
Sy = D 2 Cou;; — uSy: + _<wi,iSnCn1 - ‘Ui,iSwal)
P Dy
l wy Vi
- (2 puiSnCor - 2 priSuCun ) (4.48)
D,, Pw Pn

where D), = §,C 41 Cna — SpCriCuysa.

The density gradient appearing in these equations can be written in terms
of pressure by using state equations for the fluids. These relationships are of
the form:

p = poexp [C(P — Po)| (4.49)
where C' is the compressibility of the fluid, P, is a datum, or initial pressure,

and P is any pressure at which the density is to be evaluated. For slightly
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compressible fluids, this equation can be approximated as:
Po -
p = pot E(AP) (4.50)

The relationship for the wetting fluid is:

l
Pw = Pwo + pwo(pw - pwo)y(“—~

w

and. consequently,

Wy wj;
—Pw.i — = Pw,i
Pw ' [\w + Pw — Pwo 1&

Similarly. for the non-wetting phase it results in:

Vg . V;
P Pna = Kn + Prn — Pro Dni-

Substituting these expressions into Equations 4.47 and 4.48 will explicitly

climinate the densities . The resulting equations are written in short form
as:
Py = [fpuii+ Puy (4.51)
Sw = fsui,i + Swf (452)
in which the first term in both equations represents the contribution of the

solid volumetric deformation, u;;, and the second terms, P, and Sy, cor-

respond to the fluid low processes. These terms are:

Sn. w _Sw n2

fr = Cuz ¢ (4.53)
DP

fs — aSnSw(Cnl— wl) (454)
DP
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and,

1
ow = D—p(ui'icw2 - w-i’iCnQ) - U-iPw,i
1 Cw" Cﬂ.o
f —| Pnivi— — — Py wis - 4.55
v Dp< K ¥ Pr— Pr 'wi\u'+Pw—Pwo> a2
and.
l -
Swf — ——(‘ll’i_ibncnl — U; iSwal> —_ uiSwi
D, ’ '
1 SnC,u chwl )
- = Puiw; — Ppivi— 4.56
1 Dp( VTU[{w‘f‘Pw-Pwo 'UK"-_*—P"—P"'O ( )

The equation for the evolution of the porosity is obtained combining
Eq. 1. 18 together with Eq. 4.28 to give:
Do 1 DP,
—_ = - — i 4.57)
pe = @ ¢)<KS Dt ) (4.57

Momentum conservation

For a unit element of the porous medium mixture, the momentum balance

equation can be written as:

by — p 2% _ s D(“’" 6Supn (Y —0. (4.58)
(71._7,_] PY4 P Dt wwat ¢Sw) nant(QSSn) - Y -t

In this equation, p is the density of the mixture, which is defined as:

p = ps(l — @) + pudSw + pPndSn. (4.59)

The terms expressing the relative acceleration of the fluids are neglected.
This is reasonable for quasi-static processes, which is the case here. Us-

ing the effective stress concept, Equation 4.4, and knowing that %”- is the
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acceleration of the solid, a;, the motion equation for the mixture is:

o' — a(Py)i+ pbi — pa; =0 (4.60)

Jjig

The equation of motion can alsobe written for each component individu-

ally. Hence, the equation of motion for the wetting phase is:

Ipy, Du; O(wi/dSw)
— oS, + GSypuwb; — ¢ w — PSSy py—— T R 4.6
e EP F oowp PSP Dt OSwpw ot ( 1)

1
where R,. is the momentum exchange (coupling force acting on the wetting

phase). This force is assumed to take the form of Darcy’s law, i.e.

Rwi w;
wn 4.62
‘wa Aw,] ( )
where Ay, is the fluid mobility, which can be evaluated as:
krw(Sw
Aw, =k kru(Sw) (4.63)

i /iw(Pw) .
Here, k., is the absolute permeability of the wetting fluid and k., is the rel-
ative permeability. Substituting Equations 4.62 and 4.63 into Equation 4.61,

the wetting fluid velocity gives:
wi = Awy, (—Pwy + puwb; — pwa;) (4.64)

The relationship for the non-wetting fluid is obtained in a similar manner,
giving:

Vi = Any;(=Pnj + pnbj — pnaj) (4.65)
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where A, is defined as:

krn(Sh)
Ap, = kn,, 22 (4.66)
tin(Pr)

In this equation, kn,, and k., are the absolute and relative permeabilities

with respect to the non-wetting phase, respectively.

Summarizing, the equations to be solved numerically are:
¢ motion equation for the mixture in terms of effective stresses, Eq. 4.60,
(rjlf]. - o:pw),j + pb; — pa; =0,

® mass conservation, [£q. 4.51, Eq. 4.52, Eq. 4.55, Eq. 4.56,

Pw = ujifp + Puy,

Sw=wiifs + Swy
e fluid velocities (modified Darcy's law for the two fluids):

Wi = A, (=Puwy + pubi — puay),

and,

Vi = An.,'_.,' (—Pn,j + pab; — pnaj)-
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Chapter 5

Numerical Solution of the
Coupled Equations of
Two-Phase Flow in a
Deforming Porous Medium

5.1 Introduction

The procedure used to solve the system of coupled equations describing two-
phase flow in a deforming porous medium is based on the following premise:
because the pore pressure and saturation changes have one component re-
lated to the volumetric strain of the solid and the other related to the fluid
flow parameters (mobilities, pressure gradients, divergencies) these compo-
nents can be separated at each time step, while maintaining coupling. This
is done by including undrained pore pressure and saturation changes due to
volumetric solid strain in what is called the 'mechanical portion’ of the cal-

culation and the drained pore pressure and saturation changes in the 'fluid

77




flow calculation portion’.

For ecach real time step, the mechanical portion evolves instantaneously;
no real time elapses. Due to the volumetric deformation of the solid and
fluid compressibility contrast, there are undrained pore pressure and satu-
ration changes during the mechanical portion. There is a change in effec-
tive stress, and strains are produced according to the constitutive equation.
Equilibrium for the mizture, solid plus fluids, is achieved through dynamic
relaxation at each time step (see Chapter 3). The solid is permeated by
fluids that will move (deform) according to the motion equation (which has
been written in terms of the mixture of solid plus two fluids). The out of
balance forces are determined and the resulting velocity of the solid and
corresponding strain rate are calculated. Following, flow and dissipation of
pore pressure take place. The fluid flow portion consists on marching in real
time by integrating the mass balance equations and generalized Darcy’s law
(Equations 4.51, 4.52, 4.64 and 4.65 in Chapter 4). The calculation steps
are represented schematically in Figure 5.1.

In a fluid permeated porous solid, the system is brought out of balance by
the following factors: a) external loading; b) gravity; c) velocity constraints;
d) pore pressure and/or saturation changes, both undrained (from the me-
chanical portion) and drained (from the fluid flow portion) and, consequently,
e) changes in effective and total stresses. The dynamic relaxation procedure

during the mechanical calculation ensures that the entire mixture is put back
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SOLID CALCULATION
Dynamic Relaxation

Momentum balance
or the mixture ?

Solid displacements and strain teasor
(Motion equation)

*
Undrained pore pressure generation
and saturation changes

Y

Effective stress tensor

Y

- ————————————f t*=t*+A*
A

FLUID FLOW CALCULATION

Newton’s Iteration

Fluid velocities (water and oil)
Pore pressure and saturations  fege——o—-d
Mass Balance, Darcy's law

Y

-t} t=t+At

tigure o.1: Schematic representation ol the overall calculation process.
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into equilibrium during each real time step.

This procedure accomodates the fact that mechanical effects occur almost
instantaneosly (order of milliseconds), while fluid flow and dissipation of pore
pressure are long term processes that can last minutes, days, weeks, or even
vears. Though rocks exhibiting creep or viscous (time-dependent) behavior
are not. considered here, the explicit finite difference technique can be used

to account for these effects [25].

5.2 Mechanical calculation for the two-phase
flow-deforming system

For the mechanical portion, the equation of motion for the rmizture (Equa-
tion 4.60) is solved, using the dynamic relaxation procedure.

Several changes from the purely solid formulation are introduced in the
mechanical calculation when the presence of pore fluids is considered. The
constitutive equation is applied to yield the change in effective stresses be-
cause the strain rate controls the effective stress rate. However, the motion
equation is applied to balance the total stresses.

Secondly, it is necessary to assume that the fluid saturated solid exhibits
a more stiff response under a given loading condition that would the dry
porous solid (in some codes, an apparent bulk modulus is used in order
to consider this enhanced stiffness [25]). This effect is included directly in

the program developed here by considering the effective stress changes and

80




the incremental pore pressure generation during the mechanical pseudo time

step, thus eliminating the need for an apparent bulk modulus.

5.2.1 Undrained pore pressure generation during the
mechanical portion

[From Equation 4.51, it can be seen that pore pressure changes have a compo-
nent related to the volumetric strain rate of the solid (first term) and another
component related to the flow of fluids (second term). In fact, the second
term in Equation 4.51 contains all factors associated with fluid flow: diver-
gence of the fluids’ velocities and gradients of pressure and saturation. This
allows the pore pressure effects to be separated accordingly. The numerical
procedure used to solve the equations takes advantage of this situation by
including the component related to the volumetric strain of the solid as part
the mechanical calculation, and the fluid low component as part of the flow
calculations.

Pore pressure generation under undrained conditions is controlled only
by the first term in Equation 4.51, since the quantity P, equals zero during
the mechanical portion (because of undrained conditions). The first term in

Equation 4.51 in incremental form is:
APyn = fpuiiAt®. (5.1)

The mechanical, pseudo time step is denoted here by using an asterisk.

Pore pressure accumulates during the sequence of mechanical pseudo time
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steps needed to ahieve equilibrium at a particular real time step such that
at the end there is a value of total pore pressure, P,,, given by:

Puw =Pl + ) AP, (5.2)
At

where F°] is the pore pressure from the previous real time step.

Note that, in this formulation, pore pressure generation is incremental
(dependent on strain rate) as opposed to the classical poroelasticity formu-
lation (Cleary [21], Detournay and Cheng [31]) in which pore pressure is
dependent on strain.

The total stresses are calculated using Equation 4.4, which in incremental

form reads:

AUU = (AUéj - APméi]-)At‘ (53)

The motion equation is invoked again and some of the energy of the sys-
tem is damped away (dynamic relaxation procedure). Further strains are
produced and higher pore pressure as well, until the system reaches equilib-
rium. This is the end of the first set of mechanical pseudo time steps and

the program proceeds with the fluid portion of the corresponding time step.

5.2.2 Modified density scaling

Damping here is the same as in the pure solid calculations. However, the
density scaling (see Section 3.13) has been changed to reflect the presence of
pore fluid. The density scaling also will need to be adjusted when different

constitutive equations are used.
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The normal stress component in the x-direction, g, is calculated as:

I

2
o = (K — -{;G)(e“ + em) +2Gey; — aPuy (5.4)

where Py, = fp(e1: + eoan). The factor f, has already been defined in Equa-
tion 4.55. Recall that u;; = uy ) + uss = e;; + eos. Therefore.

.2 _
g = (K - 73'0)(811 + ean) + 2Ge;; — afy(er) + 2oa) (5.5)

The speed of the dilatational wave in the x-direction is again estimated as:

130’11
c? == 5.6
P p Oeyy (5.6)
and, hence,
K +iaG
Cp = \J—f*—af,, (5.7)
p

5.2.3 Undrained change of saturation

As with pore pressure calculations, changes in saturation have been separated
into those related to the solid volumetric strain under undrained conditions
and those associated with fluid flow.

The deformation of the solid can cause a change in saturation because
of the eventual difference in the compressibilities of the fluids (wetting and
non-wetting). The following expression (first term in Equation 4.52) is used
to determine the change in saturation during the mechanical portion of the

calculation:
SnSw(Cnl - CWI)At'.

5 (5.8)

ASw‘u = a'lii',-
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Recall that the constants C,, and C,, are given by:

(a — ) ®
——— _*_. ,
K, A,

. (- o ¢
Cm:[ 2 )-F ’ and Cp; =

and note that if the compressibilities of the fluids (1/ K, and 1/K,,) are equal,
then (', equals Cy,; and there will be no change in saturation induced by
the solid volumetric strain during the undrained calculation.

As with the undrained pore pressure change, S, is the cumulative value

of saturation obtained during the mechanical portion, considering the satu-

ration from the previous real time step, S, i.e.
Swu = S+ Y _ASyn, (5.9)

te

where AS,, has been defined in Equation 5.8.

5.2.4 Convergence of mechanical calculations

The criterion to stop the sequence of mechanical steps is based on the rela-
tive value of the out-of-balance forces in the system. A value of maximum
out-of-balance force is prescribed such that when a given value is achieved,
the mechanical calculation is stopped, eventhough the fluid flow portion of
calculation continues for the time step. This permissible out-of-balance force
can be about three orders of magnitude smaller than the out-of-balance force
obtained for the first real time step, or it can be changed to be less restric-
tive in order to speed up convergence and reduce the number of pseudo time
steps needed for equilibrium. The accuracy of the calculation sought will

ultimately dictate the tolerance.
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The stoping criterion can be changed as real time progresses. [f the
external forces, or boundary conditions, are constant in time, the most critical
situation, in terms of balance of forces, will be at the first timestep, at which
the boundary conditions are applied. Once this initial situation is balanced,
then the system will be put out of balance by the fluid flow and a different
value of permissible out-of-balance force may be used.

This is the last step in the sequence of calculations for the mechanical

portion of the code (Figure 5.2).

5.3 Numerical solution for the fluid flow

The flow equations were formulated to yield two fundamental unknowns: the
water saturation and the water pressure. All other quantities are calculated
from these. The flow equations are solved at the element level (quadrilater-
als). Pore pressure and saturations are considered element centered variables
(Figure 5.3). The fluid velocity divergence is element-centered, as well. How-
ever, fluid velocities, w; and v;, together with pressure and saturation gra-
dients are node-centered quantities. To convert node-centered quantities to
element-centered values, an average of the values over the four nodes belong-
ing to the element is taken and assigned to the element. Recall that the pore
pressure calculated during the mechanical portion of the code is associated
with triangles. However, for the fluid flow portion, pore pressure is associ-

ated with quadrilaterals elements. Therefore, an average value of the pore
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NODE CENTERED

Sw, saturations

k

Pw pressure

Vi k fluid divergencies
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ELEMENT CENTERED

vij fuid velocity gradients
Wi

Figure 5.3: Definition of variables for the fluid flow calculation.

pressure corresponding to the two sets of overlapping triangles included in a

quadrilateral is assigned to the element. The same holds for the saturation.

5.3.1 Solution variables and summary of flow equa-
tions

To solve for water pressures and saturations, the fluid flow equations, Egs. 4.51
and (refeq:mcsw, are restated as:
Py = Py + PurAt (5.10)
Sw = Swu + SwrAt ' (5.11)

The terms Py, and S,, are known at the end of the mechanical calcu-

lation and represent the cumulative values given by Equations 5.2 and 5.9,
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respectively. The terms P,y and S,y are obtained from Equations 4.51 and
4.52.

The Darcy equations for the fluids are rewritten as:

w; = Aw.,(_pw.J + f)wbj) (5[2)

v; = An‘)(_pn,j + /)‘Ilb_])‘ (513)

Note that the difference with respect to Equations 4.64 and 4.65 is that the
terms depending on accelerations of the solid have been eliminated. This is
due to the fact that the body is brought to equilibrium through the dvnamic
relaxation procedure after each real time step, so that accelerations of the
solid are practically zero after the mechanical portion for each real time step
has been completed.

Before explaining in detail the procedure of calculating the variables in-
volved, the boundary conditions for different flow situations must be ex-
plained. Stresses and velocity (or displacement) restrictions for the solid at

the boundaries are set in the same manner as was discussed in Chapter 3.

5.3.2 Boundary conditions

Pore pressure boundary conditions.

Two conditions at the boundaries can generally be found: a) no flow
or b) flow boundary conditions with specified pore pressure values. A no-
flow boundary condition is imposed by setting the pressure gradient in the

direction normal to the boundary equal to zero and also the velocity of the
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fluids take a zero value in a direction normal to the boundary. In the case of
no-flow boundary conditions, pore pressure at boundary points is unknown
and needs to be solved for.

To set. a free flow boundary condition with a prescribed value of pore
pressure a phantom mesh is built outside the boundary (Figure 5.4). Values
of pore pressure corresponding to the phantom clements are set to zero or
are cqual to a prescribed quantity. The pressure gradients at the boundaries
are calculated using these phantom elements by the same procedure used
for internal elements [51]. Where pore pressure in the boundary is specified,
saturation is free to change since flow is permited.

Saturation boundary conditions

The only circumstance under which a boundary condition is forced for
saturation is when fluids are injected with a particular volumetric concentra-
tion at the boundary. In this case the corresponding saturation is applied to
the boundary nodes. Saturations are zone-centered variables, but for a grid-
point an average from the surrounding clements is assigned. This does not
introduce additional crrors since the system of coupled equations is solved
for the center point of the zones and the dependent variables £, and S, are
considered piecewise constants (constants inside the element).

For the calculation of the saturation gradients in case of a no-flow bound-
ary, the saturations of the phantom elements at the boundary are set to the

same saturations of the equivalent elements in the mesh.
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Figure 5.4: Phantom mesh to apply boundary conditions

5.3.3 Nonlinearities and time approximations

The set of equations to be solved is nonlinear, since the coefficients and
mobilities are functions of the unknowns (P, and S,,). If the simple method
of linearization based on lagging coefficients is used, all variables will be
evaluated at the previous time step and the solution will be explicit. However,
the time step needed for stability of the scheme is usually too small to be
used practical calculations. Implicit time approximations are preferred. This
means that coefficients and mobilities are evaluated at an advanced time
(same time step as used for the fundamental unknowns).

There are many solution methods and formulation options to solve the

90



flow equations (see Mattax and Dalton [72] for an extensive review). Ac-
tually, there are recommended methods for particular modelling situations.
However, since the emphasis of this dissertation is not on numerical solutions
of fluid flow, but rather in the coupling with the porous solid deformation,
a simple method which can provide reasonable accuracy and reliability was
chosen.

The simplest implicit procedure to solve this set of nonlinear equations is
simple iteration. For this purpose, Equations 5.10 and 5.11 are discretized

11 time as:

(v—1)
P = P&)+(ow> At
@) (n (=
s = swu)+<sw,) At (5.14)

The superscript n indicates the real time step level and v the iteration
step. The iterations are done in a staggered manner starting with saturation,
then continuing with pressure, and finally passing to the next iteration. A
convergence tolerance is set, and iterations are peformed until the desired
tolerance is achieved. At this point, the calculation is advanced in time. It
has been found that generally, this staggered solution scheme for coupled
equations is conditionally stable [64]. The small stable time step is a limiting
condition in terms of computation time.

A more powerful implicit iterative technique, also tried in this disser-
tation, is the Newton-Raphson method. This method is suitable to solve

strongly nonlinear equations. To apply Newton’s iterations, the nonlinear
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set of equations is written as:

A (n+1)
Pe = P v (Pup) A (5.15)
(n+1)
R ) (5wf) At (5.16)
or, in residual form:
(n+1)
P£z+l) _ P,f,';) _ (ow> At =0 (5.17)
(n+1)
sl _ gl (Sw,) At =0 (5.18)

Denoting the left-hand side of the above equations as functions f and g, this

can be rewritten as:

f(PzS;n+l)v Sl(un+l)) — f(ﬂ.+1) =0

§(PGD, SGD) = gne <o (5.19

which can be combined to yield a function [ containing both variables, now

identified with a vector x, as:
F(x) =0 (5.20)

That is, half of the elements of vector x are the unknown values of P, and
the other half correspond to the unknown saturations. The Newton iteration

step for the set of equations is:

Xnew = Xoid + 6X (5.21)
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where

5x = -J'-F (:

wn
b
(8

The matrix J i1s the Jacobian of the system. The routine used for solving the

and is based on a

svstem of nonlinear equations comes from Press et al. [89

globally convergent method for nonlinear equations.

5.3.4 DMobilities and calculation of fluid velocities

The fluid velocities are given by Equations 5.12 and 5.13, which are the
generalized Darcy equations. The fluid velocities are calculated at the grid-
poiuts. so the finite difference contour operator. given by Equations 3.22
and 3.23. is applied to the Darcy equations. For the wetting fluid velocity
(ignoring gravity) the expression is:

l
24

”"l =

D> (= A, Pu) ¥ LY (5.23)
N

where V is again the side of the summation path depicted in Figure 3.4.
The components of the wetting fluid velocity are (taking indices ¢,j to be

1. 2 instead of ., y):

1
we = —o SO PV LY + O P) R LY (5:24)
N
1
wo = —ﬂZ[(,\quw)NmLN+(,\ume)Nn9’LN] (5.25)
s
N

For instance, the contribution to the velocity of the wetting fluid for the

gridpoint O, in the x-direction, supplied by the element labeled by N =1 in
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Figure 3.4 is:

N = 1 _ . _
w(ll V= —a[—’\wupézN l)(yA —Yyp) + ’\quzE;N U(IA - 1'D)l- (5-26)

[n the y-direction the approximation is given by:

N= 1 = = A
wy T = _ﬂ[—,\u’?lpx(uN Yya —yp) + A PV (za — zp)]  (5.27)

Similar expressions can also be written for the remaining surrounding ele-
ments. The total velocity components are obtained by adding the corre-
sponding terms from Equations 5.24 and 5.25. The non-wetting fluid velocity
components are obtained in the same manner.

The mobilities Ay, or A, ; are given by Equations 4.63 and 4.66, i.e. for

Aw,, the expression is:
krw(Sw)
vu(Pu)

The relative permeability values (kq, and kn,) are determined from the rel-

(5.28)

Awyy = Ky,

ative permeability vs. saturation curves that are experimentally obtained.
Either a function or a table of data points can be the input to the program:.
When reiative permeability is given explicitly as a function of saturation,
the former is simply evaluated for the particular valiic of saturation. When
a set of data points is provided, a cubic spline is used to interpolate and
determine values for the particular saturation required. Note that for val-
ues of saturation smaller than Sy(ir) or greater than (1 — Sor), the relative

permeability is taken to be Syrr) and (1 — S,r), respectively. The absolute
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permeability tensor and viscosity ratio (hydraulic conductivity) are given as
input parameters for each zone.

The averaging, or weighting, of mobilities is a complex problem in reser-
voir simulation when finite difference methods are used. Five- or nine-point
difference operators are commonly used to calculate the mobility coefficients
[72]. Assumptions such as taking the upstream value of mobility are used
because mobility at the interface of two different elements is required. In
the approach used here, there is no need for mobility weighting since the
contour operator considers directly the contribution of surrounding elements
to the velocity of the fluid (mobility times pressure gradient), as expressed
by Equations 5.24 and 5.25 and Figure 3.4.

[f desired, heterogeneous values can be assigned to permeability parame-
ters for different zones, simulating layers, lenses or random properties. More-
over, permeability anisotropy can be handled by substituting in the corre-
sponding anisotropic permeability tensor.

Since the mass conservation equations are solved for the elements, the
fluid velocities are converted from node-centered to zone-centered quantities
by taking the arithmetic average over the gridpoint values that define an

element.
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Figure 5.5: Integration path for a quadrilateral.

5.3.5 Divergence of fluid velocities

The divergence of fluid velocities, w;; and v;;,
wi; = Wy, + woeandu;; = vy + vz (5.29)

are approximated by applying the countour operator given by Equation 3.14
to each quadrilateral element (refering to Figure 3.1, M=4). The summation
path is shown in Figure 5.5. The velocities are known at the gridpoints,
and a linear interpolation is assumed along the edges so, for example, the

x-component, w;,;, is given by:

L [, )
wir = 57|02 =y - wf) - GO -y - wf)]. (530)
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The gridpoints are denoted by the corresponding number between parenthe-

ses, and A is the area of quadrilateral 1234, which is:

A = 5[(y(2> — O () g () @)y (@ Im)] (5.31)

For the y-component the approximation results in:

1 D) 3 \ 2
wan = 5o [(:(-) ~ 2 (W — wl) + (O - 2®) (W - w«‘.:")] (5.32)

Similar expressions can be written for the divergence of the non-wetting
fluid velocity. Note that the fluid divergences are obtained as element cen-
tered quantities, and can be entered directly into the fluid flow equations.

The sequence of steps followed in the fluid flow portion of the program is

depicted in Figure 5.6.

5.4 Automatic time stepping for the fully-
implicit calculation

Even though the fully-implicit formulation for the flow equations is uncon-
ditionally stable, accuracy could be in question if the time step is chosen
too large. This is particularly important at early times when fluid velocity
gradients are large. If time steps are too small at the beggining instabilities
will develop. This consequence is also present in finite element codes [130]
and has to do with the error introduced in time derivatives when time steps

are very small.
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An automatic time-stepping routine for the fully-implicit calculation has
been implemented. This consists of changing the time step to maintain a
prescribed pressure drop estimated to be about 5 —10% of the initial (first real
time step) pore pressure increment. The prescribed pressure drop parameter
can affect the accuracy of the calculation because it controls the size of the
time step. This pressure drop can be changed during the real time process,
such that it can be smaller in early times and larger as time progresses.

Also a time step limmit has been established for which there is a switch
between fully implicit and simple staggered iteration type of calculations.
[f the time step is small, staggered iteration results are more efficient than
are fully implicit calculaitons. However, fully implicit methods are preferred
for larger time steps. This switching procedure is automatic but the limit
time step needs to be set by the user. A trial run can be made to adjust this
parameter by comparing the time needed per time step for a fully implicit vs.
a simple iteration calculation. Adjusting this parameter will greatly affect

the total run time for a given problem.

5.5 Verification tests

5.5.1 One-dimensional consolidation problem, single-
phase flow

A one-dimensional consolidation problem (Terzaghi’s) has been chosen to

check the code. The analytical solution for this problem is presented below.
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Analytical solution.

One-dimensional consolidation problems are characterized by only one non-
zero normal strain and field quantities varying only in that direction (uniaxial
strain conditions). If e, is a non-zero strain, then the poroelasticity govern-

ing equations are given by (Detournay and Cheng [31}):

2G(1 -
Ozz = _Mex:r —ap (5.33)
1 —2v
14 =
Oyy = Oz = (1 —_ U)U.x:z (0'34)

with p being the coupling parameters in the poroelasticity equations.

Under undrained conditions, pore pressure is proportional to o ., i.e.,

B(1 + vy)

T30 = 20) = (5.33)

Pu =

This equation gives the initial pore pressure increment under undrained con-
ditions [31]. By expressing e, in terms of p and 0., and using Equation 5.33,

the diffusion equation for the pore pressure is obtained as:

op 3%p 00,

—_—— ——

= 5.36
ot oz2 ot ( )

This differential equation must be solved together with the following bound-

ary conditions:

p = 0at H=0

— = 0 at H=L and also at y=0, y=W. (5.37)
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The initial condition is that the pore pressure equals the undrained pore
pressure increment at the time ¢ = 07, which corresponds to the time at
which the load is first applied, and is given by Equation 5.35.

The equation is restated in terms of the following dimensionless variables:

z
1\' = -
L
ct
= , 5.38
4L% ( )
Hence, it becomes, for a constant axial load o.;:
o >
P _ P _ (5.39)
oT 90X-=
The analytical solution for this equation is:
Pz, t) = P,[1 — F(X,T)] (5.40)
where
F(X,T)=1- io: 4 sin(mWX)ex (—=m2n2T) (5.41)
o - m<T... T 2 P ' '

yeon

Numerical solution

A water-saturated column with dimensions of 80x40 cm (Figure 5.7 is loaded
axially. The column is free to drain only from the top surface, all other
surfaces are no-flow (impermeable) boundaries. The axial stress o, is a step
function applied instantaneously. There is no need for incremental loading
to preserve stability of the code; full load is applied at the beginning. For

this problem, o, has been set to 10kPa. Comparison with the analytical
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solution for excess pore pressure along the column height at different times
is favorable (Figures 5.8 and 5.9). The evolution of excess pore pressure with
time. considering three different points in the column, can be determined
and excellent agreement is obtained (Figure 5.10). The evolution in time of
the relative error for the pore pressure indicates an average relative error of
about 2.5% (Figure 5.11). The peaks and discontinuities in the error are a
consequence of the change in time step to conform to the tolerance prescribed
in order to have a specified change in pore pressure( as described in Section
5.4). If smaller time steps (smaller pressure change tolerances) are taken, the
results are enhanced but total time for the run is thereby increased. Errors
increase with time because the time steps increase as well.

The settlements obtained from the numerical and analytical solutions are
in good agreement (Figure 5.12).

Work softening, using a trilinear constitutive equation, has also been
studied for the column problem geometry. The parameters used are irdicated
in Figure 5.13. Also a more rigid material is considered since a one order of
magnitude higher Young’s modulus is used. Note how the initial (undrained)
increment of pore pressure is much less for the rigid material than for a
softer, more deformable material, presented in the previous example. A
comparison of the dissipation of excess pore pressure in time for a linear
elastic constitutive equation vs. a trilinear constitutive equation fixing the

rest of the parameters is plotted (Figure 5.14). In a material with work
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the column for the one-dimensional (one-phase) consolidation problem.
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softening (trilinear constitutive equation), pore pressure is maintained longer
because of compaction. That is, for a given time pore pressure is higher in
the solid portion that is deforming more because it has entered the post-peak
phase of the curve and as a consequence has lower deformation parameters
(£ and G). The dissipation of pore pressure in the linear material is much
faster because the deformation of the solid, which is much less in this case,
does not contribute as much to pore pressure maintenance.

Shear modulus changes with time in the column (Figure 5.15). The
change in shear modulus for three particular points in the column as a func-

tion of time is also determined (Figure 5.16).

5.5.2 Porosity changes during coupled deformation
and fluid flow

The porosity update during the coupled strain and flow through the porous
medium has been determined at each real time step by solving Equation 4.57

in an explicit manner.

Expanding the material derivatives and regrouping in Equation 4.57 gives:

Z_(f+u+i:—i_aA+¢A:O (5.42)
where
A=u;+ [%8;‘" + ui%[;‘:’ (5.43)
This equation is discretized in time as:
—¢n+;: ¢ _ — AT — u;‘“(aa—i)n — yPrlgntl (5.44)
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All terms in 4 are known at the time (n + 1), but the porosity gradient term
is lagged to time n. The spatial derivatives are solved using the countour
procedure (see Chapter 3).

The fact that the initial pore pressure is zero (i.e. the overpressure gener-
ated by the loading is added on to a base level that equals zero, rather than
on to a hydrostatic profile) affects the porosity changes quantitatively. This
is because there is a tendency in time to drain the column completely instead
of dissipating the pore pressure generated in order to regain the hydrostatic
equilibrium under the new loading conditions. In this case case some fluid
volume will always remain to help support this load and porosity changes
will have a limit different from zero. However, this calculation permits the
effect of porosity changes to be isolated eluding gravity effects. To avoid
numerical errors arising from having porosity magnitudes equal to zero, an
arbitary value of limiting porosity of 0.1 was introduced. This will not be
necesary if gravity is considered.

Porosity changes in the column are plotted for an initial water saturation
of 0.35 (Figure 5.17). Even though there are dramatic changes in porosity
over time, they have not affected pore pressure or displacement responses
(Figures 5.19 and Figure 5.18). This observation obviously is a consequence
of not including related changes in permeability that follow the deformation

and porosity variations in the porous medium.
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6.2 Consolidation problems

6.2.1 One-dimensional consolidation coupled with two-
phase flow

The column problem presented in Section 5.5.1 was taken to model simul-

taneous flow of two fluids coupled with deformations of the material. The

boundary conditions for both stress/displacements and fluid flow are the

same as shown in Figure 5.7. In this example, the relative permeability

curves have been taken from the literature (72| as:

kro = 0.733S, — 0.1099

ko = —0.733S, + 1.1099 (6.1)

A hyperbolic function [34] was taken for the capillary pressure curve, from

the same data set [72]:

_ 13.159 — 10.84595,,

o 6 6.2
I+ 362605, 0980 (Pa) (6:2)

In Figure 6.1, the excess pore pressure dissipation for different initial
saturations is shown. The pore pressure dissipation is smaller for decreasing
values of initial water saturation. In this case the capillary pressure has been
ignored.

The change in water saturation along the column height is shown in Fig-
ure 6.2. As the oil is displaced out of the column, the water saturation

increases begin from the top. At later times, the water saturation increases
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stricted when several fluids are flowing at the same time.

The influence of the capillary pressure is presented in Figure 6.6 for an
initial saturation of S,, = 0.35. The capillary pressure enhances the flow
such that a faster decrease in pore pressure occurs. At higher initial water
saturations this effect is not important, since capillary pressure is very low
at high water saturation values. The change in saturation considering the
effect of capillary pressure is shown in Figure 6.7. The change in saturation is
higher in the case where capillary pressure is present, because capillary forces
are cnhancing flow. For this particular case (elastic moduli, permeability
and loads imposed), the capillary phenomenon is more important than the
poroelasticity effects (excess of pore pressure due to stresses and deformations

of the solid), but this is not always the case.

121




Jnn

10,000

9,000

8.000

7.000

6,000

5.000

4.000

3,000

Excess pore pressure (Pa)

2,000
1.000

0

10,000
9.000
8.000
7.000
6.000
5,000
4.000

3.000

Excess pore pressure (Pa)

2,000

1.000

Figure 6.1: Pore pressure evolution in time for top and center of the column.

[nitial water saturation

- 1.00
-3 - — - —  o0s8s
N ---— 035

3

S

—

H Top of the column

g e

1 10 100 1.000 10.000
Time (sec)

3 Initial water saturation

~ 1.00

- - — 085

E_ - )35

=

3 Center of the column NS

o \..\

s N

= TN

1 10 100 1,000 10,000 100,000

Time (sec)

Comparison for different initial saturations (two-phase flow).

122




a5
L
038 |-
046 |-
= [ (= 17000
2 0.44 |-
D b
o=
Z i
= L t= 12000
= L
=]
= 042 -
< -
=
= -
72 ad
S 04 |-
f=] -
038
0.36 |
PV I S S TP TP S S SN

10 20 30 40 50 60 70 80

=

Column height (cms)

Figure 6.2: Saturation changes along the column height(top is at 80 cms)
for two-phase flow conditions. I[nitial water saturation is Sy, = 0.35 (time in
sec. is indicated over each curve).

123




ous [
0.845
—~ B
E =
S
-5 L
2 -
~
= 0.84
=
=3 L
c
= K
<
5 >
= 0.835 -
o -
S i
:;’ b
0.83 ~
0.825
0.82

Column height (cms)

Figure 6.3: Saturation change along the column height (top is at 80 cms)
for two-phase flow. Initial water saturation is Sy, = 0.85 (time in sec. is
indicated over each curve).

124




.36
033 +

0.42 -

o 8 I

Walter saturation (fraction)

S =035
wo

0.4 |
L a
[
0.38 |- b
[ c
0.36 |-
1 10 100 1.000 10,000 100,000
Time (sec)
0.91
.9 g
-
= [
c S
= o089 |
2 -
R 8 c
= 088 |- b
2 C
s o
=2 087 +
=z [
[-5] L
= 086 |-
= s S =0.90
: wo
0ss |
0.84 [ e S S ESUY Aebebdhd bd. e hdbd b b L AL s deddd i adededed 4
1 10 100 1,000 10,000 100,000
Time (sec)

Figure 6.4: Change of saturation with time for:

bottom of the column.

125

a) top, b) center; and c)



0
2.5
-5
7.5
V\
Z
= -10
=2
:ﬁ
S a2s
=
(3
9
-:_G
z P . :
a Initial water saturation
1.00
-17.5 ~ —_ = 0.85 .
| - - — 035 N

20

225

25 R e a4 N

10 100 1.000 10,000 100,000

Time (sec)

Figure 6.5: Displacements for different initial water saturation at: a) top;
(b) center; and c) bottom of the column.

126




10.000
9000 .~

: < —— P £0
8.000
7.000
6.000 |
5.000

1.000 [

Excess pore pressure (Pa)

3000 |
2.000

1.000 |

Time (sec)

Figure 6.6: Influence of capillary pressure on pore pressure dissipation for
the top of the column.

127



0.8

S - 035 linear Pc= 0

0.75 wo linearPc # 0

LENLE B B e

T

0.7

T

0.65

T

06

T

055

T

0.5

Lan

Water saturation (fraction)

0.45 |-

04

0.35

Time (sec)

IFigure 6.7: Saturation changes with time for selected points; effect of capil-
lary pressure.

128




6.2.2 One-dimensional consolidation problem with a
trilinear constitutive equation

The case of two-phase flow in a column (same geometry than that used in the
verification problem) having a trilinear constitutive equation with a softening
segment (as described in Section 3.8.1) is considered next. The following
fizures compare the results for a linear elastic relationship vs. a trilinear
constitutive equation. Initial saturation, and capillary pressure effects are
varied to show the influence of these parameters in the overall behavior. The
parameters for the trilinear constitutive equation used in this example are
2k = L0 €me = 10.0; Tres = 5.0MPa; Ginitiat = 35M Pa. All the
remaining parameters are the same as shown in Figure 5.7.

In Figure 6.8 a comparison of excess pore pressure dissipation in the
column for linear and trilinear material is presented. The excess of pore
pressure is maintained longer for the trilinear material because there is ad-
ditional pore pressure generation due to the volumetric strain produced by
the column compaction as a function of time. The amount of undrained pore
pressure generation is a function of the volumetric strain which is higher in
the case of a material that loses its rigidity. Figure 6.9 shows the effect of
including capillary pressure; the excess pore pressure is dissipated faster in
this case. Again the material that softens maintains a higher pore pressure

than does the linear material.

2Refer to Figure 3.6 in Chapter 3.
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The saturation distribution along the colum, for selected times, is pre-
sented in Figure 6.10. At early times, there is no difference in the saturation
profile for the column; however, as time progresses, the saturation changes
affect deeper layers in the column for a material with softening behavior.

The displacements in the column are increased once the material starts
to soften (see Figure 6.11). Figure 6.12 shows the degradation of the shear
modulus as the strain process progresses in time. The influence of initial
saturation and capillary pressure on shear modulus degradation is presented
in Figure 6.13. When capillary pressure is present, since there is a faster
depletion of excess of pore pressure, the material deforms faster and the
shear modulus is degraded faster. The influence of initial saturation is not

very important in this case.
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6.3 Compaction of an idealized oil reservoir

6.3.1 Introduction

Compaction and subsidence problems have been treated traditionally without
coupling, where production (fluid flow) and rock deformations (compaction
and subsidence) are calculated in a staggered manner [55], [113], [18], [13],
(19], [36]. |7}, [106]. That is, the pore fluid pressures are calculated using
a reservoir simulator considering just fluid flow; and then, these are input
into a stress-strain code (usually a finite element program) to determine the
corresponding displacements. The uncoupled approach can not properly ac-
count for the additional pore pressure generated during compaction of the
reservoir and overburden subsidence, neither can it consider arching effects of
the surrounding layers. Besides, reservoir simulation studies with rock com-
pressibility, C,, as the unique parameter which accounts for rock mechanics
can be misleading [44].

The major aspects to be considered when studying the complex processes
occuring during compaction of a reservoir are: a) stress path during depletion
and influence of different constitutive equations calibrated through labora-
tory test following these stress paths; b) effect of interaction of the overbur-
den, side and underburden to account for arching effects; ¢) permeability
changes during depletion; d) plastic yield or failure (shear and pore collapse
mechanisms should be included for particular cases) and the possibility of

exceeding these limits during depletion of the reservoir.
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Recent in-situ stress measurements have demonstrated that many reser-
voirs follow stress paths ® that are significantly different from the traditional
hydrostatic stress or uniaxial strain boundary conditions [118]. Since rock
behavior is dependent upon the stress path, and since the early stages of
reservoir loading are generally unknown, modelling can be a powerful aid
to study different particular scenarios and make estimations which can then
be considered for determining the appropriate laboratory testing program to

obtain the pertinent rock parameters.

6.3.2 Modelling of compaction of a reservoir with soft-
ening behavior
A hypothetical example has been considered to show how the model can give
insights into the compaction of a reservoir. Figure 6.14 presents the geometry
and boundary conditions of the problem. A reservoir 100 meters thick and
600 m wide (using the symetry of the center line) was studied, since it
would be costly to model all the layers. An additional load corresponding to
500 m overburden was input as a boundary condition and just 450 meters
of overburden were actually included in the model. The complete section
is 850 m high and 900 m wide. The left, bottom and right boundaries of
the model are represented with rollers to indicate no deformation normal to
these boundaries. There is no drainage on all boundaries, except for a short

segment located at the symmetry line representing the left boundary of the

3Defined as (op/on)-
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reservoir, which 1s considered for the purposes of modelling as a boundary
open to flow, resembling a well.

The modelling of the overburden has been considered to be a very impor-
tant issue in this type of problem [118]. However, to the author’s knowledge,
the flow characteristics of the over/under and sideburden have been ignored
in this type of analysis, so far. [n this example these layers are considered
including fluid flow and mechanical interaction in the overall behavior. The
initial stress state consisted of the weight of the rocks, as the vertical stress
component; and lateral stress increasing with depth with a horizontal to
vertical stress factor, X' = 0.25. The initial pore pressure was set to the
corresponding hydrostatic pressure. Figure 6.15 show the initial conditions
for the model. The initial conditions were input in the model and a few
mechanical iterations were needed to equilibrate the system. Very little dis-
placement occurred, but after inital mechanical equilibrium, displacements
were reset to zero. Gravity forces were activited in this case.

A very simple well pressure history was considered as boundary condition
for pressure at the face of the reservoir for a single well configuration example.
Pressure at the 'wellbore’ face was lowered to 500 kPa at time t = 0% and
at t = 100 days it was set to 50 kPa. As a first example, only water flow
was considered in all layers, next the reservoir initial saturation was set to
Swo = 0.35, while other layers were maintained with S, = 1.

The evolution of pore pressure in the reservoir and adjacent layers is
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Figure 6.14: Schematic representation of the reservoir, over and underburden.
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presented in Figures 6.16, 6.17 and 6.18. Pore pressure changes are limited
to the reservoir layers at the beginning; but, for this particular case, even
with one order of magnitude permeability difference, at 10 days the pore
pressure field outside the reservoir is perturbed, which leads to additional
deformation in the surrounding layers.

The effective major principal stress contours are presented in Figures 6.19
and 6.20. As time elapses, the effective stresses increase at the sideburden
and over the flanks of the reservoir at the overburden. When pore pressure
decreases because of production, the overburden loses support; and, because
of its rigidity, stresses increase toward the flanks. This effect will limit the
subsidence to some extent because the surrounding layers, which are one
order of magnitude stiffer than the reservoir, are taking part of the resulting
strains.

Pore pressure and effective major principal stresses along a line A — A’
(see Figure 6.14) are shown in Figure 6.21. There is a jump in pore pressure
outside of the reservoir to accommodate permeability and stiffness contrasts
betweeen reservoir and sideburden. [t can be seen that pore pressure in the
sideburden is higher than the original pore pressure, which is a consequence of
the coupled poroelastic effects. At later times (after 160 days), the sideburden
pore pressure started to deplete. The effective stresses responded similarly
with a jump, increasing values at the reservoir side boundary.

Figure 6.22 shows the variation of stress path for the line A — A’ in
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the reservoir for different time levels and also the change of K] with time for
selected points at varying distances from the center line along the line A — A4’.
The figure shows the initial value of K] = g4, /0, = 0.25 along the width of
the reservoir. However, the reservoir does not compact under a constant A,
but rather, due to coupling, it varies in space and time in a complex manner.
This means that using a single constant value of rock compressibility for
the whole reservoir, as in the conventional reservoir simulation approach, is
meaningless. At most, rock compressibility should have been made to depend
on the stress path at different locations in the reservoir.

The difference of considering a coupled approach vs. an uncoupled ap-
proach is shown in Figures 6.23, 6.24 and 6.25. For the uncoupled calcula-
tions, the undrained pore pressure generation during the mechanical part of
the code was disabled. In this approach the program worked just by passing
pore pressure information produced from the fluid flow calculations to the
mechanical routines of the code (stress-strain calculations) to determine new
effective stresses and the resulting strains.

As can be seen in these figures, even for the reservoir, there is an initial
increase of pore pressure over the original values. This is occurring despite the
fact that the 'well’ pressure has been lowered and production in on going.
Pore pressure, of course, decreases thereafter because of depletion of the
reservoir. Note in Figure 6.25 that the coupled approach predicted higher

pore pressures and only after a long period of time the values (coupled and
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uncoupled) tend to match. Therefore, for this particular set of values, the
use of an uncoupled approach tend to overpredict depletion in the reservoir.

[t is remarkable that the behavior of the reservoir is not uniform in terms
of displacements. Figure 6.28 shows that points below the center of the reser-
voir were lifted at the begining and later, settlements started. This is because
the underburden is expanding. This uplifting can be appreciated in Figure
6.26 where deformed meshes are presented for different time levels. The
original mesh is denoted with dotted lines. For later times (Figure 6.26(c))
the underburden just below the reservoir is almost in the same position that
it was in the beginning, while the side and underburden compacted much
more. The field of displacements is presented in Figure 6.27 with arrows
whose lengths (exaggerated 100 times) represent the magnitude of displace-
ments and point towards the corresponding displacement direction. Here the
behavior of the adjacents layers of the reservoir is again clearly shown . The
'subsidence bowl!l’ is well delineated in this figure.

The poroelastic (coupled) effects can also be noticed in the settlements as
is shown in Figure 6.29, where the displacements predicted by the uncoupled
approach are higher at the top of the reservoir than the ones resulting from
the coupled calculations. However, at the bottom of the reservoir the uplift
predicted by the uncoupled approach is higher than that resulting from the
coupled approach.

The results of saturation changes for the case of two-phase flow in the
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reservoir with coupled rock deformation (other parameters are the same as
in the single-phase flow case are presented in Figure 6.30. Again results are
not non-uniform for points at top, center and bottom of the reservoir. The
fact that the water saturation increases less at the center is a consequence of
the reservoir being 'squeezed’ from both top and bottom; and consequently,
oil is delivered from top and bottom layers of the reservoir.

Figure 6.31 shows the flowrate for top, center and bottom of the reservoir.
Note that the higher oil flowrate occurred at the center of the reservoir. The
water flowrate, however, is initially higher at the center but it decreases in
time below the values for top and bottom.

All results presented before were for a linear elastic rock. The following
fizures compare the previous results with those obtained by changing the
consitutive equation to a trilinear one, as has been defined previously Sec-
tion 3.8 in Chapter 3). Only the constitutive equation for the reservoir was
changed; the side, under and overburden layers remained with a linear elastic
constitutive equation. Displacements at the top, center and bottom of the
resevoir in Figure 6.32 are the same up to the point in which the reservoir
rock started to soften and the displacements increased even 100% at the cen-
ter of the column. The uplift at the bottom of the reservoir increased, as
well.

The effect of the constitutive equation upon other parameters like pore

pressure, flowrate, and water saturation is less dramatic for this particular
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set of parameters and geometry, as is shown in Figure 6.33.
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Chapter 7

Conclusions and
Recommendations

In this dissertation, a two-dimensional explicit Lagrangian finite-difference
code, fully-coupled with a two-fluid flow system in porous media, is devel-
oped. The solid deformation is considered using the dynamic relaxation pro-
cedure which allows the model to go into post-peak behavior of the material
without creating numerical instability. This method is particularly power-
ful when deformation is by nonlinear/failure systems (i.e., work softening
plasticity). To the author’s knowledge, this is the first application of the La-
grangian finite difference method to coupled multi-phase flow in deformable
porous media.

Even though such capabilities have been possible by the use of sophisti-
cated finite element codes, the model proposed herein is simpler to use and
more efficient when large and nonlinear problems are to be tackled. The

reason for this resides in the choice of the numerical technique, as well as

165




solving procedure.

By maintaining strict coupling between the various pertinent mechanisms,
the simulator allows studying not only pore pressure and saturation changes
over time, but also takes into account capillary effects as well as the influence
of in-situ stress conditions. Hence, parametric studies can easily be carried
out to delineate the importance of pertinent parameters, helping to select
the critical cases.

[For a first trivial example, the one-dimensional compaction of a soil col-
umn was considered. [t was evident that, as the material began to soften,
pore pressure was maintained at a higher magnitude for much longer periods
of time compared to the classical elastic solutions. This was obviously accom-
panied by larger deformations. From a practical point of view, this means
that the compaction can be considered as a non-negligible driving mechanism
and could explain why the reservoir pore pressure does not always decay as
predicted. On the negative side, the associaled vertical larger displacements
might introduce additional shear stresses along the casing, leading to time-
dependent buckling failure.

The second, more complex example consisted in a compacting reservoir.
Even though such a problem had been considered before, the surrounding
rocks masses were never included in the modelling itself but were merely in-
troduced via what was perceived as appropriate boundary conditions. This

dissertation clearly proved that this approach is not correct. Once the reser-
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voir itself starts to compact due to depletion, stresses in the over-, side-, and
under-burden changed accordingly, participating in the overall rock mass re-
sponse. As expected, arching effects started to develop, mainly due to the
stiffness contrast between the various layers. Less and less stress was carried
by the weak failing member, and more load was transferred to the surround-
ing formations.

Practically speaking, this means that the consolidation rate will decrease
with time and that total stresses in the reservoir will decrease. Pore pressure
will also decreasc at a faster rate and the associated production will obvi-
ously be affected. Moreover, this practical field example revealed a few other
phenomena, some of which had been observed in the field but, so far, could

not be explained.

e Pore pressure values rising above their original values, even during
drawdown. This phenomenon, which occurs at early times, is a poroe-
lastic eftect. Uncoupled calculations indeed predict larger depletion
and settlements. The simulator can reproduce such a condition by not

allowing drainage of the pore pressure.

e Changes in in-situ stress ratios during the reservoir’s life. This phe-
nomenon, which was first detected by conducting a number of micro-
hydraulic fracturing tests in the Ekofisk field, is also the result of cou-
pled effects. The simulator has clearly shown that this ratio not only

varies in time, but in space, too. In addition, this variation is not
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monotonous and reverses with time. This suggests that a single value of
rock compressibility, obtained for a particular stress condition, will not
properly represent the stress path in the reservoir. This may provide

misleading results, especially when computing the reserves-in-place.

e Reversal of displacements at different locations in the reservoir. This
phenomenon is due to the influence of the surrounding layers where
pore pressure values are also affected, perturbing the flow patterns and
the overall behavior of the rock mass. This is not unexpected as it goes
hand-in-hand with floor lifting observed in tabular mining; ore removal

is indeed equivalent to considering a reservoir of infinite compressibility.

The observations discussed above clearly show that, when studying com-
paction of a reservoir due to drawdown or uplift due to injection, it is abso-
lutely necesary to include coupling and also consider the surrounding forma-
tions as they fully participate in the overall reaction.

As far as recommendations are concerned, one needs to realize that this
simulator is presently limited to two-dimensional situations and two fluid
phases. However, as such it could be used to study a number of other appli-

cations to check the importance of some particular parameters:

e Study of borehole stability, especially when drilling underbalance. This

approach is gaining popularity as it results in lesser formation damage.

e Study of perforation stability when wells are brought onto (and during)
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production. Collapsed perforations are usually attributed to poor per-
foration treatments and/or high existing differential stress conditions.

This code will allow considering the effect of fluid flow on this problem.

Study of sanding problems, especially when flow is suddenly interrupted
by closing/opening of downstream valves. [t is well known that chang-
ing flow conditions often result in large temporary (sometimes perma-
nent) sanding rates. The transient flow conditions can be simulated
using this code. Another important use of the code in sanding is the
study of the influence of water cut into the wells. [t is well known that
the beginning of water inflow is one of the most important factors, so
the inclusion of capillary effects on the overall behavior can now finally

be considered with this code.
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Nomenclature

a — Acceleration vector

a — Borehole radius

A — Area of integration

b; — Body force

' — Maximum wave speed
C', — Dilatational wave speed
dA — Element of area
dL — Element of length
dS - Incremental arc

e — Volumetric strain
éi; — Strain rate tensor
é;n — Volumetric strain rate

eé; — deviatoric strain rate for triangle a

f — vector field
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< fij > — clement of area

< f}'—‘) > — average value of f over side segment 12
fE — value of the function f at the node 1
' — Scalar. vector, or tensor quantity
Fl-body — Nodal body force
F2Y  _ Nodal boundary force
Freemmal o nternal nodal force
g:; — Gravitational acceleration
(G — Shear modulus
GOR — Gas-oil-ratio
Gerr — [Effective shear modulus for trilinear behavior
h  — heigth over a datum
J — Jacobian
k., — Relative permeability to oil
kry — Relative permeability to water
K — Bulk modulus
K: — Framework bulk modulus
Ky — Solid grains bulk modulus
K. — Water stiffness

K, — Oil stiffness

171



L — Curve bounding an area

my, — Lumped gravitational mass at the node
mgp, — Mass for each grid point in the triangle
m, — Net ficticious nodal mass
m, — Mass associated with the triangle
M — Total number of sides
M, - Solid Mass
n — outward pointing normal vector
N — Side number
N — Side number
P — Pore pressure
P. — Capillary pressure
P! — Slope of the capillary pressure curve
P, — Pressure of the non-wetting fluid phase (oil)
P, — Pressure of the wetting fluid phase (water)
P, — Derivative with respect to time of water pressure
P, P — Far field principal stress components
q — Darcy'’s fluid velocity vector
r — Distance from the borehole center
R.; — Momentum exchange
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tr,.
Ry,

€

s
g

-
b wao

Uy

1Ly
Ui
Uni

Uy

Arbitrary closed surface or area

Saturation of the non-wetting fluid phase (oil)
Derivative with respect to time of water saturation
Saturation of the wetting fluid phase (water)
Residual oil saturation

[rreducible water saturation

[nitial water saturation

[nitial oil saturation

Saturation the wetting fluid phase (water)
Saturation on the wetting fluid phase (water)
traction vector

solid velocity

Radial displacements for the borehole problem
Tangential displacements for the borehole problem
Intrinsic water velocity vector

Intrinsic oil velocity vector

oil velocity

Solid volume

water velocity

rotation tensor
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55
AS

At
At

A Lmar

Wrnax

s

Average value of the derivative of the vector

Riot Poroelastic coefficient

Damping term

delta of Kronecker

Length of side segment

Real time step

Pseudo time step

Largest side of the triangle

Minimum length of the zone edges or diagonals

Radius of Mohr's circle of strain

Strain corresponding to peak value in stress-strain curve
Strain corresponding to start of residual strength

Water mobility

Oil mobility

water viscosity

oil viscosity

Poisson’s ratio

Highest natural angular frequency of the undamped mesh
Porosity

solid density
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Pw

Pw

'7ij

5]
Oxxy Txy

Jr

rf".

wetting fluid (water) density

non-wetting fluid (oil) density

mass density

Total stress tensor

Effective stress tensor

Cartesian components of the stress tensor
Radial component of the stress tensor
Tangential component of the stress tensor
co-rotational stress rate tensor

Shear component of the stress tensor

radius of Mohr's circle of stress
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