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INTEGRATION THEORY IN A BANACH SPACE AND APPLICATIONS

TO GENERALIZED DIFFERENTIAL EQUATIONS

CHAPTER I

INTEGRATION THEORY IN BANACH SPACES

1. Introduction. In 1955 MacNerney [6] presented a theory of

integration in a Banach space patterned after that first introduced by
Gowurin [3] and proéeeded to develop a theory of harmonic operators which
was a generalization of the theory of harmonic matrices presented by

Wall [9] in 1954. Again generalizing the results in [9], MacNerney used
harmonic operators to examine generalized differential equations in
Banach spaces. One of his principal results was a local existence theorem
for the solution of a generalized non-linear Riccati differential equa-
tion (see [6; Theorem 4.11).

The principal objective of this paper is to obtain results concerning
generalized differential equations in a Banach space and examine the global
behavior of the solution of a certain non-linear Riccati generalized dif-
ferential equation. Many of the theorems on generalized différential
equations in a Banach space are generalizations of results in [6]. A
theory of integration of point-interval functions is presented in the
beginning of the paper in order to obtain a more general concept of
integration in a Banach space and to provide a firm foundation for the
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subsequent theory. The concept of integration presented contains as
special cases the integrals presented by Gowurin [3], MacNerney [6],
Bochner and Taylor [1], and Hille and Phillips [5; PP. 62-67].

Since substitution theorems play a very important role in the study
of generalized differential equations, Chapter I contains three substi-
tution theorems, while two more substitution theorems are presented in

- Chapter II. A very useful integration by parts theorem is also introduced
in Chapter II. Iterated integrals in a Banach space are discussed in
Chapter III, and finally in Chapter IV much of the theory developed in
the first three chapters is used in considering generalized differential
equations in a Banach space. One of the principal results in Chapter IV
is a theorem concerning the global behavior of the solution of a non-

linear Riccati generalized differential equation.

2. General theory of integration in a Banach space. Following

McShane [7], a partition of an interval [a,b] will be any collection
n . '
{(xi,{xi_l,xi})i=l} of ordered pairs (xi,{xi_l,xi}), where X, 1 € [a,b],
_ n
x; € [a,b], X; 4 S %5, and x; € [xi—l’xi]' If 7 = {(xi’{xi—l’xi})i=l}

is a partition of [a,b], then

n
Iwll = maxGe; - x; ;)

will be called the norm of m. Let ® be the collection of all partitions

of a closed interval [a,b]. Two relatioms, >

and ¢, may now be defined
n
yY = e P
on as follows. If ™y {(Ti,{ti_l,ti})i=l} and

m 4o
Ty = {(cj,{sj_l,sj})j=l} € ¥, then

@ 2wy if fng <l



and
e n ~ m
®) T, &, if {ti}i=0 2 {Sj}j=0'
Both (¥,2) and (¥,2) are directed sets, but since (¥ ,2) will occur

most frequently in this paper, it will be referred to as the partition

collection on [a,b].

If X is a Banach space, then a point-interval function on [a,b] into

X will be any function which assigns a value in X to each ordered pair
(t,{s,t}) such that [s,t] is a closed subinterval of [a,b] and T € [s,t].
The concept of the integral of a point-interval function may now be
introduced. If (¥ ,>) is the partition collection on a closed interval
[a,b] and f is a point-interval function on [a,b] into a Banach space X,

then f is integrable over [a,b] if
11m1T e‘Pznf(Xi’{xi—l’xi})
exists, and in this case, we write

b .
Ia f = 11mw e'?zﬂf(xi’{xi-l’xi})’

where J f is read "the integral from a to b of f" or "the integral of £
a

over [a,b]".
Of course, for a given point-interval function f on a closed inter-

b

val [a,b] into a Banach space X, the integral J f exists if and only if
a

the net N defined on the partition collection (¥ ,2) on [a,b] by
_tn
(2.1) N(r) = o5 £Crg.{t, 5t D)

n . . .
for each 7 = {(Ti,{ti_l,ti})i=1} € P, is a Cauchy net in X; that is, for
each € > 0 there exists a 6§ > 0 such that if L eV, (o =1,2), ”ﬁlﬂ <6,

and "w2"'< §, then
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Inery) - Ner) || < e

However, many proofs can be simplified considerably using the following
modification of the Cauchy condition for convergence.

THEOREM 2.1. Suppose f is a point-interval function on a closed

interval [a,b] into a Banach space X and (¥,>) is the partition collec-

tion on [a,b]. Let N be the net on (¥ ,>) defined by (2.1) above. Then

b
J f exists if and only if for each € > O there is a § > 0 such that if
a —

Ty e®, "w1”-< 8§, m, € P, and 7, % Ty then

2 2

|N(Trl) - N(1r2)| < e,

Without making any additional assumptions, one can prove a great
number of results for integration of point-interval functions with values
in a Banach space which hold for the integrals of so-called real-valued
“interval" functions.  Burkill [2] first considered the possibility of
taking integrals of real-valued interval functions. A thorough treatment
'of integrals of real-valued interval functions may be found in Hildebrandt
[4], and corresponding theorems for integrals of point-interval functions
having values in a Banach space will be used in many cases without further
comment.,

Since many point-interval functions on a fixed interval [a,b] into
a given Banach space X may be independent of the point t in (t,{s,t}), in
such cases a partition {(Ti;{ti_l,ti})2=l} of [a,b] will sometimes be

n
denoted merely by {ti}i=0'

3. A special type of integral. Suppose now that X and Y are Banach

spaces and [X,Y] is the Banach space consisting of all continuous linear

mappings from X into Y with the usual norm being employzd, and suppose f
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is a point-interval function on [a,b] into [X,Y]. Then one has two choices
in defining the integral of f over [a,b]: (a) The integral can be

required to exist in the sense that

llmw € Pzﬁf(xi’{xi-l’xi})
exists as a limit taken in the space [X,Y] with its uniform topology; or,
(b) For each x € X, let fx be the point-interval function on [a,b] into

Y defined by

fx(T,{s,t}) = f(1,{s,t}) (x).

b

f exists if J fx exists for each x € X. The function

" (b
Now say that f
a

a

b b b
J f: X > Y defined by (J £)(x) = J fx can then be shown to be an element
a

a a
of [X,Y] using the principal of uniform boundedness (see [8, pp. 204-205]).

b
It can be shown that if J f exists in the sense of (a), then the
a

same integral exists in the sense of (b) and the two integrals are equal.

b
But it is possible to have J f exist in the sense of (b) and yet not exist
a
b
in the sense of (a). Therefore, from this point on, the expression "J f
a

exists" will be used to designate that the integral exists in the sense

b
of (b), while "I f exists in [X,Y]" will be used to denote the fact that
a

the integral exists in the sense of (a).

4., A more classical form of integral. Now terminology will be

introduced which will remain fixed throughout the remainder of this paper.

S will denote a Banach space and B will denote the Banach space of
all continuous linear transformations on S. E will always denote the
identity transformation on S, and the symbol | || will be used to denote
the norms of functions in B, as well as the norms of points in S. A

function ¢ on a topological space X into B (or S) will be said to be
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continuous if it is continuous relative to the topology of B (or S). If

¢: [a,b] * B (or S), then ¢ will be said to be of bounded variation on

[a,b] if
sup, [3g lloce) - oce, ) < =,

where the supremum above is taken over all partitions 7 = {ti}z=0 of [a,b].
The symbol V(¢;a,b) will be used to denote the quantity
sup_ 22=1 ”¢(ti) - ¢(ti_1)" and will be called the variation of ¢ over
[a,b]. The symbol V(¢;b,a) will be defined as equal to V(¢3;a,b). It
should be noted that Hille and Phillips (see [5, p. 59]) define a function
¢:[a,b] = S (or B) to be of strong bounded variation on [a,b] if it is of
bounded variation on [a,b] in the sense above, while the term bounded
variation is reserved for a different concept of variation. However, the
terminology introduced here agrees with that employed by MacNerney [6].

A function f on a topological space X into B (or S) will be said to
be bounded on X if

(4.1) sup £ || < =.

X € XI
The symbol "f”X will be used to denote the quantity on the left in (4.1),

and in cases where there is no ambiguity, the symbol Hf” will be used in

place of ”flx.
Two special types of point-interval functions will now be defined.
Suppose ¢:[a,b] - B (or S). ¢ may now be thought of as a point-interval
function by defining
¢ (t,{s,t}) = ¢(1),
and a second point-interval function may be defined by setting

d¢(T’{s:t}). = ¢(t) - (b(s)-

Of course, there is some ambiguity involved in saying that ¢ may be
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thought of as either a point function or a point-interval function, but
this is unimportantAcompared to the convenience in notation. If F is a
point-interval function on [a,b] into B and g is a point-interval function
on [a,b] into B or S, then the product F * g of the point-interval functions
F and g is defined by

F.g(r,{s,t}) = F(r,{s,t}g(1,{s,t}).

F+ g will also be written as Fg. Taking products of.psimt-interval func-
tions gives rise to a multitude of point-interval functions on [a,b] which
can be constructed from point functions on [a,b]. For example, if
F:[a,b] - B, G:[a,b] >~ B, and g:[a,b] » S, then such point-interval func-
tions as F[dG], [dF]G, F[dG]g, [dF]Gg, and FG[dg] all arise in a natural
way. Integrals of such point-interval functions are discussed in MacNerney
[6] and much of the remainder of this paper will be concerned with
integrals of this type.

Because of the way in which the existence of the integral of a point-
interval function on [a,b] into B has been defined (see section I.3), in
a great deal of the theory to be developed the point-interval functions

“involved will be constructed so that their values lie in S.

5. Substitution theorems. For real-valued functions £, g, and h on

a closed interval [a,b] it is known that if f is bounded on [a,b] and

b'< b b
k(x) = J gldh], then J f[dk] exists if and only if j fg[dh] exists and
a a

a

if the two integrals exist then they are equal (see Hildebrandt [4, p. 53]).
However, the situation for the integrals of point-interval functions such
as discussed in section I.4 is somewhat different. Therefore, theorems

such as Theorems 2.5, 2.6, and 2.7 presented in MacNerney [6] appear.
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Three substitution theorems similar to those just mentioned in [6] will
be given now, while in the next Chapter two substitution theorems will be
presented which are in some ways superior to any presented in [6] or to
be presented here.

Proofs for the first two substitution theorems will be omitted since
they are similar to that given for the third. The following lemma is
insertad to be used in the proof of the third substitution theorem.

LEMMA 5.1. If D: [a,b] + B is of bounded variatiom, P: [a,b] + B is

continuous and of bounded variation, and h: [a,b] + S is of bounded

variation, then

b
J D[dP]h
a

exists.
Let (¥,2) be the partition collection on [a,b], and for the point-
interval function D[dP]h on [a,b] into S, let N:¥® - S be the net defined

- ; n
by (2.1). Suppose Ty {(Ti,tti_l,ti})i=l} e ¥,
Ty = {(Gj’{sj—l’sj})?=l} e P, Ty 2795 and for each i = 1,2,°**,n, sup-

pose that {s; _7,8: ,+++,5,,} is the set of s_.’s contained in the
1
370y ii 3
interval [ti-l’ti]' Then,

Inery) - Nerp |

II3o; DG RCe) = (e )Inr,) = I3 D(o)[R(s)) =R(s;_In(o,) ]

N

n il
Yie Zj;ji{H[D(Ti) - D(o,)1[B(sy) - P(sj_l)]h(ri)ﬂ

ol LICAIICOES JCHIN TGRS YCAM )

(AN

S| | g m VB3SO URLV@s2,0) + [D]-VeRsa,01,
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where "h" = ”h”[a,b] and ||D|| = "D”[a,b]' Since the continuity of P on

[a,b] insures the continuity of V(P;a,t) for t € [a,b], the quantity above
must tend to 0 as ” Trlll + 0, and hence Theorem 2.1 of this Chapter guaran-
tees the existence of the integral Jt D[dP]h.

THEOREM 5.1. Suppose G:[a,b‘] + B is bounded, h:[a,b] + S is con-

tinuous and of bounded variation, F:[a,b] + B is of bounded variation,

b
J G[dh] exists, and q:[a,b] = S is defined by
a —_— —

t
q(t) =J G[dh].
a

b
Then, i_f_f FG[dh] exists, it follows that
- a —_—

b b
J FG[dh] = f F[dq].
a a

THEOREM 5.2. Suppose F:[a,b] + B is bounded, G:[a,b] =+ B is con-

tinuous and of bounded variation, h:[a,b] + S is bounded, K:[a,b] + B is

b
of bounded variation, J F[dG]h exists, and p:[a,b] >~ S is defined by
a
t
p(t) = J F[dG]h.
a
b
Then, EJ KF[dG]lh exists, it follows that
a

b b
J KF[dG]h = J K{dp].
a a

THEOREM 5.3. Suppose K[a,b] -~ B and G:[a,b] * B are bounded,

F:[a,b] + B is of bounded variation and continuous, D:[a,b] - B and

b
h:[a,b] + S are both of bounded variation, I K[dF]G exists, and P:[a,b]+B
a

is defined by

t
P(t) = J K[dF]G.

a
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b .
Then, if J KF[dG]h exists, it follows that
== 2, 1t

b

b
I DK[dF]Gh = j D[4P]h.
a a

To prove this, note that P(t) is continuous and of bounded variation
on [a,b], (See [6; Theorem 2.7]), so by Lemma 5.1 of this Chapter and the
fact that D and h are both of bounded variation, it follows that

b
J' D[dP]h exists. Let (¥ ,2) be the partition collection on [a,b], and
a
_ : n
suppose T = {(Ti,{ti_l,ti})i=l} e?. Then,

t
fb DK[dFIGh = J3_, J 1 pr[aFieh
a RS

t

i

- [ e - s e IcENE)
i-1

t.
+ Iia ftz_l D(7,)K(s) [dF ()]G (s){h(s) - h(r )}
ty
+ i Jti—l D(t;)K(s) [dF(s) ]G (sDh ().
Now,
t
125es fti_l'{n<s> - D(1,) }K(s) [aF ()16 (s)n(s) |
< V(D;a,b) - |[K] - flel - |n] - SUP|p g| < "le(F;S,t)
and

i
1031 fti_l D(r,)K(s) [dF(s)]G(s){h(s) - h(1)}]

< V(hsa,b) - |[p] - [k - |6

. suPlt-sI < ”w"V(F;s,t),

where “K“ = "K”[a,b]’ "G” = uG“[a’b]’ "h“ = ”h“[a,b]’ and “D" = "D"[a,b]'
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Hence the uniform continuity of V(F;a,t) in t on [a,b] shows that both

quantities above tend to O as Hﬂ" + 0. Consequently, noting that

ty
n n .
Lim1 fti_l D(r,)K(s) [dF()]G(s)h(r,) = J3_;D(x ) {B(e,) = B(t, 1)Ih(z),

it follows that
b

b
J DK[dF]Gh = f D[dP]h.
a a



CHAPTER II

w-INTEGRATION

1. Introduction. It becomes apparent when studying the integration

of point-interval functions on [a,b] into a Banach space X that even
though a large number of theorems which hold for the special case when X
is the set of real numbers also hold when X is a general Banach space,
there are still a number of results which are lost. The conecept of w-
integrability to be introduced shortly can be used to regain a number of
important theorems for integration in general Banach spaces. Only a few
of the most important theorems connected with this paper on the whole
will be presented here. It is interesting to note that for finite dimen~-
sional inner product spaces integrability and w-integrability are equiva-
lent concepts (see Hildebrandt [4; p. 30]), while as will be pointed out
later, a number of point-interval functions in a Banach space whose

integrals can be asserted to exist are actually w-integrable.

2. [The concept of w-integration. Let ¢ be a point-interval func-
tion on [a,b] into B (or S). Define a function Z¢ on the set of all

partitions of closed subintervals [c,d] of [a,b] by setting
_tn
(2.1} (26)(m) = ) 1 ¢(T))s
. _ : SETt:! = n
for each partition 7 = {(Ti,{ti_l,ti})i=l} {Ii}i=1 of [ec,d]. For

12
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brevity, the notation used in (2.1) will be simplified to
(2.2) (£6) (1) = Z_¢(1).

Then the oscillation of I¢ on [c,d] will be defined as the extended real

" number

w(Zgsc,d) = sup(nl,nz)“(2¢)(ﬂl) - @) ()],

where the supremum is taken over all partitions nl and nz of {c,d]. On
the other hand, the oscillation of ¢ on [c,d] will be defined as the

extended real number

2(¢3¢,d) = sup{l[o(t) - o) | | (,8) € [e,d] > [c,d]}.

Notice that w(Z¢;c,d) may be considered as a point-interval function
on [a,b] into the extended reals taking a pair (t7,{s,t}) to the extended
real number w(Z¢;s,t). Denote this point-interval function by w(I¢).

It now makes sense to talk about the existence of the integral
b
J w(Z9).
a

Suppose f is a point-interval function on [a,b] into S. Then f will be

said to be w~-integrable on [a,b] if

b
f w(Zf) = 0.

a
On the other hand, if F is a point-interval function on [a,b] into B,

then F will be termed w-integrable in B on [a,b] if

b
J w(ZF) = 0.
s .

Also, if for each x € S, we have that Fy i1s the point-interval function

on f[a,b] into S defined by
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F_(t) = F(£)(x)

for each t € [a,b], then F will be said to be w-integrable on [a,b] if Fx
is w-integrable on [a,b] for each x € S. It is now easy to demonstrate
that if f is w-integrable on [a,b], then f is integrable on [a,b]; if F
is w-integrable in B on [a,b], then F is integrable in- B on [a,b]; if F
is w-integrable in B on [a,b], then F is w-integrable on [a,b]. If S is
the set of all real numbers, then w-integrability may be shown to be
equivalent to integrability in the same manner as Hildebrandt [4; p. 30]
does for the integration of real-valued interval functioms.

The following theorem serves o indicate the large variety of point-
interval functions on a closed interval [a,b] into S (or B) which are
actually w-integrable (in B) on [a,b].

THEOREM 2.1. If F:[a,b] -~ B, G:[a,b] - B, and h:[a,b] » §

{H:[a,b] + B}, then the point-interval function F[dG]h {F[dG)H} will be

w-integrable {in B} on [a,b] if either

(a) F is continuous, G is of bounded variation, and h is continuous

{H is continuous};
or,

(b) F is of bounded variation on [a,b], G is continuous and of

bounded variation, and h is of bounded variation {H is of bounded varia-
tion}.

Proofs for (a) and (b) will be given for the point-interval function
F{dG]H, with the proofs for F[dG]h being similar. Let ™y =
{(ri,{ti_l,ti})2=l} and Ty ='{(cj,{sj_l,sj})?=l} be any two partitions
of a closed subinterval [c,d] of [a,b]. Suppose L ='{(Xk;{xk_1,xk});=l}

is a partition of [c,d] such that Ty zm and Ty e Tos and for each
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i = o PP 1 ?
i=1,2,.-+,n suppose that {xki_l,xki, ,xk,} is the set of x s contained

i
in [ti_l,tiJ. Then, with ¢ = F[dG]H,

Hzﬂl -z, o] = ”an oD -3, s + "2“3 ORI
But,
”2“1 oD - 2 o]
<P T Gy - Fa1I6G) - 66o_DIEG |
= biml b 1 Xk " Fp-17 5y

+|F(r )60 - 60 _IIIHGG) - B(r )1}

A

(2.3a) < V(G;c,d){Q(F;c,d) « 8] + ||F] - 2(H;c,d)},

(2.3b) V(G;sc,d){|H

N

* V(F;c,d) + |F]* V(H;c,d)},

where [F[| = [|Ellp, ) and B} =[], ;. A1so, |2, o(D -2, (D]

satisfies the same inequality, so it follows that w(Z¢j;c,d) is less than
or equal to twice the quantity in either (2.3a) or (2.3b) above. Now
let § > O be arbitrary, and let 7 = {ti}2=0 be any partition of [a,b]

with norm less than 8. Then from (2.3a) and (2.3b) it follows that

n

s 2V(Bsa,bl{sup| ) o O(Fss,t) - [[B] +[[F]l - sup|_ o) 5 2(H;s,0))

| <
and

0 < [ w(@est, jht)

<2 Sup|t—s|s 5 V(G;s,t){|[n]| - V(F;a,b) + [|F[| - V(H;a,b)}.

Consequently, if F, G, and H satisfy the conditions in (a), then the first

b
set of inequalities above imply J w(Z$) = 0, while if F, G, and H satisfy
a
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the conditions specified in (b), then the second set of inequalities above
imply I: w(Z¢) = 0. Therefore ¢ = F[dG]H is w-integrable in B on [a,b].

Notice that the previous theorem can be applied immediately to show
that if F:[a,b] + B is continuous and G:[a,b] = B is of bounded variation,
then [dG]F and F[dG] are w-integrable in B on [a,b]. However, the theorem
does not show directly that if F is continuous and G is of bounded varia-
tion, then [dF]G and G[dF] are w-integrable on [a,b]. Since this case.is
also of some interest, the following theorem is presented.

THEOREM 2.2. If F:[a,b] + B, G:[a,b] > B, and h:[a,b] » S, then
F[dG] is w-integrable in B on [a,b] if and only if [dF]G is w-integrable
in B on [a,b], while F[dh] is w-integrable on [a,b] if and only if [dF]h
is w-integrable on [a,b].

Proof for the point-interval function F[dG] will be given, while the
proof for the point-interval function F[dh] is similar. If [c¢,d] &€ [a,b]

_ : n _ : m
and ™= {(Ti,{ti_l,ti})i_l} ané T, {(oj’{sj—l’sj})j=l} are any two
partitions of [c,d], then set X = a, X 4= b, Xopp = E0 Yo = @

Yotl = b, Yotl = b, and for i = 1,2,++,n, set X, 5T, and X; = ti—l’
while for j = 1,2,¢++,m, set yj = Uj and Yj = sj-l' Now form the parti-

tions

v _ ‘ ntl v : mtl
my = {0 {x,_1ox, D5 7} and 7, = {(Yj’{yj—l’yj})j=1}

of [c,d]. Then

I Eﬂl([dFl]Fz) (1) -z, ([4F;1F)) (D) I
= Hzﬂi<FltdF2]><1> - Z“é(Fl[szl)(I)"

5 w(ZFl[sz] ;C’d) ’
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so that w(Z[dFlsz;c,d) < w(ZFl[sz];c,d). A similar argument shows that

the reverse inequality holds and thus

w(Z[dFl]Fz;c,d) = m(ZFl[sz];c,d)i

Consequently, F1[dF2] is w-integrable in B on [a,b] if and only if
[dF1]F2 is w-integrable in B on [a,b].

The following notation will be employed from this point on. If ¢ is
a point-interval function on [a,b] into S or B which is integrable on
[a,b], and if I = (1,{s,t}) is such that T ¢ [s,t] ¢ [a,b], then jI ¢ will
be defined as equal to J: ¢. An approximation theorem is presented now.

THEOREM 2.3. If f is a point-interval function om [a,b] into S and

f is w~integrable on [a,b], then for each € > 0 there is a § > 0 such

is any partition of [a,b] with

. _ n - n
that if = = {(r;,{t, ., e D, =11},

"v" < §, then .
ti
n
Zi=lllfti_l £- f(Ii) " < €.

In particular, for I’s of the form I = (t7,{s,t}) and 2(I) = (t-s),

1im£(1)4_oujlf - £(D] = o.

Let ¢ > 0 be given, and choose § = 66 > 0 such that if

T ='{(Ti;{ti_1,ti})2=1} is any partition of [a,b] with ||| < &, then
n
zi=1 m(Zf;ti_l,ti) < €.

Since

t
i

Hft. . £ - £(I)] s wfst,_;5t))
l-

for each i, it then follows that
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n ty n .
(2.4) Lic1 ”Li—l £- £ < [T, oG, ,,t) < e

To prove 1im2(I)-*0”jI £ - £(1)|| = 0, remember that if I = {1,{s,t}),

then by definition jI f= J: f so that the result follows immediately
from (2.4) above.

The substitution theorems promised in Chapter I will now be supplied.
The reader should compare these theorems with Theorems 5.1, 5.2, and 5.3
in Chapter I and Theorems 2.4, 2.5, and 2.6 in MacNerney [6]. For the
meaning of point-interval functions constructed from point functions and

the products of point-interval functions see Section I.4,

THEOREM 2.4. If f is a point-interval function on [a,b] into §

which is w-integrable on [a,b], g is the point-interval function on [a,b]

into S defined by

=| f
g(1) JI

for each I = (t,{s,t}) such that T € [s,t] < [a,b], and H:[a,b] > B is

b b
bounded, then J He £ exists if and only if J H - g exists, and the two
a

a
integrals are equal when they do exist.

_ : n _ n o
If 7 = {(Ti’{ti-l’ti})i=l} {Ii}i=l is any partition of [a,b], then

i

15 DY@ - [T @]

IA

g mepl ey - | el
i

n &
Al Ty leap - [ el
where "HH = ”H“[a,b]' Theorem 2.3 of this chapter then guarantees that

the right hand member in the above inequality tends to 0 as ”ﬂ" + 0.

THEOREM 2.5. If F is a point-interval function on [a,b] into B
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which is w-integrable in B, G is the point-interval function on [a,b] into

B defined by

G(I) = J F,
I
for each I = (1,{s,t}) such that T € [s,t] ¢ [a,b], and if K:]a,b] > B
b
and h:[a,b] = S are bounded, then J K+G-+h exists if and only if
e a

J K+F+h exists, and when the integrals do exist they are equal.
a

- no, o n . i L
If w {(Ti’{ti-l’ti})i=l} {Ii}i=1 is any partition of [a,b], then
n n
||Zi=l (K-G-h)(I,) - Zi=1 (K - F+ h)(L,) I

< x|

h

R llfI F- B}
i

S LY ER et FIIR I S

< [Ix]

where ”K” = "K”[a,b] and ”h” = "h"[a,b]' But the quantity on the right
in the inequality above approaches 0 as ”n" + 0 since F is w~-integrable
in B on [a,b].

As an example of how the preceding theorem might be applied, the fol-
lowing corollary is given. The proof of the corollary can be obtained
quite simply using Theorem 2.1 and Theorem 2.5.

COROLLARY. If F:[a,b] » B and H:[a,b] - B are of bounded variation,

G:[a,b] + B is continuous and of bounded variation, and if K:[a,b] + B

b
and h:[a,b] >~ S are bounded, then J KF[dG]Hh exists if and only if
a

b s
J K(S)[ds(J F[dG]H) In(s) exists, and if the two integrals do exist, then
a a

they are equal.

The substitution theorems now become powerful tools in proving
further results such as those given below.

THEOREM 2.6. ;f_Fl:[a,b] + B, (1 =1,2,3), and ¢:[a,b] +~ S are such
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that Fl and ¢ are bounded, if the point-interval function Fz[dF3] is

b b
w-integrable in B on [a,b], ggg_ig.[p El[sz]F3¢ and Ja Fl[d(F2F3)]¢ both

b
exist, then j Fle[dF3]¢ exists and
exist, then | exists and
b b b
Ja Fl[d(F2F3)]¢ = Ja Fl[dF2]F3¢ + Ja Fle[dF3]¢.

Note that Theorem 2.2 of this Chapter, together with the fact that
FZIdFBJ is w~integrable in B, shows that [dFZ]F3 is w~integrable in B.
Also, d(F2F3) is clearly w-integrable in B. So, upon applying Theorem

2.5 twice, we have

b b
Ja Fl[dF2]F3¢ - Ja Fl[d(F2F3)1¢

b s
- J F1<S)[ds(!a [4F,1F, = F,(s)F,(s)) 16 (s)

a

b s
[IEXCIRE e NN NTS

a

b
-Ja Fle[dF3]¢.

THEOREM 2.7. If Fi:[a,b] +B (i =1,2) and f3:[a,b] + S are such

that the point-interval function Fz[df3] is w-integrable on [a,b], and

b b b
Ja Fle[df3] and Ja [dFl]sz3 both exist, then Ja Fl[sz]f3 exists, and

t=b b b b
Fl(t)FZ(t)fB(t) =a = Ja [dFl]FZfS + Ja Fl[dF2]f3 + Ja Fle[df3].

Applying Theorem 2.4, we have the equation

2.5) Ib F.F.df. = Jb F. (s)d (JS F. [4f.])
' g 12%3 7 ], 1'%t Falths

b ' s
- fa RO ASIOR Ja [4F, I£,).
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The existence of the above integral, together with the existence of the

b b
integral J [dFl]FzF , and hence of J F.d(F,f,), insures that the
a 3 o 19Y2%3

b s
integral J Fl(s)dS(J [sz]f3) exists. But the fact that Fz[df3] is
a a

w-integrable on [a,b] implies by Theorem 2.2 of this Chapter that [sz]f3

is w-integrable on [a,b] and hence by Theorem 2.4, the integral
b b s .
Ja Fl[sz]f3 exists and equals Ja Fl(s)dS(Ja [dFZJfB)' Then using (2.5)

b
and integration by parts on J Fld(F2f3), it follows that
a

s=b b b
- J [dF1]F2f3 - Ja Fl[dFZ]f3'

b
[ rrety - mon,en0| - [



CHAPTER III

ITERATED INTEGRALS

1. Introduction. Iterated integrals of the forms to be comnsidered

in this chapter have not been discussed in the literature previous to this
paper as far as is known. Two distinct types bf iterated integrals will
be discussed. The first may be a mere curiosity, but the second will be
shown to have useful applications and several valuable theorems will be
derived for it.

In this chapter it will be necessary to consider the partition
collections on two distinct closed intervals [a,b] and [c,d]. To distin-
guish these partition collections from one another we will use ® to
denote the set of all partitions on [a,b] and ¢ to denote the set of all
partitions on [c,d], while the symbol > will be used to denote the order-
ing in both ¥ and O as defined in Chapter I. If (¥ ,2) is the partition

collection on [a,b] and (O ,>) is the partition collection on [c,d], then

the directed product of (?,2) and (U ,2) will be the directed set (fJ,2),

where & = ¥ > ¢ and (x,y) 2 (z,w) if x 2 z and y > w. The use of
one symbol > to denote the ordering in all of the directed sets above
may be somewhat objectionable, but it is felt that no confusion will
arise as a result of th;s convention in notationm.

The following two theorems will be found useful in the sections

which follow. The proof of the first theorem is very simple, while the

22
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proof of the second theorem is similar to that for the case when real-
valued nets are being considered; consequently, both proofs are omitted.

THEOREM 1.1. If (%,2) and (C,2) are the partition collections or

[2,b] and [c,d] respectively, (X ,2) is the directed product of (¥ ,)

and (&,2), and N:& - S8, then

lim N(m

sT5)
e P 12

exists uniformly for T, & ¢ if and only if for each ¢ > 0 there exists

§ > 0 such that if T, e ®, (i=1,2)), ||ﬁ1|| < &8, and Ty ELP then

IlN('rrl,TrB) - N(ﬂ2,1r3)]| < g

for each 1r3 e C.

THEOREM 1.2. If (¥ ,2) and (¢ ,2) are directed sets, (¥,2) is the

directed product of (¥,2) and (¢ ,2), and if £:55 + S is a net such

that limpf(p,q) exists for each q € & and limqf(p,q) exists uniformly
for p ¢ ¥, then

limplimqf(p,q) s 1imqlimpf(p,q) s énd limp’qf(p,q)

all exist and are equal.

THEOREM 1.3. If F:[a,b] > [a,b] +~ B is continuous, G:[a,b] + B }_s_

continuous and of bounded variation, and g:[a,b] - S is continuous and

of bounded variation, then for t € [a,b] we have that the integrals

S s
J [46(u) ]F (u,s) and j F(s,u) [dg (u)]

T T

are continuous functions of s on [a,b].

Suppose S, € [a,b] and let € > 0 be given. The function V(G;a,s) is
a continuous function of s on [a,b] since the same is true of G, while F
is continuous on the compact set [a,b] x [a,b], and is therefore uni-

formly continuous on [a,b] x [a,b]. Hence there exists a § = 68 >0
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such that if |s—so| < § and s € [a,b] then

IV(G;a,s) - V(G;a,so)l < g,

and for each u € [a,b] we have
”F(u,S) - F(U,So) ” < €,
Then, for |s-—s°| < § it follows that

s So
HJ [dG(u)]F(u,s) - j [dG(u)]F(u,so)H
T

T

S s
< HJ [dG(u)](F(u,s) - Fu,s )] + HJ [4G(u)1F(u,s ) |
A .

S
o

< e{v(c;a,b) + || F[3,

' s
where “F" = Thus, J [dG(u)1F (u,s) is continuous in s
T .

F .

" "[a,b] x [a,b]
s

on [a,b]. The continuity of j F(s,u)[dg(u)] can be established in a
T

similar manner.

2. A peculiar form of iterated integral. Suppose

F:[a,b] > [ec,d] - B, G:_[a,b] + B, g:[c,d] » S, and the integral

d

J F(x',y)G(x)dg(y) exists for each (x',x) e [a,b] X< [a,b]. Let (¥,2)
c

be the partition collection on [a,b], and let N: ¥ > S be defined by

d
N(m) = n=l Jc F(x;5¥) (G(xy) - G(x;_;))ds(y)

_ n .
for each 7 = {(Xi’{xi-l’xi}>i=1} e P. If the limit

1imTr c 9 N(~m)

exists, then by definition, the symbol [ J F(x,y)[dG(x)]dg(y) will be
aljc

used to denote this limit.

THEOREM 2.1. Suppose F:[a,b] > [c,d] - B is continuous, G:[a,b] + B
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is of bounded variation, and g:[c,d] + S is of bounded variation. Then

the integrals

b fd - b
J f F(x,y)[dG(x)1dg(y) and : [[ F(x,y)dG(x)1dg(y)
a‘ce ‘e /a

both exist and are equal.

Note that the integral

Jb F(s,t)dG(s)
a

exists for each t € [c,d] by Theorem 2.3 in MacNerney [6], and if
s; e [a,b] (i = 1,2), then the function
R(t) = F(sl,t)G(sz)
defined for t € [c,d] is continuous on [c,d]. Therefore, by Theorem 2.3
in [6], the integral

d
F(s,,y)G(s,)dg(y)
Jc (sl y)G(s,)dg(y

exists for each (sl,sz) € [a,b] < [a,b].

Now let (& ,2) be the partition collection on [a,b], and let (O ,2)
be the partition collection on [c,d]. Let (& ,2) be the directed product
of (¥ ,2) and (¢ ,2), and define a net N:§ = S by setting

N(myomp) = Ty D5 Flr;50006(e) - 6(, 1{g(s;) - glsy )}

—-' n
for each ™= {(Ti,{ti_l,ti})i=l} € ¥ and each
HZ = {(oj;{sj_l,sj})?=l} € O. Note tha@

m

lim N(ﬂl,wz) = zj=l

b
. {ja F(t,cj;dG(t)}{g(sj)- g(sj_l)},

and

d
tin, Worpm) = [l | P60y i,
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Furthermore, l:i.mTT N(?Tl,ﬂz) is a uniform limit for 1r2 € ¢, For if € > 0
1 .
is given, choose § = 58 > 0 such that if (ti’si) € [a,b] < [e,d], (i = 1,2),

and I(tl,sl) - (t2,52)| < & then
”F(Sl’tl) - F(Sz,tz)” < E.
Suppose T, {(T ,{t 1ot })n } e P, ”ﬂl” <8,
1r]'_ = {(Xk,{xk_l,xk});l} e ¥, TTi < s and for each i = 1,2,°**,n let

{xki-l’ xki, cen, xk]'.} be the set of xk’s contained in the interval
a m
[ti-l’ti]' Then, for each Ty = {(Gj,{s ,s }) } € ¢ we have

IN¢rp 7)) = NG m) |

= 15z Zk . 11 [F(r350.) = FOQL00 16 () ~Gx,_)1le(s,) - 8(sy ;1]

A

e V(G;a,b)V(g;a,b),

and therefore Theorem 1.1 of this Chapter implies that lim“l N(nl,nz) is a

uniform limit for Ty € 0. Consequently, by Theorem 1.2, it follows that

d b
li.m1T2 1iin7r1 N('ﬁl,‘n'z) = Jc [Ja F(x,y)dG(x)ldg(y)

and

b rd
lim_ 1lim N(ﬂl,wz) = J f F(x,y) [dG(x) 1dg(y)

‘IT‘1 11'2 ale

both exist and are equal.

3. Totally uniform bounded variation and a form of continuous varia-

tion. Suppose X is a normed linear space, Q is a subset of the real
numbers, and F:[a,b] x Q > X. Then F(t,s) will be said to be of totally

uniform bounded variation in t on [a,b] for s € Q if

(3.1) sup_ [22=i{supq e olF 0= Fley 1, |1 <
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where the symbol sup,_ indicates the supremum over all partitions
T = {ti}2=0 of [a,b] of the quantity in brackets. A similar definition
applies if F: Q@ x< [a,b] + X.

THEOREM 3.1. If F(s,t) is a mapping from [a,b] < [a,b] into B which

is of totally uniform bounded variation in s on [a,b] for t € [a,b],

g:[a,b] » S is of bounded variation, and f:[a,b] + S is defined by
s
f(s) = f F(s,u)dg(u),

a

then f is of bounded variation on [a,bl].

If s € [a,b] and t € [a,b], then

s t
llj F(s,u)dg(u) - ja F(t,u)dg(u) ]

a

A

s t
”J (F(s,u) - F(t,u))dg(u) | + “[ F(t,u)dg(u) ||
a S

17

(supy (4 p)lFCssw) ~FCE,0[) - Vgsa,b) + [F]|

*V(gss,t),

where ||F|| = ”F”[a,b] x [a,b]" Therefore, if {ti}g=0 is a partition of

[a,b], the inequality above yields
n
Iy e - £yl

5'{22=1 V(g;a,b) = sup [a’b]”F(ti,u)-F(ti_l,u)u} + [|F[v(g;a,b)

in

V(g;a,b){M + ||F[},

where M = sup_ [Z§=l {sup

q e [a,b]"F(ti’q) F(ti—l’q"}]’ and consequently,

V(f;a,b) < =,
Suppose X is a normed linear space and F(s,t) is a mapping from
[a,b] < [c,d]binto X which is such that for each S, € [a,b] we have
that F(so,t) is of bounded variation on [¢,d]. Then F(s,t) will be said

to be of bounded variation in t continuously for s € [a,b] if for each
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€ > 0 and each s, € [a,b] there is a Gso,e > 0 such that if s € [a,b]
and |s- sol < 650’8 then

V[F(s,-) - F(so,-);c,d] < e.

A similar definition is given when the roles played by the first and
second variables are interchanged. It can now be proved that the con-
tinuity described in the first definition given above is uniform in that
€ [a,b], s

for each € > 0 there is a § = 66 > 0 such that if s € [a,b],

1 2

and [sl-szl < & then

V[F(sls") - F(323—);c,d] < €

with a similar result holding when the roles of the first and second
variables are interchanged.

THEOREM 3.2, If F(s,t) is a mapping of [a,b] x [a,b] into B which

is continuous on [a,b] x [a,b] and of bounded variation in t on [a,b]

continuously for s € [a,b]l, g:[a,b] - S is continuous, and f:[a,b] > S

ii defined Ez
S
£(s) = j F(s,u)dg (u)
a

for each s € [a,b], then f is continuous on [a,b].

Note that

)
fs F(s,u)dg(u) = F(s,s)g(s) - F(s,a)g(a) - Ja [duF(s,u)]g(u),
a

and F(s,s)g(s) - F(s,a)g(a) is a continuous function of s on [a,b]. The

fs
function j [duF(s,u)]g(u) is also continuous for s € [a,b]. For let
a
S, e [a,b] and let ¢ > 0 be given. The continuity of F(so,t) for
t € [a,b] insures that V[F(So’_);so’t] is also continuous for t € [a,b].

Hence there is a § > 0O such that if s € [a,b] and |s- so| < § then

VIF(S>') - F(So,_);a’b] < €
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and

Then if s € [a,b] and Is-s°|< §, we have

s So
HJ [d F(s,u)lg(u) - fa [d Fs_,u)lgw |

a
s s
< l[a [du{F(s,u) - F(so,u)}]g(u)" + "JS [duF(so,u)]g(u)ﬂ
o

s llgl+ {VIF(s,-) - Fs,-)3a,b] + VIF(s_,-)3s_,s]}

s 2¢+ gl
where ||g| = Hg"[a bl It then follows that the integral Js F(s,u)dg(u)

’ a

is continuous for s ¢ [a,b].

4. A more classical form of iterated integral. 1In this section

integrals of the form

d b

(4.1) f {J [dG(x) 1F (x,y) }dg(y)
[} a

and
b d

(4.2) J [dG(x)]{f F(x,y)dg(y)}
a (o4

will be discussed, where F:[a,b] > [ec,d] >~ B, G:[a,b] > B, and
g:[c,d] > S.
THEOREM 4.1. If F:[a,b] * [c,d] » B is continuous, G:[a,b] > B is

of bounded variation, and g:[c,d] + S is of bounded variation, then the

integrals

b ) d d b
J [dG(x)]{I F(x,y)dg(y)} and J {J [dG(x)]F(x,y) }dg(y)

both exist and are equal.

Let (¥ ,2) be the partition collection on [a,b], let (& ,>) be the
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partition collection on [c,d], and let (& ,2) be the directed produce of

(¥ ,2) and (C,2). Consider the net N:¥ - S defined by

m - n
PR IO L 6(ty )IF(r .00 Hels;) - g(s;_y)]

Nmpsmy) = Ly

n m
Limg [6€e) = 6Cey DL ) Flr;,0.)[8(s,) - g(s; 1)1}

n
= €
for each ™ {(Ti’{ti-l’ti})i=l} ¥ and each

)
9 and

1 o
1imTr N('rrl,nz) exist for each fixed T, € (O and each fixed T e ¥

2

respectively. Furthermore, lim (ﬂl,nz) exists uniformly for 1r2 e 0,

N
Tl'l ]
For let € > 0 be given and choose § = 68 > 0 such that if

(t;ss,) € [a,b] < [e,d], (i =1,2), and |(tl,sl) —(t2,52)| < § then
; “F(tl’sl) - F(tz,sz) " < g,
Suppose T, = {(Ti,{ti_l,ti});;l} eP, ”"1” < §, while

2
| . > f T = e e
m o= {(xk,{xk_l,xk})k=l} e ¥ with m 2 7™, and for each i = 1,2,°**,n

let {xki_l,xki,---,xki} Flenote the set of xk’s in [ti_l,ti]. Then if

= m .
m, = {(oj,{sj_l,sj})j=l} € ¢ it follows that

"N(ﬂl,ﬂz) - N("i‘:nz) "

A

125, (25 Zk:ki [6x) = 6y _1)IF(ry,0,) = Flxg,0,)1g(s) = g(s I

1A

e V(G;a,b)* V(g;a,b).

Theorems 1.1 and 1.2 of this Chapter then imply that

1i1nﬂl lim1r2 N(ﬂl,nz) = limﬂzlj_m.”:L N(wl,‘nz),

which is equivalent to the equation

c a

b d d (b
J [dG(x)]{f F(x,y)dg(y)} = f {f [d6(x)IF(x,y) }dg(y).
a C .
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THEOREM 4.2. Suppose F:[a,b] x [a,b]-+ B is continuous, G:[a,b] + B

is continuous and of bounded variation, and g:[a,b] - S is continuous and

of bounded variation. Then,

b X b b
f ”G("”{L F(x,y>dg<y)}=j {J [d6.(x) TF (x,5) }dg (y) -

a a Jy
A proof for this theorem will not be given since it is very similar
to the proof of the next theorem.
THEOREM 4.3. Suppose F(s,t) is a function on [a,b] x [a,b] into B

which is continuous on [a,b] x [a,b] and of totally uniform bounded

variation in s on [a,b] for t € [a,b], G:[a,b] » B is of bounded varia-

tion and continuous on [a,b], and g:[a,b] -~ B is of bounded variationm.

Then,

b

b >4 b
[ [dG(x)]{j F(x,y)dg(y)) =j'{f [46(x) TF (x,7) }dg (¥) -
a a a y

X
Theorem 3.1 shows J F(x,y)dg(y) is a function of x which is of bounded
a

variation on [a,b], and since G is continuous on [a,b] it follows that the

integral

b X
j [dG(x)]{j F(x,y)dg(y)}
a a

does exist (see MacNerney [6; Theorems 2.2, 2.3]). Also, Theorem 1.3

b

guarantees that J [dG(x)]F(x,y) is a continuous function of y on [a,b],
y

so that the fact that g is of bounded variation on [a,b] insures that the

integral

b b
f {j [4G (%) IF (x,7) }dg (¥)
a Jy

exists (see [6; Theorem 2.3]). Now define a function K:[a,b] x [a,b] + B

by setting
F(x,y) if x

v
~<

K(x,y) =

A
b

F(y,y) 1if «x
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It may be verified readily that K is continuous on [a,b] > [a,b]. Then
applying Theorem 4.1, and noting that K(x,y) = F(y,y) if x < y, it follows
that

b X
J [dG(x)]{J F(x,y)dg(y)}
a a

b X
= J [dG(x)]{f K(x,y)dg(y)}
a a .

b b b b
= J [dG(X)]{J K(x,y)dg(y)} - J [dG(x)]{f K(x,y)dg(y)}
a a - a X
b. (b b (b
= J {J [dG(x)IK(x,y)}dg(y) - j [dG(x)]{J F(y,y)dg(y)}.
a a a X
But
b (b
f {f [46 (x) IK () Hg (3)
a a
b (Y b b
= J {J [aG(x) IK(x,y) }dg(y) + J {J [dG(x) IK(x,y) }dg(y),
- 78 Ja a '’y
and
b ry b
J {J [dG(x) IK(x,y) }dg(y) = J [G(y) - G(a)IF(y,y)deg(y).
a a a
Furthermore,
b b
J [dG(X)]{J F(y,y)dg(y)}
a X
b

b b
-G(a)f F(y,y)dg(y) - f G(x)dx[J F(y,y)dg(y)]
a p.<

a

b
J [G(y) - G(a)]F(y,y)dg(y).
a

The conclusion now follows by combining these results.

THEOREM 4.4. If G:[a,b] » B is of bounded variation, F(s,t) is a

function on [a,b] > [a,b] into B which is continuous in s on [a,b] for

each fixed t € [c¢,d] and is of uniformly bounded variation in t for

s € [a,b], and g:[c,d] + S is continuous, then
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b o d (b
(4.3) -J [dG(X)]{J F(x,y)dg(y)} = f {J [d6(x)IF(x,y) }dg(¥).
a Cc

C a

Suppose that it can be shown that

b - d d b
(4.4) J [dG(x)]{J [d F(x,y)1g(y)} = J [d'{f [dG(x)1F(x,y) Hg(y),
a c ¥ c Yla

in which process, of course, the existence of these integrals has been

established. Then,

d b
(4.5) J [d {f [de(x) IF(x,y) g (y)
c y Ja
= J [dG(X)]F(x,y)g(y))‘ - ( {J [d6(x)IF (x,y) }dg(y),
a y=c le Ja
and
b d '
(4.6) J [dG(X)]{J [d_F(x,y)]le(y)}
a Cc y

b d
= Ja [dG(x) 1{F(x,d)g(d) - F(x,c)g(c) - jc F(x,y)dg(y)}.

d

b .
Therefore, f {J [dG(x) 1F(x,y) }dg(y) exists, and since F(x,d)g(d) -
a

c

F(x,c)g(c) is a continuous function of x on [a,b] and G is of bounded

variation on [a,b], we have that the integral

b
j [dG(x)]{F(x,d)g(d) - F(x,c)g(c)}

a
exists (see MacNerney [6; Theorem 2.4]). The existence of the two inte-

grals just mentioned and the relation (4.6) then proves that

b d

J [dG(x)]{J F(x,y)dg(y)} exists. Using (4.4), (4.5), and (4.6) it
a c

now follows that (4.3) holds. To establish (4.4), let (% ,2) be the

partition collection on [a,b], let (C ,>) be the partition collection on

[c,d], and let (§,2) be the directed product of (§,2) and (@ ,2).

Consider the net N:J - S defined by
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_tn oy Sty
Ner ) = BT [6Ce) G(ti_l)]{Zj=l [F(t;,80) = F(1;58, 1)]8(0,))

J

_ tm n - _
= Loy W [6Ce) - 6ty DIIF(T;,80) - F(ry,s, 118(0,),

for each 11'1 = {(Ti’{ti—l’ti )I;:l} € @ and each 71'2 = {(oj.’{sj-l’sj})?’_'l}

in 8. It is clear that 1lmﬂlN(ﬂl’“2) and llmﬂZN(nl,nz) both exist.

Furthermore, 1im1r N(ﬂl,ﬂz) exists uniformly for Ty e £. For let € > 0 be
2

given and choose § = 66 > 0 such that if lyl-yzl < § and vy € [e,d],

(i =1,2), then

letv) - ezl < e.

Suppose 772 = {(OJ’{Sj-l’sj})?=l} € @D ”“2" <6,

Wé = {(Xk’{xk—l’xk})i=l} € &, and m, & Ty, and for each j = 1,2,-**,n
let‘{xkj_l,xkj,"‘,xk!} be the set of all xk’s in [sj_l,sj]. Then if
J
M= {(Ti,{ti_l,ti})?=l} e ¥ it follows that
uN(nl,nz) - N(ul,ué)u

= L5 lete) - 6Ce, DL, z::ik. [F(r;o%) = Flrm )1e) - g0 1

< e M-+ V(G;a,b),

where M = su V[F(s,~);a,b]. Thus, by Theorem 1.1, 1:i.mTr N(ﬂl,nz)

Ps e [c,d] 2

is a uniform limit for “l € ®. Now Theorem 1.2 shows that

lim  lim_ N(m,,7,.) = lim_ 1lim_ N(m_ ,7,).
LY Ty 1°7°2 T, LhY 1°7°2

But

d

. . 1 n :

1:Lm_"l 1m“2 N(my,m,) = 11m1T1 Yioql6Ct) ‘G(ti—l)]{L IdyF(ri,y)]g(y)}
b

b
J [dG(X)']{J [d F(x,y)lg()},
a a y

]
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b
| lm, NG = lin, Zg;l{fa 4601 IFGx,5,) = Fs,_ 1180,

d b
j [d'{j [dG(x)IF(x,y) }g(y),
ya

c

and therefore (4.4) is established.

THEOREM 4.5. Suppose G:[a,b] + B is of bounded variation and continu-

ous on [a,b], F(s,t) is a function on [a,b] > [a,b] into B which is

continuous on [a,b] * [a,b], of totally uniform bounded variation in t

on [a,b] for s € [a,b], and of bounded variation in t on [a,b] continu-

ously for s € [a,b], and g:[a,b] + S is continuous on [a,b]. Then,
b X b b
J [dG(x)]{J F(x,y)dg(y)} = J {J [dG(x) IF(x,y) }g(y).

a a a y

X

Theorem 3.2 shows j F(x,y)dg(y) is a continuous function of x on
a

[a,b], so the fact that G is of bounded variation on [a,b] guarantees that

the integral

b >4
J [dG(X)]{j F(x,y)dg(y)}

a a

exists (see MacNerney [6; Theorem 2.4]). Also, by an argument similar
to that used in the proof of Theorem 3.1, the function Jb [d6(x) 1F(x,y)
is of bounded variation in y on [a,b], and since g is coZtinuous, the

integral

b b
J {J [d6(x) JF (x, ) }dg (y)
.Y,

exists (see [6; Theorems 2.4, 2.1]). Now define K:[a,b] >< [a,b] - B

by setting
F(x,x) 1if x <

A
«

K(xs}’) =
F(x,y) if x 2

v
D
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Then, as is easily verified, K is continuous on [a,b] > [a,b] and
K(s,t) is of uniformly bounded variation in t on [a,b] for s € [a,b] so

that by Theorem 4.4,

b X
f [dG(x)]{J F(x,y)dg(y)}
a a

X

b
= J [dG(x)]{J K(x,y)dg(y)}
a

a

b b b b
= J [dG(X)]{J K(x,y)dg(y)} - J [dG(X)]{J K(x,y)dg(y)}
a a

a X

b b b b
= J {f [dG(x) IK(x,y) }dg(y) - j [dG(x)]{f F(x,x)dg(y)}.
a a

a X

b oy
j {f [dG(x) IF (x, x) g (3)
a

a

b b y
= [ [dG(x) IF(x,x)g(b) - J [d {f [dG(x) IF (x,x) }]g(y)
a a y a

b b
= f [dG(x) JF(x,x)g(b) - f [dG(y) IF (y,y)g(y)
a

a

b b
= f [dG(x)]{J F(x,x)dg(y)},
a X

where the fact that the interval function [dG(x)]F(%,x) is w~integrable

in B together with Theorem 2.5 of Chapter II has been used to assert that

b y b
J [dy{Ja [AG(x) 1F(x,x)}]1g(y) = J [dG(¥) IF (y,y)8(y).
a

a

Finally since

D b
j {j 146 () K (x, ) }dg (y)

a a

b (b by
=J {J IdG(x)]F(x,y)}dg(y)+J {J [d6 () IF (x,%) Hg (5) »
a ‘y a ‘a

the theorem follows.



CHAPTER IV

GENERALIZED DIFFERENTIAL EQUATIONS

1. Introduction. The present chapter will include some generaliza-

tios of the terminology and results connected with generalized differen-
tial equations which are presented in MacNerney [6; Sections 3,4], and a
discussion of the global behayior of the solution of a certain non-
linear Riccati generalized differential equation will be given. Through-
out this chapter, J will denote a non-degenerate subinterval of the reals,
and HJ will aenote the set of all functions M(s,t) on J ><J into B satisfy-
ing the following four conditioms:

(i) for each t € J, M(s,t) is of bounded variation in s on each
compact subinterval of J and continuous in s on J;

(ii) for each s € J, M(s,t) is bounded in t on each compact subinter-
val of J and continuous in t on J in the strong topology on B; that is,
for each x € S, the function M(s,t)(x) is a continuous function in t;

(iii) for each s € J, M(s,s) = E; |

(iv) for arbitrary points (r,s,t) € J x J x< J, M(s,t)M(t,r) =
M(s,r).

The elements of H_. will be called the harmonic operators on J. Harmonic

J

matrices were introduced by Wall [9; p. 160] and subsequently the more

general idea of a harmonic operator was given by MacNerney {6]. The

definition of harmonic operator given in this paper differs from that

37
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of MacNerney in that he assumed the function M(s,t) to have as its domain
R x R, where R denotes the set of all real numbers, The symbol ¢J will
be used to denote the set of all functions F:J -+ B which are continuous
and of bounded variation on each compact subinterval of J.

The following two theorems can now be established in essentially the
same manner as Theorems 3.1 and 3.2 presented in [6], and therefore the
proofs will be omifted. The principal difference between these theorems
and those given in [6] is that MacNerney took J as the set of all real
numbers and required that F(0) = 0. It should be noted that Theorem 1.2
below shows that the condition (ii) given in the definition of harmonic
operators may be replaced by a much stronger condition; namely, for each
s € J, the function M(s,t) is of bounded variation in t on each compact

subinterval of J and continuous in t om J.

THEOREM 1.1. For each F € ¢ there is onme and only one M € HJ such

that the relation

t
(1.1 M(s,t) = E + J {dF (u) IM(u,t)
s

holds for each (s,t) € J < J, If 1€ J and T € B, then for each M € HJ

there is one and only one F € ¢, such that F(t) = T and the relation (1.1)
holds on J < J.

If F € ¢J and M is the member of HJ such that (1.1) holds on J < J,
then we will write M ~ F.

THEOREM 1,2. If Fe ¢, M€ Hy is such that M ~F, T€ B, 1 € J,

and F(t) = T, then each of the following statements is true:

(1) The function M is continuous on J x J and for each (s,t)€ J x J,

M(s,t) - E| < exp{V(F;s,t)} - 1.



39
(ii) If F(a)F(b) = F(b)F(a) for each (a,b) € J x J, and

(s,t) € J < J, then

M(s,t) = exp{F(t) - F(s)}.

(iii) For each (r,s) € J x J,

T s
F(s) =T + J [duM(u,r)]M(r,u) =T +‘J M(u,r)[d M(r,u)].
8 T
(iv) For each (s,t) € J =< J,
t
M(s,t) = E + J M(s,u)dF(u).
s

(v) If Q is a compact subset of J, then M(s,t) is of bounded varia-

tion in s on each compact subinterval of J uniformly for t € Q, and is

of bounded variation in t on each compact subinterval of J uniformly for
s e Q.

The following theorem and its corollary are stronger forms of the
Theorems 3.3 and 3.4 presented in MacNerney [6]. In Theorem 3.3 for
example, MacNerney required the domain J of F to be the set of all real
numbers, F(0) = 0, and the function g in the theorem below was required
to be of bounded variation on each compact subinterval of the reals. 1In
the theorem below, J is an arbitrary subinterval of the real numbers,
F(0) is not restricted to be 0, and g can be continuous or of bounded
variation on each compact subinterval of J. A similar statement holds
for the relation between the corollary to Theorem 1.3 and MacNerney's
Theorem 3.4 given in [6].

THEOREM 1.3. Suppose r € J, x € §, and g:J + S is of bounded

variation (or continuous) on each compact subinterval of J. If FE ¢J

and M € HJ is such that M ~ F, then the only function f on J into S such

that
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(i) £(r) = x and f is bounded on each compact subinterval of J, and
t

(ii) £(t) - £(s) + j [dF]f = g(t) - g(s) for each (s,t) € J > J,
s

is the function f defimed by

s

f(s) = M(s,r)x + I M(s,u)dg(u).
r

Note that (i) and (ii) hold if and only if f is of bounded variation
(or continuous) on each compact subinterval of J (see [6; Theorem 2.6])

and

t
(1.2) £(t) = x - J

t

[dFIf + J dg

r r

holds for t € J.

An elegant proof of uniqueness may now be obtained as follows. Note
that whether f is of bounded variation or continuous on each compact sub-
interval of J, the fact that F is both of bounded variation and continuous
on each compact subinterval of J insures that the interval function [dF]f
is w-integrable on [r,t] for each t € J, and hence using Theorems 2.4 and
2.5 of Chapter II and the relation in Theorem 1.2 (iv), it follows that
(1.2) holds for a function f which is of bounded variation (or continuous)

on each compact subinterval of J only if for each t € J we have

t t u t
J M(r,u)df(u) —[ M(r,u)d {J [dF]1f} + J M(r,u)dg(u)
r ur r

r

t t
-J M(r,u) [dF(u)]f(u) + J M(r,u)dg(u)
r r

t t
—J [d M(r,u)]f(u) + j M(r,u)dg(u).
r u T

Consequently, it follows that

t t t
J M(r,u)dg(u) J M(r,u)df(u) + J [duM(r,u)]f(u)
r r r

u=t

u=r

M(r,u)f(ﬁ)

]

M(r,t)f(t) - £(x),
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so that
t

M(t,r)[£(x) + f M(xr,u)dg(u)]

(1.3) £(t)
r

t .
M(t,r)x + f M(r,u)dg(u).
T

This proves uniqueness as well as demonstrating the exact form of the
function f.

Using an approach similar to that which Wall employed in [9] to
establish a similar theorem in which S was taken as complex n-space, write

£(t) = M(t,n)u(t),

where

t
u(t) = x + J M(x,u)dg(u).

r

Note that

t t
u(t) = x +j M(r,u)dg(u) = x + M(r,t)g(t) - g(r) - L 4 M(x,w) 15w,
. r :

so that u is of bounded variation (or continuous) on each compact subinter-
val of J if g has this property (see MacNerney [6; Theorems 2.5, 2.6]);

the same is also true of f since M(r,t) is continuous and of bounded
variation in t on eaéh compact subinterval of J. Then since the point-
interval function [dF(s)]M(s,r) is w-integrable in B and the point-
interval function M(r,u)dg(u) is w-integrable, Theorems 2.4 and 2.5 of

Chapter II and relation (1.1) in Theorem 1.1 can be used to show that

t
X - j [dF]f
r

t
x - J [dF(s)IM(s,r)u(s)
T

[

t ]
X - J [dg{f [dF (y) IM(y,r) }]u(s)
r

r

t t s '
x - {f [aF(y) IM(y,r) }u(t) + j '{J [dF (y) M (y,x) }du(s)

T r r
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t
u(r) + [M(t,r) - EJu(t) + J [E - M(s,r)]du(s)
T

t
£(t) - J M(s,r)du(s)
T

t t
£(t) - J M(s,r)M(r,s)dg(s) = £(t) - J dg(s).
T

r

COROLLARY. Suppose that r € J, T € B, and g:J > S is of bounded varia-

tion (or continuous) on each compact subinterval of J. If F e ¢J, Me HJ,

and M ~ F, then the only function f on J into § such that

(i) £ is bounded on each compact subinterval of J, and

(1) £(s) = g(s) + fr [dF]£ for all s e J,
S

is the function £ on J into S defined by

S

(1.4) £(s) = g(s) + J [duM(s,u)]g(u).

T
Since (ii) implies f(r) = g(r), with x = £(r), this equation may be

written as
t

t
[dF]f + J dg,
r

£(t) = x - J

r

which by the previous theorem has the unique solution

t

M(t,r)x + J M(t,u)dg(u)
r

£(t)

t
g(t) + Jr [dM(t,u)]g(u).

In order to give a second rather interesting proof of the fact that
the function f(t) defined in Theorem 1.3 satisfies the relation (1.2)

in that theorem, the following is presented.

THEOREM 1.4. Suppose that M € HJ, and [a,b] and [c,d] are two compact

subintervals of J. Then M(s,t) is of bounded variation in t on [c,d]

continuously for s € [a,b] and of totally uniform bounded variation in t
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on [c,d] for s € [a,b]. The same type of results holds if the roles of

s and t are interchanged.

Let T €J, T € B, and choose F € ¢J such that F(t) = T and M ~ F.

Suppose {ti}2=0 is an arbitrary partition of [c¢;d]. Then,

z?=l {sups ¢ [a,b] “M(s,qi) - M(S’ti—l)"}

t
i
= Xi=l {sup_ . [a,b]"Jt, M(s,u)dF(u) [}
i-1
< V(Fsc,d)|u],
where ”M" = "M"[a b] > [c,d]’ This proves that M(s,t) is of totally
H s

uniform bounded variation in t on [c¢,d] for s € [a,b]. To prove that
M(s,t) is of bounded variation in t on [c,d] continuously for s € [a,b],
let € > 0 be given. Choose § = GE > 0 such that if (u,v) € [a,b] >< [e,d],

(z,w) € [a,b] x [c,d], and |(u,v) - (z,w)| < §, then
IMCu,v) - M(z,w) | < €.

If x  [a,b], y € [a,b], and |x-y| < &, it follows that if {t,}] o is
an arbitrary partition of [c,d], then

z;l:l ”M(X,ti) - M(Y:ti) - M(x’ti-l) + M(y’ti-l) "

"

ts
22=1 ”J . M(x,u) - M(y,u))dF(u) ||
ti-1

I

e V(F;c,d).
Thus, if x € [a,b], y € [a,b], and |x-y| < § then
VIM(x,-) - M(y,-);c,d] < € V(F;ec,d).
Now a second proof will be presented to show that (1.3) satisfies
(1.2) on J in Theorem 1.3 if g is of bounded variation (or continuous)
on each compact subinterval of J. -Employing Theorem 1.4, relation (1.1)

in Theorem 1.1, Theorem 4.3 of Chapter III (or Theorem 4.5 of Chapter III),
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and assuming f is defined by (1.3) on J, it follows that

t t
X - J [dF]f + J dg
r r

t u t
x - J [dF (u) 1{M(u,r)x + J M(u,v)dg(v)} + j dg
T r T

t t t
x + [M(t,r) - E]lx —-j {J [dF (u) IM(u,v) }dg(v) + J dg
r Jv r

t
M(t,r)x + Jt [M(t,v) - E]ldg(v) + J dg
r r

t
= M(t,r)x + Jr M(t,v)dg(v) = £(t).

2. A non-linear equation. The three following results are general-

izations of results given in section 4 in MacNerney [6].

THEOREM 2.1. If k € J, and for i = 1,2 we have Gi.é ¢J, Mi € HJ,

and M, ~ G;> then for Q € B the only continuous function P on J into B

such that
t t
(2.1) P(t) =Q + jk P[dGz] - Jk [dGllP,
for t € J is the function P:J - B given by
(2.2) 4 P(t) =M, (t,k)QM, (k,t)

for t € J.
The following is a rather interesting proof of uniqueness. If P(t)
is a continuous function on J satisfying (2.1), then the fact that the Gi
are continuous and of bounded variation on each compact subinterval of J
insures that P will also have this property (see [6, Theorem 2.7]) and

hence the integral

J; (e, u) [P () I, ()

will exist for each t € J. Furthermore, the point-interval functions
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P[dGz] and [dGl]P are w-integrable in B over each compact subinterval of
J so that upon using Theorem 2.5 of Chapter II, the relation (1.1) of

Theorem 1.1, and the relation in Theorem 1.2 (iv), we have

t
I Ml(k,U)[dP(u)]Mz(u,k)
k

t
fk Ml(k,u)P(U)[dGZ(u)]MZ(u,k) - J: Ml(k,u)[dGl(u)]P(U)MZ(u,k)

t
- Jk Ml(k,u)P(u)duMz(u,k) - Ji [duMl(k,u)]P(u)Mz(u,k).

But Theorem 2.7 of Chapter II shows that

t
Jk Ml(k,U)[dP(u)]Mz(u,k)

u=t t
L Jk. Ml (k,u)P(u)duMz(u’k)

= Ml(k,u)P(u)Mz(k,u)

u=

t
- Jk [duMl(k,u)]P(u)Mz(u,k)o

Hence, Ml(k,t)P(t)Mz(t,k) = P(k) = Q, or
(2.2) P(t) = Ml(t,k)QMz(k,t).
Conversely, if (2.2) holds on J, then upon using Theorem 2.7 of

Chapter II we obtain
t

t .
N Jk My (0 Q) (eu)aGy (u) - Jk [d6, (w) M, (u,k)QM, (k)
¢ £
=Q+ Jk Ml(u,k)QduMz(k,u) + Jk [du”ﬁ‘“k>]QM2(k,u)

u=
=Q + Ml(u,k)QMZ(kyu) u=k

= M1(t,k)QM2(k,t) = P(t).
The following corollary to Theorem 2.1 can now be established quite

easily.

COROLLARY. If the hypotheses‘gg.Theorem 2.1 are satisfied and in
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addition Q_1 € B, then the solution P(t) of (2.1) is such that P—l(t) € B

for t € J.

The theorem which follows is a generalization of Lemma 2, p. 363 in
[6], and can be proved in the same manner as this lemma is established in
[6].

THEOREM 2.2. If ke J, Fij (i,j = 1,2) are continuous functions on

J which are of bounded variation on each compact subinterval of J, Qi € B

for i = 1,2, and P,:J + B(i = 1,2) are continuous on J and

i

¢ ¢ ¢ ¢
P (t) = Q + Jk P,[dF, 1P, + fk , [dF,,] - Jk [aF 1P, - Jk aF,,

for t € J, then P1 - P2 satisfies the equation

. t t
P(0)-By(8) = Q-0 + [ @~ BpIdc] - [ 1461y -2))

where

t
1
Gl(t) Fll(t) -3 Jk (P1+ Pz)[dF21]

and

1 (t
Gz(t) = F22(t) + 5 Jk [dF21] (Pl+ Pz)‘

The following existence theorem can now be stated. The proof is
exactly the same as the proof of the corresponding Theorem 4.1 in
MacNerney's paper [6], where Theorems 2.1 and 2.2 of this Chapter are
used in place of MacNerney's Lemma 1 and Lemma 2 given on pp. 362-363
in [6].

~ THEOREM 2.3. I£ Py € g5 (L, =1,2), k€J, and Q € B, then

there is an open subset K of J containing k and such that the only con-

tinuous function P:K + B such that

t t t t
(2.3) P(t) =Q+ Jk P[dF,, P + Jk P[dF,,] - Jk [4F, 1P - Jk ar.,
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for t € K, is the function P:K + B given by

P(t) = L(£)R T (),

where (L(t),R(t)) is the pair of continuous functions on J into B which

satisfy the linear integral equations

t t
L(t) = Q - Jk [dFll]L - fk [dF12]R
(2.4)
t t
R(t) = E - Jk [dF21]L - Jk [dF22]R
for t € J.

The theorem above is an existence theorem. In order to investigate
the global behavior of a continuous function P satisfying'(2.3), the
following results are presented.

THEOREM 2.4. If A:[a,b] » B is continuous on [a,b] ggg_Afl(t) € B
for each t € [a,b], EQEE'A-lz[a,b] + B is continuous on [a,b].

For each t € [a,b], set |

n(t) = inf”x" - 1”A(t) (x) ".

Now, m(t) > O for each t in [a,b] since Afl(t) € B for each t € [a,b].
Let € > 0 be given, and choose § = 66 > 0 such that if It-sl < §, t € [a,b],
and s € [a,b] then

lace) - A(s)|| < e.
Then if x € S, "x||= 1, t € [a,b], s € [a,b], and It - s| < §, it fol-
lows that

lace) @[ - las) &) (1| < Jae) - Al < e,
and therefore,
|m(s) - m(t)] < e.

Consequently m is a continuous function on [a,b] and since m(t) > 0 on

this interval there is a real number o > 0 such that m(t) > o for
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t € [a,b]. Since ”Afl(t)” < l/m(t) < 1/mo, it now follows that for each
s and t in [a,b] we have

1872 - a7ty | = la7tee) acs) - ae)a ) |

L Jaes) - A,

m
(o}

1A

and hence the continuity of A on [a,b] shows that Apl(t) is continuous as
a mapping from [a,b] into B.

THEOREM 2.5. If A:[a,b] » B is of bounded variation on [a,b],

A-l(t) e B for t € [a,b], and if there is a positive constant m such that

”A-l(t)” < m on [a,b], then A-l(t)_ig_gf bounded Qariation_ig t on [a,b].

If {ti}2=0 is an arbitrary partition of [a,b], then

n -1 -1
zi=1 “A (ti) - A <ti—l) ”

[

Iy Ity @, ) - A A e, )l

n? V(Aza,b).

in

Consequently, V(A—l;a,b) < m2 V(A;a,b), and Afl(t) is of bounded variation
in t on [a,b].

As a direct coﬁsequence of Theorems 2.4 and 2.5, we have the follow-
ing result.

THEOREM 2.6. If A:[a,b] > B is continuous and of bounded variation

on [a,b] and A—l(t) € B for each t € [a,b], then Afl:[a,b] + B is con-

tinuous and of bounded variation on [a,b].

For convenience, the following terminology is now introduced. Sup-
pose K is a non-degenerate subinterval of J and Fij € ¢J (i, = 1,2).
If Q € B and k € K, then any continuous function P:K + B which satisfies

(2.3) on K will be called a solution of (2.3) on K. If Gi € B (1=1,2)
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and k € K, then any pair of continuous functions (L;R) on K to B which

satisfy
t
L(e) = 6 - j; [dF ;L - fk [4F, IR
(2.5) . .
R(t) = G2 - Jk [dF21]L - jk [dF22]R

for t € K will be termed a solution of 2.5 on K.

THEOREM 2.7. Suppose K is a non-degenerate subinterval of J and

Fij € ¢J (i, = 1,2). If Q € B and k € K, then there exists a solution

P of the equation

t t gt t
(2.3) P(t) =Q+ Jk P[dF, JP + Jk P[dF,,] - Jk [aF, 1P - Jk dF,,

on K if and only if for each N € B such that N_l € B, there is a solution

of
t t
L(t) = QN - Jk [aF L - Jk [4F IR
(2.6)
t t
R(t) = N - Jk [aF,,IL - Jk [4F,, IR

on K having the property that R—l(t) € B for each t € K. Furthermore, if

(L;R) is a solution of (2.6) on K such that R-l(t) € B for each t € K,

then the function P:K -+ B defined by

P(t) = L(t)R 1(t)

is the solution of (2.3) on K.
Suppose (2.3) has a solution P on K, and N € B is such that N-l € B.
Theorem 2.5 of Chapter II implies that a continuous function R:K » B will

satisfy the equation

t t
(2.7) R(t) =N - Jk [dFZl]PR - Jk [dF22]R

for t € K if and only if for each t € K we have




50

t . s
(2.8) R(t) = N - Jk [cls{fk [dF21]P - Fzz(s)}]R(s).

t

Now MacNerney's Theorem 2.7 in [6] shows J [dFZl]P is continuous for t €K
k

and of bounded variation in t on each closed subinterval [a,b] of K.

Therefore, we have that

S
F(s) = <Jk [4F, JP - F,,(s)) € 4.

If M e HK and M ~ F, then Theorem 2.1 insures the existence of a unique
continuous function R:K -+ B which satisfies (2.7) on K and which is given

by
R(t) = M(t,k)N.

Since N--l € B, by hypothesis, and M—l(t,k) = M(k,t) € B for each t € K, it
then follows that
R L) = N hige,t) € B
for each t € K, and since M(k,t) is continuous and of bounded variation
in t on each compact subinterval of K it follows that R—l(t) is continuous
and of bounded variation on each compact subinterval of K.
Now set
L(t) = P(£)R(t),

for t € K. Since (2.7) holds on K, the equation

t

t
2N = - -
R(:} = N Jk [dFZl]L Jk [dF22]R

must be true for t € K. Also,

t t
L(t) + fk [dFll]L + Jk [dF12]R

t t
P(t)R(t) + Jk [dFlleR + Jk [dFIZJR

t t t
QN + Jk d[PR] + Jk [dFll]PR + Jk IdFlZJR

t t t t
o= QN + Jk [dP]R + Jk P[dR] + Jk [dF11]PR + Jk [dFIZ]R'
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Using (2.7), Theorem 2.5 of Chapter II, and the fact that P is a solution

of (2.3) on K, the quantity above becomes

t t t t
QN + Jk [dP]IR - Jk P(IdFZIJPR + [dF22]R) + Jk IdFll]PR + Jk [dFll]R

t ~
= QN + J [d_P(s)]R(s) = QN,
k S

where
. s s s s
P(s) = P(s) - Q - Jk P[dFZl]P - [k P[szz] + Jk [dFll]P + Jk dFlZ'

Consequently, (L;R) is a solution of (2.6) on K such that R_l(t) € B for
each t € K.

Conversely, suppose (L;R) is a solution of (2.6) on J such that

R—l € B for each t € K. R(t) is necessarily continuous on K and of bounded

variation on each closed subinterval of K, so that Theorem 2.6 guarantees
that Rnl(t) is continuous on K and of bounded variation on each compact

subinterval of K. Set
P(t) = L(t)R—l(t)

for t € XK. Then the equation

t t
R(t) = N - Jk [dF21]L - Jk [szz]R

holds and an application of Theorem 2.5 of Chapter II yields the relation

t t t -1
Jk P[dF, 1P + Jk P[dF,,] = -Jk P[dR]R .

But now the fact that
t

t

for t € K and further applications of Theorem 2.5 of Chapter II gives

S

t -1 t -1
—J P[dR]R ~ = —J P(s)ds(J [dRIR ™)
k

k k
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t s -1
_Jk P(s)ds(—Jk R[dR 7])

t
J PR[dR 1]
K

t -1
P(t) - P(k) - Jk [dLIR

and
t s S -1
[k [ds(QN - Jk [dFll]L - Jk [dFlle)]R (s)

Jt [dL]R_l
k

n

t t
- Jk [dFll]P - Jk [dFlz]'

Then noting that P(k) = Q it follows that

t

t t t
Jk P[dFZl]P + Jk P[dFZZ] = P(t) - Q + Jk [dFll]P + Jk dFlZ’

and hence P is the solution of (2.3) on K.
The following lemma is now an immediate consequence of Theorem 2.7.
LEMMA 2.1. Suppose R € ¢, k € J, and R(k) = E. If L(t) =EonJ

and F(t) = E - R(t) for t € J, then (L;R) is the solution of

L(t) E

(2.9)

t
R(t) E - J [dF]L
k

on J. Furthermore, ii-Jo is the maximal subinterval of J containing k

and such that Rfl(t) € B for each t € Jo’ then

P(t) = R Y(t)

is the solution of the equation

t
(2.10) | P(t) = E - Jk P[dF])

on J s and J, is the maximal subinterval of J containing k on which (2.10)

has a solution.

Using this lemma an example will now be given to illustrate what may
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happen at an end point of a maximal interval of existence of a solution of
2.3.

Let S = 22 and B = [22],'the Banach space of all continuous linear
transformations on 22. Let e, for n = 1,2,'* be the element of 22
having 0 in all coordinate positions except the n-th, where it has the
value 1. Now, for each real value t, define a linear transformation on

22 by setting

T(t) Ce,)

and then extending T(t) to all of S by defining

T(t)(z:=1 ase) = Jia1 o T(0) ()

2

for each ?_ a,e, € &~ = s. It is to be noted that T(t)( j=1 %° ) is
i=1 i1 =1

also in 12, as asserted, since

(7> 1 if 0
= <
i=1 1 %% » 2t G
= Jyi()-11
(2.11) T(t)({l_l ae) =91, 48t t(zl (%) 0 E<,
Lt(zi=l aiei) , 1f t > 1,

where for a given t € (0,1) the symbol j(t) in the above denotes the least

positive integer n such that % < t. From (2.11) it is easy to see that

t if t>1,
1 if t <1,

so that T(t) € B for each real number t. If t € (0,x), then from (2.11)

It

it is clear that if x € S and |x| = 1, then

t if t21,
Iyl 2¢

— if 0 < t <1,
O
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Also, if z:=l aiei e 22, then (2.11) shows that if 0 < t < 1 then

{e-]
. a.e,
i=1 "ii’

j(e)-1 1 =

T(t)(zi=1 foge; v (zi=j(t) @5e4)) )

while if t 2 1 we have
1 © @
T(e) G [y ogegd) = Dy ey

Therefore, T—l(t) € B for each t € (0,v). However, although T_l(t) clearly
exists for t £ 0, it is not a continuous linear mapping and its domain is
not S = 22. This follows from the fact that the bounded sequence
{el,ez,---,en,"°} is contained in the domain of T—l(t) and is mapped onto

the unbounded sequence {el,2e2,3e '~,nen,"'}, so that T_l(t) is not con-

3
tinuous (as a linear mapping), while if the domain of T-l(t) were equal to
S, then Theorem 4.2-H in Taylor [8] would imply T-l(t) € B.

Furthermore, we note that T(t) is continuous and of bounded variation

on each compact subinterval of the reals. For if t. and t, are both real

1 2
numbers, then
rItl - t2| if t, 2 %, £, 2 %,
lree - T el =¢ o ife ci g s
ey - %l if &) 2 %’ Ey < %
s ey -t

Therefore it follows that if x = Z:=l ase, € 22 and Hx" = 1, then
1
o g e o) - 1)) e

Iczee)) = e, @ |

L e 2.4
leg = el 1hyy logl®2

1A

I
o
t
(ad
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and consequently T(t) is uniformly continuous on the set of all real
numbers. Also, if [a,b] is a compact subinterval of the reals and'{ti}?=o

is any partition of [a,b], then

n n = -
IR LICRRRICHIN EDWEE LSRR R R

i
so that V(T;a,b) < b - a, and T(t) is of bounded variation on [a,b].
Now define a function R on the reals into B by setting

R(t) = T(t+1)

for each real number t. Then R is uniformly continuous on the set of
real numbers, of bounded variation on each compact subinterval of the
reals, R—l(t) € B for t € (-1,x), R~1(t) exists for t € (-»,-1] but is
not continuous as a linear mapping and does not have domain S, and
R(0) = E. Upon applying Lemma 1, it follows that if

F(t) = E - R(t)
on the set of real numbers and L(t) = E for each real t, then (L;R) is

the solution of

L(t) = E,
t
R(t) = E - [ [dF]IL
o
on the set of all real numbers. Also, P(t) = R—l(t) is the solution of
t
(2.12) P(t) = E -~ J P[dF]P
o

on (-1,) and (-1,®) is the maximal subinterval of the reals containing
0 and on which (2.12) has a solution.

It is to be noted that the only reason for choosing R(t) = T(t+1)
instead of R(t) = T(t) is so that F(0) = 0 will hold. This is not
necessary, but it is of some interest since many authors such as MacNerney

[6] require that this condition does hold true.
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