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Abstract

Dimensional Perturbation Theory (DPT) has been applied to many svstems including
the hydrogen atom. hydrogen atom in a magnetic field, H molecule and the helium
atom. Only S-wave states, and interdimensionally degenerate P¢ states. have. up
until now. been studied for the helium atom. Here we outline the procedures and
discuss the results of a formalism that generalizes the Schwartz expansion of the
wavefunction to N-electrons with arbitrary total orbital angular momentum and ar-
bitrary spatial dimension. We present results specifically for ' P° states of helium

and their interdimensionally degenerate 3! D° counterparts.
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Chapter 1

Background

1.1 Introduction

The heliumn atom is perhaps the most studied atom because of its simple structure
vet complicated spectral features. In the early days of quantum mechanics the “old
quantum theory™ could not even calculate the ground state energy satisfactorily.
This failure provided an impetus for further development of quantum mechanics. As
the “new quantum theory™ was developed. more accurate results for the ground and
singly excited state energies were calculated. and the agreement with experiment was.
at best. satisfactory. With the advent of computers the calculated energies agreed
more closely with experiment. however. experimental resolution increased faster than
computational accuracy and in 1963 a high resolution experiment by Madden and
Codling [1] showed that the spectral structure of doubly excited helium was not very
well understood. Further development in computational techniques ensued and by
the late 1980°s a much clearer understanding of the helium atom had developed.

In this first chapter we begin in Sec. 1.2.1 with a brief discussion of the -old”
quantum theory followed by a glimpse of the beginnings of the "new” quantum theory
as applied to the helium atom. The basic spectral structure based on an independent
particle model will then be discussed in Sec. 1.3.1 followed by a brief overview. in
Sec. 1.4.1. of the popular numerical methods used to solve the two-electron problem.
In Sec. 1.5 we describe a way to represent the two-clectron wavefunction. called

the Schwartz expansion. as a product of two functions one being a function solely



of internal coordinates. This expansion is necessary in order to derive a tractable
set of differential equations when calculating states with non-zero orbital angular
momentum. Finally. in Sec. 1.6.1 we outline dimensional perturbation theory (DPT)
and summarize the case for states with zero total orbital angular momentum.

Chapter 2 discusses the generalization of the Schwartz expansion for a two-electron
atom with arbitrary angular momentum and arbitrary dimension, D [2. 3. 4, 5].
This generalization is a major achievement that extends the work of Schwartz [6)
and Breit [7]. In Sec. 2.2.1 this generalization is presented for the specific case of
P” states but the resulting computer code. written by the author (sece Ch. 3). is
capable of calculating states of any angular momentum. In Sec. 2.2.2 the generalized
Schrodinger equation and Hamiltonian are presented followed by a discussion of the
large dimension limit. Finally. in Sec. 2.3 we derive an expansion of the Schrodinger
equation in terms of the perturbation parameter 6 = 1/(D + t) where ¢t is related to
the angular momentum. Section 2.3 ends with a set of perturbation equations one
can use to solve for the wavefunction and energy coefficients exactly up to a specified
order in 4. These perturbation equations are an infinite set of coupled inhomogeneous
differential matrix equations.

In Ch. 3 a method for solving the above-mentioned perturbation equations. called
the matrix method. is presented. Previously the matrix method had been discussed
in detail only for states with zero total angular momentum and one degree of freedom
[8]. It has also been discussed for states with three degrees of freedom but not in as
great of detail [9]. In Sec. 3.1 I present a detailed discussion of the matrix method for
states with zero total angular momentum followed. in Sec. 3.2. by the application of
the matrix method to states of arbitrary total angular momentum. In Sec. 3.3.1 the
computer code. written to solve the resulting matrix method perturbation equations,
is discussed. This code is an extension of a code for S-wave states {9] to states with
arbitrary total orbital angular momentum. The extension of the S-wave code was
quite a formidable task due to the complexity and size of the tensors introduced

through the matrix method and due to the large number of additional terms in the



Hamiltonian. which includes a complicated off-diagonal coupling term that is not
present in the S-wave case.

Finally. Ch. 4 discusses the results of the first application of the generalized
Schwartz expansion to states of the two-electron atom with non-zero total orbital
angular momentum. The complexity of the helium spectrum for doubly excited
states quickly becomes apparent when one tries to sum the energy series for these
states. To sum even the lowest few P? states one needs to consider other states that
may be influencing the convergence of these lowest states. Analysis of the singularity
structure of the energy function is discussed in Sec. 4.1 followed by a discussion of
methods used to sum the energy series that results from the perturbation expansion
of the Schrodinger equation. It is then found that we need to consider structure that
is more complex than simply poles. and in Sec. 4.3 we discuss branch points and
how they arise in the energyv function. In the last section we discuss summation of
the wavefunction and consider how the wavefunction evolves as one moves from large

dimension to the physical dimension. D = 3.

1.2 The Two-Electron Atom

1.2.1 The Hamiltonian

Consider an atom consisting of a nucleus of charge Ze and mass 1/ and two electrons
of mass m. Neglecting all forces except Coulomb forces. and separating out the center

of mass motion. the Schrodinger equation becomes

h o, n?_., h? Ze* Ze*
[—L\‘; v -y .y, -2 _Z
2/L t .2/1 - R4 - (—17’60) Ty (4750) Ty
2
+—e——] v (rir) = Ev(r.r). (L1)
(4720) 12
where g1 = mA[/(m + A) is the reduced mass of an electron with respect to the

nucleus and ryy = |r; — raf is the interelectron separation (see Figure 1.1). For the

remainder of this thesis we will consider the infinite nuclear mass approximation



where £ = m and the mass polarization term (-/?/M)V,, - V,, is zero. In atomic

units. the Schrodinger equation becomes
HU(I",I"_)_)=EL"«’(I'1.I‘2). (12)

where the Hamiltonian is given by

1_. 1_, zZ Z 1
H=--V? —2V?> - _Z= 4 1.
2°1 2" r2+r12 (1.3)
.
o
r:
/\

Figure 1.1: The coordinates of the two-electron atom in the infinite nuclear mass

approximation.

1.2.2 Early Calculations of the Ground State

The beginnings of quantum theory were based more on a semiclassical approach.
sometimes referred to as Bohr-Sommerfeld quantization. where the electron of an
atom. such as hydrogen, was considered to move along a periodic Keplerian orbit.

This description of the hydrogen atom. as every student of quantum theory should



know. vielded very accurate results and quite satisfactorily explained the full spec-
truin of the hydrogen atom. However, there were problems. As experimental resolu-
tion increased it was realized that certain lines, originally thought to be single lines.
actually consisted of multiple lines very close together. The Bohr model could not
account for these discrepancies. but it was a veryv good start.

With enthusiasm. Bohr applied this technique to the helium atom [10] in 1913.
theorizing that the two electrons orbited the nucleus opposite one another on the
same periodic orbit. He was quite dismaved by the results. which gave an ionization
cnergy of the ground state that was about 4 e\ higher than the then-accepted value
of about 24.5 e\, Many leading theoretical physicists struggled with the problem of
calculating the ground state energy of the helium atom for the next several vears. A
good review of this struggle is discussed by Mehra and Rechenberg [11].

[t wasn’t until the wave theorv of quantum mechanics was developed by Heisen-
berg and Schrodinger that successful calculations of the ground state energy of helium
were obtained. Heisenberg’s first application of this “new” quantum mechanics to the
helium arom was published in 1926 [12]. Within the next two years several methods
were developed and the calculated ground state energy was greatly improved. These
methods included a first order perturbation theory by Unséld [13]: a molecule-like
description in which one electron is treated as being in the presence of two fixed
centers of charge —e and +e by Slater [14] (similar methods are still used today to
describe doubly excited states): and variational techniques by Kellner [15]. who used
a Ritz variational method. and Hylleraas {16]. who used a trial wavefunction with 38
variational parameters. For a more complete review of the methods used for low-lving
states of helium see Bethe and Salpeter [17].

Even with the success of the “new” quantum theory. the “old”™ quantum theory
was to find new life about 50 years later. In the early 1980’s Leoplod et. al [18. 19]
argied that for very high, doubly excited states of the helium atom the electrons
should behave like classical particles. They should have Kepler type orbits somewhat
similar to the orbits of planets around the sun. This is exactly what Bohr and

Sommerfeld assumed for the ground state. but their theory failed miserably. Percival



coined the phrase “planetary atoms” to refer to such high. doubly excited atoms and
through his work was born the semiclassical approach to studying such states.

The theory is called “semi”-classical because it uses concepts from both classical
and quantum mechanics. A purely classical treatment of these highly excited atoms
results in an unstable atom. Usually the classical. two-electron atom autoionizes
after only a few revolutions of the electrons around the nucleus. One electron gives
some energy to the other electron allowing it to escape. leaving an atom with a single
clectron in a much lower energy state. Classically there is no lowest energy of the
singly ionized two-electron atom. That allows the remaining electron to give up as
much energy as is required to ionize the atom. Thus the classical two-electron atom
is unstable for all initial energies.

Incorporating quantun ideas. such as a minimum energy. into the classical model
of the atom not only gives a stable atom. but actually gives very accurate energies for
high. doubly excited states. The semiclassical approach will not be discussed further

in this thesis. but a nice review was published by Tanner et al [20].

1.3 The Basic Spectral Structure of the Helium

Atom

1.3.1 Introduction

\We begin our discussion of the spectral features of the helium atom by considering
the exact svmmetries that allow us to specify each state by a set of good quantum
numbers. We begin by noticing that the Hamiltonian, Eq. (1.3). commutes with the
total orbital angular momentum operator L = 1; + 1,: the atom has rotational syvm-
metry. and the total orbital angular momentum is conserved. This gives rise to two
good quantum numbers. the total orbital angular momentum quantum number L.
and its projection along the z-axis, A, . Furthermore. the Hamiltonian also commutes
with the exchange operator. also known as the “pairwise particle interchange opera-

tor” and denoted by Py, which takes r; — r; and ro — r|. The eigenstates of the



exchange operator are either symmetric or antissmmetric with respect to exchange.
The requirement that the total wavefunction (spatial and spin) be antisvmmetric with
respect to exchange leads to the pairing of the spatially symmetric wavefunctions with
singlet (S = 0) spin functions, and the spatially antisymmetric wavefunctions with
triplet (S = 1) spin functions. Thus the total spin S and its z-component M, can be
used to label the states. Finally, the Hamiltonian commutes with the parity operator,
which takes r; — —r; and ro — —r». Thus the wavefunctions are eigenfunctions of
the parity operator with eigenvalues # = £1. In terms of the individual electron
orbital angular momentum quantum number /;, the parity is given by 7 = (—1)+*".
The @ = +1 states are called “even™ states and the @ = —1 states are called “odd”
states. They are designated with an “e” or an “o” respectively. These three symme-

tries lead to the notation 2*1 L7, called a term symbol (assuming LS coupling).

1.3.2 The Independent Particle Model

We begin our analysis with the independent particle model. In this model the Hamil-

tonian is written as

H=H;+ H'

where the zero-order. unperturbed Hamiltonian is

1, 1, zZ Z
Ho= =39 -394 -2 - 2 (1.4)
and the perturbation.
=L
s’

is the electron-electron interaction. If we ignore this term and notice that the zero-
order Hamiltonian Hy is a sum of hydrogenic Hamiltonians then we can write the

Schrodinger equation as

Hot'Y (ry,12) = EQ¢O (r) 1)) (1.5)



where " (. r,) is a product of hydrogenic wavefunctions
(0 ; .
(0L r2) = Uy gy my (01) Yngty.me (F2) 5 (1.6)

and the energy is a sum of hydrogenic energies. in a.u..

0 =-5 (7+2)- (17)
1

-

Exchanging the indices of the two electrons in the wavefunction ¢* (r,.r,) we obtain
L;(O) (r27 rl) = qu,ll,ml (rz) ?‘/)n'f_).lg.mz (rl) - (1'8)

which is degenerate with ¢ (r;.r;). This type of degeneracy is called exchange
degeneracy.

According to the Pauli exclusion principle the total spatial wavefunction must be
cither svminetric or antisvmmetric with respect to interchange of electrons. The full
spatial part of the wavefunction must then be a linear combination of wavefunctions
(1.6) and (1.8). Thus. the correct zero-order spatial wavefunction in the independent

particle model is

1
7

(0) — . s 2is s
e (rl' I'-_)) - [L”nl.h.ml (l‘[) Vnoda.ma (r2) + Cnydyomy (1'2) g do.ma (l’[)] . (19)
The factor 1/v/2 ensures normalization. while the (4) sign gives the symmetric state
and the (=) sign gives the antisvmmetric state. To obtain the full wavefunction.

ag) . e e . . - a) . S
o9 is then multiplied by a svmmetric spin wavefunction and L".'L) is multiplied by

the antisymmetric spin function. Thus ' corresponds to a spin triplet and L'LO)
corresponds to a spin singlet.  The singlet and triplet states are still degenerate.
but if we include the perturbation 1/r, this degeneracy will be removed. The only
states that do not have degenerate triplet and singlet wavefunctions are states where

both electrons have quantum numbers ny = n,, [} = [,, and m; = ms. From Eq.

(1.9) it is clear that the triplet state is zero and only the singlet state remains. In



fact. the early observation that the helium atom did not have a triplet ground state
provided evidence that led Pauli to formulate his exclusion principle. No two identical
particles can have the same set of quantum numbers. and. since in the ground state
both electrons have the same spatial quantum numbers. they must then have opposite
spin. allowing only a singlet state.

The energy spectrum of helium in the independent particle model is shown is
Figure 1.2. The horizontal axis labels the principal quantum number N = n, of
clectron one. We will use .V to designate the principal quantum number of the inner
clectron for excited states of the two-electron atom. Notice that there are several
series (called Rydberg series). one for each value of V. with n, going from .V to
infinity. For .V = 1 we have the ground state and all of the singly excited states.
The ground state is at Eéo) = —4 a.u.. compared to the experimental value of about
Eoxp = —2.90 a.u.. and the series approaches £ = —2 a.u. as n, = oc. corresponding
to an ionization energy of I, = 2 a.u., as compared to the experimental value of
[1‘-.‘;, = ().90 a.u.

The remaining series. N > 1. correspond to doubly excited states. As is seen in
the energy spectrum. all of the doubly excited states lie above the first ionization
threshold at Iy In other words. the energies of the doubly excited states lie higher
than the ground state energy of the He™ ion. Thus all of the doubly excited states lie
in the continuum of the He™(V = 1) 4+ e~ ion. When we consider the term 1/r» we
find that. since it is a strictly repulsive term. it can only raise the energy levels so that
even in the real helium atom (and in all two electron atoms) the doubly excited states
lie in the continuum. As n, — > each series for .V > 1 approaches the energy of an
excited state of the He™ ion where the remaining electron has a principal quantuin
number of V. The energies of the He™ ion are unaffected by the 1/r |, repulsion term
and so the ionization thresholds for each Rydberg series of the He atom remain fixed
while all other energies move up when the 1/r, term is introduced.

In this simple independent particle model the energy levels can be labeled by
(.N:n) where N and n are principal quantum numbers for the inner and outer elec-

trons, respectively, and a particular Rydberg series is labeled by (.V: ¥V, V+1..... o).
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Figure 1.2: Energy levels, in atomic units, of the helium atom in the independent
particle model. Each series corresponds to one electron with principal quantum
number .\ and the other electron with principal quantum number n = V. N +1... ..
The series N = 1 consists of all singly excited states. while all other series represent
doubly excited states embedded in the He™(\V = 1) + ¢~ continuum.

We can also label individual states with hydrogenic designations such as 1s2p or 2p3d.
etc. The energy for a given .V and n may be highly degenerate because of the possible
values of Iy, my,. lo. my,. L, M, S. and, M. For example, the states 1s2s 'S¢, 1525

357, 1s2p 'P°. and 1s2p *P? are all degenerate in the independent particle model.

1.3.3 Central Field Approximation

We can improve on the basic independent particle model discussed above by con-
sidering how one electron may effect the motion of the other electron by screening

the nuclear charge. As an example, we assume that each electron “feels” a central

10



potential 17(r;) due to the average motion of the other electron. This extra potential

is introduced by writing the Hamiltonian as

H=H+H
where
_ 1
Hy = —lvf _Z, V(r) —sVZ ~ zZ. 1°(ry)
21 2 rs
and
= 1 . .
H = — —V(r) = V).
riz

1°(r) is chosen such that the effect of H' is small compared to Hy so that A' mayv
be treated as a perturbation. This model is still an independent particle model but
it does take into account an effect of one electron on the other. The potential 17°(r)
depends only on the radial distance from the nucleus. so this model is called a central
field approximation.

If we ignore the term H' then the Schradinger equation will be separable and the
wavefunction may be written as a product of spherical harmonics and a radial func-
tion. This radial function will not be hydrogenic unless 1°(r) is a coulomb potential.
Hence the energy levels will no longer be degenerate in {; and {» but will still be de-
generate in L. M. S. and M. Then cach Rydberg series in Fig. 1.2 will be split into
several series which depend on [ and [,. and are labeled as (N.[;:n = N... .. x.ls)

For the ground and singly excited states we have (1.O:n =1.2.3..... x.l,) and
when £, is specified we can assign term symbols. obtaining singlet and triplet states.
\When the 1/rp repulsion term is included in the Hamiltonian the singlet states are
found to lie significantly higher in energy than the triplet states due to an exchange
reputlsion or exchange force. This arises because the singlet spatial wavefunctions
are non-zero when r; = ro: this allows the electrons to be closer together. which in
turn raises the energy because of their mutual repulsion. As n — >c the (1.0:n.[0,)
Rydberg series approaches the first ionization threshold /;, at —Z2%/2 a.u. which

equals the energy of the He™ ground state (~ —54.42 eV').

11



The Rydberg series for doubly excited states approach ionization thresholds Iy
corresponding to the energies of the excited He*(.V) atom given by —Z?/(2N?) a.u.
All of the doubly excited states lie above the first ionization threshold and are thus
cmbedded in the He™ (1) + e~ continuum. In general. a particular doubly excited
state is emnbedded in the continuum of at least one energetically lower Rydberg series.
Thus the doubly excited states are resonances that can decav via autoionization
through the electron-electron interaction. However. the # = (—1)£7! states below
the N = 2 threshold are bound states since there are no @ = (—1)£47! states below the
.V = 1 threshold. Autoionization does not happen with singly excited states because
the N = 1 electron. being in its ground state. can not transfer energy to the outer
clectron.

Specifically. for S¢ states there are .V different Rydberg series converging to each
ionization threshold. Each series corresponds to the possible configurations for fixed
.V that would vield S¢ states. As an example. for .V = 3 we can have 3sns. 3pnp.
3dnd with n > 3. As a further example. the P° states have 2.V — 1 Rydberg series
approaching the He™ (V) threshold. For example. for .N = 2 we have 2s(n > 2)p.
2p(n > 2)s. and 2pnd.

The study of high doubly excited states of helium by Madden and Codling [1]
revealed that the simple independent particle angular momentum quantum numbers
[y and [, discussed above are not appropriate for states associated with overlapping
Ryvdberg series. For .V > 4 an increasing number of Rydberg series overlap. and to
a greater extent. as .V increases. This causes the independent particle configurations
to mix to a greater and greater extent as the energy approaches the double ionization
threshold. £ = 0. This mixing is caused by the electron-electron interaction and
can thus only be modeled by a theory that includes electron correlation. Electron
correlation becomes increasingly important for high. doubly excited states. For a
low-1ving doubly excited state electron correlation is still important and there mayv
be significant mixing between independent particle states. but there may be a single

dominant independent particle configuration that can be used to classify the state.



1.4 Numerical Approaches To The Two Electron

Atom

1.4.1 Variational methods

An excellent review of variational methods for singly excited states is given by Drake
[21]. which we briefly review here. These variational methods yield some of the most
precise calculations for bound states of the two electron atom. \We begin by choosing

anyv pormalizable trial wavefunction. with appropriate svmmetry. and calculate

_ (Yl H [Pe)

E. = T T (1.10)

E.. is an upper bound for the lowest energy state with the same svmmetry chosen
for W,.. The question is. what do we choose for the wavefunction ¥.? The general
idea is to choose a trial wavefunction which contains several parameters that can be
varied to obrain a minimum for E),. Usually one chooses a basis set and then writes
the trial wavefunction as a linear combination of the basis functions. For example.
the basis functions

J_k

3 —ary—3ra
12 €

Xpla. 3) =rn

where p is an index that labels distinct combinations of the non-negative integers i.
J- and k. and « and 3 are constants. This choice of basis set is called a Hylleraas
basis set [16]. The trial wavefunction can then be written as

AY
U, = Z ¢ Xp(a, 3).
p=1

Substituting this wavefunction into Eq. (1.10) we have

_ Z::l Zp\'zl c,,c;), <Xp'| H lxp>
227:1 Z:I\'=1 CqCy (Xq’i Xq>

E:
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Differentiating with respect to ¢, and setting the result equal to zero gives
. N r3
IE = 0= Z p=1 <Xp'| H [Xp>
e - N .
e Zq_ Zq’_l CqCo <\’qf, \q>

Z,,,l Zp"-l ('PC <\p { H I\p> Z
(ol o)
[Zq 1 Zq’—l CqCq <\q’l \q>] N

or

v N N

| Yot L=t o (| H [ xp) &

Sy (ol i) - Tz s Sl i ooy
P \\p x5) Z:zlz,;:lcch'<-\’q‘"<q> 7=1 eld

=1

which gives
N

N
Yo Ol Hxo) = B 3 ey {xel X0
=1

p=1
Thiere are NV of these equations. one for each p from p = 1 to N. Thus the set of

equations can be written as the matrix eigenvalue equation
Hc = \Oc.

where ¢ is a column of coefficients ¢, and H and O are matrices having elements

H

pe = O\l H |\, and Opy = (x,| \q) - There are .V cigenvalues ), the lowest of

which gives an upper bound to the exact energy.

The variational method has been used extensively by several authors [22. 23. 24|
to obtain highly precise values for the low-lving states of helium. Many variations
on the wavefunction expansion have been tried with varyving success. A popular and
more accurate method is to use a double basis set where the set consists of Hyvlleraas

functions with differing values of « and 3.

1.4.2 The molecular adiabatic approach for doubly excited
states

Molecules are often studied using the Born-Oppenheimer approximation which treats

the internucleus distance as a slowly changing variable compared to the interelectron
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and electron-nucleus distances. The molecule is then essentially two or more nuclei
fixed in space with the electrons moving through their total potential. The energies
are then found by studying the adiabatic potential energy curve. In 1986 Feagin and
Briggs [25] applied this technique to atoms by considering the interelectron distance
to be adiabatic.

One starts with a two electron Hamiltonian in molecular Jacobi coordinates

, , z z 1
H:— 7 —-—V"— —_ —_.
‘R IV TR -1 Ri2+r R

where R = ry, is the interelectron distance and r = (p. z. ) is a vector pointing from
rhe center of mass of the two electrons to the nucleus. Treating R as a slow variable
may seem strange at first since the light electrons should move fast compared to the
heavy nucleus. But. when we refer to mass we must refer to the reduced masses
involved. The Laplacian terms in the Hamiltonian are multiplied by a fraction whose
denominator is proportional to the mass. Since the denominators multiplying the two
Laplacians in the above Hamiltonian are the same order of magnitude (not orders of
magnitude different. as for an electron and nucleus) we see that it could be reasonable
to assume that R is a slow variable compared to r. Furthermore. the success of this
method does not hinge so much on requiring one variable to be slow. but rather it
allows a quasi-separability of the system in the variables r and R.

The next step is to expand the wavefunction as a sum over products of rotational.
D‘[\‘ii;’(l.‘.().(.’)). vibrational. f % (R). and molecular orbital. ¢, (p.z: R) wavefunc-
tions. The wavefunction is then substituted into the Schrédinger equation with the
above Hamiltonian and integrated over r and the Euler angles that take one from
the lab frame to the body-fixed frame. This results in a set of coupled differential
equations for the vibrational wavefunctions. In the adiabatic approximation the ex-

pansion of the wavefunction is limited to one term. We then have a single differential

equation for a single vibrational wavefunction. Transforming to prolate spheroidal

o? oL
(—2727 + Uy .

coordinates gives

A(R) — E) fa(R) =0



The eigenvalues of this equation give the energies of the doubly excited state res-
onances. In the process of deriving this equation several quantum numbers have
been introduced. The exact quantum numbers L. M. S, M. and 7= are the usual
angular momentum and parity quantum numbers. while 2. ny. n,. and m are new
quantum numbers introduced through the molecular adiabatic approximation. The
quantum number i performs the same task as the hydrogenic quantum number n of
the outermost electron. In other words. i1 specifies the excitation of the outermost
electron along a single Ryvdberg series. In terms of the hyvdrogenic quantum numbers
n=n-.\.

There are many advantages to the molecular adiabatic approximation. It allows
one to derive propensity rules for radiative and nonradiative transitions. such as
autoionization and dipole transitions, based on the approximate quantum numbers.
[t also allows one to better understand the structure and decay widths of very highly
excited states where n >> .V called planetary states. Unfortunately. this method is
not very useful for low-lyving excited states where both hydrogenic quantum numbers

are smail.

1.4.3 Complex Rotation

The complex rotation method allows one to calculate resonant energies. widths. cross
sections and wavefunctions of autoionizing states by making use of bound state meth-
ods. The radial coordinates are scaled according to r — rexp(if) and the momenta
are scaled as p — pexp(—:0). The rotated Hamiltonian is then diagonalized in a basis
set of real square-integrable wavefunctions, and eigenvalues E,, — [, /2 are obtained.
The resonance energy is E,, and the width is obtained from [,,.

This method was first employed by Doolan et al. in 1974 [26] for doubly excited
states of helium. Since then it has been extensively employved by numerous authors
such as Ho. Wintgen. Burgers et al. and Richter et al. [27, 28. 29. 30, 31]. Extensive
lists of energies and widths of various states of the helium atom are given in the above

references as well as in Ref. {32].
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1.4.4 The hyperspherical adiabatic approach

In the hyperspherical adiabatic approach we first introduce hyperspherical coordi-
nates through the hyperradius R = (r? + r2)!/2. where r; and r, are the electron-
nucleus distances. and the hyperangle a = tan~!(r»/r;). The two vectors r; and r,
are replaced by the six coordinates R and Q. where Q = (a.8,.¢,. 6., @,) denotes the
five angles. with respect to the laboratory frame. with #; and @, being the spherical
angles of clectron . We can eliminate first-order derivatives in the Schrédinger equa-
tion. Eq. (1.2) by introducing the square root of a portion of the volume element.

dry dry = R®(sin « cos a)*dr; df, into the wavefunction
C(rra) = ¢ (R.Q) /(R*?sinacos a)
so that o (R. Q) satisfies
d? A\ 2 .
——+ =+ —=+2F )} v (R.Q)=0. (1.11)
p 2

E is the total energy in atomic units and .\? is the grand angular momentum operator

given by

Y {2 2 2 , ‘
A= (-— -+ l?, + ,li ) _ L (1.12)
da? cos*a  sin“« 4

where 1, is the angular momentum operator for electron /. Also. C/R is the total

Coulomb potential with C given by

Claf)=-t 2 ! (1.13)

cosa sina (1 —sin2acosf)1/2’

where 6 is the angle between the two electrons with respect to the nucleus and Z is
the nuclear charge.

Some features of this potential are interesting to note. When o — 0 (ry, — )
and o — 7/2 (r;y — oc) there are deep valleys corresponding to strong Coulomb
attraction between the nucleus and the near electron. There is a steep spike when

a = 7/4 (ry = ry) and 8 = 0 corresponding to the strong repulsion of the two
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clectrons when they are near. Finally there is a saddle point at &« = #/4 and 6 = 7.
The potential decreases as a moves away from 7 /4 but increases as  moves away
from =.

The cigenfunctions of the \? operator are called hyperspherical harmonics. ugg (€2).
where [k] denotes the set of quantum numbers (/,./,. m) with / being the orbital an-
gular momentum quantum number of electron / and m being related to polynomial

functions in the angle «. The hyperspherical harmonics are functions on the hyper-

.L?and L.

ot

sphere in six dimensions and are simultaneous eigenfunctions of \*. 12,1
and form a complete set.

The wavefunction can then be expanded as a sum of hyperspherical harmonics as
¢ (R.Q) =) Fiy(R) up(Q).
[k}

and substituted into Eq. (1.11) to obtain a set of second-order hyperradial differential
equations for Fy(R). Attempts were made to solve these equations but the conver-
gence of the wavefunction expansion was very slow [33. 34]. This lead to the adiabatic

approximation first applied by Macek [35] where he expanded the wavefunction as
C(RQ) = Fu(R) Du(R: Q).
1"

When this expansion is substituted into Eq. (1.11) we obtain an equation for the

“channel functions™ ¢, (R: Q)

N C
[Rz + E] O, (R:Q) =U,(R) P (R:92). (1.14)

and a set of coupled equations for the hyperradial functions F),(R)

(_ R —2E) Fu(R)

dR?
8,4+ (s
v/ dR "

-5 (o

v

2
dR?

<1>u>) F.(R). (1.15)
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In the adiabatic approximation ®,(R: Q) is assutned to be a slowly varying function
of R and Eq. (1.14) is solved at fixed R to form a potential curve. L,(R). The
adiabatic approximation is valid if the off-diagonal coupling terms (®, || ®,) and
of Eq. (1.15) is zero. The index . associated with the potential L,(R). can then be

(I)l,> are small so that in a zeroth order approximation the right hand side

used to define a new set of quantum numbers used to identifv doubly excited states in
each channel. The hyvperradial functions give information about the size of the state
while the channel functions give information about the internal motion and overall
rotation of the state.

The adiabatic approximation fails near avoided crossings where the off-diagonal
coupling terms may be large. One technique to circumvent these problems is called
the hyperspherical close coupling (HSCC) method. In this method the hyperradius is
broken down into sectors and within each sector the channel functions ¢, (R,: Q) are
fixed and chosen to satisfy Eq. (1.14) at R, where R, is a point within the sector. The
wavefuncrions are then matched at the sector boundaries. For an excellent review of
these techuiques see Ref. [36].

Macek showed that there are three potential curves for 'P? states below the
He (N = 2) threshold whose energy levels agree very well with the three known
Rydberg series. This was the first indication that treating the hyperradius as an
adiabatic variable was at least approximately valid and that individual Rydberg series
can be associated with an individual hyperspherical potential curve and the energy
levels in a particular Rydberg series can be found by calculating the eigenvalues from
the corresponding curve.

In addition, since the number of curves that approach the He™(.N) threshold.
2.\ — 1 for P? states. increase rapidly as .V increases we can reproduce the complexity
of the helium spectrum even for NV as low as .V = 5. It is found that the minimum of
the potential curves for low 2V are above the asymptotic limit of the (N — 1)th curve
so that the energy levels of each curve never overlap. This is no longer true for larger
Noie. NV > 5. For these “large” values of :V. energy levels from many adiabatic

potential curves may overlap resulting in strong mixing of the corresponding states.
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In this region electron correlation plays a large role in understanding the spectrum
and experimental results are resolved well only for states with \V less than 6 or 7 (see
Figs. 4.2 and 4.9 in Ref. [36]).

A major advantage of the hyperspherical adiabatic approach is the identifica-
tion of approximate quantum numbers, identified collectively as p. for doubly ex-
cited states of two-electron atoms. Each potential curve can be designated by quan-
tum numbers A’ 7. and A using the notation (A, T)*. The index ;i equals the set
{({K.T)*'".N.L.S.=}. where N refers to the asymptotic limit of the curve. i.e. the
energy of the He™(.V) ion. L and S are the total orbital and spin angular momen-
tum quantum numbers and 7 is the parity. The R. T, and 4 quantum numbers
do not arise from the hyperspherical adiabatic method nor are they needed to com-
pute the various energies. Procedures for assigning these quantum numbers to states
calculated via the hyperspherical adiabatic method were developed by Lin [36. 37].

The original definitions of the K and T quantum numbers were formulated by
Herrick and Sinanoglu {38]. They constructed doubly excited state basis functions
(DESB) from products of hydrogenic basis functions to study the helium atom. From
the expansion of their wavefunctions they derived the following limits on A" and T
for a given L and .V
T =0.1.2..... min(L. .\ - 1). KN=N-1-T.N-3-T..... —(N—-1-T).
For states with # = (=1)5%!, T = 0 is not allowed. The meaning of the A. T. and
A gquantum numbers can be understood by considering the wavefunction in the body
frame. The results are that T can be considered as the projection of the total orbital
angular momentum. L. along the interelectronic axis. The A quantum number is
related to the angle between the two electrons. For each V. states with ' = NV — 1
have the largest angle between the two electrons. To a good approximation A can
be related to the bending vibrational quantum number » = N — K" — 1. Finally. the

quantum number A refers to the body frame wavefunction’s symmetry with respect



to electron exchange. When the angle o« — 7/2 — a (r; < r;) the body frame

wavefunction has svmmetry
A=#-0D%T if ~K>L-N (1.17)

The 4 = +1 states have an antinode at a = 7/4 (r; = r2). and the 4 = —1 states
have a node at @ = 7/4. Not all doubly excited states have this symmetry. These
states are labeled as 4 = 0 and the A" and T quantum numbers are then just used

as labels and do not retain their original meaning. The rule that Lin has derived is
A=0 if NKN<L-N (1.18)

An interesting feature of the helium spectrum is that if one fixes the A'. T. 4. and
N quantum numbers and plots the energy levels of the states by letting L increase
from zero one finds that the spacing of the states resembles the spacing of the rotor
series of a molecule. Furthermore. for states with 7 # 0 there are two rotor series that
are nearly degenerate. This near degeneracy is similar to \-doubling in a molecule
and is called it T-doubling. Finally. the A = 0 states do not give rise to this rotor
pattern (See Fig. 4.12 in Ref. [36]). The A = 0 states are not described by a molecular
picture but are easily calculated by the hyperspherical adiabatic approach since this
approach does not assume a molecular structure at any order. unlike the molecular
adiabatic approach discussed above.

Two other advantages of the hyperspherical adiabatic approach is that electron
correlation is included at lowest order and since a series of states can be calculated
from a single potential curve, their corresponding wavefunctions are already orthog-

onal. This aids in calculating various cross-sections and expectation values.

1.4.5 Dimensional scaling

The first step in dimensional scaling is to derive a D-dimensional Schrédinger equa-

tion. This can be accomplished by writing the wavefunction in such a way that it is



a product of two functions. one of which depends only on the internal coordinates.
Omne can then obtain a D-dimensional Schrédinger equation that can then be scaled
in sucli a way that the limit D — oc gives a finite energy. In the D — oc limit all
dynamical terms in the Hamiltonian disappear and the electrons are stationary in the
infinite dimensional potential. This limit is then used as a zeroth order perturbation
theory and can be developed into a full dimensional perturbation theory with the
addition of more terms. This method is the focus of this dissertation. We begin by
considering a way to write the wavefunction that will be useful when one goes to

large dimension.

1.5 The Two-Electron wavefunction:
The Schwartz Expansion

In 1961 Charles Schwartz [6] published a paper on the Lamb shift in the helium atom
and in an appendix he vaguely demonstrated how one might write the wavefunction
of a two-clectron atom with a total angular momentum L as a finite sum rather than
the usual infinite sum over all possible values of [; and . Earlier. in 1930. G. Breit
[7] derived the same results for L = 1 states but his method is difficult to extend to
higher L. Here we will present the Schwartz expansion. filling in a few of the gaps in
his appendix and applying the results to '35¢ and '3 P° states. \We will also adjust
notation slightly by writing the radial coordinate of the i*" electron as r; and the
Cartesian coordinates as (r;); where j = 1.2,3.

The usual wayv one would write the spatial wavefunction for two electrons with

total orbital angular momentum L is

V(rr: LM) =) w(lle, L) fyg (o) . (1.19)
Uy Lo
where
. 'll '1'_7 $ ¢
C(li b LA = ) YR () YEQ) (homy lomy [LM) (1.20)
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and the subscripts are particle indices. Equation (1.19) is an infinite sum which would
normally be truncated at some point. Schwartz avoids this by extracting functions
of the scalar

riz = [r; — ry|

and combines these with the f;, 4, (r1.r2). Equation (1.19) then becomes a finite sum

Uirpr LMY = Y7 v (hle L) Fiygy (rioremia) - (1.21)
{1 02}
where we are now summing over the restricted set {/;./>} with either (A): [, +L, =L
or (B): 4+, = L+ 1 and |l; — 5| < L. The parity, #. of the states is given by
7 = (=1)'72 Thus states with parity # = (—~1)* correspond to condition (A) and
states with parity 7 = (—=1)%*! correspond to condition (B).

As an example. for S-wave. L = 0, we are restricted to {; =, = 0. We have

P (r,.r;;:O. 0) = L"(O. 0. 00) FO’O (l'[.l’g,l’lg)

I

Yo ()Y (2) Foo (ry-ra.ri2) = F (ry.ra.rps).

The full spatial wavefunction must then be svmmetrized and so we define

F(ri. ry. ris) = F(rs. rp. r12) and finally we have

W ("S) = F(ri.rar) £ F(riora. ). (1.22)

The plus sign is taken for the singlet state since the singlet spin wavefunction is
antisvmmetric. Also. there are no odd-parity S states in three dimensions since
condition (B) above would require {{;.l,} = {0.1} or {1.0} which would violate

iy =L < L.



Now for P-wave states. L = 1. and we have either {/;.l2} = {1.0} or {0.1} for
odd parity or {{,.l,} = {1.1} for even parity. Considering odd parity states Eq.

(1.21) becomes
Y(r;.rs: 1. .\[) = (1. 0.1. ."[) FI.O (T'[, ra, r12)+1.";‘ (0 1.1. .‘[) FO,[ (l‘l, ra. Tlg) . (123)

Eq. (1.20) gives. for Al = 1.

c(1.0.1.1) = YD) Y(2) and e (0.1.1.1) = Y2 (1)Y 1 (2):
for M/ = 0.
(1.0.1.0) = Y1 (1)15(2) and w(0.1.1.0) = Y2(1)YH(2):

and for M/ = —1.
c (101 =1) =Y (1)YP(2) and v (0.1.1.-1) =Y 2(1)Y 1, (2):

where all Clebsch-Gordon coefficients happen to be 1.
We define F = [y (ry. 12, r12) and F = Fy, (r1.72.712) . and since Yy is a con-

stant. it can be absorbed into F and F. This allows us to write Eq. (1.23 ) as
W(r,.ra: L.M) = YL(1)F £YL(2)F.

where we have included the minus sign to syvmmetrize the wavefunction for the triplet

state.



A general P? state can be written as a linear combination of this wavefunction
for each value of 1. Without specifving the coefficients of the linear combination. we

can write the wavefunction as a spherical tensor of rank-1 giving

Y1) Y(2)
U (I.BPO) = )E)l(l) F + );)1(2) }':. (1 24)
Y1 (1) 14,(2)

This spherical tensor can be transformed to a Cartesian tensor via a unitary trans-

formation. In this case we have

| = Y0
) | | =y we
z; Y4 (o)
where
-1 0 1
U= i ] 0

0 V2 0

(¢ = V=1 in the matrix U.) Operating on Eq. (1.24) with U gives

Iy L

Lo 1 (3\? 1/ 3\: -

v (AP) = = (IF) n | FE— (T) ys | F
<1 Z2

i

L .
Absorbing the factor ﬁ (3—) * into F and i (—;’—_—)

i

into F and writing the wavefunction

in terms of Cartesian vectors ry and r, gives

v (1.3Po) =0 FxrF=8tr F+tit,mF. (1.

o
(1]
~

This can be written in matrix form as

¥ (12P°) = [W]'F, (1.26)

[N
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where

F ry
F = A and W =
+=F T

Alternatively rhe wavefunction can also be written in component form as
¥, (**P°) = (r); F £ (r2); F where j=1.2.3.

To extend this wavefunction to D-dimensions. as will be required when we discuss
dimensional perturbation theorv. one might think to simply let j range from 1 to D.
This is almost true. but it is not just a simple extension of j. We will return to the

Schwartz expansion in Sec. 2.2.1 where we discuss its generalization to D-dimensions.

1.6 Dimensional Perturbation Theory and

Dimensional Scaling

1.6.1 The helium atom in three dimensions

Before delving into the world of arbitrary dimension we will first review the three
dimensional helium atom. Since we are treating the nucleus as infinitely massive we
can consider the laboratory and body-fixed reference frames as having their origins at
the nucleus. In the lab frame there are six degrees of freedom. three Euler angles that
take one from the lab frame to the body-fixed frame. and three internal degrees of
freedom. The three internal degrees of freedom. {ry.ro. ri2} . (or {ri.r2.8}) consist
of two electron-nucleus distances and one electron-electron distance (or one inter-
clectron angle). The two electrons and the nucleus form a plane which we can take
to be the zi-plane. or the ry-plane, etc. of the bodyv-fixed frame. The helium atom
thus occupies a two-dimensional subspace of the three-dimensional world.

The wavefunction in the body-fixed frame is a function of {ri.rs. riu} (F and F
in the previous section). while the wavefunction in the lab frame, WP. is a function of

the three internal coordinates as well as the three Euler angles. One may transform



from the body frame to the lab frame using Wigner rotation matrices which depend
on the Euler angles. We then obtain a sum consisting of products of functions of the
internal coordinates times functions of the Euler angles (see Eq. (1.22) for S-wave
and Eq. (1.23) for P-wave). We have in effect factored out the internal degrees of
freedom from the Euler angles. Upon inserting this wavefunction into the Schrodinger
equation. we obtain a set of coupled differential equations for the internal coordinates
which can. in principle. be solved.

When we consider the helium atom in D-dimensions we will have 2D degrees of
freedom: they will consist of 2D — 3 Euler angles and. again. three internal degrees of
freedom. The three internal degrees of freedom define a plan and the D-dimnensional
helium atom will again occupy a two-dimensional subspace of the D-dimensional
world.

The wavefunction for S-wave states of the helium atom is independent of the
Euler angles (see Eq. (1.22)) and thus has the same form in the lab frame as in the
body frame. The wavefunction for any state for which L # 0 will depend in some
way on the Euler angles. To transform from the lab frame to the body frame we use
generalized Wigner rotation matrices which will depend on the 2D — 3 Euler angles
and are D-dimensional. Thus. the dimension of the rotation matrices grows as D
increases and so do the number of coupled differential equations. When we consider
the limit D — . as is required by dimensional perturbation theory. we would expect
the dimension of the matrices to also go to infinity. This will lead to an intractable
set of differential equations. making the solution of the perturbation equations nearly
impossible. We will return to the problem of L # 0 later. but first we need to review

the techniques emploved for S-wave states.

1.6.2 Outline of dimensional scaling and DPT

The general procedures for dimensional scaling and dimensional perturbation theory

are as follows:[2. 3. 4. 5. 39. 40. 9, 41, 42, 43]

N
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Derive an expansion for the wavefunction as a product of two functions. one
being a known function of the generalized Euler angles and internal coordinates
and the other being a function only of the internal coordinates. For S¢ states
the full wavefunction is already factored: it is already a function only of the
internal coordinates and does not depend on the Euler angles. For higher
angular momentum states we will use the generalized Schwartz expansion to

achieve this factorization.

Insert the factored wavefunction into the Schrodinger equation and derive a
differential equation. depending only on the internal coordinates. allowing con-

tinuation in D.

Incorporate a factor of the square root of the Jacobian into the wavefunction.
This eliminates some first order derivatives and introduces new terms into the
effective potential allowing there to be a lower bound to the effective potential

as D — ~x.

Re-scale the radial coordinates r; and energy E so they remain finiteas D — ~x.

where

R 1
0= —.

D

At this point. as D — oc. the derivative terms vanish and the effective potential
approaches a minimum. The large D limit is thus an “electrostatic™ problem
with the electrons frozen into a rigid configuration. called the Lewis structure.

at the minimum of the effective potential defined by 7, = r,, and 6 = 8,,.

(O

The minimum of the effective potential gives the zeroth order energy. =z,

Vet(rm- 1. 6, ). In our perturbation expansion.



6. To calculate higher order corrections to the energy and wavefunction we allow

-

for movement about the D — oc Lewis structure equilibrium positions. To do

so we introduce displacement coordinates r;, r». and y through

2
1 V2 -
i =T;m+02r; and =8, +0o: Y (1.27)
,'1”
and symmetry coordinates x and ¢; through
(21 + z2) d (-, (L28)
L= ——= (I + &t ar gy = —=(ry — Ly} 2
\/§ 1 T L2 11 \/_f 1 2

We then expand the Hamiltonian, wavefunction. and energy as power series in

st
< o
H' =Y "4tH], o =) o0, (1.29)
J=0 p=0
and
E = Vit(rm: rim. 0m) + 6 )_ &2, (1.30)
=0

Finally. we plug these expansions into the Schrodinger equation and equate

powers of §'/? to obtain a set of coupled differential equations in {q;.r.y}.

The first order energy correction =y is given by the ¢ order equation
H;(I)() = 50‘1’0.

The Hamiltonian. H;. becomes a three dimensional simple harmonic oscillator
Hamiltonian if we transform to normal coordinates ¢, = \—[/;(Ix —Ia). (=X
:%(J:l + 13). and ¢3 = y. Thus ¢; corresponds to an antisymmetric stretch
mode while ¢, and g3 correspond approximately to the syvmmetric stretch and
bending vibration modes respectively. These small oscillations about the Lewis

structure are called Langmuir vibrations.

The zeroth order wavefunction @4 is then a product of three simple harmonic

oscillator wavefunctions, while the energy correction. =4, is a sum of three simple

29



harmonic oscillator energies. We call o the “harmonic order™ correction to the

energy and Hj the harmonic order Hamiltonian.

8. Finally. once the zeroth and first order energies and the zeroth order wavefunc-
tion are found one may solve the coupled differential equations developed in
step 6 by a number of different methods. We will limit our discussion to the

matrix method which is currently the method of choice for multiple degrees of

freedom [8].

The above steps will first be demonstrated for S-wave states and then for higher

angular momentum states in the next chapter.

1.6.3 S-wave states and the extension to D dimensions

\We will discuss the S-wave perturbation expansion in detail because many of the
equations we will arrive at will be identical to equations used in the perturbation
expansion for higher angular momentum states. Beginning with Step 1 we simply do
nothing since the S-wave wavefunction is a function of the internal coordinates only.
We then proceed to Step 2 and derive a differential equation in terms of the internal
coordinates allowing continuation in D. We do this by writing the Hamiltonian in

D-dimensions by starting with a D-dimensional Laplacian in Cartesian coordinates.

D a2
Vh=D) . (1.31)
k=1

5.2
oxi
and defining the radial coordinate r as

D
—_ § 2
r = .L‘k
k=1

In polar coordinates there are one radial coordinate and D —1 angles denoted by Qp_,
and the Cartesian coordinates, . are defined by zx = r fi.(Qp-). The fi consist of

cosines and sines of the angles 6,.6,. . ... fp_1. In two dimensions there is one radial

coordinate. r. and one angle. ;. We then have z, = rcosf, and r, = rsinf,;. with
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0 < #; < 2x. In three dimensions we have the usual spherical polar coordinates r.
1 = o. and 6, = 0. We can then write r; = rcosf;siné,, o = rsin@,siné,, r; =
rcosf, with 0 < 8, < 7. And in four dimensions we have z; = rcos 6, sin 8- sin 8.
Iy = rsinf;sinfsysinfs, r3 = rcosfysinf;. ry = rcosfs with 0 < 63 < 7. The
extension to D-dimensions is straight forward. The Laplacian in polar coordinates
becomes

1 0 pa @, Lp.,

Vb = D1 57(7' ——?) - 5

where L7,_, is a generalized orbital angular momentum operator and a function of
the D — 1 angles. As discussed by Herschbach [44]. L% _, can be written in terms of

a sequence of generalized orbital angular momentum operators of lower dimension:

ro= -2

967
. ) 9 L?
L2 = - Z_{sin6, 40
2 sin 6, 96, (g”’ -aeg) teinZe,

ete.. or in general

: 1 2, d L}
Ly = —————— | sin* "' 0 +
k sin*~! 8, 96, (bm * Bﬁk) sin® ;.

with A =2.3..... D—-1land 0 <60 < 7.
For S-states the wavefunction depends only on the internal coordinates {r,. ry.
riz}. or {ry. ra. 6}. where 6 is the angle between r; and ry. In atomic units the

Schraodinger equation is written as
1 . ) ]
[—5 (Vi+V35) + V(. 0)] ¥ =EWV.

The sum of the two D-dimensional Laplacians was worked out by Hill [45] and is

Y Y ( _ 1 .
V3= P D) s e P ) = (4 ) Do

7'1[)_1 01’1 L 81‘1 T.._,D—I aT'-g_ - 87‘2 f'% 7:;
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L3 _, depends on D — 1 angles of which all are separable (do not appear in the

potential 17) except the angle 8. Thus. L% _, will be a constant of the motion and so

‘ 1 9 , 9 L3,
LZ - — il D=2 g — Q—-
D=1 = T P29 98 (s"‘ ae) * SinZ0

we write

with L7,_, being replaced by its eigenvalue L(L + D — 3) which is zero for S-states.
This completes step 2.

The next step is to incorporate a square root of the Jacobian
Jp = (r[r‘_))D'l sin?~1 @
into the wavefunction. ¥ = .]BK/Q(I), which allows us to write
(T+U +V)P=FEP

with derivatives appearing only in

1 0.2 a'_’ +82
T”‘3(0_+5_> =

while dimensional dependence appears only in the centrifugal term

. 1 [(D-2)(D-4) ,
U=- 5 -1 G™.
4 [ sin” @
\We also have
V"= o1 + A [lf +r; — '21'11'-_,c050]”l’/2.
rp )

where we have introduced A = 1/Z and G+ = (r7* + r;%)/2. In addition. the en-
ergy units of £ are atomic units divided by Z? and distance units are atomic units
mltiplied by Z.

Notice that the centrifugal term. U becomes infinite as D — x. We proceed with

Step 4 to remedy this by introducing a suitable scaling of the distance units. If we



let 7, = 8°r;. with 0 = 1/D. and let E = D?E then we have the dimensional scaled

Schrodinger equation

[(527"(1’1-, r2,0) + U (71.72.0) + "'(Flff'l-o)] ® = E. (1.32)

where

(F1.72) -

- 1 [(1—=20)(1—44 -

¢=1|UZ200-4) o] -
4 sin~ @

[n rhe kinetic term of Eq. (1.32) we see that the dimension D appears as an effective

mass.

In the limit D — > the electrons become infinitely heavy and stationary at the

minimum of the effective potential

1 ‘ .

Ve (F1.72,0) = mG* (Fr.F2) + V(F1. 72.0) .

Continuing with Step 5. the dimensional scaled Schrédinger equation becomes. as

D — ~x.

Ve (F1.70.0) @ = = D.

where = is the energy at the minimuin of the effective potential. This then provides
a zevoth order perturbation theory for the D-dimensional helium atom. To solve for
s we need to specify which minimum of the effective potential we wish to expand
about. We choose a symmetric minimum where 7y = 7, = r,,, and 8 = 8,,,. We then

find

_ —oy\ 1/2 -
Cn = cosb,, = =2X [(1 + A') + ,\] .

1
'm = 3(1+Cm)_—
] —1(l+cn)?
I = ‘eﬂ'(rmernpgm)z—(i)—. (133)

(1 —cm)

with A = v/2\/16. This symmetric minimum exists for Z > Z ~ 1.2279. For smaller

values of Z the atom ionizes as D — oc. Therefore. to study H™ one could introduce
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a D dependence into the nuclear charge in such a way that Z = 1 when D = 3 [46].
The geometry of the helium atom at D — oc is called the Lewis structure. For Z = 2
we find that 6,, ~ 95.3° and ¢ = —2.737769133.

The choice of the point of the effective potential to expand about is not arbitrary.
The only requirement is that it be a stationary point so that the first order correction
to the energy comes from harmonic oscillations about the expansion point. We chose
to expand about a symmetric minimum in the hopes that our results would better
describe doubly excited states. Our zeroth order helium atom has its two electrons
at equal distances from the nucleus unlike a singly excited state where. on average.
one electron is further from the nucleus. In other words. the choice of expansion
points depends on the physical properties of the svstem vou are trving to model.
Another possible expansion point might be a saddle point. Expansion about saddle
points would result in complex energy coefficients. allowing one to calculate resonance
positions and widths. Our syvmmetric minimum gives real energy coefficients not
cnabling us to calculate resonance widths.

Next. to determine the first order correction to the energy. 3. we proceed to Step
6 and introduce dimensional scaled displacement coordinates r,. 5. and y and svim-
metry coordinates r and ¢, which represent syvmmetric and antisymmetric stretches
respectively. Substituting these coordinates into Eq. (1.32) gives a Hamiltonian that
can be expanded in powers of d'/2.

1 [ & 9? . 2 9
( )~G*(z.q1) —-)

H = -_—+ —
2\ 922 9q} y

-
I\JI* e

Gl
|
|

1 /(1-20)(1—49) ~.,) .
+— = -0} G (x.
4 ( sin” d (z-q1)
1 I A
- - — + = = — .
r' o Vi + T3 — 27 Fycost

After expanding the Hamiltonian in powers of §/2 we find that the zeroth order term
is simply the energy at the minimum of the effective potential, e = Vog(rm. n. 0m).
The first order term. of order 6'/%. is zero since it is the first derivative of the effective

potential evaluated at r,, and 8,,. which define a minimum. The d-order term is the
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first term to contain derivatives and. for reasons that will become apparent later. we

call it the harmonic order Hamiltonian, Hj. It is given by

, 1/ 0° 9? 0? 1 3
H,=—-= (aqf““aﬂ“Lay?) ur +wy' +vry + _ulql—m. (1.34)
where
3 A
u = —l— ——-—1-:- 5| - (1.35)
m 8,"1 S 2[2(1 - Cfn)} =
r
1\."m
PRt L 4 L (1.36)
7rm. 'm 's;n tm [2(1 - Cm)] /2
r
: A ‘m -
w = 1 l., 1_2)'*' (3+L ?u, H (1'3‘)
2r3 | rm s2, \ 2, 2(1 —ca)]?
and
Y 2 A 1 m
i == ————3.,—1* (+c)3 . (1.38)
S TR

where s,, =sinf,, and t,, = tan#,,.
We can separate the coordinates x and y in Eq. (1.34) by transforming to normal

coordinates. This is accomplished by setting

2 3 1, r ., .,
ux’—%—wy'—:’—'vl'y—3w,q,—r~_)w;5(13.

-~

or in matrix notation

u 1 r <3 0 Go
(1 Ij) =((['_)_ {13) )
v 2w y 0 w3 q3
We then diagonalize the matrix on the left obtaining the cigenvalues
W= (u+w)~(w— u)?+ 422 (1.39)
and
W= (u+w) + (w— u)? + 42, (1.40)



and the eigenfunctions

q» = —rsinxy +ycosy and ¢3 =rcosy+ ysiny, (1.41)

where \ is given by

(w — u) [1 1+ (——)]

9 v

tan y = (1.42)
\ is approximately 90 degrees. so from equations (1.27). (1.28) and (1.41) we see
that ¢, corresponds to the antisymmetric stretch mode while ¢,. and g3 correspond
approximately to the symmetric stretch and bending vibration modes respectively.

Finally. the d-order Hamiltonian becomes

~J

’ 1 I? o? o? 1, 2 1 2 1, 2 3 3
H, = ) (a(l.f - 57:,’ + 5&%) T ¥ T 5wady F I T 5 (1.43)

=‘mm

and the first order energy correction is simply a sum of three one-dimensional simple

harmonic oscillator energies plus a constant

1 1 1 3
0= <] (Ila + 5) + Wo (ns + 5) + w3 (no -+ 5) - m. (1.4.-1)

while the zeroth order wavefunction is a product of three one-dimensional simple

iy

harmonic oscillator cigenfunctions
(I)O = /)."'x (_‘,‘{/2(11) /l,lJ (4)_12/2(12) h‘"o (.d:l;/zl[;;) . (145)

This completes Step 7.
To complete Step 8 we reconsider the Schrodinger equation after transforming to
normal coordinates.

H'® (q1.92.q3) = E‘I’ (q1.q2-g3) .
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with

H = ()'( : cos> il 2sin x cos & + sin® y > + F
2 Yafh X Ya 1203 '\aqu’ a‘ff
r2, 9? d? . O
-G~ q- = + 2sin x cos + sin” y—
(q1-G2.q3) = 5 ( 8 X \0(1)&13 s X&]g))
1((1—70)(1—40) ) )
-+ - 2. {
4 sin~ @ (1. 92 45
L 1 A
_—— e (1.46)
ry ] ry
where
1 1 . 1/1 1 -
/\-_—‘?- 0=*5- G- (Qle(lz-Q3)=?2'(F-f+F—g)- (1.47)
and
i L ]
F\. = I'mp+ 612 — (gzcos x — gasinx +qy) .
V2
- 1 ]
P2 = Iy vol/zﬂ(q:scosx—fhsm X—aq).
9
8 = Gm + 61/2!_: (q2 Ccos + q3 Sin Y) P
Fo = [P 472~ 277 cos0]*. (1.48)

Expanding G™ and the various potential terms as power series in 0 '~ gives us a

kinetic term

T——é a2+a'-’+a‘2)
2 \9q¢t 98¢ 9q3

(J—-2)/2 j—-2-2k

+ZOJ/) > ZTJH(RQ:(I’ =
k=0

~2 62 )
X (cos \;z + 2sin y cos Xaq-gaq;; sin” \0( ) (1.49)

and the effective potential term
x /2 -2k
- cil2 ; k1 j—2k=l
U = E s E E Uljes 4t 42 63
(=0

Jj=0 k=0
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(G=-2)/2 j~2-2%
=3/ —2-=2
o712 E Z U2ja 41 g5 @77

(G—4)/2 j—i-2k

§3/2 Z Z U3kt Qizk ‘I-é ‘1.{5_4_2‘:4- (1.50)

=4 k=0

which are combined to give the Hamiltonian

x<
H =) H" where, H =T, + L, (1.51)

- . . . =~ 2
Next. we expand the wavefunction and energy as power series in ¢'/>

< xc
D (g1 qa-qs) = Y Bp072, and E=Veg(rm.Tm.0m) + 0> _ 2,67, (1.52)
p=0 ‘:
where Vig(ry,. rm.0,,) is the value of the minimum of the effective potential, as D —
>x.such that ry =7/, =r,. and 8 = 6,,.

Substituting these expansions into the Schrédinger equation gives

< x<
Z H, 8 -Z B2 =y Byl | Vettlrm: Fm. On) +6 D _ 2,07 (1.53)
p=0 p=0 Jj=0

The 6" term gives H(;(Po = Voi(rm- I'm. 6,n)Po which simply says that H(') =

Vet rm. 1. 0, ) . which is the energy at the minimum of the effective potential: in other
words. it is the energy as D — oc of the D-dimensional helium atom. The d'/? term
gives (H P, + H;(I)o) = Vog(rm. Tm- 0,n)®; but H; contains only effective potential
terms and is the derivative of the effective potential evaluated at its minimum. Thus.
H 1 = 0. and we are left with H(',<I>1 = Ved(rm: Tm. Om)®; which gives us no new

information. Since Hy = Vig(rm. - 0m) and H; = 0. Eq. (1.33) can now be written

as < ¢ < x<
DTHEEY @, =0 @070 Y g a0 (1.54)
=2 p=0 p=4 =0
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with zj.; = 0. After a change of variables and some rearranging we can write

p

DY (Hy =) Bpy =0
p=0

=0

where H; = H,;._,. This then leads us to an infinite set of coupled inhomogeneous

differential equations

p
E (Hl—fl)(l)p_[=0 [)=012 (1.55)
=0

The method we used to solve these equations is called the matrix method and will

be discussed later. For p = 0 Eq. (1.53) gives the zeroth order Schrodinger equation.

Hy®y = Pyzy. Identifving Hy with H.; we find. as in Eq. (1.43)

H 1 az+az+a'z +1.,.,+1_,,,+ )
=~3 2 2 ) —7q7 —wW5qs5 —wigs —
! 2\90q; Jq3  Oqg; ¥ T HWas T Wy T 5

This zeroth order Schrédinger equation is clearly a three dimensional harmonic os-
cillator equation and thus the energy and wavefunction are given by Eqgs. (1.44) and

(1.45). The h, in Eq. (1.435) are the harmonic oscillator cigenfunctions

‘o)

1 12 )
h(zx) = (W) H,(x)exp (—éx') . (1.56)

The H, are the Hermite polynomials of degree v. The normalization of the h, has

been chosen such that

> < x<
/ / / D (q1. 2. q3) dqydyadgs = 1.
J_xx - J-x

The zeroth order wavefunction. Eq. (1.45). describes harmonic oscillations about
the D — o limit of the helium atom. Thus we refer to {n,.n,.ng} as the large
dimension quantum numbers and we refer to Hy as the harmonic order, rather than

zeroth order. Hamiltonian. The large dimension states are designated by the ket
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Ng. . gy and they evolve into known states of the helium atom as higher order

terms are included in the Hamiltonian and as D — 3.

1.6.4 Large order quantum numbers

The large dimension limit provides a set of approximate quantum numbers. {n,. n,.
ng}. to label states when D = 3. We would like to relate these quantum numbers to
quantum numbers used in the literature to describe D = 3 states of the helium atom.
Several examples have been discussed so far. There is the set {n. ny. n,. m} used
in the molecular adiabatic approach. the set {K, T. A} used in the hyperspherical
adiabatic approach. and the set {.V, l[y. n, [,} used in the independent particle
approach.

Loeser and Herschbach [47] have demonstrated how the large dimension quantum
numbers can be related to single particle quantum numbers in the limit Z — oc.
They found that states in the large dimension limit (harmonic states) can be written
as linear combinations of singly and doubly excited independent particle states. [t
was not clear which state the large dimension state becomes as D is decreased to
3. Some insight can be gained by noting that classically. the potential ridge riding
svinmetric stretch states. states with large electron density for r; = r» for large D,
tend to become unstable as D — 3 due to strong interactions at the triple collision
point. These states tend to “fall off” of the potential ridge and become states with
uncqual excitation when D = 3. From this analysis one finds a relationship between

the large dimension and single particle quantum numbers

N = |[n./2] +ng+1 (1.57)

n = N+n,+ (ne—2|n./2]). (1.58)

where o] denotes the integer part of x. The quantum numbers n, and n, describe
radial excitation while ng describes angular excitation. which leads to the correspon-
dence for L = 0 states

l_,\»' = ln =Ty (159)
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and the spin is given by

S=1-(=1)". (1.60)

Thus. singly excited states (.V = 1) have ny = 0 and n, < 2 so that |0n,0) corresponds
to lsns 'S¢ with n = ng + 1, and |1n,0) corresponds to lsns 2S¢ with n = n, + 2.

As an example, Loeser and Herschbach suggested that the state |020) corresponds
to a linear combination of D = 3 states such as 1s3s 'S¢ and 2s® 1S¢. With the
quantum number correspondences listed above this state should become the 1s53s
LS” state at D = 3. agreeing with the classical argument that the symmetric stretch
states should fall off of the potential ridge as D — 3 becoming states with unequal
excitation between the two electrons.

Correspondences between the large dimension and the {A", T} quantum numbers
have also been discussed. The T quantum number is the projection of the total
orbital angular momentum onto an axis parallel to the interelectron axis. Thus for
L = 0 states we must have T = 0. The A quantum number is related to excitation

in the vibrational mode with the relationship [48]

K = N-2n-1-T
= |n./2] —ng for L =0. (1.61)

The correspondences for states with L # 0 have not been completely worked out vet.

1.6.5 Interdimensional Degeneracies

The existence of states in one particular dimension being degenerate with different
states in a different dimension was first discussed by Herrick and Stillinger in 1975
[19. 50]. Using the results of Breit [7] and Schwartz [6] they started by writing a
P¢ state in terms of an S¢ state. Breit and Schwartz found that P¢ states could be
written as

U =P x(r.r..0)
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with

P=x,y, — 224,

where r and y are two Cartesian coordinates of a space-fixed frame and the subscripts
distinguish the coordinates of the two electrons. The function x is a function onlyv
of the internal coordinates and so must be an S¢ state. Herrick and Stillinger then
evaluated the commutator [A([;) +A(I§). P] where A(Dl} is the D -dimensional Laplacian

for electron /. They obtained
Ly _ oo, - 1 2 v

Thus if P is an eigenstate of the D-dimensional Schrédinger equation with eigenvalue
E then \ is an cigenstate of the (D + 2)-dimensional Schrédinger equation with the
same cigenvalue E. In other words. y. an S¢ state. evaluated at D = 3 has the
same energy as Py, a P state, at D = 3. In addition. since P is antisymmetric
with respect to electron interchange then Py and y have opposite spin. Thus. for
every ST state at D = 5 there is a *!'P¢ state at D = 3 with the same energy.
These exact degeneracies are called interdimensional degeneracies. Similar exact
degeneracies exist between ' PO states at D = 5 and 3! D? states at D = 3.

At D =5 the lowest S¢ state is the ground state with an energy of —0.71a.u.[39
10. 9] This state is degenerate with the lowest I’ state at D = 3. The D = 5 firs
ionizarion threshold is given by the energy of the He™ ground state at D = 5. The

cnergies of the He™ atom are given by
Eper = =2(N+2A)"? ina.u.

(D — 3) and .V is the principal quantum number of the remaining

(M

where A =
clectron.  Thus the first ionization threshold at D = 5 is at —0.5 a.u.. which is
degenerate with the second ionization threshold at D = 3. and the first ionization
threshold at D = 3 is at —2.0 a.u. Thus. at D = 3. all singly excited states lie below

—2.0 a.u. so the P state at —0.71 a.u. (D = 3) must be a doubly excited state.
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Indeed. there can be no P¢ singly excited states. More importantly. the P¢ state at
D = 3 is a bound state. since there are no lower P¢€ states for it to autoionize to. and
it is degenerate with a D = 5, 5S¢ bound state.

At D =5 the lowest P? state lies at about —0.56 a.u.. which is a singly excited
bound state. This state is degenerate with a D° state at D = 3 which is doubly
excited (its energy is between the first and second ionization thresholds at D = 3). as
well as bound. since there are no D? states below the D = 3 first ionization threshold
for it to decay to.

To summarize, all S* (P°) states at D = 5 are degenerate with doubly excited
P (D”) states at D = 3 and if the S¢ (P°) state at D = 5 is a bound state so too
will the P (D?) state at D = 3 be a bound state. Also. for D = 5 all states above
—0.5 a.n. are autoionizing resonances and can decay into the continuum. These
states are degenerate with states at D = 3 that are also autoionizing. Thus. bound
states are degenerate with bound states and autoionizing states are degenerate with
autolonizing states.

Taking advantage of these interdimensional degeneracies allows one to write code
to find rhe energies of two states at D = 3 by calculating an energy series for one
state. For example a single series can then be summed at D = 3 to obtain a P°
energy or it can be summed at D = 5 to obtain a D = 3 D° energy. This is exactly
what has been done to obtain D = 3 P¢ states and this is what we will do to obtain

D = 3 D? states in Chapter 4.

1.6.6 Fermi Resonances

Recall the harmonic order energy

o L b & ) - s
T R 2 n5+2 =2 ”0+§ —2"3"5‘;31.

As can be seen from Egs. (1.33)-(1.49), w,. w2, and wj are functions of A. In Fig.
(1.6.6) we plot the w’'s versus A. First notice that w,, the antisvmmetric stretch

frequency. is zero at A\g = 0.8143894 corresponding to Zg = 1.227914. As discussed
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on page 33. when Z < Z; the two electron atom ionizes so that we must include some

¢ dependence into the nuclear charge in order to study the H™ ion.
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Figure 1.3: &, w2, and w3 as functions of .

Since the harmonic frequencies are functions of A we can look for values of A
where ratios of different frequencies are rational numbers. For example. when \ =
A" = 0.6369 we find wy/w, = 2. For this value of A we find that the states [010)
and |200) are degenerate at harmonic order. These degeneracies. which arise from
the harmonic frequencies being commensurate. are called Fermi resonances. In Fig.
(1.6.6) we plot the harmonic order energy verses A for several states.

\We can counsider the energy function of the states of helium as being a function of
both A and 9. When A = A*. zeroth order perturbation theory gives energy functions
of the [010) and [200) states that are degenerate. It is a general result of perturbative
cigenvalue problems that when two cigenvalues are degenerate at zeroth order in o
their eigenvalues as a function of the perturbation parameter d will share a square-

root branch point at 4 = 0. As A moves away from A° the zeroth order energies are
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Figure 1.4: Harmonic order energies as functions of A. The order of the states from
lowest to highest is [000). [100). [010). |200). |110). etc. Notice the degeneracy at
A = 0.6369 for the |010) and |200) states.

no longer degenerate and the branch point moves away from the origin usually as a
pair of complex conjugate branch points.

A simple example should clarify this. Bender and Orszag [51] consider the “sim-
plest eigenvalue problem of all.” Consider the two real 2 x 2 matrices

a 0 r oz
A= and B =

0 b

t
&

If we wanted to find the eigenvalues of the sum of these two matrices we could
multiply B by the parameter 0 and express the two eigenvalues as power series in
4. One power series will have a zeroth order coefficient equal to a, and the other
will have a zeroth order coefficient equal to b. We would then find the eigenvalues of

A + 0D using perturbation theory.



This problem can also be solved exactly by diagonalizing the matrix A+ J§B. i.e.

by solving 4 + 0B — I¢ = 0 where [ is the 2 x 2 unit matrix. We find

((1+b+c51:+5!/i [(a—b+61—5y)2+45252]1/2)

y
I
N}

These cigenvalues are functions of § and are analytic except where the term in the
scquare root is zero. Thus the functions z:(9) have a pair of complex conjugate branch

points at
_(a=0b)(y—x£2iz)
=" (y — )% + 422

~
<,

The radius of convergence of ¢ is equal to [d=|.

The two eigenvalue functions ¢, and £_ are analytic continuations of each other.
Analytically continuing around either branch point changes the sign of the square root
term in the eigenvalue function and hence the two eigenvalues exchange character.
This is called a level crossing. The two single valued eigenvalue functions s, and
z_ can be considered to form a single two-valued function £(¢) which is defined on a
two sheeted Riemann surface. On one surface £(d) = =, while on the other surface
(d) ==_.

Now consider the zeroth order eigenvalues a and b to be functions of some other
parameter . If for some A = A%, a(A”) = b(A") = ¢ then the radius of convergence
will go to zero as A — A" and the branch points will coalesce at the origin. This
example illustrates what has been found for the helium atom for S states [9] as well
as for P? states as we will see in Chapter 4. Also. for an enlightening discussing on
branch points and the Barbanis Hamiltonian see Ref. [52].

The zeroth order cigenvalues corresponding to ¢ and & are the harmonic order
cocfficients =y which are functions of A = 1/Z. When A = A" two or more states
have degenerate zeroth order energies and hence share a square root branch point
at the origin. As A moves from A* to A = 1/2 these branch points move away from
the origin possibly increasing the radius of convergence. As the energy function of
these connected states are analytically continued beyvond the radius of convergence

(i.e. summed at point ¢ = 1/3 perhaps, corresponding to D = 3) the characters of
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the states are exchanged. This exchange is also seen by the presence of an avoided
crossing between the two states.

For example ratio and root tests for the energy series for the |010) and |200) states
show a radius of convergence of d. ~ 0.0118. Furthermore, quadratic Padé analysis
(able to model the singularity structure of the energy series including branch points)
suggests a square root branch point at o, = —0.011386007 shared by both energy
series. This branch point is thought to arise from the w,/w; = 2 Fermi resonance
which oceurs at A = A = 0.6369. Thus, the energy functions for these two states

could be modeled in the form
Eo10(8) = f(6) + g(d)\/o — 4,

and

Eag0(d) = f(d) — 9(d) VI — Js.

Each cnergy is thus considered to be a separate branch of a two-valued function.
When these two energy series are added term by term and then analyzed using
quadratic Padé approximants the branch point is no longer present. The states have
a certain character for large D but as D is decreased to D = 3 the states are seen to
exchange character due to the above mentioned shared branch point. Analysis of the
wavefunction at large and small D also show this exchange of character.

Looking again at Fig. 1.6.6 we see that for higher Iving states the number of
Fermi Resonances increases rapidly. Thus we would expect higher lving states to
have many square root branch points in their energy functions and thus exchange
character several times as we go from large D. to D = 3. The increasing number of
branch points also makes summation of the energy series more difficult. To accurately
sum these series we must somehow remove or account for these branch points. \We
will see in Chapter 4 that this behavior exists for higher angular momentum states

as well and can actually be more complex.



Chapter 2

The D-Dimensional Helium Atom For L # 0.

2.1 Introduction

The derivation of tractable perturbation equations requires an expansion of the wave-
function in which the rotational degrees of freedom. which multiply with increasing
D. are isolated within known basis functions so that perturbation equations purely in
terms of internal coordinates may be derived for the unknown expansion coefficients.
For S-wave states this is fairly simple [39, 40. 9]. thus to date DPT studies have
focused for the most part on S¢ states and their interdimensionally degenerate P¢
counterparts (see Sec. 1.6.3).

During the past five vears Dunn and Watson have published a series of four pa-
pers (2. 3. 4. 5], which detail the extension of the DPT formalisin to higher angular
momentum states for multi-electron atoms. This work completes and generalizes
carlier work by Schwartz [6. 53] and others [7] who worked solely in 3 dimensions.
References [2. 3] describe. in detail. the derivation of a finite expansion for the D-
dimensional. N-electron wavefunction using D-dimensional rotational invariance im-
plemented through the group theoretic method of irreducible tensors. The resulting
wavefunction expansion leaves the expansion coefficients dependent only on a finite
number of internal coordinates. In Ref. [4], application of the Hamiltonian to this
wavefunction expansion for the atomic two-electron system results in a tractable set
of differential equations which allow continuation in the dimension D. i.e. allow

a perturbation theory which uses D as its parameter. These differential equations
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also clearly reveal the complete set of exact interdimensional degeneracies for the
two-clectron system generalizing the work of Herrick and Stillinger[49. 50]. Doren
and Herschbach [41. 42. 43} and Goodson et. al.[34] who identified a few particular
interdimensional degeneracies. Finally, in Ref. [3]. these differential equations are
solved in the large dimension limit and a zeroth order solution is obtained about
which a perturbation series can be developed. This enables the methods of DPT to
be extended to all higher angular momentum states of two-electron systems. (For
a different treatment of higher angular momentum DPT as applied to molecules sce
reference [33]).

The goal of this dissertation is to present the first application of this extensive
formalism. For our initial system we have chosen to study excited states of the helium
atom. We begin in the next section by summarizing the results and procedures
outlined in Refs. [4. 5]. We begin with a brief discussion of the generalized Schwartz
expansion as applied to states with P° svimmetry. \We then outline the procedures
for dimensional scaling and dimensional perturbation theory for arbitrary angular
momentum. deriving a set of perturbation equations as was done in Sec. 1.6.3 for S-
states. After having obtained a suitable zeroth order approximation we then outline.
in Ch. 3. the procedure for solving the perturbation equations to anyv order. Finally.
in Ch. 4. we present the results for various P states and their interdimensionally
degenerate D° counterparts.

The results of this research serve to validate the correctness of the formalism for
two-clectron atomic states with arbitrary total orbital angular momentum developed
by Dunn and Watson. We are now confident that the formalism should be correct for
an arbitrary number of electrons as well. The formalism is now being used to study
Bose-Einstein condensates and can. without too much effort. be used to study more

complex systemns such as many electron atoms.
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2.2 Two-Electron Hamiltonian And Large-D Limit

The two-electron Hamiltonian in D-dimensions for arbitrary angular momentum is
derived in Ref. [4] by specializing the wavefunction expansion of Refs. [2. 3] to a two-
clectron system. Reference [5] then discusses the large D limit of the Hamiltonian.
Here we present a summary of the results of Refs. [2. 3], specifically. we consider the
generalized Schwartz expansion for the wavefunctions of P? states. then we summarize
the results of Refs. [4. 5] and discuss the application of the equations to the calculation

of the '3 P2 states that are the focus of this dissertation.

2.2.1 The D-Dimensional Schwartz Expansion

We begin by summarizing the generalized Schwartz expansion. the results of Refs.
(2. 3]. specifically for P° states. The D-dimensional Schwartz expansion for two

clectrons is given by Eq. (1) of Ref. [4]

o, (r. ) = > Wi ey (TeT2) fo5, (ri.72.r12) (2.1)
#y ik (py +pa=t)

[ labels the irreducible representation of the D-dimensional orthogonal group O(D).
the group of rotations and reflections in D-dimensions. (Recall that the Spherical
Harmonies Yy, transform under irreducible representations of O(3).) We concern
ourselves only with those irreducible representations that survive down to D = 3.
These representations may be denoted by a Young diagram with ~, boxes in the '
row. 1 </ < 2. and ~, is restricted to be 0 or 1. Young diagrams determine a
particular svmmetry with respect to permutation. I' is then taken to be the partition
[ ={~,.7,). In three dimensions the I' = [v,] (v, = 0) states are the L = ~,. 7 =
(=1)" states and the T = [v,.1] states are the L = ~,, # = (—1)t7! states. Also
t =~ +~, =y, + p,. For example, the P° states would have L = ~, = 1 and
7 = —1. This would imply that the P states would transform under the irreducible
representation denoted by I' = [1], (i.e. v, =1, v, = 0.) Similarly, D° states would

be represented by T' = [2,1].



Now consider the indices in Eq. (2.1) for P° states. First of all. the set of indices
{6;} = {i1.is.....1,} becomes just one index. i, since t = 1 for the P? states. Thus
the wavefunction is a first rank tensor. This index ¢ ranges from 1 to D. The sum over
¢ is a sum over standard Young tableau of the group of permutations of ¢ objects.
S;. Since t = 1. S is just the identity and there is only one standard tableau. thus
the sum over ¢ gives just one term. Finally. the sum over y¢; and g, results in just
two terms since g, + 1, =t = 1 which gives (u,.1,) = (1.0) or (0.1). Now we can

rewrite the Schwartz expansion as

o
o
S~—

‘[’,r (ry.ry) = ”'1[:1.0;1' (ri.r2) f{o (ri.ra.ri2) + ”—1{0.1;1‘ (ry.r2) f({l (rioryorip) . (2.

with 7 =1.2....D.

What is 1177 In general 117 is given by

I =ty g, . Ju-,» Ly Lo R
i tyeygeai{ie} (I'[. r2) = E EFDUEI:}'X} { }0‘11{}“’1-} .{Ju-_»} (l'l.l"_)) ' (23)
(o F{a}

1T is a rank-f homogeneous polynomial/tensor with each tensor index ranging from
1 to D. Since t = 1. 117 is a column of homogeneous polynomials. 1/ is a tensor with
the set of indices {J,, } = ji- jo.. ... Ju, and {J,} = jijoe. .. Ju, with 1 < j; < D.
Since i, + 1, = t is the number of indices on M. then M is also a rank-t tensor and.
like 117, the tensor indices of M range from 1 to D. Again. since t = 1. M is a column
vecetor. like 117, In other words, when (g;.4,) = (1.0) we have {.],,1} = J; = j and
{J.,} = 0. similarly. when (s1;,p,) = (0.1) we have {J, } =0 and {J,,} = j, = J.
Finally. the operator D has ¢ indices given by {Jm} . {.],‘2} and another ¢ indices
given by {/,;} and is thus a rank-2t tensor. D is simply a matrix when ¢t = 1.

Since the set of indices {.J, } . {Ju,} is really just one index when t = 1. the

multiple sum in Eq. (2.3) becomes just one sum and 1 becomes

Lipyupan

W (FLT2) = D TTDZA () ry) (2.4)
J



The operator [7D}! turns out to be the identity matrix and so we can write L' D,/ =
(2.4

d,, and Eq. (2.4) becomes

Hy-H2
f

I‘lplp 7 (rl l')) =4 (rltr'l)

M is defined as

lf}:i} {42} (ri.ry) = Tf"“ } (ry) quu-} (rs).
where
Tf—’u,} - )Jl (ri)j: .“(ri)_)," :

The (r,)] are the Cartesian components of the D-dimensional position vector r; of

th

the /" electron. When g, = 0. T? is the identity. When y; = 1. le = (r,—)j . We can

now write
-r -r
Wiioy (T1.12) = (rl)j and Mo (Fr2) = (r'l)_j
Substituting into Eq. (2.2) we have

r L e
W, (rl~r'..’):(rl)_,‘ f{o(r1~r2-f12)"'(’2)1 for.L (ri.reore).

We can write this wavefunction as a columnn

(r1), (r2),
' (ri.r2) = (r‘:);, f{o(rlsrzsl'u) + (r‘?)'z f({[("l-"‘ze"lz)- (2.5)
("l)g ("".')D

or in Cartesian vector notation as

r
¥ (r;.ry) =1, flr,o (r1,72,T12) £ 12 for,1 (r1,72,712) .

(3]
N



This last form is identical to that derived by Schwartz in 1961 except for the fact
that the vectors r; contain D components. Also. we have properly symmetrized the
wavefunction with the + sign for the singlet state and the — sign for the triplet state.

If we define F; = f{:o(r,. ry. ry12). and F, = f({I(rl. ra. r12). the wavefunction can
be written as

\Ilr(rl,r-_))zrl FlirgFg-—-f'lrl F] Zi:f'gT-_;F_). (26)

Or. if we define the following column vectors

Fl r;
Fl = and Wl =
:tF_) )
we can write the wavefunction as
r r7 @r A -
¥ = W Fr. (2.7)

This is exactly the same form as Eq. (1.26) for the Schwartz expansion of the P°
wavefunction in three dimensions. Notice that W' is a known function of internal
coordinates and Euler angles while the function F' is a function of the internal
coordinates ouly. Thus our goal of factoring the wavefunction as discussed above has
been achieved and we now need to solve for FI'. Even though we have summarized
the generalized Schwartz expansion for P states. Eq. (2.7) is true for any state of
any two electron atom. W will always be a column vector but the number. and the
functional form of. the elements will varv. The function F! will also be a column
vector for all states and will depend only on the internal coordinates.

We now will change notation slightly to make the angular momentum and parity
quantum numbers more explicit in our equations. Rather than writing ¥ we will
write W57 and wherever else there appeared a ' we will simply replace it with
L.7. Now that we have succeeded in writing the wavefunction as a product of two
functions. one of which depends only on the internal coordinates and the other is a

known function of the Euler angles and internal coordinates, we proceed to step 2



of the general DPT procedures and derive a differential equation for the unknown

functions F&~,

2.2.2 The Schrodinger Equation

The generalized Schwartz expansion of two electron atoms in D dimensions was de-

veloped in Refs. [2. 3] and is given by

WET (r.r) = [WL"" (rl.r-_))]TF[‘"" (ri.ra.rp2). (2.8)

as discussed above. where L is the angular momentum and 7 is the parity.
(W= (r[.r-_,)]T is the transpose of the column vector W7 (r,. r,) of basis func-
tions and F&7(r;. ry. r5) is the column vector of expansion coefficients. The scalar
quantities r; and r, are the electron-nucleus distances while r» is the inter-electron
separation.

In Ref. [4] the wavefunction expansion of Eq. (2.8) is introduced into the Schrédinger

equation

phr (rp.r) = EyhT (r;.ra). (2.9)

Nt

1, 1
<-§vl -5V

N
N
SN—

resulting in a syvstem of coupled differential equations [4]

I:IL.,-_FL"T — EFI"'?, (210)

where the matrix differential operator. Hy - . is

I:IL.:(rls ra.rp) =
( 1 9°? 1 9% o* ri,+ri—r3 0

Wi

_§ar'f - 507:? B or3, 2r T2 Or 0ry»
rh+ri-rf & zZ Z 1 I
2roryy Oredriz i T12) :
(D-1+L+~,)I,+L, 0
27‘1 El_




(D-1+L+~,)I,+L, 9

2]’2 arg
— L+~,)I,+S, ¢
-(D 1+.-r-,_') + d ' (2.11)
2y Orya

with # = L —~, and ~, = (§(7 + (=1)E71))? which vields ~, = 0 for states with

7 = (=1)F and ~, = 1 for states with # = (—=1)}£71{56].

I, isa(r+ 1) x (r+ 1) dimensional unit matrix and L, and S, are (r +1) x

(o + 1) dimensional matrices given by

([ o o 0 0 \
0 z-2 0 0
Lo 0 o - 0 0 (212)
0o 0 0 —(r—2) 0
\0 0 0 0 —r

and

(0 1 0 -~ 0 0)
r 0 2 0O O
S, = (2.13)
0 0O 2 0 =
0 0 1 0)

\ 0
2.2.3 The Pauli Principle

The system we are modeling consists of two identical fermions. Therefore the com-
plete wavefunction must be totally antisymmetric under interchange of the two clec-
trons. For a singlet state the spatial wavefunction must be symmetric while for the
triplet state it must be antisvminetric. It has been shown that this antisvmmetry is

ensured when the column vector F&7 satisfies the following constraint (see reference

M4

(V1]
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FOm (rra,mig) = (1) N F57 (ra, 11, ) (2.14)

where S is the total spin and the (r + 1) x (z + 1) dimensional matrix N is

(00 0 1)
00 - 10
N, = (2.15)
01 - 00
\ 1 0 00 )

2.2.4 Interdimensional Degeneracies

Equartions (2.10). (2.11) and (2.14) show the complete spectrum of exact interdimen-
sional degeneracies between the 7 = (—1)f and 7= = (—1)£%! states. The differential

equations are invariant under the replacement

L+~ m=(-1):(25+1)=3.1: D«

L+, +2:7=(-1)"025+1)=1.3:D-2 (2.16)

For instance. the %! P° states calculated at D = 5 give the !3D° states at D = 3.
g

Recall our discussion in Sec. 1.6.5.

2.2.5 The Large Dimension Limit

The goal in this section is to transform the Schrédinger equation to obtain an exact
solution in the D — o limit. We begin by regularizing the large Z limit with the
transformation r; — r,/Z and E — Z* E and we define A = 1/Z.

Next we transform from the variables {ry. r,. ri2} to {ri. ry. 8}. where 8 is the
angle subtended by the two electrons at the nucleus. This transformation eliminates
the derivative cross-terms in the Hamiltonian, Hy .

Finally we rewrite Eq. (2.10) as



H. . (ri.r2.0) @5 (r).12.0) = E®"" (r;.r;.0). (2.17)

with

- -l r 3 3 1
He-(r.rm0)= J°H, . J = (2.18)
L= = JEFL=, (2.19)
rnl;([,+—,2)l;+[.,] r_l:z([“:'."-’ﬂ’_[”} Sin([a?“lz)g J. and

L
Il

rED_l)rgo_” sin(2=2g, (2.20)

where .J is the Jacobian. The matrix differential operator H; . becomes

- - 1 - - -
H, - (ri.r.0) =T+ U+ V1, + lW (

( 0]

[§V]

.21)

i

where 8 = 1 /(D + L +~,).

Every term in Eq. (2.21) is a function of {ri.r:.8} . The terms T. U. and VI,
contain the matrices I, and/or L, and hence are diagonal matrix operators. The
term W is a tridiagonal matrix operator with zero diagonal. Furthermore. all the
terms except 1 are 8 dependent. The terms T and W are kinetic terms (i.c. contain
derivatives) while 1" is the Coulomb potential term and U is an additional “potential”

term with factors of 1/r2. These terms are given by

- WA
T(ri.r..0) = [".‘2'(5')?'*'81”%)—6 EF]II

_ a
-G (‘OtgéaLI’ (2.

N
o
I\
g

T (.10 0) = i[{(l'zd)(1‘4d) -5'-’}1,+¢5'-’L,} G-

- ‘)
sin~ ¢

[$1}
~]



d1 -2

s——-L:G". 2.23
2 sin* 8 ' ( )
- 1 1 2 P 1-1/2

! (rl.r-l.ﬂ)=————-i-/\[r{-&-r.g—?r‘r-lcosej . (2.24)
i ra
= Mi(ri.r2) (.0 11-26
W=—"— —{f—-- ] 225
rry sin @ o0 2 tané ( 3)
where
i _te
NI.[ (T'[.f"_g) = (r_l) ] Sx (1)
s 2
- -

0 % 0 Q 0

1:% 0 20 0 0

0 (r-— l)f- 0 34 0
= ! 2 (2.26)

0 0 (x - Z)f: 0 0

Lfl

0 0 0 0 % 0

and
_ 1 1 1
“-3(5-7)

2.2.6 Lewis Structure

To consider the large dimension limit we scale the coordinates and energy as we did

for S-wave

|

Fo=d8%r,. E=3=. (2.27)
0-
and introduce these into Eq. (2.17) to obtain
5 $6T (Fi. 70.0) + W (7, f._,,e)}
+ U (71.72.0) + U (7y. 72. 0) Ix] $L7 = EPLT (2.28)



Notice that as § — 0 (D — oc) the derivative terms disappear and so the electrons
are stationary at the minimum of the effective potential given by Vg( 7. r. ) =
Uo( (. Fa. ) + V(7. Fa. 0)I, where ﬁo( Ty, T2, 8). a multiple of the unit matrix. is

the & — 0 limit of U(7,. 72. 8). Explicitly. the D — ¢ potential is given by

Vog(ri.ry.0) = [% - 12 G* — —1- — l + A [F," + F% — 257y ('059]_1/2] I,.
sin- 6 r s
We again choose to expand about a symmetric minimum where 7y = 7, = r,,. and
f =46,,. This “frozen™ structure is again called the Lewis structure. Notice that this
Lewis structure is independent of angular momentum, since the large D potential
only contains the matrix I, and not the matrices L, or S, whose elements change as
angnlar momentum is changed. This is also evident since Vg( 7. 7. 8) is exactly the
same as S-wave large D effective potential multiplied by the unit matrix I,. Hence.

the values of r,, and 6,, are given by the same equations as in the S-wave case

1
Crn = COS Hrn = _2/_\ [(1 + /—\l) : + /_\J (2.29)
and
1 o - 2\
Fyp = I (1 + Cm) -, where A = \/l; . (230)
while = is again given by
]‘+ .771 3 1
:—x=_4( Cm)” _ _ LR (2.31)
(1 — ) dre 52,

Again note that the results of the large D limit, equations (2.29) through (2.31) hold
for any value of the total orbital angular momentum. Furthermore, the term 1°.
containing all of the electron correlation, has no overall factor of 4 and hence has a
contribution at zeroth order. In other words, electron correlation effects are included
at the lowest order of DPT unlike other perturbation methods which include electron

correlation only at higher orders.



2.2.7 The Langmuir Vibrations

The next step in developing a perturbation expansion of the Schrédinger equation
is to allow for small oscillations, called Langmuir vibrations. about the Lewis struc-
ture positions. To investigate these oscillations and obtain a zeroth order solution
to the wavefunction we introduce the dimensionally scaled displacement coordinates
L.y and y through the transformations given by Eq. (1.27). When the displace-
went coordinates are substituted into the Hamiltonian we find that U and U remain
unchanged. except that 7, and € are functions of ;. y. and d. but T and W change

slightly due to the presence of derivative terms. The Hamiltonian becomes

H = 5‘)’1’( ra.y) + W (ry.19.y) + U (ry.ra2.y) + U (ry. 1. y) 1.

where
2 N dJ° o? - r';’n e
T (ry.xy.y) = 0O [—5 (().EI) - 0::;) -G ??J I,
—0%?G~ cot -:—}_'—l-adl L..
and

- ) ~ ‘.) 5 Fin o ~ —2.
OW (ry,ry.y) = M <(5'¥/ rm O 01 ()) .

20y 2 tanf

Now since 7,. and 6 are functions of displacement coordinates and ¢ we can expand the
Hamiltonian and wavefunction, ®%7( 7. 7y, ), in powers of 62 while £ is expressed
as a power series in d as we did in the S-wave case. see Egs. (1.30) and (1.29).
The coefficients of 4172 in these expansions are no longer simply functions of the
displacement coordinates but are matrices. in the case of the Hamiltonian. or column
vectors. in the case of the wavefunction. These expansions are then substituted into
Eq. (2.28) and by equating coefficients of 6'/% we obtain a set of equations for =; and
S

The coefficients of 6° give the large D energy s~ as derived above but we get no
g g gy g

. . . . ~ 9 . - . . . .
information about ®,. The coefficient of §'/? in the Hamiltonian is zero since this
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cocfficient is the tirst derivative of the effective potential with respect to 6'/2 evaluated
at §'/2 = 0 which is at the minimum of the potential. Finally. the coefficient of 4.
i.c. sccond order in ¢'/2. gives us a coupled differential equation for =4 and ®,.

Specifically

H, (ry.02. ) 857 (1. 00.y) = | Ty(erza.y) + Us (21 2. y) + Vo (120 ) I,

r—

+W, (J’x-J'z-!/)] By (ry Lay) = 20 BT (11,000 y) (2.32)

where T,. U, and VI, are diagonal (they are simply scalar functions of {z,..r,.y}
multiplied by the unit matrix I;) and Wg multiplies the non-diagonal matrix S, and
is independent of the displacement coordinates. The term W, thus serves to couple
the (1 + 1) differential equations in Eq. (2.32).

Equation (2.32) is invariant under the substitution x; < r» so if we transform
to syuunetry coordinates using Eq. (1.28) the variable ¢, separates from the other
variables and we are left with z and y still coupled. The § order Schrédinger equation

becomes

H; (q1.2.y) B8 (qi.x.y) = 0B85 (q1. 2. y). (2.33)

where

ry . 1 ( 2 az 1 az ,-2 13 - ! 2

H, (¢;.r.y) = ~3 g + 3.7 T 3 +urs+rary+wy
1., 3 S.

4 =g — - D
-_“’1(11 _2,‘72“5;-)71] II 27;)113mtm (- 34)

and u. . w and w3 are the same functions given by Eqs. (1.35) and (1.38).
We can then separate & and y by transforming to normal coordinates using the
transformation of Eq. (1.41) where x is again given by Eq. (1.42). x is approxi-

mately 90 degrees so from Eqs. (1.27), (1.28) and (1.41) we see that ¢; corresponds
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to the antisvinmetric stretch mode while ¢». and ¢; correspond approximately to the

symmetric stretch and bending vibration modes respectively

At this point the full Hamiltonian is given by

H=¢T+W+U+1TT1,

where
2T y [ : (cos2 ” 2sin y cos ” + sin? X =5 & & )
¢ = —_— “0S” - O 2
2 Yaqx X X0(1)0% 9g3 3(1{
. r? 9? d? d?
-G+ ). I
(g1-¢2.q3) — 5 <cos w(a 5 0(128(13 + sin” \0(132)]
2/ . I'm a -
—5*2G™ (q1. 2. q3) cot QE (sm Yc‘)q + cos Yc)q,) L.. (2.35)
. M, (F1.72) ( apotm (. O ) 5128
oW = - te) fgsrelm P . . 2.36
ryrasinf V2 st *aqg ™ o8 Xaq-g 2 tané ( )
- 1 1 - 2(5 1 - ‘1(5 - -) 9 -
U = = <( )( ) _ o-) I, +o-L;} G (q1-q2-q3)
| sin® ¢
Y1 —20 -
_'L-% T G ((117(12-(13)111- (231)
2 sin~ 46
and
- 1 ) — ~-1/2
{':-T——_—+,\[ff-r-f‘_;—2r1r-)c050] 1z (2.38)
ry o -

where 7, and 7y are given by Eq. (1.48). With the matrix M, given by Eq. (2.26).

we can write the term dW as a matrix by defining

a1 3] 3] 01 —20
4= /2 Lm + . _ 2.39)
! r3siné (( V2 (Sm \()(1: cos \0(1)) 2 tané ) ‘ ( ’
and
1 o T d d 51 —20
B= o322 — + cos - = . 2.40
Fisin @ ( V2 <sm \0(1; 0 \8(]2) 2 tanf ) ( )



and absorbing these terms into the matrix M. We have

[ o 4 0 0 0
B 0 254 0 0
i 0 (z—=1)B 0 34 0
W, = (2.41)
0 0 (t—=2)B 0 0
arA
0 0 0 O B 0

This term is the only non-diagonal term in the Hamiltonian. coming in at order
0. and it thus serves to couple the r + 1 differential equations. At J§ order 4 =
B = ~1/(2r2 smty,) and the § order Hamiltonian (also known as the harmonic order

Hamiltonian) becomes

—

H, ( ) L(& +82 .Y, L "’('“’-i-l 3G + 2q;
2041.¢2.(3) = | —— . 5 - - —u5(. —Wa{-
2\41-q2. 43 2 8(1‘12 aqf s 8(15) h 9 1 11 .2 .Zq_’ B 9 3 13

IR P T, .

22 42

V2 o
mm "‘rm 'Smtm

Notice thar rhe terms in square brackets are identical to the S-wave harmonic order
terms.  The harmonic order Schrodinger equation is still a set of r + 1 coupled
differential equations. coupled by the matrix S,. This matrix can be diagonalized by

a equivalence transformation which takes S, — L.

Lr = QIRISI [Q.I:R-;r:].—l .
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This transformation works as follows. The transformation S, = R.S.R_!. where

/\/I 0 0 0 0 \
0 \/g 0 0 0 0
0 0 o 0 0 0
R, = 0 0 0 FesnTr— 0 0
: : : : . 0 0
0 0 0 0 \/g 0
\ 0 0 0 0 0 V1)

[ o NG 0 0 0 0 )

JT 0 r -1 0 0 0

0 2(r — 1) 0 0 0 0

0 0 3(z - 2) 0 0 0

S, =

0 0 0 (r—2)3 0 0

0 0 0 0 =12 0

0 0 0 (r=1)2 0 JT
\ 0 0 0 0 JT 0

Now if we consider the example of = 1 (corresponding to P? states) we find

I 0 - 01
L[ = and 51 =
0 -1 1 0
and it is clear that L, and 1S, are the J = 1/2 angular momentum matrix represen-
tations for J. and .J, respectively. In general. 1L, and .S, are matrix representations
of .J. and .J,. respectively, with .J = z/2. To transform S, to L, we simply operate
with the appropriate real orthogonal rotation matrix that would take .J, to .J.. This

would be a clockwise rotation of /2 about the y-axis. This transformation would
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also take L, — — S,. The appropriate rotation matrix is the inverse of the Wigner

rotation matrix. d7 (). for rotations about the y-axis. Thus we have

a.= [ (3]

When we apply the transformation

H = Q.R.H[Q.R,]™". (2.43)

to the Hamiltonian we simply change Eqgs. (2.33) and (2.37) by letting L, — —8S,.

while the term W, becomes OW! = Q.R, /W, [QIRI]_l. Explicitly.

£(A+B) ¥E(A-B) 0 0
-¥Z(A-B) L-1)(A+B) ———‘/2‘§_'”(-'\—B) 0
SW' = 0 —¥2eU 4 p) (5-2)(A+B) (2.44)
0 0 ’ ¥Z(A-B)
~¥E(A-B) -%(A+B)
The wavefunction ® - is transformed as
GL.: = QIR’IQL.W'
Finally. for the 0 order Schraodinger equation we have
H,G:™ = GE™. (2.43)
H = 1 (2 ‘s o° I 55y 1,22_1_1,2(2
: = |T2\a T ag@ T ag) T T3 v 5ah
3 L
—— - (2.46)
2r72n372n erznsmtm

where



G(I)“z ((11-, g2.q3) = Qr.Rq‘I’(I)'"T (q1. q2- q3) - (2.47)

Equation (2.45) consists of £ + 1 uncoupled and separable simple harmonic oscil-
lator differential equations. one for each of the r + 1 components [G5 ™ (q1. 2. q3)]a
of the vector Gé""(ql. ¢2.q3). Thus. all components. [Go], . of the zeroth order wave-
function are identical and equal to a product of three Hermite polynomials as in the
S-wave case. The only difference is that their energy depends on the index a because
of the diagonal matrix L, in last term in the harmonic order Hamiltonian. Eq. (2.46).
Thus. by diagonalizing the harmonic order Hamiltonian we have made the zeroth or-
der energy multivalued. We simply pick one of these energies as our zeroth order
energy by picking a value for a. sav a@ = +. where v = 1.2, .... r + 1. The zeroth
order wavefunction then consists not of = + 1 identical components but rather a single
non-zero component. the +** component. with all other components equal to zero.
By choosing a specific component of the zeroth order wavefunction to start with we
are in effect choosing a fourth quantum number. ny. Choosing a different component
of the zeroth order wavefunction gives us the zeroth order energy for a different state.
For example. as will be discussed later. choosing n, = 0. n;, =0. ng = 0. and ~ = 1.
denoted by the ket [0001). we will calculate the energy series for the 1s2p ! P° state.
while choosing ~ = 2 will give us the 1s2p 3 P? state.

The zeroth order wavefunction is now given by

: 2 4 /2 1/4 1/2 —_ -
<y Ty, (..,';/ q;).‘:.i,/ hn, .;;.]_,’ (13);‘:3/ Ry (.1:3/ 113) a ="

0 a F~

where
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and a and ~ range from 1 to z + 1. Or we can write

1 <~ <L +1 for the 7 = (—~1) states and

[RV)
Ut
Pt
o

1 <~ < L for the 7 = (—1)F"! states. (2.

The scaled energy E to first order is given by

E L [ > ( ; 1) + 41
= - 3 2 ¢ 52 .0 <l e T @wa | N =
4 rr)n 5 m 2 rm Sm 2 2'

+wg (ng + é) + @y (fl.g + %)] - (2.52)

Also n,. n, and ny are the number of quanta in the antisvmmetric stretch. symmetric

streteh and bending vibration modes respectively. Finally, in order to satisfy the Pauli

principle. the total spin S must satisfy [3]

S=1whenn, +~,+~v—1is odd and

S =0 when n, +7v, +7 — 1 is even. (2.53)

2.3 The Full Schrodinger Equation
and Its Solution

Up to this point we have found the zeroth order wavefunction and the zeroth and
first order (harmonic order) energies. We have also defined four quantum numbers
in the large D limit which we can choose according to which state we would like
to calculate in 3 dimensions. For example we would like to find the energies and
wavefunctions for the 1s2p 'P° and 1s2p ?P° states. We know that these are the
lowest lving states with P° symmetry so we choose the smallest possible values for

{nq.ns.ng} which would be {0,0.0}. Also we know that for P° we have L = 1, and
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7 = —1 thus ~, = 0 and z = 1. Thus the wavefunction G%~ will be a column vector
with two clements so that + will take the values v = 1 and v = 2 (see Eq. (2.51)).
Finally. from Eq. (2.53). we have that ~ = 2 for the 1s2p 3P° state and ~ = 1 for
the 152p 1P9 state. Selecting one of these states forces us to set all elements of the
column vector Gé"” to zero except the ~** element which becomes a product of three
harmonic oscillator functions with quantum numbers n,. n, and ng . To obtain higher
order corrections to the energy and wavefunction we need to consider the expansion
of the full Hamiltonian.

Afrer the equivalence transformation of Eq. (2.43) the full Schrédinger equation
becomes

H’L~ ((11-, q2. (13) GL+ (q1-q2. (13) = E GL~ ((11- q2- q3) (2.54)

where

=0T + WL+ U + 171,

and

- X 1 , 0° . 2 , O° 9?
0T = o|—-= (cos’ \== — 2sinx Cos \ —™——=— +5in° \ =—5 + —
2 dq3 9q29q3 dq;  Iqi

-G7( )_r‘;’ cos’ i + 2sin x co ———‘l + sin? —.2 I
q1-q2-q3) = | cos” yz— + 2sin x cos) tSIn” X = r
- fa) ] q3 X Y(‘)(1-.)67(13 ‘3 a3

277> .7". - a ( — -
+0**G ™ (q1. q2. q3) cot0’7§— (sm \0713 + cos \%2-) S:. (2.55)
1 1 -20)(1 -48 - = .
U = - (( )( ) _ 0') I+ O‘S;] G7 (q1.92. g3)
4 sin~ @
Y1 — 28 =
—f—l. 5 "G (q1-42-43) .- (2.56)
2 sin“ 6

The terms d W’ and 1™ are given by Eqs. (2.44) and (2.38) respectively.

- - . . = *)
The Hamiltonian. wavefunction and energy are expanded in powers of 6'/? as

before
> x
1 _ iy L=z _ cEe~L.7 g ==
e =S SHH. G- =3 stGLT. (2.57)
1=0 p=0
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and

E = Voe(rm. rm.0m Z & eq, (2.58)

When we expand the Hamiltonian we collect all terms that multiply the same power
of ¢1. ¢s. q3. as well as 6'/2. There are also other terms that multiply derivatives of

the ¢'s as well as powers of the ¢’s. These terms are collected separately. The final

expanded Hamiltonian is given bv

H, _ —é(a'z*aQ-{»a;’)
o T 2\ T 9 T ag

(=272 j=2-2

Y 2 T1(j.k. 1) qi* g5 G727
k=0

[:]x

=3
X (cos" Y i + 2sin y cos y i + sin? \0_.’)] I
Iq3 S " 0g20q3 Soqy) )T
x (3—4M2 j—1-2k
+y a0 N T2(j k. 1) qi**" qb qf =
=1 k=0 (=0
X (sm yi + cos yi>
0 qs3 0(1)
o /2 j-2%k
+[§:5 2: E:Lljkl % q,ﬁ_ul
i=0 k=0 I=0
x G=2)/2 j—2-2k
+Zdj/2 Z Z U205 k1) ¢FF & qJ, -2k
=2 k=0 (=0

*Z"’/) Z Z U3 kL) ¢ ¢ 772 1,

71=1
x< (j=3)/2
+ (D N Z UA(j. k. 1) g7 qb 707!
71=3 k=0
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The term 6 W is still given by Eq. (2.44) but now 4 and B become

> -'_'7 J—
4= > s Z Z AL kL) ¢F ¢ @72
J=2 k=0
e -3 j—=3-k a a
, /2 —3—k—t [ _. o
-rjz:; o7 ; Z A2 k1) ¢ b @~ (smxa—(h—rcosxaqz)
J—t j—i—k

M

Z A3k D) ¢f @y G5

<
Py
)=4 k=
with B equaling the same expansion with the exception that the coefficients
Bi(j. k. 1)y = (=) Ai(j. k. 1).[57]
These expansions of the Hamiltonian, wavefunction and scaled energy are then
substituted into the Schrodinger equation. We obtain equations that look exactly

like the S-wave case except that the Hamiltonian and wavefunction coefficients are

matrices or column vectors respectively. Substitution into Eq. (2.54) gives

x x
ZH )J/-ZG 52 =3 " Gor? (x;ﬁ(,-,,,, Fin-On) +0 ) s._,Jo‘f) : (2.60)

7=0 p=0 p=0 7=0
As before. the ¢° term gives Hy®o = | ot(rm. r'm. 0n ) ®o which simply says that Hy =
Ve(rome - 0,)1,. Thus. HO is a diagonal matrix with cach diagonal element being
equal to Veg(r,. rm. 0,n). the energy as D — >c. The Y2 term gives (H;@l +H'1<I>0) =
Veir(rm. rm- 60,,)®. but H'l contains only effective potential terms and is the derivative
of the effective potential evaluated at its minimum. Thus. H, = 0. and we are left
with Hy®, = Vig(rm. rm-0m)®, which gives us no new information. Eq. (2.60) can

now be written as

f: o7 ”ZG §P/2 = JiG o7/ isjo‘f/'-’ (2.61)

with 5,1 = 0. After a change of variables and some rearranging we can write

i Jj/2 i (H1 - EIII) Gp_l = 0.



where H; = H,_,. This then leads us to an infinite set of coupled inhomogeneous

differential matrix equations

p
> (Hi-al.)Gp =0 p=0.1.2.... (2.62)
(=0
For p = 0 this equation gives the zeroth order Schrodinger equation. HoGy = £0Go.-
[dentifving Hg with H, we find that Hy is given by Eq. (2.46) and thus G, is given
by Eq. (2.48).
For p > 0 we obtain equations that can be solved recursively once the p = 0
solution is known. The method we use is called the matrix method and is discussed

in the next chapter.



Chapter 3

Computational Strategies

3.1 The Matrix Method for States With L =0

Previously the matrix method has been discussed for one degree of freedom and briefly
for three degrees of freedom [8, 9]. Here we consider the three degree of freedom case
in detail so as to better understand how to implement it for states with L # 0.
Since the harmonic oscillator eigenfunctions given by Eq. (1.56) form a complete
orthonormal basis set we can write each of the wavefunction expansion coefficients.

®,,. introduced in Eq. (1.32). as a linear combination of products of the h, .

Mp, My, Mp,

¢, = (J,-N,-z“.;:,)l/‘* Z Z Z i‘j'ka,, h; (u;;/z([l) hy (w._i/zq;;) hy (.41_.1;/2(13> . (3.1)

1=0 j=0 k=0

The upper limits in the summations are finite numbers which will be discussed below.
We can use the rank-3 tensor. or cube. a, with clements i'j"‘cz,, to represent the function
¢, in a basis of triple products of harmonic oscillator eigenfunctions. We can also
write the value of the overlap integral of two expansion coefficients ¢, and ¢, as

inner products of the tensors a, and a,,

x s ©) o2C
/ / / 20, dqdgadas
o g T = —-2C

x s o <
1/2 NS - - .
= (wiwawsy) / / / / E "J"‘a,, h; /LJ I E Lrn "aq hy hyy hy dgydgadas
Soxd=x - Gk

{rn.n

=1
N



o oc
= T3 vt ey (A [ it ) (4 [ 15 )
- —nc

t.j.k lm.n >

o
1/2 -
x (.‘;3’ / hih, dq;:,)
J—nc
. E E 1.k lm.n Y Y Y — § : 1.k i.j.k
= J ap a,, (),'.[ oj,m ok.n = o (lp J aq

1.j.k Lm.n 1.7.k
. T
= a) -a,.

We are now working in a three-dimensional space spanned by products of the

Iy (u«'{/ 241) h; (&'-.5/ 2(12) hi ('««':5"2(13) :

A single product of this form may be represented by a rank-3 tensor with a 1 in the

form

i.J. k position and zeros evervwhere else. Since the three-dimensional basis functions
are products of three one-dimensional basis functions. n,. the rank-3 tensors can
be thought of as a direct product of three rank-1 tensors. In other words. the basis
function /iy can be represented by a column with a 1 in position 1 (the position indices
of these tensors start at zero since the basis functions /i, can take v = 0.1.2....
Recall that v is a simple harmonic oscillator quantum number.). h, is represented
by a column with a 1 in position 2 and k3 becomes a column with a 1 in position 3.
Thus the product hyhyh, can be represented by o direct product of the corresponding
column vectors yielding a rank-3 tensor with a 1 in position 1.3.2.

The £, satisty the following recursion relations

q.h, (..::/")q,) = (’2.’:.:,‘)—1/"Z [l/l/zhu_l (..u;/zqi) + (v + 1)1/2/11,-1 (q,'il/zq,'):] )

[ 9 ‘i 1/2 . D) o
(—/Iu (-a;:/..(li) = (J:_) [Vl/zhu—l (“"’-"zl/tqi) - (U + 1)l/2hu+l (“"1‘1/-(11'):‘ -
dq; 2



We see that the effect of operating on h,,(u;il / 2q,—) with the operator ¢; can be repre-

sented by multiplication of the column representation of h, by the matrix q;

)

(0 VI 0 o
Vi 0 V2 0
0 V2 0 V3 ---
0 0 V3 o0

L

and similarly the effect of operating on hu(w}/zq,») by the operator d/dq; can be

—

q:

o
€

represented by multiplication of the column representation of 4, by the matrix d/dq;

)

/0\/I00
-1 0 V2 o0
0

=2l 0o -—v2 o v3
0 0 -3

\ Y

The wavefunction consists of products of three /1, and is represented by rank-3

tensors which are direct products of the columns which represent the h,,. Therefore.
the operator. say ¢;. operating on the wavefunction would be represented by the
operator q; @I®I where I is a unit matrix operator. In other words. the Hamiltonian
contains terms which have factors of the form ¢} ¢5*¢}. These factors become operators
which operate on the wavefunction and are represented by a direct product of the
matrices of ecach individual operator ¢/. The Hamiltonian then becomes a rank-6
tensor which operates on. or is contracted with, a rank-3 tensor wavefunction giving
a rank-3 tensor wavefunction multiplied by the energy.

As another example. the kinetic terin. T. of the Hamiltonian contains terms of

the form [Eq. (1.49)]
92

2k —2-2k -1
‘Ilk (I‘Iz ‘[:'s 2 m



which can be written as

0
2k 1 —2-2k—!
qay (120 (IJ 0‘13

since ¢; commutes with d/dg; but does not commute with d/dq; for i # j. Writing

these as matrix operators gives

. d o oy d
2k { J=2=2k-l

q ® [QQ ] o2y [q ‘—J .
! dq, ? dq,

where we would do the respective matrix multiplication first and then perform the

direct product. In particular. the harmonic order Hamiltonian. Hy. becomes

1 d \? d \’ d \*
= —— —_— _ S 2 _—_
w - () () orrtors ()

) 1 *)
w;(I®q@I) + + 3% (I®I®q;)

lvlb—‘

1,
+sut (@f ®IQI) +

3
~53 L (3.2)

where I is a rank-2 unit tensor evervwhere except in the last term where it is a rank-6

unit tensor.

The perturbation equations, Eq. (1.33), can now be written as

p
> (H—-cal)a,; =0 p=0.1.2..... (3.3)
=0

where I is the rank-6 unit tensor and 0 is the rank-3 zero tensor. Now rather than

having to solve an infinite set of differential equations we simplyv have to contract a

bunch of tensors and then extract the energy and wavefunctions.

The case p = 0 in Eq. (3.3) has already been solved. The energy zq is given by
Eq. (1.44) and the wavefunction ¢, is given by Eq. (1.45). Pg consists of a single
product of three i; and so by Eq. (3.1) the tensor, ag. which represents &g, contains
a 1 at the location (. j. k) = (n,. n,. ng) and zeros evervwhere else.

For p =1 we have

(HQ - 501) a, + Hiag =0, (34.)

~1
Ut



where we have remembered that £, = 0. The only unknown in Eq. (3.4) is a; which
can be found in the usual manner as long as the tensor K = (Hy — s0I) has an
inverse.

H, is a diagonal rank six tensor since it is written in terms of its eigenfunctions.
the /z,,(w':’/zq,-). Since I is also a diagonal rank six tensor, K is a diagonal rank six
tensor. The question is. does K have an inverse? \We can construct the elements of
K by calculating the elements of Hg, (Ho)i,j,k,l_,,;,,,, with the indices being integers
greater than or equal to zero. Recalling that the ¢, j. k. [. . n element of the tensor
product of three rank two tensors. A. B. and C, is given by A, ;B ,C,,.,. we can

find (Ho). x1m.n from Eq. (3.2).

1
(Ho)i._).k,l.m.n = ";

m.n

1

1 ., . Y - . . I .. . )
+§-'I’ (q;’),.j Ok Om.n + 34—'-:;01'.) (Q-:;)k‘,dm.n + T_)'W':i()idok.l ((L';)m_"

m.n

3 . . ” -
—'._.S,—Oi.jfslc.lom,n (3.5)

where,



(1 0 V2 0 0 \
0 3 0 V6 O
, 1| Vv2Z 0o 5 0o VI2
T 0 v6 0 T 0
0 0 Vi2 0 27+1

and

Clearly. the terms in parentheses in Eq. (3.3) are non-zero only along the diagonal.

We then have:

1 . . 1 ..
(H())l._;.k.l.m.n = ;—‘;l (2] + 1—) Oi.jdk.lom,n + ;w‘l (Zl -+ 1) oi.jok.lom.n

N o 3
+§'-3 (2n + 1) 8; j0k10mn — moi.jok.iom,n

(] oL s ! 3\ 5 600
= “1tJ 3 + wo +§ + w3 nTy —m g9k 4%m.n-

H, is thus a diagonal rank six tensor. i.e. a rank six tensor with non-zero elements
only when / = j, and k = [. and n = n. To finish constructing K; ; xm.n we simply
subtract 40, 0k 0mn from (Hg)ijksma with 29 given by Eq. (1.44 ).

Kijkimn = (1 (J —ng) +w2(l — ng) +ws (n—ngp))d; j0ki0mn



Clearly K is diagonal and has a zero on the diagonal when j = n, and | = n, and
n = ng. Thus K has no inverse and we cannot use it to solve Eq. (3.4). What we can
do. however. is define a tensor K whose elements are the reciprocal of the elements
of K except that we place a 0 in the location where K had a zero on the diagonal.

In other words.

-

Kl-_]-k.l."l.ll = (“’"l (J - nu) + wa (l - ns) + w3 (” - "9))—l

fori= 4.k =1.m=mnand (j # n, or l # n, or n # ny): and

K. kimn=0 elsewhere.

Then the product KK will then be a unit tensor of rank six but with a zero when
i:j:nu zlll(lk:lzns and m = n = ny.

With the normalization

il

<¢0|Op> = ag'ap (50.p
al (3.6

i

<
b
x5

<oploq) = aq

we see that since the {n,. ny, ng} element of aOT is a 1 and all other elements are zero
then the {n,.n,.ng} element of a, is zero when p > 0. Thus (KK)a, = a, for p >0
since KK would make the {n,.n;.ng} element zero if it was not zero to begin with.

Finallv. if we now multiply Eq. (3.4) by K we are able to solve for a.

K(H, — soI)a, + KH,a,, =0
= I.(Kal + I-(H,ao =0

= a1+KH1ao=0



which implies a, = ~KH;ao. In general if we multiply Eq. (3.3) on the left by K we

obtain an equation for a,.

P p
K) (H-zl)a,, = K(Hy~zla, +K> (H -=zl)a,,

=0 =1

p
= KKa,+K)> (H -zl)a, =0

(=1
which implies

p
a, = K Z (=l —Hy)ap for p > 0. (3.7)
=1

[n addition we can find an equation for the energy coefficient =, by contracting

al with Eq. (3.3) on the left,

p p p
aj -y (Hi—zla,, = aj-y Ha,—aj-Y zla,,
=0 =0 (=0
p p
Y T
= ag -Hpa, + aor . Z Hia,_ - Z sjag - la,_,
(=1 (=0
p p
= a('f : Z H,a,,_, - Z 51’50.;;—[ = 0.
=1 (=0

The first rerm in the second row is zero because a, has a zero in the {n,.n,.ng
p

position and Hy is diagonal so that the product Hpa, also has a zero in the {n,. n,. ng}

position. Contracting this with al. which is non-zero only at the {n,. r,. ng} position.

then gives zero. We then obtain
P
ip = ag . ZH, a,_ for p > Q. (3.8)
=1
3.1.1 The wavefunction arrays have finite size.

Looking back at Eq. (3.1) we sce that the wavefunction expansion coefficients are
finite sums of products of the i;. Now we can explain why the sums are finite and not
infinite. First consider the zeroth order wavefunction for a state with large dimension

quantum numbers {n,.n;.ng}. There is only one product of three /i; as is seen in
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Eq. (1.43). Thus the tensor ay, which represents the zeroth order coefficient of the
wavefunction. has a 1 in position (1., ns, n9) and zeros evervwhere else. The rank-3
tensor. ay. is a direct product of three rank-1 tensors, or column vectors, ag = ag;
@ ags @ agz. The ¢olumn ag; has a 1 in the n, position. similarly for the other two
column vectors. Thus the upper limits of the sums in Eq. (3.1) are mo, = n,, my, =
n,. and mg, = ng.

Now that we know the zeroth order energy. 4. and the zeroth order wavefunction.
a,. we can proceed to p =1 in Eq. (3.7). This vields a; = K (,I — H;) ay. We need
to caleulate the tensor product —Hag. multiply this by K. which is diagonal and
simply multiplies each element by some numerical factor. and finally add the tensor
K=, I which. in this case, is zero since £; = 0. The structure of a, will be identical
to the structure of H,aq since K is diagonal. The only difference might be that one
clement of Hyap that is non-zero might become zero when Hag is multiplied by K.

The terms in H; correspond to H; and, as can be seen by examination of Egs.
(1.49)-(1.51). contains powers of g, up to ¢j. powers of ¢, up to g3 and g3 up to
¢3. The kinetic term. T contains derivatives with respect to ¢» and g3 which, when
written as a matrix. have the same structure as the matrices for ¢» and ¢3. Thus the
structure of the matrix q3 is identical to the structure of say qi(d/dq,)?. So for now
we are only concerned with the structure of Hy and so to simplifv the discussion we
will ignore the matrices corresponding to the derivative terms and instead focus on
the matrices for the ¢'s.

Any order of the Hamiltonian can be written as H,, = H,,, @ H,., ® H,; where
H,,, contains only q, and its derivatives. H,, contains onlv q» and its derivatives
and similarly for H,,3. Similarly, any order of the wavefunction can be written as
a, = a,; ®a, @ay;. The product of H,,3 with the wavefunction tensor, a,. is written

as Hu:sap = Hulapl @ Hn2ap2 2 Hnaap:s- Let us define a" = H,aq = Hy1ag; @ Hppag:

1 r ’
@ Hyjzaps = a,, ® a;, @ a;.
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The construction of a;; will involve only powers of q, the highest power being 2.

The structure of q7 looks like

Y r 0 r 0
q, X
0O r 0 =
0 0 ¢ r

L)

where an r represents a non-zero element. Since the column ag; has a 1 in the n,
position. when it is multiplied by q7 we get a column with non-zero elements only
up to the n, + 2 element because of the presence of the lower diagonal in q7 which
is two clements down from the main diagonal. Thus the upper summation index in
Eq. (3.1). my,. need only be as high as n, + 2.

Similarly. the construction of aj, and aj; involve only powers of g, and qj. re-

spectively. with the highest power of either being 3. The structure of q? looks like

( 0 r 0 r O \
r 0 rr 0 r
4 O r 0 r O
q; X
z 0 ¢ 0 «=x
0 = 0 =

L )

Thus. the last non-zero element of either a’l.2 or a’13 will be at the ng +3 or ng + 3
position. respectively, allowing us to write my, = n, + 3 and m,;, = ny + 3 for the
upper summation indices of Eq. (3.1).

From the preceding analysis we see that since the first column of the matrix q
will have its last non-zero element in row n (we consider the first row to have index

zero). q'tay; will be a column with its last non-zero element in row n; +n. (n; = n,. n,.
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or ng when i = 1.2. or 3. respectively) Also, any column vector. a,,. when multiplied
by q! will have the index of its last non-zero element increased by at most n.

Consider the construction of a;. From Eq. (3.7) we have
a, = K[(.I — Hy) a; + (oI — Hy) ay]

and we see that the structure is determined by the products H;a, and H»ay. Let
a, = Hia, = Hyja;; @ Hpan @ Hjza;s = a),, @ a,, @ a,,. Since a;; has its last
non-zero element at position n, + 2 and Hy; contains powers of q; up to qj. then
a,, will have its last non-zero element at position n, + 4. Similarly. a;» and a3 have
their last non-zero elements at position n, +3 and ngy + 3 respectively. and since H,
and H,; have powers of q; and qj. respectively. with the highest power of either
being 3. then a,, and ay; will have their last non-zero elements at n, + 6 and 1y + 6
respectively.

Finally. we can also define af_; = Hsag = H,a0; @ Hasags @ Hozag; = af_ll o) af_;._) D
a,,. H, corresponds to H; and. as can be seen by examination of Eqs. (1.49)-(1.51).
contains powers of ¢ up to (1‘1‘. powers of ¢, up to q;_,' and ¢3 up to (13‘ Since ag;. ag
and ag; have their last non-zero elements at positions n,. n,. and ngy. respectively.
then ay,. a,,. and a,; will have their last non-zero elements at positions n, +4. n, + 4.
and ny + 4. respectively. Thus to accommodate all of the non-zero terms that arise
from the products Hyja; and Hoag we must let the upper sumimation indices of Eq.
(3.1) for p=2be my, =n, +4, my, = n,+6. and mo, = ng + G.

As one more check we can consider a; = K [(ciI—H))a, + (eI —Hy)a, +
(s3I — Hy) a,]. A little analysis shows that from the H;a, term we find the maximum
indices for any non-zero terms to be my, = n, +6, mz, = ng + 9. and mz, = ng + 9.
The other two terms require indices equal to or less than thesec.

In general. a, contains the term Hya,_; and it is the structure of this term that
determines the structure of a,. Moreover, we can write my,, = n, +2p, m,, = n, +3p.
and my,, = ng + 3p showing that each order of the wavefunction can be written as a

finite sum of products of three harmonic oscillator eigenfunctions.



3.2 The Matrix Method for States With L #0

Now we can apply the matrix method to the set of perturbation equations. Eq. (2.62).
H, is the cocfficient of 6*?/2 in the Hamiltonian and is an 2 + 1 by z + 1 matrix
whose elements are products of the ¢; and their derivatives. H; is already a rank-
2 tensor and when we apply the matrix method it becomes a rank-8 tensor. The
clements of Hy can now be labeled by eight indices [Hy), | 1/ mn.a.s the first six indices
take values from zero to infinity and the last two take values from one to £ + 1. The
matrix I, now becomes a rank-8 unit tensor, I. with index ranges identical to those
for  H,. Finally. G,_; becomes a rank-4 tensor which we write as a,_; as we did
for the S-wave case. The elements of a,_;. i.e. j"'"’*‘"ap_,, have four indices with the
first three taking values from zero to infinity and the last taking values from one to
o+ 1. The wavefunction ag now consists of a 1 in the {n,.n,.ng.v} position and

zeros everyvwhere else. The perturbation equations now look like
p
Y (H -=Da, =0 p=0.1.2... (3.9)
=0

We again consider the tensor K = (Hy — z0I) . which is now a rank-8 tensor. and

as before we can show that it is diagonal with one diagonal element equal to zero.

Kt.J.k.l.m,u.n.J = (“"l (J - nrz) + o (l - ns) +wy (" - fl()) + 4‘-'1(",' - j)) ()_i.Jdk‘lo-m.n()n..i'

Thus K has no inverse and so we define a new rank-8 tensor K as

o -1

Kz._[.k.l.m.u.n.{i = (‘*"'I (J - na) + @ (l - ns) + w3 (II. - 710) + '-‘-'Al(ﬁ,'/ - ‘}))

for/=jandb=landm=nanda=Jand (j #n,orl#n,orn#ngor J#n~):

and

K.jtimnas =0 elsewhere.

The product KK will be a rank-8 unit tensor with a zero when { = j = n, and

h=l=n;andm=n=ny and a = 3 = ~.
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Equation (3.6) for the normalization of the a, still applies, and we see that since
the {n,.n,. ng.~} element of aoT is a 1 and all other elements are zero then the
{na.ns.ng.+} element of a, is zero when p > 0. Thus (I-{K)ap = a, for p > 0 since
KK would make the {ns.ns, ng. v} element zero if it was not zero to begin with.
Finally. as in the S-wave case. we multiply Eq. (3.9) on the left by K obtaining an
equation for a,,

p
a, =K (e1-H)a,, for p > 0. (3.10)

=1
and we find an equation for the energy coefficient =, by contracting al with Eq. (3.9)
on the left.

sp=ag - ZH, ap- for p > 0. (3.11)

These equations are identical to those for the S-wave case except for the fact that
the wavefunctions are rank-4 tensors and the Hamiltonian coefficients are rank-8
tensors. Also. the tensor indices are not svmmetric. In other words. all the indices in
the S-wave case range from zero to infinity but in the higher angular momentum case
the last index of the wavefunction coefficients (and the last two in the Hamiltonian
coefficients) range from one to xr + 1. These last indices, o and 3 may be thought
of as angular momentum indices since as angular momentum increases so too does

a4+ 1.

3.3 The Computer Code

3.3.1 Introduction

To solve the perturbation equations of Eqs. (3.10) and (3.11), I started with FOR-
TRAN code developed by Tim Germann [9] which dealt specifically with S-wave
states. The extension to higher angular momentum states seemed. at first. straight
forward but upon further analysis and subsequent trials it proved to be rather com-
plex and at times frustrating. It seemed simple because the perturbation equations

for S-wave [Eq. (3.7)] are identical in form to those for higher angular momentum.
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The Hamiltonian coefficients are simply rank-8 tensors rather than rank-6, and the
wavefunctions are rank-4 tensors rather than rank-3. The first difficulty was in un-
derstanding the original S-wave code.

The code can be broken down into two programns: one program calculates all the
Hamiltonian expansion coefficients and writes them to files, and the other program
actually solves the perturbation equations. The original code was written quite effi-
ciently which made it hard to decipher especially since there were very few comments
in the code itself. Understanding the S-wave code resulted in about one hundred
pages of notes that I. very briefly, summarize below in terms of higher angular mo-
mentint.

Next. was the problem of how to calculate all the new terms in the Hamiltonian
(compare Eq. (1.449) and (1.50) with Eq. (2.539).) The calculation of one specific
term in the higher angular momentum Hamiltonian will be discussed in the next
scction. The resulting code. consisting of several subroutines. for the expansion of
the Hamiltonian is listed in Appendix A. The ability to do A variation. i.e. allow A
to be a function of & up to order §°. was also added to the code. This allows one to
stidy the H™ ion as well as the case A = 0 which proved indispensable while the code
was being debugged. The A = 0 case is simply a case of non-interacting electrons
resulting in energies that are sums of hydrogenic energies with Z = 2. The energy
coefficients are easily calculated analytically and compared to code output.

Finally. the second program had to be rewritten to include all the new Hamiltonian
terms and take into account the fact that the Hamiltonian is a rank-8 tensor and the
wavefunction is a rank-4 tensor. In Tim’s original code he applied memory saving
techniques referred to as wavefunction truncation and axis contraction. The axis
contraction technique depended on the fact that the coordinate ¢; appeared only in
even powers. It was not immediately clear how this techniques would be coded for
higher angular momentum since the Hamiltonian contains both even and odd powers
of ¢;.

The first attempt was to write the code without the two memory saving techniques

mentioned above. After many attempts the code finally compiled and was run but,
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as is usually the case. the numbers for A = 0 were not correct. Many Mathematica
notebooks were created to solve the first few orders of the perturbation equations from
which the correct values for A = 0 appeared. Then by comparing the wavefunction
coefficients. element by element, the bug was found. The bug was in a section of
the code that hadn’t been touched. The matrices that represent ¢ and 9/dq were
multiplied in the wrong order. For some reason this didn’t affect the S-wave results.
but it certainly affected higher angular momentum. Now there was a code that would
give beautiful results for A = 0 but it wrote and read the wavefunction tensors to
and from disk and thus was very slow. The memory saving techniques could then
be implemented so the wavefunctions could be stored in memory. The final code
resulted in over three hundred pages of notes mostly detailing the memory saving
techniques. The resulting code is listed in Appendix B.

Currently the code is run in quadruple precision on the IBM SP2 at the University
of Oklahoma Department of Physics and Astronomy. The SP2 is a machine with six
RSGO00 processors enabling one to run parallel or serial code. Currently the code
is a serial code and thus runs on a single node of the SP2. Each node has at most
512MB available which allows calculation of the energy series up to twenty-seventh
order in d for the states with the lowest angular momentum and quantum numbers.
[ have run a calculation for L = 20. but [ can only get fifteen coefficients.

Future goals include writing the code in parallel. [ am currently teaching at
Oakton Community College in Des Plaines Illinois and I am working with a faculty
member to develop a four or five node parallel processor from pentium III's. The
plan is to develop my code on this machine as part of a student project: writing it in
suich a way that it could then be run on larger parallel machines. This would allow
us to obtain many more energy coefficients. while reducing round-off error by using

more cfficient and precise algorithms.
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3.3.2 Expansion of the Hamiltonian

[ will illustrate the expansion of the Hamiltonian with an example. Consider the
third line in the Hamiltonian, Eq. (2.59) which corresponds to the term

232 e m [ . J d \ &
T2 = 6%*G ™ (q,.¢2. q3) cot 0% (sm \% + cos Y%) S;

in the third line of Eq. (2.35). The term in parentheses multiplied by the matrix

S, becomes a rank-8 tensor when the matrix method is applied. In the notation of

Sec. 3.1 it becomes

d - -
(si11x1®1®—®sx+cosxl® ®I®Sx>.

dq, dq,

The fact that this is a tensor and it is contracted with the wavefunction is addressed
in the second part of the code which will be discussed in the next section. For now

we will ignore this part and focus on the expansion of

*2G™ (1. g2. q3) cot Hii (3.12)

/3

The term G~ is almost the same as the term G7. 7 is expanded as a power series

in o'/
>
o = S oG
n=0
n/2 n-2%
) (=1)"(n + 1) ke | no2k—t
- m k=0 (=0
where

Cn.k.l) = (~1)* (7”1) (” y 2’“) (cos x)!(sin x )" 24,
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The coefficients C(n, k.[) are calculated in the subroutine setup_C.f listed in appendix

A. (7 is then expanded as

G- = f:o"‘/ “G,.

=0

2

(n—=1)/2 n-2k-1

_ (1 n+1 Sl 1 e
o= o Z ZB(nul‘”qf,q,“ 1.

fl?'-

where
1l n—-2k-—1

‘(n. kD).
cosxy 2k+ Cln )

B(n.k.l) =

The coefficients B(n. k. l) are calculated in the subroutine setup_B.f in appendix A.

Next we expand the term cot 6 in Eq. (3.12). Leaving out a lot of details we have

cotf = ZZcot J.n)oPgig

J=0 n=0

where

cot(j.n) =cotl, S(j.n) ( ) ZZ(L?(J —t.1)al(i.m).

m=0i1=m

The coefficients S. 2. and al are involved in the expansion of sin# and cos @ and are
calculated in the subroutines sin_derivs.f and gtoy.f. The coefficient cot(j. n) is then
calculated in the subroutine cotan.f.

Finally. to complete the expansion of Eq. (3.12) we multiply the expansions for

cot § and G~ together and obtain

=3/ '
()"/_)G_ (([1, Q2. ([3) cot gﬁ

x (J—4)/2j—4-2k

Z Z Z ()J/"T7(J k. [‘11 q’(l—; ~2k~ 1_.;

=4 k=0 1=0

which is calculated in the subroutine setup_T.f and is given by

; min(l.m)
T2(j. k1) = Z (“'J)(_] —— 1_ ))C(j —m) Y B(j—m=3.k.l-n)cot(m,n).
m=0 n=0
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The coefficients C(j — m) are calculated previously and given by

_ =G - 1)
2

C()

The term T2 is then given by

x U—4)/2 j-4-2k a a

/" . o =k = —. . S

T2 = E E Z 3*T2(5, k. l) qf“ ' lqéqé kot (sm Xé(— + cos xa ) S;.
=1 k=0 (=0 13 2

When the matrix method is applied it is convenient to write this term as two separate

terms

x (U-4)/2 j—1-2k

i . . - op—i—q d —
T2 = ) 3 D PPTAjkD [smmf""®qé®% o *d—q—®sz
j=1 k=0 1=0 3

RSN d =2k ~[— b
+(7OS\"QIk‘l®qgaE—®q:?32L14®SI}.
2

Because of the way that the matrix method is implemented it is convenient to intro-
chuce the identity
"‘i = ﬁ-q"’ — mg™ ",
dq Igq
Substituting this identity into the equation for T2 gives four terms which are referred
toas T2.1. T22. T2.3 and T2_4 in the comments of the subroutine comp_H_A.f in
appendix B.

All of the other terms in the Hamiltonian are expanded in a similar way. T1 gives
rise to ten different terms. UL, U2, U3 are each one term. These thirteen terms are
identical to the S-wave terms. For higher angular momentum we have the additional
four terms of T2. a single term from each of U4, U5. and U6; one term each from Al.
A3. Bl. and B3: and four terms each from A2 and B2 for a total of nineteen additional
termns. These nineteen additional terms are non-diagonal in the sense that thex either

multiply the matrix S, or its square. or they are involved in the non-diagonal term

Yy !
0 Wf.
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3.3.3 Implementation of the matrix method

Suppose we wanted the energy E to third order in d or sixth order in §"/%. E would

be written as (see Eq. (2.58))

r- o2

E =Veg (Tm:Tm.0m) + 06q + 0°25 + 632,

\We already know the terms Vog (rp.rm.0,) and =y so that we must calculate the
terms I and z; using Eq. (3.11). From this equation we see that we need only

calculate the wavefunction coefficients up to az. Writing out Eqgs. (3.10) and (3.11)

gives
a = K(S Hl)ao=—f<Hlao-
a, = K [(z,I-H))a; + (21 — Hy) ag
= [ H;a;—H-ay +»>Ia0]
a; = I-< [(VlI'—Hl a, + (EzI—Hg)al +(531—H3)a@]
= { H,a,— H,a;—H;ag +52131] (313)
and

Il = O?

= al [Hia; + Hhag].

1
N
|

= 0.

[N
w
I

o
b
|

= ag [H1a3 + Hsa, + Hja, + H;a()] . (31-{)

. - 23 .
In general. for nt* order in ¢'/? we need energy coefficients up to =,_» and wavefunc-
tion cocefficients up to a,_3. Also, the highest order Hamiltonian coefficient is H,,_»

n;2

which is Hj, and is the 6"/ order term in Eq. (2.59).
The second program. listed in Appendix B, calculates the energy and wavefunction
coefficients using Eqs. (3.13) and (3.14). In the main program. ghelium.f, we start by

calling the subroutine ginput.f which inputs the Hamiltonian expansion coefficients
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that were calculated in the first program. Along with the expansion coefficients we
input various other constants such as A. w; through w,, ... etc. We then calculate
the harmonic order energy. £g. and store the harmonic order wavefunction coefficient.
ag. as a four dimensional array with a one in location {n,. n,. ng. ~} and zeros
evervwhere else.  Actually. the indices for the arrayvs in the FORTRAN code start
at 1 and thus we put a one in location {n, + 1. ny + 1. ny + 1. ~} since the first
three quantum numbers start at zero but the fourth, ~ . starts at 1. Arrays are
also created for the other wavefunction coefficients a; through a;. Since the terms in
square brackets for £ are exactly those we would calculate for a; we need an array
for a; even though we do not calculate it completely.

The next step is to call the subroutine comp H_A.f. The first pass through this
subroutine calculates the contribution of ag to all I;igher order wavefunction coefhi-
cients. In other words. we calculate H ag and store the result in the arrayv for a,:
then we calculate H,ag and store the result in the array for a,: etc. \When we come
out of comp_H_A.f for the first time we have the array for a; = Hja, for j > 0. a,
is not vet complete and before we complete it we multiply the array for a;by al on
the left. This operation basically extracts the {n, + 1. ng + 1. ny + L. ~} element of
Ha, which gives us =y = 0. Next, we complete a; by multiplying Hyag by ~K on
the left. This amounts to multiplying each element of Hjag by one of the elements
of K but does not combine elements of H,ay since K is diagonal. This completes the
wavefunction a,.

We then pass through comp H_A.f again and this time we calculate the contribu-
tion rhat a; gives to every higher order wavefunction coefficient. We calculate H,a,
and store this in the array for a, so that the array for a, contains H;a; + H»ag: we
calculate Hya, and store it in the arrayv for az: etc. Coming out of comp_H_A.f the
second time we have a; = Hjag + H;_ a, for j > 1. The {n, + 1. n, + 1. ng + 1.
~} element of the array for a; is equal to ¢, and we complete a, by first subtracting
zaIag. which essentially sets the {n, + 1, ny + 1. ng + 1. 7} element equal to zero,
and then multiplving the array by —K. We continue this process until we calculate

the final energy coefficient.
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Finally. as each wavefunction is completed it is stored in memory as well as written
to the hard drive, and the energy coeflicients are written to a file as well. We write
only the non-zero elements of the wavefunctions to disk along with the four indices
that give the location of the element in the array.

One note of caution! Both FORTRAN codes are written so that the first quantum
number is the anti-svmmetric stretch, the second quantum number is the bend. not
the ssvmmetric stretch. and the third is the symmetric stretch. Every non-zero element
of each wavefunction array corresponds to a triple product of harmonic oscillator
cigenfunctions. The first index gives the quantum number for the anti-svmmetric
stretch. ¢;. the second index gives the quantum number for the bend ¢3;. and the
third index is for the symmetric stretch. ¢,. So care must be taken when using these

wavefunction files. Wavefunction summation will be discussed in the next chapter.

3.3.3.1 Wavefunction truncation and axis contraction

\We now briefly discuss the memory saving techniques mentioned above. As was
mentioned in Sec. (3.1.1) the wavefunction arrays have finite size. The arrays are used
to construct the wavefunction coefficients from Eq. (3.1) with the upper limits of the
sums being finite. The upper limits were seen to equal m,, = n,+ 2p. m,, = n, +3p.
and m,, = ng + 3p. where p is the order of the wavefunction coefficient. In order to
be able to use a single code for several states we set m, = m,, = mp, = nNpax +
3p. where ny,y is perhaps 6 so that we can calculate states with quanta from zero to
five without having to recompile the code. This gives array indices that range from
one to ngax + 3p for the first three indices and from one to two for the fourth index
for P° states. For a 40" order calculation. giving twenty energy coefficients. we have

p = 1.2 38. Rather than dimensioning every wavefunction array separately we

dimension a single main array with dimensions nmac + 3pmax DY Mmax + 3Pmax by
Nmax =+ 3Pmax by 2 by 39 to hold all wavefunction arrays (for P states). In the case
of pmax = 38 and quadruple precision this array takes 2156 MB of memory! \Well.

this is not good.



The first remedy is to take a close look at which wavefunction elements are actually
required to calculate the energy coefficients. After a bit of analyvsis it was found that
we need all wavefunction elements up to a, /> thereafter the required elements have
maximum indices that decrease by three for each wavefunction beyond a,,_, ,». This
only applies to the first three indices of the wavefunctions. and we are also assuming
that pua. is even. Thus. since the maximum index for a,,. . /2 iS Nmax + 3Pmax/2
and this is the largest wavefunction array then we dimension our main array as nmax
+ 3Pmax/2 bY Ngax + 3Pmax/2 bY Nmax + 3Pmax/2 by 2 by 39. For pyg. = 38 and
quadruple precision this array needs 312 MB of memory. That is much better.

The final memory saving technique is called axis contraction and is possible be-
cause if one holds all wavefunction indices fixed except the first. one finds that every
other element is zero. This can be seen by a few examples. Appendix C contains the
results of a Mathematica notebook that looks at the first few wavefunction arravs
for three different states. The states are labeled by their large dimension quantum
numbers for example “podd0001™ is a P° state with n, = n;, = ng =0 and v = 1.

Since the first index has every other element zero. with a little accounting we
can contract this axis and reduce its dimension by a factor of 2. Then our main
wavefunction array is dimensioned as above except the first dimension is (rtmax +
3Pmax/2) /2. For pmax = 38 this array now needs 159 MB of memory.

The wavefunction array is the largest array in the code. By including the memory
requirements of the other arrays and with the limitation of about 500 MB of usable
memory in the SP2 we are able to calculate up to 56 order in ¢'/? which gives us 27
energy coefficients for P? states with a maximum large order quantum nurber ny,,. =
5. For anyv other higher angular momentum states. due to memory restrictions. we
will always get fewer energy coefficients.

This concludes the discussion of the matrix method and its implementation. In
the next chapter we will discuss various results of calculations on a few P? states and

their interdimensionally degenerate D counterparts.
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Chapter 4

Results

4.1 Introduction

[n this chapter we will discuss the results of three states in particular. They are P°
states with large dimension quantum numbers [0.0.0.1). |0.0.0.2) . and {1.0.0.2).
We start with these states because the [0.0.0. ) states are the lowest states with P°
symimetry and the state [1.0. 0, 2) will be shown to have some interesting connections
to the |0.0. 0. 1) state. Specifically. in Sec. 2.3 we determined that the [0.0.0. 1) state
is a 1s2p ' P? state while the |0.0.0,2) state is a 1s2p ?P° state. In a similar fashion
we find that the [1.0.0. 2) state is a 252p ! P° state.

We performed a 56" order perturbation calculation for cach of these states vield-
ing 27 energy coefficients (or 28 if yvou count £, ) resulting in a power series in J to

27 order. The energy coefficients are listed in tables 4.1 through 4.1.

4.1.1 Hydrogenic Energies

As a zeroth order approximation we can consider the helium atom in the independent
particle model by letting A = 0 (Z — o). This results in the energy consisting of
a sum of two hyvdrogenic energies. The hydrogen atom was studied by Herschbach

where he found the D-dimensional energies to be given by

_1 z
2(k+l+1+L(D-3)*

Exp

94




Order in o Coefficient in a.u.
0 -2.7377691411277241474551687111949910(0)
1 -3.53517569456007492130601380009088860(0)
2 -4.038619049752687138719675-487898376-4(1)
3 9.3756296524758507733433202122858138(1)
4 -2.5094295028902611301462902-4388969-12(3)
5 4.5524599175781089674425547744991512(4)
6 -1.0219647226881943849280406526523506(6)
7 2.4302979978761535263562:483913890093(7)
8 -6.0455175233675708860457376365008897(8)
9 1.5525128730646016725408447038418350(10)
10 -1.08535511032997839048155061559712336(11)
11 1.0961093427774128631973262524283545(13)
12 -2.9871890492039795305307897890366095(14)
13 8.2469027840296697987374982916372601(15)
14 -2.3012921554082458053954842:445993023(17)
15 6.4772102690906824497806705883963332(18)
16 -1.8341493127426192902798027358387206(20)
17 5.2046172976464184912995638901095372(21)
18 -1.146893861030591-18414683120831293613(23)
19 4.0585908939519090877491381422321181(24)
20 -1.0567711011606970983698525737860107(26)
21 2.314027493299966535142700353105-4688(27)
22 -2.0715022041770969420449050575000000(28)
23 -2.1772442816015100369203907869120000(30)
24 2.2107613859984324635717161592422400(32)
25 -0.14584781147777775301216942519623680(35)
26 0.7624730549513000880267870553-4009344(36)
27 -0.26610266245672926030402504892528722(38)

Table 4.1: Energy coefficients for the [0.0.0.1) 1s2p 'P° state.

parentheses is the power of ten.
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Order in 4 Coefficient in a.u.

0 -2.7377691411277241474551687111949910(0)
1 -6.5634269511265441216626712745072566(0)
2 -2.7111054468975874690889809365745192(1)
3 -6.5880702211870580543272176456757790(1)
4 -9.3413944869177271772804601758901307(1)
5 -9.8189383511971194105735838197114349(2)
6 4.9385110127813235847120645269788767(3)
n -7.4255965293672170538423792742254109(4)
8 9.9977718060702186109216221296495640(3)
9 -1.3457034593470299947502481744995988(7)
10 1.1481688177722297570022068203255991(8)
11 2.6765641058092717769485497130524138(9)
12 -2.4294602052627871957578465900151870(11)
13 1.2551619835241941365081265611254591(13)
14 -5.7068540649039043012588033753385020(14)
15 2.4758772366706428420616142207094867(16)
16 -1.04684166067461967-14309069072560305(18)
17 4.3024397082106708826016650065314025(19)
18 -1.6781211376155815883201895152926-145(21)
19 5.8003721452316203847764621474027634(22)
20 -1.3601484928427659643588814723281860(24)
21 -3.0154835216093900210371569999023438(25)
22 8.0721021212148611975374167290312500(27)
23 -8.5433655153818794139311656880800000(29)
24 7.39116244502987693633941359049216000(31)
25 -5.8350914229192728423333966168719360(33)
26 0.434320885584985662985022290324881-11(36)
27 -0.30658219529927177459296627086004817(38)

Table 4.2: Enecrgy coecfficients for the [0.0.0.2) 1s2p *P° state.

parentlieses is the power of ten.

The number in
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Order in 6 Coefficient in a.u.
0 -2.7377691411277241474551687111949910(0)
1 -3.0143990845712093495446203088151474(0)
2 -7.3119163088476292102917601985636584(0)
3 -6.3105612188392019541444724324694713(2)
4 -5.6107824487697653758296950287909491(3)
3 -7.4978745381421085106623746203439970(4)
6 3.9809418022770067345383989410155522(6)
7 7.4084666930590154789562016438295145(7)
8 1.5923758935429915332009020672838624(9)
9 -5.5796646776753816407652233499809878(10)
10 -1.5639473439550951770450997464836375(12)
11 -4.1886173953221846353997058826685966(13)
12 9.2369006077547391346566788512097157(14)
13 3.7893458378655357744872466024563806(16)
14 1.2022572265154969524516955018814599(18)
15 -1.468132491587706021833729113974709-4(19)
16 -9.7350762924156384492852891089583864(20)
17 -3.5768951017144428636907241457953118(22)
18 1.4341390454740307390673631603124738(23)
19 2.5966096040713745374257202032798767(23)
20 1.0640003270577503928119217884296875(27)
21 3.9397849790333702325036695037500000(27)
22 -6.7780695551719630696-4593-18821600000(29)
23 -3.5803873998293985205892831903232000(31)
24 9.8425186974470618731857878990843000(31)
25 -0.24228380364577523884047815482015744(35)
26 0.45694507647999335613274667433601270(37)
27 -0.26291753415867776864334139776011600(39)

Table 4.3: Energy coefficients for the [1.0,0.2) 2s2p 'P° state.

parentheses is the power of ten.

The number in
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227 11
(2k + 20 — 1 + D)? (31)

where & is the number of radial nodes, [ is the angular momentum, D is the spatial

dimension. Z is the nuclear charge. and N = k + ( + 1 is the principle quantum
number. At zeroth order in A the energy of the helium atom becomes
) 1 1
E,=-22° [ -+ ] ) (4.2)

where the subscripts denote electron 1 or 2.
Consider a 1s2p state. The 1s gives us £ = 0 and [ = 0 while the 2p gives us

k=0 and [ = 1. The total energy then becomes

E, = 272 [ ! 5 + 1 51 -
(D-1) (D +1)°

We can see that there will be second order poles in the energy function when D = +1

and D = —1. The energy calculated through the matrix method gives a scaled energy
E. where
- E
E=—s.
AN

and 0 = 1/(D + ~, + 1). For P? states we have § = 1/(D + 1) since ~, = 0 and we
can write the scaled hyvdrogenic energy as

[——(D * 1)2 + I:l ;

= -2 .
’ (D —1)*
where we have. in effect. factored off the second order pole at D = —1. Writing this
in terms of ¢ gives
= 1
Eo=-2|——— +1{.
1(0-3)

The energy E,. as a function of 4. has a second order pole at § = 1/2 with a residue

of —1/2.
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As another example consider a 2s2p state. The 2s gives us kK = 1 and | = 0 while

the 2p gives us &£ = 0 and [ = 1. The total unscaled energy then becomes

£y = -2 [ .
(D +1)

In this case there will be a second order pole in the energy function when D = —1
but there is no pole for D = +1. Again. for P° states we have § = 1/(D + 1) and we

can write the scaled hydrogenic energy as

- D+1)*
E, = —4 .(_L_)). T
(D+1)°
By factoring off the second order pole at D = —1 we eliminate all “hydrogenic™ poles.

at zeroth order for 2s2p states. that might arise from treating A as a perturbation
parameter. However. other poles may arise due to singularities in the wavefunction.

Cousidering A to be a perturbation parameter gives E,. Eq. (4.2). as a zeroth
order approximation to the energy. For 1s2p states this zeroth order approximation
has a second order pole at D =1 (6 = 1/2) and thus we would expect the energy for
helium with A # 0 to have this pole structure as well since it can be “built”™ from this
zeroth order result. This is indeed what we find. as discussed below. All of the 152p
states we will discuss have poles at D =1 (6 = 1/2) with a residue of —1/2. Likewise.
all of the 252p states we will discuss do not show the existence of a second order pole
at D = 1. Table 4.1.1 lists several states along with their hydrogenic poles.

From this table it is clear that all states will have second order poles at D = 3—-2.\
and at D = 3—-2n. For states with :V or n equal to 2 the second order pole at D = —1
is factored out by scaling the energy by 1/6°.

Any helium wavefunction can be written as a linear combination of products of
hyvdrogenic wavefunctions since they form a complete set. To exactly construct a
helinm wavefunction. an infinite number of hydrogenic wavefunctions are needed.
including arbitrarily large values of the principal quantum number [38]. Thus one

might expect the helium energy function to have second order poles at all negative
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State

Possible Terms

Second Order Poles

Is®

1525
Ls2p
1s3s
1s3p
1s3d

1snl

252

252p
253s
253p

2p?

2p3s
2p3p
2p3d

.\rllll[-_)

lSe

1.3 Se
1.3 P°
1.3 Se
1.3 P°
1.3 Dt

1.31. o= (_1)[

lSe

.3 P°
1.3Se
1.3 Po

1S3 pel De
l.3Po
l.35e_1.3 Pe.l..') Dc

1.31)0 1.3 Do 1.3 Fo

D =
D=
D=
D=
D =
D =

D =

D=

+1
+1. -1
+1. -1
+1.-3
+1.-3
+1.-3
+1.3—2n
—1

-1
-1.-3
-1.-3
—1
-1.-3
—-1.-3
-1.-3

3-2N.3-2n

Table 4.4: Various hydrogenic states and their second order poles.

odd integers of D except D = —1. For P° states this corresponds to second order

poles at 6 = =1/2. —-1/4. —=1/6, .. ..

4.1.2

The energy to harmonic order is given by

E = :‘x+0.50=——.,'.,—+
4r2 s

m-m

9

='mm

1 1 1
+wa | g + :2" + w3 | ng + § +wy | Ny + 5 .

Large Order Quantum Numbers

2 2

+w + 2
wl Ng 3

(4.3)
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where
L+1—=~,—24

ny = 2 (4.4)

We have been labeling states with the three quantum numbers n,. n,. and ny along
with a fourth quantum number, ~, where ~ takes values given by Eq. (2.51). There

is another quantum number that is useful. the T quantum number, which is given by
T=L+1--. (4.5)

As discussed in Ref. [5] and above on page 20. this quantum number is identified
as the same 7 quantum number as in the work of Herrick. Stillinger. Kellman. and
others (sce Refs. [37. 48. 59. 60]). It is identified as the modulus of the projection of
the angular momentum about the inter-electron axis. The internal state of the atom
is determined more explicitly when we introduce this quantum number along with the
number of quanta in the antisvmimetric stretch, svmmetric stretch and bend normal
modes. For D = 3. singly excited states are identified by T = 0 (see Eq. (1.16)) and

for doubly excited states T can take values given by

0 < T<Lwhenns=(-1)Fand

1 < T<Lwhenn=(=1)~:" (4.6)

From Eq. (2.51) we had that ~ ranges from 1 to L + 1 for states with = = (=1)%
and from | to L for states with # = (=1)%: thus. as we move down the column vector
Gy for the harmonic order wavefunction, 5 increases from 1 to L + 1 or L while T
decreases from L to 0 or 1 respectively. For P states v equals 1 or 2 while T equals
1 or 0 respectively. Hence. the state {0.0.0.1) is a T = 1 state while the states
[0.0.0.2) and [1.0.0.2) are T = 0 states. This seems to suggest that the [0.0.0. 1)
state is doubly excited. but we identified it with the 1s2p ! P° state simply summing
the expansion for its energy and evaluating it at D = 3. We must remember that
the quantum numbers {n,. ns. ng, v} are large D quantum numbers. Thus when

D = 3. the state’s character may change if it is somehow connected or mixed with
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some other state. Also. it seems that the state |[1.0.0.2) could be singly excited
but by comparing its energy with that of the 2s2p ' P° we find that it is definitely a
doubly excited state. It turns out that there is a connection between the |0.0.0.1)
state and the |1.0.0.2) state. Before we discuss this connection we describe how the

energy series are summed and how we deal with the pole structure mentioned above.

4.2 Energy Summation

The energy series obtained are divergent so we can not simply sum them in the
usual way. Instead we use linear Padé approximants to sum the energy series. Padé
approximants are ratios of polynomials in the expansion parameter §. The “diagonal
sequence” consists of the Padé approximants whose numerator and denominator are
polvnomials up to order n in 4. denoted [n/n]. Similarly. off-diagonal sequences
are labeled [n/n + 1], [n + 1/n]. etc. Due to the presence of the polynomial in the
denominator the Padé approximants can model poles of the energy function. poles
that mav be plotted on the complex 4 plane. Also. by arranging poles and zeros in
a particular way in the complex ¢ plane. Padé approximants can even model more
complicated singularities such as square-root branch points and essential singularities
[61].
More specifically. the [L/M] Padé approximant. Siz,az. is given by the rational
function L
L]
_______ano An 0 (4.7)

Sieyan(d) = I =
rtl=0 Bn 0

with the choice of By = 1. The remaining L + M + 1 coefficients are determined so
that the first L+ 1/ +1 terms in the Tayvlor series expansion of the Padé approximant
match the first L + M + 1 terms of the series we are trving to sum. Equivalently,

Padé approximants are constructed with the requirement that

QE~P~0.



where £ is the energy series. P is the numerator in Eq. (4.7) and @ is the denomi-
nator. The “~ 07 means asymptotic to 0 up to and including order L + M so that
the energy series E is asymptotic to the Padé approximate Sz ;-

In addition. a quadratic Padé approximant may be constructed by introducing a

third polvnomial. R. of order .V with the requirement
QE*-PE+R~O.

where "~ (7 means asymptotic to zero up to and including order L + M + NV + 1.
The energy is then asymptotic to the quadratic Padé approximant Siz, /1 given by
. 1/2
P (P2-4QR)"

1
Sieayx) = s\ o + 0 . (4.8)

The square root term in the quadratic approximant means that Sy a3 is a mul-
tivalued function with two branches. Summing the energy series with a quadratic
approximant will give energy values on only one branch corresponding to the energy
of a particular state while the other branch might correspond to a different state. We
will not use the quadratic approximants to actually sum the energy series but rather
to locate possible square root branch points that may result from Fermi Resonances
as discussed in Sec. 1.6.6 and below.

Initial summation of the energy series gives somewhat poor results with slow. or
even no. convergence. We can accelerate and improve the convergence of the Padé
approximants by analyzing the singularity structure of the energy series as modeled
by the approximants. Poles are modeled by the roots of the polynomial Q. A pole
that we can consider to be real is one that is present in a series of Padé approximants
and remains stable, i.e. in the same location in the complex d plane. as L and M are
varied in a smooth manner.

For the 10.0.0.1) and |0.0.0.2) states it was found that the Padé approximants
were placing a second order pole at 6 = 1/2 (D = 1). The placement of this pole

agrees with the discussion of poles in the hydrogenic energy function as discussed
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above. If we multiply the energy series by the factor (6 —1/2)? and sum the resulting
series at 0 = 1/2 we determine that the residue of the second order pole at § = 1/2
is equal to —1/2. Finally we subtract, from the original energy series. the term
~ 5 5177 essentially subtracting off the pole at § = 1/2 (D = 1). This new series
sums much better agreeing with other results to four decimal places (five significant
figures) for both P¢ states under consideration.

We can do better by again looking at the singularity structure of the Padé approxi-
mants after having subtracted off the pole at d = 1/2 (D = 1). For both the |0.0.0. 1)
and [0.0. 0. 2) states the Padés place a first order pole at § = —-1/2 (D = -3). Pre-
vious work by Doren and Herschbach[43]. and the discussion in Sec. 4.1.1. has shown
that we should expect a second order pole at D = —3 but rather we find a first
order pole! In a similar manner we determine the residue (from the [n + 1/n] Padé)
of this pole and subtract it. The numbers we obtain give us one additional decimal
place of agreement. The results for the 1s2p '3 P° states and their interdimensionally

degenerate counterparts. the 2p3d 3! D states respectively. are shown in Table 4.2.

State Energy (au) Reference
1s2p S pPe -2.133 162 4

-2.133 164 19 [62]
1s2p 'pPe -2.123 843 0

-2.123 843 08 [62]
2p3d 'D° (K.T)% = »(0.1)% -0.563 800 39

-0.563 800 40 [63]
2p3d 3D° (K. T)d = »(0.1) -0.559 328 260

-0.539 328 25 (63]
2s2p P -0.696 3

-0.694 17 [64]

-0.693 13 [63]
N =33D° -0.294 13

Table 4.53: Energies of the '*P? and !'3D¢° states calculated from 27 order Padé
sumination along with energies calculated elsewhere.

Summing the series for the |1.0.0.2) state proved to be a bit more problematic.

As discussed in Sec. 4.1.1 there was no evidence of a pole at 0 = 1/2 (D = 1). After
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some analysis there scemed to be a fairly stable first order pole at 6 = 1/10 and the
residue seecmed to converge at about 0.0121. After subtracting this pole we found
no remaining stable poles on the positive real ¢ axis. however there did seem to be
a somewhat stable first order pole near § = —0.15 with a residue of 0.0309. After
subtracting these two poles there remained no lone stable poles but many stable
pole-zero pairs and the energy was still not converging well. The energy seemed to
want to converge to about —0.7354 or so. This energy is midway between the 2s2p
'Pe and 252p 3P states [64, 65] and we expect the |1.0.0.2) state to be a singlet
{sce Eq. (2.33)).

The presence of stable pole-zero pairs in the Padé approximants is a sign of a
possible branch cut connecting two branch points of the energy function. Recall that
for S-wave states. branch points arose from the presence of Fermi Resonances where
two states were degenerate at zeroth order for some value of A. Let’s look at possible

Fermi Resonances that might connect the |1, 0. 0.2) state with some other state.

4.3 Fermi Resonances

As we did for S-wave states in Sec. 1.6.6 we again consider the harmonic order energyv

coefficient

3. (. 1\ 1 1 1
Iy = —53 2 T \nﬂ T3] Wy | ng + 5 +wy { g + 5 +wy | g+ 5 -
TRET = = = -

where
L +1 ==, — 2”: ;
ng = _)"' ~=1—-" for P? states. (4.9)

The harmonic frequencies w;. w,., and wj are identical to the S-wave frequencies
but now we have an additional frequency w; that may bring about a more complex
spectrum of Fermi resonances when it is commensurate with the original frequencies.
Figure 4.1 is a plot of these frequencies as functions of \. We sce very clearly that
for a particular value of A, A = A" = 0.735929. w; = w,. We will find ¢4 = ¢, for

/

states with quantum numbers {n,, n,, ng, ny} and {n, n%, nj. n}} when n, = n/
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and ny = ny (since the ratio of w, and w; is not a rational number in this case) and

ng + ny = n, + ny. From Eq. (4.9) we must have

! !
ngG— = = n, — 87

for a wy : w3y = 1 : 1 Fermi Resonance. Thus. in general. the harmonic order
energies will be degenerate when A = 0.755929 for the states |n,.n,.ng.~) and

[n, £ 1.n,.np.~ = 1) remembering that. for P° states. the quantum number ~ =1

or 2 which implies that only pairs of states will be degenerate.

PRSIy SN

RO NGNS ISRV PRSI JN

P S

Figure 4.1: w;. wo, w3, and wy as functions of A.

The states |0.0,0,1) and |1,0.0. 2) are such that they are degenerate at the 1:1
Fermi Resonance. Figure 4.2 is a plot of the harmonic order energies for ! P° states
verses A, As can be seen from the figure there are several other Fermi Resonances
corresponding to the many possible combinations of commensurate harmonic fre-

quencies. We also plot the harmonic order energies for * P? states in Fig. 4.3.
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Figure 4.2: Harmonic order energies as functions of \ for ! P° states. The order of the
states from lowest to highest is [0001). [1002). |0101). {2001). |1102). etc. at A = 0.2.
Notice the degeneracy at A = 0.755929 for the |0001) and |1002) states.

With the knowledge of a Fermi Resonance between the {0.0.0.1) and |1.0.0.2)
states we would expect to find one or two square-root branch points at the same
location(s) in the complex & plane for both states. Furthermore, as A — 0.755929
the branch-point(s) should move toward the origin. The branch points can be found
by calculating the quadratic Padé approximants. Sy ar,n;. of each energy series and
plotting the discriminant polynomial. P? — 4Q R. As we vary L. M. and N in a
regular way we look for branch points that remain stable.

Analysis of the [1.0.0, 2) state gives a single branch point on the negative real
o-axis at o, = —0.032 for A = 0.5. As A is increased toward 0.75 this branch point
moves toward the origin. There is also a complex conjugate pair of branch points at

+0.0165 %= 0.02497 that also converge toward the origin as \ increases. Analyvsis of
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Figure 4.3: Harmonic order energies as functions of A for * P° states. The order of the
states from lowest to highest is J0002). [1001). [0102). [2002). |1101). etc. at A = 0.2.
Notice there are no states degenerate with the |0002) state.

the (0.0.0.1) state also shows a stable single branch point at ¢, = —0.032 but no
other stable complex conjugate pairs.

[t would seem that these two states are connected. due to a Fermi-type Resonance.
by the branch point at 8. = —0.032. Thus. the energy function for each state is
actually part of a single two-valued function evaluated on one of its Riemann sheets.
Usually one finds a pair of branch points with a branch cut connecting them. There
were no other stable branch points common to these two states but perhaps the
second branch point is too far from the origin for the Padés to model accurately.

As was discussed in Sec. 1.6.6, the presence of branch points being shared by two
cnergy functions suggests that the corresponding states will exchange character as
one goes from large D to D = 3. This exchange of character usually comes about

by the presence of an avoided crossing. Thus, one can relate the presence of stable
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square root branch points to the presence of avoided crossings and therefore to the
conclusion that the state will change character as one varies D from large D to the
physical D = 3.

Another verification that each energy function is a single branch of a two-valued
function is by adding the two energy series and seeing if the branch point is still
present. As mentioned previously. when two energy functions are each a single branch

of a two-valued function they can be written as

Eo001(d) = f(d) + g(d) /d =4,

and

E1902(0) = f(8) — g(d)V/d - 4.

If we add these two functions
E(‘S) = EOOOI(‘S) + Emog(d)

and analyze the branch point structure we should no longer see the branch point
at d.. This is exactly what is found when we add the energy series of the |0.0.0.1)
and [1.0.0.2) states. The branch point at . = —0.032 is removed thus validating
the assumption that these two states are single, separate branches of a two-valued
function.

Furthermore. with the function E'(d) no longer having a branch point on the
negative real axis perhaps it will sum better than the [1.0, 0. 2) state did alone. We
first looked at the pole structure of E'(§) and found a second order pole at § = 1/2
with a residue of approximately —1/2 as well as a first order pole at § = 0.1 with
a residue of about 0.0131. When these poles were subtracted the remaining series
summed much better and converged to E(d = 1/4) = —2.8201 a.u. (We evaluated
the energy at § = 1/4 because for P° states d = 1/(D + 1)). Now by subtracting
the energy of the |0.0.0,1) state, Egger(1/4) = —2.123843 a.u. we find an energy

for the [1.0.0.2) state of E\gp(1/4) = —0.6963 a.u. This energy is in much better
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agreement with the 2s2p ! P° state found in the literature. Also, we can sum E(J) at
D =5 (6 = 1/6) to find an energy for the interdimensionally degenerate 3 D° state.
We find E£(1/6) = —0.85346 a.u. and after subtracting off the energy of the 3D° state
that is interdimensionally degenerate with the |0.0.0.1) state we find E|g02(1/6) =
—0.294132. I have not yvet found a state in the literature to compare this to but it
seems to lie below the N = 3 threshold. The energies discussed above are listed in
Table 4.2.

Finally. we mentioned in Sec. 4.1.2 that. for large D. the |0.0.0.1) stateisa T =1
state. while the {1.0.0.2) state is a T = 0 state. We also mentioned that all singly
excited states are T = 0 states. Therefore. since the [0.0.0. 1) state sums to a singly
excited state at D = 3 either our designation for the T quantum number is wrong or
the [0.0.0. 1) state must change character from a T = 1 state at large Dtoa T =0
state at small D. From the above branch point analysis it is clear that the |0.0.0.1)
state exchanges character with the |1.0,0, 2) state becoming a T = 0 state while the
[1.0.0.2) state becomes a T = 1 state. The exchange of character can also be seen

through wavefunction analyvsis which will be considered in the next section.

4.4 Wavefunction Summation

In this final section we will consider only wavefunctions of P? states. As discussed in

See. 2.2.1 the wavefunction can be written as
\I,L.: - [WL..-."ITFL.K
- J

where
F
Fim = : and WwWis =
:th | )

r;

We then substituted this wavefunction into the Schréodinger equation to obtain a ma-

trix differential equation for the function F' whose components are functions only
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of the internal coordinates. After a few coordinate transformations and the equiva-
lence transformation of Eq. (2.43) we obtained the wavefunction G%~. perturbation

equations

p
Y (H—L)Gyy =0 p=0.1,2....
(=0

Like F'. G&7 is a column vector whose components are functions only of the internal
. - . . . - *)
coordinates. The components of G©™ are then expanded in a power series in ¢'/>

which can be written as

x<
Glm = 3 s8GE.

p=0
where Glf" is also a column vector. Expanding the Hamiltonian in powers of §'/2
allowed us to derive a set of perturbation equations with which to solve the com-
pouents of G57. Implementation of the matrix method results in each component.
GI’;"". being a sum of triple products of harmonic oscillator eigenfunctions. Each

triple product can be designated as|v,. 1y, v3)

(w1 vy, v3) = hy, (w{/qu) hy, (u;.é/zq-z) hy, (wé/zq;;) .

Consider the following example. For all P° states. G has two components
labeled by either v = 1 for the top component or v = 2 for the bottom component.
The zeroth order component, G¢'*, tor the state |0.0. 0. 1) starts out with the triple
product [0.0.0) in the top component and nothing in the bottom component. \When

the first order wavefunction is calculated we find that the top component contains
0.697 |210) — 0.477|010) + 0.287{030) + 0.163 |201) + smaller terms. (4.10)
while the bottom component contains
~3.425(100) .

Higher order corrections contain more terms but result in a similar sum.
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We sum these terms by doing a point-by-point summation. We first choose a value
for {ry. ry. 8}. then transform to normal coordinates {q;, ¢2. ¢3}. We then evaluate
all the relevant triple products that come in at all orders that we are concerned with.
For a given order we add the triple products multiplied by their coefficients (Eq.
(4.10)). At this point we have a power series expansion in ¢ for a single point in {r,.
ry. 6} space. We then either do a Padé summation. or a straight summation. and
evaluate the result at D = 3 or whatever dimension we are interested in.

For the [0.0.0.1) ' P° state we plot. in Figs. 4.4. the top component of the wave-
function for various values of dimeusion using straight summation through third
order in §'/%. At large dimension the top component has large electron density on
the r; = ry potential ridge. indicative of a doubly excited state. But. as dimension is
reduced toward D = 3 the single lobe splits into two lobes. They fall off the potential
ridge much like singly excited states. Thus the |0,0.0, 1) ! P° state changes character
from doubly excited to singly excited as D goes from infinity to 3.

The bottom component of the |0.0,0,1) ! P° state is shown in Fig. 4.5. These
plots are also straight summations through third order in /2. Notice how. even at
large D. the bottom component shows singly excited character. In fact, the bottom
component is the 7 = 0 component and singly excited states are T = 0 states.

Similarly. Fig. 4.6 shows the evolution of the top component of the |1.0.0.2) ! P°
state. These plots are straight summations through third order in 6'/2. For large D
this state starts out looking doubly excited and remains looking doubly excited as
D — 3. But. if we look at Fig. 4.7, we see that the bottom component looks like a
singly excited state for all D! With a little care we can compare the relative sizes
of the top and bottom components and we find that as D — 3 the top component
becomes larger than the bottom component. This suggests that the [1.0.0.2) state
has more T = 1 character at D = 3 than it had for large D. This is further evidence
that the ]0.0.0.1) and |1, 0,0, 2) states exchange character as we go from large D to

D = 3.
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Chapter 5

Conclusions

This work has extended previous work on the helium atom by enabling one to calcu-
late not only S-wave states but in addition, any state with any total orbital angular
momentum. Thus we can now calculate the entire spectrum of the helium atom
including bound states as well as resonances. Advantages of dimensional perturba-
tion theory over other methods include having electron correlation present at lowest
order. being able to calculate wavefunctions without any additional work than that
required to calculate energy coefficients. and there is no need to truncate a wave-
function expaunsion since. at each order in 6'/%. the wavefunction expansion is exact.
The wavefunction expansion at each order in d'/? is a finite sum of triple products of
Hermite polynomials.

Calculating the wavefunctions via the matrix method makes it relatively easv
to calculate expectation values. An operator would be expressed in terms of the
normal coordinates g;. and possibly their derivatives. which would then be expressed
as matrices. Like the Hamiltonian. the operator would become a rank-8 tensor and
the expectation value would be a contraction of this operator with a wavefunction
on the right followed by contraction of the wavefunction’s transpose on the left.

This research has demonstrated the validity of the higher angular momentum
methods developed by Watson and Dunn. The results obtained for the lowest Iving
states of P? symmetry are quite satisfving in light of the complexity of the formal-

ism. This gives one hope for the success of future calculations of vet higher angular
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momentum states. Not only does this research validate the formalism for the two-
electron atom. but gives us confidence that the formalism is correct for N-electron
atomic states with arbitrary angular momentum as well.

Work that can now easily be accomplished is the calculation of any state of the
helium atom with the only limitation being computer memory and round-off error.
To help with this problem it is the author’s intention to eventually write the code
in parallel. Other projects that can now be considered are the following. Develop a
betrer understanding of the K. T. and A quantum numbers since our DPT approach
starts with an inherently molecular-like atom which is known to describe doubly
excited states well. \We hope to better understand the presence of the rotor series
which is obtained when one keeps all quantum numbers fixed but increases L. And
finallv one can also expand about a different point in the potential to be able to
calculate resonance widths.

There are many more possibilities for further study using DPT on the helium
atom. One can also try to apply this formalism to completely different syvstems such
as Bose-Einstein condensates or quantum dots. In fact, this work has begun and

hopefully DPT as applied to these systems will be as fruitful as it was for the helium

atom.
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Appendix A

The Hamiltonian Expansion Code

A.1 main.h

C Header file to declare arrays and variables common to all
C routines.
real*16 R12W(3,0:60,0:60,0:60)
real=*16 U(6,0:60,0:30,0:60),T(2,0:60,0:30,0:60)
real*16 B(0:60,0:30,0:60) ,bnom(0:60,0:60) ,a1(0:60,0:60)
real=16 a2(0:60,0:60),cot(0:60,0:60) ,s(0:60,0:60)
real*16 coschi(0:60), sinchi(0:60)
real*16 ZERO, ONE, sqrt2
integer maxj
common /all/ R12W,U,T,B,bnom,al,a2,cot,s,coschi,sinchi,
. ZERO,ONE,sqrt2,maxj
c This code uses about 45 MB for SIZE=60

A.2 main.f

PROGRAM SETUP_HELIUM
IMPLICIT NONE
c Modified for higher L 8/96
c Modified for lambda = zero 11/96
integer SIZE, lamvar
c integer i,j,k,l,iarr(3)
real*16 lam, lambar, c_m, r_m, Vxx, Vyy, Vxy, VO, EO, E2

real=16 omega(4), tanchi, chi, cmi, s_m, rm3, cmfact



C

real=16 laml,lam2,lam3, lambda, delta
include ’main.h’
ZER0=0.0q0
ONE=1.0q0
SIZE=60
sqrt2 = sqrt(2+0NE)
Input various parameters
write(=,=) Do you want lambda variation? 1=YES, 2=NO.’
read(5,*) lamvar
if (lamvar .eq. 1) then
write(=,*) ’Quadratic lambda variation’
write(=,*)
write(*,*) ’Enter lambda for delta = 1/3; (D=3): *
read(*,*) lam3
write(=, =)
write(=,*) ’'Enter lambda for delta=0; (D = Infinity):’
read(5,*) lam
write(=,*)
write(=,*) ’'Now enter a lambda for some other delta=1/D:’
write(*,*) ’Enter D: ’
read(5,*) delta
delta = 1/delta
write(=, )
write(=,*) ’Enter lambda for delta = ’,delta, ’':’
read(5,*) lambda
lam2 = (9.q0%*1lam3 + lam*(3.g0/delta - 9.q0) -
3.g0*xlambda/delta)/(ONE - 3.q0xdelta)
laml = (lambda - lam - lam2*delta*delta)/delta
write(=,=) ’lambda = lam + laml*delta + lam2=xdelta~2’
write(=,*)
else
write(=,*) ’Enter lambda for delta = 1/3; (D = 3):°
read(5,*) lam
write(=,s)
ZERD
ZERO

1}

lamil

lam2

124



endif

write(=,*) ’lam ’, lam

"

write(=,*) ’laml , lamil

write(=,*) ’lam2 = ’, lam?

write(=,»)
write(=,*) ’'Enter maximum order in sqrt(1/D) (max.’,SIZE,’):’
read(5,*) maxj
write(*,*) ’maxj = °’,maxj
write(s,s)

C Analytic expressions

C -—--temporary variables for convenience: cml, rm3, cmfact
lambar = sqrt2 = lam / 16.q0
c_m = -2.q0%lambar*(lambar + sqrt(lambar=lambar + ONE))
write(s,*) ’cos(theta_m) =7, c_m
cml = ONE + c_m

ONE / (4.9q0*cml=*cml)

r_m
write(s,*) 'r.m =’, r_m

EO = -4.q0*cml*cml*cml/(ONE-c_m)

write(=,*) 'E(0) =’, EO

s_m = sin{acos(c_m))

write(=,*) ’'sin(theta_m) =’, s_m

rm3 = r_m*r_m*r_m

cmfact = 2.q0*(ONE-c_m)

Vxx = (0.375q0/(r_m*s_m*s_m)-ONE+lam/(2.q0*sqrt(cmfact))) / rm3
write(=,x) ’Vxx =’, Vxx

cmfact = lam / (cmfact*sqrt(cmfact))

omega(1l) = sqrt((0.75q0/(r_m*s_m*s_m) - 2.q0 - cmlscmfact)/rm3)

Vyy = (3.q0*(c_m*c_m)/(s_m*s_m) + ONE) / (2.qO0*r_m=s_mss_m)

Vyy = (Vyy + (3.q0+c_m)=*cmfact/2.q0) / rm3

Vxy = (c_m/(s_m*r_m*s_m*s_m) + cmfact*s_m)/rm3

VO = -1.5q0/(r_m*r_mes_m*s_m) + laml/(sqrt2*r_mssqrt(ONE-c_m))

write(=,x) 'Vyy =’, Vyy

write(=,*) ’Vxy =’, Vxy

write(=,=) 'V0 =’, VO
omega(2) = sqrt((Vxx-Vyy)*=(Vxx-Vyy) + Vxy*Vxy)
omega(3) = sqrt(Vxx + Vyy - omega(2))



omega (2)
omega(4) = -c_m/(r_m*r_m*s_m*s_m)
write(*,*) ’omega(l) =’, omega(l)
write(*,*) ’omega(2) =’, omega(2)
write(*,*) ’omega(3) =’, omega(3)
write(=,*) ’omega(4) =’, omega(4)

if (lam .eq. ZERO) then

there is no transformation to normal coordinates;
x and y are already pormal coordinates. This implies that

chi = pi/2. See helium higher L potential expansion notes

page 4A.

chi = asin(ONE)

coschi(1) = ZERO
sinchi(1) = ONE

sqrt (Vxx + Vyy + omega(2))

tanchi = ZERQ !we won’t actually use tanchi since it is actually singular

else

chi = Vxy / (Vyy - Vxx)

tanchi = (Vyy-Vxx)=(ONE + sqrt(ONE + chi * chi))/Vxy

chi = atan(tanchi)

coschi(1l) = cos(chi)

sinchi(1) = sin(chi)

write(=,*) ’tan(chi) =’, tanchi
endif
write(=,=) *chi =’, chi

write(=,=*) ’sinchi =’, sinchi(1)
write(=,*) ’coschi =’, coschi(1l)

E2 = VO

C Preliminary initialization

call binom

call chifact

write(=,») ’setup_C --’
CALL setup_C

write(=,x) ’setup_B --’
CALL setup_B

call sin_derivs(s_m,c_m)

call gtoy(s_m,c_m)
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C Centrifugal potential
write(=,*) ’setup_U --?
CALL setup_U(r_m, s_m)
call cotan(r_m, s_m, c_m)
C Potential term
write(=,=*) ’setup_V --’
CALL setup_V(r_m, lam,laml,lam2, c_m)
write(=,*) ’setup_W --’
call setup_W(r_m,s_m)
C Kinetic term
write(=,x) ’setup_T --’
CALL setup_T(r_m)
C Save parameters for iterative loop to compute E(j), j = 3,4,..., maxj
vrite(=,=) ’save --’
CALL save_params(omega, EO, E2)
c 20 format(al10,i2,’:7,12,7:7,1i2)

end

A.3 binom.f

C Calculates binomial coefficients recursively
subroutine binom
implicit none
integer n, m
include ’'main.h’
do n=0,maxj
do m=0,maxj
bnom(n,m) = ZERO
enddo
enddo
do n = 0, maxj
bnom(n,0) = ONE
dom=1, n/2
bnom(n,m) = bnom(n,m-1) * (n+0ONE-m)/(ONE=*m)
end do

dom =0, n/2



bnom(n,n-m) = bnom(n,m)
end do
end do

end

A.4 chifact.f

subroutine chifact
implicit none
integer j

include ’'main.h’
coschi(0) = ONE
ONE

sinchi(0)
do j=2,maxj

coschi(j) = coschi(j-1)*coschi(1)
sinchi(j) = sinchi(j-1)*sinchi(1)
enddo

end

A.5 cotan.f

subroutine cotan(r_m, s_m, c_m)
implicit none
integer i,j,m,n
real=16 r_m, s_m, c_m, jfact,prefact
include ’main.h’
¢ S(j,n) is calculated in setup_U.f
if (c_m .eq. ZERO) then
prefact=1/s_m
else
prefact=c_m/s_m
a2(0,1) = DNE
endif
jfact = ONE
do j=0, maxj

do n=0, j



cot(j,n) = ZERO
do m=0,j
do i=m,j
cot(j,n) = cot(j,n) + a2(j-i,1)*al(i,m)
enddo
enddo

cot(j,n) = cot(j,n)*prefact*s(j,n)=*jfact

enddo
jfact = jfactssqrt2/r_m
enddo
a2(0,1) = ZERO
end
A.6 gtoy.f

subroutine gtoy(s_m,c_m)
implicit none
integer j,p,1
real=16 s_m,c_m, tan_m, fact
include ’main.h’
do j=0,maxj
do p=0,max]j
a2(j,p) = ZERO
enddo
enddo
a2(0,0) = ONE
do j = 1, maxj
a2(j,0) = ZERO
end do
if (c_m .eq. ZERO) then
fact = - ONE
a2(0,1) = ZERO
do j = 0, maxj-2, 2
a2(j+1,1) = fact
a2(j+2,1) = ZERO
fact = -fact / ((j+2)*(j+3)*0NE)



end do

if ((maxj/2)*2 .ne. maxj) a2(maxj,1l) = fact
else

tan_m = s_m / c_m

ONE

fact
do j = 0, maxj-1, 2
a2(j,1) = fact
fact = -fact / ((j+1)=ONE)
a2(j+1,1) = tan_m * fact
fact = fact / ((j+2)=*=0NE)
end do
if ((maxj/2)*2 .eq. maxj) a2(maxj,1) = fact
a2(0,1) = ZERO
endif
C and fill in remaining a2_j~{(p)} elements
do p = 2, maxj
do j = p, maxj
a2(j,p) = ZERO
doi =1, j-p+til
a2(j,p) = a2(j,p) + a2(j-i,p-1) * a2(i,1)
end do
end do
end do

end

A.7 sin_derivs.f

subroutine sin_derivs(s_m,c_m)
implicit none
real*16 s_m, c_m, cot_m, fact
integer j,p,1
include ’main.h’
do j=0,maxj
do p=0,maxj
a1(j,p) = ZERO

enddo
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enddo
cot_m = c_m / s_m
fact = -ONE
a1(0,0) = ONE
do j = 1, maxj
al(j,0) = ZERO
end do
C initialize al_j~{(1)} elements
do j = 0, maxj-1, 2
al(j,1) = fact
fact = fact / ((j+1)=ONE)
a1(j+1,1) = cot_m * fact
fact = -fact / ((j+2)=0NE)
end do
if (((maxj/2)*2) .eq. maxj ) al(maxj,1) = fact
a1(0,1) = ZERO
C and fill in remaining al_j~{(p)} elements
do p = 2, maxj
do j = p, maxj
al(j,p) = ZERQ
do i =1, j-p+t
a1(j,p) = ai(j,p) + al(j~-i,p-1) * a1(i,1)
end do
end do
end do

end

A.8 setup_B.f

subroutine setup_B
implicit none
real=16 lfact
integer j,k,1l, twok
include ’main.h’

do j=0,maxj

do k=0,maxj/2
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A.9

do 1=0,maxj
B(j,k,1) = ZERO
enddo
enddo
enddo
do j = 1, maxj
do k =0, (j-1)/2
twok = 2=k
lfact = ONE
do 1 = 0, j-twok-1
B(j,k,1) = 1factsbnom(j,twok+1)*bnom(j-twok-1,1)=

coschi(j-twok-1-1)*sinchi(l)

1fact = -1fact
enddo
enddo
enddo
end
setup_C.f

subrdutine setup_C
implicit nomne
real*16 lfact
integer j,k,l, twok
include ’main.h’
do j=0,maxj
do k=0,maxj/2
do 1=0,maxj
T(1,j,k,1) = ZERO
enddo
enddo
enddo
do j = 0, max]j
do k =0, j/2
twok = 2xk
lfact = ONE



do 1l =0, j-twok
T(1,j,k,1) = 1fact*bnom(j,twok)*bnom(j-twok,1)=
coschi(j-twok-1)*sinchi(l)
lfact = -1lfact
enddo
enddo
enddo

end

A.10 setup_T.f

[

subroutine setup_T(r_m)
implicit none
real=16 r_m, term, c(0:60)
integer j,k,1l,m,n
include ’main.h’
c(0) = r_m*r_m
c(1) = ZERO
c(2) = -0.5q0
do j = 3, maxj
c(j) = =c(j-1)=(j-1)/(sqrt2*r_m=*(j-2))
enddo
do j = maxj, 2, -1
do k = 0, j/2
do 1 =0, j=2%k
T(1,j,k,1) = c<(j) = T(1,j-2,k,1)
end do
end do

end do

now do additional term due to higher L which multiplies a spin matrix

do j=4,maxj
do k=0,(j-4)/2
do 1=0,j-2*k-4
T(2,j,k,1) = ZERO
do m=0,j-4
term = ZERO
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do n=0, min(m,1l)
term = term + B(j-m-3,k,1-n)=cot(m,n)
enddo
T(2,j,k,1) = T(2,j,k,1) - term*2.q0*(j-m-2)*
- c(j-m)/(j-m-1)

enddo !'m
enddo '1
enddo 'k
enddo '

end

A.11 setup_U.f

subroutine setup_U(r_m, s_m)
implicit none

integer i, j, k, 1, m, mmin, mmax
real=16 r_m, s_m, term, prefact
real=16 g(0:60),c(0:60)

include ’main.h’

g(0) = 1.9q0 / (s_m=s_m)

do j = 1, maxj

ZERD

g(3)
dom=1, j
g(j) = g(j> + (m+ONE) = ai(j,m)
end do
g(j) = g(@3) = g0
end do
term = sqrt2 / r_m
prefact = ONE
do j = 0, maxj
g(j) = g(j) = prefact
prefact = prefact * term
end do
do j=0,max]j
do i=0,maxj

s(j,i) = ZERO
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[t

c

enddo
enddo
do j = 0, maxj
do i =20, j
s(j,i) = bonom(j,i)*coschi(i)*sinchi(j-i)
end do
end do

c(0) ONE / (4.0q0 * r_m = r_m)

1, maxj

do j
c(j) = -c(j-1) = (j+1) / (je=sqrt2=r_m)
end do
See s-wave potential expansion notes for Ul,U2,U3. See higherL
potential expansion notes for U4,U5,US.
do j=0,maxj
do k=0,maxj/2
do 1=0,maxj
do i=1,6
U(i,j,k,1) = ZERO
enddo
enddo
enddo
enddo
do j = 0, maxj
do k = 0, j/2
do 1 =0, j-2=k
do i = 0, j-2=k
ZERO

term

mmin = l+2%k+i-j

if (mmin.1t.0) mmin=0

mmax = i

if (1.lt.mmax) mmax=1

do m = mmin, mmax

term = term + s(i,m)*T(1,j-i,k,1-m)

end do

U(1,j,k,1) = U(1,j,k,1) + c(j-i)=g(i)*term
end do



end do
end do
do k = 0, (j-2)/2
do 1 = 0, j-2-2=k
U(2,j,k,1) = -U(1,j-2,k,1) * 6.0q0
end do

end do

do k = 0, (j-4)/2
do 1 =0, j-4-2=k
U(6,j,k,1) = c(j-4)*T(1,j-4,k,1)
U(3,j,k,1) = 8.q0 = U(1,j-4,k,1) ~ U(6,j,k,1)
end do
end do
c Higher L terms U(4,j,k,1) and U(5,j,k,1) multiply a spin matrix
c U(6,j,k,1) is multiplied by the square of a spin matrix and is calculated
c above.
do k=0, (j-3)/2
do 1=0, j-3-2=k
do i= 0, j-3
ZERO

term
mmax = 1
if (i.lt.mmax) mmax = i
do m= 0, mmax
term = term + s(i,m)*B(j-i-2,k,1-m)
enddo
U(4,j,k,1) = U(4,j,k,1) + g(i)*2.q0*c(j-i-2)*term
enddo !i
enddo 11
enddo 'k
do k=0, (j-5)/2
do 1=0, j-5-2=k
U{5,j,k,1) = -2.q0+U(4,j-2,k,1)
enddo
enddo

end do
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end

A.12 setup_V.f

subroutine setup_V(r_m,lam,lamil,lam2,c_m)
implicit none
real#16 r_m, lam,lami,lam2, c_m
integer 1i,j,k,1,k2,r,p,pmax,m,n2,n,k1
real=16 pfact,lfact
real*16 prefact, vtj,vtl
real*16 vtu, vtkl, vtk2, vtn, vtn2, vtqg, k2fact
real=16 a,b2,c,e,jfact,nfact,n2fact
real=*16 F(0:60,0:30,0:60), D(0:60,0:30,0:60)
real=16 V(0:60,0:30,0:60)
include ’main.h’
vtj = -ONE / (sqrt2 = r_m)
prefact = ~2.0q0 / r_m
do j = 0, maxj

do k = 0, j/2

do 1 =0, j-2=k
u(L,j,k,1) = U(1,j,k,1) + prefact=T(1,j,k,1)
end do

end do

prefact = prefact = vt}
end do
a = sqrt2 / r_m
b2 = ONE / (2.0q0 * r_m * r_m)
c=c_m
e = (ONE + ¢) / (ONE - <)
c=c/ (ONE - <)
n2fact = b2 / (a*a)

nfact = -n2fact = ¢ / a

jfact = c/a
k2fact = a*c / (b2»e)
do j = 0, maxj

do k=0,j/2



do r = 0,j-2*k
D(j,k,r) = ZERO
end do
end do
end do
vtj = ONE
do j = 0, maxj
vtg = Vtj
dom =0, j/2
vtn = vtq
do n = 0, min(m, j-2+*m)
vtl = vtnxbnom(j-m-n,m)*bnom(m,n)
do 1l =0, j-2*m-n
vtkl = vtlsbnom(j-2*m-n,1l)
do k1 = 0, m-n
vtk2 = vtklsbnom(m-n,k1)
do k2 = 0, ki
vtn2 = vtk2=bnom(k1,k2)
don2=0,n
D(j,k1-k2+n-n2,n+1+k2) =
D(j,k1-k2+n-n2,n+1+k2) + bnom(n,n2) * vtn2
vtn2 = -vtn2
end do
vtk2 = -vtk2 * k2fact
end do

vtkl = vtkl = e

end do
vtl = -vtl = ifact
end do 1

vtn = vtn * jfact * (j-m-n) / (0.5q0 - j + m + n)
end do 'n
vtg = veq * (j-m) / (4.0q0%(0.5q0 - j + m))
end do 'm
vtj = -vtj = a»(0.5q0+j) / (ONE+j)
end do '3

do j=0, maxj
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vtu = ONE
dor =0, j
do k = 0, (j-r)/2
F(j,k,r) = ZERO
doi=0,r
F(j,k,r) = F(j,k,r) + D(j-i,k,r-i)svtu*a2(r,r-i)
end do
end do
vtu = vtu * a
end do
end do
prefact = ONE / (r_m*sqrt2xsqrt(ONE-c_m))
do j = 0, maxj
do k=0,j/2
do r=0,j-2*k
if (F(j,k,r) .ne. ZERQO) F(j,k,r) = F(j,k,r) = prefact
end do
end do
end do
C Convert F(j,k,r) expansion coefficients to V(j,k,1)
do j=0,maxj
do k=0,j/2
k2 = 2xk
l1fact=0NE
do 1=0,j-k2
v(j,k,1) = ZERO
do r=0,j-k2
pmax = 1
if (pmax.gt.r) pmax = r
do p=max(0,l+r+k2-j),pmax
if ((p/2)*2.eq.p) then
pfact=0NE
else
pfact=-0NE
endif

v(j,k,1)=V(j,k,1) + bnom(j-r-k2,1-p)*bnom(r,p)*F(j,k,r)=
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coschi(j-r-k2-1+2+p)«sinchi(1+r-2«p)*pfactxlfact
enddo 'p
enddo 'r
u(1,j,k,1) = U(1,j,k,1) + lam*V(j,k,1)
lfact=-1fact
enddo 'l
enddo 'k
do k=0,(j-2)/2
do 1=0,j-2-2%xk
U(2,j,k,1) = UC2,j,k,1) + laml*V(j-2,k,1)
enddo
enddo
do k=0,(j-4)/2
do 1=0,j-4-2=*k
U(3,j.k,1) = U(3,j,k,1) + lam2*V(j-4,k,1)
enddo
enddo
end do 'j

end

A.13 setup_W.f

subroutine setup_W(r_m, s_m)
implicit none
real*16 r_m,s_m,W(3,0:60,0:30,0:60)
real*16 jfact, kfact,lfact
real*16 factor
real*16 R12(0:60,0:60,0:60)
integer j,k,l,m,n,p,factoril
include ’'main.h’
call setup_Wi(W,r_m,s_m)
jfact = ONE
do j=0,maxj

kfact = jfact

do k = 0,j

lfact = kfact
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do 1=0,j-k

factorl = 0

if ((k.le.(j-1)).and.(j.ge.1)) then
if (1.le.(j-k-1)) factorl = factorl - (j-k-1)
if (1.ge.1) factori = factorl -1

endif

if ((k.ge.l).and.(j.ge.1)) factorl = factorl + k

if (j.eq.0) then
factor = ONE

else

W

factor = (factor1=ONE)/(j*ONE) + ONE
endif
R12(j,k,1)=1fact*coschi(j-k-1)*sinchi(1)=
bnom(j,k)*bnom{j-k,1)*factor

lfact=-1fact

enddo !1
kfact = -kfact
enddo 'k
jfact = -jfact/(sqrt2=r_m)
enddo 'j

do j = 2,max]j
do k = 0,j-2
do 1 =0,j-k-2
factor = ZERO
do m=2, j
do n = 0,min(k/2,(m-2)/2)
do p = 0,min(1,m-2*n-2)
factor = factor + R12(j-m,k-2+n,1-p)*W(1,m,n,p)
enddo
enddo
enddo
R12W(1,j,k,1) = factor
enddo
enddo
do k = 0,j-3
do 1 = 0,j-k-3
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factor = ZERO
do m=3,j
do n = 0,min(k/2, (m-3)/2)
do p = 0,min(1l,m-2*n-3)
factor = factor + R12(j-m,k-2*n,1-p)*W(2,m,n,p)
enddo
enddo
enddo
R12W(2,j,k,1) = factor
enddo
enddo
do k = 0,j-4
do 1 =0,j-k-4
factor = ZERO
do m=4, j
0,min(k/2,(m-4)/2)

do n
do p = 0,min(l,m-2+n-4)
factor = factor + R12(j-m,k-2#*n,1-p)*W(3,m,n,p)
enddo
enddo
enddo
R12W(3,j,k,1) = factor
enddo
enddo
enddo

end

A.14 setup_W1.f

subroutine setup_Wi(W,r_m, s_m)
implicit none

real=16 r_m, W2(0:60,0:30,0:60),s_m
real=*=16 factor,W(3,0:60,0:30,0:60)
integer j,k,l,m,n,nmax

include ’main.h’

call setup_W2(W2,r_m,s_m)



factor = r_m/sqrt?2
do j = 2, maxj
do k=0, {j-2)/2
do 1=0,j-2xk-2
w(1,j,k,1) = ZERO
do m=0,j-2
nmax = m
if (1.1t.nmax) nmax = 1
do n=0,nmax
w(,j,k,1) = Ww(1,j,k,1) -0.5d0*W2(j-m-2,k,1-n)=*
cot(m,n)
enddo
enddo
enddo
enddo
do k=0,(j-3)/2
do 1=0, j-2*k-3
W(2,j,k,1) = factor*wW2(j-3,k,1)
enddo
enddo
do k = 0,(j-4)/2
do 1=0, j-2*k-4
W(3,j,k,1) = -2.d0*W(1,j-2,k,1)
enddo
enddo
enddo

end

A.15 setup_W2.f

subroutine setup_W2(W2,r_m,s_m)
implicit none

real=16 r_m, s_m

integer i,j,k,1,k2,r,p,pmax,m,n2,n,kl
real=*16 prefact, vtj,vtl,lfact,pfact

real*16 vtu, vtkl, vtk2, vtn, vtn2, vtq

143



real=*16 a,b2
real=16 F(0:60,0:30,0:60), D(0:60,0:30,0:60)
real=16 W2(0:60,0:30,0:60)
include ’main.h’
a =sqrt2 / r_m
b2 = ONE / (2.90 * r_m * r_m)
do j = 0, maxj
do k=0, j/2
do r=0,j-2=k
D(j,k,r) = ZERO
end do
end do
end do
vtj = ONE
do j = 0, maxj
vtq = vtj
do 1 =0, j/2
vtn = vtqg
do n = 0, min(1, j-2=1)
vtl = vtnsbnom(j-1-n,1l)*bnom(l,n)
dom =0, j-2=1l-n
vtkl = vtl«bnom(j-2+1-n,m)
do k1 =0, 1-n
vtk2 = vtklsbnom(l-n,k1)
do k2 = 0, ki1
vtn2 = vtk2sbnom(ki,k2)
don2=0,n
D(j,k1-k2+n-n2,n+m+k2) =
D(j,k1-k2+n-n2,n+m+k2) + bnom(n,n2) * vtn2
vtn2 = -vtn2
end do
vtk2 = vtk2=a/b2
end do k2
vtkl = -vtkl
end do 'kl

vtl = -vtl/a
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end do 'm
vtn = -vtn/a
end do 'n

vtq = -vtq*(1.40/4.40)

end do 'l
vVt = -vtj * a
end do '

do j=0, maxj
do k=0,j/2
vtu = ONE
do r=0,j-2=k
F(j,k,r) = ZERO
doi=0,r
F(j,k,r) = F(j,k,r) + D(j-i,k,r-i)*al(r,r-1i)
end do
F(j,k,r) = F(j,k,r)*vtu
vtu = vtu*a
end do
end do
end do
prefact = ONE / (r_m*r_m*s_m)
do j = 0, maxj
do k=0,j/2
do r=0,j-2=k
if (F(j,k,r) .ne. ZERO) F(j,k,r) = F(j,k,r) * prefact
end do
end do
end do
C Convert F(j,k,r) expansion coefficients to W2(j,k,1)
do j=0,maxj
do k=0,j/2
k2 = 2%k
1fact=0NE
do 1=0,j-k2
w2(j,k,1) = ZERO
do r=0,j-k2



pmax = 1

if (pmax.gt.r) pmax = r

do p=max(0,r+l+k2-j),pmax
if ((p/2)*2.eq.p) then

pfact=0NE
else

pfact=-0NE
endif

W2(j,k,1)=W2(j,k,1) + bnom(j-r-k2,1-p)*bnom(r,p)*F(j,k,r)=*
coschi(j-r-k2-1+2*p)=*sinchi(l+r~-2*p)spfact=lfact

enddo 'p

enddo 'r

lfact=-1lfact

c if (W2(j,k,1).ne.ZERQ) write(10,s*) j,2xk,j-2«k-1,1,W2(j,k,1)
enddo t1
enddo 'k
end do 'j
end

A.16 save.f

subroutine save_params(omega,EQ,E2)
implicit none
integer 1,j,k,1
real=16 omega(4), EO, E2
real*16 prefact, factl, fact2, mulj, mulk, mull, prej, prek
real=16 fact3
include ’main.h’
open(unit=10, file=’params.lis’, status=’unknown’)
write(10,*) maxj
do i =1, 4
write(10,*) omega(i)
end do
write(10,*) sinchi(l)
write(10,=) coschi(1)

write(10,=) EO
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write(10,=) E2

close(10)

open(unit=10, file=’'T1.lis’, status=’unknown’)

open(unit=11, file=’T2.lis’, status=’unknown’)

open(unit=12, file=’UV1i.lis’, status=’unknown’)

open(unit=13, file=’'UV2.1lis’, status=’unknown’)

open(unit=14, file=’UV3.lis’, status=’unknown’)

open(unit=15, file=’UV4.lis’, status=’unknown’)

open(unit=16, file=’UV5.1lis’, status=’unknown’)

open(unit=17, file=’UV6.1lis’, status=’unknown’)

factl = 2.q0*omega(2)

fact2

fact3

factlsfactl

ONE/sqrt(2.q0*omega(1))

mulj = ONE / sqrt(2.qO0*omega(2))

mulk = omega(2) / omega(1)

mull = sqrt(omega(2) / omega(3))

prej = mulj*mulj*mulj

do j = 3, maxj
prek = prej
do k = 0, j/2

prefact = prek
do 1 =0, j-2+k

if

if

if

if

if

if

if

(T(1,j,k,1).ne.ZER0) write(10,*) j,k,1,
prefact*omega(2)*T(1,j,k,1)

(T(2,j,k,1).ne.ZERQ) write(11l,=*) j,k,1,
prefactsfact2*fact3/sqrt2=T(2,j,k,1)

(u(1,j,k,1) .ne. ZERO) write(12,=) j,k,1,
prefact=*U(1,j,k,1)

(U(2,j,k,1) .ne. ZERO) write(13,=*) j,k,1,
prefact*fact1=U(2,j,k,1)

(U(3,j,k,1) .ne. ZERO) write(14,=) j,k,1,
prefact*fact2*U(3,j,k,1)

(U(4,j,k,1) .ne. ZERO) write(15,=) j,k,1,
prefact*fact3*factl/mulj*U(4,j,k,1)

(U(5,j,k,1) .ne. ZERO) write(16,=*) j,k,1,
prefact*fact2*fact3/mulj*U(5,j,k,1)



if (U(6,j,k,1) .ne. ZERQ) write(17,s) j,k,1,
prefactsfact2+U(6,j,k,1)
prefact = prefact * mull
end do
prek = prek * mulk

end do

prej = prej * mulj
end do
write(10,*) -1,0,0,ZERD
write(ii,«) -1,0,0,ZERO
vrite(12,=) -1,0,0,ZERO
write(13,=*) -1,0,0,ZERO
write(14,=*) -1,0,0,ZERO
write(15,+) -1,0,0,ZERO
write(16,=) -1,0,0,ZERO
write(17,*) -1,0,0,ZERO
close(10)
close(11)
close(12)
close(13)
close(14)
close(15)
close(16)
close(17)
open(unit=10, file=’R12W1.1is’, status=’unknown’)
open(unit=11, file='R12W2.1is’, status=’unknown’)
open(unit=12, file=’R12W3.1lis’, status=’unknown’)

facti = 2.qO*omega(2)

fact2 factlsfactl
mulj = ONE / sqrt(2.qO0=omega(2))

mulk = sqrt(omega(2) / omega(l))

mull = sqrt(omega(2) / omega(3))
prej = mulj=*mulj*mulj
do j = 3, maxj

prek = prej

do k =0, j
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prefact = prek
do 1 =0, j-k
if (R12W(1,j,k,1).ne.ZERQ) write(10,*) j,k,1,
prefact*fact1*R12W(1,j,k,1)
if (R12W(2,j,k,1) .ne.ZERQ) wvrite(11,s) j,k,1,
prefacts*factl/(mulj*sqrt2) «R12wW(2,j,k,1)
if (R12W(3,j,k,1) .ne. ZERO) write(12,*) j,k,1,
prefact*fact2*R12W(3,j,k,1)
prefact = prefact * mull
end do
prek = prek = mulk
end do
prej = prej * mulj
end do
write(10,#*) -1,0,0,ZERO
write(il,=) -1,0,0,ZERO
write(12,=) -1,0,0,ZERD
close(10)
close(11)
close(12)

end
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Appendix B

Code For Solving Perturbation Equations

B.1 qcommon.h

C---- constants; SIZE is max order in sqrt(1/D) and LEN is the
c---- maximum array dimension
integer SIZE, LEN,anglen
¢ 40th order for p-odd
c data SIZE, LEN, anglen /40,63,2/
c 54th order for p-odd
data SIZE, LEN, anglen /54,81,2/
c 20th order for d-even
c data SIZE, LEN, anglen /20,33,3/
c LEN is equal to 3*(maxj-2)/2 + statemax where
c statemax = 1,2,3,.... is the maximum quantum
c number after it is increased by one. The ground
c state 000 would have a statemax = 1.
realx*16 ZERO,ONE
data ZERO,ONE /0.q0,1.q0/

Cr==-- wavefunction tensors and temporary storage

C A(O:SIZE,LEN,LEN,LEN)

C 40th order p-odd

c REAL=16 A(32,63,63,2,0:38), T1(32,63,63,2), T2(32,63,63,2),
c . T3(32,63,63,2)

c real*16 TT(63), sqt(63), R2(63)

c INTEGER asize(0:38)

C 54th order p-odd
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REAL+16 A(41,81,81,2,0:52), T1(41,81,81,2), T2(41,81,81,2),

. T3(41,81,81,2)

real*16 TT(81), sqt(81), R2(81)
INTEGER asize(0:52)

C 20th order for d-even

C
c

C 54th

REAL=16 A(17,33,33,3,0:18), T1(17,33,33,3), T2(17,33,33,3),
T3(17,33,33,3)

real=16 TT(33), sqt(33), R2(33)

INTEGER asize(0:18)

potential expansion coefficients and associated pointers
order for any state

real=16 R12W1(10660),R12W2(9880) ,R12W3(9139),UV1(6391),UV2(5530)
real=16 TK1(5530),UV4(5130),Uv3(4750),TK2(4750) ,UV6(4750)
real*16 UV5(4389)

real=16 E(-1:19)

integer PTR2(0:40,0:40) ,PTR(0:40,0:20)

order for any state
real=16 R12W1(26235),R12W2(24804),R12W3(23426)
real*16 UV1(15022),UV2(13482),TK1(13482)
real=16 UV4(12753),UV3(12051),TK2(12051) ,UV6(12051)
real=16 UV5(11375)
reals16 E(-1:26)

integer PTR2(0:54,0:54),PTR(0:54,0:27)

c~-Angular momentum matricies

c p-o

c d-e

c

dd
real*16 MM(2,2),Sbar(2,2),Sbar2(2,2)
ven

real*16 MM(3,3),Sbar(3,3),Sbar2(3,3)

¢ Quadruple precision takes about 180 MB for 40th order p-odd

¢ Quadruple precision takes about 250 MB for 40th order d-even

COMMON /ARRAYS/ R12W1,R12W2,R12W3,UV1,UV2,TK1,UV4,UV3,TK2,UV6,

. UV5,TT,sqt,R2,MM, Sbar,Sbar2,E,PTR2,PTR

COMMON /WVF/ A, T1, T2, T3, asize
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B.2 qinput.f

C____

Reads pre-computed expansion coefficients from files

SUBROUTINE INPUT(maxj,omega,sinchi,coschi,lambda)
INCLUDE ’qcommon.h’
variables
INTEGER ‘maxj, j, k, 1, n,m
REAL*16 omega(4), tmp, sinchi,coschi
Character*4 lambda
character*48 pathl
m=0
Do i=1,4
If (lambda(i:i).ne.’ ’) m=m+1
enddo
pathl=’/home/carzoli/helium/higherL/Setup/’//
'potterms/lam=’

OPEN(UNIT=10, FILE=pathl//lambda(l:m)//’/params.lis’,

. STATUS='0LD’)

READ(10,=) maxj
if (maxj.gt.SIZE) maxj = SIZE
write(*,*) ‘maxj = ',maxj
don = 1,4

READ(10,*) omega(n)
enddo
read(10,*) sinchi
read(10,*) coschi
READ(10,=*) E(-1)
READ(10,=) E(0)
CLOSE(UNIT=10)
n =1
do j = O,maxj

do k = 0, j/2

PTR(j-2¢k,k) = n

n=mn+j+1-2«k

Ut
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end do

end do

n=1

do j = 0,maxj
do k = 0, j

PTR2(j-k,k) = n
n=n+j+1-k

end do

end do

OPEN(UNIT=10, FILE=pathl//lambda(1:m)//’/UV1.1is’,

. STATUS=’0LD’)

read(10,#*) j,k,1,tmp

n=j- 2%k

do while ((n.ge.0).and.(j.le.maxj))
UV1i(PTR(n,k)+1l) = tmp
read(10,*) j,k,l,tmp
n=j- 2%k

end do

CLOSE(UNIT=10)

OPEN(UNIT=10, FILE=pathl//lambda(1l:m)//’/UV2.1lis’,

. STATUS=’0LD’)

read(10,=*) j,k,1,tmp

n=3j- 2%k -2

do while ({n.ge.0).and. (j.le.maxj))
UV2(PTR(n,k)+1) = tmp
read(10,*) j,k,1,tmp
n=3j- 2%k - 2

end do

CLOSE(UNIT=10)

OPEN(UNIT=10, FILE=pathl//lambda(1i:m)//’/T1.1lis’,

. STATUS=’QLD’)

read(10,=*) j,k,1,tmp

n=3j- 2%k - 2

do while ((n.ge.0).and.(j.le.maxj))
TK1(PTR(n,k)+1) = tmp
read(10,*) j,k,1,tmp
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n=3j- 2%k - 2
end do
CLOSE(UNIT=10)
OPEN(UNIT=10, FILE=path1//lambda(1l:m)//’/UV4.1lis’,

. STATUS=’0LD’)

read(10,*) j,k,1,tmp
n=3j- 2%k -3
do while ((n.ge.0).and.(j.le.maxj))
UV4(PTR(n,k)+1l) = tmp
read(10,#*) j,k,1,tmp
n=3j-2*k -3
end do
CLOSE(UNIT=10)
OPEN(UNIT=10, FILE=pathl//lambda(1l:m)//’/R12Wl.1lis’,

. STATUS=’0LD’)

read(10,*) j,k,1l,tmp
n=3j-k-2
do while ((n.ge.0).and.(j.le.maxj))
R12W1 (PTR2(n,k)+1) = tmp
read(10,=) j,k,1l,tmp
n=j-k-2
end do
CLOSE(UNIT=10)
OPEN(UNIT=10, FILE=pathl//lambda(i:m)//’/R12W2.1is’,

. STATUS=’0LD’)

read(10,*) j,k,1l,tmp

n=3j-k-3

do while ((n.ge.0).and.(j.le.maxj))
R12W2(PTR2(n,k)+1) = tmp
read(10,*) j,k,1l,tmp
n=3j-%k-3

end do

CLOSE (UNIT=10)

if (maxj.ge.5) then

OPEN(UNIT=10, FILE=pathl//lambda(1:m)//’/UV5.1lis’,
STATUS=’0LD?)
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read(10,#*) j,k,1l,tmp
n=7j-2«k -5
do while ((n.ge.0).and.(j.le.maxj))
UV5(PTR(n,k)+1) = tmp
read(10,*) j,k,l,tmp
n=3j-2%«k -5
end do
CLOSE(UNIT=10)
endif
if (maxj.ge.4) then
OPEN(UNIT=10, FILE=pathl//lambda(i:m)//'/UV3.1is’,
STATUS='0LD?)
read(10,#*) j,k,l,tmp
n=3j-2«k - 4
do while ((n.ge.0).and.(j.le.maxj))
UV3(PTR(n,k)+1) = tmp
read(10,*) j,k,l,tmp
n=3j- 2*«k - 4
end do
CLOSE(UNIT=10)
OPEN(UNIT=10, FILE=pathl//lambda(i:m)//’/T2.1lis’,
STATUS='0LD’)
read(10,*) j,k,1,tmp
n=3j- 2*«k - 4
do while ((n.ge.0).and.(j.le.maxj))
TK2(PTR(n,k)+1) = tmp
read(10,*) j,k,1,tmp
n=j- 2¢k - 4
end do
CLOSE(UNIT=10)
OPEN(UNIT=10, FILE=pathi//lambda(i:m)//’'/UV6.1lis’,
STATUS=’0QLD’)
read(10,*) j,k,1l,tmp
n=3j-2+«k - 4
do while ((n.ge.0).and.(j.le.maxj))
UV6(PTR(n,k)+1) = tmp



read(10,*) j,k,1,tmp
n=3j-2%k - 4
end do
CLGSE(UNIT=10)
OPEN(UNIT=10, FILE=pathl//lambda(1:m)//’/R12W3.1lis’,
STATUS="0LD’)
read(10,*) j,k,1,tmp
n=3j-k-4
do while ((n.ge.0).and. (j.le.maxj))
R12W3(PTR2(n,k)+1) = tmp
read(10,=*) j,k,l,tmp
n=3j-k-4
end do
CLOSE(UNIT=10)
endif
RETURN
END

B.3 ghelium.f

C--—-

Matrix method for two-electron atoms (3 dof)

for higher angular momentum.

4/29/97: Converted to gql=anti-symmetric, g2=bend, gq3=symmetric

5/77/97: Fixed tim’s bug where he multiplied derivatives and
coordinates in the wrong order!

6/23/97: Improved calculation of asize so as to truncate the
wavefunction beginning at (maxj-2)/2 +1. Also fixed bug in

comp_H_A.f where coordinate derivatives are calculated and loop

limits were too small for the calculation of the maxj-2 wavefunction.

PROGRAM MATRIX_He

IMPLICIT NONE

include ’gcommon.h’

misc local variables

INTEGER maxj, state(4), i, j, n, i1,1i2,i3,i4,smax,angmom

INTEGER evenl,even2,even3,evend
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LOGICAL evenE, savewf

REAL*16 omega(4), temp, sinchi,coschi, pre2, pre3, pre32
REAL=*16 pre4,pred

CHARACTER#*14 fname

character=4 lambda

Input pre-computed potential expansion coefficients

OPEN(UNIT=10, FILE=’states.lis’, STATUS=’QLD’)

read(10,=) lambda

read(10,*) angmom

READ(10,*) state(l), state(3), state(2), state(4)
close(unit=10)

call input(maxj,omega,sinchi,coschi,lambda)

if (angmom.gt. (anglen-1)) then

write(*,*) ’You must increase the value of anglen in common.h'’
write(*,’(1x,a,I2)’) 'to calculate t-2sgamma_2 = ’,angmom
stop

endif

if ((state(4) .gt. angmom+l).or.(state(4).1t.1)) then
write(*,*) 'Fourth quantum number is invalid: should be from’

write(*,”(1x,a,I2)’) ’1 to ’,angmom+l

stop

endif

savewf = .True. !'do we wish to save the wavefunctions?
do i =1, 3

E(0) = E(0) + (state(i) + 0.5*0ONE) * omega(i)
enddo
E(0) = E(0) + omega(4)/(2+«0ONE) * (angmom - 2*0NE=* (state(4) -1))

Prefactors for derivative terms

pre2 = sinchi

pre3 = coschi

pre32 = 2.q0*pre2spre3*sqrt(omega(2)*omega(3))
pre2 = pre2spre2*omega(2)
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pre3 = pre3spre3=omega(3)

pre4 = sinchissqrt(omega(2))

pre5 = coschi*sqrt(omega(3))

Shift state(i) to compensate for l-based arrays

smax = 0
doi=1,3
state(i) = state(i) + 1
if (state(i).gt.smax) smax = state(i)

end do

Axis contraction --> either even or odd elements are used depending

on

if (((state(1)/2)«2.eq.state(l)).eqv.
((state(4)/2)*2.eq.state(4))) then

evenl=1

even2=0

else

even1=0

even2=1

endif

even4=state(1l)-(state(1)/2)*2

state(l) = (state(1) + 1) / 2

Initialize arrays sqt and R2 for use in recursion multiplications

do i = 1,LEN
sqt (i) = sqrt(ONE=*i)
R2(i) = sqrt(ONE=i*(i+1))
end do

Initialize angular momentum matricies Sbar, Sbarsquared and MM

do i=1,anglen

do n=1,anglen
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Sbar(i,n) = ZERO
Sbar2(i,n) = ZERO
MM(i,n) = ZERO

enddo

enddo

MM(1,1) = angmom/(2+0ONE)

do i=2,angmom+1

n=i-1

MM(i,i) = (angmom/(2.q0) - i + ONE)

MM(n,i) = 0.5q0=*sqrt(n=*(angmom - i +2)=*0ONE)
MM(i,n) = - MM(m,i)

Sbar(i,n) = - sqrt(n*(angmom-i+2)=*0ONE)
Sbar(n,i) = Sbar(i,n)

enddo

do i=1,anglen
do n=1,anglen
do j=1,anglen
Sbar2(i,n) = Sbar2(i,n)+Sbar(i,j)*Sbar(j,n)
enddo
enddo
enddo
C Initialize zeroth order wavefunction
asize(0) = smax
do il = 1,(smax+1)/2
do 12 = 1,smax
do i3 = 1,smax
do i4=1,anglen
A(i1,i2,i3,i4,0) = ZERO
T1(i1,i2,i3,i4) = ZERO
enddo
end do
end do
end do
A(state(1l),state(2),state(3),state(4),0) = ONE
Ti(state(1l),state(2),state(3),state(4)) = ONE

¢ Wavefunction axis size increases by three up to a_(maxj-2)/2,
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¢ then the sizes
¢ start to decrease by three.
c First check to see if largest wavefunction, a_(maxj-2)/2,
¢ will fit in the array
if (LEN.1lt.(3+(maxj-2)/2 + smax)) then
write(=,*) ’LEN, in common.h, is too small for the largest’
write(=,=*) ’quantum number you entered. Set LEN to’
write(=,*) 3s(maxj-2)/2 + smax,’ and change wavefunction’
write(=,*) ' arrays also.’
stop
endif
do j=1,(maxj-2)/2
asize(j) = asize(j-1) + 3
enddo
write(=,=) ’'NOTE: wavefunction truncation will begin with ’,

’a(’, (maxj-2)/2+1,’)"

do j=(maxj-2)/2+1,maxj-2
asize(j) = asize(j-1) - 3
enddo
don =1, maxj-2
do il = 1,(asize(n)+1)/2
do i2 = t,asize(n)
do i3 = 1,asize(n)
do i4=1,anglen
A(i1,i2,i3,1i4,n) = ZERO
enddo
enddo
enddo
enddo

enddo
output file for energy expansion coefficients

open(unit=9,file=’Ecoeff.lis’,status=’unknown’)

write(9,*) maxj/2
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write(9,*) E(-1)
write(9,s) E(0)
write(=,=)

write(=,*) ’ 3
write(=,142) -1, E(-1)
write(=,142) 0, E(0)
evenE = .FALSE.

if (savewf) then

fname = *A00.1lis’

E() ¢

open(unit=55,file=fname,status=’unknown’)

write(55,#*) 2*state(1l)-evend,state(2),state(3),state(4),0NE

write(55,*) -1,0,0,0,ZERO

close(unit=55)

endif

EEXEEEEEEEXEKKER KK KKK

«xxx MAIN LOOP =x=xx

(22222 2222222222 3 2 2 4

do 900 n = 0, maxj-3

Compute H * A contributions from A(n) to A(n+1), A(n+2),

CALL compute_H_A(n,maxj,pre2,pre3,pre32,pre4,pre5,angmon,

evenl)

Extract energy coefficients on every other iteration

if (evenE) E((n+1)/2) =

~-A(state(l),state(2),state(3),state(4),n+1)

Final corrections to wavefunction tensor

do j 1,(n+1)/2

1]

i = n+1-2=j

do i1 = 1, (min(asize(i),asize(n+1))+1)/2

do i2 = 1, min(asize(i),asize(n+1))
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do i3 = 1, min(asize(i),asize(n+1))

do i4 = 1,angmom+1
if (A(i1,i2,i3,i4,i).ne.ZERO) A(il1,i2,i3,i4,n+1) =
A(i1,i2,i3,i4,n+1) + A(i1,i2,1i3,i4,i) *= E(j)

enddo

end do

end do

end do

end do

Scale a(n+1) by factor K-tilde

orthogonality condition
A(state(l),state(2),state(3),state(4) ,n+1) = ZERO
if (savewf) then
fname(2:2) = char(ichar(’0’) + int((n+1)/10))
fname(3:3) = char(ichar(’0’) + n+1 - 10*int((n+1)/10))
open{unit=55,file=fname,status=’unknown’)
endif
de i4 = 1, anglen
if((i4/2)+2.eq.i4) then
even3=even2
else
even3=evenl
endif
do i1 = 1,(asize(n+1)+1)/2
do i2 = 1,asize(n+1)
do i3 = 1,asize(n+1)
if (A(i1,i2,i3,i4,n+1) .ne.ZERO) then
temp = omega(1l)=*(2«(il-state(l))~-even3+evend) +
omega(2)*(i2-state(2))+
omega(3)*(i3-state(3)) + omega(4)=(state(4)-i4)
if (temp.eq.ZERQ) then

A(i1,i2,i3,i4,n+1) ZERO

else

A(i1,i2,i3,i4,n+1) / temp

A(i1,i2,i3,i4,n+1)



endif

if (abs(temp).le.0.q-20) write(*,=*) ’Warning: Ktilda ’,

’element is zero or very small without being the state(l)

'state(2) ,state(3) element which should be zero.’
if (savewf) write(55,s) 2xil-even3,i2,i3,i4,
A(11,i2,i3,i4,n+1)
endif
T1(i1,i2,13,i4) = A(il1,i2,i3,i4,n+1)
enddo
end do
end do
end do
if (savewf) then
wvrite(S55,*) -1,0,0,0,2ERO
close(unit=55)

endif
Cc Only even energy terms are nonzero

if (evenE) then
write(*,142) (n+1)/2, E((n+1)/2)
write(9,*) E((n+1)/2)
endif
evenE = .not.evenE
900 continue
close(unit=9)
142 format(2x,i2,2x,e40.33)
c 955 format(4i5,3x,e24.17)

end

B.4 qcomp_H_A.f

C

C This subroutine takes the tensor Tl1l, which is initialized with
C a copy of the tensor a(n) prior to the subroutine call, and
C

computes all product tensors of the form

’
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/ ml m2 m3 \
| x * x = x | a
\ 1 2 3/ n
which contribute to a(n+1), a(n+2), ..., a(maxj). To follow

the notation in the implementation section of Dunn et al.,
(The program counts the order

in 1/D beginning with the E(-1) infinite-dimensional term,
but this is usually referred to as the zeroth term, Bender et
al. being one exception to this. Therefore, the slight

discrepency in counting terms.)

SUBROUTINE compute_H_A(n,maxj,pre2,pre3,pre32,pre4,pre5,angmon,
. evenl)
IMPLICIT NONE
include ’qcommon.h’
----- local variables

axisl, axis2, axis3 represent size of current tensor,

REAL*16 pre2,pre3,pre32,pre4,pre5,term,termp,factor,factor2
realx16 factor3,factor4d

INTEGER m,m1,m2,m3,i1,i2,1i3,i4,axisl,axis2,axis3,1im1,1im2,1im3
INTEGER n,maxj,p,angmom,evenl

logical even3,even5

even3=(evenl.eq.0)

axisl = asize(n)

do mi = 0, maxj-n

T2 = T1
axis2 = asize(n)
axis3 = asize(n)
do i1 = 1,(axisl+1)/2

do 12 = 1l,axis2
do i3 = 1,axis3
do i4=1,angmom+1
T2(i1,i2,1i3,i4) = T1(i1,i2,i3,i4)
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enddo
end do
end do
end do
do m3 = 0, maxj-n-ml
T3 = T2

asize(n)

axis2
do i1 = 1,(axis1+1)/2
do 12 = 1,axis2
do 13 = 1,axis3
do i4 = 1,angmom+1
T3(i1,12,i3,1i4) = T2(i1,i2,i3,i4)
enddo
end do
end do
end do
do m2 = 0, maxj-n-m3-ml
m = ml+m2+m3+n
if (m.le.(maxj-4)) then
liml = (min(axisl,asize(m+2))+1)/2

1im2 = min(axis2,asize(m+2))

1im3 min(axis3,asize(m+2))
if (ml.eq.(2%(m1/2))) then
factor = UV3(PTR(m2+m3,m1/2)+m3) + 4=pre2«(m2+2)=
(m2+1) *TK1(PTR(m2+m3+2,m1/2)+m3) +4=
pre32+*(m3+1) * (m2+1) *TK1 (PTR(m2+m3+2,m1/2) +m3+1) + &=
pre3*(m3+2) *(m3+1) *TK1(PTR (m2+m3+2,m1/2) +m3+2)
factor2 = UV6(PTR(m2+m3,m1/2)+m3)
else
factor = - 2*pre4s(m2+1)=
TK2 (PTR(m2+m3+1, (m1-1)/2)+m3) -2*preS=
(m3+1) *TK2(PTR(m2+m3+1, (m1-1) /2) +m3+1)
if((m-n).ge.1) factor=factor+UVS5(PTR(m2+m3, (m1-1)/2)+m3)
endif
factor3 = 2*R12W3(PTR2(m2+m3,m1)+m3) -4=pre4=
(m2+1)*R12W2(PTR2(m2+m3+1,m1) +m3) -4=preS=



(m3+1)*R12W2(PTR2(m2+m3+1,m1) +m3+1)
do i1l = 1,1liml
do i2 = 1,1lim2
do i3 = 1,1im3
do i4 = 1,angmom+1
if (T3(i1,i2,i3,i4).ne.ZERD) then
if (ml.eq.(2*(m1/2))) then
c U3, T1_ 3, Ti_.7, Ti_10
A(11,12,i3,i4,m+2) =
A(i1,12,i3,i4,m+2) - factor = T3(il1,i2,i3,i4)
do p = 1,angmom+1
A(i1,i2,i3,p,m+2) = A(i1,12,i3,p,m+2) - !
T3(i1,i2,i3,i4)*Sbar2(p,i4)*factor?2 0[5}
enddo
c R12W3, R12W2_2, R12W2_4 diagonal term
A(i1,i2,i3,i4,m+2) = A(i1,i2,i3,i4,m+2) - factor3=
MM(i4,i4)+T3(i1,i2,13,i4)
else !ml is odd
c R12W3, R12W2_2, R12W2_4, U5, T2_2, T2_4 top diagonal
if(i4.gt.1) A(i1,i2,i3,i4-1,m+2) =
A(i1,12,i3,i4-1,m+2)- (factor*Sbar(i4-1,i4) +
factor3*«MM(i4-1,i4))=T3(i1,12,i3,i4)
c R12W3, R12W2_2, R12W2_4, U5, T2_2, T2_4 bottom diagonal
if(i4.1t. (angmom+1)) A(il,i2,i3,i4+1,m+2) =
A(i1,i2,i3,i4+1,m+2) - (factor3=MM(i4+1,i4) +
factorsSbar(i4+1,i4))=T3(i1,i2,i3,1i4)
endif !(ml.eq.(2+*(m1/2)))
endif '(T3(i1,i2,i3,i4).ne.ZERO)
enddo
end do
end do
end do
endif !(m.le.(maxj-4))
if (m.le.(maxj-3)) then
liml = (min(axisl,asize(m+1))+1)/2

1im2 = min(axis2,asize(m+1)+1)
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1im3 = min(axis3,asize(m+1)+1)
if (ml.eq.(2+=(m1/2))) then
factor = - 4»pre2x(m2+1)=
TK1(PTR(m2+m3+1,m1/2)+m3) - 2*pre32=
(m3+1)*TK1 (PTR(m2+m3+1,m1/2)+m3+1)
factor2 = - 2spre32«(m2+1)=
TK1(PTR(m2+m3+1,m1/2)+m3) - 4sxpre3=
(m3+1) *TK1(PTR(m2+m3+1,m1/2)+m3+1)
else
if ((m-n).ge.1) then
factor = pre4*TK2(PTR(m2+m3, (m1-1)/2)+m3)
factor2 = preS5+«TK2(PTR(m2+m3, (m1-1)/2)+m3)
else
factor = ZERO
factor2 = ZERO
endif
endif
factor3 = 2=pre4sR12W2(PTR2(m2+m3,m1)+m3)
factor4 = 2+pre5*R12W2(PTR2(m2+m3,m1)+m3)
do i1 = 1,1iml
do 12 = 1,1im2
do i3 ='1,1im3
do i4 = 1,angmom+1
if (T3(i1,i2,i3,i4) .ne.ZER0O) then
if (ml.eq.(2*(m1/2))) then
c Ti_2, T1_5, diagonal of R12W2_1
if (i2.gt.1) A(i1,i2-1,i3,i4,m+1) =
A(i1,i2-1,i3,i4,m+1) - sqt(i2-1)=*=(factor+
factor3*MM(i4,i4))+T3(11,12,13,14)
if (i2.1t.LEN) A(i1,i2+1,i3,i4,m+1) =
A(i1,i2+1,i3,i4,m+1)+sqt(i2)*(factor+factor3=*
MM(i4,i4))*T3(i1,i2,i3,i4)
¢ Ti_6, T1_9, diagonal of R12W2_3
if (i3.gt.1) A(i1,i2,13-1,i4,m+1) =
A(i1,i2,i3-1,i4,m+1) - sqt(i3-1)=*=(factor2+factorg=
MM(i4,1i4))*T3(i1,i2,1i3,i4)
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if (i3.1t.LEN) A(i1,i2,i3+1,i4,m+1) =
A(i1,i2,i3+1,i4,m+1) + sqt(i3)=*(factor2+factor4ds
MM(i4,14))=T3(i1,1i2,i3,i4)
else ! m1 odd
if (i4.gt.1) then
c upper diagonal of Ri2W2_1 and T2_1
if (i2.gt.1) A(i1,i2-1,i3,i4~1,m+1) =
A(i1,i2-1,i3,i4-1,m+1) - sqt(i2-1)=*(factor3=*
MM(i4-1,i4)+factor*Sbar(i4-1,1i4))*T3(i1,i2,i3,i4)
if (12.1t.LEN) A(i1,i2+1,i3,i4-1,m+1) =
A(i1,i2+1,i3,i4-1,m+1) + sqt(i2)=(factor3=
MM(i4-1,i4) +factor=Sbar(i4-1,i4))=T3(i1,i2,i3,i4)
c upper diagonal of R12W2_3 and T2_3
if (i3.gt.1) A(i1,i2,i3-1,i4-1,m+1) =
A(i1,i2,i3-1,i4-1,m+1) - sqt(i3-1)=*(factor4=
MM(i4-1,i4)+factor2=Sbar(i4-1,i4))*T3(i1,1i2,1i3,i4)
if (13.1t.LEN) A(11,12,i3+1,i4-1,m+1) =
A(i1,12,i3+1,i4-1,m+1) + sqt(i3)=*(factord=
MM(i4-1,i4)+factor2+*Sbar(i4-1,i4))=*T3(i1,i2,1i3,1i4)
endif
if (i4.1lt.angmom+1) then
¢ lower diagonal of R12W2_1 and T2_1
if (i2.gt.1) A(i1,i2-1,i3,i4+1,m+1) =
A(i1,12-1,i3,i4+1,m+1) - sqt(i2-1)=(factor3=
MM(i4+1,i4)+factor*Sbar(i4+1,14))*T3(i1,i2,1i3,i4)
if (12.1t.LEN) A(i1,i2+1,1i3,i4+1,m+1) =
A(i11,i2+1,i3,1i4+1,m+1) + sqt(i2)=(factor3=
MM(i4+1,i4)+factor=Sbar(i4+1,i4))=*T3(i1,i2,13,1i4)
c¢ lower diagonal of R12W2_3 and T2_3
if (i3.gt.1) A(i1,12,i3-1,i4+1,m+1) =
A(i1,i2,i3-1,i4+1,m+1) - sqt(i3-1)=(factor4=
MM(i4+1,i4)+factor2*Sbar(i4+1,i4))»T3(i1,12,13,i4)
if (i3.1t.LEN) A(i1,i2,i3+1,i4+1,m+1) =
A(i11,12,i3+1,i4+1,m+1) + sqt(i3)=(factoréx=
MM(i4+1,i4) +factor2*Sbar(i4+1,i4))=*T3(i1,12,13,i4)

endif
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endif
endif
enddo
end do
end do
end do
endif !(m.le.(maxj-3))
if (((m-n).ge.3).and.(ml.eq.(2+*(m1/2)))) then

liml = (min(axisi,asize(m-2))+1)/2
1lim2 = min(axis2,asize(m-2))
1im3 = min(axis3,asize(m-2))

factor = UV1(PTR(m2+m3,m1/2)+m3)
do il = 1,1liml
do i2 = 1,1im2
do i3 = 1,1im3
do i4 = 1,angmom+1
if (T3(i1,i2,i3,i4) .ne.ZERO) then
A(i1,i2,i3,i4,m-2) = ! U1
A(11,i2,i3,i4,m-2) - factor * T3(i1,i2,i3,iq) !
endif
enddo
end do
end do
end do
endif !'(((m-n).ge.3).and. (ml.eq.(2*(m1/2))))
if (({(m-n).ne.0).and.(m.le.(maxj-2))) then

liml = (min(axisl,asize(m))+1)/2

1}

1im2 = min(axis2,asize(m)+2)

1im3 = min(axis3,asize(m)+2)

if (ml.eq.(2«(m1/2))) then

factor = UV2(PTR(m2+m3,m1/2)+m3)
else

factor = UV4(PTR(m2+m3, (m1-1)/2)+m3)
endif

factor2 = 2*R12W1(PTR2 (m2+m3,m1)+m3)

do i1 = 1,limi

169



do i2 = 1,1im2
do i3 = 1,1im3
do i4 = 1,angmom+1
if (T3(i1,i2,i3,i4).ne.ZERO) then
if (ml.eq.(2*(m1/2))) then
A(i1,i2,i3,i4,m) = A(i1,12,i3,i4,m) - factor= ' U2
T3(i1,i2,i3,1i4) !
term = T3(i1,1i2,i3,i4)*TK1(PTR(m2+m3,m1/2)+m3)
termp = term * pre2 !
if ((i2+2).le.LEN) A(i1,i2+2,i3,i4,m) = !
A(i1,12+42,i3,i4,m) - termp*R2(i2) ' T1_t
A(it1,i2,i3,i4,m) = A(i1,1i2,i3,i4,m) + !
termp = (2*i2-1)
if (i2.gt.2) A(i1,i2-2,i3,i4,m) = !
A(i1,i2-2,i3,i4,m) - termp*R2(i2-2) !
termp = term * pre32
if (i2.1t.LEN) then !
if (i3.1t.LEN) A(i1,i2+1,i3+1,i4,m)

A(i1,1i2+1,i3+1,i4,m) - termp = !
sqt(i2) =* sqt(i3)
if (i3.ne.1) A(i1,i2+1,i3-1,i4,m) = !
A(i1,i2+1,i3-1,i4,m) + termp = !
sqt(i2) = sqt(i3-1) ' Ti_4
endif
if (i2.ne.1) then !
if (i3.1t.LEN) A(i1,i2-1,i3+1,i4,m) = !

A(i1,3i2-1,i3+1,i4,m) + termp = !
sqt(i2-1) = sqt(i3)
if (i3.ne.1) A(i1,i2-1,i3-1,i4,m) = !
A(i1,i2-1,i3-1,i4,m) - termp = !
sqt(i2-1) =* sqt(i3-1)

endif

termp = term * pre3

if ((i3+2).le.LEN) A(i1,i2,13+2,i4,m) = t
A(i1,i2,13+42,i4,m) - termp*R2(i3) !

A(i1,i2,i3,i4,m) = A(i1,i2,1i3,i4,m) + ! T1_8
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termp * (2+*i3-1) !
if (i3.gt.2) A(i1,i2,i3-2,i4,m) = !
A(i1,i2,i3-2,1i4,m) - termp=R2(i3-2) !
diagonal of R12W1
A(i1,i2,i3,i4,m) = A(il1,i2,1i3,i4,m) - factor2s
MM(i4,i4)=T3(i1,i2,13,i4)
else !'ml odd
top diagonal of R12W1 and U4
if(i4.gt.1) A(11,i2,i3,i4-1,m) = A(il1,i2,i3,i4-1,m)~-
(factor2=MM(i4-1,i4)+factor*Sbar(i4-1,i4))=
T3(i1,i2,i3,14)
bottom diagonal of R12W1 and U4
if(i4.1t. (angmom+1)) A(i1,i2,i3,i4+1,m) =
A(i1,i2,i3,i4+1,m) - (factor2sMM(i4+1,i4)+
factors*Sbar(i4+1,1i4))*T3(i1,i2,i3,i4)
endif !(ml.eq.(2*(m1/2)))
endif !'(T3(11,1i2,1i3,i4).ne.ZER0O)
enddo
enddo
end do
end do

endif !(((m-n).ne.0).and.(m.le.(maxj-2)))

do i3 = 1,axis3
do il = 1,(axis1+1)/2
do i4 = 1,angmom+l
do i2 = 2,axis?2
TT(i2-1) = sqt(i2-1)*T3(i1,i2,13,i4)
end do
TT(axis2) = ZERO
if (axis2.1t.LEN) T3(il,axis2+1,i3,i4) = sqt(axis2)~
T3(il,axis2,i3,i4)
do i2 = axis2,2,-1
T3(i1,i2,1i3,i4) = TT(i2) + sqt(i2-1)=*T3(i1,i2-1,i3,i4)
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end do
T3(i1,1,i3,i4) = TT(1)
enddo
enddo
enddo
axis2=axis2 + 1
if (axis2.gt.LEN) axis2 = LEN

end do 'm2

\ 3/ 2

do i2 = 1, axis2

do i1 = 1,(axisi+1)/2
do i4 = 1,angmom+1

do i3 = 2,axis3

TT(i3-1) = squ(i3-1)=*T2(i1,i2,i3,i4)
end do
TT(axis3) = ZERO

if (axis3.1t.LEN) T2(i1,i2,axis3+1,i4) = sqt(axis3)=
T2(i1,12,axis3,1i4)
do i3 = axis3,2,-1
T2(i1,12,13,i4) = TT(i3) + sqt(i3-1)*T2(it,i2,i3-1,14)
end do
T2(i1,i2,1,i4) = TT(1)
enddo
enddo
enddo
axis3 = axis3 + 1

if (axis3.gt.LEN) axis3 = LEN

enddo !'m3

/ \

|l x« I «I | T
\ 1 /1

do i2 = 1,axis2

do i3 = 1,axis3
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do i4 = 1,angmom+1
if ((i4/2)*2.eq-i4) then
even5=.not.even3
else
evenS=even3
endif
if(.not.even5) then
TT((axis1+1)/2)=ZERO
if (axisi.gt.2) then
do i1=2, (axisi+1)/2
TT(i1-1)=sqt(2*i1-2)«T1(i1,12,1i3,i4)
enddo
endif
do it=1,(axisl+1)/2
T1(i1,12,i3,1i4)=sqt(2*i1-1)*T1(i1,1i2,1i3,i4)+
TT(i1)
enddo
do il=(axis1+3)/2, (LEN+1)/2
T1(i1,i2,13,i4)=ZER0O
enddo
else
TT(1)=ZERO
if (axisl.gt.1) then
do il=1,axis1/2
TT(il+1)=sqt(2*11)=T1(i1,12,i3,i4)
enddo
do il=1,axis1/2
T1(i1,12,1i3,i4)=sqt(2*i1-1)*T1(i1,12,1i3,i4)+
TT(i1)
enddo
endif
Ti(axis1/2+1,12,i3,i4)=TT(axis1/2+1)
do il=axis1/2+2, (LEN+1)/2
T1(i1,i2,1i3,1i4)=ZERO
enddo

endif

o



enddo
enddo
enddo
axisl = axisl + 1
if (axisl.gt.LEN) axisl = LEN
even3=.not.even3
end do !mi
return

end
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Appendix C

Mathematica Notebook for Wavefunction

Symmetries

This notebook takes a wavefunction list generated from the helium matrix method
code and puts a mark in an array where there are non-zero elements. The array is
written out as a matrix of columns. In reality. for higher angular momentum. the
arrayv is four dimensional so we should have a matrix of matricies. The fourth index
has a small range. For p-odd states it can be 1 or 2. For d-even states it can be 1
or 2 or 3. etc. So when we place a mark in the array to say that there is a nonzero
element there, we will use a "17 as the mark when the element has a fourth index of
I and we will use a 727 when the element has a fourth index of 2. ete. If elements
with different fourth indices but exact first. second and third indices exist then we
will use a mark consisting of both fourth indices such as "127.

To see how Mathematica arranges indicies we can create a sample three dimen-
sional array and place a non-zero number at some location. In this example the
non-zero numbers have indicies 1,1.2 and 1,2.1. When the array is displaved notice
that third index represents the location in the inner column. The first and second
index give the row and column, respectively. of the outer matrix structure.

wavearray=Table[" 0" .{x.1.3}.{y.1,3}.{z.1.3}];

wavearray([1.1,2]]="1":

wavearray([{1.2,1]]="1";

MatrixForm[wavearray]
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For the wavefunction analysis we arrange the array so that ais along the inner
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colummn and aand agive the matrix row and column. This means that the indicies for
abecowme the third index for the array. We set up a function that reads a wavefunc-
tion from a directory and displays an array corresponding to that wavefunction as
described above. The variable “filel” must contain the path and filename as shown.
wavefn(filel ] := (wavearray=Table["0".{x.1,3}.{x.1.3}.{2,1.6}]:
file2=OpenRead[filel];n1=Read[file2. Number|:n2=Read[file2.Number];
n3=Read[file2.Number]:ni=Read[file2. Number]:Skip[file2.Number];
While[ul>0.
[f{(nl<7)&&(n2<4)&&(n3<4).
[flwavearray[[n3.n2.n1]]=="0".wavearray[[n3.n2.n1{]=ToString[n4],
n>=wavearray{[n3.n2.nl]]:wavearray{[n3.n2.n1]]=n5< >ToString[n4]]]:
nl=Read[file2,Number];n2=Read(file2,Number]:n3=Read|file2. Number];
nd=Read[file2,Number]:Skip|file2,. Number]]:Close[file2]:
StandardForm[MatrixForm[wavearray]])
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An inner column can be labeled like . We see that there are two cases.



A)ry =rx3 =1x5 =---=0so0 that we transform r, = r,, T; = Lo, ..., T2 = I;.

B) vy =24 =126 = --

Tojp — L.

- = 0 so that we transform r, — ;. 3 — Ia. ....

The states are labeled like podd0001 or deven1001 where the four integers give the

four large dimension quantum numbers n,. n,, ng. and ;. The wavefunction array file

names are given by AXX.lis where XX is p. For example. A00.lis holds the elements

for ay and AO01.lis holds the elements of a,. Here are some examples:

wavefn[ Research:helium:higherL:NemoryIntensive:quadrup:podd0001: A00.lis™ |
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wavefn[ Research:helium:higherL:MemoryIntensive:quadrup:podd0001:A01.1is" ]
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