THE UNIVERSITY OF OKLAHUAMA
GRADUATE COLLEGE

SOME PROPERTIES OF THE NCRLUND METHODS AS AN ORDERED SET

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of
DOCTOR OF PHILOSOPHY

BY
.@&fN
HARCLD V& HUNEKE
Norman, Oklahoma

1957




SOME PROPERTIES OF THE NORLUND METHODS AS AN ORDERED SET

APPROVED BY

VA T,

DISSERTATION COxMITTEE



ACKNOWLEDGEMENT

I wish to express my deep appreciation to Professor Casper
Goffman for his interest and stimulating comments during the preparation
of this thesis, and to the members of the thesis committee for their

constructive criticisms.

iii



TABLE OF COHRTENTS

Page
Chapter

I. INTRODUCTION eveevveeceansonroaarconsonsoasassacsansananses 1
II. BASIC THECREYS ....... P

III. THE CEZSARO ETHODS AS RFLATED TU THE SET
OF REGULAR NWORLUNT (ETHIDS vivevivercecesssonnsesanscnsasss 19
IV. SEUFNCES OF NURLUND tETHUDS eeeeivnn. Ciieciressrsaassrsses 29
LIST OF REFERENCES ....vvvionrosssscesssnscnssasconscoransnsossess Ul

iv



SOME PROPERTIES OF THE NORLUND METHODS AS AN ORDERED SET
CHAPTER I
INTRODUCTION

The theory of divergent series is a study of the methods of
assigning a "sum" to a divergent series, or of asgsigning a "limit" to
a divergent sequence. It is more practical, for the most part, to deal
with sequences than with series and in this thesis only sequences,
o= {sn}, of real numbers will be considered.

The methods of limiting a sequence {sn} usually consist of form-
ing an auxiliary sequence of linear means of {sn]. One very important
class of limiteation methods is the class of matrix methods and only
these will be studied in this thesis.

Consider now an infinite matrix A = (a,)), m, n =0, 1, °**; that
is,

agg 81 *°* 20n

“ce0 teo o

20 41 8n

A= ces
amo aml e ahm cee

The transformation which consists of premultiplying a sequence

o= (s, ] by A is given by

Ao = {tm] = {%’ amnsn}‘

n=0
1
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If the transformed sequence {tm} converges to § in the Cauchy sense then
the sequence ¢ = {sn} is said to be A limitable and g is called the A

limit of o= {s;}. The notation, A lim s, = s will sometimes be used.
>

Until recently most of the studies in this field have been con-
cerned with special methods, often for special purposes. Thus, for
example, the Cesaro methods [1]1 were introduced in order to obtain

definitive results for the convergence of the product of convergent
series, the Riesz methods [2] were introduced in connection with problems
in the theory of Dirichlet series, the Borel methods [3] were developed
in connection with analytic extension problems, and the Hausdorff

methods Eh] were studied because of their deep relation with the moment

problem.
In recent years, attention has been shifted, at least in part, to

a study of the class 6f all regular methods. In this connection one
must mention the work of Brudno, but first some definitions need to be
gliven.

A matrix B is said to be stronger (b. stronger) than a matrix 4
if every (every bounded) sequence limited by 4 is also limited by B.
Xatrices A and B are said to be equivalent (b. equivalent) if they limit
the same set of sequences (bounded sequgnces). If a matrix B is stronger
(b. stronger) than a matrix A but not equivelent (b. equivalent) to A

then the matrix B is strictly stronger (strictly b. stronger) than the

matrix A.
datrices A and B are consistent (b. consistent) if for all

sequences (bounded sequences), g = {sn], which are both A limitable and

lNumbers in brackets refer to the list of references. ¥henever two
numbers are.used the second number is the page number in the reference.
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B limitable, A 1im sy = B lim sp. A matrix A is regular if for every
n+oo 00

sequence o= {s,} which converges to s in the Czuchy sense,

AlilnSn=limsn=s-
00 00

Siﬁce regular matrices do not have to be consistent, the follow-
ing theorem of Brudno ES] is of great interest: If A and B are regular
matrices and B is b. stronger than A then A and B are b. consistent.
Moreover Brudno [5] has proven there exist sequences [An} of regular
matrices such that no regular matrix is b. stronger than 211 of them.

Petersen has recently shown [6] that for every pair 4 and B of
regular matrices such that B is strictly b. stronger than A, there is a
regpulaer matrix C such that C is strictly b. stronger than A and B is
strictly b. stronger than C.

Goffman and Petersen [7] have found a class of regular methods
which are b. consistent and such that every bounded sequence is limited
by one of the methods in the class.

A related problem is the following: does every finite number of
consistent regular matrix methods have a matrix method stronger than
all of them? Petersen has answered this question in the negative for
the case of three methods, and for the cass of two methods when all
methods considered are positive (i.e., all matrix elements are positive) .
For the case of any two methods, the question is unanswered.

The precediﬁg results, for the most part, deal with the set of
regular matrix methods as an ordered set with respect to the inclusion
relation. It should be remarked that a considerable amount of research
is yet to be done on the inclusion properties of these general methods.

In addition to the set of all regular methods, it seems worth-

while to study, in a more intensive way than heretoforz, various of the
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classical special classes of methiods as ordered sets. The &6rlund
methods [8] form a particularly elegant general class of methods which
contain the Cesaro methods and retain some of their proverties. This
thesis deals primarily with the inclusion relationships of the Noérlund
methods, in particular for sequences of Norlund methods.

A Nérlund method, denoted by (N, p,) is a triangular matrix
method in which the matrix P of the transformation is determined, or

generated by, a sequence of positive constants in the following manner.

Ir {pn] is any sequence of numbers such that pO £ 0, Pn 20, n=1, 2, **

then the matrix P is given by

p
2o o cro -
0]
py P
-l'- ...9 4] . O e
Rl Rl
Pa=
2% Do o
P, P, P,
E—IB pm_l pm_z .« o p-—o e
P P P P
m m m m

\

where Rm =pg* Py * AP, M= 0y, 1, 2, ***
If a sequence ¢= {sn} is transformed by the above matrix, the
transformed sequence Po= {t,]} is such that
Po3p + P1Sp-3 * °°° * P8y

th = Pn

The Cesaro methods denoted by (C,«), « > O, are the Nérlund

methods for which p, = T:I:igi?é_—— » where [ («) represents the usual
(n+1) | (=)



Gamma function.

Any Noérlund method is reguler if 1im S = O and all regular
oo n

Nérlund methods are consistent. Necessary and sufficient conditions for
one regular Norlund method to be stronger than another were first stated
by Riesz [9].

The results of greatest interest in the thesis are the following:

(a) The set of regular Wdrlund methods under the operation of
symmetric product and the inclusion order relation, form an ordered
semi-group.

(b) For any « >0 the set of Cesaro methods weaker than or
equivalent to (C, &) and the set of methods strictly stronger than
(C, x) determine a cut in the ordered set of Cesdro methods and there is
a non-denumerable set of non-equivalent Nérlund methods in this cut.

(¢) Given any sequence of regular k&rlund methods, there is a
regular Nérlund method stronger than or not comparable with any method
in the sequence.

This thesis consists of four chapters. Chapter I is the introduce
tion. Chapter II includes the basic theorems concerning the regularity,
consisteney, and inclusion properties of the Nérlund methods. It is
shown that the'regular Nérlund methods form an ordered semi-groun unde£
the operation of symmetric product end the inclusion order relation.

In Chapter III it is pointed out that an iteration process
consisting of taking the symmetric product of any regular Nérlund method
with itself generates a sequence of regular Nérlund methods. In
particular the Cesdro methods (C, ), « an integer, form such a sequence.

Hardy flO, 110] gives an example of a regular Norlund method

weaker than all the Cesaro methods (C, o), = > O. The question is
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raised as to the "number" of regular kérlund methods with this property.
It is shown that there is a non-denumersble set of regular non-equivalent
Nérlund methods stronger than convergence yet weaker than all the Cesdro
methods. Furthermore, consider the cut in the Cesaro set defined by the
set of all Cesaro methods weaker than or equivalent to (C, «) and the
set of Ceséro methods strictly stronger than (C,«). It is shown there
is a non-denumerable set of regular non-equivalent NSrlund methods in
this cut.

Hi11 [11] and Hardy [10, 109] give an example of a regular
Nérlund method stronger than all the Cesaro methods. In Chapter IV, the
following question is raised. Given any sequence of regular Horlund
methods is it possible to find a reguler Norlund method stronger than
any method of the sequence? It is pointed out that a topological proof
of the existence of such a regular Nérlund method is not feasible since
the space of regular Nérlund methods with the natural metric is not
complete. The best answer obtained is the following theorem. For any
sequence of regular Nérlund methods there is a regular Nérlund method

which is stronger than or not comparable to any method of the sequence.



CHAFTER II
BASIC THEOREMS

As noted previously, any seguence of positive numbers {pn} with
Po # O determines a Norlund method denoted by (N, pn)‘ Similarly, the
method determined by the sequence {qn} will be denoted by (N, q ). If
a sequence ¢ = [sy} is trensformed by a Ndrlund method (N, Py)s the

transformed sequence {t } is

DS, + Py8, 7 + +++ + DS
Pq = {tn] = { C'n 17 n-1 n 0}

Pn

Where Pn=p0+pl+ c o +pn,n=0, 1’ 2’ N

It is obvious from the expression for t,, that the Nérlund method

P
(N, p,) is unchanged if one considers the sequence {Eﬁl as generating

the method. Hence there is no loss of generality in assuming Py = 1
and this convention will be followed in this thesis. Theorems on the
regularity, consistency, and inclusion properties of the Noérlund methods
will now be stated.

Toeplitsz [12] first stated necessery and sufficient conditions
that 2 triangular matrix method be regular. Schur le] extended the

conditions to include any matrix method and the theorem is stated here

without proof.

Theorem 2.1. A matrix method C = (cpy); my n =0, 1, 2, *** is



regular if and only if:
(a) For every n, lim Cm = O
00

. 00 o8
(b) For every m, 2_ Cppy COMVerges and lim 2 ¢ . = 1.
n=1 m>*o0 ngl

o0
(c) There is an H such that J_ lcmnl <H for every m.
nel
The regular matrices are sometimes referred bto as Toeplitz matrices.
The condition for the regularity of a Norlund method is quite
simple and is easily obtained by applying the conditions of Theorem 2.1

to the matrix of the Norlund method (N, p,) [10, 64].
Theorem 2.2. A Nérlund method (N, p,) is regular if and only if

lim yao.
o0 n

However the following theorem, simple as it is, does not seem to

be mentioned in the literature and is needed here.

Theorem 2.3. If lim B*l exists for a Nérlund method (N, pp),
no0 Pn

the method is regular if lim Pn+l £ 1 and is not regular if
oo Pn E

lim o+l >1.
moo  Pp

Proof: Let lim ol . r. If r<1, then lim p = 0O and the
o Pn o
method is regular.
If r = 1, for every q there is an M such that n > M implies

Phk 1
P, 25 fork =1, 2 *++ q.




Hence, p—n-=v P s Fn
Pn Py * Py * .”+pn-q+ e 4 p pn-q+ e 4P
- 1 < 1 - 2 .
Pﬂ:ﬂ+ o +pn.l+1 ]2.(q+1) a+1
pn P

P
Therefore, lim - = 0 and the method is regular.

0 Pn

If r> 1 there is an« such that 1 <% <r ahd an g such that for

P
n > M, o+l o o, For n > M,
Pn

P P
- n
P >

1l
n (L )
p0+p1+ +pM+pn0( + +q+1

D
Since 1lim n+l)lthel:i.m P, = +®. LetA=p0+p1+---+pMand

o o 00
sy P P
B= ) ot;r, then FQ > A+g = Al for n > m. Therefore
n=0 n pn p— +B
n

1im -P—n > 5 >0 and the method is not regular.
o “n

Before stating the theorem on the consistency of the Nérlund
methods it is convenient to introduce an operation defined by Silverman
[11;] which plays a very important role in the thesis. Given two regular
Norlund methods (N, pn) and (N, qn) the symmetric product of the two
methods is the Nérlund method (N, gn) a (N, pn) o (N, qn) where

€ = Po%y * Pr%pa * 7T T Ppo
The method (N, g,) is a Norlund method since py =1, q5 =1, P, &0,
qnzo for n >0 implies that gy =1 andgn%o for n > 0.
The proof of the next theorem, although known [10, 65], is given

because the proof itself has important implications not stated in the
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theoren.

Theorem 2.4. Any two regular Nérlund methods (N, pn) and (N, qn)

are consistent.

Proof: let o = {Sn] be a given sequence and Po = {tm} and
Qo= {rm} be the transforms of ¢ = {sn} by the methods (N, pn) and
(N, qn) respectively. Then
PrS0 * P15 * "7 Y Potn 4pS0 * G151 * TC 4+ oy

t, = and r_ =
m Pm m Q

Let {um} be the transform of {sn} by the method (N, gn) =
(N, pn) o (N, qn) Then

(pya * ===+ pagsy + =+ + {pga + p1ag)s , + s,

"m T pia,+ (g, * gy + ot (@ * tt + P al)
0% 0% T P1% P oy %0
. - PolaySp * o+ agsy) * e e o (agsg v agsy) + P ags,

° Polag + oo+ q) + errp (a4 q) +pq,

. Po% m * *** * PaatT1 * Pudlo
Poy ¥ 77T pm-lQ‘l * meO
Thus the sequence [um} is the transform of the sequence {rm] by

p. _Q
the matrix C, = (¢c_ ), c._ = LS ERE ifnesmand ¢ = O if
l ( mn 3 mn pern Y meO mn

n > nm.

The mabrix C1 is regular since:

Ppn®n < Pren‘n Pun . Yn

——
.

P * "t * P (Pot Rl By G

(a) cpy =

But (N, p_) regular implies lim ?.m:n = 0, therefore for every n,
n o Pm
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o)
(b) For everym, » c_ = 1.
= p=1

o)
(c) There is an H = 1 such that > |c_ | = H for every m.
n=1 -
Thus Go= fu ] = C;qo. Similarly there exists a regular matrix
02 such that Go = {um} = Csz. It follows from the regularity of the
matrices Cl and 02 that if the sequences Ps and Qg converge they must

have the same limit. Hence the consistency of the two methods is

established.

A very important theorem follows immediately from the proof of

Theorem 2.l4.

Theorem 2.5. Given two regular Nérlund methods (N, pn) and
(N, qn). The Nérlund method (N, gn) = (N, pn) o (N, qn) is regular and

stronger than both (N, p,) and (N, g ).

Proof: Using the notation from the proof of Theorem 2.L thére
exist regular matrices Cl and 02 such that
Go= {u ] = ¢ = CyPo.
Therefore any sequence limitable (N, p,) or (N, g,) is also limitable

(N, g,) and (N, g,) is regular and stronger than both (N, p;) and

(N’ qn) .
The study of the inclusion properties of the Nérlund methods is

primarily a s*udy of the relationships between certain power series.

These relationships are clarified by the following four theorsms found

in Hardy [10, 65-70].

Theorem 2.6. If (N, p,) is a regular Ndrlund method, the series

© . © .
> ppx" and X Px" are convergent for [x| < 1.
n=0 n=0
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Civen any two regular Hdrlund methods (I, pn) and (N, qn) there

®
are from Theorem 2.6 four associated series, p(x) = »_ pnxn,
n=0

® 00 ®
P(x) = > Px", q(x) = 2 q;x% and @(x) = 2_ Q,x" all of which
n=0 n=0 n=0
converge for |x| < 1.

o0 o
Let k(x) n§=0 k x g(_x)_ and £(x) :i__oﬂnx ﬂ_}q(x . These

series converge for small values of x. From these definitions the

following relationships between the coefficients of the series are
obtained.

qn = kOpn * k1pn-1 e knpO

Qﬂ = kopn + klpn'-l G e 4 knPo

= + + cee +

Pn " 20 Y% % 9%

%1=20%1+21%b1+ vee *Rn@r
Also kORO = 1 and koﬂn + klpn-l 4+ e 4 knRo = 0 for n > G. The
uniqueness of the sequences {kn} and {Rn] is assured from the uniqueness

theorem for power series.

Theorem 2.7. If (N, p,) and (N, g,) are two regular Nérlund
methods then (N, g,) is stronger than (N, p,) if and only if there is
an H such that for every n

lkolpn + Iklan_L+ «ov 4 |k |Pg <y

%

k
and lim -1 = O.
00

k
Corollary 1. If lim P = +oo then the condition lim .0
o B n>00 “
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can be omitted.

Corollary 2. If ky % 0 for all n the condition

[kolB, + lklan_l + oo s kg |G

Un

< H

can be omitted.

Corollary 2 is not given in Hardy but is very useful.
Theorem 2.8. The regular Nérlund methods (N, pn) and (N, qn) are

) o
equivalent if and only if the associated series > |k,| and > |[4,]
n=0 n=

converge.

Theorem 2.9. If the regular Nérlund methods (N, pn) and (N, qn)

satisfy the conditions:

P P
(a) ._r..l.ﬂ._?,.._ll_..,nEl, 2, 0-0;
pn pn--l

(b) g, > O for all n;

(c) there is an r such that for n > r, Sn+l 2 E%Il F
“n

then the method (N, q,) is stronger than the method (N, p,).

The use of Theorem 2.9 is restricted to those methods for which
the generating sequences have no zero terms. Furthermore it follows
from Theorem 2.3 that for the method (N, pn), the sequence fpn] must be

non increasing.

Since only the methods strictly stronger than convergence are of

importance the next two theorems are of some interest.

Theorem 2.10. The regular Nérlund method (N, q,) is strictly

stronger than convergence if either:



1L

(2) q(x) diverges at x =1 or

1
o) diverges absolutely at x = 1.
( ) q(x) g Y

Proof: The method (N, p,) with p, = O for n > 0, is equivalent
to convergence. Let (N, qn) be any regular Norlund method. Then

a{x)

k() = o)

= q(x) and k = g, & O for all n.

. @ @
If g(x) diverges at x = 1 then lim G, = +00 and :Z-lknl =2 Ap
00 n=0 n=0

= 4+ and from Theorem 2.8 the method (N, qn) is strictly stronger than

convergence.

If q(x) converges at x = 1 but q%x) diverges absclutely at x = 1

® 1 1
then 2_ |4 | = +oo since 2 (x) = k(x) = q(x): Therefore from Theorem 2.8

n=0
the method (N, qn) is strictly stronger than convergence.

Theorems 2.3 and 2.9 point out, to a certain extent, the role

played by the ratio Pns1 with respect to the regularity and inclusion
n

properties of the Nérlund methods. Further insight is given by the

following theorems.

Theorem 2.11. The Nérlund method (N, q ) with g = ™, n=0, 1,
2, *** is equivslent to convergence if r < 1, is the Cesaro method

(C,1) if r = 1, and is not regular if r > 1.

Proof: The Nérlund method with p = O for n > U, is equivalent
to convergence. On comparing this method with the method (N, qn)’

Q= ', the series for k(x) is
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k(x) =§%—;—:-))—= g(x) =1 + rx + r2%x° + see + pOx0 4 ...,

©
Ifr<1l, »_ |kn| = Zg; q, Wwhich converges. Also
n=0 n=

AUx) = I 1 =1 - rXx and jf? |2 |
k(x) aq(x) L+rx+ *°c +pixlse e n=0 ©

converges. Therefore the method (N, qn) for r < 1 is equivalent to

convergence.

If r = 1 the method (N, q) is (C,1) and if r > 1 it follows from
Theorem 2.3 that the method is not reguler.

As has already been shown the operation of symmetric product,
with respect to the regular Noérlund methods, preserves regulerity and
yields a method stronger than either method in the product. Another
very important property of the symmetric product is that it preserves

the inclusion relationship.

Theorem 2.12. Let (N, pn) and (N, qn) be two regular Nérlund
methods such that (N, g,) is stronger than (N, p,) and let (N, r,) be
any other regular Nérlund method. The Nérlund method (N, v,) =
(N, qn) o (N, rn) is stronger than the method (N, un) = (N, pn) o (N, rnL

Proof: Since the method (N, g,) is stronger than the method
(N, p,) there is an H such that '
'kolph * Ikl‘Pn—l vt 4 |kn!PO < H
Q

n

k
for all n, and 1im =2 = O, where the k, are the coefficients of the
- oo %
series k(x) = a(x) .
p(x)

Since (N, un) and (N, vn) are regular Norlund methods there exist



16

v(x)
u(x

sequences of constants {Kn} and {Ln} such that K(x) = and

L(x) = %%ﬁ% . But (N, vn) = (N, qn) o (N, rn) therefore v(x) = q(x)r(x)

and similarly u(x) = p(x)r(x). Hence K(x) = a(x)r(x) = k(x) and
p(x)r(x)

K, = ky for all n. Similarly L, =, for all n.

To show that (N, V,) is stronger than (N, w,) consider

Ko 1Ug + Ky U g+ oee o R NU  fieg U, + D [,y + -+ Ik [
v v
n n
) Ikol(roPn+r1Pn_l+-—-+rnPb) + Ikll(rOPn_l+-..+rn_le) + e 4 ]anrUPb
v
n

rO(IkOIPh+lklan-1+'°'*|kn'P0)"rl(lkOIPh-1+"'+Ikn—l|Pb)+"'+rnlkO|P0
-~ V

n

H(raQ. + 1% + 00+ T Qn)
- (roy * T34 ch U H for alln.

Y
kn . . . Kn kn kn
Also 1im == = O implies lim 7= lim g=<1lim 3 = O. Therefore
oo o oo "B e D pooo SOY

from Theorem 2.7 the method (N, Vn) is stronger than the method (N, uh).
The following theorem follows easily from the preceding theorem

and is very important in the development of Chapter III.

Theorem 2.13. If (N, q,) is strictly stronger than (N, pn) the
method (N, v,) = (N, g,) © (N, r,) is strictly stronger than the method
(Ny uy) = (N, py) o (N, ).

Proof: The method (N, q,) strictly stronger than (N, p,) implies

®
by Theorem 2.8 that either > [k [ = 400 or :f? (f,] = +0. If
n=0 n=0

o) © ©
2 lknl = +00 then > lKnI = +00 or if > IRnl = 400 then
n=0 n=0 n=0



17

00
:Zg anl = +@ . Therefore the method (i, v,) is strictly stronger than
n=

the method (N, un).

In considering the rcgular Nérlund methods as an ordered set one
is lead to the concept of an ordered abelian semi-group. The concept of

a semi-group has become of increasing importance in the literature of the

last several years.

A semi-group is a set of elements which is closed under a single
valued binary opsration, denoted here by ©, which is associative. The

set may or may not have an identity element.

In this thesis an ordered semi-group is defined as a semi-group

with an order relation a < b such that:
(x) If a<band b <c then a<c.

() If a<bthena®©c<boec.

One property of ordered abelian semi-groups used in the thesis is

the following.

Theorem 2.1)i. In any ordered sbelian semi-group if a < b and

c<dthena®©c¢c<bodd.

Proof: If a<bthena Oc<b ¢ and if ¢ < 4 then

bOo¢c<bOd. Therefore a ©c <b 2 d.

The following theorem unifies, to a certain extent, the properties

of the Norlund methods developed in this chapter.

Theorem 2.15. The regular Norlund methods under the operation of
symmetric product and the order relation "strictly stronger than" form

an ordered abelian semi-group.

Proof: It follows from Theorem 2.5 that the set of regular
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Norlund methods is closed under the overation of symmetric product.
That the product is associative can be established easily by

writing out the expressions for [(N, py) © (N, qn)] ° (N, r,) and

(N, pn) o [(n, qn) o (N, rn)] and showing they are equal. The associa-

tivity also follows from the associativity under multiplication of the

associated power series p(x), gq(x), and r(x).

From the definition of "strictly stronger than' the property («)
of an ordered semi-group is satisfied. It follows from Theorem 2.13

that the symmetric product preserves the inclusion property and thus

property (8) is satisfied.
The abelian character of the group follows directly from the

definition of the operation of symmetric product and is important since

Theorem 2.1, will be used in the next chapter.



CHAPTER III

THE CESARO METHODS AS RELATED TO THE
SET OF REGULAR NORLUND METHODS

It is natural to generate a sequence of regular Norlund methods
by repeating the operation of taking the symmetric product of any
regular Norlund method with itself. The mth iterate will be denoted by
(N(m), Pp). Thus |

@™, po) = (N, py) © (W, py) © o+ 0 (N, pp)
the procuct being repeated m times.

If the regular method (N, q,) is strictly stronger than the
method (N, py) with p, = O for n > 0, it follows from Theorem 2.14 on
semi-groups that each method is strictly stronger than its predecessor.

The best known Ndorlund methods, the Cesaro methods (C,«) for
« integral, are defined by the sequence {pn} with p, = QIiil)
n=~0,1 2, **°. From the binomial theorem it follows that for a
given method (C, =) the pn's are the coefficients in the expansion of
(1-x)"% that is p(x) = (1-x)"" |

For « = 1 the method (C, 1) = (N, qn) is the method with q =1
for all n. It follows immediately that the Cesaro methods can be
interpreted, for « integral, as a sequence generated from (C, 1) by the

indicated iteration process since for the method (N(m), qn) =

(N, qn) o (N, qn) 0 +¢+ 0 (N, qn), q(x) = z;—i;ﬁ . That the Cesaro

19
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methods (C, =), for « integral, form z strictly stronger sequence of
regular methods is thus essily seen.

Questions arise zs to the relative strength of various iterates
of two given methods. In this connection consider the methods (C, 1) =
(N, qn) and (i, pn) with p; = 1, p, = 0 for n 2 2. The method (N, a,)
is strictly stronger than the method (N, pn) since

q(x)=1+x+x2+---+xn+-u
p(x) 1+ x

k(x) = =1+ X2 4 ere 4+ X204 ouu

k 00
lim 2 =0 and >
oo 9 n=0

kn’ = 4+ .

However the method (N(z), p,) is not comparable to

(C, 1) = (N, qn). To show this consider k(x) for the two methods

(N, q ) and (2, p) -

LN N J n LN ]
O I S ALLLE. & St SLLLRR iU WIS 5 B I - S

1+2x+x2
with k2n = (n+ 1) and k2n+l = =(n + 1). Thus
[ ne2
cee 2n+l [ -——J
e 1By gt ey 1By o4 Ik I N Ik | Sl il
2n+l

“ons1 =0 Y2n+1

which is unbounded and (N, qn) is n»t stronger than (N(z), pn). Since

lim “ .- +00 the method (N(z), p.) carnot be stronger than (N, q_) and
P n n

oo £,

the two methods are not comparable.

To illustrate the preceding resulis a sequence will now be

constructed which is limitable by the method (N(2), pn) and is not
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limitsble by the method (C, 1). The metrix of (Ng’ pn) is

1 0 v 0 vee

Starting with any three numbers al, a2, a3 not equal to zero
determine 3, such that
a) + 232 + §3> ) a5 + 2a3 + 8
i L

Thus g, = 8 +a; - ay and in genersl determine a, such that

a, = 3,3+ 8, o -~ &, 7. This sequence converges to &t 222 i

the method (N(z), pn).

If {t_| is the transform of the seguence {a_} by (C, 1) then
n n
. . a + n(a2 + a3) et i a; + a8y + (n—l)(al+az)
2n 2n 2n-1 2n-1

a, +a a; + a
Since lim %, = 2.3 and lim t, = —l—;——g the sequence is not
roo <R 2 o o0-l 2

limiteble (C, 1) if 8 £ a5

However from the proverties of ordered semi-groups it follows
that (N(Z), qn) is strictly stronger than (N(z), pn) and in general
(N(m), qn) is strictly stronger than (N(m), pn). Whether a method
exists such thet all of its iterates are weaker than (C, 1) is an open
question. The remainder of the chapter will deal with the relations

between the set of Cesdro methods and the set of all regular Nérlund
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mzthods.

The Cesdro methods are generslized to have meaning for all values

—
of «> 0 by letting P, = ——I—-M forn =0, 1, 2, ***. As in the

[M(n+1) [ ()
case of « integral, p(x) is still given by p(x) = (1-x)~% Some of the
inclusion properties of the general Cesaro methods will be considered
next.
The next two theorems are well known but the proofs, which are
based on the theorems in Chapter II, differ from the proofs found in the

literature. First a lemma is needed.

owna 1 —Llmet) st _lwed
M) [(we) %0 [Ts2) ()

Proof: The lemma is true for n = 1 since
$ [l | L@, [ | @)
=0 e Tl M@l «e

D@2 [Yee2)
(1) [7(2) [ =+1)

Assuming the relation is true for some value of n then:
nZﬁ:L [((v+) _ [(n+as1) . [(n+e+l)
v=0 [+ (@) [0 [ Ee1) [ [(«

_ (nel+e) [(natl) _ [ (n+a+2)
[ (n+2) [ (=+1) [((n+2) [(x+1)

Theorem 3.1. The Cesdro methods are regular for « > 0.

Proof: From Lemma 1 for « > (C,

(o) (@) [(e41)
[M(0+1) (=) ["(n+w+1) n+ &

= O and the Cesaro methods are regular for « > O.

Therefore lim
n>00

b LA T
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Theorem 3.2. Given ithe Cesaro methods (C,) = (Ui, Ey) and
(c,8) = (N, qy) - If @ > the method (C, @) is strictly stronger than

the method (C,«t ).

Proof: For the methods (N, p,) and (N, g,), p(x) = (l—x)_“ and

(x) -(g-2)

q(x) = (l-x)’(‘. Therefore, k(x) = %(x-)- = (1-x) and

Kk = r'(n*ﬁ" "')
a ["(n+1) [_'(g-a)

Since (@-d) > 0 all the Gamma functions and hence all the kn's

are positive. Therefore

lkoan + lklan_l + 0 4 IkanO -
Y

1.

[(n+g-)
From Lemma 1, lim - = lim (o) [ o)
P o % o i [(v+p)
=0 ["@+1) ['(p)
lin 50 = 1im [(oeg-a) . [ (1) [((p+d)
mo % moo [(n+1) F(e—«) I—'(m-p-c-l)
- [(e+1) . lim [ (n+g-<)

[M(g-4) ™o ['(n+g+l)

\ r'(nte-a) < [ (n+8) 1 lfll. . .
e [(nto+l)  [(n+psl) nep therefore Lo, = ° ¢ €,e) 1s

stronger than (C, «).

. 00 @ _[(n+p=o - [ (n4p-a+1)
T = k4
he series nZBO [k | % [M(ne1) [ (=< l%rj-;moo [(n+1) [ (p=ard)

= +0 and therefore the method (C, #) is not equivalent to the method

(Cy o) and the theorem is established.

It was shown in Chapter 2 that the operation of symmetric product
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preserved the order relation. Another important propserty of this

operation vith respect to the Cesaro methods will now be established.

Treorem 3.3. Let (C,x) = (N, pn) and (C, ) = (N, qn) be given
Cesdro methods. The method (X, rn) = (N, pn) o (N, qn) is the method

(C, 0(+{3) .

Proof: For the methods (N, pn) and (N, qn), p(x) = (l-x)—d and

a(x) = (1-x)7F. For the method (N, p ) © (N, q )
Thn T Po% Y P1%a T Y Pydge

Therefore

L Larae
D [n+l) [[(«+@)

r(x) = p(x)-q(x) = 10" ang r

Thus the method (N, rn) = (C, t+B).
Hardy [10, llO] gives an example of a method weaker than all the

Cesdro methods (Cy,« ) with « » U. The method given is the method with

P, = H}-T s n=0,1, 2, **+. The existence of a non-denumerable set of
non-equivalent methods weaker than all the Cesaro methods (C,«), «>0,
will now be estabtlished. The following theorem needed in this develop-

ment is of interest in its own right.

Theorem 3.4. If (N, pn) and (N, qn) are regular Noérlund methods

such that:
(a) (N, qn) is stronger than (N, pn);
(b) 1lim n = 4003

n->ow Pn

then (N, qn) is strictly stronger than (N, p,).

Proof: For any two regular Nérlund methods there exists a
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\n

sequence [kn} such that
Q, = koPn + kan_l 4+ ves 4 knPo
<
Q, = e, IP, Ikl‘Pn,-l LRI LY | S

Since the sequence Ph is non-decreasing

‘:p‘( gl + Dy |+ oee v i |
n

[o0]
But lim %Q = +00 implies 2 Iknl = +00 and the method (N, qn) is not
oo p n=0

equivalent to (N, p,) hence must be strictly stronger than (N, pp) .

Theorem 3.5. The set of Nérlund methods (N, pés)),

)

(8) . 2 | _log2 <g< ‘
Pn 2 |log(n+2)| °* 0=°=1,n=0,1, 2 s are regular and

such that if &>v, (N, pér)) is strictly stronger than (N, pés)).

Proof: The methods are regular for

s

8) 2 log2
1im p®) = lim [ ]=0for0§551.
oo Pn mroo 12 [log(n+2)

The seguences {pés)} and {pér)], & » ¥, satisfy the conditions

of Theorem 2.9. To establish this consider

-9
P]r(1$) n+l [log(n+l) 4
= an
p(S) n+2 |log(n+2)
n-1
- 1)
piii i n+2 |log(n+2)]
p(s) n+3 [log(n+3)]
n

n+2 o n+l 2 2
But n+3 > 4o Since n +ln+ L >n"+ln+ 3 and

log(n+2) 5 log(n+l)
log(n+3) log(n+2)

since
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log®(n+2) } log2(n+2)
log(n+3)1log(n+l) [1og(n+2) + 1og<1 + ;%"2‘)] log(n+2) + 1og(1 - ;1%3)]
. 105 (n+2)
2 ‘ 1
log®(n+2) + |log(n+2) + 1 [log 1 - ]
[ ( n+2)2)

Therefore for n 2 0, 0 $ 8 £ 1

(%) (S)
ntl 2
Al
Similarly forn2 G, 0=Y $1, v<$& r(f) > 0 and
r(;]). Tf log(n+2) i . n+2 |log(n+2) S]).
pr(lr) ) n+3[log(n+3) ) r:; 1og(n+3)} ) pr(ls)

Therefore the method (N, p(r)) is stronger than the method
(N, p(s)). To show the method (N, p(r)) is strictly stronger consider

p®) . St 2 [lliz ]S

n m=0 m+2 |[log(m+2)

But pr(xS) is a monotonic decreasing function therefore

S s

n 2 log2 . (s) n_g_[ log?2 ]
1 t+2 [1og(t+2):| dv < Pn = é) t+2 [log(t+2) de.
2(1"*’2) {[1c>g(n+2)]l - Bow) < B¥

< .2_%3%2& {[1og(n+2)]l-s - [logZ]l-s}.

: (s)
Thus 1lim (1-8) Py 5 = 1. Sinilerly
Ligged 2(1og2) [Log(n+2)] »
-
- P
1 g’ \’) n = = 1 and
moo  2(log2) [log(n+2)]
p{") 1-§

n . Y-8 S-v
1lim P(S) = lim I~ (Log2) [],og(n+2)] = +00
n
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for v < 9.
Therefore from Theorem 3.4 the methed (N, pr(f)) is strictly
stronger than the method (N, px(1§)) .
It will now be shown that the set of methods exhibited in the
preceding theorem are weaker than all the Cesaro methods (C, <) for

2 >0,

Theorem 3.6. The Cesaro methods (C, =) = (N, qn), « > 0,

q, © —‘E'(EL‘ are stronger than the regular Nériund methods
[(n+1) (=)
)

(5) () . 2 log? 0S8%1.
(N, . )s P, = [log(n+2) s 1

Proof: It follows from the preceding theorem that it is

sufficient to prove that (C,«) = (N, qn) is stronger than (N, pr(10)) .

(%) (%) (8)
For § = O, pn+} > Py ° and Pael ’_1:_2_ . For all n, > 0
pns plgsg. pn,S n+3 - qa
Q| (o+asl) M) T2 vk
axld - « - .
%n ["(n+2) [ (=) [ (n+«) n+l

n+?2 n+

2 .
For any o there is an r > Z such that for n > r, 03~ il

since 2 < «n + 3a&. Thus the methods (C, ®x) and (N, plgo)) satisfy the

conditions of Theorem 2.9 and (Cy% ) is stronger than (N, pr(xO)) for all

d > o.
The non-denumerable set of regulsr Nérlund methods (N, Pr(ls))!
$ )
2 log?2 :
p(S) = — [___g_ s O $85% 1, thus lies in the cut betwsen
n n+2 |log(n+2)

convergence and the set of Cesdro methods. In fact much more can be

said.
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Theorem 3.7. The set of regular Hérlund methods (N, p(S)) 0(C,yk)
——l n
S

. 2 log?2
for a fixed k p(s) = g 0 S 951, is stronger than
2 Py o Toz(n+2) ] ’ g

(Cy k) yet weaker than the set of methods (C, k+«) for all « > O.

Proof: The proof is immediate from Theorems 3.3 and 2.11. If
(C, 0) is defined as converjgence, that is, Py = 1, P = O for n >0,
then from Theorem 3.3

(G, 0) ©(C, k) = (G, k)
(Cy ) o (Cy k) = (Cy k+ex).

But from Theorem 2,11 the symmetric product preserves the
"strictly stronger than" relationship and since the methods (N, pﬁs)) lie
in the cut between (C, 0) and (C, &) for all « > 0 then the methods
(, pr(ls)) o (C, k) must lie in the cut between the method (C, k) and the
methods (C, k+o) for all « > O.

Since the Cesaro methods have always been considered as the
important Nérlund methods the existence of non-denumerable sets of
regular Nérlund methods in cuts in the set of the Cesaro methods is very
interesting. Vhether reygular Norlund methods can be found in the cut in
the Cesaro methods defined by the set of methods stronger than (C, «)

and the set not stronger than (C, «-S) for & > 0 is an open question.



CHAPTER IV
SEWUENCES OF HORLUND #ETHODS

Hardy [10, 109] and Hill [11] give an example of a regular
Norlund method stronger than all the Cesaro methods. This leads to an‘
interesting question. Can any sequence of regular NOrlund methods be
asymptotically stronger than the set of regular Norlund methods with
respect to the inclusion property? That is, does a sequence of rsgular
methods exist such that every Norlund method is weaker than some method
from the sequence of methods. The primary purpose of this chapter is to
answer negatively the above guestion.

It was first hoped the problem could be solved by topological
methods in the following manner. Let P be the class of all regular
Norlund methods. Let a sequence of methods {(N, pmn)} in P be said to

converge to the method (N, qn) if for every n, g, = lim p . With
00

this metric P is a metrizable topological space.
It seems plausible that one could show that:
(2) For every method (N, pm) in P, the set of methods
weaker than (N, pn) is closed; .
(b) For every method (N, pm) in P, the set of methods
stronger than (N, png is everywhere dense.
If P were complete, it would follow that the set P is nowhere

dense and the set of methods weaker than the methods of a sequence of

29
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methods {(N, pmn)k would therefore be of first category. Since any
complete metric space is of second category the desired result would
follow.
However the space with the above metric is not complete as is
seen from the following exemple. Let the sequence of methods

(Nyp ) 5 mmn=0,1, 2 ** be such that

AE e een].

p =
meo (28 1)
- o

These methods are regular for every m since

linm
00 m-l
-m(l - EH (2710g2)

m
But q, = 1lim p,, = lim 2n{; -(1 - 5%) J = 2%, Hence 1lim S%il = 2

and from Thezorem 2.2 the method is not regular.

Since the space of regular Norlund methods is not ‘complete with
this rather natural metric, topological methods were not investigated
further.

The original problem may be replaced by a simpler problem in the
following manner. Given any sequence of regular Nérlund methods
{(N, pmn)], myn=0,1, 2, ***. Form a new sequence of regular Nérlund

methods {(N, qmn)}, myn=0,1, 2, 3, *** such that
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(N) qmn) = (N) Dln) 0 (N’ D2n) O e0e O (N, Pmn)-
From the properties of the symmetric product it follows that for
every m the methods (N, qmn) are regular, the method (N, qmn) is stronger
than the method (N, pmn) for all m, and for r > s the method (N, qrn) is

stronger than the method (N, ). The new sequence also has the

qSIl

>

property that for any m, Uel.n = Yn since P.1.0 " 1 and
3 3

= + 4 cve 4 .
qm+l,n pm+1,0 qmn prn+1,l qrn,n—l pm+l,n qm()

Consider now the sequence of methods ( (N, Qr'nn)} where
(N, Qx:m) = (N, q,,) © (C, 1) © (C, 1). These methods are regular and

possess the following properties. First, the method (N, Qr:m) is stronger

than the method (N, qmn); second, an for r 7 s since qm+1 n 2 %n
for all m; third, for any m, lim _@x_n_,_rl]_._ = 1 since for any regular
moo  Qp

Nérlund method (N, pn) the method (N, Pn), where P = p, + ¢+« + p,, has
P . .
the property that lim —gi’-l- = 13 fourth, ““r;t,n-rl? Q;m for all m and for
00 n
n > O since the sequence generating the method (I, qmn) o (C, 1) has no

zero terms; fifth, lim G = +oo for all m since Q. 21 for all m andn.
oo

The original problem can thus be replaced by the following
equivalent problem. Given any sequence { (N, pmn)] of regular Ndrlund

methods with the properties:

2
F-3

(a) P, * Py, for r > s and for all n;

(b) lim Pmun+l = 1 for all m
n*oo pmn

(c) Po,nel” Pm for all m and for all n;

(d) 1lim p = +o0 for every m;
o 0

find a regular Norlund method stronger than any method of the sequence.
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The sequence of Cesaro methods, for integral valuss of = ,

possesses the properties listed above and in adeition to condition (b)

p D
the Cesaro methods possess the property mrl,n+l o “mon+l » that is the

mn mn

ratio avproaches one more slowly as m increases.

It is now of interest to examine the example given by Hardy and

Hill. PFirst, the following theorem is necessary.

Theorem 4.1. If (N, pn) ané (N, qn) are regular Norlund methods
and:

(2) 1im Pﬁ= +00}

o
Py
(b) 1lim === O
mo
(¢) there is an M such that for n Z M, kni 0 where
kix) = g(_}c_)- .
( ) ’p(X) H
then (N, q,) is stronger than (N, Pn) -
Proof: For the methods (N, pn) and (N, qn)
Qn = kOpn * kan—l ot knPO'
P
There is an M such that for nz i, k 2 ( and since 1lim 2 = O there is
- 00

P
an 7 such that for n>7, L <], Let

%

IkOIPm + cer 4 IkmlPo

M
A= max[z Ikil’ Qm form=0, 1, "',”l]
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Then
kolPy + Ik 1P g vee o fiylB e ey (B o+ oo v I [By
Q
IkOIPN + |k1|Pn-1 + oeee 4 IlePn_M ) Kyar Py * 000 * KB
% A
IkOIPN + oo 4 llePn_M kP + +o + kP
2 +
Q Q

24 + 1

<
=

uA

for every n. Since lim Ph = + it follows from Theorem 2.7 that
00

(n, qn) is stronger than (N, pn).
A method stronger than all the Cesdro methods (C, « ) = (N, pn) is
the method (N, qn) with q = evﬁ: Hardy and Hill show that for these
P
methods 1im -2 = 0 and that only a finite number of the k 's are
o

negative.

One attempt to solve the general problem consisted of trying to
construct, from a sequence of methods having properties (a), (b), and
(¢) previously listed, a method satisfying the conditions of Theorem L.l
relative to each method of the sequence. It wes hoped this might be done

D

by controlling the rate of decrease of the ratio -%il . This approach
did not yield a solution but did suggest how a modified form of the

problem could be solved. First three lemmas sre given which simplify

the proof of the main theorem.
Lemma 1: Given two regular Noérlund methods (N, pn) and (N, qn).

If lim %E = +00 then (N, q,) is stronger than or not comparable to
oo n
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(N, Pn) .

Proof: If (N, pn) is stronger then (N, qn) there exists a
sequence {ﬂn} and an H such that

Q Q+ R Q +Q.0+’QQ
%14, Illl,““l 19 < H for all n.
n

“ _E . . o %

Therefore — < — = H., But this contradicts the hypothesis lim p = t®
P 0 oo ‘n

hence the method (N, qn) is stronger than or not comparable with (N, pn).
Lemma 2. Given regular {oérlund methods (N, pn) and (N, qn) such

that 1im inf %l 7 0 then the method (N, Q) is stronger than or not
n+ n

comparable with the method (N, P,) -

Proof: Since the method (N, ‘*‘n) is regular, lim - = O.
o Z
m=0
n n
Z % 2
Therefore 1lim P = lim = . p_ = too and from Lemma 1 it follows
oo n nmm Q'n n ,

that the method (N, Qn) is stronger than or not comparable with the

method (N, pn) .

)
Lemma 3. If the sequence {pn] is such that _gil >1 for all n
—_— n

P
and 1lim -+l 1, then for any positive integer m and a constant A 7 1
oo n

there is an N such that forn > N
n+2m n+m

k=n+m+1 k k=n+1
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— P
Proof: Let r be such that r = “/A. Since lim -*L = 1 there is
- mo Pn

r. Then

o)

n+l _
o

n

an N such that for n > N,

m+2n m ] m ]
:Z:j Py < pm+n+1[;-_1 ] = rpm+n[p..1 ]

k=n+n+1
and
n+m ‘% -1 P r
pk o r n+ri1 T -
k=n+1 mmiL _ f=llpl
Therefore
g m S P
p < - A -
k=m+n+1 k k=n+1 Pk k=n pk

Theorem 4.2. For any sequence of regular Nérlund methods
{(N, pmn)], my, n=0, 1, 2, *+*, possessing the properties:

->- .
(a) p, 2pg, forr >s ané for 211 nj

D,
(b) lim L o for a1l m;

oo mn
(e) Pp,nel> Pun for all n and all m;

(d) 1lim D = +00 for every m;
o

there exists a regular Nérlund method (N, Qn) which is stronger than or

not comparable to any method of the sequence.

Proof: The method of aporoach to the problem will be to construct

Sn+d

by a diagonal process a Norlund method (N, q,) such that lim q; =1
n+oo

and lim inf §n— 70 for all m. Then from Lemma 2 it follows that the
oo mn
method (N, Qn) is the desired method.
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Consider the first two methods of the sequence (N, pln) and

D
(N, p,,). Since lim 041 _ ) for all m there exists an m, such that
n—00 pIr,l,‘n

P
pl,n+l <1 + % =r and 2,0+l 1+ % =T,
P1n 2n

Since pl"& s pz,&: Py, < Py 0+l for all n and }rﬂ Py, = *

for n> "ll,

there is a Sl > "Il such that

A

? l I ! 1

Then

P P
" $
2 < 18, <ry.

P P
1, 8,-1 1, 81

Let q = pj, forn=0,1, 2 ) (Sl - 1)

Q. =P .
2
5 %Y
This diagonal process allows one to vick terms from the next

9+l

seouence while still controlling the value of q .

Let A be a constant greater than 1. Let a; = & = " and
a
r = min (1 + -1.—,, ]ﬁ). For the methods (N, p2n) and (N, p3n) there is
2" .

an ‘12 such that:

P
(a) Forn>7 20+l < o

’
2 on 2

(b) Forn>" ,Iﬁﬁlﬂ<r
2 'p3n 2



n n
2 L <A ] 2t
(¢) 2 P.7% 2 T 2 . p
i= 'rll 2i i= 122-!-1 2i i= 5 +1 1i

P
Since lim 22l _ 1 for all m, relations (2) and (b) are valid.
oo P

Relation (c) follows from the given condition that Ppn 2 Pgn forr> s

and from Lemma 3 with 112 - al greater than the N of Lemma 3.

The significance of the a8y should be noted here. a; is the number

of overlapping terms as cne proceeds from sequence (pln} to {pzn} and the
22
%, is chosen so that the 2. ppy shell be of the seme "size" as the
i="
1

sun of terms beyond from the sequence .
m of a te yond p, - q e, ]

for all n and lim p2n = 4+

Since p 2D s Pa. <P
3 "12 2"12 n 2,n+1 oo

there is a § 5 > 1. such that

2
< <
p = p =p
- 2, + 3
22y 5,1 3, > 1 2
Then
Pymg . Prm + 8
2 < 12
L — 1‘2.

Prmasa  Pomasa
1 2 1 2

I)et q fOI‘ n= O, l’ 2’ ."’ (82“'1)-

=p
Sl+n 2, 1zl-t-n

Continuing this process k times one obtains for all n Sk: a
' ¢ n-1
3 I = - - P ﬂ-. H
set of integers [an] such that a ( 1 "11) + ]Z_:?[Si (”fi.l 1_1)],

1L e
a set of ratios [rn] with r, = min(lﬁ?‘ﬁ, A%n-1 ); a sat ["In] such that



" 1 Tt 1 Uptapa]
> P.>KZ DgK p.. for all s <m;
= A i= 7 +1 ™ i=m +1 81

m-l m m

sets [Sml and [qm] such that

q =P forn=10,1, ***, (& -1)
51+ 52+ * Sm—l+n s m‘:n—l"-n
and
qn~t~1
jq';—<rm for Sl+ $2+'"+Sm~1<n< Sl.,...+ Sm‘

K
Por &,y = 31 - M1+ 2 [8 - (g = )] et

. Ao % ) \
Tl T mm(l + ok+T s \VA). For the methods (N, p‘ml,n) and (N, Pis2,n

thajre is an 7k+1 such that

P
(a) For n > 7. kel ntl

2
k+l pk+1,n k+l
Pre2,n+1
(b) For n > Myes1? -p—’——< a1
k+l,n
@ 3 TS o
c P . 7 P s = F P.s
o k+l,1 £ 4] k+,iT A LZ 41 si
ON 1= Mt =4t

for a1l s <k + 1.

Since pk+2’,,zk+lz_ pkﬂ, ”lkq.l, lim pk+1,n = +00, and the

is increasing there is a Sk+ such that

sequence {pk 1

+l,n]

< <
P =p =p s
k+1, *fz_k-t- Sk+1 1 k+2, "Lk+1 k+1, ”lk+ KoL
Then
Pra2, Peal,n + 8

k+1 < k  k+l

D P
k+l, "lk+ ) k+l_l k+l,1 W Sk+1_l
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Let qsl+...+ Sk'ﬂ’l = pk+1,"’lk+n for n = O, 1, ey (Sk"’l-l)'

Thus one obtains:

(=) a sequence of integers {a ] with
n

= (81-7) + 2 80 4 s
o=

(6) asequence {r_] with lim r = 1; a sequence {”‘Zn}
‘ 00

n
such that
1 Tpta~1 it
mtem v )
Zm pmi>%_Z p .2 P2 p, forall s<m
i= 1m—1 i= 1zm-rl i= 'vzm+1 :

(v) sequences {§ } and {q_} such that

qn+l<r for 51+"'+ Sm—1<n< Sl.,....,,_ Sm‘

q m

The method (N, q,) is regular since by construction lim Tl g,
oo n

Consider now the relation between the method (N, qn) and any

method (N, pmn) of the sequence of methods.

Ty e | n
5 2Pt 2o Pt 2— P
2 i= =y i=n-3 .

G S

Since for any fixed m, "1 _ is a constant and lim Qn = +m then
- m

K¢

m
2P

lin =0 ™ _ o

00 Qﬂ

For s such that " < s < n-a , there is for every term p . fram

the sequence [pmn} a term qg from the sequence (qn] such that Q2 P .
1 1
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Hence EE: P; < Qn'

i= 1

From the construction of the sequence [qn] it follows that

n P
Q7 % > Ppy * Therefore lim sup mo> < 1 + A and it follows from
i=n-am_l oo Qh

Lemma 2 that the method (N, Qn) is stronger than or not comparable to
the method (N, pmn) for any m and the theorem is established.

“hether a stronger theorem than the above can be established is
an oven question. Some thought was given to the sequence of methods
consisting of the iterates of a given method but no stronger theorem was

found for this case.
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