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SOME PROPERTIES OF THE i'iCELUND METHODS AS AN ORDERED SET

CHAPTER I  

INTRODUCTION

The th eo ry  of d ivergent s e r ie s  i s  a study  of the methods of 

assign ing  a "sum" to  a d ivergen t s e r ie s ,  o r of a ss ign ing  a " lim it"  to  

a d ivergen t sequence. I t  i s  more p r a c t ic a l ,  f o r  th e  most p a r t ,  to  deal 

vd-th sequences than  w ith  s e r ie s  and in  th i s  th e s is  only sequences,

(T = js ^ ] , of r e a l  numbers w i l l  be considered .

The methods of l im itin g  a sequence {s^} u su a lly  co n sis t of form­

ing an a u x il ia ry  sequence of l in e a r  means of { s^ ]. One very im portant 

c la s s  of l im ita t io n  methods i s  the c la s s  of m atrix  methods and only 

these  w i l l  be s tu d ied  in  th is  t h e s i s .

Consider now an in f in i te  m atrix  A = m, n « 0, 1 , • • • j  th a t

i s ,

/* 0 0  *01 ■ ' * ^On • * •

* • • an^10 ^11 ‘In

\ %0  • • •

The transfo rm ation  which c o n s is ts  of p rem ultip ly ing  a sequence 

tr= [s^] by A i s  given by
00

W  = { Z  W n } '
n»0



I f  the  transform ed sequence converges to  £  in  the Cauchy sense then

the  sequence <r = i s  sa id  to  be A lim ita b le  and & i s  c a lled  the A

lim it  of cr= (5%)- The n o ta tio n , A lira = s w i l l  sometimes be used.
n*co

U n til re c e n tly  most of th e  s tu d ie s  in  th is  f i e ld  have been con­

cerned w ith  sp ec ia l methods, o ften  fo r  sp ec ia l purposes. Thus, fo r  

example, the Cesàro methods [ i j^  were in troduced  in  o rd er to  ob ta in  

d e f in i t iv e  r e s u l t s  fo r  the  convergence of the product of convergent 

s e r ie s ,  the R iesz methods [2j were in troduced  in  connection w ith problems 

in  the  th eo ry  of D ir ic h le t  s e r ie s ,  the Borel methods [3] were developed 

in  connection w ith  a n a ly tic  ex tension  problems, and the  Hausdorff 

methods [Li were s tu d ied  because of th e i r  deep r e la t io n  v â th  the moment 

problem.

In re c e n t y e a rs , a t te n tio n  has been s h i f te d ,  a t  l e a s t  in  p a r t ,  to  

a study of th e  c la s s  of a l l  re g u la r  methods. In th is  connection one 

must mention the work of Brudno, b u t f i r s t  some d e f in i t io n s  need to  be 

g iv en .

A m atrix  B i s  sa id  to  be s tro n g e r (b. s tro n g er) than  a m atrix  A 

i f  every (every  bounded) sequence lim ite d  by A i s  a lso  lim ite d  by B. 

m atrices A and B are  sa id  to  be eq u ivalen t (b . eq u iv a len t) i f  they  l im i t  

the  same s e t  of sequences (bounded sequences). I f  a m atrix  B i s  s tro n g e r 

(b . s tronger) than  a m atrix  A but no t eq u iv a len t (b . eq u ivalen t) to  A 

then the  m atrix  B i s  s t r i c t l y  s tro n g e r ( s t r i c t l y  b . s tro n g er) than  the  

m atrix  A.

M atrices A and B are c o n s is te n t (b. c o n s is te n t)  i f  fo r  a l l  

sequences (bounded sequences), cr*» (s^ ] , which are  bo th  A lim ita b le  and

^Numbers in  b rack e ts  r e f e r  to  the  l i s t  of re fe re n c e s , ’whenever two 
numbers a re .u sed  the  second number i s  the  page number in  the  re fe re n ce .



E lim ita b le , A lim  3% = B lim  s^- A m atrix A i s  re g u la r  i f  fo r  every 
n-KX3 n-KX3

sequence cr= {s^} which converges to  s in  the Cauchy sense ,

A lim  Sji = lim  5% = s .  
n-*oo n-+oo

Since re g u la r  m a trices  do not have to  be c o n s is te n t, the follow ­

ing theorem of Brudno l5] i s  of g rea t in te r e s t :  I f  A and B are reg u la r

m atrices and B i s  b . s tro n g e r than  A then A and B are  b . c o n s is te n t. 

Moreover Brudno [$] has proven th e re  e x is t sequences (A  ̂j of reg u la r 

m atrices such th a t  no re g u la r  m atrix  i s  b . stronger than  a l l  of them.

Petersen  has re c e n tly  shoivn [6] th a t  fo r  every p a ir  A and B of 

reg u la r m atrices such th a t  B i s  s t r i c t l y  b . s tro n g er than  A, th e re  i s  a 

re g u la r  m atrix  Ç such th a t  Ç i s  s t r i c t l y  b . s tro n g er than  A and B i s  

s t r i c t l y  b . s tro n g e r than  C.

Goffman and P e tersen  [?] have found a c la s s  of re g u la r  methods 

which are  b . c o n s is te n t and such th a t  every bounded sequence i s  lim ite d  

by one of the  methods in  the  c la s s .

A re la te d  problem i s  the  follow ing: does every f i n i t e  number of

co n s is te n t re g u la r  m atrix  methods have a m atrix  method stro n g e r than 

a l l  of them? Petersen  has answered th i s  question  in  the  negative fo r  

the case of th re e  methods, and fo r  the  cass of two methods when a l l  

methods considered are  p o s it iv e  ( i . e . ,  a l l  m atrix  elem ents are p o s itiv e ) . 

For the  case of any two methods, the  question i s  unanswered.

The preceding r e s u l t s ,  fo r  the  most p a r t ,  deal w ith  the s e t  of 

re g u la r  m atrix  methods as an ordered s e t w ith re sp ec t to  the  in c lu sio n  

r e la t io n .  I t  should be remarked th a t  a considerable  amount of research  

i s  y e t to  be done on th e  in c lu s io n  p ro p e rtie s  of th ese  general methods.

In ad d itio n  to  th e  s e t  of a l l  reg u la r methods, i t  seems worth­

w hile to  s tudy , in  a more in te n s iv e  way than h e re to fo re , various of the



i;

c la s s ic a l  sp e c ia l c la sses  of methods as ordered s e ts .  The horlund 

methods [8] form a p a r t ic u la r ly  e legan t general c lass  of methods which 

con tain  the  Cesàro methods and re ta in  some of th e i r  p ro p e r tie s . This 

th e s is  dea ls  p rim arily  w ith  the  in c lu s io n  re la tio n sh ip s  of the  Nôrlund 

methods, in  p a r t ic u la r  fo r  sequences of Nôrlund methods.

A Nôrlund method, denoted by (N, p^) i s  a t r ia n g u la r  m atrix  

method in  which the  m atrix  P of the tran sfo rm ation  i s  determ ined, or 

generated by, a sequence of p o s itiv e  co n stan ts  in  the  follow ing manner. 

I f  (pjj) i s  any sequence of numbers such th a t  p^ /  U, p̂  ̂ = 0 , n = 1 , 2, • 

then  the  m atrix  P i s  given by

\
Ü G . . .  Q

Pi

^1

PQ

^1
0 . . .  Q

P2 P i Pq . . .  0
^2 ^2 ^2

nm Pffl-l Pm-2 Pq

^m Pra ^m ^m

where P^ = Pg + p^ + + P^, m = 0, 1, 2,

I f  a sequence <r= {sj^j i s  transform ed by the above m atrix , the  

transform ed sequence Pa-» (t^ J  i s  such th a t

“n
PpSn + Pl^n-1 + + Pn=0

n

The Cesàro methods denoted by (C ,o<), a  > 0, are the Norland

methods fo r  which p = — , where n(«><) rep resen ts  the  usual
P(n+1) n(«x)



Gaauna fu n c tio n .

Any Nôrlund method i?  re g u la r  i f  lira § 1 = 0  and a l l  reg u la r
n->oo ̂  11

Nôrlund methods are c o n s is te n t. Necessary and s u f f ic ie n t  conditions fo r  

one re g u la r  Nôrlund method to  be s tro n g e r than another were f i r s t  s ta te d  

by Riesz [9] .

The r e s u l t s  of g re a te s t in te r e s t  in  the  th e s is  are the follow ing:

(a) The s e t  of re g u la r  Nôrlund methods under the operation  of 

symmetric product and the in c lu s io n  o rder r e la t io n ,  form an ordered 

sem i-group.

(b) For any o< ? 0 the s e t of Cesàro methods weaker than  or 

equ ivalen t to  ( C ,a )  and the  s e t  of methods s t r i c t l y  s tronger than

(C,oc) determ ine a cu t in  the ordered s e t  of Cesàro methods and th e re  i s  

a non-denumerable s e t  of non-equivalent Nôrlund methods in  th is  cu t.

(c) Given any sequence of re g u la r  Nôrlund methods, th e re  i s  a 

re g u la r  Nôrlund method s tronger than  or no t comparable w ith any method 

in  the  sequence.

This th e s i s  co n s is ts  of fou r ch ap te rs . Chapter I  i s  the  in troduc­

t io n . Chapter I I  Includes the  basic  theorems concerning the r e g u la r i ty , 

consistency , and in c lu s io n  p ro p e rtie s  of the  Nôrlund methods. I t  i s  

shown th a t  the  re g u la r  Nôrlund methods form an ordered semi-group under 

the  operation, of symmetric product and the  in c lu s io n  order re la t io n .

In Chapter I I I  i t  i s  po in ted  out th a t  an i te r a t io n  process 

co n sis tin g  o f tak in g  the symmetric product of any re g u la r  Nôrlund method 

w ith i t s e l f  genera tes  a sequence of re g u la r  Nôrlund methods. In  

p a r t ic u la r  th e  Cesàro methods ( C ,a ) ,  oc an in te g e r ,  form such a sequence.

Hardy [lO, 11 o] gives an example of a re g u la r  Nôrlund method 

weaker than  a l l  th e  Cesàro methods (C, «x ) ,  «=< > 0 . The question  i s
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ra is e d  as to  th e  "number" of re g u la r  I'iorlund methods v;ith th is  p roperty . 

I t  i s  shown th a t  th e re  i s  a non-denumerable s e t  of re g u la r  non-equivalent 

Norland methods s tro n g er than  convergence y e t weaker than a l l  the Cesàro 

methods. Furtherm ore, consider the cu t in  the  Cesàro s e t defined  by the 

s e t  of a l l  Cesàro methods weaker than or eq u iv a len t to  (C, ot ) and the 

s e t  of Cesàro methods s t r i c t l y  s tro n g er than (C ,* ) .  I t  i s  shovm th e re  

i s  a non-denumerable s e t  of re g u la r  non-equivalent Norland methods in  

th i s  c u t.

H il l  [ l l ]  and Hardy [lO, I 09] give an example of a re g u la r  

Norland method s tro n g e r than  a l l  the  Cesàro methods. In Chapter IV, the 

fo llow ing  question  i s  ra is e d . Given any sequence of re g u la r  Norland 

methods i s  i t  p o ssib le  to  fin d  a re g u la r  Norland method stro n g er than 

any method of th e  sequence? I t  i s  po in ted  out th a t  a to p o lo g ica l proof 

of the  ex is ten ce  of such a re g u la r  Nôrlund method i s  not fe a s ib le  since 

the  space of re g u la r  Nôrlund methods w ith  th e  n a tu ra l  m etric  i s  not 

com plete. The b e s t  answer obtained  i s  the  fo llow ing theorem. For any 

sequence of re g u la r  Norland methods th e re  i s  a re g u la r  Norland method 

which i s  s tro n g e r than or not comparable to  any method of the  sequence.



CHAPTER I I  

BASIC THEOREMS

As noted p rev io u s ly , any sequence of p o s itiv e  numbers {p^} vdth  

Pg /  0 determ ines a Nûrlund method denoted by (N, p ^ ) . S im ila r ly , the  

method determined by the  sequence |q^ ] ■'/rill be denoted by (W, ( ^ ) . I f  

a sequence cr = (sn] i s  transform ed by a Nôrlund method (N, Pj^), the  

transform ed sequence (t^ ) i s

Po^n + Pl=n-1 + + PofoPcr= {t^] =
fn

where fn  '  ^0 * ^ l  * ' "  n = 0, 1, 2,

I t  i s  obvious from th e  expression  fo r  t^  th a t  th e  Nôrlund method

(N, p^) i s  unchanged i f  one considers th e  sequence En
IPO,

as generating

th e  method. Hence th e re  i s  no lo s s  of g e n e ra lity  in  assuming = 1 

and th i s  convention w i l l  be followed in  th is  th e s i s .  Theorems on the  

r e g u la r i ty ,  co n sis ten cy , and in c lu s io n  p ro p e rtie s  of the  Nôrlund methods 

vd.ll now be s ta te d .

T oep litz  [12] f i r s t  s ta te d  necessary  and s u f f ic ie n t  co nd itions 

th a t  a t r ia n g u la r  m atrix  method be re g u la r . Schur [ I3] extended the 

co n d itio n s  to  include any m atrix  method and the theorem i s  s ta te d  here 

w ithou t p ro o f.

Theorem 2 .1 . A m atrix  method C = ( c ^ ) ;  m, n = 0, 1 , 2, • • • i s



reg u la r i f  and only i f ;

(a) For every  n , lim  c = 0.
ITHOO

w  00
(b) For every  m, ^  c converges and lim  = 1.

n=l nHoo n«l

00
(c) There i s  an H such th a t  |°mn| ^ f o r  every m.

n=l

The re g u la r  m atrices are  sometimes re fe r re d  to  as T o ep litz  m atrices.

The co nd ition  fo r  the r e g u la r i ty  of a Nôrlund method i s  qu ite

simple and i s  e a s i ly  obtained by applying the  co n d itio n s  of Theorem 2.1

to  the m atrix  of the  Nôrlund method (N, p^) [lO, 6U l•

Theorem 2 .2 . A Nôrlund method (N, p^) i s  re g u la r  i f  and only i f

lim  ^  -  0. 
n->oo ^n

However the  fo llow ing  theorem, simple as i t  i s ,  does not seem to  

be mentioned in  th e  l i t e r a t u r e  and i s  needed h e re .

Theorem 2 .3- I f  lim  e x is ts  fo r  a Nôrlund method (N, p%),
n-*eo Pn

th e  method i s  re g u la r  i f  lim  « 1 and i s  not re g u la r  i f
n-KO Pn

lim  Es+i > 1 . 
n-*oo Pn

Proof: Let lim  Eû±l. = r .  I f  r  < 1 , then  lim  p̂  ̂ = 0 and the
n-*eo Pn n+oo

method i s  re g u la r .

I f  r  * 1 , fo r  every th e re  i s  an M such th a t  n > M im plies

> ^ f o r  k = 1,  2, ••*, q.



p p p
Hence, —  = ----------------------S-------------------------- =---------- 2------------

P p . + p ,  + * * * + p  + ' ' '  + p p + * * * + pn 0 1 n-q n *^n-q

1 _ <  1 2
1 2^9 » 1) 9 * 1

”n

T herefore, lira ^  = 0 and the method i s  re g u la r . 
n-KD n

I f  r  > 1 th e re  i s  an °< such th a t  1 < °< < r  and an M such th a t  fo r

n > M, - S i i  > °i . For n > M,
^n

^ ------------------------
II f  n—M—1 1

Pq + P i + + P% + + • • • + i  + i ;

Since lim  > 1 the  lim  p^ = +co . Let A = pq + p^ + * * * + Pjj and
n->oo n nr*oo

B = ]T  o(^, then  > 77S—  » "T^—  fo r  n > m. Therefore 
n=0 ^n ' *‘̂ ^Pn —  +B

Pn
P„ 1

lim  ^  > — > 0 and the  method i s  no t re g u la r . 
n-*co n

Before s ta t in g  the  theorem on the  consistency  o f the Nôrlund 

methods i t  i s  convenient to  in troduce  an opera tion  defined by Silverman 

[lU] which p lays a very  im portant ro le  in  the th e s i s .  Given two re g u la r  

Nôrlund methods (N, p^) and (N, q^) the  symmetric product of the two 

methods i s  the Nôrlund method (N, g^) « (N, p^) ° (N, q^) where

Gn “ PoQn + P l V l  + + Pn% '
The method (N, g^) i s  a Nôrlund method since  Pg = 1 , Qq “ ^n ^

q^ è 0 fo r  n > 0 im plies th a t  gg * 1 and g^ ^  0 fo r  n > 0.

The proof of the  next theorem, a l th o u ^  known [lO, 65], is  given 

because the  proof i t s e l f  has im portant im p lica tio n s  no t s ta te d  in  the
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theorem.

Theorem 2 .k - Any two re g u la r  Nôrlund methods (N, p^) and (N, q^) 

are c o n s is te n t.

Proof: Let <r » be a given sequence and Per = and

Q (T= be the  transform s of cr = [s^  by the methods (N, p^) and

(N, q^) re sp ec tiv e ly - Then

+ ' V o  + V l ® l  ^ V m  , V o  + %_1=1 + + V m
V ----------------------^  r m --------------------------------------------- ■

Let {u^j be the  transform  of js^] by the method (N, g^) =

(Nj p^) 0 (N, q ^ ) . Then

( P n S .  + * P . S o ' S ç  + *  P p V r n

'  V o  * * h V  * ••• * ‘“ o V  * ■■■ -

" o ^ V o  *  • • •  *  V m >  * ■•■ •* V l ' % ^ 0  * V l >  *  Pm V o
"m "

Po^So -  ••■ •* V  * •■• ■" Pm-l'^O * * Pm'h

_ P o V m  * ••• * P m - lV l  * Pm V o  

P o \ * P - l S .  * Pm«0

Thus the  sequence (u^] i s  the  transform  of the sequence by 

the m atrix  0^ = ( c ^ ) ,  c ^  -  i f  n S m and c ^  = 0 i f

n > m.

The m atrix  i s  re g u la r  s in ce :

g g Pm-n^g < Pm-n^n   Pm-n . ^ n

PoSn * ••• Pm% (Po * ••• * Pm̂ «0 ‘‘a '̂ 0 '

But (N, p ) re g u la r  im plies lim  Esk-a = 0, th e re fo re  f o r  every n , 
”  m-»oo Pjj

lim  c„„ = 0. 
m-*oo



(b) For every  m, ^  = 1 .

11
œ 
>

n=l

00
(c) There i s  an H = 1 such th a t  |c  | = H fo r  every  m.

n=l ™

Thus Gcr= {u^] = Ĉ Q<r. S im ila r ly  th e re  e x is t s  a reg u la r m atrix  

Cg such th a t  G<r = fu^J = C^Pr. I t  fo llow s from the  re g u la r i ty  of the  

m atrices  and Gg th a t  i f  the  sequences Per and Q<r converge they must 

have the  same l im i t .  Hence the  co n sis tency  of the two methods i s  

e s ta b lish e d .

A v ery  im portan t theorem follow s im m ediately from the proof of 

Theorem 2 .h -

Theorem 2 .5 » Given two re g u la r  Nôrlund methods (N, p^) and 

(N, q ^ ) . The Nôrlund method (N, g^) = (Nj p^) o (N, q^) i s  re g u la r  and 

s tro n g e r th an  both  (N, p^) and (N, q ^ ) .

Proof: Using th e  n o ta tio n  from the  proof of Theorem 2.U th e re

e x is t  re g u la r  m atrices  and Gg such th a t

Gcr= {u ]̂ = C-ĵQ tT“ CgBr.

Therefore any sequence lim ita b le  (N, p^) or (N, q^) i s  a lso  lim ita b le  

(N, gjj) and (N, g^) i s  re g u la r  and s tro n g e r than  both (N, p^) and

(N, q^)-

The study  of the in c lu s io n  p ro p e r tie s  of the Nôrlund methods i s  

p r im a rily  a study  of the re la tio n s h ip s  between c e r ta in  power s e r ie s .  

These re la t io n s h ip s  are c la r i f i e d  by th e  fo llow ing  fo u r theorems found 

in  Hardy [lO, 6 5 -70 ].

Theorem 2 .6 . I f  (N, p^) i s  a re g u la r  Nôrlund method, the  s e r ie s

Pnx“  and 2 2  P^x" are convergent f o r  |x | < 1 .  
n=0 n=0
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Given any tv.-o r e g u la r  WOrlund methods (l-i, Pĵ ) and (N, q^) th ere

CO
are from Theorem 2 .6  fo u r a sso c ia te d  s e r ie s ,  p(x) =

n=0

CO 00 00
p(x) = 2 1  q(x) = %Z and Q(x) = 2 2  Q n^ a l l  of which

n=0 n=0 n=0

L6t k(%) '  ^  ^  andJL(x) -  These

converge fo r  |x | < 1 .

s e r ie s  converge fo r  sm all v a lues of x. From these  d e f in it io n s  the 

fo llow ing re la tio n s h ip s  between Lhe c o e f f ic ie n ts  of the  s e r ie s  are 

o b ta in ed .

%  ■ V n  * “h V l  '  * k .Po

" V n  ♦ V n - 1  * ••• *

Pn ■ * ̂ V l  * -

Pn “ * ̂ i V l  • * • • • *  ̂ n ‘t -

Also = 1 and + k^ü^_^ + • • • + k^Xg = 0 f o r  n > 0 . The

uniqueness o f th e  sequences fk^} and |j!^] i s  assured  from the  uniqueness 

theorem fo r  power s e r ie s .

Theorem 2 .7 - I f  (N, p^) and (N, q^) are two re g u la r  Nôrlund 

methods then  (N, q^) i s  s tro n g e r than (N, p^) i f  and only i f  th e re  i s  

an H such th a t  fo r  every  n

|kp|Pn + l l̂l^n-1 + + KI^O <H
On

a 0.
n-*oo 4n

k
and lim  -S. = 0.

knC oro lla ry  1 . I f  lim  = +00 then  the  co n d itio n  lim  = 0 
n-*oo n-*oo ^
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can be om itted.

C oro llary  2 . I f  -  0 f o r  a l l  n the  condition  

IkpIP^ + + jk^lPp ^  ^

can be om itted .

C oro llary  2 i s  n o t given in  Hardy bu t i s  very  u se fu l.

Theorem 2 .8 . The re g u la r  Nôrlund methods (N, p^) and (N, q^) are

00 00
eq u ivalen t i f  and only i f  the  a sso c ia ted  s e r ie s  ^  Ik^j and

n«0 n=0

converge.

Theorem 2 .9 . I f  the  re g u la r  Nôrlund methods (N, p^) and (N, q̂ )̂ 

s a t i s f y  the co n d itio n s :

(a) „ . l ,  2,
n n-1

(b) qji > 0 fo r  a l l  n;

(c) th e re  i s  an r  such th a t  fo r  n > r ,  = ^ î i  ;

then the method (N, q^) i s  s tro n g e r than  the method (N, p ^ ) .

The use of Theorem 2 .9  i s  r e s t r ic te d  to  those methods fo r  which 

the generating  sequences have no zero term s. Furthermore i t  follow s 

from Theorem 2 .3  th a t  f o r  the  method (N, p^^, th e  sequence (p^] must be 

non in c re a s in g .

Since only the methods s t r i c t l y  s tro n g er than convergence are of 

importance the  nex t two theorems are  of some in te r e s t .

Theorem 2 .1 0 . The re g u la r  Nôrlund method (N, c^) i s  s t r i c t l y  

s tro n g er than convergence i f  e i th e r ;



lU

(a) q(x) d iverges a t  x * 1 or

(b) d iverges ab so lu te ly  a t  x = 1.

Proof: The method (N, p^) w ith  = 0 fo r  n > 0 , i s  equ ivalen t

to  convergence. Let (N, q^) be any re g u la r  Nôrlund method. Then

k(x) = = q(x) and à 0 fo r  a l l  n .

00 00
I f  q(x) d iverges a t  x = 1 then  lim  = +oo and 21 |k | =

n-hoo n=0 n=0

= +00 and from Theorem 2.8 the method (N, q^) i s  s t r i c t l y  s tro n g er than

convergence.

I f  q(x) converges a t  x = 1 bu t d iverges ab so lu te ly  a t  x = 1

00 1  1
then  2 1  l-^n' “ s ince  S (x) = %(%) = q(%). Therefore from Theorem 2.8 

n=0

the method (N, q^) i s  s t r i c t l y  s tro n g e r than  convergence.

Theorems 2 .3  and 2 .9  p o in t ou t, to  a c e r ta in  e x te n t , the  ro le

played by th e  r a t i o  w ith  re sp ec t to  the r e g u la r i ty  and in c lu s io n
Pn

p ro p e rtie s  of the  Nôrlund methods. F u rth er in s ig h t i s  given by the  

fo llow ing  theorem s.

Theorem 2 .1 1 . The Nôrlund method (N, q^) w ith  q^ = r ” , n = 0 , 1 , 

2, ••• i s  eq u iv a len t to  convergence i f  r  < 1 , i s  the  Cesàro method 

(0 ,1) i f  r  * 1 , and i s  no t re g u la r  i f  r  > 1.

Proof: The Nôrlund method w ith p^ = 0 fo r  n > 0 , i s  eq u iv a len t

to  convergence. On comparing th i s  method w ith the method (N, q^),

= r “ , the  s e r ie s  f o r  k(x) i s
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k(x) = = q(x) = 1 + rx  + r^x^ + ••• + + • • • .

00 œ

I f  r  < 1, |k I = 2 -  In which converges. Also
n=0 n=0 “

■ ÎO Ô  ■ ^  • .  r v ' .  ••■■ ■ " -  “  S o  '^"1

converges. Therefore the method (N, q^) f o r  r  < 1 i s  eq u iv a len t to  

convergence.

I f  r  = 1 the method (N, q) i s  (C ,l) and i f  r  > 1 i t  fo llow s from 

Theorem 2 .3  th a t  the  method i s  not re g u la r .

As has a lready  been shown the  opera tion  of symmetric product, 

w ith  re sp e c t to  the re g u la r  Nôrlund methods, p reserv es  r e g u la r i ty  and 

y ie ld s  a  method s tro n g er than e i th e r  method in  the  p roduct. Another 

very  im portan t p ro p e rty  of the  symmetric p roduct i s  th a t  i t  p reserves 

the  in c lu s io n  re la t io n s h ip .

Theorem 2 .1 2 . Let (N, p^) and (N, q^) be two re g u la r  Nôrlund 

methods such th a t  (N, q^) i s  s tro n g e r than  (N, p^) and l e t  (N, r^) be 

any o th e r re g u la r  Nôrlund method. The Nôrlund method (N, v^) =

(N, q^) 0 (N, r^ ) i s  s tro n g er than th e  method (N, u^) = (N, p^) o(N , r^ ).

P roof: Since th e  method (N, (^) i s  s tro n g e r th an  the  method

(N, Pjj) th e re  i s  an H such th a t

IkplPn + l ^ l l V l  + + l^nl^O < H

Qn

f o r  a l l  n , and lim  T&= 0 , where the  are  the  c o e f f ic ie n ts  of the
“■ n-KD Si

s e r ie s  k(x) = .
P(x)

Since (N, u^) and (N, v^) are  re g u la r  Nôrlund methods th e re  e x is t
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sequences of constan ts |K^j and such th a t  K(x) = " and

L(x) = . But (N, v^) = (N, q^) o (N, r^) th e re fo re  v(x) = q (x )r(x )

and s im ila r ly  u(x) = p ( x ) r ( x ) . Hence K(x) = = k(x) and
p (x )r(x )

K% = k% fo r  a l l  n . S im ila r ly  a l l  n .

To show th a t  (N, v^) i s  s tro n g er than  (N, u^) consider 

^plUn + |Kl l"n_l + + l^nl^G ^pl^n + K I V l  ^ Ü

"n

= H fo r  a l l  n. 
^n

|k o l ( V n + :" l^ n _ l+ " '+ V o )  + l ^ l ( V n - l + " " + 'n - l V  ^ ^
Vn

,  ^0^ 1^0 I V  1^1 l^ n - l+ "  '+ K l y  + ^iC |k o |P n _ l+ "  '+ K - l l y + "  ' '+:'n K  Î Q 

%(roSn + + :"n%)

Also lim  TP = 0 im plies lim  ^  = lim  ^  < lim  = - ^  = Ü. Therefore 
rr>oo ^  n-*oo n-Ko ^ n->oo -

from Theorem 2.7  the  method (N, v^) i s  s tro n g er than  the method (N, u ^ ) .

The fo llow ing  theorem fo llow s e a s i ly  from th e  preced ing  theorem

and i s  very  im portant in  th e  development o f Chapter I I I .

Theorem 2 .1 3 . I f  (N, q^) i s  s t r i c t l y  s tro n g er than (N, p^) the  

method (N, v^) = (N, q^) ° (N, r^ ) i s  s t r i c t l y  s tro n g e r than  the  method 

(N, u^) = (N, p^) o (N, r„ )  .

Proof: The method (N, q^) s t r i c t l y  s tro n g er than  (N, p^) im plies

CO œ
by Theorem 2.8 th a t  e i th e r  ^  |k_J = +oo or 2T = +co . I f

n=0 n=0

œ  00 00
Z_ |k^J = +00 then  21 1^1 ® +oo or i f  21 14%! = +oo then
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zT j l^ l  = +00. Therefore the  method (M, v^) i s  s t r i c t l y  s tronger than 
n=Ü

the  method (N, u ^ ).

In  considering  the  re g u la r  Nôrlund methods as an ordered se t one 

i s  le ad  to  the concept of an ordered ab elian  sem i-group. The concept of 

a semi-group has become of in c reas in g  importance in  th e  l i t e r a tu r e  of the 

l a s t  sev e ra l y ea rs .

A semi-group i s  a s e t of elem ents which i s  c losed  under a s ing le  

valued b in ary  o p era tio n , denoted here by which i s  a s s o c ia tiv e . The 

s e t  may o r may not have an id e n t i ty  elem ent.

In  th is  th e s is  an ordered semi-group i s  defined  as a semi-group 

w ith  an o rder r e la t io n  a < b such th a t :

(o() I f  a < b and b < c then  a < c .

(p) I f  a < b then  a o c < b ° c .

One p ro p erty  of ordered ab e lian  semi-groups used in  th e  th e s is  i s  

th e  fo llow ing .

Theorem 2 . l i t . In any ordered ab e lian  semi-group i f  a < b and 

c < d then  a o c < b o d.

Proof: I f  a < b then  a ° c < b o c and i f  c < d then

b o c < b 0 d. Therefore a ° c < b ° d .

The fo llow ing  theorem u n i f ie s , to  a c e r ta in  e x te n t, th e  p ro p e rtie s  

of th e  Nôrlund methods developed in  t h i s  chap ter.

Theorem 2 .1 5 . The re g u la r  Nôrlund methods under the operation  of 

symmetric product and the order r e la t io n  " s t r i c t l y  s tro n g e r than" form 

an ordered  ab e lian  semi-group.

Proof: I t  fo llow s from Theorem 2 .5  th a t  the  s e t  of reg u la r
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Nôrlund methods i s  closed under the ooera tion  of syiaraetric product.

That the  product i s  a sso c ia tiv e  can be e s ta b lish e d  e a s i ly  by 

w ritin g  out the  expressions fo r  [(N, p^) o (N, q^)] o (n, r^ ) and 

(N, p^) 0 [(n , q^) o (n, r^ ) ]  and showing they  are  equal. The a sso c ia ­

t i v i t y  a lso  fo llow s from the  a s s o c ia t iv i ty  under m u ltip lic a tio n  of the  

assoc ia ted  power s e r ie s  p (x ) , q (x ), and r ( x ) .

From the d e f in i t io n  of " s t r i c t l y  s tro n g e r than" the p ro p erty  (=<) 

of an ordered semi-group i s  s a t i s f ie d .  I t  fo llow s from Theorem 2.13 

th a t the  sym netric product p reserves the in c lu s io n  p roperty  and thus 

p roperty  (?) i s  s a t i s f i e d .

The ab e lian  ch a rac te r of the  group fo llow s d i r e c t ly  from the 

d e f in it io n  of the  o p era tion  of symmetric product and i s  im portant since 

Theorem 2 .lit. w i l l  be used in  the  next ch ap te r.



CHAPTER I I I

THE CESÀRO METHODS AS RELATED TO THE 

SET OF REGULAR N(JRLUI\ID METHODS

I t  i s  n a tu ra l  to  generate  a sequence of re g u la r  Nôrlund methods 

by rep ea tin g  th e  opera tion  of tak ing  the  symmetric product of any 

re g u la r  Nôrlund method w ith i t s e l f .  The mth i t e r a t e  w i l l  be denoted by 

p ^ ). Thus

Pn) = (N, Pn) ° Pn) ° ° (N> Pn)

th e  product being repeated  m tim es.

I f  the  re g u la r  method (N, q^) i s  s t r i c t l y  s tro n g e r than  the 

method (K, p„) w ith  P„ = 0 fo r  n > 0, i t  fo llow s from Theorem 2.1U on 

semi-groups th a t  each method i s  s t r i c t l y  s tro n g e r than  i t s  p redecesso r.

The b e s t known Nôrlund methods, the  Cesàro methods (C ,^ )  fo r  

o< in te g ra l ,  a re  defined  by the sequence [p^j w ith  p^ ■ 

n = U, 1, 2, ••* . From the binomial theorem i t  fo llow s th a t  fo r  a 

given method (C,°<) the  p ^ 's  are  the  c o e f f ic ie n ts  in  th e  expansion of 

( l - x ) ” ' ,̂ th a t  i s  p(x) « (1-x)

For o( = 1 the  method (C, 1) = (N, q^) i s  th e  method w ith q^ -  1 

fo r  a l l  n . I t  fo llow s im m ediately th a t  the  Cesàro methods can be 

in te rp re te d , f o r  a. in te g r a l ,  as a sequence generated  from (C, 1) by the 

in d ica ted  i t e r a t io n  process since fo r  the method (N^™), q^) «

(N, q^) o (N, q^) 0 ••• 0 (n , q^), q(x) = • That the  Cesàro

1 9
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methods (C ,°<) ,  fo r  «  in te g ra l ,  form a s t r i c t l y  s tronger sequence of 

re g u la r  methods i s  thus e a s i ly  seen.

Questions a r is e  as to  the r e la t iv e  s tren g th  of various i t e r a te s  

of two given methods. In th is  connection consider the  methods (C, 1) = 

(N, q^) and (N, p^) w ith p^ = 1, p% = 0 fo r  n ^ 2. The method (N, q^) 

i s  s t r i c t l y  s tro n g e r than the  method (N, p^) since 

q(x) 1 + X + + • ♦ « + + • « »k(x)
P(x) 1 + X

kn ^  I .lim  -“ = 0  and Ik^l = +co.
n-+oo On n=0

Hov/ever the  method p^) i s  no t comparable to

(C, 1) = (N, q ^ ) . To show th i s  consider k(x) fo r  the two methods 

(N, q„) and p ) ."n n

k(x)
1 + 2x + X

w ith  kg^ = (n + 1) and kg^^^ = - (n  + 1 ) . Thus

m (n+1) [:

"2n+l m=0 ^2n+l 2n+l

which i s  unbounded and (N, q^) i s  n i t  s tro n g e r than p ^ ). Since

lim  -31 = +00 the  method p ) cannot be s tro n g e r than (N, q^) and
n+oo "

the two methods are  no t comparable.

To i l l u s t r a t e  the  preceding  r e s u l ts  a sequence w il l  now be

constructed  which i s  lim ita b le  by the method p^) and i s  no t
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liff iita b ls  by the method (C, 1 ) .  The m atrix of (Ng, p^) i s

2
3

1
h

1
3

2
k

1
Ù

1
k

0

0

1
k

s ta r t in g  w ith  any th re e  numbers not equal to  zero

determ ine a^ such th a t

+ 2ag + a^ ag + 2a^ +

Thus “ 8]_ + &2 ”  general determ ine a^ such th a t

^n-2

the method p ) .

a^ = a^_2 + a^_2 -  This sequence converges to  ^1 ^^2 ^3 by

n'

2n

Since lim  t  
r-*oo

I f  { t^ j i s  th e  transform  of the  sequence [a^] by (C, 1) then

a, + n (a .  + a J  a, + a ,  + (n-lJCa^+ag)
-     —

2n • —-T— ^ and lim  t  
2 n-KK) 2n-l

2n-l 

^ &2 the Sequence i s  no t

lim ita b le  (C, 1) i f  a^ /  a^.

However from the p ro p e r tie s  of ordered semi-groups i t  fo llow s 

th a t  q^) i s  s t r i c t l y  s tro n g e r than  (N^^), p^) and in  general

q^) i s  s t r i c t l y  s tro n g er than p̂ )̂ . Vftiether a method

e x is ts  such th a t  a l l  of i t s  i t e r a t e s  are weaker than (C, 1) i s  an open 

question . The rem ainder of the  ch ap te r w il l  deal w ith the  r e la t io n s  

between th e  s e t  of Cesàro methods and the s e t  of a l l  reg u la r Nôrlund
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The Cesàro methods ere i^enerelized to have meaning for a l l  values

of > 0 by le t t in g  p =  for n = 0 , 1, 2 , As in  the
R n + l)  I W

case of o( in teg ra l, p(x) i s  s t i l l  given by p(x) = ( l - x ) ” **. Some of the 

inclu sion  properties of the general Cesàro methods w il l  be considered 

n ext.

The next two theorems are w ell known but the proof^ which are 

based on the theorems in  Chapter I I , d if fe r  from the proofs found in  the 

lite r a tu r e . F irst a lemma i s  needed.

Lemma 1=  Y _    ,  < , o .
R " * ! )  r ( ' )

Proof: The lemma i s  true for n = 1 since

1 p(°<) ^ r (^^i) ̂  (i+°<) p(°<+i)

j/=o R-^+i) P m  P ( i )  P ( 4  P ( 2 )P ( ° ‘) «X P ( 4

s P('*+^) „ P(<^+2)

P(^+l) P (2) P(<+1)

Assuming the rela tion  i s  true for some value of n then:

P(^+°')  ̂ P(n+C(+1)  ̂ P(n+o(+l)
r  (//+1) r  (=() P(n+1) P(o<+l) P(n+2) P(o<)

_ (n+l+d) r  (n+d+l) g Rn+oi+Z)
P(n+2) p(o«+l) P(n+2) P(o^+l)

Theorem 3 .1 . The Cesàro methods are regular for  o< > 0.

Proof: From Lemma 1 fo r  o< > 0 ,

^  .  P(n+°') - . P (n t l)  P(°t.fl) _ _2i_ .
P P(n+1) P(n+e(+l) n+c*n
%
F~nr*oo n

Therefore lim  ^  « 0 and the Cesàro methods are regular for 0.
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Theorem 3 .2 . Given the Cesaro meti.ods ( C , ^ )  = (h , p^) and 

(C, P)  = (N, q^) . I f  ^ ? "X the method (C, p ) i s  s t r i c t l y  s tro n g er than 

the  method (C,o< ) ,

— o(
Proof: For the  methods (N, p^) and (N, q^)^ p(x) = ( l-x )~  and

q(x) = ( l-x )~ ^ . T herefo re , k(x) = and

k_ R n+p-cf)

^  R n + l)  R p-=()

Since (p-ot) > 0  a l l  the  Gamiria fu n c tio n s  and hence a l l  the  k ^ 's

are p o s i t iv e . Theref ore

K k n  ^ I h k n - l  ^ -  l-‘=nko
%

r  (n+p-a)

k„ r
From Lemma 1 , lim  7̂  = lim  n r i ,

rr+œ iMco y  I C'+P)
;/-0 R^+DTCP)

lim  h i  .  lim  r f e f - )  . n ° > l )
n-»oo On n->oo R n + l)P (^ -o < ) R n+ p+1)

R?+l) T r(n+P-«̂ )= -L-------------- . -j—
I (f -a )  n-»oo I (n+ç-v-1)

But —' -  = . Therefore lim  r  = û and (C, p ) i s
r  (n+9+1) \ (n+p+1) n+p rr*oo ^

stro n g e r than  (C, <=< ) .

The s e r ie s  f  |k „ | .  ^

= +00 and th e re fo re  th e  method (C, p ) i s  no t eq u iv a len t to  the  method 

(C, o< ) and the  theorem is  e s ta b lish e d .

I t  was shown in  Chapter 2 th a t  the  o p era tio n  of symmetric product
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p reserved  th e  order r e la t io n .  Another iz ^ o r ts n t  property  of t h is  

opera tion  vdth  r e sp e c t  to  th e  Cesàro methods w i l l  now be e s ta b lis h e d .

Theorem 3»3 - Let (C, * )  = (N, p^) and (0 ,(3 ) = (N, q^) be âiven

Cesàro methods. The method (N, r^ ) = (N, p^) ° (N, q^) i s  the method

(C, o( + (3) .

Proof: For the  methods (N, p^) and (N, q^), p(x) = ( l - x ) "  and

q(x) = ( l-x )" P . For the method (N, p^) °  (N, q^)

'n  "  PcOn + P l^ n - l + + Pn^O"

Therefore

r{x) = p (x )-q (x ) = d - x ) - < '* f '  and .

Thus the method (W, r^ ) = (G, =< + p).

Hardy [lO, l i o ]  gives an example of a method weaker than  a l l  the

Cesàro methods (C, <=< ) w ith °< > ü. The method given i s  the  method w ith

Pn = , n = 0, 1 , 2, • • • . The ex is ten ce  of a non-denumerable s e t  of

non-equ ivalen t methods weaker than  a l l  th e  Cesàro methods (C, =<), <x > 0, 

w il l  now be e s ta b lish e d . The fo llow ing theorem needed in  t h i s  develop­

ment i s  of in t e r e s t  in  i t s  own r ig h t .

Theorem 3-U- I f  (N, p^) and (N, q^) are  re g u la r  Ndrlund methods 

such th a t  :

(a) (N, q^) i s  s tro n g e r than  (N, p^);

(b) lim  “  = +00 j 
n-»oo n

then  (N, q^) i s  s t r i c t l y  s tro n g e r than  (N, p ^ ) .

P roof: For any two re g u la r  Ndrlund methods th e re  e x is ts  a



sequence [k^] such th a t

S i = V n  + V n -1  + •••  + V o

Î  Ik JP ^  .  * ••• * Ik JP o

Since the  sequence i s  non-decreasing

l^ol + Ik^l + ••• + \ \ \  •
n

&
n-Ko n

00
But lim  = + 00  im p lies  21 ik^l = +oo and the method (N, q^) i s  not

n=0

equ ivalen t to  (N, p^) hence must be s t r i c t l y  s tro n g er than  (N, p ^ ) .

Theorem 3»5» The s e t  o f Ndrlund methods (N, 

rXS) _ 2 log2 , 0 » ^ = 1 , n = Ü, 1, 2, • • • ,  are  re g u la r  and
"  n+2 [log(n+2)_

such th a t  i f  (N* p (^ ))  i s  s t r i c t l y  s tro n g er th an  (N, p ( ^ ) ) .n n

Proof: The methods a re  re g u la r  fo r
s

= lira 
n-+oo

lira p.n
_2_ \_ 1 2 eL  
n+2 [log(n+în+oo “  n-+oo L^u&\M+2)

The sequences and , s a t i s f y  the  cond itions

of Theorem 2.9* To e s ta b l is h  t h i s  consider

I ’
(S) ■ 

Pn

n+2 ^ n+1
SÎ3

n+1 log(n+ l)
and

n+2 log(n+2)

n+2 log(n+2)
S

n+3 ,log(n+3).

n V Im + it >
2

n + Un + 3 and

M ù a a  > I s s l s î l l  s in ce  
log(n+3) log(n+2)
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log  (n+2) 
log(n+3)log(n+l)

__________________ log  (n+2)_________________ _

jlog(n+2) + lo g ( l  + log(n+2) + log(^l -

_________________ log2(n+2)___________________

log^(n+2) + jlog(n+2) + 1 lo g ( l  -  —- — r )
^ (n+2)2/

Therefore f o r  n ^ 0, O ^ ^ ^ l

_(S)
n

S im ila r ly  fo r  n ^ 0, 0 = ^  = 1 , y- < S   ̂ > 0 and

. ( r )

n+2 log(n+2)
V

n+2> log(n+2)

n+3 log(n+3). n+3 log(n+3).

Therefore the method (N, i s  s tro n g er than  the  method

(N, To show the method (N, p^^^) i s  s t r i c t l y  s tro n g er consider

,(S) n
n ra*

logZ
“O m+2 |_log(ra+2)

. (§)  4 ,But p^°/ i s  a monotonie decreasing  fu n c tio n  th e re fo re
_Srn  ^

1 t+2
- i f ^ l  d t < p (s) < 5 "  ^

log(t+2)J n 0 t+2
lo e f

log (t+ 2 ).
dt.

Thus lim = 1 . S im ilarly
, (S) 

(l-S)Pn
2 (lo g 2 f flo g (n + 2 )p “ ^

( l- r )F nlim = 1 and
n+oo 2 ( lo g 2 r  [log(n+2)]^“ ^

Pn  ̂ T-& ^ -S _
:%ST= lim , I : ; :  (logZ) Llog(n+2)J = +oo
n
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f  or V" < 5 .

Therefore from Theorem 3 L the  method (N, ) i s  s t r i c t l y

stro n g er than  the  method (N, .

I t  ■will now be sho>vn th a t  the  s e t  of methods ex h ib ited  in  the  

preceding theorem are weaker than  a l l  the  Cesàro methods (G, ■=< ) fo r

o< 0.

Theorem 3 6 . The Cesàro methods (C, °< ) = (N, q^), «x > 0, 

q_ = —   are s tronger than the  re g u la r  Nôrlund methods
^  r ( n + i )  r ( 4

(» , p f  > ), ^

s
1 2 É L , o : s : i .

log(n+2).

Proof; I t  fo llow s from the p receding  theorem th a t  i t  i s  

s u f f ic ie n t  to  prove th a t  ( G , = (N, q^) i s  s tro n g e r than  (N, p^^^) .

,  c  p ( S )  p ( S )  p ( S )  n+ 2For S .  0, %  and ^  . For a l l  n , <^ > 0

^n ^n-1 ^n

q^ r(n+cf+l) P (n+1) P(=() n+o<
and ------  “   .   =   .

P (n + 2) p(=() P(n+«<) n+1

2 n+2 n+°c
For any of th e re  i s  an r  > — such th a t  fo r  n > r ,

since 2 < « n  + 3®f . Thus the  methods (C, * )  and (N, p^^)) s a t i s f y  the  

cond itions of Theorem 2 .9  and (C ,*  ) i s  s tro n g e r than  (N, p^^^) fo r  a l l  

of >0.

The non-denumerable s e t  of re g u la r  Nôrlund methods (N> p^^ ̂ ,
r  -1 ^

lo g 2  ̂ 0 = & = 1 ,  th u s  l i e s  in  the  cu t between
log(n+2)

convergence and the  s e t  of Cesàro methods. In  f a c t  much more can be 

sa id .
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Theorem 3 ■ 7 • The s e t  of re g u la r  I'iorlund methods (N, p (^)) o ( c ,  k)

fo r  a f ix e d  k , p(^) = —̂  
— n n+2

l o g ^ ,  0 = ^ = 1 , i s  s tro n g er than
log(n+2)

(C, k) y e t weaker than the  s e t  of methods (C, k+^) fo r  a l l  ^ > 0.

Proof: The proof i s  immediate from Theorems 3-3 and 2.11. I f

i s  defined  as c 

then  from Theorem 3.3

(C, 0) i s  defined  as convergence, th a t  i s ,  Pq = 1, p^ -  0 fo r  n > 0,

(C, 0) o (c , k) = (C, k)

(C, o (C, k) = (C, k+oc).

But from Theorem 2.11 the  symmetric product preserv'es th e  

" s t r i c t l y  s tro n g e r than" re la tio n s h ip  and since the  methods (N, l i e

in  the  cu t between (C, O) and (C, o< ) fo r  a l l  > 0 then  th e  methods 

(N, ° (C, k) must l i e  in  the cu t between the  method (C, k) and the

methods (C, k+a) fo r  a l l  “< > 0.

Since the  Cesàro methods have always been considered  as the  

im portant Nôrlund methods the  ex istence  of non-denumerable s e ts  of 

re g u la r  Nôrlund methods in  cu ts  in  the  s e t  of the Cesàro methods i s  very

in te r e s t in g .  Whether re g u la r  Nôrlund methods can be found in  th e  cu t in

the  Cesàro methods defined  by th e  s e t  of methods s tro n g e r than  (C, )

and th e  s e t  no t s tro n g e r than  (C, «a -S) f o r  S > 0 i s  an open question .



CHAPTER IV

SEQUENCES OF HÔRLÜND «1ETH0DS

Hardy [lO, 109] and H il l  [ l l ]  give an example of a reg u la r

Nôrlund method s tro n g er than  a l l  the  Cesàro methods-» This lead s  to  an

in te re s t in g  q u estio n . Can any sequence of re g u la r  Nôrlund methods be

asy m pto tica lly  s tro n g e r than the s e t of re g u la r  Nôrlund methods w ith

re sp ec t to  the  in c lu s io n  p ro p e rty / That i s ,  does a sequence of re g u la r

methods e x is t  such th a t  every Nôrlund method i s  weaker than  some method

from the  sequence of methods. The prim ary purpose of th i s  chap ter i s  to

answer n eg a tiv e ly  the  above question .

I t  was f i r s t  hoped the  problem could be solved by to p o lo g ica l

methods in  the  fo llow ing  manner. Let P be th e  c la ss  of a l l  reg u la r

Nôrlund methods. Let a sequence of methods |(N, p ^ )  j in  P be sa id  to

converge to  the  method (N, q^) i f  fo r  every n , = lim  p ^ .  With
nt+oo

th is  m etric  P i s  a m etrizab le  to p o lo g ica l space.

I t  seems p la u s ib le  th a t  one could show th a t :

(a) For every method (N, p^) in  P, the  s e t  of methods 

weaker th an  (N, p^) i s  c losed ;

(b) For every  method (N, p^) in  P, the  s e t  of methods 

s tro n g e r than (N, p ) i s  everywhere dense.

I f  P were com plete, i t  would fo llow  th a t  the  s e t  P i s  nowhere 

dense and the  s e t  of methods weaker than  the methods of a sequence of

29
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methods ^(îi, p ^ )  j  v.'ould th e re fo re  be of f i r s t  category. Since any 

complete m etric space i s  of second category  the d esired  r e s u l t  would 

follow .

However the  space vdth the above m etric  i s  not complete as i s  

seen from the fo llow ing  example. Let the sequence of methods 

(N, p ) , m, n = 0, 1 , 2, • • • be such th a t■ mn

■ mn =  2

These methods are  re g u la r  fo r  every m since

lim  _ l i a
p+oo ^nin p-»oo

.n+1 1 (i 1 ^
m

2
1

2̂ 1 -  ( i  -  j i f

-m

= lim  2 
n-HDO

1 - ,n+l

- r a

m-1
(2-* log2)

But q^ = lim  p ^  = lim  2 
m-»oo m-Ko

,n
1 -  (1 -

m
2^. Hence lim  S î i i  = 2 

n-*oo \

and from Theorem 2.2 the  method i s  no t re g u la r .

Since the  space of re g u la r  Nôrlund methods i s  not complete w ith  

th is  r a th e r  n a tu ra l  m etric^ to p o lo g ica l methods vfere not in v e s tig a te d  

f u r th e r .

The o r ig in a l  problem may be rep laced  by a sinçjler problem in  the

follow ing manner. Given any sequence of re g u la r  Nôrlund methods

{(N> p ) ] ,  m, n = 0 , 1,  2, Form a new sequence of re g u la r  Nôrlund
mn

methods |(N, q^̂  ) j , m, n  = 0, 1 , 2, 3, ' such th a t
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(%, q^n) " (K' Pin) ° (%' P2n) ° ° %%%) '
From the  p ro p e rtie s  of the  symmetric product i t  follow s th a t fo r  

every m the  methods (N, q ^ )  are re g u la r , the method (N, q ^ )  i s  stronger 

than th e  method (N, p ^ )  fo r  a l l  m, and f o r  r  > s the  method (N, q^^) i s  

s tro n g e r than  the method (N, q ^ ^ ). The new sequence a lso  has the 

p ro p e rty  th a t  fo r  any m, ^  q ^  since  p^+^^g » 1 and

q = p  q + P  q + + p q .
m+l,n m+1,0 ran m+1,1 m ,n -l ra+l,n mO

Consider now the  sequence of methods f(N, q' ) ]  where' mn ■'
(N, Q ^) » (N, q ^ )  °  (G, l )  o (0, 1 ) . These methods a re  re g u la r  and 

possess the  fo llow ing  p ro p e r tie s . F i r s t ,  the method (N, Q ^) i s  s tronger 

than  the  method (N, < ^ ) j  second, = Qg  ̂ fo r  r  > s s in ce  q^+^,n “ %m 

fo r  a l l  raj th i r d ,  fo r  any ra, lira  % *n+l = i  since  fo r  any reg u la r
"  ^  V

Norland method (N, p^) the method (N, P^), where = Pg + ••• + p^f has
p

the p ro p e rty  th a t  lira  - S i i  = i j  fo u r th , n+1 ^  Han a l l  5, and fo r  
n-%0 Pji ) • -

n ? 0 since  the  sequence g enera ting  the  method (N, q ^ )  o (C, 1) has no 

zero terras; f i f t h ,  lira = +oo f o r  a l l  ra since = 1 fo r  a l l  m and n .

The o r ig in a l  problem can th u s  be rep laced  by the  fo llow ing 

eq u iv a len t problem. Given any sequence |(N , p ^ )  ] of re g u la r  Norland 

methods w ith  the p ro p e r tie s :

(a) p » p fo r  r  >  s and f o r  a l l  nj n a  sn

(b) lira  ^ra«n+l = i  fo r  a l l  mj
Pmn

(c) p > p fo r  a l l  ra and f o r  a l l  n ;'^ra,n+l ^mn —

(d) lira p » +00 for  every g  
n+oo

fin d  a regular Nôrlund method stronger than any method of the sequence.
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The sequence of Cessro nethods, fo r  in te g ra l  values of < , 

possesses th e  p ro p e r tie s  l i s t e d  above and in  ad d itio n  to  condition  (b)

the  Cesàro methods possess the p ro p erty   ̂ th a t  i s  the
P Pmn mn

r a t io  annroaches one more slowly as ra in c re a s e s .

I t  i s  now of in te r e s t  to  examine the  example given by Hardy and

H i l l .  F i r s t ,  the  follow ing theorem i s  n ecessary .

Theorem U - l» I f  (N, p^) and (N, q^) are re g u la r  Nôrlund methods

and :

(a) lim  = +00; 
n->oo

P
(b) lim  0; 

n -w  ^

(c) th e re  i s  an M such th a t  fo r  n = M, ^  0 v/here

th en  (N, q^) i s  s tro n g e r than  (N, p ^ ) .

Proof: For the  methods (N, p^) and (N, q^)

«n ■ V n  -  V n - l  * •••  * V o -

P
There i s  an M such th a t  fo r  n k  M, k 2 0 and since  lim  = 0 th e re  i s

"  rr*oo S i
P

an 7 such th a t  fo r  n > 7  » < 1 . Let

A = max Z  |k . | ,   ̂ Q * fo r  m .  0 , 1,
i=0  ̂ Sn
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Then

î ^ p l ^ n  ” * + l^m+1 l^ n -M -1  l ^ n l ^ O

Si

1^01 l ^ l l ^ n - 1  * ' " '  + ^M+l^n-M-1 + "'* +

S i " Si

< IkplPN + K K - M  ^ + " "  + V o
S i S i

= 2A + 1

fo r  every n . Since lim  P„ = +oo i t  fo llow s from Theorem 2.7 th a t
ih w  "

(N> q^) i s  s tro n g e r than  (N, p ^ ) .

A method s tro n g e r than a l l  the Cesàro methods (C, * ) = (N, p^) i s  

the  method (N, q^) w ith  q^ = e '^ .  Hardy and H ill  show th a t  fo r  th ese

P_
methods lim  ^  = 0 and th a t  only a f i n i t e  number of the k ' s  are

nr+co Si

n eg a tiv e .

One attem pt to  so lve the  general problem consisted  of try in g  to  

co n s tru c t, from a sequence of methods having p ro p e rtie s  (a ) , (b ) , and

(c) p rev io u sly  l i s t e d ,  a method s a t is fy in g  the  conditions of Theorem U*1 

r e la t iv e  to  each method o f the sequence. I t  was hoped th is  might be done

by c o n tro llin g  th e  ra te  of decrease o f the  r a t io  • This approach
n

d id  not y ie ld  a so lu tio n  but d id  suggest how a m odified form of the  

problem could be so lved . F i r s t  th re e  lemmas are  given which s im p lify  

the  proof o f the  main theorem.

Lemma 1 : Given two re g u la r  Nôrlund methods (N, p^) and (N, q ^ ) .

I f  lira  ^  = +00 then  (N, q^) i s  s tro n g e r than  or not comparable to  
n+oo n
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(N, p ^ ) .

Proof: I f  (N, p^) i s  s tronger then (N, q^) th e re  e x is ts

sequence (jf ] and an H such th a t

............................ < H fo r  a l l  n .Pn

CL K Ü
Therefore •— < —- =  H. But th i s  co n tra d ic ts  the  hypothesis lim  p = +00

n->oo

hence the  method (N, q^) i s  s tro n g e r than or not comparable w ith (N, p^).

Lemma 2 . Given re g u la r  Nôrlund methods (N, p^) and (N, q^) such

th a t  lim  in f  ^  > 0 then  the method (N, ü ) i s  s tro n g e r than o r not 
n-»po n

comparable w ith  th e  method (N, p ^ ) .

Q
Proof: Since the  method (K, C^) i s  re g u la r , lim  -jj = 0 .

m =0^

n n

Therefore lim  -%-----= lim  —%—  * ^  = +00 and from Lemma 1 i t  follow s
n-»oo n ir*oo ti n

th a t  the  method (K, Q^) i s  s tro n g er than or no t comparable w ith the

method (N, p ) .n

Lemma 3 » I f  the sequence |p^j i s  such that “p ^  > 1 for a l l  n 

Pn+iand lim  ——  » 1 , then  fo r  any p o s itiv e  in te g e r  m and a constan t A > 1 
n-*<x> %

th e re  i s  an N such th a t  fo r  n > N

n+2m n+m
^  Pk < A P^.

k=n+m+l k=n+l “■
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Proof: Let r  be such th a t  r  = Since lim  - S i i  = 1 th e re  i s
n-+oo

p ^
an N such th a t  fo r  n > N, ■ < r .  Then

n

and

Therefore

m+2n

k S i
EÎ=1
r -1 = rp,m+n r -1

n+m

k=n+l Pk < P]n+m
^n+m r'^ - ll

r - 1
" j.m-1 r -1 .

n+mn+2m n+m
Pk < r*  liZZ P% = A ]>_ Pk'

k=m+n+l k=n+l k=n

Theorem U .2. For any sequence of reg u la r  Nôrlund methods 

{(N, Pjgjj)]» m, n = 0, 1 , 2, possessing  th e  p ro p e rtie s ;

(a) p  ^ p„„ f o r  r  > s and fo r  a l l  n:I'rn  '^sn —’

(b) lim  = 1 f o r  a l l  ny 
n+oo ran

(c) % n + l >  Pmn E «nd a l l  m;

(d) lim  p = +00 fo r  every m;
n+oo ™

th e re  e x is ts  a re g u la r  Ndrlund method (N, Q^) which i s  s tro n g e r than or 

not comparable to  any method of the sequence.

Proof: The method of aporoach to  th e  problem w il l  be to  construct

by a d iagonal p rocess a Norlund method (N, q^) such th a t  lim  = 1
n+oo

Ci
and lim  in f  p— > 0 fo r  a l l  m. Then from Lemma 2 i t  fo llow s th a t  the 

n+oo
method (N, Q^) i s  the  desired  method.
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Consider the f i r s t  two methods of the sequence (N, and

(N, p g ^ ). Since lim  — = 1 f o r  a l l  m th e re  e x is t s  an such th a t
n->oo ^m,n

fo r  n >  tL , < 1 + ^  = r .  and — -  < 1 + ^  = r  .
1 P in  2 1 Pgn 2 1

Since S P g ^ . Pj^ < P i,n +1 «1: a  ^  Pm ■

th e re  i s  a such th a t

P i ,s ^ -1  -  * P i ,  S^-

Then

Let

^  '  P i ,  s^ -1  '

f o r  n a 0, 1,  2,  • • • ,  (S^ -  1 )

= R
1S, 2 \ ^

This d iagonal process allows one to  pick terras from the next

9^+1seouence w hile s t i l l  c o n tro llin g  the  value of ——  .
%

Let A be a co n stan t g re a te r  than  1. Let and

r  = rain ( l  + ^ \ / k ) . For the  methods (N, p .  ) and (N, p ) th e re  i s
2 2 2n jn

an Tg such th a t :

(a) For n ? 'n , < r„
^2n

(b) For n > , E ^zliîl < r
'  P in  ^
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\  1 1
^2i ^ Â ^ 2 i- I  i^ ^ + i \ i

Since lim  = i  fo r  a l l  m, re la t io n s  (a) and (b) are v a lid .
n-KX5 P jj ir

R elation  (c) fo llow s from the given co nd ition  th a t  z  p^^ fo r  r  s 

and from Lemma 3 w ith  ^ a^ g re a te r  than  the  N of Lemma 3.

The s ig n if ic a n c e  of the a^ should be noted h e re , i s  the  number 

of overlapping term s as one proceeds from sequence (p^^j to  (P2n] and the

l2
^ i s  chosen so th a t  the  ZZ P-r s h a ll  be of the  same "size"  as the 

2 i = n -1

sum of terms beyond P^ ^  from the sequence {p  ̂̂ ] .

Since P3 p j < P2,n+ i i l l  S “ '1 ^  Pa„ '

there  i s  a S g  > such th a t

p = p = p
2 , ’! ,  * 5 2 - "  3 ^ 2

Then

^3 ^2,'n + S
2 <  1 2

^2, ^  + S -1  ^2, ^  + S _ i
1 2  1 2

^ ^2"

Let q » p for  n =  Û, 1 , 2, • • • , ( €  , - l ) .
S^+n 2, -^^+n 2

Continuing th i s  process k tim es one ob ta in s fo r  a l l  n = k: a

n-1
se t of in te g e rs  [a 1 such th a t  a » , ) ! )

n n 1 1  1=2 L ^ J

a  s e t  of r a t io s  [r^] w ith  r^  = m in(l+ ;^ , a s a t  '̂*T] such th a t
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1 . ,  ’’. " i > Â % , s A
^m-1 ni m

se ts  [Sj j j  and [Oĵ j such th a t

§1+ §2+ • • •+ S^_]_+n ■

and

q
- f ^ < T ^  for  + ^2 + ••• + ^n-1 < n < + ••• + S^.

n

\ + l  = [& ! -  -  \ - l ^ ]

= min^l + ^k+T , \ ^ ) -  For the methods (N, and (N,

th e re  i s  an "? such th a t

(a) For n .  V l '  '  V l
k+ l,n

(b) For n o < r ^ .^
k+ l,n

] k + l  1 1 Ik+l+^k

1 . -  - , -  i -T ^ + i+ l  k+l'i A s i

fo r  a l l  s < k + 1 .

S I " : '  ^  Pk+l.n "

sequence i s  in c reas in g  th e re  i s  a such th a t

Then

.

D c P k+1
k+1' T^k+ S k+ i-1  *k+l, 1  k+ Sk+i-1
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S '  Pk+1.1:^+0 " '  ° '  1 ' ■••'  ( S k + l- l ) '

Thus one obtains:

( o< ) a sequence of integers [ â  ̂ with

= ( § i~ '^ i )  + ^  r  % -(
1=2

( ? )  a sequence {r ] vdth lim r = 1; a sequence { '’? ]
n->oo

such that

A  ^  *  l Ü  n  ‘  x ^ * im-1 ra ra

( ^ ) sequences [ 5^] and [q^] such that

for S;l + • ' •  + V l  < " < + ••• +

The method (N, q ) i s  regular since by construction lim  -  = 1.
n-»oo ^

Consider now the re la tio n  between the method (N, q^) and any 

method (N, p ^ )  of the sequence of methods.

^ - V i^  ^ - 1  n

Since for any fixed  m, i s  a constant and lira = +oo then

^ra
. ^ P m l

lira   = 0.
n-*oo

For 8 such that s < n-a^_^ there i s  for every terra from

the sequence a terra from the sequence such that q  ̂ ^ P^ -̂
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Hence 2_  p . < Q_.
i t r s  mi ^

ra

From the  co n stru c tio n  of the sequence i t  fo llow s th a t

Q > 7  'y p . .  Therefore lira  sup < 1 + A and i t  fo llow s from
^  A i ^ a  , r»oo S ira—±
Lemma 2 th a t  th e  method (N, i s  s tro n g e r than  or not comparable to  

the  method (N, p ^ )  fo r  any ra and th e  theorem i s  e s ta b lish e d .

Whether a s tro n g er theorem than  the  above can be e s ta b lish e d  i s  

an open q u estio n . Some thought was given to  the  sequence o f methods 

co n sis tin g  of the  i t e r a t e s  of a given method bu t no s tro n g er theorem was 

found fo r  t h i s  case .
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