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THE INFLUENCE OF ELASTIC BOUNDARY CONDITIONS ON THE

RESONANT RESPONSE OF THIN CYLINDRICAL SHELLS
CHAPTER I

INTRODUCTION

An important step in the design of a complex struc-
ture which is to be subjected to a dynamic load environment
is the determination of its dynamic response. This is ne-
cessary so that design specifications may be written to en-
sure its own structural integrity as well as that of compo-
nents which may be attached internally. Uncertainty in
these specifications could result in overdesign, excessive
weight and cost and increased probability of failure. Thus
the determination of the dynamic response is very necessary
but this is also quite difficult since the response depends
upon several factors - such as boundary conditions, the na-
ture of the applied excitation, and "loading due to the at-
tachment of internal components.

For certain types of boundary conditions, called

"natural' boundary conditionsl the forced vibration response

INatural boundary conditions are those for which no flow of

energy across the boundary occurs. These are commonly called

simple, fixed or free.



of most structural elements (including cylindrical shells)
has been studied extensively and is well documented. How-
ever, the natural boundary conditions do not usually exist
in reality, the true boundary conditions falling somewhere
between free and fixed as the two limiting cases.

If the origin of the excitation is aerodynamic or
acoustic in nature the exciting forces will be digtributed
over the surface and usually will be random, both spatially
and temporally.

The response of a structure with items of equipment
attached is not quite the same as without such items. This
alteration of motion is called '"loading". This factor is
commonly approached in terms of mechanical impedance which in
practical problems is a rather complicated complex function
of frequency.

The problem of the determination of dynamic response
of a complex structure is thus a very formidable one. One
may take the approach that an analytical prediction of dyna-
mic response is not warranted and rely on an experimental de-
termination by tests using a prototype model or simply exper-
imental verification of structural integrity. But short of
a full scale test, it is not possible to simulate exactly
the dynamic environment. In the laboratory, it is usually
necessary to separate the substructure in question from its
parent struéture and attach it to a fixture which has com-

pletely different structural characteristics. One must then



try to assess the effects of this change in boundary condi-
tions on the dynamic response of the structure.

The problem of determining the effects of elastic
boundary conditions on dynamic response cannot be avoided,
even by turning to experimental methods. Therefore, this
study is directed toward a determination of the effects of
elastic boundary conditions on the dynamic response of a com-
plex structure which is subjected to concentrated forces
having a harmonic time history. The distributed and random
aspects of the excitation could be treated later by the pro-
cess of superposition. The problem of loading by attachment
of components, whether involving single or multiple attach-
ment points, could also be treated later by the superposition
technique. |

O0f all structural elements, one of the most widely
used is the thin circular cylindrical shell. 1In more prac-
tical applications it is of composite, sandwich or stiffened
construction. ‘However, only the thin isotropic, single layer
shell is considered here, taking the point of view that its
behavior forms the foundation on which could be based a study
of the more practical shells with their complicating features.

A substantial body of literature exists on the forced
vibration of shell structures. This has recently.been summa-
rized by Bert and Egle [1]. Although their primary interest
was in the more practical composite, sandwich and stiffened

shells, they cite many references to simple, isotropic shells



as they trace the development of the various shell theories
from their beginning in 1888 by A. E. H. Love [2]. Rather
than trying to outline this development here, the reader is
simply referred to books by Kraus [3] and Flugge [4] which
are devoted to the derivation and épplication of shell theo-
ric#. Only a representative list of the more recent and more
pertinent works is given here [5-20]. The influence of nat-
ural boundary conditions in free vibration of cylindrical
shells has been studied by Forsberg [5] and Vronay and Smith
[6]. The response of a cylindrical shell to transient loads
has been studied by Kraus and Kalnins [7], Sheng [8], Hay-
wood [9] and Brogan [10]. Berger [11] studied the response
of a semi-infinite shell to a general excitation, using a
double Laplace transform of the Timoshenko-Love equations.

Steady state response to harmonic excitation of the
point and line type were studied by Heckl [12], and by Baron
and Bleich [13]. Several papers dealing with the effects of
loading are given in [14-18]. The random response has been
studied by Hwang and Pi [19] and by Kana [20].

These papers have dealt with shell vibration due to
various types of excitation but always have used the natural
boundar; conditions. One exception to this is a paper by
Gaymon [21] in which the effect of interface flexibility is
considered in the case of excitation which is applied also at
the interface. Two other papers by Egle [22] and Henry and

Egle [23] have dealt with the effects of elastic boundary



conditions but only in the response of bcams and plates.
Also Chin and Grossman [24] have studied flexural vibrations
of circular plates with elastic support. Nothing else has
been found to date concerning elastic boundary conditions
with forced vibration,

The structural element to be studied here is the thin,
isotropic, single layered, circular cylindrical shell. It
is simply supported without axial constraint at one end and
has passive elastic supports at the other. It is subjected
to a single concentrated force which is normal to the shell
and has a simple harmonic time history. The boundary struc-
ture is modeled as a distribution of closely spaced indepen-
dent linear elastic springs. Their effect on the resonant

frequency and mode shape are to be determined.



CHAPTER 1II

DEVELOPMENT OF THE SOLUTION

2.1 Equations of Motion

The present analysis is baccaaas the following equa-

tions of motion (2-1) which B g unterpart of
the Donnell equations.
because of their relative

Flugge equations. The d

1+y 32u 1-p 32%v . 1 3%y . 1 aw
2r 9x956 2 o9x? 12 38?2 12 3%
- 1'”2 32V = 0
E P 3t2
wu, 1 3y, w , h% o, 1-u?
r3x 1200 rZTIZVW AT
1-u? 3%y
+ =
E P 3¢z - 0 (2-1)

The coordinate system and the sign convention for the inter-
nal forces and moments is shown in Figure 2.1.

These equations are based on the usual assumptions of



CHAPTER II

DEVELOPMENT OF THE SOLUTION

2.1 Equations of Motion

The present analysis is based on the following equa-
tions of motion (2-1) which are the dynamic counterpart of
the Donnell equations. These were chosen, quite arbitrarily,
because of their relative simplicity, rather than, say, the
Flugge equations. The derivation of these equations and cor-

responding boundary conditions. is given in Appendix A.

8%2u , 1-up 32u 14w 3%v oy 3w
ax? 2r2 362 * 2r Tx08 T T 3x
1-u2 32y _
E P 3tz =0
1+p 3%u  1-w 3%v 1 3%y 1 3w
2r 93x00 2 axZ 1?2 38?7  TZ %0
o 1-y? 2V . )
E P 3¢tz
I QP. L H. + w + h.i L 1"“2
T 3X Y17 % rZ 12 Viw + q Eh
+ 1-u? 32y = 0
E P 3tZ (2-1)

The coordinate system and the sign convention for the inter-
nal forces and moments is shown in Figure 2.1.

These equations are based on the usual assumptions of
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Figure 2.1 Coordinate System and Stress Resultants
Acting on Differential Element. E



linear shell theory;

1. The shell is thin, of uniform thickness, and of
a linear, homogeneous, isotropic material.

2. The deflections of the shell are small,

3. The transverse normal stress is negligible.

4, Normals to the reference surface of the shell re-
main normal to it and undergo no change in length
during deformation.

These postulates constitute what is usually called Love's
first approximétion. These require the neglect of shear de-
formation and rotatory inertia. 1In addition to these, the
simplifications due to Dbnneli are:

1. The transverse shearing force makes a negli-
gibie contribution to equilibrium in the cir-
cumferential direction.

2. Thelexpressions for the changes in cﬁrvature
and twist of the shell are the same as those
of a flat plate.

These equations of motion are first expressed in terms

of nondimensional parameters by introducing the transforma-

tions
= X
X = ; ,
T = wt ,
w(x’eat) = ‘:’(i;e’T) . (2-2)

The axial coordinate is nondimensionalized with respect to



radius instead of length, quite arbitrarily, because it sim-
plified the equations of motion as much as possible, The
form of the equations becomes:
321 1-u] 320 1+u| 32v 2w 3%u _
%2 [ 2 ] 362 ' [ 2 } 5%s6 * ¥ 3% " Ntz = 0
1+u) 320 1-y) 3%v ., 32v _ 5w 32V _
( 2 ] 5X38 [ 7 ) 3%t 562 T " Nz T 0
ol , v 2 [3%w 234w 3w
—_— F — — .
Y3k T TR [Bx“ %2362 36"
32w
*Q Nz =0, (2-3)
where
2
Q = load parameter = %ﬁr (1-u2) ,
sy pulr?
N = frequency parameter = (1-p“) —F
2
2 ... R N
R 12r2 (2-4)
2.2 Assumed Form of the Solution

For a closed cylinder which

harmonic excitation of frequency w,

sume that the response of the shell

is subjected to a point
it is reasonable to as-

is of the form:

u(x,8,T) = ¥ Un(i) cos ne et ,
n=0

¥(x,0,T) = ] V_(X) sin ne e’ ,
n=1

w(k,0,T) = ) Wn(i) cos no e1T ,
n=0

where the Uh(i)’

(2-5)

Vn(i), Wn(i) are complek functions because
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of the presence of damping.
Since the excitation is a point load, applied at
(xy,68), the distributed load q appearing im the equations of

motion must be expressed in terms cf the impulse function as

@ - L s(x-3,) s0)elT

where Q, = magnitude of the load. The r in the denominator

is required since f q dA = Qoe1T The load parameter Q thus
A

becomes

. iT
Q = qrzéﬁ'uz) - %&; (1-u2) 6(x-%,) afa)e”

(2-6)

The excitation is assumed to be applied at 6=0. There is no

loss in generality in this because of the radial symmetry

of the shell. Since the 6(6) is a periodic quantity with in-
terval 2n its Fourier series expansion is

cos no.

1
§(8) = 5~ +
2m 1 (2-7)

R
ne-18

n
Substitution of equations (2-5), (2-6) and (2-7) into
the equations of motion (2-3) results in, using the third of

equations (2-3) for example,

1 2wlV_5 2un 4
{uUn + vV o+ Wn + REQW "-2n wn + nW)

fl ~ 8

n=0

- = iT
-an + Qné(x-xo)} cos no e =0
Since this must hold true for all values of 6§, the coefficient

of each cos né must be zero. The argument is the same for

the remaining two equations of motion and equations (2-3) are
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reduced to sets of three coupled ordinary differential equa-

tions of the form:

l-y o 1+ :
nwo_ 2=b =r ' ' =
Un 7 Un * 5 nVn + pwn + NUn o,
an By LMoy Cop2y g 4 NV = 0
2 n 2 n ' n n n ’

U 2wV _ 942 Y
wup + nVn + Wn + R (Wn 2n WH + n'W_ )

n
-NW_ 4+ Q 8(R-%) = 0, (2-8)

forn=1, 2, 3
and

Uy + uWg + NUg = 0

wup + Wy o+ R2WEV N % 5(x-%p) = 0
(2-9)

for n = 0.

2.3 Laplace Transformation

The equations of motion aremw of a form (2-8) which
is suitable for application of the laplace transformation
technique. The transformed equations of motion are:

1-y
U(s)[s? + N - (F)n2] + U (s)[ (25 ns]

+ wn(s)[us] = sUn(O) + Uﬁ(O)

Lty
¢ o VL (0) + uH (0)

L%(s)[-[lgg)ns] +.($(s)[{lé£jsz + N - n?]

+ W (s)[-n] = (E%EJSVn(O)
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+ (v - () (o)
U (s)[us] + V,(s)[n]l + W (s)[R2s" - 2n2R%s? + n"R2+ 1

- NJ] = st3wn(0) * R252w5(0) + stw;(O) + R2Wit (0)

~SX

2n2 2p2 -0 -
- 2n2RZsW_(0) - 2n?RZW!(0) + wU_(0) - Qe . (2-10)

There are eight "initial" conditions or boundary conditions
involved in these transformed equations, Un(O), UA(O), v,(0),
V&(O), Wn(O), Wﬁ(O), W;(O), Wg'(O). Only four boundary con-
ditions can be expressed at the end x=0. The others will be
treated as constants ultimately to be determined by looking
to the end x = imax for four independent equations resulting
from consideration of four boundary conditions at that end.
Assuming a simple support without axial constraint
at x=0, four of the boundary conditions are expressed as fol-
lows:
N, (x,8,T)]
v (x,6,T)

=0 . (2-11)
w (x,0,T)

LMx(i,e,T)J

These imply that

- (x,6,T)

e

<1

(x,0,T)

=0 . (2-12)
(x,6,T) '

=t

3%W =
La—;-('Z'(x,e’T_

J)-(-'=0
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Using the assumed form of the solution, equations (2-5), the
first boundary condition becomes

Uﬁ(o)cos no e1T

2

5
s

= 0 =
%=0 n

ne~—38

0

Since this is true for all values of 6, the UA(O) must all be
zero. The argument is similar for the other three equations
of the set (2-12) and the boundary conditions at Xx=0 become
fu

u! (0)
Vn(O)
J r
W, (0)

Wi (0) ]

=0 . (2-13)

!

After substituting the known boundary conditions, equations
(2-13), into the transformed equations (2-10), the trans-
formed displacements can be determined using Cramer's rule.

For example:

Num
W (s) = 2-14
n( ) Denom ( )
where
1-u 14
sZ+N- (—Z—]nz ~5— 1S su_(0)
L+ 1y 2 Nn? L3y (0)- £ ny_(0)
Num = -(—2—')1'15 3 +N-1t 2 n 2 n
us n RZ((sz-ZnZ)W;(O)+W;'(0))
«8X
+uUn(0) -Q.Tle 0

(2-15)
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s2+N- l%EJnZ flgﬁ)ns us
Denom = | -El%E)ns ‘ [155J52+N-n2 -n
us n Rz(sz-n2)2+1-N

(2-16)
with similar expressions for Un(s) and Un(s), both with the
same denominator as wn(s).

Denom is an eighth order polynomial in s, having
complex coefficients since damping is present. The deter-
mination of its eight roots will be discussed later. These
roots will in general all be complex and will be distinct,
not appearing in complex conjugate pairs because the coef-

ficients of the polynomial are not real,

2.4 Inverse Transformation

Once the roots of Denom have been determined, Un(s),

Vn(s), wn(s) can be expanded in partial fractions. In terms
of its roots Denom is reconstructed as

Denom = (s-sf)(s-sgj coo (s-s3) . (2-17)

The partial fraction expansion is then of the form

Num
wn(s) = Denom "

1
.
Il ©~100

where

’ Num

= -s%
' Ci Denom (s si)| *
s=s?

1 (2-18)
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Since the determination of the Ci requires evaluation of Num

at a given root s;, for convenience the symbols Ti are intro-

j
duced. They represent the term in row i and column j of

Denom. In the expansion for Wn(s), then, the numerator becomes

Num = |T T -4 yreoy - Ly (o
21 22 7 'n - =5 nU, (0)
2 2_9n2 ' "e _' -Sio
T,y Ty RE((s%-2n W) (0)+W (0))+U(0)-Q e (2-19)
When expanded this is
Num = Un(O)[s(T21T32-T31T22)+u(T11T22—T21T12)
14y,
- S (n) (Ty T3,-T31Ty,)]
1-
+V1(0) [=75(T11T32-T31T12)]
+W1(0) [(s%-2n2) (RZ) (T Tp,-T5;T;,)]
+w;'(0)[R2(T11T22-T21T12)]
-Qne-SXO[Tlszz'TZIT]_z] . (2-20)

The expression for Num has been broken up into five differ-
ent functions of s, one associated with each of the four un-
known boundary conditions and one associated with the applied
load. The boundary conditions will hereafter be referred to
as BCj following the order in which they appear in equation
(2-20). Each of these five functions of s is expanded in a
partial fraction expansion of the form of equation (2-18) so

that the transformed displacement wn(s) is now of the form

4 8 8 s1%,
W (s) = FSW. .BC., + SW.e 1
a8y = 31 1585 + 1 sW;

j=1 i=1 (2-21)
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The terms l-‘SWij appearing in equation (2-21) are the con-
stants resulting from the partial fraction expansion, the
subscript j referring to the particular function of s from
equation (2-20), the subscript i referring to a particular
root of Denom. The terms QSWi are the constants resulting
from the expansion of the fifth function of equation (2-20).
Written out, these constants are:

FSW

il
1+yu
_(—E—]n(TllTsz-TSIle)](s-s;)/Denom e
s=s¥ ,
FSW, = (513)(T T. -T..T. )(s-s*)/Denom
i2 2 11732 "31 12 i s=g*
i H
= R2(c2_9n2 - g% '
FSWi3 = R4(s%-2n )(T“T22 T21T12)(s si)/Denom|5=s*
i b
= R2 - -g*
FSWi4 = R (T“T22 T21T12)(s si)/Denom oo
i b
= - %
QSW,  =Qu(T,,T,,-T,,T,,) (s-s})/Denon oo
i

In a similar manner, the transformed displacements

Un(s) and Vh(s) can be expanded into the forms:

4 8 8 _s¥%
U(s) = ) ] FSU, BC, + ] QsSu,e 170,
n j=1 i=1 ij7 1 441 i
4 8 8 s
(s) = ] ] FSY,.BC, + ) QSV,e ~1%0
n j=1 i=1 1} 1 =1 1 (2-22)

The constants which appear in equations (2-22) are defined as

follows:



FSUil

FSUi2

FSU, .
FSU,,
QsU;

FSVi‘1

FSViZ

FSViZ

FSV._
i4

Qsv,

[s(T
+ p(T, T
(L5
R2(s?-2n2)(T T, _-T

R2(T. T..-T
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227337 T32723)

T

12 23" 22T13

32T13'T12T

12 23

12 33 22T33

'Qn(T12T23-T22T13

“[s(T,.T

(T

31 23'T21T33)

21T13 1123

11 33 31

(Y (1, 1,,-1,,T

R2(s2-2n2)(T_.T

R2(T,. T, -T. .T )(s-s;)/Denom‘

2113

2113 11 23

'Qn(Tlela'Tlsza

- (3£5)n

)](s-s;

33) (-3

22T13

)(s-s;)/Denom

) (s-s%)
1

(224

'-T T )](s-s;)/Denom|

13) (s-s

“T11T2,

) (s~-s*)
1

(T.

32T T, T

137712 33)

)/Denom

s=s; ,

?/Denom

s=s; s

)(s-s;)/Dehom

s=s; s

s=s; s

/Denom

s=s¥%* |
i

T, .)

T31 13

(T11T33'

s=s; s

f)/Denom|
1 s=s*
i

)(s-s;)/Denoml
s=s; s
s=s; s

/Denom|
s=s*
i

The inverse transform can now be taken, using the

two transform pairs [25],

1
S¥a

where u(x-2a)

e

-ax

, and e 2%F(s)

f(x-a

Ju(x-a) , (2-23)

unit step function. The displacement func-

tions then become

W (%)

j

e~ &

1

Iy

1

ne~1 0o

1

~S¥X
FSW. .BC.e "1%4
1) ) i

8
ZIQSWie

<s;(x-x0) o
_u(x-xo) ’



.48 -s1% 8 -sT(x-xg)
U (x) = ) ) FSU__BC.c + ] Qsu.e ! u(x-xy) ,
n j=1 i=1 13 J i=1 !
i 4 8 -s*x 8 -$* (x-X,)
V(x) = ] ) Fsv,.BC,e ' + ] qsv,e 1 u(x-Xg) .
n j=1 i=1 1 ) i=1 1 (2-24)

The solution, equations (2-24), still involves the four un-
known boundary conditions Un(O), V;(O), W;(O), W;'(O)
which must be determined by a consideration of the elastic

boundary conditions at X=X Once this has been done the

max'’
solution is simply an evaluation of equations (2-24), which
are at this point exact within the framework of Love's first

approximation and the Donnell assumptions - no other approxi-

mations have been made.

2.5 Boundary Conditions

At X=Xp,, the boundary conditions are expressed as
the internal forces acting at the interface between the sub-
structure (cylindrical shell) and the parent structure.

These forces (in-plane normal force, in-plane shearing force,
transverse shearing force, and bending moment) are related
to the displacement in the substructure by the equations

(see Appendix A)

Tt
~
1]
—
[ =Y
rof s
=
| g
~—
Qo
<1
+
Q>
1
| —
e
-
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0o -R2(azw a2w)
! r ‘X2 8«

(2-25)
These internal force components are related to the elastic
properties of the parent structure by introducing its force-

deflection influence functions which are assumed to be known

functions. These expressions are as follows:

(du(8,t)] [211(8,E,0) 0 ayy; ajgy|(Fy(E,t)]

dv(8,t) 0 app 0 0 ||Fa(g,t)

de(e,t) = las; 0 agy a3y JFs(e,t)rfdg
(de(8,t)] £ 0 ay3 ayyj M (s,t)] " (2-26)

These equations relate the displacements at position 6 to
the forces acfing at position £. The influence functions aij
are complex functions of 6,f, and perhaps also fréquency, com-
plex to allow for dissipation in the parent structure, fre-
quency dependent if the parent structure has mass.
By a process of superposition the displacement
a(x,,0,T) for example, is given as
.2n
u(x,,8,T) = [ [211(0,6,0)F (£,T)+a, 5F 42, M, ]rde ,
0 (2-27)

where the aij are the nondimensional form of the a, . (see
Appendix A). After substituting the force-displacement re-

lationships for the substructure, equations.(2-25), into

equation (2-27) it becomes

o 27
u (X = = du - AV
u(xm,e',T) {)’ all -a_§- + uall -a——
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2
- - 2_ a w a w
+lud -7, (G ¢ (2-w)gggd)

- (32w 32w

The assumed solutions, equations (2-5), are then substituted

into equation (2-28), the latter becoming
iT 27 .
= g (aIIUﬁ(im)+ualann(xm)

ne-1g
o

z U,(x )cos no e

n=0 n

*“511Wn(im)*R2[““251uwn(im)

+(2-p)n?a, WH(X )-a,, W (X))

14 ' n
_élsw;'(im)])cos ng eiTdg . (2-29)
This can be readily integrated if the aij are of the form
aj5 = a3;(0,0)8(c-0) . (2-30)

If this is the case equation (2-29) becomes:

) Un(im)cos ne il =

(allug(im)+uallnvn(im)
n=0 n

0

Ht~18

+uay W (xp)+RZ[un?a) W (Xp)+(2-u)n?a, W) (Xp)
~a W1 (Ry) -3y W01 (Rp)]) cos ne et

This equation must hold for all values of 6; therefore the co-
efficients of cos nb6 must be equal on each side of the equation.

The other three equations of the set (2-26) are inte-

grated in the same manner and all four results are repeated

h : (U )

ere n 511 L;z L13_T U
v A {Tn
1 ‘L21 lpzz }Lza y
W = n
n Lyy L3y Lgg .

AN L L L n sz

L n’-=- - X-X

xe=k L1 W2 WAl m (2-31)

where
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= d
Lyy = a1y 3x o
Ly, = wnagy ,
.- 2 (yn2 g2 4= 2 = &
Lyg = vay +R? (unfay v (2-0)na) o0 -3 s -8y y3g)
- l-uy= ' :
LZl - -n(-.z—)a‘zz ’
l-y = d
L = St -
22 7 822 gy ¢
L23 =0,
Ly, = ag; .9
31 31 33
Ly, = unag) ,
= H = . = d2 = d3
Lyg = wag,+R?(un%ag,+(2-w)n?agy &= -a34 qx7 -333 3x3) »
, M
bep T 31 I
Ly, = unay, ,

o= d2 = d3
) .

= 3 2 (yn2: 23 4 =
Lyg = way+R? (un?a,,+(2-1)n?a,; g3 -3yy Ix7 243 3x9

The assumption that a;

valent to the

j=§ij6(6-£) is physically equi-

assumption that the parent structure can be mo-

deled as a distribution of independent springs, as shown in

Figure 2.2(a).

a)y =

422

or in general

aij -

The a.. are defined as follows

ij
axial deflection of boundary structure due to a
unit axial force applied to the boundary, .

tangential deflection of boundary structure due
to a unit tangential force applied to the boun-
dary,

deflection of boundary structure in i direction
due to unit force applied at the boundary in j
direction.

The positive sense of the internal forces at the interface is

as shown in Figure 2.2(b).

Consequently, positive forces act-

ing on the parent structure are equal and opposite to these

and a,,, a,, and a,,are negative quantities.
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lsaﬂOk
INTERFACE
CYLINDRICAL PARENT
SHELL STRUCTURE
0

(b)

Figure 2.2 (a) Physical Model for Parent Structure
(b) Sign Convention for Internal Forces at Interface.
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Equations (2~31) represent four homogeneous boundary
conditions at i=imax and they can be solved for the four un-
known "initial" boundary conditions. For the sake of com-
pleteness, these four equations are written out here as four
simultaneous non-homogeneous algebraic equations in the four

unknown boundary conditions. These are the results of sub-

stitution of equations (2-24) into (2-31) and rearranging.

Let
W -
8 s;im
By = ilesvije ,
* -
8 S:X
1"m
C. = FSW., .
8 s:(X.-Xq)
it*m™ %0
uxQ = ] Qsu; ,
i=1
8 s (Rp-Xg)
S. (X=X
m- <0
VXQ = .zlqsvl . ,
1=
* - -
8 si(xm-xo)
WXQ = ] QSWje (2-32)
i=1

Then, equations (2-31) become

Il t~e

= ! = - =

a a 2p2
. lBCi(«Ai+a1lAi+unallBi+(ua11+un R alu)cj

2n2% 23 23 - = .
+(2-u)n?R2a, ,C}-R%a,,CI-R alacg') = (UXQ)-a,, (UXQ)"
-und;, (VXQ) - (u3;; +un?R%a ) (WXQ) - (2-u)n2R?E, 4 (WXQ) ' -

+R2a,, (WXQ)"+R%a, 4 (WXQ)"' , (2-33)
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H o~

- = l-yy=
i Bci[-si-(lil}gazzAi+(—iﬁJggzﬂi] = (VXQ)

1 =

1
+(l%£)n§22(uxq)_( ;“)égz(VXQ)' , (2-34)

4 .
ileCi(-Ci+531Ai+un§31Bi+(u§31+un4R253u)Ci

+(2-u)n2R2§33ci-R2§3ucg-R2233cgv] = (WXQ)-24, (UXQ)"
-unay; (VXQ) - (n2,, +un?R23,,) (WXQ) - (2-1)n2R%a 4, (WXQ) '

+R2§39(WXQ)"+R2233(WXQ)"’ , (2-35)

n o~

1Bci(-ci+§“Ai+una“Bi+(uaqlwnzkzaw)ci

i
+(2-u)n?R%a,,C!-R%a, , CY-R?3, 4C") = (WXQ);-ZMI(UXQ)'
-un3,; (VXQ) - (ud,;+unR?a,,) (WXQ) - (2-1)n?R%a, 4 (WXQ)
+R23,, (WXQ)"+R%a, 5 (WXQ)"" . (2-36)
Numerical computation is quite obviously required

for the evaluation of this solution. These computations were

performed on an IBM 360/50 system. A complete list of the

program is included in Appendix C.

2.5 Determination of Roots of the

Characteristic Polynomial

Since the primary interest of this study lies in the
resonant response of the structure, some mechanism for energy
dissipation must be included. The concept of a complex elas-

.tic modulus will be used, where
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m
n

E(l+iy) , (2-37)
E

normal elastic modulus,

Y = structural damping factor .
The modulus of elasticity appears in the frequency patrameter
N, equation (2-4), and subsequently in the expression for
Denom, equatién (2-16), making the coefficients of the
polynomial complex.

All of the standard machine subroutines for the
determination of the roots of a polynomial require real
coefficients. Ho&ever, since vy is small it is possible to
compute the roots with a real modulus and to use a Taylor
series expanéion of the roots in terms of E* to include the
effect of a non-zero structural damping parameter, y. This

Taylor series expansion is as follows:

* ds * 1 d2s .
s(E") = s(E) + 5o¥ l (E"-E) - 7 752 i (E*-Ef N
dE *=F 2 dB *=E (2-38)

The required derivatives are computed as follows. Suppose
the polynomial is of the form:
as8+bsb+cst+ds2+e = 0
Then
a'sB8+8as7s'+b's6+6bsSs'+c'st+d4cs3s'+d's2+2dss'+e' = 0
from which

a's8+b'sbictshdls2+e!

' = o
S 8as/+6bs3+4bs3+2ds s (2-39)

d( )
here ! = e
w ( ) - dE* E¥=F .

The second derivative is computed in a similar manner and
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the roots with a complex modulus are then determined by
using only the first two terms from the above expansion,

equation (2-38).



CHAPTER III

EVALUATION OF THE THEORY

3.1 Simple Support

In order to demonstrate the validity of the solution
and associated computer program, the flexibility influence
functions were set as shown in matrix (3-1) to simulate a

simple support without axial constraint,

[(-1x10%2%,0)  (0,0) (0,0) (0,0)]
(0,0) (0,0) (0,0) (0,0)
(0,0) (0,0) (0,0) (0,0)
 (0,0) (0,0) (0,0)  (1x102%,0) (3-1)

The functions in relating axial displacement to in-plane nor-

mal force and a relating rotation to bending moment should

Ly
be infinitely large--all others should be zero. The solution

exhibited the correct behavior in the following respects.

(1). Static deflection
With zero frequency and X, = %X, the displacement is
as shown in Figure 3.1 for a typical value of circumferential

number. The "exact" solution was obtained, according to Kraus

[3], by solving the Donnell equation,

27
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h? g, L-uZ o%w  1-y2

y
1 v

rZ 3x? ° TEh 9 (3-2)

after expanding both w and q in double Fourier series as fol-

lows: ® ®
Z Qpup SN 7 sin né,

L
1
~1

£
]
=

sin = sin ne. (3-3)

Substitution of (3-3) into equation (3-2) results in

(BlE - T - &9

2
. [mmy?2 . (ny2] (1-u2)
B [ﬁjfj * (EJ Eﬁ Yn (3-4)

from which w,, and w,, are calculated and plotted in Figure
3.1. The solution obtained here contains all m values and
as shown in Figure 3.1 agrees quite well with the "exact" so-
lution to the Donnell equation which uses only two terms, w,,
and wg, . |
(2). Frequency Response

The maximum amplitude (at x=%X ) for i0=%im is plot-
ted in Figures 3.2 and 3.3 as a function of frequency for
three values of the structural damping parameter. From Fig-
ures 3.1 and 3.3 it should be noted that the amplification
factor at resonance for y=0.01 is exactly 1/y (the static dis-

placement w h=0.142x10'“ while the resonant amplitude at the

1
resonant frequency for m=1 was 0.142&10f2). This is as it
should be; the solution should behave as if it were a single

degree-of-freedom system since there is considerable separation
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hetween resonant frequencies for the various values of m. The

single degree-of-freedom frequency response equation is

X9
S (TR LD L (3-5)

wvhich reduces to an amplification of 1/y at resonance. The
band width at the "half-power" points is also equal to fre-
quency/response ratio as it is for a single degree of free-
dom system.
(3). Phase Angle
The phase angle is plotted in Figure 3.4 for various
values of the structural damping parameter vs. frequency.
ThisvfreQuencyAyariation is proper.
(4). Mode Shape
The mode shape was as shown in Figure 3.5 at a fre-
quency near resonance for m=1. This is very nearly sinusoi-
dal as would be expected because of the predominance of the
term corresponding to w,,.
(5). Reciprocity
The fact tﬁat the displacements satisfy the dynamic
counterpart of the Maxwell reciprocity relationship is demon-
strated in Figure 3.6. The displacement Wn(§) was computed

- 1 - 1 - . .
for xg = 3 X, , 7 Xy » 3 X, , respectively, at a given fre-

quency near the resonant frequency. The two curves for X, =
1 - = 2 > 3 .
7 X and x, = 3 x, are identical. Also

- 1. .
W (3 x) ce =W xl
: , n =7 X, .

which satisfies the reciprocal relationship.



DEGREES

PHASE ANGLE,

180

O
@

@

y=0.02

y=0.0l

L L 1 ] | 1 1 i ) Il

5620

Figure 3.4

5700
 FREQUENCY, HERTZ

Phase Angle Between Excitation and Radial

Displacement Response at Midpoint, n=4, m=1.

¢e



RADIAL DISPLACEMENT, in.

| FREQ.=5690 HERTZ
- n=4 y=0.00
- "~ ¥y=0.01

1 1 ([ 1 1 - | | —l -

ve

00 0.5 1.0
~ AXIAL  COORDINATE, X

Figure 3.5 Radial Displacement Distribution near
Resonance, n=4, m=1, y=0.0, 0.01, 0.02.



imn.

RADIAL DISPLACEMENT, i

o,

o

FREQ.=5700 HERTZ

Figure 3.6

0.5 1.0
AXIAL COORDINATE, X |

Radial Displacement Distribution near

Resonance, Demonstrating Reciprocity,

n=4, m=1, y=0.01.

S¢



36

The behavior of the solution as discussed so far has
been for a shell whose ratio of length to radius was unity
and ratio of radius to thickness was twenty. The material

*1b. -

properties were u = 0.3, E = 30x10% psi, p = 0.731x10°
sec?/in? For these geometrical ratios, absolute confidence

in the computer evaluation of the solution is warranted.

3.2 Limitations

The solution as presented in equations (2-24) and the
technique presented for the determination of the unknown boun-
dary conditioné is valid, in principle, for cylindrical shells
of any length., There is, however, a limitation in the ability
of the 360/50 computing éystem to evaluate the solution. The
limitation is due to a loss of precision that occurs in the
computation of the coefficients (2-32) of the four simultane-
ous equations (2-33) through (2-36) and in their solution.

The coefficients involve terms of the form

s*x

i'm
(FSW)ij e

(2-32)

(@}
n
il ~100

i=1
The eight terms (st)ij are all of the same order of magnitude
but the exponential terms are not. The roots s{ are typical-
ly of the form. (if undamped)

st = t(atib), *ic, *d. (3-6)
If damping is present the roots are only slightly different,

but are no longer complex conjugates, pure real, or pure ima-

ginary. In equation (3-6) the a and b are of the order 7 to
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10, ¢ and d are typically between 1 and 5. The range of the
terms involved in the summation such as in equation (2-32) is
dependent upon'im as well as s; and is of the order 1012 if
im is only of order 2 and even though the computation is done
in double precision, the effect of the smaller roots (inclu-
ding #ic) is lost in the computation, There is not a well
defined limitation but when the real part of the product

s;im becomes bigger than 10 to 12 a gradual decay in the
validity of the result becomes evident. The magnitude of

the roots increases as the circumferential number increases
but is not very strongly dependent upon shell thickness or
frequency of excitation,

As the length of the shell, im’ increases, the mini-
mum natural frequency corresponds to cmaller circumferential
numbers and'hence to smaller roots [5] but this effect is not
significant enough to overcome the multiplication by a large
X,. As the thickness of the shell decreases the minimum nat-
ural frequency corresponds to ever larger circumferential
numbers. Thus the limitation is in terms of shell length
and also the shell.th?ckness. With the present 360/50 compu-
ting system, using double precision, the product s;im must
be less than approximately ten. This limitation in terms of
the ratios of length to radius and radius to thickness has
not beén fully explored but corresponds approximately to the

ratios &/r < 1.5 and 10 < r/h < 100 .

It has been suggested that the non-dimensionaliza-
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tion be done with respect to length instead of radius so that

®n
A

0 = This, however, leads to new roots Ay which are

1.
:Q; % = R x>
exactly ~ S§ and the product X, is equal to s¥Xp:



CHAPTER IV

APPLICATION OF THE THEORY

A complete investigation of the region of influence
of the boundary flexibility on the resonant response was in-
tended, that is, the dependence of the resonant frequency
and mode shape upon the boundary conditions was to be stu-
died in terms of the length to radius ratio, radius to thick-
ness ratio and circumferential wave number. However, due
to the limitation imposed by the 360/50 computing system,
which was discussed in Chapter III, these effects were stu-
died only for the ratios &/r = 1 and r/h = 20. The shell
parameters which were used throughout are: 2=3 in., r=
3 in., h=0.15 in., Q,=10 1bs., u=0.3, E=30x106psi, p=0.731
x1073 1b.sec?/in", y=0.01. The load is always applied at
an antinode as indicated by an arrow in the response plots
to follow.

Four boundary flexibilities were investigated.
These were

a axial flexibility,

11?2

a tangential flexibility,

22?

a transverse flexibility, and

33?

39
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a,,, rotational flexibility.

The influence of these flexibilities, varied individually,
on the mode shapes corresponding to the first three axial
modes and their resonant frequencies were determined and are
shown in Figures 4.1 through 4.21. 1In each case the influ-
ence functions which were not being investigated were set
equal to those for a simple support without axial constraint.
The circumferential number corresponding to tﬁe minimum
natural frequency for a simply supported shell with one
axial half wave was used predominately. For the geometrical
ratios used here this circumferential number was n=4, see
reference [5].

The effect of these flexibilities on the resonant
frequency for one axial half wave (m=1) was determined for
several circumferential numbers and these effects are illus-
trated in Figures 4.1 through 4.4, 1In each case the ratio
of the elastic resonant frequency (Q,) to the simply sup-
ported resonant frequency (Qg) is plotted vs. the flexibi-
lity. The numbers in parentheses on the figures are the
simply supported resonant frequencies.

| Forsberg [S]reported that changes in the boundary
conditions may alter the value of n associated with the mini-
mum frequency. That this could occur was observed only for
3,,- This is illustrated in Figure 4.5 from which the
threshold of flexibility at which this change occurs can be

read.
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The effects of these four flexibilities on the reso-
nant frequencies corresponding to the first three axial half
waves was determined and is shown in Figures 4.6 through 4.9,
again plotted as a ratio with respect to the simply supported
resonant frequency. This was done with n=4 in each case al-
though the minimum natural frequency for some of the higher
values of m corresponds to a smaller value of n, |

The mode shape at resonance for each of.the first
three axial modes was plotted for three representative values
of each of the four influence functions, and are displayed
in Figures 4.10 through 4.21. These were all done with n=4.

This same information is displayed in tabular form
in Tables 4.1 through 4.4. 1Included in this tabular infor-
mation is the value of a nondimensional displacement, w¥*,
which occurs at an antinode. This dimensionless displace-

ment is defined as

w* = EE.E_M wzw
0

The motivation for the use of this parameter and its deriva-
tion are given in Appendix B. This quantity, w*, appears to
be relatively insensitive to mode shape, frequency, boundary
flexibility or the damping parameter,

An interesting observation can be made from an in-
spection of Figure 4.18, the effect of transverse flexibility
on the third axial mode. That is, the maximum displacement

occurs for an intermediate value of the flexibility coeffi-
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Table 4.1 Effect of Axial Flexibility on Resonant Frequency
and Amplitude of Resonance

Maximum Maximum
Axial Axial Resonant Radial Radial
Flexibility, Circumferential Half-Wave Frequency, Displacement, Displacement,
Dimensionless Number Number Hertz Inches Dimensionless

a,, n ~m . Qe wn W*

-10"*% 2 1 7679 -- --

-1 2 1 7676 -- --

-10% 2 1 7671 -- --

-10-*% 6 1 7829 -- -

-1 6 1 7733 -- -

-10% 6 1 7699 - -
-10""% 4 1 5895 .1345x10" 2 11.48
-1 4 1 5777 .1399x1072 11.48
-10" 4 1 5719 .1427x10°2 11.42
-10""% 4 2 11731 .3493x10° 3 11.78
-1 4 2 11730 .3482x1073 11.72
-10% 4 2 11729 .3476x10" 3 11.72
-10"% 4 3 19292 .1326x107 3 12.10

-1 4 3 19292 .1325x10"3 12.10
-10% 4 3 19292 .1325x10"3 12.10
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Table 4.2 Effect of Tangential Flexibility on Resonant Frequency
and Amplitude of Resonance.
Maximum Maximum
Axial Axial Resonant Radial’ Radial
Flexibility, Circumferential Half-Wave Frequency, Displacement, Displacement
Dimensionless Number Number Hertz Inches Dimensionless

2592 n m e Wn W
-10°3 2 1 7669 -- --
-1 2 1 6606 -- --
-103 2 1 4706 -- --
-10-3 6 1 7700 - -
-1 6 1 7673 -- --
-103 6 1 7661 - -
-10°3 4 1 5718 .1427x10°2 11.42
-1 4 1 5473 .1521x1072 11.20
-103 4 1 5304 .1601x10"2 11.02
-10-3 4 2 11728 .3476x1073 11.70
-1 4 2 11346 .3655x10" 3 11.50
-103 4 2 11110 .3745x1073 11.32
-1073 4 3 19290 .1330x1073 12.1
-1 4 3 19044 .1406x10"3 12.5
-103 4 3 18864 .1469x107 3 12.8

¥9



Table 4.3 Effect of Transverse Flexibility on Resonant Frequency
and Amplitude of Resonance

Maximum Maximum
Axial ‘ Axial Resonant Radial Radial
Flexibility, Circumferential Half-Wave Frequency, Displacement, Displacement,
Dimensionless Number Number Hertz Inches Dimensionless

3.33 n m ‘ﬂe Wn W*
-10""% 2 1 7671 -- --
-10 2 1 7659 -- -
-10" 2 1 7631 -- --
-10°"% 6 1 7699 -- --
-10 6 1 7497 -- -
-10" 6 1 7238 -- --
-10-" 4 1 5719 .1427x10-2 11.42
-10 4 1 5646 .1418x10-2 11.06
-10" 4 1 5540 .1391x10°2 10.46
-10~" 4 2 11729 .3476x10"3 11.72
-10 4 2 11110 .3479x10-3 10.5
-10% 4 2 9987 .2751x10"3 6.7

.5181x10" 3«

-107% 4 3 19292 .1329x10"3 12.1

-10 4 3 16460 .2660x10"3 17.62
.4528x10” 3«

-102 4 3 14528 .1908x10"3 9.85

.3680x10" 3«

- +occurred at x=Xx
max

S9



Table 4.4 Effect of Rotational Flexibility on Resonant Frequency
and Amplitude of Resonance

Maximum Maximum
Axial Axial Resonant Radial Radial
Flexibility, Circumferential Half-Wave Frequency, Displacement, Displacement,
Dimensionless Number Number Hertz Inches Dimensionless
ayy ‘ n m U Wp W*
10-20 2 1 7982 -- -
1364 2 1 7752 -- -
1020 2 : 1 7671 - -
10-20 6 1 8112 - -
1364 6 1 7791 -- _—
1020 6 1 7699 - -
10-20 4 1 6198 .1322x10°2 12.42
103 4 1 6023 .1353x10°2 12.04
108 4 1 5719 .1427x1072 11.42
10”4 4 2 12865 .3077x10°3 12.46
102 4 2 12631 .3140x10°3 12.25
10t 4 2 11770 .3457x10" 3 11.72
10-3 4 3 21823 .1128x10"3 13.14
102 4 3 20825 .1182x10"3 12.54
106 4 3 19292 .1330x10"3 12.10
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cient, az5. This same phenomena was reported by Egle [22]
in the response of a plate with one edge elastically sup-
ported. The physical reason for this behavior is not

known.



CHAPTER V

CLOSURE

The present approach provides a powerful tool for
the examination of the influence of boundary conditions on
the dynamic response of cylindrical shells. The solution
which is developéd here ﬁtilized a simple support without
axial constraint at one end, allowing any combination of
flexibility at the other, although the solution could be
reformulated to account for any combination of natural 5oun-
dary conditions at one end and elastic boundary conditions
at the other. The solution is valid for all values of nZl.
For n=0, the goferning equations were developed and the
solution can be carried out in the same manner as for nZl.

Conclusions to be drawn from the data presented in
Chapter IV are that the transverse restraint is more impor-
tant than are restrictions on slope. Least important are
restrictions on axial displacement. These conclusions ap-
pear to contradict those drawn by Forsberg [5] but his
general conclusions were made with reference to much longer
shells, A detailed examination of his results for ratio

L/r = 1 supports these conclusions.
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More investigation is needed with respect to the
following points:

(1) The range of the solution needs to be extended
either by use of multiple precision in the computer evalua-
tion or by cdmpletely changing the form of the solution so
that it can be properly evaluated for longer shells.

(2) For a fuller understanding of the influence
of these various boundary conditions, a knowledge of the
stress resultants that occur during vibration is needed.

(3) A more general form of the flexibility influ-
ence functions needs to be considered, as well &s the ef-
fects of boundary dissipation,

(4) The inverse problem, in which the flexibility
influence functions could be determined from knowledge of
the dynamic response might be practically significant .

(5) Experimental verification is needed to rein-
force some of the results.

(6) A transient solution and response to random
excitation will ultimately be required.

(7) The more practical, laminated, composite, or

stiffened shells warrant further study.
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APPENDIX A
DERIVATION OF THE EQUATIONS OF MOTION
AND BOUNDARY CONDITIONS
The procedure which was used in the derivation of

the equations of motion is Hamilton's principle. This
choice was made because of its simplicity and elegance and
because it also gives the form of the boundary conditions.
Hamilton's principle states that the actual path followed

by a dynamical process is the one which makes

' (T-V+W)dt = 0 . (A-1)

(o)
=t

0
In other words the line integral of T-V+W takes an extreme
value which is a.minimum.

The kinetic energy can be readily expressed as

T = % oh [[ (v2+v2+W2)rdedx , (A-2)
A

where the dot (*) denotes differentiation with respect to
time. The quantity W represents the work done by the sur-

F M1 whose

face force q and the boundary forces Fl’ F,, Fq,
directions are given in Figure 2.2,

W

{f—qw rdedx + f(F1u+F2v+F3w-M131)rde (A-3)

LI and the line integral is over the boundary

where By
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at x=0 and at X=X oy The strain energy is defined as

1
V== f 0,.€..dV
2 vy 111 (A-4)

The strain-displacement and the constituitive relations,
after applying the assumptions of linear shell theory and

of Donnell, are

€ u,. - Z W,

XX X XX

€qp = (l v, + 5 - Ly
80 ~ \r "rg " 1/ " TZ "’p0

1 22
€pq = (F Usq + V’xJ - T Yy

Q
"

E
xx = Tz (Exx * Megy)

E
!-uz (eee + uexx)

Oxg = G €xg * (A-5)
Here the comma denotes partial differentiation with respect
to the subscript which follows (i.e., u,. = %% ). After

equations (A-5) are substituted into equation (A-4) and the

result has been integrated over the thickness of the shell,

the strain energy becomes

1 W, el W
v 2(1 uz) If (u’x + {FVeg * 715+ 2un, (T vy ¢ T

+ {%}L}{;’ u;e + V’X}2J rdodx + 'g' [{I (w:xx + -}'-T w%ee
2y 2 2
+ ;‘z‘ W,xx W,ee + ;‘2‘ (1-u)w,xe)rdedx . (A"'6)

After the operation of variation as indicated in equation

(A-1) has been carried out
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8T = phff(ﬁéﬁ + V6V + wéw)rdedx , (A-7)
A !
§W = [f-q 6w rdodx + §(F,8u + F,8v + Fyéw - M;88,)rdo,
A (A-8)
Eh 1 Wy (1 1
v = 1oz [f{uny sug + Gyvg + PG vy ¢ 5 ow)

1-uy (1
su(Ev,g v You, v owu, (3 ov,, ¢+ 1 ew)+ (55 (T us,

+ V’x](% Gu,e + Gv,x]}rdedx

1
¥ D”{“”xx Waoyx * T Yogg Magg * 37 (Wayy SWigg

2(1-u)
+ w,eeéw,xx) P Vg éw,xe}rdedx . (A-9)

The time derivitives of the variations in the kinetic energy
expression must be removed. Since the operations of varia-
tion and differentiation commute, 8u = é%(éu) , and the time

integral of the first term of equation (A-7) can be written

1 1. 4

U ar (6u)dt rdedx ,
0

[[ uslt rdedx dt = [f
o A A

t——ct
ot —ct

which can be integrated by parts to

1 .
usudg}rdedx
0

The virtual displacements must vanish at the end points of

. .
[[|usu | -
A to

et

the arbitrary interval t StSt; and this integral can be

written 1

[[ usu rdedx dt . (A-10)

St

0

The derivatives of the virtual displacements in the expres-

sion for 6V must be removed similarly. For example
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u,. Su,_ rdedx ‘u, 2 (6u) rdedx

N :
= u, . Gul Iu’xx Sudx|rdé

L
=§u,, Gul rd6

&f u, . Su rdedx , (A-11)
where the operations of variation and differentiation have
been interchanged and the result integrated by parts.

This step is repeated for every term in equation (A-9)
which contains the variation of a derivative. These terms
are then substituted back into equation (A-1) which be-

comes, after regrouping the terms according to virtual

displacement
1 . Eh u u

ottt

1- 1- - - Eh .1 1
* 2-5 Usgg 2; "’xe})au+ (-env + 7372 (37 Vige * 72

B l-u + Lou § _oh¥ -
Wag T T Woxe Yo Yixe 2 v’xx}) v ( Phy q

Eh 1 w i g 2
-4 Tz vy v 7z ¥ 1 u’x} D A%, exxx? T " xx00

1 t1 Eh u
t W w’eeee})dg]rdedth + {0 §[§F1 - o g+ 3l

Eh l-u'{l

+ w)})6u+(F2 Tz 7 'F Uy g + v,x}).év + (Fg + D{W,xxx
2-u : u x=4
+ 72 w,eex}}éw + [-M1 - D{w, , + 33 w,ee})dsz]xiordedt=o,
Y (A-12)

Since the time interval t,»t; in equation (A-12) is arbi-

trary, the space integrals must vanish. Also the variations
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Su, dv, 8w, 6B are arbitrary everywhere except at the boun-
daries, therefore the integrands must vanish. Therefore,

the equations of motion are as follows:

K 3 1-u 1-u 1-y
Wayx * T Vixe * T Yoyt Tm )u»ee+(2r )V’xe-p E u=20,
L 1 L3 l-u 1-u 1-y2
TZ Vigg * T2 Wag * T u,xe+( T )u,xe+( 5 )V’xx_p F v=0
1 w H h? (1-p2) 1-u2) .
T2 Vg +;2-+}'u,x +T—Vl+w+q = +DLE ) W= 0 ( )
A-13

The boundary conditions also come from equation (A-12).

At both x=0 and x=%2 we must have

- . -Eh I}
6u = 0 or Fy = T:Ez(u,x + r(v,e-bw)) ,
_ _Eh (l-uy(l
dv = 0 or F2 = T?ET(—E_)[; U,g * V’x) s
8w = 0 or F, = -D(w + Z%# W )
- 3 - 'xxx T *pox’
88,= 0 or My = -D(w, + -1-}‘2- Wyag) - (A-14)

These boundary conditions can be expressed in terms of the
dimensionless axial coordinate, as was done in Chapter II,

by introducing the transformations

N

T = wt ,

w(x,6,t) = w(x,6,T), etc.
In terms of these quantities, dimensionless boundary forces
are derived from equations (A-14) as follows:

= Fy )

Ffl=x =

H =

(ﬁ.i ¥, ),
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F
= 2 1¢1- - -
R S AT
F .
e 3 1 - -
o gy @)
M _
M. = 2 = L2 -
My = Kr T R (w’ii * uw,ee) ¢
Eh (A-15)
where K = T2 ¢

Use is made of these quantities in the force deflection rela-
tionships of the parent structure, equations (2-26). The
first of equations (2-26) is, for example

du = (ay;F; + a;3F3 + a; M;)rd§
By use of equations (A-15), this can also be written

du = (a;KF, + a13K§3 + alhkrﬁl)rdg
- The groups a;;K, a,;K and a; Kr are dimensionless and will
be referred to as 511, ;13, alu. The other dimensionless
flexibility functions are defined similarly from considera-
tion of the ;emaining three equation$ of the set of equa-

tions (2-26). These are summarized as follows

a), = Ka;
3,3 = Ka g
a,, = Kkra .,
822 © Kazz ’
ag, = Kag,
2y, = Kag,
534_= Kra,, »
a,, = Kra,,
a,; = Kra,; ,



79

ay, = Kr?a,,
It should be noted that the 5ij all contain the parameter
K which contains the modulus of elasticity of the cylin-
drical shell which is a complex quantity. In all of the
result; which have been presented, the 5ij were taken as
real numbers. This is physically equivalent to the assump-
tion that the damping parameter of the parent structure is

the same as that of the cylindrical shell.



APPENDIX B

ORIGIN OF NON DIMENSIONAL DISPLACEMENT

The non-dimensional displacement w*, which was em-
ployed in the plotting of the results in Chapter IV was mo-
tivated by the normal mode expansion of the dynamic response
which follows. In the normal mode expansion, each normal
mode (assumed to be a known function) is multiplied by a
time dependent coefficient and the solution given by the

following summations:

u(x,8,t) = ] [ wpn(t)e  (x,0) ,
nm
v(x,0,t) = [ Jw (t)er (x,0) ,
nm .
w(x,6,t) = w__(t)o¥ (x,0)
L ) vy (t) ey 1)

These assumed solutions are substituted into the governing

equations of motion (A-13), the result of which is
3294 a2¢Y 329V oY
mn 1- mn 1+ mn u mn

121 '%Emn( ax2 ¥ T 362 * 2r sxae t T Thx

2 .
_ol-pe u | _
E* pwanmé] 0,

24V 28V w
1+p 3288 1.y 3%9 1 d%¢ 1 8er.
rzl gl oo (G7 w0t * T I 37 ekt ¢ 3z o)

80



ow W] i} -q(1-u?)

¢
mn°mn E*h . (B-2)

The normal modes, however, each satisfy the equations of mo-

tion for free undamped vibration. Thus

=+ léuz pulop, | (B-3)

Combining equations (B-2) and (B-3) leads to the set of

equations
- 2 . : u
Z Z(wmn+wn(1+1y)wmn)¢mn =0,
nm
2 : v
Z Z(wmn+wn(1+1Y)wmn]¢mn 0,
nm
V(e 2 (14i v a4
I 1 (ipn*u2 (Leivdwg, ) ol = -
mn” *n
nm mncmn eh (B-4)
. - e . u v w .
Equations (B-4) are multiplied by ¢pq’ ¢pq’ qu respectively

and then added together so that the orthogonality condition

can be used, the orthogonality equation being [3]
u u Vo gV W LW
. fAj(¢mn ®5q * ®mn ®pq * ®mn q>pq)dA

u2 v2 w2
(¢mn + an + ¢mn

- 6mpaang )dA
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= 6 & N .
mp nq pq
After these operations have been carried out, equations

(B-5)

(B-4) reduce to

1 1 W
- ) . B-6
N f q Pq dA ( )

I 2 .
w + wn(1+1y)w oh

Pq pq -

Pq A
Now since q = - %} cS(x-xo)cS(e)ei'th equation (B-6) becomes
. 2 . _Q 1 W iwt
wpq + ooy 1+1y)wpq = Eﬁ ﬁ;; qu(xo,O)e . (B-7)
The solution to this equation is well known
' i(wt-o)
QnMPq e
w = L 212
Pq Zﬂrzphw%[{l-(mn) } + yz]% (B-8)
where 1 W
MPq =N ®pq(x0,0)2wr2

Pq

The factor 2nr% is included so that the number Mpq is dimen-

sionless. Therefore, at w=0

2 X . yx = M

anzlwpq|phwn 6; pq °



APPENDIX C

COMPUTER PROGRAM

The computer program which was used to evaluate the
solution is listed at the end of this section. It is writ-
ten in Fortran IV. Several versions of the program were
used. The basic one, called AIJSUM, is described here.
This program "cycles" in frequency, computing at each fre-
quency point the desired quantities. At each frequency, the
displacement response at specified points are computed for
those circumférential numbers specified and these results
are summed. This is done for each of the various values of
the damping parameter which the programer specifies.

To use this program, one must specify the following
parameters:

EL = length in inches,

RAD = radius in inches,

H thickness in inches,

E

mo&ulus of elasticity, psi,

MU = Poisson's ratio,

RHO = mass density, 1b.-sec?/in",

GAMMA1l = increment in damping parameter,

QL = magnitude of load in pounds,

83
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X0 = point of application of load, inches,

FREQ = starting frequency in Hertz,

FREQ2 = freqtency increment in Hertz,

N3 = number of terms to be included in summation,

CNF = first circumferential number to be included
in summation,

NS = number of increments desired in axial coordinate,
N7 = number of different values of damping to be used,
N9 = .number of frequency points to be used.

The system will print out at each frequency point the.fol—
lowing information: H, EL, RAD, QL, X0, GAMMA, FREQ, RN(real
frequency parameter), RSQ (geometrical parameter), FLXCF(I,J)
(4x4 array of flexibility coefficients). This will be fol-
lowed by a tabulation of the quantities XBAR (axial coordi-
nate/radius), WXM (magnitude of radial displacement in in-
ches), PHASEl (phase angle between QL and WXM), WSTAR (di-
mensionless radial displacement).

The quantity WXM is the magnitude of the complex sum
over the specified number of circumferential numbers. It
might be desirable to have the results printed for each term
in the summation individually as well as thé sum itself., If
so, the C should be removed from the first column of those
cards which are labelled with a 2 in column 73. When this
is done, the values of the roots are printed with the re-
sults for each term in the summation. Two sets of roots are

printed - those for real modulus and those for a complex
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modulus of elasticity.

The listing for one other version of the program
will be given here. This one, called A_ N M , searches for
the resonant frequency. With zero damping, it cycles using
large frequency increments until a phase shift of 180° is
encountered, then backs up to the previous frequency point
and proceeds to cycle with a frequency increment only half
as large as before. Each time the phase shift is encountered,
the frequency increment is halved until the new increment is
less than one Hertz. This process is fepeated again with a
new set of flexibility coefficients, as many times as de-
sired. To use thié program one must specify the following
parameters.

EL = length,

RAD = radius,

H = thickness,

QL = magnitude of 1load,
X0 = point of application of load,
MU = Poisson's ratio,

E = modulus of elasticity,
RHO = mass density,

CN

circumferential number,

NS number of increments desired in the

axial coordinate

FREQ = starting frequency,

FREQ2 = frequency increment
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N9 = number of frequencies used before cutoff
if no phase shift is encountered,

N1l = number of different sets of flexibility
coefficients to be used.

The program as now set up changes only one flexibility co-
efficient at a time. This is now done as in statement 240

but any other rule could be easily substituted.



NN ONTANO

AIJSUM
NI=NUMRBER NF TFRMS T0O BF INCLUDED IN SUMMATION
CNF=FIRSY CIRCUMFSRENTI AL NUMBER
NS=NUMRER NF INCRFMENTS DESIRED IN XRAR
N7=NUMRBFRQ NF VALIJFS OQOF DAMPING TN BE USED
NO=NUMBER 0NF TRTZQUENCY INCRFMENTS DESIRED
N2 s Na o N6 NB=COQUNTERS
COMPLEX%®16 P(8) PP(B)A(4)+sB(A2),C(4),AP(4).8BP(4),CP(4),
2CPP(Aa)sCPPP(A)sCF(A,4):RHS(A)UXAP,WXQAP  WXQPP , WXQPPP,VXQP,
BESW(B+48) yFSU(B24) e FSV{B8,8),QSW(8), QSU(8),QSV(A3),
ASF(B)eSP(RB)I«¢SSTAR( 8) FLXCF(A44) +DENNMMFNIFNZ2 ¢St ¢529S5S39S4,
5S5S6eSTeSBWXQeUXQeVXQeZeSAVE,BIGA
COMPLEX% 16 SPP(8),SP2 :
COMPLEX %6 T11sT12¢T13¢T21,T22:;T723,T31,T7T32,7T33
COMPLEX%16 M11 MI2,MI3,M21 ;M22,M23,M31 ¢M32,M33
COMPLEX WNX,UNX,s VNX
COMPLEX WX (10+50+5),SWX
SALER8 SCOT() +COT(9) RONTR(B8) ,RONTI(8B)
REAL MU,MU1 . MU2,MESS
SO0 “ORMAT(IHL 410X e " THICKNESS=? ¢F3e2¢° INCHES*./,
211Xy *LENGTH =0 4FBe24" INCHES? o/,
311X *RADIUS *eFBe2s " INCHES ®*o 7/,
411 Xs *LOAD ® eTBe24"* POUNDS?® /7,
S11X,6 X0 =% oF8e2,* INCHFS®*y /,
611Xs*GAMMA =% 4F8e2)
S01 FORMAT (11X, *FRFEQ =P oFBe29¢" CPS*e/s11Xs*RN =V eE10e2¢/ 0
211X 4,*RSQ = 9E10e2e/,11Xs%Q =94,E102)
502 FIRMAT( IHL1+10X+°FREQ = ? FR2,°* CPS* /11X,
2¢CN =0 g FRe2e /7911 X e *GAMMA= *,F10,4)
S04 FOARMAT(2FE12:8932X 325 12,48 42X 32F12442%X,2E12.4)
505 FORMAT (10X, *UNO =020 2484164 /910X *VNPO =0 42028164/
210X * WNPO = 2D24e16,/ 10X, 'WNPPPO =*,2D24.16)
SO07 FORMAT(10Xe *KS = *4F8e2)
S0 FORMAT(3IX ¢ *XBAR='" FB8c2:3X g 'WNXM=? ,E12.,48¢ 3X, '*PHASEL="?,
2FBe2 93X e *WNX=?42F12¢4)
SN FORMAT (SX o *FIR=',58,4,2)
S10 FORMAT(4FE12.4)

0o

L8



S14 FORMAT (3X 4 " XFAR=® 4 FO a3 33Xy "*WXM=t,E 12,804 3X, "PHASFE 1=t ,F8,2,

515

03

23Xs "WSTAR=',F 12 4)

FORMAT {D1Se¢4.D12e4)
FREQ=10000.0

FRZN2=100.0

CNF=4.0

TN3=1

NS =20

N7=3

NO9=40

NL=NS+1

GAMMA1=0,01

H=0.15

RAD=3.0

FL=3.0

X0=075

QL=10,0

MU=0.3

F=30.,0E+06

RHO=0e 731 E~-03

Z=DCMP_ X{(0e0DO0s 1.0N0)
XBARM=FL/RAD

X0=X0/RAD

MU1=(1.0-MU)/2.0
MU2=(10+MU) 72,0
Q=~0¢29%RADXQL /(EXH)
RSQ=(H%%2) /(12.0%(RAD*%2))
FREQ=FREQ-FRZ Q2
MESS=248,0%RAD*ELX*¥RHD*H/QL
REZAD(0S+S1S5) ((FLXCF(I:J)sI=1,8)eJ0=1,4)
N8=0

FREQ=FREQ+FREQ2

CN=CNF-1,0 '

N2 =0

N8=N8+ 1

RN=QHN* 35, 8%(FREQ**2) %k (RAD%X%X2) /F
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(0 )g

10
11

RN2=QN%x%x 2
RN3I=RN%k%3
CN=CN+i 0
N2=N2+1
GAMMA=-GAMMA 1}
N&6=0
CN2=CN*%x%2
CN3I=CN*x%3
CNA=CN%%x4
CNS=CN*%5
CN6=CN%®%x6
CN7=CN%%x7
CN8 =CNx%x%x8
SCO=(1)=MUL1ECNBEX¥RSQ—=(1 s 0O+MIIT ) XCNS ERN*RS Q+CNA xRN2%XRSQ
2=-MULI1%®CNAERIN4( 1 04MU1L ) XCN2RRIN2-MUL1 XCN2X RN+ RN2-RN3
SCNF(2)=0.0
COF(3)=—4,0kMULARINBEXRSQ+3.0%(1.0+MUL1 IXCNGEXRNERSQ
242 D XMU LI XCN2ERN=-2, O XCNZ2ARNZ2¥RSQ4+ (1 0+MUL-MUX %2 ) kRN
3-(1.06£MU1) xRN?2
SCOF(4)=060
SCOF(S5) =66 0¥MULXCNAXRSQ~3.0%(1 0O +MU1 )JERCN2XRN%XRSQ
24IN2*2SOA-MULERN+MUL %R (1, O-MUK%X2)
SCOF{6)=0.0
SCOT(T7)=((1.0+MUL1)IERN-4§ ,0MUL1 *CN2 ) xRSQ
SCDOF(8)=0.,0
SCOF(9) =MU1 %xRSQ
CALL POLRT(SCOF CNF 48y ROOTRL,ROOTILEIR)
IF(EIR)11,11,10
WRITE(O06,509)EIR
AA=SCNF(9)
BB=SCOF(7)
CC=SCOF(5)
NDD=SCOF(3)
EE=SCOF (1)
BBP=<=(1.0+MU1 )J¥RN®RSQ
CCP=3,0%(1.0#MUI }XACN2¥RNEARSQ-2,0%RN2*RSQ+MU 1 *IN
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90

g*i=M 0t OCQ
3NANI ANOD ve
PA (SF)uVv ASS*(cr)3S(01S*90)31109Mm
(ST )AdAdS Ik %RVRAVO ) R0S®0—-(CF )dSkVANVORZ+ (Sl )IS=(ESr )UvViLisSS
g*I=¢fr %2 0G
CxNI=CNd
CVWNYORZ+0°T )/NU=NS
c VIKRVYO *ND *0D3HJ(20S*S0)311um
O=%N
T 49N=9N
IVARVYO4+VYRRNVO=VHRNVYD 10
CO®T—)2(LSRVVR0*°B+SSkHEBX0 *9+£Sk 0% 0°v+1Sx0d0%0°2 )/E
(CdS%x (IS VVk0*I9S+vSkEBEX0®0EH+CSkDD%0°214+UT%0°C I+ (F)dSH(SS*dBEEX0°C I+
ESHGII% 08+ 1S *kd0A%x0°V ) +(9S»ddUHE+VS*daII+CSkxcudU+dd33) )=(f)dcS 0¢
Ccx%(f )dS=2dS
(O°1-)%x(1SUOX0°CH+ESEKIIX0® v+
SSHUB %0 *9+LS%kVVR0°8 )/ (dI34CS*8UA+VSHdID+9S*xdBH ) =( ) S
Lk IS=4S
9%%1S$S=9S
S¥%x1S=9S
V¥ IS=9S
Ex%x1S=¢S
cx%k 1S=¢2S
(ri)as=is
((r)11008*(r)UH100BIXTIANDC=(TF )3S
- 8¢ I=f O0¢Z 0a
nza*coN-INza*oo©+2¢*mzu*—32*00.INZU*NZU%a—:!+Co—u*OoO+N.
cvm*mza*02U§ooc+2&*¢ZU*-D!*c C=OSHENYXONIX* ( INKW+O0®1)*x0°*°E-=dd =5
SNUX(TNWN+0°T IR0 *9-NUkx(CkxNW-T1NKW+0* 1 )x0*C+C
DSUXZNUXCENI%XO® N-lZd*NZU*-3:#0.d+cma*2&&e20¥A—DS+Oouu*OowloooQ
N2 INWEO *Z—DSUXENIX 0 9+DSUHAXNURXENIDR { INWH+0° 1) *%0*S~=adID
CSuxNUx( INKW+0° T )%0°c=adiy
ENGR O EC+ENIX0® c—NU*SNIX TNWHENUSXSIND*( ITNKF0° 1) %0 * 2-
OSURCSNIXUNIRU ®c - NEXUNIRINKIOSTURNORINIX( IOWH+0® 1 )=d33
ENHRX(LNWH40°T )0 °CH+NEx (CRkxNW-INNWN+0°* 1 )~-C
OSEXCNEXSNIR 0V +NURSNIX TN 0° 2 -V SUENLXUNDx ( INW+0® 1) %0° £E~=dAd
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WONSU/CENXD-=(A)IASDT
WONIU/CENXDSU=( V*IU IASS
NON3Q/CENRUS U (SNIO*0°C-CS)I=LE*N)IASI
WONIG/7EShNFTNN=(C* A )IAS o
WONIU/(CENENNAISSWANIFSOW-SIRFTIS)I=(T*AH)IAST
WON3QG/7EENRD—=( IMSO
WONIG/EENFODSH=(V*AINST
WONIU/EENROSHR (SN 0®°2-CS )I=(E*XN)MSI
WON3G/ZESHNFITNN=(C*AHINS S
WONIO/(EENENHNAIECHENIECNA—EINFXTIS)I=(1*R)MsS
Clixicl—CClxTIL=CEN
CclxITA-E 1L ICL=CEN
E11%2C1-E24%C1L=1EN
CELXTIA-CTIL*TIEL=FCCN
ElixTelA-EE 1%l li=2ch
EEL%XCTL-EILRCEL=TICN
CCl*xTEL-CELFTICL=EIN
CEIxICL-E€C1LXTEL=2IN
€clxcEli—EEL%kCCL=T1IN

NES=0°® 1+ (C*%k(ZEND-CS) ) *%0SH=EE 1

NJ=cgl

£li=1€1

NO—=¢€c1i

END-NI+2SINK=22cl

cti—-=121

I1SkNn=g1l4l

ISARNI*ENN=2 11

ENDIXINN—-Nd+cS=114

WON3IAXxVYV=WONIQa

JNN1 ANOD

WONICOx( (1) BV LSS—(MN)IUVLSS )=WONIdJ
2i*viccl1 (-1)=1

s¢1=1 »1 ©OQ
(0AQ0*0* VYOI )X TawIC=ANLNSC

cx%x 1S=¢Es

(A)EVY 1SS=1S

b1
21



30
36

40

50

50
70

90

FSU(Ke1)=(S1%EMI1-MU2XCNEKM2}) +MUXM3 1 )/ DENOM
FSU(Ke2)=MU1XM21/DENDM

FSU(K s3I =(S2-2.0%CN2P)ERSQEM3 1 /DENDOM
FSU(K.4)=RSQ*M31 /DENOM
QSU(K)I=—Q*M31 /NDENCM

XBARI=XBARME( 140—(1es0/NS)IENG)
NA=NA+1

DN 40 M=1,8 .
P{M)I=CDEXP(SSTAR(M) «XBAR)

DN SO0 N=1,4 )
CI(N)=DOCMPLX{0.0D0,0.0D0)
A{N)=DCMPLX{0.0DN0, 0.0D0)

BI(N) =DCMPLX{0.0D0,0s000)

DD SO TI=1,8

CIN)=C(N)+FSW(IT NI%XP(IT)
AIN)I=A(NI+FSUCITI NIXP(TT)
B(N)=B(N)+FSV(IIN)*P(I1I)
IF(XBAR-X0D)170,+60,60

DO 70 JJ=1,8
PP{(JI)I=CDEXP{SSTAR(JJII %X (XBAR-X0))
WXA=DIMPLX( 0,000,430 0D0)
UXQ=DCMPLX(0.0D0,0.,00D0)
VXQ=DCMPLX{(0.0D0+0.0D0)

DO RO KK=1,8

WXQA=WXQ+QASWIKK) *PP(KK)
UXQ=UXQ+QSU(KK) PP ( KK)
VXQ=VXQ4+QSV (KK ) XP3( KK)
IS(XBAR-XBARM)170,90,90

DO 100 _L=1,4
AP(LL)=DCMPLX {0 .0D0 +0.000)
BI(LL)=DCMPLX(0000,0.0D0)
CP(LL)=DCMOLX(0,0D00,0.0D0)
CPP(LL)Y=NCMPLX{(0.0D0s0.0D0)
CPPD(LL)I=DCMPLX(0.0D00,0,0D0)

DO 100 MM=1,8

AD{LL) =AP(LL)+SSTAR(MM)XFSU{(MM,LLY*¥P(MM)

¢6
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OXMR((V*E)IDOXTIIRDSHHXSNI*NMW+(1*E ) aDX M=% )~

UXA% (T *C)AdDXTI3%NIRNN—-adD XNk (1°* E) JOX1I-DOXM=(E)SHY
AOXAX (2% )dDX 1A% TNN-OXNK (2 *C)3IX1dxNIx TANTOXA=(C) SHY
AdaD XMR(E£* 1) IOX VA0S H+AAOXM R (P 1 ) =2IX 1% LST+Y
dOXMR(E*1)dIX 13058 NIO*x(NW~-0*2)~¢
OXME({P*TI)IDXVIOSULZSNIENW (1T ) SDX T1=Nin)~2C

OUXA% (T *1 )JdOXTIENIDRNN—aOXNx(1* 1) 30X 1I-0OXN=( 1 )SHY
(N)dddOR (£ ¥ )JIX TS5 ~(R)ccdXx (v )dDXTI%x0OSU~-¥
(N)dI%R(ESY) 2DXTIHUSHXZESNI R (NW-0 2 ) +E
(IO ((V ¢V )JOX TIROSURCNIR CW+( T *¥) 4D X 13N )+ 2

(NIB( T4 V)JOXTIIRNID RN+ (N )IAVE(T*Y) DX TS+ (n)ad-=(W*¥ )2
(W)dAddIR(E*E )JdIXTIR0SU~ (N )dAdIx (¥4 E£) DX TS%DS U~V
(WIGDDH(ECE IIDX A0SR NI (NW~-0°2 ) +E
(NIDR((VeE)JOXTIA%DSHUEXSNIENN+( 1*E)HOX T8Nk ) +C
(W)IBR(T*E)ADIXTAENIE LN+ (NI VR (T CE) ADXTHH+(N)ID—=(NW*E) LD
(N)dEBR () HAOXTH% INN+(WIVR (2 ) HOXTdEND R INW~ (W) E-=(N*Z )43
(N)dddI*k(E°1 )3IXT14%0SH—(N)ddI*{v*1)dDX1d»0Sd~¢

’ (NIDIOFCE* T )JOX VI OSURCNIF(NK-0°*2)+E
(WIDR(CUe T IHADOX Id%DSUXSNIRNKWH( 14 T ) HOXI=%NN) 42

(NIBER(T *TIADXTTIRNIRCHWH(NIAYVR(T*T) SDOX I3+ (R)IV—=(W®*1)dD
veli=n 0S1 CQ

(NN )Add® (NN )MSOx(EXxR(NN) BV 1SS ) +dddOXM=ddaD XM

(NN)AA ¥ (NN)MSOX(S*%*x (NN)EVLISS )+cdOXM=ddOXM

(NN )ddR (NN)MSOxR (NN )IUVISS+dOXM=dUXM

(NN)YAA®X (NN)ASOX (NN) UV LSSH+JdOXA=dO XA

(NN)JdD* (NN)ONSOR (NN IUBVILISS +ag0XN=cTXN

g*I=NN O11 0OQ

(0CG0°0%0CO°0 )X TuNDU=caaXM

(0CG0°0*0C0°0 )X IaNDO=ddOXM

(0C0°0*0C0°0) X TIANWDA=dD XM

(000°0°*0GO0*0 )X TIaNIUC=cOXA

(QQU*0*0UO*0) X TanDA=d0XxN

(WRD) o (T I N IMSHE(EXB (W) EVISS )+( 1 T)dced=(T17 )auaad
(RN )R (T I WW)IMSTIR( Sk (N ) EVLISSI+ (T T)dad={T1)daDd

(WW) o (1T WA IMSIR (NN BV ASSH(TT)IHD=(TT)ad

{WWN)ISE LTI RN )IASIR (WW)BVYLSSH(TII)dE= (1 )dt

oSl

G111

001



(4]

150
162
170
180
182
190
192
200
210
220

230
240

3~({ 2. O~MU)I R CN2¥RSQ¥FLXCF (3,3 ) *WwXQP
4+RSORFLXCF( 3,4)2WXAPPH+ISO*FLXCF (3, 3) xWwXQPPP

RHS (A8 )=WXQP-FLXCF (4,1 )%UXQP-MURCNXFLXCF (4, 1) *VXD}

2-(MUXFI_XCT (4,1 )Y+ MURXCN2%kRSQ.FLXCF(A,4))%wWXQ
3-(2 e0-MYYIECN2%ISQXFLXCF (4, 3) kWXQ?D
44RSNAAFILXCF{G+4) XWXQAPP+RSQRFLXCF (4 ,:3)%XWXQPPP
KKK=4

CALL CSIMQ(CF RHS KKK +KS)

[IF(KS) 162,162,160

WRITE(06,507)KS
WRITE(O0A,S06)(RHS{NW)  NW=1+4)

CONTY INUE
IF(XBAR-X0)190,180,180
WNX=WXQ

DN 182 I=1.4
WNX=WNX+RHS{I)*C(T)
GO T2 200

WNX =CMPLX (0 0+00)

DD 192 =1,4
WNX=WNX+RHS(TI)I%XC(TY)
WX (N2 sNg ,N6)=WNX
WNXM=CABS(WNX)

PHASFEL1 =57 295783 AT AN2 (ATMAG (WNX ), REAL (WNX))
WRITE(O06,508) XBAR, WNXM,PHASE1  WNX

IF(NA-NL )36,220, 220

IS(N6~N7)01,2304+230

IF(N2~N3)02,240, 240

DO 246 1I=1,N7

GAMMA=GAMMAI*(I-1)
WRITE(O6+S00IH,ELsRAD» QL » X0y GAMMA
WRITF(06+501IFREQsRNsRSQsQ
WRITE(O6+504)Y((FLXCF(LsM) L =1,4) ,M=1,4)

NO 246 J4=1,NL
XBAR=XBARMK (1e0—-(1 eO0/NS5}*(JU-1))

SWX=CMPL X(0e0sDe0)

DO 242 K=1,N3

v6



242 SWX=SWX+WX(K,J3,1)
WXM=CA3S(SWX)
PHASEL1=57 295 78%AT AN2(AIMAG(SWX),REAL(SWX))
WSTAR=MFSSkGAMMAX* (FREQ%*%2 ) X WXM

246 WRITE(05,518)IXBAR,WXM,PHASE 1, WSTAR
IF(NB8=-N9)03.250,250

250 CALL SXIT

- T END

S6



SURKRNUYT INE POLRT(XCOF+CNFsMROCTRIRONDTI LTER)

15
20
25

30

32
35S

96

55

DIMENSTION XCNOF (1), COF(1),ROOTR(L)sRODTI(L) PLRT 460
DOJ3LE PRECISINN XNp YO e Xs Y XPRYPRyUXsUY s Ve YT oXT U WXT2,YT2+SUMSQs PLRT 470
T DX4DNY ,TEMP, ALPHA PLRT 480
NOUILE PRFCISIAON XCOF +sCOF 4ROOTRLRONT I
IFIT=0 PLRT K80
N=M PLRT 690
TER=0 PLRT 700
IF(XCOF(N+1))10+s25+,10 PLRT 710
IS(N) 15,15,32 PLRT 720
TER=1 PLRT 760
RETURN PLRT 770
[=2=4 PLRT 810
GO TO 20 PLRT 820
I=ER=2 PLRT 860
GO YO 20 PLRT 870
IF(N-36) 35,35,30 PLRT 880
NX=N PLRT 890
NXX=N+1 PLRT 900
N2=1 PLRT 910
KJt1 = N+1 PLRT 920
DO 30 L=1,KJ1 PLRT 930
MT=KJI-L+1 PLRT 940
COF{MTY)=XCIF(L) . PLRT 950
X0=.00500101 PLRT 990
Y0=0.01000101 PLRT1000
IN=0 PLLRT1 040
X=X0 PLRT10S0
XO==-10,0%YN PLRT1090
YO0==10,0%X PLRT1100
X=X0 PLRT1140
Y=Y0 PLRT1150
IN=TN+1 PLRT1160
GO TO S9 PLRTL1I170
IFIT=1 PLRT1180
XPR=X PLRT1190



59
50

65

70

75

78
R0

8s
90
Qs

100

YPR=Y

ICT=0

UX=0D 40

UvYy=0.0

V =0.0

YT=0e0

XT=10

U=COF(N+1)

IS(U) 65+130,65

DO 70 TI=14N

L =N-1I+#1

TEMRP=COF(L)
XT2=X%®XT~-Y%YT
YT2=X.YT4+Y%XT
U=U+TEMP%XXT?2
V=V+TEMPRYT2

FI=1Y

UX=UX+F IAXXTETEMP
UY=yvy-=1%xYTx TEMP
XT=XT2

Yr=yT12
SUMSQ=UX*UX+UY XYY
IF(SUMSQ) 7541104+75
DX=( VEUY-U*UX) /SUMSQ
X=X +DX
DY==(UkXUY+VEUX) /SUMSQ
Y=Y+DY
IF(DABS{DY)+DABS(DNDX })—1.0D~05) 100,80, 80
ICT=ICT+1
IF(ICT-S00) 60.85,85
IF(IFIT)100,90,100
IF(IN=S) S0:95+95
IER=3

G TN 20

DO 105 L=1,NXX
MT=KJ1-L+1

PLRT1200
PLRT 1240
PLRT1250
PLRTI2A0
PLRT1270
PLRT1280
PLRT1290
PLRTI 300
PLRT!I 310
PLRT1I 320
PLRT1330
PLRT1 340
PLRT1350
PLRT1360
PLRT1370
PLRT1380
PLRT1390
PLRT1400
PLRT1410
PLRT1420
PLRT1430
PLRT1440
PLRT1450
PLRT 1460
PLRT1470
PLRT1480
PLRYT1490
PLRT1500
PLRT1540
PLRT1S5S0
PLRT1S60
PLRT1570
PLRT1610
PLRT1620
PLRT1630
PLRT1640

L6



105

110
115

120
122
125

130

135

140
145
150
155

160

165

TEMO=XCOF (MT}
XCNE(MT)Y=CNF (L)}
COF(L)Y=TEMD

1ITSMP=N

N=NX

NX=1 TEMP

IF(IFIT) 120,55.120
IF(IFIT) 115,504,115
X=XDR

Y=YOR

I=1T7T=0 .

IS(DASS(Y)-1.,0ND—Aa%DABS( X)) 135,125,125

ALPHA=X +X
SUMSQ=X%®X+Y*Y
N=N-2

GO TO 140
X=0e0

NX=NX-1
NXX=NXX~1
Y=0.0
SUMSO=0.0
ALPHA=X

N=N-1
COF(2)=CNF(2)+ALPHAXCOF (1)
DO 150 L=2.N

COS(L+1)=COF(L+1)+ALPHAAXCOF(L }-SUMSQ*COF(L~—-1)

ROOTI(N?)=Y
ROOTR(N2 ) =X

N2=N2+1

IF(SUMSQ) 160+,165,160
Y=-Y

SUMSQ=0.,0

GO TO 1SS

IF(N) 204,20,4,45

END

PLRT16S0
PLRT1660
PLRTIA?C
SLRT 16RO
PLRY1&9Q0
PLRT1700
PLRTI 710
PLRTI 720
PLRT1730
PLRT1740
PLRT1750
PLRT1 760
PLRT1770
PLRY 1780
PLRT1790
PLRT1800
PLRT1A810
PLRT1I820
PLRT 1830
PLRT1840
PLRTIEBSO
PLRT1860
PLRT1870
PLLRT 1880
PLRTLI 890
SLRT1900
PLRT1IO10
PLRT1Q20
PLRT 19330
PLRT1940
DPLRT1950
PLRT1960
PLRT1970
OLRT1980
PLRT1990

86



SURRQOJT INE CSIMN(CF,QHS,N,KS)
COMDL EX%k1A/A CS(1HA),RHS(4) ,BIGA,SAVF
TOL=0 40
KS=0
Jd=-4
DN 565 J=1.4
JYy=J+1
JJ=JJ+5
FSIGA=DNCMOLX (G0N0, 0aNNN)
IT=00-J
DD S30 I=J.4
1JU=17T+1Y
IF(CDARS(RIGA)-CNDABS(CF(1J)))IS20:530+530
520 BIGA=CF( 1))
IMAX=T
S30 CIONTINUFE
IF(CNDARS(BIGA)-TOL)S 35,535, 540
535 KS=1
RETURN
540 11=J#4%( J-2)
IT=IMAX-J
DO S50 K=J.48
i=I1+4
[2=1I141T7
SAVE=CF(1I1)
CF(11)=CF(12)
CE(12)=SAVE
550 CF(I1)=CF(T1)/RIGA
SAVF=RHS({ IMAX)
IHS{ IMAXI=RHS(J)
RHS (J)=SAVE/2IGA
IT(J—-4)555,570+555
565 I0S=4%(J-~-1)
DO S65 IX=JY .4
IXJ=INS+IX
IT=J-1IX

66



SAN
[8AS
570

580

NI S6N JX=JY.4

IXJIX=4%x(JX—-1)4+TX

JIX=IXIX+TIT
CRIUIXIXI=CTLIXIX)I-(CFOIXJ)RCF(IIX))
QHS{IXI=RHS{IX ) - (PHS (J) *CF( {XJ1})
NY=73

IT=16

DO 580 J=1,4NY

TA=IT-J

18=4-J

I1C=4

N3 S80 K=1,J
RHS(IR)I=RHS(IB)-CF(TA)XRHS( IC)
TA=I A-4

IC=1C-1

RE TURN

END

00T



OO0 O0O

A___N_M_
THIS PROGRAM SEARCHS FOR THE RESONANT FREQUENCY,BASED ON
SHIFT IN PHASE ANCGLE
NS5=NUMBER COF INCREMENTS DESIRED IN AXIAL COORDINATE
N9=RNUMBER (F FREQUENCIES USED BEFORE CUTOFF If NO
PHASE SHIFT IS ENCOUNTERED
N1l1=NUMPER QF SETS OF FLEXISILITY COEFFICIENTS TO BE USED
COMPLEX®16é P(8),PP(S)+1Al4)9B(4),Cla)sAP(4)eBPL4)CP(4),
2CPP(4)CPFP(4) yCF(444) yRHS(4) yUXQPy WXQP, WXQPP 4 WXQPPP 4 VXQP,
AFSWIB94 ) s FSU(By4)yFSV(By4),QSH(B),QSUL8B),QSVIB),
4SSTARI(B) yFLXCF(4,4),DENCM¢S1,52,WXQ,UXQyVXQsSAVE,BIGA
COMPLEX*1€6 T112sT129s113,T2147224723,T31,+732.7T33
COMPLEX*]1€ MLL,M12yM134M2]1y4M22,M23,M3]1,M32,M33
COMPLEX WBMX,UNX,VAX
REAL*8 SCCF(S9),COF(S),RO0TR(8),RO0TII(8)
REAL MU,ML1,MU2
DIMENSIGN PHAL10C)
500 FORMAT{1H1y10Xe " THEICKNESS=',F8.2," INCHES Y4/,
211X, *LENGTF "9y FB8.2y! INCHES?®, /,
311Xy, *RADIL S '9FB8.2," INCHES® 4/
411X, 'LOAD *yF8.2,*' POUNDS?',/,

o

511X, * X0 =V yF3.2y" INCHES 'y /411Xy *CN =',F8.21}
501 FORMAT(11Xx,'FREQ =*4yF8.29*' CPS*'s/+11Xs*'RN =1,E10e247
2L1 Xy "RSQ =0y E1Ce29/91LXs*'Q =V 4ELD.2)
506 FORNMAT(10Xx,%UNO =4, 2E12.4,/510Xs *VNPO =4t432€E12e4,4/,
210Xy *WNPC =0 g 2E12.43/ 910X, *WNPPPO =',2E12.4)

507 FORMAT{1C>y*'KS = *'4F8.2)
SC8 FORMAT(3X,*XBAR="yF9¢3y3Xy "WNXM=',EL12.4y3X,'PHASEL=",
2F8.293X 3 '¥AX="¢2E12.4)
509 FORMAT(5X,'EIR=',F8.2)
510 FCRMAT(2E12.4)
515 FORMAT(DLIR.4,4D12.4)
516 FORNATI(ZE10.292X92E1062¢2X92E10.2¢2X+2E10.2)
EL=3.0C

101



ol

03
05

04

RAD=3.0

F=0.15%

N5=20

NL=N5+1

N9=40.0

N10=0

N1ll=10

X0=1.5%

Ch=3.0

Qt=10.0

MU=0.3

E=30.0E+C¢
RHO=Ce721E-C2
XBARM=EL/RAQ
X0=X0/RAD
MUL=(1.0-MU})/2.0
MU2={1.0+ML) /2.0
=—0e29%RAD%GCL/(E*H)
RSQ=(H%%22)/(12.0% (RAD%%2) )
CN2=CN%%2

CN3=CN%%3

CN&G=CN%x¥*4

CNS5=CN%%5

CN6=CN¥x%6

CAN7=CN*%7

CNB8=CN*%8
REAC(CSy518)((FLXCF({I4J)a1=194)yd=1:4)
FREG=20CC.0
FREQ2=1CCC.C

N8=0

NT=C

IFINT)O04,+C4,05
FREC2=FRE(2/2.0
IF(FREQ2-1.C)24C,240,04
FREG=FREGQ+FREQ2

N4=0

20T



103

ZNI=TNA-NY+2S=111}

(5)30DS&AINIO=WINIT

INNILINOD

WON3Ax ((T)HVISS—(AN)}d?LSS)=nWINIC

ZU4y1¢21(M~-T1)41

3¢1=1 %1 O«

(0Q0°0*030°12XT14WI20=W3IN3C

Cx%1S=CS

(H)dviSS=1S

8¢1=% 0t O0Q

(F)dviSS{OT13%30)3514UM
((I}1100Y*(1INL0DH)IXTdNDT=¢1) VLSS

g§¢1=1 %2 0Q
(H4T=C(H4T1=1°(T*T1)4DXT4)}(T5¢90)311UM
DEOSUSNYDIYI(T10549D) 31 TUM
NO4OX4104avY413¢4(005%90)311uM

YI305)3%3D)311uM

oT¢tT1*11¢(813)4d1
(¥13411008%¥1001¢8440344202S)1d104 TV
0S3xT1Id=(53403S

0*0=(8)d403S
OSU%(ZNIxTNWHO 4 -NE2{ TNW+0°T1})=(L1)303S
0*2=(9)4092S
(ZxNW-0°T)&«TIW+NYFTINA-ISH2ZNY+2Z
DSUBNYXZNIX{TNW+0°T1 )20 c—DSYExHYNIxTNWEI*9=(G)303S
)J*0=(¥%)302S

Ndx{TNW+0°1)—-€
NY2 (23 2NW-TNW+0* T ) +DSUYRZNUXZNI& 0 Z-NU*# NI« TNN&0°C+C
OSYUSNYEHNIX( TNWH+0 T )20 C+DSUYXINIxTNWkD*9—=(E }403S
2*J3=12)300S
ENY—ZNY+NUXZN I TNW—2NY2ZNI2{TNWHO°T) +NdxyNIXTNW—-C
DSYZNYxHYNI+DSURNYKINIX{ TNW+0* 1) -0OSU2BNI*TIN=(1 14005
CxuNY=ENY

CxENU=INY

/(7% xQu)x(Z2%x%xD3d3) ¥ °GeExIHI=NY

T+8N=BN

%1
21

%2

11
o1



104

(dvEXx{A)UV1ISS)dX30I=(W)d

8¢I=W 0% 0Q

T+HN=%N
(UNX{(GN/0°*T) -0 T) &AdVEX=UVUX
WON3OG/TeweD—=({N}INSO
WON3O/Z/TEWEISH=(Y*RH)INSH
WON3Q/TEWNHOSYR(ZNI%D"2~-25)=1€E*%)NS S
WONIT/TZWTNN=(2Z*HINSS

WON3AQ/ L TEWANWH+TZWANIXZNWN-TIAXIS)=(T4%)INSS
WINIQ/ZEA®)—={(N)IASD
WINIT/CEARISH={%*NIASS
WON3Q/2CEN2DSUX(ZNI2D*2-235)=C(E*M)ASS
WINIA/2ZWRxTNd=(24%)AST

WON3A/ (ZEWRNWHZZWANIRZNW—CInN%ISI=(T*%}ASS
WINIQ/ECHNeD—=(N)IMSD
WINI/EEWEISH=(HENIMS T
WON3Q/EENXDSUXEZNI%0°2-2S)={E*%)IMS I
WONIA/ZECH>T1d=(24NIMS

WONIQ/ (EEWXNN+EZWANDIXZNN-ETINXTISI=(T*NIMS T
Clis121-2Z1%T1 Li=CENW
CCLiETTIL~E1L1XT2L1=C2¢ENW
€T112221-€21%2T1=1TEN
Ceixlil—Cllixlel=€CNW
E1L4TEL-ECixTTL=2CNW
CEIXCTIL-ETLacEL=TCW
CCl*Tel~Z2clnl12i=CINW
CELFT2L-eZlxTEl=CTNW
€2i%2€L-EclxZCi=TTNW
NY-0*T+{2%x(ZNJ-ZS) }xDS¥=€¢l

N3=2¢el

ell=1¢lL

NJ)~=€21

CNINY+2SxTWMW=221

cll-=1¢21

1SxNW=€11

1S2NI%ZNW=211

(004

9¢
o¢
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{0Q0*0¢000°0)X TdNIT=dddIXM
(0a0°0400Q0*0)XTdWIA=ddDXM
(0Q0~0°0G0°0)} X TdWIT=dDXM

(000°04000°0) XIdWIA=dIXA
(0G0°0%0A0°0) X 1dWIA=4DXN

(WWId2 (T TEWWIMSIH(EXx I WW)IEVLISSI+(TT)dddI=(1T1)d4ddD
(WWId(TT WW IMSI (T (RNIUVLSS I+ (T ddD=(TT)ddD
CWWIdS{TTIAHW ) MSHdx(WR)I BV LISS+ETT)dI=(T1T)dD
CWWIdRCTT RNN)ASI=EWWI BV LISSH+ETT)dB=(TT)}d8
(WR)dE (T WRINS I (WWI UV LISS+ETT)dV=(T11)dV
841=AW 001 OC
(0Q0°0*0C00*0)XTdNII=(TT)dddD
(0G0=0°000°0)XTdNIA=C(T1T1)ddD
(0Q0°04000°0)XTdWIA=(TT}dD
{000°0%000°0)XVd4d20=(T1)d8
(000°0¢000~0)X1dWIA=(TT)dV

%¢1=17 001 0OCQ

06¢06°0LT(WUVAK—YYEX)}dI

O )dd*x (X)) ASD+DXA=DXA
ODI}ddEOININSI+DXN=DXN

M) dd2ONINSIHDXM=DXM

8f1=x3 08 0Q

{000°04000°J) X TdWIU=DXA
(0Q0°0%000°J) < 1dNIA=DXN
(0G0°040G0°0) X TIdNIA=DXM
IOX—yvax )= (rfr)ydvissidx3iaI={rridd

B¢1=rr OL OC

09%09¢021(JX-¥VvEX )31
(11)de(N*ITIASH+{N)B=(N)E
(I1)dx(N*TIINSA+(NIV=IN)V
(1X)dx{NSTEIMSI+(INII=(IN)D

3¢1=11 0s 0OC

(0Q0°0*0A0°0)IXTdNIC=(N]E

(000°*04000°0) XT14WIT=CN]}V
{000°0*000°0)XT1dWIA=(N)I

y¢1=N 0S5 0OQ

001

1073

08

oL
09

0s
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D9T%2214+429T1(SHIZ1
(SHENUMNESHY4I)INISD TTIVD
VEY D ¥
dddD XM (€% )IIXTA%0SY+ddDX M2 (Y% ) I TdxDS U+ Y
dOXMR(EC*HIIIXIS20SUxZN I {NW-0"2)—E
DXMx{ (Y49 )33XT32DSUXZNINWHI T Y ) 4IX TI%xNW) =2
BXAL{T¢H )X TIXNDIANW-dOXNE (T4 H) IIX TSI -dIXM=({HISHYI
dddDXME (€€ JIXTAxDSB+ddOX MY E) 4IX TdxDS Y+ Y
dOXMELE €1 IX T4 DS ZNI={NN-0"2)-€
OXME (YA€) AIXTI2DSYx NI IN+(T 42 ) 42X TdxNW)I =2
OXAX{T4€ )4DIX T NINW—dOXNX (T 4E) 4IXTI-IXM=(E)SHY
dOXAX(Z8ZIADIX TIXTINW-DOXNE(Z2 213X TAxNIxTNN+IXA=(ZISHY
dddDXME{ €4 1) dIX T4=0SH+ddOX M (H 4T I 3IX T4xDS Uy
dOXME(E*T)IDXTI&DSYxZNIe{NW-0"2)~E
OXM2E{Y 4T 13X V14xDSUYXZNIXNW LT ST 342X Td%NW) 2
OXA (T T YIIXTIRNIENN—dOXNR{T4TIH4IXTI-IKN={T)ISHY
(W)ddd % LE % }3DIXTI220SU—( W) ddIx(H*H) 3IXT32DSY—H
(WIdIR(EH IIDIX T DS UEZNISs (NW-0"2 ) +E
tWIDR( (Y EHIIDIXTI2DSUACNIEINFC T4 IAIX TIxNWI+2
(WIE2{T4H ) 4OX TARNINW+ (W IV (T 44 ) 3IX T3+ (WIdI—=(W*H) 4D
(W)dddD%{E*E)IIIXTA%DSUY—-(W)dd IR {4 J4IX Td%DSY—Y
{WIdDR(E*EYIDIXNTIxDS YNNI (NN~-0"2 ) 2L
EWIDR (Y SEIIDIXTIDSYXZNIXINHLTCEY 4IXTd2NW I+ L
(WIEH{T4EIIDXTARNIENWHEW)IVR(T *E)IIIX T+ EN)I—=(WN*E) LD
EW)dax=(242)42X 13+ INK+FIWIVRLIZ242)3DXVI42NIETINW—(N)I—=(N*2}4D
{W)dddI#{E4T)4IX T440SY—(W)IddI= (Y *1) 42X Td%DSY~-H
(WIdIx({E* T)IIDIXTHDSUEZNI2{NN-D"2)+E
(W)X ((H*T)dD3XT320SHXZNIxIN+L T4 )Y 4DXTAxNNW ) +2
(WIGE (T 4T ADX T4 NDANWHEW)IAVR(T *T) 43X T3+ (NI T—=(N*T)dD
741=d 0c1 0OQ
(NN)ddx (NNIMSOX( Cxx(NNIYVISSY+dIdIXM=dddIXM
(NN)JII2{NNIMSO % (222 {NN) YV 1ISS)I#ddIXM=ddIXM
({NN)YdDxI{NNIMSDX(NNIYTLISS+dIXM=dDXM
ENN)Yddx (NNIASDEINNIYVLISSHdOXA=dDXA
(NN)IDd2(NNINSO2(NN)HV1ISS+dIXI=dDXN
8¢T=NN 011 OQC

ost

ottt



Cc

160
162
17Q
180

182
190
192
200
204
210
220

222
224

228
240

250

SUBROUTINES FCLRT AND CSIMQ AS LISTED IN AIJSUM ARE REQUIRED

WRITE{(Q06,5CT)KS
WRITE(CE,2CE)IRHSINWI o NW=14)
IF(XBAR-XC)190,18C,180

WNX=WXQ

DO 182 I=144

WNX=WNX#RHS(I}*C (1)

GO 70 200 :
WNX=CMPLX{C.0y0.0)

DO 192 1I=144

WAX=WNX4+RES(I}%C(I)
WNXM=CABS{nNX)
PHASEL=57429578*ATAN2( AIMAG(WNX) yREAL { WNX) )
IF(NG—18)21C+204,210
PHAINS8)=AES{PHASE])
WRITE(O6,5CE)XBARsWNXMy PHASEL»WNX
IF(N4—NL)3¢€,220,220
IF{NB8-11)228,228,222
IF(ABS{PHA(NB)-PHA(NS-1))—-20.0)228,228,224
FREC=FREQ~-FREQ2

NT=1

N8=N8-1

GG TO G5

IF{NB8-N91(C3,250,250
FLXCF(2,2)=FLXCF(2,2)#%10.0
N10=N10+1

IFINLO-N11)01+C1,250

CALL EXIT

END

LOT



