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THE EXISTENCE OF OPTIMAL CONTROLS
CHAPTER I

INTRODUCTION

It is vefy easy to form an intuitive notion of what is meant by an
optimal control problem. Man frequently tries to attain his desired goals
in the "best" possible manner. Often such attempts are futile because of
the complexity of the problem or because there does not exist any "best"
way of attaining the desired goal, However, in a great many of the phy-
sical processes occurring in technology, there is more than one policy (or
control) which will enable the system in question to attain a certain de-
" sired objective, Among the "available" policies with which the objective
can be attained an "optimal policy" is sought, i.e,, a policy in the col-
lection of all "available" policies which will enable the controlled sys-
tem to attain the desired objective, which minimizes the "cost" of using
such a policy or maximizes some other given "criterion of optimality,."
Here we must understand the term '"cost" in a very broad sense, It is ev-
ident that in order to bring this discussion within the purview of mathe-
matics we must give precise definitions of what is meant by such terms as
"cost," "best," and "available policies," Moreover, a precise mathematical
model must be given to describe the controlled system (the system or plant
with which one attempts to reach the desired goal, target, or objective).

We shall use such terms as admissible controls, available Boliciess and
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admissible steering functions interchangeably, and, of course, these class-
es of functions must be defined in mathematical terms, It will come as no
surprise to the reader that the problem of finding an "accurate" mathemat-
ical model for a given physical process. often is one of considerable dif-
ficulty, We shall not concern ourselves in this work with the question of
whether our mathematical models accurately portray certain physical pro-
cesses, but rather we shall make our work much easier by accepting cer-
tain mathematical models as given and our studies will begin at this point,
In other words the problems which we will consider in this dissertation
are of a purely mathematical nature. We have not of course chosen them
with caprice, and there is actually good reason to believe that they are
fairly realistic idealizations of a variety of material systems,

Basically only two types of optimal control problems will be dis-
cussed in this work, We shall refer to these two problems as the fundamen-

tal problem 2£‘op;imal control, and the fundamental problem ggioztimal

control in a system with delayed argument. First we shall give, in broad

outline, the formulation of the fundamental problem ggkquimal control.

Our formulation differs in several details from that given by Pontryagin*
and his collaborators [XV]. We assume the control system can be des-

cribed by a system of real ordinary differential equations of the form

(1,1) x = £(t,x,u)

2 2

where x = (xlax aooogxn)eRn, us= (ulau

pooo.ug5€Rm’ and f is the

°

mapping, f = (flefzgoeogfn)g RXR™ xRt Rn, and teR, Of course, x

Ai;il references are to the bibliography at the end of this dis-
sertation, The symbolism ["Roman numeral"] will refer to the book list in

the bibliography, and ["Arabic numeral"] will refer to the list of articles
in the bibliography,



means differentiation with respect to the independent variable t. The
symbol u denotes the control parameter, Let A = [To,'rl] CR bea
fixed compact interval, let @(Rq) denote the collection of closed
subsets of ng and suppose there is given a mapping Q:A —> @(Rm),,
Q(t) ¥ ¢ for each teA, Let T be a closed subset of IW\CR2 such

that (toatl)cl' implies t Sty Now we define mmgr)a to be the set

m .
{(u"(to“tl))lug [tootll""’R is bounded and measurable, (to"tl)er°

u(t) eQ(t) , when t0§ t < tl}"
Let xoeRnD and we assume (1.1) has the property

(1.2) V (ug(toatl))e 2U.(2,T), 4 a unique absolutely continuous

response x(.,u) satisfying (1.1) almost everywhere (a.e.) on the

domain [to,tl]9 and satisfying the initial condition

(1,3) x(t,u) = X .

Suppose there is given also a ''target mapping" F:A —> @(Rn); then
A
the set of admissible controls e,y is defined to be that parti-

cular subset of L (Q,I') satisfying the additional property that
A
(1.4) (u, (e t))e U (R,TI=>x(t,,u)eF(t,).

The term "target mapping" is somewhat suggestive in that among the motiva-

ting raw problems for control theory is the question of optimal trajectories
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for an anti-missile missile, Hence F(t) might be a subset of state
space, associated with but generally larger than the actual target such
that x(tlgu)eF(tl) implies success for the mission,

Suppose there is given a mapping K: 9U(R,T)== R which will

be called the cost function (or criterion of optimality) associated with

the control system (1.1). Three important and interrelated questions arise:

(1.5 (1) Is L@ emty?

A
(i1i) Does there exist an optimal control in W, Iy, i.e., is

A
there a (u,(t ,t,))e %), (2,T) such that

K(, (£, ))K Y, (2_,01)), ¥ (V,(t,t ) OL(8,T)

A
(global minimum), or is there a (u,(t ,t;))e OL(2,T) such that
®* » ] * A
K(u, (t 7] 2K(v, (T 5t)), V (vs(t st))e aL(R,T)

{global maximum)?

(iii) How may an optimal control be characterized when it exists?

The fundamental melemgs! &f‘ optimal control li (are)

A
(1.6)  K(u,(t_,t;)) = global minimum (or maximum) on AL (2,1,

In this dissertation, as the title indicates, we shall focus
attention on (1,5) (ii); the important related questions (1.5) (i) and

(1.,5) (iii) will be largely ignored., The main purpose of this work is to



5
discover how additional hypotheses may be made so that an affirmative an-
swer to (1.5) (ii) can be given,
We shall also consider control systems which are complicated by
the effect of a "delayed" argument, i.e., control systems which can be
described by a system of real ordinary differential-difference equations

of the following type

(1.7) x(t) = £(t,x(t),x(t - @), u(t)), w0,

and x = (xlyngc&ugxn)eRnsu = (ul,uzaogoum)eRm9

£ (£1,82, 0 fY  RRMR™SR™ —R", and teR, If (us (t,ty))e AL(R,T)

and there is given a suitable initial function ¢ : [to > w,to] ~m>Rn,
then we assume there is a unique response x(.,¢,u), which is absolutely

continuous on [to’t1]9 and such that

(1.8) (1) x(t,0,u) =6(t), t_ ~ustst

(ii) x(°,¢,u) satisfies (1.7) a.e, on [togtl]°

*
We define ql¢(99r) to be that particular subset of A\Y(Q,T)

such that
N ®
(1.9) (s (tot))e (2,1 = x(t ,0,u)eF(t,).
We shall also permit ¢ (the initial function) to vary over a certain

prescribed function space ¢ . Thus we suppose there is given a mapping

®
K ¢ ﬂlﬁ(nor) —#R; then the fundamental problem(s) of optimal control

in a system with delayed argument is (are)
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(1.10) K*(u,(to,tl)) = global minimum (or maximum) on ég;ﬂl;(ﬂ,r).

Again we shall only be concerned with developing hypotheses sufficient
*
to guarantee that there is a (u;@o,tl))eég°ﬁ[¢(9,r) satisfying (1.10)
{minimum or maximum).
Our purpose in Chapter II is twofold: First we develop a method
of studying the convergence of the mappings §1, F, and then we compar

our methods with other existing methods. Second the fundamental definitions

and compactness theorems (for certain function spaces) which will play an
essential role in the developments of the subsequence chapters are given.
In Chapter III we shall be ccncerned exclusively with existence theorems

for problem (1.6) when the corresponding control system is linear.

Chapter IV deals with the existence theory of the fundamental problem of

optimal control when the control system (1,1) is permitted to be non-
linear.

With a few exceptions [13, 14] very little has been done in
the literature concerning existence theory for problem (1.10) in which

the control system is given by a system of differential-difference equa-
tions, We feel that it is therefore entirely appropriate to include

some existence theorems for problem (1.10) in this work, This is the
subject considered in Chapter V. After reading Chapter V the reader
will see clearly how many of the existence theorems concerned only with
the fundamental problem of optimal control can be extended to cover the
fundamental problem of optimal control in a system with delayed argument.
We shall point out in the chapters in which our theorems appear
(and are proved) how our existence theorems differ from (or are related:

to) the known results obtained by others. The hypotheses for the theorems
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developed here are so elaborate that to relate our work in any greater
detail to the other results in this field is not, at this juncture,

ecanomical,



CHAPTER II
DEFINITIONS AND FUNDAMENTAL THEOREMS

In this chapter we shall give the definitions of the fundamental
terms which will be used repeatedly, In addition several theorems will
be proved in this chapter which are essential to the remainder of this
work., Of special importance is the section dealing with upper and lower
semicontinuity in the lattice of closed subsets of a given topological
space, Also since our primary purpose is to prove existence theorems for
optimal control problems, the reader can expect that compactness of
certain function spaces will play an important role, We give in this
chapter the proof of one such compactness theorem (Theorem 2.2.3) which
we shall require in the proof of several existence theorems. Theorem 2.2.4

also will play a significant part in our future developments.

2.1 Upper ;aﬂ Lower Semicontinuitz 3_2 the Lattice gg Closed Subsets
o_f_ a ngological Sgace.

It will be convenient to draw upon the theory of uniform spaces

(all nomenclature in Section 2.1 referring to uniform spaces is the

same as in Bourbaki [V, Chapter II] ) in order to discuss two different
types of upper (lower) semicontinuous mappings from a given topological
space to the complete lattice of closed subsets of another topological
space., Our applications in Chapters III-V are limited to a discussion

8



9
of the convergence of nonempty classes of closed subsets of euclidean
space of n-dimensions; however, it is felt that the introduction of
uniform structures at éhis point serves to simplify much of our later
work as well as to illuminate the relationships between various types
of convergence in the set of all closed subsets of euclidean space of
n-dimensions., Uniform structures enter our study in a natural way
whenever we begin to discuss the ccatinuity or upper semicontinuity
with respect to inclusion (see the definitions given below) of the
"motion™ of certain one-parameter families of subsets of a given
uniform space. Such situations are common in the formulation of
optiral control problems (7, 11, and 13]. The concept of upper
semicontinuity with respect to inclusion permeates the literature in
the mathematical theory of optimal control., The term suggests that
what is meant is the usual concept of upper semicontinuity of a
function F from a topological space X to the complete lattice of
closed subsets (ordered by inclusion) of a given topological space
Y [XIV, pge 73 £f,], This turns out not to be the case, but we
have discovered that what we shall need in this work is not the
so-called upper semicontinuity with respect to inclusion, but rather
upper semicontinuity as it is normally defined for a function F on
a topological space X to a complete lattice L [XIV, pg. 73 ff.].
We do not, however, wish to make an issue out of which concept should
be called upper semicontinuity, since there appear to be ample reasons
to support using this terminology to denote either concept. We shall
also show that, in general, upper semicontinuity with respect to
inclusion is a strictly stronger property than upper semicontinuity

in the ususl sense,
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At this point some introcductory terminclegy iIs in wvics,
If ® is a filter base on a set E, then we use [®] to denote
the smallest filter on E containing ® (see [V, Chapter I} for

any terminology related to filters),
Dencte by A the "diagonal of ExE," i,e.,
8={ (% X) | xecEJ.

We then recall the definition of 2 uniform structure on a set E,

A filter % on ExE is a uniforn structure on E iff

() [a] D g
w2) ¥\ =9
U3} % s %'1

where

%'ln{v‘llwg}
Jod = [ {Vow | V,Wed}]
and for V, W CExE
VelWs {(x,Y) | J2€E 3 (x,2)ecV and (z,y) ¢t W},

Vie{oan | xypevy,

1f VCExE, ACE, it is convenient to define

VIA) = {y |ye E 3 xe A, (x,)V 1},
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Using this notation a uniform structure B’ on E induces a topology
on E in the usual way, viz., by defining the neighborhood filter at
x ¢ E, [V, Chapter I, pg. 3], to be

3«[):] = {V[x] |V e}«}.-

The topology (collection of open sets) associated with this neighbor-
hood filter will be denoted by ta,,

DEFINITION 2.1,1. For any topological space (E, t) we define
@E) = {A] ACE, A is t-closed }.

Thus if (E,%) is a wniform space, we shall show how a

natural uniform structure may be defined on Q(E). The uniform
structure which we have in mind is discussed by Bourbaki [V, Chapter
II, pg. 97), Michael [12, pg. 155 ff.], and the Robertsons [16,

pg. 322], so we will not exhibit many details, Define for J e%

V; = C(AB) A Be GE), J[AIDBEJ [B]DA L,

Furthermore let @(&) be defined to be the set {W; | J e}} o

Then it can easily be shown that [G(%)] is & wmiform structure on

©(E). V¥e shall adopt a notation suggested by Michael [12] and
define

(2.1.2) | z} - 8()) 1.

Then the system of neighborhoods at A ¢ G(E) (the neighborhood filter
at A ¢ Q(E)) is given by

(2.1.3) z} [A] = {(H4[A] | e 2& } .
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Next we assume (E,7) is an arbitrary topological space,
Then @(E) can be made into a complete lattice in the usual way,

viz., by defining for A,Be@(E)
Ag¢B iff ACB,

Thus if Fie 8(E), icl = an index set, then

2.1.4) inf(F, |icI}a ﬂieIFi
and

. -_q.
(2.1.5) sup(F, |ieI} = T F;

where the symbol A ¥ denotes the t-closure of ACE,

DEFINITION 2.1.2, Let (x,tl), (E,rz) be topological spaces.
Suppese F is a mapping, F:X==O(E). Let "V’l(a) denote the

11-neighborhood filter at aeX. Then for acX

lim sup F(x) = inf{sup{F(x)lxec}lceﬂ!“l‘(a)}.
X=q

In a similar manner we define

lim inf F(x) = sup{inf{F(x)lxec}IGeW'l'(a)}.
x=>a
DEFINITION 2.1.3. Using the terminology of Definition 2.1.2 we say
(by an sbus de langage, cf. the comment after Example 2.1.2 which
appears later in this chapter)that a mapping F from a topological

space X to the collection of closed subsets, @ (E), of another
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topological space, E, is upper semicontinuous at aeX (abbreviated

F is usc at acX) iff

lim sup F(x)<F(a).
X~>a

Similarly F is lower semicontinuous at aeX (abbreviated F

is 1lsc et a2cX) iff

lim inf F(x)3F(a).
x=->a

Our definitions of lsc and usc are precisely those given by McShane and

Botts [XIV, pg. 73].

DEFINITION 2,1.4, Let (X,tr) be a topological space, (5,3«) be a
uniform space, and let F be a mapping, F:X—(@(E). Suppose
°41a) denotes the t-neighborhood filter at acX. We shall say F

is upper senicontinuous with respect to inclusion at aeX (abbreviated

F is usci at acX) iff

Y/ Je% 36eVa) 3 xe6 =y I[F(a) IDF(x).

Similarly we shall say F is lower semicontinuous with respect to

inclusion at aecX (abbreviated F is lsci at acX) iff

W Je 3 J6e™V(a) 3 xeG=HJ [F(x) JDOF(a) .
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We introduce an additional notational device, Let GCX;

then we define

F(G) = UxeGF(x)C: E,

and
{F(G)} = {F(x)|xcG}=Q(E).

DEFINITION 2.1.5. F(A) (= the collection of all filters on the set A)

may be partially ordered by a relation, ¢, defined by

G Higg Fc X, F. YW,
Using this partial ordering on F(&(E)) we make the following definition

DEFINITION 2,1.6. Let (X,rl), (Y,rz) be two topological spaces, and

let F be a mapping, F:X==Y. Suppose Y5 ,"‘V‘i(y) denote the
neizhbofhood filters at xeX, yeY vrespectively. Then F is

continuous at aeX 1iff

FCV(2))2 V5 (F (8))
where F("V'l(a)) = [{F(G)IGe'V'l'(a)}].

There are several other concepts of upper and lower semicontinuity of
mappings F:X—»@(E), e.g., see [4, pg. 67 ff,, 12, pg. 179, 9pg. 148],
but as we pointed out earlier the definitionswhich we have given seem to

be more suited to our needs.
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THEOREM 2,1.1. Let (X,t,) (E,r,) be topological spaces. Let (B(a)
be a filter base to the t,-neighborhood filter, °“V‘l(a), at acX, Then

F:X==G(E) is usc at aeX iff

nBe Q(a)”ss 2 ( F(a).

Also F Ls__l_s_g_g acX 3_f_f_

Use @(a) h xs_B1 ) 2 DF(a).

Proof: We first establish the validity of the equalities

216 @ . .
e oy T2 = Oy g FOT°2:
(ii) UGc’Vi(a)nstl 2 = Upga) xes' ™ 2,

from which the two assertions of the theorem follow immediately. Since

®(a) is a filter base for Y(a), it follows that @(a)c®Y](a).

Therefore
n Be@(a)”” 2 DnGe’Vi(a)Fm 2

and

UGe’V‘l(a)nxeGﬂM 25Up &(aﬁxal ) 2 .

But by hypothesis [(®(a)] = ’V‘I(a), so that given Ge’V’l(a) there
is a Be ®(a) such that GDB. Thus

F&) 2 D) 2
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and

N, Fwc O Fw.

The validity of equalities (2.1.6) (i) and (ii) now follows,
Theorem 2.1.2 below suggests what appears to have been the

motivation for Definition 2.1.4. [cf. 7, 11, and 15].

THEOREM 2,1.2. Let (X,T) be a topological space, let (E,)) bea

uniform space, and let F be a mapping, F:X==@(E). Then F is

continuous at acX iff F _."ﬁusci and lsci at aeX.

Proof: As usual we let —D'\I" (a) denote the t-neighborhood filter at
acX. Then according to Definition 2.1.6 and relation (2.1.3) F is

continuous at aeX means
F(“\l'(a))>28 [F(a)].

Consequently givén Jea » 316%¥(a) 3 {F(G)} %[F(a)], Therefore
xcG =pJ[F(a)] DF(x) and J[F(x)] DF(a). Whence it follows that F
is usci and lsci at aeX., Conversely suppose F is usci and lsci at

acX. Then given Jea 36,4 6,e%V(a) 3 x6,=p J[F(x) ] DF(a);
xeG,=»J[F(2)] DF(x). But GlﬂGze'T(a), and consequently
xeGlﬂ cz-_-}J[F(x)] DF(a) and J[F(a)] DF(x). It easily follows

now that

WY, [F(a)] D {F(6)}
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and therefore that
F(“V’(a)))?} [F(a)] ,

which shows that F 1is continuous at aeX,
The next theorem shows that the upper semicontinuity of F on
X 1is precisely that property which we shall require in most of our

investigations in ccn®rol theory. Before we state the theorem we
remind the reader that a topological space (F,t) is regular iff for
each acX the neighborhood filter, ®>y(a), at aeX can be generated

by a filter base of t-closed subsets of X

THEOREM 2,1.3. Let (X,rl) be a compact rerular topological space, and

let (E,TZ) be a topological space. Suppose F is a rapping

F:X—>@(E). Then the following two statements are equivalent:

(i) F is uscon X;

(ii) {:n,nel’}, {Pn,neD} nets in X and E respectively,

X _—==b= X

T %o Pn-—T-- Po, PneF(xn), neD =!,:P°eF(J_co),

1 2
Remark: All nomenclature and theorems concerning nets to be used in
this work can be found in Kelley [IX, Chaptei2]. The definition of a

net is to be found in [IX, pg. 65].

Proof of Theorem 2,1.3: (ii)=>(i). We show that the under hypothesis (ii)

F wmust be usc at X . "V'l(xo) denotes the rl-neighborhood filter at

xoex , and we must demonstrate that

12
0 Ge‘*\fi(xo)Ft Y, F(x).
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Since (X,7,) is regular °“\["’l(xo) has a closed filter basis, say
® . Then it will suffice (by Theorem 2.1,1) to show

NegFO2 C Fixp .

Thus let Ge®, POeNCSIZ. Then there is a net {Pg, neD} in

G

F(G) such that Pn—$- P.. PGsF(G),Vm:D—) 3 a net {xG, neD}
T, 0 n : n

(with the same directed set D) such that PgeF(xﬁ), xgeG, neD.
But G is v -closed, GCX, and X is compact., Therefore G nmust

be compact [IX, pg. 140]. Therefore there is a subnet of

{xﬁ, neD}, say {x:;1 ,a€A} such that xﬁ ——->-xGeG.

a a 1

But then we form the corresponding subnet {P:_;l ,aeA} of {Pﬁ, neD} and
) a

we must have PG —= P ., Moreover PG eF(xG ), ¥ acAHP Q_F(xG) by
n, 1 0 n, n, 0

hypothesis (ii). Now {x°, Ge&} is a net in X with the property

that xGeG, YGe'® (of course, @ is directed by G,<G, iff G,cG,

Gys Gze@. Therefore PoeF(xG) for each Ge(3, xG—tv- X, P, = constant
1

net—>= P which gives, in view of (ii), that P eF(x).
T, 0 ) (J

Whence
T
ﬂ FO) 2 C Flxg).
Ged® 0

(1)=(ii)., Select x.eX, Per. and nets {xn, neD}, {Pn’ neD} in X

and E respectively such that
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X=X Pn—-b- Po’ PnsF(xn) » VneD,

1 2
Now we have by hypothesis (i)

lim sup F(x),sF(xo) .

X=X
o

Whence
ﬂce v\r—l'(ioipt,gj_z C Flxg).

Let Gs’V’l(xo); then there is an n ofD such that n;n';')xnes,,
Let S = {nln)no, ned}; then S is a directed set and {x,
neSo} is a subnet of {xn, neD} and {Pn’ neSo} is a subnet of

{Pn’ neD}, Thus

{Pn, nES }— Po’ {xn, neSo}—-b- x

o o?
T2 31

and xneG, neSo, PneF(xn)CF(G), neSo. Therefore PoeFiailz.,

Since Ge’Tl’(x ,) was arbitrary we have
Poe_(ET‘F z,VGe”Y'l(xo).

Whence PoeF(xo), Q. E. D,

Remark: Note that in proving that (i)=»(ii) in Theorem 2.1.3 the

hypothesis that (X,Tl) be compact and regular was not required.
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THEOREM 2.1.4. Let (X,t) be a topological space, (E,%) be a

uniform space, and let F be a mapping F:X—»@(E). Then F usci at
aeX imlies F }_gﬁg._ acX.
Proof: Let °‘\,II"(a) denote the t-neighborhood filter at aeX. Then

we must prove
0 oK
Ge"'\l'(a)? G) 1 F(a),

Suppose it is not true. Then there is a yenGe"Y‘(a)Fst [% » Such that
y¢F(a). Since F(3) is closed there is a symmetric Jle %, such that

Jl[y] ﬂF(a) = f§, There is a symmetric Jze\k such that J2 o JZC'JI"

Because F is usci at acX there is a G, e V(a) such that
2

F(GJZ)CJZ[F(a)]- Now yeﬂcs.wa)'ﬂs)‘& implies yeF(GJZ)‘a » and

thus Jz[y]ﬂF(GJz) § @. Thus pick yoer[y]ﬂF(GJz), then

(y,yo)er. yoeF(xo) for some xoeGJz. Consequently yoer[F(a)] so

that there is @ beF(a) such that (yo,b), (y,yo)ch. Therefore

(y,b)eronch, beF(a), which gives beJl[y]ﬂF(a), a contradiction.

THEOREM 2.1.5. Let (X,t) be a topological space, let (E,%) be a

wniform space, let F be the mapping F:X—=G(E), and let F(X) be

relatively compact in (E,}). Then F 1is usc at acX iff F is

usci at acX,
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Proof: It has already been shown (Theorem 2.1.4) that usci=pdusc, So let

F be usc at aeX, and suppose F is not usci at acX. Then

N ev@@ Tt CF@

and there is a Je } such that for every Ge V(a) (the t-neighborhood

filter at aeX) there corresponds an xGeG such that

3, [F@)1=p F(x).

Then {x., Ge°V(a)} is anet in X and xg>a. Whence for every

Ge®V(a) there is a yeeF(xg) such that y.#J [F(a)]. Now {y., Ge*V{(a)}

is a net in F(X). But that F(X) is relatively compact implies there

is a subnet, {y, , aeAl, of {y, Ge®V'(a)} such that Yg == some "y ¢E.
o a

¥

We select the corresponding subnet {x., acA} of {x,, Ge\V'(2)} and we
' a

still have X; —re. Whence by Theorem 2.1.3 (X compact, regular was not
a

used in proving:2,1.3 (i)s»2.1.3 (ii)) yoeF(a). Now there is no loss

in generality if we assume J 1 is open in the product topology

T%*‘t‘ on ExE, Now J1 open implies Jl[F(a)] is open. Consequently

E - Jl[F(a)] is closed, and we have Y6 ¢E - Jl[F(a)] = closed set,
[+
acA, Yo 2% implies yodJl[F(a)]. But yoeF(a), and we have a
a

cont:adiction.
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THEOREM 2.1.6. Let (X,T) be a topological space, let (E,¥) bea

uniforn space, let F be a mapping, F:X—~((E), and let F(X) be

relatively compact in (s.}). If F is 1scat acX, then F is

1sci at acX,

Proof: Let "\f(a) denote the t-neighborhood filter at acX. Suppose

UGs"V(a) N x»:Gi € 8 2 F(a)

and F 1is not 1sci at aecX. Then there is an open J lea such that
for each Ge®Y(a)

JI[F(x)] D F(a), xeG

is not true. Whence for each Ge®\(a) there is an XeG and

yGeF(a) such that yGeE - Jl[F(xG)], which is a closed set. Now
{yG, Ge™Y'(a)} is anet in F(a), and so it has a convergent subnet

{yGa, acA}—>- some y cF(a), {xGu, acA}—>- a. Thus let Je% , and

pick J*e% such that J*oJ*CJ, J* symmetric. Since yoeF(a), we

must have yerGe“r(a)ﬁxeM’ Thus  J*[y IO {U ooy q) N ,gF(M} # 8.

Also since Yg ___yoeF(a). there is an aoeA such that a 3,

QT&

implies y, eJ*[y,]. Now there is a Goe"V(a) such that
a

J'[yo]ﬂ{ﬂ F(x)} #¢. Let G1'GaﬂGoCGo' then N

G
xeG, o

I* [y 1N {QRGIF(x)}DJ* [yolﬂ{ﬂ F(x)} # 8.

G
xeG,
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There is an aleA such that aya; 3a, implies x. eG, and

G "1
a

J* [yO]ﬂF(xG ) # 9. There is a pe:!—'(xG ) such that (p, yo),
a a
1 1

(yooYG }eJ*. Thus
%

(P.yg JeJ*oJ*CJ, peF(x; 3},
%1 %1

which implies that Yo eJ[plCJ [F(xG )], a contradiction.
a a
1 1
The following examples show that we do need to distinguish

between usci (lsci) and usc (1sc).

EXAMPLE 2.1.1. Let a mapping F:[0 ,1]-0-@(R2) be defined in the

following way

(0,00}, t =0
F(t) = | SQn), t=1/n,n=1, 2, 3, ...
(-1, n-1)}, ct< o1, n =2, 5, 4, ...

where

SQ(n) = the boundary of _tle_ unit square having vertices (n-1, n-l1),

(n,n-1), (n,n), (n‘llpn)o n=1,2,3 . =
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We may illustrate the situation graphically.

1 Y

1,
t;F(gv

e

T_F() "X

The location of the other sets F(t) in the xy-plane which correspond

to values of t other than those of the form t = %5 n=1, 2, 3, ...

2

is clear. We have that F(t) is a compact subset of R™ for Ogtgl.

Moreover if we define

s.(t,) = {t{tef0,1], [t-t |<c}, >0,

we clearly have

M FE_(0)) (0)) = F(0) = {(0,0)},

>0

as a matter of fact
N Fes_(2)) = F), Veelo,1],
e>0
Thus F is usc on [0,1]. It is easy to demonstrate that F is

not usci at t = 0,
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EXAMPLE 2,1.2, Let a mapping F:[0,1]==Q(R%) be defined as follows

Lx, ]y = 0, x:00ULIx,y)|x = 0, y30},
if t¥l/m,n-1,2, 3, (o0

F(t) =

S(n) = the boundary of the n-square having vertices

(0,0}, (n,0), (n,n), (O,n), if t = 1/n,

n-l. 2’ 3. o000
Then F is uscat t =0, but F is not usci at t =0,

Comment: The concept of the lower semicontinuity of set-valued

mappings brings us to an interesting contretemps. For example,

C(t) = {(x,y)]x, yeR, x>+y” = t%}, ‘0stel

is not lsc at any point of the interval [0,1], but C is continuous
on [0,1], However, our interest in semicontinuity in this work stems
mainly from the implications of Theorem 2.1.3, and therefore the mis-
behavior of lower semicontinuity is not critical.

Next we shall point out how the Hausdorff metric [VIII, pg.
166 ff., IX, pg. 131, ex, D, and I, pg. 111 ff.] is related to the
uniform structure 2& » whenever the uniform structure 8 on E is
induced by a metric. Let (E,d) be a bounded metric space, § *(E)

the collection of nonempty closed subsets of E (i.e., Q*(E) = 8(E)- 81,
Define

JS '{(xa)')'d(xoY)<€o x, YeE}, €>0
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then &d z [{Je|e>0}] is a uniform structure on E and the topology
on E induced by % d is the same as the topology on E induced by

the metric d. We define a metric on Q@*(E) as follows:

PAB) = inf {e>o|JE [A]D B & J_[B]D A}

where A,Be @*(E). The details of the proof that f is a metric on

G *(E) are straightforward but tedious and will not be given here.

Define

N, = ((A,B)|A,BeG*(E), p (A,B)<e}

where ¢>0, then

A=, eon

is a uniform structure on @ *(E). The question which naturally

arises is: Does M =2 d , The answer is affirmative, For

suppose €>0 is given, then IN), D Vy ;, + If ARy, ,
€ “e/2

then Jc/ZIA] =B and J€/2[B] 2 A. Therefore by the definition of
f we have that P (A,B)ge/2<c, which implies (A,B)e[N] .

Whence .){‘ szad. Conversely let VJ ezad, >0, then
€

\(%DNE. For if (A,B)eNe, then p(A,B)<c, which implies

that there is a §, 0<8<¢ such that J(s [A] DB and J6 [B]D A

From the fact that Je [A1 D 5[!\] and Je B DJ 5 {B] we obtain that
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(A,B)e W j + Consequently Z%dg_A/: thereby proving N -2,
€

Note that the metric f is only defined whenever (Eg,d) is
bounded metric space. This is really no restriction. We define a new

metric on E ([cf, IX, pg. 31, ex. C] by the equation
I[X.)') = d(x,y)/{1+d(x,y)], x, yeE.

Then (E,d) is a bounded metric space, Moreover the two topologies
induced on E by the metrics d and d are the same. We would like

much more to be true, viz.,

%d'}l’

If f defines the Hausdorff metric on @*(E) corresponding to the

metric d, which is bounded, then we would be able to say

2§d82§3

and 2% d is wni formly metrizable (with Hausdorff metric P). We
state that in fact % d:%a and omit the proof. This motivates the

following definition:

DEFINITION 2.1.7. Let (E,d) be an arbitrary metric space, let

@ *(E) denote the nonempty closed subsets of E, and define
d = d/(1+9),
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-7e = {(x,Y) la.(xa}')<€o x, yeE}, 5>0;

then the Hausdorff metric on @ *(E) is defined by

:JT(A,B) = inf {e>0 IJB[A] D B§J [B]D A}

for A, Be @*(E).

2.2 Convergence of Measurable Functions and Compactness.
W L ]

Any statement concerning the measurability of sets or of
functions is to be understood in terms of ordinary Lebesgue measure,

and all integrals are ordinary Lebesgue integrals.

DEFINITION 2.2.1. A function f:RP->R? is measurable iff each

component of f is measurable.

In order to eliminate any confusion which might arise regarding two

different types of almost everywhere convergence which are common in

functional analysis, we state the following definitions.

DEFINITION 2.2.2, Let E be a subset of RP, 1let fn. be a sequence
of mappings, fn:E-—qu n=1,2, 3, ... . Then we say fna-f
almost everywhere on E as newe (abbreviated fn--f.:a-e- on E

as n=-w) iff fn(t)-—f(t) as n—> = except possibly on a subset

of E of measure zero, Similarly given two mappings f, g:Ii---Rq we
say f = g almost everywhere on E (abbreviated f = g a,e., on E)

iff f(t) = g(t) except possibly on a subset of E of measure zero.
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DEFINITION 2.2.3. If u= (ul, ..., ud), v = v, ..., v)er?, we define
<u,v> = Z;‘___l ul v,

DEFINITION 2,2.4. Define

b
Lg([a,b]) = {uju: [a.b]-o-Rq, la<u(t),u(t)>dt exists and is finite}.

Whenever the interval ([a,b] is understood we shall simply write Lg .

We understand that when speaking of the equality of elements in

Lg( {a,b]) that we are actually referring to almost everywhere equality.

Defining addition and scalar (real) multiplication in the natural way,
Lg becomes a real vector space . We define an inner (scalar) product

on Lg as follows,

b
(2.2.1) (u,v) = Ia <u(t), v(t)>dt,

where u, veLg. Then ||u]| = /(u,u) defines a norm on Lg. It is

well known that Lg with this inner product norm is a real separable

Hilbert space, A sequence unel.q, n=1,2,3, ... converges to

uet.‘zl iff

(2.2.2) Hun-ul |0 as n=o=,
in which case we write
(2.2.3) unau(st) a8 N

(to be read: u, converges strongly to u as nwe= ),
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DEFINITION 2.2.5. A sequence {u } in Lg([a,b]) converges
weakly to ueld([a,b]) iff
(2.2.4) (un,v)-b(u,v) as n=»= =, for each veLg .

We shall adopt in this case the notation
(2.2.5) u —u (wk) as ne===»

DEFINITION 2.2.6. Let Q:[a,b}== ‘P(Rq) = the power set of rRY,

Define

QA I;(n) = {u|u:[a,b]=R?, u is measurable on [a,b],

u(t)eq(t), ¥ tefa,bl}.

THEOREM 2.2.1. (Banach-Saks) Given a sequence un“ in L;'([a,b])

which converges weakly to uoeL;'([a,b]), there is a subsequence

{unk} such that the sequence of arithmetic means

(unlmnzh..Ounk)/k-)uo(st) as | & X T

Proof: ([See XVI, pg. 80].

The following result from real analysis is also required.

THEOREM 2.2.2. Let {an} be a sequence of real numbers such that

1l en
a—a as n-=o. Then innl a;~a as n— -,

Proof: The proof is standard and can be found in many advanced calculus

booxs.
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THEOREM 2.2.3, Let 2 be a mapping, %:[a,b]=-@#(R"), where @#(R™
denotes g_t_g collection g_f_ compact (nonempty) subsets of Rm. If

U

Proof: The proof given for this theorem is patterned after the proof

ast<b f(t) is bounded and 9 is usc on {a,b], then QA:(Q) £ 9.
\ L R

of Filippov's lemma in [7, pp. 78-79], although this theorem is not
a consequence of Filippov's lemma. In order to prove the theorem a
measurable fumction u: [a,b]a-Rm must be constructed such that
u(t)e? (t), agtgb, Since Q(t) is compact, there is a ueQ(t) such
that its first coordinate u1 = minimm on Q(t). If there is more
than one such, choose u so that its first two coordinates ul,
uzaninimm on 2(t), etc. In this way a function u:[a,b]-‘t-R'n
is defined such that u(t)eR(t), astsb. The proof of the theorem is
concluded by demonstrating that u is measurable on '[a,b]. The
method of proof is by mathematical induction. Let cecR and define

Fc s {t|astsd, ul(t)sc}.
Then Fc is closed. For suppose this is not the case. Then there is a
sequence {tn} in F_ such that t ¢ as n—=, but toéFc, i.e.,

1

tnch, ns1,2,3, ooy t=>t. and u (t°)>c. Consequently there
is an e1>0 such that ul(t“‘)sul(t‘))-e1 for n=1,2, 3, .. . Now
{u(tn]} is a bounded sequence in R"., Thus there is a subsequence of

{u(tn)} (still denoted by {u(tn)}) such that u(tn)-h-ix" and t -t

as n==o, It follows from Theorem 2.1.3 that "ufesz(to).
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Moreover
. 1 1 1
lim u'(t ) = Ysu (t)-¢ps

vhich contradicts the definition of ul(to). Thus ceR implies Fc is

closed, and thus u1 is measurable on [a,b]. Assume ul, ceoy uk are
measurable on [a,b] for 1gk<m. Then by Lusin's theorem [XIII, pg. 236]

it follows that for any >0 there is a closed set Eec: fa,b] such

that ul, eeey U are continuous on Ee and the measure of Ee is
greater than (b-a)-c. The set {teEeluk*l(t)sc}, ceR is closed. If
this were not the case, then there would be a sequence tneEe,

kel

k+l
u (tn)sc, n=l,2, 3, oy t=>t, as m>o and u (t°)>c.

Therefore there is an el>0 such that uk’l(tn)suk’l(to)-el n=1, 2, 3,

cees tﬁ'.toFEe as n—»= o, Since {u(tn)} is bounded there is a

subsequence of {u(t )} (still called {u(t )}) such that u(tn)-uﬁ,

tn-ato as n-> o, Consequently by Theorem 2.1.3 U= (Gl, vous ﬁm)
en(to). Now using the continuity of the ul, i=1, ..., k on Ee

we have U = ul(to), i=1, 2, ..., k, whereas ?ik‘lsuk*l(to)-el°

This contradicts the definition of uk*l(to). Therefore Fc is
closed, ceR, and uk’l is measurable on Ee (which has measure

greater than b-a-e) and >0 is arbitrary. It follows that uk’l

is measurable on the whole interval [a,b]. Whence u = (ul, sevy uh

is measurable on [a,b] and QA :(9) 0.
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THEOREM 2.2,4. Let Q be & mapping 9:[a,b]—-@#(R") (defined in Theorem

2,2.3). E Uastsbn(t) is bounded and Q(t) is convex, a<t<b, then

(‘AZ(Q) is weakly compact in itself (i.e., any sequence {un} in QA:(Q)

has a subsequence {u } such that u —>u(wk) as k—>-<« for some
k k
b
uecd ().«
Proof: Each u in QAI;(Q) is bounded and measurable on [a,b],

and thus belongs to Lg'([a,b]). Whence (A:(Q) is a bounded subset

of L'zn([a,b]). Let u egbb( ), n=1, 2,3, ..., then by a well known
nla

theorem [XII, pg. 117] there is a subsequence of {un} (still denoted

by {un}) such that

un-bu(wk) as n—>-« for some ueL;'([a,b]).

What we must prove is that ue&:( ). By Theorem 2.2,1 there is a

further subsequence of {un} (still called {u }) such that

n
c—n-;ll-z ui—bu(st) as n—= o, Therefore (see [XI, pg. 87])
i=l

there is a subsequence of {S‘n} (say {Vh }) such that
k

(2.2.6) g-nk—m (a.e,) on [a,b] as n—> o=,

Note that o_ (t) is just a convex linear combination of points in

™

Q(t), astsb, Since Q(t) is convex for astsb, it follows that

Tn (t) is just a sequence of points in Q(t), ast<b. Thus by
k
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(2.2.6) u(t)e(t) for almost every te[a,b]. On the possible
exceptional set of measure zero at which u(t)4Q(t), we can redefine
u such that u(t)eQ(t) for each t on the interval [a,b]. Thus

un-b-u(wk) as n=>-w, uecA 2(9) (recall that functions are equal

in L';, if they are equal a.e.).

The special case of this theorem where Q(t) = 9(a), for

each tef[a,b] was proved by Lee and Markus [11, pg. 39]. The method

used here, however, differs substantially from that of Lee and Markus.,



CHAPTER III

THE EXISTENCE OF OPTIMAL CONTROLS FOR

LINEAR SYSTEMS

3.1 Formulation gf_the Linear Control Problem

We confine attention in this chapter to an optimal control
problem in which the control system at any time t can be described
by a system of real ordinary differential equations of the following

type,
(3.1.1) x(t) = A(t)x(t)+B(t)u(t)+u(t),
where for each te[0,T], T>0 fixed,

x(t) 1is an nxl real matrix;
A(t) 1is an nxn real matrix;
B(t) is an nxm real matrix;
u(t) is an mxl real matrix;

w(t) is an nxl real matrix.

We shall not use any notational device to distinguish between row

and colum vectors. The context should make it clear which is meant,
The symbol u appearing in (3.1.1) denotes a bounded

measurable control function with domain contained in [0,T], and

with range R". Suppose go:[0,T]=GQR™, and Upeeer?(t) s bounded,

35



36

Let T be a closed subset of [0,T]. We define a set 0\)(e,r) by

the relation

(3.1.2) Wea,n = U, ek Saxit)

(see Definition 2.2.6 for the meaning of CAE(Q)). 1f the matrices
A, B, w, appearing in (3.1.1), are continuous on [0,T], then given
xoeRn, (u,tl)eGU(Q,!‘) there is a unique absolutely continuous function

X(‘.u)t[o.tll—’Rn satisfying (3.1.1) a.e. on [0,t,], and the

initial condition

(3.1.3) x(0,u) = Xgs

(see [VI, pg. 74 ff.]). In this case x(-,u):[o,tl]—ﬂzn will be

called the response to the control u. By the method of variation of
parameters [VI, pg. 74ff.] the response to the control (u,tl)eau(n,r)
is that function defined by the relation

t

(1.0 &t = X@ x| X0 BEOwE 1)

for Oststl, where the nxn matrix function X is defined by the

matrix differential =squation
X(t) = A(t)X(t), t20; X(0) =1,

and In is the nxn identity matrix.
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Let the target function F:I'=- G(Rn) be such that F(t) # ¢
for every tel'. We require of F that it be usc on I'. WNe now define

"ﬁ,(n,r) to be that particular subset of ‘U,(Q,l‘) defined by the

following condition

(3.1.5) (u,tde R, ifF (u,t))ehol @x(t,}

and x(t:1 o) cF(tl) R

1f (u,tl)e‘ﬁ(n,r), we shall say (u.tl) is an admissible control

function, and in the event that the domain, [0,t1], tler, of u is

specified we shall also say that u: [O,tl]-v-Rm is an admissible
control function (admissible steering function, or simply an admis-
sible control).

Finally suppose

(3.1.6) *,:[O,T]xknx R™R is lower semicontinuous (1sc), and
satisfies |.AR(t,x,u)|<u(t)g(||x||), where u is summable on any

finite interval, and g(||x|]) = o(l|x|]) as ||x]||= .

Utilizing the mapping in (3.1.6), we define the functional K:94)(2,T)

->R by the equation

t1
(3.1.7) K(uatl) = IO »&(Ea x(g,u), u(§))dg,

when (u,t,)e U@,r).
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The existence of the integral in (3.1.7) can be proved by using a
theorem in McShane [XIII, pg. 123]. The mapping K in (3.1.7) is

called the cost functional (the criterion of optimality or the

objective) in the literature, The optimal control problem to be

considered in this chapter is
{3.1.8) i((u,tl) = minimum on 9Y(Q,r).

Certain special cases of this problem have been investigated
with varying degrees of thoroughness by a number of authors ([1, 3, 10,
11, 13, and 17], but a study of problem (3.1.8) in the generality of
its present formulation does not appear to have been attempted. Lee

and Markus [11] do, however, show that if
k(tox,u) = a(t,x)+b, (t,00u"

(with summation on i =1, 2, ..., m), a, b, are continuous i = 1, 2,
cvey My @ 1is a fixed compact convex subset of Rm, r = [0,T], F(t)
compact for te[0,T], F:[0,T]— @(Rn) is continuous, and 0:1(9,1‘);! g,
then a solution to (3.1.8) exists. In [10] the time optimal control
problem (k 21, @ the unit cube in Rm) for a linear control system
was studied in great detail, Balakrishnan in [1] studied the problem
of minimizing ||x(t,u)-x1|| on ® , a closed and bounded convex

subset of Lg( [0, TN, x, a fixed point in R", Roxin's existence

theorem [17] covers (3.1.8), if for each fixed (t,x)e[0,T]<R",

H(t,x,Q) 1is a compact convex subset of le, Q@ 1s a fixed compact
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subset of Rm, and we define

H(t,x,u) = (A(t)x(t)+B(t)u(t)+u(t), k(t,x,u)),

i.e., H(t,x,u)eRn’l, and the first n components of H(t,x,u) are

given by A(t)x(t)+B(t)u(t)+w(t), while the (n+1)St component of
H(t,x,u) is _k(t,x,u) (actually Roxin in [20] also assumes 4&

is continuous in (x,u) for each fixed t, %k is summable with
respect to t for each fixed (x,u), and % is Lipschitzian with
respect to x and satisfies (3.1.6)). The excellent contribution by
Neustadt [13] has removed all assumptions of convexity from both the
system {(3.1.1) and the restraint set Q. But Neustadt's existence
theorem covers (3.1.8) only if very special restrictions are placed

on the mapping % in (3.1.6), viz.,
A(t,x,u) = <a(t),x(t)>+6°(u,t)

where a:[O,T]—akn, ¢°:RmX[0,T]-#R are both continuous. Finally
there is the recent paper of Chang [3]. Chang assumes that the
matrices A, B, and w in (3.1.1) are constant (actually w = 0).

He assumes also that the cost functional in (3.1.7) has the form
K(u) = [:<x(t.0)s Qx(t,u)>+<u(t), Ru(t)>dt

where Q is a non-negative definite mxm matrix of real constants, and
T is an mxm positive definite matrix of real constants. The
restraint set @ is the "unit cube" in R" (the domain of each

admissible control function is [0,»)). Under these hypotheses Chang
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is able to prove there exists an admissible control for which the
function K achieves a minimum (the class of admissible controls is
the collection of bounded measurable functions having their range in
the "unit cube” of Rm» and which transfer an initial point xleRn
to the origin as t—»®), This result is related to some of the
theorems in this chapter. Especially Chang has anticipated our use
of the Banach-Saks theorem (Theorem 2.2.1). The results in this
chapter, however, were obtained (and presented in a seminar on
variational theory under the dual sponsorship of Dr, G. M. Ewing and
Dr. W, T. Reid in September, 1964) before the results of Chang were
published or otherwise known to the author.

The present hypotheses for problem (3.1.8) are not restrictive
enough to yield an existence theorem for the problem. The subject of
this chapter then is to choose judiciously a few more hypotheses which
will enable us to prove that a solution to (3.1.8) does exist.

We now prove the fundamental compactness theorem for this

chapter, but first we need the following definition,

DEFINITION 3.1.1 dl(n,r) (see (3.1.5) for terminology) is weakly

compact in itself iff for any sequence (uh,tn)e°ﬂ(9,r), n=1, 2, 3,

«eoy there is a toer and a uoeL;([o,to]) such that some

subsequence {(u_ ,t_ )} of {(u ,t )} has the property
nj nj n’n

N -
un —b-uo(wk), trl —b-to as j=»o

j

and (u_,t )eUWQ,r), where U e LP([0,t ]) is defined by
o’ o nj 2 o
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unj|[0,t°] if 1:09nj

u if t <t
n. n. 0
L J J

i=1,2,3, ..., vhere u I[O,to] denotes the restriction of

J
u to [0,t], and ;n. is given by
J J
-un.(t), if Ostst
j j
unj(t) =
ut(t), if tnj<t§to,

u* any function in Q)((tf Q).

THEOREM 3.1.1. Let Q2 be a mapping, Q:[O,T]+Q#(Rm) (see Theorem 2.2.3

for the meaning of g#(R™). If Uggeer?(t) is bounded, if @ is usc
on [0,T], T is closed, and if Q(t) is convex for Ogt<T, then

UL2,T) is weakly compact in itself.

Proof: Let (un,tn)e aEe,r),n=1, 2, 3, ..., then since tne[O,T],
n=1, 2,3, ..., there is a subsequence of {[un,tn)} (still called
{(un’tn)}) such that tn-—to as n—-», Moreover, the convergence of

tn to to can be assumed to be monotone., Now since T 1is a closed
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subset of [0,T] and tnel‘, n=1,2,3, ..., it follows that

tosl‘q There are two cases:

Case 1 Osto§tnsT, n=1,2,3, c.0 3
Case a OstnstosT, n=1,2,3, .e¢ &

We consider Case 1 first. Applying Theorem 2.2.4 we are able to

conclude there is a further subsequence of {(un,tn)} (still called
AL

{(un,tn)}) such that un—vuo(wk) as n—> o for some u.e 0 Q).

More precisely denoting the restriction of u to [o,to] by

unl [0,t ], we have

to
(3.1.9) uni [0,t ]>u (wk), t =t as n>o, tel, “OGCAO Q).

It remains to show that the response to (uo,to), viz., x(~,uo)

satisfies

(3.1.10) x(t g u JeF(t ).

(cf. The definition of 9)(@,I) in (3.1.5)). Consulting equation
(3.1.4) we find that

t
(3.1.11) x(t,u) = X(t)[xo+on'l(£)[B(E)un(£)+w(£)]d€]. Otst,

It follows from (3.1.9) and (3.1.11) that

(3.1.12) x(t,un)—v-x(t.uo) as n—> o, Ogtsto .
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Utilizing (3.1.11) we obtain the inequality

Hxce u))-x(e u) sl Ixee)-xee )]+
lIXCtn)-X(tOJIII;°|IX‘I(e)[B(a)un(€)+m(s)]IIds +

t
IIX(tn)-X(to)|ij?||X-1(€)[B(€)Uh(i)*w(§)]|!dﬁ .

All admissible controls are bounded (in R") and B, X, X'l, w are
all continuous on [0,T], and thus the integrands appearing on the
right hand side of the last inequality are bounded. Since tn—*to

1}

as n—>« the right hand side of the last inequality is a null

sequence, Whence
(3.2.13) [x(tnPtnl-x(to,uh]—#O as n—>o« ,
Consequently from (3.1.13) and (3.1.12) we obtain that
(3.1.14) x(to,uo) = lim[x(tn,un)-x(tn,un)+x(to,un)]
= lim x(tn,uh] = lim x(to,un) = x(to,uo?,

R
Now since (un,tn)cVU(Q,r), n=1,2,3, ..., it follows from

the defini:ion of 9M(Q,T) that
(3.1,15) x(t_u)eF(t ), n=1,2,3, ... .

Whence from (3.1.14), (3.1.15), the fact that F:F—a-G(Rn) is usc,
and t —>t, as n>«, we have (by Theorem 2.1.3) that
x(to,uo)cF(to). Therefore (uo,to)EGUIQ,P) and this completes the

proof for Case 1.
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In the event Case 2 obtains, we extend each control in the

original sequence {(un,tn)} to the entire interval [O,tO] :)[O,tn]

in an appropriate manner. We have by Theorem 2.2.3 that QA ;0(9) £ 0.

Select u*e QA;O(Q), and define

un(t), if Oststn

* i <tg .
ju*(t), if tn t‘to

Then by replacing U

that a subsequence of {(Tx'n,tn)} (still called {(T;n’tn)}) has the

by En in the argument made for Case 1, we find

property that
—= to
un-huo(wk), t—>t as n s toer, uerJ(o Q).

We can also prove in a manner quite similar to that used in Case 1 that

x(to,uo)eF(to), and thus (uo,to)e 6&(9,!‘) which completes the proof.

3.2 Existence Theorems for the Linear Optimal Control Problem within

~

th_e Class mgsz,rgc

THEOREM 3.2.1. Let the hypotheses of Theorem 3.1.1 and Hypothesis

(3.1.6) remain in effect. In addition let the following three hypotheses

_lﬁ satisfied:
(1) UQT) 9 ;

(ii) For any (t,x)e [O,T]*Rn, the function k_ introduced in

(3.1.6) is convex in the variable ueRm, i.e., p, q20 p+q =1,
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u, veR™ imply
Jct,x,purqsp it ,x,u)+q k(t,x,v)

(actually the special case p=q = %- is all that is required in the

proof of this theorem);

(iii) k satisfies a Lipschitz condition in the variable x, i.e.,

there 1_5_ a constant A>0 such that whenever

(£, 0el0,T]x[ U g q?(D)], %, YeR", we have
[ R, x,u)- k(t,y,u)| <Al [ x-y]].
Then there is a (uy,t,)e “U(R,T) such that
K(u,,t_) = inf K( U®,nN).
Proof: We first observe that the set
® = {x(t,0)] (u,t))e ue,n, Ostst,}

is a bounded subset of R". This follows immediately from eq. (3.1.4),
if one notices X, X"l, B, w are all continuous on [0,T] and that

Uo‘mn(t) 'is bounded. Consequently since k is lsc on [O,T]xR“me

it follows that
A (10,11 x U, a(t)

is bounded from below. Therefore by hypothesis (i) K(°U(%,T))
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is a nonempty set of real numbers bounded below. Whence we obtain that
» @ > inf K (9(@,1)) R

There is a "minimizing sequence" of controls

(3.2.1) {(u,t )} C U, K(u,t )y as nso,

Clearly this "minimizing sequence'" admits a subsequence (still called

{(un,tn)}) such that t == some tel monotonely as n-—> =,

There are again two cases:

282-1- Ostostns'r’ ns= 1’ 2’ 3. ec ey
-OE-E ostnstos'r’ ns= 1’ 2. 3’ ceoy

We exhibit the details of the proof for Case 1 first., In view of

Theorem 3.1.1, there is a further subsequence of {(un,tn)} (still

denoted by {(un,tn)}) such that
(3.2.2) un—vuo(wk), t >t as n-e, (uo,to)e u(R,r).

Whence by the Banach-Saks theorem (Theorem 2.2.1) there is a further

subsequence of {(un »t n)} (without changing the notation) such that
R
(3.2.3) o, " ;‘-g.l u;~su (st), t, =t as n—e,

Thus (see [XI, pg. 87]) there is a subsequence of {(rn,tn)},

say {(rn R tn.)} such that
J
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(3.2.4) g-nj-mo (a.e.) on [O,to] as j—o>o ,

From equation (3.1.4) and the fact that u —-u, (wk) as n—>o we

have that
(3.2.5) x(t,un)—t-x(t,u) as n—- o, Ogtsto R

It thereby follows from Theorem 2.2.2 that
"
. 1 .
(3.2.6) lim = ;-1 x(t,u;) = lim x(t,u ) = x(t,u ), Ostst

= ] ne
Since k is convex in u (hypothesis (ii) of this theorem) we

have that (see eq. (3.2.3))
n

-
3.2.77  _k(e,x( ,unj) , rnj(E))s;l;j §.1 z&(&.x(ﬁ.unj) Wy, (£))

for Osssto, i=1,2, 3, ... . Also the following equalities are
clearly valid:
(3.2.8) (a) 1lim K(u_,t ) = lim K(u ,t_ ) = v;
N>~ o0 n"n o nj nj
th
) Lin Kyt )= un [ MR, iy, (0
0 nj nj

== S A

t
(o]
. lim fo‘ «“L“"‘(E’“nj)'“nj(md‘

==

to
= lim Io R(&, x(&,u ),u (£))dE
n—>®

Relation (3.2.8) (a) is evident, whereas (3.2.8) (b) is an easy

consequence of hypothesis (3.1.6)
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The next step in the proof is to show that

n.
29 L7 It°«Q{(E,x(ﬁaun.).ui(é))di—"r as jor o,
ji=1J0 j

We observe that by Theorem 2.2.2, eq. (3.2.8) (a), (b) we obtain

n.
. 1 J t|°
(3.2.10) im 5o I [-o (8, %(8,1,) vy (E)E = .
J=—o ] i=

Thus in order to prove (3.2.9) it will suffice to prove

n.
. 1¢7
(3.2.11) lim=]

ft"{k(g,x(g,un )0ui(€))‘ Jl(&.x(ﬁ.ui) pui(g))}dg = 0.
joo Mjia1 :

0

From hypothesis (iii) of this theorem we obtain the inequality

i
(3.2.12) l;}jE.J:{ k(e.x(s.unj).uita))— & (£,x(8,u;)u, (8)) 3t

(20 e |
(W

L
n

t
A I.o ||x(§,un )-x(g,ui)HdE.
ii=l j

0

We have that

lin a6y = Ha (6 = x(6n), ossety,

and it follows from the Lebesgue dominated covergence theorem (or

even the bounded convergence theorem) that
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lin [‘,le(g, u;) = x(5,u)]ldg =0

i=be @

and

to '

lim L)'Hx(i.un ) - x(g, u)llde = o0.
j—i- [ j

Thus given €>0 there is a positive integer ng, which can be

taken to be one of the integers in the collection n1<n2<n3<“.<nj<°n,

such that

. 0O to
(3.2.13) nj,l;r'ne = A Ib | |x(g,unj)-x(£,ui) | |dg<e/2.

This ng is fixed (it depends only on the given €>0). Now since

x(g,un ),x(c':,ui), i,j=1, 2,3, ... are uiformly bounded on
j

[O,to], it follows that there is a A>0 such that

o
n
€
(3.2.14) o<l ro Allx(e,u )-x(8,u;) | |de<d,
i=1 }§ j

for all nj, j=1,2, 3, ... . There is an integer n€>ng such that
:'o Z
(3.2.15) njanezne = /n5<e/2 .

Denote the sum on the right hand side of inequality (3.2.12) by Sjo

Then given njane, it follows that
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o
1ot
b T [l s csisllon 2T [ lxcen, pestemplia:
) 131 J J]_:n +1 J

Consequently by (3.2.13), (3.2.14), and (3.2.15) one obtains that

n

(3.2.16) n.>n>n° 0sS, <e/2+— z o  le/2}<e
’ € ‘j i=n,+1

Therefore S —0 as j— =, and (3,2.11) is true in view of inequality
J
(3.2.12), This establishes the validity of (3.2.9).

Returning <o inequality (3.2.7) we recall that st (6

is bounded, o~ (t)eQ(t), for Ostgt <T, and the responses
nj o) P

x(v,un), n=1, 2, 3, ... are uniformly bounded on [O,to]., It
follows then from the lower semicontinuity of 491 (hypothesis 3.1.6)

that there is a real number o« such that

(3.2.17) J&(E.X(E,un_). v, (8))20, OsEst
J J
j=1,2, 3, oo » From hypothesis (3.1.6), and relations (3.2.4),

o 3

(3.2.5), we find that

(3.2.18) 1liminf R(g,x(g,u )y (£))2.K(E,x(8,u ) ,u (6)),
J J

j=> -

a.e, on [O,tO], Ucilizing (3.2.7), we find that

>

o to
(3.2.19) 1lim inf JO ,ﬁ(s,x(g,un_), Tn.(g))dg <
J J

n,
I [t
lim inf‘,lTZ [ oj{(i.x(i,un ), u;(8))de
k= Ji=l j
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By virtue of (3.2.17) and (3.2.18), Fatou's lemma [XIII, pg. 167] can

be applied to the left hand side of (3.2.19) to obtain the relation

.. [to R
(3.2:20) lim inf Io k(e,X(E.um). rn‘(E))dF,?IO X(E,x(E,u ) ,u (E))dE.

j-)-eo J J
In view of the definition of K (see (3.1.7)), relations (3.2.9),

(3.2.19), and (3.2.20), we infer that
(3.2.21) K(uo,to)sy.

But as a consequence of the definition of y and the fact that

(uo,to)e ‘ﬂ(n,r) we must also have
(3.2.21%) K(uo,to); .

Combining (3.2.21) and (3.2.21°) we deduce that K(uo,to) =y, and

this completes the proof for Case 1.
Case 2 Ostnsto{r, n=1l, 2,3 ..

We extend each control in the "minimizing subsequence'" to the entire

interval [0 ,tO] in the manner prescribed in Definition 3.1.1, viz.,

t t
let u*¢ C&oo Q) (&Oo (?) # # by Theorem 2.2.3), then define

u (), if Ostst

. .
u*(t), if tn<tst° .

and u QAto i f
h €A (), n=1,2,3, ... . Case 2 can then be disposed o
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by retracing the steps used in proving Case 1 utilizing the "modified
minimizing subsequence" in lieu of the one used in the proof for Case 1.
A good many of the details in the proofs of Theorems 3.22 and
3.23 (below) are quite similar to those given in the prbof of Theorem

3.2.1. For this reason we shall use an abbreviated exposition in the

proofs of the next two theorems,

THEOREM 3.2.2. Let the hypotheses of Theorem 3.1.1 and Hypothesis

3.1.6 remain in effect. In addition suppose the followin}_ hypotheses

are also satisfied:

(1)%0a,T) # 9 ;

(ii) For each te[0,T], '3 j_s_convex.i_n_tixe variables (x,u)eRanm,

ie., for each te[0,T] and (x,u), (v,M)eR"*R", p, q,20, p*q = 1

the inequality

h(t ,pxeqy,pusqicp K (t,x,u)+q & (t,y,V)

holds (the special case p=q = % suffices for the proof of this

theorem). Then there is a (uo,to)e 2(n,I) such that K(uo,to) =

inf K(OWQR.T)) =y -
d

Proof: We may assume there is a sequence
(3.2.22) (u,t )eUR,I), n =1, 2, 3, ...

such that
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(3.2.23) (a) tn—b-toer‘ (monotonely) as n—»-« 3

(®) uu (k) as m=e, (at)e URLT);

(c) K(u

ot )= y> e as n-=o,
n'n

Just as in the proof of Theorem 3.2.1, there are two cases:

Case T Osto.s;nsT, ns=1, 2, 3, .-
Case II Ostnstos'r, n=1l,2,3, oo ¢

We consider Case I. By the Banach-Saks theorem (Theorem 2,2.1) there

is a subsequence of {(un’tn)}’ which we still denote by {(un ,tn)}

such that

n
1
(3.2.24) oy * T §.1 u;—u (st), t >t as n—>-e.

Then (consult [XI, pg. 87]) there is a subsequence of {("'n’tn)}

say {(fn.’tn.)} such that
}J )

(3.2.25) g—nj—»-uo(aoed on [O,tO],tnj-vto as j=»o ,

It follows from (3.2.23) (b) and (3.1.4) that
(3.2.26) x(t,un)—h-x(t,uo) as n—-o 0<ts.t° o

From (3.2.26), (3.2.23) (b), (c) we obtain that
n,

1 ¢
(3.2.27) (a) lim = ] x(t,u) = x(t,u), O<tst ;

j-bco j i=]

(b) lim K(u,t) =y = lim r

® A (£,x(8,u ) u_(£)de;
N> =

0

.1 to -
(c) ;:: ;{jz fo z&(E,X(E,ui),ui(E))dE = Yo
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The convexity condition (hypothesis (ii)) on 492_ gives

n. n,
to 1 I 1 o)
(3.2.28) [ &(g,= x(6, u.),= u, (£))de
0 " ny £ 1ny Lot

n.
J
& 1 [PReaxtu, wee .

Then in a manner entirely similar to that presented in the proof of

Theorem (3.2.1) one may establish that

which completes the proof for Case I.

The details of the proof for Case Il will be omitted.

The force of Theorem 3.2.2 is that the Lipschitz condition
(hypothesis (iii) of Theorem 3.2.1) on /% may be dispensed with, if
we require that ,Oe be a convex function in both the variables (x,u).
The question which now arises is: Can the Lipschitz condition
(hypothesis (iii) Theorem 3.2.1) and the convexity requirement in the
variable x both be omitted? Insofar as the author has been able to
to discover, the answer is a qualified yes, but at the expense of
imposing other very restrictive hypotheses on the function ﬂ{ such as

those given in the following theorem.

THEOREM 3.2.3. Let the hypetheses .of.Theorem 3.1.1 be satisfied.

Suppose the following conditions are also true:
(i) oa,r) £ 98 ;

(i) R(t,x,u) = a(t,x)+bi(t,x)ui(t)+cij(t,x)ui(t)uj (t)
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(with summation on i, j =1, 2, ..., m), and the mappings a, b

i’
cij’ i, j=1,2, ..o m are required to satisfy the additional

restrictions:

(a)a,bi,cij:[O'.T}xR]l-R, i, j=1,2, ..., m are each continuous;
(B) For each (t,x,u)e[O,T]anme we have cij (t,x)uluJ;O (with

summationon i, j =1, 2, ..., m and c..=c,., i, j=1,2, c0o, M

ij ji

Then there is a (uo,to)e (Q,T) such that K(uo,to) = infK(o\(Q,T))zy

Proof: In accordance with Theorem 3.1.1 there is a "minimizing sequence"

{(u,t)} in OU(@,I) such that

(3.2.29) (a) un-w-uo(wk), tn—>t° (monotonely) as n—»«, and
(u,,t,)eU@,T) 5

(b) K(un,tn)-»y Se® 25 o

As in the proofs of the two preceding theorems, we consider the two

cases:
Case '1_ Ostostns’l‘, n=1, 2, 3, ...}
Case 2 Ostnstos'r, n=1,2,3, o0 o

First assume that Case 1 holds. Then from (3.2,29) (a) and

(3.1.4) it follows that
(3.2.30) x(t,un)—-vx(t,uo) as n== ~on [O,to].

By hypothesis (ii) (a) of this theorem, relation (3.2.30), and the
Lebesgue dominated convergence theorem (its applicability is easily

justified), it is determined that
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t
G.230  pin . [t s xts 0 )de - |

° a(g,x(g,u))de .
0 .

Also by (3.2.30) and hypothesis (ii) (a) of this theorem we deduce

that

(3.2,32) lim bi{t,x(t,un)) = bi(t,x(t,uo)),

n—> o
i=1,2, ..., m whenever Oststo .

The following inequality is easily seen to be valid:
Lo . .
(3.2.33) | | b, (8,x(8,0))u (6)-b; (6,x(E,u )u (8) Mg | <

to I
| Jo {b, (&,x(&,u))=b; (E,x(E,u ) }u_(E)dE | +

t

1,0 PiCEax(u) G -ug e |

for n=1, 2,3, ... (summationon i=1, 2, ..., m). Both

terms on the right hand side of inequality (3.2.33) converge to zero
as n—«, The first term does so by equation (3.2.32), the fact that
{ui(&)l i=1,2, ooymyn=1,2, 3, ..., OSEStO} is a bounded set

of real numbers, and the Lebesgue dominated convergence theorem. The

second term on the right hand side of inequality (3.2.33) converges
to zero as n—> » because of the weak convergence of the sequence

{uh-uo} to zero as n—> =, We thereby have that

(3.2.34) 1lim r° b, (£,x(E,u ))ui(g)dg - Ito b irvg
Y e Jo TR o PilEX(Euu ()

(with summation on i =1, 2, ..., m). Next it will be established that
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t .
(3.2.35) lin int [o° esxtamnul @ e

to ; s
fo cij(E,x(s.uo))uo(g)uo(g)dg .

Define S, ® YU, B = 1, 2, 3, ..., then sn—#O(wk) as n—- o,

and U = s +u—>u (Wk) as n—=. We have the equality
i j _ i j
(3.2,36) cij(s.x(E.un))un(E)un(E) = cij(E.X(a.un))sn(E)sn(E) +
55 (Eax (B, U (D) s] (B)vey s (E,x(E,u))sh(W (6
cij(g,x(g,un))ui(i)ug(i) »

for OszstO, It follows from (3.2.36) and hypothesis (ii) (8) of

this theorem that

(3.2.37) e (8,x(6,u))up ()W) (6)32¢, (5, x(E,u )5y ()l (6) +
¢35 (Eax(8,u ) (9w (8)

for Oszsto, From (3.2.37) it follows that

o i j
(3.2.38) f: cij(E.x(E.un))un(E)un(E)dE >

[to i J
2 0 cij(g,x(g,un))sn(e)uo(s)de +

't
JO

0 i j
cij(E.X(E.un))uo(ﬁ)uo(i)ds .

It is a simple matter to prove that
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to .
(3.2.39) lim 2,[0 cij(5.x(£,un))5,i,(£)uf,(£)d£ +

n—-

t -
lim Joo cij(E,x(E,un))u;(E)ug(E)dE =

n—-
[ ey
0 cij(E’x(‘g’uo))uo(g)uo(g)dg °

In order to demonstrate the validity of (3.2.39), we observe that
because of (3.2.30), and the continuity of the cij’ i, 3=1, 2,
«oc; M, the second term on the left hand side of equation (3.2.39)
coincides with the term on the right hand side of the same equation,
It therefore clearly suffices to prove

: to i,
(3.2.40) 71::-:» 2 [o €35 (8sx(E5u )]s (E)u (£)dE =

to . .
i 2 i j
;:2.° [0 cij(E.X(E.uo))sn(s)uo(g)dg ,

since the right hand side of (3.2.40) is clearly zero in view of the

fact that sn-bO(wk) as n—»==, The {s;} = {u;-u;} are uniformly

bounded on [O,tO]° Thus in view of (3.2.30) and the continuity of

.1, j=1,2, ..., m we have that

the c.
1)

.t o
,1,.1_',"., foo 5 (E”X(E’un))'cij(E.X(E.uo))}s;(g)ug(g)dg =0,

thereby proving (3.2.40). By (3.2.38) and (3.2.39) we have that

: .
G241 1iming [o° ey eaxtemnuiod e »

ta R .
[o esytEaxtemulierd e .

It is once again trivial to prove that
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t
(3.2.42) lim K(u ,t,) = lin f0° J(£.x(E,u) ,u, (5)) d

where -k is given in hypothesis (ii) of this theorem. Therefore by
(3.2.31), (3.2.34), (3.2.41), and (3.2.42) we obtain that

y = 1lim inf K(u_,t )2K(u_,t )2y
n—- o n) n o’ 0o 7V

with (uo,to)e UQ,T). Thus the proof for Case 1 is complete,
since K(uo,to) = v,

We omit the details of the proof for Case 2.

3.3 Applications

Let (R°,||+]]) be the usual euclidean space of n-dimensions,

1 2 n

where for x = (x ,x%,...,x )eRn,llxllz = Z(xi)z. For ¢>0 define

J_ = () |x,yeR", |-y | <e}.

Then } = [{J€|e>0}] is the uniform structure on R" induced by the

. Also for AC R" we define the "diameter of A" to be

norm ||
(3.3.1) §A) = sup {||x-y|| |x, yeA} .
We also shall have occasion to use
(3.3.2) A(A,B) = inf {||x-y|] |xeA,yeB} ,
A,BCR",
Let f[a,b]c R be a compact interval. Suppose F is a

mapping, F:[a,b]— G(Rn) (for the meaning of the notation consult

Chapter II), If F(t) # @8, agtsh, then we define a mapping
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2( :[a,b]xR“-R by the equation
(3.3.3) R(t,0) = A(ix}, F(t) ).
where A is defined by (3.3.2). We have the following theorem,

THEOREM 3.3.1. Suppose F is usci on [a,b], then ,&:[a,b]xkn—t-k

is 1sc on [e,B]xR",

Proof: It is well known that for fixed te [a,b],)z(t,-):R"—»R

is continuous [IX, pg. 120]. It will now be demonstrated that

Py (*,x) is lsc on ([a,b] (uniformly with respect to xeR").
Since F 1is usci on [a,b], then for te [a,b], €>0, there is a
ae,to >0 such that

(3.3.4) te[a,b],lt-tolqse.to imply F(t)cJ_,,[F(t)].

Thus if t:r:[a,b],|t-t°|<'3€.t , there is a y , eF(t) such that

o]

X (t,x)%e/2 >||xy, ||, and by (3.3.4) there is a b, cF(t )
t,x AR

such that llyt’x-bt || <e/2. Now by the definition of R(t_,x)
(o]

(equation (3.3.3)) we have

it sl b 1] € Fxere fl1 +llrg, b 11+

Thus if te[a,b], lt-tol < Ge.to’ then

Rt )< h(t,0s /20 €72 = R0 e

Whence }z_(-,x) is lsc at toe[a,b], and the above Ge,t; 0
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depends only on ¢ and t, Finally it must be established that
jt:[a,b]XRn->~R. is 1sc, Thus given toe[a,b] and €>0 pick

8 >0 such that
€st,

(3.3.5)  telabl,fe-t | <5, imly k(x> kit ,x)- /2,
"o

for xeR". Let xoeRn, then because D{(to,-) is continuous at

3 *
Xy there is a § to’xo’ > 0 such that

*
(3.3.6) le-xoll < Gto’xo' implies I.%(to,x)- Qlto,xo)l <e/2.

*
» 8

Define &, = min (6 t x
o 0’0’

1 ), then Hx-xoll <& and

e,t 1

It-tol <$§,, tefa,b] imply
(3.3.7) @ k(t,05 Qe ,n0- /2,

®) Kieg,0>kez,,x)- /2.

Combining (3.3.7) (a) and (b) We obtain that R is 1sc at

(to,xo)e[a,b]xR"°

THEOREM 3.3,32, If F is lsci on [a,b], then f is uscon
[a,b]R".

Proof: Just as in the proof of Theorem 3.3.1, the mapping 4(t,*)

from R® to R is continuous (t 1is fixed, agtet). It will now be
proved that JQ(-,x):[a,b]—»R is usc (uniformly with respect to xeRn)°
Suppose toe[a,b] and ¢>0, then in view of the assumption that F is

1sci on [a,b], (in particular at to) it follows that there is a

§ > 0 such that
e,to
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(3.3.8) te[a.b].|t't°|<5e,to imply Je/z[F(t)] DF(t).

By the definition of )k(to,x), there is a y  _eF(t)) such that
o.

(3.3.9) 1y (1< Ritgmver2 .

From (3.3.8) we obtain that if te[a,b],lt-to!<6e then there is
»

t ]
0

a b.eF(t) such that ||bt'yto,x||<e/2' Whence if te[a,b],|t-t°|<6e’to,

then from 3.3.9 it follows that
(3.3.100 ket 0¢l [x-b | <l |*'>'to,x| |+] |>'t°,x'bt| I
<kjt°.x)¢e/2+e/2 = Qz(to,x)+e .

It follows from (3.3.10) that R (+,x) is usc at t_e[a,b] (umiformly
with respect to xeR"), Thus if (to,xo)e[a,b]XRn and ¢70, there is

a 68 + >0 (depending only on >0 and toe[a,b]) such that
"o

(3.3.11) te[a,b],|t-t |<s_, imply Act,x) < k(t_,x)se/2 ,
"o

for xeR". Because Jk(to,-) is continuous at xoeRn there is a
*

Gt € x >0 such that
o’ o

*
(3.3.12) ”x-x°“<6to"""o implies |&(to,xo)-&(to,x)|<e/z .
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*
Define 61 = min (Gto’e.xo,ﬁe’to), then combining inequalities

(3.3.11), (3.2.12) we obtain that
(3.3.13) ts[a,b],lt-t°|<61,|Ix-xofi<61 imply

k)< kit x)ee

Whence % is usc at (to,xo)e[a,b]XRn. This completes the proof.
"Partial" converses of Theorems 3_.3.1 and 3.3.2 are also

true, viz,,

THEOREM 3,3.3. If k(-,x):[a,b]—-rk is 1sc (uniformly with respect

to xeRn), then F is usci on [a,b].

Proof: Suppose toe[a,b] ,€>0, then there is a 68 ¢ >0 such that
)

(3.3.14) te[a,b],lt-t°|<6€t imply g{(t,x)>-ﬂt(to,x)-e »
o

for xeR"., Thus if te[a,b] and et <5 and xeF(t), then

ato’
ﬁ_(t,x) = inf {||x-y]] | yeF(t)} = 0. Whence Og -Q.(to,x)< € .
Consequently there is a yeF(t ) such that | |x-y||<e (by the

definition of &(to,x)). Therefore xeJ_[F(t.)], and we have

thereby proved

te[a,b],lt-to|<68’to imply F(t) c J_[F(t)] .

This completes the proof,

We also obtain
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THEOREM 3.3.4, If k(nx):[a,b]-b-R is usc on [a,b] (uniformly

with respect to xeRn), then F is lsci.

Proof: Let toe[a,b], and suppose €>0. Then there is a Ge e 0
?
o
such that

(3.3.15) te[a,b],lt-tol <§_. imply Se(t,x) <k(t ,x) + e,
*"o
n .
for xeR'. Let te[a’b]"t°to|<6e,to’ xeF(t_), then ﬁ,(to,x) =0,

Whence Og k(t,x) <g, Thus from the definition of -&(t,x) there
must exist a yeF(t) such that ||x-y||<c. Therefore xeJ.[F(t)].
In summary, it has been demonstrated that

(3.3.16) te[a,b],lt-t°[<68’t° imply J_[F(t)] DF(t.),

which proves that F is lsci at tos[a,b]°

COROLLARY 3.3.1. If F is continuous on {a,b], then k is
continuous on [a,b]xR"° Moreover, if £ (*,%) is continuous

(uniformly with respect to xeRn) on f[ab], then F is continuous

on [a,b].

Proof: When F is continuous on [a,b], them F is both usci and
1sci on [a,b] (Theorem 2.1,2). Thus by Theorems 3.3.1 and 3.3.2

k is both 1sc and usc on [a,b]xR", and consequently % s
continuous on [a,b]xR". On the other hand if R (+,x) is continuous
(miformly with respect to xeRn) on f[a,b], then the hypotheses of
Theorems 3.3.3 and 3.3.4 are fulfilled. Therefore F 1is both usci and

1sci on [a,b], and so by Theorem 2,2.2 F must be continuous on [a,b].
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THEOREM 3.3.5. If F(t) is convex for each tec[a,b], then ){ is a

convex function _5£ the variable xeRno

Proof: See [II, pg. 5].

Remark 3.3.1: We cannot conclude from the hypothesis of Theorem 3.3.1
that .Q is continuous. Consider the example: Let F:[O,l]-o-G(RZ)
be defined by

{(an)lxz‘yzf 1, x, yeR}, if t =0

F(t) =

(x| (x-1)2sy%< t2, x, yeR}, if t#0.

Suppose h = (1,2)eR2, then

-/6-2@ $£2, if t=0
L(t,h) =

_ 2-t, if O<tgl .

It is clear that F is usci on [0,1], however, ,ﬁ,(-,h) is not
continuous at t = 0, so aQL is not continucus. It can be shown

that 2, is lsc on [0,1]xR2.

Remark 3.3.2: We cannot conclude from the hypothesis of Theorem 3.3.2

that & is continuous. Consider the example

2
((x,y) | xPoyl s t2

» X, YeR}, Og t< 1
F(t) =

{(0,0)}, t =1
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let h = (0,1)eR?, then

l-t, Osgt<l
ke, =

1, t=1 .

Clearly %(°,h) is not continuous at t =1, and F is lsci on

[0,1]. Evidently X is usc on [O,I]xRZ,
Although we do not intend to make immediate use of the following

two theorems, they appear to be of some interest, and are included for

future reference.

THEOREM 3.3.6. Let F be usci on [a,b]. Then the mapping

w:[a,b]—»R*::t-t-q(t) = 3(F(t)) is usc on [a,b] (R* denotes

the extended real number system; the definition of & is found in

eq. (3.3.1)).

Proof: Let t ot»:[a,b]. It is clear from the definition of ¢ that
osw(t°)<+ o , There are two cases:

Case 1 w(to) = 4o , The proof is trivial in this case,

Case 2 Osu(t )<+ =,

Given €e>0, there is a Ge t >0 such that

"o

(3.3.17) te[a,b],lt-tokae’to imply JEIS[F(to)]DF(t).

It will now be established that

(3.3.18) tefa,b],jet [ <5, o imly

G(Ft)<s(Je,3[(Ft)1)<S(Ft°)+e .
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The first part of the inequality in (3.3.18) is clear, in view of

(3:3.17). Thus we shall only prove that (Je/S[F(to)]) < G(F(to))+e.

Let x, yeJe/S[F(to)], then there exist 2, boeF(to) such that

(3.3.19) l1x-a || <e; |ly-b || <e/3.

But since a, boeF(to), it follows from the definition of & that
- \

(3.3.20) Hao bol | < §(F(t))).

Combining inequalities (3.3.19) and (3.3.20) we conclude that

(.5.20 syl s lxeagll + HlagblI+[1bgeyl |

<e/3+ e/3+ 8(F(t)) = 1%. 5(F(t,)).

Since x,y were arbitrary elements of Je/SIF(to)]’ it follows from

the definition of 6 that

500, p5lF(EI ) < 5 e+ 8(F(t)) < S(F(t D) <.

The validity of (3.3.18) is thereby established, and consequently

¥ is usc at toe[a,b].

THEOREM 3.3.7. If F is 1sci on [a,b] then the mapping ¢

defined in Theorem 3.36 is 1sc on [a,b].

Proof: Suppose toe[a,b], and € > 0, Then there is a Ge e 0
»
o

such that

(3.3.22) te [a,b],lt-t°]< §. . imply Je/3 [F(t)] DF(t).
"o
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From (3.3.22) it foilows that

-

(3.3.23) te[a,b],lt-t°|<6s ¢ imly S(F(t))s G(Je/S[F(t)]).
*"o

1f G(F(to)) = ‘s o, then G(Je/3[F(t)]) =+ o, for tela,b],

lt-tol <8, R Jhus let heR, then there exist x, heJe/S[F(t)]
such that )
(3.3.24) Hx =y, |1 >he

But since xh’yheJe/S[F(t)]’ there must exist a,beF(t) such that
(3.3.25) l1x-all<e/3, [ly,-bl}<e/3.

Thus by (3.3.24) and (3.3.25)

(3.3.26) hellxp-yy |l [1x-al| ¢} 1a=b] [+][b=y, ||

<|la-bl]s & .

Whence te[a,b],|t-t |<§ imply
o et

§(F(t))2h - zq,i- .
Therefore
: 2¢
inf {§(F(t))] It-tol <8, £, te [a,b]}>h-3- ,

and consequently

lim inf G(F(t)))h-z% .
t-i-to
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Since h was arbitrary, it follows that 1lim inf §(F(t)) =

t—->t
o

¢ o= G(F(to))a Whence if G(F(to)) =+« then Yy is lsc at to.

1f G(F(to))< + . then it will be demonstrated that

(3.3.27) G(Je,le(t)])@ (F(t)) +c ,

with equality holding iff S§(F(t)) = + =, In case &(F(t)) = 4= ,
the proof of (3.3.27) (with strict inequality) is very similar to the
proof of (3.3.18) in Theorem 3.3.6, so we will not prove (3.3.27) in
this case, Moreover, if §(F(t)) = + », then both sides of (3.3.27)
are + =, Thus using (3.3.23) and (3.3.27), and the assumption that
G(F(toj)< +» , we have that
(3.3.28) te[a,b],|t-t | < ae'to imply 8(F(t))) < 8(F(t))+e .
In either case (G(F(to) finite or infinite) ¢ is 1sc at to and
this completes th? proof.

We are now able to generalize (in a sense which will be made
more precise below) a problem stated by Pontryagin et al [XV, pg. 197
ff.] concerned with the application of the mathematical theory of
optimal control to a problem in the approximation of functions. In
this connection consider the linear optimal control problem (consult
Section 3.1 for the formulation), with the "moving target set"
F:[O,T]-»C(R“) satisfying the hypotheses of Theorem 3.1.1 as
well as the condition that F(t) is convex for each te[0,T], and

UO P ‘rF(t) is bounded. In addition let all of the hypotheses of

Theorem 3.1.1 remain in effect. Then
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B = {x(t,u)l(u,tl)e"(,l(s'z,l‘), 0 st {tl} .s

is a bounded subset of R (see equation 3.1.4). It may easily be
demonstrated (in view of Theorem 3.3.1) that the mapping
.&:[O,T]xcoee-k (where coB denotes the convex hull of the set Bg)
satisfies the conditions in hypothesis (3.1.6). Now instead of using
F to define Q},(Q,I‘) as was done in (3.1.5), we use Ff[O,T]—»

8 (R ::t—F*(t) = R* to define A4(R,I) in (3.1.5). With this
understanding, it is clear that 611(9,1‘) ¥ #§. We infer from Theorem
3.3.5 that ,Q, satisfies hypothesis (ii) of Theorem 3,2.2, Thus

if Jh:[0,T)xR"xR">R satisfies (3.1.6) and hypothesis (ii) of
Theorem (3.2,2), then 9;,+ ﬁ\ is a mapping of the same type satisfying
(3.1.6) and hypothesis (ii) of Theorem 3.2.2. We therefore define

K: fﬁ(n.r)-k (note that F* rather than F was used to define

°l:l(9.r )) by the equation

(3.3.29) K(uptl) = I:l &(E 2X(E,u))+ ﬁl(gsx(Eau) ,u(£))dg,

for (u,tl)eﬁ(n,r). Theorem 3.2.2 may then be applied to give the

existence of a (uo,t o)eﬂl(n,r) such that
K(ugsty) = inf K(U®,M)>- =

Actually it appears that especially J(t,x,u) =||u] |2 in equation
(3.3.29) would be a reasonable choice for a cost functional in many
instances, and as was just pointed out some of our existence theory in

this chapter applies to this case. The reader will no doubt perceive
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several other variations of this cost functional to which our results
may be applied. The problem (mentioned above [XV, pg. 197 ££f.]) which
Pontryagin and his associates considered was the special case when

F(t) = {y(t)} = singleton point set, where, for example,

y:[0,T]=R is required to be continuous and the cost functional is

f; (x(t)-y(1))? at.

This functional is to be minimized on the class of all functions
x: [0,T}-R which have continuous derivatives up to and including
those of order n, and the nth derivative x(n) satisfies a

Lipschitz condition with constant a.



CHAPTER IV
THE EXISTENCE OF OPTIMAL CONTROLS
FOR
NONLINEAR SYSTEMS

4,1 Formulation gg_the Problem

In this chapter it will be assumed that the control system
can be described by a system of real ordinary differential equations

of the form
(4.101) X N = fI(t.xl.ooo.xn,ul,ooo’um). i = l’ 2. cocy n’

where x as usual denotes differentiation with respect to the real
independent variable t. If we write f = (fl,...,fn), xs= (xl,...,xn),

us= (ul,...,um), then (4.1.1) can be more concisely written as
(4.1.1') x = f(t,x,u).

The symbol u appearing in (4.1.1') is called the control parameter.
As is customary when u is given as a function of t, u will be

called a control function (or simply a control). The variables (com-

ponents of u), ul, i=1, ..., m will sometimes be referred to as

control variables. In this chapter Q@ is a fixed compact subset of

R™ (9 1is nonempty), and T> 0 is a fixed real number. Suppose T

72
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is a nonempty closed subset of [0,T], then we define the set GJ(q,T)
as follows: (u,tl)eGU(n,F) iff

(i) u is a function, u:[O,tl]-b-Rm, and u(t)eR, 0 ¢t <t

1

where tler H

(ii) ueryfo,t,] .

It will be necessary to make suitable assumptions on the functions
£,i=1,2,..,n appearing in (4.1.1), which will guarantee that
given (u,tl)eGULQ,P), xoan, then there exists a wnique absolutely

continuous function (absolutely continuous rosponses to the control u)

x(o,u):[o,tl]-v-Rn satisfying (4.1.1') almost everywhere (a.e.) on [O,tl]

and the initial condition
(4.1.2) x(0,u) = X

We intend to make use of a classical uniqueness [XIII, pp. 345-346] and
existence theorem "in the large" [XIII, pg. 342] in the theory of real
ordinary differential equations, With this in mind the following

assumptions are made:

(4.1,3) The mappings fi:RxR"me-—R, i=1,2, ..., n are continuous
in (x,u) and integrable with respect to t for each fixed

(x,u) in Ranm;

(4.1.4) The Lipschitz condition holds. There exists a constant L > 0

such that for any (t,u)eRme

[ £t x,w-£(t,y,0) || < L] |x-x, ]| ,x,x,eR",

where for x = (xl....,xp) R® we define”lIxIlz.Z(xi)2 ;

»
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(4.1.5) For all ueR" (uniformly)

ECt,x,u)| < ne) [C+] |x] |1

where u is integrable on every finite interval, and C is a positive

constant.

Then hypotheses (4.1.3) through (4.1.5) are sufficient to insure the
validity of the desired result: Given (u,tl)eGU_(n,r), xoeRn,
there is a unique absolutely continuous response x(+,u) to the
control u satisfying (5.1.1') a.e. on [o,tl] and the initial
cendition (4.1.2),

let 7 be a mapping, J:[0,T]-QR™); such that
J(t) #9 for each te[0,T], and let \J be usc on [0,T] (see
Section 2.1 for the definition of this terminology). Define °]_1_(.Q,I‘)

to be that particular subset of QL(Q,T) given by

(4.1.6) U@, = {(u,t )eU@,0) [x(t; ,wed (t)} .

We introduce the mapping £2 : RxRMxR"—R subject to the same
restrictions which have been imposed on the fl, i=1, ..., n in

hypotheses (4.1.3) through (4.1.5). Then the mapping K:(?,r)—R

given by

(4.1.7) K(u,t,) = ﬁl £°(¢,x(£,u) ,u(£))de ,

(ul.tl)e%(g,r), is well defined. The problem which we shall
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consider in this chapter is
(4.1.8) K(u,tl) = minimum on Gﬁ(n.r),

As was suggested in the introductory chapter only one aspect of this

problem, (4.1.8), will be discussed, viz., the existence of a

(uo,to)e‘u,(sz,r) such that K(uo,to) is a minimum on QYa,r), i.e.,

K(uo,to) < K(u,tl), for each (u,tl)saﬂ.(ﬂ,r).

Problem (4,1.8) will be called the optimal control problem for non-

linear systems,

It is our intention in this chapter to become in a certain sense

more restrictive in our assumptions regarding ’{L(.Q,I‘) than Roxin {17],
but at the same time we shall relax considerably the requirements on
the mappings £, i =0, 1, 2, ..., n in (4.1.1) and (4.1.7), and then
demonstrate the validity of several existence theorems for problem
(4.1.8). In particular Theorem 4.2.1 will yield as corollaries: an
existence theorem proved by Lee and Markus [11, pp. 46-47], and an
extension of the above cited theorem of Lee and Markus, as well as

have important implications of its own.

4,2 The Existence 9_{ a Solution to the Optimal Control Problem (4.1.8)

within the Class O):),(fz,r‘]°

DEFINITION 4.2.1, 9Y(e,r) is said to be strongly compact in itself

-~

iff any sequence (un,tn)e‘u(fz,r), ns=1, 2,3, .,. has a subsequence

N
(unk,tnk), k=1,2, 3, ... such that tnk—rto, and unk—ruo (st)
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as k-« for some (uo,to)e‘u(ﬂ,r), where ?xnkel;(lo,tol) is

defined by

- .
u |[0,t ], if t gt
n o o n

k=1,2,3, .., where u I[O,tol denotes the restriction of
k

u"k to [O,tol. and u“k is defined by

[u_ (), if 0 gt <t
M b

u* is a fixed element of Q .,

THEOREM 4,.2.1. _lﬁ_t_hmtheses (4.1.3) through (4.1.6) ﬂq_ge_
followin; hmtheses 93 fulfilled:

(A) @ is a compact (nonempty) subset of R™;
®) U@, AP

© J:[0,TI+€R™ isuscand J(t) §9, 0 st sT;
(D) Oy(@,r) is strongly compact in itself.
Then there exists a (uo,to)e‘ﬁ(n,r) satisfzing (4.1.8).
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Proof: First it will be shown that the responses x(+,u) to controls
(u’tl)ecu(n »I) are wniformly bounded. To this end suppose

(u.tl)e‘u(n,r), then we have that

4,2.1 d t dx(t
( ) étLIMlLL){ ”a.:l_hul”. a.e., on [O’tll.

Both ||x(¢ u)|], x(+,u) are absolutely continuous on [0.¢t,1.
Therefore there is a set Eoc: [0,t1] such that, the measure of E,
is zero, and x,||x|| are finitely differentiable on [0,¢,1-E,.

Now pick an interior point tog [0"‘1] such that dx(to,u) and

dt
a( Ix(to,u)l ) both exist, Consider the two difference quotients
dt
Hx(t,) ] = [lx(egwf] [1x(t,u)-x(t ,u)]||
?
t-t o t-t °

with t>t o sufficiently small so that te [0,t1]. We observe that

| Hxte,wl] - [xtewll | < lxt,w-x(t ,w)|] so that
Hxte,w - lixegwll Hxet,u-x(e ,ul]
&
t-to N t-to

and since x(+,u),||x(*,u)|| are both finitely differentiable at t
we have the validity of (4.2.1) at any t oé {Interior[o,tll}—ﬁo, and
consequently (4.2.1) is true a.e, on [0,t1]. Hypothesis (4.1.5) and -

inequality (4.2.1) imply that

t
@2 lxewll <lixll+ [0 ucseixcs,wll1as
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for tE[O,tI]. From inequality (4.2.2) and a slight extension of

Gronwall's Lemma [XVII, pg. 48, Exercise 1] it follows that

(4.2.3) [Ix(t,w 1] < [l1xgl1+C] exp ( [: M(s)ds ), O stst).

Since (4.2.3) holds for all (u,tl)e"u(ﬂ,r), it follows that
Cx(t,u)}0 ¢t g t,, (u,tl)e”u(n,r)} is bounded.

The same assumptions were made on the function £°
appearing in (4.1.7) as were made on the functions fi, i=1, 2,
essp N (in particular (4.1.5) holds with f replaced by %-
(f?fl,...,fn), so that if x is replaced by X = (xo,xl,...,xn),
inequality (4.2.3) retains its validity), so it is immediately
inferred that {K(u,t,)|(u,t;)eqU(2,1)} is a nonemty bounded set

of real numbers. Consequently

(4.2.4) memﬂﬂHmHkﬁmJH Y, +® <y <=

d
Select a “minimizing sequence: (uh,tn)eql(n,r), nel, 2,3, ..,

i.e., let (u,t)ell(a,1), n=1,2, 3, ... be such that
(4.2.5) K(un,tn)-b-y as n=—>o,

There is a subsequence of {(un,tn)}, which we shall still call
{(“n'tn)}’ such that t > some terl (monotonely) as n—»- o,

There are two cases:

c&l osto’stn §TD ns= 1. 2. 3. XX ;
E&& °<tn§to\<T» nll,2,3, [ X X .
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We shall dispose of Case 1 first, Since ‘\1(9,1‘) is strongly
compact in itself, we may select a further subsequence of {(un,tn)}
(still denoted by {(un,tn)}) such that un[[o,tO] (the restric-
tion of u to [o,to]) converges strongly to some u, such
that (uo,to)eaﬁ(n,r). It is therefore follows that (see [XI,
pg. 87]) there exists a further subsequence of {(un ,tn)} (still

called {(un.tn) }) such that

(4.2.6) un.(t)-)uo(t) as m>> a,e, On [O,to], and t =t

(monotonely) as n— = ,

The responses corresponding to the sequence of controls in (4.2.6)
are given by

t
(402'7) x(tlun) = xo + '[O f(gtx(giun) Onn(g))dgi

Oststn. n=1,2,3, ... . Itis our intention to show that the
family of functions, {x(-,un), n=1,2,3, ...} is equicontinuous

on the interval [O,tol. Thus let tl,tze[o,to] and observe that

ty
[1x(t ,u)-x(ty,u) s Lm [1£C8,x(8,u ) ,u (D) ] lde ,

where t, = max (tl,tz) and t - min (tl,tz)o Consequently by

hypothesis (4.1.5)

t
[1x(ty,u)-x(ty,u ) | l< It: u(g) (Col x(&,u ) || 1dE .
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From (4.2,3) it follows that there is a constant H>0 such that

le(t,un)”di, n=1,2,3, ..., Ostst. Therefore we obtain that

t
(4.2.8) 1%ty 0 )-x(ty,u) | [s[HeC] L: u(e)de .

But the finction ‘¢ defined by ¢(t) = It u(g)dg, Ostst ,
0

is absolutely continuous on [0 ,to] » 2 fortiori uniformly continuous

on [O,to], so that given ¢>0 there is a 6>0 such that
Itl't2'<61 tlu tze[o»tolﬁl Ix(tlyun)‘x(tzpun)“<eo

for n=1,2, 3, ... . Whence {x(o,un)} is a uniformly bounded
equicontinuous family of functions on [O,tO]. Thus by the Ascoli-
Arzela Theorem [X, pg. 61] there is a subsequence of the {x(-,un)},
and a corresponding subsequence of the sequence {(un,tn)} (which
we still call {x(- ,un)} and {(un,tn)}, respectively) such that
x(t.un)—-f(t) wifornly on [0,t ] as n>=, and u—u (a.e.),

t "ty 3 = Now
t
x(t,u) = x ¢ Io £(E,x(8,u,),u, (8))dE

Ostst , and ||£(&.x(E,u),u (6))]|<[HCIu(E), Ogtst , so by

the Lebesgue dominated convergence theorem we obtain that

t
(4.2.9) X(t) = x ¢ fo £(£,%(E) ,u, (6))de,
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Oststo, and therefore X is the unique response to the control u,

having domain [0 ,tO]. It follows that

x(t) = x(t,u), Ostst .

It must now be shown that
(4.2.10) *(tn’un)-)'x(to’uo) as m> o,

In order to accomplish this we first observe that

t
[xCe o )extt_u)] | L: | 1£06,x(8,) u (9 4

t
< L" [HeCJu(E)dE ,
(o]

and since tn—no as n—> , the last inequality gives
(4.2.11) lim  x(t_,u) = lim x(t_ ,u) .

> o n’™n > o o’ n
It follows from relation (4.2.11) that
lim  {x(t_,u )-x(t_,u)+x(t ,u)] = lim x(t_,u ) = lim x(t_,u ) = x(t_,u)
n-w AN n’'n o’n e MM e O'N o’’o
(note that it has already been demonstrated that x(t .un)—b-x(t ,uo)
as n—> =, Oststo), Consequently the validity of relation (4.2.10)
has been established, Thus we have t =t as n—»w,x(tn,un)e J(tn),
n=1,2, 3, ..., and relation (4.2.10), so from Theorem 2.1,3 it

follows that

x(toxuo) € J(to) ’
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thereby showing that (uo,t o)e°&(9,t‘).

Finally we have that

KCuit,) = [ 02,060, )6ty = v

as n—>= (by (4.2.6), (4.2.9), the continuity of fb, and the Lebesgue
dominated convergence theorem), This proves the theorem for Case 1,
The details of the proof for Case 2 are similar enough to those exhibited
for Case 1, so that we shall not supply the details of the proof of the
theoren for Case 2.

In the remainder of this chapter we shall change the definition
of 9 (Q,r) several times. The sense in which it is to be understood

will be announced in each of the remaining corollaries,

COROLLARY 4,2.1, Suppose hypotheses (4.1.3) through (4.1.6) and the
following hypotheses are satisfied:

(A) @ is a compact (nonempty) subset of R" ;

(8) UER,T) 48 ;

(C) The mapping /J:[0,T}=B(R") is usc and J(t) # 9, Ost<T;

(D) There is a constant A>0 such that (u’tl)e‘u(ﬂ.r) implies the

total variation of ui over [O,tl] is less tham or equal to 4,

i = 1. 2’ LA RN ] m;

(E) {5 (u,t)c%U(R,1)} is a closed subset of L,([0,T]) (where for

(u,tljeﬂ(n,l‘),isu on [O,tI],Tz'so on R-[0,t ]). Then there is a

(uﬂ,to)eq:],(n,r) such that (4.1.8) is satisfied,
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Proof: l(Q,I') is strongly compact in itself, For if
(un,tn)emm,r), n=1,2, 3, ..., then there is a subsequence of

{(un,tn)} (call it {(unk,tnk)}) such that tnk—-»to as k-,

for some to e’ (the convergence may be assumed to be monotone). Then
by Helly's compactness theorem [XII, pg. 119], there is a subsequence

of {(?xn ,tnk)} {see Definition 4.2.1 for the meaning of 3 s in
k

extracting the subsequence of {("‘\in ,1:n )} we retain the same
k 'k
notation) such that
N
unk(t)—-uo(t), 0<t<t°, tnk—vtoer as k==,
Moreover, the function u, must satisfy hypothesis (D) of this theorem,

and obviously uo(t)en, for each te[O,to], since Q@ is compact,

Whence by the Lebesgue dominated convergence theorem

fy 2
0 [unk(E)-uo(E)] dte—=0 as k— o=,

Thus by hypothesis (E) of this theor;m (uo,to)sﬁ(n,r‘). Therefore

a)(Q,T) is strongly compact in itself, and the desired conclusion

follows from Theorem 4.2.1,

COROLLARY 4,2,2, Suppose hypotheses (4.1.3) through (4.1.6) and the

following hypotheses are satisfied:

(A) @ E‘. a compact (nonemtz) subset gf_ Rm;
(B) 9U(a,r) #¢;
(C) For every e>0, there exists 6>0 such that for all

(@,)eU(@,7) md |n]<s
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E | [aemy-a(e) | %ae < e

(see hypothesis (E) of Corollary 4.2.1 for the meaning of u);

(D) The mapping J:00,T1=~ (R") is usc and J(t) # 8, OstsT;
(E) {3 (u,t,)e?U@,M} is a closed subset of L) ([0,T]);

Then there is a (uo,to)ecu(ﬂ,r) satisfying (4.8.1).

Proof: 9j(Q,T) is strongly compact in itself [XII, pg. 44]. The

conclusion follows from Theorem 4.2.1,

COROLLARY 4,2.3, Retain all the hypotheses in Corollary 4.2,2 with

the exception of (C), and for hypothesis (C) substitute

(C') ~here is a constant A>0 such that (u.tl)eﬂ(ﬂ,r) implies

Hut)-u(e) | |<alt-t], ost, t'st,

(wniformly with respect to (u,tl)e‘u(n,r‘))o

Then there is a (u_,t Jel(,r)  satisfying (4.1.8).

Proof: Hypothesis (C') of this corollary implies hypothesis (C) of

Corollary 4.2.2, so that the conclusion follows from Corollary 4.2.2.



CHAPTER V
THE EXISTENCE OF OPTIMAL CONTROLS FOR SYSTEMS
WITH A DELAYED ARGUMENT

In this chapter we extend a theorem of E. Roxin [17] to

include the optimal control problem in a system with a delayed argument.

5.1 Formulation of the Optimal Control Problem in a System with a

Delayed Argument.

The control system is given by a system of real ordinary

differential-difference equations of the following type
(5° 101) X(t) = f(t,X(t) ,x(t-m), U(t))).

where w>0,xeRn, and ueR". The following assumptions are made:
(A) The mapping £:RxRPxR"—R"  is continuous;

(B) Q is a fixed compact subset of Rm;

(C) A Lipschitz condition is satisfied. There is a constant L>0

such that if (t,x,y,u), (t,xl,yl,u)sRXRananm we have that
I If(taanou)'f(toxlaylau) I |<L[| |x'x1| |"| |Y‘y1| |] ’

85
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(D) For all ueR (uniformly),

L, x,y,w | [<uce) D] x| [+] |y]11,

where the function u is integrable in every finite interval, and D
is a positive constant;

(E) We define the set C = {¢|¢:[O,m]-¢Rp, ¢ continuous} with norm
defined by ||¢]] = sup {|]|¢(t)|| |0stsw}, when ¢eC. Let H be
some compact subset of the normed linear space C,

(F) Given an initial function ¢cHC C we require that

x(t) = ¢(t), Ostsw.

(G) A set (@) will be defined by saying ue%)(Q) iff u has
domain [w,tl] for some [w,tI]c:.[O,T], where T>0 is constant,
u is measurable on [w,tl], and u(t)eQ for each te[m,tl];
(H) f(t,x,y,0) = {£(t,x,y,u)|ueQ} is a convex subset of R". We
note that since f is continuous in u for each (t,x,y)cRxR"an
and Q@ is compact, it follows that f(t,x,y,2) is also compact for
each (t,x,y)eRanxR.n°

The above conditions are sufficient to guarantee that cor-
responding to any ue9(R), u having domain [m,tl]c: (0,T}, and
any initial function ¢cH, there exists a unique absolutely
continuous function x(°,$,u) mapping [m,tl]-#Rn satisfying
(5.1.1) a.e. on [m,tI] together with the initial (functional)

condition,
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(5.1.2) x(t,$,u) = 4(t), Ostsw &

The proof of this last assertion is obtained in the usual way [III,
Chapter 6] by continuing the solution from interval to interval, A
solution on [w, min (t1 ,2w)] exists by standard existence theorsms

[XIII, pg. 342], and uniqueness on [w, min (tl,Zm)] follows as in

[XI1I, pp. 345-346],

. n . . .
DEFINITION 5.1.1. A point xleR is said to be attainable by a pair of
functions (¢,u)eHxAU(Q) iff the unique solution x(-,¢,u):[m.tl]—>Rn
(where [m,tll is the domain of u) of (5.1.1) corresponding to

(¢,u)eHx (Q) satisfies
x(t1.¢’u) = xlo
The attainable set Gf, is defined to be

R = {xeRnIx is attainable by some (¢,w)eHxUR)} .

For tefw,T] we define the fixed-time cross-section of Q. at time t

to be
R, = (xeR'|x is attainable by (¢,u)eHx(UR)|[u,tD},

where OU(Q)|[w,t] = {u|ue}}(R) such that u has domain [uw,t]}.
Let F:[w,T]— @(Rn) be usc (see Chapter 11 for the meaning of the

terminology). Define



88
OU(t,,2,H) = {(6,0)] (6,u)eHx(2), u has domain

[w,tl] and x(tl,¢,u)eF(t1)} 0
for wstlﬂ, and then we define
UHD = ) e 1UEHD.
The problem which we shall consider in this chapter is
(5.1.3) xl(t1,¢,u) = min (or max) on G{[(H,Q),

where xl (t1,¢ ,u) denotes the first component of x(+,¢,u)

evaluated at the terminal time tl of the control function u.

5.2 An Existence Theorem for the Optimal Control Problem in a System

with a Delayed Argument.

THEOREM 5.2.1, If the system (5.1.1) satisfies hypotheses (A)-(H),

then the attainable set (3 is closed,

We shall first prove a lemma,

LEMMA 5.2.1, _I_f_g\g_szstem 5.1.1 satisfies hypotheses (A)-(H), then

& is closed for each t.efw,T].
t, — : 1

Proof of Lemma 5.2.1: If Gt = @, the conclusion is obvious., Thus
1

assume Qt $# P, and let 51.52,53,... be a sequence of points
|

in a such that £.—»f as i—»=, We shall prove ¢ e@» o
t1 i 0 o t1
Since Eieﬁf

e is]l,2,3 ..., there is a sequence
1
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(¢i,ui)eHX°u(n], u, having domain [u,t,], for i=1,2,3, ...

such that

(5.2.4) x(t’¢i 'ui) =

t
‘i(”}"’[m f(spx(ss¢ioui)}(s‘mo¢itui) ,ui(S))dS ’
for mststl,x(t1,¢i,ui) = Ei’ and x(t,¢i,ui) = ¢i(t) whenever
0~St$u), i = 1. 2. 3. Qo0 °
We shall prove x(t,¢i.ui), i=1,2,3, ... is a bounded
sequence (uniformly with respect to te[m,tl]). It is easy to

establish that

(5.2.5)  d||x(t,s,,u)fls
dt

dx(t,,,u;)
dt

’, a.e. on [w,tl].

Define H[t] = {¢(2)]|¢cH}, for Ostsw. Then since H is a

compact subset of C, it can be shown that S = U 0<t<wH(t) is a
NN

bounded subset of R", Using hypothesis (D) and (5.2.5) we have that

(50206) dl Ix(tl¢i'ui) I l é
dt

u(e) Do |x(t,8,,u) | [+]]x(t-u,8;,u) )

a.e, on [w.tll, i=1,2,3 .c0 o
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In view of hypothesis (F) (5.2.6) becomes

(5.2.7)  dl[x(t,e5,u)]lsu(e) D+]|xCt,8,,u)[|+] e, ()11,
dt
for almost every te[w, min (Zm,tl)], i=1,2,3, ... 6

But since the set S = \J H[t] is bounded, there is constant
w

Osts
B>0 such that ||é(t)||sB, for each te[O,u], and for each ¢eH.
Therefore
(5.2.8) df |x(t,6,,u,) | |su(t) [DeB+] |x(t,0,,u0) ][],

dt

a.e, on [w, min (2w, tl)], i=1,2, 3, ... . Whence

L3 ‘
s (ln(D¢B¢||x(s,¢i,ui)||)ds < Iw u(s) ds,

for wstg min (Zm,tl), i=1,2,3, ..., from which we obtain
that ln(D‘B+|lx(t,¢i,ui)||)sh(t), wstemin(2e,t)), i = 1, 2, 3, ...,
where
t
h(t) = In(D+B+| |4, (w}|]) + [m u(s) ds,

and we have that Ogh(t)g<In(2B+1)+ IT p(s) ds = N = constant,
w

for each t in [w, min (Zm,tl)]. Consequently for each
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te[w, min (20,t,)] we have that In (D*Bwllx(t,¢i,ui)||)sn,

i=1,2,3, ..., and it thereby follows that
N
(5.2.9) I1x(t,¢;,u,)][<(e"-D-B) ,

for wgtgmin (Zm,tl), i=1,2,3, ... . Define Ik =
{t]wsts min (kw,tl)}, k=2,3, ..., then there is a least integer
L such that || ? Ik-:p[w,tllﬁ We shall show by induction that

there are constants AI,AZ,N,,AL such that

||x(t,¢i.ui)||sA](, wstsmin (ko,t ), i =1, 2, 3, ... .

Assume that k such constants have been found, we shall show how to
construct Ak¢1 (note that by (5.2.9), A1 can be taken to be

(eV-D-B)). By the induction hypothesis we have that ||x(t,¢i.ui)|lsAk,

wstg min (kw,t.), i =1, 2, 3, ... . Thus from inequality (5.2.6)
1 _

we ascertain that

(5.2.10) d] [x(t,¢;,u,) | [su(t) [DeA ] x(t,0,,u) ]
dt

a.e, on [w, min (k¢1)w,t1)], i=1,2,3, ... . Consequently

by reasoning similar to that used in proving inequality (5.2.9) we

are able to show that
T
In (Do o] Ix(t, 0 ,u,)| [)<In (2, +D)+ [m u(s) ds.

Thus if we define N]“1 = In (D*ZAk)* JI u(s) ds = constant, then
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the constant Akol defined by
N
k+1
A = te 7 -D-A))

has the desired properties, Therefore i1t follows by induction that
(5.2.11) |[x(t,¢l,ui)Z§§AL, wststy, 1= 1, 2, 3, 4vey

where L is the poritive integer defined above,

We define a sequence of functions as follows:
(5.2.12) ri{t) = f(t.x(t,¢i,ui),x(t-w,¢i,ui),ui(t))

for wstst,, i=1, 2,3, ... . Then since ui(t)en for astet),
Q is compact, and f is continuous on RxR“xR”me, it follows from
(5.2.11) that the sequence {ri(t)} is bounded (uniformly with respect
to tefu,t,]). Thus riaLg([m,tI]). i=1,2,3 .., andthe

sequence of Lg-norms. {llrill}. is bounded. Consequently IXII,

pg. 117], there is a rong([m,tll) and a subsequence of {ri}

(still denoted by {ri}) such that
' (5.2.13) e, (k) as e,

We then select a subsequence of {¢i}’ and the corresponding sub-
sequence of {ri) (still without changing the notation) such that

04— some ¢°cH uniformly on [0,w] as i-» o , +Pefinc
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- t
(5.2.14) ¢o(w)+ Iw ro(s) ds, mststl

xo(t) =

_¢o (w), Os<tsw

In view of (5.2.13), (5.2.14), and the fact that ¢i—>¢° uniformly
on [0,0] as i—>« we Lave that x(t,0;,u;)=>x (t) as i===,

Oststl, a fortiori
(5.2.15) x(t1,¢i,ui) = Ei_){o = xo(tl).

We shall show that ro(t)ef(t,xo(t),xo(t-w) ,) for almost every
te[m,tI]. As a first step in demonstrating the validity of this
assertion we show that for any aeR®
(5.2.16) %im sup <a,ri(t)> ;(a,ro(tb > !im inf (a,ri(t)> .

i—- i—>
almost everywhere on [w,tl]° Here as elsewhere in this dissertation,

< x,y) denotes the "inner product"” of x and y, X, yeR".

Suppose that

lim sup (a,ri(t» < <a,r°(t)>

i
on some set E C [w,tI] of positive measure. Then from the fact
that Hri(t)lis(ZAL#D)u(t), a.e. on [u,t,] (by (5.2.6), (5.2.11)

and hypothesis (D)) it follows from Fatou's lemma [XIII, pg. 167] that
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1_1.1: :up<a. Lz r; (s) dsp ¢ JE i_l_r: :up<a.ri(5)> ds< <a, IE r (s) dsp .

But by (5.2.13)

lim sup <a, ,[E ri(s) ds) = lim <a, ,[E ri(s) dsp = <a, IE ro(s) ds>.

e © ==

From this contradiction we infer that the first half of inequality
(5.2.16) is valid. The other half of inequality (5.2.16) is proved
dually. Since f is continuous in the variable ueQ and £ 1is
compact, it follows that f(t,x(t,¢i,ui),x(t-w,¢i,ui) ,%) 1is compact,
i=1,2, 3, ... . Therefore there exist vi,VieQ such that

sup {(a,f(t,x(t,(bi,ui) ,x(t-m,cbi,ui) 2} =

<aof(t ,X(t i¢i:ui) ,X(t-w] p¢i ’ui) 'vi)> ’

and

inf { <aaf(tox(t:‘bi.ui)x(t‘w:‘biaui) 09»} =
<aof(t ox(tn(bi)ui) 0x(t"mo¢i ’ui) :Vi)> ’

i=1,2, 3, ... .- Since ui(t)aﬁ, wstst,, i=1,2,3,...

we have that

<aaf(to¢iaui):x(t‘w:¢ioui),;i)> >/(&,I‘i(t)7 >

<a, £(t,x(t,0;,u,),x(t=0,0;,8,),v;)> ,
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for te[w,tl]. But Q@ is a compact subset of Rm, so that without

loss of generality we may suppose that we actually have
vi-wo,Vi—rVo, for some vo,?r'oefz as i ,
Thus for te[w,tI] such that (5.2.16) is valid, we obtain that
1im sup <a,£{t,x(t,6,,u,),x(t-w,4,,0,3,V,3> 2
=
(aaro(t)> 2 12 inf <aaf(tax(t»¢iaui) ,X(t-w,¢i,ui) avi)> .
Therefore by the continuity of f we have
(5.2.17)  La,£(t,%,(8),x, (t0) V) > <2,7o (1)) 2 <2, £(t,x, (£) %, (t-0) V)

Thus for almost everxy ts[w,tll we have that

(5.2.18) sup <a,f(t,xo(t),xo(t-w),§2)> >

<a,7 () 2 inf <a,£(t,x (8], % (t-0) ,2)>

The inequalities in (5.2,.18) are valid for each acR", Thus let

aeR™, beR be such that
P = {x| <a,x> 3b,xeR"} D £(t,x,(t),x, (t-0),9),
then by (5.2.17) we have ro(t)eP, Also if

P = {xl <a,x>eb,xeR"} D £(t,x (t),x (t-0),9)
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we once again have ro(t)eP. Whence we have shown that every closed

halfspace containing the compact convex set f(t,xo(t),xo(t-w),ﬂ)

also contains T (%) (this assertion is true for almost every

te[m,tll). This, however, is sufficient to prove that
ro(t)ef(t,xo(t),xo(t-m),Q), a.e, on [w,tI] »

(consult [VII, pg. 23]). Whence for almost every te[m,tl] there

is a uoen such that

ro(t) = f(t,xo(t),xo(t-w),uo) .

In this way a function u, can be defined at almost every point of
the interval [w,tl]. Obviously we can extend the definition to the
remaining points of the interval in any convenient way such that
ub(t)en. Thus Y, has its range in Q, and by Filippov's lemma

{7, pp. 78-79], there is a measurable function uO:[w,tl]-hQ such that
(5,2.19) r°(t) = f(t,xo(t),xo(t-m),uo(t)), a.e, on [w,tl].

Whence

- t
¢°(m)+ Iw f(s,xo(s),xo(s-w),uo(s)) ds, w<t<t1

x, () =

L¢° (t) ’ 0\<t§w »

so that we may write using the notation adopted in this chapter that
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xo(t) = x(t,d:o,uo), Oststl.

Therefore from (5.2.16) it follows that

X (t)) = x(t;,0,,u) = aothtl ,

thereby proving that Q t is closed.
1
Proof of Theorem 5.2,1: We assume X # §, because we know that the

empty set is closed. Moreover,

R = {G\tlwst{l‘} ,

and we shall adopt the notational device (ti,si)eQ means that
zie&tl. Thus let (ti,Ei)e R and suppose that (ti,gi)—qtl,zl)

as i-»o , We must show that (tl,il)eﬁ_ » 1.e., gleﬁt .
1

There is a sequence (¢i,ui)eHx621 (®) such that u, has domain

[w.ti] and x(t;,¢,,u;) = &, i=1,2,3, .... A subsequence of
{(ti,ﬁi)} (still called {(Ei,ti)}) may be selected such that
ti-btl (monotonely) as i— =, There are two cases:

Case 1 ti;tl, i=1,2,3, ... ;
Case 2 tistl, i=1,2,3, ¢e0 »

We shall assume Case l_obtains and leave Case _2_ for the reader. We

define a sequence

t

rtl
(5:2.20) n; =4 (@)+| “£(s,x(s,0;,u;),x(s-0,05,0,),u;(5)) ds,

W

i=1, 2,3, ... - Then
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i
| lni-x(ti’¢i’ui)| | < [:'1' If(5s¢ipui) )x(s'wa¢iaui) ,ui(s)) I Idsn

and the integrand on the left hand side of this last inequality is
bounded (this assertion is justified by an argument entirely similar
to that used in the proof of Lemma 5.2.1). Consequently

||ni-x(ti,¢i,ui)|| = ||ni-gi||->0 as i« , Therefore

lim n, = lim £ = £po and from (5.2.20) n.eG{t ,1i=1,2,3, 0o
i>el jewe’t R

But & is closed by Lemma 5.2.1, thereby showing that Eleﬁlt »

4 1

or (tl,El)e R , which completes the proof of the theorem.

Define
Q= {x(tlnq’)u)l (¢,u)e°ﬂ(H,Q)},
then we have the theorem,

THEOREM 5.2.2, If the system (5.1.1) satisfies conditions (A)-H),
and Q¢ @, then there is a (¢,u)e°l1(H,Q) satisfying (5.1.3).

Proof: First we shall show that Q is compact, Since Q is bounded,

it will suffice to show that Q is closed, Let EieQ, i=1,2,3,...
be a sequence such that gi—>£1 as ji-»=o , Then there exist
(¢i.ui)ecﬁ.(ﬂ,n), where u. has domain [u,t.]c [w,T], i=1,2, 3, ...
such that

Ei = x(ti.¢i,ui)eF(ti), i=1,2,3, o o
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There is a subsequence of {ti} and a corresponding subsequence
of {Ei} (still denoted by {ti} and {Ei} respectively) such

that ti-btl as i—» =, Then we have the following situation
F,ieF(ti), i=1,2,3, ¢ceo Ei*ﬁl,ti* t, as i=- o,

Thus since F is usc on [w,T] it follows from Theorem 2.1.3 that
EleF(tl). Now & is closed, and gis& ,1=1,2,3, ..., and
£, as i=»= », so we must have Elaao Whence there is a
(¢,u)eHxAL(Q), where u has domain [m,tz] (t2 not necessarily
equal to tl), such that x(t,,¢,u) = £;. It can, however, be
shown in the same way as was done in the proof of Theorem 5.2.1 that

Elthl. Consequently there is a (¢,u)eHxU(Q), u has domain

[w,tl] such that x(t1,¢,u) =&y Whence £ = x(t1,¢,u)eF(t1),
and (¢,u)e q:l(H,Q), thereby showing that Q is closed, and there-
fore compact,
) n 1 n 1
Let IM:R=R:ix = (X ,¢00,Xx )=1(x) = x°, then the
mapping @ is continuous, Since Q is compact, it follows that
N(Q) is a compact subset of R, Also Q # § (by hypothesis) so

the conclusion of Theorem (5.2.2) now follows immediately.
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