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AN ECONGMIC ANALYSIS OF A MARKOVIAN DEFLETION MODEL
FOR PETROLEIM RESOURCE

By: Soemirat Slamet
Ma jor Professor: Michael J. Mueller

Uncertainty is one of the important topics in Natural Resource Economics
that is under investigation. The purpose of this dissertation is to de-
velop a Markovian depletion model for petroleum resource where the uncer-
tainty is the geologic uncertainty. The analysis first derives the math-
ematical formilation for the expected net present value of a petroleum
reserve expressed in monetary terms for an exploration in an unknown dis-
trict. The computation uses a Markov process to quantify the uncertainty
and the methodology is the spectral representation of a generator matrix.
The price, wage and rental rates are assumed to be constant. It is also
assumed that the firm that does the exploration is the firm that will pro-
duce the petroleum. The depletion model uses the Markovian exploration
model as a constraint and camputes the maximum discounted profit relative
to the wage rate, using an optimum control method. The state variables
are the net reserves and the total cumilative reserve additions per work- .
er vhile the control variables are the capital labor ratios and the labor
per capita ratio. A Cobb Douglas production function with constant returns
to scale is assumed for the production of petroleum; the production and
development cost is a linear function of capital and labor while the ex-
ploration cost is also dependent on the Markov process. The analysis in-
dicates that under optimm production and vhen the stock of the resource
is augmented by exploration, the change in the value of the deposit yields
an interest rate on the scarcity rent equal to r, and the price of petro-
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leum is equal to the marginal cost of production plus the scarcity rent.
Also, the value of the capital used in exploration is proportional to the
value of the petrolewn produced. The analysis also shows that in general
the Markovian model is a better representation for an exploration decision
process than a decision tree process, and that the Markovian exploration
model can be used in a three sector growth model. Finally, the Markovian
exploration model may be used for any other mineral resource by modifying
the exploration network.
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HOTATIONS

Due to the difficulties in writing subscripts for aathemati-
cal expressions in the computer print-out, notations for
subscriots are written in the manner given in the following

examples:

1. P is written as P(ij); P as 2(5j): & 2as 3(1).
ij 55 i

2. Ps_(t) is written as P {5j) (t); Bk(ij) as B{k)'ij).
J

Hence, for example, the eguation ({3-8) is vritten as:

b(k)t
E(5) (X(t)) = § E e B(K) (5 h (D)

must be read as:

In other words, one must read the letters or numbars within

the first parentheses of a letter as a subscript o>f that

- vii -



letter, in particular in the discussion of the Markov chain
and the Markov process. In some instances, however, letters
within a parentheses indicate an argument of a function. For
example, x(g,t) indicates that x is a function of g and t;

thse are found particularly in Chapter II.
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LIST OF VABRIABLES

The f2llowing list shows the important variables used in the
analysis.
Chapter III:

P is the transition matrix of a Markov chain.

B is a sub-matrix of the transition matrix P in
which the rovs are the transient states and the
coloumns are theabsorbing states.

2 is a sub-matrix of the transition aatrix P whizh
consists of all the transient states.

G is the matrix whose every element indicates th2
probability of the chain ever reachiny an absorbiny
state from a traansient state.

I is an identity matrix.

-1
S = fI-0) , is a matrix whose element S{ij) als>
indicates the probability of the expected number of
visits to a transient state j starting from a tran-
sient state i, before the chain eventually enters
an absorhing state.

V{N'ij)) is the variance of S{ij).
K(t) is the sojourn time 2f a particular state. -

£ {i) is the parametar of the sojourn time distrihu-
tion in state i.

P(t) is a matrix called the transition function >f
a Markov process.

-~ 11X -



A is the generator matrix of a Markov process.

b(j) is the j-th eigenvalue of the gjenerator
matrix A.

£(j) is the eigenvector associated with the j-th
eigenvalue.

N is a matrix vhose columns are the eigenvectars.

B(k) is the matrix formed by multiplyin3y the column
vector of the matrix ¥ to the row vector of the in-
verse matrix N.

h(j) is a column vector whose j-th elezment shows a

fixed rate of net reward of state j in exploration.
a 1s the discount rate.
T is the expected lenjth of time for exploration.

3 is the vector for the estimated amount of patro-
leun.

p is the expected price of petroleua.

p(j) is the imputed price of the information jained
from state j.

{§) is the amount >f information gained from state
per unit of time.

i
L’§) is the amount 5f labor used in state j.

K(j) is the amount 5f capital used in state j.

v is the wvage rate.



L is the rental rate.

d is a constant vhose value is: 0 < 8 ¢ 1 anl the
value of which indicates the ease in whizh inforaa-
tion can be obtained.

Chapter IV:
I is the total amount of labor used in a venture.

K is the total amount of capital used in a venture.

k(1) is the capital~-labor ratio in the productioan of
petroleun.

1’1) is the amount of labor used in production r2la-
tive to L.

k?’2) is the capital-labor ratio in development.

1(2) is the amount of labor used in development re-
lative to L.

k?3) is the capital-labor ratio in exploration.

1(3) is the amount of labor used in exploratior re-
lative to L.

R is the net reserves per worker.
S is the cumulative raserve additions per worker.
s is the rate of reserve additions per wvorker.

g is the output of petroleum per worker per unit
of time.

- Xi =



A is the technological constant of the Coblk Dougjlas
production function in petroleum production.

2 is the parameter of tke Cobb Douglas production
function.

h(1) is the scarcity rent.

h(2) is the marginal value of information.

h(3) is the shadow price 2f the overall capital.
V is the wage-rental ratio.

af{j) is the ratio of the amount of capital used in
state j to the total amount of capital used in ex-
ploration.

=(j) is the ratio of the amount of labor used in
state j to the total amount of labor usel in
explocation.

T is the expected lenjth of time for exploration.

T’1) is the time of complete exhaustion of thz
jeposit.

T{a) is the time at which the total amount of
petroleum produced is egual to the total amount
of discovery.

bl{k)t
m=rIz (B(k) (53)a(j) /6 (])) (e =1 /b (k)

blk)t
(B(k) (53)c(J) 76 (3)) (e =1 /b (k)

=

n
-t
™

b(k) t
£ B(k) (59) gl le -1) /blk)

"
n
-
™
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Ckapter V:
y(3j) is the output of sector j per capita.

A(j) is the technological constant of the Cobb
Douglas production function of secztor j.

a(j) is the parameter of the Tobb Douglas proijuc-
tion function of sector j.

u is the sum 2f the rate of labor increase ani the
rate of capital depreciation.

a2 is the rate of change in the labor force.

v is the wage-rental ratio.

- xiii -



v——

2-6.

3-7.
3-8.
3-9.
4-1.

LIST OF FIGURES

The McKelvey Diagrall ecececececee cccaccce ceceecs

A Decision Tre2

A Decision Tree

The Probability

Th2 Probability

Process TP O PRSP O ENR NSRS PO S

Tree

Tree

O OO0 POV P ARE PO OO e

The Phase Diagram, k(2) > K{1) ecceswmccccece=

The Phase Diagram, k(1) > k{2) ecceccccccecs

Exploratory Wells Classification cececccecec.-

Tha Surface Ge219gy NotwOrk cceececscecccccss

The Geophysical Network eceeececccccecccccccce

The Drilling Activity NetwOork ecececccccccecocece

The Exploration Network .cceececcccec. esecccecs

The Transition MatriX ceccemecccccccacacsccas

The New Exploration NetworK ecceececccecccccsncecs

The Simplified Netvwork cecececcececcceccccccces

A ¥Markov Process

The Optimum
The Optimum
The Optimunm
The Optimum
The Optimum

The Optigunm

Path
Path
Path
Path
Path
Path

Realizatian O GO PP OPOSSOSes

for
for
for
for
for

for

R eevececcncennnnsncncanse
 ceccccccsccncvscssnvee
K{1) cccccvesvonccncens
K(3) cccecccccscacconccs

1(1’ [ FEXRNER I RINERRERERE RN

the Costate Variables .

Xiv -

30
32
36
39
46
48
62
65
68
73
73
78
35
86
99
151
152
154
155
157
160



Chapter I

IBRTRODUCTORY SUMMARY

This dissertation attempts to analyse a Markoviaan exploca-
tion model and formulate a depletion model for a firm in
wvhich the exploration process is characterized by 2 Markovi-
an model. Suggestions for the extaasion of the molel into a
grovwth model of several sectors are provided. This chapter
contains a brief description of the backgrourl of the dis-
sertation, the subject of the dissertation, the m2thodolagy
of th2 analysis, and the organization of the report. The

£inal section contains a summary of the conclusions.

1.1 INTRODUCTION

2=

Optimization methods, in particular optimua control, have
been used guite extensively in the analysis of problems in
natural resource economics. They range from those analyzing
problems at the firm level to those that analyze at the ag-
gregate level; they include problems that are detarministic
as well as those which are probabilistic. Among thase are
those analyzing models with exhaustible resources. One of
the first analyses of exhaustible resource economics was
pade by Lewis Gray in 1914, However, the first analysis

with optimum control of exhaustible resources was made by
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Hotelling ‘(1931). His model analyzed a firm that maximizes
the present value of the utility obtained froa consuming on
the exhaustible resource, constrained by a finite, homogene~
ous, stock of the exhaustible resource in a single deposit.
After Hotelling's writing, there have been various zo-
difications and extension on his moadel. Hartwick {1973) ana-
lyzed a firm with many deposits of homogeneous charactar;
Schkulze (1974) and Ulph (1978) analyzed a fira havingy depo-
sits vith multiple grades: Lewis ([1977), Peterson (1973),
and Pindvck (1978) ©provided models with stock aujmentation
of the exhaustible resource generated Ly exploration; Sweeny
?1977), Lewis and Schmalensee {1980), Ulph and Folie 71930)
analyzed the effects of market structures on optimum solu-
tions. Other analyses on deterministic moiels include those
maje by Reinstein and Zeckhauzer {(1978) and MNitra ’198)).
All the above analyses partain to anlyses at the firm lev=al.
Azong the probabilistic models analyzing problems at
the €irm level, are those vwritten by Lewis ?1977), Hoel
(1978) , Loury (1978), Gilbert (1978), Kemp ani Long (1978),
Robson 71979), and Pindyczk {1980). Lewis postulated a price
uncertainty and analyzed the effects of a firm's behaviour
toward risk; Hoel analyzed a problem when future costs ware
uncertain; Loury provided an analysis on optimal exploratioun
on unknown reserves; Gilbert and Robson postulatel thLat the
stock of the exhaustibe resource was uncertaing K2mp 2nd

long assumed that the price and the stock of the exhaustible



3
resource were uncertain; and Pindyck postulatel that the le-
mand and the stock of the exhaustible resource were uncer-
tain and that the stock could be augmented by exploration.
Most o2f these models used an expected utility function in
their formulation and none of the above models used Markov
process to control the uncertainty. Pindyck's moiel maxim-
izes the discounted total profits of the fira, anl hkence
does pot use expected utility function in its approach. No
explicit formulation 1is given for the cost of production,
the cost of exploration and for the form of the discovery
function. Hovever, it provides conclusions on the 2ffects
of the uncertainty on price when the cost functions are li-
near or norlinear. The uncertainty involved in Pindyck's
model seems to suggest thkat it not only includes geologic
uncertainty but also other uncertainties pertaining to fu-
ture mineral discoveries. The uncertainties involved 1in
Pindyck's model are controlled by a stochastic process with
independent increment. As will be seen later, these charac-
teristics of Pindyck's madel differentiate it from the molel
that will be formulated and analyzed in this 3issertation.

Most 2conomic analyses on urcertainty in exploration
use 3 decision tree process to solve the problaa (Howe,
1979; pp.212-220; Raiffa, 1970; pp.1-50). This approackh
contains several disadvantages, among these are:

(1) The conditional probabilities are dapenient up>n the

path of the branches to be passed;
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(2) The path of the branches, at certain points, ar2 cont-
rolled by deliberate decision actions, which are not
incorporated into the computation. It is a given conii-
tion;

{3) There are no poassibility for any reversibility of ac-
tion.

On the other hand, a Markov chain and a Markov process, the

stochastic processes that will be used 1in this analysis,

have characteristics contrary to the above. Conseguently,

their characteristics are more suitable for an exploration

d2cision process representation. The character ani ippor-

tance of these differences are fully explained in Chapter II

and III.

1.2 THE OBJECTIVE AKD SCOPE

Tha analysis is 1intended to formulize a depletion amodel at
tie firm level, vhere the uncertainty in the exhaustible re-
source discovery is quantified by a #arkov process, and to
suggest how a Markovian axploration model can be incorporat-
ed into a three sector growth model. First, the analysis
tries to formulate a Markovian petroleum exploration mod=1,
vwhere the uncertainty is a geologic uncertainty. The explo-
ration activities involved are those activities generally
performed in searching for petroleum resources in an unknown
district. A Markov process then controls the transitions

from one activity to another. The objective of thes Markovi-
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an model is to find an expected value for the estimated pe-
troleum resource in terns of monetary value. Seconi, the
analysis uses the Markovian exploration model for formulat-
ing a depletion model. The depletion model itself is an op-
timum control problem, which maximizes the discount2d pro-
fits per worker relative to the wage rate subject to the
rate 5f change of net reserve and the expected cunulative
reserve additions.

The mdodel assumes that the price of petroleum, the wag
rate and the rental rate are given. Conseguently, it as-
sumes that the firm is a price taker. The production func-
tion for petroleum exploitation is a Cobb Douglas proluction
function subject to constant returns to scale.

Stagestions are made on exteniing the aodel to a three
sector growth model where the first sector produca2s capital
goods, the second sector produces consumption goods, and the
third sector produces a resourc2 commnodity. A first sug-
gestel extansion assumes that the price of the exhaustibdle
resource, the wvage and rental rates, are given. The molel
maximizes the production of the consuaption goods. All pro-
duction functions are of the Cobb Douglas type subject to
constant returns to scale. A second suggested moi=2l assuzes
that the wage and rental rates are not fixeid, but thair
changes are assumed not to affect the profitability of the
exploration ventures. A brief discussion will be given for

a suggested third aodel where the price of the exhaustiole
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resource is not fixed, and vhere the chanje in th2 wage and

rantal rates affect the profitability of the exploration

ventures.

1.3

The

(2)

(3)

)

(5)

THE BETHODOLOGY

rethodology of the analysis consists of the followings:

To use a Markov process to formulate a Markovian explo-
ration model;

To use optimum control to compute the maximum discounted
total profit of the fira.

step by step formulations are as follows:

To define the geologic uncertainty by using th2 McKelvey
diagramg

To define a petroleum 2xploration netwark for an anknawn
district;

To define a Markov chain for the transitions £roam sne
exploration activity to another in the exploration nat-
vork, by which the probability of every exploration ac-
tivity can be computed;

To define a Markov process for the transitions from one
exploration activity to another in the exploration na2t-
work, and to compute the spectral representation of the
generator matrix of the exploration activities;

To define a net reward function for the exploration 1ao-
jel. This net rewvard function is incorporated into the

Markov process defined for the exploration activities



6)

(7)

(8)

19)

710)

(i

7
to establish a formula for computing the expected net
present value of the exploration project:

T> define the functions of the production cost, the ie-
velopment cost and the expected exploration cost:

To formulate the objective functional of thz optiaum
control problem. This objective functional is the 3is-
counted total profit of the firm per worker relative to
the wage rate;

To formulate an averagje expectad rate af discovery fuuc-
tion and an expected cumulative reserve addition fanc-
tion;

To formulate the optimization problem or thz optinum
control problem which consists of maximizing the obj=c-
tive functional above subject to the rate of change of
the n2t reserve and the expected cumulative reserve ii-
dition;

To evaluate the results of the optimum control problea
and to compute the discounted total profit per vorker
relative to the wage rate;

Finally, the analysis formulates a possible extension
of the model into a three sector jrowth model, in which

the Markovian exploration model is incorporatai.



1.4  THE DRGANIZATION OF THE REPORT

The r=2port of this analysis 1is organized in the followving

manner:

(1) Chapter 1 is an introductory suamary:

72) Chapter 2 contains a review of the literature on aodels
in exhaustible resource economics, particularly about
the optinum control models. It discusses the differ-
ences between these models and the model formuliated in
this analysis. It also discusses the differances bat-
veen the decision tree process used in exploration and
the Markov chain and tke Markov process that are used
in this analysis. Several suggestions are mentioned
pertaining the growvth model that incorporates the Mar-
kovian exploration model;

(3) Chapter 3 discusses several major topics. First, it
liscusses and describes the exploration activitiss uti-
lized in a search for petroleua resource and defines a
network for petroleum exploration in an unknown dis-
trict. Second, it discusses a Markov chain which is
used in the analysis of the exploration network and the
limitation of the use of the Markov chain in explora-
tion, and it also provides a computational pracelure to
compute the probability of every exploration activity.
Third, it defines a Markov process that relaxes the li-
mitation posted by the Markov chain. A computational

procedure is provided for computing the net pres=nt va-
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lue of the exploration project. This foramula is basi-
cally the Markovian exploration model;

(4) Chapter 4 contains thke analysis of the optimum control
problem, which incorporates the Markovian exploration
model developed in Chapter 3. It analyzes the optiazum
path for the state and control variables that maximize
the discounted total profit per worker rzlative to the
wage rate;

f5) Chapter 5 discusses a possible extemsion of the moisl
into a three sector growth model, where an exhaustinle
resource is used as input in one of the sectors. The
optimum control problem is to maximize the 3iscounted
production of the consumption goods p=r capita, suhject
to the rate of capital augmentation, the rate of change
of the total net reserves, the expected total cuzula-
tive reserve additions in the economy, and the rate of
change in the labor force. It also discusses briefly a
third model, vhere the price of the exhaustible re-
source is not fixed and where change in the wage and
rental rates affect the profitability of th2 explora-
tion ventures:;

'6) Finally, Chapter 6 provides the conclusions of the ana-

lysis.
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1.5 A SOMEARY OF THE CONCLOSIONS

The analysis indicates that the us2 of a Markov chaia ani a
Markov process is a more appropriate representation of the
exploration decision process than the decision tre= process.
A Markov chain and a Markov process provide also a method
for th> modelling 2f exploration activities; by molifying
the exploration network, such a model can be us2d for any
mineral resource.

The %Markovian exploration mnsdel that uses a Markov pro-
cess, provides a model that coaputes the expectel net pre-
sent value of the estimated petroleum resource in monetary
terms. It is based on a spectral representation computa-
tional procedure that provides a formula for computing the
expected occurences of any exploration activity and a net
reward function defined as the difference between th2 value
of information gained froa an exploration activity and the
cost of performing that activity. It can also be based on
an estimat2d amount of the petroleuns resource present, in-
stead of the information jained froa the activities. In
this case, a volumetric estimation method is reguired to
compute thz estimated amount 5f petroleun. The Mackovian
exploration model can practically be usel for any type of
mineral resource exploration.

The depletion model shows that the effect of a iiscov-
ery is to extent the time of complete exhaustion. This

seems to be obvious, but such a result may also bz affected
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by the fact that the price of the exhaustible resourcz2, the
interest rate, the wage and rental rates are consiier2d fix-
ed. In other wvords, there is no variability of output that
may be caused by a change 1in the price, the interest rate,
or the wage and rental rates. The formulation of the deple-
tion model is such that numerical data can be used to com-
pute the maximum discounted total profits.

The analysis shows that an extension of the mod2l iatd
a threze sector growth mojel is possible. Although the solu-
tions to the problem are yet to be given, the Lagrangs equa-

tion or th2 Hamiltonian for the problem is provided.



Chapter II

LITEBRATURE REVIEW

This chapter discusses tke important models in mineral re-
sourc2 econorics that have been previously developed, p2c-
taining to the model thkat will be developed 1in this paper.
It first reviews the ptévious moiels, then discusses the
main differences between these models and the intenied zo-
del. Tt also explains the natures of the uncertainty aand 21-
aborates the differences between the stochastic process used
in the intended model anl the tree decision process. Sujyss-
tions for the extensions of the growth model will be bdreifly
mentioned.

Studies on natural resource econozics of the leoclassi-
cal models can basically be categorized into two major
classes, namely:

1) The first class are those describinj the bakavior
of a firm engaged in extractive activities. Th2y analyze
the effects of external influences on the £firm's benavior,
such as market structure, taxes, and uncertainties;

(2) The second class are those describing a simple
econoay wvwith natural resources treated as factor input.
They have usually tried to analyzes the implications of the

exhaustibility of the non-renevable resources as input to
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the process of economic growth and the evaluations of the
velfare implications (Smith and Krutilla, 1978).

Both c-lasses have generally accepted one of twd id=2as
concerning the physical occurence of the natural resaurces.
The first assumes a finite stock of resource with homogene-
ous quality and the second postulates an increasing supply
of resources of progressively lowvwer grade. Hovevar, Harris
and Skinner (1979) do indicate that for some certain aineral
resources, namely the less geochemically abundant minerals,
orce the richest grades are exploited, the quantity availa-
ble decreases rather than increases at lower 3grades. So the
hypothesis on the availability of natural ressurces may well
inzluie th2 opinion of Harris and Skinner. Also, uncartain-
ty may be introduced in both classes; so models can further
be classified into deterministic and probabilistic moiels.

2.1 THE NODELS OF THE PIRST CLASS CATEGORY

Within the first class deterministic models, analyses can be
static or dynaemic. Lewis Gray (1914) is the first writer to
present a static analysis of a singie firm exploiting a
non-ra2nevable resource., Basically, he is able to derive the
properties of the tinme pafh of prices and the e2ffects aof
taxes and the changes 9f price using static micro-econonics
theory (Gray, 1914). Other writings on static analysis in-

clude Prank Paish (1935); A.D Scott {1955); Anthony Fisher

and John Krutilla (1975); and D.A. Brobst, W.P. 2ratt, angd
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V.E. HcKelvey (1973) write about the definitions >f aineral
reserves.

The analysis on the dynamic deterministic molels using
exhaustible resources is first done by Harold Hotelling
71931), followed by Richard Gordon {1967) and R.G. Cuaaings
(1969) . These analyses utilize cost functions anl the cal-
culus of variations to deteramine the optimal time path. Ho-
telling's model, which analyzes the behavior of the firm in
coanpetitive and monopoly market structures, is based on the
maximization of the preseant value of profits. It can be
written as:

- -rt
Maximize J = s gplq) e dt
s

rt
subject to Jjé dt = a, and g = £(p2 ,t) wher2
[}

g is guantity;

p is the difference in price and its unit cost;

r is the discount rate;

t is time;

T is the time of exhaustion;

a is a fixed value.
Hotelling evidently uses a fixed stock of a natural ra2sourcze
with homogeneous gquality. The results of his analysis show
that in a coampetitive industry, the exhaustibility of the
mineral resource depends on the dexzand. If the d12paad is a
nejative exponential function of price, the exploitation

vill continue forever but at a diminishing rate. If the dJe-
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mand is linear, the resource will be depleted at a firnite
tizre., In a monopoly, the exploitation will be prolonjed.

Modifications on Hotelling's model are quite =2xtausive.
Among the deterministic models, John 4. Hartwick (1978) pro-
vides an analysis of a single firm having many deposits,
while Alistair M. Ulph gives a resource depletion mod2l with
multiple grades analyzed for a coapetitive market structure
r1978). Ulph*s model maximizes tha present value of profits
and can be written as:

w D -rct
b2

I ( (P(t)-C(g)) X(g,t))e At
0 g:l

Maximize J
subject to:

ix {g,t) /dt

- x{g,t), 3= 1, 2, -...n
X(g,t), x{g,t) > 0 for all g and t,

where:

X(3,t) is the stock of mineral resources of grade 3, at time
t;

C?3y) 1is the cost of producing one unit of the refined re-
source from resource of grade g.

His analysis concludes that exploitation must be sa2quantial,

beginning with the mineral resource of the highest grade.
Prederick M. Peterson (1978) provides a mdodel of mining

and exploration of an exhaustible resource. His mode2l also

maximizes the net present value »o>f the profit streams and

can be shown as follows:

[ -rt
Maximize J = s (px!§)-M(j)-Blj))e £ dt
0

subject to:
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x(j), D(j) > 05 X(3J)(9) = 0 and D(J) (0) = 03

D(J) - Xx{J) > 0.
where:

x(j) = dx(j),/4dt is the extraction rate of firm j;

M{j) is the extraction costs of firm j;

X(j) is the cummulative extraction;

D{j) is the cummulative discovery;

E(j) is the exploration costs of firm j;

t is time.
His conclusions are that in a competitive industry, €£firas
are prompted to explore rapidly; however, the existance of
information spillover makes firms to delay exploratiosn. In
a mondpoly, the monopolist tends to delay production and has
excess reserves.
Other writings on deterainistic models are those written by
James L. Swveeney (1977);:; Robert S. Pindyck (1978); M. C.
Weinstein and R. C. Zeckhauzer (1978); Tapan Mitra /198)).

Pindyck's analysis is concerned with the optimal explo-
ration and production of an exhaustible resource. It treats
the resource base as the basis for production ani explora-
tion activity as the means for increasing or laintaiﬁing the
reserves. However, as depletion finally takes place, his
analysis assumes that the exploration activitiss will result
in smaller discoveries. These are the basic constraints im-
posed in the model. The model itself tries to determine the

optimal rates for exploration and production in a competi-
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tive and monopolistic market structures. Pindyck's model

can be written as followuws:

® -rt
Maximize W = f {p3-T{7) R)g-C{2) (¥))e it

subject to:

dr/dt

"

dxs/dt - q

1x/4t = £{u,X)

R, q, w, X 3 0
vhere:

R is the proved reserves;

p is the price of the product;

q is the quantity produced;

X is the cummulative reserve addition:

C!1) (R) is the average production cost;

T(2) (v) is the cost of exploration efforts.
The Average production cost increases as the provad reserve
is depletel; the cost of exploration efforts increases as
the effort, v, increases. The results of his analysis inili-
cate that if ¢the initial reserve is small,” the price path
will have a U-shaped pattern, and not a steadily increasing
path. This U-shaped path implies that price will be in-
creasing over time in the later stage of.resource exploita-
tiorm, However, the exploration activities help to reduce
such price increase. The pattern of optimal 2xploration ac-
tivity depends on the initial reserve level and the rate of
depletion; the determinant is the trade off between the cost

savings in postponed exploration and the cost savings fron
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lower extraction cost and the revenue gains from high2r pro-
duction when exploration results in greater amount >f re-
serves.

8. C. Weinstein anl R. J. Zeckhauzer have shosn that
th2 competitive rate of extraction is socially optimal while
monopolistic rate is suboptimal; however, they iandicate
that if the net price, defined as the market price less the
marginal cost of extraction, has constant elasticity then
the competitive rate and the monopolistic rate are agual.
While Sweeney's analysis concentrates on the possible bias
from optimal competitive allocation; his analysis inlicates
that vercentage depletion allowances, non~internialized =x-
ternalities associated with extraction, and price controls,
may lead to temporal biases. Percentage depletion allowanc-
es may leal to an over extraction of resources at the pre-
sent time; and this current over extraction also occurs in
the case of non- internalized externalities; on the other
hand, price controls may lead to temporal biases, but their
directions can not be predicted without additional informa-
tion. The rate of change of the excess price seeas to be a
deterministic factor in predicting the direction of the bias
due to price controls. In the case of monopoly, generally
monopolies will 1lengthen the time of extraction until re-
sources are ultimately depleted. However, the shape o2f the
demanl function influences the monopolist's behavior as
whether to currently under-use or to currently over-use the

resources.
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It seems that wmost of the deterministic modals of the
first class use cost functions or combinations of price and
cost functions to determine the optimum path for exploita-
tion of the depletable resources.

Among the probabilistic models are those written by
Tracy R. Lewis {1977); Micheal Hoel [1978); 3lenn C. Loury
(1978y; H. C. Kenp and Ngo Van Long (1978); Richard Gil-
bert 71979); and Arthur J. Robson {1979): and Robert S.
Pindyzk (1980). Lewis analyzes the exploitation of an =2x-
haustible resource when its price is uncertain. The problen
is analyzed in a stochastic framework for monopolistic and
competitive market structures. It shows that the rate of
extraction varies directly with the willingness of the re-
sourcs owner to accept risk. Risk-preferringy owners will
exploit the resource xor2 rapidly than risk-neutral owners,
and risk-averse owners will deplete the resource slower than
the risk-nzutral ones. 2150, increasing the discount rate
to account for risk will increase the rate of resource use,
which according to Lewis' analysis is contrary to> the de-
sired policy, namely a slower rate of depletion. Hence, Le-
wis' analysis is directed towards the effect of attituies
tovarid risk in the exploitation of an exhaustible resourca.

Most interesting is the analysis made by Pindyck; his
moiel postulates that the market demand function and the re-
serve level are uncertain and that these uncertainties are

controlled by stochastic processes with independant incre-
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nent, called the Ito processes (Bath, 1972; pp.16, 183-18j%).
The market demand function can be written as:

P =p(g, t) = y(t)£(3)
with £*(gq) < 0, and y(t) 1is a stochastic process of the

fornm:

ay/y
dysy

a dt + s(1) Az (M)

1]

a dt + s{1) e(1)(t) V dt ... (V)
and th2 reserves fluctuate randomly over time aczoriing to

tke stochastic process:

AR = - qdt + s12) dz(2)

dR = - qdt + s{2) e(2)(t) V dt ...(2)
vhere:

g is the rate of production;

s is the standard daviation;

w

is a serially uncorrelated cormal randoa

variable with zero mean and unit variance.

The problem is then to maximize the expected value of the
sum of the discounted profits as follovs:

-rt
Maximize E(0) ST (y(t)£!q)-C/1) {R))ge dt
[

subject to equations (1), {2), and R>0.
Note that C({1) (R) is the average production cost and
C'{1) IR)<0; E(0) 4is the expected value fuaction bejinning

from t = 0.

1

It is assumed that EB(e(1) (t).e(2)(t)) = 0, meaninjy that the
stochastic process controlling the desand and reserves are
injependent for all t. The conclusions that Pindyck dravs

from the above nmodel are the following:
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(1) The expected rate of change of the coapetitive price
differs from certainty cass only if the productioan cost
function C!{1) 'B) is nonlinear;

{2) In the case of a linear production cost function, the
expected rate of change of price is the same as in the
certainty case. However, the rate of chanjye of produc-
tion will be affected by the uncertainty.

Further, Pindyck has incorporated exploration efforts into

the model and beconmes:

-rt
Maximize E(0) fT(gp(g)-C(1)(R»q-C(z)(u))e at

subject to:
iR = -gdt + s(K) dz
dK

g(wv)dt
vhere:

w is the level of exploration activity;

K is the stock of knowledge produced by w;

C!2) ‘w) is the average exploration cost;

dz is e(t)vdt.
Purther his analysis assumes that as exploration proceads
over time, it becomes more and more difficult to make new
discoveries. The rate of discovery, dX,/dt, depends upon the
level of exploration effort, w, upon the cummulative Iiscov-
ery, X, and upon a parameter b which follows a stochastic
process. Punctionally, it can be written as:

x = dX/dt = f(v,X,b), with £(u)>0, £(X)<0.
The dynamics of b is further specified as:

db = s{b) dz = s(b) elt) V dt,
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so that E(db) = 0. Thkis means that the rate of discovery
tolay, given v and X, is exactly known, but it is not known

in the future. His model then becomes:

Maximize E(0) s  (3p-C(1) (R)-C(2) (v))e dt
]
subject to:

dr/dt

dx/dt - q

dX/dt f(v,X,b)
ib = s(b)e(t)vdt
R, q, v, X > 0.

It is assumed that C' 1) (R)<0, C*{2) {w) >0, C"(2)(¥)>), and
that the margimal discovery cost, C'(2) (w)/f(v), increases
vith w. Note that in the above molel, the demand uncartain-
ty is assumed awvay; it is argued that the demand uncertainty
has no effect on the dynamics of the price and thz explora-
tion as long as they arz uncorrelated with the £luctuaations
in b (Pindyck, 1980). Several conclusions have beea drawn
from his analysis, among which are:

?1) When exploration is used to reduce reserve uncartainty:

(a) Extraction cost constant: reserve uncertainty has no =2f-
fect on the expected rate of change in price;

‘b) Extraction cost rises as R falls: {i) reserve unc=zrtain-
ty has no effect on the expected rate 2£ chanjye when
extraction cost is linear; (ii) expectel level of ex-
ploration effort rises overtime, falling abruptly when

production stops;

{2) When exploration is used to accumulate resarves:



23

(2) Linear discovery function: uncertainty has no effect on

either the price or exploration effort; (b) Noalin=ar

discovery function: the effect of uncertainty lepeands

on the convexity of the marginal product of the explo-
ration function.

Other stochastic models of resource exploration are
those by Arrow and Chang ?1978) and by Deshmukh and Pliska
(1978) 1in which discrete increments of raserve discoveries
occur stochastically via a Poisson process in proportion to
the lavel of exploratory activity. Other probabilistic mo-
dels that have been developed by authors mentioned pravious-
ly, do5 nct use Markov processes. Some other authors may use
tree decision processes, vhich are based on certain proba-
bilistic distribution functions or on subjective probabilis-

tic values.

2.2 THB MAIN DIFPERENCES TO THE MODEL .

The main differences between the model that will be deval-
oped in this paper, referred to as the model, and those us-
ing stochastic processes of the £irst class are:

(1) The uncertainty involved in the mddel is defined as the
geologic uncertainty; one that will be eacountesred in
any exploration activity of a mineral resourc2 coacern-
ing the geologic information that is obtained from such
activity. Pindyck's model stresses the future uncar-

tainties involved in mineral discoveries, which nay in-
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clude not only geologic uncertainty but also other unc-
ertainties due to the uncertain occurrence of future
events;

12) The sample space of the uncertainty of the aoiel is the
exploration activities of an 2xploration proj2ct, while
asthers cover the vkole resource base of the area. This
means that in others, the stochastic processes are ap-
plied to the increment of mineral discovery >f the
vhole resource base 1in that area; on the other hani,
the stochastic prozess used in the model is intended to
control the activities of an exploration project or a
venture. Here, a venturs is defined to be an explora-
tion 2ffort over a given 1limited area in which lejal
permission or rights have been granted for such effort
to take place in that area.

{3) In particular to Pindyck's mod2l, the model uses a Mar-
kov chain or a Markov process to be the stochastic pro-
cess that quantifies the uncertainty. The Piniyck's mo-
del, as previously metioned, uses the Ito process.

As compared to other probabilistic models not using
stochastic process, the difference is apparent, nanzely sto-
chastic versus non-stochastic processes. Elaboration on the
differences between the stochastic process used in th2 moiel
and tﬁe tree decision process, which 1is usually used in
solving the uncertainty in exploration, will be done in sec-

tion 2.4 belowv.
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2.3  THE UNCBRTAINTY AND THE MCKELVEY DIAGRAN
In orler to distinguish the nature and type of the uncer-
tainty involved in the mo3del, it is best to refer to a dia-
gram, called the ucxélvey diagram, described in Figure 2-1.
This 3iagram basically classifies a mineral resource into
several categories based on its economic feasibility and the
degree of geologic certainty. The vertical axis of this dia-
gram indicates the econoaic feasibility and the horizontal
axis indicates the degree of geologic assurance. Based on
the economic feasibility creterion, a mineral resource =an
be classified into {i) economic resource, and {ii) subeco-
nomic resource. The latter can further be divided into par-
amarginal and submarginal. Based on the geologic assurance
creterion, a mineral resource can bhe categorized into (i)
identified resource, ani (ii) undiscovered resource. The
former can further be classified into measurel, indicated,
and inferra2d resources, wvhkile the latter into speculative,
and hypothetical resources. The Jefinitions £or these ter-
minologies are given in Appendix A. It is important to note
that within the class of. undiscovered resources, the geolo-
gicz evaluations establish the degree of certainty of the 2x-
istence of the resource, while within the class 2f identi-
fied resources, the geologic evaluations provide the degree

of accuracy of estimates.
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In general, exploration uncertainties will mostly be
encountered in the determination of undiscovered resour:e.
However, geologic evaluations on identified res>urces are
also subject to some degree of uncertainty due to the fact
that no absolutely complete geologic information about the
mineral resource is economically feasible. Sucn complate
information will usually be obtained only after the mineral
resource has been completely depleted.

In relation to the McKelvey diagram, the analysis will
only be concerned with the portion of the resource that is
economic and with the 2xploration activities to discover
such resource. These acztivities include those that Jetzr-
nine speculative resource and transfer it into a hypotheti-
cal one and further into an identified resource or a re-
serve. Within the identified resource, further exploration
can transfer an inferred reserve into an indicated on2, and
further into a measured reserve. Since the analysis is only
concerned with resources that are economically feasible at
the time of determination, any other determinant, such as
technologizal progress, increase in the price 1level, or
change in the economic environment, that can change a sub-e-
conomic resource into an economic one, will not be incorpo-
ratel into the model.

Hence, it is clear that the uncertainty involved in
determining a mineral resource will be reflected on the je-

gree of gedologic assurance. In general, it can be said that



28
the more intensive the exploration activities, the greater
is the degree of geologic assurance. However, because the
information gained from any exploration activity is subject
to sorxe degree of uncertainty, the decision to uniertake an
exploration activity whizh is generally based on the zurrent
gaslogic information available, will be subject to uncar-
tainty too. It is this kind of uncertainty that will be
discussed in the model and it will be arqued that the Marxo-
vian approach is superior to other analytical techniques for

modeling decision making involving this kind of uncertainty.

2.4 THE DIPFPERENCES TO THE DECISION TREE PROCESS

It is impocfant to elaborate on the differences and the ad-
vantages between the stochastic process used in this moiel
and the probabilistic approach to solve exploration uncarc-
tainties. The probabilistic approach which is usually used
in exploration is the decision tree process (Raiffa, 1970;
pp.1-50; Howe, 1979; pp.212-220). In the decision tr=e pro-
cess, choices can either be controslled by the decision mak-
ers or by chance. It is usual to define a decision fork to
be tha point where choice is contralled by the decision mak-
ers and define a chance fork to be the point where choice is
controlled by chance !Raiffa, 1970, pp.10-11). The =2xample
in Figure 2-2 shows a decision tree diagram; note that A, C,
and D are decision forks, and B, E, and P are chance forks.

Suppose the branches fef1), R{1), ef(3), af{l)) ared (elV),
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R(1), e(3), a(2)) are to be analyzed. Then the probability
that a large productive well {a{l)) or a small proluctive
well (a(2)) is found becomes a conditional probability in
which the chance fork B has an Sutcome of R(1). Using
Bayes' theorem the conditional probability can be expressed
as:

Pla{l) IR(M)

]

P(R(1) and a())/P(a(1))

]

Pra(mM IRIY)) PR{V)la(1))Pla(N))/(P{R(1)]a(T))Pla(V))
P(R(T) 1a(2))P(a(2)))
and

P{2a{2)IR1T))

P(PIN1a(2))P{a(2))/(PR(N}jall))IPla())

P(R(N)1a(2))e(a(2)))
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L;gend: A, C, D = decision fork;
B, E, F = chance fork;

decision to drill;

decision not to drill;

the possibility of favorable outcome;
the possibility of unfavorable outcome;
decision to develop;

decision not to develop;

large productive well;

small productiverwell.

aoxmMon
NHEAUNKNM

W 4% 80 00 0t o0 80

Figure 2-2: A Decision Tree Process
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In general, when the branches of the chance fork B are
a(l), a{2),-ees, aln), then the conditional probability be-
conmes:
P{a{j)IRIN) = D(R(1)|a'j))9;a'j))/' E P'R'1)|a'3))9(a.3))
And it can be directly seen that Jz P(a(3)|a(1)) = 1.
Although the sum of the conditional probabilities 1is equal
to one, a decision tree as described above can not be viewed
as a Markov chain. In order to see this, one can analyze
the pra2vious example and let the tree diagram be drawn by
omitting the decision fork as shown in Figure 2-3. Taen the

following conditional probability matrix can be formeil:

P(R(1IR(I)) P(R(2) IR(1)) 2(a(1) IR(1)) P(a(2) IR(T))

PIRIN)IR12)) P{RI2)IE(2)) Plaf{NIR{2)) P(a(2)]|R{2))
P=

PIR(N) 1a()) PIR{2)[a{l)) Pla(T)la(l)) Pla{2)]all))

P(R(1)12(2)) P(R(2)2(2)) 2(a(M | ' 2)) P(af2)ia’2))

I R(1) is denoted as 1, R(2) as 2, a(1) as 3 and a(2) as 4,
then the above matrix can be rewritten as:

) P(12) P(13) P(14)
) P(22) P{23) P124)

P131) P132) P{33) P(34)
P(41) P(u42) P(U3) P(44)

This matrix is similar to a transition matrix of a Markov
chain. Note that a transition matrix of a Markov chain is
defined as a square matrix wvwhose elements represent transi-
tion probability values ani that the sua of the elemants of

eack rov must be egqual to one (Cinlar, 1975).



Figure 2-3: A Decision Tree
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However, the sum of the conditional probabilities of
every rovw in the above matrix is not egual to one. The va-
lue of P(R1IRY), interpreted as the probability that R(1)
vill occur if RBR([1) is true, is equal to one, and thz value
of P(R{2)|R{1)) is equal to zero because BR{2) and R’1) are
disjoint events. Since P(a(1) IR(1)) and P(a(2)|R(V1)) 13re
each not equal to zero, then the sum of the elements of the
first row is not equal t> one. By the same token, the va-
lues of P{R(2})IR(2)), P(a(W)tiall))., and P(a(2)$3(2)) are
each equal to one and the values of P(RIV)IR'2)),
P(a(l)1a(2)), and P(a(2)ta(1)) are each egual to zer>, be~
cause a{1) and a(2) are also disjoint events. Howevar, the
values of P(R(1)ja(1)), P(R!{1)]la(2)), P{R{2)Jall)), and
P(R(2)1a(2)) are not equal to zers, hencz, the sum of the
conditional probabilities of the second row, the third row,
and the fourth row, each can not be equal to one. Conse-
quently, the above conditional matrix is not a Markov na-
trix. This is the first difference.

The second difference between the stochastic process,
namely the HBarkov chain and the Barkov process, and the Je-
cision tree process is that in the former processes the con-
ditional probability is independent of the past history of
the process. In a Markov chain, the chain can be mathemati-
cally expressed as:

P{X{n+1)=J|X(0)=a,.0eeeX{n)=i) = P{X(n+1)]X(n)=1i)
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vhere X is the randoa variable, ani n is the total steps ac-
complished by the chkain and a,...i,j are the states. The
above expression states that the probability that th=2 chain
vill be in state j after (n+1) steps given that tha chain
vas in state a at step 0, and in state b at step 1, and fi-
nally in state i at step n is egual to the probability that
the chain vwill be in state j given that it is in state i at
step n. The value of the conditional probability is not in-
fluenced by the fact that the chain was in differant states
before it reached state i. Also for a time homojeneous Mar-
kov ckain, P(X{n+1)=j}X(n)=1i) = P(ij), which is independont
of n (Cinlar, 1975). The tera P{ij) is usually ra2ferred to
as th2 transition probability; it is the probability that
the chain wvill make a transition £rom state i to state j.
For a Markov process, the transition probability cam be
written as P{Y(t+s)=j1Y(t)=i) = P(ij)(s) and is alsd> inje-
pendent of the past history of the process. Unlike the Mar-
kov chain and the Markov process, the conditional probabili-
ty of a decision tree does depend on the <conditional
probabilities of the previous branches. Using Bayes' th=20-
rem, the conditional probability of a certain branch can be
related to the conditional probabilities of previous branch-
es on its path. In order to show this, one can look at the
following problem described by ﬁaiffa (1970, pp-7-21;
36-38) ¢
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A collection of 1000 urns consists of 800 urns marked

a(1) and 200 urns marked a{2). Eack urn coantains red

balls, denoted as R, and black balls, denstel as B;

a(1) urn contains & R and 6 B while a(2) urn contains 9
R and 1 B.

Tke following tvo questions are them asked:

f1) What is the probability of an R ball baing takan from an
urn a®1) ?

(2) Suppose the £irst draw 1is an B ball, denotz this as
R{1), and after a replacement, the second draw is also
an R ball, denote this as ®/2), then what is thz prob-
ability that R(2) comes from an urm a(1) ?

For the first question, the probability tree diagram shown

in Figure 2~4 can be formed. Note that A, B, anl C are

chance forks. It is then necessary to calculate the conii-
tional probability P{af1) |R). Prom the problem, the follow-

ing conditional probabilities are known: P(a(l)) = 0.8;

P{a(2)) = 0.2; P(Rja{1)) = 0.4; and P‘Rlaf2)) = 0.3. Since:
P(Rla (1))

P(R and a(l)}/P(a’1)) and

P(R]a(2)) P(R and a(z))/P(a(Z)),rthen:

P'R and a{1}))

P{Rla(1))P{a(1))

0.4 x 0.8 = 0.32

P(R and a(?V))

P(BR and a(2)) P(Rla(2))P(a(2))

P(R and a(2)) 0.9 x 0.2 = 0,18

Since P(R) = P(R and a(1))+P(K and a(2)), then:
PIR) = 0.32 + 0.18 = 0.5
Hence, P(B) = 1-0.5 = 0.5



Legend: A, B, and C = chance fork.

Figure 2~4: The Probability Tree

36
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By using Bayes' theorem, Pfa{1)]R) <can be computed as
follous:

Pla 1) IR)

P(Riaf1))P{a(1))/(P{RIa[V))2(a(l))

P(Rla(2))P(af2)))

P(a(MWin) 0.4 x 0.8 /{0.4x0.8+0.9x0.2) = 0.64

So the probability that am R ball is taken from an urn a!1)
is 0.64.

For the second question, the probability tr2e diagran
shown in Figure 2-5 can be formed. Note that A, B, C, D, E,
F, and G are chance forks. It is necessary to compute
P{a(1) if R?1) and R{2)); this is the probability of 1{1) if
(R{1) and R(2)) are the branches. Note that the probability
of the union (a{1) if R!71)) and R(2) is writtaen as Pfa(1) if
R¢{1}, and R(2)). Then:

Pfa’'1) ,R(2) and R(1))=P(a(1))xP(R(2) if a(1))x

P{R?1) if BR{2) and a’1))
P(a(N,R(2) and R(1)) = 0.8x0.4x0.4 = 0,128
This is the patk probability of (a(1),R{(2),R(1)). Since
there is a replacement, then:
P(R(1) if R(2) and a(1)) = P(R(2) if a(V))
Praf?1),R(2) and B{1)) = P{R{V),R(2) and a(1)), namealy the
path probability of (af1),R!2),R!1)) 1is egual to the path
probability of (R(1),R(2),a(1)). From thke £first problam,
P!R’1)) = 0.5 then:
P(R(1),Rf2) and a’1)) = PI(R"1))xP'R(2) if R{1))x

P(a(?) if R(1) and R(2))
PIR(2) if R(1))xPla(1) if R{1) and R(2)) =
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P(R{1),R{2) and al1))/2(R’1)) = 0.128/0.5

0.256

One can look at the path [(R(1),R!2),a’1)) of the tr2e dia-
gran; ¢the above value is the probability of the union of
(R{2) if R(1)) and a(1) or P(R(2) if BR(Y, ani a(1)) =
0.256.



R
2
(8) .,
(E)
R,
By
)
2
O
B,

Legend: A, B, C, D, F, G = chance fork.

Figure 2-5: The Probability Tree
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Proa the path (af2),R!2),R{7)) one obtains:

P(a(2) ,R(2) and R(1)) = P(a(2))xP(R(2) if R{1))x
P(R(1) if R(2) and a(2))

P’af2y,R’2) and R'Y))

0.2 x 0.9 x 0.9 = 0.162

Since, P(a(1),R(2) and (R1)) = P(R(1 ,R(2) and a(2)) and
P!R’1)) = 0.5, then:

P(R(1),R({2) and af2)) = PIR{1))xP'R{2) if R{1))x

P(a(2) if RK(1) and R(2))

PIR72) if R(1))xPfaf2) if R?1) and R(2))

P(R(V1),R{2) and af2))/P{R(1))

0.162/0.5
= 0.324
As noted before, this value is equal to the probability of
tk=2 union {(R72) if R71)) and af2), by looking at the path
(rR(1) ,R(2),a(2)). Hence:
PIR{2) if R'Y), and a'2)) = 0.324
Siace:
P(R(2) if R(1)) = P(R(2) if R(1), and a (1))
P{R’2) if R{1), and a!2))

Then : P(R(2) if R(1)) = 0.256 + 0.324 = 0.58
Hence: Pfa(1) if R(1) anl R(2)) = 0.256,0.58 = 0.44

From the above coaputation, one can see that thz first
problem gives P(a(1) IR) = 0.64 and the secoad problea gives
Pfa’1) |R(1) and R{2)) = 0.48., It is clear that thaz value of
the conditional probability depends on the conditional proh-
abilities at each chance fork alongy its path; in the second

problem, it is along the parh (R!1),R(2),a(7)) 2and in the
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first problem, it is along the pathk (R,a(1). Hence, stated
generally, the conditional probability of a certain branch
at a certain chance fork depends not only on the conditional
probability of previous immediate branczh but also on that of
other previous branches along its path. This coniition dis-
tinguishes the difference betwéen the tree descision process
and the Markov chain or the Markov process.

A last difference that is wvorth mentioning is that the
tree decision process has at least one decision fark at
vhich branches are divided by a deliberate decision action
made by tke decision makers. This means that once a certain
branch has been chosen by the decision fork, other branches
at that decision fork are omitted. In a Markov chaiam or in
a Markov process, such omission is not necessary because all
branhes are controlled by chance. There are transitions in
a Markov chain or process that have similar behavior to ie-
cision forks in the tree decision process, for exaaple the
transition from a transisnt state to a recurrent stata2, but
such transitions still have probability values. Th2 deci-
sion fork, on the other hand, has no probability valu2s, and
in fact they are omitted from the computational prozedure.
This difference seems to have important bearings particular-
ly on the evaluation of the whole systemn; but it becozes
less important when a certain path of a particular d=cision
branch is concerned. In such case, the decision fork may be

omitted and all branches on this particular path are coat-
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rolled by chance only. All these differences will become
apparently important wvhen discussing the Markoviam wxplora-

tion model in Chapter III.

2.5 THE HODELS OF THE SECOND CLASS CATEGORY
With respect to the models of the second class category,
namely those with growth aspects, numersus vwritingys have
been Jone in this field. Among the important writings are
those done by Intriligator (1971), Solow (1974), Dasgupta
and Heal ?11974), Stiglitz (7974), Hu (1978), and Smith and
Krutilla (1979). The model that will be looked at in this
analysis is the model by Intriligator. Bis model is a two
s2z2tor growth model, one sector produces capital gooads and
the other sector produces consumption goois. Bxpressed in
terms of the capital-labor ratio and the wage-rental, his
moiel maximizes the present value of the consumption per

capita and can be written as:

-rt
sTe k=K (1)) /(K (2) =k (1)) £(2) (k(2)) At

Maximize J
subkject to:

dk/dt

((k(2)=k) /(k(2) =k (1)) E(N (k(N) -2k
kit{0))y = k(0)
kij)'= k(WM. =1, 2
v({2) (k) < v < v(T) (k)
k, k{1, k(2), v > 0
v(t) is piecewise continuous.
where:

k is the overal capital-labor ratio;
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k{9§) is the capital-labor ratio in sector j, j =1, 2
and sector 1 produces capital goods and sector 2 pro-
duces consumption goodls;

vit) is the vage-rental ratio; v{j) is the wage-rental
ratio in sector j, j = 1, 2;

a is a constant representing the sam of the capital
good Jepreciation rate aad the growth rate of thz labor
force.

£73) 1is the production function per capita of sector

j. 3 = 1, 2.

The model has k as the state variable and v as tae control

variable.

The Hamiltonian for the above model is:

t
(C(k=k (1) 7(k(2)-k(N))) £(2) (k(2))

g(k{2)-k)/(k(2) -k (1))) £ {N)k {1} -ak))

vhere: q(t) is the costate variable.

The canonical equations are:

({k{2)-k)/7(k {2) -k (1) )) £({1) (k{T7))-ak ani

I

(a+r) g-£(2) (k(2)) /(k(2) =k (7))
gf(1) {k{1))/k{2)~-k (1))

The balance growth path of the above problem is given by the

following solution:

f* {k{1) (v*)) = a+r

k(2) (v¥)) £(1) (k(N) (v*)) 7{E(1) (k(T) (v#))
a{k(2) (v¥))-k{1) (v¥)))
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whare k* and v* are the eguilibrium values for the capital-
labor ratio and for the wage-rental ratio. The eguilibriua
will be optimally maintained foraver once it is obtained
{Intriligator, 1971, pp.426-427). Figure 2-6 ani 2-7 show
the phase solution for the model. In Figure 2-6, wh2re
k?2)>k?1), the balance growth path follows alonjy tha2 hori-
zontal lin= v =v¥*, where there is no change in v, ani along
the curve k = k(v) where th2re is no change in k. This
curve k is defined as:

k

K(2YE(1) (K (1)) 7(£(1) (k) +a(k (2)-k(V)))

The horizontal line intersects with the curve k at the ba-

lance growth equilibrium, where v = v* and k = k*. Iuntrili-

gator gives the following interpretations for this balance
growth path:

(1) If the ipnitial stock of capital per capita is smaller
than k{1)*, then the economy specializes initially in
the production of capital good, wmoving along th2 curve
k{1, increasing both k and v;

(2) When k reaches k(1)*, then v = vx; beyond this poiat,
the economy will optimally produce capital goads as
vell as consumption goods, keeping the wage-rental ra-
tio constant at v¥, and the economy approaches the ba-
lance growth eguilibrium.

The reversa will happen if, initially the stock 5f capital

per capita is greater than k (2) *. It vill initally produce

consumer goods only, until it k reaches down at k(2)*; aft-
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ervarl, both goods are produced at constant wage-rental ra-
tio, at v = v, The economy then apprsaches the balance

growth equilibrium at (k*, v¥).



Legend: The Balanced growth path: ABE and DCE

Figure 2-6: The Phase Diagraum, k{2) > k{1).
Source: Intriligator, 1971, p.427.
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Figure 2-7 shovs the phase plane solution whken

k{1)>k{2). The conclusions that ar= drawn are:

M

(2)

If initally the stock of capital per capita is smaller
than k(1) **, then the econoay specializes initially in
the production of capital goods, moving along th2 curve
k(1) , increasing bhoth k and v;

Passing k(1) *x, the economy moves along a stable
nonspecialized path, approaching the balanze growth

equilibrium at (k*, v*).

If initially the stock of capital is greater than k{2)¢s,

then the economy produces consumer goods, moving along the

curve k{2), reducing k and v. At points vhere k < k'2) &%,

the economy moves along a stable nonspecialized path, reduc-

ing further k and v, and approaches the balance growth egai-

librium at (k*, v¥).



kI* kx ].;5*

Legend: The balanced growth path: ABE and DCE

Figure 2-7: The Phase Diagraam, k(1) > k12).
Source: Intriligator, 1971, p.429.
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An extension for the above model may include the f>l-

lowing:

M

(2)

The alddition of another sector that produces a mineral
resource commodity. This commodity is then used as in-
put to produce capital goods;

There will be uncertainty invaolved in the production of£
the mineral commodity. This uncertainty takes the form
of an uncertainty in the mineral resource discovary;
The uncertainty is controlled by a Markov process;

A Cobb Douglas production function 1is assign2d to each
sector. These production functions are subject coas-

tant returns to scale.

A foraulation for the above extension will be discussed in

later chapter.



Chapter III

THE ABALYSIS ON THE BRARKOVIAN EXPLORATIOX HODEL

This chapter attempts to analyze and formulate a Markovian

Exploration model and in doing so shows why it is mdore ap-

propriate than other uncertainty technique. It will analyze

the following:

1. The Exploration Network;

2. The Markov Chain and the Markov Process as applied to Ex-
ploration;

3. The Net-reward Function and Its Use in the Markovian Ex-
ploration Model.

Bach of the above categories is inter-relatel t5 each
other and together they will provide the formulation of the
Markovian exploration model. The discussion will proceed by
analyzing (1) first, followed by ?2) and (3). Much of the

pathematical detail may be found in Appendix B.

3.1 IHE EXPLORATION HETWORK

a——

The discussion in this section proceeds by defiminjy the unc-
er tainty, the resource classification, and the exploration
net work. This explanation includes a brief elaboration
upon the exploration activities which further proviles a

general picture of the exploration network.

- 50 -
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The use of several geoslogical termindlogjies in the ox-
planation of the exploration activities is inevitable; how-
ever, several definitions for some of the mnost important
terminologies are given. Pinally, the analysis provides a

diagrampatic representation of the exploration network.

3.1.17 The Uncertainty and the Besource Classification

In chapter 2 some explanation has already been given for the
type and the nature of the uncertainty that is to be encoun
terred in the analysis. A mineral resource classification
diagram, <called the Mc Kelvey diagram, is used to clarify
the explanation.

The uncertainty involved is the geologic uncertainty;
such uncertainty may be the result of the unknovwn occurence
of mineral deposits. These deposits lie hidden beneath the
earth's surface so that they are difficult to locate and to
exanine in a wvay which provides one with accurate knowleigje
of their extent and quality. An 2xploration, even with the
use of adeguate methods and eguipment, may only yizld re-
sults with a certain degree of certaintye. The geslogic in-
formation obtained from the exploration can be usel to esti-
mate the extent, the amount, and the guality of the leposit
vith some degree of uncertainty. It is this type of uncer-
tainty that the analysis is concerned about.

Another source of uncertainty, but one with which the

analysis does not deal, is the constant changying of the spe-
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cifications of recoverable ainerals. These changes are the
result of technological advancement which changes the cost
levels for exploitation and processing such that low grade
mineral deposits, or deposits that are remotely located c=an
be profitably exploited and processed. Thke knowladg=2 about
the occurence of such technological advancement in the fu-
ture is usually inconmplete and insufficient. The prediction
of such occurence contains some degree of uncertainty.

The McKelvey diagram that is shown in Chapter 2 inii-
cates a classification 2f a resource based on two paraze-
ters, namely (1) the degree of gedslogic certainty, and (2)
the feasibility of economic recovery. The definitions of the
terninologies used in that diagram are given in Appendix A.
It should be noted that the word known in the definitions
for reserve implies a certain degree of uncertainty. This
word refers to the location, the size, and the guality of
the deposit. The more intensive the exploration, the la2ss
is the degree of uncertainty. Within the reserva category
the d2gree of certainty measures the accuracy of reserve
determination. On the other haﬁd, within the category of
undiscovered resource, the degree of accuracy measures the
accuracy of the occurence of a mineral deposit.

This analysis pertains only to the resource which is
economically feasible at the time of determination. Such
resource includes the identified as well as the uniiscovered

one; it does not inclule the paramarginal or the submarji-



53
nal rasource. Rence, the discovery of a mineral Jeposit
that is too small or too remotely located to be economically
feasible is not considered in the analysis. Referring to

the M- Kelvey diagram, the part that is to be analyzed is

the following:

injentified resource undiscovered resource

reserve resource

P-—-_q
S e L

In the case of petroleum resource, the determiration of
the guantity of the undiscovered one is done by the voluae-
tric mathod. It is basically an extrapolation from a repre-
sentative estimated mean concentration with unit volume of
sediments to the volume of interest [NcKelvey, 1973;
pp. 14-17). This volumetric method for quantifyingy uniiscov-
ered resource will be referred again in Chapter 4, 1in the
discussion on the depletion model.

The exploration that is to be discussed in this chapter
covers the exploration for the resource of undiscovered za-
tegory. Hence, if suck exploration confirms the existence
of a petroleum resource, and if it further reveals the guan-
tity and the quality, then the resource can be reclassified

as reserve or identified resource.
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3.1.2 The Explanation of the Exploratjon Network
The exploration network is defined as the organization and
the inter-relationship of all exploration activities that
form the exploration project needed to search for a particu-
lar mineral resource in commercial yuantity. When the min-
eral resource is petroleum, then an exploration project to
search for petroleum is an organized attempt intenied to
find petroleum in commercial guantities (Hamner and Loftis,
1961; pp.1-2). Hence, 1if such an attempt results in the
discovary of petroleum in less than the commercial guantity,
the exploration project is usually terminated. In this
sense, the firm conducting the exploration is viewel as to
have a profit marximizing behavior.

An exploration project usually consists of sev2ral or
many exploration activities. For example, in the case of
petrolaum, the seismic reflection work is one of the explo-
ration activities for findiny petroleun. For further dis-
cussion, an exploration project is meant to be confin=2d to a
single venture. A venture is defined as the exploration ac-
tivity efforts for finding a particular mineral rasource
over a given limited area or district in which lejal permis-
sion or rights have been granted for such activities to take
place in that area or district.

The types of the exploration activities that form the
exploration project depend upon the kinds of wminerals and

deposits to be found. For example, the exploration activi-
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ties for searching petroleum resource are different from
those for searching uranium resource. Also a near surface
deposit requires different exploration activities than a
‘deep seated deposit. In fact these activities may chanje,
not only form one type of =wmineral resource to another, bhut
also from one district to another. This means, that even
for a particular mineral resource, the exploration activi-
ties may differ from one deposit to amother, if these depo-
sits are not found in the same geological district; parti-
cularly for petroleum resource. The exploration activities
for petroleum resource in known district, vwhere established
petroleur fields exist, are different than those in unknowvn
district, where there are no known fields and wher2 probably
no wells have ever beern drilled. Referring thesz2 explana-
tions to the Mc Kelvey diagram which has been discussa2d ear-
lier, the former is related to the hypothetical petrolzua
resource and the latter to the speculative one. In view of
the above 2xplanations, it is theu impossible to give a gen-
eral exploration network representation that will apply for
every mineral resource. For this reason, this analysis is
limited only to the discussion of exploration for petrol=um
resource. So, froam this point on, the discussion is refer-
“red to this particular resource.

For the exploration in a known district, " most of the
petroleum companies have already the current subsurface gzo-

logic maps of the district. The project may then be res-
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trictel to geophysical exploration, such as reflection se-
ismic activity to provide a more detailed subsurface map of
the structure in greater scale, and possibly core drilling
activity. The data obtained from these activities are com-
bined with previous geologic interpretation of the district.
However, in an unknown district, the exploration activities
are conducted to obtain first the subsurface geologic map of
the district. Depending on the 3Jeologic conditions of the
district, such exploration activities vary in th2ir scope.
Usually, an interpretation of the subsurface geological con-
ditions from geophysical data and studies of well lags and
others, 1is determined by comparing them to the subsurface
data with analogous geologic conditions that have b2en >b-
tained from surface observations in the immediate area or in
other district (Smith, and Wengerd, 1961; p.1). The discus-
sion that follows concentrates on the analysis of the explo-
ration network for the unknown district only. It ficrst =2x-
plains the exploration activities that form such exploration
netvork, then followed by the diagrammatic representation of

the network.

3.1.3 The surface Geological Survey

The first phase of the exploration effort is in general the
surface geoslogical survey. It makes a comprehensive inves-
tigation of the geological phenomena exposed on the surface

in the area under consideration. In particular, surface
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geology becomes of prime importance in new or unknown dis-
trict, such as in large, undrilled structure. In such a
district, the geologic conditions within the basin must be
assum2d1, based on the exposed sections of the basin around
the perimeter of the basin. Gool surface structural data
vill establish trends ani will serve as a gquide for planning
future seismograph work in that district without performing
costly seismic reconnissance work (Smith, and Wengerd, 1951;
p-1-

The stages of the field surface geology consist of:

(1) Reconnaissance geoslogy:

{ii) Detailed reconnaissance geology:

{iii) Detailed geology. This includes laboratory analysis
of rock samples.

Th2 most important pre-field work that is usually done be-

fore actual field wvork is started may include:

(1) Examination of previous work dona by the company:

fii) Literature search. This provides information on the
section to be surveyed;

tiii) Depending on the scope of work, air photographs must
be prepared. Rapid reconnaissance of large area re-
quires different ¢types of air photographs than ie-
tailed geological surveys. Air photography is con-
sidered necessary for unknown districts wher2 such

activity has never been done before;
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(iv) Sometimes reconnaissance flights to check th2 accessi-
bility of the district are necessary.

Thus the entire surface geological survey will include the
above pre-field work as well as the fiell surface jeology
itself. It should be noted that all data and samples taken
fron these surveys are analyzed in the laboratory.
3.1.4 The Geophysical Survey
The next exploration phase after the surface geology is the
geophysical survey. The jeophysical survey 1is used in pe-
troleun exploration to obtain information about th2 poyssibple
location of subsurface petroleum accumulations and help d=t-
erninz the selection of drilling sites {Dyk, 1967; pp.1-2).
The geophkysical exploration may include:
1) Magnetic survey;
(ii) Gravity survey;
(iii) Seismic survey.
These methods are indirect, namely they do not deteraine the
presence or absence o5f petroleum but rather measure paraze-
ters that may be related to favorable coniitions for possi-
ble petroleum existence.

The magnetic survey is usually the first geophysical
activity made in large areas where little data are availa-
ble. It may reveal the approximate thickness of the sedi-
ments, localize an area for further exploration activity,

and estimate scattered basement depths under less favorable
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conditions. Thke gravity survey, which is the second jeophy-
cal activity, may detect changes in rock deasity of the sai-
imentary basin; although its results nmay contain great
ambiguity, it is often used, particularly in areas of easy
accessibility, because of its relativaly low cost of opera-
tion (Dyk, 1961; p.u2 ). The third activity of this survey
is the seismic one. Although this is the most widely used
method of exploration, seismic surveys in unknown district
still leave many facts unrevealed.

The possible results of the surface ani gz2opaysical
surveys may include the foilouing:
(1) Surface iIndication of petroleum:
fa) patroleun seepages;
(b) petroliferous rocks.
?2) The existence of favorable geological conditions for
petroleun accunmulations: '
(a) potential source beds;
tb) potential reservoir beds.
(3) structural prospects:
(a) natural potential traps;
(b) potential drilling objectives.
(4) Potential areas for stratigraphic traps.
Whenever the results of the geophysical survey afficm tke
existence 5f structural prospects, then the next exploration

phase is the exploration drilling.
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3.1.5 TIhe Exploratiom Dri}lling Phase

The wells that are drilled for petroleum can be divid2d into

tvo categories, namely:

1) The -exploratory wells. These are wells that are
drilled in searching for petroleum, either above or
below known reservoirs in a known district, or at
unknown districts;

{2) The development wells. These are wells that are
drilled withia the field boundaries of known res=r-
voirs or near a producer well to extend the produc-
tive area of the known reservoir in a known district.

{Lahee, 196%V; pp.1-3).

This discussion is only concerned witk the £first category.

¥urther, the exploration wells can be subdivided into:

1-{a). Those which are drilled far from any petroleum dis-
trict and wvhich, if petroleum is found, will be the
discovery vell of the new field. Wells of this group
are called‘the nev field wildcats;

1-(b). Those vhich are drilled in relation to known produc-
ing areas of a known district. These can further be
divided into:

{i) those located outside the known field boundaries of a
partly developed reservoir of a known district; they
may be drilled to extend the known reservoir, called
the outpost wells, or to find a newv reservoir, called

the new reservoir wildcats:
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(ii) those located within the known field boundaries; they
may be drilled to search for a nev reservoir, either
below or above the known reservoir. Those 3irilled
belov are called deeper reservoir wells, and those

above are called shallower reservoir wells.
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A complete classification of exploratory wells is given in

Pigure 3-1.

Classification after completio‘r%

Drilling lassification or abandonment
objective hen drilling

is started Successful Unsuccessful
For long extension . Extension
of partly develop- Outpost well Dry outpost

ed reservoir

For a new reservoir
on a structure or
in geological envi-
ronment already
productive

(1) within limits
of proved reservoir
for new reservoir

(a) Above deepest
productive reser-
voir

Shallover re-
servoir well

Shallower re-
servoir disco-
very well

Dry shallower
reservoir well

(b) Below deepest
productive reser-
voir

Deeper reser—
voir well

Deeper reser-
voir disco-
very well

Dry deeper re-
servoir well

(2) Outside limits

New reservoir

New reservoir

Dry new reser-

of proved area of wildcat discovery voir wildcat

reservoir wildcat

For a new field New field New field dis-|{Dry new field
wildcat covery wildcatjwildcat

Figure 3-1: Exploratory Wells Classification.

Source: Frederick H. Lahee, "Probability of Suc-
cess in Exploration," in Graham B. Moody, Petro-
leum Exploration Handbook, McGraw Hill, New York,

1961. p-‘-z.
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3.7.6 The Diagrammatic Representation
The diagraamatic representation of an exploration project is
formed by combining the exploration activities that are un-
dertaken with the possible outcomes or results of thase ac-
tivities. Pigure 3-2 shows a possible diagrammatic repre-
sentation of a surface geology natwork of an exploration
project for an unknown district. The related explanations
of this diagram is given below:

A. Pre-field work and the reconnaissance surface geol-
ogy are the first things to do. The results of the two ac-
tivities aay either affirm to do detailed reconnaissance
surface gedlogy directly or assert to do laboratory examina-
tions of the field investigations before detailed reconnais-
sance is undertaken. Define then:

(1) stata 1 to be the pre-field work and the reconnais-

sance survey:

rii) state 2 to be the laboratory investigation;
(iii) state 3 to be the detailed reconnaissance surfacze

geology;
The results of the detailed reconnaissance activity are usu-
ally examined through laboratory analysis and its outcome
may either affirm further exploration, namely detailel gesl-
ogy, or continue detailed reconnaissaince work. Define
then:
(iv) state 4 to be the laboratory activity for this stage;
(v) state S5 to be the aétailed geology activity;

(vi) state 6 to be the laboratory activity at this stage.
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Again, th2 results of the detailed geology activity must be
check23l ani examined through laboratory analysis. The out-
come of this analysis may either:
fa) affirm further exploration, namely geophysical survay,
or
() coatinue detailed geslogy, or
(c) stop exploration work; this means that the project is
abandoned.
At this stage, it is usually possible to interprete the gan-
eral subsurface conditions of tha district?* how2ver, if
there are no indications whatsoever that a source rock or a
reservoir rock is available, then it is usully sujgested to
stop the exploration work. Define then:

(vii) state 7 to be the stop activity.

! Also at this stage, if required, an estimation 2f the pe-
troleum resource by volumetric method can be coniuctai.
The result, though, <contains a large dejree 9f uncartain-
ty.
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further

exploration

Legend: state 1: pre-field & reconnaissance geology activity;

state 2:
state 3:
state 4:
state 5:
state 6:
state 7:

Pigure 3-2:

laboratory activity;

detailed reconnaissance geology activity;
laboratory activity;

detailed geology activity;

laboratory activity;

termination.

The ‘Surface Geology Network
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B. Por the diagrammatic representation of the jeophy-
sical survey refer to Figure 3-3. The magnetic survey is
the first activity unéertaken in the geophysical survey:
the second is the gravity survey, and the third is the se-
ismic survey. However, the laboratory interpretation of the
magnetic survey may assert either to undertake <the gravity
sucrvey in the next step, or to omit it and 3o directly to
tha s2ismic activity. The coabined laboratory interpreta-
tion of the magnetic and seismic surveys, and possibly the
gravity survey, may suggest in_the following steps:
(a) to terminate the exploration work bhecause n> petroleun
structural or stratigraphic traps are found, or
(b) to undertake more extensive magnetic survey, or
c) to continue seismic survey, or
f3) to undartake further exploration, namely 3irilling activ-
ity.
The steps !b) or (c) are needed to further confirm the pds-
sible existence of a potential structural trap or a pota2n-
tial stratigraphic trap, while step (d) is undertaken if tke
laboratory interpretation indicates the possible existence
of a petroleum trape. In this casa2, the gjeophysical survey
also help to determine the location of the dfilling sites.
The results from the coambined laboratory interpretation for
the step on drilling can be classified into (i) less favora-
ble, (ii) favorable, and (iii) very favorable. Th2se are

based on the information on potential ¢traps as w2ll as on
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the possible size of the traps. A less favorable outconme
may indicate inconclusive information on the shape of the
trap and the possiblity that it does not extend very far.
On the other hand, a very favorable outcome may indicate a
large extension of the trap vith conclusive information on
its size. The favorable outcome 1is considered to 1lie in
betveen the tvo previous outcomes. Define then:

(i) state 8 to be the magnetic survey activity:

N

ii) state 9 to be the laboratory interpretation activity

at this stage;

*N
ol
[ ol
[ dd

—

state 10 to be the gravity activity;

iv) state2 11 to be the seisnic survey activity;

(v) state 12 to be the combined laboratory interpretation
activitys

(vi) state 13 to be the termination activity; should this

be the step undertaken, then the project is usually

abandoned.
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state 8
state 9
state 1
state 1
state 1
state 1

0
b §
23
3

Pigure 3-3:

8 )- < ’;ﬁ}————;>—-—<::)

to exploration drilling activities

magnetic survey activity;
laboratory interpretation activity;
gravity survey activity;

seismic survey activity;

combined laboratory activity;
termination activity.

The Geophysical Network
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C. As previously discussed, the drilling activity anay
be conducted under one of ¢the three passible.conditians set
up by the geophysical survey, namely the less favorable, fa-
vorable, and the very favorable conditions. However, these
conditions refer to structural conditions ani do not refer
to the presence of petroleum insitu.2 So, even if very favo-
rable conditions are to be expected, there is still a possi-
bility that the wildcat drilling ends up with a dry well.
on the other hand, less favorable conciitions may result in a
discovery well. It is of course rational to assuma2 that the
probability of striking petroleus when the structural conii-
tions are very favorable is greater than when those conii-
tions are less favorable or favorable. This assumption will
be held in furtherdiscussion. The diagrammatic rapresenta-
tion of the drilling activity netvork is provided in Figure

3‘“. .“
0

-

<

2 Note that even if the presence’of petroleum is not yet
confirmel by drilling, one is not prevented to make an 2s-
timation of the amount of the possible petroleua rasource
by the volumetric method. In fact, if the project does
not end up in state 13, a volumetric estimation at this
stage will have less degree of uncertainty than the one
done at the stage after the surface geological sarvey.
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Legend:
state
state
state
state

state
state

wildcat drilling in less favorable
condition;

wildcat drilling in favorable
condition;

wildcat drilling in favorable con-
dition;

18, 19: laboratory activities;
discovery activity

termination activity (dry wll)

Pigure 3-8: The Drilling Activity Retwork
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As the drilling proceeds and samples from the drilliags
are examined in tke laboratory, more and more concra2te in-
formation on the geological coniitions is obtained. This
may bring a possibility that the less favorable coniitions
as defined by the geophysical survey may become favorable or
remain less favorable. Such rossibility must also apply for
the favorable conditions; they may become very favorable or
remain favorable. However, the very favorable conlitions as
defined by the geophysical survey are usually not changed by
the results of the drilling, as far as geological structures
are concerned. This is because it is considerel that the
methods used in geophysical surveys are godd enough t> pred-
ict structural conditions, but they are not considarel to be
that good as to provide conclusive structural interpreta-
tion, especially in complerx structures. The conditions for
drilling may then be visualized as follows:
i) vildcat drilling in a less favorable condition, after

laboratory analysis, may result:
{a) drilling in the same geological condition, namely less
favorable, or

(b) drilling in a favorable condition, or
{c) drilling in a very favorable conditiou.
All these three possibilities may end up with either a iry
vell or a discovery wvell;
1ii) wildcat drilling in a favorable condition, after la-

boratory analysis, may result:
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fa) 3rilling in the same geological condition, namely favo-
rable, or
(b) drilling in a very favorable condition.
Also the two possibilities may either end up with 2 dry wall
or a discovery well;
fiii) wildcat drilling in a very favorable condition, after
laboratory analysis, usually the result confirms the
geopkysical interpretation.
The 3rilling in a very favorable condition may still end up
with either a dry well or a discovery well. Define than:
1) state 14 to be the wildcat drilling activity in lass
favorable conditions;
(ii) state 15 to be the wildcat drilling activity in favo-
rable conditions;
{iii) state 16 to be the wildcat drilling activity in very
favorable conditions;
{iv) state 17, 18, 19 to be laboratory activities;
(v) state 20 to be the discovery activity;
(vi) state 21 to be the dry well activity, wvwhizh is also
the termination activity.
Hence, the drilling activity network can be formed, and this
is shown in Pigure 3-4.
Coubining the surface geology, geophysical, and drill-
ing activity netvorks together, the exploration network of

the project for a venture is obtained. This network is

shown in Pigure 3-5.



Pigure 3-5: The Bxploration Retwoark
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3.2 THE HARKOVIAN EXPLORATION NODEL
In this section the exploration network is modellel as a
Markov chain and Markov process. The analysis will be re-
lated to the exploration project network discussed 1in the

previous section. The analysis proceeds by discussing the

markov chain first, followved by the Markov process.

3.2.1  The Barkov Chain
Definition:
A stochastic process with a state space E can be 3efined as
a colleétion of raudon.}ariables XIn) defined on the same
probability space ani having values in the state space E,
where n 1is in T and T is a subset of {-=,+ = ) (Cinlar,
1975; pp.6-9; Hoel et al, 1972; p.vii).
Heyman and Sobel (1982) 3Jefine a Markov chain as follovs:

A Markov chain is a discrete-parameter stochastic

process with a countably infinite state space and

the property that the past history of the process

is completely summarized by the present state.
With respect to this amalysis, the state space is the set of
all the exploration activities of an exploration project.
Since the number of these activities in a particular explo-
ration project is finite, the state space is finite. Sup-~
pose (X{n), n =1, 2, 3 ...) is a stochastic process that
takes on a finite countable numbers of possible values X'‘n),
then X(n)=i means that the process is in state i at time n.

Whenever the chain is in state i at time n, then the prob-
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ability that the chain will be in state j at time ‘n+1), is
called a transition probability. This transition probabili-
ty is independent of the time n, and is usually written as
Pfij)e. The Markov chain can be mathematically defined as
followus:

P(XIn+)=jIX(n)=1, X(n-1j=i(n-1) scccc.X(N=i1)}=

P{X(n+N)=jiX(n)=1i} = P{X(2)=ji1X(VN =1} = P(i]) ecee(T)
[Ross, 1972; pp.B8u4-85).
The above formulation states that the probability tha chain
will be in state j at time (n+1), given it was in state i,
i'n~-1... i{1) at time n, 'n~1),.....1 respectively, is
equal to the probability that the chain will be in state j
at the next step given that it is in state i now. Thus, the
past history of the chain 1is conmpletely summarized by the
present state i. This property is very important in relation
to its use in exploration. As is known, a decisioa to un~
dertake an exploration activity in an exploration project
depenids only on the outcome of the last activity that has
been undertaken. For example, the decision to undertake a
vildcat drilling depends entirely on the outcome of the g=20-
physical survey, and in turn, the decision to undertake a
magnetic survey depends on the results of the surfice geolo-
gical survey.These decision steps are possible because 1all
knowledge gathered from the past activities is being summar-
ized in the activity that is currently undertaken. Hence,

the use of the Markov chain to represent the process of ex-
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ploration can be ajequately justified. The probability of
transferring f£rom one exploration activity to the other be-
comes a transition probability of the Markov chain and the
exploration network becomes a Markov chain systen.

Referring to the exploration network of Figur2 3-5,
this ﬁetwork has twventy one states and the transition from
one state to the other is a Markov chain tramnsition. Each
transition wsust be assigned a probability value, nanma2ly
P(ij), and this probability is the transition probability
vhich is independent of time n: so it is stationary. The
Markov chain being considered is time homogeneous, nazely it
satisfies equation (1) (Cinlar, 1975; pp. 106-107) . It is
further required that:

P(ij)>0, i, j >0 for i=1,2,.....0. R 4
And since the chain must make a tramnsition into some state,
it is true that:

g P(if)=1 for i=1,2,eeea.n. ceeeeeenees {3)
It is customary to arrange the P(ij)'s into a sgunare matrix,
calledl the tramsition matrix, as follows:

[P(11) P(12) cecvscccnsccnassP(121)
P(21’ P(zz)......O...-.... P(221)

P(31) p(32)c..o..o..noo.ancpl321)

LG U IR B 2R N B0 2K B L B N 20 L B AL R I B B 2K B B N N N 2 N X K I X J

LR N 3 A B0 N B0 I B B B N B B AE U N A AL N BN I N N R N N J

The sum of the probability values of each rov must b2 equal
to one. Define P(ij)=p(ij) for P(ij) not egual to zerd or

one, otherwvise it is egual to zero or one. Then the tramnsi-
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tion matrix of the exploration natwork =zan be written as
shown in Figure 3-6.

The probability P(ij) for i=j can be interpreted as the
probability that the chain vill continue to remain in state
i after it has been in state i for one unit of tiie. For
example, P(55) is the probability that the chainm will still
be in state 5 after the chain has been in state S5 for, say
ore month, if one month is defined to be a one unit of tine.
In other words, P(55) is the probability that it is still
necessary to perform detailed surface geological sarvay aft-
er it has undertaken that activity for, say one month. How-
ever, if Pfij) for i=j is not equal to ome, the chain has to
leave state i eventually. For example, in the cas2 of state
1, the chain must eventually make a transition, either to
state 2 or state 3. In cases wvhere P{ij)=1 for i=j, the
chair will remain in state i forever once it reaches state
i. This condition applies for states 7, 13, 20 and 21.
Note that state 7, 13, and 21 are, 1infact, termination
states, i.e. the exploration is unsuccessful; howaver these

states are not classified in the same category because the

knowledqge accusulated at each of these states is different.
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State 21 has more complete knowledge tkan that of state 13
or 17, while state 17 has more complete knowledge thkan state
13. State 20 is actually not a termination state but it is
a state in wvhich petroleum is discovered. The davelopmaat
stage will follow after the discovery; however, the davelop-
ment activities are considered not to be controlled by the
Markov chain. Hence, as far as the Markov chain 1is con-
cerned, the state 20 is a termination state, namely the ax-
ploration activity is terminated with a discovery.
Before further analyzinjy the exploration network prob-~
lem, it seems appropriate to discuss the problems of assign-
ing probability values to each transition in the section

that £follows.

3.2.1.1 Assigning Probability Value

There are basicallly two possible ways for assigninj thk2se
values: (i) to derive a formulation which will show that
these transitions have a certain probability distribution
function, (ii) to provide subjective probability estimates.
The first approack is usually mathematically more difficult
tkan the second one. The difficulty in formulatiny such
probability distribution functions is that the process that
controlls the origin, accumulation, migration, and 2ntrap-
mant Of petroleum reserve is not wholly known, s> that the
uncertainty in the decision for undertakiny certain explora-

tion activities may not obviously follow certain probability
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distribution functionms. Unfortunately,there hava been few
studies in this area. Newendorp [1975; pp.324-327) showus
that reserve distribution follow lognormal, binomial, mul-
tinomial, hypergeometric, or even exponential probability
distribution functionms.

Nevendorp in his study assumes that decisions Ffor
drilling can be modelled using sampling without replacemant
or sampling with replacement (Newendorp, 1975; pp.227-349).
In th2 first case, the probability of the outcom2 of a
drilling venture is dependent upon the previous outcomes of
the vells, while in the second case, the probability of a
drilling venture is independent of previous outcomes. For
the fisrt case, Newendorp suggests a hypergeometric listri-
bution for the reserves distribution and for the second
case, a binomial or multinomial distribution funztion with
some geological restrictions. However, his results do not
suggest what probability distribution function the transi-
tion activity wvwill have. It is, of course, not obviouas that
the probability distribution function for the transition of
an activity must be identical to the one for reserve iistri-
bution.

The subjective probability estimates are derived from
subjective personal judgement. This subjective method is a
personal opinion as to the likelihood that a given outconme
vill occur (Nevendorp, 1975; pp.305-307). The opinion can

be based on available statistical data, or it may b2 based
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on experience of the analysist. This method is usually less
complizated than the first one and requires no complex
mathematical foraulation. However, it has certain limita-
tions, namely (i) since it is a personal judgement, diffe-
rent analyses may give different probability estimates, even
based on the same geological inforamation, {ii) the julgemant
may be biased because of personal preferences toward risk;
a risk averse person may give lower probability values than
a risk neutral or a risk preferred person. In general, the
analysis assumes that the person is a risk averse one. A
person is said to be risk averse, if he will alwvays prefer a
sure consequence to any probabilistic mixtuore of consagquenc-
es having the same mathematical expectation. On the other
hand, a risk prefer one will prefer the probabilistic conse-
guencas to any sure consequence. A risk neutral person azay
be indifferent between the two kinds of consequences -if
their mathematical expectations are the same. In view of
the existence of a large degree of uncertainty in gquantify-
ing an undiscovered resource, the subjective probability es-
timates may often give ajequate results.

There are other methods for estimating probability va-
lues besides the above two methods, namely (i) the nuamerical
grading techniques, and ({ii) and the simulation techniquszs.
These methods have been used to estimate the probability of
reserve distributions (Newendorp, 1975 pp.310-311;

369-376). This analysis does not discuss as how thes2 meth-
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ols can be used to provide transition probability estimates,
but it provides a brief description of these methads.The
numerical grading technigues uses arbitrary gJrading scales
for all faptors vhich have a bearing on the possible pr2s-
ence of petroleum. The grading scale may range from one to
four, where four is defined to be excellent and one to be
poor. A weighting multiplier factor is assignel to those
factors which are particularly important to petroleuz aczu-
mulations. The weighting grades are then added and tke re-
sult is compared to results of other alternative possiple
petroleun accumulations and the one that has the highest
score is considered the most favorable. This methol sezms
to have an advantage over previous methods because it in-
cludes most of the relevant factors that govern petrolzum
accusulation. However, since the numerical gradinjy scale is
quite arbitrarily chosen, results may differ from one analy-
sis to the other. The second method, namely the simulation
technigues, 1is basically a method that calculates the prob-
ability of petroleum accupulation by generating or simulat-
ing the distribution density functions of the raniom varia-
bles involved. To generate these functions, statistical
data of the random variables are reguired. This method has
certain advantages, namely (i) it allowvs professional judje-
ment of one random variable at a time, (ii) it is conducive
to sensitivity analysis, and (iii) the concept is so jeneral

that it often can be used for a variety of uncertainties.
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Hovever, since it needs statistical data, the method zan not

be used £for unknovwn districts vhere such data are usually

not present, unless an analogy can be made to a certain
known district vhere the data are available.Also, th2 tech-
niques are usually not zathematically simple.

Several remarks can be given when assigning probability
values, namely:

(1) the probability values involved in this analysis are
those assigned for the random variable(s) that jo-
vern (s) the transition of the chain from on2 state to
another, rather than a sinyle randor variable deter-
mining the probability of reserve existence. All
these values together, through the Markov chain, d=2t-
ermine the probability of petroleum existence;

(ii) if a certain probability distribution function is to
be assumed for the random variable that governs the
transition of the chain, then such function must also
be assumed for every transition in the network.This
is basically a reguirement of the Markov <chain used
in this analysis;

{iii) the netvork is designed for am exploration >f an unk-
nown district, where statistical data ar2 absent.
Methods using statistical 3ata cannot be us=2d, as
previously explained.

In the discussion that follows, it is assumel that the

probability values are determined already by one >f the
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metholds discussed above. The discussion on the classifiza-
tion of the states is then followed by the analysis on the

computational procedure.

3.2.1.2 The Classification of the States

This section presents a classification of the states of the
network into various types to simplify the computational
procedure for finding the probability of being in any state.
In order to do this, the states are renumberred ani leave
th2 position of the activities as they are. This means that
the network remains the same, but the numbers that are as-
signed to each states are changed. The new diagram is shown
in Pigure 3-7 and this diagram indicates three important
facts, namely:

(1) Every transition in the network is controlled by
chance;

{(2) The transition probability €from one state to the na2xt
state does not depead on the transition probability of
prior transitioas:

{3y There is a possibility to repeat certain exploration
activities. Por example, the chain has the possibility
to transfer from state 15 to state 11;

The above facts are usually not found in a decision tree

process used in exploration.
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The diagram in Figure 3-7 zan also be siamplified by grouping

a number of states togetker as shown in Figure 3-8.

Figure 3-7: Tke New Exploration Network
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G. 6, 7, 8, 9, 10

I

Gl. 12, 13, 14, 15

E

Y

2

GS, 17, 18, 19, 20, 21

Figure 3-8: The Siaplified Netwdrk
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Several definitions are given below to enable one to
classify the states.

Definitions:

fi) A state is called a recurrent state if the probability
that 'the chain will revisit that state is egual to
one;

(ii) A state is called a transient state if the probability
that the chain will revisit that state is less than
one;

(1ii) A state is called an absorbing state if the probabili-
ty that the chain will remain in that stats forever,
after reaching it, is egual to one.3

The mathematical definitions of the above are given in Ap-

pendix B.

The states can then be classified as follows:

(1) States 1, 2, 3, 4 are recurrent states, however they
are also absorbing states; once the chain is in one
of these states then it will remain there forever;

(ii) States 5, 7, 8, 9, 10 and 11, 12, 13, 14, 15 and 16,
17, 18, 19, 20, 21 are all transient states. The
probability that the chain will revisit these states
is less than one, which means that there is a possi-
bility that the chain will never revisit thase states

again. Note that once the chain leaves tha group

-~

3 These defimnitions are given in a manner so that th2ir ze-
aning can be easily understood. A more precise jefini~
tion, as defined in most stochastic processes theory, are
given in Appendix B.
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that contains state 5 the chain will never revisit
the states in that group. This is also true for the
twvo other groups that contain state 11 or 16.

The above classification implies that for the absorbing
states, P{jj)=71 and for the transient states P (jj)<1. Let
states 5, 6,7, 8, 10 together be =zalled the first
group;states 11, 12, 13, 14, 15 be the secondjyroup; and
states 17, 18, 19, 20, 21 be the third group. Then within
the first group the chain may make a transition from state 7
to state 8 as well as from state B to state 7; likewise,
frox state 9 to state 10 and vice versa. However, eventual-
ly the chain must leave the first group and make a transi-
tion either to state 1 or state 11 in the second group.
Within the second group the chain may make a transition from
state 14 to state 15 as well as from state 15 to state 14,
and also from state 15 back to state 11. When th2’chain
does make a transition from state 15 to state 11, thken the
chain will have to undergo the transitions from stats 11 to
state 15 ajain. However, eventually the chain must leave
the states of the second group anl make a transition either
to state 2 or to state 16, or 17, or 18 in the third group.
Within the third group the chain =ay make a transition froa
state 16 to state 19 and vice versa, from state 17 t> state
20 and vica versa, and from state 18 to state 21 and vice
versa. Note that if the chain ever reaches state 19, then

from there it can reach state 21 by tvo possible routes,
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namely: (i) via state 18 to state 21, or ([(ii) via state 17
to state 20, then to state 18, and finally to state 21.
Howvever, when the chain takes the second route, it has the
possibility to make a transition from state 20 either to
state 18 or to state 4, or back to state 17. On the other
hand, when the chain takes the first route, 1is not possible
to make other transitions except to go from state 18 to
state 21, And £finally, the chain must evantually leave the
third group and make a transition either to state 3 or state
4. Note, whenever the chain reaches either state 1, 2, 3,

or 4 the process is then terminatei.

3.2.1.3 The Computational Procedure

It is now possible to define a computational procedure for
calculatiny the probability of every exploration aztivity
after classifying the states of tke exploration natwork.
The Harkov'natrix is then arranged according to the Markov
diagram described in Pigure 3-7, and it can be writta2n as a

partitioned matrix as follows:

[1 { O
P= ———t——
B | Q

where:
1 2 3 4
1 0 0 0 1
0 1 0 0 2
I=10 0 1 O 3
0 0 0 1 4

and
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1 2 3 4

(P(51) . R P [54)
P(61) . . P (64)

B= OO0 BSOSO PANTRNOOIOSOS

s 8 0o ¢ OV

LK 2 B I B N B N NN N R NN R NN R N NN ]

P21y . . P(214)] 21

The entries of the sub-matrix B that have positive values
but less than one are: P({101), P {152}, P(193), 2({(194),
p(203), P(204), P{213), P(214). Jther entries ar2 ejual to
zZero.

' 5 6 7 21

(P (55) P (56) P(57) cecevecesees P(521))
D!65) P(66) P(67) ececccececeeeee P!621)
Q= GO B O OB O OO PO OO PO DD OOPOOERDPH O D OO OO PP S

LU 20 20 BN 2N X K JK IR B O B B N N BN N BN N B N N N X I I N NN N A N N Y N2

LP(215) P(216) P(217) cevescceeecs==P(2127)) 2

-8 ¢ 8 o OV

The entries of the sub-matrix Q which are positive but less

than one are:

(1) all diagonal entries, namely P(ii), i=5,.---21;

(ii) amongy the first group: P(56), P(57), PI57), P1718)
P(87y, P(89), P(910), P(109), P(10T), P(1011);

{iii) among the second group: P(1112), P(1213), P(1214)
P{1314), P{1415), P(1514), P (1511), P(152), P(1516)
P(1517), P(1518);

{iv) among the third group: P(1619), P(1720), P(1821),
P{1916), P{1917), P(1918), P (193), P(194), P{2017),
P(2218), P(203), P(204), P(2118), P(213), P(214).
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Note that the diagonal entries above are interpreted as the
probability that the chain, after being in state i for a
certain tinme, vill still be in state i after that tise.
Since all diagonal entries are considered to be positive, it
is not possible for an exploration activity to be finisaed
at the exact time stipulated by the decision makers. In
view of the uncertainty involved, this seems to be a ration-
al assunmption. However, empirical analysis may assign rela-
tively small values to some of these probabilities; this me-
ans that some of the»9gtivities s> assigned may finish at a
time near the time set by the decision makers. It should
also be noted that the antries of the partitioned matrix P
are no different than the original markov matrix P, except
that the states in the partitioned matrix are arrarged in
‘different order.
The question is now, what is the probability that the
chain, starting from state 5, will end op in state 1, or
state 2, or state 3, or state 4 ? In other words, what is
the probability that the exploration project will result in:’
(1) termination of the exploration after the surface geol-
ogy?

(1i) termination of the exploration after the gzophysical
survey ?

(iii) wildcat dry wvell ?

(iv) wildcat discovery well ?

Pirst, in general the followiny can be written:
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1 } 0
n ———tm———
P = | n
B(n) | Q
2 3 n-1
where: B(n) = B + 0B + 2 B ¢+ 0 B ¢ caveceeet B,
n-1 k
B(n’ = n Q B ..o.....oooooo-.o(3“1,
k=0

B(n) (ij) is the probability that starting from state i, the
chain enters the absorbing state j at or before the n-th
step, wvhere i>4 and j=1,2,3,4. Por more detail 3iscussion
refer to Appendix B.

The following relationship can be written:

N+

(see Appendix B).
vhere G(ij) is the probability that the chain evar reaches
state j from state i;

-1
S = (I-Q, --.--000-00000000(3"3,

vhere I is an identity matrix.
Since the sub-matrices Q and B are known, the sub-matrices S
and G can be computed. The above method >f calculation is
made possible using the limiting behavior of the Markov
chain (see Appendix B).

By calculating the matrix G, the following 2ntries of
the matrix are known and these pravide the solution of the

problem:
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(1) G(51), wvhich is the probability that the project will
result in the termination of the exploration after
the surface geological survey:

(ii) 'G(52), wvhich is the probability that the project will
result in the termination of the exploration after
the geophysical survey;

{1iii) G?53), whick is the probability that the project will
result in a wildcat dry well;

{(iv) G(54), which is the probability that the project will
result in a wildcat discovery well.

Hence, the questions of the exploration problem have b2en

ansvered by the computation of the matrix G.

Several other conclusions can be drawn from the use of
the Markov chain computation proceiure. Let H({(ij) be a ran-
dom variable denoting the number of times the chain visits
state j starting in state i, before it eventually enters an
abhsorbing state. So state i and j are transient statas.
Also let u(ij) be the expected number of visits t> state j,
BN’ij)). Then the Theorem states:

The entries of the matrix S, namely s!ij) arz egual
to u(ij).

!Bhat, 1972; pp.72-73).

Hence, the matrix S also indicates the possible values of

the expected number of visits to state j, starting in state

i, before the chain evenpually enters an absorbing state.

And from the formula for computing S above, the 2ntries



94
s7ij)'s are known. Let S’d) be a diagonal matrix whose 2n-
tries are u(jj) or s(jj): let S(2) be a matrix whose antries
are the square of uf{ij) or s{ij). Then the Theoream states:
The variance of the number of visits to state j from
state i, denoted as V(N(ij)), is equal to (S5(25(d) -
I) - S(2)).

(Bhat, 1972; p.74).

Hence, the formula for the variance can be written as:
V(N{i])) = (S(257d) - I) - 5(2)) cesecceces (3-4)

Since the exploration wvork always begins in state 5, then

i=5. Suppose that the unit of time spent for each activity

is given in months. Then one might ask, what is the a2xpect-

ed number of months that will be spent on detailel ga2s5logi-

cal survey before a decision is reached either to stop or to

continue further exploration ? And what is its variance ?

The solution is given by computing:

(i) u(59) = s(59) which is also B(N{59)), the expected num-
ber of months spent in state 9 before entering either
state 1 or state 11, via state 10;

tii) V{N(59)), vwhich is the variance of the expcted number
conputed in (i) above.

Note that the formula for computing the variance V(N (ij))

will result in matrix whose entries are V(N(ij)). 50,

VIN(59)) is the first rovw and the fifth column entry of that

matrix; and state 5 becomes its first element.
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Hence, one could also ask similar questions as above,

for other states. The matrix S also indicates thza expected
number of visits to a state j, startiny in state i, where i
is not state 5. For instance, one might ask, what is the
expected number of visits to state 15 when the chainp starts
in state 11, before it enters an absorbing state ? However,
before providing an answer a careful evaluation amust be
done. If the exploration starts in state 11 instead of in
state 5, it is assumed that all geological knowleige ob-
tained from conducting exploration activities froa statz 5
to state 10 are already known. However, since ths explora-
tion starts in state 11, such activities are not actually
done in that district. For an unknown district, suchk know-
ledge are usually obtained by the method of amalogy to a si-
ailar known district; however, these are not usually better
than those obtained by actual surveys. Hence, th2 risk in-
volved in the exploration in unknown district will usually
be greater when exploration starts in state 11 than when it
starts in state 5.. This implies that the transition prob-
abilities given are no longer relevant in this casa. So in
order not to confuse the problem, this analysis assumes that
for the particular exploration network given in Pigure 3-7,

the chain always starts in state 5.
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3.2.2 The Markov Process
In the discussion of the Hérkov chains, it has been assuaned
that the time needed for each activity to take place is ane
unit time for every state. In most exploration activities,
hovever, it is usually true that the length of time for an
activity to take place is not completely known in aivance.
In order to incorporate the length of time of the i&tivities
as a random variable into the model, a Markov process must
be defined.

In a Markov process, the time spent by the process in a
certain state is a random variable. Mathematically, a M¥ar-
kov process can be defined as follows:

The stochastic process X = (X(t); t in R(+)) 1is said
to be a Markov process with state space E, given that
for any t, s>0 and § in E, P{(X(t+¢s)=jiX(u); ult ) =
P(X{t+s) =31X (L))
(see Appeniix B).
Note that R(+) denotes the set of all positive real numbers
and t denotes the time.
Fhen P(X(t¢+s)=JiX(t)=i) = P(if) (s) is independent of t>0 for
all i, j in B, and s>0, the process X is said to be a tige
homogeneous Markov process. And P(ij)(t) is =called the
transition function of the Markov process X and this func-
tion is dependent upon time t. 1In matrix notation, P{ij) ‘t)
is written as P(t). For further discussion, th2 analysis

limits itself to the time homogeneosus Markov process.
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To illustrate the Markov process that is used imn this
analysis, let the process be in state x(0) at time t=0.
Suppose the process remains in state x (0) until som=2 posi-
tive time t(1) at time which the process make a transition
to another state x({1). If the process remains parmanently
in state x(0), then t{1) = infinity. However, if t{1) is
finite, the process upon reaching state x (1) vill remain
there until some positive time t{2), where t({2)>t(1), when
it makes a transition to another state x({2), or even back to
state x(0). If the process never leaves state x(1) thzn t(2)

= infinity. In general, the process can be illustrated as

followus:

X(0), 0<t<t (1)
x (1), t(1)<t<t (2)
X(t)= < X(2), t(2)<t<t(3)

LA N B N N N A A N A A KA NN J

An example of a Markov process realization is given in Pig-
ure 3-9.

Several theorems 52f the Markov process will be used and
discussed in this section. The first theorem is the theoren
about the so called sojourn time. Let W({t) be the length of
time the process X remains in the state beiny occupied at
the instant t, then W{t) 1is also called the sojourn time of
that particular state. The Theoream states:

Por any i in the state space E, and t>0, then



-6(i)n

P(RIt)>ujxt)=1i) e ¢ 00 for some

(i) e (0, += ).
(Cinlar, 1975; p.242).

The sojourn time is then a random variable.
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Legend: X(t) is the state.
t is the time.

Pigure-3-9: A Markov Process Realization
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The term &{i) 1is usually referred as the parama2ter of

the sojourn time distribution in state i. Now lefine the
times T{0), T(1), T{2) <ecaeeee tOo be the instaats of the
transitions of the Markov process , and x{0), x!1), x(2),
seees-e tOo be the successive states visited by th2 process,

then:

-&{i)u
P!T{n+1)~-TIn) {X!n)=1i, X (n+1)=j) = e

vhich is independent of state j. Hence, the probability
distribution of the sojourn time depends only on the state
in which the sojourn time is beiﬁg evaluated, and not on the
next state. The probability density function of the sojourn
time is defined as:

Eti)e-S(i’u . for u>d

f(i)y (Wit = {
0 , for u<l.

where £ (i) is the parameter o9f the density function.
Then the probability distribution function of the sojourn
time is:

® -&(1)u -5(1i)u
PIWIt)Y>u) = S e du = e ¢« for u>0.
[}

This expression is identical to the one defined by tha th=20-
ren.
From the above the mean of the exponential distribution
E{W (t)) can be calculated. Let t=#i(t), then:

E{t)

55t £(t) dt
0

w. Bt - =bt
s Gte dt =6 1 te it
] ]

E(t)

Integrating by parts yields:
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E(t)

H
!
28
o
*
-
©
(8 7]
(a8

E(Y) 1/8
For a particular state i, the mean sojourn time is

E{i) (t) = /B (i)

The Markov process also has the following properties:

)y P 1) > 03
(ii) lzc: P(ik) (t) = 13
(iii) P(i]J) (t+s) = k}i:ﬁl’(i.k) (t) P(kj)(sl, for s, t>0.
It is assumed that the process wvwill not stay in tk2 tran-
sient states forever (Hoel et al, 1975; pp.84~85). This re-
guires that the 1%2 t(n) = « , wvhere t(n) is the tize when
the process naken a transition to state n {see Appeniix B).
In fact, the process in the exploration network must aventu-
ally leave the transient states and enter one of the absorb-
ing states. The equation {iii) above is usually czalled the
Chapman-Kolorogorov equation. It states that, starting in
state i, the process reaches state j at time {t+s), after it
passas some intermediate state k at time t and from that
state k it moves to state j at the remaining time s. This
equation may be used to compute the probability values at a

certain time. Note that the Markov process definmed in this

analysis satisfies the above mentioned properties.

3.2.2.1 Assigning Value to The Sojourn Time

The value of the mean sojourn time for a particularc explora-

tion activity must be estimated. This can be done by a sta-
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tistical estimation; one coaputes the sean value >f tke
length of time of a particular exploration activity fron
different exploration projects in unknown districts to osb-
tain the mean sojourn time of that particular activity. The
mean sojourn times for other exploration activities are cal-
culated similarly. However, data for the above 2stimation
are not alvays available or they are not compatible because
of the unsimilarity of the districts. In such cases, subjzc-
tive judgeazent is required to provide am estimated wvalue of

the mean sojourn time.

3.2.2.2 The Classification of States

The classification of states for the Markov process remains
basizly tha same as the one defined for the Markov chain,
except that there are some other characteristics that nmust
be added. Recall that:

-&(iju
P(WIt)DujXi)=i)=P (i) (¥ {t)du)=e » for u>d

Tke value of &€(i) ranges from 0 to infinity.

Then define the following:

(i) If §(i)=0, Pri)y(W(t)y>u) = 1, then state i is an ab-
sorbing state. This also implies that the sojourn

time of state i is infinitely large.

(ii) If O0Ke(iy< = , P{iy)(¥(t)>u) < 1, then statz 1i is
called a stable state, vhich is also a trassient
state. This implies that the sojourn time of statz i

is positive but finite.
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tiii) If &(i)= infinity, Pli) (W{t)>u) = 0, then state i is
called an instantaneous state. It implies that the
sojourn time of state i is zero; in other words, the
process makes a transition to another state as soon
as it enters state i.
Por the exploration network discussed in this amalysis, the
states are either absorbing or stable, no instantanebus
states are present.

In the Markov chain the diagonal entries of the transi-
tion matrix Q of the transient states are set to be greater
than zero. In the Markov process these diagonal antries
must be equal to zero. The reason for this is that the ac-
tual time spent in a particular state is now incorporated
into the process and is treated as a random variable. In
other words, there 1is no predetermined sojourn tim2 as is
the case of the Narkov chain. It is no longer necessary to
state that the process will have a positive probability of
staying in a particular state after the process has been in
that state for a certain tinme.

Hence, referring to the Markov diagram of Figure3-5,
the states 1, 2, 3, 4 are absorbinjy states, and th2 rast are

all stable, or tramsient states.

3.2.2.3 The Computational Proceduare

The computational procedure to derive the probability values

of each of the exploration activities consists of (1) conm-
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puting the generator matrix of the process, and !2) dsriving
the the spectral representation of the generator. Th2 mean-
ing of these terminologies will be explained later, as they
becone useful for the analysis.

Let 0 be the transition matrix of the Markov process.
This matrix is similar to the wmatrix P in the Markov chain.
Anl let &(i) be the parameter of the exponential distribu-
tion function of the sojourn time in state i. The the Mar-
kov process satisfies the following integral eguation:

-s(i)t . -6(i)s )
Prij) (t)=e Itij) + sr-6)e g;_Q:lk).
[ ] b 8

«P(kj) (t-s)ds

{Cinlar, 1975; p.254; Hoel et 21, 1972; p.87).
The importance of the above integral equation is that it a2x-
presses the transition function P(ij) (t) in terms of the
transition probability matrix ) anl the parameter of the so-
journ time distribution, 6. Since P(1j) (t) is continuous,
then it is differentiable and its derivative is also conti-
nuous {Cinlar, 1975; pp.255). Rewriting the integral equa-
tion as follows:

-6 {i)t -5 i)t

P (ij) (t) =e I(if) + 6(i)e te

w2 (ik) P(kJ) (s)ds

-6{i)s

and taking its derivative, one obtains:
P*{ij) (t)==B(i)P(i]) (t) + &(1) kiﬁQ (ik) P(kJ) (t)
Por t=0, then:
P (i) (0)==B (1) I(i]J) + 5 (i) kzﬁQ(ik)P (k) (0
P'{iJ) (0)==E (i) I(i]) «+ 5(i)k§iQ(ik)I(kj)
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2U(13) 10)=-6 (L) I (ij) + E(i)2(i])
PY(1j) (0) is called the generator of the process, A(ij).
The following can then be derived:
{a) Por stable states: (i) A(ij)=-5(i) for 1i=j, since
Q(ii)=0._(ii) A (13) =6 (1) Q2(1j) for ikj;
{b) For absorbing states: (i) A(ij)=0 since B(i)=0, [ii)
2(ij)=1 for i=j and Q{ij)=0 for izfj.

Hence, it is possible to derive the generator -matrix A if
the transition possibility matrix ) and the param2ter & are
known. The transition matrix is usually known or assamed to
bz known, while the parameters of the distribution functions
must be estimated. The mean values of the sojourn tiames for
the activities can be determined by statistical estimation
of different exploration projects in unknown districts or by
subjective judgement. If for each exploration activity the
estimated mean sojourn time is defined, then the parameter
for the sojourn time of each activity can be coaput=243.
Hence, once Q and &€ are known , the generator A can be com-
putede.

The problem is now to compute the transitional function
P!ij) (t), or the matrix P(t), £from the generator matrix A.
One method to compute this matrix P({t) 1is to solve the £fol-
loving system of differential equations:

P* (t)

A P(t) or

P' 1ty P(t) A {(Cinlar, 1975; p.255).
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The first system is called the Kolomogorav backvarl equa-

tions and the second one is the Kolomogorov forwari egua-

tions. Note that for both systeas P!0)=I. This iamplies
that:
P*{t)y/P(t) = A
Pt (t)/P(t) = s A 4t
At+C
2(t) = e

Since P(0)=1, then C=0. Hence:
At At n n

P{t) =e and e = {(t /n!) A .
Further it 1is necessary to use the concept of eigeanvalues
and eigenvectors to compute P(t). The generator A for the
exploration network is a 21 x 21 matrix. Let b(i), i=1, 2,
ees 21 be the eigenvalues of A and £(J), 3=1, 2, .., 21 be
the eigenvectors associated to those eigenvalues. Thus, the
bfi)'s are scalars and the £(j)*s are coluan vectors. De-
fine the matrix N = (£(1),y £(2) yeeeeer,f(21)) and the matrix
N~1= StH, 3=, 2, <., 21 uwhere C!j)'s are row vactors.
Hence N anl N~! can be written as follows:
'f(1)(1).....f(21)(1yw ':(1)(1)......C(1)(21)}

LK N 3 B O A B % 2N B I R R N R X N N J LA B B A B B B BN B R N K A B N N X N X J

L AL AL L I B L B A B B N N N N N N N 4 -1 L AL B R R B BN K N IR B A X B N N & I N N J

]

N= LA A A B B A B B B N A A N N N N N X J N LR B B N A BN IK N BN N A N B K N N N N N N J

VE(1) (21) o--£(27) (27). LC(21) (1) e el (21) (21)
If D is the diagonal matrix whose entries are th2 eigenva-
lues b(i), i=1, 2, .e., 21, then A = N D N"l. It follows
that:
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k k -1
A = NDN , for k=0, 14eee-.. Hence:
At tp -1 tDh
P(t) = e = 1Ne N s where e is the diagonal
. ) b(jt
matrix vhose entries are e ¢e =1, 2, eece, 21

(Cinlar, 1975; pp.364-366).
However, the above formula is difficult to compute. To

solve the problem, proceed as follows:

-1 1, if 9=k
Since N N = I, then: C{HHflk) =
' ' 0, if j#k

Next 3efin2 B(k) to be the matrix obtained by multiplying
the column vector £ (k) to the row vector C(k}, i.e.
Bfk)=f£(k)C’k) and obtained the following matrix B(k):

f(k) (1)C(k) (1)...-...........£(k) (1) C(k) (21)

B(k) bt L0 B0 IR BN R X U N N K B N I A N BB A N K B N N A IR NN AN AN N X R N BN N N )

L2 20 R B B B B AN R I B A0 K N N A N N N N I N N N N R N X XN Y N X X NE N NN ]

£(k) 2N)C(K) (NevenceceaeeaaaE(k) (21) C(k) (21)
vhere k=1, 2, ..., 21. 1In other words, there are twventy one
Bfk) matrices, each of which is formed in the above z:ann2r.

It follows that:

B{jyB(k) = £(PHC(I) £k)C (k)
B(j)B(k) = 0, if j#k
B(j)B(k) = B(J), if j=k
-1
From A = N D N s One dbtains:
-1

A(ij) = z H{ik) D(kk) N (k9
A{ij) = I £(k) (i) b{k) C(k) (J)
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Atij) = I b(k) B(k)
This result is:A = bH(1)B(1) # cecaceaeest D{21)B(21) (Cinlar,
1975; p.368). This last representation of A in terms of its
eigenvalues b(j) and the matrices B(j) is the spectral re-

presentation of A. It follows that:

k k
A = b(1, B(‘) + cavsccacant h(21, 8(21,
FOL‘ k=0 s+ I = 3!1) ¥ ceecnenscsat 8(21'

ta tb {1) tb (21)
e = e B{(1) # ccnecot © B(21)

Hence: P(t)

cosevocscsncces :3-5)

Hence, in this approach, the Kolomorgov backwari equa-
tion is only used to derive the formula for P(t) and is not
used to compute P!t) by solving the system of the differ=n-
tial equations. The only dkaw back to this procedure is that
the computation of the a;genvalues and the eigenvectors is
not easy. The EISPAC coamputer program which computes eiga2n-
values and eigenvectors of a matrix A can be usel far this
purpose (see Appendix C). .

Having derived a computational form for P(t), it is
possible to calculate the transition fupction for a particu-

lar t. The rule of thumb for computing t is as follows:

M3

t = 1/8‘1) 00;009.oo.oooo(3'6)

i=1
where n is the number of states that could possibly be vi-
sited by the process. For exaample, to compute P(54)(t), ¢t
can be approximated by:
t = 1/6(4) + V/E(5) *ececeeeoat 1/6(21)
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Exclude state 1, 2, and -3 from the above computation. ¥hen
making transitions from state 5 to state 4§, the nuaber of
states that are possibly visited by the process, 1is eijh-
teen. So the value of t for P(54) {t) must be at iaast equal
to the value of t computed as above. One may then ask the
following questions:

(1) What is the probability that the exploration project
vill result in a discovery well after operatiny for t
months ? Assume that the value of t is above the va-
lue'set up by the above rule of thumb. This rejuires
the coamputation of P (54) (t). A similar question zan
be asked for a wildcat dry wvwell; hence, compute
P’53) (t).

(ii) what is the probability that the exploration projzct
vill terminate after the geophysical survey, artfter t
months of operation ? This regquires the computation
of P (52) (%), _ vhere t is assumed to be egual to or
greater than the following t:

t = 1/6(2).¢1/6(5)+1/6(6) +ucue*/E(15).

States 1, 3, 4, and 16-21 are not included in the above cal-

culation, because these states will not be visited by the

process, if it is required to stop in state 2. Refer to Pig-
ure 3-5 to visualize this situation.

(iii) what is the 'probability that the exploratiosn project
will terminate after the surface geological survey,

after t months of operation ? This regquires the cal-
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culation of P(51) (t). Again t must be egual to or
greater than the followiag t:

t = 1/E{1)+1/5(5) teueeea+1/6(10).

States 2, 3, 4, aﬁd 11-21 are not included in the computa-
tion of the approximated t above, since these states will
not be visited by ﬁhe process, if it is required to stop in
state 1. A wvord of caution must be said here, namely if the
given t to compute the probability is less than the value of
t approximated by the rule of thumb, then the probability to
be calculated should be considered zers; this is because the
process will not be able to reach the designated state in
the period provided by the given t.

Since the process always starts from state 5, then it
is not necessary to compute the entire matrix P(t) but only
the entries of the f£ifth row of the tramsition function za-
trix P(t). This greatly reduces the computational effort.
This can be done as follows:

Por k=1 ¢ BIN) (5§) = £(N) (5)C!N) (I, 3

Te 29c0cee,y 21,

Por k=21: B(21) (5§) = £(2)(SIC2NN(J), J

1' 2'...0' 21.
For a given k, k=1, 2, cee., 21, each B(k)(5,j) 1is a row
vactor with tventy one elemeants or entries, each of which

equals f£({k) (5)C(k) (j). Hence:

tb k) '
P(5j)(t) = L e B(K)(5)y 3 = 15 2, ecee, 21,
weoeosencenceove (3-7)
As t becomes larger and larger, and if state j is tran-

sient, then P(5,3) (t) mnmust become smaller and smaller, and
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in the limit, t{:’PQSj)(tl = 0. This is consistent with the
requirement th&t the process can not remain in a transiant
state forever, and uust.jeventually move to an absorbing
state. on the other hand, if j is an absorbing states, 2and
if %é: P(53) (t) exists then P(5,3) (t) = p(j), wher2 p(j) is
a stationary probability wvalue. In such case, the station-
ary probabilities are independent 52f the state in which the
process starts. This condition can be interpreted that in
the long run, the stationary probabilities reflect the most
probable geological uncertainty. Howvever, this interpreta-
tion aust be carefully evaluated; computationally, since the
stationary probability vaiues are derived from the known
transition probability values and the estimated parametars
of the sojourn time distribution, they are depandant on
these known and estimated values. So, it is more precise to
say that the stationary probabilities reflect the most pro-
bable geological uncertainty under the given conditions.

3.3 THE BET REWARD PUNCTIOHN

The net revard fuaction can be defined as the difference
between the value of the information obtained from a parti-
cular exploration activity and the cost of performing that
activity. However, there are certain difficulties in evalu-
ating the value of the information. First of all, some of
the information gathered from the exploration may not hava a

market. Por erxample, the results from a magnetic survey
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only, or from a reconnaissance surface geological survey
only, may not have a market; in jeneral, partial inforaa-
tion seldom has any market. Seconély, most complete g=20lo3i-
cal information has multiple usefulness. For example, a
subsurface geological amap resulted from a complete surface
geoslogical survey, or from a complete geophysical survay,
and information on the rock formation obtained froa drilling
operation, may be used for other resource developmant, 1like
vater or other mineral resources. They may also be used for
regional planning. Hence, the value of the information is
not only tied to the expected prica of petroleum but also to
the prices of the information alternative uses. Thirdly,
exploration information may have values to other firms,
especially in the case vhere structural traps extend beyond
the 1legal boundary of the firm doing the exploration.
Fourthly, spill over of exploration information causes the
information to becomes public property. Por examplz, the
discovery o>f petroleum can not be kept secret forever, and
this may henefit other firms that want to buy mineral rights
in areas near the area wvhere such discovery is found.
Hence, there is a public good aspect in exploration informa-
tion. This means, that thé firm producing the information
can not prevent others from benefiting the information at
zero cost. Hence, if the firm is willing to sell its explo-
ration information, the value obtained is less than the te-

nefits that are contained in producing that informatiosn.
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In view of the above mentioned problems, it is assuaed

in this model that the fira doing the exploration is also
the firm that is going to produce the petroleum whenever a
discovery is found. So, the information gained is used by
the firm to further explore the distrizt, or to produce its
own pa2troleum vhenever a discovery is found. In this re-
spect, the value of the information is just its value to the
firm. Then the firm can do either of the following thinjgs:
(i) To assign an imputed price for each piece of information
vhich is related to the expected price of petroleua; the Je-
mand of information becomes a derived demand for th2 firm.
This means, the higher the expected price 2f petroleua, the
higher will be the demand for information, and vice versa.
Howevar, this analysis will not elaborate on how the imputed
prices are derived. (ii) To use the information for esti-
mating the amount >f possible petroleum by the volumetricz
method.The value of the information is then the amount of
possible petroleum times the expected price of petrolesun.
The expected price of petroleum becomes the shadow price for
the information. The problem in this last approach is that
volumteric estimation can usually be done only after a com-
plete surface geological survey, or after a complete jeophy-
sical survey, or after a discovery. 1In other words, the re-
sults of an individual exploration activity can ndt be used
for estimating the amount of petroleum by the volumetric

methol; it is the combined results of these activities that
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can be used by the volumetric method. Referring to the 2x-
ploration network im Figqure 3-5, this implies that once a
volumetric estimate has been established, the value of the
information obtained from the activities generatinjy that es-
timate must banish. Por example, if a volumetric estimate
is done in state 10, namely after a complete surface geolo-
gical survey, then the value of information in states 5 to 9
must be egqual to zero. In other words, if a volumetric es-
timate is assigned to state 10, then n> value of information
must be assigned states 5 to 9. The reason for this is that
the information obtained from states 5 to 9 has been used to
generate the volumetric estimate that is assigned ¢to state
10. R further discussion on this approach will be ione in
Ckapter IV.

Yhenever the firm uses the first approach then the in-
formation obtained from each activity has an imputed price.
The value of the information obtained from an exploration
activity is equal to the amount of information gather2d from
that activity times its imputed price. Algebraicly, then
the values of the information from every state can be ar-
ranged as a coluamn vector called the reward vector. The net
revard vector is then a column vector whose entries are the
difference between the value of information of an activity
and the cost of perforaing that acéivity. In this raspect,

the analysis evaluates two kinds of cases, namely:



115

(a) The case where the net reward for every activity is fix-
ed, but changes from on2 activity to another;

(b} The case where the net rewvard for every state has a cost
function that depends on the sojourn time 2f the
state.

The purpose of analyzing the net reward functiomn is to
compute the expected value of an exploration project. The
analysis will first proceed by discussingy the first case,

and £ollowed by the second one.

3.3.1 Case 1

In case 1, thke net rewari is fixed, and it'can be expressed
by a column vector h, whose entries h{j) are the rate of tke
net rewvard received when the process is in state j, whers j
= 1, 2, eeeey, 21 in the case of the exploration na2twork.
The value of h{j) can either be negative, positive, or zero.
The expected value 2f the exploration project is:

E(i) (h(X(t)) = § P(ij) (t)h ()
Since the exploration starts from state 5, then the abaove
can be written as:

E{5) th(x(t)) = f P(57) (t) h(3F)

It is known from equation {3-5) that:

b(k)t .
P{t) = P(ij){t) =t e B (k) (i])

b(k) t _
P15,3) () = Ee Btk) 53,3)y 3 =1, 2, .., 21,

Hences:

b(k)t
!):P(S,j)h(j) =Lz e B (k) (5,3) h(J)
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b(k)t
E(5) (X(t)) = E L e B(K) (5, h(F) eceee(3-8)

Note that B(k) and h{j) are independent of t.

The value of t is the total time required for the pro-
ject to take place and this is not usually known. Howevar,
the value of t can be approximated by using tha rule of
thumb discussed in previous section. Let T be the total time
required by the project as approximated by the rule of thumb
and let a be the rate of discount, then the net presant va-
lu=s of the project E(5) (NPV), can be formulized as follows:

T -at

E(5) (NPV) = J e I B(5,3)t)h(]) at,

T -at b(k)t
I fle

° ) K

E!5) {NPV)

[}
“
o

B (k) (5])h (J)d¢t,

b(k)-a)t
I Bk (SR (I) ;!’Te( K2ty

E(S) (NPV)

Solving tha integral term of the above expression jives:

b(k)-a) t
(T PR 8y

(b(k)-a)t
{e

\

T

/(blk)-a)) |

(b(k)-a)T
(e

- 1) /(b k) -a)
Hence:

(b{k)-a) T
E(5) (NPV) = I L B(k) (53)h(]) (e -1 /(b(k)-2).

"o evs enccsecnwee (3-9)
The expected net present value of the project can then be
solvel by computing the B(k) (5j)*s and the eigenvalues; the

h(j)'s are given. Note that:
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{b({k)-a)T
(a) if e is less than one, then the associated term

will become negative, if h(j) is positive;

(b(k)-a)T
(by if e is egqual to one, then the associated term

is equal to zero.

S> the discounting of the expected value of the project aay
have the effect of reducing a tera in B(5) (NPV) to zero or
to a negative quantity. This is understandable, since the
eigenvalues in the exponential function of B(5) (h(X(t)) ex-
press the rate of growth of the expected value of the pro-
ject, while the discount_rate is expressing the opposite.
Hence, when the rate of growth is equal to the discount
rate, the expected net present value of the term becoaes
equal to zero.

The ordinary rule for the net present value can be ap-
plied to select the most favorable project or to justify the
economic féasibility of the project. Among the exploration
projects of a venture, the project which gives the highast
expected net present value is the most favorable one. PFor a
single project, a positive expected net'pcesent value indi-
cates that the project is economically justified to be un-
dertaken. It should be noted that the evaluation of the
projeczt for different values of discount rates, proviles

different results concerning its economic feasibility.
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3.3.2 case 2
In the second case the net reward depends on the length of
of the sojourn time; the longer the sojourn time the great-
er the total exploration cost for this particular activity.
In general, it is also true that the longer the sojourn time
the more complete the information gained. Howevar, it is
assumel that the value of the information gained from a car-
tain activity is more affected by the type of the activity,
than the 1length of time for such activity to take place.
For example, the value of the information gained by the g=o0-
physical survey is greater than that obtained by the surface
geological survey, and these values will be less affeszted by
how long these activities have taken place.To formulate the
net rewvard function, it is necessary to define the follow-
ing:
Let:
L(1) be the amount of labor used in state i;
K’i) be the amount of capital used in state i;
r be the rental rate of capital used per unit of time;
w be the wvage rate of labor used per unit of time:
H(i) (t) be the sojourn time in state i at time t;
c(i) be the amount of information gained from state i per

unit aé time;

p(i) be the imputed price of information gained froa state

l.
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The imputed price is related to the expected price of petro-
leua and is considered to be given.
Suppose C({i) is the total information gained from state
i, then C(i) = f(c(i), W(i) (t)); it states, that tha total
information gained from state i is a function of the unit
information gained and its sojourn time. Let the functional
relationship be postulated as follows:

d
Cli) = cli).W(i) {t)

vhere d is a constant whose values is: 0<d<1%.

In case 1, the assumption that the net rewvard is fixed im-
plies that the amount of information gained in @2ach state
must be injependent of its sojourn time. This condition re-
quires that the value of d must b2 equal to zero. In case
2, the value of 4 may range from Zero to one. The value of
d seeas to indicate the ease in which information is gained
in a2 certain district. For a given value of = (i) and
W{i) 't), the largest value of C{i) 1is obtained when 4 is
egual to omne. For this kind of a district, information
gathering becomes relatively easy. When d is less than one,
information gathering becomes relatively difficult, probably
because of the remoteness of the district. However, when d
is equal to zero, information gathering becomes independant
of the sojourn time; this may indicate that given th2 avai-
lable equipment and methods, the information has been 2x-

hausted.
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Since W{i) {t) is a random variable then C{i) becoaes

randomly datermined; s2 it is necessary to compute the ax-

pected value of C{i). It is known that W(i) (t) has an expo-

nential probability density function, hence the expected va-

lue of H(i) can be found by coamputing the the expected value
of W(i) [t).

d - a -6(i)t
B{RIi) () ) = St Eli)e dt.

The integral above may not converge absolutely. In such
case using the expected mean value of the sojourn time may

be more appropriate, namely:

d
E(C(i)) = c(i) (B(W(i) (t))
Tke expected net reward function, E(NRF), can then be forau-

lated followus:

E(NRF)

d
(P(i)C(i)(E("(g)(t)) = (K(1)rc+L (i) w) E(W (1) (t))
E(NRF)

i

(p(i)c(i) /6 (i) - (K(i)r+L(i)w)/E(Q))

The expected net present value of the project is then:

d
E(S) (§PV) = § EB(k) (53) tp(Rc(I/E(I) ~(RK(Ic+rL{Hw)/E(5)) .
T {b{k)-a)t
J e dt,
d
E(5) NPV) =§ g B{k) (57) {p(i)c{i)/E{J) - (K{F)c+Ll(j)w)/E(j))-
{b(k)-a)T
(e -1 /(b(k)-a).

escsocnssnsscsses (3-10)
As in case 1, the value of the expected net present value

may be positive or negative. Bconomic feasible ventures



sust have .projects with positive expected net presa2at va-
lues. Por each venture, the firm can find the maxiaum 2x-
pected net present value by optimizing over the choice of T,
namely the length of time for the exploration projzct. Then
it can rank order ventures by this maximum. No furthsr ela-
boration of this problem will be done in this analysis.
Whenever the second approach is used, then the 2ntries
of the net reward vector must chanjye. Entries h(10), h(15),
and h({4) contain the difference of the value of the estimat-
el amount of petroleum and the cost for performing the re-
spective activity; the a2xpected price of petroleunm is used
to give the value of the estimated amount of petroleun.
All other entries of the net reward vector contain the cost
of each respective activity, and they iust hava n2gative
signs. Suppose g is the vector for the estimated petroleun,
hence the positive elements are g(10), g(15), and 3 (4) while

the others are zero. The formula for the seconl approach

[ add

(1]

s
E{5) (NPV) = Lz B(k) (5,3) (pg (J) = (K(J) reL(J) w) /6 (3))

(b(k)-a)T
(e -1)/‘b(k)-a, -oo..oooo-.o(3'11)

wvhere p is the estimated price for petroleum.

In suamary it can be concluded that the exploration
network can be analyzed and fitted into> a Markovian explora-
tion model, either as a Markov chain or a Markov proc2ss. A
modification of the exploration network wwill not change the

nature and properties of the model; similar computational
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procedures can still be used. The net reward functiomn is
formulated by postulatingy an assumption that the firm gen=2r-
ating the exploration is also the firm that will exploit the
petroleunm vhenever a discovery is found. This simplifies
the problem of exploration information. Evaluation on the
values of exploration results can then be done either by us-
ing imputed prices or estimates on the amount of possible
petroleum.In the following chapter, the Markovian explora-
tion model will be incorporated into the osptimization prob-

lem of the firm.



chaptet Iv

DEPLETION MODEL

This chapter discusses and analyzas a depletion model for
the firm incorporating the MNarkovianm exploration mod2l dis-
cussed in the previous chapter. To formulate a depletion
model, it is necessaty to define the optimization problenm
and solve it wusing the Hamiltonian approach. In other
words, it is an optimum control problem. Embodied into this
optimization problem are the following assumptions:

{1) The firm's behaviour is profit maximizing;

(2) The f£firm being analyzed is also the one that conduct
the exploration discussed in the previous chapter;

(3) The decisions for investing on development and produc-
tion are not subject to randonm variat?ons; they are
deterministic in nature;

(4) The evaluation on the exploration project is done by
estimating the amount of possible petroleum by the vo-
lumetric method. The expected price of petroleum is
used to derive the value of the estimation;

{5) The expected price of petroleum is given and constant
overtime, and hence the firm is the price taker;

{6) Tke production function used in this model is a Cobb
Douglas production function and it is subject to cons-

tant returns to scale;

- 123 -




124
(7) The wage rate and the rental rate are fixei; their
respective values are determined by the labor market

and the capital market.

The optimization problem consists of maximizing the net
present value of the profit of the firm for each venture per
worker relative to the wage rate, subject to several const-
raints. The function that .is being maximized or minimized
is usually referred in optimal control theory as the objec-
tive functional. To formulize the problem, a discussion on
the items that form the objective functional will first be

done, followed by the analysis on the optimization problea.

4.1 THE ELENERTS OF THE OBJECTIVE PUNCTIONAL

Before discussing the elements of the objective functional
it is necessary to define the following notatioams:

L(t) is the total amount of labor used in one ventuare;

Kft) is the total amount of labor used in one venture;

L(7) (t) is the amount of labor used in production.

L{2) ’t) is the amount of labor used in development.

L{(3) ’t) is the amount of labor used in exploration.

All the above are evaluated at time t.

K¢yty, 3§ =1, 2, 3 are defined similarly as above for ca-

pital.

Define: 1(3) (t)
k (3) (t)

L(J) (t)y/L(t), £or § = 1, 2, 3.
K(j (t)/L{3) (t), for 3 = 1, 2, 3.

Also:

L{1) (t)+L[2) {t)+L{3) ft) = L(t)
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K{1) (t) +K(2) [t) +K(3) (t) K(t)
Hence:

117 {£)+1(2) (t)+1(3) (t)

[
-

LINk(N)+L(2k(2)+1(Hk(3) = k

evaluated at t, and where k=K(t)/L(t)

4.1.1 The Total BRevenue

The total revenue, TR, is usually defined as:
TR = PQ(t)
vhere: P is the price of petroleun;
Q{t) is the total output or production
of petroleum per unit of time.
Using the Cobb Dougqlas production function, one can express
the output as follows:

a b 1-a-b
Qft) = A K{1) 7ty L(1)(t) R*(t)

vhere: A is a technological coefficient and is constant; and
R*{71) ft) 1is the amount of reserves of the €firm at
time t.

Expressing the above production function per unit of worker,

one obtains:

g (t) (t)/L(t) = 1(7) (t) Q(t)/L(M) (t)

1-a

a
g(t) 1(7) (t) A k(1) (t) BR(t)
vhere: gq{t) is the output per worker; and

R(t) is the amount of reserves per vorker.
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Also the price of petroleum, P, =aust be expressel in teras
of the relative price vith respect to the wage rates, mnamely
p = P/u, where v is the wvage rate. Hence, the total revenue
per worker relative to the wage rate can be written as:
TRRIt) = p.qlt)

a 1-a
P 111) (t)Ak(T) (t) R(t) cececccacces (B=T)

TRR [t)

4.1.2 The Total Costs

The total costs are deviled into :
(1) The cost of production, TC{1);
(2) The cost of development, TC{2);
(3) The cost of exploration, TC(3);

All the abave costs are expressed per unit of time.

B.1.2.1 The Production and Development Costs

One can formulize the production and development costs as
the =ost of using labor and capital in the respective activ-

ities. They can be vwritten as:

"

TC{1) {t) = K(N () + L(I) (t)v

TC (2) (t) K(2) (t)r + L(2) (t)w

vhere r is the rental rate and v is the wvage rate.

The cost per vorker relative to the wage rate can thus be
computed as:

TCP({1) 't)

TC(1) (t) /L) (t)w
TCP (1) (t)

I(N ()Y (k() (B)eV + 1)

TCP(2) 7t) = TC(2) (t) /L(2) [t)w

"

TCP(2) (t) 1(2) {t) (kx(2) (t).V + 1)
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vhere the TCP's are the cost per warker relative t> the wage

rate;

V.is the rental wage ratio, namely V = r/v.
For the purpose of this analysis, assume that k(1) = k(2),
for all t. Hence, the total costs of production and deval-
opment per worker relative to the wage rate, TCR, 1is the
followving: |

TCR (t)

1(1) (L) (k(T) (L) V) + 1(2) (t) (k(2) (L) V+T)
KN ) VeT) (1 (1) (t) +#1(2) (t))

TCR (t)

TCR (t)

(k (1) (£)V+1) (1-1(3) (t)) cvsccnccscccass (H-2)

8.1.2.2 The Bxploration Cost

From previous discussion, it is knowvn that the exploration
activities are subject to random variations, controlled by
either the Markov chain or the Markov process. Hencz2, the
total cost of exploration must be an expected ¢total cost.
The expected total exploration cost of a project as iefined
in the previous chapter is:

TC(3) (t) = f L B(k) (53) ((K(J) (t)re+L(]) (t))/E6(3)).

.r'reb(k)t dat

vhere K(j) (t) 1is the amount of capital used in state j at
time t;
L{j) (t) is the amount of labor used state j at time t.
The above cost function is derived from the formulationm of
the expected value of the project. HRecall that thes expected
net present value of the project as given Chapter 3 is for-

nulized as follows:
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d
E(5) (REV)=Z Z B(k) (53) {P3 (3) /& (J) - (K(J) () £+L(]) (t) /5 (5))

(btk)-a) t
rTe dt
9
Hence the expected value of the project is:

d
E(5) (KPV) = L EB(K (53) (pg () 76 (J) - (K (J) (t) c+L(F) (t) /5 (3))

b t
J'Te( (k)

The negative term of the E(5) (P) is the expression for the

expected exploration cost above.

To formulate the expected exploration cost for the ap-
timization problem, it is assumed that there is a constant
proportion of capital and labor used in each state to the
total capital and labor utilized in the exploration. This
proportionality can be written as followvs:

a(j) K{J) {t) /7K (3) {t)

' z(J) L (3) (t) 7L (3) (t)

The values of a(j) and c(j) are fixed and depend on the

state j only. Note that: 0<a!j),c{j)<l.

Hence:
K{3) 1) = a(HHK(3) ()
L{3) 1t) = e (JIL(3) ()

The expected total exploration cost can then b2 expressed in
teras of the total amount of capital and labor us2d in this
section. The total expected exploratiom cost per worker re-
lative éo the wage rate can be computed as followus:

71) Compute the term: (K{J) (t)c+L(J) (t)w)/L(t).w

This is equal to:
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fl

@IFIK3) {t)rec(FIL(3) (t)w) /LIL) v
(@(3)1(3) (L) k(3) (t) Vec () 1(3) (t))
1(3) (t) (a(d) k(3) (t) V+c(]F))

Recall that: 1(3) {t) = L{3) (t)/L(t)

Hences:

K{3) {(t) /L {t) K(3) {t)L(3) () /L (L) L(3) ()

K{3) 't) /L (t) 1{3) (t)k (3) {t).
(2) Substituting the above result in the total expected =x-
ploration cost, one obtains:

TCR (3) (t)

TC({3) {t)/L(t).w

TCR (3) (t)

Lz B(k) (55)2(3) (t) ((a(d)k(3) (t)V

(k)

b t
+c(9)) 78 (3) of"e At eeeeee (4-3)

where TCR(3) {t) is the total expected exploration cost per

worker relative to the wage rate.

§.1.3 The Total Profit

The total profit,TP, is usually formulized as the 1ifference
between the total revenue and the total costs: it can be
written as:

TPIt) = TR't) - TC(t)
The total profit per worker relative to the wage rate, T?R,
is then:

TPR(t) = (TR(t)-TC(t))/L(t).w
The terms on the left hand side of the equation have already
been conputed, namely by ejuatioms (4-1), {4-2), (4-3). Conm-

bining these equations, one obtains:
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a 1-a
TPR (t) =pl (1) (t) Ak(1) (t) R(t) =k (1) (£)V+1) (1-1(3) (L))

-5 £BIK (59)1(3) (1) {a (K (3) 1) Vec(d)) /6 L) -
b(k)t
st 1

The TPR then forms the objective functional of the optimiza-

tion problen.

4.2 A BRIEF THEORETICAL REVIER
The maximization problem is usually foramulated as maximizing
a certain objective functional subject to certain const-
raints. The objective functional is usually characterized
by two kinds of variables, namely the state variable and the
controal variable. The state variables represent the state
or the condition of the objective functional and the contrcol
variables guide or control the state variable. The control
variables are at one's disposal and can be controlled to
maximized the objective functional.

In general the optimization problem can be written as
follows:

.. T —-rt
Maximize J = f e F(t, x, y) dt

subject to:
x(t(0)) = x(0), x(T) = x(1), x*'(t) =y
vhere x is the state vatiable; and y is the control varia-

ble.
The Lagrange equation can be written as

-rt
L = (FPlt,x,7)=h(x' (t)=-y)) e
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wvhere h is the Lagrange multiplier or the costate variabla.
The Hamiltonian can be foraulated as follows:

-rt

H(d) {E(t,x,¥) +hy)) e

-rt

-rt
H (4) L+h x'(t)e and H(d) = H e -

vhere H(d) 1is the discounted Hamiltonian and H is the cﬁr-
rent Hamiltonian.

The necessary conditions for maximization are Jjefined
by the Buler-lLagrange equations:

dpL/dpx - d{dpL/dpx*) /3t

0

dpL/dpy - d(dpL/dpy*)/dt 0

wvhere x' = dxydt, y* = dys/3at, and dp = partial derivative.

-rt -rt
dpL/dpx = e (dpF/dpx); dpL/dpx' = -he
-rt -rt -rt
d (dpL/dpx*) /dt= rhe ~ht'e =(rh~ht') e .
Hence:
-rt -rt
e (dpP/dpx) - (rh~h')e =0

or dpP/dpx = rh-h'
In terms of the Hamiltonian, one has:

~rt
dpH (1) /dpx=e {dpF/dpx)

Hence:

-rt ~-rt
{dpH/dpx) e = e (dpF/dpx)

ipH/dpx = dpF/dpx
This implies that dpH/dpx = dpL/dpx = rh~h'. So the Hamilto-
nian, H, provides the same result as the lagrang2 ejuation

L.
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-Tt -rt
dpL/dpy = yhe + (dpFrsdpy)e

dpL/dpy*' = 0, implying d(dpL/dpy*)/dt = 0

Hence:
-rt
dpL/dpy = e (hy + dpFr/dpy) =0
ApF/dpy = -hy

By the Hamiltonian one obtains:

rt
ipH(d) /dpy = e {dpF/dpy + hy)
So dpL/dpy = dpH(d) /dpy and

-rt -t
e (dpd/dpy) = e (dpF/dpy + hy)

dpH/dpy = dpFP/dpy + hy
Since dpH/1py*' = 0, then dpH/dpy = 0, implying:

dpF/dpy + hy = 0 or

59F/dPY = ~hy
So one obtains the same result by the Lagrange ejuation as
by the Hamiltonian. Oone can then solve the problem by the
egquations obtained from the necessary conditions and the
equation in the constraints.

Note, however, that equation (1) involves the sslution
of an ordinary differential eguation; depending on the form
of this eguation, one can sometimes obtaim a simple salution
in one case but not in other cases. This holds true also

for the differential eguation in the constraint.
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The condition indicated by derivative of the Hamiltoni-

an with respect to the control variable characterizes a max-
imum for the Hamiltonian. In this respect, it can be said
that if P is concave function of the control variables, then
the Hamiltonian will also be concave function of the control
variables. (Miller, 1978; pp.99-100). It is of =ourse as-
suned that there is a maximunm for J on the interval ), I).
The above model can be extended into a model with several
state and control variables and several constraints. This
will be shovn in the model discussed in the following s=2c-

tion.

4.3 THE ABALYSIS OF THE HODEL

The optimization problem consists of wmaximizing th2 dis-
counted profit per worker relative to tke wage rate, subject
to the rate of net reserve addition and the cumulative re-
serve addition generated by the exploration.

The objective functional to be maximized

b
0
(1]

-rt
J=sTWa " 1pg  or
[]

_. T Tt _ - -
J:f e (pg=-(k (1) V1) (1-1(3)) g L B (k) (5,3)1(3)

| b(k) T
(a(J) Vk(3) +c(J) /75 (J) (e -1 /b(k))dt
fNote that the t is supressed in the above eguation to sim-
plify the notation).
The constraints are:
{1) The rate of net reserve addition per workar, R';

(2) The cunmulative reserve additon per worker, S;
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{3) The total capital used K.
The first constraint is: R* = 5 - g
vhere s = ds/dt, is the rate of reserve addition per worker
generated by the exploration, and g is the output per work-
er, in which:

a 1-a
g = Al(N k(Y R

Since the expected amount of petroleum from a discovery is:

¢ bkt
I £ BLk) (S,9)g() Se at,

where g is the vector of the estimated amount of petroleunm,
the rate of reserve addition per vorker by exploration s,
is:

b(k)t
p g Bk (5, d)g (e /L or

7]
]

b(k)t
1(3)/L(3) £ FBLK) (5,5)g(de

H

S

Hence s is an exponential function depending upon the values
of the eigenvalues b(k), and time t. One can then write the
first constraint as:

R* = s - g

b{k)t

R' = 1(3)/L(3) ¢ ZB(K) (5,9)g(de ~-g

The second constraint is:

T 7 bkt
S= £ sdt=1(3)/L1NE £ BK) 15,5)g(d) S e it

However, the solution to the first constraint, the differan-
tial egquation R', is difficzult. A more feasible sslution is

to assume that the rate of reserve addition per worker is
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egual to an average value. This can be foraulated as fol-

lous:

p blk)t
s=1{3)/L{3) ¢ £ Bk} (5,J)g(]) s e dt/T
[

b(k) T
s=1(3) /L (3) ﬁ'gﬂ(k)(5pj)9(ji(e -1) /Tb (k)
At prasent, except for the ratio 1(3)/L(3), all-otker terams

in s are known in advance. Consequently, the tersm:

b(k)T
f EB(k) [5,3)1g(]) te =1) /Tb (k)
is fixed. The second constraint becomes:
¢ bkt
5=1(3)/L!3)§ EB(k) (5,3)g(]) s e dt
. ]
b(k) T
S=1(3) /L(3) Lz Bk) {5,3)g () (e -1) /b (k)
Hence s is expressed in terms of an average value and S is
the total value of this average value over the perioad (9O,

T). The differential equation can then be written as:

a 1-a
R' = 1(3)C/L(3) - AL{N)k (1) R
a 1%1-a
R'+#A1(1)k?1) R = 1L{H/L(3),
b{k)7T
where C = f L B(k) (5,3)g(3) (e =1) /Tb (k)

Bven this differential equation is still 3ifficult t> solve
because of its non-linearity and non-homogeneity. Howevar,
some information can be obtained at the initial point and
the terminal point. At these points s=0 and henc2 the dif-
ferential equation at these points becomes:

a 1-a
R* + AL(V)Kk(Y) R =0
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This equation may be solved if k(1) and 1{1) are s>lved from
other equations. This will be analyzed later.

The third constraint is:

K{1)+K12)+K(3) = K, vhere K is constant overtime, or

kK(1)L(1)+k(2)1(2)+k(3)1(3) = k
It is also assumed that L is constant overtinme, hence k =
K/L is fixed. One must note that the model assumes that k{1)

= k(2).

4.3.1 The Computation

The optimization problem can be formulated as follous:
.. M) ~rt a 1-a
Maximize J={ e (PAL(V) k(1) B “(k(H)V+Y) (-1 (3)) -
. . . b(k) T
EEB(R)(5.3)(k(BiVa(3)+3(J))/5(J) (e =1) /b(k))
Subject to:

b(k)T
R'=1(3)/L(3) £ L B(k) (5,3)3(]) (e =1} /Ib (k) -

a 1-a
AL(V)k(1) R

b(k) T
S=113)/L(3) I L B'k) (S,3)g(]) (e -1) /b (k)

k(D) (L1 +1(2))+k(3)1(3) = k, or

k(1) (1-1(3))+k(3)1(3) = k

S(0) = 0, B(0) = R(D), S(T(a))) = O, R(T(1)) =0

1¢(3), k(3 >0, J=1, 2, 3 and S, R > 0
The state variables are R and S and the control variables
are 1(1), 1(3), k{v), k(3). Note that it is assumed that

k(1)=k(2), as previously stated and T(a}] is th2 time at
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which the total amount of petroleum produced is egual to the
total amount of discovery and T(1) is the tim2 for complate
exhaustion.

The Lagrange equation can be written as:

-rt a 1=-a
L=e ffpAl’N)k({1) R -k {1)V+7) [(1=-1(3)-1(3)

k)T

b{k)
I B{Kk) I5,3) {(k{3)Va{j) +c(])) /6 (]) le =1)/b k)

b(k)
“B(M (R'=1{3) /L3 ¢ £ B(K) (5,3} g(]) (e - 1) /Tb (k)

a 1-a b{k)T
AL{N k(1) R )*h(z)(5’1(3)/L(3)§ LB (k) (5,3)3(3) (2

- W/blk)} + h(3) (k=k(7) (1-1(3))-k(3)1{3)))

The discounted Hamiltonian, H(3d) is:

-rt a 1-a
H(3)=e f(PAL{Nk(T) R -(k(1)V+1) (1-1(3))-173)
b(k) T
L £ Blk)(5,3) (k(NVa(d)+c(3))/ELT) (e -1) /b (k) ))
b(k)T
+RMM AL 2 BLK) (5,3)9(]) le -1)/Tb{k)) -

1-a

a
AL(N kN R ) + h12) (1 (3)/L13) £ £ BLKk) (5,3)3()

LS

btk)T
(e = N /b(k))) = h(3) (k(1) (1=1(3)) +k (3) 1 (3)))

-rt
And H(3) = e H. The variables h(1), h(2) are the costate

variables and h(3) is Lagrange multiplier. Note that h(3) is
given a positive sign in the Lagrange equation in order to
accomodate an economic interpretation for h(3).

Define:

b{k)I
t E B(k) (5, a(F)/e(J) (e -N/b(k) = ®m
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£ £ BUK) (S,3)c(i)/E(d) (eb(k)T-1) /b(k) = n

bal ]

b{(k)T
z EB(k) (5,99 (e -N/b(k) = £
Then the Lagrange equation can be revritten as:

-rt
L=e (pg-(Vk (1) +1) (1-1(3))-1(3) (mVk (3) +n)-h (1) (R~

(L(3)£/L{3)T) +q) ~h (2) (S-1(3) £/L(3)) +h (3} {k-{1-1(3)) k()
=13 k()

The Hamiltonian is then:

H{d) =e t(pq-(Vk(1)+1)(1-1(3))-1(3}(ka(3)+n)+h(1)
{11{3) £/L(3)T) +q) +h (2)1 (3) £/L(3)~h (3) { (1-2{3)) k(1)
k(3)1(3)))

The necessary conditions are:
(1) dpL/dpR - d{(dpL/dpR*)/dt = 0 or
dpL/dpR = 3 (dpL/dpR')/dt

a -a a -a -rt
dpL/dpR=(p(1-a)Al(1)k R <~h(1) (1-a)Al(T)k R e

a =-a a =-a -rt
dpH (d) 7dpR=(p(1=-a)Al(Th)k R -h(7) (1-a)Al(Tk R )e

Hence,

-rt
dpL/dpR=dpH () /dpR=dpH/dpRe

dpL/dpR*' = ~h{1)e

-rt
d(dpL/dpR*) sdt= rh({1)e -ht* (1) e

=e (ch (1) =h' (1))

Hence,

-rt o
ipHe /dpR = e (ch (1) =h* (1))
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dpi/dpR = (rh(1)-h" (1)

So,
a -a a -a
dpH/dpR=(p{1-a)AllN)k ()R -h(7)(1-a)Al{N)k (MR )

(p-h{M)) (1-2)ALLNK ()R =ch{1)-h* (1) =nn.a (4-4)
Note h'’1) = dh/at
Since dpgq/dpR = (1-a)q/R, then
(p=h{1)) {1~2) G/R = £h (1) =h* {1) eecucunenn (4-Ua)
(2) dpL/dpS - d(dpL/dps)/dt = 0

-rt
=h{2)e

dpL/dpS

dpL/dps h{(l)e (s* = s)

Note that R?

s - g and that d(s sdt)/dt = 0 because s sdt
is considered to be only a function of 1{(3), L{3) once the
integral has been evaluated at a fixed T. Hovever, if T is
not fixed, then d( S sdt)/ds) = s. But this formulation will
only complicate the problem without providing additional in-
formation.*

-rt -rt
4 (dpL/dps) /7dt= h* (1) e frh(1)e

d (dpL/dps) /dt=e th* (1)-rh (1))

-rt
dpL/dpSs = dpH(d)/dpS = -h(2)e

-rt t
dpH/dpS e - e (h* (V) =-ch({1)) =0

¢« T£f T is not fixed, then result of the necessary condition
with respect to S is: h' (1) -ch(") = -sh?!(2)+(rs-1-s')h[2).
This differential equation is unsolveable without further
information on h{1) and h(2).
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Hence, -h(2) = (h'(1)-rh(1))
h{2) = ch(1)=-h* (1) eececcsmacssceses =5
(3) dpLzdpk (1) - d(dpL/dpk®(1))/4t =0

dpL/ipk(1)=e-rt(pﬂpq/dpk(1)-v(1-1{3))-h(1)dpq/apk(1)-
h(3) (1-1(3)))
ipL/3pk* (1) = 0, since L is not a function of k*!1).
d (dpL/dpk* (1)) /7dt = 0
H(d) /dpk (1) = dpL/dpk(7)
Hence,

-rt
e !pdpq/dpk (1) -V {1-1(3))~-h{1)dpg/dpk (1) ~h (3)

(1-1:3))) =0

Since dpq/dpk (1) = agq/k (1), then:
agh{1) /k (1) +(1-113))h(3)=apg/k{l) -V{1-1!3)).. {4-6)
(4) dpL/dapl(%) - d(dpL/dpl’'(1))/4t =0

dpL/3ipl (1) =e {pdp3/dpl (1) - (Vk (V) + N~ {£h (1) /L (3)T) -
(£h(2) /L (3)) +(k(3) =k (1)) h (3))
Note that {1-1(3)) = (1(1)+112))
dpL/3dpl (1) = 0, since L is not a function of 1(%).

-rt
ipH(d) sdpl (1) =dpL/dpl (1) =dpH/dpl (1) e

Since dpgqr/dpl(1) = gq/1(1), then
(Eh (1) /1 (3 T)+ (£h (2) /L (3)) #(k (1) -k (3)) b (3) =
(Pg/71 (1)) = (Vk (1) +7) cccccssccccancace (U=7)
{5) dpL/dpk(3) - d(dpL/dpk*(3))s/dt =0
dpL/dpk (3) = avl{3) - 1({3)h(3)
dpL/dpk?® (3)=0, since L is not a fanction of k* (3).
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a (dpL/dpk® {3)) sdt = 0

-rt
dpH(d) sydpk {3) = dpL/dpk{3) = (dpH/dpk(3))e
Hence:
lv1(3)-1(3)h(3) = o .-o...ooq..o....oo(u-a'

16) dpL/dpl{3) - d{dpLsdpl®(3))/dt = 0
dpL/apl (3= (VK (1) +1) - (mVk (3) ¢+n) ¢+ (£L (1) /L(3) T) + (£h (2) /L {3))
+(k{)-k(3)) h(3)
ipL/3dpl* {3) = 0, since L is not a function of 1'!3)
d (dpLsdpl® (3)) /4t = 0
Hence:
(Eh (1) /L (3)T) +(£h {2) /L (3)) +(k [1) -k (3))h(3) =
(aVk (3) +n) = (Vk (1) + 1) ccvcnscvenseases (U-9)
Rewriting the results of the Buler-lagrange eguations to-
gether, one has the following:
(p-h (1)) (1-a)gq/R = ch(1)=h* (1) cececcencs eeeo (4-Ua)
h{2) = rh{1)=h* (1) cmccecacccccsss =5
(agh (1) /k (1)) +{1-1(3))h(3) = (apa/k(1))-V(1-1(3))
ecvesmssscecases (4=6)
[Eh{N) /L(3) T)+ {£h{2) /L(3)) +(k (1) -k {3))h(3) =
(Pg/1 (7)) =(Vk (1) +1) cesceccscsncess (4=7)
mvl(3)-1{3)h(3) = 0 cececcccccscesa (4-8)
(€Eh (1) /L (3) TY + (Eh (2) /L (3) ) + (K (V) =k {3)) h(3) =
(aVk (3) #n) = (VK (1) ¢ 1) ceccsccsceccses (4=9)
From equation {4-8) one obtains:
h(3) = +av cevcsvssccccss (4=10)
Prom equations (4-7) and (4-9) one obtains:

{mVk (3) +n) = pq/1(1) S C TS R



142

Equation {4-4a) shows that the change in the production cost
due to the change in the net reserve, and the change in the
value of the deposit in the future, yield an inta2rest rate
on the scarcity rent egqual to r. This condition zharactar-
izes the optimal net reserve in situ resource. Ejuation
{4-5) 1indicates that when the stock of the resource can he
supplemented by exploration, the change in the value of the
deposit yield an interest rate on the scarcity rent ejual to
r. In this respect, h{1) is interpreted to be the scarcity
rent and h(2) to be the marginal value of information.
Bquation (4-6) shows that under the optimum production and
exploration, the price of petroleum will be egual to the
marginal cost of production plus the scarcity rent. Equa-
tion (4-11) shovs that the value of the capital used in ex-
ploration is proportional to the value of petroleuz pro-
duced.

To find the relationship between h{1) and h{2), substi-
tute h(3) from equation (4-~10) into equation (4-7):
Eh (1) /L (3 T) + (£h (2) /L (3) ) +aV (k (1) -k (3) )= {pg/1 (1)) -
(Vk (1) +1)
(£/7L(3)) ((h (W) /T)+h(2)) =(pg/L (1)) +aV (kK (3) =k (1)) = (VK (1) +1)
(th (1) /T) +h 12))

(L(3)/£) (1pg/1(1)) +rV [k [3) -k (1))~
(Vk(N) +1))
((h{1)/T) +h(2))

(L (3) /f) ((mvk (3) #n) +mVk (3) -
Yk(1) (m+1)-17)
((h (1N /T)+h(2)) = (L(3)/f) ((n-1) +2aVk(3) ~-Vk (1) (a+1)

oewevscovone ('4-12'
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To £ind the expression for h(1), solve the differential
equation (4-4a) as follows:
p{1-a)q/R = ~h' (1) +{r¢{1-2)q/R)h (1), or
-P(1-§)§/B = h* (1) -(c+(1-a)g/R)h ()
The solution for the above differential equation is:

- (ct+ (1-a) f q/R dt
h(1)e (rt+{1=a) fa/ . =p{1-2) s q/B At eewe. (3=13)

Purther substitute h(2) from egqguation (4-5) into eguation
(4-12) ¢

(h (1) /) +ch (1) =h* (1) = (L (3) 7£) ((n-1) +2aVk (3) -VK11) (m+1})

h* (1) = ((1/T) +r) h (1) = (L (3) /£) (Vk (1) (=+1) - (n-1) -2nVk (3))

The solution for the above differential equation is:

-((I/T)+r) t
h{l)e = (L(3)/£) S (Vk(1) (a+1)=-(n-1) -

Bquations (4-13) and (4-14) are identical if and only if the
RHS and the LHS terms of both equations are egual, naanely:

~{ct+(1-a) Jg/R dt) -{{1/I)+) ¢t
e = e s and

-pl1-a) Jq/R dt = (L(3)/f) / (Vk(1) {(a+1)=(n=-1)-
287k (3)) dt eccceecccccceas {U~1l42a)
To solve equation (4-13), it 1is necessary that the above
conditions hold. Hence:
(ct+(1-a) Jsq/R dt) = ((1V/T)+rc)t
s g/ dt = t/(T(1-a)) ceccccccccncnsas (4=15)
Subtituting the above result into equation (4-13) one >5b-

tains:
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=(r+{1/T)) ¢
h(l)e = ~-pt/T

(c+ (1/T)) ¢
h{1) = -(pt/T)e .oo.......o..o.-(u-16’

This is the optimum path of h(1) when equation (4-1%3a) 1is
satisfied. To solve for h({2), first take the derivative of

h{1) with respect to t:

(c+(I/T)) ¢ (c+ (/1)) ¢t
h* (1) = -{r+’1/T)) (pt/T)e -(p/Te
(c+(1/T)) ¢
hY (1) =-((c+(1/7)) t+1) (p/T)e ceececeee (4-162)

Then solve h{2) by substituting h*{1) and h!{1) above into
equation (4-5):
h(2) = ch(1)=h' ()

(c+(1/T))t {ce{l/T))E
h(2)=((c+ (1/T)) t+1) (p/T)e =(cpt/Te

(c+ (1/T)) t
h(2) = (1+(t/T)) (p/T)e cecvcccccses (4=17)

To solve the differential equation of the constraint, d4if-
ferentiate equation (4-14a) with respect to t:
d(sq/rR dt)sdt = A (t/(1-a)T) /3t

g4/R = 1/{1-a)T or

a .
ll(‘)k(‘) R = 1/(1-8)T ..oo..oo......o(““B.
Recall that the constraint differential equation is:

a 1-a
R' + AL(N)k(7) R = 1(3)C/L (3)

b(k) t
vhere C = I IB(k)(5,J)g(Je
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Substitute equation (4-18) into the above differential egqua-
tion: _
R' + R/(1-a)T = 1(3)C/L(3) .

The above equation is a non-homogeneous first orier linear
differential equation. Since it is assumed that th2 total
amount of workers, L, 1is fixed, and that only reallscation
of workers is possible, then 1{3)/L!3) = 1/L is also fix243,

the above differential equation has the following solution:

-t/!1-a)T
R=e ) /L S C dt

-t/!1-a) T b(k) T
R=2 z £ Bk) (5,309 (e =1)/b{k) L+R (0)

cesosemenseansce (u-19'
The above equation can also be written as:

. =t/((1-a) /T)
R = (f/L,e + R(O) oo s cowasevace (3-193)

Note that the function R is not continuous at t = 0, since
the first term on the RHS of the above equation is a je-
creasing function for every value of t. In other words, when
t =0, R= R(0), but vhenever t > 0, the value of 3 suddenly
junps into a value expressed in equation (4-19) or (4-193).
The value of f must be positive and results in a positive
present value of'the net revard function; otherwvise the 2x-
ploration venture is not economically feasible (see Chapter
3 on Net rewvard function).

Since the first term on the RHS of equation (4-19) is a
decreasing function, it eventually becomes very small; it

becomes zero only when t is equal to infinity. However, for
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practical purposes, if this tera reaches a certain value Z,
vhere Z can be defined as the amount of reserve wh2re the
explotation of which can no 1longer be profitable, the torm
can be assumed to be zero. The value of Z is detarmined by
the recovery ratio. Suppose that the time at wvhich the
first term of the RHS of equation (4-19) becomes zerd is at
t = Tla), then at this point, ¢the net reserve R is egual to
R(0) and C = 0. Then the differential equation for i, be-
comes a homogeneous first order linear differential equa-
tion. Its solution is:

-t/(1-a)T
R = R(o,e ) for t > T(a) eewaccnsse (u'ZO)

Hence, for ¢t > T(a) the depletion proceeds ac=zoriing to
eguation f4-20). Note that there is no relationship between
T and T(a). T(a) can be defined as the time at which the
total amount of petroleum produced is equal to the total am-
ount of discoverye. Anl T is the estimated length >f time
for exploration.

One can then conclude that for 0 < t g T(a), th2 opti-
mum path for R follows ejuation (4-19), ani €for t > T!a), it
follows eguation (4-20). In general there is a kinked point
on the path for R at t = T(a)e.

There are four possible depletion cases, namely:

(1) When q < s;3

(2) Wken q = s}

(3) When g > s3

{(4) when s

0 ( no discovery )
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Por the same amount of total discovery, the time for conm-
plete exhaustion, T(1), is the greatest in case (1). Also
the time T{a) is the longest in case (1). NoLe that T(a) = 0
in case (4), since there is no discovery.

To solve for k(1) substitute h(3) £rom equation (4-~10)

and h{1) from equation {4-16) into equation (4-6):

[}

{agsk 1)) fp-h (1))
(ag/k (1)) (p-h(M))
k{1 fag(p-h{1)) /(V{1-1(3)) (1+m))

(c+ (1/T)) t
(apq) (1+ (t/T))e /(V(1=1(3)) (1+m))

V(1-1{3))+nv (1-113))

V(1-1(3)) (1+m)

k(1)

ceccccccccaces [#=21)
To solve for k(3y substitute h(1) from equation (4-16) into
eguation (4-14), one obtains:

~pt/T = (L(3)/£) s (Vk(1) (a+1)-{(n-1)=-2mVk(3)) dt
Differentiate the above equation with respect to t:

-p/T = (L{3)/£) (Vk (1) (m+1) - (n-1)-2nVk(3))

-(£fp/L(3)T) = Vk{1) (m+1)-(n-1)-2nVk(3)
Substitute the value of k(1) from eguation (4-21) 1into the

above equation:

(c+{1/I)) ¢t
- (£p/L(3)T) = (apg(1+(t/T))e /(1=1(3))) = (n-1)

-2mVk {3)

(c+(1/I)) ¢
k(3) = fapgq(i+(t/T))e /2mV{1-1(3))) +

(EP/2L13)T) = (R=1) /2BY  ceccecscvescccss ($-22)
To solve for 1(1), use equation (4-11):
{mVk (3)+n) = pg/1(1)
1(1) = pg/(avk(3)+n) ecocoasmancnnceas (#-23)
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Substituting the value of k(3) <£from equation (4-22) into
equation !{4-23), one obtains:

(c+ {1/T)) t
1(1) = 2pTL(3)q(1-1(3))/(aLTL(3) q(1+ (t/T))e

+£p(1-11(3)) +(n-1) (1-1(3))TL{3)) cccceeee (4=24)
Equation (4-21), (4-22), and (4=-24) provide the optimum so-
lutions for k(1), k(3)., “and 1(1), in terms of g, t, and
1(3). To solve for g, take the derivative of R with respact
to t from equation (4-19a) and (4-20):

-t/(T(1-a))
e

RY = -f /(TLt1-a)), {from (4-19a))

-t/ (T(1-a))

R? ~R{0)e /7{(T(1-a)), 'form {8-20))

i

Substitute the above results, each into the coatraint equa~-

tion: R' = s - q, or R* = (f/LT)-gq, one obtains:
-t/(T(1-a))
g = (E/LT) (1+e /7(1-a)), 0 < t < T(a)
.......o...on(u-zs'
-t/(T (1-a))

Recall that the equations for k({(1), k(3), and 11(1)
still contain 1(3) as its variable. Since there are only
three equations, namely equations (4-6), (4-7), and (4-9),
to solve for k({%), k({3), 1{1), and 1{3), then one is forced
to assume a condition for the variable 1(3). If 1(3) is as-
sumed to be an exogeneous variable, then the system can be
solved. The control variables k(1), k(3), and 1(1) =an be
solved by equations (4-21), (4-22), and (4-24), raspective-

ly. Note that one needs to substitute the values of 3 from
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equations {4-25) and (4~-25a) into equations (4-21), (4-22),
and (4-24) for the appropriate time periads, in order to
solve for the optimum paths of the control variables.
Hence, it is necessary to assume 1{3) as an exogen2ous vari-
able in order to provilde solutions to the problem. One must
then interprete the problem, that for each valu2 of 1(3),
there is one optimization problem to solve. The solutions
for the state and control variablss obtained, wmaximize the

objective functional of that particular problex.

4.3.2 The Bvaluatio
The results can be summarized as follows:
{1) The state variables:

-t/{(1-a) /7T)

R = £/L)e + R{0), for 0 < t < T({a)
-t/(1-a)7T

R =RIQe s for t > T!a)

s = (E/1) '

'2) The control variables:

{c+(1/T))t

k(1) = (apq) (1+(t/T))e Z(V(1=-1(3)) (1+m))
(c+ {(1/T)) ¢t
k(3) = (apg(1+(t/T))e /2aV(1-1(3))) +
(£p/2L(3) T) ~ (n~-1) /2aV
e {1/T)) t
1¢(1) = 2pTL(3)gq(1-1(3))/(aLTL(3)q(1+(t/T))e

+£p (1-1(3)) ¢+ (n-1) (1-1(3)) TL (3))
(3) The costate variables:

(c+ (1/T)) ¢
h{1) = -{pt/T)e
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(c+(1/T)) ¢
h{2) = {1+(t/T)) (p/T)e

I

h({3) av

il

The model requires that K and L are coanstant ovartiae,
and that 1(3) be an exogeneous variable. Each value of 1(3)
provides a separate optimization problem. Also it is assuzed
that k({1 = k(2). These restrictions are necessary in orier
to solve the optimization problem and provide feasible solu-
tions.

The n2t reserve R, changes nejative exponentially ovar-
tinme. However, a discovery delays the time of complete =2x-
haustion T(1). Due to a discovery, the net reserve chanjes
between t = 0 and t = T{a) according to equation (4-19). At
t = T{a), when the total amount of the discovery is ejual to
the total amount of the resource used, the net raserve be-
gins to change according to equation (4-20). At this stage,
the effect of discovery on depletion no longer exist and the
resource begins to deplete. 1In general, the optimum path of
the net reserve makes a kinked point at t = T(a). Figure 4-1
shous the optimum paths for R in the four possible cases,

namely vhen q < s, g =s, q >s, and s = 0.
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Figure 4-2 indicates the optimum path for g, at 0 < t < T{a)

and at t > T(a).

(1)

(2)

R@

Legend° T(a) is the time at which the

total amount of petroleum pro-
duced is equal to the total a-
mount of discovery;

T(1) is the time of complete
exhaustion;

(1) q < s=
(2) q=s
(3)g>s

(4) s =0

R is the net réserve.
t is the time.

0 ‘l'(a)3 1(1)4

‘r(a)2

1(1) T

ﬁq- cnm—

a) 1(1)2 1'(1)1

1

Pigure 4-1: The Jptiaum Path for R
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Legend: T(a) is the time at which the
© total amount of petroleum pro—
duced is equal to the total a-
amount of discovery;

T(1) is the time of complete

exhaustion. .
q is the production of petroleum

per unit of time.
t is the time.

£/LT

0 T(a) T(1)

Figure 4-2: The Optimum Path for g
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To derive the graph for the optimum path for k(7), one

has to evaluate the value:

(ce {1/T)) ¢
q(1+(t/T))e

FPor 0 < t < T(a), the value of g contains a constant (see
equation (3-25)): although 3 is actually decreasing, the
above multiplication may be increasing. If this is the case,
then k(1) is increasing at 0 < t < T(a). Por t > T(a), thke
resulting exponential multiplication is:

(c+ (1/T)-1/(T(1-2))) ¢
e (1+(t/T))

If rT¢1 < 1/(1-a), then the above multiplication is dacreas-
ing. The value of t/T increases less than the exponential
decrease at larger t. If this is the case, then k(1) 1de-
creases at t > T(a)e. Pigure 4-3 shows a poassible optiaum
path for k?1). Howvever, if cT+1 > 1/(1-a), tha k(1) will be

increasing at t > T(a).
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The trend >f the optimur path for k{3) is similar to the one

for k(1): Pigure 4-8 shows the optimum path for k(3).

k(1)

Legend: T(a) is the time at which the
total amount of petroleum pro-
duced is equal to the total a-

mount of discovery. .
k(1) is the capital-labor ratio

in the production of petroleum.
t is the time.

k(1)

T(a)

Pigure 4-3: The Jptimum Path for k(1)
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k(3)

Legend: T(a) is the time at which the
total amount of petroleum pro-
duced is equal to the total a-
mount of discovery.
k(3) is the capital-labor ratio
in exploration.
t is the time.

k(3)

T(a)

Figure 4-4: The Optimum Path for k(3)
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Since k({3) must be positive, then it is required that:

(e (W/T)) ¢t
{apg(1+(t/T))e /7(1-1{3))) +(fp/L(3)T) > (n-1)

However, since f contains the revard vector and an is only a
function of the Harko; process, then it 1is likely that
'€p/L{3)T) > fn-1), and so k(3) is definitely positive.

The equatidh'}or 1(1) shows, that since q is decreas-
ing, the nominator of the equation is decreasing for all t.
For 0 < t < T(a), the first term of the denominator of the
equation for 1(1) increases (see evaluation for k(1)); con-
sequently, since the nominator decreases and the denoainator
increases, 1(1) nust be decreasing at 0 < t < T(a). Por t >
T(a), the denominator of the eguation for 1(1) may d=crease
or increass. Howvwever, if it decreases, then the rate of le-
creas2 of the nominator is greater than the one of tha deno-
minator. This can be shkown as follows:

The exponential power of the nominator is -t/ (T’1-a)),
vhile of the denominator is =-t/(T(1-a)) +(rc+(1/T))t. Since r
and T are positive, then the exponential power of th2 noai-
nator is negatively greater than that of the denominator.
This implies that the rate of decrease of the nomiainator is
greater than that of the denominator. Consequently, 1{1) e~
creases at t > T(a). Pigure 4-5 shows an optimuam path for

1(1).
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1(1)

Legend: T(a) is the time at which the
total amount of petroleum pro-
duced is equal to the total a-
mount of discovery.

t is the time.

1(1) is the amount of labor
used in production relative

to the total amount of labor
used in a venture.

1(1)

T(a)

Pigure 4-5: The Jptimum Path for 1(1V)
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The above evaluations for k(1), k(3), and 1{(1) indicate
that the use of capital for production is increasinjy until
the net reserve left is equal to the initial reserve. After
this point, the capital used for production may iancr=ase or
decrease. If at t > T{a), k{1) actually decrease, 2and its
rate of decrease is greater than that of 1(1), the use of
capital over this period decreases. Otherwise, the use of
capital must increase.

The use of capital for exploration increases at J < t <
T{a), because more intensive exploration methods hava to be
used as it approaches a discovery. In general, @mare intan-
sive exploration methods are wmore capital intensive, hence
they require more capital. At t > T‘a), the use of -apital
may increase or decrease. If k(3) actually decreases, and
since 1{3) is given, then the use of capital in explocration
at t > T(a) must decrease. However, if one implies that no
exploration activities exist at t > T(a), then the use of
capital stops at t = T{a). Note that in the computation for
the discounted profit that will be presented in the next
section, one assumes that exploration still proceesds at t >
T¢a) but with no possible discovery. In such cas2 one must
extend the use of capital at t > T(a).

The costate variable h(1) is negative and it zan be in-
terpreted as the scarcity rent, namely the user cost of the .
marginal unit being extracted at any point of tiame. The

user cost is defined as the present value of all future sa-
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crifices associated with the use of a particular unit of in-
situ petroleum resource (Howe, 1979; p.78). Heanc2 h(1) is
basizally a cost and so it has a negative sign. The value
of h(1) increases negatively overtinme. The nultipl?gt h(3)
is positive and coastant; it can be interpreted as the sha-
dow price for the overal capital. The costate variable h(2)
is positive and is increzasing exponentially. This costate
variable can be interpreted as the marginal value of the in-
formation resulted from exploration (Howe, 1979, pp.218-
219). Its value increases overtime as exploration becomes
more 3ifficult as it approaches a discovery or after a dis-

covery has been made.
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Pigjure 4-6 shows an optimum path for h(1), h(2),

h(1), h(2)
- h(2)
Legend:
h(1l) is the scarcity rent.
h(2) is the marginal value of
information.
t isthe time.
- t
o

- n(1)

Figure 4-6: The Optisum Path for the Costate Variables
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4.3.3 The Discounted Total Profit
Pinally on2 can compute the discounted total profit by sub-
stituting the values for q, k(1), and k(3) into the objec-
tive functional. The objective function becomes a fuction
of t and the integration can then be performed. The coapu-
tation for the discounted total praofit is as followus:

Recall that the objective function is:
S0 s k(1) 1) (- -
J = e (pa- (Vk (1) +1) (1-1(3)) f EB(k)(5a1)1(3)

b{(k)T
(a(3) vk (3) +c(P)/e(F) (e -1)) it
Compute the above integral teram by term. It is assumed that
the exploration still continue at t > T ({a), even without any
possible discovery. One must note that for the following
computation, any tera containing g9 must be evaluated for the
following values of q:

-t/(T(1-a))
g = (£/LT) (1+e /(1-a)), 0 < t < T(a)

{see equation (4-22)), and :

-t/{T{1-a))
g = (R(0)/(T(1-a)))e s t > T(a)

’see eguation ![4-25a)).

The computations are as follows:

-rt -rt
A =!T(a) pge dt; B =JI(1) pge
o ()

-rt ={1+(1-2)rT)t/(T(1-a))
A = !fp/LT);ﬁﬂ(e +e (1+(1=a) e £/(T )
0

-rt -rt -rct
(1)fu” e pg dt =fN& e pg dt +‘Fu)e pqg it
o T(a)

(a) -cT(a)
A = (Ep/LT) ({{1-e )/c)+({1-e }/2))
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-aT (a)/ (T {1-a))
E(2) = (aR(0)/(T(m+1) (1-a))) ((e -

-aT (1) /(T(1-a))
e ) (1-a) ((T+1) /a) + (T (1)

-aT (1) /7(T{1-a)) -aT(a) /(I (1-a))
e -T!a)e }/T)
ceseseemessccnss (u-30'

E = B(1)+E(2)

1) ~Tt _ -
SWe TT(VR (1N +1) (1-1(3)) At = D+E = DeE(N) +E(2)

-rt
(3):Fu)e "F1(3) (avk(3) +n) at =

-rt -rt
avl(3) We  k(3) at + n1(3)r Ve  at
] 0
-rt -rT(1)
= a1 (N We at = (nl(3)/r) (1-e ) ceees (4=31)
0

e}
\

1]

-rt
av1(3) Pe " k(3) at
]

@\
]

t/T )
apLe3) /20100 (PP g e e/m e

-rt
(al73) /2) {(£p/L(3)T) -n+1)°IT(1)e t)

G11) = tal(3)/2) ({f - fO e
., = s . [ P/L(3)T) n"’(o e ﬂt,
~cT (1)
(1) = (al(3)/2) ((£p/L(3) T) -n+1) (1-e ) eee(4-32)
t/T
5(2) = (apl(3)/(20-1 () (FPe gtre (/1) 1)

r~
9

t
*2) = fapl(3)/(2(1-1(3))) (f‘a’e ﬂgm (t/T))dt +
t/T
fuje / q(i+ (t/T))dt)
T(a)
fa /T
G(3) = (apl(3)/(2(1-1(3)n(° e g(1+(t/T)) 131t)

’

T {a)/T
5(3) = (apl(3)£/(2LT(1-1(3))) (T(e -1) +(1-a)T
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-aT{a)/!T(1-a)) T(a)/T
(1-e )/7a ¢+ (T(a)/Te -

T (a) /T
(e -7

oo oo eGSO SRPSISS (u-33)

S (8)

I

n /T
(apl(3) /(2(1-1(3))) (S " qri+ (t/T)) 1t)
Ta)

-aT(a) /(T (1-a))

G (4) (apl (3)R(0) /(2T [1-113)) (1-a) (e

~aT(1) /(T (1-a))
e ) (T+1) ((1-3)/a) + (1/T) (T (V)

-aT (1) /(T (1-3)) -aT(a)/(I(1~a)))'

e T(a)e

cescsovonoonsns e (3'33)

5 (2)

G (3) +G (4)
G = G{1)+G{2) = G{1)+5[3)+G(Y)
Hence:

T ~rt - _ -
S%a T 1(3) !tavk (3) +n) At = F¢G = P+G (1) +G{3) +3 {4)

The maximum discounted total profit is:

J

‘A+B) ~ ID+E) ~ (P+G)

J = (A+B) - (D+E(1)+E(2)) - (F+G{1)+G(3)+514))

4.3.4 The Model Revisited

S NE R Mt GRS D A . (e i S

The analysis has assuzed that the axpected price 2f patrole~
ux and the state of technology are considered constant. Un-
der such assumptions several conclusions have baen drawn
froa the model.Suppose one were to ask the question: what
inferences can be drawn from the md>del in the case of an 2x-
og2na2susly determined price change or technological chkang2 ?
Several inferences on the short run effects of such chanjes

can be drawn from the model.
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First, suppose there is an increase in the price af pe-
troleun; then the following infereances about the statz, con-
trol, and costate variables can be drawn as follows:

(1) Equation (4-22) for the exploration capital labor
ratio k({3) 1indicates that k(3) is directly related to the
price of petroleua p. Hence, as p increases, other thiags
remain the same, then k(3) increases. Since 1(3) is exogeane-
ously determined and is considered fixed, the amount of ca-
pital being used in exploration increases as k(3) increases
due the increase in p. This implies that exploratisn aéforts
increase.

(2) As exploration 2fforts increase, the possibility of
finding more petroleum resources increasese. This will be
raflected by the increase in the estimated amount of petro-
leum calculated by the volumetric method and this is shown
by the increase of the value of the vector g(j). From the
eguation for £ on page 138, one may notice that f is direct-
ly related to g{j); hence, as g(j) 1increases, f increases
too. Bguation (4-19a) for the net reserve R shows that R is
directly related to £; this means that as f increases, the
net reserve R increases. Graphically, this iaplies that the
curve for the net reserve R, as shown in Figure 4-1, will
have to shift to the right as the price increases. Conse-
quently, the time for coumplete exhaustion, T(1), will be

longer.
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(3) Bguation (4-21) for the capital labor ratio in pro-
duction, k{1), shows that k(1) is directly related to the
price p. So an increase in p will have to increasa2 k!(1).
The curve for k(1), as shown in Pigure 4-3, will shift ap-
vard. Equation (4-23) and (4-24) for the relative amount of
labor used in production, 1(1), shows that an iancrease in
the price p will have an ambiguous effect on the vilue of
1. The value a2f 1(1) may increase or decrease or remiin
constant depending on the actual nuaerical values >f the va-
riables in the equation for 1/(1).

(4) EBquation (4-21) for the amount of proluction g,
shows that g is directly related to> £; so as p increases, f
increases, and in turn g increases. This means that the
curve for 3, as shown in Figure 4-2, will shift to the right
to the right whenever the price p increases. In other
vords, the production 5f petroleum will increase if the
price of petroleum increases. This situation is consistant
to tha behavior of firm in a competitive market structure
and one may recall that the model is designed for such mark-
et structure. It is particularly in monopoly that on2 finds
a retardation of production as the price of the rasoucce
commolity increases.

(5) Bjquation (4~16) for the costate variable h(%) indi-
cates that an increase in the price p will cause th2 slope
of th2 curve for h(1) t» increase. This means that the rate

of change in the scarcity rent inCreases negatively jreater
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ovar tinme. Also eguation (4-17) for the costate variable
h{2) shows that the slope of the curve for h(2) increases as
the price p increases. Hence, the rate of chanje in the mar-
ginal value of information is greater over time. While the
shadovw price for the overal capital h(3) reaains unzhanjed
as the price p changes. This is shown by ejuation (4-10).

When there is a technoslogical change in the =2xtraction
industry and if such change does not affect the raclassifi-
cation of the submarginal resources into economic ones, then
several inferences about such change can be drawn froam the
model. The change in the state 2f technology in petrolaun
production can be reflexted by the change in the paraaeter
A of the Cobb Douglas production function and technological
progress will increase the value of A. An increase in the
value A means that more petroleum can be producel par uait
of time from the same amount of input resources used.
Hence, as A increases, then g increases. The infarences
that zan be drawn from a change in technology are similar to
that from the price increase. As praduction becomes rela-
tively cheaper due to a technological progress in produc-
tion, firms are stimulated to increase their 2xploration of-
forts because of the relatively higher profit that can be
obtained from producing petroleum. This implies also that
the na2t reserve R will have to increase. Bgquation (4-11)
confirms the above conclusion. This eguation indicates that

for any given price p, the value of the petroleua produced
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increases as the production per unit of time increases and
this value is proportional to the value of the capital used
in exploration. Hence, as g increases, the capital used in
exploration increasese. The inferences about k(1) and 1(1)
are similar to that froa the price increase. The equations
for the costate variables indicate that these variables are
not affected by the chénge in technologye.

If the technological change affects the reclassificza-
tion of the submarginal resources into reserves, then it is
practically difficult to draw any inference from the mod=l.
The reason for this is that the model does not include any
computational procedure for selecting and for quantifying
submarginal resources. In other words, the anialysis for
such technoslogical change 1is beyond the szope of this dis-
sertation. 1In summary, one can conclude that the short run
effects of price increase on the state and control variables

are similar to that of a technoslogical change.



Chapter V

AN EXTEHNSION OF THE MODEL

In Chapter IV, the Markovian exploration model has be=2n used
to analyze the behavior of the profit maximizing firm con-
strained by the exhaustibility of the resource. In this
chapter, the analysis tries to suggest that the Markovian
model can also be used in a simple three sector growth ao-
del, where an exhaustible resource is used as an ianput in
the production function of one of the sectors. Like the je-
pletion model discusseld in Chapter IV, the uncertainty
aspect is quantified by a Markov process and the 2ntire no-
del can be treated as a deterministic model. The mod=l1l that
this analysis suggests, 1is a three sector growth zod2l that
is based on the Intriligator’s two sector growth mod=1.
Several suggestions on the possible extension of the Intri-
ligator's model have already been mentioned in Chapter II.
The analysis vwill discuss and present the Hamiltoanian equa-
tions of the suggested models, but it will not provide solu-
tions to the probleas.

The first model is based on the assumptions that the
price of the exhaustible resource, the wage and the rental
rates are fixed. Other assuaptions follow the suggastions

already mentioned in Chapter 2. The second model, wvwill re-
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lax the assumption on the wage and rental rates. Finally, a
brief discussion will be presentel for the madel when the
price o9f the exhaustible resource is not fixed anl when the
change in the wage rental ratio effects the profitahility of

of the exploration ventures.

5.1 THE PIRST MODE

All the suggested models consist of an econoay of thrze sec-
tors, namely:

(1) Sector 1: produces capital goods

(2) Sactor 2: produces consuaption goods

(3) Sa2ctor 3: produces resource coammodity
Their production functions are as follows:

n 1-31 (1)

a
(1) Sector 1: y(1) A(DLI(MKk(Y y(4)

(2) 1-2(2)

a
(2) Sector 2: y(2) A(2)1(2)k(2) ¥ (5)

a(3) 1-a(3
{3) Sector 3: ¢y'’3) R

A(3)1(3)k(3)
(Note that ¢the t is supressed from the above equations to
simplify the notations).
where

1(j) is the ratio of the workers used in sector j

over the total workers available in the econoay,

defined as 1(j) = L(j)/L;

k?’j) is the capital labor ratio of sector j, defined

as k(j) = K{3)/L{j):

R is the net reservae of the exhaustible resource

Y{j) is the output of sector j per capita, § =1, 2, 3.
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v(4) = b y(3); y{(5) = c y(3);: and b¢c = 1

Prom tke definitions of k(j) and 1{j) ome can writ= that:
k(LN + k(2)1(2) + k(3)1(3) =k
L(1) + 1(2) + 1(3) = 1

vhere
k is the overal capital labor ratio of the ecoanoay,
defined as k = K/L
K(t) is the total aggregate stock of capital at
time t;
L({t) is the total labor force available at time t;
K(j(t)) is the amount of capital used in sector j at
time t;
L(j(t)) is the amount of labor used in sector j at
time t;

It is also known that:

k? y(1) - uk
s - y(3)

R(0) = R(0); S(0) =0

]!

L = mL!

vhere
k' is the rate of capital goods augmentation per
capita;
u is thke sunmation of the rate of the labor increase
and the rate of the capital depreciation;
s is the rate of total reserves addition per capita;
R' is the rate of total net reserves additon;

R is the total net reserves;
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S is total cumulative reserve additon per capita for
the econony;
@2 is the rate of change in the labor force.
Assume that in the first model there are n mineral venturs2s,
each has a rate of total reserve additon per capita ejual to
the following:

b (k) T (1) .
s{i)=1/L I zB(k) (5,3)g(]) te -1)/b(k)Tii), i=1, ..n

and a total cumulative reserve additon egual to:

b (k) T (i)
S{i)=1/L £ EB(k) (5,3)g(]) (e -1 /b(k), i=1, .....n

Note that each venture may have different exploratiosn net-
vork.
The rate of total reserve addition per capita for the econo-
mny is the average value of the rates of all ventures, naae-
ly:
n -
s = 1/n_zls{1).

i=
And the total cumulative reserve addition for the 2conoay

e
9]
.

S z S (i
= -
iZ1 (1)
The optimization problem of the first model can be

fornulated as follows:

-rt
Maximize J =.Fu2 y(2) dt
°
Subject to:
kt* = ¢%1) - uk

g b (k) T (i)
I/nE /LT EBLK) (5,309 00) (e -1)
1=

R?

/T(1)b(k) -y(3)
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b(k)T (i)

s= £ (1/Lz LBK (5,995 (e -1) /b (k)
i=1 ) K
L* = mL
ar) 1-a(1)
YO = A(MLI(Mk(N) y(4)
a (2) 1-a (2)
Y(2) = A(2)1(2)k(2) Y (5)
a(3) 1-a (3)
y{3) = A3)113)k(3) R

L(1) + 1(2) + 1(3) = 1

k{11 + ki2)1({2) + k(3)1(3) =k
R(0) = R(0); S(0) =0

K(H, 1(H >0, =1, 2, 3.

control variables are: k(1), K{3), 1(1), 1(3).

state variables are: k, R, S.

can further assume that k(2) = C(1)k(1), 0 < C(?) < 1
1(2) = C(2)1(1), 0 < C(2) < 1.

The Lagrange egquation can then be foraulated as

follows:

rt
e (Y (2)=h (1) (k"-y (1) +uk) -h (2) (a'-1/n_§'11(3)/:.(3.
1=

b (k) T (i) ]
LI B (k) (5,319 (3) (e =N /T(i)b(k) +y(3))-h(3)

n b(k) T(i)
(5‘183(3)/L(3)§ ) B(k) (5,3 g(J) (e -1 /biky))-
1=

a (1) 1-a(1)
h{4) (L*-aL) =h!5) (Y (1) -A (1)1 (1) k(1) y (4) )

a(2) 1-a(2)
h{6) (v'2)-A(2) 1(2)k (2) Y(5) )=h(7) (Y {3)A(3)

afl) 1-a{3)
1(3)k(3) R )=h(8) (1-L(N=C(2)L(1)~-1(3))-h(9)

k=K {1171 +CI{NC2)k(1)1(1)+k(3)1(3)))
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The Hamiltonian can be formed in a similar way discussed in
Chapter IV. The Euler-Lagrange necessary conditions vill
consist of sixteen equations, namely seven equations froa
the derivatives with respect to the state and coatrol varia-
bles and nine egquations from the derivatives with respect to
the costate variable. The solution to the above problem aay
require the solution to non-linear and non-homogeneous egua-
tions. 1f this is the case, then a numerical method may be

required to solve such ejuation (Ames, 1968; pp.203- 228).

5.2 THE SECOND MODEL

When the wage and the rental rates are not fixed, o5ne >b-
tains the advantage that there is a one t> one relatioaship
betwveen the wage rental ratio and the capital labor ratio.
This approach is similar to the one done by Intriligator on
his two sector growth msdel mentioned in Chapter II. The
change in the vage rental ratio may have some effects on the
profitability of the exploration ventures, ~depending on the
nature and the magnitul=2 of the change. However, in the
second model the analysis assumes that the change in the
wage rental ratio does not effect the ptofitibility of the
ventures. This is possible, if one can define a value for
the wage rental ratio, above which at least one venture is
non-profitable. The wage rental ratio is themn allowed to
change only up to the above defined value. The disadvantage

of this assumption is that it disregards the possibility of
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investment on ventures that are still profitable above tke
defined wvage rental ratio. The problem of incorporating the
effect of the change in wvage rental ratio on the profitabil-
ity will be discussed in the third model.

A possible formulation of the seczond model can be e~
scribed as follows:

Let r be the competitive rental rate and w be the com-
petitive wage rate. In a competitive economy, all factors

of production earn a return equal to their marginal product.

att) 1-a (1)
Define : £(1) = A(N) k(1) Yy (4) I
: a(2 1-3 (2
£(2) = A12)k(2) ( )Y(S) 2
a(3) 1-a(3)
£r3) = A13)k3) R
y(4) = b y(3); y(5) = c y{3); and btc = 1
Then:
af{1)-1 1-a{1)
r = dpf(1)/dpk(1) = a(1)A (1) k(1) y(4)

a(2) -1 1-2 (2)
c=p(1) dp£(2) /dpk(2) =p (1) a(2) A(2) k(2) y(5)

a(3)-1 1-a(3)
r=p{2)dp£(3) /dpk (3)=p{2)a (3)A (3) k(3) B

vhere p (1) is the relative price of the consumaption good
vith respect to the price of capital; and p(2) is thes rela-
tive price of the resource commodity with respeczt to the
price of capital.

Also one can have the following relationms:

a (") 1=-a (1)
v=E (1) =k (1) £* {1)=(1-a (1)) A (1) k() y (8)
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a({2) 1~-2(2)
w=p 1) (£(2) -k (2) £' (2))=p (1) (1-2(2) ) A {2) k(2) Y (5)

a(3) 1-a(3)
W=p(2) (£(3)~k(3)£'(3))=p(2) (1-a(3))A(3) k(3) R

(Intriligator, 1971, pp.419-420).

Let v be the wage rental ratio defined as v = w/r.
Hence:
v = 1{1-al1))/a(n)k{1) = p(1) ((1-a(2))/a(2))k (2)

p(2) ((1-a(3))/a(3))k(3).

Since a(1), a{2), and a(3) are the parameters of tae prodic-
tion functions, which are considered given, then tha above
equations for v indicates that there is a1 linear relation-
ship betwean the wage rental ratio and the capital labor ra-

tio. Also note that:

ipv/dpk (1)
dpv/dpk (2)

(1-af1))rza(l) >0

(1-a(2))7a(2) > 0
dpv (dpk {2)

r1-a(3))sa(3) > 0
Tha above results imply that oace one assumes a condition
for the relationship between k(1), k(2), and k(3), there
will be no possibility for any factor intensity raversal to
occur. If one assumes that k(1) > k(2) > k(3), thesn this
condition will hold for any value of v, except for v = 0.
Since 1{1)+1({2)+1{3) = 1 and L{1)k(1)+1 (2)k {2)+1(3) k(3)=k
and one assumes that k(2) = c(1)k(1) and 1(2) = c(2)1(1) 2and
if one defines that:

14c1)c?2) = c(3) and 1+c(2) = c(4)
then one can derive that:

111) = tk-k{3))/{c(3) k() -c(8)k(3))
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1(2) = (c(2) (k=k(3))) /{c(I) k(1) ~c(#) k(I))
1(3) = (c(Nk{N-c{8)k)/[c(3)k(T1)~-c(4) k(3))
The production functions can then be expressed in terms of

the capital intensities as follous:

a 1-a (V)
YN =({~k(3))/(c(3 k(N -c(BHk(3IA(NK(N Y
¥{2) = (c!2) k-k13))/(c{I)k{1)-c(4)k(3)))A(2)
a(2) 1-a(2)
k{2) Y (5)
Y(3) = ({ckiN-cii)k)/(c3) k(N -cl4)k(3)))IA(3)

a(3) 1-a(3)
k (3) R

The optimization praoblem can then be formulated as fal-

lows:

-rt
Maximize J =°f“1’e (c(2) (k=k(3))/(c(3) k(N -c($)k(4)))

a(2) 1-a{2)
A{2)k (2) y (4) dt

subject to:

a(m 1-a (1)
k*={lk=k{3))/{c(Nk{N)-c(4)k{4)))A{1) k1) y{4) -uk

.

n
R'=(1/n)jﬁdﬁ(i)-((c(3)k(1)-0(u)k)/(C(3)k(1l-c(“)k(3l))

a(3) 1-a(3
A(3)k(3) ( )R )

L' = mlL

R = Kf0), at t 0, and k(0)

]
o

R(T) = 0, k(T) =0, and R, k > O,
where:
. b(k)T (i) )
G(1) = (1/L)§ £ B(k) (5.3)3(3) (e =-1) /T (i) b(k)

which is the rate of reserve addition of venture i
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per capitas
m is the rate of change of the labor force.
The state variable is k and L while the contral variible is
v.

The Lagrange equation is:

L=e r%y (2) -h (1) k*~-y (1) +uk)-h (2) (R*'~(1/n) i":f (1) +y ()

=~k (3) (L*~aL))
where y!1), y{2), and y!3) must be expressad in teras 5f the
capital intensities and y(4) and y(5) be expressei in teras
of y(3).

The discounted Hamiltoniam can be formulated in a simi-
lar way explained in Chapter IV. Note that the result for
the optimum path for the wage rental ratio v, aust be upper
bounded by a predetermined v value, above which at least one
venture becomes non-profitable.

The above model seeas to be simplier than the first ao-
del, siance it contains only two state variables anl one con-
trol variable. But this does =not suggest that tha2 solution

to the problem is consequently simplier.

5.3 T

lm
4]
i3
=
(-
I
(=
e
O
=
It
it

Another possible extension to the first and seconl model is
to relax the assumption that the price of the ressurce conm-
modity is fixed. When the price of the resource coamoadity
is not fixed then its change effects the profitability of

the exploration ventures. The optimization problea tkhen be-
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comes a fead back control problea or a «closed loop c-ontrol
problem (Intriligator, 1971, pp.299-302). The difficulty arc-
ise not only froa formulating the optimization problea, but
also from formulating the problem of profitability of the
ventures in the aggregate fora. Note that it is neczessary
to incorporate the profitability expression into the mod=2l.
Also the extension of the sezond model into a model that in-
corporates the profitability of the exploration ventures,
vill face similar difficulties. Such an extension is also a
feed back control problem. Further extension of the model,
is to assume that the wage rates in sector 2 is not ejual to
the wage rate in sector 1 and 3. This will lead to thes prob-

lem of immiserizing growth in the 3dynamic sense.



Chapter VI

THE COBLUSIONS

This chapter contains the conclusions that can be irawn fcon
this analysis; its contetnts are divideil into two parts:
the first pa=t contains the conclusions that can be ieduced
from the literature study, and the second part contains the
conclusions that can be drawn from the analysis of the ao-

del.

6.1 THE CONCLUSIONS OF THE LITERATURE STUDY

W e S G . OSSP S e ——

The first analysis on deplation models using optimaaz -ontrol
theory concerning an exhaustible resource is done by Hotell-
ing (1931). He analyzes the behavior of a firm maximizing
its present value of profits subject to a2 fixed amdunt of
stock of an exhaustible resource with homogeneosus juality in
a competitive and a monopoly market structures. Molifica-
tions on Hotelling's model that use optimum control formula-
tion, include the analyses on a fira having many deposits
with homogeneous quality (Hartwick, 1978), or on a firm hav-
ing deposits with multiple grades {ulph, 1978), or analyses
that 1incorporate exploration activities into the @moda2ls
‘peterson, 1978; Pindyck, 1978). It seeans that 21l the

daterministic models that have been revieved analyze a fira
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behavior wvhen the preseat value of the profits is maxiaiz=d.
Hovever, it is unfortunate that these analyses do not speci-~-
fy explicitly the cost functions.

Most of the probabilistic wmodels that have beesn re-
viewed that anmalyze the behavior of a firm, use an expceted
utility function to define the uncettainty: indeel, such an
approach has become a general method in salving the problem
of uncertainty in econonmics. While using expectad utility
functions, these models do not specify explicitly the foras
of the cost functions being used. In so doing, the conclu-
sions that may be dravn from these models are general in na-
ture; als> that the probleas of coaputation do not arise as
it will if the cost functions are explicitly definad. A
probabilistic model that does not use an expected utility is
the model Jjeveloped by Pindyck (1980); it maximizes the =2x-
pectel present value of profit subject to a random fluctua-
tion in demand, reserve. The uncertainty is controllad by a
stochastic process with independa2ant increment or the 1Ito
process. Although Pindyck does explain the character of the
cost functions, he does not specify these functions expli-
citly. Again, the conclusions are general in nature and no
computational problems are involved with respect t> thase
functions. Hence, vhile these models are useful to da2scribe
the general trend of a firm behavior, they lack the capai-

bilty for numerical evaluatioas.
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The main differences between the Markovian moiel and
the probabilitic models decribed in this analysis are:

(1) The uncertainty of the Markovian model is a geologic
uncertainty; this is explained by the NMcKelvey diagram.
Other models may have uncertainty in price, in cost, or
in the reserves. In the case of Pindyck's model, the
uncertainty in reserve or discovery contains nat oaly
geologic uncertainty but also the uncertainty of the

occurence of future events;

r~
~N
—

The Markovian model uses a Markov process to coantrol
the uncertainty: it defines the probability of the
transition from one exploration activity to another.
Other probabilistic models do. not use a Markov procass
and also they do not define such transition probabili-
tye. In the case o5f Pindyck's model, the stochastic
process controls the random fluctuations of raserves
and discoveries and uses the whole resource base of the
area as the sample space. In the Markovian azod2l, the
sanpla space 1is the total exploration activities in-
volved in the search for a petroleum resource.

73) The ¥Markovian aodel particularly analyzes th2 explora-
tion for ©petroleum resource; this analysis 1is nmore
specific than other models that have been reviewed.

As coapared to the decision tree process, the Markovian
molel is a better representation for describing the dzcision

process in the exploration of a mineral resource. First, it
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is because the transition probability in a Markov chain or a
Markov process depends only on the state where tha chain or
process is currently. This situation is similar to a deci-
sion process in exploration where the undertaking of a cer-
tain exploration activity depends only on the outcome of the
last previous activity. on the other hand, the conditional
probability in a decision tree process depends on the conii-
tional probabilities of the bracches on the path being
passed by the decision process. Second, in a Markov chain
or a Markov process, the transfer from one activity to
another is controlled by chance; while in a decision tree
process, there is at least one point at which the traansfers
are not controlled by chance but by a deliberate action made
by the deczision makers. This decision process is not incor-
porated into the computation but rather is taken as a given
condition. This also implies, that once a decision is made
to take a particular branch at a decision fork, all other
branchas at this point are disregarded. Third, i decision
tree process is irreversible; it means that there is no pas-
sibility for a particular action to be repeated. In fact,
the assumption that 1is postulated for a decision tr2e pro-
cess in exploration is that the exploration proceeds always
from a less intensive exploration activity to a more intan-
sive one. Such a condition does not need to be impoasel for a
Markov chain and a Markov process. Hence, the second and

the third differences above limit the usefulness 5f the de-
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cision trea process as a addel ia exploration. Four, a le-
cision tree process is not able to incoporate the length of
time for an exploration activity to take place. But a Mar-
kov process can incorporate these times in the computation
of the present value of a petroleua resource. Henze, 1in
g2neral on2 can conclude that the Markovian model is a bet-
ter rapresa2ntation for an exploration decision process than

a decision tree process.

6.2 THE CONCLUSIONS OP THE ANALYSIS

s s e S - — D e D TS G D D GD G e S G e ——

The Markovian exploration model is designed to compute the
expected present value of a petroleum deposit. It is based
on:

(1) an exploration network for a search of petrcolaun re-

source in an unknown district;

(2) A %arkov process.

Exploration activities are in general very diverse in na-
ture; to Jeneralize an gxplotation netvork that will apply
for every mineral resource 1is iampassible. Bxploration for
petrolzum resource is in general more established and lass
diverse than that for other mineral resources. Th2 explora-
tion network that has been designed may represent most of
the 2xploration activities in seraching for petroleun. The
selection of an unknown district is not only consistent to
the nature of the uncertainty defined in the model but also

it allows one to design a network in a more general manner.
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Basically the exploration activities can b2 diviled
into three uajor activities, namely:

(1) The surface geslogical sucvey;

(2) The geophysical survey;

{3) The exploration drilling.
Bach 5f the above maajor activities is subdivided into sevar-
al exploration activities. The exploration network is 3e-
signel to accomodate for possible repeated work far several
exploration activities; it also accomodates the possible
failure ani success for each of the above major activitias.
In this way, the netvork represent a complete possible ex-
ploration work that covers all possible outcomes.

Since the exploration netwvork is designed for 2an unk-
nown dist:;ct, no statistical data coacerning geological or
exploration activities are available for the concernei ar=a.
Hence, when using a Markov chain to control the uncertainty,
methods for assigning transition probability values that use
statistical data can not be used. The subjective aethod for
assigning transition probability values may be used, and in
viewv of the large degree of uncertainty involved in an unk-
novwn district, this method may provide adeguate rasults.
The disadvantages of the subjective method are: (i) subjec-
tive methol is a personal judgement, so that diffesrent ana-
lysis may give different estimates, even based on the same
geological information; (ii) judgement may be bi&sed because

of personal preference towards risk; a risk averse person
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will usually give lowver probability estimates than a risk
neutral or a risk preferred person. In the atteapt of as-
signing transition probability values, if a certain prob-
ability distribution function is to be assumed for thé ran-
dor variable that governs the tramsitions, then a Markow
chain requires that such function 1is also assumed for every
transition in the network.

The analysis on the use of a Markov chain for tha moiel
indicates that certain important gquestions pertaining to 2x-
ploration can be answered adequately. One can compute the
probability of the outcomes of the major activities man-
tioned previously, or the probability of failure ar success
of the exploration project (refer to equation (3-2)). In
fact, one can compute the probability of the occurance of
every activity in the network. Besides, one can also con-
pute the probability of the accurrence of an activity when
time is involved; hoievec. one mrust assume that the lenjth
of time for every activity to take place is one unit time.

The computation procedure requires that the activities
be classified; the classification indicates that the activi-
ties are either an absorbing state or a transient state. The
transition matrix of the Markov chain is then writtan as a
partitioned matrix consisting of sub-matrices of the absorb-
ing states and the transient states. The computation is then
pecformed based on this tramsition matrix; it requires the
inéertibility of the (I-Q) matrix, vhere Q is tha sub- ma-

trix of the transient states.
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In most exploration, the length of time f£for any
exploration activity to take place is not the same for every
activity and they are usually not one unit time. Sa, thke
use of a Markov chain in the model has certain limitation.
In a Markov process, however, the length of time of an ac-
tivity to take place is a random variable with a negative
exponential distribution. Hence, by using a Markov process
one can extend the model into a more realistic one. The
classification of the activities in a Markov process is
based on the value of tha parameter of the exponential dis-
tribution function of the sojourn time. The classification
indicates that the activities in the network are either an
absorbing state or a transient state, and none is an instan-
taneous state, The parameter of the exponential distribu-
tion function of the sojourn time must be estimatel from the
expected mean value of the sojourn tinme. The expacted mean
value of the sojourn time for a particular activity can be
either inferred from statistical data of sojourn times of
different exploration projects or be subjectively detar-
mined.

The computational procedure consists of first calculat-
ing the spectral representation of the generator matrix of
the Markov process and second, estimating the net reward
vector. The former requires the computation 5f the eigenva-
lues and the eigenvectors of a certain matrix; to do this,

the BISPAC subroutine can be used for such computation. The
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net ravard vector or function is the difference betwz2en the
valua of the information gained £rom an activity and the
cost of performing that activity. It is assumed that the
firm performing the exploration is also the €firm that will
produce the petroleum if a discovery is found. This assuap-
tion will eliminate the complexity of information valuation.
The n2t rewvard vector can either be assumed fixed or be in-
fluenced by the sojourn time. In the former, th2 value of
the information gained is not influenced by the 1length of
time for the activities to take place. This situation 1aay
be interpr2ted that the information has been exhaustel. The
model that computes the expected present value of the petro-
leum resource is relatively simple and it is defined by
eguation {3-9). Imn the latter case, one has to assume a va-
lue for d, vhich defines the ease of the information jathar-
ing. The value of 4 ranges from zero t> one. Whea 1 is zero,
then one has the model with the fixed net reward vector. rhe
value of d must be interpreted that the grzater tha value of
d, tha easier the information gathering. When the values of
information are used as the outcoaes of the exploration ac-
tivities, then imputed prices of the information jained,
vhich are related to the expected price of petroleum aust be
used. The expected present value of the petroleum ra2source
is then defined by equation (3-10). On the other hani, when
estimated values of the amount of petroleus present are used

as the outcomes of the major exploration activities, the ex-
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peczted price of petroleua must be used. This expectel price
of petroleum becomes the shédow price for the inforaation.
The expected present value of the petroleum resource is then
defined by equation (3-11). One may recall that the elemeants
h(10), h(15), and h(8) of the net reward vector h, <contain
the difference of the value of the estimated amount of pe-
troleua and the cost of performing the respective activity;
all other entries of the net reward vector contain oaly the
cost of performing each respective activity and these must
have negative signs. The method for estizating the amount
of petroleum is by the volumetric method. 1In all cases, the
expected price for petroleum is fixed and given.

The analysis of the depletion model gives the following
results:

(1) Under optimum production, the chang2 in the value of
the d2posit and the change in the future production
cost yield an interest rate on the scarcity rent equal
to r. This is indicated by eguation (4-4a). fovever,
wvhen the stock of the resource is supplemented by =2x-
ploration, thke chanje in the value of th2 31eposit
yields an interest rate on the scarcity rent ejual to
r. This shown by equation (4-5);

72) Under the optimum production and exploration, th2 price
of the petroleum resource will be equal to the marginal
cost of production and the scarcity rent. This is in-

dicated by eguation ‘4-6);
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(3) The value of the capital used in exploration is propor-
tional to the value of the.petroleum produced. This is

shown by equation (4-11).

The scarcity rent being a cost for the firam, will hava a ne-
gativ2 sign and is increasing negatively overtime. The cos-
tate variable h(1) is interpreted to be the scarcity reat.
This means that the present value of all futu:é sacrificzes
associatedl with the use of a particular unit of insitu ce-
sources increases as mora petroleua is produced. The amarji-
nal value of information, namely the costate variabla h(2),
inzreases overtime as the resource is being extracted. The
Lagrange multiplier h(3), which denotes a shadowv price for
capital, is constant overtime.

As production proceeds, the use of capital for produc-
tion increases, but after the amount of petroleua produced
is egual to the amount of the 3discovery, the use of capital
for production depends on the rate of decrease of the labor
used in this sector. The use of labor for production ie-
creases overtime and if its rate of decrease is gra2ater than
that of the capital labor ratio, then the use of capital in-
creases. OJOtherwise, it decreases. The increase >f the use
of capital in production indicates that as more petroleum is
being produced, production becomes more energy intensive,
and more capital is reguired to produce the same amount of
petroleum per unit of time, The use of capital in explora-

tion also increases overtime, as zore intensive meth>ds are
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being used. The decrease in the use of capital ir explora-
tion occurs wvhen the effect of discovery on production has
ceased to exist and no discovery is them possible.

As compared to the results obtained by the modals le-
scribed in Chapter IXI, there 1is one consistent ra2sult that
this analysis provides, namely that the aineral resoucrce
¥ill be depleted at a finite time. Hotelling has argued
that such finding is the result of a linear demand. In this
analysis, the reasons for having a finite time for complate
exhaustion are several: (1) the constant price for the re-
source commodity, {2) the exponential functions of the cos-
tate variables (h(1) and h(2)), and (3) the assumptisn that
exploitation must stop after the reserve becomes relatively
very small, because production is no lomnger economically and
technologically feasible at this stage. With respect to
Pindyck's probabilistic model, no comparable result can be
drawn because different assumptions are being usel for the
cost functions. Pindyck uses either a linear or a non-li-
near cost function while this model uses both linear and and
non-linear cost functions. MNoreover, VPindyck's mod21 does
not impose a fixed resource commodity price.

The analysis on the growth models, shows that the Marc-
kovian model can be used in such models. It indicates that
the Markovian model can be usel in a three sector jrowth mo-
del; the growth model can be a simple ona, whera price of

petroleum and the wvage and rental rates are fixed, or it can
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be a more complex growth model, where the price of petroleuam
or the wage and rental rates are not constant anl they af-
fect the profitability of the exploration ventures.

Finally, one can conlude that although the Markovian
exploration model is designed for petroleum resoucrce, this
nodel may be used for any other mineral resource by aodify-

ing the exploration network.
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Appendix A

RESOURCE DEPINITIONS

The following definitions are provided in conjunction to the
McKelvey Diagram discussed in Chapter 2 and 3.

Resource is a concentration of naturally occurring sol-
id, liguid, or gaseous materials in or on the earth's crust
in such form that economic extraction of a commodity is cuar-
rently or potentially feasible.

Identified resources are specificz bodies of amineral=-
bearingmatarial whose location, quality, ‘and quantity are
known from geologic evidence supported by engineering m=2a-
surements.

Undiscovered resources are unspecified bodies of minar-
al-bearing material surmised to exist on the basis of broad
geologic knovledge and theory.

Rypothetical resources are undiscovered resourca2s that
3ay be reasonably be expected to exist in a known ainiag
district under known geologic conditions. Exploration that
confiras their existence and reveals the quantityand the
quality will permit their reclassification as ra2serve or

identified subeconomic resources.

Speculative resoucces are undiscoverad resourca2s that

may occur in known types of deposits in a favorable g=0lojic

- 197 -
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settingy where no discoveries have been made, or in as yet
unknown types of deposits that remain to be recognizel. Ex-
ploration that confirms tﬂeit existence and reveals their
quantity and quality will perait their reclassification as
reserve or identified subeconomic resourcese.

Reserves or economji: cesources are that portion of the
identified resources from which usable aminerals or energy
conmodities can be economically and legally extracted at the
time of determination.

Paramarginal resources are the portion of the subezo-
nomic resources that borler on being economically prolucible
or are not commercially available solely because of 1l=23al or
political circumstances. Submarginal resources are the por-
tion of the subeconomic resources which would require a sub-
stantial higher price !{more than 1.5 times the price at time
of determination) or a major cost-reducing technology to be

economically feasible.

({4cKelvey, 1973; McKelvay =t al, 1973).



Appendix B

HARKOV CHAINS AND HARKOV PROCESSES

This appendix contains definitions and theorems of Markov

chains and Markov processes that pertainm to the iiscussion

in the text.

B.1  MARKOV CHAINS

Definition: A stochastic process X=(X{n); n in N) is called
a Markov chain provided that:

P{X(n¢N)=j| X(0), X{N) seees, X(n))=2(X(n+1)|X(n))
for all Jj in E and = in N, where E is a countabla state
space and N is the set of all positive integers.
Hence, a Markov chain is a sejuence of random variables such
that for any n, X(n+1) 1is conditionally independent of
X(0)peuo X(n-1) (Cinlar, 1975; p.107). This m=2ans, that
the state X(n+1) visited by the chain at time ‘n+1) is in-
dzpenilent of the states visited by chain in the past.

A time homogeneous aatkov chain satisfies the following
conditional probability statement:

P(X(n¢1)=j1X(n)=i) = P(ij), for all i,j in B,

independent of n {Cinlar, 1975; p.107).

Definition: A sguare matrix P with entries P (ij) €or

all §, i in B, is called a Markov matrix provided that:

ta) for any i,j in E, P1ij)>0;

- 199 -
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(by for each i in B, f?(ij) = 1
(Cinlar, 1975; pp.108).
The probability P({ij) 1is called a transition probability,
and the Markov matrix is also called a transition azatrix.

osition: For any m in N,

Io
(1]
12

a
P(X(n+m)=jiX(n)=i) = 2(ij) , for all i, j in E and
n in N. .

]
In particular for n=0, P = I. In other words, tha2 prab-

ability that the chain moves from state i to state j inm
steps is the (ij)th entry of the mth power of the transition
matrix P. Consequently:

m+n m n .
P =P P s for any n, = in Y.

The Chapman-Kolomogorov eguations can be written as follous:

m+n o n

P (ij)=k§iP tik)P tkj), for i, j in E.

Theoren: For fixed n in N, ¥ is a bounded function of
the randonr variables X(n), X(n+1) ,ececec-., then:

P{Y|X{0),....X{n)) = E(YIX(n)).
This means that the past and the future of a Markov chain
are independent, provided that the present state is knodn;
the present state is meant to be a fixed time n [Cinlar,
1975; p.116).

Proposition: Por any i in E and finite integer k, a >

1, and if T{a) is the stopping time for state j, then:
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2(J) (T(V)=k), T(2)<=
P/i) {T(m+?) -T (@) =kIT (V) e..T(m))=
0, T(a)= =
Let P’i) (T{1)=k) = F{i]j) (k), then:
P(ij), for k=1
P(ij) (k) =¥
£ P(ib)FP(bj) k-1, for k>2
b€E-j
wvhere P(ij) (k) is the probability of the first visit of the
chain to state j occurring at time k, starting in state i.
Wken P(ii) is defined t> be the probability that, starting
in state i, the chain ever visits state j, then:
P{if) = P'ij) +bz P (ib) P {b]).

€E~j
Proposition: If N(j) is the total number of visits to

on-1
P (iD.(-PNN), 2 =1, 2,cce.

P(J) (¥(])=a)
and for i#j :

1-P?1ij), m=0

B (1) (N (J)=nm)

m-1
P(APHP  (iJ). (1-P i)}, m=1,2...

1, for F({jj)<1
P(J) (N(J)<=) =
0, for F(jj)=1
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If P?'jj) = 1, then the probability that N{j) = +=» 1is equal
to one; therefore B(J) (N(J)) = ¢+ = . If P(jj)<1, N(J) has
the geometric distribution with success probability
p=1-F{jj), starting in state J; E(J) W {f)=1/p =
1701-F(33)) .

Let R{ij) be the expected value of the total nuaber of
visits by the chain to state Jj, starting at state i, i.e.
R(ij)=E (i) (N(§)), then:

R(3) 1/7(1-2{39))

R(i3) F(ij)B(JJ)» for i4j.

The matrix R wvhose {ij) entry is R(ij) is called the potan-

tial matrix of the %arkov chain.

Definitions: If T -is the time of first visit to state
state j by the Markov chain, then:

la) State j is called recurrent, if P!(j){(I< =) = 1.

*h) State j is called transient, if P (T=+«)>0.

{c) A recurrent state j is called null, if E(J) (T)= ; oth-
erwise,it is called non~null.

‘1) A recurrent state 9 is said to be periodic with period
d, if d>2 is the 1largest integer for which ? (j) (T=ad,
n>1)=1; othervise, if there is no d>2, the state j is
called apefiodic.

Note that if j is recurrant, then P(jji=1, R(Ij)=-~ ; 4if jJ

is transient P(§3) <1, R(IN=1/70-F {3, and

R(13) =P ((ij)R(jJ).

Also:
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T "N

ﬁ?“(ﬁj)='-, j=recurrent and I P (ij)< =, lin P tiqj) =0,
n

j=transient. While for a Markov chain having ;inite states,
no state is null recurreant (Cinlar, 1975; bp.125-127).

Definitionms:

(a) A set of states is said to be closed if no state outside
that set can be reached froa any state in that set.

‘b) A state is forming a closed set by itself is called an
absorbing state. Note: this requires P(jj)=1.

fc) A closed set is irreducible if no proper subset of it is
closed.

(1) A Markov chain is zalled irreducible if its only closed
set is the set of all sets.

(Cinlar, 1375; p.125; Ross, 1972; pp.89-80).

Note that all states of an irreducible Markov chain can be

reached from each other; such a Markov chain represents a

Macrkov matrix.

Pcopositions If state 3j can be reached from i, and
state k from state j, then state k can be reached from state
i.

Leanma: If j is a recurrent state and k can be reached
from state j, then state j can be reached from state k.

Theorem: From a rezurrent state, only recurrent states

L2 —3

can be reached.
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Theoren: If I is an irreducible Markov chain, then

either all states are transient, or all states are recur-

rent, or all are recurreant non-null, Also, either all

states are aperiodic, or else if one is periodic with period
d, then all states are periodic with period d.

Corollary: If C is a set of an irreducible closed set

of finitely many states, then no state in C ‘is recurrent

null.

Any Markov matrix can be partitioned as follous:

K § ©% recurrent states
P =f~==t-=m
L | Q transient states

vhere the sub-matrix K represents all of the recurrent
states, and the sub-matrix Q represents all transiant

states. It follows that:

n o I
n [k ¢ 0 LK | 0
| n - 1 w D
L1 o Ermi  fo

n
wvhere K and Q are the nth power of K and Q) respectively,
but not for L .

o B 2
IfS=-' F]Q 'then S=I"Q’Q*oooo-oc

.2
Multiplying both sides by Q : 0S = Q +Q ¢ ....=5-I. If

the number of transient states is finite, then the matrix
I-9) will have a full rank, therefore:

-1
s = {I-Q)
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A Markov matrix can also be partitioned as follows:

I i 0
P = |wmmebmemm
B l Q
vhers Q0 is the sub-matrix of all transient states, whilz B
is defined to be the sub-matrix whose coluans are b(1),
b’2) yecee-es , Namely:
B(ij) = £ P(ik), i'in D, =1, 2, eaee
vhere D is the set of all transient states.
Then f£or n>0, the nth power of P is:

I | 0

2 n-1
wvhere B’n) = (I + Q + Q ¢+ ...+ Q )B. In fact B(n) (i) is

tha probability that, starting in state i, the chain ent2rs
a set of recurrent states C(j) at or before the nth step.
Hence:

w K
G = 1lim B(n) = ( E 2)8B = 5.8,

n-e

vhere G(ij) is the probability of the chain ever rzaching
the set C(j) £from a transient state i. Note that the set
C(4§) in the exploration model is every absorbing state.

The matrix S can be used to analyze several exploration
problems; for example, one can coampute the expected number

of visits to a state J, starting in state i, before the
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chain enters a recurreat state or an absorbing state. dr,
one can compute the variance of such visits. Here, state i
and j are transient. If the (ij) entry of matrix S is
s(ij), then s{ij)=u(if)=B(N(ij)), vhere u(ij) is the =2xpect-
el nuabker 5f visits to state j, starting in state i, before
the chain enters a recurrent state or an absorbing state.
N’ij) 1is the randoa variable denoting the above nuaber of
visits, The variance of the above expected value can be
calculated by using the following formula:

VINIIJ)) = (S{25(d) - I) - S{2)),
vhere V(N(ij)) is the variancs N(ij); S(d) 1is the diagonal
matrix vhose {j3j) entry is s{jj): and Sf2) is a matrix whose
(1j) entry is the square 2f s!{ij) or ufij) (Bhat, 1972;
pPp.72-73) The derivation of the above variance foraula is
not given here, but it can ba found in Bhat [1972;

pp.72-78).

B.2  MARKOV PROCESSES

In a Markov chain, no consideration is given to the lenjth
of time spent by the chain in each state. In fact such
length of time is considered to be one unit £or every state.
Howevar, in a Markov praocess, the length of time spent by
the process in any state is a randoa variable with a neja-
tive exponertial distribution. The Markov process to be
used in this analysis is a Markov pure jump process (doel et
al, 1972; pr.B84-B89). Mathematically, the Markov procass can

be defined as follovs:
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The stochastic process X=(X(t); t in R(+#)) is said to
be a Yarkov process with state space B, if for
any t, s20 and j in B,
P(X(tes)=FIX(u); u<t) = P{X(te¢s) =jlX (t))
fCinlar, 1975; p.233).
Note that R(#) is the set of all positive real numbers.
The process X is said to be time homogeneous, wh=2n:
P(Xx{t+s)=jlX(t)=i) = P(i]) (s)
is independent of t, for s, t>0 and for all i, j in E. The
analysis is concerned only with thke time Lomogeneous Markov
process.
The Markov process can be illustrated as f£ollows:
(x?0), 0<t<t)
x(), t(1)<t<t(2)
X(t) = {x(2), t[2)<t<t(2)

L I I L B B B A I N B N R )

-

In order that the process will not remain in a transiant

state forever, then 1lim t({(n) = @ (Hoel et al, 1972;

nee

pp-.84-85). TFor example, if:

n=-1
t(n) =2 - /(2 ),
then lim t(n) = 2. This means, if t eventually eguals to
n+o

two, the process will remain in X(n) forever. Hence, it is
assumed that the process in exploration vill eventually move

to an absorbing state.
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In a Markov pracess, the transition function, written
as P(ij) (t) satisfies the following properties:

(i) erij) (4)20;

L Prik) (t)=1; i=1, 2,...

(iii) kféip (ik) (t) P(kj) (S) =P (i]) (t+s)
vhere (iii) is known as the Chapman-Kolomojorov equation.
Theores: Por any i in E and t20,

-5(i)u
PIN(t)>ulX(t)=i) = e , >0

for some number &7i) in (0, + =).
vhere W(t) is the length of time the process remains in the
state being occupied at the instant t; W ({t) is also called
the sojourn time. Por a particular state i, the sojourn
time is written as W(i) (t). &(i) is a parametar of the den-
sity function of the sojourn time. For a particular statz i

this €unction, £ (i) (¥(t)), has the following form:

-&{i)u
S5(i) e s for uzp
£(1) (W(t)) =
0 « Eor u<0
Hence:
@ -&(i)u -6 (i)u
P(1) ‘W 't)>u) = 3‘ Eli)e du = e -

If the times T(0), T(V, T(2), -.-.-..are the instants of
transition for a Markov process, and X(0), X{%), X(2), the

successive states visited by the process, then:
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-&(i)u
P(T {n+1)-T(n) >ujX(n) =i, X(n+1)=j)=2 . 0. is iadepen-

dent of state j. It means, that the distribution of the so-
journ time depends only on the state in vhich the sojoura
time is being evaluated, and it does not depend on the next
state.

A Markov process also satisfies the followiny integral
equation:

. -6(i)t £t . =b(i)s
Pfij) (t)=e Ifij) + 5 E(i)e L Qlik).
° k#i
.P(kj) (t-s)ds

(Cinlar, 1975; p.254).

If state i is an absorbing state, i.e. &{i)=0, the above in-

tegral equation reduces to: P(ij)(t) = I(ij). If state i is

a tramnsient or stable state, and T{1) 1is the time when the
pracass is in an intermediate state k, then the evant
(r(N<t, X(T(1))=k and X(t)=j) occurs if and only if the
first move occurs at some time s<t and takes the process to
state k, and goes to state j froa state k in the remaining
(t-s) units of time. Hence:

P/i) (TINLE, X(T{N )=k, X(t)=]) =

t -&(i)s
fi&(i)e Q(ik)P({kj) (t-s)ds

P(L) (T(N<L, X(t)=J)=1 P(i)(T(1)<t, X(T(N))=k, X(t)=])=

t -&(i)s
f gti)e £ 2(ik)P (kj) (t-s)ds
° k#i

Also:

e Bl
P(L) (T(N)>t, X(t)=])=D(ij)P(i) (T(1)>t)=e I(i3)
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Since PIij) (t)=PIi) (T{1)>t, X(t)=3j)+P (i) (T(1)<L, K{t)=3)
then:

) -s5fi)t €. ... —B(i)s .
P(i]) (t)=e I(ij)i-.! &{i)e kzﬁouk).

«P(kj) (t-s)ds.
‘Cinlar, 1975; p.254).

In the Markov process used in the analysis, the sojourn
times are conditionally independent of each oth2r, given
successive states being visited; and as shown, each sojourn
time has an exponetial distribution function with a carane-
ter 3Jdependent on the state being visited {Cinlar, 1975;
p.248) . Hence:

PIT(1) =T{0)>U{1) yeeceeeT'n)=T{n=-1)>u(n) JX(0)=F(0) geee-

-6 {0)u (M) -5 (n=-1)u{n)
X(n)=j(n)) = e - -
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Appendix C

THE BISPAC SUBROUTIHNE

THIS PROGRAM COMPOTES THE BIGENVALUBS AND
BIGENVECTORS OF AN N BY N MATRIX USES EISPAZ
PIRST CARD N PROB
NEXT CARD W
NEXT CARD A BY ROWS
FORMAT('0")
FORNAT (* 1 PROBLEN ',I1,2X,'0F *,I1)
PORMAT (*0 MATRIX SIZE 'I2,2X,'BY !,I2)
FPORMAT{'0 EIGENVALUE NUMBER *,I2)
PORMAT (*0 BIGENVECTOR NUMBER *,I2)
REAL*8 A (25,25),WR (25) ,4I (25)
REAL*8 2P 125,25),27 (25,25)
DATA LDA /25/
READ {5,%) HNPROB
DO 1 IPROB=1,NPROB
WRITE‘6,105) IPROB, NPROB
READ (5,%) N
WRITE(6,120) N,N
WRITE(6,1000)
Do 10 I=1,N
READ (5,*) (A(I,d),J=1,N)
WRITB(6,*) (A(I,J),J=1,N)
CONTINUE
CALL BISPAC(LDA,N,MATRIX ('REAL',Rd),
VALUBS (WR,WI) ,VECTOR (ZP))
DO 150 K=1,N
TP (¥I(K).NE.0.0) GO TO 110
DO 100 J=1,H
2I(J,K)=0.0
CONTINUE
50 TO 150
IP 'WI'K).LT.0.0) 50 TO 1300
DO 1200 J=1,N
ZIJ,K)=2ZP (J,K+1)
CONTINUE
GO TO 150
DO 1400 J=1,N
Zp(J,K)=2ZP’j,K-1)
2I(J,K)==-2I(J,K-1)
CONTINUE
CONTINUE
D0 20 I=1,N
WRIT2(6,130) I
ARITE’6,%*) WR(I),WIII)

- 211 =
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WRITE(6,140) I
Do 30 J=1,N
WRITE(6,*) 2P(J,I),ZI(I,J)
30 CONTINUE
20 CONTINUE
1 CONTINUE
STOP
END



