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Abstract

Dark matter remains one of the most compelling mysteries in modern physics. Despite
decades of effort, its nature and non-gravitational interactions remain unknown. The
absence of a definitive direct-detection signal has motivated the exploration of a broad
range of dark matter scenarios, including primordial black holes, axion-like particles,
and sub-GeV dark matter. At the same time, advances in astrophysical, cosmological,
and gravitational-wave observations over the last decade have opened new avenues
for probing dark matter. Dark matter may be produced in extreme astrophysical
environments, or it may leave observable signatures by modifying, heating, perturbing,
or destroying sensitive astrophysical systems.

In this thesis, I develop theoretical and computational frameworks to identify and
characterize these signatures. I first show that dynamical friction from dark compact
objects and axion minihalos can heat the baryonic gas during the dark ages, producing
observable modifications to the global 21-cm signal and its power spectrum. I then
study three-body interactions between primordial black holes and binary systems. I
demonstrate that although perturbations from fast-moving primordial black holes vanish
on average, individual encounters can produce stochastic changes in binary orbits,
providing a possible probe of asteroid-mass dark compact objects. I also investigate
exchange interactions in which a primordial black hole replaces one member of a binary
and show that these processes can produce a small but potentially observable population
of binaries containing invisible companions, including systems resembling the black

hole binaries observed by Gaia.



I further explore how long-range dark forces can modify the gravitational-wave
emission from extreme mass-ratio inspirals. I show that independent mass measure-
ments of the central black hole can break the degeneracies arising from uncertainties
in the binary component masses, thereby improving the sensitivity to dark couplings.
Finally, I study dark matter produced in core-collapse supernovae and its detection
through electron recoils at large-volume neutrino detectors. Together, these studies
demonstrate that astrophysical, cosmological, and gravitational-wave observations can
probe dark matter across a wide range of masses and interactions, helping unravel its

mysteries one signature at a time.
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Chapter 1

Dark Matter: From Particles to Compact Objects

“There are more things in heaven and earth, Horatio,

Than are dreamt of in your philosophy.”
— William Shakespeare, Hamlet

The nature of Dark Matter (DM) remains one of the most puzzling mysteries in
modern physics. Evidence for its existence has accumulated for nearly a century, yet
all efforts to directly detect it through non-gravitational interactions have so far been
unsuccessful. As ideas about what dark matter might be have changed over time, they
have reshaped how we search for it and which experiments we build to detect it. In
this chapter, I will briefly discuss these ideas, their evolution over the years, and their
current status. For a more comprehensive review on DM, see [1, 2, 3, 4].

The existence of dark matter was first postulated by the Swiss astrophysicist Fritz
Zwicky [5]. He studied the radial velocities of galaxies in the Coma cluster and found
an unexpectedly large velocity dispersion. He attributed this large velocity dispersion
to the presence of “dark matter,” which must exist in much greater amounts than the
visible matter. A similar conclusion was later reached for the Virgo cluster, and by
the late 1950s, several papers had studied the mass-to-light ratios of galaxy clusters.
These studies all pointed toward the same conclusion: luminous matter alone could
not account for the dynamics of galaxies within these clusters. However, the most
convincing evidence for dark matter came later from observations of the rotation curves

of disk galaxies by Kent Ford and Vera Rubin [6]. They found that the rotation velocities



in the outer regions of M31 were much larger than expected from the visible matter
alone, indicating the presence of a significant amount of non-luminous matter.

Around the same time, with the development of computational resources, astro-
physicists began simulating the gravitational interactions of large numbers of massive
particles in order to better understand galaxy evolution. To their surprise, they found
that a cold, rotationally supported disk galaxy, such as the Milky Way, is highly unstable.
It was later shown by Ostriker and Peebles [7] that a rotationally supported disk can
be stabilized if it is embedded in a massive, roughly spherical halo of matter. Since no
such halo is directly observed in light, it must be dark. By the 1980s, the instability
problem of rotationally supported disk galaxies, together with the observations of flat
rotation curves in spiral galaxies, led most astronomers to accept the idea that galaxies
are embedded in massive halos of dark matter.

At that time, dark matter was viewed mainly as an astrophysical problem of missing
mass. It was thought that the missing matter could be in the form of cold stars, gas,
stellar remnants, or other massive collapsed objects. Most of these possibilities were
baryonic in nature, meaning that they were made of ordinary matter. Such objects
came to be known as MACHOs, which stands for Massive Astrophysical Compact Halo
Objects. However, the problem of dark matter soon became deeply connected to particle
physics. The Standard Model of particle physics, while accurately describing the strong,
weak, and electromagnetic interactions, left many important questions unanswered. For
example, is there a theory that unifies these forces at high-energy scales? Are there
other fundamental symmetries in nature? Is CP conserved in strong interactions? To

answer these questions, many theories of particle physics beyond the Standard Model



began to appear, and many of them predicted the existence of massive, stable particles
that interact only weakly with Standard Model particles. It was quickly realized that
such particles could make up dark matter, thus uniting astrophysics and cosmology with
particle physics.

The current consensus is that the dominant component of dark matter must be
non-baryonic, whether it consists of particles or compact objects. It should be cold,
mostly collisionless, and stable on cosmological timescales. Such candidates may
be motivated by physics beyond the Standard Model. Over the years, numerous
experiments and observations have searched for dark matter and have significantly
improved our understanding of its possible nature. In the following sections, I will
briefly discuss some of the most prominent dark matter candidates, the motivations

behind them, and their current status.

1.1 Massive Astrophysical Compact Halo Objects

In the early days, as evidence for the existence of dark matter accumulated, one natural
possibility was that it consisted of objects that were much less luminous than ordinary
stars but still astrophysical in nature, such as brown dwarfs, white dwarfs, neutron stars,
and black holes. These objects became famously known as MACHOs. Their masses
could span a wide range, from fractions of a solar mass to many solar masses. An
obvious way to detect these very faint but massive objects was through gravitational
lensing.

Gravitational lensing refers to the deflection of light by massive bodies, as predicted



by Einstein’s theory of general relativity. It is commonly categorized into three main
types: strong lensing, weak lensing, and microlensing. Strong lensing occurs when a
massive object lies close to the line of sight between a light source and an observer.
In this case, the gravitational field of the lens can cause significant deflection of light,
resulting in two or more distinct images of the source being visible to the observer.
Weak lensing, on the other hand, occurs when the deflection is small, so that the images
of background sources are only slightly distorted. Microlensing occurs when the mass
of the lensing object is relatively small, but the source, lens, and observer are aligned.
In this case, the multiple images created by the lens cannot be resolved, causing the
image to appear brighter during the lensing event.

The search for MACHOs relied on the phenomenon of gravitational microlensing.
The strategy involved simultaneously monitoring large numbers of stars in a nearby
galaxy in an effort to detect temporary variations in their brightness. This was the
approach taken by collaborations such as MACHO, EROS, and OGLE, which carried
out extensive microlensing surveys to test the hypothesis that the Milky Way’s dark
halo consisted of MACHOs. Although these collaborations identified microlensing
events, the observed event rate was much lower than expected for a halo dominated by
MACHOs. Consequently, in the mass ranges probed by these surveys, MACHOs could
account for only a small fraction of the dark matter halo.

Later, measurements of the cosmic microwave background and of the primordial
abundances of light elements, which are consistent with Big Bang Nucleosynthesis,
implied that the dominant component of dark matter cannot be baryonic. Additionally,

null results from microlensing observations made it clear that baryonic MACHOs



cannot be the dominant source of dark matter. However, the concept of MACHOs has
since broadened to include various non-baryonic possibilities. We will revisit this more
general idea in Chapter 2. For now, let us shift our focus to non-baryonic dark compact

objects, specifically primordial black holes.

1.2 Primordial Black Holes

Unlike regular astrophysical black holes, which are believed to form predominantly
from the gravitational collapse of massive stars, Primordial Black Holes (PBHs) are
hypothesized to have formed in the very early Universe. The possibility of black hole
formation in the early Universe was first proposed by Yakov Borisovich Zel’dovich and
Igor Dmitriyevich Novikov [8] in the 1960s, while Stephen Hawking [9] carried out the
first detailed study in 1971. In the early 1970s, the work of Bekenstein, Bardeen, Carter,
and Hawking laid the foundations of black hole thermodynamics. This eventually
led to the prediction of Hawking radiation, which implies that black holes are not
entirely black, but can emit radiation due to quantum effects near the event horizon. A
notable aspect of Hawking radiation is that the temperature of a black hole is inversely
proportional to its mass. This means that lighter black holes radiate more efficiently
than heavier ones. Astrophysical black holes, which are expected to have masses on
the order of a solar mass or larger, emit Hawking radiation at an exceedingly low rate,
making the effect practically undetectable. The realization that lighter black holes
would radiate more intensely motivated Hawking to consider black holes formed in the

early Universe through the collapse of enhanced density fluctuations.



Since then, many mechanisms have been proposed for primordial black hole forma-
tion [10]. In most scenarios, there is a rough correlation between the mass of a PBH
and the mass contained within the cosmological horizon at the time of its formation.

This relation can be written as

At t
Mppn ~ a "~ 10" (10238) LY (1.1)

where Mppy is the mass of the PBH, c is the speed of light, ¢ is the time after the
Big Bang when the PBH forms, and G is the gravitational constant. Consequently,
PBHs could have a vast spectrum of masses. For instance, PBHs that formed around
the Planck time, ~ 10~%3 s, would have masses of order the Planck mass, ~ 107° g,
whereas those forming about one second after the Big Bang could have masses around
10° M,

PBHs with initial masses below roughly 10'® g would have evaporated by now, leav-
ing behind possible observable signatures. Constraints on such PBHs have therefore
been established by searching for these evaporative signatures. On the other hand,
PBHs with masses well above 10'° g are much less affected by Hawking radiation and
can remain viable dark matter candidates. Such PBHs can have a variety of astrophys-
ical consequences. Sub-solar-mass PBHs can be searched for through gravitational
microlensing, while heavier PBHs can be constrained through their dynamical effects
on surrounding astrophysical systems. Furthermore, mergers of PBHs would produce
gravitational waves, offering another possible avenue for detection.

Existing constraints on the fraction of dark matter in PBHs [10] have excluded PBHs



as the dominant component of dark matter over much of the mass range. However,
there remains one interesting possibility: the asteroid-mass range, roughly 10'6-10% g.
These black holes are heavy enough that Hawking radiation is inefficient, but light
enough that conventional microlensing searches become challenging. Thus, their direct
or indirect detection remains difficult. In Chapter 3, I will present a dynamical way to
probe asteroid-mass PBHs. For now, I will end the discussion of dark compact objects

here and turn to particle dark matter.

1.3 Weakly Interacting Massive Particles

For much of its early history, most constituents of the Universe existed in thermal
equilibrium. However, if the rate of the reaction that maintains a particle in thermal
equilibrium falls below the expansion rate of the Universe, the particle decouples from
the equilibrium. Once a particle species decouples, its number density decreases only
due to the expansion of the Universe, unlike when it is in thermal equilibrium, where
the number density decreases exponentially as the temperature falls below the particle’s
mass. If we assume that dark matter is a particle that was once in thermal equilibrium,
we can calculate its thermally averaged annihilation cross section required to produce
the correct relic density observed today. For a particle with a mass of approximately
100 GeV, the reaction cross-section required to obtain the correct relic density is
about O(1072%) cm?®s!. This value corresponds precisely to the strength of the weak
interaction. The apparent coincidence that a thermally coupled dark matter particle

in the early Universe must interact weakly, combined with predictions from particle



theories beyond the Standard Model that suggest new particles with this interaction
strength, came to be known as “WIMP MIRACLE”.

A WIMP, which stands for Weakly Interacting Massive Particle, refers to a broad
class of massive dark matter candidates with roughly weak-scale interactions. A notable
example of a WIMP is the lightest supersymmetric particle (LSP) [11]. WIMPs were
among particle physicists’ favorite dark matter candidates for several decades, as they
seemed to kill two birds with one stone: they could solve a particle-physics problem,
such as the hierarchy problem, while also explaining the nature of dark matter. However,
after years of both direct and indirect searches, large regions of the simplest WIMP
parameter space have been ruled out, and the original optimism surrounding WIMP
dark matter has significantly weakened. Perhaps nature does not like “miracles.”

WIMPs can have masses ranging from 1 GeV to 100 TeV. They can be searched
for in several ways: by measuring the energy deposited when dark matter particles
in our Galactic halo scatter off atomic nuclei in deep underground experiments, by
producing them at particle colliders, or by detecting the radiation produced by their
annihilation. Several direct-detection experiments have been built over the last three
decades to search for nuclear recoils from WIMP scattering. Some notable examples are
LZ [12], XENONNT [13], and PandaX [14]. Years of exposure of these direct-detection
experiments to the Galactic dark matter halo have placed strong constraints on the
WIMP-nucleon scattering cross-section [15], excluding large regions of the WIMP
parameter space. Current searches for WIMPs are probing even smaller cross-sections.
However, there is a limit to how far this strategy can be pushed. At very small cross-

sections, events from coherent elastic neutrino-nucleus scattering become an important



background. These backgrounds create a boundary in the cross-section versus dark
matter mass plane known as the “neutrino fog,” below which a dark matter discovery
becomes extremely challenging.

The strong constraints on WIMP dark matter have forced theorists and phenomenol-
ogists to look beyond weakly interacting particles at the GeV-TeV scale. Recent studies
focus on light, sub-GeV dark matter [16, 17], as well as ultraheavy dark matter [18]
with masses above the standard thermal relic scale. The models of these particles may
or may not arise from UV-complete theories, but their phenomenology can still guide
searches for dark matter. Thus, the search for dark matter has shifted from the simplest
WIMP models to a broader landscape of thermal and non-thermal candidates. One such

highly motivated non-thermal dark matter candidate is the axion.

1.4 Axion and Axion-Like Particles

Originally proposed to explain the absence of observed CP violation in Quantum Chro-
modynamics (QCD), the axion is a generic pseudo-Nambu-Goldstone boson associated
with global U(1) symmetry breaking [19, 20]. Experimental measurements of the
electric dipole moment of a neutron place very strong constraints on CP-violating terms
in the QCD lagrangian, requiring the angular parameter @ that serves as the measure of
CP violation to satisfy # < 107!, The smallness of this parameter, commonly known
as the “strong CP problem” can be naturally explained by introducing an additional
global U(1) symmetry, known as the Peccei—Quinn symmetry, which is spontaneously

broken at an energy scale f,. The resulting Nambu—Goldstone boson, also known
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Figure 1.1: Theoretically well-motivated dark matter candidates [21].

as the QCD axion, acquires a mass through non-perturbative effects that is inversely
proportional to the decay constant f,. Although the QCD axion is very light (since f,
is rather large), it can be produced in large enough abundance in the early Universe to
act as dark matter, making it one of the leading dark matter candidates.

Axion-like particles (ALPs) are ubiquitous in physics beyond the Standard Model
and String Theory [22]. Unlike the QCD axion, ALPs do not necessarily solve the
strong CP problem, and their masses and couplings are largely independent parameters.
ALPs can therefore span a very broad range of masses, ranging from a few peV to
several keV, depending on the model. A common property shared by all ALPs is their
coupling to photons, which serves as the motivation for experimental and observational
searches. The ALP-photon coupling g+~ is strongly model dependent and is therefore
taken as a free parameter to avoid invoking the details of the UV completeness of the
theory. Because of this coupling, ALPs can convert into photons and vice versa in the
presence of a magnetic field, resulting in a wide variety of observable phenomena [23,

24].

10



The abundance of axion dark matter on small scales depends sensitively on whether
the Peccei—Quinn symmetry is broken before or after inflation. In the latter case,
known as the “post-inflationary Peccei—Quinn symmetry breaking scenario,” the axion
field can naturally contain substantial density fluctuations. These fluctuations can lead
to the formation of compact dark matter structures, often called axion miniclusters
or minihalos. The existence of these structures can introduce significant theoretical
uncertainty in the local axion density relevant for laboratory-based axion dark matter

detection. We will discuss the search for these minihalos in more detail in Chapter 2.

1.5 Current Status and Future Directions

“Ever tried. Ever failed. No matter. Try again. Fail again. Fail better.”

— Samuel Beckett, Worstward Ho

Consistent with current astrophysical and cosmological observations, dark matter
can, in principle, span an enormous range of masses: from ultralight particles with
masses as small as 1072° eV to compact objects with masses many times larger than the
mass of the Sun. Its interaction strength with the Standard Model can also vary widely,
from weak-scale interactions to purely gravitational interactions. Thus, the search for
dark matter today involves probing a vast parameter space, as shown in Fig. 1.1, large
regions of which remain unexplored. While this task may seem daunting, science often
resembles the art of searching for a needle in a haystack, because that needle is precisely
what matters.

To scan the full space of viable dark matter candidates, we need a wide range

11



of experimental and observational techniques. In this thesis, I will present some
astrophysical and cosmological methods to probe dark sector physics [25, 26, 27, 28,
29]. I have attempted to cover a broad range of dark matter masses, from axion-like
particles to sub-GeV dark matter to primordial black holes. At the time of writing
this thesis, dark matter remains one of the key drivers across many experimental and
observational frontiers. While a direct detection signal would provide one of the cleanest
paths toward discovery, indirect signatures from astrophysics and cosmology can also

help uncover its mystery, one layer at a time.
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Chapter 2

Dynamical Heating from Dark Compact Objects and

Axion Minihalos: Implications for the 21-cm Signal

Massive Compact Halo Objects (MACHOs) are a class of dark matter (DM) candidates
that lie beyond the conventional particle DM paradigm. Proposed examples include
primordial black holes (PBHs) [30, 10], axion stars [31, 32, 33], and compact objects
formed through dynamics in the dark sector [34, 35, 36, 37]. Many searches for these
objects target unique signatures, such as explosive events from axion stars [38, 39, 40].
For PBHs, heating due to the accretion of material around these objects can impact the
cosmic microwave background (CMB) [41, 42] and the properties of dwarf galaxies [43,
44, 45]. Such PBH bounds are, however, not applicable to MACHOs that are less dense,
which may not accrete efficiently.

More generic MACHO constraints come from gravitational microlensing and dy-
namical heating. Data from the MACHO [46], EROS-2 [47], and OGLE-IV [48]
microlensing surveys have ruled out MACHOs in the < O(10) M, mass range as
the primary component of DM [49]. Meanwhile, higher masses = O(10) M, are
constrained by the non-observation of dynamical heating of gas and stars in dwarf
galaxies [50, 43, 51, 44, 52, 53, 54, 45]. While microlensing and dynamical heating in
small-scale structures offer powerful constraints, each is subject to distinct sources of
uncertainty, making complementary approaches valuable.

In this work, I propose a novel probe of MACHO abundances based on dynamical
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friction (DF) heating of the baryon fluid in the early universe. As a MACHO moves
through baryons, it generates an enhanced-density wake, and the gravitational inter-
action between the MACHO and its wake gives rise to a drag force. The resulting
momentum loss transfers energy to the baryon fluid, heating it. Because this fluid
is collisional, the effect is strongly suppressed at early times while the bulk relative
velocity v, is smaller than the photon-baryon sound speed ¢, (M = v, /cs < 1) [55].
Following baryon decoupling and the sharp drop in ¢4 at recombination, however, typi-
cal velocities of v, ~ 30 km s~ [56] correspond to M ~ 5 in the baryon fluid, and so
DF becomes efficient.

The resulting increase in the baryon temperature 7y could be detectable with 21-cm
cosmology. The heating or cooling of baryons due to momentum transfer between the
dark sector and baryons during the cosmic dark ages—and its consequences for the
21-cm global signal and power spectrum—has been extensively studied [57, 58, 59, 60,
61, 62, 63, 64, 65]. We therefore expect 21-cm observations to be similarly sensitive to
DF heating. Compared to the phenomenology of DM-baryon scattering, however, DF
heating is remarkable for at least three reasons. First, the suppression of DF at small
M means that DF is effectively negligible prior to recombination, leading to virtually
no impact on the CMB, Lyman-« forest, or small-scale structure. This contrasts sharply
with DM-baryon scattering, which affects the evolution of perturbations on scales that
enter the horizon before recombination (see e.g. Refs. [66, 67, 68, 69, 70, 71, 72]).
Second, energy injection from DM-baryon scattering, as well as from DM annihilation
and decay, is deposited into several different channels, including ionization, excitation,

and heating. Such deposition can then modify both the ionization history and thermal
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history of the universe.

In contrast, here, all of the deposited energy goes directly into heating. Third, the
strong correlation between DF and v, leads to an enhancement in the fluctuations of
Tg, and therefore in the 21-cm power spectrum, relative to ACDM expectations.

The dependence of Ty on v, also imprints an enhanced baryon acoustic oscillation
(BAO) feature onto the power spectrum relative to ACDM [73, 74, 75]. This enhance-
ment is also predicted in models with a millicharged DM subcomponent that can transfer
heat between baryons and the dark sector [65], except that here the baryons are heated
rather than cooled. The enhancement stands in contrast to the suppression of the power
spectrum generically expected from DM annihilation and decay [76, 77, 78, 79, 80], or
from PBH accretion [81], where energy injection leads to a more homogeneous 21-cm
signal.

These striking signatures of DF heating by MACHOs make it an excellent new-
physics target for near-future measurements of the 21-cm global signal [82, 83, 84] and
the power spectrum [85, 86, 87]. In this work, we focus on two well-motivated scenarios:
1) MACHO:s of a characteristic mass in the 10> Mg, to 10° M, range comprising some
fraction fy; of the DM, and 2) axion (or more generally, axion-like particle (ALP))
minihalos. We estimate that both global signal and power spectrum measurements
will be sensitive to fy; ~ 0.1 for MACHOSs in the mass range 10* M, to 10° M, and
will significantly improve sensitivity to the ALP symmetry breaking scale f, for ALP
masses 1, in the range 107 eV to 107%eV. In combination with limits from the
apparent absence of black hole superradiance [88, 89, 90, 91, 92], these measurements

could potentially rule out ALPs with m, ~ 1072 eV for any value of f,.
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The DF heating signal depends primarily on the perturber mass and on the well-
understood distribution of bulk relative velocities between DM and baryons from linear
cosmology. Our estimates are therefore relatively free from the uncertainties that
affect other probes like microlensing and UFD heating, such as assumptions about
MACHO survivability or accretion, the spatial distribution of MACHOs in galaxies,
and baryonic physics. While DF heating has its own uncertainties, which will likely
require simulations to determine precisely, our work strongly suggests that 21-cm
measurements can achieve unprecedented sensitivity to MACHOs and axion minihalos,
and strong complementarity to other constraints in regimes where it is expected to be

less competitive.

2.1 Dynamical Friction Heating

For a sufficiently massive DM component streaming through the baryonic fluid, energy
exchange will occur through purely gravitational interactions. In particular, the grav-
itational attraction between the perturber and its enhanced-density wake results in a
drag force known as dynamical friction (DF). The energy lost by the perturber in this
manner goes into heating the baryonic fluid.

Refs. [93, 94, 55] studied DF in a collisional medium, deriving the magnitude of the
drag force on a perturber of mass M in the linear regime—where density perturbations

due to the perturber are small-as

2 2
WI(M,A), 2.1

For(M, v) = -

rel

16



with pp the cosmological mean density of baryons, the medium of interest to us. The
relative velocity between baryons and DM arises from the different evolution of their
velocity fields. Before recombination, baryons were tightly coupled to photons, unlike
DM, leading to a coherent bulk motion between the two fluids. At recombination, this
relative velocity has an rms value of 30 km s~!, which is independent of the formation
mechanism of the massive DM components. The function Z(M, A) depends on the
Mach number M and on the Coulomb logarithm In A = In(byayx/bmin ), Which serves
to regulate an integral over impact parameters. The minimum and maximum values
bmin and by, can be taken to be the smallest and largest length scales for which the
approximations used (point-like perturber, coherent medium response, efc.) remain
valid. An expression for Z(M, A) valid for all values of M is provided in Appendix A.
Here we simply note that it is maximized for M ~ 1, and has the asymptotic limiting

behavior

M3/3, M1,
T(M,A) =~ (2.2)

InA, M>1.

In the subsonic M < 1 regime, applicable before recombination when ¢, ~ 1//3
and the typical baryon-DM bulk relative velocity is ~ 1075 [66], we see that Fpp is
extremely suppressed and therefore negligible. Physically, the large sound speed results
in an almost front-back symmetric density distribution of baryons about the perturber.
Following recombination, however, the baryon sound speed drops to ¢, ~ \/mmp ~

10km s™!. Since typical bulk relative velocities at this time are v,,; ~ 30 kms™! [56],
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this corresponds to the regime M 2 1, for which DF becomes relevant. Physically, the
supersonic regime is characterized by an enhanced-density region confined to a Mach
cone behind the perturber with a half-opening angle sin¢ = 1/ M. Larger M then
corresponds to a narrower Mach cone and a more geometrically asymmetric wake.

In this regime, the value of A, set by a choice of b, and by, is important for
determining the DF force. We take by, = M3, where \j = \/m ~c.H 'is
the Jeans length, with /1 the Hubble parameter. This is roughly the distance traveled
by the perturber over the age of the Universe, a reasonable estimate for the transverse
size of the Mach cone and the effective size of the surrounding gaseous medium, and
is consistent with Refs. [95, 96]. For b.,;,, we take the Bondi-Hoyle-Lyttleton radius
for MACHOS, by, = GM/(c? + v2,), based on the conclusion drawn by Ref. [97]
that there is no DF from gas within this radius. This is therefore a good choice for
MACHGO:s that have a smaller spatial extent than the Bondi-Hoyle-Lyttleton radius. For
axion minihalos, we adopt by, = 0.35M%0r ., where r;, is the virial radius of the
halo, consistent with the choice made in the simulations of Refs. [98, 95, 96] to match
the linear results of Refs. [93, 94, 55].

The DF heating rate per baryon QDF s [99, 100]

df

. 1
QDF(Urela Z) = % /de]DWMmUreIFDF ) (23)

where v, Fpr is the perturber’s rate of kinetic energy loss, ppy is the DM energy
density, and df/dM is the fraction of DM (by mass) in perturbers of mass M. The

resulting change in baryon temperature can be estimated by numerically solving the
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following equations:

dvyel Fpr

= g — - DE 2.4
dlna ™7 MH (24
AT T 2 Qor

— 9T 4+ - (Toup — Tp) + = <2F 2.
dlna B+ H( CMB B)+3 7 (2.5)

where T\p 1s the CMB radiation temperature and I'¢ is a rate governing Compton
scattering. We also simultaneously evolve the free electron fraction using the three-level
atom model [101, 102]; more details can be found in Ref. [103]. The terms in Eq. (2.5)
correspond only to adiabatic cooling, heating through Compton scattering with the
CMB, and DF heating, respectively. In this work, we only consider the 21-cm signal for
z > 17, and assume no significant X-ray heating has occurred until this point, which is
a reasonable scenario given current astrophysical constraints (see e.g. Ref. [104]). We
also neglect other irreducible sources of heating, including Lyman-« recoils [105, 106,
107, 108], since these are subdominant to the O(1) heating contribution from DF we
will be sensitive to.

These equations are integrated from recombination at z = 1100, starting from an

Ik

initial bulk relative velocity v/, down to z = 17. Since the DF effect is negligible prior

to recombination, the velocity distribution at recombination is Gaussian, as predicted

. 3 \*? 3072
160~ (grg,) o0 (i) >0

rms

by ACDM, i.c.

where we set vy = 29kms™! [56]. We thereby obtain Tg(v?,, ) for 0 < vf, <

rel

100 kms™!, which encompasses most of the range relevant for an accurate 21-cm
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determination. Note that under our approximations, 7 depends only on v}, and z;
properly capturing other effects would require simulations, which we leave to future
work.

Although the preceding results were derived assuming that all density perturbations
are small, for M 2 1, this is not a self-consistent assumption; in fact, near the edges of
the Mach cone, the fluid overdensity becomes large, approaching infinity for a point-like
perturber. Despite this inconsistency, Ref. [98] showed that there is a tight correlation
between the DF force estimated in simulations and Fpr calculated in the linear regime
using Eq. (2.1), finding a large, order of magnitude difference only for very massive
halos, extremely small perturbers, or when M is very close to 1. We find that this
discrepancy should not affect our MACHO analysis significantly, but could lead to
an O(1) overestimate of the DF force for heavy axion minihalos in a limited redshift

window; see Appendix A for further details.

2.2 MACHOSs & Axion Minihalos

We model dark compact object DF heating in two scenarios. First, we adopt a
phenomenological approach and simply assume a population of MACHOs with a
single characteristic mass M making up a fraction fy; of the DM energy density,
ie. df /dM' = fyd(M' — M). Second, we consider DF heating from axion minihalos;
this scenario has a complicated perturber mass function that evolves with redshift,
depending on the ALP parameters m, and f,,.

Axion minihalos (or miniclusters) will form as early as matter-radiation equality due
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Figure 2.1: Baryon temperature T3 as a function of redshift for
MACHOs of mass M = 102 M, (olive) and M = 10* M, (red),
and for axion minihalos with an initial mass M, . = 1071 Mg
(blue), assuming MACHOs/axions constitute 100% of the DM.

The solid (dashed) lines correspond to a DM-baryon relative

velocity at recombination of v, = 30 (50)kms~'.

to the enhanced small-scale fluctuations which are produced by the randomized axion
field across different horizons in the post-inflationary scenario [109, 110, 111]. Even in
scenarios with pre-inflationary Peccei-Quinn breaking, many production mechanisms
can lead to the formation of these dense axion substructures [112, 113, 114, 115, 116,
117]. The initial axion minihalo mass is determined by the DM mass contained within
the horizon at the axion oscillation time, when axions start to behave as nonrelativistic
matter. Since the initial axion density is ~ m? f2, the oscillation time can be uniquely

determined from the relic abundance and axion parameters. Therefore, the initial axion
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Figure 2.2: The sky-averaged 21-cm brightness temperature
(Ty1)(z) for MACHOs of mass M = 10>Mg (olive) and
M =104 Mg (red), and for axion minihalos with an initial mass
M, = 10~ Mg, (blue), assuming MACHOs/axions constitute
100% of the DM.

minihalo mass is [40]

—2
~ —11 Mg -2 fa —-1/2
Mye~1.5 x 10 M@<1O_6 ) < o GeV) 9.2, @.7)

where g, o5 1s the degrees of freedom at the onset of oscillation. Although the value of
J+.0sc depends on m,, and f,, we conservatively take it to be 10, which is also consistent
with the relevant axion parameters where the bound is the strongest. To model the
axion minihalo mass function, we use a semi-analytic Press-Schechter model [118],
dfy/dIn My, = \/v/(27)e /2 dInv/dIn My, , where f, is the fraction of DM bound
in minihalos, M,, is the minihalo mass, v = §2/[0?(M,,) D?(z)], . = 1.68 and D(z) is

the growth function.
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Figure 2.3: The 21-cm power spectrum A3, as a function
of comoving wavenumber at z = 17 for MACHOs of mass
M = 10? Mg (olive) and M = 10* Mg (red), and for axion
minihalos with an initial mass M, . = 107! Mg (blue), assum-
ing MACHOs/axions constitute 100% of the DM. The golden
arrow indicates the expected HERA sensitivity of 92.7 mK? af-
ter 103 hours of integration time, following Refs. [63, 65].

This mass function agrees reasonably well with other analytic and numerical studies
on the axion minihalo mass function [119, 120, 121, 122]. Since fluctuations on
small scales are dominated by the order-unity axion perturbations, one can consider
the axion-induced power spectrum independently from the adiabatic fluctuations. In
the post-inflationary scenario, a totally randomized axion field is converted to DM
inhomogeneities. Therefore, it is well described by a white-noise spectrum, with

the characteristic scale determined by the horizon size at the oscillation time. Given

the spectrum, the variance entering in the minihalo mass function is computed as

O'(Mh) =~ \/37TMh’C/<2Mh).

The white-noise power spectrum accurately characterizes the initial minihalo forma-
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tion and evolution until massive cold dark matter (CDM) halos form from the adiabatic
fluctuations around z ~ 20. After that, some fraction of the axion minihalos will be
subsumed into the massive CDM halos, effectively freezing their population. The final

axion minihalo mass function, including the infall minihalos, is heuristically [122]

df 2 dfe™ dfy dfn
_ d 1 ~J col / 1 — CDM 2.8
) = [t e, e
where fCPM(2) is the collapse fraction of massive CDM halos predicted by the adiabatic
fluctuations,
0,
ODM(2) = erfc ( ° ) : (2.9)
1 V2ocou(Mar) D(2)

where 02, (M) is the variance of adiabatic fluctuations and M is the minimal mass
of CDM halos that can absorb axion minihalos in the parameter space of relevance. We
take M., = 10° M, so that the CDM halos are always larger than the axion minihalo
for the infall process to be valid, for which ocpym(Mey) = 8.2 [123]. Note that the
collapse fraction depends nearly logarithmically on the choice of M., due to the power
spectrum of adiabatic fluctuations. The collapse fraction of massive CDM halos is only
~ 1% at z ~ 17. Therefore, the majority of axion minihalos remain isolated, and the
contribution from CDM halos will be subdominant, which is consistent with previous
studies on the dynamical heating from CDM halos [96, 95].

The DF heating rate due to axion minihalos can be evaluated by substituting Eq. (2.8)
into Eq. (2.3). We take the lower limit of integration to be My, . and the upper limit
to be M. = 10% M, which is less than M, and simultaneously avoids the region

of parameter space where the linear approximation is poor (see Appendix A for more
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details). In any case, halos with such a large mass deposit most of their energy through
DF while baryons are still tightly coupled to the CMB, leading to insignificant heating.

In Fig. 2.1, we show the evolution of 7y as a function of z and v;,,. The DF
heating is most noticeable at low redshifts, once the baryons have thermally decoupled
from the CMB. The heating rate increases with the perturber mass, but decreases
with an increase in relative velocity, which is consistent with the drag force scaling

as Fpr oc M?1In(vZ))/vZ,. Note that baryon heating is only efficient after thermal

*
rel®

decoupling from the CMB at z ~ 150. As such, for sufficiently small values of v
the perturber could become subsonic before decoupling, leading to reduced heating,
especially for larger perturbers. Conversely, for sufficiently large v7,, DF-induced

heating is suppressed at high redshifts, but becomes significant at low redshifts, after

the relative velocity has decreased somewhat.

2.3 21-cm Signal

The absorption or emission of 21-cm blackbody CMB photons via the hyperfine transi-
tion of neutral hydrogen atoms at redshift z leads to a spectral distortion of the CMB at
wavelength 21 cm x (1 + z), typically reported as a differential brightness temperature
relative to the CMB along some line-of-sight 7 and redshift z, T, (7, z). The size of
this distortion depends on the relative occupation number of the two-level hyperfine
system, parametrized by a single temperature 75, the spin temperature, which is strongly
dependent on the baryon temperature 7. Detecting the 21-cm signal would therefore

provide us with a relatively direct probe of 7y during the cosmic dark ages, allowing us
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Figure 2.4: Forecasted sensitivity (in red) of the 21-cm signal to
the MACHO fraction as a function of MACHO mass. The solid
curve marks the region in which DF heating yields a brightness
temperature that is 50 mK higher than expected in ACDM,
while the dashed line corresponds to the forecasted sensitivity
from HERA. The other limits come from the observed half-light
radius of Ultrafaint dwarf galaxies (UFDs) [52], the existence of
wide binaries [124], non-detection of lensing effects of compact
radio sources [125], and the caustic crossing of Icarus [126].
See also Refs. [51, 45] for bounds under different assumptions
of the MACHO density profile.

to look for anomalous heating due to DF of compact objects. There are two main experi-
mental modes for detecting this signal: the sky-averaged or global signal integrated over
solid angle (T5;)(z), or a measurement of the power spectrum of fluctuations A% (k, 2),
where £ is the comoving wavenumber.
The brightness temperature is given by
1

T = — (T, — 1¢ 1—e™), 2.10
21 1+z( CMB)( € ) ( )
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Figure 2.5: Forecasted sensitivity (in red) of the 21-cm signal
to ALP symmetry breaking scale f, for ALP masses m,. The
solid and dashed curves correspond to an axion minihalo with an
initial mass of My, . = 0.015 M. Also shown are bounds derived
from astrophysical probes of the axion-photon coupling assuming
Jayy = apm/ (27 fo) [127, 128, 129, 130, 131, 132], cosmology
(in purple) [133, 134], and the superradiance bounds (in green)
taken from Refs. [88, 89, 90, 91, 92], as compiled in Ref. [135].

where 7 is the optical depth for resonant 21-cm absorption [136].
The spin temperature is determined by the interactions between the two-level system

and CMB photons, other hydrogen atoms, and Lyman-« radiation, according to [136]

(2.11)

71 _ Toup + 2Ty + 215!
S 1+ 2z, + 2z,

Y

where T, is the color temperature of the Ly« radiation field, and z,,, x. are the Ly« and
collisional coupling coefficients, respectively. In our analysis, we set T, = T which

is an excellent approximation for 75 2 1 K [136], and use the default values of x,(z)
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used in Zeus21 [137]; see Ref. [65] for details of how x.(z) is computed, based on
results in Refs. [138, 139, 140].

We estimate the global signal and power spectrum at z = 17 in order to determine
the sensitivity to DF heating by compact objects, using T (v, z) determined from
integrating Eq. (2.5) to obtain 75, (v, z). The sky-averaged brightness temperature is

then given by

(Ti)(z) = / 487 (T Tor (v, 2) 2.12)

where f (7)) is given in Eq. (2.6).

For the power spectrum, we define the 21-cm brightness temperature fluctuation as
o1y, (Z,2) = To1(Z)/(T1)(z) — 1. Assuming homogeneity and isotropy, the two-point
correlation function (2PCF) reads £(r) = (9, (Z1)01, (Z2)),, Where (- - - ), denotes an
average over all pairs of points such that |Z; — Zs| = r. The 21-cm power spectrum is

then obtained via Fourier transform,

8(k2) = Zorap(a) [ arren 2. .13

&(r) is determined by averaging over the joint Gaussian distribution of the relative

velocities at separated points,

€)= [ 530 [T, PEa T ) X ST 0n(Thas) . Q14

where the exact structure of P follows from linear theory [73, 74, 65].

The Fig. 2.2 shows the global signal, including only DF heating for both cases
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considered here. DF heating suppresses the global signal, since 7Ty is brought closer to
Tcowms, leading to less net absorption. Note that although the signals for MACHOs with
mass M = 10* M, and axion minihalos with M}, . = 10~! M, are similar at z < 30,
they differ significantly at z ~ 100, since the masses of axion minihalos grow with
time, leading to much less heating at early times. The corresponding power spectrum is
shown in Fig. 2.3. We also show an approximate forecast of the sensitivity of HERA
to the power spectrum after 10° hours of integration time, i.e. A2, = 92.7mK? for
k = 0.13Mpc ' at z = 17 [63, 65]. This is comparable to the largest magnitude of the
power spectrum anticipated in ACDM astrophysical models [104]. In the representative
cases considered here, the DF signal can significantly exceed this.

The strong dependence of DF heating on the bulk relative velocity has two effects
on A3,. First, it enhances fluctuations in 75, significantly, leading to a larger overall
amplitude in A32,. Second, the baryon acoustic oscillation feature in the bulk relative
velocity power spectrum gets imprinted onto A2,. The signature is striking; for suffi-
ciently large DF heating, A%, would be larger than ACDM expectations, making 21-cm

fluctuations easier to detect.

2.4 Results

We estimate the sensitivity of the global signal by requiring that DF heating increases
(T51) by 50 mK relative to the ACDM expectation at z = 17. For the power spectrum,
we instead require that A2, at k = 0.13 Mpc ™" and 2 = 17 exceed the HERA forecasted

sensitivity discussed above. The corresponding projected sensitivities are depicted as
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solid and dashed lines, respectively, in Fig. 2.4. We find that the 21-cm signal can
be sensitive to MACHOs comprising 10% of the DM in the mass range 10* M, to
10° M. This improves on searches using wide-binaries [124], lensing of compact
radio sources [125], and the disruption of caustics [126], but is still outperformed by
dynamical heating of stars in UFDs [50, 52].

For axion minihalos, the mass function and the behavior of such objects within
other systems complicate the ability of lensing or dynamical heating to constrain them.
The relatively homogeneous conditions of the early Universe, however, means that
we have no such concerns. We find that the smallest initial halo mass M}, . to which
the 21-cm signal is sensitive to is 0.015 M, which grows to O(10%) M, by z = 17.
The corresponding sensitivity to f, as a function of m, is shown by the solid red
curve in Fig. 2.5, extending into new parameter space for 107 eV < m, < 107%eV.
Together with bounds on the axion—photon coupling in astrophysical environments [127,
128, 129, 130, 131, 132, 38, 135], cosmological constraints from the Lyman-alpha
forest [134] and free-streaming effects [133], as well as bounds from the absence of
black hole superradiance [92], the 21-cm signal can completely rule out ALPs with
a mass m, ~ 10712eV. Note that the limits on f, derived from the axion-photon
coupling ¢,-~ assume the standard proportionality factor of g,,, = apm/(27 f,), while
all other probes considered here are directly sensitive to f,,.

Although we have only discussed the 21-cm signal just before the onset of cosmic
dawn at z ~ 17, DF heating from dark substructures will also lead to a 21-cm signal
deep in the cosmic dark ages (¢ ~ 80), and provides a strongly motivated new-physics

benchmark for plans to build radio telescopes on the far side of the moon [141, 142].
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The estimates here entirely rely on analytical results—backed by numerical simulations—
of a single perturber at constant Mach number moving through gas at a fixed sound
speed. The real picture is, however, more complicated: we have instead some number
density of perturbers progressively decelerating through baryonic gas that is cooling as
the Universe expands, with many wakes dissipating into heat throughout the cosmic
volume. We have also not explored how the signal would change depending on the
details of the cosmic dawn. Finally, since DF changes the bulk relative velocity between
DM and baryons at cosmic dawn, this will also impact how baryons fall into DM
potential wells when the first structures were formed [56]—we have not attempted to
model the impact of this on the 21-cm signal in any way. A full treatment of DF and its
impact on the 21-cm signal requires dedicated simulations, which we leave for future

work.
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Chapter 3

Three-Body Interactions with Primordial Black Holes

The search for dark matter (DM) has always spanned an enormous range of candidates
and scales. For the past several decades, the field has been dominated by the prospect
of discovering weakly interacting massive particles (WIMPs) at O(100 GeV), but a
wide variety of other possibilities have been recognized from the earliest days of DM
science [143]. Now that collider searches and laboratory experiments have placed
the WIMP paradigm under pressure [144, 145, 146], other classes of candidates at
much lower and much higher mass scales are resurgent, from axion-like particles at
O(1072°eV) to dark compact objects at masses up to 100 M.

The latter category subsumes many DM candidates predicted by a wide range of
microphysical scenarios [147]. These include Q-balls [148, 36], boson stars [149, 32],
axion miniclusters [109], and, most prominently, primordial black holes (PBHs) [8, 150,
151, 152, 30, 10, 153, 154]. Dark compact objects can contribute to the DM density over
an enormous span of masses, but the parameter space of greatest interest at present is the
so-called asteroid mass range, roughly 10717—10712 M, (10!"=10%2 g). In this window,
no observational probes currently rule out compact objects as accounting for all of the
DM, despite many ongoing efforts [155]. While microlensing is effective at higher
masses, the typical Einstein radius of an asteroid-mass object is too small, rendering
such probes ineffective due to the nonzero angular size of light sources and the nonzero

wavelength of the light itself [156, 157, 158]. Additionally, PBHs in particular are
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unconstrained by evaporation in this regime, meaning that simple PBH models can
account for the DM abundance without invoking any new degrees of freedom beyond
those required for cosmic inflation [159].

Constraining asteroid-mass objects requires qualitatively new probes. One promis-
ing direction leverages the same philosophy that has historically been applied to con-
strain MAssive Compact Halo Objects (MACHOs) at masses of order 100 M, and
above: dynamical effects. It has long been recognized that if the DM consists of
ultramassive objects, then encounters between these objects and stars will result in
large perturbations to stellar trajectories. This was used to develop what may have
been the very first constraint on the DM mass: in 1969, Ref. [160] argued that due
to tidal distortions, DM could not be composed of objects with masses between 108
and 10'3 M. Since then, with the advent of more sophisticated theoretical tools and
much larger datasets, these constraints have been substantially refined, and provide
robust limits on compact objects as DM at masses above ~ 100 M. Recently, several
groups have proposed the use of high-precision timeseries measurements to search for
perturbations induced by much smaller compact objects [161, 162, 163], with potential
sensitivity in the unconstrained asteroid-mass window. Other proposals take advantage
of dynamical processes that can leave a light perturber trapped in the system [26, 164,
165]. These ideas rely on the exquisite precision of measurements within the Solar
System or in the immediate Solar neighborhood.

However, it is also possible that a wide variety of other systems might provide
useful dynamical probes of light compact objects. Here, it is instructive to revisit the

mechanisms that have been used in the past to constrain more massive compact objects.
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The state of the art uses perturbations to wide binary systems [166, 167, 124, 168,
50, 169] or dynamical heating of cold systems [52]. The latter method provides a
particularly intuitive explanation for the efficacy of constraints at this mass scale. The
velocity distributions of stars and DM particles are comparable, each being determined
by the Galactic potential. If the DM particle is much more massive than stars, then the
effective temperature of the DM fluid is higher than that of the stellar fluid, meaning
that energy is inevitably transferred as heat from the DM to the stellar distribution.

In the opposite limit, where the DM particle is much lighter than stars, the stars
should transfer energy to the DM. This indeed takes place via dynamical friction [170].
One might thus hope to observe energy loss from binaries (i.e., hardening), as opposed
to the energy gain (softening) used as a probe by Refs. [166, 167, 124, 168, 50, 169].
However, probing DM with dynamical friction is extremely challenging, and no known
systems are capable of directly probing the dark matter abundance expected in their
environments [171]. A major difficulty is the hierarchy of velocities between the DM
and stellar binary components. As already anticipated in Chandrasekhar’s original
work [170], the dynamical friction induced by particles much faster than the binary’s
orbit is negligible. Typical binaries have orbital velocities of O(0.1-10 km/s), whereas
the DM velocity in the Galactic halo is O(230 km/s). Thus, dynamical friction from
DM on stellar binaries is strongly suppressed.

But dynamical friction is not the only means by which perturbers can harden a
binary. Three-body processes feature complicated dynamics that can either soften or
harden a binary, depending on the parameters of the encounter. As a rule of thumb,

Heggie’s law [172] states that binaries that are soft with respect to the perturber (i.e.,
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with binding energy lower in magnitude than the energy of the perturber) are likely
to soften further in an encounter, whereas binaries that are hard with respect to the
perturber (i.e., with binding energy greater in magnitude) are likely to harden further.
Since we are interested in light perturbers, which have accordingly low energy, typical
binaries are already hard according to this classification, and thus might be further
hardened by repeated encounters with light perturbers. This is a distinct effect from
dynamical friction, which is an essentially many-body effect, and scales differently
with the parameters of the binary and the perturbers.

Despite the differences between dynamical friction and three-body hardening, one
caveat remains: the naive interpretation of Heggie’s law breaks down when the per-
turbers are much faster than the orbital velocity of the binary. Refs. [173, 174] have
shown that in this regime, the average energy transferred from the binary to the per-
turber quickly vanishes. Thus, three-body hardening by dark compact objects is often
neglected. However, as we will explain, three-body hardening is only suppressed in this
regime when averaged over many encounters. If the number density of perturbers is
low, a typical observing period may only feature one or several encounters. In this case,
while the mean energy transferred is close to zero, the width of the distribution of energy
transfers is not. This suggests a new opportunity in the regime of rare, high-velocity
perturbers: the fast and the few.

In this chapter, we investigate such stochastic binary hardening due to light compact
objects. We revisit the computation of the hardening rate originally performed by
Refs. [173, 174], and develop a framework for estimating the energy transferred cumu-

latively over a small number of encounters. Since these perturbations can have either
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sign, the net effect is not “hardening,” per se, but rather a kind of Poisson noise. We
thus revive three-body dynamics as a probe of light compact objects, just as three-body
softening has proven so valuable as a probe of massive compact objects.

This work is structured as follows. In section 3.1, we review the physics of three-
body encounters, and discuss the evolution of Heggie’s law from the original proposal in
Ref. [172] to the revised versions of Refs. [173, 174]. In section 3.2, we update Heggie’s
law further to correctly account for stochasticity in the limit of few perturbations, and
we develop a full estimate of the hardening rate in this regime. In section 3.3, we
apply these results to a set of realistic systems, and evaluate the prospects for detecting
compact objects by this means. We discuss our results and conclude in section 3.4.

Throughout this work, we denote quantities associated with the two objects in a
binary by subscripts 1 and 2, and those associated with the perturber by a subscript
3. In particular, v, denotes the relative velocity of the two components of the binary;
v denotes the velocity of the perturber relative to the center of mass of the binary;
mi2 = my + my denotes the total mass of the binary; and E'j» denotes the (negative)
total mechanical energy of the binary. We denote the semimajor axis of the binary by
a. We use a superscript star (e.g., a*) to denote parameter values used in reference

simulations.

3.1 Three-body scattering

Three-body scattering is notoriously complicated, and outcomes are highly sensitive

to initial conditions. Nonetheless, three-body encounters are important in a number
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of astrophysical contexts, particularly in cases where many encounters cumulatively
affect the evolution of a binary. As a result, various heuristic and statistical approaches
have been developed in the astrophysical literature to classify and predict the outcomes
of an ensemble of three-body encounters. We now review the features of three-body

encounters that have been well studied, and we situate the current work in that context.

3.1.1 Outcomes of three-body encounters
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Figure 3.1: Schematic description of the regimes in which different pro-
cesses are relevant. These regimes are shown in the plane of perturber
mass and velocity, on logarithmic axes. The boundaries between regions
are only illustrative: realistically, several of these processes can occur in
overlapping regions. Note that “evaporation” and “ionization” are terms
used in the three-body scattering literature to refer to softening and disrup-
tion, respectively, and are unrelated to Hawking evaporation and atomic
ionization. The dashed black lines indicate the mass and velocity of the bi-
nary. In this work, we study the light blue region, where velocities are high
(fast), but number densities are still low (few) compared to the dynamical
friction regime.
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Three-body encounters can be usefully classified on an energetic basis. The initial
mechanical energy of the binary and the perturber determine important features of
the encounter, and outcomes can be classified by the final energies of the objects.
Specifically, given a particular perturber, the binary can be categorized as “hard” (tightly
bound) or “soft” (weakly bound) with respect to the perturber, which we will soon
define concretely. A classic paper by Heggie [172] shows that on average, a hard binary
becomes harder following a three-body encounter, whereas a soft binary becomes softer.
This is known as Heggie’s law.

This is easy to understand in the limit of an extremely hard or extremely soft binary.
Consider a binary system with component masses m; and m» and semimajor axis a,
and a perturber with mass mg and velocity vs. Now, suppose that mg > mq, mo, and
suppose that v3 is comparable to the orbital velocity of the binary. During the encounter,
the potential binding the components of the binary is small compared to the potential
sourced by the perturber, so the interaction of the perturber with each component is
well approximated by elastic 2 — 2 scattering. In the limit of large ms, corresponding
to a very soft binary, the typical energy transfer to each component is large compared
to the binding energy. Thus, a generic encounter leads to a final state in which the
components are free, i.e., the binary is no longer bound. This is called “disruption” or
“lonization,” and corresponds to extreme softening. On the other hand, for an extremely
hard binary with my, my > mg and orbital velocity v > v3, the scattering process
tends to accelerate the perturber, causing the binary to become more tightly bound
(harder).

Disruption is only kinematically allowed for soft binaries. The total energy of the
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three-body system, measured in the rest frame of the center of mass of the binary, is

given by

3.1

Disruption entails that all three objects are free in the final state, so the total energy must
be positive in the initial state. Thus, conservation of energy only allows for disruption
if the binary is sufficiently soft in the initial state. On the other hand, if the total energy
of the three-body system is negative, at least two objects must remain bound in the final
state, but these need not be the original components of the binary. In certain cases, the
perturber can transfer enough energy to one component to disrupt the binary, but lose so
much energy in the process that the perturber becomes bound to the other component.
These are exchange processes. On the other hand, if the initial energy of the perturber
is too low, then it can become bound without unbinding either component of the binary,
forming a triple system. These are capture processes.

All of these processes have been used as probes of dark compact objects. The
disruption process has been used extensively as a probe of compact objects that are
much more massive than stars, i.e., in the regime where binaries are typically soft [175,
176, 177, 166, 178, 167, 124, 168, 50, 169]. Capture and exchange processes have
also been studied for this purpose [179, 164, 26], as they become relevant for dark
compact objects at different masses. However, designing probes based on softening
and hardening, beyond the simplest disruption processes, requires a more precise
formulation of Heggie’s law. The rate of softening and hardening—and indeed, whether

these take place at all—cannot be determined directly from the energetics of the
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perturber. A precise definition of hard and soft binaries, as well as their distinguishing
characteristics, is required.

The definition of hard and soft binaries is a topic of significant debate. According
to Heggie [172], a binary system should be considered hard if its binding energy is
much greater than the kinetic energy of the perturber, or soft if the binding energy is
much less than the kinetic energy of the perturber. A second definition was given by
Hills [180], who found that in numerical experiments, perturbers traveling faster than
the binary’s orbital speed, v, tend to soften the binary, while those traveling slower
tend to harden it. The analytical estimates provided by Heggie align with the numerical
experiments conducted by Hills when all three objects involved in the encounter have
the same mass. However, if the third object is fast but is significantly less massive than
the two binary stars, the two definitions are in conflict.

This is particularly problematic for constraining compact objects as a DM candidate.
The objects of greatest interest are those in the asteroid-mass range, much lighter
than the components of most observationally-accessible binaries, but DM particles or
compact objects have velocities on the order of the dispersion of the Galactic halo,
much faster than typical binary orbits. The various outcomes of three- or many-body
encounters are illustrated schematically in the plane of perturber mass and velocity
in fig. 3.1, for particular choices of binary parameters. The remaining window for
compact object DM corresponds to the top-left quadrant of the figure (light blue), in the
regime where the classical hardening and softening behaviors are not readily applicable.

Understanding hardening and softening in this regime requires different methods.
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3.1.2 Hardening via multiple encounters

The issue of fast low-mass objects was first addressed by Gould [173] and later in-
vestigated numerically by Quinlan [174]. (See also Ref. [181].) We first give a
concrete definition of the hardening rate considered in that work. Consider a binary
in a background of perturbers with fixed abundance and velocity. Ref. [174] defines a
dimensionless energy transfer

mig AL,

pu— .2
2m3 Elg ’ (3 )

and the hardening rate is the average value of C over all of the parameters of a three-
body encounter. The hardening rate determines how fast the orbit of the binary with
semimajor axis a would shrink in a medium of perturbers with number density n, and

is defined as

d (1) :Gnmng. (3.3)

E 5 Vs
In practice, we define (C')|, to be the average of C over all angular parameters at

fixed impact parameter b. Ref. [174] then computes the hardening rate H; by

H = 87 /OO ab 2 (o), (3.4)
0

b5

where b, is the impact parameter with pericenter distance equal to the semimajor axis,
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i.e., r, = a, with r, defined by the relation

B =1 (1 + 2Gm12) . (3.5)

2
TpUs

That is, b2 = a?[1 + 2Gmy2/(av3)]. The definition of H; averages the dimensionless
energy transfer over possible impact parameters, weighted by their cross sections: the
cross section for an impact parameter b corresponds to the area of a circle of radius
b, so the appropriate measure of integration is b db. The definition of by accounts for
gravitational focusing: slow objects have pericenter distances much smaller than their
impact parameters.

Notice that the hardening effect from multiple successive three-body encounters is
distinct from the traditional definition of dynamical friction. Dynamical friction slows

a massive object at a rate

3

1672 log(A)G? vl
V= — " log( v) M pav / dvv?f(v), (3.6)
3 0

where f is the velocity distribution function and log A is a Coulomb logarithm, typically
O(10). This is second-order in GG. Physically, this is because dynamical friction is due
to the interaction of a massive object with its wake in the density field: as particles
pass by the massive object, they are gravitationally focused into an overdensity on the
other side, which then pulls the massive object back. Dynamical friction couples the
velocity of a single massive object to the average velocity of the medium, independent

of the three-body dynamics that take place when perturbers interact with a binary.
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Figure 3.2: Hardening rate as a function of velocity. Orange points are computed
from an ensemble of simulations. The blue curve shows the fit from Ref. [174].
Error bars indicate 1o uncertainties on the mean values. Insets show the full
distribution of energy transferred in a single encounter for selected velocities,
and are shown to scale. For high perturber velocities vs > v12, while the mean
energy transfer goes to zero, the width of the distribution remains nonzero.

Thus, although there are some similarities between dynamical friction and three-body
hardening, the two are not the same, and the effects we discuss here need not match

onto dynamical friction in the low-mass limit.

Figure 3.2 shows the hardening rate as a function of perturber velocity, as computed

by Quinlan [174]. Quinlan further provides a fitting formula for the velocity dependence,
as

41-1/2
14 (3> ] , (3.7)
V12

from which we may note that the hardening rate is suppressed by (vs/v12) 2 for large

H,(v3) = H1(0)

perturber velocities v3 > wv12. Based on these findings, Quinlan proposed a new

convention for classifying hard binaries: a binary system with masses m; > ms should

only be considered hard if the perturber velocity falls below a critical threshold of the
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form

v3 < 0.85 010 | 2, (3.8)
mio

where the value of the prefactor and the scaling behaviors with masses were extracted
from numerical experiments.

To understand this definition, observe that further hardening of the binary in a
three-body encounter corresponds to acceleration of the perturber by the gravitational
slingshot mechanism. Here, the perturber (1m3) has a close encounter with the lighter of
the two bodies (m5), undergoing a process that is very nearly elastic two-body scattering
in the center-of-mass frame of moy and ms. Since my and ms have a close encounter,
each mass experiences the same acceleration due to m, so the encounter can be treated
as a two-body scattering process that takes place in an accelerated reference frame.
Thus, in the center-of-mass frame of my and mg, the speed of recession is equal to the
speed of approach, so the encounter corresponds to a deflection of the perturber. When
this final state is transformed out of the accelerated mq-ms frame, back to the inertial
center-of-mass frame of the entire three-body system, this deflection corresponds to the
acceleration or deceleration of the perturber, depending on the details of the encounter.

If m3 < my < my, then the center-of-mass frame of ms and mg is approximately
the rest frame of ms alone, and the center-of-mass frame of the entire system is
approximately the rest frame of m,, which sits at the barycenter. The accelerated ms-
mg frame follows the orbit of m, around m;. In this case, working in the barycentric
rest frame, where v; ~ 0, the mass mg3 can only be accelerated (i.e., the binary can

only be hardened) if v3 < v9 prior to the encounter. This means that some hardening
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processes are only available for low-velocity perturbers, even at very low energies. The
critical perturber velocity below which the binary should be considered hard cannot be
inferred strictly from the relative energy of the binary and the perturber: the relative
velocities themselves are necessary, regardless of the masses.

The dynamics involved in hardening are quite complicated, so, despite these argu-
ments, the speed at which the transition from hard to soft occurs is difficult to identify
from first principles. Quinlan’s seminal work was oriented towards computing the hard-
ening rate of massive black hole binaries. Such massive binaries have high velocities,
typically larger than the Galactic dispersion velocity. As such, it was not necessary
for Quinlan to evaluate the hardening rate for vz > v, nor would this have been
particularly interesting: the evolution of massive black hole binaries proceeds over
long timescales subsuming many encounters, so the average hardening rate can be used
directly, and the (v3/v15)~2 suppression then implies that hardening due to fast-moving
perturbers is negligible.

However, when considering encounters between a MACHO and a system such as a
binary pulsar, the situation is very different. Firstly, the binary velocity is much lower,
so perturbers with the Galactic dispersion velocity are quite fast: v3 > v15. Secondly,
the period of observation is much shorter, with far higher precision. Measurements of
binary pulsars in particular are exquisitely sensitive to the gain or loss of energy, but
unlike massive black hole binaries, the evolution of the system is not influenced by many
successive encounters over the relevant timescale. For some compact object populations,
the expected number of close encounters in the observing period is O(1). This means

that while the average hardening rate does suffer from a substantial suppression, the
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average is not necessarily the appropriate quantity.

In particular, while the average value of the hardening rate is quickly suppressed at
large v3, the rms value of the energy transfer decays much more slowly. As shown in
the insets of fig. 3.2, the width of the distribution of energy transfers across encounters
is nearly the same for perturbers in the slow and fast regimes, and this width is not
much smaller than the mean value itself for slow perturbers. This suggests that the most
promising route for detecting encounters of this type might lie in their stochasticity:
while many encounters average away to null effect, the Poisson noise associated with a
few encounters might be detectable. We thus label the top-left quadrant of fig. 3.1 as the
“shot noise” regime, and in the next section, we study the statistics of these stochastic

perturbations in detail.

3.2 Statistics of multiple perturbations

As summarized in the preceding section, it is well known that fast-moving perturbers
will neither harden nor soften a binary, on average. That is, the distribution of perturba-
tions delivered to the energy of a binary has a mean of zero. However, this distribution
still has nonvanishing width, and if there are not very many encounters over a given
period of measurement, there is a nonvanishing stochastic hardening rate expected. In
this section, we develop a set of semianalytical estimates for the size of these pertur-
bations, calibrate them using simulations of three-body encounters, and validate them

using Monte Carlo sampling.
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3.2.1 Analytical framework

To understand the origin (and eventual disappearance) of these stochastic fluctuations,
suppose that each perturber encounter imparts a change ¢ F in the energy of the binary.
The perturbation 0 F is a random variable whose distribution has some variance 0.
Now, consider several successive perturbations 0 £, . . . , § E)y over the observing period.
By the central limit theorem, for large N, the total perturbation AEWY) = §E, +
.-+ + §Ey is normally distributed with a variance of No%. For light perturbers with
mg < mya, observe that § F scales linearly with the mass of the perturber, meaning that
0% oc m3, while N o< 1/mg if the mass density of perturbers is held fixed. This means
that NoZ o ms, so at large N, AE™) is normally distributed with a standard deviation

/ 2, vanishing in the low-mass limit.

that scales as m;,

In other words, stochastic perturbations arise because the energy transferred in each
encounter has a high variance but a mean of zero. The total energy transfer thus behaves
as a random walk, with an expectation scaling with the square root of the number of
encounters. The number of encounters is inversely proportional to the mass, but this
growth at low mass is compensated by the linear mass dependence of the energy transfer
in each encounter.

In the rest of this subsection, we make this picture firmly quantitative. Firstly, we
define a figure of merit for comparison with observations. We then identify the scaling
behavior of this quantity with the parameters of the perturbations. Finally, we define an

estimator that combines the effects of many perturbations to serve as a quick indicator

of observational accessibility.
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3.2.2 From encounters to detection probabilities

For observational purposes, the most important quantity is not the expectation value of
the total energy transfer, but rather, the probability that the total energy transfer exceeds
some threshold E..,;,. We denote this probability by p,,s. Formally, p,ps can be written

as

Pobs = f: P(N = k) x P(|AE<k>| > Emm>, (3.9)
k=1

i.e., the probability of exceeding the threshold with exactly k& encounters weighted by
the probability of having exactly k£ encounters, summed over all values of £.

The probability P(N = k) of encountering exactly k perturbers is just the pmf of
the Poisson distribution Poiss(\), where ) is the average number of perturbers expected
to interact with the system over the observing period. Computing the exact distribution
of AE™) is challenging for a general distribution of § £, but we can easily approximate
Pobs 1N two regimes. First, if A < 1, we can neglect all terms k£ > 1, so that we need
only AE®, which has the same distribution as 6 E. On the other hand, if A > 1, we
can approximate the Poisson distribution as a delta distribution at its mode, writing
Pobs =2 IP’( ’ AE® ‘ > Emin). We can then use the central limit theorem to evaluate the

distribution of AE™, obtaining

4
AeP(|0E| > Enim) A< 1,
Pobs(A) & (3.10)

E .
erfc = A>> 1.
\ <0'E\/ 2)\)

The quantity Ei,/(0pV2\) scales with mgl/ ? 5o at large A (small my3), the
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probability p.ps is exponentially suppressed. However, when A is O(1), pons can be
significantly enhanced over the case of a normal distribution. Specifically, pops 1s
enhanced for rare encounters if the distribution of § £/ has heavier tails than a normal
distribution with the same variance. We will see that this is indeed the case for three-

body encounters.

3.2.3 Scalings with encounter parameters

We can also estimate the dependences of p,,s on other parameters of the perturbers.
In particular, as long as the encounter is fast, we can use the impulse approximation.
Assuming that the imparted momentum to the binary, dp;2, is small compared with the
momentum p; of each component, the imparted energy is given by d E' =~ (p12/m12) dpa.
The impulse approximation predicts that the imparted momentum scales as dpjo
ms/vs, and therefore, so does 0 F.

We can also predict the behavior with the impact parameter, at least at large 0.
Here, while the impulse approximation would predict a b~! scaling for the momentum
imparted to a single component, the perturbation to binary parameters depends only on
the difference between the momenta imparted to the two components: if m; and ms
are given the same impulse, the only perturbation is to the center of mass of the binary,
not to the relative configuration of the components. When the perturber encounters one
component with impact parameter b, the impact parameter with respect to the other
differs by O(a). Thus, while the momentum imparted to the first component scales
with b~!, the momentum imparted to the second is of order (b+ a)_l, so the difference

between them scales with b~! — (b + a)~?, or a/b? for large b. This is equivalent to the
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statement that the binary is perturbed by the tidal potential, for which the impulse goes
like 1/ b? for b > a. For b < a, an exact prediction is difficult, but the dependence on
b should be much gentler, and we approximate it as constant, imposing continuity at
b = a. At this point, this is purely an assumption, but we will soon see from numerical
simulations that it provides a good fit to the energy transfer as a function of impact

parameter. Putting these components together, we have

-1 1 b<a,
SE(b) ~ 6B* (mf m”) (Ei) T(a,b); T(a,b) = 3.11)

* * *
Mg My, U3 a

where 0 E* is the energy transfer for reference parameters mj and v}, which must be

determined by numerical simulations.

3.2.4 Combining multiple perturbations

Now, recognizing that oz has the same scalings as d I/, we can use the large-)\ limit of
eq. (3.9) to estimate the parametric dependence of the overall probability of observation
over many encounters. Consider successive annuli of impact parameters with boundaries
{b1,...,b,}. The contribution of each annulus to the total perturbation AF is a nor-
mally distributed random variable with standard deviation o}, = /Ao x[0E(by) /6 E*],
where )\ is the average number of objects passing through the £th annulus. The total

perturbation is then a normally distributed random variable with variance

2 m3m12v3
= = M T (a,b), 3.12
oot = % op =o0p ( s ) E w1 (a, (3.12)
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and the total probability of an observable perturbation is given by pops & Pmany =
erfc( Emin/ V201 ). The mean number of objects passing through each annulus is given

by
. P3VU3 At

27Tbk P3U3 At
X (b2, — b))~ BT
ma 7( k+1 k) ma

e AD, (3.13)

meaning that the sum in eq. (3.12) can be approximated as an integral in the continuum
limit. Strictly speaking, this is doubly approximate, since A\, — 0 as Ab — 0, meaning
that there is only a small number of encounters. This invalidates the application of the
central limit theorem, which only holds for a sum of many random variables. As such,
the use of eq. (3.12) in this regime cannot be justified a priori, and constitutes a separate

assumption. Notwithstanding this caveat, we have

ms

bmin

s 9rhpgus At
S MT(a,b) ~ / dp 2208V B i (3.14)
k

At bmax
_ Tpsvs AL [(a2 — brznm> O(a — byin) + 2a*log (—)] :

ms max{bmin, @ }

(3.15)

The by,.x dependence persists in the form of a Coulomb logarithm, typically of order
10. However, since this computation only applies for fast encounters, we set by,., such
that the crossing time of a perturber fits within the observing period, i.e., by = v3 At,

which can result in a much smaller (or vanishing) Coulomb logarithm. We choose

bmin such that A = A, for b < bpin, 1.€., bpin = \//\minmg/(wpgvg At), and we

take A\pin = 10 in computations. Now we can write the probability of an observable
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perturbation as

Eminmgm’l*Qa/(a'Evgm12a*)><\/m (3 16)

D ~ erfc
o )

This result indicates that we can neglect the slow-moving tail of the DM velocity
distribution: the pdf of the speed distribution scales as v2 at small v, so the factor
\/M in the numerator goes as 1/,/v3, meaning that the argument of erfc diverges in
the low-velocity limit.

For A\ < 1, the central limit theorem does not apply, and combining perturbations
from different impact parameters is nontrivial. However, we can still make a similar
estimate using the fact that \e = is fairly sharply peaked at A = 1, with a width of O(1).
We thus conservatively take just a single annulus b, < b < by such that the width
Ab = by — by is half of the average value of b on the annulus and such that A = 1. We
neglect all energy transfers originating from encounters with impact parameters outside

this annulus. This corresponds to

8m3 1
by = o= (1+v33) buin,s 3.17
' \/(9 + VB3 mpsus AL 0 4 ( > GA7)

with (b) ~ 0.57y/m3/(psvs At). However, we must also impose the requirement
that (b) < bpax, S0 we take b = min{(b) , bmax} and Ab = b, and compute X as in

eq. (3.13). Then the probability of an observable perturbation from an encounter within
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just this annulus is

Dobe 7 Dann = )\(b)e’A(b)P(\éE(b)\ > Emm); b = min{(h), buas}. (3.18)

An independent conservative estimate is to admitonly 0 < b < a, i.e., impact parameters
that cross within the orbit of the binary. This gives a lower bound, and since there is no

b dependence in this regime, the estimate is straightforward:

Tp3vsb? At Tp3v3b? At
Pobs =~ Porb = ————€&Xp | ——————

ms

) x P(|6E(b)] > Emw). (3.19)

ms

where b = min{a, by.x }. Since these are two different conservative estimates, the
actual probability should be greater than each one. Thus, we conservatively estimate
the total probability of an observable perturbation as the maximum of the probability

through each of these channels, i.e.,

ptot ~ max {porb7 panna pmany} . (320)

3.2.5 An estimator for probability of observation

In typical scenarios, pi. exhibits two peaks as a function of ms, since Py, and pan,
dominate over p,any but peak at different masses, which we denote by 14,1, and 1,

respectively. This doubly-peaked behavior is an artifact of the division between these
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Figure 3.3: Fits to simulation ensembles. Left: Energy transfer distributions in
an ensemble of simulations for several values of v3/v12. Dotted curves show the
fitted ¢ distribution (see text). Top right: dependence of the variance o on the
impact parameter of the encounter. The dashed curve shows the behavior implied
by our approximation 7'(a, b) (eq. (3.11)). Bottom right: dependence of o on
the perturber velocity. The dashed line shows a fit to the 1/v3 scaling assumed in

eq. (3.11).

different channels. We thus define an alternative estimator pgp,s as

min{maX Porb, ImMax pann} mg € [morba mann]

p(;bs(mii) =

Ptot (mS)

(3.21)

otherwise.

The estimator pgp,s Will be crucial to our results in later sections, and we will validate it

with Monte Carlo sampling shortly.

With this formalism, we can now estimate the probability of an observable perturba-

tion in a wide range of scenarios with only one numerical input: the standard deviation

og for one set of reference parameters. In the next section, we compute o directly

using numerical simulations.
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3.2.6 Calibration with three-body simulations

To directly compute the distribution of the energy transfers between a binary system
and a fast-moving perturber, we simulate an ensemble of encounters using the V-
body simulation code REBOUND [182]. Our configuration consists of an equal-mass
binary system with a fixed semimajor axis a*. We take the binary to be circular,
i.e., we fix the eccentricity e to zero. The state of the binary is then determined by
four parameters: the cosine of the inclination cos; € (—1,1), the longitude of the
ascending node € € (0, 27), the argument of pericenter w € (0, 27), and the mean
anomaly M € (0, 27) at some fixed time. We randomly sample these parameters while
holding the initial conditions of the perturber fixed.

The perturber, with mass mg < mys, is placed at coordinates (z,y, z) = (b,0, 2o).
The squared impact parameter b® is sampled uniformly from the interval (0,02, ),
where by, is determined by eq. (3.5) with 7, randomly selected from the interval [0, a*].
The final result is not sensitive to 2 as long as zg > byax. We take 2p = 250, in our
computations. The perturber is given an initial velocity v3 = (0,0, —v3). We evolve the
system using the 1as15 integrator [183], and we stop integration when the perturber
both (1) exits a sphere with a radius twice that of z; and (2) has positive mechanical
energy.

Some integrations, particularly for slower perturbers, can be computationally ex-
pensive because the perturber can be captured into metastable orbit, only exiting the

system after many periods. To avoid such lengthy simulations, we impose an upper

limit on the integration time. If the integration exceeds 10* steps, the specific simulation
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is discarded. The binding energy of the binary is calculated both before and after
the encounter to assess the energy exchange. This process is repeated 10° times for
each impact parameter to determine (C'). Finally, this procedure is carried out for 25
randomly sampled impact parameters.

From these simulations, we extract the distribution of 4 as a function of the
parameters of the encounter. Empirically, we find that the distribution of § F is well
approximated by Student’s ¢ distribution with a scale parameter. We denote this
distribution by 7 (&, v), where £ is the scale parameter and v is the number of degrees

of freedom. The pdf is given by

1 U %(V+1)
) = e /o B G 1) (u+ <t/£>2) ’ (3-22)

where B denotes the beta function. The (unscaled) ¢ distribution typically arises as the
distribution of a random variable T' = /v Z/v/X, where Z ~ N(0,1) and X ~ x?(v).
While it is possible that a similar structure underlies the appearance of the ¢ distribution
in this case, the resemblance is only approximate, and it is quite possible that the
similarity is purely coincidental. As such, we make no effort to derive this distribution
from first principles, but treat it as an empirical fit. (However, see Ref. [184] for an
extensive analytical discussion of the energy transfer distribution, with very similar
properties to those found here.) When fitting to simulated data, we fit only the v

parameter, and fix the scale parameter £ by the requirement that the variance of the
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fitted distribution matches the variance of the data, using the fact that

2
Var(T) = V”f 1 (3.23)

Accordingly, v is the only free parameter. We do not constrain v to be an integer. Note
that this is only self-consistent if v > 2. As v — 2T, the variance diverges, and our
analysis assumes that the variance of § F is well-defined. For the case of an equal-mass
binary with component masses 1 M and separation 1 AU, we find a best-fit value
v = 2.29 across the entire dataset.

The resulting fits are shown for several perturber velocities in the left panel of
Fig. 3.3, demonstrating broad compatibility of the empirical data with the ¢ distribu-
tion. Moreover, the scaling arguments of Fig. 3.2 are borne out by these numerical
experiments. The right panel of Fig. 3.3 shows the dependence of the fitted o on
impact parameter (top) and perturber velocity (bottom), approximately matching the

expectations from eq. (3.11).

3.2.7 Estimated detection probability

Now that we have determined the distribution of perturbations 6 E for a benchmark
scenario, we can use the estimators in egs. (3.20) and (3.21) to study the observability of
perturbers under various conditions. In particular, we can now replace P(|0E| > Eppn)
with the cdf of the appropriate ¢ distribution from the previous subsection, and we can
replace o with the square root of the variance computed in our simulations. This

means that we can now explicitly evaluate p,;,s and the other estimators for a given set
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of parameters to determine the probability of an observable perturbation occurring in a
given system.

First, we consider all four estimators: Pmany, Pann»> Porbs and Pops. Figure 3.4 shows
results for each estimator for an equal-mass circular binary system with semimajor axis
a = 1 AU and equal component masses (m; = ms = 1M,), varying the perturber
mass m3. Here we set v3 = 230km/s and p3 = 0.4 GeV /cm?, typical of the DM
distribution in the Solar neighborhood. In effect, we consider the DM to be made
entirely of compact objects of mass m3 for each point. This means that the number
density of perturbers scales inversely with m.

Now, observe that py,an, 1s non-negligible only for a narrow portion of the mass
range. This corresponds to the estimated probability that one would derive from the
central limit theorem, with sufficiently many encounters in the observing period. There
is a sharp cutoff at high mass as the mean number of encounters drops below A,;,. On
the other hand, there is also a sharp cutoff at low mass: in this regime, there is a large
number of encounters whose energy transfers follow the same distribution, and the
mean energy transfer falls rapidly, as predicted by eq. (3.10). Indeed, contributions from
many similar encounters (A > 1) are subdominant to the single-encounter contribution
Pann, Which dominates at both the highest masses and the lowest masses. This means
that even in a regime where there are many encounters overall, the probability of a
detectable perturbation is still driven by rare single encounters that impart greater energy.
In the intermediate regime, where the rate of encounters with b < a is O(1), the interior
contribution p,,;, dominates. Thus, as anticipated in the definition of p,}s, the estimators

Pann and pe,1, have distinct peaks. The estimator p,,s, shown by the dashed black line in
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Figure 3.4: Components of egs. (3.20) and (3.21) for an equal-mass
circular binary with component masses m; = me = 1My and
semimajor axis a = 1 AU. An observing time of 1 yr is assumed,
with all of the DM in the form of compact objects at mass ms, and
the minimal energy transfer for detection is taken to be a 2 x 1014
fraction of the mechanical energy of the binary, chosen to make
the curves distinct for illustrative purposes. Blue, orange, and green
curves show the values of individual estimators pyany» Pann» and Porh,
respectively. Each of these curves is solid where it is the greatest of
the three, and dashed elsewhere. The dashed black curve shows the
value of the estimator pg,s. Crosses show results from Monte Carlo

sampling of the ¢ distribution (see text).

fig. 3.4, bridges the gap between these peaks.

These estimators are meant to approximate the distribution of sums of draws from
the distribution of d . As such, to the extent that the ¢ distribution is a good approxima-
tion of the true distribution of energy transfers, these probabilities can be accurately
computed by Monte Carlo methods, i.e., by numerically sampling such multiple draws
from the underlying distribution. For each perturber mass mg, we first sample the

Poisson-distributed number of encounters during the observing period. For each en-
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Figure 3.5: Detection probability as a function of minimum de-
tectable energy for several perturber masses. In the limit of a low
detection threshold, the detection probability is limited by the rate
of encounters, and increases to 1 at low masses.

counter, we then sample 0 F from the distribution described in eqgs. (3.22) and (3.23),
and sum these samples to obtain AE. We repeat this process many times to obtain
the distribution of A F at each mg, and then compute the probability that AE exceeds
A FELin. The resulting probabilities are shown by the crosses in fig. 3.4 (“MC”). Despite
the many approximations we have made in this section, the detection probabilities com-
puted by Monte Carlo are in remarkably good agreement with the analytical estimator
Pobs (dashed black).

We can now use p,ps to understand the probability of an observable perturbation
occurring in various systems. Figure 3.5 shows p,,s as a function of the threshold energy
transfer for a detection, A F,;,, in ratio to the total energy of the binary, F5. At high
thresholds, larger perturber masses (1m3) result in a higher probability of an observable

perturbation. But at low thresholds, the detection rate is bottlenecked by the encounter
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Figure 3.6: Detection probability estimator p,ps for varying binary parameters

and observation times. Both panels assume a minimum detectable energy A Fin

corresponding to an average Pjo = 1078 over the observing period, where Pjo

is the period of the binary. Left: varying binary component masses (line styles)

and semimajor axes (colors). The observing time is fixed to 1 yr. Right: varying

observation time. The component masses are fixed to mi 2 = 1 Mg, and the

semimajor axis is fixed to 103 AU.
rate, so higher masses, corresponding to lower number densities, are disfavored. Even
at very low thresholds, the estimator p,p,s only increases to 1 when mg is low enough
to ensure a sufficiently high encounter rate. Figure 3.6 shows the behavior of pgps as
a function of mg for varying binary masses, semimajor axes, and observation times.
For illustration purposes, the detectable energy threshold is set to correspond to a fixed
(dimensionless) time derivative of the orbital period P;,, enforcing that Pm > 1078, It
is immediately obvious from the figure that when fixing precision, wider binaries offer
much greater probabilities of detectable perturbations. Binaries with lower component
masses are also favored, since transferring the same amount of energy results in a larger
change in the period.

The behavior with increasing observation time, shown in the right panel of fig. 3.6,

is also easy to understand. We are seeking a stochastic signal, so the probability of
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a detectable perturbation, p.ps, is largest when about one large perturbation can be
expected, i.e., when the mean number of perturbers with the appropriate parameters is
O(1). The mean number of perturbations, N, increases linearly with the observing time,
and the size of the total perturbation follows the scaling of a random walk, proportional
to v/N. Thus, the energy transfer scales with v/At, so the time-averaged hardening
rate scales as 1/ v/At. This means that if the precision on the average rate of hardening
over the observing time is held fixed, a long observing time sufficient to observe many
encounters is disfavored. This is visible at low masses (high number densities), where
the detection probability decays with observing time. On the other hand, the probability
of observing a rare encounter with a heavy perturber, with rate already suppressed by
low number density, is enhanced with increased observing time. Thus, the probability
curve shifts mainly to the right (higher masses) rather than up (to higher probabilities).
This should not be interpreted to suggest that longer observations are inherently less
powerful for probing low masses. It is strictly a consequence of fixing the precision on
the average hardening rate.

It is also apparent from fig. 3.6 that with some of the parameter combinations
exhibited here, wide binaries would plausibly probe PBH DM in the unconstrained
asteroid-mass range. Motivated by this observation, we now turn to the consideration
of real astrophysical systems that might exhibit the appropriate properties to serve as

compact object detectors.
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3.3 Realistic systems and observational prospects

Having developed a flexible estimator of the probability of an observable perturbation,
we now consider the astrophysical systems that might lend themselves to a detection of

compact objects as DM.

3.3.1 General features of sensitive systems

The first consideration that drives the sensitivity to perturbers is the encounter rate itself.
Recall that for a given observing time, At, the maximum perturber distance that we
consider in this work is given by b, = v3 At, which bounds the encounter rate above

by

T < ngug x b2 = dyr ! x [—08 EAWSEERY (3.24)
~ e 1013 Mg lyr 230km/s

The fact that this rate is O(1) over a typical observing time for objects in the asteroid-
mass range is the very fact that enables the Solar System probes of Refs. [161, 162,
163]. While the same is true in principle here, it is important to note that, as shown
in section 3.2, the width of the energy transfer distribution—i.e., the figure of merit
for stochastic perturbations—declines as (b/a)~2 for b > a. Thus, the width of the
distribution is greatest in a region which has a cross-section ~a?, and the purpose of
detection is best served by wider binaries.

On the other hand, the other key consideration is the precision with which a per-
turbation can be measured. In this work, we consider just one possible signal of a

perturbation: a change in the period of a binary system. If a binary is hardened or
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softened, the orbital period will shift slightly. For an equal-mass circular binary, the
period, semimajor axis, and total energy are simply related. The period is given by

Py, = 2m+/a?/(2Gm, ), whereas the total energy is given by E1o = —Gm?/(2a). For

small perturbations, therefore, we have

AP _ _§AE12 (3.25)
Py 2 Eip .

The best observational prospects are thus found in systems where the period is long
(i.e., wide binaries) and can be measured with high precision. These two desiderata are
often in conflict, as we will see later on.

Note that our analysis is based largely on circular binaries. Realistically, typical
binaries are somewhat eccentric. While more complex, this may in fact offer a more
sensitive probe of compact objects than the semimajor axis alone. Indeed, Ref. [172]
showed that the change in eccentricity induced by three-body encounters can be much
more significant than the change in energy.

For the moment, however, we consider energy transfer alone, and we first consider
systems where the period is known with exceptional precision. One set of such systems
is provided by the Solar System itself, again providing natural motivation for the work
of Refs. [161, 162, 163] focusing on Solar System objects. But the Solar System is
not the only setting for precision measurements. A natural alternative is provided by
binary pulsars, which are extremely well modeled. In the remainder of this section,
we evaluate the prospects for compact object detection via three-body encounters with

such systems.

65



3.3.2 Observational prospects in binary pulsars

Many binary pulsar systems have been detected and characterized at extremely high
precision, especially as components of pulsar timing arrays for gravitational wave
detection [191, 192, 193, 194]. The result is a large set of systems with separations
comparable to Solar System orbits and, at the same time, reasonably high precision
on the measurement of the period. As with the Solar System, such systems have been
famously used for many tests of general relativity [195, 196, 197, 198, 199, 200, 201,
202], with extraordinary sensitivity to anomalous accelerations, and it is thus natural to
consider using them as a detector for compact objects. In fact, in general terms, several
authors have previously considered the possibility that perturbers might leave a mark in
pulsar timing data used for gravitational wave detection [203, 204, 205, 206, 207, 208,
209]. They have even been used as settings for the study of dynamical friction [171,
210]. We now consider the possible use of pulsars for compact object detection in our
framework. Note that we only assume sensitivity to changes in the average period over
the entire observing window, not transient fluctuations.

The properties of a set of example binary pulsars is given in table 3.1, including
the observed rate of change of the period, Ps. For each of these systems, we conduct
an ensemble of simulations of three-body encounters with a light perturber of mass
mj < min{my, ms}, and we determine the average magnitude of the change in the
period, |APy5|, resulting from each encounter. Since these simulations are in the test-
particle regime, with m3 < m, », the energy imparted, and thus the change to the period,

is linear in the mass of the perturber. Accordingly, |A Pj»| can be predicted for perturbers
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Figure 3.7: Detection probability estimator pop,s for a variety of astrophysical
systems with parameters based on those listed in table 3.1. Here, each binary
is taken to be circular, with equal component masses given by the mean of m;
and my. The minimum detectable perturbation to the period is conservatively
taken to be equal to the measured value of AP, i.e., Pm integrated over the
observing time. Since P12 is not available for J2016+1948, we exclude this

system from consideration here.
of smaller masses by a simple rescaling. We report the results of these simulations in
table 3.1 in the form |A P3|/ Pia/mj3, so the expected value of |APyo|/ Py for a single
encounter can be obtained by multiplying this column by the perturber mass. (Note that
while we report the results in units of Mgl, linearity only holds for ms < M)

To estimate the sensitivity of these systems to perturbers of varying masses, we
evaluate our estimator p,ps under a set of approximations. We consider a 10 yr observa-
tion of each of these systems, and approximate the rate of perturbations by taking each
system to be an equal-mass circular binary, holding the total mass and semimajor axis
fixed. We conservatively estimate the minimum detectable perturbation by taking the
precision on A Pj5 to be equal to the measured value of AP;, implied by P12 over the
entire observing period. (We exclude 1201641948, since P, is not available for this

system.) We show the resulting estimated probability of detecting a perturbation for

67



each of these systems in the left panel of fig. 3.7. These probabilities are generally small
and are dominated by the system J1713—0747, which offers a compromise between
semimajor axis and precision. In the right panel of fig. 3.7, we thus show the proba-
bilities that would be obtained in the case of DM overdensities (i.e., large p3) or cold
features (i.e., small v3). J1713—0747 has a percent-level probability of an observable
perturbation in the case of a 10* overdensity of DM, increasing to O(10%) in a cold
feature with v3 ~ 10km/s.

All of these probabilities are still well below 1. This is not surprising: it is well
known that no single binary pulsar system can constrain compact objects as DM. But
the possibility of a stochastic effect offers the prospect for a new class of search. Rather
than studying a single system, it is plausible that a combination of several or many
systems with non-negligible p,,s might yield a nontrivial constraint. Our estimator
provides a quick method of estimating the sensitivity enabled by observations of various
systems, or combinations thereof.

For example, note that at fixed m3 and At, under the assumptions made here,
there is an optimal separation for a system, beyond which sensitivity is degraded.
This is immediately visible in fig. 3.8, which illustrates the relative importance of
semimajor axis and observational precision. For the case shown here, with perturber
mass mgz = 107° M, binary component masses m; » = 1 M, and an observing time
of At = 1yr, the optimal separation is 10-100 AU. This is considerably larger than the
typical separations of binary pulsars. Figure 3.8 also demonstrates the tradeoff between
precision and separation: the binary pulsars of table 3.1 are marked by stars, and the

precision of measurement is degraded at higher separations. Thus, robust constraints
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on compact objects may need to wait for higher precision or a new set of systems. For
pulsars in particular, the discovery of a vast number of new systems is anticipated at the
Square Kilometer Array (SKA), which is also expected to considerably improve the
precision of pulsar timing measurements [211, 212]. The associated improvement in
precision on pulsar binary parameters should be significant, but a quantitative estimate
is nontrivial and beyond the scope of the present work. We note that several new
types of system will be accessible in the coming decades with future gravitational
wave experiments, which also offer precise measurements of orbital periods. We defer

detailed consideration of these systems and their potential sensitivities to future work.

3.4 Conclusions

The purpose of this work is twofold. On the one hand, we advance a novel probe of
dark compact objects such as PBHs, with potential applications to a challenging mass
range. On the other hand, as a purely astrophysical problem, we complete the panoply
of three-body encounter outcomes shown in fig. 3.1, identifying rich structure in a
portion of the parameter space often regarded as empty in the past.

Beginning with the latter component, we have shown in this work that dynamical
effects from three-body encounters can in fact have a hardening or softening effect,
despite astrophysical lore that their speed renders this impossible. While the regime
of fast perturbers faces a suppression in energy transfers compared to slow perturbers,
this is compensated for by stochasticity: in the limit of few perturbers, the net effect is

potentially discernible. This provides a satisfying coda to the story originally started
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by the work of Refs. [172, 173, 174]: the average shrinks to zero, but the width does
not, leaving a stochastic effect in this regime. Thus, the analogue of the hardening
rate is the rate of detectable perturbations in either direction. Here, we have developed
a semianalytical framework for computing this rate, summarized in our statistical
estimator Pops.

It is easy to understand why such effects have not been considered in the past. Gen-
erally, one is interested in the long-term evolution of systems rather than perturbations
of the kind we study here. Over a long timescale, the effects we identify in this work
vanish. In cases such as supermassive black hole evolution, three-body hardening is
only relevant at stages where the velocity of the binary is large enough compared to the
Galactic halo dispersion. At other times, dynamical friction is the correct framework,
and exhibits different behavior.

Our sensitivity projection also explains the utility of objects in the Solar System
as probes for dark compact objects, as discussed in detail by Refs. [161, 163]. The
projections in these works assume resolution of the orbit of e.g. Mars that corresponds
to a precision of O(10712-1071*) on the period. Under these conditions, the plateau in
the detection probability is in the range (1o, Mann) =~ (10714, 107%)M, and within
this plateau, the detection probability is O(1), with pops ~ 30%. Thus, our framework
reproduces the statement that the Solar System can plausibly detect compact objects
in the asteroid-mass window. Moreover, we can now describe Solar-System—based
detection proposals in the same framework as three-body hardening (at low masses and
velocities) and three-body softening (at high masses and velocities).

Pragmatically, the utility of the method we develop here is that it can be readily
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applied to potential targets well beyond the Solar System. The challenge is to identify
systems with the optimal balance of large separation and high-precision period mea-
surements. In this work, we have applied our computation to binary pulsars, which
have their periods measured to high precision. The size of perturbations is sensitive
to the velocity of the perturbers, making this technique a uniquely powerful probe of
DM structures with low velocity dispersion. We verify that the currently observed wide
binary pulsars cannot constrain the Galactic halo in the absence of an overdensity or
cold feature, but future measurements can potentially improve the precision to enable
sensitivity to the diffuse Galactic halo.

In searches involving wide binary systems, current precision measurements primar-
ily rely on astrometric methods, such as those from Gaia observations [213], which have
been used to constrain massive compact objects [124]. Due to Gaia’s relatively short
observation baseline, of order 10 years, it cannot directly measure orbital decay rates
over multiple successive orbits for binaries with very wide separations. For example, the
semimajor axis of a binary with 1 M, components with an orbital period of 10 years is
about 6 AU, so for these masses, multiple orbits can only be observed for systems with
considerably smaller separations. This does not preclude measuring orbital decay rates
with sufficiently high precision on partial orbits, and the next-generation astrometry
mission, Theia, is expected to enable improved measurements with its higher astromet-
ric accuracy and longer observation time [214]. Future prospects include binaries that
can be observed and monitored precisely with the Laser Interferometer Space Antenna
(LISA) [215, 216]. The double white dwarf binaries expected to be measured by LISA

would exhibit baseline orbital decay rates as small as O(107'6s7!) due to gravitational
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wave emission. However, the separations of such binaries remain below 1 AU, facing
challenges similar to those encountered with binary pulsars.

Our results also clarify the connection between the regime in which multiple three-
body encounters are relevant and that in which dynamical friction is relevant. In the
limit of a large number of encounters with light perturbers, the rate of hardening
from three-body encounters regresses to its average value, and vanishes, leaving only
dynamical friction. On the other hand, when the number of close encounters over
the observing period is small, the individual perturbations are substantial and do not
efficiently average to zero. (Interestingly, ultralight DM may be detectable by the same
means, since stochastic fluctuations in such a field can similarly perturb binaries over
short timescales [217, 218].)

Note that while pulsar binary systems that we consider in table 3.1 are sensitive
to DM only in the presence of overdensities, such overdensities are also sufficient
to observe the effects of particle DM via dynamical friction in the same systems, as
discussed in detail by Refs. [210, 171]. Thus, systems sensitive enough to detect
dynamical friction are likely also sensitive to stochastic three-body interactions. This
suggests that detection of DM by these means would also readily reveal whether the
DM is particle-like or compact-object—like. In some regimes, dynamical friction and
stochastic perturbations appear quite differently in time series data, with the former
entering as a smooth effect and the latter as a set of transient events. Even in the absence
of such timeseries data, since dynamical friction and three-body perturbations scale
differently with the properties of the binary, comparing the size of the effect over a

long time in two or more systems can provide robust discrimination between these two

73



scenarios.

Finally, we stress that in this work, we have focused on the stochastic effects that
dominate when the perturbers are fast relative to the binary components. While this is
typically the case for realistic binaries in the Galactic halo, there are exceptions, e.g. in
short-period systems or in very cold DM environments. Thus, there are some scenarios
where traditional time-averaged three-body hardening may apply, and constraints on
light perturbers may be derived from population properties of hard binaries. We defer
consideration of these systems to future work.

Our results point the way towards a powerful method to constrain the mass of
individual DM constituents even in the challenging asteroid-mass window. Few-body
dynamical probes of the kind we propose here may have provided the first-ever bound
on the DM mass [160]. Remarkably, as we have shown in this work, there is yet further
information to be extracted from these processes—and they may yet provide decisive

bounds on compact objects as DM.
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Chapter 4

Three-body Exchange with Primordial Black Holes

The microphysical identity of cosmological dark matter (DM) remains unknown. Given
the difficulty in accounting for cosmological observables by modifications to gravity,
the DM is thought to be made up of a new particle species beyond the Standard Model.
Another possibility, however, is that part or all of the DM is in the form of primordial
black holes (PBHs) produced at early times [8, 150, 151, 152, 10, 30, 219, 153]. Given
the null results of many particle DM searches, and an abundance of new observational
probes of black holes (BHs), interest in PBHs as a DM candidate has surged over the
last decade.

PBHs as DM are constrained by a multitude of observables over many decades
in mass [152, 10, 30]. It is generally agreed that PBHs cannot account for all of DM
outside a narrow window of masses, around 10'"-10% g [157, 220, 158, 155]. Still,
PBHs may account for up to 10% of the DM abundance in other key mass ranges,
such as the planetary mass scale, 107"—1073 M. As such, there has been a robust
community effort to develop new observables that might further constrain or produce
direct evidence of such objects.

One of the key approaches relies on the dynamics of these objects [50, 221, 222, 223,
52, 175, 224, 176, 177, 178, 169]. On large scales, PBHs are indistinguishable from a
fluidlike background of particle DM. But on sufficiently small scales, the inhomogeneity

of the PBH distribution relative to particle DM leads to unique phenomenology. In
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particular, such objects can lose their kinetic energy via interactions with stellar systems.
One simple way to understand this is via thermodynamics [52]: since PBH velocities
are determined by the global properties of a galactic halo, the effective temperature that
characterizes the PBHs’ phase space distribution scales with the PBH mass. Since stars
have comparable velocities, this implies that when the PBH mass is significantly larger
than the stellar masses, the PBH fluid is hotter, and tends to heat the stellar fluid.

Beyond these considerations which apply to the stellar distribution as a whole,
PBHs can also participate in few-body encounters with binary systems, with behavior
that is radically different from particle DM. In particular, a single three-body encounter
between a PBH and a binary system can transfer enough energy to substantially widen
or even unbind the binary. This means that the distribution of binary widths can be used
to constrain the population of would-be perturbers such as PBHs, and this exact process
has historically provided some of the most important constraints on massive PBHs with
Mpgy 2 100 Mg [175, 224, 176, 177, 178, 169].

But the exchange of energy is not the only possibility in three-body encounters,
which have been extensively studied in other contexts [172, 225, 174, 226]. Consider
the scattering of three bodies 1, 2, and 3, where 1 and 2 are initially bound and 3 is

initially free. In general, there are five possible outcomes:

1. Hardening: objects 1 and 2 remain bound, and they give up energy to object 3,

causing their separation to decrease. Object 3 remains free.

2. Softening: object 3 transfers energy to the 1-2 system, causing their separation to

increase, but they remain bound. Object 3 remains free.

76



3. Disruption: object 3 transfers so much energy to the 1-2 system that the two

objects are unbound. All objects become free.

4. Capture: objects 1 and 2 remain bound, and now object 3 becomes bound as
well, forming a triple system. In the process, 3 donates energy to the 1-2 system,

softening the binary.

5. Exchange: object 3 transfers enough energy to object 1 to unbind it from 2, but
in the process, 3 loses enough energy that it becomes bound to 2. The result is a

bound 2-3 system with object 1 free.

Softening and disruption by PBHs have been considered extensively in the litera-
ture [175, 224, 176, 177, 178, 169], and PBH capture has also been treated by Ref. [164].
For reasons that we will explain in the next section, hardening processes involving
PBHs are strongly suppressed in all realistic systems.

This leaves one untapped possibility: exchange processes, where a PBH ejects one
component of a binary system and forms a new binary with the other component. The
end result of this process is a single visible object that has dynamic characteristics of
a binary component. That is, such an object appears to be dancing with an invisible
partner, with potentially observable implications. Here we investigate the possibility
that such a population of invisible partners exists in our Galaxy, and we survey the
observational approaches that might be used to establish their presence.

Identifying a binary composed of a PBH and a visible object would require a
means of ruling out an astrophysical origin for the BH component of the binary. For

subsolar-mass BH components, this only requires establishing that the object is in
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fact a BH. However, we will see that the most promising prospects for detecting
PBH exchange are in stellar binaries, at PBH masses comparable to astrophysical BH
masses. Here, a primordial origin can be established by rejecting standard astrophysical
formation channels. Interestingly, the Gaia mission [227] has detected several BH-star
binary systems that pose a challenge to standard astrophysical binary formation models,
with orbital periods too long and mass ratios too large to have been produced from
isolated binaries that underwent a common-envelope phase. As we will demonstrate,
PBH exchange is potentially viable as an origin for these systems, implying that BH
components in BH-star binaries may, in fact, be identifiable as PBHs.

The remainder of this chapter is organized as follows. In section 4.1, we review the
generalities of the three-body exchange process, and detail our calculation of exchange
rates. In section 4.2, we systematically consider the classes of binary systems that might
be amenable to the exchange process. In section 4.3, we examine the possibility that
observed BH-star binaries may form via PBH exchange. We discuss our findings and

conclude in section 4.4.

4.1 Three-body processes

Three-body dynamics is a notoriously complicated subject, with a paucity of fully
general analytical results. Still, for the exchange processes that will be of interest to us,
we can leverage approximations that have been developed in the astrophysics literature
and validated against suites of numerical experiments. We now summarize these results

as they apply to PBH exchanges with binaries. In this section, and in the rest of this
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Figure 4.1: Summary of notation. In the initial state, objects 1 and 2 are

bound, and object 3 is free. In the final state, objects 2 and 3 are bound, and

object 1 is free.
work, we use the following notation: we take the three objects to have masses my, ms,
and ms. We use the label 3 to denote the free object in the initial state, that is, the PBH.
We use the label 2 to denote the binary component that forms a new binary with the

PBH in the final state, and we use the label 1 to denote the object that is ejected in the

encounter. This is summarized in fig. 4.1. We further define

mi; = m; +my, Mi23 = My + Mo + ms3, 4.1)

and we write ;11 = my/myy and ps = ms3/mq23. We denote the semimajor axis of the
initial binary by a, and denote the velocity of the incoming object at infinity by v3, or
equivalently by vpgy when our discussion is specific to PBHs.

One of the major complications in the study of three-body processes is the sensitivity
to initial conditions: slight variations in the parameters of the system can lead to wildly
different outcomes. However, we are mainly interested in the rate of certain three-body
processes on average, over a large number of systems. This is considerably simpler to

analyze, since it is often possible to analytically describe the statistics of outcomes of
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three-body encounters. In particular, the seminal work of Heggie [172] and Hills [225]
provides a simple framework for estimating the rates of various processes.

As regards energy transfer, their results can be summarized in Heggie’s law, which
states that in a three-body encounter, on average, hard binaries become harder (or
“shrink”) and soft binaries become softer (or “expand”). For these purposes, a binary
system is considered hard if its binding energy U, is much greater than the average
kinetic energy %m3<v§> of the third object. Conversely, a binary system is classified
as soft if U, < %m3<v§> [228]. The disruption of stellar binaries as a strategy to
constrain exotic objects has a long history: it has been effective in setting bounds on
MACHGOs [175, 224, 176, 177, 178, 169] and DM substructure [166, 124, 167]. Our
goal in this work is to explore the other possible outcomes of PBH encounters.

One possibility is to consider encounters with very light PBHs, which are poorly
constrained. Instead of disrupting (or “softening”) the binary with a heavy perturber,
mg > mq, Ma, one can consider tightening (or “hardening”) the binary with a light
perturber, m3 < my, ms. However, the transition between the hard and soft binary
regimes is not well defined, and this leads to significant complications for light DM-like
perturbers. According to numerical experiments by Hills [180], perturbers with a
velocity larger than the orbital speed of the binary will tend to soften the binary, while
slower perturbers will tend to harden it, irrespective of their masses. This disagrees
with the earlier definition for the case of a fast, low-mass perturber, which is exactly
the regime of interest for hardening by low-mass PBHs. Quinlan [174] suggests that a
binary in a sea of low-mass perturbers must not be considered hard unless its orbital

speed exceeds the perturber velocity dispersion by a factor that is proportional to
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(14 my/ms) /2, where m; > my. This mass dependence corresponds to that of
a critical velocity w(my, ms) for capture. Perturbers with velocity below w can be
captured by the binary, altering the statistics of the outcomes of close encounters.

The cutoff imposed by the critical velocity is fatal to the prospect of observing
hardening by light PBHs, as we explain in detail in appendix B. Briefly, the rate of
hardening scales as da/dt oc a?, so the hardening effect is only discernible at large
binary separations, a = 10° AU. Thus, one is immediately locked into binaries with
very wide separations, where data is sparse and observational prospects are already
challenging. But since the orbital velocity of the binary decreases with increasing
separation, only a vanishingly small fraction of PBHs would have a velocity lower than
the binary’s orbital speed, unless we assume very cold DM systems.

Thus, the only interesting possibility that remains is exchange. We now consider
the conditions needed for exchange to take place. An exchange requires that the
three objects do not all escape to infinity after the encounter, which requires that the
initial velocity of the PBH is small. This translates to another maximum velocity vy,
different from w, below which exchange is possible. In the rest of this work, we follow
Ref. [229] and set vy, to be the velocity at which the total energy of the three-body

system is zero in the rest frame of their barycenter, i.e.,

Gm1m2m123
v =4 — “4.2)
max m12m3a

Thus, when computing the exchange cross section, we require that vpgy < Vpax. FOr

the purposes of exchange, this is the condition for the binary to be hard with respect to
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the perturber. Quantitatively, this corresponds to the condition that

a —1/2 mimso mi23 \ 1/2
V3 < Umax = (30km/s) <1AU> (m?’M—:m) : 4.3)

For the case of a hard binary, we compute the exchange cross section X following

Ref. [229], which gives

5/2
_ 2 ms
Elvs) = 13.9AU 1AU (10km/s) (m13>

4 /6
y mgs (m12m23m123) ex p{3-70 + 7.4911 — 1.89u4
mi9 1 M@

— 15.490% — 2.93p1 19 — 2.92p% + 3.07,3

131503 05 — 5231123 + 3.12,@}. (4.4)

This expression is a fit to numerical experiments conducted with vpgy = 0.1vpax.
We assume the validity of this expression for all velocities v < vp,.x, and also define
the velocity-independent quantity Yy = X x v3. We take all binaries to be circular
throughout this work.

Typically, the rate of exchanges will be dominated by the low-velocity tail of the
PBH distribution. We take the PBH speed distribution to be that of Galactic DM, such

that the Probability Density Function (PDF) is given by

- 2 U%’BH UI%BH
fDM(UPBH) = ——3 exXp | — D) . (45)
T OpMm 209\
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The overall exchange rate per binary is then given by

I' = npgiy™ (X (vs)vs) = nPBH/O dvs Fpm(vs)2(vs)vs, (4.6)

V<Umax

where nppy is the total number density of PBHs, npp i is the number density of
PBHs with vppy < Umax, and () denotes the average with respect to the distribution
of PBH velocities Fpyi(v3) subject to the restriction v3 < Uyax. FOr Upax < opy, We

expand Fpy; to find

VUmax 2 Z 2
T ~ nperXo / dvs \ﬁ 3 - et Og’mw. (4.7)
0 T OpMm V2Topy

In particular, since ¥y o a and vyax o a~ /2, this implies that I" is approximately
independent of a. For fixed masses, this approximation breaks down at small separations,
where vy, /opym becomes large. However, we will see that eq. (4.7) remains valid
throughout most of the parameter space of interest in this work.

We show the exchange rate for a variety of different binary systems in fig. 4.2.
We assume that PBHs account for a fraction fpgy < 1 of the DM density with a
monochromatic mass distribution, and we show results corresponding both to fpgy = 1
(solid curves) and to fppy saturating observational constraints at each mass (dot-dashed
curves). Note that each of these observational bounds has been contested, as summarized
by Refs. [240, 10, 30, 154]. In particular, we omit the nominal constraint from the
OGLE experiment, which has been interpreted to show a preference for a population of

Earth-mass PBHs over the null hypothesis of fpgy = 0 [156]. (However, see Refs. [241,
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Figure 4.2: Bottom: exchange rate as a function of PBH mass for some
typical binary systems. The DM dispersion is taken to be opy =
220 km /s, and binary parameters are given in the legend in the sequence
(a,my, mg). Curves A, B, C, and D are typical of close compact object
binaries, asteroid binaries, exoplanetary systems, and stellar binaries,
respectively. Solid curves assume that fppy = 1, and dot-dashed lines
take fppp to saturate observational constraints, i.e., fPBH = fbound-
Top: observational constraints on fppy [230, 47, 231, 232, 233, 50, 234,
235, 156, 208, 236, 237, 238] taken from https://github.com/
bradkav/PBHbounds [239]. The purple curve shows the maximum
allowed value of fpppy at each mass, fi,ound, assuming a monochromatic
mass function.
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242, 243].)

Figure 4.3 shows the exchange rate and its functional dependences for benchmark
parameters typical of stellar binaries. As is clear from the figure, the rate generally
peaks when m; ~ mg, i.e., when the mass of the PBH matches the mass of the object to
be ejected. These curves in the left and center panels take the PBH velocity dispersion
to be opy = 220 km /s, but per eq. (4.7), the rate is much higher in cold systems with
smaller dispersions, as shown in the right panel. While one might expect the rate to
decrease with mo, the mass of the secondary, the opposite is true, as demonstrated in the
center panel. Instead, increasing the mass of the secondary increases the gravitational
focusing effect and enhances the effective cross-section for PBHs to scatter with the
binary system.

Counterintuitively, the exchange rate also increases with the PBH mass, even while
holding the PBH density constant. When mg > mq, mo, the critical velocity v,
becomes independent of mgs. Then all m3 dependence in the cross section is confined
to X, which goes as Xy oc (m3/mi2)/*M!. Since nppy o m; ' at fixed abundance,
the overall rate scales with I" o< m;)/ ®. When the PBH is much more massive than the
binary, the kinetic energy of the PBH is large compared to the potential energy of the
binary in the rest frame of the binary. This naively facilitates disruption. However, the
typical velocity imparted to the binary components is set by vppy < Upmax, and in the
limit of a massive perturber, this implies that at most one object can escape to infinity.
This is shown in detail in Sec. 3.1 of Ref. [229]. Thus, exchange is inevitable: after an
encounter with significant energy transfer, one of the components of the original binary

system is typically captured by the PBH, even if the other escapes. Thus, captures and
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Figure 4.3: Exchange rate as a function of PBH mass for typical stellar binary
systems. Solid curves assume that all of the DM is composed of PBHs, with
a DM density of 0.4 GeV /cm3. Dot-dashed curves assume that fppy saturates
observational bounds. (See fig. 4.2.) Left: exchange rate as a function of PBH
mass. Center: exchange rate as a function of the mass ratio of the bound object to
the ejected object. Note that the bound on the PBH abundance is dependent on
the choice of mppy, meaning that the ordering of the dot-dashed curves can vary
with ma/m;. Right: exchange rate as a function of the DM velocity dispersion in
ratio to the orbital velocity scale of the binary, with all three objects taken to have
equal mass.
exchanges dominate over disruption in this regime.

There is nothing nonphysical about the rate growing without bound as ms — co: in
this limit, the number of PBHs eventually shrinks to just one with the mass of the entire
Galactic halo. Then all binaries of interest must immediately be bound to the PBH
simply by virtue of being bound to the halo itself. However, at much lower masses,
a more pragmatic cutoff is imposed by the radius of PBH, which exceeds 1 AU for
ms 2 5 x 10" M. When the radius of the PBH exceeds the separation of the binary
system in question, it is no longer appropriate to treat the PBH as a point particle in
Newtonian gravity. At any rate, since other dynamical constraints become severe at

such large masses, we restrict our attention to mz < 10* M, in this work.

For all the binaries shown, the timescale for the exchange process is above the
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Hubble time. However, given the number of binary systems in the Milky Way, it is still
plausible that an exchange process has occurred in a large number of them. In the next
section, we consider the specific types of binary systems that are best suited to undergo

exchange with a PBH.

4.2 Candidate binary systems

The exchange process described in section 4.1 can take place across an enormously wide
range of binary systems, with widely varying parameters. In particular, the separations
span an enormous range: the widest observed stellar binaries have separations of order
10° AU, while asteroid binaries can be as close as 1078 AU, or just a few kilometers.
The masses of binary components—and, of course, of hypothetical PBHs—span many
orders of magnitude as well. In this section, we outline the classes of observable binary
systems, and we briefly evaluate the extent to which each type of system might be

amenable to exchanges with PBHs.

4.2.1 Compact object binaries

Compact object binaries are a very unusual class of objects for our present purposes:
they inhabit unique regions of binary parameter space and also offer unique observable
signatures. Binaries with at least one black hole component are most readily observed
via gravitational waves from their mergers. In order to merge within a Hubble time, the
binary must already be quite close, meaning that the maximum velocity v, for the
exchange process, given in eq. (4.3), is significantly increased. In particular, observed

BH-BH binaries are thought to form from a common envelope phase, when both objects
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are enclosed within the radius of a single giant star, typically well below 1 AU. This
implies that there is very little suppression of the exchange rate from requiring hardness
of the binary with respect to the perturber, and also renders our estimate in eq. (4.7)
inadequate.

However, there are a number of inherent difficulties in studying a PBH population
via exchanges in compact object binaries. Firstly, in such a system, it would likely be
impossible to establish that the exchanged black hole had a primordial origin rather
than an astrophysical origin. Since the exchange is maximal when the PBH mass is
at least as large as the masses of the binary components, the best prospects for PBH
exchange are at black hole masses that are already produced by stellar evolution. The
BH spin parameter measured in gravitational waves from a merger could suggest a
primordial origin, since PBHs are known to have negligible spins when formed in a
radiation-dominated universe [244, 245, 246], but making such a statement robustly
would require a large number of events.

Secondly, since the main observable signatures of compact object binaries arise
from their mergers, it is necessary to consider the impact of the exchange process on
the time to merger. Since binaries that will eventually merge must already be very hard,
the other three-body processes have little impact on their evolution. But exchanges
transfer a large amount of energy from the perturber to the ejected object, so the time to
merger between the components of the new binary system can be significantly different
from the time to merger of the original binary. As such, even given the exchange rate in
these binaries, it is not trivial to estimate the observed merger rate of systems that have

undergone an exchange with a PBH.
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Still, the biggest challenge in using these systems to probe PBHs is that merger
signatures are transient events. This means that in any given time period, the number
of observable systems can be very small even if the total number of systems is large.
In principle, gravitational wave observatories are sensitive to mergers at cosmological
distances, encompassing a vast number of sources, but very few of these binaries will
merge during the observing period.

Figure 4.2 indicates that the exchange rate per binary is at most O(10720 yr—!).
Under the most optimistic circumstances, let us consider all mergers with redshifts
z < 1to be detectable. Certainly, some merger events are detectable at such distances—
for example, the merger that produced the gravitational wave event GW 190521 took
place at an estimated redshift of 2 ~ 0.8 [247]. The Milky Way is estimated to
contain O(10%) BH binaries [248], and there are approximately 10° galaxies with
z < 1[249]. Assuming that all galaxies have as many BH binaries as the Milky Way
leads to a significant overestimate of the population. If binaries merge immediately
after exchanges, then the overall rate of mergers is still at most 10~ yr—!. Thus, it is
extremely unlikely that the current generation of gravitational wave detectors would be
capable of detecting any binaries that have undergone an exchange with a PBH. Even
future facilities such as Cosmic Explorer or Einstein Telescope will not change this
conclusion: the total number of galaxies in the observable Universe is no larger than

O(10'2) [249, 2501, so the total rate of exchanges is well below 1072 yr—!.
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Figure 4.4: Exchange rate as a function of PBH mass for typical exoplanetary
systems. Solid curves assume that all of the DM is composed of PBHs, with
a DM density of 0.4 GeV /cm3. Dot-dashed curves assume that fppy saturates
observational bounds. (See fig. 4.2.) Left: exchange rate as a function of PBH
mass. Center: exchange rate as a function of the mass ratio of the bound object
to the ejected object. Right: exchange rate as a function of the DM dispersion
velocity in ratio to the orbital velocity scale of the binary, with all three objects
taken to have equal mass.

4.2.2 Asteroid binaries

Asteroid binaries provide an interesting laboratory for dynamics on a unique set of
scales, and observational measurements of their dynamics are accumulating rapidly.
The list of observed asteroid binaries has expanded significantly in recent years, and
now numbers 542: 98 near-Earth asteroids, 34 Mars-crossing asteroids, 262 main-belt
asteroids, 8 Jupiter Trojan asteroids, and 140 trans-Neptunian objects [251, 252, 253,
254, 255]. The binary separations range from O(1) km to ultra-wide trans-Neptunian
binaries, which can have separation O(10°) km. The relative radius of the secondary
component of the binary system compared to the primary component can range from
4-50% for near-Earth binaries to ~100% for trans-Neptunian binaries. In large asteroid

binary systems, i.e., those in which one component has a radius exceeding 20 km, the
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secondary-to-primary mass ratio can range from 107 to 1072 [251].

The exchange rate for typical asteroid binary parameters is shown in case B of
fig. 4.2. Here we take m; = 10*® kg, my = 10* kg, and a = 10~7 AU (15km). The
exchange rate peaks for mppy ~ mj, attaining a value of (9(10_20) Gyr’l. Clearly,
the exchange rate is much too small for such an event to have happened within the
lifetime of the Solar System with any appreciable probability. That said, the rate is most
enhanced for wide binaries with large mass ratios between the primary and secondary
partner.

Setting aside the minuscule rate, the observability of an asteroid-PBH binary poses
an interesting challenge. Advances in observational techniques, including radar, direct
imaging, advanced lightcurve analysis, spacecraft imaging, and adaptive optics on large
telescopes, have enabled the identification of large numbers of binary systems in recent
years [256, 257, 258]. Lightcurve analysis, relevant for nonsynchronous eclipsing
binaries, is likely to be ineffective, given the small radius of the PBH. Direct imaging
is already difficult for binaries given the extremely small angular resolution required
to distinguish partners separated by fractions of an arcsecond. For a PBH partner, this
method becomes even more difficult. In principle, astrometric perturbations of the
primary component due to the presence of a dark secondary may provide an avenue for
detection in the future.

In the particular case of PBH exchange in the Solar System asteroid belt, Hawking
radiation provides a reliable means of detection for light PBHs with mppy ~ 10'4° g,
whose lifetimes are comparable to the age of the Universe. For a Schwarzschild

BH, neglecting greybody factors, the luminosity of Hawking radiation is given by
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Lppn = 0/(167%2Gmppy)?, where ¢ is the Stefan-Boltzmann constant. (Here we
use natural units with ¢ = A = kg = 1.) Since the radiation is emitted with a
blackbody spectrum, the typical energy of radiated photons is of order the temperature,
Trpr = (8mGmppr) ', in the geometrical optics approximation. Accordingly, the flux

of photons per unit area at a distance d is estimated by ®., ~ L/(47d*Tppy), or

-1 -2
—2_—1( MpBH d
®, ~20000m 2 yr~ (1014.5g> <—> : (4.8)

These photons would have a typical energy of E, ~ Tppy ~ (30 MeV) x [mppn /(10 g)] 7.

This estimate suggests that space-based MeV telescopes should be sensitive to the pres-
ence of such an object in the asteroid belt.

In particular, the upcoming AMEGO-X telescope [259] has an effective area of
400 cm?, corresponding to a signal rate of about 700 yr~!. Given the angular resolution
of 2.5° and the energy resolution of O(10%), the expected background rate at the
spectral peak in each angular patch is O(10° yr~'). Furthermore, this signal would
exhibit a strong modulation over the period of the distance between Earth and the
binary, enabling strong background rejection. As such, we expect that AMEGO-X

could conclusively detect any PBH in the asteroid belt with a mass of order 1045

g
within a few years.

A more refined estimate can be performed by including greybody factors using the
BlackHawk code [260, 261]. For a Schwarzschild BH with a mass of 10'4® g, the

photon spectrum peaks at 190 MeV. Considering a wide energy bin of [140, 240] MeV,

this yields a signal rate of 130 yr—! against a background rate of 9000 yr~!. This signal
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can be detected with 95% confidence after two years of observation, even neglecting
modulation. For PBHs with significant angular momentum [262, 263, 264], the emission
rate is enhanced at high energies, where the expected background rate is reduced. For a
Kerr PBH with a dimensionless spin parameter a,, = 0.9999 and a mass mppy = 10 g,
the photon spectrum peaks at 115 MeV. In the bin [80, 130] MeV, the background rate
is 4 x 10* yr~!, while the signal rate increases to 2000 yr~!. This high signal rate allows
for the detection of PBH at the 95% confidence level with about 15 days of observation.
In principle, y-ray signals might also be observed from PBHs transiting through the
Solar System or captured via three-body processes without ejection. However, in these
cases, the signal is transient. A transiting PBH is only detectable when in proximity to
Earth, and a PBH captured into a triple system by three-body dynamics has a metastable
orbit and will eventually be ejected. (See e.g. Ref. [179].) A PBH captured into a stable
orbit by ejection of a third body can remain observable for the lifetime of the Solar
System, making exchanges observable now even if they occur only once in the history
of the system. For a more comprehensive discussion of the observability of Hawking

radiation from within the Solar System, see Ref. [265].

4.2.3 Exoplanetary systems

Exoplanetary systems are abundant, closely observed, and extremely well modeled.
As such, it is interesting to consider the prospects for detecting exchanged PBHs in
this context. If such a process were to occur in an exoplanetary system, the system
would host a PBH “planet,” possibly in addition to other ordinary planets. The case for

detecting PBHs in exoplanetary systems is ultimately similar to that in our own Solar
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System. Several authors have examined the possibility of PBH capture by one of our
own planets [164], or by other means [266, 267]. The relative utility of exoplanetary
systems over the Solar System is twofold: first, they are numerous, widening our
opportunity to find such an object; and second, the parameters of planets and their orbits
span a range of values different from those in our own Solar System, possibly offering
better sensitivity to certain PBH masses.

Exoplanetary systems are studied by a combination of data from Doppler spec-
trographs (the radial velocity method), astrometric measurements, transits, and direct
imaging. Different methods have complementary strengths, and combinations of
methods can yield more powerful results than any single measurement. Astrometric
measurements can reveal all the orbital properties of the exoplanet as well as its mass,
but even with the levels of precision achieved by Gaia, these measurements achieve only
modest signal-to-noise ratios (~10) and can only probe giant planets [268, 269]. On
the other hand, radial velocity data can yield much larger signal-to-noise ratios for giant
planets, but only gives a lower limit to the exoplanet mass. Joint fitting of Doppler data
and Gaia astrometric data has been shown to tightly constrain the exoplanet mass [269,
270] and diagnose false positives such as brown dwarf companions [271, 272].

Currently, Gaia provides astrometric information for 73 confirmed exoplanets and
candidates, of which nine have already been confirmed with Doppler data. Simulations
indicate that analysis of astrometric wobble of host stars will enable Gaia to discover
between 10* and 10° exoplanets in the future [273]. A different combination of methods
to detect exoplanets is Doppler data with transits. The NASA Exoplanet Archive hosts

a total of 5690 exoplanets, of which 4262 have been discovered by transits, 1092 by
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radial velocity, and 838 by a combination of these two techniques.

The astrometric signatures of a PBH “exoplanet” would be identical to those of an
actual planet, but a PBH of planetary mass would have an extremely small geometric
cross section, and thus would not affect the lightcurve at all during a stellar transit [274].
As such, the observable effect of the presence of PBHs in exoplanetary systems would
be the presence of astrometric or Doppler signatures without corresponding transit
signatures. If the orbital period and phase are accurately determined through Doppler
measurements, and the inclination angle is obtained from astrometric measurements, it
is possible to predict the time of transit for a specific exoplanetary system. A missed
transit would then indicate the presence of a PBH exoplanet. However, due to the
uncertainty in measuring the orbital inclination of known exoplanetary systems, making
precise transit predictions is challenging at this time. If a large fraction of exoplanets
were actually PBHs, the rate of transits would be suppressed relative to the expectation
from the rate of astrometric detections, providing a statistical hint for the presence of
PBH exoplanets.

Thus, such a detection would only be possible if PBH planets were abundant.
However, the rate of exchanges is too small for this to be realistically observable in
our case. Even under the most generous assumptions, the exchange rate per binary is
of order 107 Gyr ™!, as shown in fig. 4.4. This would translate to at most O(1) PBH
planet in the entire sample of exoplanets expected to be discovered in the foreseeable
future. Interestingly, our computation does suggest that if planet-mass PBHs account
for a large fraction of the DM, then there likely are systems with PBH planets in the

Milky Way, even under pessimistic assumptions. However, since we will only be able
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to characterize a small fraction of these systems, a robust detection of PBHs by this

method is likely impossible.

4.2.4 Stellar binaries

Stellar binaries are perhaps the most well-studied population of binary systems. They
are abundant and readily observable. We show exchange rates for typical stellar binary
systems in fig. 4.3. The overall rate is only slightly higher than that in the exoplanetary
case, as can be seen clearly in fig. 4.2. However, the large number of detectable stellar
binaries offers a distinct set of observational opportunities.

An analysis of Gaia eDR3 [275] reveals 1.2 million high-confidence binaries within
1 kpc of the sun with IT1/o; > 5 for both components, where 11 and oy denote the
parallax and its uncertainty. Most of these are main sequence—main sequence (MS-
MS) binaries with separations between a few AU and O(10° AU) [276]. A larger
dataset with 1.8 million candidates becomes dominated by chance alignments at large
separations. The techniques used to identify binary systems include (i) analysis of
light curves (a < 0.1 AU); (ii) single- and double-lined radial velocities from the radial
velocity spectrometer (a < few AU); (iii) astrometric perturbations such as excess
astrometric noise, proper motion anomaly, or astrometric orbits (¢ < 10 AU); and (iv)
direct spatial resolution (a 2 100 AU).

The identification of a BH partner in a Gaia binary system is a non-trivial question,
and we mainly summarize the results given by Ref. [213]. The most optimistic methods
rely on astrometric perturbations. Indeed, the first BHs discovered by Gaia have

been validated in this manner [277, 278, 279]. Astrometric wobble has a non-trivial
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dependence on the mass and luminosity ratios of the binary components. Since the
BH component is dark, the photocenter traces the luminous component. The predicted
angular photocenter semimajor axis for the binary is given by a, = ¢II(a/AU) for
¢ < landa, = II(a/AU) for ¢ > 1, where ¢ is the mass ratio of the BH to the star. For
a luminous companion, these relations are scaled by the light ratio: a, = d411(a/AU),
where §,0 = |¢ — ¢|/[(¢ + ¢)(¢ + 1)] with ¢ being the secondary-to-primary light ratio.
Detection of a BH component requires a, to be greater than the typical observation
precision o¢ in the along-scan direction for a given apparent magnitude.

In the aftermath of the discovery of a dark companion, the question of whether it is an
astrophysical BH or a PBH becomes relevant. Binaries comprising a Solar-mass star and
a sub-Solar-mass dark companion (which could plausibly be an astrophysical compact
object, planet, or PBH) are difficult to observe, as discussed in section 4.2.3. However,
Gaia has already detected several binaries with a more massive dark companion [277,
279]. In systems such as these, the dark companion can only be identified as a PBH if
the properties of the binary are sufficiently anomalous to call standard astrophysical
origins into question. Properties anomalous to such an origin could pertain, for example,
to the mass ratio, separation, and composition being incompatible with standard isolated
binary evolution models. We take up this analysis for the Gaia binaries in greater detail

in the following section.
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4.3 Exchange scenario for Gaia binaries

Gaia has in fact detected several binary systems with a BH component, denoted by Gaia
BHI1, BH2, and BH3 [277, 280, 279]. Interestingly, the properties of these binaries
pose a challenge to the standard astrophysical formation channels. In this section, we
pose the question of whether these binaries might have been formed by exchanges with
PBHs. There are two stages to this discussion. Firstly, for a given BH-stellar binary,
how likely is it that its origin is from an isolated binary system, versus a dynamical
mechanism such as exchange? Secondly, if dynamical exchange is favored, how likely
is it that the exchange was with an astrophysical BH versus a PBH? We discuss these
issues in the context of the concrete examples of Gaia BH1-BH3, first summarizing
the relevant features of these binaries.

Gaia BH1 [277, 280] is a binary system with a G-type main sequence star with mass
M; = 0.93 £ 0.05 M, orbiting a BH of mass M, = 9.62 £ 0.18 Mg, first identified
astrometrically and then validated spectroscopically. The luminous component is a
bright Solar-type star with G = 13.77 and metallicity [Fe/H] = —0.20 & 0.05. The
semimajor axis of the binary is a = 1.40+0.01 AU with eccentricity e = 0.451£0.005.
(We quote the central values obtained by a combination of astrometry and radial
velocity.) The age of the luminous partner is at least 4 Gyr. The luminous G star
exhibits an abundance pattern typical of the thin disk: for all measured elements
X, the abundance ratios [X/Fe] are within 20 of the central value for stars in the
Solar neighborhood [281]. This fact, combined with the fact that the luminous star is

expected to have a thin convective envelope, implies that it suffered little contamination
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from its partner during their possible coevolution. There is also no evidence for the
contamination of the photosphere by a-elements from the partner’s death, or enrichment
of s- and r-process elements. Thus, the luminous component of the binary evinces
almost no evidence of a prior stage of interaction with its companion, even during the
latter’s putative death [277].

In combination, the composition of the luminous component, the mass M, of the
BH, and the mutual separation of the components make it difficult to explain Gaia BH1
via the evolution of an isolated stellar binary. The reasoning is as follows. The BH
mass, M, ~ 10 M, implies that the stellar progenitor had a mass 30-50 M, assuming
Solar metallicity [282], since progenitors in that range can produce > 9 M, He cores.
A progenitor of that size would have reached a radius of ~10 AU during its supergiant
phase. Given the much smaller semimajor axis, a =~ 1.4 AU, this suggests that the
progenitor of the BH would have interacted with the luminous G star in a common
envelope phase. However, with the extreme mass ratio, the smaller star would not
be expected to survive such a phase [283]. Even allowing for the survival of the G
star, the final separation following a common envelope phase would have been much
smaller, ~0.02 AU. This conclusion persists for various combinations of Zero Age
Main Sequence (ZAMS) properties, different models of the common envelope phase,
and assumptions about the natal kick during the formation of the BH [277].

At present, therefore, the origin of Gaia BHI1 remains uncertain, with several
options on the table. One possibility is that the binary was originally much more widely
separated and was significantly hardened by dynamical encounters after the formation

of the BH component. Alternatively, the binary may have formed in a hierarchical
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triple or other three-body system. A third possibility is a dynamical exchange process
of the type described in this paper: in this scenario, one of the components was not
originally part of the binary and underwent an exchange with the original partner. If
dynamical exchange is favored, the next question is whether the substituted partner had
an astrophysical or primordial origin. This requires an examination of the trajectory
of Gaia BH1. The orbit of Gaia BHI is typical of a thin-disk star, never coming
close to the Galactic Center, and limited to within £250 pc of the disk mid-plane.
Given that exchanges with astrophysical BHs are much more probable in globular
clusters, the possibility that the BHI system formed through a dynamical process with
an astrophysical BH is difficult to realize [284]. That said, simulation results from
Ref. [284] conclude that BH1-like systems could have formed from repeated dynamical
exchanges and collisions involving the progenitor star in young star clusters. Gaia
BHI is similar in orbital period and mass ratio to NGC 3201 #12560, which is located
in the globular cluster NGC 3201, and for which a history of dynamical interactions
(including exchange) with astrophysical BHs is much more plausible.

Gaia BH1 therefore provides a typical example where processes of the kind de-
scribed in our work may be fruitfully investigated. Gaia BH2 furnishes a similar
example. (See Ref. [285], however, for a different viewpoint.) In both systems, the
binary separation is small enough, and the BH is massive enough that the binary com-
ponents should have experienced a common envelope phase. However, such a phase
would have resulted in much smaller separations than actually observed. Moreover, the
luminous partner shows no evidence of interacting with its companion. Isolated binary

evolution is disfavored, and the binary orbit poses challenges to standard dynamical
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processes in astrophysical BH-rich environments as well.

Gaia BH3 is an astrometric binary whose components are a 0.8 M, star and a
33 M, dark companion, with semimajor axis a ~ 16.5 AU and eccentricity e ~ 0.73.
It presents a similar conundrum with respect to its origin as do BH1 and BH2 [279].
Its radius during a putative supergiant phase would have reached 1800 R, ~ 8.4 AU,
larger than the 4.5 AU separation at periastron. Indeed, Gaia BH3 presents a limiting
separation beyond which evolution from a stellar binary without resorting to dynamical
exchange processes becomes clearly feasible, since the BH-star system can avoid a
common envelope. The Gaia Collaboration has forwarded dynamical exchange as a
leading alternative hypothesis for the origin of BH3 [278]. One point of difference for
Gaia BH3 compared to BH1 is that for the former, the metallicity is much lower than
that of typical stars in the Solar neighborhood. Gaia BH3 is part of the ED-2 stellar
stream, and dynamical formation in the cluster that formed ED-2 has been explored by
several groups [286, 287].

We now turn to a discussion of the possibility that an observed star-BH binary
system was formed through the dynamical exchange of a star-star binary with a PBH
at some stage in its history. A careful analysis would involve the following steps: for
a given set of binaries, the first set of selection criteria should, of course, be those
that disfavor evolution from a single isolated binary. Separations, mass ratios, and
compositions of the type shown by BH1-BH3 would furnish typical parameter ranges.
The second set of selection criteria should maximize the probability that the binary
underwent an exchange with a PBH at some stage of its history. A detailed analysis

along these lines is left for the future. In the present work, we instead present a set of
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plausibility arguments that PBH exchange can form star-BH binaries at a non-negligible
rate.

Our plausibility argument hinges on comparing two quantities: (i) the net formation
rate R, of binaries that form via a given channel (e.g., dynamical or isolated evolution)
assuming the population of BHs is purely astrophysical, and (ii) the formation rate
Rppp due to exchanges with PBHs. In the context of dynamical formation, R, is
typically computed in stellar clusters as the number of binaries that form over the
cluster’s lifetime in ratio to its initial mass M. Given a formation rate per binary of I',,
and assuming that the lifetime of the cluster is longer than that of a typical binary, 7,

we can estimate

R ~ D™ X i X N

* M ’

4.9

where Ny;, is the number of binaries in the cluster that can evolve to have a BH
component, and (ch) denotes the formation channel in question. Since M /Ny, is
on the order of the average stellar mass, (), ), this rate can be estimated by R&Ch) ~
{7, /{M,). Taking (M,) ~ 1 Mg, the equivalent rate for PBH exchange can then
be roughly estimated by Rppy >~ I'ppyThin X Mgl, where ['ppy 1s the PBH exchange
rate per binary.

If these two quantities are of the same order of magnitude, then it becomes plausible
that exchanges with PBHs could compare favorably with the probability of a given
formation mechanism, specifically, for example, dynamical mechanisms. Of course,
this does not settle the question of whether it was a PBH versus an astrophysical BH that

was part of the dynamics in a given binary sample—to settle that question, a detailed

102



study of binary orbits and stellar composition would be required to assess whether a
binary passed through PBH-rich environments that were also poor in astrophysical BHs.
Such an evaluation is left for future work.

Regardless of the formation mechanism, the overall rate of binary formation, R,
can estimated observationally. Given the existence of Gaia BH1, Ref. [277] estimates
that a fraction f ~ 4 x 1077 of all low-mass stars should have a BH companion [277].
This figure is obtained based on Gaia DR3 data, after fitting orbital solutions and
implementing stringent cuts: I1/o > 20000/ Py, and ag /04, > 158/ \/P,.1,, where
Py, 1s expressed in days. If Gaia BH1 is taken as a prototypical binary that favors
dynamical formation, then this value of f would serve as a proxy for the fraction of
all binaries formed in that manner. Then, since stars in the cluster have masses of
O(1Mg), we have f ~ R x Mg, at the order-of-magnitude level, which in turn suggests
R ~ 1077 Mgl. While this estimation of f from [277] is based on an analysis of
observational data, a similar value, Rfy“ =2.7x 1077 M{)l, is found by Ref. [285]
from simulations of cluster models utilizing the N-body integration code NBODY 7.
Moreover, Ref. [284] uses simulations of BH1-like binaries in low-mass and high-mass
clusters at Solar metallicity, obtaining benchmark values of R = 2.09 x 1077 Mg'
and 2.08 x 1077 M, respectively.

Although isolated binary evolution is disfavored, values of f for Gaia BH-like
binaries have also been obtained for such a formation channel. The authors of Ref. [285]
find Ri° ~ 10719 M51 for simulations of Gaia BH1 and BH2-like binaries originating
via isolated binary evolution using the St arTrack population synthesis code, although

R ~ 1077 Mgl can be realized if the cuts were made less stringent. Similarly, isolated
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binary evolution of Gaia BH3-like binaries has been studied and the associated rate has
been found to be R¥° = 4 x 10~ M in old (> 10 Gyr) and metal-poor (Z < 0.01)
populations [288]. We therefore arrive at the following estimates of R for Gaia-like

BHs:

R ~ 1077 M! (dynamical formation),
(4.10)

Ri® ~ 10719-10"8M_' (isolated binary evolution).

We now turn to an estimate of the binary formation rate by PBH exchange, i.e.,
Rpgy. In the left panel of fig. 4.3, we display the exchange rate as a function of the PBH
mass. Gaia BH1 benchmarks are shown with the black solid line: binary component
masses are 1 My, and 10 M, with separation 1.4 AU, and the velocity dispersion is

OpDM — 220 km S_l.

Other colors show different possible choices of separations,
masses, and velocity dispersions. The exchange rate increases with increasing PBH
mass, reaching a maximum for mpgy = 1 M. The rate then drops before increasing
further with larger PBH mass. Neglecting bounds on the PBH abundance, the maximum
exchange probability for BH1-like parameters is ['ppy =~ 4 x 1079 Gyr‘l. For 1, =
4.0 Gyr, we therefore obtain Rpgy ~ O(few) x 1078 Mgl. When accounting for
observational bounds on the PBH abundance, in their most restrictive forms, this drops
to O(few) x 1071 M_'. However, the constraints we quote in this mass range have
been repeatedly disputed (see e.g. Refs. [159, 289, 290, 291, 292]), meaning that this
additional penalty in the rate may not apply.

However, as with astrophysical formation channels, these estimates can be sig-

nificantly enhanced in stellar clusters with low velocity dispersions. For example,
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while globular clusters have low mass-to-light ratios, their bound DM density may
still dominate over the Milky Way halo density [293, 294, 295, 296]. In such sys-
tems, the dispersion is of order 10 km/s, corresponding to the blue curve in fig. 4.3.
Thus, even without accounting for any DM overdensity, the exchange rate in such
systems could be as high as I'pgy ~ 1075 Gyr™*, corresponding to a formation rate of
Rppy ~ O(few) x 1076 Mg)l. This rate is much larger than required to account for bi-
naries like BH1. In fact, it is so large that PBHs could still account for BH1 even if they
comprise only a small fraction of DM, as implied by the most restrictive observational
constraints in this mass range. Furthermore, if PBHs account for a subcomponent of
DM, they may be surrounded by a dense particle DM spike [297, 298, 299]. This has
been shown to enhance the rate of stellar captures [300], and may similarly influence
exchange processes.

The Gaia binaries BHI-BH3 themselves are not located in globular clusters, but
rather likely formed in open clusters, with much lower densities. The DM density
in open clusters is dynamically negligible, meaning that it must be much lower than
the stellar density, but that does not preclude a bound DM component with a low
velocity dispersion [301]. The low density would reduce our estimated Rppyy, possibly
bringing it in line with observational estimates for the formation rate in open clusters.
Ultimately, given the significant uncertainties in both observations and predictions, it
remains plausible that BHI-BH3 and similar systems formed by dynamical exchange

with PBHs, and that the BHs in these systems are primordial in origin.
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4.4 Conclusions

In the preceding sections, we have considered one key question: can few-body dynamics
probe a population of PBHs beyond softening and disruption? While hardening is
possible in principle, the effect is negligible, as we demonstrate further in appendix B.
PBH capture is also comparatively rare, since the resulting few-body systems are
unstable to ejection. A survey of the possible outcomes of three-body encounters thus
led us to study new observables associated with exchange processes, where a PBH
replaces one component of a binary system. We now summarize the prospects for
detecting or constraining such events.

One might hope that exchange would be viable at lighter masses than softening
and disruption. The latter generally take place when PBHs are more massive than the
components of the binary, which restricts their application to interesting parameter
space at the planetary or asteroid mass scales. On the other hand, exchange can take
place across a large range of masses and in an enormous variety of binary systems.
We therefore evaluated the rate of exchange with PBHs in several different classes of
systems, including compact-object binaries, asteroid binaries, exoplanetary systems,
and stellar binaries. Each of these different types of systems most readily undergoes
exchanges with a different range of PBH masses, and each presents different potential
observables following an exchange.

Interestingly, our findings suggest that in some of the best-motivated PBH DM
scenarios, exchange processes should give rise to a sparse but nonvanishing population

of PBHs in binaries in the Milky Way, including, e.g., PBH “exoplanets.” Moreover,
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for some classes of binaries, there are smoking-gun signatures of the presence of a
PBH component. In particular, exchanges involving sub-Solar-mass PBHs in compact
object binaries are in principle identifiable by their merger signatures, and exchanges of
ultralight PBHs with asteroids in the Solar System would be observable via Hawking
radiation. However, for most of these systems, we have shown that PBH exchange
is unlikely to occur at a sufficient rate for any meaningful chance of observational
detection.

There is one exception to this conclusion for the case of stellar binaries. Since
so many of these objects are so well characterized, the low exchange rate is not an
obstruction to the detection of bound PBHs. We argue that PBH exchanges in stellar
binaries might be identified by the detection of binaries with BH components whose
properties are otherwise difficult to explain by standard astrophysical mechanisms.
Interestingly, this is exactly the case for the Gaia binaries BHI-BH3: these objects are
not readily accounted for by isolated binary evolution, and a dynamical origin, quite
probably including exchange, is favored. We have demonstrated that the PBH exchange
rate is sufficient at the order of magnitude level to produce binaries of this type in the
PBH DM scenario, particularly if constraints on PBHs in the Solar mass range are
relaxed compared to their most restrictive forms.

Ultimately, in order to make any robust claim of primordial origin for a stellar
companion, astrophysical formation channels must be confidently excluded, and the
exchange rate must be evaluated with greater specificity. The astrophysical history
of a particular binary can be understood to some extent by detailed modeling of its

environment and trajectory. Likewise, for a given binary, the PBH exchange rate can
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be accurately calibrated with numerical experiments. Thus, it is plausible that binaries
like Gaia BH1-BH3 will eventually furnish a detection of PBHs, not by virtue of the
properties of the BHs themselves, but by virtue of the luminous objects dancing with

these invisible partners.
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Chapter 5

Exploring Dark Forces with Extreme Mass Ratio

Inspirals

A wide range of physics scenarios beyond the Standard Model (SM) and General
Relativity (GR) have as their template the following potential generated by an object of

mass M:

[1+a'e 5], (5.1)

where the extra contribution to the Newtonian potential, sometimes dubbed a “fifth
force” or “dark force” depending on the context, is controlled by an effective coupling
strength parameter &’ and a characteristic length scale A. The Yukawa contribution can

also be interpreted as the static limit of an interaction mediated by bosons of mass

my ~ — . 5.2)

This widely used framework has historically served to parametrize deviations from
GR and the inverse square law [302, 303, 304], the effects of light string moduli [305,
306, 307, 308] and, in more recent times, as a template to study light mediators in dark
sector models [309, 310, 311, 312, 313, 314]. Interpreted purely in terms of deviations
from GR (i.e., without reference to dark sector physics), this formalism describes, for

example, models of large extra dimensions (for small values of A < 10~3m) [315, 316]
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as well as braneworld [317, 318, 319], and the linearized regime of massive gravity
theories (for large values of \) [302]. In the study of dark sectors, on the other hand, &’
takes on the role of the dark sector coupling and my the role of the dark mediator mass,
while the Yukawa interaction is assumed to be sourced by the accumulation of dark
charge on the central and secondary objects. Indeed, a host of interaction potentials (not
just the Yukawa potential) are possible, depending on the nature of the mediator being
exchanged (we refer to [320, 321] for a unified treatment of such exchange interactions,
and [322, 323] for recent work along these lines). We will mainly restrict our attention
to long-range Yukawa potentials in this work.

The phenomenological framework of Eq. (5.1) encapsulates a wide variety of
theories. For the purposes of this work, it is useful to distinguish between (i) theories
of modified gravity or fifth forces, which would apply to all bodies; and (ii) theories
of dark sector physics, where Eq. (5.1) only applies to bodies with dark charge. While
our main interest is in the second category, we briefly summarize the various systems
that have been used to constrain fifth forces in general. The parametrization in Eq. (5.1)
dictates the use of diverse experimental settings, where the characteristic scale of
the probe should be A,ope ~ A. The pursuit of probing A through measurements
at laboratory scales has a long history [324]. In the large A (light mediator) regime,
competitive bounds arise from planetary motion and the motion of stars around Sgr A*
(we refer to [324] and [325] for comprehensive treatments of these two frontiers). The
most stringent Solar System constraints on the (&', \) plane come from modifications of
Kepler’s Third Law. On the other hand, broadly three avenues have been pursued with

respect to constraints from Sgr A* [326]: (i) Orbital precession data by near infrared
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monitoring of stars that are sufficiently close to Sgr A*; (ii) high-precision timing
of pulsars by existing and future radio telescopes; and (iii) space- and time-resolved
probes of the accretion flow by the Event Horizon Telescope. The advent of gravitational
wave (GW) astronomy has opened up new opportunities in this frontier (we refer to
[202] for a recent review). It should be noted that many of the constraints on the
(&', my) plane coming from GW data are obtained under the specific assumption that
Eq. (5.1) depicts theories of massive gravitons (the constraints come from corrections
to the propagation of GWs from the source binary to Earth, due to the non-zero graviton
mass). For example, very strong constraints on my are obtained by a comparison of the
times of arrival of GW and electromagnetic signals, or pure GW signals coming from
sky-averaged, quasi-circular inspirals of compact objects of various masses (we refer to
[327] for an early landmark paper in this area, and Table 2 of [202] for a summary of
constraints). The use of GW propagation to constrain massive gravitons is not the focus
of our work.

Compact object mergers in particular present unique opportunities: the population
distributions and the GW waveforms emanating from these systems are sensitive to
modifications of the type parametrized in Eq. (5.1). Different classes of compact binary
systems enable different scales A to be probed, depending on the characteristic frequency
of the GW emission. The dark sector interpretation of Eq. (5.1), which is our main
interest, works under the assumption that both the interacting objects accumulate dark
charge. In the case of inspiraling neutron stars, such accumulation could result from
dark matter capture; in the case of solar or supermassive black holes, such accumulation

could result from spike formation, or from the fact that such black holes are charged
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under millicharged dark fermions [328]. Here, too, the recent literature is substantial,
and we refer to [309, 310, 311, 312, 313] for some representative studies.

The purpose of this chapter is to explore the possibility of probing dark forces
with extreme mass ratio inspiral (EMRI) systems consisting of a central object — the
super-massive black hole (SMBH) — and a stellar mass black hole in a decaying orbit
around the central object [329, 330]. These systems produce millions of cycles in the
GW sensitivity band of LISA, enabling probes of the background geometry, as well as
the detection of small changes to the radiation-reaction force. The inspiral process is
driven mainly by the emission of gravitational radiation, thus providing an excellent
laboratory in which to probe any altered emission due to dark forces. EMRI systems
have been extensively used as laboratories of GR and modified gravity: we refer to [331,
332] for papers relevant to our study. Their use as probes of dark forces and dark sectors
1s somewhat more limited and recent: we refer to [331, 332] for scalar-mediated dark
force studies, and [310] for somewhat related dark sector studies of SMBH binaries.

There are two main reasons why EMRIs should be studied in this context. The first
is that the innermost stable circular orbit (ISCO) of the EMRI, which determines the
characteristic length scale of the system and thus the characteristic wavelength of the
mediator, probes a dark force range that is complementary to that probed by SMBH
or neutron star binaries. Moreover, since the ISCO scales linearly with the mass of
the central SMBH, different EMRI systems are sensitive to different dark force ranges
corresponding to A ~ Risco o< My, where M, is the mass of the SMBH. In particular,
we show our results for LISA [333, 334] (SMBH masses ~ 10% M, with corresponding

A ~ O(10'°) m and my ~ O(10716) eV) and for the proposed pAres detector [335]
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(SMBH masses ~ 10® M, with corresponding A ~ O(10'?) m and my ~ O(107'%)
eV).

The second reason EMRIs are interesting in this context is that mass measurements
of the central SMBH, performed by methods that are independent of the primary
EMRI system (a combination that we somewhat loosely call “multimessenger’) can
enable us to probe small values of the dark sector coupling. The main challenge in
probing small couplings &' is that the correction in Eq. (5.1) is parametrically limited
by the uncertainty in the binary component masses. A possible remedy that has been
pursued by some authors [336] is to ascertain the masses of the binary components
with post-Keplerian parameters such as advance rate of periastron and Shapiro time
delay. However, this is predicated on the assumption that the dark sector contribution to
the orbital decay proceeds through a dominant dipole term (while the contribution to
other post-Keplerian parameters comes from corrections to the potential in Eq. (5.1)).
Rephrased in terms of post-Newtonian counting, the dipole radiation correction to the
orbital decay enters at -1PN order compared to GR, while the corrections to other
post-Keplerian parameters enter at OPN.

Independent mass measurements can break the degeneracy between gravity and the
dark force, if the dark force is assumed to be subdominant or “switched off” between
the SMBH and ordinary matter, while being operational between the SMBH and the
black hole comprising the EMRI system. Stated in another way, the central SMBH is
envisioned to have ordinary matter in its vicinity, which allows for the determination
of the mass of the SMBH, without the confounding effect of the dark force. This

knowledge of the mass of the SMBH can then be used to constrain the dark force using
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the EMRI between the SMBH and the stellar black hole. Although we will be somewhat
agnostic to the underlying particle physics model that achieves this, we will indicate
the most natural setting where our scenario may be applicable: a dark sector fermion
with very feeble millicharge (near the weak gravity conjecture limit) interacting via an
Abelian gauge boson V.

Measuring the mass of SMBHs is a topic of intense research in astronomy. In
quiescent galaxies, the methods typically rely on the motion of dynamical tracers —
stars or gas — combined with sophisticated dynamical models. On the other hand, for
active galaxies with prominent broad emission lines, the most promising method is
reverberation mapping [337, 338, 339]. While measuring the motion of dynamical
tracers requires high resolution and is applicable for nearer galaxies, reverberation
mapping can be applied to galaxies at greater distances. We will also consider a third
method that is applicable to nearby galaxies: GW signals from extremely large mass-
ratio inspirals (XMRIs) formed by the central SMBH and a brown dwarf. We note
that there are other emerging proposals for measuring the mass of SMBHs that we do
not consider, such as X-ray flux variability of active galactic nuclei [340]. Our work
motivates cross-pollination between the exciting field of SMBH mass determination
and the future field of EMRI studies with future GW detectors, all within the context of
dark sector physics.

The rest of the chapter is organized as follows. In Section 5.1, we discuss multimes-
senger measurements of the SMBH mass in different astrophysical systems. In Section
5.2, we show the dark force effect in the GW emission from EMRIs and the resulting

sensitivity to the dark force with future LISA and p1Ares observations. We conclude in
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Section 5.3.

5.1 EMRIs, Multimessenger Studies, and Ultralight Mediators

For ultralight mediators, the prospects of distinguishing the dark force from pure
gravity is challenging. Compared to equal mass binaries, however, EMRIs offer certain
advantages in addressing this important problem. The key point is the determination
of the mass of the SMBH by a method for which the dark force can be switched off,
followed by the determination of the mass of the mediator by an EMRI between the

SMBH and a stellar black hole.

5.1.1 Multimessenger Studies with XMRI-EMRI Combinations

The combination of an extremely large mass-ratio inspiral (XMRI) and an EMRI with
the same central SMBH but two different smaller objects (a brown dwarf for the XMRI
[341, 342, 343] and a black hole for the EMRI) constitutes our first example of a
multimessenger signal. XMRIs have been recently explored as interesting sources for
LISA or TianQin. With mass ratios as small as ~ 10~%, a brown dwarf would complete
~ 10® cycles before the merger, spending time on band for millions of years. These are
expected to be abundant and loud systems: 10* (10%) years before merger, the SNR is
expected to be O(10%) (O(10*)) [343]. It should be noted that the high SNR of XMRI
systems implies that they can be detected in nearby galaxies as well ([343] calculates
that XMRI systems with SNR = 10 can be detected out to 50 Mpc 200 yrs before
plunge). It is instructive to consider the case of Sgr A*. XMRIs between Sgr A* and

brown dwarfs can constrain the mass of Sgr A* at the level of O(1072) M, [342]. We
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will assume that the redshifted SMBH mass and the physical SMBH mass have the same
level of uncertainty in this case. This is possible if the redshift is accurately determined,
as expected for concurrent XMRI-EMRI events. For the event rate of eccentric XMRIs,
[342] obtain an average of N = 83 for the case of low spin of Sgr A* (¢ = 0.1) and
N = 12" for the case of high spin of Sgr A* (a = 0.9). The numbers quoted above
signify sources that emit GWs in the LISA and TianQin detection band with SNR ~ 30.
The brown dwarfs are assumed to have mass 0.05M, in prograde orbits and have an
orbital inclination of 0.1 rad. The initial eccentricity of the XMRI system is taken to
be between 0.99 and > 0.999 with semimajor axis 4 x 107 pc < a < 8 x 1072 pc.
Similar numbers are reported by [343].

We now turn to a discussion of EMRI formation. Generally, the rate of EMRI
formation in a galaxy is determined by two timescales. The first (the two-body relaxation
timescale 7;),) 1s the time it takes to produce high eccentricity EMRI candidates from
the dense cluster of stars and stellar remnants in the nuclear cluster surrounding the
SMBH. The timescale T}, is determined by the number density of compact objects in
the nuclear cluster, their velocity dispersion, steepness profile, and half mass radius
[344]. The second timescale pertains to the time it takes for the EMRI candidate to
decouple from the rest of the nuclear cluster, and is determined by the rate of GW
emission. Typical estimates for the relaxation time are in the range of O(0.1 — 1) Gyr.
Combining the estimates of these timescales, the benchmark figure for EMRI event
rates from studies in the literature is ~ 10~¢ per galaxy per year. This translates to tens
to hundreds of EMRI events per year at LISA, which probes the Universe out to redshift

z ~ 1 [345]. It should be noted that the event rate for EMRIs is a subject of ongoing
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research, and the benchmark rate quoted above can be boosted by other mechanisms.
While the ~ 1076 per galaxy per year is based on the “loss cone” scenario where a
candidate is scattered by interactions with other bodies in the nucleus into a highly
eccentric orbit around the SMBH, the presence of an accretion disk can significantly
enhance this process. For example, [346] find that accretion disk-assisted EMRIs form
~ O(10' — 10?) times faster than the “loss cone” mechanism.

The possibility of a concurrent observation of an XMRI-EMRI combination at Sgr
A* 1s pessimistic: while the expected event rate of an XMRI is relatively high, the event
rate of an EMRI is more suppressed, and the joint probability is further suppressed.
Nevertheless, given that XMRI signals may be detected up to 50 Mpc, and EMRIs even
further, the possibility of a coincident XMRI-EMRI signal may be significantly boosted
if one considers other galaxies. Since such a concurrent multimessenger observation
represents one of the best case scenarios for constraining ultralight mediators, we depict

results corresponding to this benchmark scenario in our plots in Section 5.2.

5.1.2 Multimessenger Studies with Stellar Kinematics - EMRI Combinations

We now turn to another possibility: multimessenger combinations from stellar kine-
matics around SMBHs on the one hand, and EMRIs of stellar black holes on the
other. While the precision of mass measurements using stellar orbits is far lower than
that using the XMRI-EMRI combination, the event rate of such a possibility is more
optimistic.

For the case of Sgr A*, the mass measurement by the GRAVITY Collaboration

[347, 348, 349] relies on stellar orbits at several thousands of gravitational radii and
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yields a value of My = (4.297 £ 0.012) x 10° M. On the other hand, [350] provide
six SMBH mass measurements at 30 confidence level from SINFONI observations
of nearby fast rotating early-type galaxies: NGC 584 (M, = (1.3 4+ 0.5) x 108 M),
NGC 2784 (M, = (1.0 4 0.6) x 10® M), NGC 3640 (M, = (7.7 & 5) x 10" M),
NGC 4570 (M, = (6.8 4 2.0) x 107 M), NGC 4281 (M, = (5.4 +0.8) x 108 M)
and NGC 7049 (M, = (3.2 £ 0.8) x 108 M). Other SMBH mass measurements are
also available: the MASSIVE Survey [351] is a volume-limited, multi-wavelength,
integral-field spectroscopic and photometric survey of (O(100) of the most massive
early-type galaxies within 108 Mpc. A sample of 72 SMBHs and their host galaxies
based on kinematic data and modeling efforts is provided in [352]. We note that the
general level of the uncertainty in the mass measurement using stellar kinematics is
~ O(10 — 30)%. Thus, the observation of an EMRI between the SMBH and a stellar
black hole in any of these galaxies would result in multimessenger combinations of

stellar kinematics-EMRI.

5.1.3 Spectroscopic Reverberation Mapping and EMRIs

The third multimessenger combination scenario that we will consider is the measure-
ment of the SMBH mass with spectroscopic reverberation mapping. In this method, the
time delay in changes in the continuum emission arising from the accretion disk near the
SMBH and the response of these changes on the emission from the (farther away) broad
line region are measured. This time delay effectively measures the distance between
the accretion disk and the broad line region (more precisely, the responsivity-weighted

average radius of the broad line region). Finally, from this information, the mass of the
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SMBH can be extracted following [353]:

fCTcento'lz
My, = ———%¢ | 53
’ G (>-3)

Here, f ~ O(1) is a parameter that is specific to the broad line region and depends on
its structure, orientation, and kinematics. The parameter 7., is the measured time delay
(as measured from the centroid of the cross-correlation function around the emission
peak), while oy;,. denotes the root-mean-square width of emission in the variable part
of the spectrum. A major source of uncertainty is the value of f. Mass measurements of
SMBHs using this method can be obtained from the AGN Black Hole Mass Database
[354]. Most of the measured SMBH masses lie at redshifts z < 0.2, although there are
afewat z ~ O(2 — 3). The general level of uncertainty in the mass measurement is
~ O(10%).

In this context, we take particular note of the OzDES and SDSS reverberation
Mapping Programs [355, 339, 356], which have pioneered large-scale reverberation
mapping campaigns [355]. These programs have observed hundreds of active galactic
nuclei, probing a wide range luminosities and redshifts. The OzDES-RM program
recently published data from successful campaigns for eight active galactic nuclei
between 0.12 < z < 0.71 [355]. In previous work, they measured the mass of two
SMBHs at some of the highest redshifts, 2 = 1.905 and z = 2.593. The measured
masses are 4.47%5 x 10° M, for DES J0228-04 and 3.3™ 15 x 10° M, for DES J0033-42,
calculated with f = 4.47 4+ 1.25. The SDSS-RM Program published results for 849

broad-line quasars between 0.1 < z < 4.5. The observation of an EMRI between
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the SMBH and a stellar black hole in any candidate observed by these campaigns
would result in multimessenger combinations of reverberation mapping - EMRI, which

constitutes our third benchmark scenario.

5.2 Results

In this section, we obtain constraints on the mediator mass versus coupling plane
(my, &), assuming that the central SMBH and a second stellar black hole constitute an
EMRI system. Our strategy will be to compute the temporal evolution of the angular
frequency w, including the correction due to the dark force in Eq. (5.1), and subsequently
compute the GWs from perturbations of the Kerr metric following [357] (we refer to
[358, 359] for classic papers and [360, 361] for earlier work). We will then compare our
results to the case of pure gravity, where the dark force is absent. Our calculation most
closely resembles that of [312], who performed an analogous calculation for regular
equal-mass binary inspirals. We will assume an uncertainty of O(10)% in the mass of
the SMBH, corresponding to the case where the SMBH mass measurements comes
from either stellar kinematics or reverberation mapping. On the other hand, for the case
of an XMRI-EMRI multimessenger combination, we will assume that the mass of the
SMBH is determined up to negligible fractional uncertainty ~ O(1073)%.

We note that several prior studies of dark sectors with binary inspirals have con-
centrated on constraining either the strength of the dipole radiation term, or the charge
of the remnant. For example, [362, 328, 363, 364, 312] consider black hole binary

inspirals with massless mediators and constrain the dipole radiation term from the early
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pre-merger inspiral stage. The charge of the merger remnant can be constrained from
the detection of the quasinormal modes. Dipole radiation in the context of EMRIs has
been considered by [365, 366, 367]. Our focus, as stated before, will instead be on
constraining the dark force in the limit of vanishing dipole radiation, relying instead on
independent mass measurements of the SMBH.

The use of independent mass measurements to constrain dark forces works under
the assumption that the dark force is only operational between the SMBH and the stellar
black hole, while being switched off between the SMBH and surrounding baryonic
matter, including stars, other objects such as brown dwarfs, and matter in the accretion
disk. This is possible in models where the black holes are charged under a dark
force acting only between particles in the dark sector, and not between the dark and
visible sectors. We discuss a simple model that achieves this as a proof of principle, in
Appendix C. The model consists of millicharged dark fermions with mass ~ 1 GeV and
charge approximately equal to their mass, near the weak gravity conjecture limit. The
dark force carrier is a vector V. The discharge time of a black hole initially charged with
such dark fermions can be shown to be large under the most conservative assumptions.
We remain somewhat agnostic about the question of how the black holes acquire their
initial distribution of dark fermions, indicating some possibilities in Appendix C. For
the case of the SMBH, the question reverts to the open question of how seeds of such

black holes are formed.
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5.2.1 Effect of Dark Forces

To set our notation, we consider an EMRI system consisting of two masses M, and

M, with the mass ratio, n = M; /M, < 1. The heavy object (M) is an SMBH. In

addition to the gravitational attraction between the two objects, we introduce a dark

force operating between them. For simplicity, we consider a Yukawa force mediated by

a mediator particle V'

@' Q1Q ooy
r2

| Fkaa| = (1 4+ myr). (5.4)

Here o is the dark fine structure constant, my is the mass of the dark force mediator, r
is the separation between the two objects constituting the EMRI system, and (); is the
dark charge of the object ¢, with i = 1,2. We will consider both the case when o > 0
(attractive force between charges of opposite signs) as well as o’ < 0 (repulsive force
between charges of the same sign). For dark force mediated by a scalar particle, the
force between two particles is always attractive. The modifications of the inverse-square
law from attractive interactions mediated by a scalar mediator and a vector mediator are
the same, and we will not distinguish them in the GW analysis. Although the Yukawa
force is typically used to describe interactions mediator by scalar particles, we do not
distinguish between scalar and vector mediators in this study when introducing dark
forces in the form of Eq. (5.4). The dark force, together with the gravitational attraction,

gives the total force acting on each object

- G M, M-
’Ftotal’ = %

[14+d&e™™" (14 myr)], (5.5)
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where it is convenient to normalize the strength of the dark force to the gravitational

force by introducing

~1 __ O/QIQ2

Y= oMM, (56)

The introduction of the dark force modifies the EMRI system in two ways. Firstly,
the angular frequency w(r) is determined by the net force on the lighter object, which
is modified by the dark force, resulting in a departure from the inverse-square law as
given in Eq. (5.5). Secondly, dark (dipole) radiation in the form of emission of the light
force mediator will make the inspiral faster, affecting the temporal dependence of the
separation 7(¢). Both w(t) and r(t), and therefore ultimately the GW frequency fow(t)
and strain h.(t) are modified from the pure gravity case in the presence of a dark force.
In this work, we will assume that the dipole radiation is negligible.

Given a centripetal force in Eq. (5.5), the relation between the orbital frequency and

the separation 7 in the presence of a dark force can be obtained as

w® = (1+a&'e™™7(1+myr)). (5.7)

r3
The GW frequency of a harmonic m is determined by the orbital angular frequency

m

fawm = o W (5.8)
T

Near the ISCO, GW radiation drives orbits to be circular; therefore the m = 2 mode

dominates, and we focus on fow = few 2 in the rest of the paper. We determine 7 (w)
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numerically from Eq. (5.7). The EMRI loses energy mainly through GW radiation

when dipole radiation of the mediator is turned off. The GW emission rate is

dEqw 32

T gG,uz Wt (5.9)

Here, 1 = My My /(M + M) is the reduced mass.

The time evolution of the orbital frequency due to GW radiation is [311]

— =G uurigNTL (5.10)

The g factor is from the dark force correction to the gravitational attraction,

3+ae™™" (34+myr(3+myr))

. 11
1+ ae=™vr (14 myr(l —myr)) .11)

9=

While a precise determination of the gravitational wave emission from the EMRI
systems remains an ongoing effort, several sets of waveforms have been provided for
data analysis. We adopt the result provided by Ref. [357], which was obtained by
numerically solving the Teukolsky equation [358, 368] for quasi-circular orbit cases.
The result for each physical quantity is presented as the usual equation, but with an
additional factor added that captures the relativistic correction. In the case of GW
frequency evolution in Eq. (5.10), we include the correction A/ ! obtained from Table
VIII of [357].

The strain amplitude of the GW signal can be calculated from the gravitational

energy radiation rate. For the characteristic strain in the harmonic m, we follow the
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definition of [357],

hc,m = ho,m \/2féw,m/fGW,m ) (512)

with the dominant contribution coming from the harmonic m = 2. The f&/ fGW
factor accounts for the time the GWs are produced at a fixed frequency for detection.
The rms amplitude is defined as

2V Eoom

mwd '

hom = (5.13)

where E..,, is the total energy emission rate into the m-th harmonic to infinity. d, is
the luminosity distance from the EMRI system to Earth. The full expression for A, ,
appears in Eq. (3.11b) of [357]. We reproduce the expression for the m = 2 mode here

for completeness

32 nG M.
h072:,/€”d 2 (G Myw)?3 H,y . (5.14)
L

The relativistic correction to the strain #, 5 can be obtained from the relativistic correc-
tion to the energy loss rate H, o = @, and we use numerical values of 5002 reported
in Table IV of [357]. We will focus on the m = 2 harmonic of the characteristic strain
amplitude h. = h. 9, which is calculated through Eq. (5.12) with numerical results of

faw from Eq. (5.10) and h,,, from Eq. (5.14).
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Figure 5.1: Evolution of the EMRI GW frequency fgw of a 10M, object
inspiraling a 10°M SMBH for a range of dark force strength values &' in
the attractive case (solid) and repulsive case (dashed). The mediator mass
is (107 km)~!. (leff): the case of multimessenger EMRI signals with either
reverberation mapping or stellar kinematics data, resulting in an uncertainty
(displayed by the gray band) of 10% in determining both of the masses M; and
Moa. (right): the case of multimessenger EMRI-XMRI signals, resulting in a
fractional uncertainty (displayed by the gray band) of 10~3% in the SMBH mass
M> and 10% in M.

5.2.2 Temporal Evolution of Gravitational Waves

We use formulas introduced in the last section to calculate GWs emitted by the EMRI
system. Fig. 5.1 and Fig. 5.2 illustrate the evolution of the GW frequency fqw and
characteristic strain h, for different choices of the dark force strength parameter &’. The
mass of the SMBH is chosen as M, = 10° M, and the mass of the inspiralling black
hole is M, = 10M. We assume, for simplicity, that both black holes are Schwarzschild
black holes, though dark forces can also impact EMRIs involving rotating black holes.
The mass of the mediator is my = (107 km) ™! ~ 1.98 x 10~7eV, such that the force
range is comparable to the ISCO radius of 8.9 x 10° km for a 10°M,, SMBH. The
associated GW frequency emitted at the ISCO is about 4.4 mHz. We evolve the EMRI

system using Eq. (5.10) from the initial condition fow = 1.34 mHz at ¢ = 0, and
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Figure 5.2: The temporal dependence of the characteristic strain 5, of the EMRI
system for a range of dark force strength values in the attractive (solid) and
repulsive (dashed) cases. The black hole and dark force mediator masses are
chosen to be consistent with Fig. 5.1. (left): multimessenger measurement with
reverberation mapping. The uncertainty of masses M7 and Ms is both 10%.
(right): multimessenger measurement with XMRI. The uncertainty of masses
M and My are 10% and 10~3% respectively.
calculate the GW emission power with Eq. (5.12). The corresponding initial EMRI
components separation is about 2 x 107 km with a small difference depending on the
type of interactions.

The colored curves in Fig. 5.1 show fgw as a function of time in the cases with the
absolute value of the dark force strength |&/| = 0.5 (purple), 0.25 (red), and 0.1 (blue).
The attractive force case (&’ > 0) is shown with solid curves while the repulsive force
case (&' < 0) is shown with dashed curves. As a comparison, we show the case in the
absence of dark force with the black curve, together with a gray band representing the
typical uncertainty from the determination of the black hole masses. In the left panel,
we show the uncertainty of AM, /My = 10% corresponding to reverberation mapping
campaigns. In the right panel, the uncertainty is AM, /M, = 1073% corresponding to

the mass determination with an XMRI measurement. In both panels, a 10% uncertainty

for the mass of the inspiraling black hole AM; /M; = 10% is incorporated within the
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Figure 5.3: The coupling g defined in Eq. (5.11) as a function of
the dimensionless force range myr with different choices of &’
for attractive dark force (solid) and repulsive dark force (dashed).
The largest deviations from the gravitation-only case, g = —3,
occur when myr ~ 1.

gray bands. Evidently, the attractive dark force accelerates the system towards ISCO,
while the repulsive dark force slows down the system’s evolution towards ISCO. Larger
values of the effective dark force strength induce more significant deviations from the
gravitation-only scenario. With a more precise multimessenger determination of M,

in the right panel, a smaller |&'| = 0.1 can be distinguished from the uncertainty band

compared to the sensitivity of about |&/| = 0.25 in the left panel.

In Fig. 5.2, we show the strain amplitude h. as a function of time for the same
EMRI event consisting M; = 10M, and M, = 10°M, located at d;, = 1 Gpc, in the
attractive dark force case (solid) and the repulsive dark force case (dashed). The inverse
mediator mass is chosen to be 1 x 107 km. In all figures, the pure gravity case is shown

with the black curve,

and the benchmarks with non-zero dark force couplings are shown
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for |&/| = 0.5 (purple), |&'| = 0.25 (red), and |&/| = 0.1 (blue), corresponding to the
same benchmark values in Fig. 5.1. The SMBH mass uncertainty is shown with the
gray band for 10% in the left panel, and for 1073% in the right panel, while the mass
uncertainty of the lighter component is kept to be 10% in both panels. We note that
for an attractive (repulsive) dark force, the characteristic strain A, is weaker (stronger)
than the pure gravity case at a given time ¢ > (. This contrasts with the evolution of
rms amplitude h, 2 of GWs emitted toward infinity. The dependence is reversed as a
result of the effect of the dark force on the GW frequency: when the EMRI system
evolves faster to ISCO, it spends less time fgw/ wa in the fixed observation frequency
window, such that the h. in Eq (5.12) is suppressed. Similar to Fig. 5.1, we see that the
effect of the dark force can be discerned best with a stronger dark force strength |&/|.
The strain amplitude of a resolved EMRI signal is inversely proportional to the
luminosity distance. Therefore, EMRI events that are closer can be measured with
greater precision; indeed, as mentioned before, multimessenger studies involving
EMRIs rely on stellar kinematics or reverberation mapping that are only effective at
much smaller distances. Nevertheless, d;, = 1 Gpc represents a conservative choice.
In addition to the dark force strength, EMRIs are also sensitive to the mass of
the mediator my,, which determines the range of the dark force. The dependence on
the mediator mass is from the g factor in Eq. (5.11). In the scenario where there is
no dark force, as well as in the scenario where the range of the dark force is much
longer or shorter than the EMRI separation, Eq. (5.11) reduces to g = —3. Conversely,

the correction factor deviates from —3 when my, is comparable to the inverse mutual

separation of the EMRI components. We show the dependence of the g factor on the
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Figure 5.4: GW frequency versus time plot of a 10M, object inspiraling a
109M, SMBH for a range of the dark force mediator mass my . (lef?): the case
of multimessenger EMRI signals with reverberation mapping data, resulting in
an uncertainty of 10%in determining each of the masses M; and M. (right):
the case of multimessenger EMRI-XMRI signals, resulting in an uncertainty of
1073% in the SMBH mass M5 and 10%in M.

relative values of my, and r in Fig. 5.3, for the case of attractive (denoted by solid lines)
as well as repulsive (denoted by dashed lines) dark force interactions. It is clear that
significant deviations from the gravity only case occur when myr ~ 1. The deviation of
the g from —3 introduces an effect on the EMRI evolution that agrees with the attractive
or repulsive nature of the dark force. Specifically, the system evolves more quickly for
an attractive dark force interaction when ¢ is more negative around myr ~ 1, while
it evolves more slowly for a repulsive dark force interaction when g is less negative
around myr ~ 1.
The effect of the mediator mass on the EMRI is displayed in Fig. 5.4 with fqw as
a function of time for a fixed dark force strength but different mediator masses. We
choose @ = 0.5 in the left panel, and @' = 0.2 for the right panel. The other EMRI
parameters are kept to be consistent with Fig. 5.1. We also choose the initial frequency

to be fow = 1.34 mHz for all EMRIs. The corresponding initial black hole separation
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is about 2 x 107 km with small difference depending on the type of interactions. As a
comparison, the ISCO radius is about 8.9 x 10% km for M, = 10°M,. The mediator
mass values are chosen to represent three different force range scenarios: short force
range m‘_/1 = 5 x 10 km (red); intermediate force range comparable to the ISCO radius
m‘_/1 = 10" km ~ Risco (yellow); and the very long-range force limit m;l = 10? km
(blue). As is expected from the dependence of the g factor on my r, the dark force
effect of yellow curves exhibit more significant distinction from the gravity-only case
(black), compared to the short-range and long-range force limits.

In the regime where my, < Rfslco, EMRI GWs can still discern between the
gravitational attraction and an additional dark force if one advocates, as we have, for
an independent mass measurement for which the dark force is switched off. This is
different from the case of GW measurements from equal-mass binary systems, where
the effect of the dark force becomes entirely degenerate with gravity: in that case, a
rescaling of the binary component mass by a factor of (1 + &')%/® mimics the presence
of the dark force. The primary challenge in distinguishing the effect of the dark force
stems from uncertainties in the pure gravitational contribution, which ultimately arises
due to uncertainties in M; and M, (illustrated by the gray band). For instance, for a
benchmark value of &’ = 0.5, the rescaling factor on the mass, (1 + &)%/° ~ 1.18,
exceeds the uncertainty in the reverberation mapping and the XMRI measurements.
Consequently, the degeneracy is broken for EMRI GWs in the ultra-long-range force
limit.

In the end, we show the EMRI GWs on the plane of strain versus frequency in

Fig. 5.5, with the black and cyan dots indicating the remaining time from ISCO is 5 years
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and 1 year respectively. The mediator mass is set to my," = 107 km to demonstrate the
maximum effect. The upper panels illustrate the effects of the dark force compared
to uncertainties determined by reverberation mapping, with a detailed zoom-in on
the region where the dark force leads to a significant deviation from the gravity-only
scenario. The lower panels show the case when uncertainties are determined by the
XMRI measurement. The GW data collected over the last few years from the EMRI
events in future observations will be utilized to precisely track the evolution of the
strain versus the frequency, crucial for distinguishing the existence of the dark force.
We will use the h, — fow relation to calculate the sensitivity to the dark force in the

next section.

5.2.3 Sensitivity with Multimessenger Measurements

We perform a likelihood analysis to test the future sensitivity to @' with the EMRI GWs
and the additional independent measurement of the black hole masses. The likelihood
analysis is based on the strain-frequency data of the GW signal. The likelihood is

defined as [369]

A(sIa) = Kexpl(hals) — 5 (haelhar) — 5(515)] (5.15)

Here K is a normalization constant, s(t) is the observed GW waveform in the time
domain, and hg () is the waveform corresponding to a selected value of &'. The scalar

product between the two waveform is given by
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_ Jmas ha(faw) 8(faw)
(has) = 4 Re /fm e~ (5.16)

where S, (faw) represents the noise spectral density of the GW observatory and has
a dimension of Hz~'. Quantities denoted with a tilde represent the Fourier transform
of the time domain data. Following the definitions in [370], we can write the scalar

product as

fmax B
(har]s) = Re/ dfaw hea(fow)selfow) (5.17)

Futn few Sn(faw)
The characteristic strain h. & (faw) is calculated with the chosen dark force strength.
The s.(fqw) is obtained from the observed GW waveform. In the EMRI measurement,
the upper limit f,,., and the lower limit f,,;,, of the integral in Eq. (5.17) is determined
by the frequency range over which the waveform is observed, with the upper limit set to
fECO and the lower limit set to the EMRI GW frequency at 10 years before ISCO. The
LISA observatory is set to observe for 4.5 years, with the possibility of extension up to
10 years [333, 334]. For the proposed pAres mission, a 10-year-long observation period
is foreseen. Therefore, we use ., = 10 years in our analysis. As long as the EMRI
signal is stronger than the detector noise, the likelihood is mostly determined by the
deviation of the signal spectrum in the presence of the dark force from the gravity-only
spectrum (with mass uncertainties). We calculate the value of &’ for a given m, that

maximizes the likelihood. This is equivalent to maximizing the log-likelihood, which
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we can read from Eq. (5.15) as

y 1 1
log A(s|a’) = log K + (harls) = 5 (hav[har) = 5(s]s)

1
= (ha|s) — §(hd/|ha/) (5.18)

For an observed waveform s(t), the term log K — £(s|s) is a constant independent of
the dark force effect and can be omitted from the definition of log-likelihood in the rest
of the analysis.

To estimate the sensitivity to &', we assume that the observed signal corresponds to
the dark force scenario. The likelihood of a gravity-only scenario is calculated with the
assumed uncertainties in the masses of the EMRI components and &' = 0. A scan across
the parameter space of &’ is performed to assess the likelihood with non-vanishing &'
We further assume that the test statistic, denoted as 7, is y2-distributed under the null
hypothesis. The two likelihoods are then compared at a 95% confidence level. The

likelihood test statistics is
T=-2 (ln A(s|0) — max [In A(s|&)]) (5.19)

We will use the likelihood test statistics to calculate the sensitivity to the dark force
strength and the force range. While the precision of GW measurements improves the
sensitivity to &', the sensitivity to the dark force range depends on the mass of the
SMBH involved in the EMRI event. We discuss the relation between the dark force

range and the SMBH mass in the following. EMRI GWs are observed mostly when the
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orbits of the inspiraling object have decayed close to the ISCO radius, which can be
written as Risco = 6 G M, for Schwarzschild SMBHs. The frequency of GWs emitted

when the separation is equal to the ISCO radius, r = Risco, 18

1 1060/
ISCO O]
- ~435 mHz. 5.20
W 66T G M, < M, ) (5:20)

This determines the observed GW frequency for EMRIs with different center SMBH
masses. The frequency window of LISA is ideal to be used for observing GWs from
~ 10°M. SMBHs. On the other hand, EMRI GWs from heavier SMBHs appear at
lower frequencies that are outside the LISA range. For example when M, ~ 109 M,
the GW frequency lies in the unexplored ;/Hz range. Future observations of yHz
GWs have been proposed with space-based interferometers pAres [335], cold-atom
interferometers [371], and using Solar System asteroids as test masses [372]. With a
larger SMBH mass and consequently a wider ISCO radius, we can probe the dark force
of a lighter mediator mass my,, which would be indistinguishable from a rescaling of
gravitational force with measurements at smaller separations. Therefore, the mediator
mass of optimal sensitivity, the SMBH mass and the GW frequency can be correlated

as follows,

1074 Hz

faw

M.
my' ~ 8.96 x 10° ( 2 ) km ~ 3.90 x 10° (

k 21
105, ) m (52D

We present the sensitivity to @' across a range of the mediator mass my in Fig. 5.6.

In particular, we choose two sets of representative GW event parameters: (1) M, =
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105M, d;, = 10 Mpc for lighter SMBHs; and (2) M, = 103M,,d;, = 0.1 Gpc for
heavier SMBHs, to demonstrate their sensitivity to different mediator masses. In both
benchmarks, the results are calculated by requiring 7 = 4 in Eq. (5.19) with different
multimessenger measurements. In both cases, we will show that the optimal sensitivity
is achieved when the mediator mass approximates the inverse of the EMRI separation,
as can be seen from the minimum of the sensitivity curve at myr ~ 1.

In the first benchmark, the SMBH mass uncertainty can be independently con-
strained to within 10% by spectroscopic reverberation mapping or stellar kinematics,
with which the sensitivity of EMRI GW measurement is shown with the red dotted
curve in Fig. 5.6. Additionally, the SMBH mass can be measured within 1073% un-
certainty with XMRIs. The corresponding sensitivity is shown with the cyan dotted
curve in Fig. 5.6. The EMRI GWs from ~ 10°M, SMBHs will be measured precisely
with the future LISA observatory. We use noise power spectral densities reported in
[329] for the LISA instrumental noise and the galactic confusion noise to obtain the
sensitivity. We assume M; = 10M,, with 10% uncertainty. The results show that LISA
has optimized sensitivity to my ~ 10717 — 10716 eV, while it can still detect effects
from longer mediator wavelengths. To illustrate sensitivities achieved through further
reduction of uncertainties associated to the black hole masses, we present the sensitivity
corresponding to 1073% precision for both M; and M, in the black dashed curve.

In the second benchmark, we assume the sensitivity is set through GW's measured
by the future pAres observation, combined with an independent SMBH mass mea-
surement AM, /M, = 1073% from the XMRI. pAres is capable of detecting GWs

with a sensitivity of h, ~ 107 at fqw = 107% Hz. With such sensitivities, it will be
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able to observe Intermediate Mass Ratio Inspirals (IMRIs) involving 103 — 10* M,
intermediate-mass black holes inspiralling onto 107 — 108 M., SMBHs out to z > 6
[335]. An IMRI system will respond to the dark force similarly to an EMRI, and the
GW emission will be altered in a comparable manner. According to Eq. (5.21), an IMRI
signal from a 10% M, SMBH is able to probe my,* > 10° km. We assume M; = 10*M,
for the intermediate-mass black hole, and use the p/Ares noise level reported in [335]
to calculate its sensitivity. The final sensitivity is depicted by the blue dashed curve in
Fig. 5.6. In the regions where the blue curve overlaps with the red and cyan curves, the
dark force effect can be measured for both SMBHs of different masses, allowing the
parametric dependence on & and my to be disentangled.

Our study concentrates on the role of independent mass measurements; however,
previous studies employing Fisher information matrix analysis demonstrated that un-
certainties in EMRI parameters could potentially be reduced to an order of magnitude
of O(10™*) [373], benefiting from the information in the GW waveform (see also
applications to dark force effects in neutron star binaries [312]). In order to estimate
the prospective sensitivity of an EMRI observation to the strength of the dark force uti-
lizing the maximum likelihood criterion, we use the mass determination uncertainty of
1073% to demonstrate the improvement of the sensitivity with both the multimessenger
measurements and the dedicated waveform analysis. While a comprehensive waveform
analysis that takes into account the additional dark force coupling within the model
parameters is outside the scope of this study, our findings indicate that an independent
measurement of the SMBH mass — one not influenced by the dark force — could resolve

the degeneracy between the EMRI model parameters.
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5.3 Conclusions

Our focus in this chapter has been to probe dark forces using EMRI systems. In contrast
to other studies using compact object mergers, we have stressed on the importance
of independent mass measurements of the central SMBH that do not depend on the
interaction between the SMBH and stellar black hole partner of the EMRI system. Such
independent mass measurements break the degeneracy of the effect of the dark force
with a simple rescaling of the binary component masses. We have discussed two classes
of such independent mass measurements, based on multimessenger studies involving
other gravitationally bound systems and on photons. In the first class are XMRI systems
involving the SMBH and a smaller object, such as a brown dwarf. In the second class
are various existing methods of determining the SMBH mass, such as stellar kinematics
and reverberation mapping campaigns. The SMBH mass determination in the first case
can be very precise, with an uncertainty of ~ 1073%, while a standard benchmark of
the mass uncertainty using reverberation mapping is ~ 10%. We have depicted both
benchmarks in our results.

The question of localization of EMRIs using future GW detectors is important
for our work. The LISA-TianQin or TaiJi-TianQin networks have the possibility of
localizing GW events; such localization is frequency-dependent and has been estimated
to be 200, 3, and 0.005 deg2 at 1, 10, and 100 mHz, respectively [374]. A typical bench-
mark for the localization of EMRIs is < 10 deg® [330]. Multimessenger observations
involving electromagnetic follow-ups, with the accretion disk or the broad line region,

would further localize EMRISs (their potential as standard candles has been discussed by
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[375]).

In this study, we have assumed that the corrections from environmental effects are
negligible. SMBHs are known to exist in dense astrophysical environments, which may
influence the dynamics of EMRIs [376, 377, 378]. Key processes such as gravitational
pull from matter, accretion onto EMRI components, dynamical friction, and planetary
migration can impact the gravitational waveform, potentially leading to biased param-
eter estimation and reduced detectability of EMRIs. We direct readers to [379] for
information on the maximum level of corrections due to various environmental effects
over a typical LISA mission. The environmental corrections are expected to be minimal
for SMBHs surrounded by thick disks, but more substantial for those in thin disks,
which are predominantly found in active galactic nuclei at high redshifts. Although
SMBHs in thin disks contribute up to only a few percent of the EMRIs detectable by
LISA with z < 1, potential uncertainties from environmental effects should also be
considered when applying our method to these events.

Our results motivate multimessenger studies with coordination between GW detec-
tors and reverberation mapping campaigns. In particular, SMBH mass determination by
the OzDES-RM and SDSS-RM programs, and the AGN Black Hole Mass Database
serve as rich targets for future EMRI studies. The upcoming SDSS-V Black Hole
Mapper Reverberation Mapping Project is also important in this regard [380]. Similarly,
SMBH mass determination by the SINFONI and MASSIVE Surveys using dynamical
tracers also serve as possible targets for future EMRI sources. The best case scenario is

the concurrent observation of an EMRI and an XMRI for a given SMBH.
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Figure 5.5: Strain h, as a function of the GW frequency fgw near ISCO. Color
curves show the EMRI evolution with a range of dark force strengths. Black
curve shows the evolution in a gravitation-only scenario. Brown dots indicate
the evolution time is 5 years from ISCO while cyan dots represents 1 year left to
ISCO. (upper): Dark force effect compared to the gravitation-only case, with
mass uncertainties AM; /M; = 10% and AMs/Ms = 10%, depicted on the left,
and zoom-in of specific regions on the right. (lower): Dark force effect compared
to the gravitation-only case with AM;/M; = 10% and AMs /My = 1073% on
the left, and zoom-in plot on the right.
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Figure 5.6: Projected 95% C.L. sensitivity of LISA and pAres to
an attractive dark force on its strength &’ and force mediator mass
my. The cyan, red, and black curves assume the EMRI system
consists of a stellar black hole of mass M; = 10M and a SMBH
of mass Mo = 10°M. The cyan dotted curve corresponds to
the case of EMRI-XMRI signals, resulting in an uncertainty of
10% in determining the value of M7y, and 1073% in determining
the value of M>. The red dotted curve displays the sensitivity
of EMRI signals complemented with spectroscopic reverberation
mapping measurements, leading to a 10% uncertainty in both My
and M5. The black dashed curve depicts the sensitivity of an EMRI
waveform observed with an uncertainty of 10~3% in determining
both masses. We also show the case of a heavier SMBH mass
with the blue dashed curve for an IMRI-XMRI multimessenger
measurement. The black hole masses are M7 = 104M@ and My =
108 M, with 10% uncertainty in M, and 10~3% uncertainty in
M.
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Chapter 6

Supernova-Boosted Dark Matter at Neutrino Detectors

Over the past few decades, the quest to unravel the fundamental nature of dark matter
has stood at the forefront of modern physics, bringing together particle physicists, astro-
physicists, and cosmologists in a concerted effort to explore the enigmatic constituents
of the Universe [381, 382, 383]. Despite the extraordinary precision of observational
cosmology, which demonstrates that dark matter accounts for a significant fraction of
the total energy budget of the Universe [384, 385], its underlying properties—such as
mass, spin, and interaction cross sections—remain elusive. Weakly interacting massive
particles (WIMPs) [11, 386, 387] have been one of the most widely studied dark matter
candidates that are probed by various direct, indirect, and collider experiments [388,
389, 390]. However, no conclusive evidence has yet emerged for the canonical WIMP
model, prompting novel theoretical ideas and experimental approaches. Among these
emerging ideas is the concept of boosted dark matter (BDM) [391, 392, 393, 394, 395,
396, 397, 398, 399, 400, 401, 402, 403, 404, 405, 406, 407, 408, 409, 410, 411, 412,
413, 414,415, 416,417, 418, 419, 420, 421, 422, 423, 424, 425, 426, 427, 428, 429,
430, 431, 432, 433, 434, 435, 436, 437, 438, 439, 440, 441, 442, 443, 444, 445, 446,
447, 448], wherein dark matter particles can receive a significant velocity or energy
boost through various astrophysical processes in the present universe, thus leaving
relativistic signatures of such dark matter in terrestrial detectors. Inspired by this novel

idea, various neutrino and dark-matter direct detection experiments have conducted
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searches for BDM [449, 450, 451, 452, 453].

In parallel, neutrino detectors have become increasingly sophisticated and play a cru-
cial role in multi-messenger astrophysics [454, 455, 456]. Originally developed to study
neutrino oscillations and measure low-energy solar neutrinos, large-scale underground
and underwater/ice-based detectors—such as Super-Kamiokande (SK) [457, 458, 459,
460], SNO [461, 462], Borexino [463, 464], KamLAND [465, 466, 467], IceCube [468,
469, 470], and JUNO [471, 472, 473]-have evolved into versatile instruments capable
of detecting cosmogenic signals from a variety of physics channels, including supernova
neutrinos [474], atmospheric neutrinos [475], and potential signatures of exotic physics
beyond the Standard Model [476]. Down the line, near-future neutrino detectors, in-
cluding DUNE [477, 478, 479, 480, 481] and Hyper-Kamiokande (HK) [482, 483,
484], are expected to advance this multi-faceted physics program with greater precision.
The unique capabilities of these neutrino detectors, such as exquisite sensitivity to
energy depositions as low as ~ MeV and extended exposure times that compensate for
(relatively) low signal flux, have enabled their use as dark matter detectors in scenarios
where BDM induces relativistic signatures in the present universe.

Recent theoretical developments emphasize that core-collapse supernovae may play
a decisive role in dark matter phenomenology [485, 486, 487]. The high densities
and extreme energies characteristic of supernova interiors create a fertile environment
for particle production and scattering processes that can “boost” dark matter particles
to energies well above their average halo velocities [488, 489]. Dark matter from
supernovae has thus emerged as a novel avenue to explore the properties of dark matter,

particularly by exploiting the synergy between BDM searches and neutrino detec-
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tors [490, 491, 492]. In this picture, a supernova event can serve as an intense source of
BDM, endowing the particles with energies well beyond typical galactic dark matter
velocities and yielding observable signals in detectors originally commissioned for
neutrino physics. Moreover, the typical timing of supernova neutrino bursts, combined
with any directionality information offered by certain detector technologies, can help
discriminate potential BDM-induced events from backgrounds [491, 492].

While the prospect of detecting BDM from supernovae is theoretically compelling,
addressing uncertainties in supernova modeling—particularly regarding dark matter
production mechanisms and the nuclear equation of state—is crucial for a more robust
understanding [493]. Variations in progenitor mass, metallicity, and rotation can alter the
energy budget and particle flux. Furthermore, the strength of dark matter interactions
with nucleons or leptons, along with the mass of any new mediator, significantly
influences the likelihood of dark-matter production and escape [494, 488]. Advancing
supernova simulations and improving nuclear physics constraints will be essential
for refining flux estimates and enhancing the discovery potential of BDM in neutrino
detectors.

In spite of these uncertainties, investigating supernova-induced BDM search prospects
remains highly compelling, as successful detection could provide unique insights into
both dark matter properties and core-collapse supernova dynamics. The potential to
probe new physics in extreme astrophysical environments and complement terrestrial
dark matter searches makes this avenue of exploration particularly valuable. The be-
ginning effort in this direction was made in Ref. [495] within the context of ton-scale

dark matter direct detection experiments. Diffuse fast-moving or boosted MeV-scale
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dark matter produced by supernova explosions carries sufficient energy to generate
detectable signals through its interactions with nuclei, offering a pathway to explore
previously uncharted regions of parameter space.

While nuclear scattering serves as a viable detection channel, electron scattering
is expected to provide complementary insights in the search for supernova-induced
BDM, as a significant fraction of the incoming BDM energy will be transferred to
recoil electrons. However, typical ton-scale dark matter direct detection experiments
are optimized for keV-to-sub-MeV energy deposits, whereas electron recoils from
such BDM can extend well beyond the MeV range. These large energy deposits may
lead to detector saturation issues, necessitating dedicated event selection strategies to
enhance sensitivity to general BDM signals [404]. Nevertheless, access to the relevant
parameter space is limited, and large-volume neutrino detectors play a crucial role,
further benefiting from their substantial detection mass, which compensates for the low
signal flux [412].

In this context, we explore the detection prospects of supernova-induced BDM
signals at large-volume neutrino detectors such as DUNE [477, 478, 479, 480, 481],
HK [482, 483, 484], and JUNO [471, 472, 473]. Using the conventional vector-portal
dark matter scenario as a benchmark, we first analyze the prospects for detecting diffuse
supernova-induced BDM signals. Additionally, we examine the sensitivity to BDM
from a nearby supernova explosion occurring in the near future, taking Betelgeuse as
an illustrative example. Notably, such BDM signals from local sources contribute to
the emerging field of multi-messenger astrophysics, which integrates electromagnetic,

neutrino, gravitational-wave, and (potential) dark-matter observations [496, 497, 498].
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Due to the finite mass of dark matter, BDM signals from nearby supernovae would be
detected with a characteristic delay following the arrival of the supernova neutrino burst.
Moreover, the correlation between neutrino and BDM signals can serve as a valuable
probe for identifying dark-matter properties, including its mass scale.

To convey our ideas efficiently, this chapter is organized as follows. In Section 6.1,
we define our benchmark dark matter scenario and review the mechanisms by which
dark matter in this scenario can attain large boost factors from supernova explosions.
Section 6.2 discusses the detection of supernova-induced BDM at large-volume neu-
trino detectors, detailing the analysis strategy along with key parameters and features
of our benchmark neutrino experiments. Our main results, including the detection
prospects of supernova-induced BDM signals at these detectors and their implications
for multi-messenger astrophysics, are presented in Section 6.3. Finally, we provide our

conclusions in Section 6.4.

6.1 Boosted Dark Matter from Supernovae

To investigate the detection prospects of supernova-induced BDM at large-volume
neutrino experiments, we consider a specific theoretical framework based on vector-
portal dark matter models. For illustration, we assume fermionic dark matter, denoted
by x with mass m,, interacting with Standard Model electrons via the exchange of
a dark-sector gauge boson. We adopt the commonly studied case of a dark photon,

V.., which kinetically mixes with the Standard Model photon. The relevant interaction
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Lagrangian is given by [499, 500]

_'Cint D —EG@/;e’YMQ/JeVM + gD)Z’YNXV;m (61)

where € is the kinetic mixing parameter, e is the magnitude of the standard electromag-
netic coupling, and gp parameterizes the coupling strength between y and the dark

photon.

6.1.1 Average diffuse BDM flux from core-collapse supernova events

The fermionic dark matter produced in supernovae is emitted with a range of semi-
relativistic velocities. As a result, a continuous flux of high-energy dark matter or
supernova-induced BDM, arising from the overlapping emissions of different super-
novae, is expected to reach Earth at any given time. To calculate the diffuse flux of
supernova-induced BDM, we follow the approach outlined in Ref. [495], adopting the
spatial supernova distribution model introduced in Ref. [501], which characterizes the

rate of core-collapse supernovae (i.e., ngn (7)) through a double-exponential function:

fign (F) = Ae"/Ra g FV/H (6.2)

where A is a normalization parameter, r represents the radial distance from the galactic
center, that is, the radial component in the cylindrical coordinate system, and z denotes
the vertical offset from the midplane of the galaxy. For Type II supernovae, the two

scale parameters, iy and H are set to be 2.9 kpc and 95 pc, respectively, as specified in
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Ref. [501]. Assuming an estimated galactic supernova rate of one event every 50 years,
the normalization constant is determined to be A = 0.00208 kpc > yr—'. Earth’s radial
distance from the galactic center [?x and vertical offset 2 are taken to be 8.7 kpc and
24 pc, respectively.

The BDM flux contribution from a single supernova event diminishes with the square
of its distance from Earth. To calculate the total diffuse BDM flux, we integrate over
the distribution of supernovae in Eq. (6.2), weighting each contribution by 1/(7— R £)?,
where 7 and Ry, denote the three-dimensional positions of a given supernova and Earth

in galactic coordinates, respectively. The resulting total flux ®, is

Zmax Rmax
o, = N, dz / do / r TSN(PE B (6.3)
T™r — g

—Zmax

where the quantity N, represents the total number of BDM particles produced by a
single supernova, specifically those escaping the protoneutron star. We adopt the values
calculated in Ref. [495] based on Monte Carlo simulations. The value of NV, depends
on the dark-matter mass m,, and its relevant coupling, which is characterized by an

effective coupling parameter y, defined as
my \
y = *ap (—X) ; (6.4)

where ap = ¢%/(47). Evaluating the integral in Eq. (6.3) at Ry, = 20 kpc and

Zmax = 1 kpc gives the expected BDM flux at Earth from the galactic supernova
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population:

®, = N, (my,y) x 2.11 x 107 cm 257, (6.5)

Finally, the BDM energy spectrum can be well approximated by a Fermi-Dirac distribu-
tion at the temperature 7' corresponding to its thermal decoupling from the protoneutron

star, leading to the following differential flux at the production point:

dN,
dE

_N _Bomy Cap o R 6.6
SN_ (M, y) (exp(E/T)—|—1) /mX exp(E/T) + 1 . (6.6

Assuming that the produced BDM particles do not significantly interact with the
galactic medium during their propagation to Earth, the differential BDM flux at Earth is

given by

o,

P el “ap i om R 6.7
dE |, "(exp<E/T>+1) /m opE/m+1) - ©7

It is instructive to examine the strength of BDM production from a single core-

collapse supernova to build intuition about its detection prospects. Treating the pro-
toneutron star as a blackbody, the rate at which dark matter particles escape from
the supernova is determined by the radius at which the dark matter number-changing
process freezes out. In our dark photon model, this process corresponds to dark matter
annihilating into electron-positron pairs whose cross-section depends on the mass of

the dark matter particle m,, and the coupling parameter y. As a result, the flux of dark
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matter particles escaping the supernova is highly sensitive to these two parameters.
In addition, the energy of the escaping dark matter particles is set by the radius at
which the dark matter thermally decouples from the SM bath. The key interaction
that keeps the dark matter in thermal equilibrium is the dark matter-electron scattering.
Consequently, the energy of dark matter particles depends on the values of m, and y as
well. We follow the analysis of Ref. [495], and utilize their semi-analytic profile for the
protoneutron star to calculate the flux and the energy spectrum of the escaping BDM

particles.

6.1.2 BDM flux from a single core-collapse supernova event

The BDM flux from a single core-collapse supernova event, i.e., a point-like source,
can be estimated by the formalism discussed in the previous section. First of all, the

spatial supernova distribution is simply given by a Dirac delta function,

dNsN e = 0O (F — Fe) d°r. (6.8)

where 7%, is the location of the source supernova. Taking Nx to be the total number of

dark matter particles escaping the supernova per unit time, the BDM flux at Earth is

47| — Rpl?’

(6.9)

X,Src —

and the differential BDM flux at Earth,
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(6.10)

Note that, not surprisingly, the flux depends only on the distance between Earth
and the source supernova of interest. Since we consider Betelgeuse as an illustrative

example for this scenario, as mentioned earlier, we have |7y, — Rg|? = (197 pc)?.

6.2 Detection of Boosted Dark Matter at Neutrino Detectors

We are now in the position to discuss how the supernova-induced BDM can be detected
in our benchmark large-volume neutrino detectors. We begin by outlining the key
features of the detectors that are relevant for estimating signal sensitivity. This is
followed by a discussion of the direct detection mechanism and the expected rate of

signal events, based on the model described in the previous section.

6.2.1 Benchmark neutrino detectors

As discussed in the previous section, BDM produced by supernova bursts can be as
energetic as the sub-GeV scale, imparting tens of MeV to GeV-scale recoil energies
to target particles in a detector. Many large-volume neutrino detectors operate within
this ideal energy range to register BDM-induced scattering events. Additionally, their
extensive operational lifetimes and high-duty cycles maximize exposure, providing an
advantageous route for rare event detection.

Various large-volume neutrino experiments are currently operational or planned
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for the near future. In this study, we select three benchmark experiments with target
volumes ranging from sub-kiloton to sub-megaton scales: DUNE, HK, and JUNO. For
reference in subsequent sections, we outline some of the key detector specifications for

these benchmark experiments.

DUNE [477, 478, 479, 480, 481]: The far detector of the Deep Underground
Neutrino Experiment (DUNE) was originally planned to comprise four Liquid Argon
Time Projection Chamber (LArTPC) modules and will be situated approximately 1,500
meters underground (=~ 4, 300 meters water equivalent) at the Sanford Underground
Research Facility in South Dakota, USA. At this depth, the expected cosmic-ray rate is
~ 0.6 m~2hr~!. The first two far-detector modules, both LArTPC-based, are expected
to be operational by late 2029, while the remaining two modules, including one LArTPC-
based and another designated as a module of opportunity [502], are scheduled to begin
scientific operations in early 2031. Each module will contain a total liquid argon (LAr)
mass of about 17.5 kilotons (or 17.5 kt LAr-equivalent), with a fiducial mass of at least
10 kilotons (or 10 kt LAr-equivalent). These detectors are designed to provide excellent
angular resolution, strong particle identification capabilities, and a relatively low energy
threshold. For this study, we assume that all four modules are LArTPC-based, as any
variation does not significantly affect our conclusions, provided the total detector mass

remains at 4 x 17.5 kt LAr-equivalent.

Hyper-Kamiokande [482, 483, 484]: HK is a next-generation underground wa-
ter Cherenkov experiment, building on the highly successful operation of Super-

Kamiokande. The T2HK/T2HKK long-baseline neutrino experiment will use HK
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as its far detector for the upgraded J-PARC beam. The experiment will consist of
two detectors, each featuring a cylindrical water tank, surrounded by about 40,000
photomultiplier tubes (PMTs). Each tank is 60 meters tall (with a fiducial height of
51.8 meters) and 74 meters in diameter (67.8 meters fiducial). They hold a total of 258
kilotons of water, of which 187 kilotons are the fiducial volume. The first detector will
be located at the Tochibora mine, near the current Super-Kamiokande site in Japan, at
a depth of 650 meters ~ 1, 750 meters water equivalent), where the expected cosmic-
ray rate is ~ 27 m~2hr~'. The second detector is currently under consideration for
construction beneath Mt. Bisul or Mt. Bohyun in Korea, with an overburden of about
1,000 meters (=~ 2,700 meters water equivalent), resulting in a reduced cosmic-ray
rate of ~ 5.7 m~2hr ™. The first detector in Japan is expected to begin operations in
2027. For electron detection, HK will achieve a relatively low energy threshold of
~ 5 MeV, although a significantly higher energy threshold is required to attain good

angular resolution. For this study, we consider the first detector only.

JUNO [471, 472, 473]: The Jiangmen Underground Neutrino Observatory (JUNO)
in Kaiping, Jiangmen, China is an advanced neutrino experiment utilizing liquid scintil-
lator and is expected to begin operations in 2025. The JUNO central detector consists of
a 35.4-meter-diameter acrylic sphere filled with 20 kilotons of linear alkylbenzene-based
liquid scintillator, making it the largest liquid scintillator detector ever constructed. This
sphere is surrounded by approximately 17,600 20-inch PMTs and 25,600 3-inch PMTs,
providing an unprecedented light collection efficiency, an energy threshold as low as

0.1 MeV, and an excellent %-level energy resolution. The detector is located 700 meters
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underground (approximately 1,800 meters water equivalent) to reduce cosmic-ray back-
grounds. JUNO’s primary physics goals include precision measurements of neutrino
oscillation parameters, supernova neutrino detection, and searches for new physics. The
experiment is expected to achieve a low energy threshold, making it highly sensitive to
a wide range of astrophysical and exotic neutrino sources. For this study, we assume
JUNO’s full fiducial mass of 20 kilotons and its nominal detector performance, as any
small variations in operational parameters are not expected to significantly impact our
conclusions.

As briefly discussed earlier, while direct detection experiments are sensitive to
nuclear recoils, the above benchmark neutrino experiments can search for supernova-
induced BDM signals through electron scattering, benefiting from their large target
volumes and low thresholds for electron recoils. This provides complementary informa-
tion in the broader search for supernova-induced BDM. The number of target electrons
(henceforth denoted by Np) varies across neutrino experiments based on their distinct
designs. The massive HK detector has the largest count, with approximately 6.27 x 103*
electrons. DUNE follows with a significant, yet smaller, total of about 1.084 x 1034
electrons. JUNO has a comparatively lower count of roughly 6.95 x 1033 electrons,
reflecting how the target scale is optimized for specific scientific objectives. DUNE’s
minimum detectable energy threshold for supernova-induced neutrinos is expected to
be around 5 MeV, set by practical considerations of spallation backgrounds [503, 504].
HK adopts a similar threshold of approximately 5 MeV for supernova-induced neutrino
detection to suppress backgrounds [505], although lower thresholds (3.5 — 4.5 MeV) are

considered for solar neutrino measurements. JUNO, optimized for reactor antineutrinos,
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Experiment Material N7 (Electrons) Energy Thresholds

~

HK Water (H,0) 6.27 x 103 5MeV (supernova) [505];
3.5-4.5 MeV (solar)

~ 5MeV (supernova)

. . 34
DUNE Liquid Argon (Ar) 1.084 % 10 (503, 504]
~ 0.1 MeV (reactor);
JUNO Liquid Scintillator (CoHy2) 6.95 x 1033 ~ 2MeV (solar) [506,
507]

Table 6.1: The number of target electrons Nt and energy thresholds for our
benchmark neutrino experiments. Thresholds vary depending on the neutrino
sources and background suppression capabilities.

operates with a threshold near 0.1 MeV [506, 507], and aims for a higher threshold of
about 2 MeV for solar neutrinos, depending on the level of radioactive contaminants.
These numbers are summarized in Table 6.1. Based on these considerations, we adopt
a threshold of 5 MeV for DUNE and HK, and 0.1 MeV for JUNO to assess their
maximum detection potentials. More conservative thresholds are also explored later in

our analysis.

6.2.2 Scattering between BDM and electron

Given the interaction Lagrangian in Eq. (6.1), an incoming BDM particle can manifest
itself as an electron recoil via a t-channel exchange of the dark photon V. A detailed
computation of the differential cross section is presented in Appendix D. Here, we
summarize the key equations relevant for the discussion. The matrix element describing

the scattering process ye~ — e~ is written as

I ot () (), @11
Vv

iM =
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where t is the Mandelstam variable defined as ¢ = (p — p/)%. The initial and final

momenta of BDM particles and electrons in the laboratory frame are given by

E, m, B By
pu = s k= ) p/,u = 5 KM = ) (612)
P 0 v K

where I, represents the energy of the incoming dark-matter particle, while £, . denotes
the energy of the recoiled electron. The squared amplitude of BDM and electrons can

be written in spin-averaged form

8222
|M|2: €€ gpnie %

(2me{me — E,..} —m3)?

[me{Ef< + (me + E, — E,..)*}

+ (mZ +m2)(me — E.)]. (6.13)

The differential cross section in the laboratory frame can be expressed as [499, 500]

do Me —

_ 2
dE.. 8mA(s,m?,m?2) M

X

i gy )
(s, m2, mi)(2me[me — E..] —m)?

[me { B} + (me + Ex — Epo)*} + (mg +m3)(me — Ero)l, (6.14)

where A(z,y, 2) = (x —y — 2)* — 4yz and s = m? + 2E,m, + m}. The kinematically

allowed values of the electron recoil energy are determined by energy-momentum
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conservation. The maximum (minimum) allowed recoil energy E. (E.) is [401]

(s +m? — mi)(EX +me) 1/ A(s,mZ, m2) py
E* (6.15)

€ 25 ’

where p, is the momentum of the BDM particle, given by p, = /E2 —m2.

In summary, the outlined framework offers a consistent and comprehensive descrip-
tion of elastic BDM scattering off electrons. The underlying interaction is governed
by a Lagrangian in which the dark-matter particle couples to a dark-sector mediator
that kinetically mixes with the Standard Model photon. The scattering kinematics are
fully specified by the Mandelstam variable s, the Kéllén function A, and the explicit
expression for the additional kinematic factor KC(E,, me, m,, E,), which encapsulates
the energy and mass dependence of the process. Importantly, the formulation retains
the full momentum-transfer dependence of the mediator propagator, ensuring precise
modeling of the recoil spectra. This level of detail is essential for making reliable

predictions in the context of BDM detection at electron-sensitive experiments.

6.2.3 Background considerations

Since our benchmark detectors are, or will be, located deep underground, one expects
that the background contamination from cosmic rays (primarily from cosmic muons)
would be insignificant. Nevertheless, the annual flux is not negligible, necessitating a
more careful estimate.

The total muon fluxes expected at DUNE, HK, and JUNO detector locations are

approximately 4 x 107> m~2sr~!s71, 4 x 107 m~2sr~!s71, and 2 x 1073 m~2sr 1571,
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respectively [508]. Based on these flux values, we estimate that about 107 muons,
4.7 x 10® muons, and 2.5 x 10® muons pass annually through the DUNE-40kt, HK-
187kt, and JUNO-20kt detector volumes, respectively. The outer detector of HK is
used to detect the background cosmic muons and prevent them from affecting the
data. The tagging efficiency—and therefore the muon rejection efficiency—is expected
to exceed 99.9% [482, 483]. JUNO'’s central detector is immersed in a water pool
equipped with a Cherenkov detection system, which is expected to identify cosmic
muons with an efficiency of 99.8% [507]. In addition, the top tracker module provides
further cosmic muon rejection capability [507]. In contrast, the DUNE far detectors do
not include dedicated muon tagger modules. However, the photon detection system,
combined with the excellent tracking capabilities of the LArTPC, enables muon tagging
with an efficiency approaching 100%. In order for a muon to mimic a signal event,
it must evade detection at the muon tagger modules or the active volume, sneak into
the detector fiducial volume, and radiatively emit a photon that subsequently converts
into an e~ e™ pair [405, 413]. However, such emission becomes significant only above
100 GeV [509], where the related muon flux is highly suppressed underground and the
resulting electron energy deposits are much larger than those typically expected from
supernova-induced BDM. Based on all these considerations, the cosmic-muon-initiated
backgrounds are expected to be insignificant or even negligible.

The primary irreducible background arises from atmospheric neutrinos. Quasi-
elastic scattering of electron-flavor neutrinos, where the outgoing nucleons escape
detection, can potentially mimic the signal events. The neutral-current contributions are

typically subdominant, generally measured to be about 10 — 50% of the corresponding
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charged-current contributions, depending on the interaction channel, neutrino energy,
and target material [510]. Therefore, we will focus on the v, /7, charged-current events
for illustrative background estimates.

To estimate the event rate, we combine the differential atmospheric v, /7, flux at the
SK site, as calculated in Ref. [S11], with the neutrino scattering cross sections from
Ref. [510]. Using these inputs, the number of events for the relevant channels can
be calculated as a function of the incident neutrino energy, as reported in Ref. [413].
Since our benchmark detector sites are located at similar latitudes and depths as the SK
site, this serves as a reasonable approximation. Based on the data in Ref. [413], we
estimate that approximately 37 events are expected per kt-yr, ignoring energy thresholds.
However, typical supernova-induced BDM is not energetic enough to deposit more than
50 — 100 MeV, depending on the mass of BDM. Figure 6.1 shows the kinematically
allowed maximum recoil energy as a function of BDM mass. To determine this
value, we identify the most probable BDM energy for each mass and substitute it into
Eq. (6.15). The maximum recoil energy remains below 50 MeV across the BDM mass
range, as expected just before. Notably, it decreases with increasing BDM mass due to
the relatively low decoupling temperature of around 30 MeV in the proto-neutron star,
which limits the boost of heavier BDM particles. Additionally, heavier BDM species
are produced less abundantly, further reducing detection prospects. These observations
suggest that an upper energy cut will further reduce the background events induced by
atmospheric neutrinos. For example, less than 5% of quasi-elastic scattering events are
produced from v, /7, neutrinos that have energies below 100 MeV.

When it comes to the BDM signals from a single supernova burst, signal isolation

159



50F — T =30MeV
— T =15MeV
40t
% 30t
=3
+<1)
w
20}
10
1+
5 10 20 50 100 200 300

Mpm (MeV)

Figure 6.1: Maximum electron recoil energy corresponding to the
most probable BDM energy for each mass, shown as a function
of the BDM mass for two different temperatures at the time of
thermal decoupling.
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can be enhanced by utilizing timing and directionality information to further distinguish
signal events from potential backgrounds. As we will discuss in Section 6.3.1, following
a nearby supernova explosion, neutrinos and photons arrive at the detector first,! with
BDM signals arriving later due to the finite mass of the BDM particles. Since photon
and neutrino signals can be used to locate the supernova, the source direction of the
BDM can be reconstructed by tracking recoil electrons with high angular resolution.
For example, DUNE achieves an angular resolution of ~ 1° [477, 478, 479, 480, 481],
while SK achieves between 25° and 3° for electrons in the 10 — 100 MeV range [457,
458, 459, 460]. HK is expected to improve upon SK’s performance with enhanced
angular resolution. On the other hand, the JUNO detector uses a liquid scintillator
that has a limited capacity to trace the path of recoil electrons. However, a recent
study based on various machine learning techniques has demonstrated the potential of
reconstructing electron recoil tracks with an angular resolution of ~ 20° — 30° [512],
although this performance was shown for GeV-scale v.-induced electron recoils.

All the considerations above clearly indicate that more precise background estimates
will require dedicated studies that incorporate detailed detector response modeling,
which lies beyond the scope of this work. Additionally, subdominant backgrounds
not discussed above may become considerable or even significant in certain parameter
regions, while evolving detector capabilities may help address these challenges. Rather
than proposing detailed signal detection strategies optimized for various scenarios and
experimental environments, in our sensitivity study, we present contours corresponding

to 2.3 [i.e., the number of signal events corresponding to a 90% confidence level

'Though photons reach Earth slightly later due to their electromagnetic interaction nature.
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(C.L.), assuming negligible background], 10, and 100 signal events. We anticipate that
these illustrate the detection potential of supernova-induced BDM signals at varying
strengths, while leaving detailed detector response studies—particularly those related to

directionality—to the experimental collaborations.

6.3 Results

In this section, we discuss the expected event rates of supernova-induced BDM at our
benchmark neutrino detectors. For the dark-matter model under consideration, a BDM
particle reaching a detector can interact with either electrons or nuclei/nucleons in the
detector material. If BDM interacts with the nucleus, it can manifest itself as a nuclear
recoil, which existing WIMP detectors are well-equipped to observe [495]. However,
as discussed in the introductory section, in large-volume neutrino detectors, typical
supernova-induced BDM is not energetic enough to surpass the threshold for nucleon
recoils but can produce observable electron recoils above the MeV scale. For a neutrino
detector, the total expected number of BDM events during the observation time 74y, 1S

given by

E [e%s)
max do dd
Nge = N T s dFE, . dF —X, 6.16

g b /Em ’ / dE,. dE (6.16)

mx
where [V, is the total number of target electrons within the detector fiducial volume,
do /dE, . is the differential BDM-electron cross section described in Section 6.2.2, and

d®, /dE is the differential flux of BDM particles discussed in Section 6.1. The relevant
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Figure 6.2: The event rate of BDM particles from Betelgeuse
per unit time per target electron. The solid lines correspond to
y = 10718, while the dashed lines correspond to y = 1072, The
detector threshold is considered to be 30 MeV in our estimation.
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Figure 6.3: The 90% C.L. sensitivity regions for DUNE (in red), JUNO (in
green), and HK (in purple) for a 10-year observation period. Left: The detector
threshold for electron recoil is set to 5 MeV for DUNE and HK [503, 504, 505],
while for JUNO, it is set at 0.1 MeV [506, 507] as mentioned in Table 6.1.
Right: The threshold for electron recoil is set to 30 MeV for DUNE and HK,
and to 15 MeV for JUNO. The region bounded by the dashed curve is excluded
by the cooling argument. The dark-matter mass below 5 MeV is excluded by
BBN [513].

electron recoil energy range is determined by Fy;, and oy

FEnin = max[Ey, B, (6.17)

Emax = E+7 (618)

e

where EZ is defined in Eq. (6.15), and Ey;, denote the detector’s energy threshold.

In the following subsection, we present our sensitivity estimates obtained for the
diffuse galactic flux, originating from the combined emission of numerous galactic
supernovae, and BDM signals from a nearby isolated supernova, using Betelgeuse as
an example. The sensitivity regions for both scenarios are illustrated in Figures 6.3, 6.4,

and 6.5, respectively.
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Figure 6.4: Event counts for supernova-induced BDM at DUNE, JUNO, and
HK over a 10-year observation period. Left: the detector threshold for electron
recoil is set to 5 MeV for DUNE and HK, while for JUNO, it is set at 0.1 MeV.
Right: The threshold for electron recoil is set to 30 MeV for DUNE and HK,
and 15 MeV for JUNO. The dark-matter mass below 5 MeV is excluded by
BBN [513].

6.3.1 Multi-messenger signals from a single supernova event

A red supergiant located in the Orion constellation, Betelgeuse, is getting close to
the end of its life cycle and is located nearly 642.5 light-years (or 197 parsecs) away
from Earth [514, 515]. Its eventual supernova explosion offers a rare opportunity to
detect BDM from a well-localized, point-like astrophysical source. In this context, both
neutrinos and dark matter particles are expected to be emitted from a compact region,
allowing the resulting BDM flux to be described as in Eq. (6.10).

Supernova-produced BDM particles, due to the (semi-relativistic velocities at which
they are emitted), will arrive at Earth sometime after the photons and neutrinos. If the
supernova is relatively close to Earth, the time difference between the arrival of the
BDM and neutrinos can be quite small. Therefore, a single nearby supernova event

offers an excellent opportunity for multi-messenger studies involving dark matter and
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neutrinos. Letting At represent the time difference of arrival between the photons and

the dark matter particles, we have

Ds D
At =252 =25 (6.19)

Uy C

where Dy is the distance of the source from Earth, v, is the velocity of the BDM
particle, and c is the speed of light. Hereafter, we set the value of c to 1. The velocity
of BDM particles depends on the mass parameter and the energy at which they are

produced. For a dark-matter particle of mass m, and energy E,, its velocity is given by

m
n=l-7 (6.20)
X

At any given time, a dark matter particle of a specific mass arriving at the detector
carries a fixed amount of energy. As a result, the number of observed events per unit

time can be written as

dNg Brmax > do
=N.P,(t dFE; . dE 0(E —E(1)). 6.21
b o [ ar [ apggesE-Bo). 62D

[e.9]

In Figure 6.2, we show the event rate of BDM at neutrino detectors as a function of
time following neutrino detection, considering a range of masses and coupling strengths.
Since the core temperature in a SN is approximately 30 MeV, dark matter particles with
masses below this temperature are produced with significant boosts and arrive soon
after the neutrinos. In contrast, heavier dark matter particles are less boosted and may

take several years to come after the neutrinos. Therefore, unlike the diffuse galactic flux,
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which remains approximately constant over time, the dark matter flux from a nearby
single source, such as Betelgeuse, can vary significantly. Hence, the total number of
events expected for a neutrino detector during the observation period 7 is calculated

by time-integrating the flux.

Tobs
Nug = N, / dt D (1) /
0 E

The corresponding sensitivity at 90% C.L. for a 10-year exposure, assuming negli-

max o0 d
dE, ., / dE dE“ S(E—Ey1).  (6.22)

min

gible background, is shown in Figure 6.3. As anticipated, the sensitivity decreases for
relatively heavier dark matter particles, as they are less boosted and may require longer
than the observation time to reach Earth. As computed in Ref. [495], we also show the
region of the parameter space constrained by cooling; given SN1987A observations,
the light dark matter particles cannot carry energy out of the protoneutron star at a
rate larger than that of neutrinos. In Figure 6.4 we display the contours corresponding
to different background assumptions, i.e., 10 and 100 signal events over a 10-year

exposure.

6.3.2 Diffuse galactic flux of supernova-induced BDM

Dark matter particles produced in a supernova possess a semi-relativistic velocity with
an O(1) spread, causing them to arrive at Earth significantly later than photons and
neutrinos. However, this also means that BDM particles originating from different
supernovae can arrive at Earth concurrently. The resulting flux was quantitatively

analyzed in Section 6.1.1. The flux depends on the dark matter mass m,, and the effective
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Figure 6.5: The 90% C.L. sensitivity regions for DUNE (in red), JUNO (in
green), and HK (in purple) for a 10-year observation period. Left: The detector
threshold for electron recoil is set to 5 MeV for DUNE and HK [503, 504, 505],
while for JUNO, it is set at 0.1 MeV [506, 507] as mentioned in Table 6.1.
Right: The threshold for electron recoil is set to 30 MeV for DUNE and HK,
and to 15 MeV for JUNO. The region bounded by the dashed curve is excluded
by the cooling argument. The dark-matter mass below 5 MeV is excluded by
BBN [513].
coupling y through the dark gauge boson. For large couplings, BDM becomes trapped
within the proto-neutron star [495], causing the flux to be exponentially suppressed.
Conversely, if the coupling is too small, dark-matter production itself is inefficient, also
leading to a suppressed flux.

To generate a detectable signal in a neutrino detector, the BDM must deposit enough
energy to ensure that the electron recoil energy exceeds the detector’s threshold, while
remaining below the maximum energy probed by the instrument. Since most electron
recoils from supernova-induced BDM are expected to lie near the detector’s threshold,
the threshold energy FEi, plays a key role in determining the event rate.

Figure 6.5 presents the estimated 90% C.L. sensitivity to supernova-induced BDM

signals at our benchmark neutrino detectors. Assuming negligible background levels,
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the energy thresholds could be lowered to 5 MeV for DUNE and HK, and to 0.1 MeV for
JUNO, enabling us to estimate the maximum achievable sensitivity at each experiment.
The results for this optimistic scenario are displayed in the left panel. In contrast,
the right panel presents a more conservative sensitivity estimate, based on an energy
threshold of 30 MeV for DUNE and HK, and 15 MeV for JUNO, again assuming a
negligible background. In both cases, we assume a 10-year time exposure. As the
BDM mass increases, both the BDM-electron scattering cross section and the diffuse
galactic flux decrease, resulting in a reduced event rate. Consequently, the sensitivity
of neutrino detectors declines for heavier BDM. For larger values of couplings, the
radius at which the dark matter particle thermally decouples from the SM bath of the
protoneutron star is large. This is because dark matter can scatter with electrons at
lower densities when the interaction cross-section is significant. However, as we move
away from the core, the temperature of the protoneutron star decreases. Consequently,
dark matter particles that have strong couplings to SM particles are produced with lower
boosts. As a result, the neutrino detector with the smallest threshold is most sensitive to
large values of couplings, as seen in Figure 6.5. An increase in the detection volume
can compensate for the higher detector threshold for some masses, as seen for HK in
Figure 6.5. Finally, as previously announced, we present in the Figure 6.6 the contours
corresponding to 10 and 100 signal events for a 10-year exposure, reflecting different

background assumptions.
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for JUNO, it is set at 0.1 MeV.

6.4 Conclusions

We studied fermionic dark matter produced and boosted at supernovae that can be
probed in next-generation neutrino detectors. The BDM of this sort, interacting via
dark gauge bosons (e.g., dark photons), can be produced and accelerated in core-
collapse supernovae. It can give a relatively large flux that might be observable at
Earth. By considering the modeling of diffuse galactic supernovae and nearby sources
like Betelgeuse, we predict event rates at DUNE, HK, and JUNO. Moreover, we
investigated a multi-messenger approach that represents a sensitivity to unexplored

dark-matter parameter space, especially in the MeV to sub-GeV mass range with feeble

couplings.

Supernovae as natural sources for energetic particles can produce BDM efficiently
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via dark gauge boson interactions due to the extreme conditions. We have considered
both diffuse flux as a background from past supernova events and bursts from nearby
events, motivated by the simulation in Ref. [495]. Producing energetic dark matter at
supernovae can be observable in near-future sensitive dark matter and neutrino detectors.
BDM from nearby supernova events could present an excellent detection possibility
due to larger flux and closer distance to Earth.

We have also looked into a possible multi-messenger approach for BDM emission
and its detection prospect at Earth. The time delay between neutrinos and BDM is
related to the dark-matter mass and speed, providing a means to distinguish potential
signals from either diffuse or point-like sources. Correlations with other messengers,
such as gravitational waves, can further enhance the multi-messenger approach.

Furthermore, we have found that a wide range of dark-matter masses and interaction
strengths coupled to the Standard Model can be explored through a dark gauge boson.
We have shown our main sensitivity prospects in Figures 6.5 and 6.4 for diffuse sources
and in Figure 6.3 for a point-like source at the location of Betelgeuse. Using the charac-
teristic features of current and future neutrino detectors, we have obtained projected
sensitivity curves covering a range of dark-matter masses and effective couplings. A
possible supernova event could either produce a BDM signal, potentially leading to the
first non-gravitational detection of dark matter originating from the extreme environ-
ment of a supernova or further improve existing constraints. Depending on the number
of observed events, our sensitivity curves span dark-matter masses from ~ 5 MeV to
~ 100 MeV, with effective coupling values y ranging from ~ 107 to ~ 10722, as

shown in the figures. We have also compared our results with the sensitivity curves for

171



dark-matter direct detection experiments presented in Ref. [495].

The high energy resolution and huge fiducial volume of DUNE, the continuous
operation of JUNO, and the vast size of HK can improve complementary capabilities
for probing BDM originating from various sources, including supernovae. These
experiments can serve as effective tools for dark matter detection, complementing
dedicated dark matter detectors. In the occurrence of the next nearby supernova
(possibly Betelgeuse), its high flux would offer an exciting opportunity to constrain the
dark-matter parameter space and study multi-messenger astrophysics.

In the future, efforts can focus on refining models of dark-matter production from
supernovae by improving simulations of BDM production and emission. Enhancements
in background reduction will also be crucial for increasing the sensitivity of neutrino
detectors to rare events, potentially including BDM signals. In addition to supernovae,
other astrophysical sources such as active galactic nuclei, neutron star mergers, and
cosmic rays can also serve as additional sources of BDM. All in all, neutrino detectors
provide a promising avenue for testing various dark-matter models, particularly those
involving low-mass dark matter and small couplings to Standard Model particles,

making them attractive targets for further study and detection prospects.
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Appendix A

Dynamical Friction in a Gaseous Medium

Dynamical friction (DF) refers to the deceleration experienced by a massive object
moving through a background medium of lighter particles. In a collisional medium, such
as baryons, the motion of the massive object gravitationally perturbs the surrounding
gas, inducing an overdense region known as a wake. The gravitational attraction
between the wake and the moving object exerts a drag force that slows down the object.
Following Ref. [55], we can define the DF force of a perturber of mass M moving

through the baryon fluid as

For = ——TBT(M, A), (A.1)

where v, 1s the relative velocity of the perturber with respect to the rest frame of the
gas, and pp is the mass density of the gas. 7 is the result of integrating the gravitational
force decelerating the wake over the entire wake, and is a function of the Mach number
M = v, /cs with ¢, being the sound speed of the baryons, and the Coulomb logarithm

log A, defined simply as

InA=In (bmax) ) (A.2)

min

This function introduces two regulators that regulate the gravitational force between the

perturber and the gas at small and large impact parameters by,;, and b,,., respectively,
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where the approximation of an isolated, point-like perturber breaks down. The force
of DF will be effective as long as by, is greater than b,,;, and the assumption of a
point-like perturber holds true. While there is some arbitrariness to any choice of these

impact parameters, our results are only logarithmically sensitive to them.
Under the assumption that the density perturbations generated by the perturber
are small, and that the equations of motion can be expanded to linear order, the full

expression for Z(M, A) is

1 1+ M

71 B 17 min

2 n(1 —M) M, M<1l—x

L M_1-M 1 (1+M 2

4xmin - 7 - 4mmin 5 1n< Lmin > ’ 1 ~ Zmin < M < M7

Z(M,A) = Az
1 (M —2pin)? 1, (1+M

— min 71 1 2 1 min
4x111in + 4zmin + 2 n Trnin ) \/m< M < +x s

1 M+1 M-—1

71 1 1 min

QH(M_1>+D< l‘min)’ M>1+a

where i, = (1 + M)/A. Note that in Ref. [55], only the M < 1 and M > 1 limits
were obtained; however, both of these expressions diverge as M — 1, which is slightly
unsatisfactory, although in practice this is usually not a problem since typically A > 1,
and the range of M for which 1 — x,,;;, < M < 1 4 2, is very small. By carefully
carrying out the integration over the wake, one recovers the expressions above, which
are continuous for all M.

In the subsonic limit with M < 1, Z(M,A) ~ M?3/3, and the DF force is
suppressed. In the linear theory approximation, this can be understood from the fact
that the gas density perturbations generated by the perturber are almost spherically

symmetric. However, in the supersonic case, the perturbed density distribution lags
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behind the perturber in the shape of a cone. This asymmetrical distribution of gas around
the perturber generates a significant drag force, peaking at M = 1. When the motion is
supersonic, the force of dynamical friction, and consequently the heating rate, depends
on the Coulomb logarithm; thus, b,,;, and b,,,, must be chosen carefully in Eq. (A.2).
Our choices are detailed in the main body of the paper, but to facilitate the discussion
here, we will restate them. For MACHOs, we set by,,;, to be the Bondi—-Hoyle—Lyttleton

radius, i.e.

GM

2 2
Cs + Urel

(A4)

bmin7 M —

motivated by the fact that gas within this radius get ultimately accretes onto the object,
leading to no net DF momentum transfer [97].

For extended objects, the minimum impact parameter is given by 0.35M%6 times
the characteristic scale of the object, following Ref. [98], which found that this choice
led to good agreement of their simulations with the linear result in the subsonic regime.

For axion minihalos, we set this scale to be the virial radius, i.e.

bunin,a = 0.35M %07, . (A.5)

Note that our choice of by, v 1s appropriate for MACHOs that are smaller than their
Bondi-Hoyle-Lyttleton radius: for other compact objects with some known finite extent,
it would be better to make the same choice as with axion minihalos instead. The

maximum impact parameter is b,,., = MR [96], where R is the Jean’s length given

175



by Ry = Csm ~ c,H~1, with H being the Hubble parameter. b,,,, is roughly
the distance traveled by the perturber within the lifetime of the Universe, and so is an
appropriate estimate of the size of the wake behind the perturber. This choice is also
consistent with what was used in the simulations presented in Refs. [95, 96].

Note that Eq. (A.1), with the definition of Z in Eq. (A.3), was obtained by assuming
that density perturbations caused by the perturber are small, and by expanding the
fluid equations up to linear order in density. However, the solution for the density
perturbations obtained under this assumption is not self-consistent, as the perturbations
exceed 1 near the Mach cone for supersonic perturbers. In fact, the density perturbations
always diverge on the cone itself. Simulations are therefore necessary to understand
if the linear approximation is suitable. Ref. [98] conducted such simulations and
made detailed comparisons between simulation results and the linear approximation.
They found that in the supersonic regime, the DF force only depended on the quantity
n=A/(M?*—1), where A = GM/(cr,), and r, is the size of the perturber (taken
to be a Plummer sphere in their simulations). For n < 2, the DF force in the linear
approximation Fj;, was found to be in good agreement with the force obtained in
the simulation, Fj;,,, while for 2 < 1 < 100, they found that the ratio Fi,,/Fli, was

well-approximated by a power law,

Fim (77)0'45 . (A.6)

F1lin §
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For MACHOs, with r; = by, v, we have A = M? + 1, and

M

m . (A.7)

™M

We therefore only expect the difference between Fi;,, and Fy;, to exceed 50% only when
the Mach number lies between 1 < M < 1.1, corresponding to a very narrow range of
redshifts, which we judge to be an acceptable approximation.

For axion minihalos, we have a distribution of halo masses A/}, as a function of
My, ., with A = GM,,/(c*ryi;). We find numerically that for M, = 10° Mg, the
ratio Fi,/Flin can be between 0.25-1 over a range of redshifts Az/z ~ 1 around
the transition from supersonic to subsonic. Although this is a somewhat large ratio,
we compensate for this approximately by only considering the DF force to be acting
on halos with a mass below 10° M. Furthermore, by overestimating the drag force,
we actually underestimate the heating effect, since such massive halos transition from
supersonic to subsonic earlier, typically toward an epoch where baryons were in stronger
thermal contact with the CMB, leading to less efficient heating.

We expect that a proper simulation of a population of halos that are constantly
decelerating through a baryonic fluid with a time-varying sound speed will produce
significantly different results compared to those reported in Ref. [98]. In addition, the
deceleration of these objects will significantly alter how baryons fall into potential wells
and the formation of the first structures, which again must be simulated. We leave a

proper determination of these effects from simulations to future work.
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Appendix B

Hardening of Binaries by Primordial Black Holes

A general gravitational interaction between a stellar binary system and a perturber
results in the transfer of energy that causes changes in the mutual separation of the
binary components. Generally, binaries fall into two broad categories: hard and soft.
The nature of energy transfer depends on the type of binary under consideration, as
discussed in Section 4.1. On average, soft binaries gain energy from the perturber, and
their final orbits widen, with the system becoming less bound (softening further). On
the other hand, when the binary system is hard with respect to the perturber, it typically
loses energy and becomes more tightly bound. Substantial or repeated softening (for
example, by MACHOSs) can lead to complete disruption of binaries, and thus, the
mere existence of binaries with certain parameters can be used to place constraints on
the population of perturbers. The effects of hardening, on the other hand, are more
challenging to observe, as we now explain.

The degree of hardening experienced by a binary system is characterized by the
hardening rate H, defined by the relation

4 (1) _ Gpon (B.1)

dt \a Oobj

where poyp; is the density of the field of perturbing objects and o,y is their velocity

dispersion. We now derive H for a typical binary system in the presence of light PBHs
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with dispersion opy and average density pppp over the binary’s trajectory through the

Galactic halo. The total energy of the binary is

1 G G
E12 _ _Iuvgrb . mqmmeo _ m1m2’ (B2)
2 r 2a

where i is the reduced mass of the binary system, m; and my are the component
masses, vorp, 18 the relative velocity of the objects in the binary, and opy is the velocity
dispersion of the perturbing PBHs.

Now, let us assume that the binary is hard, i.e., with v3 < w(my, ms) for w the

critical velocity for hardening as defined by Ref. [174]. We also take the components to

1

have equal mass m, = 3

myo. The energy transfer in an encounter with a PBH of mass

mg and velocity equal to opy; 1S given by

ms Gm?

(AE1) = —¢

ms
= — FE B.3
2m. 2a §2mc| 12, (B.3)

where ¢ is an O(1) factor determined from N-body simulations [516]. The value
of ¢ depends upon the initial eccentricity of the binary, the mass ratio of the binary
components, and the impact parameter of the perturber. For the case of an equal-mass
binary with a circular orbit, £ =~ 2. From eq. (B.3), we can determine the rate at which

the binary loses energy over many encounters. Since the number density of PBHs is

nppu = ppu/M3, We have

dEyy . dN B 2 PPBH
dt == <AE12> dt = W&(Gmc) O'DM.

(B.4)
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Here, the encounter rate is given by dN/dt = npgnopuXs, where X3 is the cross
section for three-body encounters. This cross section is estimated using gravitational
focusing and is given by

. 27er123a

Ty = BT (B.5)

Opm

We can rewrite eq. (B.4) in terms of a as

1
G (‘) = Sron g, (B.6)
t \a ODM

so Hy = 2n€ is the hardening rate induced by slow PBHs with velocity dispersion
opm < w. This is not appropriate for a realistic PBH distribution: w ~ 0.6 X v, for
an equal-mass binary, typically well below o). At higher velocities, eq. (B.6) needs to

be modified. Following Ref. [174], we define the velocity-dependent hardening rate as

Hy

) = o (P

(B.7)

As the velocity of the PBH increases, the hardening rate decreases and goes as Hy/v3

for v3 > w. For a Maxwellian velocity distribution, we finally obtain

H:/ dvs Fou (v3) 22X H, (v3), (B.8)
0

U3

where Fpyi(vs) is defined in eq. (4.5).
Equation (B.8) gives the appropriate hardening rate for a binary system in a ho-

mogeneous environment of low-mass PBHs with a velocity dispersion typical of DM.
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However, the hardening rate is dominated by perturbers with v3 not much greater
than w, for which H; is approximately independent of a. In this case, eq. (B.6) gives

da/dt a?, and the semimajor axis thus evolves at a characteristic rate

Ldo

lda|  27€Gppena
a dt

o STSTPPBRY .01 Gyr ! (

0DM

(B.9)

wA0)

where we take fiducial values & = 2, opy = 220km/s, and ppgg = 0.4 GeV /cm?.
This estimate already indicates that hardening due to PBHs is potentially observable
only for the widest binaries.

Furthermore, while these light PBHs harden a given binary, that same binary is
subject to softening due to encounters with ordinary stellar objects when it transits
through the Galactic disk. The change in energy of the binary per unit time due to

multiple encounters with stellar objects is [228]

dE12 m Gchm*p*
=8/ -—logA B.10
dt \/; Ox 08 ( )

where m, is the mass of each stellar object, p, is their average density, and o, is their
velocity dispersion. Here log A = 10g(bmax/bmin) is the Coulomb logarithm, with by,
and by, denoting the minimal and maximal impact parameters, respectively. We fix
bmin = G(me +m,)/(v?), where v, is the relative velocity between stars and the center
of mass of the binary, and we approximate (v?) = (2.10,)? [344]. To ensure eq. (B.10)
is valid, the impact parameter should be much smaller than the binary star separation,

such that the change of velocity of the distant binary component is negligible. Therefore,
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we set byax = a/2, and include a factor of 2 to account for interactions with either of
the binary components.
The softening rate S due to stellar encounters is defined similarly to the hardening

rate:

d (1) _ _Grg (B.11)

dt \a o,
From eq. (B.11), we identify the softening rate as S = 16\/7r_/310g A, with A =
2.2a02 /|G(m. +m,)]. For simplicity, we now assume that all stars have the same mass
as the binary components, m, = m.. To minimize the softening, we also assume that
the trajectory of the binary is such that it is outside of the Galactic disk for much of
its orbit, spending a fractional time x in a star-rich environment. Neglecting the weak
dependence of softening on a, and given some initial separation a, the separation of
a typical binary after a time ¢ will be determined by a combination of softening and

hardening effects:

Gy -t

Goewi gy GPegul (B.12)

a(t) = aal + p— .
*

The impact of hardening by low-mass PBHs is only non-negligible if the hardening term
in eq. (B.12) is at least as large as the softening term. For a binary with a semimajor

axis of 10° AU, we find that in order for the hardening term to exceed the softening
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term, we must have

—1 —1
ODM PPBH z Px Ox
HZ=9 s
~ 900 <220km/s> <O.4GeV/cm3> (O.l) (2.2GeV/cm3> (25km/s) ’

(B.13)

where we take the stellar density from Ref. [517, 518] and the stellar velocity dispersion
from Ref. [519]. However, for the same parameter values, eq. (B.8) implies a much
smaller value of H = 1.1 x 10~°. Therefore, in the Milky Way, softening always
dominates over hardening due to the high velocity dispersion of DM, making hardening

from low-mass PBHs extremely difficult to study.
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Appendix C

Dark Charged Black Holes

In this appendix, we discuss the existence of black holes with dark charge. Several
mechanisms of endowing black holes with long-lived charge content are mentioned
by the authors of [520, 310] - one interesting possibility is to introduce millicharged
fermions in the dark sector [328]. Denoting the mass of the SMBH by M, and its
charge by ()2, one can obtain ()5 /M5 ~ 1 by choosing the charge-to-mass ratio of dark
fermions to be ~ 1 (close to the limit imposed by the weak gravity conjecture). In
this case, one could consider a SMBH-brown dwarf XMRI system (where the brown
dwarf is the uncharged Object A alluded to above) which determines the mass of the
SMBH; concurrently, a SMBH-black hole EMRI system (where the stellar black hole
is the dark-charged Object B) constrains the light mediator mass. We outline the model
below.

Our model will consist of a millicharged dark fermion x with charge ¢, and mass
m,, interacting by the exchange of a vector mediator V,,. The Lagrangian is

1 1
—=V, VH + —mE V,V* + x(iy, D" —my)x - (C.1)

£=-7 2

Here, the covariant derivative is given by D,, = V, +iq, V,,, and we normalize the dark

fine structure constant o’ = 1. For comparison, [311] sets g, = 1. The total charge of
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the SMBH can then be written as

Q2 = Nag, , (C.2)

where N, gives the number of fermions of opposite charge it needs to accrete to become
neutral. We now discuss in turn estimates of the discharge time for a dark charged
black hole, and then how it could acquire dark charge in the first place. These issues all
hinge on the possibility that a charge g, with mass m,, is able to be absorbed by a black
hole with charge () and mass M. A simple (classical) comparison of the associated

gravitational attraction and possible dark repulsion yields the condition

Q My
“Q ~m,M = — ~ —=. (C.3)
X X W 0

In the Standard Model, this condition is badly violated unless ) ~ 0. However, for a
dark sector with

my, ~ my, and @, ~ 107%e (C4)

where e is the charge of the electron and m,, is the mass of a proton, one can obtain
Q~ M.

Assuming that the SMBH is in an environment with density p of oppositely charged
dark fermions moving with velocity v, and that the accretion follows the Bondi rate for

collisionless fluid, [328] estimates the discharge time to be

3 3
v 0.4 GeV/cm 10Mg\ [ m, e
Tdischarge <220km/s> ( P ) ( M2 ) (—mp> (—qx> yr. (CS)
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With the choice of dark sector parameters given in Eq. (C.4), this results in a large
discharge time. Another choice of the mass and charge could be m,, ~ 10~*m,, and
¢, ~ 1072! e, which leaves the discharge time unchanged. If the black hole is located
in an environment where p ~ 0, the discharge time can be even longer. We note that

the above estimate for the discharge time assumes an accretion rate given by

dM,
dt

~ M;Q, , (C.6)

where @), ~ p/v? is the dark fermion phase space density [521]. Moreover, it assumes
that the entire density p is constituted by oppositely charged dark fermions, which is
the most conservative assumption.

The question of how a SMBH can acquire dark charge in the first place is a difficult
one and is tied to the formation mechanism of SMBHs, which is unknown. It may be
easier to answer this question for the case of stellar black holes first. Classic calculations

[522] indicate that the charge of a typical star at birth may be given by

Q ) My
=< ~ X (C.7)
(M birth ax

under the assumption that the black hole is formed by the collapse of dark charged
particles. For the Standard Model, the charge obtained from Eq. (C.7) is minuscule and
is promptly discharged as well. For dark sectors with % ~ 1, however, one can obtain

(Q

M)birth ~ 1, and the discharge time can also be large.

For an SMBH, the situation is less clear. The proliferation of SMBH observations
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with z > 5 raises the question about their origin, which is a mystery (we refer to [523]
for a review). One possibility is the existence of intermediate mass black hole seeds
with My ~ 10°7°M, at z ~ 20, along with a population of stellar black holes. If
these SMBH seeds are formed from the collapse of a dark matter halo, calculations
similar to the one sketched above may apply to their initial charge. The subsequent
accretion history of the seed is expected to follow mean Eddington rates with episodes

of super-Eddington accretion [524, 525, 526, 527]:

My(t) ~ Myeeq x €/ad | (C.8)

where Tgqq = 45 Myr is the Eddington timescale. Accretion under these circumstances
can grow ~ O(10 — 100) M, seeds into black holes with mass ~ 103M, by z = 18
and ~ 103M, by z = 7.

Assuming that the growth of the black hole mass between z ~ 30 to z ~ 7 proceeds
by the accretion of equal numbers of positively and negatively charged dark particles,
the final charge of the SMBH would be equal to the initial charge, while the mass is
enhanced by orders of magnitude. This would yield, for example, (Q/M )gna ~ 1072,
assuming that (Q) /M )piren ~ 1. On the other hand, preferential accretion of one charge

over the other could produce (Q /M )gnar ~ 1.
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Appendix D

Dark Matter—Electron Scattering

In this section, we derive the differential scattering cross-section for a dark matter

particle x scattering elastically from an electron,

x(p) +e(k) = x(p') + e(K). (D.1)

We assume that the interaction is mediated by a vector boson V' exchanged in the ¢
channel, as shown in Fig. D.1. The vector mediator couples to the dark sector with
coupling g;» and to the electromagnetic current through kinetic mixing, with an effective
coupling ee. Throughout this section, we use natural units, i = ¢ = 1. The matrix

element is

1€e ’ ’
== [ﬂ (p’)v“us(p)} [ﬂ (k’)mf(k)} , (D.2)
where my is the mediator mass and

t=(p—-p)? =k —k)? (D.3)
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Figure D.1: Feynman diagram for Dark matter—electron scat-
tering through the ¢-channel exchange of a vector mediator V.

is the Mandelstam variable. The squared matrix element is therefore

MP? = 626%)2 [l )y u()a () u®)] [a(F yu(k)a(k)yu®)] . D4

t—m)?

For unpolarized scattering, we average over the two initial spins of the dark matter

particle and the electron, giving

’ ’

€“e 2 ’ ’
i Z |:’fLs (p/),yHUS(p)QS(p),Yuus (p/)jl |:ar (k‘/)’yuur(k:)ﬂr(k)’yyur

’ /
s,8°,1r,"

(K]

(D.5)
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The spin sums are performed using the completeness relations

Z u =p+m, (D.6)
> v (p)vi(p) =p—m, (D.7)

where p = v#p,. Applying these identities to the dark matter current gives

> @ () e (p)us (p)y (1) = Te [(pf + my)y (P + my)7"] - (D.8)

8,8’

Similarly, for the electron current,

S " (K (R)ar (k)yu” (K) = Te [(F + me)yu(k +me)v] - (D.9)
Thus,
P = LSy [ )y mn?] T [ 4 ma 4 mo]
4(t—m3)?

(D.10)

Using the fact that traces with an odd number of gamma matrices vanish, the dark

matter trace becomes

Tr [(p + m )V (P + ma)y”] = T [Py"py” ] +m? Tr [#4"]. (D.11)

190



The required trace identities are

Tr [y'+"] = 49", (D.12)

Tr [y""7"7] = 4 (9" 9" — 99" + ¢"79"") . (D.13)

Therefore,

Tr [(p + m )V (p+ma )] =4 [p"p" +p"p" — g™ (' -p—m})]. (D.14)

Similarly,

Te [(F + me) v (b + mo)v] = 4 Kk, + Kok, — g (K -k —m?)] . (D.15)

Substituting Egs. (D.14) and (D.15) into Eq. (D.10), we find

e2e’gt v o v
M2 =4 g [P+ P = g (0 p = mY)] [Kky + Kk — g (K -k —m2)] .

(t—mp)

(D.16)

Contracting the Lorentz indices gives

6262 2
MP =8 T2 K)o )+ (0 R)p - k) = (o ) (k- K = m?)

(t —my)
— (K k)@ -p—mi)+20 - p—m})(K -k —m?)|.

(D.17)
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In the laboratory frame, where the initial electron is at rest, the four-momenta are

Here E, and E;( are the initial and final dark matter energies, while £ is the total

energy of the recoiling electron. The electron recoil kinetic energy is

Epe=FE. —m.. (D.19)

The Mandelstam variable ¢ can be written as

t=(p—p) = —k)?
=k?*+k* - 2K -k =2m? - 2m E.

— 2m.Eg.. (D.20)

Four-momentum conservation gives

p+k=p +k. (D.21)

Squaring both sides of Eq. (D.21), we obtain

p-k=p K. (D.22)
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Similarly, rewriting Eq. (D.21) asp — k' = p/ — k gives

p-k'=9p -k (D.23)
In the laboratory frame,
p-k=m.E,, p k= meE;C. (D.24)
Energy conservation implies
E, +m,= E;( + E, E;( =FE, — ERe. (D.25)

We also need the scalar product p - p’. Using p — p’' = k' — k, we find

p2+p/2_2p'p/:kl2+k2_2k/'k,

p-p’—mi:k’-k—mﬁ. (D.26)

Since k' - k = m.E!, this becomes

p-p —m =mEge. (D.27)

Substituting the laboratory-frame identities into Eq. (D.17), the spin-averaged squared
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amplitude can be written as

eQng%Qme
(2me[me — E'l — m%/)

IM> =8 7 [Me {E>2< + (me + By — Ep)*} + (m? + mi)(me — B

(D.28)

Equivalently, in terms of the electron recoil kinetic energy Er.,

2,2 2
€7€"g1oMe

(2mcEgr. + m3)

M2 =38 7 [me {E>2< +(Ey — Ere)’} — (mg + mi)ER’e] ‘

(D.29)
Finally, the differential cross-section in the laboratory frame is
do m
= = 2 D.30
dEre  8mA(s,m?Z,m2) M, (B.30)
where
Ma, b, c) = a* + b* + ¢* — 2ab — 2ac — 2bc (D.31)
is the Kéllén function. Therefore,
do e*e*gfym? 2 2 2 2
= £ me {ES + (Ey — Ege)”} — (mg +m3)ER.| .
dER. (s, mZ,m2) (2meER,e +m%/)2 [ { X X } X ]
(D.32)
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