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Abstract

We study the existence and stability of solutions of the initial-value problem
for the dispersion-managed nonlinear Schrodinger (DMNLS) equation, a model
equation for optical pulses in a dispersion-managed fiber. One interesting fea-
ture of the DMNLS equation is that the nonlinear term involves the non-local

operator T(s) = e *P(5)2%

, where the periodic function D(s) governs the dispers-
ive properties of the fiber. Another interesting feature is that even when the
average dispersion « is equal to zero, the equation is known to have solitary-wave
solutions.

For the Cauchy problem for the DMNLS equation with initial data in H*®
with s > 1, under weak assumptions on the variable dispersion and nonlin-
ear coefficients, we prove local well-posedness for all & € R, and global well-
posedness for a # 0. We also use a Strichartz estimate on 7'(s) to establish
global well-posedness for initial data in L? for all &« € R, and local well-posedness
for data in L? N L™ in the case a = 0.

We also revisit the proofs of existence and stability of solitary waves due
to Zharnitsky et al. in the case @ > 0 and to Kunze in the case a = 0. We
show that their arguments, based on a concentration compactness approach to

a variational characterization of solitary waves, continue to be valid under weak

assumptions on the dispersion and nonlinear coefficients.
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Chapter 1

Introduction

1.1 The dispersion-managed nonlinear Schrodinger equation

An important model equation for pulses in fiber optics is the one-dimensional

nonlinear Schrodinger equation (NLS),

i, + U = |ul?u, (1.1)

which can be derived from Maxwell’s equations under the assumption that the
pulse is a slowly modulated sinusoidal wave [A]. Here u = u(z, 7) is the complex-
valued envelope of the electromagnetic field. z measures distance along the fiber,
and 7 is the time. The role of the NLS equation in describing the dynamics
of such phenomena makes it central to the understanding and design of long-
distance fiber optics communication systems [M]. The NLS equation and its
variants also appear in studies of gravity waves, plasma waves, energy transport
along molecular chains, and many other applications.

In this thesis we study an averaged version of (1.1) which was derived in
[GT] as a model for optical pulses in a dispersion-managed fiber: that is, a fiber
which has been treated to alter its dispersive properties to enhance the stability
of pulses [A]. For the reader’s information we summarize here the assumptions
made in the derivation of this equation; for a more detailed description of these
assumptions and their regimes of physical validity, a good reference is [M].

The propagation of light in a one-dimensional fiber is described by an elec-



tromagnetic field vector E = E(z,t), where z measures distance along the fiber
and t is time. Here we assume that E has small magnitude relative to in-
teratomic electric fields; say |E| = O(e) with e << 1. We also assume that E
is, to leading order, polarized in the x-direction, so that if e, is the unit vector
in the z-direction, then |E(z,t) — eE(z,t)e,| = O(¢?) for some scalar function
Ey(z,t) of order one. Further we assume that E; is a nearly monochromatic

wave propagating in the z direction, with wave number k and frequency w, i.e.,

Ei(z,t) = u(ez, et) e'®*D 4 fi(ez, et) e~ kamwt),

where the derivatives of u with respect to its arguments Z = ez and 7 = €t are
order one. In other words, u is a slowly varying function of z and t¢.

Under the preceding assumptions, a formal argument starting from Max-
well’s equations (see [A]) shows that u satisfies approximately the variable-

coefficient NLS equation

iug + d(2)ur +y(2)ufPu =0, (1.2)

where d(Z) is determined by the optical properties of the fiber, and affects the
dispersion of signals (the spreading of signals due to the fact that components
of different wavelengths travel with different velocities), and v(Z) models the
amplification and decay of signals due to the presence of amplifiers and/or loss
in the fiber.

In the 1990’s it was suggested that signals in optical fibers might propagate
more stably if one constructed the fiber so that segments with large normal
dispersion (in which low frequencies propagate faster than high frequencies) al-

ternate with segments of large anomalous dispersion (in which high frequencies



propagate faster than low frequencies). In the model (1.2), normal dispersion
corresponds to regions where d(Z) is negative, and anomalous dispersion to re-
gions where d(Z) is positive. The idea was that the large absolute values of
the dispersion would suppress undesirable nonlinear effects, but that if it was
arranged that the average value of the dispersion was small (due to cancella-
tion of the negative and positive dispersion with each other), then undesirable
spreading of signals would not occur [Tu|. Experimental studies (see [Z2] for ref-
erences) found that this would indeed be the case. The technique of constructing
fibers with such dispersive properties is known as dispersion management.

At around the same time, Gabitov and Turitsyn in [GT] proposed an in-
teresting model equation for optical waves in a dispersion-managed fiber. To
derive it, one assumes that the dispersion coefficient function d(Z) in (1.2) is
periodic with small period p, where p << 1; and that in absolute value, d(Z2)
is large, of size O(1/u), and has mean value o which is O(1). Thus we assume

that

12 -asta(2),

where A(() is a function of period 1 and mean value zero; i.e.,

/OIA(C) d¢ = 0.

We also assume that v(Z) is non-negative and periodic with period u, which, if
~v(Z) is not constant, corresponds to the assumption that the signal is amplified
by amplifiers spaced g units apart. Let g(¢) be defined by ¢(¢) = v(u(), so that
v(€) is periodic with period 1.

Under the preceding assumptions, one can approximate the solutions of (1.2)



by solutions of the averaged equation
1
iug + aus, + / g(s)T(s) [|T(s)ul*T(s)u] ds = 0. (1.3)
0

(see, e.g., chapter 10 of [A] for a derivation). In fact, in [Z2] it is shown that solu-
tions of (1.3) do approximate those of (1.2) well when p is small (see Theorem
4.1 of [22]).

There does not seem to be a generally accepted name for (1.3) in the literat-
ure. We will refer to it below as the dispersion-managed nonlinear Schrodinger
(DMNLS) equation.

In equation (1.3), the operator T'(s) is defined as follows. Define D(s) for

s € R by
D(s) = /0 A(C)dC. (1.4)

1
Notice that since / A(¢) d¢ = 0, then D(s) is periodic with period 1. For
0
€ [0,1], define T'(s) : L? — L? by

T(s) = e P)% (1.5)

or in other words

T(S)f _ f—leiD(s)wQ}‘f, (16)

where F is the Fourier transform. We describe the properties of T'(s) in more
detail below, but we mention here that clearly T'(s) is an invertible (in fact
unitary) operator on L? with inverse given by T~ (s) = '?()% 5o the operator
T-1(s) in (1.3) is well-defined.

To conform to the usual choice of variables used for NLS and its variants

in the literature, from now on we will replace z by ¢ and 7 by z, so that (1.3)



becomes

iUy + Qg + /01 g(s)T~*(s) []T(s)uFT(s)u] ds = 0. (1.7)

In (1.7), when T'(s) or T~!(s) is applied to a function of two variables z and ¢,
it is understood that ¢ is held fixed and the operators are viewed as acting on
functions of the variable x.

The results in this thesis hold under rather general assumptions on the func-
tions A(s) (which determines 7'(s) through (1.4) and (1.6)) and g(s). We as-

sume, unless otherwise stated, only that A(s) and g(s) are integrable on [0, 1].

1.2 Previous results and statement of main results

Two of the central topics in the theory of nonlinear dispersive equations are
well-posedness of the initial-value problem, and the existence and stability of
important special solutions.

For an initial-value problem to be (globally) well-posed, its solution u(z,t)
should exist for all times ¢, for arbitrary choices of the initial data u(x,0) in
some function class, and the solution should be unique and depend continuously
on the initial data.

When special solutions wu,(x,t) such as solitary waves or bound-state solu-
tions exist, the question arises of how important these solutions are in the
evolution of more general solutions. An important first step in answering this
question is to study the stability of the special solutions. To prove stability, one
tries to show that if the equation is solved with general initial data u(x,0) that
is sufficiently close (in some appropriate function space) to u,(z,0), the initial
data for the special solution, then for all times ¢ the solution wu(z,t) arising
from wu(z,0) stays close to the special solution us(x,t). In particular, to prove

a stability result one generally also needs to prove a well-posedness result, to



guarantee that u(x,t) exists for all time.

For the NLS equation (1.1), global well-posedness of the initial-value problem
in H*® for s > 0 was proved in [T]. Also, (1.1) has important special solutions
known as solitary-wave (or bound-state) solutions, which are solutions of the
form u,(7,2) = €*¢(7), where 6 is a constant and ¢(7) — 0 as |7| — oo. The
stability of these solitary waves is a classical result for which it is a little difficult
to identify a first author. Certainly any proof of stability owes much to the
original proof of stability of solitary waves for the Korteweg-de Vries equation
given by Benjamin [Be] and Bona [B]. For the case of the NLS equation (1.1) it
is probably fair to give much of the credit to Cazenave and Lions for devising a
nice method of proof of stability of solitary-wave solutions (see [C], chapter 8).
More recently, in [MP] it has been proved that solitary-wave solutions of (1.1)
are stable in L.

For the variable-coefficient NLS equation (1.2), global well-posedness in L2
was proved in [ASS], under the assumptions that d(Z) is periodic and piecewise
constant and g(Z) = 1. Global well-posedness in H' is also known (see Remark
3.3 of [ASS]). Of course, solitary waves as defined above could not exist for
the variable-coefficient equation (1.2), but it is an interesting question whether
(1.2) has solutions which somehow resemble solitary waves (see, for example,
[PZ] for results on this topic).

For the DMNLS equation (1.7), it is noted in [Z2] that it is straightforward
to prove global well-posedness in H' in the case a # 0 and local well-posedness
in H' in the case a = 0. Also, [Z2] includes a result on existence of solitary
waves and their stability in H' in the case o > 0. The assumptions used in [Z2]
were that A(s) = D'(s) is piecewise constant on [0, 1] and that g(s) = 1 on [0, 1].
For the case v = 0, Kunze [Z1] used an interesting version of the concentration

compactness method to prove the existence of solitary-wave solutions to (1.7)
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when d(s) is piecewise constant and g(s) = 1. An alternative proof of this
result, under more general assumptions on d(s) and g(s), appears in [HL]. We
note that the question remains open whether solitary-wave solutions to equation
(1.7) exist in the case a < 0, although numerical evidence suggests that they
do not (see [PZ], p. 749).

The main results of this thesis are as follows. They all apply to the DMNLS
equation (1.7).

In Theorem 2.3 below, we include a proof, valid for all & € R, of global well-
posedness of the initial-value problem in H" for all » > 1. As indicated in [Z2],
the proof is a straightforward contraction-mapping argument, but we wanted to
include the details to set the stage for the results which follow. This result only
requires that A(s) be integrable and ¢(s) be bounded and measurable on [0, 1].

In Theorem 2.10, again for all & € R, we prove global well-posedness of the
initial-value problem in L?. The proof makes use of a Strichartz estimate for the
family of operators T'(t) (Theorem 2.7). Here we have to assume more about
A(s), namely that it is piecewise of one sign, and bounded away from zero (see
Assumption D1 below). Our final well-posedness result, Theorem 2.11, is for
the case a = 0, also under the extra assumption on A(s), and states that the
initial-value problem is locally well-posed in L? N L°°.

In Chapter 3, we consider the existence and stability of solitary-wave solu-
tions to (1.7). In Section 3.2 we consider the case when a > 0, and show
in Theorem 3.2 that for every A > 0, (1.7) has a non-empty stable set G of
solitary-wave solutions e'¢(z) satisfying / - ¢»* dr = X. The proof, which
proceeds by showing that G is the solution set to a variational problem, is
essentially the same as that given in [Z2] for the case when A(s) is piecewise
constant and ¢g(s) = 1 on [0, 1]. We were interested in writing out the details so

as to check what are the minimal assumptions on A(s) and g(s) for the proof to

7



work. It turns out that all that is required is for A(s) and g(s) to be integrable
on [0, 1] and for g(s) to be non-negative and not identically equal to zero.

In Section 3.3 we consider the case a = 0, and state an existence and stabil-
ity result for solitary waves in Theorem 3.18. Here we have to add additional
assumptions on A(s) and g(s); namely that A(s) and g(s) are piecewise abso-
lutely continuous. Since the proof only differs in a couple of places from that
given in [K] for the case when A(s) is piecewise constant, we do not give the full
proof, but only indicate how the proof in [K] should be modified in the more
general case.

Finally we would like to mention a couple of open problems associated to
the results in this thesis. It is not yet known whether (1.7) is globally well-
posed in H" for any r > 1. In the case a = 0, it is not known whether (1.7)
is locally well-posed in H" for any r > 0, or whether it is globally well-posed
in L? N L. Also, we would like to know whether a well-posedness result can
be proved for equation (1.7) in mixed spaces L{ L, along the lines of the result

given for equation (1.2) in [ASS].

1.3 Preliminaries

The set of natural numbers {1,2,3,---} and the set of all integers are written
N and Z, respectively. The set of all real numbers is denoted by R.

For any measurable function f on R and any p € [1,00), we define

e = ([ o ),

and LP = L’(R) denotes the space of all f for which || f], is finite. The space



L is defined as the space of all measurable functions f on R such that

[f1[zoe = ess sup,er [f (z)]

is finite.
For any measurable function f(z,t) on R x R and any p € [1,00) and

q € [1,00), we define

q

I 0ig2z = ( [ () reor )’ dt) ,

and LI} = LiLZ(R x R) denotes the space of all f for which || f|| s is finite.

If E is a subset of R then C§° (E) denotes the space of infinitely differentiable
functions with compact support in E. A larger space, the Schwartz space S(R),
is defined to be the set of all C"*° functions on R such that for every nonnegative

integer m and every multi-index «,
sup (14 |z|?)% |Du(x)| < oc. (1.8)
zeR

If f is any function in S(R), the Fourier transform of f is denoted by forF (f)

and is defined by

FPlel = Fw) = [ e f(@) de.

The inverse of the Fourier transform is given for f € S(R) by

FUP =5 [ e f(w) do,



and for all f and g in S(R) one has the formula

F(fg) = F(f)*F(g), (1.9)

where the convolution p * ¢ of two functions p and ¢ is defined by

1

p*Q(W):%

/_J:Op(w —w)q(wy) dwy.

The spare S(R) can be given a topology based on the family of seminorms
defined in (1.8). The bounded linear functionals on S(R) with respect to this
topology are called tempered distributions, and the Fourier transform can be
naturally extended to the space of tempered distributions. For any tempered
distribution f on R whose Fourier transform f is a function, and any s € R,

we define

/]

= ([ 0 Pyl )

and H® = H*(R) denotes the Sobolev space of all f for which || f|

ps 18 finite.
If X is any Banach space with norm || - ||x, and [a,b] C R, we define
C ([a, b]; X) to be the Banach space of all continuous maps v : [a,b] — X with

norm

[ullegaemy = sup [lu(t)]x.
tela,b]

In this thesis we will use C' to stand for several constants, whose value can
vary from line to line.

We recall the following standard results.

Lemma 1.1. There exists C > 0 such that for all f € H', if g =|f| then

gl < Cllf e

10



Proof. See theorem 6.17 in [LL]. O

Theorem 1.2 (Riesz-Thorin Interpolation Theorem). Suppose X and Y are
measurable spaces, 1 < py < p1 <00, 1 < qo < 1 < 00, and suppose L is a
bounded linear operator from LP°(X) to L®(Y") with norm My and from LP'(X)
to L™(Y') with norm M. Then for all 6 € (0,1), L is bounded from LP°(X) to
L% (Y') with norm My such that

My < M3=OMY,

1 1—-60 6 1 1—-6 0
where — = + — and — = + —.
Do Do b1 de q0 q1
Proof. See [LP]. O

Theorem 1.3 (Hardy-Littlewood Inequality). Suppose 5 € (0,1) and p > 1.

Then for all f € L?, the integral

@ = [ W,

—oo |z =yt

s absolutely convergent for almost every x € R. Moreover, there exists C' > 0

such that for all f € LP,

g fllze < ClI S,
1 1
where — = — — 3.
qg P
Proof. See Theorem 2.6 in [LP]. O

Theorem 1.4 (Banach algebra property). If u,v € H"(R") for r > %, then

uwv € H"(R") and

||UU||H1~(Rn) S C||u||H7’(Rn)||/U||HT‘(Rn)’

11



The constant C' depends only on r and n.
Proof. See Theorem 3.4 in [LP]. O

Theorem 1.5 (Minkowski’s Integral Inequality). Let f be a nonnegative func-

tion, and let 1 < p < co. Then

(Lo e dy)pdm); < [T() T sy ar) ay

Proof. See Theorem 2.4 in [LL]. O

=

Note that Minkowski’s integral inequality can be written as

H/_ff Gy < [5G0y

Lp

In fact, this inequality can be generalized by replacing the L” norm with other
Banach function norms, such as the H' norm (see for example [S] for a general

result). We will use such generalized Minkowski’s inequalities freely below.

Theorem 1.6 (Generalized Holder’s Inequality). Let py, ..., pm be such that

Tl
1§pj§oof0r1§j§mandzgzl, and suppose f; € LP7 for1 < j <m.
j=1Pij

Then [ f; = (fifa- - fu) € L', and

j_—
/
—00 -

f[fj

m
dr < TL Il
j=1

Proof. See Theorem 2.3 in [LL] and the remarks following. O

Theorem 1.7 (Plancherel’s Theorem). Let f € L2. Then f € L? and

£z = (1] 2

12



Also, for all g € L2, [72° f(2)§(x) do = [T f(2)g(z) dz.
Proof. See Theorem 1.3 in [LP]. O

Theorem 1.8 (Gagliardo-Nirenberg Inequality). Let g, r be any numbers satis-
: : ; ; du r
Jying1 < q< oo and 1 <r < oo. If u is any function in LY such that 5 € L",

then
dull’

lullz < c\ :

lllze"
LT‘

where

(1) easo)
p r q
for all 6 € [0, 1].

Proof. See Theorem 9.3, page 29, of [F]. ]

Corollary 1.9. Ifu € H', then u € L™, and
[ul[ e < Clul| .
Proof. This follows from the Gagliardo-Nirenberg Inequality if we take p = oo,

r=q=2and § =1/2. O

We next state a few basic lemmas concerning the operators 7'(s) defined in

(1.6).
Lemma 1.10. For every u € L?, T(s)u =T !(s)u.

Proof. 1t is enough to show that the equality holds for v € C§°(R).

13



For such u, we have

1 Ao
T(s)u(z) = 27r/oo e T (s)u(w) dw

1 o

= 27T/oo T (s)u(w) dw

— 1 /+oo —iW Liw2 D(s) 7

= — e e t(w) dw
21 J—co
1 +oo )

— 7/ —zacwe—szD(s)a(w) dow
21 J—co
1

Proof. By Plancherel’s Theorem,

/ +: u(@) T (sefa) do = [ ;OO A(w) T (5)0(w) dw
= [T )P0 w) do
= [T a)e PORw) do
= [T TGu@)i) o,
-/ j T(s)u(z)o(z) dz

14



Lemma 1.12. Let k € R. Then for all f € H*,

1T(s) f e = [1f 1] -
Proof. Observe that

1T = [ (0 + WPHTE @) do

_/ 1+ |w| zw D(s ( )|2 dw
= [T+ ePHF@P d
= || f Iz

We will also use below the operator ¢! : L2 — L? defined by cid3t f flw] =
e~ f(w). The same proof as given in Lemma 1.12 shows that ||e? f|| 7 =

£ ||z, for all f € HF.
Lemma 1.13. Ifu € H" forr > 1, and w(s) := T(s)u, thenw € C([0,1]; H") .

Proof. Since T is unitary, we have
1T (s)ulT(s)ull < [T (s)ullzr = lulz-

We also have

1T (s)u — T(sy)u|% = / (14 [w]?)" ‘ [ew(s)cﬂ@(w) _ giD(s1)w
= [(1+ )

By the assumption on A(s), we have that D(s) is continuous on [0, 1], so

D(s)w? _ eiD(S1)w2 2 |ﬁ(w)\2 dw

lim D) iDeV* ymiformly for s; € [0,1]. Also, since u € H", then
s—S1

= €

15



(1 + |w|?)"|u(w)|? is in L'(R). Therefore, by the Lebesgue Dominated Conver-
gence Theorem, we have
lim ||7'(s)u — T(sy)ul||gr = 0.

S—S1

This proves T'(s)u € C'([0,1]; H") . O

16



Chapter 2

Well-posedness of the initial-value problem

Rewrite the DMNLS equation (1.3) as
iU + Qg + Q(u) =0 (2.1)

where o € R, and we define Q(u) as

Q) = [ o) T IT()aPT(s)ulds 22)

Notice that Q(u) will be well-defined if, for example, |T(s)u|> T'(s)u € C ([0, 1]; H")

for some r € R.

Definition 2.1. Suppose X C H" for some r € R, and suppose uy € X and
M > 0. We say u(z,t) € C(]0, M]; X) is a strong solution of (2.1) with initial

data ug if

(a) for every t € [0, M], if we fix u = u(t) = u(-,t) and define w(s) =

T (s)u|> T(s)u, then w(s) € C([0,1]; H"), so Q(u) is well-defined, and
(b) for all t € [0, M],

. Lt '
u = eztocaguo_‘_i/ eza(t—t ng(u(t’)) dt’.
0

17



2.1 Conserved quantities

Define functionals £ : H' —+ R and P: H' — R by

/+OO/ < [us|® = = g(s) |T(s)u I4) ds dx (2.3)

and

P=[ ZO uf? da. (2.4)

Theorem 2.2. Ifu = u(x,t) € C([0,M]; H") is a strong solution of (2.1)
with r sufficiently large, then E (u(x,t)) and P (u(x,t)) are independent of
€ [0, M].

Proof. Suppose r € R and u = u (z,t) € C([0, M]; H") is a strong solution of

(2.1), so that
iUy + Qg + /01 g(8) T (s)(|T(s)ul*T(s)u)ds = 0. (2.5)

for t € [0, M]. Notice that if » > 1, then it follows from (2.5), Theorem 1.4,
and Lemma 1.13 that u, € C ([0, M]; H~%). So, for r sufficiently large, the
assumption that u = w(x,t) € C([0, M]; H") guarantees that u, u; and their
derivatives with respect to x are smooth enough and tend to zero rapidly enough
as |z| — oo, that the integrations by parts below will be justified. We assume
in advance that r has been so chosen.

To prove that P(u) is independent of ¢, first multiply by @ and integrate

with respect to x over (—o0, ), to get

if ;OO wu duta [ :o Ty drt | :o i { / L ()T () (IT(s) 2T (5)u) ds} dz — 0.
(2.6)
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Taking the conjugate gives

+o00 400 +o0 1
—i/ Ugu d$+a/ Uyl da:—l—/ u/ g(s)T=(s)(|T(s)u|>T(s)u) ds dx = 0,
—00 —00 0

(2.7)
and subtracting equation (2.6) from equation (2.7) gives
+o0 +oo
z/ (Tuy + wpu) dx + a/ (Wyy — Ugpu) do+ A — B, (2.8)
where
+o00 1
A= / 7 / g() T~ (s)(IT(s)ul*T(s)u) ds d
—00 0
and
+00 1
B :/ um/ g($)T=H(s)(|T(s)ul*T(s)u) ds du.
—00 0
Now

A= " (s) / ;OO a7 (s)(|T(s)u2T(s)u) da ds

— /01 g(s) /_+OO uT=(s)(|T(s)u|*T(s)u) dx ds.

[e.9]

From Lemma 1.11 it follows that

A= /01 g(s) /;OO T (s)u|T(s)u|?T(s)u dz ds

/Olg(s) /_:Ow dx ds
[t [

/.

I7°(
1T (s)ul* dz ds.

Similarly,

5= " (s) [T T PTG de ds,

o0
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and from Lemma 1.11 it follows that

B= [ 9s) [ T(u(TEPT ) da ds
_/ / (s)u(|T(s)u|*T(s)u) dx ds

:/0 g(s) /OO IT(s)ul* du ds.

Therefore, A— B = 0. Also, an integration by parts shows that [ ., u—tu,, =
0. So

d +oo +00
%/ u? do :/ (@ + ) dx = 0,

and hence [ |u|? dz is independent of ¢.

To prove F is independent of ¢, write

1
oz|ugg|2 3/ g(s) |T(s)u|4 ds} dx

2

—00

— /+OO {oz (UpTpy + Tgtiyy) — ;/01 g(s) <2T(s)uT(s)ut(T(s)u)

+ (T(s)u)? 2(T(s)u)(T(s)uy)) ds} dz,

+oo
:—a/ umutda:—/ / s)uT—1( ){|T( u\T u}dsd:v—i—cc

where in the last step we have used Lemma 1.11, and c.c. denotes the complex

conjugate of the first two terms on the right-hand side.

Let V = g, + [y 9(s)T7'(s) {IT(s Jul> T(s (s)u} ds. Then

+oo +o0
dE(U):_(/ WV do+ | utvczx).

dt —o00
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But by equation (2.1), u; = iV and u; = —iV. So

+00 o +oo o
db;i“) _ ( / WV d + / _iVV d:zc) —0.

O

Lemma 2.3. Suppose a # 0. Then there exists a function f, : [0, 00) %[0, 00) —
[0,00) such that if a > 0 and b > 0, and uw € H' satisfies P(u) < a and
|E(u)| <0, then

[ullmr < fala,b).

Proof. For u € H' we have

1 +o0 +oo
fully = (50) (P dot [l o)

_1 (ap () + E (u) +;/_Z° /O1 T(s)ul" ds dm)

«

1

1
< ol <|a|a+b+ O/O 1T (s) el 2 | T (s)ull3a ds) ’

where in the last step we used the Gagliardo-Nirenberg Inequality, Theorem 1.7,
with p =4, r = ¢ =2, and § = 1/4. Therefore, by Lemma 1.3,
1

|
1

1
2 3
fully < o (lada 0 € [l ds)

(lafa+b -+ Ca*lullm).

<

Q

This proves there exists M; > 0 and M, > 0, depending only on a, b, and

a, such that

lullzr < M+ M Jull g1

and the conclusion of the Lemma follows easily. m
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2.2 Well-posedness in H'

Here is our well-posedness result for the DMNLS equation (2.1) in Sobolev

spaces H" of order r» > 1.

Theorem 2.4. Suppose o € R and r > 1.

(a) Suppose A(s) and g(s) are integrable on [0,1]. For every ug € H", there

exists a number M > 0, which can be chosen to depend only on ||ugl -,

such that equation (2.1) has a unique strong solution u € C([0, M]; H")
with initial data ug. Moreover, the solution depends continuously on
the initial data; that is, the map ug +— u is continuous from H" to

C((0, M]; HT).
(b) With M as in part (a), E(t) and P(t) are independent of t fort € [0, M].
(c) If a #0 and r =1, then M in part (a) can be taken arbitrarily large.

Proof. Suppose ug € H" is given. If M > 0 and v € C([0, M]; H"), define

¢(v) = exp (itad?)uo + /Ot exp (ia(t —)02) [Q(v)] dt,

where Q(v) is defined in (2.2). Notice that Q(v) is well-defined by Lemma 1.13
and the comment before Definition 2.1.
Let ||| - ||| denote the norm in C([0, M]; H"), so |||v]||| = sup ||v(., )| ur,
te[0,M]

and let E(M,a) be the closed ball of radius a in H", centered at the origin:
E(M;a) ={v e C([0, M| H") : [[|v]]| < a}.

We want to show that for every a > 2||ugl| g, there exists M > 0 such that ¢

defines a contraction map on F(M,a).
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First we have to show that if M is chosen small enough, then ¢ maps E(M, a)
into itself. Suppose v € E(M,a) and a > 2||ug||g-. Then for all ¢ € [0, M], by

Minkowski’s Integral Inequality,
. 2 t . N 92 /
o) || < || exp (zat@x)uOHHr + /0 || exp (za(t —t )8x>Q(U)||HT dt'.
From Lemma 1.12, we then have that
¢ /
()l < lluollmr +/0 Q) ||z dt’.

Now, again by Minkowski’s Integral Inequality, for v = v(¢’) we have

Qe = | [ T T EPTC0) ds

HT

<6 [ 1T TP T(s)0) - s

and hence, by Lemma 1.12,

Q@) < 58 [ IT()oPT(s)olla ds.

From Lemma 1.4 it follows that

1
[l < BC [ NIl IT(s)vla ds,

and hence, by Lemma 1.1,

! 3
QW) ar < BC/O 1T (s)ol, ds.
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By Lemma 1.12,

1
1Q)llar < BC [ 1ol ds = BCo(E) -

Since v € E(M, a), we have

lv(®)]

- < a

for all ¢ € [0, M]. Therefore it follows that

t
[P0 < [luol|zr +/0 (@) dt’ < lluollar + Ca®t. (2.9)

Now choose M such that

Ca*M < a/2. (2.10)

From (2.9) we obtain

()]l < a/2+a/2=a.

This proves that ¢(v) € E(M,a), whenever (2.10) holds and a > 2||ug||gr-
Also for u,v € E(M,a), for all t € [0, M],

o000 6l = | [ ex (iale ~ £)22) Q) ~ Qo)

H’r‘

So, by Minkowski’s inequality,

I6(a) = 60}l < [ Q) — Q) a
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Now, for each t' € [0,¢], letting u = u(t') and v = v(t’), we have

10 = Q) = | [ (o TP T ) - M$T%$W@MW@W)%HT
<ggﬂT ) (T PT) = [TERPTE0) |, [ o) ds.

So, by Lemma 1.12,

Q00 = QWllar <7 sup [IT()ul’T(s)u = [T()ePT ()]

H’

where 7 = fol lg(s)| ds < oo by assumption.
Now for all s € [0, 1],

T (s)ul*T(s)u — T (s)v[*T(s)v]| zr
< NT(s)ul*(T(s)u = T(s)v)
+ (T(s)u — T(s)v)T(s)uT(s)v + (T(s)u — T (s)v)(T(s)v)?|

< T (s)u = T(s)vllar (1T (s)vllzer + IT(s)ulldie + 1T (s)vll e 1T (s)ull )
= llu—=vllar (lliz: + lullZ + ol lulls-)

< 3a® sup [lu—v|g- = 3a?[[Ju - vl|].
t€[0,T]

So for u,v € E(M, a)

Q) - QI = sup Q) = Q)

1
<8 [ 3a®lju— ol ds
0

= 3a”[Ju — vl[].
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It follows that

t
llo(w) = o)l < sup [ 3028l — vl at'
0<t<M J0
= sup 3a’Bt|||lu— |||

0<t<M

= 3a2BCM|||u — v|]].

If we now choose M such that 3a28CM < %, then it follows that

llow) — o)l < 511l — ol

for all u,v in E(M,a), so ¢ is a contraction.
Note that we have shown that if M and a are any positive numbers such

that
a > 2|||uo|||#,

1
M< —— .
202C" (2.11)
1

Me
< 6a23C
all hold, then ¢ : E(M,a) — E(M,a) and

1
l1é(u) = o)l = 5w =]l

for all u,v € F(M,a). In particular, from (2.11) we see that M can be chosen
to depend only on ||ug||g-, and not otherwise on ug.

By the Banach Contraction Mapping Theorem, ¢ has a unique fixed point
u € E(M,a), which is therefore a strong solution of (2.1) in C' ([0, M]; H").

To prove the continuity of the solution with respect to the initial data, first
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fix ug € H", and define a neighborhood A of uy in H" by
A={ug € H" : ||ug — ug||zr < [|uollar} - (2.12)

Observe that we can extend ¢ to a map depending on the initial data ug as a

parameter, by defining ¢ : C ([0, M]; H") x A — C ([0, M]; H") as
052 to ’
qb(U,%) — e(ztaax)%_i_/ e(za(tft )82)Q<U) dt/.
0

Now let

a = 10|z (2.13)

and choose M such that the last two inequalities of (2.11) are satisfied. Then
for all ug € A, we have

uol|r < 2[Juo ||z

and so

a = 2||uol| - (2.14)

Therefore the inequalities (2.11) hold with wug replaced by uyg, for all ug € A. As
noted above after (2.11), it follows that ¢ : E(M,a) x A — E(M,a) and that ¢
is uniformly contractive in the first argument, with constant 1/2, for all ug. It
then follows from the proof of the Banach Contraction Mapping Theorem (see,
for example, Exercise A.4 page 18 in [GD]), that for each uy € A, there is a
unique fixed point u of ¢(+,ug) in E(M,a), and the map uy — u is continuous
from H" to C([0, M]; H"). This then completes the proof of part (a) of the
Theorem.

To prove part (b), first approximate uy in H” norm by a sequence ug, of

functions in H™, for ry large enough that Theorem 2.2 holds with » = 3. Then
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by part (a), for each n there is a strong solution u,, of (2.1) in C([0, M]; H™) with
initial data ug. Then from Theorem 2.2, E(u,(-,t)) = E(ug,) and P(u,(-,t) =
P(ugy,) for t € [0, M]. But as shown in part (a), solutions depend continuously
on the initial data in H" norm, so since ugy, — ug in H", then u, — u in
C([0, M]; H™). Since E and P are continuous maps from H” to R for r > 1,
it follows that E(u(-,t)) = E(ug) and P(u(-,t)) = P(ug) for t € [0, M], thus
proving part (b) of the Theorem.

To prove part (c), suppose a # 0 and let ug € H' be given. Let
M, = sup {M > 0 : there exists a strong solution u of (2.1) in C([0, M]; Hl)} .

We claim that M, = oco. To see this, we suppose to the contrary that M, < oo
and will get a contradiction.

Let B = fo(P(ug),|F(uo)|), where f, is the function defined in Lemma 2.3.
By part (a), there exists a number M; > 0 such that if vy € H' and ||vo|| g1 < B,
then a strong solution v of (2.1) with initial data vy exists in C'([0, M]; H'). Let
t; = My — M /2, and let vo(z) = u(z,t;), where u € C([0,¢]; H') is a strong
solution of (2.1) with initial data ug. By part (b), we have that P(vy) = P(uo)
and F(vg) = E(up), so by Lemma 2.3, ||vg|| g1 < B. Therefore a strong solution
v of (2.1) with initial data vy exists in C([0, My]; H).

But it is easy to see that if we define

u(z,t) for t € [0, ]
w(z,t) =

U(l’,t—tl) for ¢t € [tl,M1+t1],

then w is a strong solution of (2.1) in C([0, M; + t,], H') with initial data wuq.

Since My +t; > M, this contradicts the definition of M. So (¢) is proved. [
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2.3 Well-posedness in L? and in L? N L>®

Next we would like to prove a well-posedness result for equation (2.1) in L?.
For this purpose we need to put extra assumptions on A(s); namely that it is
piecewise of one sign and bounded away from zero. So, for the remainder of

Chapter 2, the following assumption will be in force:

Assumption D1. The function A(s) is integrable on [0, 1]; and there exist Ay > 0
and numbers Sg, Sq, ..., Sp, With 0 = 59 < 51 < S9 < -+ < §,_1 < 8, = 1, such
that for all j € {1,--- ,n}, either A(s) > A, for almost every s € [s;_1, s;], or

A(s) < —Ag for almost every s € [s;_1, s;].

Recall that D(s) = [y A(¢) d¢. So it follows from the above assumption
that, for all j € {1,---,n}, D(s) is absolutely continuous on [s;_1,s;] and
either D'(s) > Ay almost everywhere on [s;_1,s;], or D'(s) < —A; almost

everywhere on [s;_1, S;].

Theorem 2.5 (Strichartz Estimate). Suppose 2 < p < oo and

There exists C > 0 such that for all f € L?,
1€ flligre < Ol -

Proof. See Theorem 4.2 of [LP]. O

Lemma 2.6. For ¢ € S(R) andt € R

e(i0)oe) = 5 [ e =i () ) ay
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Proof. See [LP], page 17. O

In the next theorem we verify that the Strichartz estimate in Theorem 2.5

remains valid if e is replaced by T'(t) = e PWIZ A gimilar result appears in

Lemma 2.5 of [ASS].

Theorem 2.7. Suppose D'(s) = A(s) satisfies Assumption D1. Assume q €
[4,00], and define r € [2,00] by

2 1 1
qg 2 r
Then for all u € L?,
1 1/q
7 @ulasqones = ( [ 170ty de) < Clul, (215)

with C' depending only on q.

Proof. We have

1 1/q
izl )

noos 1/q
(Z [l dt>
C

1T ullzao,).ny =

j=1v%5-1

(7 e a)”

j=1 j—

= CY T ullo(is; 1 50,10);
j=1

where sg,...,s, are the numbers in Assumption D1. By Assumption D1 it is
enough to prove the estimate (2.15) on an arbitrary finite interval [a, b] instead
of [0,1], under the assumption that D(t) is absolutely continuous on [a, b] and

either D'(t) > Ay almost everywhere on [a, b] or D'(t) < —A, almost everywhere
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on [a,b].

From LP duality it follows that

HT<')U“L§((a,b),Lg) =

b ’ ’
= sup {/ (T(t)u, ¢(t))2 dt - ¢ € LY ((a,b), L") and ||| 1t ((ay.0y = 1} ,
(2.16)

1 1 1 1
where — 4+ - =1and — 4+ - =1. Now
¢ q o

/ab (T, 6(0))2 dt = | N, T (06(0) 0 dt
— (u’/b T*(t)p(t) dt>L2 (2.17)
/ T (t)p(t) dt

where T™ (t) is the adjoint of T'(¢). Notice that since T'(¢) is unitary by Lemma

< ullz2

bl

L2

1.12, then we have that T* (t) = T~ (¢).
From (2.16) and (2.17) it follows that to prove the theorem, it is enough to

show that for all ¢ € LY ((a, b), Lp'> ,

dt < Clloll 1o ((a,p),0)- (2.18)

We have
[Tt dr :( ) i / (s )B
:/ / T (t)o(t), T"(s)¢(s)) 2 dt ds (2.19)
:/ ( T*(s)o(s) ds>L2 dt.
Let

0,(1) = / "TOT(5)6(s) ds. (2.20)



Then by using Holder’s Inequality, first in the space variable and then in the

time variable, we obtain

[ (o0 [ 70w as) e [Motoll 100 d

b , 1/q b 1/q
< ([ ot de) ([ 1060 dt) " = 1ol s l0llingan. oo
(2.21)

So to prove (2.18), by (2.19) and (2.21), it is enough to show that

196l 2a(a.).r) < CllOl Lo ((apy,2r)- (2.22)

By Minkowski’s Integral Inequality, for each t € (0,1) we have

a0l = | [ TOT G)ote) s

< [Iror el s
We have
F (LT (5)6(6) = exp (i*(D(0) ~ D(s)) 3(6),

SO

T(t)T*(s)d(s) = exp (=i02(D(t) — D(s)))d(s),

and hence by Lemma 2.6,

. 1 1 oo —ilz —y?
OGNl = 5z [~ o0 (g~ gy ) 409

Taking the supremum over = € R gives

Cllgs)ll ot
|D(t) — D(s)['/>

17T (8)6(5) | < (2.23)
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On the other hand, since T' is unitary, we have

76T (s)p(5) |2 = llP(s)]l - (2.24)

From (2.23), (2.24) and the Riesz-Thorin Interpolation Theorem (Theorem 1.2),

we get

C
|D(t) -

1-(2/7)
“(8)p(s)||r < 2m 11 ()| o )
17T ()00 << D(S”) o (229

for some constant C' independent of ¢. So

b /
106 ()|l < C/a D0 _M]S)(fiyﬁi/mu/r) ds. (2.26)

But from our assumption on D(t), it follows that either
t
D(t) = D(s) = [ A() d¢ = Alt — 5]
or

D)~ Dis) = [ A(Q) ¢ < ~Alt — s,

for all s and ¢ in (a,b), so in any case
|D(t) — D(s)| > Ao|t — s|.

Therefore

C
105 < W g(t), (2.27)

where

_ o)l
90 = | g gam-am %
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Now we consider separately the cases when r > 2 and r = 2.

If r > 2, we define

1 1
ﬁ_§+;a

and we have that 5 € (0,1). Define f(s) for s € R by

[@(s)ll e for s & [a, b],
f(s) =
0 for s ¢ [a, b].

Then ¢(t) is the Hardy-Littlewood fractional integral g(t) = Izf(t), in the

1 1 1 1
notation of Theorem 1.3. From the relation — = 5~ wesee that — = — — 3.
q

q r’ q
Therefore Theorem 1.3 gives

15l < Clfll Lo
and so

9l zatas) = s fllLata) < IaflLaw)

b , 1/q/ (228)
<l = (N6 ds) = Cloll ooy

Together with (2.27), this proves (2.22) when r > 2.

In the remaining case, when r = 2, we have ¢ = oo and ¢’ =1, so

[ ( A
9l L[ —sup/ / o(s)||% ds ;
ol = sup [ AN s = ([ 1ol

0 (2.28) again holds, and as before (2.22) then follows from (2.27).

As remarked above, from (2.22) we then deduce (2.18), and from there we

get (2.15). So the proof of the Theorem is complete. O
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Corollary 2.8. Suppose u € C ([0, M]; L?) for some M > 0. Then for every
t € [0,M], if u = u(-t), and we define v(s) = |T(s)ul*T(s)u, then v €

L2 (]0,1]; L?).

Proof. Let t € [0, M] be given. By Theorem 2.7 with r = 6 and ¢ = 6, we have

that for u = u(.,t),
! 6 6
LT )l ds < C fullys < oo.

Since, for each s € [0, 1], [[v(s)||32 < |T(s)ul|S6, it follows that v € L* ([0, 1]; L?) .

]

The following Lemma is from [K], where it is proved for the case where A(t)

is piecewise constant.

Lemma 2.9. Suppose D'(s) = A(s) satisfies Assumption D1 and g(s) is
bounded on [0, 1].

(a) We have Q(u) € L™ for u € L?, and
1Q(w) = Q(v) |z < C (lfullz2 + [[v]lz2)* [lu = ]| 2, (2.29)

for u,v € L2 In particular, ||Q(u)||r~ < C|lu|3. for u € L.

(b) We have Q(u) € L? for u € L?, and
1Q(w) = Q)22 < C ([fullzz + l[v]lz2)* u — vl 2,

for u,v € L2, In particular, ||Q(u)||zz < C|lul|3s for u € L2
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Proof. We have

1Q(u) — Q(v)] < C/1 T(t) {|T(&)ulT(t)u — | Tt T ()} | dt
_ CZ/& 1

() {[T()uPT () — [T(eWPT ()} dt.

where s, ..., s, are the numbers in Assumption D1. From Lemma 2.6 and the

triangle inequality and using that g(¢) is bounded on [0, 1], we obtain that

1 2
Q) - O% [ S @ (=Tl L

+T@)uT () {T(t)u =Tt o+ T OvPIT (@ )u = T(t)v]||) dt,

<oy [* S ITOUEITOu =Tl

HIT@ull s l| T @)vll sl () u = T(E)v]| s

F T2 T(t)u — T (][ 2) dt.

Applying the Generalized Holder’s Inequality with exponents 2, 6, and 12, or

3, 1212, and 12, we get

3/4

ot - Qe <oy | [ 1p

(IOl sz + 17Ol 1Tl ) 1T @ = v)[[2s),

and so, by using Theorem 2.7, we obtain

3/4
() * dt} (lullZz + loll2) llu = vl 2

Q) - Qi< | [ 1p

¢
Now we claim that our assumption D1 on A(s) implies that D(t) = / A(s) ds
0
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satisfies /l |D(t)|7%3 dt < oo for each i = 1,2,---,n. To see this, no-

Si—1

tice that if D(ty) = 0 for any ¢y € [s;—1, ], then since Assumption D1 im-
plies |D(t) — D(ty)] > Ag|t — to| for all ¢t € [s;_1,s;], we have in particular
that |D(t)|7%/3 < (Ag|t — to|)~?/% for ¢ in a neighborhood of 4, and therefore
|D(t)|7%/% is integrable in a neighborhood of ¢, proving the claim.

It follows then that we have

Q(u) = Q)| < C (Jlullzz + [vl1Z2) llu = vllz2-

This proves part (a) of the Lemma.

To prove part (b), first let us define

Q(u,v,w) = /01 g($)T ™ (s) {T(s)uT (s)vT(s)w} ds.

Then by applying the Generalized Holder’s Inequality, first in the z-variable
with exponents 3, 3, and 3; and then in the s-variable with exponents 6, 6, 6,

and 2; we obtain

1
1Q(u, v, w)||Lz < C/O 1T (s) (T(s)u T(s)v T(s)w) g2 ds
1
—C / 1 (T(s)u T(s)o T(s)w) || 2 ds
0
1
SCAIW@WMJW@MMNTMMMG@
1 1/2
< CIT )l 00 T o 1T ol o ([ 12 do)
< Clluflzzl[vllzefwllz2,
where in the last inequality we have used Theorem 2.7. Taking u = v = w now

gives

Q)22 < Cllullz..
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It follows from what we have just proved that

”Q(U) - CQ(U)HL2 = ||Q(U —U,U, U) - Q(U7U —u, U) + Q(U, v, U — U)HLQ
S ||Q(u —U,U, u)||L2 + ||Q(va - uvu)HL? + ||Q(Ua v, U — U)||L2
<O (flu—=vll 2 llullzz + llu = vll 2 Nullze ollze + llu = ol g2 [v]]72)

< Cllu =l (lull 2 + o]l )"
(2.30)

Thus (b) has been proved. O

Theorem 2.10. Suppose D'(s) = A(s) satisfies Assumption D1 and g(s) is
bounded on [0, 1].

(a) Suppose a € R. For every uy € L?, there exists M > 0 such that the
DMNLS equation (2.1) has a unique strong solution u € C([0, M]; L?) with
matial data ug. Moreover, the solution depends continuously on the initial

data; that is, the map uy — w is continuous from L* to C([0, M]; L?).
(b) With M as in part (a), E(t) and P(t) are independent of t fort € [0, M].
(¢c) The number M in (a) can be taken arbitrarily large.

Proof. As in the proof of Theorem 2.4, define
t
d(v) = exp(iatd?)ug + z/ exp(ia(t —t)0H)[Q(u)] dt’,
0

where () is as defined in (2.2). Notice that since g(s) is bounded, Q(u) is
well-defined by Corollary 2.8 and Hoélder’s inequality.

By Corollary 2.8, if u € C([0, M]; L?) then u satisfies part (a) of Definition
2.1 for » = 0. Therefore to prove that such a u is a strong solution in L?, it is
enough to show that ¢(u) = w, or in other words that ¢ has a fixed point in

C([0, M]; L?) for some M > 0.
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Let
B(M,a) = {v e C([0, M]; L*(R)) : ||[v]|| = Sup [v(®)]|ze < a}.

We want to show that for every a > 2||ug||p2 there exists M > 0 such that ¢

defines a contraction map on E(M, a).
First we have to find M such that ¢ : E(M,a) — E(M,a).

By using Lemma 1.12 and Lemma 2.9(b), we get

. o /
ool < 1Pl + | 10000 av

L2
t : 2 /
< luollzz + [ e ==Q(w) | adt
0
t
= luollzz + [ Q) 2dt
< lugllz2 + CM sup |[lul|7.
0<t<M
< % +CMad®
So
a
llo(wlll < § +CMa*
Choose M such that
Ca’M < a2, (2.31)

then

I[lo()|llm < a/2+a/2 = a.

This proves ¢(u) € E(M,a), whenever (2.31) holds and a > 2||ug|| 2.

Similarly, by using Lemma 2.9(b), we can show for u,v € FE(M,a), for all
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t € [0, M],
llotw) = 6@l = sup Q) ~ Q)22

< sup a2Ct|Hu il
0<t<M
= a20M|||u —||-

Choose M such that a?*C'M < 1, then

Q) — Q]I < ;Il|u—vl||

on E(M,a), so ¢ is a contraction map. So by the Banach contraction mapping
theorem, ¢ has a fixed point u € E(M,a). Thus u is a strong solution of (1.3)
in C([0, M]; L?). This proves existence of a solution in C([0, M]; L?) for some
M > 0, completing the proof of (a).

Part (b) of the theorem now follows from exactly the same considerations as
used to prove part (b) of Theorem 2.4, so we can omit the details here.

The proof of part (c) is even simpler here than in Theorem 2.4, since here
we need only the fact that P(u) is independent of time for solutions of (2.1).

Let
M, = sup {M > 0 : there exists a strong solution u of (2.1) in C([0, M]; L*)} .

We claim that M, = co. To see this, we suppose to the contrary that M, < co
and will get a contradiction.

Let B = ||ug||z2. By part (a), there exists a number M; > 0 such that if
vg € L? and |lvg||gr < B, then a strong solution v of (2.1) with initial data vy
exists in C([0, My]; L?). Let t; = M, — M;/2, and let vo(z) = u(x,t;), where

u € C([0,t1]; L?) is a strong solution of (2.1) with initial data u,. By part
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(b), we have that P(vg) = P(ug), so ||vgl|z2 = ||uo||zz = B. Therefore a strong
solution v of (2.1) with initial data vy exists in C'([0, M;]; H'). But, as explained
in the proof of Theorem 2.4, it follows that there exists a strong solution w of
(2.1) in C([0, My + t,]; L?) with initial data wug, and since M; + t; > M,, this

contradicts the definition of M. So (¢) is proved. O

Theorem 2.11. Suppose o = 0. Let ug € L?> N L>®. There exists M > 0 such
that a unique strong solution of (2.1) with initial data ug exists in C'([0, M]; L*N
L>). Moreover, the solution depends continuously on the initial data; that is,

the map ug — w is continuous from L* N L> to C([0, M]; L* N L>).

Proof. According to Definition 2.1 in the case a = 0, what we are looking for

is a number M > 0 and a function u € C ([0, M]; L?> N L) such that
t
ult) = o + i / Q(u(t')) dt’ (2.32)
0

for all t € [0, M].
For a given M > 0, define ¢(u) for u € C ([0, M]; L* N L>™) by

S(w) = g + i /0 "O(u(t)) dt. (2.33)
Let
E(M,a) = {u e C([0,M]; LN L=) : ||Jull| = Sup [, O)l[2+{lul., 8)|| e < oo}

Suppose ug € L*N L*. We want to show that for every a > 4(||ug|| 2 + ||wol|z)
there exists M > 0 such that ¢ defines a contraction map on E(M,a).
First we have to show ¢ : E(M,a) — E(M,a). For all t € [0, M],
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l6(u) 1~ S|hmnﬂw+—“4t@<u>dﬂ

LOO

<a/d+ M sup ||Q(w)||ps-
0<t<M

By using Lemma 2.9(a), we then get

()|l < afd+M sup [lu(t)]7a
0<t<M

<a/4+ Ma

Now, for fixed t € [0, M],

|wwmswmmﬂMmef

L2

<a/t+ [ Q)

By using Lemma 2.9(b), we get

le(w)llz2 < a/4+ MC|lullz

<a/4+ MCad®.

So
o)||] < a/2 +2MCa,

Choosing M such that
Ca*M < a/4, (2.34)

we get

oIl < a/2+a/2 = a.
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This proves that ¢(u) € E(M,a), whenever (2.34) holds and
a > 4([luol| 12 + ||uoll L)

. Similarly, by using Lemma 2.9(a), for u,v € E(M,a), for all t € [0, M],

nwm—wmmwzwﬁmw—mwua

t

< [ 10w — Q) at

LOO
< BC sup t(|lullzz + ollz2)” llu— vl| 2
0<t<M

< BCM sup (lullze + lloll2)* lu = o]l
0<t<M

< BCMa? sup [fu—v]z2,
0<t<M

By using Lemma 2.9(b), for u,v € E(M,a), for all ¢t € [0, M],

L2

< [ Q@ - Q). ar

< BC sup ¢ (llullze + o] 2)? [l — vz
0<t<M
< BCMa® sup [fu—v]z2,
0<t<M

Now we have

l6(u) =S < sup [l6(u) = 6(0)]lz2 +[[6(w) = ()1~

<2B8CMa* sup |lu—v|z:.
0<t<M
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Choose M such that 2a28CM < %, then

1
l1é(u) = o)l < Slllu =]

on E(T,a), so ¢ is a contraction map. So by the Banach Contraction Mapping
Theorem, ¢ has a fixed point v € E(M,a). Therefore u is a strong solution of

(2.1) in C ([0, M]; L* N L) for some M > 0. O
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Chapter 3

Existence and stability of solitary waves

3.1 Variational approach to solitary waves

Definition 3.1. A solution of (1.3) of the form

u(t, r) = e p(x), (3.1)

where § € R and ¢ € L2, is called a solitary-wave solution.

Substituting (3.1) into (1.3), we see that (3.1) defines a solitary-wave solution

of (1.3) if and only if ¢(z) satisfies the equation

—0¢(z) + ag”(z) + Q(é(z)) = 0. (3.2)

We now observe that (3.2) can be viewed as the Euler-Lagrange equation for

the following variational problem.

For A > 0, define

I,=inf {E(u):ue€ H and P (u)=\}.

The set of minimizers for the problem of minimizing F(1)) subject to P(¢)) =

A is
Gy={pcH :E(¢)=1, and P(¢)=\}. (3.3)
According to the calculus of variations (see, e.g., Theorem 1 on page 243
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of [LU]), if ¢ is any element of G, then ¢ must satisfy the Euler-Lagrange
equation E'(¢)+0P'(¢) = 0, where E'(¢) and P'(¢) are the Frechet derivatives
of E and P at ¢, and 6, the Lagrange multiplier, is a constant.

An elementary computation shows that for ¢ € H' we have E'(¢) = a¢” +
Q(¢) and P'(¢) = 2¢. Therefore the elements of G, (if any exist) give rise
to solitary waves through (3.1), with 6 = 2. Such solitary waves are called

ground-state solitary waves.

3.2 Existence and stability in H' of solitary waves when a > 0
In this section we prove the following result on the existence and stability of
solitary-wave solutions of the DMNLS equation (2.1) in the case when a > 0.

Theorem 3.2. Suppose o > 0. Assume A(s) is an integrable function on [0, 1],
and g(s) is a non-negative integrable function on [0, 1] such that /01 g(s) ds > 0.
Then for every A > 0 there exists a non-empty set Gy C H' such that for
every ¢ € Gy, there exists 0 such that exp(ift)¢(x) is a solitary-wave solution
of (2.1) with /+°° & dr = A,
The set Gy is stable in the following sense: for every e > 0, there exists

8 > 0 such that if ug € H* and ¢ € G and

luo = @l <6, (3.4)

then the solution u (x,t) of (2.1) with u(x,0) = ug (x) satisfies

Jof flu () =9 (@)lm <e (3.5)

for allt > 0.
Theorem 3.2 is proved in [Z1] and [Z2] for the case where ¢g(s) = 1 and A(s)
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is piecewise constant. As we show below, it turns out that essentially the same
proof works with the more general assumptions on g(s) and A(s) stated above.

We will obtain Theorem 3.2 as a corollary of the following theorem about
the behavior of arbitrary minimizing sequences for the variational problem. We

define a minimizing sequence for I, to be any sequence {u,} of functions in H*

satisfying
P (uy) = A, (3.6)
for all n, and
Jim E(u,) = Iy (3.7)

Theorem 3.3. The set G is not empty. Moreover, for every minimizing se-

quence {u,} for Iy, the following are true:

1. there exists a subsequence {un, } of {u,} and a sequence {y;} of real num-

bers and an element g € G such that

lim |, (- +yr) = gllm = 0.
k—o0

lim  inf R lun (. +vy) — gl = 0.

n—=00 geGy,y€

Jlim inf [Jun =gl = 0.

The idea behind the proof of Theorem 3.3 is that, for any given minimizing
sequence {u,}, we can apply the Concentration Compactness Principle to the
sequence of non-negative functions p, defined by p, = |u,|?>. This is done as

follows. First, we define a sequence of nondecreasing functions M,, : [0, 0] —
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[0, A] by

y+r
M, (r) = sup/ pn dx. (3.8)

yeR Jy—r
From Helley’s selection theorem [H], it follows that any uniformly bounded
sequence of nondecreasing functions on [0, 00) must have a subsequence which
converges pointwise to a nondecreasing limit function on [0, 00). Hence {M,,}
has such a subsequence, which converges to a limit function M (7). Define

q= lim M (r), (3.9)

r—00

so that 0 < ¢q < A.
The Concentration Compactness Principle, as given in [L], states that we
can characterize the behavior of the sequence p,, in useful ways based on the

value on gq.

Theorem 3.4. Suppose A > 0, and let {p,} be a sequence of nonnegative func-
+oo
tions in L} satisfyz'ng/ pn(x) dx = X for alln. Let M,, and M be as defined

in (3.8). Then there are three possibilities:

1. (Vanishing): If ¢ = 0, then there exists a subsequence {pn, } of {pn} such

that for every R > 0,

y+R
lim sup/ P, () dz = 0.

k—o0 yeRJy—R

2. (Dichotomy): If ¢ € (0, ), then there exists a subsequence {p,,} of {pn}

such that for every € > 0, there exist a number ko and nonnegative func-
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tions p;. and pi in L', such that for all k > ko,

|on = (ok + 7). <

+o0 1
/ P dz —q

<,

—+00
‘/ Pi dw—(A—Q)‘Se,

py and pi have disjoint support, and

dist(supp py, supp py) — 00

as k — 0.

3. (Compactness): If ¢ = A, then there is a a subsequence {p,, } of {pn} and
a sequence {y} of real numbers such that p,, (- —yx) is tight; i.e, for every

e >0, there is R > 0 large enough such that

R
/ pri (@ —yp) dz = X —€
R

for all k € N.

For a nice exposition of the proof of Theorem 3.4, the reader may consult
Lemma 8.3.8 of [C].

The next steps towards a proof of Theorem 3.2 are to show that, for every
minimizing sequence {u,} of the variational problem, we must have ¢ = A,
so that the “compactness” alternative of Theorem 3.4 holds. We will do this
by showing in the lemmas which follow that the assumptions that ¢ = 0 and

q € (0, ) lead to contradictions.

Lemma 3.5. For all A > 0, one has I, > —oo.

49



Proof. Suppose v € H' and P(u) = A. Then it follows from Lemma 1.3 and
the Gagliardo-Nirenberg Inequality, Theorem 1.7, with p = 4, r = ¢ = 2, and

6 = 1/4, that for every s € [0, 1],

+oo du
[t as= el < oo g 1T
—00 L2
d d
:o‘“ ull, = C |52 232,
dI L2 d'l‘ L2
Therefore we have
dul® 1 1 d
E(u) >« & —f/ Cy(s) 2 a3z gs
dz|,. 2Jo dz | ;» (3.10)
S |90 i _ O |du |
=« dzx|| ;2 2 dx|| ;2
1
where 7:/ g(s) ds. Thus
0
du
E(u) > — ,
w27 <‘ dx L2>
C’}/)\S/2

where f : R — R is the quadratic function defined by f(z) := az? — x.

2
Since the minimum value of f(x) on R is

72 02 )\3

m = — ,
16

it follows that F(u) > m for all u € H' such that P(u) = A. This proves that

Iy >m > —o0.

Lemma 3.6. For each A > 0, we have I, < 0.
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Proof. Tt is enough to show that for given A\ > 0 there exists v € H' such that
P(u) = X and E(u) < 0. We follow the proof on page 62 of [Z1], which needs
only slight modification here to treat the case where g(s) is nonconstant. Start
by defining

u(z) = Agexp (—a?/20y) (3.11)

where Ay and oy are positive real numbers, to be chosen later. Recall that

T'(s)[u](x) is defined for s € [0, 1] as

T(s)u)(z) = p(s,z), (3.12)
where p is the solution of
2
i p2t _g
ds 0 (3.13)
p(0,z) = u(z).

It is straightforward to verify that the solution of (3.13) is given by

p(s,x) = A(s) exp (—332/20(3)) ,

where

o(s) =09 —2iD(s) (3.14)

and

A(s) = Ao /0o (3.15)

Here \/o(s) is taken as the square root of o(s) which has positive real part.

Therefore

T(s)[u](x) = A(s) exp (—x2/2a(s)) :
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Since

P(u) = Ay* /+oo exp (—z°/0) du

—00
= AOQ\/ ooT,

then to get P(u) = A, for a given gy we must choose Ay so that

A= A02\/O'07T.

We also have that

+oo | d 2 A 2 +o0 2
/ o da::—o2 22 exp (x) dx
—00 dx g\ —00 (o)
_ AT
= Nl
_ A
N 20'0.
and
+oo
/ / T (s)[u]|* ds dx
4 —22 \|*
= Aytoy? ( 2 exp (20 (s)) dm) ds
+00 212
= Aoy / 9(s) exp (W) dx ds
o (s)[* /- |0 (s)|
:A04003/2\/>/
]U
/\2\/%/
— |0
Hence

E(“>:(;i>< ) JW)

Now choose ¢ so large that oy > 2D(s) for all s € [0, 1], and
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where v = / ) ds, and v > 0 by assumption. Then

/ > g
\/Uo —|—4D2 \/_2 007
SO

/\003/2 Nog?? v Aoo'/2y

\/%/ \/00 +4D N Y SN

<0,

and hence E(u) < 0. Thus, for this choice of 0y, and with A chosen as in (3.16),

we have that w in (3.11) satisfies both P(u) = A and E(u) < 0. O

Lemma 3.7. Suppose u € C* (R), and for j € Z, define Q; = [j — 1,7+ 1].

Then for all 7,
du
dz

1
[l oo,y < 5 Mullrig,) + :
(Q]) 2 (Qj) Ll(Qj)

Proof. Assume u € C*° (R). Then for all zy € Q); and y € @,

(o) =u(w)+ [0 da, (3.15)
u(zg) = u — dx :
0 Y A
SO
du
[u(zo)| < fuly)l +) = : (3.19)
Tl
Integrate both sides with respect to y over @); to get
j+1 j+1 341 || du
[ oty < [7 ulay+ [Ty (320
It - It 1Ly )
or
du
2 [u(xo)| < ||ull. +2 : (3.21)
dx L1(Q;)
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Hence

1 du
Ul roorn.y = SUp |u(xg)| < = [|u ,+‘ 3.22
Iilioy = 315 1o < 3 sy + 5] - 622
O

Lemma 3.8. There exists C > 0 such that, for allu € H'(R),

+oo 4 y+1 9 9

/ |ul* de < C sup/ lul® dz | [Jul| 7 (3.23)
—00 yeR Jy—1

Proof. First assume u € C§° (R). Applying Lemma 3.7 to u? instead of u, we

get
du?

dx

1
HU2HL°°(Q]') = 5 HUQ LY(Qy) + LY(Q;)

IN

Lo
= 2 2| d
sl + [, 2lullue] do

@
dx

IN

Lo
5”“” 2@, 1 2llullr2g,)
L2(Q;)

du )
L2(Qy)

dx
) . (3.24)
L2(Qy)

4 2 2
J, Tl dr <l e, (3.25)

L2(Qj)>
3/2 2
SC’(/Q.M2 dm) (/Q<|u|2+ du ) dm)

] &

§0<4¢m%m)éxﬁﬁ+ﬁzvcm

1
= [lullz2(g)) (2 el 22, + 2 ‘

Hence
d7u
dx

2
HuHLoo(Qj) <C HUHLQ(QJ’) (HuHLQ(Qg’) + ‘

Since

it follows that

d7u
dx

3
t@WﬁWSCMMWﬁOWW%+‘

J

1/2

J

o4



Now sum over j € Z to get

“+o00
2/ |t dz < C (Sup Jul? d:p) [ (3.26)
—00 Z JQj

Jj€

This proves (3.23) for u € C§°(R). The result for general u in H' follows by
approximating u with a sequence u,, € C§°(R) such that u, — w in H' norm.
Then (3.26) holds for each w,, and we obtain (3.23) by passing to the limit as

n — 00. O

Lemma 3.9. Suppose {u,} is a minimizing sequence. Then there exists B > 0

such that, for alln € N, ||u,||;n < B.

Proof. Since {E (u,)} is a convergent sequence of real numbers, then it is
bounded. Moreover, P(u,) = A for all n. So the conclusion follows immediately

from Lemma 2.3. OJ

Lemma 3.10. Suppose {u,} is a minimizing sequence for I. Then there erists
Co > 0 (independent of n) such that for all sufficiently large n € N, there exists
sn € [0, 1] for which

y+1 9
sup/ IT (sp) un|” dx > Co. (3.27)

yeR Jy—1

Proof. Since {u,} is a minimizing sequence, we have by Lemma 3.6 that

nh—>r20 E(u,) =1, <0, (3.28)
and hence
1 [e%s)
liminf [ g(s) (/ 1T () |* d$> ds=C > 0. (3.29)
n—oo 0 — 00

So, by passing to a subsequence if necessary, we can assume that for every
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sufficiently large n,

1 +o00
[ ats) [ TGl deds > C
0

— 00

and therefore

+o0
0<C <~y sup |T(s)u,|* dr,
s€[0,1] / —o0

1

where as before we define v = / g(s) ds > 0. Hence there must exist s, € [0, 1]
0

such that

+o00 C
/ T(suJunl* do > 5 >0, (3.30)

Since ||ty || 1 is bounded by Lemma 3.9, then || T(s,)uy, || is bounded by

Lemma 1.12. Therefore, from Lemma 3.8 together with (3.30), we obtain that

y+1
sup/ T (s0) un|® dz > C (3.31)
yeR Jy—1
for some Cj which does not depend on n. O

Next we will rule out the possibilities that the sequence p, = |u,|? satisfies
either of the “vanishing” or “dichotomy” alternatives described in the sense of
Theorem 3.4. We follow the argument of [Z2], slightly modified here to take the

variable coefficient A(s) into account. For each n and s € [0, 1], let us define

€n(s) = sup /y+1 1T (s)un(2)|” de.

yeR Jy—1

Lemma 3.11. Suppose {u,} is a sequence that is bounded in H', satisfies the
constraint ||u,||r2z = X for all n, and vanishes in the sense of Theorem 3.4, so

that €,(0) — 0. Then for each s € [0,1], the sequence T'(s)u,, is also vanishing,
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and the following estimate holds:

sup €,(s) < 33 ( ) +/€2(0) + Ce, (0 ) . (3.32)

s€[0,1]

Proof. By definition, T'(s)u, satisfies the linear Schrodinger equation

T(s)uy, (3.33)

for s € R and z € R. Multiplying equation (3.33) by T'(s)u,, subtracting the
resulting equation from the original, and integrating with respect to x from —R

to R, we obtain

j/+R T(s)un|? dw = —2A(s) (S [T(8)un(R)T(8)tnz (R)]
T (3.34)

s T(s)un(—R)T(s)um(—R)]) :

Integrating equation (3.34) with respect to s from 0 to ¢, and recalling that

T(0)u,, = u,, we obtain

[ dr [ e = <2 [ AG)S [T (BT () (R)] ds

+2 "A()S [T un (BT () una(—R)] ds.
(3.35)

Assume now that T'(t)u,(z) has been translated in x so that

£) <2 /_ 11 T (t)un(2)|? de.

This is always possible since we can shift the initial data using translational
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invariance. Using the obvious inequalities

/_ IT(t)u dx</+R 2 gy

and

/;R |un(x)|2 dr < (R+2)€,(0) < 2Re,(0)

for R > 2, we can write

1 +R +R )
ien( — 2Re, (0 ’/ tun(z)|? dz —/ |up ()" dx|. (3.36)
-R

On the other hand using (3.35), we have

‘/+R un ()| do — /;R up (2)* dz| < 2/01 IA(S)] T (8)tn(R)| |T(8)tne(R)| ds

+2 [ 1AG)IT(s)un(~ R T()na(~B)] ds.
(3.37)

Assuming that €,(t) > 8¢,(0) (for otherwise we are done), we can find R,, > 2
such that fe,(t) — 4R,€,(0) = 0.
Combining the inequalities (3.36) and (3.37) gives
1 1
€n(t) = 2Req(0) < 2/ [AS) T (s)un(R) T (s)una (R)] ds
0

+2 [ 1AG T (s un(~ R T (e~ B)] s

Now integrating both sides of the last inequality with respect to R, from R =1
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to R = R,,, we obtain

é2ﬁ$—;%@+fA®§2A”A@MﬁjUWWJMHH$%AM\ﬂhﬁ

1
< 2/0 [AG)HIT(s)unll 2 [|T(8)ttnell 2 ds

1
=2 [ 1A@) uallz2 ltnsll 2 s

(3.38)
1
Since ||ty || g1 is bounded and / |A(s)] ds < oo, this implies
0
3e2(t) 1
Y e (t) < C.
6ic,0) 2 =C
Hence
32
(t)<—( +1/€2(0) + Cen(0))
where C' is independent of n and t. n

Now we can rule out the “vanishing” alternative for minimizing sequences.
Lemma 3.12. If {u,} is a minimizing sequence for I, then q # 0.

Proof. If ¢ = 0, then for some subsequence of w,, which we still denote by wu,,,

we have

y+1 9
lim €,(0) = lim sup lun|” dx = 0. (3.39)
y—1

n—oo n—oo ER

But then Lemma 3.11 implies nh_)rgo €n(sn) = 0, contradicting Lemma 3.10. [

The next lemma is used to describe how minimizing sequences {u,} would
behave in the case when ¢ € (0, A). We follow the proof of inequality (32) in
[Z2].

Lemma 3.13. Suppose {u,} is a minimizing sequence for I\ and suppose q €

(0,X). Then for some subsequence of {u,}, which we continue to denote by
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{u,}, the following is true. For every e > 0, there exist a number N € N and
sequences {vn,Uny1, -} and {wy,wyi1, -} of H' functions such that for

everyn > N,
+oo 9
1. / lun(z)|” dz —q| <€

2 ’/:O\wn(x)\? da:—()\—q)‘ <e
3. E(uy,) > E(v,) + E(w,) —€

Proof. Suppose € > 0 is given. Then by definition of ¢, there exists ry such that
if r > 1o, then ¢ — e < M(r) < q. Therefore, after passing to a subsequence of
{M,} if necessary, we can say that there exist numbers ny € N and r; > ry and

r9 > 1o such that 7o —ry > 6/€ and, for all n > ny,
q—€< M,(r1) < M,(r:) < q+e.
It follows that for every n > ng, there exists y, such that

Yn+T1 9 Yn+7T2 9
q—e< / |un|® do < / |un|® de < g+ e. (3.40)
y

n—T1 Yn—T2

Now introduce smooth cut-off functions p and 6, defined on R) with values
in [0,1], such that |p,| < € and |6,| < € for all z € R; p(x) = 1 for |z| < ry;
p(x) =0for x| > r1+2/€; 6(x) =1 for |x| > re; and O(z) = 0 for |z| < ry—2/e.
Define v, (x) := p(y, — x)u,(x) and w,(z) := 0(y, — x)u,(x). Then it follows
easily from (3.40) that statements 1 and 2 of the Lemma hold, and it remains
only to prove statement 3.

Now we can write

un:vn+wn+hn7
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where ||h,||7: < €. Then we have

+oo 1 1
E(un) = / /0 (a|vnx + Wny + hnx|2 - §|T<S)('Un +w, + hn)|4> ds d{E,
(3.41)

which can be rewritten as

400
Bun) = B(vn) + E(wn) + 20R [ (0 0+ Tz e + o )

—+o00 +oo 1 1

+ a/ e |2 iz — §R/ / (21T (0 + wa) P Thaf? + 5| Th|"
—00 —oco Y0

+ 2|T (v, + w) PT (v + wp)Thy + (T(v, + w,))*(Thy,)?

+ 2T (v, + W) | Th|*Thy, + 2| Tv, 2| Tw,|? + 2|Tv, [*Tv, Tw,

+(Tv,)*(Twy)? + 2|Tw,|*Tv,Tw, ) ds dz,
(3.42)

where we have used T' as an abbreviation for 7T'(s).

To prove statement 3, it is enough to show that each of the integrals on the
right-hand side of (3.42) can be bounded below by terms which go to zero with
€, uniformly in n.

First, notice that

—+oco
/ Upw Wne dx =0,
—o

since v,, and w,, have disjoint supports.

To estimate the second term in the integral on the first line of (3.42), write

= (ptn) s (Un — pUn)e = (Pl + Pling) (—patin + (1 — p)ting),
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where we have used p as an abbreviation for p(y, — x). Then we have

—+00 “+oo +oo
2a§R/ Unghne dz = —2a/ p2|un)? dr + 204/ p(1 = p)|tn,|* dx
+00 +oo
— 2a§R/ PP Unzlly dx + 204?)?/ (1 = p)palintin, dx

> 2« (”pm”%WHUnH%? + ”pm”L"o||un||L2||unx||L2)

> —C,
(3.44)

since ||p;||z~ < € and u,, is bounded in H! by Lemma 3.9.

A similar argument proves the desired estimate for the third term in the
integral on the first line of (3.42).

The first term in the second line of (3.42) is non-negative, and so trivially
satisfies the desired estimate.

The second term in the second line of (3.42) can be estimated by writing

+oo 1
/ / 1T (v, + wy) |*|Thy|? ds da
—oo J0

1 +o0o +o00 1/2
< / (/ T (v, + wy,)|* daz/ |Th,|* d:c> ds
0 —00 —00

1 1/2
< C [ (1T w0+ w) 20T @ 4+ w0 [ | Thll 2T ()l [2) 7 s
1
1/2 3/2 1/2 3/2
S A R [ (R W N e

< Cel/t,
(3.45)
Here we have used that ||h,||32 < ¢, and that {w,}, {v,}, and {h,} are bounded
sequences in H', due to the fact that {u,} is bounded in H'.

The remaining terms in the second and third lines of (3.42), along with the

first term in the fourth line of (3.42), are estimated similarly. We have already
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shown in the preceding paragraph that
+oo 1
/ / Thy|* ds dz < O/,
—oo JO

and we have also that

1 +o00
/ / T (v, 4 w) [>T (vy + w,)Thy, dz ds
0 —00

1
<C [T+ w)[Eall Thal e ds

3/4 9/4 1/4 3/4
< Cllon + w34 (0n + w0) o |75 B35 | o | 2

< Ce'V®,

1 +oo
/ / (T(vy, + wy))*Thy, dz ds| < Cell?,
0 —00

and

1 +oo
/ / (T (v, + 1w2))|Tha|Thyy da dt' < OB,
0 —00

To estimate the last four terms on the right-hand side of (3.42), which do not
1
involve h,, we first need to establish the following facts. Let r. = 3 (r1 +1m2).
We claim that
Yn+Te 2
/ IT(s)ws|? dz < Ce (3.46)
Yn—Tc

and

/| | IT(s)vn|? dx < Ce (3.47)
T—Yn|>Tc

for all n > ng.
To prove these estimates, we use the argument of Lemma 3.11. As in equa-

tion (3.35) we obtain, for all r such that r. < r <.+ 1/e, the relation

Yn+T

/y "t waf? de =2 /0 'A(9)S [T T(s)w,. """ ds.

-r
n—T Yn
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Integrating this relation with respect to r over the interval [r.,r. + 1/¢], and

estimating the left-hand side from below and the right-hand side from above,

we obtain
]_ Yn+Te Tc-‘rl/é Yn—T 9
@ de < [ [ @ de ar
€ Yn—Tc Yn+T
re+1/e -
/ / S [Tw, Tw,]" " ds dr| (3.48)
< O [ A6 IT(s)wnlo 1T (el ds < C.

This proves (3.46). The estimate (3.47) for v, is obtained similarly.

Now using (3.46) and (3.47), we can write

1 p+oo 9 9
// |Tv, | | Tw,|” dx ds
0 J—oco
! 2 2 ! 2 2
:/ / Tonl? | Tw,|? da ds+// T |? |Twa|? de ds
0 Jlz—yn|<rc 0 Jlz—yn|>rc
1
< C/ HTUHH%OO/ Tw,|” dx ds
0 ‘mfyn|§7”c
1
+C’/ HTwnH%oo/ |Tv,|* dz ds
0 |z—yn|<re

< Ce(|[Tvallfn + [|Twall7n) = Ce(llvallfn + llwallFn) < Ce,
(3.49)

where we have used Corollary 1.9, applied to Tv,, and Tw,,.

Similar estimates apply to the remaining terms in (3.42). O

Corollary 3.14. Suppose {u,} is a minimizing sequence for I and 0 < q < A.

Then

Iy > 1,4 Iy (3.50)

Proof. First observe that if v is a function such that |P(v) —¢| < €, then

P(pv) = q, where 8 = \/q/P(v) satisfies |f — 1| < Aje with A; independent of
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g and €. Hence

I, < E(Bv) < E(v) + Age, (3.51)

where A, depends only on A; and [|v||;. A similar result holds for functions w
such that

|P(w) — (A—q)| <e. (3.52)

From these observations and Lemma 3.13 it follows easily that there exists a

subsequence {u,, } of {u,} and corresponding functions v,, and w,, such that

for all k,
1
B () 2 1, — 7. (3.53)
1
E(wn) = Do = 7 (3.54)
and
1
S0
1
E(n) = Lot g = 1 (3.56)

The desired result is now obtained by taking the limit as £ — oo of both sides
of the inequality (3.56). O

Lemma 3.15. For all A\; > 0 and Ay > 0, one has

Toaniag) < Iay + Dy (3.57)

Proof. First we claim that for all 6 > 1, and A > 0

Tox < 01 (3.58)
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“+oo
To see this, let ¢, be such that / ¢, = X and E (¢,) — I, and let 1 be

+oo
such that / (nen)? = OX, or n = /0. Then

Ipy = inf{E (u) :u € H' and/ lul> = OX}

< E (n¢n)
=7’ /|¢nz| 7724/+OO/01g 4 ds dx
—77a /’¢na}| 7722/00 /Olg | ds dx
+;(” _")/_ /019(8)!T<) o)t ds da

oot ds da.

= 0F (¢n) + 5 (0" —7") /+OO/

So, taking n — oo, we get, since 7 > 1 and therefore n* — n* < 0, that

Ig)\<9])\+;<’l’] -t hmlnf/ / T (s) dn|* ds d.
Since I, < 0 by Lemma 3.6, then we have
= lim inf / / oul* ds da > 0, (3.59)
and so
Ipy < 0, + ; (n* —n*) B <O, (3.60)

Now suppose, without loss of generality, that \; > As. Then from the claim

just proved, it follows that

= Iy (14aa/an) < (L4 X2/ A1) Iy,

]()\1+/\2)
(A2/A1)(A1/A2) I,

<I +

= I>\1 + [>\27
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SO

[(>\1+>\2) < I + Iy
as desired. O

Now we can rule out the “dichotomy” alternative of Theorem 3.4 for min-

imizing sequences for I).

Corollary 3.16. Suppose {u,} is a minimizing sequence for I,. Then q ¢
(0, \).

Proof. From Corollary 3.14, if ¢ € (0, A), then by taking A\; = ¢ and Ay = A — ¢
we get

Tonsngy < Iny + Iy, (3.61)
which contradicts Lemma 3.15. O

Finally we examine what happens in the only remaining alternative from

Theorem 3.4, the case of “compactness”.

Lemma 3.17. Suppose ¢ = . Then there exists a sequence of real numbers

{y1, Y2, Y3, -+ } such that

1. for every z < X there exists v = r(z) > 0 and an integer N(z) such that
for alln > N(z),
Yn+T 9
/ U, |” dz > z. (3.62)
y

n—"T

2. the sequence {u,} defined by u,(r) = un(x — y,) for v € R has a sub-

sequence which converges in H' norm to a function ¢ € G.

In particular, G is nonempty.
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Proof. Since ¢ = A, then there exists ry such that for all sufficiently large values
of n we have

y+ro 9
M, (ro) = sup / lun|? dz > A/2. (3.63)
yeR Jy—ro

Hence for each sufficiently large n we can find y,, such that
Yn+10 2
/ lunl? do > A/2. (3.64)
Yn—T0

Now let z < X be given; clearly we may assume z > A/2. Again, since ¢ = A

then we can find 7¢(2z) and N(z) such that if n > N(z) then

(@)
/ lun|? dz > 2 (3.65)

yn(2)=70(2)

for some y,(z) € R. Since /OO lup|*dz = ), it follows that for large n the
intervals [y, —70, yn+70] and [y, (;o)—ro(z), Yn(2)+70(2)] must overlap. Therefore,
defining r = r(2) = 2r¢(2) + ro, we have that [y, — r, y, + r| contains [y,(z) —
r0(2), Yn(2) + 10(2)], and so (3.62) follows from (3.65), for all n > N(z). This
proves statement 1.

Now statement 1 implies that for every k € N, there exists r, > 0 such that
for all sufficiently large n,

Tk 9 1
/ @l do > A . (3.66)
.

By Lemma 3.9, the sequence {u,} is uniformly bounded in H!, and therefore
also in H'(—ry, ry,). Therefore, from Rellich’s Lemma ([E], page 272), it follows

that some subsequence of {u,, } converges in L?(—ry, r) norm to a limit function
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¢ € L*(—ry, 1) satisfying
Tk 9 1
/ 62 de > A — (3.67)
—ry k

A Cantor diagonalization argument, together with the fact that / - Uy |? da =
A for all n, then shows that some subsequence of {u,,} converges in L?*(R) norm
to a function ¢ € L*(R) satisfying / b |¢|* dx = X. For ease of notation we
continue to denote this subsequence by u,. Again using Lemma 3.9, together

with the Gagliardo-Nirenberg Inequality, we have

__ — 4 4 — 4

I7(s) (@ = 9) lla < CIT() (@ — &) I 1T (s) (@ — D) 72" < Clldw — ol172"
(3.68)
Now (3.68), together with the Lebesgue Dominated Convergence Theorem,

implies that

+oo
7}1_)1{)10// ) [T (s)u,|* du ds-// )o|* dx ds.  (3.69)

Furthermore, by the weak compactness of the unit sphere and the weak
lower continuity of the norm in Hilbert space, we can assume, by passing to a

subsequence again if necessary, that u,, converges weakly to ¢ in H!, and that

61l < limin @ (3.70)
It follows then that
E(¢) < lim E(u,) = I, (3.71)
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and since u,, converges in L? to ¢, we also have that P(¢) = lim,, o P(u,) = \.
From the definition of I we conclude that we must have E(¢) = I and ¢ € G,.
Finally, E(¢) = lim E(uy), (3.69), and [|¢|[z2 = lim [[uy[[r2 together imply
that ||¢||l g = Jim. ||tn]| g1, and from an elementary exercise in Hilbert space

theory it then follows that u, converges to ¢ in H* norm. O
We can now prove Theorem 3.3.

Proof of Theorem 3.3. Let ¢ be as defined in (3.9). By Corollary 3.16, ¢ cannot
be in (0, A), and by Lemma 3.12 we cannot have ¢ = 0. So it follows that ¢ = A.
Hence by Lemma 3.17, the set G is nonempty and statement 1 of Theorem 3.3
holds. Now suppose statement 2 does not hold; then there exist a subsequence
{uy, } of {u,} and a number ¢, > 0 such that

i — >
sedlf g lun (- +3) = Sllm > e (3.72)

for all £ € N. But since {u,,} is itself a minimizing sequence for I, from

statement 1 it follows that there exist a sequence {y;} and ¢y € G such that
Jim [, (-4 31) — doll 1 = 0. (3.73)

This contradiction proves statement 2.
Since the functionals F and P are invariant under translations, then G,
clearly contains any translate of ¢, if it contains ¢g, and hence statement 3

follows immediately from statement 2. O]
Finally we can complete the proof of Theorem 3.2.

Proof of Theorem 3.2. We have already seen in Theorem 3.3 that the set G

defined in (3.3) is non-empty. Also, as explained in Section 3.1, for every ¢ € G
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there exists § € R such that e ¢(x) is a solitary-wave solution of (1.7). Now
suppose G is not stable. Then there exist a number ¢, > 0, a sequence {1}
of functions in H', and a sequence of times {t,} such that

) 1
it [n = olln < - (3.74)

and

it Nn(esta) = 0l =

for all n, where w,(z,t) solves (2.1) with w,(z,0) = 1,,. Then since ¥, — G,
in H', and E(¢) = I, and P(¢) = A for ¢ € G,, we have E(¢),) — I, and
P(1,) = A. Choose {«,} such that P(a,1,) = A for all n; thus «,, — 1. Hence
the sequence v, = a,u,(.,t,) satisfies P(v,) = A and

lim E(v,) = lm E(u,(-,t,)) = lm E(,) = Iy, (3.75)

n—o0 n—oo

and is therefore a minimizing sequence for I. From Theorem 3.3 it follows that
for all n sufficiently large there exists ¢, € G such that ||v, — ¢u|| ;1 < €0/2.

But then, for large n,

€0 < [[un( tn) = Onlln < flun(,tn) = vallgr + llon — @nll g
€0

and taking n — oo gives €y < €y/2, a contradiction. O]

3.3 Existence and stability in L? of solitary waves when a =0

The proof of existence and stability of solitary-wave solutions to the DMNLS

equation (2.1) given in Section 3.2 relied crucially in several places on the as-
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sumption that a > 0. In particular, without the assumption that o > 0 one
cannot control the H! norm of minimizing sequences, and so cannot use the
Rellich Lemma as in Lemma 3.17 to prove the convergence of minimizing se-
quences. Remarkably, however, Kunze has shown ([K], see also [KMZ]) that a
variational proof of existence and stability of solitary waves can be given in the
case a = 0 by using a novel version of the method of concentration compactness.

In [K, KMZ] it is assumed that D(s) is piecewise constant and that g(s) = 1.
In this section we verify that Kunze’s arguments carry through to the case when
D(s) satisfies the more general assumption D1 given above in Section 2, together

with the further assumption:

Assumption D2. The numbers sg, ..., s, in Assumption D1 can be chosen
so that A(s) is absolutely continuous on the interval (s;_i,s;) for each j =

1,2,...,n.

In addition, for the case of variable g(s) considered here, we need an extra
regularity assumption on g(s); namely that g(s) is piecewise absolutely continu-
ous on [0, 1].

Then the existence and stability result for solitary waves is as follows.

Theorem 3.18. Suppose o = 0. Assume that D'(s) = A(s) satisfies assump-
tions D1 and D2, and that g(s) is a non-negative measurable function on [0, 1]
with /01 g(s) ds > 0 which is piecewise absolutely continuous on [0, 1].

Then for every A > 0, there exists a non-empty set G, C L>NL> such
that for every ¢ € G, there exists w such that exp(iwt)p(x) is a solitary-wave
solution of (2.1) with /+Oo ¢* dr = .

The set Gy is stable in the following sense: for every € > 0, there exists
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§ > 0 such that if uy € L? and
luo = ¢l 2 <0 (3.76)
for some ¢ € Gy, then the solution u (z,t) of (2.1) withu (x,0) = uo () satisfies

inf [l (2,1) = ¥ ()] () < € (3.77)
VeG)

for allt > 0.

In the case when o = 0, the energy functional E(u) is given by

Bu) = —; ;OO / T (s)ult ds de. (3.78)

With P(u) defined as before, we now consider the variational problem of min-

imizing E(u) over the set of all u € L? satisfying P(u) = . That is, we define
I,=inf {E(u):ueL?® and P (u)=\},
and
Gy={pe L’ E(p)=1, and P(¢)=A}.

The key to the proof of Theorem 3.18 is Kunze’s solution of this variational
problem, in which he showed that arbitrary minimizing sequences for K have
subsequences which converge in L? to the solution set G,.

Another way to view Kunze’s result is to consider the estimate

“+oo 1 4 4
[ reult ds de < s

which, as can be seen from the proof of Corollary 2.8 above, is valid for all
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u € L2, for some C' > 0 which is independent of u. Kunze’s result shows that
the best possible constant C' in this estimate is attained on a non-empty set of

functions in 2.

Lemma 3.19. For every A > 0, we have
0> 1, > —00.

Proof. To see that I, > —00, observe that it follows from Theorem 2.7 with

r =4 and ¢ = 8 that for each v € L?, we have

1
= [ 1Tl as

< ([ el ds)m (f vas)

= 1Tl s o).y < Cliullzs.

1/2

It follows that E(u) > —CA? for all u such that P(u) = A, and therefore
I, > —CX\ > —cc.
To prove that I, < 0, observe that the proof of Lemma 3.6 shows that, for

u as given in (3.11), we have in place of (3.17) that

N
Blu) = 2\/%/ 1/ao +4D

Since E(u) < 0 when oo > 0, it follows that I < 0. O

Here is a simple version of the classical Van der Corput lemma for oscillatory

integrals (see, e.g., Chapter 1 of [P] for more general versions).

Lemma 3.20. Suppose D'(s) = A(s) satisfies assumptions D1 and D2, and

g(s) satisfies the assumptions of Theorem 3.18. Then there exists a constant
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C > 0 such that for all w € R,

1 .
/ g(s)ezwD(s) ds

0

< (3.79)

1+ |w|

Proof. Since g(s) is piecewise absolutely continuous on [0, 1], by taking the
intervals [s;_;, s;] in Assumptions Dy and D, smaller if necessary, we can assume

g(s) is absolutely continuous on [s;_;, s;] for each j =1,--- ,n. We have

/S. zwD(s) ds

zwD

1
/ g(S) wD(s) ds| =
0

’

1531

so it is enough to prove the result with the integral over [0, 1] replaced by the
integral over an arbitrary interval [a,b], under the assumption that D(s) is
absolutely continuous on [a, b] with |D'(s)| = |A(s)| > Ap on [a,b]. Also, since

the left-hand side of (3.79) is clearly less than 1 for all w € R, we only need to

prove that
b
/a g(5)eP) ds| < |wC| (3.80)
for all w such that |w| > 1.
Using integration by parts, we can write
b
/ g(s)exp(iwD(s)) ds| =
g(b) exp(iwD(b))  g(a )eXp(ZwD Lo d (g(S) )
— — — D(s d
' iwD'(b) iwD'(a iw Ja exp(iw ds D'(s) °

i (D/fi )

1 1
Sw(w'(bn rD' +/

5




The assumptions on A(s) = D’(s) and ¢(s) guarantee that

=L (Be) o L (565)]
< /ab !A(S)!!9’(8)\;\9(8)\!A’(8)|

ds < 00.

Also
1 n 1 < i
|D'(b)] ~ |D'(a)] — Ao

So it follows that (3.80) holds with C' = (2/A,) + I.

As in (2.2), let us define

Q) = [ gls)T ()T (s)u T s

Recall that if u € L?) then Q(u) € L? also, by Lemma 2.9(b).

Lemma 3.21. Suppose u € L?. Then the Fourier transform of Q(u) € L* is

given by
Py 1 +oo p+oo R N R
Q(u)(w) = o) /_ /_ Z(w,wy,w2)t (W — wy — wa) U(wy)u(ws) dwy dws,

where

1 .
Z(w, wi, ws) :/ g(s)eio@wrw2)DE) g
0
with

a(w, wy,ws) = wo +w% - wg —(w—w — w2)2 = 2(w — wy) (w1 + wy).

76



For allw € R,

o~

R A e
Proof. Using (1.6) and (1.9), we have
Q) = [ o) T OITEPT ()]} () ds
= Olg e PO F AT (s)u - T(s)u - T(s)u} (w) ds
— Olg ‘WQD(S}'{T( Yu} * FA{T(s)u} * F{T(s)u} ds
= [T storeren e as] o - w — wn)iton)a(es) diy dos
(3.83)

which proves (3.81).
The estimate (3.82) then follows immediately from (3.81) and Lemma 3.20.

]

Proof of Theorem 3.18. The same argument as used at the end of Section 3.2 to
prove Theorems 3.3 and 3.2 shows that the statement of Theorem 3.18 will follow
if we can show that for every minimizing sequence {u,} for (I,) in L2, there
exists a subsequence {u,, } and a sequence of numbers y;, such that w,, (v — yx)
converges strongly in L.

The proof of the latter statement is given in Kunze’s paper [K] for the case
when D(s) is piecewise constant and g(s) = 1. It is enough to check, then,
that Kunze’s proof still works under the assumptions on D(s) and g(s) given in
Theorem 3.18.

Only a few modifications are needed to Kunze’s proof, which is rather long.
Therefore rather then repeating all the details of Kunze’s proof here, we only

list the necessary modifications. We use the notation Lemma z.yK to refer to
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Lemma z.y in [K].

We already proved above in Theorem 2.7 and Lemma 2.9 that Lemma 2.1K
and Lemma 2.2K still hold in our case, except that the formula for Cj(;) given
in Lemma 2.2K has to be replaced here by the formula in Lemma 3.21.

It is easy to see that Lemmas 2.4K and 2.5K hold as well in our case.

Lemma 2.6K is replaced here by Lemma 3.19, and Lemmas 2.7K and 2.8K
are replaced here by Lemma 3.11 and the estimates obtained in the proof of
Lemma 3.13.

Lemma 2.9K and its proof need no modification. The proof of Lemmas
2.10K and 2.11K are the same in our case, except that in our case to prove the
estimates (2.23) and (2.31) in [K], one uses our Lemma 3.21.

Finally Lemma 2.12K and its proof remain unchanged.

Once the Lemmas in Section 2 of [K] have been proved, the proof given
in Sections 3 and 4 of [K] applies almost without change to prove the desired
convergence result for minimizing sequences. The only modification needed
is that in the proof of Lemma 4.1K, the variable coefficient A(t) should be
inserted in the formula for I(t), but the estimate for I(¢) still holds because our

assumptions imply that A(t) is bounded on [0, 1]. O
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