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ABSTRACT

Presented in this work is the analysis and design of recursive
digital filters synchronously sampled nonuniformly, employing Z-
transforms, Fourier transforms, and subsequently the state-space
formulation. Suitable transfer sequence operators are developed for
first and second order digital filters. However, much of the techniques
developed could easily be adapted to higher order digital filters.
Characteristic features of such transfer sequence operators are shown.

Statistical analysis of the quantization effects due to roundoffs
are examined and some of the difficulties of analysis presented. A
deterministic study of limit cycles due to roundoff of products in
fixed-point arithmetic implementation is performed. Characteristic
properties, such as stability constraints, magnitude and phase response
of nonuniformly first and second order digital filters are presented
and compared using computer simulations to those of the conventional
digital filters.

Application of the developed nonuniform sampling decomposition

methods, particularly to recursive variable digital filters and also
to digital filtering in radar systems, is presented with examples.
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CHAPTER 1

INTRODUCTION

1.0 Introductory Remarks

Digital processing of time functions has been of considerable
interest since the advent of the digital computer. The computational
processes or algorithms may be that of low-pass filtering, band-pass
filtering, interpolation, extrapolation or spectral decomposition [1].
Formally, a digital filter is a time sequential operator on a given
discrete input time signal resulting in a discrete time signal as output.
That is, the digital process transforms an input sequence {xn} into an
output sequence {yn}. For illustration, a common algorithm describing
the transfer characteristics is a linear difference equation with
constant coefficients of the form [3],

N M

n aixn—i =% by

. . 1.1
1m0 PR (1.1)

That is, at time n the output value can be computed from the M
previous values of the output and N + 1 most recent values of the input.
The set {ai} and {bj} are the filter parameters or "weights" that
determine the nature of the filtering action on {xn}.

Assuming uniform time sampling and taking the Z-transform of

both sides of equation (1.1) term by term yields



M ) N )
Y(z)L + £ b,z ) =X(z) £ a,z: (1.2)
i=1 1 i=o i
N s
z aiz 1
Y(z) _ i=o
) m - (1.3)
1+ £ b.z*
i=1
= H(z)

where H(z) is the pulse transfer function of the filter.

The z-transform calculus, used to describe H(z), plays a useful
role in the analysis and synthesis of linear discrete systems similar to
the role of the Laplace transform-calculus in the analysis and synthesis
of linear continuous systems. No attempt has been made to discuss how
the transfer function H(z) is obtained from the specification for a given
digital filter. Techniques for determining H(z) from a given filter
specification have received extensive coverage in the literature {1,3,4,
5,6]. For the present investigation, it is assumed that the transfer
function satisfying the filter specification has been obtained and that

a particular H(z) is therefore available.

1.1 Nonuniform Sampling

A discrete signal or sequence of numbers can be generated through
the process of sampling a function of continuous time. That is, suppos-
ing the function is £(t), then the sequence {fn} may be used in represent-

ing f(t) where
fn = £(nT) D=0 cooo @,

Alternatively f(t) can be represented by the impulse f*(t) so that

fx(t) = £(t)* Z 8(t - nT)
ns0



which can also be written as
[e~]

f*x(t) = I £(@T)é(t - nT) (1.4)
n=o0

The impulse train f*(t) as represented above is valid when
samples are uniformly spaced. However, there are times when knowledge
of only every other k—sample output is'needed, and instances where it is
too expensive to process an input that comes in every T seconds. As for
example, in order to conserve energy consumption, the average number of
samples per unit time is generally minimized in certain adaptive sampled
data that are applicable in satellite control systems. In these cases,
samples which are not uniformly spaced can be used. For nonuniform
sampling, equation (1.4) is not necessarily valid. In general, equation

(1.4) may be rewritten so that:

@

£x(t) = £(e)* £ 8(t - t) (1.5)
k=0

where tj are separate but arbitrary spaced point in time. Thus, equation
(1.4), applicable when samples are uniformly spaced, can be considered
as a special case of equation (1.5) which is valid when samples are
arbitrarily spaced.

Nonuniformly sampled data are quite often employed in radar
tracking systems. For instance, McAulay [42] and others [40,41,43,44]
have shown that the detection capabilities of radar systems for moving
targets can be substantially extended by nonuniform sampling of the in-
coming bipolar video signals from the moving targets. Other viable
applications for nonuniformly sampled data characteristics are in the
design of variable digital filters and in the synthesis of mathematical
models for certain biological systems in which samples are known to be

nonuniformly spaced.



Some effort in the literature has been directed to the amalysis of
the difficulties that arise when data is processed at rates other than
at uniform intervals. Yen [11] and Helms [12] have shown that a band-
limited function is uniquely described, under certain conditiomns, by a
knowledge of its values at nonuniformly spaced instants. Two theorems
due to Yen [11] on nonuniform sampling are discussed briefly in Appendix
A-1 of this dissertation.

Balakrishnan [18], Aggarwal and Kan [19] have considered error
analysis of time jitters in sampling in which sampling is treated as a
random phenomenon. This leads to the determination of signal-to-noise
ratio where the noise is considered to be caused by the sampling.
Brubaker [20] analyzed the effect of sampling interval drift in recur-
sive digital filters designed using the impulse invariant approach. As
shown in [20], the effect of sampling rate drift is to modify the
critical frequencies of the filter by the ratio of the design sampling
time and the actual sampling time.

Some aspects of nonuniform spacing of samples in discrete-data
systems have been described in the literature. Jury [7,16] in discussing
the z-transform approach to the analysis of discrete antenna arrays shows
how the z-transform of the polynomial expression associated with the
array can be expressed in terms of the z-transform of its known contin-
uous nonuniform envelope function. Such an approach requires the
existence of a known nonuniform envelope function continuous within a
given interval range. Tou [14] and Ragazzini and Franklin [8], in their
analysis of multirate sampled-data, derived the output sequences of a
system with its input sampled at a slower rate tham the output, and pro-

cessed with a known transfer function H(s), where s is the Laplace



transform operator. Ragazzini and Franklin [8] extended this analysis
of multirate sampling to the case where the output of the system is
sampled at a slower rate than the input. In their work, the input
sequences are decomposed according to their location within a sampling
period. These separate input sequences are appropriately weighted and
processed with the system transfer function to yield the output sequences.
This approach does not lend itself to the design of multirate discrete
system, since the overall transfer function cannot be obtained by this
approach. 1In addition, their decomposition approach is not applicable
to the case where both the input and the output of such a discrete data
system are sampled nonuniformly but éynchronously.

Recently, Fjallbrant [45] has introduced a new type of recursive
digital filter with multiple shifts in each sampling interval. Such
multiple-shift digital filters ace particularly suitable for the design
of variable characteristic filters. Using linear difference equations
and generating functions, Fjallbrant [45] derived the transfer fuaction
sequences of such filters. Jullien [15], using complex convolution
integral, obtains the general transfer function for multiple shift
sequences in digital filters. In addition, Atiya, Bilal and Abdou [46]
have used state space techniques to analyze such multiple shifting se-
quences in digital signal processing. The approaches adopted in these
works on multiple shift sequences in digital filters are not applicable
to the analysis and the design of discrete systems with nonuniformly
sampled inputs since during the shifting of signals within the filter,

the input signals are set to zero.

1.2 Review of Research

In discrete-data systems where the input and the output are both



subjected to nonuniform sampling but synchronized, analytic approaches
advanced thus far are not directly applicable to the analysis of such
systems. This dissertation will be directed toward developing a mathe-
matical approach suitable for analysis and investigation of discrete-
data systems with nonuniform samples. In particular, nonuniformly sampl-
ed recursive digital filters will be emphasized. The techniques develop-
ed in this work will provide a viable means of investigating design
stability criteria, quantization error studies and limit cycle oscilla-
tions in recursive digital filters with nonuniform samples. Investiga-
tion of such problems in digital signal processing have been limited thus
far to uniformly sampled digital filters. Application of the techniques
of this work to other types of digital filtering will be presented.

Chapter 2 presents development of the mathematical decomposition
technique applicable to discrete-data systems with nonuniform samples.
Pulse transfer function sequences of these filters are derived as new
results.

Chapter 3 extends the decomposition technique to analysis of
design stability, quantization error effects and limit cycle oscillatiomns
in recursive digital filters in the presence of nonuniform sampling.
Using computer simulation results, quantization errors and limit cycle
oscillations in nonuniformly sampled digital filters are compared with
those of filters with uniform sampling available from the works of
Jackson [24,29] and others [5,6,27]. Chapter 3, also presents a new
analytic approach of determining the frequency response of digital filters
in the precence of nonuniform sampling. In particular, the frequency
characteristics of first and second crder recursive digital filters are

shown. These characteristics are then compared with those of uniformly



sampled digital filters available from the works of Kaiser [1,9] and
others [2,3,4,5,13].

Chapter 4 presents applications of the decomposition techniques
of Chapter 2 to the analysis of moving target indicator digital filters
in radar systems. The mean square output function of a nonrecursive
moving target indicator is derived and the results shown to agree with
those of earlier work of Roy and Lowenschuss [40] and others [42,44]
using a different approach. The simulation results of the mean square
output of a recursive moving target indicator digital filter obtained
by other works [43,44] are shown to compare favorably with the mean
square output obtained analytically by employing the decomposition
technique. Multiple-shift digital filter transfer function sequences
are re-derived and shown to be a special case of the nonuniform sampling
scheme of this work. Chapter 4 also discusses systems with inherent
nonuniform samples. Signal-to-distortion ratio of such systems is
derived for a special case of two intersamples per period using the
Fourier transform approach.

Chapter 5 presents conclusions of this work and indication of

those problems which remain subject to further research.



CHAPTER 2

TIME-DOMAIN SWITCH DECOMPOSITION FOR NON-UNIFORM SAMPLING

2.0 Introduction

This chapter presents the development of a new decomposition
technique based on z-transforms and subsequent state space analysis of
recursive digital filters, which are sampled nonuniformly, though
periodic in the nonuniformity. This development is based on the
concept of switch decomposition of time functions employed in multirate
sampled data systems as analyzed by Ragazzini and Franklin [8], Tou
[14] Wong and King [52] and quite recently by Boykin and Frazier [51].
The decomposition technique of this work is then applied in the analysis
of fir t and second order recursive digital filters sampled nonuniformly.
Employing the skip sampling theorem in the amalysis, the pulse transfer
function sequences of these filters are derived as new results. The
z-transform of the output sequences of these filters are then formulated
in terms of the pulse transfer function sequences and the advanced
z-transform of the inputs. For reference purposes, nonuniform sampling,
advanced z-transforms and the skip sampling theorems are discussed in
Appendixes A-1, A-2 and A-3 respectively.

It should be noted that all the developments of this chapter
assume infinite precision arithmetic so that all calculations are error
free. Chapter 3 of this dissertation considers errors that result

from such assumption.
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2.1 Development of Decomposition Technique

The block diagram representation of discrete data system to
be considered in this work is shown in Figure 2.1. It is assumed
that the input to the system is appropriately band limited. Input
signals appropriately band limited are discussed in Chapter 4. Appendix
A-1 presents a discussion of the output recovery interpolation formula
for nonuniform sampling.

In general, the discrete-time relation between the input and
output may be expressed by the discrete convolution summation

y_ = by (2.1)

L h . x.
n J =0 n"J J
where y, = y(tn) and hj =0; j <0.
It is desired to reorder the indices of (2.1) such that the event times
(ti) may be decomposed and regrouped into sets of periodic sequences

consisting of n event times each. That is, if t, = T, then the event

times may be reorderd O, tl, tZ,..., t T, T+ tys..., etc; provided

n-1’

that the periodicity exists for each point in the sequence. In other

words if
ti = mtn + tk
= ol + tk (2.2)
0 £ k £ n-1 for all i. (2.3)

This sequence arrangement is shown in Fig. 2.2. Accordingly, the
input sequence may now be expressed

x4 = x(ti)

x(mT + ty)

x, (uT) 0 <k <n-1 (2.4)
The index k indicates the periodic time sequence with time shift t;,

tp < t,- These grouped sequences are shown in Fig. 2.3.
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‘ \l,Nonuniformly Sampled

{

Inpuir/_ ‘ H(Z) / Output N

Fig. 2.1 Block diagram of nonuniformly sampled discrete system.
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Fig. 2.2 Nonunifornly sampled function at 0, tl, fz cee
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Fig. 2.3 Decomposed nonuniformly sampled function of Fig. 2.2.
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The decomposition scheme of Ragazzini and Franklin [8] or
Wong and King [47,52] is extended here to take into account the
synchronized nonuniform sampling of the input and the output of the
discrete system. For the entirely discrete transfer function H(z) that
is available, the impulse sequence weightings that are applied to the
respective input sequences are dependent not on the time that has
elapsed since the application of the impulse, but only on the sequence
index, k, of the sampling switch that has operated within T.

The decomposed set of uniform sequences may be used in the
convolution summation (2.1) to determine the appropriately shifted
output sequence. For the first output sequence yo(mI) and from (2.1)

and (2.4)

yo(mT)

1]
SR~

+.

j=o B (n-7)%a 320 hm(n—j) - 1%m- 541

R
+ ...+ I h

j=o m(n—j)-(n—l)xm-j+(n—l)

n
= I h (I-iT)x (3T)
j=o (o] (o]

n
+ Ih_(T-iDx, (D
j=o "1 1

n
+ ...+ L

; (nT-jT)xh_l(jT) (2.5)

o h‘(n—l)
In (2.5) the first output sequence has been decomposed into a
set of convolution summations. The subscript on x directly indexes the
input sequence advance position within T. The subscript on h should be
taken to denote the delayed weighting sequence rglative to the indicated

sampling event within T.
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In a similar fashion, yIOHI) may be determined, or
yl(mT) - Ymen+l

n
= h oy X
jeo m(n-j)+1.m]

n
+ .0+ X

j=0 hm(n—'j )+lxmj+(n-l)

|
N o3

- hl(nT-jT)xo(jT)
J=0

n
+ ...+ jio h—(n-l)'!'l(nT-JT)xn-l(jT) 2.6)

To generalize,

[}

n
y, @I = I h @I-iT)x (1)
=0

3

. ,

oot TR @I-FDx ) GT)
j=o

n-1 | p

I | T b (1T, (GT)

i=o ({j=o

0 Sk Sn-1 (2.7)

For the purpose of describing the Z-transform of nonuniformly
sampled sequences, it is desirable to use precise notation to avoid con-
fusion between the Z-~transform of the function at various time intervals.
The notation z, should be taken to denote the number of samples n occurr-
ing in the overall sampling period T. In other words, z, is a sequence
operator. A delay of one sample is denoted by zn—l and has no unique
time domain interpretation. However, the operator zn-l may only be

interpreted in the time domain if the position of the sample sequence
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being delayed is known in time. The argument of the Z-transform taken
with sample period T is denoted by (Zz). This follows the notational
convention as used by Rogazinni and Franklin [8].
Conventionally, if
n
y(@T) = I h(T-kT)x(KT) (2.8)
K=o

then by definition, the Z-transform of y(nT) becomes

z{y(aT)}

Y(2)

H(z)X(z) (2.9)
Following the notation previously described, the Z-transform of the

output sequence yo(mI) may be expressed directly from (2.8) and (2.9).

Taking the Z-transform of (2.5),

2y, @D} = ¥, (z)

Hy(2)X, () + H_ (Z)X, (=)

n
+ ... + H-(n-l)xn-l(zn)

n-1
z
k=0

H_, (2D (2) (2.10)

A block diagram of the switch decomposition for the first
output sequence, Yo(zg) is shown in Figure 2.4. Note that H_j(zz)
should be taken to denote the weighting transform related to the jth
previous sampling switch operation.

The second output sequence yl(mT) as expressed by (2.6) may be
Z-transformed from (2.9) in the same manner as yOOmT), such that

n~1

nie) =k H_ (X, (2) (2.11)
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| |
e Sth-) D4 SIH(Z)
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Fig. 2.4. Switch Decomposition block diagram for calculating the first output sequence.
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Refer to Figure 2.5 for a block diagram representation. In general

then, the trimsform of the jth output sequence can be expressed directly
from (2.7) and (2.9). ‘Thus
n n-l n n
. = ¥ z )X (z i < n- 2,12
Y. (2. kioH-k+j(n)k(n)OSJ—nl (2.12)

where xk(znn), k = 0, +1, +2, 43 ..., +(n-1) are the advanced z-trans-
form of all the input sequences taken with the overall period T units
apart; and Hk(znn), k=0, -1, -2, ..., ~(n-1) are the delayed transfer
function sequences of the filter. A block diagram representation of
(2.12) is shown in Figure 2.6.

The overall output sequence transform Y(zn) can be obtained by
convolution summation of all the output sequences Yk(znn), appropriately

-k
located in the time sequence by multiplying by the delay operator Zn .

That is, n
= { -3 1
yn(n) ’E ho\nT JT)x0(3T) + ...
j=0
n
+ jio h_ gy (T - JT)xn_l(JT)]

n
+ [z h (AT = 3T - D)x (JT) + ...
i=0

n
+ jio h—(n 1)_H(n'l’ - jT - l)xn_l(jT)] + ...
n
+ 'E h(n-l)(nT - ijT - (n—l))xo(jT) + ...
Jj=0
n
+ I h . (nT - jT - (n-1)x (jT):l (2.13)
j=0 ~(n-1)+n n

Taking the z-transform of both sides of (2.13) yields

Y(Zn) = z{yn(n)}
_ n - n ~(n-1) n
= Yo(zn ) + znlYl(zn Y + ... + Zn Yn_l(zn )
-1
R o Vi (2.14)



Fig. 2.5.
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Sl ¢S'2 7 S{H, (zM)
I {
| }
! |
| |
sth- v H Zn
>ie n=1 ,/_r > -(n(—z)n)

™~
7
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Switch Decomposition block diagram for calculating the second output sequence.
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Fig. 2.6 Switch Decomposition block diagram for calculating the,]lth output sequence.
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Thus, equation (2.12) shows that to determine the output sequences, the
advanced Z-transform of the input sequences is weighted by the transfer
function sequences. Then the output sequences thus obtained are correctly
located in the overall output sequence by using equation (2.14).

2.2 Determination of the Pulse Transfer Sequences

The pulse transfer function sequences depend only on the number
of times the sampling switch has operated for a digital transfer function.
For this reason, the skip sampling theorem can be used to determine the
pulse transfer function sequences.

Hence, invoking the skip sampling theorem [16] as discussed

in Appendix A-3 yields

1 H(zg) 9% (2.15)
2rj _Ic 1-zizk =z

B () = N

where HO(') is the transfer sequence operator for the overall period
T. For the sake of notational convenience in later developments, (2.15)

is put in the form

H(P
H (D) = 21{, [ (Pr) dPy (2.16)
o I ¢ a- z;npﬁ) Py
Similarly,
Hl(z;‘) = 211;3 f Pl () Py (2.17)
€ a- Z;nPg) Pn
and, in general,
k
Hk(zn) = ._1__] Pn H(Pn) dPn (2.18)
R T
n°n

where k=0, 1, 2. . .

An approach other than the use of the skip sampling theorem can
be used to determine the pulse transfer sequence operator H(Zn). Such
an approach applies only when there are two non-uniform samples in a

period
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To formulate such an approach, let

N(Z5)

(2.19)

Here N(Zz) and D(Z,) are polynomials in zZ - Multiplying H(ZZ) in (2.19)

by another polynomial in Zn yields

N(zy B(Z)
D(Zz) B(Zn)

H(Zj) = (2.20)

The sequences H(Znn) can now be determined. That is, HiK(ZZZ) are
obtained from (2.20) by multiplying it by ZniK and then selecting only
. o _,-n _-2n
those terms in Zn s Zn ’ Zn etc. HereK =0, 1, .... The method by
which B(Zn) is obtained is shown in Appendix A - 4 of this dissertation.
The following sections will discuss by example the transfer

sequence operator for first and second order recursive digital filters.

2.3 First Order Non—uniformly Sampled Recursive Digital Filter

An all pole first order digital filter as shown in Figurzs 2.7

has a re-formulated pulse transfer function

B(Z) = ——3 (2.21)

As shown by Kranc [21], H(Zn) is obtained by replacing every.Z in (2.21)
by Zn' Hence
1

l-alzn

H(Zn) = (2.22)

1

where a, ¥ a.
1
For n = 2 and replacing Zn by Pn for notational convenience,

(2.22) can be rewritten as

!;:I (2.23)
l—alP2

H(Pz) =
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Fig. 2.7 A First Order Digital Filter with no Zeros.
1
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The pulse transfer function sequences can be determined directly

from (2.16), (2.17), or (2.18). Thus

H(P,) dP
2. 1 2
B,(2,) =55 [ 7 7 (2.24)

P dp

B (2.2 == | 2 — 2 (2.25)
c ( - a )(1 2 2 ) 2

Evaluating the above integral in the positive sense using the Cauchy

residue theorem yields

2 1
HO(ZZ ) = — 5 (2.26)
1l - al Z2
Similarly,
1 ) dP,
H(2,7) = 555 P
c (P2 - al)(l 22 P2 ) 2
a
I S (2.27)
2 =2
1 - al 2
and
-1
NP NI P2 " B ar
-1%%2 7 T 2m3 ) ;2p 2y P
c (P2 a )(l 2 2 ) 2
1 dp,
T 2w _ 2 2
PZ(P a )(1 2 P2 )
31252
T — (2.28)
l-2a 22-2
172

Alternatively, since n = 2, equation (A - 13) of Appendix A - 4

can be used in obtaining the transfer function sequences.
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First H(Zz) is modified. That is,

w2 - 1 B(Zz)
2 _ -1 B(Z,)
1 alZ2 2
where
n-1 -j21K
B(z,) = 1T D(Z,e ™ )
2 2
=1
and for n=
1 - =j21K -5
= 1 D(z.e ® ) =D(Z.e ") (2.29)
= 2 2
=1
Hence
1 a - alzglejﬂ)
1(z,) = 1 13w
- 1«27
1 3122 (1 -2,2,7e )
1+ a1 Z;l .
1 - a1 Z2
ix
Multiplying (2.30) by 22 , K=0, 1, .... and selecting only those
terms of the form ZZO, Z;n, Z;Zn and so on, yields
2, _ 1
HO(Z2 ) = I—:_;_EE:E (2.31)
172
-1
+ +
N el e B G Tl
172 2%, _ a ZZ-Z 1-a ZZ-Z
T % %2 12
a
1
=35 (2.32)
1 - a1 Z2
Similarly -1 -1 -2
2 -1 1+ alzz _ 22 + a122
H.CZ,))=2¢( —) = -
-1 2 2 1-a Zz 2 1-a Zz 2
1 72 172
31252
= (2.33)
l-~a %
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Equations (2.31), (2.32) and (2.33) are seen to be the same as

equations (2.26), (2.27) and (2.28) respectively obtained by use of the

skip sampling theorem.

The transfer function sequences are calculated for cases where

there are three and four nonuniform samples in a period. The results
are given in Table 2.1.
Transfer Two intersamples Three intersamples Four intersamples
function per sampling per sampling per sampling
sequence period. n = 2 period. n = 3 period. n = 4
n 1 1 1
B (2™ — : R
o' n 2 -2 3. -3 A
1 ay 22 1 a; Z3 1 ay Z[‘
52D 41 ! %1
1 n _ 20,2 _ 3,3 _ b,
1 ay 22 1 ay Z3 1 al z 4
2 2
a a
n 1 1
HZ(zn ) None 1.3 z-3 - 34.‘2_4
173 17
3
n 3y
H3(Zn ) None None - 84. - 3
174
-2 2.-3 3,-4
a 32y 21 %3 ar g,
B,E) 3.,-2 3,3 4 4
1-a122 l-alz3 1-:111Z4
a Z-3 a ?‘Z-l'
n 173 1 4
H ,(Z ) None - —_—
-2 1-352_3 l-al"z“4
173 174
-4
a,z
H.2z™ None None 14
-3""n 4. -4
1- a Z 4

Table 2.1 Transfer function sequences for first order digital filter.

1

H(Z.,) =
2 l-a

122

1
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The overall transfer function sequence can be determined from

equations (2.26) and (2.27)

That 1is,
_ 2 -1 2
H(Zz) = Ho(z2 ) + 2, Hl(z2 )
-1
_ 1 . 2%
2, -2 2.~2
1 - a1 22 1 - al Z2
1+ alzzl
= — (2.34)
l1-2a 22-2
172

Equation (2.34) is seen to be the same as equation (2.30) obtained
by use of the method discussed in Appendix A - 4. This shows that the
transfer function sequences are obtainable from the overall transfer
function sequence and vice versa.

The cutput sequences of a first order filter sampled nonuniformly
can be expressed in terms of the pulse transfer sequences and the input

sequences. Using (2.26) and (2.28), equation (2.10) yields
2, _ 2 2 2., (z 2
Y, (2,7) = H (2,9)X (2,7 +H_; (2, % (2,7 (2.35)

Similarly, for the second output sequence, using (2.26) and (2.27),

equation (2.11) yields
2 2 2 2 2
Y =
l(Z2 ) Hl(Z2 )XO(Z2 ) + HO(Z2 )Xl(z2 ) (2.36)

Here Xl(Zzz) is the advanced Z transform of xl(nT). H_l(Zzz) and
Hl(ZZZ) are the pulse Fransfer function respectively delayed and advanced
by one sampling period.

Using (2.35) and (2.36) in (2.14), the overall output sequence is

obtained as
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) 2 2. . - 2
() = X (2,18 (2,%) + zzlnl(z2 )] +
2 2. . .- 2
X (2,7 [i_y 2,%) + Z,'B_(2,7)] (2.37)

Thus the overall output sequence is a function of both the pulse

transfer function sequences and the input sequences.

2.4 Second Order Nonuniformly Sampled Recursive Digital Filter

The transfer function for an all pole second order filter is

determined from Figure 2.8 by making a = 1, a; =a, = 0.

Hence

B(Z) = e (2.38)
1+ aZ " + b2

Following the procedure used for first order filter, the transfer

function sequences are first obtained using the skip sampling theorem.

Hence
) L B,  dB,
H (2.5 = — (2.39)
o 2 273 _ =2, 2, P
c (1 Z2 P2 ) "2
+
P la(e.) dp
2, 1 2 ¥y 2
Hy(2,)") = 53 =3 3.7 (2.40)
3¢ @-z.%%.9 2
2 52
P-IH(P ) dp
2 1 2 Y5 2
B0 =753 2,2, 7 (2.41)
c (1- Z2 Pz ) "2
where
HP,) = o = (2.42)
1+ap®," +bP,

a, and bl in equation (2.42) are not in genmeral equal to a and b

1
respectively in (2.38).
Evaluating the three integrals using the Cauchy residue theorem

yields
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Fig. 2.8 A Second Order Digital Filter with Two Zeros in
' Canonic Form

1 =2 .
1+b,2 +b,2
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, 1+ b2°
B (z,7) +—— 5 7 (2.43)
1+ 2,22, - a,%) +b,°Z,
-al .
H (2,) = (2.44)
2 =) 7 2%
1+ 2,22 ~ a,)) +b,°Z,
-2
-a,2,.
B, (2,7 = S 2.4 (2.43)
1+ 2,72, - a,)) + b7,

Alternatively, equation (A ~ 13) of Appendix A - 4 can be used.

First H(ZZ) is modified with B(ZZ) to get

B(zy) = — =3 :Eizi
1+ alz2 + blz2 2
where
1
B(ZZ) = I D(Z exp(-J ))— D[Z,exp(-jm]
L=1
then -2
1+a exp(Jﬂ) + b,Z2, exp(2jm))
B(Z.) = 1 2 172
y -1 -1 -2
1+ alz2 + blzz )(1 + alz2 exp(jw) + blz2 exp(2jm))
Simplifying (2.46) yields (2.46)
1 - alz;1 + blz;2
Bz, = =) 2 7% (2.47)
1+ Z2 (2b1 -3 ) + bl Z2
To obtain H (Z-Z) multiply (2.47) by Zzo and select only those terms of
-2
the form 22 , 22 s Z2 n, etc., to get
2 1+ blzz2
HO(Z2 ) = - 3 5 % (2.48)
1+ 22 (Zb1 - al ) + b1 Z2

Similarly, Hl(Zzz) is obtained from Zle(Zz) by selecting only terms of

the form Zzo, Z;2, Z;4, etc. This yields

-a

1
5% (2.49)

2
H (2,7) =
172 =2 2
1+ 22 (2b1 - a3 ) + b1 Z2



Similarly

2
H.(2Z,)7) = (2.50)
R

2

ZZ-4

2
- al ) + b1 9

1

Equations (2.48), (2.49) and (2.50) are seen to be the same as equations
(2.43), (2.44) and (2.45) respectively, obtained by use of the skip
sampling theorem.

The overall transfer function sequences for two intersamples

per sampling period can be obtained by using equations (2.43) and (2.44).

That is,
_ 2 - 2
H(Z,) = H (2,%) + zzlnl<z2 )
-2
i 1+ b2,
=2 2 A
1+2,°(2b; - a,%) +b,°7,
31251
- -2 2 2 -4 (2.51)
142,°(2b, - 2;) +b,°Z,
Simplifying (2.51) yields
1- alz;1 + blz;2
H(Z,) = 3 3 % (2.52)
1+ 22 (2b1 -3 ) + bl 22

Equation (2.52) agrees with (2.47) obtained by the method of
Appendix A - 4. 1In general, the overall transfer sequence H(Zn) can be
expressed as a function of the pulse transfer function sequences H(Znn).

That 1is,

n-1
% nk(znn)z;k (2.53)
0

H(Zn) = -

In a similar manner, the overall output sequence can be expressed, in

general, as
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n-1 0 -k
2 ) = 2.54)
Y(?n) k-—Z-O Yk(zn )zn (

Substituting (2.12) in (2.54) yields
n-1 {|n-1
n n -k
Y(Zn) = kio jE H-j+k(zn )Xj(Zn ) Zn

(2.55)
0

where Xk’ k=0, 1, 2, ... are the input sequences and Hk’ k=0,%11,
*t 2, ... are the pulse transfer function sequences. This result shows
that the overall output sequence, which is a sequence operator, is
available when the output sequences are determined.

The transfer function sequences for three and four non-uniform

samples per period are given in Table 2.2.
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Transfer Two intersamples Three intersamples Four intersamples
function per sampling per sampling per sampling
sequence period. n = 2 period. n = 3 period. n = 4
-2 -3 -4 2
- + -
S 1+b,Z, 1-ab .z, 1+2,b (a) b))
0'n D1 D2 D3
2_-3 2 -4
iz ™ et b12%3 — 3 e B e B
1'"n D D D
1 2 3
. al2 - b; (a2-b) + bizzz‘
Hy(Z ) NONE S = S
2 3
2
a_ (2b, - a. %)
Hy(z ™) NONE NONE 111
n D
3
,~2 2 -3 .2, -4
- n) -aléz (al —bl)Z3 al(Zbl a )Za
-1 Dy D, D,
(b 2'3)2- a2 z"’(a 2—b1)+b3228
H. (% NONE 173 173 4 "1 1
-2'"n D D
2 3
\ -G e
H 3(Z ) NONE NONE
-3'%n D
3
Table 2.2. Transfer function sequences for second order digital filter.
o -1 -2
H(Zn) =1/@1+ alzn + b zn )
-2 2 2_=4
= -+ -
D 1 22 (2bl a; )+ bl 22
-3, 3 3,-6
D, =1+ - +
1 23 (a1 3a1b1) b1 Z3
_ -4 2 2 4 4 -8
D3 1+ Z4 (Ioal b1 2b1 a; ) + b1 Z4
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2.5 State-Space Description of Second-Order
Digital Fitler Sampled Nonuniformly

In the z-transform analysis of digital systems with nonuniform
sampling, a model with uniform sampling is first created. The state
variable method may sometimes offer a unified approach to the analysis
of digital filters with nonuniform sampling [17].

A second order recursive digital filter in time domain can be

described by the following linear difference equation [27,32,46];

Yo T @Y, byn—z + M (2.56)
where Y, = y(nT), Vo1 = y(nT - T) and Vo2 = y(nT -~ 2T) for
uniform sampling.

Let
xl(n) =Y.y and x2(n) = Y,1 (2.57)

Substituting (2.57) into (2.56) yields xl(n + 1) = Yo-1 = xz(n)

xz(n + 1) = Y, = —axz(n) - bxl(n) + w, or in a more familiar notation

_lo 1 0
okl Lb —a‘l 2 ¥l 1 |¥n (2.58)

A linear discrete system can be described by the following set

of state equations (7,10,14,17];

x(n + 1) Ax(n) + BU(n) (2.59)

y(n) = cx(n) where
x(n) = n x 1 state vector, u{n) and y(n) are the 1x 1 input and output,
respectively. A, B and C are the state transition, the input, the out-

put constant coefficient matrices, respectively, each with the appro-

praite dimension for the case of a linear, time~invariant system.
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From (2.58) and (2.59) it is easily seen that

A=|:_g _i_J B=[§’] and C = [1, 0]

If the nonuniform samples have been rearranged so that the sampler sam-

ples at t = nT, nT + T,, nT + T, + T2, (n +T, (n+ 1T +T

1 1 1’
(n+1)T+T, +7T, ....T, where T=T, + T, + T, ... + Tk’ then the state

1 2 k 1 2 3
transition equation can be determined [17]. Assuming in general that
the transition of state of a digital system takes place from time zero
to Tl’ the state transition equation of the system at t = kT + Tl’ using

(2.59) can be expressed as

x(nT + Tl) = Alx(nT) + B U(nT) (2.60)

where Al is the transition matrix during the subinterval 0 < t - nT < T1

and B is assumed constant.

At £ = kT +1 + TZ’ the state transition equation becomes
= + + .
x(nT + T, + Tz) Azx(nT Tl) + BU(nT Tl) (2.61)
At t = nT + T1 + T2 + T3, the state transition equation becomes

x(nT + T, + T, + T3) = A3x(nT + T

1 ? + T2) + BU(nT + T

+ Tz) (2.62)

1 1

and, in general,

x(nT + T1 + ... + Tk)

Akx(nT + T1 + ... + Tk—l)

+BUMT + T, + ... +T ) (2.63)
1 k-1
Substituting (2.60) into (2.61) yields

x(nT + T

1 + TZ) AZ[Alx(nT) + BU(nT) ]

+ BU(nT + Tl)

= A,A;x(nT) + AZBU(nT) + BU(nT + Tl) (2.64)

2
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Substituting (2.64) into (2.62) yields

Xx(nT + T, + T +T3)

1 2 A3[A2Alx(nT) + AZBU(nT)

+ BU(nT + Tl)] + BU(nT + T, + T2)

1
AZBU(nT)-+ A3BU(nT+T1)

A_A Alx(nT) + A

32 3
+ BU(nT + T1 + TZ) (2.65)
To generalize,
x(nT + T, T, + ... +T.) = x(nT + T)

172 k

AkAk-l"'Alx(nT) + AkAk-Z"'Ak—lBU(nT)

+ AkBU(nT + Tl)
+BUGT + T) + ..o + T, ) (2.66)

where k is the number of intersamples in the overall sampling period.

2.6 Summary

The purpose of this chapter has been to develop,. using the
z-transform and subsequently the state space description, the mathemati-
cal technique suitable for analysis and design of discrete data systems
with both the input and the output synchronously sampled nonuniformly.
In particular, nonuniformly sampled recursive first and second order
digital filters were considered. The approach adopted calls for decom-
posing the nonuniformly sampled input into a set of uniformly sampled
input sequences. By noting that the pulse transfer function defined a
time sequence of events and therefore the switch operates at discrete
times, the input sequences can be appropriately weighted by the transfer
function sequences to generate the output sequences.

Using the skip sampling theorem and derived alternate approach,

the transfer function sequences of first and second order recursive
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digital filters are derived as new results. The output sequences of
such filters are derived for a given set of input sequences, using the
advanced z-transform and time-domain switch decomposition. The overall
output sequences follow from the output sequences.

The following characteristic properties of the transfer function
sequences and the output sequences of a digital filter sampled non-
uniformly may be observed from the derived results of this work:

a) The order of the filter does not change as a result of
nonuniform sampling. That is, a second order filter remains a second
order. This is evidenced from the nature of the derived transfer func-
tion sequences shown in Table 2.2. The denominator of these transfer
function sequences are of the 2nd order, though a function of the number
of intersamples per sampling period.

b) The denominators are equal for all transfer function sequences
belonging to a given filter with a given number of intersamples per
sampling period. This is evident from the results tabulated in Table 2.1
and Table 2.2.

¢) Some of the coefficients, which in conventional filters of
discrete form, only affect the denominators of the transfer function of
the filter, also appear in the numerators. Most of the multiplication
constants are included in several of the coefficients of the polynomial
terms. One significance of this is that even if there are no trans-
mission zeros in the pulse transfer function of the filter with uniform
samples, transmission zeros are introduced through nonuniform sampling.
In other words, the filter constants are re-circulated in the registers
during nonuniform sampling. Examples of this are evidenced in the

results shown in Table 2.2.



37

d) Due to the form of the switch decomposition of this work,
the number of the output sequences is exactly equal to the number of
intersamples in one sampling period. This is evidenced from the results
shown in equations (2.12), (2.35), and (2.36) of this work.

e) The number of the transfer function sequences is not neces-—
sarily equal to the number of intersamples in one sampling period.

This can be observed from the results of Table 2.1 and Table 2.2.

f) The overall transfer function sequence is obtainable from
the transfer function sequences or vice versa. Example is evidenced
in equation (2.30) showing the overall transfer function from which
equations (2.31), (2.32) and (2.33) are obtained as the transfer func-
tion sequences.

g) The advanced and the delayed pulse transfer function
sequences can be related by the following equation

n, _ .- n
Ho(z ™ =z ™ _ 2™ (2.67)

k

where n is the number of intersamples in one sampling period and k = 0,
1, 2 .... This is expected since the pulse transfer function sequences
are obtained by using the skip sampling theorem. That this is so is
observable from the results of Tables 2.1 and 2.2. This means that in
calculating the pulse transfer function sequences, only the positively
subscripted transfer function sequences need be derived and equation

(2.67) then used to obtain the delayed pulse transfer function sequences.



CHAPTER 3
STABILITY, FREQUENCY, AND QUANTIZATION CHARACTERISTICS

3.0 Introduction

The filter methods described in chapter two assumes infinite
precision arithmetic. Thus, all computations are error free. This
chapter formulates the stability constraints and the quantization effects
due to finite arithmetic operations in digital filters sampled nonuniformly.
The analysis of such effects thus far in the literature has been limited
to digital filters sampled uniformly or slight modifications thereof.

The ability to predict accurately these quantization effects on the
overall digital processing scheme is essential in determining how one
can reduce the amount of hardware and processing time for particular
applications.

The developments of Chapter 2, along with Jury's stability
test [25] will be employed in the design stability criteria development.
Applying the stability criteria to first and second order recursive
filters, conclusions generated are compared with those obtained by
other work for uniformly sampled filters.

Two effects of quantization are considered. First, statistical
analysis of quantization errors is presented. The approach developed
in Chapter 2 will be used along with standard techniques for analyzing
such errors. Computer simulations are then used in comparing the
quantization efrors of nonuniformly sampled filters to those of uniformly
sampled filters presented in other work [3,24].

38



39

The second quantization effect to be analyzed is that of limit
cycle oscillations. The results of Chapter 2 along with well known
techniques will form the basis for deriving the amplitude bounds of
such limit cycles. Computer simulation using the developed approach
will provide an avenue for comparison of limit cycle oscillations in
nonuniformly sampled digital filters with those in uniformly sampled
filters as found in the literature.

Finally, the decomposition technique is applied to the frequency
response aspects in terms of magnitude and phase characteristics in
digital filters sampled ncnuniformly for demonstration. Magnitude
plots of the derived expressions are presented, thereby enabling comparison
to be made between frequency responses of uniformly and nonuniformly
sampled digital filters.

3.1 Stability Considerations

Finite register or word lengths result in either rounding or
truncation of the computed (ideal) filter coefficient. This altering
of the coefficient values may manifest itself in not only altered response
characteristics but possibly the stability of the filter algorithms.

Two types of stability to be considered are design stability
and numerical stability. Design instability results from inherent
instability of the mathematical design of system parameters. Numerical
instability, on the other hand, is dependent on the structure or the
type of arithmetic employed in the computations. This type of instability
generally leads to limit cycle oscillations which will be considered.

Jury [25] and others [10, 17, 22] have shown that only the poles

of the transfer function of the filter, H(Z), determine its stability.
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Thus the poles of the filter must lie within the unit circle in the
Z~plane. The zeros lying inside the unit circle in the Z-plane ensure
that there is no excess phase characteristics.
First consider a first order recursive filter sampled nonuniformly

with two intersamples per sampling period. Using equation (2.34),

-1 2
Y irTaer T S @-1)
1 2 Z?_—a1

In order for the filter to be stable, the parameter a, must satisfy

1
the condition -1 < a; < 1. Otnes [26] and others [23,24] have shown
that the condition for stability for the recursive first order filter
sampled uniformly is that the pole must lie between minus one and plus
one. This means that the condition for stability for first order
recursive digital filter is the same for both uniform and nonuniform
sampling. This is expected since the order of the denominator of
the transfer function for uniform sampling is not altered by nonuniform
sampling.

The overall transfer function sequence for a second order

digital filter with two intersamples per sampling period is given

in 52) as

1 -2
+b, Z,7 - (3.2)

2
The constraints for stability can be determined by examining the

Bz =1-2 %
-2 - a2 2
1+ 22 (Zbl al) + bl VA

poles of the denominator of (3.2). Let
2y _ (242 2
D(zz) = (22) + By z; + 82 (3.3)

where

2

81=2b-a and 82=b1
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To determine the constraints on Bl and f% for stability,
Jury's stability test [25] for linear discrete systems is applicable.
Applying the test yields

1+ 8, > |%J and

32 <1 (3.4)
or b% <1 and
|26, = af| <1 +b2 <2 - (3.5)

The constraints on the filter parameters for stability is determined

from (3.5) as
b, ] <1 and
lag] < |1+ bll ﬁ byl +1 (3.6)

When there are four intersamples per sampling period, then

2 2 4
81 4a1b1 - 2b1 -3 and
4

Using (3.4) and (3.7) yield

2 _ 02 _ 4 4
|4alb1 2b3 all <1+0b]

which reduces to
~f - D2 < () - p? < B2+ 1)?
a2 - 2b; | < lbi + 1]
la, | < [bl +1] < [bli +1 (3.8)
From (3.8), it is seen that (3.7) reduces to (3.6). Hence,
the design parameter constraints for stability are in general given
by equation (3.6).
Otnes [26] and othefs [5,22,23,50] have derived design coefficients
constraints for stability in uniformly sampled filters. Their results

and the results of this dissertation are exhibited in Table 3.1.
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It should be noted that both results do agree since, as noted in
chapter two, nonuniform sampling does not alter the order of the
denominator polynomial of the uniformly sampled pulse transfer
function. The results in Table 3.1 can be viewed as a one-to-one
mapping of the a-b coefficient plane of the uniformly sampled filter

into the a;-b; coefficient plane of the nonuniformly sampled filter.

Type of filter : Transfer Design Parameter
function sequemnce Constraints
Uniformly sampled o 1 - -1 <ac<l1
first order )
26,5 1 -az
Nonuniformly sampled 1+ alz;_1 -1 <a; <1
first order 1 - a2z-2
- a]_ZZ
Uniformly sampled 22 b <1
second order ——— fa| < [1 + b]
26,5 2+ 32+ b
Nonuniformly sampled -1 =2 <
second order—-two 1 - 2;25" + b2y by <1 | |
intersamples per -2 TN |a;| < (1+b
period 1+ Zy (2bl a1)+blz2 1 1
TABLE 3.1

Design coefficient constraints for stability in digital
filters sampled uniformly and nonuniformly.

Stable second order filters fall into two categories, depending
on the position of the roots of the characteristic equation of the
filter. From equation (3.3) the characteristic equation of a second
order filter sampled nonuniformly is given as

22+ 823+ 8 =0

£ &

1

f% ~ 4 9 < 0, then the roots are complex conjugate of each other.

- 4B >0, then the roots are real and unequal. If
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The real and imaginary boundary of the filter parameters can be
determined. That is, for two intersamples per sampling period, this

boundary can be given as

2 _ _ a242 .
bl = (2b1 al) which reduces to
4
2
=3 (3.9)
4

For four intersamples per sampling period, the boundary can

be expressed as

4 _ 2 _ o2 _ _4N2 .
by (Aalbl 2§1 al) which reduces to
A
2 2 2 4 s .
-2b; = 4a’b, -2b; - a, and simplifying the above yields

1 171 1 1
bl =.ii which is the same as equation (3.9).

Figure 3.14shows the familiar bounded stability region [26,29]
in the parameter (al,bl) plane. Values outside result in unstable
filters, while those on the borders result in marginally stable filters.
Also the figure shows the real and the imaginary boundary of equation

(3.9).

3.2 Statistical Analysis of quantization errors.

The quantization effects due to round-offs in nonaniformly sampled

filters is analyzed from statistical point of view. To do this,

two assumptions are necessary. The first assumption is that each

of the noise samples is uncorrelated and independent of the signal
input. This assumption is not necessarily valid for constant inputs.
However, Jackson [24] and others [3,33,35] have shown experimentally
that the assumption is valid in discrete-data systems for a broad

class of inputs including random signals.
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b, ]

stable{and
imaglinary b =

[
-

Figure 3.1

Design coefficient stability region

in terms of a; and bl'
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The second assumption is that the probability density of
the quantization noise is uniform as shown in Figure 2.3a and is
stationary in the wide sense. Hence if e, is the error due to
rounding then

Ele.l =0
2

where E[-]

is the expected value. The variance a2 may be computed.

g2

E[e%] = {:‘ eip(en)den
f ,~b-1
_z—b"l

2..b
en(2 )den

y=b-1

Zb e2
_n

12

=.33 (3.10)

12
where
q=2

is the quantization step. The error e can be bound so that Ienl <
270 for all n, where b is the number of places to the right of the
binary point after rounding.

The quantization error of the input signal can be represented
in a block diagram as shown in Fig. 3.2b. Ignoring all other errors
in the filter, Crold and Rader [3], Mitra, Hirano and Sakaguchi [34],
have shown that the steady-state value of the output noise variance,
using Fig 3.2b, is given by

ol = %z—%j'c 1(z) 8z’ z7! 4z (3.11)
where H(Z) is the ﬁulse transfer function of the discrete system
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Ple)
b
- 2'b —I O z-b"l
Figure 3.2a

Probability density for round-off error.

!

€n H(Z) | ¥r

Figure 3.2b

Input signal error block diagram.
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and C is the unit circle. Equation (3.11) also gives the output noise
variance due to internal product roundoffs caused by coefficient
multiplication in the discrete system. However, H(Z) is now taken
as the pulse transfer function from the output of the multipliers to
the discrete system output, as appropriate.
When the coefficient errors are assumed to be random variables,

Avenhaus [36] has shown that the noise variance can be described by

ot = 2 M [Q(W):[Z
12 i=l 3,

(3.12)
where

P(w) = H(w)H*(w)
is the power transfer function of the discrete system and NX is the
total number of erroreous coefficients. The alternative statistical
estimate of the noise variance in (3.12) can be used in determining
the word length requirements of a discrete system and sometimes can
be very useful since it is in terms of frequency.

As derived in Chapter 2 of this work, the overall transfer
function sequence of nonuniformly sampled filter is, in genmeral,
not regular in the time domain. For this reason, it is necessary
to use each pulse transfer function sequences in determining the
steady-state output noise variance due to roundoff.

Consider, for example, a second order digital filter sampled
nonuniformly with two intersamples per period. The steady-state value
of the output noise variance can be evaluated from equation (3.11)
to yield

ol=g% 1 I, Ho(zg)uo(zzz)zgzdzg (3.13)
12 2vj

where Ho(') is the first pulse transfer function sequences as derived
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in Chapter 2. The noise spectral demsity can be normalized with
respect to q2/12 to give US/(QZ/IZ)

Equation (3.13) then becomes

2 _ 2 -2\,-2.,2
GNo = 1 fc HO(ZZ)H(Z2 )Z2 dz, (3.14)
3
For the second pulse transfer function sequences:
2 _ 2 -2v0=2,,2
o1 2; fc Hl(ZZ)Hl(Zz )Z2 dZ2 (3.15)
3

A computer program written in Fortran IV and based on the
recursive algorithm of Astrom, Jury, and Agniel [38] has been used
in evaluating the integrals of equations (3.14) and (3.15). The
program has been run on the IBM S/370-158 of the University of
Oklahoma Computing Center and is listed in Appendix C-1.

A wide variety of values for the filter coefficients have
been used for computer runs with the analysis program. Im this
analysis program, equation (3.11) as derived by Gold and Rader [3]
for uniformly sampled filter is evaluated along with equations (3.14)
and (3.15) of this work. For comparison purposes, the eigenvalues
of the uniformly sampled filter is set to be the same as those of
nonuniformly sampled filters.

As an example, consider a nonuniformly sampled filter with
two intersamples per period such that the denominator parameters
satisfy the following relations:

2b) - a2

b% =b = 0.8 (3.16)

where a and b are the filter coefficients for the uniformly sampled

=3 =-1,7 and

filters. From equation (3.16), one obtains

3, 1.867847525 and

by

0.89442719 (3.17)
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The values of a, and bl in (3.17) are used in evaluating the integral
of equations (3.14) and (3.15), where
H (257) = 1+ by2;2
1+ 2;2(2by -ad) + 257

and

-2
H (252

~ay

1+ 232(2b; - af) + 25707

The result of the variance computation for each sequence is displayed
in Table 3.2. Additional result for filter coefficients b = 0.950
and 0.945 respectively are shown in Table 3.3a and Table 3.3b. Note
that the total noise variance in the overgll output sequence 1is the
average of the steady-state noise variances in the output sequences.
Table 3.4 shows the variance computation when there are four intersamples
in the overall sampling period.

The graphical displays of the normalized noise variance for
some representative values of filter coefficients are shown in Figure
3.3 and Figure 3.4. 1In Figure 3.5, the noise variance for filters
with four intersamples per sampling period is exhibited. 1Im all
these plots, one filter coefficient is held fixed while the other
is allowed to vary as.long as the filter stability is maintained.
Fixing one filter parameter makes the magnitude of the pole constant
and changing the pole location causes damping changes.

From these graphical displays, some observations are noted.
The output noise variance is about the same for each pulse transfer
function sequences for a given number of intersamples. For two
intersamples per sampling period, nonuniformly sampled filters have
the same noise characteristics as uniformly sampled filters, and tend

to have somewhat better noise variance characteristics for positive
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-1¢7C00
~1+65C0
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ERDR1 IS STEADY-STATE VALUE GUTPUT NOISE VARIANCE FOR UNIFCRMLY SANPLED
ERCR2 1S 1ST OUTPUT SEGUENCE MNOISE VARIANCE

ERCR3 IS FOR 2ND QUTPUT SEQUENCE IN NONUNIFORNM.Y SANPLEC DIGITAL FILTERS

0.€00C00

ERCR1 EROK2
0e257LA4CRE 02 QeB97ZBALE C2
0.1739124E 02 0«5982260€ 02
00 1322523E C2 04448¢8B94E C2
0¢1074€23E 02 04358S648E 02
0e S0S0B63E 01 042991539E 02
0,7612C52€ O©1 00 2564222E C2
0.7031232E 01 04224 2RBQ96E C2
Ce 634G 1E88E C) 0+1994684E C2
0¢5006423E 01} 04179%J316E C2
05365112E Ol 0¢61632199E 02
06 495SST6E 01 Q¢ 1496276€E. 02
0e46935G6E 01} 0«1381263€E 02
O0e 4423473E 0% Qe¢1282686E G2
042104S2E O} 0«1197252E C2
044017838E O1 O0e¢b122502E 02
0e38£0252E CI 01056550 C€2
03703€87E 01 049976300€ 01}
06J3574G60E 01 069454791€ 01
0e¢3461521E 01 0«B98BZT7S1E C)
0e¢JI6GI3IIE OF 0.855E7%8E 01
03272713 01} 0.8167581E 01
0eJ194212E O1 Qe7812176E C1
0eJ1246G87€ O} O«74BE342E 01
063063€20E C1 C«7185521F 01
063010C24E 01 0.6912722€ 01
002562$52E O} 06658370 OI
0642922071E 01} 0.642128%9E C}
0.2886919E 01 0.6200603E 01
0620S73137€ 01 0e5994668E 01
042832405E O1 09802033€E 01
0e28124G2E O} 0.5621489E 01
02797165€E 01 045451924€ 01
02786372E 01} 0852923%9E C1
0e2779S17€ 01 O0e3141970E 01

Table 3.2

Normalized steady-state output noise

Variance for filter parameter b

008.

EROR3

048971249E
0¢59680646F
0e4485255E
0.3587985€
0.2989850€
02562608E
042242155€
041992915€E
0e1763518E
041630271E
0014944)8¢C
041379374E
0e12€0764E
01165297E
0.11208512E
0¢1054524€
0995€66CE
049423763E
0.8961357E
08533905€
0+8145260€
077904 32E
047465122E
0+7165818E
0.68€9493E
046633603E
046395961E
0«61 74€8S5E
0¢59668132€
0e5774849E
0.5593625E
0.5423346E
045263C30€E
Oe5111847E
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EROFR) IS STEAOY-STATE VALLE GUTPUT MOISE VARIANCE FOF UNIFORMLY SAMPLED
EROR2 IS 1ST OUTPUY SEQUENCE MNOISE VAR}I ANCE

ERCRI IS FOR 2ND OUTPUT SEQUENCE 1IN NONUNIFORNLY SAMPLEC DIGITAL FILTERS

b = o.s50000

a ERCA) EROR2 : EROR3
1.2000 066G3337%E C2 0+1044}18E 02 0.1035561E 02
17500 065270311E C2 0+1057102E 02 O+10S0£84E (G2
147000 0042736G6E C2 04 107CBSS5E C2 01065760E€ 02
1«€2CO 0.3611116E 02 0.10852301€E 02 0.10£1021E 02
1¢€GCO CeJ1JBE21IE 02 0+1100246E 02 0.1096577E 02
18500 02785687E 02 O¢l1)1%717€E C2 061112506 02 '
1.2C00 0. 2E120€7E 02 O«1131675€E 02 0.1128822E Q2
J 4500 0e22Z54)16E C2 0+1148157€E 02 0¢1145590E 02
1«4C00 062116650€E 02 0¢116515S9E 02 0.11€2825E 02
143200 Oe 1SUSESEE C2 0.1182698E 02 0.11805%0E 02
13000 0¢1846150E C2 0+120C763€ C2 0.1198817E 02
1.28C0 0e1741063E 02 0¢1219466E 02 0e12176J32E 02
12000 0s 46507G3E C2 06123€0752F C2 0.1237040E€ 02
1«18%CO 0.18728S73E C2 0e125E¢E9E C2 0.1257054F C2
141000 0. 1504235 02 0+127G235€ 02 0.1277724€ 02
10500 De 1444002 C2 Ce$30CSC2E C2 0¢129907SE 02
1+ CCCO 0. 1391 602E 02 0+13224085E C2 O0.1321133E C2
Ce5%00 Oe 1J44ELAE C2 01342239F 02 O1343955E C2
Ce9000 0e13032S1E C2 O«136ERQCAE C2 0«1367581E Q2
0.€%C0 0e §266223E 02 0e1392205€ 02 0.136203€6E 02
0+8000 0e1233195E €2 O0+141E502E 02 O«.l417385€ 02
Ce75CO 0¢1203692E 02 0+1444740E 02 0«1443670E 02
07000 0601177347 02 0.1471959€ 02 01470932€ 02
Ce 6500 0+1153835C 02 0e¢ 150C245E 02 0.,1499257€ 02
Ce€CCO 0e11328S2E 02 0.152G¢J1E 02 0.1528€80F 02
Ce 5500 0.111427€E C2 0«156C195E 02 0.15592768E 02
CeSCCO 0«1097€E14E 02 01592013€ C2 0.1591128E Q2
Ce4500 O0¢ 1083226E 0C2 0¢162%151E 02 0+1624297€E C2
04000 O0e107CERTE C2 0« 165ST709E 02 0«1658881E 02
Ce 3500 0¢1059777E 02 0+1692T76TE 02 0.16094566FE 02
0¢3C00 0« 10504SSE 02 0s1733429€ 02 De1732652E C2
Ce 2500 0e1042774E C2 0.1772803€ cC2 O«l177204TE 02
02000 Q¢ 10J6EALE 02 0+1814015E 02 0.3813281E 02
0¢ 1500 0¢1031740E 02 01857185 02 O« 1ESG6AT3IE 02
Ce1CCO 001028341E 02 0.1902466E 02 0419017726 Q2
Ce 0200 0«1026313E 02 0.1950012€ 02 0+.1949336€E 02

Table 3.3a

Normalized steady-state output noise variance for filter parameter b = 0.950.
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b =

a

1.8000
t.7£C0
1e?7C00
16500
1+€6CCO
1.8800
1.£€00
14200
1.4G00
13500
1+ 2CCO
12500
1e2CCO
11800
11C€00
1.C500
10000
Ce$5C0
€Ce«9000
06 E500
C«ECO0
Ce 7800
Ce 7000
Ce 6500
046000
CeS500
08000

EROKR] IS STEADY-STATE VALLE CUTPUT AOISE VARIANCE

EROR2 IS 1ST OUTPUT SEQUENCE MOISE VAR1ANCE

ERORY IS FOR 2ND OUTPUT SEQUENCE IAN NONUNIFORMLY

0.945000

€ERGR1

046512273E
0.450€024E
063560CCIE
003334£84E
0.2891484E
042561¢€13E
0¢2306790E
06210421 4E
00193G€E3CE
0¢1803780E
0.1606%83E
0¢1592872€
0. 15093C6E
0.143723¢E
0¢1374396E
Oe 1319275E€
0.1270¢80E
0e1227€70F
06 1189A72E
0e1155467E
0.1125137€
0.109€C65E
0+1073885E
001082220E
001033103E
001016037E
0¢1000637E

Table 3.3b

EFRCR2

0.%548G798E
0.5604971E
0.S72€923E
0. SB5EG4PE
0.9994130E
041012427E
0.1C279C7E
0.10426857€
0+ 1CEE2G6E
04107422%E
0.109C672E
Ce1107¢€36E
0112%168E
041143266E
0.1161972€
0+.1181308E
Ce1201304E
01222001E
0¢1243435€E
00126%629€E
0«1288644E
0e13132S817€
041337298%€
0¢1363028€
0.1388773¢€
0¢1417594€
0¢1446555€

FOFR UNIFORMLY SAMPLED

SANPLEC DIGITAL FILTERS

ERCR3

049392224¢€
0.9522432€
049671180E
0981098 3E
0.99£3127€
041009845E
04102472€E
0.103G696G9E
0¢1055700€
0.1071847F
0.10€8478E
0.1105600€
0¢11223269€
0¢1141486E
0.11¢80297¢&
0e1179727€
0¢1199807E
001220580E
0el1242080¢
041264337€
0.12€7408E
0e1311333€
0.133615¢8E
0+1361935€
0.1388721E
0+1416580€
0e1445576E

Normalized steady-state output noise variance for b = 0.945

(49



ERORL 1S STEADY-STATE VALUE CUTPUT NOISE VARIANCE FOR UNIFORMLY SAMPLED

EROK2 1S 1ST OUTPUT SEGUENCE NOISE VARIANCE

ERORJI IS FOR 2ND OUYPUT SEQUENCE 1M NONUNIFORMLY SAVPLEC FILTERS WITH A4 INTERSAMPLES PER PERIOD

b = o.easzo00
a EROR ) EROR2 EROR3
1.£000 0.87413CAE C2 0.4035618E 01 0.8663804E C1
1e75C0O 0.364G%18E 02 045172359E C} 0.8399973& C1
1.7C00 042330365E 02 0+5821754€ 01 0+8426002E OF
1.65C0 0.172453GE C2 Ce6302205E C1 0.8562682E 01
16000 041377699E 02 0e6717596E 01} 0.8728967E 01
1e2€CO 0.11E277€E G2 0.7082990E 01 0.8917069E ©1
15000 0.9954247E 0) 0e7424136E C1 0¢9119283E 01
1.4500 08793387 01 047747655€E 01 0¢93219802E C1
1+ 4000 0.76C2SCSE C1} 0.8060524E 01 0.9553261E O1
102500 047199437 01 0e.EIGEELTSE C1 0.9782309E 01}
12000 0.6630€6€E 01 0+8665562E 01 041001858 02
12500 0.6162244E C1 0.897C840E 01 0+41026201€ 02
1.2000 0.5770561E 01 009272424E O} 0+105126CE 02
1.1%00 0.543E8S406E 0} 0.9575815E 01 0.1077060E 02
11000 0.5155307E 01 0e¢58BZ156E C1 0el1103¢21E 02
1. CSCO 0.4910589E 01 0.1019260E 02 0415305836 02
10000 0.4€97S65C 01 . 0.105CB13E 02 0«1159184E 02
€Ce$500 0,4512122E 01 010829¢3E. 02 0e1188269E 02
0¢$000 0.4348S1SE Ci O«111%804E 02 0e1218290E 02
0. €500 044205035€E 01 Qe 114G416E 02 001249298€ C2
C. 8000 0.,4077828E 01 0+11838E80E 02 0«12€13%6E C2
Oe 7500 0, 39€5187E ©) 0.1219306E 02 041314527E 02
0o 7C00 0.3665240E 01 0e125€758E 02 041348879E 02
Ce65CO 0e3776€E44E 01 041292336 02 0.1384491E C2
06000 0.3658149E Ot 0e¢1332134E C2 O0e1421442E 02
0¢55C0 0¢362B767E 01} 0e1372281E C2 0.14%9821E 02
02600 003567€65S4E C1 0.1413795¢ 02 0e1899724E 02
Ce 4500 0.35141C8E 01 0.145€87S€E €2 0+1541257€ 02
Cs4C00 Qs JAETEILE 01 041501621E 02 0.15€E4528E 02
043500 043427462 01 0e¢ 1S4E1E7E C2 0416296668E 02
€+ 3000 043393477€ 01 041596622E 02 041676807E 02
042500 00 336823€E 01 O0«1647174E 02 0¢1726093E ©2
0.2C00 0e3342481E CI 0+ 1696979E C2 041777690E 02
0s18CO 0e33246G91E 01 0.1758214E 02 041831773E 02
0e 1000 0e2312€¢15E 01 00181 3091E 02 0.1888347E 02
000500 043305229E 01 0+1872822€ 02 041948221E 02
Table 3.4

Normalized steady-state output noise variance for filter parameter b = 0.835,

€S
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values of the filter parameter a. These remarks are evidenced in
Figure 3.3 and Figure 3.4. For four intersamples per sampling period,
nonuniformly sampled filters tend to have lower noise variance for
high Q filters but higher noise variance for low Q filters when compared
with uniformly sampled filter with the same eigenvalues. This remark
is evidenced in Figure 3.5.

The purpose of this study has been to investigate quantization
errors in nonuniformly sampled filters using the results developed
earlier in this dissertation along with established techniques for
analyzing such errors. The results generated in this section are
then compared with those for uniformly sampled filters obtained By
others. From the graphical displays of the results, some observa-
tions are made. It is observed that all the transfer function
sequences for a given number of intersamples generate about the
same level of output noise variance. For two intersamples, it is
noted that nonuniformly sampled filter has the same noise character-
istics when compared to uniformly sampled filter having the same
eigenvalues. They also tend to have somewhat better noise variance
characteristics for positive values of filter coefficient a. For
four intersamples, the nonuniformly sampled filter is observed to
have lower noise variance for high Q filters with positive value of
filter coefficient "a," and higher noise variance for low Q filters
when compared to uniformly sampled filter having about the same
eigenvalues. These observations are only restricted to second order

nonuniformly sampled filters.
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3.3 Zero—-input limit cycle oscillations.

Jackson [29] and others [27,28,30,31,32] have considered the
zero—input limit cycle, which is the periodic output of the filter
in case the input is zero. Parker and Hess [27] have shown that
limit cycles under forced response conditions can be readily reduced
to zero-input conditions. The work on limit cycles has been
restricted to uniformly sampled filters.

In this research, the decomposition technique is extended to
limit cycle analysis of nonuniformly sampled filters. For simplicity,
a zero~-input filter model with poles and no zeros is used. This
simple model is employed because it allows the study of the natural
response of the filter without the distracting influence of zeros
in the transfer function sequences. Also, zeros in the transfer
function may change only the magnitude of the limit cycle but not the
the nature. As shown by Jatnieks and Shenoi [32] and others [27,33],
limit cycle oscillations are completely defined by a knowledge of
the poles or eigenvalues of the discrete data system.

Jackson [29] and others [27,32] have shown that the limit
cycle amplitude bounds on the output y(n) in a first order filter

sampled uniformly can be evaluated as

ly@)| < 0.5 (3.18)
l1-|a

Equation (3.18) assumes that the quantization step has been normalized
to one.

Using the results derived in chapter 2 along with standard
techniques, the amplitude bounds on limit cycles in nonuniformly

sampled filters can be evaluated.
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From equation (2.34), the overall pulse transfer function

sequence is given as

-1
—_— 3.19
1-a2z72 ( )
172

Since the zeros of H(Zz) have no influence on the nature of

limit cycles, the amplitude bound can be evaluated as

|y(n) | 5___2;25 (3.20)
1- a1

where [al in (3.18) has been replaced by ai for filter with nonuniform
sampling.

There is a large variety of modes of limit cycle behavior
in second order filters. Parker and Hess [27] and others [29,31,32]
have shown that the amplitude bounds that apply to two modes of limit
cycles in uniformly sampled second order filters can be given as

ly(m)| < _0.5
1-1b

for oscillating limit cycles and

ly@@)]| < 1
l1-jaj +b (3.21)

for constant magnitude limit cycles. The quantization step is assumed
to be one in equation (3.21).

A second order digital filter with two nonuniform samples
per period has the overall transfer function sequence which is given

from (2.52) as

. - -2
‘ 1-c¢z1+c¢.z
H(Z,) = 1 22 2 24 (3.22)

where

= - a2 = B2
Bl 2b1 ay and 82 = bl
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The values for Cl and C, can be expressed in terms of Bl and B, as

- %
c, (zc2 - Bl)
(8,)% (3.23)

c

]

2

Equation (3.22) represents a mapping of the a, - b1 parameter

1
plane of the filter with nonuniform samples into B - By coefficient
plane of filter with uniform samples when the zeros of equation (3.22)
are ignored. Since the feedforward coefficients of equation (3.22)
do not contribute to the nature of the limit cycle, the bounds of
(3.21) are applicable.

The amplitude bounds on limit cycles in filters with nonuniform
samples with two intersamples per period for the case of roundoff

quantization after multiplication are thus given as:

Bd, = - —Oiz T = 0.52 (3.24)
2 1- b1

for osciliating limit cycles, and

= 1 (3.25)

1
1-{B,| + B _ _ .2 2
1 2 1- |2 all + b}

de =

for constant magnitude limit cycles.
Similarly, the amplitude bounds where there are four intersamples

per samplig period are

Bal = 0.5 and

- Rwé
1 bl

_ 1
Bd, = (3.26)
2 1-|4a§bl—2bi-a‘l*|+b‘

1

The limit cycle behavior of a second order filter may be
viewed on a phase plane plot which displays the successive states
of a second order discrete system on a cartesian plane with y(n)

plotted on the x-axis and Y(n-1) on the y-axis. Once a state point
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is chosen in the phase plane plot for a given l(Z), the resulting
state trajectory is uniquely specified. A limit cycle on the phase
plane plot is recognized as a repeating sequence of state points.

In order to display the limit cycle in a second order filter
due to roundoff errors, a computer program in PL/1 language is written.
This program has been run on the IBM S/370-158 computer and is listed
in Appendix C-2.

A PL/1 programming language has been chosen in order to minimize
errors which occur when decimal constants are converted into binary
format. A PL/1 language allows for exact decimal representation of
the filter coefficients since the language internal coded arithmetic
form is decimal. This is discussed in the IBM $/360 PL/1 operating
manual [37].

During the simulation, several initial conditions are employed
in a systematic manner until a specific representative range of initial
conditions has been established. Then using a variety of values
for the filter coefficient parameters, all possible limit cycles in
a specified area of search for a given set of filter coefficients are
enumerated. As for example, the computer results for a = -1.4 and
b = 0.8 for uniformly sampled second order recursive digital filter
are displayed in Table 3.5 and the phase plane plot is shown in Figure
3.6. Additional results for a = =1.4 and b = 0.94 for uniformly sampled
second order filter are displayed in Table 3.6 and the phase plane
plot is shown in Figure 3.7. These results agree with those »f Hess

and Parker [27] in comparison.
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a=.~-1+400000000 , b=27.80200CCOCD
THE CALCULATED BOUNDS ARE UOND1= 2.5C00,3ND2= 25000

LIMIT CYCLE # 1 i3

-2 -1 1 2 2 1 -1 -2
LIMIT CYCLE # 2 s

-1 8] 1 1 0 -1

LIMIT CYCLE # 3 IS 9

LIMIT CYCLE # 4 1s 2

Table 3.5
Limit cycle oscillations in second order

filter with uniform sampling
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LIMIT CYCLES ARPANGED IN PHASE PLANES
= =14C0000 "~ b= 0800000

-6 -5 -4 -3 -2 -1 0 1t 2 3 4 S

Figure 3.6

Phase-plane plot of Table 3.5

X{N) VERSUS X(N-1)
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a= —1.4CNJ0 0000 5 b=0.940200000
THE CALCULATED EOUNDS ARE BND1= 8¢3333,8ND2= 18519

LIMIT CYCLE # 1 IS
-7 =3 3 7 7 3 -3 -7
LIMIT CYCLE # 2 IS
-6 -1 S 8 6 o -6 -8 -5 1 6 7 4
-3 2 6 6 2 -3 -6 -5 -1 4 7 6 1
2 5 8 s -1 -6 -7 -4 1 S 6 3 =2
3 6 S 1 -4 =7

"
W
-
0

LIMIT CYCLE
LIMIT CYCLE # 4 IS

LIMIT CYCLE # 5 1S

LIMIT CYCLE # 6 IS
- -2 2 s s 2 -2 -5

LIMIT CYCLE # 7 IS

LIMIT CYCLE # 8 IS

Table 3.6
Limit cycle oscillations in second order filter

with uniform sampling.

-1
-5
-6

-5
-8
-6

-6
-5

-2
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-2
-3

-a

-6

-7

-9

-10

LIMIT CYCLFS ARRAMGED IN PHASF PLANE,
a=-1,400000

-10

-9
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b=0.940092

-8 ~7 -6 -5 -4 -3 -2 -1 O 1 2

n
[
N

2 S 7
1t 2 8
a4 2 6
2 2 7
2 3 S
2 2 8
2 6 6
1P 2 7 8 2
4 2 S 8 7 S 2

2 2 2 2 s 2 2 2 2

Figure 3.7

Phase-plane plot of Table 3.6.

N

X{N) VERSUS X{N-1)

N

N

8 910
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The filter parameter for nonuniformly two-intersampled digital
filter has been chosen such that its eigenvalues are the same as those
of uniformly sampled filter with a = -1.4 and b = 0.8. Thus a; =
1.7857364 ;nd bl = 0.89442719. The computer results for the limit
cycle in nonuniformly sampled filter with its coefficient values thus
chosen as above is displayed in Table 3.7 and the phase plane plot in
Figure 3.8.

Similarly, the filter parameter for non-uniformly four-intersampled
filter has been chosen such that its eigenvalues are the same as
those of uniformly sampled filter with a = -1.4 and b = 0.94. Hence
a; = 1.94848996 and by = 0.98465018. The corresponding limit cycles
and phase plane plots are displayed respectively in Table 3.8 and
Figure 3.9.

In both tables 3.7 and 3.8, most of the limit cycle oscillations
in the area of search are enumerated. These limit cycles are designated
by an identification number and the values of the limit cycles point
are printed. Furthermore, the amplitude bounds of equations (3.24),
(3.25) and (3.26) are stated. In Table 3.7, all the limit cycles
in the area of search stay below the bound calculated. However, in
Table 3.3, limit cycles #6 exceeds the calculated bound by as much
as three quantization steps. This means that the bounds are not
exact bounds but can only give approximate results. Parker and Hess
[27] arrived at the same conclusion for their bound on limit cycles
in uniformly sampled filters.

The corresponding state trajectories for Tables 3.7 and 3.8
are shown respectively in Figures 3.8 and 3.9. A trajectory in the

phase-plane is made up of those point values bearing the same number.
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aF~1,4CC000000 s b=0.ECC005000
THE CALCULATED BOUNDS ARE BND1= Z.5000,8ND2= 25000

LIMIT CYCLE
-2 -1 1 2 2 1 =1 =2

*
—
-
()

LIMIT CYCLE # 2 Is
-1 0 1 1 o -1

LIMIT CYCLE # 3 IS 0

LIMIT CycLe # 4 s

Table 3.7
Limit cycle oscillations in second order

filter with nonuniform sampling
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LIMIT CYCLES ARRANCED IN PHASE PL ANE,
==14400000 b=0.800000

-6 =5 -4 -3 -2 -1 o 1 2 3 4 S5

4
1l--1
t
- 4
1~ 2 2 Il
4 /
7/
J2 3 2
/ /
1 2 2 .1
1 P
1 R
1- -1
Figure 3.8

Phase-plane plot of Table 3.7.

X{N) VERSUS X{N-1)
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a=-1+4CC000000 s b=0.940000009
THE CALCULATED BOUNDS ARE BND1= €,33332,BND2= 1.8519

LIMIT CYCLE # 1 IS
-7 -3 3 7 7 3 =3 =7

LIMIT CYCLE # 2 IS
-7 -4 1 s 6 3 -2 -€ -& - 3 6 s 1 -4 =7
- -1 s 8 6 0 -6 -8 =5 1 &6 T 4 =1 =5 -6
-z 2 €& € 2 -3 ~6 =5 =1 -4 7 6 1 -5 -8 -6

0 6 8 5§ -1 <€ . :

LINIT CYCLE # 3 IS

-7 -5 @ € 17 S5 0 =5

LIMIT CYCLE # & IS
-7 -8 -4 2 7 8° 4 =2

LIMIT CYCLE # S IS
2 -4 -8 -7 =2 4 8 7

LIMIT CYCLE & 6 Is
-7 =11 -8 -1 7 11 8 1

LIMIT CYCLE »# 7 . 1S
-& -4 0 4 6 4 0 -4

LIMIT CYCLE # & IS
=5 -2 2 s S 2 =2 ==&

LIMIT CYCLE # 9 1g

LINMIT CYCLE # 10 ' Is
-5 -4 =1

[}
tn
£-3
"~
d

Table 3.8
Limit cycle oscillations in second order

filter with non-uniform sampling
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LIMIT CYCLES ARRANGED IN PHASE PLANE, X{N) VERSUS X(N-1)}

3a=-1,400000 b=0.940000

-1¢ -9 -8 -7 -6 =5 -4 =3 =2 ~1 C 1 2 3

(]
[V
(M
N

1 2 9
s 2 &
3 2 210
2 3 7
2 2 9 10
4 2 8 . 8 2
1 2z 10 9 2 1
s 2 7 9 16 7 2 o
2 3 2 810 9 8 2 3 2
2 2 2 2 7 2 2 2 =
4 1 2 3 2 1 S
5 2 2 a 6
Figure 3.9

Phase-plane plot of Table 3.8
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These numbers are identical to the limit cycle number appearing in
Tables 3.7 and 3.8. For example, consider limit cycle #1 of Table
3.7, its state trajectory is made up of those state points designated
by the number "1" in Figure 3.8. These include (1,2), (2,2), (2,1),
(1,-1), (-1,-2), (-2,-2) (-2,-1) and (~1,1). The trajectory is very
close to an ellipse, which indicates that this limit cycle is nearly
sinusoidal in nature. It can be verified that there is no difference
between the nature of the limit cycle oscillations in uniformly sampled
filter of Figure 3.6 and that of nonuniformly sampled filter of Figure
3.8, for two intersamples per period. It can also be verified from
Tables 3.6 and 3.8 that in the area of search, the limit cycles in
nonuniformly four-intersampled filter are not exactly the same as those
in uniformly sampled filter with equivalent eigenvalues. As can
be verified from Figure 3.9, the pattern of limit cycle oscillations
in nonuniformly sampled filter with four—-intersamples is somewhat
slightly distorted.

The purpose of this section has been to extend the decomposition
method to the analysis of limit cycle oscillations of nonuniformly
sampled filters. In comparison with well-known techniques, the amplitude
bounds and the general nature of limit cycles in nonuniformly sampled
filters are shown. The conclusions arrived at fairly agree with those
established for uniformly sampled filters.

3.4 Frequency and Phase characteristics of recursive digital filters

sampled nonuniformly.

In applications, it may be necessary to have the filter

realization match some desired characteristics. For a stable system,
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this would mean that the system function H(*) would be interpretable
as a frequency response function.

The derivation of the frequency characteristics of uniformly
sampled filter is fairly straight-forward. However, for nonuniformly
sampled filters, the derivation is more complicated due to the fact
that the pulse transfer function sequence is not regular in the Z-
domain.

For a nonuniformly sampled filter, assume that the filter with
transfer function of equation (2.38) is subjected to nonuniform sampling.
Then the kth output sequences can be written, using equations (2.12)
and (2.14) as

n-1 n-1 -k n a
Yz )= £ I Z X(z)H (2) (3.27)
k=0 j=0 » J % k-j =n
where Z;F are the sample delays that place each periodic output
sequence correctly in time and xj(zg), j=1, 2, ... , n-1, are the
advanced Z-transforms of the input sequences.

Rewriting (3.27) to take into consideration the advanced
Z-transform of the given input sequences yields

¥(z) = T e xo(z::)nk_j @) z;k (3.28)
k=0 j=0

Define the gain of a filter with the overall output sequence
of (3.28) as

)« g (3.29)
Xo(Z0)
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Then, (3,28) can be rewritten as

=1 n=1 - wT
o nZ ethi e vty Hk_i(ej ) (3.30)
k=0 1=0

H(w) = 1
T

where e3¥! has been substituted for Zg.

The summation in (3.30) may be rearranged to yield

1 nfl {ifl e-jw(tkfti)nk_i(eijs + ngl e_jw(tﬁ-ti)u _i(ejWTj}

T i=0 k=0 k=1 k
(3.31)
Letting r=k-i, then (3.31) becomes

n=l -1 _; - X

17 gz e Wty "i)ui,(eij)

T i=0 r=-i

o1l gw(teyi-t.) wT

+ 5 e IV Tty (I¥T)) (3.32)
r=0

In (3.32) t,+i~t; may be conveniently written as vgktv so that (3.32)

becomes
n-1 -1 . .
1z etV 2ty (39T) 4
T i=0 r=-1
n-i-1 wT
z -3 I .
I exp (~jw v=ktv)Hr(e )} (3.33)

Equation (3.30) can now be written as

A(jw) = ﬁl(jw) + Hy(Jw) (3.34)
where
_ L n-1 -1 JWT
Hl(jW) ;f ifo rz-i exp(-jwsgktv)ﬂr(e ) (3.35)
= =1 n-{-1 JwT
Hy(Jw) =1 © exp(~jw I t_)H.(ed¥") (3.36)
2 T 150 rko vk

Now consider equation (3.36) which has positive values for
subscript r. Equation (3.35) with negative values for subscript r
can be similarly handled as (3.36) which thus can be rewritten for

convenience as
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n-1 WT n k-14+i
By(Gw) =1 I H @) T exp(-jw I t)  (3.37)
T i=0 k=1 v=k "

Expanding (3.37) yeilds
_ c T k-1
Hy(3w) = l_{(Ho(eJ ) Z exp(-jw I t))) +
T k=1 v=k

n
1, (1) T exp(-jw vt )+
k=1 v=k

‘ i n k+l
Hy(ed™) § exp(gw z e+ . ..
k=1 v=k

(eJWT)kE1 exp (~jw k+§;2 t )N (3.38)
= v=

+ (Hn_l
Simplifying futher yields

B,(j0) = 1 {(ai_(eI¥T))+ (e7IWEL 4 &IVE2 4
T

eIVE3 |+ e‘thn)Hl(ejWT) +

(e~dvltrtey) 4 o=jwltphe3) 4 o-jwltztts) 4+, | |
+ (e'j"(tn-l'*'tn)ﬂzcejﬂ) + ...
+ (e-dwltyt, | +tp1y 4 e~dwltytty o . .ty 4, |,
+emIWltater, | ooy (39T (3.39)
The overall transfer function sequences for nonuniformly
sampled filter can be written from equation (2.53) as
n~1
H(Zp) = I B (@DZF (3.40)
. k=0
Expanding t3.40) yields

H(Zp) = Ho(2n) + Z3lH;(ZD) + 2;2H,(2D)

.+ z -(o-1)y

o-1(20) (3.41)
Comparing equations (3.39) and (3.41) one finds that as long as the
denominator parameters of the overall pulse transfer function sequence

have Zg as multipliers, then the following correspondence can be

established:
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- -Jjwt —jwt -
{e thl-i-e 2-!-...+ejW n}<==>2n1,

- +t -
+e o tag ) 2

{e-jW(tI+t2) + efjw(t2+F3)+ . } <= Zn ’.

Bl Bl

. . o o o o e & o o o o e o o o e * e o e o o . e o o o o

_jw(tl+t + ... t -jw(tl+t2+ cee + tn) +...
{e 2

n-l) +e

o |

+tat. .t - -(n-1
4 oduitattl ta-2) zn(n ) (3.42)

Equation (3.42) is significant since it provides a means of
describing the magnitude and phase characteristics of a digital filter
sampled nonuniformly from its overall transfer function sequence
H(Zn). The result shown in (3.42) is in contrast with the operator
H(ejWT) which describes the magnitude and phase response of a uniformly
sampled digital filter having a transfer function H(Z).

Using the relationship in (3.42), the frequency and phase
characteristics of first and second order digital filters with
nonuniform sampling can be derived.

For a first order filter, the overall pulse transfer function

as given in equation (2.34) is
1

H(Z,) =1+ az;‘z'22 - 1+aZ, (3.43)
i- alZE 1 - 32252

Then using (3.42), (3.43) yields:

H(jw) ‘.l{ 2 + alexp(-jwtl) + alexp(-jwtz)_}
T

1- a% exp (~jwT)

(3.44)

where ty and t, are the two nonuniform intersamples. Simplifying (3.44)
yields

n(jwj =2 {1 + a(coswty + coswtz)—jéﬂsinwtl + sinwty)}/
T 2 2



76

a - a? coswT + jazsian) (3.45)
where T is the overall sampling interval, that is T = '1‘l +'T2.
8(jw) = angle of H(jw) (3.46)

A first order filter with four intersamples per sampling period
is similarly considered. The overall pulse transfer function is given
as

H(Z,) = Hy(z)) + 23! H(z)) + 232u(2}) +
2335 (2 (3.47)
Substituting from Table 2.1 and simplifying yields

H(Z,) = 1 + az;* + a%23% + 23233

(3.48)
1- al‘ZZ4
Using (3.42), (3.48) simplifies to
H(jw) = 1{4 + aA + a%B + a’c}|D (3.49)

-

where
A= o dWEL 4 ity o miWts | —jwt,
B = o dW(ty+i2) L -jwltytty) | -jwltghe,) o ~iwlt,+ty)
C = o dW(tyteottsy) o jwltybegdt,) mjultgt )
—Jw(t +t +t2)

4 coswT + jaasian

D=1-a
The overall pulse transfer function sequence for a second
order filter with two intersamples per sampling period is given as

of equation (2.52)

1-a,2z1+0b z'2

122 2
1+ ZZ (Zbl al) + b1Z2
1 - azzl + bz5°

- — (3.50)
1+ 23%(2 - a?) + b2z,
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where the subscripts on a and b have been dropped for convenience.

From (3.50) and using (3.42)

H(3w) = % (1 - a(e”i¥t1 -;- eIWt2y 4 be'j“’T}
1+ e 3T (2p = a2y 4 p2e 3T (3.51)
Hence
G |2 = & a2+ 3%,
oot (3.52)
8(jw) = angle of H(jw)
= . arctan(B/A) + arctan (D/C) (3.53)
where

A=1 - 2y (coswt; + coswt)) + by coswT

2
B = 3;_(sinwt1 + sinwtz) - bysinwT
2
cC=1+ (Zb1 -a%) coswT + bicosZwT
_ _ .2 . 2
D= (2bl al) sinwT + blsinZWT

A second order filter with four intersamples would have the
following overall pulse transfer function sequences:

-1 -2 -3 - -
1 - az, + (a2-6)2;° + (2ab-ad)z;" + (aZb-b2)z; -ab’z;>

+ b3ZZ6/(l - 224(4a2b-2b2-a4) + bAZZS) (3.54)
Hence

H(Jw) = 1 {4 - ah + (a2-b)B + (2ab-a3)C + (a2b-b2)D

- ab%E +Tb3F/ @ + GeIVT 4 plemIZTy, (3.55)
where

D = e 3V

E = e=iW(EPHT) o ~Jw(ttT) 4 oW (E5HT) o —3w(t+T)
F = e—iwW(tgtt #T) | —jw(tyttaT) | —jw(ty +t,+T)
+ - Jw(t,+t1+T)

(4a2p - 262 - 3%)

(]
0
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and A,B and C are as defined in equation (3.49) It should be noted
that when using equation (3.42), whenever v> n then ty=ty-n-

The frequency characteristic plots for first order digital
filter with nonuniform sampling is exhibited in Figure 3.10. These
plots are obtained by using equation (3.44) for the case of two
intersamples per period and equation(3.49) for the case of four
intersamples per period. Also for comparison, the frequency response,
of first order filter with uniform sampling is included. For the
filter with nonuniform samples, the two intersamples are in the ratio
of 3:7, and the four intersamples are in the ratios of 2:1:4:3.
For the uniformly sampled filter, the normalized sampling frequency
fs/f = 0.5 and the filter parameter a = 0.8.

From Figure 3.10, it can be observed that nonuniformly sampled
filter tend to have a higher gain than the uniformly sampled filter
of comparable eigenvalue. For example, the frequency response magnitude
in the passband for uniformly sampled filter is about 7.3 db. For
two intersampled filter, it is about 11.7 db and for ‘the ‘four intersampled
it is about 12.6 db, using Figure 3.10. This is expected since nonuniform
sampling tend to introduce transmission zeros into the pulse transfer
function sequences. Also from Figure 3.10, it can be observed that
the critical frequencies are the same for the same filter eigenvalues.

The phase characteristics for the first order filter is shown
in Figure 3.11. The plot shows that the phase characteristics are
nonlinear for both uniformly and nonuniformly sampled filter having
the same eigenvalues.

In Figure 3.12 and Figure 3.13 are shown respectively, the
frequency and the phase characteristics for a second order filter.

These plots are obtained from equations (3.52) and (3.53) for the
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two intersampled filter and from equation (3.55) for the four
intersampled filter. Also shown, for comparison, is the frequency
response for uniformly sampled filter with the filter parameter a =
~1.8 and b = 0.937 at a normalized sampling frequency fs/f = 0.9.
For the nonuniformly sampled case, the two intersampling intervals
are in the ratio of 3:7 and the four intersampling intervals are in
the ratios 2:1:3:4.

From Figure 3.12, it can be observed that the gain at the
passband for uniformly sampled is 13.7 db, for nonuniformly sampled
with two intersamples per period, the gain is 23.2 db and for four
intersampling, the gain is about 24.1 db. The same observation noted
earlier holds. Also from Figure 3.12, it can be observed that a second
order nonuniformly sampled filter exhibits some ripples in the stopband.
The phase characteristic of Figure 3.13 points to the fact that the
phase characteristics for the four intersampled filter exhibit more
nonlinear characteristics than the two intersampled filter with approximate
eigenvalues. However, recursive digitial filters, in gemeral, exhibit
some nonlinear phase characteristics [13]. This'is also evidenced
in Figure 3.11 and Figure 3.13 of this work for nonuniformly sampled
filters.

The purpose of this section has been to demonstrate the
application of the decomposition method to determining the frequency
characterisitcs of recursive digital filter sampled nonuniformly.

This new approach has been applied to first and second order recursive
filters. From the graphical displays of frequency response function,
it is observed that at critical frequencies, the gain of nonuniformly

sampled filter tend to be higher than that of uniformly sampled filter
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of approximate eigenvalues due to transmission zeros introduced into
the transfer function sequences. It is also observed that nonuniform
sampling does not improve the phase characteristics of recursive digital
filters which, in general, tend to be nonlinear.
The frequency response characteristics as derived in this
section is important in that it enables one to match a filter response

¥
characteristics to a design filter response.



Chapter 4

APPLICATION OF DECOMPOSITION TECHNIQUE.

4.0 Introduction

In this chapter, the decomposition approach is employed in
the analysis of moving target indicator (MTI) digital filters in
radar systems. The characteristics of such filters when nonuniform
sampling is used are re-derived and compared with the results of
earlier investigators. In extension, the decomposition approach will
be applied to the analysis of recursive moving target indicator filters.
The effect of nonuniform samples in moving target indicator filters
will then be shown. Thus far, the effect of nonuniform samples in
recursive moving target indicator filters has been limited to direct
simulation of these filters.

Secondly, multiple shift sequences in digital filters is
considered. It will be shown that multiple shifting in digital
filters can be regarded as a special case of nonuniform sampling.
Filters with multiple shift sequences have been shown to be particularly
suitable for the realization of variable filters.

Thirdly in this chapter, system with inherent nonuniform samples
will be investigated. It will be shown that distortion results when
nonuniform samples are processed as uniform samples.

4.1 Moving Target Indicator (MTI) digital filter in Radar Systems.

Moving target indicator filters [39,41] are used in radar

systems to reject signals from fixed unwanted targets, such as buildings,

85



86

trees, and hills, and to retain for detection or display the signals
from moving targets such as aircrafts. Echo signals from fixed targets
are normally not shifted in frequency, but the echo from a moving
target is invariably shifted in frequency. Hence, in MTI radars, the
doppler shift in frequency is used to discern moving targets even when
the echo signal from fixed targets is orders of magnitude greater.
Zverev [39] has shown the advantages of digital MTI filters over their
analog counterparts.

The frequency response characteristic of MTI digital filters
is given in [40,41] and shown in Figure 4.l1a. This frequency characteristic
indicates that, for uniform samples, the respomse of a MTI filters
is zero whenever

n
f = E = Dgg where n =0,1,2.

and f£s 1s the sampling frequency. Thus the uniformly sampled MTI
filter not only eliminates the d.c. component caused by clutter targets,
but unfortunately it also rejects any moving target whose doppler
frequency happens to be f = % or multiples thereof.

Those relative target velocities which result in zero MTI
filter response are called blind velocities [39,40,41]. The presence
of these blind velocities within the doppler frequency band reduces
the detection capabilities of the radar system.

One solution to the problem caused by the uniform sampling is
to nonuniformly sample the incoming ‘bipolar wvideo signal from the
targets and then to repeat this nonuniform sampling pattern. The
net result of such a sampling scheme can be construed as a superposition
of a set of uniformly sampled radar pulse bursts, each set of bursts

having a different sampling frequency. Roy and Lowenschuss [40], and
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,H (w)l

[Hw)|?

Figure 4.1
Frequency respone of a MTI filter.
(a) Uniformly sampled MTI filter- response.

(b) Desired frequency response.
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McAulay [42] have shown that the usable frequency range of a nonrecursive
MTI filter can be extended so that the frequency characteristic will
ideally approach that of Figure 4.1b byoperating the filter with
nonuniform sample periods. Prinsen [44], using computer search
techniques in the time domain, considered the elimination of the blind
velocities of nonrecursive MTI radar filter by optimal choice of the
nonuniform sampling period and the optimal choice of the weighting of
the filter coefficients. Haykin and Boulter [43] have considered

the response of a recursive digital MTI filter and arrived at the
conclusion, by direct simulation of the filter, that both the width

of the transition from the passband to the stopband and the passband
ripple of the filter can be substantially reduced by nonuniformly
sampling the input signal and proper choice of the feedback multiplier
coefficient of the filter.

The most common type of MTI digital filter is shown in Figure
4.2, The transfer function of such a filter can be given as

Hz) =1-2"% (4.1)

Roy and Lowenschuss [40] and McAulay [42] investigated the
effect of nonuniform samples on MTI digital filter whose transfer
function is as shown in (4.1). Since the overall purpose of the
MTI filter is to detect the presence or absence of a target at any
particular range, the transfer function of a nonuniformly sampled
MTI digital filter is generally defined [40,41,42] as the ratio of
the mean-squared output to the mean-square sinusoidal input. For
x(tm) = sin(wtm+6), where 8 is the phase angle uniformly distributed
between - Tand I, then the output of such a filter is given by the

difference between the present sample and the previous sample as
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X{n) {> + Y(n)

Figure 4.2

Nonrecursive'MTI.digital filter.
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defined by (4.1). Assuming the nonuniform samples occur at periods
Ti(i=l,2.), Roy and Lowenschuss [40], using trigonometric approach
showed that the Kth output of the filter is given as
K k-1
= sgin{6 +w 2 T.] - sin[b + w Z_T, 4.2

Vg [ 2 ;1 [ Iy ;1 (4.2)

The squared value of (4.2) is then reduced, after much algebra, to

y2=l-cosz --lcos2[e +w12<2 T.] -
k K 2 jo1 i

-]‘cos2[ 8+ nglT.] + cos[26 + ZWKElT +w?l,] (4.3)
2 i=1 1 i=171 K '

By summing all of the output pulses and averaging over all
the pulses and all possible starting phase angles, Roy and Lowenschuss
[40] showed that the mean square output using (4.3) is given as
2 N
Ey ;1 =1-1 £  coswT, (4.4)
K N i=1 1
The terms associated with 28 in (4.3) are the envelopes from which
the maximum deviation from the mean square output can be calculated.

Since the sinusoidal input has a mean—-squared value of % , the unnormalized

transfer function of the MTI filter with nonuniform samples is given

[40] as

N
B [% = 20 -1 % cosvIy) (4.5)
N i=1

It will now be shown that the result given in (4.5) can
alternatively be obtained by using the decomposition approach developed
in Chapter 2.

In general, the Kth output sequence for a filter with nonuniform
samples can be written, using equation (2.12), as
n~-1
z

n
Y () =
K''n =0

X (2D, (20) (4.6)

where k = 0, 1, 2, . . .
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When the input to a nonuniformly sampled filter is specified,
the periodic steady-state overall output sequence can be determined

+jwt

from (4.6). Thus for x(t) = e as the input, the advanced Z-

transforms of the input sequences are

X (z0) _ eIk (4.7)
1- eJWTZ

k=1,2, . . . , n=1.
The periodic output sequences can be obtained by substituting (4.7)
into (4.6) to yield

n-1

X (ZhHE.  (2®
RENCRLANCy

YK(Z;:)

¥tn Hg-m (Z0) (4.8)
m=1 1 - eJWTZ;n

vhere T is the overall sampling interval and t represent the nonuniform
sampling instants. Inverting (4.8) yields the steady-state output
sequence. Thus

- n Jwtm n n(L'l) n
Y (LT) = _2_1];_ ! 21 Zpel T w _(2D)z] dz?  (4.9)
J eij
n

Assuming all transients have died out, (4.9) can be evaluated by

summation of the residues at the poles of the input function expression.

Thus
van = 3o (VT
m=1
- yK(ejwf'?)ejwlT (4.10a)
where
yK(eij) - mgl ejwtmﬂkdm(eij) (4.10b)

For a MIE with a sinusoidal input xkt) = sin(wt + GK), the
envelope of each periodic output sequence can be written, using (4.10b)

as
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lyK(ejWT)!sin(wt + Gk) (4.11)
where 6, k=0, 1, 2, . . ., denotes the various starting phase angles.
The mean square value of all the output sequences over one complete
cycle is

1 T - ;
370 5 |y @) |2 sin@re + 0 )d(t)
(o] j=0
n

-1 2n
= T 1y @8N 1? s sin?ut + 6 dun)
j=0 2 (o]
«1 W
=37 |y (eI |2 (4.12)
j=0

The transfer function of a MTI digital filter with uniform
samples is given, from (4.1) as

H(Z) =1 - z71

Hence H(Z ) =1-21
n n

(4.13)
Using the method presented in Appendix A-4 which is also applicable to
nonrecursive transfer function, the transfer function sequences can
be determined to yield
Hj(z§)= 1 j=0
-1 j=1
0 j=-1,-2. . .-(n-2),2,3,...

-z;n ~(n-1) (4.14)

L
[

The output sequences can then be determined from (4.6) and
(4.14) as follows:
Yo = XoHo + XlH_l + XZH_2'+. . oF Xn—lﬁ-(n—l)
Simplifying yields

YO = XOHQ + 0+ 0 4...+ Xn_lﬂ_(n_l) (4.15)
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Similarly
= + - - .
Y1 X0H1 X1H0+0+0+ + 0
Y2=0+X1H1+X2HO+0+0+——+0.

1 4 14
1 )

- - -

YK—l =0+0+ --+ Xn—ZH]. <+ Xn—IHO'

In (4.15) and (4.16), the suffix (Zg) has been omitted for convenience.

(4.16)

Rewriting (4.15) and (4.16) in the time domain and normalizing
the input to one yield:
7o (e = 1 - I¥Ta-l oIV
=1 - ejw(Tn—l -T)
=1 - d¥(Tn-1 ~Tn) (4.17)

To simplify calculations, equations (2.2) and (2.3) are used in rewriting

(4.17) to yield

]

v (e3¥T) = -(e7I¥tn (4.18)
Similarly
y @) = -1+ L= @@L )
yz(ejWT) = —eijl <+ eijz
= (I¥W(T2-Ty) -1)ed¥1
= @I¥t2 _1)ed¥T1
' '

YK—I(ejw) = ejWTn-l - eijn—Z

(eJW(Tn-l - Tn-2) _l)ejWTn-Z

= (e3¥tn-1 _y)eIvTp-2 (4.19)
where t 3’ j=1,2... are the actual nonuniform sampling instants.
Since the output sequences YK(Zg) do not exist simultaneously,

then the total mean square value of the output is the mean of all

‘i in (4.18) and (4.19).
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Using (4.12) along with (4.18) and (4.19), the mean square

value of the output sequence (MSVO) will be given as:

n-1
12 |y D2 =1 (ly (39T 24y ey 24 ..
7 k=0 K 2 "Y1 2
T
+ lyK_l(eJW )| 2}
= 3 7 K - 1yl 2
k=0
1 n-1 wt 2
=3 I |(ej K. 1l
k=0
1 n-1 . 2
=2 Eo [(coswtK- 1) + jsinwty) |
1
1 n-l =
=5 1 (@2- 2coswtK)2)2
k=0
n-1
MSVO = T (17~ coswty) (4.20)
k=0

Equation (4.20) applies to all radar signal bursts to the

MTI filter.

1

Since the mean squared of the sinusoidal input is 2> then the

unnormalized transfer function to MTI digital filter with nonuniform
samples is

-1 .
jWT)lz = 2(nz (1 - coswtK)) (4.21)
k=0

|H(e

The result shown in equation (4.21) agrees with that obtained
by Roy and Lowenschuss [40] using a different approach.

A computer plot of (4.21) for three intersamples per sampling
period in the ratios 1:2:3 is shown in Figure 4.3 along with a plot
for MTI filter uniformly sampled at f/fs = 3. Both filters have the
same overall sampling frequency. From Figure 4.3, it is observed that
at those frequencies for which the response of uniformly sampled MTI

is zero, the response of the nonuniformly sampled MTI is not. Thus
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the usable frequency range of the filter has been extended. This
agrees with earlier observations by McAulay [42] and others [40,41,
43,44].

Figure 4.4 shows the plot of uniformly sampled MTI filter with
sampling period TS/T = 3 along with a plot for two intersamples per
period in the ratio of 1:2 and three intersamples per period in the
ratios of 1:2:3. 1In this figure, it is observed that for the nonuniformly
sampled MTI, the number of ripples in the passband corresponds to
the number of intersamples employed per overall sampling period.

Also in the figure, the effect of starting transient is noticeable

in the transition region of the response curve for the nonuniformly
sampled MTI filter. The transient effects can be removed by ignoring
the response to the first few samples. The plots in Figure 4.3 and
Figure 4.4 agree with the results of earlier investigators [40,41,
42, 44].

4.2 Recursive MTI Digital Filter.

The recursive moving target indicator radar filter is as shown
in Figure 4.5. The transfer function of such a filter can be shown

as

H(Z) =1 -2t (4.22)

1- bzl
The effect of nonuniform sampling in recursive MTI filters
has always been considered by direct simulation of the filter since
the manipulation of trigonometric approach becomes intractable at
best. The decomposition approach is now shown to be applicable to

the analysis of such filters.
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x@

Figure 4.5

Recursive MTI digital filter
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Let the transfer function sequences be obtained from (4.22)
by use of the techniques of Chapter 2. For two intersamples per

sampling period, the set of transfer function sequences can be shown

to be
2 -2
H ;(z) =2,°(b - 1) (4.23a)
1 - p2z=2
1 - b2Z5
2 -2
Hy(23) = 1 - bz, (4.23b)
2,2
1 - b°Z;
H(Z) = (b= 1) (4.23¢)
1 - b%z;?

Using (4.6) and the set of equations in (4.23), the output
sequences are

2y v 2 2 2 2
YO(ZZ) = X (2)H (2)) + X, (Z)H_ (23) (4.24a)

2 2 2 2 2
Yl(ZZ) Xo(ZZ)Hl(ZZ) + Xl(zz)Ho(ZZ) (4.24b)

Normalizing the input to one, the set of equations in (4.24) becomes

2y _ - 402 jwt 2
Y, (23) = H (Z5) + e T1H_, (2)) (4.25a)

2y _ 2 jwt 2
Yl(ZZ) = Hl(ZZ) + e 1 Ho(ZZ) (4.25b)

Substituting the set of equations of (4.23) in (4.25) yields
2 _ =2 jwty,-2,,
2,~2
1 - b 22
2y _ Jwt _ w52 _—
— n2p-2
1 b Z2

The output mean square value (OMV), using (4.12) becomes
OMV = 3| {(ejWT) 12+ | (eI |3
= ul]1 - be VT 4 oIWEY IV (_1y|2
+ ] b-1) + ¥t (1 - be V)| 2}y

(,1 _ bze-jWTI 2’
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= 35 [1-be 34 (5-1)e VT 12 4 (h-1)wedE1pe IV |2
S - p2e™IV)2

= 5{]1-be 34 b-1)e 32 |2+ | (b-1)+ed¥E1-be IVE212)  (4.27)
_ bzefijlZ

1

If the mean squared value of the sinusoidal input is normalized to
one, then the transfer function of a recursive MII filter with two
intersamples per sampling period is given by equation (4.27).

Figure 4.6 shows a computer plot of equation (4.27) with
intersampling ratio ;§-= 0.5 and the filter coefficient b = 0.8,
along with a recursive MTI filters having uniform samples spaced at
T = .12 seconds.

Comparing Figure 4.6 with Figure 4.4 for nonrecursive MTI
with two intersamples in the ratio 1:2, it is observed that:

a) the frequency response is smoother imside the passband

b) the low frequency transient has been reduced drastically

without having to resort to ignoring the effect of the
first few samples, and

¢) the width of the passband ripples has been decreased.
These observations point to the fact that the proper choice of feedback
coefficient in recursive MII filter in conjunction with nonuniform
sampling of the input bipolar video signal can result in significant
improvement in its frequency response compared to nonrecursive MII
filter, Haykin and Boulter [43] arrived at similar conclusion by direct
simulation of recursive MTI digital filter in a CDC 1700 digital computer.
Also in Figure 4.6, it can be observed that the useful frequency range

is extended before a blind speed is encountered by nonuniformly sampling

scheme.
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4.3 Multiple-Shift Sequences in digital filters.

In conventional digital filters, data is shifted from register
to register at a rate equal to the sampling frequency. However, the
time between consecutive samples can be used to further process the
stored information without need for additional memory. This process
is inherent in multiple-shift digital filters. In multi-shift filters,
the shifting of data is continued several times during each sampling
interval at whch time signals stored in registers re-circulate in the
internal paths of the filter. A block diagram of a multi-shift digital
filter is shown in Figure 4.7.

Fjallbrant [45] has derived the transfer function sequences
of the filter as shown in Figure 4.7, using difference equations and
the Z-transform. Atiya, Bilal and Abdou {46], Wong and King [47] have
generalized the approach of obtaining the transfer function sequences
of such filters by the use of state space techniques. When shifting
occurs twice in each sampling interval, then the block diagram
representation is as shown in Figure 4.7b. Fjallbrant [45] has shown
that for two shifts per sampling interval, the following set of four

euqations can be written:

Y(Z-l) = V(z'l) - aYl(Z-l)Z-% - bYl(Z—l)Z-l

-1 -1,,-1
Y,z ) =Y,2 )2
/2

-1 I -1,.,-3
v, @z . -y, 27hz ™ - by, (2"H)2

YZ(Z-I)Z_k - Yl(z'l)z' 3/2 (4.28)
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Figure 4.7

Multiple-shift digital filter.
(a) An nth order multiple~shift filter with L-shifts per period.
(b) Second order multi-shift filter with two shifts per period

for a conventional filter with H(Z) = 22/('_Z2 + aZz + b,)
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Solving the set of equation in (4.28) for the ratios YZ(Z-l)/
vz™l) and YZ(Z-l)Z—%/ vizh Fjallbrant shows, after much algebra,

that the applicable transfer function sequences can be written as

-1
B2y = 2 )2 Z +b %.29)
vz 22 + z(2b-a?) + b2
_l\ _;5
Hy(2) = 5, 12 - -a (4. 30)
v(E ) 22 + Z(W-a®) + b2

Equations (4.29) and (4.30) hold when the filter coefficients
do not vary with each shift sequence. When the filter coefficient
vary with each shift sequence, it can be shown [45] that the applicable

transfer function sequences can be written as

Z + bZ,
Hl(Z) == (4.31)
z-+ Z(bl+b2+a1a2) + blb2
HZ(Z) == (4.32)
-+ Z(b1+-b2 + alaz) + b1b2
Here a, and b1 denote the values of the filter coefficients
during the first sequence while a, and b2 denote the values of the

filter coefficients during the second shift, assuming that shifting
is performed twice during each sampling interval.

It will now be shown that the decomposition approach can be
successfully used in identifying the transfer function sequences in
a multi-shift digital filter. Multiple-shifting in digital filters
can be considered as a special case of nonuniform sampling.

In a nonuniformly sampled filter, the output sequences are
obtainable from equation (4.6). Assuming two shifts per sampling -
period which correspond to two intersamples per period, equation (4.6)

yields
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2 2 2
YH, (25) + X, (Zy)E_) (25) and

2 2
¥, (2p) = X, (%

v, 22) = x (ZDm @2) + x, @hu (2) (4.33)
But in multi-shift digital filter, there are no inputs during
the second and subsequent shifting of data. This means that Xl(Zg) = 0.
Thus for the case when g;lter coefficients do not vary with each shifting

operation, equation (4.33) reduces to

2 2 2
YO(ZZ) XO(ZZ)HO(ZZ) and

2 2 2
Y, (Zz) xo(zz)nl(zz) (4.34)

The desired transfer function sequences are obtainable from (4.34) as

Yo(z) -1

HI(Z) = i;?£$.= Z HO(Z) (4.35)
H@

Hz ) = .XOT =2 EI(Z) (4.36)

In equations (4.35) and (4.36), Z replaces Z§ in (4.34) 2nd the operator
Z—l locates the output sequences correctly in the overall time sequence.
For two intersamples per period, Ho(Zi) and Hl(Zg) are obtainable

from Table 2.2 as

, 1+ bz;?‘
H (z2) = . (4.37)
°" % 142 (26-a?) + b7z
2
B (2) = P —; 2 2.4 (4.38)
1+ 2,7 (2b-a®) + b7z,

Substituting the above in equations (4.35) and (4.36) after replacing

Zg by Z, one obtains after simplification

H (2) > 5—22b (4.39)
2=+ Z(2b-a") + b
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-a

BZ(Z) = (4.40)

22 + z(2b-a%) + b

Equations (4.39) and (4.40) are seen to be the same as equations
(4.29) and (4.30) respectively. Equations (4.29) and (4.30) are obtained
by Fjallbrant, using finite difference equation approach.

When the filter coefficients are allowed to change with each

shift sequence, then equations (4.37) and (4.38) respectively become

1+ b,z -2
2
H (Zz) = -
1+ z 2 1*P,7813,) + bib,Z)
5 (z2) = i)
142 =
1+ z2 (b, +b,-218,) + b b,Z,

Substituting these equations in (4.35) and (4.36) after replacing Z§

by Z, the pulse transfer functions become

zZ + b2
Hl(z) == = 4.41)
z° + Z( +b2-a a2) +b bZZ
HZ(Z) == ) (4.42)
AR VA () +b2-a a,) +'b1b22

Equations (4.41) and (4.42) are respectively the same as (4.31) and
(4.32) obtained by another approach.

When the number of shiftings per period is large, that is
for N large, the difference equation method becomes complicated. To
obtain a generalized solution, state space techniques as discussed
in Chapter two of this dissertation can be used.

Thus equation (2.60) is

X(nT + Tl)= AIX(nT) + BU(nT) (4.43)
Since no signals enter the filter during the second and subsequent

shiftings, equations (2.61) and (2.62) are respectively rewritten as
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X(nT + T, + TZ) = Az.x (nT + Tl) (4.44)

1

X (T +T, +7T

1 2) (4.45)

X(nT + Tl + T2 + T3) = A

3
However, multi-shift filter can be regarded as a filter sampled
nonuniformly at times T1 = TZ = Tk = %-where N is the number of shiftings
per period. Hence all the transition matrices are equal. Thus Al =

A2 = Ak = A, Equations (4.44) and (4.45) can now be rewritten as

X(nT + Tl + Tz) = A X (nT + Tl) (4.46)

X(nT + Tl + T2 + T3) = AX (nT + T1 + TZ) (4.47)
and in general

X(nT + NTl) = AX (oT + (N-l)Tl) (4.48)
Substituting (4.43) into (4.46) yields

X(nT + T, + TZ) = A[A X (aT) + BU(nT)]

= 4% X (aT) + ABU(aT) (4.49)

Substituting (4.49) into (4.47) and so on yield, in general

XTI +T) = AN X (aT) + AV 18U (1) (4.50)
Taking the Z-transform of (4.50) and simplifying yields

X(z) = [zI - AN AV ey (4.51)
Using the output equation of (2.59) yields

H(z) = czT - A1 7F A¥ g (4.52)

where I is the identity matrix.

Equation (4.52) agrees with the relation obtained by Atiya,
Bilal and Abdon [46], Wong and King [47] for the multi-shift digital
filters. Thus, the decomposition approach has been shown to be a

viable alternative to the analysis of multiple-shift filters.
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4.4 Signal-to-distortion ratio for system with inherent nonuniform samples.

The decomposition of nonuniform sampling into a superposition
of uniform sampling is particularly useful when the spectrum of
nonuniformly sampled signal is being sought. Consider, then a signal
X(t) bandlimited to 1/2T Hertz which has a Fourier transform X(w).

If this signal is nonuniformly impulse sampled, then the sampled signal
can be written [10] as

X*(t) = £ X(t)5 (e~ +nK)T) (4.53)
" 1—1
where X*(t) is the sampled values for the given conditien such that

0<by <by<...b <K

The signal thus sampled as shown in (4.53) can be thought of

as a superposition of uniformly sampled signal as given by

X*(t)

K yx
Xx(t) = ., 1

Xi(t) zZ__ X(t)é (t—(bi+nk)T) (4.54)

If the Fourier transform of X;(t) is taken to be X;(w) and
X(w), the Fourier transform of X(t) is bandlimited, then the Fourier

transform X;(w) of Xi(t) can be foundI. Assuming K is even, then

K% (W) = 2= K2 exp(-j2rbyn) X (w~ 21n ) (4.55)
1 KT n=-K _K-_- <7
2

where w is bandlimited to (zrm M m=-10...

Using (4.55), then

K K/Z K
X*(w) P 1 i(w) X W) + = TT ni- K/Z(i lexp . i X (w g;n))(4.56)
n#0

ISee, for example, Freeman [10], p. 78.
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The term under the summation sign causes the occurrence of
aliases of X(w) and because the sampling rate is %-times the Nygnist
rate these aliases overlap in frequency, giving rise to distortion.
Consequently, a digital filter operated with nonuniform sample periods
will be restricted to the input frequency range fo/n where fo is
the maximum frequency that could be handled by the same filter operating
with a uniform sample period T/n where n is the number of intersamples -
per sampling interval.

Typical system where nonuniform sampling of (4.53) are often
encountered include the code format conversion system as described by
Goodman [48], and systems that include the pulse code modulated channel
banks. For example, available pulse code modulated channel banks for
telephone communication systems which has been designed with an 8-kHZ
sampling rate that can accomodate about 3.5kHZ bandwidth of voice
channels, may be needed for the transmission of signals of greater
bandwidth such as television audio, or studio-to-transmitter linkss
Such channels generally require bandwidths of from 5 to 15 kHZ as
shown by Flood and Hoskins [49]. 1In such a case, the existing channel
would have to be modified to allow the transmission of the signals of
greater bandwidth.

A 24-channel bank is illustrated in Figure 4.8a [49]. Each
channel of the 24~channel bank has 8 bits and the 24-channel bank is
followed by a single framing bit for a total o6f 193 bits in a certain
time frame. Increasing the sampling rate by a factor of K, where K
divides 24 evenly, can be achieved by feeding the signal in parallel
into K channels symmetrically located in the frame. The case of K=2

is illustrated in Figure 4.8b.
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\ ;I 12 ? 1 1 1 1 1 A 1 [} 1 1 [N 1 1 ' 1 3 . |‘ 1214 '
192 bits
(a) ~ one framing bit
N\ A
>, < ~N . <
<96 bits ~ <97 bits
(b)
Figure 4.8

A 24-channel Bank.

(a) Frame format for 192 bits plus 1 bit and 8 bits
per channel. Sampling rate is 8KHZ.

(b) Double sampling rate (K=2) sampling rate is
16KHZ.
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Because of the extra framing bit, the sampling is no longer
uniform since the two samples containing the framing bit are separated
by more time frame than other adjacent samples. If for example, the
193 bits are in a 120u sec frame, then the two sampling containing
the framing bit are separated by 120/193 = 0.622u more than the other
adjacent samples since KT = 120u sec. If the signal is recomstructed
as if it were uniformly sampled, then some distortion results.

The distortion resulting from passing the nonuniformly sampled
signal through a filter, as if it were uniformly sampled can be
considered in general terms for the case when the distortion is
considered small. The error spectrum resulting when the signal sampled

as in (4.53) is applied to a given filter can be written, using (4.56)

as
K/2 K
T W) - X =(5 3o 5 @PCITER/O X (nZmm)y (4.57)
n#¥0

Let the signal-to-distortion ratio (S/D) be defined as

S/D = x| aw (4.58)

It is shown in Appendix B that for any arbitrary input, equation (4.58)

yields for K = 2

4

S/D = 3 (4.59)
I I exp(-jm(bj-bj))
j:]_ j=1

Equation (4.59) is seen to be a function of the nonuniform sampling
instants only but not of the input signal. However, for K > 2 but
even, the signal-to—distortion ratio, as can be seen from equation

(4.57), becomes a function of both the input signal and nonuniform
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sampling instants. Evaluation is then dependent on the type of imput
sequence.
Equation (4.59) is plotted in Figure 4.9 by fixing bl and

varying b,, the other nonuniform instant. From this plot, it is seen

2
that more distortion results as the separation between bl and b2 is
increased for the system nonuniformly sampled as in equation (4.53).
This result is intuitively expected.

4,5 Summary

Applications have been presented of the nonuniform sampling
decomposition technique as developed. First, the effect of nonuniform
sarples in nonrecursive moving target indicator filters in radar systems
may be appropriately investigated using the approach presented. It
is shown that the transfer function of such filters can alternatively
be derived by the techniques of this work.

Next, the decomposition approach is extended to the analysis
of the recursive MTI filter. This work has provided an analytical
tool for investigation of the effect of nonuniform samples and the
feedback coefficients which has been previously limited to simulation.
The plot from an example using the derived result demonstrates that
recursive MTI filter has significant frequency response improvement
when compared to the nonrecursive MTI filter. Haykin and Boulter
[43] arrived at similar result by direct simulation of the filter.

Secondly, digital filters with multi-shift sequences are
considered. By using the results from Chapter 2, it is shown that
multiple-shifting in digital filter may be treated as a special case
of nonuniform sampling. The transfer function sequences are re-derived

with results in agreement with other works [45,46,47]. These transfer
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function sequences are suitable for the realization of variable digital
filters and for the reduction of coefficient accuracy requirements
in the second and higher order filters [45,47].

Thirdly, Fourier transform of a signal sampled nonuniformly
is used in the investigation of the distortion that arises as a result
of processing a nonuniformly sampled signal as if it were uniformly
sampled. An example of a 24-channel bank [49] is used in showning
that for two intersamples per period, more distortion results as the
separation between the nonuniform samples is increased within the
systen considered. Also it is shown that a digital filter operated
with nonuniform sample periods will be restricted, to avoid aliasing
effects, to a much smaller frequency range when compared to the frequency

range in the same filter with uniform samples.



Chapter 5

CONCLUSIONS

This work has detailliad a new analytical approach for the
analysis of a nonuniformly sampled recursive digital filter, based
on Z-transforms along with the time-domain switch decomposition, the
Fourier transform and subsequently the state-space technique. First
and second order filters have been emphasized. Consequently the
transfer function sequence operator of such filters have been derived
as new results. The characteristic properties of the derived transfer
sequence operator were presented. It was demonstrated that the order
of the pulse transfer function of a conventional filter subjected
to nonuniform sampling is not changed, but rather that additional
transmission zeroes were introduced as a result of the nonuniform
sampling.

Using the derived transfer sequence operator, the stability
constraints, quantization effects and frequency characterists of
nonuniformly sampled first and second order filters were investigated.
The analysis of such filter characteristics thus far in the literature
has been limited to filters sampled uniformly or slight modifications
thereof. In considering the quantization effects due to uncorrelated
noise, the steady-state values of the output noise variance normalized
with respect to the input noise variance were computed using an
analysis computer program. It was shown through graphical displays

of the computer results that the output noise variance is approximately
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the same for each transfer sequence operator for a given number of
intersamples. It was also shown that for two intersamples per period,
second order nonuniformly sampled filters have the same general type of
noise characteristic as second order uniformly sampled filters hLaving
comparable eigenvalues. It was further shown that the input quantization
noise of high Q nonuniformly sampled filter is significantly higher than
that of uniformly sampled filter having approximate eigenvalues.

Limit cycle oscillations result in filters when quantizations
errors are due to correlated noise spectrum. The decomposition technique
developed in Chapter 2 has been extended to the analysis of limit cycles
of nonuniformly sampled recursive filters. Such limit cycles in
nonuniformly sampled filters were simulated in the IBM $/370-158 digital
computer. By neglecting the influence of zeroes in the transfer sequence
operator, it was shown from the simulation results that limit cycle
oscillations in uniformly and nonuniformly sampled filters have identical
properties such as symmetry. However, the influence of zeroes will most
likely result in a reduction of the limit cycle as has been suggested
by Parker and Hess [27] in their analysis of limit cycles in uniformly
sampled filters.

Since in applications, it may be necessary to have the filter
realization match certain desired design characteristics, a new anmalytic
approach has been presented for determining the frequency and phase
characteristics of nonuniformly sampled filters. The approach provides
a means of describing the wagnitude and phase response of nonuniformly
discrete-systems from the pulse transfer sequence operator. From the
graphical displays of the derived magnitude response, it was demonstrated

that uniformly and nonuniformly sampled recursive filters with approximate



117

eigenvalues exhibit the same critical frequencies. It was also shown that
in general, nonuniformly sampled filters exhibit higher gain at critical
frequencies than uniformly sampled filters with approximate eigenvalues.
However, this is expected since nonuniform sampling generally introduces
zeroes to the pulse transfer function sequences. It was further shown
that the phase characteristics of recursive filters were not improved
by nonuniform sampling and that the phase response tend to be nonlinear.
The same statement can be made for uniformly sampled filters as has been
shown by Kaiser [1] and others [3, 6, 9]. The results thus advanced
provide venues of comparison between uniformly and nonuniformly sampled
recursive filters. It should be noted that even though fixed point
arithmetic computation has been assumed in describing stability and
quantization characteristics of filters sampled nonuniformly, much of
the analysis could easily be adapted to floating-point filter algorithm.

Application of the nonuniform sampling decomposition technique
as developed in this work has been extended to the analysis of radar
filters (MTI) employed for detection of moving target from the clutter
background. Such filters, for greater detectability and efficiency, use
nonuniform sampling. It has been shown that the output of nonuniformly
sampled MTI filters could be obtained directly from the pulse transfer
functions of such filters, regardless of whether the transfer functions
describe recursive or nomrecursive MTI filters. This then has provided
greater flexibility in the analysis and design of nonuniformly sampled
MTI filters since thus far in the literature the analysis of nonuniformly
sampled recursive MTI filters has been by direct simulation. In additionm,
it has been demonstrated that multiple-~shifting in digital filters could be

treated as a special case of nonuniform sampling. Multi-shift sequences
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in digital filters have the form of transfer function sequences that
are suitable for the implementation of variable digital filters and for
the reduction of the requirements for filter coefficient accuracy [45, 47].

Employing the Fourier transform formulation, it has been shown
in this work that for a system with inherent nonuniform samples,
distortion often results when nonuniformly sampled signal is processed
as it were uniformly sampied. From the design coacept and from the
discussion on the signal-to-distortion ratio: in a system with inherent
nonuniform samples, it has been demonstrated that a limitation of
nonuniform sampling in digital filter designed to operate on uniform
samples is that the effective Nyquist frequency range is reduced.
However, within this limited frequency range, the introduction of
zeroes into the transfer function operator by nonuniform sampling
can provide additional control of the frequency characteristics. The
introduction of additional zeroes may not necessarily require additiomal
multiplier since all the numerator coefficients also are present in the
denominator of the transfer function operator.

The limitations and the applications of the analytic techniques
employed in this and other works are summarized in Table 5.1. This table
exhibits the scope of this work in relsticn to other works in the
literature on digital filters with nonuniform or multirate samples.

Each work listed contains a summary of the analytical techniques employed,
constraints on the analytic approaéh, the sampling scheme considered,

the specific application and problems considered in the specific
application.

There remain some unanswered problems which have arisen as a

result of this work and should be noted for further investigationm.



Limitations Filter Application
Analytical Tools & Other Eon- Recursive [Multi-shift Quantization [Sensitivity
Sampling Scheme ecureive I sequences ffects and frequency
Work Used MTI ilter filter analysis
filter nalysis
alyaié
Atiya et al |[State space Z- state transition
[46,47,52] transforms kﬂtrix available. - - Yes Yes Sensitivity
multirate sampling o signal input only
after first sampled
value.
jallbrant Z-transform finite [no signal input in Yes
(45) difference equation |second and - - variable - -
wmultirate sampling [subsequent filter
processing considered
gazzinl and {Z-transform switch |system function Por multirate
ranklin [8) |decomposition i(e) available - - - isystem -
ou [14]) multirate scheme
E:ykin and Nonuniform sampling |Analogue-digital by by frequency by
ulter [43] |in time dowain filter letmulation |simulation - - simulation
transformation
ury Z-transform nonuniform imit cycles |Frequency in
(7,16) multirate envelope of - - - n closed- multirate
nonuniform scheme function available loop systems {system
McAulay Nonuniform sampling |Fourier transform Frequency
[42,44) Fourier Transform of input eignal Yes - - - only
available
y and Nonuniform sampling |pinite differénce Frequency
nschues difference equation |equation available Yes - - - only
[40]) with trignometric
L identity
This work Nonuniform sampling [System H(Z) tatistical |Frequency
switch available input and | Yes Yes Yes Enalyais and jonly
decomposition Z- output nonuniformly imic cycle
transform state sampled oscillations
spacesFourier synchronously
transform
Tahle 5.1. .

Summary of Scope and Limitations of This and Other Works in

the Literature.
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Among them are the following:

a) Optimization of both the intersample periods and the
feedback coefficients in recursive MTI digital filters.

b) An investigation of instability thresholds in terms of the
bandwidth of digital filters sampled nonuniformly, using different
arithmetic algorithms.

c) Generalization of the steady-state noise errors encompassing
higher number of intersamples per period along with sensitivity
considerations in filters sampled nonuniformly.

d) An exact analytical expression for the frequency of the
limit cycle generated in the presence of a driving function.

e) Optimum choice of intersamples to achieve a given design
criteria.

f) A general relationship between the overall sampling period
T and the number of significant digits required to represent data if
the data is to approximate a continuous signal in some specified sense.

Some of these problems are problems yet to be solved even for

filters subjected to uniform samples.



APPENDIX A-1

Nonuniform Sampling Theorems. [10, 11, 12].

Suppose a bandlimtied function £(t) is uniformly sampled so that
a finite set of samples £(kT) is generated, where k ranges over all
integers. If a total of 1 samples are eliminated and replaced by an
arbitrarily spaced samples f(tp) where 'P/T is not an integer, then the
following theorem due to Yen [l11] is applicable.

Theorem A-1.1: A function {f(t)}, which has a Fourier spectrum

F(jw) such that F(jw) = O for || >‘,§, is uniquely described by a
knowledge of its values at nonuniformly spaced instants but satisfy
the condition that there be precisely K distinct samples to every interval
of length KT where K is some finitie integer amd '1’ is the sawpling
interval.

This theorem is proved by Yen [i1], Helms [i2] and Freeman [10].
The theorem, however is not valid when the number of shifted uniform
sample values increases without bound. For this case, a meaningful ’
interpolation function can be developed for reconstruction if it is
possible to shift half the uniform sample values by an equal distance
with respect to the rest of the sample values.

Another type of nonuniform sampling process is the recurrent
nonuniform sampling. In this case, a bandlimited function {£(t)}
has its values given at t = tnk = nT + t, wvhere k = 0,1,....,N
and n is a finite integer. The' spacing hetween samples for which maximum

(tk) < T is thus nonuniform but with a pattern periodic with period
121
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T. For periodic nonuniform sampling, the following theorem due to
Yen [11] is valid.

Theorem A-1.2: A function {f(t)}, which has a Fourier

spectrum F (jw) such that F(jw) = 0 for |w|> g, is uniquely described
by its values at a set of periodic nonuniform sample points
ty = oT + ty where k = 1, 2,....,Nand n = ~1,0,2.... . All sampling
instants t; are distinct and (maximum t;) <T.

This theorem has been proved by Freeman [10] and Yen [11].
The interpolation formula which generates the original £(t) from its

nonuniform samples is given by [10, 11] as

s N N
f(t) = £ £(t ) T sin W(t-nT-t;) (A.1)
n=-® k=0 nk® 40 5 :
W(t-nT-t,) §  sin W(g-ty)
2 i=0 -2

i#k

As can be readily appreciated from this interpolation formula, the
generation of f(t) from its periodic nonuniformly sampled sequence is
a fairly compiex task and is reserved mainly for theoretical

considerations.



APPENDIX A-2

Advanced Z-transform [7, 8, 16]

Advanced Z-transfcrm gives the Z~transform of pulse sequences
which are derived from time functions delayed by nonintegral
multiplies of the sampling frequency.

If x(t) is a continuous function and is delayed or advanced by
a time ®I, where m is nonintegral, then x(t) is sampled at times

(n+m)T, so that
X*(t,m) = §0 x(T + uT) § (t - nT) (A.23)
n= o

Using the definition of the #-transform as given by Derusso, Roy
and Close [50], the expression for the Z-transform of equation (A-2a)
can be stated as

X(Z, m) = : X (aT + mI)zR
n=0 (A-2b)

Many advanced Z-transforms of time sequences can be evaluated
by direct use of (A-2b). It should be noted that if m is an integer,
the result of the Z-transform of (A-2a) is trivial since the Z-transform
of the resulting function is simply z“&(z), assuming zero initial

conditions.
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APPENDIX A-3

Skip Sampling Theorem [8,16]

This theorem shows the relationship between the Z-transform
of a time function sampled at T/n units apart and the same time
function sampled at T units apart. To show this relationship, let
the Z-transform of a time function, X(t), sampled at T/n units apart
be denoted by X(Zn) where n is any integer greater than one. Also
denote the Z-transform of X(t) sampled at T units apart by X(Z).

Then by the definition of the Z-transform,

X@2) = ¢ X @Dz (A.3)
N=0
Similarly
© _k .
X(z)) = * X (kl)zn 1.4)
k=0 n

Applying the Z-transform iaversion theorem to (A.4) yields

k-1
Xk E) = _T% s X (2 )2, "dz (A.5)

Substitcuting (A.5) into (A.3) with k = oN yields

aN-1

~N
o dz_1z (A.6)

-7 o[ -1
X(2Z) Nio [ 213 fc X (zn)z

Summation and integration signs in (A.6) can be interchanged if

w -
z (ZﬁN-lZ-N) is absolutely convergent and provided that [ZEZ 1|

N=0
< 1. Equation (A.6) then yields
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Nn-1 -N

X(Z) = : 1 «©
P fc X (2) [Nio 2z laz
-1
- z
= 51:]_ [c X (2) —B__dZ_ a.7)
1 - zﬁz‘1

The integral in (A.7) can be evaluated by obtaining the residues
at the singularities of X(Zn)z;1 or by evaluating the residues at

the singularities of (1 - zﬁz‘l) which are outside the contour C.



APPENDIX A-~4

Modification of Overall Transfer Sequence Operator

The pulse transfer function sequences H(Zﬁ) can be obtained
from the overall transfer sequence H(Zn) when there are only two

nonuniform samples in a period. Let the overall transfer function

H(Z ) = N(Z) B(Zz) N(Z2)B(Z3)
D(zp) B(Zy) F(z3)

where F(Z%) = D(ZZ)B(ZZ)‘ Each pulse transfer sequence HK(Z%),
K=0, *1, *#2,... will then have F(Z%) as a common denominator.
F(Z%) written in factored form becomes
2
F(ZZ) H (Z -C, ) (A.8a)
K=1

where CK and m are constants to be determined. The factors (ZE—C;)
can also be written as follows,

z2, = Cy exp(jz_nl&), 1=0,1, ... (a-1) (A.8b)

Using (A.8b), (A.8a) becomes

5 m. n-J or1
F(zS) = % % (z_-C, exp(1£"2))
2" ge11=0 * K n
m n-1l
= I I [exp(j ){z exp(-jz"l) ~Cyt ]
K=1 1=0
m n-1
= T T [z, exp (-3211) —Cy] (4.9)
K=1 1=0 n
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Also D(Z,) can be factored to yield
M
D(Zn) = Kfl (Zn-bK) (A.10)

Now since F(Zi) = B(ZZ)D(ZZ) then

2
b(z,) = T2
D(Zz)
Using (A.9) and (A.10)
m n-1

I T [z exp(-35L) - C.l

B(Z,) =K=11=0 " n
M

T (Z, -b
k=1

(A.11)

<

Equation (A.1l) can be furhter simplified if M=m and Cyg=by.

Then (A.1l) is rewritten as

m n-1 o1 M
I 1 [Z exp (-3 -c.] 1 (z -C,)
B(Zy) =kl 1-1 ° n K g o ¥
- M
I (z_-C))
k=1 n K
m n-1
= 0 I [z exp(-32) - ] (A.12)
- = n
K=1 1=1

Using (A.10), equation (A.12} becomes
n-1
B{Z,) = 1D[Z_exp (-321)] (A.13)
= n n
1=1
where

1=0, 1, ..., (n-1).



APPENDIX B

Derivation of Signal—-to-Distortion Energy Function

Using equation (4.57), the total distortion energy spectrum

can be given as

27
L2 e - x| daw=21 %k (L K/2 K
2r IO T HI 2 X ( T exp(_jznnbi))
<L =-K/2 i=1 B
KT n#0
Zﬂn
X (w- &2
( KT dw
- L B xe-EDx T
) jKT
-2
KT

T k/2 K2 K K
&/ / nb mb

z : (z I exp(-i2r0i 4y
n=-K/2 m=-K/2 i=1 i=1 K
n#0 m#0
(8.1)
For a special case of K=2, then (B.l) becomes
2 2
1 2 ek (w) - 2 =__ T x(w-v)zu I exp(-3 (b ~by))dw
> f T | Tx* (w) x(w)} dw f ‘ ‘ 121 1-1
-—Fn'
T
- (B.2)
But from (4.58)
2
T 2
1 |x(w) |2 aw
s/p=2r°0

2m
%_ 7T | TX* (w) -X (W) | 2dw
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Substituting (B.2) in the above definition gives

2
1 f T |xw)|2dw
s/p =20

1 RESS . 2 2

T i 'X(W‘T)lz( I I exp(-jT(b;-b;))dw (B.3)
i=1 1=]1

The equation (B.3) gives the S/D ratio in terms of any arbhitrary imput

sequence which has a Fourier transform.

For w ¢ [7%;,% 1,(8.3) can be rewritten as

1
7/ [%(w) | 2aw
s/p = ""/T
1 n/T TIyi2 2 2
=/ Ix(w - = ) 12( 121 iilexp(—j‘n (by-b,))dw
-1 /T
= 4 (B.4)
2 2
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APPENDIX C-1

Analysis Computer program for the
~steady-state output noise variance

THIS [S THE SCURCE CECKe.

CALCULATICN CF CUANTIZATICN ERRCRS e

VAR 1ABLES THAT CAN BE ChANGED ARE A & B.

EINENSICN A(3)+B(3).C(3)4C(3)
WRITE(6.102)

102 FOFMAT(//7/718Xs 'NCRMALIZEC QUANTIZATICN ERRORS IN'//

118Xe*UNLFCRMLY ANC NCANUNIFORMLY SAMPLED DIGITAL FILYERS*//)
WRITE(€+130)

130 FOFMAT(18X,*EROR]1 IS STEACY-STATE VALUE CUTPUT NCISE VARIANCE
1IFCR UNIFURMLY SANFLED'//18X+'ERCR2 IS 1ST OUTPUT SEQUENCE NOISE
ZVARIBNCE*//L1EXG*ERCR2 IS FNR 2NC OUTFUT SECUENCE IN NCANUNIFCRMLY
3SAMPLEC DICGITAL FILTERS®'//)

READ(S+10) A,B
10 FCRMAT(EF104%)
201 EB2=8(3)
WRITE(E.160) B2
160 FOCRMAT(13IX.'E2= *y F10e6///)
WRITE(C.120])
120 FORMAT(13Xs*t51%s 22Xy *ERCR1®y Z26Xs °*ERCR2%'s 26Xe "ERCR3°//)
CRECK THE STABILITY CF TrE FILTER
6 IF{B{32) eLTe 140 <ANCe AES(E(2)) «LT. (1.0+E(3))) GO TC 12
15 IF(B(2)elTe 16C +ANDos ABS{B(2)) GEe«{(1.C¢B(3))) GO YC 20C
REFLACE A VECTCK WwITF WwCRKINC VECTCR C
REFLACE € VECTOR WITH WCRKING VECTCR D
12 CC 110 K=1.3
CI(K)=A(K)
D(KI=E(K)
110 CCATINUE
DETERMINE ERROR IN UNIFCRMLY SAMPLEC DIGITAL FILYTER
CALL SUE(CeZ+ENTGL)
ERCRI=ENTCL
T=SCRY(E(3})
T1==-SCRTI(2¢T-R(2)}
DETERNMINE ERRCKR IN TRE FIRST CUTPUT SEQUENCE
C(1)=1.0
c(2)=7
C{2)=C.0
C(1)=1.0
D(2)=2%T-T12T1
C(2)=T*T
CALL SUB(CL.EATCL)
ERCR2=ENTGL

'C CETERMINE THE ERROR Iih THE SECOND CUTPUT SECUENCE

Ct1)=-T1
C{z)=Ce0
C(23=C.0
CALL SUE(C+CENTCGL)
ERCR2=ENTGL
WRITE(6+72) E(2)+ERORL1ERCR2+.ERCRI
72 FURMAT(BXsF10e4¢12XsE1Ge7+10XeE19¢7+10X4E197)
g(z)=0(2)~0.CS
IF(AES(E(2)) +GEe. 0401) CC TO 6

200 s7TCF
END
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0012

C
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YHE CALLING SUBRCUTIANE NCw FCLLCWS:
SUERCLTINE SUB(C.0.,ENTGL)
CINENSICN C(2).C(3)
X1=(CCl)*C(1))+{C(2)3C(2)I4(C(3)=C(3))
X2=(C(1)*C(2)+C(2)*C(2))*2.0
X3=CL1)sC(3)#2.0
Y=C(1)+0¢3)
Y1=(C(2)*D(2)xx3)~Y&XI*xD(2)+(D(1)*YEX1)~(D(1)*D(Z)%X2)
Y2=D(2)+0(2)*%C(3)~C(1)*%0(2)*D(Z)-D(3)*C(3)#Y+D(1)3D{ 1)3Y
YZ=v¥2*D(1)
EANTCL=Y1/Y2
RETURN
ENC



APPENDIX C-2

Computer simulation program for limit
cycles in nonuniformly sampled second
order filter with roundoff errors.

1 CC1: FPROCEDURFE OPTEONS{MAIN)S
/% THIS IS THE SCURCE CCCK =/ )
/% PRUOGRAM TQ STUODY LIMIT CYCLE OSCILLATINNS IN SECCNC ORDER FILTFRS%/

2 1 CECLARE FOF ENTRY (NECIMAL FIXFU(G6)sOFCIMAL FIXED(6) .
DLCIVAL FIXEN(E£)) RETURNS(DECINAL FIXFD(6)):
3 1 OPEN FILE{SYSPRINT) PAGESIZU(7S);
4 1 DECLAFRE (A.L) LECIMAL FIXFO(Y.€)3
3 1 "AT-1.43
3 1 f=0.83
/% INVESTIGATC VALUES TC SUPPRESS LIMIT CYCLES */
7 1 TRIAL: DO WHILE ( C1 < €2)3
2 1 1 C1=0.403
S 1 1 CZ=b/C13
1o 1 1 C1=C1+40.1;
11 1 1 FAND TRIALS
12 1 DIECL ARE (D1.02) ORCINAL FIXED (S,6) %
13 1 D1=2.0%C1-C2;
14 1 £2=C1*C1;
15 i ONC: ENC1=0e5/(1 = ANSIR) )}
1€ 1 AND2-140/(10-(ALS(A))+B):
17 1 IF (P44.0-A%A)<0
1P ! THEN CO3
15 H 1 C1=C140.01;
20 1 G TQ Two;
21 1 1 FACS
22 i TWOS PUT FOIT

('LIMIT CYCLE OSCILLATINNS IN SSCOND ORDER DIGITAL FILYER WITH
NCNUNIFORM SAMPLES®)( PACESLINF(S)eCOLUMN(ZO0),A);
22 1 PULT ECIT('A=*.A,'5B=",
Ge*'THE CALCULATED BCUNDS ARL: BNCI=*+BNDUl.*ebND2=¢
ENDZ2 J(LINEC(S) s CULUMNIZO )+ AF(22+:9)3XK(1)sA:F (22,912,
LINE(G) s COLUMNIZO) e AFIB8) oA oF[8e8));

24 1 PLT SKIP(2)3
2¢€ 1 BNC1=2ND1+.3.0;
26 1 ANC2=FNDR2+5.0;
27 1 IF ONC1>=OGND2
28 1 THEN AKN=BKND13
2% 1 ELSE NN=BAND23
30 1 THREE: BEGIN;
/3 TrY ALL PCOSSINLE INITIAL CONCITIONS FCR THE STATES*/
31 l DECL ARE MATRIX(~NNINN,~NNINN) BINARY FIXED(6);
32 2 DECLARE R DECIMAL FIXED(4);
33 ? R=03
34 2 2213
35 2 MM=10%0ND1
36 2 NC I==NN TO NN3
37 2 3 DO J= =NN TG NNj
38 2 2 MATRIX(TeJS)=-13
3 2 2 END3S
AQ 2 1

ENOS
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0C I=1 YO -7 Y -1

DO J=1 TO -7 8Y =13
IFLAG=0

ISIGN=0:

N=13

/7% CALCULATE TRANSIENT RESPONSE FNOR
FOURS BEGIN;

CECLARE LIMIT{MM) BINARY FIXED(15),
IF MATRIX(144)>0

THEN GO TO EIGHTS
MATRIX{I,J)=03

X1=§3

xX2=J3

FIVE:S K=FOF({X14+4X24sL)3

IF ABS(KI>NN | ABS(X1)> NN
TEEN GOTO SEVENS

IF MATRIX(KeX1)=-1

THEN 00O

MATRIX(K«X1)=03

SEVENS Xx2=X13

X1=K3

GOTN FIVES

ENDS

IF MATRIX¢KX1)=0

/7% CHECK rCRR NEw LIMIT CYCLE %/
THEN DO3

IFLAG=1

MATRIX{KeX1)=M]
LIMIT(N)=K;

N=N+13§

IF SIGN(K)=SICN(X1)

THEN GOT( SEVENS

ELSE IF SIGN(SIGNK)+4SIGN(X1))=1
THEN GOTO SHtVENS

ELSE DO

/7% CHECX FCF SIGN CHANGER/
ISIGNTISIGN+ LS

GOTO SEVLCN;

END;

ENCS

D0 12== NN TC NN3;

/% SET MATRIX TO 2Z2ERC */
DO J2== NN TC NN

IF MATRIX(12,J?)=0

THEN MATRIX(I?.J2)=+~13
INCS

[ANPH

IF IFLAG=0

THEN GO TO FIGHT S

FILTER USING INITIAL CCANDITIONS*/

{X1eX2) DECINAL FIXEC(6);
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PUT <KIP(2):

PUT ESIT{*LIMIT CYCLE #%,Me' IS*)(COLUMNI2C) sA+F(3) eX(2)4A:sX(3))3

N1=N1+13

IF NI1=16 THEN DO

PUT ECIT(* *)(SKIP,COLUMNCI9),A)S
N1=03

ENC3

M=N+13

ENC FOURS

EICHT: ENDJ

NINE: /¢ SET MATRIX FQOR THE PHASE PLANE PLOT &/
BEGINS

PUT EDIT(*LIMIT CYCLES ARRANGED IN PHASE PLANES
(PAGEs SKIP(10)s COULUMN{20).A):

PUT ERIT ('A= '4A, '8= *,B)
(SKIP(1)+CCLUMN(20),AsF {1246} X(13:AF(12,€))3
PUT <SKkIP(S);

IF NANC 10

THEN I3=NN3

ELSE 13=10:

0C I12=-13 TC 13"

IF 12=-I3

THEN PUT EDIT(I2){COLUMNC(20).F(2))3
ELSE PUT EDIT(I2)(F(3))3

ENDS

CO J2=13 TN =13 BY ~13

PUT EDTIT(J2) (CCLUMNCLI7)F(3));

DO I2=-13 TO 133

IF MATRIX(12.,J2)>0

THEN PUT EDITIMATRIX(I2,J32))(F (3))3
ELSE PUT EDIT(® *ICAL3)) 5

ENDS

END NINFES

ENC TRRECS

X{N;

FCF:FPROCENURE(X) 9 X24R) RETURNS(CECIMAL FIXED{4)) 3

DECLARE (XeX1+4X2+R) PECIVMAL FIXED(4);
X=FOURNC(~D1%X1,0 3+RCUND(-C2%X2,CI+R
PETURN{(X) 3

ENC FOF S

END CO13

VERSUS X(N-1)*)
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APPENDIX C-3

Analysis Computer Program for
recursive MIL filter.

C THIS IS THE SCURCE DECKe.
C DETEFIMINATION OF (ICULRSEVE MTHI FRECUENCY CHARACTERISTICS

1

DIVENSION X (20C).Y(200).0UNMY(2C0O)
CONPLEX NP3 ,P7406CT7,C3,CMELX
X(1)=0.0

DC 1 I=1.99

X{{r)=xX(1)+1e8

C CALCUILLATE MAGNITUDRE +CP OROINARY MTI DIGITAL FILTER

2

3

=04

Tl1=.Ca

T?2=e08

T=T1+T12

DR 2 I=1,100
R1=21e2=(COS(THXC1)))
R2=SINCTEX(1))
RI=SCVFLX(RT 4R2)
R&4=CALBS(R3)

RA=IRAEN A

RS=]1 o 0= (AXCOS(TEX(LII )
RE=(I#R2
PT7=CMELXIRS ¢ R16)
PR=CAIS (R7)

Pa=Rasxp

Y{I)=RA/RH

CCANT INVE

e 3 I=1.100
X{I[+100)=x(1)

C CALCULATE MAGNITUDE FOR 2 INERSUMPLES PER PERIOCD MTI

00 4 [=1,100
AL=1.0-(BECOS(TEX(I)))I+(CHCOS(TZ¢tX( 1)) )I-(CCS(T2¢x(1)))
A2=(RESEN(TEY([)))=(C*SIN(T2sX (I))I+(SIN(T22X{1)))
C=CMFLX (A1, A2)

D1 =Caes(o)

01=D1%D1
Cl1=RA=1.0HCOSIT1I2X{[)))=-(RxCOS(T2¢X{[)))
CP=(SINCTLEX(I)) )+(B*SIN(T22X(1)))
C3A=CMPLX(C1,C2)

Ca=€Aans(C3)

ca=CasCa

C3=1.0~(B¢32COAS(T*X(1)))
Co=({A*N&SIN(TEX(T1)))

C7=CMFLLX(CS,C6)

ce=CaRS(C7)

cA=CANCS

Y(I+100)=(D1+CA)/(2.C*C8)

CCAT INVE

CALL PLOT(XsCoYeOsDUMY0:200+20102+24+0,1)
STNP

END
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Tre CALL ING SUBROUTINE NCw FTLLOWSS

6

7
8
Q
10
11
12
74
76
80

84
Sa

9S

14

93

SUPRCUT INE PLOT(XsLXeYeLYeZeLZoNPTNPLOT sNCOPY+NCD+NDIMJNXTREM,
*NPAGE)

REAL N

DINMENSION X{1)eY(1)42(1)+SX{7)e¢TITLE(20),L(134),NCH{A1),NH(41)

B MOP (A2)4FMI(E)FM2{E)eFMI(6) FME(B) FMS(B).FME(E)FNT(6),FFT(8)
1,SCL(3)

DATA FMLI/°C1lF *4° oAl o® o ®FGe2%e *+121¢4%A1) *,°* LY
DATA FM2/*(1H "s'eAl+'+"'FGel%,%4121%,%A1) *,* L
DATA FM3/'(1H *4 ' Al IPEGY 48 ,2,17,%21417,*) L
DATA FMG/ ' (1Xe® 4 *1PEL1®3%€el9® ¢ " SE20%¢%e24+E°,%15e2%5°) ‘e

1 LIV 4

DATA FMOE/®(SXe®s?'FOe2% 4 "4S5( 1%, *1XeF®393,2)%,4%:9X e,
1'FTe2%,%) ¢ v .

DATA FMS/ ®{SXe e FQe8%, '¢S{ 1%, *IXeF?3'Ge8)0,"9GXs"4*FGeat,
1) L

DATA MCH/IFO ¢1F]1 ¢ 1H241H3 ¢e1HA 1 HS s 1HE s IH7 o 1HE 1FF 5 1AL 1FE ¢ 1 +Co THD,
EIHE o 1HF o 1HGe LHHG 1HT s 1HJ o 1HK s THL o 1HM, 1HN IHD s 1 HP 4 1HO ¢ 1FP o 1HS, THT, 1
EHU W IRV s 1HW o IHX g1 HY g1 FO o 1HBZ 3 1HMS o 1H= s 1 Hty L=/

DATA ND NP eNM¢NB/ LlHe s IH+ s 1H=s 1M /

DATA SCL/ZLIFX 1KY 1FZ/

FORMAT(2044%)

FOFMAT(S2A1,74A4)

FCFMAT{IH +26X+20A4)

FOPMAT(13241)

FCRMAT(SH ALL ,Al.57F VALUES ARE NEGATIVE. LOG SCALF NMAY NOT RE S
*PECIFIED. )

FCRMAT(IPE 172+ 115e7)

FCRMAT(1PE17.2.£012+ES042)

FOPMAT(IPE17e¢24+2E40e2+F35.2)

FORMAT(IPE17e2+3E3042¢E25.2)

FORMAT(1PE17 2 +4FE23e2+E1%9.2)

FORMAT(1HK +S9X,7A4)

FCEMAT(6EL1262)

FORMAT(1H1)

FORMAT(7CH NFT(NCe OF OTS,) MUST BE EVENLY DIVISIEBLE BY ANPLCT(NC.
*0F CURVESe.) )

FORMAT(1IX+3EHONE DIMERSICANAL PLCT NOT arLCweEC, )
FORMAT(42A14+10Xs7A8)

DCSSI=1,a1

NHOT)=MCH(T)

N=S)+66%x(NPACE-1)

LLX=LX4+1

NOC=NCD+1

GUTO(15+13+14,+13)+ MDD

RPEAV(S1IIITITLE(I)«I=1,20)

IF(NCCelT «¢3)GNTO1S

IFINCINNES3)GATEOI

PEAD(S5¢38IIMOP(1)+41=1+82)TABL +TAB2,TAR3,TABAJTAESTAEG,TAB?

GC TO 81

READ(De2) (NOP( 1) o1=1,82)4( NH{I)eI=1,10)+TABLTAF2.TAE2sTABA,TABS,
1TABRG.TADT7
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004t GaTos1t

0042 1S DOB21=1.42

0043 E2 MOP( I )=N3

0044 81 NCH{41)=NDO

00aS IF(F CATONMPT/NPLCT)=-FLOAT (NPT ) /FLOAT (NPLOT))101,£€54101
0046 85 IF(NXTREM GEC.1)GUTOT72Z

o XoX: %4 YMIN=1.NE 75

0048 XMIN=YMIN

0049 ZMIN=YMIN

0050 YMAX=1.006E-7C

00€1 XMAX=YMAX

0052 ZMAX=YMAX

00s3 DOS11=1 NPT

00¢<4 GOTO(103452+S33eNDIM

02355 83 IF(Z{1)e3CeZVMAX)2ZNMAX=Z2(1)

0056 IF(ZCT) Ol EaZMINYZMIN=2(T) .

0057 52 IF(Y(])eGE YMAX)IYMAX=Y(])

0058 IF(Y (D)L CuYMINIYMIN=Y(T)

00586 IF(X{I)eGE e XMAX XMAX=X(T)

00n0 ITFIXCE) el B e XMII)XMIN=X(])

0061 S1 CONYINUE

0062 IF{L X eGT e 0)GOTO%00

0063 XNIN=XMIN={XMAX=XMIN)/7S5.0

004 XMAX=XMNAX+ {XMAX=XMIN)/75.0

0ne.s 900 I (LY «GT0IGNTNT2

0006 YNINTSYNVIN-(YMAX=YM]IMN)/ 30 .0

00¢7 YMAX=YMAX4{YAAX=Yi“IN)/30.0

oone GOTO73

0069 7?2 READ(S+e74 I XMINXMAX s YNINJYMAX ZVIN, Z7ILAX
Q070 73 IF{YMAXeGT e10000eUeiRPaYMINLTL(=1000C.0))GOTMSD
0071 IF (YMAX=YHMINGLT a5 .0)CGCTCoOU

0072 IF{YMAXeGTe10e0e R eYNMINSLT(=-10,0))G0TCH2
oN73 IFLYNAX L. T a0e0l1elR4ACSIYMINI aLTe0eD1)IGNTOEC
0074 DOSIT=1+6

0075 €9 FMTCII=EM2(T)

0076 GOTC6S

oc?? 60 DCOG1TI=140

00743 61 EMT( 1)=FM3(1)

[sXelrar] GNTN6S

00f0 62 NDOE3L=1+6

oonl 63 FMT(1)=FMyi(1])

0062 65 JF(XMAXeGTel0CO0 a0 eCReXMIANMWT{(~-10200.0))1COTOR?
003 IF{XMAX=XMINL.Te5.0)GCTOE?

06 f4 IFIXMAR G T 01N a0 el ReXMINSLT(-10.0)2G0TLES
opne DUEL [=1e%

0090 I (XMAX el . Te oDl eORJAESIXVINY LT .0.01)G0 TC 67
oNe? 66 FRTC1)=SFMS(T)

0O feE GoT07C

00y 67 D08 I=1R

0040 68 FRYI(I)=Fxa(l)

001 GUTI?0

00?2 67 CC71 17148
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0083 71 FRT(I)I=FM6(1)

00094 70 IF(LXGT.0)GOTOL?

009S CX=12Ce+/{XMAX=XMIN)

0086 SXC1)=XMIN

00g97 SX{7)=XMAX

0098 U=XMIN

0099 DO16K=2.6

0100 U= (XMAX=-XMIN)/6.4U

0101 16 Sx(K)=U

0102 GOTO1S

0102 17 XLx=LX

0104 MS=1

010% [F(XMAXLE.0401GOTNLICO

0106 XMIN=Zi0N%R(BLCGIO0(XMAXES oQ99GGGS )~FLLCAT(LX) )
0107 CX=12Ce/X1LX

o108 NX=ALCGIO(XMIN)

0109 TF(XMINCLT1 2 INX=ALCCIN(XMIN)=-0,97299999
0110 XMIN=10.0%tNX

0111 DN1IBK=1,LLX

o112 18 SX(K)=) Qe & (NX4K-1)

0113 19 CALLPOT(X s XMINGLXsNPT4041206,CX)
0114 1E(LY.CT.0)6G0T020

0115 CY=N/{YMAX--YMIN)

0116 GOT1N21

0117 20 YLY=LY

0119 MS=2

0114 IF (YMAXLL.0.,0)GUTV100

0120 YMIN=10.,04%(ALNGLO(YNAXRGeS99G9G ) ~FLOATILY) )
0121 CY=N/YLY

o122 KY=CY

0123 NY=AILLCGIO(YMIN)

o124 IFC(YMING Tl cCINYSALCGICIYMINY -0 999999G
27129 YMINZI0,08tNY

0120 21 CALLFOTIY +YFINLYSAP T 1,0M,CY)

0127 IF (L IMLT o3)GOTN2G

n12 FrLOT=NFL CT

n129 IF(L.Z2.6T0)G0T022

0130 CZ=FPLOTZ(2MAX=ZNMIN)

0131 GUT0o?”3

01322 2?2 7LZ=L2

01 33 MS=3

0134 IF(Z?MAKLE«0e0)GCTTIO00

0135 ZEIN=1040%5( ALCGLO{Z7MAXES0999G6G) =21 2)
013¢ C7=FPLOV/7LZ

01237 IF(ZMINCE410:GC TO 23

013 TA=ALNOGIN(ZMIN)Y=- G666 GGY

01 409 ZMIN=10.0%21A

0140 23 CALL POT(Z+ZMINW.ZNPTL0 JRLOT 4C2)
0141 . DC77 I=1,NPT

014z 1Z2=2(1)+1.0

Q144 ZC1Y=NCHLT2)

0144 77 CONTINUE
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RETURN
WRITE(6.6)SCLINMS)
RETURN
WRITE(6480)

RE TURN
WRITE(6+84)
RETURNN

END



[1]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

REFERENCES

Kaiser, J. F., "Digital Filters," in System Analysis by Digital
Computer, edited by F. F. Kuo and J. F. Kaiser, Wiley, 1966.

G-AE Concepts Subcommittee, On Digital Filtering, IEEE Trans. on
Audio and Electroacoustics, V. AU-16, No. 3: 303-314, Sept. 1968.

Gold, B. and Rader, C. M., Digital Processing of Signals, McGraw-
Hill Book Co., 1969. '

Golden, R. M., and J.F. Kaiser, "Design of Wideband sampled-data fil-
ters," Bell Systems Technical Journmal No. 43, Part 2, July 1964.

Jackson, L. B., J. F. Kaiser, and H. S. McDonald, "Implementation of
digital filters," 1968 IEEE International Convention Digest, IEEE,
1968.

Rader, C. M. and B. Gold, "Digital filter design techniques in the
frequency domain," Proc IEEE, Vol. 55, February 1967.

Jury, E. I., Sampled-Dst2 Control Systems, New York: John Wiley &
Sons, 1958.

Ragazzini, J. R. and Franklin, G. F., Sampled-Data Jontrol Systems,
New York: McGraw-Hill Book Company, Inc., 1958.

Kaiser, J.F., "Some practical considerations in the realiztion of
linear digital filters," Papers on Digital Signal Processing, edited
by Rabiner, L. R. and Rader, C. M., IEEE Press, New York, 1972.

Freeman, H., Discrete-time Systems, New York, John Wiley & Soms, Inc.,
1965, Chapter 4.

Yen, J. L., "On nonuniform Sampling of Bandwidth-Limited Signals,"
IRE Trans. Circuit Theory, Vol. CT-3, December 1956.

Helms, H. D., Generalizations of the Sampling theorem and:error Calcu-
lations, Ph.D. dissertation, Princeton University, Princeton, N. J.,.
1961.

Bogner, R. E., "Time Domain Filter Methods," Proceedings of the NATO
Advanced Study Institute on Signal Processing, Loughborough, England,
Academic Press, New York, 1973.

Tou,, J. T., Digital and Sampled-Data Control Systems, New York,. "
McGraw-Hill Book Company, Inc., 1959.

142



[15]

[16]

{17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

143

Jullien, G. A., "A general Analysis for the Time-invariant multirate
digital filter," IEEE Transactions on Circuit Theory, Vol. CT-20, No.
4, July 1973.

Jury, E. L., Theory and application of the 2-transform method, New
York, John Wiley & Sons, Inc., 1964.

Kuo, B. C., Discrete-data Control Systems, Englewood Cliffs, N. J.,
Prentice-Hall, Inc., 1970.

Balakrishnan, A. U., "On the Problem of Time Jitter in Sampling,"
IRE Trans. on Information Theory, Vol. IT-18, April 1962.

Aggarwal, J. K. and Kan, P. E., "Randomly Sampled digital filters,"
IEEE Trans. on Audio and Electroacoustics, Vol. AU-20, No. 1, March
1972,

Brubaker, T. A. and Risley, W. B., "Sampling interval drift in digital
filters," Intermational J. Electronics, Vol. 35, No. 4, October 1973.

Kranc, G. M., "Compensating Error-Sampled System by Multirate Control-
ler," Trans. ATEE (Applications and Industry), 76, Part 2, July 1957.

Meron, P., Sekey, A. A., and Zeheb, E., "Design method for stable
second-order digital filters," IEEE Trans. on Acoustics, Speech, and
Signal Processing, Vol. ASSP-22, No. 3, June 1974.

Otnes, R. K., and McNamee, L. P., "Instability Thresholds in digital
filters due to coefficient rounding," IEEE Trans. on Audio and Electro-
acoustics, Vol. AU-18, December 1970.

Jackson, L. B., "Roundoff-noise anmalysis for fixed point digital fil-
ters realized in cascade or parallel form," IEEE Trans. on Audio and
Electroacoustics, V. AU-18, No. 2, June 1970.

Jury, E. I., "A stability Test for Linear discrete systems using a
simple division," Proceedings IRE, Vol. 49, No. 12, December 1961.

Otnes, R. K., Instzbility Thresholds in digital filters, Ph.D. dis-
sertation, University of California, Los Angeles, California, 1970.

Parker, S. R. and Hess, S. F., "Limit-cycle Oscillations in digital
filters," IEEE Trans. on circuit theory, Vo. CT-18, No. 6, November
1971.

Ebert, P. M., Mazo, J. E. and Taylor, M. G., "Overflow oscillations
in digital filters,” Bell Systems Technical Journal, November 1969.

Jackson, L. B., "Analysis of Limit Cycles due to multiplication
rounding in recursive digital filters," Papers on bigital Signal
Processing, edited by Rabiner, L. R. and Rader, C. M., IEEE Press,
New York, 1972.




[30]

(31l

[32]

[33]

[34]

[35]

=
W
o
—

[37]

[38]

[39]

[40]

[41]

[42]

144

Sandberg, J. W., "Floating-point-roundoff Accumulation in digital
filter realizations," Bell Systems Technical Journal, V. 46, No. 8,
October 1967.

Claasen, T., Mecklenbrduker, W. F. G. and Peesk, J. B. H., "Frequency
domain criteria for the absence of zero-input limit cycles in non-

linear discrete-time systems, with applications to digital filters,"
IEEE Trans. on Circuits and Systems, Vol. CAS-22, No. 3, March 1975.

Jatnieks, G. U. and Shenoi, B. A., "Zero-input Limit Cycles in Coupled
digital filters," IEEE Trans. on Ac¢oustics, speech, and signal pro--
cessing, Vol. ASSP-22, No. 2, April 1974.

Jackson, L. B., "On the interaction of roundoff noise and dynamic
range in digital filters," Bell Systems Technical Journal, Vol. 49,
February 1970.

Mitra, S. K., Hirano, K., and Sakaguchi, H., "A simple method of
computing the input quantization and multiplication roundoff errors

in a digital filter," IEEE Transactions on Acoustics, speech and signal
processing, Vol. ASSP-22, No. 5, Cctober 1974.

Knowles, J. B., and Olcayto, E. M., "Coefficient Accuracy and digital
filter response," IEEE Transactions on Circuit Theory, Vol. CI-15,
No. 1, March 1968.

Avenhaus, E., "On the design of digitel filters with coefficients
of limited word length," IEEE Transactions on Audio and electroacoustics.
Vol. AU-20, No. 3, August 1972.

IBM System/360 Operating System: PL/I(F) Language Reference Manual,
GC-28-8201-2, 3rd Edition, pages 27-28, October 1969.

Astrom, K. J., Jury, E. I., and Agniel, R. G., "A numerical method
for the evaluation of complex integrals," IEEE Transactions on
Automatic Control, Vol. AC-15, August 1970.

Zverev, A. I., "Digital MII Radar Filters," IEEE Transactions on
Audio and Electoracoustics, Vol. AU-16, No. 3, September 1968.

Roy, R., and Lowenschuss, O., "Design of MII Detection filters with
nonuniform interpulse periods," IEEE on Circuit Theory, Vol. CT-17,
No. 4, November 1970.

Skolnik, M. I., Introduction to Radar Systems, McGraw-Hill Book Co
Company, Inc., New York 1962.

McAulay, R. J., "The effect of Staggered PRF's on MII signal
detection," IEEE Transactions on Aerospace and Electronic Systems,
Vol. AES-9, No. &, July 1973.




[43]

[44]

[46]

[47]

[48]

[491]

145

Haykin, S., and Boulter, J. F.. "Response of a recursive M.T.I.
Filter to inputs with Staggered P.R.F.," Electronics Letters,
Vol. 7, No. 14, July 1971,

Prinsen, P. J. A., "Elimination of blind velocities of MTI Radar
by modulating the interpulse period," IEEE Transactioms on
Aerospace and Electronic Systems, Vol. AES-9, No. 5, September
1973.

Fjallbrant, T., '"Digital filters with a number of shift sequences
in each pulse repetition interval," IEEE Transactions on Circuit
Theory, Vol. CT-17, No. 3, August 1970.

Atiya, F. S., Bilal, A. Y., and Abdou, I. E., "Multiple-Shift
sequences in digital Filter Design,"” IEEE Transactions on Circuits
and Systems, Vol. CAS-21, No. 1, January 1974.

Wong, K. M. and King, R. A., "Pole sensitivity of a digital filter
with multishift sequences in each sampling interval," Electronics
Letters, Vol. 9, No. 21, October 1973.

Goodman, D. J., "Digital Filters for code format Conversionm,"
Electornics Letters, Vol. 11, No. 4, February 1975.

Flood, J. E., and Hoskins, R. F., "TDM transmission of program
channels," Proceeding IEEE, Vol. 112, No. 8, August 1965.

Derusso, P. M., Roy, R. J., and Close, C. M., State Variables for
Engineers, New York: Jchn Wiley & Soms, Inc., 1967.

Boykin, W. H., and Frazier, B. D., "Multirate Sampled-data systems
Analysis via vector Operators," IEEE Tramsactions on Automatic
Control, Vol. AC-20, No. 4, August 1975.

Wong, K. M., and King, R. A., "State space description of multirate
digital filter," Electronics Letters, Vol. 9, No. 2, January 1973.




