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ABSTRACT

P re s e n te d  in  t h i s  work i s  th e  a n a ly s is  and d es ig n  o f  r e c u r s iv e  
d i g i t a l  f i l t e r s  synch ro n o u sly  sam pled n o n u n ifo rm ly , em ploying Z- 
tra n s fo rm s , F o u r ie r  tra n s fo rm s , and su b se q u e n tly  th e  s ta te - s p a c e  
fo rm u la tio n . S u i ta b le  t r a n s f e r  sequence o p e ra to rs  a re  developed  f o r  
f i r s t  and second  o rd e r  d i g i t a l  f i l t e r s .  However, much o f  th e  te c h n iq u e s  
developed  c o u ld  e a s i l y  b e  ad ap ted  to  h ig h e r  o rd e r  d i g i t a l  f i l t e r s .  
C h a r a c te r i s t i c  f e a tu r e s  o f  such t r a n s f e r  sequence o p e ra to r s  a re  shown.

S t a t i s t i c a l  a n a ly s is  o f  th e  q u a n t iz a t io n  e f f e c t s  due to  ro u n d o ffs  
a re  exam ined and  some of th e  d i f f i c u l t i e s  o f a n a ly s i s  p re s e n te d .  A 
d e te r m in i s t ic  s tu d y  o f  l i m i t  c y c le s  due to  ro u n d o ff  o f  p ro d u c ts  in  
f ix e d - p o in t  a r i th m e t ic  im p lem en ta tio n  i s  p erfo rm ed . C h a r a c te r i s t i c  
p r o p e r t i e s ,  such  a s  s t a b i l i t y  c o n s t r a i n t s ,  m agnitude and phase re sp o n se  
o f  n o n u n ifo rm ly  f i r s t  and second o rd e r  d i g i t a l  f i l t e r s  a r e  p re se n te d  
and compared u s in g  com puter s im u la tio n s  to  th o se  o f  th e  c o n v e n tio n a l 
d i g i t a l  f i l t e r s .

A p p lic a t io n  o f  th e  developed  nonun ifo rm  sam pling  decom position  
m ethods, p a r t i c u l a r l y  to  r e c u r s iv e  v a r i a b le  d i g i t a l  f i l t e r s  and a ls o  
to  d i g i t a l  f i l t e r i n g  in  r a d a r  sy s te m s , i s  p re se n te d  w ith  exam ples.
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CHAPTER 1 

INTRODUCTION

1 .0  In tro d u c to ry  Remarks

D ig i t a l  p ro c e s s in g  o f  tim e fu n c tio n s  h as  been o f  c o n s id e ra b le  

i n t e r e s t  s in c e  th e  ad v en t o f  th e  d i g i t a l  co m pu ter. The co m p u ta tio n a l 

p ro c e s se s  o r  a lg o r i th m s  may be th a t  o f  lo w -p ass  f i l t e r i n g ,  ban d -p ass  

f i l t e r i n g ,  i n t e r p o l a t i o n ,  e x t r a p o la t io n  o r  s p e c t r a l  decom position  [1 ] .  

F o rm ally , a  d i g i t a l  f i l t e r  i s  a  tim e s e q u e n t ia l  o p e ra to r  on a  g iven  

d i s c r e t e  in p u t  tim e s ig n a l  r e s u l t i n g  in  a  d i s c r e t e  tim e s ig n a l  a s  o u tp u t. 

T hat i s ,  th e  d i g i t a l  p ro c e ss  tra n s fo rm s  an  in p u t  sequence {x^} in to  an 

o u tp u t sequence {y^^ . For i l l u s t r a t i o n ,  a  common a lg o rith m  d e s c r ib in g  

th e  t r a n s f e r  c h a r a c t e r i s t i c s  i s  a  l i n e a r  d i f f e r e n c e  e q u a tio n  w ith  

c o n s ta n t c o e f f i c i e n t s  o f  th e  form  [3 ] ,

%  n V i  - J ,

T hat i s ,  a t  tim e n th e  o u tp u t v a lu e  can  be computed from th e  M 

p re v io u s  v a lu e s  o f  th e  o u tp u t and N + 1 m ost r e c e n t  v a lu e s  o f  th e  in p u t .  

The s e t  {a^} and  {by} a r e  th e  f i l t e r  p a ra m e te rs  o r  "w e ig h ts"  th a t  

d e te rm in e  th e  n a tu r e  o f  th e  f i l t e r i n g  a c t io n  on {x^}.

Assuming un ifo rm  tim e sam pling and ta k in g  th e  Z -tra n sfo rm  o f  

b o th  s id e s  o f  e q u a t io n  (1 .1 )  te rm  by te rm  y ie ld s



2
M N

Y ( z ) ( l +  Z b .z " ^ )  = X(z) Z a  z"^ (1 .2 )
i = l  ^ i=o ^

"  - iZ a .z  
Y(z) _ i= o  ^
X(z) M

1 +  Z b .z  ^ 
i = l  ^

(1 .3 )

= H(z)

where H(z) i s  th e  p u ls e  t r a n s f e r  fu n c tio n  o f  th e  f i l t e r .

The z - tra n s fo rm  c a lc u lu s ,  used  to  d e sc r ib e  H (z ) ,  p la y s  a  u s e fu l 

r o le  in  th e  a n a ly s i s  and s y n th e s is  o f  l i n e a r  d i s c r e t e  system s s im i la r  to  

th e  r o le  o f  th e  L ap lace  tra n s fo rm  " c a lc u lu s  in  th e  a n a ly s i s  and sy n th e s is  

o f  l i n e a r  c o n tin u o u s  sy stem s. No a tte m p t has been made to  d is c u s s  how 

th e  t r a n s f e r  f u n c t io n  H(z) i s  o b ta in e d  from th e  s p e c i f i c a t io n  f o r  a given 

d i g i t a l  f i l t e r .  T echniques f o r  d e te rm in in g  H (z) from a  g iv e n  f i l t e r  

s p e c i f i c a t io n  have re c e iv e d  e x te n s iv e  coverage in  th e  l i t e r a t u r e  [1 ,3 ,4 ,  

5 ,6 ] .  For the p r e s e n t  i n v e s t ig a t io n ,  i t  i s  assumed t h a t  th e  t r a n s f e r  

fu n c tio n  s a t i s f y i n g  th e  f i l t e r  s p e c i f i c a t io n  h as  been o b ta in e d  and th a t  

a  p a r t i c u l a r  H (z) i s  th e re fo re  a v a i la b l e .

1 .1  Nonuniform Sam pling

A d i s c r e t e  s ig n a l  o r  sequence o f  numbers can be g e n e ra te d  through 

th e  p ro c e ss  o f  sam pling  a  fu n c tio n  o f  co n tin u o u s tim e . T hat i s ,  suppos­

in g  th e  fu n c tio n  i s  f ( t ) ,  th en  th e  sequence {f^} may be used  in  r e p re s e n t­

in g  f ( t )  where

A l te rn a t iv e ly  f ( t )  can  b e  re p re s e n te d  by th e  im pulse f * ( t )  so th a t

f  = f(n T ) n = on

CO

f * ( t )  = f ( t ) *  Z 6 ( t  -  nT) 
n»o
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w hich can a l s o  be w r i t t e n  as

CO

f * ( t )  = Z f (n T )6 ( t  -  nT) (1 .4 )
n*o

The im pulse t r a i n  f * ( t )  a s  re p re s e n te d  above i s  v a l id  when 

sam ples a re  u n ifo rm ly  sp a c e d . However, th e re  a re  tim es when knowledge 

o f  o n ly  every  o th e r  k -sam ple  o u tp u t i s  needed , and in s ta n c e s  w here i t  i s  

to o  ex p en siv e  to  p ro cess  an  in p u t  t h a t  comes in  every  T seco n d s . As f o r  

exam ple, in  o rd e r  to  co n se rv e  energy  consum ption, the  av erag e  number o f  

sam ples p e r u n i t  tim e i s  g e n e ra l ly  m inim ized in  c e r t a in  a d a p t iv e  sam pled 

d a ta  th a t  a r e  a p p l ic a b le  in  s a t e l l i t e  c o n t ro l  sy stem s. In  th e se  c a s e s ,  

sam ples which a re  n o t u n ifo rm ly  spaced can be u sed . For nonunifo rm  

sam p lin g , e q u a tio n  (1 .4 )  i s  n o t n e c e s s a r i ly  v a l id .  I n  g e n e r a l ,  e q u a t io n

(1 .4 )  may b e  r e w r i t t e n  so  t h a t :
00

f * ( t )  = f ( t ) *  E 6 ( t  -  t ,  ) (1 .5 )
k=o *

w here t^  a r e  s e p a ra te  b u t  a r b i t r a r y  spaced  p o in t  in  tim e . Thus, e q u a tio n

( 1 .4 ) ,  a p p l ic a b le  vdien sam ples a re  u n ifo rm ly  spaced , can be co n s id e re d  

a s  a  s p e c ia l  c ase  o f e q u a tio n  (1 .5 )  which i s  v a l id  when sam ples a r e  

a r b i t r a r i l y  sp aced .

N onuniform ly sam pled d a ta  a r e  q u i te  o f te n  employed in  ra d a r  

t r a c k in g  sy stem s. For in s ta n c e ,  McAulay [42] and o th e rs  [4 0 ,4 1 ,4 3 ,4 4 ]  

have shown th a t  th e  d e te c t io n  c a p a b i l i t i e s  o f  r a d a r  system s f o r  moving 

t a r g e t s  can be s u b s t a n t i a l l y  ex tended  by nonuniform  sam pling  o f  th e  in ­

coming b ip o la r  v ideo  s ig n a l s  from th e  moving t a r g e t s .  O ther v ia b le  

a p p l ic a t io n s  f o r  nonun ifo rm ly  sam pled d a ta  c h a r a c t e r i s t i c s  a r e  i n  th e  

d e s ig n  o f v a r ia b le  d i g i t a l  f i l t e r s  and in  th e  s y n th e s is  o f  m a th em a tica l 

m odels fo r  c e r t a in  b io lo g ic a l  system s in  w hich sam ples a re  known to  be 

nonu n ifo rm ly  spaced .



Some e f f o r t  in  th e  l i t e r a t u r e  has  been  d i r e c te d  to  th e  a n a ly s is  o f 

th e  d i f f i c u l t i e s  th a t  a r i s e  when d a ta  i s  p ro c e sse d  a t  r a t e s  o th e r  than  

a t  un ifo rm  i n t e r v a l s .  Yen [11] and Helms [12] have shown th a t  a  band- 

l im i te d  fu n c tio n  i s  u n iq u e ly  d e s c r ib e d ,  under c e r t a in  c o n d i t io n s ,  by a 

knowledge o f  i t s  v a lu e s  a t  n onun ifo rm ly  spaced  i n s t a n t s .  Two theorem s 

due to  Yen [11] on nonuniform  sam pling  a r e  d is c u s s e d  b r i e f l y  i n  Appendix 

A-1 o f t h i s  d i s s e r t a t i o n .

B alak rish n an  [1 8 ] , A ggarval and Kan [19] have co n s id e re d  e r r o r  

a n a ly s i s  o f  tim e j i t t e r s  in  sam p ling  in  w hich sam pling  i s  t r e a t e d  a s  a  

random phenomenon. T h is le a d s  to  th e  d e te rm in a tio n  o f s ig n a l - to - n o is e  

r a t i o  where th e  n o ise  i s  c o n s id e re d  to  be cau sed  by th e  sam p ling .

B rubaker [20] an a lyzed  th e  e f f e c t  o f  sam p ling  i n t e r v a l  d r i f t  i n  r e c u r ­

s iv e  d i g i t a l  f i l t e r s  d e s ig n ed  u s in g  th e  im pu lse  in v a r i a n t  ap p ro ach . As 

shown in  [2 0 ] , th e  e f f e c t  o f sam pling  r a t e  d r i f t  i s  to  m odify  th e  

c r i t i c a l  f re q u e n c ie s  o f  th e  f i l t e r  by th e  r a t i o  o f th e  d e s ig n  sam pling 

tim e  and th e  a c tu a l  sam pling  tim e .

Some a s p e c ts  o f  nonuniform  sp a c in g  o f  sam ples in  d i s c r e t e - d a ta  

system s have been d e sc r ib e d  in  th e  l i t e r a t u r e .  Ju ry  [7 ,1 6 ] in  d is c u s s in g  

th e  z - tra n s fo rm  approach  to  th e  a n a ly s i s  o f  d i s c r e t e  an ten n a  a r ra y s  shows 

how th e  z - tra n s fo rm  o f th e  po lynom ial e x p re s s io n  a s s o c ia te d  w ith  th e  

a r r a y  can be ex p ressed  in  term s o f  th e  z - tra n s fo rm  o f  i t s  known c o n t in ­

uous nonuniform  envelope fu n c t io n .  Such an  approach  r e q u i r e s  th e  

e x is te n c e  o f  a  known nonuniform  en v e lo p e  fu n c t io n  co n tin u o u s  w ith in  a 

g iv e n  i n t e r v a l  range . Tou [14] and R ag az z in i and F ra n k lin  [ 8 ] ,  in  t h e i r  

a n a ly s i s  o f  m u l t i r a te  sam pled-dat a , d e r iv e d  th e  o u tp u t sequences o f  a 

system  w ith  i t s  in p u t sam pled a t  a  s lo w er r a t e  th an  th e  o u tp u t ,  and p ro ­

ce sse d  w ith  a  known t r a n s f e r  fu n c tio n  H ( s ) ,  w here s  i s  th e  L ap lace



tra n s fo rm  o p e r a to r .  R ag azz in i and  F ra n k lin  [8] ex tended  t h i s  a n a ly s i s  

o f  m u l t i r a t e  sam pling  t o  th e  c a se  where th e  o u tp u t o f  th e  sy stem  i s  

sam pled a t  a  s lo w e r r a t e  than  th e  in p u t .  I n  t h e i r  w ork, th e  in p u t  

sequences a r e  decomposed a c c o rd in g  to  t h e i r  lo c a t io n  w ith in  a  sam pling  

p e r io d .  These s e p a ra te  in p u t sequences  a r e  a p p ro p r ia te ly  w e ig h ted  and 

p ro cessed  w ith  th e  system  t r a n s f e r  fu n c tio n  to  y ie ld  th e  o u tp u t  seq u en ces . 

T h is approach  does n o t le n d  i t s e l f  to  th e  d e s ig n  o f  m u l t i r a te  d i s c r e t e  

system , s in c e  th e  o v e r a l l  t r a n s f e r  fu n c tio n  cannot be o b ta in e d  by t h i s  

ap p ro ach . In  a d d i t io n ,  t h e i r  d eco m p o sitio n  approach  i s  n o t  a p p l ic a b le  

to  th e  ca se  w here b o th  th e  in p u t and th e  o u tp u t  o f such a d i s c r e t e  d a ta  

system  a r e  sam pled nonun ifo rm ly  b u t  sy n ch ro n o u sly .

R e c e n tly , F j a l l b r a n t  [45] has in tro d u c e d  a  new ty p e  o f  r e c u r s iv e  

d i g i t a l  f i l t e r  w ith  m u l t ip le  s h i f t s  in  each  sam pling i n t e r v a l .  Such 

m u l t i p l e - s h i f t  d i g i t a l  f i l t e r s  a r e  p a r t i c u l a r l y  s u i t a b le  f o r  th e  d e s ig n  

o f  v a r ia b le  c h a r a c t e r i s t i c  f i l t e r s .  U sing l i n e a r  d i f f e r e n c e  e q u a t io n s  

and g e n e ra tin g  f u n c t io n s ,  F j a l l b r a n t  [45] d e r iv e d  th e  t r a n s f e r  fu n c t io n  

sequences o f  su ch  f i l t e r s .  J u l l i e n  [1 5 ] , u s in g  complex c o n v o lu tio n  

i n t e g r a l ,  o b ta in s  th e  g e n e ra l  t r a n s f e r  f u n c t io n  f o r  m u l t ip le  s h i f t  

sequences i n  d i g i t a l  f i l t e r s .  I n  a d d i t io n ,  A tiy a , B i l a l  and  Abdou [46] 

have used  s t a t e  sp ace  te c h n iq u e s  to  a n a ly z e  such  m u l t ip le  s h i f t i n g  s e ­

quences in  d i g i t a l  s ig n a l  p ro c e s s in g . The app roaches ad o p ted  in  th e s e  

works on m u l t ip le  s h i f t  sequences i n  d i g i t a l  f i l t e r s  a r e  n o t  a p p l ic a b le  

to  th e  a n a ly s i s  and th e  d es ig n  o f  d i s c r e t e  system s w ith  n o n u n ifo rm ly  

sam pled in p u ts  s in c e  d u rin g  th e  s h i f t i n g  o f  s ig n a ls  w ith in  th e  f i l t e r ,  

th e  in p u t s ig n a l s  a r e  s e t  to  z e ro .

1 .2  Review o f  R esearch

In  d i s c r e t e - d a t a  system s where th e  in p u t and th e  o u tp u t  a r e  b o th



s u b je c te d  to  nonuniform  sam pling  b u t  sy n c h ro n iz e d , a n a ly t ic  approaches 

advanced th u s  f a r  a r e  n o t d i r e c t l y  a p p l ic a b le  to  th e  a n a ly s is  o f  such 

sy s tem s . T h is d i s s e r t a t i o n  w i l l  be d i r e c te d  tow ard develop ing  a  m athe­

m a tic a l  approach  s u i t a b le  f o r  a n a ly s i s  and in v e s t ig a t io n  o f  d i s c r e t e -  

d a ta  system s w ith  nonuniform  sam p les . I n  p a r t i c u l a r ,  nonuniform ly  sam pl­

ed r e c u r s iv e  d i g i t a l  f i l t e r s  w i l l  be em phasized . The te ch n iq u es  d ev e lo p ­

ed in  t h i s  work w i l l  p ro v id e  a  v ia b le  means o f  in v e s t ig a t in g  d es ig n  

s t a b i l i t y  c r i t e r i a ,  q u a n t iz a t io n  e r r o r  s tu d ie s  and l i m i t  c y c le  o s c i l l a ­

t io n s  in  r e c u r s iv e  d i g i t a l  f i l t e r s  w ith  nonuniform  sam ples. I n v e s t ig a ­

t i o n  o f  such problem s in  d i g i t a l  s ig n a l  p ro c e s s in g  have been l im ite d  th u s  

f a r  to  u n ifo rm ly  sam pled d i g i t a l  f i l t e r s .  A p p lic a tio n  o f  th e  te c h n iq u e s  

o f  t h i s  work to  o th e r  ty p e s  o f  d i g i t a l  f i l t e r i n g  w i l l  be p re s e n te d .

C hapter 2 p re s e n ts  developm ent o f  th e  m athem atica l decom position  

te c h n iq u e  a p p l ic a b le  to  d i s c r e t e - d a t a  sy stem s w ith  nonuniform  sam ples. 

P u lse  t r a n s f e r  fu n c tio n  seq u en ces  o f  th e se  f i l t e r s  a re  d e r iv e d  a s  new 

r e s u l t s .

C hap ter 3 ex ten d s  th e  d eco m p o sitio n  te ch n iq u e  to  a n a ly s is  o f  

d e s ig n  s t a b i l i t y ,  q u a n t iz a t io n  e r r o r  e f f e c t s  and l i m i t  c y c le  o s c i l l a t i o n s  

in  r e c u r s iv e  d i g i t a l  f i l t e r s  in  th e  p re se n c e  o f  n o n u n ifo m  sam pling .

U sing com puter s im u la tio n  r e s u l t s ,  q u a n t iz a t io n  e r r o r s  and l i m i t  c y c le  

o s c i l l a t i o n s  in  n o n u n ifo rm ly  sam pled d i g i t a l  f i l t e r s  a re  compared w ith  

th o se  o f f i l t e r s  w ith  u n ifo rm  sam pling  a v a i l a b l e  from th e  works o f  

Jack so n  [24 ,29] and o th e r s  [ 5 ,6 ,2 7 ] .  C h ap te r 3 , a ls o  p re s e n ts  a  new 

a n a l y t i c  ap p roach  o f  d e te rm in in g  th e  freq u en cy  response  o f  d i g i t a l  f i l t e r s  

in  th e  p re se n c e  o f  nonuniform  sam p lin g . I n  p a r t i c u l a r ,  th e  freq u en cy  

c h a r a c t e r i s t i c s  o f  f i r s t  and  second o rd e r  r e c u r s iv e  d i g i t a l  f i l t e r s  a r e  

shown. These c h a r a c t e r i s t i c s  a r e  th e n  compared w ith  th o se  o f u n ifo rm ly



sampled d i g i t a l  f i l t e r s  a v a i la b le  from  th e  works o f  K a ise r  [1 ,9 ] and 

o th e rs  [ 2 ,3 ,4 ,5 ,1 3 ] .

C hap ter 4 p re s e n ts  a p p l ic a t io n s  o f  the  decom position  te ch n iq u es  

o f C hapter 2 to  th e  a n a ly s is  o f  moving t a r g e t  i n d i c a to r  d i g i t a l  f i l t e r s  

in  ra d a r  sy stem s. The mean sq u a re  o u tp u t fu n c tio n  o f  a  n o n recu rs iv e  

moving t a r g e t  in d i c a to r  i s  d e r iv e d  and th e  r e s u l t s  shown to  ag re e  w ith  

tho se  o f e a r l i e r  work o f  Roy and Lowenschuss [40] and o th e r s  [42 ,44] 

u sing  a  d i f f e r e n t  ap p ro ach . The s im u la tio n  r e s u l t s  o f  th e  mean sq u are  

o u tp u t o f  a r e c u r s iv e  moving t a r g e t  in d i c a to r  d i g i t a l  f i l t e r  o b ta in e d  

by o th e r  works [4 3 ,4 4 ] a re  shown to  com pare fa v o ra b ly  w ith  th e  mean 

square  o u tp u t o b ta in e d  a n a l y t i c a l l y  by em ploying th e  decom position  

te ch n iq u e . M u l t i p le - s h i f t  d i g i t a l  f i l t e r  t r a n s f e r  fu n c tio n  sequences 

a re  r e -d e r iv e d  and shown to  b e  a  s p e c ia l  c ase  o f  th e  nonuniform  sam pling  

scheme o f  t h i s  w ork. C hapter 4 a l s o  d is c u s s e s  system s w ith  in h e re n t 

nonuniform  sam p les . S ig n a l - to - d i s to r t i o n  r a t i o  o f  such system s i s  

d e riv e d  f o r  a  s p e c ia l  case  o f  two in te rs a m p le s  p e r  p e r io d  u s in g  the  

F o u r ie r  tra n s fo rm  ap p ro ach .

C hapter 5 p re s e n ts  c o n c lu s io n s  o f  t h i s  work and in d ic a t io n  o f 

those  problem s w hich rem ain  s u b je c t  to  f u r th e r  r e s e a r c h .



CHAPTER 2

TIME-DOMAIN SWITCH DECOMPOSITION FOR NON-UNIFORM SAMPLING

2 ,0  In t ro d u c t io n

T his c h a p te r  p re s e n ts  th e  developm ent of a  new decom position  

te ch n iq u e  based  on z -tra n sfo rm s  and su b seq u en t s t a t e  space  a n a ly s is  o f  

r e c u r s iv e  d i g i t a l  f i l t e r s ,  which a re  sam pled n o n u n ifo rm ly , though 

p e r io d ic  in  th e  n o n u n ifo rm ity . T h is  developm ent i s  b ased  on th e  

concept o f sw itch  decom position  o f  tim e fu n c tio n s  employed i n  m u l t i r a t e  

sampled d a ta  system s as analyzed  by R ag azz in i and F ra n k lin  [8 ] ,  Tou 

[14] Wong and King [52] and q u i te  r e c e n t ly  by Boykin and F ra z ie r  [5 1 ] , 

The decom position  tech n iq u e  o f t h i s  work i s  th e n  a p p lie d  in  th e  a n a ly s is  

o f f i r  t  and second  o rd e r  r e c u r s iv e  d i g i t a l  f i l t e r s  sampled nonuniform ly . 

Employing th e  s k ip  sam pling theorem  in  th e  a n a ly s i s ,  th e  p u lse  t r a n s f e r  

fu n c tio n  sequences o f th e se  f i l t e r s  a r e  d e r iv e d  a s  new r e s u l t s .  The 

z - tra n s fo rm  o f th e  o u tp u t sequences o f  th e s e  f i l t e r s  a r e  then  fo rm u la ted  

in  term s o f  th e  p u ls e  t r a n s f e r  f u n c t io n  sequences and th e  advanced 

z - tra n s fo rm  o f th e  in p u ts .  For r e f e r e n c e  p u rp o se s , nonuniform  sam pling , 

advanced z - tra n s fo rm s  and th e  s k ip  sam pling  theorem s a r e  d iscu ssed  in  

A ppendixes A -1, A-2 and A-3 r e s p e c t iv e ly .

I t  shou ld  be no ted  th a t  a l l  th e  developm ents o f  th i s  c h a p te r  

assume i n f i n i t e  p r e c i s io n  a r i th m e t ic  so th a t  a l l  c a lc u la t io n s  a r e  e r r o r  

f r e e .  C hap ter 3 o f  th i s  d i s s e r t a t i o n  c o n s id e rs  e r r o r s  th a t  r e s u l t  

from such  assum ption .

8
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2 .1  Development o f  D ecom position Technique

The b lo ck  diagram  re p re s e n ta t io n  o f  d i s c r e t e  d a ta  system  to

be co n sid ered  in  t h i s  work i s  shown in  F ig u re  2 .1 .  I t  i s  assumed

th a t  th e  in p u t to  th e  system  i s  a p p ro p r ia te ly  band l im i te d .  In p u t

s ig n a ls  a p p ro p r ia te ly  band l im i te d  a re  d is c u s se d  in  C hap ter 4 . Appendix

A-1 p re s e n ts  a d is c u s s io n  o f  th e  o u tp u t re c o v e ry  in t e r p o la t io n  form ula

fo r  nonuniform  sam pling .

In  g e n e ra l ,  th e  d i s c r e te - t im e  r e l a t i o n  betw een th e  in p u t and

o u tp u t may be ex p re ssed  by th e  d i s c r e t e  c o n v o lu tio n  summation

y  = Z h  ,x .  (2 .1 )
n j= o  n - j  j

where y^ = y ( t^ )  and by = 0; j  < 0.

I t  i s  d e s ire d  to  re o rd e r  th e  in d ic e s  o f  (2 .1 )  such  t h a t  th e  ev en t tim es

( t^ )  may be decomposed and reg rouped  in to  s e t s  o f  p e r io d ic  sequences 

c o n s is t in g  o f  n  even t tim es each . That i s ,  i f  t ^  = T, th e n  th e  even t 

tim es may be re o rd e rd  0 , t ^ ,  t ^ , . . . ,  t^ _ ^ , T , T + t j , . . . ,  e t c ;  p rov ided

th a t  th e  p e r io d i c i t y  e x i s t s  f o r  each p o in t in  th e  seq u en ce . In  o th e r

words i f
t .  = mt + t  

1 n  k
= mT + tj^ (2 .2 )

then  tj^ + T = (m+ 1)T + t^

0 < k  < n -1  f o r  a l l  i .  (2 .3 )

This sequence arrangem ent i s  shown in  F ig . 2 .2 .  A c co rd in g ly , th e

in p u t sequence may now be ex p re ssed  

= x ( t^ )

= x(mT + t^ )

= Xj^(mT) 0 < k  < n -1  (2 .4 )

The index  k  in d ic a te s  th e  p e r io d ic  tim e sequence  w ith  tim e s h i f t  t^ ,  

t ^  < t^ .  These grouped sequences a re  shown in  F ig . 2 .3 .
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r iNonuniformlv Sampled

Y
Output ^

F ig .  2 .1  B lock d iagram  o f n onun ifo rm ly  sam pled  d i s c r e t e  system .
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X(f)

t,+Tn-i
T

F ig .  2 .2  N o n u n ifo rn ly  sam pled  f u n c t io n  a t  0 , t ^ ,  t^  . . .  .
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3T2T

2T+tT+t,

2T+t,T+t.

n-!

F ig . 2 .3  Decomposed nonuniform ly  sam pled  fu n c tio n  o f F ig .  2 .2 .
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The decom position  scheme o f R agazzin i and F ra n k lin  [8] o r  

Wong and King [47 ,52 ] i s  ex tended  h e re  to  ta k e  i n t o  accoun t th e  

synchron ized  nonuniform  sam pling  o f th e  in p u t and th e  o u tp u t o f  th e  

d is c r e te  system . For th e  e n t i r e ly  d i s c r e t e  t r a n s f e r  fu n c tio n  H(z) th a t  

i s  a v a i la b le ,  th e  im pulse sequence w e ig h tin g s  t h a t  a re  a p p lie d  to  th e  

r e s p e c t iv e  in p u t sequences a re  dependent n o t on th e  tim e th a t  has 

e lap sed  s in c e  th e  a p p l ic a t io n  o f  th e  im p u lse , b u t only  on th e  sequence 

index , k , o f  th e  sam pling  sw itch  th a t  h a s  o p e ra te d  w ith in  T.

The decomposed s e t  o f uniform  sequences may be used  in  th e  

co n v o lu tio n  summation (2 .1 )  to  determ ine th e  a p p ro p r ia te ly  s h i f te d  

o u tp u t sequence . For th e  f i r s t  ou tpu t sequence y^(mT) and from (2 .1 )  

and (2 .4 )

y o (°^ ) = ^m.n

m*n
Z h .X . 

j=o m -n-j J

n n
j=o ^m (n-j)^m j j i o ^ m ( n - j )  -  l^m *j+ l 

n
j = o  ^ m (n - j) - (n - l)^ m * j+ (n - l)

= ?  h (nT -jT )x  (jT )
j=o O o

+ ? h  (n T -jT )x .( jT )
3 = 0  ^

+ . . . +  Z h . , fn T -jT )x  . (jT ) (2 .5 )
j=o - (n -1 )  n-1

In  (2 .5 )  th e  f i r s t  o u tp u t sequence has b een  decomposed in to  a 

s e t  of c o n v o lu tio n  sum m ations. The s u b s c r ip t  on x d i r e c t l y  indexes th e  

in p u t sequence advance p o s i t io n  w ith in  T. The s u b s c r ip t  on h shou ld  be 

tak en  to  d en o te  th e  d e layed  w eigh ting  sequence r e l a t i v e  t o  th e  in d ic a te d  

sam pling e v en t w ith in  T.
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In  a  s im i la r  f a s h io n ,  y^(mT) may be d e te rm in ed , o r

n

j=o m (n-j )+ l^ m j+ (n - l)
n

= Z h (n T -jT )x ^ (jT ) 
j= o

+ . . .  +  Z ^ - ( n - l ) + l ( ^ ^  i^ ^ * n - l( jT )  
j - o (2 . 6)

To g e n e ra l iz e .

n
Z h ^ (n I - jT )x ^ ( jT )

n-1
= Z 

i= o

P
Z

j=o

(2 .7 )

For th e  p u rpose  o f  d e s c r ib in g  th e  Z -tra n sfo rm  o f  nonuniform ly  

sampled seq u en ces , i t  i s  d e s ir a b le  to  u se  p r e c i s e  n o ta t io n  to  av o id  con­

fu s io n  betw een th e  Z -tra n sfo rm  o f th e  fu n c tio n  a t  v a r io u s  tim e  in t e r v a l s .

The n o ta t io n  z  shou ld  be taken  to  d en o te  th e  number o f  sam ples n o c c u rr-  
n

in g  in  th e  o v e r a l l  sam pling p e r io d  T. In  o th e r  w ords, z^  i s  a  sequence 

o p e r a to r .  A d e la y  o f one sample i s  den o ted  by z^  and h as  no un ique 

tim e domain i n t e r p r e t a t i o n .  However, th e  o p e ra to r  ^ may o n ly  be 

i n t e r p r e te d  in  th e  tim e domain i f  th e  p o s i t io n  o f  th e  sam ple sequence
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b e in g  d e la y e d  i s  known in  t im e . The argum ent o f th e  Z -tra n sfo rm  taken 

w ith  sam ple p e r io d  T i s  d en o ted  by (Z ^ ) . T h is  fo llo w s  th e  n o ta t io n a l  

co n v en tio n  a s  used  by R ogazinn i and F ra n k lin  [ 8 ] .

C o n v e n tio n a lly , i f  

n
y(nT) = Z h(nT-kT)x(KT) (2 .8 )

K=o

th e n  by d e f i n i t i o n ,  th e  Z -tra n sfo rm  of y(nT) becomes

Y (z) = z{y(nT)}

= H (z)X (z) (2 .9 )

F o llo w in g  th e  n o ta t io n  p re v io u s ly  d e s c r ib e d , th e  Z -tra n sfo rm  o f th e

o u tp u t sequence yg(mT) may be ex p ressed  d i r e c t l y  from  (2 .8 )  and (2 .9 ) .

Taking th e  Z - tra n s fo rm  o f ( 2 .5 ) ,

2 {y „(n T )) -

n-1
= Z H (z|;)]L ( z 5  (2.10)

k=0 -K °  “

A b lo c k  d iagram  o f th e  sw itch  deco m p o sitio n  f o r  th e  f i r s t

o u tp u t seq u en ce , Y (z^ ) i s  shown in  F ig u re  2 .4 .  N ote t h a t  H . (z^)u n  —j  n

sh o u ld  be  ta k e n  to  d en o te  th e  w e ig h tin g  tra n s fo rm  r e l a t e d  to  th e  j t h  

p re v io u s  sam pling  sw itc h  o p e ra t io n .

The second o u tp u t sequence y^(mT) a s  e x p re s s e d  by (2 .6 )  may be 

Z -tra n sfo rm e d  from  (2 .9 )  in  th e  same manner a s  (mT), such  th a t



X ( t )

Advanced 
by 0 sec.

<T>

Fig. 2.4. Switch Decomposition block diagram for calculating the first output sequence.
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R efer to  F igu re  2 .5  fo r  a b lock  diagram  r e p r e s e n ta t io n .  In  genera l 

tiicn , th e  Lransforni of th e  jth  ou tpu t sequence can he ex p ressed  d l r e c l lv  

from (2 .7 )  and ( 2 .9 ) .  Tims

= " f '  0 J '  n-1  (2 .12 )

where x ^ (z ^ ^ ) , k = 0 , +1 , +2 , +3 . . . ,  + (n - l )  a r e  th e  advanced z - t r a n s ­

form of a l l  th e  in p u t sequences tak en  w ith  th e  o v e r a l l  p e r io d  T u n i ts

a p a r t ;  and H ,(z  " ) ,  k = 0 , - 1 , - 2 , . . . ,  - ( n - 1) a re  th e  delayed  t r a n s f e r  k n

fu n c tio n  sequences o f th e  f i l t e r .  A b lo ck  d iag ram  r e p r e s e n ta t io n  of

(2 .12 ) i s  shown in  F ig u re  2 .6 .

The o v e r a l l  o u tp u t sequence tra n s fo rm  Y(z^) can be o b ta in ed  by 

c o n v o lu tio n  summation o f a l l  the  o u tp u t sequences Y ^ (z^ " ) , a p p ro p r ia te ly

lo c a te d  in  th e  tim e sequence by m u ltip ly in g  by th e  d e lay  o p e ra to r  Z
-k

That i s .

y^Cr.) -
n
Z h (nT -  j l ) x  (jT ) + . . .  

j =0 " ^
n

j - u

Z h (nT -  jT  -  l ) x  (jT ) + . . .  
1=0

+ • '- ( n - D + T " ’’ -  3’’ -  U 'n - l ( j T ) + •  •  •

(n _ i)(n T  -  jT  -  (n - l) )x Q ( jT )  + . . .
n
Z h

J= o
n

+ Z h (nT -  jT  -  (n -D )'x^ (jT ) (2 .13)
j =0 - ( n - l ) + n

Taking th e  z - tra n s fo rm  o f both s id e s  o f (2 .1 3 )  y ie ld s  

Y(Z^) = z fy ^ (n )}

'  ' '0 < O  +

n-1 _ _v
= Z Y^(Z*)Z 

k=0 k ' n n
(2.14)



>((t)

Advanced 
by 0 sec.

00

Fig, 2.5. Switch Decomposition block diagram for calculating the second output sequence.



X(t)
HVO

Fig. 2.6 Switch Decomposition block diagram for calculating the vl̂ th output sequence.
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T hus, e q u a t io n  (2 .1 2 )  shows th a t  to  d e te rm in e  th e  o u tp u t sequences, th e  

advanced Z - tra n s fo rm  of th e  in p u t  sequences  i s  w e ig h ted  by th e  t r a n s f e r  

fu n c tio n  se q u e n c e s . Then th e  o u tp u t seq u en ces  th u s  o b ta in e d  a re  c o r r e c t ly  

lo c a te d  in  th e  o v e r a l l  o u tp u t sequence by u s in g  e q u a tio n  (2 .1 4 ) .

2 .2  D e te rm in a tio n  o f  th e  P u lse  T ra n s fe r  Sequences

The p u ls e  t r a n s f e r  fu n c tio n  seq u en ces  depend o n ly  on the number 

o f tim es th e  sam p lin g  sw itc h  has o p e ra te d  f o r  a  d i g i t a l  t r a n s f e r  f u n c t io n .  

For t h i s  r e a s o n ,  th e  sk ip  sam pling theo rem  can  b e  u sed  to  determ ine th e  

p u ls e  t r a n s f e r  fu n c tio n  seq u en ces .

H ence, in v o k in g  th e  sk ip  sam pling  theorem  [16] a s  d iscu ssed  

in  A ppendix A-3 y ie ld s

w here Hq(* ) i s  th e  t r a n s f e r  sequence o p e r a to r  f o r  th e  o v e r a l l  period  

T. For th e  sa k e  o f n o ta t io n a l  co n v en ien ce  i n  l a t e r  developm ents, (2 .1 5 ) 

i s  p u t in  th e  form

2TTj

S im ila r ly ,

H (z* ) = —  r ^^n
0 n  2TTj _ ^ -n ^ n ) P*

(2.16)

H (z ° )  = J L  r ^nH(Pn) ^  (2 .17)
1 C /I  _ P_

an d , i n  g e n e r a l .
PÏ H(P„) dP

IL (z^ ) = f _ n  (2.18)
Pnn n '

where k = 0 , 1 , 2 . . .

An ap p ro ach  o th e r  than  th e  u se  o f  th e  s k ip  sam pling  theorem can  

be used to  d e te rm in e  th e  p u lse  t r a n s f e r  seq u en ce  o p e ra to r  H(Z^). Such 

an approach  a p p l i e s  on ly  when th e r e  a r e  two n o n -u n ifo rm  sam ples i n  a  

p e r io d
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To fo rm u la te  such  an approach , l e t

N(Z2 )

H ere N(Z2  ̂ and D(Z2) a re  po lynom ials  i n  Z^. M u lt ip ly in g  H(Z2) in  (2 .1 9 ) 

by a n o th e r  po ly n o m ia l in  Z^ y ie ld s

NCZgj B(Z )
BfZz) = D(Z% B (zT  (.2, 20)

^ n

The sequences  H(Z^” ) can now be d e te rm in ed . T h a t i s ,  a r e

iKo b ta in e d  from  (2 . 20) by m u l t ip ly in g  i t  by Z^ and th e n  s e le c t in g  o n ly

th o s e  te rm s in  Z Z " ,  Z e tc .  H ere K = 0 ,  1 ,  . . . .  The method byn n n

w hich B(Z^) i s  o b ta in e d  i s  shown in  Appendix A -  4 o f  t h i s  d i s s e r t a t i o n .

The fo llo w in g  s e c t io n s  w i l l  d is c u s s  by exam ple th e  t r a n s f e r  

sequence o p e r a to r  f o r  f i r s t  and second o rd e r  r e c u r s iv e  d i g i t a l  f i l t e r s .

2 .3  F i r s t  O rder N on-un ifo rm ly  Sampled R ecu rs iv e  D ig i t a l  F i l t e r

An a l l  p o le  f i r s t  o rd e r  d i g i t a l  f i l t e r  a s  shown in  F ig u re  2 .7  

has  a r e - fo rm u la te d  p u ls e  t r a n s f e r  fu n c tio n

H(Z) = ^ . (2 .2 1 )
1-aZ*

As shown by K ranc [2 1 ] , H(Z^) i s  o b ta in e d  by r e p la c in g  ev e ry  Z in  (2 .2 1 )

by Z^. Hence

H(Z ) ----------   T (2 .2 2 )

w here a^ t  a .

F or n = 2 and r e p la c in g  Z by P fo r  n o t a t i o n a l  conven ience ,n n

(2 . 22) can  be  r e w r i t t e n  as

H (P ,)  -------------------------------------------------------------------------- (2 .2 3 )

1- 1^2
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Y( n)

X(n)

F ig .  2 .7  A F i r s t  O rder D ig i t a l  F i l t e r  w ith  no Z eros. 

1H(Z) =
1 -  bZ-1
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The p u lse  t r a n s f e r  fu n c tio n  sequences can  be  determ ined  d i r e c t l y  

from ( 2 .1 6 ) ,  (2 .1 7 ) ,  o r (2 .1 8 ) .  Thus

,  , H(P ) dP

S u b s t i tu t in g  fo r  H(P2) from (2 .2 3 ) y ie ld s

E v a lu a tin g  th e  above in t e g r a l  in  th e  p o s i t iv e  sen se  u s in g  th e  Cauchy 

re s id u e  theorem  y ie ld s

H (Z , ) -  -------^ ,  (2 .2 6 )
1 - a i V /

S im i la r ly ,

1 -  a 2
(2 .2 7 )

and

c (Pg -  a^) (1 -  Z‘ ^P2^) ^2

= —  /
dP2

c z f p / )

1 -

(2 .2 8 )

A l te rn a t iv e ly ,  s in c e  n = 2 , e q u a tio n  (A -  13) o f Appendix A -  4 

can be used  in  o b ta in in g  th e  t r a n s f e r  fu n c tio n  seq u en ce s .
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F i r s t  HCZg) i s  m o d ifie d . T hat i s ,

1
'  1 -  » « 2>

where
n-1 -jZTTK

B(Z„) = n D(Z e n  )
^ k = l ^

and f o r  n = 2
1 I 2 2 I L  _ -

= n D(Z-e n  ) = D(Z e (2 .2 9 )
k = l

Hence

1 -
(2 .3 0 )

M u ltip ly in g  (2 .3 0 )  by K = 0 , 1 , . . . .  and s e l e c t i n g  o n ly  th o se

0 **2ixterm s o f  th e  form  Z^ , Z^ , Z^ and so on, y ie ld s

'  2 - 2  (2 -31 )
1 -  *1 =2

1 2 '  ' l - » l V  l - ^ 2 - 3  

^1

1 -

(2 .3 2 )

S im ila r ly

1 -

(2.33)
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E q u a tio n s  ( 2 .3 1 ) ,  (2 .3 2 ) and (2 .3 3 ) a re  seen  to  be th e  same a s  

e q u a tio n s  ( 2 .2 6 ) ,  (2 .2 7 ) and (2 .2 8 ) r e s p e c t iv e ly  o b ta in ed  by u se  o f  th e  

sk ip  sam p ling  theorem .

The t r a n s f e r  f u n c t io n  sequences a r e  c a lc u la te d  f o r  c a s e s  w here 

th e r e  a r e  th r e e  and fo u r  nonun ifo rm  sam ples in  a  p e r io d . The r e s u l t s  

a re  g iv e n  in  T ab le  2 .1 .

T ra n s fe r
fu n c tio n
sequence

Two in te rs a m p le s  
p e r  sam pling  

p e r io d , n = 2

T hree in te rsa m p le s  
p e r  sam pling 

p e r io d , n = 3

Four in te r s a m p le s  
p e r  sam p ling  

p e r io d ,  n = 4

1 -  a f  Z-3

1
1 -  a ?  z ; : 1  -  q ' z ÿ

None
1 -

None None

1 - 1 -  a / z ; 3 1 -  a*  z ;4

None

None None

T ab le  2 .1  T ra n s fe r  fu n c t io n  sequences fo r  f i r s t  o rd e r  d i g i t a l  f i l t e r .

1
5(2%) =

1 -  a ^ Z - l
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The o v e r a l l  t r a n s f e r  fu n c tio n  sequence can  be determ ined  from 

e q u a tio n s  (2 .2 6 ) and (2 .2 7 )

T hat i s ,

H (Zj) = H ^ ( z / )  +

-  :  .2 - 2  2 - 2  1 -  a ] 2z,2 1 _ a^ Z ,

1 + a  Z ' l
= ---------------------------------------------------------------------------(2 .3 4 )

1 -  a / z ; ^

E q u a tio n  (2 .3 4 ) i s  seen  to  be th e  same a s  e q u a tio n  (2 .3 0 ) o b ta in e d  

by u se  o f  th e  method d is c u s s e d  in  Appendix A -  4 . T h is  shows th a t  th e  

t r a n s f e r  fu n c t io n  sequences  a r e  o b ta in a b le  from  th e  o v e r a l l  t r a n s f e r  

fu n c tio n  sequence and v ic e  v e r s a .

The o u tp u t seq u en ces  o f  a  f i r s t  o rd e r  f i l t e r  sampled nonun ifo rm ly  

can be e x p re sse d  in  te rm s o f  th e  p u ls e  t r a n s f e r  sequences and th e  in p u t  

seq u en ces . U sing (2 .2 6 ) and ( 2 .2 8 ) ,  e q u a t io n  (2 .1 0 ) y ie ld s

Y^(Zg^) = H^(Z2^)X^(Z2^) + H_^(Z2^)Xj^(Z2^) (2 .3 5 )

S im i la r ly ,  f o r  th e  second o u tp u t sequence , u s in g  (2 .2 6 ) and ( 2 .2 7 ) ,  

e q u a tio n  (2 . 11) y ie ld s

\ ( Z 2^) = H^(Z2^)XQfZ2^  + H^(Z2 ^ X ^ (Z 2^) (2 .3 6 )

2 2 
Here ^ 2, ^ ^ 2  ^ advanced Z tra n s fo rm  o f  x^^(nT). H ^(2^  ) and

2
H^(Z2 ) a r e  th e  p u ls e  t r a n s f e r  fu n c tio n  r e s p e c t iv e l y  d e lay ed  and advanced 

by one sam pling  p e r io d .

U sing (2 .3 5 ) and (2 .3 6 ) i n  (2 .1 4 ) ,  th e  o v e r a l l  o u tp u t sequence i s  

o b ta in e d  a s
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YfZg) = \ ( Z 2^)[HoCZ2^) +  +

X^(Z2^)[H_^(Z2^) + z’ ^ ^ ( Z 2^ )]  (2 .3 7 )

Thus th e  o v e r a l l  o u tp u t  sequence i s  a  fu n c tio n  o f  b o th  th e  p u ls e  

t r a n s f e r  fu n c tio n  sequences and th e  in p u t  seq u en ce s .

2 .4  Second O rder Nonuniformly Sampled R ecu rs iv e  D ig i t a l  F i l t e r

The t r a n s f e r  fu n c tio n  f o r  an  a l l  p o le  second o rd e r  f i l t e r  i s  

de term ined  from F ig u re  2 .8  by making a^ = 1 , a^ = a 2 = 0.

Hence

H(Z) =   2 (2 .3 8 )
1 + aZ +  bZ

Follow ing  th e  p rocedure  used f o r  f i r s t  o rd e r  f i l t e r ,  th e  t r a n s f e r  

fu n c tio n  sequences a re  f i r s t  o b ta in e d  u s in g  th e  s k ip  sam pling  theorem . 

Hence
2 1 r G(P ) dP

2 1 r *^^2

2 1 r F:^H(P ) dP

w here

H (P ,)  ------------Z l  12 (2 .4 2 )
1 + a^P2 + b^P2

a^ and b^ in  e q u a tio n  (2 .42 ) a r e  n o t  i n  g e n e ra l e q u a l to  a  and b 

r e s p e c t iv e ly  in  ( 2 .3 8 ) .

E v a lu a tin g  th e  th re e  i n t e g r a l s  u s in g  th e  Cauchy r e s id u e  theorem

y ie ld  s



28

F ig . 2 .8  A Second O rder D ig i ta l  F i l t e r  w ith  Two Z eros in  
Canonic Form

H(Z) =

-1  -2  + a^Z + a^Z

■ -1  -2  1 + b^Z ^ + bgZ
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• . .  . ; X - V - .  > . V

. . ‘ i .  > , y

-2
2 - ^ 2

H ( 2 / )   -----------------------  2------r = 4  (2 .4 5 )
^  1 + Z2 (2\  -  *1 ) +  \

A l te r n a t iv e ly ,  e q u a tio n  (A -  13) o f  A ppendix A -  4 can be u sed . 

F i r s t  HfZg) i s  m o d ified  w ith  BCZ^) to  g e t

1 B(Z )
H (Z ,) =

2 1 + a^Zgl + bĵ z"2 B(%2)
w here

1
B (Z ,) = n D (Z .e x p (-j— - ) ) =  D [Z .exp ( - j  it) ]

^ L=1
th e n  _ i _2

(1 + a^Z .^exp ( jir )  +  b.Z  ex p (2j i r ) )
H(z )  ---------------- =--------------------------------- ^ --------------------- 2------------

(1 + a^Z^ + b^Zg )(1 + a^Z^ exp(jTT) + b^Z^ ex p (2jn ) )

S im p lify in g  (2 .4 6 )  y ie ld s  ^2 45)
1 -  a  Z-1 +  b Z~2 

H(Z )  ---------------  4 ---------- 2"=4 (2 .4 7 )
1 + Zg (2b i  -

To o b ta in  H^(Z2^) m u l t ip ly  (2 .4 7 ) by Z2°  and s e l e c t  o n ly  th o se  te rm s o f  

th e  form Zg^, Zg^", e t c . ,  to  g e t

S im i la r ly ,  H^CZg^) i s  o b ta in e d  from Z^^C Zg) by s e le c t in g  on ly  te rm s o f  

th e  form Zg°, Zg^, Zg^, e t c .  T h is y ie ld s

H i ( z / )  (2.49)
4 4 1 +  Z j4(2b^ -  a j4 )  +
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S im ila r ly  _2

- a /)  .  b /z f

E q u atio n s  ( 2 .4 8 ) ,  (2 ,4 9 ) and (2 .50 ) a r e  seen  to  be th e  same a s  eq u a tio n s  

(2 .4 3 ) ,  (2 .4 4 ) and (2 .4 5 ) r e s p e c t iv e ly ,  o b ta in e d  by u se  o f  th e  sk ip  

sam pling theorem .

The o v e r a l l  t r a n s f e r  fu n c tio n  sequences  fo r  two in te r s a m p le s  

p e r  sam pling p e r io d  can  be o b ta in ed  by u s in g  eq u a tio n s  (2 .4 3 )  and (2 .4 4 ) . 

That i s ,

HCZj) =

1  + b ] : ; :
-2  2 2 - 41 + Z2 (2bj  ̂ -  + b^^Zg

-2  2 2 -41 +  Z2^ (2b^ -  a^^) + tj^Z g*
(2 .5 1 )

S im p lify in g  (2 .5 1 ) y ie ld s

- 1  -2  
1 -  a Z  1  +  b Z '

H(Z )  --------------------------------------------------------------------- (2 .5 2 )
1 + Zg (2b^ -  a^^) +  b^ 'Z g

E q u atio n  (2 .5 2 ) a g re e s  w ith  (2 .4 7 )  o b ta in ed  by th e  method of 

Appendix A -  4 . In  g e n e ra l ,  th e  o v e r a l l  t r a n s f e r  sequence H(Z^) can be 

ex p re ssed  a s  a  fu n c tio n  o f  th e  p u lse  t r a n s f e r  fu n c tio n  sequences H (Z^^).

T hat i s .
n-1 ,

H(Z ) = Z H, (Z ” )Z"*' (2 .53 )
“  k=o k  a  a

In  a  s im i la r  m anner, th e  o v e r a l l  o u tp u t sequence can  b e  e x p re s s e d , in  

g e n e ra l ,  a s
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n -k
=  j ,

S u b s t i tu t in g  (2 .1 2 ) in  (2 .5 4 ) y ie ld s

(2 .5 4 )

n-1

■ J .
r' 'n

(2 .5 5 )

where X^, k = 0 , 1 , 2 , —  a re  th e  in p u t sequences and k = 0 , t  1 , 

t  2,  . . .  a re  th e  p u ls e  t r a n s f e r  fu n c tio n  seq u en ce s . T his r e s u l t  shows 

th a t  th e  o v e r a l l  o u tp u t sequence , w hich i s  a  sequence o p e r a to r ,  i s  

a v a i la b le  when th e  o u tp u t sequences a re  d e te rm in e d .

The t r a n s f e r  fu n c tio n  sequences f o r  th r e e  and fo u r non -un ifo rm  

sam ples p e r  p e r io d  a re  g iven  in  T ab le  2 .2 .
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T ra n s fe r
fu n c tio n
sequence

Two in te rsa m p le s  
p e r sam pling 
p e r io d , n = 2

Three in te rs a m p le s  
p e r  sam pling  
p e r io d , n = 3

Four in te rsa m p le s  
p e r  sam pling 
p e r io d , n = 4

1 + b ^ z -z 1 -
" l ‘>2 °3

“l ( C ‘
- " l i / i ; '  -  ^

2 -4 
^4

»1 1>2 °3

NONE

2 , 
\  -  ^1

o 3 “A
" V  + %

^2 °3

» 3 < 0 NONE NONE
a^CZb^ -  a ^ 2)

"3

-2
"®1^2

2 -3
a i ( 2 b i - a i2 ) z ;4

°1 °2 "3

« -2 ( In " / NONE
( b i z ; 3 f _  a ]Z ;3

»2 "3

«-3<C) NONE NONE
_ a i(z ;4 _ (b ^ z ;4 )2 )

»3

T able 2 .2 . T ra n s fe r  fu n c tio n sequences f o r  second or d e r  d i g i t a l  f i l t e r .

-2  2 2 - 4
Di = 1 + Z2^ (2b^ -

‘>2 * 1  +

®3 '  1 + -  1>>1^ -  *1*) + b i* z ;*
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2 ,5  S ta te -S p ace  D e sc r ip tio n  o f Second-O rder 
 D ig i ta l  F i t l e r  Sampled N onuniform ly

In  th e  z - tra n s fo rm  a n a ly s is  o f  d i g i t a l  system s w ith  nonuniform

sam pling , a model w ith  uniform  sam pling  i s  f i r s t  c r e a te d .  The s t a t e

v a r ia b le  method may som etim es o f f e r  a u n if ie d  ap p roach  to  th e  a n a ly s is

o f  d i g i t a l  f i l t e r s  w ith  nonuniform  sam pling  [1 7 ],

A second o rd e r  r e c u r s iv e  d i g i t a l  f i l t e r  in  tim e domain can be

d e sc r ib e d  by th e  fo llo w in g  l i n e a r  d if f e r e n c e  e q u a tio n  [2 7 ,3 2 ,4 6 ] ;

y =-ay . -  by + y n n-1 n -z  n
(2 .5 6 )

where y = y (n T ), y , = y(nX -  T) and y _n n-1 n—z

uniform  sam pling .

Let

'  >'„-2 = V l

= y (n l  -  2T) fo r

(2 .5 7 )

S u b s t i tu t in g  (2 .5 7 ) in to  (2 .5 6 ) y ie ld s  x ^ (n  + 1) = y^_^ XgC") 

j(n  + 1) = y^ = -aXgCn) -  bx^(n) + y^ o r  in  a  more f a m i l i a r  n o ta t io n

n+1
0 1 

-b -a
0
1 • n (2 .58 )

A l i n e a r  d i s c r e t e  system  can be d e s c r ib e d  by th e  fo llo w in g  s e t  

o f s t a t e  e q u a tio n s  [7 ,1 0 ,1 4 ,1 7 ] ;

x(n + 1) = Ax(n) + BU(n) (2 .5 9 )

y (n ) = cx(n) where 

x (n ) = n X 1 s t a t e  v e c to r ,  y (n) and y (n ) a re  th e  1 x 1 in p u t and o u tp u t, 

r e s p e c t iv e ly .  A, B and C a re  th e  s t a t e  t r a n s i t i o n ,  th e  in p u t ,  the  o u t­

p u t c o n s ta n t c o e f f i c i e n t  m a tr ic e s ,  r e s p e c t iv e ly ,  each  w ith  th e  ap p ro - 

p r a i t e  dim ension fo r  th e  case  o f  a  l i n e a r ,  t im e - in v a r ia n t  system .
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From (2 .5 8 ) and (2 .59 ) i t  i s  e a s i l y  seen  th a t

A = 0 1 
-b  - a and C = [1 , 0]

I f  th e  nonuniform  sam ples have been re a rra n g e d  so t h a t  th e  sam pler sam­

p le s  a t  t  = nT, nT + T^, nT + T^ + T^, (n +  1 )T , (n  + 1)T +  T^,

(n + 1)T + T^ + T2  T^ where T = T^ + + T^ . . .  +  th e n  th e  s t a t e

t r a n s i t i o n  e q u a tio n  can  be de te rm in ed  [1 7 ] . Assuming in  g e n e ra l th a t  

th e  t r a n s i t i o n  o f s t a t e  o f a d i g i t a l  system  ta k e s  p la c e  from tim e ze ro  

to  T^, th e  s t a t e  t r a n s i t i o n  e q u a tio n  o f  th e  system  a t  t  = kT + T^, u s in g  

(2 .5 9 ) can be e x p re sse d  as

x(nT + T^) = A^x(nT) + B U(nT) (2 .6 0 )

where A  ̂ i s  th e  t r a n s i t i o n  m a tr ix  d u rin g  th e  s u b in te r v a l  0 < t  -  nT < T^ 

and B i s  assumed c o n s ta n t .

At t  = kT + Tg, th e  s t a t e  t r a n s i t i o n  e q u a tio n  becomes

x(nT + T^ + Tg) = A2x(nT + T^) + BU(nT + T^) (2 .6 1 )

At t  = nT + T^ +  T2 + T^, th e  s t a t e  t r a n s i t i o n  e q u a tio n  becomes

x(nT + T^ + T2 + T^) = AgX(nT + T^ + T ^ )  +  BU(nT +  T^ + (2 .6 2 )

and , in  g e n e ra l ,

x(nT + T^ + . . .  + T^) = A^x(nT + T^ + . . .  +

+ BU(nT + T. + . . . .  +  T ) (2 .6 3 )
1 k-1

S u b s t i tu t in g  (2 .6 0 ) in to  (2 .6 1 ) y ie ld s

x(nT + T^ + T2) = A2 [A^x(nT) + BU(nT)]

+ BU(nT + Tj )̂

= A2Aix(nT) + A2BU(nT) + BU(nT + T^) (2 .6 4 )
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S u b s t i tu t in g  (2 .6 4 )  in to  (2 .6 2 ) y ie ld s

x(nT + + T ) = A^tAgA^xCnT) + A2BU(nT)

+ BU(nT + T ^)] + BU(nT + +  T^)

= A^A2A^x(nT) + AgAgBbKnT) +  A^BU(nT+T^ )̂

+ BU(nT + + T^) (2 .6 5 )

To g e n e ra l iz e ,

x(nT + Tg +  . . .  + T^) = x(nT + T)

= Aj^Aj^_^...Aj^x(nT) +

+ A^BU(nT + T^)

+ BU(nT + T, +  . . .  + T, J  (2 .6 6 )1 K-1
where k i s  th e  number o f  in te r s a m p le s  in  th e  o v e r a l l  sam pling p e r io d .

2 .6  Summary

The p u rp o se  o f  t h i s  c h a p te r  has  been  to  develop ,  u s in g  th e  

z - tra n s fo rm  and su b se q u e n tly  th e  s t a t e  space  d e s c r ip t io n ,  th e  m athem ati­

c a l  te ch n iq u e  s u i t a b l e  f o r  a n a ly s i s  and d e s ig n  o f d is c re te  d a ta  system s 

w ith  bo th  th e  in p u t  and th e  o u tp u t sy n ch ro n o u sly  sampled n o n u n ifo rm ly .

In  p a r t i c u l a r ,  nonun ifo rm ly  sam pled r e c u r s iv e  f i r s t  and second o rd e r  

d i g i t a l  f i l t e r s  w ere c o n s id e re d . The approach  adopted c a l l s  f o r  decom­

p o s in g  the  n onun ifo rm ly  sam pled in p u t in to  a  s e t  o f  un ifo rm ly  sampled 

in p u t sequences. By n o tin g  th a t  th e  p u ls e  t r a n s f e r  fu n c tio n  d e f in e d  a 

tim e sequence o f  e v e n ts  and th e r e f o r e  th e  sw itc h  o p e ra te s  a t  d i s c r e t e  

t im e s , th e  in p u t sequences can be a p p r o p r ia te ly  w eighted by th e  t r a n s f e r  

fu n c tio n  seq u en ces  to  g e n e ra te  th e  o u tp u t seq u en ces .

U sing th e  sk ip  sam pling  theorem  and d e r iv e d  a l te r n a t e  app roach , 

th e  t r a n s f e r  fu n c t io n  sequences  o f  f i r s t  and second o rder r e c u r s iv e
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d i g i t a l  f i l t e r s  a re  d e r iv e d  a s  new r e s u l t s .  The o u tp u t sequences o f 

such f i l t e r s  a re  d e r iv e d  fo r  a  given s e t  o f in p u t seq u en ce s , u s in g  th e  

advanced z - tra n s fo rm  and tim e-dom ain sw itc h  d eco m p o sitio n . The o v e ra l l  

o u tp u t sequences fo llo w  from th e  o u tp u t seq u en ces.

The fo llo w in g  c h a r a c t e r i s t i c  p r o p e r t i e s  o f  th e  t r a n s f e r  fu n c tio n  

sequences and th e  o u tp u t sequences o f a  d i g i t a l  f i l t e r  sampled non­

u n ifo rm ly  may be o b served  from  th e  d e r iv e d  r e s u l t s  o f t h i s  work:

a) The o rd e r  of th e  f i l t e r  does n o t change as  a r e s u l t  of 

nonuniform  sam p lin g . That i s ,  a second o rd e r  f i l t e r  rem ains a second 

o rd e r .  T h is  i s  ev id en ced  from  th e  n a tu re  o f  th e  d e r iv e d  t r a n s f e r  func­

t io n  sequences shown in  T ab le  2 .2 . The denom inato r o f  th e se  t r a n s f e r  

fu n c tio n  sequences a r e  o f  th e  2nd o rd e r ,  though a  fu n c tio n  o f  th e  number 

o f in te rs a m p le s  p e r  sam pling  p e r io d .

b) The d enom inato rs  a re  eq u a l fo r  a l l  t r a n s f e r  fu n c tio n  sequences 

b e lo n g in g  to  a g iv en  f i l t e r  w ith  a g iv en  number o f  in te rs a m p le s  per 

sam pling  p e r io d . T h is  i s  e v id e n t from th e  r e s u l t s  ta b u la te d  in  T able 2 .1  

and T ab le  2 .2 .

c) Some o f th e  c o e f f i c i e n t s ,  w hich in  c o n v e n tio n a l f i l t e r s  o f

d i s c r e t e  form , on ly  a f f e c t  th e  denom inators o f th e  t r a n s f e r  fu n c tio n  of

th e  f i l t e r ,  a lso  ap p ea r in  th e  n u m era to rs . Most o f  th e  m u l t ip l ic a t io n  

c o n s ta n ts  a re  in c lu d e d  in  s e v e r a l  o f th e  c o e f f i c i e n t s  o f  th e  polynom ial 

te rm s . One s ig n i f ic a n c e  o f  t h i s  i s  t h a t  even i f  th e r e  a re  no t r a n s ­

m iss io n  z e ro s  in  th e  p u lse  t r a n s f e r  fu n c tio n  o f  th e  f i l t e r  w ith  uniform  

sam ples , tr a n s m is s io n  zero s  a r e  in tro d u c e d  th rough  nonuniform  sam pling .

In  o th e r  w ords, th e  f i l t e r  c o n s ta n ts  a r e  r e - c i r c u l a t e d  in  th e  r e g i s t e r s  

d u rin g  nonuniform  sam pling . Examples o f  t h i s  a r e  ev idenced  in  the  

r e s u l t s  shown in  T ab le  2 .2 .
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d) Due to  the form o f th e  sw itch  decom position  o f  t h i s  w ork, 

the  number o f th e  ou tpu t sequences i s  e x a c tly  equal to  th e  number o f 

in te rs a m p le s  in  one sam pling  p e r io d . T his i s  ev idenced from th e  r e s u l t s  

shown in  e q u a tio n s  (2 .1 2 ) ,  (2 .3 5 ) ,  and (2 .3 6 ) o f th i s  work.

e) The number o f  th e  t r a n s f e r  fu n c tio n  sequences i s  no t n e c e s ­

s a r i l y  e q u a l to  th e  number o f  in te rsa m p le s  in  one sam pling p e r io d .

T his can be observed  from th e  r e s u l t s  o f  T ab le  2 .1  and T able 2 .2 .

f )  The o v e r a l l  t r a n s f e r  fu n c tio n  sequence i s  o b ta in a b le  from 

the  t r a n s f e r  fu n c tio n  sequences o r  v ic e  v e r s a .  Example i s  ev idenced  

in  e q u a tio n  (2 ,3 0 ) showing th e  o v e r a l l  t r a n s f e r  fu n c tio n  from w hich 

e q u a tio n s  (2 .3 1 ) ,  (2 .32) and (2 .3 3 ) a re  o b ta in e d  as th e  t r a n s f e r  fu n c ­

t io n  seq u en ce s .

g) The advanced and th e  d e lay ed  p u ls e  t r a n s f e r  fu n c tio n  

sequences can be r e l a t e d  by th e  fo llo w in g  e q u a tio n

where n i s  th e  number o f in te rs a m p le s  in  one sam pling p e r io d  and k  = 0 ,

1, 2 . . . .  T h is i s  expected  s in c e  th e  p u lse  t r a n s f e r  fu n c tio n  sequences  

a re  o b ta in e d  by u s in g  th e  sk ip  sam pling  theorem . That t h i s  i s  so i s  

o b se rv a b le  from th e  r e s u l t s  o f T ab les  2 .1  and 2 .2 .  T h is  means t h a t  in  

c a lc u la t in g  th e  p u lse  t r a n s f e r  fu n c tio n  seq u en ces , on ly  th e  p o s i t i v e ly  

s u b s c r ip te d  t r a n s f e r  fu n c tio n  sequences need be d e riv e d  and e q u a tio n  

(2 .67 ) th e n  used to  o b ta in  th e  d e lay ed  p u lse  t r a n s f e r  fu n c tio n  seq u en ces.



CHAPTER 3

STABILITY, FREQUENCY, AND QUANTIZATION CHARACTERISTICS

3 .0  In t ro d u c t io n

The f i l t e r  m ethods d e sc r ib e d  in  c h a p te r  two assum es i n f i n i t e  

p re c is io n  a r i th m e t ic .  Thus, a l l  com putations a r e  e r r o r  f r e e .  This 

ch ap te r  fo rm u la te s  th e  s t a b i l i t y  c o n s t r a in ts  and th e  q u a n t iz a t io n  e f f e c t s  

due to  f i n i t e  a r i th m e t ic  o p e ra t io n s  in  d i g i t a l  f i l t e r s  sampled n onun ifo rm ly . 

The a n a ly s is  of su ch  e f f e c t s  th u s  f a r  in  th e  l i t e r a t u r e  has  been l im i te d  

to  d i g i t a l  f i l t e r s  sampled u n ifo rm ly  or s l i g h t  m o d if ic a t io n s  th e r e o f .

The a b i l i t y  to  p r e d ic t  a c c u ra te ly  th e se  q u a n t iz a t io n  e f f e c t s  on th e  

o v e r a l l  d i g i t a l  p ro c e s s in g  scheme i s  e s s e n t i a l  i n  d e te rm in in g  how one 

can red u ce  th e  amount o f  hardw are and p ro c e s s in g  tim e f o r  p a r t i c u l a r  

a p p l ic a t io n s .

The developm ents o f C hap ter 2 , a lo n g  w ith  J u r y 's  s t a b i l i t y  

t e s t  [25] w i l l  be employed in  th e  d es ig n  s t a b i l i t y  c r i t e r i a  developm ent.

Applying th e  s t a b i l i t y  c r i t e r i a  to  f i r s t  and second o rd e r  r e c u r s iv e

f i l t e r s ,  c o n c lu s io n s  g e n e ra te d  a r e  compared w ith  th o s e  o b ta in e d  by 

o th e r  work f o r  u n ifo rm ly  sampled f i l t e r s .

Two e f f e c t s  of q u a n t iz a t io n  a re  c o n s id e re d . F i r s t ,  s t a t i s t i c a l  

a n a ly s is  o f q u a n t iz a t io n  e r r o r s  i s  p re s e n te d . The app roach  developed 

in  C hapter 2 w i l l  be  used  a lo n g  w ith  s ta n d a rd  te c h n iq u e s  fo r  a n a ly z in g  

such e r r o r s .  Computer s im u la tio n s  a re  th e n  used  i n  com paring th e

q u a n tiz a t io n  e r r o r s  of nonun ifo rm ly  sampled f i l t e r s  t o  th o se  o f u n ifo rm ly

sampled f i l t e r s  p re s e n te d  in  o th e r  work [3 ,2 4 ] .

38
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The second q u a n t iz a t io n  e f f e c t  to  be analyzed  i s  th a t  o f l i m i t  

c y c le  o s c i l l a t i o n s .  The r e s u l t s  o f C hap ter 2 a long  w ith  w e ll known 

te c h n iq u e s  w i l l  form th e  b a s is  f o r  d e r iv in g  th e  am plitude bounds o f 

such  l i m i t  c y c le s .  Computer s im u la tio n  u s in g  th e  developed approach  

w i l l  p ro v id e  an avenue f o r  c a n p a riso n  o f  l i m i t  c y c le  o s c i l l a t i o n s  in  

n onun ifo rm ly  sam pled d i g i t a l  f i l t e r s  w ith  th o s e  in  u n ifo rm ly  sam pled 

f i l t e r s  as found in  th e  l i t e r a t u r e .

F in a l ly ,  th e  d eco m p o sitio n  te c h n iq u e  i s  a p p lie d  to  th e  freq u en cy  

re sp o n se  a s p e c ts  i n  te rm s o f  m agnitude and p hase  c h a r a c t e r i s t i c s  in  

d i g i t a l  f i l t e r s  sam pled nonun ifo rm ly  f o r  d e m o n s tra tio n . M agnitude 

p lo t s  o f th e  d e r iv e d  e x p re s s io n s  a re  p r e s e n te d ,  th e re b y  e n a b lin g  com parison  

to  be made between freq u en cy  re sp o n ses  of u n ifo rm ly  and nonun ifo rm ly  

sam pled d i g i t a l  f i l t e r s .

3 .1  S t a b i l i t y  C o n s id e ra tio n s

F in i t e  r e g i s t e r  o r  word le n g th s  r e s u l t  in  e i th e r  ro u n d in g  o r 

t r u n c a t io n  of th e  computed ( id e a l )  f i l t e r  c o e f f i c i e n t .  T his a l t e r i n g  

of th e  c o e f f i c i e n t  v a lu e s  may m a n ife s t  i t s e l f  i n  n o t only  a l t e r e d  re sp o n se  

c h a r a c t e r i s t i c s  b u t p o s s ib ly  th e  s t a b i l i t y  o f th e  f i l t e r  a lg o r i th m s .

Two types  o f s t a b i l i t y  to  be c o n s id e re d  a r e  d esig n  s t a b i l i t y  

and n u m e rica l s t a b i l i t y .  D esign i n s t a b i l i t y  r e s u l t s  from in h e re n t  

i n s t a b i l i t y  of th e  m a th em a tic a l d e s ig n  o f system  p a ra m e te rs . N um erical 

i n s t a b i l i t y ,  on th e  o th e r  hand , i s  dependen t on th e  s t r u c tu r e  o r th e  

ty p e  o f  a r i th m e t ic  employed in  th e  co m p u ta tio n s . T his ty p e  o f i n s t a b i l i t y  

g e n e ra l ly  le ad s  to  l i m i t  c y c le  o s c i l l a t i o n s  which w i l l  be c o n s id e re d .

Ju ry  [25] and o th e r s  [10 , 17, 22] have shown th a t  o n ly  th e  p o le s  

of th e  t r a n s f e r  fu n c t io n  of th e  f i l t e r ,  H (Z ), de te rm in e  i t s  s t a b i l i t y .
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Thus th e  p o le s  o f  th e  f i l t e r  m ust l i e  w ith in  th e  u n i t  c i r c l e  i n  th e  

Z -p la n e . The zero s  ly in g  in s id e  th e  u n i t  c i r c le  in  th e  Z -p la n e  en su re  

th a t  th e r e  i s  no ex cess  p hase  c h a r a c t e r i s t i c s .

F i r s t  c o n s id e r  a  f i r s t  o rd e r  re c u rs iv e  f i l t e r  sam pled nonuniform ly  

w ith  two in te rs a m p le s  p e r  sam p ling  p e r io d .  U sing e q u a tio n  ( 2 .3 4 ) ,

'  $ 1 % ^  (3.1)
1 2  Z2 -  a |

In  o rd e r f o r  th e  f i l t e r  to  be s t a b l e ,  th e  param eter a^ m ust s a t i s f y  

th e  c o n d i t io n  -1  < a^ < 1. O tnes [26] and o th e rs  [23 ,24] have shown 

th a t  th e  c o n d it io n  f o r  s t a b i l i t y  f o r  th e  r e c u r s iv e  f i r s t  o rd e r  f i l t e r  

sam pled u n ifo rm ly  i s  t h a t  th e  p o le  m ust l i e  betw een m inus one and p lu s  

one. T h is  means th a t  th e  c o n d i t io n  f o r  s t a b i l i t y  f o r  f i r s t  o rd e r  

r e c u r s iv e  d i g i t a l  f i l t e r  i s  th e  same f o r  both un ifo rm  and nonuniform  

sam pling . T h is i s  ex p ec ted  s in c e  th e  o rd e r  o f  th e  d enom inato r of 

th e  t r a n s f e r  fu n c tio n  f o r  u n ifo rm  sam pling  i s  n o t a l t e r e d  by nonuniform  

sam pling .

The o v e r a l l  t r a n s f e r  f u n c t io n  sequence f o r  a  second  o rd e r  

d i g i t a l  f i l t e r  w ith  two in te r s a m p le s  p e r  sam pling p e r io d  i s  g iven  

i n  52) as

HCZ.) = 1 -  =2^ + ^1  (3 .2 )
1 + Z-2 (2 b i -  a f )  + h\

2
The c o n s t r a in t s  fo r  s t a b i l i t y  can  be  determ ined  by exam in ing  th e  

p o le s  of th e  denom inator o f ( 3 .2 ) .  L e t

DCZg) = (z2)2 + $1 \  (3.3)

w here
9 2@2 = 2b2 -  a2 and $2 “
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To d e te rm in e  th e  c o n s t r a in ts  on and f o r  s t a b i l i t y ,  

J u r y 's  s t a b i l i t y  t e s t  [25] f o r  l i n e a r  d i s c r e t e  system s i s  a p p l ic a b le .  

A pplying th e  t e s t  y ie ld s  

1 + ^2 > 1^1  &Bd

62 < 1 (3 .4 )
O

o r  b^ < 1 and

|2b^ -  a^ l < 1 + b j  < 2 (3 .5 )

The c o n s t r a in t s  on th e  f i l t e r  p a ra m e te rs  f o r  s t a b i l i t y  i s  determ ined  

from  (3 .5 )  as

|b ^ | < 1  and

\ a ^ \  < | l  + b^l i  Ib^l +  1 (3 .6 )

When th e re  a re  fo u r in te r s a m p le s  p e r  sam pling  p e r io d ,  then

= 4a^b^ -  2b^ -  a^  and 

$2 = b j  (3 .7 )

Using (3 .4 )  and (3 .7 )  y ie ld

U a^b^ -  2bZ -  a 4 | < 1 +  b j

w hich re d u c e s  to

- ( b f  -  1)2 < -  2b i )2 < (b2 + 1)2

|a 2 -  2b i |  < |b 2 + l |

k i l  < Ib^ + l [  < [b^i +  1 (3 .8 )

From ( 3 .8 ) ,  i t  i s  seen  th a t  (3 .7 )  red u ce s  to  ( 3 .6 ) .  Hence,

th e  d e s ig n  p a ram ete r c o n s t r a in ts  fo r  s t a b i l i t y  a re  in  g e n e ra l  g iven  

by e q u a tio n  ( 3 .6 ) .

O tnes [26] and o th e r s  [5 ,2 2 ,2 3 ,5 0 ]  have d e riv ed  d e s ig n  c o e f f i c ie n t s  

c o n s t r a in t s  f o r  s t a b i l i t y  i n  u n ifo rm ly  sam pled f i l t e r s .  T h e ir  r e s u l t s  

and th e  r e s u l t s  o f t h i s  d i s s e r t a t i o n  a r e  e x h ib ite d  in  T ab le 3 .1 .
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I t  sh o u ld  be  n o ted  th a t  b o th  r e s u l t s  do a g re e  s in c e ,  as  no ted  i n  

c h a p te r  tw o, nonuniform  sam pling does n o t  a l t e r  th e  o rd e r  of th e  

denom inato r po ly n o m ia l o f  th e  u n ifo rm ly  sam pled p u ls e  t r a n s f e r  

f u n c t io n .  The r e s u l t s  i n  T ab le 3 .1  can  be v iew ed as a  o n e -to -o n e  

mapping o f th e  a -b  c o e f f i c i e n t  p la n e  o f  th e  u n ifo rm ly  sampled f i l t e r  

in to  th e  a^ -b ^  c o e f f i c i e n t  p lan e  o f th e  n onun ifo rm ly  sampled f i l t e r .

Type o f f i l t e r T ra n s fe r  
fu n c t io n  sequence

D esign P a ram e te r 
C o n s tra in ts

U niform ly  sam pled 
f i r s t  o rd e r  

26 ,5

-1 < a  < 1

1 -aZ -1

N onuniform ly sam pled 
f i r s t  o rd e r

-1 < a j  < 1

U niform ly  sam pled 
second o rd e r  

26 ,5 +  aZ +  b

b < 1 
la | < | l  +  b

N onuniform ly sam pled 
second o rd e r— two 
in te rs a m p le s  p e r  
p e r io d ________________

1 -  a^Z "! + b^Z^^

I +  Z 2^(2b j^ -a2 )+ b2zJ l a j  < 1+b,

TABLE 3 .1
D esign  c o e f f i c i e n t  c o n s t r a in t s  f o r  s t a b i l i t y  in  d i g i t a l  
f i l t e r s  sam pled u n ifo rm ly  and n o n u n ifo rm ly .

S ta b le  second o rd e r  f i l t e r s  f a l l  i n t o  two c a t e g o r ie s ,  depend ing  

on th e  p o s i t io n  o f th e  ro o ts  of th e  c h a r a c t e r i s t i c  e q u a tio n  o f  th e  

f i l t e r .  From e q u a tio n  (3 .3 ) th e  c h a r a c t e r i s t i c  e q u a tio n  o f  a second 

o rd e r  f i l t e r  sam pled nonunifo rm ly  i s  g iv e n  a s

(Zg)? + 6i Z |  + 62 = 0

I f  6 ^ - 4 ^  >0 ,  th e n  th e  r o o t s  a re  r e a l  and u n eq u a l. I f  

^ - 4 2  < 0 , th e n  th e  ro o ts  a re  complex c o n ju g a te  of each o th e r .
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The r e a l  and im ag in a ry  boundary o f th e  f i l t e r  p a ra m e te rs  can be

determ ined . T hat i s ,  f o r  two in te rsam p le s  p e r  sam pling  p e r io d ,  th i s

boundary can be g iv e n  as

b^ = ( 2b^ -  3^)2 which red u ces  to  

4

b^ = a^  (3 .9 )

~4

For fo u r  in te rs a m p le s  p e r  sam pling p e r io d ,  th e  boundary can

be ex p ressed  as

b^ = (4a^b^ -  2b^ -  a^ )^  w hich re d u c e s  to  

4

- 2b^ = 4a^b^ - 2b^ -  a^ and s im p l ify in g  th e  above y ie ld s  

2
^1 “  ^1 w hich i s  th e  same a s  e q u a t io n  ( 3 .9 ) .

4”
F ig u re  3 .1  shows th e  f a m i l ia r  bounded s t a b i l i t y  re g io n  [26,29] 

in  th e  param eter (a^,b-j^) p la n e . V alues o u ts id e  r e s u l t  i n  u n s ta b le  

f i l t e r s ,  w h ile  th o s e  on th e  b o rd e rs  r e s u l t  i n  m a rg in a lly  s ta b l e  f i l t e r s .  

Also th e  f ig u re  shows th e  r e a l  and th e  im ag inary  boundary  o f equation  

(3 .9 ) .

3 .2  S t a t i s t i c a l  A n a ly s is  o f q u a n t iz a t io n  e r r o r s .

The q u a n t iz a t io n  e f f e c t s  due to  ro u n d -o f f s  in  nonuniform ly  sampled

f i l t e r s  i s  an a ly zed  from  s t a t i s t i c a l  p o in t  o f v ie w . To do t h i s ,  

two assum ptions a r e  n e c e s s a ry . The f i r s t  a ssu m p tio n  i s  t h a t  each 

of th e  n o is e  sam ples i s  u n c o r re la te d  and in d e p en d en t o f  th e  s ig n a l  

in p u t .  T h is assu m p tio n  i s  n o t n e c e s s a r i ly  v a l id  f o r  c o n s ta n t  in p u ts . 

However, Jackson  [24] and o th e rs  [3 ,3 3 ,3 5 ] have shown e x p e r im e n ta lly  

th a t  th e  assum ption  i s  v a l id  i n  d i s c r e t e - d a ta  sy stem s f o r  a  broad 

c la s s  o f in p u ts  in c lu d in g  random s ig n a l s .
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andstable

imag inary

stable and

a,

F ig u re  3 .1

D esign  c o e f f i c i e n t  s t a b i l i t y  re g io n  
i n  te rm s o f a^ and b ^ .
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The second assum ption  i s  th a t  th e  p r o b a b i l i t y  d e n s ity  o f  

th e  q u a n t iz a t io n  n o is e  i s  un ifo rm  as  shown i n  F ig u re  2 .3 a  and i s  

s ta t io n a r y  in  th e  w ide s e n s e . Hence i f  e^  i s  th e  e r r o r  due to

ro u n d in g  th e n

E[e ] = 0 n

where E [•]

i s  th e  ex p ec ted  v a lu e .  The v a r ia n c e  may be com puted, 

a  2 = E [e2 ] = e jp (e ^ )d e ^

= Zb e2
D.

3

2“ b~l

_2- b - l

12

= ^  (3.10)
12

where

q =  2- ^

i s  th e  q u a n t iz a t io n  s te p .  The e r r o r  e^ can  be bound so th a t  |e ^ |  < 

2~^ f o r  a l l  n ,  w here b i s  th e  number o f p la c e s  to  th e  r i g h t  o f th e  

b in a ry  p o in t  a f t e r  ro u n d in g .

The q u a n t iz a t io n  e r r o r  o f th e  in p u t  s ig n a l  can be  r e p re s e n te d  

in  a b lo c k  d iagram  a s  shown i n  F ig .  3 .2 b . Ig n o rin g  a l l  o th e r  e r r o r s  

i n  th e  f i l t e r ,  C ro ld  and Rader [ 3 ] ,  M itra ,  H irano  and Sakaguchi [3 4 ], 

have shown th a t  th e  s te a d y - s t a t e  v a lu e  o f th e  o u tp u t n o is e  v a r ia n c e ,  

u s in g  F ig  3 .2 b , i s  g iv en  by

(j2 = H(Z) H(Z Z  ̂ dZ (3 .1 1 )

w here H(Z) i s  th e  p u ls e  t r a n s f e r  fu n c tio n  o f  th e  d i s c r e t e  system
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~b~l

F ig u re  3 .2 a  

P r o b a b i l i ty  d e n s ity  f o r  ro u n d -o ff  e r r o r .

Yn

F ig u re  3.2b 

In p u t s ig n a l  e r r o r  b lo ck  d iag ram .
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and C i s  th e  u n i t  c i r c l e .  E q u a tio n  (3 .1 1 ) a lso  g iv e s  th e  o u tp u t n o ise  

v a r ia n c e  due to  i n t e r n a l  p ro d u c t ro u n d o ffs  caused by c o e f f i c i e n t  

m u l t ip l ic a t io n  in  th e  d i s c r e t e  system . However, H(Z) i s  now ta k en  

as th e  p u ls e  t r a n s f e r  fu n c tio n  from th e  o u tp u t o f th e  m u l t i p l i e r s  to  

th e  d i s c r e t e  system  o u tp u t, a s  a p p ro p r ia te .

When th e  c o e f f i c i e n t  e r r o r s  a re  assumed to  b e  random v a r i a b l e s , 

Avenhaus [36] has  shown th a t  th e  n o is e  v a r ia n c e  can  be  d e s c r ib e d  by

Q^(w) = s i  {aiP(w)'[^ 
i = l12 i = l  J  (3 .1 2 )

where

P(w) = H(w)H*(w)

i s  th e  power t r a n s f e r  fu n c tio n  o f th e  d i s c r e t e  sy stem  and NX i s  th e  

t o t a l  number o f e r ro re o u s  c o e f f i c i e n t s .  The a l t e r n a t i v e  s t a t i s t i c a l  

e s tim a te  o f th e  n o is e  v a r ia n c e  i n  (3 .1 2 ) can be u sed  in  d e te rm in in g  

th e  word le n g th  re q u ire m e n ts  o f a  d i s c r e t e  system  and som etim es can 

be v e ry  u s e f u l  s in c e  i t  i s  in  te rm s of freq u en cy .

As d e r iv e d  i n  C hap ter 2 o f  t h i s  w ork, th e  o v e r a l l  t r a n s f e r  

fu n c tio n  sequence o f nonun ifo rm ly  sampled f i l t e r  i s ,  in  g e n e ra l ,  

n o t r e g u la r  in  th e  tim e  dom ain. For t h i s  re a s o n , i t  i s  n e c e ssa ry  

to  use  each p u ls e  t r a n s f e r  fu n c t io n  sequences i n  d e te rm in in g  th e  

s t e a d y - s ta te  o u tp u t n o is e  v a r ia n c e  due to  ro u n d o ff .

C o n sid e r, f o r  exam ple, a  second o rd e r  d i g i t a l  f i l t e r  sam pled 

nonuniform ly  w ith  two in te rs a m p le s  p e r  p erio d . The s t e a d y - s t a t e  v a lu e  

of th e  o u tp u t n o is e  v a r ia n c e  can  be e v a lu a te d  from  e q u a t io n  (3 .1 1 ) 

to  y ie ld

C o -  s i  _ 1 _  (3 -13)
12 2wj

where Hg(") i s  th e  f i r s t  p u ls e  t r a n s f e r  fu n c tio n  sequences as d e riv e d
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in  C hapter 2 . The n o is e  s p e c t r a l  d e n s i ty  can  b e  no rm alized  w ith  

r e s p e c t  to  q ^ / I 2 to  g iv e  CTg/Cq^/l?)

E q u a tio n  (3 .1 3 ) th en  becomes

H„(Z2)H(Z-2)Z-2dZ^ (3 .1 4 )
2. J

For th e  second p u lse  t r a n s f e r  fu n c tio n  seq u en ces:

0^1  = _L_ / c  H ^(z |)H ^(Z -2)Z -2dz2  (3 .1 5 )
2tt^

A com puter program  w r i t t e n  i n  F o r tr a n  IV and based  on th e  

r e c u r s iv e  a lg o rith m  o f Astrom, J u r y ,  and A g n ie l [38] has been used  

in  e v a lu a tin g  th e  i n t e g r a l s  of e q u a tio n s  (3 .1 4 )  and (3 .1 5 ) .  The

program  h as  been  ru n  on th e  IBM S /370-158 o f th e  U n iv e rs ity  o f 

Oklahoma Computing C en te r and i s  l i s t e d  in  A ppendix C -I .

A w ide v a r i e ty  o f  v a lu es  f o r  th e  f i l t e r  c o e f f i c i e n t s  have

been used  f o r  com puter ru n s  w ith  th e  a n a ly s is  program . In  t h i s  

a n a ly s is  p rogram , e q u a tio n  (3 .11) a s  d e r iv e d  by Gold and Rader [3] 

f o r  u n ifo rm ly  sam pled f i l t e r  i s  e v a lu a te d  a lo n g  w ith  e q u a tio n s  (3 .1 4 ) 

and (3 .1 5 ) o f  t h i s  w ork. For com parison p u rp o s e s ,  th e  e ig en v a lu e s  

o f  th e  u n ifo rm ly  sam pled f i l t e r  i s  s e t  to  be  th e  same a s  th o se  o f 

nonun ifo rm ly  sam pled f i l t e r s .

As an exam ple, c o n s id e r a n o n u n ifo rm ly  sam pled f i l t e r  w ith  

two in te r s a m p le s  p e r  p e r io d  such t h a t  th e  d enom inato r p a ram e te rs  

s a t i s f y  th e  fo llo w in g  r e l a t i o n s :

2b2 -  a^  = a  = -1 .7  and

b^ = b = 0 .8  (3 .1 6 )

w here a and b a re  th e  f i l t e r  c o e f f i c i e n t s  f o r  th e  u n ifo rm ly  sam pled

f i l t e r s .  From e q u a tio n  (3 .1 6 ) ,  one o b ta in s  

a^ = 1.867847525 and

= 0.89442719 (3.17)
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The v a lu e s  o f and i n  (3 .1 7 ) a re  used  i n  e v a lu a t in g  th e  i n t e g r a l  

o f e q u a tio n s  (3 .1 4 )  and ( 3 .1 5 ) ,  w here

Hq ( Z 2 ^ )  = 1 +  b i Z - 2

1 + Z -2(2b i - a | )  + Z'^bZ

and
  , - i f i  ,_______„ •

1 + Zj^(2bj^ -  a^) +  Z-*bZ 

The r e s u l t  o f th e  v a r ia n c e  com putation  fo r  each  sequence i s  d isp la y e d  

in  Table 3 .2 .  A d d it io n a l  r e s u l t  f o r  f i l t e r  c o e f f i c i e n t s  b = 0.950 

and 0.945 r e s p e c t iv e ly  a re  shown in  T ab le  3 .3 a  and T able 3 .3 b . N ote 

th a t  th e  t o t a l  n o is e  v a r ia n c e  in  th e  o v e r a l l  o u tp u t sequence i s  th e  

average o f th e  s t e a d y - s t a t e  n o is e  v a r ia n c e s  in  th e  o u tp u t seq u en ces.

T able 3 .4  shows th e  v a r ia n c e  com putation  when th e r e  a re  fo u r  in te rs a m p le s  

in  th e  o v e r a l l  sam p ling  p e r io d .

The g r a p h ic a l  d is p la y s  of th e  n o rm alized  n o is e  v a r ia n c e  f o r  

some r e p r e s e n ta t iv e  v a lu e s  o f f i l t e r  c o e f f i c i e n t s  a re  shown in  F ig u re

3 .3  and F ig u re  3 .4 .  In  F ig u re  3 .5 ,  th e  n o is e  v a r ia n c e  f o r  f i l t e r s  

w ith  fo u r  in te r s a m p le s  p e r sam pling  p e r io d  i s  e x h ib i te d .  In  a l l  

th e se  p l o t s ,  one f i l t e r  c o e f f i c i e n t  i s  he ld  f ix e d  w h ile  th e  o th e r  

i s  a llow ed  to  v a ry  a s . lo n g  as th e  f i l t e r  s t a b i l i t y  i s  m a in ta in e d .

F ix in g  one f i l t e r  p a ram ete r makes th e  m agnitude of th e  p o le  c o n s ta n t 

and changing  th e  p o le  lo c a t io n  cau ses  damping ch an g es .

From th e s e  g ra p h ic a l  d i s p la y s ,  some o b s e rv a tio n s  a re  n o te d .

The o u tp u t n o is e  v a r ia n c e  i s  about th e  same f o r  each  p u ls e  t r a n s f e r  

fu n c tio n  seq u en ces  f o r  a  g iven  number o f in te rs a m p l e s . F or two 

in te rs a m p le s  p e r  sam pling  p e r io d , nonun ifo rm ly  sam pled f i l t e r s  have 

th e  same n o is e  c h a r a c t e r i s t i c s  as u n ifo rm ly  sam pled f i l t e r s ,  and ten d  

to  have somewhat b e t t e r  n o is e  v a r ia n c e  c h a r a c t e r i s t i c s  f o r  p o s i t i v e



t R O R I  I S  S T E A O V - S T A T Ë  V A L U E  O U T P U T  h O I S E  V A R I A N C E  F O R  U M F C R M L V  S A R P L E O

ERCR2 IS 1ST OUTPUT SECUENCE FOISE VARIANCE

ERCR3 IS FOR 2ND OUTPUT SEQUENCE IN NONUNI FORM. Y SARPLEC DIGITAL FILTERS

b = o.eoocoo

a ERCRl ER0R2

- I *  7000 0 . 2 5 7 I 4 C 4 E 02 0 . 6 9 7 2 6 4 1 E 02
1 • 6SC0 0 .  I 7 J 9 1 2 4 E 02 O.S9&2260E 02

" & , 6 0 0 0 0 . &3Z35Z3E C2 0 .  4466 894 E 02
5500 0 . IÛ74523E 02 0 . 3 5 8 9 6 4 8 E 02

- : . 5 o c o 0 . 9 0 9 0 6 6 3 5 01 0 • 299 1S39E 02
- 1 . 4 5 0 0 0 . 7 9 1 2 C 5 2 E 01 0 . 2564322E 02
- 1 . 4 C C 0 0 .  70 3 1 232E 01 0 . 2 2 4 3 6 9 6 6 02
-  I . 3500 C . 6 3 4 9 l eeE Cl 0 .  1994684E 02
- 1 . 3 0 0 0 0 . 5 8 0 6 4 2 3 E 01 0 . I 7 9 5 3 1 6 E 02
- 1 . 2 5 0 0 0 . S 3 6 5 I I 2 E 01 0 . 1 6 3 2 1 9 9 6 02
- 1 . 2 0 0 0 0 . 4 9 9 9 9 7 6 E 01 0 .  I 4 9 627 6E . 02
- 1 . * 5 0 0 0 . 4 6 9 3 5 9 6 E 01 0 . 1 3 8 1 2 6 3 6 02
- 1 . 1 0 0 0 0 . 4423473E 01 0 . 1 2 8 2 6 6 6 6 02
- 1 . 0 5 0 0 0 . 4 2 1 0 4 9 6 E 01 0 . 1 1 9 7 2 5 2 6 02
- 1 . CCCO 0 . 4 0 1 7 8 38 E 01 0 . 1 1 2 2 5 0 2 6 02
- C . 9 S 0 0 0 .36SÛ2S2E Cl 0 . 1 0 5 6 5 5 0 6 02
- c . o c o o 0 . 3 7 0 3 6 8 7 E 01 0 . 9 9 7 9 3 0 0 6 01
- 0 . 5 5 0 0 0 . 3 S 7 4 9 6 0 E 01 0 . 9 4 5 4 7 9 1 6 01
- 0 . 6 0 0 0 0 . 3 4 6 1 5 2 I E 01 0 . 8 9 8 2 7 9 1 6 Cl
- 0 .  7SC0 0 . 3 3 6 1 3 3 3 E 01 0 . 8 5 5 5 7 5 8 6 01
- 0 . 7 0 0 0 0 . 3 2 7 2 7 1 3 E 01 0 . 8 1 6 7 5 6 1 6 01
- C . 6500 0 . 3 I 9 4 3 1 2 E 01 0 . 7 6 1 2 1 7 6 6 01
- C . 6 0 C 0 0 . 3 1 2 4 9 8 7 E 01 0 . 7 4 8 8 3 4 2 6 01
—0 . 5 6 0 0 0 . 3063520E C l C . 7 1 8 9 5 3 1 6 01
- C . S C O O 0 . 3 0 1 0 G 2 4 E 01 0 . 6 9 1 2 7 2 2 6 01
- C . 4 5 0 0 0 . 2 9 6 2 9 5 2 E 01 0 . 6 6 5 8 3 7 0 6 01
- 0 . 4 0 0 0 0 . 2 9 2 2 0 7 1 E 01 0 . 6 4 2 1 2 8 9 6 01
- C . 3 5 C 0 0 . 2 B 8 6 9 1 9 E 01 0 . 6 2 0 0 6 0 3 6 01
—0# 3000 0 . 2 8 S 7 1 3 7 E 01 0 . 5 9 9 4 6 6 6 6 01
- 0 . 2 5 0 0 0 . 2 8 3 2 4 0 S E 01 O . S 8 0 2 0 3 3 E 01
- 0 . 2 0 0 0 0 . 2 8 I 2 4 9 2 E 01 0 . 5 6 2 1 4 8 9 6 01
- 0 . 1 5 0 0 0 . 2 7 9 7 I 9 5 E 01 0 . 9 4 5 1 9 2 4 6 01
- C . 1000 0 . 2 7 8 6 3 7 2 E 01 0 . 5 2 9 2 3 5 9 E 01
- 0 . 0 5 0 0 0 . 2 7 7 9 9 1 7 E 01 0 . 5 1 4 1 9 7 0 6 01

ER0R3

0 . 8 9 7 1 2 4 9 6 02
0 . 5 9 8 0 6 4 6 6 02
0 . 4 4 6 5 2 5 5 6 02
0 . 3 5 8 7 9 8 5 6 02
0 . 2 9 6 9 8 5 0 6 02
0 . 2 5 6 2 6 0 8 6 02
0 . 2 2 4 2 1 5 5 6 02
0 . 1 9 9 2 9 1 5 6 02
0 . 1 7 9 3 5 1 6 6 02
0 . I 6 3 0 3 7 1 E 02
0 . 1 4 9 4 4 1 8 E 02
0 . 1 379 374 E 02
0 . 1 2 6 0 7 6 4 6 02
0 . 1 1 9 5 2 9 7 6 02
0 . 1  120512E 02
0 . 1 0 5 4 5 2 4 6 02
0 . 9 9 5 8 6 6 0 6 01
0 . 9 4 3 3 7 6 3 E 01
0 . 8 9 6 1 357E 01
0 . 6 5 3 3 9 0 S E 01
0 . 8 1 4S290E 01
0 . 7 7 9 0 4 3 2 6 01
0 . 7 4 6 S 1 2 2 E 01
0 . 7 1 6 5 6 1 8 6 01
0 . 6 8 8 9 4 9 3 E 01
0 . 6 6 3 3 6 0 3 6 01
0 . 6 3 9 5 9 6 1 6 01
0 . 6 1 7 4 6 6 5 6 01
0 . S 9 6 6 1 3 2 E 01
0 . 5 7 7 4 8 4 9 E 01
0 . S S 9 3 6 2 5 E 01
0 . 5 4 2 3 3 4 6 E 01
0 . 5 2 6 3 C 3 0 E 01
0 . 5 1 1 1 8 4 7 E 01

Ol
o

T ab le  3 .2

N orm alized  s t e a d y - s t a t e  o u tp u t n o is e  

V a ria n c e  f o r  f i l t e r  p a ra m e te r  b = 0 .8 ,



E R O R l  I S  S T E A D Y - S T A T E  V A L L E  O U T P U T  N O I S E  V A R I A N C E  F O R  U N I F O R M L Y  S A M P L E D

E R 0 R 2  I S  1S T  O UT PUT SEQUENCE N O I S E  V ARI A N CE

E R C R S  I S  F O R  2 N D  OUTPUT SEQUENCE I N NONUNI FORMLY S AMP L E D  D I G I T A L  F I L T E R S

b = 0.950000

ERCR I

1 . e o o o 0 . 6 9 3 3 3 7 0 E C2 0 1 0 4 4 1 18E 02 0 1 0 3 5 5 6 1 E 02
1 . 7 5 0 0 0 . 6 2 7 0 3 1  IE C2 0 1 0 5 7 1 0 2 E 0 2 0 I 0 5 0 6 8 4 E 02
1 . 7 0 0 0 0 . 4 2 7 3 9 9 6 E C2 0 1 0 7 C 6 Ç5 E 02 0 I 0 6 S 7 6 0 E 0 2
i . e s c o 0 . 3 6 1 1 1 16£ 02 0 1 0 8 5 3 0 1 6 02 0 1 0 8  1 0 2 1 6 02
i . e c c o 0 . 3 1 3 6 6 2 1 6 02 0 1 1 0 0 2 4 6 6 02 0 1 0 9 6 5 7 7 6 02
1 . 5 5 0 0 0 . 2 7 6 5 6 8 7 E 02 0 1 1 1 5 7 1 7 6 C2 0 1 1 1 2 5 0 6 6 02
l . S C O O 0 . 2 5 I 2 0 6 7 E 02 0 1 1 3  1 6 7 5 6 02 0 1 1 £ 8 8 2 2 6 02
1 . 4 5 0 0 0 . 2 2 S 4  116E C2 0 1 1 4 8 1 5 7 6 02 0 1 1 4 5 5 9 0 6 02
1 . 4 C 0 0 0 . 2 1 1 6 6 9 0 E 02 0 1 1 6 5  1 5 9 6 02 0 1 1 6 2 8 2 5 6 02
1 . 3 5 0 0 0 .  1 9 6 9 6 S 6 E 02 0 1 1 8 2 6 9 8 6 02 0 1 1 6 0 S S 0 E 02
1 . 3 0 0 0 0 . 1 8 4 6 I 5 0 E 02 0 1 2 0 C 7 9 3 E 02 0 1 I 9 8 A 1 7 E 0 2
1 . 2 S C 0 0 . 1 7 4 1 0 6 3 E 0 2  . 0 1 2 1 9 4 6 6 E 0 2 0 12 1 7 6 3 2 6 02
1 . 2 0 0 0 0 . 1 6 6 0 7 9 3 E 02 0 1 2 3 6 7 5 2 6 02 0 1 2 3 7 0 4 0 6 0 2
1 . I 5 C 0 0 . 1 9 7 2 5 7 3 E 02 0 1 2 S E 6 5 9 E 02 0 1 2 5 7 0 5 4 6 02
I . I C O O 0 . 1 S 0 4 3 3 5 E 02 0 1 2 7 9 2 3 5 6 0 2 0 1 2 7 7 7 2 4 6 02
1 . 0 5 0 0 0 . 1 4 4 4 4 4 2 E 02 0 1 3 0 0 5 0 2 6 02 0 1 2 9 9 0 7 5 6 0 2
1 . CCCO 0 . 1 3 9 1 6 0 2 E 02 0 13 2  2 4 8 5 6 02 0 1 3 2 1 1 3 3 E 0 2
C. 9 S OO 0 . 1 3 4 4 6  146 02 0 1 3 4 5 2 3 9 6 02 0 1 3 4 3 9 5 5 6 02
C.OOOO 0 . 1 3 0 3 2 S 1 E 02 0 1 3 6 6 6 0 4 6 02 0 1 3 6 7 5 8 1 6 02
0 . 5 5 0 0 0 . 1 2 6 6 2 2 3 E 02 0 1 3 9 3 2 0 S E 02 0 1 3 9 2 0 3 6 6 0 2
0 . 8 0 0 0 0 . 1 2 3 3 I 9 5 E C2 0 1 4 1 6 5 0 2 6 0 2 0 14 1 7 J B S E 0 2
C . 7 5 0 0 0 . 1 2 0 3 6 9 2 E 02 0 1 4 4 4 7 4 0 6 02 0 1 4 4 3 6 7 0 6 02
0 . 7 0 0 0 0 . 1 1 7 7 3 4 7 E 02 0 1 4 7 I 9 S 9 E 02 0 1 4 7 0 9 3 2 E 0 2
C . 6 S 0 0 0 .  1 1 5 3 6 3 5 C 02 0 1 5 0 C 2 4 S E 02 0 1 4 9 9 2 5 7 E 0 2
c . e c c o 0 . 1 1 3 2 0 9 2 E 02 0 1 5 2 9 6 3 1 6 02 0 1 5 2 6 6 6 0 6 0 2
0 . 5 5 0 0 0 . 1 1 1 4 2 7 6 E 02 0 1 5 6 C 1 9 5 E 02 0 1 5 S 9 2 7 0 6 02
C.SCOO 0 . 1 0 9 7 6 1 4 E 02 0 1 S 9 2 0 1 3 E 02 0 1 5 9 1 1 2 8 6 02
C . 4 5 0 0 0 . 1 0 6 3 3 2 6 E 02 0 1 6 2 9 1 5 1 6 0 2 0 1 6 2 4 2 9 7 6 02
0 . 4 0 0 0 0 .  1 0 7 0 6 6 7 6 02 0 1 6 5 9 7 0 9 6 02 0 1 6 5 8 8 8 1 6 02
C. 3S OO 0 . 1 0 5 9 7 7 7 E 02 0 1 6 9 5 7 6 7 6 0 2 0 1 6 9 4 9 6 6 6 02
0 . 3 0 0 0 0 .  1 0 5 0 4 S 9 E 02 0 1 7 3 3 4 2 9 6 02 0 1 7 3 2 6 5 2 6 02
C . 2 S 0 0 0 . 1 0 4 2 7 7 4 E 02 0 1 7 7 S 8 0 3 C 02 0 1 7 7 2 0 4 7 6 02
0 . 2 0 0 0 0 . 1 0 J 6 5 4 1 E 02 0 1 8 1 4 0 1 S E 02 0 1 6 1 3 2 8 1 6 0 2
0 . 1 5 0 0 0 . 1 0 3 1 7 4 0 E 02 0 1 8 5 7 1 8 5 6 02 0 1 t 5 6 4 7 3 E 02
C . I C C O 0 . 1 0 2 6 3 4 1 E 02 0 1 9 0 2 4 6 6 6 02 0 1 9 0 1 7 7 2 E 0 2
c . o s o o 0 . 1 0 2 6 3 1 3 E 02 0 1 9 5 0 0 1 2 6 02 0 1 9 4 9 3 3 6 6 0 2

Ln

T ab le  3 .3 a

N orm alized  s t e a d y - s t a t e  o u tp u t  n o is e  v a r ia n c e  f o r  f i l t e r  p a ra m e te r  b = 0 .9 5 0 .



E R O A I  I S  S T E A O V - S T A T E  VA L U E  C U T P U T  A O I S E  V A R I A N C E  F O P  U N I F O R M L Y  S A M P L E D

E R 0 R 2  I S  1 S T  O UT P U T SEQUE NCE N O I S E  V A R I AN C E

E R 0 R 3  I S  F OR 2ND O UT P U T S EQUENCE I N  NONUNI F ORMLY S AMP LEC D I G I T A L  F I L T E R S

b  =  0 * 9 4 5 0 0 0

ERCR I E P C P 2

1 . 8 0 0 0 0 . 6 S I 2 3 7 3 E C2 0 948S798E 01 0 . 9 3 9 2 2 2 4 E 01
1 • 7SC0 0 . 4 9 0 e 0 2 J E 02 0 C604971E 01 0 . 9 S 3 2 4 3 2 E 01
1 • 7C00 0 . 3 9 6 0 C C I E 02 0 9726 923 E 01 0 . 9 6 7 1 leOE 01
1 . 6 5 0 0 0 . 3 3 3 4 5 S 4 E CP 0 SBSESAEE Cl 0 . 9 0 1 0 9 Q 3 E 01
1 • 6CC0 0 . 2 6 9 1 464E 02 0 9 9 9 4 1 30E 01 0 . 9 9 5 3 1 2 7 6 01
1 . 5 5 0 0 0 . 2 5 6 U 1 3 E C2 0 10I 3 4 2 7 E 02 0 .  1009845E 02
l .SCOO 0 . 2 3 0 6 7 9 0 E C2 0 IC279C7E 02 0 . I 0 2 4 7 2 E E 02
1 . 4 5 0 0 0 . 2  1 0 4 3 1 4E 02 0 I 0 428 S7E 02 0 .  1 0 39 999 8 02
1 . 4 0 0 0 0 . 1939E3CE C2 0 I 05E296E 02 0 . 1 0 5 S 7 0 0 E 02
1*3500 0 * 1803760E 02 0 I 074 225 E 02 0 . 1 0 7 I 8 4 7 E 02
1. 3CC0 0 . I 6 09S6 3E C2 0 I 09C672E 02 O. I O E 847 8E 02
1 . 2 5 0 0 0 . IS925 72Ë 02 c 1 I 07 636 E 02 0 . 1 10S600E 02
I . 2 C C 0 0 . 1S093C6E 02 0 11251686 02 0 . 1 I 2 3 2 6 9 E 02
1 * 150 0 0 .  1437235E C2 0 1 I 4 3 2 6 6 E 02 0 . 1 141486E 02
I . I COO 0 . I 3 7 4 3 9 6 E 02 0 I 161 972 E 02 0 . 1 160297E 02
1 . 0 5 0 0 0 .  I 3 I 9 2 7 5 E C2 0 I I B I 3 0 8 E 02 0 . 1 1 7 9 7 2 7 6 02
1 . 0 0 0 0 0 . I 2 7 0 6 8 0 E 02 c 120 I304E 02 0 . 1 199807E 02
C.S5C0 0 . 1 2 2 7 6 7 0 E 02 0 I 2 2 Z 0 0 I E 02 0 . I 2 2 0 5 8 0 E 02
0 . 9 0 0 0 0 .  1 169472E C2 0 124343SE 02 0 .  1 242 080 E 02
O.ESOO 0 .  1 15S467E 02 0 1265629E 02 0 . 1 2 6 4 3 3 7 E 02
C.ECOO 0 .  I 12S137E 02 0 I 2 8 8 6 4 4 E 02 0 .  12E7408E 02
0 * 7 5 0 0 0* l 09e C65 E 02 0 I 3 I S S 1 7 E 02 0 . 1 3 1 1333E 02
C . 7 0 0 0 0 . I 0 7 3 8 8 S E 02 0 I 33 7 2 9 5 E 02 0 . 1 3 3 6 1 5 8 6 02
0 . 6 5 0 0 0 * I 0 5 2 3 2 0 E 02 0 1363028E 02 0 . 1 3 6 1 9 3 5 E 02
0 * 6 0 0 0 0 . I 0 3 3 I 0 3 E 02 0 I 36 9 7 7 3 E 02 0 . 1 3 6 8 7 2 1 6 02
0 * 5 5 0 0 0* I 0 I 6Û37C 02 0 I4&7S94E 02 0 . I 4 I 6 5 8 0 E 02
0 * 5 0 0 0 0 * I 00 0 9 3 7 E 02 0 I 4 4 6 5 SSE 02 0 . I 4 4 5 S 7 6 E 02

Ln
to

T ab le  3 .3 b

N orm alized  s t e a d y - s t a t e  o u tp u t n o is e  v a r ia n c e  f o r  b = 0 .9 4 5



E R O R l  I S  S T E A O V - S T A T E  V A L U E  C U T P U T  A Q I S E  V A R I A N C E  F O R  U N I F O R M L Y  S A M P L E D

E R 0 K 2  I S  1 S T  OUT PUT S EQUENCE N O I S E  VARI A N CE

E R 0 R 3  I S  F O R  2ND O UT P U T SEQUE NCE I N  NONUNI FORMLY S AMP L E C F I L T E R S  WI TH A I N T E R S A M P L E S  P E R  P E R I O D

b  =  O a C J S O O O

a EROR \ r ; P0R2 ER0R3

: . e o o o 0 . 8 7 4 1 2 0 4 5 02 0 . 4 0 3 5 6 1 8E 01 0 . 8 6 6 3 8 0 4 6  01
t « 7 5 C 0 0 . 3 6 4 9 5 I 6 E 02 0 . S I 7 2 3 S 9 E Cl 0 * 6 3 9 9 9 7 3 6  01
1 . 7COO 0 . 2 3 J 0 3 6 S E 0 2 0 . 5 8 2 1 7 5 4 6 01 0 . 8 4 3 6 0 0 2 6  01
t « 6 S C 0 0* 1 72 4 %3 9 E 02 0 . 6 3 0 6 2 0 5 6 01 0 . 0 5 6 2 6 8 2 E  01
U 6 0 0 0 0 . 1 J 7 7 6 9 9 E 02 0 . 6 7 I 7 5 9 6 E 01 0 . 8 7 2 8 9 6 7 6  01
1 mttCO 0 . 1 I E 2 7 7 6 E 02 0 . 7 0 8 2 9 9 0 E 01 0 . 8 9 1 7 0 9 9 E  01
l . SOOO 0 . 9 9 S 4 2 4 7 E 01 0 . 7 4 2 4 I 3 6 E Cl 0 . 9 1 1 9 2 8 3 6  01
1 * 4 5 0 0 0 . 8 7 9 3 3 S 7 E 01 0 . 7 7 4 7 6 5 5 E 01 . 0 . 9 3 3 I 9 B 2 E  01
1 * 4 0 0 0 0 . 7 S C2 9 C5 E 01 0 * 8 0 6 0 5 2 4 6 01 0 . 9 5 5 3 2 6 1 6  01
1 . 3 5 0 0 0 . 7 1 9 9 4 3 7 E 01 0 . 6 3 6 6 8 7 5 6 01 0 . 9 7 8 2 3 0 9 6  01
1 . 2 0 0 0 0 . 6 0 3 0 6 9 6 6 01 0 . 6 6 6 9 5 6 2 E 01 0 . 1 0 0 1 8 5 8 6  02
1 . 2 5 0 0 0 . 6 1 6 2 2 4 4 E 01 0 . 6 9 7 0 6 4 0 6 01 0 * 1 0 2 6 2 0 1 6  02
1 . 2 0 0 0 0 . 5 7 7 0 S 6 1 E 01 0 . 9 2 7 2 4 2 4 E 01 0 . 1 0 5 1 2 6 CE 02
1 * 1 5 0 0 0* 5 4 3 6 9 4 6 5 01 0 . 9 5 7 5 8 1 5 6 01 0 . 1 0 7 7 0 6 0 E  0 2
1 . 1 0 0 0 0 . 5 1 5 5 3 0 7 E 01 0 . 9 6 8 2 1 5 6 E Cl 0 . 1 1 0 3 6 2 1 6  02
I *  CSCO 0 . 4 9 1 0 S 8 9 E 01 0 . 1 0 1 9 2 6 0 E 0 2 0 . 1 1 3 0 9 8 3 6  02
1 . 0 0 0 0 0 . 4 € 9 7 9 6 5 E 01 0 .  1 0 5 0 8 1 3 6 02 0 . 1 1 5 9 1 8 4 6  02
c . o s o o 0 . 4 5 1 2 1 2 2 E 01 0 . 1 0 8 2 9 6 3 E . 02 0 . 1 1 6 8 2 6 9 6  0 2
0 . 9 0 0 0 0 . 4 3 4 8 9 1 9 E 01 0 . 1 1 1 5 8 0 4 6 02 0 . 1 2 1 6 2 9 0 6  02
0 . 6 5 0 0 0 . 4 2 0 5 0 3 5 E 01 0 . 1 I 4 9 4 I 6 E 02 0 . 1 2 4 9 2 9 8 6  02
C . 8 0 0 0 0 . 4 0 7 7 0 2 8 E 01 0 . 1 1 8 3 8 8 0 6 02 0 . 1 2 6 1 3 5 6 6  02
0 . 7 5 0 0 0 . 3 9 6 5 J S7E 01 0 . I 2 1 9 3 0 6 E 02 0 . 1 3 1 4 5 2 7 6  02
0 . 7 0 0 0 0 . 3 6 6 5 2 4 0 E 01 0 . 1 2 5 5 7 5 8 6 02 0 . 1 3 4 8 6 7 9 6  02
C . 6 5 C 0 0 . 3 7 7 6 6 4 4 2 01 0 *  1 2 9 3 3 3 6 6 02 0 . 1 3 8 4 4 9 1 6  02
0 . 6 0 0 0 0 . 3 6 9 6 1 4 9 E 01 0 . 1 3 3 2 1 3 4 E 02 0 . 1 4 2 1 4 4 2 6  0 2
0 . S 5 C 0 0 . 3 6 2 8 7 6 7 E 01 0 .  1 3 7 2 2 5 1 6 C2 0 . 1 4 5 9 8 2 1 6  02
0 . 5 0 0 0 0 . 3 5 6 7 6 5 4 6 Cl 0 . I 4 I 3 7 9 5 E 02 0 . 1 4 9 9 7 2 4 6  0 2
C . 4 S 0 0 0 . 3 S 1 4 1 C 8 E 01 0 . 1 4 5 5 8 7 9 6 0 2 0 . 1 5 4 1 2 5 7 6  02
€ . 4 0 0 0 0 . 3 4 6 7 5 3 6 E 01 0 . 1 S 0 1 6 2 1 E 0 2 0 . 1 5 6 4 5 2 8 6  0 2
0 . 3 5 0 0 0 . 3 4 2 7 4 6 2 E 01 0 .  1 5 4 6 1 5 7 6 02 0 . 1 6 2 9 6 6 8 6  0 2
€ . 3 0 0 0 0 . 3 3 9 3 4 7 7 E 01 0 . 1 5 9 6 6 2 2 E 0 2 0 . 1 6 7 6 8 0 7 6  0 2
0 . 2 5 0 0 0 . 3 3 6 5 2 3 8 E 01 0 . 1 6 4 7 1 7 4 E 02 0 . 1 7 2 6 0 9 3 6  02
0 . 2 0 0 0 0 . 3 3 4 2 4 6 1 6 01 0 .  1 6 9 9 9 7 9 E 02 0 . 1 7 7 7 6 9 0 6  02
0 . 1 5 0 0 0 . 3 3 2 4 9 9 1 E 01 0 . 1 7 5 5 2 1 4 E 02 0 , 1 8 3 1 7 7 3 6  02
0 . 1 0 0 0 0 . 3 3 1 2 6 1 S E 01 0 . 1 0 1 3 0 9 1 E 02 0 . 1 8 8 8 5 4 7 6  02
0 . 0 5 0 0 0 . 3 3 0 5 2 2 9 E 01 0 . 1 0 7 3 8 2 2 6 0 2 0 , 1 9 4 8 2 2 1 6  02

Ln
w

T ab le  3 .4

N orm alized  s t e a d y - s t a t e  o u tp u t n o is e  v a r ia n c e  f o r  f i l t e r  p a ra m e te r  b = 0 .8 3 5 ,
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U niform ly sam pled

F i r s t  sequence

Second sequence 
tw o -in te rsa m p le d

60

40

20

-.3 -.6 -.9 1.2 -1.5 1.8

F i l t e r  c o e f f i c i e n t  a 

F ig u re  3 .3  

N orm alized o u tp u t n o is e  v a r ia n c e
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o o 5 5~

U niform ly sam pled 

F i r s t  sequence

Second sequence 
tw o -in te rsa m p le d

2 80

b = 0 .9 4 0  
b = 0 .895  
■b = 0 .855

6 0

40

20

——-g------<3“ 0“

1.8

F i l t e r  c o e f f i c i e n t  a

Figure 3.4

Normalized output noise variance
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U niform ly sam pled 

Second sequence

-2  — -— F i r s t  sequence
fo u r- in te rsa m p le d

4 0

20

b = 0 .8 5 5

F i l t e r  c o e f f i c i e n t  a

Figure 3.5

Normalized output noise variance
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v a lu e s  o f  th e  f i l t e r  p a ra m e te r  a .  These rem arks a re  ev idenced  in  

F ig u re  3 .3  and F ig u re  3 .4 .  For fo u r  i n t e r s  am ples p e r  sam pling p e r io d , 

nonun ifo rm ly  sam pled  f i l t e r s  te n d  t o  have lo w er n o is e  v a r ia n c e  fo r  

h ig h  Q f i l t e r s  b u t  h ig h e r  n o is e  v a r ia n c e  f o r  low Q f i l t e r s  when compared 

w ith  u n ifo rm ly  sam pled  f i l t e r  w ith  th e  same e ig e n v a lu e s .  T h is  rem ark 

i s  ev id en ced  in  F ig u re  3 .5 .

The p u rp o se  o f  t h i s  s tu d y  h as  been t o  in v e s t ig a te  q u a n t iz a t io n  

e r r o r s  in  n o n u n ifo rm ly  sam pled f i l t e r s  u s in g  th e  r e s u l t s  developed  

e a r l i e r  in  t h i s  d i s s e r t a t i o n  a lo n g  w ith  e s ta b l i s h e d  te c h n iq u e s  f o r  

a n a ly z in g  such  e r r o r s .  The r e s u l t s  g e n e ra te d  in  t h i s  s e c tio n  a re  

th e n  compared w ith  th o s e  f o r  u n ifo rm ly  sam pled  f i l t e r s  o b ta in ed  by 

o th e r s .  From th e  g r a p h ic a l  d is p la y s  o f  th e  r e s u l t s ,  some observa­

t i o n s  a re  made. I t  i s  o bserved  t h a t  a l l  th e  t r a n s f e r  fu n c tio n  

sequences f o r  a  g iv e n  number o f  in te r s a m p le s  g e n e ra te  abou t th e  

same l e v e l  o f  o u tp u t  n o is e  v a r ia n c e .  For tw o in te r s a m p le s ,  i t  i s  

n o te d  t h a t  n o n u n ifo rm ly  sam pled f i l t e r  h a s  t h e  same n o ise  c h a ra c te r ­

i s t i c s  when com pared to  u n ifo rm ly  sam pled f i l t e r  hav ing  th e  same 

e ig e n v a lu e s . They a l s o  te n d  to  have somewhat b e t t e r  n o ise  v a r ia n c e  

c h a r a c t e r i s t i c s  f o r  p o s i t i v e  v a lu e s  o f  f i l t e r  c o e f f i c i e n t  a .  For 

fo u r  in te r s a m p le s ,  th e  nonun ifo rm ly  sam pled f i l t e r  i s  observed  to  

have low er n o is e  v a r ia n c e  fo r  h ig h  Q f i l t e r s  w ith  p o s i t i v e  v a lu e  o f  

f i l t e r  c o e f f i c i e n t  " a ,"  and h ig h e r  n o is e  v a r ia n c e  f o r  low Q f i l t e r s  

when compared t o  u n ifo rm ly  sam pled f i l t e r  h a v in g  ab o u t th e  same 

e ig e n v a lu e s . T hese  o b se rv a tio n s  a r e  o n ly  r e s t r i c t e d  to  second o rd e r  

nonun ifo rm ly  sam pled f i l t e r s .



58

3 .3  Z e ro - in p u t l im i t  c y c le  o s c i l l a t i o n s .

Jack so n  [29] and o th e rs  [2 7 ,2 8 ,3 0 ,3 1 ,3 2 ]  have co n s id e re d  th e  

z e ro - in p u t  l i m i t  c y c le ,  w hich i s  th e  p e r io d ic  o u tp u t of the  f i l t e r  

in  c a se  th e  in p u t  i s  z e ro .  P a rk e r  and Hess [27] have shown th a t  

l i m i t  c y c le s  under fo rc e d  re sp o n se  c o n d itio n s  can  b e  r e a d i ly  reduced  

to  z e ro - in p u t  c o n d i t io n s .  The work on l i m i t  c y c le s  h as  been 

r e s t r i c t e d  to  u n ifo rm ly  sam pled f i l t e r s .

I n  t h i s  r e s e a r c h ,  th e  d ecom position  te c h n iq u e  i s  ex tended  to  

l i m i t  c y c le  a n a ly s is  o f  nonun ifo rm ly  sam pled f i l t e r s .  For s im p l ic i ty ,  

a  z e ro - in p u t f i l t e r  m odel w ith  p o le s  and no ze ro s  i s  u sed . T h is 

s im p le  model i s  employed b ecau se  i t  a llo w s  th e  s tu d y  o f  th e  n a t u r a l  

re sp o n se  of th e  f i l t e r  w ith o u t th e  d i s t r a c t i n g  in f lu e n c e  o f ze ro s  

in  th e  t r a n s f e r  fu n c tio n  seq u en ce s . A lso , z e ro s  i n  th e  t r a n s f e r  

fu n c tio n  may change o n ly  th e  m agnitude o f th e  l i m i t  cy c le  b u t no t th e  

th e  n a tu re .  As shown by J a tn ie k s  and Shenoi [32] and o th e rs  [2 7 ,3 3 ] , 

l i m i t  c y c le  o s c i l l a t i o n s  a re  co m p le te ly  d e f in e d  by a  knowledge of 

th e  p o le s  o r e ig e n v a lu e s  o f th e  d i s c r e t e  d a ta  system .

Jack so n  [29] and o th e r s  [27 ,32] have shown th a t  th e  l i m i t  

c y c le  am p litu d e  bounds on th e  o u tp u t y (n )  in  a  f i r s t  o rd e r f i l t e r  

sam pled u n ifo rm ly  can be e v a lu a te d  as

|y (n )I  < 0 .5  (3 .1 8 )

E quation  (3 .1 8 ) assumes th a t  th e  q u a n t iz a t io n  s te p  has been n o rm alized  

to  one.

U sing th e  r e s u l t s  d e r iv e d  in  c h a p te r  2 a lo n g  w ith  s ta n d a rd  

te c h n iq u e s , th e  am p litu d e  bounds on l i m i t  c y c le s  i n  nonuniform ly 

sampled f i l t e r s  can b e  e v a lu a te d .
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From e q u a tio n  (2 .3 4 ) ,  th e  o v e r a l l  p u lse  t r a n s f e r  fu n c tio n  

sequence i s  g iv en  as

H(Z2> .  1 +

x - 4 z -

S in ce  th e  ze ro s  o f H(Z2) have  no in f lu e n c e  on th e  n a tu re  o f

l i m i t  c y c le s ,  th e  am p litude  bound can  be e v a lu a te d  as

Ivfn^l < 0-5 (3 .2 0 )
-  1 -  aZ 

1
where | a |  i n  (3 .1 8 ) has been re p la c e d  by a^ fo r  f i l t e r  w ith  nonuniform  

sam pling .

T here i s  a  la rg e  v a r ie ty  o f  modes o f l i m i t  c y c le  b e h a v io r

in  second o rd e r  f i l t e r s .  P a rk e r and H ess [27] and o th e r s  [2 9 ,3 1 ,3 2 ]

have shown t h a t  th e  am p litu d e  bounds t h a t  apply  to  two modes o f l i m i t  

cy c le s  in  u n ifo rm ly  sampled second  o rd e r  f i l t e r s  can  b e  g iv e n  as  

jy (n ) | < _ 0 .5
1 -  |b |

fo r  o s c i l l a t i n g  l i m i t  c y c le s  and

| y ( n ) l  1
1 -  |a |  + b (3 .2 1 )

fo r  c o n s ta n t  m agnitude l im i t  c y c le s .  The q u a n t iz a t io n  s te p  i s  assumed 

to  be one in  e q u a tio n  (3 .2 1 ) .

A second o rd e r  d i g i t a l  f i l t e r  w ith  two nonuniform  sam ples 

p e r  p e r io d  h as  th e  o v e r a l l  - t r a n s f e r  fu n c tio n  sequence w hich i s  g iven  

from (2 .5 2 )  as

1 -  C z ; l  + € ,2 :2  
H (Z ,) =  U -  (3 .2 2 )

1 + e^z-2  + 62Z34

where

= 2b^ -  a^  and 82 =
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The v a lu e s  f o r  and C2 can be ex p re ssed  in  te rm s o f  3^ and 2̂

2 ■
sh

= ( 20% -

C2 = (gg) (3 .2 3 )

E q u a tio n  (3 .2 2 ) r e p re s e n ts  a  mapping o f th e  a^ -  p a ram ete r 

p la n e  of th e  f i l t e r  w ith  nonuniform  sam ples in to  6̂  "  ^2 c o e f f i c i e n t  

p la n e  of f i l t e r  w ith  un ifo rm  sam ples when th e  z e ro s  of e q u a tio n  (3 .2 2 )  

a re  ig n o re d . S in ce  th e  feed fo rw ard  c o e f f i c i e n t s  o f  e q u a tio n  (3 .2 2 ) 

do n o t  c o n t r ib u te  to  th e  n a tu re  o f th e  l i m i t  c y c le ,  th e  bounds o f 

(3 .2 1 )  a re  a p p l ic a b le .

The a m p litu d e  bounds on l i m i t  c y c le s  in  f i l t e r s  w ith  nonuniform  

sam ples w ith  two in te rs a m p le s  p e r  p e r io d  f o r  th e  c a se  o f ro u n d o ff 

q u a n t iz a t io n  a f t e r  m u l t ip l ic a t io n  a re  th u s  g iv e n  a s :

Bd, = 0 .5  = 0 .5  (3 .2 4 )

fo r  o s c i l l a t i n g  l i m i t  c y c le s ,  and

Bdo = 1  1___________  (3 .2 5 )
1 + 62 1 -  12b^ -  a^ 1 + b^

f o r  c o n s ta n t m agn itude l i m i t  c y c le s .

S im i la r ly ,  th e  am p litu d e  bounds where th e re  a re  fo u r  in te r s a m p le s  

pe r sam plig  p e r io d  a re

Bdi = 0 . ,5_ _  and
i - b j

Bd. = ------------   i -----=-------7 T- (3 .2 6 )
1 -  -  a » !  -  I +  1>J

The l i m i t  c y c le  b eh av io r o f a  second o rd e r  f i l t e r  may be 

viewed on a p hase  p la n e  p lo t  w hich d is p la y s  th e  s u c c e s s iv e  s t a t e s  

o f a  second o rd e r  d i s c r e t e  system  on a  c a r t e s i a n  p la n e  w ith  y(n) 

p lo t t e d  on th e  x - a x is  and y ( n - l )  on th e  y - a x is .  Once a  s t a t e  p o in t
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i s  chosen in  the  p hase  p la n e  p l o t  fo r  a  g iv en  U (Z ), th e  r e s u l t in g  

s t a t e  t r a j e c t o r y  i s  u n iq u e ly  s p e c i f i e d .  A l im i t  c y c le  on th e  phase  

p la n e  p l o t  i s  reco g n ized  as  a r e p e a t in g  sequence o f s t a t e  p o in t s .

I n  o rd e r to  d is p la y  th e  l i m i t  c y c le  in  a second o rd e r  f i l t e r  

due to  ro u n d o ff e r r o r s ,  a com puter program  in  PL/1 language  i s  w r i t t e n .  

T h is  program  has b een  ru n  on th e  IBM S /370-158 com puter and i s  l i s t e d  

in  Appendix C-2.

A PL/1 programming la n g u a g e  h as  been chosen i n  o rd e r  to  m inim ize 

e r r o r s  w hich occur when d ec im al c o n s ta n ts  a re  co n v erted  in to  b in a ry  

fo rm a t. A PL/1 lan g u ag e  a llo w s  f o r  e x a c t decim al r e p r e s e n ta t io n  o f 

th e  f i l t e r  c o e f f i c i e n t s  s in c e  th e  language in t e r n a l  coded a r i th m e t ic  

form i s  d ec im a l. T h is  i s  d is c u s s e d  i n  th e  IBM S/360 PL/1 o p e ra t in g  

manual [3 7 ] .

D uring th e  s im u la t io n ,  s e v e r a l  i n i t i a l  c o n d i t io n s  a re  employed 

in  a s y s te m a tic  manner u n t i l  a  s p e c i f i c  r e p r e s e n ta t iv e  ran g e  of i n i t i a l  

c o n d itio n s  has been e s ta b l i s h e d .  Then u s in g  a v a r i e t y  o f  v a lu e s  

fo r  th e  f i l t e r  c o e f f i c i e n t  p a ra m e te rs , a l l  p o s s ib le  l i m i t  c y c le s  in  

a s p e c if ie d  a re a  o f  s e a rc h  f o r  a  g iv e n  s e t  o f f i l t e r  c o e f f i c i e n t s  a re  

enum erated . As f o r  exam ple, th e  com puter r e s u l t s  f o r  a = - 1 .4  and 

b = 0 . 8  f o r  u n ifo rm ly  sam pled second o rd e r  r e c u r s iv e  d i g i t a l  f i l t e r  

a re  d is p la y e d  in  T ab le  3 .5  and th e  p h ase  p la n e  p lo t  i s  shown in  F ig u re  

3 .6 .  A d d itio n a l r e s u l t s  f o r  a  = - 1 .4  and b = 0 .94  f o r  u n ifo rm ly  sampled 

second o rd e r  f i l t e r  a re  d is p la y e d  in  T ab le  3 .6  and th e  phase  p la n e  

p lo t  i s  shown in  F ig u re  3 .7 .  These r e s u l t s  ag ree  w ith  th o se  o f Hess 

and P a rk e r f2 7 ] in  com parison .
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a= -1 . 4 0 COOOCOO » b=0 . 8 0 0 0 0 0 0 0 0
THE CALCULATED BOUNDS AWE UNDl-  2 .5C00 ,SND2= 2 . 5 0 0 0

LIMIT CYCLE # I 13
- 2 - 1  I 2 2 1 - 1 - 2

l i m i t  c y c le  » 2 IS
-1  9 1 1 0 -1

l i m i t  CYCLE 3 IS 0

l i m i t  CYCLE # 4 IS 2

T ab le  3 .5

L im it cy c le  o s c i l l a t i o n s  i n  second  o rd e r 

f i l t e r  w ith  un ifo rm  sam pling
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LIMIT CYCLES ARRANGED IN PHASE PLANE. X{N> VERSUS X ( N - l )  
a= -1 . 4 0 0 0 0 0  b= 0 . 8 0 0 0 0 0

— 6 —5 —4 —3 — 2 “ 1 0 1 2

6

5

4

3 4

2 , 1 - -  1 '  1

1
1

1' 2 2 1

0

-1

- 2

/ • 
' 2 3 2 /

/ /
1' 2 2 ..1 
» /
»I — 1^

- 3

- 4

- 5

— 6

F igure 3 .6  

P h ase -p lan e  p lo t  o f T able 3 .5
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a= - 1  . 40  00 0 0000  , 6 = 0 . 9 4 0 3 0 0 0 0 0
THF CALCULATED BOUNDS ARE QND1= 8 . 33 3 3 . B ND2 =  1 . 8 5 1 9

LIMIT CYCLE » 1 IS
- 7 - 3 3 7 7 3 - 3 -7

LIMIT CYCLE # 2 IS
— 6 -1 5 8 6 0 - 6 - 8 - 5 1 6 7 4 - 1 - 5 - 6
-  3 2 6 6 2 - 3 — 6 - 5 - I 4 7 6 1 - 5 - 8 — 6

0 6 8 5 -1 — 6 -7 — 4 1 5 6 3 - 2 — 6 — 6 - 2
3 6 5 1 - 4 -7

LIMIT CY CLE f 3 IS
- 5 0 5 7 5 0 - 5 - 7

LIMIT CYCLE » 4 IS
- 2 4 6 7 2 -4 - 8 - 7

LIMIT CYCLE H 5 IS
— 4 0 4 6 4 0 — 4 — 6

LIMIT CYCLE » 6 IS
- 5 - 2 2 5 5 2 - 2 - 5

LIMI T CYCLE » 7 IS
- 4 -1 3 5 4 1 -3 - 5

LIMIT CYCLE § 8 IS
- 3 1 4 5 3 -1 — 4 - 5

T able  3 .6

L im it cy c le  o s c i l l a t i o n s  in  second o rd e r  f i l t e r  

w ith  un ifo rm  sam p lin g .
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LIMIT CYCLFS ARRANGED IN PHASE PLANE, XIN) VERSUS X ( N - l )  
a = - i . A O O o o o  b = o . 9 A O O O o

-1  0 - 9  - 8 - 7 — 6 - S - 4 - 3 - 2 - I 0 1 2 3 4 S 6 7 8

10

9

8 2 2 4

7 4 I 2 3 2 1

6 2 2 2 2 S 2 2 2 2

5 2 3 2 6 3 7 6 2 3 2

4 2 S 7 8 . 5 2 4

3 1 2 8 7 2 I

2 4 2 6 6 2

I 2 2 7 8 2 2

0 2 3 S S 3 2

- 1 2 2 8 7 2 2

- 2 2 6 6 2 4

- 3 1 2 7 8 2 1

- 4 4 2 S 8 7 S 2

- S 2 3 2 6 7 8 6 2 3 2

“ 6 2 2 2 2 5 2 2 2 2

- 7 I 2 3 2 1 4

-a  4 2 2

- 9

-10

F ig u re  3 .7  

P h ase -p lan e  p l o t  o f  T able 3 .6 .

8 9  10
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The f i l t e r  p a ra m e te r  f o r  nonun ifcrm ly  tw o - in te r s  amp led  d i g i t a l  

f i l t e r  has been chosen such  t h a t  i t s  e ig e n v a lu e s  a re  th e  same as th o s e  

o f  u n ifo rm ly  sampled f i l t e r  w ith  a  = - 1 .4  and b = 0 .8 .  Thus a^ =

1.7857364 and b^ = 0 .89442719 . The com puter r e s u l t s  f o r  th e  l i m i t  

c y c le  in  nonun ifo rm ly  sam pled f i l t e r  w ith  i t s  c o e f f i c i e n t  v a lu e s  th u s  

chosen  as  above i s  d is p la y e d  i n  T ab le  3 .7  and th e  phase  p lan e  p lo t  in  

F ig u re  3 .8 .

S im ila r ly ,  th e  f i l t e r  param eter f o r  n o n -u n ifo rm ly  fo u r - in te rsa m p le d  

f i l t e r  has been chosen  such  th a t  i t s  e ig e n v a lu e s  a re  th e  same as 

th o se  o f un ifo rm ly  sam pled f i l t e r  w ith  a  = - 1 .4  and b = 0 .9 4 . Hence 

= 1.94848996 and b-ĵ  = 0 .98465018. The co rre sp o n d in g  l im i t  c y c le s  

and phase  p lan e  p lo t s  a re  d isp la y e d  r e s p e c t iv e ly  i n  T ab le  3 .8  and 

F ig u re  3 .9 .

In  b o th  ta b le s  3 .7  and 3 .8 ,  m ost o f  th e  l i m i t  cy c le  o s c i l l a t i o n s  

i n  th e  a re a  of s e a rc h  a re  enum erated . These l i m i t  c y c le s  a re  d e s ig n a te d  

by an i d e n t i f i c a t i o n  number and th e  v a lu e s  of th e  l i m i t  cy c le s  p o in t  

a r e  p r in te d .  F u rth e rm o re , th e  am p litu d e  bounds o f  e q u a tio n s  (3 .2 4 ) ,

(3 .2 5 ) and (3 .2 6 ) a r e  s t a t e d .  I n  T able 3 .7 ,  a l l  th e  l i m i t  cy c le s  

in  th e  a re a  of s e a rc h  s ta y  below  th e  bound c a l c u la te d .  However, in  

T ab le  3 .8 ,  l i m i t  c y c le s  #6 exceeds th e  c a lc u la te d  bound by as  much 

a s  th re e  q u a n t iz a t io n  s t e p s .  T h is  means t h a t  th e  bounds a re  n o t 

e x a c t bounds b u t can  on ly  g iv e  approx im ate  r e s u l t s .  P a rk e r and Hess 

[27] a r r iv e d  a t  th e  same c o n c lu s io n  f o r  t h e i r  bound on l i m i t  c y c le s  

i n  u n ifo rm ly  sam pled f i l t e r s .

The co rresp o n d in g  s t a t e  t r a j e c t o r i e s  f o r  T ab les  3 .7  and 3 .8  

a re  shown r e s p e c t iv e ly  in  F ig u re s  3 .8  and 3 .9 .  A t r a j e c t o r y  in  th e  

p h ase -p la n e  i s  made up o f th o s e  p o in t  v a lu e s  b e a r in g  th e  same number.
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a*=-l .4CC000000 • b=-c. ecooooooo
THE CALCULATED BOUNDS ARE BND1= 2.5000»BND2= 2 . 5 0 0 0

l i m i t  cycle  » 1 IS
- 2 - 1  1 2 2 1 - 1 - 2

LIMIT CYCLE » 2 IS
- I  0 I 1 0  - 1

LIMIT CYCLE # 3 IS 0

l i m i t  c y c l e  #  4  I S  2

T ab le  3 .7

L im it c y c le  o s c i l l a t i o n s  i n  second o rd e : 

f i l t e r  w ith  nonuniform  sam pling
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LIMIT CYCLES ARRANGED IN PHASE PLANE, X(N) VERSUS X ( N - l )  
a = - l , 4 0 0 0 0 0  b = 0 .800000

—6 —5 —4 ~3 —2 —1

6

5

4

3

/  /  
0 !  Z  2  Z ,

/  /  
1 1 2  2  / I

I ✓
•2 i -

-3

■4

-5

-6

F ig u re  3 .8  

P h a se -p la n e  p lo t  o f  T ab le  3 .7 .
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à=“l « 4 CCOOOOOO « 5 = 0 .9 4 0 0 0 0 0 0 0
THE calculated  BOUNDS ARE BND 1= £ .3333 ,BN D2= 1 . 8 5 1 9

LIMIT CYCLE n 1 IS
- 7 -3 3 7 7 3 - 3 - 7

LIMIT CYCLE # 2 IS
- 7 -4 1 c 6 3 - 2 - 6
— 6 -1 5 8 6 0 - 6 - 8

2 6 6 2 -3 —6 - 5
0 6 a 5 -  1 - e

LIMIT CYCLE « 3 IS
- 7 - 5 Q 5 7 5 0 - 5

LIMIT CYCLE tt 4 IS
- 7 - a  ■-4 2 7 8‘ 4 - 2

L IM IT CYCLE « 5 IS
2 - 4 —8 -7 -2 4 8 7

LIMIT CYCLE » 6 IS
- 7 - 1 1 - 8 -1 7 11 8 1

LIMIT CYCLE * 7 . IS
— 6 — 4 0 4 6 4 0 - 4

l i m i t CYCLE » 8 IS
-5 - 2 2 5 s 2 - 2 -S

l i mi t CYCLE # 9 IS
_ c -3 I 4 s 3 - 1 -4

LIMIT CYCLE « 10 IS
- 5 — 4 — I 3 c 4 1 -3

- 2  3 6 5 1 - 4  - 7
1 6 7 4 —1 —5 —6
4 7 6 1 —5 —8 —6

T ab le  3 .8

L im it c y c le  o s c i l l a t i o n s  In  second  o rd e r  

f i l t e r  w ith  n o n -u n ifo rm  sam pling
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LIMIT CYCLES ARRANGED IN PHASE PLANE, X(N) VERSUS X ( N - l )
a » - i . 400000 b = o .940000

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 C 1 2 3 4 5 E 7 £

10

• 9

C 6 4 2 2 S

7 S 1 2 3 2 1 4

6 2 2 2 2 7 2 2 2 2

5 2 3 2 8 9 10 8 2 3 2

4 4 2 7 1 0 9 7 2 5

3 1 2 9 • 10 2 1

2 5 2 fi a 2 4

1 6 2 2 10 9 2 2

0 2 3 7 7 3 2

-1 2 2 9 10 2 2 6

-2 4 2 8 • 8 2 5

-3 1 2 10 9 2 1 •

-4 5 2 7 9 10 7 2 4

-5 2 3 2 8 10 9 8 2 3 2

—6 2 2 2 2 7 2 2 2 2

-7 4 1 2 3 2 1 S

— 8 5 2 2 4 6

9 10

-9

10

F ig u re  3 .9  

P h a se -p la n e  p lo t  o f  T ab le  3 .8



71

These numbers a r e  id e n t i c a l  to  th e  l i m i t  c y c le  number a p p e a rin g  in  

T ab les 3 .7  and 3 .8 .  For exam ple, c o n s id e r  l i m i t  c y c le  #1 o f  T ab le

3 .7 ,  i t s  s t a t e  t r a j e c t o r y  i s  made up o f  th o s e  s t a t e  p o in ts  d e s ig n a te d  

by th e  number "1"  in  F ig u re  3 .8 .  These in c lu d e  ( 1 ,2 ) ,  ( 2 ,2 ) ,  ( 2 ,1 ) ,  

( 1 , - 1 ) ,  ( - 1 , - 2 ) ,  (-2 ,-2%  ( - 2 , - 1 )  and ( - 1 ,1 ) .  The t r a j e c t o r y  i s  v e ry  

c lo s e  to  an e l l i p s e ,  which in d i c a te s  th a t  t h i s  l i m i t  c y c le  i s  n e a r ly  

s in u s o id a l  in  n a tu r e .  I t  can be v e r i f i e d  t h a t  th e r e  i s  no d i f f e r e n c e  

betw een th e  n a tu re  o f th e  l i m i t  c y c le  o s c i l l a t i o n s  in  u n ifo rm ly  sam pled 

f i l t e r  o f  F ig u re  3 .6  and th a t  o f nonun ifo rm ly  sam pled f i l t e r  o f  F ig u re

3 .8 ,  f o r  two in te rs a m p le s  p e r  p e r io d .  I t  can  a lso  be v e r i f i e d  from  

T ab les  3 .6  and 3 .8  th a t  i n  th e  a r e a  o f s e a r c h ,  th e  l i m i t  c y c le s  in  

n onun ifo rm ly  fo u r - in te rs a m p le d  f i l t e r  a r e  n o t  e x a c tly  th e  same a s  th o se  

in  u n ifo rm ly  sam pled f i l t e r  w ith  e q u iv a le n t  e ig e n v a lu e s .  As can

be v e r i f i e d  from  F ig u re  3 .9 ,  th e  p a t t e r n  o f  l i m i t  c y c le  o s c i l l a t i o n s  

in  n onun ifo rm ly  sampled f i l t e r  w ith  fo u r - in te r s a m p le s  i s  somewhat 

s l i g h t l y  d i s t o r t e d .

The p u rp o se  o f  t h i s  s e c t io n  has been  to  ex tend  th e  d eco m p o sitio n  

method to  th e  a n a ly s i s  o f l i m i t  c y c le  o s c i l l a t i o n s  o f n onun ifo rm ly  

sam pled f i l t e r s .  In  com parison w ith  w ell-know n te c h n iq u e s ,  th e  am p litu d e  

bounds and th e  g e n e ra l n a tu re  o f l i m i t  c y c le s  i n  nonun ifo rm ly  sam pled 

f i l t e r s  a r e  shown. The c o n c lu s io n s  a r r iv e d  a t  f a i r l y  a g re e  w ith  th o se  

e s ta b l i s h e d  f o r  u n ifo rm ly  sam pled f i l t e r s .

3 .4  F requency  and Phase c h a r a c t e r i s t i c s  o f  r e c u r s iv e  d i g i t a l  f i l t e r s  

sam pled n o n u n ifo rm ly .

In  a p p l ic a t io n s ,  i t  may b e  n e c e ss a ry  to  have th e  f i l t e r  

r e a l i z a t i o n  m atch  some d e s i r e d  c h a r a c t e r i s t i c s .  F or a  s t a b l e  sy stem .
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t h i s  would mean th a t  th e  system  fu n c tio n  H ( ')  would be in t e r p r e ta b le  

as  a  freq u en cy  re sp o n se  fu n c t io n .

The d e r iv a t io n  o f  th e  freq u en cy  c h a r a c t e r i s t i c s  o f un ifo rm ly  

sam pled f i l t e r  i s  f a i r l y  s t r a ig h t - f o r w a rd .  However, f o r  nonuniform ly  

sam pled f i l t e r s ,  th e  d e r iv a t io n  i s  more com plica ted  due to  th e  f a c t  

t h a t  th e  p u ls e  t r a n s f e r  fu n c tio n  sequence i s  n o t r e g u la r  i n  th e  Z- 

domain.

For a  n o n u n ifo rm ly  sampled f i l t e r ,  assume t h a t  th e  f i l t e r  w ith  

t r a n s f e r  f u n c t io n  of e q u a tio n  (2 .3 8 ) i s  s u b je c te d  to  nonuniform  sam pling . 

Then th e  k th  o u tp u t  sequences can be w r i t t e n ,  u s in g  e q u a tio n s  (2 .12 ) 

and (2 .1 4 ) as

n— 1 n—1 _
S_) = Z Z Z"" X (Z“ ) H (Z“ ) 

k=0  j =0  n  J “  k - j  n

where Z^ a r e  th e  sam ple d e la y s  t h a t  p la c e  each p e r io d ic  o u tp u t 

sequence c o r r e c t ly  i n  tim e  and X ^(Z^), j  = 1 , 2 , . . .  , n - 1 , a re  th e  

advanced Z -tra n s fo rm s  o f  th e  in p u t sequ en ces.

R ew ritin g  (3 .2 7 )  to  ta k e  in to  c o n s id e ra t io n  th e  advanced 

Z -tra n sfo rm  o f th e  g iv e n  in p u t  sequences y ie ld s

n-1  n-1  jw t 

n '  "  k=0  j =0  ^ " 0 "“ n ' “ k - j ' “n '  “n

Y(Z„) = Z Z Z"^ X (z“) H (Z“ ) (3 .27 )

Y(Z ) = Z Z e  ̂ Xo(z“)H (z“) Z  ̂ (3.28)

D efine  th e  g a in  o f a  f i l t e r  w ith  th e  o v e r a l l  o u tp u t sequence 

of (3 .2 8 ) as

Y(Z„) H(Jw) (3 .29 )
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Then, (3 ,28 ) can  be  r e w r i t t e n  as

H(jw) = 1 r  (e^^T) (3 .3 0 )
I  k=0 1-0

w here e ^ ^  h a s  been s u b s t i tu te d  f o r  tP' .n

The summation i n  (3 .3 0 ) may be re a r ra n g e d  to  y ie ld

T i= 0  k=0 k = i k - i
(3 .3 1 )

L e t t in g  r = k - i ,  th e n  (3 .3 1 ) becomes

1 { i^  e " i ''( '^ r+ i" ^ i)H ^ (e ^ ''^ )
T i= 0  r = - i

+  “  E ^ e " i ' '( ^ r + i - : i ) H ^ ( e j '^ ) }  (3 .3 2 )
r =0

In  (3 .32 ) may be  co n v e n ie n tly  w r i t t e n  as  ^E ^ty  so th a t  (3 .3 2 )

becomes

1 E { E ( e ^ ^ )  +
T i= 0  r = - i

-iwT
E ex p (-jw  E t  )H (e  )}  (3 .3 3 )

r=0 v=k V r

E quation  (3 .3 0 )  can now be w r i t t e n  as

H(jw) = H^(jw) +  iî2 (jw) (3 .3 4 )

w here
n-1 — 1

Hi (jw ) =1 Z Z ex p (-jw  E t  )H ^(eJ ) (3 .3 5 )
T 1=0 r = - i  v=k V r

H2 (jw ) = 1 ex p (-jw  E ty ) H r ( e ^ '^ )  (3 .3 6 )
T i= 0  r=0 ^

Now c o n s id e r  e q u a tio n  (3 .3 6 )  w hich h as  p o s i t i v e  v a lu e s  fo r

s u b s c r ip t  r .  E quation  (3 .3 5 ) w ith  n e g a t iv e  v a lu e s  f o r  s u b s c r ip t  r

can  b e  s im i l a r l y  h an d led  a s  ( 3 . 36) w hich th u s  can  be  r e w r i t t e n  f o r

conven ience a s
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n-1 n k - l+ i
HoCjw) = _! Z H. (e^ ) Z ex p (-jw  Z t  ) (3 .3 7 )

T 1=0 k= I v=k ^

Expanding (3 .3 7 ) y e i ld s
iwT “  k-1

HgCjw) = 1  {(H (e^ ) Z e x p (- jw  Z t^ ) )  +
T k= l v=k

(Ĥ  (eJ^^ ) Z e x p (- jw  g t  ) )  + 
k= l v=k

(H2 (e i* ^ )  I  ex p (-jw  t  ) )  +  . . .
k= l v=k

+  (H ^_^(e^"^) “  ex p (-jw  ^ t^ ) )}  (3 .3 8 )
k=l v=k

S im p lify in g  f u th e r  y ie ld s

H_(jw) = 1 {(nH ( e j ^ ) ) +  ( e ' j ' ^ 1  + +
T °

. . . + e - j ' ' \ ) H ] ^ ( e i '^ )  +

( e - j w ( t i + t2) +  e " jw (t2 + t3 )  + e ~ jw (t3 + t4 ) + . . .

+  (e - jw (tn -l+ C n )H 2 (e:*T ) +  .  .  .

+ (e -jw (C l+ . . .+ tn - l )  +  e - j w ( t i + t2 » - - Cn) + . . .

+ e r j" ( tn + C i .  . .+ tn _ 2))H ^_^(eJw T)j (3 .3 9 )

The o v e r a l l  t r a n s f e r  fu n c tio n  seq u en ces  f o r  nonuniform ly  

sam pled f i l t e r  can  be w r i t t e n  from e q u a t io n  (2 .5 3 ) a s

n-1
H(Zn) = Z H^(Z^)Z-1" (3 .40 )

k=0

Expanding (3 .4 0 )  y ie ld s

H(Zn) -  Ho(zg) +  Z ;% ( Z ^ )  + Z -2h2 (Z“ )

+ . . . + (3 .4 1 )

Comparing e q u a tio n s  (3 .3 9 ) and (3 .4 1 ) one f in d s  t h a t  as lo n g  as th e

denom inato r p a ram e te rs  o f th e  o v e r a l l  p u ls e  t r a n s f e r  fu n c t io n  sequence 

have Zĵ  a s  m u l t i p l i e r s ,  th e n  th e  fo llo w in g  co rresp o n d en ce  can  be 

e s ta b l i s h e d :
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i  + . . .  + z ' \

n

1 f - j w ( t , + t  + . . .  t  ) jw ( t^ + t2+ . . .  +  t^ )  + • • •
i  l e  -*■ •̂  +  e
n

_ jw (C n + ti+ .. .4- tn _ 2) - ( n -1 )
+ e } <==v> Z (3 .4 2 )n

E q u a tio n  (3 .4 2 ) i s  s i g n i f i c a n t  s in c e  i t  p ro v id e s  a  means o f  

d e s c r ib in g  th e  m agnitude and phase  c h a r a c t e r i s t i c s  o f  a  d i g i t a l  f i l t e r  

sampled n onun ifo rm ly  from i t s  o v e r a l l  t r a n s f e r  f u n c t io n  sequence 

H(Z^). The r e s u l t  shown i n  (3 .4 2 )  i s  in  c o n t r a s t  w ith  th e  o p e ra to r  

H(e^^^) w hich d e s c r ib e s  th e  m agn itude and p h a se  re sp o n se  o f  a u n ifo rm ly  

sampled d i g i t a l  f i l t e r  h av in g  a  t r a n s f e r  f u n c t io n  H (Z ).

U sing th e  r e l a t io n s h ip  i n  ( 3 .4 2 ) ,  th e  freq u en cy  and phase 

c h a r a c t e r i s t i c s  o f  f i r s t  and second  o rd e r  d i g i t a l  f i l t e r s  w ith  

nonuniform  sam pling  can be  d e r iv e d .

For a  f i r s t  o rd e r  f i l t e r ,  th e  o v e r a l l  p u ls e  t r a n s f e r  fu n c tio n  

as g iv en  in  e q u a t io n  (2 .3 4 ) i s

HXZg) = 1 + ^ 1 + a Z ] l  (3 .4 3 )

1 -  a 2z-2  1 -  aZz-2

Then u s in g  ( 3 .4 2 ) ,  (3 .4 3 ) y ie ld s :

H(jw) . 1 ^ 2 +  a^ex p (-jw tj^ ) + a j^ e x p (- jw t;)  . y 

1 -  a |  exp (-jw T)

where t ^  and t£  a r e  th e  two nonuniform  in te r s a m p le s .  S im p lify in g  (3 .44 ) 

y ie ld s

H(jw) “  2̂  {1 +  a(cosw tj^ + cosw t2 ) - ja ( s in w tj^  + s in w t2 ) } /
T 2 2
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(1 -  coswT + ja^sin w T ) (3 .4 5 )

w here T i s  th e  o v e r a l l  sam pling in t e r v a l ,  t h a t  i s  T = + Tg.

6 (jw ) = a n g le  o f  H(jw) (3 .4 6 )

A f i r s t  o rd e r  f i l t e r  w ith  fo u r  i n t e r s amples p e r  sam pling  p e rio d  

i s  s im i la r l y  c o n s id e re d . The o v e r a l l  p u ls e  t r a n s f e r  fu n c tio n  i s  g iven  

as

H(Z4 ) = H^^(zJ) + H (zJ) + Zï2H(Z%) +

Z3^K3 (z J )  (3 .4 7 )

S u b s t i tu t in g  from  T able 2 .1  and s im p lify in g  y ie ld s

HCZ^) = 1 + aZ2^ + a^Z^^ + a^Zg^

1 -  a4z%4
(3 .4 8 )

U sing (3 .4 2 ) ,  (3 .4 8 ) s im p l i f i e s  to

1 
T

where

H(jw) = 1{4 + aA +  a^B + a ^ c } |ü  (3 .4 9 )

A = + e - j '^ Z  + e - j '^ 3  + e-i"^4

B = e - j^ 'C i+ jz )  + e-jw (C 2+ t3) + e - : ''(^ 3 + ^ 4 )  +

C = e -jw C C i+ tz+ t]) + e - j* ( t2 + t3 + t4 )_ ^ - jw ( t3 + t4 + t i)  + 

^ - j w ( t4+ t^+ tg )

D = 1 -  a^ coswT + ja^sinw T 

The o v e r a l l  p u ls e  t r a n s f e r  fu n c tio n  sequence f o r  a  second 

o rd e r  f i l t e r  w ith  two in te rs a m p le s  p e r  sam pling  p e r io d  i s  g iv en  as 

o f e q u a t io n  (2 .5 2 )

1 -  a^Z ^l + b^Zg^

 ̂ 1 + Z ^ f(2b i - a 2) + b^z"^

_ 1 -  aZ2^ +  bZgZ__________  (3 .5 0 )

1 + Z2^ (2b -  a 2 ) + bZz2
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where th e  s u b s c r ip t s  on a and b have been dropped f o r  conven ience. 

From (3 .5 0 )  and u s in g  (3 .4 2 )

1  {1 -  )H(jw)
T 2

Hence

1 + e " j ^ ( 2 b  -  a2) +  b^e (3 .51)

C2 +  (3 .52 )

e ( jw ) = an g le  of H(jw)

= a rc tan (B /A ) + a r c ta n  (D/C) (3 .53 )

where

A = 1 -  a^ (cosw t^ + cosw t2 ) + b^ coswT
T

B = a^  (s in w t^  + s in w t2) -  b ^sin w r 
~

C = 1 + (2b^ - a | )  coswT + b^cos2wT 

D = (2b^ -  a^) sinwT + b^sin2wT 

A second o rd e r  f i l t e r  w ith  fo u r in te r s a m p le s  would have th e  

fo llo w in g  o v e r a l l  p u ls e  t r a n s f e r  fu n c tio n  seq u en ce s :

1 -  aZ^^ + (a2-b)Z~^ + (2ab-a3)Z ^^ + ( a 2b -b 2)Z^^-ab^Z^^ 

+  b ^ Z " ^ / ( l  -  Z 4^(4a2b-2b2-a^) + b'^Z^®) (3 .54 )

Hence

where

H(jw) = 1 {4 -  aA + (a^-b)B  + (2ab-a3)C  + (a^b-b^)D  
T

-  ab^E +  b^F/ (1 + G e"^ '^  + b^e” ^ ^ ) }  (3 .55 )

D = e - i '^

E = e -jw (t^ + T ) + g -jw (t2 + I)  + e - j ' ' ( t 3+T) +  g - jw ( t4+T)

F = g-jwCCg+t^+T) ^  g - jw ( t2+tgT ) ^  +C^+I)

+  e - jw ( t4+ ti+ T )

G = (4a^b -  2b3 -  a^)
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and A,B and C a re  a s  d e f in e d  in  e q u a tio n  (3 .4 9 )  I t  sh o u ld  be  no ted  

th a t  when u s in g  e q u a tio n  (3 .4 2 ) ,  whenever v>  n th e n  ty = ty _ ^ .

The freq u en cy  c h a r a c t e r i s t i c  p lo t s  f o r  f i r s t  o rd e r  d i g i t a l  

f i l t e r  w ith  nonuniform  sam pling  i s  e x h ib ite d  i n  F ig u re  3 .1 0 . These 

p lo ts  a r e  o b ta in e d  by u s in g  e q u a tio n  (3 .4 4 ) f o r  th e  ca se  o f two 

in te rsa m p le s  p e r  p e r io d  and e q u a tio n (3 .4 9 )  f o r  th e  c a se  o f  fo u r  

in te rsa m p le s  p e r  p e r io d .  A lso  f o r  com parison, th e  freq u en cy  re sp o n se , 

of f i r s t  o rd e r  f i l t e r  w ith  un ifo rm  sam pling i s  in c lu d e d . For th e  

f i l t e r  w ith  nonuniform  sam p le s , th e  two in te r s a m p le s  a r e  in  th e  r a t i o  

of 3 :7 , and th e  fo u r in te r s a m p le s  a re  in  th e  r a t i o s  o f  2 :1 :4 :3 .

For th e  u n ifo rm ly  sam pled f i l t e r ,  th e  n o rm alized  sam p ling  freq u en cy  

f s / f  = 0 .5  and th e  f i l t e r  p a ra m e te r  a = 0 .8 .

From F ig u re  3 .1 0 , i t  can be observed  t h a t  nonun ifo rm ly  sampled 

f i l t e r  tend  to  have a  h ig h e r  g a in  than  th e  u n ifo rm ly  sam pled f i l t e r  

of com parable e ig e n v a lu e . For exam ple, th e  freq u en cy  re sp o n se  m agnitude 

in  th e  passband  f o r  u n ifo rm ly  sam pled f i l t e r  i s  ab o u t 7 .3  db . For 

two in te rsa m p le d  f i l t e r ,  i t  i s  ab o u t 11.7 db and fo r  th e  fo u r in te rsa m p le d  

i t  i s  about 12 .6  db , u s in g  F ig u re  3 .1 0 . T h is  i s  ex p ec ted  s in c e  nonuniform  

sam pling tend  to  in t ro d u c e  tra n s m is s io n  z e ro s  in to  th e  p u ls e  t r a n s f e r  

fu n c tio n  seq u en ces. A lso from  F ig u re  3 .1 0 , i t  can  be o bserved  th a t  

th e  c r i t i c a l  f re q u e n c ie s  a r e  th e  same fo r  th e  same f i l t e r  e ig e n v a lu e s .

The phase c h a r a c t e r i s t i c s  fo r  th e  f i r s t  o rd e r  f i l t e r  i s  shown 

in  F ig u re  3 .1 1 . The. p lo t  shows th a t  th e  p h ase  c h a r a c t e r i s t i c s  a re  

n o n lin e a r  f o r  b o th  u n ifo rm ly  and nonuniform ly  sam pled f i l t e r  hav ing  

th e  same e ig e n v a lu e s .

In  F ig u re  3 .1 2  and F ig u re  3.13 a re  shown r e s p e c t iv e l y ,  th e  

freq u en cy  and th e  phase  c h a r a c t e r i s t i c s  f o r  a  second o rd e r  f i l t e r .

These p lo t s  a r e  o b ta in e d  from  e q u a tio n s  (3 .5 2 )  and (3 .5 3 )  f o r  th e
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two in te rs a m p le d  f i l t e r  and from  e q u a tio n  (3 .5 5 )  f o r  the  fo u r 

in te rs a m p le d  f i l t e r .  A lso  shown, f o r  com parison , i s  the  frequency  

re sp o n se  f o r  u n ifo rm ly  sam pled f i l t e r  w ith  th e  f i l t e r  param eter a  =

- 1 .8  and b = 0 .937  a t  a  no rm alized  sam pling  freq u en cy  f s / f  = 0 .9 .

For th e  nonun ifo rm ly  sampled c a s e ,  th e  two in te rs a m p lin g  i n t e r v a l s  

a r e  in  th e  r a t i o  o f  3 :7  and th e  fo u r  in te r s a m p lin g  in te r v a l s  a r e  in  

th e  r a t i o s  2 :1 :3 :4 .

From F ig u re  3 .1 2 , i t  can be o b served  th a t  th e  g a in  a t  th e  

p assband  f o r  u n ifo rm ly  sam pled i s  13 .7  db , f o r  nonuniform ly sam pled 

w ith  two in te r s a m p le s  p e r  p e r io d , th e  g a in  i s  23 .2  db and f o r  fo u r  

in te r s a m p lin g ,  th e  g a in  i s  abou t 24 .1  db. The same o b se rv a tio n  n o te d  

e a r l i e r  h o ld s .  A lso from  F ig u re  3 .1 2 , i t  can  be  observed  th a t  a  second 

o rd e r  n onun ifo rm ly  sam pled f i l t e r  e x h ib i t s  some r ip p le s  i n  th e  s to p b an d .

The phase  c h a r a c t e r i s t i c  o f F ig u re  3 .13  p o in t s  to  th e  f a c t  th a t  th e  

p h ase  c h a r a c t e r i s t i c s  f o r  th e  fo u r  in te rs a m p le d  f i l t e r  e x h ib i t  more 

n o n l in e a r  c h a r a c t e r i s t i c s  th an  th e  two in te rs a m p le d  f i l t e r  w ith  approx im ate  

e ig e n v a lu e s .  However, r e c u r s iv e  d i g i t i a l  f i l t e r s ,  in  g e n e r a l , e x h ib i t  

some n o n lin e a r  phase c h a r a c t e r i s t i c s  [1 3 ] . T h is  i s  a lso  ev idenced  

in  F ig u re  3 .11  and F ig u re  3 .13  o f  t h i s  work f o r  nonuniform ly sampled 

f i l t e r s .

The p u rpose  of t h i s  s e c t io n  h as  been  to  d em onstra te  th e  

a p p l i c a t io n  o f  th e  decom position  method to  d e te rm in in g  th e  frequency  

c h a r a c t e r i s i t c s  o f  r e c u r s iv e  d i g i t a l  f i l t e r  sam pled nonuniform ly .

T h is  new approach  has been  a p p lie d  to  f i r s t  and second o rd e r  r e c u r s iv e  

f i l t e r s .  From th e  g ra p h ic a l  d is p la y s  o f  freq u en cy  resp o n se  f u n c t io n ,  

i t  i s  o b serv ed  th a t  a t  c r i t i c a l  f r e q u e n c ie s ,  th e  g a in  of nonunifoirm ly 

sam pled f i l t e r  tend  to  b e  h ig h e r  th a n  t h a t  o f  u n ifo rm ly  sam pled f i l t e r
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Second order digital filter frequency respone
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Second order digital filter phase characteristics,
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o f  ap p ro x im ate  e ig e n v a lu e s  due to  t r a n s m is s io n  z e ro s  in tro d u c e d  in to

th e  t r a n s f e r  fu n c t io n  seq u en ces. I t  i s  a ls o  ob serv ed  t h a t  nonuniform

sam pling  does n o t im prove th e  phase c h a r a c t e r i s t i c s  o f r e c u r s iv e  d i g i t a l

f i l t e r s  w h ich , in  g e n e ra l ,  tend  to  be  n o n lin e a r .

The freq u en cy  re sp o n se  c h a r a c t e r i s t i c s  a s  d e r iv e d  in  t h i s

s e c t io n  i s  im p o rta n t in  t h a t  i t  e n a b le s  one to  m atch a  f i l t e r  re sp o n se
a

c h a r a c t e r i s t i c s  to  a  d e s ig n  f i l t e r  re sp o n se .



Chapter 4

APPLICATION OF DECOMPOSITION TECHNIQUE.

4 .0  In t ro d u c t io n

In  t h i s  c h a p te r ,  th e  d ecom position  app ro ach  i s  employed in  

th e  a n a l y s i s  o f  moving t a r g e t  in d i c a to r  (MTI) d i g i t a l  f i l t e r s  in  

r a d a r  sy s te m s . The c h a r a c t e r i s t i c s  o f  such f i l t e r s  when nonuniform  

sam pling  i s  used  a r e  r e -d e r iv e d  and compared w ith  th e  r e s u l t s  o f  

e a r l i e r  in v e s t i g a t o r s .  In  e x te n s io n , th e  d eco m p o sitio n  approach  w i l l  

be a p p l ie d  to  th e  a n a ly s i s  o f r e c u r s iv e  moving t a r g e t  in d ic a to r  f i l t e r s .  

The e f f e c t  o f  nonuniform  sam ples i n  moving t a r g e t  in d i c a to r  f i l t e r s  

w i l l  th e n  be  shown. Thus f a r ,  th e  e f f e c t  o f  nonun ifo rm  sam ples in  

r e c u r s iv e  moving t a r g e t  in d ic a to r  f i l t e r s  h as  b een  l im i te d  to  d i r e c t  

s im u la t io n  o f  th e s e  f i l t e r s .

Second ly , m u l t ip le  s h i f t  seq u en ces  in  d i g i t a l  f i l t e r s  i s  

c o n s id e re d . I t  w i l l  b e  shown th a t  m u l t ip le  s h i f t i n g  in  d i g i t a l  

f i l t e r s  can  be re g a rd e d  a s  a s p e c ia l  c a se  o f  nonun ifo rm  sam pling .

F i l t e r s  w ith  m u l t ip le  s h i f t  sequences have been  shown to  be p a r t i c u l a r ly  

s u i t a b l e  f o r  th e  r e a l i z a t i o n  o f v a r i a b le  f i l t e r s .

T h ird ly  in  t h i s  c h a p te r ,  sy stem  w ith  in h e re n t  nonuniform  samples 

w i l l  be in v e s t ig a t e d .  I t  w i l l  be shown t h a t  d i s t o r t i o n  r e s u l t s  when 

nonuniform  sam ples a re  p ro cessed  a s  un ifo rm  sam p les .

4 .1  Moving T a rg e t I n d ic a to r  (MTI) d i g i t a l  f i l t e r  i n  R adar System s.

Moving t a r g e t  in d ic a to r  f i l t e r s  [3 9 ,4 1 ] a r e  u sed  in  r a d a r  

system s to  r e j e c t  s ig n a l s  from f ix e d  unwanted t a r g e t s ,  such  as b u i ld in g s ,

85
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t r e e s ,  and h i l l s ,  and to  r e t a i n  f o r  d e te c t io n  o r d is p la y  th e  s ig n a l s  

from moving ta r g e t s  such  as a i r c r a f t s .  Echo s ig n a ls  from f ix e d  t a r g e t s  

a r e  n o rm ally  n o t s h i f t e d  in  fre q u e n c y , b u t th e  echo from a moving 

t a r g e t  i s  in v a r ia b ly  s h i f t e d  in  freq u en cy . Hence, in  MTI r a d a r s ,  th e  

d o p p le r  s h i f t  i n  freq u en cy  i s  u sed  to  d is c e rn  moving ta r g e ts  even when 

th e  echo s ig n a l  from  f ix e d  t a r g e t s  i s  o rd e rs  o f  m agnitude g r e a t e r .

Z verev [39] has shown th e  ad v an tag es  o f d i g i t a l  MTI f i l t e r s  o v e r t h e i r  

a n a lo g  c o u n te rp a r ts .

The freq u en cy  re sp o n se  c h a r a c t e r i s t i c  of MTI d i g i t a l  f i l t e r s  

i s  g iv en  in  [4 0 ,4 1 ] and shown in  F ig u re  4 .1 a .  This frequency  c h a r a c t e r i s t i c  

in d ic a te s  t h a t ,  f o r  un ifo rm  sam p les , th e  re sp o n se  o f  a  MTI f i l t e r s  

i s  ze ro  whenever

f  = ”  = where n =0 , 1 , 2 .

and f s  i s  th e  sam pling  freq u en cy . Thus th e  u n ifo rm ly  sam pled MTI 

f i l t e r  n o t o n ly  e l im in a te s  th e  d . c .  component caused by c l u t t e r  t a r g e t s ,  

b u t u n fo r tu n a te ly  i t  a ls o  r e j e c t s  any moving t a r g e t  whose d o p p le r 

freq u en cy  happens to  be  f  = ^ o r  m u l t ip le s  th e r e o f .

Those r e l a t i v e  ta r g e t  v e l o c i t i e s  w hich  r e s u l t  in  zero  MTI 

f i l t e r  re sp o n se  a r e  c a l le d  b lin d  v e l o c i t i e s  [3 9 ,4 0 ,4 1 ] . The p re se n c e  

o f th e s e  b l in d  v e l o c i t i e s  w ith in  th e  d o p p le r frequency  band red u ce s  

th e  d e te c t io n  c a p a b i l i t i e s  o f th e  r a d a r  sy stem .

One s o lu t io n  to  th e  problem  caused by th e  un ifo rm  sam pling  i s  

to  nonun ifo rm ly  sam ple th e  incom ing b ip o la r  v id e o  s ig n a l  from th e  

t a r g e t s  and th en  to  r e p e a t  t h i s  nonunifo rm  sam pling  p a t te r n .  The 

n e t  r e s u l t  o f such  a  sam pling  scheme can  b e  c o n s tru e d  as a s u p e r p o s i t io n  

o f  a  s e t  o f  u n ifo rm ly  sam pled r a d a r  p u ls e  b u r s t s ,  each s e t  o f  b u r s ts  

h av in g  a  d i f f e r e n t  sam pling  fre q u e n c y . Roy and Lowenschuss [4 0 ] , and
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F ig u re  4 .1  

Frequency respone o f  a MTI f i l t e r .

(a) U niform ly sam pled MTI f i l t e r - r e s p o n s e .

(b) D esired  frequency  re sp o n se .
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McAulay [42] have shown th a t  th e  u s a b le  freq u en cy  range o f  a  n o n re c u rs iv e  

MTI f i l t e r  can be extended so th a t  th e  freq u en cy  c h a r a c t e r i s t i c  w i l l  

id e a l ly  approach  th a t  o f  F ig u re  4 .1b  by  o p e ra t in g  th e  f i l t e r  w ith  

nonuniform  sam ple p e r io d s . P r in s e n  [4 4 ] ,  u s in g  com puter s e a rc h  

te c h n iq u e s  in  th e  tim e domain, c o n s id e re d  th e  e l im in a t io n  o f th e  b l in d  

v e l o c i t i e s  o f n o n re c u rs iv e  MTI r a d a r  f i l t e r  by o p tim a l c h o ic e  o f  th e  

nonuniform  sam pling  p e r io d  and th e  o p tim a l ch o ice  o f  th e  w e ig h tin g  o f  

th e  f i l t e r  c o e f f i c i e n t s .  Haykin and B o u lte r  [43] have c o n s id e re d  

th e  re sp o n se  o f a  r e c u r s iv e  d i g i t a l  MTI f i l t e r  and a r r iv e d  a t  th e  

c o n c lu s io n , by d i r e c t  s im u la tio n  o f  th e  f i l t e r ,  t h a t  b o th  th e  w id th  

o f  th e  t r a n s i t i o n  from th e  passband  to  th e  s topband  and th e  passband 

r ip p l e  of th e  f i l t e r  can be s u b s t a n t i a l l y  reduced  by nonuniform ly  . 

sam pling  th e  in p u t s ig n a l  and p ro p e r  c h o ic e  o f th e  feedback  m u l t ip l i e r  

c o e f f i c i e n t  o f  th e  f i l t e r .

The m ost common type  o f  MTI d i g i t a l  f i l t e r  i s  shown in  F ig u re  

4 .2 .  The t r a n s f e r  fu n c tio n  o f such  a f i l t e r  can  be g iven  as

H(Z) = 1 -  Z“ ^ (4 .1 )

Roy and Lowenschuss [40] and McAulay [42] in v e s t ig a te d  th e  

e f f e c t  of nonuniform  sam ples on MTI d i g i t a l  f i l t e r  whose t r a n s f e r  

fu n c tio n  i s  a s  shown in  ( 4 .1 ) .  S in ce  th e  o v e r a l l  pu rpose  o f  th e  

MTI f i l t e r  i s  to  d e te c t  th e  p re se n c e  o r  absence  o f  a  t a r g e t  a t  any 

p a r t i c u l a r  ra n g e , th e  t r a n s f e r  fu n c t io n  o f  a  nonun ifo rm ly  sam pled 

MTI d i g i t a l  f i l t e r  i s  g e n e ra lly  d e f in e d  [4 0 ,4 1 ,4 2 ] as th e  r a t i o  o f  

th e  m ean-squared  o u tp u t to  th e  m ean -square  s in u s o id a l  in p u t .  For 

x(tjjj) = s in (w t^ + 8) , where 8 i s  th e  p h ase  an g le  u n ifo rm ly  d i s t r i b u t e d  

betw een -  II and B, th en  th e  o u tp u t o f  su ch  a f i l t e r  i s  g iv en  by th e  

d i f f e r e n c e  betw een th e  p re s e n t  sam ple and  th e  p re v io u s  sam ple as
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X(n) Y(n)

F ig u re  4 .2  

N on recu rs iv e  MTI d i g i t a l  f i l t e r .
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d e fin e d  by ( 4 .1 ) .  Assuming th e  nonuniform  sam ples occur a t  p e r io d s  

T ^ ( i = l ,2 . ) ,  Roy and Lowenschuss [4 0 ] , u s in g  tr ig o n o m e tr ic  approach

showed t h a t  th e  Kth o u tp u t o f th e  f i l t e r  i s  g iv e n  as
K k -1

y„ = s i n [6 + w Z T .]  -  s in [0  + w Z T .] (4 .2 )
K i = l  1 i= l  1

The sq u ared  v a lu e  o f  (4 .2 )  i s  th e n  re d u c e d , a f t e r  much a lg e b ra ,  to

2 ,   1 _______ . Kyj  ̂ = 1 -  coswT^ - | c o s 2 [ 9  + w Z^ T^] -

I  K-1 K-1
? c o s 2 [  8+ w Z T ,] + co s[2 0  + 2w.Z T. + wT_] (4 .3 )
z i= l  1 1=1 1 K.

By summing a l l  o f  th e  o u tp u t p u ls e s  and av erag ing  over a l l  

th e  p u ls e s  and a l l  p o s s ib le  s t a r t i n g  p h ase  a n g le s ,  Roy and Lowenschuss 

[40] showed th a t  th e  mean sq u a re  o u tp u t u s in g  (4 .3 ) i s  g iv en  as

2 N
E[y ] = 1 -  ^  Z coswT. (4 .4 )

^  N i= l  ^

The te rm s a s s o c ia te d  w ith  29 in  (4 .3 )  a re  th e  envelopes from  w hich

th e  maximum d e v ia t io n  from th e  mean sq u a re  o u tp u t can  be c a lc u la te d .

S ince  th e  s in u s o id a l  in p u t h as  a  m ean-squared  v a lu e  of ^ , th e  unno rm alized

t r a n s f e r  f u n c t io n  of th e  MTI f i l t e r  w ith  nonuniform  sam ples i s  g iv e n

[40] as
9 N

| h (w) |  = 2 (1  -  I  coswTj^) (4 .5 )
N i= l

I t  w i l l  now be shown th a t  th e  r e s u l t  g iven  in  (4 .5 )  can 

a l t e r n a t i v e l y  be  o b ta in e d  by u s in g  th e  deco m p o sitio n  approach  developed  

in  C h ap te r 2.

In  g e n e r a l ,  th e  K th o u tp u t sequence  f o r  a f i l t e r  w ith  nonun ifo rm  

sam ples can  be  w r i t t e n ,  u s in g  e q u a tio n  (2 . 12) ,  as

(4-6)

w here k “  0 , 1 , 2 , . . .
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When th e  in p u t to  a n cn u n ifo n n ly  sampled f i l t e r  i s  s p e c i f i e d ,  

the  p e r io d ic  s t e a d y - s t a t e  o v e r a l l  o u tp u t sequence can  be determ ined  

from ( 4 .6 ) .  Thus f o r  x ( t )  = e^^*^ as th e  in p u t ,  th e  advanced Z- 

t r ansforms o f th e  in p u t  sequences a re

k = 1 , 2 , . . . , n - 1 .

The p e r io d ic  o u tp u t sequences can be o b ta in ed  by s u b s t i t u t i n g  (4 .7 )  

in to  (4 .6 )  to  y ie ld
n-1

Yjf(Z^) = Z X (Z*)H (Z^)
m=0 ^  “

= Z (4 .8 )
I  _ gjwTg-n

n
where T i s  th e  o v e r a l l  sam pling  i n t e r v a l  and t ^  r e p r e s e n t  th e  nonuniform

sam pling i n s t a n t s .  In v e r t in g  (4 .8 )  y ie ld s  th e  s t e a d y - s ta t e  o u tp u t

sequence. Thus

Y„(LT) = 1 ;  I  Z“ ej''*^“  K (zJ)Z ^^^ '^^dZ ^  (4 .9 )X ——r c. m=l “  k-m n n n

Assuming a l l  t r a n s i e n t s  have d ie d  o u t ,  (4 .9 ) can be e v a lu a te d  by 

summation o f th e  re s id u e s  a t  th e  p o le s  o f th e  in p u t fu n c tio n  e x p re s s io n . 

Thus

= (4 .1 0 a )

where

(4 .10b )

For a  MTI w ith  a  s in u s o id a l  in p u t x ( t )  = s in (w t + 0 ^ ) ,  th e  

envelope o f each  p e r io d ic  o u tp u t sequence can be  w r i t t e n ,  u s in g  (4 .10b)

as
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s in (w t + 8^ ) (4 .11 )

w here 8^ ,  k=0 , 1 , 2 , . . d e n o te s  th e  v a r io u s  s t a r t i n g  phase a n g le s .  

The mean sq u a re  v a lu e  o f a l l  th e  o u tp u t sequences o v e r one com plete 

c y c le  i s

I n  I  “ 2^ |y  ( e ^ ^ )  sin^Cw t + 8 )d (w t)
o j =0 ^

= I  |y » ( e ^ ^ )  1 /  s in ^ (w t + 0„ ) d (w t)
j =0  K Ï T  °

= (4 .1 2 )
j =0

The t r a n s f e r  fu n c t io n  of a  MTI d i g i t a l  f i l t e r  w ith  u n ifo rm  

sam ples i s  g iv e n , from  (4 .1 )  as 

H(Z) = 1 -  Z"^

Hence H(Z„) = 1 -  Z"1 (4 .1 3 )^ n

U sing th e  method p re se n te d  i n  Appendix A-4 which i s  a ls o  a p p l ic a b le  to  

n o n re c u rs iv e  t r a n s f e r  f u n c t io n ,  th e  t r a n s f e r  fu n c tio n  sequences can 

be  d e term ined  to  y ie ld

H .(Z “ ) 3 = »

-1 j = 1

0 j  = - 1 ,  —2 . . . - ( n - 2 ) , 2 , 3 , . . .

\ j Z - "  j  = - (n -1 )  (4 .1 4 )

The o u tp u t sequences can th en  be determ ined  from (4 .6 )  and 

(4 .1 4 ) as fo llo w s :

ÏO -  +  X i» _ i  +  X2H .2 + . . .+  V l « - ( n - l )

S im p lify in g  y ie ld s

X . -  XoH, + 0 +  0 + . . . +  X „ . i H . ( ^ . „  (4 .1 5 )
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S im ila r ly

Yi = XqHj + XiHg + 0 + 0  + - -  +  0 .

¥2  = 0 + XjH^ + X2H0 + 0  + 0  + - -  + 0 ,

T t I

\ - l  = 0 +  0 + -  -  + X^_2E i +  (4 .1 6 )

In  (4 .1 5 )  and  (4 .1 6 ) ,  th e  s u f f ix  (Z°) h a s  been  o m itte d  f o r  co n v en ien ce .

R ew ritin g  (4 .1 5 ) and (4 .1 6 ) i n  th e  tim e  domain and n o rm a liz in g  

th e  in p u t to  one y ie ld :

y ^ ( e : '^ )  = 1 -  e ' ^ '^

= 1 -  e ^ ^ ^ V l  -T)

= 1 -  e jw (T n -l -Tn) (4 .1 7 )

To s im p l ify  c a l c u la t io n s ,  e q u a tio n s  (2 .2 )  and (2 .3 )  a r e  used  i n  r e w r i t in g  

(4 .1 7 ) to  y ie ld

y o (e^"^ ) = - ( e - i * t n  (4 .1 8 )

S im ila r ly

.  -1 +  = ( e ^ " l  - 1)

= _ i ) e j " ? l

.  (e2 « 2  - i ) e J » T l
f Ï I

1 f t

y j ,_ l( e J '^ )  = e ^ ^ n -1 -  e^wTn-2

= ” ? n -2 )

= ( e j * t n - l  _ i ) e J '^ n - 2  (4 .1 9 )

w here t ^ , j = l , 2 . . .  a re  th e  a c tu a l  nonuniform  sam pling  I n s t a n t s .

S in ce  th e  o u tp u t sequences y^(Z ^) do n o t e x i s t  s im u lta n e o u s ly , 

th e n  th e  t o t a l  mean sq u a re  v a lu e  o f  th e  o u tp u t i s  th e  mean o f  a l l  

i n  (4 .1 8 )  and (4 .1 9 ) .
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U sing (4 .1 2 ) a lo n g  w ith  (4 .1 8 ) and ( 4 .1 9 ) ,  th e  mean sq u a re  

v a lu e  o f th e  o u tp u t seq u en ce  (MSVO) w i l l  be g iv e n  as :

1 |y _ ( e j" T ) | 2 = i  { |y ,( e 3 " T ) | ^ + |y , ( e l " ^ ) |  ^ .
2 k=0 . „

+  > I  ̂ >

k=0

2

k=0

= ^ 1 (cosw tj,- 1 ) +  js in w tjr )  |
^ k=0

1 u-1 i  2
= 2 Z ((2 -  2cosw t^)2 ) 

k=0

n-1
MSVO = Z ( 1 -  cosw tj,) (4 .2 0 )

k=0

E q u a tio n  (4 .2 0 ) a p p l ie s  to  a l l  r a d a r  s ig n a l  b u r s t s  to  th e  

MTI f i l t e r .
1

S in ce  th e  mean sq u a red  of th e  s in u s o id a l  in p u t i s  th e n  th e  

unnorm alized  t r a n s f e r  f u n c t io n  to  MTI d i g i t a l  f i l t e r  w ith  nonunifo rm  

sam ples i s

jH (e j* T ) |2  = 2(^1^ (1 -  cosw tg)) (4 .2 1 )
k=0

The r e s u l t  shown in  e q u a tio n  (4 .21 ) a g re e s  w ith  t h a t  o b ta in e d  

by Roy and Lowenschuss [40] u s in g  a  d i f f e r e n t  app roach .

A com puter p lo t  o f  (4 .2 1 ) fo r  th re e  in te rs a m p le s  p e r  sam pling  

p e r io d  in  th e  r a t i o s  1 :2 :3  i s  shown in  F ig u re  4 .3  a lo n g  w ith  a  p l o t  

fo r  MTI f i l t e r  u n ifo rm ly  sam pled a t  f / f s  = 3 . Both f i l t e r s  have th e  

same o v e r a l l  sam pling  f re q u e n c y . From F ig u re  4 .3 ,  i t  i s  o b se rv ed  th a t  

a t  th o se  f re q u e n c ie s  f o r  w hich th e  response o f  u n ifo rm ly  sam pled MTI 

i s  z e ro , th e  re sp o n se  o f  th e  nonuniform ly sam pled MTI i s  n o t .  Thus
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th e  u s a b le  frequency  ran g e  o f  th e  f i l t e r  has b een  ex ten d ed . This 

ag ree s  w ith  e a r l i e r  o b s e rv a tio n s  by McAulay [42] and o th e rs  [4 0 ,4 1 ,

4 3 ,4 4 ] .

F ig u re  4 .4  shows th e  p lo t  o f un ifo rm ly  sam pled MTI f i l t e r  w ith  

sam pling  p e r io d  Tg/T = 3 a lo n g  w ith  a  p lo t  fo r  two in te rsa m p le s  p e r  

p e r io d  in  th e  r a t i o  o f 1:2  and th r e e  in te rs a m p le s  p e r  p e r io d  in  th e  

r a t i o s  o f  1 :2 :3 .  In  t h i s  f i g u r e ,  i t  i s  observed  th a t  fo r  th e  nonun ifo rm ly  

sam pled MTI, th e  number o f  r i p p l e s  i n  th e  passband co rresp o n d s to  

th e  number o f in te rs a m p le s  employed p e r  o v e r a l l  sam pling  p e r io d .

A lso in  th e  f i g u r e ,  th e  e f f e c t  o f s t a r t i n g  t r a n s i e n t  i s  n o t ic e a b le  

in  th e  t r a n s i t i o n  re g io n  o f th e  re sp o n se  curve f o r  th e  nonuniform ly  

sam pled MTI f i l t e r .  The t r a n s i e n t  e f f e c t s  can be  removed by ig n o rin g  

th e  re sp o n se  to  th e  f i r s t  few sam p les . The p l o t s  i n  F ig u re  4 .3  and 

F ig u re  4 .4  ag re e  w ith  th e  r e s u l t s  o f e a r l i e r  in v e s t ig a t o r s  [4 0 ,4 1 ,

42 , 4 4 ].

4 .2  R ecu rs iv e  M il D ig i t a l  F i l t e r .

The r e c u r s iv e  moving t a r g e t  in d ic a to r  r a d a r  f i l t e r  i s  a s  shown 

in  F ig u re  4 .5 .  The t r a n s f e r  fu n c tio n  o f  such a  f i l t e r  can be shown 

as

H(Z) = 1 -  2~^ (4 .2 2 )
1 -  b Z 'l

The e f f e c t  o f  nonuniform  sam pling  in  r e c u r s iv e  MTI f i l t e r s  

h as  alw ays been c o n s id e re d  by d i r e c t  s im u la tio n  o f th e  f i l t e r  s in c e  

th e  m a n ip u la tio n  o f tr ig o n o m e tr ic  approach  becomes in t r a c ta b le  a t  

b e s t .  The decom position  approach  i s  now shown to  be  a p p lic a b le  to  

th e  a n a ly s i s  o f such  f i l t e r s .
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X{Z) Y (Z )

F ig u re  4 .5  

R e c u rs iv e  MTI d i g i t a l  f i l t e r
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L et th e  t r a n s f e r  fu n c tio n  sequences  b e  o b ta in e d  from  (4 .2 2 )

by u se  o f th e  te c h n iq u e s  o f  C hap ter 2. F or two in te rs a m p le s  p e r

sam p lin g  p e r io d ,  th e  s e t  o f t r a n s f e r  f u n c t io n  sequences can be shown 

to  be

~ ^2 (4 .2 3 a )

1 -  b^Z2^

Hq(Z^) = 1 -  bZgZ (4 .2 3 b )

1 -  b^Z2^

H, ( z h  = (b  -  1) (4 .2 3 c )
1 -  bZ z^f

U sing (4 .6 )  and th e  s e t  o f e q u a tio n s  in  ( 4 .2 3 ) ,  th e  o u tp u t 

sequences  a re

Y (Z^) = X (zJ)H  i z h  +  X (Z^)H ( z h  (4 .2 4 a )
o 2 0 2 0 2  1 2  -1  ^

Y i(Z^) = X ^(Z^)H ^(z2) +  X3̂ (Z^)H^(Z^) (4 .2 4 b )

N orm aliz ing  th e  in p u t  to  o n e , th e  s e t  o f  e q u a tio n s  in  (4 .2 4 ) becomes

Y^(Z^) = E^CZg) + e jw tiH _ ^(z2 ) (4 .2 5 a )

Y^CZ^) = H ^ (z |)  + eJW^i H ^(z^) (4 .2 5 b )

S u b s t i tu t in g  th e  s e t  o f  e q u a tio n s  o f  (4 .2 3 )  i n  (4 .2 5 ) y ie ld s

Y„(Z^) .  1  -  b Z ; :  +  (4 .2 6 a )

1 -  b^Zg^

Y ^(z2) = ejwCl (1 -  b z 2) + (b -  1 ) (4 .2 6 b )

1 -  b ^ z -z

The o u tp u t mean sq u a re  v a lu e  (QMV), u s in g  (4 .1 2 ) becomes 

OMV = h { \  35̂ (6^ '^ )  12 +  I 3 ^ (e i '^ ) |^ }

2
h Ù l  -  e - j ' ^  ( b - l ) |

+ I (b -1 )  +  e jw ^ i (1  _  b e " ^ '^ ) | 2 } /  

( | l  -
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= (b _ i)+ e jw ti_ b e - jw (T -C i) | 2}

: |1 -

= k {  I l - b e ~ ^ ^ + ( b - l ) e ~ ^ ” ^2 1 | ( b - l ) + e ^ ' ^ l - b e " ^ ' ^ 2 1 (4 .2 7 )

11 -  b V ^«"|2

I f  th e  mean sq u a red  v a lu e  o f  th e  s in u s o id a l  in p u t i s  n o rm a lize d  to

one , th e n  th e  t r a n s f e r  fu n c t io n  o f  a  r e c u r s iv e  MTI f i l t e r  w ith  two

in te rs a m p le s  p e r  sam pling p e r io d  i s  g iven  by e q u a tio n  ( 4 .2 7 ) .

F ig u re  4 .6  shows a  com puter p lo t  o f  e q u a tio n  (4 .2 7 ) w ith  
tn

in te r s a m p lin g  r a t i o  —  = 0 .5  and th e  f i l t e r  c o e f f i c i e n t  b = 0 .8 ,
^2

a lo n g  w ith  a  r e c u r s iv e  MTI f i l t e r s  hav ing  un ifo rm  sam ples sp aced  a t  

T = .12 se c o n d s .

Comparing F ig u re  4 .6  w ith  F ig u re  4 .4  fo r  n o n re c u rs iv e  MTI 

w ith  two in te rs a m p le s  in  th e  r a t i o  1 : 2 , i t  i s  observed  t h a t :

a )  th e  freq u en cy  re sp o n se  i s  sm oother in s id e  th e  p assband

b) th e  low freq u en cy  t r a n s i e n t  h a s  been red u ced  d r a s t i c a l l y  

w ith o u t hav in g  to  r e s o r t  to  ig n o r in g  th e  e f f e c t  o f  th e  

f i r s t  few sam p les , and

c) th e  w id th  o f th e  passband r ip p l e s  has been  d e c re a se d .

These o b s e rv a tio n s  p o in t  to  th e  f a c t  t h a t  th e  p ro p e r c h o ic e  o f  feedback  

c o e f f i c i e n t  i n  r e c u r s iv e  MTI f i l t e r  in  c o n ju n c tio n  w ith  nonuniform  

sam pling  o f  th e  in p u t b ip o la r  v id e o  s ig n a l  can r e s u l t  i n  s i g n i f i c a n t  

im provem ent i n  i t s  freq u en cy  re sp o n se  compared to  n o n re c u ré iv e  MTI 

f i l t e r ,  H aykin and B o u lte r  [43] a r r iv e d  a t  s im i la r  c o n c lu s io n  by d i r e c t  

s im u la tio n  o f  r e c u r s iv e  MTI d i g i t a l  f i l t e r  in  a  GDC 1700 d i g i t a l  com puter, 

A lso  in  F ig u re  4 .6 ,  i t  can  be observed  t h a t  th e  u s e f u l  f re q u e n c y  ran g e

i s  ex tended  b e fo re  a b l in d  speed  i s  en co u n te red  by n o n u n ifo rm ly  sam pling  

schem e.
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4 .3  M u lt ip le - S h if t  Sequences in  d i g i t a l  f i l t e r s .

In  c o n v e n tio n a l d i g i t a l  f i l t e r s ,  d a ta  i s  s h i f t e d  from r e g i s t e r  

to  r e g i s t e r  a t  a  r a t e  e q u a l to  th e  sam pling  freq u en cy . However, th e  

tim e betw een c o n se c u tiv e  sam ples can  be used  to  f u r th e r  p ro cess  th e  

s to re d  in fo rm a tio n  w ith o u t need f o r  a d d i t io n a l  memory. This p ro c e ss  

i s  in h e re n t in  m u l t i p l e - s h i f t  d i g i t a l  f i l t e r s .  I n  m u l t i - s h i f t  f i l t e r s ,  

th e  s h i f t i n g  o f  d a ta  i s  co n tin u ed  s e v e r a l  tim es d u r in g  each sam pling 

i n t e r v a l  a t  whch tim e s ig n a ls  s to re d  in  r e g i s t e r s  r e - c i r c u l a t e  in  th e  

i n t e r n a l  p a th s  o f  th e  f i l t e r .  A b lo c k  diagram  o f a  m u l t i - s h i f t  d i g i t a l  

f i l t e r  i s  shown in  F ig u re  4 .7 .

F j a l l b r a n t  [45] has d e r iv e d  th e  t r a n s f e r  fu n c tio n  sequences 

o f  th e  f i l t e r  a s  shown in  F ig u re  4 .7 ,  u s in g  d i f f e r e n c e  e q u a tio n s  and 

th e  Z -tra n s fo rm . A tiy a , B i l a l  and Abdou (4 6 ] ,  Wong and King [47] have 

g e n e ra liz e d  th e  approach o f  o b ta in in g  th e  t r a n s f e r  fu n c tio n  sequences 

o f such f i l t e r s  by th e  u se  o f s t a t e  space  te c h n iq u e s .  When s h i f t i n g  

o ccu rs  tw ic e  in  each sam pling  i n t e r v a l ,  th e n  th e  b lo c k  diagram  

r e p r e s e n ta t io n  i s  a s  shown in  F ig u re  4 .7 b . F j a l l b r a n t  [45] has shown 

th a t  fo r  two s h i f t s  p e r  sam pling  i n t e r v a l ,  th e  fo llo w in g  s e t  o f fo u r  

e u q a tio n s  can  b e  w r i t t e n ;

Y(Z”^) = V(Z"^) -  aY ^(z"^ )z"^  -  bY ^(z“ ^ )z "^

Y gC z'l) -  Y^(Z"1 )Z"1

Y ^(z‘ ^)Z-*5 .  - a Y ^ (z -^ )z '^  -  b Y i(Z - l)Z -3 /2  

Y2 (Z "^)z"^  -  Y^(Z"^)Z“  (4 .2 8 )
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Y ( n )X ( n )

/  V. (n+i)

V.(n)k - i

(a)

V (Z )

(b)

-0

- b

F ig u re  4 .7  

M u l t i p l e - s h i f t  d i g i t a l  f i l t e r .

(a )  An n th  o rd e r  m u l t i p l e - s h i f t  f i l t e r  w ith  1 - s h i f t s  p e r  p e r io d .

(b) Second o rd e r  m u l t i - s h i f t  f i l t e r  w ith  two s h i f t s  p e r p e r io d

f o r  a  c o n v e n tio n a l f i l t e r  w ith  H(Z) = Z /CZ + aZ + b . )
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S o lv in g  th e  s e t  o f  e q u a t io n  in  (4 .2 8 )  f o r  th e  r a t i o s  YjCZ ^ ) /

V(Z and YgCZ ^)Z V(Z F j a l l b r a n t  show s, a f t e r  much a lg e b ra ,

th a t  th e  a p p l ic a b le  t r a n s f e r  f u n c t io n  seq u en ces  can  be w r i t t e n  a s

H^(Z) = = Z + b_______________  (4 .2 9 )

V(Z"^) + Z (2 b -a^ ) +  b^

H^(2 ) .  . _________ za_______________ (4 .3 0 )
V(Z ^) + Z (2b-a^) +  b^

E q u a tio n s  (4 .2 9 ) and (4 .3 0 )  h o ld  \dien th e  f i l t e r  c o e f f i c i e n t s  

do n o t v a ry  w ith  each  s h i f t  seq u en ce . When th e  f i l t e r  c o e f f i c i e n t  

v a ry  w ith  each  s h i f t  seq u en ce , i t  can  be shown [45 ] th a t  th e  a p p l ic a b le  

t r a n s f e r  f u n c t io n  sequences can b e  w r i t t e n  a s

Z +  b -
H (Z) = - r ----------------- 2---------------------  (4 .3 1 )

Z^ + Z(b^+b2+a^32^ +  b^bg

H (Z) = ^ ^ --------------------------  (4 .3 2 )
Z^ + Z(b^+b2 + a ^ a2> + b^b2

Here a ^  and b^ d en o te  th e  v a lu e s  o f th e  f i l t e r  c o e f f i c i e n t s  

d u rin g  th e  f i r s t  sequence w h ile  a 2 and b 2 d en o te  th e  v a lu e s  of th e  

f i l t e r  c o e f f i c i e n t s  d u rin g  th e  second s h i f t ,  assum ing t h a t  s h i f t i n g  

i s  perform ed tw ic e  d u rin g  each  sam pling  i n t e r v a l .

I t  w i l l  now be shown t h a t  th e  d eco m p o sitio n  approach  can  be 

s u c c e s s f u l ly  used  in  id e n t i f y in g  th e  t r a n s f e r  fu n c t io n  sequences in  

a  m u l t i - s h i f t  d i g i t a l  f i l t e r .  M u l t i p l e - s h i f t i n g  in  d i g i t a l  f i l t e r s  

can  be  co n s id e re d  as  a  s p e c ia l  c a s e  o f  nonun ifo rm  sam pling .

In  a n onun ifo rm ly  sam pled f i l t e r ,  th e  o u tp u t sequences a r e  

o b ta in a b le  from  e q u a tio n  ( 4 .6 ) .  Assuming two s h i f t s  p e r  sam pling ' 

p e r io d  which co rresp o n d  to  two In te r s a m p le s  p e r  p e r io d ,  e q u a tio n  (4 .6 )  

y ie ld s
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Y„(Z^) .  (Z ;)  +  X j(z2 )h_j^(z2 ) and

YlCZj) = X^(Z^)Hj (Z2) + X^(Z^)H^(Zj) (4.33)

But in  m u l t i - s h i f t  d i g i t a l  f i l t e r ,  t h e r e  a r e  no in p u ts  d u rin g
2

th e  second  and su b seq u en t s h i f t i n g  o f  d a ta .  T h is  means t h a t  X^CZg) = 0 . 

Thus f o r  th e  ca se  when f i l t e r  c o e f f i c i e n t s  do n o t v a ry  w ith  each  s h i f t i n g  

o p e r a t io n ,  e q u a tio n  (4 .3 3 ) red u ce s  to

Yj^CZj) = X ^(2^)E j(Z ^) (4 .3 4 )

The d e s i r e d  t r a n s f e r  fu n c t io n  sequences a r e  o b ta in a b le  from  (4 .3 4 ) as

Y^(Z) n

= iT TzT  = z 'B o C )  (4 -35)

Y i(Z)
H2 (Z) = = Z ^ ( Z )  (4 .3 6 )

2
In  e q u a t io n s  (4 .3 5 ) and (4 .3 6 ) ,  Z r e p la c e s  Z^ in  (4 .3 4 ) and th e  o p e ra to r

Z lo c a te s  th e  o u tp u t sequences c o r r e c t ly  in  th e  o v e r a l l  tim e sequence .

2 2F or two in te r s a m p le s  p e r  p e r io d ,  snd H^CZg) a re  o b ta in a b le

from  T ab le  2 .2  a s

-  r . z - ^ z w ^ ) . E V

S u b s t i tu t in g  th e  above in  e q u a tio n s  (4 .3 5 ) and  (4 .3 6 ) a f t e r  r e p la c in g  
2

Z^ by Z, one o b ta in s  a f t e r  s im p l i f i c a t io n

H,(Z) -------- (4.39)
^ Z'  ̂ + Z (2b-a^) +  b
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H ,( Z ) = - = -------  =--------  (4 .4 0 )
Z + Z ( 2 b - a ) + b

E q u a tio n s  (4 .3 9 ) and (4 .4 0 )  a re  seen  to  b e  th e  same as  e q u a tio n s

(4 .2 9 ) and (4 .3 0 ) r e s p e c t iv e ly .  E quations (4 .2 9 )  and (4 .3 0 )  a r e  o b ta in e d

by F j a l l b r a n t ,  u s in g  f i n i t e  d if f e r e n c e  e q u a tio n  ap p ro ach .

When th e  f i l t e r  c o e f f i c i e n t s  a re  a llow ed  to  change w ith  each

s h i f t  seq u en ce , th e n  e q u a tio n s  (4 .37) and (4 .3 8 ) r e s p e c t iv e ly  become

1 + Z^ (b ^+ b ^-a^ap  + b^b2Z2

E^CZg) = _________ 1^2____________________

1 + Z"^(b^+b2-a^ a2) + b^b2Z2^

2
S u b s t i tu t in g  th e s e  e q u a tio n s  i n  (4 .35) and (4 .3 6 ) a f t e r  r e p la c in g  Z2 

by Z, th e  p u ls e  t r a n s f e r  fu n c t io n s  become

Z +  b ,
H. (Z) = ------------------- -----------------------2 (4 .4 1 )

+ Z(b^+b2 -a^a2 ) +  b jb 2Z

H .(Z ) = ------------ ------------------------------ Y  (4 .4 2 )
+ Z(b^+b2-a^a2 ) +  b^b2Z

E q u a tio n s  (4 .4 1 ) and (4 .4 2 ) a r e  r e s p e c t iv e ly  th e  same a s  (4 .3 1 )  and 

(4 .3 2 ) o b ta in e d  by a n o th e r  approach .

When th e  number o f  s h i f t i n g s  p e r  p e rio d  i s  l a r g e ,  th a t  i s  

f o r  N l a r g e ,  th e  d i f f e r e n c e  eq u a tio n  method becomes c o m p lic a te d . To 

o b ta in  a  g e n e ra liz e d  s o lu t io n ,  s t a t e  space te c h n iq u e s  a s  d is c u s s e d  

in  C h ap te r two o f  t h i s  d i s s e r t a t i o n  can be u se d .

Thus e q u a tio n  (2 .6 0 )  i s

X(nT + T^)= A^X(nT) + BU(nT) (4 .4 3 )

S in ce  no s ig n a l s  e n te r  th e  f i l t e r  du ring  th e  second and su b seq u en t 

s h i f t i n g s ,  e q u a tio n s  (2 .6 1 ) and (2 .62 ) a r e  r e s p e c t iv e ly  r e w r i t t e n  a s
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X(nT +  + T^) = Ag. X (nT + T^) (4 .4 4 )

X(nT +  + T3) = X (nT + +  I ^ )  (4 .4 5 )

However, m u l t i - s h i f t  f i l t e r  can  b e  re g a rd e d  a s  a f i l t e r  sampled

Tnonun ifo rm ly  a t  tim es = Tg = = — w here N i s  th e  number o f  s h i f  t i n g s

p e r p e r io d .  Hence a l l  th e  t r a n s i t i o n  m a tr ic e s  a re  e q u a l. Thus A^ =

Ag = A^ = A. E q u a tio n s  (4 .4 4 ) and (4 .4 5 ) can  now be r e w r i t t e n  a s  

X(nT +  T^ + Tg) = A X (nT + T^) (4 .4 6 )

X(nT + T^ + Tg + Tg) = A X (nT +  Tj + T^) (4 .47 )

and in  g e n e ra l

X(nT + NT^) = A X (nT +  (N -l)T ^) (4 .4 8 )

S u b s t i tu t in g  (4 .4 3 ) in to  (4 .4 6 ) y ie ld s

X(nT + T^) = A[A X (nT) + BU(nT)]

= A^ X (nT) +  ABU(nT) (4 .49 )

S u b s t i tu t in g  (4 .4 9 )  in to  (4 .4 7 ) and so on y i e l d ,  in  g e n e ra l

X(nT + T) = A^ X (nT) +  A^"^BU (pT) (4 .5 0 )

T aking th e  Z - tra n s fo rm  o f  (4 .5 0 ) and s im p lify in g  y ie ld s

X(Z) = [ZI -  A ^]"^ A ^"S o (Z ) (4 .5 1 )

U sing th e  o u tp u t e q u a tio n  o f  (2 .5 9 ) y ie ld s

H(Z) •  C[ZI -  A ^]"^ A^"^B (4 .5 2 )

w here I  i s  th e  i d e n t i t y  m a tr ix .

E q u a tio n  (4 .5 2 ) a g re e s  w ith  th e  r e l a t i o n  o b ta in e d  by A tiy a ,

B i l a l  and Abdon [4 6 ] , Wong and King [47] f o r  th e  m u l t i - s h i f t  d i g i t a l  

f i l t e r s .  Thus, th e  d eco m p o sitio n  approach  h as  been shown to  be a  

v ia b le  a l t e r n a t i v e  to  th e  a n a ly s i s  o f  m u l t i p l e - s h i f t  f i l t e r s .
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4 .4  S ig n a l - to - d l s to r t i o n  r a t i o  f o r  system  w ith  In h e re n t nonuniform  sa m p le s .

The deco m p o sitio n  o f  nonunifo rm  sam pling  in to  a  s u p e rp o s it io n  

o f  un ifo rm  sam pling i s  p a r t i c u l a r l y  u s e f u l  when th e  spectrum  o f 

nonun ifo rm ly  sam pled s ig n a l  i s  b e in g  so u g h t. C o n s id e r, th en  a  s ig n a l  

X (t)  b a n d lim ite d  to  1/2T H ertz  w hich has a  F o u r ie r  tra n s fo rm  X(w).

I f  t h i s  s ig n a l  i s  n onun ifo rm ly  im p u lse  sam pled , th e n  th e  sam pled s ig n a l  

can  be w r i t t e n  [10 ] as

X *(t) = E ^ (t-(b^+ nK )T ) (4 .5 3 )

w here X * (t) i s  th e  sam pled v a lu e s  f o r  th e  g iv en  c o n d itio n  such  th a t

0 < b- < b_ < . . . b ^  < K.
-  1  2 K

The s ig n a l  th u s  sam pled a s  shown in  (4 .5 3 ) can be th o u g h t o f 

a s  a  s u p e rp o s i t io n  o f u n ifo rm ly  sam pled s ig n a l  a s  g iven  by

X *(t) = J ,

X ^(t) = X (t)  6 ( t- (b ^ + n k )T ) (4 .54 )

I f  th e  F o u r ie r  tra n s fo rm  o f  X * (t) i s  ta k e n  to  be X*(w) and 

X (w), th e  F o u rie r  tra n s fo rm  o f X ( t)  i s  b a n d lim ite d , th e n  th e  F o u r ie r  

tra n s fo rm  X*(w) o f X ^(t) can be fo u n d ^ . Assuming K i s  even , th e n

X*(w) = —  e x p ( - j2 rb  n ) X (w- 2 rn  ) (4 .55 )
i^  '  KT n=-K  KT

2

w here w i s  b a n d lim ite d  to  ( ^ r ^  m = -1 0  . . .

U sing (4 .5 5 ) ,  th en

^ 1 1  K/2 K /
X*(w) -  jIjXJCw ) -  i x  (w) +  l ï  X (w -2 irn ))(4 .5 6 )

n^O  ^

^See, fo r  exam ple. Freeman [1 0 ] , p .  78.
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The te rm  u n d er th e  summation s ig n  c a u se s  th e  occurrence o f  

a l i a s e s  o f X(w) and b ecau se  th e  sam pling  r a t e  i s  ^  tim es th e  N ygnist 

r a t e  th e s e  a l i a s e s  o v e r la p  in  f re q u e n c y , g iv in g  r i s e  to  d i s t o r t i o n .  

C o n seq u en tly , a  d i g i t a l  f i l t e r  o p e ra te d  w ith  nonuniform  sam ple p e r io d s  

w i l l  be  r e s t r i c t e d  to  th e  in p u t freq u en cy  ran g e  f o /n  where fo  i s  

th e  maximum freq u en cy  th a t  co u ld  be han d led  by th e  same f i l t e r  o p e ra t in g  

w ith  a un ifo rm  sam ple p e r io d  T /n  w here n i s  th e  number of in te rs a m p le s  

p e r  sam pling  i n t e r v a l .

T y p ica l sy stem  w here nonuniform  sam pling  o f  (4 .53) a r e  o f te n  

e n co u n te red  in c lu d e  th e  code fo rm at co n v e rs io n  sy stem  as d e s c r ib e d  by 

Goodman [4 8 ], and system s th a t  in c lu d e  th e  p u ls e  code m odulated ch an n e l 

b an k s. For exam ple , a v a i la b le  p u ls e  code m odulated  channel banks fo r  

te le p h o n e  com m unication sy stem s w hich has been  d es ig n ed  w ith  an 8-kHZ 

sam pling  r a t e  t h a t  can  accom odate abou t S.SkHZ bandw idth o f  v o ic e  

c h a n n e ls , may be needed f o r  th e  tr a n s m is s io n  o f  s ig n a l s  o f g r e a te r  

bandw idth  such a s  t e l e v i s i o n  a u d io , o r  s tu d io - t o - t r a n s m i t t e r  lin k su  

Such ch an n e ls  g e n e r a l ly  r e q u i r e  bandw id ths o f  from  5 to  15 kHZ a s  

shown by Flood and H oskins [4 9 ] . In  such  a  c a s e ,  th e  e x is t in g  ch an n e l 

would have to  be m o d ified  to  a llo w  th e  t r a n s m is s io n  o f  th e  s ig n a ls  o f 

g r e a t e r  bandw idth .

A 2 4 -ch an n e l bank i s  i l l u s t r a t e d  in  F ig u re  4 .8 a  [4 9 ] . Each 

ch an n e l o f th e  2 4 -ch an n e l bank has  8 b i t s  and th e  24 -channel bank i s  

fo llo w ed  by a  s in g le  fram ing  b i t  f o r  a t o t a l  o f  193 b i t s  i n  a  c e r t a in  

tim e fram e . In c r e a s in g  th e  sam pling  r a t e  by a  f a c t o r  of K, w here K 

d iv id e s  24 e v e n ly , can  be ach iev ed  by fe e d in g  th e  s ig n a l  i n  p a r a l l e l  

in to  K ch an n e ls  sy m m e tr ic a lly  lo c a te d  in  th e  fra m e . The c a s e  of K=2 

i s  i l l u s t r a t e d  in  F ig u re  4 .8 b .
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4  I 2  3
1 I--------1----1___ I___ L. _I 1 I I I I I I I I I L.

192 bits

(a)

24

o n e - f r a m i n g  b i t

/ /

V  ^ N  ^
9 6  b i t s * ^ 9 7  b i t s ^

(b)

F ig u re  4 .8  

A 2 4 -ch an n e l Bank.

(a) Frame form at f o r  192 b i t s  p lu s  1 b i t  and 8 b i t s  

p e r  c h a n n e l. Sampling r a t e  i s  8KHZ.

(b) Double sam pling  r a t e  (K=2) sam pling  r a t e  i s  

16KHZ.
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Because o f th e  e x t r a  fram ing b i t ,  th e  sam p lin g  i s  no lo n g e r  

uniform  s in c e  th e  two sam ples c o n ta in in g  th e  fram in g  b i t  a r e  s e p a ra te d  

by more tim e  frame th a n  o th e r  a d ja c e n t sam ples. I f  f o r  exam ple, th e  

193 b i t s  a r e  in  a 120y sec  fram e, th e n  th e  two sam p lin g  c o n ta in in g  

th e  fram ing  b i t  a re  s e p a ra te d  by 120/193 = 0.622u more th a n  th e  o th e r  

a d ja c e n t sam ples s in c e  KT = 120y s e c .  I f  th e  s i g n a l  i s  r e c o n s tru c te d  

as  i f  i t  w ere u n ifo rm ly  sam pled, th e n  some d i s t o r t i o n  r e s u l t s .

The d i s to r t i o n  r e s u l t i n g  from p a s s in g  th e  n onun ifo rm ly  sampled 

s ig n a l  th ro u g h  a  f i l t e r ,  a s  i f  i t  w ere u n ifo rm ly  sam pled  can  be 

co n s id e re d  in  g e n e ra l te rm s f o r  th e  c a se  when th e  d i s t o r t i o n  i s  

co n s id e re d  s m a ll .  The e r r o r  spectrum  r e s u l t i n g  when th e  s ig n a l  sampled 

a s  in  (4 .5 3 ) i s  a p p lie d  to  a  g iven  f i l t e r  can be w r i t t e n ,  u s in g  (4 .56 ) 

as

TX*(w) -  X(w) ={|- Z ^  exp(-j27Tb^n/K) X ( w - |^ ) }  (4 .5 7 )
n jS./ Z 1=1 rvi
nî̂ O

L et th e  s i g n a l - t o - d i s t o r t i o n  r a t i o  (S/D) be d e f in e d  as

S/D =   (4 .5 8 )

|^ / ^ ^ ^ ^ |t x * ( w ) - x ( w )|2 dw

I t  i s  shown in  Appendix B t h a t  fo r  any a r b i t r a r y  in p u t ,  e q u a tio n  (4 .58 ) 

y ie ld s  f o r  K = 2

S/D = —-----      (4 .5 9 )

Z Z e x p ( - j i r ( b j - b j ) )
j = l  j= l

E qu a tio n  (4 .5 9 ) i s  s e e n  to  be  a fu n c tio n  o f  th e  nonun ifo rm  sam pling  

i n s t a n t s  o n ly  b u t n o t  o f  th e  in p u t s ig n a l .  However, f o r  K > 2 b u t  

even , th e  s i g n a l - t o - d i s t o r t i o n  r a t i o ,  a s  can  be s e e n  from  e q u a tio n  

(4 . 57) ,  becomes a f u n c t io n  o f  bo th  th e  in p u t s ig n a l  and nonunifo rm
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sam pling  i n s t a n t s .  E v a lu a tio n  i s  th e n  dependent on th e  ty p e  o f  in p u t 

sequence .

E quation  (4 .5 9 ) i s  p lo t te d  in  F ig u re  4 .9  by f ix in g  and 

v a ry in g  b ^ , th e  o th e r  nonuniform  i n s t a n t .  From t h i s  p l o t ,  i t  i s  seen  

th a t  more d i s t o r t i o n  r e s u l t s  as th e  s e p a ra t io n  betw een b^ and b^  i s  

in c re a s e d  fo r  th e  system  nonuniform ly  sampled a s  in  e q u a tio n  (4 .5 3 ) .

T h is r e s u l t  i s  i n t u i t i v e l y  ex p ec ted .

4 .5  Summary

A p p lic a tio n s  have been  p re se n te d  o f  th e  nonuniform  sam pling 

decom position  te c h n iq u e  a s  deve lo p ed . F i r s t ,  th e  e f f e c t  o f  nonuniform  

s a n g le s  in  n o n re c u rs iv e  moving t a r g e t  in d ic a to r  f i l t e r s  i n  r a d a r  system s 

may be a p p r o p r ia te ly  in v e s t ig a te d  u s in g  th e  approach  p re s e n te d .  I t  

i s  shown th a t  th e  t r a n s f e r  fu n c tio n  o f  such f i l t e r s  can a l t e r n a t i v e l y

be d e r iv e d  by th e  te c h n iq u e s  of t h i s  work.

N ext, th e  decom position  approach  i s  ex tended  to  th e  a n a ly s i s

o f th e  r e c u r s iv e  MTI f i l t e r .  This work has p ro v id ed  an  a n a l y t i c a l

to o l  f o r  in v e s t ig a t io n  o f th e  e f f e c t  o f nonuniform  sam ples and th e  

feedback  c o e f f i c i e n t s  w hich has been p re v io u s ly  l im i te d  to  s im u la tio n . 

The p lo t  from an example u s in g  th e  d e r iv e d  r e s u l t  d em o n stra te s  th a t  

r e c u r s iv e  MTI f i l t e r  has s ig n i f i c a n t  freq u en cy  re sp o n se  improvement 

when compared to  th e  n o n re c u rs iv e  MTI f i l t e r .  Haykin and B o u lte r  

[43] a r r iv e d  a t  s im i la r  r e s u l t  by d i r e c t  s im u la tio n  o f  th e  f i l t e r .

S econd ly , d i g i t a l  f i l t e r s  w ith  m u l t i - s h i f t  sequences a r e  

c o n s id e re d . By u s in g  th e  r e s u l t s  from C hap ter 2 , i t  i s  shown th a t  

m u l t ip l e - s h i f t i n g  in  d i g i t a l  f i l t e r  may be  t r e a t e d  as a  s p e c ia l  c a se  

o f nonuniform  sam p lin g . The t r a n s f e r  fu n c t io n  sequences a r e  r e -d e r iv e d  

w ith  r e s u l t s  in  agreem ent w ith  o th e r  works [4 5 ,4 6 ,4 7 ] .  These t r a n s f e r
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R atio
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16.6

7 .6

3.1 —

.84 1.0.6851.340 .17

Normalized Interval Separation

F ig u re  4 .9  

S ig n a l - to - d i s to r t i o n  R a t io .
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fu n c tio n  sequences a r e  s u i t a b l e  fo r  th e  r e a l i z a t i o n  o f  v a r ia b le  d i g i t a l  

f i l t e r s  and f o r  th e  r e d u c t io n  o f  c o e f f i c i e n t  a c c u ra c y  requ irem en ts  

in  th e  second and h ig h e r  o rd e r  f i l t e r s  [4 5 ,4 7 ] ,

T h ird ly ,  F o u r ie r  tra n s fo rm  o f  a  s ig n a l  sam pled nonuniform ly 

i s  used in  th e  i n v e s t ig a t io n  o f  th e  d i s t o r t i o n  t h a t  a r i s e s  as a  r e s u l t  

o f  p ro c e s s in g  a  n o n u n ifo rm ly  sam pled s ig n a l  a s  i f  i t  w ere uniform ly 

sam pled. An exam ple o f  a  2 4 -ch an n e l bank [49] i s  u sed  in  showning 

th a t  f o r  two i n t e r  samp l e s  p e r  p e r io d ,  more d i s t o r t i o n  r e s u l t s  a s  th e  

s e p a ra t io n  betw een th e  nonuniform  sam ples i s  in c re a s e d  w ith in  th e  

system  c o n s id e re d . A lso  i t  i s  shown th a t  a  d i g i t a l  f i l t e r  opera ted  

w ith  nonuniform  sam ple p e r io d s  w i l l  be r e s t r i c t e d ,  to  av o id  a l i a s in g  

e f f e c t s ,  to  a much s m a l le r  freq u en cy  ran g e  when com pared to  th e  freq u en cy  

ran g e  in  th e  same f i l t e r  w ith  un ifo rm  sam p les .



Chapter 5

CONCLUSIONS

T his work has d e ta i la d  a new a n a l y t i c a l  approach  f o r  th e  

a n a ly s i s  of a  n o n u n ifo n n ly  sampled r e c u r s iv e  d i g i t a l  f i l t e r ,  based  

on 2- t r a n s fo rm s  a lo n g  w ith  the  tim e-dom ain  sw itc h  d eco m p o sitio n , th e  

F o u r ie r  tra n s fo rm  and su b se q u e n tly  th e  s t a t e - s p a c e  te c h n iq u e . F i r s t  

and second o rd e r  f i l t e r s  have b een  em phasized . C onsequently  th e  

t r a n s f e r  f u n c t io n  sequence o p e ra to r  o f such  f i l t e r s  have been d e r iv e d  

as new r e s u l t s .  The c h a r a c t e r i s t i c  p r o p e r t i e s  o f  th e  d e riv e d  t r a n s f e r  

sequence o p e ra to r  w ere p re s e n te d . I t  was d em o n stra ted  th a t  th e  o rd e r  

of th e  p u ls e  t r a n s f e r  fu n c tio n  o f a  c o n v e n tio n a l f i l t e r  su b je c te d  

to  nonunifo rm  sam p lin g  i s  no t changed , b u t r a t h e r  t h a t  a d d i t io n a l  

t r a n s m is s io n  z e ro e s  w ere in tro d u c e d  as a r e s u l t  o f th e  nonuniform  

sam p lin g .

U sing th e  d e r iv e d  t r a n s f e r  sequence o p e r a to r ,  th e  s t a b i l i t y  

c o n s t r a i n t s ,  q u a n t iz a t io n  e f f e c t s  and fre q u e n c y  c h a r a c t e r i s t s  of 

n onun ifo rm ly  sam pled f i r s t  and second  o rd e r  f i l t e r s  were in v e s t ig a te d .  

The a n a ly s i s  o f  such  f i l t e r  c h a r a c t e r i s t i c s  th u s  f a r  i n  th e  l i t e r a t u r e  

h as  been  l im i te d  to  f i l t e r s  sam pled u n ifo rm ly  o r  s l i g h t  m o d if ic a t io n s  

th e r e o f .  In  c o n s id e r in g  the q u a n t iz a t io n  e f f e c t s  due to  u n c o r re la te d  

n o is e ,  th e  s t e a d y - s t a t e  v a lu e s  o f  th e  o u tp u t n o is e  v a r ia n c e  n o rm alized  

w ith  r e s p e c t  to  th e  in p u t  n o ise  v a r ia n c e  w ere  computed u s in g  an 

a n a ly s i s  com puter program . I t  v a s  shown th ro u g h  g ra p h ic a l  d is p la y s  

o f th e  com puter r e s u l t s  th a t  th e  o u tp u t n o is e  v a r ia n c e  i s  ap p ro x im ate ly

115
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th e  same f o r  each t r a n s f e r  sequence o p e ra to r  f o r  a  g iv en  number o f 

in te r s a m p le s .  I t  was a ls o  shown th a t  f o r  two in te r s a m p le s  p e r  p e r io d ,  

second o rd e r  n o n u n ifo n n ly  sam pled f i l t e r s  have th e  same g e n e ra l  ty p e  o f 

n o ise  c h a r a c t e r i s t i c  a s  second o rd e r  u n ifo rm ly  sam pled f i l t e r s  hav ing  

com parable e ig e n v a lu e s .  I t  was f u r th e r  shown t h a t  th e  in p u t  q u a n t iz a t io n  

n o ise  o f  h ig h  Q n o n u n ifo n n ly  sam pled f i l t e r  i s  s i g n i f i c a n t l y  h ig h e r  th a n  

th a t  o f  u n ifo rm ly  sam pled f i l t e r  hav ing  ap p rox im ate  e ig e n v a lu e s .

L im it c y c le  o s c i l l a t i o n s  r e s u l t  i n  f i l t e r s  when q u a n t iz a t io n s  

e r r o r s  a re  due to  c o r r e l a te d  n o is e  spec trum . The d eco m p o sitio n  te c h n iq u e  

developed i n  C hapter 2 has been  ex tended  to  th e  a n a ly s i s  o f  l i m i t  c y c le s  

o f nonun ifo rm ly  sam pled r e c u r s iv e  f i l t e r s .  Such l i m i t  c y c le s  in  

nonun ifo rm ly  sampled f i l t e r s  were s im u la te d  in  th e  IBM S/370-158 d i g i t a l  

com puter. By n e g le c t in g  th e  in f lu e n c e  o f  z e ro e s  i n  th e  t r a n s f e r  sequence 

o p e ra to r ,  i t  was shown from th e  s im u la tio n  r e s u l t s  t h a t  l i m i t  c y c le  

o s c i l l a t i o n s  in  u n ifo rm ly  and nonun ifo rm ly  sam pled f i l t e r s  have id e n t i c a l  

p r o p e r t i e s  such  as  sym m etry. However, th e  in f lu e n c e  o f  z e ro e s  w i l l  m ost 

l i k e ly  r e s u l t  in  a  r e d u c t io n  o f  th e  l i m i t  c y c le  a s  h a s  been  su g g es ted  

by P a rk e r and Hess [27] i n  t h e i r  a n a ly s is  o f  l i m i t  c y c le s  i n  u n ifo rm ly  

sampled f i l t e r s .

S in ce  in  a p p l i c a t io n s ,  i t  may be n e c e s s a ry  to  have th e  f i l t e r  

r e a l i z a t i o n  match c e r t a i n  d e s ir e d  d e s ig n  c h a r a c t e r i s t i c s ,  a  new a n a ly t ic  

approach  h a s  been p re s e n te d  f o r  d e te rm in in g  th e  f re q u e n c y  and phase 

c h a r a c t e r i s t i c s  o f n o n u n ifo rm ly  sampled f i l t e r s .  The ap p roach  p ro v id e s  

a  means of d e s c r ib in g  th e  m agnitude and phase re s p o n s e  o f  n onun ifo rm ly  

d is c re te - s y s te m s  from  th e  p u ls e  t r a n s f e r  sequence o p e r a to r .  From th e  

g ra p h ic a l d is p la y s  o f  th e  d e r iv e d  m agnitude re s p o n s e , i t  was dem o n stra ted  

th a t  u n ifo rm ly  and n o n u n ifo rm ly  sampled r e c u r s iv e  f i l t e r s  w ith  approx im ate
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e ig e n v a lu e s  e x h ib i t  th e  same c r i t i c a l  f re q u e n c ie s .  I t  was a ls o  shown th a t  

i n  g e n e r a l ,  nonuniform ly  sam pled f i l t e r s  e x h ib i t  h ig h e r  g a in  a t  c r i t i c a l  

f re q u e n c ie s  th a n  u n ifo rm ly  sam pled f i l t e r s  w ith  approx im ate e ig e n v a lu e s . 

However, t h i s  i s  ex pec ted  s in c e  nonuniform  sam pling g e n e ra l ly  in tro d u c e s  

z e ro e s  to  th e  p u ls e  t r a n s f e r  fu n c t io n  seq u en ces . I t  was f u r th e r  shown 

th a t  th e  phase  c h a r a c t e r i s t i c s  o f  r e c u r s iv e  f i l t e r s  w ere n o t  im proved 

by nonuniform  sam pling and t h a t  th e  p h ase  re sp o n se  ten d  to  be n o n l in e a r .

The same s ta te m e n t can be made f o r  u n ifo rm ly  sam pled f i l t e r s  a s  h as  been  

shown by K a ise r  [1] and o th e rs  [3 , 6 , 9 ] .  The r e s u l t s  th u s  advanced 

p ro v id e  venues o f  com parison betw een u n ifo rm ly  and nonun ifo rm ly  sam pled 

r e c u r s iv e  f i l t e r s .  I t  sh o u ld  be n o te d  t h a t  even though f ix e d  p o in t  

a r i th m e t ic  com putation  h as  been  assumed in  d e s c r ib in g  s t a b i l i t y  and 

q u a n t iz a t io n  c h a r a c t e r i s t i c s  o f f i l t e r s  sam pled n o nun ifo rm ly , much o f  

th e  a n a ly s i s  cou ld  e a s i l y  be ad ap ted  to  f lo a t in g - p o in t  f i l t e r  a lg o r i th m .

A p p lic a tio n  o f th e  nonuniform  sam pling  decom position  te c h n iq u e  

a s  developed  in  t h i s  work h as  been  ex ten d ed  to  th e  a n a ly s i s  o f r a d a r  

f i l t e r s  (MTI) employed f o r  d e te c t io n  o f  moving ta r g e t  from  th e  c l u t t e r  

background . Such f i l t e r s ,  f o r  g r e a t e r  d e t e c t a b i l i t y  and e f f i c i e n c y ,  u se  

nonuniform  sam pling . I t  has been  shown th a t  th e  o u tp u t o f  nonun ifo rm ly  

sam pled MTI f i l t e r s  cou ld  be o b ta in e d  d i r e c t l y  from th e  p u ls e  t r a n s f e r  

f u n c t io n s  o f such f i l t e r s ,  r e g a r d le s s  o f  w hether th e  t r a n s f e r  f u n c t io n s  

d e s c r ib e  r e c u r s iv e  o r  n o n re c u rs iv e  MTI f i l t e r s .  T h is  th e n  h as  p ro v id e d  

g r e a t e r  f l e x i b i l i t y  in  th e  a n a ly s i s  and d e s ig n  o f  nonun ifo rm ly  sam pled 

M il f i l t e r s  s in c e  th u s  f a r  i n  th e  l i t e r a t u r e  th e  a n a ly s is  o f  n o n u n ifo rm ly  

sam pled r e c u r s iv e  MTI f i l t e r s  h a s  been  by d i r e c t  s im u la tio n . I n  a d d i t i o n ,  

i t  h a s  been dem onstra ted  t h a t  m u l t i p l e - s h i f t i n g  in  d i g i t a l  f i l t e r s  co u ld  be 

t r e a t e d  a s  a  s p e c ia l  c a se  o f  nonuniform  sam pling . M u l t i - s h i f t  seq u en ces
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i n  d i g i t a l  f i l t e r s  have th e  form  o f  t r a n s f e r  fu n c tio n  sequences t h a t  

a r e  s u i t a b le  f o r  th e  im p lem en ta tio n  o f  v a r ia b le  d i g i t a l  f i l t e r s  and f o r  

th e  r e d u c t io n  o f th e  re q u ire m en ts  f o r  f i l t e r  c o e f f i c i e n t  accu racy  [4 5 , 4 7 ] .

Em ploying th e  F o u r ie r  tr a n s fo rm  fo rm u la tio n , i t  h a s  been shown 

in  t h i s  work th a t  f o r  a  system  w ith  in h e re n t  nonuniform  sam ples, 

d i s t o r t i o n  o f te n  r e s u l t s  when n o n u n ifo rm ly  sam pled s ig n a l  i s  p ro c e sse d  

a s  i t  w ere u n ifo rm ly  sam pled. From th e  d e s ig n  co n cep t and from th e  

d is c u s s io n  on th e  s i g n a l - t o - d i s t o r t i o n  r a t i o  in  a  system  w ith  in h e re n t  

nonuniform  sa m p le s , i t  has been  d em o n stra ted  t h a t  a  l i m i t a t i o n  o f  

nonuniform  sam pling  in  d i g i t a l  f i l t e r  d e s ig n ed  to  o p e ra te  on u n ifo rm  

sam ples i s  t h a t  th e  e f f e c t iv e  N y q u is t fre q u e n c y  ran g e  i s  red u ced .

However, w i th in  t h i s  l im i te d  fre q u e n c y  ra n g e ,  th e  in t ro d u c t io n  o f  

z e ro e s  in to  th e  t r a n s f e r  fu n c tio n  o p e ra to r  by  nonuniform  sam pling 

can p ro v id e  a d d i t io n a l  c o n t ro l  o f  th e  fre q u e n c y  c h a r a c t e r i s t i c s .  The 

in t r o d u c t io n  o f  a d d i t io n a l  z e ro e s  may n o t  n e c e s s a r i ly  r e q u ir e  a d d i t io n a l  

m u l t i p l i e r  s in c e  a l l  th e  num era to r c o e f f i c i e n t s  a l s o  a re  p re s e n t  i n  th e  

d enom inato r o f  th e  t r a n s f e r  fu n c t io n  o p e r a to r .

The l i m i t a t i o n s  and th e  a p p l i c a t io n s  o f  th e  a n a ly t ic  te c h n iq u e s  

employed in  t h i s  and o th e r  works a r e  summarized i n  T able 5 .1 .  T h is  t a b le  

e x h ib i t s  th e  scope o f  t h i s  work i n  r e l a t i o n  to  o th e r  works in  th e  

l i t e r a t u r e  on d i g i t a l  f i l t e r s  w ith  nonun ifo rm  o r  m u l t i r a te  s a n ç le s .

Each work l i s t e d  c o n ta in s  a  summary o f  th e  a n a l y t i c a l  te c h n iq u e s  em ployed, 

c o n s t r a i n t s  on th e  a n a ly t ic  ap p ro ac h , th e  sasq>ling scheme c o n s id e re d , 

th e  s p e c i f i c  a p p l ic a t io n  and p rob lem s c o n s id e re d  in  th e  s p e c i f i c  

a p p l i c a t io n .

T h ere  rem ain  some unansw ered p ro b le ms w h ich  have a r i s e n  a s  a  

r e s u l t  o f  t h i s  work and shou ld  b e  n o te d  f o r  f u r th e r  in v e s t ig a t io n .
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T a b le  5 .1 . .

. Summary o f  Scope and L im ita t io n s  o f  T h is  and O th e r Works i n  th e  L i t e r a t u r e .
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Among them a re  th e  fo llo w in g :

a ) O p tim iz a tio n  o f  b o th  th e  in te r s a m p le  p e r io d s  and th e  

feedback  c o e f f i c i e n t s  i n  r e c u r s iv e  MTI d i g i t a l  f i l t e r s .

b ) An in v e s t ig a t io n  o f i n s t a b i l i t y  th r e s h o ld s  in  term s o f  th e  

bandw idth  o f d i g i t a l  f i l t e r s  sam pled n o n u n ifo rm ly , u s in g  d i f f e r e n t  

a r i th m e t ic  a lg o r i th m s .

c ) G e n e ra l iz a t io n  o f th e  s t e a d y - s t a t e  n o is e  e r r o r s  encom passing 

h ig h e r  number o f  in te rsa m p le s  p e r  p e r io d  a lo n g  w ith  s e n s i t i v i t y  

c o n s id e ra t io n s  in  f i l t e r s  sampled n o n u n ifo rm ly .

d) An e x a c t a n a ly t i c a l  e x p re s s io n  f o r  th e  frequency  o f  th e

l im i t  c y c le  g e n e ra te d  i n  th e  p re se n c e  o f a d r iv in g  fu n c tio n .

e )  Optimum ch o ice  o f in te rs a m p le s  to  a c h ie v e  a  g iven  d e s ig n

c r i t e r i a .

f )  A g e n e ra l r e la t io n s h ip  betw een th e  o v e r a l l  sam pling p e r io d

T and th e  number o f  s ig n i f i c a n t  d i g i t s  r e q u ir e d  to  r e p re s e n t  d a ta  i f  

th e  d a ta  i s  to  approx im ate  a c o n tin u o u s  s ig n a l  i n  some s p e c if ie d  s e n se .

Some o f  th e s e  problem s a re  problem s y e t  to  b e  so lved  even  fo r  

f i l t e r s  s u b je c te d  to  unifo rm  sanq>les.



APPENDIX A-I 

N onun lfom  Sampling Theorem s. [10 , 11 , 1 2 ].

Suppose a  b a n d lim tie d  fu n c t io n  f ( t )  i s  u n ifo rm ly  sam pled so  t h a t  

a  f i n i t e  s e t  o f  sam ples f(ktE) i s  g e n e ra te d ,  w here k  ran g es  o v e r a l l  

i n t e g e r s .  I f  a  t o t a l  o f  1 sam p les a r e  e l im in a te d  and re p la c e d  by an  

a r b i t r a r i l y  spaced  sam ples f ( t p )  w here '-P/T i s  n o t an  in t e g e r ,  th e n  th e  

fo llo w in g  theorem  due to  Yen [11] i s  a p p l ic a b le .

Theorem A -1 .1 ; A f u n c t io n  { f ( t ) } ,  w hich h as  a  F o u r ie r  sp ec tru m  

F(jw ) such  t h a t  F(jw ) = 0 f o r  |w | > ^ ,  i s  u n iq u e ly  d e s c r ib e d  by a  

knowledge o f i t s  v a lu e s  a t  n o n u n ifo rm ly  spaced  in s t a n t s  b u t  s a t i s f y  

th e  c o n d i t io n  th a t  th e r e  be p r e c i s e l y  K d i s t i n c t  sam ples to  ev e ry  i n t e r v a l  

o f  le n g th  KT w here K i s  some f i n i t i e  in t e g e r  and I  i s  th e  saâ ip lin g  

i n t e r v a l .

T h is  theorem  i s  proved by  Yen [1 1 ], Helms [12] and Freem an [1 0 ] .  

The theo rem , however i s  n o t v a l id  when th e  number o f  s h i f t e d  u n ifo rm  

sam ple v a lu e s  in c re a s e s  w ith o u t bound . F o r t h i s  c a s e ,  a me anin g f u l  

i n t e r p o la t io n  fu n c tio n  can be developed  f o r  r e c o n s tr u c t io n  i f  i t  i s  

p o s s ib le  to  s h i f t  h a l f  th e  u n ifo rm  sam ple v a lu e s  by an e q u a l d is ta n c e  

w ith  r e s p e c t  to  th e  r e s t  o f  th e  sam ple v a lu e s .

A nother ty p e  o f  nonuniform  sam pling  p ro c e s s  i s  th e  r e c u r r e n t  

nonuniform  sam pling . I n  t h i s  c a s e ,  a  b a n d lim ite d  fu n c tio n  { f ( t ) }  

has i t s  v a lu e s  g iven  a t  t  ** t ^  ■= nT + t ^  w here k  •  0 , 1 , . . . . , N 

and n  i s  a  f i n i t e  in t e g e r .  The sp a c in g  betw een sam ples f o r  w h ich  maximum 

(t^ )  < T i s  th u s  nonuniform  b u t w i th  a p a t t e r n  p e r io d ic  w i th  p e r io d
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T. F o r p e r io d ic  nontin iform  sam pling , th e  fo llo w in g  theorem  due to  

Yen [11] i s  v a l id .

Theorem A -1 .2 : A fu n c tio n  {f ( t ) }, w hich h a s  a  F o u r ie r

spectrum  F (jw) such  th a t  F(jw ) = 0 f o r  |w | > i s  u n iq u e ly  d e sc r ib e d  

by i t s  v a lu e s  a t  a  s e t  o f  p e r io d ic  nonuniform  sanç>le p o in ts

t ^  = nT +  tj^ w here k  = 1 , 2  ,N and n  = - 1 , 0 , 2 ............... A l l  sam pling

in s t a n t s  t ^  a re  d i s t i n c t  and (maximum t^ )  < T.

T h is  theorem  h as  been proved by Freeman [10] and Yen [1 1 ].

The in t e r p o la t i o n  fo rm u la  w hich g e n e ra te s  th e  o r i g i n a l  f ( t )  from  i t s  

nonuniform  sam ples i s  g iv en  by [10, 11] as

f ( t )  = Z Z f ( t . )  n s i n  W (t-n T - t.)  (A .l)
n = -"  k=0 1=0  g-- :—

W (t-n l- tk )  % s in  
2 i= 0  - 2

i A

As can b e  r e a d i ly  a p p re c ia te d  from  t h i s  in t e r p o la t i o n  fo rm u la , th e  

g e n e ra tio n  o f  f ( t )  from  i t s  p e r io d ic  nonun ifo rm ly  sam pled sequence i s  

a  f a i r l y  complex ta s k  and i s  re s e rv e d  m ain ly  f o r  t h e o r e t i c a l  

c o n s id e r a t io n s .



APPENDIX A-2 

Advanced Z - t ra n s fo n n  [7, 8 , 16 ]

Advanced Z - tra n s fc rm  g iv e s  th e  Z -tra n sfo rm  of p u ls e  sequences 

w hich a re  d e r iv e d  from  tim e  f u n c t io n s  d e lay ed  by n o n in te g ra l  

m u l t ip l i e s  o f  th e  sam pling  f re q u e n c y .

I f  x ( t )  i s  a  c o n tin u o u s  fu n c t io n  and i s  d e lay ed  o r  advanced by 

a  tim e mT, w here m i s  n o n in t e g r a l ,  th e n  x ( t )  i s  sampled a t  tim es 

(n+m)T, so th a t

X *(t,m ) = Z x(nT  +  ml) 6 Ct -  nT) (A. 2a)
n=0

U sing th e  d e f i n i t i o n  o f  th e  Z -tran sfo rm  a s  g iven  by D erusso , Roy 

and C lose [5 0 ], th e  e x p re s s io n  f o r  th e  2 - tra n s fo rm  of e q u a tio n  (A*2a) 

can  be  s t a t e d  a s

X(Z, m) = Z X- CnT + mT)Z-n
n=0 (A’2b)

Many advanced 2 - tr a n s fo rm s  o f  tim e sequences can  be  e v a lu a te d  

by d i r e c t  use o f  (A *2b). I t  sh o u ld  b e  n o ted  t h a t  i f  m i s  an  in t e g e r ,  

th e  r e s u l t  o f th e  Z -tra n s fo rm  o f  (A*2a) i s  t r i v i a l  s in c e  th e  Z - tra n s fo rm  

o f  th e  r e s u l t in g  fu n c t io n  i s  s im p ly  Z ®X (Z ), assum ing z e ro  i n i t i a l  

c o n d i t io n s .
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APPENDIX A-3

Skip Sam pling Theorem [8 ,1 6 ]

T h is  theorem  shows th e  r e l a t io n s h ip  betw een th e  Z -tra n sfo rm  

o f a  tim e  fu n c tio n  sam pled a t  T/n u n i t s  a p a r t  and th e  same tim e 

fu n c t io n  sam pled a t  T u n i t s  a p a r t .  To show t h i s  r e l a t io n s h ip ,  l e t  

th e  Z - tra n s fo rm  o f  a  tim e fu n c t io n ,  X ( t ) , sam pled a t  T /n  u n i t s  a p a r t  

be d en o ted  by X(Z^) w here n i s  any in te g e r  g r e a te r  th a n  one. A lso

deno te  th e  Z -tra n sfo rm  o f  X (t)  sampled a t  T u n i t s  a p a r t  by X (Z ).

Then by th e  d e f in i t i o n  o f  th e  Z -tra n sfo rm ,

X(Z) = I  X (NT)Z“^ (A .3)
N=0

S im ila r ly

X(Z ) = Z X ^  ' t ' 4 )
k=0 n

A pplying th e  Z -tra n sfo rm  in v e rs io n  theorem  to  (A .4) y ie ld s

X(k T) = / X  (Z )Z%-ldZ (A .5)

S u b s t i tu t in g  (A .5) in to  (A .3) w ith  k -  nN y ie ld s

X(Z) = I [ /  X (Z„)Z^“^ ‘ ^dZ „]z‘ ^  (A .6)
N=0 2irj ^c “  n n

Summation and in t e g r a t i o n  s ig n s  in  (A .6) can  be  in te rc h a n g e d  i f

Z i s  a b s o lu te ly  convergen t and p ro v id e d  th a t  (Z^Z ^ |
N=0 "

< 1 . E q u a tio n  (A .6) th e n  y ie ld s
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N=0

"  ^ / c < V  — ^ r “ n 
1 -  2 .2 "^

The i n t e g r a l  in  (A .7) can  be  e v a lu a te d  by o b ta in in g  th e  r e s id u e s  

a t  th e  s i n g u l a r i t i e s  o f  X(Z^)Z^^ o r  by e v a lu a t in g  th e  re s id u e s  a t  

th e  s i n g u l a r i t i e s  o f  (1 -  Z^Z“ ^) w hich  a re  o u ts id e  th e  con tou r C.



APPENDIX A-4

M o d if ic a tio n  o f O v e ra ll T ra n s fe r  Sequence O p e ra to r

The p u ls e  t r a n s f e r  fu n c tio n  sequences  H(Z^) can  be o b ta in ed  

from th e  o v e r a l l  t r a n s f e r  sequence H(Z^) when th e r e  a r e  only  two 

nonuniform  sam ples in  a  p e r io d .  L e t th e  o v e r a l l  t r a n s f e r  fu n c tio n

HfZ  ̂ = N(Z2) B(Z2) ^ N(Z2)B(Z2)
2 DCZg) B(Z2) f (z2)

7 2where F C z p  = D(Z2)B(Z2) .  Each p u ls e  t r a n s f e r  seq u en ce  H^(Z2) >
2

K=0, ±1, ± 2 , . . .  w i l l  th e n  have F (Z2) as a  common d en o m in a to r.
2

F(Z2) w r i t t e n  in  f a c to re d  form becomes

F ( z b  = n ( Z ^ c J )  (A. 8a)
2 K=1 “  ^

w here and m a r e  c o n s ta n ts  to  be  d e te rm in e d . The f a c to r s

can a ls o  be w r i t t e n  a s  fo llo w s ,

Z„ = e x p ( j % ,  1 = 0 ,  1 , . . .  (n -1 ) (A.8b)n r » .  n

U sing (A .8 b ), (A .8a) becomes

F(Z^) = ?  «  (Z -C e x p C j i l i ) )
2 K=1 1=0 K n

= H n [ e x p ( j i l i . ) { Z  e x p (- jÜ Ü ) ~ c J  ]
K=1 1=0 n  n n

m n-1
= n n [2 exp ( - jA 2 .)  -c%] (a . 9)

K -l 1=0 ^
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Also D(Z^) can be f a c to r e d  to  y ie ld

M
D(Z^) = n (Z^-b^) (A .10)

K=1

Now s in c e  FCZ^) = 8 (2 2 )0 (2 ^ )  then

B ( 2 J  = I H Ë
^ D(Z2>

U sing (A .9) and (A .10)

m n-1
n n [Z ex p (-jÈ L Ï) -  C ]

B(Z2) = K=1 1=0 ”_______ ^ _________ (A .11)
M

”, -  Vk=l

E quation  (A. 11) can  be f u r h te r  s im p l i f ie d  i f  M=m and Cj,=bj^.

Then (A.11) i s  r e w r i t t e n  as

m n -1  M
n n [z^ exp ( - j ^ )  -  c ] n (z  -c „ )

B (Z ,) = k = l 1=1  n ^  K=1 ^

kI  "

m n -1
= n n [Z„ e x p ( - j2 l l )  -  C ] (A .12)

K=1 1=1 *-

U sing (A .1 0 ), e q u a tio n  (A .12) becomes

n -1
B ( Z ,)  = n o [ Z ^  e x p  ( - j i i i ) ]  

1=1 " n

w here

1=0, 1 , . . . ,  ( n - 1 ) .

^ ) 1  (A. 13)



APPENDIX B

D e r iv a t io n  o f S ig n a l - to - D ls to r t l o n  Energy F u n c tio n

U sing e q u a tio n  ( 4 .5 7 ) ,  th e  t o t a l  d i s to r t io n  en e rg y  spectrum  

can  be  g iv e n  a s

2 ^
KT

- 2 l  n=-K/2 i= l
KT

1 K/2 K
K E ( Z e x p ( - j f ^ ^ ) )

K
n?̂ 0

X (w-
KT

dw

-2 jl 
KT

K/2 K/2 K K
E E ( E E exp (-1 2 ir(^ ° i~ ° ° i )

n=-K /2 m=-K/2 i = l  i= I  K
nfO mfO

(B .l )

For a s p e c ia l  c a se  o f  K=2, th e n  (B .l )  becomes

ir 2 2

^  J  %  |T»»(w ) -  % (« ) |2  a »  -  /  ■'

* (B .2)

T2L
T

But from  (4 .5 8 )
2rr
T

S/D =
1 f |x (w )I 2 dw

"Jir J n= 27T •'0
2it

, /  - f  |TX*(w)-X(w)|2dw 
2tt 0
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S u b s t i tu t in g  (B .2) in  th e  above d e f i n i t i o n  g ives

1_ r T [x(w) j ^dw •

 — ---------------------------------
5 r / - i T / i  | X ( W - 1 ) P (  Z E e x p ( - j» (b  -b  ))dw  (b .3 )

^ 1=1 1=1

The e q u a tio n  (6 .3 ) g iv e s  th e  S/D r a t i o  in  term s o f  any a r b i t r a r y  in p u t

sequence w hich  has a  F o u r ie r  tr a n s fo rm .

For w e [~J? 2  ] / ( b ..3) can  be r e w r i t t e n  a s  
T T

1 6/1
Ü  /  lx (w )|2dw  

S/D = -  ____________

1. / 2 2 
—  i - n/ T | x ( w - J ) j ^ (  Z I  e x p ( - j i r ( b .-b .) )d w  

i n / T  ^  1=1 i = l

2 2
I  Z exp(-ji^  (b - b . )  

i= l  1=1 1

(B .4)



APPENDIX C-1

A n a ly s is  Computer program  f o r  th e  
s te a d y - s ta te  o u tp u t n o is e  v a r ia n c e

o o o i
00C2
0 0 0 3

O O C 4
O O O S

0 0 C 6
0 0 0 7
0 0 0 8
0 0 0 9
0010  
0011 
0 012

0 0 1 3
0 0 1 4

0 0 1  =  
o o i e
0 0 1 7
0 0 1 8

0 0 1 9
O 0 2 C
0021
0022

0  0 2 3  
0 0 2 4  
002 = 
002b
0 0 2 7
0 0 2 8
0 0 2 9
0 0 3 0

0 0 3 1
0 0 3 2
0 0 3 3  
0  0 3 4  
0 0 3 8  
0 0 3 0
0 0 3 7
0 0 3 8
0 0 3 9

0 0 4 0
0 0 4 1

C T h i s  I S  ThE S O U R C E  D E C K .
C C A L C U L A T I C h  OF C L A N T I Z A T I C N  E R R O R S .
C v a r i a b l e s  T h A T  CAN B E  C h A NG E O  ARE  A & 8 .

C I V E N S I C N  A < 3 ) . 8 1 3 1 . C ( 3 J , 0 ( 3 )
H R I T E ( 6 . 1 0 2 )

1 0 2  h O f - M 4 T ( / / / 1 8 X ,  « N C R M A L I Z E C  Q U A N T I Z A T I O N  E R R O R S  I N ' / /
1 1 8 X . ' L M F C R F L Y  ANC NCNUN I F O R K L Y  S A M P L E D  D I G I T A L  F I L T E R S ' / / }  

V » R I T E ( t . l 3 0 )
1 3 0  F O R M A T ( 1 6 X , • E R O R l  I S  S T E A C Y - S T A T E  VA L U E  C L T P U T  N C I S E  V A R I A N C E  

I F C R  u n i f o r m l y  S A M F L E D ' / / 1 8 X . ' E C C R 2  I S  1 S T  O U T P U T  S E Q U E N C E  N O I S E  
2 V A P I A N C f c ' / / ! e x . ' E R C R 3  I S  F O R  2 N D  O U T P U T  S E Q U E N C E  I N  N C N U N I F C R M L Y  
3 S A N P L E C  D I G I T A L  F I L T E R S ' / / )

R E A D ( E . I O )  A . 8  
1 0  F C R M A T ( 6 F 1 0 . 4 )

2 0 1  E 2 = 8 ( 3 )
» R I T E ( 6 . 1 6 0 )  8 2  

1 6 0  F O R M A T ( 1 3 X . ' E 2 =  ' .  F 1 0 . 6 / / / )
N R I T E ( 6 . 1 2 0 )

1 2 0  F O R M A T ( 1 3 X , ' Ü ! ' .  2 3 X ,  ' E R C R l ' .  2 6 X .  ' E R C R 2 ' .  2 6 X .  ' E R C R 3 ' / / )
C C H E C K  THE S T A B I L I T Y  CF  T h E  F I L T E R

6  I F ( 8 ( 3 1  . L T .  1 . 0  . A N C .  A E S ( 8 ( 2 ) )  . L T .  ( 1 . 0 + E ( 3 ) ) )  GO TC 1 2  
1 5  I F ( B ( 3 ) . L T .  1 . 0  . A N D .  A 0 S { B ( 2 > )  . G E . ( 1 . 0 * 8 ( 3 ) ) )  GO TC 2 0 0

C R E P L A C E  A VE C T O R  W I T h  H C R K I N G  V E C T O R  C 
C R E P L A C E  E VE C T O R  k l T H  A C R K i N G  V E C T C R  D 

1 2  CC 1 1 0  K = 1 . 3  
C ( K ) - A ( K )

C ( K ) = E ( K )
1 1 0  C O N T I N U E

C D E T E R M I N E  E R R O R  I N  U N I F O R M L Y  S A M P L E C  O I G I T A L  F I L T E R  
C AL L  S U E ( C . C . C N T G L )
E R C R 1 = E N T G L  
T = E Q H T ( E ( 3 ) I  
T l = - S C R T ( 2 * T - B ( 2 > )

C D E T E R M I N E  E R R C R  I N  T h E  F I R S T  O U T P U T  S E Q U E N C E  
C (  1 ) = 1 . 0  
C ( 2 1 = T  
C ( 3 ) = C . 0 
C (  1 1 = 1 . 0  
D ( 2 ) = 2 * T - T 1 » T 1  
C ( 3 ) = T * T
C A L L  S U C ( C . L . E N T G L )
E R C R 2 = E N T G L

C C E T E R M I N E  T H E  E R R O R  I N  T h E  S E COND C L T P U T  S E Q U E N C E  
C ( 1 ) = - T 1  
C ( 2 ) = 0 . 0  
C ( 3 ) = C . O
C A L L  £ U 8 ( C . C , E N T G L )
E R C R 3 = E N T G L
W R I T E ( 6 . 7 2 )  E ( 2 ) . E R 0 f i l , E « C R 2 . E f i C R 3  

7 2  F C ) R M A T ( O X . F l  0 . 4  .  1 2 X . E 1 9 . 7 . 1 0 X . E 1 9 . 7 . 1 0 X . E 1 9 . 7 )
C ( 2 ) = C ( 2 ) - 0 . C S
I F ( A E S ( E ( 2 ) ) . C E .  0 . 0 1 )  CC T O 6

200 S T O P
END
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APPENDIX C-2

Computer s im u la tio n  program  f o r  l i m i t  
c y c le s  in  nonunifo rm ly  sampled second 

o rd e r  f i l t e r  w ith  ro u n d o ff  e r r o r s .

7 
P 
<} 

10 
11 
I P  
I 3 
1 4 
1 f> 
I f- 
1 7 
1 P 
1 9  
.?0 
21 
22

2 3

C C I :  P R O C E D u n r  O P T  I C I N S I M A I M ) ;
/ #  T H I S  I S  t h e  S O U R C E  CGCK * /
/ »  R R C G P A M TO S T U D Y  L I Y I T  C Y C L E  O S C t  LI .  A T I ( I NS I N S E C C N C  O R D E R  T I L T F R S * /  
d e c l a r e  E O F  ENTRY ( D E C I M A L  F I X ED ( 6  ) .  O E C I M  AL F I X E C ( 6 ) ,
O L C I V A L  F I X E D ( O )  r e  TURNS ( D E C  I  m a l  F I x r D ( 5 1 ) ;
O P E N  F I L t ( S Y S P R I N T ) P A G E S I Z C (  7 £ ) ;
D E C L A R E  ( A , C I  D E C I M A I  F I X F 0 ( 9 . 6 ) :
A = - l . 4 :
r - o . e ;
/ #  I N V E S T I G A T E  V A L U E S  TC S U P P R E S S  L I M I T  C Y C L E S  * /
t r i a l :  1.10 w h i l e  ( c i  < c s ) ;

1 c i = o . 4 o ;
1 C E - H / C i ;
1 c i = c i > o . i :
1 F NO t r i a l ;

d e c l a r e  ( 0 1 , 0 2 )  O h C l M A L  F I X E D  ( 9 . 6 ) :
D 1 = 2 . 0 * C 1 - C 2 :
P2=c i*c  1 ;
C N C :  E M C l = O . S / ( 1 . - A D E I P ) ) ;
D N D 2 - 1 . 0 / ( 1  . 0 - ( A E S ( A  ) ) + B ) ;
I F  ( 0 * 4 . 0 - A * A ) < 0  
T H E N  C D :

1 c I =c. 1 + 0 . 0 1  ;
1 GO T O  t w o ;
1 F N C ;

t w o :  p u t  E D I T
( • L I M I T  C YCL E  O S C I L L A T I O N S  I N S E COND O R DE R  D I G I T A L  F I L T E R  W I T H  
N C N U M F O P M  s a m p l e s *  ) (  P  AC E . L I NF  ( 5  > ,  COLUMN ( 2 0  )  ,  A ) ;
P U T  E D I T ( • A = ' . A ,  • . H =  • ,
D . * T ) - E  CALCULATF . U BOUNDS  API:  DNC 1 =  • .  BNO 1 .  • .  L N 0 2 =  • .
D ND2  ) ( L  I N E ( 8 )  . CULU. MN ( 2 0  ) ,  A .  F  ( 1 2  . 9  ) .  X ( I ) ,  A , F  ( I  ?  ,  9  ) .
L I  M l  ( 0 ) . C O L U M N ( 2 0 ) , A . F ( n , 4 ) . A . F ( 8 , 4 ) ) ;

2 4 1 P U T  S K I P ( 3 ) ;
2 S 1 8 N D l = e N D l * . J . O ;
2 6 1 n N D 2 = E N D 2 » 5 . 0 ;
2 7 1 I F  0 N C 1 > = D N D 2
2 8 1 T) ‘EN N N = B N D i ;
2 9 1 E L S E  N N = B N 0 2 ;
3 0 1 T H R E E :  b e g i n ;

/ *  T R Y  ALL P O S S I B L E  I N I T I A L  C O N D I T I O N S  F O R  T HE
3 1 ? d e c l a r e  m a t r i x ( - n n : n n , - n n : n n ) b i n a r y  f i x e d ( 6 ) ;
3 2 2 D E C L A R E  R D E C I M A L  F I X E D ( 4 ) :
3 3 2 R = 0  ;
3 4 2 M - 1  ;
3 5 2 M M = i o * n N D i ;
3 6 2 DO r = - N N  T O n n ;
3 7 2 1 0 0  J =  - N N  TO n n ;
3 8 2 2 M A T R I X ! I , J ) = - l ;
3 9 2 2 e n d ;
4 0 2 1 E N O ;
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41 2 DO 1 =  1 TO - 7  CY - 1  ;
4 2 2 1 DO J  =  1 TO - 7  BY - 1  ;
4 3 2 2 1 F L A G = 0 ;
4 4 2 2 I S I G N = 0 ;
4 5 2 2 N = i ;

/ *  c a l c u l a t e  t r a n s i e n t  r e s p o n s e  f o r
4 6 2 2 f o u r ;  b e g i n ;
4 7 3 2 DECLARE L I  MI T I MM) B I NAR Y F I X E D I 1 5 ) .
4 0 3 2 I F  MA T R I X !  I ,  J ) > 0

3 2 THEN GO TO E I G H T :
5 0 3 2 M A T R I X ! I . J ) = 0 ;
51 3 2 XI  = i  ;
5 2 3 2 X 2 = j  ;
5 3 3 2 F I V E :  K = F C F ( X 1 , X 2 , U ) ;
5 4 3 2 I F  A 8 S ( K ) > N N  I A t J S ( X l ) >  NN
5 5 3 2 THEN GOTO S E V E N :
5 6 3 2 I F  M A T R I X I K . X l ) = - l
5 7 3 2 THEN DO:
5*> 3 3 M A T R I X I K . X l ) = 0 :
5 9 3 3 s e v e n ;  x 2 = x i :
6 0 3 3 x i = K :
6 1 3 3 GOTO F I V E :
6 2 3 3 e n d :
6 3 3 2 I F  M A T R I X C K . X l ) = 0

/ *  CHECK HCR NEW L I M I T  CYCLE * /
6 4 3 2 THEN o n :
6 5 3 3 i f l a g = i :
f>6 3 3 M A T R I X I K . X l ) = M :
6 7 3 3 L I  MI T ( N ) = K :
6 8 3 3 N = N + 1 :
6 9 3 3 I F  S I G M K  ) =  S I G N ( X 1  J
7 0 3 3 THEN GOTO SEVE N:
7  1 3 3 E L S E  I F  S I G N I S  I G N I K  ) + S l G M X  1) ) =  1
7 2 3 3 THEN G O T O  Sf - . VFN:
7 3 3 3 E L S E  d o :

/ *  CHECK F OR S I G N  C H A N G E * /
7 4 3 4 I S I G N = I S I G N + 1 :
7 5 3 4 • GOTO S E V E N :
7 6 3 4 e n d :
7 7 3 3 END:
7 8 3 2 DO I 2 = -  NN TC N N :

/ *  S ET  m a t r i x  t o  Z E R C  ♦ /
7 0 3 3 o n  J 2 = -  NN TC n n :
8 0 3 4 I F  M ATR IX ( 1 2  . J ? )  =0
0  I 3 4 THEN M A T R I X I 1 2 , J 2 ) = - l :
8 2 3 4 E N C :
8 3 3 3 r . No :
8 4 3 2 I F  I F L A G = 0
8 5 3 2 T HE N CO TO F I G H T :
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8 6 3 2 P U T  5 K 1 P ( 2 > ;
6 7 3 2 P U T  E O I T I ' L I M I T  C Y C L E  1 S * ) ( C O L U MN  I  2 0 ) . A » F < 3 1  . X ( 2 )  . A , X ( 3 1  ) 1
8 8 3 2 N i = N i + 1  ;
8 9 2 2 I F  N l = 1 6  T H E N  DO :
9 1 3 3 P U T  E C I T C  " M S  K I P .  C O L UMN!  19 ) .  A)  ;
9 2 3 3 N i = o ;
9 3 3 3 K N C ;
9 4 3 2 M = y + i ;
9 5 3 2 E N D  F O U P ;
9 6 2 2 E I C h t :  e n d ;
9 7 2 1 n i n e ;  / *  S E T  M A T R I X  T O R  T H E  P H A S E  P L A N E  P L O T  * /  

B E G I N  ;
9 8 3 1 P U T  E O I T t ' L I M i r  C Y C L E S  A P P A N G t O  I N P H A S E  P L A N E ,  X N Î  V E R S U S  X I N - l l " )  

( P A G E .  S K I P ( I O ) ,  C U L L ' V N { 2 0 )  . A )  ;
9 9 3 1 P U T  E D I T  ( < A =  ' . A .  * e =  « . P I

( S K I P ( 1 ) . C C L U M N ( 2 0 1 . A , F { 1 2 , 6 } . X ( 1 > , A . F ( 1 2 , 6 1 ) ;
1 0 0 3 1 P U T  S K I P ( 5 ) ;
1 0  1 3 1 I F  N N <  t o
1 0 2 3 1 T H E N  I 3 = N N :
1 0 3 3 1 E L S E  1 3 = 1 0 ;
1 0 4 3 1 DC I 2 = - I 3  T C  1 3 -
1 0 5 3 2 I F  I 2 = - I 3
I 0 6 3 2 T H E N  P U T  ED I T ( 1 2 ) ( C O L U M N ( 2 0 ) , F ( 3 ) I :
1 0 7 3 2 E L S E  P U T  E D I T ! 1 2 J ( F ( 3 J ) ;
1 0 8 7 2 e n d ;
1 0 9 3 1 DO J 2 = I 3  TO - 1 . 3  BY -  I ;
1 1 0 3 2 P U T  E D I T ( 3 2 )  ( C C L U M N C 1 7  ) , r ( 3 J J :
1 1 1 3 2 DO I 2 = - I 3  TO 1 3 ;
1 1 2 3 3 I F  MATR I X ( I 2 , 3 2 ) > 0
1 1 3 3 3 T HE N P U T  E D I T ( M A T R I X ( 1 2 , 3 2 ) J ( F ( 3 ) ) ;
1 1 4 3 3 E L S E  P U T  E D I T ( '  * ) ( A ( 3 ) ) :
1 1 5 3 3 e n d ;
1 1 6 3 2 E N O  n i n e ;
1 1 R 2 1 E N D  T H R E E ;
1 2 0 1 F C F l P R O C E D U O E t X l  , X 2 , R >  R E T U R N S ( DEC I MAL F 1 X E D ( 4 1 ) ;
1 2 1 2 D E C L A R E  ( X , X 1 . X 2 , R )  D E C I M A L  F I x E D ( 4 ) ;
1 2 2 2 X =  F O U N C ( - D ) A X I . O  J + f ; C U N D ( - C 2 * X 2 . 0 ) + R ;
1 2 3 2 P E  T U R N ( X )  ;
1 2 4 2 E N D  F o r  :
1 2 5 1 E N D  c o i ;



APPENDIX C-3

A n a ly s is  Computer Program  f o r  
r e c u r s iv e  M il f i l t e r .

0 0 0 1  
0 0 0 /  
0 0 0  ? 
oOO' t
0 0 0 5

0 0 0 6  
0 0 0 7  
0 0 00  
oooo 
00  1 0 
0 0  1 1 
0 0  1 2 
0 0 1,1 
0 0 1 4
0 0  15 
0 0  16
0 0 1  7 
00 15
0 0 1 9
0 0 2 0  
0 0 2 1  
0C22 
002J 
0 0 24

O O P S
0 0 2 6
0 0 2 7
0 0 2 8
0 0 2 9
0 0 3 0
0 0 3 1
0 0 3 2  
0 0  33  
0 0 3 4  
0 0 3 5
0 0 3 6
0 0 3 7
0 0 3 8
0 0 3 9
0 0 4 0
0 0 4 1
0 0 4 2

0 0 4 3
0 0 4 4
0 0 4 5

C T H I S  I S  TMft S C U P C 5  O f . C K .
C D S T T  5M I MAT I OM O F  M . C L Ü S 1 VF H T l  F R F C U F N C Y  C H A C 4 C T F H I  ST 1 C S  

O I W F N S t n N  X ( ? O C )  . Y ( 2 0 0 ) , O U M Y (  2 0 0 )
C C N P L t X  6 3  , 9 7  .  n .  C 7 , i :  5 . C M P L X  
X( 1 ) = 0 . 0  
OC I 1 = 1 . 9 9  

1 X( !«■ l )  =  X(  I ) H  . 0
c. C A L C u i . A T F  M A G N i r u n r  i - c p  n p o i N A p y  m t i  d i g i t a l  f i l t e r

'3 = 0 .  5 
T 1 = . C 4  
T P = . 0 8  
T = T l +T?
D O  2  1 = 1 . 1 0  0

9 1 = 1 . 0 - ( G C S ( T * X ( 1 ) ) )
R 2 = S I N { T # X ( I ) )
R 3 = C w P L X t R l . W 2 )
9 4 = C A D S ( R 1>
R 4 =R 4 * 0  4
R 5  = l  . 0 - (  T » C n S ( T 4 X I I ) 1)
1<6=L16RP
P 7  = C . Y. r - LXI f J 5 . ! T6 )
6 8  = C \ I JS ( R 7  )
P e = R ? » P 8  
Y { I ) = 9 4 / H ' l  

?  C C N T I N U F .
DC 3  1 = 1 . 1 0 0

3 X ( I T-l 0 0  ) = x  ( 1 )
C c a l c u l a t e  y A G N i r u O E  f o r  2  I NE KS UMP L E S  p e r  RE P  I CO MTI  

0 Ü  4  1 = 1 , 1 0  0
A 1 = 1 . 0 - 1 H * r O S ( T 4 X (  I ) ) ) + ( Q 4 C 0 S ( T 2 * X (  1 ) ) J - ( C C S (  T 2 * X {  I > )  ) 
A 2  = < 1 1 * 9  I N I  T *  v (  i  )  )  ) - (  e * S I M  T 2 * X  ( I ) )  )1- i r ,  ! N ( T 2 * X {  I » ) )

C = C W F L X ( A 1 . A 2 )
D 1 = C A e S ( 0 )
0  1 = D  1 * 0  1

C l  =13-1  . 0  K  c o s t  r i  * X I  I ) ) ) - (  R « C D S (  T 2 * X {  I ) ) J 
C P  = ( S 1 N ( T l * X (  I ) )  )  + ( Ü * S I N ( T 2 * X I  I ) ) )
C 3 = C F P L X t t l . C 2 )
C 4 = C A n S ( C 3 )
C 4 = C 4 * C 4
C 5 = i , o - < o * a * c n s ( t * x { i ) ) )
C 6  = < ' 3 * 1 3 * S I N  ( T * X(  T ) ) )
C 7 = C M F L X ( C 5 . C 6 )
c e = C A R S ( C 7 )
c 8 = c f i * c a
Y ( 1 * 1 0 0 ) = ( D 1 * C 4 ) / ( 2 . C * C 8 )

4  C C X r i . N U E
CALL R L O r < X , C , Y , 0 , O U M Y , 0 . 2 0  0 . 2 . 1 . 2 . 2 . 0 , l )
STOP
ENO
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0001

0 002  
0 0 0 3

0 0 0 4
0 0 0 5  
OOOb
0 0 0 7

0 0 0 8  

OOOO 

00 10

0 0 !  I 
0 0 1? 
0 0 1 3  
00!  A 
0 0 1 5  
0 0  16 
0 0 1 7

OOl W
0 010
0 02 0
0 0 2 1
0 0 2?
0 0 2 3
0 0 2 4
0 0 2 5  
0 0 2  6

0 0 2 7
0 0 2 8  
0020
0 0 3 0

0 0 3 1
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5  
0 0  3 6
0 0 3 7
0 0 3 8  
0 0 3 0  
0 0 4  0

C i n c  CALL IM<1 S UBROUTI NE NCW F O L L O WS :  .
SUPRCUTI NE P L O T <X . L X , Y , L Y , Z . L Z . N P T . N P L Q T . N C O P Y . N C O . n o I W. NXTREM,

* NPAGE)
REAL N
DI MENS I ON X <1 1 , Y (1 ) . 2 1 1 ) , S X ( 7 ) . T I T L E ( 2 0  ) . L I  1 3 4 ) . NCHI  4 1 1 . N H< 4 1 )  

* . M Q P (  4 2 )  . F M 1 ( 6 )  , F M 2 (  t  ) , F  M3( 6 )  . F N 4 ( 8 )  . F M S O I  . FM6  I E I . P Y T  ( 6  1 . F P T I 6 )  
1 . S C L I 3 )

DATA F M I / M I H  • .  • .  A1 .  • .  • F 9 .  2  • .  • .  1 2  1 • .  • A I ) • . •  • /
DATA F M 2 / * ( 1 H  • . • . A 1 .  • , ' F S . 4 • .  • , 1 2 1 •  . • A1 )  • . •  • /
DATA F M 3 / » ( 1 H  • .  • ,  A1 . • ,  • I P F Ç *  .  • . 2 .  1* .  *21  A1 • ,  • ) • /
d a t a  F M 4 / * ( 1 X . • . • I P E 1 * , • e . 2 . •  . • E E 2 0 *  , • . 2 . E *  . • 1 5 . 2 * . •  ) ' .

I • • /
DATA F M 6 / « ( S X . * , « F 9 . 2 * . * , 5 ( l * . * l X . F « , * q . 2 ) « . ’ . 9 X . • .

1 " F Ç . 2 ' . ' 1  • /
DATA F M S / * I 5 X , • . • F 9 . 4 » , * . S t l * . * l X . F * , ' 9 . 4 ) » . * , 9 X  . *  . * F 9 . 4 *  ,

1* 1 '  /
DATA N C H / 1 F O , I H l  . 1 H 2 . 1 H 3 . 1 H 4 . 1 H E . 1 H 5 . 1 H 7 . 1 h 8 . Î F 9  . I F A , 1 F 3 . I F C . I H C .  

*1 H E . 1 F F .  I MG.  I H H . 1 H I . I H J . I H K .  I H L , IHM.  I H N , I M P . 1  H P , 1 HO. 1 F P . 1  M S , 1  HT , 1 
* H U . l H V , l H W . l H X . l H Y . l F 0 . 1 H * . l H S , t H = . l h + . I F - /

DATA NOj N P . N W . nB / I H . . I H + . 1 H - . I H  /
DATA S C L / I F X . I H Y . I F Z /

1 F 0 F M A T I 2 0 A 4 )
2 F 0 F M A T I S 2 A 1 . 7 A 4 )

3  F C F M A T I I H  . 2 6 X . 2 0 A 4 )
5 F O R MA T ! 1 3 2 4 1 )

6  FORMAT( 5H ALL . A 1 . 5 7 F  VALUES ARE N E G A T I V E .  LOG SCALE MAY NOT BE S

♦ P E C I F I E D .  )
7  F C F M A T ! I P E l 7 . 2 . F 1 1 5 . 2 )
8  F CRM AT( I P E 1 7 . 2 . E 6 I  . 2 . E S 4  . 2 )
9  F O R M A T ! I R E l 7 . 2 . 2 E 4 0 . 2 . F 3 5 . 2 )

10 F O R M A T ! 1 P E 1 7 . 2 . 3 E 3 0 . 2 . E 2 5 . 2 )
11 F O R MA T ! 1P E  1 7 . 2 . 4 E 2 4 . 2 . E l  9 . 2 )
1 2  F O R M A T ! I H K . 5 9 X . 7 A 4 )
7 4  F C R M A T ( 6 E 1 2 . 2 )
7 6  F O R M A T ! I H l )
8 0  F 0 R MA T ( 7 C H  N P T ! N C .  OF P T S . )  MUST BE EVENLY D I V I S I B L E  BY NP L CT I NC.

♦OF C U R V E S . )  )
84  F O R M A T ! I X . 3 6 F 0 N E  OI MCNSI CNAL P L C T  NOT ALLCWEC.  )
9 4  F O R M A T I 4 2 A 1 . l O X . 7 A 4 )

D C 9 S I = 1 . 4 1
9 5  NH!  I ) - HCM!  I )

N = 5 D + 6 6 4 ! N P A G C - 1 )
L L X = L X + 1 
N0C=NCD+1

G O T O ! 1 5 . 1 3 . 1 4 . 1 3 ) .  NDO 
13 P E A Ü I 5 . 1  >!  t i t l e  I I ) . 1  = 1 . 2 0 )

14 I F I N C C . L T . 3 I G P T Ü 15 
I F ( N C I M . N E . 3 1 0 0 1 0 9 3
P F A D ! 5 . 9 4 ) t M O P ! 1 ) . 1 = 1 . 4 2 ) . T A B I . T A B 2 . T A q 3 . T A Q 4 . T A E S . T A e 6 . T A e 7  

GO TO 81
9 3  PR AO Cj  . 2 )  ! MOP! I )  . 1  = 1 . 4 2 ) . !  NH(  I ) . 1  = 1 . 1 0  J . TAB 1 . T A F 2 . T A B 3 . T A B 4 . T A 0 5 .  

1 T A P 6 . T A U 7
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0 0 *  1 Gf l TOH 1
0 0 4 2 1 5 0 0 8 2 1 = 1 , 4 2
0 0 4 3 6 2 MOP{ I ) = f4;l
0 0 4 4 81 N C . h ( 4  1 ) = N n
0 0 4 5 I F  ( I - t  C AT t  N P T / N P L C T  ) - F L O A T  I N P T  ) /  FL O AT (  N P L O T  ) 1 1 0 1 ,
0 0 4 6 8 5 I F ( N X I P h M . 5 0 . 1 1 G 0 T 0 7 2
0 0 4 7 Y « I N  = 1 . 9 0 I =  7 5
0 0 4  a X M I N = T M I N
0 0 4 9 Z M I N = Y M 1 N
0 0 5 0 Y M A X = l . o o n - 7 c

0 0 5 1 X H A X = v mAX
0 0 5 2 ZMAX=YMAX
0 0 5 3 0 0 5 1 1 = 1 , N P T
0 0 5 4 G O T O ( 1 0 3 . 5  2 . S 3 ) , NO IM
0 0 5 5 5 3 I F ( Z (  I 1 . G C . Z v a x ) 7.^ . a x - 7 . 1 1 )
0 0 5 6 I F ( Z (  D . t - K . Z M I N )  ZM1 N = Z (  I )
0 0 5 7 5 2 I F ( V (  n  . GE . Y M . - . X ) Y M A X  = Y(  I )
0 0 5 8 I F < Y ( n . L C . Y P T N ) Y M I N = Y ( ! )
0 0 5 9 I F ( X {  I 1 . G f .  . X r / A x ;  XWAX =  X ( I )
0 0 6 0 I F t X C  1 1 . M .  . XM 1 N ) X M I N  =  X ( I  )
0 0  61 51 C O M  I NU5
0 0  6 2 I K I L X  . GT . 0  ) G O T 0 9  0 0
0 0 6 3 X k I N = X 8 I N - ( X V A X - X M I N ) / 7 5 . 0
0 0 '  4 X M A X = X 8 A X + { X M 4 X - X M 1 N ) 2 7 5 . 0
OOt . 5 9 0 0 11 ( L V  . GT . 0  1 6 0 7 0 7  3
0 0 t i 6 Y 8 I N = Y W 1 N - ( V M A X - Y M 1 N ) / J 0 . 0
0 0  6 7 YMAX= YMAX1 ( Y/ AX- Yi V,  I N ) /  10  . 0
0 0 6 8 C O T 0 7  3
OOf . 9 7 2 P t l AU ( 5 .  74  ) XM I N . X M A X .  Y M N  . YMAX . Z F I N .  /  MAX
0 0 7 0 7 3 I t - l Y W A X . G l  . 1  O O O O . U . O P . Y W I N . L T .  ( - 1 0 0 0  0 . 0 )  I GC ' T P S O
0 0 7 1 I F  ( Y f ' A X - Y M I N . L T  . 5 . 0  I G C T C p O
0 0  7 2 I F ( Y M A X . G T . 1 0 . 0 . 0 P . Y F 1 N . L T . ( - 1 0 . 0 ) ) G O T C 6 2
0 0  7  J I F (  Y VAX. I .  T . O . O ] . C ) R , A e S [ Y V l N ) . L T . 0 . 0 1  I G O T P F O
0 0 7 4 0 0 5 9  1 =  1 . ' >
0 0  7 5 5 9 F M T (  I ) =  ( M 2 (  I >

0 0 7 6 G 0 T O 6 5
0 0 7 7 6 0 0 0 6 1  1 = 1 . ( •

0 0 7 8 6 1 F mT(  1 ) =  F M 3 (  1 )

0 0 7 9 0 0 1 0 6 5
0 0 ^ 0 6 2 O O C 3 1 = 1 .  6
0 0 5 1 6 3 F M T (  1 ) = f M l  ( I )

0 0 8 2 6 5 i r i X M A X . G T . 1 0 0 0 0 . 0 . C F . X M I N . L T . ( - 1 0 0 0 0 . 0 ) ) g o t o g ?
0  0(. -3 I F { X M A X - X M I N . L I . 5 . 0 ) G O T O 6 7
0  0  8 4 I F ( X N A X . G T . 1 0 . 0 . ( A . X M I N . L T . ( - I O . O ) ) G O T 0 6 9
0 P > ' 8 0 1 1 6 6  1 = 1 . 8
0 0  5 6 I F  ( X MAX . I . T  .  0 .  0  1 . O R  .  A F S (  XF IN )  . L T  . 0 .  0 1 ) G 0  TC 6 7
0  0  8 7 6 6 r W T (  1 ) = F M 5 (  I )

00 Ph GOTO 7C
0 0 ' * 9 6 7 0 0 6 8 1 = 1 . 6
0 0 6 0 6 8 FK T( I ) r . r . M4 ( I )
0 0 ' -  1 GOTO 7  0
0 0 5 ? 6 9 C C 7 1  1 = 1 . 8
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0 0 9 3
0 0 ° 4
0 0 9 5
0 0 9 6
0 0 9 7  
0 0 9 3  
0 0 9 9  
0  I 0 0  
0 : 0 1  
0 102 
0  1 0 3
0  1 0 4
0 1  0 5  
0 1  0 6  
0 1 0 7  
0 1 0 3  
0 1 0 9  
0 110 
0 1 1 1  
0 112 
0 1 1 3  
0 1 1 4  
0 1 1 6  
0 1 1 6  
0 1 1 7
0 1 i n
0 1 l ‘J
01 20 
0 1 2 1  
0 1 22 
0 1 2 3  
0  I 2 4
0  1 ? ' j  
0 1 2 0
0 1  2 7  
0  1 2 '<  

0 1 2 9  
0  1 3 0  
0 1 3 1
0 1 3 3
01  3 3
0 1 3 4
0 1  3 5  
0  1 3 0  
0 1 3 7  
0 1 j n  
0  I 3 ' )
0  1 4 0  
0 1 4 ]
0 1  4 2  
0 1 4  3 
0 1 4 4

71
7 0

1 6

1 7

Ifi
19

20

21

22

2 3

7 7

F R T (  I ) = F M 6 ( 1 )
I F ( L X . G T . O ) K O T 0 1 7  

C X = 1 2 C . 2 ( X M A X - X M I N )
S X ( 1 ) = XMI N
S X { 7 l - X M A X
U = X M I N
OQ 1 6 K  = 2 . 6
U = ( X M A X - X M I N ) / 6 . + U
S X ( < ) = U
GOT O 19
X L X = L X
MS = 1
I F ( X M 4 X . L E . O . O ) G O T 0 1 0 0

X M I N - 1 0 . 0 4 « ( A L G O ] 0 ( X MAX* 9 . 0 9 9 9  9 9 ) - F L O A T ( L X )  )  

C X = 1  2 C . / X 1 . X  
NX =  A L C G 1 0 ( XMI N 1
I K ( X M I N . L T . I . 0 ) N X = A L C C 1 0 ( X M I N ) - 0 . 9 9 9 9 9 9 9
X M 1 N = 1 0 . 0 * * N X
D 0 1 B K = 1 . L L X
S X ( K  )T:1 O . A * l N X + K - l )
C A L L P O T I X . X M I N . L X . N P T . O . 1 2 0 . , C X )
I F ( L Y . C T . 0 ) G n T 0 2 0  
C Y - N / I V M A X - Y M I N )
GO TO 2 1  
YL Y =  LY 
M S - 2
1 F ( Y M A X . L L . O . O ) G U T Ü 1 0 0

Y M I N - 1 0  . 0 * * ^  ( ALOGI  0  (Y MAX <■ 9 . 9 9 9 9 9 9  ) - F L O A T ( l Y)  )
C Y = N / Y L Y
K Y = CY
N Y - A L C G I O ( Y M I M )
i r  (V.M I N . L T  .  1 . C  ) N Y = A L C G 1  0 (  Y M I N )  -  C.  9 9 9 9 9 9 9  

Y K I N = 1 0 . 0 * T \ Y
C a L L P O T ( Y .  Y l ' l N . L Y . N P T  . 1  . N . C Y )
I F  ( I I C I M . L T  . 3  ) G 0 T U 2 4  
r r L O T = N F l  CT 
I F  ( l . Z . G T . O ) G O T O ? 2  
C Z z F F L O T  /  ( . TXAX- ZM I N )
G Ü T 0 2 3
7 L / = L Z
M S - 3
I F ( Z M A X . L C . O . O I G O T C I  0 0
Z M I N  = 1 0 . 0  ( Al C G I 0 1 7 MAX*  9 . 0 9 9 9 9 9 1 - 2 L 2 )
C Z = F F L 0 1 / 7 L Z
I F ( Z M I N . C F . I . 0 ; G C  TO 2 3
I A r  A L G G I O  C Z K I N ) - . 9 9 9 9 9 9 9
Z M I N  = I 0 . 0  * * I A
C A L L  P O T <  Z . Z M I N . L Z . N P T . O . 2 F L O T  . C Z )
0 0 7 7  I -=l  . N P T  
I Z = Z ( I ) + 1 . 0  
7A 1 ) = N C H {  1 7 )

C O M  I N U L
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0 2 4 9 83 RETURN
0 2 5 0 too HHI TEf O
0 2 5 1 RETURN
0 2 5 2 101 WR I T E ( 6
0 2 5 3 RETURN
0 2 5 4 1 0 3 * R I T E ( 6
0 2 5 5 RETURN
0 2 5 6 END
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