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PART 1

SIMULTANEOUS IONIZATION-EXCITATION CROSS SECTION OF

HELIUM BY BORN APPROXIMATION

CHAPTER I

INTRODUCTION

The production of excited ionized helium atoms by electron
impact has been observed by optical method. L2 In these experiments
the intensity of the transition n=4 - n=3 (4686-2\) of He+ which resulted
from a beam of electrons passing through a container of helium was
measured. Because of the near L degeneracy in He+, the observed
radiation is the total intensity of the five transitions 4S5 - 3P, 4P —3S,
4P ~-3D, 4D ~3P, and 4F —» 3D. If the emission of the 4686-& radia-
tion is believed to result primarily from direct ionization-excitation
induced by electron impact, the cross section of the 4686-3 radiation
can be calculated from the ionization-excitation cross sections of the

4S, 4P, 4D and 4F states of He+. Calculations for the 4P and 4D



states have been made by Dalgarno and McDowell. 3 In the paper of

St. John and T_»in;l it was assumed that the ionization-excitation cross
section of the 4S state of He+ lies somewhere between those of 4P and
4D as suggested in Ref. 3. Using a cross section of the 4S5 state es-
timated in this manner, it was found that the 4S5 ~ 3P transition alone
constitutes more than the sum of all other 4 transitions. This happens
because the 4S state cascades only to 3P and 2P with an intensity ra-
tio of 3:4, whereas the majority of the atoms in 4P cascade to 1S,
leaving a small fraction of the population for the 4P = 3S and 4P~ 3D
transitions. The ionization-excitation cross section for 4F can be
well expected to be much smaller than that of 4D, and the 4F = 3D
transition should be quite insignificant compared to the other members
of the 4686-A& group.

Taking the ionization-excitation cross section of 45 to be
somewhere between 4P and 4D, as suggested in Ref. 3, one finds the
calculated cross section of n=4 “n=3 to be too small compared with
experiment. " Because of the importance of the 4S ~ 3P transition in
its contribution to the intensition of the 4686-8& radiation it is neces-
sary to calculated the ionization-exgta;ion cross sections for the 45
state of He+ more carefully, For the range of incident energy of the

electrons considered, Born approximation seems to be sufficient. The

theoretical cross sections for the 4686-% radiation are then determin-



ed and compared with the experimental results. In the case of the ex-
citation of the triplet states of the neutral helium atoms, St.John, Mil-
ler and Lin4 have found that the observed cross sections are much
larger than the theoretical values, leading to the conclusion that the
cbserved population of the triplet states in their discharge experiment
is produced mainly by processes other than direct excitation. It is
therefore of interest to see if the observed intensity of the 4686-]
radiation can be ascribed mainly to direct ionization-excitation pro-
cesses.

The calculation can be readily extended to give cross sec-
tions for n=5~ n=3 (3203-&), n=6 *n=3 (2733-3) and n=7 *n=3 (2511-%).

Recently the five individual transitions of the 4686-3 have
been resolved. 18 The broadening of each line is due to the following
effects: natural line-width, pressure broadening, thermal Doppler
broadening and recoiled Doppler broadening. A distribution of recoil-
ed velocity of the ionized-excited atom can be obtained from the dif-
ferential cross section. It is interesting to calculate the amount of
broadening due to recoil to see if its contribution is significant and to
see if the total calculated line-width agrees with experimental mea-
surements. The half-width of the 45 3P line due to recoiled veloci-

ty alone is calculated and compared with experimental value in Appen. IV,



CHAPTER II

FORMULATION OF EXCITATION CROSS SECTION OF TWO-

ELECTRON SYSTEMS BY ELECTRON IMPACT

$2.1 Direct Excitation

Consider the excitation of a two-electron system by elec-
tron bombardment. The mass of the electron is small compared with
the target and the motion of the latter in the collision can be neglected.
Let the intensity of the incident beam of electrons be such that one par-
ticle crosses unit area per unit time. Denote the propagation vector
of the scattered electron by 1?', (k', 9,9 ) being its polar coordinates.
The number of electrons that are scattered per unit time into a solid
angle dw, in the direction of k', after having excited the two-electron
atom into its higher state n is I(6, ¢ )Jdw. This number has the dimen-
sion of an area and will be called the differential cross section for scat-
tering into the solid angle dw. The total cross section Qn corresponding
to the excitation will be obtained by integrating over all angles of scat-

tering so that



f J’ e @) sinb dOdg . (2.1)

Let the atomic electrons be distinguished by suffices 1 and
2 and the incident electron by suffix 3. In atomic units the Hamiltonian
of the system of incident electron and the atom is
1 -1

2 - -
H=H -V3 /2 + T, T, t V(r3) R (2.2)

where viZ - (32/3Xi2) + (32 /3}’12) ' (62 /Bziz)

is the Laplacian operator in the space of the ith electron, Ha. is the
Hamiltonian of the atomic system and T I}i-?j' , ;i being the posi-

tion vector of the ith electron. Ha can be written as

-1
S - - 1
Ha Z/rl 2/3."3+r12 + H',

where H' includes spin-orbit coupling and other small effects. V(?_,’)
is the potential between the incident electron and the core. The wave

equation of the system is then

H\If(r,r ,r —E\Ij(r, ,r3) . (2. 3)

Expand\y (r T , T ) in terms of the complete orthonormal

7273

set of eigenfunction W (—* , ?2) of the atomic Hamiltonian operator Ha:

VELT,,2,) = (24 )0 (7,7,)F (7)), (2.4)
and Hawn('r’l, FZ) = Enwn(’r‘l,?z). (2. 5)

The integral sign denotes integration over the functions of the con-



tinuous spectrum. Substituting equ.(2.4) into LHS of equ. (2. 3) the

following expression is obtained:

2 -
- v 7,7 = T
(L[ NE-E + V7 /2)y (R,8,)F (b)) = (r) "4r, T+ V(E) X
Yz, 7,,7,) (2. 6)
Because of the ortho-normal conditions of the Wn(;l, ?Z)
wave functions on multifying equ. (2. 6) on both sides by 10 ( T rz) and
integrating, the following differential equation is obtained:
(E- E+V/2 r)-H13+r \I’(r 3’)X
'< - - - -
11/ (r , T )drlclr2 . (2.7)

Without loss of generality the atom is assumed to be in its ground
state before excitation., The required asymptotic solutions of equ.(2. 7)

are

F (7) = explik z ) + r-lexp(ikor)fo( 8,9) , (2. 8)

and  F (3) "r-lexp(ik.n'r)fn(e, 8) . (2.9)

n
The function Fo(r) represents the sum of amplitudes of the incident and
scattered waves while Fn(r) must represent the scattered wave ampli-
tude only. Construct a sphere of radius r with the target atom as the
center. The number of electrons, after having excited the atom to a

. . cr s . -2 2
state n, crossing a unit area of the sphere per unit time is knr Ifn(e, ® )l .

The flux of the incident beam of electrons is ko. Thus the differential




cross section of the mode of excitation being considered is

(8,0)dw = (x /icp)] (8, 0) “do . | (2.10)

The differential equation (2. 7) cannot be solved exactly.

Several approaches to the equation are discussed in Ref. 4 to give
approximate solutions. Only the Born a.pproximaﬁcicm6 will be consi-
dered here. At higher incident energy, the interaction between the
in coming plane wave and the target atom may be considered as
small perturbation on the incident wave. As a zero-order approxima-
tion \I/(_fl, T

2,3"3) can be taken as

VEL T, E,) = explif F,09 (F),7,) (2.1)

where Eo is the propagation vector of the incident electron. Equ.(2.7)

then becomes

2 2 = -1 -1 - . - e
( V3 +kn )Fn(r3) = Z_U‘(r13 -i-r23 +V(r3))exp(1R'0 r)wo(rl, rz) X
¥ (F)F,)dF dF,dF, (2.12)
where 5
k  =2(E-E). (2.13)
n n

Now equ. (2.12) can be solved. = The solution corresponding to the ex-~

cited state n has the asymptotic form

Fn(?) - [exp(iknr)/(?.vr)] Hexp[i(ﬁo-?n)' ?3] [r1;1+ T -1+ V(?3)] X
11/0(1'1, rz)wn(rl, 1'2)drldr2dr3 R (2.14)

where Kn has the magnitude satisfying equ.(2.13) and is in the direction



of the scattered electron. The differential cross section is then given

by
I(6,6) = k /(4Tr2k )Hexp(ik‘r' IE; e ViE )Y (F,1,) X
n n o) 3713 23 3770172
V(@7 ) d7 dF, | (2.15)
n 1’2123 '
where .
K=k -k , (2.16)

is the change of propagation vector of the incident electron. The
zero-order approximation can be refined by putting the expression
(2.14) in the RHS of equ.(2.7) and integrating the expression a second
time. This would then give the first-order correction of Born appro-
ximation, However the method becomes very tedious and it is better
to use the method of distorted waved or some other method discussed
in Ref., 4.

Expression (2.15) can be simplified in the following man-
ner. The V(??’) term is zero because V/O(?l, ?2) is orthogonal to
wn(?l’ ?2). The wave functions are either symmetric or antisymme-
tric with respect to interchanging atomic electrons 1l and 2:

v (r,T

B EITEN ) . (2.17)

) = iwm(rz. T

The initial and final wave functions 1[/0 and wn must have the same

symmetry with respect to the operation of interchanging atomic elec-
. -1 -1 . .

trons otherwise r__ and r terms will contribute equal and oppo-

13 23

+site amount to the integral and cause it to vaniish. When they are of



9
the same symmetry, the first two terms of the RHS of equ.(2.15) are
equal. This can be expressed as
-1 -

. Lo “l - — - — g -
‘I\exp(lk 1'3)(1'13 +r23 )wo(rl, rZWn(rl’ rz)drldrzdr3

= Zjexp(lK' r3)r13 wo(rl, rz)wn(rl, r2

)drldrzdr3 . (2.18)
Expression (2.15) can be simplified further by using the following
7
formula derived by Bethe:
e Y -2 3
J‘exp(lK'ri)riJ. dri = (4rK " )exp(iK: rj) . (2.19)
When equ. (2.19) is applied to equ. (2.18) and the resulting equation is

inserted into equ. (2.15) the following expression results:

4 .—' - - = *—0 — — 2 .
1(8,9) = 16k /(k K )| J explik: B (R, T (77, )dE | %, (2. 20)

In sonre cases there exists a symmetry about ¢ and In(e, ®) is inde-
pendent of . The cross section then is given by the following ex-

pressions:

o

T LT

2
AtS Z)d?ld?z ,(2.21)

1(9) = 3znkn/(koK4)Uexp(iﬁ-
'
Q= IO I (8)sindd® . | (2.22)

Often it is convenient to use the momentum variable instead of an-
gular variable. The magnitude of K as defined by expression (2.15)

is given. by

K2=k2+k2-2kkcose, (2.23)
n o on

-
since the axis is chosen in the direction of ko. Frrom the last equa~



10
tion it is seen that
KdK = k k sinfdf . (2.24)
on

In terms of momentum variable expression (2.19) becomes

_—*.—4 - = *—-0 - - - 2
,J'exp(lK rl)wo(rl, rz)wn(rl,lz)dr dr.| ~. (2.25)

2.3
In(K)dK = 3Zw/(koK ) 1955

Formula (2.25) gives the expression of differential cross section for
momentum change between K and K+dK.

The Born approximation seems to have a wider range of
validity than it might have been anticipated. A detailed discussion
and comparison between experimental and theoretical results i s

given in Chapter III of Ref. 4.

§2.2 Excitation by Electron Exchange4

When spin-orbit coupling is neglected it is impossible to
excite an atom to a state with a different multiplicity., With no spin-
orbit coupling there is no singlet-triplet mixing. The configuration
part of the singlet wave function is symmetric with respect to inter-
changing of atomic electrons 1 and 2 while that of the triplet is anti-
symmetric. As is seen in the previous section Born approximation
predicts zero cross section for direct excitation. LOppenheimer8 pro-

posed the mode of excitation by electron exchange: the incident elec-




i1
tron is captured by the atom and one of the atomic electrons is ejected.

This excitation by means of electron exchange can change the multi-

3

plicity by #2 only. The electrons are treated as distinguishable

only when their spins are antiparallel.
The formulation for excitation by exchange is similar to

the previous section. Instead of equ.(2.4) the expansion is

L ENENERIE z+jwn(¥z,¥3)c;n(¥l), (2.27)

where G (}'1) is assumed to have the asymptotic form of
n
G (7))~ rexp(ik_r)g (8, 9) (2.28)
n 1 P gn ’ | )

Substituting equ.(2.27) into wave equation (2. 3), multiplying on both

Ko

sides by wn(rz,? ) and integrating over ¥2 and T, the following dif-

3 3

ferential equation for Gn('i’l), corresponding to equ.(2.7), is obtained:

2 2 - -1 -1
(k “+ VG (F) = 2flx [ 4r, + VENVELT, £ <r T, )dr,dT,

(2.29)
Previously the nuclear interaction term V(;3) does not contribute,
This is not the case here. A difficulty arises in the choice of the pot-

ential for the nuclear interaction as to whether it should be V(? ), the

3
prior interaction or V(-fl), the post interaction. If the wave functions

are exact solutions of the wave equation then both terms give the same

10 ) . .
result. This is also true when Hartree self-consisten field wave




12

functions are used, 9,10 provided the energy difference between the
states is taken as to be that given by the same approximation. It is
not true for Hartree~-Fock wave functions or wave functions by other
approximations.

There exists no means of deciding which of the two in-
teractions or some mean between them is the best choice. The se-
riousness of the difficulty is shown by the following example. The
1 S"’23S intercombination transition in helium is calculated to have
a maximum cross section at 23 eV incident energy of 0.2 a.u. with
prior interaction and 0. 65 a,u. with post interaction. i The later
actually exceedes the maximum possible inelastic cross section.

In order to solve equ.(2.29) Born's approximation will

be introduced. However instead of expression (2.11) the following

expression ior \I/(?l, ?2,?3) is appropriate:
\If(rl, T r3) = exp(ll’io- rl)wn(rz, r3)+ eexp(ﬂio- rz)wn(rl, r3) +

2 D o

¢ explik 7 )V (F),7)) (2. 30)
where

1
e = (i-37%2,

1 - _ - — . { .

and v/n(ri. rj) wn(rj,r.l) (2.31)

Substituting expression (2, 30) into equ. (2.29) a solution of Gn(?l)

can be obtained in a manner similar to that for F (?3), with the re-
n



13
quired asymptotic form as given in expression (2.28). The differen-

tial cross section is then given by

> 2 -l -l - - L SN
8 = ;
L(8,9) = 3k /(4n"k ) Jlog 4r, st VE N V(e F, 0 (F 7)) X
. --o’ — - - " -~ 2
exp[l(ko' r3-kn' rz)] drldrzdr3l (2.32)
The total cross section is then given by
= ¢ i 8 . .
Q_=[1(8,9)sin8d8dg (2.33)

When the Born approximation is used in the calculation of
excitation cross sections by means of electron exchange, this is known
as the Born-Oppenheirner approximation as distinct from the direct

excitation.




CHAPTER III

THEORY OF THE 4686-£ LINE OF He' BY ELECTRON IMPAGT

The processes to be investigated in this and the next

chapters can be described quantitatively as
2 N
He(ls) s He-l (4L) + e,

HeT(4L) - He (3L fhv(4686-8) .

83.1 Direct .Ionization-excitation Cross Section for 4S

The excitation energy for exciting neutral helium to 4S of
He+ is 75.58 eV. The range of incident energy to be considered is
from 200 eV to 450 eV. For this range Born approximation is ex-
pected to be valid.

According to equ.(2.25) the differential cross section for

momentum change between K and K+dK of the incident electron, the

x®

" Published: Phys. Rev. 138, 303 (1965)

14
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ejected electron having a propagation vector X whose magnitude lies

between # and # +dx and in the solid angle dO is

I (K)dKdn 49 = 327/ (K 20| explike 70 (7, WE,L T )05 65 | x
3 o o' 2" n""1""27771772

dKdudo . (3.1)

Slater orbitals will be used as an approximation for the ground state .

of helium. The ground state wave function can be written as

V(ELT)) = 6 (2IF)e (2]F) (3.2)
where
¢ls(Zl;) = n-l/ZZ3/2exp(-Zr) . (3. 3)

Z is chosen to be 1. 69 in accordance with the work of Mott and Massey.

sk
For the excited state the wave function Wn(i')l, _1"2) can be written as

N o - b3 - o - sk — E3 -
v (F)F,) = 2 %[gbn&m(Z'lrl)%(Z”, 7,)+ ¢K(z"| rl)¢n&m(z'l 7,0, (3.4)

where ¢n{lm(ztl?) is the hydrogenic wave function with the nuclear
charge Z'=2 and ¢K(Z"|_13) is a state in the continuous spectrum with

propagation vector X. An approximate wave function for ¢K(Z"|?) is

to take the hydrogenic wave function in the continuum, with the nu-

f The suffix n on the LHS of equ. (3. 3) denotes an excited state while
that on the RHS carries its usual meaning in Quantum Mechanics as

the principal quantum number; 4 is the azimuthal quantum number.




16
6 .
clear charge taken as 1. 69. The solution of the hydrogen wave equa-

. . . . 1
tion in the continuum was first obtained by Sommerfeld:

qs;f(z'f]l-) = %(Zw)-ls%wemr[r(l-is)] 'II: e'ise'u:ro[z(m §lu)%] du, (3.5)
where

E =r(l+cosh),

cos A = cosBcosy + sinBsinXcos(¢-v) ,

s=2Z"/n, (3. 6a)
and  w =[l-exp(-27s)] -l (3. 6b)

In expression (3. 5) Jm(z) is the Bessel function of the first kind of
order m and argument:z, A is the angle between the incident and the
ejected electrons, X and ¥ are the polar angles of the ejected electron
and 6 and ¢ are the polar angles of the scattered electron. This ap-
proximate wave function has the merit of being orthogonal to the
ground state. Its normalization is such that it represents an outgo-
ing plane wave plus an outgoing spherical wave.
Substituting equs. (3.2) and (3. 3) into equ.(3.1) gives
2.3 2

I (K)dn dKdo = lé*rr/(kO K )'h1 + h2| dudKdo , (3.7)

n
where

h = Jexp(iK 7)o, (ZIR )6, (292)d% [ @ (2]3,)6(2 2, )%, , (3.8)

1 I1s" "1 ndm "1 is 2°n 2772
and

- - B - -+ - *® - -
b, = [exp(ike F))o (2I7)0 (27 )ar [0, (2]x)6 , (21x)dr, . (3.9)
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If Z" is chosen as 1. 69 as is required in the calculation
of the 4S state of HeJr cross section to make ¢K(Z“ T) orthogonal to

(Z ¥), b, vanishes. Except for the modifying factor

$ 1

ls

L i 2
C=2 'r¢ls(zl r2)‘bnl,m(zllrz)drz ’

(3.10)
the differential cross section is the same as in the case of ionization
of hydrogen. 62 The factor 2 comes from the fact that there are two
terms in the potential which contribute a factor of 4, but has to be
divided by 2 because of the normalization constant of the wave function.
This modifying factor C can be evaluated readily and is found to be
equal to 1,26 X10-3, with'Z=1. 69 and Z'=2, 0. The first integral of h2
was performed by Massey and Mohr. 13 It gives for the differential

cross section the following expression:

-2 =2 -1 2
IK(K)deKdU = CZQZ()KRO K wexp[-2Zn arctan{2Zu/(Z +K2-n2)}] X

2 2 2 - 2 2 .2 2 2. -
(Z +K +% -2Kucosb) 4[(K-7«:ose)2+z cosze][(Z +K - )2+4:Z‘2 ] lX

dudKdo , (3.11)
where € is the angle between I-(' and the direction of ejected electron.
The integration over the angles of the ejected electron can be perform-
ed to give the differential cross section corresponding to a momentum

change of the incident electron between K and K+dK and momentum of

the ejected electron between # and x+du.
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‘

After integration, equ.(3.1l) becomes

11 1 _6

L(K)dndK = C2"mn ko‘ K 'wZ [K2+%(ZZ+KZ)] [z4

2
1227 (K2+n2) +

2
(K'2 -%2 )2] 3exp[ -2 ZK-larctan{Z ZK/(ZLHc(2 -%2 )}l dudK. (3.12)

In order to get the total cross section it is necessary to integrate over

% and K. This can only be performed by numerical methods. The ex-

pression for cross section is

jnmax j"KmaX K)drd 13
Qs = Iy T T Ldnag (3.13)
min
where
W =(kP.2E )F (3.14)
max o ' n ! )
K . =k -k , (3.15)
min (o] %
K =k +k , (3.16)
viadXx (o] U
k :(RZ-KZ -ZE )% ’
% O n
and En = 75,58 eV =2.778 a.u.

E 1is the ionization-excitation energy, and ko /2 is the kinetic energy
n

of the incident electron.

Numerical integration has been carried out on the compu-
ter for the incident energies at 200, 270, 350, 405 and 450 eV. The
numerical method used is the two dimensional Simpson's rule. The

values obtained are listed in the first row of Table I on p. 22.
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§3.2 Direct lonization-excitation Cross Sections of 4P, 4D and 4F

For L#0, h, becomes zero because of the angular depen-

2

sk -
dence of (bn(Z'IrZ). If Z" is chosen to be 1. 69 then the cross sections

—

will be zero. However the orthogonality requirement between 11’0(?1, rz)

and V¥ (?1,?

a no longer demands Z" to be chosen as 1. 69. Hence Z"

5)
can be varied as a parameter.

The first integral on the RHS of equ. (3. 8) is an elemen-
tary integral, Let it be denoted by InL(K)' Choose the axis along K,

then by a straightforward integration the following results can be ob-

tained:
2o - 3% - - . 3/2 -5 _-
I4P(K) =J‘exp(1K' rl)¢ls(zlrl)¢n£m(Z'lrl)drl =[i(Z'Z) / KB 75 %] X
[10cB - 5(5¢”-K*)B + 3¢(5c” -3K")] (3.18)
m ,
o322 -4 2 2
I4D(K) = [(Z'Z)"" "K' B ]|[-6bct+(7c -K )/B]éom ’ (3.19)
oo 3]2 30 .5 .1/2
I4F(K) = [-i8(Z2'Z)"" "¢K']B 75 6Om ’ (3. 20)

c=2'+Z/n=2.19,
B = c2 + K2

The integration for the second integral on the RHS of equ.
(3. 8) is given in Appen. I. This is carried out in a similar manner to

the integration of the first integral on the RHS of equ.(3.9). The re-

sult is:



1/2 1

L = f¢ls(zl?l)¢;fz“|}*2)d¥2 = 47 (Z"w ) Cexp[-2Z" X

arctan(%/Z)](Z-Z")(Z2+K2)-2 . (3.21)

2 . . .
For a given «, )IIK’ is a rapidly varying function of Z''. It has a
minimum of zero at Z''=l. 69 and increases rapidly on either side.

Thus the cross sections Q4 Q _ and Q4F depend sensitively on the

P’ 74D
choice of the parameter Z'",

Now h (K)I K(K, K) is given by equs. (3.18) to (3.21).

1 7 g (B

Substituting equs. (3.18) to (3.21) for h, in equ. (3. 7) the differential

1
cross section becomes a function of # and K only. Integration over
angles of ejection can be performed immediately to give a factor of
4w, The final integrations over # and K again have to be carried out
by numerical methods on the computer to give tk;e direct ionization-
excitation cross sections for 4P, 4D and 4F.

By varying Z' Dalgarno and McDowell's results can be

reproduced for the following values of Z':

ZII

1.455 for 4P,

AL 1. 446 for 4D.

Dalgarno and McDowell did not report any value for 4F. However the
direct excitation cross section for 4F is found to be small and its con-
tribution to the n=4-n=3 transition is small. An estimation is made by

averaging over the values calculated using Z'"=l. 455 and Z''=1. 446.
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§3.3 Variation of Q4S with Z'" as a Parameter
It will be shown in the next chapter that the direct ioniza-
+
tion-excitation cross section of 4S state of He contributes about 90%
to the intensity of the n=4-n=3 transition. In view of the fact that the
cross sections of 4P, 4D and 4F of He+ are very sensitive to the choice
of the parameter Z'" and the choice of Z'" to be 1. 69 is somewhat arbi-
c s . . . +
trary, it is interesting to investigate the dependence of Q4S of He on
sk PN . R
Z'". When Z" is varied, (b%(Z”lr) as given in expression (3. 4) will not
be orthogonal to ¢15(Z|?). Orthogonality can be achieved in the follow-
10 sk - ] -
ing manner. Instead of using ¢%(Z”{r) the wave function ¢K(Z", Z,r)
will be constructed:
T T % -
8 (2" Z|r) =g (2"]r) + eobls(zlr) , (3.22)

% -
and by varying @ and B, ¢K(Z", Z|r) can be made to be orthogonal to

q)l (ZI;) and normalised. The normalization condition is14
S
® K+0n, "
lim [ d7¢ (2", z|7)] ¢ (2", Z|F)an = 1 . (3.23)
0 % M M
M0 H-Dn

This gives: @ = 1. Multiplying equ.(3.22) on both sides by ¢15(Zl¥)
and integrating gives
1 - \* 1 > _ . 3,25
B(z",2) = -[¢ (zMe(z"F)dE =1 (3.25)
Substituting equs. (3. 22) and (3. 25) into equ. (3. 9) the following ex-

pression for h2 is obtained:
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h, = by Xh (3. 26)
where N

b, = Jo (2IF,)0, (21]F,)dF, (3.27)
and by = [ exp(ik: ?)¢1S(z|¥)[¢:‘(z"(?l) s B¢l";(z(;’1]d;’l . (3.28)

The first integral in expression (3.28) has been carried out in detail
in Appen. II. The second integral is an elementary integral:

g N A s 2 4 2 2 -2
[ explix rl)¢lS(Z|rl)¢ls(er1)drl = 1627 (427 +K") 7", (3.29)

The differential cross section is then given by equ. (3.7) and the total
cross section becomes
= 3.30
Q C(Q1+Q2+Q3), (3.30)
where C is the modifying factor given by equ. (3.10) and

“2p -3 - 2 2
Ql = 5121TZ3Z”kO jnK 5wexp[-zz“n larctan{ZZK/(ZZ-% +K2)}][(Z +u2+

K42 -l k% Pz -2)? (224l )+ (24 2) K -l RE {2 -2 )3) +

2.2 -
2721°2% 2}]dndK ,

Q2 = 128TTZ3k02J. K-3Z"Kwexp[-ZZ“K-larctan(%/Z)] 4(2-2”)2 X
2 -
(z +n2) 4dndK )

3 2 3

exp[ -Z”K-larctan{K(3Z2 -

llnA)] (244 +

2. -2 -
+n)2K
1

Q. = 256wk 2Z
3 o

- 2 -
K2+K2)Z l(Z -3KZKZ)}][RCOS(-21-Z”%

2 22, 2 2 22 2. -
K" -2#Kcos8) [(Z°+« +K) - 0P k%] Lsind dandK |

2 2 22 2 2 2 -2
A=[(Z2"-n +K") +4.z7‘n2][z +# +K -2#Kcos®]

(2"-2) [2"w(Z

InA)+ Ssin(-zl;Z"K-
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2 2 2.2 2 .2 2 2 22
R=2Z2"Z +1n -K )(n +Z +K -Zanose)-ZZ[(Z -# +K) +4KZZZ] ,

S = 4Z"ZK[cos9(22+KZ+K2) -21K] .
Again for Ql and Q2 the final integrations over # and K have to be done
numerically. For Q3 even the angle of ejection has to be integrated
numerically. The triple integration takes considerable time on the
IBM1410 computer and the numbers of intervals for #» and K have to
be reduced in order to have the program to be run within a reasonable

amount of time (approximately two hours). However it is found that

Q3 is of one to two orders of magnitude smaller than Ql. An inaccura-

cy of even 50% in Q3 will not effect the final numerical result too much.
Typical values for Ql’ QZ and Q3 are shown in Table L
It is to be noticed that the dependence of Q4S on Z'" is

far less critical than Q4 , Q _ and Q4F' As an illustration it has

P° 4D

been calculated that when Z" varies from 1. 45 to 1. 55, a variation of
7%, Q4P’ Q4D and Q4F vary approximately by a factor of 4, as com-

pared with a 13% variation in Q4 . Corresponding to Z'=l. 45 the

S
. +
value of the excitation cross section of the 4S state of He at 405 eV

=21 2
is 8, 7X10 " cm . This is 25% larger than the value listed in Table

IIL
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TABLE I
Typical Values of Ql, QZ and Q3 at 405 eV Incident Energy for Four

Values of Z" in Atomic Units

Z" Q Q, Q, Q

1. 09 0. 411 0.0732 0. 0810 0. 56
1.30 0.289 mq. 0105 0. 0061 0.306
1. 54 0.225 0. 00131 0. 0013 0.228
1. 69 0.196 0 0 0.196
1.75 0.186 0. 000179 -0, 00033 0.187

- ===




CHAPTER IV

COMPARISON WITH EXPERIMENT AND CONCLUSION

§4.1 Comparison with Experiment

Let I(nL/n'l') denote the spontaneous transition probabili-
ty from nL state to n'L' state anci I(nL) the total spontaneous transition
probability to all possible states, given by

I(nL) = 3 LnL/n'L"). (4.1)
n'L!

The branching ratio of the transition from nL state to n'L' state de-
noted by B(nLn'L') is then defined by

B(nL~n'L') = I(nL)/I(nL/n'L") . (4.2)

The calculated values of the direct ionization-excitation

cross sections for 4S, 4P, 4D and 4F states of He+ are listed in the
first four rows of Table II. But before the n=4~n=3 transition cross
sections can be calculated and compared with experimental results the
following five branching ratios are needed: B(453P), B(4P3S), B(4P-3D),
B(4D3P) and B(4F~3D). The spontaneous transition probabilities of

He+ is proportional to that of the excited hydrogen atom, the constant

25
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. -2 . .
of proportionality being Z' . The branching ratios are therefore the
same as those in the case of hydrogen atom. Spontaneous transition
probabilities of hydrogen are taken from a Table published by Law-

1
rence Radiation Laboratory.

TABLE II

Spontaneous Transition Probabilities in 108 sec-1 and Branching Ratiost

I(4S/3P) = 0. 0184 I(4S) = 0. 0441 B(45-3P) = 2.40
I(4P/3S) = 0. 0306 I(4P) = 0. 813 B(4P-35) =26. 6
I(4P/3D) = 0.00348 I(4P) = 0. 813 B(4P~3D) =234
I(4D/3P) = 0. 0704 I(4D) = 0,277 B(4D-3P) =3.93
I(4F/3D) = 0,138 I(4F) = 0.138 B(4F~3D) =1

T The branching ratios given here differ slightly from and are more
1
accurate than those quoted in the paper. 6 Those values were calcu-

lated from spontaneous transition probabilities given on p.266 of

Ref, 14,
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Let T4L denote the contribution from the direct excita-

tion cross section Q4 to the n=4-n=3 transition cross section,

L
+
Q(He ,4-3). Then T4L is given by the following relation:

T, ° Q4L/B(4L—'3L¢1), (4.2)

where when both B(4L~3L+1) and B(4L~3L-1) exist, T4L is the sum

of the two terms. The cross section is given by:

+
Q(He ,4~-3) = §T4L

= Q,/B(4573P) + Q, /B(4P35) + Q, ,/B(4P~ 3D)

+ Q4D/B(4D"'3P) + Q4F/B(4F"3D) . (4.3)

It is to be noted that the experimental values in Table III
include the contribution from both the direct ionization-excitation pro-
cesses and the cascading from the upper states.

Theoretical cascading contribution from n=7, 6,5 levels
to n=4 levels is calculated in the next chapter. It is estimated that
the total cascading contribution from all possible upper states will

increase the calculated values of Q(I—Ie+, 4-3) by 4%,

84,2 Discussion and Conclusion
It is seen from Table III (p.28) that 90% of the n=4~n=3

radiation resulted from Q4S' In €3.3 it has been shown that a varia-
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TABLE III
. ~21 2 o s
Cross Sections (10 "cm ) for Ionization-excitation of He by Electron

Impact

Incident Electron Energy in eV

200 270 340 405 450
+ a ,
Q(He " 48) 8.1 8.2 7.6 6. 9 6. 6
I
Qe 4p) 2.9 3.1 2.9 2.8 2.7
R
Q(He' 4D) 0. 68 0. 69 0. 66 0.62  0.57
Qe 4F)° 0. 03 0. 03 0. 02 0. 02 0. 02
T, 3.4 3.4 3.2 2.9 2.7
T,n 0.12 0.13 0.12 0.12 0.11
1 1 . .
T, 0.17 0.18 0.17 0.16 0.15
T,r 0.03 0. 03 0. 02 0.02  0.02
Q(He" 4-3)
s, 3.7 3.7 3.5 3.2 3.0
+
Q(He" 4-3)
. . . 7.0 .
Exptol. 9.8 9.1 7.9 6.5

% Calculated by using Z"=1. 69
b
Taken from Ref. 3

Obtained from the average of the calculated values using Z''=1. 446

and 2Z'=l,455
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tion of the effective charge Z' in the Coulomb continuum wave func-
tion may produce a change of 25% in the cross section. Considering
the uncertainty of the effective charge, the approximate nature of the
wave functions used and the use of the Born approximation in the cal-
culation the agreement between the theoretical and the experimental
cross sections is quite satisfactory.

The most serious approximations in this calculation
are in the use of the Slater orbitals for the ground state of the helium
atom and the Coulomb continuum wave function for the ejected elec-
tron. The Slater orbitals for light atoms have been considered suf-
ficiently accurate in many cases. However in the present case, for
the process of simultaneous ionization and excitation to be possible,
there must be some correlation between the two atomic electrons in
the ground state. The only correlation between the two atomic elec-
trons arises from the use of Slater orbital 1is the shielding effect,
i.ew., the effective nuclear charge is 1. 69 instead of 2. 0. Because the
simultaneous ionization-excitation cross section arises mainly from
the interaction of the atomic electrons, the Slater type orbital is not
expected to give as accurate results as in some other cases, such as
the energy of the ground state of helium or excitation cross sections.
For a more refined calculation it is suggested that Hylleraas wave

function, which takes care of the correlation of the atomic electrons
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in greater detail, be used for the ground state.
The second approximation is more difficult to improve.
A step in this direction would be to use self-consistent field wave func-
tion for the ejected electron.

The cross sections Q4 and Q4D quoted in Table III

P
are only good to within a factor of 5, as has been pointed out by the

3
authors. The accuracy for Q4F is even worse. Fortunately the total

contribution to the n=4—-n=3 radiation from Q4 and Q4D amounts to

P

only 10%. The contribution from Q4 is almost negligible. Hence

F
in spite of the large uncertainty of these cross sections the value of
Q(Hef‘l"‘ 3) should remain fairly accurate.

Both theoretical and experimental curves show a mix-
imum at approximately 230 eV incident energy. This has also been
observed by R. J. Anderson for 4686-8 as well as for the 3203-1?,
2733-.8 and 2511-.8 lines which.are the radiation from n=5-n=3, n=6-n=3
and n=7-n=3 respectively.

In conclusion, it has been shown that, unlike the case
of the excitation of triplet series of neutral He, the population of the
4S state of He+ is produced primarily by direct ionization-excitation
rather than indirect mechanisms. The intensity of the radiation from

+
n=4-n=3 of He transition can be explained quantitatively by direct ex-

citation and subsequent decay.



CHAPTER V
EXTENSION OF THE CALCULATION TO 3203-&, 2733-&, 2511-A

LINES OF HELIUM

5.1 Calculation of Direct Ionization-excitation Cross Sections of

QnS' n=5,6,7

The cross sections will be calculated at different ener-
gies but with Z''=l, 69 only. The differential cross sections are given by
equ. (3.12) where the modifying factors C can be evaluated readily for

he J

different values of n:

_ - ) - =2
C =2 I¢ls(2|r)¢an(Zfr)dr[ , | (3.10)
Z =169, Z'=2.0,
n 4 5 6 7
C 1.26x1o'3 5. 77x10'4 3.20}(10'4 1.%x1o'4

31
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Expression on the RHS of equ.(3.12) can be integrated in ex-
actly the same manner as in the previous case, except that the excita-
tion energy has to be changed for different values of n; the numerical

procedure is otherwise the same. The ionization-excitation energies

are:

n=4, E =175.58eV,
n

n=>5, E =76.83eV,
n

n=6, E =77.47 eV,
n

n=7, En =77.87 eV,

The values of QnS for n=5, 6,7 at five different incident energies with

Z'"=1,69 are given in Tables IV, V, VI respectively.

§5.2 Calculation of QnP’ QnD’ QnF for n=5,6,7

The difficulty in these cases is that there is no way of de-
termining the effective Coulomb charge Z''. It is however anticipated
that the contribution from Q _, Q _and Q _ to the n=5,6,7-n=3 tran-

nP" nD nF
sition cross sections will be small, as in the case for n=4. As an ap=-
proximation the effective Coulomb charge Z'" is chosen as 1. 455 for
Q _, 1.446 for Q _ and Q _ will be the average of the values calculat-
nP nD nF

ed at these two values of Z'" for n=5, 6, 7.

Now the cross section is given by

Q = j‘IK(K)dudeG (5.1)
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K
2. -2 ('max ¢ max -3 |2
= ban’k 7 [P [ 0 k7 [ | axc, (5. 2)
min

for L=1,2,3. The limits are given by equs.(3.14) to (3.16) and the ex~

citation energies En are listed on the previous page. Again h1 may be
decomposed as
hl = InL(K) Im(n, K) , (5.3)

where Iln(K , K) is given by equ.(3.12) and InL(K) can be obtained by
straightforward integration. The nine functions InL(K) for n=5,6,7
and L=1,2,3 are listed in Appen. III. Also listed in the appendix

are the hydrogenic wave functions for 7S, 7P, 7D and 7F which are de-
rived from the Laguerre Polynomials. The branching ratios used in

calculating Tn are obtained from transition probabilities from Ref. 15.

L
The direct ionization-excitation cross sections decrease
. -3 : . .
fairly regularly asn . It is observed that while the maxima of the
cross sections of nS and nP remain approximately at 230 eV those of
nD shift towards lower incident energy as n increases. This can be ex-
plained by the spreading outwards of the D wave functions as n increases

and hence increases interaction between the slower incident electron

and the atomic electrons,

§5.3 Estimation of Cascade Contributions.
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TABLE IV

1 2
CROSS SECTIONS (10  c¢cm ) FOR IONIZATION-EXCITATION OF

HELIUM BY ELECTRON IMPACT

Incident Electron Energy in eV

200 270 340 405 450
+ a
Q(He , 55) 3.8 3.8 3.5 3.2 3.0
Q(He 5P)b 1.4 1.4 1.4 1.3 1.3
+ c -
Q(He , 5D) 0.36 0.36 0.34 0.32 0.30
¥ __d
Q(He ), 5F) 0.02 0.02 0. 02 0. 02 0.02
: . . . - .
Teg 1.2 1.2 1.1 1 1.0
Typ 0. 059 0. 061 0.059  0.057 0. 055
Top 0.084 0.086  0.08] 0.076 0. 072
0.0 0. 01 0.0 0.0 0.0
Typ 1 1 1 1
Q(He" 5 3)
€ 1.4 1.4 1.3 1.2 L1
Theor.
+
QHe,5-3) ;¢ 2.8 2.4 -
Exptal,

% Calculated by using Z'"=1. 69
b .
Calculated by using Z''=1, 455
“Calculated by using Z''=1. 446
dObtained from the average of the calculated values using Z''=1. 446

and Z''=1, 455
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TABLE V
- 2
CROSS SECTIONS (10 Zlcm ) FOR IONIZATION-EXCITATION OF

HELIUM BY ELECTRON IMPACT

Incident Electron Energy in eV

200 270 340 405 450
+ a
Q(He, 6S) 2.1 2.1 1.9 1.8 1.7
T b
Q(He', 6P) 0.78 0. 80 0.77 0.74 0. 71
+ c
Q(He, 6D) 0.13 0.12 0.10 0. 09 0. 09
T d
Q(He ", 6F) 0. 01 0. 01 0. 01 0.01 0. 01
Ts 0. 56 0.57 0.52 0.48 0. 46
0.0 i : ) X
T6P 3 0.03 0.03 0.03 0.03
T, 0.03 0.03 0.02 0.02 0. 02
T
6F 0. 007 0. 007 0. 006 0. 006 0. 005
Q(He" 6-3)
€, 0.63 0.63 0. 59 0. 54 0. 51
Theor.
+
Q{He, 6 3)
1 1.8 .7 R
Exptal. ? ! ‘

% Calculated by using Z''=1, 69
bCalculated by using Z''=1, 455
“Calculated by using Z''=1. 446

d
Obtained from the average of the calculated values using Z''=1. 446

and Z''=1, 455
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TABLE VI
=21 2
CROSS SECTIONS (10 "¢cm ) FOR IONIZATION-EXCITATION OF

HELIUM BY ELECTRON IMPACT

Incident Electron Energy in eV

200 270 340 405 450
+
Q(He , 75)* 1.3 1.3 L2 .1 1.0
T %
Q(He" 7P) 0. 48 0. 49 0. 48 0. 45 0. 44
et 7D)S 0. 08 0.08 0. 07 0.06 0. 05
I
Q(He" 7F) 0.008  0.008  0.008  0.007  0.006
0.31 . 0. i 0.
T 3 0.31 29 0.27 25
T.o 0. 02 0.02 0. 02 0. 02 0. 02
.0 . : . :
T.o 0. 02 0. 02 0. 01 0. 01 0. 01
T o 0.004  0.004 0.004  0.003  0.003
Q(Het 773
€773 0,35 0.35 0.31 0.29 0.27
Theor.
+
Q(He, 73)
1.3 1.2 .1 - e
Exptal, !

% Calculated by using Z'"=1, 69

bCalculated by using Z'"=1. 455

“Calculated by using Z'=1. 446

dObtained from the average of the calculated values using Z''=1. 446

and Z''=1. 455
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The experimental values as in the case when n=4 include
cascade contributions. Hence before making any comparison it is
necessary to add cascade contributions to the calculated cross sec-
tions. Estimation of the cascade contributions can be done in the
following manner. Firstly it will be assumed that QnL decreases as
n ~ as nincreases. This is an asymptotic behaviour. When n is
large the overlap between the excited wave function and the ground
state wave function remains fairly constant while the normalization
constant changes as n-3/2. Thus the cross sections, while depend
on the square of the normalization constant, vary as n_3. The fact
that the direct ionization-excitation cross sections listed in Table IV
to VI show fairly regular variation as n gives justification for this
assumption. Secondly it will be assumed that the branching ratio
B(nL,n'L') remains approximately constant as n increases. In
reality the branching ratio B(nL, n'L') tends to a limit asymptotically
from below as n increases. This assumption will introduce smaller
branching ratios and hence larger cascading contributions which may
be regarded as upper limits. It will be seen that cascading contri-
butions thus estimated amounts to only a few per cent which are smal-
ler than experimental uncertainty and can be neglected.

The cascade contribution to the intensity of the 4686-8 (43)
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line at 200 eV is estimated as follows. The contributions from
n=5, 6,7 can be calculated from direct ionization-excitation cross
sections tabulated in Tables IV to VI. The sum of which is found to
be 2.5%. The sum of cascade contributions from n=m to infinity is

given by

3 & -3 3% .3
m Znn E‘m‘fmx- dx = m/2 ,

n=m

where the cascade contribution from the mth term has been normaliz-
ed to unity. Thus the sum of contributions for all n28 is estimated to
be 0.95% and the total cascade contribution to the 4686-A radiation is
3.4%.

Similarly the cascade contribution to the 3203-4 (5-3) and
the 2733-A (6~ 3) radiations are estimated to be 3.7% and 3. 8% res-
pectively. The cascade contribution to the 2511-8 (7—3) radiation can
be estimated by extrapolation from those of n=4, 5, 6 or from the hy-
perthetical n=8 cross sections since cross sections are assumed to
decrease as n-3. Both methods give its cascade contribution of the
2511-X (7-3) radiation as 3.8%.

Although the estimation is carried out at the incident ener-
gy of 200 eV, because of the similar shapes of the excitation functions
the cascade contributions at all energies, except very close to the

thresholds, should be almost the same. It is safe to say that the cas-
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cade contributions, in the energy range being considered, to the intensi-
ties of the radiations are less than 4%. This being less than experimen-

tal uncertainty, can be neglected.

§5.4 Comparison between Calculated and Experimental Results and
Conclusion

In Table IV, V, VI the second last lines aré rt—he calculated
direct ionization-excitation cross sections. Because theoretical cas-
cade contributions are found to be neglegible comparison between cal-
culated and experimental values can be done by inspecting the last two
lines of these tables. The experimental values are extrapolated from
curves of excitation functions taken by Anderson. 19 The agreement is
found to be compatible with the case of 4686-;8. Hence it is concluded
that, as in the case of the 4686-A radiation, the populations of the 58S,
6S, 7S states of He+ are produced primarily by direct excitation rather

than by indirect means.



PART II

CHAPTER VI

EXCITATION OF MERCURY BY ELECTRON IMPACT

§6.1 Introduction

Mercury with an atomic number 80 has two valence electrons

. . 1 .

and a ground state configuration 6°S. The first 78 electrons form
closed shells, If only the excitation of the valence electrons is to be con-
sidered, then it may be treated approximately as a two electron system
with a central potential. ‘

Excitation of mercury has been studied experimentally by

22 . e :

several authors. More recently the investigation has been carried

23,24 .
out extensively by Jongerius . and Anderson. Theoretical cal-

culations for the excitation cross sections of mercury has previously
been performed by Penney,  using Slater wave function. The prior nu-

clear interaction potential was used. It is the objective of this section of

3

1 3
the thesis to calculate the excitation cross sections of 7 SO, 6 DZ, 6 D3

40



41

3
and 7 P2 configurations of the mercury from ground state by electron
1 . . . . .
impact. For the 7 So configuration Born approximation will be used

and for the 73132 and 63D3 configurationswhich involve a change of mul-

tiplicity but no singlet-triplet mixing, the Born-Oppenheimer (B-O)
approximation is appropriate. For the 63D2 state which according to

' 3
one configuration approximation is a mixture of 61DZT and 6 22, Born

. . . I 1
approximation will be used to calculate the contribution from the 6 D2

configuration and B-O approximation for the 632 state.

§6.2 Wave Function
The self-consistent field (SCF) wave function will be used for
the radial part of the basis function for the uncoupled representation:

(r) = R _(r)Y, (%,9), (6.1)

im

2
where the radial function R ,(r) has been tabulated by Mishra. 8 The

nd
configuration portion of the uncoupled wave function will have to be sym-
metric or antisymetric with respect to the interchange of the two atomic

electrons according to whether it is a singlet or a triplet. The uncoupled

representation with the proper symmetry is given by

TAn underline is used to denote a pure state, without mixing. Thus

63D2 is a mixture of 61122 and 632 .
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-

- - 3 -1/2 - - -
¢(rl’ rZ) =2 [¢n{am(rl)¢n'0m'(r2) iqsn{.m(rz)(bri'&'m'(rl)]. (6.2)

The Hamiltonian will be approximated as

H=H +H . (6.3)
o) 1
In the last expression the explicit form of HO is
H = D[-V2+vE)] +r 6. 4
o " -V, (ri r12 , (6. 4)

i=1,2

where the suffices 1 and 2 refer to the atomic valence electrons and
H stands for spin-orbit coupling. All other fine structure terms will

be neglected. For H, the following approximation will be used:

1
13 . (6. 5)

The Hamiltonian of the atom, Ho’ is diagonal in the LSJMJ coupled

) be the wave function of the coupled re-
J

representation. Let 7//(aLJ M
b

presentation, where a denotes spin multiplicity, then W(aLJ, M ) is a
J
linear combination of ¢(r1, rZ)Si’ m :
,W a - . - — )
( LJ,M ) 2 CLS(J’ MJ,mL, ms)¢(rl’ rZ)S:!:,m (6 6)
J mp S

where S is the spin function; S stands for symmetric triplets
Mg ty mg

and S for antisymmetric singlet:
- ms

D OO

19)]
1

S = a(l)e(2) ,
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-2
S, 0" 2 fa(1)B(2) + &1)e(2)]

5, 1 = H8E2)

and c. (J,M_;m

LS 7y ms) is the Clesch-Gordan coefficient. The intro-

duction of the spin-orbit interaction causes a mixing between states of
the same L, J, MJ but different S. Thus mixing is possible between
all the 351 and 113_1 states and between the 31_3_2 and 11_)_2 states. The D-
states, for example, can arise from many different configurations: it
can be from the (ns)(n'd) configuration or the (np)(n'p) configuration,
etc. The one configuration approximation, which ignores mixing be-
tween different configurations, will be introduced. Hence for the 63D2
and 61Dl the mixing is assumed to be only between the singlet and tri-

plet states from the (6s)(6d) configuration. The wave function then can

be written as

(3

by
|
o
r’-lv
I

- @y('B) +BU°P)
(6.7)

(3

~——
I

1
= YR +2UCR);

3 1
and similarly for WU DZ) and Y| DZ)' The constants @ and B are the

mixing coefficients and can be expressed in terms of the exchange in-

and the spin-orbit coupling constant A ,. Kand A are

1
tegrals K ol

6s, n’

determined from the three spacing of the four states. Thus K and A

are over determined and there is a range of values for K and A which is
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. . . 29 .
satisfactory but does not fit the three spacingsexactly. Wolfe  intro-
duced an extra parameter by including spin-other-orbit interaction in
the Hamiltonian. Thus there are three parameters to be fitted by three
spacings. Because of the one configuration approximation the mixing
coefficients thus obtained do not have too much meaning. Alternatively
the mixing coefficients can be obtained from experimentally measured
30 e . 30 1 3
g factor or life time measurements. For the 6 D.2 and 6 D‘2 states
the value for B adopted is 0. 58+0.02. This is taken from the paper by
31 e . . .

Van Kleef and Fred. The error limit given here is associated with
the experimental errors of measurements. The value of B may be sub-
ject to a larger uncertainty because of the approximate nature of the
theoretical model used. For the (6s)(7p) states the value adopted for B
is 0.54%0. 08 from fire-structure energies since no ig factor or life
time data are available.

The wave function thus chosen has one difficulty: it cannot ex-

. . . . 1 3
plain the experimentally observed inversion of the 6 D2 and 6 DZ levels.
This is probablv die to the neglect of configuration interaction and the
spin~other-orbit interaction in the present approximation. Wolfe's
.32 s .

equation  can produce the mixing coefficients regardless of the anom-

alous inversion of the D states. However it is not clear that one can as-

cribe the anomalous inversion of the D states completely to the spin-
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o : 32 . L .
other-orbit interaction. Bacher  showed that configuration interaction
alone may also produce such an inversion. A calculation has been per-
formed by including the D states arising from the (6p){6p) configuration.
The result does show an inversion. However the separation of the sin-
glet and triplet levels is of several orders of magnitude too large com-
pared with observed value. This is probably due to the fact that the
SCF wave functions used are not accurate enough for this purpose. Be-
sides the approximate nature of the SCF method the 6p wave function
used for the (6p)(6p) configuration is the same as for (6s)(6p) configura-
tion. The calculated value of the separation is the difference of the
1 3 . . L.
D2 and D2 levels. Since the experimentally observed separation is
of several order of magnitude smaller than the energy levels, in order
to reproduce such energy separation by theoretical calculation extreme-
ly refined wave functions are needed. Since no such wave functions are
available at the present we will be contented to know that such an inver-
sion of singlet and triplet can be explained by configuration interaction
or by configuration interaction and spin-other-orbit interaction.
§6.3 Calculation

. 1 . .
The Born cross sections for 7 S can be obtained readily from
. 3 3 3

equs. (2.21) and (2.22) . For 6 DZ’ 6"D_ and 7"P, the B-O cross sec-

3 2

tions can be obtained from equs. (2.32) and (2.33). Let the position
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vector of the incident electron be denoted by ?3 then the B-O cross

sections for excitation from an initial state o to a final state n is given

” 71271 (8, 0) sinés §
Q(o=n) = | [, 1 (8,9)sinbdéds = Q(n Ly MJ) (2.33)
2 -1 2
L(8¢) =3k (4n°k )7L (8,0)|%, (6. 8)
n n 0 gn
and 1_(8,0) = Jlz T ar T o2r Mexpli(k -, R F VA (F,F )X
gn 137723 7773 Posnlbso,liz,
'W - —_ — - d--o ' .
a (rl, rZ)drler r3 (6.9)
T M

) of a state
J
specified by the set of quantum numbers {a, L, J, MJ}. To obtain the

Equ. (2.33) gives the excitation cross section Q(naLJ’ M
excitation cross section Q(naLJ) corresponding to the states (naLJ)
it is necessary to sum over MJ.

The final states are then the pure triplet states. Because
the ground state is un-mixed, the required cross sections will be the
sum of the separate contributions from the singlet and triplet states
whenever there is mixing.

It is noticed that prior potential is used in equ. (6.9). The
difference between the results from using prior or post nuclear inter-
action potential is not expected to be too serious, because Mishra's

wave functions are fair approximations to the Hartree wave functions.

This is would not be true had the Slater wave functions been used, like
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27
in the calculation performed by Penney.

Now for the ground state the configuration portian of the

wave function is

N /—' — =
Vors p Tyl = 0 )

0]

T, (T)), 6.10
REN (6.10)
and the antisymmetric singlet state 5 constitutes the spin wave func-

tion. For the excited state it is given by equ. (6. 6). Substituting

equs. {6.10) and (6. 6) into equ. (6.9) the following expression for Ign

is obtained:

= ; 5
Ign(e) mZLCLS(J’ MJ’mL’ mS) Ignm( ) (6.11)
where
I (8) = [(x Lyt 2/r Yexp[i(k *T_ -k *T)]¢, (¥) X
gnm' ¢ 9Tz Tz TelEIEERRE AT s
— - - - — . 6.12
T e AP (6.12)
. t oo .
Substituting equ. (6.2)' for %Lm(rl, rz) into the last expression, Ignm
becomes
1
8) = 272[7.(8 8 6 .
Lot = 2 T3, @04 3,000 (6.13)
where
-l -]. — - - - - -
= - k!
Jl(e) J‘(r13 T, ) exp[i(k r,-k rl)]¢6s(rl)¢6s(1‘2) X

TH

-'' sign for triplets.



(6.14)

5,00 = Jie, 3 o D explilk 3, R )]0, 3o, (7,08, (F,) X
¢;:Lm(}'3)d’fld}'2d}'3 , (6.15)
7,0) = <fir, o x epli(R <F BT )]0, (o, (7,0, () X
6, ()0 0 0, (6.16)
Note that the integral
j(rl;]"-r;l)exp[i(ﬂo- }'3-1'- 'r'l)] ¢6s(;l)®65(;:2)®:S(?3)¢>;Lm(?2)d;ld—r’zd_r'?’
is zero because 'F¢6s(;2)¢:ém(;2)d¥2 = 0. The evaluation of the in-

tegrals Jl, JZ and J3 is carried out in Appen. V. The integration over

), has to be carried out
J

® to obtain the total cross section, Q(aL\T M

numerically.

§6.4 Results and Discussion

The calculated cross sections are plotted in Fig.I. For
Q(63D2) it is the sum of 012Q(63]_)_2) and BZQ(élJE)_Z). Recently Ochkur34
has suggested a simplified method for calculating cross sections of ex-
change excitation. What he did essentially was to expand the expression
for B-O cross section in inverse power of ko. By keeping only the first
term and dropping terms containing higher inverse powers of ko he ob-

tained a much simplied expression for excitation cross section from sin-
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glet to triplet states:

Q = 3klk;{JFaB(e, 8)|® singdeds, (6.16)

«-B
,_ 2ot o o o o o o
gaB\(G, ¢) = Zko J.TIIB(rZ, rl)wa,(rl, rz) exp[l(ko-k')- rl] drldrz. (6.17)
The evaluation of Ochkur's cross sections is very simple and will not
be detailed here. Results by using Ochkur's expression are also plot-
ted in Fig. I. As incident energy increases the B-O and the Ochkur
cross sections converge.

The calculated values are compared with Anderson's =~ ex-
perimental measurements with cascade contributions substracted. The
comparison is made at 15 eV only. At higher energies the cascade anal-
ysis becomes inaccurate because of the distortion of excitation functions
by the presence of the adjacent lines. Below 15 eV the excitation curves
begin to rise rapidly with decreasing electron energy. Since the electron
beam has an energy spread of about 0.6 eV the observed cross sections
represent weighed averages of the actual values and may be subject to
considerable error. Indeed with energy spread limited to about 0.1 eV
Jongerius showed24 that the rise of the triplet excitation function is
faster than has been previously reported. With direct excitation cross
sections available at just one electron energy only a very limited com-
parison with theoretical calculations can be made. This is shown in Ta-

1
ble VII. The theoretical excitation cross section of the 7 SO level is a-
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TABLE VII
COMPARISON BETWEEN THE EXPERIMENTAL AND THEORETICAL
VALUES OF THE DIRECT EXCITATION CROSS SECTIONS AT 15 eV

( in units of 10-18 cmz)

Experimental Theoretical Cross Section

State Cross Section Born, B-O Ochkur

1 -
7 SO 5.5+2.6 106

3
b D‘2 66 £14 25

3
6 D3 7.5%1.3 8.0 L7

3
7 P2 25+8 37 6.4

bout 20 times larger than the experimental value. Even in the extreme
case of zero cascade, the maximum experimental value of the direct
excitation cross section is equal to the apparent excitation cross sec-

. C -18 2 C . .

tion which is 9 X10 cm . This discrepancy is therefore most likely

due to the inaccuracy of theoretical value, although one would normally

expect the Born approximation to give cross sections of the correct
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order of magnitude for the singlet states. More accurate calculations
s . 1
of the excitation cross section of the 7 So state are needed. Improved
calculation can be made by using more refined wave functions and by
employing the close coupling formulation instead of Born approximation.
Because the singlet component of the wave function is the major contri-
s . 3

butor to the excitation cross section of the 6 D2 state, the latter de-
pends quite strongly on the mixing coefficient B. Nevertheless, the

. 3 .
observed cross section of the 6 D2 state agrees reasonably well with
theory. The agreements between the experimental and theoretical va-

lues of Q(63D3) and Q(73P ) are also regarded as reasonbale in view

2
of the uncertainty of the approximate methods used in the theoretical

calculations. However, similar studies of the direct excitation cross
sections at several higher electron energies must be made before one

can arrive at more general conclusions as to the over-all agreement

between theory and experiment.




PART III
VIBRATIONAL EXCITATION OF HYDROGEN MOLECULES BY

ELECTRON IMPACT

CHAPTER VII

INTRODUCTION

Rotational and vibrational excitations are important mech-
anism for energy loss for slow electrons in gases. Due to the growth
of the research in upper atmosphere interest in the vibrational and
rotational excitation cross sections of diatomic molecules has grown
in the recent years.

Previous calculations of the vibrational excitation cross sec-
tions of H2 have been carried out by Wu, 35 Morse36 and Carson. 37 In
all these calculations Born approximation was assumed. The interac-
tion potential between the incident electron and the target molecule was

considered to be purely due to electrostatic interaction. This Coulomb

53
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interaction is of short range since when the electron is, say, only a
few a.u. away it is effectively outside the electron cloud and the poten-
. . . .3
tial decreases exponentially, Thus even the most refined calculation
is of two orders of magnitude too small. If the Born approximation is
assumed to be correct, as it has proved to be for atomic excitation
processes, then a long range interaction potential is needed.

) 38 .

Recent theoretical works  on electron-atom collision have
pointed out the important contribution from the polarization interaction
to the cross section. Thus it seems that the induced dipole-monopole
interaction may be the answer to the missing long range interaction.

. . 39 . . . .
Breig and Lin ~ have investigated the effect of this dipole-monopole
polarization interaction. Again Born approximation was used. Since
. . . . -4
the dipole-monopole interaction behaves asymptotically as r  an
. L . -4
empirical polarization potential of the form or  has been used, where
r is the distance between the incident electron and the center of the
homo-diatomic molecule. The center of the homo-diatomic molecule
is the midpoint of the line joining the two nuclei, and is also chosen as
the origin. When the electron is at a distance of several a.u. away
.. . . . . . -4
from the origin the polarization potential will deviate from r  beha-
viour markedly. In fact this polarization potential diverges at the ori-

gen and the potential has to be either modified or cut off at a certain
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distance a.

Several models of the potential were used by Breig and Lin3
with several values of the parameter a. Each model has a different
procedure of modifying the potential for r<a.

By using this type of interaction potential the calculated va-~
lues of the vibrational excitation cross section are brought up to the
same order of magnitude as the experimental values. Thus this work
shows that induced dipole-monopole interaction is important for the
vibrational excitation cross section of diatomic molecules.

The undesirable feature in this calculation is that there is
no way of determing what model to choose or what the value of the
‘cut-off parameter should be. Different models with the same parame-
ter may result in cross sections differing by a factor of 4. The cross
section obtained with a=1.1 is approximately 5 times that with a=1. 8.

Because of the importance of the induced diple-monopole
interaction in the calculation of the vibrational excitation of homo-
diatomic molecules and because of the lack of a priori for cut-off pro-
cedure for the empirical polarization interaction, it seems that a first
principle calculation is necessary. It is the purpose of this section of
the thesis to carry out a calculation of the vibrational excitation cross
section of H, with a more refined method than Born approximation and

2

using a polarization potential obtained from first principle.



CHAPTER VIII

FORMULATION OF e-H_ COLLISIONS

2
e3 A, B protons
o el, e‘2 molecular electrons
1 .
eZ €3 incident electron
8
v + % Z
A O B
DIAGRAM I

Let I-L"l, ;2 denote the position vectors of the molecular elec-

trons and r3 that of the incident electron. The axis of the molecule is
the line joining from A to B. The midpoint of AB, O is taken as the o-

rigin unless otherwise specified. €& denotes the nuclear coordinates

with polar coordinates (§,®,%). € is the normal coordinate of vibra-

56
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tion: it is the change of the distance AR from its equilibrium position.
(®, ) describe its rotational motion.
The wave equation for the system consisting of the hydrogen

molecule and the incident electron is

H‘Y(rl, T, Ty6) = E\If(rl,rz.r3,§) , (8.1)
= ! '
H=H_ +H, (8.2)
-1 2
— - !
H o H0 (2M!) Vg , (8.3)

where M' is the reduced mass of proton or equals to half of the mass

of proton. The explicit form of I—IO and H' are

2 2, A, -l -l
HO—-Vl /Z-VZ/Z—llA ~T,, " Tp -r2B+rlZ+rAB,(8.4)
-1 -1 -1 -1 2
1 - - - -
H' = Ta -l-r‘23 Tia “T3p V3 /2 . (8.5)

Denote the eigenfunctions of Hmo by \I/o_(;l, ?2,6) where O represents

1
the set of quantum numbers necessary to specify its electronic, vibra-
tional and rotational states. Let n be the electronic quantum numbers,

v be the vibrational quantum number and J, M the rotational quantum
numbers, then ¢ stands for {n, ¥, J, M}. Because of the large difference

between the proton and the electron masses, \Vc(;:l’ ?Z,E) can be approxi-

mated as

V(r),T,,8) =0 (7,7, EE) (8.6)

= "'l
=11I}.’1(}1: rzx-g)go Xv(g) YJM(®:®) ’ (8' 7)
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where a good approximation for xv(§) is the harmonic oscillator wave

function. YJM(®’ ) is the spherical harmonics and is the rotational

wave function for the molecule. The wave function \If(?l,?z,‘r’y'é)

can be expanded in terms of the complete set \If rl r2,§) However
in order to include the polarization the following alternate expansion

is more desirable. Because of the presence of e, the electronic wave

function is distorted. The distorted electronic states can be expressed

as a linear combination of Wn(?l,'fz,g), where the coefficients depend

-
upon r_. .

pon ¥4
-y

w(r r }',E) zc r)w ,rZ,E). (8. 8)

—

), n' £ n, tend to zero and ¢ (r
n

)

When T, tends to infinity all ¢ '(-; 3
n

3 3

tends to 1. This can be expressed as

- ,-;, e -
VELT T S V(E,T,0) (8.9)
n 172’ n 1l 2

Denote \I/c;(rl,r ,r3,§) for V¥ (r rz,r ,E)g-lxv(g)YJM(@,@). Expand

2

T T T ’ i ’ 1 ] T ’-. l.‘. t
\y(rl, rz,r3 T) in terms of 1l/n(rl rZ r3 €) rather than 11/n(r1 r2 €) to

include induced polarization of the molecule:

\If(?l’??_'?y €) = E'Fc(r3)\lfo(}l, I, r3,§)

- - - -1
7, ,,8)8 X8 Y, (0,9 . (8.10)

= %Fc(r3)1//n(rl 2

Let the polar coordinates of ;3 be (r, 9, %), where r is the
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distance between e, and the midpoint of AB and (9, ¢), the polar angles

with respect to some fixed reference frame. Expand FG(:?3) in terms

of spherical harmonics Y, (8,9):
im
= LE 07, (89), (8.11)
Yl
where
Yt = {0, 4, m'} = {n",v,J, M, ¥, m'] . (8.12)

The coefficients FY(G[r) depends on the initial state of the target mole-
cule. By substituting expression (8. 9) into equ. (8. 8) the following

expansion is obtained:

VE, 77,9 = DAV AL L8608, 8) X
v, (8,0 . (8.13)

Inserting equ.(8.13) into the wave equation (8.1), multiplying by

LIV T . . - - =
%“(rl’ 1T g §)YL”m,,(9. ®) and integrating over drl, er' d€ and

the solid angle of ?3 the following set of coupled differential equations

is obtained:

[kaz,JraZ/brz -L(L+1)/r2] (©r) = LU yyilF GY,(crlr) , (8.14)
\{l
ko,z =k - B(E  -E_) , (8.15)

GY,,(olr) = rF,Y”(O‘Ir) ,

* -o - -
U'Y”Y'( ) = .r on r s T lr Dg) ‘Ul H‘\y r 1‘ ,1‘ ,g) X
va.(e, ¢)drldr2dr3sin9 dédo. (8.16)
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The terms ngwn(?l,}'z,é') and _V;Wn(?l,?z,?yg) have been neglected.
Equ.{8.15) expresses the conservation of energy: koi/z being the ki-
netic energy of the scattered electron, kczr/Z being the kinetic energy
of the incident electron, EO_ being the energy of the target molecule
in its initial state and Eol being the energy of the molecule in one of

the channels.

For large value of r, U (r) tends to zero, since there

Yll-\{l
can be no interaction between the electron and the neutral molecule

when they are far apart. The asymptotic solution of Gy,(°|r) is

1
K E( exp[ -i(kr-4n/2})] Bygn - exp[i(kr-4w/J] S'Y'Y”} ) (8.17)

where SY ., 1s the scattering matrix.

Define

T=1-S. (8.18)

By comparing equ. (8.17) with equs.(2.1), (2.8), (2.9) and (2.10) the
cross section from initial state 0 to final state 0' is given by

QE-ot) = nka',z EIT(0,0')lz/(ZJH), (8.19)
where the summation is over 4, ¥ the incident and scattered partial
waves, J', M', the final rotational states and J, M, the initial rota-
tional states. There is no degeneracy in the vibrational states.

Theoretically if the coupled differential equation for G“W(Glr)

can be solved, its asymptotical form gives the required cross section.
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However this set of coupled differentiha}\equations cannot be solved
exactly and numerical methods have to be used. If only a few of the
channels are to be considered, the expansion in equ.(8.12) is no long-
er exact and the resulting solution does not satisfy the wave equation,
Fortunately it often happens that only a few of the channels are im-
portant for a particular excitation cross section; the presence of o=
ther channels will not effect the cross section significantly. For these
cases, although the expansion of (8.13) is not exact and hence does not
satisfy the wave equation it is a very good approximation., The con-
sideration of convergence is only important when the kinetic energy of
the incident electron is near the threshold of excitation. For the range
of excitation energy that is to be considered the convergence should be
rapid and it will be assumed that expansion in terms of a finite number
of terms in expression (8.13) is a good approximation.

The formulation presented so far in this chapter has been
in terms of uncoupled representation. Percival and Seaton‘}:2 has
shown the advantage of using coupled representation in the case of ex-
citation of hydrogen atom by electron collision. The coupled repre-
sentation, therefore, will be used in the calculation that is to follow.
The following coupling scheme will be adopted. The spin angular mo-

mentum is zero for the ground state of H‘2 and is separately conserved.
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The only coupling then will be between the angular momentum of the
partial waves of the incident electron ?; and the initial rotational an-
gular momentum J to form a total angular momentum L and between
the scattered partial waves Z' and —J", the rotation angular momentum
of the molecule after collision, to form a total angular momentum L.
The law of conservation of angular momentum then demands that
L=1L.

Thus the coupling scheme can be expressed simply as

T4T =147 = L. (8.20)

The expansion of equ. (8.13) is in terms of the uncoupled
representation Y&m(e, ¢)YJM(@’ %) or <4, m, J, M| using Condon-Short-
ley notation. The same formulation can be carried through with the

coupled representation <4,7J, L, le , where <4,7J, L, mL! is a linear

combination of <4, m, J, M[ :

<4,3,Lyml = Fe, {Lym sm M)<t,m, T, M. (8.21)
m
In the last expression CLJ(L, mL;m, M) is the Clesch-Gordan coefficient
and is given by
. = < > . B

¢y ilom m, M) = <tym, J, M| 4,7, L, m, (8.22)
In equ. (8. 22) <1// |11/ )> means IWII Wb(?)d—f. The resulting
set of coupled differential equations is

2132 /ar% - Lt/ nl Z
[k0|+ [8r - L(4+1) /7 ]GP”(OIr U Aoy r)Gr‘(Olr), (8.23)
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where T’ stands for {n,v,%,7J, L, mL} .

Alternatively equ. (8.23) can be obtained from equ. (8.14) by
a transformation. 42 Seaton's notation will be adopted:

<T| = <n,v,L,J,L,mL| ,
(8. 24)

<Y|:<n’v’L’mlJ,M ‘ !

<y'fy> =8 , <T/T> =

Y'Y ‘rr

[vi><y| = IG’Y"Y , [T <PI:I61'"I‘ ,

where I is a unit matrix. For the rest of the Chapter summation
over indices which appear twice is implied. For a given initial

state @, equ.(8.14) can be written, according to Seaton's notation, as
2 2 2 2
[ +8 27 - 2441/ <G, (010)] = [y> U<y <G ol

where U=2H. Multiplying the last equation by ll"“>< ’Y"l on both

sides, it becomes

[k02,+32/br2-&(L+1)/r2]|1“"><y"|<GY,,(Oir)[ = [P u<r| x
lr'><Y',<Gy:(0,r)' .
Denote <GI_,”(Glr), for ‘1""> <y"| <GY“(0'|1‘)] . The equation is iden-

tical to equ. (8.23) if previous notation is used:

[kcz, + az/arZ - L(L+1)/r2] <Gl“”(°,r)r’ = ,1“"> U <1“uj < Gl"'(c]r)l .(8.25)

The asymptotic . form of G, (Olr) is

r
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k_l/z { exp[-i{kr-2m/2)] - expli(kr-4m/2)] SI"

61"‘_[“11 nl"} ’

. 42
where it can be shown  that

s = <y|I>s

! <Ty> (8.26)

rr

and that the matrices S and S are unitary and symmetric. The

vy e

matrix Sl" is diagonal in L and m, . Thus each block characterized

HI"

by L and m_ can be examined individually. By the use of the coupled

L
representation the infinite, coupled set of differential equations(8. 14)

has been decoupled into blocks and each block has only a finite number

of channels. This is the main reason for using the coupled represen-

tation.
The cross section of excitation from initial state O to final
state 9' is
-2
Q=0 = k™ Q(5,01)/(274]) , (8.27)
where

QE,0n = Y. (2L+1)|T(0',L',L;O,’L,I-:),'2
1,4, L

) (8.28)

and T is defined by equ. (8.18).
Before attempting to solve equ. (8.23) to obtain the asymp-
totic solution of GF'(GI'I) and hence the excitation cross section, the

potential UI"T' has to be calculated.




CHAPTER IX

ELECTRIC AND POLARIZATION POTENTIAL

—t -

§9.1 Interaction Potential U_, (r_,§)
n'n'"3

Define Urnl.(r) and Un”n(r3, €) as

Uy (1) = <n"v"L"J“LmL|ZHanLJLmL> , (9.1)
.—)
U, (Z,8) = <n"l2H|n> (9.2)
n''n 3
= ijn,,(rl, rz, r3,§)H'll/n(rlz r21r31€)drldr2 .

If the kinetic energy of the incident electron is less then the energy
necessary to excite the target to the next electronic state, then all
higher electronic states are closed. The closed channels are usual-
ly not important in the calculation of excitation cross section. Hence
as an approximation the expansion in equ. (8.13) will include wo(;l, ?2,—53,5),
the ground electronic state only.

If 11/0(?1,—132,?3,E) and the eigenfunctions of Hm

were known, then theoretically 1110(?1,? ,?3,§ ) could be expanded in

2
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terms of wn(rl, r2,§ ). However lbo(rl, Ty r3,§ ) is unknown and

Wn(;l’ ;Z,E) is not known sufficiently accurately. Thus it is necessary

to resort to some variational function as an approximation to the ground

-

electronic state of the perturbed hydrogen molecule 1,//0(?1,_1"_),?3,9 .
The scheme will be as follows. For the electronic wave function of

. . 43 '
the unperturbed ground state the Weibaum wave function ~ will be used.

Define ¢ as:
0

6 =9 (%,2,,%) = N {[a)b(2) +a(2bll)] + cla(l)a(2)+ b{Ub(2)) ] (9. 4

a(l) = n—l/ZZ3/2exp(-Zrla) ,

b(l) = ﬂ-l/ZZ?’/zexp(-Zrlb),

N2 = 2[(1+c?‘)2 + (c+S)2] ) (9. 5a)

s = Jab(l)r, , (9. 5b)
where Z and c are functions of §. Defind ¢ as:

¢ = (g +Y)= Y77, 7,8, (9. 6)

. . — End .
where V' is a function of rl and T, and contains one or more parameters.
L

By substituting equ. (9. 6) into equ. (9.2} and varying the parameters un-

til the potential is a minimum, Un” (¥3,§ ) is the required potential
n .

—

and &, the variational function for 100(?1, ?2'?3’ €). The potential can

be written as

U, (2,8)

T E) = <tl2H|é> (9.7)
n'mn 3
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=F +<¢ 286>+ [<§|2H|@><@.I@>"l- <¢ |2H'¢ > -E ] ,
(o] (o} (o] o (o] o

where EO is the unperturbed ground state energy of the hydrogen mole-
cule. The second term on the RHS of equ. (9. 8) represents the interac-
tion energy of the incident electron with the target electrons and nuclei.
The electronic density distribution is not distorted and hence is the elec-
tric term. The quantities in the parenthesis represent the lowering of
the potential energy as a result of distortion of the electronic cloud den-
sity and hence is the polarization term.

Physically the potential Un”n(-;yg) should depend only upon
r, Eand 6, where & is the angle between ?3 and the axis of the mole-~

cule. For the considerations of electric and polarization potentials

the molecular axis will be taken as the z-axis and as sumed to be fixed.

89,2 The Electric Potential

The integrals encountered in the electric potential can be

evaluated analytically:

E(r,§,8) = <¢ [2H'[¢ >

] -1 1 -1
= < - - >

2 ¢0‘r31 T T3 “T3a " T3p I"50
= -2(r, +r '1)+4N'1[ (I, +I _W2c I_]
T melf3a T i3p A - -

where N and the overlap integral S are given by equ. (9. 5), and
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ct=l+c2+ZcS,
2
cs=S+cS+2c.

The integrals I4A and 'I4B are listed in Appen. VI

Expand E(r,€, 6 ) in Legendre polynomial Pn(cosé). Because
of the symmery of the H2 molecule the coefficients of the odd terms

are zero:

E(r,§,6) XZO EZ). r, €)P2l(cosé) . (9.11)

Subject the coefficients E_.(r,§) to a Taylor expansion of the variable

2x
i o k k
€ about the equilibrium position. Denote d Ezk(r’ €)/3¢ £=0 by

k
EZ}\(r) then equ. (9. 11) becomes

k

E(r,§,8) = (r)§ /k'P (cosb) . (9.12)

\ 2\

ies
iras

k
For low vibrational states, the amplitude of vibration is small. Hence

the Taylor series will be terminated after the second term:

B(r,€,6) = | [ED\(x) + B (+)] B (cost) . (9.13)
A=0

The calculation by Breig and Lin39 indicates that the cross
section is mainly due to the spherical symmetric term Po(cosé). The
contribution from the PZ(COS5) is of two orders of magnitude smaller.
It is anticipated that the P,(cosd) or higher temms will contribute less

4

than the P2 term and hence will be neglected. Thus only the first two
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terms in the Legendre polynomial series will be kept. The electric

potential can then be written as

E(r,§,0) = § [ED (1) + E;)\(r)g] P, (cost) - (9. 14)
A=0, 1

Upon multiplying equ. (9. 14) by sz(cosé) and integrate over cosd, the

following result is obtained:

E,, (r,§) = (44 41)/2 [ E(z,E, 5)P_, (cosb)sinbds (9.15)

o 1
=3 EZX(r) + Ezk(r)g ,

0o
where sz(r) is given by the last equation with € =0. In order to obtain

Eéx(r), sz(r,g ) is calculated for five values of £, at £=-0.2, -0.1, 0,

0.1, 0.2, corresponding to the nuclear separation at RAB=1. 23, 1,33,

1. 43, 1.53, 1,63 respectively, Then the five points are fitted to a poly-
nomial of fourth degree and a differentiation at § =0 is obtained from
the polynomial., The values of parameters c and Z in the Weibaum's
wave function at different nuclear separations are calculated and tabu-
lated in Table VIIL

It is found that for r22.0 the electric coefficients decay ex-

ponentially, i.e. behave like c exp(-c_r). The values of EZA(r) and

1 2

1
Ezk(

in the same Table,

r) are listed in Table IX. The constants c1 and cZ are also listed
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TABLE VIII

PARAMETERS FOR THE WEIBAUM WAVE FUNCTION AT VARIOUS

NUCLEAR SEPARATIONS

RAB € Z c E(eV)

1.23 -2 1.2420 0.26231 ~-3.79224
1. 33 -.1 1. 2167 0.26453 ~-3.97354
1. 43 0 1.1937 0.26438 -4, 02516
1,53 .1 1. 1729 0.26220 -3,98487

1. 63 .2 1. 1535 0.25852 ~3.87984
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TABLE IX

COEFFICIENTS OF ELECTRIC POTENTIAL (a. u.)

y £ (r) E2(x) Et(r) Elz(r)

0 -0. 8982 0 12759 0
0.1 -0.9035 -0.05077 1.2885 . 0. 1084
0.35  -0.9570 0. 6277 1. 3566 1, 3383
0. 50 -1, 0150 ~1.2932 1. 4269 2. 7514
0. 60 1. 0628 1. 8755 1. 4777 4.1182
0. 80 -0.8780 -1. 8754 -. 3634 -2. 6440
10 ~0. 5024 ~0. 9009 -.2597 1. 3517
L5 20,1354 -0. 04311 1040 ~0. 08438
2.0 0. 03848 0. 01157 .. 03876 0. 02508
2.5 0. 0112 -0. 00324 -0.1389 -0.00770

Cl -5.224 -1. 8039 -2.4766 -2.6307

c 2.4553 2.5246 2.0786 2.3265
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£€9.3 Polarization Potential

From equ. (9. 8) the polarization potential is given by

V(r, &, 8) = <a|2m]e> <ale> <¢Ole'!¢o>- E_. (9. 16)

An approximate expansion same as for the electric potential can be

obtained:

[V;)'(r) F v (r)€] B..(cosb) . (9.17)

Vi, g, 8) = ()] By

A=0, 1

Equ. (9. 6) defines ¥' as
=09 +V',
0
— 45 .
Fowllowing the work of Das and Berson ~ V' will be chosen to be of

the following form:

Y =pp ,

0

where p is chosen to be of the following form:

p=p; P, »
= ¢! ' " 0" _ .
p, = ¢ (xi+yi)+b zi+[c (Xi+yi)+b Zi] exp( eri3) , (9.18)
i=L4L2,
c', ¢, b', b" are the variational parameters, r]3, r‘23 are distances

between the molecular electrons and the incident electron. It takes
too much time on the computer to average over cosb, like it has been
done for the electric term. Instead, e, will be placed on the z-axis

to get the z polarization and then on the x-axis to get the x, y polariza-
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tion. From V(r, & 0) and V(z,&,w/2) the coefficients of Po and P2 in

Equ. (9.17) can be obtained:39

V(x) = [V(r,§=0,0) + 2V(r,§ =0,7/2)] /3 ,
V,(x) = [V(r,§=0,0) - V(r,§=0,7/2)]§ ,
(9.19)
Vi'(r) = [Vl(r, €,0) + ZVl(r, g,m/2)]/3 ,
W) = [Vi,6,0 - Vie,§,0/2013
where V(];(r) and V;(r) are obtained in the same manner as in the case
of E (r) and E;(r).

The 3-center integrals encountered in the polarization poten-
: .46 : .
tial can be reduced by Gauss Transformation  to double integrals which
can be evaluated readily on computer. The integrals are listed in
Appen. VI. An example of the use of Gauss Transformation in dealing
with 3~center integrals is also given in the same Appendix. The values

1 1

of V(r,8&,0), V(r,8,n/2), V(r,§,0) and V(r,&,w/2) are listed in Table

X.

When the polarization coefficients are plotted against r on log-
log graph paper, it is observed that they attain the asymptotic behaviour
somewhere about r= 7.0 a,u. from the center of the molecule. The
constants c_ are the factors necessary to bring the polarizabilities to

3

. . . 47,4
agree with experimental values. The experimental values '~ ofa, ,
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TABLE X

COEFFICIENTS OF POLARIZATION POTENTIAL (a.u.)

x V(r, 0,m/2) V(r, 0, 0) Vi(r,0,m/2) Vi{r,0,0)
0 0 0 0 0
0.1 -0.003129 -0.01829 0.00274 0. 01041
0.35 -0.02959 -0.1472 0.02124 0.02926
0. 50 -0, 04735 -0,2055 0.02840 -. 01252
.0 -0.07054 -0.2943 0. 01776 -.1270
L5 -0,.05625 -0, 2173 -. 000355 -.1554
2.0 -0. 03691 -0.1377 -. 007464 -. 1282
2.5 -0.02268 -0,08284 -, 007918 -. 09200
3.0 -0, 01380 -0. 04939 -. 006260 -. 06185
3.5 -0. 008556 -0, 02988 -. 004459 -. 04049
4.0 -0. 005476 -0. 01858 -. 003066 -. 02648
4.5 -0. 003636 ~0. 01194 -. 002103 -. 01755
5.0 ~-0. 002504 ~-0.007943 -. 001465 -. 01189
6.0 -0. 001305 -0.003858 -. 000764 -. 00585
7.0 -0. 000749 -0, 002080 -. 000439 -. 00319
c. 1.235 0. 6114 1. 598 0.4487

2
>

Tc3 is the normalization constant.
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&, the x and z-polarizability are 4. 443 and 6.107 respectively. The

1
V''s are so normalized that they agree with experimental data of the
. - 49 _ .
intensities of Raman spectra. The coefficients will be called norm-
alized when they are multiplied by the respective constants, It is the
normalized polarization coefficients that will be used for calculations

of vibrational excitation cross sections.




CHAPTER X
CROSS SECTIONS BY BORN APPROXIMATION AND BY CLOSE

COUPLING FORMULATION, DISCUSSION AND CONCLUSION

€10.1 Cross Section by Born Approximation
Since all previous calculations were done with Born approxi-
mation, the Born cross sections will be obtained and compared with

earlier results. According to equ.(2.15) the Born cross section is

given by
., K

, -2 ks max 2

Qo m) = k[ danf Ifo’n(K,n)[ KdKdn (10.1)
min
-1 -
- - 0 :
£, &) = @m) [ expliKrcos®) V_(r)dT , (10. 2)
r) = = L<ynfiign - > . (1
Voalr) =BT, (2) = Eve LmL[Un”nUS,§,6)[vLJLmL . (10. 3)

If the approximate expansions of equs. (9. 4) and (9.17) are
substituted into the last equation and integrated over § and sin®d®d?,

the following expression for Von(r) is obtained:

o}

o 1
Von(r) = [Ao(r)sv it + Ev v"Ao(r)]GJJ“SMM" + [Az(r)svv”
1 % 1 3] 1
’éw,;AZ(~)](4Tr/5) CZ(J’ M, J", M )YZ,M-M"(9’¢)’ (10. 4)

76
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where
AT(r) = (E7r) + V)2, (10. 5)
n n -’ n
Sy <vlgfvr> (10. 6)
o 7 M) = (-0 ensnfen E Yy Y o de. (10.7)
l ’ ’ ’ = . J, M )‘, M.-M" J'”, M" ¢ *

Also the addition theorem of Legendre polynomials has been used:

)

2)\ % % b
sz(cosé) ) )\[4“/(4)\'*‘1)] YZX,M(6’¢)YZX(@’@)' (10. 8)

The vibrational excitation to be considered is from the
ground state (v=0) to the first excited state (v'=1). It will have to be
averaged over all initial rotational states and summed over all final
rotational states. In equ.(l0.4) the terms involving 6\)\)“ drop out and

V (r) becomes

on
V () = B[A (r)8 5.6+ A (r)s /5 x
ont ™) = BLA I8, By by * AR (I8 I
11 1"
ColI, M, I, MY, 1 (8,6) (10.9)
where
B = gO,l = 0.1695 .

The plane wave exp(iKrcos®) can be expanded in terms of

partial waves with the help of the following formula:

0

exp(iKrcos8) = ), (2&+l)iLPL(cose)jL(kr) , (10.10)
£=0
where
. 3
j,(Kr) = [w/(2Kr)] 7T, 1(Kr),
v L (10.11)

jO(KI‘) = sinKr/(Kr) .
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Substituting equs. (10. 9), (10.10) into equ.(10.2) and integrat-

ing over sinf d® d¢ the following expression is obtained:

- 1/2 -1 '
fon(K,n) = 2B(w/2K) [JASJJ‘” -5 CZ(J, M, J", M)JB] SMM" ,
where
JA = J‘J%(Kr)Alo(r)ryzdr ,
) 1, 3/2
and I, = IJS/Z(Kr)AZ(r)r dr .

Thus the expression for Born cross section becomes
2.2, 2 -1
v=0 - it " = (4
Q(v=0, 3, M~ ¥"'=L, I, M) = (48 /RO)J'?M(ZJH) fl5,8 50
57 (J, M, J", M)J ]ZdK
2 L ] ’ B .

4
Using the formulas

ECZ(J: Mn J; M) =0 )
M

and Y, lCZ(J,M,J“,M)]Z =1/5(23+ 1),
J‘H’M

the Born Cross section then is given by the following expression:
22 -2 Kmax 2 2
V=0~ y!= = T K . .
Q(v=0 1) = 47 B ko IK _ [JA(K)+JB(K)/IZS]dK (10.14)
min
If only the vibrational excitation energy is taken into account,
i. e. the small rotational excitation energy is neglected, the Born cross
section is then the same for all initial values of J.

(r) term as tabulated in Table IX has a discontinuity

(o

The E

at r=0,715= po. This arises from the Coulomb interaction between the
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incident electron and the nuclei. During the process of averaging over
all angles an infinitely thin shell of charge 2e is produced. The poten-
tial between the incident electron and the thin shell is well known ---
it is -1/ P inside the shell and decays as -1/r when r> - When it is
subsequently subjected to a Taylor expansion the discontinuity results.
In actual case, if vibration is taken into account, the infinitely thin
shell of positive charge will smear out with charge density decreasing
on either side. Thus the first order approximation in the Taylor ex-
pansion in equ. (9.13) is not valid at r=p0. A detailed calculation for
<v=0] I r3p:~1dw|V”=l> has been carried through. Itis found that dis-
continuity can be avoided by employing, in the region from r=0. 45 to
r=0. 90, a straight line joining the two end points. This approximate
potential curve for the electric potential is adequate for the reason that
its contribution to cross section is less important than the polarization
potential,

The electric potentials are curve fitted regionalwise to a
polynomial with five parameters. f The regions overlap at the bound-

aries so as to ensure continuity of the curve, except, of course, where

discontinuity occurs. For r>2.0, the electric potentials decay ex-

TThe program was originally written by R. Channey and was adapted

by S. Chung
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TABLE XI

BORN CROSS SECTION (a.u.)

Incident Kinetic

Energy (eV) A B C
2 - 0. 310 0. 004 0. 343
4 0.176 0.029 0.199
6 0.119 0.020 0.135
8 0.0895 0.015 0.102
10 0.0732 0.013 0.0820

Column A: Electric Potential has a discontinuity at r=0. 715; Polariza-
tion Potential normalized.

Column B: Electric Potential (with discontinuity) alone.

Column C: The discontinuity in the Electric Potential has been avoided
by a straight line joining the two points (r=0.45, r=0.90), Polarization

Potential included.
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ponentially, and the parameters are given in Table IX.

The polarization potentials are curve fitted in the same man-
ner up to r=7.0. For r> 7.0, they are proportional to r~4 and the
constants of proportionality, the ®'s are tabulated in Table X.

In Table XI the values of Born cross section at several dif-

ferent incident energies are listed.

§10.2 Born Partial Wave Cross Sections.
The incident electron is treated in the Born approximation
as a plane wave, represented by exp(iio-?). This can be expanded
in terms of partial waves according to equ. (10.10) and the cross section

Q

{'(o“n) due to each partial wave 4 examined. Often Born cross sec-

tion exceeds the experimental value at low energy. Then the Born par-
tial wave cross section provides a test of validity of the approximation,
because the law of conservation of angular momentum requires the fol-

5
lowing to hold: !

in

QL(o*n) s w(2%+1)/kj . (10. 15)

In the present case the Born cross section is smaller than
experimental value and the Born partial wave cross sections fall far
below the maximum limit. However, this expansion of the Born cross

section affords some physical insight and hence will be carried through.
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The Born cross section in terms of angular variables is

Q(o-n) = [ I (v, v)sinududy, (10.16)

where (u, v) are the scattered polar angles and

I (u,v) = (k /k )|f (u,v)|Z , (10,17}
n n o ''n

£ (u,v) (2m) 7 ] explik 7 -ENTIV_(r)dF. (10.18)

1

In the last expression Voq(r) is defined by equ. (10. 9).

By the use of equs. (10.9), (10.10) and after some tedious but
straightforward manipulation the following formula for QL(o—'n) can

be derived:

2

Q,(0~n) = 48°0°k 3 T, (10.19)
4 o . i,
i=l, 4
T = ULIs. 8
017 b St
1/2 1/2
= i -
T,, = G, M3 M) e b L) X
C.(42,0,4, 000 422 (0,0, 4,010 -24-31"%C_(1-2,0, 1, 0)X
2 DY) AR ) AR
1
Th2, 1y,
T o= cnM I M) s 6 8 [ 1 X
3 - G MIT, 17 Mmmio b2t o2
202 (1,0, 42,00+ MR c(e,0,1,0) - 2045) % x
2 1t 12
1
Loy 1 Colh 00 242,00
1/2 1/2
_ 1t 11t
Tyq™ C, (3, M, J", M2 41) b’m,,M_M,,[(zul) X
2 2 1/2
1 - ne _ _ 1 1 - ]
%, oG 0 b2 mn - @3 Py  nc (e, 0,02, m) X

1,4-2"2
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1/2
- 4. 1y 2 . 1 ! - 1
CZ(& 2,0,4-2,m") + (22 -7) I&, &-2%-4, )Z,-ZCZH" 0,4-2,m'} X

1/2
- - LI T 4 ! ! 1 ' 1
cz(x; 4,0,4-2,m') - (24+5) I&’LIMZ,&CZ(&, 0,4, m )C, (42, 0, 4, m')

1/2 2 2 1/2
+20H) LT )4, 0,4, m) - (282370 L G40, 4, m') X
/2I

1
f- J . ! 1 4, J
CZ( 2,0,4,m') + (2449) 1, &+ZI&+4, JL-I-ZCZ( , 0,442, m') X

1/21' I C, (4,0,242, m') X

.
Cp (44,0, 42, m") - (2445)° L)\ oLy o 440G

1/2_2 2
) ' ' £,0,4 '

G, (442, 0, 42, m') + (22411, Co(4, 0, 442, m)]
where

o= [T, 4k £)J, J(k'r)A (r)rdr

2 Mg o T AE o

1

1 - 1

and I 4 | Tyl 1Ty g (6'T)8 (r)rdr

The Born partial wave cross sections are tabulated in Table XII..

§10.3 Close Coupling Calculation

The set of coupled differential equations to be solved is
21
[ka,+az/ar2 -L(L+1)/r2)<Gr'(0'|r)| = <I‘“|U|I"><Gr'(6|r)|, (8.15)

where

< 1 > = ' 1 " 1" ] H 1 >.
rulr Sy I Lom U, (6, 8V 3 Ly

(10. 20)

Note that Un (r,€, 8) is the sum of the two approximate expansions

Hn

of equ. (9.14) and (9.17):
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TABLE XII

BORN PARTIAL WAVE CROSS SECTION (a.u.)

Incident Kinetic

Energy (eV) A c
4 =0: . 0,273 £=0: 0.286
2 £=1: 0.0360 £=1: 0.036
4=2; 0.0030 £=2: 0. 0030
£ =0: 0.121 4=0: 0.130
4 =1 0. 050 £=1: 0. 050
£=2: 0.006 4=2: 0.006

The potentials used in Column A and C are the same as those used

in the corresponding Columns in Table XL

o) 1
U (r8,8) = X§0,1[B2)L(r)+BZ)\(r)§]sz(cosﬁ) , (10. 21)
where
j o J _
B, (r) = E‘sz(r) + V5, (x), 3=0,1. (10. 22)

42
Using the notation of Seaton, = denote <4,7J, L, lePK(cosé)ll),' JUL, m

Y

L
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by fk(L, J;4", J'"; L) and because of the following relations:

<v|vi>=§ "
',

— 1 - -
<v =0|gly "> =86, ., = 0.1695 8

\)H 4

<4, 3, Lym |4 I L > =6, 6

#,
the expression for <T° ! U' I' > can be written as

0 1 1
<T|ulr> = [Bo(r)8 0 +BB ()8, (18, 00r + [BL(5
1 Al .
+ BB ()8 | J6,(4 B TEL) . (10.24)

The coefficients fz({, J;4", J"; L) has been programmed. T
This greatly reduces the labour involved. In order to calculate the
vibrational excitation cross section Q(v=0-v'"=l) of HZ at temperature
T, it is necessary to calculate, first of all , the cross sections
Q(v=0,J, M-v'"=1, J'", M") corresponding to different initial rotational
states J, M. It is, of course,necessary to average over initial
states (same J but different M) and sum over all possible final states
(J'"', M"). Then all the Q(v=0,J, M= v"=1,J", M") are added with the
respective statistical weights at temperature T. It is to be noted that

there are two species of H according to whether the nuclear spins

2!

TThe values of the coefficients are taken from a more complete ta-

ble supplied by S. Chung.
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are parallel (ortho-) or anti-parallel (para-). For the para-hydrogen
the rotational quantum numbers can only be even and the ortho-hydro-
gen, odd. The conversion between para- and ortho-hydrogen is slow
and the ratio of ortho-hydrogen to para-~hydrogen is 3:l.

Because of limited available computer time, the close
coupling cross sections are calculated with the electric and polariza-
tion (normalized) potentials as tabulated in Tables IX and X only. The
Numerov method is used to solve the set of coupled differential equa-
tions. The numerical procedure has been discussed in detail by Lane
and I_,in56 and La.ne57 and will not be reproduced. Lane's origina!l
program, adapted by S. Chung has been used. The results are listed
in Table XIIL

At 300°T 80% of the hydrogen are in the first two rotational
states. If it is assumed that Q(v=0, J=2n—Vv''=1l} and Q(v=0, J=2n+1-V''=])
are independent of n, then

Q(v=0-v"=l) = Q(v=0,J=0—v"=1)/4 + (3/4)Q(v =0, J=1-v"=1) .
The vibration excitation cross sections from ground state to the first
excited state of HZ (a mixture of 75% of ortho- and 25% of para-) is

tabulated in Table XV.
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TABLE XIII
CLOSE COUPLING VIBRATIONAL EXCITATION CROSS SECTION

OF PARA-HYDROGEN FOR J=0 (a. u. )

Inc. K. E, sum over sum over
(eV) L=0 L=l L=2 L L (10-1.7cm2)
2 0.0875 0. 0813 0.0032 0.172 0. 482
4 0. 0587 0.148 0.0075 0,214 0.599
6 0. 0452 0,173 0. 0106 0.228 0.638
8 0.0374 0.171 0. 0129 0.221 0. 619
10 0.0322 0.157 0. 0145 0.204 0. 517

Fach channel is labelled by (v, J,4). The channels used are:
for L=0, (0,0,0), (1,0,0);
for L=1, (09 O’ 1): (09 2, 1)1 (Os 2, 3): (lo 0, 1)! (1’ 2, 1), (}-s 2, 3):

for L=2, (0,0,2), (0,2,0), (0,2,2), (0,2,4), (},0,2), (1,2,0), (1,2,2),
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TABLE XIV
CLOSE COUPLING VIBRATIONAL EXCITATION CROSS SECTION

OF ORTHO-HYDROGEN FOR J=l (a.u.)

Inc. K. E, sum over Sum OvVer
(eV) L=0 L=] L=2 L=3 L L (10-l7cm2)
2 0.0178 0.0500 0.0495 0.0015 0.113 0.32
4 0.0363 0.0394 0.0924 0.0037 0.168 0. 47
6 0. 044‘9 0.0333 0.109 0. 0050 0.187 0.52
8 0.0460 0.0297 0.119 0. 0064 0.185 0. 52
10 0.0430 0.0271 0.100 0.0073 0.171 0.48

Each channel is labelled by (v, J, 4). The channels used are:

for L=0, (0,1,1), (0, 3,3), (L, 1,1), (1,3,3);

for L=1, (0,1,0), (0,1,2), (0,3,2), (0,3,4),(,10), (1 1,2) (1,3,2),
(1, 3, 4);

for L=2, (0,1,1), (0,1, 3), (0,3,1), (0, 3,3), (L,1,1), (L,1,3), (1,3,1),
(1,3,3);

for L=3, (0,1,2), (0,3,0), (0,3,2), (1,1,2), (1,3,0), (1,3,2).
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TABLE XV
CLOSE COUPLING VIBRATIONAL EXCITATION CROSS SECTION FOR

HZ (A MIXTURE OF 75% ORTHO- AND 25% PARA-HYDROGEN) at 300°T

II::VK)' - Q. u. ) 010" em?)
2 0.128 0. 36
4 0.180 0. 50
6 0.197 0. 55
8 0.194 0. 54
10 0.179 0. 50

8§10.4 Discussion And Conclusion

By comparing columns A and B in Table XI it is observed
that the cross section becomes one order smaller if polarization

potential is not included. This clearly shows the importance of the

polarization potential in the excitation process. At 2 eV the vibra-

tional excitation cross section with electric potential alone is com-
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*

petible with calculations by Wu35 and Carson.

For the case of para-hydrogen with J=0, the contribution
from L=0 has also been calculated using four channels. The results
are tabulated in Table XVI together with the 2-channel calculations
from column one of Table XIII. Although the 2-channel and 4-chan-
nel calculations give results which are quite different their contribu-
tions to the total cross section remain relatively small and hence

does not effect the cross section too seriously. For this particular

TABLE XVI
COMPARISON BETWEEN 2-CHANNEL AND 4-CHANNEL CLOSE

COUPLING PARTIAL CROSS SECTIONS FOR J=0, L=0 (a.u.)

Incident K, E. (eV)
2 4 6 8 10

2 -channel® 0.0875 0.0582 0.0452 0.0374 0.0322

-’-l-channelb 0.0494 0.0377 0.0308 0.0265 0.0234

#The two channels are (0,0, 0) and (1, 0, 0).

bThe four channels are (0,0, 0), (0,2,2), (1,0,0) and (1, 2, 2).
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case the 2-chanel calculation corresponds to the contribution from
the 4 =0 partial wave. This affords a direct comparison with the
Born partial S-wave (4=0) cross section. This will be discussed
later. The unexpected drastic differences in the 2-channel and 4-
channel calculation are probably due to the following reason. The
L=0 cross sections are very sensitive to any change in the potential.
The 2-channel cross sections depend on only the Po(cosé) term,
however the 4-channel cross sections depend upon the Po, P and

2

also on the P4 terms. Thus for the 4-channel calculation an addi-

tional approximation is involved: the effect of the P4 term in the pot-

ential is excluded. Because the coefficients of P2 and P4 are of op-

posite signs, it is anticipated that if P4 is included, the 4-channel
calculations will yield resuts which are much closer to the 2-chan-
nel values. Indeed, when P2 is arbitrarily set to zero, the 4-chan-
nel values agree very well with the 2-channel results.

It is to be noticed that as the incident kinetic energy in-
creases, the agreement between the two sets of values becomes
better. This is because of the fact that the faster electron spends
less time in the molecular electron cloud and the inicdent partial

waves becomes less and less distorted. As the S-wave becomes

less distorted (Born approximation becomes more valid), it becomes




92

less sensitive to the potential and the agreement improves.
According to Born approximation if the small rotational
excitation energy is neglected the vibrational excitation cross sec-
tion Q(v =0, J-v'=1) is independent of the initial J, Q(v=0, J=0-v'"=1)
is close to Q(v =0, J=1-v'"=]) by partial wave calculation and hence is
in agreement with results of Born approximation. The numerical
values of the two calculations are of the same order of magnitude.
Other than that the agreement between the two calculations is poor.
The Born approximation indicates a peak near or below 2 eV while
the partial wave calculation shows a peak around 7 eV. This can be
understood by the following physical interpretation. Born approxima-
tion treats scattering as a small perturbation on the incident plane
wave. This is a fair assumption when the incident electron is
"high'", such that the incident electron does not spend too much
time in the target electron cloud. At 2 eV although it is four times
the energy required for vibrational excitation the velocity of the in-
cident electron is rather slow. It therefore remains in contact with
the target electron cloud for a considerable period of time and as a
result the plane wave will be distorted. This distortion of the plane
wave is also observable from results in TablesXII and XIII. In Ta-

ble XII the Born partial wave cross section indicates that the 4=0




93

TABLE XVII
COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL

VIBRATIONAL EXCITATION CROSS SECTIONS AT 2 eV (10-17cm2)

From Table XI, Column B

0.12
(with electric potential only) L
35 ]
Wu (theoretical) 0.08
37 .
Carson™ (theoretical) 0.19
. .39 .
Breig and Lin “(theoretical) 0. 90
(model A, cut-off parameter at a=1,7) )
39
(model B, cut-off parameter at a=1.7) 4,0
From Table XI, Column C (Born) 0.96
From Table XIII (Close Coupling) 0.38
53 .
Schulz ~ (experimental) 5.5
54 )
Phelps “(experimental) 4.0

partial wave contributes a major portion of the total Born cross sec-
tion, while the close coupling calculation for J=0 shows that major
contribution is from the 4 =1 partial wave. The distortion is proba-
bly due to the exceptionally large elastic scattering cross section of

the ground state of H2 which is of four orders of magnitude larger
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than the vibrational excitation cross section. When the potential
responsible for elastic scattering is artificially set to zero, the
Born cross section is reproduced. This clearly indicates that the
plane wave has been grossly distorted by elastic scattering and that
the vibrational excitation is the interaction between the scattering
center and the distorted wave.

The existing experimental data are scarce and contradict-
. . . 55
ing. The early swarm experiments were not too reliable. More

5
recently measurements have been made by Schulz =~ and Engelhardt
54 . .

and Phelps. Schulz's experimental curve shows a maximum at
2 eV while the experimental work of Engelhardt and Phelps indicates
a peak at 4.5 eV. Thus Born cross section has the energy dependence
similar to Schulz's measurement and close coupling cross section has
a functional dependence similar to the curve of Engelhardt and Phelps.
The calculated values are consistently smaller than experimental
measurements, This is not unexpected because of the simple varia-
tional function used in producing the polarization potential. As has
been mentioned before that the parameter ¢ in P; of equ. (9.18) has
been set to 1 due to lack of computing facilities. It is not unreason-
able to expect that when ¢ is treated as a parameter and more terms

are added, the polarization may be lowered by a factor of 2 to 3 in
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the potential-sensitive region 1.5% r $3,0. This will then increase
the vibrational cross section by a factor of 4 or more and bring the
theoretical calculation to agree with the experimental values. Hence
it is concluded that the theoretical calculation can yield vibrational ex-
citation cross sections that agree with experimental measurements

if the polarization interaction is taken care of in sufficient detail.
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Appendix I

To evaluate the integral I. (%, K), given that

1x
= | (zm) dF L1
L, K) = ]9 (Z)g(2")dr, (L1
3, %
¢lS(Z) = (27 /m)" exp(-Zr) , (L. 2)
% -2Tn # . . -1p® -in -u
8(2") = (n/2m) [n/ (1™ )] ® explina)[M1-in)] ) w7 e T X
JO[Z(iK‘E'u)Jé] du , (3.5)
where ! = r(l+cosp), andn = 2Z"/u. (3.6)

Jm(z) is the Bessel Function of the first kind of order m and argument

z. Equ. (L 1) can be expressed as:

1
1 = (22 2/ -e 2 H M) L (1.3)
where
. 1
I= J'du J'u_me _uJO[Z(ing'u)-é] exp(-Zr+inr) dr . (L. 4)

Choose the direction of ejection as axis, then €' =€ and §, 4 are the

parabolic cqordinates defined by

€ = r(l+cosb) , N = r(l-cos®) , (L. 5)
r=(§+1)/2, rcos®=(§-7)/2, (L. 6)
di = (67 )dSdqdg/4 , (L.7)

The explicit form of I is

-in -u

1
I=(1/4)fdufu" e Jo[z(iugu)ﬁexp[(iu-z)élzar(m-zm/z]x

(E+1) dEd7de.
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Integrating over ¢ gives a factor of Zw. Using the expression

exp[(in-Z)g/Z+(i%-Z)‘7l/2](§+7[) = -2(3/9Z)exp[(in-Z)8/2+(in-2) /2] ,
and interchanging the order of differentiation and integration; the ex-
pression for I can be written as

I= -u(a/az)jduju'ine"uJO[Z(iugu)%] exp[(in-2)8/2+(in-2)9 /2] X

d€d7 . (L 9)

Integrating over 9 gives

Jexpl-(z-in)q/2] dn, = 2/(Z-in) .
Integration over § can be performed by using the formula first de-

rived by Weber:59

1
[exp(-A8) T (2285 a8 = (1/1) exp(-r°/A). (L. 10)
Integrating over § gives ‘
1 . .
Jexp[ -(z-ing/2] 7 [2(ing u)?] dE = z%m o ~2im/(Z-in) .

The expression for I becomes

= -4n(a/aZ)<z-1n)'2j0u'inexp[-(z+in)u/(z-m] du .

By changing the variable from u to v=(Z+i#)u/(Z~i%) the integral in the
last expression becomes a gamma function. The result is
i intl
[= -4rT{l-in) (3/32)[(Z-i%0) "™/ (z4in M .

After having carried out the differentiation and by means of the fol-

lowing trigonometric relation

arctanx = (i/2)In[ (1-in)/(1+in})] (I 11)
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I can be expressed as

I=4nT'(1-in) exp[-(22"/n)arctan(n/Z)] Z(Z-Z")(ZZ-E-KZ)_Z.

Hence the integral Iln is equal to

~2wZ'"[n 2

3 o z 2,-2
-4(27[m)"[ 2"/ (1-e N5 (z-z2")(2"4C) “exp[-(22"/%) X

arctan(n/Zz)] .
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Appendix II

To calculate the ionization-excitation cross section of the
+
4S state of He as a function of the effective Coulomb charge Z'. From
equs. (3.7), (3.9), (3.26), (3.27) and (3.28) the cross section may be

expressed as

Q (Z")=C(321r2/k02)'fK-3'h dndK , (IL.1)

2
4S5 ZZI

where C is given by equ. (3.10) and h__ is equal to

22
e £ b —
[expliR- 110 (28 (2"[7) 489 (2[F)]dF . (1L 2)
Let the first integral on the RHS of (II.2) be denoted by hZK(K’ K) and
the second integral by bZ%(%’ K):

b, 1, K) = B[ expliR> quslsqsfsd?
1 1
- oa(z Y (42246 2 22y 2Bl ) 2 (e T2 M) By
exp| -(2Z"/n)arctan(n/Z)] , (II. 3)
h (%, K) = Jexplik g, (2)6(2")aF, (IL. 4)

sk
where ¢ls(Z) and ¢%(Z”) have been given in Appen. I. The integral can

be written explicitly as
b EN - - -
b, = (231 ® o 2m)n® (e 2 ™) B0 (Lein) T T, (IL. 5)
. 1 - N
I= Idu J‘u—me-uJo[Z(iKE'u)z] expl (in-Z)r] exp(iK- T)dT . (IL. 6)

Choose axis along IZ’, then

K- T = KrcosS. (IL. 7)
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In equ. (IL. 6) €' is the parabolic coordinate referring to the direction of

ejection as axis. It is connected to the parabolic coordinates §, 7 re-
ferring to the new axis by the following relation:
21 . 21_ % -1
€ =8cos 30+ Nsin 30+ (E) cos%6 sint6cosd,
where 6 is the angle between the direction of ejection and K. Then
60
Jo may be expanded as follows:

1 1
“I Jm[Z(iniucosz%G)'é] cosm¢. (IL 9)

1
. 1 § - E . . Zle
JO[Z(MS' u)”] = Jm[Z(m‘YLusm 50)
By changing to parabolic coordinates and putting expressions (1. 7), (I.8),
(I. 9) into equ. (IL 7) the expression for I becomes:

I= -3(3/32) [du fu™ Pexp] -uwt(in-2)(§1 )/ 2+iK(E-1)/2] LJ_[2(itnu X

2108

1
sin 56) *] Jm[Z(i%@ucosz%e)z] cosm@dEdn do .

Integrating over @ yields a factor of 2Tr50 o (I1. 10)
Again using Weber's formula (I.10) integrating over § yields
o . 21,53 NS
J‘exp[-(Z-m-lK)E/Z]JO[Z(mucos £0)°€*]dE = 2(Zz-in-iK) = X
: 2 o
expl -2(i%ucos ¥6)/(Z-in-iK)] . (I 11)

Similarly integration over 1 yields

ey : 21,8 S
‘rexp[ ~(Z-in+iK)n /2] JO[Z(lnusm %9 )-57[%] dn =2(Z-in+iK) ~ X
2
exp| -2(inusin 3 0)/(Z-in+iK)] . (IL. 12)
Thus the expression for I becomes
= -4n(3/32) (2% 84K 211 )™ [ excpl -u( 220+ KE -2nKeos8)/ (22 o+

) y
K -2inz)]u P .



101

Recognizing the last integral to be a gamma function the expression

can be written as

2

I=-4rT (1-in)(a/az)[(zz-x2+K2-zmzfirj(z_ +n2+KZ-2chose)in‘l] .

After having carried out the differentiation, substituting Z'"/# for n and

by means of the relation (I.11) I becomes

1 n
—-2—2—%—-3 ) [cos(%InA) _i sin(z%lnA)] X
Z -n +K

(2", n,K,8), (1L 13)

I = -4nT (1-in)exp[ -(Z"/n)arctan(

where

2 -1 2 2 -
f(Z“,K, K’e) = [(Z"lK) +K2] 1(% +ZZ+K -ZKKCOSB) 2 X

2 2 2
{=2[Z"(n -ZZ+KZ-2u Kcose)-i-Z(ZZ—% +K )] +i[-4ZZ"(%-KcosG)+4ZZ]},
(IL.14)

2 222 22 2 i
A = [(2° 454K 442598 (2P 0+ RE -2nKc0s8) 2,

By substituting the expressionfor I into equ. (Il 6) and the resulting
equation, together with expressions (IL 5), (IL 3) and (IL 2) into

equ. (IL. 1) the cross section Q4S(Z”) has the form as is given on p.21.
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Appendix III

Explicit forms of In (K) for n=5,6,7 and L=P,D, F

2 2
B=c¢c +K

L

n=5, CZ=Q..8, c=2.09

2 3 2)/B+18C 2cX

KB~
¢ 2

2
? - -
5 [20c 15c2(5c K

. 113/
Ip = 1(16/25/10)(2'2)

2 3 4 2
%\/B -, (35¢ a2t K43kt
- 2
3/zc:ZZKZB 4[-21c+7c2(7c2-K2)/B~4c2 ¢ X

(5c2-3K /B3]

I = (32/25[14)(2'2)

(7% 3x%)/B]

3_-5

3/ZCZB'K B "[-8c+ c2(9c2-K

= i(63/25[10)(2'2) 2)/B]

IBF

n=b, c2=2/3, c=2.023

I b = 1(4/9/70)(2'2)3/ZCZKB'3[70c -70c2(5c2-K2)/B+126c22c(5c2 -
2 4
3K )/BZ-l4c23(35c4-42c2K2+3K )/B3+20c24c(7c4-14c2K2+
3x%)/BY
3/2 2.2 -4 2 2 2, 2
= ! - - - -
LD (8/3J21)(z'z) c, K'B [ lc+7c,(7c"-K )/B -8c, (Tc
2
3K )/B2 + c23(21c4-18c2K2+K4)/B3

. 3/2 3_3_5 2 2

I6F = i(16/9/5)(Z'Z) /Zcz K3B [-lZc+3c2(9c -KZ)/B-SC_,ZC(3C -
[

K%)/ 8%

n=7, c2=4/7 , c =1.9757142

/2

Lo = i4/49/2'2)> e kB [nze -l40c2(5c2-K2)/B +336c22c(5c2 -
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2 2 3 2_2 4 4 4 4
3K )/B -56(:2 (35c4-42c K +3K )/B3+160c2 c(7c¢ —14CZK2+3K )/B4

5 y
- l2c, (Zlc6-63c1K2+27c2K4-K6)/B5]

3/2 2.2_-4 2 .2 2
/CZKB (7c -K'})/B-72c, cX

[-63c+42c 5

L = (32/49f21(2'2) ,

2
(7c -3K2)/B2 + 18(:23(21c4--18c2I<lz~i-K4)/B3 - 5c24c(21c4-3002K2+5K4) X

54

Lp = i(16/9ﬁ)(z'2)3/2c23K3B'3[.12c+ 3c2(c2-K2)/B - SCZZC(SCZ-KZ)/BZ]

The Hydrogenic Radial Wave Functions for n=7, 4=0,1,2,3

v=2Zr/n

R. (v) = 23/2(17640ﬁ)'1(5040 _15120v+12600v° - 4200v° 4 630v- -

-42v5 + v6) exp(-v/2)

R7p(v) = z3/2(11760]2—1)‘1(6720 - 8400y + 3360v2 560v° + 40v4 - V5)ve-v/2
R, (V) = 23/2(7056105) 13024 - 2016v + 432v% - 363> + v )vPe v/
R_(v) = Z3/Z(l7640A[Z2)-1(720 -270v+ 30v'2 -v3)v3e__v/'2

71
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Appendix IV

The five individual lines of the 4686-3 group have recently
been resolved18 and the line widths measured. It is of interest to see
if the recoiled velocity distribution has any significent effect in the
broadening of the line widths.

In atomic units the conservation of momentum before and
after the ionization-excitation process gives

K=k +% +p, (IV. 1)
where T(', i', i’, E are in a.u., the momenta of the incident electron,
the scattered electron,the ejected electron and the recoiled atom res-
pectively. Denote K - k' as I—{, then

K=%+p. (IV.2)
Because of the set up of the experiment, kis completely random, the
scattered and ejected electrons hawe no angular dependence. In the
calculation it has to be averaged over the angles of # and p.

The differential cross section in equ. (3.1) is a function of
K and E, (#, X, ¥) being the polar coordinates of x. Previously it has
been integrated over angles of 12, since the differential cross section
is independent of its angles. It is convenient to take K as the axis.

K and X completely determine 1;. In equ. (3.1) the set of independent

variables are (K,%,X, §). It is a simple matter to change to another
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set of independent variables (K, p, 6, ¢), p, 9, ® being polar coordinates

-

of ﬁ Thus the cross section becomes

Q

J1{K)dKdr sinxdxd

I L (K) sinX dK[ 31, X, 1)/ ¥p, & 9)] dédpdp , (IV. 3)

where sinX is expressed as a function of p, 8,¢. The differential cross
section corresponding to a given p is then given by

- fIP(K)sinde[a(n,x, $)/3p, 8, )] d8dg . (IV. 4)

Ip is proportional to the probability of the ionized-excited atom having
a recoiled speed p/M, and Ip/pZ is proportional to the probability of
the target atom having a recoiled velocity p/M in any direction; M

is the mass of the target atom.

At 200 ev Ip/p'2 is calculated and plotted against p. The
halfwidth is obtained in the following manner. Normalized Ip/p2 s0
that at the peak (p=0) it is equal to 1.. Let 12 be the corresponding -
value of p when Ip/p2=0. 5. The recoiled velocity v of the atom is ob-
tained by divided P, by the mass of the helium atom. Doppler shift
is given by the following relation

Av = vv/c.
o

The half-width due to recoil alone of the 4S line at 200 eV

incident ene‘rgy is found to be 24 mK. At 300K the Doppler shift due




106

to thermal velocity is 42 mK and with a life-time of L. 42X10-8 sec.
the natural line-width is 15mK. The pressure broadening is neglegi-
ble because the averaged time between collision is 10-5 sec. which
is much longer than the life-time of the excited atom. To obtain the
total calculated half-width it is necessary to supperimpose the two
velocity distributions, namely the thermal and the recoiled, and find
the velocity corresponding to the intensity which is half of the maxi-
mum. This indeed has been done. 18 However a rough estimate is to
just add the half-widths together. The results in this case happens
to be almost the same. The experimental measurement gives 103 mK
for the half-width of the 4S line as compared with 80 mK for the cai-
culated value. Part of the discrepency can be explained by the spread
of the incident electron energy during the measurement. The spread
is estimated to be about 50 eV. Any fluctuation in temperature may
further increase the half-width.

It is seen that at approximately 30°K the recoiled velocity
causes an increment of about 30% in the line width. At lower tempera-
ture it will become the major cause for the broadening of the 4686-2

line.
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Appendix V

To evaluate Jl(e), Jz(e) and .]'3(9) of equs. (6.15), (6.16)

and {6.17). 1(8) is defined as
7.8) = [ L 'l)exp[i(f{-? K)o, (1)e 2(2)<15 (3)dr dr_ X
1 13 3 o 3 I'""6s " ""6s 172
dr3 . (6.15)
Integrating over d?z gives unity, Using the expansion of r13- in terms
of spherical harmonics, (rl3-l-r3_l) can be written as
© v
-1 -1 )3 - *
- = ¢ g )@ ®
ry ey = by B anluwy (1,30 ()8 (8)F(6))8 (8., (V.1
where
= ifr >
Yo 0 if r rl s
- -1
=rll-r3 if r >r3
and Y, * r<\)/r>\)+1 , v>1

In the expression above T (r>) is the smaller (greater) of rl and r3.
_9
Take axis along ko, then

T = B -k! in® inb 9 9 .
o r1 kor3cos . k rl(sm lcos(?)sm +cos lcos ), (V.2)

where @ is the angle between Ko and k' and hence is the scattered angle
Substituting equs. (V.1) and (V. 2) into expression (6.15) the following

result is obtained'

e % .
7,8 = \f’:;o Y. 4m/(2v41) [y (L, 3)®, o4 €, p(93)@]'D(qﬁl)@p(c%)expil[ko X
r3cose3-k r (smelcos¢> smei-coselcose)] }R l)Y o( )® :L (3)dr1dr3
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Integrating over ¢3 gives 6pm. Integrating over Qﬁl gives
1
@ -. ] ) e . e - -. m ) s 9 . 6 . .
fm(¢l)exp( ik r,sin lcos¢lsm )d¢l 2w -1) Jm(k rsind sin ). (V.5)
Integration over 91 can be effected by using Gegenbauer's integral:

e -ik! ) 8 '+ sinB sinf)sinfd6 = %
J‘®\),m( l)exp( ik r cosfcos )J (k r,sin  Sin )sin ld ) [(2v+1)/2]* X

[(V=im] )}/ (v imi )] (27 /( k' % V- um(‘cosp % (k'r ) , (V.6)

where

p=m -6, (V. 7)
Substituting equs. (V.4), (V.5) and (V. 6) into expression (V. 3) the

following result is obtained:

3/2 -%

3,(6) = Z (21)” “(2v +1) (cosp) X

(-1)m iv[(v -lm|)!/(v+]ml )1]%13'\?1(

A _3
IvL3)8, (8 )explik r,)(k'r)) -gJv+%(k'rl)R65(l)Rn&(3) X

’

(6. )r 24r v %dr_sind_de_ . (V. 8)

®&m3ll 3733

, expand the product @  (0.)®, (8)

- . e
In order to integrate over 3 v,m' 3 4, m' 3

in terms of Legendre polynomials:

)©,  (0.) = Lb b (v, 4, m)P, (8

L, m( 3 k k ). (V.9)

e, (8

v,m 3 3

Multiply the last equation on both sides by ®k 0(93) and integrate

in®_dé
over sm3 s

bk(v, L,m) = (2kt+l)2 -l ck(v, m;{, m),
where

1
ck(v, m;Ll,m) = [2/(2k+1)]-£'j'®\J m®& m®k Odc059 ,
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61
and its explicit form is given by Graunt' formula. Only a limited
k
number of ¢ 's can be non-zero, since the triangle rule has to be

satisfied:
v -4] < k vt 4.

Now the expansion gives

i 0 )sin8 d8 = & L
J‘@v’m(?))@L,m(3)exp(1kor3cos )sing o, &b (v, 4,m) X

IP )exp 1k r_cos®_ )sin®_do_ . (V.11)

3 3 33

Using the relation
11
_ B ) .
T 4al®) = (-0 (z/2m) [ explixz)P_(x)dx

integration over 9_ yields

3

Zb L% 4y m)i k(ZTr/k r )% kT
ki3

o 3). (V.12)

Hence it is seen that

- 3 1 1 '%
7,09 = vZ:O I{:ak(\i,&,m) IYV(1,3)JV+_J§(1< SENPIUERTERIIS

1
2 1)R 2 2
(kor3) R6S() g(3)ry dryr, dr,

where

B,

2 VkiZ2m

2, (v, 4,m) = (2m)° [(v- I )2/ (v 1m)1] E b (3 &, m)(2v4L). "% (v.13)

The first ten values of v are included in the summation
over v, The convergence of the series has not been tested ri gorous-
ly, but it is expected to be fairly close to the actual sum of the series.
Due to the limitation of computer facilities available it is impratical

to include more terms.
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JZ(G) will be considered next. Substituting equs.(V.1) and

(V.2) into (6. 16) the following expression for JZ(G) is obtained:

b
7, (8 vz-op_)_:, 4/ [1,2,3)8, ()8, (808 (3)¢ (9] X

%
i B~ k! i i 0 8 ;
exp{1[k0r3cos k rl(51n91cos¢lsm6+ cosf cos )] }¢6S(1)¢6s(2)¢6s(2) X

¢an(3)drldr2dr3. (V.14)

Integrating over ¢ gives

1
j@qu) =27%s_ .
poo P, 0

Integrating over ¢3 gives ép m Integrating over (251 yields
)

1

5 exolik'e sind . - z 't sin® sino.
f oexp(lk r,sin cos¢lsmp)d<251 (2m) Jo(k r,sin ls1np)

1

Integrating over 62 gives a factor of 2“2_6\) 0°

JZ(B) then becomes

% . .
9 i 0+k'r cosH ! 9
4 /2 J"YV(Z, 3) @v, ( )exp[1(kor3cos +k rlcos cosp)] Jo(k r.sinb sinp) X

0" 3 1 1 1

2 2
)
R6S(l)@0’ O(l)R6S(2)RnL( 1) (3)r drl ) dr ST dr3dcoseldcos .

By means of Gegenbauer's integral el-integration yields

1
ik! ;) 'r.sin8 si 0. = (w/x'z )3T (k'r ).
fexp(lk rlcos cosp)Jo(k rlsm lsmp)@o’ 0(l)dcos (w 1) J’k( r)

1 1 1
Integrating over 63 gives
e 1
-5 . 3 %
e (8 8 = .
2 fexp(1k0r3cos ) L, 0( 3)dcos : [(24+1)/2] (n/kor3) J{,_‘_%(kor?))

Hence the integral Jz(e) can be expressed as:

3/2
(z&+1);51 J"J (k'z) )R, (1) / drl][ffyv(2,3)JL+%(kor3) X
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3)r 2dr r 3’/Zdr

R()S(Z)R6S(Z)R 2 273 3] ’

nt

Lastly consider the integral J_(8). Substituting the expan-

3

sion for (1'23-1 - rs-l) and taking axis alon IEO it becomes

®
e

v
1,00 = & Pzz:_y anl(2v41) [V, (2,38, (8,)0 (8,)8 (2)¢ (3lexplilk X

* % - o o
0 k! in® in® 9 C) .
r,Cos : k rl(sm 1cosﬁblsm +cos cos ) }¢6s(1)¢6s(2)¢6s(3)¢nbm(2)drldr2dr3

Integrating over ¢3 yields 6\) Integrating over ¢2 gives (Zv)-%6

, s
Integrating over (bl gives

1
ik'r_sin® inp)? = (21)% T (X'r. sin8 sinp).
J‘exp(lk r,sin lcos(blsmp) o(l)d¢1 (21) Jo(k r,sin 1smp)

Integrating over 92 yields B\) Iz Integrating over 91 gives
b
‘fexp(ik'rlcoselc%p)Jo(k'rlsinelsinp)dcosel = (Zﬂ/k'rl)%J%(k'rl).

Integrating over 93 gives

(k ).

1 £, 1
i 0 0. =[(2¢ 2 2
J\@L,O(3)exp( kor3cos 3)dcos 8 [(24+1)/2] i (Zv/kor3) JL-%-% o¥3

Hence J3(9) can finally be expressed as:

7.(8) = i%z[(zul)k'ko] -%[_]‘J%(k'rl)Rés(l)ri/Zdrl]['UYL(Z,3) X

3
2 3/2
k 2 .
J&_l_%( or3)R65( )RnL(Z)R(;s(3)rZ dr2r3 dr3]
The single and double integrals are numerically integrated
by Gaussian-Legendre Quardrature method. The upper limit is so
chosen that the wave function are practically zero beyond that limit.

. . 28
The wave functions are taken from Mishra's paper. For each wave

function a curve is plotted and intermediate points extrapolated.
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Appendix VI

The nuclear Coulomb terms --l/r3A and —l/r3B in equ. (9.17)

cancel out and if Hé is used to denote the sum of l/r13 and 1/r23 then

it becomes

v(r,§, ) =<@12H21@>/<él@> - <¢o[2Hél¢o> - E_ (VL 1)
= 22T1/< 28> ,
Ty = 2Besle,

= < ! >
T, =2<¢_|H)Iy">,

- <yt | - > = L < .
T <y IHO Eol\h>‘ k=1,2< lykp Y’kplb
T, = <¢'[H[¢>

T, = -B<y'ly®

5
I +1
4A 4B
B = (4/N)(Ct—T——' +CsIS) ’
2
ct=l+c +2cS,
2
cs=S+c S+ 2c,
¢ =g +4', (9.6)
il!'=P¢os
p=pl+p2’

— ' 1" "," _ .
P, = ¢ (xi+yi) +b z, +[c (xi+yi) +b Zi] exp(-er. )

13
In the expressions above, N is defined by equ. (9. 5); (bo is the Weibaum

wave function. Because of the limited access to a computer, € is set

to equal to 1 arbitrarily. However ¢ will be carried through the mani-
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pulation, The RHS of the second equality sign of T3 can be derived
0
from the LHS by the use of Green's ’l’heorem5 and with the approxima-

tion that
Hl|g>=E]|¢>.
(o] 8] o) (e}

The operator Yk is
_ A A
Y, = @ax )b+ @/ay )5+ /e R

To obtain the x, y-polarization, e, is placed on the x-axis.
V then has no b or b' term and the minimum is at b=b'=0, Hence P,

can be written as

= 1 A -
p, c (Xi’i‘Yi) t cC (xi+yi)exp( eri ),

3

- [}
and Tl =c Rla’

T, =c'R,_ + ¢"R
a

2 2 2b ’

2 2
H 1 ]
3 2c!' + ¢ R3bb + cc R3ab ,

T = c'ZR + c'c'"R 2

Al
4 4aa 4ap T ¢ Rypp

—
I

2 2
= ! 'PR1] 1"
Ty =cl Ry o tcleRg v e R

Rlb S -B(8/N)(ctlz6 + c5127)—: -leb ’

= (4/N I + ,
R, = 4/MNNel +c 1)

= I
RZb (8/N)[(ct122+cSIZ3)+126(cuI4+ cVIS)-i-IZ7(cVI4-}-cu 5)] ,
c =1+ cZ , ¢ =2c,
u v

= 1 ! - ! |
R3bb (Z/N)[Z(ctI3 + CsIlZ) Ze[ct(128+2113

2
! 1 1 1 !
r123)] + e[ 241 e 21 +1L]T

Tt 1 [
r122)+ cs(129+2114
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where r is the distance of e_ from the midpoint of nuclei A and B,

3
_ R3ab = (4/N){ct[213-6(128+2113-r122)] + cs[?.IlZ-e(129+2114-r123)]} ,
-2
= 2
R4aa (4/N){2[z (cul4+cV15) + P(cvl4+cu15) + CtI8+CsI9] + ct16+cSIH} ,
P=[15+15ZR + 6(ZR)2 + (ZR)B] e'ZR/(15ZZ) ,

where R is the internuclear distance,

R,y = (8/N){c c 2Lt )t c (2114+129) + (2115+I30)(cu14+cv15) +
(ZI'6+I'31)(C 15+c I)}+ (4/N) 26(c I+c I )+127(c 12+c Il)]

Ry * (4/N)[c (21i3+I28)+C (21i4+1é9)+(2115+1'30)(° I +c 15)
(Zlié Iél (c 15+c 14)] + (8/N)[ 22(c I 6+c I ) 123 X
(c I +c 126)]

R, = -BS, = -B(8/N)cz”+¢cP);

Rep = =BS; , = -B(8/N)[c ¢ (21 41, )+c (21 +L, )],

Ry = -BSSbb = -B(4/N)[c (21i5+1'30)+c (Zli6+1'31) (I 62 +

) + 4c 126 27)] )
<®|®> = 1+c¢'"S +c'ZS + c" 1S cHZS .
1b Saa ! 5a b. © bbb

V can be written explicitly as

3b

2 2 -
” I [ 1] " ll had
ap) T E Ry R R N UetS) +etTS kelelS e S )

2
, = ! " 1 "
Vir,&,m/2) = [c RZa +c (R1a+R2b) +¢ (2+R4a +R ) + c'c"(R

4 b
The minimum is obtained by iteration process: a value for

¢! is assumed and c'" is varied to make V a minimum. Insert c¢'' thus
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obtained into equ. (VI 5) and vary c' to make V a minimum. This pro-

cedure is repeated until ¢! and c" converge.

LIST OF ONE, TWO AND THREE CENTER INTEGRALS OF V(r, €, &)
R is the distance between nuclei A and B, R3A and R3B are the dis-

tances between ey and nuclei A .and B respectively.

The limits of integration are from 0 to 1 for both u and w.

2_2 2 -1
f = {(l-u)uw R -i-w(l—W)R3A2 , g =2 [4u(l-u)w] ,
2 -1 2 2 %

g, = 0 [4u(l-u)w(l-w)] y, 0 =[Z7(1-w)+¢ u(l-u)w] )

1 1

Z 2

= =2 =

x = 2lfg)” , X (fgc) , @ ZZR3A ,
I = ZJ‘xer-Iaz(l)d?l =227 a8 - e P raa b 4 8ak8)]

) -1 R A2 -l Fo,
I, = zfxer a(ljb(l) 7, = 4Z°rm [la(i-u)] ™% [w ™ (1-w)*K, (x)fdwdu,

where K (x) is the Bessel Function of the second kind of order n.
n

I = fe®13 az(l)d}’l = (z4e/8)fu(1-u) %'Se“t( 343t4t°) du,

where 7= [Zz(l-u) + ezu/4]% , t= 2R3A ,

I, = J"rw'laz(l)d}'l = R3a'1[1-e'a(1+a/2)] ,

o= [r ab)dz, = (22°/7)flu( ]'%j' L1ew) P& ()fdwa
g = r13a)( rl—( ) {[u(l-u) w (l-w 2x)wu,

15 can also be integrated and expressed in terms of log-integral.

1 = [y PR = (220720 e P 1r0e T,



= jy12r13‘1a2(1)d?1 = (82)'1f u(l-u)
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3 -

t 2
e (3+3t+t )du,

3/2

=jy12rl3 a{l)b(1)dF, - 2257 K, (x)f”" “dwdu ,

_ I(XZ Z)r
A TS B T

i

- [y Zexplon

fexp(-ern)a(l)b(l)d;l = ZeZS/TrJ‘_rv»/J§

2
= ‘,‘Yl exp(-er

13713

1
'1a(1)b(1)cﬁ~'l - zz3r2ir'lf[u(1-u)] ""'j'vv'l(l-w)3/2 X

KZ(X) fdwdu ,

K_(x )f3/20'3dwdu
3% ¢

)r 'laz(l)d?l = (z‘l'/s)juu-u)2 7L-5e—t(3+3t+t2)du,

13713

) -la(l)b(l)fl?i < 22”7 fjw'%(l-w)K3(xC) X

f3/2 0-3 dwdu ,

2 3

2
= fyl exp(-er ,)a (1)dF, = (2 e/3z,j‘ 71 3 e 15154612+t )du,

1
- Jylzexp(-er13)a(1)b(1)d}’l = 22°¢/n J[u(l-w)] E‘f(l-w)%K 4(xc)fzc“4 X

= leexp(-er

= Jlxlexp( -er

= J'xlexp( -€T

= leexp(-er

13713

dwdu

)r 'laz(l)oGI = (22 t-w’e ) o7 qu,

13)1»13‘ x"‘a(l)b(l)d’r’l = (ZZSr/?f‘ \flu(l-u)] ® x

13

13

f 1(l w) 3/2 2(xc)fo-z dwdu ,
)a.z(l)d—l':1 = (Z re/S)J‘u(l-u) e (3+3t+t2)7z-5du ,

)a(l)b(l)d’r'l - (zzsm/n)jfw"%(l-w)KB(xc)?/2¢'3dwdu,

12

= J'(xlz-ylz)exp(-er )r._ a (l)d_r'l = (241'2/2)‘J‘(l-u)-%"l.-3 X

13713

e "H1+t) du |
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-1

L= [(x Py Bexploer,)r. “a(b()dE. = (225 /m) flu(t-u)] F X
LI Wt W S LIS 1 TR

/2

[w1-w)’ Kz(xc)fo'zdwdu,

1, = J0 oy Pexpl-ex ot (0, = (2%ex®/8)foll-w)’ 170 34300 o,

]'.31 = f(xlz-ylz)exp(-erl?,)a(l)b(l)d_r’l = (ZZSe:rZ/n)fjwué(l-w)2K3(xc) X

f3/?‘c‘3dwdu ,

11'1(6) = In(Ze) .
All the single integrals can be integrated and expressed in terms of
exponential functions or log-integrals.

To obtain the z-polarization e, is placed on the z-axis. The dif-
ference between z-polarization and the x, y-polarization is that nuclei

A and B are no longer inter-changeable, i.e. integrals centered at €y

and A are no longer equal to the corresponding integrals centered at
e3 and B. Ti in terms of R have the same form as before except that

the parameters are b', b'" instead of ¢', ¢'" and

2 .2
= b + b +Db'b'"R, .
s R3pp 3ab

R = -B'(4/N)[ctJ

b + ZCSI

= -B'S ’

26 27] 1b

B! = (Z/N)[ctJ4+ ZCSIS] v

R

2 (Z/N)[ctJl+2cSIZ] ,

RZb

(8/N)CSIZ3 + (4/N)[ctJ (1

22+126A 4B+CZI +ch5) +1

4A 268'aa
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2
o I4b+cVIS) + 127(2cu15+cVJ4)] ,
R = N'lc[;r' +e2(J' +J! )y -2e(J!_+J! )+2erd'_ ] + ZN‘lc (Ir +
3bb t°3 15 730 13 728 22 s-12
2
! ! - ! 1 2 1
¢ (116+1 31) 2e(114+129)+ er123]
R, o = (Z/N){ct[J3 - e(Jl3+J28)+ erJZZ] + 2cs[112 -e(Il4+I29)+er123] 1
-2 2
= (2 - =1
R4aa ( /N)[ct(J8+J6)+2cS(19+Ill)+(Z +R /4)(G4+G5)+PG6] ,

)2 3

P' = [60 + 60ZR + 27(ZR)" + 7(ZR)” + (ZR)Y] exp(-.ZR)(éozz)'1

= jzlza(l)b(l)d}'l ,

1 26B 264 Cv 27
G =1 + 2I +c I

2 T 2ea " ¢ 268" Sv27
(}3 = ZcuI27+ c J26 s

Gy =L, + c7‘14B tel,
G, =2 I +cJ, ,
Ryap = (4N (T) 550, ) # 2e (L L) + G (L gy #1y 0, ) + Goll g
I30B) + G6(116+I31)] + (.Z/N)(GlllA + GZIlB + G312) ,
Ryw = (Z/N)[ct(Ji3+J'28) + 2c8(1i4+1'29)]+(4/N)[GIIZZA +GZIZZB +

1 ] 1 ' I '
G3IZ3 * G4(Il5A+I30A) ¥ G5(Il5B+I3OB) ¥ G6(116+I31)]
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R, .= (4/N)[ct(z'2+RZ/4) + cSP'] )
Roap = (4/NNed) o7, 0) + 2¢ (I L)
Ry * (Z/N)[ct(Ji5+J'3O) +2c (Ii6+1'31)] + (4-/N)[126A126B +
°var’26 ¥ 2(26A2 26B RREZ 1272] ’
LS AL S S IS SR U

LIST OF ONE, TWO AND THREE CENTER INTEGRALS OF V(z,§, 0)

a= ZZR3A for ImA integrals (A-integrals), m being an integer,

= ZZR3B for ImB integrals (B-integrals) ,

2 2 2 .
72 =Z (l-u)+eu/4, p= 2R3A for A-integrals ,
= 2R3B for B-integrals ,
2_2 2 2
= 1. - - -
f = u(l-u)w R +(l-u)w(l W)R3B +u(l W)WR3A ,

g = Zz[4wu(l-u)] -l y X = Z(fg)‘é , g = 02[4u(l-u)w(l—w)] -1 ,

c
2 1
02 =7 (l-w)+€2u(l-u)w » X = (fg )E

2
a (1) for A-integrals ,

[o N

—~

ot

~
i

2
b (1) for B-integrals ,

1
I = zjzer'le(l)d}’l = 2[(1-) *[Ru/2 + r{i-u)] (l+p)e Tdu ,

Jp=hathg

-5

a(l)b( l)dr 4Z3/nﬁ 1-u)] qu (l-w) °[(1-2u)wR/2 +

IZ Ill3
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r(l-w)] Kz(r) fdwdu ,

I = Jexp(-er )dz(l)d_lﬂ"1 = (€Z4/8)ju(l-u)7[5e-p(3+3p+pz)du .

3A,B 13

I 'ld?‘(l)d}’l = (zz/a)[l-e'a(1+a/2)] ,

4A,B - Irla

I, =fa(1)b(1)r13'ld'r' (see ref. 44) ,

1

Loa s = 407 e, 0 = (2/2)i)”

3

[uR/2 + (1-u)r] £ x

e _p(l-}-p) du ,

where "+'" means that for IbA the sign should be '"-" and for IéB the

sign is ''+'".

P2 -l -1 -5 _-p 2
Toa s~ fyl r,d (UdT, = (82) Ju(t-u)™® e P(3+3p+p_)du ,
2 "l - 2 -l - 2

Iy = fyl r, allb(ld?) = 227/ [[w (1-w) %Kq(x) 2% dwau

L, = J"<zlz-ylz)rl_g'lat(l)b(l)d?:'l = zz3/nj’j[u<1-u)] -%[r(l-w)+Rw(l-2u)/2]ZX

1
W-l(l-w)-EKZ(x) fdwdu ,
f3/2 -3

1
L, = JﬁeXp(-61“13)a(1)b(1)c1'£l = zzse/nffw"§K3(xC) 0" dwdu ,

. -1 - 4 2 -5 -
Lyp,p = Iy eelenyry dz(l)drl = (2 /8)[u(1-u) g e F(343p +
pz)du )
‘ -l Y 5 - 3/2 -3
Il4= IYl e;~cp(--t-:r13)r13 a(l)b(l)dr1 =22 /ﬂﬂw %(l-w)K3(xc)f / o dwdu,

hsa,B © fylzexp('erm)dz(l)d;l = (246/32)f[u(1-u)] 27-3e—P(15+15p 4

6p2+p3)du ,
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L

116 = Iylzexp(-€r13)a(l)b(l)d?l = ZZSS/w‘f[u(l-u)]%‘J‘(l-W)Esz(X

o *awdu
Loa B~ Izlexp -6T 15075 ldz(l)d?l = (24/2)R1-u)[r(l-u);Ru/2] X
‘n:3e—P(l+p)du ,
[ I .
L, =leexp(-er13)1' a(l) (1)d7 T = (2Z /Tr)f w (1-w)

[w(l-2u)R/2+(1-w)r] KZ(XC) fU-Zdwdu ,

L6a,B * I ZlexP('erlg,)dZ(l)d?l = (2*¢/8)] u(l-u)[r(1-u)FRu/2] X

> P(3+3ptp°)du
L., = j"zlexp(-e_rm) alljp(l)dF, = 22 e/va w(l-2u)R/2+r(1-w)] X
K (x )f3/20- dwdu ,
3V ¢

2 2 -12

I Z N )exp(-erl3)rl3 d (1)d?1 = (24/2)f(l-u)[r(l-u) ¥

28A,B Ji

Ru/2] 7L3 p(1+p)du,

1
L, = f(zlz_ylz)exp( er. )r. (1)b(l)d—f1 = zzs/n_ff[u(l-u)] X

137713
1
w-l(l-w)§[w(1-2u)R/2+(l-w)r] 2Kz(xc) fo'zdwdu ,
2 2 . 4 _
I3OA’B = I(Zl "Yl )eXP('GrB)dZ(l)drl = (Z G/B)Iu(l-u)[r(l_u) +

2 -5 -
uR/2] "Lse p(3+3p+p‘2)du ,

I, = j(zlz-ylz)exp( €r )a(l)b( Mz, = 2Z e/'n"f fw [Rw(l-2u)/2 +

31 1 1

3/2_-3

(l-u)r]ZK (xc)f 0 “dwdu .

3
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As before all the single integrals can be integrated and expressed in

terms of exponential function or log-integrals.

As an example the Gauss Transformation will be applied

to a three center integral, namely I__, to reduce it to an ordinary

23

double integral. The following relations will be useful:

1 & b
lr = n'gjooz Eexp(-a’rz)dd , (r>0) (VL 2)
exp(-Qr) = 1 -%I s exp -CY [4s)exp( - srz)ds , (VL 3)
-1 %00 -3 2
r exp(-¢r)= w %J‘OS Eexp(-az/‘ls)exp(-sr )ds , (VL 4)
2 2 2 2 2
expl-s;r) = 8,T)y =837y ) = expl-s)s,R -5 5,R, s
s.sR “/s)exp(-st. ) (VL 5)
38R, /s)exp -srlg , .
where s = sl+sz+s3 , G = (slA+SZB+S3C)/s , (VL. 6)

1
a(l) = (Z3/Tr)§exp(-Zrla) (z /Tl' % Tl' %rs exp 22/451) X

2,
exp(-slrla )ds1 , (VI.7)
1 1
b(l) = (23/1T)§eXp(-Zrlb) = (Z3/n)§Z(2 % lj‘ -Z /4s ) X
(-s,x,, 2)d (V1. 8)
exp(-s,r,, ")ds, .
-g 2 2
exp(- erl3 J‘s exp -€ /453)exp(-s3r13 )ds3 . (VL9)

By substituting the transformations (VL 7) to (VL 9) into integral
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123 it becomes

-1 - 5 5/3.-1 -3/2 -3
I = - all =
L leexp( €r13) 13 ()b(l)drl Z (4w ) I(s s.) 5, X
exp(-Zz/4s -ZZ/4s -62/43 )exp( 5,5, R /s s /s s.s. R 2/ ) X
1 2 j 2 3 3B 371 3A
J‘z exp(-sr 2')cﬁ: ds.ds_ds_ .,
1 lg" 7171 2 3
Equ. (VL 5) has been used to obtain the last expression for 123. If e3
is on the z-axis, then
- —t - - /~
= A = -
G (Sl +sZB+ s3C) [( s1+sz)R/2+s3r] /s 'k and
z, = zlg + [(-sl+sz)R/2+s3r]/s )
where z. is the z coordinate of e with G as origin. A simple

straightforward integration gives the following relation:

fz]exp(-srlgz)d?l = [(- sl+s )R/ 24s r] /s (1r/s)3/2
@
Inserting the last expression into the expression for I

>3 it becomes
1
1 =27 (4w5/2)~1f(slsz) 3/Zs3'_'-§eXp(..ZZ/4sl—ZZ/432-6:2'/453) X

exp(~--slsZR2/s-s2 3 3B/s s3is3A/s)[( -s.+s )R/2+s r]s _l(TT/S)3/2

3

d .
dslds2 33

Make the following transformation of variables:

5, = uws, sZ= (l-u)ws , s3 = (l-w)s ,

u = sl/(sl+s2) , W = (sl+sz)/(sl+sz+s3), s = Sl+52+s3 .
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It is seen that the limits of integration for u and w are 0 to 1, while

those of s are from 0 to ®, and that

2
dsldszcls3 = s wdsdudw .

Define f as

2

2. 2 2
f = u(l-ulw R -i-(l--u)w(l-w)R?)B -i-u(l-vv)wR3A ,

then fs can be written as

2 2
fs = SISZR /s+szs3R /s+s3is3A/

Defi
efine g as
2 -
g, = 9" [4u(l-uhw(l-w)] ",

where
2 2
o7 = Z (l-w)+ ezu(l-u)w

then gc/s can be written as
2 2 2
= +
gc/s Z /4sl+ Z /4;52 € /453

With this transformation of variables and the definitions of f and g,

the expression for I, becomes

23
3/2 -2, %
I, = Z >(4m)” j (-u) 7w (1-w)  [w(l-2u)R/2 + r(l-w)] X

-3
J.s exp(-fs-gc/s)dsdwdu .

Using the following relation

3

n/Z

JIO s_(n+1)exp(-fs—g/s)d 2(f/ g) [(Z(fg) )
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123 becomes
1 1
22”7 [u(1-w)] 2w (1-w)? [wil-2u)R /2 + (1-w)r] KZ[Z(fgC)%] X

fo 'Zdwdu

as is given in the list,
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