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ABSTRACT 

This thesis focuses on three primary topics related to the movement of fluid and 

nanoparticles (NPs) in porous media. While prediction of local fluid velocities within porous 

media are significant, conducting experiments to measure them can be exceedingly difficult. 

Therefore, this work aimed to develop methods to predict velocity distributions in porous media. 

The lattice Boltzmann method was applied to solve for the fluid velocity fields through different 

media, such as sphere packings, scaffolds, sandstones, carbonates, and synthetic silica. The one-

sample Kolmogorov-Smirnov (KS) goodness-of-fit statistical tests were utilized to examine 

whether the velocity distributions in different porous media followed any known distribution types, 

whereas the two-sample KS goodness-of-fit tests were used to determine if the velocity and pore-

size distributions are statistically similar. Simulation results indicated that the velocity magnitude 

and pore volume in a porous medium follow the same distribution for all the examined porous 

media with continuous pore size distributions. In addition, velocity magnitude distributions in 

scaffolds and sphere packings with random configurations could be predicted by a single Weibull 

distribution model within statistical accuracy. 

The hydrodynamic dispersivity of nanoparticles (NPs) is a significant parameter in 

determining their mobility, and our study sought to investigate this parameter using the Lagrangian 

approach, as opposed to the Eulerian approach that has been commonly employed in previous 

studies. The lattice Boltzmann method (LBM) was employed to simulate flow in porous media, 

and Lagrangian particle tracking (LPT) was used to track the movement of individual dispersing 

particles without considering the particle-particle interactions. In other words, the movement of 

particles was a consequence of both the molecular diffusion of the particles themselves and the 

convection of the surrounding fluid. It was found that the hydrodynamic dispersion coefficient 
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linearly depended on the effective Lagrangian Peclet number, based on a length scale that took the 

molecular diffusion effects as well as the convection effects into account; and this relationship 

held for different porous media. More importantly, this linear equation was simpler and more 

precise than the one formed by using the Eulerian Peclet number with a fixed length scale. This 

result confirmed that Lagrangian length and time scales were appropriate for modeling particle 

dispersion.  

The mobility of NPs in porous media is significantly impacted by their tendency to 

aggregate since large aggregates may induce some problems such as pore clogging or blocking 

and reduce the mobility of NPs. Thus, a new model, Lagrangian Particle Tracking based on the 

force balance approach (LPT/FB), was built to simulate the aggregation process and to predict the 

morphology of aggregates when particles move in porous media. It relied on Newton’s second law 

of motion and took interaction forces among particles into account. Aggregation kinetics and 

fractal dimension results from the computational model for Cerium oxide (CeO2) particles, 

suspended in potassium chloride (KCl) solutions with different concentrations, were verified 

against experimental results. The model was then employed to investigate the effects of ionic 

strength, pore velocity, and particle size on the aggregation of CeO2 particles together with their 

fractal dimension and asphericity when they moved in randomly packed spheres. The electrolyte 

concentration was found to be the most important factor impacting the aggregation process and 

the aggregate structure. It was followed by the pore velocity, which considerably influenced the 

aggregation kinetics and fractal dimensions, especially in the diffusion-limited regime. The 

primary particle size had a minor effect on the aggregation kinetics but created a noticeable change 

in the fractal dimension of reaction-limited aggregates. 
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I. INTRODUCTION 

The study of fluid flow through porous media has many applications in various industrial 

and environmental fields such as the spread of contaminants in aquifers, the movement of 

chemicals in packed bed reactors, the delivery of nutrients or drugs in tissues, the sequestration of 

carbon dioxide in geological formations, the delivery of nutrient flow through scaffolds in 

bioreactors, and so on.1–8 These processes are strongly characterized by not only the average fluid 

velocity but also the local fluid velocities within the pore space; hence, predicting the distribution 

of pore fluid velocities is of critical importance.1,3  

Nanoparticles have been widely used in various fields including the petroleum industry, 

agriculture, medicine, biotechnology, and electronics.9 However, the popular use of NPs and their 

harmful impacts on the environment makes the understanding of their mobility, especially in 

porous media essential. In the other words, studying the hydrodynamic dispersivity of NPs in 

porous media is highly advantageous. Furthermore, while NPs move in such complex media, 

aggregation of NPs due to particle-particle interactions is inevitable and could lead to some issues 

such as pore clogging, and pore blocking which alters the transport potentials of particles.10–12 

Thus, this work focuses on three main topics related to the transport of fluid and NPs through 

porous media, including velocity distribution of fluid, hydrodynamic dispersivity of nanoparticles 

(without aggregation), and aggregation of nanoparticles in porous media. 

I.1.  Velocity magnitude distribution for flow in porous media 

The local velocity of the flow in porous media is critically important in many 

applications.13–20 Extremely high or low values of flow velocities in catalyst-packed beds could 

lead to the creation of hot spots and catalyst deactivation.15,19,20 Moreover, in flow perfusion 

bioreactors for tissue engineering cultures, the cells can be detached from the scaffold surface due 
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to the very high velocities of flow,13,14,16,17 or they cannot survive in the very low-velocity regions 

due to low nutrient transfer.21 However, obtaining the local velocities of the flow field in such 

complicated porous materials is far more arduous and time-consuming than calculating the average 

fluid velocity. 

While the prediction of the average velocity of the fluid inside the pores can be obtained 

by dividing the superficial fluid velocity by the medium porosity, ϕ, predicting the details of the 

fluid velocity field in such complex porous materials is challenging. Recent advances in 

computations, mainly through direct simulation techniques that do not depend on Darcy models 

for the flow (e.g., lattice Boltzmann methods), and recent advances in microscopy, such as 

confocal microscopy that can help with visualization inside the porous medium, have helped to 

obtain detailed velocity data, advancing our understanding beyond models that are appropriate for 

average behavior (e.g., based on Blake-Kozeny or Ergun type of equations). A few prior studies 

have focused on the distribution of fluid velocity in the pore space. Datta et al.22 used confocal 

microscopy to estimate the velocity field for flow through a random packing of glass beads. It was 

found that the velocity magnitude and the velocity components in both spanwise and streamwise 

directions were exponentially distributed through the pore space that was completely random and 

complex. Other researchers have shown that there is a relationship between the pore-network and 

the pore velocity distribution in porous media.4,5,23–25 Maier24 applied the lattice Boltzmann method 

to simulate flow through glass bead packings; and the results were compared to data obtained from 

Nuclear Magnetic Resonance (NMR) spectroscopy. It was discovered that the high-velocity tail of 

the longitudinal velocity distribution was strongly affected by the distribution of the large pores – 

the longer the tail of the pore distribution, the longer the tail of the velocity distribution. 
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De Anna and coworkers5 studied the relationship between pore-network and velocity 

distribution by Stokesian flow through two-dimensional (2D) porous media generated by non-

overlapping circular posts. It was argued that the distribution of small openings determined the 

distribution of small velocities. Both pore throat size distribution and velocity distribution followed 

a power law; however, the exponent in the velocity distribution model was half of that in the pore 

throat size distribution model.  

Araújo et al.23  studied the fluid flow through 2D porous media of overlapping disks with 

porosities between 0.6 and 0.9. The computational fluid dynamics software Fluent was used to 

solve the Navier-Stokes equation and to obtain the fluid velocity field. It was found that the 

distribution of velocity magnitude scaled with the square of porosity followed a Gaussian model, 

except for very small velocities, while the flux distribution fitted the stretched exponential model 

with an exponent of 0.5. Siena et al.4 investigated the relationship between the distribution of 

longitudinal velocity and that of the pore size in isotropic porous media. The probability density 

function (PDF) of pore size decayed according to an exponential form, while the velocity PDF 

followed a stretched exponential model at high velocities. More interestingly, parameters in the 

model for pore size and velocity were found to be related to each other via a power-law form. 

Aramideh et al.25 examined the velocity distribution through a packed bed consisting of spheres 

by applying a direct numerical simulation (DNS) method to solve the Navier-Stokes equations 

together with mass and momentum conservation equations. The distribution of velocity changed 

from a nearly Gaussian model to a Gaussian when the medium porosity increased. Moreover, the 

authors showed the effects of pore geometry on pore velocity by comparing the spatial correlation 

in velocity fluctuations and the two-point correlation pore space. It was found that they are strongly 

correlated to each other for both monodisperse sphere packings and Castlegate sandstone.  
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Given the above observations, one can hypothesize that the pore velocity distribution can 

be predicted and that it follows a specific type of a statistical probability density function. Prior 

investigations for the discovery of common statistical distributions that can be used to predict flow-

induced stresses in porous media flows suggest that it is reasonable to make this hypothesis.26 The 

distribution of flow-induced stresses in the pore space and on the solid-fluid interface has been 

found to follow common forms, at least for porous media with high porosity (over 50%). The flow-

induced wall stress was found to follow a unique three-point gamma distribution model for porous 

scaffolds.27 A common three-point log-normal distribution was also found to fit the distribution of 

stresses in the bulk of the pore space for all types of packing spheres and highly porous 

scaffolds.6,28 

Our goal is to find methods to predict the velocity distributions in different porous media. 

In the first part, the velocity distributions in different types of sphere packings and scaffolds were 

examined to determine whether they follow a known form of a statistical PDF, and how these 

distributions may be affected by the pore structure. In the second part, this research continued 

studying the velocity and pore-size distributions in other porous media such as random sphere 

packings, fiber scaffolds, sandstones, carbonates, and synthetic silica.    

I.2. Hydrodynamic dispersivity based on Lagrangian Peclet number 

Predicting the hydrodynamic dispersion through porous media is of great importance in 

many engineering applications. For instance, in the field of petroleum engineering, chemicals such 

as surfactants are injected into hydrocarbon reservoirs to enhance oil recovery.29 The theory of 

hydrodynamic dispersion can assist engineers to estimate how far the chemicals reach, thereby 

designing appropriate injection points to cover the targeted zone. In environmental applications, 
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dispersion in porous media has helped to predict how pollutants spread in the groundwater and 

contaminate aquifers.6,30,31 

What is hydrodynamic dispersion? In general, substances or particles that disperse in a 

porous medium do so because of two effects: molecular diffusion and convective dispersion (or 

mechanical dispersion). The transport that combines both mechanisms of dispersion is known as 

hydrodynamic dispersion.30,32,33 The effectiveness of solute transport is based on the 

hydrodynamic dispersion coefficient; and many researchers have worked to determine this 

coefficient for various porous geometries at different flow regions by using both experimental and 

numerical methods. All studies have agreed that the hydrodynamic dispersion coefficient is the 

sum of an effective molecular diffusivity coefficient and a mechanical dispersion coefficient. 

Furthermore, the coefficient for effective molecular diffusion in porous media, 𝐷௠
ᇱ , is always 

smaller than that for molecular diffusion in a pure solvent 𝐷௠.30–35  

There have been several suggestions for calculating the effective molecular diffusion 

coefficient in a porous medium. Several researchers have proposed to estimate this parameter 

based on the diffusive tortuosity (𝜏ௗ), which is defined by the squared ratio of the average length 

of the path (𝐿ௗ) traveled by a substance as it diffuses through the porous medium over the straight-

line length (𝐿௦), 𝜏ௗ = ቀ
௅೏തതതത

௅ೞ
ቁ

ଶ

. 36 The diffusive tortuosity is often defined as the molecular diffusion 

coefficient of a species in a free fluid relative to that in a porous medium 𝜏ௗ =
஽೘

஽೘
ᇲ .36–40 However, 

others have argued that the porosity ϕ should be present in the equation of tortuosity as 𝜏ௗ =

𝜙
஽೘

஽ᇱ೘
.41–43 From another perspective, other researchers have found that there is a link between the 

diffusion in a porous medium and its electrical conductivity, proposing a correlation such as 
ଵ

ிథ
=

஽೘

஽೘
ᇲ , where 𝐹 is the formation electrical resistivity factor.33,44,45 At the end of the day, it appears that 
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the most accurate method is to experimentally measure the diffusive tortuosity of a porous medium 

by measuring the diffusion coefficient, both in the bulk fluid and in the porous medium.46 

Regarding the hydrodynamic dispersion coefficient, several studies for different types of 

porous media have ended up with different equation forms for different flow regimes. Table I.1 is 

a summary of the results related to hydrodynamic dispersivity from different studies for NP 

movement in randomly packed spheres. Most researchers tried to characterize the longitudinal 

dispersion in sphere-packed beds based on the Eulerian Peclet number 𝑃𝑒௠
ா , determined by the 

diameter of the spheres 𝑑௣ and molecular diffusion 𝐷௠ in the bulk fluid,32,33 as follows: 

𝑃𝑒௠
ா = 𝑈𝑑௣/𝐷௠      (I.1) 

where 𝑈 is the pore velocity in the flow direction. 

Koch and Brady34  together with Delgado et al.32 suggested equations for the longitudinal 

dispersion coefficient as a function of the effective Eulerian Peclet number defined with the use of 

the effective molecular diffusivity 𝐷ᇱ
௠ (the molecular diffusivity of particles in porous media),  

𝑃𝑒௠
ᇱா = 𝑈𝑑௣/𝐷ᇱ

௠.      (I.2) 
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Table I.1. Summary of studies on hydrodynamic dispersion through packed beds in the randomly 
packed spheres (RPS) configuration. 

Reference Conditions Equations of hydrodynamic dispersion coefficient 

Fried-

Combranous47 

 

𝑃𝑒௠
ா < 300 

 

𝑃𝑒௠
ா < 10ହ 

𝐷௅

𝐷௠
=

1

𝜏ௗ
+ 0.5𝑃𝑒௠

ா ଵ.ଶ
 

𝐷௅

𝐷௠
=

1

𝜏ௗ
+ (1.8 ± 0.4)𝑃𝑒௠

ா  

Hiby32,48 𝑅𝑒 < 300 

 

𝐷௅

𝐷௠
=

1

𝜏ௗ
+

0.65𝑃𝑒௠
ா

1 + 7𝑃𝑒௠
ா ି଴.ହ 

Harleman et al.48 20 < 𝑃𝑒௠
ா < 4000 𝐷௅

𝐷௠
= 0.67 + 0.66𝑃𝑒௠

ଵ.ଶ 

Koch and Brady34 

 

 

Impermeable packed bed 

(1 − 𝜀)ଶ < 𝑃𝑒௠
ᇱா/2 < 1 

 

𝑃𝑒௠
ᇱா/2 > 1 

𝐷௅

𝐷௠
ᇱ = 1 +

3

4

𝑃𝑒௠
ᇱா

2
 

𝐷௅

𝐷௠
ᇱ = 1 +

3

4

𝑃𝑒௠
ᇱா

2
+

𝜋ଶ

6
(1 − 𝜀)

𝑃𝑒௠
ᇱா

2
ln ቆ

𝑃𝑒௠
ᇱா

2
ቇ 

Delgado et al.32 Diffusion regime 

(𝑃𝑒௠
ா < 0.1) 

𝐷௅

𝐷௠
ᇱ = 1 

Predominant diffusional 

regime (0.1 < 𝑃𝑒௠
ா < 4) 

𝐷௅

𝐷௠
ᇱ =

𝑃𝑒௠
ᇱா

0.8 𝑃𝑒௠
ᇱா⁄ + 0.4

 

Predominant mechanical 

dispersion 

 (4 < 𝑃𝑒௠
ா

 and 𝑅𝑒 < 10) 

𝐷௅

𝐷௠
ᇱ =

𝑃𝑒௠
ᇱா

ට18𝑃𝑒௠
ᇱாିଵ.ଶ

+ 2.35𝑆𝑐ି଴.ଷ଼

 

Pure mechanical 

dispersion  

(10 < 𝑅𝑒 and 𝑃𝑒௠
ா < 10଺) 

𝐷௅

𝐷௠
ᇱ =

𝑃𝑒௠
ᇱா

25𝑆𝑐ଵ.ଵସ/𝑃𝑒௠
ᇱா  +  0.5 

 

 

Dispersion out of Darcy 

domain (𝑃𝑒௠
ா > 10଺) 

𝐷௅

𝐷௠
ᇱ =

𝑃𝑒௠
ᇱா

2
 

 

Using the sphere diameter as an Eulerian length scale has the advantage of being known a-

priori. However, the nature of dispersion is Lagrangian, so the hypothesis here is that a Lagrangian 

length scale should be used to combine the molecular diffusion effects and the convection effects 

in dispersion. In the present study, it is aimed to find a Lagrangian length and time scale to obtain 
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the Lagrangian Peclet number, calculate the hydrodynamics dispersivity for different NPs in 

different porous types, and set up model equations for the dispersion coefficient with the effective 

Peclet number based on either the Eulerian or the Lagrangian length scale. 

I.3. Aggregation of nanoparticles 

The use of nanoparticles (NPs) has been increasing in various fields, such as the petroleum 

industry, agriculture, medicine, biotechnology, electronics, and so on.49–55 For instance, in the field 

of petroleum engineering, the injection of NPs, which reduces the surface tension of oil-water or 

changes the wettability of oil-rock interfaces, could enhance oil recovery.56,57 Therefore, the 

mobility of NPs injected in a reservoir strongly affects the efficiency of secondary hydrocarbon 

recovery. However, the release of nanoparticles in the subsurface could be harmful to the 

environment.58–60 For example, the discharge of NPs from petroleum recovery projects or 

agricultural fertilizers can potentially contaminate aquifers.61 Thus, understanding the mobility of 

NPs in porous media is critical to either improve desired effects or hinder undesired ones.  

Aggregation of NPs in porous media is inevitable and significant because it changes the 

size, shape as well as properties of NPs as they propagate.10–12 Clogging of pores may even occur; 

however, interactions among NPs have often been neglected in computation; and many studies 

consider particle movement to be caused by advection and diffusion.62–65 Several experiments have 

reported on the formation of aggregates from NPs, such as CeO2,60 TiO2,11,66,67 ZnO,10,53,68–70 and 

nanoscale zero-valent irons (NZVI).71–75 Due to the importance of particle aggregation, many 

researchers have proposed simulation models for particle agglomeration in porous media.59,73,76,77  

Most of these models are based on stochastic approaches, which can predict the aggregation 

kinetics but fail to provide a detailed look into the morphology of aggregates.59,76 Some models 

assume that the morphology remains constant during the aggregation process,73,78 despite fluid 
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velocity or particle size being known to affect the morphology of aggregates. The modeling of 

aggregation based on probabilities, rather than the physics of particle-particle interactions, is a 

result of the difficulty in addressing the multiscale problem of combining the movement of 

nanoparticles with aggregation.76 The movement of NP is governed by diffusion and convection; 

and it can be simulated at relatively large timesteps, on the order of 10-4 or 10-5s. However, 

aggregation is controlled by particle-particle interactions, which are applicable when the distance 

between two particles is as small as a few nanometers; and it requires much smaller simulation 

timesteps (10-8 or 10-9s).76  

The Smoluchowski model has been used to predict the aggregation kinetics of 

nanoparticles.58,73,78–80 This model considers the aggregation between two particles as a second-

order rate process; and the change in concentration of an aggregate consisting of k primary particles 

is expressed as follows:58,73,77,79–82  

𝑑𝑛௞

𝑑𝑡
=

1

2
𝛼 ෍ 𝛽(𝑖, 𝑗)𝑛௜𝑛௝ − 𝛼𝑛௞ ෍ 𝛽(𝑖, 𝑘)𝑛௜

௖

௜ୀଵ௜ା௝ୀ௞

 (I.3) 

where 𝑛௜, 𝑛௝ , and 𝑛௞ are the concentrations of particles containing 𝑖, 𝑗, and 𝑘 single particles, 

respectively; 𝑡 is time; 𝑖, 𝑗, and 𝑘 are the number of single particles in aggregates; 𝑐 is the maximum 

number of particles in a cluster. The physicochemical properties involved in attachment between 

two particles are represented by the collision efficiency α, while the collision mechanism is 

reflected by the collision frequency function β. This model assumes that the agglomeration of 

particles is caused by three mechanisms: perikinetic, orthokinetic, and differential sedimentation. 

In the perikinetic mechanism, particle-particle collisions are driven by Brownian motion whereas 

the orthokinetic mechanism is induced by flow in a fluid that creates shear stress. The last 

mechanism, differential sedimentation, is a result of size differences among particles. In other 
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words, the small particles can move faster while the large ones tend to settle quicker and collide 

with the fast-moving particles on their paths.  The total collision frequency function is the sum of 

collision frequency functions arising from all three mechanisms. They are given as below:81,82  

𝛽஻ோ(𝑖, 𝑗) =
2𝑘஻𝑇

3𝜇
(𝑣௜

ଵ/ଷ
+ 𝑣௝

ଵ/ଷ
)(𝑣௜

ିଵ/ଷ
+ 𝑣௝

ିଵ/ଷ
) 

(I.4) 

𝛽ௌு(𝑖, 𝑗) =
𝐺

𝜋
(𝑣௜

ଵ/ଷ
+ 𝑣௝

ଵ/ଷ
)ଷ 

(I.5) 

𝛽஽ௌ(𝑖, 𝑗) =
𝑔

12𝜇
ቀ

𝜋

6
ቁ

ିଵ/ଷ

(𝜌௣ − 𝜌௙)(𝑣௜
ଵ/ଷ

+ 𝑣௝
ଵ/ଷ

)ଷ|𝑣௜
ଵ/ଷ

− 𝑣௝
ଵ/ଷ

| 
(I.6) 

where 𝛽஻ோ, 𝛽ௌு, and 𝛽஽ௌ represent the collision frequencies due to Brownian motion, shear stress, 

and size differences, respectively; 𝑘஻ is the Boltzmann constant; 𝑇 is temperature; 𝑣௜ or 𝑣௝  is the 

volume of particle i or j; 𝜇 is the dynamic viscosity of the fluid; 𝐺 is the average velocity gradient;  

𝑔 is the gravitational constant; 𝜌௣ and 𝜌௙ are the densities of the particles and the fluid, 

respectively. This model applies the coalesced sphere assumption, which considers aggregates as 

compact spheres; however, in reality, aggregates have fractal-like shapes.83 Thus, this model 

ignores the effects of the aggregate morphology on the kinetic model.  

Lee et al. modified the Smoluchowski model by adding the fractal dimension of aggregates 

into the kinetic model.81 The fractal dimension, 𝐷௙, is an index characterizing the density of an 

aggregate structure; and it varies from 1 to 3. The higher the fractal dimension, the denser the 

structure. The collision frequency functions caused by Brownian motion and fluid shear stress are 

expressed as:81  

𝛽஻ோ(𝑖, 𝑗) =
2𝑘஻𝑇

3𝜇
(𝑣

௜

ଵ/஽೑ + 𝑣
௝

ଵ/஽೑)(𝑣
௜

ିଵ/஽೑ + 𝑣
௝

ିଵ/஽೑) 
(I.7) 
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𝛽ௌு(𝑖, 𝑗) =
𝐺

𝜋
𝑣௢

ଵିଷ/஽೑(𝑣
௜

ଵ/஽೑ + 𝑣
௝

ଵ/஽೑)ଷ. 
(I.8) 

The collision frequency function caused by size differences among particles is modified as follows: 

for 2 ≤ 𝐷௙ ≤ 3, 

𝛽஽ௌ(𝑖, 𝑗) =
𝑔

12𝜇
ቀ

𝜋

6
ቁ

ିଵ/ଷ

ቆ
𝜌௢ − 𝜌௙

𝜌௙
ቇ 𝑣௢

ଵ/ଷିଵ/஽೑ 
ቀ𝑣

௜

ଵ/஽೑ + 𝑣
௝

ଵ/஽೑ቁ
ଶ

ቚ𝑣
௜

(஽೑ିଵ)/஽೑ − 𝑣
௝

(஽೑ିଵ)/஽೑ቚ  

                (I.9) 

for 𝐷௙ ≤ 2, 

𝛽஽ௌ(𝑖, 𝑗) =
𝑔

12𝜇
ቀ

𝜋

6
ቁ

ିଵ/ଷ

ቆ
𝜌௢ − 𝜌௙

𝜌௙
ቇ 𝑣௢

ସ/ଷିଷ/஽೑ ቀ𝑣
௜

ଵ/஽೑ + 𝑣
௝

ଵ/஽೑ቁ
ଶ

ቚ𝑣
௜

ଵ/஽೑ − 𝑣
௝

ଵ/஽೑ቚ   

(I.10) 

where 𝑣௢  and 𝜌௢ are the volume and density of a primary particle. 

Although taken into consideration, the fractal dimension is pre-defined based on the 

aggregation regime and assumed to be unchanged during the agglomeration process. In diffusion-

limited aggregation, where the particle-particle attachment efficiency is equal to 1 (particles 

aggregate upon their first collision), the fractal dimension is in the range of 1.7 to 1.8. When the 

attachment efficiency is less than 1, the aggregation process is limited by the reaction rate. The 

fractal dimension in this reaction-limited aggregation is found to be between 1.9 and 2.1.84 

Raychoudhury et al. used the advection-dispersion equation and the modified Smoluchowski 

model to simulate the transport of NZVI through a packed column.73 Similarly, Taghavy et al. 

employed Smoluchowski modeling in conjunction with a Random-Walk Particle Tracking method 

to investigate the aggregation and movement of NZVI through sphere packings.78 They both 

selected 𝐷௙ = 2.0 for the model to predict the aggregation in the reaction-limited regime. In 
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contrast, the fractal dimension has been reported to be impacted by many factors, such as fluid 

velocity and particle size.85,86 Hence, both the original and the modified Smoluchowski models are 

unable to predict the morphology of aggregates when they travel in porous media.  

Pham et al. utilized the lattice Boltzmann method to obtain the velocity field of fluid in 

sphere-packed beds and then applied the Lagrangian particle tracking (LPT) method to monitor 

the movement of NPs in the same media.76 In LPT, particle propagation is a result of convection 

by the fluid flow and molecular diffusion of particles.62 At each LPT timestep, the number of 

collisions between two particles was computed based on the particle size and distance. 

Aggregation was then modeled by multiplying the estimated number of collisions with an 

aggregation probability. The aggregation probability was determined by fitting simulation data to 

experimental results. The fractal dimension of 2.0 was also used to compute the aggregate size in 

reaction-limited aggregation. The mean cluster size was found to increase when the particle 

concentration went up or when the pore velocity decreased. It was also reported that the larger 

particles were closer to the pore surface than the smaller ones. 

Monte Carlo models have also been implemented to simulate the aggregation of 

nanoparticle suspension at bulk conditions.87–89 Hul et al. developed an off-lattice coarse-grained 

Monte Carlo model to investigate the aggregation and transport of NPs in porous media.59 In this 

method, at each time step, the movement of each particle was generated with a random angle and 

a random distance (less than 5nm). Particles were not allowed to jump backward in the streamwise 

direction. In case a particle moved into the solid phase of the porous medium, it was bounced back 

to its previous position. When there were collisions between two particles, or between particles 

and collectors on the solid matrix, aggregation, attachment or detachment occurrence depended on 

probabilities that were defined by users and did not represent the physicochemical properties of 
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particles and collectors. With this model, the authors simulated the transport of particles through 

porous media and examined the effect of porosity, aggregation, attachment, and detachment on the 

shapes of breakthrough curves by varying probabilities. 

Our aim is to build a new Lagrangian particle tracking model to study the aggregation of 

NPs and the morphology of aggregates in a porous medium, by taking physicochemical 

interactions among particles into consideration (to avoid using probabilities). This research focuses 

on simulating the transport of CeO2 NPs suspended in potassium chloride (KCl) solutions through 

randomly packed spheres, and examining the effects of the ionic strength, fluid velocity, and 

particle size on the aggregation kinetics of CeO2 particles and the morphology (such as fractal 

dimension and asphericity) of aggregates formed in porous media. The fluid flow through 

randomly packed spheres is obtained by the lattice Boltzmann method. Then, the NPs are 

uniformly released in the simulation domain; and their movement as well as agglomeration is 

examined by a force balance approach and Newton’s second law of motion. The particles are 

subjected to various major forces including gravity, buoyancy, van der Waals attraction, 

electrostatic repulsion, drag, and random forces. This model keeps track of the positions of all 

particles at each timestep. When the distance between two particles is less than the primary 

minimum (where the attraction force between two particles is much larger than the repulsion 

force), it is assumed that they aggregate. 
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II. NUMERICAL METHODOLOGY 

II.1. Velocity magnitude distribution for flow in porous media 

II.1.1. Simulation setup 

II.1.1.a. Velocity magnitude distribution for flow in sphere packings and scaffolds 

The fluid flow in the pore space of different types of porous media, including sphere 

packings and scaffolds, was simulated by a lattice Boltzmann method (LBM).90–93 Once the flow 

fields were solved, the PDF of the velocity magnitude in such geometries was calculated. The one-

sample Kolmogorov-Smirnov (KS) goodness-of-fit tests94 were utilized to examine if the velocity 

distributions in such geometries followed any common distribution form. This test is performed 

using the software EASYFIT version 5.6, which has been often used in prior studies.95–104 

Moreover, the pore space of each porous geometry was investigated using the watershed 

method,105,106 to probe whether the pore size distribution is correlated to the velocity distribution. 

The investigated sphere packing types included the minimum computational domain for 

periodic ideally ordered media, i.e., for SC (1 sphere), BCC (2 spheres), FCC (4 spheres), a 

monodisperse packing of 40 spheres with a diameter of 31.1 μm, a monodisperse packing of 432 

spheres with a diameter of 14.1 μm,  a bidisperse packing of 600 spheres (200 spheres with a 

diameter of 17.3 μm and 400 spheres with a diameter of 8.7 μm), a bidisperse packing with 750 

spheres (250 spheres with a diameter of 16.1 μm and 500 spheres with a diameter of 8.0 μm) and 

a tridisperse packing of 1,000 spheres (200 spheres with a diameter of 33.5 μm, 200 spheres with 

20.9 μm and 600 spheres with 12.6 μm). The random packings were generated by the code of 

Baranau and co-workers,107,108 which applied Lubachevsky–Stillinger generation algorithms.109–

111 Moreover, to improve the accuracy of the pore size characterization for SC, BCC, and FCC, 

domains containing more spheres than the minimum periodic cell (such as 125 spheres in SC 
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packing, 250 spheres with BCC, and 256 spheres with FCC) were created. In this way, the effect 

of the smaller pore space at the boundaries of the minimum computational domain is mitigated. 

To make this clearer, consider the simple minimum unit cell for the SC in Figure II.1a. If one were 

to use this image to obtain the pore size, they would obtain 8 pores (at the 8 corners of the cubic 

domain) with one size, but that size would be 1/4 of the size of the actual pores in the periodic SC 

domain.  With regards to highly porous media typically used in tissue engineering, the velocity 

distributions for both types of scaffolds – fiber and foam scaffolds – were also studied. The 

nonwoven fiber mesh scaffold was manufactured by spunbonding technique112,113 and its digital 

image was reconstructed by using Microcomputed Tomography and Matlab image processing.114 

The scaffold was not isotropic, because it was manufactured by placing the nonwoven under 

pressure in one direction (which was the flow direction). Therefore, the LBM was run for the fiber 

scaffold with the flow in two directions, the x and y directions.  

The digital generation of the structure of the foam scaffolds was aimed to reproduce 

scaffolds like those induced by the salt leaching method.115 The foamy scaffolds used herein were 

created computationally by following these steps: First, a sphere-packing geometry was created 

with the known location of each sphere by utilizing the sphere-packing generation code. Second, 

the sphere sizes were increased by 10%; so that the spheres would overlap with their neighbors. 

Last, the area occupied by spheres was converted to the void phase, and the void area was 

converted to the solid phase. At this step, the geometry of the foam scaffold was created, as the 

solid spheres became foam bubbles. In this study, we investigated two foam scaffolds including 

the one created by monodisperse packing with a bubble foam diameter of 158.8 μm and the other 

formed by bidisperse packing with a foam bubble diameter of 113.7 μm and 159.2 μm. See Figures 

II.1, II.2, and II.3 for images of the porous media used. 
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                          (a)                                               (b)                         (c) 

                          (d)           (e)                                                (f) 
Figure II.1. Geometries of ideally packed spheres including (a) SC - 1 sphere, (b) BCC - 2 spheres, 
(c) FCC - 4 spheres, (d) SC - 125 spheres, (e) BCC - 250 spheres, and (f) FCC - 256 spheres.  

                          (a) (b)                           (c)  
Figure II.2. Geometries of randomly packed spheres containing (a) monodisperse spheres, (b) 
bidisperse spheres, and (c) tridisperse spheres. 
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Table II.1. Summary of the geometry characteristics of the porous media investigated in this study. 

Geometry Domain size (μm3) Porosity Mesh size Size of structural 
elements (μm) 

SC - 1 sphere 100 x 100 x 100 0.48 201 x 201 x 201 100.0 (1 sphere) 

SC - 125 spheres 100 x 100 x 100 0.48 401 x 401 x 401 20.0 (125 spheres) 

BCC - 2 spheres 100 x 100 x 100 0.32 201 x 201 x 201 86.6 (2 spheres) 

BCC - 250 spheres 100 x 100 x 100 0.32 401 x 401 x 401 17.3 (250 spheres) 

FCC - 4 spheres 100 x 100 x 100 0.26 201 x 201 x 201 70.7 (4 spheres) 

FCC - 256 spheres 100 x 100 x 100 0.26 401 x 401 x 401 17.7 (256 spheres) 

Monodisperse 
packing 1 

100 x 100 x 100 0.37 401 x 401 x 401 31.1 (40 spheres) 

Monodisperse 
packing 2 

100 x 100 x 100 0.37 401 x 401 x 401 14.1 (432 spheres) 

Bidisperse 
packing 1 

100 x 100 x 100 0.32 401 x 401 x 401 
17.3 (200 spheres) 

8.7 (400 spheres) 

Bidisperse 
packing 2 

100 x 100 x 100 0.32 401 x 401 x 401 
16.1 (250 spheres) 

8.0 (500 spheres) 

Tridisperse 
packing 

200 x 200 x 200 0.31 501 x 501 x 501 
33.5 (200 spheres) 

20.9 (200 spheres) 

12.6 (600 spheres) 

Fiber scaffold - x 
direction 

5400 x 5400 x 1360 0.85 541 x 541 x 137 
34.8 ± 1.85 

(average fiber diameter) 

Fiber scaffold - y 
direction 

5400 x 1360 x 5400 0.85 541 x 137 x 541 
34.8 ± 1.85 

(average fiber diameter) 

Monodisperse 
foam scaffold 

1000 x 1000 x 1000 0.80 401 x 401 x 401 158.8 (400 bubbles) 

Bidisperse foam 
scaffold 

1000 x 1000 x 1000 0.82 401 x 401 x 401 
113.7 (300 bubbles)  

159.2 (300 bubbles) 
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                       (a)                         (b)                          (c)      
Figure II.3. Geometries of (a) fiber scaffold, (b) monodisperse foam scaffold, and (c) bidisperse 
foam scaffold. 

The detailed characteristics of all the porous media were summarized in Table II.1. The 

domain size of sphere packings and foam scaffolds was chosen to ensure that they are 

representative of the porous media. This means that the volume of the simulation box was not 

smaller than the representative elementary volume of the porous media.116,117 This was established 

by measuring the average velocity of a small cube starting from the center of the domain and then 

extended until it reached the whole volume of the domain. The volume was considered 

representative of the average volume when both the streamwise and spanwise velocities were not 

changing as the computational domain size increased.65 Figure II.4 is an example of the 

representative volume analysis for random sphere packing containing 432 spheres. The velocities 

in x, y, and z directions were stable when the length of the domain was larger than 40 μm, indicating 

that the simulation box with a length of 40 μm was representative. Since the box, sized 100 x 100 x 100 

μm3, contained 432 spheres, the domain, sized 40 x 40 x 40 μm3, was packed with 432/(100/40)3 = 28.8 

spheres. Therefore, both sphere packings packed with 40 and 432 spheres were representative.  

The selection of mesh size for each domain was based on grid independence analysis, 

which meant that the pore average velocity and the full velocity distribution of the fluid would not 

change with a finer mesh size than the selected one. (See Appendix A.1 for examples of the grid 
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independence analysis for FCC and monodisperse sphere packing with 432 spheres). The flow 

through porous media was simulated using water at room temperature with a viscosity of 0.001 

Pa.s and a superficial velocity of 0.1cm/s. These conditions ensured that the flow was in the Darcy 

regime, with laminar fluid flow. 

 
Figure II.4. Pore velocity calculated by averaging over an increasing part of the domain volume. 
The average pore velocity changed with the domain size when water at room temperature flows 
through the monodisperse sphere packing, consisting of 432 spheres, in x direction. 

II.1.1.b. Relationship between pore fluid velocity distribution and pore size distribution 

The velocity distributions in real porous media such as sphere packings with random 

configurations (monodisperse, bidisperse, and tridisperse as seen in Figure II.2), a fiber scaffold 

(Figure II.3a), sandstones (Bentheimer,118 Berea, Doddington,119 S1120 and S2120), a carbonate 

sample (C1),120 a synthetic silica sample (A1),120  were also investigated to check if they follow 

the same distribution model that the velocity magnitude distributions in sphere packings and 

scaffolds do. In this study, it is also examined if the pore-size and velocity magnitude distributions 

are statistically identical by using the two-sample KS goodness of fit test.121–124  
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The  Bentheimer and Doddington samples with a grid size of 300x300x300 were extracted 

from digital images of larger samples obtained through the literature.118,119,125 The Berea sandstone 

was created from micro-computed tomography (μCT) images obtained by our research group with 

a mesh size of 300 x 300 x 300.6 We also investigated two sandstone samples (S1 and S2), a 

synthetic silica sample, A1, with a mesh size of 300 x 300 x 300, and a carbonate sample, C1, with 

a mesh size of 400 x 400 x 400, which was available through a Dissertation.120 Our LBM code has 

periodic boundary conditions; therefore, these geometries were flipped into three directions (x, y, 

and z) to ensure continuous flow through the domain boundaries.6,126 Consequently, Bentheimer, 

Doddington, Berea, S1 and S2 domains for LBM runs had a mesh size of 599 x 599 x 599 while 

the C1 domain had a mesh size of 799 x 799 x 799. In addition, dead ends and isolated pores in all 

the investigated porous media were removed. Further information about the geometries used for 

determining the relationship between pore-size and velocity magnitude distributions was 

summarized in Table II.2. In addition, Figure II.5a, b, and c illustrate the images (prior being 

flipped) of sandstone (S1), synthetic silica (A1), and carbonate (C1) samples that were not flipped 

in three directions. 

      (a)     (b)    (c) 

Figure II.5. Geometries of (a) a sandstone - S1, (b) synthetic silica - A1, and (c) carbonate - C1. 
The red color represents the solid phase, while the blue one indicates the pore space of porous 
media.  
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Table II.2. Details of domains of all porous media examined in this work and results for two-
sample KS tests for the pore volume and velocity magnitude distributions. The pore volumes and 
local velocity magnitudes in a porous type will be distributed by the same distribution if the two-
sample KS test statistic is lower than 0.152, which is the critical value at the significance level of 
0.2. 

Geometry 
Domain size 

(μm3) 
Porosity 

(%) 
Sample 

resolution 
Size of structural 

elements (μm) 

Calculated 
two-

sample KS 
test 

statistic 

Berea 2691 x 2691 x 2691 13.5 599 x 599 x 599 - 0.059 

Sandstone S1 5192 x 5192 x 5192 14.1 599 x 599 x 599 - 0.011 

Bentheimer 1796 x 1796 x 1796 19.5 599 x 599 x 599 - 0.034 

Doddington 1610 x 1610 x 1610 21.6 599 x 599 x 599 - 0.113 

Carbonate C1 2274 x 2274 x 2274 23.3 799 x 799 x 799 - 0.053 

Sandstone S2 2964 x 2964 x 2964 24.6 599 x 599 x 599 - 0.019 

Tridisperse 
packing 

200 x 200 x 200 31.3 501 x 501 x 501 

33.5 (200 spheres) 

0.058 20.9 (200 spheres) 

12.6 (600 spheres) 

Bidisperse 
packing 

100 x 100 x 100 32.2 401 x 401 x 401 
16.1 (250 spheres) 

0.058 
8.0 (500 spheres) 

Monodisperse 
packing 

100 x 100 x 100 37.1 401 x 401 x 401 14.1 (432 spheres) 0.110 

Synthetic 
silica A1 

2302 x 2302 x 
2302 

42.9 599 x 599 x 599 - 0.036 

Fiber scaffold 
- x direction 

5400 x 5400 x 
1360 

85.0 541 x 541 x 137 

34.8 ± 1.85 

(average fiber 
diameter) 

0.066 

Fiber scaffold 
- y direction 

5400 x 1360 x 
5400 

85.0 541 x 137 x 541 

34.8 ± 1.85 

(average fiber 
diameter) 

0.042 
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II.1.2.  Lattice Boltzmann method 

Many approaches can simulate the flow of fluid in porous media such as continuum, 

molecular dynamics, and lattice Boltzmann method. In the continuum approach, to solve the flow 

field, it is important to solve the ordinary and partial differential equations, obtained by applying 

conservation equations of momentum, heat, and mass for an infinitesimal control volume. 

However, it is very challenging to solve such equations for flow in porous media due to complex 

boundary conditions as well as complicated geometries. On the other hand, the porous medium 

can be considered made of atoms or molecules; and we can utilize molecular dynamics to simulate 

the flow of fluid in such a medium. However, this method is just applicable to the microscale. 

Therefore, the lattice Boltzmann method has been widely used to solve the flow fields in porous 

media because it could bridge the gap between continuum and molecular approaches. In this 

method, a group of particles is considered a unit that is represented by a distribution function. Each 

unit is just allowed to travel in certain defined directions. Thus, it has many advantages; for 

example, it is applied for flow in complex domains or multi-phase flow within the mesoscopic 

scale. Moreover, it can be easily paralleled, which significantly reduces the computational cost. 

II.1.2.a. Algorithm 

The flow of fluids through porous media was simulated by an in-house written code that is 

based on the lattice Boltzmann method (LBM). In this method, the porous medium domain is 

meshed into lattice points of two types: solid nodes and fluid nodes. The basis of LBM is to solve 

iteratively the Boltzmann equation - a model showing the change of the particle distribution 

function at every time step when fluid particles move between the fluid nodes in specified 

directions.90,92 These directions are determined by the lattice model, commonly designated as 

DmQn where m is the dimensionality and n is the number of directions that the particles are 
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allowed to travel.6,91,115 Based on accuracy tests that were conducted for different lattice models, 

including D3Q15, D3Q19, and D3Q21,127 and the validation of the LBM code for porous 

media,115,65 the lattice model D3Q15 is selected in this study since it provides accurate results using 

less computational resources. Moreover, the movement of fluid particles is considered to include 

three steps - streaming, collision, and forcing, and is represented as follows: 

𝑓௜(𝑥ሬ⃗ + 𝑒௜∆𝑡, 𝑡 + ∆𝑡) = 𝑓௜(𝑥ሬ⃗ , 𝑡)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ௌ௧௥௘௔௠௜௡௚

+ 𝛺௜(𝑥ሬ⃗ , 𝑡)ᇣᇧᇤᇧᇥ
஼௢௟௟௜௦௜௢௡

± 𝑓𝑓௜ด
ி௢௥௖௜௡௚

. (II.1) 

In the streaming step, a group of fluid particles, having the distribution function 𝑓௜, moves along 

the direction i with velocity 𝑒௜ from position 𝑥ሬ⃗  to (𝑥ሬሬሬሬ⃗ + 𝑒௜∆𝑡) during a time step ∆𝑡. The collision 

among particles during streaming is characterized by the Bhatnagar-Gross-Krook model (BGK) to 

determine the collision operator 𝛺௜,
6,91,115 given by 

𝛺௜(𝑥ሬ⃗ , 𝑡) = −
1

𝜏௥
൫𝑓௜ − 𝑓௜

௘௤
൯. (II.2) 

The relaxation time 𝜏௥ and equilibrium distribution function 𝑓௜
௘௤ are calculated as follows: 

ν =
1

3
(𝜏௥ −

1

2
) 

 (II.3) 

𝑓௜
௘௤(𝑥ሬ⃗ ) = 𝑤௜𝜌 ቈ1 +

𝑒௜ . 𝑈ሬሬ⃗

𝑐ଶ
+

(𝑒௜ . 𝑈ሬሬ⃗ )ଶ

2𝑐ସ
−

𝑈ሬሬ⃗ ଶ

2𝑐ଶ
቉  (II.4) 

where ν is the kinetic viscosity, 𝑤௜ is a lattice specific weighing factor, c is the speed of sound and 

𝑈ሬሬ⃗  is the macroscopic velocity.6,90,91,115 The last term 𝑓𝑓௜ corresponds to the pressure drop occurring 

during the streaming step. In addition, the mass and momentum conservation equations are used 

to determine the fluid velocity at each one of the lattice points6,91,115 

𝜌 = ෍ 𝑓௜

௡

௜ୀ଴

 (II.5) 
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𝜌𝑈ሬሬ⃗ = ෍ 𝑓௜

௡

௜ୀ଴

𝑒௜ . (II.6) 

With regards to the boundary conditions, the no-slip boundary condition together with the 

bounce-back technique was applied at the solid-fluid surfaces.6,91 In other words, if a fluid particle 

moved towards and hit the wall, it would return to its original fluid node in the opposite direction. 

The periodic boundary condition was also used in the three space directions x, y and z to simulate 

an infinite domain.65 

II.1.2.b. Code validation and verification 

To verify the LBM code, we calculated the permeability of periodic simple cubic (SC), 

face-centered cubic (FCC), or body-centered cubic (BCC) porous media and then compared our 

results with those of two other groups. The size of the simulation box used for each geometry was 

100 × 100 × 100 μm; and the domain consisted of 201 nodes in each x, y, and z direction. The 

LBM was used to run for different values of the forcing factor (the pressure drop over the domain 

length), resulting in different velocity fields. Next, Darcy’s empirical law, showing the relation 

between the pressure drop 
∆௉

௅
 through the flow and the superficial fluid velocity U௦ was applied to 

determine the permeability, 𝑘, of different packing arrays.128 Darcy’s law is expressed as: 

U௦ = −
𝑘

𝜇

∆𝑃

𝐿
 (II.7) 

where μ is the dynamic viscosity of the fluid. The k value was then divided by the sphere diameter 

squared to obtain a dimensionless permeability. Our results for the dimensionless permeability of 

different geometries, including SC, FCC, and BCC, agreed well with the ones of Chapman and 

Higdon 129 that were obtained by solving the unsteady Stokes equations for the microscopic flow. 

Moreover, Eshghinejadfard et al. 130 used their own LBM code to calculate the permeability of 
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FCC and BCC and showed similar results to ours. The details of the comparison are shown in 

Table II.3. 

Table II.3. Comparison of the results for dimensionless permeability with prior results. The 
reported error is the relative absolute error compared to references. 

Geometry Porosity 

Dimensionless Permeability (k/dp
2) 

Relative Error (%) 

Compared to 

Present 

Results 

Reference 

(1) 129 

Reference 

(2) 130 

Reference 

(1) 129 

Reference 

(2) 130 

FCC 0.26 1.75E-04 1.74E-04 1.70E-04 0.76% 2.96% 

BCC 0.32 5.10E-04 5.02E-04 5.10E-04 1.49% 0.10% 

SC 0.48 2.61E-03 2.53E-03  3.10%  

 

Moreover, the LBM code was verified for laminar flow through different sphere packing 

types (SC, BCC, and FCC) of fixed-bed columns. This flow is usually modeled by the Blake–

Kozeny (BK) equation,128 which shows the correlation between the pressure drop over the length 

with the superficial velocity: 

U௦ =
∆𝑃

𝐿

𝑑௣
ଶ

150𝜇

𝜀ଷ

(1 − 𝜀)ଶ
. (II.8) 

The results are presented in Table II.4, revealing that SC followed the BK correlation with 

a less than 1% error, while other types of packing deviated from the BK equation with errors of 

8.08% and 17.7% for BCC and FCC, respectively. In prior work out of our laboratory, this code 

was also validated against flow cases with known analytical solutions, such as flow in a slit, in a 

pipe, and flow around an infinite array of spheres 115. 
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Table II.4. The lattice Boltzmann method (LBM) code verification by Blake–Kozeny equation. 
The reported error is the relative absolute error for the calculated superficial velocity. 

Parameter SC BCC FCC RPS 

Porosity, 𝜙 0.48 0.32 0.26 0.37 

Spheres’ diameter, dp (cm) 1.00E-03 8.66E-03 7.07E-03 1.41E-03 

Pressure drop, ∆𝑃/𝐿 (g/cm2 s2) 3.66E+03 1.67E+04 5.93E+04 5.33E+05 

Pore velocity (cm/s) 2.00E-01 2.00E-01 2.00E-01 2.00E-01 

Superficial velocity, 𝑈௦ (cm/s) 9.53E-02 6.40E-02 5.19E-02 7.42E-02 

Blake–Kozeny velocity (cm/s) 9.62E-02 5.92E-02 6.31E-02 9.08E-02 

Relative error 0.91% 8.08% 17.70% 18.26% 

 

To further validate the code, the full three-dimensional (3D) velocity distribution of Trident 

X-100 flowing through randomly packed spheres obtained from our code was compared to 

experimental data obtained by Souzy et al.,1 as illustrated in Figure II.6a. Figure II.6a is a 

demonstration of the distribution of the normalized pore velocity magnitude 𝑈∗ =
௎

௎ഥ
 , where U is 

the pore velocity magnitude and 𝑈ഥ is the mean pore velocity magnitude, while Figures II.6b and 

Figure II.6c show how the normalized longitudinal velocity 𝑈௫
∗ =

௎ೣ

௎ഥ
   and axial velocity 𝑈௬

∗ =
௎೤

௎ഥ
 

were distributed, where 𝑈௫ and 𝑈௬ are velocities in the x and y directions, respectively. There was 

very good agreement between the present results and the experimental results of Souzy et al.,1 as 

seen in Figure II.6. The experimental data presented in Figure II.6 were reported to be in good 

agreement with results reported elsewhere,8,22,131,132 meaning that the LBM results agree with 

experiments from different laboratories. 
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               (a)                     (b)   (c) 
Figure II.6. (a) Details of the velocity magnitude distributions of the flow through packed bed 
containing monodisperse spheres (sphere diameter = 0.2 cm, porosity = 37%,  average pore 
velocity magnitude  𝑈ഥ= 1.27 x 10-2 cm/s)  in random configuration that was measured by 
experiment (Souzy et al.1) and the present LBM simulation (green data points), (b) streamwise 
velocity, and (c) spanwise velocity. It is seen that the LBM computation results agree with the 
experiments not only in the mean, but also in the whole range of the velocity distribution and in 
both the streamwise and spanwise directions.  

  
II.1.3. Probability density function for velocity magnitude 

Applying LBM can solve the velocity field of flow through a porous medium, providing 

information on the velocity at each fluid node within the domain. The velocity magnitude of the 

3D velocity vector at each fluid node, 𝑈 = ඥ𝑈௫
ଶ + 𝑈௬

ଶ + 𝑈௭
ଶ, is examined where 𝑈௫, 𝑈௬, 𝑈௭ are the 

velocity components in x, y and z directions, respectively. It is then normalized by dividing by the 

mean pore velocity magnitude, 𝑈ഥ , as  

𝑈∗ =
𝑈

𝑈ഥ
  . (II.9) 

The range of the normalized velocity magnitude is divided into 100 equal bins and the velocity 

PDF is found based on the fractional occurrence over the bin width.  

II.1.4. Pore-size calculation - Watershed segmentation 

The geometry of the porous media used was converted to a binary image (the value for 

solid pixels was 1 and the value for void pixels was 0) and was divided into Nx two-dimensional 

slices perpendicular to the flow direction in the x-axis (Nx is the number of the lattice mesh points 
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in the x-axis). The watershed method was applied for each of the 2D planes to identify the pores; 

and the calculated pore size was the area of each pore in each 2D slice.  

In general, the watershed method is an image-processing method for the segmentation of 

connected objects.105,106,133,134 This method assumes that the void space has depth and the depth at 

each void pixel is proportional to the distance from that void pixel to the nearest solid one. It is 

assumed that the void area in each plane has the shape of two connected circles; hence, two 

neighboring void objects are considered as two holes with the deepest areas located at the centers 

of the holes. These two holes are defined as catchment basins. Fluid coming from the bottom of a 

basin (i.e., the center of the hole) is in contact with fluid coming from neighboring basins and the 

first line of contact is called the watershed ridge line. In the algorithm, the distance from each void 

pixel to the nearest solid one, which is considered as the depth of each pixel, is calculated, and the 

line with the steepest descent is determined as the watershed ridge line. Consequently, two void 

objects or two pores are separated by the watershed ridge line; and the area of each of them can be 

estimated. Further information about this algorithm can be found elsewhere.105,106,133 FigureII.7 is 

a demonstration of how the watershed segmentation algorithm extracted pores in 2D planes for 

cases of FCC, monodisperse sphere packing, and monodisperse foam scaffold. 
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Figure II.7. Examples of 2D pore extraction by using the watershed method for (a) FCC, (b) 
packing of monodisperse spheres, and (c) monodisperse foam scaffold. The black color indicates 
the solid matrix and the white color indicates the void pore space. The thin black straight lines 
appearing in the panels to the right indicate pore boundaries found using the watershed algorithm. 

II.1.5. Pore-size calculation– Maximal ball (MB) algorithm 

The maximal ball algorithm134–138 is one of the most reliable and well-known methods to 

describe the pore structure of porous media. The pore-network extracting code, based on the 

maximal ball algorithm and developed by the research group of Pore-Scale Modelling and Imaging 
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at the Department of Earth and Science Engineering, Imperial College London 

(https://github.com/ImperialCollegeLondon/pnextract), is applied to determine the size of each 

pore in porous media. In this method, the set of the largest spheres centered at each voxel in the 

pore space and tangent to the grain is generated. The balls inscribed in other larger balls are then 

eliminated; therefore, the balls touching the solid boundary and containing at least one voxel that 

does not belong to other balls were used to describe the pore space of the geometry. The two 

connected pores have two sets of MBs; and those sets have common MBs which are used to define 

the throat of the two pores. The volume of a pore (or throat) is the total number of voxels in that 

pore (or throat). 

The pore volume estimated by the MB algorithm is then divided by the mean pore volume 

𝑉∗ = 𝑉/𝑉ത , where 𝑉 is the pore volume, 𝑉ത  is the average pore volume, and 𝑉∗is the dimensionless 

or normalized pore volume. The pore volume PDF is determined by the same method used to 

determine the velocity magnitude PDF.  

II.2. Hydrodynamic dispersivity based on Lagrangian Peclet number 

II.2.1. Simulation setup 

Numerical experiments were conducted for two types of porous media, with infinite arrays 

of spheres packed in the FCC and randomly packed spheres (RPS). The computational domain 

size was the same for both types of porous media (100 × 100 × 100 μm), but the diameter of the 

spheres was different. The FCC domain was the minimum periodic cell for the FCC configuration, 

which contained four spheres with a diameter of 70.76 μm, whereas the simulation box for 

randomly packed spheres (or the monodisperse sphere packing with random configuration) 

consisted of 432 spheres of a 14.06 μm diameter each. In the RPS configuration, 432 spheres were 
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packed in a cubic domain by the Lubachevsky–Stillinger simulation algorithm.109,111,126 The 

images of the two packing types are shown in Figures II.1c and II.2a. 

The simulation boxes for FCC and RPS were discretized into LBM lattice nodes. The 

number of lattice nodes greatly affected the accuracy of the results, as did the computational time. 

Details of the grid independence analysis that was conducted are presented in Appendix A.1. 

Finally, the number of nodes was chosen to balance accuracy with computational resources so that 

the FCC domain was meshed with a 201 × 201 × 201 mesh, while a 401 × 401 × 401 mesh was 

applied for the RPS domain. Next, the LBM code in conjunction with a D3Q15 lattice velocity 

model was implemented to obtain the flow field of water at room temperature through porous 

media, with the pore velocities 0, 50, 100, 200, 500, 1000, 2000, 3000, and 4000 μm/s. Next, 

50,000 NPs were released in the flow domain at randomly and uniformly selected positions in the 

pore space, and the velocity and trajectory of each of these particles were tracked using the LPT 

algorithm, as already discussed. For each velocity field, different LPT runs with different values 

of the particle Schmidt number (Sc = 100, 1000, 7080, and 10,000) were performed, providing 

data for Sc covering two orders of magnitude. Moreover, the range of the Schmidt number was 

chosen to cover particles with diameters from 0.22 to 5 nm, and Sc = 7080 was the Schmidt number 

of Janus particles (dp = 3.6 nm) in water, which has been investigated in prior work to lower oil-

water interfacial tension 29. Thus, thirty-six LBM/LPT simulations were conducted for each one 

of the two porous media configurations. 

II.2.2. Lagrangian Particle Tracking 

LPT is an effective method to track the trajectories of particles in a Lagrangian framework 

while they move in a flow field. However, there are several assumptions when this method is 

applied. Firstly, the nanoparticles (NPs) are considered passive, so the presence of NPs does not 
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modify the flow field. Secondly, the NP concentration is low, so the particle-particle interactions 

are not taken into consideration. Thirdly, the NP–wall interactions and the adsorption of NPs on 

the wall of the packing spheres are neglected. In short, there are just two kinds of transport 

contributing to the motion of the NPs—the convection by the flow field and the molecular 

diffusion of NPs. Therefore, the equation of motion of the NPs can be expressed by: 

𝑋⃗௧ା∆௧ = 𝑋⃗௧ + ∆𝑡. 𝑈ሬሬ⃗ ௧ + ∆𝑋⃗௠ (II.10) 

where 𝑋⃗௧ is the position of a NP at time t and 𝑋⃗௧ା∆௧ is the new position of that NP in the next time 

step (𝑡 + ∆𝑡).93,139 The velocity of the nanoparticle 𝑈ሬሬ⃗ ௧, which leads to the convective transport, 

can be obtained from the LBM flow field using a trilinear interpolation scheme to calculate the 

velocity of the NPs, 𝑈ሬሬ⃗ ௧, at its position between the grid nodes.6,93,139 The second motion ∆𝑋⃗௠, the 

molecular diffusion, of the particles is estimated by Einstein’s theory for Brownian motion. After 

moving because of convection, each particle undertakes a Brownian motion jump that is calculated 

according to a random number drawn from a normal distribution with a zero mean (because the 

Brownian motion is equally probable to be in the positive or the negative direction) and a standard 

deviation 𝜎 determined by the NP diffusivity 𝐷௠. The standard deviation in each space direction 

is found as follows: 

𝜎 = ඥ2𝐷௠∆𝑡 = ඨ
2ν∆𝑡

𝑆𝑐
 (II.11) 

where the Schmidt number Sc is the ratio of the fluid kinematic viscosity ν and the NP molecular 

diffusivity 128. At this point, by estimating the traveling distance of all NPs caused by convection 

and Brownian motion, the position of each particle can be tracked at every single time step. In the 

case that the NPs move into the solid packing after a time step, they are bounced back to their 

current position in the fluid phase. To be more specific, the new position of each particle in every 
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single time step was checked, and if it was inside the grains, the new position was not updated. 

The time step in LPT was chosen so that NPs never moved more than one-half of the LBM mesh 

unit. We determined the timestep by ensuring that any LPT particle that moved with the maximum 

fluid velocity in every time step plus the maximum Brownian motion in the same direction did not 

move more than half of the lattice unit. This algorithm has been validated with Taylor–Aris 

diffusion theory and has shown excellent results 139. 

II.2.3. Lagrangian time scale and Velocity Autocorrelation Function 

A Lagrangian length scale, 𝑙௅ , is determined based on the relevant Lagrangian time scale 

and the average velocity, 𝑢௣, of all NPs, which is equal to the average pore velocity of 𝑙௅ = 𝜏௅𝑢௣. 

Taylor defined the Lagrangian time scale as 140: 

𝜏௅ = න 𝑅௅(𝜏)𝑑𝜏
ஶ

଴

 (II.12) 

where 𝑅௅(𝜏) is the velocity autocorrelation function (VACF). While Taylor’s work was focused 

on turbulent velocity fluctuations along the trajectories of fluid particles, the analogous VACF for 

porous media would be based on the velocity fluctuations of the NP velocities relative to the 

average NP velocity at each time step. Furthermore, since the NPs move with both Brownian 

motion and convection, the VACF should be the material autocorrelation function, as proposed by 

Saffman.141 In that work, it was recognized that a scalar marker does not follow the same path as 

a fluid particle, since it can move off a streamline because of Brownian diffusion. The VACF 

would need to be defined with the velocity of a diffusing particle, instead of the velocity of a fluid 

particle, as follows: 

𝑅௅(𝑡, 𝑡଴) =
𝑉ఫ

ᇱ(𝑡)𝑉ఫ
ᇱ(𝑡଴)തതതതതതതതതതതതതതത

𝑉ఫ
ᇱଶ(𝑡)തതതതതതതതଵ ଶ⁄ 𝑉ఫ

ᇱଶ(𝑡଴)തതതതതതതതതଵ ଶ⁄
  (II.13) 
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where 𝑡଴ is the initial time, and 𝑉௝
ᇱ(𝑡) is the velocity fluctuation of NP j, 𝑉௝

ᇱ(𝑡) = 𝑉௝(𝑡) − 𝑉ത௝(𝑡). 

This equation has been used for dispersion in turbulent flow to estimate the Lagrangian time 

scale.142–146 At small times after the NP release, the VACF is almost equal to unity, because the 

initial velocity is correlated with itself; however, over time, the VACF drops to zero. This happens 

because the random molecular movement of the particles takes them away from their original 

velocity streamlines, and the velocity of NPs as time advances does not correlate with the initial 

velocity of the NPs.140,142,143 Hence, the Lagrangian time scale represents the time that the particles 

need to “forget” the velocity of the location from where they came, and it is appropriate to be used 

to cover the effect of molecular diffusion in the dispersion. 

II.2.4. Hydrodynamic dispersion coefficient 

The longitudinal hydrodynamic dispersion coefficient is determined based on the 

positional variance method:139,147 

𝐷௅ = lim
௧→ஶ

1

2
.
𝑑𝜎ଶ

𝑑𝑡
 (II.14) 

where the position variance 𝜎ଶ is calculated in each direction as: 

 𝜎ଶ = (𝑋ఫ − 𝑋ఫ
ഥ )ଶതതതതതതതതതതതതത. (II.15) 

The dispersion coefficient, calculated for the flow velocity equal to 0 was considered as the 

effective molecular dispersion 𝐷௠
ᇱ . 

II.3. Aggregation of nanoparticles 

II.3.1. Simulation set up 

II.3.1.a. Aggregation of nanoparticles in bulk 

Aggregation of 10mg/L CeO2 particles in various KCl solutions including 0.001M, 0.02M, 

0.1M, 0.15M, and 0.2M was simulated by our Lagrangian Particle Tracking model based on the 
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force balance approach (LPT/FB), and was compared with the experimental results of Li et al.148 

10,544 primary particles were randomly released in the simulation box, sized 0.3 x 0.3 x 0.3 mm3; 

and the radius of a primary particle was 95nm. (See Appendix B.2 for the simulation box size 

independence analysis). Parameters obtained from experiments, including temperature T = 298 K, 

the relative dielectric constant of the liquid ε = 78.5 (for water),148 surface potential 𝜓 = 45 mV,149 

and Hamaker constant A = 5.57×10-20 J,148–150 were used in this study. The mean hydrodynamic 

radius of particles and the fractal dimension of aggregates were computed over time and compared 

with the experimental results. 

II.3.1.b. Aggregation of nanoparticles in porous media 

The LBM code was employed to simulate the flow of potassium chloride aqueous solutions 

through randomly packed spheres, with a porosity of 37%, at different average pore velocities. The 

porous medium was a representative simulation box, sized 0.419 x 0.419 x 0.419 mm3; and it 

contained 40 spheres, each with a diameter of 130.3µm. The number of spheres was chosen based 

on a representative elementary volume analysis, carried out in our previous study.65 The average 

hydraulic diameter of the sphere packing was 51.3 µm, which is equivalent to around 49 lattice 

units (one lattice unit is defined as the grid resolution, dx). The simulation domain was meshed 

into 401 x 401 x 401 grid points (see the grid independence in Appendix B.4). At this stage, 

velocity fields of KCl solutions through randomly packed spheres were obtained. The mean pore 

velocities in the streamwise direction investigated in this study were 50, 100, 200, 500, and 2000 

µm/s. 

The aggregation model (LPT/FB) was then applied to simulate the movement and 

aggregation of CeO2 particles in KCl solutions through the sphere packing with a random 

configuration. Table II.5 is a summary of the numerical experiments that were performed to 
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investigate the effects of the ionic strength, the pore velocity, and the particle size on the 

aggregation process. In the simulations, all particles were uniformly released in the porous domain, 

while the number of particles was calculated to ensure that the particle concentration was 10 mg/L. 

Table II.5. Details of simulations performed by the multiscale model for aggregation and 
movement of CeO2 nanoparticles in randomly packed spheres with the presence of ionic strength. 

Effects of 
Number of 
particles 

KCl concentration 
(M) 

Particle 
radius (nm) 

Pore velocity 
(µm/s) 

Ionic strength 

10,544 0.001 95 500 

10,544 0.02 95 500 

10,544 0.2 95 500 

Pore velocity in 
diffusion-limited 

aggregation 

10,544 0.2 95 50 

10,544 0.2 95 100 

10,544 0.2 95 200 

10,544 0.2 95 500 

10,544 0.2 95 2000 

Pore velocity in 
reaction-limited 

aggregation 

10,544 0.02 95 50 

10,544 0.02 95 100 

10,544 0.02 95 200 

10,544 0.02 95 500 

10,544 0.02 95 2000 

Particle size in 
diffusion-limited 

aggregation 

6,792 0.2 110 500 

7,809 0.2 105 500 

10,544 0.2 95 500 

14,720 0.2 85 500 

Particle size in 
reaction-limited 

aggregation 

6,792 0.02 110 500 

7,809 0.02 105 500 

10,544 0.02 95 500 

14,720 0.02 85 500 
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II.3.2. Lagrangian particle tracking based on force balance approach (LPT/FB) 

The movement of nanoparticles in porous media is investigated by applying a force 

balance, based on Newton’s second law of motion. The rate of change in momentum of a particle 

is considered proportional to the total forces applied on that particle, given as:50,151 

𝑚
𝑑𝑉

𝑑𝑡
= 𝐹௚ + 𝐹௕ + 𝐹ௗ + 𝐹௥ + 𝐹௘ + 𝐹௩ௗௐ  (II.16) 

where 𝑚 and 𝑉 are the mass and velocity of the particle, respectively. 

The various major forces exerted on NPs are the gravity force 𝐹௚,151 buoyancy force 𝐹௕,151 

drag force 𝐹ௗ,151,152 random force 𝐹௥,153 electrostatic repulsion force 𝐹௘,154–156 and van der Waals 

force 𝐹௩ௗௐ .154–156 While the gravity force is downward and caused by the mass of the particle itself, 

the buoyancy force is an upward force generated by the fluid on the immersed particle; and they 

are calculated as follows: 

𝐹௚ =
𝜋

6
𝜌௣𝑔𝐷ଷ  (II.17) 

𝐹௕ =
𝜋

6
𝜌𝑔𝐷ଷ  (II.18) 

where 𝜌௣ and 𝜌 are the densities of particles and fluid; 𝑔 represents the gravity constant; and 𝐷 

denotes the particle diameter.151 

While particles move in a fluid flow field, the particle velocity and the fluid velocity are not the 

same. The difference in velocities generates the drag force on a particle, calculated as follows:151 

𝐹ௗ = 3𝜋𝜇𝐷(𝑈 − 𝑉) (II.19) 

where 𝜇 is the dynamic viscosity of the fluid; 𝑈 is the fluid velocity, obtained by interpolating the 

LBM velocity field; and 𝑉 is the particle velocity. 
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While particles move in a certain fluid, the fluid molecules collide with the particles and 

exert a force on the particles. The net effect of this kind of collisions from fluid molecules to 

particles is represented by the random force. It depends on the particle size as well as the fluid 

viscosity, and is given as follows: 

𝐹௥ = ඨ
6𝜋𝑘஻𝑇𝐷𝜇

∆𝑡
ξ (II.20) 

where 𝑘஻ is the Boltzmann constant; T is the temperature,  ξ is an independent Gaussian random 

number with zero mean and unit variance; and ∆𝑡 is the simulation timestep.152 

The electrostatic force is computed as follows: 

𝐹௘ = −2𝜋𝜀𝜀଴𝜓ଶ𝑅 ቆ
𝑘𝑒ି௞௛

1 + 𝑒ି௞௛
ቇ (II.21) 

𝑘 =  ඨ
2𝑁஺𝐼𝑒ଶ

𝜀𝜀଴𝑘஻𝑇
 (II.22) 

where ε is the relative dielectric constant of the fluid; 𝜀଴ is the dielectric permittivity of a vacuum, 

8.854×10-12 CV-1m-1; 𝜓 is the surface potential of particles in the solution; 𝑘 is the inverse Debye 

length; 𝑁஺ is Avogaro’s number, 6.02×10-23 mol-1; 𝐼 is the ionic strength; and 𝑒 is the unit charge, 

1.602×10-19 C.156 

The van der Waals attraction force between two particles is the result of interactions 

between instantaneous dipoles of atoms, which are created by the orbiting electrons. This force is 

distance-dependent; therefore, it quickly vanishes if interacting particles are far away from each 

other. It can be estimated as below:151,156 
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𝐹௩ௗௐ =
32𝐴

3
ቈ

𝑅଺

(2𝑅 + ℎ)ଷ(4𝑅ℎ + ℎଶ)ଶ
቉ (II.23) 

where 𝐴 is Hamaker constant; 𝑅 is the radius of a primary particle and ℎ is the separation distance 

between two particles. In this study, the rotational movement of particles and interaction forces 

between particles and collectors are not taken into consideration. Moreover, the effect of particles 

on the flow field is also neglected.  

Figure II.8 is an illustration of the computational procedures conducted at each simulation 

step. At the beginning of each simulation step, the initial positions of all particles are known; and 

they are used to find neighbors for each particle. Two particles are neighbors and can interact with 

each other when the distance between their centers is less than a cut-off distance, Rc; and in this 

study, the cut-off distance is assumed to be three times the diameter, D, of a primary particle (Rc 

= 3 x D = 3 x 190nm = 570 nm). The explanation for choosing 3D as the cut-off distance is 

presented in Appendix B.5. It would take significant computing time to calculate the distance 

between each particle and all the remaining particles in the simulation box to find all neighbor 

pairs (all-pair method). Our code, however, utilizes the cell subdivision algorithm,157 which 

significantly reduces the computational time. For example, with a system of 10,544 particles, the 

cell subdivision method is about 200 times faster than the all-pair one.  

Next, a check for aggregation of particles is carried out between neighbors to find all 

aggregation events at this step. If a separation distance between two particles is less than the 

primary minimum, those two particles are assumed to coagulate permanently. In this state, the 

particles remain in their relative positions and do not separate at any time forwards. Other primary 

or coagulated particles can join them through the same mechanism to form a bigger cluster. By 

knowing the positions of all the particles, it is possible to obtain the hydrodynamic radius (𝑅௛), the 
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fractal dimension (𝐷௙), and the asphericity (𝐴𝑠) of each aggregate. The calculation of 𝑅௛, 𝐷௙, and 

𝐴𝑠 is elaborated in the next sections. After the aggregation checks, the number of clusters is known. 

In our numerical framework, a cluster can be a single particle or an aggregate consisting of multiple 

primary particles. The interaction forces (𝐹௘ and 𝐹௩ௗௐ) applied on each particle are computed 

based on its neighbor list. The force exerted on a cluster due to van der Waals or electrostatic 

interactions is calculated as the sum of the forces acting on its constituent particles. Similarly, the 

gravity and buoyancy forces of a cluster are also determined by adding the forces acting on each 

individual particle. However, the drag and random forces acting on a cluster are computed using 

Eqn. II.19 and II.20, which require the use of the cluster hydrodynamic radius. 

Once all the forces applied on each cluster are computed, the new velocity of each cluster 

can be found based on Eqn. II.16. In our study, aggregation is considered to be irreversible; 

therefore, all the particles comprising a cluster and the cluster itself travel at the same velocity. 

With a known timestep, ∆𝑡, and the new velocity of the particles, it is possible to determine the 

new positions of all the particles; and the new positions are checked to guarantee that no particles 

are overlapping or inside the solid phase. In case a particle or a cluster hits the wall, it rebounds to 

its previous position. The periodic boundary condition is also implemented. When a particle or a 

cluster moves out of the simulation box, it returns to the box from the opposite side. At this point, 

all the calculations for this simulation step are completed. The new positions of particles at this 

simulation step become the initial positions for the next simulation step; and all the calculations in 

the previous step are repeated. This approach allows the position and velocity of each particle to 

be tracked and investigated at each timestep, making it possible to observe how aggregates form 

and evolve over time. 
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Figure II.8. Calculations are performed for every simulation step in LPT/FB aggregation model. 
h is the distance between two particles; dx is the mesh resolution in the x direction; and 𝛥𝑠 is the 
distance that a particle travel at the current step.  

The most challenging issue of simulating this multiscale process is selecting an appropriate 

timestep that could reflect interactions among particles as well as their movements due to 

convection and diffusion. If the timestep is large, the particles will move and pass through their 

nearest neighbors without agglomeration; therefore, interactions among particles would be ignored 

and aggregation would be simulated inaccurately. However, if the timestep for each simulation 

step is too small, the method will have extreme computational costs. To overcome this challenge, 

instead of using a fixed timestep, a dynamic timestep is used. The timestep at each simulation step 

varies based on two constraints, as detailed in Appendix B.1. Firstly, at each simulation step, the 

minimum distance between the two nearest particles is computed; and the maximum distance that 

a particle in the nearest pair can travel is limited to be less than one-tenth of this minimum distance. 

This ensures that particle-particle interactions are accounted for, and no particles can overlap or 

pass through each other. Secondly, particles are not allowed to move more than one-fifth of the 

grid resolution (dx) of the simulation domain; which ensures that no particles can travel through 

the solid phase of porous media.91,115,139  With these two constraints, when the minimum distance 

between the two nearest particles is large, the timestep is large, and on the order of 10-4 or 10-5 s. 
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However, a very small timestep, on the order of 10-8 or 10-9 s, is used when there are at least two 

particles that are close to each other (h < D). This model takes a long time to simulate the 

aggregation, especially the reaction-limited one, because the particles need to collide many times 

before aggregating or expelling each other. To overcome this limitation, when the distance 

between two particles is small, all the particles that do not have neighbors are frozen; and 

calculations related to forces, velocities, and positions are performed only for particles having 

neighbors or having interactions with other particles. If one of three criteria is satisfied: two 

particles aggregate; one particle moves out of the interaction zone; or the total freezing time is 

larger than a user-defined freezing time, the model will unfreeze all frozen particles, and the 

motion of these particles is simulated with a timestep equal to the freezing time. This method saves 

computing time because it skips the calculations for particles that do not interact, without 

impacting accuracy. The user-defined freezing time is selected to make sure that it does not affect 

the physics of the process; and in this study, it is equal to 10-4s. The selection of user-defined 

freezing timestep is justified in Appendix B.3. 

II.3.3. Fractal dimension 

The fractal dimension represents how compactly the single particles are placed within a 

cluster; and its value is between 1 and 3.81,158 Note that the denser the cluster, the higher the fractal 

dimension.81,158 An aggregate with a fractal dimension close to 1 has a shape as a  line of particles, 

while one with a fractal dimension of about 3 has a compact structure looking like a sphere.81,159 

The fractal dimension of fractal-like clusters can be expressed by the following equation:84,159–161 

𝑛 = 𝑘௙ ൬
𝑅௚

𝑅
൰

஽೑

 (II.24) 
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where 𝑛 is the number of primary particles in the cluster; 𝑘௙  is the scaling prefactor; and 𝑅 is the 

radius of primary particles. 𝑅௚ is the radius of gyration of the cluster, which is the root mean square 

distance of particles from the center of mass, and is defined as160,162 

𝑅௚ = ඨ
∑ 𝑟௜

ଶ௡
௜ୀଵ

𝑛
 (II.25) 

where 𝑟௜ is the distance from the center of the i-th primary particle to the center of mass of the 

aggregate. In our model, 𝑅௚ is calculated for all clusters having at least 3 primary particles; and 𝐷௙ 

is computed from Eqn. II.24 as shown in Figure II.9.82  

The fractal dimension is reported to change with the aggregation regime. For instance, the 

Df  of clusters formed in diffusion-limited aggregation is found to be between 1.7 and 1.8, while 

𝐷௙ in reaction-limited aggregation is observed to be between 1.9 and 2.1.81,84,159,160  

 

Figure II.9. Fractal dimension of aggregates is defined from the relationship between Rg/R and n 
as seen in Eqn. II.24. The slope of the line is the fractal dimension, which is equal to 1.7, in this 
case of aggregation of CeO2 particles of D = 190nm in a solution of 0.2M KCl and at bulk 
conditions. 
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II.3.4. Hydrodynamic radius and asphericity of an aggregate 

The hydrodynamic radius of an aggregate is the radius of a hard sphere that diffuses the same 

as the aggregate;160–162 and it can be experimentally measured by Dynamic Light Scattering.148,160–

162 The hydrodynamic radius can be computed based on the structure of the aggregate. Hess et al. 

applied Kirkwood-Riseman theory163,164 to calculate the translational diffusion coefficient of an 

aggregate based on its structure (or its radius of gyration). Then, the calculated diffusion coefficient 

is used to compute the radius of a sphere via the Stokes-Einstein equation. The expression showing 

the relationship between the radius of gyration and the hydrodynamic radius is given below: 161,162 

𝑅௛ =  
2(𝐷௙ − 1)ඥ(𝐷௙ + 2)

𝐷௙
ଵ.ହ 𝑅௚.   (II.26) 

The aggregate morphology is also represented by the asphericity, which quantifies the deformation 

of an aggregate from a spherical shape; and it is in the range from 0 to 1.84,152,165 The value of 

asphericity is 0 for a three-dimensional spherical aggregate, 0.25 for a two-dimensional disc-like 

aggregate, and 1 for a one-dimensional rod-like aggregate.165–168  

The asphericity is mathematically expressed as below:166–168 

𝐴𝑠 =  
(𝑅ଵ

ଶ −  𝑅ଶ
ଶ)ଶ +  (𝑅ଶ

ଶ −  𝑅ଷ
ଶ)ଶ +  (𝑅ଷ

ଶ −  𝑅ଵ
ଶ)ଶ

2𝑅௚
ସ

 (II.27) 

where 𝑅ଵ
ଶ, 𝑅ଶ

ଶ, 𝑅ଷ
ଶ are the eigenvalues of the moment of inertia tensors 𝑇 as follows: 

𝑇௟௞ =  
∑ (𝑆௜௟ −  𝑆௟

஼ெ)(𝑆௜௞ −  𝑆௞
஼ெ)௡

௜ୀଵ

𝑛
 (II.28) 

where 𝑆௜௞ and 𝑆௜௟ are the positions of particle i in directions k and l of a Cartesian coordinate 

system, respectively (l and k are integers, varying from 1 to 3); 𝑆௞
஼ெ and 𝑆௟

஼ெ  are the positions of 

the center of mass of an aggregate in Cartesian directions k and l; n is the number of primary 

particles in the aggregate. 
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However, the asphericity does not represent how dense an aggregate is. For example, both 

aggregates in Figures II.10a and II.10b are bound by the same sphere but they have different 

packing rates (63% and 3.4%) and different fractal dimensions (3 and 1.2). Interestingly, they both 

have the same asphericity of 0. Similarly, the two-dimensional aggregates in Figures II.10c and 

II.9d have the same asphericity of 0.25 but their fractal dimensions are completely different from 

each other (2 and 1.1). On the contrary, the fractal dimension cannot describe the shape of the 

aggregate boundary. Therefore, it is important to calculate the fractal dimension and asphericity to 

characterize the density and the shape of aggregates. Both 𝐷௙ and 𝐴𝑠  are evaluated herein to 

provide a full understanding about the morphology of aggregates. 

 

Figure II.10. (a) Particles are distributed in a spherical cluster with 𝐷௙= 3 and 𝐴𝑠 = 0, (b) Particles 
are arranged in an orderly 3D structure with 𝐷௙= 1.2 and  𝐴𝑠 = 0, (c) a 2D cluster has a hexagonal 
shape with 𝐷௙  = 2 and  𝐴𝑠 = 0.25, (d) a 2D cluster that is inscribed in the same circle as the 
hexagonal cluster in 3(c); and it has 𝐷௙= 1.1 and  𝐴𝑠 = 0.25. 
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III. RESULTS 

III.1. Velocity Magnitude Distribution for Flow in Porous Media 

III.1.1. Velocity magnitude distribution for flow in sphere packings and scaffolds* 

The distribution of the normalized velocity magnitude of the flow in monodisperse sphere 

packing is shown in Figure III.1 for different fluid velocities and different types of fluids. It is seen 

in Figure III.1a that the normalized velocity magnitude (calculated in Eqn. II.9) did not change 

when the driving force or the fluid velocity varied. Furthermore, as shown in Figure III.1b, the 

distribution of normalized velocity magnitude of the water flow through mono-sphere packing was 

identical to that of the Trident X-100 flow through the same porous type. Hence, it is confirmed 

that the distribution of normalized pore velocity magnitude remained unchanged for Newtonian 

fluids that flowed through the porous media, as expected for low Reynolds numbers in the Darcy 

flow regime. 

(a)                                         (b) 

Figure III.1. (a) The distributions of normalized pore velocity magnitude for water flow in 
monodisperse sphere packing at different pore velocities in the x direction, and (b) the velocity 
distribution of different fluids with pore velocity in x direction of 0.1 cm/s. 

 
* The results presented in this section have been published in Industrial & Engineering Chemistry Research.175 
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An illustration of the pore velocity magnitude in planes that are perpendicular to the y-axis 

and parallel to the flow direction in SC, FCC, monodisperse sphere packing, foamy scaffolds, and 

the fiber scaffold is displayed in Figure III.2. High velocities were observed in pore throats as 

shown in Figure III.2a, Figure III.2b, Figure III.2d and Figure III.2e; and a similar finding has been 

reported in previous studies.131,132 However, in a pore or a throat, the low velocities were spotted 

near the solid matrix, while higher velocities were found at the center of the pore and the highest 

velocities were seen at the pore throats as clearly shown in Figure III.2d and Figure III.2e. These 

observations are rational explanations for the high value of the PDF at the lowest velocity bin in 

SC, BCC, and foam scaffolds as seen in Figure III.3b and Figure III.3c because of their very big 

pores and very small throats. Furthermore, based on observations of the graphs of the 

monodisperse packing (Figure III.2c) and the fiber scaffold (Figure III.2f), the fluid flowing 

through flow paths with big pores achieved higher velocities than the fluid traveling through 

alternative flow paths with small pores. This result makes sense intuitively when one considers 

flow through parallel pipes, where the fluid transports through the bigger pipes with higher velocity 

due to less resistance to flow. Therefore, the pore structure and the geometry of the open pore 

space affected the velocity distribution in porous materials quite significantly. 
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(a) (b) (c) 

(d)   (e)  (f)   

Figure III.2. Details of normalized pore velocity magnitudes in 2D planes perpendicular to the 
streamwise axis and parallel to the flow direction in (a) SC, (b) FCC, (c) the monodisperse sphere 
packing, (d) the monodisperse foam scaffold, (e) the bidisperse foam scaffold, and (f) the fiber 
scaffold. The areas seen in yellow color designate the solid phase, where the velocity magnitude 
is zero. 
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Figure III.3. Graphs of the distributions of the 3D normalized velocity magnitude together with 
the distribution tested with the null hypothesis – the Weibull distribution for (a) random sphere 
packings, (b) scaffolds, (c) SC, BCC, and (d) FCC.  

Figure III.3 is an illustration of the 3D velocity magnitude distributions in random sphere 

packings (Figure III.3a), scaffolds (Figure III.3b), SC and BCC (Figure III.3c), and FCC (Figure 

III.3d). The distributions of velocity magnitude in different random sphere packings including 

monodisperse, bidisperse and tridisperse were very close to each other. Similarly, the 

monodisperse foam scaffold and the bidisperse foam scaffold appeared to have similar 

distributions for the pore velocity magnitude. Moreover, the velocity magnitude distribution of 

flows through the nonwoven fiber scaffold in two different directions (x and y) showed a minor 
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discrepancy. In contrast, velocity distributions in sphere packings with the configuration SC, BCC 

and FCC did not show good agreement with the distributions in randomly generated sphere 

packings. 

Our main objective was to seek a predictable form of distribution that would fit the velocity 

distribution in the sphere packings and scaffolds within acceptable accuracy. If this occurred, then 

we would investigate whether it is possible to discover one unique distribution to describe all the 

data in all the sphere packings and scaffolds within statistical accuracy. First, data of the velocity 

distribution in such porous media were tested against 65 common distribution forms using the 

software Easy Fit 5.6 and a Kolmogorov-Smirnov (KS) goodness-of-fit test that is available with 

this software.  The tested null hypothesis was “the PDF of the normalized pore velocity magnitude 

distribution follows the X probability density function,” where X was used to designate each one 

of the 65 different PDFs available with Easy Fit 5.6. The KS test measured the maximum vertical 

difference between the cumulative distribution function of the PDF in the null hypothesis and that 

of the observed data, which is called the KS statistic.94 The null hypothesis would be rejected if 

the KS statistic value was larger than the critical value corresponding to a significance level. For 

example, when the critical value of the KS statistic corresponding to the significance level of 0.2 

is 0.1, it means that in 20% of random samples, the maximum allowable deviation between the 

sample cumulative distribution and the null hypothesis cumulative distribution is 0.1. Therefore, 

the higher the significance level is, the more likely it is for the null hypothesis to describe the 

observed data. Moreover, this test also calculated the p-value, which is the probability of 

explaining the data values in the observations with the assumption that the null hypothesis is 

correct. A small p-value indicates a low likelihood that the investigated data are explained by 
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accepting the null hypothesis. In this study, a distribution used in the null hypothesis was accepted 

to represent the data when the  significance level was 0.2, and the p-value was higher than 0.2.169  

Table III.1. The p-values from the KS tests conducted for velocity distributions in different types 
of sphere packings and scaffolds including data from ref.1 against the six best distribution forms. 
The table also displays the shape and scale factors (𝛼 and 𝛽) for the Weibull distribution that best 
fits each porous medium. The p-values of the KS test conducted for the null hypothesis testing 
whether the Weibull universal form (𝛼 = 1.212, 𝛽 = 1.062) was a good fit are illustrated in the last 
column. The attained significance level was 0.2 in all cases except for those with p-value marked 
with a, b, or c where that level was 0.1, 0.01, or 0.00, respectively. 

Distribution 
types 

Johnson 
SB 

Beta 
Pearson  

6 
Burr 

Log-
Pearson 

3 
Weibull 

Weibull 
universal 

form 

p-value p-value p-value p-value p-value p-value 
 

 

p-value 

SC-125 
spheres 

0.11a 1.00 0.74 0.62 0.51 0.62 0.833 0.914 0.00c 

SC-1 sphere 0.12a 0.00b 0.76 0.64 0.56 0.65 0.836 0.916 0.00c 

BCC-250 
spheres 

0.44 1.00 0.52 0.49 0.57 0.49 0.902 0.957 0.01b 

BCC-2 spheres 0.48 1.00 0.15a 0.50 0.58 0.50 0.905 0.959 0.01b 

FCC-256 
spheres 

1.00 1.00 0.44 0.76 0.99 0.77 1.499 1.102 0.28 

FCC-4 spheres 1.00 0.97 0.32 0.71 0.98 0.69 1.483 1.099 0.24 

Monodisperse 
packing 1 

0.99 0.11a 0.95 1.00 0.99 1.00 1.204 1.063 1.00 

Monodisperse 
packing 2 

0.99 0.67 0.99 0.99 0.99 1.00 1.212 1.063 1.00 

Monodisperse 
-Souzy3 

1.00 1.00 1.00 1.00 1.00 1.00 1.341 1.091 0.90 

Bidisperse 1 0.99 1.00 1.00 0.99 1.00 1.00 1.186 1.059 0.99 

Bidisperse 2 0.99 1.00 1.00 1.00 1.00 1.00 1.190 1.060 0.99 

Tridisperse 0.97 1.00 1.00 1.00 1.00 1.00 1.164 1.052 0.96 

Fiber-x 1.00 0.92 1.00 1.00 1.00 1.00 1.212 1.064 1.00 

Fiber-y 1.00 1.00 1.00 1.00 1.00 1.00 1.46 1.105 0.51 

Monodisperse 
foam scaffold 

0.92 0.52 0.28 0.72 0.92 0.72 1.26 1.064 0.63 

Bidisperse 
foam scaffold 

0.98 0.56 0.41 0.74 0.97 0.73 1.34 1.082 0.48 
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The details of the distribution forms with the highest significance levels and p-values for 

the velocity distribution in all porous media tested were presented in Table III.1. Only the six best 

distribution forms were presented out of the 65 tested.  Based on the statistical data, Weibull, Burr, 

and Log-Pearson 3 were the most appropriate distributions that fit the velocity magnitude PDF in 

sphere packings and scaffolds, since they all attained a significance level of 0.2 and the average p-

value was higher than 0.8. The data from Suzy et al.3 are also shown in Table III.1; and they follow 

the same trend as our data. 

Among the distributions listed in Table III.1, the Weibull distribution was selected to be 

further studied, because (a) the average p-value was higher than for other distribution types, and 

(b) the parameters of the Weibull PDF shown in Table III.1did not vary as much as the parameters 

of the other distributions.  In this respect, it was simpler and more accurate to search for a common 

form of the Weibull distribution for velocities in all the examined media. Moreover, the Weibull 

distribution has been found to describe random variables in various physical applications including 

industrial engineering, biology, materials engineering, medicine, agriculture, and so on.170 It is also 

especially useful in modeling environmental data, such as wind velocities170–172 and wind 

energy.172–174 The PDF of the normalized velocity magnitude U* in the Weibull distribution is 

given as follows172 :  

    𝑓(𝑈∗) =
𝛼

𝛽
൬

𝑈∗

𝛽
൰

ఈିଵ

𝑒𝑥𝑝 ቆ− ൬
𝑈∗

𝛽
൰

ఈ

ቇ ;  𝑈∗ ≥ 0 

     𝑓(𝑈∗) = 0                                                ;   𝑈∗ < 0 

(III.1) 

where 𝛼 is the shape factor characterizing the shape of the distribution (i.e., how the distribution 

is skewed) and 𝛽 is the scale factor of the Weibull distribution that characterizes the range of it. It 

is important to also note that the random variable in a Weibull distribution has to be positive (as is 
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the case here with the velocity magnitude) and that the mean of the distribution is given as 𝛽 Γ(1 +

ଵ

ఈ
), with Γ the gamma function. When the two parameters, the shape and scale factors, of the 

distribution are known, all other PDF characteristics can be found analytically, so one can know 

the most common value of the pore velocity magnitude (i.e., the mode of the distribution), or the 

variance, skewness and kurtosis of the distribution. 

The next step was to probe whether the shape and scale factors for a single Weibull 

distribution can be used to fit the velocity distributions for all the sphere packing and scaffold 

types. The KS goodness of fit test was used to test whether the normalized pore velocity 

distribution in such porous media can be described by one universal Weibull model. The shape 

and scale factors of this distribution were expected to vary within the range of values listed in 

Table III.1. The best Weibull distribution was the one with shape factor 𝛼 =1.212 and scale factor 

𝛽 = 1.062. The KS goodness of fit test for this distribution was now based on testing the null 

hypothesis that “the data observed follow a Weibull distribution with 𝛼 =1.211 and 𝛽 = 1.062.”. 

This null hypothesis was accepted as a model for the normalized velocity magnitude distribution 

in random sphere packings and nonwoven fiber scaffolds. It could also describe the distribution of 

the normalized pore velocity magnitude in the monodisperse foam scaffold and the bidisperse foam 

scaffold with a p-value of 0.63 and 0.48, respectively. However, it was rejected for the cases of 

SC and BCC; and it poorly represented the pore velocity distribution in FCC. The details of 

significance levels and p-values from the KS test for this null hypothesis were summarized in the 

last column of Table III.1. Therefore, there were two new Weibull distributions proposed for non-

random sphere packings. Weibull (𝛼 = 0.867, 𝛽 = 0.935), shown in Figure III.3c was suggested to 

represent the velocity distributions for SC and BCC with a significance level of 0.2 and p-value of 

0.50 and 0.44 respectively. Moreover, Weibull (𝛼 = 1.499, 𝛽 = 1.102) demonstrated in Figure 
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III.3d was recommended for modeling the velocity distribution in FCC with a significance level 

of 0.2 and p-value of 0.75. 

Figure III.9 is a display of the velocity and pore area distribution in all the examined porous 

media. The normalized pore area, A*, was calculated as  𝐴∗ =
஺

஺̅
 ,where A is the area of the pore 

calculated in 2D planes using the watershed method and  𝐴̅ is the average area of all the pores in 

the geometry. It can be observed that the pore size distribution in ideal, ordered sphere packings 

(SC, BCC, and FCC) appeared to be discrete (intermittent). On the contrary, the random sphere 

packings and the fiber scaffolds that followed the same distribution had rather continuous pore 

area distributions. Moreover, in these porous types, the pore area distribution and velocity 

distribution both demonstrated a positive skewness and had the same trend. Hence, one can 

conclude that the pore size in the pore-network configuration directly impacted the velocity 

distribution. For the case of foam scaffolds, it appeared that the pore area distributions were semi-

continuous; therefore, their velocity distributions were statistically represented by the common 

Weibull proposed for random sphere packings and fiber scaffolds. In brief, it was hypothesized 

that when the pore sizes were distributed in a more random manner and not dominated by a few 

length scales, the fluid flowed in different directions, through pores and pore throats with different 

sizes, so that the velocity distribution could be described by one universal PDF. 
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Figure III.4. Distributions of normalized velocity magnitude and normalized pore area in all types 
of porous materials including (a) SC, (b), BCC, (c) FCC, (d) monodisperse sphere packing, (e) 
bidisperse sphere packing, (f) tridisperse sphere packing, (g) monodisperse foam scaffold, (h) 
bidisperse foam scaffold, (i) fiber scaffold with flow in x direction and (j) fiber scaffold with the 
flow in the y direction. 
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III.1.2. Relationship between pore fluid velocity distribution and pore size distribution† 

Since velocity distributions in sphere packings with random configurations and scaffolds, 

which have continuous pore-size distribution, can be predicted by a single Weibull model, we 

aimed to examine if there is any single distribution model that could represent the velocity 

distributions for all real porous media. Hence, we continued to compute the distributions of the 

velocity magnitude in different 12 porous media with porosity varying from 13.5% to 85%, 

including five samples of sandstones (Bentheimer,118 Berea, Doddington,119 S1120 and S2120), three 

types of sphere packings (monodisperse, bidisperse, and tridisperse),175 a carbonate sample 

(C1),120 a synthetic silica sample (A1),120 and an anisotropic fiber scaffold114 that was investigated 

using flow in two different flow directions. However, the velocity magnitude distributions in such 

porous media with a wide range of porosity behaved too differently that it failed to find a single 

distribution equation that could fit the velocity distributions in all the examined porous media. The 

pore-networks of such porous media were studied to investigate their effects on the velocity 

profiles. The pore-network was extracted by the MB algorithm which could calculate the pore-size 

as well as its distribution. 

The PDF and the cumulative distribution function (CDF) of both velocity magnitude and 

pore volume distribution in Berea sandstone, carbonate C1, synthetic silica A1, randomly packed 

spheres of three different sizes (tridisperse sphere packing), and fiber scaffold with the flow in the 

x direction are illustrated in Figure III.5. It is shown that regardless of the porous medium types, 

the longer the tail of the velocity distribution, the longer the tail of the pore volume distribution. 

In low porosity media, such as Berea or Bentheimer, the range of pore size is large with the 

maximum normalized pore volume of 40 and 14 respectively. In contrast, for media with higher 

 
† The results presented in this section have been published in AIChE Journal.188 
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porosity including synthetic silica, sphere-packings, and fiber scaffolds, the pore size and the 

velocity range are relatively smaller with the maximum value equal to around 7.  

The two-sample KS goodness of fit test121–124 was used to determine whether the 

normalized pore volume PDF and the normalized velocity magnitude PDF in a porous medium 

follow the same PDF model. The null hypothesis that was tested is “The PDF that the two variables 

(i.e., the normalized pore size and the normalized velocity magnitude) follow is the same”. The 

null hypothesis was accepted at a certain significance level when the KS statistic was less than a 

critical value corresponding to that significance level. In this test, the values of the KS statistic 

were calculated as the maximum difference between the cumulative distribution functions of the 

two sets of data. This is based on the definition of the KS statistic. The critical value is dependent 

on the significance level and the sample size of each data set, and is given as                          

𝑑௔(𝑚, 𝑛) =  ට−
ଵ

ଶ
ln ቀ

௔

ଶ
ቁ ቀ

௠ା௡

௠.௡
ቁ where 𝑎 is the significance level, 𝑚 and 𝑛 are the sizes of two 

data sets.122,176 The null hypothesis is accepted when the KS statistic is smaller than the critical 

value and it is rejected when the critical value is larger than the KS statistic. Note that the higher 

the significance level, the smaller the critical value. In the other words, the acceptance of the null 

hypothesis at higher significance level becomes a stricter criterion.124,177,178 Several studies have 

utilized a significance level of 0.2 to test such a null hypothesis.6,179–181 More importantly, both 

charts of PDFs and CDFs illustrate that the normalized pore volume distribution and the 

normalized velocity magnitude distribution of a porous medium are comparable. Table II.2 also 

displays the two-sample KS statistic for comparing these two distributions in all the porous media 

examined. The two-sample KS statistic for all cases is much smaller than the critical value 

𝑑∝(𝑚, 𝑛) = 0.152 for the case of significance level equal to 0.2 and the number of bins equal to100 

for both distributions. Therefore, it was concluded that the pore velocity magnitude and pore 
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volume PDFs were statistically similar. This finding is aligned with results from a previous 

computational study that found a positive correlation between the “local permeability” and the 

average distance from the wall in pore throats.182 The local permeability was defined as the 

permeability through an individual pore throat. The average distance from the wall was calculated 

as the average distance of the computational mesh points within the pore space of that throat and 

the nearest mesh point on the solid matrix. The local permeability was increasing with the average 

distance from the wall, indicating that the pore size affects the permeability (and thus velocity) of 

the fluid.  In addition, the results in the present study are supported by prior reports on the relation 

between PDFs of the streamwise pore velocity and pore size (i.e., the width of the pores normalized 

by the computational grid space) in stochastically generated isotropic porous media.4 The velocity 

PDF was found to follow an exponential model and the pore size  followed a stretched exponential 

model, while the parameters of the PDF models depended on the porosity. Hence, we can conclude 

that the pore structure of a porous medium determines the pore velocity distribution of the flow. It 

is also evident that the velocity distribution in a porous medium can be tuned by adjusting its 

geometry. In our previous work, for porous media generated with ideally arranged spheres (i.e., 

body-centered cubic, face centered cubic and simple cubic arrangements) the pore size distribution 

and velocity distribution were not alike.175 In those cases the pore volume distribution was not 

continuous, but was either discrete or semi-continuous. For arranged spheres, the number of pores 

was small, so that the PDF of the normalized pore volume was discrete. The same was true for 

scaffolds that were not fibrous but foamy. Therefore, when the porous media present a continuous 

distribution of pore volume, the velocity distribution can be estimated accurately. In terms of 

predicting the velocity PDF, it is possible when one can obtain the pore volume distribution 

experimentally. In that case, the average fluid velocity magnitude in the pores can be found by 
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dividing the superficial velocity (Darcy velocity) of the fluid by the medium porosity, and then 

using the pore volume distribution.  Given the availability of 3D printers and the capabilities to 

print a porous medium with exact 3D geometry, one can manufacture porous media with 

prescribed pore volume distributions to achieve desired velocity distributions. This ability can be 

valuable in several applications, including the design of porous scaffolds optimized for tissue 

engineering. 
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Figure III.5. The probability density function (PDF) and the cumulative distribution function 
(CDF) for normalized velocity magnitude and normalized pore volume in various porous media: 
(a) Berea sandstone, (b) carbonate C1, (c) synthetic silica A1, (d) tridisperse sphere packing, (e) 
fiber-x. 
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III.2. Hydrodynamic dispersivity based on Lagrangian Peclet number‡ 

III.2.1. Lagrangian time scale and Velocity Autocorrelation Function 

Figure III.6 is a presentation of the VACF of the streamwise velocity in different cases, 

when water at room temperature flowed through a porous bed packed with an infinite array of 

spheres arranged in the FCC geometry. The VACF was calculated based on the initial velocity at 

the beginning of the LPT run (to = 0), which started once the flow field had reached a steady state. 

Figure III.6 consists of four graphs, Figures III.6a – d, that represent the VACF of four different 

types of diffusion NPs with Schmidt numbers of 100, 1000, 7080, and 10,000, respectively. For 

each value of Sc, the velocity autocorrelation functions for various values of average pore velocity, 

ranging from 50 to 4000 μm/s, are illustrated. Similarly, Figure III.7 is a demonstration of the 

results for the geometry of randomly packed spheres at the same simulation conditions as Figure 

III.6. In Figure III.8, the effect of molecular diffusion on the Lagrangian timescale is highlighted. 

In other words, the dependence of the VACF on Sc, for both the FCC (Figure III.8a) and RPS 

geometries (Figure III.8b), at the same average pore velocity of 1000 μm/s, is highlighted. 

As seen in Figures III.6-8, the velocity autocorrelation coefficients started from unity and 

dropped to zero in different patterns; and the VACF dropped depending on the Schmidt number, 

average velocity, and geometry. Therefore, the Lagrangian timescale also changed with these 

parameters because it was calculated as the area formed by the velocity correlation and the two 

coordinate axes x and y (see Eqn. II.12 and II.13). Figures III.6 and III.7 demonstrate that the 

Lagrangian timescale decreased when the velocity increased. This means that particles in high pore 

velocity cases tend to drop off the flow lines quicker at a constant molecular diffusion coefficient. 

At the same time after the NP release, the NPs in high pore velocity simulations traveled farther 

 
‡ The results presented in this section have been published in Fluids.65 
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in the streamwise direction and had the opportunity to experience a longer tortuous path than NPs 

in lower pore velocity cases. Moreover, from Figure III.8, it is firmly seen that the higher the 

Schmidt number, the larger the Lagrangian timescale. This observation can be explained by 

considering that, when the Schmidt number was high, the random movement because of molecular 

diffusion was small relative to the movement due to convection. Hence, it took a longer time for 

the NPs to completely stop following the flow streamlines and for the velocity autocorrelation 

coefficient to drop to zero. In addition, when the same type of fluid and NPs flowed through the 

porous media with the same average velocity, the characteristic time scale in the case of the FCC-

packed bed was much larger than that in the RPS bed. The reason for this is that the FCC 

configuration was less tortuous than the RPS configuration. When the particles traveled in the 

porous media, not only random jumps of particles by diffusion but also their movement due to 

interactions with the spheres in the packed bed moved them away from their streamline 

trajectories. Hence, the particles, moving in more tortuous paths, interacted with the wall more 

often. This could explain why they quickly decorrelated with their initial velocity. 

There are two important messages about the Lagrangian scale that should be highlighted. 

First, Figures III.6 and III.7 show that with the same geometry, the Lagrangian timescale changed 

with molecular diffusivity (or Schmidt number) and flow velocity. Hence, the relevant length scale 

also varied with Schmidt number and flow velocity. In contrast, for the same geometry, the 

Eulerian length scale was unchanged, because it only related to the geometrical configuration of 

the porous medium. Second, by comparing the change of Lagrangian timescale in Figures III.6 

and III.7 with that in Figure III.8, it can be seen that the effects of the Schmidt number (molecular 

diffusion) were more prominent than the effects of flow velocity and geometry. 
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(a) (b) 

(c) (d) 

Figure III.6. The velocity correlation coefficient for the packed bed with an FCC geometry with 
time for (a) Schmidt number (Sc) = 100, (b) Sc = 1000, (c) Sc = 7080, and (d) Sc = 10,000. Each 
graph contains a velocity autocorrelation coefficient for different average pore velocities. 
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     (a)    (b) 

 
    (c)   (d) 

Figure III.7. The velocity correlation coefficients for the packed bed with an RPS geometry with 
time for (a) Sc = 100, (b) Sc = 1000, (c) Sc = 7080, and (d) Sc = 10,000. Each graph contains 
velocity autocorrelation coefficients for different average pore velocities. 
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 (a) (b) 

Figure III.8. The effect of the Schmidt number on the velocity correlation coefficient, as well as 
Lagrangian timescales for both cases including the FCC (a) and RPS (b) configurations at the same 
average pore velocity of 1000 μm/s. 

III.2.2. Hydrodynamic dispersivity 

All the data from numerical experiments related to the hydrodynamic dispersion coefficient 

and Lagrangian timescale for the flow of NPs through FCC- and RPS-packed beds are summarized 

in Appendix A.2. There were, in total, thirty-six experiments carried out for each porous bed 

configuration. Four types of NPs with Sc = 100, 1000, 7080, and 10000 were released in the flow 

field with an average pore velocity of 0, 50, 100, 200, 500, 1000, 2000, 3000, and 4000 μm/s. The 

value of the dispersion coefficient in the static flow field (u = 0) was used as the effective 

diffusivity 𝐷௠
ᇱ  to estimate the ratio of dispersion over diffusion (𝐷௅/𝐷௠

ᇱ ). In addition, the effective 

Peclet number was obtained from the Eulerian length scale (diameter of the packed spheres, see 

Equation (4)) or the Lagrangian length scale (𝑙௅ = 𝑢𝜏௅), as follows: 

𝑃𝑒௠
ᇱ௅ =

𝑢𝑙௅

𝐷௠
ᇱ

=
𝑢ଶ𝜏௅

𝐷௠
ᇱ

. (III.2) 
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Figure III.9 is a plot of the ratio of the hydrodynamic dispersion coefficient over the 

effective molecular diffusion coefficient for particles in the FCC-packed bed as a function of the 

effective Peclet number. Figures III.9a, III.9b displays the dependence of the coefficient ratio on 

the effective Eulerian Peclet number and the effective Lagrangian Peclet number, respectively. 

The examined ratio is linearly correlated with the effective Lagrangian Peclet number. The same 

analysis was done for the randomly-packed bed; the results are reported in Figure III.10. 

    (a)          (b) 

Figure III.9. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in an FCC as a function of (a) the effective Eulerian Peclet number based on 
sphere diameter and (b) the effective Peclet number determined from the Lagrangian length 
scale.65  
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        (a) 
     

                (b) 

Figure III.10. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in an RPS as a function of (a) the effective Eulerian Peclet number based on 
sphere diameter and (b) the effective Peclet number determined from the Lagrangian length 
scale.65 

By examining Figure III.9 and Figure III.10, it is seen that the ratio of the dispersion 

coefficient and the diffusion coefficient is a function of Peclet number. Figure III.9a and Figure 

III.10a indicate that the ratio does not linearly depend on the Eulerian Peclet number 𝑃𝑒௠
ᇱா. As the 

relationship between the dispersion coefficient and Eulerian Peclet number is not clear, to correlate 

the dispersion and diffusion ratio with the Eulerian Peclet number, we suggested two correlation 

schemes (1 and 2) that give a minimum value of the mean relative error for this case. In contrast, 

only the linear equation in correlation scheme 3 was found to be suitable to correlate the dispersion 

and diffusion ratio with the effective Lagrangian Peclet number as displayed in Figure III.9b and 

Figure III.10b. The three schemes are well-presented in Table III.2 for FCC and Table III.3 for 

RPS.  
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Table III.2. Three correlation schemes for hydrodynamic dispersion of particle transport in an 
FCC-packed bed. 

Correlation Scheme Correlation Equation Mean Relative Error 

1 

𝑃𝑒௠
ᇱா < 700     

𝐷௅

𝐷௠
ᇱ

= 0.000343(𝑃𝑒௠
ᇱா)ଶ + 1 

𝑃𝑒௠
ᇱா > 700     

𝐷௅

𝐷௠
ᇱ

= 0.000168 (𝑃𝑒௠
ᇱா)ଶ + 0.112𝑃𝑒௠

ᇱா + 1 

6.3% 

2 𝐷௅

𝐷௠
ᇱ

= 1 + 0.00126(𝑃𝑒௠
ᇱா)ଵ.଻଻ସ 3.3% 

3 𝐷௅

𝐷௠
ᇱ

= 1 + 0.423𝑃𝑒௠
ᇱ௅  3.3% 

 
 

Table III.3. Three correlation schemes for hydrodynamic dispersion of particles transport in 
RPS-packed bed. 

Correlation Scheme Correlation Equation Mean Relative Error 

1 

𝑃𝑒௠
ᇱா < 500    

𝐷௅

𝐷௠
ᇱ

= 0.00853(𝑃𝑒௠
ᇱா)ଶ + 1 

𝑃𝑒௠
ᇱா > 500    

𝐷௅

𝐷௠
ᇱ

= 0.000365 (𝑃𝑒௠
ᇱா)ଶ + 0.462𝑃𝑒௠

ᇱா + 1 

14.6% 

2 
𝐷௅

𝐷௠
ᇱ

= 1 + 0.114(𝑃𝑒௠
ᇱா)ଵ.ଶ଼ଷ 

15.5% 

3 
𝐷௅

𝐷௠
ᇱ

= 1 + 1.096𝑃𝑒௠
ᇱ௅  3.1% 

Among these three correlation schemes, the third correlation with the effective Lagrangian 

Peclet number appeared to be superior for three reasons. It had a higher accuracy in comparison 

with the first and second schemes, based on an effective Eulerian Peclet number, as seen by the 

smaller mean relative error of Scheme 3, especially for the case of RPS. Moreover, while there 

was uncertainty in selecting the form of the correlation equation with effective Eulerian Pe, the 
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form of the equation with effective Lagrangian Pe was uniform no matter what mode of particle 

transport was dominant (molecular diffusion or convection). There were at least two unknown 

parameters in the correlation equation with Eulerian Pe, and it was difficult to determine to which 

properties they related. On the contrary, the equation of the effective Lagrangian Pe contained only 

one unknown coefficient, A, as given by: 

𝐷௅

𝐷௠
ᇱ

= 1 + 𝐴 𝑃𝑒௠
ᇱ௅ 

(III.3) 

or  

𝐷௅ = 𝐷௠
ᇱ + 𝐴𝑈௣𝑙௅ =  𝐷௠

ᇱ + 𝐴 
𝑙௅ଶ

𝜏௅
. 

(III.4) 

Though this is a simple equation, it still can express the nature of hydrodynamic dispersion. 

According to this equation, the coefficient 𝐷௅ is the sum of two terms. The first term is the effective 

molecular diffusion coefficient 𝐷௠
ᇱ , and the second term 𝐴 𝑙௅ଶ

/𝜏௅ is proportional to the 

characteristic length scale squared over the characteristic timescale. More importantly, with this 

kind of form, the second term represents the coefficient of mechanical dispersion. Therefore, this 

correlation equation matches the theory that hydrodynamic dispersion is a combination of 

molecular diffusion and convective transport. This confirmed that the Lagrangian scale is a proper 

approach to represent the theory of hydrodynamic dispersion. A large number of numerical 

experiments were performed to confirmed that his correlation type held for other porous media 

such as SC (A = 1.169), BCC (A = 0.923), bidisperse sphere packing (A = 0.985), tridisperse sphere 

packing (A = 1.019), fiber scaffold (A = 0.789), and foam scaffold (A = 0.572). The charts showing 

the relationship between the ratio of longitudinal dispersivity over the effective molecular 

diffusivity and the effective Lagrangian Pe of such porous media were presented in Appendix A.3. 

In this equation, only the parameter A changes with various geometry structures; therefore, it is 

reasonable to argue that A represents the properties of porous media. 



70 

 

 

III.3. Aggregation of nanoparticles 

III.3.1. Validation results against aggregation of NPs in bulk 

Figures III.11a and III.11b illustrate the Derjaguin-Landau-Verwey-Overbeek (DLVO) 

forces (FvdW + Fe) and the net DLVO energy between two particles as a function of the separation 

distance between them; and Figure III.12 is a display of changes in the mean hydrodynamic radius 

of aggregates with time, obtained by both experiments and simulations. In Figure III.11a, the 

attraction force was dominant over the repulsion force; and there was no energy barrier for the 

aggregation of particles in KCl solutions of 0.1M, 0.15M, and 0.2M as shown in Figure III.11b. 

Thus, aggregation of CeO2 particles in such KCl solutions took place in the diffusion-limited 

regime. As a result, the aggregation of CeO2 particles was strongly promoted as per Figure III.12; 

and the mean hydrodynamic radius curves of particles over time in these electrolyte solutions were 

very similar. In 0.02M KCl solution, the attraction force was slightly larger than the repulsion 

force when the separation distance was more than 10 nm as seen in Figure III.11a. However, when 

two particles came closer to each other, the electrostatic force was dominant over the van der Waals 

force. Therefore, as seen in Figure III.11b, there was an energy barrier for two particles to 

agglomerate; and the aggregation of CeO2 particles in 0.02M KCl was in the reaction-limited 

regime. Consequently, the aggregation of CeO2 particles still occurred in this case but the rate was 

not so fast as that of diffusion-limited aggregation. It is seen in Figure III.11b that the energy 

barrier increased when the electrolyte concentration decreased. The electrostatic force of CeO2 

particles in 0.001M KCl was much higher than the van der Waals force; and the energy barrier 

was too high for the two particles to attach. Consequently, almost no aggregates were formed in 

this case, as displayed in Figure III.12. It is important to note that data related to the mean 
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hydrodynamic radius of aggregates, obtained by our simulation, agreed well with the ones from 

experimental results in all investigated regimes.  

        (a)          (b) 
Figure III.11. Interaction forces (a) and the net interaction energy (b) between two particles in 
aqueous suspension under different KCl concentrations. 

 
Figure III.12. The hydrodynamic radius of aggregates measured by experiments148 and 
simulations during the aggregation process of CeO2 nanoparticles in different KCl concentrations. 
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The fractal dimensions calculated by our model during the aggregation process are 

displayed in Figure III.13. In the diffusion-controlled aggregation (0.1M, 0.15M, and 0.2M KCl), 

the fractal dimension was about 1.7, while it was around 1.88 in the case of reaction-controlled 

aggregation (0.02M KCl). The fractal dimension of aggregates has been commonly reported in the 

range of 1.7 to 1.8 for diffusion-limited aggregation and 1.9 to 2.1 for reaction-limited 

aggregation.84 Hence, the fractal dimensions predicted by our model were very close to the results 

from other groups who have conducted laboratory experiments.  

 
Figure III.13. Fractal dimensions of aggregates in reaction-limited aggregation (0.02M KCl) and 
diffusion-limited aggregation (0.1M KCl, 0.15M KCl, and 0.2M KCl) were calculated by the 
simulation. 

III.3.2. Aggregation in porous media 

III.3.2.a. Effects of the ionic strength  

Simulations of CeO2 particles moving and aggregating in sphere packings, at the pore 

velocity 500 µm/s, in KCl solutions with different concentrations, including 0.001M, 002M, and 
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significant. Figure III.14a is a display of the mean hydrodynamic radius of aggregates as a function 

of dimensionless time. Time in pore volume units is defined as the ratio of the elapsed time over 

the average residence time of the fluid in the simulation box, which was calculated by dividing the 

length of the simulation box by the mean pore velocity in the streamwise direction.76 Similar to 

what was observed in the bulk (see section 4.1), the increase in the electrolyte concentration led to 

rapid aggregation kinetics. However, when the salt concentration was higher than the critical 

coagulation concentration (CCC), meaning that the aggregation was in the diffusion-limited 

regime, the electrolyte concentration did not affect the aggregation rate, as seen in Figure III.12. 

Figure III.14b represents the ratio of the number of single particles (N1) and the number of clusters 

(NCtotal) as a function of time. When the electrolyte concentration was equal to 0.001M, almost no 

aggregates were formed; and the ratio N1/NCtotal was constant with time. The fraction of single 

particles over the total number of clusters dropped significantly when the ionic strength or 

aggregation kinetics increased. 
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Figure III.14. Effects of potassium chloride concentration on (a) the aggregation kinetics, (b)  the 
ratio between the number of single particles over the total number of clusters, (c) the fractal 
dimension, (d) the asphericity, and (e) the probability density function of cluster size at t = 500 
PV. The investigated electrolyte concentrations included 0.001M, 0.02M, and 0.2M KCl. 

Charts in Figures III.14c and III.14d show the fractal dimension and asphericity of 

aggregates as functions of the ratio of the mean particle hydrodynamic radius over the radius of a 

single particle; and they provide a strong indication that the ionic strength had a significantly strong 

impact on the structure of aggregates. The fractal dimension of aggregates produced in the 

diffusion-limited aggregation was much smaller than that in the reaction-limited regime; and the 

opposite trend was observed for the asphericity. It is revealed that reaction-limited aggregates were 

denser and had shapes closer to spheres than diffusion-limited aggregates. In Figure III.15a, we 

present clusters that appeared during diffusion-limited aggregation when CeO2 particles traveled 
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in porous media at 500 PV. They had a fractal dimension of 1.55 and asphericity of 0.53. As shown 

in Figure III.15b, clusters were formed in the reaction-limited aggregation regime with a fractal 

dimension of 1.95 and asphericity of 0.3. Similar results have been found in prior literature. The 

difference in morphology is a consequence of the attachment efficiency. In the diffusion-limited 

aggregation, the attachment efficiency was 1, which means that two particles agglomerated upon 

their first collision. On the contrary, the attachment efficiency in reaction-limited aggregation is 

less than one and its value depends on the repulsive force. In this case, two particles need to collide 

many times before they permanently stick to each other, which gives them more chances to achieve 

a more spherical and denser configuration.82  

Figure III.14e is a presentation of the particle size distribution in the two aggregation 

regimes for CeO2 particles in the porous medium at 500 PV. It is reasonable that the probability to 

find large particles in diffusion-limited aggregation was considerably higher than in reaction-

limited aggregation. When multimer particles collided, they had a high probability to attach to 

each other, so the agglomerate size increased faster than when multiple collisions between 

monomer particles were necessary. 
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Figure III.15. Illustration of computed clusters in (a) diffusion-controlled aggregation with 𝐷௙ = 
1.55, 𝐴௦ = 0.53, and (b) reaction-controlled aggregation with 𝐷௙= 1.9, 𝐴௦ = 0.3. The solid phase 
of the porous medium is not shown. Red dots represent agglomerates, while blue dots are monomer 
particles that did not yet agglomerate. 
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III.3.2.b. Effects of the pore velocity on diffusion-limited aggregation  

The velocity of the fluid in the pores plays a rather important role in the aggregation rate 

of nanoparticles and the morphology of aggregates in the diffusion-controlled regime, as shown in 

Figure III.16. It can be seen in Figure III.16a that the aggregation kinetics decreased as the pore 

velocity increased. When the pore velocity increased, the particles moved faster through the porous 

medium; and their residence time was too short for them to interact and agglomerate with other 

particles. This finding is similar to the results from a previous computational study76 and 

experiments.12,183 For example, Bizmark et al.12 used confocal microscopy to visualize the process 

of particles injected through a column packed with spheres. At a high injection rate (high pore 

velocity), particles were distributed along the column while at a low injection rate, particles were 

aggregated and localized near the inlet of the column. The experimental outcomes proved that 

aggregation occurred quickly at low pore velocity; and aggregates, which were formed near the 

inlet, blocked the movement of small particles. On the other hand, at high velocity, fewer 

aggregates were produced and particles could travel through the whole column easily. 

Based on Figure III.16c, the aggregates, produced at high pore velocities, had high fractal 

dimensions. A similar result was found in a prior study of Turetta et al.184 Colloidal particles 

aggregated fast at low sedimentation velocity to form clusters with low fractal dimension, while 

aggregates produced slowly at high sedimentation velocity had high fractal dimension. This aligns 

with the expectation that aggregates, formed at slower kinetics, achieved a denser structure. When 

particles aggregated faster, the number of single particles dropped significantly, as seen in Figure 

III.16b. Thus, throughout the aggregation process, aggregates grew as a result of collisions among 

multimer particles, which produces clusters with more open branches and low fractal dimension.82 
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On the contrary, when aggregation kinetics is slow, the number of single particles decreased 

slowly; and the aggregation occurred mainly due to single particle-multimer particle collisions. 

Hence, single particles filled the empty space within clusters to create aggregates with high fractal 

dimension. 

The fluid velocity did not impact on the asphericity, as shown in Figure III.16d. When 

particles traveled through porous media at different pore velocities, the aggregates formed during 

such processes almost have the same asphericity of around 0.5. Figures III.16a, III.16b, and III.16c 

illustrate three different ways that a small particle, represented by a blue circle, attaches to a large 

cluster, displayed in red color. In Figures III.17a and III.17b, the small particle attaches to the 

larger one in ways that reduce the compactness (i.e., the fractal dimension) of the cluster. 

Simultaneously, by changing the cluster boundary, its asphericity is affected. In Figure III.17c, the 

single particle fills an empty space in the existing cluster, which enhances the fractal dimension 

without changing the boundary enclosing the cluster (i.e., the asphericity). In our case, the high 

velocity greatly increased the fractal dimension and did not affect the asphericity. Thus, it is 

rational to hypothesize that at high velocities, filling the gap within existing clusters with small 

particles (as in Figure III.17c) was favorable in the aggregation process. 
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Figure III.16. Effects of the pore velocity on (a) the aggregation kinetics, (b)  the ratio between 
the number of single particles over the total number of clusters, (c) the fractal dimension, (d) the 
asphericity, and (e) the probability density function of cluster size at t = 500 PV in the diffusion-
limited regime. Particles, suspended in 0.2M KCl solution, traveled through randomly packed 
spheres with the pore velocity varying from 50 µm/s to 2000 µm/s. 

 

 

Figure III.17. The attachment of a single particle in blue color to a large cluster in red color (a) 
reduces the fractal dimension and asphericity because the boundary is expanded from the red 
ellipse to the blue ellipse, (b) lowers the fractal dimension and improves the asphericity since the 
blue boundary differs from a sphere, (c) enhances the fractal dimension without changing the 
asphericity. 
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III.3.2.c. Effects of the pore velocity on reaction-limited aggregation  

The pore velocity was found to accelerate the aggregation kinetics of nanoparticles in 

porous media, as clearly shown in Figures III.18a and III.18b. In our study, when the pore velocity 

was 2,000 µm/s, the aggregation of particles became insignificant. It is noticed in Figure III.18c 

that the computed fractal dimension of aggregates at different pore velocities fluctuated. The 

reason is that due to slow kinetics in reaction-limited aggregation, the number of aggregates was 

small; thus, the fractal dimension was very sensitive to any changes related to the size of 

aggregates. Moreover, the average fractal dimension of clusters at different velocities was almost 

similar and around 1.9, which was much higher than that in the diffusion-controlled aggregation 

at low pore velocities. Similarly, no difference was observed for the asphericity of clusters at 

different pore velocities; and its value was around 0.3. This is understandable because aggregation 

was in the reaction-limited regime regardless of the pore velocity; hence, the morphology of 

aggregates was mainly controlled by the aggregation regime or ionic strength. 
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Figure III.18. Effects of the pore velocity on (a) the aggregation kinetics, (b)  the ratio between 
the number of single particles over the total number of clusters, (c) the fractal dimension, (d) the 
asphericity, and (e) the probability density function of cluster size at t = 500 PV in the reaction-
limited regime. Particles, suspended in 0.02M KCl solution, traveled through randomly packed 
spheres with the pore velocity varying from 50 µm/s to 2000 µm/s. 

III.3.2.d. Effects of the particle size on diffusion-limited aggregation  

Effects of the particle size in diffusion-reaction aggregation were investigated by changing 

the particle size as well as the number of nanoparticles, while the particle concentration was 

constant at 10mg/L. Figures III.19a and III.19b indicate that the kinetics of diffusion-controlled 

aggregation increased with a decrease in the single particle radius. The high molecular diffusivity 

of small particles caused an increase in the number of particle-particle collisions. The reduction in 

particle size for the same concentration would lead to increase in the specific area of the particles, 

as well as the electrostatic repulsion force. However, in diffusion-controlled aggregation, the van 
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der Waals force was dominant over the repulsion force. Therefore, the increase in the repulsion 

force did not have an effect; and in this case, the particle size reduction enhanced the molecular 

diffusivity and the collision efficiency of particles without reducing the probability to aggregate, 

thereby promoting the aggregation rate. 

Even though the particle size affected the aggregation rate, it did not alter the morphology 

of diffusion-limited aggregates, as shown in Figures III.19c and III.19d. In a previous study out of 

our laboratory, large particles had large Lagrangian timescales and dropped off their streamlines 

slowly (due to small molecular diffusivity).65 Lagrangian timescale is the period of time that the 

velocities of particles still correlate with their initial velocities. After this period of time, particles 

no longer correlate with their initial velocities and no longer travel on their initial streamlines. 

Thus, the large Lagrangian timescale or the poor flexibility in changing streamlines of large 

particles reduced the attachment among particles arriving at a cluster from various directions, and 

thus the fractal dimension. However, the large particles with slow aggregation kinetics should 

promote the fractal dimension.  As a result of balancing the slow aggregation kinetics and the large 

Lagrangian timescale of large particles, the clusters produced by large particles in general did not 

have higher fractal dimensions than those formed by the small particles. Thus, the fractal 

dimension and asphericity reached the typical values of diffusion-limited aggregates, which is 

about 1.6 and 0.55, respectively. Our results related to the fractal dimension agree with 

experimental findings of Chowdhury and co-workers.185 By performing aggregation experiments 

of TiO2 suspended in KCl solution, they concluded that the fractal dimension was insensitive to 

the particle size when the attachment efficiency was close to 1.  
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Figure III.19. Effects of the particle size on (a) the aggregation kinetics, (b)  the ratio between the 
number of single particles over the total number of clusters, (c) the fractal dimension, (d) the 
asphericity, and (e) the probability density function of cluster size at t = 500 PV in diffusion-
limited regime. Particles, suspended in 0.2M KCl solution, traveled through randomly packed 
spheres at the pore velocity 500 µm/s. 

 

III.3.2.e. Effects of the particle size on the reaction-limited aggregation 

The effects of the primary particle size on the reaction-limited aggregation and the 

diffusion-limited aggregation were not the same. The aggregation rate of single particles with a 

radius of 85 nm was less than that of larger primary particles as seen in Figure III.20a. However, 

Figure III.20b shows that when the size of primary particles was larger than 85 nm, aggregation 

kinetics did not change. The high molecular diffusivity of small particles increased the collision 

efficiency, which facilitated agglomeration. However, small particles had higher specific areas that 

caused an increase in repulsion forces between particles, reduced attachment efficiency, and 



84 

 

 

hindered agglomeration. Hence, when the particle size was small, enhancement of the electrostatic 

force (or reduction of sticking efficiency) was dominant over the increase in collision efficiency, 

thereby slowing down the aggregation kinetics. Once the particle size became larger than a certain 

value, the increase in collision probability and the reduction of attachment efficiency balanced out; 

thus, there were no changes in the aggregation rates of particles sized larger than 95 nm. 

 

Figure III.20. Effects of the particle size on (a) the aggregation kinetics, (b)  the ratio between the 
number of single particles over the total number of clusters, (c) the fractal dimension, (d) the 
asphericity, and (e) the probability density function of cluster size at t = 500 PV in the reaction-
limited regime. Particles, suspended in 0.02M KCl solution, traveled through randomly packed 
spheres at the pore velocity of 500 µm/s. 

When the primary particle size increased, the attachment efficiency declined and particles 

had to collide many times before aggregating with others, which helped them to gain some degree 

of interpenetration and a high fractal dimension.82 Chowdhury et al.185 obtained similar results 
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regarding the effect of particle size on reaction-controlled aggregates. The fractal dimension of 

aggregates formed by the aggregation of primary particles with high specific areas (or small radii) 

was greater than that of aggregates produced by the aggregation of single particles with small 

specific areas (or large radii). 

III.3.2.f. Formation and behavior of large clusters 

One noteworthy finding from the computations was the creation of some very large 

aggregates. Observations indicate that particles suspended in high electrolyte concentrations and 

moving through porous media at low pore velocities tend to aggregate rapidly, resulting in the 

formation of very large clusters over long residence times. For example, when particles moved 

through randomly packed spheres at 100 µm/s, in 0.2M KCl solution, many clusters that can be 

called “giant” were found to be very close to the grains at t = 1,000 PV, as shown in Figure III.21. 

These giant clusters were very close in shape with clusters observed in microscopic images taken 

in laboratory experiments.186,187  Among them, the largest clusters consisted of 3,510 single 

particles, which was almost a third of the total number of primary particles in the simulation box. 

Figure III.22a is an illustration that aggregation kinetics kept increasing with time, while the ratio 

of the number of primary particles and the total number of clusters (N1/NCtotal) dramatically 

dropped from 1 at zero PV to around 0.2 at 400 PV and slightly changed in value afterwards. This 

could be explained by the fact that when the number of single particles or small clusters was low, 

large particles aggregated with each other to create much larger clusters. It can be seen in Figure 

III.22e, after 400 PV, the tails of particle size distributions were remarkedly extended. At 1,000 

PV, the radius of the largest aggregate was 80 times larger than the single particle radius. Due to 

the confined geometry, the large clusters starting to deposit on the grains were often denser and 
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had high fractal dimensions, which lifted D୤ of all clusters in the simulation box from 1.6 to 1.86, 

as seen in Figure III.21c and slightly lowered As. 

 

Figure III.21. Images of  (a), (b) two enormous ceria clusters obtained by our simulations 
(particles involved in the aggregation are shown in red; and the solid matrix of the porous medium 
is displayed in yellow), (c) a large silica cluster obtained by the lab microscope (reprinted from a 
publication186 with permission from Elsevier), (d) a large titania aggregate obtained by the lab 
microscope (reprinted from a publication67 with permission from American Chemical Society). 
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Figure III.22. Simulation results of CeO2 particles in 0.2M KCl solution through a sphere packing, 
at 100 µm/s, from 0 PV to 1000 PV include (a) aggregation kinetics, (b)  the ratio between the 
number of single particles and the total number of clusters, (c) the fractal dimension, (d) the 
asphericity, and (e) the cluster size probability density function at different times such as 100 PV, 
200 PV, 400 PV, 800 PV and 1000 PV. 

III.3.2.g. Positions of clusters relative to the walls and their velocities 

Scatter plots in Figure III.23a illustrate the minimum distances from clusters to the nearest 

walls at different times 0 PV, 400 PV, 800 PV, and 1200 PV when 10 mg/L CeO2 particles, 

suspended in 0.2 M KCl, traveled through the pore space between randomly packed spheres with 

the average pore velocity of 500 µm/s in the streamwise direction. Each point represents the 

minimum distance from a cluster, which could be a single particle or an aggregate containing many 

single particles, to the wall. The minimum distance from a cluster to the wall is the smallest 

distance from the surface of a particle within the cluster to the nearest wall. It can be seen that at t 

= 0 PV, all the particles were randomly distributed in the simulation domain; thus, the distances 
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from clusters to the wall varied from almost 0 to 26 lattice units (one lattice unit is equal to the 

grid resolution, dx). As time went by, there were more aggregates produced, and the large clusters 

were found to be closer to the walls. Similarly, the velocity magnitudes of large clusters varied in 

a small range of low values, while single particles or small aggregates obtained a wide range of 

velocity magnitude. In general, the large particles stayed closer to the solid phase of porous media 

and traveled at low velocities. At t = 1200 PV, it is observed that there were many large clusters 

(consisting of more than 100 particles) remaining stationary near the grains. Among them, a cluster 

with 125 primary particles was found. The distances from each particle within the cluster to the 

nearest walls at 0 PV, 400 PV, 800 PV, and 1200 PV were used to draw the distance and velocity 

profile for each particle, as shown in Figure III.24. The cluster, staying still near the grain, was a 

result of the aggregation of 125 single particles, which is located at various positions relative to 

walls (from 0 to 21 lattice units) at t = 0 PV. Their velocity magnitudes were also very divergent, 

showing that the cluster was formed by both slow-moving and fast-moving particles. A similar 

analysis, performed for a cluster produced by 167 particles is displayed in Figure III.25; and it 

reveals the same conclusion.  
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Figure III.23. (a) Distances from clusters to the nearest walls at different times such as 0 PV, 400 
PV, 800 PV, and 1200 PV and (b) the velocities of clusters at different times such as 0 PV, 400 
PV, 800 PV, and 1200 PV. One dot represents a cluster which can be a single particle or an 
aggregate containing multiple particles. The distance from a cluster to the wall is the minimum 
distance from the surface of the particle (in the cluster) that is nearest to the wall. 
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(a) 

 (b) 
Figure III.24. (a) Distances from the porous medium matrix wall for 125 primary particles, which 
formed a 125-particle cluster at 1200 PV. The distances shown are to the nearest wall at times of 
0 PV, 400 PV, 800 PV, and 1200 PV and (b) velocities of the same125 primary particles at 0 PV, 
400 PV, 800 PV, and 1200 PV. Each line is representing results for one particle. 
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 (a) 

 (b) 

Figure III.25. (a) Distances to the nearest wall for 167 primary particles, which formed a 167-
particle cluster at 1200 PV. The distances to the wall are reported for different times at 0 PV, 400 
PV, 800 PV, and 1200 PV and (b) velocities of the same 167 primary particles at 0 PV, 400 PV, 
800 PV, and 1200 PV. Each line is one particle. 
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IV. CONCLUSIONS AND FUTURE PLANS 

IV.1. Conclusions 

It is possible to draw the following conclusions based on the results of various topics 

presented here: 

The Weibull distribution is a good fit for the distributions of the normalized velocity 

magnitude for flow through sphere packings and scaffolds. More interestingly, the velocity 

distributions in the geometries with random configurations, such as random sphere packings, fiber 

scaffolds, and randomly foamed scaffolds followed one unique Weibull equation with a scale 

factor of 1.212 and a shape factor of 1.062 within statistical accuracy. Not only data obtained 

herein but also data obtained elsewhere1 follow this distribution. The distribution appeared to be 

the same when the pore size distribution was continuous. However, because of the orderly structure 

of geometries in SC, BCC, and FCC, their pore area distributions were discrete and the velocity 

distribution in the structured sphere packings including SC, BCC and FCC could not be predicted 

with that Weibull equation. In other words, their regular structure makes the fluid mechanics more 

like varying-cross-section capillaries than true porous media; therefore, the corresponding velocity 

distribution fails to conform with that of the unstructured media. A different Weibull distribution 

(with α = 0.867, β = 0.935) was found to be a good fit for velocity distributions of flows through 

SC and BCC whereas the Weibull distribution (with α = 1.499, β = 1.102) described the flow 

velocity through FCC within statistical accuracy.  

More interestingly, the pore structure of a porous medium was found to determine the 

velocity distribution of fluid flow through that medium. The velocity magnitude distribution of 

fluid flow through a porous medium and the pore volume distribution, which was continuous, were 

statistically similar. This result enables the prediction of the velocity probability density function 
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(PDF) if an experimentally obtained pore volume distribution is available. In such a scenario, the 

average fluid velocity magnitude within the pores can be determined by dividing the superficial 

velocity (Darcy velocity) of the fluid by the porosity of the medium, and subsequently applying 

the pore size distribution. In addition, it is possible to create porous media with predetermined pore 

volume distributions, which can be used to manipulate the pore velocity distribution. 

Hydrodynamic dispersion is one of those porous media-related topics that are typically 

associated with a lot of uncertainty and a lack of fundamental understanding, even though several 

applications are critically dependent on predicting dispersion in porous media. The conventional 

approach has been the Eulerian approach, often through macroscopic tools of analysis. Dispersion, 

however, is an effect that is driven by particle transport phenomena that are below the scale of 

consideration for macro-scale models. The present study was focused on providing a fresh 

approach and on identifying the relevant parameters, dimensionless numbers, and quantities. 

Given the currently available computational techniques that allow for in-depth calculations devoid 

of empiricisms, such as the use of lattice Boltzmann models and specialized particle tracking 

algorithms that provide paths of individual particles from a Lagrangian perspective, it is possible 

to analyze hydrodynamic dispersion in a physically sound framework and to probe its relationship 

to the effective Peclet number from both the Eulerian and Lagrangian viewpoints. The results led 

to the definition of a Peclet number that is based on more naturally relevant scales rather than using 

Eulerian macroscopic quantities. The length scale used in defining an effective Eulerian Peclet 

number was the diameter of the spheres making up the porous media and was constant for a certain 

porous medium configuration. In contrast, the effective Lagrangian Peclet number was calculated 

from the Lagrangian length and time scales, which varied with molecular diffusion (i.e., the 

Schmidt number), the fluid velocity, and the pore geometry. This new definition has a strong 
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impact on simplifying and unifying the correlation between the ratio of dispersion over diffusion 

with the Peclet number in packed beds, 
஽ಽ

஽೘
ᇲ = 1 + 𝐴 𝑃𝑒௠

ᇱ௅. This unified correlation reveals a linear 

dependence on the effective Lagrangian Peclet number for different packing types, with the clear 

appearance of a geometrical coefficient A as the slope of the line. We conclude that the Lagrangian 

scales are the appropriate scales for studying hydrodynamic dispersion, as one might have 

predicted because both molecular diffusion effects and flow are taken into consideration 

The work, related to aggregation of NPs, describes simulation results from a multiscale 

process that involves the aggregation and movement of NPs through porous media. The aggregate 

morphology was examined by computing the fractal dimension and asphericity of clusters. Effects 

of the ionic strength, pore velocity and particle size on the aggregation process of Cerium oxide 

NPs in randomly packed spheres were investigated. The ionic strength was found to be the most 

important factor affecting both aggregation kinetics and morphology of aggregates. At electrolyte 

concentration above the CCC, the attachment efficiency was unity, and aggregation kinetics were 

fast. However, diffusion-limited aggregates had low fractal dimension and high asphericity. On 

the other hand, at electrolyte concentration below the CCC, the attachment efficiency was less than 

one; and reaction-limited aggregation occurred at low speeds producing denser aggregates that had 

high fractal dimension and low asphericity. The pore velocity also had strong effects on 

aggregation kinetics and the morphology of aggregates in diffusion-controlled aggregation, while 

particle size only had a clear impact on changing the fractal dimension of reaction-limited 

aggregates. The computational model is based on Newton’s second law of motion. It also considers 

interaction forces between particles, thereby reflecting the physics of the aggregation process 

without using any probabilistic model. In addition, it could predict the fractal dimension, the 

asphericity, and the size distribution of particles with time. However, it certainly has some 
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drawbacks. For example, the accuracy of results is mainly dependent on the force fields between 

particles; however, knowing the parameters for the force fields, such as the Hamaker constant, the 

surface potential, and so on, is not simple. Some types of particles might require more complicated 

force fields, which could include Lewis acid-base interactions. To overcome this drawback, it 

would be required to perform atomistic simulations or experiments in bulk to determine the force 

fields. In addition, the model can be improved by adding the particle-wall interactions, rotational 

movement of particles, and the effects of large aggregates on the flow field in a two-way coupling 

model. 

IV.2. Future Plans 

Modeling the aggregation process of nanoparticles in porous media is newly developed so 

a lot of improvements should be done for the current aggregation model, and there are several 

areas that future research can focus on. 

 Incorporating the interactions between particles and the solid phase of porous media is a 

crucial step to accurately model the aggregation process. The surface chemistry of the porous 

media can influence the aggregation behavior of nanoparticles, and incorporating this effect 

into the model can provide more accurate predictions. 

 The effect of large aggregates on the flow fields is another important aspect to consider. 

Large aggregates can alter the flow fields by creating additional resistance to the fluid flow, 

which can in turn affect the aggregation process. Therefore, including the effect of large 

aggregates in the model is necessary. 

 The impact of the rotational movement of aggregates on the aggregation process is another 

important factor to consider in the model. Taking this effect into account can improve the 
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accuracy of predictions (especially on the morphology of aggregates), as rotational 

movement can affect the rate of collision and attachment between nanoparticles. 

 Additionally, it would be interesting to investigate how different types of porous media (e.g., 

bidisperse, tridisperse, sandstones, etc.) can affect the aggregation of nanoparticles and the 

configuration of the aggregates. Different porous media have varying pore structures and 

surface chemistries, which can impact the behavior of nanoparticles within them. 

 Finally, it would be beneficial to further examine the impact of the Peclet number on the 

aggregation process. The Peclet number, which is the ratio of advection to diffusion, can 

influence the transport of nanoparticles in porous media. Investigating this effect can provide 

insights into the behavior of nanoparticles in different flow regimes, and can inform the 

development of more accurate aggregation models. 
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APPENDIX 

Appendix A: Hydrodynamic dispersivity based on Lagrangian Peclet number 

A.1. The Grid Independence Analysis for FCC and RPS 

To conduct grid independence analyses, numerical experiments to simulate the flow of 

water at room temperature in FCC and RPS were conducted. They all had the same domain size 

and pressure drop, but they had different resolutions varying from 101 × 101 × 101 to 501 × 501 

× 501. The mean velocity was calculated for each run and is shown in Table A1 and Figure A1. 

Convergence was obtained at the resolution 201 × 201 × 201 for FCC and 401 × 401 × 401 for 

RPS, with a convergence tolerance of less than 0.53%. In addition to the average velocity, the full 

fluid velocity distribution was calculated. The range of velocities of the NPs was divided into 20 

bins; then, the number of fluid nodes and the percent in each bin were calculated. It was found that 

there was no significant difference in the velocity distribution of the two LBM runs in the FCC 

that had the same average pore velocity (1000 μm/s) but different resolutions (201 × 201 × 201 

and 501 × 501 × 501), as shown in Figure A2a. Similarly, the velocity distribution profiles for the 

two LBM runs in the RPS that had the resolutions 201 × 201 × 201 and 501 × 501 × 501 were 

almost identical, as demonstrated in Figure A2b. Hence, we accept that the chosen resolutions for 

FCC (201 × 201 × 201) and RPS (401 × 401 × 401) could provide results with acceptable accuracy. 
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Table A1. The effect of the number of mesh resolution on the mean velocity of the LBM flow 
field for FCC and RPS. 

Domain 

Resolution 

Number of 

Grid Points 

FCC Mean 

Velocity 

(μm/s) 

Error (%) 

Compared to 

(501 × 501 × 

501) 

RS Mean 

Velocity 

(μm/s) 

Error (%) 

Compared to 

(501 × 501 × 

501) 

101 × 101 × 101 1,030,301 502.340 0.972% 478.762 6.376% 

201 × 201 × 201 8,120,601 500.130 0.528% 500.174 2.189% 

301 × 301 × 301 27,270,901 497.880 0.075% 505.520 1.143% 

401 × 401 × 401 64,481,201 497.540 0.007% 508.920 0.478% 

501 × 501 × 501 125,751,501 497.505 0.000 511.367 0.000 

 

Figure A1. The effect of the number of mesh points on the accuracy of the mean fluid velocity of 
the LBM flow field for FCC and RPS. 



117 

 

 

 

(a) 

 

(b) 
Figure A2. The velocity distribution profiles for the flow fields in (a) FCC domains with 
resolutions of 201 × 201 × 201 and 501 × 501 × 501 and (b) RPS domains with resolutions of 401 
× 401 × 401 and 501 × 501 × 501. The x-axis shows the mean velocity of the bins, while the y-
axis shows the percent of the fluid nodes with the velocity in the range of the corresponding bin. 
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Table A.2. Summary of the Results Related to the ratio of the Hydrodynamic Dispersion 
Coefficient over the Effective Molecular Diffusion Coefficient together with Eulerian and 
Lagrangian Peclet Numbers 

Sc 
Pore velocity, 

u (cm/s) 

FCC RPS 

𝑷𝒆𝒎
ᇱ𝑳 𝑷𝒆𝒎

ᇱ𝑬 
𝑫𝑳

𝑫𝒎
ᇱ

 𝝉𝑳(s) 𝑷𝒆𝒎
ᇱ𝑳 𝑷𝒆𝒎

ᇱ𝑬 
𝑫𝑳

𝑫𝒎
ᇱ

 𝝉𝑳(s) 

100 0.005 0.001 0.494 0.983 0.002 0.000 0.110 0.960 0.001 
 

0.010 0.002 0.988 0.999 0.001 0.001 0.210 1.020 0.001 
 

0.020 0.008 1.980 0.985 0.001 0.006 0.430 1.010 0.001 
 

0.050 0.048 4.940 1.010 0.001 0.031 1.090 1.030 0.001 
 

0.100 0.168 9.880 1.000 0.001 0.110 2.130 1.140 0.001 
 

0.200 0.577 19.800 1.120 0.001 0.395 4.270 1.370 0.001 
 

0.300 1.150 29.600 1.390 0.001 0.729 6.400 1.740 0.001 
 

0.400 2.000 39.500 1.710 0.001 1.130 8.530 2.110 0.000 

1000 0.005 0.047 4.960 0.990 0.013 0.037 1.080 1.020 0.009 
 

0.010 0.168 9.930 1.010 0.012 0.118 2.130 1.120 0.008 
 

0.020 0.588 19.900 1.140 0.010 0.392 4.260 1.400 0.007 
 

0.050 3.010 49.600 2.160 0.009 1.540 10.900 2.550 0.004 
 

0.100 10.700 99.300 5.240 0.008 3.940 21.300 5.150 0.003 
 

0.200 35.900 199.000 16.500 0.006 10.400 42.600 12.300 0.002 
 

0.300 77.800 298.000 32.900 0.006 17.100 63.900 21.700 0.001 
 

0.400 119.000 397.000 53.500 0.005 28.700 85.300 31.800 0.001 

7080 0.005 1.560 35.500 1.630 0.062 0.904 7.470 1.910 0.033 
 

0.010 5.590 70.900 3.280 0.056 2.380 14.700 3.390 0.023 
 

0.020 19.700 142.000 9.190 0.049 5.980 29.400 7.770 0.014 
 

0.050 102.000 355.000 43.700 0.041 23.300 74.700 26.200 0.009 
 

0.100 332.000 709.000 145.000 0.033 59.500 147.000 67.300 0.006 
 

0.200 1180.000 1420.000 486.000 0.029 156.000 293.000 169.000 0.004 
 

0.300 2350.000 2130.000 1010.000 0.026 248.000 440.000 282.000 0.003 
 

0.400 3860.000 2840.000 1680.000 0.024 364.000 587.000 411.000 0.002 

10000 0.005 3.070 50.400 2.170 0.086 1.260 10.900 2.550 0.032 
 

0.010 10.400 101.000 5.260 0.073 3.690 21.500 5.200 0.024 
 

0.020 37.500 202.000 16.500 0.066 9.860 42.900 12.500 0.016 
 

0.050 186.000 504.000 80.300 0.052 40.600 109.000 44.100 0.010 
 

0.100 638.000 1010.000 268.000 0.045 102.000 215.000 111.000 0.007 
 

0.200 2130.000 2020.000 924.000 0.037 241.000 429.000 272.000 0.004 
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0.300 4540.000 3030.000 1910.000 0.035 408.000 644.000 458.000 0.003 

 
0.400 7500.000 4030.000 3150.000 0.033 613.000 858.000 655.000 0.003 

 

A.2 Relationship between the hydrodynamic dispersivity and the effective Lagrangian Peclet 

number of various porous media.  

 

 

 

 

 

 

 

 

 

Figure A.3. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in an SC as a function of the effective Peclet number determined from the 
Lagrangian length scale.  

DL/D'm = 1 + 1.169Pe'Lm
R² = 0.999

0

20000

40000

60000

80000

0 10000 20000 30000 40000 50000 60000

D
L
/D

’ m

Pe'Lm

SC



120 

 

 

 

Figure A.4. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in a BCC as a function of the effective Peclet number determined from the 
Lagrangian length scale.  

 

 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure A.5. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in a bidisperse sphere packing as a function of the effective Peclet number 
determined from the Lagrangian length scale.  
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Figure A.6. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in a tridisperse sphere packing as a function of the effective Peclet number 
determined from the Lagrangian length scale.  

 

 

 

 

 

 

 

 

 

 

 

Figure A.7. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in a fiber scaffold as a function of the effective Peclet number determined 
from the Lagrangian length scale.  
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Figure A.7. The ratio of the hydrodynamic dispersion coefficient over the effective molecular 
diffusion coefficient in a foam scaffold as a function of the effective Peclet number determined 
from the Lagrangian length scale.  
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Appendix B: Aggregation of nanoparticles 

B.1 Determining dynamic timestep 

The timestep at each simulation step is estimated based on two constraints: particles in the 

nearest pair are not allowed to move more than one-tenth of the separation distance; and particles 

cannot travel more than one-fifth of the grid resolution. 

As regards to the first restriction, at each simulation step, the separation distance (h) between the 

two nearest neighbors is computed; and the distance that a particle in the nearest pair travel is 

derived based on Newton’s second law as follows: 

𝑚
𝑑𝑉
𝑑𝑡

= 𝐹௚ + 𝐹௕ + 𝐹ௗ + 𝐹௥ + 𝐹௘ + 𝐹௩ௗௐ (B1) 

By applying first-order discretization for the derivative, Eqn. B1 becomes 

𝑚
𝑉2 − 𝑉1 

∆𝑡
= 𝐹௚ + 𝐹௕ + 3𝜋𝜇𝐷(𝑈 − 𝑉2) +  ඨ

6𝜋𝑘𝐵𝑇𝐷𝜇
∆𝑡

ξ + 𝐹௘ + 𝐹௩ௗௐ (B2) 

where 𝑉ଵ is the velocity of the particle at the previous step; and 𝑉ଶ is the velocity of the particle at 

the current step. 

Assuming 𝐵 =  𝐹𝑔 + 𝐹𝑏 + 3𝜋𝜇𝑑௉𝑈 +  𝐹௩ௗௐ + 𝐹𝑒 which are can be evaluated after determining 

the neighbors of each particle, Eqn. B2 can be written 

𝑉ଶ  =

𝐵 +   ට
6𝜋𝑘஻𝑇𝐷𝜇

∆𝑡
ξ +

𝑚𝑉ଵ

∆𝑡
𝑚
∆𝑡

+ 3𝜋𝜇𝐷 
 (B3) 

The distance that the particle travels in three directions in Cartesian coordinate (∆𝑠௫, ∆𝑠௬, and ∆𝑠௭)  

can be given as below: 
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∆𝑠௫ =  𝑉ଶ௫∆𝑡 =   
∆𝑡𝐵௫ +  (ඥ∆𝑡6𝜋𝑘஻𝑇𝐷𝜇ξ)𝑥 + 𝑚𝑉ଵ௫

𝑚
∆𝑡

+ 3𝜋𝜇𝐷 
, (B4) 

∆𝑠௬ =  𝑉ଶ௬∆𝑡 =   
∆𝑡𝐵௬ +  (ඥ∆𝑡6𝜋𝑘஻𝑇𝐷𝜇ξ)𝑦 + 𝑚𝑉ଵ௬

𝑚
∆𝑡

+ 3𝜋𝜇𝐷 
, (B5) 

∆𝑠௭ =  𝑉ଶ௭∆𝑡 =   
∆𝑡𝐵௭ +  (ඥ∆𝑡6𝜋𝑘஻𝑇𝐷𝜇ξ)𝑧 + 𝑚𝑉ଵ௭

𝑚
∆𝑡

+ 3𝜋𝜇𝐷 
 (B6) 

where 𝑉ଵ௫, 𝑉ଵ௬, and 𝑉ଵ௭ are the velocities of the particle in x, y, and z directions at the prior step; 

and 𝑉ଶ௫, 𝑉ଶ௬, and 𝑉ଶ௭ are the velocities of the particle in x, y, and z directions at the current step, 

respectively. 

The distance that the particle travels is this: 

∆𝑠 = ඥ∆𝑠௫
ଶ +  ∆𝑠௬

ଶ +  ∆𝑠௭
ଶ. (B7) 

∆𝑠 cannot be determined at this stage since the timestep, ∆𝑡, is unknown. By limiting ∆𝑠 of each 

particle to be less than one-tenth of h, ∆𝑡 for the first constraint is found.  

For the second constraint, it is assumed that the maximum velocity at the current step is not much 

different from that at the previous step. ∆𝑡 for the second constraint can be estimated by dividing 

one-fifth of the grid resolution by the maximum velocity of particles in the previous simulation 

step. The timestep for each simulation step is the minimum of the timesteps obtained from the two 

restrictions.  

B.2 Independence analysis of the simulation box size  

Simulations related to the aggregation process of 10 mg/L CeO2 nanoparticles in 0.2M KCl 

(in the bulk of an aqueous suspension) were performed with different simulation box sizes 

including 0.5 x 0.5 x 0.5 mm3 (48,816 particles), 0.3 x 0.3 x 0.3mm3 (10,544 particles), and 0.2 x 
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0.2 x 0.2mm3 (3,124 particles). The aggregation kinetics and the fractal dimensions with time are 

shown in Figures B1a and B1b. With the box size equal to or larger than 0.2 x 0.2 x 0.2 mm3, the 

results were independent of the box size or the number of particles. Thus, the simulation 

aggregation process of 10,544 particles in the simulation box, sized 0.3 x 0.3 x 0.3mm3, which was 

used for validation, was proved to generate accurate outcomes. 

 
Figure B1. Aggregation kinetics (a) and fractal dimensions (b) of 10 mg/L nanoparticles CeO2, in 
0.2M KCl solution, with different simulation box sizes and different numbers of nanoparticles 
(48,816, 10,544, and 3,124). 

B.3 Independence analysis of the user-defined freezing time 

The diffusion-controlled aggregation kinetics of nanoparticles suspended in the bulk of 

0.2M KCl solution is illustrated in Figure B2a. However, the simulations were performed with 

different algorithms. The blue line is the result obtained by not freezing any particles during the 

simulation. The yellow, green, and pink lines represent the kinetics and Df achieved by freezing 

particles with different values of user-defined freezing time such as 0.00001s, 0.0001s, and 0.001s, 

respectively. As shown in Figures B2a and B2b, freezing particles with user-defined freezing time 
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varying from 0.00001 to 0.001s did not affect the physics of aggregation as well as the accuracy 

of the results. 

 
Figure B2. Aggregation kinetics (a) and fractal dimensions (b) of 10mg/L CeO2 particles in the 
diffusion-limited regime (0.2M KCL) with different cases including no particles frozen, particles 
frozen with user-defined freezing times 0.001s, 0.0001s, and 0.00001s. 

Figure B3 shows the same analysis as Figure B2 for the reaction-limited aggregation. 

However, in the reaction-controlled regime, when the separation distance between two particles 

was larger than 10nm, the van der Waals force was higher than the electrostatic force. 

Consequently, they attracted each other; which made the separation distance smaller and the 

electrostatic force become dominant. Thus, they expelled each other until their distance was larger 

than 10nm; and they attracted each other again. In this case, particles in the interaction pair kept 

moving back and forth; and the timestep for each movement was very small (~10-9s). Thus, it was 

impossible to simulate reaction-controlled aggregation for 10 mins without freezing any particles. 

Hence, there was no result of the simulation without freezing non-interacting particles. As shown 

in Figure B3, the kinetics and fractal dimensions of simulations with different user-defined 

freezing times were almost the same. 
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Figure B3. Aggregation kinetics (a) and fractal dimensions (b) of 10mg/L CeO2 particles in the 
reaction-limited regime (0.02M KCl) with different cases such as particles frozen with user-
defined freezing time 0.001s, 0.0001s, and 0.00001s. 

B.4 Independence analysis of the grid resolution 

Figure B4 illustrates the results for aggregation kinetics and fractal dimensions of 

nanoparticles aggregating in the sphere packing, with different grid resolutions, such as 201 x 201 

x 201, 401 x 401 x 401, and 501 x 501 x 501. 10mg/L CeO2 particles, suspended in 0.2M KCl 

aqueous solution, moved in the porous medium, sized 0.419 x 0.419 x 0.419 mm3, at the average 

pore velocity of 500 µm/s. Convergence was achieved at the grid resolution 41 x 401 x 401 since 

there were no differences in the aggregation kinetics and fractal dimensions between the 
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resolutions 401 x 401 x 401 and 501 x 501 x 501. Therefore, in our study, the grid resolution 401 

x 401 x 401 was applied for the simulation box of randomly packed spheres. 

Figure B4. Aggregation kinetics (a) and fractal dimensions (b) of 10mg/L CeO2 particles in the 
diffusion-limited regime (0.2M KCL) with different grid resolutions of porous media including 
201x201x201, 401x401x401, 501x501x501. Particles travel through porous media at the average 
pore velocity of 500 µm/s. 

B.5 Independence analysis of the cut-off radius 

Based on Figure B4 representing the DLVO energy, the interaction forces among particles 

are applicable when the separation distance between particles is smaller than one diameter of a 

single particle, or the distance between the centers of two single particles is smaller than 2D. 

Simulations related to the aggregation of 10 mg/L CeO2 particles suspended in 0.2M KCl at the 

bulk condition with different values of cut-off radius (such as 2D, 3D, and 4D) were performed. 

The aggregation kinetics and fractal dimension of aggregates were demonstrated in Figure B5; and 

they proved that the cut-off radius larger than 2D did not affect the results. Since the computational 

times for 2D and 3D cases were not much different, to be safe, 𝑅௖ = 3D was selected in our 

numerical experiments.  
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Figure B5. Aggregation kinetics (a) and fractal dimensions (b) of 10 mg/L nanoparticles CeO2, in 
0.2M KCl solution at bulk conditions, with different values of cut-off radius such as 2D, 3D, and 
4D. 

 


