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THEORY OF PRE-CLOSURES

CHAPTER I

Introduction

Closure operators have appeared throughout the litera-
ture of mathematics 1n many guises. The first formulation
of closure operators was given by E.H. Moore in 1910 in his
investigations of geﬁeral analysis [11] when he spoke of a

property m of subsets of a set S being extensionally attain-

able if (i) S had the property wn, and (ii) if a family
iAj} 5ed of subsets of S had the property m, then so did
the set () §a,: jeg? . With this definition Noore called
the least subset having the property m and containing a
given set A the closure of A (with respect to w). If we
construe the notion of satisfying a property =n to simply
mean membership in a given subfamily of the power set of S,
then loore’s definition is in perfect agreement with that
used today. As examples of such closure operations we can
look at algebraische Hullensystemen [17], the well-known
Kuratowski closure operator, Lorenzen‘®s proof of the General
Existence Theorem for primitive recursion, etc.
In 1930 Tarski [21] exiomatized some of the fundamental

concepts used in logic by means of closures which he called
_ L
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Folgerungen--the fact that Folgerungen were closures was
first noted by J. Schmidt in [16]. Tarski’s work employed
the current definition of a closure operator (if we drop his
requirement that the domain be countable), and he developed
most of the elementary properties of closed sets. His most
important theorem--the theoretical possibility of extending
a consistent set of statements to a complete system--failed
to provide an approach toward finding an effective axiom-
atization of number theory because of Godel’s incompleteness
theorem which appeared the following year, and unfortunately
this seems to have ended Tarski’s research into the struc-
ture of closure operators. G. Birkhoff brought closures

back in his 1940 Lattice Theory as a way of looking at com-

plete lattices and investigated (also later with O. Frink,
Jr.) the lattice of closed subsets, and in the early forties
O. Ore did intensive work in extending the theory of topo-
logical spaces to closure spaces as well as studying the
lattice of all closures on a given set. In 1952 J. Schmidt
gave his famous axiomatic characterization of closed sets
of an algebraic closure. Liore recent papers on closure
theory have bz2en rather limited, so in this thesis some
interesting new directions will be explored.

The approach used here will revolve about a less pop-
ular set mapping which I will call a pre-closure (the same
name is used by D. Higgs; P. Hammer calls them expansive

in [10]) which one encounters frequently--for example in the
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constructive definition of a subalgebra generated by a set
of elements (see [20]), in the extension of a set of con-
sistent statements, in the theory of semi-spaces, etc.
Although pre~closures are usually associated with algebras,
J. Schmidt points out their origin in Analysis [16]:

“Im allgemeineren Fall wird man die Folge (Mn),
die einer sukzessiven Hintereinanderausfuhrung des
Operators Q ihre Entstehung verdankt, durch eine
transfinite in allgemeinen uberzahlbaren Ordinal-
typus zu ersetzen haben; Musterbeispiel hierfur
sind die Baireschen Funktionenklassen, aus denen
auch die Idee der gestuften Réﬁie entsprungen ist.”
We will be primarily working with pre-closures for

general algebraic considerations--as tools to analyze clo-
sures as well as objects of interest in their own right.

A probable reason for their lack of success to date has
been their relegation to a secondary role, as for example
the following passage by J. Schmidt states (see [16]):

“Dieser Fundamentale Charskter kann meines Br-
achtens den sogenannten \gestuften/ oder ‘'mehr-
stufigen/ Raumen. bei den der Begriff des Hillen-
operators durch weglassen des Axioms der Idem-~
potenz abgeschwacht wird. nicht mehr zugebilligt
werden. Jene allgemeineren Operatoren stellen im
Grunde nichts als eine spezielle unter zahlreichen

anderen Erzeugungsweisen von Hullenstrukturen dar:
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ein selbststandiges Interesse bieten sie daruber
hinaus wohl kaum.”

Pre-closures could be dispensed with in parts of the
following just as almost any definition in mathematics can
be eliminated at the expense of lengthier and more cumber-
some proofs. But without strategically selected inter-
mediate definitions it 1s often quite difficult to formulate
an attack on a problem in a2 comprehensible manner, and many
of the theorems in the following will show just how pleasant
it 1s to have a calculus of pre=closures.

After examining the basic structure of the lattice of
pre-closures we define several special families of pre-
closures and look at their respective structures within the
lattice of pre-closures, in particular whether the families
are closed under union or intersection. ZFollowing this we
look at how the various families are related, deducing an
important theorem which will be needed in the representation
theorems,; and then Chapter I concludes with some results con-
cerning the ties between supremum arnd compcsition.

Chapter II parallels some of the standard questions in
general algebra and shows, for example, that every algebraic
closure space can be isomorphically embedded in an N-ary
closure space. Later closure congruences are characterized
in a simple and elegant manner, and in the concluding section
TWo interesting representation theorems are given. The
author has attempted to give appropriate references to all

theorems which are not originel with this paper.
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1. Structure of the Lattice of Pre-closures

Let S be a fixed set. A pre-closure on S is a set-

mapping C from P(S) to P(S) which satisfies the twd con-
ditions:

| (i) P <« C(P) for all P contained in S, and

(ii) P € Q implies C(P) = C(Q) for all P,Q in S.
A set mapping with property (i) is called extensive, and
with (ii) isotone.
It is convenient to formulate the study of the family

é’ of pre-closures on S in lattice-theoretical terms, so
we will begin by defining a partial ordering = on ¢ by:
C, = C, if and only if Cl(P) = CZCP) for all P contained
in 8. It is trivial to verify that & actually is a partial
ordering, and furthermore that with respect to this partial
crdering the supremum and infimum (denoted by U and N re-
spectively) of any two pr~-closures exist, and are defined
pointwise by (Cl\J 02)(P) = Cl(P)\J 62(P>’ (Cl/W 02)(P) =
Cl(P) N C2(P)o Thus (& . &) defines a lattice which .shall
be denoted by';f « The first proposition shows that l’ in-
herits many of the properties of WD(S)Q
PROPOSITICON 1: ;’ is a complete lattice satisfying the infi-
nite distributive laws.

Proof: The proof is a straightforward consequence of

the fact that (P(S) has these properties and noting
theat if {Ca§ seh is a subset of JP , then

U fCa: asAf maps a subset of S, say P, into
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LJ?Ca(P): asA?, and dually f)ica: asA% maps the
set P into /]ica(P): asA? o
Suppose I is an initial segment of the ordinals, and
§Ca: asIf is a family of pre-closures indexed by I. Then

we define the ordinal composition p ica; asI§ recursively

by 1 £C,° a<Bi = Cg(n $C,: a<B§) for B in I, and

pic: acp}t = Ufn §C. v<a 3 : a<B} for all limit ordi-

nals P which satisfy the conditior that a<B implies acl.

For the special case in which all of the Ca are equal we

will adopt a notation suggested by exponentiation, namely

of = p§c : a<B? if B is not a limit ordinal, and cP -

u §ca: a<Bf if B is a 1limit ordinal. One of the most

important properties of Jf is:

PROPOSITION 2: l’ is closed under ordinal composition.

Proof: (By transfinite induction on the length of the

initial segment I.) If I =11} , then u'§ca; el
= Cl which is a member of Jf . Now suppose the
theorem is true for all families with index set
properly contained in I. Then we will consider
two cases to show that it is also true for I.
Case (i). Suppose I has a maximal member f. Let
fCa: asI? be a family of pre=closures indexed by
I. Since p {Ca: asI} = Cg(u iCa: x<B 3)9 and since
0 {Ca: a<B? is a member of £ by the induction
hypothesis, it suffices to show that the composition

of two pre-closures is again a pre-closure. So sup-
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pose Cl and 02 are any two members of b , and
P = S. Fronm Cgcl(P) =2 Cl(P) = P we have the
extensive property, and if A & B & S, then
Cl(A) = Cl(B), SO cgcl(a) = CZCI(B)’ and thus
is a member of £ .
Case (ii). Suppose I does not have a maximal mem-
ber. Then p {Ca: cel § = LJ{uiCa: xel;, I; is an
initial segment of the ordinals properly contained
in I}, and combining the induction hypothesis
with the completeness of Jf gives the conclusion.
Evelyn Nelson [12] hes pointed out that, counsidering
composition as a binary operation, (4 ,-) is a positively
ordered semi-group, and from this she deduces some interssi-
ing results related to those which will eppear in section &
of this chapter.
Although ®(S) is a Boolean algebra, such is not the
case with L because of:
FROFCSITION 3: 4 pre-closure C has a complement in J if
and only if ¢(A U B) = C(&) U B for 2ll A and 3 in P(8).
Froof: Noting that tke all element of { is given by

into 3, and the null ele-

=
o
]
O
[}
<t
[\
£
[
n
tr)
]

jhich zes F into P, we

sl
ct
[

mens of 4 by the mapping
have the result that C is ths complement of C in J
implies C(¥) U C(®) = 8 znd C(E) ) T(P) = P (for all

F P N ~ S i 2 ORI, -
ontained in 5), and this is true if

G(F) =2 U (8 ~C(E)). Taus ¢ U3 =2U3U

h.
o

=
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(s-CAUB) &S AUBU (8-~ TCTA) = c(a)U B,
Conversely, C(AUB) = C(A) U B for A,B & S
implies C(P) = C(Z)U P, and letting C(P) equal
P U(S - C(#)) we have C(P) U C(P) = S and
C(P) N C(P) = P, i.e. C is indeed the complement
of C.

Since Jo is distributive, it follows that an element
with a complement necessarily has a urnique complement, and
further the complemented elements form a sublattice. The
next proposition shows the structure of this sublattice.
PROPOSITION 4: The sublattice of complemented elements of
i’ is isomorphic to the Boolean of S.

Proof: Consider the canonical mepping ¢ from P(s) to
£ where (¢(P))(Q) = P U Q.

G. Birkhoff (see pg. 38 in [4]) defines a lattice to
be f-atomic if, for any two elements a and b with a<b,
there is at least one maximal well=-ordered chain connecting
the points a and b. A lattice is V-atomic if its dual is
? -atvomic,

PROPOSITION 5: The lattice & is A-atomic znd V-~atomic.
Proof: ZIet C and C° be two members of § with C & C°.
Let AlsoccsAa be a well-ordering of the subsets of
S in such a manner that AB = A.Y implies Yy < B.
(The existence of such an ordering can be shown by
Zorn’s Lemma.) Letv sl;cwssB be a well~ordering of

the elements of S.
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Define a well-ordered sequence iCYf of pre-
closures as follows. Let Cl = C, and if CY is
defined, let CY+1(P) = CY(P> if P #£ Ags where §
is the least ordinal (if it exists) such that
c°(A6) #C (h), and let 0., (4) = C.(4) U
$inf fCO(Aé) - CY(Aé)}} . And for limit ordinals
o simply set C = L}{CY: v<o ¥,

Cl is clearly a pre-closure, and 1if CY is a mem-
ver of & , then CY+l 1s easily seen to0 be extensive.
Suppose A and B are subsets of S with A properly con-
tained in B. If neither A nor B is equel to the A6
described above, then it is also clear that CY+1(A)

= CY+1<B>’ and if B = Ag . then it follows that
Cra1(8) = C (&) =0 (8) = C (B) U 2inrdc(ay) -
CY(Ab)}} = CY+1<B>° Suppose now that A = Ac. Then
B = AT for some ordinal 1 which is less than &, and
thus CY+1(B) = CY+1(AT) = CY(AT) = CO(AT) = ¢°(B),
so clearly CY+1<A> < QY+1<B)° For limit ordinals
o we simply apply the cempleteness of I to show that
C, is in & if C, is in £ for all y<o. This shows
that fCYE is a chain of pre~closures between C and
CO9 and by construction it is well-ordered.

If CY is in the zbove-mentioned chain and CY £ C%

Then for some & we have CY(Aé) # CO(A6)9 S0 CY #

C Therefore there is an & such that € is the

v+l
least ordinal for whick Ca = ¢%, For Y<e, CY and
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Cy+l differ on exactly cne subset of S, and then by

only one elerent of 35, so covers CY' With this

c

v+l

it is egasy to see that the chain CW_,...,CE is maxi-
&

mal, completing the first part of the proof.

A parallel argument showe that .r is J/—atomicn

[

Thelr Lattice Properties

<%

=~=CLlOoSulL: el

2. Special Pre

(¢}

(l)
6]
io)

We will work with the following basic types of pre-
closures throughout the rest of the paper. If N is a card-

inal number, then an A\ pre-closure satisfies the condition

c(®) = Ufc(Q: a= 2, <N . (& double-bar over a set
. (T Y .. ) .

symbol is to be read the cardinality of... .) If C is an

L 4

)\o pre-closure, then we say it is azlgebraic (also domai

finite or compact)--ths choice of the word algebraic is

motivated by the fact that the natural closure associated
with a general algebra is an N, pre-closure (see [17]). A
pre-closure is N -ary if C= (C)()a for some ordinal «,
where C)F(P> = LIfC(Q): 3 = P and o <N ¢ . Thus an N
pre-closure is an N\ -ary rre-closurs. For the special

will

H
(@]

case that N is finite we all such a pre-closure by

I3

4]

the generic name en&ary. Finally, closure is an idempotsent

~

pre-closure; li.e. cc = C,

We will need a function frow the cardinals to ¢
inals defined as follows: if )f is a cardinel number, then
a{ N ) is the least crdinal such that tne cardinality of

o s . . x4
all ordinals less than or ecual to it is )\ . &lso we
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recall that an ordinal o« is regular provided no smaller ordi-
nal is cofinal with it.

PROPOSITION 6: The N pre-closures are closed under arbi-
trary supremum, and they form a sublattice if N_ < 47
furthermore, if a(}? ) is regular then they are closed
under ordiral composition.

Proof: Let {Cag ,cp D& & family of N pre-closures.
Itrxe U Ca(P), then for some a, x € Ca<P)' Thus
there is a @ & P such that 5 <N and x ¢ Ca(Q),
From this we see that x ¢ (J fca(Q): acA § .

Suppose now that N, < A7, and Cl and 02 are
pre-closures. If x ¢ Cl(P)l1 CE(P)’ then x € Cl(Ql)
and x € Cg(Q2), where 3; and Q, are contained in P
and have cardinzlity less than N . But then x is
in (Cy N C,)(9 U 2,) and @ U Q, has cardinality
less than N .
1r N is such that a( N\ ) is regular, then let
1 and 02 be two N pre-closures and Suppose X ¢

(P). Thern x ¢ Cl(Q) for some 3 contained in
)

C
C
C with ¢ < N . If y e @, then 7 ¢ CQ(Qy) for

1%
(7
some ¢ contained in F with E% < N . <ZTherefore

x & CyC5( U{_Qy vy € 2f), and since the cardinality
of L}{Qy: veQ§ is less than N , it follows thab
;05 is an N pre-closure. Now from the fact that

the union of N pre-closures is again an A\’ pre-

closure, we can conclude that the ordinal composi-
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tion of N\ pre-closures is again an N pre-closure
if «( N ) is regular.

The family of N pre-closures is not in general closed
under arbitrary intersection as the following exemple indi-
cates (where N is infinite). Let S be the set of ordinals
less than or equal to a{)N ), and for each ordinal B less
than a( N ) define Cg(F) = P if $1,2,...,B3 &P, and
otherwise CB(P} S. Then with 4 = §sed: s <a(N )2 we
have ([) CE><A>
for any B <A such that B < a( N ).

n

3, but a( ¥ ) does not belong to (f)CB)(B)

The family of N -ary pre-closures will be examined in
the next section, but for the present we will see that it
is possible that two enary closures may faii to have an
enary intersection. Consider the following construction
on P(IXI), where I is the set of positive integers:
0, 2(1,1),(1,3)8 = (1,2)%
gy £(1,2n),(1,20+3)3 = §(1,2n+2)%, n=1,2,...,
Ol(P> = P otherwise;
o, 2(k,1),(%,3)3 = ¥(x,2)§, ¥=2,3,...
S 3$(x,20),(k,20+3)% = 3(x,2n+2)%, n=1,2,...5 %=2,3, ..
OE(P) = P otherwise.
Let ¢, () = Ufoy(): 3 =5

easy to see thnat ¢, is a pre-closure, actually a 3 pre-

C

P, for i=1,2. It is

"1
a m An s R - @ 5
closure. Then C, defined by Ci = 0. is & 3%-ary closure
< -—
for i = 1,2. Now, for ¥ = 1,2,... identify the point (X,k

of P(IXI) with (1,k), a2d let A be all points of the
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form (k,2n-1) where k¥ and n range over the positive integers
Then $(1,2n): n=1,2,...% is a subset of C; (&) for i=1,2.
But if 2N is an even integer, then (1,2N) does not belong

to (C,)y(A), and since (2N,2n) is not in Cl(A) for any n#N,

Z)N
it follows that for n#N the point (2N,2n) does not belong
to leq 02(A>9 and therefore (1,2N) is not in (le\ C2)Na
for any ordinal «, i.e. G n C, is not enary.
For future reference Proposition 7 will be stated--

its content has been known for some time.
FROPOSITION 7: The intersection of an arbitrary family of
closures is a closure, but not necessarily a finite union
or composition.

Proof: (see, e.g., [7])

Another important classification is that of a topologi-

cal pre-closure, namely one which satisfies the additive

property C(A U B) = C(4) U C(B).
PROPOSITION 8: The topological pre-closures are closed
under arbitrary union and ordinal composition.
Proof: If {Ca.gazA is a family of %topological pre-
closures, then (U §Ca: ach 8)(P U Q) =
(Y {Ca: 2el3)®) U (U {Ca: acA ? )(Q), and
The topological pre-closures do not form a sublattice,
for consider Cl and 02 defined on S = le2,33 by Cl(glf)
= {13, ¢,(32®) = £2,32, and C,(P) = S otherwise; C,({13)
= 31,%%, 02(£2}) = $2%. C2(P) = P otherwise. Then
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(cy N Cy)(2L,23) =31,2,33, but (Cy N C,)(813) U (¢, NCH(2)
11,23.

%. Relationships between the 3Special

Types of Pre-closures

PROPOSITICN ¢: (Schmidt-Hammer). If C is a pre-closure,
then for some ordinal a we actually hgye_ca is a closure.
Proof: (Straightforward).
PROPOSITION 10: If C is an N pre-closure, then (XD
an N closure, provided «( N ) is regular.

Proof: By Proposition 6 it is imzediate that % is an

N pre-closure, where o = a( N ). Therefore we

only need to show that % is idempotent. Let x be

. oA o~ oA
in C*C™(P). Since C* is an N pre~closure, there

A s A =
s & 3 in C(P) such that x ¢ C¥(Q) and F < N

(=0

For each y in 3 there is an ordinel ay less than «
. A . .

such that 3y € C¥(F) ( because a is necessarily a

limit ordinal). Let { be the supremum of the «_.

From the fact that § < N we cap conclude that £ is

less than a. Therefore CX(3) = ¢%*(¢c ()

USSP Y (). vy <o < c%(®). Thus x is in C%(P),
and this gives CZ& = c%,

As an easy consequence of Propesition 10 we have the

ct

follewing three results.

. ~ . ¥
COROLLARY 1C.1: Suppose C is an N pre-closure and a( N )
is a regular ordinzl for some N greater than or egual

TN

x* 7
> c .
N . Then C*'N/ is zn N closure.



~15-

N s 7
Proof: We need only note that ¢ is an N pre-closure.
REMARK: If C is the natural pre-closure associatesd with

a partial algebra, then the least such regular ordinel in

the above corollary is called the ordinal dimemsion of the

partial algebra by Jurgen Scamid:s [20].
COROLLARY 1C.2: Let C be any N -ary closure. If a( N ) is
>
a regular ordinal, then C = (C 7>a(‘A )u
i \
4
Proof: Let o \” ) be a regular ordinal and C an N\ -ary
closure. Then for some ordinal ¢ we have C =
o - . - 4 alN
<C)() . By Proposition 10 we know that (C\() (N
/
is a closure. Gince C is a closure we have the
>
. . ~ \ &
ineguality (C‘(>a = C. Now Co» & (Co) (A leads
- s /\ /\
N O a(/\’ ) > e s
to (&\;) = (C,«) , and the conclusion follows.
4 /’
COROLLARY 10.3: ©For every cardiral N such that a( N ) is
regular the family of § -ary closures is identical with the
family of N closures.
Procf: Clearly every N closure is an N -ary closure.
Conversely, 1f C is N -ary then from Proposition
10 and Cerollary 10.2 it follows that C is zn N

closure.

3

FROFOCITION 11: ZSuppose C is an N7 closure with a( N ) reg-
ular. Then for any cardinal A %it is true that C is }f*
-ary if and only if C(3) = (¢ A790()f)<g) for all sets with
cardinality less than N .

Froof: OSuppose C sabtisfies the hypothssis of the first

or any P, C(2) = UiC): 3 & 7,

(XN

sentence. Then
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75 < N § - If the second part of the bi-implication
is true, we can rewrite the last equation as C(P)
- U{(c/\,*)o‘(’w(Q): QS P, <N}, and this in
turn is clearly contained in (C)(xaa(>r)(P), Thus
C (C/\7X->a(/\7)9 and since C is a closure we can
rewrite the last expression using equality.

For the converse we consider the following two
cases. (i) If ;s*g‘A’ , then the conclusion fol-
lows from Corollary 10.1 if we note that C}(* is
an ,\’*pre—closure° For then from the hypothesis
we have C = (C‘V*Da for some ordinal a, and from
the corollary we see that (CIY*)Q()7> is a closure,
so necessarily C = (c)(*yx(X’)s so in particular
c(Q) = (C X*)“(/\’)(Q) for all sets Q with cardi-
nality less thean )(*l (1i) If N < N*, then
C,\’ = Cy7* implies (CX)OL(X> = (C/\,x-)od’\’), and
then from the fact that C)( = C we easily con-
clude that C = (Clvx)a<)()t

PROPOSITION 12: If C is an N -ary closure and ¥ is en
)f*pre-closure with C*.EE C, where a(}( ) is regular and
(N ) is no less than a(/\”')S then C = C*Q(A7> if and only
if c*“<'\’>(Q) = C(Q) for all 3 such that 3 < N .

Proof: Letting « denote «(\” ), first we note that

C-X‘

X . ;
< C, hence C < C since C is & closure. The
proof in one direction is trivial, so we assume

c(R) = C*GCQ) for all Q such that ff<:,? . Then,



17
for any P, C;?(P) = Ufc@: 9 =02, 3< X2 =
UsdF*@):a =2, <53 < F*P®). Thus we

a—

have C\, < d*a
7

, and sirnce C*ﬁs a closure by
Corollary 10.1 we can deduce (C)()a = "%, since
C is N -ary, we can apply Corollary 1C.2 to obtain
the desired conclusion.

PROPOSITION 13: Let C be a closure. Then C is N -ary if

and only if there exists an & pre-closure C° such that

¢ = C*9 for some ordinel o.

Proof: If C is N -ary, thern we can simply choose C to

. o .
be C» . For the converse, since C = Qy , then
/

* w* lal \*‘:" s U :
C & C. Thus C¢ & C¢ , 50 C o \C)() , l.e.,

,T . -
¢ =(C)". WNow, since C is a closure and C» £ C
4 7/

’,
¢

ﬁ - . . . .
we have (C)r)“’EE C, and the proposition 1s proved.
A& fifth category of pre-closure which has rnotv explicit-
ly appeared in the literature but will pley an impertent

role in this paper is the operational closure. If C is an

enary closurs and C(3) is countable (possivble finite) for

It is an esasy conseguence of the dsfinition that 1f C is

cern— P - 2ms - AN I - st o e = >
N-ary for some finite N and C{Q) 1s countable for ail 3 of
is cperational with index N.

1T we restrict our eattention to cperaticnal closures, then
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of the representation theorems. The value of Proposition 14
is the availability of a slow growth pre-closure to replace
an operational closure.
FROPOSITION 14: Let © be a closure. Then C is operational
if and only if there exist a2 pre-closure C* and positive
integers L and L such that: )
(1) ¢ = ¢*¥
(11) ¢®  is i-ary
(111) C () < L for 2ll 3 such that o < i.
Proof: Suppose we have & ¢ such that (i)-(iii) are
satisfied. Then frem (i) and (ii) and Froposition
13 it follows that € is Li-ary. From (ii) znd (
it follows that C (¥) is finite when F is finite.
Thus C is operational with index i,

The proof of the converss is a little more in-

volved. Let C be operational (with index N). If
9 1s any subset of 5 such that fr< N, then we xnow
by the remark atove that C(3) is countable and
therefors wa can assume that the elements of C(Q)
have been indeved as follows: C(y) = fajg,a9°,...§
(where the segquence might be finite). Furthermore

it is consistent To reguire that ©

fv: 1) all mesmbers of & given secguence ars Jdis-

n
o
ct
H-
6]
by

PR

tinct, and 2) the meabers of 3 appear first iz =2

2%y e

How, for any subset R of 5 such that R < N+l
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define C™(R) to be the set R LJ{a1¢} L}Zan+lQ:
L= R,:ﬁ < N, and anQ € RS with the understanding
that the expression alﬁ is to be deleted from the
above if C(¢) is empty.

The following three properties of c™ are €esy
consequences of the definition of(Jt where, of
course, R has less than N+1 elemernts.
¢*.1. R 2 c’®)
¢ .2. ¢*(R) = c(Rr)

3. 0%R) = Udc™): a =12,

Because of C*. 3 1t is possible to extend the
domain of definition of C* o all of 2° by

¢Fu. c¥@) - UfC*®R): R =P, T< N+17.

%e will assume C7 to be so extended, and then note
that from the four properties above it easily fol-
lows that C 1is an algebraic pre-closure. Then

* * C e i
from C .2. and C .4, and the monotonicity condition

%, .. - .
for C we conclude C (£F) =C(¥) for any 2, i.e.,

N

»* . .
essarily C (Q) = C(3). ZFor this special case it is
: 33 a4+ e Yy Wy W ) o [ .7.“,1
immediate that C(3) = (C )N (3). So, now we wil

assume that C{(y) # #. Thern from the restriction (2)

)

e or s *
on the sequence &; v and from the definition of ()

-
= * -~ ~ :

we have a,™ ¢ C (). 3uppose n is a positive inbe-
S .
8 ~% 10 X 2 *(n+l

ger and an* e C"7(Q). Then a ., ¢ C ( >(Q), so,
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by a simple induction argument we have ialQ,agQ,awf
is a subset of C* (Q), i.e. C(Q) = (). But
since C¥ = ¢, it follows that C*(Q) = C(Q) for
all 4 such that 3 < N, and then from Proposition 12

x W . ar
we have C = C . Now if we let ¥ = N+l and L =

N+2+2N+l(

N+1), then it is straightforward to show
that the three conditions of Proposition 14 are
satisfied by C .

PROPOSITION 15: In general we nave C i1s operational implies

C 1s enary, and C is enary implies C is algebraic, but not

conversely.

Proof: The implications are clear. To show that enary
does not 1imply operational we need only to find an
enary closure C such that C(J) is uncountable for
some finite 3. Let O be the real line. Jefine
C(4) = 5 for all i, To show algebraic does not
imply enary, let 5 be the positive integers.

Jefine: (&) = 4 U §on+2: 2,4,....2n ¢ £ 3. Then

C is algebraic, but nct enary.

4. Composition and Supresun

The relationship between conposition and suprezun is

-

chmidt-

Fej
i

neracterize. ToL the

o

[¢]

g rather difficult one to

)

Hammer theorem we know that given & pre-closure C there is
. . Lo 2 . o s .
some ordinal « such thaet C7 is a closure, and indeed C" is

the least closure greater than or egual to C. Ve may also
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say that ¢* is the least closure with the same fix-points
as C. Let us designate the minimal such ordinal by 0(C).
PROPOSITION 16: Let Cl and C2 be two pre-closures. Then
(¢, U 02)“ E(clcg)a for all ordinals «; and if « is a
limit ordinal, then (C; U C,)% = (¢ C)%.

Proof: Since (Cl LJC2) = 0102’ it easily follows that
(Cl U 02)OL = (0102)u for all ordinals a. To show
the second part we note that the limit ordinals are
well-ordered and use transfinite induction as fol-

= (o, U o),
and thus (clc2>°° S (¢, U C,)°. Combining this with

-

lows. TFor N an integer, (Clca)h

the above gives (Cl U szo = (Clcafu. Now suppose
(Cllj 02)oc = (chg)Oc for a limit ordinal «. Then
for ¥ a positive integer, (Cl'i)2 2
2N, . ~
(C; U ST (G U 0%, so ()€

and since a+&w is a limit ordinal, then (Cl

A+ N ¢ 4
TPz (e U )

L \GHW
62)

oW . .. .
= (Cc, Ucy . Now suppose o is a limit of limit
1 2 =3
ordinals and for £ a limit ordinal less than «
~ \E N ~ &
assuame (C Co)F = (CiC4)F. Then (C, 1) C. =
S u ( lU 2) <V.‘. 2) ( I.J Z>

": B is 2 liwit ordinel less than a}

n
N
Q
[
Q
o
~
R

H
A
'_i
O
'_J
3
o
o
Yy
B
3]
N
~
(o)

From Proposition £ and Corollza
upper estimates of O(Cllj CQ), end from Proposition 16
we have a lower bound as stated in the following.
COROLLARY 16.1: 0(C, U C,) > C(C,C,), wita egquality if
L . . l 2 z lua D) Al T -—— J -

1

O(ClC2) is a limit ordinzl.
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Proof: Suppose « < O<0102)' Then (¢, C2)— # (ClCA .
Therefore (C 9) 4 \Clug)ﬁ, where § = O(Clu2).

Now (G, U ¢ S (6;0)%, so (8, U 6% # (6,0,)F.

2)
But (CllJ (32)Y = <6102>B’ where y = O ¢y U 02), o)
Y > «. and this gives C(u U 02) > 0(C 9)
We can deduce considerably stronger conditions if the
pre-closures satisfy some sort of commutative coundition,
but first let us look at the awkward behavior of simple
comnutetivity. BSuppose 0102 = CZCl° Then we can easily
conclude clnczm = 02 Cwn if m and n are finite, but feor
arbitrary ordinals this relationship fails as the following
counter-example shows. Consiler ¢, and ¢, defined on P,
where 8 = 3x < w}, 0 9 ({x:x<n}) = §x: x<a+l}, for

n < w, and @l(P) = ¥ otherwise; Qz(P) = 3 if Bup(®) = w,

otherwise $2(P) = P. Then define the prs-closures C, by

Ci(P) = L/{@i(Q): o) SEE’E, for 1 = 1,2. (It is readily
seen that these are indeed pre-closures). It is easy to
w
> C £ C2Cfu since
-~

verify thnat Ll and Cso commute, but C. C
w w

(313) = 53 and ¢

hypothesis of the fo

12
02({1}) = 8 - tw?., Thus he

unduly restrictive.

FRCPOSITICH 17 Let ¢, and 02 be pre-closures. If Cl and
. 1 u-rw Q ~t a -
C, are totally commutative (i.e., 10,7 = .,)ECT for all
A\ G’ ~ (-x-y a -
ordinals «,£), then (C, U C.) = ¢, 02 for zay ordinal «,
& = -
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o,

s and then the conclusion is

(@]

~ o _
(61807 = €
immediate from I'roposition 16. Suppose equality

holds for some particular ordinal o. Then (ClCQ)OH_l

N (x - ~ ‘f\ Al
= (6050 (C1007 = (84650 (6
total commutativity). Now supoose (C
for f < &, where a is a limit ordinal. Then from
c,FeF = ¢, %e%, for Bax, it follows that

(C10,0" g;.cl“ «

o for all B, so (£,0)% = (¢,0,)%
1

Q

For inclusion in the other direction, we have fi

c Ecab S (0,0,)% for B<a, aad thus cla025 = (¢,0"

1
and by total commutativity

(@

270 % = (6,0)%, so
0% = (60,)%.

COROLLARY 17.1: 3Suppose Cl and C2 are totally commutative.

maen (¢, U c)®(1U%%) o (5)0(0) 0 )0(C),

COROLLARY 17.2: If C.,...,C_ are palraise totally commuta-

large we have (Cl(J ..o Ue)

tive, then for o« sufficienti

G

P 4
= Cl "'Cn .

FRCrO3ITION 18: If C. and O, are aigebraic pre-closures

o v ~ N P - Res) L. @2 w
with €0, & 0,0, taen (ul Ve =g Cs
' I . ~on PN o1 .0, N
Proof: ClC = €0, implies ul‘ = (u1b2> <:;62 Cl

a closure by Froposition 10, it follows thet
W w -~ e i NS
R — (Cqbg) . Therefore (Cluz) = C

so by Proposivions 1C and 1% we have the conclusion.
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COROLLARY 18.1: If Cl"““’cq is a family ¢f algebraic pre-
- . ) . . w
closures with C.C., = Cjca for i < j, then (C1 v ... U Cn)
ivi = 3
= \Jn ..-Cl .

FROEQSITICN 19: If C, and 02 are closures and clca <= CZGl’
then (Cl U Cz)a = -C, for all a, with equality if a =
O(bl U u2>.

Froof: Straightforward.

lattice (L, V,A) of

£

ie

v
ct
[}
o
H

In the more commonly
closures there have been questions of considerable importance
involving the rzlationship of supremuw and composition which
can be phrased as follows: if we close a collection of
elements under two properties, when is this equivalent to

closing them under the first proverty followed by closing

-:;

them under the second rroperty In L this would tramslate
into: when does Cl‘v 02 = 62C 7 deg neave Jjust seen that
©:05 & C,0y is a sufficient condition {and clearly nec-
essary)(elso sce s.g. [20]). 4ncther formulation for
dealing with this guesvion 13 given by vhe following
simple generalization of a thecrex due to 3aumann aund
Pfanzagl [1]:

PROPCSITION 2C: If C’Cl""’ck are algebraic pre-closures

w

equalities CﬁCQ’gg(C U S5 Uu... Uc,_)

L. ~ - N~ >
, teen {(C UC, U .. UZC)
- LY

w

c(@lu...Uck).

Proof: ~sirst we show that for any integer m, C,7C is
. ~ . ~.w ~ - o o . .
contained in O (vl U...U¢C.) , forl1<ic< k.
i <1<

But this will eeasily follow froz noifing thet
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O/ ~ ~ w (28]
C (L/lU o >0 U\Jk> = <CUCIU L] Uck)
‘(Cl U... uc
CRIVR VR c“’g_c‘*’(clu ... Uc)”, end
then from Proposition 18 we have the conclusion.

w
) . As an easy consequence

N

The chapter will conclude with a coupls of remarks on

P

the lattice L of closurs operators.

PROPOSITICON 21: The family of enary closures is closed in
L with respect to finite surremun.
o -~ - */'
Proof: OLuppose C and ¢ are Nl-ary and Ng—ary respec-

< (CUCcYH

t
D
ct
b=
-y
I

tively.

N

= max(Nl,N2>, Then C N

implies cl\i" c (CUCH, te. C = (CU c*‘),\f"°
w
Likewise C' <= (¢ U c*),m‘,", Thus (C U ¢ =

NI . o .
(c VU u*)w , i.e., (CU ¢ is H-ary.
PROFOSITION 22: If 3C_% __, is a family of N-ary closures
AL
for a given integer N, then \/{ua: aaa} is also N-ary,

rroof: For a given men

right hand side oI this ineguality is a closurs we
" . . w .

have (V $C_: aci}) = ( V’{Ca: ach § )y » 1eec,
(=4 L

Vsc . aci is an H-ary closure.
b
-



CHAFTER II

1. Extensions and Restrictions

of Pre-closure Spaces

In the formal study of any particular species of
mathematical systems we are interested in kaowing what
properties of the systems will be inherited by subsystems,
and what desirable properties we might gain by embedding
in a larger systez. We will consider the same gquestions
with respect to pre-closures.

Since the fundamental set 3 will no longer be fixed,

define a pre-closure space as an ordered pair (C,S), where

~

C is a pre-closure on S. Suppose (C,S) and (Cl,Sl) are two
pre-closure spaces. If there is & one-one mapping from S
into Sl, say ¢, such that for any A countained in S we have
©C(4) = Cl(w(A))(] ¢(S), then (Cl,Sl) will be called an

extension of (C,S), and (C,S) will be called 3 restriction

of (01,51). In what follows we caa assume without loss of
generality that O is a subset of Sl’ and the condition
defining an extension is simply Cl(A)fW 8 = C(4).

PROPOSITICN 1: If (C,,3;) is & topological pre-closure
.

1
space, then any restriction (C,3) is topological.
Froof: C(4UB) = ¢;(AU 3) N 3 = (S (4) Ucy(B) N s
= (¢ Q)N 8) U (5B N 3) = ¢(a) U c®.

FROZOSITION 2: If (Cl,Sl) is an N pre-closure space,



-27-
then any restriction (C,8) is an \ pre-closure space.
Proof: If x e C(¥), then x & Cy(P) N s, so for some 9
contained in F we have x ¢ CI(Q)f\ S, where the
cardinality of 4 is less than N , i.e., x € C(Q).
We can rephrase the above two propositions to say that
any pre-closure space which is not topological (or 7 ) can-
not be extended to a pre-closure space which is topological
(or }? ). The following proposition is the most important
of this section in view of the representation theorem for
operational closures which will be proved later.
PROPOSITION 3: Every algebraic closure space (C,S) can be
enbedded in an N-ary closure space (Cl,Sl) (where N is a
positive integer greater than two). Further, if S is at
least denumerable, then S1 can be chosen so that it has
the same cardinality as S.
Proof: Let (C,S) be an algebraic closure space and [ a
positive integer, N > 2. If F is a finite subset
of 8, let n(¥) = ?i c(?) = [Qigjil(i.e., o(F) is

N-1
. . n(FP)
the greatest integer less than or egqual to = ).
P P .
Let x co sy Xr - 2 rd ng of the elements
G,10 '35 n(F) be an ordering of o

of P. Add new elements XE’J to S, where 1 < i <o(P),
1<J<n(E) - 1i(B-1), and designate the set 5 U
3 xf,j: P is a finite subset of S, 1 < i < o(P),
1<§<al® - i(8-1)§ by 8. Define a set

function ¢o from Sl to Sl as

£
P P o
0%y pagseeesXs ) = E¥,p a8 for 0i<o(®)
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and 0 < k < n(P) - (i+1)(N-1),
op(xg(py 5t 0 < § < a(®) - a(B)E-1]) = ¢(2)
wP(R) = R for all other R contained in 8.

Next we define a function ¢ from Sl to Sl by

o(R) = LJ{wP(Rl): R, = B, P a finite subset of S3
U r.

Clearly ¢ is extensive znd isotone, i.e., ¢ is a

pre-closure, and indeed an N+l pre-closure.

Let Q be a subset of S and suppose x € ¢(Q) [} S.
Then either x € Q or for some finite subset P of S
we have x is in @P(Ql) where 3; < Q, and if x is
not in Q;, then P = @, and x ¢ C(Q). Now by in-
duction we will show that x € ¢7(Q) () S implies x
is in C(Q) for any positive integer n. Suppose
the assertion is true for wn(Q){) S. Then if
X € @n+l(Q)/7 S, either x € J or for some finite
P contained in S, x is in @P(Rl)/7 S, where
P‘l C_;@H(Q). We will consider three cases. (i)
Suppose Rl‘;; 3 and Rl # P. Then x ¢ Rl’ S0
x € ¢%(Q) and by the induction hypothesis x € C(3).
(ii) R, = 5 and Ry = F. Then x € @P(P) which

€

O Hj

implies x € C(?). Now P & wn(Q) implies x

+d
0™(g), 1 < j < n(P), and by the induction hypothesis

P
*0,3

then C(P) =0C(R), so x & C(. (iii) 2 &£ s.

€ C(Q) for 1< j < n(B), i.e., P = C(Q). But

ms - a2 3 = F .
Then x € @p<“1>/7 S implies Rl - ZXG(P>,3'
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1<3j<n®) -o@)(W-1)f and o(P) > 1, i.e.,
F n, P _ -~
Xg(p),5 €@ (R, 1 <3< n;P) o(B) (W 1])L.
: a4 _ on=1,.
This necessarily implies X5(p)-1,3 € @ (2),
1<j§<n® - (g(8)-1)(H-1), and in a finite num-

ber of steps we have xg - @n_U(P>(Q), 1< 3 < n(B)
"1V

i.e., P & ¢n_0(:)(Q). But now the induction

nypothesis epplies (since P = §) and we have
P

0,3
C(P) = C(2). Now x is in @P(Rl) () 5 implies x

e C(Q) for 1 < j < n(P), i.e. P = C(Q), so

is in C(P), and thus x € C(Q).

Thus for all § = 3, ¢~ (DN 8 =c(3) for n =
1,2,.... Now define Cl Yo be ﬁwe By Proposition
13, Chapter I we see that Cl is an N+l-ary closure,
and from the above results Cl(Q)fW S < £(Q) for
all Q contained in S.

Suppose now that § &= S and x € C(3). Then for
some finite P contained in 3, x € C(¥). Now, for
1 <J<a(@ -8+ 1w have
315,3- € wP(ng,j,m,xg,jJrN_l}) < ¢(F) < o(2)

S (W) Taus o(fx; .+ 1< <n@®-N1d) &
- 3
Cl(Q), which implies xg . 1s a member of Cl(Q) for

1 <3 <n(P)-2(8-1), @nd in a finite nusber of steps

wa nat VP 'S A) s 5 N (BN (0
we have Xj(py o € vl<q> for 1 < § < n(¥)-c(¥)(N-1),
thus C(2) = o ({xi(P> 1<i<n(B)-o(B)(F-1)}) &
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Cl(Q){W 5. Combining this with the above gives
C(R) = Cl(Q)/W 3, which means <Cl’sl> is the desired
extension of (C,S3).
Finally, in the construction of Sl we 2djoined

to each finite subset of S a finite number of new

COROLLARY: Let (U,S) be an z2lgebraic closurs space. Then

ctension of (C,9.

~
(&
(]
Ay
=
@
13

not countable., Let
Then Cl(f){7 3 = C(F) implies C,{ZF) is not countable,
so (Cl,Sl) cannot be operaticnal.

Conversely, suppose C(I) is countable for zach

finite F. Let (Cy,5;) be tae exvensiocn constructed

in Froposition %, and supnose Ul is z finite sub-
c

.
L
thet ¢(R) is countable. Then by a sizplie inducition
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FPROFOSITION 4:
to an operational closure

operational closure space.

An N-ary closure space

space if an

(C,8) can be extended

2,

only if (C.3) is an

Proof: (Lpply the preceeding ccrollary.)

FROFOSITICN 5:
necessarily enary.

Proof:

Coubine the results of Proposition % with

The restriction of an enary closure is not

second example in the prool of rroposition 15,

Chapter I.

PROPCSITION é&:

The restriction of an operational closure

‘space is not necessarily operzational.

(3ame as above.)

PROPOSITION 7:

closure operators to a closed subset (i.e., 2

The restriction of any of the special

subset P

such thnat C(P) = F) yields the same kxind of closure.

Proof':
N closures.
closure and ¥, is
the restriction to

of Pl. Then C(3)

= Pl, and thus C)?

&y

this we can easily s=e

erty i1s preserved.

and thus it follows

we have already proved it for

30 suppose (Cl,sl) is an

topological and
k4
AN -ary

Let (C.F;) be

the cperaticnal prop-
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2. Algebraic Homomorphisms, Congrusncss
k]

and Factor Spaces

The theory of algebraic closure homomorphisms will be
patterned after the theory of homomorphisms of algebraic
systems. In particular, from the property that algebraic
homomorphisms map subalgebras onto subalgebras we absiract
and give the following definition. Suppose (C,53) and (QPSI)
are closure spaces and 9 is a map from S into Sl such that
o(C(L)) = Cl(@(A)) for all i contained irn 5. Then we will

call © an algebraic closure nomomorphism and we use the

obvious generalizations of isomorphism, homomorphic image,
etc. For the remairvder of this chapter we will drop the
word algebraic and simply speak of closure homomorphism.
PROPOSITION 8: (i) Compositions of homomorphisms are homo-
morphisms, and (ii) inverse and direct images of closed
subsets are closed under homomorphisms.
Proof: Fart (i) is straightforward. oo suppose ¢ is
a closure homomorphisa from (C,3) 5o )
direct image of a closed subset of S is =z closed
subset of 3, as 1s clear from the definition o

1
a closure homomorphism. L2t us now consider the

1
—ln A~ p
= ¢ "Cie(e lvl(al)) = 9

and thus ®-1(01(A1) is clos
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Now, for any mapping ¢ from S to Sl we have @_lw is
a topological clesure operator on S since @_l@(A UB) =
o™ e(a) U 0(B)) = ¢™30(4) U v *0(3). inother important
property of @—l@ is that if we view 1t as a subset of 53X S,
then it 1s an equivalence relation. (As a side remark we
can easily see that any relation on 3, considered as a set
mapping, is a topological pre-closure, and this immediately
leads to the possibility of studying cthe uniform structures
of topology in terms of filters in the lattice :’ .) Let
us denote the family of equivalence relations on S by
E(S). The equivalence relations on a closure space (C,S)
which are formed as above by closure homomorphisms will be

called closure congruences, and the family of congruences

for (C,S) will be denoted by ,2KC,S). Tae next three
propositions will give an axiomatic characterization of
X(c,s).
FROFPOSITION ©: 1If we let Z be the equivalence relation

o 1

associated with the closure homomorphism ¢, i.e., 8 = ¢ ~o,

then, we necessarily nave T8 = EC.

ty

roof: 3ince ¢ 1s a closure homomorphism, then ©C = Ci0.

=1
Thus ¢C(¢ "¢

1]

=1
Coo(e™79) = Cy¢ = oC. 3o we have
- r~ —l "'l ~ : nfaknl
© “¢Ce "¢ =9 "0C, i.e,, 2CE = EC.
From this proof we will see that not every equivalence
-2
% on a closure space (C,S) can be written irn the form ¢ ~o©
for some closure homomorphism ¢ (i,e,,.af(C,S) is properly

contained in E£(8). Iet 5 = §1,2,3}, E = {(1,2).(2,1)3 U
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A (where A is the diagonal relation), and define C({1l%)

{15, otherwise C(P) = S. Then EC(§{1}) = §1,2}, whereas
BCE(I1§)

Next we will see that the identity ECE =

e3]

C actually
characterizes the class of congruences among the class of
equivalence relations by proving a direct parallel of the
fundemental homomorphism theorem of general algebra.
FROPOSITICHN 1C: Let (C,S) be a closure space and Z an
equivalence relation on S such that ECE = EC. Let Sl = 3/8,
and define Cl to be tne set mapping uCu’l, where 1 1s the
canonical map from 5 to Sl' Then Cl is the unigque closurg

on Sl such that p is a closure homomorphism with congruence

Al
&

Proof: Let 4,B be subsets of S;. Then Cl(A) = uCu’l(A)
= uu A = i, aad if A & B, tnen u-lA §E-u-lB,
S0 C(p'lA) EE(Xule), thus uCu’l(A) = uCu—l(B),
and thus Cl(A) = C (B). Finally, ClCl(A) =
wep tuop(a) = e luCu pCu (L) = uECECH™I(4)
wop~t(4)
= Cl(A). Therefore €, is a closure operator. Now,
Yo verify thet u is a closurc homomorphism we have

Ial -l ~ —l e -~ —l
\le_ = '}_LCp_ L= ulnm ) .".‘4 . i o

-]

N
>

g
[1i

halal -—L ; val o —l -
= uzllu ~(4) = p3Cu (&) = up “uCu

i}
[
-
=
«
"
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= uC. The unigueness of Cl follows from the feac

that uC = Clu implies ulu =
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(i) E belongs to ?L)(C,S)
(ii) ICE = =C

(1ii) CEC = EC

(e

=

(iv) CE & EC
Proof: (i) implies (ii) by Proposition 9. Suppose (ii)

il 0

5C5 = EC implies ECEC = ECC = XC,

4

is true. Then

L

But from zC &< CiEC &= ECEC we can conclude CiC = EC,
i.e., (iii) is true. (iii) clearly implies (iv)
and from (iv) we in turn obtain (ii) immediately.
Finally, by rroposition 10 we have (ii) implies

that (i) is true.

We see that C5 = 5C is tooc strong by the example:
S = {192,5}a C<{l}) C<{2}>
C(P) = 85 8, = {1,2}, ¢y (P)

c({1,23) = {1,2}, otherwise

P for all P contained in Sl;

0(1) = 1, 9o(2) = 9(3) = 2. ilso CiC = ZCE is too weak by
the example: 3 = {1,2,3}, & = AU¥#(1,2),(2,1)}, and define

c(i13) = £13%3, C(P) = S otherwise.

£

rom statements (ii) and (iii) of Fropesition 11 we

e A(C,3), then AC is a closure opera-

5]

easily see thet if
tor, whereas T3 may not be (otherwise from (ii) we have

-

C3Cs = CEC, and then 3 = CIC which with (iii) would give

Using the laws of rroposition 11 we see that 1if
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possible to find a closures space (C,S5) and a congruence
E ¢ HX(C,3) such that for some T the above five sets are
distinct? (The question is an obviocus rewording of a well-
known problem in topology using the Kuratowski closure
operator and complementation.) The answer is shown to be
in the affirmitive by the following. Let S = {1,2,5,4} :
C({13) = C({3%) = ¢(i1,3%) = {1,323, C(¥) = {1,2,% if 2,
but not 4, is in F, and if 4 is in P define C{F) to be 3.
Then with = A Ufa,2),02,1),(3,4),(4,3)} we have
ECE(P) = 2C(P) = 3 for all F. so B¢ A (C,3). Now,
choosing P to be the singleton 31§, then C(F) = £1,3%,
BC(P) = 8, Z(P) = 11,2}, and C¢B(F) = {1,2,3}, giving the
desired five sets.
FRO¥OSITICN 12: Suppose & is a member of E’(S). Then the
family of C in I such that & ¢ A(C,S) is a complete sub-
lattice of L.
Proof: Let {C }gfﬁ be a subfamily of L such that £ is
in each A(C,8). Then (A §¢,: aeif) = (N1 {c,:
act b)) < (]{Eca: zei} = B( {Ca:asé.}) =
B(A {Ca: agh §), so 3 is in 2{04{03: ach?).
To snow that we nave closure under earvitrary
supremum, first note that (i) if C is in L and
rdinal g, and

CE & 0y then C72 < 07 for any

v
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that E is in each H(C_,S), then (U {C,: aca })3
= (Uic,E: aci$) = (U {EC,: aca}) = B( UZC,:
ach ¥), and thus ( V’fca: act )8 = (U ic,: 2e4$)%E
<= i( Ll{Ca: ach 2)9 = B( V’{Ca: acA ), where ¢ =
oy {ca: acl §).

Although E(S) can be canonically embedded in I or L,
it does not form a sublattice of either. (One should be
careful not to confuse the intersections of members of E(s)
considered as subsets of S X3 with the intersections of the
same considered as members of I’.) Still, we have:
PROFOSITICON 13: E(S) is closed in L under arbitrary
supremum.

Proof: Let I ¢ £(S) for a in A. By Proposition 6,
Chapter I, it follows that (JiEa: ach ¥ is a 2 pre-
closure, and since w is regular, then \/{Ea: ach ¢
is a 2 closure. Now we only need to show that if
(V iz aea)(§xd) N (Vizs: aerad (5D # 4,
then ( V’{Ea: ach})(§x3) = ( V’{Ea: acr¥) Iy,

S0 suppose we have such a non-eampty intersection.
Then for some positive integer n, (U {Ea: aeA})n(x)
N (YU fEa: ae£8)%(§y3) # ¢ whicn, since the B, are
al~-~3an(§XE) N

Eb ---Eb (333) # 4 for some choice of subscripts
n

e]

topological, implies

al,.co,an,bl,,c.,bn. From this we can easily see
that x is a member of (&, -« B, ---3_ )y}
a b b
1
n

which is conteined in (U B.)°(f{33%), and this in
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turn is contained in (V {Ea: aet?)(§y}), and by
synmetry we can conclude the desired equality, and
thus it follows that \/fﬂa: 2etf e £(8).

In general A(C,5) is not closed under finite supremun
or finite infimum in the lattice E£(S), and even the con-
dition that C be an N, closure is not sufficient.
PROPOSITION 14: If (C,3) is an algebraic closure space,
)%(C,S) is closed under arbitrary supremum in é(S)c

Proof: Let Ea be a subset of }k(C,S) for o in I, and
we can assume without loss of generality that I is
an initial segment of the ordinals. Then an easy
induction establishes the inequalities

UZEa:asI} = u {Ea: wely < (Y {Ea : ocsI})w
and this gives for each finite n the inequality
(UlB: ael})" = uif :0eI})® = ( V{E, :xel}).
From the fact that Ea is in JE(C,S) another easy
induction leads to C(u{3,: aeI})? g;(u{ﬂa:asl})nc,
so C(U {E: aeId)® =o(uis xeld)? =
(p{Ea: eI < ( LJ{EG: asI}fDC. Now from the
act that C is algebraic we can conclude C( U {Ea:
aal}fu <= ( Llea: uaI}fuC, ice., C( V’{Ea:asl})
= ( V’{Ea: acl?)C, so \/{Ea: «cI$ is a member
of A(C,3).

If (C,8) is an algebraic closure space,

ky

the partial ordering of J{ on ;?(C,S) we see that z%TC?S)

is a complete lattice.
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The following proposition gives a nice translation
property which will be important in the representation
theorem involving congruences.

T o

ig a congruence for (C,8). If

i

DPROFPOSITION 15: Suppose

P and 9 are subsets of 2 satisfring 2(P) = 5(3), then for

any x in C(F) there is a y in C(Q) such that xTy.

Proof: HNote that C(P) &= Ci(F) = CE(%) = wC(9Q).

The following formulations of the isomorphism theorems
of E. Noether (see [6]) will show how closely the theory
of closure spaces reflects that of universal algebras.
PROFOSITICN 16: Let ¢ be a closure homomorphism from (C,S)

to (Cl,S Then if £ is a congruence on (C,S) which is

l)'
. . g . 7 . . -l * N .
contained in the kernel of ¢ (i.e., in ¢ ~ov), then there is

)

a unigue homomorphism ¢ from §/& to 3, such that ¢ = ou,

1
where u is the canonical homomorphism from 3 onbto S/8.
Proof: (in easy rewording of tne proof on page 60 of
[sl).
PROFOSITION 17: ILet (C,3) be a closure space, and 4 a

closed subset of S. If Z is a congruence on (C,3), then

(4,C9)/3, A (B4,5,)/8

where Cl and 5, esre respactively C and I restricted to &,

~

s and E2 are C and & restricted to IZ:x.
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PROPOSITION 18: Let (C,S) be a closure space and El,E2
two congruences such that El = EZ' Then there is a unique
homomorphism ¢ from S/El to S/E2 such that (nat El)@ =
nat E2 (where nat means the canonical map to the factor
space). If ker(op) = E2/El’ then Eg/El is a congruence on
S/El and ¢ induces an isomorphism
g: (S/El)(Ea/El)--=>S/E2

such that ¢ = (nat Ee/El)c.

Proof: (Same as the proof of Theorem 3.11 of [6] on page

61).

5. Representation Theorems

In this section we will be concerned with filling in
the various kinds of closures with general algebras, so we
will begin with the new notation and definitions needed.

A mapping f from a finite Cartesian product of S into S will
be called finitary. If F is a family of firitary meps,

then (S,F) will be called an algebra (or azbstract algebra).

An algebra (8,F) is W-ary if every operation belonging to

F is at most N-ary. The mapping C defined by C(P) = “the
smallest subset of S containing P and closed under the
elements of F  is an algebraic closure. The closure so
defined is called the closure induced by (S,F). Conversely,
given a closure C, then any algebra whose induced clcsure

<

is C will be czlled an azlgebraic representation of C (or of

the closure space (C,S8)). For the seke of completeness the
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first two propositions will state known results.
PROPOSITICN 19: (Jurgen Schmidt). A closure C is induced
by an algebra if and only if C is algebraic.

PROPOSITION 20. (Zdward larczewski). & closure is induced
by an N-ary algebra if and only if it is N-ary.

PROPOSITION 21: Let C be an zlgebraic closure. Then C has
an algebraic representation by some (S,F) with F finite if
and only if C is operational.

Proof: ’ﬁssume C has an algebraic representation by
(S,F) with F finite. Let K be the maximum n such
there is an f in F and f is n-ary. Then for all
P contained in S define Cl(P) = (Jff(?n): feF,

domain (f) = 8%% U P. (Jirgen Schmidt uses this

particular pre-closure in [171). If 4 < M, then

Cl(Q) < (?)(KM)+MQ Let the latter expression be
L. Without much difficulty we can show Proposition
14 applies, so C is operationzal.

For the converse assume that T is operationzl

with index N. Then let Ci. ¥ and L satisfy the

ed
ct

conditions of Proposition 14, Chapter 1. For ell

o s R o
3 such that § < M let aj‘,a“,a.l.q pe some fixed
L J

ordering of the elements of cl(q), where the ele-
ments of Cl(Q) m&y appear mere then once so that
the sequence has L mexzbers, and (2) zall the
gelements of Cl(Q) must appear in the secuence.

Then define the finitary functions fi from 3" to S
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for 1 <i<1by fi(xl,.gust) = aiQ where 3 is the
set of elements fxl,oqo,xm? . (Note that the
operations have been chosen symmetric). 2lsc adé
the nullary functions alﬁ,“q,aMgg (if they exist).

Now using property (ii) of Proposition 14,
Chapter I it follows readily theat Cl(P) =
U ifi(f—m); 1<¢i<i3Uia? 1<i<ul, and
then from property (i) we can verify that C is
induced by (3.F), where of course F is the set
ifi: 1 <i< L, and therefore C has an algebraic
representation with F finite.

From the proof of Proposition 21 we see that an oper-
etional closure with index N has a representation by an
algebra (S,F) where F has at most N+2+2(N+l>(N+l) maps, and
each of the maps are (H+l)-ary. Tae following example will
show that Froposition 21 provides 2 simple necessary and

-

sufficient condition for an important class of closures to

have an algebraic representation by an algebra (S5.F) with
-~ v b2
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finite. Let
C(P) be the filter generated by F (i.e., the least filter
containing F). Then ¢ hes an algebraic representation by
an algebra with a finite number of maps if eaxnd only if for
each x in S the set C(fx}
need only note that © = C
that CB(fx,y}) is equal © C%(inf(t?y)). Fron the remexik

following Irroposition 21 we see that 1 we heve such a
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representation, then I nsed consist of at most 27 ternary
maps.
PROPCSITION 22: GSuppose & 1s a congruence for the closure
space (C,8), where C is algebraic. Then there is an
abstract algebra (S,7) such that the induced closurs is C
and such that & is a congruence for (3,F) in the seanse of
general algebra.

-

Proof: ®Hor e

©

ch finite set § and cach x in C(Q) define
The Q-ary map I~ by:
%4 X

X<O.l‘)°"°‘:qn> = X if {Q.l‘:""“)o } = Q,’

fﬂ\
2 0

b

fQ,X<ql’ o e e ?qn) =7

v

where g. € 2(%), g, is not in 3 for soze k,

and vy is some zlement in C{{q.....,a_?) which
2 ¢ 1-q

Hd

is eguivalent to x as guarznteed by Proposition

15,

Then letting F = {f, : Q S35, x & 2} we have
the desired algebra.
CORCLLARY: Let ¢ be a homomorphism from the algebraic clo-

sure space (C.3) oato the clesure space (L

can fit th

(49

spaces (C,35) andg (07,51) with algebraic struc-

tures such that ¢ is an a2lgebraic homomorphisz and The

M

algebraic structures induce the respectlve closure spaces.

Proof: e consider the ceongruence 9 "¢ oa ({.3) and

apply Proposition 22 to cbtain zn algebra (3,F)
which induces (u,3) znd for waich ¢ ~¢ iz & con-
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gruence in the sense of general algebra for (S,F).
Then we define an algebra (Sl,Fl) on Sl by requiring
that g € Fl if and only if there is an f € F such
that @f(xl,...,xa) = g(w(xl),...,w(xn)) for all
Xy eeesXy in §. With this it is easy to show that
(Sl,Fl) induces (Cl,Sl) and that ¢ is an onto
homomorphism from (3,F) to (Sl,Fl).

In conclusion it might be appropriate to remark that
much of this paper was motivated by studying tae possibil-
ities of a finite functional axiomatization of a logic in
the spirit of Tarski’s study of the possibility of com-
pleting a consistent theory [21], and later by an interest
in using closures to circumscribe some important aspects

of generzl algebras.
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