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Abstract

Electrically small antenna (ESAs) are a fundamental component of size-constrained

communication systems. Digital devices also play an important role in modern

communication systems, and significant improvements to digital hardware over the

past 50 years has resulted in increased performance and size reduction of the digital

components. However, ESAs themselves suffer from fundamental physical limita-

tions, often making them the single most restrictive component on modern commu-

nications systems’ performance and size. Some researchers have turned to using

nonlinear and time-varying (non-LTI) devices to circumvent the bandwidth limits

on ESAs to improve signal throughput. Most of these efforts have been on transmit-

ting systems, and converting these solutions to receivers is often unfeasible. This

work addresses the lack of novel methods for circumventing the bounds on ESA

performance by leveraging classic parametric amplification to tune ESAs to reso-

nance while improving their bandwidth. Using multiple simulation methods, three

different parametrically tuned antennas are designed and analyzed, with one result-

ing in a sixfold increase in bandwidth compared to the same antenna without the

parametric tuning. Additionally, a model is established for parametrically tuned

ESAs, and is used to analyze the optimal performance for such antennas.

xvi



Chapter 1

Introduction

1.1 Backgound

Electrically small antennas (ESAs) are important for communication systems

with limited platform sizes, but have fundamental limits on their minimum attain-

able radiation quality factor and radiation efficiency [1], [2], [3], [4], [5] which

impacts their ability to transmit and receive communication signals. These limits

were explored in [1] and formally defined in [2], where the minimum quality factor

(Q factor, or just Q) and maximum antenna gain G to Q ratio were defined us-

ing a number of TEn,0 or TMn,0 far field modes and the size of a circumscribing

sphere for an arbitrary antenna. Minimizing Q is critical as it is inversely propor-

tionate to bandwidth, and a larger bandwidth means more information the antenna

can either transmit or receive at any given time. Since then, minimum attainable an-

tenna quality factors have been further investigated, including derivation of useful

approximations [3], reexamined for accuracy [4], and extension to arbitrary geome-

tries instead of a circumscribing sphere [5].

Due to the widespread use of ESAs there has been much work in maximizing

their performance. There has been a litany of novel structures that approach the

bound on gain and bandwidth [6]. Figure 1.1 is included to emphasize the amount of
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Figure 1.1: The radiation efficiency-bandwidth product of several passive, LTI
ESAs from literature plotted as a function of the electrical size (x-axis) of the cir-
cumscribing sphere around them ka [6]. Some of the designs that came the closest
to the bound are marked with the author and a citation number, and further dis-
cussed in [6]. The traces represent Chu’s limit for a single and a dual mode ESA as
a function of ka.

effort placed in optimizing the performance of passive, LTI ESAs, and comes from

the review in [6]. Each marker in Figure 1.1 is the radiation efficiency-bandwidth

product of a passive, LTI ESA in literature as a function of the electrical size of the

circumscribing sphere about the antenna ka and the traces are the Chu limit for a

single and dual mode ESA. There has also been work on optimizing the antenna’s

Q and gain within a fixed area [7], [8], [9], or utilizing multiple resonant modes [10]

to circumvent Chu’s limit [2]. Some work focuses on the matching network instead

of the antenna alone, like investigations into self-resonant versus tuned ESAs [11]

and optimizing wideband matching networks to ESAs [12].

All of the previously mentioned ESAs only focus on maximizing the antenna

performance within their physical limits, but are still constrained by limits on qual-

ity factor and radiation efficiency. A more recent strategy is to use nonlinear and

time-varying (non-LTI) components to circumvent the limits on gain and bandwidth

of electrically small antennas. Some methods use fast switching to directly modu-

2



late the antenna with the signal [13], [14]. Other methods focus on improving the

matching network from the antenna to the rest of the system by using fast switching

to prevent reflections from the antenna back to the system [15] and active compo-

nents to create non-Foster matching networks [16]. Another method looks at using

time-varying reactances to achieve gain and and bandwidth improvements. Time-

varying reactances have been used to achieve parametric frequency conversion with

ESAs [17], [18], [19] and degenerate mode and sub-harmonic parametric amplifi-

cation [20], [21], [22], [23] either on the aperture of the antenna, at the feed, or as

part of the matching network.

The major drawback of many of these non-LTI, time-varying systems is that

they generally only operate well as transmitters. One example is that modulating

the antenna directly with fast switching requires that the switch be driven by the

signal itself - this would not be possible on a receiving system. Another example is a

switching method like [15] which is specifically designed for transmit architectures

as this system is meant to synchronize with pulses coming from a transmitter such

that the energy from the pulses cannot be reflected back and continues to be radiated

by the antenna instead.

1.2 Parametrically Tuned, Electrically Small Receiving Anten-

nas

Like with fast switching, application of TV reactances for ESAs has also been

restricted to transmit system or frequency converting systems [17], [18], [19], [20],

[22], [23]. In the case of transmitting systems, most ESAs loaded with a TV reac-

tance implement degenerate mode parametric amplification, whose basic frequency

domain representation is illustrated in Figure 1.2a. The issue with degenerate mode

3



fs & fi fp

(a)

fs fi fp

(b)

Figure 1.2: Two stem plots of degenerate mode parametric amplifcation (left) and
non-degenerate paraemtric amplification. In the degenerate case, there is a har-
monic at a frequency fi that overlaps with the signal frequency fs, which disrupts
receiving communication signals. Since that harmonic and the signal no longer
overlap in the non-degenerate case, there is no disruption from the harmonic fre-
quency.

parametric amplification is that, due to the selection of the time-varying reactance’s

oscillating frequency fp, the first difference harmonic frequency fi between the

time-varying reactance and the signal is nearly or exactly the same as the signal

frequency fs [24]. This results in the first difference harmonic and signal directly

interacting, which greatly interferes with received signals [25].

Non-degenerate parametric amplification, however, mitigates this issue but has

not been implemented with ESAs. Non-degenerate parametric amplification is il-

lustrated in Figure 1.2b, which shows how the harmonic and signal now differ sig-

nificantly in frequency and no longer interact. Since the harmonic and signal fre-

quencies no longer interact in that way, non-degenerate parametric amplification

could be used with receivers for communication [25].

In this dissertation, the lack of solutions incorporating TV reactances for cir-

cumventing the limitations of ESAs on receive is addressed by leveraging non-

degenerate parametric amplification. Specifically, the bandwidth of a receiving

ESA is increased beyond its LTI bandwidth by using a TVC to tune it to resonate

and simultaneously achieve non-degenerate parametric amplification. The second

chapter briefly covers the analysis methods used here. The third chapter covers the

4



theory behind classic parametric amplification, discusses the gain-bandwidth lim-

itations of circuital parametric amplifiers, and then investigates those limits with

some examples. The observations made from this section help illustrate strategies

for improving the performance of parametrically tuned ESAs. The fourth chap-

ter covers designing a parametrically tuned ESA loaded with a time-vary capaci-

tance. This chapter includes derivations and analysis of generalized gain and band-

width equations and a gain-bandwidth relationship for parametrically tuned ESAs,

a method for designing and tuning parametrically tuned ESAs using observations

from the derived equations, and an example of a parametrically tuned ESA. Chapter

five investigates improving the bandwidth of the parametrically tuned ESA by using

a single balanced topology for the TVC. This chapter looks at the theoretical en-

hancements with a classic, circuit implementation, and a single-balanced, paramet-

rically tuned ESA whose bandwidth is an improvement over the previous chapter.

The sixth chapter uses a filtenna as the ESA instead of a singly-resonant antenna to

further increase the bandwidth, which includes looking at a circuit implementation

like the previous chapters and then at a parametrically tuned ESA version. The sev-

enth chapter explores a method of testing the stability of distributed, time-varying

structures. Finally, chapter eight concludes the work and discusses future goals.

5



Chapter 2

Analysis tools

This chapter is an overview of the different analysis tools used to produce all

simulated data and any closed-form equations derived in later chapters. The meth-

ods include full-wave electromagnetic solvers to calculate the antenna’s response,

calculations of time-varying systems in MATLAB and commercial, off-the-shelf

(COTS) circuit simulators to model the behavior of the antenna and the non-LTI

components, and a receiver model including an equalizer to analyze the perfor-

mance of the parametrically tuned antennas with a realizable signal.

2.1 Full-wave simulation methods

This section discusses the two full-wave, electromagnetic solvers used through-

out this work. Unless otherwise stated, all antennas are simulated in free space as

two dimensional conductive sheets that are either perfect electric conductor (PEC)

or a finite conductivity of 5.95×107 Ωm to simulate a copper conductor [26]. The

type of conductor used will be stated for each case.

To simulate the LTI antenna with the non-LTI components, voltage source(s)

are needed to represent the incoming plane wave at the ports. A single port is used

when the non-LTI element is at the feed of the antenna, but two ports are needed

6



when the non-LTI element is placed elsewhere on the aperture of the antenna. This

is done to represent the differences in voltage between two separate locations on the

antenna, and to represent the coupling performed by the antenna between the feed

and the non-LTI element. For either full-wave solver, the antenna is excited by a

plane wave co-polarized with the antenna incoming from whatever angle achieves

its maximum effective aperture.

2.1.1 Method of moments using antenna toolbox for MATLAB

The antenna toolbox for MATLAB (AToM) is a method of moments (MoM)

solver and is used for most of the antenna experiments [27]. It is easy to include

in analysis since it is directly integrated into MATLAB. MoM calculates induced

currents along the metallic structure from an applied voltage.

The MoM simulations used a “pixel-grid” mesh where two triangular mesh ele-

ments are used to construct each square element. The simulations used Rao-Wilton-

Glisson (RWG) basis functions with a integration quadrature order of five.

The MoM impedance model and voltage vector from the plane wave excitation

were then compressed using the theory of Shur Complement [28]. The impedance

and voltage were compressed down to only the number of ports loaded with ei-

ther the load impedance of the receiver or a non-LTI element. In most cases this

would be two ports, one for the feed network and one for the non-LTI load. When

used with a COTS SPICE simulation, the impedance matrix is converted into an S-

parameter matrix and the voltages were modeled as voltage sources in series with

the non-LTI element and the load.
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2.1.2 Finite element method using High Frequency Structure

Simulation

High frequency structure simulator (HFSS) is a widely used RF structure solver

[29], and is used to design the electrically small filtenna discussed in chapter 6. The

results of HFSS simulations can also be exported as touchstone files and loaded

with time-varying (TV) elements in another simulation software.

Since the amount of frequency content required for the TV system is unreason-

ably large for a standard HFSS simulation, the structure is simulated multiple times

over portions of the total desired bandwidth. Each simulation could then have an

appropriately sized radiation boundary box and solution frequency. Each simula-

tion swept far enough that it would overlap with the adjacent frequency sweeps, and

the touchstone data is averaged across the overlap to smooth the transition between

each simulation.

The HFSS simulation used interpolating frequency sweeps for the touchstone

data, and a single plane wave simulation at the signal frequency to extract the volt-

ages at each port of the structure. The simulations all used the iterative solver with

a relative residual of 10−6, a second order basis function, and lambda refinement

for the initial mesh of λ ≤ 0.1 relative to the solution frequency of each simulation.

The antenna simulated in HFSS was exported as a two port, Z-parameter net-

work. This is accomplished by simulating the antenna terminated with 50 Ω lumped

ports where the feed and capacitor should be and exporting the Z parameters. An-

other simulation is conducted with both ports left as open circuits and the voltage

across them is calculated. These voltages are then used as voltage sources in the

SPICE simulations at either port of the Z-parameter network representation of the

antenna. This method is similar to the one verified in [22].

8



2.2 Conversion matrices

Conversion matrices (CM) is a modeling method for TV discrete components

that uses phasor representations of the voltage, current, and TV circuit element to

represent the element as a impedance matrix where each frequency is a port [28],

[30]. These conversion matrices were used in tandem with MoM impedance matri-

ces to create conversion matrices method of moments (CMMoM) models of the an-

tenna loaded with TV circuit components. CM is also used in Chapter 4 to analyze

a circuit model representation of a parametrically tuned antenna. Since CMMoM

with compressed impedance matrices is very computationally efficient it was used

as the initial step in the simulation process, where applicable.

2.3 SPICE

The TV antennas were simulated in CMMoM initially, and then validated using

harmonic balance and transient SPICE simulations in Advanced Design Systems

(ADS) [31]. The SPICE model for a TV reactance can be found in [32].

2.3.1 Harmonic Balance

Harmonic balance (HB) is a circuit solver that partitions a circuit into its LTI

and non-LTI components to calculate non-LTI circuits. Since it is relatively fast it

acted as an intermediate validation tool in which tuning the TV antenna occurred.

Since the systems being simulated were only TV, the harmonic order of the signal

frequency stayed at one, while the harmonic order of the second frequency initially

started at six, but if disagreement occurred between the HB and transient SPICE

simulations, this order number would be increased to improve the accuracy of the
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simulation. To capture all non-negligible harmonics, a maximum mixing order

is set to be one integer higher than the harmonic order of the second frequency.

Additionally, the “robust” convergence method is used with “max. iterations” set to

“robust,” and the Krylov simulator matrix solver is used.

2.3.2 Transient

Transient SPICE simulations calculate the currents and voltages at discrete time

steps. This method is significantly longer than CM and HB, so it is best used as the

last step in the design process. Despite the runtime it captures instability and other

phenomenon not immediately captured by the other two simulation methods, mak-

ing it an important facet of the validation process. All settings used were default,

except that the convolution method is set to “strict.”

2.4 Receiver and Equalizer

In chapter 4 a receiver model is used to verify the actual signal fidelity of some

TV antennas. This is particularly important as the instantaneous bandwidth in the

frequency domain of a non-LTI system might not accurately represent the actual ef-

fects it has on a signal, as there may be interactions between harmonics or transient

phenomenon that degrades the signal quality but is not apparent when analyzing

total received power across frequency. A 256 symbol long 16-QAM digital mod-

ulation scheme is used, as it would illustrate the effects of the non-LTI system on

both amplitude and phase as a function of time.

To measure the error vector magnitude (EVM) of a TV antenna, the step re-

sponse of the TV antenna is simulated in the transient SPICE simulation at the phase

of each symbol of the modulation scheme. The step responses are then imported
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into MATLAB, where a pseudo-random symbol sequence (PRBS) is generated and

convolved with a train of step responses that matched the appropriate phase of each

symbol. This PRBS is then fed through receiver and equalizer model, and the EVM

of the signal is measured.

Since the here PSRB uses QAM, the receiver was designed to filter the sig-

nal, split the signal into in-phase and quadrature components, and then filter again

so the baseband response could be sampled by an equalizer model. The receiver

model begins with receiving the unaltered PRBS fed into a bandpass filter using the

MATLAB function bandpass(). The filter has a center frequency of 120 MHz,

a passband bandwidth of 40 MHz, and a transition width of 0.7. This signal is then

sent into two mixers oscillating at the center frequency, each 90◦ out of phase with

one another to produce the in-phase and quadrature signals. A 20TH order lowpass

butterworth filter is then constructed using the butter() function, and each of the

signals are filtered using the filtfilt() function. The in-phase and quadrature

components are then sampled and white noise is added using the awgn() function

to represent the cumulative internal noise of the receiver components. The white

noise was 30 dB below the peak power, resulting in a peak SNR of 30 dB. The

equalizer object is then called and the final signal is processed and the EVM is cal-

culated.

The equalizer itself is an adaptive linear equalizer [33]. A least means square

algorithm is used for training the equalizer with a step size of 0.001. The equal-

izer had ten taps and took two samples per symbol, with the first tap used as the

reference. Several symbol rates were used, but the energy in the signals of varying

symbol rates were normalized as the amount of energy in each signal changes as a

function of symbol rate. This energy is normalized to the amount of energy in the

256 symbol PRBS of the slowest symbol rate for each TV antenna simulation to
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more fairly compare the EVM of each symbol rate in terms of only inter-symbol in-

terference. External noise is neglected for this experiment, as it should be relatively

low compared to the internal noise as these frequencies [34].

2.5 Conclusion

This section covered the general methods of how the designs were simulated.

The antenna’s are modeled using full-wave simulations, and then the full, TV sys-

tems are modeled by importing compressed impedance matrices into circuit simu-

lations that include the TV components. In the circuit models, both frequency and

time domain calculations are completed to verify the accuracy of each simulation

and ensure stability. In some cases, signal fidelity experiments are also done to

understand the signal throughput improvements of the parametrically tuned ESAs.

In other sections, CM is used to derive closed form equations instead of outright

simulation with an MoM network representation of an antenna. The next chapter

reviews classic parametric amplifier theory to lay the groundwork for the paramet-

rically tuned antennas.
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Chapter 3

Classic parametric amplifier theory

This chapter is an overview of classic parametric amplifier theory. The purpose

of this chapter is to impart an understanding of basic parametric amplifier princi-

ples, which are leveraged in later chapters to improve the bandwidth of ESAs. Ad-

ditionally, some of the observations about maximizing the gain-bandwidth product

of a standard parametric amplifier are compared to the circuit analysis of a para-

metrically tuned ESA in the next chapter.

First, the governing, cross-frequency Manley-Rowe power relations are explained

in Section 3.1 with a discussion on the underlying mechanics that produce negative

resistance gain using a nonlinear capacitance. Section 3.2 reviews a classic circuit

implementation of a non-degenerate, negative resistance parametric amplifier. The

review includes previously derived transducer gain and gain-bandwidth equations.

Section 3.3 briefly discusses the theory of degenerate mode parametric amplifica-

tion. Following the review, section 3.4 utilizes the circuit model, gain equation,

and gain-bandwidth equations from section 3.2 to analyze four different paramet-

ric amplifier configurations to understand how the circuit parameters influence the

non-degenerate amplifier’s gain and bandwidth.

13



3.1 Manley-Rowe Relations

While parametric resonance has been around since the 1830s [35], it was first

formally introduced into electrical systems with the work of [24]. In [24], a set of

cross-frequency, power conservation equations named the Manley-Rowe relations

were derived. This section highlights some important points in [24] to setup the

explanation of parametric amplification in preceding sections.

The authors of [24] described the interaction of a signal frequency fs and a

pumping frequency fp on a nonlinear capacitor, but they also noted that these rela-

tions hold for a nonlinear inductor. Figure 3.1 is a circuital representation of these

two sources and all possible harmonics that occur. In the circuit, power at each har-

monic is isolated to a respective resistance using an ideal bandpass filter that permits

only one harmonic and rejects all others completely. Series voltage sources with a

resistance in each branch represent the real power that exists at each frequency.

For this circuit, power can be generated at, or delivered to, a frequency using the

series voltage source and resistor. Designing a parametric circuit usually focuses

on only the signal and pumping sources generating power, while all branches have

their voltage sources shorted. However, it is important to consider that in practice

the higher frequency voltage sources will not be zero in the presence of noise or

interferers.

Using this ideal circuit from Figure 3.1 the following relations were derived,

∞∑
m=0

∞∑
n=−∞

mWm,n

mfs + nfp
= 0 (3.1a)

∞∑
m=−∞

∞∑
n=0

nWm,n

mfs + nfp
= 0 (3.1b)
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Figure 3.1: Theoretical circuit representing cross-frequency interactions on nonlin-
ear capacitor due to multiple input signals of differing frequency.

where m and n are indices referring to the integer multiple of either the source or

pumping frequency, and Wm,n is the power at the harmonic frequency mfs + nfp.

These power conservation expressions were used in [24] to show the transfer of

power for inverting and non-inverting modulators and demodulators. For these ex-

amples, it was assumed that no current flows along any of the branches except for

the pumping and signal frequency along with either the first sum harmonic fs + fp

or the first difference harmonic fs − fp, often referred to as the idler. The authors

also placed the restrictions that the pumping frequency was greater than the signal

frequency and the pumping power was much greater than the signal power. Sec-

tion 3.2.1 and 3.3 demonstrate how this ideal analysis of equations 3.1 can be used

to amplify power at the signal frequency.

3.2 Parametric amplification

This section describes how a classic parametric amplifier operates by examining

the works of [24], [36], [37], [38]. All equations in this section, unless otherwise

stated, come from [36]. The focus of this section is on non-degenerate paramet-

ric amplification, where the idler frequency is sufficiently higher than the signal

frequency such that the idler frequency falls into the stopband of the signal fre-
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quencies’ branch and the bandwidth of the signal and idler do not overlap at all.

The case where this is not true is referred to as degenerate mode parametric ampli-

fication, and is briefly described in section 3.3.

3.2.1 Non-degenerate parametric amplification

Consider the simplified circuit in Figure 3.2a, where the idler is the only har-

monic at which current flows through the nonlinear capacitor. Using equation (3.1)

for the case where current flows on the nonlinear capacitor at the signal, idler, and

pump frequency, it can be shown that the power at the pump is positive while both

the power at the idler frequency and signal frequency are negative. This means that

instead of the reactance absorbing power from the signal it is instead generating

power at the signal and idler frequency. This particular phenomenon is the source

of negative resistance parametric amplification.

The version of Manley and Rowe’s idealized circuit shown in Figure 3.2 results

in a non-degenerate parametric amplifier, and will generate current on the nonlin-

ear capacitor similar to the sketch in Figure 3.2b. As illustrated in Figure 3.2b, the

current at the signal with some bandwidth exists at a lower frequency than the idler,

which is a conjugated copy of the signal. In the non-degenerate parametric ampli-

fier, only the signal current will flow on the signal branch of the circuit, and only

the idler current will flow on its respective branch. Overall, both the circuit model

and stem plot in Figure 3.2 demonstrate how the currents at the signal and idler

frequencies do not directly interact with one another, and only indirectly interact

with cross-frequency coupling through the nonlinear capacitor.
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Figure 3.2: This figure shows the reduced, idealized circuit to produce non-
degenerate parametric amplification (left) with an illustrative example of its fre-
quency content (right).

3.2.2 Non-degenerate parametric amplification circuit analaysis

The equations in (3.1) are useful to describe what is theoretically possible and

the fundamental limitations on power transfer across frequency, however, they do

not completely describe practical circuit behavior. Instead, it is typical to analyze a

parametric amplifier circuit model by representing the cross-frequency power trans-

fer from the pump and idler frequencies down to the signal frequency as a negative

resistance. This section introduces a circuit model and uses it to calculate transducer

gain from a power source (comprised of a voltage source and generator resistance

Rg) to a load resistance Rℓ. This transducer gain equation is then used to derive

peak gain and bandwidth equations, which are subsequently maximized to create a

theoretical limit for the gain-bandwidth product.

The first step in parametric amplifier circuit analysis is to assume that pumping

power is sufficiently larger than the signal so the system is only weakly nonlinear.

This assumption allows the nonlinear capacitor and pumping signal to be repre-

sented as a single time-varying capacitance (TVC), such that

C(t) = C0(1 + 2γ sin(wpt) + 2γ2 sin(2wpt) + 2γ3 sin(3wpt) + . . .) (3.2)
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where C0 is the static or mean capacitance of the TVC, γ ∈ [0, 1/2) is the modula-

tion factor of the TVC at the pumping frequency ωp, and the subsequent sinusoidal

terms and modulation factors represent possible higher order harmonic frequency

components of the TVC. The higher order terms (γ2, γ3,... at 2ωp, 3ωp,...) are

negligible if the nonlinear capacitance’s curve as a function of voltage is at least

approximately linear in the region of operation. Any simulations in this work only

have a non-zero γ for the fundamental TVC pumping tone.

Unlike the nonlinear capacitor model, the TVC model can be analyzed using

small signal analysis. With small signal analysis, it can be shown that when the

impedance of the TVC with an external circuit is purely real at the passband center

frequency fs and idler center frequency fi simultaneously, a negative resistance ap-

pears at and around the passband’s center frequency [36], [37], [38]. This negative

resistance is due to the inverse of the impedance at the idler frequency appearing

at the signal frequency and the magnitude of the cross frequency impedance of the

TVC itself |Z| = |Vs/Ii|.

A classic implementation of a negative resistance parametric amplifier, includ-

ing the TVC and external circuitry to cancel out the reactances at the signal and

idler frequencies, is shown in Figure 3.3. All currents at the unwanted harmonics

(any frequencies other than the signal and idler) are presented an open with the cir-

cuit in Figure 3.3 [36]. Since a realizable TVC component would have some series

resistance, it is modeled in Figure 3.3 using the resistor Rc. The series resistance of

the capacitor is important to model since it captures that currents at the unwanted

harmonic frequencies never see a true open.

The circuit utilizes a series resonator at the idler band comprised of an induc-

tance Li, a capacitance Ci, and some loss Ri, and a resonator at the signal band

made of an inductance Ls, a capacitance Cs, and some other loss Rs. These res-
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Figure 3.3: Implementation of Figure 3.1 to create a parametric amplifier using a
TVC model.

onators act both as filters to isolate the unwanted harmonics from the load and TVC

and to cancel out the reactance of the TVC at the passband’s resonant frequency

fs and the idler’s resonant frequency fi. The generator at the signal frequency is

represented as a series voltage source and a generator impedance Rg and is in series

with the load impedance Rℓ. In the examples in this chapter the loss of the signal

band resonator is combined into the load impedance. This is an accurate choice

when the signal frequency resonator is a part of the load, but is less accurate when

the resonator is a separate component from the load. This is also approximately

true whenever Rs << Rℓ.

Analyzing the circuit in FIgure 3.3 using small signal analysis shows the trans-

ducer gain Gt with the idler and signal circuits resonating simultaneously is

Gt =
4RℓRg

[Rnet
s −R−]

2 . (3.3)

The resistance Rnet
s represents all loss present at the resonant frequency, which is

Rnet
s = Rg + Rℓ + Rs + Rc [36]. The negative resistance R− due to the idler
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impedance coupling into the signal is

R− =
γ2

ω1ω2C ′Rnet
2

(3.4)

where the effective capacitance C ′ is C ′ = C0(1− γ2) and the loss seen at the idler

frequency is Rnet
2 = Rc+Ri [36]. The effective capacitance is due to slight detuning

in the mean capacitance and should be used instead of the static capacitance when

calculating the component values for the resonators. Equations (3.3) and (3.4) are

fundamental in designing a parametric amplifier as they show the max gain achiev-

able at resonance for a design, and the negative resistance term specifically informs

on how to tune the TVC for amplification. Furthermore, the condition Rnet
1 > R−

can be used to predict if the amplifier is stable, and it is most likely stable when it

the inequality is met.

3.2.3 Amplifier bandwidth

Modeling the transducer gain across frequency requires modeling the frequency

dependent impedance instead of assuming the entire circuit is resonant like in equa-

tion (3.3). Instead of modeling the entire impedance across frequency, the impedance

of the circuit isolated to a narrow bandwidth around the signal and idler frequency

is used. The impedance of the circuit about the signal frequency Z ′
s is the sum

of the impedance of the signal tank Zs and the TVC’s impedance Xc, where the

impedance of the circuit about the idler frequency Z ′
i is the sum of the idler tank Zi

and the TVC.

Since these resonances are series, a linear, narrowband approximation is imple-

mented using the quality factor of the total circuit at the signal frequency Q1 and at
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the idler frequency Q2 such that the impedances can be modeled as

Z ′
s = Zs(ω ≈ ωs) + Zc(ω ≈ ωs) = Rnet

s (1 + j2δsQs), (3.5a)

Z ′
i = Zi(ω ≈ ωi) + Z∗

c (ω ≈ ωi) = Rnet
i (1− j2δiQi). (3.5b)

Normalized frequency δs/i is used so the expressions can model an amplifier re-

gardless of any specific operating frequency. The normalized frequency across the

bandwidth of the signal δs is defined as δs = (ω − ωs)/ωs, and the normalized

frequency for the idler resonant frequency δi is δi = −ωs/ωi · δs. Solving for the

transducer gain using this approximation results in

Gt =
4RgRℓ[

Z ′
s − R−

1−j2δiQC
i

]2 . (3.6)

Equation (3.6) shows that the lower the Q of the resonators the less the gain decays

across the frequency. However, increasing the Q does not only increase the band-

width of the gain, but also influences the maximum gain as well. In [36] there is the

relationship

Gtb
2 =

4RgRℓ/(R
net
s )2

QC
1 +

ωs

ωi
QC

i

(3.7)

That represents the gain-bandwidth product for a high gain parametric amplifier.

According to an example in [36] 20 dB of gain is sufficiently high for equation (3.7)

and is the standard for the analysis in this chapter.

To find the absolute theoretical limit for the gain-bandwidth product, equa-

tion (3.7) can be maximized. The minimum possible quality factor at the signal

and idler frequencies is that of the TVC itself QC, so by assuming that this qual-

ity factor has been achieved and the load and generator resistances are selected to
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maximize power transfer, the gain-bandwidth relationship becomes

Gtb
2 =

1[
QC

s + ωs/ωi

γ2QC
s

]2 . (3.8)

This equation can be further reduced by noting that it is maximized when

QC
s =

√
ωs

ωi

1

γ
. (3.9)

Using these two relationships the the absolute maximum achievable gain-bandwidth

product can be found with

(G
1/2
t b)max =

γ

2

√
ωi

ωs

. (3.10)

This gain-bandwidth product assumes the amplifier is operating in a high gain state.

When this quality factor is not achieved or when the load and generator do not

match the maximum attainable gain-bandwidth product will not be reached.

3.3 Degenerate mode parametric amplification

A parametric circuit similar to the non-degenerate parametric amplifier is the

degenerate parametric amplifier, illustrated by the alternative Manley-Rowe circuit

model shown in Figure 3.4a. Unlike the non-degenerate case the signal and idler

frequencies share a branch because they are now close enough in frequency that they

fall within the same passband. The degenerate mode class of parametric amplifiers

can be split into two sub-categories: one is phase-coherent such that the pumping

frequency is exactly twice the resonance of the signal circuit and the other is phase-

incoherent where the pumping frequency is nearly twice the resonant frequency of
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Figure 3.4: This figure shows the reduced, idealized circuit to produce degenerate
parametric amplification (left) with an illustrative example of the frequency content
of the phase coherent case (middle) and the phase incoherent case (right).

the signal circuit but not exactly equal.

Phase-coherent degenerate amplification is illustrated in Figure 3.4b [36]. How-

ever, because the signal and idler frequencies exactly equal the magnitude of the

total current at that frequency is a function of the relative phase between the idler

and signal. Because of the relative phase relationship between the signal and idler,

the total power at that frequency can range anywhere from 6 dB higher than that of

the signal power by itself or tens of dB lower than the non-degenerate case [25].

The phase-incoherent case can further improve the bandwidth, but it introduces

other complications as well. As shown in Figure 3.4c, the bandwidths between the

signal and idler overlap asymmetrically and can result in significant distortion of

the signal. Even if the signal bandwidth is reduced so the signal and idler do not

overlap, the close proximity of the two can result in a beat frequency that is difficult

to filter out. Chapter 4 illustrates the issues with degenerate mode parametric ampli-

fication by comparing two degenerate, parametrically tuned antennas to a standard

LTI antenna and one non-degenerate, parametrically tuned antenna.

23



Table 3.1: Component values for classic, singly resonant parametric amplifiers

Des. Rℓ(Ω) Ls(nH) Cs(pF) Li(nH) Ci(pF) C0(pF) γ Qi Qi

#1 1.45 961 13.03 100.14 0.331 4.01 0.05 164.96 168.32
#2 1.405 724.7 134 75.3 0.453 4.01 0.05 130.38 129.95
#3 6.76 970.5 13.44 100.26 0.331 3.99 0.2 40.22 40.87
#4 6.76 961 13.03 100.14 0.331 4.01 0.05 39.94 40.82

3.4 Non-Degenerate Parametric Amplifier Examples

This section uses both the transducer gain equation (3.6), and SPICE simula-

tions to analyze four variations of a non-degenerate parametric amplifier. All the

amplifiers were of the same design as in Figure 3.3 with component values listed

in Table 3.1. The purpose of comparing the four designs to one another is to high-

light the impact of different design choices on overall performance in relation to the

maximum possible bandwidths achievable with each design. Some of these obser-

vations will be related to parametrically tuned ESAs in the following chapter.

3.4.1 Design

The design of the parametric amplifiers begins with selecting a modulation fac-

tor and static capacitance. The values here were chosen so that the designs in this

work could be realized using a varactor from the Skyworks SMV123X varactor

diode series [39]. The cutoff frequency for these diodes is 10 GHz, and the cor-

responding inductance was neglected since the pumping frequency of 1 GHz was

low enough that the varactor would still appear as a capacitance and not a resonator.

The series resistance Rc could not be neglected like the inductance since parametric

amplifiers are sensitive to changes in resistance, and was selected to be 0.5 Ω. The

resonant frequency for the signal passband was selected to be 90 MHz, as this is
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not a multiple of, and is much lower than, the pumping frequency. Unless specified

otherwise, all simulations in this chapter used this loss with the TVC, a modulation

factor of 0.05, and the same frequencies for the resonance of the signal band and

the pump. These values were left the same wherever possible since they affect the

maximum gain-bandwidth product and could skew the comparison if changed be-

tween every design.

With these values selected, the component values for the series resonators could

be calculated. For these examples, they were tuned so both the idler and signal

resonators had nearly identical Q’s to limit the impact of differing Q’s on ampli-

fier performance. This was done since the resonator with the smallest Q is the

limiting factor in bandwidth and gain, and plays a role in some broadbanding tech-

niques [40], [41], [42]. Finally, the ideal load resistance could be calculated. This

was accomplished by sweeping values of load resistance as shown in Figure 3.5.

Such a plot doubles as a stability analysis, as the only stable load resistances will be

those to the right of the peak gain where the resistance at the signal band exceeds

the negative resistance. Using Figure 3.5 a load resistance for the first amplifier was

selected to be 1.45 Ω, and resulted in approximately 20 dB of gain. While the HB

and TR simulations agreed within 0.1 dB, the analytical model’s gain curve was

shifted 0.115 Ω to the right. Slight error was expected, as the analytical expressions

assumed that the amplifier used ideal filters such that all unwanted harmonics are

presented a perfect open [36], [43]. For the gain across frequency plots in this sec-

tion, the analytical calculation used a load resistance shifted up for the Rnet, Rg,

Rℓ, and R− terms in equations (3.6) and (3.7) to accommodate this inaccuracy. The

error of under 0.5 dB between the analytical results and the simulated results in

Figure 3.6 and the agreement in the calculated bandwidth in Table 3.2 indicate this

diagnosis of the inaccuracy was correct. The second and third amplifiers in this
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Figure 3.5: Transducer gain of #1 versus load resistance and 1/Q of the LTI res-
onators

section follow the same design procedure, with the second having a lower Q for

both the signal and idler resonators and the third having a higher modulation factor.

The fourth was the first design but with a load resistance matching the third design.

Table 3.2: Performance of singly resonant parametric amplifiers.

Design Gt (dB) b% (sim.) b% (calc.) b% (max) b% (theor.)
#1 20.10 0.048 0.050 0.064 0.393
#2 19.91 0.063 0.063 0.064 0.393
#3 20.12 0.221 0.221 0.295 1.567
#4 0.15 2.42 2.41 3.01 -
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3.4.2 Discussion

The first two examples had identical negative resistance, but their resonators

were tuned to have different Q’s. The gain across frequency of Design #1 and

#2 is shown in Figure 3.6. In Figure 3.6, the HB and TR traces indicate their

respective simulation methods, while the analytical (AN) traces represent the gain

calculated using equation (3.6). Table 3.2 shows the gain and bandwidths of all

the designs, including the simulated bandwidth, the bandwidth calculated using

the Q of the resonators and equation (3.7), the maximum bandwidth if the Q of the

circuit is only based on the TVC as in equation (3.11), and the theoretical maximum

calculated from equation (3.10). The maximum bandwidth was calculated by using

the minimum attainable Q, limited by the TVC, for each resonator

Qmin
s = 1/(ωsC

′Rs) (3.11a)

Qmin
i = 1/(ωiC

′Ri) (3.11b)

with equation (3.7). Design #2 approaches the maximum bandwidth with it’s lower

Q, as its Q is very near the Q of the TVC. The maximum attainable bandwidth of

0.064% for designs #1 and #2 cannot be increased further with the coupling network

design in Figure 3.3 for a particular TVC, but according to the theoretical maximum

there is still room for improvement.

Design #3 demonstrates the bandwidth improvement of increasing the modu-

lation factor of the parametric amplifier to decrease the TVC’s Q without losing

gain. This occurred because of the increased negative resistance from the higher

modulation factor, and it allowed the amplifier to support 20 dB with a higher load

resistance. According to Table 3.2 design #3 seems no closer to approaching the
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Figure 3.6: Frequency versus gain for designs #1, #2, and #3.

theoretical maximum, as its maximum possible bandwidth was still much lower

than the theoretical maximum, meaning that an increase in modulation factor can

increase the overall bandwidth but will not use more of the theoretically possible

bandwidth.

Designs #3 and #4 are compared together in the normalized plot in Figure 3.7

to illustrate that just loading the amplifier further will improve the bandwidth with

a significant sacrifice in gain. The theoretical maximum was derived using the high

gain assumption and was not applicable to the design #4 configuration. Figure 3.7

also emphasizes the nonlinear relationship between Q and gain, and suggests that it

is best to operate a parametric amplifier with moderate to high gain and seek band-

width increases other than resistive loading for the best gain-bandwidth product.

Generally speaking, there is significant difference between the maximum achiev-

able bandwidths and the theoretical bandwidths in Table 3.2. The theoretical max-

imum values in Table 3.2 are calculated using equation (3.10), where the losses

are completely neglected, the minimum quality factors were reached, and the ideal
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Figure 3.7: Normalized gain across frequency of designs #3 and #4.

load resistance was used. The maximized bandwidth, on the other hand, calculated

the maximum achievable bandwidth for the each amplifier using the full expres-

sion (3.7) where the quality factors only realized on the reactive energy stored in

the TVC. This means that the idler and signal loss are non-negligible. Therefore,

without using alternative parametric amplifier configurations or increasing the mod-

ulation factor, the primary way of increasing the maximum bandwidth of any of

these amplifiers would require a decrease in loss.

3.5 Conclusion

This chapter covered a standard model of circuital parametric amplifiers to un-

derstand the effects of different component values on the gain and bandwidth of the

amplifier. These effects were also compared to a previously derived gain-bandwidth

product to understand the ways in which the performance of a parametric amplifier

may reach the theoretical maximum gain and bandwidth. The next chapter extends
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the review here to parametrically tuned ESAs by deriving a set of gain and band-

width equations for the parametrically tuned antenna, demonstrating the feasibility

of a parametrically tuned ESA with a realizable example, and analyzing the theo-

retical maximum gain and bandwidth achievable.
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Chapter 4

Classic parametrically tuned electrically small receiving

antennas

This section investigates how a TVC can be used to tune an ESA to resonate and

also enhance the gain and bandwidth using parametric amplification. The circuit

implementation in chapter 3 used two separate resonators for the signal and idler

bands, but the parametrically tuned ESA instead uses two resonances of the antenna

tuned with the ESA. While an independent resonator can be used for the idler sub-

circuit, this work focuses on the case where a higher order, radiating resonance is

used.

This chapter first constructs and analyzes a circuit model of a lossless, para-

metrically tuned antenna, and derives a transducer gain equation from that circuit

model. The transducer gain equation is then used to provide some design guide-

lines for the antenna itself to optimize the gain and bandwidth of the parametric

tuning. Using the observations about optimizing the ESA performance, a proof-of-

concept example is created using an MoM model of an antenna with CM, HB, and

TR simulations. A non-degenerate, phase coherent, and phase incoherent version

of the parametrically tuned ESA are simulated and compared, both in instantaneous

power received as a function of frequency and in signal fidelity using a time-domain
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simulation with a PRBS. After the antenna design and discussion, the circuit model

is revisited and the gain and bandwidth are optimized for the circuit model of the

parametrically tuned ESA. The optimization is validated and the effects of antenna

resistance at the idler frequency and modulation factor on the optimized gain and

bandwidth are studied.

4.1 Modeling and analysis of parametrically tuned receiving an-

tennas

4.1.1 Circuit model

The circuit model for the parametrically tuned ESA is similar to the circuit

model in chapter 3, but with some key differences. The parametrically tuned ESA is

modeled using the circuit in Figure 4.1. There are two resonators RLCs/i to model

the antenna’s input impedance around the signal and idler frequencies. However,

unlike the circuital parametric amplifier, the parametrically tuned ESA discussed

here has the TVC c(t) and its loss Rc placed in series with the load resistance RL,

which represents the rest of the receiver, and voltage source V0. This represents

how the feed of the antenna sees the TVC even when the antenna is not resonant.

There are two ideal filters in series with each RLC branch to decouple the two

resonators, and to represent the assumption that currents at all frequencies aside

from the signal and idler frequencies are negligible. The voltage source V0 and

the antenna’s input resistance at the signal frequency together represent the power

received by the antenna, where V0 is open circuit voltage [44].
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Figure 4.1: The antenna is modeled as a Thévenin equivalent impedance and the
plane wave is modeled as a voltage source.

The TVC is modeled similarly to the previous chapter where

c(t) = C0(1 + γ cos(ωpt)) (4.1)

using the average capacitance C0 and the modulation factor γ ∈ [0, 1) which repre-

sents the swing in capacitance across a single period. Note that there are no higher

order harmonics of the pump, which assumes that the nonlinear capacitance used

must have an approximately linear C-V curve in the region of operation.

The impedance for each resonator also uses a linear approximation like in the

previous chapter, where the impedances are represented by

Zs/i = Rnet
s/i (1± j2δs/iQs/i), (4.2)

using the loaded quality factors of the total circuit Qs/i and the net resistances Rnet
s/i ,

Rnet
s/i = RL +Rs/i +Rc, (4.3)
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at each resonance. Frequency is normalized to the deviation from resonance for the

signal band δs = (ω − ωs)/ωs and the idler band δi = (ω − ωi)/ωi. The resistances

Rs/i represent the antenna’s input resistance at the signal and idler frequencies.

Equation (4.2) is important as it allows the resonators to be described regardless of

particular frequencies and reactances. This circuit model also assumes that the idler

resonance can re-radiate power and is visible to the feed of the antenna, which may

not always be true.

An example of using the circuit in Figure 4.1 to model the input impedance of

an ESA is shown in Figure 4.2. The solid lines are the real and imaginary parts

of the input impedance of the antenna described in section 4.2 tuned with the first

resonance at 100 MHz using a 4.5 pF capacitor. The dashed and dotted lines are the

impedance approximations using equation (4.2) for the signal and idler resonators.

The white areas signify the passbands of each of the ideal filters placed with the

resonators, and the gray areas represent the frequencies where the antenna circuit

model presents an open circuit.

Since the fi = fs−fp and fp > fs, the idler frequency fi is negative, as shown in

Figure 4.1 and reflected in the minus sign for ℑ(Zi) in equation 4.2. Calculations in

this work use the positive frequency |fi| and account for the negative frequency by

taking the complex conjugate of the current and voltage terms at the idler frequency.

4.1.2 Analysis

In this section, the transducer gain at the signal frequency of the parametrically

tuned ESA circuit model is calculated using a CM representation [28], [30]. Trans-
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Figure 4.2: The impedance plot shows an example of how the circuit model captures
the antenna’s impedance across frequency. The solid line is the input impedance of
the loop described in section 4.2 and the dashed lines are the narrowband approxi-
mations of the loop using Equation (4.2).

ducer gain [45] is defined as

Gt =
PL

Pav

=
4RLRs|Is|2

|V0|2
, (4.4)

or the ratio of the power dissipated into the load resistance over the power available

from the voltage induced by a plane wave on the feed of the antenna. The gain

formula is then used to determine an equation for half-power fractional bandwidth

at the signal frequency.

To solve for transducer gain, an equation for current must be derived. By using

CM [28], [30] to create impedance matrices for the TVC ẐC, the load ẐL, and the

antenna Ẑa, a system of equations can be formed to solve for the current at the

signal frequency. The CM-derived impedance matrix of the TVC in equation (4.1)
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is

ẐC =

jC0

ωs 0

0 −ωi


 1 γ/2

γ/2 1




−1

=

 1
jωsC1

γ
j2ωiC1

−γ
j2ωsC1

−1
jωiC1

 . (4.5)

The TVC is modeled as a virtual two-port device in equation (4.5), with one virtual

port at the signal frequency and one at the idler frequency. The diagonal terms of

the matrix are the usual LTI definition of impedance Zmn = V (ωm)/I(ωn)|m=n

while the off-diagonal terms are cross-frequency impedance terms Zmn = V (ωm)

/I(ωn)|m̸=n.

A by-product of the impedance matrix derivation is the effective static capaci-

tance term C1 = C0(1 − 1
4
γ2), which corresponds to the detuning of the LTI static

capacitance at both the signal and idler frequencies from modulating the capaci-

tance. When the diagonal impedance terms of the TVC impedance matrix (Z11

and Z22) are put in terms of the effective static capacitance C1 instead of the initial

static capacitance C0 the diagonal impedance terms mirror the usual definition of

impedance for a capacitor Z = 1/jωC. Therefore, the effective static capacitance

should be used as the capacitance when calculating things like resonant frequency

for the circuit model of the parametrically tuned ESA.

The impedance matrices of the load and antenna can be derived using CM as

well, and by representing the induced voltage as a vector V̂0 = [V0, 0]
T a system

of equations can be derived

V̂0 =
(
Ẑa + ẐC + ẐL

)
Î = Ẑnet Î, (4.6)

to find the currents at the signal and idler frequency in the vector form Î = [Is, I
∗
i ]

T .

The matrices Ẑa and ẐL refer to the CM impedances for the antenna circuit model

and the load resistance, respectively. The current and voltages at the idler frequency
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are conjugated since the idler frequency is less than zero. By conjugating the current

and voltage, the system of equations can be put in terms of only positive frequencies

to simplify calculation. Solving for the current at the signal frequency results in

Is =
V0

Znet
1,1 − Znet

1,2Z
net
2,1 /Z

net
2,2

=
V0

Zs − γ2

4ωsωiC
2
1Zi

. (4.7)

Using the definition of transducer gain in equation (4.4) and the current from

equation (4.7), the transducer gain can be written as

Gt =
4RLRs|Is|2

|V0|2
=

4RLRs[
Zs − R−

1−j2δiQi

]2 , (4.8)

where the negative resistance term R− is

R− =
γ2/4

ωsωiC2
1R

net
i

=
γ2/4

ωsC1

QTVC
i , (4.9)

which represents the gain generated by the cross-frequency interaction of power

flowing between the idler and signal frequencies. The quality factors QTVC
s/i are the

loaded quality factors of the TVC at the signal and idler frequency, respectively.

To solve for the half-power fractional bandwidth, an equation for peak trans-

ducer gain is needed. Transducer gain is maximized when the impedance at the

signal frequency is purely real. Therefore, the peak gain can be found by setting

the normalized frequency variables δs/i in equation (4.8) to zero in equation (4.8).

Reducing the transducer gain this way results in

Gt =
4RLRs

(Rnet
s )2 [1−RN

−]
2 . (4.10)

where RN
− = R−/R

net
s = γ2QTVC

s QTVC
i /4 is the normalized negative resistance.
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The normalized negative resistance can also serve as a stability criterion, where the

system is stable if

RN
− = γ2QTVC

s QTVC
i /4 = R−/R

net
s < 1. (4.11)

The half-power fractional bandwidth ∆G of the system can be obtained from

the frequency-dependent transducer gain in equation (4.8) by setting it equal to half

of the maximum transducer gain in equation (4.10) and solving for ∆G = 2δs.

Writing the half power fractional bandwidth ∆G as a function of the normalized

negative resistance, the loaded quality factors of the system at the signal and idler

resonances Qs and Qi, and the idler-signal frequency ratio rω = ωi/ωs results in

∆G =
rω(1− a)/Qi√

(a+ rω
Qs

Qi
)2 − (3a2 − 4a+ 1)

. (4.12)

4.2 Antenna design

This section discusses design choices for the ESA that will result in a higher

negative resistance term, meaning that more power can be transferred to the incom-

ing signal for a fixed modulation factor. This section then uses those observations

to design a loop antenna.

Taking the negative resistance R− and assuming that the signal frequency and

static capacitance are held constant, then the two main factors in raising the negative

resistance are the modulation factor and the loaded quality factor of the TVC at the

idler frequency QTVC
i . If the modulation factor is also fixed then the only practical

way to influence the negative resistance is through the loaded quality factor of the

TVC at the idler frequency. Therefore, two design goals for designing an ESA
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to be parametrically tuned are two lower the idler resonant frequency and lower

the antenna’s resistance at the idler to increase the negative resistance for a fixed

modulation factor.

As mentioned in chapter 3, it is best to minimize the loaded quality factor of

the total system Qs/i to that of the TVC QTTV Cs/i. Since the TVC is used to tune

the ESA to resonance, if the antenna is sufficiently detuned without the TVC then

the energy stored in the total system at the signal frequency is inherently equal to

that of the TVC. Therefore, by using parametric tuning with an ESA the minimum

quality factor at the signal frequency is inherently achieved at the signal frequency.

Designing the ESA A loop was chosen as the radiator [26], [46] since it is easily

tuned to resonate using a capacitance and the open space within the antenna can be

used to house the parametric circuitry in a later iteration of the design. Since the

parametric amplification needs two resonance to operate, the first series resonance

is used for the signal, and a higher order series resonance is used for the idler. The

loop is a balanced structure and does come with the added obstacle of incorporating

a balun for measurement and any applications where the feeding structure of the

antenna is unbalanced [26], [47]. However, many unbalanced structures require

a ground plane which can add an extra layer of complexity to the design as the

ground plane should ideally be very electrically large. Since the preferred electrical

size for the ground plane is unachievable while maintaining the electrically small

size constraint, a balanced structure is preferred despite the need for a balun.

While the resistance of the first resonance of an ESA is usually small, the higher

order series resonances will have significantly higher resistance [48]. As discussed

earlier in this section, the lower the resistance of the idler resonance the higher

the negative resistance for a fixed modulation factor. Therefore, reducing the input
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Figure 4.3: Dimensions of the LTI concentric loop used for this chapter. When
referring to the single loop without the inner loop, the physical dimensions are the
same as shown here with the inner loop deleted.

resistance of the antenna at a higher order resonance will improve the efficiency

of the amplification by increasing the negative resistance without increasing the

modulation factor.

Lowering the resistance of the higher order mode is achieved here by using a

smaller loop within the main loop to create a concentric loop antenna, where the

inner loop resonates with the outer loop at one of the outer loop’s higher order res-

onances. Figure 4.3 shows the dimensions of a 2 to 1 concentric loop with a ka

of 0.37, and tuned to resonate at 120 MHz with a static capacitance of 2.6 pF. Fig-

ure 4.4 compares the input impedance of the outer loop antenna with and without

the inner loop. The first resonance is largely unchanged by the inner loop, how-

ever the second series resonance and second anti-resonance are changed drastically.

With the additional inner loop, the antenna is able to completely resonate at the sec-

ond series resonance unlike the single loop antenna, and the input resistance about

the second series resonance at 500 MHz of the concentric loop is decreased sig-
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Figure 4.4: Input impedance of the concentric loop antenna (Cloop) and the outer
loop by itself (Loop). The input impedance at second series resonances is improved
by the presence of the inner loop for the purpose of parametric tuning.

nificantly to 31 Ω from the standard loop’s input resistance of 287 Ω at the same

frequency.

4.3 Non-degenerate parametric amplification design

4.3.1 Overview of the design process

With the antenna designed, the parametric tuning process can begin. First, the

choice of whether or not the signal band will be around a series or anti resonance

must be made. Here, a series resonance is used since the first resonance of a loop

antenna is a series resonance, and based on the previous observations about the

negative resistance, the second series resonance should be used to minimize the

idler frequency. Regardless of choice, the idler resonance must be the same kind of

resonance as the signal resonance. This is necessary to properly negate out currents

at unwanted harmonics [36]. Next, the static capacitance that tunes the antenna to
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resonate must be found. The LTI tuning capacitance is used as the starting point

for the tuning process, and may change depending on the modulation factor. The

change in static capacitance based on the modulation factor can be predicted by the

effective capacitance, but adjustments will need to be made to fine tune the antenna.

Before continuing, a varactor diode that can achieve this static capacitance must

be selected to avoid creating an unrealizable design. For this design, two Skyworks

SMV1233 varactors were used in parallel [39]. Using two varactors in parallel in-

stead of a single varactor with a comparable C-V curve allowed the loss introduced

by the TVC to be lower than using a single varactor. The varactor’s C-V curve

determines the maximum allowable modulation factor based on where on the C-

V curve the static capacitance falls and the maximum and minimum capacitance

values of the varactor. When selecting a varactor, keep in mind that the nonlinear

C-V curve can generate higher order pump frequency harmonics not captured by

the single tone TVC model depending on the shape of the C-V curve, the static ca-

pacitance, and modulation factor being used. One solution to prevent higher order

harmonics is restricting the region of the C-V curve used such that the C-V curve

is approximately linear. Another option is to model the possible harmonics with

an alternative TVC model that assumes that one or more of the pump frequency

harmonics or exist [36].

Next, the load resistance needed to achieve a match at the signal frequency

resonance must be determined. This resistance represents the rest of the receiver,

and in practice would usually be replaced with some kind of matching network that

presents this resistance to the antenna and matches to the line impedance of the rest

of the system. The pumping frequency must be set as well, such that the difference

harmonic falls within the desired resonance. Here, the second series resonance was

used, but higher order series resonances could have be selected for this antenna.
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For degenerate parametrically tuned ESAs, the signal frequency resonance will be

reused as the idler resonance. The pump frequency itself will most likely not fall

within a resonance, so in a practical realization the power source for the pump will

need some circuitry to maximize the voltage at the pumping frequency across the

varactor.

Tuning process The modeling from section 4.5.2 should be used to predict the

approximate values for all the component values. However, some tuning will in-

evitably be needed to precisely achieve the desired performance. To begin the

tuning process, create a model (CMMoM, SPICE, etc.) using the previously de-

termined pump frequency, static capacitance, and load resistance with an initial

modulation factor below the intended value. The minimum necessary modulation

factor can be predicted using equation (4.9) to check if the negative resistance pro-

duced by a given modulation factor is sufficiently high to overcome all the loss at

the signal frequency.

Run iterations of the simulation while gradually increasing the modulation fac-

tor until the desired gain is achieved. It is important to perform this while sweeping

across signal frequency as the frequency response of the antenna may shift. If more

bandwidth is desired than what the parametrically tuned antenna produces after

this step, then gain can be sacrificed to increase the bandwidth by increasing the

matched load resistance. The modulation factor will need to be further increased if

the gain drops below the target value.

After the gain and bandwidth have been set, use the static capacitance to re-

tune the antenna’s frequency response if any detuning occurred. After adjusting

the static capacitance slightly adjust the pumping frequency up and down, if either

direction increases the gain, then the pumping frequency should be retuned as the
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difference harmonic no longer falls into the idler resonance. The static capacitance

should be readjusted throughout the pump frequency tuning process to ensure the

frequency response stays centered. This process may result in a gain higher than the

target, in which case the modulation factor can be reduced to compensate for this.

Again, slight adjustment to the static capacitance may be necessary if the frequency

response shifts meaningfully. Check that the final modulation factor and static ca-

pacitance are still achievable with the selected varactor. If not, another varactor

may need to be chosen. This general process can also be used with parametrically

tuned antennas that do not fit the circuit model from Section 4.5.2, and can also be

used with realizable simulations that include other elements like baluns, couplers,

matching networks, and the pump network.

4.3.2 Non-degenerate design

The parametrically tuned receiving antenna can be designed to increase the re-

ceiver’s sensitivity, but maximum power received can be traded to increase the

bandwidth. The target for the parametrically tuned antenna designs here is to

achieve the same maximum power received as the antenna would without the para-

metric tuning, but with a wider bandwidth. While this may not result in the great-

est gain-bandwidth product as demonstrated with the examples in chapter 3, that

chapter did show it results in the greatest absolute bandwidth. For an operating fre-

quency of 120 MHz the concentric loop can be tuned to resonate with a capacitance

of 2.6 pF. The tuned concentric loop has a second series resonance at approximately

500 MHz, and after tuning resulted in a pumping frequency of 621.2 MHz. The total

series loss of the two SMV1233 varactors in parallel is 0.75 Ω, which is noticeably

lower when compared to a single SMV1234 varactor with a series resistance of
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1.2 Ω. The modulation factor was limited to 0.2 to reduce the production of higher

order harmonics. With that modulation factor, the parametrically tuned receiving

antenna can be matched to a 7.3 Ω load for a bandwidth increase of 3.2 times that

over the same antenna with no parametric tuning. The values for this design and

the others are shown in Table 4.1.

4.4 Degenerate parametric amplification

Degenerate parametric amplification has been used to circumvent the lower

quality factor bound of electrically small antennas on transmit [20], [22], and is

used more in current literature for parametric amplification of RF systems than

non-degenerate parametric amplification. This section applies both phase coherent

and phase incoherent parametric amplification to two different examples to deter-

mine if their increased instantaneous bandwidth will increase signal fidelity over

the non-degenerate design. The following sections explain the design changes to

the non-degenerate, parametrically tuned antenna to create a phase coherent and

phase incoherent degenerate antenna.

4.4.1 Phase coherent

The non-degenerate parametric tuned receiver from the previous section was re-

tuned to operate in a phase coherent, degenerate mode with the same modulation

factor and a pumping frequency of exactly 240 MHz. Since the idler falls within

the signal band the resistance for the idler drops to 0.7 Ω, greatly improving the

efficiency of the negative resistance generated by the TVC. The increased nega-

tive resistance results in the parametrically tuned antenna being best matched to a

20.4 Ω, however the bandwidth for the phase coherent design is comparable to that
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Table 4.1: This table lists the parameter values for the TVC and load resistance of
each case. The phase difference between the TVC and incoming signal ϕ∆ needed
to maximize the power received of the degenerate points of the phase incoherent
and phase coherent cases is also listed.

Design C0 (pF) Rc Ω γ fp (MHz) ϕ∆ (deg) RL Ω
LTI 2.59 x1 - - - - 0.7
ND 1.32 x2 1.5 0.2 621.2 - 7.3
PC 1.31 x2 1.5 0.2 240.0 78 20.4
PI 1.20 x2 1.5 0.2 238.7 164 9

of the non-degenerate design.

4.4.2 Phase incoherent

The phase coherent degenerate case was altered to operate in a phase incoherent

mode where the pumping frequency is 238.7 MHz, such that the degenerate point

falls slightly below the resonance of the signal passband. This introduces a slight

ripple to the passband, where the two maximas correspond to the resonance in the

signal band and to the idler frequency. However, since the design focuses on maxi-

mum bandwidth these two maximas are obfuscated, but resulted in more bandwidth

than the other two cases.

4.5 Performance comparison

The received power across frequency is shown in Figure 4.5. Each design is

simulated using CMMoM, HB, and a TR solver. The points of the transient solu-

tion that do not follow the CMMoM and HB traces are the points of degeneracy

(or the frequency at which the idler equals the signal) at 120 MHz for the phase

coherent and 119.35 MHz for the phase incoherent case. For these simulations

the relative phase between the TVC and incoming signal are selected to maximize
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the power received, resulting in approximately a 6 dB power increase at the point

of degeneracy. The 6 dB power increase corresponds to the voltages of the idler

and signal harmonics constructively interfering and doubling the total voltage. The

CMMoM and HB power received traces are calculated using the power at the first

harmonic, which is sufficient for capturing the behavior of the parametrically tuned

antenna for all designs at any frequency other than for the degenerate point. The

additional markers for the CMMoM and HB simulations include the contribution

from the idler harmonic as well as the signal to capture the signal-idler interaction.

The difference between the transient simulation and the other two stays below 1 dB

for all points. The concentric loop antenna with only an LTI capacitance achieves

a 3 dB fractional bandwidth of 0.5%, while the phase coherent degenerate case and

the non-degenerate case have a bandwidth of 1.6% and the phase incoherent degen-

erate case have a bandwidth of 2.7%. Therefore, considering only the instantaneous

bandwidth in the frequency domain, it would appear that the phase incoherent de-

generate case is the best at increasing the signal throughput of the receiving antenna.

Signal Fidelity To verify the bandwidth enhancements from the parametric tun-

ing, signal fidelity experiments were undertaken on each design. If the signal fi-

delity experiment is considered instead of the instantaneous bandwidth, then issues

arise as shown in Figure 4.6a. Both the phase coherent (PC) and phase incoherent

(PI) designs cannot maintain an EVM of less than 30% and are outperformed by the

LTI case for all symbol rates. The non-degenerate (ND) design performs similarly

to the LTI antenna at lower symbol rates, however, as the symbol rates increases the

ND antenna begins to outperform the LTI case. From 1.2 Ms/s to 4.2 Ms/s, the ND

maintains an EVM of approximately three times lower than that of the LTI case -
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Figure 4.5: Received power across frequency of the LTI receiving antenna, and the
antenna with the non-degenerate (ND) parametric tuning, the phase coherent (PC)
degenerate tuning, and the phase incoherent (PI) degenerate tuning. Each design is
simulated using CMMoM (solid line), HB (dashed line), and a transient (markers)
solver. The discontinuous markers on the plot correspond to the degenerate points
of the degenerate designs, and an additional marker is used for the HB and CMMoM
simulations at these points since the power received is calculated using the idler and
signal harmonics and not just the signal harmonic.
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mirroring the instantaneous bandwidth improvements.

The EVM results coincide with example step responses shown in Figure 4.6b. In

this plot, the received voltages from a single tone input at the center frequency of the

signals are plotted normalized to the incoming voltage’s magnitude. As expected,

the rise time for the ND case is approximately three times shorter than that of the

LTI case. The phase dependent magnitude of the PC antenna is illustrated for a few

different phases, where each one has a varying magnitude. The PI case maintains

the same magnitude, but the beat frequency caused by the idler frequency being

so close to the carrier is evident and will create phase dependent distortion in each

symbol.

The distortions in the received signals are further illustrated in the IQ diagrams

in Figure 4.7. At the lower symbol rates the ND and LTI antennas appear very

similar, however, the PC symbols appear ”squished” along one dimension due to

the phase dependent attenuation. The PI case has no human readable pattern due to

the distortion caused by the beat frequency. The IQ diagrams for the ND and LTI

antennas are also shown for 4.8 Ms/s, and highlight how the ND case more closely

resembles the ideal signal before equalization than the LTI case. In this case, the

increase in bandwidth of the ND antenna is less demanding of the equalizer than

the LTI antenna, and so manages to receive a signal with less EVM.

4.5.1 Maximizing gain and bandwidth

This section derives optimized gain and bandwidth functions by maximizing

equations (4.10) and (4.12), expressed in terms of the modulation factor γ and the

loaded quality factor of the TVC at the signal frequency QTVC
s . This is performed

by assuming the values of several parameters that maximize peak gain in equa-
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Figure 4.6: The EVM as a function of bitrate (left) and the step response (right)
of the LTI antenna and the three parametrically tuned antennas. The ND receiver
configuration outperforms all three, while the LTI outperforms the PC and PI con-
figurations.

tion (4.10) and half power fractional bandwidth in equation (4.12). The assumed

values can also be used as a guideline for optimizing the performance of a particular

parametrically tuned ESA.

Deriving an equation for maximum peak gain starts by determining what param-

eters should be fixed and which should be variable. The maximum value of equa-

tion (4.10) is found by maximizing the negative resistance term in equation (4.9)

for a fixed signal frequency and modulation factor and then maximizing the gain

equation (4.10) for a fixed negative resistance. The negative resistance term is max-

imized by assuming the idler resistance is zero and the idler-to-signal frequency

ratio rω = ωi/ωs is minimized. The idler-to-signal ratio should be as close to one

as possible without causing the idler and signal frequencies to overlap. A signal-to-

idler ratio of two is used in calculations here to simplify the equations. As a result, a

half-power fractional bandwidth up to 100% will not overlap. In realistic situations

the idler frequency antenna resistance will not be zero and the frequency ratio will
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Figure 4.7: The IQ diagrams at a bitrate of 0.12 Ms/s are shown for the LTI (a),
non-degenerate (b), phase coherent (c), and phase incoherent (d) cases. The IQ
diagrams for a bitrate of 4.8 Ms/s is also shown for the LTI (e), and non-degenerate
(f) cases.
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not be exactly two, so as an antenna moves further away from this ideal the negative

resistance will decrease.

If the normalized negative resistance RN
− is held constant to ensure stability

while allowing the load and antenna resistance at the signal frequency to vary, then

setting the load resistance equal to the antenna resistance maximizes gain. Setting

the parameters in equation (4.10) to coincide with these assumptions results in

Gmax
t =

1

(1− (γ
2
QTVC

s )2)2
. (4.13)

To maximize bandwidth in relation to the transducer gain in equation (4.13), the

total loaded quality factor of the circuit model

QL =
1

ωs/iRnet
s/i (C1||Cs/i)

(4.14)

must be minimized. The minimum possible loaded quality factor achievable is

equal to the loaded quality factor of the TVC, representing a case where the effective

static capacitance of the TVC is the dominant capacitance in both the signal and

idler resonator subcircuits of the parametrically tuned ESA. Thus,

1

Cnet
s/i

=
1

C1

+
1

Cs/i

≈ 1

C1

. (4.15)

As previously mentioned, this will often be the case for the signal band if the an-

tenna is sufficiently detuned from the desired resonant frequency without the capac-

itor. This may not be the case for the idler band, however, and the assumption on

quality factor would most likely be met by reducing the quality factor at the idler

frequency relative to the TVC.

Using the values from the maximum gain expression in (4.13) and assuming
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that the minimum loaded quality factor is achieved in equation (4.15), then equa-

tion (4.12) reduces to

∆max
G =

2− 1
2
(γQTVC

s )

QTVC
s

√
−1/8(γQTVC

s )4 + 2(γQTVC
s )2 + 3

. (4.16)

4.5.2 Relation of bandwidth to peak gain

This section uses equations (4.13) and (4.16) to illustrate the limitations on the

gain-bandwidth relationship of a parametrically tuned ESA. This analysis is ac-

complished by determining the maximum possible gain as a function of bandwidth.

This section validates the maximum calculated gain for a fixed bandwidth by using

a nonlinear optimizer and a CM simulation of the circuit model in Figure 4.1 with

no linear approximations of the resonances. Afterwards, this section investigates

the effects of loss at the idler frequency and modulation factor on the relationship

between gain and bandwidth.

The gain-bandwidth relationship is validated using an interior algorithm for

nonlinear optimization [49]. Optimization was performed on Equation (4.10) with

the single objective

maximize
x

Gt(x)

subject to ∆(x) = ∆G,

where Equation (4.12) is a nonlinear constraint equal to a desired bandwidth ∆G

and x is a vector containing γ, ωi, C0, Rs, Ri, and RL. The modulation factor was

restricted to be some number between 0 and 1, the idler was restricted to be a real

number such that ωi/ωs ≥ 2, and C0, Rs, Ri, and RL must be real, positive numbers.

The results of the derived equations (4.13) and (4.16) are compared to the op-

timzed values in Figure 4.8a for a modulation factor of one. Figure 4.8a show that
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the curve defined by equations (4.13) and (4.16) is only slightly under the optimized

gain curve with an average relative difference of 4.6%. The agreement between the

equations using the assumptions about various circuit parameters and the optimizer

shows that the assumptions can be used as targets in designing a parametrically

tuned ESA to maximize the gain for a given bandwidth.

The optimizer was independently verified with a CM model of the circuit in

Figure 4.1 that calculates the impedance across frequency using capacitances and

inductances instead of the impedance function in equation (4.2). The maximum rel-

ative error between the conversion matrix model and the optimizer is 1%, demon-

strating that the optimizer arrived at realizable values and that the narrowband

impedance function was effective at modeling each resonance. Figure 4.8b com-

pares the gain as a function of frequency of two of the points on either end of the

trace in Figure 4.8a, calculated using a CM model of the circuit and using equa-

tion (4.8). The agreement of the three methods suggests that using the assumptions

made in deriving Equations (4.13) and (4.16) as guidelines for designing a paramet-

rically tuned, receiving ESA can result in performance near the upper limit.

The gain-bandwidth relationship in Figure 4.8a assumes no idler resistance

(Ri = 0) and that the modulation factor γ is one. The effects of idler resistance

are shown in Figure 4.9 with multiple cases of the optimizer with a fixed signal

resistance and variable idler resistance. Since the negative resistance is inversely

proportionate to the resistance at the idler the overall maximum achievable gain for

a fixed bandwidth decreases as the ratio of the idler-to-signal resistance increases.

The same trend occurs with decreasing γ, as shown by Figure 4.10. As the mod-

ulation factor decreases from one, the maximum gain is decreased since negative

resistance is proportional to the modulation factor.
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Figure 4.8: Maximum gain for a fixed bandwidth (left) is calculated using equa-
tions (4.13) and (4.16), the optimizer in (4.5.2), and a CM model using the compo-
nent values determined by the optimizer. Gain as a function of frequency (right) of
the two designs labeled 1 and 2, calculated using CM and equation (4.8).

4.6 Conclusion

This section has demonstrated that a TVC can be used with an ESA to improve

its bandwidth. In the process, an analysis was undertaken to illustrate the absolute

maximum gain achievable for a given bandwidth and from that design guidelines

were developed. This analysis included an example of an electrically small con-

centric loop antenna improving its bandwidth by a factor of three using a TVC that

can be realized with a COTS varactor. The next section looks into using a single-

balanced topology, instead of a singularly polarized TVC, to understand possible

benefits from using the alternative TVC configuration.
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Chapter 5

Single balanced parametrically amplified receivers

While the designs in Chapter 4 demonstrated that the parametric tuning could

improve the antenna’s bandwidth beyond its LTI counterpart, it was also shown

in Chapters 3 and 4 that these designs do not approach the theoretical maximum

gain-bandwidth limit. One solution is to incorporate a single balanced diode archi-

tecture instead of a single diode. Using the single balanced architecture alleviates

a few problems: 1) it will decouple the idler current from the rest of the antenna,

completely preventing re-radiation and interferers and external noise at the idler fre-

quency being mixed into the signal, 2) the idler resonance is no longer dependent

on the antenna, and 3) the loaded quality factor of the whole parametrically tuned

antenna is only dependent on the TVC.

This section reviews literature on the single balanced parametric amplifier and

then illustrates its performance with a circuit implementation similar to chapter 3.

Next, a loop antenna is designed and loaded with a single balanced parametric tun-

ing element. Finally, the instantaneous frequency domain performance is compared

to the LTI and ND cases from chapter 4.
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5.1 Single Balanced Parametric Amplifier Theory

This section covers some of the theory behind why the single-balanced topology

is beneficial for negative resistance parametric amplification. The benefits are then

demonstrated with a circuital example that is compared to the circuital parametric

amplifier design #1 from chapter 3.

The first mention of balanced parametric amplifiers in literature was in the

works of [50] and [51]. The single balanced parametric amplifier, illustrated in Fig-

ure 5.1, consists of a signal coupling network leading to two TVCs in anti-parallel.

In Figure 5.1 the series RL’s with the TVC represents a varactor and its series in-

ductance and resistance. The anti-parallel arrangement causes the current is to see

the two TVCs in parallel with the opposite polarity, while the current id sees the

two TVCs in series with the same polarity.

Rg

Rℓ Ls
Cs 2Lc 2Rc

iD

is

i1

i2

Figure 5.1: Circuit model of the single-balanced parametric amplifier.

Usually, an added idler coupling network would load the amplifier and increase

the Q above the minimum set by the TVC. For the single balanced topology, how-

ever, the two diodes resonate together in series at the idler frequency, creating a

short circuit without an external network. To minimize the Q factor of the idler

circuit, the authors in [50] and [51] used the self-resonance of the diode as the idler

frequency, so an additional inductor was not needed. The authors of [51] derived
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equations for the gain-bandwidth product and noise figure for the anti-parallel diode

pair and showed that the single-balanced topology circumvents idler tank Q factor

limitation of the the singly-loaded design from Chapter 3 and achieves a higher

gain-bandwidth product without increasing the noise.

An additional benefit of the single balanced topology is that it inherently cancels

out the current at the idler frequency outside the diode ring. The current cancellation

can be best understood through examining the power series representation of the

currents [30]. Say the current flowing through the TVC is a function of the voltage

across the diodes f(Vd) with a power series of

f(Vd) = aVd + bV 2
d + cV 3

d + dV 4
d + ... = i1 (5.1)

then when the current is defined flowing against the TVC and the voltage is flipped

relative to its polarity the function is

−f(−Vd) = aVd − bV 2
d + cV 3

d − dV 4
d + ... = i2. (5.2)

Using Kirchhoff’s Current Law shows that the current looking into the TVCs is

is = i1 + i2 = f(Vd)− f(−f(Vd)) = 2af(Vd) + 2cf(Vd)
3 + ... . (5.3)

Since the second order terms have been canceled by the difference in polarity of

the two TVCs, none of the difference harmonic will appear at the output of the

amplifier. Taking the current loop id into consideration

id = i1 = −i2 = bVd + dV 4
d + ... (5.4)
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shows that the idler harmonic will exist within the TVCs and is function of the

applied signal voltage. Therefore, the negative resistance can still be generated

despite the cancellation of the idler current exterior to the TVCs. Therefore, these

results show that only the odd order terms of the expansion (V , V 3, etc...) appear

at the output current is and only the even order terms (V 2, V 4, etc...) appear at the

current within the series TVCs id.

An example of a circuital single-balanced parametric amplifier in Figure 5.1

was simulated with the components in Table 5.1. Table 5.2, like in chapter 3,

shows the gain and bandwidths of all the designs, including the simulated band-

width, the bandwidth calculated using the Q of the resonators and equation (3.7),

the maximum bandwidth if the Q of the circuit is only based on the TVC as in

equation (3.11), and the theoretical maximum calculated from equation (3.10). The

transducer gain of the single balanced design across frequency is compared to de-

sign #1 in Figure 5.2. Table 5.2 and Figure 5.2 show there is almost a tenfold im-

provement in bandwidth from the classic design #1 for the balanced design. More

importantly, the balanced design managed to achieve 86% of the theoretical maxi-

mum while design #1 or #2 from Chapter 3 could only get at most 16%. This means

the balanced design circumvented the limitation that both designs #1 and #2 were

under using the same modulation factor and nearly the same static capacitance.

Table 5.1: Component values for the actively broadbanded and single-balanced
parametric amplifiers.

Rℓ(Ω) L1(nH) C1(pF) L2(nH) C2(pF)
5 404.64 440 7.705 4

Another benefit of the single-balanced architecture is the harmonic isolation,

as demonstrated in Figure 5.3. While the odd-order harmonics are only slightly

canceled in the current flowing between the TVCs id, there are hundreds of dB of
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Table 5.2: Performance of the single balanced parametric amplifier against design
#1.

Design Gt (dB) b% (sim.) b% (calc.) b% (max) b% (theor.)
Balanced 20.35 0.340 - - .393

#1 20.10 0.048 0.046 0.064 .393
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Figure 5.2: Gain across frequency of the single balanced parametric amplifier
against design #1.

rejection of the even-order harmonics in the current flowing through the load at the

signal frequency is.

5.2 Designing a Single-Balanced, Parametrically Tuned Receiver

Designing a parametrically tuned ESA using the single balanced topology is

similar to that of the classic parametric tuning from Chapter 4 with some key dif-

ferences. Designing the ESA is more straight-forward since the idler frequency

current is restricted to the diode pair. The self resonant frequency of the varactor

being modeled must be considered, since that frequency determines the idler fre-
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Figure 5.3: Currents at all simulated harmonics with fs = 90 MHz of the single-
balanced parametric amplifier.

quency, and by extension the pump frequency. The idler frequency can be changed

using inductive loading within the diode ring, but care should be taken as inductors

have non-negligible loss compared to varactors’ losses.

Since the idler frequency is not important in design of the ESA, a single square

loop was used as the antenna, with dimensions shown in Figure 5.4. While these

dimensions resulted in the ka being reduced from 0.37 down to 0.28, the choice of

size allowed the single balanced design to be tuned to resonate with a similar static

capacitance as the designs in chapter 4. The varactors being modeled were the

SMV1233 with a series resistance of 1.2 Ω and inductance of 1.5 nH. An additional

25 nH inductor was placed in series with each varactor to drop the idler frequency

down to 975 MHz, so that the maximum frequency required for simulations to

converge could also be reduced to accelerate computation time. The single balanced

design required a modulation factor of 0.075, less than half of the classic design

from chapter 4, and was designed to operate with a 50 Ω load resistance.
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Figure 5.4: Dimensions of the loop used for the single balanced parametrically
tuned receiver.

5.3 Results of the Single-Balanced Receiver

The instantaneous bandwidth of the single balanced, parametrically tuned an-

tenna is shown in Figure 5.5. The single balanced version has a bandwidth approx-

imately six times wider than that of the LTI square loop, making it twice as much

of a bandwidth improvement as the ND design. There are additional benefits in

comparing the ND and single balanced antennas, as the single balanced version: 1)

achieves a broader bandwidth with a smaller antenna ka, 2) has a lower modulation

factor than the ND case, 3) rejects the idler from the aperture of the antenna, and

4) operates with a 50 Ω load. Since modulation factor is directly proportionate to

the pump power needed to operate the TVC, this means the single balanced case

should consume less power for amplification. Additionally, this version does not

need a matching network as it already matches to 50 Ω load. Lastly, the rejection of

the idler on the aperture of the antenna not only prevents noise and interferers being

mixed into the signal, but also prevents re-radiation at the idler frequency.
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5.4 Conclusion

This chapter has demonstrated that using a single balanced configuration for

parametric tuning results in several benefits, including isolation of the idler cur-

rent from the antenna’s aperture and a higher increase in bandwidth over the LTI

case, despite the TVC having a smaller modulation factor and the antenna having

a smaller electrical size. Therefore, a parametrically tuned ESA should employ a

single balanced configuration wherever possible. The next chapter investigates an-

other method of increasing the bandwidth of a parametrically tuned ESA, in which

the antenna itself is modified instead of alterations being made to the TVC config-

uration directly.
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Chapter 6

Parametrically amplified electrically small receive filtenna

6.1 Introduction

This chapter explores the impact of using a multi-resonant passband for the

parametrically tuned ESA instead of a single resonance. The general concept is

that since the TVC produces a negative resistance about the point of resonance in

the signal frequency passband, introducing multiple resonances can increase the

amplification bandwidth [40], [41], [42], [52], [53]. The first section of this chapter

reviews how broadband coupling networks have been used in the past to broadband

parametric amplifiers using filter theory. The section will cover some of the the-

ory and demonstrate the possible improvements using a circuital example. To use

the broadband coupling network approach for ESA design, an electrically small fil-

tering antenna synthesis approach was used. Filtennas, or filtering antennas, are a

type of multi-resonant antenna that can leverage filter synthesis to systematically

produce a multi-resonant antenna. However, the process of using filter synthesis

has not yet been extended to ESAs. Therefore, the second section demonstrates

that filter synthesis is usable on ESAs, but that there are unique challenges in ap-

plying filter synthesis in the electrically small regime that do not present themselves

at electrically larger sizes. The section will go over a symmetric, directly coupled
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filtenna design process and validate the process with a fabricated filtenna. The

next section shows that by decreasing the external quality factor of the first, non-

radiating resonator the inter-resonator coupling can be increased and so too is the

bandwidth. The last section loads the ESF with a TVC similar to chapter 4 to in-

crease the bandwidth of the LTI ESF. The results of parametric loading are then

discussed.

6.2 Parametric Amplifiers Using Broadband Couplers

Chapter 4 demonstrated the broadbanding abilities of single resonant parametric

amplifiers, and much of the work on further increasing the bandwidth of paramet-

ric amplifiers focused on alternative coupling networks [40], [41], [42], [52], [53].

The focus was not only to decrease the Q of the coupling networks but to include

the effective static capacitance of the TVC into the coupling network. Including

the TVC into the coupling network allows the minimum attainable Q to be based

on the coupling network and not the TVC by itself. This process centers on divid-

ing the TVC into two parallel components: the static capacitance and the negative

resistance. Figure 6.1 represents how these two components can be separated and

how they can interact with a coupling network. With the components separated,

the static capacitance could be used as the last component in the coupling network

and the negative resistance can be treated as a termination in the coupling network

design process. Many authors incorporate a circulator into their analysis as well,

in addition to performance enhancements, the circulator facilitated the use of the

reflection coefficient for analysis. With the reflection coefficient analysis and the

two-component model of the TVC, authors were able to leverage coupling network

analysis and design into their work and approach the theoretical bandwidth limit of
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Figure 6.1: Generalized parametric amplifier diagram for broadbanding.

parametric amplifiers [40], [41], [42], [52], [53].

6.2.1 Two band couplers using filter theory

In Matthaei’s work [40], they used [38] and [54] to determine the optimum

reflection coefficients of a parametric amplifier for a given bandwidth. By first se-

lecting a reflection coefficient for the parametric amplifier that corresponded with

the desired gain of the amplifier, a standard, optimized Chebyshev filter design pro-

cess would be used to find a coupling network that provided the most bandwidth

possible for that gain at both the signal and idler bands. This work continued with

papers like [55] where realistic diode models for the TVC were incorporated into

the design procedure. The main difference was that the diode’s parasitic capaci-

tance and series inductance and resistance were included in the coupling design to

optimize the amplifier performance. Then Kuh [41] made significant improvements

to [40], stating that,

...the only available technique for designing wide-band parametric am-

plifiers and converters was contributed by Matthaei [40]. However,

Matthaei did not give the limitation on gain and bandwidth [56, §3].

His design method was more complicated and involved a certain amount

of cut and try process.
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It is useful to note that while [40] did not create a gain-bandwidth relationship based

on the coupling network limitations of [54], the thesis [56, §3] preceded the work

done on the gain-bandwidth product in [41].

The authors of [41] used Butterworth theory from [57] and formulated a gain-

bandwidth product and a procedure for deriving a coupling network with passbands

of identical Q at both the signal and idler frequencies - a requirement for approach-

ing the maximum possible bandwidth for a given gain. The gain-bandwidth product

in [41] is

∆BW · ln
∣∣∣∣ 1Γ

∣∣∣∣ ≤ πγ

4

√
ωi

ωr

(6.1)

where the gain is captured in the return loss of the coupling network RL = ln |1/Γ|.

The important takeaways from equation (6.1) are the modulation factor and differ-

ence between the idler and signal frequencies play important roles in increasing the

gain-bandwidth product and maximizing these two increase the gain-bandwidth re-

lationship. The bandwidth estimation calculated in [41] complements the analysis

of equation (6.1) by showing the network’s order effect on the amplifier. The frac-

tional bandwidth estimation is

∆BWest =
uγ

2

√
ωi

ωr

(6.2)

where the bandwidth parameter u is

u =
sin π

2n

a− b
(6.3)

and a and b are expressions from [41] derived from the minimum value of the re-

flection coefficient and the order n of the network. The important property of the

bandwidth parameter is that as the order n approaches infinity the bandwidth pa-
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Figure 6.2: Schematic of the Butterworth coupling network-based parametric am-
plifier.

Table 6.1: Component values of the Butterworth coupling network-based paramet-
ric amplifier.

Res. Ca(pF) La(nH) Cb(pF) Lb(nH) Rℓ(Ω) C0(pF)

1 - 3.95 3.85 15.75
5087 4.00242 0.01 2.67e4 1.1e-4 2.67e4

3 2.08 7.58 2.00 30.23

rameter approaches

u → π

2RL
(6.4)

and the bandwidth estimation approaches the fundamental limit of equation (6.1).

While the limitation on approaching the fundamental bandwidth limit was the Q

of the individual resonators for the classic parametric amplifier in Chapter 4, it is

the order number of the coupling network here. The broadbanding strategies in this

section so far have been realized in literature, like in [58] who used the theories

in [40], [41] to fabricate an X-band parametric amplifier with a measured gain of

19 dB of a 20% 3 dB fractional bandwidth.

6.2.2 Circuit Example

To better understand the multiple-resonant coupling network approach for broad-

banding parametric amplifiers, the design process in [41] was used to create a 20 dB
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amplifier using a 3rd order coupling network as illustrated in Figure 6.2 with the

component values in Table 6.1, with each resonator numbered 1 through 3. This

example required a lossless TVC and a circulator, unlike the first example set. The

design process in [41] would not work otherwise. Note that the last resonator, next

to the TVC, is missing a capacitor that the other two resonators have - this is because

the filter is designed using the TVC’s capacitance instead of a separate capacitor.

As mentioned earlier, this allows the Q factor to be based only on the total coupling

network’s Q factor.

The gain across bandwidth is shown in Figure 6.3. Figure 6.3 shows the calcu-

lated gain response

Gt ≈
1

4|Γ|2 (6.5)

from [41] in addition to the simulations. The parametric amplifier using a filter-

based coupling network is also compared to design #1 from chapter 3. The primary

deviation in the analyticay calculation and simulations is the slight ripple in the

passband despite the coupling network being maximally flat. The ripple is a con-

sequence of the parametric amplification, and the ripple tolerance can be predicted

using formulas in [41]. Table 6.2 shows the calculated bandwidth compared to the

maximum theoretical bandwidth calculated using equation (6.1) and a bandwidth

estimation using equation (6.2). Even though the design procedure was followed

almost exactly, the simulated bandwidth is noticeably smaller than the estimation.

This can be accounted for in the difference in the predicted ripple and the ripple

in simulation; for a 3rd order, 20 dB parametric amplifier designed this way, ap-

proximately 3.5 dB of ripple was expected according to [41] but the simulation had

approximately 1 dB. Like with designing any equiripple network, the bandwidth

and ripple have been reduced like an undercoupled resonator [45]. The reduction
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Figure 6.3: Frequency versus gain of the Butterworth coupling network-based para-
metric amplifier.

Table 6.2: Bandwidth and gain of Kuh’s Butterworth coupling network-based para-
metric amplifier.

Design Gain (dB) b% (sim.) b% (theor.)
Kuh 21 2.281 4.014
#1 20.10 0.048 0.393

from the maximum possible bandwidth and the simulation is due to the order of the

filter, as described by the term u’s behavior when the order number n approaches

infinity. Despite not achieving the best possible bandwidth, the coupling network

improved design #1’s bandwidth by a factor of 47 using the same modulation factor

and frequencies. This example suggests that an antenna should start off with as

much bandwidth as possible to maximize the amplifier bandwidth.

6.3 Filtenna Design and Analysis

Now that the theory of filter-based parametric amplifiers has been discussed and

the possible bandwidth improvements have been emphasized with an example, this
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section will continue on to the parametrically tuned ESF. This section first covers

the general design process of a symmetric, directly coupled filter. The synthesis

procedure is used to create a second order, Chebyshev filtenna. The filtenna is

then adjusted to be slightly asymmetric to further improve the bandwidth of the

LTI design. The ESF is then parametrically tuned and its received power across

frequnecy is compared to the ND design from chapter 4.

6.3.1 Overview of Symmetric Synthesis Method

The initial filtenna synthesis process utilizes a symmetric, directly-coupled, syn-

chronously tuned topology where coupling between the port and the filtenna occur

with only one resonator, inter-resonator coupling occurs in sequential order, and

the radiating element is the last resonator illustrated by Figure (6.4a). The synthe-

sis technique uses g-coefficients from the insertion loss method, determined by the

desired bandwidth, passband type, and pertinent filter parameters [45], [59]. The

coefficients are used with

Qext1 =
g0g1
∆

, (6.6a)

Qext2 =
gNgN+1

∆
, (6.6b)

kn,n+1 =
∆√

gngn+1

(6.6c)

to calculate the first and second external quality factors for each port Qext1, Qext2

and the inter-resonator coupling coefficients kn,n+1 [60].

The values in equation (6.6) act as targets for each step of the design process as

outlined in the chart in Figure 6.5. First, the antenna element’s lossless radiation

quality factor is tuned in simulation to equation (6.6b) using expression in [8], [61],

[62]. The target quality factor may unreachable based on fundamental limits [2],
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[63] or other factors, so a reselection of filter parameters may be necessary.
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Figure 6.5: The flowchart for developing a second order filtenna.

The next step is to tune the external quality factor of the first resonator using

equation (6.6a) as the target. The resonator’s radiation should also be sufficiently

smaller than the radiating element to preserve the direct-coupled behavior. The

external quality factor of the resonator can be calculated from the phase of the

reflection coefficient [59] with the lossless resonator loaded with the line impedance

using

Qex1 =
ω0

∆ω±90o
, (6.7)

shown in Figure (6.4b). If the filtenna’s order is 3 or greater this first resonator can

be used as the intermediate resonators as well.

The inter-resonator couplings are tuned last by simulating the full filtenna. The

target for the resonators’ couplings are the inter-resonator coupling coefficients,

defined as the sum of the ratios of the electoral energy transfer over electrical energy

storage and the magnetic energy transfer over magnetic energy storage [59]. The
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time-domain impulse response (TDR) method was used to tune the inter-resonator

couplings, since it not only tunes the inter-resonator coupling but also allows for

fine tuning of the other filtenna elements as each component of the response is

identifiable in the time domain [64]. This process is done in sequential order, tuning

the external quality factor and the resonance of the first resonator if needed, then

the first inter-resonator coupling, the resonance of the next resonator, the next inter-

resonator coupling, and so on ending at adjusting the resonance of the radiating

element.

6.3.2 Calculating design targets

The filtenna geometry was chosen to be planar with a ka < 0.5, and the inter-

resonator coupling was adjusted using the spacing between them. The chosen filter

response was a second-order, equal-ripple with at most -10 dB equal-ripple about

120 MHz with 1.7% fractional bandwidth. The g-coefficients were calculated us-

ing [45, §8.3], shown in Table 6.3 with their corresponding design targetsas. The

-10 dB 3 MHz bandwidth was selected as it resulted in a second external quality

factor achievable by a planar antenna with room for the other resonator [8].

Table 6.3: The g-coefficients and filtenna design targets for a second-order, equal
ripple response with 3 MHz of -10 dB equal-ripple

g’s g0 g1 g2 g3
1 1.3601 0.7066 1.9250

Q & k Qetx1 k1,2 Qetx1

80 0.0173 80
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Figure 6.6: Geometry of antenna after design stage in subsection 6.3.3

6.3.3 Radiator design and tuning

A planar meandered dipole was used as the radiating element since it is self-

resonant and achieves a relatively low quality factor while maintaining a radiation

efficiency above 50% [8], [65]. The radiation quality factor of a meandered dipole

is largely a function of ka and the aspect ratio, and 0.3 ≤ ka ≤ 0.4 with an aspect

ratio of 2 can result in the necessary radiation quality factor of 136 [8]. This choice

in ka will also allow room for the other resonator while maintaining a ka ≤ 0.5.

The antenna and other simulations were performed in Ansys’ HFSS, in this step

as a 2-dimensional sheet of PEC. Following [65] the meandered dipole achieved a

radiation quality factor of 79, resonated at 330 MHz, and had a radiation efficiency

of 84%. The final meander had a ka of 0.431, with the dimensions and response

shown in Figure 6.6.

6.3.4 Non-radiating resonator design and tuning

The first resonator was a capacitively loaded loop (CLL) fed with a Γ-match [66],

as illustrated in Figure 6.7a and 6.7b. The CLL itself was designed to be narrow

and rectangular so it would not increase the radius of the circumscribing ka sphere

of the dipole, and the loop was tuned to resonate using a capacitive gap that can be

loaded with an additional capacitor if necessary [67], [59, §13.2]. Instead of using
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the Γ-match to transform the antenna’s impedance exactly to the line impedance of

50 Ω, the Γ-match was used to intentionally mismatch the two to achieve a partic-

ular external quality factor. Figure 6.8 shows the CLL’s external quality factor as a

function of the Γ-match’s arm length ℓΓ, demonstrating how the Γ-match can tune

the external quality factor of the CLL. The CLL alone had a radiation efficiency

of only 0.9% and so did not couple substantially into free space. Its efficiency

was calculated using a simulation with finite conductivity. The CLL was tuned to

120 MHz by adjusting its length and the capacitance Cres. Next, the Γ-match’s arm

length was used to tune Qext1 to 80, and the capacitor Cmatch was used to cancel out

the inductance of the Γ-match.

17.5

ℓ = 100.5

3

ℓΓ

Cres=14

Cmatch=40
feed

(a)

ℓT = 32.1
1.5

0.8
3.4

10

35 [mm]

(b)

Figure 6.7: Geometry of first resonator after design stage in subsection 6.3.4.

6.3.5 Inter-resonator tuning

The full filtenna was simulated as a 2D copper sheet, as shown in Figure 6.9a.

With the filtenna assembled, the TDR tuning could be performed and took four

steps as shown in Figure 6.9b. A lossless circuit model was simulated in SPICE

as the ideal comparison for tuning. The tuning process was as follows: the first
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Figure 6.8: The first external quality factor, associated with the CLL, as a function
of Γ-match arm length ℓΓ.

external quality factor was lowered using the Γ match, then the first resonator’s

resonant frequency was increased by shortening it, the inter-resonator coupling was

too strong and was lowered by spacing the elements more, and finally the resonant

frequency of the dipole was too high and was lowered using the aspect ratio.

6.4 Experimental validation and results

The filtenna was realized using Rogers RO5880LZ substrate with 20 mil thick-

ness and half ounce µm copper cladding [68] to facilitate fabrication. Trimmer

capacitors (Knowles JR300) were used to compensate for fabrication errors, with

one used as the capacitor Cres and another used in parallel with a 15 pF (Murata

GRM1885C1H) capacitor on the Γ-match. The filtenna in Section 6.3 was designed

without a substrate to expedite the process, and including it in the realized design

slightly changed the resonant frequency of the filtenna. After retuning the filtenna

to include a substrate the final dimensions were the same as the design without the

substrate except for the dipole width wD, which changed to 154.2 mm, and the Γ-

match and feed ℓT, whose new length was 36.6 mm.

Reflection coefficient and calibrated realized gain data measured in an anechoic

chamber are compared against simulations of the same model and the conjugate-
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Figure 6.9: Figure a) shows the four steps in the TDR tuning stage: step 1) first
external quality factor, step 2) first resonator’s resonance, step 3) inter-resonator
coupling, step 4) antenna’s resonance. Figure b) shows the full filtenna with the
element spacing and total ka.

matched dipole from Section 6.3.3 as a function of frequency normalized to their

respective resonant frequencies fr in Figure 6.11a. Simulated and measured E-

plane and H-plane realized gain patterns at the center frequency are plotted in Fig-

ure 6.11b. The measured results achieve the initial bandwidth goals but the center

frequency was shifted down by 2.4 MHz compared to the simulation, resulting in a

2% error. This shift in resonant frequency resulted from differences in the substrate

footprint between the simulated and fabricated filtenna, and the filtenna conductor

was simulated as a two-dimensional sheet.

Comparing the reflection coefficients of the filtenna to the conjugate-matched
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dipole from Section 6.3.3 shows that the filtenna successfully produced the desired

response and increased the -10 dB realized gain bandwidth by 70%. However,

the -3 dB realized gain bandwidth decreased to 2.2%, compared to the conjugate-

matched dipole’s 3%. The peak realized gain also decreased from the dipole’s

1.4 dB down to the ESF’s 0.2 dB. While the increase in -10 dB bandwidth of S11

came at the expense of a reduction in realized gain magnitude and bandwidth, these

results demonstrate that this synthesis technique can be used in place of large, multi-

variable parametric sweeps to design ESFs.

(a) (b)

Figure 6.10: Fabricated antenna (left) and measurement setup (right) used for the
measured results.
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Figure 6.11: S11 normalized to the resonant frequencies f0 (a) and radiation patterns
at the resonant frequencies (b) of the simulated and measured results of the filtenna.
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6.4.1 Asymmetric Variation

The reduction in the realized gain bandwidth can be compensated by increasing

the coupling between the resonators. This is because the more tightly coupled the

resonators are, the more bandwidth the filtenna will have [45], [59] As the coupling

increases the filtenna will no longer be matched to 50 Ω, to alleviate that the first

external quality factor is reduced to 60. The asymmetric filtenna was also loaded

with a capacitor opposite the side closest to the CLL as shown in Figure 6.12, which

does slightly reduce the efficiency of the dipole. However, this capacitor is neces-

sary as it will be the location of the TVC in the following section. Additionally, the

ka of the total filtenna decreased, which will impact the total performance. The full

filtenna with dimensions is also shown in Figure 6.12.

267

13 C

[mm]

(a)

ℓ = 140

ℓT
= 32.1

(b)

15 mm

ka=0.39

(c)

Figure 6.12: The layout of the asymmetric filtenna with updated dimensions is
shown here. Any unlabeled dimensions are unchanged from the symmetric design.

Taking the process from section 6.3.5 results in the asymmetric filtenna shown

in Figure 6.13. Compared to the symmetric design, it seems this design losses a
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negligible amount of peak realized gain to sightly increase the bandwidth of the

realized gain. Compared to the -3 dB of the symmetric filtenna of 2.2% bandwidth,

the asymmetric is able to almost achieve the same bandwidth of the dipole at 2.9%.

However, with a peak realized gain of 0.1 dB the asymmetric filtenna still loses

slightly over 1 dB of gain compared to the meandered dipole.
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Figure 6.13: Comparison of the realized gain and scattering parameters for the
asymmetric (As.) and symmetric (Sym.) designs.

6.5 Parametrically Tuned Electrically Small Filtenna

The asymmetric filtenna was loaded using the same proceduce discussed in

Chapter 4. The design process resulted in the filtenna having a load resistance of

106 Ω, a pumping frequency of 1128 MHz, a modulation factor of 0.1, and a static

capacitance of 4.6 pF. The filtenna was simulated in SPICE assuming a constant

voltage across the bandwidth, and while this assumption is not as accurate as with
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the singly-resonant designs, it is suitable for a proof-of-concept simulation. Dis-

crepancies in bandwidths in this section compared to the previous section are due

to the constant voltage assumption.

The power received as a function of frequency for the parametrically tuned fil-

tenna, LTI filtenna, and ND case from chapter 4 are shown in Figure 6.14. Since the

peak power for the filtenna and concentric loop designs were both matched to their

LTI counterparts, the difference in peak power will be neglected from discussion.

The -3 dB fractional bandwidth of the parametrically tuned filtenna is 2.2%, which

is larger than the LTI bandwidth of 1.8% and the ND bandwidth of 1.5%. While

the bandwidht of the parametrically tuned filtenna is greater than the ND design,

the nLTI filtenna is only broader by a factor of 1.2 compared to the LTI version,

where the ND case’s bandwidth was 3 times broader than its LTI version. This is in

part due to the decrease in modulation factor from 0.2 down to 0.16, however, this

choice was made to maintain stability with the nLTI filtenna.

Another consideration is that the results if the circuital analysis in Figure 6.3

suggests that the bandwidth improvement of a second order coupling network com-

pared to a singly resonant parametric amplifier should be much greater than the

improvements in Figure 6.14. The circuital examples focused on generating 20 dB

of peak gain instead of purely maximizing the bandwidth like with the paramet-

rically tuned antennas, therefore, the using a multi-resonant antenna may be better

suited to parametrically tuned ESAs where a considerable amount of gain is desired

instead of trying to maximize the bandwidth while maintaining a gain of 0 dB like

this work.
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Figure 6.14: The power across frequency for the LTI and nLTI filtenna compared
to the ND design from chapter 4.

6.6 Conclusion

This section demonstrated that a filtenna can be used in tandem with parametric

tuning, and the result will improve the bandwidth of the ESF. However, there are

some noticeable hurdles, primarily that a more rigorous design procedure for syn-

thesizing a parametrically tuned ESF needs to be developed like has been done for

circuital implementations of parametric amplifiers [40], [41]. It also appears that

the multi-resonant, parametrically tuned ESA achieves more significant improve-

ments over the singly resonant, parametrically tuned ESA when an increased peak

received power over the LTI power received is desired.

The following chapter will take a detour into developing a novel method of

determining the stability of a distributed structure loaded with a TVC. This is an

important endeavour since the stability criteria from chapter 4 make assumptions
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on the device. The method developed in the next chapter makes no assumptions

about the antenna or the mode of operation for the TVC, making it particularly

useful for testing stability for new methods of incorporating a TVC with an ESA

beyond standard parametric amplification.
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Chapter 7

Stability Analysis

7.1 Introduction

Stability is a crucial phenomenon to characterize when designing any active de-

vice, and without a robust analysis the device can fail. Stability analysis has been

well established for standard amplifiers in the RF regime since the mid-twentieth

century, and numerous ways to efficiently handle such an analysis have been de-

veloped in that time [45], [69], [70], [71]. It is common to assume that there are

only poles in the left half of the complex frequency plane in the analysis of 2-port

amplifiers operated in a linear region [45], [71]. Moreover, some stability analyses

have been shown to fail for more exotic amplifying and non-LTI devices such as

negative impedance circuits [72]. Such devices are particularly prone to instabili-

ties in ways that solid-state amplifiers are not, and are stable under a narrow range

of operating conditions. With the recent surge in the use of parametric amplification

with nonlinear capacitors in antenna design, robust stability criteria are pivotal in

transitioning this new category of antenna designs to practical application.

The concern with the stability of circuits utilizing nonlinear capacitor stems

from issues that arise with non-Foster networks. Non-Foster networks generally

utilize transistors to create negative impedances. At the harmonics generated by
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nonlinear capacitors the capacitance can similarly appear negative. Non-Foster de-

vices have been shown to fool standard stability tests and loop-gain tests by hiding

s-domain poles, where s = α + jω [72]. Thus parametric amplifiers must be dealt

with carefully as they also exhibit non-Foster behavior and could pass stability tests

in error. Another significant concern is the exclusion of one of two criteria used in

stability analysis, known as Rollet’s Proviso, which is often guaranteed to be true

for simple, two-port amplifiers [45], [70], [71]. However, due to the prevalence

of this automatic assumption Rollet’s Proviso is not always included in stability

analysis. Since standard parametric amplifier design usually does not analyze the

s-domain response, Rollet’s Proviso is neglected here as well [36], [37]. As antenna

research continues to incorporate non-LTI devices the absence of stability analysis

of non-LTI, distributed structures must be addressed while not masking any poles

or excluding Rollet’s Proviso.

Currently, stability analysis is often conducted through broad and computation-

ally inefficient methods like load-pull analysis for LTI systems or parameter sweeps

for non-LTI systems [73], [74]. There is also no general, standardized stability anal-

ysis method for antennas loaded on-aperture with non-LTI devices, like the antenna

in [22]. Efficient analysis of an antenna with on-aperture loading of a non-LTI

component requires a novel procedure that carefully follows the requirements for

system stability for distributed systems.

The formulation of the stability analysis shown in this chapter begins with a

review of device stability section 7.2. Next, a procedure for analyzing antennas

in the s-domain using MoM is shown in Section 7.3, and then weakly nonlinear

devices using CM is demonstrated in Section 7.4. In Section 7.5, the complex-

frequency response of an on-aperture loaded antenna is modeled by loading its s-

domain MoM representation with a complex frequency CM representing its weakly
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nonlinear loads.

7.2 Review of Stability Analysis

An outline of negative resistance parametric amplifiers has been presented, so

a review of stability analysis can be undertaken. The notion of stability had been

around well before Rollet’s work in [69], it standardized stability analysis for elec-

trical networks. In his paper, Rollet laid out two criteria that must be met for a

two-port electrical system to be stable, and while these criteria have been verified

using different methods and have been extended to N-port networks the underlying

requirements remain unchanged [70], [71], [75]. Rollet’s analysis and subsequent

permutations compose standard RF stability analysis. Firstly, Rollet’s Proviso must

be ensured, which states that a network’s poles must lie only in the left half of the

complex frequency plane under ideal terminations. This would translate practically

to the impedance having no poles in the right half plane when ports are terminated

in open circuits, or that the admittance meets the same criteria with the ports termi-

nated in short circuits. In a multi-port system, this can be extended to saying that

the determinant of the matrix of network parameters is non-zero [75]. Once Rollet’s

Proviso has been verified the second stability requirement can be analyzed, which

requires that the real part of the impedance or admittance at a port be non-negative

when the other is terminated with a perfect match. This second condition was re-

ferred to as the invariant stability factor (ISF) by Rollet and is of the form

k =
2Re(ρ11)Re(ρ22)−Re(ρ12ρ21)

|ρ12ρ21|
, (7.1)
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Zin = R

Figure 7.1: Example non-Foster circuit from [72] where the input impedance will
allow the circuit to pass the second stability criterion while failing Rollet’s Proviso.

where ρxy refers to the network parameter being analyzed, e.g. impedance or ad-

mittance parameters. Rollet stated that for unconditional stability k must be greater

than or equal to 1 and that ρ11 and ρ22 must be greater than or equal to 0. The ISF

has undergone different permutations, such as the K −∆s test or the µ test, but all

verify the same constraint [71].

The issue of neglecting Rollet’s Proviso, while not immediately problematic,

extends to some standard parametric amplifier designs like the stability analysis

outlined in [36] and [37]. When operated in a standard, negative resistance config-

uration, the stability of the device is verified through the analysis of the resistance

at the terminal. If the resistance at the port is permitted to become less than zero,

the device becomes unstable and begins to oscillate. Standard parametric amplifier

topology makes analyzing the resistance at the feed a sufficient stability criterion as

Rollet’s Proviso is correctly presumed and ISF has been verified, but this may not

hold for alternative circuits or an antenna loaded on-aperture.

The second common error in stability analysis occurs when a pole is invisible

to the port, which [72] demonstrated with a simple, unconditionally unstable non-

Fosters circuit that could pass both Rollet’s Proviso, ISF, and a loop gain stability

test. The circuit is shown in Figure 7.1, and the components are set by the rela-

tionship L = R2C where R is arbitrary. When the components are set in this way,

the input impedance of the circuit appears to be a constant resistance across all
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complex frequencies. The instability can be detected by not compressing the non-

Fosters component into the network and examining the voltage or current along the

non-Foster devices.

The non-Foster behavior of a nonlinear capacitor is best illustrated by examining

the lower harmonic of an ideal, time-varying capacitor of the form,

C(t) = C0 · (1 + γ · sin(2πfp)), (7.2)

where C0 is the mean capacitance, γ is the modulation factor of the time-variance,

and fp is the pumping frequency at which the capacitor oscillates. The apparent

capacitance moved from the excitation frequency to the lower harmonic is −jγC0

2
,

where the negative sign shows that the apparent capacitance at the lower harmonic

is non-Foster. This means that, under certain circumstances, a nonlinear capacitor

that has been pumped to become time-varying could hide poles relative to a port.

Some efforts have been made to analyze the stability of parametric amplifiers,

both independent of the antenna and in a co-designed system [20], [74]. In [20] sta-

bility is analyzed by deriving an expression for the input impedance of the amplifier

while connected to the antenna for the one-dimensional frequency domain and then

extended to complex frequencies using analytic continuation. This approach only

examines port impedance which was identified as a potential issue in [72]. The au-

thors of [20] rely on the classic assumption that the negative resistance is the only

source of instability and use their expression for input impedance in a constrained

window of frequencies to validate their stability analysis. While this model works

well for their particular application, it was explicitly derived for the case in [20] and

is not applicable to other co-designed antenna-parametric amplifier systems.

The stability analysis in [74] used a closed loop transfer function to determine
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the locations of the poles and zeros. By determining the transfer function from

inside the circuit, the problem of pole cloaking identified in [72] is avoided. Since

this method requires a harmonic balance simulation, any permutations of the circuit

require an entirely new simulation. The methods in [74] and [20] directly inspect

the complex frequency domain for their specific design and have no clear way to be

generalized for distributed electromagnetic structures.

The method formulated in this paper avoids masking poles by compressing only

the LTI portion of the model (the s-domain MoM impedance matrix) into an N-port

network while leaving all nonlinear components exposed. The method can incor-

porate an arbitrary passive, distributed electromagnetic structure using a modified

MoM matrix, and is computationally efficient as the matrix can be compressed and

reused for multiple permutations of loads and nonlinear capacitors [28]. It has been

demonstrated that the nonlinear capacitor can be reasonably assumed to be weakly

nonlinear, or time-varying, so a simple harmonic decomposition in the complex fre-

quency domain is sufficient to model the element [30].

7.3 Complex Frequency Method of Moments

To capture the complex frequency behavior of an antenna, an s-domain full-

wave solver is developed in this section. MoM is a widely used analysis method

for distributed electromagnetic structures like antennas [76]. At its core, MoM de-

composes the voltage and current on a structure into finite subdivisions and relates

the interaction between each section through impedances. MoM generates an N-

port impedance matrix where each port represents a single basis function of the

whole system. Nonlinear components can be represented as external loads to the

ports of the MoM structure, which divides the problem into LTI and nonlinear sub-
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problems. This division allows the system to be evaluated using Rollet’s Proviso

and ISF safely because the non-Foster component is not inside the compressed net-

work representation like in Figure 7.1.

MoM is typically evaluated in the one-dimensional frequency domain, so some

alterations are necessary in order to find the complex frequency MoM (sMoM) ma-

trix. A simple thin-wire dipole will be used to demonstrate a complex frequency

MoM representation, but the sMoM method is generalizable to arbitrary geome-

tries. MoM uses the closed-form Electric or Magnetic field integral equations to

formulate a constitutive relationship [76]. The thin wire MoM method uses the free

space, point-source Green’s function,

G0(r, r
′) =

e−jk0|r−r′|

4π|r − r′| (7.3)

to solve the integral equations. The free space wavenumber in Eq. (7.3) is usually

defined as k0 = 2π
λ

= ω
c
, but will instead be replaced with k0 = α+jω

c
to model

complex frequencies. With the use of complex frequency, the Green’s function is

now analyzing a wave with some arbitrary frequency and decay or growth. This

process can be repeated for the governing electric field integral equation and auxil-

iary equations to model the MoM system in complex frequency.

A wire dipole 50 cm in length with a 1 cm wire radius was simulated using

sMoM and its input impedance was compared to that of a circuit model mimicking

the antenna’s input impedance, shown in Figure 7.2a. Since the circuit model has a

closed-form s-domain expression it was used for verification of sMoM. The circuit

model was derived using the standard MoM input impedance using only real fre-

quencies. The circuit values were found by tuning the tanks to the anti-resonances

and the series LC to the first resonance of the MoM simulation of the same antenna,
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2.05pF 11.00 nH 673Ω 427Ω

84.26nH

1.59pF

16.30nH

1.23pF

(a) (b)

Figure 7.2: Diagram of the circuit model used to compare to the antenna is shown
in 7.2a with the corresponding component values, and the input impedance of the
purely real frequency MoM model and the circuit model compared in 7.2b.

and then a commercial circuit solver was used to tune the values. Figure 7.2b shows

the circuit model input impedance compared to the real frequency MoM simulation

versus real frequency. The best agreement is at and below the first anti-resonance,

and the traces diverge as the circuit model’s level of detail becomes insufficient to

capture higher-frequency features.

To measure the success of the sMoM model the Euclidean norm of the loca-

tion of each local maximum or minimum of |Zin(s)| in complex frequency was

compared between the two methods. Figure 7.3 shows two contour plots of the

complex input impedance, in dBΩ, with the percent error of the Euclidean norms

of each maximum or minimum location. As expected, there is excellent agreement

between the two methods on the locations of the first maximum-minimum pair and

some agreement for the second pair, while the third pair is not modeled at all by the

circuit. Overall, the sMoM model is successfully capturing the presence of poles

and zeros and is therefore sufficient for stability analysis.
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Figure 7.3: Comparison of the complex frequency domain representation of the
dipole antenna using sMoM (left) compared to that of the equivalent circuit model
of the input impedance (right)

7.4 Complex Frequency Representation of the Nonlinear Ca-

pacitor

A complex frequency domain model of the nonlinear component is needed for

integration with the sMoM antenna model shown in Section 7.3. The CM linear

time varying capacitor model of [14] will be used to model the periodically pumped

nonlinear capacitor. For the CM model to be valid the capacitor is assumed to be

weakly nonlinear, such that the pumping power is much greater than the excitation

and only the first-order harmonics are present. The time domain capacitor model in

Eq. (7.2) cannot be used in a complex frequency model, as it will incur a pole on

the R = 0 axis. Therefore, the slightly modified version,

C(t) = C0 · (1 + γ · sin(2πfp)) · e−at · u(t), (7.4)

was used, where a is the decay factor of the sinusoid, and with the restrictions that

a > 0, 0 < γ < 1, and C0 > 0. The decaying exponential in Eq. 7.4 is used to place
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(a) Capacitance magnitude at har-
monics

(b) Capacitance magnitude at α =
0

Figure 7.4: Comparison between the Laplace transform of the time-domain model
and the sCM model of the time-varying capacitor.

the pole at s = a+ j2πfp. This time domain model is represented by its constituent

harmonic components, which are functions of α, resulting in,

C =


Cs(α + j2πfex) Cs(α + j2π(fex − fp) 0

Cs(α + j2π(fex + fp) Cs(α + j2πfex) Cs(α + j2π(fex − fp)

0 Cs(α + j2π(fex + fp) Cs(α + j2π(fex)

 ,

(7.5)

where,

Cs(s) =
C0

s+ a
+

γC02πfp
(s+ a)2 + (2πfp)2

. (7.6)

In order to verify that the complex frequency CM (sCM) is constructed cor-

rectly, the time domain capacitance was calculated and then transformed into the

complex frequency domain. The model used γ = 0.5, C0 = 1 pF, and a = 107,

where the a value was chosen to reduce computation time in the time domain. Fig-

ure 7.4 shows that the magnitude of the capacitance calculated by the complex fre-

quency and time-domain models agrees except in the neighborhood of the pole at

α = 10−7. This can be attributed to the proximity to the pole, as the Laplace trans-

form becomes progressively more difficult to numerically calculate the closer to
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the pole it is performed. Based on this comparison, we conclude that the s-domain

representation can correctly model weakly nonlinear devices.

7.5 Complex Frequency Conversion Matrix-Method of Moments

Stability Analysis

A preliminary test was carried out to demonstrate how to use sCMMoM to

verify stability of an on-aperture loaded antenna. For this initial test, the presence

of poles was verified by inspection, and were determined by looking for maxima

in the complex frequency domain. To test the method, a loop antenna 21 cm in

diameter was simulated with a wire radius of 1 cm and was tuned to resonate at

approximately 100 MHz using a single static capacitor of 4.7 pF. Figure 7.6a shows

the LTI input impedance of the loop antenna versus complex frequency. For the

LTI case, there is one pole in the left-half side of the s-domain creating the anti-

resonance as indicated by the maxima around 0.2125 GHz. The capacitor was then

pumped at a frequency of 200 MHz with a modulation factor of γ = 0.2 and a = 1.

While a large a was useful for the time-domain calculations to run efficiently, the

requirement a << fp for the full sCMMoM method is necessary. This is equivalent

to modeling near steady-state conditions for the time-varying capacitor which is the

operating condition of the system. The dampened sine of the capacitor could result

in a pole being shifted from the right side to the left side of the s-domain in error,

but if a << fp then any possible shift is negligible. When inspecting poles very

near the y-axis allowing a → 0+ will help ensure that there is no effect from a on

pole placement.

The magnitude of the input impedance of the complex frequency domain calcu-

lations, here defined as Zin = Vex

Iex
where Vex and Iex are the voltage and current at
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(a) Zin of the LTI antenna (b) Zin of the non-LTI antenna

(c) Zoomed in Zin of the non-LTI antenna (d) Zoomed in Zin of the non-LTI antenna, a =
0.1

Figure 7.5: Two dimensional input impedances of the stable LTI (7.5a) antenna,
the potentially unstable non-LTI (7.5b & 7.5c) antenna, and the potentially unstable
non-LTI case (7.5d) with a = 0.1.
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(a) (b) (c)

Figure 7.6: Input impedance at α = 0 of a stable (7.6a) LTI antenna and the input
impedance of the unstable (7.6b & 7.6b) non-LTI antenna. Figure

the excitation, is presented in Figure 7.5. By inspection of Figures 7.5c and 7.5d,

there do exist poles within the frequency range of interest in the right half plane

of the complex frequency domain. There is a white diamond indicating that the

method resulted in a singular matrix for that particular value of s, so at a frequency

of fex = fp = 200 MHz the loaded antenna appears unconditionally unstable [75].

However, this is not entirely true. There is technically oscillation occurring at this

frequency, but this is due to the pumping source directly delivering power to the

signal and not because the system is truly unstable. There is also another poten-

tially unstable region just below 200 MHz where maxima in the right-hand plane

indicate possible poles. The antenna is recalculated for a capacitor with a decay of

a = 0.1 to see the impact of the choice of a = 1. Figure 7.5d shows that a = 1

did shift the response over slightly, and that the maximal region is entirely in the

right-hand plane as a → 0+. sCMMoM has successfully verified that the loaded

antenna should not be operated around the region where fex ≈ fp, but that there

could be stability elsewhere provided that the device passes the ISF test.

To verify ISF there can be no negative resistance seen at the port of the antenna,

and Figure 7.6 shows that the input resistance of the non-LTI-loaded antenna does
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become negative for some frequencies. This is expected as there was no load resis-

tance to offset the negative resistance of the amplifier, thus resulting in instability.

To alleviate the instability, a load resistance must be used to overcome the negative

resistance in the desired operating region. With the current configuration, the an-

tenna requires approximately 200 Ω to overcome the negative input resistance since

the input impedance is approximately −200Ω. The sCMMoM method was able to

verify the conditional stability of the non-LTI antenna in a region of degenerate-

mode negative resistance amplification [36].

7.6 Conclusion

This chapter reviewed literature on the stability of non-LTI devices in an ef-

fort to highlight the importance of rigorously validating their stability. This chapter

then established a method of using MoM to create a complex frequency domain

representation of an RF structure using CM to load it with a TV element. This

sCMMoM method is particularly powerful for large investigations into novel struc-

tures and applications of TV elements with RF structures, as doing this large of a

sweep for stability verification in the transient domain would be much more compu-

tationally expensive. The next step of leveraging sCMMoM for stability analysis is

to use a more generalized pole detection method to determine the existence of poles

in the right hand plane of the complex frequency domain instead of calculating a

wide sweep of possible values and visually inspection the results for each iteration.
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Chapter 8

Conclusion

This dissertation has demonstrated that parametric tuning can be used on receiv-

ing ESAs to increase their signal throughput beyond their LTI capabilities. Consider

Figure 8.1, where the maximum bandwidth achievable for an antenna within a fixed

ka sphere using the radiation efficiency of the 2 to 1 concentric loop (cLoop max)

and the square loop (loop max) are compared to the actual bandwidths of the LTI

and TV versions of the 2 to 1 and square loops. The LTI versions of each an-

tenna, denoted by the circle markers, are considerably lower than the fundamental

maximum bandwidth. This is largely due to the planar loop not filling much of

the circumscribing ka sphere, since filling the volume of a ka sphere is directly

proportionate to approaching the fundamental limit [2]. The bandwidth of a pla-

nar, meandered dipole with a radiation efficiency of 64% is also plotted in Fig-

ure 8.1. This trace is based on the meandered dipole design from [65], as this type

of ESA approaches the fundamental minimum Q for an electrically small, planar

antenna [5]. Due to its’ performance and straight-forward design, the meandered

dipole is widely used as the standard, state-of-the-art ESA in numerous applica-

tions.

The bandwidth versus ka of the singly loaded, TV version of the concentric

loop is shown in Figure 8.1 with the red x marker. The optimization from chap-
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Figure 8.1: Comparison of the non-degenerate (cLoop ND) and single balanced
(sLoop SB) antennas to the maximum achievable bandwidths for their radiation ef-
ficiencies (cLoop max at 0.58 and sLoop max at 0.43, respectively), the LTI concen-
tric loop (cLoop LTI), the LTI square loop (sLoop LTI), and an optimized version
of the ND case (cLoop Opt). The two loops and accompanying bounds are also
compared to the projected performance of a planar meandered dipole [65].

ter 4 was used on the concentric loop as well to see if the bandwidth could be

further improved for a fixed modulation factor, and is also plotted on Figure 8.1 as

the red, triangular marker. The TV concentric loop did perform much better than

the LTI case, and the optimized version has a comparable bandwidth to the mean-

dered dipole. A loop antenna can be used to reduce the overall size of a receiver

since components can be placed inside of the loop without significantly impacting

performance. Therefore, the optimized concentric loop can reduce the overall size

of the receive system without sacrificing bandwidth relative to the state-of-the-art

ESA.

The bandwidth versus ka of the single balanced square loop is is also shown in

Figure 8.1 with the blue x marker. Since it is only a single loop where the concentric

loop has the second, inner loop, it has more surface area for components than the

concentric loop for its electrical size. The single balanced design also has a wider
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bandwidth than even the optimized concentric loop despite the reduction in size.

Comparing the single balanced square loop to the meandered dipole, it exceeds the

dipole’s bandwidth by nearly 50%. Therefore, the single balanced, square loop

can both reduce the overall receiver footprint while also improving the bandwidth

relative to the state-of-the-art ESA.

Future work will initially focus on realized prototypes of the designs laid out

here. While the TVCs were designed to be realizable with COTS varactors, there is

still the task of designing the pumping network and varactor to produce the TVC.

Investigating different antenna designs to attempt to circumvent the Chu limit is

also a an important avenue to investigate. Another task is to improve the single

balanced ESA design process by creating a circuit model analysis like in chapter 4,

as single balanced parametric amplifiers do not have a full circuit model analysis

and design equations to date. The circuit model can be used to optimize the single

balanced design to further improve the bandwidth of particular designs like with the

singly loaded case. Also, the parametrically tuned ESF needs a formal design pro-

cess where a filter synthesis technique directly incorporates the negative resistance

and effective static capacitance in the design equations like in circuital parametric

amplifiers that use filter as the coupling network. The parametrically tuned ESF can

also benefit from using a more filter topology where all the elements are radiators

so it can more closely achieve the Chu limit before parametric tuning.
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