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DISSERTATION

A METHOD OF DIFFERENCES TO SOLVE TRANSCENDENTAL EQUATIONS, 

WITH APPLICATIONS TO SANITARY ENGINEERING PROBLEMS

In many e n g in ee rin g  problems equa tions  a r i s e  in  which one o r 
more param eters a re  to  be determ ined u sin g  as d a ta  s e ts  o f  o b se rv a tio n s .
In  some in s ta n c e s  such param eters a re  im p l ic i t  in  more o r  le s s  com pli­
c a te d  tra n sc e n d e n ta l e q u a tio n s , so th a t  the  t r i a l  and e r r o r  method, or 
methods in v o lv in g  th e  use  o f  graphs drawn on s p e c ia l  s c a le s ,  o r  ta b le s ,  
have been g e n e ra lly  used to  f in d  th e  d e s ire d  s o lu t io n s .  These methods 
a re  s p e c i f ic  to  each p a r t i c u l a r  problem , n o t l in e a r  in  n a tu re , and time 
consuming. In  t h i s  t h e s i s ,  a  b r i e f  review  o f  th e s e  types o f equa tions 
and t h e i r  correspond ing  t r a d i t i o n a l  methods o f  s o lu t io n s  a re  p re se n te d , 
and th e  method of d if f e re n c e s  i s  used to  develop co rrespond ing  l in e a r  
forms from which the  re s p e c tiv e  param eters  can be  e s tim a ted  in  a more 
conven ien t way; the  method i s  a p p lie d  to  a number o f  problem s r e la te d  to  
th e  f ie ld  o f  s a n i ta ry  e n g in e e rin g , and th e  r e s u l t s  a re  compared w ith  th o se  
ob ta in ed  w h ile  u s in g  th e  t r a d i t i o n a l  methods o f s o lu t io n . The r e s u l t s  
o b ta in ed  from th e  a p p lic a t io n  o f  the  method o f d if f e re n c e s  prove to  be 
su p e r io r  to  th o se  o b ta in ed  using  th e  t r a d i t i o n a l  methods.
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A METHOD OF DIFFERENCES TO SOLVE TRANSCENDENTAL EQUATIONS,

WITH APPLICATIONS TO SANITARY ENGINEERING PROBLEMS

CHAPTER I 

INTRODUCTION

1.1 G eneral Concepts and O b jec tiv es

In  s a n ita ry  e n g in e e rin g , as w e ll as in  o th e r  branches o f  e n g in e e r­

ing and sc ie n c e , the  problem  of f in d in g  the  param eters o f a given model 

o r eq u a tio n  occurs q u i te  f re q u e n tly . For in s ta n c e , in  ch em istry , i t  

may be d e s ire d  to  know th e  r a te  a t  which a g iven  re a c tio n  p roceeds; in  

physics  i t  cou ld  be o f i n t e r e s t  to  determ ine th e  r a te  a t  which a  c e r t a in  

gas d is s o lv e s  in  w a te r; in  demography, i t  may be n e c essa ry  to  determ ine 

the s a tu r a t io n  l im i t  o f  a growing p o p u la tio n ; and, in  s a n i ta ry  e n g in e e r­

in g , i t  may be re q u ire d  to  determ ine the  param eters  o f the  s o -c a l le d  

eq u a tio n  o f s e l f - p u r i f i c a t i o n ,  in  o rd e r  to p lan  the  b e n e f ic ia l  use o f  a 

c e r ta in  s tream .

In  a l l  th e  examples c i t e d ,  as w ell as in  many o th e r  c a se s , the  

d e te rm in a tio n  o f th e  param eters  o f the  eq u a tio n s  used to  re p re se n t each 

p a r t i c u l a r  phenomenon i s  based on s e ts  o f o b se rv a tio n s  o b ta in ed , as 

n e c e ssa ry , in  the la b o ra to ry  under c o n tro l le d  c o n d itio n s  o r  in  th e  f ie ld  

under n a tu ra l  c o n d it io n s . F o r tu n a te ly , in  many cases th e  model equa­

tio n s  used in  e n g in e e rin g  and sc ien ce  p re se n t t h e i r  param eters in  an 

e x p l i c i t  form so th a t  th e  d e te rm in a tio n  o f t h e i r  va lues can be re a d i ly  

ob ta ined  through the  a p p lic a t io n  o f the  method o f l e a s t  squares o r any
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o th e r  method s u i ta b le  to  t h i s  pu rpose . This i s  th e  case o f th e  s t r a ig h t  

l in e  and polynom ial m odels. In  o th e r  c a se s , however, the  model p re s e n ts  

i t s  param eters  n o t e x p l i c i t l y ,  b u t in v o lv in g  e x p o n e n tia l, lo g a r i th m ic , o r 

tr ig o m e tr ic  form s; t h i s  type o f e q u a tio n s , c a lle d  " tr a n s c e n d e n ta l ,"  may be 

so lved  more o r l e s s  e a s i ly  i f  i t s  param eters  a re  e x p l i c i t  in  th e  exponen­

t i a l  form s, s in c e  in  such a ca se  the  eq u a tio n  may be transform ed  l o g a r i th ­

m ic a lly . F in a l ly ,  th e  case in  which th e  param eters  o f a tra n s c e n d e n ta l  

eq u a tio n  appear in  an im p l ic i t  form p re s e n t th e  most s e r io u s  d i f f i c u l t i e s ,  

so th a t  s p e c ia l  methods o f s o lu t io n  have been developed f o r  only  a few of 

them, among th ese  methods i t  i s  w orthw hile to  m ention th e  method o f 

Thomas-Snow, a p p lic a b le  to  th e  f i r s t  o rd e r  chem ical r e a c t io n  e q u a tio n , 

th e  method of V erh u ls t used to  so lv e  the  l o g i s t i c  e q u a tio n , and th e  method 

o f  T h e is , used to  determ ine th e  v a lu e  of th e  fo rm ation  c o n s ta n ts  o f a q u i­

f e r s .

The purpose o f th is  th e s i s  i s  to  p re s e n t a g e n e ra l method to  reduce  

tra n s c e n d e n ta l  eq u a tio n s  to  a lg e b ra ic  forms to  which th e  method o f  l e a s t  

sq u a re s , o r any o th e r  s u i ta b le  method o f s o lu t io n , can be a p p lie d  in  

o rd er to  f in d  th e  p a ram eters  o f th e  o r ig in a l  e q u a tio n . A lthough th e  

method i s  g e n e ra l in  c h a ra c te r ,  i t s  a p p lic a t io n s  in  t h i s  th e s i s  w i l l  be 

r e s t r i c t e d  to  th e  case o f tra n s c e n d e n ta l  eq u a tio n s  w ith  n o n - e x p l ic i t  

p a ra m e te rs .

1 .2  D e f in it io n s

A model, as d e fin ed  in  t h i s  t h e s i s ,  i s  a m athem atical r e l a t i o n ­

sh ip  between one o r more independent v a r ia b le s  and a s in g le  dependent 

v a r ia b le .  Such v a r ia b le s  r e p re s e n t  th e  d i f f e r e n t  e n t i t l e s  o f  a phe­

nomenon, and th e  g iven  r e la t io n s h ip  o f th e  phenomenon as  a  w hole.
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The param eters  o f  the  model o r eq u a tio n  a re  the  c o n s ta n ts  involved  

in  the  m athem atical r e la t io n s h ip ,  whose va lues  a re  unknown bu t can be 

e s tim a ted  c o n s id e r in g  s e ts  o f co rrespond ing  va lues  o f a l l  th e  v a r ia b le s  

in h e re n t to  th e  model.

A sim ple example o f  such a model i s  g iven  by th e  eq u a tio n  o f  th e  

s t r a ig h t  l in e

y = a + bx (1 .1 )

when used to  re p re s e n t the  p o p u la tio n  "y" o f  a given c i t y ,  a t  d i f f e r e n t  

tim es " x ."  In  t h i s  model, "x" and "y" a re  the  v a r ia b le s ,  independent 

and dependent r e s p e c t iv e ly ,  and "a" and "b" a re  th e  param eters whose 

va lu es  can be e s tim a ted  when a s e t  o r  s e ts  o f  p a ire d  d a ta  (x ,y )  a re  

known.

A model can r e s u l t  from th e o r e t ic a l  c o n s id e ra tio n s  r e la te d  to  a 

phenomenon, as norm ally  occurs in  the  p h y s ic a l s c ie n c e s , o r may be 

chosen e m p ir ic a lly  to  t r y  to  re p re s e n t the  phenomenon under c o n s id e ra t io n , 

as happens, fo r  in s ta n c e , when a normal d i s t r ib u t io n  i s  used to  r e p re ­

se n t th e  o ccu rrences  o f  annual p r e c ip i t a t i o n  in  a g iven  reg io n . In  

every  model th e re  a re  im p l ic i t  assum ptions r e la te d  to  the  way in  which 

the  co rresp o n d in g  phenomenon i s  supposed to  o ccu r, fo r  in s ta n c e , in  

eq u a tio n  1 .1 th e  assum ption i s  made th a t  th e  p o p u la tio n  i s  d i r e c t l y  

p ro p o rtio n a l  to  tim e , o r th a t  the  r a te  o f in c re a se  o f  p o p u la tio n  i s  

c o n s ta n t s in c e

g = b  (1 .2 )

A model i s  a compromise between s im p l ic i ty  and r e a l i t y ,  in  which 

the  p ro p er s e le c t io n  o f th e  v a r ia b le s  o f re lev an ce  in  the  phenomenon 

re p re se n te d , a s  w e ll as the  assum ptions in  regard  to  the  r e la t io n s
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in  between th ese  v a r ia b le s ,  and th e  p re c is io n  w ith  which th e  param eters  

a re  e s tim a te d , de term ine  th e  q u a l i ty  o f  th e  model.

Once a model and th e  a p p ro p r ia te  v a r ia b le s  have been e s ta b l is h e d  

to  re p re s e n t a  g iven  phenomenon, the  problem  o f  d e te rm in ing  th e  p a ra ­

m eters invo lved  in  th e  model a r i s e s .  To so lv e  t h i s  problem , i t  i s  a 

g e n e ra liz e d  p r a c t ic e ,  when p o s s ib le ,  to  l in e a r i z e  the  model by means o f 

fu n c tio n a l tra n s fo rm a tio n s  o f  th e  o r ig in a l  e q u a tio n ; the  param eters  o f 

th e  s t r a ig h t  l in e  a re  th en  e s tim a te d , and from them, the  param eters  o f 

the  o r ig in a l  eq u a tio n  a re  o b ta in e d . For in s ta n c e ,  the  geom etric  model o f  

p o p u la tio n  growth

y = ae^* (1 .3 )

in  which "y" and "x" re p re s e n t  p o p u la tio n  and tim e r e s p e c t iv e ly ,  i s  

l in e a r iz e d  ta k in g  n a tu r a l  lo g arith m s on both  s id e s  o f  th e  eq u a tio n , so th a t

In  y = In  a  + bx (1 .4 )

In  many c a s e s , a f t e r  the  fu n c tio n a l l in e a r i z a t i o n  o f  th e  model, 

some param eters  o f th e  o r ig in a l  e q u a tio n  may appear combined w ith  one o r

more v a r ia b le s  in  a fu n c t io n a l  form. C onsider, fo r  in s ta n c e ,  the

e q u a tio n

y = a ( l  - e 'bX ) (1 .5 )

used to  re p re s e n t the  amount o f  s u b s tr a te  "y" rem ain ing  a t  tim e "x" in  

a f i r s t  o rd e r r e a c tio n  e q u a tio n . A f te r  l in e a r i z a t i o n ,  th is  eq u a tio n  

becomes

In  (a  - y) = In  a - bx (1 .6 )

in  which case  the p aram eters  "a" and "b" cannot be determ ined  u s in g  the 

l in e a r  form because , "a"  being  unknown, i t  i s  im possib le  to  c a lc u la te
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th e  values o f In (a  - y ) .  An equa tion  c o n ta in in g  e x p o n e n tia l, lo g a r ith m ic , 

o r  trig o n o m etric  term s i s  c a l le d  a tra n sc e n d e n ta l e q u a tio n , fo r  in s ta n c e  

equa tions  1 .4  and 1 .5

A tra n sc e n d e n ta l eq u a tio n  which a f t e r  fu n c tio n a l l in e a r iz a t io n  shows 

i t s  param eters in  a  n o n -e x p lic i t  form, as in  the  case  o f equa tion  1 .6 , 

w i l l  be r e fe r re d  to  in  th is  th e s is  as a tra n sc e n d e n ta l equa tion  w ith  

n o n -e x p lic i t  p a ram ete rs . Some tra n sc e n d e n ta l equa tions w ith  n o n -e x p lic i t  

param eters have been so lved  by d i f f e r e n t  m ethods; in  most cases the  

method re q u ire s  the  use o f graphs drawn w ith  s p e c ia l  fu n c tio n a l s c a le s .

For some m odels, s e v e ra l methods e x i s t ,  approxim ate o r  e x a c t, bu t in  

g e n e ra l, th ese  methods o f s o lu t io n  a re  s p e c if ic  to  th e  given equa tion  

and consequen tly  they lack  g e n e ra l i ty .

In  C hapter I I I  o f th is  th e s is  a survey o f  th e  t r a d i t i o n a l  methods o f 

s o lu t io n  o f th e  tra n sc e n d e n ta l eq u a tio n s  w ith  im p l ic i t  param eters l i s t e d  

in  C hapter I I  w i l l  be p re se n te d . In  C hapter IV, which c o n s t i tu te s  the  

p r in c ip a l  aim o f  t h i s  t h e s i s ,  the  method o f  d if fe re n c e s  to  so lve  t h i s  

k ind  o f problem  w i l l  be ex p la in ed , and in  C hapter V the  method w i l l  be 

a p p lie d  to  so lv e  se v e ra l num erical exam ples. In  C hapter VI the advan­

tages o f  the  method of d if fe re n c e s  a re  exp lo red . In  C hapter I I  an 

a ttem p t i s  made to  p re se n t the  meaning o f  some equa tions used in  s a n i ­

ta ry  en g in ee rin g . In  the  rem ainder of the  p re s e n t c h a p te r , the main 

m athem atical to o ls  used to  e s tim a te  param eters o f  l in e a r  equa tions  i s  

summarized, and f in a l ly ,  in  C hapter VII a method o f in te r p o la t io n  o f 

m issing  d a ta  i s  p re se n ted  and i l l u s t r a t e d  w ith  examples.

In  the  appendix . C hapter V III , a summary o f  the  tra n sc e n d e n ta l 

equa tions  and the l in e a r  forms developed in  C hapter IV w i l l  be found.
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as w e ll as o th e r  u se fu l e q u a tio n s  o f  t h i s  type and t h e i r  re s p e c tiv e  

nom enclature.

1 .3  The L east Squares Method

Once a tra n sc e n d e n ta l eq u a tio n  has been reduced to  a n o n -tra n sc e n ­

d e n ta l  form, the  problem  o f  de te rm in ing  i t s  param eters rem ains. Among 

th e  se v e ra l methods a v a i la b le ,  the  method o f  l e a s t  squares i s  conside red  

to  be the  most f re q u e n tly  used on account o f  i t s  many s t a t i s t i c a l  advan­

tag e s  .

F irst^ c o n s id e r  th e  ca se  in  which a f t e r  p lo t t in g  a s e t  o f  d a ta  (x ,y ) ,  

th e  r e s u l t in g  " s c a t te r e d  diagram " shows th a t  th e re  e x is t s  some l in e a r  

r e la t io n s h ip  between both  v a r ia b le s .  I f  th e  va lues o f  "x" a r e  known 

p r e c i s e ly ,  th en , fo r  a  g iven  v a lu e  o f "x" s e v e ra l d i f f e r e n t  va lues  o f  

"y" may o ccu r, so th a t

y = a + bx + e (1 .7 )

where "e" i s  th e  e r r o r ,  o r  d i f f e re n c e  in  between th e  observed value  o f 

"y" and the  co rrespond ing  o rd in a te  o f the  s t r a ig h t  l in e

y' = a + bx (1 .8 )

which i s  c a lle d  the " re g re s s io n  curve o f  y on x .

In  o rd e r  to  f in d  the  " l in e  o f b e s t f i t , "  th e  sum o f th e  squares 

o f the  e r ro r s  i s  m inim ized. From equa tions  2 .1  and 2 .2

Ee^ = Z(y - a - bx)^ = min (1 .9 )

where the  summation i s  taken  fo r  a l l  th e  s e t  o f  "n" correspond ing

o b se rv a tio n s  (x , y ) .

Equation 1 .9 i s  s a t i s f i e d  when the p a r t i a l  d e r iv a tiv e s  w ith  re s p e c t  

to  "a" and "b" v an ish . A f te r  d e r iv a tio n  and re o rd e rin g  o f  term s, the
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fo llow ing  e q u a tio n s , c a l le d  "norm al,"  a re  o b ta in e d .

Ey = an + b ix
(1 .10 )

2
Exy = aZx + bEx 

from which the va lues o f "a" and "b" a re  e a s i ly  determ ined .

The method o f l e a s t  squares can be a p p lie d  to  n o n - lin e a r  equa tions

by d i r e c t  d i f f e r e n t i a t i o n ,  however, i t  i s  commonly p re fe r re d  to  use the  

normal e q u a tio n s  o f the  co rrespond ing  l in e a r  tran sfo rm . For in s ta n c e , 

in  the  ca se  o f eq u a tio n  1 .3 , whose l in e a r  tra n s fo rm a tio n  i s  

In  y = In a + bx

eq u a tio n s  1 .10  a re  a p p lie d  to  the  "n" p a ir s  o f  va lues  (x . In  y) to  

o b ta in  e s tim a te s  o f  In a ,an d  b.

F in a l ly ,  in  th e  case  o f  m u ltip le  r e g re s s io n , which d e a ls  w ith  "n"

( r  + 1) -  tu p le s  o f  d a ta  (x^, x^ , x^ , . . . y ) ,  where th e  x 's  a re  known

w ith o u t e r r o r ,  th e  method o f  l e a s t  squares i s  a p p lie d  to  o b ta in  e s t i ­

m ates o f  th e  param eters  in  eq u a tio n

y = kg + bj^Xj + bgXg + . . . b^x^ (1 .11 )

whose co rrespond ing  normal eq u a tio n s  a re

Zy * nbg + b^Ex^ +  bgZXg +  . . . b^Ex^

EXĵ y = b^Ex^ + b^Ex^^ + bgZx^Xg + . . . b^Ex^x^ (1 .12)

=  b g Z x ^  +  b ^ Z x ^ x ^  +  b g Z x ^ X g  +  . . . b ^ E x ^ ^

Since the  s e t  o f  eq u a tio n s  1.10 w i l l  be f re q u e n tly  a p p lie d  in  C hap ter V, 

the  s o lu t io n  o f th is  s e t  i s

i . i ï  .  p 3  
n n

(1 .13 )
_ nEXY - EXZYp =-------------------

n Z r  .  (E X)'^
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The change o f  n o ta t io n  from sm all to  c a p i t a l  l e t t e r s  i s  done to  avoid  

con fusion  w ith  the n o ta t io n  o f  the  l in e a r  forms to  be p re se n ted  in  

C hapter IV. "P" now s ta n d s  fo r  the  slope o f a s t r a ig h t  l i n e ,  and " I"  

fo r  i t s  in te r c e p t .

1 .4  O ther Methods o f  S o lu tio n  o f the  L inear Model

Method o f Averages 

A "qu ick  method" to  e s tim a te  th e  values o f the  param eters  "a" and 

"b" from eq u a tio n

y = a + bx (1 .1 )

c o n s is ts  in  d iv id in g  th e  s e t  o f  "n" d a ta  in to  two groups, one c o n ta in in g  "k" 

d a ta  and th e  o th e r  th e  rem aining "n - k ,"  and adding up th e  co rrespond ­

ing  d a ta  in  each group, to  o b ta in  the  two sim ultaneous eq u a tio n s

k k
Ty = ka + bZx 
1 1

E y = (n - k )a  + b E x 
n -k  n-k

The s o lu t io n  y ie ld s  the  d e s ire d  v a lu es  o f  "a" and " b ."

G raphical Method

The g ra p h ic a l d e te rm in a tio n  o f  th e  param eters o f th e  l in e a r

eq ua tion  1 .1  i s ,  maybe, th e  method most fre q u e n tly  used in  so lv in g

en g in ee rin g  problem s, m ain ly  when fu n c tio n a l forms o f the  v a r ia b le s

a re  invo lved . The p rocedu re  c o n s is ts  o f sim ply p lo t t in g  th e  d a ta  and

p assin g  a s t r a ig h t  l in e  through the  average values o f  a l l  the  " x 's "  and

" y 's , "  sp inn ing  th e  l in e  u n t i l  a  l in e  o f  "b e s t f i t "  i s  o b ta in ed  by eye.

The va lues  o f th e  s lo p e  "b" and the in te r c e p t  "a" a re  then  ob ta in ed  by



m easuring d i r e c t ly  on the  g raph .

1 .5  Method S e le c tio n

O bviously , th e  s e le c t io n  o f  a method to  determ ine the  p a ram eters  

from a g iven  eq u a tio n  i s  a m a tte r  depending on the  q u a l i ty  o f th e  m odel, 

th e  r e l i a b i l i t y  o f  th e  d a ta , and the  accuracy  d e s ire d  in  th e  d e te rm in a ­

t io n .  These fa c to rs  r e l a t e  to  each o th e r ,  so th a t  th e re  may n o t be any 

advan tag e , fo r  in s ta n c e ,  in  app ly ing  th e  l e a s t  squares method to  a s e t  

o f d a ta  th a t  does n o t conform to  a s t r a ig h t  l i n e ,  o r when the  s c a t t e r  

diagram  i s  so d isp e rs e  th a t  n o th in g  more than  a  " tre n d "  can be o b ta in e d , 

o r  when no more than a rough e s tim a te  o f  th e  param eters  i s  n e c e ssa ry  to  

be known. In  a l l  th e se  cases  the  a p p lic a t io n  o f  such a method w i l l  

re p re s e n t  time w asted , and no r e a l  b e n e f i t s .  In  th is  r e s p e c t ,  e n g in e e r­

ing  good judgment and ex p erien ce  a re  the  b e s t  to o ls  a v a i la b le .



CHAPTER II

MODEL EQUATIONS USED IN SANITARY ENGINEERING

2.1  Model E quations

S a n ita ry  en g in eerin g  i s  a complex and f a s t ly  evo lv ing  branch of 

e n g in e e rin g . Although i t s  bases l i e  in  th e  laws o f  m athem atics, p h y s ic s , 

ch em is try , and b io lo g y , th e re  rem ains a good dea l o f em piricism  in  i t s  

methods and p r a c t ic e s .  New c a te g o r ie s  such as a i r  p o l lu t io n ,  n o ise  

c o n tr o l ,  ra d io lo g ic a l  h e a l th ,  e t c . ,  have been added to  th e  t r a d i t i o n a l  

ones o f w ater supply  and w aste w a te r d is p o s a l .  This growth has made 

s a n i ta ry  en g in eerin g  so e x te n s iv e  th a t  a re o rg a n iz a tio n  o f  i t s  c o n te n ts  

i s  being  c a r r ie d  ou t in  o rd e r  to allow  the  fu tu re  s a n i ta ry  eng in eers  to  

meet t h e i r  fu n c tio n s  in  o p e ra tio n , management, d e s ig n , p lan n in g , e tc .  

Repackaging o f  m a te r ia l  common to  se v e ra l d is c ip l in e s  appears now in  

cou rses  such as u n i t  o p e ra tio n s  and p ro c e s se s , system s a n a ly s is ,  system s 

d es ig n , e tc .  ^

From the  new to o ls  used in  e n g in e e rin g , perhaps the  "system s 

approach" i s  the  most s t r i k in g ,  fo r  i t  co n s id e rs  models as m athem atical 

o r  q u a n ti ta t iv e  d e s c r ip tio n s  o f problem s. The model i s  th e  item  th a t  

changes th e  problem from one o f i n tu i t io n  in to  one to  be so lved  mathe-

^G. W. R eid, "G raduate Programs in  S a n ita ry  E n g in e erin g ,"  a re p o r t  
to  th e  U n iv e rs ity  o f Mexico, 1973.

10
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TABLE 2.1

SOME TRANSCENDENTAL MODELS USED IN SANITARY ENGINEERING

Models a r i s in g  from o rd in a ry  d i f f e r e n t i a l  equa tions

E quation A p p lica tio n s

Chemical f i r s t  o rd e r 
r e a c tio n  eq u a tio n

Biochem ical oxygen demand 
Rate o f  a b so rp tio n  of gases 
Rate o f  s t a b i l i z a t i o n  o f  new 

re s e rv o ir s  
Flood ro u tin g  
P o p u la tio n  growth 
B io k in e tic s

Chemical second o rd er 
r e a c tio n  eq u a tio n :

A u to c a ta ly tic ; L o g is tic

Anaerobic decom position 
P o p u la tio n  growth

Rate o f  p u r i f ic a t io n B io lo g ic a l trea tm en t u n i ts  design  
B a c te r ia l  s e l f - p u r i f i c a t io n

Models a r i s in g  from p a r t i a l  d i f f e r e n t i a l  equa tions

M olecular d i f fu s io n D iffu s io n  o f  d isso lv e d  substances

Theis Form ation c o n s ta n ts  o f a q u ife rs

E m pirica l model

R a in fa ll I n te n s i ty  o f  storm s
p r e c ip i ta t io n
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m a tic a l ly , as p re c is e ly  as p o s s ib le . Even more, ju s t  as i t  i s  p o s s ib le  

fo r  a phenomenon to  be rep re sen te d  by se v e ra l d i f f e r e n t  m odels, the  same 

model i s  f re q u e n tly  a p p lic a b le  to  many k inds o f  phenomena. This p ro p e rty  

g ives u n ity  to  a p p a re n tly  u n re la te d  concep ts used in  s a n i ta ry  e n g in e e rin g  

and allow s fo r  repackag ing . For in s ta n c e , the  compound i n t e r e s t  model 

used to  compute in te r n a l  r a te s  o f  r e tu rn  in  economy i s  o f te n  a p p lie d  in  

s p e c if ic  s tu d ie s ,  such as r a te s  o f  growth, in  b a c te r i a l  p o p u la tio n s . The 

methods used a t  the  p re s e n t to  so lve  th ese  two problem s a re  d i f f e r e n t ,  

bu t much time o f teach in g  cou ld  be saved by con tem p la ting  both problems 

through the  same model.

Model eq u a tio n s  used in  s a n i ta ry  e n g in e e rin g  can be c l a s s i f i e d  in  

d i f f e r e n t  ways. They may be th e o r e t ic a l  o r e m p ir ic a l;  d i s c r e te  or 

co n tinuous; d e te rm in is t ic  o r  p r o b a b i l i s t i c ;  e x a c t o r approxim ate , e t c . ,  

w ith  regard  to  t h e i r  m athem atical c h a r a c te r i s t i c s .  They may a ls o  be 

c l a s s i f i e d  in  accordance to  t h e i r  o r ig in ,  s in c e  they may a r i s e  from the 

f ie ld s  o f  p h y s ic s , c h em is try , b io lo g y , h y d ra u lic s , hydro logy , demography, 

e tc .  However, a lthough  th e  im portance o f  hav ing  a good c l a s s i f i c a t i o n  i s  

recognized  in  th e  study  o f  model e q u a tio n s , t h i s  job i s  l e f t  fo r  f u r th e r  

re se a rc h , s in c e  th e  scope o f  t h i s  th e s is  i s  r e s t r i c t e d  to  th e  p re s e n ta t io n  

o f  a method o f  s o lu t io n , i r r e s p e c t iv e  o f  the  o r ig in ,  c h a r a c t e r i s t i c s ,  

e tc .  of the  eq u a tio n s  to  be c o n sid e red . So, in  th e  rem aining p a r t  of 

th is  th e s i s ,  th ese  p r o p e r t ie s  w i l l  be co n sid e red  w ith  the purpose o f 

id e n t i f i c a t io n  r a th e r  than  c l a s s i f i c a t i o n ;  in  t h i s  way, g e n e ra l i ty  

would n o t be lo s t  and c l a r i t y  would be gained .

Table 2 .1  p re s e n ts  a l i s t  o f the  n o n -e x p l ic i t  t ra n sc e n d e n ta l 

equations ap p lied  in  s a n i ta ry  en g in ee rin g  th a t  w i l l  be covered in  th is



13

t h e s i s .

The shape graphs o f  the  tra n sc e n d e n ta l eq u a tio n s  l i s t e d  in  Table 2 .1  

a re  d e p ic ted  in  F igu re  2 .1 . T he ir m athem atical ex p ress io n s  and the  way 

in  which they a re  used in  s a n i ta ry  e n g in ee rin g  i s  as fo llow s.

2 .2  Chemical F i r s t  O rder R eaction  Equation

Chemical r e a c tio n  k in e t ic s  s tu d ie s  the  tim e dependence o f  r e a c tio n s  

th a t  proceed  a t  slow r a t e s .  The type e q u a tio n  in  t h i s  k ind  o f  s tudy  i s

| | = k f ( R )  (2 .1 )

where "c"  r e p re s e n ts  the  c o n c e n tra tio n  a t  tim e "x" o f the  m a te r ia l  o f 

i n t e r e s t ,  "k" th e  s p e c i f ic  r e a c t io n  r a te  c o n s ta n t, and " f(R )"  a func­

t io n  o f  th e  c o n c e n tra tio n s  o f  th e  su b stan ces  concerned in  the  r e a c tio n .

The o rd e r  o f  a  r e a c tio n  eq u a tio n  i s  d e fin ed  by the  o rd er o f  " f ( R ) ."  

I f  f(R ) i s  a l in e a r  fu n c tio n  o f th e  c o n c e n tra tio n  o f  a s in g le  r e a c tin g  

su b s ta n c e , th e  eq u a tio n  i s  o f  th e  f i r s t  o rd e r ; i f  ” f(R )"  i s  a fu n c tio n  

o f  th e  square  o f  th e  c o n c e n tra tio n  o f a s in g le  su b s tan ce , o r  th e  p roduct 

o f  th e  c o n c e n tra tio n s  o f  two d i f f e r e n t  su b s ta n c e s , th e  eq u a tio n  i s  o f  

the  second o rd e r , e tc .

The BOD Equation

The p ro g ress  o f  decom position o f  o rgan ic  m a tte r  in  w a te r and sewage 

due to  th e  a c tio n  o f  a e ro b ic  b a c te r ia  i s  r e f le c te d  in  the  g radual 

consum ption o f the  oxygen in  s o lu t io n  in  the  s u s ta in in g  medium. The 

r a te  a t  which oxygen u t i l i z a t i o n  occurs i s  c a l le d  "biochem ical oxygen 

demand" (BOD  ̂ which a t  th e  p re s e n t time p ro v id es  th e  b e s t  means to  

id e n t i f y  th e  p o l lu t io n a l  s ta tu s  o f w ater by in d i r e c t ly  m easuring the 

amount o f  decomposable m a tte r  in  w a te r o r sewage. E x e rtio n  o f BOD in
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- k x

A; BOD equation

ë  = -k (L -y)

B; S ta b i l i z a t io n  of new
r e s e rv o ir s  

A,B: FIRST ORDER REACTION EQUATION

y = L/(me + 1)

C: L o g is tic

k^+kgL k^(L-y)

}K

D: A u to c a ta ly tic

C,D: SECOND ORDER REACTION EQUATION

-1 /n= (1 + nkx)

E: S e l f - P u r i f ic a t io n F: M olecular D iffu s io n

FIGURE 2 .1 : SHAPE GRAPHS OF SOME TRANSCENDENTAL EQUATIONS
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Log F(u)

u = r  S/4Kmx

Log u

G; Theis Equation

1 = cT^Y(x+d)

H: R a in fa ll  Equation

FIGURE 2. ] ;  Continued
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f re s h ly  p o llu te d  w ater takes p lac e  in  two s ta g e s  du ring  which oxygen 

i s  consumed. In  th e  f i r s t  s ta g e  the carbonaceous m a tte r  i s  o x id iz e d , 

and in  the  second s ta g e  the n itro g en o u s  substances  a re  a tta c k e d  and 

n i t r i f i c a t i o n  tak e s  p la c e . M u ltip le  experim ents have shown th a t  du ring  

the  second s ta g e  th e  r e a c tio n  r a te s  a re  p r a c t i c a l l y  c o n s ta n t, and th a t  

du ring  the  f i r s t  s ta g e  th e  r a te  o f  the  re a c tio n  depends on the  concen­

t r a t io n  o f the  o x id iz a b le  o rgan ic  m a te r ia l  p re s e n t .  I f  th e  tem pera tu re  

i s  m ain ta ined  c o n s ta n t the  eq u a tio n  re p re s e n tin g  the  f i r s t  s tag e  i s

^  = k (L 7 )  (2 .2 )

where "y" i s  th e  oxygen demand e x e rte d  in  tim e " x ,"  "L" the  u ltim a te  

oxygen demand which re p re s e n ts  th e  o r ig in a l  amount o f o x id iz a b le  m a tte r  

in  w a te r , and "k" th e  r a te  o f  th e  re a c tio n  c o n s ta n t .  Upon in te g r a t io n ,  

c o n s id e rin g  th a t  y = 0 a t  x = 0 , the  s o -c a l le d  BOD eq u a tio n  i s  ob ta ined

y = L(1 -  e 'kX ) (2 .3 )

Rate o f  A bsorp tion  o f  Gases 

When a  gas does n o t r e a c t  chem ica lly  w ith  w a te r, i t s  s o lu b i l i t y  i s  

de fin ed  in  term s o f  H enry 's  Law

Cg = kgP (2 .4 )

where "Cg" i s  the  s a tu r a t io n  c o n c e n tra tio n  o f the  gas in  w a te r , "p" 

the  p a r t i a l  p re s su re  of the  gas in  the  gas p h ase , and "kg” the  p ro p o r­

t i o n a l i t y  c o n s ta n t c a l le d  " c o e f f ic ie n t  o f  a b s o rp tio n ."  The r a te  o f 

a b so rp tio n  o f  a gas by w a te r i s  p ro p o rtio n a l  to  i t s  degree o f under­

s a tu ra t io n

Ëi = Kg (2 .5 )
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h e re , "c" i s  th e  c o n c e n tra tio n  of th e  gas a t  a given tem pera tu re  a t

tim e "x" and "K " i s  the  c o n s ta n t o f s o lu t io n  fo r  th e  c o n d itio n s  of 
g

exposure .

The value o f  depends on tem pera tu re  and th e  degree o f  m ixing o f  

gas and l iq u id .  When w ate r i s  sprayed  in to  th e  a i r  in  d r o p le ts ,  o r when 

a i r  i s  bubbled through w a te r, i s  equal to  k^A/V, where i s  the  "gas 

t r a n s f e r  c o e f f i c i e n t ,"  and A/V i s  the  i n t e r f a c i a l  a re a  p e r  u n i t  volume 

o f  th e  l iq u id .

In te g r a t io n  o f  the  f i r s t  o rd e r  r e a c tio n  eq u a tio n  2 .5 , c o n s id e r in g  

th a t  c = Cg a t  X  = 0 , y ie ld s

Cg = (Cg - Cg) (1 - e^g^) (2 .6 )

which i s  e x a c tly  o f  th e  same form as eq u a tio n  2 .3 .

Rate o f S t a b i l i z a t io n  o f  New R eservo irs  

When a r e s e r v o ir  a re a  i s  flo o d ed , the  o r ig in a l  v e g e ta tio n  and th e  

top s o i l  undergo decom position . Odors, t a s t e ,  and c o lo r  a re  im parted  

to  the  w a te r, and 10 to  15 y ea rs  e la p se  b e fo re  e q u ilib r iu m  i s  reached . 

The incoming w a te r  a f f e c ts  th e  g e n e ra l w a te r q u a l i ty  o f th e  r e s e r v o i r .  

The p ro cess  o f  s t a b i l i z a t i o n  tak es  p la c e  in  accordance to  th e  f i r s t  

o rd e r  r e a c tio n  eq u a tio n

^  = -k  (L-y) (2 .7 )

where "y" re p re s e n ts  the  c o lo r ,  a lg a l  grow th, o r any o th e r  s u i ta b le  

index o f  p o l lu t io n ,  "x" is  tim e , and "L" the c o n c e n tra tio n  o f  e q u i l i ­

brium . I n te g ra t io n  o f  t h i s  e q u a tio n , c o n s id e r in g  th a t  y = y^ a t  x = x^.
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y ie ld s

y = L + (y^ - L)e (2 .8 )

2 .3  Chemical Second O rder R eaction  Equation

A second o rd e r  r e a c t io n  eq u a tio n  i s  one in  which f(R ) in  eq u a tio n

2 .1  i s  a fu n c tio n  o f  th e  square  o f  th e  c o n c e n tra tio n  o f a s in g le  sub­

s ta n c e , o r  a fu n c tio n  o f the  p roduct o f  the  c o n c e n tra tio n  o f two d i f f e r e n t  

su b s ta n c e s . Two im portan t e q u a tio n s  p e r ta in  to  th is  group; the  a u to -  

c a t a ly t i c  eq u a tio n  and the l o g i s t i c  e q u a tio n .

A u to c a ta ly tic  Equation 

The p ro g re ss  o f anaero b ic  decom position o f  sludge can be measured 

by c a p tu r in g  th e  gases re le a s e d  d u rin g  the decay o f  known amounts o f  

p u t r e s c ib le  m a tte r .  During the  p ro cess  o f  decom position the  p ro d u ctio n  

o f  enzymes p lay s  an im portan t r o le  in  c a ta ly z in g  th e  r e a c t io n s .  The 

a c tio n  o f  the  enzymes de te rm ines an s - shaped curve when the  gas produc­

t io n  o f  a s in g le  b a tch  o f  o rgan ic  m a te r ia l  i s  p lo t te d  a g a in s t  tim e.

Anaerobic decom position  proceeds a t  lower r a te s  than  ae ro b ic  decay.

At 20°C th e  r a t e  o f  g a s i f ic a t io n  o f  seeded sludge  s o lid s  i s  8.4% p e r  

day compared to  a r a t e  o f  32.3% p e r  day fo r  BOD a t  a "k" va lue  o f 0 .3 9 . 

A naerobic decom position tak es  p la c e  when the  oxygen d isso lv e d  in  w ater 

i s  exhausted  by the  a e ro b ic  organism s engaged in  the  s t a b i l i z a t i o n  o f 

o rgan ic  m a tte r . Then, the  predom inate m icroorganism s a re  anaerob ic  

r a th e r  than  a e ro b ic . T his happens when stream s o r  bodies o f  w a te r  a re  

overloaded  w ith  w aste  m a te r ia ls ,  when s o l id s  s e t t l e  from w a te r  and 

accum ulate to  a  s u f f i c i e n t  th ic k n e ss  to  become a n a e ro b ic , o r  when 

s ludges from m unic ipal o r  i n d u s t r ia l  w aste tre a tm e n t p la n ts  a re  to  be
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d ig e s te d  b e fo re  f in a l  d is p o s a l .  In  fo rm u la tin g  the  a u to c a ta ly t ic  

e q u a tio n , i t  i s  assumed th a t  the  r a t e  o f  decom position i s  a fu n c tio n  o f  

the  amount o f o rg an ic  m a tte r  to  be d ig e s te d  and th e  amount o f  m a te r ia l  

th a t  has undergone decom position .

= (L-y) + k^y (L-y) (2 .4 )

where "y" i s  th e  amount o f  gas produced o f tim e " x ,"  "L" i s  th e  t o t a l  

amount o f  gas which can be p o te n t i a l ly  produced , and "kj^" and "k^" a re  

the  i n te n s i ty  f a c to r s .

In te g r a t io n  o f  e q u a tio n  2 .9 ,  c o n s id e r in g  th a t  y = 0 a t  x = 0 , 

y ie ld s
1 L(k + k y)

= k, + kgL k^(L -y)

2 .4  L o g is tic  E quation

Experim ents o f  b a c te r ia l  growth accom plished by c o n tin u a lly  

pumping f re sh  n u t r i e n ts  in  th e  growing environm ent and a t  th e  same tim e 

a llo w in g  th e  w aste  p ro d u cts  to  be c a r r ie d  o u t from the  environm ent a re  

always a l ik e  in  one f e a tu re .  The growth i s  e x p o n e n tia l a t  th e  beg inn ing  

bu t a f t e r  some tim e the  r a t e  o f  growth s t a r t s  to  d ec rease  to  f in a l ly  

produce a s i t u a t io n  o f e q u il ib r iu m  depending on th e  amount o f  n u t r i e n ts  p ro ­

v ided  and the  g en e ra l c o n d itio n s  o f  th e  medium. T h is c o n d it io n  i s  

known as zero -g row th . The sigm oid c h a r a c te r i s t i c s  o f  the  cu rve  r e s u l t ­

ing  when p o p u la tio n  i s  p lo t te d  a g a in s t  time com prise th re e  d i f f e r e n t  

s ta g e s  o f  growth: geom etric  fo r  young p o p u la tio n s , l in e a r  f o r  i n t e r ­

m ed ia te , and " f i r s t  o rd e r"  f o r  th e  m ature p o p u la tio n s .

Perhaps the  f i r s t  man to  recogn ize  th e  sigm oid c h a ra c te r  o f  the  

human p o p u la tio n  growth was Thomas Robert M aithus; however, h i s
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p re d ic tio n s  th a t  th e  growth p e rio d  o f  the  human p o p u la tio n  would come 

to  and end d u rin g  the  n in e te e n th  cen tu ry  turned  ou t wrong, due m ainly 

to  te c h n o lo g ic a l advancements th a t  occurred  a f t e r  h i s  l i f e t im e .

Sigmoid cu rves can be d e sc rib ed  by a number o f d i f f e r e n t  equa tions 

th a t  seek  a r a t io n a l  b a s is  fo r  t h e i r  s e le c t io n .  One o f th e  best-known 

i s  the  l o g i s t i c  curve o f V e rh u ls t, which is  a p a r t i c u l a r  case  o f  the  

a u to c a ta ly t ic  eq u a tio n  2 .9 .

The l o g i s t i c  model supposes th a t  the  p o p u la tio n  r a t e  o f  growth i s  

p ro p o r t io n a l  to  the  p o p u la tio n  "y" and to  the  d if fe re n c e  between the 

s a tu r a t io n  v a lu e  "L" and th e  p o p u la tio n , a t  tim e " x ,”

g = J y ( L - y )  (2 .11)

I n te g r a t io n  c o n s id e r in g  th a t  y = y^ a t  t  = 0 y ie ld s

'  me*": +  i

where "a"  and "m” a re  c o n s ta n ts ,  and

L -  Yo
m -  --------   (2 .13)

^0

2 .5  Rate o f  P u r i f i c a t io n  E quation

B io lo g ic a l  Treatm ent U nits 

The p ro c e sse s  th a t  take  p lac e  in  n a tu ra l  p u r i f ic a t io n  of w a te r are  

s im i la r  to  those  ta k in g  p la c e  in  a b io lo g ic a l  sewage trea tm en t p la n t ,  to 

th e  e x te n t th a t  i t  has been suggested  th a t  a sewage trea tm en t p la n t  i s  

l ik e  a r iv e r  wound up in  a  sm all space.

The r a te  o f  a c t i v i t y  in  b io lo g ic a l  trea tm en t u n i t s ,  measured by 

th e  removal o f  BOD, suspended s o l id s ,  b a c te r ia ,  e tc .  i s  g r e a te r  a t  the  

beg inn ing  o f the  p ro cess  because the most e a s i ly  decomposable substances
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a re  removed f i r s t ,  and th e  c o n c e n tra tio n  o f removable su b s tan ces  i s  

a d ec re a s in g  f a c to r .  The r a t e  o f p u r i f ic a t io n  in  th is  type o f  u n i ts  

i s  a fu n c tio n  o f the  c o n c e n tra tio n  o f removable su b s ta n c e s , and the 

rem o v ab ility  o f  the  c o n s t i tu e n t  f ra c tio n s  as w e ll .

^  = k((yg  -  y ) /y g )^  (Yg-y) (2 .14)

where "y" i s  the  amount o f  su b stan ce  removed a t  tim e "x" (o r  w h ile  a 

d is ta n c e  "1" has been tra v e le d  by sewage a t  tim e " x " ) ,  "k" th e  re a c tio n  

v e lo c i ty  c o n s ta n t, "n" a c o e f f ic i e n t  th a t  m easures the  n o n -u n i­

fo rm ity  o f the  r a te  o f  p u r i f i c a t i o n ,  and "Yq" the  amount o f removable 

substance  p re s e n t in  the  a p p lie d  sewage.

When n = 0 , eq u a tio n  2 .14  becomes a f i r s t  o rd e r  r e a c tio n  eq u a tio n  

s im ila r  to  eq u a tio n  2 .2 .

I n te g ra t io n  o f  eq u a tio n  2 ,1 4 , c o n s id e r in g  th a t  y ■ y^ a t  x = 0, 

y ie ld s ,  fo r  n>0

- l / n
= 1 -  (1 + nkx) (2 .15 )

^0

B a c te r ia l  S e l f - P u r i f ic a t io n  

The d isch a rg e  o f sewage in to  a re c e iv in g  body o f w a te r in c re a se s  

th e  number o f  b a c te r ia  e s s e n t ia l  to  the p ro cesses  o f s e l f - p u r i f i c a t io n  

o f  w a te r; when they  reach a b a lan ce  under th e  p re v a i l in g  environm ental 

c o n d it io n s , t h e i r  number and v a r ia te  d e c lin e s . The number o f  i n t e s t i n a l  

b a c te r ia  i s o la te d  from samples o f  w ater i s  observed to  in c re a s e  below a 

sewer o u t f a l l  du ring  the  f i r s t  10 to  12 hours o f flow . The p resen ce  o f  

p re d a to rs  in  p o l lu te d ,  n a tu r a l  w a te rs , as w e ll as th e  in f lu e n c e  o f 

b io p h y sic a l f a c to r s ,  as sed im en ta tio n  and b io lo g ic a l  c o a g u la tio n  and
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p r o c ip i ta t io n ,  determ ine th a t  the pat te rn  followed in I he d ii-aw ay of 

b a c te r ia  under n a tu r a l  c o n d itio n s  a re  d i f f e r e n t  than r e s u l t s  ob ta in ed  in  

the la b o ra to ry , which conform to  C h ick 's  Law. The r a te  o f  p u r i f ic a t io n  

eq u a tio n  shou ld , th e r e fo r e ,  apply  to  n a tu ra l  s i tu a t io n s ;  to  meet th is  

pu rpose , eq u a tio n  2 .15  i s  r e w r i t te n  in  a more s u i ta b le  form

% = (1 + nkx) (2 .16)
0

where i s  the  modal number o f b a c te r ia  a t  time of flow " x ,"  below the 

p o in t  o f  modal d e n s ity  "N^."

2 .6  M olecular D iffu s io n  E quation

D iffu s io n  o f  D isso lved  Substances in  W ater 

The p ro cess  o f e q u a liz a t io n  o f  c o n c e n tra tio n  o f  d is s o lv a b le  sub­

s ta n c e s  throughout a g iven  volume o f  w a te r i s  c a l le d  m olecu lar d i f f u ­

s io n . P ic k 's  Law o f  d i f f u s io n  i s  analogous to  the  law governing h e a t 

conduction . The r a te  o f  d i f fu s io n  ac ro ss  an a re a  A i s  p ro p o rtio n a l  to  

the  c o n c e n tra tio n  g ra d ie n t o f  the  substance  from a p o in t  o f h ig h e r  

toward one o f  lower c o n c e n tra tio n .

—  = k A —9x * 31 (2 .17)

where "w" i s  th e  w eigh t o f  d isso lv e d  su b s ta n c e , "x" i s  tim e, "A" the  

c ro ss  s e c t io n a l  a re a , "c"  th e  c o n c e n tra tio n , "1" the  d is ta n c e ,  and "k" 

the  " c o e f f ic ie n t  o f d i f f u s io n ."  The s o lu t io n  to  th is  p a r t i a l  

d i f f e r e n t i a l  e q u a tio n , o b ta in ed  by Black and P h e lp s , i s  as fo llow s:

c^=Cg-0 .811(Cg-Cg)(e'*'’'+ I  e'^*“  + ^  e"^^^  + . . . )  (2 . 18)
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where "c " i s  th e  s a tu r a t io n  c o n c e n tra tio n  o f  the  d isso lv e d  su b s ta n c e ; s

"cq" and "c^" the c o n c e n tra tio n s  a t  tim e zero  and "x" r e s p e c t iv e ly ;  and 

2
K = ^  (2 .19 )

4 r

2 .7  T h e is ' E quation

The r e la t io n s h ip  known as D arcy 's  Law e s ta b l is h e s  th a t  th e  v e lo c i ty  

o f w a te r flow ing  through th e  porous medium i s  p ro p o r t io n a l  to  th e  h y d ra u lic  

g r a d ie n t ,  o r  lo s s  o f  head p e r  u n i t  a re a  o f flow  p a th .

V  = Ks (2 .20 )

where "v" i s  the  fa c e  o r  approach v e lo c i ty  of w a te r , "s"  th e  h y d ra u lic  

g r a d ie n t ,  and "K" th e  s o -c a l le d  " c o e f f ic ie n t  o f p e rm e a b il ity , r e p re s e n ts  

th e  v e lo c i ty  o f  flow  a s s o c ia te d  w ith  a u n i t  h y d ra u lic  g ra d ie n t.

The " c o e f f ic ie n t  o f  t r a n s m i s s ib i l i t y , "  "T" o f  an a q u if e r ,  i s  

o b ta in e d  by m u ltip ly in g  th e  c o e f f ic i e n t  o f p e rm e a b ility  by th e  f u l l  

s a tu r a te d  h e ig h t o f th e  a q u if e r .  The c o e f f ic i e n t  o f  t r a n s m is s ib i l i ty  

r e p re s e n ts  th e  amount o f  w ater t h a t  would flow  through a u n i t  w id th  o f 

a q u if e r  a t  a u n i t  o f tim e, when th e  h y d ra u lic  g ra d ie n t i s  u n i ty .  When 

w ate r i s  pumped from a  w e l l ,  th e  o r ig in a l  p iez o m etric  l in e  o f th e  a q u if e r  i s  

d is tu rb e d , producing th e  s o -c a l le d  "drawdown s u r f a c e ,"  t h i s  deepens and 

grows i n  e x te n s io n  u n t i l  a  c o n d it io n  o f e q u ilib r iu m  i s  reach ed . The 

" s to ra g e  c o e f f i c i e n t , "  "S" o f an a q u i f e r ,  i s  th e  amount o f w ater re le a s e d  

by a  column of a q u ife r  o f u n i t  c ro s s  s e c t io n a l  a re a ,  when th e  drawdown 

le v e l  i s  d e p le ted  by one u n i t .

The b a s ic  eq u a tio n  showing th e  r e la t io n s h ip  between drawdown le v e ls  

"h" v s .  d is ta n c e  " r"  from th e  c e n te r  o f th e  w e ll,  a t  tim e "x" i s  g iven  in  

d i f f e r e n t i a l  form , and p o la r  c o o rd in a te s  by:
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ÿ  ^ i  #  <2.H)

c.  V. T heis developed a s o lu t io n  to  t h i s  e q u a tio n  based on an

analogy to  th e  flow o f  h e a t  toward a s in k , which can be w r i t te n  in  the

fo llow ing  form

2 3
hg-h  = (-0 .5772  -  In  u + u - +  . • •  ) (2 .22 )

where "hg-h" i s  the  drawdown a t  tim e "x" and d is ta n c e  " r "  from the  w e l l ,  

"Q" i s  th e  uniform  pumping r a te ,  and

u = A
4Tx (2 .23 )

2 .8  R a in fa l l  Equation

The " in te n s i ty "  o f  r a i n f a l l  i s  exp ressed  by d iv id in g  the  h e ig h t 

o f the  r a i n f a l l  accum ulated in  a s tan d a rd  p lu v io m ete r by th e  tim e i t  has 

taken  fo r  t h i s  accum ulation  to  occu r. The in te n s i t y  i s  h ig h e s t  fo r  s h o r t  

p e r io d s , and d e c lin e s  s te a d i ly  as the  p e rio d  in c re a s e s . The g r e a te r  

th e  i n te n s i t y  o f  the  s to rm s, the  r a r e r  i s  t h e i r  occu rrence  o r  the  

sm a lle r  t h e i r  " fre q u en c y ."  The frequency  w ith  which a g iven in te n s i t y  

o ccurs i s  o b ta in e d  by d iv id in g  the  number o f y ea rs  on reco rd  by the 

number o f tim es th e  g iven in te n s i ty  occu rred  in  t h a t  p e rio d  o f  y e a rs .

I t  has been found e m p ir ic a lly  th a t  the  in te n s i ty -d u r a t io n -  

frequency r e la t io n s h ip s  conform very  w e ll to  eq u a tio n

cT”"
i  =  ------ —  (2 .24 )

(x+d)"
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where " i "  i s  the  in te n s i t y ,  "x" the d u ra tio n  o f r a i n f a l l ,  and "T" i t s  

frequency  o f  occu rren ce ; " c ,"  " d ,"  "m," and "n" a re  param eters vary ing  

re g io n a lly  acco rd ing  to  p re v a i l in g  h y d ro lo g ic a l c o n d itio n s .



CHAPTER III

TRADITIONAL METHODS OF SOLUTION OF TRANSCENDENTAL EQUATIONS

3 .1  G eneral D e sc rip tio n

T ra d it io n a l  methods used In  th e  s o lu t io n  of tra n sc e n d e n ta l  eq u a tio n s  

va ry  In  accordance to  th e  eq u a tio n  under c o n s id e ra tio n . P r a c t i c a l ly  a l l  

o f th e  methods make use of graphs o r t a b le s  In  some s ta g e  of th e  s o lu t io n  

p ro c e ss . In  many c a s e s , th e  correspond ing  graphs a re  drawn u sin g  s p e c ia l  

fu n c t io n a l  s c a le s ,  w h ile  In  o th e r  c a se s , co n v en tio n a l fu n c tio n a l s c a le s  

a re  used combined w ith  a p ro cess  o f t r i a l  and e r r o r  u n t i l  a p lo t t in g  of 

th e  d a ta  f i t s  a s t r a ig h t  l i n e .  In  some In s ta n c e s , th e  o r ig in a l  e q u a tio n  

I s  approxim ated by a m athem atical r e la t io n s h ip  th a t  shows th e  unknown 

param eters  In  a  more e x p l i c i t  form ; some tim e s , t h i s  y ie ld s  to  second or 

th i r d  degree e q u a tio n s  whose param eters  a re  determ ined  by g ra p h ic a l  m ethods.

A method commonly u sed , when a p p lic a b le ,  c o n s is ts  In  m easuring th e  

s lo p es  from a p lo t  o f th e  o r ig in a l  eq u a tio n  u sin g  a r i th m e tic  s c a le s ,  a f t e r  

which a second p lo t  I s  perform ed u sin g  th e  s lo p e s  as a dependent v a r ia b le ,  

to  determ ine th e  param enters by g ra p h ic a l means. A v a r ia t io n  o f t h i s  method 

c o n s is ts  In  approx im ating  th e  v a lu e s  of th e  s lo p e s  by th e  r e l a t i o n s  betw een 

the  Increm ents in  the  dependent and Independent v a r ia b le s .

O bviously , th e  methods d esc rib ed  above a re  a p p lic a b le  only  to  eq u a tio n s  

Invo lv ing  two unknown p a ram ete rs . When more param eters a re  Invo lved , e lim in ­

a tio n  o f the  exceeding number o f param eters  i s  u s u a lly  perform ed p re v io u s ly  

to  the  a p p lic a t io n  of th e  most s u i ta b le  method of s o lu t io n .

26
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In  the  rem ainder of t h i s  c h a p te r  a b r ie f  d e s c r ip tio n  of the  most 

im p o rtan t t r a d i t i o n a l  methods o f s o lu t io n  of th e  eq u a tio n s  l i s t e d  in  

T able 2 .a w i l l  be p re s e n te d , s t a r t i n g  w ith  th e  chem ical f i r s t  o rd e r 

r e a c t io n  equa tion  in  S ec tio n  3 .2 ,  fo llo w in g .

3 .2  Chemical F i r s t  Order R eaction  Equation

BOD E q u a tio n

There have been proposed a number o f methods to  f in d  the  m agnitudes 

o f the  param eters  "L" and "k" in  the  BOD eq u a tio n

y = L(1 -  e"kX) (2 .3 )

from which th e  "method o f moments" developed by Moore, Thomas and Snow, 

and th e  "approxim ate g ra p h ic a l method" worked o u t by Thomas have proved to  

be most u s e fu l .

Method o f  Moments

In  t h i s  method a s e t  o f graphs th a t  r e l a t e s  th e  f i r s t  two moments of 

eq u a tio n  2 .3  w ith  the  param eters  "k" and "L" a re  drawn u s in g  a r i th m e tic  

s c a le s .  In each graph two curves a re  p lo t te d ;  one co rrespond ing  to  the  

r e l a t i o n  Ey/Zyx v s . k , and one f o r  th e  r e l a t i o n  Ey/L v s . k . A fte r  th e  

f i r s t  two moments o f th e  s e t  of p a ire d  d a ta  a re  computed, th e  v a lu e  o f "k" 

i s  determ ined  from th e  f i r s t  c u rv e , e n te r in g  w ith  the  known r e l a t i o n  

Ey/Eyx. This v a lu e  o f "k" i s  th en  used to  determ ine th e  v a lu e  of Ey/L 

from the  second c u rv e , from which "L" i s  f i n a l ly  determ ined . O bviously , 

each s e t  o f curves corresponds o n ly  to  a f ix e d  number o f p a ire d  o b s e rv a tio n s , 

and to  a g iven system  o f u n i ts  p re v io u s ly  s e le c te d ,  be ing  a ls o  l im ite d  by 

th e  range of v a lu e s  shown in  th e  c o o rd in a te s .

The eq u a tio n s  u n d erly in g  t h i s  method a re  o b ta in ed  tak in g  th e  moments 

o f o rd e r zero  and one from eq u a tio n  2 .3 .
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Zy = (n + 1)L -  LF (3 .1 )

Fyx = LZx -  LZxe ^  (3 .2 )

D iv id ing  e q u a tio n  3 .2  by eq u a tio n  3 .1  e lim in a te s  "L ", to  y ie ld

Zy (n + 1) -  LZe ^
  :  ( 3 . 3 )

"lex
Zyx Zx -  Zxe 

From eq u a tio n  3 .1 , th e  r e l a t i o n  Zy/L i s  o b ta in e d .

_kx
  = (n + 1) -  Ze (3 .4 )

L

In  e q u a tio n s  3 .1  th rough  3 .4 ,  th e  summations a re  taken  from zero to  "n " , 

"n" being  th e  number o f  p a ire d  d a ta  ( x ,y ) .

Approximate G ra p h ica l Method 

This method i s  based  on th e  f a c t  t h a t  th e  expansion

i s  approxim ated by th e  expansion

1«(1 + i f ) " *  .  tot (1 - . . . )  (3 .6 ) 

so t h a t ,  eq u a tio n  2 .3  may be approxim ated by

y .  L * (l + | ï ) - 3  (3 - ) )

which may be w r i t te n  in  th e  s t r a ig h t  l i n e  form

= (kL) ^ + (k ^ /(6 L )^ )x  (3 .8 )
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from which, the  v a lu es  of "k" and "L" may be de te rm ined , a n a ly t i c a l l y ,  or

g ra p h ic a lly  as proposed by Thomas.

R ate o f A bsorp tion  o f Gases

Values o f th e  c o n s ta n t "K^" in  eq u a tio n

-K X

c -  c = (c -  c ) (1  -  e ® ) (2 .6 )t o  s o

a re  n o t determ ined under f i e l d  c o n d it io n s , in s te a d  i t s  v a lu e s  a re  computed 

from th e  r e la t io n s h ip

"g  -  “ g t
where A/C i s  th e  a re a  of th e  i n te r f a c e  p e r u n i t  volume o f l iq u id ,  and kg 

i s  th e  "gas t r a n s f e r  c o e f f i c i e n t .  E x is tin g  ta b le s  o f v a lu e s  of kg , o b ta in ed  

under c o n tro l le d  c o n d it io n s  o f tem p era tu re  and p re s s u re  a re  norm ally  co n sid ­

e red  in  th e  s o lu t io n  of problem s r e la te d  to  th e  a b so rp tio n  of gases by 

w a te r .

R ate o f S t a b i l i z a t io n  o f New R ese rv o irs  
T r ia l  and E rro r  Method

In  th e  d e te rm in a tio n  o f th e  c o n s ta n ts  "k" and "L" o f e q u a tio n

y = L + (y^ -  L )e (2 .8 )

th e  t r i a l  and e r r o r  method i s  g e n e ra lly  u sed . F i r s t ,  an e q u ilib r iu m  v a lu e  

fo r  "L" i s  assumed, and th en  th e  p e rc e n t v a lu e s  ^ p lo t te d  lo g a­

r i th m ic a l ly  a g a in s t tim e try in g  to  o b ta in  a f i t  to  th e  s t r a ig h t  l in e  e q u a tio n

log y “  (2 + k. lo g  e) -  (k log  e )x  (3 .10 )

Once a s t r a ig h t  l in e  has been o b ta in e d , th e  v a lu e  of k i s  determ ined  from

th e  s lo p e  of th e  l in e .
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3 .3  Chemical Second Order R eaction  Equation

A u to c a ta ly tic  Equation 
Approximate methods

I t  I s  g e n e ra lly  recogn ized  th a t  th e  e v a lu a tio n  of th e  param eters  of

th e  a u to c a ta ly t i c  e q u a tio n  I s  d i f f i c u l t .  S ince th e  d i f f e r e n t i a l  form of

e q u a tio n  2 .10

^  = k^CL -  y) + kg y(L -  y) (2 .9 )

I s  In  f a c t  th e  summation of th e  r a t e s  o f change In  a f i r s t  o rd e r  re a c tio n  

and In  th e  l o g i s t i c  e q u a tio n s . I t  I s  assumed th a t  anyone of th e se  two equa­

t io n s  can be used to  f i t  th e  d a ta  conform ing to  th e  a u to c a ta ly t ic  equa tion

. L (k . + k„y)

* “ + k L
1(L -  y) (2 .10)

When a  f i r s t  o rd e r  r e a c t io n  eq u a tio n  I s  u sed , a la g  p e rio d  a t  th e  

beg inn ing  o f th e  p ro ce ss  has to  be assum ed, s in c e  t h i s  type  o f eq u a tio n  can 

r e p re s e n t  on ly  th e  p a r t  o f th e  sigm oid curve In  which th e  s lo p e  I s  d e c re a s in g . 

When th e  l o g i s t i c  model I s  u se d , d e p a r tu re s  on th e  upper p a r t  o f th e  curve 

may be ex p e c te d , a lthough  compensated by a m odified  v a lu e  o f "k ^" , s in c e  

th e  v a lu e  of k^ I s  n o t co n sid e red  In  th e  com puta tions.

3 .4  L o g is t ic  E quation

S e v e ra l methods have been developed to  determ ine  th e  param eters of the  

l o g i s t i c  eq u a tio n

ik “ + 1
(2 .12)
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McLean Method

The s o lu tio n  proposed by McLean c o n s id e rs  th e  s e le c t io n  of th re e  

p a ir s  o f v a lu es  (0 , y ^ ) , (x^ , y ^ ) ,  (2x^, y ^ ) , th a t  cover th e  range of 

c e n sa l d a ta . The param eters a re  determ ined so lv in g  th re e  sim ultaneous 

equ a tio n s  to  y ie ld  :

^ -  y / ( y p  + y ; )

V 2  ■ 0 .1 1 )

m = ^ -  yp

^0 (3 .12)

„ .  1  1„ (3 .13 )
Xi y^(L -  yg)

G raph ica l Method 

The g ra p h ic a l method a t t r ib u te d  to  V e rh u ls t, i s  based in  th e  

c o n s tru c tio n  of a l o g i s t i c  s c a le ,  b u i l t  in  a s im ila r  way as th e  one used 

to  b u ild  a p ro b a b i l i ty  s c a le ,  to  p lo t  p o p u la tio n  a g a in s t  tim e re p re se n te d  

on an a r i th m e tic  s c a le .

To p lo t  the  d a ta ,  a v a lu e  o f " l" i s  f i r s t  assumed, and th e  p o p u la tio n s  

expressed  as p e rcen tag es  o f the  s a tu r a t io n  v a lu e ; i f  th e  assumed v a lu e  fo r  

"L" i s  c o r r e c t ,  the  p lo t t in g  r e s u l t s  in  a s t r a ig h t  l in e  from which the  

param eters "m" and "a" can be o b ta in e d .

The equations un d erly in g  t h i s  method fo llo w s. From eq u a tio n  2 .12 :

100 f  = -----— —  := P
1 + me** (3 .14)
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where "P" i s  th e  p o p u la tio n  p e rc e n t;  tak in g  n a tu r a l  lo g a r ith m s , equa tion  

3.14 becomes

I n C ^ ^ O ^ )  .  in m  + ax ( 3 . 1 5 )

which i s  the  eq u a tio n  of a s t r a ig h t  l in e  on th e  s c a le s  x , (1 /P )ln (1 0 0  -  P ) ;  

th e  s lo p e  of th e  l in e  i s  " a " , and i t s  in te r c e p t  " In  m"

3 .5  R ate of P u r i f ic a t io n  E quation

B io lo g ic a l T reatm ent U nits 
T r ia l  and E rro r  Method

In  th e  d e te rm in a tio n  o f th e  v a lu e s  of th e  param eters  of eq ua tion

^  = 1 -  (1 + nkx)

(2 .15)

use  i s  made of a  graph showing a  fam ily  o f cu rves fo r  d i f f e r e n t  v a lu e s  o f
y -  Yn

"n " , o b ta in ed  by p lo t t in g  th e  v a lu e s  --------  100 a g a in s t  corresponding  v a lu e s
^0

o f kx. These graphs a re  g e n e ra liz e d  to  f i t  d i f f e r e n t  types o f trea tm en t

u n i t s .  F i r s t ,  a  v a lu e  o f "n" i s  assumed and s u b s t i tu te d  in  eq u a tio n  2 .1 5 ,

from which as many v a lu e s  o f "k" a re  o b ta ined  as p a ir s  o f d a ta  (x , y) a re

a v a ila b le  in  a g iven  problem ; an average v a lu e  of "k" i s  then  s e le c te d  to

compute th e  v a lu e s  o f "kx"; from th e  graph new v a lu e s  o f "y" a re  ob ta in ed

and compared w ith  th e  correspond ing  observed d a ta . The procedure i s

rep e a te d  u n t i l  th e  e s tim a ted  v a lu e s  o f "y" match th e  d a ta .

B a c te r ia l  S e l f p u r i f ic a t io n  
Approximate Method

The d e te rm in a tio n  o f th e  param eters  of equa tion  

_ 1

t o '  + "kx) "  (2 .16)
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i s  based  on the  approxim ate e m p ir ic a l r e la t io n s h ip ;

In  x„ /x - 

” — ^

which ho ld s fo r  la rg e  v a lu e s  o f  "n" and " k ."  Equation 3.16 i s  a p p lie d  to  

p a i r s  o f observed d a ta ,  and th e  r e s u l t in g  v a lu e s  of "n" a re  averaged ; u sin g  

th i s  v a lu e  o f " n ,"  v a lu e s  o f "k" a re  computed fo r  each o b se rv a tio n , tak in g  

th e  average  "k" as  th e  d e s ire d  p a ram ete r. S ince th e  v a lu e s  o f  "n" and "k" 

va ry  w idely  fo r  d i f f e r e n t  s tre a m s , in  cases  where " n ,"  " k ,"  o r bo th  a re  

sm a ll, th e  t r i a l  and e r r o r  method i s  a p p lie d .

3 .6  M olecular D iffu s io n  E quation

The param eters  o f the  m olecu lar d i f fu s io n  equa tion

c^ = Cg -  0 . 811(Cg-c^X e"^ + j  ^  e " ^ ^ ^  + . . . )  (2 . 18)

a re  n o t determ ined under f i e l d  c o n d it io n s ;  in s te a d , ta b u la te d  v a lu e  o f the  

c o e f f ic i e n t  o f m o lecu lar d i f f u s io n  "k" a re  used in  com bination w ith  equa­

t io n  2 .19 to  determ ine the  v a lu e s  o f "k" on s p e c i f ic  p roblem s. The 

v a lu e s  o f "k" shown in  th e  r e s p e c tiv e  ta b le s  correspond to  th e  d i f f u s io n  

o f  s in g le  su b stan ces  in  w a te r, under c o n tro l le d  la b o ra to ry  c o n d it io n s .

3 .7  Theis* Equation

S ev e ra l methods have been developed to  determ ine th e  fo rm atio n  con­

s ta n t s  "S" and "T" co n ta in ed  in  eq u a tio n s
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“ “ È

O verlay Method

The m athem atical r e la t io n s h ip s  invo lved  in  t h i s  method a re  ob ta in ed  

a s  fo llo w s:

C a llin g  W(u) th e  s e r i e s  w r i t t e n  in  p a re n th e s is ,  and making Q/4IIT = 

e q u a tio n  2 .22 becomes

ho -  h = C^W(u) (3 .17)

Making S/4T = in  eq u a tio n  2 .2 3 , y ie ld s

2

Taking n a tu r a l  lo g arith m s on e q u a tio n s  3 .17  and 3 .1 8 , adding and r e a r ­

rang ing  y ie ld s

2
In  u -  In  W(u) = In  + In  ^ -----  In  (h -h^) (3 .19 )

2
c o n seq u en tly , th e  p lo t t in g s  o f u v s  W(u) and r  / s  v s (h-h^) have e x a c tly

the  same shape, and fo r  every  p o in t  on th e  curve u vs W(u), th e re  i s  a
2

corresponding  p o in t  in  th e  r  /x  v s (h-h^) cu rv e .

To so lv e  a p a r t i c u la r  problem , a curve i s  drawn on lo g -lo g  p ap e r, the
2

a b s c is s a s  co rresponding  to  v a lu e s  o f  r  /x  and th e  o rd in a te s  to  v a lu e s  o f 

(h -h ^ ) , o b ta in ed  from f i e l d  m easurem ents. Then a " ty p ic a l  cu rve" drawn on 

t ra n s p a re n t  paper and lo g -lo g  s c a le s ,  showing "u" in  th e  a b s c is s a s  and 

W(u) in  the  o rd in a te s  i s  superim posed to  th e  "problem  g ra p h ,"  t ry in g  to
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match a s  many p o in ts  in  b o th  graphs a s  p o s s ib le . A m atching p o in t  i s
2

s e le c te d  and th e  co rrespond ing  v a lu e s  of r  /x ,  (h -  h ^ ) ,  u and W(u) a re  

read  o u t in  the  r e s p e c t iv e  c o o rd in a te  ax e s ; th ese  v a lu e s  a re  used in  equa­

t io n s  2 .22 and 2 .23 to  determ ine  "S" and "T".

Approximate Method 

Jacob developed a q u ick  method to  e v a lu a te  "S" and "T" when th e  v a lu e  

o f "u" i s  sm a ll; n e g le c tin g  th e  term s beyond In  u in  equa tion  2 .2 2 , th e  

fo llo w in g  eq u a tio n  i s  o b ta in e d

‘  + 4 f i  I "  (3 20,

2
wMch i s  th e  eq u a tio n  o f a s t r a i g h t  l in e  when p lo t t in g  (h^ -  h) vs In  r  /x . 

The v a lu e  o f  "T" i s  determ ined  from th e  s lo p e  o f th e  l i n e ,  a f t e r  which "S" 

i s  determ ined  from th e  in te r c e p t .  E quation 3 .20 can be used to  e s tim a te  

th e  v a lu e  o f "T" when o b se rv a tio n  w e lls  a re  n o t a v a i la b le .  I f  a w e ll i s  

pumped u n t i l  a s u b s ta n t ia l  drawdown i s  o b ta in e d , th e  le v e ls  o f  recovery  can 

be measured a f t e r  pumping i s  s to p p ed . C a llin g  "h " , and "h^" th e  le v e ls  of 

w a te r in  th e  w e l l ,  a t  tim es "x^" and "x^^" r e s p e c t iv e ly ,  app ly ing  eq u a tio n  

3 .20  to  both  c o n d it io n s  and s u b s tr a c t in g  y ie ld s :

\  \  (3 .21)

P lo t t in g  h^ on an a r i th m e tic  s c a le  a g a in s t  x^ on a lo g a rith m ic  s c a le ,  a 

s t r a ig h t  l in e  i s  o b ta in e d  from which s lo p e  the v a lu e  of "T" i s  o b ta in e d .

3 .8  R a in fa l l  E quation

The param eters  " c " ,  " d " , and "n" o f th e  r a i n f a l l  equa tion

1
(x + d )"  (2 .24 )
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a re  u s u a lly  e s tim a ted  by anyone o f two g ra p h ic a l m ethods, th e  f i r s t  one 

in v o lv es  t r i a l  and e r r o r  In  the  assum ption o f a v a lu e  fo r  th e  param eter "d " , 

and th e  second co n s id e rs  an approxim ation  fo r  th e  v a lu e s  o f d i /d x .

G raph ica l Method 

S ince eq u a tio n  2 .24  may be w r i t te n  In  i t s  lo g a rith m ic  form as

In i  =• In  c + m In  T + n ln (  x + d) (3 .22)

a  fam ily  o f s t r a ig h t  l i n e s ,  each l in e  co rresponding  to  a c o n s ta n t v a lu e  of 

"T", can be ob ta ined  by p lo t t in g  In  i  vs ln (x  + d ) ; in  o rd e r to  make th is  

p lo t t in g  p o s s ib le ,  s e v e ra l  v a lu e s  o f "d" a re  t r i e d  u n t i l  a s t r a ig h t  l in e  

i s  ob ta in ed  fo r  a s e le c te d  v a lu e  o f "T". The common s lo p e  o f t h i s  fam ily  

o f l in e s  g iv es  th e  v a lu e  o f the  param eter "n " . The d e te rm in a tio n  o f the  

v a lu e  o f "m" p re se n ts  no problem , s in c e  i t  i s  th e  common s lo p e  o f a  fam ily  

o f  s t r a ig h t  l in e s  o b ta in e d  by p lo t t in g  In  i  vs In  T, h o ld ing  "x" c o n s ta n t 

du ring  th e  p lo t t in g  o f each l in e .

Approximate Method 

The r a t e  of change o f r a i n f a l l  i n te n s i ty  w ith  r e s p e c t  to  tim e i s  

g iven  by th e  eq u a tio n

| i - - i n ( *  + d r ‘  (3 .23 )

Taking logarithm s on bo th  s id e s  o f t h i s  e q u a tio n  y ie ld s

ln ( -  ~)*> In  i  + ln (n )  + ln (x  + d) ^ (3 .24)

Taking logarithm s on eq u a tio n  2 .24 and re a r ra n g in g  y ie ld s

+ d )-^  .  (3 .25)
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so t h a t ,  f in a l ly  we o b ta in

In  ( -  = ln (n )  -  ^  In  cT® + (1 + ^ )  In  i  (3 .26 )

which f i t s  a s t r a ig h t  l in e  when "T" i s  co n s tan t and In ( -d i /d x )  i s  p lo t te d  

a g a in s t  In  i .  The param eter "n" i s  determ ined from th e  s lo p e  o f th e  l i n e ,  

and "c" from i t s  i n te r c e p t .  O bviously , the  v a lu es  o f (d i/d x )  have to  be 

determ ined by d i r e c t  measurements from a d i r e c t  p lo t t in g  o f eq u a tio n  2 .24 ; 

however, th e  v a lu e s  o f (d i/d x )  a t  i^^^^ can be approxim ated using  th e  r e l a ­

t io n

d i
(3 .27)

\ + 2  '  \

where th e  s u b s c r ip ts  deno te  p a i r s  o f v a lu es  of " i "  taken  from a s e r i e s  of 

i n t e n s i t i e s  reco rded  a t  uniform  in te r v a ls  o f tim e.



CHAPTER IV 

METHOD OF DIFFERi-.KCFS

4 .1  G eneral D e sc rip tio n

I t  can e a s i ly  be seen  th a t  th e  d i f f e r e n t i a l  forms o f th e  t ra n s c e n d e n ta l  

eq u a tio n s  co n sid e red  In  th e  p rev ious two c h a p te rs  p re se n t t h e i r  r e s p e c t iv e  

p aram eters  In  a  more e x p l i c i t  form than  th e  tra n sc e n d e n ta l e q u a tio n s . For 

In s ta n c e , In  th e  ca se  o f th e  f i r s t  o rd e r  r e a c t io n  equa tion

y = 1(1  -  e '*“ ) (2 .3 )

I t s  d i f f e r e n t i a l  form I s  a lre a d y  n o n tra n sc e n d e n ta l and tak es  th e  form o f 

a s t r a ig h t  l in e

^  = k l  -  ky (2 .2 )

from which th e  v a lu e s  o f th e  param eters  "k" and "L" could be o b ta in e d  I f  

th e  v a lu e s  o f (dy/dx) were known fo r  each v a lu e  o f " y ."  U n fo ru n a te ly , t h i s  

I s  n o t th e  case  and , a s  has a lre a d y  been ex p la in ed  In  Chapter I I I ,  th e  

v a lu e s  o f (dy/dx) have to  be m easured from a p lo t  of y vs x on a r i th m e tic  

s c a le s ,  o r  approxim ated by th e  s lo p e  o f a  chord sub tend ing  two n e ig h b o r­

ing  p o in ts  of th e  p o in t  o f I n t e r e s t .  These two methods a re  u n s a t i s f a c to r y  

because . In  th e  g ra p h ic a l  method th e  curves y vs x a re  f i t t e d  by eye through 

an alm ost always sm all amount o f spaced d a ta  which have I m p lic i t  random 

v a r ia t io n s  on I t s  t ru e  v a lu e s , and because th e  accuracy  o f a g e o m e tric a l 

measurement I s  alw ays In flu en ced  by th e  In stru m en ts  used , th e  a b i l i t y  o f 

th e  In strum en t r e a d e r , and the  p re c is io n  o f th e  graph s c a le s .  When th e
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s lo p e  o f th e  curve i s  approxim ated by th e  s lo p e  o f a chord , th e  random 

v a r ia t io n s  and e r r o r  on the  d a ta  a re  n o t taken  in to  acco u n t, and th e  approx­

im ation  i s  v a l id  on ly  i f  th e  len g th  o f  th e  chord approaches z e ro .

To avoid  th e  inconven iences p o in ted  out above, b u t try in g  to  con­

se rv e  the  e x p l i c i t  way in  which th e  param eters of a g iven  tra n s c e n d e n ta l  

e q u a tio n  appear in  i t s  correspond ing  d e r iv a t iv e s , i t  seems n a tu r a l  to  

work, in s te a d , w ith  th e  d if fe re n c e  form o f th e  e q u a tio n .

I t  i s  known from elem entary  c a lc u lu s  th a t  f o r  any fu n c tio n  y = f ( x ) ,  

to  every  increm ent Ax g iven  to  th e  independent v a r ia b le ,  co rresponds an 

increm ent Ay in  th e  dependent v a r ia b le

Ay = f ( x  + Ax) -  f (x )  (4 .1 )

where Ay ex p resses  th e  d if f e re n c e  in  th e  v a lu e s  o f f (x )  a t  x  and x + Ax, 

and Ax i s  a ls o  c a l le d  th e  " d if fe re n c e  i n t e r v a l . "  I t  should  be observed  

h e re  th a t  the  v a lu e s  assumed by x a r e  only r e s t r i c t e d  by th e  domain o f 

th e  fu n c tio n  and n o t by o rd e r  of m agnitude, and th a t  f (x )  may be any k ind  

o f  fu n c t io n , con tinuous o r d i s c r e te .

To i l l u s t r a t e  how th e  method o f d i f f e re n c e s  works in  dete rm in ing  

p a ra m e te rs , th e  sim ple case  o f th e  geom etric  eq u a tio n  i s  taken  as an 

example

y = ae^* (1 .3 )

G iving an increm ent Ax to  x , e q u a tio n  1 .3  becomes

y + 4y -  -  ae ’’*  a '" ^

from which

Ay = (e^^*  -  1) y (4 .2 )

o r ,  making y + Ay = y^ ^ Ax
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w  ■ y

Both e q u a tio n s , 4 .2  and 4 .3 , r e s u l t  in  s t r a ig h t  l in e s  when Ay vs y o r 

^x+Ax ^ a re  p lo t te d  u sing  a r i th m e tic  s c a le s .  I f  th e  v a lu e  of Ax I s  

m ain ta in ed  c o n s ta n t .  I . e . ,  I f  th e  d a ta  a re  e q u a lly  spaced In  tim e . The 

v a lu e  o f  "b" I s  o b ta in ed  from th e  s lo p e  o f th e  l i n e .

O bviously , In  th e  p rev io u s  example n o t much I s  gained over th e  t r a ­

d i t i o n a l  s o lu t io n  th a t  c o n s is ts  In  tak in g  th e  lo g a r ith m ic  form of equa­

t io n  1 .3

In  y = In  a + bx (1 .4 )

and o b ta in in g  th e  v a lu e s  of "a"  and "b" from a p lo t  of In  y vs x ; how­

e v e r , th e  f u n c t io n a l  form  " In  y" has been removed and some amount o f com­

p u ta t io n  reduced .

Thus, th e  a p p lic a t io n  o f th e  method of d i f f e re n c e s  I s  more advan­

tageous when sim ple  tra n s fo rm a tio n s  o f  th e  ty p e  o f e q u a tio n  1 .4  a r e  n o t 

p o s s ib le ,  a s  I s  th e  ca se  of th e  t ra n s c e n d e n ta l  eq u a tio n s  co n sid e red  In  

th i s  t h e s i s .

A lso , I t  I s  I n te r e s t in g  to  n o t ic e  th a t  e q u a tio n  4 .3  can be r e a d i ly  

o b ta in e d  by s u b s t i tu t in g  th e  v a lu e s  (x+Ax, in  th e  o r ig in a l  equa­

t io n  1 .3  to  o b ta in

which d iv id e d  by eq u a tio n  1 .3 , a f t e r  rea rran g em en t, y ie ld s

'x + M  -  \  (4 -3)

which I s  a re c u rre n c e  eq u a tio n  e q u iv a le n t to  th e  d if fe re n c e  eq u a tio n  4 .2 .

In  th e  rem ain ing  o f t h i s  c h a p te r ,  s e c t io n s  4 .2  to  4 .8 ,  t h i s  method

w i l l  be a p p lie d  to  each one o f th e  e q u a tio n s  l i s t e d  In  Table 2 .1 ,  In
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t ry in g  to  o b ta in  s im p ler e x p ress io n s  th a t  w i l l  a llow  the  d e te rm in a tio n  of 

i t s  re s p e c tiv e  param eters  in  a s im p lif ie d  way.

4 .2  F i r s t  Order R eaction  Equation

B.G.D. Equation

The f i r s t  o rd e r  r e a c tio n  eq u a tio n  2 .3  can be r e w r i t te n  to  be

L -  y = Le"*“  (4 .4 )

S u b s t i tu tio n  of (x+Ax, in  the  p rev ious eq u a tio n  y ie ld s

^

D ivid ing  t h i s  eq u a tio n  by e q u a tio n  4 .4  g iv es  as a r e s u l t

^ ^x+Ax -kAx
L -  y

from which

(4 .5 )

V ax "  y (4 .6 )

o r ,  s in c e  y ^ ^  = y +Ay

Ay = L(1 -  e " ^ ^ )  -  (1 -  e " ^ ^ ) y  (4 .7 )

o r ,

y = L --------------------4y (4 .8 )
1 -  e

Equations 4 .6 , 4 .7  and 4 .8  a re  a l l  s t r a ig h t  l in e  ex p re ss io n s  when 

Ax i s  taken as a c o n s ta n t;  equa tion  4 .6  may be considered  su p e r io r  to  

the  o th e r  two e q u a tio n s , s in c e  i t  in v o lv es  one le s s  s te p  in  com putation .

I f  th e  g ra p h ic a l method i s  used to  f in d  the  p a ram ete rs , a r i th m e tic  

s c a le s  a re  used in  a l l  c a se s ; however, the  l e a s t  sq u ares  method i s  obvi­

o u sly  recommended.
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Rate o f A bsorp tion  Equation

When eq u a tio n  4 .6  i s  a p p lie d  to  eq u a tio n

-k  X
-  Cq = (Cg -  C q ) ( 1  -  e ® ) (2 .6 )

i t  i s  o b ta in ed  th a t

Wu9)

O bviously , s im i la r  e x p re ss io n s  to  e q u a tio n s  4 .7  and 4 .8  a re  found, 

e i t h e r  d i r e c t l y  taken  d if f e re n c e s  from  e q u a tio n  2 .6 , o r making c^ -  c^ = y 

and Cg -  Cg = L in  eq u a tio n s  4 .7  and 4 .8 .

From e q u a tio n  4 .7 :

-  ( 1 - e ^ ^ )  ( c^-Cq)

S ince ACg = 0

Ac^ = C g d -e " ”̂ *  -  ( l - ; ^ * ) c ^  (4 .10 )

and from eq u a tio n  4 .8 ,  s in c e  Ac  ̂ = 0

S ’ S -  , “ x
1  -  e

Observe th a t  th e  v a lu e  of "cq" does n o t p lay  any r o le  in  eq u a tio n s

4 .9  through 4 .1 1 , which means t h i s  i s  n o t a  t ru e  p a ram eter, and i t  sim ply  

corresponds to  a c o n c e n tra tio n  a t  anytim e taken  as  zero  o r base v a lu e .

R ate of S ta b i l iz a t io n  o f New R ese rv o irs  

Equation 2 .8  i s  re w r i t te n  to  y ie ld

(2 .8)

which a p p lie d  to  p o in t (x+Ax, y+Ay) becomes

(4.12)
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D iv id ing  eq u a tio n  4.12 by e q u a tio n  2 .8

^ -kAx 
y -  L “  ®

from which

^x+Ax "  y (4 .6 )

which I s  obv iously  th e  same s o lu t io n  as th a t  o b ta in e d  f o r  th e  BOD equa­

t io n ,  s in c e  "yj^" i s  n o t a  t ru e  p a ram ete r, In tro d u ced  a r t i f i c i a l l y  to  s u i t  

the  fu n c t io n a l  r e la t io n s h ip s  used to  f in d  th e  param eters  "k" and "L" by 

the  t r a d i t i o n a l  m ethods.

4 .3  Second Order R eac tion  Equation

A u to c a ta ly t ic  Equation

The param eters  o f th e  a u to c a ta ly t ic  eq u a tio n  

.  L(k + k y)

'  ■ k - T ÿ ;  1" k ,  (L - , )

can e a s i ly  be b rough t to  an e x p l i c i t  form .

Applying e q u a tio n  2 .10  to  any p a i r  o f o b se rv a tio n s  (x+Ax, i t

I s  o b ta in e d :

1 I -  ^ (^1  + ^Z^x+Ax)
= +  +  k , L i "  k ^ ( L  -

S u b tra c tin g  e q u a tio n  2 .10  from e q u a tio n  4 .1 3 , and c a rry in g  o u t o p e ra tio n s  

y ie ld s

V  -  -  V  W
kjl + kjLy - k j y^^ - k^y

Taking Ax c o n s ta n t, making 

Ax(k,+k„L)
e = a (4 .14 )
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and re a r ra n g in g , y ie ld s

(akgL+k^)y + (-ak^^-k^L)y^^^^+ (k 2 -akg)yy^^^^+  (ak^L-k^L) = 0 (4 .15 )

which corresponds to  the  m u lt iv a r ia te  l in e a r  model 1 .1 1 .

The p aram eters  o f eq u a tio n  4 .15  a re  o b ta in e d  so lv in g  th e  c o r r e s ­

ponding s e t  o f  e q u a tio n s  1 .1 2 , a f t e r  which a new s e t  o f fo u r  sim ultaneous 

e q u a tio n s  on " k . " k „ , "  "L " and r e s u l t s .  T heir s o lu t io n  y ie ld s  th e1 Z y

d e s ire d  r e s u l t s .

4 .4  L o g is t ic  E quation

The p a ram ete rs  o f  th e  l o g i s t i c  e q u a tio n

’’ ■ + 1
(2 . 12)

could  be found from e q u a tio n  4 .15 ; however, i t  i s  s im p le r  to  proceed as  

fo llo w s .

F i r s t ,  g iv in g  increm en ts to  th e  v a r ia b le s  in  eq u a tio n  2.12 we f in d

* ax  a  Ax - (^*16)
me e + 1

From e q u a tio n  2.12

me** -  (4 .17)

S u b s t i tu t in g  eq u a tio n  4 .17  in  e q u a tio n  4 .16  and re a rra n g in g  y ie ld s

i r J -  .  e 'A :  + y (4 .18)

which i s  a s t r a ig h t  l in e  when "y /y^^hc" Plotted against "y" in  arith­

metic s c a le s .

4 .5  R ate o f  P u r i f i c a t io n  Equation

B io lo g ic a l Treatm ent U n its  

In  o rd e r  to  o b ta in  an e x p l i c i t  form f o r  th e  r a t e  o f p u r i f ic a t io n
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eq u a tio n  2 .1 5 , we f i r s t  r e w r i te  th e  eq u a tio n  to  read

z "  = ( I  + nkx)yQ "  (4 .19 )

where

z = Yq -  y (4 .20 )

G iving an increm ent to  "z"  in  e q u a tio n  4 .1 9 , an increm ent Az co rresponds 

to  Ax, th e re fo re

(z + Az)"" = (1 + nl«2+Az^^0 "  (4 '2 1 )

D iv id ing  eq u a tio n  4 .21  by eq u a tio n  4 .19  y ie ld s  

. -n  1 + nkx

= - r r £ r

Now, i f  Az i s  tak en  so  th a t

Az = az (4 .23 )

where "a" i s  an a r b i t r a r y  c o n s ta n t ,  e q u a tio n  4 .22  becomes a f t e r  r e a r ­

rangem ent o f term s

o r ,  i f  p re fe r re d

Ax = ^ + [ (1 + a ) '"  -  1] X (4 .25 )

Observe th a t  to  app ly  e q u a tio n  4 .24  o r  eq u a tio n  4 .25 i t  i s  n e c essa ry  

to  re o rd e r  th e  d a ta .  I f  e q u a tio n  4 .24  i s  so lved  g ra p h ic a l ly  and "a"  i s  

chosen to  be equa l to  one , th e  fo llo w in g  s e t  o f d a ta  would be p lo t te d :

(Xj^,X2), ( x 2 , x ^ ) ,  ( X j j X g ) ,  . . . ,  ( x ^ ,X 2 ^ )  . . .

B a c te r ia l  S e l f p u r i f ic a t io n  

The b a c te r i a l  s e l f p u r i f i c a t i o n  form o f eq u a tio n  2.15
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^  = (1 + nkx)"^^" (2 .16)
0

i s  so lved  much in  the  same way as  eq u a tio n  2.15 to  y ie ld

4 .6  M olecular D iffu s io n  Equation

To o b ta in  an e x p l i c i t  form o f  th e  m olecu lar d i f fu s io n  eq u a tio n  2 .1 8 , 

i t  i s  r e w r i t te n  as

-  = ( e " ^  + i  + -r^ e " ^ ^ ^  + . . . )  (4 .27)-0.811(Cg-CQ) 9 25

where the  v a lu es  o f th e  param eters  "K" and "c^" a re  to  be de te rm ined . 

Making

'  = - o . 8 ù r c 7 c „ )

and app ly ing  eq u a tio n  4.27 s u c c e s s iv e ly  to  a s e t  o f  va lu es  (x ,y ^ ) , 

(9x ,y  o ) ,  (25x,y„ » ,)  we o b ta in  the fo llow ing  arrangem entXt7 X#Z3

X 9 25

1 y = i  + 1 1  g-9(9)Kx 1 J ,  -9(25)Kx
9 y%.9 9 ®  9 9  9 25 +

- 1  y = _ 1  + 1  - 1  e-25(9)K x +  _ ! _ !  -25(25)Kx +
25 ?x .25  25 9 25 25 25®

where the terms a f t e r  the  f i r s t  row and second column of th e  arrangem ent 

a re  very  sm all as compared w ith  th e  r e s t  of th e  term s. T h e re fo re , adding 

we o b ta in :
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' x  + ?  + B  \ . 2 5  +  -  = 2 y *  - » ' ^ +  -

from which

-Kx

S u b s t i tu tin g  eq u a tio n  4 .28 in  eq u a tio n  4.29 and re a rra n g in g  y ie ld s  

-Kx _ 'x  •  K . 9  -  2 ^ x .2 5  • ••  + ' s ' - l  + 7  + 2F +  ' ' ^

Making

-0 .8 1 1 (c^-Cq) -0.811(Cg-Cg)

"x ’ ' x ‘ ? ' x . 9 ’ B ' = x . 2 5 ‘  • • •  ( 4 -3 1 )

A = -0 .811(C g -  Cp) (4 .32 )

Since
2

(-1  +  ^  + ^  + . . . )  = ^ ----- 2 = -0 .7 6 6  (4 .33)

th e  fo llo w in g  e q u a tio n  i s  o b ta in ed

e-K" .  1  z (4 .3 4 ,
A x  A s  

G iving an increm ent x to  "x" r e s u l t s  in

^-Kx ,K4x .  i  -  ° f i  c ,  (4 .35)

F in a l ly ,  s u b s t i tu t io n  o f e q u a tio n  4 .34  in  eq u a tio n  4.35 y ie ld s

z . = 0 .7 6 6 (e  ^ * - 1 ) c + e  ̂ ^*z (4 .36 )x+Ax s X

which i s  th e  eq u a tio n  o f a  s t r a ig h t  l in e  when Ax i s  taken  as a c o n s ta n t.

The v a lu e  o f "K" could  be o b ta in ed  from eq u a tio n  4 .29  when th e

v a lu e s  o f " c q "  and "c^" a re  known, which may g e n e ra lly  be th e  case under

f i e l d  c o n d it io n s , where th e  v a lu e  o f " c q , "  a t  tim e o r d is ta n c e  "X q" taken

as an a r b i t r a r y  b a se , i s  known.

The param eters  "K" and "c^" can be o b ta in ed  from eq u a tio n  4.36
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e i th e r  g ra p h ic a lly  o r a n a ly t ic a l ly .  In  e i th e r  c a se , a s e t  o f v a lu e s

(z ,z  ) has f i r s t  to  be o b ta in e d . For in s ta n c e ,  i f  Ax i s  chosen to  be X x+Ax

eq u a l to  1 , th e  s e t  o f v a lu e s  becomes

C  “  2^ C  n  ,  C ^ ,  .  “  Z  n  C  ty

* n - i  (Zn+l)'^ x (2n+ l)^  n= l (2n+iy (x + l)(2 n + l)^

(4 .37 )
2

where c _ means th e  x (2n+ l) th  term  tak in g  th e  c term  a s  a b a s i s .
x (2n+ i) *

Observe th a t  " cq" i s  no t a t ru e  p a ram ete r, and th a t  th e  c o n s ta n t

"0 .766" in  eq u a tio n  4 .36  can be changed to  tak e  in to  account th e  number

o f term s o f  eq u a tio n  4 .29  conside red  in  the  d e s ire d  s o lu t io n .

4 .7  Theis E quation

To f in d  an eq u a tio n  th a t  would show the  p a ram eters  "T" an "S" 

from e q u a tio n s  2 .22 and 2 .2 3 , in  an e x p l i c i t  form , l e t

a = S t  (4-38)

r^ s
c » ^  (4 .39)

so th a t  e q u a tio n  2 .23 becomes

u = ^  (4 .40)

and eq u a tio n  2 .22 may be r e w r i t te n  as

2
h_-h = a (-0 .5 7 7 2  -  In ^  +  -------------- + . . . )  (4 .41)

" * * 2.2! X

G iving increm ents to  "x" and "h" we o b ta in  

hp -  h -  Ah =
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S u b tra c tin g  eq u a tio n  4 .41  from eq u a tio n  4 .42  y ie ld s

^

so t h a t ,  making Ax = x , we o b ta in

Ah= a  in  2 - +  . . .  (4 .43 )

which i s  a  m u l t iv a r ia te  l in e a r  form from which th e  v a lu e s  o f "a"  and "c"

can be o b ta in e d  through th e  a p p lic a t io n  o f eq u a tio n  1 .1 2 . When "u" i s  

sm all on ly  th e  f i r s t  th re e  term s o f t h e i s ' eq u a tio n  may be co n sid e red , 

to  y ie ld

Ay = 0 .69  a -  ^  ^  (4 .44)

which i s  th e  e q u a tio n  o f  a  s t r a ig h t  l in e  when p lo t t in g  y vs 1 /x  using  

a r i th m e tic  s c a le s .  Once "a"  and "c" a re  de te rm ined , "T" and "S" a re  

r e a d i ly  o b ta in e d  from eq u a tio n s  4 .38  and 4 .39  r e s p e c t iv e ly .

N o tice  th a t  b e fo re  ap p ly in g  eq u a tio n s  4 .43  o r 4 .4 4 , th e  d a ta  have 

to  be rea rra n g e d  in  accordance  to  th e  tim e s e r i e s  x , 2x, 4x, . . . ,  2^x, 

where n = 0 , 1 , 2 , . . .

4 .8  R a in fa l l  E quation

To determ ine th e  v a lu e s  o f th e  param eters  "m" "d" and "n" o f  th e  

r a i n f a l l  eq u a tio n

i  = (2 .24 )
(x+d)"

f i r s t ,  co n s id e r  "T" as  a c o n s ta n t and l e t  "x" and " i "  v a ry , th e n , g iv in g  

in crem en ts, i t  can be w r i t te n

cT^
i  + Ai = » --------------------   (4 .45)

(x + Ax + d)
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D iv id ing  eq u a tio n  4 .45 by e q u a tio n  2 .24

, i + A i / ^ "  = X + d 
'  i  (x+Ax)+d

making

Ai = k i

where "k" i s  an a r b i t r a r y  c o n s ta n t ,  we o b ta in  

from which

X i(i^ k )  “  ̂ [(1+k)”^^" -  1 ] + (1 + k )"^ /"  (4 .46 )

o r :

Ax = d [(1+k)"^^" -  ]] + [(1+ k)"^/"  - J\ X (4 .47 )

E quations 4 .46  and 4 .47  a re  l in e a r  e x p re ss io n s  from anyone o f which 

th e  p a ram eters  "d" and "n" can be e a s i l y  o b ta in e d ; however, eq u a tio n  4 .46 

in v o lv es  one s te p  l e s s  o f com pu ta tions . In  any c a se , th e  d a ta  a re  s e le c te d  

so th a t  Ai = k i ;  f o r  in s ta n c e ,  when k i s  chosen to  be equa l to  one, th e  

d a ta  correspond  to  th e  i - s e r i e s  i ,  2 i ,  4 i ,  . . . ,  2 " i ,  where n = 0 , 1 , 2 , . . .

To determ ine  th e  v a lu e  o f param eter "m ," "x" i s  h e ld  c o n s ta n t ,  so  th a t  

e q u a tio n  2 .24  can be w r i t te n

i  = Kct“  (4 .48 )

where

K =  (x + d) "  = c o n s ta n t (4 .49 )

G iving increm ents to  " i "  and "T" y ie ld s

i  + Ai = Kc(T + AT)™

Taking

AT = kT, k = c o n s ta n t (4 .50 )
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i  + Ai = KcT” (l+ k )“  (4 .51)

so th a t ,  co n s id e rin g  eq u a tio n  4 .48

\ l + k ) I  = (1 + i ^  (4 .52)

which i s  th e  eq u a tio n  o f a s t r a ig h t  l in e  from which th e  v a lu e  o f "m"

can be e a s i ly  found. Observe th a t  "c" in  eq u a tio n  2 .24 i s  n o t a t ru e  

param eter b u t a s c a le  f a c to r ,  whose v a lu e  depends on th e  u n i ts  in  which 

the  v a r ia b le s  " i "  and "T" a re  ex p ressed . A lso , n o t ic e  th a t  equa tion  4.48 

i s  n o n - tra n sc e n d e n ta l, and th e re fo re  the  v a lu e  o f "m" can be found using  

th e  lo g a rith m ic  form 3 .2 2 .



CHAPTER V

EXAMPLES OF APPLICATION OF THE METHOD OF DIFFERENCES

5 .1  Data Sources and E ffic ie n c y  C r i te r io n

The problems conside red  in  t h i s  c h a p te r  a re  taken from th e  b i b l i ­

ography shown a t  th e  end o f t h i s  t h e s i s ,  th e  purpose being  to  compare 

th e  r e s u l t s  o b ta in ed  when th e  t r a d i t i o n a l  methods o f s o lu t io n  a re  a p p lie d  

w ith  th o se  o b ta in ed  from th e  a p p lic a t io n  o f th e  method of d i f f e r e n c e s .

To compare r e s u l t s ,  th e  v a ria n c e  co rrespond ing  to  each method, a s  a p p lie d  

to  a p a r t i c u l a r  problem , w i l l  be computed u s in g  th e  form ula

V = Z(y -  y ') 2  (5 .1 )

where "V" i s  th e  v a ria n c e  o r sum o f squared  e r r o r s  between th e  observed 

d a ta  "y" and th e  co rresponding  computed v a lu e s  " y '" .  O bviously , the  

method showing th e  s m a lle s t  v a ria n c e  among th e  methods conside red  to  

so lv e  a p a r t i c u l a r  problem  shou ld  be regarded  as th e  most e f f i c i e n t  

method in  each s p e c i f ic  c a se .

5 .2  P rocedure o f P aram eters E s tim a tio n

To so lv e  each one of the  problem s appearing  in  s e c tio n s  5 .3  to

5 .9  o f th is  c h a p te r , th e  co rrespond ing  l in e a r  forms p resen ted  in  C hapter IV 

w i l l  be used , th e  d a ta  w i l l  be m anipu lated  to  conform to  such form s, and 

then  i t s  param eters w i l l  be computed, from which th e  param eters o f  th e  

model ru lin g  th e  problem w i l l  be determ ined .

To compute param eters  o f th e  r e s u l t in g  s t r a ig h t  l in e  form s, the

52
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methods o f l e a s t  sq u a re s , a v e ra g e s , g ra p h ic a l ,  e t c . ,  w i l l  be u sed , as 

d e sc rib ed  in  C hapter I  of t h i s  t h e s i s ,  on accordance to  th e  n a tu re  o f th e  

problem , and th e  accuracy  o f th e  d a ta .

A ll th e  num erical com putations a re  perform ed u sin g  a H ew let- 

Packard Model HP 35 c a lc u la to r .  In  s e c t io n  5 .3 ,  fo llo w in g  th e  p rocedure  

o f a p p lic a t io n  o f the  method o f d if f e re n c e s  i s  ex p la in ed  in  d e t a i l ,  

to  avo id  r e p e t i t io n  o f th e  same concepts in  th e  r e s t  o f th e  problem s 

p re se n ted  in  s e c t io n s  5 .4  through 5 .9 .

5 .3  F i r s t  Order R eac tion  E quation

BOD Equation

Given th e  BOD d e te rm in a tio n s  shown in  column 2 o f Table 5 .1 ,  f in d

the m agnitudes of param eters  "k" and "L" in  eq u a tio n  2 .3 .

TABLE 5 .1  

SOLUTION OF THE BOD EQUATION

Data Columns Com putation Columns

Time,Day 
( i ) ; x

BOD,mg/1 
(2);y=x (4);XY (5);X^

0 0 82 0 0

1 82 112 9184 6724

2 112 153 17136 12544

3 153 163 24939 23409

4 163 176 28688 26569

5 176 - -

Z 510 686 79947 69246
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A n a ly tic a l  S o lu tio n : L east Squares Method

E quation  4 .6  shows th a t  th e  s lo p e  o f th e  l in e a r  form o f th e  BOD 

e q u a tio n  i s

P = (5 .2 )

and i t s  in te r c e p t  i s

I  = L(1 -  P) (5 .3 )

To o b ta in  th e  v a lu e s  o f  " I"  and "P ,"  we app ly  the  l e a s t  squares

e q u a tio n s  1 .1 3 . Column 3 shows th e  v a lu e s  o f ob ta in ed  c a n ce lin g

th e  f i r s t  term  in  column 2, w r i t in g  th e  second term  of column 1 in  th e  f i r s t

row o f column two, and so on . Observe th a t  columns 2 and 3 a re  la b e le d  

y “  X, y ^ ^  = Y to  conserve th e  n o ta t io n s  used in  each of eq u a tio n s  4 .6  

and 1 .1 3 .

Columns 4 and 5 show th e  n e c essa ry  com putations to  app ly  e q u a tio n s  

1 .1 3 , from which we o b ta in

P  = 5 (:?9.9A7)...-  ,(510)(686) ^ ^
5(69246) -  (510)2

I  =  M  _  110(0.579) =  78.136 

From eq u a tio n  5 .2 , s in c e  Ax = 1

0.579 sj e —k “  In  0 .579

k ■ 0 .543  days ^

From eq u a tio n  5 .3

78.1 = L(1 -  0 .579)

L = 185.632 ppm

E f f ic ie n c ie s

To compare the  r e s u l t s  o b ta in ed  u sin g  th e  method of d i f f e re n c e s
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(k = 0.543, L = 1 85 .632 ) w ith  th e  r e s u l t s  appearing  in  page 33-14, v o l 2 

of re fe re n c e  1 (k = 0 .523 , L = 188) th ese  p a ir s  o f v a lu e s  a re  s u b s t i tu te d  

in  equa tion  2 .3  to  o b ta in  computed v a lu e s  o f th e  BOD co rrespond ing  to  the  

method of d if f e re n c e s  and the  method of moments, r e s p e c t iv e ly .  A f te r ­

w ards, form ula 5 .1  i s  a p p lie d  to  o b ta in  £he re s p e c t iv e  v a r ia n c e s .  Table 

5 .2 , below, shows th e  s te p s  n ecessa ry  to  t h i s  o b je c t .

TABLE 5 .2

EFFICIENCIES OF THE METHOD OF DIFFERENCES AND 
THE METHOD OF MOMENTS; BOD EQUATION

Data Method o f D iffe ren c e s Method of Moments

( D .x  ( 2 ) ,y 
Observed

(3 ),y*  (4 ),fy -y ') ( 5 ) , ( y - y ') ^  ( 6 ) ,y ' ( 7 ) , ( y - y ')  ( 8 ) , ( y - y ') ^  
Computed E rro r  Sqd. E rro r  Computed E rro r Sqd. E rro r

0 0 0 0 0 0 0 0

1 82 78 14 196 77 15 225

2 112 123 -11 121 122 -10 100

3 153 149 4 16 149 4 16

- 4 163 164 -1 1 165 -2 4

5 176 174 2 4 174 2 4

V ariance w»-,.
- 338 - - 349

C le a r ly , being  the v a ria n c e fo r  the method of d if f e re n c e s sm a lle r

than th a t  o b ta in ed  fo r  the  method of moments, p roves th e  method of d i f f e r ­

ences to  be s u p e r io r  in  th e  s o lu t io n  o f t h i s  p a r t i c u l a r  problem .

A n a ly tic a l  S o lu tio n : Method of Averages

To apply  th e  q u ick  method o f s o lu t io n  d e sc rib e d  in  s e c t io n  1 .3  to  

eq u a tio n  4 .6 , we c o n s id e r  th e  groups of p a ire d  v a lu e s  (0 ,8 2 ) ,  (8 2 ,1 1 2 ),



56

(1 1 2 ,1 5 3 ), and (153 ,163), (1 6 3 ,1 7 6 ), which add up to  (194,347) and (316,339) 

r e s p e c t iv e ly .  S u b s t i tu tio n  o f th e se  two p a ir s  in  equa tions  1 .14  y ie ld s  

347 = 31 + P(194)

339 = 21 + P(316)

from  which

P = 0 .577 , I  = 81.494 

so t h a t ,  from eq u a tio n  5 .2

0.577 = e"k; -k  = In  0.577 = -0 .5 5 0  

k = 0 .550 day ^

and , from eq u a tio n  5 .3

81.494 = L(1 -  0 .5 7 7 ); L = 192.657 ppm

G rap h ica l S o lu tio n  

To so lve  th e  problem  we p lo t  in  a r i th m e tic  s c a le  th e  v a lu e s  o f "y" 

in  th e  a b s c is s a s  and th e  v a lu e s  o f in  the  o rd in a te s ,  p a ss in g  a

l in e  through th e  averages (1 0 2 .0 ,1 3 7 .2 ) . F igu re  5 .1  shows th e  s lo p e  o f 

th e  l in e  to  be P = 0 .571 and th e  in te r c e p t  I  = 79.

Applying equa tion  5 .2  we o b ta in  

k = -ln  0 .571 ; k = 0 .560 day  ̂

and, from equation  5 .3

L -  79 /(1  -  0 .5 7 1 ); L = 184.149 ppm

Summary of R e su lts  

Comparison o f the  r e s u l t s  o b ta in ed  by th e  d i f f e r e n t  methods used 

to  so lv e  th is  problem appears below , the  numbers rounded o f f  to  the  t h i r d  

f ig u r e .
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•  200

- 150

(102 .0 ,137 .2 )

"100 137.2 -  79.0slo p e  = = 0.571102.0

in te r c e p t

. 50

F igure 5 .1 . DETERMINATION OF THE PARAMETERS OF THE 

BOD EQUATION

y , v a lu e s  of BOD a t  tim e x , ppm 

50 100
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Method k , day ^ L,ppm

D iffe ren c e s - -

G raph ica l 0.560 184

Averages 0.550 193

L east Squares 0.543 186

Moments 0 .523 188

S ta b i l iz a t io n  o f New R ese rv o irs

During f i f t e e n  y ea rs  a f t e r  f i l l i n g ,  th e  c o lo r of th e  w ater in  a

la rg e  r e s e r v o ir , th a t  flooded  e x te n s iv e  swamps th a t  were n o t s t r ip p e d ,  was

m easured. Use th e  d a ta  g iven  in  columns 1 and 2 o f  Table 5 .3  to  determ ine

th e  v a lu e s  o f  th e  param eters  ''k" and "L" in  e q u a tio n  2 .8 .

TABLE 5 .3

SOLUTION OF THE STABILIZATION OF NEW
RESERVOIRS EQUATION

Data Columns Computation Columns

Time, y ea rs
(1 ) ,  X

C olo r, ppm 
(2 ) , y

P lo t t in g
tim e

(3 ) ,x
*^x+Ax

1 130 1 130 95

2 108 3 95 76

4 80 5 76 64

6 62 7 64 58

8 66 9 58 53

10 69 11 53 49
12 51 13 49 46

14 48 15 46

15 52
Summations 525 441
Averages 75 63
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G raph ica l Method

With th e  d a ta  in  columns 1 and 2, Table 5 .3 , f ig u r e  5.2A i s  drawn; 

t h i s  i s  done w ith  th e  purpose o f s im p lify in g  the  draw ing o f f ig u re  5.2B , 

s in c e  th e  o r ig in a l  d a ta  (p lo t te d  u sin g  c i r c l e s  in  b o th  f ig u re s )  show

i r r e g u l a r i t i e s  n o t co rrespond ing  to  a smooth cu rv e . Choosing Ax = 2 , th e

p lo t t in g  v a lu e s  o f " y ^ ,"  a t  tim e " x ,"  a re  read  d i r e c t l y  from th e  d a ta

cu rv e , and e n te re d  in  columns 3 and 4 . Column 5 o f Table 5 .3  i s  o b ta in ed

by s h i f t in g  th e  v a lu e s  in  column 4 one row up.

P assing  a  s t r a ig h t  l in e  through th e  p o in ts  (y ^ ,y ^ ^ ^ ) , F igu re  5.2B, 

and m easuring th e  s lo p e  and in te r c e p t  we o b ta in  

P = 0 .5 8 5 ; I  = 19 ppm 

so t h a t ,  ap p ly in g  eq u a tio n s  5 .2  and 5 .3  we o b ta in  

-2k  = In  0 .5 8 5 ; k  = 0 .268 y ear ^

 ̂ ” 1 -  'O'.TSS*  ̂ “ 45-783 ppm

E ffic ie n c y

To compare th e  v a r ia n c e s  o f  th e  r e s u l t s  o b ta in ed  when app ly ing  

th e  g ra p h ic a l  method of d if f e re n c e s  (k = 0 .268 y ear , L = 45.783 ppm) 

w ith  th o se  g iven  in  page 237 o f  r e fe re n c e  2 , (k = 0.156 y e a r , L = 32 ppm), 

bo th  s e t s  o f p a ram ete rs  a r e  used to  recom pute th e  o r ig in a l  d a ta  app ly ing  

e q u a tio n  2 .8 .  N o tice  th a t  th e  v a r ia n c e  r e s u l t in g  from th e  use o f the  

method o f d i f f e re n c e s  i s  sm a lle r  than  th a t  co rrespond ing  to  th e  a p p lic a ­

t io n  o f th e  t r a d i t i o n a l  t r i a l  and e r r o r  method.
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TABLE 5.4

EFFICIENCIES OF THE METHOD OF DIFFERENCES AND THE TRIAL 
AND ERROR METHOD IN THE SOLUTION OF THE STABILIZATION 

OF NEW RESERVOIRS EQUATION

Data Method of D iffe ren ces T r ia l and E rro r Method

x .tim e  y, c o lo r y' (y -y ') (y-y')^ y' (y -y ') (y-y ')^
(1) (2) (3) (4) (5) (6) (7)

comp. e r ro r e r r o r  sqd comp. e r r o r e r r o r  sqd

1 130 130.0 0 0 130.0 0 0

2 108 110.2 -2 .2 4.84 115.8 -7 .7 59.29

4 80 83.5 -3 .5 12.25 93.4 -1 3 .4 179.56

6 62 67.8 -5 .8 33.64 76.9 -1 4 .9 222.01

8 66 58.6 +7.4 54.76 64.9 +1.1 1.21

10 69 53.3 +15.7 246.49 56.1 +12.9 166.41

12 51 50.2 -0 .8 0.64 49.6 +1.4 1.96

14 48 48.4 -0 .4 0.16 44.9 +3.1 9.61

15 52 47.8 +4.2 17.64 43.0 +9.0 81.00

V ariances 370.42 721.05

5 .4  Second Order R eaction  Equation

A u to c a ta ly tic  Equation 

Gas p ro d u c tio n  d a ta  from anaero b ic  decom position of sludge from a 

sewage tre a tm e n t p la n t ,  g iven  as  p e rcen tag es  o f th e  s a tu r a t io n  v a lu e  

"L ,"  a re  shown in  columns 1 and 2 o f the  ta b le  below. E stim ate  the  

v a lu e s  o f the  c o n s ta n ts  "kj^" and "k^" o f th e  a u to c a ta ly t ic  eq u a tio n  

2 . 10.
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TABLE 5.5

CCMPÜTATIONS FOR THE SOLUTION OF THE AUTOCATALYTIC 
EQUATION: ALGEBRAIC METHOD

Data Columns

X ,  time 

(1 ) ,  days

y , gas prod. 

(2 ) ,  % o f "L"

Computation Columns

x+Ax
(3)

^  ^x+Ax 
(4)

0

20

40

0

29

86

29

86

0

2494

A lg e b ra ic  Method 

From e q u a tio n  4 .1 5 , r e a r ra n g in g  term s we o b ta in :

+ (y - 1)

^ + ( ' ■ w  •  y W  1

At p o in t  ( 0 ,y ^ ^ ^ ,0 )  t h i s  e q u a tio n  becomes

(5 .4 )

(5 .5 )

S o lu tio n  o f th e  sim u ltaneous eq u a tio n s  5 .4  and 5 .5 , a llow s "a" to  

be determ ined .

Combination o f e q u a tio n  5 .5  w ith  e q u a tio n  4.14 to  e lim in a te  "kg"

y ie ld s .

k , = (5 .6 )

Once "a" and "k^" have been determ ined , "kg" may be found s u b s t i ­

tu t in g  th e se  v a lu es  in  5 .5  o r in  eq u a tio n  4 .1 4 , to  o b ta in

In  a -  k^Ax

■'a ■ - S T l-------- (5.7)
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Applying eq u a tio n s  5 .4  and 5 .5  to  th e  d a ta  in  Table 5 .5 ,  we 

o b ta in  th e  two s im ultaneous eq u a tio n s

k = z i i - r - i o o  k . k = -  n . k
*̂ 2 2900 *̂ 1’ 2 -406a + 6106 n

D ivid ing  s id e  by s id e  and re a rra n g in g  y ie ld s

a^ -  15.039a + 14.039 = 0 

which has ro o ts  1 and 14 .039 . S ince " In  a"  has to  be p o s i t iv e :

a = 14.039 

Applying e q u a tio n  5 .6 ,  we o b ta in

29 In  14.039
*̂ 1 “  (20 )(13 .039 )(100 -29 )

= 0.004137 

and from eq u a tio n  5 .7

. In  14.039 -  0.004137(20)
*2 “  20(100)

kg = 0.0012

E ffic ie n c y

To compare th e  r e s u l t s  from th e  a p p lic a t io n  o f th e  method of d i f ­

fe re n c e s  w ith  th e  r e s u l t s  g iven  in  page 36-31 of re fe re n c e  1 , c o rre s ­

ponding to  th e  assum ption t h a t  th e  d a ta  fo llow  a l o g i s t i c  curve (and 

th e re fo re  = 0 ) ,  we app ly  th e  param eters  found w ith  th e  method o f d i f ­

fe re n c e s  to  th e  a u to c a ta ly t ic  eq u a tio n  2.10* The r e s u l t s  from th e  l o g i s t i c  

approxim ation a re  read  g ra p h ic a l ly  from F igu re  36-12, re fe re n c e  1, 

because th e re  i s  an obvious m istake  in  th e  a lg e b ra ic  r e s u l t s  re p o r te d  in  

such re fe re n c e . N otice  th a t  th e  v a ria n c e  from th e  method o f  d if f e re n c e s  

i s  sm a lle r  than  th e  v a ria n c e  fo r  th e  l o g i s t i c  approx im ation .
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TABLE 5.6

EFFICIENCIES OF THE METHODS OF DIFFERENCES AND LOGISTIC 
APPROXIMATION IN THE SOLUTION OF THE 

AUTOCATALYTIC EQUATION

Data Method o f  D iffe ren c e s L o g is t ic  A pproxim ation

( l ) y  (2 )x  ( 3 ) ,x ' ( 4 ) , ( x '- x ) ( 5 ) , ( x '-x ) ^ ( 6 ) , ( x '- x ) ( 7 ) , ( x '- x ) 2

Observed Comp. E rro r E rro r Sqd. Comp. E rro r E rro r Sqd.

5 6 7 1 1 10 5 25

29 20 20 0 0 19 -1 1

68 30 32 2 4 29 -1 1

86 40 40 0 0 39 -1 1

V ariances - - 5 - - 28

(1) R e su lts  re a d  g ra p h ic a l ly .  Page 36-30 , re fe re n c e  1 .

5 .5  L o g is t ic  Equation

Rounded v a lu e s  o f th e  p o p u la tio n  o f Miami, F lo r id a ,  a re  g iven  In  

th e  f i r s t  two columns o f  Table 5 .7  below . E stim ate  the  v a lu e s  o f th e  

p a ram ete rs  o f  th e  l o g i s t i c  eq u a tio n  2 .1 2 .
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TABLE 5.7

COMPUTATIONS FOR THE SOLUTION OF THE LOGISTIC EQUATION

Data Columns Computation Columns

(1 ) ,  X
tim e , y e a rs

(2 ) ,  y = X 
pop. ,  t h o ' s .

(3 ) . (4 ) ,  XY ( 5 ) ,  X%

1920 30.0 0.270 8.108 900.0

1930 111.0 0.645 71.634 12321.0

1940 172.0 0.691 118.811 29584.0

1950 249.0 0.853 212.332 62001.0

1960 292.0 — — —

E 7740 562.0 2.459 410.885 104806.0

A n a ly tic a l  Method: L east Squares

Column 3 f ig u r e s  a re  o b ta in e d  d iv id in g  each d a ta  in  column 2 by th e  

fo llow ing  term  in  th e  column ( e .g . ,  30/111 = 0 .2 7 0 ) . The term s o f columns 

4 and 5 a re  o b ta in e d  a s  in d ic a te d  in  th e  r e s p e c t iv e  h ead in g s.

From eq u a tio n  4 .1  we f in d  th a t  th e  in te r c e p t  o f  th e  d i f f e re n c e s  

s t r a ig h t  l in e  i s

aûx
I  = e 

and i t s  s lo p e

Applying e q u a tio n s  1 .1 3 , we f in d

I  = -  2 .5302 ( ^ )  = 0.25926

(5 .8 )

(5 .9 )
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So t h a t ,  from eq u a tio n  5 .8 , s in c e  Ax = 10

a = a = -0 .1 3 5  y e a r” ^

and , from eq u a tio n  5 .9

L = ^ ~ ; L = 292.625 10^ inhab .
2.5302 X lO"^

The v a lu e  o f "m" i s  e s tim a te d  c o n s id e rin g  th a t  the  averages o f "x" 

and "y" s a t i s f y  e q u a tio n  4 .1 7 , to  have

T y “  “ ÏX
" (5 .10)

Then:

4(292.625) -  562 0 .1 3 5 (7 7 4 0 /4  
"  ■ 562 ^

n .  1.083 e»-“ 5(W35)

E f f ic ie n c ie s

Table 5 .8  g iv es  th e  com putations n ecessa ry  to  o b ta in  th e  v a r i ­

ances o f  th e  r e s u l t s  o b ta in e d  from th e  a p p lic a t io n  o f  th e  method of

-1  3
d i f f e r e n c e s  (a = -0 .135  year , L = 292.625 10 in h a b i ta n ts ) ,  and th e

3
r e s u l t s  shown in  page 5 .9  o f  re fe re n c e  1 (a = -0 .1 2 2 , L = 313.000 10 

in h a b i t a n t s ) .
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TABLE 5.8

EFFICIENCIES FOR THE METHOD OF DIFFERENCES AND THE 
METHOD OF VERHULST IN THE SOLUTION OF THE 

LOGISTIC EQUATION

Data Method o f D iffe ren c e s Method of V erhu lst

( l ) , x  ( 2 ) ,y 
Observed

( 3 ) ,y '
Comp.

( 4 ) ( y - y ') ( 5 ) , ( y - y ') ^  
E rro r E rro r Sqd.

( 6 ) ,y '
Comp.

( 7 ) , ( y - y ')  ( 8 ) , ( y - y ') ^  
E rro r E rro r  Sqd.

20 30.0 32 -2 4 30 0 0

30 111.0 94 17 289 83 28 784

40 172.0 189 -17 289 172 0 0

50 249.0 256 -7 49 252 -3  9

60 292.0 282 10 100 292 0 0

V ariance - - 731 - 793

Observe t h a t  th e  r e s u l t s  o b ta in ed  by th e  t r a d i t i o n a l  method a re  

m is lea d in g , s in c e  in  t h i s  problem  th e re  a re  only  fo u r  d a ta  p o in ts .  The 

th re e  p o in ts  chosen as a b a s is  to  compute "L" have to  ag ree  w ith  the  

observed d a ta ;  however, th e  method o f d i f f e re n c e s  proves to  be s u p e r io r ,  

s in c e  i t s  v a ria n c e  i s  th e  s m a lle s t .

A n a ly tic a l  Method: Averages

D iv id ing  th e  d a ta  in  columns 2 and 3 , Table 5 .7 ,  in  two groups, 

adding and app ly ing  eq u a tio n s  1 .1 4 , we o b ta in  

0.915 = 21 + 141P 

1.544 = 21 + 421P 

which so lved  s im u lta n e o u sly , y ie ld  

P = 2.246 X 10~3
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I  = 0.299157 

S u b s t itu tio n  in  eq u a tio n s  5 .8  and 5 .9  y ie ld s

a = ; a  = -0 .1207 year"^

1 = ^ ~ L = 312.110 10^ inhab .
2.246 X 10“ ^

Observe th a t  a lthough  t h i s  s o lu t io n  ag rees  w ith  th e  r e s u l t s  from 

th e  t r a d i t i o n a l  method, i t  i s  ob v io u sly  l e s s  a c c u ra te  th an  th e  s o lu t io n  

o b ta in ed  u sing  the  l e a s t  sq u ares  method.

From eq uation  5 .10

4(312.110) -  562 0.1207(1935)
® 562 ®

m = 1.221 e°-1207(1935)

G rap h ica l Method 

F igure  5 .3  i s  a graph o b ta in ed  from p lo t t in g  th e  v a lu e s  o f 

^^^x+Ax "y »" u sin g  a r i th m e tic  s c a le s .  D ire c t  m easurem ents o f

th e  in te r c e p t  and s lo p e  o f th e  l in e  c ro s s in g  th e  averages y ie ld  

P = 2.133 X 10"3 

I  = 0.290

Applying eq u a tio n s  5 .8  and 5 .9  g iv e s :  

a = — ® = -0 .1 2 4  y e a r” ^

L = ; L = 332.864 10^ inhab
2.133 X lO '^

and, from eq u a tio n  5 .10

4(332.864) -  562 0.124(1935)
”  -------- 562---------- ®

m = 1.369 e°-"24(1935)



- 1.0

tH

(14 0 .5 ,0 .0 1 5 )

0.615 -  0 .290Slope: 140.5

I n te r c e p t :  0.290

tim e X ,  thousands 
200

f, p o p u la tio n  a t  
100

F ig u re  5 .3 . DETERMINATION OF THE PARAMETERS OF THE LOGISTIC 

EQUATION
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Summary o f R e su lts

Method o r  D iffe ren c e s -1a , y ear L, 10^ in h .

G rap h ica l -0 .1 2 4 332.864

A n a ly tic a l  Averages -0 .127 312.110

A n a ly tic a l  L east Squares -0 .1 3 5 292.625

Method o f  V erh u ls t -0 .122 313.000

5 .6  R ate of P u r i f i c a t io n  E quation

The observed BOD rem oval fo r  a  t r i c k l i n g  f i l t e r  o p e ra ted  a t  a 

r a t e  o f 4 .5  mgd was as fo llo w s

Depth, X  ( f t )  0 2 4 6 10

BOD rem ain ing , z (ppm) 85 39 19 10 8

Find th e  v a lu e s  o f th e  pa ram ete rs  "k" and "n" in  eq u a tio n  2 .1 5 .

To so lv e  t h i s  problem , th e  l in e a r  form 4 .24  i s  u sed .

From eq u a tio n  4 .2 3 , choosing  a  = - 0 .4 ,  we o b ta in

‘o.6k ‘ o - K

Taking Zq = 85 ppm as base  v a lu e , th e  sequence o f  z^ v a lu e s  ap p ear­

ing  in  column 1 o f th e  fo llo w in g  ta b le  i s  o b ta in e d  (51 = 65 x 0 .6 ,

30 .6  = 51 X  0 .6 , . . . )

(1 ) . ( 2 ) ,  X, ( 3 ) ' *0 .6z

85.0 0 .0 1 .2
51 .0 1 .2 2.7
30.6 2.7 4 .1
18.4 4 .1 5 .8
11.0 M

E 8 .0 13.8
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To determ ine  th e  tim e v a lu e s  a t  which th e  BOD rem aining i s  z^ . 

F ig u re  5.4A has been drawn p lo t t in g  the  d a ta  p a i r s  x ,z .  N otice th a t  the 

l a s t  d a ta  (1 0 ,8 ) has been c o rre c te d  to  be (1 0 ,4 ) . The v a lu e s  o f a re  

found by in te r p o la t in g  d i r e c t l y  in  th e  cu rv e , and a re  en te red  in  column 2  

o f th e  ta b le  above. The v a lu e s  in  column 3 a re  th e  v a lu e s  in  column 2 

t r a n s fe re d  one row up.

F ig u re  5.4B was drawn by p lo t t in g  th e  v a lu e s  of Xq a g a in s t  the  

v a lu e s  o f  x^ , u s in g  a r i th m e tic  s c a le s .  M easuring th e  s lo p e  and i n t e r ­

c e p t o f  t h i s  l in e  y ie ld s

P = 1 .0975; I  = 1.255 f t

From e q u a tio n  4 .24 

In  Pn = - In  (a+ 1 ) (5 .11)

k  -  ^  (5 .12 )

So t h a t ,  s u b s t i tu t in g  th e  v a lu e s  o f "P" and " I "  in  eq u a tio n s  5 .11 and 

5 .1 2 , we o b ta in ,  r e s p e c t iv e ly

In  1.0975 _ 0.093 
"  “  "  In  0 .6  0.511 n » 0.18199

l i2 5 5 5 (0 .18199) ^  ^

E ff ic ie n c ie s

The fo llo w in g  ta b le  shows th e  e r r o r s  in  th e  v a lu es  of the  BOD 

rem ain ing , " z ^ ,"  a f t e r  a p p lic a t io n  o f th e  param eters  ob ta in ed  by th e  

method of d if f e re n c e s  (n = 0 .182 , k = 0 .427) and a f t e r  th e  a p p lic a t io n  

o f th e  param eters  re p o r te d  in  page 730, re fe re n c e  2, corresponding  to  

th e  t r i a l  and e r r o r  method (n ■ 0 .5 ,  k  -  0 .5 3 ) .  N otice  th a t  th e  v a ria n c e  

i s  sm a lle r  f o r  th e  method of d if f e re n c e s  even in  the  case  in  which th e
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.9 0

S o lu tio n  Curve, B

(2 ,3 .4 5 )

3.45 -  1.255 = 1.0975Slope =

n te rc e p t = 1.255

Depth a t  BOD Remaining z , f t

F igu re  5 .4 . RATE OF PURIFICATION EQUATION

Data Curve, A- 2 0

- - 0
X," d e p t h ,  ft

• '- f
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l a s t  d a ta  a re  n o t c o rre c te d .

TABLE 5.9

EFFICIENCIES OF THE METHODS OF DIFFERENCES AND TRIAL AND ERROR 
IN THE SOLUTION OF THE RATE OF PURIFICATION EQUATION

Observed
Data Method o f  D iffe ren c e s T r ia l and E rro r Method

( l ) , x (2 ) , z ( 3 ) , z ' ( 4 ) , ( z '- z ) ( 5 ) , ( z - z ') 2 ( 6 ) , z '  (7) , ( z ’-z ) ( 8 ) , ( z ' - z ) 2

Comp. E rro r E rro r Sqd. Comp. E rro r E rro r Sqd.

0 85 85 0 0 85 0 0

2 39 38 - 1 1 36 -3 9

4 19 19 0 0 2 0 1 1

6 1 0 1 0 0 0 13 3 9

1 0 4 ,(8 )1 4 0 ,( - 4 ) 0 ,(1 6 ) 6 2 , ( - 2 ) 4 ,(4 )

V ariance 1 ,(1 7 ) 23 ,(23 )

F ig u res  in  p a re n th ese s  correspond  to  datum w ith o u t c o r r e c t io n .

5 .7  M olecular D iffu s io n  Equation

S a l t  w ater c o n ta in in g  5850 ppm o f sodium c h lo r id e  l i e s  beneath  a 

1 f t  le n s  o f f re s h  w ater which i s  e s s e n t i a l ly  s a l t  f r e e .  A f te r  c o n ta c t 

betw een la y e r s ,  th e  o r ig in a l ly  s a l t  f r e e  la y e r  shows a t  2 0  days 1 0 0 0  ppm 

o f sodium c h lo r id e ,  and 2816 ppm a f t e r  180 days. Determ ine th e  v a lu e  o f 

the  d i f f u s io n  c o n s ta n t k .

To so lv e  th is  problem  we use e q u a tio n s  4 .28 and 4 .2 9 . S ince c^ = 

5850 ppm, Cg = 0 ppm, and 180 days = 9 (20 )days , we o b ta in , from eq u a tio n  

4 .28 ;

^ 2 0  *  - O ^ S I K S S S O ) ’ ^ 2 0  ”  ^ - 0 2 2 0 6
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1 2816 -  5850 1 n m ine
9 y9x20 “ -0 .811(5850)’ 9 ^9x20 ' ^

and from e q u a tio n  4 .29

-  ^20 •  ?  y ,«20 '  0-951

„  In  0 .951  -0 .050
 20 ^

K = 2 .5  X 10"3 day“^

F in a l ly ,  ap p ly in g  e q u a tio n  2 .19

. K41^ . . 2 .5  X 10~ ^(4 )(1 )^  f t ^  30.48% cm^

i f  '  "  i f  A *  f tZ
2

k = 0 .94  cm /d ay

which i s  th e  same v a lu e  th an  th a t  shown in  page 23-6 o f re fe re n c e  1 .

N o tice  t h a t  d a ta  f o r  t h i s  problem  have been o b ta in e d  from th e  

r e s u l t s  o f  th e  problem  shown in  th e  r e f e re n c e ,  and th a t  to  f in d  th e  v a lu e  

of " k ,"  i f  n o t u s in g  th e  method o f d i f f e r e n c e s ,  one would have to  f in d  

i t  by t r i a l  and e r r o r .

5 .8  Theis E quation  ^

The v a lu e s  o f th e  drawdown in  an o b se rv a tio n  w e ll 200 f t  a p a r t  

from a w e ll b e ing  pumped a t  a  r a t e  o f  500 g a l/m in , appear in  th e  f i r s t  

two columns o f Table 5 .1 0 . D eterm ine th e  fo rm ation  c o n s ta n ts  o f  th e  

a q u i f e r .
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TABLE 5.10

COMPUTATIONS FOR THE SOLUTION OF THEIS' EQUATION

Data Columns Computation Columns

tim e, m in.
( 1 ) .  X

drawdown, f t .  
( 2 ) ,(h Q -h ) ,y (3) , i -X ( 4 ) ,  Ay=Y ( 5 ) ,  XY ( 6 ) ,X ^

1 0 . 6 6 1 0.33 0 .33 1

2 0.99 0 .5 0.37 0.185 0.25

4 1.36 0 .25 0 .39 0.0975 0.0625

8 1.75 0.39

16 2.14 0 .38

32 2.52

3 1 . 2 1 0.333 0 .38 0.1267 0.1111

6 1.59

£ 2.0833 1.47 0.7392 1.4236

A n a ly tic  Method: L east Squares

Column 4 shows th e  Increm ents o f  th e  d a ta  l i s t e d  in  Column 3 

(0 .99  -  0 .66  = 0 .3 3 ) . Observe th a t  a f t e r  x = 4 m in ., th e  increm en ts in  

th e  drawdown tend  to  d e c re a se ; t h i s  i s  im p o ssib le  because  Ay i s  an 

in c re a s in g  fu n c tio n  o f  "x" (eq u a tio n  4 .4 3 ) .  O bviously , a f t e r  x = 8 , 

th e  d a ta  do n o t show th e  p r e c is io n  re q u ire d  to  y ie ld  any u s e fu l  in form a­

t io n  to  determ ine  pa ram ete rs  u sin g  th e  method of d i f f e r e n c e s ;  th e r e fo r e ,  

a l l  th e  d a ta  a f t e r  x = 8  m in. a re  d is re g a rd e d .

A pplying eq u a tio n s  1 .1 3 , we o b ta in
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I  = (0 .0 7 8 0 )^ ' ° |— ; I  = 0.40812 f t

Combining eq u a tio n s  4 .4 4 , 4 .38  and 4 .39  y ie ld s

T = 0 .055 Û (5 .13 )

S = -5 .5 4 4  ^  (5 .14)
I r

so th a t

T = 0 055 __— ________  2^4(60)mln.
i  u .uM  0.40812 m in. f t .  day

T = 97030.285 ..S§2-
f t-d a y

S = 5  5 4 4  97030.285(0 .078) f t-m ln  f t - d a y  f t ^  day
(0 .40812)(200)2  7 . 4 g g a l  24(60)mln

S = 2.3862 X 10"4

E f f ic ie n c ie s

To compare th e  r e s u l t s  o b ta in e d  u s in g  the  method o f d if f e re n c e s  

(T = 97,030 .285  g a l / f t - d a y ,  S = 2.3862 x 10 * ) ,  w ith  the  r e s u l t s  from 

th e  a p p lic a t io n  o f  th e  method o f T heis appearing  In  page 92 o f re fe re n c e  

3 (T = 103000 g a l / f t - d a y ,  S = 1 .98  x 10 ^ ) ,  bo th  p a i r s  o f param eters  

w ere used In  form ula 2 .2 2 . The v a lu e s  o f th e  p a re n th ese s  In  t h i s  form ula 

were computed by I n te r p o la t io n  In  Table 4 .1  o f th e  same re fe re n c e . The 

e r r o r s  and v a r ia n c e s  co rrespond ing  to  b o th  methods appear In  th e  f o l ­

low ing ta b le .  Observe th a t  th e  method o f d i f f e re n c e s  shows th e  sm a lle s t  

v a r ia n c e .
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TABLE 5.11

EFFICIENCIES FOR THE APPLICATION OF THE METHODS OF DIFFERENCES 
AND SUPERPOSITION OF CURVES IN THE SOLUTION OF THEIS EQUATION

Data Method of D iffe ren c e s Method o f Theis

(1 ) ,  X (2 ) ,  y 
Observed

( 3 ) ,y ' 
Compd.

( 4 ) ,y - y '
E rro r

( 5 ) , ( y - y ') ^  
E rro r Sqd.

( 6 ) ,y '
Compd.

( 7 ) ,y - y '
E rro r

( 8 ) , ( y - y ') 2  
E rro r Sqd.

1 0.66 0 .60 0.60 0.0036 0.85 -0 .1 9 0.0361

2 0.99 0.96 0.03 0.0009 1.00 -0 .0 1 0.0001

3 1.21 1.26 -0 .0 5 0.0025 1.20 0.01 0.0001

4 1.36 1.30 0.06 0.0036 1.36 0.00 0.0000

8 1.75 1.70 0.05 0.0025 1.73 0.02 0.0004

16 2.14 2.12 0.02 0.0004 2.13 0 .01 0.0001

32 2.51 2.50 0.01 0.0001 2.49 0.02 0.0004

64 2.91 2.91 0.00 0.0000 2.87 0.04 0.0016

V ariances 0.0136 0.0388

A n a ly tic a l  Method: Averages 

C onsidering  eq u a tio n s  3 .1 4 , and th e  d a ta  from columns 3 and 4 , 

Table 5 .1 0 , d iv id in g  th e  u s e fu l  d a ta  in  two g roups, each c o n ta in in g  two 

d a ta , i t  i s  o b ta in ed :

0 .70  -  21 + 1.5P 

0 .77  = 21 + 0.583P

from which

P = -0 .0763  f t-m in  

I  -  0.4072 f t  

A pplying eq u a tio n s  5 .13 and 5 .14
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T =  0 055  60 X  24 min
 ̂ 0.4072 min f t  day

T = 97,249.508 g a l /d a y - f t

S « + 5  5 4 4  0 .0763(97 .249 .508) f t-m ln  f t ^  day

0 .4072(200)^ (7 .4 8 )(2 4 )(6 0 ) f t-d a y  f t^  g a i min

S « 2.224 X 10"4

G raph ica l Method

F igu re  5 .5  shows t h a t ,

S ■ 0.0795 f t-m in  

I  « 0 .409 f t

so th a t  app ly ing  eq u a tio n s  5 .13  and 5 .1 4 , we o b ta in  

T ■ 0-055 0 ^ ( 6 « < 2 «

T « 97249.509 g a l
f t-d a y

S -  5 .544 ------ ^ 0 7 9 5 (9 7 ,2 4 9 .5 0 9 )-------
0 .0 4 0 9 (2 0 0 )^ (7 .4 8 )(2 4 )(6 0 )

S -  2.4324 X lOT*

Summary o f R esu lts

Method of D iffe ren c e s T ,g a l /d a y - f t -4S,10 *

G raph ical 97,248 2.4324

A n a ly tic a l: Averages 97,250 2.2240

A n a ly t ic a l : L east Squares 97,030 2.3862

Theis Method 103,000 1.9800

5 .9  R a in fa l l  Equation

I n te n s i ty  o f storm s d a ta , reco rded  fo r  New York C ity  from 1869 to



F i g u r e  5 . 5 .  DETERMINATION OF FORMATION CONSTANTS FROM FLOW INTO WELLS

0 . 4 0

0 .4 0 9  -  0 .3 1 2 = 0 .0 7 9 5  f t - m i n

I  = 0 .4 0 9  f t

( 0 . 5 2 0 8 ,0 . 3 6 7 5 )

0 .3 5

l / x ,  1 / t i m e  a f t e r  pum ping s t a r t s ,  1 /m in
0.31

1.00 . 3 0 .4 0 .5 0 . 6 0 .7

VO
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1913 a re  g iven  in  F igu re  5 .6 ,  and a ls o  in  th e  f i r s t  two columns o f 

Table 5 .1 3 . Determ ine th e  v a lu e  of the  param eters o f th e  r a i n f a l l  equa­

t io n  2 .2 4 .

Graphic S o lu tio n  

From eq u a tio n  4 .4 6 , th e  l in e a r  form of th e  r a i n f a l l  e q u a tio n , we 

o b ta in :

_ 1

P = (1 + k) n — ^  (5 .15 )

I  = d(P -  1 ) ;  d = p - ^  (5 .16 )

S ince k = A i / i ;  1 +  k = th a t  choosing k = - 0 .2 ,  y ie ld s

^ - 0 . 8
X

S ta r t in g  w ith  th e  f i r s t  d a ta  o f th e  graph in te n s i t y  v s  d u ra t io n . 

F ig u re  5.6A, one o b ta in s  th e  s e t  o f " i^ "  v a lu e s  shown in  column 1 o f 

Table 5.12A (6 .5 0  x 0 .8  = 5 .2 0 ; 5 .20  x 0 .8  = 4 .1 6 ) . The "x" v a lu e s  

in  column 2 a r e  o b ta in e d  by d i r e c t  rea d in g  in  th e  same g rap h . N otice  

th a t  t h i s  p rocedure  y ie ld s  b e t t e r  r e s u l t s  than  th e  use  o f  a r i th m e tic  

in te r p o la t io n ,  due to  the  c u rv a tu re  o f th e  g raph .



10 m in . s to rm4J

F i g u r e  5 . 6 .  RAINFALL DATA

f r e q u e n c y , y e a r

•H

A: 5 y e a r  s to rm

10 20 4030 50 60 80 90 10070

" x "  d u r a t i o n ,  m in .
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TABLE 5.12

COMPUTATIONS FOR THE SOLUTION OF THE RAINFALL EQUATION

A: Data to  Determ ine "n" and "d" B: Data to  Determ ine "m"

R a in fa l l  
I n te n s i ty  

i n /h r  
(1 ) .  1 ,

Time
Elapsed

min.
(2),x^»X

Y =

* i( l+ k )
(3)

Frequency 
o f R a in fa l l  

Year 
(1 ) ,  T^

I n te n s i ty  
of R a in fa l l  

i n /h r
(2 ) ,  i.j.=X

Y =

4 ( l+ k )
(3)

6 .50 5 .0 9 .0 10.0 5.75
8 .0 5.50 5.75

5.20 9 .0 14.0 6 .4 5.30 5.50

4.16 14.0 20.5 5.12 5.05 5.30
4.096 4.75 5.05

3.33 20.5 28.5 3.276 4.44 4.75

2.66 28.5 39.5 2.62 4.15 4.44
2.097 3.85 4.15

2.13 39.5 58.0 1.678 3.62 3.85

1.70 58.0 80 .0 1.342 3.37 3.62

1.36 80.0 101.0 1.073 3.20 3.37

1.09 101.6

254.5 350.5 43.23 45.78

The va lues  in  column 3 a re  o b ta in ed  d isp la c in g  column 2 one row 

up. The va lues  o f Y vs X from Table 5.12A appear p lo t te d  in  F igu re  5 .7 , 

from which we o b ta in

P = 1 .2 8 , I  = 2 .6  min 

S u b s t itu tio n  of th e se  v a lu es  in  eq u a tio n  5.15 and 5 .16 y i e ld ,  re sp e c ­

t iv e ly

n = -

d "

In  0 .8  _ 0.22314 
In  1 .28 ■ 0.24686

2 . 6  2. 6

; n = 0.90392

1.28  -  1 0 .28 ; d » 9.2857
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100

20

(31 .81 ,
43.89)

100

F ig u re  5 .7 . SOLUTION TO THE RAINFALL 

EQUATION. "T" CONSTANT, 

5 y ea r

I n te r c e p t :  2 .6  min

1.28Slope

t ine  a*- r a i n f a l l  i n t - r s i ' y
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To determ ine th e  v a lu e  o f th e  param eter "m," we use th e  l in e a r  

form 4 .5 2 , where

P = (1 + m Yl+k)

Choosing k = 0 .2 5 ,

1.25
T

S ta r t in g  w ith  th e  l a s t  d a ta  o f th e  frequency  v s .  i n te n s i t y  graph 

we o b ta in  th e  s e t  o f "T" v a lu e s  shown in  column 1 , Table 5.12B (10 /1 .25  

8; 8 /1 .2 5  = 6 .4 ,  . . . ) .  The v a lu e s  in  column 2 a re  o b ta in ed  by d i r e c t  

read in g  from th e  same g raph . Column 3 p re s e n ts  th e  same v a lu e s  th a t  

column 2 , d isp la c e d  one row down.

The v a lu e s  in  columns 2 and 3 a re  p lo t te d  in  F ig u re  5 .8 , from 

which we o b ta in

P = 1 .06

so th a t  s u b s t i tu t io n  in  eq u a tio n  5 .17  y ie ld s

F in a l ly ,  th e  v a lu e  o f th e  s c a le  f a c to r  " c ,"  i s  computed from 

eq u a tio n  2 .24 u sing  th e  base  v a lu e s  i  = 5 i n /h r ,  T = 5 y e a r , x = 10 min.

c -  (5 .18 )
T^

E f f ic ie n c ie s

Table 5 .13 shows th e  r e s u l t s  o b ta in ed  when ap p ly in g  th e  r a i n f a l l  

eq u a tio n  2 .2 4 , c o n s id e rin g  th e  v a lu e s  o f th e  p aram eters  ob ta in ed  by
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Figure  5 .8 . SOLUTION TO THE RAINFALL EQUATION. 

"X" CONSTANT, 10 min

Slope: = 1.06

in te n s i ty  a t  frequency "T ,"  in /h r



86

app ly ing  th e  method o f  d if f e re n c e s  g ra p h ic a l ly  (n = 0 .9039 , d = 9 .2857 , 

m = 0 .2611, c = 47.6656) and c o n s id e r in g  th e  v a lu e s  o f th e  param eters 

o b ta in ed  from th e  a p p lic a t io n  o f th e  t r a d i t i o n a l  t r i a l  and e r r o r  g ra p h i­

c a l  m ethod, pages 7 -9 , re fe re n c e  1 (n = 0 .6 6 , d = 2 , m = 0 .3 1 , c = 16 ). 

N otice  th a t  th e  v a r ia n c e  o f th e  method o f d if f e re n c e  i s  sm a lle r  than  th e  

v a ria n c e  shown by th e  t r a d i t i o n a l  m ethod.

O bviously , in  t h i s  p a r t i c u l a r  problem  the  a p p lic a t io n  o f l e a s t  

squ ares  to  th e  method o f  d i f f e re n c e s  would be su p e rf lu o u s , s in c e  th e  

d a ta  fo r  th e  s o lu t io n  g iven  h e re  have been o b ta in e d  g ra p h ic a l ly  and th e  

d a ta  used in  th e  re fe re n c e  shown above were o b ta in e d  by l in e a r  i n te r p o la ­

t io n .

TABLE 5 .13

EFFICIENCIES FOR THE METHODS OF DIFFERENCES AND TRIAL 
AND ERROR IN THE SOLUTION OF THE RAINFALL EQUATION

D ata (1) Method o f D iffe re n c e s T ra d it io n a l  Method

(1 ) ,  X (2 ) ,i= y  
min i n /h r  

Observed

( 3 ) .y '

Comp.

(4 ),y -y *

E rro r

( 5 ) , ( y - y ') ^  

E rro r  Sqd.

( 6 ) ,y 

Comp.

' ( 7 ) ,y - y ' 

E rro r

( 8 ) , ( y - y ') Z  

E rro r  Sqd.

5 6 .50 6 .56 -0 .0 6 0.0036 7.30 -0 .2 0 0.6400
10 5 .0 0 (2 ) 5 .00 0 0 5.11 -0 .1 1 0.0121
15 4.14 4.06 0.08 0.0064 4.06 0 .08 0.0064
20 3.50 3 .43 0.07 0.0049 3.43 0.07 0.0049
30 2.46 2 .63 -0 .1 7 0.0289 2 .68 -0 .2 2 0.0484
40 2.17 2 .14 0.03 0.0009 2 .24 -0 .0 7 0.0049
50 1 .88 1.81 0.07 0.0049 1 .94 -0 .0 6 0.0036
60 1.66 1.57 0 .09 0.0081 1.73 -0 .0 7 0.0049
80 1.36 1.25 0 .11 0.0121 1.44 -0 .0 8 0.0064

100 1.11 1.04 -0 .0 7 0.0049 1 .24 -0 .1 3 0.0169

V ariance - - 0.0698 - - 0.7485

A ppearing in  re fe re n c e  1 , pages 7 -8 , co rrespond ing  to  T = 5 y r .

(2) C orrec ted  by g ra p h ic a l  I n te r p o la t io n ;  r e a l  observed  v a lu e  i s  
4 .7 5 . I f  t h i s  v a lu e  i s  c o n s id e red , th e  v a r ia n c e  in  th e  t r a d i t i o n a l  method 
i s  increm ented  more th an  th e  v a r ia n c e  in  th e  method o f d if f e re n c e s .
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Summary o f R esu lts

Param eter Method of D iffe ren c e s  T ra d it io n a l  Method

n 0.9039 0.66

d 9.2857 2.00

m 0.2611 0 .31

c 47.6666 16



CHAPTER VI

DISCUSSION

6 .1  Com putational Advantages

The main advantages of th e  method of d if f e re n c e s  over the  t r a d i ­

t io n a l  methods used to  e s tim a te  param eters in  tra n sc e n d e n ta l eq u a tio n s  

d e riv e  from the  p re c is io n  and s im p l ic i ty  o f i t s  m athem atical b a s is ,  i . e . ,  

th e  concep ts o f increm ent and s t r a ig h t  l i n e ,  which a llow  f o r  a n a ly t ic a l ,  

a s  w e ll  as g ra p h ic a l  s o lu t io n s  u s in g  sim ple a r i th m e tic  s c a le s .

The e x p l i c i t  form in  which th e  param eters  appear in  th e  l in e a r  

forms o b ta in ed  in  Chapter IV e lim in a te s  th e  n e c e s s i ty  o f guessing  and th e  

use o f  s p e c ia l  graphs o r  ta b le s ,  which make th e  t r a d i t i o n a l  methods cum­

bersom e, and in  many cases  u n r e l ia b le .  For in s ta n c e , in  so lv in g  the  

l o g i s t i c  eq u a tio n  to  f in d  th e  s a tu r a t io n  and r a t e  of growth p a ram ete rs , 

a v a lu e  o f th e  s a tu r a t io n  i s  f i r s t  e s tim a ted  from a s e t  o f eq u a tio n s  

s a t i s f y in g  only  th re e  p o in ts  o f the  cu rv e , and then a s p e c ia l  " lo g i s t i c  

s c a le "  i s  used to  p lo t  the  d a ta , w h ile  in  th e  case o f th e  s o lu t io n  of 

the  eq u a tio n  re p re s e n tin g  th e  s t a b i l i z a t i o n  o f new r e s e r v o i r s ,  pure  t r i a l  

and e r r o r  i s  in v o lv ed .

The l in e a r  forms o b ta in ed  to  so lv e  tra n sc e n d e n ta l eq u a tio n s  a llow  

com plete freedom to  s e le c t  th e  method of s o lu t io n  of th e  p a r t i c u l a r  

s t r a ig h t  l in e  under c o n s id e ra tio n , as w e ll as the  method o f com putation . 

I f  h igh  p re c is io n  i s  d e s ire d  th e  method of l e a s t  squ ares  may be u sed , i f

88
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n o t , th e  method o f averages may be a p p lie d , o r a g ra p h ic a l s o lu t io n  o b ta in e d . 

I f  th e  number o f d a ta  i s  such th a t  th e  use o f  a computer i s  m andatory, 

any program to  determ ine param eters  o f th e  m u lt i l in e a r  model can be 

employed, s in c e  th e  method of d if f e re n c e s  i s  num erica l in  n a tu re .

A d e f in i t e  advantage of th e  use  of th e  method of d i f f e re n c e s  r e s u l t s  

in  th e  p o s s ib i l i t y  o f f u r th e r  a p p lic a t io n  o f th e  s t a t i s t i c a l  th eo ry  to  

the  e s tim a to rs  o b ta in ed  by th e se  means. For in s ta n c e ,  confidence  i n t e r ­

v a ls  could  be e a s i ly  o b ta in ed  fo r  th e  "k" v a lu e  o f a g iven  sample o f 

sewage when working on a BOD problem , o r th e  s a tu r a t io n  v a lu e  "L" r e l a te d  

to  th e  growth o f a c e r ta in  p o p u la tio n .

A lso , i t  i s  I n te r e s t in g  to  p o in t  ou t th a t  th e  g e n e ra l c h a ra c te r  

o f  th e  method of d if f e re n c e s  overcomes th e  r e s t r i c t i o n s  imposed by the  

t r a d i t i o n a l  methods in  reg a rd  to  th e  system  o f  p h y s ic a l u n i ts  used in  

th e  s o lu t io n  of p a r t i c u l a r  problem s and th e  range o f v a r i a t io n  o f th e  

p a ram eters  in v o lv ed . For in s ta n c e ,  a  " type  g raph" used in  th e  d e te rm i­

n a tio n  o f th e  fo rm ation  c o n s ta n ts  o f a  g iven  a q u ife r  i s  drawn fo r  d e f in i t e  

u n i t s  o f th e  v a r ia b le s  "u" and "W(u),"  so t h a t ,  i f  th e  d a ta  a re  g iven  in  

a d i f f e r e n t  system  o f  u n i t s ,  th e  p e r t in e n t  convers ions have to  be made 

p re v io u s ly  to  the  s o lu t io n  o f th e  problem  under c o n s id e ra t io n . A lso , 

in  th e  c a se  o f s t a b i l i z a t i o n  o f new r e s e r v o i r s ,  a lthough  th e  model 

eq u a tio n  i s  th e  same as th e  BOD e q u a tio n , th e  curves co rrespond ing  to  

th e  method of moments to  so lv e  th e  l a t t e r  cannot be used to  e s tim a te  

th e  param eters  o f th e  s t a b i l i z a t i o n  e q u a tio n , s in c e  th e  u n i ts  in  bo th  

problem s a re  d i f f e r e n t  and th e  ranges o f th e  d a ta  and th e  pa ram ete rs  do 

no t correspond in  m agnitude.

Summarizing, the  com puta tional advan tages o f th e  method o f d i f ­

fe re n c e s  a re  the  fo llo w in g :
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—use of com puters i s  p o ss ib le  

—s im p l ic i ty  and g e n e ra li ty

—f l e x i b i l i t y  in  s e le c t in g  method to  f i n a l ly  determ ine  param eters 

In  accordance to q u a l i ty  o f da ta  and p re c is io n  d e s ire d  

—p o s s ib i l i t y  o f f u r th e r  a p p lic a t io n  o f s t a t i s t i c a l  th eo ry  to  

e s tim a to rs  o f the  param eters 

— independence from p h y s ic a l u n i ts  and range o f param eters and 

d a ta

—h ig h er e f f ic ie n c y

6 .2  F u rth e r  advan tages

The method o f d i f f e re n c e s  p e rm its  one, In  many c a se s , to  d e te r ­

mine I f  a s e t  o f d a ta  corresponds to  a  p rea ss ig n e d  m odel, e s p e c ia l ly  in  

th e  c a se s  In v o lv in g  two p a ram ete rs . For In s ta n c e , I f  a s e t  of d a ta  p e r ­

ta in in g  to  BOD d e te rm in a tio n s  Is  p lo t te d  In  accordance to  the  l in e a r  

form 4 .6 ,  they  should  la y  on a s t r a ig h t  l i n e .  I f  t h i s  I s  n o t s o , e i t h e r  

th e  consum ption o f  oxygen I s  n o t fo llow ing  th e  f i r s t  o rd e r  equa tion  

model, o r  th e  ex p e rim en ta l p rocedures a re  n o t be ing  c a r r ie d  o u t co r­

r e c t l y .  S ince th e  d a ta  can be p lo t te d  from th e  beg inn ing  o f the  

la b o ra to ry  d e te rm in a tio n s , the  method proposed p ro v id e s  a  means to  

c o n tro l  th e  q u a l i ty  o f such d e te rm in a tio n s .

A problem f re q u e n tly  found In  e n g in ee rin g  c o n s is ts  In  determ in ing  

how much d a ta  a re  n e c essa ry  and over what p e rio d  o f tim e i t  should be 

c o lle c te d  in  o rd e r  to  so lv e  a p a r t i c u l a r  problem . The f i r s t  q u e s tio n  

depends on th e  p r e c is io n  d e s ire d  fo r  the  s o lu t io n  and I s  d e a l t  w ith  

by the s t a t i s t i c a l  th eo ry  whose a p p lic a t io n  i s  favored  i f  the  method of 

d if f e re n c e s  i s  u sed . The answer to  th e  second q u e s tio n  depends on th e
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model i t s e l f ,  and on the  accu racy  of th e  system s used to  o b ta in  th e  d a ta ;  

fo r  in s ta n c e ,  i f  the  method of d i f f e re n c e s  i s  used to  de term ine  th e  forma­

tio n  c o n s ta n ts  o f  an a q u if e r ,  i t  becomes c le a r  th a t  th e  tim e l im i t  to 

take  measurements of th e  le v e l  o f th e  drawdown curve co rresponds to  th a t  

on which th e  d if f e re n c e s  In  between two c o n secu tiv e  m easurem ents can be 

d e te c te d ,  in  accordance to  the  p r e c is io n  of th e  system  used to  d e te r ­

mine th e  drawdown l e v e l s .  The tim e in te r v a l s  in  betw een m easurem ents 

shou ld  n o t n e c e s s a r i ly  be c o n s ta n t, b u t  fo llo w  in s te a d  th e  p a t t e r n  d ic ­

ta te d  by the  model i t s e l f ,  a s  in d ic a te d ,  in  t h i s  c a se , in  s e c t io n  4 .7 . 

O bviously , d a ta  a re  more v a lu a b le  where th e  c u rv a tu re  o f  a model changes 

f a s t e r  because th e  p e rc e n t e r r o r s  in  t h i s  a re a  a re  sm a lle r  i n  between 

c o n sec u tiv e  re a d in g s . The v e ry  common p r a c t ic e  o f t ry in g  to  o b ta in  

d a ta  through long p e rio d s  o f tim e , b e s id e s  be ing  uneconomic, in tro d u c e s  

e r r o r  in  th e  d e te rm in a tio n  of th e  p a ra m e te rs .

Summarizing, f u r th e r  advan tages o f th e  method o f  d i f f e re n c e s  a re  

th e  fo llo w in g :

—p erm its  one to  determ ine i f  th e  d a ta  correspond  to  th e  model 

—p ro v id es  a way to  c o n tro l  q u a l i ty  o f la b o ra to ry  r e s u l t s  

— p ro v id es  p a t te r n s  to  de te rm ine  tim e sequences f o r  th e  c o l­

l e c t io n  o f d a ta ,  r e s u l t in g  in  econom ical sav in g s

6 .3  L evel of D i f f ic u l ty  and E ff ic ie n c y

In  C hapter V o f t h i s  th e s i s  th e  sum o f  squared  e r r o r s  was taken  

as a measurement o f th e  e f f ic ie n c y  of th e  method of d i f f e re n c e s  a s  com­

pared  w ith  the  a p p lic a b le  t r a d i t i o n a l  m ethods o f s o lu t io n .  In  a l l  th e  

ca ses  an a ly zed , th e  sum o f squared  e r r o r s  i s  sm a lle r  f o r  th e  method of 

d i f f e r e n c e s ,  which c o n s t i tu te s  an advan tage  from th e  s ta n d p o in t o f
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p re c is io n  o f the  r e s u l t s .  On the o th e r  hand, th is  f a c t  would no t be con­

s id e re d  a r e a l  improvement i f  the  le v e l  of d i f f i c u l ty  in  th e  a p p lic a tio n  

of the  method of d if f e re n c e s  were g re a te r  than th a t  corresponding  to  the  

t r a d i t i o n a l  methods of s o lu t io n .

To e s ta b l is h  an index to  measure the le v e l  of d i f f i c u l ty  in  the  

a p p lic a t io n  of a c e r ta in  method of s o lu tio n  to  a p a r t i c u la r  problem , 

s e v e ra l  f a c to r s  should be considered :

— tim e and m athem atical background re q u ire d  to  understand  and le a rn  

to  use the  method 

—tim e spen t and d i f f i c u l t i e s  encountered  in  p rep a rin g  s p e c ia l  

backing m a te r ia l  as graphs and ta b le s  

—tim e of com putation and n a tu re  of the  com putations involved  in  

th e  a c tu a l  a p p lic a t io n  of the  method to  a p a r t i c u l a r  problem 

—tim e of drawing i f  th e  a c tu a l  a p p lic a t io n  i s  g ra p h ic a l .

The m athem atical background re q u ire d  to  understand  th e  method of 

d if fe re n c e s  does n o t go beyond th a t  which i s  norm ally  thought o f in  a 

f i r s t  course  of a n a ly t ic  geom etry, where th e  concepts o f increm ent and 

equa tion  o f a s t r a ig h t  l in e  a re  f i r s t  in tro d u c ed . On th e  o th e r  hand, 

th e  t r a d i t i o n a l  m ethods, o th e r  than  the  t r i a l  and e r ro r  method, may 

re q u ire  a t  l e a s t  some knowledge of s t a t i s t i c s ,  a s  i s  the  case  o f the  

method o f moments used to  so lv e  the  f i r s t  o rd e r  r e a c tio n  eq u a tio n .

In  regard  to  th e  tim e spen t in  p rep a rin g  s p e c ia l  graphs o r ta b le s  

to  he lp  in  the  s o lu t io n  o f a p a r t i c u la r  problem , no requ irem en ts o f th is  

s o r t  e x is t  fo r  th e  method of d i f f e re n c e s ,  u n less  th e  d a ta  a re  given in  

such a way th a t  g ra p h ic a l o r  a r i th m e tic a l  in te r p o la t io n  becomes conven ien t. 

The n a tu re  of the  com putations involved in  th e  method of d if fe re n c e s  i s
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such th a t  in  most cases  only the  fo u r  e lem entary  a r i th m e tic a l  o p e ra tio n s  

a re  employed along th e  procedure o f problem s o lu t io n , and only in  the  

l a s t  s ta g e  o f the  s o lu t io n  a n a tu r a l ,  o r  i f  p re fe r re d  a  common, lo g arith m  

has to  be tak e n . O bviously, t h i s  c h a r a c te r i s t i c  of th e  method of d i f f e r ­

ences r e s u l t s  in  a s u b s ta n t ia l  re d u c tio n  in  th e  tim e spen t in  computing 

o p e ra t io n s , and d im in ishes  th e  p r o b a b i l i ty  o f in c u r r in g  in  e r r o r s  du ring  

the  p ro c e ss .

I f  th e  g ra p h ic a l s o lu t io n  o f th e  s t r a ig h t  l in e  forms o b ta in ed  by 

the  method o f d if fe re n c e s  i s  p r e f e r r e d ,  th e  tim e sp en t in  p lo t t in g  the  

s t r a ig h t  l in e  overcom pensates fo r  th e  tim e sp en t in  com putational oper­

a t io n s  w h ile  using  a n a ly t ic a l  s o lu t io n s .  Evenmore, s in c e  drawing a 

s t r a ig h t  l in e  i s  a sim ple p rocedu re , i t  i s  alw ays h e lp fu l  to  ga in  some 

knowledge of th e  f i n a l  r e s u l t s  by so lv in g  a problem  g ra p h ic a l ly , b e fo re  

the  a n a ly t ic a l  s o lu t io n  i s  t r i e d .

Since th e  f i r s t  two f a c to r s  l i s t e d  b e fo re  a re  d i f f i c u l t  to  e v a lu a te , 

a l e v e l  o f d i f f i c u l t y  index i s  he re  e s ta b l is h e d  based s o le ly  on th e  tim e 

employed in  so lv in g  th e  problems p re se n ted  in  Chapter V of t h i s  t h e s i s .

A v a lu e  o f 4 fo r  t h i s  index  corresponds to  th e  maximum d i f f i c u l t y ,  o r 

more than  40 m inutes employed to  o b ta in  th e  s o lu t io n ,  an index v a lu e  o f 

3 co rresponds to  tim e spen t in  between 20 and 30 m inu tes , and so on.

The fo llo w in g  ta b le  shows the  le v e ls  of d i f f i c u l t y  of th e  examples p re ­

sen ted  in  Chapter V, in  accordance w ith  th e  methods employed in  th e i r  

s o lu t io n s .
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TABLE 6 .1

LEVELS OF DIFFICULTY IN PROBLEMS SOLUTION WHEN USING 
THE METHOD OF DIFFERENCES AND THE TRADITIONAL METHODS

Method of D iffe ren c e s T ra d it io n a l  Methods

Equation L east Aver- 
Squares ages G raphic D irec t Mo-and  ̂ , _ . p o s i-  "lents h u ls t

Chemical Second 
Order;

A u to c a ta ly tic 2 4 4

L o g is tic 3 1 1 4

Theis 3 1 1 4

R a in fa l l 2 4

M olecular
d if fu s io n 1 4

R ate of 
p u r i f ic a t io n 2 4

Chemical F i r s t  
O rder:

BOD 3 1 1 4

S ta b i l iz a t io n  o f 
new re s e r v o ir s 2 4

Average le v e l  of 
d i f f i c u l ty  fo r 3 1 1 .5  1 .5 4 4 4 4
method



CHAPTER V II 

INTERPOLATION AND ALTERNATE METHODS

The la c k  o f one o r more o b se rv a tio n s  in  a sequence o f  d a ta  i s  a 

problem  o c c u rr in g  f re q u e n tly  when the  p aram eters  o f a g iven  eq u a tio n  a re  

to  be determ ined . There a re  many d i f f e r e n t  methods a v a ila b le  to  f u l f i l l  

t h i s  problem ; most o f them use th e  d i f f e re n c e  concept to  develop more o r 

l e s s  com plica ted  form ulas r e s u l t i n g ,  in  many c a se s , in  n -degree  po ly ­

nom ials approx im ating  th e  model e q u a tio n .

O bviously , the  l in e a r  eq u a tio n s  developed in  C hapter IV can be 

used w ith  in te r p o la t io n  p u rp o se s , bu t i f  i t  i s  p re fe r re d  n o t to  determ ine 

th e  p a ram eters  o f th e  e q u a tio n , a l t e r n a t e  p rocedu res can be found, so th a t  

th e  knowledge of s a id  p a ram eters  becomes unnecessary  to  t h i s  o b je c t .

7 .1  F i r s t  Order R eaction  E quation

To f in d  an in te r p o la t io n  form ula co rrespond ing  to  th e  d if fe re n c e  

form 4 .6  o f th e  f i r s t  o rd e r  r e a c t io n  eq u a tio n  4 .4 , we app ly  eq u a tio n  4 .5

to  a s e t  o f d a ta  (Vj > where i  f  j  +1, and i , j  = 1 ,2 ...........

to  o b ta in :

= e"kA* (7 .1 )
^ -  ^1+1 -  f j + i

from which

~    (7 2)
(y i^7 j+ i>  -  (y j+ y j+ i)

95
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in  which the  num erator corresponds to  th e  c ro s s -p ro d u c ts ,  and th e  denom­

in a to r  to  the  c ro ss-su m s, o f th e  arrangem ent

Yr yg. Y], y4' ^5 V i  _

?2' ?3' f A ' P s ' T e  ?n

so th a t ,  i f  f o r  in s ta n c e ,  th e  second datum were m iss in g , in  a  s e r i e s  of 

s ix  o b se rv a tio n s  taken  a t  r e g u la r  tim e i n t e r v a l s ,  th e  fo llo w in g  r e l a t i o n ­

sh ip  would be used

^3^5 ■ ^3^6 -  ^4^5 V s  -  ^5^L =
(y3+y5)-<2y^)

2

^1^3 -  ^2 
(yi+y3)-(2y2>

C o lle c tin g  term s,

V s  + V 6  + V 6  -  -  y4?5 +
2<?3 +  -  2(V4 +  y j )

V s  ■ Il
(y^ + y3> -  (2y2>

(7 .4 )

from which th e  v a lu e  o f th e  m issing  datum "y^" as  w e ll  a s  th e  param eter 

"L ,"  i f  d e s ir e d ,  can be e s tim a te d . O bviously , once t h i s  i s  known, "k" 

may be e s tim a ted  from eq u a tio n  7 .1 .

Example

C onsidering  th e  d a ta  g iven  below co rresp o n d in g  to  a  sewage sam ple, 

e s tim a te  th e  v a lu e  of th e  param eter "L" in  th e  BOD eq u a tio n  2 .3 ,  and d e te r ­

mine th e  m agnitude o f  th e  m issing  datum.

Time, days 0 1 2  3 4 5

BOD, ppm 0 23 -  54 65 71
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From arrangem ent 7 .3  we o b ta in

V ]  -  ^1^4 y i?5  -  y ]? ]  ^

(yg+yg) - (ŷ +y/,) (ŷ +yg) - (ŷ +ŷ )

so th a t

y (54) -  (23)(65) (2 3 )(7 1 )-(5 4 )^
= 91.64(yg+54) -  (23+65) (23+71) -  2(54)

L = 91.64 ppm 

y 2  = 43.06 ppm

7.2 Second Order R eaction  Equation

Applying eq u a tio n  4 .17 to  a s e t  o f p a ire d  d a ta  (x ^ ,y ^ ) , »

where i  = 1 ,2 ,3 ,  . . . ,  a f t e r  d iv is io n  of the  two r e s u l t in g  eq u a tio n s  by 

each  o th e r , i t  i s  o b ta ined  th a t

and , s im i la r ly ,  fo r  a s e t  ( x ^ y ^ ) ,  j  = 1 ,2 ,3 ,  . . . ;

so t h a t ,  eq u a tin g  eq u a tio n s  7 .5 and 7 .6 and re a rra n g in g , y ie ld s ,  fo r  

j  f  i+1

■ y j^ i+ i

w hich i s  an exp ression  whose term s may be d erived  from the  m inors of th e  

arrangem ent 7 .3 . For in s ta n c e , i f  th e  second term  in  a s e r ie s  o f s ix  

o b se rv a tio n s  taken  a t  re g u la r  in te r v a ls  o f tim e were m issin g , we would 

w r i te
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V s  -  V 4

.  V 6 < y 5 % >  -  

V s  -  ^5

and a lso

 v T ^

Equating eq u a tio n s  7 .8  and 7 .9 , th e  v a lu e  o f the  m issing  datum "y^" can 

be o b ta in e d . I f  d e s ire d , th e  v a lu e s  of "L" and "a" can be e s tim a ted  

from equa tions  7 .5  and 7 .8 , r e s p e c t iv e ly .

A form ula to  determ ine  "L ,"  e a s ie r  to  app ly  than  eq u a tio n  7 .9 , i s  

o b ta in ed  d i r e c t l y  from e q u a tio n  7 .5 , to  y ie ld :

ata ‘■Vl ■ Vn-1 (7 .10)

where "n" deno tes th e  l a s t  known datum. 

Taking sums:

.  ■ • v i  -  V n - i  „  
iy „  -  y„y„_ i

so th a t :

Example

C onsidering the  d a ta  g iven  in  the  f i r s t  two columns o f Table 7 .1 , 

in  which the  t h i r d  datum i s  m iss in g , e s tim a te  the  s a tu r a t io n  v a lu e  "L" of 

the  l o g i s t i c  e q u a tio n  2 .1 2 , and e s tim a te  th e  v a lu e  o f th e  m issing  datum.
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TABLE 7 .1  

INTERPOLATION; LOGISTIC EQUATION

Data Columns Computation Columns

Time, year 

(1 ) ,  X

P o p u la tio n , 
thousands 

(2 ) , y (3 ) ,  y1+1 (4 ) , y^Yi+i

1910 5 .5 30.0 165.0

1920 30.0 - -

1930 - - -

1940 172.0 249.0 42 ,828 .0

1950 249.0 292.0 72 ,708.0

1960 292.0

Sums 426.5 571.0 115,701.0

Applying eq u a tio n  7 .1 2 , we o b ta in

(292)(249)(571-426 .5 ) - 115,701(292-249)L - 249(571) - 292(426.5)

L = 313.540 10 in h a b i ta n ts

The p o p u la tio n  in  y e a r 1930 i s  ob ta in ed  from eq u a tio n  7 .11

313 .5(426 .5) -  115.701 ^3 ~ ^3
313.5(571) -  115,701 "  313.5(172)-172

yg = 80 .4  10 in h a b i ta n ts



APPENDIX

SUMMARY OF EQUATIONS AND NOMENCLATURE 

T ranscenden ta l Equations and I t s  L inear Form 

L inear Model

Y = I  + PX

L east Squares

„ nZXY -  ZXZY P =
nZX^ -  (ZX)2

F i r s t  Order R eaction  Equation

y = L(1 -  e *“ )

L inear form:

T/I “kAxv , -kAx , y , ,  = L(1 -  e ) + e  y ; A x =  c o n s t.■̂ x+Ax ^x

P aram eters:

k = - I n  P/Ax; L = I / ( l - P )

Second Order R eaction  E quation: A u to c a ta ly tic

1 L (k .+ k ,y )
X =  : T l — T  I n

2  + kgL k^ (L -  y) 

100
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Linear form:

(akgL + k^)y^ -  (ak^ + k ^ D y ^ ^  + (k^ -  a k g ) y ^ y ^ ^

+ (ak^L -  k^L) = 0 

Ax = c o n s t.

P a ram e te rs , a lg e b ra ic  method, "L" known:

"a" : found by e lim in a tio n  o f "k^" and "k^" from

. -  '•> I

"k^": found from

'‘i  “  W  k - i ) ( L - y g + j^ )

"k^": found from

kg = (In  a -  k^Ax)/Ax L

Second Order R eaction  E quation: L o g is tic

y = L(me^^ + L) ^

L inear form:

^x'^^x+Ax "  + (1 -  e ^ '^ )L “ ^ y^; Ax = co n s t.

P aram eters:

a = In  I/Ax 

L = (1 -  I ) /P

Rate of P u r i f ic a t io n  Equation 

-1 /n
y /yg  = 1 -  (1 + nkx)
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Linear form:

^ z (a + l)  "  -  I J /n k  + (a+n) "

z = Yg -  y^; Az = a z ; a = co n s t.

P a ram eters:

n = - In  P / ln ( a + l) ;  k = (P -  l ) / n l

M olecular D iffu s io n  Equation

c^ = c^ -  O .S l K c ^ - y  (e-Kx + 1  ^  ^ ^

K = k/4%^; a = co n s ta n t

S im p lif ied  l in e a r  form:

*Ity
e = (z /A) -  ( 0 .766/A)Cg = B

X = c o n s t;  c^ = c o n s t, known; B = c o n s t. 

A = 0.811(ĉ -Cq) ; Cq = c o n s t, known.

"'x "  '^x ■ 9 ^̂ 9x “ 25 ^25x

P aram eters:

K = -  In  B/x

T h e is ' Equation

2 3 4
^0 ■ ^ = 4M (-0*5772 - l n u  + u ~ 2 ^  + 3 ^ - ; ^  +  . . . )  

u = r^S/4Tx

L in ear form:

Ay = 0 .69a  -  (a c /2 )  x; Ax = x

Ay = A(hg -  h ) ;  a = Q/4I1T; c = r^S/4T

Param eters :

T = 0.055 Q /I; S = -5 .544  PT /Ir^
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R a in fa l l  Equation

i  = cT^/ (x+d) "

L inear form; "T" c o n s ta n t:

X fd ^ k ) = d [ ( l+ k )" ^ /"  -  1] + (1+ k )'^^"  X . ;  Ai =ki 

k = c o n s ta n t

P aram eters:

n = - ln ( l+ k ) / l n  P; d = I /(P -1 )

L inear form: "x" c o n s ta n t:

^ (l+ k)T  "

P aram eters:

m = -ln  P / ln  (1+k)

I n te r p o la t io n  Formulas 

F i r s t  Order R eaction  Equation

7 3 X5  -  y /  y3?6 -  y4?5 _ V l l Z u L
" (7 3 + 7 5 ) - 2 y^ '  (y3+ yg)-(y 4 + 7 5 ) (y i+ y u )- 2 y^

y = unknown datum u

Second Order R eaction  Equation: L o g is tic

-  V n - 1  

'■ « 'i+ 1  -  « " ly i+ l ‘  -  V n - 1

Let "n" s tan d  fo r  l a s t  known datum and determ ine "L ,"  th e n , l e t  "n" s tand  

f o r  unknown datum and use the  same form ula fo r  i t s  d e te rm in a tio n .

O ther T ranscenden ta l Equations and I t s  L inear Forms

Normalized Standard Equation 

-ex?y = yge
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Linear form:
2

y i+ l/V i = (y .^ 2 ^ y i+ l^ ’ AX = c o n s t.

Param eters :

c = lnP/2(A x)^

Poisson Equation

= e~™ m*/x!

L inear form:

^i+1 " * ( y i / * i+ i ) :  Ax = 1

Param eters :

m = P

Geometric Growth

y = ae^*

L inear form:

bAxy^+^ = e y^; Ax = c o n s ta n t

Param eters:

b = In  P/Ax

P a ra b o lic  Equation

^  b y = c + ax

L inear form:

Ay = - c [ ( l+ k ) ^ - l ]  + [ ( l+ k )^ - lI  y ; Ax = kx 

k = co n s ta n t

Param eters:

b = In (P + l) / ln  (1+k); c = - I /P
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I n te r e s t  Equation

L inear form:

P aram eters:

Axy . .  = (1+ i) y ; Ax = c o n stan t■'x+Ax X

i  = -  1

Binom ial E quation 

n ! X  n-x
- (n-xViTT P “

L in ear form:

b ( n ,x + l) /b ( n ,x )  = (np/q) -  (p /q )x ; "n" known

Nomenclature 

a ,b ,c ,d ,  -  c o n s ta n ts  o r  pa ram ete rs

b (x ,n )  -  b inom ial fu n c tio n  o f "x" and "n" 

e -  base  of n a tu r a l  logarithm s 

h -  drawdown le v e l

i  -  v a r ia b le  in  r a i n f a l l  eq u a tio n ; used as s u b s c r ip t  r e p re s e n ts  

o rd e r  o f datum 

k -  c o n s ta n t o r param eter 

1 -  d is ta n c e

m -  param eter

n -  number o f d a ta  in  a g iven  s e t ,  o r  param eter

0 -  used as s u b s c r ip t  re p re s e n ts  base  datum

p ,q  -  param eters

r  -  d is ta n c e
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x ,y ,z  -  v a r ia b le s

-  v a r ia b le ,  fu n c tio n  of "x"

A,B -  c o n s ta n ts

I  -  in te r c e p t  o f a l in e a r  form 

K -  param eter

L -  p a ram ete r, s a tu r a t io n  va lue  

P -  s lo p e  of a l in e a r  form 

Q -  r a t e  o f flow  

S -  s to ra g e  c o e f f ic ie n t

T -  frequency , t r a n s m is s ib i l i ty  c o e f f ic ie n t  

X,Y,Z -  v a r ia b le s  

A -  increm ent
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