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ABSTRACT

The assimilation or dynamic matching of asynoptic meteorological
data with existing forecast fields, in space and time, is necessary to
obtain the maximum benefit from the '"new'" data and to preclude the exci-
tation of large-amplitude inertial-gravity waves. Prognostic fields of
wind and geopotential, produced by the nonlinear longwave equations, plus
simulated asynoptic geopotential observations are matched by the numeri-
cal variational analysis method. The linearized balance equation, inte-
grated continuity equation, and observations weakly constrain the analy-
sis. The three coupled assimilation equations are solved as boundary
value probleme by a cyclic relaxation technique.

The response function is investigated for a simpler system of
analysis equations which result when horizontal non-divergence is used
as a constraint instead of the integrated continuity equation. The
response functions show that amplification, phase shifting, and aniso-
tropic filtering occurs in the dynamic matching process.

The variational assimilation model is tested using simulated
data, When the "observed" geopotential deviates significantly from the
pre-existing forecast, the model adjusts the variables, wind and geopo-
tential, such that the amplitude of the inertial-gravity waves is re-
duced by 60-82% of its original value depending on the specific choice
of the weak constraint wecights. The expected amplification of the shorter
wavelength components of the wind field in response to the geopotential

is observed.
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A VARTATIONAL OPTIMIZATION ANALYSIS
APPROACH TO CONTINUOUS DATA ASSIMILATION

CHAPTER I

INTRODUCTION

The increasing abundance of satellite sensed meteorological
data has generated considerable interest in the assimilation of these
asynoptic data into the forecast model in order to update the model and
improve the accuracy of the forecasts. But, in actuality, the assimila-
tion problem has existed since the advent of numerical weather predic-
tion. The operational technique has been to restart the time evolution
of the atmosphere at specified times, Prior to restarting, the conven-
tional radiosonde observations have been blended with the forecast by
an objective analysis technique (Shumbera, 1970)., The resulting fields
can be matched by dynamic relationships, such as, the balance equation
(Charney, 1955), or they may be dynamically adjusted through a varia-
tional approach (Lewis, 1972). These analyses are then used to initiate
the forecast cycle. This analysis-forecast procedure is repeated every
six or twelve hours,

From a forecast model perspective, assuming a judicious time
interval, there are no asynoptic data., At certain times, clusters of
data exist with varying distributions and spatial extent, Examples are
the conventional radiosonde network in North America, Africa, or tem-

perature profiles in cloud-free areas derived from polar orbiting



satellite data. The problem now is how to extract from these data use-
ful information to force the subsequent forecast to better describe the
actual atmosphere., Once the forecast is beyond the time that the obser-
vations are available, it still may be necessary to adjust or modify the
forecast variables due to the numerics of the forecast scheme. An illus-
tration of this is the existence of the computational mode when using
centered-time differences (Haltiner, 1971). To suppress this mode,
Kurihara (1965) suggests that at regular intervals the forecast scheme
be changed, for a few time steps, to one that selectively damps the
high-frequency oscillations of the computational mode, Thus, an assimi-
lation scheme should have multiple capabilities: forecast modification
during the observational incorporation phase (phase I), and forecast
adjustment or filtering during the pure forecast phase (phase II). This
implies that the assimilation and forecast models could be separate, but
intimately related, or combined such that the forecast model itself has
multiple capabilities. The dual phase approach would be repeated as
frequently as data availability and operational requirements permit,
In no case would the time evolution of the atmosphere be restarted. In-
stead, forecasts from the previous cycle which have a valid time prior
to the earliest valid time of the current observational data set would
be used to initiate the process. The phase I portion of the process has
succinctly been called continuous four-dimensional assimilation of obser-
vational data (Bengtsson, 1975).

Due to the rotational and gravitational effects of the earth,
the primary balance between the mass and wind fields for large-scale
horizontal motions is quasi-geostrophic in nature. Superimposed on this
flow are acoustic, gravitational, and inertial motions, hereafter referred

to as gravity motions. The very high-frequency portion of the super-



imposed motion is suppressed by dissipative forces in the atmosphere.

The low-frequency modes are relatively insensitive to these viscous
forces and may be long lived. The primitive equations (P,E.), which

are used to model the atmosphere, allow the above types of wave motion
except vertically propagating sound waves (Haltiner, 1971)., When these
models are used to forecast large-scale flow, the gravity motion is
commonly referred to as 'noise" and the energy it contains is kept small
by filtering the fields. Energy is input into the higher frequencies

by both physical and fictitious phenomena. Nonlinear wave interaction
(Kaplin and Paine, 1973) is an example of a physical effect while lateral
boundary conditions, and round-off and truncation are fictitious effects.
1f the amplitudes of these waves are not continually suppressed the
large-scale patterns can be distorted, destroying the validity of the
forecast of large-scale flow. The high-frequency control mechanism is
built into the forecast scheme so that there is a continual quasi-
geostrophic balance between the mass and motion field although it is
extremely complicated (Pkland, 1972). The subtle balance can be destroyed
if observational data are introduced directly into the forecast. This

is commonly called the '"'shock! effect in meteorology. The energy in the
high frequencies is increased dramatically and because of the large phase
speeds, the entire forecast is contaminated quite rapidly. The process
of restoring the state of balance in the model, not necessarily identi-
cal to the original state, can take a considerable amount of time depend-
ing on the degree and nature of the imbalance between the forecast and
observations (Nitta, 1971). The observations themselves or the objec-
tively analyzed values also are not necessarily in a state of balance.
Thus, both of these effects contribute to the excitation of the high-

frequency, gravity motion,



The mechanism for maintaining or restoring the low-frequency,
quasi-geostrophic balance between pressure and velocity is model depen-
dent and lies at the heart of data assimilation. The process is called
geostrophic adjustment and has been studied theoretically by many au-
thors (Rossby, 1938; Bolin, 1953; Washington, 1964; Williamson and Dick-
inson, 1973). It describes the dependence of the final balanced state
on the initial state and the speed at which this balance is achieved,
@¢kland (1970) investigated the adjustment process for a linearized P.E.
model taking into account the limited forecast region, the specific
finite~differencing scheme for horizontal derivatives, and a time-
differencing scheme which selectively damps high frequencies. He found
that the frequency of gravity waves was a function of the Coriolis param-
eter, horizontal and vertical wavelengths of the perturbations, and the
static stability of the atmosphere, The influence of the initial fields,
mass or motion, on the balanced state was dependent on the ratic of this
frequency to the Coriolis parameter. In general, the heights tended to
adjust to the winds for small horizontal scales and large vertical scales
and more so for small values of Coriolis parameter. For mid-latitudes
and large horizontal scales, the winds adjusted to the initial mass field,
while for the tropics the adjustment direction is reversed. The depen-
dence on static stability was more complicated, but the phase speeds
tended to increase as the stability increased, indicating that for high
static stability the mass field adjusted to the wind field. In trams-
forming to the finite-difference representation, the short wavelengths
tended to behave like the longer wavelengths. This changed the direction
of the adjustment in that the winds tended to adjust to the mass field.

The speed of adjustment depended on the dispersion of wave energy away



from the source—the group velocity. For large phase speeds; the group
velocity was large and the adjustment was rapid.

Euler-backward time differencing has been used by many authors
(Nitta and Hovermale, 1969; Nitta, 1971; Hayden, 1973) to achieve the
dynamic balance. This scheme requires the continued reinsertion of the
mass or motion field and can force an unnatural adjustment to take place.
It damps the amplitude of high~-frequency waves quite rapidly but affects
the group velocity very little. The low-frequency waves are also signi-
ficantly damped through repeated applications of the backward-difference
technique,

Charney, et al. (1969) first demonstrated the update concept
whereby there is a systematic replacement of the predicted temperatures
by the observed temperatures. The observed temperatures are generated
by a long-term integration of the forecast model. Different initial
conditions are used for the second integration. The observed tempera-
tures, which contain varying amounts of random or systematic error, are
directly inserted into the second forecast where appropriate; the created
gravity waves are damped or controlled, and the integration continued,
The resulting forecast is then compared to a control forecast. The
frequency of insertion can be varied, but it must be greater than the
model dependent damping period for the gravity waves or else their am-
plitude will grow too much and they become too difficult to eliminate
(Talagrand, 1972). Charney observed a rapid decrease in errors the
first day or two for a 12-hour insertion frequency. The error then
leveled off but was greater when larger random error was added to the
observed temperatures. The adjustment was better in high latitudes than

near the equator where the wind error did not fall below an acceptable



level if the temperature error was large.

The update technique is not confined to temperature alone but
may be applied for any or all of the forecast variables. Jastrow and
Halem (1970), Williamson aund Kasahara (1971), Gordon, et al. (1972) have
used the update concept with long-term model integration. The principal
differences among the preceeding authors involved (a) model characteris-
tics, (b) variables to be updated, and the domain and frequency of in-
sertion, and (c) the actual method used to assimila te the data and damp
the gravity waves. The specific results are generally in agreement with
simple adjustment theory and show the need for wind data in the tropics
to reduce the errors. This error in the tropics does influence the wind
error in the extra-tropics but only after a few days.

The source of the assimilation data can significantly alter the
results., Jastrow and Halem (1973) found that real data leads to larger
errors than simulated data. Recently, Hayden (1973) performed tempera-
ture assimilation experiments using real data over a short time period
over the northern hemisphere with the Euler-backward scheme to achieve
the dynamic balance. To further minimize the shock, and to increase
the speed of the convergence of the dynamic balance, static balancing
in the form of the geostrophic relationship was suggested. The results
indicated that this method was effective in reducing the temperature
errors and that the details of the surface pressure were unimportant
with this particular model. Gauntlett, et al, (1974), employing the
same techniques as Hayden, performed real data assimilation experiments
in the southern hemisphere. They noted that variations in the assimila-
tion frequency produced only small differences, but a two-hour assimila-

tion frequency resulted in small but consistent improvement in subsequent



forecasts, They also found that the reference level pressure at the
surface is necessary to maintain the intensity of the synoptic systems.
When solving the hydrostatic equation, the vertical distribution of
pressure can be determined with the specification of one integration
constant, the reference pressure at the reference level. Kasahara
(1972) discussed the significance of this problem.

The concept of the mutual adjustment of the variables and the
need to damp unwanted gravity waves is why many researchers have used
the Euler-backward time-differencing scheme or a viscosity term (Shuman
and Stackpole, 1969; Sadourny, 1973). These methods do not allow for
variations in observational or forecast accuracy or for different physi-
cal processes, and they can require a considerable amount of simulated
time to achieve the necessary implied balance.

The principle of variational optimality (Sasaki, 1970b) recog-
nizes the existence of observational and forecast inaccuracies and
through proper selection of the dynamic constraints, the quasi-geostrophic
balance is achieved "instantaneously'". The current research is oriented
toward the development and verification of a variational model capable
of assimilating remotely sensed data, Successful assimilation (dynamically
matching observations and forecasts) is defined as the absence of large
amplitude gravity waves in the subsequent forecast.

In the next two chapters the mathematical and numerical develop-
ment of an initialization and assimilation model compatible with the
shallow-water equations is presented. The shallow-water equations are
used because of their simplicity and the applicability of the results

to certain modes of multilayer models. The response functions for the



initialization model is investigated showing that to produce dynamically
consistent fields amplification of some wavelengths is necessary. The
assimilation model incorporates the principal physics of the shallow-
water equations and additional filters to suppress computational error.
In Chapter IV, the results of a series of forecast and assimilation
experiments are presented. Finally, areas for continued research effort

are discussed.



CHAPTER II

FORECAST, INITIALIZATION AND ASSIMILATION MODELS

Two-dimensional barotropic motion in an inviscid, incompressible,
hydrostatic fluid with a horizontal lower boundary and an upper free
surface is described by the shallow-water equations. These equations
when non-dimensionalized (see Appendix A) and transformed to polar-

stereographic coordinates are:

u, 2, Au_ o du . Am 2 2 28 _
St +.m (u " + v ay) + m ax(u +v) lev-i-R1 e 0, ¢9)
E’X+m2(uﬁ!-+-v-§-\—7-) +m§2(u2+v2)+R fu+R 28 _ 0 2)
at Ax dy dy 1 13y ’

and ad 2, 3% od 2 ou | v
—— —— -4 e = .
vl (u LtV By) m (3 + 9) (ax + ay) 0 3)

The meteoroclogical variables are symbolized according to the convention
adopted in Appendix A. This system describes not only the slow meteoro-
logical processes, Rossby waves, but the fast gravitational waves which
move at a velocity that approaches the speed of sound. This system also
shows considerable skill in predicting the 500 mb-geopotential configura-
tion in extratropical regions (Gerrity and McPherson, 1969).

In continuous form Eqs.(l), (2), and (3) satisfy the conserva-

tion of total energy

Saéj (on” w2 + v7) + Ry 8) EX =, )
R m
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provided that the net total flux of energy passing through the boundaries
of the region is zero. The derivation of Eq. (4) is contained in Appendix

A,

Initialization

In order to integrate Eqs. (1) - (3), initial (t = 0) conditionms
for the dependent variables must be specified. 1If these conditions are
not properly specified, large amplitude inertial-gravity waves are ex-
cited, In middle latitudes these waves are considered to be of a scale
smaller than those observable from the present upper-air network and,
thus, are considered as noise to the large-scale forecast, But, due to
their high phase speed, the inertial-gravity waves can contaminate the
entire forecast region quite rapidly. Although it is impossible to
separate different types of motion when dealing with the nonlinear equa-
tions, it is possible to minimize the gravity motions thru proper ini-
tialization (Phillips, 1960), The initialization process for this fore-
cast model is based on variational optimization (Sasaki, 1971) in which
dynamic and other subsidary conditions for the suppression of gravity
waves constrain the analysis. The analysis is based upon the calculus
of variations which seeks to determine functions such that a certain
definite integral involving these functions and their derivatives takes
on & maximum or minimum (Hildebrand, 1965). The adjustment function,

J, is expressed by
rr
J = J J L dv dt, (5)
V t

where L is the Lagrangian density, and V and t are the space and time

domain over which the minimization is sought. The Lagrangian density
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is composed of a series of weighted terms representing the conditions
to be satisfied, The first linear variation of J yields the Euler-
Lagrange or analysis equations plus the correct number of boundary con-
ditions such that, when it exists, a unique solution is provided (Forsythe
and Wasow, 1960).

Benwell and Bretherton (1968) found that the linearized balance
equation was effective in eliminating the noise from the initial data.
1f the wind components are not replaced by the streamfunction gradients,
the resulting analysis can contain a considerable amount of divergence.
Thus, the non-dimensional constraints are the linearized balance equa-

tion and horizontal non-divergence, i.e.,

2 2
- 2
B=m[§_‘1_’+§_2_.a_a(.}f{l)_+§@]’ (6)
ax~  dy oy
and c = mz[ %% + g% 7. (7

The non-dimensional adjustment functional incorporating these constraints

is:
1= [ GeDE DT -0 + v@’ + 201 B (9
' m
R

where u, v and ¢ are the analyzed values sought; G, V, and g'are the
observed values; 3, B'are weights which are functions of the independent
variables, and the first three terms are the conditions used for mini-
mizing the variance of the difference between the analyzed and observed
values., The Y and A terms are weak constraints which imply that the

analyzed fields of geopotential and wind do not have to identically
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satisfy the balanced or non-divergent conditions.

The weights premultiplying the dynamic constraints are prespeci-
fied and are constant in space and time. The observational weights are
prespecified but are not necessarily constant. They may be determined
from the error variances of the respective observing systems, a knowledge
of the reliability or accuracy of the grid point data, the degree of
observational damping desired by an investigation of the response func-
tion (Wagner, 1971); they may be chosen to account for different physi-
cal effects when the analysis is performed over a wide range of lati-
tudes.

The stationary value of the functional is found by equating the
first variation to zero. A quadratic formulation of the functional in-
sures that the stationary functions will be a minimum (Sasaki, 1970a).
It is worth noting that the stationary functions do not imply that the
deviations between the analyzed and observed values subject to the con-
straints will be a minimum everywhere in the domain or that all the
deviations for each variable will be minimized, but only that the inte-
grated sum of the deviations squared, subject to the constraints, will
be a minimum. Thus, for example, it is possible to drive the geopoten-
tial deviations to zero over the domain, while causing the wind devia-
tions to be maximized and still the functional is a minimum.

The first linear variation, assuming the solution is specified
on the boundaries of the region, leads to the Euler-Lagrange or analysis
equations:

3 3 2
%—(u—tf) -‘Yfmz[ N I 2 o_(fv) 3 (fV)] -Am [_Q___

2
m Ayaxz Sy OXAY AxAY

BX8Y]
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2
amrﬁ}l.*.@l

vE ;xnz(azﬂe 4 324 _B(EV) | A(fw)
Ay 2

+ ]'A L ] = 0’ (9)
- Hyz ax oy O9X “9x DY
q, ™ 2.3% , 38 3o(fv) + 2(fu)
%(V'V)+Yfm [ 3 + 2 = 2 axay ] Am [%@ L]
Ax OXAY X oy
am? A%h |, a0e _ ACEY) a(fu) m°
+ v B+ A A 0 55 rg; i—] (10)
y Ax Yy
and 4 ' 4 4
%(@-€)+ sz[a 2 + 23—‘1’2 + 22 (_a_fg Qﬂ)]
m AX AX Ay oy
azé 82@ d(£v) d(fu) 2 2
- 2 2 ox oy
X Ay
2 2
where V2___(§_2+§__§).
ax oy

The derivation of these equations is given in Appendix B. In this form,
the intimate relationships and matchings between the variables are readily
apparent. In Egqs. (9) and (10) the balance constraint provides the proper
relationship between geopotential and the rotational portion of the par-
ticular wind component. The divergence constraint affects only the di-
vergent component and acts as a viscous damping term similar to that used
by McPherson and Kistler (1975) in their data assimilation experiments.
Since gravity modes are mainly associated with the divergent component,

it is possible to reduce their effect by increasing A in relation to ;.

As the ratio of A/E'becomes large, less of the observed divergence is
transmitted to the analyzed winds. In the limit as A/g — ®, the analyzed
winds are purely rotational and may be associated with a streamfunction.

This is equivalent to strong constraint whereby u and v are replaced by
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their corresponding streamfunction gradients in the adjustment functional.
To determine the spectral modification occurring in the analysis

equations, the response functions for the system of equations are exam-

ined. The image scale factor, m, and the Coriolis parameter, £, are

assumed constant and equal to one. The resulting analysis equations are

o 2 2 3 3 2 2
2(u-0) - a3 + —_aiavy) S (e R I 2L+ih =0, a2
A% ' JYIX oy Yy
2 3 3 2 2
-9 - A(-———aaxa“ e R o e R B aaxau) =0, (13)
Y by ox fe2.3)% ox Y
- 4 4 4 3
and B(5-3) + Y(A $ ,0.0% ,08% v __av . _ou_ .29 g)= 0. (14)

2.2 4 3 2 2
dx X dy oy X XYY Jydx oy

The assumed continuous distributions of wind and pressure are given by

u = iUei(kx+my)’ Y- i'l‘]"ei(kx-}-my)’ (15)

v = iVe 1(kx + my)’ v = i \7é 1Ckx + my)’ (16)
and 3 = de idlx + my)’ ‘; = E’e 1(kex + my)’ (7
where U, V, and ¢ are the analyzed wave amplitudes, i = J-1, and the

tildes represent the observed or initial wave amplitudes. The symbols

k and m are normalized wave numbers in the x and y direction respectively,
which have been made non-dimensional by 1/d, where d is the distance
between grid points. The quantity x and y are distances measured along
the axes divided by d. The dimensional wave numbers are given by k* =
Zn*/Lx and m* = 211/Ly, where Lx and Ly are the wavelengths of the wave

being ccnsidered. The i premultiplying the wind components produces a
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90° phase shift which is in consonance with the geostrophic wind equations.
Substitutions of Eqs. (15) - (17) into Egqs. (12) - (14) gives
the following system of linear algebraic equations:

r~

FU+HV+D3d=EU, (18)
HU+GV-C3=EV, (19)
and DU-CV+AS&=B3%, (20)
where
B .2 a
A==+12 ==
" E=3
B = B F=244 k2 + m
Y Y oy
™ 2 .2
C = kz c=2+8 0% 41
Yy ¥
D = mz H=km(-%-l)

Z = k2 + m2 .

The general solution to Eqs. (18) - (20) provides little insight into
the nature of the filtering due to its complexity, but same of the char-
acteristics of the filtering may be found by considering selected choices

of the weights. Seven special cases are investigated.

Case 1
~n I
When o, B >> ¥, A and the wave numbers remain finite, the func-

tional is minimized by the observed values and consequently there is no

filtering.
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Case 2
The other extreme is when there is no observational constraint,
"~

i.e., o = E = 0. There are an infinite number of solutions which satisfy

Eqs. (18) - (20).

Case 3
When E = vy =0 and ; = A =1, the wind analysis is constrained
by non-divergence only and equal weight is placed on the observational

and dynamic constraint, For this case, Eqs. (18) - (20) reduce to

~ 2 ~
_u@Q+ o) -kmV
u = 1+ 2) 1)

~

km U
) .

2

and v = ¥d 11‘1 (22)

(

These equations show that the filtering characteristics are non-isotropic.
As the wavelength in the y direction increases, i.e. m - 0, the v component
is not filtered, V — G; and the filtering of the u component is a function
of the wavenumber in the x direction only. As k - O, just the reverse
occurs, i.e., U - 5 and V — 97(1 + mz). Phase shifts and negative re-
sponse values result for small values of m and k if it is assumed that

U = V = 1, Figure la shows the response function for Ly = 4381.5 km,

(m = ,27318), and various wavelengths in the x~direction. The damping

of the initial amplitude for the u component is large for short wave-
lengths and decreases as Lx increases, The damping of the initial v-
component shows very little dependence on wavelength in the x direction.
Figure 1lb shows the response function for k = ,27318 and various values

of Ly. The response values are just the reverse of Fig. la, i.e., R(m =
.27318, U) = R(k = .27318, V) where R is the functional value of Egs.

(21) and (22).
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Case &4

When o = B = A =y =1, which implies that equal weight is placed

on the observational and dynamic constraints, Eqs. (18) - (20) reduce to

FU + D§ = EU, (23)
CV - C3 = EV, (24)
and DL - CV + A% = B3 . (25)

In this case the cross derivative terms of the wind components in the u
and v analysis equation identically cancel. For example, in the u analysis
equation, Eq. (12), the cross derivative of v from the non-divergence
constraint cancels with the cross derivative of v from the balanced con-

straint (H = 0). The solution of Egs. (23) - (25) is:

TF+2°+0) -DFi-pcV
U = = , (26)
F (F+2)
~ 2 2 ¥ ~
g - V@+zt e+ g ¢c¥-pcl @n
F (F + 2°)
r+cV-DT .
and LZ’_ = = 2 > (28)
F+7Z

where F = G.

Surprisingly, these solutions show non-isotropic filtering char-
acteristics with amplification (R > 1) and 180° phase shifts (R < 0) for

certain wavelengths, As m — 0, the following relationships hold:

u = —— , (29)
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T+ + k%
\Y 4 s (30)
A+ k2 +kh
and B+ K + KOV
8 . (31)

1+ k2 + k4)

The filtering implied by Eq. (29) results only from the non-
divergence constraint as shown in Case 3. In Eq. (30) the positive

~

dependence on ¢ leads to amplification. For equal initial unit ampli-
tudes of V and E the response for V is greater than 1 for short wave-
lengths and independent of wavelength for low wavenumbers. Eq. (31)
acts as a very effective low pass filter and its response is similar to
those derived by Wagner (1971) using first and second derivative con-

straints only.

At the other extreme, as k — 0O

E(l + ma) - m3 E

U , (32)
(1 + m2 + mh)
v - —y——z— , (33)
(1 +m)
2. % 3~
? -
and 3 (L m2) =-m U (34)

Ad+m + ma)

In Eq. (32), the negative dependence of E leads to damping in all wave-
lengths, while Eq. (33) results entirely from non-divergence. At shorter
wavelengths, Eq. (34) leads to a phase shift in the analyzed geopotential.
Figs. 2a - 2c show the response function for unit initial amplitudes and

various wavelengths, and confirms the above analysis.
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Case 5

We consider Y >> o and A, and B # Y. This represents a functional
composed of an observational constraint on geopotential and the balance

constraint. Eqs. (18) - (20) reduce to

U - kV +23% = 0, (35)

~

B

and zu-kzv+(—§+22)g=

3 (36)

< lw

which implies ¢ = E and U or V must be specified. If Y >>'3, E # v and

Y = A, the solution is the geostrophic wind equation, i.e.,

1= 73,
U = -mp, | (37)
and vV = k.

Thus there exists a unique solution to the analysis equations for this

case only when the non-divergence constraint is included and its weight

is approximately equal to vy.

Case 6

If v>> B and A, and @ = Y, the solution reduces to

U = U,
v =V, (38)
and gsz;mU.

The balanced constraint provides no filtering on the winds, The filter-
ing on geopotential is anisotropic with a 180° phase shift for small

wave numbers in the x direction (Fig. 3a&). The general shape of the
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response function appears as a broad bandpass filter with the minimum
damping occurring near k = ,69813 for m = .27318. Figs. 3a and 3b

graphically show these conditioms.

Case 7

The final case to be investigated is similar to Case 6 except

that ¥ = A. Any filtering on the initial wind components results from

the non-divergence constraint. Egs. (18) - (20) reduce to
o o
=+ 2)U+mZ ==V, 39
( v ) mZz3 Y (39)
(%+2)v-kzs=2Y, (40)
Y - Y
and mU - kV + Z3 = 0, (41)
Eqs. (39) ~ (41) can be written as
U=UZ(Y:m)-meV, “2)
o
Z(— + 2
( y )
@ -
o
Z(— + 12
( " )
and 5 = E;Y_é_ELH . (44)

As expected the response of the geopotential is unaffected by the non-
divergence constraint, i.e., the geopotential is determined by the rota-
tional portion of the wind. The filtering on the wind components is

similar to that in case 3 modified by the ratio of >/ Y . Figures 4a
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and 4b show the response function for unit initial amplitudes and vari-
ous ratios of/; / V.

The spectral modifications-phase shifts (R < 0), amplification
(R > 1) and anisotropic filtering-are a consequence of the dynamic match-
ing of the variables. They do not occur when only a single variable is
constrained by filters or simple linear equations. Physically, the modi-
fications are expected. For example, when the vorticity or divergence
fields are calculated from relatively smooth wind fields the short wave-
length components are magnified. This phenomenum exists when any grad-
ient quantity is derived. Thus, to dynamically match variables it may
be necessary to amplify some wavelengths to obtain overall satisfaction
of the constraints, In this discrete case, additional problems arise
because of the finite representation of the differential operators and
the inability to resolve components less than twice the grid spacing
(which corresponds to the Nyquist frequency). This amplification can
be controlled explicitly by the addition of low-pass filter constraints

to the functional (Sasaki, 1970b).

Variational Assimilation Model

New data should be assimilated such that discontinuities do not
result between regions where there is new data and other regions. The
entire data set, forecast and observed, must reflect the physics incor-
porated into the forecast model in order to maintain the necessary
dynamic balance. The nonlinear balance equation has been used as a
strong constraint by Haltiner, et al. (1975) as an initialization and
assimilation technique for a global primitive~equation model. For the

forecast model presented in Chapter II, the linearized balance equation
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(6) and
_oab 2, ¢ JoX 2 du , ov
__.—_+ _.+ —— +—_ =
D St m (u X v Sy ) 4+ m @S( 3% >y ) 0 (45)

do reflect the physics when used as weak constraints.
The non-dimensional adjustment functional incorporating Eqs. (6)

and (45) as constraints, i.e., the variational assimilation model, is

* ~ ~ ~ ~
3, = e Ie P raeE D v s’y B (46)
m
t R

where the Y term is similar to that in the initialization functional.
The observations, denoted by the tildes, are either the forecast values
or, where available, observed values. The weights premultiplying the
observational constraints are adjusted to reflect the presence of
observed data. The T term is a weak constraint similar to that used by
McFarland (1975) in his assimilation of temperature. The first varia-

tion of Eq. (46) yields the assimilation equations:

~

N2t 2B 2% _ 2D _
mz(u u) - v f ~ + M Do LA = 0, (47)
P 2B 28 _ aD _
mz(v v) + Y f % +MD v Ll @s 3y 0, (48)
and B~ 32B | A°B 1 3D , A(uD) , 3(VD)
b J%(@—@) + (T 75 ) - s et a: + av ) = 0. (49)
m AX dy m y

The integrated continuity equation (45) provides a double feedback into
the wind analysis equations. These are (1) the advection effect (grad-

ient of geopotential), and (2) the divergence effect (the last term in
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Egs. (47) and (48). To suppress temporal and spatial discontinuities
(Sasaki, 1970b), and, as seen in the previous section, to control the
spurious amplification of short wavelengths, additional low-pass filters
are added to the functional Eq. (46). The filters are easily added to

the analysis equations and have the following form

2
\ SV
B {Vi L2 (50)
AX.
i
for first derivative constraints, and
4
I 2V
vi 4 (1)
AX

for second derivative constraints, where Yvi and rvi are prespecified
weights which can be increased in value if the solution has a tendency
to diverge (Sasaki, 1970b). V represents any dependent variable, u, v,
i, and Xy is any independent variable,

The initialization and assimilation analysis equations are
solved as boundary value problems by the numerical methods described
in the next chapter. The specific finite-difference formulation for

the forecast equations is also derived in Chapter IIT.



CHAPTER III

NUMERICAL METHODS

In order to obtain solutions to the models presented in Chapter
1I, it is necessary to replace the continuous partial differential equa-
tions by a system of finite-difference equations. The finite-difference
approximations to the derivatives are obtained by expanding the unknown
function in a convergent pcwer series (usually a Taylor series) about
an arbitrary point in the domain. The series may be truncated at any
term. The order of magnitude of the truncation error is determined by
the magnitude of the first term after the truncation. In general, the
higher the order of the truncation error, the more accurate the finite-
difference approximations (Haltiner, 1971).

The integration scheme used for Eqs. (1) - (3) is based on
Grammeltvedt's scheme F (1969), the quadratic conservative advective
scheme. This form of the finite-difference equations conserves total
momentum in the nonlinear terms but does not conserve total energy. To
derive the finite-difference equations, the following sum and difference

operators are defined:

1
g =5 [atx +9 - alx, - HI, (52)
o X = % L or(xi + 55 + a(xi + é)], (53)
X 1
and @ =5p (g +8) -alx; - 0], (54)

24
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where  is any dependent variable, X, is any independent variable and

A is the horizontal grid spacing or time increment. Eq. (54) is the
central-difference approximation with truncation error of the order of

A . Using the definition above, Eqs. (1) - (3) are written as follows:

X
~t 2. X=X —y-y —X =y ' 2
u +m{(@u u )X + (v u )y u(ux + vy)] + K m

-R, fv+R 2 = 0, (55)
v (v +@v?)y -v(ﬁx+'\7y)]+1<'r_n
t X y pls y y
fv+R 3 =0 )
+ R, i 4 T , (56.
—t 2 —X—=X —_—y—y
and ¢t+m (w & ) +(vyé)]=0 s (57)
X y
2 2
where K' = ( 2 ; Y ) .
When solving Eqs. (55) - (57) the time and space increments must be chosen

such that the scheme remains computationally stable, i.e.,, there is no
spurious amplification of any wavelengths. For a simple one-dimensional
model, a sufficient condition for a stable integration scheme is C At/ Ax
< 1, where C is the largest phase speed allowed by the model (Haltiner,
1971).

Conditions for computational stability for the basic model may
be found by linearizing the equations, assuming m is a constant equal
to one, and assuming periodic solutions for the dependent variables.

The non-dimensional linearized equations are:
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_t _X _y _X
u'+Uu +Vu' -R, fv' +R, 3' =0, (58)
t X y 1 1 “x
y
_t X _y ' Y =0, (59)
vi+uv +vyl T Ry Ful + Ry vy
_t _X Yy X Yy
! ' ' ' ' =
and bt + U @x + V @y + @S(ux + Vy ) 0, (60)

where the variables are decomposed into

[

basic state plus perturbations,

i.e.,

and & - & + 3",

The product of perturbation quantities (denoted by the primes) have been
neglected.

Assuming the spatial distribution is represented by a trigono-
metric series and considering only a single harmonic of this Fourier
series representation, the perturbation variables are expressed as (sup-

pressing the primes),

u = expli(krAx + msAy) (61)

where k and m are wave numbers in the x and y direction, respectively, r
and s are grid points, Ax and Ay are grid spacing and n refers to the

. .. . n n ..
time step. Similar expressions hold for Voo and érs’ To eliminate the

spatial dependence in Eqgs. (58) - (60), the following series of identities

are useful:



A similar expression is

equations are

Wt L ua # VB + D VP o+ BT
vt o Pl A 4 B - oD WP+ FE®
and ool 4 wa + vBy e + B AU+ B
where
A= -2 %ﬁ i sin (kAX) ,
B = -2 %5 i sin (may) ,
D=2AtR1f,
E=R A,
and F=R B.

Equations (63) -

27

(2 i sin (kAx))

u

o (21 sin (k) .

valid for the y derivatives.

(64) are expressed in matrix form as:

(62)

Thus, the resulting

=0, (63)
=0, (64)
Bv® =0, (65)
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';n+1' Pu“ 1
n+l _
n+l @n
= £ -1 (66)
un un !
a n-11!
(U4 v !
[ n-1!
;.0
i .1 L ¥ .)

where G is the amplification matrix

L -D E 1 0 0
D L F 0 1 0
[® A 3 B L 0 0 1

S S

S =

1 0 0 0 0 0
0 1 0 0 0 0.
!
{
0 0 1 0 0 0

and L = UA + VB. The eigenvalues, \, of the matrix G are found from

the rools of the characteristic equation
det (G- A1) =0, (67)

where det represents the determinant and I is the identity matrix,

~

The characteristic equation is
3 2.2
AL -2 +17 =237+ @ - )N, (68)

where J2 = és Rl(A2 + B2) - D2.

The two sets of unique roots to this equation are (Irvine and Houghton,

1971)

+ + + 2 ]
\ = L -J) - EéL - 37+ 471° , (69)
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and

)\_ =

+ .2 %
L'GZ‘“L‘Q i (70)

The von Neuman necessary condition for stability is

| A < 1 + 0(r) ,

.

where lkkl is the absolute value of each of the k eigenvalues of G. The
term 0(At) is read terms of first order in At and can permit exponential
growth of the solution of the difference equation, when legitimate, in
accordance with the original differential equation (Haltiner, 1971).

Eq. (69) is more restrictive than Eq. (70) and is used to derive condi-

tions for Xk‘ If (L + J) >-JL4, then lkl > 1 for all k and m. Expanding

(L £ J) gives

UA + VB + (R %(A2 +B%) - DZ)% < V-4 . (71)

Substituting for the maximum value of the sine and further algebraic

manipulation results in

-A—XFU+vi‘/q>S 2R1+( @s)]gl, (72)

where Ax = Ay. Once Ax and @s are specified and upper bound estimates
for U and V are made, this equation can be solved for At. Since the
above analysis is valid only for the linear case, a smaller At is nor-
mally used for the nonlinear equaions.

Another formulation of the finite-difference equations which in-
volves considerable nonlinear smoothing is the semi-momentum form of

Shuman (1962). The scheme is written as:
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Xy
_t _ny _Xy_y _Xy_xX -y  _Xy_xy __,XY—Z-y
u, + Mm (b u +v u ) + Ry, - Ryf v + K m =0, (73)
Xy
vt =5 _xy_y _xy_x vy _wy_xy =57
r =
v, + [m (u v +v vy ) tRE Rif u +K m 1=0, (74)
and Xy
Xy
_t ) _Xy_Yy _Xy_x _y _=®
3, + Mm (w & +v 3 (u + vy Yl =0. (75)

These equations result from repeated applications of Egqs. (52) and (53).
This complex averaging process may be reduced to a series of simple pro-

cedures. The upper most overbars are simple averages and are communative,

i.e.,
Xy _Xy _ Xy

where A and B are any averaged or differenced quantities.
_Xy .
Referring to Fig. 5, A5 = %(Alo + A11 + A12 + A13). To deter-

mine the value of AlO’ for example, the following formulas are necessary:

— Xy
AlO = %(A1 + A2 + A3 + AA) ,
.
(A19) - L. - A -
10 v by (AS + A2 A1 A4) y
I 1
and ( 10) = EZ; (A5 + A4 - A1 - AZ) .
X
Similar expression exists for All’ A12, and A13.

Through proper initialization, the integration of the forecast
equation is begun with only low frequencies in the advecting velocity,
but the nonlinear centered-difference equations will eventually develop

large-amplitude, temporal high-frequency computational modes thru non-
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linear interactions. Robert,et al. (1970) investigated this phenomena
for a one-dimensional problem. They developed a technique whereby the
high frequencies were suppressed resulting in a stable integration.
Polger (1971) extended the theory to two dimensions. The device to con-
trol the high frequencies is to average the advective coefficients of
the nonlinear terms. It is called the '"star'" operator and is defined

I -
as () = %0¢( )n 1 + ( )n], which simply averages the present and immediate

Xy
past time steps for a given function. Thus, in Eqs. (73) and (74) u
Xy _Xy Xy
and v are replaced by u*  and v¥ .

Neither forecast scheme conserves total energy although the con-
tinuous system does as seen in Eq. (4). Recently, Sasaki (1975) developed
from a variational approach a simple method to force the finite-difference
equations to conserve total energy and total mass. The finite-difference

analogue to the energy conservation equation is

2
m; s R
- e _1] nt+l 2 n+l 2 on+l 2, 1 -1° =0 76
TE = axy Z[{¢;, 5 (uy ) ) ) + 7@ 50 }——m2 ] > (79)
ij
where T is the value initially, i.e., n = -1, At subsequent time steps

(n > 0) the forecast values are adjusted (modified) so that Eq. (76) is
always satisfied. The development of the adjustment equations is given
in Appendix C.

The conservation of total mass is insured by calculating the
total mass at each forecast time step, determining the difference between
this value and the initial value of mass, normalizing this difference by
the total area and adjusting each grid point by the normalized difference,

i.e.,
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~0
-, h -~ h
(z( ) "L T3 )
hn+1 _ 'B'n+1 ij m1 ij m (77
S
m
In solving the initialization equations (9) - (l1) or the assimi-

lation analysis equations (47) - (49) as boundary value problems the
continuous differential operators are replaced by centered finite-

difference operators as defined in Appendix D. Thus Eqs. (47) - (49)

are written as

- - - - - =0 78
Alvxxu AZVyyu A3vttu + A4 u Asvyu A6v&u + A7 , (78)
- v - - - - + = 79
B9, Y Bzvyyv B3vttv + Bav stiv Bﬁvyv B7 0, (79)
and
+ + ¢+ + ¢
(Clvxxxx + C?_vxxyy + CBVyyyy)é CA(Vxxx vxyy) CS(vyxx vyyy)

- ' $ - - ) 80
C6 vttq + C.,VXXQ + csvyy Cg(u \7xt + v vyt)é Clvay (80)

- Cpp % 7 Cpp¥y® - G392+ G @+ G5 =0,
where A1 =7 @sz m2 + Yﬁs ’
A2 = v £ m2 + Yus »
Az = Yye o

o 2 2 2 2 2
= (=% . - < -
A, ( > yEfmyg f£f-vEgfUum + m (Vv %) I Qsm v @

2
-0 Qs vx ¢ Vx m-) ’
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) :;n+1 B To
(z( 7)) L 5 )
~ ntl . s
hn+1 - hn-*- __ij m1 ij m 7
273
m
In solving the initialization equations (9) -~ (11) or the assimi-

lation analysis equations (47) - (49) as boundary value problems the
continuous differential operators are replaced by centered finite-

difference operators as defined in Appendix D. Thus Eqs. (47) - (49)

are written as

- - - - - + =
Alvxxu A?_vyyu A3vttu + Al} u ASVyu A6vxu A7 0, (78)

-Blvxxv - B?_vyyv - B3vttv + Bav - BSVxV - B6vyv + B7 =0 , (79)
and
+ ¢ + ¢
<C1‘7}(xxx + C2vxxyy + C3vyyyy) ? Cb,(vxxx vxyy) + CS(V}’XX vyyy)
- p ¢ - - )
C6 vtt@ + C7Vqu’ + C8vyy C9 (u Vet + v vyt)é Clovxy (80)
- Cpp %d 7 Cpp¥y® - G392+ G+ G =0,
I A, = ® 2 2 +
where A, = il g M Yus °
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These equations cannot be applied to the outer two grid points because
of the fourth-order finite-difference algorithm., Therefore, these points
are held to the original value, Also, the outermost points must remain
unadjusted because these are boundary value problems and the natural

boundary conditions are applied.

The solution of this coupled system is obtained through the use
of a cyclic relaxation method. Let u(l), v(l) and Q(l) be a first (guessed)
approximation to the solution. These approximations are then substituted
in Eq. (78). v(l) and @(l) are considered known solutions with respect
to Eq. (78) which is solved by Liebmann overrelaxation for u(z). Eq.
(79) is solved in the same manner for v(z) using v(l), u(2) and Q(l).

The second approximation for & yield §(2) when Eq. (80) is solved. 1In

functional form this process is

u_ ,v,&,v) Vv (81)

and H3 (u ; v

where the appropriate values of u, v and % are substituted into Ai’ Bi’

Ci' This cyclic process is repeated a specified number of times or
until a predetermined tolerance criteria is met. Each equation is

solved by Liebmann overrelaxation (Haltiner, 1971). Consider, for

example, Eq. (78),

_ P,V
(-Alv = Ru , (82)

v P
xx-AZVyy 7

P P,
T BVt A, - AT - AV U T A

where the first superscript refers to the cycle and the second superscript
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sV

. . P
refers to the stage in the relaxation process. Ru represents the non-

satisfaction of Eq. (78). The corrections at the (v+1)st stage are

P,vtl
u

calculated so that R is identically zero. This is accomplished by

+1
modifying the central grid point value only. Substituting ui’? k into
’ ?

Eq. (82) yields

P P,v+1 P _
- AV N + A, - A - A6vx)u' . + A, = 0. (83)

(-89 %y = B9V 4~ s 1,3,k 7

2 yy 3°¢t

Subtracting Eq. (82) from Eq. (83) gives the desired reduction formulae

wRP’v
P,v+l _ P,y u
Yi,5k 0 Y1,k 5 (84)

o

u
A A A
v 1 2 3

where @, = 2( 5+ 3 + ) + AA >

and w is the overrelaxation parameter. ® must be between one and two
to insure convergence of the relaxation process (Haltiner, 1971).

Each grid point is modified in succession until the maximum
residual, Rup’v, over the entire grid, is less than a pre-selected
tolerance criteria.

The reduction of the residuals for v and ¢ during the relaxation

process is achieved by:

RP,v
VP,\)+1 _ vP,v - W vv ’ (85)
Oﬁv
RP,v
and R R (86)
s
B B B
v o_ 1 2 3 P
where a, = 2( 7t —5 T 5 ) + BA R
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CHAPTER IV

SIMULATION AND RESULTS

For the simulations, the model is initialized by first prescrib-

ing the geopotential, ¢, using the relationship:

1 20
x - bcos R

B(x,y) = 8 + 8’ tanhl 3 I3, (87)

where @S is the basic state geopotential,
is the perturbation geopotential,

X=X - X, X is the half width of the channel,

«
1}

Y 5 Yo Y, is the half length of the channel,
b is the north-south amplitude of the geopotential field,
d is a parameter which determines the width of the jet,
and Ly is the basic east-west wavelength.
Values used are:

54605.6 m2 sec_2 (500-mb standard atmospheric geopotential),
/ 2 -2

sl
1l

$ =980 m" sec ,
b = 2As,
d = 3as,
L = 23ps,
y
and As = AX = Ay = 190500 m.

The Coriolis parameter is evaluated from a beta plane centered at 43,29°

N. The image scale factor is a constant, equal to one. The flow is
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periodic in the east-west direction, while the normal component on

the north-south boundaries is essentially zero (the maximum value is

.02 m sec_l). The analysis and forecast grid is 15 x 24 grid points;
the grid spacing is 190.5 km horizontally. Figure 6 shows the grid
orientation with respect to the cartesian axes. Also identified are
particular points and cross-sections used in subsequent discussions.

The initial wind components are calculated from the geostrophic wind
equations. These fields are then dynamically adjusted via the initiali-
zation model described in Chapter II, with the weak constraint non-
dimensional weights set equal. Figure 7 shows the resulting balanced
non-dimensional geopotential field. The maximum gradient is in the
center of the channel varying as & cosine wave in the east-west direction.
Away from the center the gradient is very weak. The corresponding v-
component, Fig. 8, follows the geopotential pattern and represents an
east-west jet with & maximum fluid velocity of approximately l4.5 m
sec-l. The u component, Fig. 9, reaches its maximum velocity at the
inflection points in the geopotential field. Both components become
essentially zero at the north-south boundaries. The divergence field

associated with the components is of the order of magnitude of 10“7

sec-l.

Figure 10 shows the number of relaxation iterations the u and v
components required per cycle. The increase on the second cycle indi-
cates a strong initial adjustment and is characteristic of this type
of functional (Sasaki, 1970b; Sasaki and Lewis, 1970). After that the
number of iterations per cycle monotonically decreases until cycle

number 21, where each increases one iteration then continue to decrease.

A measure of the overall convergence of the cyclic relaxation method to
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produce a solution is given by the maximum residual of the first relaxa-
tion iteration. This indicates the degree to which the previous values
satisfy the analysis equation. As shown in Fig. 11, the maximum adjust-
ment for the wind components occurs in the first 12 cycles and then
adjust very slowly thereafter. The oscillation in the residual of the
u component occurs because its value is very close to the pre-specified
tolerance criteria and any slight change in the value of the other vari-
ables causes a drastic change in this residual. The decrease of the
geopotential residual is slow after the third cycle indicating that the
balanced portion of the winds and geopotential are dynamically adjusted
quite rapidly and that the further adjustment in the winds is due pri-
marily to the non-divergence requiremenit. This is expected since the
components for the simulations are initially derived using the geostrophic
equations,

These dynamically compatible fields are the initial conditions
for the forecast model. Before integrating the equations, At is selected
so that the linear computational stability requirement of Eq. (72) is
satisfied, Substitution of the specified values for és, As, and the
estimated maximum velocity of 100 m sec.1 into Eq. (72) yields a non-
dimensional At = .00526. Since the forecast equations are nonlinear,

At is specified as .003 (300 sec). The eastward translation of the
synoptic wave is governed by phase speed formulae for Rossby waves
(Haltiner, 1971). The north-south distribution of the translational
velocity (zonal average of the v component) is shown in Fig. 12. Substi-
tution of the maximum value into the phase speed formulae gives a net

\ -1 . .
eastward translation of 5.0 m sec ~. Thus, during the six-hour forecast
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period, the displacement of the principal wave is approximately .6 of a
grid interval,

The north-south boundary value of the variables are held con-
stant during the forecast period. To suppress the two grid interval
waves which may arise, a "diffusive'" operator is used at the first row
of grid points on the region encompassing the interior of the boundary.

The forecast equations become (Polger, 1971):

un+1 et At F n ’
u
vn+1 =30 At F n ,
v
1 —_
and &% =3" - at F,

where the bar indicates the average of the immediately adjacent points.

n n . . .
F n’ F , F@ are the tendencies of u, v, and ¢ respectively for time

u v

level n. These tendencies are calculated from either forecast scheme.
This diffusive operator is actually the first step of the Lax-Wendroff
method (Richtmeyer, 1962). Figure 13 shows the six-hour time trace of
the forecast variables for the Scheme F formulation at point A in Fig.

b. ‘The traces are essentially constant reflecting 2) the suitability

of the initialization scheme (no large amplitude gravity waves), and b)
the stationarity of the Rossby wave. The forecast using the Shuman
formulation was similar and differed only in the third significant digit.
Both forecast schemes conserved total energy and mass quite well during
the six hours and consequently did not require any energy or mass adjust-
ment, To determine the sensitivity of the forecast models to imbalances,

a 102 m height perturbation is added to the corresponding initialized

value at point A, Figure 14 shows the time reaction of the perturbation
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geopotential at point A for Scheme F. Initially, a large amplitude
gravity wave is created. As the energy is dispersed over the region,

the amplitude of the gravity wave at this point decreases. This is pre-
dicted by the simple geostrophic adjustment theory in which the direction
of the adjustment is dependent on the Rossby radius of defomation A.

For this model A = (@s / fz)']E = 2.34 x 106 m. Thus, for perturbation
wavelengths less than A, the final field is determined from the wind
field, i.e., the wind field changes very little and the mass field con-
forms to the wind field.

To verify that this imbalance excites gravity waves, the geopo-
tential time trace for point B, 1278 km from point A, is shown in Fig.
15, Thé field begins to oscillate at approximately 90 minutes into the
forecast. This requires a phase speed of 237 m sec-l. For the linearized
system, the phase speed of gravity waves is Cg = ‘V‘ + 234 m sec-1
(Haltiner, 1971). The amplitude at point B is smaller showing that the
energy contained in the imbalance is dispersed over the entire region.
Figure 16 shows the response of the Shuman model. The addition of the
time filter damps the amplitude of the gravity wave and the phase angle
is displaced 15 min compared to Scheme F. Towards the end of the six-
hour forecast both schemes have approximately the same amplitude.

To produce "observed'" data for the assimilation experiments the
initial values and the values from the first four time steps of the
forecast model are saved. The actual values of the variables did not
change during this 10 minute period because of the suitability of the
initialization scheme. Refer to Fig. 13 for an example of the station-

arity of the values. The forecast geopotential is modified over a subset
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of the region because, for the linear system of shallow-water equations,
the perturbation geopotential can be associated with a temperature per-
turbation (Phillips, 1971) and temperatures are the most common parameter
derived from remote sensed data. The total set, forecast values plus

the modified values, are the "observed'" data set. The weight on the
modified geopotential was specified as ten times the weight on the fore-
cast geopotential values except in experiment 2. The modifications
represent two situations. The first modification (I) simulates the situa-
tion where the forecast phase speed is correct but subsequent observations
reveal that the magnitude of the synoptic scale wave is considerably
different from the forecast. This is achieved by doubling & in Eq. (87).
The outer four rows on the north and south boundaries are not modified.
This creates an extremely large discontinuity in time and space. Fig.

17a shows the modified geopotential height field. Figs. 17b-d are cross
sectional views of the modified field. The forecast values at t = 10
minutes are also shown for comparison.

The second modification (II) represents the situation where the
forecast amplitude is correct but the forecast phase speed is slow com-
pared to the observations. The resulting geopotential is shown in Figs.
18a-d. The discontinuities in space and time are much smaller in this
case.

Before beginning the assimilation experiments it is necessary
to determine the relative magnitude of the various terms in the coeffi-
cients in Eqs. (78) - (80) including the constant space and time incre-
ments and their powers. This is necessary to insure that in the actual

numerical experiment certain terms do not dominate the analysis and lead




45

to total rejection of any new observed data. A simple example can
clarify this effect. Consider the analysis equation which results from
an observational constraint and a first derivative time constraint. The

analysis equation is
2 ~ ~
ev, Q-2 @-Q =0, (88)

where all terms are non-dimensional. Assuming that the characteristic
. . 5 . . .
time scale is 10 sec and that the particular At used is 300 sec (5 min),

then Eq. (88) is written as

1.1x105eAt2Q-(Q-6)=o, (89)

where AtZQ = Q(t+1) + Q(t-1) + 2Q(t) and‘; =1,

Furthermore, all observations 6 are assumed equal except one.
1f the observation number of time levels used in the analysis is small,
the filter weight, ¢, must be chosen much less than one or the first
term will dominate the second term. Consequently the odd observation
will be rejected even if it is true. If the number of time levels is
large, the analysis equation can accommodate this observation more easily
by adjusting the values on either side so that "curvature" is very small,
For this example, 8 new weight can be defined, i.e., e/ =1.1x 105 €.
This new weight just changes the foundation or basis for determing the
direction of the adjustment (towards the observations or dynamics). For
the analysis equations (78) - (80) the dominant terms resulted from the
variation of the integrated continuity equation because the non-dimensional
time step, necessary to satisfy the linear computational stability criterion,
is approximately 10.2 - 10-3. Thus, the largest coefficient associated

2
with the temporal derivatives are 10 - 103 times larger than any other
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dynamic coefficient. Consequently, the weak constraint weight, T, is
reduced so that the resulting coefficients are approximately the same
order of magnitude as those resulting from the balance constraint. This
reduces somewhat the time coupling but does allow new observations to
be assimilated instead of rejected.

A series of experiments using modification I and the weights
listed in Table 1 shows a wide range of assimilation effects. 1In the
first experiment the observational weights are

% =1° ana B =101 .

This insures that the dynamic constraints are overridden and this experi-
ment is similar to the sensitivity analysis performed on the forecast
models, Due to the nature of the discontinuities in the observed data
set, the gravity waves are large and more extensive. Figure 19 shows

the time trace of the variables at point B, The temporal discontinuity
in the geopotential is very dramatic. The trace preceeding the discon-
tinuity are the values from the original forecast. During the assimila-
tion, the magnitude of the variables at t = 5 min was dynamically adjusted
but its value is not shown on the trace. The initial amplitude of the
gravity wave is nearly 50 percent the amplitude of the synoptic scale
wave, Both the wind components show a8 small amplitude oscillation.

Point B is located at the edge of the geopotential discontinuity and,

the variables reflect some non-adjustment. At point A, which is in the
center of the channel, the amplitude of the gravity wave is much smaller
initially reflecting only a slight imbalance between the wind and the
geopotential, At later times, the amplitude increases as there is multi-

ple interaction of the gravity waves (Fig. 20). The wind time traces,
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in the center of the channel, are similar to those of Fig. 19, Figs.
2la, b, ¢ show the forecast field at t = 3 hrs. The presence of high-
frequency gravity waves is easily seen in the erratic nature of the con-
tours.

In all experiments, the constraints of conservation of total
energy and mass are imposed using the original initial values. The
assimilated fields, in this experiment, increased the non-dimensional
energy by 286 units (1.5%) and the non-dimensional mass by 13 units
(.06%). The mass adjustment, performed first, decreased the total mass
to the initial value. This has the effect of lowering the basic state
geopotential, For the linear system of forecast equations this would
reduce the phase speed of the gravity waves but for the nonlinear system,
this causes the phase speeds to remain essentially constant. The required
energy adjustment is very small. The maximum value for lE is 2 x 10_4
justifying the linearization technique used in the development of the
iterative scheme (Appendix C). The adjusted total energy is essentially
constant during the forecast because the constraint is considered satis-
fied if the adjusted energy is within 5 units of the initial value. The
adjusted kinetic energy (K.E.) and potential energy (P.E.) oscillate
(Fig. 22) due to the energy transformations taking place during the fore-
cast through nonlinear interactions, and to the nonidentical satisfac-
tion of the constraint. The energy adjustment does effect the total
mass but generally by less than one unit. This represents a .005% change
with respect to the total change.

In all experiments, a single forward time step was used initially
and after the assimilation to start the forecast, After the assimilation,

a centered-time step procedure was tested but a computational mode
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(Haltiner, 1971) was present. This resulted from the decreased weight
on the integrated continuity equation. The fields were dynamically
matched in space but not as well in time. Thus, alternate time levels
were coupled and maintained their integrity. The restart method, a
forward time step, is an effective method to prevent the computational
mode (Kurihara, 1965).

In experiment 2 the observational weights were decreased so that
the dynamical adjustments could take place., The effect of the dynmamics
is seen in Figs. 23a and b. The observed values are plotted for compari-
son. The analysis model has eliminated the sharp discontinuity and pro-
vided a smooth transition from the boundary to the interior where the
analysis nearly matches the observed data. The original discontinuity
has most of its power in the 2-4As waves but the balance constraint
effectively reduces the amplitude of these waves (Fig. 2a). The transi-
tion is better where the discontinuity is symmetric with respect to the
channel, This is seen by comparing Figs. 23a and 23b. In Fig. 23a,
the original discontinuity near the northern border is larger than that
in Fig. 23b. Consequently, the analysis has more curvature at this
point., The wind components respond to the analyzed geopotential. The
increase in the v component (Figs. 24a and b) reflects the increased
gradient of geopotential, Also, there is the expected amplification of
the shorter wavelengths from the balanced constraint (Fig. 2a). This
is seen in the 4As wave in the v component near the northern and southern
borders (Fig. 24b). The effects of the divergence constraint are seen
in Fig. 25. The divergence constraint on u acts primarily in the x
direction. The analyzed u component is smooth and contains no small

scale information.
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The forecast from these assimilated data still showed the
existence of gravity waves but there is a 60% reduction in the amplitude
over experiment 1, Fig. 26 shows the geopotential at points B and A
respectively. There appears to be only one low amplitude gravity wave
in comparison to the many that appear in Figs. 19 and 20.

In the third experiment, the weight on the geopotential observa-
tions was .5 the weight in experiment 2, The dynamic weight, T, was in-
creased to ,001. As with all the experiments the magnitude of the maxi-
mum first residual decreased as the number of cycles increased. For
this experiment this residual decreased one to two orders of magnitude
for each variable by the 12th cycle. At this point the assimilation
process was stopped. The results at time t = 10 min are shown in Figs.
27a-29, The analyzed values show less of the effect of the discontinuity
and are more in line with the original forecast, i.e., the dynamic effect
is stronger. The results of the forecast from this set are shown in
Fig. 30. At point B, the amplitude of the gravity wave is only 18% of
the amplitude of experiment 1. The three-hour forecast, Fig. 3lc, has
much less noise than Fig. 2lc, indicating the dimenished amplitude of
the gravity waves. Their effect is more noticeable near the original
discontinuity. In the center of the channel only the synoptic wave is
detectable. The u component shows the synoptic pattern except near the
northern and southern boundaries (compare Fig. 3la and Fig. 21a).

In the last experiment with modification I the weight on the
observed geopotential was specified as 500, In this case the modified
geopotential was rejected and, in fact, the analysis at t = 10 min
corresponded to the original forecast values and thus, the 3-hour fore-

casts are nearly identical.



50

In the final experiment, modification II is used to generate
the observed field. The weight on the modified geopotential is increased
to 5000 while all other weights remain the same as in the previous experi-
ment, The Shuman scheme is the forecast model. As shown in Fig. 18,
the discontinuities are generally less severe than the other experiments.
fhe dynamic adjustment is better in this case; although the Shuman scheme
does smooth, only a small amplitude wave as seen in Fig. 32. The wind
components are in balance with the geopotential. The 3-hour forecast
is shown in Fig. 33. The northern and southern boundary effects are
clearly seen. 1In Figs. 33b and 33c the axis of the trough curves to
match the boundary values. 1In the center of the channel the axis of the
geopotential trough (Fig. 33c) is where the modified values placed it
but it gradually deviates from the observed as the boundaries are approached.
This effect is also seen in the wind components. In the SW and NE corner
of Fig. 33c there is a short wavelength perturbation (4As). Thcse areas
correspond to areas of maximum discontinuity in the observed field and

the greatest imbalance between the analyzed fields.




CHAPTER V

CONCLUSIONS AND REMARKS

The initialization and assimilation models are developed within
the frame work of variational calculus. The technique incorporates the
principal physice of the forecast model, as well as observations, into
the total system of analysis equations. These equations are solved as
boundary value problems in which the observed data set, including fore-
cast and observed values,are dynamically adjusted or matched. Investi-
gation of the spectral modifications necessary to satisfy the dynamical
constraints shows that significant modifications may be necessary depend-
ing on the wavelengths and amplitudes contained in the observed field.

The modifications include amplification, filtering, and phase shifting

of certain wavelengths, both long and short. The relative weighting

on the observations significantly affects the shape and value of response
curves.

The modified geopotential, used in the assimilation experiments,
is a severe departure from the forecast fields. These departures ex-
posed the strengths and limitations of the assimilations model. The
model is capable of handling extreme differences and producing dynamically
sound fields in which there is a large reduction in the amplitude of the
gravity waves. The dynamic matching may lead to the amplification of
certain wavelengths in the wind components. This phenomenon, analytically

investigated for the initialization functional, is observed in the results
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of the assimilation functional. It seems to be the most plausible effect
in the adjustment process because dynamic constraints support these wave-
lengths rather than the increased damping of shorter wavelengths for all
variables.

The limitations of the assimilation model involve the spatial
and temporal extent of the asynoptic data (modified geopotential for
the simulations) and their relationship to the total space-time domain
considered. The asynoptic data must cover an area large enough to ade-
quately redefine part of the large-scale wave, or else, the assimilation
model will significantly dampen or eliminate the data by the strong
damping of short wavelengths in the geopotential field by the balance
constraint., The boundaries of the region must be far enough removed
from the area of the asynoptic data to allow the natural dynamic adjust-
ment, or else, sharp gradients and non-matched fields will result near
the boundaries. This in turn leads to gravity waves. 1If the boundaries
cannot be removed from the asynoptic data, the subsequent forecast vari-
ables can be returned to the assimilation model for further dynamic ad-
justment and minimization of the amplitude of the gravity waves. The
observed weights must be modified and the forecast period should be
such that the boundary values are not affected by the gravity waves.
With time invariant or cyclic boundaries this presents no problem, but
with time varying boundaries it can since they determine the homogeneous
solution to the analysis equations.

The constraint of conservation of total energy and mass in the
finite-difference formulation of the forecast equations is simple and

effective. The approach can be applied to other conservative quantities.
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It can also be applied to the case where there are sources or sinks, or
a non-zero net flux of energy thru the boundaries providing their time
dependence can be specified.

Several promising areas for continued research result from this
investigation. Research should continue on the spectral modification
occurring in the dynamic adjustment process and the specific role of the
observational and dynamic weights. This can be accomplished using very
simple dynamical constraints, for example, the continuity equation and
the geostrophic wind equations or a much more detailed investigation of
the simple initialization model presented. The resulting modifications
hold promise in the study and clarification of the energetics of the
atmosphere from a variational approach since the functional does repre-
sent a minimization of error energies.

The cyclic relaxation process is very time consuming. The direct
solver method (Rosmond and Faulkner, 1975) with its large reduction in
solution time and more accurate solutions could make this assimilation
method operationally attractive, at least over a limited area.

The final recommendation for continued research involves the
balance equation which is an effective means of suppressing the noise
in the P.E, forecast. The assimilation model should be extended to in-
clude the full nonlinear balance equations because for large-scale flow
the nonlinear terms are approximately the same order of magnitude as the
advection of the Coriolis parameter. As the horizontal length scale de-
creases, but still in the synoptic range, the nonlinear terms can not
be arbitrarily neglected. As & first step, the nonlinear terms could
be determined from the observations. They would not take part in the

variations and would only enter the forcing function. They could be
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recalculated after each cyclic as suggested by Lewis (1972). This

would allow for some nonlinear effects in the resulting analysis.
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APPENDIX A

THE SHALLOW WATER AND TOTAL ENERGY EQUATIONS

The primitive equations for barotropic-divergent flow, developed
in terms of coordinates on the polar sterographic projection to facili-

tate the handling of meteorological data, have the following form:

u ., 2, du . 3u m 22 . 22 -
T (u 3% + v ay) + m % u +v) fv + 3% 0o, (A-1

LA 4 Wy 4 ! (242 +22 - A-2
5t m (u 3% + v ay) m 3y (u v') + fu 3 o , (A-2)

and 2, 2 3(u) . (V). _ _
e tE (ot =0 . (A-3)

The symbols used are:

X,y = horizontal cartesian coordinates on polar stereo-
graphic projection,
t = time,
n = image scale factor,
1 + sin eo eo is the reference latitude (60°N)

" “T¥sinp * and g is any latitude,

u = scaled x~component of velocity (horizontal velocity,
earth distance per unit time, divided by the image
scale factor),

= scaled y~component of velocity,

£ = Coriolis parameter, 2 (Q sin Q, where (2 is the angu-
lar velocity of rotation of the earth,

and ) = the geopotential height of an isobaric surface, gz,
where g is the acceleration due to gravity and z is
the geometric height above mean sea level.

6l
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The equations can be transformed to a dimensionless form (starred vari-

ables) by replacement of all variables, dependent and independent, by

their scaled counterparts. Thus,

where

*
u = Vu , t = T t¥,
* *
v = Vv , £ = FE ,
- % *
Q‘:’@@, X=Lx,
*
and y = Ly ,
V = 10m sec-1 s
F = 10“4 sec-'1 ,
L = 106 m,
T = = 103 m2 sec'-2 ,
and T = LIV = 105 sec .

The characteristic parameters are representative of the large-scale flow

patterns in middle latitude. The intent of the non-dimensionalization

has not been to determine the relative magnitude of each term, necessar-

ily, but to facilitate the computations and the selection of the weights,

Substituting these into Eqs. (A-1) - (A-3), dropping the star notation,

and rearranging yields

and

u 2., 2 Qu a_ - = -
3t +m (u o + v ay) + m (u + v ) R fv + R1 BX 0, (A-4)

o, 2 N, R, a2, 2 2. ]
a3t m (u P v ay) + m ay(u +v) + Ry fu+ R1 0, (A-5)

2%, .2 (B.L__l+§.§._). = 0, (A-6)
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FL

where R1(= e 10) is the inverse of the Rossby number. Expanding Eq.

(A-6) yields

a8,
ot

mz(ug§+v-g-§-)+m2®(-g§+%)=0. (A-7)
The non-dimensional geopotential, &, is composed of a basic state @S,
independent of time and space, plus perturbations upon the basic state.
The scaling factor for geopotential is such that the non-dimensional
perturbations are of the order of unity. Consequently, the basic state
@S is of the order of 101 - 102. For example, @S = 54.6056 using the
500-mb standard atmospheric value. Since large-scale divergence is
normally an order of magnitude smaller than the scaling factor (V/Lj,
all terms in Eq. (A~7) are of the order of unity.

The total energy equation may be derived by multiplying Eq.

(A-4) by m2 u &, Eq. (A-5) by m2 v $, and adding the equations. This

gives
2_ 3K 2,2 3K 2 _ 3K 28@2 2_162
m 3t + m (m ud 3% + m vd ay) + le u S;(E ) + le v ay(a )
2 a’ , am
+m & K( 3% + >y =0, (A-8)
where K = ; - .

Equation (A-8) can be further manipulated by recognizing that

2 2
mgu@ g% = §£ES§251 -u$K az_ m2uK 3% - m?K ® Qu

and similarly for the y and t derivatives. Thus, Eq. (A-8) becomes
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A(KY) . 2 3(uek) . 3WIK'). _ 20,38 . ad _ 2., 3u v
e Tn O Tt Ty ) ‘“K(‘%{*"g?) m KRGty

2 2
+ lez (u %(—2 )y +v 5%(% ) - K' g% =0, (A~10)

where K' = K x mz.

Multiplication of Eq. (A-7) by K' and addition to Eq. (A-10)

gives
2 2
' 2 ' ' 2
A\ of @D 20y 4 g ' EG) +Y G D=0, (1D

Multiplying Eq. (A-7) by R1§ and adding to Eq. (A-11) results in

2

' FR 2
&+ m (2 (“gi) + a(vggg) + v+ —aa};(vnl%—))

2 2 2
2, % Qu v 2 2 23y = -
+mR12(ax+ay)+mR1(u~§£(2)+v-aa§(2))—0 (a-12)
R, ¥
where E = 3K' + —— .

Combining the last four terms of Eq. (A-12) gives
.B.E. + 2 l@_T). +m = -1
a3t m(ax ay) 0, (A-13)
where T = 3(K' + Rlé) .

If Eq. (A-13) is integrated over a region for which the flux of

energy across the boundaries is zero, Eq. (4) results.




APPENDIX B

DERIVATION OF THE ANALYSIS EQUATIONS

In taking the first variation, only the unknown dependent func-
tions are varied. These include u, v and 3 and their derivatives. The
independent variables x, y, and t, the weak constraint weights, and the
observed values are known and are not varied. As shown in Hildebrand
(1965), the variational operator acts in much the same way as the partial
differential operators. The laws of variation of sums, products, ratios,
and powers are completely analogous to the corresponding laws of differ-
entiation.

The first variation of Eq. 8 is

6 = 0 = f {ZE(u-G)Bu + Zg(v-:) &v + ZE(Q-:;)&Q + 2YB §B
R

+ 2YC 5C} d—xgl s (8-1)
m

i

2 2
where §B m2{ 3_%2 + ﬁ_%ﬁ - gﬁ v - £ abv  of su + g Q8u

3
s 3y ax " 3y dy

in

3

2 d6u |, Qv
-———+
56C m ( 3% Y )

and fu is the variation of the function u, etc.
Substitution of §B and 6C in Eq. (B-1) and repeated integration

by parts leads to
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6J=0=JP {ula(u-u) - A%}%-FYB'Lf- YM]

oy oy
R
+ 6v[a(V-33 - A %% - YB %§‘+ Y §%§§lj (8-2)

+ 5@[§k®-33 + v (ﬁig + ﬁzg)]} dxdy + [Boundary Conditions] .
oxX oy

For satisfying the extremum condition, §J = 0, for arbitrary and
independent variations of Su, §v, and §&, their respective coefficients
must each vanish identically in the domain. This leads to Egqs. (9) -
(11). The boundary conditions are satisfied by specifying u, v and &
on the boundaries and thus, §u, 6v, and 63 are zero there. In practice,
the observed values are specified as boundary values and since these are
not dynamically matched and may contain noise (short wavelength compon-
ents), the boundary values are filtered (Sasaki, 1970b). Also, speci-
fying these values determines the solution, once the weights have been
selected. Consequently, the boundaries of the domain should be placed
such that the objectively analyzed values adequately represent the solu-
tion.

Although the operations have been carried out for the continuous
form, the same variational properties hold for the finite~difference

analogues (Sasaki, 1969, 1970b).



APPENDIX C

CONSERVATION OF TOTAL ENERGY IN THE FORECAST MODEL

It is required that the forecast values of the variables con-

tinually satisfy Eq. (76). Sasaki's approach is based on the fundamen-

tal hypothesis that the solution un+1 v?+¥, and ¢?+¥ that satisfies

i,j° '1i,] i,j
Eq. (76) is also a stationary value that minimizes a weighted sum of

n+l ~ntl n+1 ~ ~
th aria £ LI . . = and inte-
e variances o (u i, ul’J ),(vl’J 1’ ), n (@ ,J ) nte

grated over the entire domain, where the tilde terms are the predicted

values from the finite-difference forecast equations. Based on this

hypothesis, the variational functional is written as:

~ 1 ~p+l 2 1 5 +1 1l o~ l 2.
= AxAy Z{[a(un+ .ot Y + o v n+ n )2-+B(©n+ nt 1 2}
+1 +1, 2 +1.2 % +1 2. 1
+ aglaxay s({s" “‘2(( THIH @O+ 7 ET] ik (c-1)

where the subscripts i,j are suppressed, and XE is a Lagrange multiplier
which is constant in space but may vary in time. This formulation re-
quires that the constraint (term multiplying XE) is exactly satisfied.
The first variation of Eq. (C-1) should vanish (6JE = 0). The proce-

n+l nt+l

dure for taking the first variation of JE with respect to u s V ,

1
§n+ , and KE in the discrete form are identical to those of the con-
tinuous form listed in Appendix B. Since the variations are arbitrary

on the interior, the resulting Euler-Lagrange equations are:
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zg(unﬂ _ :n+1) + }\E m2 Qn-’rl un+1 -0, (c-2)
v n+l ~n+1) fay n2 gLl o , (C-3)
A - T 4w ((u“+1)2+( n+1)2) P ™ = 0, (00
amd pay ST @ 2 P by 2 51-1°-0. (@)

In order to obtain solutions for Egqs. (C-2) - (C-5), the follow-

ing assumptions are made:

a) XE is small,

b) m2 is constant and equal to 1,
¢) in Egs. (C-2) and (C-4), § >> 3', which implies

@ NQ’

+1 n+l 2 n+1 2]

and d) in Eq. (C-%) Rlén >> (™) / 2.

Therefore, the solutions are approximated by:

~ A @
2 ~ntl 2 +1
un+1 =_1:_41___ n 1 - _E’s + 0(x2 Tvn , (C-6)
20+ A3 20
n+l 2%  ~ntl 7‘E g ~n+l
v = =[1- +0()\ @ )] , (c-7)
2a+AE¢s 2a
~ . AR
1 ~ 0l
and e 2 g L E Ly 002l B (c-8)
25 + A Ry 28

where 0( ) is the order of magnitude., Since the finite-difference equa-

tions have the same spatial and temporal truncation error, it is further

n+l nt+l

assumed that the fractional adjustment is the same for u s V , and




69

R
®n+1. Thus, for @ =1 and 3 =-6l , Eqs. (C-6) - (C-8) are written as:
s

nt+l _ a - )\*) G'n+1

u - ’ (C'9)
vr1+l - - )\*) ‘r;'n+1 , (c-10)
* ~
and @“+l =1 -2A) @n+1 R (c-11)

where X* =5 - Substitution of Egqs. (C-9) - (C-11) into Eq. (C-5)

yields, after rearrangement,

*
3 s e +r =0, (c-12)

e

where R = @S KE ,

_ 3 2 ~ 2 o~
S—(2@S+<§S)(KE)+§>S PE ,
Q= 3@5 KE + 2@3 PE ,

P=T ~-KE+PE ,

o
~ ~ntl ~ ~
- Aﬁfz Z. Qn ((un+1)2 + (vn+l)2) ,
i,]
~  RyOAXAY
and PE = 12 b¥ (3n+1)2 .
i,j

A modified Newton method for finding the zeros of a polynomial
is used to solve Eq. (C-12) (Carnahan, Luther, and Wilkes, 1969). Let
*
A Y be the v-th approximation to the solution of Eq. (C-12)., Substitu-

tion into Eq. (C-12) results in a residual rv, i.e.,

3

RA™)2 - sa™2 v+ =1 . (c-13)
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The (v+1)st guess is

* * v
A v+1 = v o r , (c-14)

where FD is the first derivative of Eq. (C-12)
%2 *
FD = 3RA =-28SA +Q.

*

This (v+1)st guess of A 1is used to correct or modify the forecast
fields by Egs. (C-9) - (C-11), The corrected values become the new
observed values and the terms in Eqs. (C-12) - (C-14) are recalculated,

This process is repeated until P is less than or equal to some prespeci-

fied tolerance.



APPENDIX D

CENTERED FINITE-DIFFERENCE OPERATORS

The following finite-difference operators are defined in order
to solve the analysis equations numerically. Let Q represent any de-
pendent variable; i, j, k are the grid indicies along X%, y and t axes,
respectively. The grid spacing in the horizontal plane is represented
by As and in time by At. For derivative evaluation at i, j or k, only

thoge subscripts different from i, j or k are identified. The operators

are:
v, Qg = 7SR + 1) - Q- DY, (0-1)
| v, Q5 = 7@ + 1 - e - DI, (0-2)
7@l s = i—z-[o(i +1) +Q@ -1 - 2] (0-3)
v,,Q; i = A—i-fmu +1) +QG - 1) - 2, (D-4)
vy gy = A—t'z'[Q(k +1) +Qk - 1) - 20], (@-5)

9; 51 = 4Alsztcz(idrl,j-u)-<z<i-1,j+1>-cz(i+1,j-1)+Q<i-1,j-1)J, (D-6)

WxtQ]ijk = 4AtAS[Q(:hH,k+1)-Q(1-1,k+1)-Q(i+1,k-1)+Q(i-1,k-1)], (b-7)
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L g (+1,k1)-Q(5-1,k+1)-Q(3+1,k-1)4Q(J-1,k-1)],  (D-8)

Ty i = T3QG) - QU-2) - 2QEHD) - GAINT (D-9)
2As .
L . . . ]
Ty g = 73000 - Q6D - 2@ - A, (D-10)
_ 1 . . . . . . . .
vxyy(ﬂijk = 2As3[Q(1+1,J+1) - Q@-1,j+1) - Q(i-1,j-1) + Q(i+l,j-1)
+2(Q(i-1,3) - Q(i+L,§)) 1, (D-11)
%@ = 2:;3[Q(i+1,j+1) £ Q(E-1,341) - QU+, -1) = QG-1,1-1)
+2Q(,3-1) - Q1) ], (0-12)
Tecns g1 = ZiZ[Q(i+2) +Q(E-2) - 4QUH) +Q(i-1)) +6Q],  (p-13)
1
Ty Uigi * TERUD +QUD) = QUKD +QUD) + 601, (-1
and
1
eeyy@igic = HQGHL I + QUL 54 + QU= 3-1) + Qa1 I-1)

- 2(Q(+1,3) + QG-1,)) +Q(,j+) + Q(i,3-1)) + 4Q].

(D-15)



TABLE 1

Weights
M eper | @ % | B Y 1 Yos | Y es™Voe | seneme
1 109 10t | 10%0 1. .001 .1 .0001 Scheme F
2 10 5000 1000 1, ,0003 .1 .0001 Scheme F
3 1 2500 250 1. .001 .1 .0001 Scheme F
4 1 500 50 1. .001 .1 .0001 Scheme F
5 1 5000 500 1. .001 .1 .0001 Semggﬁ;:snt“m

€L
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Figure la, Responge function for u and v as a function of wavelength
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interval, for Ly = 4381.5 km, B =y =0, and ¢ = A = 1.
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Figure 7. Initial (t = 0) non-dimensional geopotential after
dynamic adjustment.
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Figure 8. Initial (t = 0) non-dimensional v component after
dynamic adjustment,
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Figure 17a. Non-dimensional geopotential perturbation resulting from
modification I at t = 10 minutes; this field is the simu-
lated observed data.
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Figure 18a. Same as Fig. 17a except it results from modification II.
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Figure 2la. Three-hour forecast of the non-dimensional u
component for experiment 1.
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Figure 21b. Three-hour forecast of the non-dimensional v
component for experiment 1,
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Figure 22. Non-dimensional adjusted kinetic energy (KE) and potential

energy (PE) for experiment 1.
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Same as Figs. 23a and b except it is for the
non-dimensional v component.
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Figure 25. Same as Fig. 23b except it is for the non-dimensional
u component.
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perturbation at points A and B for experiment 2.
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Figures 27a and b. Cross-sectional views of the assimilated non-
dimensional geopotential perturbation at t =
10 minutes for experiment 3.
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Figures 28a and b. Same as Figs. 27a and b except it is for the
assimilated non-dimensional v component.
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Figure 29. Same as Fig. 27b except it is for the assimilated non-
dimensional u component.
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Figure 30. Time trace of the assimilated non-dimensional geopotential
perturbation at points A and B for experiment 3.
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Figure 3la. Three hour forecast of the non-dimensional u
component for experiment 3.

Figure 31b, Three hour forecast of the non-dimensional geo-
potential perturbation for experiment 3.
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Figure 32. Time trace of the assimilated non-dimensional geopotential
at points A and B for experiment 5.
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Figure 33a.

Three hour forecast of the non-dimensional u
component for experiment 5.
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Figure 33b. Three hour forecast of the non-dimensional v
component for experiment 5.
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Figure 33c. Three hour forecast of the non-dimensional geo-
potential perturbation for experiment 5.



