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INTRODUCTION

LTRASONIC NONDESTRUCTIVE TESTING has become the method of choice

for the quality assurance of advanced composite materials. This inspection
usually involves an immersion C-scan procedure with defect identification based
on an analysis of the reflected wave amplitudes. This procedure works well for
identifying gross composite defects. However, in many cases, one is concerned
with more subtle defects (e.g., porosity, local variation in fiber orientation,
segregation of reinforcing fibers, etc.); defects which are difficult ot identify with
conventional data analysis procedures. Since defects such as these will prin-
cipally affect the local moduli, ultrasonic velocity measurements are quite useful
in analyzing these types of problems [1]. Further, since fiber reinforced com-
posites are anisotropic materials, one would ideally like to examine directional
dependence of the properties by measuring all pertinent elastic moduli. This is
particularly important for those moduli largely influenced by the fiber reinforce-
ment. Previous investigators have performed the ultrasonic tests required to com-
pletely characterize all five elastic moduli for transversely isotropic materials and
all nine elastic moduli of orthotropic materials [2-5]. However, this procedure is
rarely used in practice for several important reasons.

These tests were all conducted using contact transducers at normal incidence.
This approach, while useful for measurements at a given point, is unsuitable for
the scanning of large parts due to the difficulty of maintaining shear coupling as
the transducer is scanned. An alternative approach is to use immersion trans-
ducers with mode conversion to generate the required waves additional to the lon-
gitudinal wave as suggested by Hosten and Tittmann [6]. Unfortunately, the mode
conversion approach to the generation of waves in an anisotropic media is sig-
nificantly more complicated than the isotropic case. Since the generated waves do
not have their wave normal along symmetry axes, they will not usually be pure
mode waves but rather quasilongitudinal or quasitransverse waves. Furthermore,
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as has been observed many times in anisotropic media, the energy flux associated
with wave propagation will often deviate from the wave normal complicating the
problem considerably. A further problem stems from the variation in wave speed
with propagation direction in the composite and the associated problem with
determining the angle of refraction via Snell’s law. While the approach used by
Hosten and Tittmann has several drawbacks, notably in ignoring energy flux con-
siderations and the fact that it can’t be used for analytical scanning, the basic
ideas is sound and may be implemented providing that the details of wave genera-
tion at the interface are understood.

Previous work in this area has been quite limited and principally applied to
single crystals, not composites. Musgrave [7] attacked the problem with a graphi-
cal solution method which, while useful, is subject to error. More accurate
numerical techniques have been developed to address this shortcoming, notably
that of Rokhlin et al., who treat the complete problem of reflection and refraction
at the interface between two general anisotropic media [8-11]. These treatments
are somewhat cumbersome as they must be sufficiently general to handle
materials with no structural symmetry whatsoever. This results in a relatively
complex formulation of the problem. However, a considerable degree of
simplification can be achieved by restricting attention to the special case of a uni-
directionally reinforced composite. This also avoids the problem of additional
mode conversion at ply boundaries. Ultimately, if this technique is to have practi-
cal value, these factors must also be included in the analysis. The principal objec-
tive of this work was to develop a simplified method for analyzing reflection-
refraction phenomena in transversely isotropic materials for arbitrary angles of
incidence. Ideally, a method was sought which was rapid, accurate and suffi-
ciently compact to be implemented on a laboratory microcomputer so that it
would be useful for nondestructive testing purposes.

THEORY

Slowness Surface for Composites

Before discussing wave propagation in anisotropic media, it is first useful to
review the concepts of slowness vectors and the slowness surface. Defining the
slowness vector as

1 1
m=-—k=1
w v
where
k = wave vector = |k|{
k = |k| = wave number
£ = wave normal

the slowness surface represents the locus of the endpoints of the slowness vectors.
For an isotropic medium, the slowness surface consists of three concentric
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Figure 1. Experimental arrangement.
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spherical sheets. The inner sheet then represents the longitudinal wave and the
outer sheets are two coincident sheets associated with shear wave propagation.
The sheets are spherical because the velocities in an isotropic medium are inde-
.pendent of the propagation direction. The two shear sheets coincide since the two
velocities of shear wave propagation are identical. For anisotropic media, there
are three distinct sheets of arbitrary shape. The shape of the slowness surface is
an important factor in determining the nature of reflected and transmitted waves
in anisotropic media as will be shown in the following dimension.

The problem under consideration consists of a plane longitudinal wave in water
incident upon the boundary of a unidirectional composite panel. For the cases to
be studied, the wave vector for the incident wave lies in a plane either parallel or
perpendicular to the fiber reinforcement. The geometry is illustrated in Figure 1.
With this geometry, the incident wave may be represented as

Uin = A 050 (1)
Similarly, the reflected longitudinal wave may be represented as
e = Ay, @750 @)
For the transmitted waves, we have
U = Aektninen 3)

where the superscript / is used to differentiate between the transmitted work. In
order to satisfy the boundary conditions at the interface, the frequencies of all
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waves must be equal, i.e.

and
My X, = ME X = M X
Henneke has shown that Equation (5) is equivalent to

a;, = e,'jkm;'"Vk = Gijkm;-er = éi,-km} Vi

where

normal to interface
= constant vector quantity

19 I
i

This statement is precisely Snell’s law. To see this, let

1
y=10
0
and
1 | cos 6™
m" = —- 0
Ve sin 6
as is appropriate for this geometry so that
0
__ | sin 6"
a= Vw
0
Equation (5) then becomes
0
Sin oin 0 0 .
mre ml
Vo —my —mj

This requires
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Then, since ¢ must be a unit vector, we may use the following representation:

1 [ —cos 0., 1 [ cos o

me = 4~ 0 and m' = —- 0 ¢))
V. ; - V; in g
sin 8,, sin 6

where the negative sign in the slowness vector of the reflected wave is included
to indicate that it is propagating away from the interface and into the water. Then,
we have

sin 6 sin 0™ sin ¢
v. T v, T ©

which is, of course, Snell’s law. Letting

0

b=vXa-= 0
- sin @
Vw

the reflection-refraction problem may be represented geometrically by Figure 2.
Here, the slowness surfaces and slowness vectors for the various waves are pre-
sented. We seek solutions to the equations of motion such that the projection of

COMPOSITE

-Xl

Figure 2. Geometric representation of Snell’s law.
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the slowness vector on the boundary (|b|) is the same for all waves under con-
sideration. For an isotropic medium, this means that there will be two possible
refracted waves. For an anisotropic medium, the number and nature of the
refracted waves depend upon the shape of the slowness surface. The usual case,
three possible refracted waves, is shown in Figure 2. However, as Henneke
demonstrated, other configurations of the slowness surface are possible [9].

Velocity Considerations

The eigenvalue equation for wave propagation in an anisotropic medium is
given by '

A=V =0 (10)

where

I = identity matrix

¢ = density

V = velocity
A = Ciine t’jl’,

@ = direction cosines of particle displacements

{ = direction cosines of wave normal

Using the representation of the wave normal for the refracted waves in the ortho-
tropic medium found earlier

cos §*
0
sin ¢*

L
I

we have

Mi = Cip Bty = Ciuyg cos? 8 + Cisyy cos 6 sin &

(11a)
+ Cyy3 cos 0 sin 8 + Ci3y5 sin? &
which in contracted notation becomes
= Cy; cos? ° + Css sin®
Similarly, one can calculate
M2 = Cy, 208 (11b)
Xz = Ci;3sin € cos 8° + Css sin 6 cos & (llc)
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)\22 = C66 COSZ 9i + C44 Sin 20i

(11d)
Ma =0
Aaz = Css cos? 0 + Cs; sin? 6 (1le)
Ciy cos® 9 + Css sin? 9 0 C,; sin 6 cos 8 + Css sin 6* cos &
A= 0 Ces c0s? ' + Cyy sin® 0 0
Cisinfcos 0 + Csssinf* 0 Css cos> 8 + Cy; sin* 6
(12)

The principal difficulty we encounter in solving the eigenvalue problem stems
from the fact that the direction cosines of the refracted wave cannot be directly
determined from Snell’s law (as they can in an isotropic medium) because of the
directional dependence of the wave velocities. While this complicates the situa-
tion, the problem may be solved numerically by noting that Snell’s law, Equation
(9), must still hold. Thus, we may represent

V. . .
sin §F = 7w51n 0" = KV,

for each wave and

V. 2\1/2 1/2
cos =(1 —(‘Visin(i"") ) =(1 - (KV.-)Z)

Then, the eigenvalue problem becomes

Cull — (KV))'] + Col(KV.Y] — oVE 0 (Cii + Gso)[1 — (KV)*)'2 KV,
0 Coll — (KV)'] + Cu(KV. )] — @V? 0 =0

(Cio + CoKV.[1 ~ (KV.)I'"? 0 Cusll — (KV.Y] + Cul(KV.)] = oV?
13)

The result is similar to the case investigated by Kriz and Stinchcomb [5] for
normal incidence along a non-symmetry direction with one pure mode shear
wave, one quasilongitudinal wave, and one quasitransverse wave resulting. Since
the pure mode shear wave will not be excited in the experimental arrangement
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shown, we restrict attention to the characteristic equation of remaining two
waves:

[Cll[l - (KVz)z] + Css(KVi) - QVz}{Css[l - (KVi)z] + C33(KV,»)2}
(14)
— {(Cis + Cs)*(KV (1 — KV =0

This is a simple equation for V> which may be solved numerically for the two
real roots associated with wave propagation and their associated eigenvectors.

Energy Flux Deviation

Once the velocities associated with quasilongitudinal (QL) and quasitransverse
(QT) wave propagation have been determined, it is then possible to calculate the
energy flux vector for each mode of propagation. It should be noted that, unlike
propagation along a symmetry axis, the energy flux vector for wave propagation
in an arbitrary direction does not coincide with the wave normal. The energy flux
vector is given by

Ej = _Uijl:l,' (15)

Hence, calculation of the eigenvectors for each mode is required (Equation (1)).
Then, the particle displacements become

U, = a.Aei[w!‘k(mw)x*(smﬂ)ll
i i

The stresses are then determined from the linearly elastic constitutive equation
for the composite. For an orthotropic medium, the direction cosines for the
energy flux vector then become

£ EJ|E|
i
EJ|E|
C,,a} COoS 0 + Cl3a1a3 Sin 0 + C55a1a3 Sin 0 + C55a§ cos 0
|E]
= - 0
C33a§ Sin 0 + C13a1a3 CcOS 6 + Cssa% Sin 0 + Cssalag COoSs 0
|E|
(16)
where
E| = VE* + E
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Amplitude Considerations

We may represent the particle displacements for the incident wave by modify-
ing Equation (1).

cos 0\ ik"(cos 0"x + sin 0"z — wt)
l;l,-,, = Ao 0 e
sin 6

Similarly, we have

—cos 0\ ik*(—cos 0~x + sin 87z — wt)
l!re = Ar 0 e
sin 0

For wave propagation in the composite, we have similar expressions for the
generated quasilongitudinal (or longitudinal) and quasitransverse (or transverse)
waves:

ot ikor(cos ¢2tx + sin @9tz — wt)
I!QL = AQL 0 e
aft

and

o’ ikgr(cos 897x + sin 97z — wt)
'!QT = AQT O e
o’

It should be noted that the eigenvectors o?* and o?” are perpendicular to one
another even though these are, in general, not pure mode waves (a2 « £97 # 1,
a2 « 197 % (). Then, in order to calculate the reflection and transmission
coefficients at the interface, it is necessary to satisfy the three boundary con-
ditions at the fluid-solid interface.

(1) Continuity of Normal Displacement

x=0 ucompusue

‘water *=0
or

A, cos 0‘"ei"L‘5’“"i""“" — A, cos Gregikp (smb ™ t-wr)
KO (1069 ot )

. OL_
— AQLa?Le'kQ"(“"a wt) AQTQIQTe

which leads to an expression of Snell’s law for the composite as before as well as
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the relationship

Ao cos 8™ — A, cos 0" = Ay, a2t + Agraf”
(2) Continuity of Normal Stress

011 (water) | x=0 = 0 L{composite) | *=0

9 K
x ax (uin + ure)|x=0 + az (win + w"’)|x=0

0 d
= Cy [5; (ugr + uQT)] + Cys [3_2 (wor + WQT)]

which (invoking Snell’s law) becomes
Aki[(cos® 0 + sin® 8")A, + (cos? 8 + sin® 0™)A,]
= Cui[Aorakgr cos 09F + Apra?Tkor cos 097)
+ CislAora® ko sin 82 + Apra87kor sin 697]
and
(3) Zero Transverse Stress

Since the fluid cannot support a shear stress,

I(ugr + Uor) + dwor + wor)\ _

3z o 0

Cyses = Css(

or
Korof* sin 09 Ay, + korafT sin 09 Agr + kora* cos 62 Ay,
+ korogr?T cos 09T Ay = 0
which yields three equations in three unknowns which can be solved for the
reflection and transmission coefficients (R = A,.;/As, Tor = Agi/As, and

TQT = AQT/A()) .

RESULTS AND DISCUSSION

Wave propagation at oblique angles incidence was studied for a graphite-epoxy
composite in a variety of configurations. The composite geometry is illustrated in
Figure 3 with the fiber reinforcement in the y-z plane. Results are presented for
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Figure 3. Coordinate system.
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Figure 4. Section of slowness surface (parallel to fiber).
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Figure 5. Section of slowness surface (perpendicular to fiber).
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Figure 6. Phase velocity vs incident angle (0°).
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Figure 7. Wave normal vs incident angle (0°).
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Figure 8. Energy flux vector vs incident angle (0°).
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a unidirectionally reinforced composite with the projection of the incident beam
in the reinforcement plane (a) parallel, and (b) perpendicular to the fiber axis.

The slowness surface sections for the two cases under consideration here are
presented in Figures 4 and 5. It is clear from the figures that both cases cor-
respond to the usual situation with three possible transmitted waves. (However,
it should be pointed out that the pure mode transverse wave in Figure 4 and one
of the transverse waves in Figure 5 will not be excited with the experimental con-
figuration under consideration). It is apparent in Figure 5 that the fiber axis is an
axis of transverse isotropy with the section of the slowness surface for the
longitudinal and shear waves being semicircular.

Results from the calculations are presented in Figures 6-10. For the parallel in-
cidence case, the variations in velocity, refracted angle and energy flux vector of
the generated quasilongitudinal and quasitransverse waves are presented. How-
ever, since the plane perpendicular to the fiber reinforcement is a plane of trans-
verse isotropy, the waves generated for the 90° case are pure mode longitudinal
and shear waves with no velocity variation with the direction of the wave normal
and no energy flux deviation. Accordingly, only the variation in the refracted
angle with changing angle of incidence is presented in this case. The data used
to characterize each ply of the graphite-epoxy composite are presented in Table
1. They are identical to those used by Kriz and Stinchcomb [5] and represent the
typical behavior of a single composite ply.

One of the principal features of wave propagation in anisotropic media is the
variation in velocity with propagation direction. This effect can be quite pro-
nounced in graphite-epoxy laminates as is seen, for example, in Figure 6 for uni-

{radians )

DIRECTION OF WAVE NORMAL

1 2

INCIDENT ANGLE (radians)

Figure 9. Wave normal vs incident angle (90°).
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Figure 10. Amplitudes of reflected and transmitted waves vs incident angle (0°).

directional composite at 0° incidence. It is interesting to note the precipitous rise
in the velocity of the quasilongitudinal wave as the first critical angle is ap-
proached. This is attributable in large measure to the increasing contribution of
the reinforcing fiber to the composite stiffness as the refracted angle approaches
90°. The behavior of the quasitransverse wave, however, is somewhat different in
this respect. The variation observed in this case is much less than that of the
quasilongitudinal wave with velccity increases to a maximum in the vicinity of
the first critical angle and then decreases as the second critical angle is ap-
proached. It is not surprising that the variation in velocity of the quasitransverse
wave should be appreciably less than that of the quasilongitudinal since the effect
of the fibers on the stiffness of the composite in the direction perpendicular to the
fiber axis should be much smaller. It is also interesting to note the large deviation
in the energy flux vector from the wave normal in these composites (e.g. Figures
7 and 8). This is an important factor to consider if through transmission inspec-
tion is contemplated. Similar results are observed for the other configurations.
Figure 10 present plots of the reflected amplitude (for the longitudinal wave in

Table 1. (From Kriz and Stinchcomb [5]).

C.y = C;, = 145 GPa Ci: = 7.24 GPa
C,; = 161 GPa Ciu = Css = 7.1 GPa
C» =C,; =6.5GPa Css = (Cyy — C12)/2 = 3.63 GPa
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water) as well as transmitted wave amplitudes (for the quasilongitudinal and
quasitransverse waves in the composite) for the parallel incidence case. Here,
calculations are shown for angles of incidence (§**) increasing from normal inci-
dence to the point where the boundary conditions at the interface can no longer
be satisfied, i.e.

V,
sin 9F = —[fi sin §* = 1

w

Beyond this angle of incidence,

J_/L 3 oin 1
7 sin >

and there is no physically possible §2¢ which will satisfy this condition. Hence,
the boundary conditions cannot be solved with the formulation. It should also be
pointed out that there is in general some ambiguity in determining the actual
critical angle in an anisotropic medium as energy flux considerations must also
be taken into account. Henneke and Jones [10] have proposed an alternative criti-
cal angle criterion based on the disappearance of a mode when its energy flux
vector becomes parallel to the boundary. Discrepancies between the two criterion
may arise, depending on the shape of the slowness surface. For the problems in-
vestigated in this study, no such ambiguity arises since E | | m at the critical
angle. To see this geometrically, one must first be reminded that £ must be per-
pendicular to the line tangent to the slowness surface at the point where the slow-
ness vector intersects the slowness surface. Then, at the point where m is parallel
to the boundary E must also be parallel to the boundary. This may not be the case
for all possible composite configurations but is true for the cases studied here.

CONCLUSIONS

1. A microcomputer-based technique has been developed for studying wave
propagation features in orthotropic materials for oblique angles of incidence.

2. This work demonstrates that, even though it may be somewhat more cumber-
some to use oblique angles of incidence in composites than it is in isotropic
media, the same mode conversion techniques can be applied and can yield im-
portant information about laminate properties.

3. It is expected that this approach may be used in a scanning mode to map out
local variations in some or all orthotropic moduli. It should be noted that this
will be useful from both a qualitative standpoint (e.g. rapid visual identifica-
tion of region of substandard properties) as well as providing a quantitative
measure of all pertinent elastic moduli.
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