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Abstract

There is a lifting from a non-CM elliptic curve F/Q to a cuspidal paramodular newform
f of degree 2 and weight 3 given by the symmetric cube map. We find a description of
the level of f in terms of the coefficients of the Weierstrass equation of E. In order to
compute the paramodular level, we need a detailed description of the local representa-
tions m, of GL(2,Q,) attached to E/Q,, where m = @) 7, is the cuspidal automorphic
representation of GL(2,Ag) associated with E/Q. WZ use the available description of
the local representations of GL(2,Q,) attached to E for p > 5 and determine the local
representation of GL(2,Q3) attached to E. In fact, we study the representations of
GL(2, K) attached to E/K for any non-archimedean local field K of characteristic 0

and residue characteristic 3.
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Chapter 1

Introduction

1.1 Motivation and the problem

Ramakrishnan and Shahidi proved a lifting from a non-CM elliptic curve E over Q to a
Siegel cusp form f of degree 2 and weight 3 in [35]. Behind this lifting from elliptic curves
over Q to Siegel cusp forms of degree 2, there is a functorial transfer of automorphic
representations of GL(2) known as the symmetric cube transfer (or the symmetric cube
lifting) proven by Kim and Shahidi in [19]. See Chapter 3 for a description of the
symmetric cube lifting given by the symmetric cube map (3.1). Before proving the
symmetric cube lifting of automorphic representations from GL(2) to GL(4), Kim and
Shahidi have studied the symmetric cube L-functions attached to nonmonomial cuspidal
representations of GL(2) over an arbitrary number field in [17] and proved that these
symmetric cube L-functions are entire. In order to understand the symmetric cube
lifting in the classical setting from elliptic curves to Siegel modular forms, one needs to
study the representation theoretic phenomena behind it.

Our goal is to better understand the Siegel cusp forms of degree 2 coming from the
symmetric cube lifting using some recent results which were not available at that time.
In order to study Siegel modular forms, it is important to specify a congruence subgroup.
Some natural questions are: Which congruence subgroup should we consider to study

the Siegel modular forms coming from the symmetric cube lifting? What is the level of



a Siegel modular form obtained by this transfer with respect to a specific congruence
subgroup? We consider holomorphic Siegel modular forms of degree 2 with respect to

the paramodular group of level M,

Z MZ 7 Z
KON =Spa@)n | 7 7 £ e, )
M7 M7 MZ Z

We explain why we focus on the paramodular group instead of any other congruence
subgroups of GSp(4, Q) in Section 3.5.

Holomorphic Siegel modular forms of degree 2 with respect to the paramodular group
of some level are known as paramodular forms of degree 2. The study of paramodular
forms has received special attention in the literature in recent years. Paramodular
forms are well behaved and interesting objects in many ways; for example, there is a
theory of old- and newforms [36], and cuspidal newforms admit a strong multiplicity
one theorem [43]. Paramodular forms of weight 2 are also the ones appearing in the
famous paramodular conjecture formulated in [6]. The paramodular conjecture proposes
that every abelian surface A over Q of conductor M with End(A) = Z corresponds to
a paramodular newform of level M. There is some computational evidence to support
this conjecture. For instance, Poor and Yuen have classified Siegel modular cusp forms
of weight 2 for the paramodular group K(p) for primes p < 600 and noticed that it
is consistent with the paramodular conjecture in [34]. There is also a local theory of
paramodular fixed vectors, developed in [37], with properties similar to the familiar local
newform theory for GL(2).

At first, we study the vector-valued holomorphic Siegel modular forms of degree 2
coming from holomorphic non-CM newforms on GL(2) via the symmetric cube transfer.
Then we focus on the scalar valued cuspidal paramodular forms of degree 2 coming from
non-CM elliptic curves over Q in order to get a definite formula for the level of the

paramodular forms coming via the symmetric cube lifting.



1.2 Main results and strategies

The main results of this thesis can be divided into two categories: “local results” and
“global results”. By local results we mean local representation theoretic results. In
Chapter 4, we study the local representations of GL(2, K) attached to elliptic curves
over a non-archimedean local field K of characteristic zero. Finding a definite charac-
terization of the local representations of GL(2, K') associated to elliptic curves over K
is of independent interest; here we use the description of the local representations of
GL(2,Q,) attached to elliptic curves over Q, to calculate the level of the paramodu-
lar form attached to an elliptic curve over Q. A description of local representations of
GL(2, K) attached to elliptic curves E//K is available in [39] when E has good or po-
tential multiplicative reduction. When elliptic curves F/K have additive but potential
good reduction with the residual characteristic of K strictly greater than 3, a similar
description can be found in [50]. In this work, we find a description of the local represen-
tations of GL(2, K) attached to elliptic curves £/ K in terms of the Weierstrass equations
of E' when the residual characteristic of K is 3 and E has additive but potential good
reduction. In Chapter 5, we investigate the symmetric cube of local representations of
GL(2, K) coming from elliptic curves F/K.

We study the global results related to the automorphic representations of GSp(4)
and the Siegel modular forms of degree 2 coming from the symmetric cube lifting in
Chapter 3 and Chapter 6. Note that, attached to every non-CM elliptic curve, there is
a cuspidal automorphic representation of GL(2,Ag). Similarly, Siegel cusp forms (es-
pecially cuspidal paramodular forms) of degree 2 are related to cuspidal automorphic
representations of GSp(4, Ag) (see Section 3.5.1). We first study the symmetric cube
transfer of cuspidal automorphic representations from GL(2, Ag) to GSp(4, Ag) in The-

orem 3.2.1. This theorem is reproduced from Theorem A’ in [35], but we give a new



proof using some recent techniques. Then, using the connection between non-CM elliptic
curves (resp. Siegel cusp forms) and cuspidal automorphic representations of GL(2, Ag)
(resp. GSp(4, Ag)), we prove results about the paramodular forms coming from non-CM
elliptic curves over Q via the sym? lifting in Chapter 6. The following result is one of
our main global results from Chapter 6. We write I'c(s) = 2(27)°I'(s) with I' being

the usual gamma function.

Theorem 6.2.2. Let E be a non-CM elliptic curve over Q given by the global minimal
Weierstrass equation of the form (2.71) with coefficients in Z and conductor N. Let
A be the discriminant attached to the given Weierstrass equation and v, be the p-adic
valuation. Let A" = 373 AIA. Suppose that E has good or multiplicative reduction at
p = 2. Then there is a cuspidal paramodular newform f of degree 2, weight 3 and level
M with the following properties:
(i) The level M of f is given by M = N H p2.
uP(A)gONmod 4

(i) The completed spin L-function L(s, f) attached to f is given by

L(s, f) =T¢ <s + g) I'c <s + %) I Z:(s, ).

p<oo

where L,(s, f) = Ly(s, E,sym?®) for all places p. If p|N, then

T iof B has split multiplicative reduction at p,

T3 if E has non-split multiplicative reduction at p,

L if j(E) € Z,, and vy(A) = 0 mod 4,

(1—ap=s)(1—a~1p=9)

1 otherwise.




Here, av is an element of C* such that |a| = 1. If the following condition is satisfied

(p— Dv,(A) #0mod 12 if p> 5,
J(E) € Zy, vp(A) =0 mod 4, and

(3)=1 yv=s
then a =i (the fourth root of unity).
(11i) The Atkin-Lehner eigenvalues of f at the finite places are given by

(

-1 if p| N, and E has split mult. red. at p or satisfies (1.2),

"p w(E/Q3) if3| N, p=3 and E satisfies Sz or Sg,

1 otherwise,

\

where Sy, Sg are defined in Table 4.1 and the condition (1.2) is given by

Up(A) =0 mod 4, (p — 1)v,(A) Z0 mod 12 if p > 5,
J(E) € Z), and . (1.2)
vp(A) =2 mod 4, (§) = -1 if p=3,

The quantity w(E/Q3) appearing in part (iii) of the theorem is the local root number
of F/Qs; one can compute this quantity using Theorem 1.1 of [24]. The L-function
L(s, f) in the theorem satisfies the functional equation L(s, f) = e(s, f)L(1 — s, f),
where £(s, f) = — ], 7p- For examples, see Tables 6.2 and 6.3.

To calculate the level M of f, and the Atkin-Lehner eigenvalues 7, and the local L-
factors of f at the bad primes p | NV, we use the local data like the conductor, the L-factor
and the e-factor of sym?(,) from Chapter 5, where ™ 2~ ®,<.7, is the cuspidal automor-
phic representation of GL(2, Ag) attached to F/Q. Note that, sym?®(7) & ®,<sym?(m,)
is the cuspidal automorphic representation of GSp(4, Ag) associated to f. So, this work

is mainly based on the local and global representation theory of GL(2) and GSp(4).



Chapter 2

Preliminaries

In this chapter we give a quick introduction to the objects of our study and we also

provide a short summary of the key concepts and results that we use later.

2.1 Algebraic groups of study

The reductive algebraic groups we consider in this thesis are the following:

(i) The general linear group
GL(n) :={g € M(n x n) : det(g) # 0}.

The kernel of the determinant map det : GL(n) — GL(1) is the special linear group
SL(n). We mostly consider GL(2), GL(4) and SL(2) for our purpose.

(ii) The group of symplectic similitudes
1
GSp(4) :={g € GL(4) : 'gJg = X(g)J for A(g) € GL(1)}, J = [ ! ], (2.1)
-1

where J is a symplectic form given by the above matrix. The function A is called the
multiplier homomorphism. The kernel of this function is the symplectic group Sp(4)

and we have the following exact sequence

1 — Sp(4) — GSp(4) = GL(1) — 1.



Also, we use the group PGSp(4) := GSp(4)/Z, where Z is the center of GSp(4).

Note 2.1.1. Sometimes we consider GSp(4) with respect to the symplectic form J =
1
[_1 1}. This version of GSp(4) is called the classical version of GSp(4). There is
—1
an isomorphism between these two different versions of GSp(4) given by the map which

interchanges the first two rows and the first two columns of any matrix.

(iii) The split orthogonal group
!
SO(5) := {g € SL(5) : 'gJg = J for some \(g) € GL(1)}, J = [ = ] (2.2)
1
It is a well known fact that as algebraic groups PGSp(4) = SO(5).

2.1.1 Parabolic subgroups of GSp(4)

The group GSp(4) is one of the main focuses of our study. In order to study induced rep-
resentations of GSp(4), it is important to know the shapes of all its parabolic subgroups.
There are three different conjugacy classes of parabolic subgroups of GSp(4): the Borel
subgroup B, the Siegel parabolic subgroup P and the Klingen parabolic subgroup Q).
The parabolic subgroups of GSp(4) with the symplectic form J = [ ! ! 1} have the

following shapes

B=| iz, p=[ii]s =) it (2.3)

} . (2.4)



2.1.2 Congruence subgroups of GSp(4, K)

Let K be a non-archimedean field of characteristic zero with residual characteristic p.
Let ok be the ring of integers of K, and let p be the maximal ideal of 0x. In this thesis,
we consider the vectors in a certain family of representations of GSp(4, K) fixed by the
following compact open subgroups of GSp(4, K).

(i) The paramodular group of level p”

"ok 0K Ok

0F 0K O P‘”]
popT Pt ok

K(p") = {g € GSp(4, K) : det(g) € o} N [g" oic o o

(ii) The Siegel congruence subgroup of level p™

0 0K O 0K
Fo(p™) = GSp(d, o) N {;s o o ;} (2.6)

p" p" ok ok
(iii) The principal congruence subgroup of level p”

. n + n n n

2.2 Non-archimedean local representations

Let K be a non-archimedean local field of characteristic zero. Let ox be the ring of
integers of K, and let p be the maximal ideal of ox. Let wy be a generator of p and
k = o /p be the residue field of K of order ¢q. Let v be the normalized absolute value
on K such that v(wg) =q 1.

Let G be the group of K-points of an algebraic group defined over K. Then G is a
locally compact totally disconnected topological group. All representations from now on

will be on a complex vector space. A representation (m, V) of G is a complex vector



space V' along with a homomorphism

m: G — Aut(V), (2.8)

where Aut(V) denotes the invertible C-linear endomorphism of V. We say that V is
the representation space or the space of the representation. We denote a representation
simply by 7 or sometimes just by V', whichever is convenient. If dim(V) < oo, then
we say m is a finite dimensional representation. Otherwise, we say 7 is an infinite
dimensional representation. In this text we are only concerned about infinite dimensional

representations of G.

Definition 2.2.1. A representation (w,V) of G is called smooth if for every vector

v €V, the stabilizer Stabg(v) == {g € G : m(g)v = v} of v in G is open.

Definition 2.2.2. A representation (7w, V') of G is called admissible if it is smooth and
for each compact open subgroup K' of G, the space VX' of vectors fized by K' given by

VE ={v eV :rm(k)w=uv for all k' € K'} is finite dimensional.
We say a subspace W of V' is G-invariant if {r(g)w:g € G,w € W} CW.

Definition 2.2.3. An admissible representation (mw,V') of G is called irreducible if
the only G-invariant subspaces of V are O and V. We say 7 s reducible if ™ is not

rreducible.

An irreducible constituent or irreducible subquotient of a smooth representation (7, V)
of G is an irreducible representation of G isomorphic to W/W' where W' C W are G-
invariant subspaces of V. A character of G is a smooth one-dimensional representation

of G, i.e., a continuous homomorphism from G to C*.

Definition 2.2.4. A representation (w,V) of G is called unitary if there is a non-

degenerate G-invariant Hermitian form on the representation space V.



Definition 2.2.5. Let V* = Hom¢(V, C) be the space of linear functionals on V. Then

the representation (7*,V*) of G given by

(7" (9)f)(v) = f(x(g " v), (2.9)

where g € G, f € V* and v € V is not necessarily smooth. Let V'V be the subspace of V*
consisting all f € V* such that the stabilizer stabg(f) of f under the action of G as in
(2.9) is open. Then (¥, V") with the action of G as in (2.9) is a smooth representation

of G, called the contragredient representation.

Definition 2.2.6. For any representation (7,V') of G and a character x : K* — C*,
one can form a twist (m @ x, V) of the representation 7, where the action of G on'V is
given by

(m @ x)(g9)v = x(det(g))m(g)v- (2.10)

Given two representations (71, V1) and (m, V3) of a group G, a linear map T : V; — V;
satisfying T'o 7 (g) = ma(g) o T for all g € G is called an intertwining map. We have
the following well-known result about intertwining operators on irreducible admissible

representations of G.

Theorem 2.2.7 (Schur’s Lemma). Let (7, V') be an irreducible admissible representation
of a totally disconnected locally compact group G and let T : V — V be an intertwining

operator for w. Then there exists a complex number ¢ such that T'(v) = cv for allv € V.

An immediate and useful consequence of Schur’s Lemma is that the center Z of G
acts by scalars on an irreducible admissible representation (7, V") of G. So, there is a

character w, : Z — C*, called the central character of (7, V'), such that

m(2)(v) = wg(2)v forze Z, veV. (2.11)

10



2.2.1 Induced representations

One of the well-known ways of constructing representations of G is by inducing a rep-
resentation of a closed subgroup H of G. Let C.(G) be the complex vector space of all
locally constant, compactly supported complex valued functions on G. Suppose G is
unimodular, i.e., every left Haar measure of GG is also a right Haar measure of G. Let
H = MU be a closed subgroup of G such that G/H is compact; here M, U are also
closed such that M normalizes U and M NU = 1. Then U is also unimodular. Now we
fix a Haar measure du on U. For h € H and u € U, we define §y(h) to be the positive

number such that for all f € C.(U),

/U F(h—Yuh)du = 55 (h) /U Fu)du.

We call 6y (h) : H — C* the modular character of H. Let (o, W) be a smooth represen-
tation of M where H = MU. Then the representation (Ind%(c), V) of G induced from

o is called a normalized induced representation of GG, where V' is given by
V= {f L G — W|f(mug) = dg(m)2a(m)f(g) form € M,ueU,g € G} , (2.12)
and the action G on V' is defined as

(Ind$;(o)(d)f) (9) = fgg') forallg,¢ €G. (2.13)

When H = MU is a parabolic subgroup of G where M is the Levi subgroup of H and

U is the unipotent radical, we call this induction process a parabolic induction.

11



2.2.2 Representations of GL(2, K)

In this section we discuss the infinite dimensional irreducible admissible representations
of G = GL(2, K). Some general references for this section are [7] and [9]. As parabolic
subgroup, we have the standard Borel subgroup B consisting of upper triangular ma-
trices. Let x; and yo be characters of K*. Let V(xi,x2) be the space of the stan-
dard induced representation m(x1, x2) of G consisting of all locally constant functions

f:GL(2, K) — C with the property
f(etlg) = |ad’1|%xl(a)x2(d)f(g) forall g e G, a,de K*,be K. (2.14)

The action of G on V(x1, x2) is given by right translations as in (2.13). The induced
representation 7(x1, x2) is admissible, but, not always irreducible, and the central char-
acter of w(x1, x2) 18 x1Xx2- It is a well-known fact that 7(x1, x2) is irreducible if and only
if x1x5' # vt In that case (1, x2) is called a principal series representation and
denoted by x1 X xa.

The induced representation W(XV%, XV_%) is reducible and has two constituents. The
unique irreducible quotient is y-twist of the trivial representation, which is finite dimen-
sional. The unique irreducible infinite dimensional subrepresentation is called a special
representation or a twisted Steinberg representation, which we denote by xStqr2)-
Specifically, when y = 1, i.e., the induced representation is 71'(1/%, 1/’%), the unique ir-
reducible subrepresentation is called the Steinberg representation which we denote
by Star). So, all special representations are obtained as twists of a single one, the
Steinberg representation. We have the following result regarding isomorphisms between

induced representations.

Theorem 2.2.8. The wrreducible admissible representations x1 X X2 and py X ps of

GL(2, K) are equivalent if and only if x1 and x2 are equal to py and ps in some order.

12



There is one more kind of infinite dimensional irreducible representations of GL(2, K),
known as the supercuspidal representations. Every irreducible representation that is not
a subquotient of some 7(x1, x2) is called supercuspidal. There is an important class of
supercuspidal representations of GL(2, K) known as dihedral supercuspidal rep-
resentations. We denote a dihedral supercuspidal representation by wg¢, which is
associated with a quadratic field extension F/K and a character £ of F'* that is not
trivial on the kernel of the norm map Np/k from F* to K*. We will give an explicit
description of dihedral supercuspidal representations in Section 2.4 in terms of its Lang-
lands parameter. The central character of a dihedral supercuspidal representation wg
of GL(2, K) is &|gx - Xr/k, where xp/i is the quadratic character of K* associated to
the quadratic extension F/K such that xp/x (NF/K(FX)) = 1. The following is a very
useful fact about the dihedral supercuspidal representations of GL(2, K) with trivial

central character. We will use this remark quite often in this article.

Remark 2.2.9. The central character of the dihedral supercuspidal representation wr¢
of GL(2, K) is £k~ - Xr/K, where Xp/k is the quadratic character of K* associated to
the quadratic extension F/K such that xp/k (NF/K(FX)) = 1. Here Npx is the norm
map from F* to K*. If wpe has trivial central character, i.e., {|xx - xp/x = 1, then by

evaluating & at Np/k(y) for any y € F*, we get & =& on F*.

Conductors, L-factors and e-factors.
There is some important data associated to each type of irreducible admissible represen-
tations of GL(2, K') which are used when we study connections between local represen-

tation theory and theory of modular forms. For an integer n > 0, we define a congruence

subgroup I'o(p™) of GL(2, K) as follows

To(p™) = [55 2%] N GL(2, o). (2.15)
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Definition 2.2.10. Let (7w, V) be an infinite-dimensional irreducible admissible repre-
sentation of GL(2, K). Letn > 0 be the minimal integer such that the space V7o®") of
vectors fized by T'o(p™) is nonzero. We say the conductor a(m) of m is n. If a(w) = 0,
we say w is unramified; otherwise it is ramified.

An important fact is that the dimension of Yot ™) 45 1. A vector in V") g

called a new vector (or a local newform), and is analogous to the notion of newform
in the theory of modular forms. For a character x of K*, we say that x has conductor
a(x) = n if n is the smallest non-negative integer such that x|i4pn,, = 1. Now we
give a list of the conductors a(m) for the infinite-dimensional irreducible admissible

representations of GL(2, K).
e For a principal series representation m = x1 X X2, a(m) = a(x1) + a(x2).

e For a twist of the Steinberg representation 7 = xStqr), a(m) = 2a(x) if x is

ramified and a(m)=1 if y is unramified.

e For a supercuspidal representation 7, we know a(mw) > 2.

To the infinite-dimensional irreducible admissible representations 7 of GL(2, K') one can
associate certain functions called L-factors L(s,7) and e-factors (s, m, ), where 1) is
an additive character of K. One can define L(s,7) and &(s,m, 1) using the theory of
zeta integrals; see Chapter 6 in [14] or Chapter 4 in [7]. For the purpose of this text,
we emphasize another way of assigning the conductor, the L-factor and the e-factor to
7w using its L-parameter and the local Langlands correspondence. We discuss this in

Section 2.5.

2.2.3 Representations of GSp(4, K)

Now we consider the infinite dimensional irreducible admissible representations of G =

GSp(4, K). Some good references for this section are [37] and [40]. There are two
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classes of irreducible admissible representations of GSp(4, K'). The first class consists of
all those representations that can be obtained as subquotients of parabolically induced
representations from one of the parabolic subgroups B, P and @ as in (2.3). Sally and
Tadi¢ have classified these representations in [40] (also see section 2.2 in [37]). The
representations in the first class are also known as non-supercuspidal representations of
GSp(4, K). The second class consists of all the other representations; these are called
supercuspidal. The supercuspidal representations of GSp(4, K') are not classified as well
as in the case of GL(2, K), even for odd characteristic. Here we give a summary of the
non-supercuspidal representations of GSp(4, K); these are separated into eleven groups
as in Table A.1 of [37]. Each group contains irreducible constituents of a parabolically
induced representation of GSp(4, K). If an irreducible non-supercuspidal representation
7 of GSp(4, K) is a constituent of the parabolically induced representation of Group #,
where “#” is the name of a group in Table A.1 of [37], then we say 7 belongs to the
group # or 7 is a “Type # representation” or sometimes we just say m is of Type #.

Borel-induced representations. Every element h of the Borel subgroup B can be

written in the form

h:{ bk ], with a,b,c € K*. (2.16)

ca~

Let x1, x2 and o be characters of K*, and consider the character of B given by

U e @ (2.17)

Then the normalized Borel-induced representation of GSp(4, K) obtained by the char-
acter (2.17) of B is denoted by x1 X x2 X 0 and the representation space consists of all

locally constant functions f : GSp(4, K') — C* such that

g ({ ﬂg)ﬂa%ud3X1<a>><2<b>a<c>f<g> for all g € GSp(4, K).  (2.18)

ca
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The group GSp(4, K) acts on this space by right translations as defined in (2.13). All
the irreducible constituents of Borel-induced representations of the form y; X y2 X o are
listed within group I to VI in the Table A.1 of [37]. The central character of x; X xa X o
is X1x207.

Siegel-induced representations. Every element h of the Siegel parabolic subgroup

P can be written in the form
h=1[4"] with A€ GL(2), A€ K*and A" =[9§]"A7'[9}]. (2.19)

Let (7, V') be an admissible representation of GL(2, K) and o be a character of K, and

consider the representation of P on V' given by
(4 50 ] = a(N)m(A). (2.20)

Then the normalized Siegel-induced representation of GSp(4, K) obtained from this
representation (2.20) of P is denoted by 7 x ¢ and the representation space consists of

all locally constant functions f : GSp(4, K) — V such that
(U 3ielo) = 1det(A 2o (Nr(A) f(g)  for all g € GSp(4, ). (2.21)

Again, the group GSp(4, K) acts on this space by right translations as defined in (2.13).
All the irreducible constituents of Siegel-induced representations of the form = x o are
listed within group X and XI in the Table A.1 of [37]. The central character of 7 X o is
wr0?, where w, is the central character of 7.

Klingen-induced representations. Every element h of the Klingen subgroup @) can

be written in the form

* *

h= [AA k] with A€ GLE), A e K7 (2.22)
A~ ldet(A)
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Let (m, V) be an admissible representation of GL(2, K') and x be a character of K, and

consider the representation of Q on V' given by

[Az : }»—>X()\)7T(A). (2.23)

Then the normalized Klingen-induced representation of GSp(4, K) obtained from the
representation (2.23) of @ is denoted by x x 7 and the representation space consists of
all locally constant functions f : GSp(4, K) — V such that

P[5 LG ]o) = det() I r(4) (o) for all g € GSp(4, K). (220

As before, GSp(4, K') acts on this space by right translations as defined in (2.13). All
the irreducible constituents of Klingen-induced representations of the form y x 7 are
listed within group VII to IX in the Table A.1 of [37]. The central character of x x 7 is

XWr, Where w; is the central character of 7.

2.3 Archimedean local representations

In this section we review some features of representations of the real reductive group
GSp(4,R) that we use in Section 3.5 when we talk about the connection between Siegel
modular forms and automorphic representations of GSp(4, Ag). Mainly we focus on a
class of lowest weight representations of Sp(4, R) which appears as the infinite component
in the automorphic representation attached to a holomorphic Siegel modular form. Our

main references for this section are [21], [42].
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2.3.1 Root System of Sp(4,R)

1
We consider GSp(4,R) and Sp(4, R) with the symplectic form J = [_1 1] . The Lie
-1

algebra of Sp(4,R) is given by
g= {XGM(4,R): tXJJrJX:O}.
The standard maximal compact subgroup K of Sp(4,R) is given by
K={[/4%] €GLA4,R): A'"A+B'B=1, A'B=B'A}.

We have K 2 U(2) via the isomorphism [ ‘5 §] — A+ iB. The Lie algebra  of K is
given by
b= {[ 48] e MAR): A=—'A B="'B}.

This is also the 1-eigenspace of the Cartan involution §X = —*X. The (—1)-eigenspace
is

p={[ 4] e MUR): A="A B="B},

so that g = €@ p. The complexification p® of p decomposes as p© = p§ @ p®, where
pr={[a T4 e MUR): A="A}.

Then we have [€°,pT] C p§ and g© = pS @ €© @ p=. A basis of € is given by

0010 00O0O0 0100 0 001
0000 0001 —-10 0 0 0 010
—-1000 (> 0 0O00f(> 0001} 0 -100]-
0000 0-100 0 0-10 -1 000
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Let h be the Cartan subalgebra spanned by the first two elements. The corresponding

analytic subgroup H consists of all elements of the form

cos(0) sin(0)

H = { [—sin(G) o) cos(0) Sin(e/)] : 6’ S R/QW%Z} (225)

—sin(¢’) cos(0")

We consider the following basis for the complexification £,

0 0
Z =—i| 219
0

00 1 10 —i 170 1 0

01 N, = = 10 —i 0 N == -10 7 0

00 (> +_2 0z 0 1 | *_2 0 —¢ 0 1]-
0 00 i 0—-10 - 0 —-10

Then [Z, Ni] = £N and [Z’, Ni] = FN4. The Cartan subgroup h© of g© is spanned
by Z and Z'. Let (h¢) := Home(h®,C). We define gy := {X € ¢ : [H, X] =
MH)X for all X € (§€)'}. The set A of all roots is defined as A := {\ € (hC) : g, #
0}. We identify an element A € h© with the pair of complex numbers (A(Z), \(Z")).
Moreover, we call A € (h*)" an analytically integral element of (h€)' if \(Z), \(Z') € Z.

If we restrict A to b then the linear map (A(Z), \(Z’)) is the derivative of the character

cos(0) sin(6)
cos(0) sin(6")
—sin(6) cos(0)
—sin(0’) cos(6")

s INZ)0+INZ)" (2.26)

of the group H. Let E be the R-subspace of (h®)’ spanned by the root vectors 4(1, —1),
+(0,2), £(2,0) and £(1,1). Here, +(1, —1) are the compact roots and others are non-
compact roots. The roots form a root system of type By in E. The space (ib)" appearing
in Theorem 9.20 of [21] is our Euclidean space E. Figure 2.1 shows the roots and the
analytically integral elements on the plane. An element A € E is called non-singular if
(A, a) # 0 for all roots @ € A, i.e., if X does not lie on a wall in Figure 2.1. Suppose R,
denotes the reflection in the hyperplane perpendicular to the root vector A\. Let W be
the Weyl group of this root system, i.e., W = (R : A € A). Let Wi be the compact

Weyl group generated by the reflection in the hyperplane perpendicular to the root
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(1,-1).

2.3.2 Minimal K-type and representations of GSp(4,R)

There is an equivalence class of irreducible representations of K = U(2) associated to
each analytically integral element A = (A1, A2) € E with A\; > Ao, we call it the minimal
K-type and denote it by V() x,). We refer to (A1, A2) as the highest weight of V{3, ,), and
to any non-zero vy € V() ,) with this weight as a highest weight vector, i.e., N vy = 0.

A representation 7w of Sp(4,R) is by definition a Harish-Chandra module, i.e., 7 is
a (g, K) module. Let Sp(4,R)* be the subgroup of GSp(4,R) where u(g) € {£1}.
It contains Sp(4,R) with index 2. Its standard maximal compact subgroup K+ :=
{diag(1,1,—1,-1)} x K. As explained on pg. 4 of [42], a K-type Vjy, »,) of Sp(4,R)
with Ay # —\; induces to a K*-type of Sp(4,R)* and the K-type V[, ) extends to
two different K*-types V] _,) and V{5 ) of Sp(4,R)*. A representation of Sp(4,R)*
is a (g, K*) module. A representation of GSp(4,R) is a (g/, K*) module which is a
natural extension of the representation of Sp(4, R)*. Here g’ & R @ g is the Lie algebra
of GSp(4,R).

A representation 7 of Sp(4,R) or Sp(4,R)* or GSp(4,R) is admissible, if each of
its K-types occurs with finite multiplicity. In this case we can write 7 as m = @ m,V),
where A = (Aq, A\g) runs over analytically integral elements of E' with A; > Ay, and m,, is
the multiplicity with which V) occurs in 7. If my # 0 and A is closer to the origin than

any other A with my # 0, then we call V) or simply A a minimal K-type.

Discrete series representations of Sp(4,R).

Harish-Chandra parameterized the discrete series representations X, of Sp(4,R) by an-
alytically integral and non-singular elements A € E, modulo the action of the compact
Weyl group of Wx. For such a Harish-Chandra parameter \ of X,, the lowest

K-type of the corresponding discrete series representation is given by the Blattner pa-
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Figure 2.1: The root vectors and the holomorphic discrete series representation with
minimal K-type A = (3, 3).
rameter A = \ + d,. — 0., where §,. (resp. d.) is half of the sum of the non-compact
(resp. compact) positive roots; here “positive” means with respect to the Weyl chamber
in which A lies. The Harish-Chandra parameter A of a discrete series representation X
is in one of the regions 1, 2, 3 or 4 as showed in Figure 2.1.

e If )\ is in region 1 (and non-singular, and analytically integral), then we call X,
a holomorphic discrete series representation and it has minimal K-type A =
A+ (1,2). f A= (k—1,k—2) with k£ > 3, then A = (k, k), a one-dimensional K-type.
These are the discrete series representations generated by holomorphic Siegel modular
forms of weight k. For example, Figure 2.1 (shaded area) shows the holomorphic discrete
series representation of minimal K-type A = (3, 3), which corresponds to a holomorphic
Siegel modular form of weight 3 that we encounter in Section 6.

e If X is in region 2 (and non-singular, and analytically integral), then we call X,
a large (or generic) discrete series representation and it has minimal K-type A =

A+ (1,0). If X is in region 3, then also we have a large discrete series representation.
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It is symmetric to the one in region 2 with respect to the diagonal running through the
root vectors N_ to N, in figure 2.1.

e If )\ is in region 4 (and non-singular, and analytically integral), then we call X, a
antiholomorphic discrete series representation. The A in region 4 is symmetric to the
one in region 1 with respect to the diagonal running through the root vectors N_ to N

in figure 2.1.

Limits of discrete series representations of Sp(4,R).

The limits of discrete series representations of Sp(4, R) are parameterized by analytically
integral and singular elements A € E of the forms (p,0), (0, —p) or (p, —p) where p > 0
is an integer. When A\ = (p,0) with p > 0, there are two types of representations:
a holomorphic limit of discrete series representation X} with minimal K-type A =
(p+1,2) and a large limit of discrete series representation X3 with minimal K-type
A = (p+1,0). For A = (0, —p) or (p, —p), we get an anitiholomorphic limit of discrete

series representation or a large limit of discrete series representation.

Non-tempered lowest weight representations of Sp(4,R).
For A = (p, 1) there exists a lowest weight module Y) with minimal K-type A = (p+1,1)
(see Proposition 2.8 of [21]). This is a non-tempered representation, we call Y) a non-

tempered lowest weight representation of Sp(4,R).

Representations of GSp(4, R).
Let A = (A1, A2) and X' = (—=Xy, —A1) be two analytically integral (singular or non-
singular) elements in E. Let 7, and 7y be representations of Sp(4, R) parametrized by

A and X of type either discrete series, or limits of discrete series, or non-tempered lowest
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weight. Then 7 and 7y are conjugate via diag(1,1, —1,—1) and we have

. 1Sp(4,R)* . 1Sp(4,R)E
T = mdsi&m&% (my) = 1ndSEE47R; (7)), (2.27)

a representation of Sp(4,R)*. The restriction of m to Sp(4, R) decomposes into a direct
sum 7y P my, i.e., its K-type is the combination of K-types of 7, and 7). As explained
before, one can extend the representation (2.27) to a representation of GSp(4,R) =
R-o % Sp(4,R)* by letting R+ act trivially.

For example, if A is a non-singular, analytically integral element of E contained in
region 1, then ) is a non-singular, analytically integral element of E contained in region
4. 1In this case they generate the same representation of GSp(4,R) by (2.27), which
we call a holomorphic discrete series representation X, of GSp(4,R). If X is a non-
singular, analytically integral element in region 2 or 3, then we get a large or generic

discrete series representation X, of GSp(4,R) by (2.27) .

2.3.3 Lowest weight representations

We say a representation 7 of GSp(4, R) is a lowest weight representation if it admits
a non-zero vector v such that X_v = 0, PL_v = 0 and Fy,_v = 0. In this case, the
highest weight vector vy in any K-type contributing to v is then annihilated by the roots
(—=1,1), (0,—2), (—=2,0) and (1, —1). The possible lowest weight representations are the
holomorphic (limits of) discrete series and the non-tempered lowest weight modules.
We define the weight of one of these representations to be the pair of non-negative
integers (k, j) such that A = (k+j, k) is the minimal K-type. For each (k,j) € ZsoXZ>o
there exists a unique representation of GSp(4,R) of type holomorphic discrete series,
holomorphic limit of discrete series or the non-tempered lowest weight module with
weight (k, 7). We denote this unique representation by By ;. It is a holomorphic discrete

series representation if £ > 3, a holomorphic limit of discrete series if k£ = 2, and
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non-tempered if £ = 1. We get a uniform description of the L- and e-factors of these
representations if we parametrize them by weight rather than by their Harish-Chandra
parameter. The lowest weight representations By, ; are associated with the vector-valued

holomorphic Siegel modular forms of weight (&, j), we will discuss this in Section 3.5.

2.4 Weil-Deligne representations

In this section we recall some basic facts about representations of the Weil group and

the Weil-Deligne group. The main references for this section are [49], [39] and [22].

2.4.1 Non-archimedean case

As before, let K be a non-archimedean field of characteristic zero with residual charac-
teristic p. Let ox be the ring of integers of K, and let p be the maximal ideal of 0.
Let k = ok /p be the residue field of K of order gq. Let K" be the maximal unramified
extension of K inside K. Let W (K /K) be the Weil group of K. It is a subgroup of the

absolute Galois group Gal(K /K), fitting into the following diagram.

1 — Iy —Gal(K/K) — Gal(k/k) —=1

N |

1—>IK—>W(K/K) (®) 1

Here ¢ is the inverse of the Frobenius automorphism x — 29 on the residue class field
extension k/k. We fix a pre-image ® of ¢ in Gal(K/K); such a ® is called an inverse
Frobenius element of Gal(K/K). Then by definition

W(K/K)=| | o I, (2.28)
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where I is the inertia group, which can be identified with the Galois group Gal(K /K"™).
The topology on W (K /K) is such that I is an open subgroup, that the topology on
I is the Krull topology inherited from Gal(K/K), and that left multiplication by ®
is a homeomorphism. The Weil group comes equipped with the Artin isomorphism
K> =2 W(K/K)*. Our normalization is such that this isomorphism identifies ® with a
uniformizer wy of K.

A representation of W (K/K) is a continuous homomorphism ¢ : W(K/K) —
GL(V), where V is a finite-dimensional complex vector space. The continuity condi-
tion is equivalent to the requirement that ¢ be trivial on an open subgroup of Ix. We
say that ¢ is ramified or unramified according as ¢|;, is nontrivial or trivial. Let w
be the one-dimensional representation of W (K /K) with the property w(lx) = 1 and
w(®) = ¢~*. Then w corresponds to the normalized absolute value | - | on K via the
Artin isomorphism K* = W (K /K).

The Weil-Deligne group W’(K/K) is defined as W/(K/K) = W(K/K) x C, with
the action of W(K/K) on C given by gzg~! = w(g)z for g € W(K/K) and z € C. A
representation of W’(K/K) is a continuous homomorphism ¢’ : W/(K/K) — GL(V),
where V' is a finite-dimensional complex vector space, such that the restriction of ¢’ to
C is complex analytic.

More important than to know the formal definition of the Weil-Deligne group is to
know the following fact about its representations. There is a one-to-one correspondence
between representations ¢’ of W/(K/K) and pairs (¢, N), where ¢ is a representation

of W(K/K) and N is a nilpotent endomorphism of V' with the property

w(9)Ne(g)™ = w(g)N. (2.29)

The relationship is that ¢'|yy (g /) = ¢ and ¢'(z) = exp(zN) for z € C. If ¢’ and the pair

(p, N) are related in this way, we shall simply write ¢’ = (¢, N). We could have defined
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the notion of “Weil-Deligne representation” as pairs (¢, V) without actually defining
the Weil-Deligne group. Since representations of the Weil group are naturally identified
with pairs (¢, 0), the notion of Weil-Deligne representation is an extension of the notion
of Weil group representation.

Here is the basic example for a representation which is honestly Weil-Deligne and

not Weil. Let ey, ..., e,_1 be a basis of C". Define ¢/ = (p, N) by the following formulas

o(g) = w(g)jej, forg€e W(K/K), j=0,..,(n—1).
(2.30)
and Ne,_1 =0, Nej=¢ejy1, j=0,..,(n—2).

Then (2.29) is satisfied, so that we have indeed defined a Weil-Deligne representation.
This representation is denoted by sp(n) and called the special representation of dimension
n. In terms of matrices ¢’ = (¢, V) has the following form
1 0

e(g) = - , geW(K/K), N=["° | (2.31)
10
Though this is the standard definition of the special representation sp(n) as in [39], but
sometimes for simplicity of calculation we choose an equivalent form of sp(n) given as

follows

w(g)nt 01

o(g) = '-.w(g) ,gEW(K/K), N=/| " " |. (2.32)

We call a representation ¢’ = (¢, N) of W/(K/K) admissible if p(®) is a semisimple
linear transformation. We say ¢’ is indecomposable if it cannot be written as a
direct sum of proper subspaces invariant under W/(K/K). We say ¢ = (¢, N) is
irreducible if ¢ is irreducible and N = 0. It is a well known result that every admissible

indecomposable representation of W/(K /K) is equivalent to a representation of the form
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¢ @ sp(n), where ¢ is an irreducible representation of W(K/K). Every admissible

representation ¢’ of W/(K /K) has a decomposition of the form

S

¢ =@ (v @sp(ny)), (2.33)

j=1

where ¢, is an irreducible representation of W (K /K) and n; is a positive integer.

Imprimitive representations.
A representation of a group G is called primitive if it is not induced from a proper
subgroup. Otherwise it is called imprimitive. We shall describe an important class
of imprimitive irreducible representations of W(K/K). It turns out that the great
majority of irreducible representations of W(K/K) are imprimitive; exceptions occur
only in residual characteristic 2.
Let F be a quadratic extension of K. Then W(K/F) C W(K/K) is a subgroup
of index 2. Let o be any element of W(K/K) that does not lie in W(K/F). Then o
induces the non-trivial Galois automorphism of F'/K. Let £ be a character of W (K /F).
The conjugate character £ of W (K /F) is defined by &(z) = &(oxo™!) forz € W(K/F).
Assume that £ is regular, i.e., £ # 7. The induced representation
p = indyy (1/10(€) with € # €, (2.34)
is irreducible. By Corollary (2.2.5.2) of [49], every irreducible representation of W (K /K)
is obtained in this way (with some quadratic extension F'/K and some regular character
¢ of F*) if the residual characteristic of K is not 2. With respect to a suitable basis, ¢

has the following matrix form,

reW(K/F), and (o) = [6(02) 1]. (2.35)
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2.4.2 Archimedean case

The real Weil group Wg is defined as W = C* U jC*, where the multiplication on

1

C* is standard, and where j is an element satisfying j?> = —1 and jzj ! = z (complex

conjugation) for z € C*. Here we have an exact sequence
1 —-C* — Wg — {£1} — 1 (2.36)

where the third map is determined by sending C* +— 1 and 7 — —1.

A (semisimple) representation of W is a continuous homomorphism Wg — GL(n, C)
for some n such that its image consists entirely of semisimple elements. Basic facts about
Wy are explained in [22]. Every semisimple representation of Wy is fully reducible. An
irreducible semisimple representation of Wy is either one- or two-dimensional. The

complete list of one-dimensional representations of Wx is as follows:

R e N A= (2.37)

R e e N (2.38)

where ¢t € C, and we write a non-zero complex number as re? with r € Ry, and

0 € R/27Z. The two-dimensional representations of Wg are precisely

|: T2t€i29

. 00 . (-1)¢
Py iret ] 32 [T (2.39)

T

Here /¢ is a positive integer and ¢ € C. Often, we will only consider the case t = 0; in

this case, we write ¢4 instead of ¢4 o and ¢, instead of ¢y .
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2.5 Langlands correspondence and L-parameter

In this section we discuss the local Langlands correspondence for GL(2) and GSp(4).

The main references for this section are [4], [49], [27] and [22].

2.5.1 Non-archimedean case

Let K be a non-archimedean field of characteristic zero and G be a split, connected,
reductive, linear, algebraic group over K. Some examples of such group are GL(n),
GSp(4). Let G be the dual group of G, which is a complex Lie group whose root system
is dual to that of G. For G = GL(n), G = GL(n, C) and for G = GSp(4), G = GSp(4, C).

Robert P. Langlands conjectured that there exists a bijection between equivalence
classes of admissible homomorphisms ¢’ : W/(K/K) — G and finite sets II(¢') of
isomorphism classes of irreducible admissible representations of G(K). This bijection
is known the local Langlands correspondence for G and satisfies certain desiderata; see
[4] and [27]. We say that ¢’ is the Langlands parameter (or L-parameter) for each
irreducible admissible representation of GG in the finite set I1(¢’). Sometimes we also call
the set I1(¢') the L-packet of the admissible homomorphism ¢’ of W/(K/K).

The local Langlands correspondence for GL(n, K) is known; see [15] and [16]. In fact
in this case, there is a one-to-one correspondence between the isomorphism classes of
irreducible admissible representations 7 of GL(n, K) and the n-dimensional admissible
representations ¢’ = (¢, N) of W/(K/K). Here we list the L-parameters (¢, N) for the
infinite dimensional irreducible admissible representations 7 of GL(2, K'). We identify

the characters of W(K/K) and K* via the Artin isomorphism K* = W (K /K)?".

e When 7™ = y; X Y2, where x1, x2 are characters of K* with x1x5' # | - [}, the
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L-parameter is given by

,w€ W(K/K) and N = 0. (2.40)
e When 7 = xStqr(2), where x is a character of K, the L-parameter is given by

p(w) =

o] 2 x(w)
00

},w € W(K/K) and N = [0 1] (2.41)

lw|™ 2 x(w)

e When 7 is a supercuspidal representation, the L-parameter is an irreducible repre-
sentation of W (K /K) with N = 0. If 7 is a dihedral supercuspidal representation,

ie., T = wpe, where F' is a quadratic extension of K and a character § of F',

W(K/K)

then the L-parameter is ¢ = indW(R/F)

(&) with & # €7 as in (2.34), where &
is the character of W (K /F) associated to ¢ of F* via the Artin isomorphism

FX = W(K/F)™.

Fact 2.5.1. If the residual characteristic of K s not 2, then every supercuspidal rep-
resentation m of GL(2, K) is isomorphic to a dihedral supercuspidal representation m =
wre, where F' is a quadratic extension of K and a character § of F'*. In this case ™ has

the following L-parameter as in (2.35)
zeW(K/F), and (o) = [5(02)1]

The local Langlands correspondence for GSp(4, K) is also known; see [12]. Let m
be an irreducible admissible representation of GSp(4, K) with the L-parameter ¢’ :
W/'(K/K) — GSp(4,C). Since GSp(4,C) € GL(4,C), we can consider ¢’ as an admis-

sible representation of W’(K/K). The L-parameters for non-supercuspidal representa-
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tions of GSp(4, K) are listed in Section 2.4 of [37] (also see Table A.7 in [37]).

Conductor, L- and e-factors of L-parameters

Suppose ¢’ = (¢, N) is a representation of W’(K/K) acting on the space V. Let ® €
W (K/K) be an inverse Frobenius element, and let I = Gal(K/K"™) Cc W(K/K) be
the inertia subgroup. Let Vy = Ker(N) and V& = {v € V : p(g)v = v for all g € I}
and V{ = V!N Vy. Then the L-factor of ¢’ is defined by

L(s.¢) = det (1 - gp(@)lyy) - (2.42)

and the e-factor of ¢’ is defined by

(s, 00) = (s, 0, 1)t (—a*@(@)lyryvyg ) (2:43)

where 1 is an additive character of K with conductor (exponent) 0. These are the
definitions from p. 60 of [37].
Another important quantity attached to a representation ¢’ of W/(K/K) is a non-

negative integer called the conductor, denoted by a(y’) and defined by
a(p) = alp) + dim(V7') — dim(V7), (2.44)

where a(y) is the conductor of ¢ defined as in Section 10 of [39]. For general facts on

L-factors, e-factors and conductors of Weil-Deligne representations ¢, see [49] and [39].

Note 2.5.2. Let 7 be an irreducible admissible representation of G(K), here we consider
G(K) to be either GL(2, K) or GSp(4, K). Let @' be the L-parameter of w. So, ¢ is an
admissible representation of W'(K/K) and L-factor, e-factor and conductor of ' are
defined as in (2.42), (2.43) and (2.44). Then, as a part of the desiderata of the local

Langlands correspondence for G(K), we have
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e The L-factor of m, L(s,m) = L(s,¢").
o The e-factor of w, e(s,m, 1) = (s, ¢, ).
e The conductor of , a(m) = a(y¢').

In fact, all the representations in the L-packet 11(¢") have the same conductor, L-factor,

and e-factor.

As we discussed before in Section 2.2, there are other ways to define a(w), L(s, )
and (s, m, 1) for an irreducible admissible representation 7 of G(K). But, since it is
easier to calculate these local data for the L-parameter of 7, we consider Note 2.5.2 as
the definitions for L(s, ), e(s,m, %) and a(m).

For irreducible admissible representations of GL(2, K), one can find these local data
in Chapter 4 of [7]. Here, we mention the conductor formula of dihedral supercuspidal

representations of GL(2, K') since we use it multiple times in this text.

Conductor of a dihedral supercuspidal representation.
Suppose ¢ be an imprimitive representations of W (K /K) as defined in Section 2.4, i.e.,

K/K)

o= ind“:‘v/g R/P) (&) with & # €7, where F/K is a quadratic extension. Then we have the

following formula for the conductor a(y¢) of ¢ (see VI.2 of [46]),
a(p) = dim(§d(F/K) + f(F/K)a(E), (2.45)

where dim(§) = 1, £ being a character; d(F/K) is the discriminant of the field extension

F/K; f(F/K) is the residue class degree, and a(§) is the conductor of &.
Let m = wpe be a dihedral supercuspidal representation of GL(2, K). Then, as

discussed before, the L-parameter of 7 is an imprimitive representation. Hence, for
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residual characteristic of K odd, we have

2a(€) if F//K is unramified,
(Z(CUF,&) = (246)

1+ a(§) if F//K is ramified.

Here, we consider ¢ as a character of F'* and a(§) is the smallest non-negative integer n
such that &|14pne, = 1.
For non-supercuspidal irreducible admissible representations of GSp(4, K), these lo-

cal data are listed in Tables A.8 and A.9 of [37].

2.5.2 Archimedean case

This case is quite similar to the non-archimedean case. Let G be a split linear reductive
group over R. The local Langlands correspondence is a bijection between admissible
homomorphisms ¢ : Wr — é, where Wg is the real Weil group, and L-packets of
irreducible, admissible representations of G(R).

For G = GL(2,R), the local Langlands correspondence is such that

et < |det(~)]t (024 Dg, (247)

where |det(+)|* @ Dy is the irreducible representation of GL(2, R) with lowest weight ¢+ 1
and central character determined by a — a*, a > 0. Here ¢y, is the two dimensional
representation of Wg defined in (2.39).

For G = GSp(4,R), the L-parameters for each irreducible admissible representation of
GSp(4,R) are listed in section 3 of [42]. Here we mention one case that would be useful
in Chapter 5. Let A = (A1, Ag) be a non-singular, analytically integral element in region
1 and X = (A, —A2) be a non-singular, analytically integral element in region 2 (see

figure 2.1). Then the holomorphic discrete series representation X and the large or
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generic discrete series X of GSp(4,R) form a 2-element L-packet and their common

L-parameter is the homomorphism Wx — GSp(4, C) given by

(1M
P (~MP2 | (2.48)
1

ei(A1+22)0
0 et(A1—A2)0
re — e—i(A1+A2)0

e—t(A1—A2)0

The representation X, is one of the possible lowest weight representations defined in
Section 2.3.3. The lowest weight representation © = By, ; of weight (k,j) of GSp(4,R)

has the spin L-factor and e-factor given by

L(s,m)=T¢ (3 + %4_2—‘7_3) I'c (s + ‘%) and e(s, m,¢) = (=17 (2.49)

Here I'c(s) = 2(27)~°I'(s) with I being the usual gamma function and ¢ is the additive

2mix

character of R given by 1(z) =€

2.6 Automorphic representations

In this section we discuss automorphic representations on the adelic group G(Ag). Our

primary references for this section are [5], [23] and [8].

2.6.1 Automorphic forms

Let Ag :=<a=(ay)p<e0 € [] Q,: @, € Z, for almost all p p. We define the topology
p<oo
on Ag to be the one generated by the sets [[ U,, where U, open is in Q, and U, =
p<oo

Z,, for almost all p. With this restricted direct product topology, Ag becomes a locally
compact topological ring. We call Ag the ring of adeles. Let G be a connected

reductive algebraic group over Q. We consider the adelized group

G(Ag) = {g = (gp)p<oo € H G(Qy) : gp € G(Z,,) for almost all p} : (2.50)

p<oo
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We denote G, to be the archimedean component, and G(Af) be the non-archimedean
component of G(Ag) such that G(Ag) = G x G(Ay). Let g be the (real) Lie algebra
of G, g® be the complexification of g and K, be a maximal compact subgroup of the
Lie group Gu. Let U(g®) be the universal enveloping algebra of g¢ and Z(g®) be the
center of U(g®). Let K be the open compact subgroup G( [] Z,) of G(Ay).

We say that © : G(Ag) = Goo X G(Af) — Cis smoothpi?ft is continuous and, when
viewed as a function of two arguments (z,y) in Goo X G(Ay) it is smooth in z for each
fixed y and is locally constant of compact support in y for each fixed x. Smoothness in

the archimedean variable ensures that we can act on ® with the Lie algebra g via right

translation, i.e.,

(X®)(q) O (g exp(tX)), for g€ G(Ag), X € g. (2.51)

ot
A smooth function ¢ : G(Ag) — C is called an automorphic form if
(i) ®(vg) = P(g) for all g € G(Ag) and v € G(Q).

(ii) ®(gk) = P(g) for all k € K;, where K; is an open subgroup of K i.e., ® is

right-invariant under G(Z,) for almost all primes p.

(iii) the span of the right translates of ® by members of K is finite-dimensional, i.e.,
the space spanned by all functions g — ®(gh), where g € G(Ag) and h € K is

finite-dimensional. This condition is known as K_-finiteness.

(iv) there exists an ideal J of Z(g®) of finite codimension so that the action of J in the

G variable of Go, x G(A}) satisfies J® = 0. This is known as Z(g®)-finiteness.

(v) for each y € G(Ay), the function x — ®(xy) on G satisfies a certain slow-growth

condition.
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One should think of the property (i) as the actual automorphic property, and of
all the rest as additional regularity conditions. When G = GL(2), the property (i) of
automorphic forms is related to the transformation property (2.57) of classical modular
forms.

An automorphic form @ is called a cusp form if ® satisfies

O(zg) = x(2)f(g) forall z € Z(Ag), g € G(Ag), (2.52)

for some (unitary) character x of the center Z(Q)\Z(Ag) and

/ ®(ng)dn =0 (2.53)
N(@Q\N(Ag)

for the unipotent radical N of every proper parabolic subgroup of G and for all g €
G(Ag). If ® is a cusp form, then the condition (v) is equivalent to the condition that
|®| € L? (Z(Ag)G(Q)\G(Ag)) (see Theorem 7.3 [23]).

Note 2.6.1. The space A of automorphic forms is not invariant under right translations
by all of G(Ag). But we still have right translations by the groups Ko and G(Ay), and
the action (2.51) of the Lie algebra g on A. So, the space A becomes a (g, K )-module
and a G(Ayf)-module, but, not an actual representation of G(Ag). We still address A as

a representation of G(Ag).
Now we define an automorphic representation of G(Ag) observing Note 2.6.1.

Definition 2.6.2. We say that (m, V') is an automorphic representation of G(Ag)
if V' is an irreducible subquotient of the space of automorphic forms A on G(Ag) with the
(9, Kwo)- and G(Ay)-module structures. An automorphic representation (m, V') of G(Ag)
is called a cuspidal automorphic representation, if V is a subspace of the space of

cusp forms on G(Ag).

36



There is an important result called the Tensor Product Theorem which states

that every irreducible and admissible representation 7 of G(Ag) can be written as

72 (X) 7, (2.54)

p<oo

with irreducible, admissible representations m, of the local groups G(Q,). The theorem
holds for any irreducible, admissible 7 and has nothing to do with 7 being automorphic.
A random choice of local representations m, will pretty much never lead to an auto-
morphic representation 7. In fact, if 7 as in (2.54) is automorphic, and if we switch
out a single m, for another representation, then it is very likely that you have destroyed
the automorphic property. So, automorphy is a very special property. Also, The iso-
morphism (2.54) is abstract. All you know is that it intertwines the (g, K, )-module
and G(Ayf)-module structures. The right hand side of (2.54) knows nothing about the
specific model of .

We write an automorphic representation 7 of G(Ag) as ™ = ®,<com, for representa-
tions 7, of G(Q,). When 7 is a cuspidal automorphic representation, we call the vectors
in the representation space of 7 cusp forms. Sometimes we call an automorphic represen-
tation 7 = @) m, a global representation of G and the 7,’s the local components
of m. e

Let ™ & ®p<o0m, be an irreducible admissible representation of G(Ag). Let r: G —
GL(n,C) be a homomorphism of Lie groups. Then we define the Langlands L-function

of m by
L(s,m,r) == Q) L(s, m, 1), (2.55)

p<oo
where L(s,m,,r) are the local L-factors of the representations m, of G(Q,). If the
local Langlands correspondence is known for G(Q,), then we can write L(s,m,,r) =

L(s, ¢y, 1) = L(s,7 0 ,), where ¢, is the L-parameter of m, and L(s,r o ) is defined
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as in (2.42).
When G = GL(n) and r is the standard (identity) map on GL(n, C), we simply denote
L(s,m,r) by L(s,m). Similarly, when G = GSp(4) and r : GSp(4,C) — GL(4,C), we

simply write L(s, 7, r) as L(s, ).

2.6.2 Langlands principle of functoriality

The Langlands principle of functoriality is a central conjecture in the Langlands program
that describes the relationships between automorphic objects living on two different
algebraic groups. Let G, H be two (split) reductive algebraic groups defined over Q.
Attached to the groups G and H are their dual groups G and H , which are complex
reductive Lie groups whose root systems are dual to those of G and H respectively. By
the principle of functoriality, every homomorphism of Lie groups G — H should give rise
to a “lifting” of automorphic representations of G(Aq) to automorphic representations
of H(Ag) such that the L-functions of the automorphic representations of G(Ag) and
H(Ag) are connected. For a detailed description of the principle of functoriality, see
Section 9 and 10 in [23]. Here we give a few examples to illustrate the principle of

functoriality and we will see another example of functoriality in Section 3.2.

Example 2.6.3. Let G = GL(2) and H = GL(1). Then G = GL(2,C) and H = C*.

We have the following homomorphism of Lie groups
det : GL(2,C) — GL(1,C) = C*.

Let m = ®p<oomp be an automorphic representation of GL(2,Ag), where m, is a local
representation of GL(2,Q,). Then we get the following diagram using the local Langlands

correspondence for GL(2,Q,) and Q) discussed in Section 2.5.

LLC

Tp —— [cpp: Wg, — GL(2,(C)] ety [detogpp: Wy, — Cx] LLG,

0, (2.56)
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Here we denote the Weil-Deligne group W'(Q,/Q,) defined in Section 2.4 as W@p. Di-
agram (2.56) gives the characters I, of Q) for each prime p < co. Then the Langlands
principle of functoriality predicts that I = ®p<.Il, is an automorphic representation
of A@. We have the following property of the local Langlands correspondence: if m,

corresponds to ©,, then the central character wy, of m, corresponds to deto p,. Hence,

IT = wy, the central character of m and it is known that Il = w, s automorphic.

Example 2.6.4. Let G = GL(2) and H = GL(3). Then G = GL(2,C) and H =

GL(3,C). The symmelric square map given as follows is a homomorphism of Lie groups

sym? : GL(2,C) — GL(3,C)

a? ab b?

a b
= |2ac ad+ bc 2bd

c d
c? cd d?

Let m = ®p<com, be an automorphic representation of GL(2, Ag). Then, using the local
Langlands correspondence for GL(2,Q,) and GL(3,Q,), the following diagram

LLC

LLC
HP

T —— |pp: Wo, — GL(Q,(C)} sym?, [Sme 0wy Wo, — GL(3,(C)]

gwes representations 11, of GL(3,Q,). Again, the principle of functoriality predicts
II = ®,<ooll, is an automorphic representation of GL(3, Ag). This is a theorem due to

Gelbart and Jacquet (see [15]).

Now, let us discuss the relationship between L-functions of the automorphic repre-
sentations involved in the principle of functoriality. Let G, H be two (split) reductive
algebraic groups defined over Q and p : G — H be a homomorphism of Lie groups. Sup-
pose that the principle of functoriality is true for this map p, i.e., an automorphic rep-
resentation m = ®,<.om, of G(Ag) lifts to an automorphic representation II = ®,<.11,

of H(Ag) via the diagram
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LLC

Ty — gop:W@p—>C;’} L>[pog0¢W@p—>]f[ e

—= 11

-
Then we have L(s,II,r) = L(s,m,por), where r : H — GL(n,C) is some Lie group
homomorphism. By definition (2.55), L(s,m,por) = @ L(s,m,, por) and L(s,II,r) =

p<oo

Q® L(s,IL,,7). By the local Langlands correspondence for both the groups, we get

p<oo

L(s,IL,,7) = L(s,mropop,) = L(s,m,,por).

We have L(s,II) = L(s, 7, det) for Example 2.6.3, and L(s,II) = L(s, 7, sym?) for Ex-

ample 2.6.4.

2.7 Modular forms and Siegel modular forms

Classical modular forms have a deep connection with elliptic curves over Q, this con-
nection is famous as the modularity theorem. The theory of modular forms also has a
well-understood connection with automorphic representations of GL(2,Ag). There is
a general principle that “every modular form ¢ originates from an automorphic form
® on GL(2,Aq)”. The theory of Siegel modular forms is connected with automorphic
representations of GSp(4,Ag). We discuss the connection between classical Siegel cusp
forms and cuspidal automorphic representations of GSp(4, Ag) in Section 3.5.1.

In this chapter we review some definitions and useful facts related to modular forms
and Siegel modular forms. There are many good references in the literature for the
theory of modular forms and Siegel modular forms. For basic facts about classical

modular forms and Siegel modular forms we refer to [7], [25], [10], [1] and [20].

2.7.1 Modular forms

Let H be the complex upper half plane, i.e., H = {r € C:Im(7) > 0}. For an integer
N > 0, we define I'o(N) = {[2 4] € SL(2,Z) : ¢ = 0 mod N}, it is a congruence subgroup
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of SL(2,Z). Note that I'o(1) = SL(2,Z).

Definition 2.7.1. Let k be an integer. A function ¢ : H — C is called a modular form

of weight k and level N if it satisfies the following conditions.

1. ¢ is holomorphic.

2. ¢ satisfies the transformation property

¢ <Z77:—_1—|—2> = (cr+d)*¢(r)  forallTr €H and [24] € To(N). (2.57)

3. Let (¢li0)(7) = (e + d)™%¢ (Z£2) for vo = [2}] € SL(2,Z) and 7 € H. Then

ct+d

dlkyo satisfies some boundedness condition, i.e., for any vy € SL(2,7Z), ¢|xyo ad-

mits a Fourier expansion of the form

(Pls70) (T Z Cue N = Z cnqy, where qy = S (2.58)
n=0 n=0

Let Mg (I'o(IV)) be the vector space of modular forms of weight £ and level N. We call
¢ € Mp(I'o(N)) a cusp form if the constant Fourier coefficient ¢o = 0 in (2.58). Let
Sk(Fo(N)) be the space of cusp forms of weight & and level V.

There exists a natural inner product on Si(I'o(V)), known as the Petersson inner
product. If ¢1(7), ¢2(7) € Si(To(N)), then one can check that ¢y (7)@y(7)Im(7)* is
invariant under the transformation 7 — % for all [24] € T'o(N). We define a measure

dr on the upper half plane H as dr = d;gy, where 7 = z 4 7y € H. The volume Vp ()

of T'o(N)\H is defined by Vron) = [r, vyp @7

Definition 2.7.2. Let ¢, ¢3 € Si(I'o(N)). The Petersson inner product on Si(T'o(NV))
is defined as

. 1 k
(91,62 = g /F o B (2.59)
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There are natural linear transformations acting on spaces of modular forms, known

as the Hecke operators. We recall the definition of the Hecke operators on My (I'o(V)).

Definition 2.7.3. Let m be a positive integer and ¢(7) = . ¢,q" € Mi(To(N)). Then
n=0

we define the Hecke operator T,, by its action on ¢ as follows

o0

AT ()= > d’“‘lc(%) q". (2.60)

n=0 \ d|gcd(m,n)

The action of the Hecke operator T;,, on Si(I'¢(IV)) is stable, i.e., if ¢ € Sp(I'o(V))
then ¢|T,, € Sk(I'o(N)). A modular form ¢(7) = i cnq” € Mi(To(N)) is called a
Hecke eigenform if it is a common eigenfunction ’(‘ann the Hecke operators T,,. If
() = i cnq™ is such a Hecke eigenform, one can show that ¢; # 0 and we say ¢ is
normal?;]:d if ¢y = 1.

If M | N then it is easy to see that Si(I'g(M)) C Sp(I'o(N)). This implies some

modular forms in Sy (Io(N)) can come from lower level. In fact, for any d | 77, we have

the following map

Se(To(M)) — Sk(Lo(NV))

O(1) — o(d7).

We denote the space of “oldforms” at level N by S¢4(To(N)), which is the sum of the
images of these spaces for proper divisors M of N. The space of newforms at level N is
the orthogonal complement with respect to the Petersson inner product and denoted by
Spev(To(N)). It is a well-known result that the space of newforms has a basis consisting
of normalized Hecke eigenforms. A cusp form ¢ € Sp*V(I'y(N)) is called a newform if

it is a normalized Hecke eigenform.

L-functions and functional equation for modular forms.
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For a cusp form ¢(7) = > ¢,q" € Sk(I'o(V)), the Hecke L-function L*(s,¢) of ¢ (in
n=0

arithmetic normalization) is defined as

ar fo Cn | | ar | | 1
L (87 ¢) = E = Lp (87 ¢> = 1 —c p_s +pk_1_25' (261)
n=1 p p P

This series is convergent for Re(s) sufficiently large. The Hecke L-function of ¢ in
analytic normalization is defined as follows
ar ko1
L(s,¢):=1L (s + 5~ §’¢> . (2.62)
The L-function L*(s, ) (resp. L(s,¢)) has a meromorphic continuation to all s, called

the completed L-function. Let I'c(s) := 2(27)~°T'(s) with I" being the usual gamma

function. Then the completed L-function of ¢ is defined as follows

In arithmetic nomalization : A" (s,0) =Tc(s)L¥ (s, ¢). (2.63)
ko1
In analytic nomalization : A(s,¢) =T¢ (s + 5~ 5) L(s, ¢). (2.64)

If ¢ is a cusp form, then A*(s, ) (resp. A(s,¢)) extends to an analytic function of s;
if ¢ is not cuspidal then A*(s, ¢) (resp. A(s,¢)) has simple poles at s = 0 and s = k
(resp. s = 1). Furthermore, it satisfies an equation, known as the functional equation,

given by

In arithmetic nomalization : A (s, ¢) = (—=1)*2A (k — 5, 0). (2.65)

In analytic nomalization : A(s, ) = (=1)*2A(1 — s, ¢). (2.66)

We mostly consider the L-function of a cusp form ¢ in analytic nomalization, since it

is easier to compare L(s,¢) with the L-function L(s,7) of the cuspidal automorphic
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representations m of GL(2, Ag) associated to ¢. In fact, L(s, ¢) = L(s, ). For a detailed
construction of the automorphic representation 7 of GL(2, Ag) associated with a modular

form ¢, see Section 3.6 of [7] or Section 7 of [8].

2.7.2 Vector-valued Siegel modular forms

Following the notations in Section 3 of [42], we define U; = sym/(C?) to be the space
of all complex homogeneous polynomials of total degree j in the two variables S and T'.

For an integer k, let us define a representation (7, ;, U;) of GL(2,C) as follows
M (9)P(S, T) = det(g)"P ((S,T)g) for all g € GL(2,C) and P(S,T) € U;. (2.67)

This is the irreducible representation det® x sym’ of GL(2,C). Let Hy be the Siegel
upper half space of degree 2, i.e., Hy consists of all symmetric complex 2 x 2 matrices
whose imaginary part is positive definite. Let GSp(4, R)™ be the group consisting of all
elements of GSp(4,R) with positive multiplier. Here we consider the the classical form

of GSp(4) as in Note 2.1.1. There is an action of GSp(4,R)" on Hs given by
9Z =(AZ + B)(CZ+ D)™' forall Z € Hy, and [4B] € GSp(4,R)".  (2.68)

Let C3%(Hz) := {f : Ha — Uj such that f is smooth}. There is an action of GSp(4, R)*

on C75(Hz) as follows
(Flj9)(Z) = ulg) = moj(CZ + D)1 f(gZ) for Z € Ha, g € GSp(4,R)*.  (2.69)

Here we have chosen the normalization factor u(g)% such that the center of GSp(4, R)™
acts trivially. Let I be a congruence subgroup of Sp(4, Q). Then f : Hy — Uj is called a

Siegel modular form of degree 2 and weight (k, j) with respect to I'" if f is holomorphic
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and satisfies the following transformation property
flejy=1Ff forallyel” (2.70)

Let M ;(I") be the space of Siegel modular forms of weight (k,j) with respect to the

congruence subgroup I". We call f € M, ;(I") a cusp form if

Jim (fle;9) ([ -]) =0 forall g € Sp(4,Q), 7 € H.

Let Sk ;(I") be the space of Siegel cusp forms of degree 2 and weight (k, j) with respect

to the congruence subgroup I7. We consider the following congruence subgroups of
Sp(4,Q).
1. The principal congruence subgroup of level M:

T(M) =

|:1+MZ MZ MZ MZ

MZ 1+MZ MZ MZ
MZ ?wz 1+ MZ MZj| N Sp(4,7Z).

MZ MZ MZ MZ

2. The Siegel congruence subgroup of level M:

Z L ZZ

o = 1] 0 soe.2)

3. The paramodular group of level M:

ko= 10

2] 0.,
M2z MZ M7 7

We say a Siegel cusp form f of degree 2 and weight (k,j) has level M with respect
to a congruence subgroup I"(M) if f € Sy ;(I"(M)). Here we consider I''(M) = I'(M),
[o(M), or K(M) which are defined above.

Similar to the case of modular forms, one can define Hecke operators on Sy ;(I"(M)).
The completed spin L-function for a Hecke eigenform f € Sy ;(I"(M)) and its functional
equation are defined in Section 3.3 of [42] (also see Section 4.6 of [3]).

A Siegel modular form with respect to the paramodular group of some level is called

a paramodular form. There is a newform theory for the space of paramodular Hecke
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eigenforms of some weight (k, j) and level M, which is similar to the case of modular

forms (see [306]).

2.8 Elliptic curves

One of the primary objects of study in this thesis are elliptic curves. In this chapter we
discuss some basic facts about elliptic curves over a field K. Our main references for
this section are [39], [48] and [47]. The facts in Subsection 2.8.1 are for elliptic curves
over any field K, but in all other subsections we assume K to be a non-archimedean

local field of characteristic 0.

2.8.1 Weierstrass equations

Roughly speaking, elliptic curves are algebraic curves of genus one having a specified
base point. It is a well known fact that such curves can be written as the locus in P? of a
cubic equation with only one point, the base point, on the line at co (see Proposition 3.1.

in [48]). So, an elliptic curve E defined over a field K has an equation of the form
y? + a1y + asy = 2° + asx® + aux + ag, (2.71)

where aq,...,ag € K. We should also remember that E always has an extra point
O = [0,1,0] out at infinity. This equation is called a Weierstrass equation. There are

some important quantities attached to a Weierstrass equation defined as follows

by = a% +4ay, by = 2a4 + aras,

2 2 2 2
bs = a3 + 4ag, bg = ajag + 4asas — araszay + azas — aj,

[ bg — 24b4, Ce — —b% + 36bgb4 - 216b6, (272)
A = b2y — 8B — 2702 + Obybby — L6
- 2U8 4 6 2VU4V6 — 1728 )
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Definition 2.8.1. The quantity A is the discriminant of the Weierstrass equation.
The class of A in K*/K*'? is independent of the choice of Weierstrass equation. The
quantity j(FE) is the j-invariant of the elliptic curve, which is an invariant up to

150g€eny.

Note 2.8.2. Not all Weierstrass equations of the form (2.71) represent elliptic curves.
If a curve with an equation the form (2.71) has A = 0, then that curve is called singular.
An elliptic curve is a non-singular curve. So, to be precise, an elliptic curve E has
a Weierstrass equation of the form (2.71) such that A # 0 and it has an extra point
O =10,1,0] out at infinity.

Suppose a curve given by a Weierstrass equation of the form (2.71) is singular and
f(z,y) = y* + arxy + azy — x° — ayx? — ayw — ag. Then there exists a point P = (xq, yo)
satisfying f(P) = 0, called a singular point, such that

af

Fo(P)=0 and =(P) =0, (2.73)

Then there are o, 8 € K such that the Taylor series expansion of f(z,y) at P is of the

form

f(,y) = f(wo,90) = ((y — o) — a(x — 20)) ((y — vo) — Bz — x0)) — (z — $0)3- (2.74)

If a # 3, then the point P is called a node and there are two tangent lines at P in this
case, which are (y —yo) — a(z — z¢) and (y —yo) — B(x — x0). If a = B, then the point P
is called a cusp and in this case the tangent line at P is (y — yo) — a(x — o). One can
easily graph the real locus of a Weierstrass equation. Some examples of elliptic curves

are given in Figure 2.2 and some examples of singular curves are given in Figure 2.3.
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Figure 2.2: Examples of elliptic curves.
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Figure 2.3: Examples of singular curves.
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Minimal Weierstrass equations over local fields.

Suppose K is a non-archimedean local field of characteristic 0. Let ox be the ring of
integers of K and let v : K — 7Z be the normalized valuation on K. A Weierstrass
equation (2.71) of E/K is called minimal if v(A) is minimized subject to the condition
that all a; are in 0. This minimal value of v(A) is called the valuation of the minimal

discriminant of E. We have the following facts (see Remark 1.1 in Chapter VII of [48]):
e If all a; are in 0x and v(A) < 12, then the equation is minimal.
e If all a; are in 0 and v(cy) < 4, then the equation is minimal.
e If all a; are in 0k and v(cg) < 6, then the equation is minimal.

Every elliptic curve F/K has a minimal Weierstrass equation, and such an equation is

unique up to a change of coordinates
v=u*r'+r, y=u’y +u’sx’ +t, whereu € o} andr,s,t € og. (2.75)

Global minimal Weierstrass equations.

Suppose E is an elliptic curve over Q with a Weierstrass equation of the form (2.71)
and discriminant A. One can consider the same Weierstrass equation over Q, for each
prime p. Let A, be the discriminant of the Weierstrass equation over Q,. We start with
a Weierstrass equation of £/Q such that the Weierstrass equations over QQ, are minimal
for each prime p. We define the minimal discriminant Dgg of E/Q to be the ideal

Dgjo =11 pUr(Ar) where p is the maximal ideal of Z,, and v, is the p-adic valuation.
P

Definition 2.8.3. A global minimal Weierstrass equation for E/Q is a Weierstrass
equation y? + a xy + asy = x> + asx? + aux + ag such that a; are in Z and such that the

discriminant A of the equation satisfies Dgig = (A).
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It is a well-known fact that every elliptic curve FE over @Q has a global minimal
Weierstrass equation (see Corollary 8.3 in [48]). Note that, if £/Q is given by a global
minimal Weierstrass equation with discriminant A, then v,(A) is the valuation of the

minimal discriminant of E/Q,.

Isogenies and CM curves.

Let E; and E5 be two elliptic curves. An isogeny ¢ from FE; to Es is a morphism
(of algebraic curves) ¢ : Ey — FEs such that ¢(O) = O. For an elliptic curve E, let
End(E) = {¢: E — E such that ¢ is an isogeny}. Then End(FE) is a ring, it is called

the endomorphism ring of E. Suppose that char(K) = 0. Then the ring homomorphism

[]:Z — End(F)

m +— [m]

is usually an isomorphism, i.e., End(F) = Z. Here, [m] : E — E is the multiplication-
by-m map and O is the point at infinity. If End(FE) is strictly larger than Z, then we say
that £ has complex multiplication, or CM for short. If F is an elliptic curve such

that End(F) = Z then we call £ a non-CM elliptic curve.

2.8.2 Reduction types

Let K be a non-archimedean local field of characteristic zero with residual characteristic
p. Let ox be the ring of integers of K, and let p be the maximal ideal of ox. Suppose
that v : K — Z is the normalized valuation on K, and k = o0 /p is the residue field of K
of order ¢q. Let E/K be an elliptic curve. Assume that (2.71) is a minimal Weierstrass

equation for E/K. Consider the curve E/k given by

Y2+ agay + asy = o3 + Gsr® + aux + dg, (2.76)
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where @; denotes the image of a; in k. The equation (2.76) for £ depends on the choice
of minimal Weierstrass equation for £, but (2.75) shows that any two such choices lead
to equations for E that are related by a standard change of coordinates over k. The

equivalence class of the curve E is called the reduction of E modulo p.
Definition 2.8.4. Let E/K be an elliptic curve, and let E [k be its reduction modulo p.

1. If E is non-singular (i.e., an elliptic curve over k), then E is said to have good

reduction (or stable reduction).

2. ]fE has a node, then E is said to have multiplicative reduction (or semi-stable

reduction). In this case, we have two different possibilities:
o [f the slopes of the tangent lines at the node are in k, then E is said to have
split multiplicative reduction.
o [f the slopes of the tangent lines at the node are not in k, then E is said to

have non-split multiplicative reduction.

3. [fE has a cusp, then E is said to have additive reduction (or unstable reduc-

tion).
In cases 1 and 2, E is said to have bad reduction.

Given the minimal Weierstrass equation of E/K, we have the following standard re-
sults to read off the reduction type of E from its minimal Weierstrass equation (see

Proposition 5.1 in Chapter VII of [48]):

E has good reduction if and only if v(A) = 0. (2.77)
E has multiplicative reduction if and only if v(A) > 0 and v(eyq) = 0. (2.78)

E has additive reduction if and only if v(A) > 0 and v(e4) > 0. (2.79)
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In the case of bad reduction, let E,s be the open subvariety consisting of the non-singular
points of E. The reduction type can then also be characterized by the cardinality of
E.s(k). Namely

E has split multiplicative reduction if and only if #F,(k) = ¢ — 1. (2.80)
E has non-split multiplicative reduction if and only if #Ens(k) =q+ 1. (2.81)

E has additive reduction if and only if #FE(k) = q. (2.82)

Good reduction can also be characterized via the action of inertia. Let K be an algebraic
closure of K and Let Gal(K/K) be the absolute Galois group of K. Let K" be the
maximal unramified extension of K inside K and Ix = Gal(K/K") be the inertia

group. There is an exact sequence
1 — I — Gal(K/K) — Gal(k/k) — 1. (2.83)
Hence, I consists precisely of those elements of Gal(K/K) which act trivially on k.

Then we have the following criterion for good reduction.

Theorem 2.8.5 (Criterion of Néron-Ogg-Shafarevich). Let E/K be an elliptic curve.
Let £ be a prime different from the characteristic of k. The following statements are

equivalent.
1. E has good reduction.

2. The Tate module Ty(E) is unramified, i.e., the inertia group I acts trivially on

T,(E).

Reduction type after base extension.

When an elliptic curve F/K has bad reduction, it is often useful to know whether it
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attains good reduction over some extension of K. Here we list the reduction types
of E after its base change to a finite field extension of K. Given E/K and a finite
field extension K’/K, we may consider E an elliptic curve over K’. A given minimal
Weierstrass equation over K may no longer be a minimal equation over K’, i.e., the
reduction type may change when extending the field of definition. The following theorem

is proved in VIL5 of [48].
Theorem 2.8.6 (Semistable Reduction Theorem). Let E/K be an elliptic curve.

1. Let K'/K be a finite field extension. If E has either good or multiplicative reduction

over K, then it has the same reduction type over K'.

2. There exists a finite extension K'/K such that E has either good or multiplicative

reduction over K'.
Definition 2.8.7. Let E/K be an elliptic curve.

(1) If there exists a finite extension K'/K such that E has good reduction over K’,

then E s said to have potential good reduction.

(2) If there ezists a finite extension K'/K such that E has multiplicative reduction

over K', then E is said to have potential multiplicative reduction.

By (1) of Theorem 2.8.6, each elliptic curve over K has either potential good or
potential multiplicative reduction. Moreover, a given elliptic curve F/K cannot have
both potential good and potential multiplicative reduction. Since if F would have good
reduction over K; and multiplicative reduction over K5, then F would have both good

and multiplicative reduction over K K>, by (2) of Theorem 2.8.6.

Theorem 2.8.8. Let E/K be an elliptic curve. Let ¢ be a prime different from the

characteristic of k. The following statements are equivalent.

(1) E/K has potential good reduction.
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(2) The j-invariant j(E) of E lies in 0.

(3) The inertia group I acts on T;(E) via a finite quotient (i.e., the image of Ix —
GL(2,Qy) is finite).

One can also read off the potential good or potential multiplicative reduction type of E
from its minimal Weierstrass equation using Theorem 2.8.8 (see Proposition VII.5.5 and

Corollary VII.7.3 of [48]), i.e., we have the following

E has potential multiplicative reduction if and only if j(E) & ok. (2.84)

E has potential good reduction if and only if j(E) € ok. (2.85)

2.8.3 Relationship between Weil-Deligne and /-adic represen-

tations

We continue assuming that K is a non-archimedean local field of characteristic zero with
residual characteristic p and Ik is the inertia group as defined in (2.83). Let k& be the
residue field of K of order ¢. In this section we discuss how one can associate a Weil-
Deligne representation to an ¢-adic representation. This association plays an important
part to find the Weil-Deligne representation of W’(K/K) attached to a given elliptic
curve over K. The main references for this section are [39] and [49].

Let ¢ be a prime different from the residual characteristic of K. An (-adic represen-

tation of Gal(K/K) is a continuous homomorphism

o) Gal(K/K) — GL(V,), (2.86)

where V} is a finite-dimensional Q, vector space. There is a procedure to attach an /-adic
representation of Gal(K/K) to a complex representation of W’/(K/K). This construc-

tion will depend on the choice of a field embedding ¢ : Q;, — C but the isomorphism class
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of the result will be independent of this choice. Hence, we fix such an embedding. Let o
be a given f-adic representation, as in (2.86). The space of the associated Weil-Deligne
representation o, will be the complex vector space C ®, V;. There are two cases to
distinguish.

Case I: Assume that the image of the inertia group Ix under the map (2.86) is finite.
Equivalently, oy is trivial on an open subgroup J of Ik (which automatically is of finite
index). In this case we may simply compose the map (2.86) with the map GL(V;) —
GL (C ®, V), and restrict the result to W (K /K). The resulting representation o of the
Weil group is really continuous since it is trivial on J. In this case we can set o, = (0,0).
Hence, in this case, a@b is actually a representation of the Weil group.

Case II: Assume that the image of the inertia group I under the map (2.86) is
infinite. In this case one can prove that there is a canonical way to associate to o; a pair
(0, Ny) consisting of a non-zero, nilpotent endomorphism N, of V;, and a homomorphism

o0 W(K/K) — GL(V;) with the following properties:

o a4(g)Neoe(g)™! = w(g)Ny for all g € W(K/K). Recall from Section 2.4 that w
is the one-dimensional representation of W (K /K) with the property w(lx) = 1
and w(®) = ¢~!, where ® is an inverse Frobenius element in W (K /K). Note that

w(g) N, makes sense, since w(g) is always a rational number.

e 0/(Ik) is finite. Equivalently, o, is trivial on an open subgroup J of I.

With this o, and N, available, one can proceed as in case I. Composing o, with the
map GL(V;) — GL(C®, V;) gives a complex and continuous representation oy,. And
N, can be lifted to a nilpotent endomorphism Ny, of C ®, V; via the map End(V;) —
End (C®, V;). Then the pair (o,,, Ny,) satisfies the compatibility relation (2.29), and

hence defines a Weil-Deligne representation oy, .

Remark 2.8.9. The construction of the pair (o4, N;) is done as follows. First, one

proves that there is a uniquely determined nilpotent endomorphism Ny of V, with the
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property that
ay(i) = exp(te(i)Ny) (2.87)

for all © in an open subgroup J of Ix. Here, t, : Ix — Q is a chosen non-trivial
continuous homomorphism (unique up to mutiplication by an element of Q) ). Then
define

ou(g) = oy(g)exp(—te(i)Ny), g=®™i, m€Z and i € I, (2.88)

where ® is a chosen Frobenius element. Then oy(Ik) is finite, and one can show that

the relation o4(g)Neoe(g) ™" = w(g) Ny is automatically satisfied for all g € W(K/K).

For a proof of the above remark, see (4.2.2) of [49] or (the student supplement to) [39].

2.8.4 The Weil-Deligne representation associated to an elliptic

curve

As before, let K be a non-archimedean local field of characteristic zero with residual
characteristic p and k be the residue field of K of order ¢. In this section, we describe
the process of finding the Weil-Deligne representation associated to an elliptic curve
E/K and we give a description the Weil-Deligne representation attached to £/K when
E has good reduction. In chapter 4, when the residual characteristic of K is odd, we
completely determine the Weil-Deligne representations associated to elliptic curves over

K with bad reduction. The main references for this section are [39] and [48].

Definition 2.8.10. Let E/K be an elliptic curve and let m € Z with m > 1. The

m-torsion subgroup of E, denoted by E[m)], is the set of points of E of order m, i.e,

Elm]:={P € E:[m]P =0}, (2.89)

where [m| : E — E is the multiplication-by-m map and O is the point at infinity.
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It is a well-known fact that E[m] & Z x Z.

Definition 2.8.11. Let E/K be an elliptic curve and ¢ be a prime. The ((-adic) Tate

module of E is the group

T,(E) = lim

n

E[("], (2.90)

where the inverse limit being taken with respect to the natural maps E[(" ] Ny (0],

Now, let us assume that ¢ is a prime different from the residual characteristic of K. Then
Ty,(F) is a free Zy-module of rank 2, i.e., Ty(E) = Z; X Zy. There is a natural action of
Gal(K/K) on T;(E) induced by the action of Gal(K/K) on the {"-torsion points of E.
Then we have a natural representation o, of Gal(K/K) on Vy(E) = Ty(E) ® Q,. Let

o) - Gal(K /K) — GL(V,(E)") (2.91)

be the contragredient of o,. Let oy, be the associated complex two-dimensional repre-
sentation of W/(K/K) as described in the previous section. One can show that, up to
isomorphism, oy, is independent of the choice of £ and +. We will therefore write o7, for

oy, and call it the Weil-Deligne representation attached to E/K.

The case of good reduction.

Let E/K be an elliptic curve with good reduction. Let ¢ be a prime different from the
residual characteristic of K, and let o} be the f-adic representation of Gal(K/K) on E.
By Theorem 2.8.5, since E/K has good reduction, the action of Gal(K/K) on Ty(E)
is unramified. Hence, the action of W/(K/K) on T,(E) is completely determined by
0y(®), where ® is an inverse Frobenius element. Now we will calculate det(oj(®P)) and
tr(oy(®)) in order to find the characteristic polynomial of o(®).

The determinant of Frobenius: For a non-negative integer n, consider the group

W (") of £"-th roots of unity in K. Via the maps W (¢£**1) — W (¢") defined as ¢ — ¢,
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these groups form a projective system. The projective limit

T(K) = Jim W(("), (2.92)

n

is called the Tate module of K. It is a Gal(K /K)-module in a natural way. Since ¢ is
different from the residual characteristic of K, we have W (") = ;= and Ty(K) = Z,.
Hence, the Galois action gives rise to a character y, : Gal(K/K) — Z,. This is called

the cyclotomic character. By definition,

g(¢) = ¢¥9  for all ¢ € Ty(K) and g € Gal(K/K). (2.93)

Since the field extension K (W (¢™))/K is unramified, the inertia group I acts trivially on
Ty(K), i.e., x¢ is an unramified representation. Since ® € Gal(K /K) induces the inverse
of the Frobenius map = — 27 on k and the Galois group of the extension K (W ({"))/K

is generated by an element with the property ¢ — (9, it is easy to see that

xe(®) =q". (2.94)

Now for the elliptic curve E/K, the Weil pairing is a bilinear, non-degenerate, Galois-
invariant map

This pairing induces an isomorphism of Gal(K/K) modules A*Ty(E) = Ty(K). The
action of Gal(K /K) on the left hand side is the determinant of the Galois representation
o, on E. Hence we get det o 0y = yy, and consequently det o o = Xe_l, where we recall

that o, denotes the contragredient of o,. Then from (2.94), we get

det(oy(P)) = q. (2.96)
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The trace of Frobenius: Let E /k be the reduced curve. By our assumption of good
reduction, E is non-singular. Corollary I1.6.4 and Proposition VIL.3.1 of [48] therefore
imply that the reduction map E — E induces an isomorphism E[("] = E[("] of the
¢"-division points. In fact, these isomorphism, for all n, fit together to produce an

isomorphism of the Tate modules

T(E) 2 Ty(E) and Vi(E)=Vy(E). (2.97)

This isomorphism is Galois-invariant in the sense that if g € Gal(K/K) induces the map

g € Gal(k/k), then the reduction of o7, ,(g)(v) equals 0% ,(g)(0) for all v € Vi(E). In

particular,

tr (o ,(g)) = tr (a’Evz(g)> for all g € Gal(k/k), (2.98)

here both sides are elements of Q. Now, let g = ®. Then, by definition, ® is the inverse
of the Frobenius map = — 27 on k. Let ¢ be the Frobenius isogeny on E (i.e., the map

(z,y) — (2%9))). Then o’ (®') is ¢ in the notation of [48], Proposition V.2.3 and
we get tr(¢y) = 1 4 deg(¢) — deg(1 — ¢). By Proposition 11.2.11 of [48], deg(¢) = q.
As in the proof of Theorem V.1.1 of [48], we have deg(1 — ¢) = #E(k), the number of

k-rational points on the reduced curve. Now, o’ (1) and 0’ (@) have the same trace

14

since their matrix forms are conjugate of each other. Hence, using (2.98), we get

tr (0. (®)) = tr (U'E,,Z(&))) = tr (U;M(éfl)) = 1+q—#Ek). (2.99)

Now, using (2.96) and (2.99), we get that the characteristic polynomial fz of o7, ,(®) is
fe=1—aX+qX? where a = 14 q— #E(k). Note that fz has coefficients in Z, which
is not evident from its definition. Let fr = (1 — aX)(1 — X). Then «, § are algebraic
integers such that a4 = a and a8 = ¢. So, |a| = |3| = |/q. It also follows that o = 5.

Now, let oz = (0g,0) be the Weil-Deligne representation attached to o ,. Then
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;o . . ;o , - . /
oy 1s unramified, since o, is, and o have the same characteristic polynomial as o7 .

Summarizing, we obtain the following result.

Proposition 2.8.12. Let E/K be an elliptic curve with good reduction. Let E/k be the
reduced curve. Then the associated Weil-Deligne representation o' is of the form (og,0),

where (up to isomorphism) the representation o of W (K /K) is given as follows:
1. op is unramified, i.e., op(Ix) = 0.
2. opg(®) = [BB}’ where [ is an algebraic integer with |B| = \/q and B + B = a.

Here, a =1+ q— #E(k).

L-functions of elliptic curves.

The L-function (in arithmetic normalization) of an elliptic curve £/Q is given by
L*(s, B) = [ [ L& (s, B), (2.100)
p

where L3 (s, E) is the L-function (in arithmetic normalization) of the elliptic curve F/Q,

defined as

1
1— app—s +p1—25’

L) (s, E) = where a, = 1+ p — #E(F,). (2.101)

We consider the L-function L(s, F') of E/Q in analytic normalization given by L(s, F) :=
L*(s = 1/2,E) = [ Ly(s, E). If o is the Weil-Deligne representation attached to
E/Q,, then we haVI; Ly(s,E) = Ly(s,07pq,), where Ly(s,0,q ) is the L-function of
Opsq, 8 in (2.42). Let m = ®p<oom, be the automorphic representation of GL(2, Ag)
associated to £/Q. Then the local representation 7, of GL(2,Q,) has the L-parameter

o' /Qp- So, we have the following identity

L(s,E) = L(s,m), ie, Ly(s,E) = Ly(s,05,q,) = Ly(s,mp). (2.102)
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Also, by the modularity theorem, there exists a modular form ¢ of weight 2 associated

with £/Q such that L(s, E) = L(s, ¢), where L(s, ¢) is defined as in (2.62).

2.8.5 Kodaira-Néron types

Again, let us assume that K is a non-archimedean local field of characteristic zero with
residual characteristic p and k is the residue field of K of order ¢. In this section we
discuss some facts about the Kodaira-Néron types of elliptic curves over K. One of
the main result that we study in this section is that the Kodaira-Néron types of an
elliptic curve E/K can be determined from its Weierstrass equation. We also study the
relationship between the Kodaira-Néron type and the reduction type of an elliptic curve

E/K. Our primary references are Section C.15 of [48] and Chapter IV of [47].

Néron model and Tate’s algorithm.

Let E/K be an elliptic curve given by a minimal Weierstrass equation of the form (2.71)
with coefficients in ox. This equation can be used to define a scheme over Spec(og).
The resulting scheme may not be nonsingular if £ has bad reduction. By resolving the
singularity, we obtain a (smooth) group scheme £ /ox whose generic fiber is £/K and
it satisfies a universal property known as the Néron mapping property. We call £/o a
Néron model of £/ K. Note that F/K always has a minimal proper reqular model C/ox
defined as in Theorem 4.5 of [47]. Then, by Theorem 6.1 of [47], the Néron model £ /o
of an elliptic curve F/K exists and it is the largest subscheme of C/ox which is smooth
over 0x. The generic fiber of C is F and the special fiber C=C X Spec(ox) Spec(k) of C
consists of one or more irreducible components with multiplicity. Then & is constructed
by removing from C all the irreducible components with multiplicity > 2, all the singular
points on each component, and all the points where these components intersect (see
Remark 6.1.1 in [47] and Theorem 15.1 in [48]).

Consider the reduced curve E/k and the set of nonsingular points En(k) as in Sec-
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tion 2.8.2. We define Ey(K) = {P €cE(K):Pc Ens(k)}. The classification of special
fibers C helps to determine the special fiber E=¢& XSpec(ox) Spec(k) of £ and hence the
group E(K)/Ey(K) (see Theorem 15.1 in [48]). Kodaira and Néron have classified all
possibilities for the special fiber C and E(K)/Ey(K) associated to a given elliptic curve
FE/K and it is known as the Kodaira-Néron type of E/K. See Theorem 8.2 and
Table 4.1 of [47] for all the possible Kodaira-Néron types.

Tate has an algorithm, known as Tate’s algorithm, to compute the special fiber
C, i.e., the Kodaira-Néron type of a given elliptic curve E /K in terms of its Weierstrass
equation. See 9.4 from Section 9 of [47] for the detailed algorithm described in eleven
steps. Details of the algorithm are not needed for our study. But, we use the Kodaira-
Néron type of an elliptic curve E/K given in terms of its Weierstrass equation, in order

to compute the Weil-Deligne representation o/, attached to E/K in Chapter 4.

Relationship between the Kodaira-Néron type and the reduction type.

We have discussed the reduction types of elliptic curves E over K in Section 2.8.2. Now,
we will see how the reduction type and the Kodaira-Néron type of E/K are related.
We relate these “two different Types” attached to E/K using their description given in
terms of the Weierstrass coefficients of F//K. Here we state the results without proofs,

we refer to Sections 9-11 of [47], and [33] for details.

1. E/K has good reduction if and only if the Kodaira-Néron type of /K is Type
Io.

2. F/K has multiplicative reduction if and only if the Kodaira-Néron type of

E/K is Type I, with n > 1.

3. E/K has potential multiplicative reduction with the residual characteristic
of K being odd if and only if the Kodaira-Néron type of F/K is Type I’ with

n>1.
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4. E/K has potential good reduction with the residual characteristic of K being
odd if and only if the Kodaira-Néron type of E/K is one of the Types I}, II,
IT*, II1, 111", IV or IV*.
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Chapter 3

The symmetric cube lifting

In this chapter we introduce the symmetric cube map and discuss the lifting of
automorphic representations of GL(2) via the symmetric cube map. We call this “the
symmetric cube lifting”. We also discuss the local symmetric cube lifting in Section 3.3

and Siegel modular forms coming from this lifting in Section 3.5.

3.1 The symmetric cube map

Let V' be the space of homogeneous polynomials of degree 3 in C[S,T]. Then V has a
basis {53, S?T,ST? T3}. There is an action of GL(2,C) on V given by

(28] f(S,T) = f(aS + cT,bS + dT).

c

This action defines a four-dimensional irreducible representation of GL(2, C) and induces

amap f:GL(2,C) — GL(V) = GL(4,C) given by

a3 a?b ab? b3
a b f 3a2¢ 2abc+a?d 2abd+b%c 3b2d
—
c d 3ac? 2acd+bc? 2bed+ad? 3bd?

c3 c2d cd? d3
The image of f does not lie in GSp(4, C) since

1 bb2 b3 15 1 —b2 —263
o=t =] v eesa
1

1
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1 1 1
and f([¢4]) = [3361:2 2101 ] = [3611 }l:ac? 210 1 } ¢ GSp(4,C).
el cl —2¢3 -2 1
Note 3.1.1. Conjugating f([¢4]) by a element of GL(4,C) gives us the same represen-

tation up to isomorphism and we can find an element A of GL(4,C) such that the image

of A- f([25]) - A7 lies in GSp(4,C).
1
Let us choose A = [ . } € GL(4,C). Then we get the following
-3

1b 1—b? —2p°
(g A ) = | H Lo | e GSp(4,0),
1

1

1

- ra =y e | eosac

6c3 3¢ 1

Using the identity [¢ 4] = [ L, ][*a][* *,'?], we get the following version of the sym-

metric cube map, denoted as sym?, and given by

sym® : GL(2,C) — GSp(4,C)

a® a’b ab? — %bg’
a b 3a%c 2abc + a’d 2abd + b*c —b*d
s (3.1)
c d 3ac® 2acd + bc?  2bed + ad?>  —bd?
—3c3 —3c2d —3cd? d?

Note that, if g = [¢ %] € SL(2,C) then sym?(g) € Sp(4,C). Also, since we use (3.1) for
calculations over non-achimedean local fields of characteristic zero, here we choose the

1
symplectic form J = [ o ! ] for simplicity of calculations.
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3.2 Langlands functoriality for the symmetric cube
map

Here, a “lifting” means a functorial lift according to the Langlands principle of functori-
ality discussed in Section 2.6.2. We have the map sym? : (i(\Q) = GL(2,C) — G?p(\ll) =
GSp(4,C), which is a Lie group homomorphism. So the principle of functoriality pre-
dicts that an automorphic representation of GL(2, Ag) should “lift” to an automorphic

representation of GSp(4, Ag), i.e., the following diagram should hold:

{ GL(2,C) 2™ GSp(4,C) }%{ auto. rep. of  ~ auto. rep. of }

Functoriality GL(27 AQ) %ﬁig) GSp(4, AQ)

(3.2)
Ramakrishnan and Shahidi [35] proved the following lifting from a cuspidal automorphic

representation GL(2, Ag) to a cuspidal automorphic representation GSp(4, Ag).

Theorem 3.2.1 (Ramakrishnan-Shahidi, 2007). Let 7 = @, 7, be a cuspidal automor-
phic representation of GL(2,Ag) defined by a holomorphic, non-CM newform ¢ of even
weight k > 2 and level N with trivial central character. Then there exists a cuspidal au-
tomorphic representation I1 = @), 11, of GSp(4, Aq) with trivial central character, which

15 unramified at any prime p not dividing N, such that

(i) Each non-archimedean component 11, is generic, with its parameter being sym® of

the parameter of m,.

(11) T is a holomorphic discrete series representation, with its parameter being sym?

of the archimedean parameter of .
(111) L(s,IT) = L(s,w,sym?).

Using some results that were not available at the time, we can now give a short proof

of Theorem 3.2.1 as follows:
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Proof. By the functorial symmetric cube transfer for cuspidal automorphic representa-
tions of GL(2, Ag) from [19], we get a unitary cuspidal automorphic representation p =
®@pptp of GL(4, Ag) with trivial central character from 7 such that L(s, u) = L(s, 7, sym?).

Also, p has the following properties:

e 4 is symplectic, i.e., the exterior square L-function L(s, u, A?) has a pole at s = 1.
This is true because of the well known identity L(s, u, A?) = L(s,m,sym*)((s) and

the fact that L(s,,sym?*) has no zero at s = 1.

e 4 is self-dual. This follows from the identity L(s, u x p) = L(s, u, A*)L(s, p, sym?)
and the facts that L(s, i, sym?) has no zero at s = 1 and the Rankin-Selberg L-

function has a pole at s = 1 if and only if p is isomorphic to its contragredient

Y

w.

These two properties are explained in detail in [35]. Now, since pu is a self-dual, symplec-
tic, unitary, cuspidal automorphic representation of GL(4, Ag), ¥ = pX 1 is an Arthur
parameter of general type for the group SO(5). Then by Arthur’s classification in [2],
there is a packet II, of cuspidal automorphic representations of SO(5, Ag) with ¢ as
the Arthur parameter. Since SO(5) and PGSp(4) are isomorphic as algebraic groups,
a representation of SO(5,Ag) can be viewed as a representation of GSp(4,Ag) with
trivial central character. Furthermore, using Proposition 1.2.1 of [44], it follows that
there exists an element II = ®II, in the packet II, such that each non-archimedean
local representation II, is a generic representation and Il is a holomorphic discrete
series representation. We choose such a representation II in IL,. So, we get a cuspidal
automorphic representation II of GSp(4, Ag) with trivial central character which satis-
fies properties (i) and (ii) of Theorem 3.2.1. Also, it is evident from Lemma 1.3.1 of
[44] that the spin L-function of II coincides with the standard L-function L(s, u), i.e.,

L(s,11) = L(s,p) = L(s, m, sym?). O
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Moreover, this sym? lifting (3.2) is functorial at each place since the local Langlands
correspondence is true for GL(2,Q,) and GSp(4, Q,). So, we have the following diagram

LLC

T — |pp: W, — GL(Z,C)} sy [sym3 o pp: Wy, — GSp(4,C) Lo

—= 11

-
We can specifically study the “local components” of the sym? lifting, i.e., for an irre-
ducible and admissible representation 7, of GL(2,Q,), we can consider the representa-
tions I, of GSp(4, Ag,) whose L-parameter is the same as the sym® of the L-parameter
of m,. For the purposes of this paper, it is important to study the “local sym? lift” at

each place, which we discuss in the next two sections.

3.3 Local sym?® lifting of non-archimedean parameter
of GL(2)

Let K be a non-achimedean local field of characteristic 0 and residual characteristic p,
and let v be the valuation on K. We denote by ox the ring of integers of K, and we
let p be the maximal ideal of ox. Let g be the number of elements of oy /p. We fix a
generator wy for the ideal p and wy is called the uniformizer. We write v(x) or |z| for
the normalized absolute value of x; thus v(wg) = ¢~ !. Let m be an infinite dimensional
irreducible admissible representation of GL(2, K). In this chapter, we look at the sym?
lifting of m. We consider sym?(r) as the L-packet on GSp(4, K) whose L-parameter is

the symmetric cube of the L-parameter of 7.

Langlands parameter of sym?(r)

There are three types of irreducible admissible infinite dimensional representations of
GL(2, K). So, we compute the L-parameter of sym?®(7) in three cases.
Case 1: Let m = x1 X x2 be the principal series representation of GL(2, K'), where x1, X2

are characters of K* such that x;x; "' # v*'. Then, using the L-parameter of 7 in (2.40)
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and the sym® map in (3.1), we get the L-parameter (sym?®(¢), N’) of sym?(r) as follows

X3 (w)

sym® () (w) = xixz(w) weW(K/K) and N' = 0 (3.3)

xix3(w)
x5 (w)

Note 3.3.1. Let us assume that m = x1 X X2 @S a local component of a cuspidal au-

tomorphic representation on GL(2). Then, by the work of Kim and Shahidi in [18], a

well-known bound on the exponent of the character x1x5 " is g. Hence, (x1x5')? # v*!

and (x1x5')* # vt

When m = x; X x2 is associated to a cuspidal automorphic representation on GL(2),

using Note 3.3.1 and the local Langlands correspondence for GSp(4, K), we get

sym®(7) = xTxz > X xixz ' ¥ X3,

which is a type I representation of GSp(4, K) (see Section 2.4 of [37]).
Case 2: Let m = xStqr2) be the (twisted) Steinberg representation of GL(2, K), where
X is a character of K*. The L-parameter (p, N) of 7 is as in (2.41). Using the sym?®

map (3.1), we can find the L-parameter (sym?®(¢), N’) of sym?(r). Note that,

3
X3 (w)|wl2

sym® () (w) = Xl 1 we W(K/K)

To calculate the nilpotent part N’ of the L-parameter of sym3(r), we note that N =
[94] € gl(2,C), where gl(2,C) is the Lie algebra of GL(2,C). Here we have the following
diagram

sym?

exp(tN) € GL(2,C) —— GL(4,C)

eXpT ld(sym?’) lt=0

N e g[(Q,C) - gﬁp(4,(C)
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[1¢¢2 —143
Now, exp(tN) = [J{] € GL(2,C) and sym?(exp(tN)) = | 1 2 —_22 ] . So, we get
1

010 07
V' = d(synd(exp(t) oo = | §45 ] € sspia.0)
000 0
3 010072 010 0
Using the identity | 3 {8 i _011 { e } = {8 83 _011, we get the L-parameter of
1 L 000 O 1 000 O
sym?(r) as follows
X (W)l 3
3 (w2 : r_ 1001 0
sym”(¢)(w) = 5 _1 ,weW(K/K), N'=|500621 |-
x> (w)w] ™2 000 0

Then, using the local Langlands correspondence for GSp(4, K'), we get

sym®(m) = ngtGSp(4,K)a

which is of type IVa (see Section 2.4 of [37]).

Case 3: Let m be a supercuspidal representation of GL(2,K). When the residual
characteristic of K is odd, we have m = wpg¢, a dihedral supercuspidal representation,
where F'/K is a quadratic extension and ¢ is a character of F* and £ # £7, o is the
nontrivial element in Gal(F/K). Using the L-parameter of 7 in (2.35) and the sym?®
map (3.1), we get the L-parameter of sym?(m) as follows

M€ (w)

sym(p)(w) = | T ,

L (€7)%(w)

(€7)(@?)

ol

sym?’(gp) (U) = (§0)2(0.2)
[ —3(67)*(0?)
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This parameter is a sum of the 2-dimensional representations given as follows

€3 (w) }
w [ ()P (w) |

€267 (w)
and  w [ £(7)? (w)]

Since

and (£267)(0?) = &£2(0?)&7(0?) = (£9)*(0%)E%(0?) = (£7)%(0?), we get that the L-

parameter of sym?(7) as follows

indy (%79)(€%) @ ind}y <) (€2€7). (3.6)

We denote its L-packet sym®(wpe) as wpes O wpezgo.

Now, we determine the representation type of sym?(wg¢). We use the following remark.
Remark 3.3.2. md K (&) = md ¥ (&2) if and only if § = & or & = &5

Firstly, note that, £267 = (£2€9)7 = (£9)%¢ if and only if £ = £7. Since £ # &7, we get

that ind'". %? (£2€9) is always irreducible by Remark 3.3.2. So, we only need to check
whether indggiﬁf) (€3) is reducible or irreducible. We have the following three cases:
(1) 1ndw(§§§) (€3) is irreducible and isomorphic to md (525")

(2) 1ndw(§§§)(§3) is reducible.

(3) de(%;{) (€?) is irreducible and not isomorphic to 1nd%g§§§) (£2¢9).

Case (1): Assume that indmwfggif (€3) is irreducible and isomorphic to ind g;{) (£2¢9).

By Remark 3.3.2, this happens if and only if either £ = £2£7 or £ = (£2£9)7 on F*.
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Now, & = £€2¢9 if and only if & = £9, which is not true by our assumption. So,

€ = (£267)7 ie., €2 = (€2)7 on F* if and only if md;ggg;;f; (¢3) = ind gjjf; (£2¢°). B

the local Langlands correspondence for GSp(4, K'), in this case the L-packet sym®(wr)
is of type VIII. The representations in the L-packet sym®(wp¢) are 7(S,wr¢) (type
VIIIa) and 7(T,wre) (type VIIIb) (see Sections 2.2 and 2.4 of [37]).

Moreover when a(7) = 2, the condition & = (£7)? implies the representation wp is
triply imprimitive (see Corollary 3.2 from [45]). So, sym?(wg¢) is of type VIII if wp is

a triply imprimitive representation with a(wpg¢) = 2.

W(K/K)

Case (2): Assume that ind, W(R/F)

(€?) is reducible. By Remark 3.3.2, this happens if

and only if &3 = (£%)°. In this case, ind!" g? (&%) = ¢ @ pxF/Kk, for some character

¢ : K* — C* and the unique quadratic character xr/x attached to F//K. Note that,

&3 factors through the norm Np/x and £ = ¢ o Npjk. So, the local parameter of

W(K/K)

sym®(wpg¢) is of the form pxp/x @ ind;, WK /F) (£2¢7) @ ¢. Now, the central character of

indy (K71 (£267) equals €€ sy = i Xy = 9° Xy (since €8 = po Ny &
&k = ¢?, because &3 (z) = ¢ o Npjg(z) = ¢(2?) = ¢*(z) for x € K*). So, the L-

parameter of sym?®(wg¢) is of the form

oXF/K (W)
w op(w) , weW(K/K)
p(w)
such that pu = de(I[Z;{)) (€2¢7), where p is an irreducible L-parameter of GL(2, K)

with det(p) = xr/k. Then p is the L-parameter of the representation 0! @ wpezee =
WFE27(p~LoNy ) = WHe2gog—3 = Wpg-1¢o. By the local Langlands correspondence for
GSp(4, K), sym*(wpe) = wre-1¢0 X ¢ is of type X (see Sections 2.2 and 2.4 of [37]).
Case (3): Let ind", g? (£3) be irreducible and not isomorphic to ind. g? (£2¢7). B
Remark 3.3.2 and case (1), this happens if and only if €2 # (£2)° and & # (£3)7
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F>*. In this case by local Langlands correspondence for GSp(4, K), indV (E/5) &)@

W (K /F)
ina!V(E/K)

W(R/F) (€2¢9) corresponds to a supercuspidal representation of GSp(4, K), i.e.,

sym?(wp¢) is supercuspidal.

The GL(2, K') representations we consider for the sym® lifting have trivial central
character. In Table 3.1, we list the L-parameter and the representation type of the
L-packet sym?(m), where 7 is representation of GL(2, K) with trivial central character.
We also assume that 7 is a local component of a cuspidal automorphic representation on
GL(2). When 7 = wp¢ has trivial central character, by Remark 2.2.9, we have {7 = £71.

Let 7 be a representation of GL(2, K') with trivial central character. When p > 3,
using the local parameters in (3.3), (3.4), (3.6), and Table A.9. from [37], we describe

the conductor a(sym?(m)) of sym3(7) in Table 3.2.

3.4 Local sym?® lifting of archimedean parameter of
GL(2)

To get the standard normalization at the archimedean place we should consider the
classical version of GSp(4,C). So, in this case we consider the following version of the

sym?® map

sym® : GL(2,C) — GSp(4,C)
2abc+a?d 3a’c 2abd+b?c —b2d
ab a?b  a® ab?  —1b?
[c d] 2acd+bc? 3ac? 2bed+ad? —bd?
—3c2d  —3c®  —3cd? d3

(3.7)

Let 7, be the discrete series representation of GL(2,R) of lowest weight £ > 2, i.e.,

Too = Dj. Then the L-parameter ¢y of 7, is given by

o Wr — GL(2,C)
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Table 3.1: L-parameter of sym®(r) for local representations 7 of GL(2, K).

(K/K)

N %
Here we denote 1ndW &/F)

(€) as indX €. Also, p is an irreducible L-parameter of GL(2, K)

with det(u) = xp/k, and ¢ is a character of K such that £ = ¢ o Np/k.

GL(2, K) GSp(4, K) L-parameter Representation
representation L-packet of type of the
m sym? () sym? () L-packet sym?(rr)
XxxTh xR ey oxextexs I
XStaLe) X*Staspa) vivievider i@y 2 IVa
Wr¢ (S, wre), P B Or VIII
& =1on FX (T, wre) @ = ind¢
WF¢ Wrgs X @ OXF/K D pu® X
%=1 on F* op = indf ¢
WF¢ Wre @ Wres indf¢ @ indké? Supercuspidal
£+ 1on FX
€6 +£1 on F*

Table 3.2: Conductor of sym?(r) for local representations 7 of GL(2, K).

7T sym?(7) Condition on 7 a(m) a(sym? (7))
XXXTh Xt xx 2a(x) 2a(x*) + 2a(x)
XStar2) X*Stasp(a) X is ram. 2a(x) da(x?)

X 1s unr. 1 3
Wre Wres B Wrg F/K is unr. 2a(§) 2a(£3) + 2a(€)
F/K is ram. a@)+1  al&®) +alf)+2
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re? — . . j : (3.8)

Then, using the map in (3.7), we get

sym®(¢y) : We — GSp(4,C)

[ ei(k—1)0
i0 i3(k—1)0
re’ — c e—ilk—1)0
i e—i3(k—1)0
B (_1)2(1%1)
. —L1(—1)3k-1)
J = (—1)*=D) °
| -3
Now, we have the following identity
M (k=1) _(k—1)
(=1 2 (—1)2(=1 (=1 2
V3 _%(_1)3@—1) 7ﬁ
(—1)~ (k;l) (—1y=D (k—=1)
e -3 bz
V3 —V3

M (71)3(1%1)
= (—1)3k=1) |

1
L 1

So, the L-parameter of the L-packet sym?(my) is given by

ei(k—1)0
i0 i3(k—1)6 .
re” — N e—i(k—1)0 ) j = 1
e—i3(k—1)0 1

One can easily see from (2.48) that (3.9) is the L-parameter of a discrete series represen-

(71)3(k—1)

(~1)3¢=D ] . (3.9)

tation of GSp(4,R). So, the L-packet sym?3(7.,) contains a holomorphic discrete series
representation with the Harish-Chandra parameter (A1, A2) such that A\; + Xy = 3(k —1)
and A\; — Ay = (k—1), i.e., the Harish-Chandra parameter is (2k — 2,k —1). Then, using
Table (44) in [42], the L-packet sym®(7s) has a holomorphic discrete series represen-
tation of GSp(4,R) with the minimal K-type (A, + 1, A\ +2) = (2k — 1,k + 1). Using
the notation introduced in Section 2.3.3, this is Bgi1x—2. It also has a large (or generic)

discrete series representation with the Harish-Chandra parameter (2k — 2, —k + 1).
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3.5 Siegel modular forms coming via the symmetric
cube lifting

We are interested in a classical version of Theorem 3.2.1 which associates a Siegel cusp
form to a non-CM cuspidal newform via the sym?® lifting. Moreover, we want to un-
derstand the level of the Siegel modular forms obtained by this lifting with respect to

different congruence subgroups.

3.5.1 Automorphic representations and Siegel modular forms

There is a well-understood procedure of associating automorphic representations of
GSp(4, Ag) with Siegel modular forms of degree 2. For a detailed description of this
procedure we refer to [3] and Section 3.2 of [42]. Here we would like to mention some
highlights of this connection.

Let I1 = ), 11, be a cuspidal automorphic representation of GSp(4, Ag), where 11, is
a representation of GSp(4, Q,). Let V,, be a model for IL,,, so that V = ®,V,,, a restricted
tensor product. In order to get a holomorphic vector valued Siegel modular form, we
need to make an assumption that Il is isomorphic to the lowest weight representation
By, ; of weight (k,j) defined in Section 2.3.3. Then I, contains the K-type V(k + j, k)
with multiplicity one. Let v, € Vi be a non-zero vector of weight (k + j,k) in this
K-type. For each finite prime p, let v, be a non-zero vector in V,, and C, be an open-
compact subgroup of GSp(4,Q,) stabilizing v,. For almost all p, we may assume that
v, is the distinguished unramified vector and C, = GSp(4,Z,). So, only for finitely
many primes p, we need to make a choice for v, and C,. We will assume that the

multiplier maps p : C, — Z, are surjective for all p. In this case, strong approximation

for Sp(4) implies that GSp(4, Ag) = GSp(4, Q)GSp(4,R)™ [[ C,. Also, by our choices,

p<oo
®vp is a legitimate element in ®,V,, and it corresponds to a cusp form ® € V' via the
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isomorphism V' = ®,V),. Using the strong approximation of GSp(4, Ag) and properties
of the automorphic form ®, we can find a vector valued Siegel cusp form f of weight

(k,j) and degree 2 with respect to the following congruence subgroup of Sp(4, Q)

I'=GSp(4,Q) NGSp(4, R)* ] G, (3.10)
p<oo

which is associated to the given cuspidal automorphic representation II of GSp(4, Ag)
such that L(s, f) = L(s,II). Here L(s, f) is the completed spin L-function of f defined
in Section 3.3 of [42] and L(s,II) = [ . L(s,11,) is the completed spin L-function of
II. The spin L-factors L(s,II,) of IL, for finite primes p are listed in [37] and the spin
L-factors L(s,Ily) of Il is given in (2.49). As in section 2.7.1, here also we consider
L(s, f) in the analytic normalization.

In the next subsections, we investigate the Siegel modular forms attached to Il =
sym? () with respect to different congruence subgroups I of Sp(4, Q) by making different
choices for C,. We consider the compact open subgroups K (p"), I'o(p™) and I'(p™) of
GSp(4,Q,) defined in (2.5), (2.6) and (2.7) respectively. For these three choices of C,,
we get Siegel modular forms with respect to the congruence subgroups K (M), ['o(M)
and I'(M) of Sp(4,Q) as defined in Section 2.7.2. These are classical versions of the

1
subgroups C), with respect to the symplectic form J = {_1 1] :
-1

3.5.2 Level with respect to the principal congruence subgroup

Let ™ 2 @p<oomp and I = sym?(7) & ®,<sym?(m,) as in Theorem 3.2.1. Ramakrishnan
and Shahidi considered the principal congruence subgroup level in [35]. They have
mentioned that the finite component II; & ®,..,II, of II = sym?®(r) has a non-zero
vector invariant under the principal congruence subgroup of level equal to the conductor

a(sym?3(m)). Which means that for each p | a(r), there exists a non-zero vector invariant
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under the principal congruence subgroup T'(p*®™* (™)) But, the conductor a(sym?(r,)
of sym?(m,) is not the minimal principal congruence level. In this subsection, we will
describe the minimal principal congruence level of sym®(m,) when sym?(7,) is a non-
supercuspidal representation.

First, we review the definition of depth of a representation defined by Moy-Prasad
in [30]. Let G be a connected reductive algebraic group defined over a non-archimedean
local field K. Let (7', V') be an irreducible admissible representation of G. Let B = B(G)
be the Bruhat-Tits building associated with G. Let G, = {g € G : g - x = x} be the
parahoric subgroup of G associated to a point x € B. Moy and Prasad have defined a
decreasing filtration of subgroups of G, denoted by G, and indexed by the non-negative
real number r. Let G;T = UssrGgs. Then Moy and Prasad showed that there exists
a smallest rational number r = p(7') such that the space V¢ is non-trivial for some
x € B and they called it the depth of 7’. For general references for this paragraph, see
[30] and [31].

Let p(sym3(m,)) be the depth of the representation sym?(m,) of GSp(4,Q,). When
the representation sym?®(m,) of GSp(4,Q,) is non-supercuspidal, using Theorem 5.2 in
[31], and the fact that for a character y, the depth p(x) = max{a(x) — 1,0}, we list

p(sym3(7,)) in Table 3.3.

Fact 3.5.1. If m, is an essentially square integrable representation of GL(2,Q,) then

p(m,) = max {a(”’;i, 0}. This is a special case of a more general theorem in [28].
Now, we note the following from Table 3.2 and Table 3.3 using Fact 3.5.1.

1. Ifsym?(m,) = x*xx?xx 3. Then a(sym?(m,)) = 2a(x*)+2a(x) and p(sym?(7,))+

1 = max {a(Xz)’ a(X4)v a(X3)7 1}.

2. If sym®(m,) = X*Staspr), then a(sym?(m,)) = 4a(x®) and p(sym?(m,)) +1 =

max {a(x?®), 1}.
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Table 3.3: Depth p(sym?(m,)) of sym? (7).

Here sym?®(m,) is non-supercuspidal. F/Q, is the unramified quadratic extension and &
is the character of F'*. Here, ¢ is a character of Q; such that & = ¢ o Npyq,-

sym?(m,) Condition on T, p(sym3(7,))
XX xx? max {a(x*) — La(x") — La(x’) - 1,0}
XSStGSp(4) X is ram. max {a(x®) — 1,0}
X 1s unr. 0
Wres B W &'=1on F~ p(wre)
% =1on F* max {p(), p(wres) }

3. Let sym?®(m,) = wres @ wpe such that F/Q, is a quadratic extension and ¢ is a
character of F* with €7 = ¢71. Let £&* = 1 on F*. By Table 3.1, sym?3(r,) is of

type VIIL. Then we have, a(sym®(m,)) = 2a(wr¢) and using Fact 3.5.1,

p(sym®(my)) + 1 = max {% +1, 1} - ma,x{a(w;’g) : 1} .

4. Let sym®(m,) = wres ® wre such that F/Q, is a quadratic extension and ¢ is
a character of F* with £&7 = {1, Let €% = 1 on F*. By Table 3.1, sym®(m,)
is of type X and sym®(m,) = wpes X @, where ¢ is a character of QY such that

£ = ¢ o Npyg,. Then, a(sym?(m,)) = a(wre) + 2a(y) and using Fact 3.5.1,

plosm(my) + 1 = max { ) (), 1}

Considering all the cases above, we see that p(sym®(m,)) is an integer and

plsym®(x,)) + 1 < a(sym®(m,)), (3.11)
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when sym?(7,) is a non-supercuspidal representation of GSp(4, Q,).

Fact 3.5.2. Using Theorem 5.2 of [30] for G = GSp(4), one can check that for an
irreducible admissible representation (7', V) of GSp(4,Q,), if p(n’) is an integer then
n = p(r') + 1 is the smallest integer n such that ©' admits a non-zero vector under the

principal congruence subgroup T'(p™).
Then, using Fact 3.5.2 and (3.11), we get the following remark.

Remark 3.5.3. Let m = ), m, be a cuspidal automorphic representation of GL(2, Ag)
defined by a holomorphic, non-CM newform ¢ of even weight k > 2 and level N with
trivial central character. Then there exists a cuspidal automorphic representation 11 =
&, 11, of GSp(4, Ag) with trivial central character, which is unramified at any prime
p not dividing N, such that 11 satisfies (i), (ii), (iit) of Theorem 3.2.1. If 11, is a non-
supercuspidal representation of GSp(4,Q,) for each prime p | N, then the minimal
principal congruence subgroup of level of 11 is p(sym3(7w)) + 1, i.e., the finite component
II; = ®peoolly, of IT has a non-zero vector invariant under principal congruence subgroup

of minimal level equal to p(sym3(r)) + 1. Here, p(sym?3(r)) is the depth of sym3(m).

But, the principal congruence subgroups are not ideally suited for a correspondence
between cuspidal automorphic representations of GSp(4, Ag) and Siegel modular forms.

So, we will not consider the principal congruence subgroup further.

3.5.3 Level with respect to the Siegel congruence subgroup

As before, assume that 7 ¥ ®,<.m, and II = sym?(7) = ®p<oosym?(m,) are as in
Theorem 3.2.1. Recall from Section 3.5.1 that in order to find the Siegel congruence
subgroup levels of the Siegel modular forms coming from the sym? lifting, one needs
choose suitable vectors v, invariant under the Siegel congruence subgroup I'g(p") at
each prime p | a(m). So, one should study the space Vy(n) of I'g(p") invariant vectors of

I, = sym®(m,).
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First, we consider the space V;(2) for IT, = sym?*(m,) where 7, is a non-supercuspidal
representation of GL(2,Q,). It turns out that the space V;(2) is very large, which is
not ideal for choosing a good candidate v, € V;(2) to construct a holomorphic Siegel
modular form. One of our sample results is the following when 7, is a principal series

representation of GL(2,Q,).

Proposition 3.5.4. Let m, = x x x " with a(x) = 1, where x is a character of Q). So,
I, = sym®(m,) = x* x x* x x7 3. Let Vy(2) be the space of the To(p?) invariant vectors

for the representation x* x x* x x~3. Then

6 if x? is unramified,

3 if X3 is unramified,
the dimension of Vp(2) = (3.12)

4 if x* is unramified and x? is ramified,

0  otherwise.

We omit the proof of this result since it is technical and not useful for our study
of Siegel modular forms coming from the sym? lifting. Note that, V(2) has a basis
consisting of f, : GL(2,Q,) — C*, where g is a representative of the double coset
B\g/To(p?), defined as follows

a

B (EU B DNOISE o=V JakeBgeT)
4 ) = ca—

0 otherwise.
1
Now the the Atkin-Lehner element n = |:w2 _1} of level p* in GSp(4,Q,) acts on

the space V(2) as IL,(n)(f,)(x) = fy(zn). This gives us an operator n : V5(2) — V5(2),

known as the Atkin-Lehner operator. Also, there is an endomorphism p : V5(2) — V5(2),
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known as the p-operator, defined by

nwe - X n(l L] e T on (7 s

x,2€Lp [pLyp 2E€Lyp [Py

To find a suitable T'g(p?)-invariant vector for sym?(m,) = x* x x? x x ™3, we have also
considered these two operators on the space V5(2) and computed the eigenvalues for
them. But in most of the cases, we did not find a unique eigenvector which can be used
for our purpose. As a conclusion of this subsection, we want to mention that the Siegel
congruence subgroup is not a suitable congruence subgroup to study the Siegel modular

forms coming from the sym? lifting.

3.5.4 Level with respect to the paramodular group

In this subsection, we consider Siegel modular forms with respect to the paramodular
group. There is a well understood connection between paramodular forms and cuspi-
dal automorphic representations of GSp(4, Ag), and there is a nice newform theory for
paramodular forms (see [36, 37]). These facts were not available at the time Ramakrish-
nan and Shahidi proved the result on the sym? lifting. Now, using Theorem 3.2.1 and

the paramodular newform theory we get the following result.

Corollary 3.5.5. Let ¢ be a non-CM cuspidal newform of even weight k > 2 and level N
with trivial central character. Let m = ®p mp be the cuspidal automorphic representation
of GL(2,Aq) associated to ¢. Then there exists a vector valued cuspidal paramodular

newform f of weight de x sym*=2 and level equal to the conductor a(sym?(r)) of

sym?(m) such that L(s, f) = L(s, ¢,sym?).

Proof. By Theorem 3.2.1, 7 lifts to a cuspidal automorphic representation IT = sym3 ()
of GSp(4, Ag) with trivial central character. Moreover, II is a representation of type (G)

(see [44]) such that each non-archimedean component II, is generic and the archimedean
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component I, is a holomorphic discrete series representation. Then, by Theorem 4.4.1
from [37], there exists a paramodular vector of minimal level at each non-archimedean
place. Now, recall from Theorem 7.5.4 and Corollary 7.5.5 of [37] that the minimal
paramodular level of II, at each finite place p is the conductor a(Il,) of 1I,, and the
dimension of the space of paramodular vectors at the minimal level is 1. Since a(Il) =
[1, p*e) we get a paramodular newform f of level a(Il) = a(sym®(7)) associated
to the automorphic representation II of GSp(4, Ag) such that L(s, f) = L(s,II) (see
[42]). Using part (i) of Theorem 3.2.1 we get L(s, f) = L(s,II) = L(s,w,sym?) =
L(s, ¢,sym?).

Also, one can easily see that the weight of f is det®*?

x sym*~2 by looking at the local
parameter at the archimedean place as in (3.9) and the last paragraph of Section 3.4.

This concludes the proof. O

Remark 3.5.6. In order to construct holomorphic Siegel modular forms, we choose the
non-archimedean components of sym3(m) to be generic and the archimedean components
of sym?3(m) to be holomorphic discrete series in Theorem 3.2.1 and Corollary 3.5.5. In
general, we consider sym?3(m,) as the L-packet on GSp(4,Q,) whose L-parameter is the
symmetric cube of the L-parameter of m,. We can switch between generic and non-
generic in each component since sym*(w) is of type (G). But, when we study global
results, we make the specific choice of local representations in the L-packet as in Theo-

rem 8.2.1.

Figure 3.1 shows the liftings in Theorem 3.2.1 and Corollary 3.5.5. We want to find a
formula for the level M of the paramodular form f in terms of the data of the given
newform ¢. Since M = a(sym®(7)) =[], pey*(m) we need to calculate a(sym?(m,))
for each local representation 7, of GL(2,Q,) attached to ¢. Table 3.2 gives a formula
for the conductor a(sym?(m,) of sym?(m,) in terms of the conductor of some characters

that appear in sym3(7,).
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The sym? lifting

¢ € Sp™(Fo(N)) r B e SiT o (K (M)

~ _ ~
T = ® Tp Functoriality for syn{ﬁ = ® Hp (using Arthur packets\) = ® Hp

P _ e P _ — P
on GL(2,A) (Kim-Shahidi) on GL(4, A) (Ramakrishnan-Shahidi) on GSp(4,A)

Figure 3.1: Diagram illustrating the symmetric cube lifting.

Notice that we need a description of the character involved in the L-parameter of 7, in
order to calculate a(sym?(7,)). So, the global question of finding the paramodular level
coming from the sym? lifting leads to the local question of determining the representation
of GL(2,Q,) associated to a cusp form. In principle the paper [29] contains an algorithm
to determine the local representations attached to modular forms. However, the local
parameter of the output of the algorithm is not always obvious. So, we consider a
more specified problem, namely finding the level of the paramodular forms coming from
elliptic curves over Q through the sym? lifting. For that, we need to find a detailed
description of the local representation m, of GL(2,Q,) from an elliptic curve £ over Q,.

We discuss this in the next chapter.
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Chapter 4

Representations attached to elliptic curves

over a p-adic field

In this chapter we describe the representations associated to elliptic curves over a
p-adic field. For elliptic curves with potential multiplicative reduction, one can find
the associated representations for any p-adic field. If an elliptic curve has additive
but potential good reduction over a p-adic field with residual characteristic > 5, the
associated representation is also known. The main focus of this chapter is to find a
detailed description of the representations attached to elliptic curves with additive but
potential good reduction over a non-archimedean local field of residual characteristic 3.

Let K be a non-archimedean local field of characteristic zero with residual charac-
teristic p. Let ox be the ring of integers of K, and let p be the maximal ideal of og.
Let wg be a uniformizer of K. Suppose that v : K — Z is the normalized valuation on
K, and k = og /p is the residue field of K of order ¢q. Let ® € Gal(K/K) be an inverse
Frobenius element, K™ be the maximal unramified extension of K inside K, and Ix
be the inertia group. Let E be an elliptic curve over K given by a minimal Weierstrass
equation of the form y? +ayxy+azy = ¥® +asx® + asx +ag as in (2.71). The discriminant
A, the j-invariant j(E), and the constants ¢4, ¢ are the usual quantities attached to
the Weierstrass equation given as in (2.72).

Let o’ be the Weil-Deligne representation associated to E/K as described in Sec-

tion 2.8.4. Now, o corresponds to an irreducible admissible representation 7z of
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GL(2, K) by the local Langlands correspondence. Here we give a description of 7p
when the given elliptic curve F/K has bad reduction. We separate our study into a few

sections depending on the reduction type of E.

4.1 Potential multiplicative reduction

If we assume E/K has potential multiplicative reduction, then ¢, and ¢g are non-zero

since j(F) & ox. Then we define the y-invariant of E/K by

WE/K) = —% e K*/K*2, (4.1)

This quantity is well defined and independent of the choice of the Weierstrass equation.
Let o} be the Weil-Deligne representation associated to E (see sections 13-15 in [39]),
which corresponds to an irreducible admissible representation 7g of GL(2, K') by the local
Langlands correspondence. We want a description of the representation 7z in terms of
the Weierstrass coefficients of . When E has potential multiplicative reduction, we

have the following result from [39].

Theorem 4.1.1. Let K be any non-archimedean local field of characteristic zero. Let
E/K be an elliptic curve with potential multiplicative reduction, i.e., j(E) & ox. Then

the GL(2, K) representation wg associated to E is given by

e = (V(E/K),)StaLe k),

where (7(E/K),-) is the quadratic character of K* defined by the Hilbert symbol (-,-).

Furthermore, we have one of the following cases:

o (V(E/K),-) is trivial if and only if E/K has split multiplicative reduction.
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e (V(E/K),") is non-trivial and unramified if and only if E/K has non-split multi-

plicative reduction.

o (YV(E/K),-) is ramified if and only if E/K has additive reduction.

4.2 Potential good reduction in residual character-
istic > 5

When E has additive but potential good reduction and the residual characteristic of K
is greater than or equal to 5, the following results from [50] describe the representation

TE.

Theorem 4.2.1. Let K be a non-archimedean local field of characteristic zero with
residual characteristic > 5. Let E'/K be an elliptic curve with additive but potential good
reduction, i.e., j(E) € ox. Assume that (¢ — 1)v(A) = 0 mod 12 and e = m.

Then the GL(2, K) representation mg associated to E is a principal series representation,

i.e., T = X X X1, where x is a character of K* satisfying the following properties:
(i) The conductor a(x) of x is 1, i.e., x is trivial on 1+ p,

1) X|lw,_, s trivial on the index e-subgroup W¢_,, where W,_1 is the group of (¢—1)th
q—1 q 1 q

root of unity,
(i4i) The character of Wy_1/W¢ | = Z/eZ induced by x has order e.

Furthermore, there is a unique such character when e = 2, and there are exactly two

such characters when e € {3,4,6} which are inverses of each other.

Theorem 4.2.2. Let K be a non-archimedean local field of characteristic zero with
residual characteristic > 5. Let E/K be an elliptic curve with additive but potential good

reduction, i.e., j(E) € ox. Assume that (¢ — 1)v(A) # 0 mod 12 and e = m.
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Then the corresponding GL(2, K) representation g is a dihedral supercuspidal represen-
tation with trivial central character, i.e., T = wpe, where I is the unramified quadratic

extension of K and £ is a character of F* satisfying the following properties:
(i) The conductor a(§) of € is 1, i.e., £ is trivial on 1+ pp,

(i1) f]oé has order e € {3,4,6},

(i1i) {(wr) = —1. Here, wr is a uniformizer of F' chosen to be in K.

Furthermore, there are exactly two such characters which are Galois conjugates of each

other for each e.

4.3 Potential good reduction in residual character-
istic 3 and v(3) =1

Assume that the residual characteristic of K is 3 and v(3) = 1. In Table 4.1, we define
a list of conditions on E in terms of the quantities v(cy), v(cg), and v(A). This table is

reproduced from Table II of [33]. For i = 2 or 5, we define a condition R; on E/K by
R;: 2®—3cux — 2¢6 =0 mod (27@%) for some x € ok. (4.2)

If an elliptic curve E/K does not satisfy the condition R;, then we denote it by “non R;”

in Table 4.1. When K = Qs, v(cq4) > 2, and v(cg) = 3, the condition Ry is equivalent to
(cs/3%)? +2 = c4/3 mod 9. (4.3)
When K = Qs, v(cq) > 4, and v(cg) = 6, the condition Rs is equivalent to

(c6/3%)2 +2 = c¢y/3% mod 9. (4.4)
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There are also some conditions on the underlying field K in Table 4.1, called “reducibility
condition”, that determines whether the Galois representation attached to E is reducible
or irreducible. The exponent v(NN) of the conductor N of the elliptic curve E appears
on the last column of Table 4.1. The list of conditions does not depend on v(N). In
fact v(N) can be determined in terms of the quantities v(cy), v(cs), and v(A). For each
condition in Table 4.1, we describe the GL(2, K') representation 7g associated to £. The
following lemma ensures that this way we get all the possible GL(2, K) representations

associated to an elliptic curve E/K with additive but potential good reduction.

Lemma 4.3.1. Let K be a non-archimedean local field of characteristic zero with residual
characteristic 3 and v(3) = 1. Suppose that E is an elliptic curve over K given by a
minimal Weierstrass equation of the form (2.71) with the coefficients in ox. Let A be
the discriminant, and cy4, cg be the usual constants attached to the equation (2.71) as

defined in (2.72). Then the following statements are equivalent:

(i) E has additive but potential good reduction.

(i1) E satisfies one and only one of the conditions in Table 4.1.

Proof. The Kodaira-Néron type of E/K is one of the types described in Theorem 8.2 of
[48], and it can be determined in terms of the coefficients of (2.71) using Tate’s algorithm
(see our discussion in Section 2.8.5). Now, the proof follows from the following equivalent
steps:

E has additive but potential good reduction.

& The j-invariant j(E) is integral, i.e., v (j(E)) > 0. (See Proposition 5.5 in [47].)

& 3v(cq) > v(A). (By definition of j(E) as in (2.72).)

< The possible Kodaira-Néron types of E are Ijj, IT, IT*, ITI, III*, IV, IV*.

(By Tate’s algorithm. Also see Table II in [33].)

& E satisfies one and only one of the conditions in Table 4.1. (By Table II in [33].) O
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Assume that E/K has additive but potential good reduction, i.e., E satisfies one of
the conditions in Table 4.1. Let L/K"™ be the smallest extension such that £/L has

good reduction. By the corollary after Lemme 3 of [26], we have

=

L = K"™(E[2], A), (4.5)

where K" (F[2]) is the splitting field of the polynomial on the right hand side of (2.71).
Now the kernel of o/ : W(K/K) — GL(2,C) is Gal(K /L) (see section 2 of [38]). So,
on  W(L/K) & W(K/K)/Gal(K/L) — GL(2,C) is a faithful representation. Let
A = Gal(L/K"™). Then, we have

Ic/Gal(K /L) = A and W(L/K) = A x (@), (4.6)

and

2

oo(Ixc) = o's(Ix/Gal(K /L)) = o's(A) 2 A. (4.7)

Remark 4.3.2. Since ol is a faithful representation of W(L/K), using (4.6) and (4.7)

we conclude that the order of aly|r, is |Al.
Also, we use the following remark in the proofs of the main theorems of this section.

Remark 4.3.3. A faithful two-dimensional semisimple complex representation of a
group 1s reducible if and only if the group is abelian. So, the Weil-Deligne represen-
tation o'y associated to the given elliptic curve E /K is reducible if and only if W(L/K)

is abelian, i.e., the image of o' is abelian (also see Proposition 2 in [38]).

4.3.1 Principal series representations

The following theorem describes all possible principal series representations of GL(2, K)

coming from elliptic curves over K with additive but potential good reduction.
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Table 4.1: Table of conditions in terms of the quantities v(A), v(cy), and v(cg).

Name of Reducibility v(A) wv(cs) wv(cg) — Additional — Néron v(N)

condition  condition condition type
Py 6 2 3 I 2
3 > 6
Py —1e€k*? 3 > 2 3 R, as in (4.2) I11 2
2 >5
9 >4 6 Rsasin (4.2) III"
4 >8
Sy —1¢ k> 3 > 2 3  Rpasin(42) III 2
2 >5
9 >4 6 Rsasin (4.2) III"
4 > 8
P3 A e K*? 4 2 3 II 4
12 5 8 I
Ss A g K*? 4 2 3 I1 4
12 5 8 I
Pg A e K*? 6 3 5 v 4
10 4 6 v*
Se A g K*? 6 3 5 v 4
10 4 6 v*
Se A g K*? 3 >2 3 non R, 11 3
2 4
5 2 3 v
9 >4 6 non Rj Iv*
4 7
11 4 6 I
Sg A g K*? 5 >3 4 IT 5
7 > 5 vV
11 > 5 7 v
13 > 6 8 I
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Theorem 4.3.4. Let K be a non-archimedean local field of characteristic zero with
residual characteristic 3 and v(3) = 1. Let E/K be an elliptic curve given by a minimal
Weierstrass equation of the form (2.71) with the coefficients in 0. Assume that E
satisfies one of the conditions in {Ps, P4, P3, P} as defined in Table j.1. Then the
corresponding GL(2, K) representation wg is a principal series representation, i.e., mp =

x X XL, where x is a character of K* satisfying the following properties:

(i) If E satisfies the condition P,,, then X|U;<( has order m. Here, m € {2,3,4,6}.

(ii) The conductor a(x) of x is given by

1 if E satisfies Py or Py,
a(x) =
2 if E satisfies P3 or Pg.

Furthermore, there is a unique such character on oy when E satisfies Py, and there are
exactly two such characters on oy when E satisfies Py, which are inverses of each other.

Before proving Theorem 4.3.4, we review a few facts about the correspondence be-
tween the set of characters of W(L/K) and the set of characters of K* using Artin

isomorphism. Here, we consider the following diagram.

O (4.8)
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Suppose that, o, = x @ x~! where x is a character of W(L/K). By Remark 4.3.2,
0plr = o|a has order |A|. Then, using the proof of Théoreme 1 of [26] (also see
Theorem 3.1 of [24]), one can see that A is always cyclic if E satisfies one of conditions
Pi, i € {1,2,3,4}. So, 0z(A) has order |A| is the same as saying n = |A| is the smallest

integer n such that o (w)* =1 for all w € A.

Fact 4.3.5. x|r also has order |A|, i.e., n = |A| is the smallest integer n such that

X" =1onA.

Proof. We have the following matrix representation of o’;:

(W) = . weW(L/K). (4.9)

Let m be the order of x|5. Now,

(W)™ = x(w™) =1 for all w € A. (4.10)

So, m divides |A|. If possible, let m < |A]. Since order of x|y = order of x|y = m,

op(w)™ = = 1. (4.11)

This is a contradiction since the order of o[ is |A|. Hence, Fact 4.3.5 is true. O

Next, we find the character of K* which corresponds to the character x of W (L/K)
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using the following two commutative diagrams:

I

|

W(K/K)—L=W(K/K)/W(K/L) = W(L/K)—%C*

Xxop

In/(Ix "W (K /L)) = A (4.12)

0% - p(Ix) L Ig (4.13)

~ I ab ~v 7 7 c_P I
KX == W(K/K)™ = W(K/K)/W(K/K)<'—W(K/K)
\ lxop
X Cx

We start with the character x : W(L/K) — C*. Using Diagram (4.12), we get the
character y o p of W(K/K). Here, p is the quotient map from W(K/K) to W(L/K).
Then using Diagram (4.13), we get the character x of W (K /K ) such that yop = xop.
Here, p is the quotient map from W (K/K) to W(K/K)®. Then finally we get the
character y = y org of K* which corresponds to the character x of W(L/K). Here rg

is the Artin isomorphism. One can easily check that the following map

{Characters of W(L/K)} — {Characters of K*} (414)
4.14

~

X = X
is a homomorphism of groups of characters such that we have the following remark.

Remark 4.3.6. Assume that oy = x®x ™' be the Weil-Deligne representation associated
to E/K, where x is a character of W(L/K). By the local Langlands correspondence,
e = X X X!, where X is the character of K* corresponds to x wvia (4.14). Then by

chasing the diagrams (4.12), (4.13), and using Fact 4.53.5 one can show that
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2. )A(|0;<( has order |A|.
For simplicity of notation, we denote the character x of K* by x too.

Proof of Theorem 4.3.4. Suppose E satisfies the condition P,, for m € {2,3,4,6}.
By Théoréme 1 of [26] (also see Theorem 3.1 of [24]), we have A = Z/mZ. Now,
Proposition 3.2 of [24] implies that W(L/K) is abelian, i.e., the image of ¢7; is abelian.
Then, using Remark 4.3.3 (also see Proposition 3.3 of [24]), we get o = x & x !, where
X is a character of W(L/K). By the local Langlands correspondence, the corresponding

1 where y is the

GL(2, K) representation 7 is the principal series representation x x x~
corresponding character of K*. Using Remark 4.3.6 we see that X|0§( has order m. From
Table 4.1, a(rg) = v(N) = 2 when F satisfies either Py or P4, which implies a(y) = 1.
In this case, we get an induced character y : 0y /(1 +p) = k£ — C*. Note that £* is a
cyclic group of order 3" — 1, where K has degree n over Q3.

When F satisfies the condition P,, the induced character y : k* — C* has order 2
and 2 | 3" — 1. There is only one element of order 2 in £*. So, the induced character is
the unique such character of order 2.

When FE satisfies the condition P4, the induced character x : £* — C* has order 4.

Since —1 € k*2, k* contains the root of 22 + 1. Then the quadratic extension Qs(i) of

Q3 is contained in K.
K

Qs(4)

Qs

So, 4 | 3" — 1. Now, there are exactly ¢(4) = 2 elements of order 4 in k*. So, there are
exactly two such characters y on oy, which are inverses of each other.

Similarly, when E satisfies P3 or Pg, a(mg) = v(N) = 4 from Table 4.1. So, a(y) = 2
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in these two cases. Hence, we get all the cases of Theorem 4.3.4. [

Corollary 4.3.7. Let E be an elliptic curve over Q3 given by a minimal Weierstrass
equation of the form (2.71) with the coefficients in Zs. Assume that E satisfies one of
the conditions in {Ps, P3, Ps} as defined in Table 4.1. Then the corresponding GL(2,Q3)
representation is a principal series representation, i.e., Ty = X X X', where x is a

character Q3 satisfying the following properties:
(i) If E satisfies the condition Py, then x|zx has order m with m € {2,3,6}.

(ii) The conductor a(x) of x is given by

1 if E satisfies Py,
a(x) =
2 if E satisfies P3 or Pg.

(i11) Furthermore, there is a unique such character on Z; when E satisfies Py, and
there are exactly two such characters on Z3 when E satisfies Py or Pg, which are

wnverses of each other.

Proof. This corollary is a special case of Theorem 4.3.4 for K = Q3. So, most of the
statements follow from the proof of Theorem 4.3.4 except for the property (iii) when E
satisfies P3 or Pg.

Note that when E satisfies P3 or Pg, a(y) = 2. So, the character X|Z§ induces a
character on Z5 /(1 + 3%Z3) = (Z/9Z)*. Since (Z/9Z)* is cyclic group of order 6, there
are exactly ¢(3) = 2 (resp. ¢(6) = 2) elements of order 3 (resp. order 6) in (Z/9Z)*
which are inverses of each other. Now, if E satisfies the condition P3 (resp. Pg), then the
character x|;x has order 3 (resp. order 6). Hence, there are exactly two such characters

on Z3 when F satisfies P3 or Pg. This completes the proof of the corollary. n
Note: E/Qs never satisfies P4 since —1 ¢ Q3.

96



4.3.2 Supercuspidal representations

Let G be a group, and H be an index-2 subgroup of G. All representations of these
groups are assumed to be finite-dimensional and complex. Let ¢ € G\ H, so that
G = HUoH. If € is a representation of H, then the conjugate representation &7
is defined by £7(h) = £(ocho™t). We denote the restriction functor by res% and the
induction functor by indg. Then we have the following result which we use to prove our

main theorem of this subsection.

Lemma 4.3.8. Let G be a group, and H be an index-2 subgroup of G. Let x be the
unique non-trivial character of G/H. Let ¢ be an irreducible representation of G. Then

exactly one of the following holds
1. ¢ % ¢ ® x and res$p is irreducible. In that case ind$ (res(¢)) = 0 ® (¢ ® X).

2. 0 = o®y and resGp = £ B £, where € is a representation of H. In that case
§#¢7, and ¢ = indj () = indj; (€7).

The following theorem describes all the supercuspidal representations of GL(2, K') asso-

ciated to elliptic curves over K with additive but potential good reduction.

Theorem 4.3.9. Let K be a non-archimedean local field of characteristic zero with
residual characteristic 3 and v(3) = 1. Let E/K be an elliptic curve given by a minimal
Weierstrass equation of the form (2.71) with the coefficients in ox. Assume that E
satisfies one of the conditions in {S4,Ss3,Se, s, ¢} as defined in Table 4.1. Then the
associated GL(2, K) representation mg is a dihedral supercuspidal representation, i.e.,
Tp = Wre, where I is a quadratic extension of K and § is a character of F* satisfying

the following properties:
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(i)

(

K (i) is the unramified extension of K if E satisfies Sy,

F= 9 K(/A) is the unramified extension of K if E satisfies Sg or Sg,

K(VA) s a ramified extension of K if E satisfies Sg or Sg.

\

(ii) The conductor a(§) of € is given by

(

1 if E satisfies Sy,

a(§) =<2 if B satisfies a condition in {83, 86,8'6},

4 if E satisfies Sg.

\

(11i) If E satisfies the condition S,, for m € {3,4,6}, then §|o; has order m. If E

satisfies the condition Sg or Sg, then 5]0; has order 6.

(iv) {(wr) = —1 when E satisfies one of the conditions in {S4,S3,S¢}. Here, wr is a

uniformizer of F' chosen to be in K.
(v) In all cases, we have £ = 71 on F*.

Furthermore, when E satisfies Sy, there are exactly two such characters on oy and they

are Galois conjugates of each other.

Suppose that o = ind %EZ?)) (&) where & is a character of W(L/F). We know
that o/ is a faithful representation of W(L/K) with kernel Gal(K/L). Then o|;, =
Oplip/GaR/L) = Oklcayr/pmy has order [Gal(L/F"")|. Here, we need to consider the

following two different diagrams depending on F' being the unramified or a ramified
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quadratic extension of K.

K=F K=F
Ix=Ip| L Ir| L
>A (4.15)
Joun — fun Frun A
)
@ F K F
>(0) <q>>< /
K K

Fact 4.3.10. &|Gay ) also has order |Gal(L/F"™)|.

One can prove this fact in a similar manner as we have proved Fact 4.3.5. Note that,
when F' is unramified, Gal(L/F") = Gal(L/K"™) = A. Before proving Theorem 4.3.9,
we find the character of F* which corresponds to the character £ of W(L/F') and show

the relationship between them using the following two commutative diagrams:

Ip——Ip/(Ip N W(K /L)) = W(L/F"™) (4.16)

W(K/F)—2~W(K/F)/W(K/L) = W(L/F)— s C*

— e
X

Op p(Ir) Iy (4.17)

| | |

FX == W(K/F)* = W(K/F)/W(K/F) <~ W(K/F)
\\j jfop
é O

Using Diagrams (4.16), (4.17) and the Artin isomorphism rp we get the character & of

F* which corresponds to the character £ of W(L/F') and we have the following remark.
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Remark 4.3.11. Suppose o, = ind%%éjgﬁ 15 the Weil-Deligne representation associ-

ated to E/ K, where £ is a character of W(L/F'). By the local Langlands correspondence,
T = Wpg IS dihedral supercuspidal representation of GL(2, K), whereé 15 the character

of F* corresponds to & as above. Thené satisfies the following properties
(1) &1 =)
(2) & = (&7
(8) &lx has order |Gal(L/F™)].
(4) The character
det(o) : w +— E(w)E% (w), w e W(L/F)
o —¢&(0?), oceW(L/K)\W(L/F)

of W(L/K) corresponds to the character &|gx - xp/k of K*, where xp/k is the

quadratic character of K* associated to the quadratic extension F/K.
For simplicity of notation, we denote the chamcterf of F* by & too.

Proof of Theorem 4.3.9. We prove the theorem in two cases.

Case 1: Suppose that E satisfies the condition S,, for some m € {4,3,6}. Then by
Théoreme 1 of [26] (also see Theorem 3.1 of [24]), we have A = Z/mZ. For this case we
consider the diagram on the left of (4.15).

If E satisfies the condition Sy, then —1 ¢ k*2. By Hensel’s lemma —1 € 0\ 0. So,
the field F' = K () is the unique unramified extension of K of degree 2. Now, W(L/K) =
Z/AZx (®) and ®? acts trivially on Z/4Z (since the non-trivial action of ® on Z/47Z sends
1+ 3,3+ 1, and fixes 0,2). So, we get W(L/F) = Z/4Z x (®?). Note that o/ is a two
dimensional faithful representation of W (L/K). Since —1 & k% by Proposition 3.2 of
[24], W(L/K) is not abelian. Then, by Remark 4.3.3 (also see Proposition 3.3 of [24]),

o, is an irreducible representation. Now, since W (L/F') is abelian, by Remark 4.3.3 and
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Lemma 4.3.8, res%é%?(a};) = @ E° for some character & of W(L/F) with £ # £ and

oy = 1nd$£§ﬁf)) (§). Here o is an element of W(L/K)\ W(L/F). Hence, by the local
Langlands correspondence, mr = wp¢, where £ is the corresponding character of F* via
the Artin isomorphism.

From Table 4.1, v(N) = a(of) = 2a(§) = 2, i.e., a(§) = 1. So, the assertion (ii) is
true. The property (iii) follows from Remark 4.3.11, i.e., 5]0; has order |A| = |Z/AZ| = 4.
For (iv), note that the representation mg has trivial central character. By Remark 2.2.9,
we have 1 = {|xx (wk).Xr/k(wk) = {(wk) - (1) (since xp/x(wk) = —1). Since F is
the unramified extension over K, we may assume wx = wp. Hence, {(wp) = —1. The
statement (v) is immediate from Remark 2.2.9.

When E satisfies Sy, we have a uniqueness result. Since a(§) = 1, we get the induced
character £ : 05/(1 + pp) — C* of order 4. Note that oy /(1 + pp) is a cyclic group of
order 3" — 1, where K has degree n over Q3, and 4 | 3** — 1. Now, there are exactly 2
elements of order 4 in 05/(1+ pr) which are inverses of each other. Since €7 = ¢! and
&7 #£ £, there are exactly two such characters in this case, which are Galois conjugates
of each other. The representation 7z is a triply impritive representation, since
&2 = (£€7)? and a(mg) = 2 (see Corollary 3.2 from [45]). In fact by Theorem 4.1 from
[45], we see that 7g is a unique such representation and ¢ = 3 mod 4 (i.e., n is odd).

Now assume that E satisfies the condition S,, for m = 3 or 6. In these two cases,
A ¢ K*? and v(A) is even. So, A = w?* - u for some u € 0} \ 0x*?. Hence, the
field F = K(v/A) = K(/u) is the unique unramified extension of K of degree 2. Since
A ¢ K*? by Proposition 3.2 of [24], W(L/K) = Z/mZ x (®) is not abelian. Now, since
®? acts trivially on Z/mZ, we have W(L/F) = Z/mZ x (®?). Then, using a similar
argument as in the case of Sy, Tp = wpe wWhere £ is the corresponding character of F™.
The other assertions also follow from some similar arguments used in the case of Sy.

Case 2: Suppose that E satisfies either the condition Sy or Sg. Then by Théoréme 1
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of [26] (also see Theorem 3.1 of [24]), we have A = Z /37 x Z/47Z. We will give a proof
for the condition Sy; the other case is similar. For this case we consider the diagram on
the right of (4.15). If F satisfies the condition Sg, then A ¢ K*? and v(A) is odd. So,

A = ¥+ .y for some u € 0}, and

K@) if u€ o2

K(yzu) ifudol

In cither case, K(v/A) is a ramified extension of K of degree 2. By Proposition 3.2
of [24], W(L/K(\/A)) is abelian since A € K(vV/A)*?2. Let F = K(v/A). Since F'™
is the compositum of F' and K", we get Gal(K"™/K) = Gal(F"™/F) = (®). Here we
consider an inverse Frobenius ® € Gal(F"™/F) as an image of an inverse Frobenius of
Gal(K/K) inside Gal(F"/F). Now, Gal(L/F") = Z/6Z is the unique subgroup of
order 6 in A. Hence, we get W(L/F) = Z/6Z x (®). Then, using a similar argument
as in case 1 we get mp = wre, where the field F' is a ramified quadratic extension of
K and ¢ is the corresponding character of F*. For property (ii), we use the relation
v(N) =a(ol) =1+ a(§) and Table 4.1. Also, one can prove the properties (iii) and (v)

using similar arguments as in case 1. O
The following result is a special but more precise version of Theorem 4.3.9 for K = Q5.

Corollary 4.3.12. Let E be an elliptic curve over Q3 given by a minimal Weierstrass
equation of the form (2.71) with the coefficients in Zs. Assume that E satisfies one
of the conditions in {S4,Ss, S¢, Sg, S¢ } as defined in Table 4.1. Then the corresponding
GL(2,Qs3) representation mg is a supercuspidal representation, i.e., Tp = wre, where F

15 a quadratic extension of Qs and & is a character of F* with the following properties:
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;

Qs(4) is the unramified extension of Qs if E satisfies Sy,

F'= 9 Q3(vVA) s the unramified extension of Qs if E satisfies Sg or Sg,

Qs(VA) s a ramified extension of Qs if E satisfies S5 or Sg.

\

(ii) The conductor a(§) of € is given by

(

1 if E satisfies Sy,

a(§) =<2 if B satisfies a condition in {Sg, 86,816},

4 if E satisfies Sg.

\

(11i) If E satisfies the condition S,, for m € {3,4,6}, then §|o; has order m. If E

satisfies the condition Sg or Sg, then 5]0; has order 6.
(iv) For all cases we have £ = 71 on F*.

(v) Furthermore, when E satisfies one of the conditions in {S4,Ss, S, Sg}, there are
exactly two such characters on oy which are Galois conjugates of each other. When

. " .
E satisfies Sg, there are exactly sixz such characters on oj.

Note that most of the assertions of Corollary 4.3.12 follow from the proof of Theo-
rem 4.3.9 except for the property (v). We give a proof for the property (v) in the next

subsection using a few lemmas on the structures of some groups over a p-adic field.

4.3.3 Structures of some groups over a p-adic field

Lemma 4.3.13. Let F' be any non-archimedean local field of characteristic 0. Then

op/pE = (1+pE)/(1+pE™) forn>m>1.
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Proof. Consider the map op %> (1+p%) /(1 +ppt™) such that f(z) =1+ whe.
fa+y) =1+wp(z +y)

=1+ oha)(1 + Thy) — ooy

wi Ty )
1+ wia)(1 + why)

2n

CCF xry 2n n+m
€ C

1+ wlha)(1 + why) Pr C Pr )

=1+ wpx)(1 4+ why) (1 — (

= (1+wpx)(1 4+ why) <<

= [(2)f(y)-

So, f is a homomorphism. Clearly, f is surjective and its kernel is p%'. Hence, f defines

an isomorphism between op/p% and (1 + p%)/(1+pE™) for n > m > 1. O

Lemma 4.3.14. Let F' be a quadratic extension of Q3. Then the following exact sequence
L= (L+pp)/(1+p3) Zop/pr = 05/(1+p3) 5 05/(1+pr) > 1

splits, i.e., 05 /(1+p%) =2 (1+pp)/(1+p%) x05/(1+pFr). Here o is defined by a(x) =
and (3 is defined by B (z(1+ p%)) = z(1 + pr).

Proof. Note that, 03/(1 + pr) is a cyclic group of order 3% — 1 (resp. 2) if F/Qjs is
unramified (resp. ramified). Let o5/(1+ pr) = (9(1 + pr)). Evidently, 8 is surjective

and 3 (g(1+p%)) = g(1 + pr). Now we have

o(g(L+pr)) | o(9(1+p%)) (here o(g) denotes the order of g.)

= 0(g(1+p3)) =m- (3" —1), where m | 3" and ged(m,3’' = 1) =1, i =1,2.

Then o (¢g™(1 +p%)) = (3"—1) fori=1or 2. Let y = g™ € o).
We define, 8" : o5/(1 + pr) — o3/(1 + p%) by B/ (y(1 +pr)) = y(1 + p%). Then
(BoB)(y(A+pr) = y(1 + pp), ie., fop = idyx /(14pp)- Hence, the given exact

sequence splits. O
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Lemma 4.3.15. Let F' be a ramified quadratic extension of Qsz. Then the following

exact sequence
L= (14 pp) /(14 ph) 5 03/ (1+ph) 25 05 /(14 pr) = 1 (4.18)

splits, i.e., 05/ (1+p%) = (1+pr)/(1+p3) x 05/ (1+pFr). Here ay is defined by oy (x) =
and By is defined by By (x(1+p%)) = z(1+ pr).

Proof. Since ged(2, |1+ pp/1+p%|) = 1 and o5/(1 + pr) is a cyclic group of order 2,
one can give arguments similar as in the proof of Lemma 4.3.14 to show that (4.18)

splits. O
Lemma 4.3.16. Let F = Q3(v/=3). Then (1 +pr)/(1+ p%) = (Z/37)°.

Proof. In order to prove the statement, we count the number of elements of order 3 in
(1+pr)/(1 + p%). Since F is a ramified quadratic extension of Q3, vp(3) = 2. Let
3 = wiu for some u € of. Since F = Q3(y/—3), without loss of generality, we can
choose wp = /=3. This implies u = —1. Let x = 1 + wpy € (1 + pr)/(1 + p}) where

y € op. Then

22 =1in (14+pp)/(1+ph) & 2® € 1 +p}.
& (1+wpy)® € 14 pp.
&1 +wf’py3 + 3wry + 3w%y2 el —i—p‘}m.
& wiy® + wruy € P
Sy’ —yepp

Syly—1y+1) €pr.

The last statement is always true. Hence, (1 + pr)/(1 + p%) = (Z/37)3. O
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Lemma 4.3.17. Suppose E/Qj3 satisfies Sg from Table 4.1. Then the representation mg

of GL(2,Q3) associated to E/Q3 is mp = wpe with F' = Q3(+/—3).

Proof. When E satisfies Sg, by (i) of Corollary 4.3.12, we have g = wpe with F =
Qs(V/A). To see that F = Qs(v/—3), we need to consider the following possible values
of (v3(A), vs(cy), v3(cg)) from Table 4.1 when E satisfies S

(’U3(A), 1)3(64), 03(06)) € {(5, Z 3,4), (7, Z 4, 5), (].1, Z 5, 7), (13, Z 6, 8)} (419)

A-c2
1728 °

and use the relation A = Here we check one of the cases. Assume that v3(A) = 5,
v3(cy) > 3 and v3(cg) = 4. We have ¢4 = 3¢}, for m > 3 and ¢g = 3, where

¢y, cg € Z3 . Then

B SN €N S Y NI et

1728 33 .96 N 33.96

A
= 2°A=3 (3" - ) = 265 =38 2 (3B — 2 e L))

Since 3™ 8¢ = 0 mod 3 and ¢ = 1 mod 3, we get

A , A
3 = —1 mod 3, ie., T = —1 mod 3.
Similarly, one can check that 37*A = —1 mod 3 for all other cases too. Hence,

F = Qy(v=3). s

Proof of the property (v) in Corollary 4.53.12. We consider three cases.

Case 1: Assume that E satisfies S3 or Sg. Then by the property (i), F = Qs(v/A) is

the unramified quadratic extension of Q3. Also, a(§) = 2 and the order of 5\0; is 3 or 6.
By Lemma 4.3.13, (1 + pr)/(1 + p%) = or/pr has order 3%. Since the characteristic

of Flis 3, we get 3z =0, for all z € o /pp. Then (1+pr)/(1+p%) X op/pr = (Z/3Z)>.
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Also, 05/(1 + pr) is the cyclic group of order 3* — 1 = 8. Using Lemma 4.3.14, we get
05/(1 4 p%) = (Z/3Z) x Z/8T. (4.20)

Since a(£) = 2, we get the induced character € : 0 /(1+p%) = (Z/3Z2)* x Z/87 — C*.
Again, using Lemma 4.3.14, 0% /(14p?) & Z/3ZXZ/27Z. Now, oy /(1+p?) — 03 /(1+p%)
(because 0 N (1 +p%) = (1 +p?)). Since xp/k is the unramified quadratic character of

K>, using Remark 2.2.9, §|0;<(/(1+p2) = 1. Then, we get the induced character

¢ (05/(M+p3)) / (05/(1+9%) = Z/12Z — C* (4.21)

of order 3 or 6 when E satisfies Sz or Sg respectively. Now, Z/127Z has exactly 2 elements
of order 3 (resp. order 6), which are inverses of each other. So, using property (iv) in
Corollary 4.3.12, we conclude that there are exactly two such characters of order 3 (resp.
order 6) on oy when E satisfies Sz (resp. Sg), and they are Galois conjugates of each
other.

Case 2: Assume that F satisfies S;. Then F = Q3(v/A) is a ramified quadratic
extension of Q3 and & is a character of F* such that the order of ¢| ox is 6, and a(§) = 2.

Now, we have

So, by Lemma 4.3.14, 0 /(1 4+ p%) £ Z/3Z x /27 = 7/6Z. Since a(§) = 2, we get the
induced character

£:05/(1+p%) 2 7Z/6Z — C* (4.23)

of order 6. There are exactly ¢(6) = 2 elements of order 6 in Z/6Z, which are inverses

of each other. Hence, using property (iv) in Corollary 4.3.12, there are exactly two such
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characters of order 6 on o when F satisfies Slﬁ, and they are Galois conjugates of each
other.

Case 3: Assume that F satisfies Sg. Then, by Lemma 4.3.17, F' = Qs(v/=3). In
this case, ¢ is a character of F'* such that the order of §|0; is 6 and a(§) = 4. So,
we get the induced character € : 03/(1 + pE) — C*. Since o3/(1 + pr) = Z/2Z,
using Lemma 4.3.15 and Lemma 4.3.16, we get o5/(1 + p%) = Z/2Z x (Z/3Z)?. Now,
(14p)/(1+p?) = (1+pr)/(1+p}) (since pNp% = p?). By corollary 3 of §V3 in [46],
1+p = Np/r(1+p%). Since &7 = &7 on F*, we get £(1+p) =& (Npyx(1+p3)) = 1.
S0, &|(14p)/(14p2) = 1, where (1+p)/(1+p?) = Z/37Z. Then we get the following induced

character of order 6

E:(of/(L+p3) /(A +p)/(1+p?) 2 Z/2Z x (Z/37)* — C*.

Also, € is nontrivial on (1+p%.) /(1+p%), since a(€) = 4. So, there are exactly 6 characters
¢ such that a(§) = 4, the order of §|U; is 6, and &% = ¢! on F*. This completes the

proof of the property (v) of Corollary 4.3.12. ]

4.4 Potential good reduction in residual character-
istic 3 and v(3) > 1

Let K be a non-archimedean local field of characteristic 0 and residual characteristic 3.
Let ox be the ring of integers of K and p be the maximal ideal of ox. Let wx be a
generator of p and k = ok /p be the residue field of K of order q. Let v : K — Z be
the normalized valuation on K. Let E be an elliptic curve over K with additive but
potential good reduction. Let us assume that v(3) = A > 1 in K, i.e., K is a ramified
extension of Qs.

Suppose that E/K is given by a Weierstrass equation of the form (2.71). The dis-
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criminant A, the j-invariant j(E), ¢4 and cg are defined in terms of the Weierstrass
coefficients as in (2.72). In this section, we describe the representation mg of GL(2, K)
associated with £//K. In Table 4.2, we list all the possible Néron types of E/K in terms
of the quantities v(A), v(cs) and v(cg). Similar as Lemma 4.3.1, in this case also we can
show that E has additive but potential good reduction if and only if E satisfies one and
only one of the conditions in Table 4.2. This table is reproduced from Table III of [33].
For i € {2,3,5,6}, the condition R; in Table 4.2 is defined as follows

R;: 2% —3c;2 — 2¢6 = 0 mod (27wy) for some x € ok. (4.24)

If an elliptic curve E/K does not satisfy the condition R;, then we denote it by “non
R;” in Table 4.2. We now give a description of g in terms of the Néron type of E/K in
Theorem 4.4.1, but, it is hard to describe g in a simple way in terms of the Weierstrass
coefficients of E/K. The description is a bit complicated and not useful for our study,

so we skip the proof (one can give arguments similar as in the proofs of Theorem 4.3.4

and Theorem 4.3.9).

Theorem 4.4.1. Let K be a non-archimedean local field of characteristic 0 and residual
characteristic 3 such that v(3) > 1 in K. Let E be an elliptic curve over K given by
a minimal Weierstrass equation of the form (2.71). Let g be the representation of
GL(2, K) attached to E/K. Suppose that E has additive but potential good reduction.

Then g is one of the following

e If E has the Néron type I, then g = x X X' such that a(x) =1 and X|§x =1.
K

o [f —1 € k*? and E has the Néron type 111 or 111*, then mp = x X X' such that

a(x) =1 and X|32 =1.

o If —1 & k** and E has the Néron type 111 or I11*, then np = wre, where F = K (i)

is the unramified quadratic extension of K such that a(§) =1 and §|3X = 1.
F
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Table 4.2: Néron types in terms of the quantities v(A),v(cq),v(cs) when v(3) > 1.

Here A = v(3),l = v(by),m = v(by), and E(a,b) = {i;fa(a’ ) i Z i I;’
v(A) v(ey) v(cg)  Condition Values Néron v(N)
on ¢y, Cg of ,m type
6 EQLN+2) 31 Rs 1<I<A I 2
A+2 >3)2+3
3 EQLA+1) 3l Ry 1<I< A II1 2
A+1 >3\ +2
0O  E@QLA+3) 3l Rs 2<I<A+1 I
A+3 >3\+5
3m  EQLA+m) 3l non Ry 1<m<I<\ II 3m
3m A+m 3 +1 1<m<A 3m
3+1 21 31 1<I<A 341
3IN+2  >2)2+1 3A+1 3N+ 2
3m  EQ2L,A+m) 31 RsnonRg 4<m<I+1<X+2 III* 3m-—38
3m A4+m 3A\+5 4<m<A+3 3m — 8
3l+5 21 3l 2<I<A+1 3l—-3
3A+10 >2X+4 3X\+5 3N+ 2
3m  E@LA+m) 31 ReynonRy 2<m<I[<A IV 3m—2
3m A+m 3A+2 2<m<A+1 3m — 2
3l+2 2] 3l 1<I< A 3l
3IN+4  >20+2 3A+2 3N +2
3m  EQLA+m) 3l RsnonRs 3<m<I+1<)AX+2 IV" 3m—6
3m A+m 3N +4 3<m<A+2 3m —6
3l+4 21 3l 2<I<A+1 3l —2
3A+8  >2)\+3 3A+4 3N+ 2
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o IfA e K*? v(A)=0mod 4 and E has one of the Néron types 11, IT*, IV or IV*,

1

then mp = x X X~ * such that X|§x =1 and a(x) is given by (4.25).
K

e

uA4) if the Néron type of E is 11,

v(A)—8 if the Néron type of E is II*,
o) = (4.25)
v(a)=2 if the Néron type of E is IV,

v(a)-6 if the Néron type of E is IV*.

o IfA e K*? v(A)=2mod 4 and E has one of the Néron types I1, IT*, IV or IV*,

then mp = x x x~ ! such that x|°. and a(x) is given by (4.25).
Ok

o IfAZ K*? v(A)=0mod 4 and E has one of the Néron types 11, IT*, IV or IV*,
then mp = wpe, where F' = K(VA) is the unramified quadratic extension of K

with €2 =1 and a(§) is given by the formula (4.25) with a(x) replaced by a(§).
F

o IfA¢Z K*? v(A)=2mod 4 and E has one of the Néron types I1, IT*, IV or IV*,
then mp = wpe, where F' = K(\/Z) 1s the unramified quadratic extension of K

with €%, =1 and a(§) is given by the formula (4.25) with a(x) replaced by a(§).
F

o IfAZ K*? v(A)=1mod 2 and E has one of the Néron types 11, IT*, IV or IV*,
then mp = wpe, where F' = K(VA) is a ramified quadratic estension of K such

that §|°. =1 and a(§) is given by (4.26).

v(A) -1 if the Néron type of E is 11,

v(A)—9 if the Néron type of E is 117,
al6) = (4.26)
v(A)—3 if the Néron type of E is IV,

v(A) =7 if the Néron type of E is IV*.
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Chapter 5

Symmetric cube of local representations at-

tached to elliptic curves

As before, let K be a non-achimedean local field of characteristic 0 and residual
characteristic p. Let ox be the ring of integers of K, and let p be the maximal ideal
of ox. Suppose that v : K — Z is the normalized valuation on K, and k = o /p is
the residue field of K of order q. We fix a generator wyg for the ideal p and wy is
called the uniformizer. We write v(z) or |z| for the normalized absolute value of x; thus
v(wk) = q~'. Let mg be the irreducible, admissible representation of GL(2, K) attached
to an elliptic curve F over K such that it is a local component of a cuspidal automorphic
representation of GL(2). In this chapter, we study the L-packet sym?®(rg). We have
discussed the local sym? lifting in general in Section 3.3. But here we specifically study
the L-factor, e-factor, and representation type of the L-packet sym?(rg) when 7z is
attached to an elliptic curve E/K. We assume that v(3) = 1 if the residual characteristic

of K is 3.

5.1 Type of representation of sym’(ny)

In this section, we find the representation type of sym?3(rg) in Table 5.1 and Table 5.2.
Here we use our discussion in Section 3.3 and Table 3.1 in order to determine the

representation type of sym?(7g). We consider three cases.
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Case I: Assume that E has potential multiplicative reduction over any p-adic field
K. Then, by Theorem 4.1.1, we have 75 = (v(E/K),-)StaL(2), where (y(E/K),-) is
the quadratic character of K* defined by the Hilbert symbol (-,-). Then sym?(7g) =
(V(E/K), -)Stasp)- So, by Table 3.1, sym*(7g) is of type IVa. Thus we obtain the first
row of Table 5.1.

Case II: Assume that E has additive but potential good reduction over a p-adic field
K with p > 3 and 7 = x x x~'. Then we have sym3(mg) = x* x x* x x73. Then, by
Table 3.1, sym3(7g) is of type I. Thus we obtain the second row of Table 5.1 and the
first row of Table 5.2.

Case III: Assume that F has additive but potential good reduction over a p-adic field
K with p > 3 and mg = wpe, where F' is a quadratic extension of K and § is a character

of F* such that £€7 = €71, Then, by Table 3.1, we have the following

e sym®(mg) is of type VIII and sym®(ng) = {7(S,wr¢), 7(T,wre)} if and only if
& =1on F~*.

e sym?(mg) is of type X and sym®(7p) = wpes x ¢ if and only if €8 =1 on F*.
e sym3(rg) is supercuspidal if and only if €% # 1 and €% # 1 on F*.

Remark 5.1.1. Suppose that T = wpe such that F/K is a quadratic extension and &
is a character of F*. Then £ =1 on F* if and only if the order of € is 6 and £* = 1
on F* if and only if the order of £ is 4.

Now we consider two cases. First, assume that F' is the unramified extension of K.
Then we have {(wwr) = —1. Since F* = (wr) x 0 and £ (wr) = 1, we get €6 =1 on
Fx if ﬂi’; =1or §|S; =1, and we get £ = 1 on F* if £|3; = 1. Thus we get the last
row of Table 5.1 when g = wpg¢, and the entries in the last column of Table 5.2 when

E satisfies the condition S, with m € {3,4,6}.

113



Table 5.1: Representation type of sym?(rg).

Here E has potential multiplicative reduction or E has additive but potential good
reduction with p > 5. Here v = v(E/K) is the y-invariant of £ and (7, -) is the Hilbert
symbol and e = m. Also, ¢ is a character of K such that & = ¢ o Np/k. For
a character 1, the symbol o (¢) denotes the order of .

Condition GL(2,K) Extra GSp(4, K) Rep.
on rep. condition L-packet type of
E/K TE on g sym?(mg) sym?(mg)
J(E) € ok (7:*)Star) (7: ) Stasp IVa
-1 4 % 2 N -3 I
i(E) € of; o) = o
~ a(x) =1
(p—1)v(A)=0 mod 12
0 (X’OX e
0(6‘0;:) =3 Wres X @ X
J(E) € ok W
(p—1)v(A)£0 mod 12 F/K 1S unr.
a@) =1 o <£|O;> =4 {7(S,wpe), (T wre)} VI
{(wp) = —1
0<§|0;> =6 Wres NP X

Next, we assume that F'is a ramified extension of K. Then the residual characteristic
of K is p = 3 and FE satisfies the condition Sy or Sy from Table 4.1. In this case, the
order of ¢| ox s 6, but we do not have the exact value of {(wp). Here, we investigate

whether £5(zwp) = 1 or not. Note that,

KX:<’ZDK>X(1+p)XWq_1 and FX:<WF>X(1+pF)XWq_1.
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Table 5.2: Representation type of sym?(mg) when E/K has additive but potential good
reduction and p = 3.

Here, ¢ is a character of K* such that £* = p o Np k. For a character ¢, the symbol
0 (1) denotes the order of .

Condition GL(2,K) Extra GSp(4, K) Representation
from rep. condition L-packet type of
Table 4.1 TE on K sym?(7g) sym?(7g)
P, XXX Xt X2 xx I
m € {2,3,4,6} a(x) =1
o{xlox ) =m
S WEE Wrged X X
’ F/K is unr. ey
a(§) =
§(wr) = —1
0 <§|o§> =3
S Wrg T(S,wre), 7(T, w VIII
1 FIK i, {7(S,wre), 7(T, wre) }
a(§) =
§(wr) = —1
0 <§|o;> =4
S Wrg Wrgea N X
‘ F/K is unr. ey
a(§) =2
§(wr) = —1
0 <§|o;> =6
S Wrg —1le K** Wret X P X
F/K is ram.
a(§) =2 —1¢ K*? Wre B Wres Supercuspidal
0 <£|o§> =0
Sg Wre
F/K is ram. o
0 (5%;) =6 _1¢K* Wre D Wres Supercuspidal
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Here, W,_; is the group of (¢ — 1)th root of unity. Note that o) /(1+p) = W,_;. Since
F/K is a ramified quadratic extension, so we also have o5 /(1 + pp) = W,_;. Without
loss of generality, we may assume that Np/x(wp) = wg. Let 0(wp) = wpyw for some

y€1l+prand we W,_q. Then we have the following result.

Lemma 5.1.2. Let K be a non-archimedean field of characteristic O and residual char-
acteristic 3. Let F' be a ramified quadratic extension of K and o be the non-trivial
element of Gal(F/K). Assume that o(wp) = wrpyw, where w € Wy and y € 1 + pp.

Then w = —1.

Proof. Firstly, we show that w € {£1} and yo(y) =1 as follows.

We have wp = o (0(@wr)) = 0 (wryw) = o(wr)o(y)o(w) = wrywo(y)o(w).
= yo(y)wo(w) = 1.
= yo(y)w?=1. (w=oc(w) since w € W,_1.)
= w®’=1and yo(y) =1. (since (1+pp)NW, ; =1.)

= w € {£1} and yo(y) = 1.
Now, we prove the lemma by contradiction. Let us assume that w = 1. Then, o(wp) =

wry with y € 1+ pp, ie., U(WL;) € 1+ pp. Also, o(w) = w for all w € W,_; and

o(y) =y mod pp for all y € 1 + pp. Then we get

o'(z)

T

UGR:{U'EGal(F/K): = 1 mod pr for allXGFX}, (5.1)

here R is the ramification group. Now, since F'/K is a quadratic extension and the
residue characteristic of K is 3, we have ged([F' : K|,3) = 1. So, F' is a tamely ramified
quadratic extension of K (see Definition 7.6 in [32]). Let V' be the ramification field over
K, i.e., V is the intermediate field of F/K fixed by R. Since F/K is tamely ramified,

by Proposition 9.14 of [32], we get V = F. So, R is the trivial group in this case. This

116



is a contradiction to (5.1). So, our assumption w = 1 was wrong. Hence w = —1. [l

Lemma 5.1.3. Let E be an elliptic curve over a non-archimedean field K of charac-
teristic 0 and residual characteristic 3. Suppose that E satisfies the condition Sy or Sg
in Table 4.1, so that the associated GL(2, K') representation is g = wpe, where F is a
ramified quadratic extension of K and € is a character of F*. Then —1 € K*? if and

only if € =1 on F*.

Proof. Using Lemma 5.1.2, we see that o(wp) = —wpy with y € 1+pp. Now, the order

of £[,x is 6. So, £ =1 on F* if and only if £5(cwr) = 1. Now, note that

E(wr) =1 & &(wr) = () (wr) (since ' =¢7.)
& E(wp) =& (o(wr)) (here o is the non-trivial element in Gal(F/K).)
& E(wp) = (wr) € (y) € (-1) (5.2)
& E(wp) = (wp) € (1) (since a(§’) = 1.)

& (—1)=1 (since &(wp) #0.)

Let —1 € K. Since £[%, = 1 and —1 € 0%, so £(—1) = 1. Then, by (5.2), &6 =
F

1 on F*. Conversely, let us assume —1 ¢ K*2. Since a(£*) = 1, we have &|w,_, # 1.

q

Now, §3|qu71 = 1 (since §|S; =1) and Wy = W2, U(-1)W2 ;. So, &(-1) = —1.

Hence, £° # 1 on F*. This concludes the lemma. O]

Hence, using Lemma 5.1.3, when E satisfies the condition S; or Sy in Table 4.1, sym?(7z)

is of type X if —1 € K*? and sym?(rg) is supercuspidal, if —1 ¢ K*2,

5.2 Conductor of sym’(ny)

In this section, we find the conductor a(sym?(rg)) of sym?(7g) in Table 5.3, Table 5.4

and Table 5.5 and list them in the following result.
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Theorem 5.2.1. let K be a non-achimedean local field of characteristic 0 and residual
characteristic p, for any prime p. When the residual characteristic of K is 3, we assume
that v(3) = 1. Let E be an elliptic curve over K given by a minimal Weierstrass
equation of the form (2.71) with coefficients in ok . Let wg be the irreducible, admissible

representation of GL(2, K) attached E.

(i) If E/K has potential multiplicative reduction, then a(sym®(wg)) is given in Ta-
ble 5.5.

(ii) If E/K has additive but potential good reduction and p > 5, then a(sym3(ng)) is

gien in Table 5.4.

(iii) If E/K has additive but potential good reduction and p = 3, then a(sym?(rg)) is

gwen in Table 5.5.

Proof. (i) Assume that E has potential multiplicative reduction, i.e, j(F) € ox. By
Theorem 4.1.1, the representation mg of GL(2) attached to E is of the form mp =
(Y(E/K),-)Star). Then sym?(mg) has the L-parameter as in (3.4) and sym?®(mg) =

(Y(E/K),-)Stasp(e). Then, from Table 3.2, the conductor a(sym®(7g)) is given by

a(sym®(mp)) = da((v(E/K),"))®  if (y(E/K),-) is ramified,
s if (v(E/K),-) is unramified.

Since the Hilbert symbol (y(E/K),-) takes value in {£1}, we have (y(E/K),-) =
(v(E/K),-)3. When E/K has additive but potential multiplicative reduction, it is well

known that (y(F/K, ) is ramified and a ((y(E/K),-)) is given by

1 for p > 3,
a((V(E/K),")) =
2or 3 for p = 2.
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Table 5.3: Conductor of sym?®(rg) when E has potential multiplicative reduction.

Here v = y(F/K) is the y-invariant of £/K and (-,-) is the Hilbert symbol.

Condition GL(2,K)  sym®(rg)  Condition Prime a(ng) a(sym®(7g))

on E/K rep. Tg on Tg P
J(E) €ox (v,-)Stare) (7, )Stasp) (v, ) >3 2 4
is ram.
2 4 8
6 12
is unr.

Table 5.4: Conductor of sym?(rg) when E has additive but potential good reduction
and p > 5.

For a character 1, the symbol o (¢)) denotes the order of .

Condition GL(2,K) sym?(mg) Condition a(ng) a(sym®(7g))
on E/K rep. mg on Tg
J(E) € o XXX Xt xx?axto <X|o§> =2 2 4
(p—1)v(A)=0 mod 12 a(x) =1
o (X|o;<(> =3 2 2
0 (xIU;() =4 2 4
0 (X’o;<<> =6 2 4
J(E) € ok Wrg Wrg DWres 0 <5|0;> =3 2 2
F/K is unr.
(p—1)v(A)Z0 mod 12 o) = 1 (type X)
=1
¢(wr) Wre D wpes 0 <§|0;> —4 9 4
(type VIII)

(type X)
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Table 5.5: Conductor of sym?(rg) when E has additive but potential good reduction
and p = 3.

For a character 1, the symbol o (¢)) denotes the order of .

Condition — GL(2, K) GSp(4, K) Condition  a(mg) a(sym?(rwg))
from rep. L-packet on
Table 4.1 TE sym?(7g) TE
Py xxx 7t Xt xx? el =1 2 4
0 <X|0;<(> =2
Py Xxxxt ot xx? aly) =2 4 4
0 <X|0;<(> =3
P, XXx' Xt x P xx? aly) =1 2 4
0 <X|0;<(> =4
Pg XXxTh XX xT? alx) =2 4 6

S4 ng wp,g () (,UF7£3 a(f) = 2 4
F=K(i) (type VIII) E(wp) =—1
(unramified) 0 (§|0;> =4
Sg T = WFg WE¢ ©® Wres a(f) = 4 4
F=K(VA) (type X) E(wp) = —1
(unramified) 0 (5 |o;> =
SG T = Wre WE¢ D Wres a(ﬁ) = 4 6
F=K(VA) (type X) E(wp) =—1
(unramified) 0 (§|0;> =6
S/G T = WFreg WE¢ ) Wres a(f) = 3 5
F=K(VA) (type X/s.c.) o (§|o;> =
(ramified)
Sg T = Wpge Wre B Wres a(§) = 5 7
F=K(V/A) (type X/s.c.) o <§|0;> =6
(ramified)
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Hence, we obtain the column of a(sym?(r)) of Table 5.3, i.e.,

4 if (y(E/K),-) is ramified and p > 3,

a(sym*(mg)) = { 8 or 12 if (y(E/K),-) is ramified and p = 2,

3 if (y(E/K),-) is unramified.

(ii) Let e = Wi}(m)' Assume that E has additive but potential good reduction, i.e,
J(E) € og. Then we consider the following two cases.
Case 1: Suppose that (¢ — 1)v(A) = 0 mod 12. By Theorem 4.2.1, the corresponding

! where x is a character of K*.

GL(2, K) representation is of the form mp = x x x~
Then, using Table 3.1, we get sym?3(rg) = x* x x? x x73. Then, from Table 3.2, the
conductor a(sym?(rg)) of sym?(wg) is given by a(sym?(7g)) = 2a(x?) + 2a(x). Now, by
Theorem 4.2.1, a(x) = 1 and x© is unramified for e € {2,3,4,6}. When e = 2 or 4, we
have a(x?) = a(x), so we get a(sym?®(rg)) = 4a(x) = 4. When e = 3, a(sym3(ng)) =
2a(x) = 2. When e = 6, note that x°[,« # 1, so we get 0 < a(x’) < a(x) = 1. Since
the residual characteristic p of K is odd, we have 1 +p C ofxf. Now, X6|0;<( = 1 implies
lisp = 1, Le., a(x?) = 1. So, a(sym®(7g)) = 4 when e = 6. Hence, we obtain the first
row of Table 5.4.
Case 2: Suppose that (¢ — 1)v(A) # 0 mod 12. By Theorem 4.2.2; the corresponding
GL(2, K) representation is of the form mp = wpe, where F' is the unramified quadratic
extension of K and ¢ is a character of F* with £ = £-1. Also, the central character
of 7g is trivial. Then, using Table 3.1, the local parameter of sym?(ng) is of the form
indgg;f)) &) @ indgggg(f?’) and sym?®(mg) = wre ® wres. So, using Table 3.2, we get
a(sym®(mp)) = 2a(&%) + 2a(§).

By Theorem 4.2.2, in this case a(§) = 1 and £° is unramified for e € {3,4,6}. Clearly,
if e = 3, we have a(&®) = 0 and a(sym?(7g)) = 2 and if e = 4, a(sym?®(7g)) = 4a(£) = 4.

Now, since the residual characteristic of F' is also odd, we have 1 + prp C 0}2. Since
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0 <a(&) <a(f) and §|§; # 1, using a similar argument as in case 1, it is easy to check

that a(£3) = 1 and a(sym?(rg)) = 4 if e = 6. This proves the second row of Table 5.4.

(iii) The proof of this part is similar to part (ii), so we skip some details. Here also we
consider two different cases.

Case 1: When F satisfies the condition P,, for m € {2,3,4,6}, by Theorem 4.3.4, the
GL(2, K) representation is of the form 7z = y x x ™!, where y is a character of K* such
that x is unramified. Also, a(y) = 1if E satisfies Py or P4, and a(x) = 2 if E satisfies P
or Pg. Then, by Table 3.2, sym®(ng) = x* X x? x x ™2 and a(sym?(7g)) = 2a(x®)+2a(x).
Now, using similar arguments as in case 1 of part (ii), we get a(sym?(ng)) = 4 when E
satisfies Py or P4 or P3, and a(sym?®(7g)) = 6 when E satisfies the condition Pg. Hence,
we obtain the column of a(sym?(7g)) in Table 5.5 for the case T = x x x '

Case 2: When E satisfies one of the conditions in {Sy, S3, Sg, Sg, Sg }, by Theorem 4.3.9,
the corresponding GL(2, K) representation is of the form 7 = wpe, where F' is a
quadratic extension of K and ¢ is a character of F* with & = ¢!, Then, using
Table 3.1, the local parameter of sym?3(rg) is of the form ind%g?g & e indxgﬁ? (&)
and sym?*(mp) = wpe @ wres. Now, we consider two cases.

Let F' is the unramified quadratic extension of K. Then, from Table 3.2 we get
a(sym?(mg)) = 2a(£3) + 2a(¢). By Theorem 4.3.9, F/K is unramified when FE satisfies
the condition S,, for m € {3,4,6}. In this case, the order of §|0; is m with a(§) =1 for
m =4, and a(§) = 2 for m = 3 or 6. Then, using arguments similar to the case 2 of part
(i), one can easily verify that a(sym?(7g)) = 4 when m = 3 or 4 and a(sym?(7g)) = 6
when m = 6.

Suppose that F' is a ramified quadratic extension of K. From Table 3.2 we get
a(sym?(mg)) = a(&3)+a(£)+2. Now, by Theorem 4.3.9, F'/K is ramified when F satisfies
either Sy or S;. In both these cases, the order of §|0; is 6. Also, a(§) = 2 if E satisfies

the condition S; and a(¢) = 4 if F satisfies the condition Sg. Now, 0 < a(¢€?) < a(€) and
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£2. # 1. Again, we have 1 + pp C 052 So, &|14p, = 1, ie., a(€?) = 1. Hence we get
OF
a(sym?®(mg)) = 5 when E satisfies S; and a(sym?(7g)) = 7 when E satisfies S;.

Thus, we obtain the column of a(sym®(7z)) in Table 5.5 when 7 = wg. O

5.3 L-factor of sym’(ng)

In this section, we find the L-factor L(s,sym?(7g)) of sym?(rg) attached to an elliptic
curve F/K in Tables 5.6 and 5.7. We again consider three cases here.

Case I: Assume that E has potential multiplicative reduction over any p-adic field K.
Then we have 7p = (Y(E/K),-)Stare.k) and sym®(1g) = (v(E/K), -)Stasp,k), where
(v(E/K),") is the quadratic character of K* defined by the Hilbert symbol (-,-). Then,
by Table A.6 from [37], L(s,sym?(ng)) = L(s,v2(v(E/K),-)). Recall that v is the
normalized absolute value such that v(wy) = ¢~'. For a character y of K*, the symbol

L(s, x) is defined as follows

(5.5) if x is unramified, (53)
L(s,x) = 5.3
1 if x is ramified.

By Theorem 4.1.1, when E/K has split multiplicative reduction, (y(E/K),-) is trivial
and (y(E/K),wk) =1. When E/K has non-split multiplicative reduction, (y(E/K),-)
is the unique nontrivial and unramified character with (y(E/K),wk) = —1 and when
E/K has additive but potential multiplicative reduction, (y(£/K),-) is ramified. So

using (5.3) we get

(1- q_s_%)fl if (v(E/K),-) is trivial,

L(s,sym® (7)) = (1+q¢ 5 2)" if (y(E/K),-) is nontrivial and unramified,

1 if (v(E/K),-) is ramified.
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Thus we obtain the first row of Table 5.6.

Case II: Assume that E has additive but potential good reduction over a p-adic field
K with p > 3 and mg = x X x~'. Then we have sym3(ng) = x* x x* x x 3. Again, by
Table A.6 from [37], L(s,sym?(7g)) = L(s, x)L(s, x V) L(s, x*)L(s,x~%). In this case, x
is always ramified. So, we get a non-trivial L-factor only when a(x®) = 0 and in that
case L(s,sym®(mg)) = L(s,x®)L(s,x™®). Thus we obtain the second row of Table 5.6
and the rows of Table 5.7 when 75 = x x x L.

Case III: Assume that F has additive but potential good reduction over a p-adic field
K with p > 3 and mg = wpe, where F' is a quadratic extension of K and § is a character
of F* such that £ = £~1. Then, using Table 3.1, the local parameter of sym?(mg) is of
the form indgggjl{f)) &) & 1ndvvgg;§)) (&%) and sym*(7p) = wpe ® wres. Using Property

(L2) in Section 8 of [39], we get

L(s, sym*(wre)) = L(s, indly (K1) (€)) L(s, indyy (/1) (6%)) = L(s,€)L(s,6%).  (5.4)
Since a(€) > 1 for all cases, from (5.4) it is clear that L(s,sym?®(7g)) is nontrivial if and
only if € is unramified. So, we get L(s,sym?(mg)) = 1 for all cases in Tables 5.6 and
5.7 when 7y = wpe except for the case when 7y = wpe such that F/K is unramified
and the order of 5\0; is 3.

Suppose that 7p = wpge such that F'/K is unramified and the order of £ |0; is 3. Since
F/K is unramified, we have @wp = wy, and &(wr) = —1. So, we get &3 (wp) = —1.

Also, the order gr of the residue field of F' is equal to ¢? in this case. Hence, we get

3 (1—&(wp)gp”) ' = ]__,'_q;_gs if €2 is unramified,
L(s,sym°(wpe)) =
1 otherwise.

Thus we obtain the last row of Table 5.6 and the rows of Table 5.7 when g = wpg.
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Table 5.6: The spin L-factor of sym®(mz).

Here E has potential multiplicative reduction or E has additive but potential good
reduction with p > 5. Here v = 7(F/K) is the ~-invariant of E, where (-,-) is the
Hilbert symbol. For a character ¢, the symbol o (1)) denotes the order of .

Condition GL(2,K) GSp(4,K)  Condition  L(s,sym?(7g))
on rep. L-packet on
E/K TE sym?(7g) B
J(E) & ox (7,)StarLy (7, )Staspa) (7,°) 1
is ram.
(77 ) is 1_q713/275
trivial
(’)/7 ) is unr. m
nontrivial
: -1 4 v2 X 1
J(E) € ok X X X Xt X xax?
(p—1)vp(A)=0 mod 12 G(X) =1
0 <x|0;(> =3 L(s, ) L5, X %)
()=t 1
(i) =5 1
wF,ﬁ@WFf?’ 0(€|01>;> = l—i-q%%
(type X)
J(E) € ok WEg
(p—1)vp(A)#£0 mod 12 F/K is unr. WEE @ Wrer O <€’°1§> =4 1
a(§)=1
f(wr)=—1 (type VIII)
u}F’g@ngZ’) 0(6’0;) =6 1
(type X)
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Table 5.7: The spin L-factor of sym?(7g) when E has additive but potential good

reduction with p = 3.

For a character 1, the symbol o (¢)) denotes the order of .

Condition GL(2,K) GSp(4, K) Condition L(s,sym3(m))
from rep. L-packet on
Table 4.1 TE sym?(mg) TE
Py XX X! XX xx? a(x) =1 1
Y (X’o}x<> =2
Py xxxh o xtxodxxT alx) =2 L(s,x)L(s,x7%)
0 (X’of{) =3
Py XxxTh ot xxT alx) =1 1
0 <X|of<> =4
Pg X xx! XX xx? a(x) =2 1
()
S4 wpg wF,E ) (A)F’£3 a(f) =1 1
F=K (i) (type VIII) E(wp) =—1
(unramified) 0 <f|o;> =4
S3 T = Wrg Wre D Wres a(§) =2 #
F=K(VA) (type X) §(wp) = —1
(unramified) 0 <f|o;> =3
86 T = WFg WFr¢ D wF7§3 a(f) =2 1
P=K(VA) (type X) §(wp) = —1
(unramified) 0 <f|o;> =6
S% T = WFg WFr¢ ) wFéB a(f) =2 1
F=K(VA) (type X/s.c.) 0 f|o;> =6
(ramified)
Sg T = Wre Wre D Wpes a(§) =4 1
F=K(VA) (type X/s.c.) o <f|0; =6
(ramified)
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5.4 e-factor of sym?(7g)

In this section, we find the e-factor e (1, sym®(7g)) of sym®(mp) attached to an elliptic
curve /K in Tables 5.8 and 5.9. We again consider three cases here.

Case I: When g = (y(E/K), -)Stgr), we have sym®(mg) = (v(E/K), -)Stasp(e). Then,
from Table A.9 in [37], we get

1 if (y(E/K),-) is ram,
5 (%,sym3(7rE)> = ! (5.5)

—(VF/K),wk) if (v(E/K),-) is unr.

When (y(E/K),-) is non-trivial and unramified, (v(E/K),wk) = —1. Thus, we obtain
the first row of Table 5.8.

L we have sym? (7)) = x*xx?xx 2. Then, from Table A.9 in

Case II: When mp = x X x~
[37], we get £ (3, sym?(7g)) = x*(—1) = 1. Thus, we obtain the second row of Table 5.8
and the first row of Table 5.9. Case I1l: Let 7y = wp¢, where F' is a quadratic character

of K and ¢ is a character of F'* such that £7 = 1. So, sym®(mg) = wpe ®wpres. Then,

using the property (€2) in Section 11 of [39], we get

1 3 1 1
€ (5783’111 (7TE>> =& (§7WF,§) € <57WF,§3)
and €<15wF5> :g(l7XF/Ka¢)€(l7£’¢Otr) .
27 2 2

Here, xr/k is the quadratic character of K* associated to the quadratic extension F//K

(5.6)

that factors through the norm map Ng/k, tr is the trace map from F' to K, and v is a
non-trivial additive character of K with the conductor (exponent) a(¢)) = 0. Calculation
of e (3,sym®(7g)) is a bit involved. We consider two separate cases.

Case 1: Suppose that F' is the unramified quadratic extension of K. In this case, ™ is

unramified for m € {3,4,6} and {(wp) = —1. Also, xp/k is the unramified quadratic
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Table 5.8: The e-factor of sym?(7g).

Here E has potential multiplicative reduction or E has additive but potential good
reduction with p > 5. Here v = 7(F/K) is the ~-invariant of E, where (-,-) is the

Hilbert symbol and e = m. For a character 1, the symbol o (1)) denotes the
order of 1.
Condition GL(2,K) GSp(4,K)  Condition e (3,sym?(rg))
on rep. L-packet on
E/K TE sym?(7g) TE
J(E) & ok (7, )StaLe) (7, *)Stasp(a) (7 ) 1
is ram.
(77 ) is —1
trivial
(7,-) is unr. 1
nontrivial
J(E) € ox XXXt XXX L
(p—1)vp(A)=0 mod 12 CL(X) =1
(i) =
(.UF@@U)F’&S 0<§‘UI>;> =3 —1
(type X)
J(E) € ok Wrg B
(p—l)’l]p(A);:_éO mOd 12 F/K is unr. wF,& @ wF7§3 o <£|UI>§-> - 4 1
a(§)=1
E(wp)=—1 (type VIII)
wF’g@wF,gs O<§|UI>;> —6 1
(type X)
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Table 5.9: The e-factor of sym?(7z) when E has additive but potential good reduction

with p = 3.

Here, ¢ is a character of K* such that £* = ¢ o Np k. For a character ¢, the symbol

0 (1)) denotes the order of 1.

Condition GL(2,K) GSp(4, K) Extra e (3, sym*(7g))
from representation L-packet condition
table 4.1 TE sym?(7g) on K
P,, X XX YEx x?x 3 1
m € {2,3,4,6} a(x) =1
0 <X‘o§> =m
S W B wrg 1
5 F/K is unr. Whe W WReS
a(€) = (type X)
wp) =
o (¢ )
S 1
! F/ K 1s unr. Wre O Wre
a(§) = (type VIII)
’WF) = —
° (¢ )
S -1
‘ F/ K 1s unr. e ©Wre
a(€) = (type X)
WF) = —
° (¢ ) -
SIG WFe¢ wag@wF{?, —1€K><4 E(;,ﬂ'E)
F/K is ram.
a(§) =2 (type X/s.c.) =1 € K**\ K**  —e(3,7p)
¢ <€’°§ B —1¢ K*? e(3,7p)
Slﬁl WF,E wF7§@wF’£3 —1€ KX4 6(;,7TE)
F/K is ram.
a(§) =4 (type X/s.c.) =1 € K**\ K**  —¢(3,7p)
0<€|°;) =0 —1¢ K> 5(;»7@)
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character of K* with xp/x(@wk) = —1. So, we get ¢ (%J(F/K,l/)) =1 and

1 1 1 1
3 <§,WF7§> =¢ (§>XF/K,¢> £ (575,7? Otl") = (§7§7¢0tr) : (5.7)

The following result from [11] is useful for computing (%, & o tr).

Lemma 5.4.1. Let F be a quadratic extension of K such that F = K(\/u) with u €

KX\ K*%. Let ¢ be any character of F* such that ¢|gx = 1. Then the root number

Wie) = (5.0.0) = oV,

where 1 is a non-trivial additive character of F' with the conductor (exponent) a(y)) = 0.

Let x be the unramified character of F'* = (wp) X 0, such that x(wr) = —1. Note
that, x|x = (@wk) = —1 (since wp = @) and x|« = 1. Also, xpyk is the character of K*
such that XF/K|U;{ =1 and xp/x(wg) = —1. Since K* = (wg) X 0, 50 X|kx = Xr/K-
Now, since 75 = wp,¢ has trivial central character, by Remark 2.2.9, (§|xx).(xr/x) = 1.
This implies (£.x)|xx = 1. Also, ¥ o tr is an additive character of F'. Let f(F/K) be
the degree of the residue field extension, e(F'/K') be the ramification index and d(F'/K)
be the valuation of the discriminant of the field extension F'/K. We have d(F/K) = 0
if F/K is unramified, and d(F/K) = 1 if F/K is ramified. Then, by Lemma 2.3 in [41],

the conductor (exponent) a(e o tr) of ¢ o tr is given by
a(¥potr) =e(F/K)a(y) — f(F/K) 'd(F/K)=1-0-2""-0=0. (5.8)
Then, using Lemma 5.4.1, we get

(56 xwon) =€ 0V = WD) AWV, (59)
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On the other hand, using (3.2.6.3) in [49] for the unramified character x of F'*, we get

: (%5 Xt tr) = x(wr)"Oe (%,f,w o tr)

(5.10)
= (—1)2®)¢ (%,f,z/} o tr) . (since x(wp) = —1.)
Hence, using (5.7), (5.9) and (5.10), we get
. (%WE> . (%,WFO — (—1)"9¢(/a). (5.11)

AISO, since €|K><XF/K = 17 we have §3|K><'X§:"/K = £3|K><XF/K = (53 : X)|K>< =1. Then,

using Lemma 5.4.1 again for £3.y, we get

(5 €xv0n) = (EOWD = CVDAVD =€V, (612
Also, using (3.2.6.3) in [49] again we obtain

€ (%’ 53-X>¢ o tr) — X(wF)a(§3)€ (%’53’ W o tr)
1 (5.13)
= (—1)%e (5753’¢ o tr> . (since x(wp) = —1.)

Then using (5.12) and (5.13) we get

€ <%’WF,£3) =¢ (%uXF/K>¢) € <%,§3,¢ otr)
= (%,53,@& o tr) (since XF/K 18 unr., so e <%7XF/K7¢) = 1) (5.14)
= (_1)‘1(53)53(\/6)
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Hence, using (5.6), (5.11) and (5.14),

e (Govninn) ) = (UL VN1 eV
— (—1)HO+eE) gt /) (5.15)

_ (_1)a(§)+a(§3)52(u) _ (_1)a(£)+a(§3)_

When K has residue characteristic p > 5, using case 2 of the proof of (ii) in Theo-

rem 5.2.1, we get the following for e = m € {3,4,6}.

1 1 when the order of £ is 4 or 6,
£ <§,sym3(7rE)) = (5.16)

-1 when the order of ¢ is 3.

When K has residue characteristic 3, using case 2 of the proof of (iii) in Theorem 5.2.1,

we get

1 1 when F satisfies S3 or Sy,
€ (—,sym3(7TE)) =

> (5.17)

-1 when E satisfies Sg.

Thus, we obtain the last row of Table 5.8 when 7 = wp¢ and the rows of Table 5.9
when FE satisfies S, for m € {3,4,6}.

Case 2: Let F' be a ramified quadratic extension of K. In this case, K has residue
characteristic 3 and F satisfies Sg or Sg. In this case, the order of ¢ ox is 6 and wg =

Np/x(wr). Also, by (5.2) of Lemma 5.1.3, we have the following

1 if —1¢e K2,
& (wp) = (5.18)
1 if —1¢ KX

So, & =1on F* if -1 € K*? and €2 =1 on F* if —1 ¢ K*2. Now, we consider two

scenarios.
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First, let us assume —1 € K*?. From Table 5.2, if —1 € K*2, then sym?(7g) is of
type X. Then sym®(7p) has L-parameter form ox r/x ®pudp, where op = 1nd%g§g &)
with an irreducible parameter p of GL(2, K) and £ = poNp, k. Now, ¢ = &|%« = xr/k-

Note that, since @xp/x = ¢~ ', we get the following (see Section 12 of [39])

£ (%,wp,gs> =¢ (%790,1/}) € (% @XF/K,l/J) = p(—1). (5.19)

Then, using (5.6), we get (also see Table A.6 in [37])

e (Govwine) ) = ol (G ) (5.20)

Now, —1 € K*? so ¢*(—1) = xp/x(—1) = 1, i.e.,, ¢(—1) € {£1}. Note that, plox
has order 4 and gp]o;(z # 1. Now, a(sym*(wpes)) = a(wre) + a(wres). Also, using the
conductor formula for type X from Table A.9 in [37], a(sym®(wpes)) = a(wre) + 2a(p).
So, 2a(p) = a(wre) = a(€®) +1 = 2, ie., a(p) = 1. So, the induced character
p: kX =o0g/(1+p) = (g) — C* has order 4 such that ¢(g) = i. The kernel of this map
is (g%). Since —1 € k%, so —1 = ¢g®™ for some m € N. Now if m is even, i.e., —1 € (g*),
then p(—1) = 1. If m is odd, ie., —1 € (g?) \ (¢*), then o(—1) = —1. Now, from
Hensel’s lemma it follows that —1 € k** if and only if —1 € K*4. So, we get p(—1) =1

if -1 € K>**and p(—1) = —1if =1 € K*2\ K*4.

1 3 x4
1 els,mg if —1e K%,
€ (§,sym3(7rE)> = (z:7z) (5.21)

—e(3mp) if —1e€ K2\ K4

Next, let us assume —1 ¢ K*2. In this case, £ = 1 on F* and wpgs is a dihedral
supercuspidal representation of trivial central character. Also, a(wres) = a(£3) +1 = 2.
Note that, (£3)? is Galois invariant in this case, i.e., £&& = (£5)7 = (£%)7! on F'*, here

o is the non-trivial element in Gal(F/K). So, by Corollary 3.2 in [45], wres is a triply
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imprimitive representation. Also, we use the following remark to show that such a

representation exists and is unique when —1 ¢ K*2.
Remark 5.4.2. —1 & K*2 if and only if f(K/Qs) is odd if and only if ¢ = 3 mod 4.

Using Remark 5.4.2 and Theorem 4.1 from [45] for wpes, we get that wpes = wpr,
where F" is the unramified extension of K and p is a character of F'* with the following
properties: p(wp) = —1, a(u) = 1 and ,u|§F, = 1. Then, using some similar arguments
from Case 1, we get the following formula as in (5.11):

e (Goome ) =2 () = DWW = -ulva) (522

where we are assuming F' = K(y/u) for some u € K* \ K*?. Let f’ be the residue
field of F” and k be the residue field of K. Then f* = IFqXQ and k* = F ) are cyclic
groups. Let f* = (g). Note that, the action of the Frobenius automorphism on g¢*! is
trivial since (g?t1)7 = ¢¢**t¢ = got1 and ¢! = (¢g9t1)91 = 1, so we have kX = (g¢t).
Also, g7 & k*2. Without loss of generality, we choose u € K* such that the residue
class of w in k* is g7 (it must be something in £* \ k%2 since u € K>\ K*?). So, we
may assume that, the residue class of \/u € F'* is g% € f*. By Theorem 4.1 from
[45], the induced character i on f'* = 0%,/1 4 pp is given by fi(g) = i, and we get the
character 1 on F"* by inflating i to a character of 0y, and extending to F'* by setting
&(wp) = —1. Using Remark 5.4.2, we get, % = 2 mod 4 and ﬁ(g%) =i = —1. So,

we get p(y/u) = —1 Hence, when —1 & K*?, we get

1 1 1
€ (§,WF7£3) =1lande (§,Sym3(7TE)) = (5,7@) . (5.23)
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When is ¢ (3, sym?(wp¢)) = (3, wre) for F/K unramified?

Suppose that, the residual characteristic of K is > 5 and the GL(2, K) representation 7g
attached to an elliptic curve E/K is 7 = wpe, where F//K is an unramified quadratic
extension and ¢ is a character of F'*. In this section we investigate the relationship

between e (%,sym:i(wpyg)) and ¢ (%, ,wFé). Using (5.6) and (5.14), we have

e (gomitne)) = (Gowme) e (grore ) == (Goome) (O V. 521

where F' = K (y/u) with u € K>\ K*? and £ is a character on F'*. When §|0; has order

3, from (5.24) we get

. <%,sym3(7rE)) — e (%m) | (5.25)

When §|0; has order m for m =4 or 6, a(£3) = 1. Then, from (5.24) we get

e (govt(en) ) = = (Goome) €0, (5.26)

Let k be the residue field of K of order ¢, i.e, k = F,. Then the residue field f of F
is isomorphic to Fp. Suppose that Fj, = (g), then £* = F = (g7™1). Without loss
of generality, we choose u € K* such that the residue class of u in k* is g?*'. So, we
may assume that, the residue class of \/u € F* is gq%l € f*. Let € be the induced
character on f* and we get the character & on F* by inflating £ to a character of o}
and extending to F'* by setting {(wp) = —1.

When £ 0% has order m for m = 4 or 6, the induced character ¢ also has order m.

There are exactly two characters of order m on f* for m = 4 or 6 and £ is given by
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= 2mi 27

£(g) = em or e~ m. We assume that £(g) = e’ . Then, we get

g+1 6mi(g+1)

Elgz)=e . (5.27)

Now, ¢ (3, wpes) = —&(V/u) € {£1}. So, &3 (Vu) € {£1}. Also, note that, &(y/u) =1
if £(g"3) = 1 and £3(vu) = —1if &(g"7) = —1.
When m = 6, from (5.27) we get 53(9%) = 1 if and only if ¢+ 1 = 0 mod 4 and

g+1

&(g"z ) = —1if and only if ¢ + 1 = 2 mod 4. So, using (5.26) and (5.27), we get

1 if ¢=3mod 4,

& (Vu) =
-1 if ¢g=1mod4.
and
1 . _
1 —e(5,mg) if ¢=3mod A4,
5 <§,sym3(ﬂE)) = (z7z) (5.28)
e(3,mp) if ¢=1mod 4.

3(g+1)
2

When m = 4, we have 53(9(1%1) =1 = (—z)%l Then, by (5.26) and (5.27), we get

—1 if ¢=3mod 8,

E(Vu) =
1 if ¢=7mod 8.
and
1 : _
1 els,mE if ¢=3mod 8,
£ <§,sym3(7rE)) = (z7z) (5.29)
— (%,WE) if ¢=7mod8.

Remark 5.4.3. Suppose that the residual characteristic of K is 3 and v(3) = 1. If an
elliptic curve E/K satisfies the condition Ss from Table 4.1, then the GL(2, K) represen-

tation g attached to E satisfies (5.25). If an elliptic curve E/K satisfies the condition
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Sa4 from Table 4.1, then the GL(2, K) representation wg attached to E satisfies (5.29).

One can show this using similar arguments as in the proofs of (5.25) and (5.29).

Another way of computing ¢(3, sym®(wp¢)) when F/Qj; is ramified

Lemma 5.4.4. Suppose that E/Qs satisfies the condition Sg from Table 4.1. Then the

GL(2,Qs3) representation g associated to E is g = wre such that

: <%,sym3(7r3)) . (%WE) |

Proof. If E satisfies Sg, then 7 = wpe with F' = Q3(1/—3) by Lemma 4.3.17. We have

1 1 1
£ (i,symg(wp,£)> =¢ (E’WF’§> 5 <§,WF’£3) , (5.30)

where

1 1 1
€ (§>WF,§3) =¢c (§7XF/Kaw> € (5753,¢ © tr) . (531)

Here, ¢ : Q3 — C* is an additive character defined by = — e*™{#}s with conductor
(exponent) 0, i.e., ¥|z, = 1 and {x}, denotes the 3-adic fractional part of x € Q3. For
any v € Qz, we have {z}, = & € [0,1) for some m satisfying 0 < m < p" — 1 and
r—{x}, € Zs.

Also, we have €|Q;< - XF/gs = 1, where xp/q, is a ramified quadratic character of Q3.
Here, we assume wr = v/—3. By corollary 3 of section V3 of [46], we get xr/q,(1 +

3Zs3) = xr/k (N(1+p%)) = XF/gs|1432; = 1. Then we have the following (see (e3) from
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Section 11 in [39])

1 “(XF 3)
(gmen) =35 [ e @

3—5/ Xr/os(x)Y(z)dr  (since xp/qg, is quadratic.)
3-17.%

3

[/ XFyqs (7)Y(z)dr + / XF/QS(IBW(x)dx]
371(1+3Z3) 3-1(2+43Z3)

{XF/@3(3_1) /(31+ZS) Y(x)dr + Xr/gs(2- 371) /(2 w(ﬂf)dxl

D=

Il
w

D=

=3
37147Z3)

=5 e ® o (3) [ vt we e (3) [ ).

NOW7 XF/Q3(3_1) - XF/Q3(3) - XF/Q3(N(V _3)) = 1 and XF/Q3(2) - XF/Q?,(_l) =—1

(since —1 € Wy and xp/qs|w, # 1). Also, ¥|z, = 1 and dx is the Haar measure giving

()

Zs volume 1. So we get,

)
VR
DO |

=

T

~

(&)

w

<
N~

“

=

(5.32)

Now, we calculate ¢ (%,53,wotr). Here, 9 o tr is an additive character of F. By

Lemma 2.3 in [41], with the conductor (exponent) of ¢ o tr is given by
a(y otr) = e(F/Qz)a() — f(F/Qs)7'd(F/Qs) =2-0-1-1=—1,

ie., (Yo tr)\wgloF = 1. Since a(% o tr) # 0, we can not calculate ¢ (%, & o tr) directly.
We need to find a character )y of F' such that ¥ = 1 o tr for some ¢ € F* with
a(yr) = 0, i.e., we need to find an appropriate ¢ € F'* such that ¥p = (¢ o tr)cf1 has
conductor 0. Here, () o tr)¢ " is defined as (¢ o tr) () := (¢ o tr)(¢ 'z). We choose

¢ = wp. Then ¢p = (Y o tr)F has conductor 0, since () = (¢ o tr)(wp'w) = 1 for
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all z € op. So, using Proposition (i) in Section 11 of [39] we get
L o3 L 3 @it 3(,——1 L s
€ §>€7¢F =£ 5,5,(¢otr) F :f(wF )5 iafawotr .

(&)

SO, € (%7&37 ¢ o tr) - gg(wF)g (%7&37 wF> - £3<WF) : q;’ 2 / €_3<I>1/}F(.T)dl’
(o

We have qr = 3. Also, since a(&®) = 1 and o0y /(1 + pr) = Z/27, we can write 0y =

(14+pr) [ J2(1 +pr). Then we get

. (% £.0o tr) ~fw) 3t [ Swon (@

— ¢5(wp) - 37 (w o tr)(w7?) / dr + €3(2)(1 o tr)(257) / dx>

o of

= &(wp) - 377 ((¢ o tr)(wi?) — (¥ o tr)(2w52)) (Since, £3(2) = 1)

. (%m) . (%,XF/K,¢) . (%,gw otr) (i) =1, (5.33)
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and

- <%,sym3(7rE)) . (%m) | (5.34)

]

Lemma 5.4.5. Let E/Qs satisfies the condition Sy from Table 4.1. Then the GL(2, Qs)

representation mg associated to E is mp = wre such that

!/

F=Qs(VA) = Qs ( (é> 3) where A" = ?ﬁm, (5.35)

3

£ <%,Sym3(7TE)) =¢ <%,7TE) .

Proof. If E/Qs satisfies Sg, then 75 = Wre, where F' = Q3(v/A) is a ramified quadratic

and

extension of Q3. To see that ' = Q3(v/—3) or Q3(+/3) as in (5.35), one can use sim-

ilar arguments as in Lemma 4.3.17. One need to consider all the possible values of

(v3(A), vs(cy), v3(cg)) from Table 4.1 when E satisfies Sy and use the relation A = ?17;‘;%
to show that 37(*)A = —1 or 1 mod 3. In this case, a(§) = 2, f]SX =1, and a(&3) = 1.
F

Again, ¢ (%, Sym3(wF7§)) =c (%,wp;g) € (%,WF’§3)7 where

1 1 1
€ (§7WF,§3) =¢c (§7XF/Kaw) € (5753,¢ Otr) . (536)

Here, ¢ : Q3 — C* is an additive character defined by = — e*™{#}s with conductor
(exponent) 0, i.e., Y|z, = 1. As before, {z}, denotes the 3-adic fractional part of
r € Q3. Also, xp/q, is a ramified quadratic character of Q3 with xp/q,|143z, = 1. Now,

we compute € (%, UJF,gs) in two cases.

Case 1: F = Q3(v/—-3)

We assume that @wp = v/—3. So, Npqg,(@wr) = 3. Then, using a similar argument as in
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(5.32), we get

1 )
€ (§7XF/Q37¢> = 1.

Now, we calculate & (%, o tr) where ¢ is any character of F'*. We have a(¢otr) = —1.
Now, ¢p = (@Dotr)wl;1 has conductor 0, since ¥r(z) = (Y otr)(wy'z) = 1 for all € op.

Using Proposition (i) in Section 11 of [39], we get
L 3 L 3 wp! 30 _—1 L 3
€ §a€7¢F = §7§7(¢Otr) a :g(wF )5 §7§7¢Otr : (537)
Then, we get

1 1 ()
€ <§, 53,%0 o tl") = 53(731?)5 <§, §3>¢F) = 53(WF) qp / 5_3($)¢F($)d$-
(Do

Since a(£*) =1 and 0} /1 + pp = Z /27, we can write 03 = (1 +pr)| |2(1 + pr). Then,

we get the following

N

. (% £.0o tr) — (wr) 3 £73(@)( o tr) (wyle)da

1

wp (1+pF)
+e@r) 3t [ e n)@itad
wpt2(1+pr)
= &%(wp) - 33 ((1/1 o tr)(wp?) /da: +E73(2) (¢ o tr) (2wp?) /d:c)
= &(wp) - 372 (Y(tr(wp?)) — Y(tr(2w5)) (Xryes(2) = E3(2) = —1.)
= (wp) - 372 (V(2wp?) — Y(4wp?))  (since tr(awy?) = 20wy
6 L 2 4
— 8 (wp) -3 (w (—5) —y (—5)) |
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Since &(w%) = £(3) = —1, we get {(wr) € {£i}. So, £%(wpr) = —1. Then

€ (%7§3>w Otr) =-3"

[N
/N
Q

|

“g
|

D
w\go

——

I
|

-~

So, we get

€ (%,wms) =¢ (%,XF/K,l/z) € (%,53,1/) o tr) =i-(—1)=1 (5.38)

Case 2: F = Q4(V/3)

In this case, we assume wp = /3 and N(wp) = —3. Then

1 a(XF 3)
c <§’XF/Q3’w> =5 . /3‘“(XF/@3)Z§ X;}Q3<x>¢(x)dx

— 3%/ XF/0s(x)(x)dr  (since xp/q, is quadratic.)
37175
s [ e [ el
3-1(1+3Z3) 3-1(2+3Z3)
5 e [ vt ae s [ v
(3-1473) (2:3-14Z3)

— 3y (3) [w (%) [ty @0 (g) i w(:v)d:v} |

Now, Xr/as(—3) = Xras(N(V3)) = 1. So, xr/0s(3) = Xryas(—3)Xr/g,(—1) = —1.

Also, Xr/q,(2) = Xr/gs(—1) = —1 (since —1 € W and xp/q,|w, # 1). So, we get

ves) [ () Lo

Now, we calculate ¢ (%,53,@/) o tr) in a similar way as in case 1. But, we need to be

careful about the fact that wp = v/3 in this case. Using similar arguments as in case 1,
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= (@) - 372 <1p (g) — <§>) (this is different from case 1.)

— 33 (eT — eT) =i (since &(wp) € {£i} = 8 (wp) = —1.)

= ¢ <%7wp,gs> =c <%;XF/K7¢) € <%753,¢ o tr) = (—i)-i=1

Hence, in both of the cases we get,

- (% sym3(7rE)) . (% WE> | (5.39)

]

When E satisfies Sg or Sg, one can also compute the epsilon factor £(3, wre). It turns

out that £(1,wpe) depends on the choice of (wp), and it can be either 1 or —1.
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Chapter 6

Main global results

In this chapter, we discuss the global results on the sym? lifting of non-CM elliptic
curves over Q. These results are special and more precise versions of Theorem 3.2.1 and
Corollary 3.5.5 for non-CM elliptic curves. Let E be a non-CM elliptic curve over QQ given
by the global minimal Weierstrass equation of the form (2.71) with coefficients in Z. The
discriminant A, the j-invariant j(F), and the quantities ¢4, cg are the usual constants
given by (2.72). We can consider the same elliptic curve E over Q, for each prime
p. Let m =2 ®,m, be the cuspidal automorphic representation of GL(2, Ag) with trivial
central character attached to E/Q. So, 7, is an irreducible admissible representation of
GL(2,Q,) associated with E/Q,.

Using our discussion on local presentations 7, of GL(2,Q,) in Chapter 4 and results
on the L-packet sym?(m,) of GSp(4,Q,) from Chapter 5, we study the representation
sym?(m) of GSp(4, Ag) and the associated paramodular form f in this chapter. Here we

have the following diagram:

sym"

E/Q, +—— E/Q of conductor N Ty f € Ss(K(M))

‘« TEQm, sym?(m,) = @ sym?* ()
T, — P — P
on GL(2,Aq) on GSp(4,Aq)

Figure 6.1: The sym? lifting from elliptic curves to paramodular forms.
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6.1 Paramodular level of sym’(7) attached to an el-
liptic curve over QQ

Given the global minimal Weierstrass equation of a non-CM elliptic curve F/Q with
good or potential multiplicative reduction at p = 2, the following theorem gives an
algorithm for calculating the conductor N of £ and the conductor of the automorphic

representation sym? (), where 7 is the representation of GL(2,Ag) attached to F.

Theorem 6.1.1. Let 7 = ®,m, be the cuspidal automorphic representation of GL(2, Ag)
with trivial central character attached to a non-CM elliptic curve E/Q given by the global
minimal Weierstrass equation of the form (2.71) with coefficients in Z. So, the conduc-
tor a(m) of m equals the conductor N of E. Suppose that E has good or potential mul-
tiplicative reduction at p = 2. Then there exists a cuspidal automorphic representation
II = ®,I1, of GSp(4, Ag) with trivial central character which is unramified at each prime

p not dividing N, such that
(1) 11, is a generic representation of GSp(4,Q,) at each finite prime p.
(i1) M is a holomorphic discrete series representation with minimal K-type (3,3).
(111) L(s, 1) = L(s, 7, sym?®) = L(s, E,sym?).
Moreover, the conductor of E and the conductor a(Il) of I are as follows
N =a(m) = Hpi and  a(Il) = Hpk, (6.1)
plA plA

where the values of i,k are given in Table 6.1 for each p dividing the discriminant A of

(2.71).

Proof. Most of the statements of the theorem including (i), (ii) follow from Theo-

rem 3.2.1. Note that Il is the holomorphic discrete series representation of GSp(4, R)
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with minimal K-type A = (3,3) as in the shaded region of Figure 2.1. Also, as a part
of the correspondence between E/Q and 7, we have L(s,7) = L(s, E) (see (2.62)). So,
it follows that L(s,m,sym?®) = L(s, E,sym?®). Then, by (iii) of Theorem 3.2.1, we get
L(s,1I) = L(s,m,sym?®) = L(s, E,sym?). Now, we only need to show that the con-
ductor N of E and the conductor a(II) of I = sym?(w) are given by (6.1). Since
N = a(n) = ®,p™) and a(Il) = ®,p*"), considering all possible values of a(m,) and
a(TL,) = a(sym?(m,)) from Tables 5.3, 5.4, and 5.5, we see that N and a(II) are given by

(6.1) where 4, k are given in Table 6.1. This concludes the proof. O

Furthermore, if the conductor of a non-CM elliptic curve F/Q is given along with its

Weierstrass equation, then we have the following refinement of Theorem 6.1.1.

Corollary 6.1.2. Let m = ®,m, be the cuspidal automorphic representation of GL(2,A)
attached to a non-CM elliptic curve E/Q given by the global minimal Weierstrass equa-
tion of the form (2.71) with coefficients in Z and the conductor N. Suppose that E has
good or multiplicative reduction at p = 2. Then 11 = sym3(n) is a cuspidal automorphic
representation of GSp(4, Ag) with trivial central character, which is unramified at each
prime p not dividing N and satisfies the properties (i), (ii), (iii) as in Theorem 6.1.1.

Moreover, the conductor a (sym>(m)) of sym3(r) is given by

a (sym®(m)) = N H P (6.2)
pIN
vp(A)#Z0 mod 4

Proof. Here, we only need to prove the formula (6.2) for a (sym®(7)). Note that, when
E has good or multiplicative reduction at p = 2, (6.2) is a consequence of the following

facts from Table 6.1.

k=i ifand only if wv,(A) =0 mod 4.
(6.3)
k=142 ifandonlyif v,(A)% 0 mod 4.
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Table 6.1: Exponents 7,k of p in N = a(w) and a(sym3(7)) respectively.

We use this table in Theorem 6.1.1 and Corollary 6.2.1. Here, ¢ = m with v,

being the p-adic valuation.

Condition Condition 1 k Reduction type
onp|N on F of E at p
for any p vp(A) > 0, 1 3 multiplicative
pl| N vp(cs) =0 reduction
for any p J(E) € Z, i=2 ifp>3 21 additive,
P || N ie{4,6} ifp=2 potential
1> 2 multiplicative
forp>5 J(E) € Z,, 2 4 additive,
|| N e € {2,4,6} potential good
forp>5 J(E) € Zy, 2 2 additive,
p? || N e=3 potential good
for p=3 J(E) € Zs, 2 4 additive,
PN E satisfies potential
P2 or S4 gOOd
from Table 4.1
forp=3 J(E) € Zs, 3 5 additive,
PN E satisfies S potential
from Table 4.1 good
forp=3 J(E) € Zs, 4 4 additive,
pt|| N F satisfies potential
P3 or Ss good
from Table 4.1
forp=3 J(E) € Zs, 4 6 additive,
pt|| N E satisfies potential
Pg or Sg good
from Table 4.1
for p=3 J(E) € Zs, 5 7 additive,
P’ || N E satisfies S potential
from Table 4.1 good
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To see this, note that k =4 in Table 6.1 precisely in the following cases:

1. j(F) € Z, and e = 3 for p > b.

2. j(E) € Z3 and E satisfies P3 or Sz from Table 4.1.

We have e = (UP(IA% = 3 if and only if v,(A) = 0 mod 4. Also, from Table 4.1, we
see that E satisfies P3 or S if and only if v,(A) = 0 mod 4. Hence, k = ¢ if and only
if v,(A) = 0 mod 4. Moreover, observe that k& = ¢ + 2 in Table 6.1 for all other cases
except for the case when E has additive but potential multiplicative reduction at p = 2.

Since we have discarded this case here, we get k = i+ 2 if and only if v,(A) # 0 mod 4.
This proves (6.3) and hence proves (6.2). O

6.2 Level of paramodular forms attached to elliptic
curves over

Since there is a natural correspondence between the cuspidal automorphic representa-
tions of GSp(4,Ag) and paramodular forms as discussed in Section 3.5.4, we get the

following results on paramodular forms coming from non-CM elliptic curves over Q.

Corollary 6.2.1. Let E be a non-CM elliptic curve over Q given by the global minimal
Weierstrass equation of the form (2.71) with coefficients in Z. Suppose that E has good
or potential multiplicative reduction at p = 2. Then there is a cuspidal paramodular new-
form f of degree 2, weight 3, and level M such that L(s, f) = L(s, E,sym?®). Moreover,

the conductor N of E and the level M of f are given by
N:Hpi and M:Hpk,
plA p|lA

where the values of i,k are given in the Table 6.1 for p dividing the discriminant A of

(2.71).
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Proof. Note that, by Theorem 6.1.1, E corresponds to a cuspidal automorphic rep-
resentation 7 of GL(2,Ag) of weight 2 and conductor N such that L(s, F,sym?) =
L(s,m,sym?®). Then, using Corollary 3.5.5, there is a scalar valued cuspidal paramod-
ular newform f of degree 2, weight 3 such that L(s, f) = L(s,m, sym3). So, we get
L(s, f) = L(s, E,sym?®). Also, by Corollary 3.5.5, the level M of f is equal to the con-
ductor a(sym?(m)) of sym?(r). Hence, by (6.1) of Theorem 6.1.1, we get the value of N

and M as stated above. O

The next result is a special and more detailed version of Corollary 6.2.1. Here, we
assume that the conductor N of F is given and E has good or multiplicative reduction

at p = 2. We make such an assumption to get a compact formula for the paramodular

level M.

Theorem 6.2.2. Let E' be a non-CM elliptic curve over Q given by the global minimal
Weierstrass equation of the form (2.71) with coefficients in Z and conductor N. Let
A be the discriminant attached to the given Weierstrass equation and v, be the p-adic
valuation. Let A" = 373 AIA. Suppose that E has good or multiplicative reduction at
p = 2. Then there is a cuspidal paramodular newform f of degree 2, weight 3 and level
M with the following properties:
(i) The level M of f is given by M = N H p2.
vp(A)Q(fVmod 4

(i) The completed spin L-function L(s, f) attached to f is given by

Ls.f) =T (543 )t (54 5) TT Lato. )

p<oo
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where L,(s, f) = Ly(s, E,sym?®) for all places p. If p|N, then

(

L if E has split multiplicative reduction at p,

1=p-3/2—5

m if E has non-split multiplicative reduction at p,
Lp(sa f) =

(l_ap,s)(}_a,lp,s) if J(E) € Z, and v,(A) =0 mod 4,

1 otherwise.
\

Here, «vis an element of C* such that |a| = 1. If the following condition is satisfied

(p— Dv,(A) Z0 mod 12 if p > 5,
J(E) € Z,, v,(A) =0 mod 4, and

(5)=-1 ifp=3,
then o« =i (the fourth root of unity).

(iii) The Atkin-Lehner eigenvalues of f at the finite places are given by

p

—1 if p| N, and E has split mult. red. at p or satisfies (6.4),

=y w(E/Qs) if3| N, p=3 and E satisfies Sg or Sg,

1 otherwise,
\

where Sg, Sg are defined in Table j.1 and the condition (6.4) is given by

Up(A) =0 mod 4, (p — 1)v,(A) #0 mod 12 if p > 5,
Jj(E) € Z, and . (6.4)
v,(A) = 2 mod 4, (%/) =1 ifp=23,

Proof. Most parts of this theorem including the statement (i) follow from Corollary 6.1.2
and Corollary 6.2.1. Let @ = ®m, be the cuspidal automorphic representation of

GL(2,Aq) attached to F/Q. By Corollary 6.2.1, we have L,(s, f) = L(s,sym?(m,)) for
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each prime p < co. Since f is a paramodular form of scalar weight 3, the archimedean
component sym?(m,) of sym3(7) is a holomorphic discrete series representation of weight

(3,0). Then, using (2.49), we get

1

La(s, £) = L(s, sy () = T ( " g) Lo ( n 5) | (6.5)

Now the assertion (ii) follows from (6.5), Table 5.6 and Table 5.7. It is a well-known fact
that the Atkin-Lehner eigenvalue 7, of f at a finite place p is equal to e (%, sym3(7rp))
(see Corollary 7.5.5 in [37]). Note from Table 5.9 that € (5, sym?®(m3)) = e(3,73), when
E satisfies Sg or Sg. Also, observe that w(E/Qs) = e(3,m;), where the local root
number w(E/Q3) can be computed from Theorem 1.1. of [24] in terms of the Weierstrass

coefficients of E. So, one can easily get the assertion (iii) using Table 5.8 and Table 5.9.

O

We have implemented some of our results in SAGE using data from LMFDB!. In
Table 6.2 and Table 6.3, we give a list of examples to illustrate Theorem 6.2.2 using our
SAGE program. To identify the local representations m, of GL(2,Q,) attached to an

elliptic curve £/Q at each prime p | N, we use the following result.

Remark 6.2.3. Let m = Q) 7, be the cuspidal automorphic representation of GL(2, Ag)
attached to a non-CM ellzz?;;;c curve E/Q. Forp > 5, the symbol PS, (resp. SC.) in Ta-
ble 6.2 denotes the principal series representation x x X' (resp. dihedral supercuspidal
representation wre) of GL(2,Q,) in Theorem 4.2.1 (resp. Theorem 4.2.2) such that X|0;<
(resp. 5\02) has order e € {2,3,4,6}. Similarly, for p = 3, the symbols PS;, SC;, SC/6
and SCg in Table 6.3 denote the representation of GL(2,Q3) in Theorem 4.3.4 or Theo-
rem 4.3.4 when E/Qs satisfies P;, S;, S, Sg respectively for i € {3,4,6}. Also, St, Stym,

Stur denote the Steinberg representation, a ramified twist of Steinberg representation, an

unramified twist of Steinberg representation of GL(2,Q,) respectively.

ILMFDB - The L-functions and Modular Forms Database
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Table 6.2: Examples of paramodular forms coming from elliptic curves when 3% { N.

Here m = ®,m, is the cuspidal automorphic representation of GL(2,Ag) associated to a non-
CM E/Q of conductor N and f is the paramodular newform of level M attached to E by
Theorem 6.2.2. Also, II, = sym3(m,) are given by representation types, €, = £(1/2,7,) and
np = e(1/2,11,). SCe, PSe, St, Stym are defined in Remark 6.2.3 and « is as in Theorem 6.2.2.

W.E. of E/Q N M p Ly(s,E) & m Ly(s, f) np

2 _
vty = 112 12 11 1 —1 SCj

1
T111-25
PB4z 20 -7 14+1174%

2 _
votmyty = 12 114 11 1 ~1 SCg 1 1 X
22 + 2% — 30z — 76

2 _
v ty= 112 114 11 1 1 Stim 1 1 IVa
3 — 2% — 40z — 221

v +y=

x377x+12 572 53‘74 5 TII/Q—S —1 St 175_% —1 IVa
7 1 —1 SCy4 1 1 VIII

vty =

P aa? _ser19 D211 54113 5 1 1 PS 1 11

1 1

11 1-11-1/2-s -1 St 1—11-3/2—s -1 IVa

v ay =

230303208 H2-TF 5.7 B 1 —1 PSy4 1 1 I
7 1 1 PS; garoaarry 11

v +ay+y=

P8zt H2-TP 5.7t 5 1 —1 PSy 1 11
7 1 —1 PSg 1 1 I
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Table 6.3: Examples of paramodular forms coming from elliptic curves when 3% | N.

Here m = ®pm, is the cuspidal automorphic representation of GL(2,Aqg) associated to a non-
CM E/Q of conductor N and f is the paramodular newform of level M attached to E by
Theorem 6.2.2. Also, II, = sym?(m,) are given by representation types, €, = ¢(1/2,7,) and
np = €(1/2,11,). SCe, PSe, St, Sty are defined in Remark 6.2.3 and « is as in Theorem 6.2.2.

W.E. of E/Q N M Ly(s,E) ¢ m Ly(s, f) n 0,
' tay = 2 3 o4 3 1 1
1 1 SCy4 1 1 VIII
1 -1 St 1 —~1 IVa
1—5—1/2—s 1—5—3/2—s
v ey ty= 4 3 o4 1 1
B de 1 -3 2°.3 1-9-1/2=5 -1 St 19 3/2-s —1 TIVa
1 1 SCs S 1 X
v Fay = 4 3,96 1 1
23— 22 — 62 +8 ’ 3 A 3 1+271/27s 1 Stur 1+273/27s 1 IV&
1 1 SCg 1 -1 X
vy ty = 4 3. 94 1 1
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additive reduction, 51

adeles, 34

admissible representation, 9, 20, 26
analytically integral element, 19
Atkin-Lehner eigenvalues, 5, 150
Atkin-Lehner element, 81
automorphic form, 35

automorphic representation, 36

Blattner parameter, 21
Borel subgroup, 7
Borel-induced representations, 15

central character, 10

character, 9

compact Weyl group, 19

complex multiplication, 50

conductor, 14, 31

contragredient representation, 10

cusp, 47

cusp form, 36, 41, 45

cuspidal automorphic representation, 36

depth, 78

dihedral supercuspidal representation,
13

discrete series representation, 20

discriminant, 47

elliptic curves, 46
endomorphism ring, 50

~v-invariant, 86

global minimal Weierstrass equation, 49
global representation, 37

good reduction, 51

Harish-Chandra parameter, 20
Hecke eigenform, 42
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imprimitive representations, 27
indecomposable representation, 26
induced representation, 11
intertwining map, 10

irreducible representation, 9, 26
isogeny, 50

j-invariant, 47

Klingen parabolic subgroup, 7
Klingen-induced representations, 16
Kodaira-Néron type, 62

L-factors, 31

L-functions
of automorphic representations, 37
of elliptic curves, 60
of modular forms, 43

L-packet, 29

L-parameter, 29

(-adic representation, 54

level, 8, 41, 45, 148

limits of discrete series representation,

22
local sym? lift, 68
lowest weight representations, 23

m-torsion subgroup, 56

minimal K-type, 20

minimal Weierstrass equation, 49
modular from, 41

multiplicative reduction, 51

Néron model, 61

newform, 14, 42

node, 47

non-CM elliptic curve, 50

non-split multiplicative reduction, 51
non-supercuspidal representation, 15



non-tempered lowest weight
representations, 22

parabolic induction, 11

parabolic subgroup, 7

parahoric subgroup, 78

paramodular form, 2, 45

paramodular group, 8

Petersson inner product, 41

potential good reduction, 53, 87

potential multiplicative reduction, 53,
86

principal congruence subgroup, 8

principal series representation, 12

principle of functoriality, 38

ramified, 14
reduced curve, 51

Schur’s Lemma, 10

semisimple representation, 28
Siegel congruence subgroup, 8
Siegel modular form, 44

Siegel parabolic subgroup, 7
Siegel-induced representations, 16
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singular curve, 47

smooth representation, 9

special representation, 26

split multiplicative reduction, 51
Steinberg representation, 12
supercuspidal representation, 13, 15
sym? lifting, 66

sym?® map, 65

Tate module, 57, 58

Tate’s algorithm, 62

triply impritive representation, 72, 101
twist of a representation, 10

twisted Steinberg representation, 12
type of a representation, 15

unitary representation, 9
unramified, 14

Weierstrass equation, 46, 85
weight, 23

Weil group, 24, 28

Weil pairing, 58
Weil-Deligne group, 25
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