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Abstract

Support vector machines have recently attracted much attention in the machine learning
and optimization communities for their remarkable generalization ability. The support
vector machine solution corresponds to the center of the largest hypersphere inscribed
in the version space. Recently, however, alternative approaches [9] have suggested that
the generalization performance can be further enhanced by considering other possible
centers of the version space like the center of gravity. However, efficient methods for
calculating the center of gravity of a polyhedron are lacking. A center that can be
computed efficiently using Newton’s method is the analytic center of a convex polytope
[29]. We propose an algorithm, that finds the hypothesis that corresponds to the analytic
center of the version space. We refer to this type of classifier as the analytic center
machine (ACM). In this study ACMs have been employed to solve problems in pattern
recognition and regression analysis. Preliminary experimental results are presented for

which ACMs outperform support vector machines.



Chapter 1

Introduction

1.1 Overview

Support vector machines (SVMs) [31] have recently attracted much attention in the
machine learning and optimization communities. As a new tool for solving problems in
machine learning they are based on a simple quadratic programming approach. Hence,
traditional convex optimization techniques suffice to compute the solution of the SVM
learning problem. Moreover, Vapnik [32] demonstrates that using the so-called kernel
method the same solution strategy applied to linear classification and regression prob-
lems can easily be extended to nonlinear instances. An overview on support vector
machines can be found in [6, 27]. Currently, research in support vector machine learn-
ing focuses on methods to increase the efficiency of finding the support vector solution
(10, 21] and on new implementations that allow for large-scale problems to be solved
[14].

However, SVMs are not very effective in cases where the version space, i.e. the space



of hypotheses consistent with the training data, is elongated or asymmetric. Recently,
an alternative approach has been proposed by Herbrich et al. [9] and Rujan [25], the so-
called Bayes point machine, which has outperformed support vector machines in terms

of generalization ability (5, 9].

1.2 Research Objectives

The solution of the support vector machines problem corresponds to the center of the
largest inscribed hypersphere in version space. This center can be identified without
difficulty, as its solution is directly found from a quadratic programming problem. Bayes
point machines (BPMs) on the other hand are based on an approximation of the center
of mass of the version space. BPMs outperform support vector machines, even though
computing the center of gravity of a polyhedron in an n-dimensional space is hard, since
it involves the computation of its volume, which is a #P-hard problem [11]. An easily
computable center has been proposed by Sonnevend [29], the so-called "analytic center”
of a convex polytope. This point depends on the data analytically (i.e. rather smoothly),
is invariant with respect to affine transformations, and can be computed effectively by
minimizing a strictly convex function over the convex polytope. Earlier, Bouten et al.
[5] have investigated the generalization performance of perceptrons and found that the
Bayes point solution in version space can be approximated by computing the minimum
of a special class of potential functions. In this study we propose an algorithm that
finds the hypothesis that corresponds to the analytic center of the version space. We

employ the logarithmic barrier function as reference potential and implement analytic



center machines preserving the positive features of support vector machines such as
the kernel mapping. Preliminary experimental results indicate that this new learning

machine outperforms support vector machines.

1.3 Scope of the Dissertation

Chapter 2 provides a brief introduction to the basic concepts in machine learning. In
the following chapter a review on support vector machines is presented spelling out
the optimization models necessary to solve pattern recognition and regression analy-
sis problems. Chapter 3 also explains the nature of a learning problem in the weight
space and describes the solution of such a problem using the concept of a center. Chap-
ter 4 introduces the reader to the analytic center machine for classification problems.
Hereafter, the analytic center approach is extended in chapter 5 to problems dealing
with regression analysis. Preliminary results are presented in chapter 6, while chapter

7 concludes this discussion and proposes possible directions for future research.



Chapter 2

Basic Issues in Machine Learning

2.1 Machine Learning

The fundamental concept in machine learning can be described as follows. Suppose,
an experiment is conducted with a set of parameters describing the conditions, under
which the experiment takes place. After having realized the experiment a particular
result can be observed. The question that arises is, whether there exists a mathematical
expression that could predict or at least approximate the outcome of the experiment.
What type of approach should be taken, in order to answer this question? First, it
seems obvious that one single experiment will not carry sufficient information to allow
deduction of some mathematical expression. Hence, the experiment must be repeated,
if possible under varying conditions. These conditions, under which the experiment
is conducted, are generally described by a set of attributes. Each attribute in turn is
represented mathematically by a variable, the input parameter. For example, if there

are six attributes that characterize an experiment, we have six input parameters. For



each set of input parameters the corresponding result is observed and compared to
the input parameters of the experiment. Call the variable indicating the result of the
experiment the output parameter. Once a certain number of, say [, experiments has
been conducted a rule must be found, which predicts with as few errors as possible
the value of the output parameter for all ! experiments drawing solely on information
based on the input parameters. This process will be referred to as training , and the
set of experiments used to find the mathematical function linking input and output
data is called the training set. In other words, during training an unknown system is
presented with a set of input data, for which the result of the experiment, the output,
is known. The training experiments are used to "learn”, how the system behaves,
extracting what is called the discriminant function f. Once training has been concluded
and a good discriminant function has been found, the testing phase can begin, where
the outcome of a given set of input parameters is indeed unknown. Obviously, the goal
is to commit as few errors as possible during testing. Hence, a discriminant function is
needed, which will be able to adopt as many vital characteristics of the experiment as
possible during training and translate these properties into a low rate of failure during
testing. Mathematically, the training set is described by (z;,y;),J = 1,...[, where the

z; correspond to the input parameters and the y; refer to the output parameters.

2.2 Classification and Regression

Learning machines can be implemented in two different ways. In pattern classification

problems the output parameter y; is a categorical variable that indicates to which class



a given combination of input parameters z; belongs. Here, the output parameter is
also referred to as label. Most applications in classification problems deal with two
different classes. Therefore, the labels y; = 1 and y; = —1 are selected to distinguish
between classes A and B. More formally, let each of the [ input vectors be represented
by z; € R4, where j = 1,...,l and observe the corresponding labels y; € {-1I,+1}.
Application examples for pattern classification comprise breast cancer diagnosis [15],
optical character recognition {7], or computer vision [19].

Contrary to classification problems the objective of regression problems is to approx-
imate a sequence of scalar values y; € R, j =1, ...,I. For the input vector holds z; € R¢,
however, in many applications the input parameters reduce to a set of one-dimensional
scalars. A field of application can be found in the regression analysis and prediction of
the value of financial securities. In [17] promising results for time-series analysis were

reported.

2.3 The Kernel Method

Most machine learning algorithms are limited to linear discriminant functions. Hence, if
for example a certain classification experiment displays a nonlinear separating surface,
many algorithms (e.g. the perceptron) will not be able to account for this nonlinear
behavior. For support vector machines the kernel method was first discussed in [4].
Using a function ¢ : z — ¢ (z) the problem can be transformed from the input or pattern
space to some high-dimensional feature space. The mapping creates the corresponding

classification problem in feature space allowing linear separation of the problem data.



Hence, linear classification methods can be employed in feature space to solve problems
that are nonlinear in input space. The price we have to pay is to significantly increase the
number of dimensions due to the transformation. A similar approach can be performed
for regression problems.

Unfortunately, very often the function ¢ (z) is not available, can not be computed, or
does not even exist. However, the inner product of two vectors can be computed, both,
in pattern and in feature space. In other words, while ¢ (z) might not be available, the
inner product ¢ (z1)T ¢ (z2) can still be computed in feature space. This inner product

can be expressed by the kernel function

E:RIxRIS Rk (z1,22) = ¢(.’L’1)T¢(.’L‘g) .

In order to employ the kernel method, it is necessary to express the data vectors z;
in terms of inner products. Consequently, the constraints describing the classification
or regression problem have to be reformulated, such that solely inner products are used.
These inner products are then mapped yielding a linear regression problem or a linear
classification problem in feature space. Figure 2.1 illustrates the process of transforming
the problem data from input space to feature space in classification problems.

A similar transformation can be conducted for regression problems as shown in
Figure 2.2. Possible kernel functions include polynomial kernels such as k(z1,z2) =
(z'fzz + l)p with p indicating the degree of the polynomial or exponential kernels as
for example & (z1,z2) = e.xp'bf’ﬂ. For more information about kernel functions see

Cristianini and Shawe-Taylor [8].
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Chapter 3

Support Vector Machines

3.1 Pattern Recognition

Support vector machines can be implemented in two different environments. Specifically,
regression analysis and pattern classification. In this section support vector machines
in pattern recognition will be discussed, while the following paragraph will elaborate on
support vector machines in regression. Both instances can be represented by a quadratic
programming problem.

Consider first the classification scenario. Let the training data consist of [ points,
each of which is represented by a vector z; € R4, where j =1, ...,{, and assign to each
of the points a label y; with y; € {—1,+1}. Here, we only distinguish between two
classes. Hence the training set can be written as T = {(zj,y;);_,} C R4 x {1, +1}.
Constructing a learning machine that will separate the data of two training sets in
pattern space finds its geometrical equivalent in identifying a hyperplane that separates

the data points labeled by y; = —1 from the data points labeled by y; = +1. As there



are situatiors, where data sets can not be linearly separated, we will restrict ourselves
for the moment to those problem sets that are linearly separable. This type of classifier
is often also referred to as the hard margin classifier. Vapnik [31] has shown that the
linear support vector machine algorithm requires a solution of the following optimization

problem:

.1
(P)  min 3w (3.1)
subject to

yi(zj-w+b 241 Vi=1,..,1

where w € R9 is the vector normal to the separating hyperplane and b € R the offset
with respect to the origin. By assigning a Lagrangian multiplier x; to each constraint
and by introducing the variables T = (u1, pg, ..., 1), Dij = (iy;ziz;), e = (1,1, ..., 1),

and y = (y1,¥2, ---» %1), the dual problem can be formulated in closed form:

(D)  max +I'Te— %I‘TDI‘ (3.2)
subject to
rTy=0

L;20 Vi=1,..,L

A nonlinear separable problem in pattern space becomes a linearly separable problem
in feature space using the concept of a kernel function [31]. As can be seen, the dual prob-
lem (D) allows expressing all data pertinent to the problem, z; and y;, to be expressed

10



in terms of inner products. Hence, in order to allow nonlinear problems to be solved,
the only change that has to be made is rewriting the matrix D;; = (yiy; - k (zi, z5))-
For further information on support vector machines in classification the reader might
also refer to [6).

Support vector machines result in a rather simple quadratic programming problem.
Since the problem is convex, there are no local minima and various optimization algo-
rithms will be able to identify the optimal solution. The name support vector is derived
from those points in the input space, which touch ("support”) the decision function.
More formally, if the Lagrangian multiplier 4; is nonzero, the corresponding data sam-
ple (z;,y;) fulfills the primal constraint in (3.1) as an equality. Thus, all samples that
yield a strictly positive u; are support vectors. For this reason, the matrix D is rather
sparse in nature for problems that do not yield many support vectors.

One of the setbacks of this implementation approach is that the matrix D will have
the size [ x [, where [ is the number of data points. Remember that many problems
might include well above one million data samples [28, 14]. In that case we would have
to deal with 102 elements in D. Currently, a lot of research is being conducted to
investigate ways to decompose problem (D) and solve subproblems, where the matrix

D is of smaller size [12, 10, 21].

3.2 Regression

In this section the primal and dual optimization problems for support vector machine

regression will be presented. Let the training data consist of ! vectors z; € R%, where

11



J = 1, ..., 1. During training the input parameters are mapped to [ real output parameters
y; with y; € R. Hence the training set can be written as T = {(:z:j,yj);=1} C Rd+L,
Vapnik (31] has shown that the support vector machine regression translates into the

following primal optimization problem:

.1
(PR) min §||w||2 (3.3)
subject to
Yj -—wT:r:j -b<Le Vi=1,..,1,

wT:z:j +b-y; <e Vi=1,..,1

where w € R4 is the slope and b € R the offset with respect to the origin. Note
that for d-dimensional input parameters w € R%. The variable ¢ can be interpreted as
the precision that is required from the regression function. Geometrically, it creates a
tube of width 2¢ around the regression function, within which all measured data samples
(z;,y;) must be contained. Note that for too small values for € the optimization problem
might turn infeasible.

Again, let u; be the Lagrangian multiplier corresponding to the first set of constraints
and pj be the Lagrangian multiplier corresponding to the second set. Define o7 =
(b1 = pi, B2 — B2, - bt — B7)s Dij = (zizj), e = (1,1,..,, 1), and y = (y1,y2, -, 1)- Then

the dual problem can be formulated as follows:

1 {
(DR)  max ~sI"DI-e)" (s + uj) +4'0 (3.4)
i=t

12



subject to

As in the case of the classification approach the kernel method can be applied to
solve nonlinear regression problems in feature space [31]. The matrix D has to be
reformulated accordingly, D;; = (k(zi,z;)). Additional information regarding support

vector machine regression can be found in [27].

3.3 Machine Learning and the Concept of a Center

Previously, it was mentioned that the support vector machine solution corresponds to
the center of the largest inscribed hypersphere in version space and that for certain types
of problems this solution might not be satisfying. In this section we will elaborate on
how to make the connection between the input space and the version space and explain
the differences between the support vector machine and the approach taken here. We
will provide an intuitive argument why alternative centers in version space have a strong
potential of yielding a better generalization performance. In order to do so consider first
the classification problem depicted in Figure 3.1.

Two classes are to be separated by a hyperplane with normal vector w. Both classes
consist of two points (vectors) indicated by circles for class +1 and dots for class —1.
The two classes are separated by a hyperplane, which we will assume for the moment

passes through the origin of the input space. Furthermore, two additional hyperplanes

13



y=+1
separating hyperplane

H;

s
origin S min

Figure 3.1: Classification in Pattern Space

H; and Hj can be constructed, which are parallel to the separating hyperplane and
which contain the vectors of each class that are closest to the separating hyperplane.
In order to achieve a good separation, it is desirable to "push” the two hyperplanes
H, and H; as far apart as possible to allow for a large "buffer zone” between the two
classes. For each vector in both classes the distance from the separating hyperplane can
be computed. Let the distance measure for the j-th vector be denoted by the expression
§;- Since we require that the separating hyperplane go through the origin, the distance

for any vector from that plane can be calculated from

§; = yjdNE;, (3.5)
where 10y represents a normal vector of unit length and Z; describes the position of

the sample point. Moreover, for any separating hyperplane we can introduce a minimum

14



distance defined by those vectors which lie closest to the separating hyperplane:

Srin = min{3;} = min{y;5% £;}. (3.6)

The distance between the two hyperplanes H), and H, equals 23,,;, and it is our
objective to maximize this distance. Therefore, this classification problem can be for-

mulated using the following optimization approach (P1) .

(P1)  max §p, = max{min{3}}} = max{min{y;552;}} (a.7)
subject to
Y9N E; 2 Smin > 0
lowll = 1,

where wy = TI%H Note that §,;, must be strictly positive to ensure separation of

the two classes. Since the unit length normal vector is used here, we automatically have

the constraint ||@x|| = 1. Next, let us replace wy by w, such that

- .ot . wT -
max 3y, = max{min{;}} = max{min{y; mxs‘}}
subject to

y~—iia':->§'» >0
J"tﬁ“ ] = “man

If we define Spin = min{y,—zIJTi‘j}, we can further reformulate the optimization

problem:

15



o . T~ 1 Smi
max 3§, = max{min{y;%’ %;} - —} = max ﬁ

llwll
subject to

yj'-z’T"EJ' 2 Eminiiwil > 0.
Next, normalize the minimum distance such that it is of unit length and realize (see

the objective function) that §'m,-nl|15|| = §min. Using Smin = 1 the optimization problem

reduces to

max L
ll1]
subject to

ythTi:j >1.

Finally, substituting %7 = [wT, b| and &7 = [F, 1] we can simplify the problem

one more time. Introducing optimization problem (P2) we have:

1
(P2)  min -2~||w||2 (3.8)
subject to
vi (wTa:j + b) >1
It can be seen that problem (P2) corresponds to the support vector machine problem

for classification outlined in (3.1), thus, the original problem (P1) describes in fact also

the support vector machine problem. The two approaches differ solely in terms of

16



scaling. Problem (P1) is solved on the unit sphere adjusting the minimum distance
of the data points (slacks) §'m,-n, while problem (P2) requires §pn to have unit length
leaving the radius of the sphere as a variable. In order to further illustrate the nature
of these optimization problems we will elaborate in the following on the geometrical
interpretation of (PI) . This will be achieved by describing the classification problem
in the space of all wy's. First, notice that all feasible wy’s in (P1) can be found on
the unit sphere. Moreover, the expression y;wkZ; > 0 can be interpreted as a halfspace
defined by a hyperplane with normal vector y;Z;. Notice that a hyperplane described
in such a way passes through the origin in the space of wy. Suppose next that there are
[ data points in the input space. These [ data points will generate [ hyperplanes, which
in turn will define [ halfspaces in the space of wy. Each of these hyperplanes will pass
through the origin reducing the set of feasible solutions to a subset of the unit sphere.
This subset of the unit sphere defines the set of feasible solutions in the space of wy. In
the literature this set is often also referred to as the version space. Figure 3.2 displays
a feasible region for four patterns.

Next, we will discuss the shape of the version space and compare the solutions of
the support vector machine and the analytic center machine. Remember that it was
shown that (P1) describes the support vector machine solution. It can be seen that
problem (PI) extracts the center of the largest inscribed hypersphere in the version
space as the solution vector. As we are attempting to maximize the minimum distance,
we might move away from one separating hyperplane in Figure 3.2, however, in doing
so we might approach another separating hyperplane, which will then define another

§'m,-n. Obviously, the optimization problem will finally identify the center of the largest

17



Feasible Region In w-space

0.5 1
2SS

-1 -1
¥, w

Figure 3.2: Geometrical Interpretation of Optimization Problem (P1)

inscribed hypersphere as the best possible solution. Moving in any direction from that
point will result in a nonoptimal value for §,,;.. This approach will yield satisfying
results as long as the version space is "normal” and not elongated. Figure 3.3 illustrates
a situation, where four hyperplanes define a feasible region, which is not elongated.
Keeping in mind that the situation depicted in Figure 3.3 must be actually projected on
the unit sphere it can be seen that the solutions for the support vector machine wy,svum
and the analytic center machine Wy acar are almost identical.

This situation, however, changes when elongated version spaces are considered. Fig-
ure 3.4 might serve as an example for this case. As before, there are four hyperplanes
defining the set of feasible solutions on the unit sphere. The support vector machine
again finds the center of the largest inscribed hypersphere of the version space. Nonethe-

less, it can be seen that the point Wy, sy does not yield a satisfying solution for this

18



learning problem. On the other hand the analvtic center of the version space Wnxacm

will serve as a much better reference point to reflect the available problem information.

x5 —

Y3Xs

Figure 3.3: "Normal” Version Space

Figure 3.4: Elongated Version Space
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Chapter 4

An Analytic Center Machine for

Pattern Recognition

4.1 Statement of the problem

In the previous chapter the support vector machine approach was discussed and an
intuitive argument was provided for considering as an alternative the solution that
corresponds to the analytic center of the version space. In this chapter we will describe
how the analytic center of the version space can be computed for pattern classification
problems. Unfortunately, computing the analytic center often suffers from the difficulty
of finding an initial feasible solution, when all constraints that define the feasible region
are considered simultaneously. An alternative approach would be to deal with every
sample point (constraint) at a time. Hence, the problem is solved for the first data point,
then the next data point enters the system and another optimization problem is solved

using the previous solution and so forth. This iterative way of finding the analytic center

20



of the problem can be interpreted as an online approach. Moreover, recent research has
suggested to verify the generalization ability of support vector machines, as some results
point to alternative learning machines with powerful generalization performance [9].
In order to implement this online approach, the support vector algorithm will be
modified reducing the constraints of problem {P) essentially to what is known as the
perceptron. Then, turning our attention to the weight space, it can be seen that each
pattern will correspond to a hyperplane with normal vector yz = (yzi, ¥z, ..., YZ4q), if
we are in a d-dimensional space. Moreover, after a slight modification we will be able to
let all hyperplanes corresponding to examples pass through the origin. Therefore, the
collection of all patterns, i.e. [ hyperplanes, will reduce the region containing acceptable
results for w to a cone in a d-dimensional space. Some studies refer to this cone as the
version space V (T') [16]. While the perceptron allows any of these feasible w’s to be
selected as a solution, our objective will be to choose a w* which remains far away from
all the edges of the cone, since we do not know how future test patterns will scatter.

This refers to as a large margin classifier [26].

4.1.1 Geometry of Linear Learning Machines

We would like to construct a learning machine based on the concept of the analytic
center, which behaves also as a large margin classifier. Later, it will be shown that a
similar learning machine can be derived for the feature space using the concept of kernel
functions. In order to convey the basic ideas, we review the concepts that characterize
the perceptron. In contrast to support vector machines no optimization process is

invoked and the right-hand-side of the constraints becomes zero. Specifically in the
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perceptron algorithm it is our objective to solve the feasibility problem:

yi-(zj-w+bd) 20 Vi=1,..,1 (4.1)

where z;,w € R4 and y;,b € R. Any feasible solution (w.b) of (4.1) will separate
the training set T'. Thus, for linearly separable problems the perceptron will arbitrarily
identify one out of infinitely many linear classifiers and generalization will be rather poor
in most instances. We will return to the issue of selecting a good hyperplane in section
4.1.2. For the moment let us slightly rewrite the set of constraints. By introducing the
variables @ = (w,b) € R4*! and #; = (z;,1) € R4*+! the perceptron problem simplifies

to:

yj-(Z; @) 20 Vi=1,..1L (4.2)

Essentially, b is now being considered as an additional weight, say w¢.,. Therefore,
the problem dimension is expanded by one. As can be seen each pattetn j is now

described by the simple linear inequality

yiZj w20 Vi=1,..,1 (4.3)

which corresponds in weight space to a hyperplane with normal vector y;Z;. Note
that all hyperplanes are passing now through the origin of the weight space.

When the first pattern (z1,y;) enters in the system of linear inequalities, the set
of feasible solutions is reduced to a (d + 1)-dimensional halfspace. The second pattern
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(z9,y2) will reduce the halfspace to a cone with the apex of the cone at the origin. After
that, each additional pattern will either leave the current version space unchanged or
even further reduce it. Once all patterns have been learned, the cone of the training pat-
terns has been identified. Note that some training points (z;,y;) might be redundant
for the determination of the cone. The set of ail w’s inside the cone, V' (T'), consti-
tutes the set of feasible solutions; hence infinitely many solutions exist. This situation
corresponds to the perceptron in pattern space. Keep in mind that here we consider
problems, which can be linearly separated (hard margin classifier). In this case the set
of feasible w’s will never be empty. The advantage of this approach lies in the nice
geometry of the problem, which allows a rather simple implementation. Once the final
cone is identified, it is intuitively clear that we would like to identify a solution as close
to the central trajectory of the cone as possible. In doing so, we guarantee that the
selected optimal w* will correspond to a separating hyperplane in the space of patterns
(z-space) that lies far away from the data samples of both classes. The next question to

be addressed is, how to select the optimal @* from all feasible w’s in the version space.

4.1.2 Analytical Center of Version Space

Next, we will use an idea that stems from the concept of interior point methods, the
so-called analytic center. In order to describe the analytic center, we first introduce the
concept of logarithmic barrier functions. Define the slack 3; € R as a measure of how
close or how far away the current solution is from constraint j. If the current solution
violates constraint j, 5; will be negative. If the current solution fulfills constraint j as

an equality, §; will be zero. An interior point of the feasible region is defined as a point,
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for which all slacks 3; are positive. For the set of constraints, which currently describe

our feasible region the slacks can be expressed as follows:

§j=yiZ; w20 Vi=1,..,L (4.4)

Furthermore, we need to identify a function, called potential function [18], which
goes to infinity as we approach the boundary of the feasible region. A logarithmic

function ® : R — R fulfills our requirements. More specifically,

®(3) = =In(3). (4.5)

In analogy to electrostatics the function ®(3) could describe the potential of some
electrostatic field, if we consider the hyperplanes defining the feasible region as infinite

plates of electric charge. For [ constraints the logarithmic barrier function & becomes:

l
() =->InG), T=06,..8). (4.6)
=1

Here, the vector § € R! represents the collection of slacks for all { constraints,
§ = (81,82, .., §). The minimum of the logarithmic barrier function & (5) constitutes
an excellent means of computing a point that will be far away from all constraints. The
point at which the barrier function attains its minimum is defined as the analytic center
of the feasible region.

Now, let us return to the problem we would like to solve. We consider an augmented
weight space (keep in mind that the offset b is treated as the (d + 1)-th element of ),
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in which the set of all patterns (Z;,y;) is represented by hyperplanes passing through
the origin. After all hyperplanes have been defined, a cone in R4+ will describe the set
of feasible solutions in the augmented weight space. It is our objective, to retrieve a
weight vector 1w*, which will be as far away from the " walls” of the cone as possible. The
tool we are going to employ is the concept of the analytic center. Unfortunately, the
minimum of the logarithmic barrier function can only be calculated, if the feasible region
is compact, which is decidedly not the case for a cone in R4+1. In order to compactify
the feasible region, we add as a constraint a hypersphere in R4*! with radius R around
the origin. In other words, the solution, which will lie without doubt very close to the
central trajectory of the cone, will be projected onto a hypersphere of radius R.
Therefore, our goal is to calculate the minimum of ¢ (3) while making sure at the
same time that the optimal weight vector w* satisfy the spherical constraint. For calcu-
lation purposes we choose R = v/2. Taking into account the labels y; as well, the slacks

can be expressed through

§J' =Y5- (iJ -w) 20 Vi=1,..,1 (4.7)
and the logarithmic barrier function becomes

{
®(3) =~ In(5) (4.8)

j=1
Following the above, the optimal weight vector can be computed by solving the

optimization problem:
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1
min (@) = -3 In(y (& ©) (49)
j=1

Since the slacks depend on @, we will write from now on & (@) or in feature space
® (), instead of ®(3). Remember that by definition @ also includes the offset b of
the optimal separating hyperplane. Before we will continue our discussion and demon-
strate, how the optimization problem in (4.9) can be solved, we will extend the current

formulation using the concept of kernel functions to the case of nonlinear separation.

4.2 Kernelization

In the previous section the classification problem was reformulated, such that each
pattern can be interpreted as a hyperplane in weight space. A first optimization model
was presented allowing linear classification problems to be solved. We will now perform
yet another transformation moving the problem to some high-dimensional feature space.
The algorithm under consideration actually does not solve nonlinear problems. However,
it is possible to map classification problems that can not be linearly separated to the
feature space using a function ¢ : z — ¢ (z). The mapping creates the corresponding
classification problem in feature space, which can be solved employing linear classifiers.
The price we have to pay is to significantly increase the number of dimensions. Thus a
nonlinear problem behaves in feature space as if it was linearly separable.
Unfortunately, very often the function ¢ (z) is not available, can not be computed, or
does not even exist. However, the inner product of two vectors can be computed, both,
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in pattern and in feature space. In other words, while ¢ (z) might not be available, we
can still compute the inner product ¢ (zl)Tqb (z2) in feature space. This inner product

can be expressed by the kernel function

E:RExRE S R:k(z,22) = (z1) ¢ (z2)-

The reader might verify that besides the label y; in equation (4.2) in section 4.1 every
constraint can be formulated using solely inner products. Nonetheless, the constraints
still contain the weight vector, while it would be desirable to express the inner products
only through the data vectors z;. However, if we express the weight vector by a linear
combination of data vectors, we can successfully avoid this problem. Indeed, if we define

4
w= ) ajz; we have:
=1

! ] T i
k(w,z;) =k (Z aizi,zj) = (Z aid (zs’)) ¢(z;) =) aik(ziz;)  (4.10)
i=1 i=1 i=1

Therefore, the set of ! equations in (4.1) defining hyperplanes in weight space can

be reformulated using inner products. Specifically,

4 {
Yj (:BJ' . Z a;T;i + b) =y; (Z a;a:,Ta:j + b) 20 Vvi=1,..1 (4.11)

i=1 i=1
After having preprocessed the set of constraints, it is now easy to replace the pure
inner products by the kernel function k (z;, z;). Therefore, the set of constraints repre-
senting the [ patterns can be described in the dual space of a’s as follows:
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l
Y5 (Zaik (zi,z5) +b) >0 Vvi=1,..,l (4.12)

=1
Obviously, this new set of linear inequalities must be solved in the space of a’s. Note,
that the decision function to test for a new pattern  cau be formulated and calculated

based only on the information contained in the set of a’s:

1
f(z) = sign (Z aik (z;,z) + b) . (4.13)

=1
We are now ready to define our learning problem in a-space. Define the matrix

Ke R(l+1)xl as:

yiku yeki2 ... yky

yikot yokaa ... wyky
K=| . | (4.14)

vikn  y2ki2 ... yky

)1 2. - U]

We follow the convention that the k;; represent the kernel evaluated at the points
z; and z;. Specifically, k;; = k(zi,z;). Note that K is not symmetric. Moreover,

introduce the vectors
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yikij

I
ki=| . |.Vi=L..l, (4.15)

Yj kl]

o3 yj -l

where k; € R!*1. Therefore the matrix K can also be expressed as K = (ky, k2, ..., k1).

Furthermore, if we let the vector a € R*! to be

(23]
Qaa

a=1| |, (4.16)

a

L b 4

we can write the set of equations for all [ patterns as KTa > 0, Vj = 1,...,[. Note
that the offset b is included as the (I + 1)-element and the corresponding adjustments
were made for K and k;. Alternatively, the j-th constraint in a-space can be defined by

kTa >0, Vj=1,..,1, since

k}-'a = yjonk (z1, Z;) + yjaok (22, T;) + ... + yjouk (z1,25) + y;6 > 0. (4.17)

Replacing the kernel expressions by simple inner products, equivalence between
equation (4.17) and the more commonly known perceptron formulation becomes more
obvious as is described by the following inequality:
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Y01 T1 Ti+yj02Ts T+ +yqz] Ti+yib = yj- (Zf:l a;:z;'{) zj+yib = yj‘(szj + b) > 0.
" (4.18)

Since it is necessary to rewrite the optimization problem from equation (4.9) for the
space of a’s, computation of the slacks for each constraint is required. We have [ slacks,
which can be computed from s; = kJa, ¥j = L,..,l. Previously, each pattern was
characterized by its normal vector y;z;. This vector defined a hyperplane in the space
of weights reducing the final feasible region to a cone in R4*!. We have now moved
the problem to the space of a’s. Therefore, the normal vector defining each hyperplane
in a-space is given by k;. Note that the offset is included in kj, consequently, each
hyperplane passes again through the origin; this time, however, in the space of a’s. The
logarithmic barrier function evaluates the summation over all slack values, which are
given by s; = kT @, Vj = 1,...,l. Hence, the barrier is a function of @, i.e. @ = @ (a).
Again, as in section 4.1, the feasible region has the shape of a cone, which implies that
the analytic center without any projection or box limitations imposed on the variables,
does not exist. The analytic center of the barrier function is therefore calculated with the

additional requirement that the set of variables (the a’s) be projected on a hypersphere

of radius R = v/2. Consequently, we have to solve the following optimization problem:

{
min ®(a) = - in(kfa) (4.19)
i=1

s.t. h(a) = %aTa -1=0.

Figure 4.1 illustrates this situation graphically. We need to find the analytic center
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Feasible Region in a-space
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Figure 4.1: Feasible Region in a-space

of the feasible region, which is described by the intersection of several hyperplanes with
the surface of the sphere. In the next section it will be shown, how the optimization

problem can be solved using a projected Newton descent method.

4.3 A projected Newton descent method

In the previous section our discussion resulted in a constrained optimization problem,
which must be solved by changing the set of a’s. We started with the concept of a cone,
which described all feasible w’s in weight space that would qualify to separate the two

classes. It was then shown that a similar approach could be used to solve nonlinear
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instances resulting in roughly the same optimization problem. The two approaches
differ in the space, in which the variables "live”, as well as in the parameters. For the
linear case information can be stored in y;Z;, while for the nonlinear case the k;’s need
to be computed. The vector k; depends on the kernel function as well as on the input
data (z;,y;). In the following we have to address the optimization problem in (4.19)
and implement an algorithm that allows solving this type of problem.

Let us start the analysis by introducing the Lagrangian of (4.19). With u being the

Lagrangian multiplier we have:

L(a)=%(a)+u-h(a). (4.20)

The Karush-Kuhn-Tucker (KKT) optimality conditions [1] require that at optimality
the gradient of the Lagrangian vanish (feasibility of the corresponding dual optimization
problem). Moreover, primal feasibility is required as well, hence, the constraint in (4.19)
represents an additional optimality condition. The following equations account for dual

and primal feasibility and represent the optimality conditions:

Vol(a) = Va®(a)+u-Vah(a) (4.21)
hia) = %aTa -1=0. (4.22)

Next, define a new variable Z (a,u) and let us rewrite the optimality conditions in

matrix form. Thus,
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Vol (a) Ved (@) +u-Vah () 0

Z (a,u) = = = . (4.23)
h(a) laTa-1 0

In a more compact form the optimality conditions require Z (@, u) = 0. Employing

the Newton-Raphson methed to calculate o and u°, the frst-order approximation linear

system

a—ag 0
Z (ak, uk) + VaZ (x, uk) = (4.24)

U — Uk 0
must be solved, in order to calculate the next iterate (o, u) = (@k+1,uk+1). Equation
(4.24) allows to iteratively approach the solution (a*,u*), with which we can compute

the classifier. Here, VZ denotes the Jacobian of Z and (ag,u;) represents the current

iterate. We find for the Jacobian of Z

V2L (ag,ux) Vh (ak, ug)
VZ (ax, uk) = . (4.25)

Vh (ak, ug)T 0

Next, we need to compute the elements of VZ and Z in order to move to the next
iterate (@g41,uk+1). Let us first examine the derivatives of the logarithmic barrier
function and introduce a matrix S € R*! that carries in its diagonal the slack values
8 = kf a, where oy represents the current iterate. Moreover, let e = (1,1,...,1)
denote a vector of ones in an appropriate dimension, here e € ®. Then the gradient
of ® (a) becomes V@ (a) = —KS~le. An alternative way of expressing the gradient
of the barrier would be V@ (a) = —& — 8 — . — 8 The Hessian of the barrier can

s 2

be computed similarly, resulting in V2® (@) = KS~2KT or alternatively, V2 (a) =
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1 2 ]
Considering next the gradient and the Hessian of h, we find for the gradient Vh () =
a and for the Hessian V2h (a) = I, with I € RU+D*(+1) representing the unit matrix.

Now it is easy to extend the discussion to the gradient and to the Hessian of the

Lagrangian. In fact,

ViL(e,u) = V@ (a)+u-Vh(a)=KS?KT +u-I (4.26)

VL(eyu) = VO®(a)+u-Vh(a)=—-KSle+u-a (4.27)

Putting it all together we find for Z:

—KS le+ ug-ax
Z (g, ux) = (4.28)

%azak -1

and for the Jacobian of Z:

KS2KT +up-I o
VZ (g, ug) = X (4.29)

of 0
We have now presented a modified Newton procedure, which allows finding the
minimum value of the barrier function subject to the constraint that all o’s be elements
of a hypersphere in ®+!. Note the dimensions of Z € R+2 and VZ € R+ *(+2) _gince

the (I + 1)-th element corresponds to the offset b, while the (I + 2)-th element refers to

the Lagrangian multiplier u.
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4.4 Implementation Issues

Until now, we have proposed a new method of selecting the optimal weight w* for
learning linear classifiers. Hereafter, the idea of finding a value close to the central
trajectory of a cone was extended to the nonlinear case. We have studied ways to
obtain the optimal value (a* or w*) from an open cone using concepts based on the
analytic center. However, several remarks should be made about the current version of
the algorithm. First, it is necessary to identify an interior point of the feasible region.
Keep in mind that the barrier function is logarithmic; hence, it is not defined for a’s
yielding negative slacks. It might not be trivial to find an initial feasible solution, for
which the Newton algorithm will work, in particular in the nonlinear case. Instead, it
might be wiser to solve the problem in a sequential way. What do we mean by that?
So far, the algorithm is confronted with all available data right from the beginuning.
We might call this the batch approach. If we initiate on the other hand the Newton
procedure pattern by pattern, we will be able to circumvent the problem of finding
an initial feasible solution. Therefore, we will next turn our attention to the issue of

implementation of this new approach in machine learning.

4.4.1 How to process a ”good” pattern

We propose an online approach in computing the analytic center in a-space by evaluating
an approximation of the center for some current set of constraints. Once a pattern is
classified correctly, which means that the current iterate is inside the current cone, we

let a new pattern (a new hyperplane) enter the system of linear inequalities. Hence, for
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each new pattern feasibility of the current solution is verified and adjusted. In the next
few paragraphs we will outline the mechanics behind this way of solving the problem.
We initiate the algorithm with arbitrary starting values, ag and ug. Next, the normal

vector for the hyperplane in a-space is calculated:

K = (ki yika, - yik,u) = 0k (2, 51) 31k (22, 21) s o ik (21, 71)  01) -
(4.30)
Upon evaluating k7 ag two alternative outcomes are possible. If the value for kT ayq
is negative, which by definition also means that the slack s, = k7 a is negative, we have
to correct our current solution ag. Let us postpone for the moment the discussion of
this case by assuming that ay is feasible, hence the slack is strictly positive. Remember
that even for slack values equal to zero, the Hessian might be ill-conditioned as the
logarithmic barrier approaches +o0 in those cases. The gradient and the Hessian of the

barrier function can be found respectively from

Vé (@) = o (4.31)
k. kT

V2% (ag) = % (4.32)
1

Next, evaluate k (ao) = 1af ag — 1 as well as the gradient VA (ag) = ag. With this

in mind we find for Z:

-% +ug - g
Z (007u0) = (4’33)
%a{% -1
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Since the Hessian of h (a) equals the unit matrix with dimension ({ + 1) x ({ +1),

the Jacobian of Z is easily computed using

kkT
S tu-l a
VZ (ag,up) = ! . (4.34)
[ @ 0
Based on the calculations of Z and VZ, the next iterate can be computed by solving
the linear Newton approximation in equation (4.24). However, we would like to point
out that this subproblem will not be solved to optimality, as we are not interested in
the solution after having processed only one pattern.

Consequently, after having successfully computed what amounts to «; and u, the

normal vector corresponding to the second pattern is evaluated:

kI = (yoki2, yokoo, ..., y2kiz, y2) = (y2k (21, 22) , Yok (€2, Z2) , -orr Y2k (21, T2) . 42) -
(4.39)
Again, one needs to verify, whether the slack s, = kQT ) is positive and if so, the

new values for Z and VZ are computed:

7 —% - lﬁ' +u-ap
(a1,u1) = (4.36)
%a{'al -1
[ T T
k—:I;L + —'zz‘k:k +u-I o
vZ (al,ul) = ! 2 . (4.37)
of 0

Hereafter, we conduct an additional Newton search and update the current solution
(a2,uz) using equation (4.24) before répeating this procedure for the remaining patterns.
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Starting from an initial solution at ag = (0.5, 0.5) Figure 4.2 illustrates, how the current
solution is adjusted, when we process successively the patterns k), k2, and k3. The

updated solution is given by a3.

Figure 4.2: The previous solution a;_, is always feasible with respect to the pattern k;

Next, we will explain, how to adapt the algorithm for the case where the cone is
significantly reduced by a new pattern such that the previous solution lies outside the

new cone.

4.4.2 How to correct a "bad” pattern

If patterns are not correctly classified, the current iterate represents an infeasible starting

point for the Newton optimization process, which excludes using this type of optimiza-
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tion technique. To be more precise, suppose that we are at iteration j and that the
j-th pattern reduces the feasible region so significantly that for the (j — 1)-th solution
(@j-1,%5-1), aj-, lies outside of the cone. Looking at the set of slacks, this implies
that the j-th slack s; will be negative. However, all remaining slacks sy, ..., sj-1 are
still positive. Hence, we either need to move the current iterate into the new cone or
alternatively relax the shape of the feasible region, such that the new feasible set still
comprises the a;-, of the previous iterate (aj—1,u4;-1). Since we have only very limited
information about the current position of (a;-),u;-1) we decided to pursue the latter
approach of relaxing the j-th constraint of the feasible region.

Since there is only one constraint (constraint j, the last one that entered the system
of patterns), which is violated by the current iterate, we only need to focus on the
j-th slack value. Keep in mind that s; is a measure of distance between a;_, and the
hyperplane k;-ra = 0. Modification of the feasible region will be realized as follows.
Since s; is the sole parameter defining the position of the hyperplane, we can shift the
hyperplane parallel to itself by changing the value for s;. For instance, the hyperplane
kfa = 8; passes exactly through the current iterate a;j_;. Obviously, the parallel shift
is not yet sufficient, as the barrier function approaches +oo for this situation. For this
reason, we need to shift the last hyperplane a little farther, say, about ten percent of
the slack value to guarantee that the current iterate a;_; lies inside this "extended”
cone. Consequently, the j-th shifted hyperplane is defined by the set of all a’s for
which k] & = 1.1s;. This hyperplane will change the entry for the j-th slack to —0.1s;.
Remember that s; is negative, therefore —0.1s; is positive. We have now adjusted the

feasible region such that a;_; is an element of the feasible perturbed set.
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Next, we need to invoke Newton's algorithm to virtually "push” a;-1 to the analytic
center of the feasible region. This will be realized by conducting five consecutive Newton
steps. Let ¢ = 1,...,5 count the Newton steps on the relaxed problem. At each step,
we will examine, whether the updated solution (a;_ , 4;-1,;) still violates the original
constraint k}'aj._]_’i > 0. If so, the remaining Newton steps are executed. Of course,
one must be very careful about updating the slack s; during this process.

Store the overall shift of the j-th hyperplane in the variable total = —1.1s;. That
way, once Newton’s algorithm offers a new aj-1, the j-th slack value is calculated
with respect to the original (unrelaxed) problem, s = KT - . However, the Newton
procedure requires a positive slack value s;;, which means that the j-th slack must be
separately updated with respect to the relaxed problem. Therefore, s; is replaced by
an intermediate slack valid only for the i-th Newton iteration on the relaxed problem
8ji = total + s;;_1 in order to yield the slacks for the i-th Newton iteration on the
relaxed problem (define sjg = s;). This approach essentially measures the distance
between a;.) ; from the relaxed hyperplane kT a = —total.

Nonetheless, it is possible that even after five Newton steps the analytic center of
the relaxed feasible region does not yet satisfy the j-th constraint. Keeping in mind
that total = —1.1s; defined the position of the relaxed j-th hyperplane we can calculate
a new relaxed problem with a relaxed hyperplane that will lie between the first re-
laxed hyperplane and the original unrelaxed hyperplane (all parallel, we did not modify
k;). Obviously, our situation will have improved after five Newton iterations, how-
ever, it is possible that the analytic center of the relaxed problem still violates the

original problem. The new offset for the second relaxed problem can be computed as
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total = —1.1sj_,5 yielding the hyperplane kT a = —total. In other words the first
relaxed hyperplane is moved to a new position reducing the relaxed cone. Hereafter,
we invoke once more Newton’s descent algorithm. Either one of the intermediate iter-
ates (a@j-1,i,uj-1,;) finally lies within the original cone, or we have to construct a third
intermediate hyperplane after five Newton steps. Recapitulating we have to deal with
two different counters. Specifically, j indicates the pattern and ¢ indicates the Newton
step executed. To increase readability we have refrained from introducing a third index
denoting the number of relaxed hyperplanes needed until we have moved the current
iterate (aj-1,i,u;-1,;) inside the original cone.

Note that for each newly computed solution (a;_1,, 4;-1,;) ones needs to verify all
slacks s;, since it is possible that a pure Newton step leaves the feasible region. In our
case the new a could violate a constraint other than the one (s;), which has just been
relaxed. This case arises particularly, if a;j_; of the current solution (a;-14,uj-1,4) is
located already rather close to one or more constraints [33]. We decided to halve the
step size of a pure Newton step and verify whether feasibility is given. If not, the step
size is cut in half again and constraint violation is checked again.

Figure 4.3 displays the procedure of adjusting infeasible e;’s. As can be seen oy is
feasible for the first pattern k) moving the current solution to a;. Hereafter, the second
training pattern kg reduces the feasible region significantly so that «; is no longer fea-
sible. Thus the second constraint is relaxed by total’ = —1.1s = —1.1s5 5. Conducting
five successive Newton steps results in the new iterate o 5 = af ;. Obviously, the cur-
rent solution is not yet feasible with respect to the original problem. Therefore, a second

relaxation (indicated by a second prime) has to be conducted. Hence, sj5 = 554 and
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the Newton method is invoked again. Feasibility is achieved at ¢ = 2 and the training
pattern can now be considered as a "good pattern”. Therefore, one more Newton step

is conducted with respect to the original feasible region to classify k».

Figure 4.3: The current solution o is infeasible for the second pattern kp

We will now recapitulate our discussion until this point. The following generic
pseudo code provides an overview of all steps necessary for the implementation of an

online analytic center machine.

Step 1: Initialize
L - Number of patterns

7 - Current pattern, j =1,...,L



t - Index to identify all patterns from 1, ..., 5
ag - Initial starting point, vector of ones

u - Initial Lagrangian multiplier for projection on sphere

Step 2a: Center and Add
Setj=1
Compute the newest k; according to kT = (yjkij, yjkaj, - Uik Uj)s
the slacks s; = kT, Vi = 1,...,j, and let S =diag (s;),Vi=1,....J
Let K = (ki ..., kj)
ifs; <0
go to step 2b: Correct
else

go to step 2c: Update

Step 2b: Correct
Set total = —1.1 - 3; and Srelez = —0.1 - 3; (Problem relaxation)
Let Sretaz = diag (s1, 89, -y Sj—1, Srelaz)
while (s; = kja <0)
for newtoncounter =1 to 5
compute Z and VZ using equations (4.28) and (4.29)
calculate new (a,u) using Newton’s approximation (4.24)

if (s=KT-a20)
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go to step 2c: Update
else
update the j-th slack, s; = total + s; (s; is still negative!)
check feasibility of all other slacks (si, ..., $j-1)
while min (sy,...,sj-1) <0
halve the pure Newton step

compute s = K7 - & and replace s;, s; = total + s;

endwhile
endfor
Set total = —1.1 - 3; (Construct new relaxation)

Replace sj, s; = -0.1-s;

endwhile

Step 2c: Update
compute Z and VZ using equations (4.28) and (4.29)
calculate new (a, u) using the newton approximation (4.24)

j=3+1, return to step 1



Chapter 5

An Analytic Center Machine for

Regression Analysis

5.1 Statement of the problem

In the previous chapter the concept of the analytic center machine was presented for
classification problems. We now extend this idea to regression analysis. Again, we will
first address the geometrical aspects and branch out from there to the optimization

model that extracts a suitable solution.

5.1.1 Geometry of Linear Learning Machines for Regression

Considering the problem of linear regression the variable definition must be changed
slightly. Let z; € R4 and y; € R describe a data set consisting of [ samples (z;,y;). We
would like to approximate this data set by a linear discriminant function f (z) = wTz+b,

where w € R4 and b € R. Next, a learning machine based on the concept of the analytic
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center is developed. In section 5.2 we will demonstrate that the following approach
can easily be extended to the case of nonlinear regression. Spelling out the feasibility

constraints we find

yi—f(zj)) < e Vi=1..,l (5.1)
flg;)—yi < € Vi=1,..,l

Substituting for the discriminant function the following set of constraints is found:

yi—wizij—b < € Vi=1,.,1 (5.2)

szj-i-b—yj < € vi=1,..,1L

Any feasible solution (w, b) of (5.2) will provide a possible solution for the regression
problem. In the standard SVM approach the length ||w||? is minimized. In this chapter,
however, a solution will be computed that corresponds to the analytic center in the
space of hypotheses. This means that w and b will be considered as variables while
the data set of the problem (z;,y;) is fixed. Before we will discuss implications on the
geometry of the feasible region (version space), let us simplify the equations. Defining

= (w,1) € RI*! and Z; = (z;,b) € R4*+! reduces the set of constraints to

yi—0'% < e Vi=1,..,1 (5.3)

g
8
.
[
S
IA
m
&
I
=
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Notice that the dimension of the input space has been extended by one, where the

variable b essentially becomes 14, ;. Rewriting the set of equations yields:

&
\Y

y; —€ Vi=1,..1 (54)

yj+e€ Vi=1,..,l

Consider the jth pair of inequalities. The first inequality describes a halfspace with
a normal vector Z; in R4*! and an offset y; — €. The second inequality corresponds to
a halfspace whose normal vector is parallel to the one of the first halfspace, but whose
offset is y; + €. Here however, the direction of Z; is reversed, thus, these two halfspaces
combine into a slab of infinite width and length.

Hence, for each j we find a slab with normal vector Z; and two offsets of y; — € and
y; + €. The version space V (Tr) (or feasible region) becomes therefore the intersection
of | slabs of infinite length in RI*L. Any vector 4 that satisfies all constraints lies inside
all [ slabs and solves the regression problem. Of course the solution provided by most
of these w’s will be rather disappointing. For support vector machine regression the
objective function serves as a tool to extract a particular w. For the analytic center
machine, the one 1 is selected that minimizes the sum over all logarithms of the slacks of
the constraints. Intuitively, this solution attempts to extract a point inside the feasible
region that is as far away from the constraints as possible. Usually, solutions close to
the boundary of the version space have a larger generalization error [5]. The following

paragraph will illustrate this approach mathematically.
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5.1.2 Analytical Center of Version Space for Regression

Similar to the pattern classification instance, we will approach this problem by first
computing the slacks that correspond to the constraints in (5.3). For the set of con-
straints, which currently describe the feasible region, a set of [ lower slacks and | upper

slacks can be defined:

5_‘1 = ‘lDTi'J _yJ +€ZO VJ = 11"’?‘ (5’5)

8 = —iTZ+yi+e20 Vi=L,.l

Obviously, each slab accounts for one upper and one lower slack value. Furthermore,
using once more the concept of the barrier function as outlined earlier in (4.5), we

compute the following expression for the logarithmic barrier function ®:

i {

& (&,58) =~ in(3) -3 in(52). (5.6)

j=1 j=1

As for the pattern classification scenario the minimum of the logarithmic barrier
function & 55-,3';-‘) constitutes an excellent means of computing a point that will be
far away from all constraints. At this point we will refrain from a further analysis of
the linear regression instance but rather continue the discussion from here, once the
nonlinear and therefore the more general approach has been laid out. Section 5.2 will

describe, how the problem can be transferred to the feature space using the concept of

kernelization.
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5.2 Kernelization

In the previous section 5.1 the regression problem for linear instances was introduced.
The space of hypotheses was presented providing a geometric interpretation of the con-
straint set in the space of w’s. Next, the problem will be reformulated to solve nonlinear
regression problems. Expressing again the weight vector by a linear combination of data
vectors, w = fl_: a;iz;, the set of 2! equations in (5.2) defining [ slabs in weight space

i=1

can be reformulated as follows:

l T 1
Y — szj -b = y; - (Z a,-z,-) zj—b=1y; - z a,-z,ra:j -b<e (5.7
=1 =1
Vi=1,..1
] T i
wizj+b—y; = (Za;zg) xj-{»b—yj:Zai:r?xj-l-b—ije
i=1 i=1
Vi=1,..,1

where z;,w € R9, y;,b € R, and € € R*. Recall that ¢ can be interpreted as the
precision of the regression function. Nonnegative values for ¢ can be arbitrarily selected
by the decision maker as long as the set of constraints remains feasible. Moreover, keep
in mind that in many applications the input data reduces to a real scalar (time-series-
analysis), thus we have d = 1 in these cases.

After this preprocessing step the regression problem can now be transferred to fea-
ture space by replacing the inner products by the kernel function k (z;, z;). Therefore,
the set of constraints representing the ! patterns that are available for regression training

can be described in the dual space of a’s as follows:
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!
yi— Y ik (zinzj) —b<e Vi=1,..,1 (5.8)
=1
i
Za,-k (Tiyz;) +b—y;j<e Vi=1,..,L
i=1
The set of linear inequalities defines a convex set in the space of a’s. Any a that
solves the system in (5.8) is an element of the version space in the space of a’s. It will
be shown shortly that similar to linear regression the version space for the nonlinear

variable a corresponds geometrically to an intersection of [ slabs. Once an acceptable

feasible solution o has been found, the regression function can be computed as

{
f(z) =) aik(zi,z) +0b. (5.9)
i=1l

We are now ready to spell out our learning problem in a more compact form in

a-space. Define the matrix K € R+ aq:

r 1
k[l kl2 von kl[
kay koo ... ky
K= . . N (5.10)
kn ke .. ky
1 1 .. 1

Again, we follow the convention that the k;; represent the kernel evaluated at the
points z; and z;. Specifically, ki; = k(zi,zj). Note that K differs slightly from the
kernel matrix derived for pattern classification as the variable y; is omitted. By defining

the vectors
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kij

ka;

ki=1 .. |\Vi=L..0 (5.11)

1

where k; € R, K can be expressed as K = (ki, k2, ..., ki). Furthermore, if we let

the vector a € R+ to be

oy
Q2
a= ; (5.12)
ay
b
we can write the set of inequalities for all [ patterns as
yi—kle < € Vi=1,.l (5.13)

k}"a—yj < e Vi=1,.,L

Note that the offset b is included as the (I + 1)-element and the corresponding ad-
justments were made for K and &;. Verifying the current formulation for a linear kernel

k(zi,z;) = z{z; one computes for the halfspace corresponding to the lower slack the

same expression as in (5.2):
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yi—kia = yj—ork(z1,3;) — 2k (T2,2;) = .. —auk (z1,25) — b (5.14)

T T T —
= Y- T; — 0T Tj —...— T} Tj ~ b=

l
Yi — ZQ;z?zj—b=y,-—wT:zj -b<e
i=1

What type of geometry is described by the set of inequalities in (5.13)? Rewriting

the constraints yields:

kla > yi—€ Vi=l,.,l (5.15)

kfa < yj+e Vi=1,..,1

Hence, for a given j there are two constraints each defining two hyperplanes parallel
to each other with normal vector k; € R+1. It can be seen that all feasible a’s must lie
in between the two hyperplanes. In other words, the two hyperplanes represent a lower
and an upper bound for a slab in {*!, between which all feasible solutions for the j-th
point of the regression data are contained. Note that here the data "lives” in a space
whose dimension is (I +1), while in the linear model the slabs were constructed in R9+1,

Next, a lower slack s§ and an upper slack s} can be defined for each data sample:

sfi = kfa —-Yyj+e€ >0 V] =1, ...,l (5-16)

—~kla+yj+€>0 Yi=1,..,1

I

For example, if a vector « is considered, which lies exactly in the geometrical center of
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the j-th slab, then the lower slack and the upper slack should both be equal, specifically

Before the general case of [ slabs is discussed, let us first elaborate on the situation,
where | = 2. This means for the regression training problem that a regression function
for two points must be derived. Then the feasible region in the space of a's is an
intersection of two slabs. Keeping in mind that the dimensionality in the space of a’s
exceeds the number of training points by one, the two slabs will "live” in this case in
a three-dimensional space, 3. The intersection of two slabs in R3 results in a feasible
region which is unbounded and therefore not compact. This important finding indicates
that the logarithmic barrier function will attain its minimum at infinitely many points,
if no additional constraints are imposed.

Similar conclusions hold true for the case of [ points. Since a € R*!, the inter-
section of [ slabs will not yield a bounded feasible region. Suppose for a moment that
additional slabs were available to compactify the feasible region (version space). Then,
minimization of the logarithmic barrier ¢ (a) would result in a unique global minimum,
a*, in other words the solution would be represented by a single point. Since the col-
lection of constraints comprises only ! slabs, the feasible region of the current model is
unbounded and the barrier function attains its minimum on points lying on a line, if
the [ vectors k; are linearly independent. If some of the k; are linearly dependent, the
set of @*’s yielding the same minimum barrier value are found on an affine space of the
dimension of the nullspace of K, N = null (K).

The question is, which one of the infinitely many solutions for ® (a*) we should

choose. Since the only point on a line or a hyperplane with a distinct characteristic is
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the point closest to the origin, it seems most appropriate to select this minimum norm
solution.

Next, it is necessary to formulate the additional constraints that allow us to isolate
this point. Let g; indicate the vectors, which are perpendicular to all [ vectors k;. In
other words, the vectors g; form a basis for the nullspace of K and let v be the dimension
of this nullspace v = dim (N). We know that there exists at least one g;. However,
depending on how many vectors k; are linearly dependent up to [ vectors could form the
nullspace leaving a one dimensional rangespace of K, range (K) € R. Finally, introduce
the matrix Q, which carries all g;, Q = (g1, -.., gy) € RIFV*Y,

Since the g; are perpendicular to all k;, they provide an excellent tool to ”close”
the feasible region, as they can be used to define pairs of halfspaces (slabs) that will
compactify the set of constraints. Thus, two parallel hyperplanes with normal vector
g; will be sufficient to exclude all but one solution from the set of vectors minimizing
the logarithmic barrier function along a particular direction g;. Intuitively, we provide
two "lids” to close the feasible region with respect to the direction g;. Moreover, if we
use the same ¢ as in expression (5.16) and if we set y; = 0, we will extract the solution
along the direction g;, which is closest to the origin. Repeating this procedure for all
gj, we extract an o that minimizes the logarithmic barrier function and that is closest
to the origin (minimum norm solution). We thus have to deal with the following set of

constraints describing v additional slabs:

Ga > 0—€ Vi=1..,v (5.17)



q}-'a < 0+4+¢ Vi=1,..,v.

These inequalities translate into the following set of slack values:

o~
(S 1}
p—t
0
~—

‘3§+j = !IJTQ’—O‘L‘-’ZO vj=1l-'-nv

styi = —ga+0+e20 Vi=1,..,0.

" Consequently, we have to solve the following unconstrained convex optimization

problem:

N

l l
min <I>(a)=—Zln(k}'a—yj+e) —Zln.
Jj=1

i=1
—Xv:ln (q}'a + e) - zv: in (-q}-'a + e)
j=1 j=1

—IcJT-'a +y;+ e) (5.19)

The first sum in the objective function refers to the lower slacks sf,-, the second sum
refers to the upper slacks s}, while v denotes the dimension of the nullspace of K. The
third and fourth sum indicate the additional set of v slabs necessary to compactify the
feasible region.

The following section 5.3 will outline, how an initial feasible solution can be found
by solving a linear programming problem. Thereafter, a conjugate gradient method will

be presented that solves the optimization problem in (5.19).

5.3 Finding an initial feasible solution (Phase I)

In the previous section: 5.2 an optimization problem was developed that will identify
the analytic center solution for the regression analysis problem. In order to find the
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minimum value of the logarithmic barrier function @, availability of an initial feasible
solution would significantly facilitate the algorithm. For the optimization problem at
hand an initial feasible solution can be obtained as follows. Introduce a new function
h: R+l 5 R, where h is defined on the set of constraints described in (5.13). It can
be seen that the epigraph of h defines an unbounded, yet convex set. Consequently,
for two different values for ¢ with the restriction e; > ¢; the following observation
can be made. Suppose, the set L, comprises all feasible o, for ¢, thus L; = {a; €
Ry - k}'al < el,k}"al —-y; <€, Vi=1,.,1}. Similarly, L = {a2 € R :
Yj — kfag < Ez,kg‘ag -y; <€, Vj=1,..,1}. Since €3 > ¢ and since h is a convex
function, we can conclude that Ly D L;.

With this in mind consider the following remark: if we can compute the smallest
possible € (émin) and simultaneously the corresponding solution vector, then this par-
ticular vector will be an initial feasible solution for all other ¢, since we always have
€ > €min. Thus, minimizing € subject to the feasibility constraints in (5.13) results in a
linear programming problem yielding an initial feasible solution and at the same time a
lower bound for the value of €. Finally, in order to extract the minimum norm solution,

additional constraints have to be imposed, similar to the ones introduced in expression

(5.17). Thus, the linear programming model becomes:

min € (5.20)
s.t. Y — k?a < e Vi=1,.,1

Kla-yj < € Vi=1,.,L
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—gja < € Vi=1,..,v

qJI-'a < e YVij=1,..,0v.

Call the minimum value of the objective function of this linear program epnj, and
the corresponding solution vector a;n;;. We will call thig part of the algorithm phase I,
since it directly influences phase II, the minimization of the barrier for a given € selected
by the decision maker. Phase I provides the decision maker with the information about
the smallest value of € that he can select without the set of constraints in (5.20) and
(5.13) being infeasible. Note that €, = 0 means that we have perfect curve fitting,

k}'a,-m-t =y, Vi=1,.,1.

5.4 A conjugate gradient method to minimize the loga-

rithmic barrier (Phase II)

In section 5.3 it was dernonstrated that a simple linear programming problem can be
used to identify an initial feasible solution a;ni; for the optimization problem in (5.19).
Note however that if the decision maker selects € = ¢y, the logarithmic barrier function
is not defined, in fact, the feasible region degenerates to a point. In that case ajn;: is
the solution. This part of the regression training algorithm was referred to as phase I.
In this section a conjugate gradient method will be presented that allows computation
of the minimum value of the logarithmic barrier function ® (). This will be phase II
of the regression training algorithm, which identifies the optimal set of a’s for a given

€ 2 €min. Recall that the optimization problem that needs to be solved is



min @ (a) =-iln (k}'a—yj+e) - l In (—k}'a+yj+e) (5.21)
=1

j=1 J
-iln (qfa-i-e) —iln (-qfa-i—e)
{ { = +v = i+v
==Y In (s_‘,) - Zln (s;‘) -> i (sg-) - in (s;‘)
=1 =t j=l+1 Jj=l+1

keeping in mind that the third and fourth summation refer to the additional con-
straints necessary to guarantee a compact feasible region. Conjugate gradient methods
appear rather appealing for this type of unconstrained optimization problem due to
their limited storage requirements. Depending on the exact type of conjugate gradient
method we require only three or four n-vectors to be stored in memory for the algorithm
(1]. In the following the somewhat general procedure for conjugate gradient methods
will be briefly laid out.

We wish to minimize the unconstrained function ® : R+! — R with o’ representing

the argument to be minimized at iteration j. The next iterate is computed from

ot = o + N2, (5.22)

where 2/ constitutes the search direction and A the optimal step length minimizing
the barrier function & along 27. The algorithm is initialized by defining the first search

direction as the negative gradient of & at a°:

=-ve (ao) . (5.23)
Hereafter, all new search directions are computed as convex combinations of the
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previous search direction and the current gradient

2 = Ve (o) +t- 2, (5.24)

with ¢ representing the so-called deflection parameter. Various approaches exist
to compute t [1, 2. In this discussion we follow Fletcher and Reeves’ approach by

employing

_ V8 ()T v& (o+)

t = ,
V& (a?)" VO ()

(5.25)

As can be seen one essential ingredient in conjugate gradient methods is the compu-
tation of V® (a). Consequently, we will next devote our attention to finding a compact
way of computing the gradient of the logarithmic barrier function. Recall that overall
there are (I + v) slabs resulting in ({ + v} upper slacks and (! + v) lower slacks, respec-
tively. For simplicity, we will include all inequalities at once in our discussion, thus,
we will introduce variables with the subscript "ext” indicating the extended vector or
matrix, which includes also the additional constraints that extract the minimum norm

solution. Recall that Q = (qy, ..., gu) € RUFDXY Thug, let

Kozt = [K, Q] € R+1)x(I+v) (5.26)

and

Yezt = (Y15 - 41,0, ., 0) € R, (5.27)
which means that we add exactly v zeros to the vector containing the y;. Next,
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define a vector s' carrying (I + v) lower slacks as well as a vector s* with (! + v) upper
slacks. Moreover, with e = (1,1,...,1) € R*? the lower and the upper slacks for all

(I +v) slabs can be calculated in closed form as follows:

s = Kz;ta—ym-i-e-e?_o (5.28)

s = —K;I;ta-i-ym-*-e-ezo.

Let S; and Sy be the corresponding diagonal matrices of the vectors st and s%.

Hence,

S, = diag (s') = diag (K;[;,ga — Yert +€- e) (5.29)

Sy = diag(s*) = diag (- T+ Yezt + € - e) .

Using the above definitions the gradient of @ (a) becomes:

V& (@) = KeztSy'e — KentSi e (5.30)

In open form V¢ (a) corresponds to

k k k k
Vo(@)=|m ottt || DNy 4P 53
st 8 St o8 Si41 S Siyw  Situ

where the variable o is embedded in the various slack values. Notice that for vectors
that are located exactly in the center of a given slab the gradient components of the lower

and the upper hyperplane cancel out resulting in a zero gradient for this particular slab.
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Once the deflection parameter ¢ and the new search direction z7*! have been calculated,
a line search must be performed minimizing & () along the direction z7+1.
Consider the first iteration and let a! = @ + Az%. Plugging this expression into

equation (5.21) yields:

! l
d(N)=-)In (kfao -yj+e+ Akfzo) -Yin (—kfao +yj+e— Akjrzo) (5.32)

i=1 j=1

v
- i in (q;rao +e+ z\q}'zo) - E In (—q}'ao +e— Aquo).
j=1 =1

In order to compute the minimizer A* of ® (\), the following equation

ao
e 0 (5.33)
must be solved. Employing Newton-Raphson’s method this translates into the fol-

lowing first-order linear approximation:

o, o
X a2

(A=A)=0. (5.34)

where k denotes the number of iterations with respect to Newton's algorithm. In
order to solve equation (5.34), the first and the second derivative of ® (\) must be
computed. The following notation will simplify these expressions. First, let m = KZ,2°,
where the superscript zero refers to the fact that at this point we wish to compute
o! from the line search. Recall the vectors of the lower and the upper slack, & =

KL, a—yert+€-eand s* = —KL,a+Yezt + € €, which can be used to define new slack

vectors for the line search, more specifically, ¢ = s! + Am, and ¢? = s* — Am. Note that
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d,ct € Rit+y, indicating that the additional set of slabs that compactifies the feasible

region is included here. Next, let

G = diog(d) = 8+ X diag (m) (5.35)

Cy = diag(c*) =Sy — A-diag(m).

Using the above variables the first and second derivatives for the line search result

%% =mTCle - mTC,"le (5.36)
and
2
g—;} =mTC;%m + mTC," 2, (5.37)

which allows us to compute A* that solves equation (5.34) and minimizes P (1))
along 2°. After that, a! can be calculated from equation (5.22). Next, the slack values
are updated and the gradient V® (a') is computed before a new descent direction is
determined from (5.25) and (5.24). Let us review all the steps involved in the two-phase

minimization process:

1. Phase I: Set j = 0 and find an initial feasible solution a@;n;: = @ as outlined in

section 5.3. Select € > enpin.

2. Phase II: Compute the first descent direction 27 = —V® (o) using equation
(5.30).
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3. Phase II: Perform a line search solving equation (5.34) and update & according to

ot =of + M1, Set j=1.

4. Phase II: Compute the new slacks and the new gradient V& (’) from equation

(5.28) and (5.30).
5. Phase II: Compute t as described in (5.25).
6. Phase II: Find the new descent direction 2/ = —~V® (o) +t-277" (5.24).

7. Phase II: Perform a line search solving equation (5.34) and update a according to

ol *! = oJ + M27. Increase j by one and go to step 4.
Next, a simple example further illustrates the mechanics behind an analytic center
machine for regression.
5.5 Regression Training: An Example

We wish to approximate a sequence of three points (I = 3) as shown in Table 5.1.

Table 5.1: Example Data for Regression

Dataforx 1 2 3

Datafory 1 1 2

Before the actual algorithm can be executed, all necessary variables must be cal-
culated. Let y denote the set of target values yT = (1,1,2) and introduce the kernel

function that will be used, & (z;, ;) = z;z;+1. Since a linear kernel is used, we perform
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a linear regression. By simply changing the degree of the kernel function, higher poly-
nomial regression functions can be analyzed. However, for a problem consisting of only
three data samples even a quadratic kernel would already result in perfect curve fitting.
Consequently, the linear programming problem in (5.20) would identify already the
optimal coefficients, rendering the phase II search for the analytic center unnecessary.
Define the coefficient vector & = (o, a9, a3,b) € R,

Next, let us consider the kernel matrix K. For the first element ky; = k(z),z,) =
z) -7} + 1 one finds k); = 2. Repeating this procedure results in k2 = 3 and k3, = 4.
Hence, k{ becomes k'f = (ky1, ka1, k31,1) = (2,3,4,1) and the kernel matrix can be

expressed as follows:

2 3 4
3 5 7
K= [khk% k3] =
4 7 10
11 1
L p

For the vectors spanning the null space one finds g7 = (1,-2,1,0) and ¢ =
(—=2,1,0,1). Recall that the null space has at least the dimension one, here however

v = 2, which means that k;, k9, k3 are not linearly independent. Consequently,

1 =2
-2 1
Q=la.q] =
1 0
0 1



Finally, let us spell out K.z; and yezt

- . 1
2 3 4 1 =2
1
3 5 7 -2 1
Kozt = [k1, k2, k3, q1,q2] = v Yext=1|2 |
4 7 10 1 0
0
11 1 0 1
- N 0

where y.;; has been extended by exactly v zeros. We are now ready to formulate
the linear programming problem, which will provide the initial feasible solution as well

as information about the smallest possible . Spelling out the equations yields

min €
- - ; - -
1 2 3 4 1| 1 1
ay
1 3 5 71 1
(27]
st. | 21— 4 7 101}" < e |1
Qs
0 1 -2 10 1
b
0 | -2 1 0 1| - - 1
2 3 4 1| 1 1
Qa;
3 5 71 1 1
4]
4 7 101 -l2)| < e}
ag
1 -2 10 0 1
b
-2 1 0 1| - - 0 1

While the objective function attains its minimum at €y, = 0.25, the corresponding
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optimal coefficients are a?,',,-t = (0.025,0.075,0.100,0.025). In other words, for ¢ =
€min = 0.25 the feasible region degenerates to a simple point. Therefore, the decision
maker must choose € > 0.25. In this example € = 0.5 is selected for the analytic center

analysis. Now, we are ready to proceed to phase II. Let

s‘l = kfa—y1+620
s = kKla—y+€>0
sg = kg'a—y3+620
s = ¢fa-04+€¢>0
8 = @a-0+¢>0
s¥ = —kT

1 = ta+y1+€20
s8 = ~kla+y+e>0
4 __ T

S3 = —k3a+y3+€20
sy = —q{a+0+620
st = —@Za+0+¢>0

be the lower and the upper slacks. Then the optimization problem

min ®(a) = —Ins! —Insh—Ins} —ins} — Insk — Ins¥ — Ins¥ — Ins¥ — ins¥ — Ins?

will identify the analytic center closest to the origin.
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Iteration 1:
We start with (ao)T = (0.050, 0.075,0.100,0.025) from Phase I and compute the slacks

from equations (5.16) and (5.18) or equivalently from (5.28) and write them in matrix

form:
(075 0 0 0 o (025 0 0 o0 0|
0 025 0 0 0 0 075 0 0 O
SS=| 0o 0 07 0 0|, SS=| 0 0 025 0 0
0 0 0 05 0 0O 0 0 05 0
L0 0 0 0 03 [0 0 0 0 03]

Here, the superscript "zero” refers to the initial situation before completion of the
first iteration. From the slack matrices the gradient of the barrier function can be

determined. Using equation (5.30) V& (a) becomes

( )

—-8.0000

¢® =V®(a) = Ket (SS)-le - Km(s?)-le I :

—16.6667

k —-2.6667 )

while in the absence of a previous descent direction we can write for 2° from (5.23):
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( 8.0000 \
13.3333

16.6667

\ 2.6667 /

Before we minimize ® (o) along z° define:

2 3 4 1) / \ (1333333 )
8.0000

3 5 7 1 224.0000
13.3333

m=KL2=| 4 7 101} =1 314.6667 |-

16.6667

1 =2 1 0 0
| 26667 )

-2 1 0 1] \ 0

Next, the new iterate a! = a® + X\*z0 is computed using Newton's approximation

solving equation (5.34) which is:

9d 8%
ai‘w(k—/\k)—o.

Let the initial solution be A\g = 0. Then the slack matrices for the line search C,
and C; are identical to S and S? as described in equation (5.35). Note that no indices
are assigned to C, and C; to increase readability. Nonetheless, the reader should be
aware that j refers to the iteration of the outer loop updating the of, while an inner

loop consists of the line search finding an optimal A* for each . For A\ = 0 one finds:
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Cu = Sy—A-diag(m)=2_54

Il
o
o
©
\'
o
o
o

Ci = Si+X-diag(m)=8=]| ¢ 0 025 0 O

Now calculate the first and second derivative of ® (\) using expressions (5.36) and

(5.37).

o]
—ZA = mTCu_le - mTCi"le = -597.3333
0]
—221\2 = mTC,fzm + mTC,—Zm = 2.9683 - 10°

Using a rather weak stopping criterion of l%}' < 0.01 Newton’s algorithm terminates
after one iteration with A\* = 2.0124 - 10~* (experimentation appears to indicate that a
careful line search does not increase the performance of the algorithm). We conclude

the first iteration by updating the vector a from (5.22):
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/0.050 ) ( 8.0000 Y 0.0516 )
0.075 13.3333 0.0777
al=a+ 2% = +2.0124.107%. =
0.100 18.6667 0.1038
| 0.025 ) 26667 | | 0.0255 )

Iteration 2:

The new iterate is (al)T = (0.0516,0.0777,0.1038,0.0255) and the slack matrices be-

come:
a ; i ;
072 0 0 0 0 028 0 0 0 O
0 020 0 0 0 0 08 0 0 0
Se=| 0o o0 060 0 0 |: SS=| 0o o0 031 0 0
0 0 0 05 0 0 0 0 05 0
| 0 0o 0o o o05] 0 0 0 0 05

With these expression the gradient is updated to:

\

( —0.5339

e Ko (s;)"e K81 _ —0.7251
-0.9163

\ —0.3427 /
Contrary to iteration 1 a previous descent direction is now available, thus, ¢ must be
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computed to determine a convex combination of the current gradient and the previous

descent direction:

_ V3 (a))T V3 (o))
T V(0T V& (a?)

ch

=0.003.

Next, the new descent direction z! can be found from

( 0.5339 ) ( 8.0000 ) (0.5576 )
0.7251 13.3333 0.7645
2l=—gt+t.20= +0.003 - =
0.9163 18.6667 0.9715
\ 0:3427 ) \ 2.6667 ) \ 0-3506 )
For the line search we have to recompute m:
2 3 4 1 / \ ( 7.6453 )
0.5576
3 5 7 1 13.6465
o 0.7645
m=Kz=|4 7 10 1" =1 17.6477
0.9715
1 -2 1 0 0
\0.3506 )
-2 1 0 1 \ 0

Again, ) is set initially to Ao = O which implies that C, = S and C; = S} for
the first Newton iteration (otherwise subtract or add A times m according to equation

(5.35)):
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[ 072 0 0 0 0 - [ 0286 0 0 0 O -
0 020 0 0 O0 0 08 0 0 O
Ca=| 0 ©0 069 0 o0 Ct=| 0o 0 031 0 O
0 0 0 05 0 0 0 o0 05 0

| 0 0 0 0 05| | 0 0 0 0 05

With m, Cy, and C; we can solve the first-order approximation
% 3%
57\-+ W(’\_/\k) =0.

Note that for other stopping criteria several Newton steps might have to be per-
formed until a solution has been reached. Accordingly, Cy and C; will differ from S}

and S}, as \¢ will no longer be zero. The first and second derivative of ® (A) become:

8% - -

5 = mTCyle = mTCr e = —1.8623

8%¢ T -2 T -2 3
T = m Cg*m+m” C“m = 8.7690 - 10

After one iteration the optimal parameter is found to be A\* = 2.1238 - 10~%. Com-

puting o? yields
( 0.0516 ) ( 0.5576 ) ( 0.0517 )
) 0.0777 0.7645 0.0778
a?=a + 22 = +2.1238 -10~%- =
0.1038 0.9715 0.1040
\0.0255 ) \0.3506 ) \0.0256 )
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Iteration 3:

The new iterate is (az)T = (0.0517,0.0778,0.1040,0.0256) and the slack matrices be-

come:
] ; ]
0.7215 0 0 0 0 0.2785 0 0 0 0
0 022 0 0 0 0 07978 0 0 0
Si=| o0 0 06820 0 0 |» St=| o0 0 03171 0 0
0 0 0 05 0 0 0 0 05 0
|0 0 0 0 05 0 0 0 0 05|

Calculating the gradient yields:

/ -0.0955 \

0.0127
-1 -1
?=Kes (S&) e ~ Kezt (Sf) e=

0.1209

\ -0.2038 )

The parameter ¢ is derived as before from
nT
‘= Vo (a?)” VO (a?) — 0.037

T V3 ()T V(o)

and the new descent direction z? results in:
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[ 00085 | (ossrs | [ ouee )
~0.0127 0.7645 0.0156
P=—g*+t-z' = +0.037 - =
~0.1209 0.9715 ~0.0850
| 02038 03506 | | 02167 )

For the line search we will need

2 3 4 1 ( \ / 0.1559 \
0.1162
3 5 7 1 0.0483
. 0.0156
m=K.2°=| 4 7 10 1]" = | -0.0593
—0.0850
1 -2 10 0
0.2167
-2 1 0 1 \ / K o

For A¢ = 0, which implies that C, = S! and C; = S}, the first Newton iteration

gives

g_‘f = mTCle - mTC e = ~0.0653
4%® T =2 T -2
57 = mTCatm+mTCtm = 0.4641

resulting in a new )\ = 0 — 34238 = (.1407. For the second Newton step the

matrices Cy and Cj are updated to
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r

0.6996 0 0 0 0

0 01954 0 0 0
Cu = Si-X-diag(m)=| o 0 06912 0 0
0 0 0 05 0

|0 0 0 0 05

03004 0 o o 0|

Ci = St+XA-diag(m)=| o 0 0308 0 0
0 0 0 05 0
0 0 0 0 05

and the values for the derivatives become

g_‘i = mTC e - mTCl e = —0.0026
‘Zz_,\%l = mTC;%m + mTC;%m = 0.4286.

Thus, the optimal step length for the line search is found to be A\* = 0.1407 —

02 =0.1469. Now compute o® as before:

( 0.0517 ) ( 0.1162 \ [ 0.0688 )
0.0778 0.0156 0.0801
a®=a? + 222 = +0.1469 - =
0.1040 —0.0850 0.0915
\ 00256 ) | 02167 )  0.0574 )
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Continuing this process for two more iterations one finds for
(@*)T = (0.0704,0.0801,0.0897, 0.0610) and for (%) = (0.0705,0.0801,0.0897, 0.0610).
It becomes apparent that the updated solution vector for o does not significantly change
any more.

Therefore, we have found the optimal solution a* = (0.0704, 0.0801, 0.0898,0.0610).
The logarithmic barrier function attains its minimum value of ® (a*) = 4.9538. More-
over, a* represents the minimum norm solution, as ¢f @* = 0 and ¢ a* = 0 show that
«® is perpendicular to ¢ and ¢o.

Next, it will be demonstrated, how to compute the functional values for the re-
gression function. For example, for z = 0, we have f (0) = a1k (z1,0) + a2k (z4,0) +
azk (z3,0)+b-1 =0.0704-(1-0+ 1) +0.0801-(2-0 + 1) +0.0898-(3 -0 + 1) +0.0610 =
0.3013. Similarly, f (3) =0.0704-(1-3+1)+0.0801-(2-3+1)+0.0898-(3-3+ 1) +
0.0610 = 1.8013. Figure 5.1 shows the graph of the regression training as well as the

available data samples.

76



Analytic Center Machine Regression
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Figure 5.1: Analytic Center Machine for Regression, Linear Kernel, € = 0.5



Chapter 6

Computational Results

6.1 Results for Pattern Recognition

6.1.1 Tests on Synthetic Data

Preliminary experiments were conducted comparing the performance of the analytic
center machine to support vector machines. Both approaches were implemented in
MATLAB and compared on two datasets, which have been previously used by Herbrich
et al. in [9]. Ten thousand points were randomly generated in [-1,1]* C R? and as-
signed a random label of +1 or —1. Hereafter, a sample of ten points was selected for
training. The size of the test set comprised all 10,000 points for each one of the experi-
ments. An exponential kernel K (z;,z;) = ezp (— “—z%’-?i) with o = 1 was used for the
analysis. Table 6.1 displays the percentage values for the generalization error. As can
be seen analytic center machines clearly outperform support vector machines for both
experiments. Moreover, analytic center machines demonstrate a similar generalization
behavior as Bayes point machines (9].
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Table 6.1: Generalization Error
Dataset SVM [9] BPM [9] ACM

Dataset 1 6.50 6.10 6.22

Dataset 2  15.10 8.00 8.68

Furthermore, we solved some problems graphically indicating the change of the
decision surface. Figures 6.1 and 6.2 display the solutions for the analytic center machine
and a support vector machine, respectively. Two classes were separated using again an
exponential kernel k (z;, z;) = ezp (__l_lz-_z-:!;ﬁ) with ¢ = 1. It can be seen that the
separation achieved by the analytic center machine is much smoother than for the
support vector machine. This is due to the fact that the analytic center solution is
influenced by all patterns, while the support vector machine includes only information

from the support vectors.

6.1.2 Tests on Standard Benchmark Data

In addition, performance of the analytic center machine was examined using three real-
world datasets. The datasets heart and thyroid originate from the UCI Repository
[3], while the dataset banana was previously used as a benchmark in [9, 23]. Each
of the datasets consists of 100 training and test sets, which are randomly partitioned
as follows. The datasets heart and thyroid exhibit a training to test set ratio of
60%:40%, while the dataset banana is partitioned based on a ratio of 10%:90% . Ta-

ble 6.2 shows the means and standard deviations for the support vector machine, the
!These datasets are publically available at http://www.first.gmd.de/ raetsch/
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Analytic Center Solution
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Figure 6.1: Analytic Center Solution

Bayes point machine, as well as for the analytic center machine, with the analytic center
machine experiments being conducted using ACCPM [20], an analytic center optimiza-
tion software. The fourth column indicates o as it was used in the kernel function
k(zi,z;) = ezp (-—"";‘ 'z). Finally, the fifth column represents the p-values for a
pooled-variance t-test using a level of significance of 0.05 and verifying the hypothesis
SVM is greater than ACM . The research on the analytic center machine for classification

is also reported in [30].
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Support Vector Solution
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Figure 6.2: Support Vector Solution

6.2 Results for Regression Analysis

6.2.1 The ’sinc’ function

Various synthetic functions were examined for experimentation. In this subsection the
’sinc’ function
sin (10z)

f (2:) =0.9- T (6.1)

is approximated. Figures 6.3 to 6.6 depict the behavior of f (z) as well as the
respective analytic center regression estimator using a polynomial kernel of the type
k(zi,z;) = (zi -z; + 1)P.
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Table 6.2: Generalization Error on Standard Benchmark Data
Dataset SVM [9] BPM [9] ACM o  p-value

heart 25.40 + 0.40 22.80 + 0.34 21.87 +3.51 10.00 1.0000
thyroid 5.30 £0.24 440+0.21 491 +£228 3.00 0.9548

banana 16.20 £0.15 15.10 £0.14 14.73 £1.69 0.50 1.0000

The degree of the kernel p was varied beginning with a second degree polynomial
yielding a rather mediocre approximation. For a polynomial kernel of degree six ap-
proximation of the 'sinc’ function is significantly improved compared to the quadratic
kernel.

The tenth degree polynomial kernel results in performance improvements around
the points £ = 0.8 and z = —0.8. For a degree of p = 15 the analytic center regression
approach results in almost perfect curve-fitting on the training set. For all experiments

the precision was set to € = 0.5.

6.2.2 Benchmark tests

Hereafter, regression performance was tested on the three Friedmann-functions, which
are popular benchmark datasets in regression analysis [32]. A polynomial kernel of
degree p = 2 was adopted and € was selected as indicated in Table 6.3. For each of
the three functions the training set consisted of 240 samples. The mean-square error
of the regression estimator was then computed based on an average of ten runs on the
training set. Performance of the analytic center machine for regression was compared

to the support vector machine algorithm as outlined in equation (3.4). In addition, the

82



Analytic Center Machine Regression

Y-Axis

X-Axis

Figure 6.3: Analytic Center Machine for Regression, 2nd Degree Polynomial Kernel,

€e=0.5

set of estimators corresponding to the initial feasible solution (aini) was included as

well in the column indicated MSE(LP). These results can also be found in [L3].
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Analytic Center Machine Regression

Y-Axis

X-Axis

Figure 6.4: Analytic Center Machine for Regression, 6th Degree Polynomial Kernel,

e=0.5
Table 6.3: Experimental Results
Dataset MSE(ACM) MSE(LP) MSE(SVM) €
Friedmann 1 2.41 + 0.27 5.27 + 3.80 18.47 + 2.66 10

Friedmann 2 (1.7940.37) - 105 (2.024+0.52) - 105 (2.31 +£0.41)-10° 1200

Friedmann 3 0.79 + 0.09 0.95 £+ 0.16 1.32 £ 0.27 3
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Analytic Center Machine Regression

Y-Axis

Figure 6.5: Analytic Center Machine for Regression, 10th Degree Polynomial Kernel,

e=0.5
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Analytic Center Machine Regression
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Figure 6.6: Analytic Center Machine for Regression, 15th Degree Polynomial Kernel,

e=0.5
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Chapter 7

Summary, Conclusions and

Recommendations

7.1 Summary

In this work, motivated by the support vector machine learning algorithm, we have
developed new methods for solving problems in pattern classification and regression
analysis. The version space of both problems was examined and the analytic center
of these spaces was computed. Using the analytic center discriminant functions were

computed that outperformed traditional learning machines.

7.2 Recommendations for Future Research

Preliminary experimentation has demonstrated that analytic center machines possess

a promising potential for generalization. Future research might focus on an algorithm
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which deletes some or all of the nonbinding constraints. This could lead to a consid-
erable improvement in performance, when large-scale problems are discussed. In our
current implementation the analytic center of the version space is computed using all
patterns. Reducing the set of characteristic patterns to those that are essential in the
definition of the version space would increase the sparsity of the matrices and could lead
to a significant speed-up of the algorithm. We are currently investigating heuristics to
delete redundant constraints that are not necessary for the description of the version
space. Efficient factorization techniques can be used for solving Newton’s system of
equations for large-scale implementations. Alternative barrier methods are currently

being investigated in [24, 22] suggesting an exponential barrier approach.
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Appendix A

MATLAB Code for Pattern

Recognition

% MAIN PROGRAM for ANALYTIC CENTER MACHINE algorithm
% Computes the center of a cone which is projected on a

% sphere of radius sqrt(2).

% Implemented in January-March 2000

% (c) 2000 Alexander M. Malyscheff,

% Laboratory for Optimization and Artificial Intelligence
h School of Industrial Engineering

% The University of Oklahoma

% Global data
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clear;

global L D

global OFFSET ¥ polynomial kermel
global DEGREE % polynomial kernel

global SIGMA % exponential kernel

OFFSET = 0;
DEGREE = 1;
SIGMA = 10;

% Load input -

dummy = 1;

(patt,lab] = read(dummy); % patterns, labels

K= [; % Kermel matrix, increases
c=0; % Patterns that form cone
alpha = ones(L+1,1); % Initial guess

u=1;

time = cputime;
for i = {:L

(K,alpha,u,C] = centeradd(K,alpha,u,D,patt,lab,i,L,C);
end

time = cputime-time
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% And the result is...
for i = 1:L
for j = 1:L
k(j) = kermel(patt(j,:),patt(i,:));
end
ki = [(k,1];
result(i) = kkealpha;
end
comparison = [lab result’]

alpha

% Draw for the 2-dimensional case
if D == 3 Y% 2-D case
[xvar,yvar] = meshgrid(-max(max(patt))-0.1:0.1:max(max(patt))+0.1);
% adaptive picture size
zvar = drawv(alpha,patt,xvar,yvar,L);
v =[00];
contour(xvar,yvar,zvar,V) /% Contour line at level zero
hold on % Continue plotting in this graph
for i = 1:L
if lab(i) == 1
aa = patt(i,1); bb = patt(i,2);

plot(aa,bb,’+’);
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elseif lab(i) == -1
aa = patt(i,1); bb = patt(i,2);
plot(aa,bb,’0’);
end
end
title(’Analytic Center Solution’);
xlabel(’X-Axis’);
ylabel(’Y-Axis’);
hold off Y% Finish plotting in this graph

end ' End plot

% Final check using the first data point

check

0; Y% We don’t use the function KERNEL to check

1:L

for i
% Polynomial kernel
check = check + alpha(i)=*[patt(i,:)*patt(l,:)’> + OFFSET] “DEGREE;
% Exponential kermel
%check = check + alpha(i)*exp(-((patt(i,:) -
% patt(1,:))*=(patt(i,:) - patt(l,:))?)/(2«SIGMA*SIGMA));

end

check = check + alpha(L+1)

% Generalization performance
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test = load(’bad.ts’);
[testsize,dim] = size(test);
testpatt = test(:,1:dim-1);

testlab = test(:,dim);

mistakes = 0;
for i = 1:testsize
for j = 1:L
testk(j) = kernel(patt(j,:),testpatt(i,:));
end
testkk = [testk,1];
testresult(i) = testkk*alpha;
if sign(testresult(i)) ~= testlab(i)
mistakes = mistakes + 1;
end
end

mistakes

./. 20 200 200 200 300 20 20 200 200 200 3K 30200 3K 00 200 20 2K 200 3 2 e 36 28 2020 2 20 20 2086 2 30 3 2 e 3ok 3 3 o 2 3 K 3 386 208 o K3 K o o o o o ok

% M-file for reading the input data
% Reads the data and splits it in patterns and labels

% READ is called in ONLINE (MAIN PROGRAM)
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function [patt,lab]l = read(dummy)

global L D % L is number of patterns, D-1 dimension (no labels)
train = load(’bad.tr’);

{L,D] = size(train);

patt = train(:,1:D-1);

lab = train(:,D);

./. 22223222 2222322232 222222282222 233233222223 33 3332222231233 3 3

% Computes dot products in feature space
% K(x_i,x_j) = Phi(x_i)’*Phi(x_j)

% KERNEL is called in ONLINE and GETK

function [out] = kermel(xone,xtwo)
global OFFSET
global DEGREE

global SIGMA

% Polynomial

% out = (xome*xtwo’ + OFFSET) DEGREE;

% Exponential
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out = exp(~((xone-xtwo)=*(xone-xtwo)’)/(2*SIGMA*SIGMA));

AR T g P P

% Function for the main program ONLINE
% Computes the new cone and the analytic
% center on the a sphere of radius sqrt(2)

% CENTERADD is called in ONLINE

function [K,alpha,u,C] = centeradd(K,alpha,u,D,patt,lab,i,L,C);
% C cone with all constraints, D-1 is dimension, L # of patterns

% i current pattern

k = getk(patt,lab,L,i)’;

if k’*»alpha < 0
% this is the first shifting of constraint k
% rest is done in function SHIFT
% need to do this here to compute the total shift, total
K = [K,k];
[m,n] = size(K);
s = K’»alpha;

total = ~-1.1*s(n);
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s = [s(1:(n-1));-0.1*s(n)]; % now all slacks are positive
while k’#*alpha < 0

flag = 1;

[alpha,u,s,total] = correct(k,K,n,alpha,u,D,C,i,L,total,s);
end
K = K(:,1:(n-1)); % Need to remove the last column
% column is added again in UPDATE

end

% alpha, u are now on the correct side!!!

(K,alpha,u,C] = update(k,K,alpha,u,D,C,i,L);

'/. L2ttt 222222222 222322222232 2222222232222 3233222222222 322222227

% GETK computes the entries of k(xi,xj) = yi*xj’*xi

% GETK is called in CENTERADD

function [k] = getk(patt,lab,L,i)

for j = 1:L % L patterns, L+1 is b
k(j) = kernel(patt(j,:),patt(i,:))*lab(i);

end
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=

= [k,lab(i)];

°/. 2213223232232 2332333333233 3333233322222 2322 2222222222l

% CORRECT is one of the key functions

% Here a wrongly classified new sample adjusts

% the current alpha until the sample is correctly

% classified. The constraint x_i is relaxed

% a little beyond the current alpha, then

% the projected logarithmic barrier is minimized

% until the first (mew) alpha satisfies the original
% constraint.

% CORRECT is called in CENTERADD

function [alpha,u,s,total]l=correct(k,K,n,alpha,u,D,C,i,L,total,s)

% Now we can start (up to) five Newton iterations as in UPDATE

sadjust = s; % store s in sadjust, NEWTON works with sadjust

for index = 1:5
[alpha,u,oldalpha,oldu,invjacobZ,Z]=newton(K,sadjust,n,alpha,u,L);
s = K’*alpha; ' new slacks for alpha are computed in any case

if min(K’*alpha) > 0 %ALL slacks need to be positive
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return
end
sadjust = [s(1:(n-1));total+s(n)]; % one of the key lines,
% slack update relative to current shifted hyperplane, s(n)<0

% need sadjust only for the FOR LOOP (NEWTON)

% Need to check whether ALL SLACKS ARE POSITIVE? (shorter step)
% Newton sometimes moves out of feasible region :(
% Use oldalpha, oldu, invjacobZ, Z from NEWTON to update ’'alpha’
t=1;
while min(sadjust) <= 0
t = 0.5%t; /) Stay far away from infeasibility, only half a step
nev = [oldalpha;oldu] - t*invjacobZ*Z;
alpha = new(1l:L+1); u = new(L+2);
s = K’*alpha;
sadjust = [s(1i:(n-1));total+s(n)];
end
end
% computes new slacks and new totalshift for new hyperplane
% in case that new alpha (after 5 newton iterations) is still bad

[s,total,n] = shift(K,alpha,n,s); % total and s are updated

./. ba 2 2222222232 22222222232 2232 232223222233 3323232223322 2323 2332
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% UPDATE is one of the key functions
% Here the newton update on the projected sphere
% is performed.

% UPDATE is called in CENTERADD

function [(K,alpha,u,C] = update(k,K,alpha,u,D,C,i,L)

K = [K,k]; % k is calculated in getk
s = K’+alpha; S = diag(s);
[m,n] = size(K); % need the dimension for ’omes(m,1)’

%“m=L+1, # of patterns plus one (b)

% n changes at each iteration, goes from 1 to L

% We need to solve min phi = -log(ki’*alpha)-log(k2’*alpha)-...

% s.t. h(alpha) = 0.5*alpha’+alpha - 1 = 0

% resulting in the update system of equations:

% alphanew = alphaold * inv ( hessL gradh ) * ( gradlL )
% unew uold ( gradh’ 0 ) ( h(alpha))
h

A jacobZ yA

% L is Lagrangian
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gradphi = -K#inv(S)*ones(n,1);
gradlL = gradphi + u*alpha;
h = 0.5%alpha’+*alpha - 1; % Note that gradh = alpha

Z = [gradL;h];

hessphi = K*inv(S)~2#K’;

jacobZ=[hessphit+u*eye(L+1) ,alpha;alpha’,0];
new=[alpha;u)-inv(jacobZ)*Z;

alpha=new(1:L+1);

u=new(L+2);

¢ = [C;i] % New set of constraints, ’new cone’
% This is the only time

% that the set of cone constraints is updated

% even after invoking correction, update is run once!!!

./. 2003 35 7 200 25 200 20 2 308 3K 200 3 30 2 002 0 3 200 2 K 2 00 o 3K o 00 2 20 2 K K a0 2 o o K K K Kk K

% This is subroutine newton, performing up to
% five iterations to correct alpha for wrongly
% classified patterns.

% NEWION is called in CORRECT
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function [alpha,u,oldalpha,oldu,invjacobZ,Z] =

newton(K,s,n,alpha,u,L)

h
h

[

4

h

h
h
h
h

4

]

oldalpha, oldu, invjacobZ, Z are needed in correct
for a possible reduced step length (in the case,

that two or more constraints are violated)

We need to solve min phi = -log(kl’*alpha)-log(k2’=*alpha)-...

s.t. h(alpha) = 0.5*alpha’*alpha -~ 1 = 0

resulting in the update system of equationms:

alphanew = alphaold * inv ( hessL gradh ) *= ( gradlL )

unew uold ( gradh’ 0 ) ( h(alpha))

jacobZ z

L is Lagrangian

= diag(s);

gradphi=-K*inv(S)=*ones(n,1);

gradL=gradphi+u*alpha;

h

yA

= 0.5#*alpha’*alpha - 1; % Note that gradh = alpha

= [gradL;h];
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hessphi = K*inv(S)~2K’;
%jacobZ in newton

[hessphi + u*eye(L+1),alpha;alpha’,0];

invjacobZ = inv([hessphi + u*eye(L+1),alpha;alpha’,0]);

oldalpha = alpha; % Need to store these values, in case
oldu = u; % several slacks are negative, LINE SEARCH IN CORRECT

new = [oldalpha;oldu] - invjacobZ*Z;

alpha = new(1:L+1); % tentative alpha, u

u = new(L+2);

./. L3222 232 2322222322323 233222223 22223222222 323 2222332223223 33 33

% Shift moves a wrongly classified pattern
% towards the current value of alpha,

% until the slack becomes positive

% with a value of 10% of the initial (neg)
% slack.

% SHIFT is called in CORRECT

function [s,total,n] = shift(K,alpha,n,s)
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% newslack = -0.1#*0ldslack

% total is the overall shift, = -1.1*o0ldslack

total = -1.1*g(n);

s = [s(1:(n-1));-0.1*s(n)];

./. 1332333233323 3223 233 22223323323 223 32222223222 22222 2222322223224

% Function DRAW displays the contour lines
% in a two dimensional case

% DRAW is called in ONLINE

function [out] = draw(alpha,patt,xvar,yvar,L)
global QFFSET
global DEGREE
global SIGMA
out = 0;
for i = 1:L
% polynomial kernel
out = out + alpha(i)*[patt(i,1).*xvar + patt(i,2).=*yvar
+ OFFSET] . “DEGREE;
% operations are componentwise!!!

% exponential kermel
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% out = out + alpha(i)*exp(~[(patt(i,1)-xvar).*(patt(i,1)-xvar) +
% (patt(i,2)-yvar).*(patt(i,2)-yvar)]/(2*SIGMA*SIGMA)) ;
end

out = out + alpha(L+1);
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Appendix B

MATLAB Code for Regression

Analysis

% MAIN PROGRAM for ANALYTIC CENTER MACHINE FOR REGRESSION
% algorithm, use conjugate gradient approach,
% compute linear combination of former and current

% gradient (gradphi, oldgrad)

% Implemented in May-July 2000

h (c) 2000 Alexander M. Malyscheff,

% Laboratory for Optimization and Artificial Intelligence
h School of Industrial Engineering

A The University of Oklahoma
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% CONGRAD

% Global data
clear;

global L D
global OFFSET 7/ polynomial kernel
global DEGREE 7 polynomial kernel
global SIGMA % exponential kernel

global LAMBDA J maximum step length is 80

OFFSET = 1;
DEGREE = 1;
SIGMA = 10;

time = cputime;

% Read problem data

dummy = 1;

[K_ext,K,E,xdata,ydata,Ecol] = read(dummy);
% K is kernmel matrix plus one row of ones
% E is null space extension

% Ecol is number of vectors describing nullspace
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% Solve LP and find epsmin (and the initial feasible solution)

[lpminnormsol}=mineps(K,E,ydata,Ecol) ;
lpalpha=lpminnormsol(1:L+1)

epsmin=lpminnormsol(L+2)

% If epsmin is zero, then perfect fit

% lpalpha is the initial starting point

alpha = lpalpha;

% Define epsilon (depends on decision maker)

%epsilon = 0.5;

epsilon = 2=xepsmin;

% Barrier value at initial point

lpphi = barrier(alpha,epsilon,K,ydata)

% The first step of conj. grad., d0 = -grad

% alpha_0

(gradphi,s_u,s_l] = gradacr(alpha,K_ext,ydata,epsilon,Ecol);%g_0

oldgrad

gradphi;

d_alpha

—-gradphi;

d_alphaO

lambdastar = linesearch(K_ext,d_alpha,s_u,s_1,Ecol);%lambdastar0
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alpha = alpha + lambdastar*d_alpha; %alpha_1

phi = barrier(alpha,epsilon,K,ydata)

stop = lpphi - phi ¥ stopping criterion

oldphi = phi;

% Conjugate gradient method
vhile norm(stop) > 0.00001
(gradphi,s_u,s_1] = gradacr(alpha,K_ext,ydata,epsilon,Ecol);%g_1
norm(gradphi) ;
t = (gradphi’=*gradphi)/(oldgrad’=*oldgrad);

oldgrad = gradphi; % update oldgrad for next iteration

d_alpha = -gradphi + t*d_alpha;

id_alphal (convex combin. of gradient and d)

% Linesearch: can not use Matlab functionm,
% Nelder and Mead leaves feasible region in expansion step

lambdastar = linesearch(K_ext,d_alpha,s_u,s_1,Ecol);%lambdastari

alpha = lambdastar*d_alpha + alpha; % alpha2
phi = barrier(alpha,epsilon,K,ydata)

stop = oldphi - phi

108



oldphi = phi;
end
alpha

time = cputime-time

epsilon
% Compare the barrier values...
phi = barrier(alpha,epsilon,K,ydata)

lpphi=barrier(lpalpha,epsilon,K,ydata)

% Draw for the 1-dimensional input
if D == 2 J 1-D case
{dummy2] = drawreg(alpha,xdata,ydata);

end

h=—m———m Test on a separate test set

#test = load(’friedtestl.txt’);
%[LL,D] = size(test);
%xtest = test(:,1:D-1); Y% Call this xdata, need x for drawing

%ytest = test(:,D);

% ANALYTIC CENTER SOLUTION
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%for i = 1:LL

h
h
%
4

h

sol(i) = 0;

for k = 1:L % L patterms
801(i) = sol(i) + kermel(xtest(i,:),xdata(k,:))*alpha(k);

end

s801(i) = sol(i) + alpha(L+1); % Don’t forget the offset b...

%end

%[sol’,ytest];

%RMSE = norm(sol’- ytest) % ’'sol’ is a rowvector, ydata columnvector

% LINEAR PROGRAMMING SOLUTION

%for i = L:LL

h
4
h
h

h

1psol(i) = 0;

for k = 1:L % L patterns
1psol(i)=1psol(i)+kernel (xtest(i,:),xdata(k,:))*lpalpha(k);

end

1psol(i) = 1psol(i) + lpalpha(L+1);

% Don’t forget the offset b...

%end

%[1psol’,ytest];

ALPRMSE = norm(1lpsol’- ytest)

% ’1psol’ is a rowvector, ydata columnvectorfs
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h=mmm———— Test on the training set itself
% ANALYTIC CENTER SOLUTION
for i = 1:L
sol(i) = 0;
for k = 1:L % L patterns
sol(i) = sol(i) + kermel(xdata(i,:),xdata(k,:))*>alpha(k);
end
s0l(i) = sol(i) + alpha(L+1); % Don’t forget the offset b...
end
%[s0l’,ydatal;
MSE = norm(sol’- ydata)“~2/240

% ’sol’ is a rowvector, ydata columnvector

% LINEAR PROGRAMMING SOLUTION
for i = 1:L
1psol(i) = 0;
for k = 1:L % L patterms
1psol(i)=1psol(i)+kernel (xdata(i,:),xdata(k,:))=lpalpha(k);
end
1psol(i) = 1psol(i) + lpalpha(L+1);%Don’t forget the offset b
end

%[1lpsol’,ydata];
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LPMSE = norm(lpsol’- ydata)~2/240

% '1lpsol’ is a rowvector, ydata columnvector

./. 1323332333333 2332322332233 232223222222 222 2222222222 22222 22 T2

% M-file for reading the input data
% Reads the data and splits it in input value
% and functional value

% READ is called in CONGRAD and MINEPS

function [K_ext,K,E,xdata,ydata, Ecol]l = read(dummy)

global L D % L is number of points, D-1 dimension (no labels)
global OFFSET

global DEGREE

global SIGMA

train=load(’testS.txt’);

[L,D] = size(train);
xdata = train(:,1:D-1); % Call this xdata, need x for drawing
ydata = train(:,D);

for i = 1:L
for j = 1:L % L patterms

k(i,j) = kernel(xdata(i,:),xdata(j,:));
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end
end
% K matrix, nonsymmetric, and E, the set of all vectors
% perpendicular to all vectors in K
K = [k; ones(L,1)’];
E = null(X’,’r’);
(Erow, Ecol] = size(E);

K_ext = [K,E]l;

./, L2222t 2232222t 22222222 222323322233 23222 2222323233333 3 33222334

% Computes inner products in feature space
% K(xi,xj) = Phi(xi)’*Phi(xj)

% KERNEL is called in READ and CONGRAD

function [out] = kernel(xone,xtwo)
global OFFSET
global DEGREE

global SIGMA

% Polynomial

out = (xone*xtwo’ + OFFSET)."DEGREE; % DON’T FORGET THE DQT !!!
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%

%

%
/)
%
4
/)

%

Exponential (probably not of much use in 1-D?)

out = exp((-((xone-xtwo)*(xone-xtwo)’))/(2*SIGMA*SIGMA));

i it 2322333 23322222222 22222 2222323333233 332 22333334332 3232223 22223

Subroutine to minimize epsilon s.t. the svm-regression
constraints. This corresponds to perfect

curve fitting. The problem

can be stated as an LP-problem in the space of (alpha,b,eps).
and provides guaranteed an initial starting point (alpha,b)
Additional constraints are included to find the minnorm sol.

MINEPS is called in CONGRAD

function [lpminnormsol] = mineps(K,E,ydata,Ecol)

global L

e=ones(L,1);

lpmatrix=[-K’ -e;K’ -e];

minnormmatrix=[lpmatrix;E’zeros(Ecol,1);-E’ zeros(Ecol,1)];

)

(include constraints that extract the minnorm solution)

lprhs = [-ydata;ydatal;

minnormrhs = [lprhs;zeros(2+Ecol,1)];
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% (include constraints that extract the minnorm solution)

lpobjfun = [zeros(L+1,1);1]; ‘% No change for minnorm necessary

% Compute LP-solution:

lpminnormsol = 1lp(lpobjfun,minnormmatrix,minnormrhs);

./. (2223232 222222 322323222322 2232 22223223232 2223 22222222222 22222

% Computes the logarithmic barrier function
% as a function of k, coeff=(alpha,bias),y, and epsilon.

% BARRIER is used in CONGRAD

function [phi] = barrier(alpha,epsilon,K,ydata)
global L

% We use K and not K_ext computing the barrier using
% the original UNALTERED problem

e = ones(L,1);

s_.1 = K’#*alpha - ydata + epsilon¥e;

s_u=-K’=*alpha+ydata + epsilon*e;

phi = -e’#log(s_1) - e’*log(s_u);
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./. 2233223333333 3222222222322 2223222232 2222222322333 2222222222224

% Function GRADACR computes the gradient
% for the conjugate gradient method

% First used as ’gradphi’, then passed
% on to ’oldgrad’ to compute ’t’

% GRADACR is called in CONGRAD

function [gradphi,s_u,s_l]=
gradacr(alpha,K_ext,ydata,epsilon,Ecol)

global L

% We need to account for "Ecol" add’l constraints
e = ones(L+Ecol,1);

ydata_ext = [ydata;zeros(Ecol,1)];

% Lower and upper slacks:
s_1 = K_ext’salpha - ydata_ext + epsilonxe;

s_u=-K_ext’*alphat+ydata_ext + epsilons*e;

% Matrix notation:
S_l=diag(s_1l);
S_u=diag(s_u);

invS_l=inv(S_1);
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invS_u=inv(S_u);

factor = (invS_u - invS_l)=e;

% Compute the gradient for all patterns using
% Grad = fiskl + £2+k2 + ... + flxkl

% which can be written using matrix notatiom:

gradphi = K_ext*factor;

'/. (2211332243232 2 2222 2322222222223 2 222222222222 38323 233222338222 2

% LINESEARCH computes lambdastar, for

% which the linesearch achieves the

% minimum value. In order to be on the

% safe side, we use the compact feasible region,
% i.e. K_ext instead of K.

% LINESEARCH is used in CONGRAD

function [lambdastar] = linesearch(K_ext,d_alpha,s_u,s_1,Ecol)

global L

e = ones(L+Ecol,1);
lambda = 0;

% The problem for the upper slacks can be formulated as:
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% min Phi = -1n(-K_ext*alphat+ydata_ext+epsilon - lambda*K_ext*d_alpha)
% which can be written as:

% min Phi = -1n(s_1i"u - lambda*v_1)

v = K_ext’*d_alpha;

stop = 2;

vhile norm(stop) > 0.01
lambdagrad = [v./(s_u - lambda*v)]’se - [v./(s_1 + lambda*v)]’*e;
lambdahess = [v./(s_u - lambda*v)]’'*[v./(s_u - lambda*v)]
+ [v./(s.1 + lambda*v)]’*[v./(s_1 + lambda*v)];
lambda = -lambdagrad/lambdahess + lambda;
stop = -lambdagrad/lambdahess;

end lambdastar = lambda;

'/. 200 20 20 30 200 20 200 2 26 300 0 26 285 2 2K 30 200 2 2 230 06 00 00 200 3K 306 200 208 00 200 2 o 2 20K 0K 3K K oK a3 2ok o a8 ok ok 3 XK 3 2 K K K K K

% Function DRAWREG displays
% the regression for a one
% dimensional case

% DRAWREG is called in CONGRAD

function [dummy2] = drawreg(alpha,xdata,ydata)
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global L
dummy2=1;
x = (min(xdata)-0.1:0.01:max(xdata)+0.1)’; ¥%+- 0.1

1x = length(x);

% Compute output matrix OUTK, like K, but for lx (many more) values
for i = 1:1x % 1x data points

for j = 1:L % L patternms

outk(i,j) = kermel(x(i,:),xdata(j,:));

end
end
outk;
OUTK = [outk’; ones(1x,1)’]; % Just to be conform to K and K’

y = OQUTK’=*alpha;

%figure(1)

%subplot(2,2,1)

%h = plot(x,coeff);

plot(x,y)

axis([min(xdata)-0.1 max(xdata)+0.1 min(ydata) max(ydata)])
grid on

xlabel(’X-Axis’)

ylabel(’Y-Axis’)
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Appendix C

Standard Benchmark Data

The dataset heart contains information on heart disease diagnoses which were compiled
by several hospitals in the United States and Europe. The dimension of the input vector
is 13, carrying mostly medical information, but also for example the patient’s age and
sex. The output value has dimension one indicating the diagnosis for 2ach patient. For
the experiments in this study 170 patterns (patients) were considered for training and
100 patterns were used for testing. The thyroid disease records were supplied by the
Garavan Institute, Sydney, Australia. Similarly to the heart dataset thyroid contains
medical information on patients having thyroid problems. The input vector consists of 5
attributes while the output value is again of dimension one. Training was conducted on
140 patterns with the resulting discriminant function being tested against 75 patterns.
The dataset banana consists of artificial data derived from several Gaussian blobs in
two dimensions. The training set comprised 400 patterns while the test set contained

4900 patterns. For more information on the datasets see also the UCI Repository [3].
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