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Abstract

Support vector machines have recently attracted much attention in the machine learning 

and optimization communities for their remarkable generalization ability. The support 

vector machine solution corresponds to the center of the largest hypersphere inscribed 

in the version space. Recently, however, alternative approaches [9] have suggested that 

the generalization performance can be further enhanced by considering other possible 

centers of the version space like the center of gravity. However, efficient methods for 

calculating the center of gravity of a polyhedron are lacking. A center that can be 

computed efficiently using Newton’s method is the analytic center of a convex polytope 

[29]. We propose an algorithm, that finds the hypothesis that corresponds to the analytic 

center of the version space. We refer to this type of classifier as the analytic center 

machine (ACM). In this study ACMs have been employed to solve problems in pattern 

recognition and regression analysis. Preliminary experimental results are presented for 

which ACMs outperform support vector machines.
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Chapter 1

Introduction

1.1 Overview

Support vector machines (SVMs) [31] have recently attracted much attention in the 

machine learning and optimization communities. As a new tool for solving problems in 

machine learning they are based on a simple quadratic programming approach. Hence, 

traditional convex optimization techniques suffice to compute the solution of the SVM 

learning problem. Moreover, Vapnik [32] demonstrates that using the so-called kernel 

method the same solution strategy applied to linear classification and regression prob­

lems can easily be ectended to nonlinear instances. An overview on support vector 

machines can be found in [6, 27]. Currently, research in support vector machine learn­

ing focuses on methods to increase the efficiency of finding the support vector solution 

[10, 21] and on new implementations that allow for large-scale problems to be solved 

[14].

However, SVMs are not very effective in cases where the version space, i.e. the space
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of hypotheses consistent with the training data, is elongated or asymmetric. Recently, 

an alternative approach has been proposed by Herbrich et al. [9] and Rujan [25], the so- 

called Bayes point machine, which has outperformed support vector machines in terms 

of generalization ability [5, 9].

1.2 Research Objectives

The solution of the support vector machines problem corresponds to the center of the 

largest inscribed hypersphere in version space. This center can be identified without 

difficulty, as its solution is directly found from a quadratic programming problem. Bayes 

point machines (BPMs) on the other hand are based on an approximation of the center 

of mass of the version space. BPMs outperform support vector machines, even though 

computing the center of gravity of a polyhedron in an n-dimensional space is hard, since 

it involves the computation of its volume, which is a #P-hard  problem [11]. An easily 

computable center has been proposed by Sonnevend [29], the so-called "analytic center” 

of a  convex polytope. This point depends on the data analytically (i.e. rather smoothly), 

is invariant with respect to afl&ne transformations, and can be computed effectively by 

minimizing a strictly convex function over the convex polytope. Earlier, Bouten et al. 

[5] have investigated the generalization performance of perceptrons and found that the 

Bayes point solution in version space can be approximated by computing the minimum 

of a  special class of potential functions. In this study we propose cin algorithm that 

finds the hypothesis that corresponds to the analytic center of the version space. We 

employ the logarithmic barrier function as reference potential and implement analytic



center machines preserving the positive features of support vector machines such as 

the kernel mapping. Preliminary experimental results indicate that this new learning 

machine outperforms support vector machines.

1.3 Scope of the Dissertation

Chapter 2 provides a brief introduction to the basic concepts in machine learning. In 

the following chapter a review on support vector machines is presented spelling out 

the optimization models necessary to solve pattern recognition and regression analy­

sis problems. Chapter 3 also explains the nature of a learning problem in the weight 

space and describes the solution of such a problem using the concept of a center. Chap­

ter 4 introduces the reader to the analytic center machine for classification problems. 

Hereafter, the analytic center approach is extended in chapter 5 to problems dealing 

with regression analysis. Preliminary results are presented in chapter 6, while chapter 

7 concludes this discussion and proposes possible directions for future research.



Chapter 2

Basic Issues in Machine Learning

2.1 Machine Learning

The fundamental concept in machine learning can be described as follows. Suppose, 

an experiment is conducted with a set of parameters describing the conditions, under 

which the experiment takes place. After having realized the experiment a particular 

result can be observed. The question that cirises is, whether there exists a mathematical 

expression that could predict or at least approximate the outcome of the experiment. 

What type of approach should be taken, in order to answer this question? First, it 

seems obvious that one single experiment will not carry sufficient information to allow 

deduction of some mathematical expression. Hence, the experiment must be repeated, 

if possible under varying conditions. These conditions, under which the experiment 

is conducted, are generally described by a set of attributes. Each attribute in turn is 

represented mathematically by a variable, the input parameter. For example, if there 

are six attributes that characterize an experiment, we have six input parameters. For



each set of input parameters the corresponding result is observed and compared to 

the input parameters of the experiment. Call the variable indicating the result of the 

experiment the output parameter. Once a certain number of, say I, experiments has 

been conducted a rule must be found, which predicts with as few errors as possible 

the value of the output parameter for all I experiments drawing solely on information 

based on the input parameters. This process will be referred to as training , and the 

set of experiments used to find the mathematical function linking input and output 

data is called the training set. In other words, during training an unknown system is 

presented with a set of input data, for which the result of the experiment, the output, 

is known. The training experiments are used to ’’learn”, how the system behaves, 

extracting what is called the discriminant function / .  Once training has been concluded 

and a good discriminant function has been found, the testing phase can begin, where 

the outcome of a given set of input parameters is indeed unknown. Obviously, the goal 

is to commit as few errors as possible during testing. Hence, a discriminant function is 

needed, which will be able to adopt as many vital characteristics of the experiment as 

possible during training and translate these properties into a low rate of failure during 

testing. Mathematically, the training set is described by {xj,yj) , j  =  1,.../, where the 

Xj correspond to the input pcirameters and the yj refer to the output parameters.

2.2 Classification and Regression

Learning machines can be implemented in two different ways. In pattern classification 

problems the output parameter yy is a categorical variable that indicates to which class



a, given combination of input parameters Xj belongs. Here, the output parameter is 

also referred to as label. Most applications in classification problems deal with two 

difiérent classes. Therefore, the labels yy =  1 and yy =  —1 are selected to distinguish 

between classes A and B. More formally, let each of the I input vectors be represented 

by Xj G where j  = ! ,. . . ,/  and observe the corresponding labels yy G {—1,4-1}. 

Application examples for pattern classification comprise breast cancer diagnosis [15], 

optical character recognition [7], or computer vision [19].

Contrary to classification problems the objective of regression problems is to approx­

imate a sequence of scalar values yy G R, y =  1,..., I. For the input vector holds ly G R*̂ , 

however, in many applications the input parameters reduce to a set of one-dimensional 

scaleirs. A field of application can be found in the regression analysis and prediction of 

the value of financial securities. In [17] promising results for time-series analysis were 

reported.

2.3 The Kernel Method

Most machine learning algorithms are limited to linear discriminant functions. Hence, if 

for example a certain classification experiment displays a nonlinear separating surface, 

many algorithms (e.g. the perceptron) will not be able to account for this nonlinear 

behavior. For support vector machines the kernel method was first discussed in [4]. 

Using a function ÿ : x -¥ (j>{x) the problem can be transformed from the input or pattern 

space to some high-dimensional feature space. The mapping creates the corresponding 

classification problem in feature space allowing linear separation of the problem data.



Hence, linear classification methods can be employed in feature space to solve problems 

that are nonlinear in input space. The price we have to pay is to significantly increase the 

number of dimensions due to the transformation. A similar approach can be performed 

for regression problems.

Unfortunately, very often the function <j> (x) is not available, can not be computed, or 

does not even exist. However, the inner product of two vectors can be computed, both, 

in pattern and in feature space. In other words, while (f) (i) might not be available, the 

inner product (f> (x i)^0 (xs) can still be computed in feature space. This inner product 

can be expressed by the kernel function

fc : SR® X 31“ -+ R : fc(xi.,a;2) =  0(a î) .

In order to employ the kernel method, it is necessary to express the data vectors Xj 

in terms of inner products. Consequently, the constraints describing the classification 

or regression problem have to be reformulated, such that solely inner products are used. 

These inner products are then mapped yielding a linear regression problem or a linear 

classification problem in feature space. Figure 2.1 illustrates the process of transforming 

the problem data from input space to feature space in classification problems.

A similar transformation can be conducted for regression problems as shown in 

Figure 2.2. Possible kernel functions include polynomial kernels such as k{x i ,X 2 ) = 

^x^X2 + 1)** with p  indicating the degree of the polynomial or exponential kernels as
IIX]

for example k  (x^, X2 ) =  exp . For more information about kernel functions see

Cristianini and Shawe-Taylor [8].
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Chapter 3

Support Vector Machines

3.1 Pattern Recognition

Support vector machines can be implemented in two different environments. Specifically, 

regression analysis and pattern classification. In this section support vector machines 

in pattern recognition will be discussed, while the following paragraph will elaborate on 

support vector machines in regression. Both instances can be represented by a quadratic 

programming problem.

Consider first the classification scenario. Let the training data consist of I points, 

each of which is represented by a vector Xj € where j  =  1,..., I, and assign to each 

of the points a  label yj with yj € {—1, +1}. Here, we only distinguish between two 

classes. Hence the training set can be written as T  = C 3%̂ x {—1,4-1}.

Constructing a  learning machine that will separate the data of two training sets in 

pattern space finds its geometrical equivalent in identifying a  hyperplane that separates 

the data points labeled by yj  =  —1 from the data points labeled by yj  =  -f l. As there



are situations, where data sets can not be linearly separated, we will restrict ourselves 

for the moment to those problem sets that are linearly separable. This type of classifier 

is often also referred to as the hard margin classifier. Vapnik [31] has shown that the 

linear support vector machine algorithm requires a solution of the following optimization 

problem:

(P) min i  (3.1)

subject to

yj {xj -w + b) > +1 Vjî =  1,..., I,

where m €  is the vector normal to the separating hyperplane and b E3t the offset 

with respect to the origin. By assigning a Lagrangian multiplier Hj to each constraint 

and by introducing the variables D{j =  (yiyjXiXj), e =  (1,1,..., 1),

and y =  (yi, y j , ..., yi), the dual problem can be formulated in closed form:

(D) max + r^ e  -  (3.2)

subject to

r^ y  =  0 

Fj > 0 vy =  i , ..., 1.

A nonlinear separable problem in pattern space becomes a linearly separable problem 

in feature space using the concept of a  kernel function [31]. As can be seen, the dual prob­

lem {D) allows expressing all data pertinent to the problem, Xj and yy, to be expressed

10



in. terms of inner products. Hence, in order to allow nonlinear problems to be solved, 

the only change that has to be made is rewriting the matrix Z)y =  {yiyj • k {xi,Xj)). 

For further information on support vector machines in classification the reader might 

also refer to [6].

Support vector machines result in a rather simple quadratic programming problem. 

Since the problem is convex, there are no local minima and various optimization algo­

rithms will be able to identify the optimal solution. The name support vector is derived 

from those points in the input space, which touch ("support") the decision function. 

More formally, if the Lagrangian multiplier Hj is nonzero, the corresponding data sam­

ple {xj,yj)  fulfills the primal constraint in (3.1) as an equality. Thus, all samples that 

yield a strictly positive (ij are support vectors. For this reason, the matrix D  is rather 

sparse in nature for problems that do not yield many support vectors.

One of the setbacks of this implementation approach is that the matrix D  wUl have 

the size / x 1, where I is the number of data points. Remember that many problems 

might include well above one million data samples [28, 14]. In that case we would have 

to deal with 10̂  ̂ elements in D.  Currently, a lot of research is being conducted to 

investigate ways to decompose problem {D) and solve subproblems, where the matrix 

D is of smaller size [12, 10, 21].

3.2 Regression

In this section the primal and dual optimization problems for support vector machine 

regression will be presented. Let the training data consist of I vectors Xj 6 where

11



i  =  1 , I. During training the input parameters are mapped to I real output parameters 

y; with yj  E R. Hence the training set can be written as T  =  {{xj,yjŸj_^} C 

Vapnik [31] has shown that the support vector machine regression translates into the 

following primal optimization problem:

(PR) m i n i | |u ; f  (3.3)
2

subject to

y j - u F x j - b < e  Vj =  I,...,/,

xv^Xj + 6 -  yj < e Vj =  1 , / ,

where lu E is the slope and 6 E R the ofiset with respect to the origin. Note 

that for d-dimensional input parameters tu E R^. The variable e can be interpreted as 

the precision that is required from the regression function. Geometrically, it creates a 

tube of width 2e around the regression function, within which all measured data samples 

(xj, yj) must be contained. Note that for too small values for e the optimization problem 

might turn infeasible.

Again, let fij be the Lagrangian multiplier corresponding to the first set of constraints 

and ^ j  be the Lagrangian multiplier corresponding to the second set. Define =

^ i j  =  (z,Zj), e =  (1,1,..., 1), andy  =  (yi,y2 ,...,ÿ/). Then 

the dual problem can be formulated as follows:

(DR) max -  -  e g  (/ly -b +  y^H (3.4)
j=i

12



subject to

n ^ e  =  o 

f i j > o  vy =

^ ■ > 0  vy = i,

As in the case of the classification approach the kernel method can be applied to 

solve nonlinear regression problems in feature space [31]. The matrix D has to be 

reformulated accordingly, =  {k{xi,Xj)). Additional information regarding support 

vector machine regression can be found in [27].

3.3 Machine Learning and the Concept of a Center

Previously, it was mentioned that the support vector machine solution corresponds to 

the center of the largest inscribed hypersphere in version space and that for certain types 

of problems this solution might not be satisfying. In this section we will elaborate on 

how to make the connection between the input space and the version space and explain 

the differences between the support vector machine and the approach taken here. We 

will provide an intuitive argument why alternative centers in version space have a strong 

potential of yielding a better generalization performance. In order to do so consider first 

the classification problem depicted in Figure 3.1.

Two classes are to be separated by a hyperplane with normal vector w. Both classes 

consist of two points (vectors) indicated by circles for class 4-1 and dots for class —1. 

The two classes are separated by a hyperplane, which we will assume for the moment 

passes through the origin of the input space. Furthermore, two additional hyperplanes

13



separating hyperplane

mm mm

ongin mm

Figure 3.1: Classification in Pattern Space

Hi  and H2 can be constructed, which are parallel to the separating hyperplane and 

which contain the vectors of each class that are closest to the separating hyperplane. 

In order to achieve a good separation, it is desirable to ’’push” the two hyperplanes 

Hi  and JTg as far apart as possible to allow for a large "buffer zone” between the two 

classes. For each vector in both classes the distance firom the separating hyperplane can 

be computed. Let the distance measure for the j-th  vector be denoted by the expression 

Sj. Since we require that the separating hyperplane go through the origin, the distance 

for any vector firom that plane can be calculated firom

Sj =  VjwJfXj, (3.5)

where wn  represents a  normal vector of unit length and Xj describes the position of 

the sample point. Moreover, for any separating hyperplane we can introduce a mîTiiTmiTn
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distance defined by those vectors which lie closest to the separating hyperplane:

4»m =  min{sy} =  mm{yjwJfXj}. (3.6)

The distance between the two hyperplanes Hi and H2 equals 25^,-^ and it is our 

objective to maximize this distance. Therefore, this classification problem can be for­

mulated using the following optimization approach (PI) .

(PI) max =  max{min{Sj}} =  max{min{%i5^Zj}} (3.7)

subject to

VjwJfXj > s^in > 0  

=  1-1

where Note that must be strictly positive to ensure separation of

the two classes. Since the unit length normal vector is used here, we automatically have 

the constraint ||iDjv|| =  L Next, let us replace wn by w, such that

-T
max 4 m =  max{min{sy}} =  m ax {m in{y j~ fj}}

subject to

If we define Smin ~  min{yjt2;^£j}, we can further reformulate the optimization 

problem:

15



max 4 m =  max{mm{yj«j^xj} • | j ^ }  =  max ^

subject to 

y j w  X j  >  g m m ll" '!!  >  0-

Next, normalize the TninimiiTn distance such that it is of unit length and realize (see 

the objective function) that 4m II 1̂1 =  ^min- Using Smin =  1 the optimization problem 

reduces to

ll^ll

subject to

Vjw'^Xj > 1 .

Finally, substituting 6  and xJ  =  ij we can simplify the problem

one mote time. Introducing optimization problem (P2) we have:

(P2) min (3.8)

subject to 

Vi +  ô) >  1.

It can be seen that problem (P2) corresponds to the support vector machine problem 

for classification outlined in (3.1), thus, the original problem (PI) describes in fact also 

the support vector machine problem. The two approaches differ solely in terms of

16



scaling. Problem (PI) is solved on the unit sphere adjusting the minimum distance 

of the data points (slacks) while problem (P2) requires Smin to have unit length 

leaving the radius of the sphere as a variable. In order to further illustrate the nature 

of these optimization problems we will elaborate in the following on the geometrical 

interpretation of (PI) . This will be achieved by describing the classification problem 

in the space of all iD/ '̂s. First, notice that all feasible lÜAr’s in (PI) can be found on 

the unit sphere. Moreover, the expression yjwJfXj > 0 can be interpreted as a halfspace 

defined by a hyperplane with normal vector y j i j .  Notice that a hyperplane described 

in such a way passes through the origin in the space of tû̂ v- Suppose next that there are 

I data points in the input space. These I data points will generate I hyperplanes, which 

in turn  will define I halfspaces in the space of lôjv. Each of these hyperplanes will pass 

through the origin reducing the set of feasible solutions to a subset of the unit sphere. 

This subset of the unit sphere defines the set of feasible solutions in the space of lôyv- In 

the literature this set is often also referred to as the version space. Figure 3.2 displays 

a feasible region for four patterns.

Next, we wUl discuss the shape of the version space and compare the solutions of 

the support vector machine and the analytic center machine. Remember that it was 

shown that (Pi) describes the support vector machine solution. It can be seen that 

problem (PI) extracts the center of the largest inscribed hypersphere in the version 

space as the solution vector. As we are attempting to maximize the Tninimiim distance, 

we might move away from one separating hyperplane in Figure 3.2, however, in doing 

so we might approach another separating hyperplane, which will then define another 

s^in- Obviously, the optimization problem wiU finally  identify the center of the largest

17



FaaslUa Region In w-spacs

0.5 ,

>" 0 ,

- 0.5

Figure 3.2: Geometrical Interpretation of Optimization Problem (PI)

inscribed hypersphere as the best possible solution. Moving in any direction from that 

point will result in a nonoptimal value for s^in- This approach will yield satisfying 

results as long as the version space is ’’normal” and not elongated. Figure 3.3 illustrates 

a situation, where four hyperplanes define a feasible region, which is not elongated. 

Keeping in mind that the situation depicted in Figure 3.3 must be actually projected on 

the unit sphere it can be seen that the solutions for the support vector machine w n ,s v m  

and the analytic center machine are almost identical.

This situation, however, changes when elongated version spaces are considered. Fig­

ure 3.4 might serve as an example for this case. As before, there are four hyperplanes 

defining the set of feasible solutions on the unit sphere. The support vector machine 

again finds the center of the largest inscribed hypersphere of the version space. Nonethe­

less, it can be seen that the point does not yield a satisfying solution for this
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learning problem. On the other hand the analytic center of the version speice

will serve as a much better reference point to reflect the available problem information.

N,SVM

N , A C M

Figure 3.3: "Normal” Version Space

N,S VM

N , A C M

Figure 3.4: Elongated Version Space
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Chapter 4

An Analytic Center Machine for 

Pattern Recognition

4.1 Statement of the problem

In the previous chapter the support vector machine approach was discussed and an 

intuitive argument was provided for considering as an alternative the solution that 

corresponds to the analytic center of the version space. In this chapter we will describe 

how the analytic center of the version space can be computed for pattern classiEcation 

problems. Unfortunately, computing the analytic center often suffers from the difficulty 

of finding an initial feasible solution, when all constraints that define the feasible region 

are considered simultaneously. An alternative approach would be to deal with every 

sample point (constraint) at a time. Hence, the problem is solved for the first data point, 

then the next data point enters the system and another optimization problem is solved 

using the previous solution and so forth. This iterative way of finding the analytic center
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of the problem can be interpreted as an online approach. Moreover, recent research has 

suggested to verify the generalization ability of support vector machines, as some results 

point to alternative learning machines with powerful generalization performance [9].

In order to implement this online approach, the support vector algorithm will be 

modified reducing the constraints of problem (P) essentially to what is known as the 

perceptron. Then, turning our attention to the weight space, it can be seen that each 

pattern will correspond to a hyperplane with normal vector yx  =  {yxi ,yx 2 , ...,yxd), if 

we are in a d-dimensional space. Moreover, after a slight modification we will be able to 

let all hyperplanes corresponding to examples pass through the origin. Therefore, the 

collection of all patterns, i.e. I hyperplanes, will reduce the region containing acceptable 

results for u; to a cone in a d-dimensional space. Some studies refer to this cone as the 

version space V  (T) [16]. While the perceptron allows any of these feasible w’s to be 

selected as a solution, our objective will be to choose a w* which remains far away firom 

all the edges of the cone, since we do not know how future test patterns will scatter. 

This refers to as a large margin classifier [26].

4.1.1 Geometry o f Linear Learning Machines

We would like to construct a learning machine based on the concept of the analytic 

center, which behaves also as a large margin classifier. Later, it will be shown that a 

similar learning machine can be derived for the feature space using the concept of kernel 

functions. In order to convey the basic ideas, we review the concepts that characterize 

the perceptron. In contrast to support vector machines no optimization process is 

invoked and the right-hand-side of the constraints becomes zero. Specifically in the
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perception algorithm It is our objective to solve the feasibility problem:

yj • (xj • w +  6) > 0 Vj =  1 , / ,  (4.1)

where Xj^w 6  and Vj,b 6  R. Any feasible solution (w.b) of (4.1) wül separate 

the training set T . Thus, for lineeirly separable problems the perceptron will arbitrarily 

identify one out of infinitely many linear classifiers and generalization will be rather poor 

in most instances. We will return to the issue of selecting a good hyperplane in section 

4.1.2. For the moment let us slightly rewrite the set of constraints. By introducing the 

variables w =  (u;, b) €  and xj  =  (xj, 1 ) 6  the perceptron problem simplifies 

to:

yj • (xj • t3) > 0 Vj = 1,..., I. (4.2)

Essentially, b is now being considered as am additional weight, say Therefore,

the problem dimension is expanded by one. As can be seen each pattehn j  is now

d^cribed by the simple linear inequality

yjxj  • tD > 0 Vj = l , ..., I, (4.3)

which corresponds in weight space to a hyperplane with normal vector yjXj. Note 

that aU hyperplanes are passing now through the origin of the weight space.

When the first pattern (zliî/l) enters in the system of linear inequalities, the set 

of feasible solutions is reduced to a (d +  l)-dimensional halfspace. The second pattern
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(®2 ) V2 ) will reduce the halfspace to a cone with the apex of the cone at the origin. After 

that, each additional pattern will either leave the current version space unchanged or 

even further reduce it. Once all patterns have been learned, the cone of the training pat­

terns has been identified. Note that some training points {xj, yj) might be redundant 

for the determination of the cone. The sec of ail w's inside the cone, V  (T), consti­

tutes the set of feasible solutions; hence infinitely many solutions exist. This situation 

corresponds to the perceptron in pattern space. Keep in mind that here we consider 

problems, which can be linearly separated (hard margin classider). In this case the set 

of feasible w's will never be empty. The advantage of this approach lies in the nice 

geometry of the problem, which allows a rather simple implementation. Once the final 

cone is identified, it is intuitively clear that we would like to identify a solution as close 

to the central trajectory of the cone as possible. In doing so, we guarantee that the 

selected optimal w* will correspond to a separating hyperplane in the space of patterns 

(x-space) that lies far away firom the data samples of both classes. The next question to 

be addressed is, how to select the optimal w" from all feasible tü’s in the version space.

4.1.2 Analytical Center of Version Space

Next, we wül use 2Ui idea that stems from the concept of interior point methods, the 

so-called analytic center. In order to describe the analytic center, we first introduce the 

concept of logarithmic barrier functions. Define the slack sj € % as a  measure of how 

close or how far away the current solution is from constraint j .  If the current solution 

violates constraint j ,  Sj will be negative. If the current solution fulfills constraint j  as 

an equality, Sj wül be zero. An interior point of the feasible region is defined as a point,
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for which, all slacks Sj are positive. For the set of constraints, which currently describe 

our feasible region the slacks can be expressed as follows:

3j =  yjXj • tZ; > 0 Vj =  1 , 1. (4.4)

Furthermore, we need to identify a function, called potential function [18], which 

goes to infinity as we approach the boundary of the feasible region. A logarithmic 

function $  : R fulfills our requirements. More specifically,

$ (s )  =  —/n(s). (4.5)

In analogy to electrostatics the function 0(s) could describe the potential of some 

electrostatic field, if we consider the hyperplanes defining the feasible region as infinite 

plates of electric charge. For I constraints the logarithmic barrier function $  becomes:

I
^{s) = - ' £ l n (ly), =  i h , s i ) . (4.6)

i=i

Here, the vector s & 3if represents the collection of slacks for all I constraints, 

s — (si,S2 , ..., sj). The minimum of the logarithmic barrier function $ (s )  constitutes 

an excellent means of computing a point that wiU be far away from aU constraints. The 

point at which the barrier function attains its minimuTn is defined as the analytic center 

of the feasible region.

Now, let us return to the problem we would like to solve. We consider an augmented 

weight spawæ (keep in mind that the ofiset b is treated as the (d +  l)-th  element of tZi),
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in which, the set of all patterns {xj,yj) is represented by hyperplanes peissing through 

the origin- After all hyperplanes have been defined, a cone in will describe the set 

of feasible solutions in the augmented weight space. It is our objective, to retrieve a 

weight vector tn*, which will be as far away from the "walls" of the cone as possible. The 

tool we are going to employ is the concept of the analytic center. Unfortunately, the 

minirmim of the logarithmic barrier function can only be calculated, if the feasible region 

is compact, which is decidedly not the case for a cone in In order to compactify

the feasible region, we add as a constraint a hypersphere in 9%̂+"̂  with radius R  around 

the origin. In other words, the solution, which will lie without doubt very close to the 

central trajectory of the cone, will be projected onto a hypersphere of radius R.

Therefore, our goal is to calculate the minimum of 0  (s) while making sure at the 

same time tha t the optimal weight vector w* satisfy the spherical constraint. For calcu­

lation purposes we choose R  = \/2. Taking into account the labels yj as well, the slacks 

can be expressed through

Sj =  yj ■ {xj • tD) > 0 Vj =  I , .... I (4.7)

and the logarithmic barrier function becomes

I
^{s) = - ' £ l n { s j ) .  (4.8)

j=i

Following the above, the optimal weight vector can be computed by solving the 

optimization problem:
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I
m m $(tD ) =  - ^ l n { y j { x j - w ) )  (4.9)

j=i
. 1 -T - 1s.t. - w  w = I.

Since the aiacks depend on w, we will write from now on $  (w) or In feature space

$ (q ) , instead of $  (s). Remember that by definition tZ; also includes the ofiset b of

the optimal separating hyperplane. Before we wUl continue our discussion and demon­

strate, how the optimization problem La (4.9) can be solved, we will extend the current 

formulation using the concept of kernel functions to the case of nonlinear separation.

4.2 Kernelization

In the previous section the classification problem was reformulated, such that each 

pattern can be interpreted as a hyperplane in weight space. A first optimization model 

was presented allowing linear classification problems to be solved. We will now perform 

yet another transformation moving the problem to some high-dimensional feature space. 

The algorithm under consideration actually does not solve nonlinear problems. However, 

it is possible to map classification problems that can not be linearly separated to the 

feature space using a function (f> : x  (f>{x). The mapping creates the corresponding 

classification problem in feature space, which can be solved employing linear classifiers. 

The price we have to pay is to significantly increase the number of dimensions. Thus a 

nonlinear problem behaves in feature space as if it was linearly separable.

Unfortunately, very often the function <f> {x) is not available, can not be computed, or 

does not even exist. However, the inner product of two vectors pati be computed, both,
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in pattern and in feature space. In other words, while <j> (ar) might not be available, we 

can still compute the inner product <j> { x \ Ÿ <j> (rg) in feature space. This inner product 

can be expressed by the kernel function

fc : 3?*̂  X 3?*̂  —)• 31 : k{xi^xi)  =  ( z g ) .

The reader might verify that besides the label yj in equation (4.2) in section 4.1 every

constraint can be formulated using solely inner products. Nonetheless, the constraints

stiU contain the weight vector, while it would be desirable to express the inner products

only through the data vectors Xj. However, if we express the weight vector by a linear

combination of data vectors, we can successfully avoid this problem. Indeed, if we define 
I

m =  2 2  aiXi we have:
i= l

k{w,Xj) = k ( Y ,  arj) =  f  S  {xj) = (4-10)
\ i = l  /  \ j = l  /  t= l

Vj =  I , . . . , / .

Therefore, the set of I equations in (4.1) defining hyperplanes in weight space can 

be reformulated using inner products. Specifically,

% ^ j =  Vi >  0 V; =  1 ,..., I. (4.11)

After having preprocessed the set of constraints, it is now easy to replace the pure 

inner products by the kernel function k{xi,Xj).  Therefore, the set of constraints repre­

senting the I patterns can be described in the dual space of a ’s as foUows:
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ÿj Oik (xi, Xj) +  6  j  > 0  Vy =  1 , 1. (4.12)

Obviously, this new set of linear inequalities must be solved in the space of a ’s. Note, 

that the decision function to test for a new pattern x  can be formulated and calculated 

based only on the information contained in the set of a ’s:

/  (s) =  sign ajfc (ij, x) +  6^ (4.13)

We are now ready to define our learning problem in a-space. Define the matrix 

K  €  as:

K  =

yiki i  y2 &i2 ... yikii

yik2l î/2^22 ... yikoi

yikii 1/2*12 ... Viku

(4.14)

y i y-2 ... yi

We follow the convention that the represent the kernel evaluated a t the points 

Xi and Xj. Specifically, kij =  k{xi ,x j) .  Note that K  is not symmetric. Moreover, 

introduce the vectors
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hj — ,Vj =  L, (4.15)

Vjki j  

Vjhj

Vj

where Ary 6  Therefore the matrix ÜT can also be expressed as iiL =  (6 1 , 6 2 , ...,6 j). 

Furthermore, if we let the vector a  6  to be

a  = (4.16)

Qi

Û2

ai

b

we can write the set of equations for aU I patterns as K ^ a  > 0, ' ij =  1 , Not e 

that the oSset b is included as the (f +  l)-element and the corresponding adjustments 

were made for K  and 6y. Alternatively, the j-th  constraint in a-space can be defined by 

k j a > 0 ,  i j  =  1 ,..., 1, since

k j a  = y ja ik  (xi, xy) -i- yja^k (xg, zy) + ... +  yyaj6  (xf, xy) + >  0. (4.17)

Replacing the kernel expressions by simple inner products, equivalence between 

equation (4.17) and the more commonly known perceptron formulation becomes more 

obvious as is described by the following inequality:
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yj(xix[Xj+yja2X^Xj+...+yjaixfxj+yjb =  yy  a ,x f  j  Xj+yjb = yy{w^Xj  +  b) > 0.

(4.18)

Since it is necessary to rewrite the optimization problem from equation (4.9) for the 

space of a ’s, computation of the slacks for each constraint is required. We have I slacks, 

which can be computed from Sj — kja ,  'ij =  I , ..., I. Previously, each pattern was 

characterized by its normal vector yjXj. This vector defined a hyperplane in the space 

of weights reducing the final feasible region to a cone in We have now moved

the problem to the space of a ’s. Therefore, the normal vector defining each hyperplane 

in a-space is given by kj. Note that the ofiset is included in kj, consequently, each 

hyperplane passes again through the origin; this time, however, in the space of a ’s. The 

logarithmic barrier function evaluates the summation over all slack values, which are 

given by Sj =  kJa, i j  — 1,...,/. Hence, the barrier is a function of a , i.e. $  =  $  (a). 

Again, as in section 4.1, the feasible region has the shape of a cone, which implies that 

the analytic center without any projection or box limitations imposed on the variables, 

does not exist. The analytic center of the barrier function is therefore calculated with the 

additional requirement that the set of variables (the a ’s) be projected on a hypersphere 

of radius R  = y/2. Consequently, we have to solve the following optimization problem:

min $  (a) =  — ̂  In (kJa j  (4.19)
j=i

s.t. h (a) =  - a ^ a  — 1 = 0 .

Figure 4.1 illustrates this situation graphically. We need to find the analytic center
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Faasfcle Region in a-space

-05 >

Figure 4.1: Feasible Region in a-space

of the feasible region, which is described by the intersection of several hyperplanes with 

the surface of the sphere. In the next section it wUl be shown, how the optimization 

problem can be solved using a projected Newton detîcent method.

4.3 A projected Newton descent method

In the previous section our discussion resulted in a constrained optimization problem, 

which must be solved by changing the set of a ’s. We started with the concept of a cone, 

which described all feasible tu's in weight space that would qualify to separate the two 

classes. It was then shown that a similar approach could be used to solve nonlinear
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instances resulting in roughly the same optimization problem. The two approaches 

differ in the space, in which the variables "live”, as well as in the parameters. For the 

linear case information can be stored in yjXj, while for the nonlinear case the kj's need 

to be computed. The vector kj depends on the kernel function as well as on the input 

data {xj,yj). In the following we have to address the optimization problem in (4.19) 

and implement an algorithm that allows solving this type of problem.

Let us start the analysis by introducing the Lagrangian of (4.19). With u being the 

Lagrangian multiplier we have:

If (q) =  $  (a) +  u • /i (a ) . (4.20)

The Karush-Kuhn-Tucker (KKT) optimality conditions [1] require that at optimality 

the gradient of the Lagrangian vanish (feasibility of the corresponding dual optimization 

problem). Moreover, primal feasibility is required as well, hence, the constraint in (4.19) 

represents an additional optimality condition. The following equations account for dual 

and primed feasibility and represent the optimality conditions:

V alf(a) =  Vq$  (q) + u-V a/i(a) (4.21)

h (a) =  — 1 = 0 . (4.22)

Next, define a new variable Z (a, u) and let us rewrite the optimality conditions in 

matrix form. Thus,
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Z  (or, «) =
V aL(a)

h{a)

V a $  (a) +  u • V q/i (a )

—  1

(4.23)

In a more compact form the optimality conditions require Z  (a, u) = 0. Employing 

the Newton-Raphson method to calculate a* and n*, the Srst-order approximation linear 

system

z  {ock, Uk) +  V a 2  (Qjfc, Ufc)
a - Q k 0

U-Uk 0

(4.24)

must be solved, in order to calculate the next iterate (a, u) =  (ofc+i, ujfe.fi). Equation 

(4.24) allows to iteratively approach the solution (a*,u '), with which we can compute 

the classifier. Here, V Z  denotes the Jéicobian of Z  and (ajfe,ujfe) represents the current 

iterate. We find for the Jacobian of Z

V Z  (Qjfe,UJfe) =
V2L(ajfe,ujfe) Vh(Qjfe,ujfe)

V/i (ajfe,ujfe) 0
(4.25)

Next, we need to compute the elements of VZ and Z  in order to move to the next 

iterate (Qfe+i,Ufc+i). Let us first examine the derivatives of the logarithmic barrier 

function and introduce a matrix S  6  3^’'̂  that carries in its diagonal the slack values 

Sj =  ajfe, where a* represents the current iterate. Moreover, let e =  (1,1 ,..., I) 

denote a  vector of ones in an appropriate dimension, here e E 3%̂. Then the gradient 

of $  (a) becomes V $ (a) =  —KS~^e. An alternative way of expressing the gradient 

of the barrier would be V $  (a) =  ^  ~  ~  The Hessian of the barrier can

be computed similarly, resulting in V^$ (a) =  K S ~ ^ K ^  or alternatively, (a) =
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* l  *2

Considering next the gradient and the Hessian of h, we find for the gradient Vh (a) =  

a  and for the Hessian (a) =  I,  with I  G representing the unit matrix.

Now it is easy to extend the discussion to the gradient and to the Hessian of the 

Lagrangian. In fact,

V^L(a,u) =  (a) +  u • V^/i (a) =  +  u • /

V L(a,u) =  (a) + u -V h { a )  = —KS~^e+ u • a

Putting it all together we find for Z:

Z{ak,Uk) =  

and for the Jacobian of Z:

—K S  +  Ufc • Qfc

(4.26)

(4.27)

(4.28)

VZ (afc,Ufc) =

a*

(4.29)
KS-^K '^  + Uk-I  Ofc 

0

We have now presented a  modified Newton procedure, which allows finding the 

minimum value of the barrier function subject to the constraint that all a ’s be elements 

of a hypersphere in Note the dimensions of Z  6  and VZ 6  R(^+2) x(f+2) ̂  

the (Z +  l)-th  element corresponds to the ofiset 6 , while the (Z +  2)-th element refers to 

the Lagrangian multiplier u.
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4.4 Implementation Issues

Until now, we have proposed a new method of selecting the optimal weight w* for 

learning linear classifiers. Hereafter, the idea of finding a value close to the central 

trajectory of a cone was extended to the nonlinear case. We have studied ways to 

obtain the optimal value (o:* or w*) from an open cone using concepts based on the 

analytic center. However, several remarks should be made about the current version of 

the algorithm. First, it is necessary to identify an interior point of the feasible region. 

Keep in mind that the barrier function is logarithmic; hence, it is not defined for q ’s 

yielding negative slacks. It might not be trivial to find an initial feasible solution, for 

which the Newton algorithm will work, in particular in the nonlinear case. Instead, it 

might be wiser to solve the problem in a  sequentisd way. What do we mean by that? 

So far, the algorithm is confronted with all available data right from the beginning. 

We might call this the batch approach. If we initiate on the other hand the Newton 

procedure pattern by pattern, we will be able to circumvent the problem of finding 

an initial feasible solution. Therefore, we will next turn our attention to the issue of 

implementation of this new approach in machine learning.

4.4.1 How to process a ’’good” pattern

We propose an online approach in computing the analytic center in a-space by evaluating 

an approximation of the center for some current set of constraints. Once a pattern is 

classified correctly, which means that the current iterate is inside the current cone, we 

let a  new pattern (a new hyperplane) enter the system of linear inequalities. Hence, for
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each, new pattern feasibility of the current solution is verified and adjusted. In the next 

few paragraphs we will outline the mechanics behind this way of solving the problem.

We initiate the algorithm with arbitrary starting values, q q  and u q . Next, the normal 

vector for the hyperplane in a-space is calculated:

=  (yifcu , , " , y i k u  y i)  =  (j/ifc ( x i , s i ) , y i k  (12, x O , - ,  y i k  { n ,  x i ) , y i ) .

(4.30)

Upon evaluating k j oq two alternative outcomes are possible. If the value for k j qq 

is negative, which by definition also means that the slack si = kfao is negative, we have 

to correct our current solution aq. Let us postpone for the moment the discussion of 

this case by assuming that aq is feasible, hence the slack is strictly positive. Remember 

that even for slack values equal to zero, the Hessian might be ill-conditioned as the 

logarithmic barrier approaches -l-oo in those cases. The gradient and the Hessian of the 

barrier function can be found respectively from

V$(ao) =  - -  
Si

V2$(ao) =
k i k f

(4.31)

(4.32)

Next, evaluate h (oq) =  ^a^aq — 1 as well as the gradient V h  (aq) =  aq. W ith this 

in mind we find for Z:

Z  (aq.Uq) =
— ̂  +  Uq aq 

ja J ’oq - 1

(4.33)
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Since the Hessian of h (a) equals the unit matrix with dimension { l + l )  x {1 + 1), 

the Jctcobian of Z is easily computed using

VZ (ao,uo) =
kikT + uq- I  ao

«o’
(4.34)

Based on the calculations of Z and VZ, the next iterate can be computed by solving 

the linear Newton approximation in equation (4.24). However, we would like to point 

out that this subproblem will not be solved to optimality, as we are not interested in 

the solution after having processed only one pattern.

Consequently, after having successfully computed what amounts to a i  and ui the 

normal vector corresponding to the second pattern is evaluated:

=  (2/2 ^ 12, ^2 *2 2 , Vikz, Î/2 ) =  (1/2* (zi, X2) , 2/2* ( l 2 , X2 ) ,..., 1/2 * (%(, Zg) , 3/2) •

(4.35)

Again, one needs to verify, whether the slack S2 = k^oti is positive and if so, the 

new values for Z and VZ are computed:

Z { a u u i )  =

V Z ( a i ,« i )  =

0

(4.36)

(4.37)

Hereeifter, we conduct an additional Newton search and update the current solution 

(o2 , «2 ) using equation (4.24) before repeating this procedure for the remaining patterns.
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Starting from an initial solution at ao =  (0.5,0.5) Figure 4.2 illustrates, how the current 

solution is adjusted, when we process successively the patterns and kz- The

updated solution is given by 0 3 .

1.41

Figure 4.2: The previous solution a j - i  is always feasible with respect to the pattern kj

Next, we will explain, how to adapt the algorithm for the case where the cone is 

significantly reduced by a new pattern such tha t the previous solution lies outside the 

new cone.

4.4.2 How to correct a ’’bad” pattern

If patterns are not correctly classified, the current iterate reprraents an infeasible starting 

point for the Newton optimization process, which excludes using this type of optimiza­
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tion. technique. To be more precise, suppose that we are at iteration j  and that the 

j- th  pattern reduces the feasible region so significantly that for the (j — l)-th  solution 

a j - i  lies outside of the cone. Looking at the set of slacks, this implies 

that the j-th  slack Sj will be negative. However, aU remaining slacks s i , . . . , a r e  

still positive. Hence, we either need to move the current iterate into the new cone or 

alternatively relax the shape of the feasible region, such that the new feasible set still 

comprises the ay-i of the previous iterate (o j- i ,  U j-i). Since we have only very limited 

information about the current position of (q j_i,U j_i) we decided to pursue the latter 

approach of relaxing the j- th  constraint of the feasible region.

Since there is only one constraint (constraint j ,  the last one that entered the system 

of patterns), which is violated by the current iterate, we only need to focus on the 

y-th slack value. Keep in mind that Sj is a measure of distance between Qj~i and the 

hyperplane k j a  = 0. Modification of the feasible region will be realized as follows. 

Since Sj is the sole parameter defining the position of the hyperplane, we can shift the 

hyperplgme parallel to itself by changing the value for Sj. For instance, the hyperplane 

k j a  = Sj passes exactly through the current iterate a j - i .  Obviously, the parallel shift 

is not yet suflBcient, as the barrier function approaches + 0 0  for this situation. For this 

reason, we need to shift the last hyperplane a  little farther, say, about ten percent of 

the slack value to guarantee that the current iterate a j - i  lies inside this ’’extended” 

cone. Consequently, the j- th  shifted hyperplane is defined by the set of all a ’s for 

which A:Ja =  l.lsy. This hyperplane will change the entry for the j-th  slack to —O.Isy. 

Remember that Sj is negative, therefore —O.lsy is positive. We have now adjusted the 

feasible region such that a j - i  is an element of the feasible perturbed set.
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Next, we need to invoke Newton’s algorithm to virtually "push” Qy_i to the analytic 

center of the feasible region. This will be realized by conducting five consecutive Newton 

steps. Let t =  1,..., 5 count the Newton steps on the relaxed problem. At each step, 

we will examine, whether the updated solution still violates the original

constraint >  0. If so, the remaining Newton steps are executed. Of course,

one must be very careful about updating the slack Sj  during this process.

Store the overall shift of the j- th  hyperplane in the vziriable total = — l.ls j. That 

way, once Newton’s algorithm offers a new the j-th. slack value is calculated

with respect to the original (unreléixed) problem, s =  ■ a. However, the Newton

procedure requires a positive slack value Sj_,, which means that the j - th  slack must be 

separately updated with respect to the relaxed problem. Therefore, sj is replaced by 

an intermediate slack valid only for the i-th Newton iteration on the relaxed problem 

=  total +  in order to yield the slacks for the i-th Newton iteration on the 

relaxed problem (define =  Sj).  This approach essentially measures the distance 

between ay-i,,- from the relaxed hyperplane k j a  = —total.

Nonetheless, it is possible that even after five Newton steps the analytic center of 

the relaxed feasible region does not yet satisfy the j-th  constrziint. Keeping in mind 

that total — — l.ls j  defined the position of the relaxed j- th  hyperplane we can calculate 

a new relaxed problem with a relaxed hyperplane that will lie between the first re­

laxed hyperplane and the original unrelaxed hyperplane (all parallel, we did not modify 

kj). Obviously, our situation will have improved after five Newton iterations, how­

ever, it is possible that the analytic center of the relaxed problem still violates the 

original problem. The new offset for the second relaxed problem can be computed as
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total =  — l .ls j_ i ,6 yielding the hyperplane Aj’a  =  —total. In other words the first 

relaxed hyperplane is moved to a new position reducing the relaxed cone. Hereafter, 

we invoke once more Newton’s descent algorithm. Either one of the intermediate iter­

ates Uj-i,») finally lies within the original cone, or we have to construct a third

intermediate hyperplane after five Newton steps. Recapitulating we have to deal with 

two different counters. Specifically, j  indicates the pattern and i indicates the Newton 

step executed. To increase readability we have refirained ftom introducing a third index 

denoting the number of relaxed hyperplanes needed until we have moved the current 

iterate inside the original cone.

Note that for each newly computed solution ones needs to verify all

slacks Sj, since it is possible that a pure Newton step leaves the feasible region. In our 

case the new a  could violate a constraint other than the one (sy), which has just been 

relaxed. This case arises particularly, if ay_i of the current solution is

located already rather close to one or more constraints [33]. We decided to halve the 

step size of a  pure Newton step and verify whether feasibility is given. If not, the step 

size is cut in half again and constraint violation is checked again.

Figure 4.3 displays the procedure of adjusting infeasible a -̂’s. As can be seen ao is 

feasible for the first pattern moving the current solution to Qi. Hereafter, the second 

training pattern kq reduces the feasible region significantly so that a i  is no longer fea­

sible. Thus the second constraint is relaxed by total' =  —l.lsg  =  — l.lsg  g. Conducting 

five successive Newton steps results in the new iterate â _g =  o"q. Obviously, the cur­

rent solution is not yet feasible with respect to the original problem. Therefore, a second 

relaxation (indicated by a second prime) has to be conducted. Hence, g and

41



the Newton method is invoked again. Feasibility is achieved at * =  2 and the training 

pattern can now be considered as a "good pattern”. Therefore, one more Newton step 

is conducted with respect to the original feasible region to classify &2 -

iRdaxAQon I. RdaxAiion

1.41 ‘

Figure 4.3: The current solution a i  is infeasible for the second pattern ki

We will now recapitulate our discussion until this point. The following generic 

pseudo code provides an overview of aU steps necessary for the implementation of an 

online analytic center machine.

Step 1 : Initialize

L  - Number of patterns 

j  - Current pattern, j  =
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i - Index to identify all patterns from 1, . . .,j

ao - Initial starting point, vector of ones

u - Initial Lagrangian multiplier for projection on sphere

Step 2a: Center and Add 

Set j  = I

Compute the newest kj according to k J  =  iy jkij,yjk2j, :.,yjkij,yj), 

the slacks s, =  k fa ,  Vi =  1, and let S  =  d ia g  (s ,), Vi =  I,

Let K  =  {ki, ...,kj) 

if  Sj < 0

go to step 2b: Correct 

else

go to step 2c: Update

Step 2b: Correct

Set total =  —1 .1  • Sj and Sreiax =  —0.1 • Sj (Problem relaxation)

Let Sfginx — d ia g  (si, sg,..., sy—i, 

w hile (Sj =  kjct < 0)

for newtoncounter =  1 to 5

compute Z  and VZ using equations (4.28) and (4.29) 

calculate new (a,u) using Newton’s approximation (4.24) 

if  (s =  a  > 0 )
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go to step 2c: Update 

else

update the j-th slack, Sj = t o t a l  -t- Sj {sj is still negative!) 

check feasibility of all other slacks ( s i , s y _ i )  

while m i n { 3 i ,  < 0

halve the pure Newton step 

compute s =  • a  and replace Sj, Sj = t o t a l  + Sj

endw hile 

endfor

Set t o t a l  = — l.I  • Sj (Construct new relaxation)

Replace Sj, Sj =  —0.1 • Sj 

endw hile

Step 2c: Update

compute Z  and V Z  using equations (4.28) and (4.29) 

calculate new (a, u) using the newton approximation (4.24)

J = j  +  1, return to step I
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Chapter 5

An Analytic Center Machine for 

Regression Analysis

5.1 Statement of the problem

In the previous chapter the concept of the analytic center machine was presented for 

classification problems. We now extend this idea to regression analysis. Again, we will 

first address the geometrical aspects and branch out horn there to the optimization 

model that extracts a suitable solution.

5.1.1 Geometry of Linear Learning Machines for Regression

Considering the problem of linear regression the variable definition must be changed 

slightly. Let Xj 6  and % 6  R describe a data set consisting of I samples {xj,yj). We 

would like to approximate this data set by a linear discriminant function /  (ar) =  w^x+b, 

where u; e  R^ and 6  6  R. Next, a learning machine based on the concept of the analytic
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center is developed. In section 5.2 we will demonstrate that the following approach 

can easily be extended to the case of nonlinear regression. Spelling out the feasibility 

constraints we find

^   ̂ Vj =  l,...,l (5.1)

f { x j ) - y j  < e Vj =  l,...,l.

Substituting for the discriminant function the following set of constraints is found:

y j - v F x j - b  < e Vj =  (5.2)

v F x j + b — yj < e Vj =  1,..., I.

Any feasible solution (to, b) of (5.2) will provide a possible solution for the regression 

problem. In the standard SVM approach the length ||to||^ is minimized. In this chapter, 

however, a solution will be computed that corresponds to the analytic center in the 

space of hypotheses. This means that w and b will be considered as variables while 

the data set of the problem (zj, yj) is fixed. Before we wiU discuss implications on the 

geometry of the feasible region (version space), let us simplify the equations. Defining 

w =  (m, 1 ) e  and zy =  (zy, 6) 6  reduces the set of constraints to

yy -  w^Xj < e Vj =  I , ..., I (5.3)

w^Xj  -  yy < e Vi =  I , ..., 1.
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Notice that the dimension of the input space has been extended by one, where the 

variable 6 essentially becomes Rewriting the set of equations yields:

w ^ X j  >  y j  — e Vj =  1..... I (5.4)

<  Vj +  e Vj =  1 ,..., I.

Consider the j th  pair of inequalities. The first inequality describes a halfspace with 

a normal vector x j  in and an ofiset yj — e. The second inequality corresponds to 

a halfspace whose normal vector is parallel to the one of the first halfspace, but whose 

ofiset is yj +  e. Here however, the direction of Xj is reversed, thus, these two halfspaces 

combine into a slab of infinite width and length.

Hence, for each j  we find a slab with normal vector Xj and two offsets of yj — e and 

yj +  e. The version space V {Tr ) (or feasible region) becomes therefore the intersection 

of I slabs of infinite length in Any vector w that satisfies all constraints lies inside 

all I slabs and solves the regression problem. Of course the solution provided by most 

of these w's will be rather disappointing. For support vector machine regression the 

objective function serves as a tool to extract a particular w. For the analytic center 

machine, the one w is selected that minimizes the sum over all logarithms of the slacks of 

the constraints. Intuitively, this solution attempts to extract a point inside the feasible 

region that is as far away &om the constraints as possible. Usually, solutions close to 

the boundary of the version space have a larger generalization error [5]. The following 

paragraph will illustrate this approach mathematically.
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5.1.2 Analytical Center of Version Space for Regression

Similar to the pattern classification instance, we will approach this problem by first 

computing the slacks that correspond to the constraints in (5.3). For the set of con­

straints, which currently describe the feasible region, a set of I lower slacks and I upper 

slacks can be defined:

Sj =  w ^xj —y j + e > 0  Vy =  1,..., I (5.5)

Sj =  —w^Xj + yj + € > 0  Vy =  1,..., I.

Obviously, each slab accounts for one upper and one lower slack value. Furthermore,

using once more the concept of the barrier function as outlined earlier in (4.5), we

compute the following expression for the logarithmic barrier function

$  ( 4 , 3 ? )  =  -  É  ( 4 )  -  É  ( 4 )  • (5 .6 )
j=l j=l

As for the pattern classification scenario the minimum of the logarithmic barrier 

function $  ^SpSj'j constitutes an excellent means of computing a point that will be 

far away firom all constraints. At this point we will refrain from a further analysis of 

the linear regression instance but rather continue the discussion from here, once the 

nonlinear and therefore the more general approach has been laid out. Section 5.2 will 

describe, how the problem can be transferred to the feature space using the concept of 

kemelization.
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5.2 Kemelization

In the previous section 5.1 the regression problem for linear instances was introduced. 

The space of hypotheses was presented providing a geometric interpretation of the con­

straint set in the space of t5’s. Next, the problem will be reformulated to solve nonlinear

regression problems. Elxpressing again the weight vector by a linear combination of data 
I

vectors, tu =  22 the set of 21 equations in (5.2) defining I slabs in weight space
i=l

can be reformulated as follows:

yj -  vF xj - b  =  î/j -  ( I ~ ^  = yj X j - b < e  (5.7)
\ t= l  /  i=l

V; =  1,..., I

T Xi•j + b - y j  =  ^ a . r ,  j X j + b - y j  = ' ^ a i x f x j +  b - y j  <
\t=i /  j=i

V; =

where Xj,w 6  yj,b  E R, and e 6  R"*". Recall that e can be interpreted as the 

precision of the regression function. Nonnegative values for e can be arbitrarily selected 

by the decision maker as long as the set of constraints remains feasible. Moreover, keep 

in mind that in many applications the input data reduces to a real scalar (time-series- 

analysis), thus we have d =  1 in these cases.

After this preprocessing step the regression problem can now be transferred to fea­

ture space by replacing the inner products by the kernel function k  (xf, Xj).  Therefore, 

the set of constraints representing the I patterns that are available for regression training 

can be described in the dual space of a ’s as follows:
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Vj -  53  -  6 <  e Vj =  1 , f (5.8)
i=l

I
1
i=l
53  otik (xi, X j )  + b - y j < e  Vj =  1, L

The set of linear inequalities defines a convex set in the space of q ’s . Any a  that 

solves the system in (5.8) is an element of the version space in the space of q ’s . It will 

be shown shortly that similar to linear regression the version space for the nonlinear 

variable a  corresponds geometrically to an intersection of I slabs. Once an acceptable 

feasible solution a  has been found, the regression function can be computed as

/  (x) =  ^  Qjfc (Xi, x) + 6. 
i=l

(5.9)

We are now ready to spell out our learning problem in a more compact form in 

Q-space. Define the matrix K  6  as:

K  =

kii  ki2 ... kii 

Aji &22 ... &2f

(5.10)

kii ki2 ... ku 

1 1 ... 1

Again, we follow the convention that the kij represent the kernel evaluated at the 

points Xi and Xj. Specifically, kij = k{xi,Xj). Note that K  differs slightly from the 

kernel matrix derived for pattern classification as the variable yj is omitted. By defining 

the vectors
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kj = (5.11)

kxj 

k2j

kij 

1

where kj 6  K  can be expressed as K  = {ki,k2 , —,ki). Furthermore, if we let 

the vector a £  to be

a  =

a i

Û2

ai

b

we can write the set of inequalities for all I patterns as

(5.12)

yj - k j U  < e ' ij  =  1 , I 

k j a - y j  < e Vj =  l,

(5.13)

Note that the ofiset 6  is included as the (/ +  l)-element and the corresponding ad­

justments were mWe for K  and kj. Verifying the current formulation for a linear kernel 

k  {xi, Xj) =  x f  Xj one computes for the halÈpace corresponding to the lower slack the 

same expression as in (5.2):
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y j - k j a  =  yj -  a ik ( x i ,x j )  -  a-ik{x2 ,Xj) -  . . . -a ik {x i ,X j)  -  b (5.14)

=  y j  —  a i x ^ X j  —  o t - i ^ X j  —  . . .  —  a i x f  X j  —  6 =

I
=  yy -  X I  “ tarfxy  -  6 =  yy -  w ^ ry  -  6 <  e. 

j=i

What type of geometry is described by the set of inequalities in (5.13)? Rewriting 

the constraints yields:

k J a  > yy -  e =  (5.15)

kjOL < yj + e Vj =  1,..., I.

Hence, for a given j  there are two constraints each defining two hyperplanes parallel 

to each other with normal vector kj  6  It can be seen that all feasible a ’s must lie 

in between the two hyperplanes. In other words, the two hyperplanes represent a lower 

and an upper bound for a slab in between which all feasible solutions for the j- th  

point of the regression data are contained. Note that here the data ’’lives” in a space 

whose dimension is (1-t-l), while in  the linear model the slabs were constructed in 

Next, a lower slack Sj and an upper slack s“ can be defined for each data sample:

Sj- =  k J a  — yj + e>Q  Vj =  1 ,..., I (5.16)

s“ =  - f c j a -f-y j- I -e >  0 Vj =  I , ...,/.

For example, if a vector a  is considered, which lies exactly in the geometrical center of
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the j-th. slab, then the lower slack and the upper slack should both be equal, specifically

4  =  4 -

Before the general case of I slabs is discussed, let us first elaborate on the situation, 

where 1 =  2. This means for the regression training problem that a regression function 

for two points must be derived. Then the feasible region in the space of a ’s is an 

intersection of two slabs. Keeping in mind that the dimensionality in the space of a ’s 

exceeds the number of training points by one, the two slabs will ” live” in this case in 

a three-dimensional space, The intersection of two slabs in 3%̂ results in a feasible 

region which is unbounded and therefore not compact. This important finding indicates 

that the logarithmic barrier function will attain its mînimnm at infinitely many points, 

if no additional constraints are imposed.

Similar conclusions hold true for the case of I points. Since a  € the inter­

section of I slabs will not yield a  bounded feasible region. Suppose for a moment that 

additional slabs were available to compéictify the feasible region (version space). Then, 

minimization of the logarithmic bzirrier #  (a) would result in a unique global minimum, 

a*, in other words the solution would be represented by a single point. Since the col­

lection of constraints comprises only I slabs, the feasible region of the current model is 

unbounded and the barrier function attains its minimum on points lying on a line, if 

the I vectors kj are linearly independent. If some of the kj are linearly dependent, the 

set of a*’s yielding the same m inimum barrier value are found on an affine space of the 

dimension of the nullspeice of K ,  N  = null (K").

The question is, which one of the infinitely many solutions for $ ( q*) we should 

choose. Since the only point on a  line or a hyperplane with a  distinct characteristic is

53



the point closest to the origin, it seems most appropriate to select this minimum norm 

solution.

Next, it is necessary to formulate the additional constraints that allow us to isolate 

this point. Let qj indicate the vectors, which are perpendicular to all 1 vectors kj. In 

other words, the vectors qj form a basis for the nuUspace of K  and let v be the dimension 

of this nuUspace v =  dim{N).  We know that there exists at least one qj. However, 

depending on how many vectors kj are linearly dependent up to I vectors could form the 

nuUspace leaving a one dimensional rangespeice of K, range (K) € K. Finally, introduce 

the matrix Q, which carries aU qj, Q =  (gi,

Since the qj are perpendicular to aU kj, they provide an exceUent tool to ’’close" 

the feasible region, as they can be used to define pairs of haUspaces (slabs) that will 

compactify the set of constraints. Thus, two paraUel hyperplanes with normal vector 

qj wiU be sxifficient to exclude aU but one solution firom the set of vectors minimizing 

the logarithmic barrier function along a particular direction qj. Intuitively, we provide 

two "lids" to close the feasible region with respect to the direction qj. Moreover, if we 

use the same e as in expression (5.16) and if we set yj =  0, we wiU extract the solution 

along the direction qj, which is closest to the origin. Repeating this procedure for aU 

qj, we extract an a  that minimizes the logarithmic barrier function and that is closest 

to the origin (minimum norm solution). We thus have to deal with the foUowing set of 

constraints describing v  additional slabs:

q fa  > 0 - e  Vj =  I,...,v  (5.17)
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q ja  < 0 +  e Vj =  1 , v.

These inequalities translate into the following set of slack values:

Si^j =  gyG! -0 - f €> 0  Vj =  l , . . . , t ' (5.18)

=  - g J a  + 0  +  e > 0  Vj =  1 ,

Consequently, we have to solve the following unconstrained convex optimization 

problem:

I I
min $  (a) =  — ^  In (^kja -  î/j + «) “  1» ( — a  4- j/y +  e) (5.19)

j=i j=i

( - ç j a  +  e)
j=i j=i

The first sum in the objective function refers to the lower slacks Sj, the second sum

refers to the upper slacks s“ , while v denotes the dimension of the nuUspace of K .  The

third and fourth sum indicate the additional set of v slabs necessary to compactify the 

feasible region.

The foUowing section 5.3 wiU outline, how an initial feasible solution can be found 

by solving a linear programming problem. Thereafter, a conjugate gradient method wiU 

be presented that solves the optimization problem in (5.19).

5.3 Finding an initial feasible solution (Phase I)

In the previous section 5.2 an optimization problem was developed that wiU identify 

the analytic center solution for the regression analysis problem. In order to find the
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TniniTmim value of the logarithmic barrier function availability of an initial feasible 

solution would significantly facilitate the algorithm. For the optimization problem at 

liaTiH an initial feasible solution can be obtained as follows. Introduce a new function 

h : 3%̂+̂  -+ R, where h is defined on the set of constraints described in (5.13). It can 

be seen that the epigraph of h defines an unbounded, yet convex set. Consequently, 

for two different values for e with the restriction eg >  e\ the following observation 

can be made. Suppose, the set Li comprises all feasible a i  for ei, thus Li =  {«i € 

: Vj -  k ja i  < Cl, k f  a i  -  % < ei, Vj =  1,..., I}. Similarly, Lg =  {ag €  3%'+'̂  :

yj — fcjag <  cgjfeJ’ag -  yj < eg, Vj = I,...,/}. Since eg > ei and since h is a convex 

function, we can conclude that Lg D Li.

W ith this in mind consider the following remark: if we can compute the smallest 

possible e (emm) and simultaneously the corresponding solution vector, then this par­

ticular vector will be an initial feasible solution for all other e, since we always have 

e >  emin- Thus, minimizing e subject to the feasibility constraints in (5.13) results in a 

liTiPAr programming problem yielding an initial feasible solution and at the same time a 

lower bound for the value of e. Finally, in order to extract the miniTmim norm solution, 

additional constraints have to be imposed, similar to the ones introduced in expression 

(5.17). Thus, the linear programming model becomes:

min e (5.20)

s . t . y j - k j a  < e Vj =  ! , . . . ,(  

k f a - y j  < e V j  =  1, I.
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-q J a  < e V; =

qJa < € =

Call the minimiim value of the objective function of this linear program and 

the corresponding solution vector otinu- We will call this part of the algorithm phase I, 

since it directly influences phase II, the minimization of the barrier for a given £ selected 

by the decision maker. Phase I provides the decision maker with the information about 

the smallest value of £ that he can select without the set of constraints in (5.20) and 

(5.13) being infeasible. Note that emin =  0 means that we have perfect curve fitting, 

^init  — Vjt Vy =  1 ,..., I.

5.4 A conjugate gradient method to minimize the loga­

rithmic barrier (Phase II)

In section 5.3 it was demonstrated that a simple linear programming problem can be 

used to identify an initial feasible solution for the optimization problem in (5.19). 

Note however that if the decision maker selects £ =  £mm the logarithmic barrier function 

is not defined, in fact, the feasible region degenerates to a point. In that case a,-n>t is 

the solution. This part of the regression training algorithm was referred to as phase I. 

In this section a conjugate gradient method will be presented that edlows computation 

of the minimum value of the logarithmic barrier function $  (a). This will be phase II 

of the regression training algorithm, which identifies the optimal set of a ’s for a given 

£ >  emin- BecaU that the optimization problem that needs to be solved is
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min $  ( q ) =  — ^ / n  {kJa  — yj + ej —^ I n  (̂—k j a  +  t/j +  ej (5.21)
j= i i=i

V

-  in +  e) -  ^  /n [ - q j a  +  e)
3=1 i=i

I ( t+v l+v

j=i i= i j=i+i j=i+i

keeping in mind that the third and fourth summation refer to the additional con­

straints necessary to guarantee a compact feasible region. Conjugate gradient methods 

appear rather appealing for this type of unconstrained optimization problem due to 

their limited storage requirements. Depending on the exact type of conjugate gradient 

method we require only three or four n-vectors to be stored in memory for the algorithm 

[I]. In the following the somewhat general procedure for conjugate gradient methods 

will be briefly laid out.

We wish to minimize the unconstrained function $  : % with ct̂  representing

the argument to be minimized at iteration j .  The next iterate is computed &om

(5.22)

where constitutes the search direction and V  the optimal step length minimizmg 

the barrier function $  along z^. The algorithm is initialized by defining the first search 

direction as the negative gradient of $  at a°:

2 ° =  - V $  (a°) . (5.23)

Hereafter, all new search directions are computed as convex combinations of the
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previous search direction and the current gradient

2̂ +1 =  - V$ +t - z^ ,  (5.24)

with t representing the so-called deflection parameter. Various approaches exist 

to compute t [1, 2]. In this discussion we follow Fletcher and Reeves’ approach by 

employing

t =  - - " 7 -  r V - . /  " '  • (5.25)

As can be seen one essential ingredient in conjugate gradient methods is the compu­

tation of V $  (a). Consequently, we will next devote our attention to finding a compact 

way of computing the gradient of the logarithmic barrier function. Recall that overall 

there are (1 -t- u) slabs resulting in (1 -f- u) upper slacks and {I + v) lower slacks, respec­

tively. For simplicity, we will include all inequalities at once in our discussion, thus, 

we will introduce variables with the subscript ”ext” indicating the extended vector or 

matrix, which includes also the additional constraints that extract the m i n im u m  norm 

solution. Recall that Q =  (gi, ...,gu) 6  Thus, let

Kext =  [K, Q] e  R('+i)x((+"l (5.26)

and

Vext =  {yi, , VI, 0, - ,  0) e  (5.27)

which means that we add exactly v zeros to the vector containing the yj. Next,
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fimfiTiA a vector g' ceirrying (/ +  v) lower slacks as well as a vector s“ with. (I + 1>) upper 

slacks. Moreover, with =  ( 1 , 1 , 1 )  6  the lower and the upper slacks for all

(I -h v) slabs can be calculated in closed form as follows:

s' =  K ^ ta  -  1/eit + e • e > 0 (5.28)

s“ =  +  i/ext +  € • e >  0 .

Let Sj and Su be the corresponding diagonal matrices of the vectors s' and s“ . 

Hence,

Si =  diag (s ') =  diag -  j/ezt +  e • e) (5.29)

Su =  diag (s“) =  diag +  t/eit +  e • e) .

Using the above definitions the gradient of $ (a) becomes:

V $ (a) =  KextS-^e -  üText^f'e. (5.30)

In  open form V $ (a) corresponds to

<“>=& - 1 )  ̂(I: ■ 5^)
where the variable a  is embedded in the various slack values. Notice that for vectors 

that are located exactly in the center of a  given slab the gradient components of the lower 

and the upper hyperplane cancel out resulting in a zero gradient for this particular slab.
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Once the deflection parameter t and the new search direction have been calculated, 

a line search must be performed mim'Tnîzîng $  (a) along the direction

Consider the first iteration and let =  a° +  Az°. Plugging this expression into 

equation (5.21) yields;

$  (A) =  - ^ / n  (k ja °  - y j  + e + X k J ^ / n  (^-kja° + yj + e -  XkJ2 °) (5.32)
i = i  j = i

— (qjoi^ +  e +  X q J { —c^cP +  e — Açjz^j.
j= i j=i

In order to compute the minimizer A’ of $  (A), the following equation

5$

must be solved. Employing Newton-Raphson’s method this translates into the fol­

lowing first-order linear approximation:

g^ +  ^ ( A - A , ) = 0 .  (5.34)

where k  denotes the number of iterations with respect to Newton’s zilgorithm. In 

order to solve equation (5.34), the first and the second derivative of $  (A) must be 

computed. The following notation will simplify these expressions. First, let m =  

where the superscript zero refers to the fact that at this point we wish to compute 

oP from the line search. Recall the vectors of the lower and the upper slack, ^  =  

■K^ct-t/ext +  e-e and =  —-K^ct-F-yeit +  e-e, which can be used to define new slack 

vectors for the line search, more specifically, é  =  ŝ  -i-Am, and c" =  s" — Am. Note that
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(/, c“ €  indicating that the additional set of slabs that compactées the feasible 

region is included here. Next, let

Cl =  diag =  5; +  A • diag (m) (5.35)

Cu =  diag (c“) =  5u — A • diag (m) .

Using the above variables the first and second derivatives for the line search result

in

^  -  m^Ci ’’e (5.36)

Eind

=  m^C„ +  mFCi (5.37)

which allows us to compute A* that solves equation (5.34) and minimizes $  (A) 

along After that, can be calculated from equation (5.22). Next, the slack values 

are updated and the gradient V$ (a^) is computed before a new descent direction is 

determined from (5.25) and (5.24). Let us review all the steps involved in the two-phase 

minimization process:

1. Phase I: Set j  =  0 eind find an initial feasible solution a,nit = od as outlined in 

section 5.3. Select e > Emin-

2. Phase II: Compute the first descent direction =  —V$ (or̂ ) using equation 

(5.30).
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3. Phase II: Perform a line search solving equation (5.34) and update a  according to 

qJ+i — qP ^  \3z^. Set j  =  1 .

4. Phase II: Compute the new slacks and the new gradient V0 (or̂  ) from equation 

(5.28) and (5.30).

5. Phase II: Compute t  as described in (5.25).

6 . Phase II: Find the new descent direction =  —V 0 (a^) + 1 • z^~^ (5.24).

7. Phase II: Perform a line search solving equation (5.34) and update a  according to 

qJ+i — qP ^  \3zK Increase j  by one and go to step 4.

Next, a simple example further illustrates the mechanics behind an analytic center 

machine for regression.

5.5 Regression Training: An Example

We wish to approximate a sequence of three points (1 =  3) as shown in Table 5.1.

Table 5.1: Example Data for Regression 

Data for X 1 2 3

Data for y 1 1 2

Before the actual algorithm can be executed, all necessary variables must be cal­

culated. Let y  denote the set of target values =  (1 , 1 , 2 ) and introduce the kernel 

function that will be used, k  (r ,, Xj) =  XiXj 4 -1. Since a linear kernel is used, we perform
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a linear regression. By simply changing the degree of the kernel function, higher poly­

nomial regression functions can be analyzed. However, for a problem consisting of only 

three data samples even a quadratic kernel would already result in perfect curve fitting. 

Consequently, the linear programming problem in (5.20) would identify already the 

optimal coefficients, rendering the phase II search for the analytic center unnecessary. 

Define the coefficient vector a  =  (ai, a 2 , 0 3 , b) 6

Next, let us consider the kernel matrix K.  For the first element k n  = k =

xi • x i -i- 1 one finds k n  =  2. Repeating this procedure results in tgi =  3 and fcsi =  4. 

Hence, k'[ becomes k f  =  (kn, 6 2 1 ,^31 , 1 ) =  (2 ,3 ,4 ,1 ) and the kernel matrix can be 

expressed as follows:

K  =  [fci,fc2,fc3] =

2 3 4

3 5 7

4 7 10

1 1 I

For the vectors spanning the nuU space one finds g[ = (1, —2,1,0) amd =  

(—2,1,0,1). Recall that the null space has at least the dimension one, here however 

V =  2, which means that 6 1 , 6 2 ,6 3  are not linearly independent. Consequently,

Q = [9 1 , Ç2] =

1 - 2

- 2  1

1 0

0  1
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Finally, let us spell out Kext a n d  Vext

Kgxt — [^1) ^2 ) 3̂) Qlt 92] —

2 3 4 1 - 2

3 5 7 -2  I

4 7 10 1 0

1 1 1 0  1

Vext —

1

1

2

0

0

where yext has been extended by exactly v zeros. We are now ready to formulate 

the linear programming problem, which will provide the initial feasible solution as well 

as information about the smallest possible e. Spelling out the equations yields

mm e

s.t.

1 2 3 4 1 r - 1

0:1
1 3 5 7 1 1

Q2

2 — 4 7 1 0  1 • < e 1

«3
0 1 - 2 1 0 1

6

0 - 2  1 0 1 1

2 3 4 1 1 1

3 5 7 1 1 1

« 2
4 7 1 0  1 • 2 <  e- 1

as
1 2 1 0 0 1

b
- 2 1 0  1 0 1

While the objective function attains its miniTmi-m at emin =  0.25, the corresponding
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optimal coefficients are =  (0.025,0.075,0.100,0.025). In other words, for e =  

Cmin =  0.25 the feasible region degenerates to a simple point. Therefore, the decision 

maker must choose e >  0.25. In this example e =  0.5 is selected for the analytic center 

analysis. Now, we are ready to proceed to phase II. Let

4 = A :f a - y i+ e >  0

4 = — 2/2 +  e ^  0

4 = k j a - y z  + e > 0

= g fa  -  0 +  e > 0

4 = 02 0: — 0 +  £ >  0

= —k'[ a  +  Î/1 +  e >  0

2̂ = —f ^ a  +  y2 +  Ê ^  0

«3 = —k^ O' +  Î/3 +  e >  0

= —Qioc +  0 +  e >  0

St = -02  o: +  0 +  £ >  0

be the lower and the upper slacks. Then the optimization problem

min $  (a) =  —lns[ — Ins^ — Insg — lns[ — fnsg — fns“ — InsJ — Ins^ — /ns“ — Ins^ 

will identify the analytic center closest to the origin.
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Iteration 1:

We start with (a°)^ =  (0.050,0.075,0.100,0.025) from Phase I and compute the slacks 

from equations (5.16) and (5.18) or equivalently from (5.28) and write them in matrix 

form:

0.75 0 0 0 0 0.25 0 0 0 0

0 0.25 0 0 0 0 0.75 0 0 0

0 0 0.75 0 0 , 5? = 0 0 0.25 0 0

0 0 0 0.5 0 0 0 0 0.5 0

0 0 0 0 0.5 0 0 0 0 0.5

Here, the superscript ’’zero” refers to the initial situation before completion of the 

first iteration. From the slack matrices the gradient of the barrier function can be 

determined. Using equation (5.30) V $ ( a )  becomes

gO =  V $ (a )= iC « ,t(5 2 ) 'e - ife x t(5 ? )  'e  =

I  \
- 8.0000

-13.3333

-16.6667

-2.6667 
\  /

while in the absence of a previous descent direction we can write for from (5.23):
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2 ° =  -g °  =

(  \  
8.0000

13.3333

16.6667

\
2.6667

Before we minimize $  (a) along define:

m =  =

2 3 4 1

3 5 7 1

4 7 10 1

1 - 2 1 0

- 2 1 0 1

(  \  
8.0000

13.3333

16.6667

2.6667

/  \  
133.3333

224.0000

314.6667

0

V 0
Next, the new iterate +  A*z° is computed using Newton’s approximation

solving equation (5.34) which is:

^  +  ^ ( A - A t )  =  0 .

Let the initial solution be Aq =  0. Then the slack matrices for the line search C„ 

and Q  are identical to 5^ and 5P as described in equation (5.35). Note that no indices 

are assigned to Cg and Q  to increase readability. Nonetheless, the reader should be 

aware that j  refers to the iteration of the outer loop updating the while an inner 

loop consists of the line seenrch finding an optimal A* for each o?. For Aq =  0 one finds:

68



Cu =  5u — A • diag (m) = Su =

Cl = Si + \  - diag (m) = Si =

0.75 0 0 0 0

0 0.25 0 0 0

0 0 0.75 0 0

0 0 0 0.5 0

0 0 0 0 0.5

0.25 0 0 0 0

0 0.75 0 0 0

0 0 0.25 0 0

0 0 0 0.5 0

0 0 0 0 0.5

Now calculate the first and second derivative of $  (A) using expressions (5.36) and 

(5.37).

dX

= rT^C~'^m + =  2.9683 • 10®

Using a rather weak stopping criterion of ^ |  <  0.01 Newton’s algorithm terminates 

after one iteration with A* =  2.0124 • lO"'* (experimentation appears to indicate tha t a 

careful line search does not increase the performance of the algorithm). We conclude 

the first iteration by updating the vector a. from (5.22):
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a =  Q° +  A* 2° =

0.050 8.0000 0.0516

0.075
+ 2.0124 • 10""̂  •

13.3333 0.0777

0.100 18.6667 0.1038

0.025 ^  ̂ 2.6667 ^  ̂ 0.0255 ^

Iteration S:

The new iterate is =  (0.0516,0.0777,0.1038,0.0255) and the slack matrices be­

come:

0.72 0 0 0 0 0.28 0 0 0 0

0 0.20 0 0 0 0 0.80 0 0 0

0 0 0.69 0 0 . sl = 0 0 0.31 0 0

0 0 0 0.5 0 0 0 0 0.5 0

0 0 0 0 0.5 0 0 0 0 0.5

With these expression the gradient is updated to:

9^ =  -Kelt(5^) e - Kext(Si^ e =

( \ 
-0.5339

-0.7251

-0.9163

-0.3427

Contrary to iteration 1 a previous descent direction is now available, thus, t must be
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computed to determine a convex combination of the current gradient and the previous 

descent direction:

=  0.003.
V # (a°)^V$(QO)

Next, the new descent direction can be found from

= -g^  + 1 • = +  0.003

f  \  (
0.5339

0.7251

0.9163

0.3427

For the line search we have to recompute m:

V /

\

\

8.0000 0.5576

13.3333 0.7645

18.6667 0.9715

2.6667 ^  ̂ 0.3506 ^

2 3 4 1

3 5 7 1

4 7 10 1

1 - 2 1 0  

- 2 1 0 1

( \ 
0.5576

0.7645

0.9715

0.3506

7.6453

13.6465

17.6477

0

0 /

Again, A is set initially to Aq =  0 which implies that — 5^ and Q  =  S \  for 

the first Newton iteration (otherwise subtract or add A times m according to equation 

(5.35)):
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Cu =

0.72 0 0 0 0 0.28 0 0 0 0

0 0.20 0 0 0 0 0.80 0 0 0

0 0 0.69 0 0 , Cl = 0 0 0.31 0 0

0 0 0 0.5 0 0 0 0 0.5 0

0 0 0 0 0.5 0 0 0 0 0.5

With m, Cu, and Cj we can solve the first-order approximation

âX + â Â â ( ^ - ^ ‘ > = ‘’-

Note that for other stopping criteria several Newton steps might have to be per­

formed until a solution has been reached. Accordingly, Cu and Cj will difier from 

zind 5 /, as Afc will no longer be zero. The first and second derivative of §  (A) become:

^  =  m^Cu — m^Cj ê = —1.8623

aA2 =  m^C„ -F m^Cj =  8.7690 • 10̂

After one iteration the optimal parameter is found to be A* = 2.1238 • 10"“*. Com­

puting «2 yields

0=2 =  -I- A*2^ =

/  \  
0.0516

0.0777

0.1038

0.0255

-I- 2.1238 • 10- 4

/  \ (  \
0.5576 0.0517

0.7645 0.0778

0.9715 0.1040

0.3506 , , 0.0256
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Iteration 3:

The new iterate is {o^Ÿ" ~  (0.0517,0.0778,0.1040,0.0256) and the slack matrices be­

come:

S l =

0.7215 0 0 0 0 0.2785 0 0 0 0

0 0.2022 0 0 0 0 0.7978 0 0 0

0 0 0.6829 0 0 . 5? = 0 0 0.3171 0 0

0 0 0 0.5 0 0 0 0 0.5 0

0 0 0 0 0.5 0 0 0 0 0.5

Calculating the gradient yields:

/  \  
-0.0955

0.0127

0.1209

-0.2038V
The parameter t is derived as before horn

=  0.037

and the new descent direction results in:
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+ t-  =

0.0955 0.5576 0.1162

-0.0127
+  0.037 •

0.7645 0.0156

-0.1209 0.9715 -0.0850

 ̂ 0.2038 ^  ̂ 0.3506 ^  ̂ 0.2167 ^

For the line search we will need

2 3 4 1

3 5 7 1

4 7 10 1

1 - 2 1 0  

- 2 1 0 1

m =  =

(  \  
0.1162

0.0156

-0.0850

0.2167V

0.1559

0.0483

-0.0593

0

0

For Ao =  0, which implies that =  5^ and Q  =  S\, the first Newton iteration 

gives

^  — rn^Cf^e  =  -0.0653

=  0.4641

resulting in a new Ai =  0 — = 0.1407. For the second Newton step the

matrices Cq and Q  are updated to
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Cu =

0.6996 0 0 0 0

0 0.1954 0 0 0

=  5^ — A • diag (m) = 0 0 0.6912 0 0

0 0 0 0.5 0

0 0 0 0 0.5

0.3004 0 0 0 0

0 0.8046 0 0 0

=  S f + X- diag (m) = 0 0 0.3088 0 0

0 0 0 0.5 0

0 0 0 0 0.5

and the values for the derivatives become

^  =  m^Cu — m ^ C f ’̂ e = -0 .0026

=  m^Cu C, =  0.4286.

Thus, the optimal step length for the line search is found to be A* =  0.1407 

îf?^6" — 0.1469. Now compute as before:

+  A* 2^ =

\ /  \ /  \
0.0517 0.1162 0.0688

0.0778 0.0156 0.0801
+  0.1469 • =

0.1040 -0.0850 0.0915

0.0256 0.2167 , 0.0574/ \  / V /
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Continuing this process for two more iterations one finds for

=  (0.0704,0.0801,0.0897,0.0610) and for =  (0.0705,0.0801,0.0897,0.0610). 

It becomes apparent that the updated solution vector for a  does not significancly change 

any more.

Therefore, we have found the optimal solution a* =  (0.0704,0.0801,0.0898,0.0610). 

The logarithmic bcirrier function attains its minimum value of $  (a*) =  4.9538. More­

over, a* represents the minimum norm solution, as q f a* = 0  zind g^a* = 0  show that 

a* is perpendicular to qi and %.

Next, it will be demonstrated, how to compute the functional values for the re­

gression function. For example, for x =  0, we have /  (0) =  QiA: (xi, 0) -I- ogA: (xg, 0) + 

aafc (X3,0) +  6-1 =  0.0704- (1 • 0 -h 1)4-0.0801 -(2-04- 1) 4-0.0898 - (3-04-  1)+ 0.0610 = 

0.3013. Similarly, / (3)  =  0.0704 - (1-3  +  1) +  0.0801 - (2-3 +  1) +  0.0898 -(3-3 +  1) + 

0.0610 =  1.8013. Figure 5.1 shows the graph of the regression training as well as the 

available data samples.
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Analytic Canter Machine Regression
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Figure 5.1: Analytic Center Machine for Regression, Linear Kernel, e =  0.5
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Chapter 6

Computational Results

6.1 Results for Pattern Recognition

6 .1 .1  T ests on  S y n th etic  D ata

Preliminary experiments were conducted comparing the performance of the analytic 

center machine to support vector machines. Both approaches were implemented in 

MATLAB and compared on two datasets, which have been previously used by Herbrich 

et al. in [9]. Ten thousand points were randomly generated in [—1,1]^ C and as­

signed a random label of 4-1 or —1. Hereafter, a sample of ten points was selected for 

training. The size of the test set comprised all 10,000 points for each one of the experi­

ments. An exponential kernel K  (xj, Xj) — exp j  with a  = I was used for the

analysis. Table 6.1 displays the percentage values for the generalization error. As can 

be seen analytic center machines clearly outperform support vector machines for both 

experiments. Moreover, analytic center marhinfis demonstrate a similar generalization 

behavior as Bayes point machines [9].
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Dataset SVM[9] BPM [9] ACM

Dataset I 6.50 6.10 6.22

Dataset 2 15.10 8.00 8.68

Furthermore, we solved some problems graphically indicating the change of the 

decision surface. Figures 6.1 and 6.2 display the solutions for the analytic center machine 

and a support vector machine, respectively. Two classes were separated using again an 

exponential kernel k(xi ,Xj)  =  exp with cr =  1. It can be seen that the

separation achieved by the analytic center machine is much smoother than for the 

support vector machine. This is due to the fact that the analytic center solution is 

influenced by all patterns, while the support vector machine includes only information 

from the support vectors.

6.1.2 Tests on Standard Benchmark Data

In addition, performance of the analytic center machine was examined using three real- 

world datasets. The datasets h e a r t  and thyroid originate from the UCI Repository 

[3], while the dataset banana was previously used as a benchmark in [9, 23]. Each 

of the datasets consists of 100 training and test sets, which are randomly partitioned 

as follows. The datasets h e a r t  and thyro id  exhibit a training to test set ratio of 

60%:40%, while the dataset banana is partitioned based on a ratio of 10%:90% Ta­

ble 6.2 shows the meains and standard deviations for the support vector machine, the 
^These datasets are publically avWlable at http://wwwJrst.gmd.de/ raetsch/
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Analytic Center Solution
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Figure 6.1: Analytic Center Solution

Bayes point machine, as well as for the analytic center machine, with the analytic center 

machine experiments being conducted using ACCPM [20], an analytic center optimiza­

tion software. The fourth column indicates tr as it was used in the kernel function 

k{xi,Xj) = exp y  Finally, the fifth column represents the p-values for a

pooled-variance t-test using a level of significance of 0.05 and verifying the hypothesis 

SVM  is greater than A CM . The research on the zmeilytic center machine for classification 

is also reported in [30].
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Suppoil Vector Solution
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Figure 6.2: Support Vector Solution

6.2 Results for Regression Analysis

6.2.1 The ’sine’ function

Various synthetic functions were examined for experimentation. In this subsection the 

’sine’ function

/  ( i)  =  0.9
sin(lQx)

lOx (6 .1)

is approximated. Figures 6.3 to 6.6 depict the behavior of /  (x) as well as the 

respective analytic center regression estimator using a polynomial kernel of the type

k{xi,xj) =  (xj «Xj+  1)^
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Dataset SVM [9] BPM [9] ACM <T p-value

h eart 25.40 ±  0.40 22.80 ±  0.34 21.87 ±  3.51 10.00 1.0000

th y ro id 5.30 ±  0.24 4.40 ±  0.21 4.91 ±  2.28 3.00 0.9548

banana 16.20 ±  0.15 15.10 ±  0.14 14.73 ±  1.69 0.50 1.0000

The degree of the kernel p was varied beginning with a second degree polynomial 

yielding a rather mediocre approximation. For a polynomial kernel of degree six ap­

proximation of the ’sine’ function is significantly improved compared to the quadratic 

kernel.

The tenth degree polynomial kernel results in performance improvements around 

the points x =  0.8 and x  =  —0.8. For a degree of p =  15 the analytic center regression 

approach results in almost perfect curve-fitting on the training set. For all experiments 

the precision was set to e =  0.5.

6.2.2 Benchmark tests

Hereafter, regression performeince was tested on the three Ftiedmann-functions, which 

are popular benchmark datasets in regression analysis [32]. A polynomial kernel of 

degree p =  2 was adopted and e was selected as indicated in Table 6.3. For each of 

the three functions the training set consisted of 240 samples. The mean-square error 

of the regression estimator was then computed based on an average of ten runs on the 

training set. Performance of the analytic center machine for regression was compared 

to the support vector machine algorithm as outlined in equation (3.4). In addition, the
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Analytic Center Machine Regression
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Figure 6.3: Analytic Center Machine for Regression, 2nd Degree Polynomial Kernel, 

e =  0.5

set of estimators corresponding to the initial feasible solution {oinit) was included as 

well in the column indicated MSE(LP). These results can also be foimd in [13].
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Figure 6.4: Analytic Center Machine for Regression, 6th Degree Polynomial Kernel, 

e =  0.5

Table 6.3: Experimental Results

Dataset MSE(ACM) MSE(LP) MSE(SVM) e

Friedmann 1 2.41 db 0.27 5.27 ±  3.80 18.47 ±  2.66 10

Friedmann 2 (1.79 ±  0.37)-10® (2.02 ±0.52)-10® (2.31 ±0.41) -10® 1200

Friedmann 3 0.79 ±  0.09 0.95 ±  0.16 1.32 ±  0.27 3
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Analytic Center Machine Regression
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Figure 6.5: Analytic Center Machine for Regression, 10th Degree Polynomial Kernel, 

e =  0.5
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Analytic Center Machine Regression
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Figure 6.6: Analytic Center Machine for Regression, 15th Degree Polynomial Kernel, 

e =  0.5
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Chapter 7

Summeiry, Conclusions and

Recommendations

7.1 Summary

In this work, motivated by the support vector machine learning algorithm, we have 

developed new methods for solving problems in pattern classification and regression 

analysis. The version space of both problems was examined and the analytic center 

of these spaces was computed. Using the analytic center discriminant functions were 

computed that outperformed traditional learning machines.

7.2 Recommendations for Future Research

Preliminary experimentation has demonstrated that analytic center machines possess 

a promising potential for generalization. Future research might focus on an algorithm
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which deletes some or all of the nonblnding constraints. This could lead to a consid­

erable improvement in performance, when large-scale problems are discussed. In our 

current implementation the analytic center of the version space is computed using all 

patterns. Reducing the set of characteristic patterns to those that are essential in the 

definition of the version space would increase the sparsity of the matrices and could lead 

to a  significant speed-up of the algorithm. We are currently investigating heuristics to 

delete redundant constraints that are not necessary for the description of the version 

space. Efficient factorization techniques can be used for solving Newton’s system of 

equations for large-scale implementations. Alternative barrier methods are currently 

being investigated in [24, 22] suggesting an exponential barrier approach.
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Appendix A

MATLAB Code for Pattern

Recognition

7. MAIN PROGRAM fo r  ANALYTIC CENTER MACHINE a lg o rith m  

% Computes th e  c e n te r  of a cone which i s  p ro je c te d  on a 

% sphere  o f ra d iu s  s q r t (2 ).

% Implemented in  January-M arch 2000

% (c) 2000 Alexander M. M alyscheff,

% L abora to ry  f o r  O ptim ization  and A r t i f i c i a l  In te l l ig e n c e  

% School of I n d u s t r ia l  E ngineering

% The U n iv e rs ity  of Oklahoma

% G lobal d a ta -
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c le a r ;  

g lo b a l L D

g lo b a l OFFSET % polynom ial k e rn e l

g lo b a l DEGREE 7. polynom ial k e rn e l

g lo b a l SIGMA % ex p o n en tia l k e rn e l

OFFSET = 0 

DEGREE = 1 

SIGMA = 10

% Load in p u t----------------------

dummy = 1;

[ p a t t . l a b ]  = read(dummy); 

K = □ ;

C = □ ;

% p a t te r n s ,  la b e ls  

% K ernel m a trix , in c re a s e s  

% P a tte rn s  th a t  form  cone

a lp h a  = o n e s (L + l,l ) ;  

u » 1;

tim e = cputim e; 

f o r  i  = 1:L

% I n i t i a l  guess

[K ,alpha,u,C] = centeradd(K ,a lp h a ,u ,D,p a t t , la b , i , L,C) ;

end

tim e = cpu tim e-tim e
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'/. And th e  r e s u l t  i s . . .  

f o r  1 = 1:L 

f o r  j  = 1:L

k ( j )  = k em elC p a ttC j , :) , p a t t ( i ,  : ) )  ; 

end

kk = [ k , l ] ; 

r e s u l t (1) = kk*alpha; 

end

com parison = [ la b  r e s u l t ’] 

a lp h a

% Drav f o r  th e  2-d im ensional case 

i f  D =  3 7, 2-D case

[x v ar.y v a r] = m e sh g rid (-m ar(m ar(p a tt))-0 .1 :0 .1  :m ar(m ar(patt) )+ 0 .1) ;

% ad a p tiv e  p ic tu r e  s iz e

zv ar = d r a v ( a lp h a ,p a t t ,z v a r ,7var,L ) ;

V « CO 0] ;

contour(xvar.yvaur,zvar,V ) % Contour l in e  a t  le v e l  zero  

ho ld  on % Continue p lo t t in g  in  t h i s  graph 

f o r  i  = 1:L

i f  l a b ( i )  =» 1

a a  = p a t t ( i , l ) ;  bb = p a t t ( i , 2 ) ; 

p l o t ( a a ,h b , ’+’) ;
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e l s e i f  l a b ( i )  =  -1

aa  = p a t t C i . l ) ;  bb = p a t t ( i , 2 ) ;  

p l o t ( a a ,b b , ’o ' ) ; 

end

end

t i t l e ( ’A naly tic  C enter S o lu tio n ’) ;  

x la b e lC ’X -Axis’) ; 

y la b e l ( ’Y-Axis’ ) ;

h o ld  o f f  % F in is h  p lo t t in g  in  th i s  graph 

end % End p lo t

% F in a l  check u s in g  th e  f i r s t  d a ta  p o in t

check = 0; % We don’t  use th e  fun c tio n  KERNEL to  check

f o r  i  = 1:L

% Polynom ial k e rn e l

check = check + a lp h a ( i)  * [p a tt  ( i , : ) $ p a tt (1 , : ) ’ + OFFSET] “DEGREE; 

% E xponen tia l k e rn e l

/(check = check + a lp h a ( i ) * e x p ( - ( ( p a t t ( i ,  :) -  

% p a t t ( l , : ) ) * ( p a t t ( i , : )  -  p a t t ( 1 , : ) ) ’ ) / (2*SIGMA*SIGMA)) ; 

end

check = check + alpha(L + l)

% G e n e ra liz a tio n  perform ance
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t e s t  = lo a d ( ’b a d . t s ’) ;

[ te s ts iz e ,d im ]  = s i z e ( t e s t ) ; 

t e s t p a t t  = t e s t ( : , l : d i m - l ) ; 

t e s t l a b  = t e s t ( : ,d i m ) ;

m istak es  = 0; 

f o r  1 = l : t e s t s i z e  

f o r  j  = 1:L

t e s t k ( j )  = k e r n e l ( p a t t ( j , : ) . t e s t p a t t ( i , : ) ) ;  

end

te s tk k  = [ t e s t k , ! ] ;  

t e s t r e s u l t ( i )  = te s tk k * a lp h a ; 

i f  s ig n ( t e s t r e s u l t ( i ) )  "= t e s t l a b ( i )  

m istakes = m istakes + 1; 

end

end

m istak es

% M -file  f o r  read ing  th e  in p u t d a ta  

% Reads th e  d a ta  and s p l i t s  i t  in  p a t te rn s  and la b e ls  

% READ i s  c a l le d  in  ONLINE (MAIN PROGRAM)
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fu n c tio n  [ p a t t . l a b ]  = read  (dummy)

g lo b a l L D % L i s  number of p a t te r n s ,  D-1 dim ension (no la b e ls )  

t r a i n  = lo a d ( ’b a d . t r ’ ) ;

[L.D] = s i z e ( t r a i n ) ; 

p a t t  = t r a i n ( : , 1 : D - 1 ) : 

la b  = t r a i n ( : ,D );

% ***********$************************************************

% Computes do t p ro d u c ts  in  fe a tu re  space 

7. K (x _ i,z _ j)  = P h i(x _ i) ’*Pbi(x_j)

% KERNEL i s  c a l le d  in  ONLINE and GETK

fu n c tio n  [out] = kernel(xone.x tw o) 

g lo b a l OFFSET 

g lo b a l DEGREE 

g lo b a l SIGMA

% Polynom ial

% ou t = (xone*xtwo’ + OFFSET) “DEGREE;

% E x p o n en tia l
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out = exp( - (  (xone-xtuo) * (xone-xtwo) ' ) /  (2*SIGMA»SIGMA) ) ;

% Function f o r  th e  main program  ONLINE 

% Computes th e  new cone and th e  a n a ly tic  

'/, c en te r on th e  a sphere of ra d iu s  s q r t  (2)

% CENTERADD i s  c a l le d  in  ONLINE

fu n c tio n  [K ,alpha,u ,C ] = cen t eradd  (K, a lp h a , u , D, p a t t , l a b , i , L , C) ;

% C cone w ith  a l l  c o n s t r a in ts ,  D-1 i s  dim ension, L # o f p a t te rn s  

% i  c u rre n t p a t te rn

k = g e t k ( p a t t , l a b ,L , i ) ’ ;

i f  k '* a lp h a  < 0

% th i s  i s  th e  f i r s t  s h i f t i n g  of c o n s tra in t k

% r e s t  i s  done in  fu n c tio n  SHIFT

'/• need to  do t h i s  h e re  to  con fu te  th e  t o t a l  s h i f t ,  to te il

K = [K,k] ;

Dn,n] = s ize (K ); 

s = K '«alpha; 

t o t a l  = - l . i * s ( n ) ;
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s  = C s(l: ( u - D )  ; -0 .1 * 3 (n)] : % now a l l  s la c k s  a re  p o s i t iv e

w hile  k ’*alpha  < 0 

f l a g  = 1;

[ a lp h a ,u , s , to t a l ]  = c o r r e c tC k ,K ,n ,a lp h a ,u ,D ,C ,i ,L ,to ta l ,s ) ;

end

K = K ( : , l : ( n - 1 ) ) ;  % Need to  remove th e  l a s t  column

% column i s  added ag a in  in  UPDATE

end

% a lp h a , u a re  now on th e  c o rre c t s i d e ! ! I

[K ,alpha,u ,C ] = u p d a teC k ,K ,a lpha ,u ,D ,C ,i,L ) ;

% *********$$**$*****$****************$$**$******$************

% GETK computes th e  e n t r ie s  of k ( x i ,x j )  = y i* x j ’*xi

7, GETK i s  c a l le d  in  CENTERADD

fu n c tio n  [k] = g e t k ( p a t t , l a b , L, i)

f o r  j  = 1:L % L p a t te rn s ,  L+1 i s  b

k ( j )  = k e r n e l ( p a t t ( j , : ) , p a t t ( i , : ) ) * l a b ( i ) ; 

end
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k = [ k , l a b ( i ) ] ;

% *****************$******************************************

% CORRECT i s  one o f th e  key functions

'/■ Here a  wrongly c l a s s i f i e d  new sample a d ju s ts

% th e  c u r re n t a lp h a  u n t i l  th e  sample i s  c o r r e c t ly

7, c l a s s i f i e d .  The c o n s tr a in t  %_i i s  re la x e d

7, a  l i t t l e  beyond th e  c u rre n t alpha, then

% th e  p ro je c te d  lo g a rith m ic  b a r r ie r  i s  m inim ized

% u n t i l  th e  f i r s t  (new) a lpha  s a t i s f i e s  th e  o r ig i n a l

7i c o n s t r a i n t .

7. CORRECT i s  c a l le d  in  CENTERADD

fu n c tio n  [a lp h a ,u , s , to ta l ] « c o r r e c t ( k ,K,n , a lp h a , u ,D ,C ,i ,L , to ta l , s )

% Now we can s t a r t  (up to )  f iv e  Newton i t e r a t i o n s  as  in  UPDATE

sad  ju s t  = s ;  % s to re  s in  sad j u s t ,  NEWTON works w ith  s a d ju s t

f o r  index  = 1:5

[a lp h a ,u , o ld a lp h a , o ld u , invjacobZ, Z]«newton(K, s a d ju s t , a , a lp h a ,u ,L ) ; 

s = K’«alpha; % new s lack s  fo r  a lpha a re  computed in  any case

i f  m in(K '«alpha) > 0 %ALL slacks need to  b e  p o s i t iv e
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r e tu rn

end

sa d ju s t = [ s ( l :  (n -1 ))  ; to ta l+ s (n ) ]  ; % one o f th e  key l i n e s ,

% slack  update r e l a t iv e  to  cu rren t s h i f te d  h y p erp lan e , s(n)<0 

% need s a d ju s t only  f o r  th e  FOR LOOP (NEWTON)

% Need to  check w hether ALL SLACKS ARE POSITIVE? ( s h o r te r  s tep )

% Newton sometimes moves out of f e a s ib le  reg io n  :(

% Use o ld a lp h a , o ld u , invjacobZ , Z from NEWTON to  update  'a lp h a ' 

t  = 1;

w hile m in (sad ju s t)  <= 0

t  = 0 .5 * t;  % S tay  f a r  away from i n f e a s i b i l i t y ,  on ly  h a l f  a  s te p

new = [o ld a lp h a ;oldu] -  t*invjacobZ*Z; 

a lpha = n ew (l:L + l); u = new(L+2); 

s = K '«alpha;

s a d ju s t = [ s ( l : ( n - 1 ) ) ; t o t a l + s ( n ) ] ;

end

end

% conçûtes new s la c k s  and new t o t a l s h i f t  f o r  new hyperp lane 

% in  case th a t  new a lp h a  ( a f t e r  5 newton i t e r a t i o n s )  i s  s t i l l  bad 

[ s , t o ta l ,n ]  = s h if t (K ,a lp h a ,n ,s )  ; % t o t a l  and s a re  updated

%
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% UPDATE i s  one o f th e  key fu n c tio n s  

% Here th e  newton update  on th e  p ro je c te d  sphere 

% i s  perform ed.

% UPDATE i s  c a l le d  in  CENTERADD

fu n c tio n  [K ,alpha,u ,C ] = u p d a te (k ,K ,a lp h a ,u ,D ,C ,i,L )

K = [K ,k ]: % k i s  c a lc u la te d  in  getk

s = K’*alpha; S = d ia g ( s ) ;

[m,n] = s iz e (K ); % need th e  dim ension f o r  'onesCn, 1) '

% m = L + 1, # of p a t te rn s  p lu s  one (b)

% n changes a t  each i t e r a t i o n ,  goes from 1 to  L

% We need to  so lv e  min p h i = -logC kl ' *alpha) -log(k2  ' *alpha) - .  

% s . t .  h (a lp h a ) = 0 .5 * a lp h a ’*alpha - 1 = 0

% r e s u l t in g  in  th e  update system  of eq u a tio n s :

% aHphanew = a lp h ao ld  * inv  ( hessL gradh ) * ( gradL )

% imeu uo ld  ( g radh ’ 0 ) ( h (a lp h a ))

7.

% jacobZ Z

% L i s  Lagrangian
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g radph i = -K *inv(S)*ones(ii, 1) ; 

gradL = g radph i + u*alpha;

h -  0 .5 * a lp h a ’*alpha -  1; % Note th a t  g radh  = a lpha

Z = [g ra d L ;h ];

h e ssp h i = K *inv(S)“2*K’ ; 

jacobZ =[hessphi+ u*eye(L + l), alphajailpha’ ,0] ; 

new =[alpha;u ] - in v (j  acobZ)*Z; 

alpha=new (l:L +1); 

u=new(L+2);

C = [C ;i] % New se t of c o n s t r a in ts ,  ’new cone

% T his i s  th e  only  tim e

% th a t  th e  s e t  of cone c o n s tra in ts  i s  updated 

% even a f t e r  invoking  c o r re c tio n , update i s  ru n  o n c e !! I

% T his i s  su b ro u tin e  newton, perform ing up to  

% f iv e  i t e r a t i o n s  to  c o r re c t  alpha fo r  wrongly 

% c l a s s i f i e d  p a t te r n s .

•/. NEWTON i s  c a l le d  in  CORRECT
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fu n c tio n  [a lp h a ,u , o lda lpha ,o ldu ,inv jacobZ .Z ] = 

newton (K, s , n , adpha, u , L)

% o ld a lp h a , o ld u , invjacobZ, Z a re  needed in  c o r re c t  

% fo r  a  p o s s ib le  reduced s te p  le n g th  ( in  the c a se ,

% th a t  two o r more c o n s tr a in ts  a re  v io la ted )

% We need to  so lv e  min p h i = - l o g ( k l  ' *alpha) - lo g (k2  ' *alpha) - .  

% s . t .  h (a lp h a) = 0 .5 * a lp h a’♦alpha - 1 = 0

% re s u l t in g  in  th e  update system  o f equations:

% alphanew = a lp h ao ld  ♦ inv  ( hessL gradh ) ♦ ( gradL )

7, unew u o ld  ( g rad h ’ 0 ) ( h (a lp h a ) )

%

% jacobZ Z

% L i s  Lagrangian

S “ d ia g ( s ) ;

gradphi= -K #inv(S)#ones(n ,1 ); 

gradL=gradphi+u»alpha ;

h = 0. S ^a lpha’ ♦alpha -  1; % Note th a t  gradh = a lp h a

Z = [gradL;h] ;
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h e ssp h i = K *inv(S)“2*K’ ;

%jacobZ in  newton

[h essp h i + u*eye (L+1) .a lp h a  ; a lp h a  ' ,0] ;

inv jacobZ  = in v (  [hessphi + u*eye(L+1) .a lp h a ; a lp h a ’ ,0] ) ;

o ld a lp h a  = a lpha; % Need to  s to re  th e se  v a lu e s , in  case

o ldu  = u; % se v e ra l s la c k s  are  n e g a tiv e . LINE SEARCH IN CORRECT

new = [o ld a lp h a ; oldu] -  invjacobZ*Z;

a lp h a  = new (l:L + l); 7, te n ta t iv e  a lpha , u 

u = new(L+2);

% ***************$**********************************«**$******

% S h if t  moves a  wrongly c la s s i f i e d  p a t te r n  

% tow ards th e  cu rren t value of a lpha .

% u n t i l  th e  s la c k  becomes p o s it iv e  

% w ith  a  v a lue  of 10% of th e  i n i t i a l  (neg)

% s la c k .

% SHIFT i s  c a l le d  in  CORRECT

fu n c tio n  [ s . t o t a l .n ]  = s h if t (K .a lp h a .n .s )
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7, newslack = -0 .1 * o ld s la c k  

% t o t a l  i s  th e  o v e ra l l  s h i f t ,  = - l . l* o ld s la c k

t o t a l  = - l . l * s ( n ) ;

3  = [ s ( l : ( n - 1 ) ) ; - 0 . i * s ( n ) ] ;

% * * * * * * * * * $ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% Function DRAW d is p la y s  the  contour l in e s  

% in  a two d im ensional case 

7. DRAW i s  c a l le d  in  ONLINE

fu n c tio n  [out] = d ra w (a lp h a ,p a tt,x v a r,y v a r,L )

g lo b a l OFFSET

g lo b a l DEGREE

glo b a l SIGMA

out = 0;

fo r  i  = 1:L

% polynom ial k e rn e l

out = out + a lp h a ( i)  * [p a tt  ( i , 1 ) . $ iv a r + p a t t ( i , 2 )  .*yvar 

+ OFFSET].“DEGREE;

% o p era tio n s  a re  con^onentw ise! ! !

% exp o n en tia l k e rn e l
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% out = out + a lp h a ( i ) * e x p ( - [ ( p a t t ( i , l ) - x v a r )  . * ( p a t t ( i , l ) - x v a r )  + 

% ( p a t t ( i ,2 ) - y v a r )  .*CpattCi,2)-yvax)]/(2*SIGMA*SIGMA)) ; 

end

out = out + a lpha(L + 1);
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Appendix B

MATLAB Code for Regression 

Analysis

7, MAIN PROGRAM fo r  ANALYTIC CENTER MACHINE FOR REGRESSION 

% a lg o rith m , use con jugate  g ra d ie n t approach,

% compute l i n e a r  com bination of form er and c u rre n t 

% g ra d ie n t (g rad p h i, o ldg rad )

% Implemented in  May-July 2000

% Cc) 2000 A lexander M. M alyscheff,

% L abora to ry  f o r  O p tim ization  and A r t i f i c i a l  In te l l ig e n c e  

% School o f I n d u s t r ia l  Eng i n e e r in g

% The U n iv e rs ity  o f Oklahoma
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% CQNGRAD

% G lobal d a ta —  

c le a r ;  

g lo b a l L D 

g lo b a l OFFSET % polynom ial k e rn e l

g lo b a l DEGREE % polynom ial k e rn e l

g lo b a l SIGMA % ex p o n en tia l k e rn e l

g lo b a l LAMBDA % maximum s tep  le n g th  i s  80%

OFFSET = 1; 

DEGREE = 1; 

SIGMA = 10;

tim e = cputim e;

% Read problem  d a ta  ----------------------------------------------

dummy = 1 ;

[K _ext, K,E, x d a ta , y d a ta , Ecol] = read(dummy) ;

% K i s  k e rn e l m a trix  p lu s  one row of ones 

% E i s  n u l l  space ex ten sio n

% Ecol i s  number o f v e c to rs  d e sc rib in g  n u llsp a ce
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*/( Solve LP and f in d  epsmin (and th e  i n i t i a l  f e a s ib le  s o lu tio n )  

[Ipminnorm sol] =mineps (K,E, y d a ta ,Ecol) ;

Ipalpha^lpm innorm sol (1 : L+i) 

epsmin=lpminnormsol(L+2)

% I f  epsmin i s  zero , then  p e r fe c t  f i t -------------------------------------

% Ip a lp h a  i s  th e  I n i t i a l  s t a r t in g  p o in t

a lp h a  = Ip a lp h a ; 7, alpha.O

% D efine e p s ilo n  (depends on d e c is io n  maker) ------------------------

/•ep s ilo n  = 0 .5 ; 

e p s ilo n  = 2*epsmin;

% B a r r ie r  value  a t  i n i t i a l  p o in t 

Ip p h i = b a r r i e r  (a lpha , e p s ilo n , K, ydata)

% The f i r s t  s te p  of con j. g r a d . , dO = - g r a d ---------------------------------

[g ra d p h i,s _ u ,s _ l]  = g ra d a c r(a lp h a ,K _ e it, y d a ta ,e p s ilo n ,E c o l)  ;%g_0 

o ld g rad  = g radph i;

d .a lp h a  = -g ra d p h i; %d_alphaO

lam b d asta r = lin e se a rc h (K _ e it ,d _ a lp h a ,s_ u ,s_ l,E c o l)  ;7.1ambdastarO
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alpha = a lp h a  + lam bdastar*d_alpha; %alpha_l

ph i = b a r r 1 e r (a lp h a .e p s lio n ,K ,y d a ta )

stop  = Ip p h i -  p h i 7. stopp ing  c r i t e r io n  

o ldph i = p h i;

% Conjugate g ra d ie n t method ------------------------------------------------------------

w hile norm (stop) > 0.00001

[g rad p h i, s _ u ,s _ l]  = g radacr (a lp h a , K_ext, y d a ta , e p s ilo n , Ecol) ;7ig_l 

norm (g radph i) ;

t  = (g radph i ' * g radphi) /  (o ldg rad  ' *oldgrad) ;

o ldg rad  = g rad p h i; % update o ldgrad  f o r  next i t e r a t i o n

d_alpha = -g ra d p h i + t*d_alpha;

%d_alphal (convex combin. of g ra d ie n t and d)

% L inesearch : can no t use Matlab fu n c tio n ,

% N elder and Mead leav es  f e a s ib le  reg io n  in  expansion s tep  

lam bdastar = lin e se a rc h (K _ e x t, d _ a lp h a ,s _ u ,s _ l,E col);% lam bdastarl

a lpha  = lambdastar*d_a0.pha + a lp h a ; % alpha2

ph i = b a r r i e r  (a lp h a , e p s ilo n , K, ydata) 

stop  = o ld p h i -  p h i
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o ldph i = p h i; 

end 

a lpha

tim e = cputim e-tim e 

e p s ilo n

% Compare th e  b a r r i e r  v a lu e s . . .  

p h i = b a r r ie r  (a lp h a , e p s ilo n , K, ydata) 

lp p h i= b a rr ie r  ( Ip a lp h a , e p s i lo n , K, ydata)

% Draw f o r  th e  1 -d im ensional input 

i f  D == 2 7, 1-D case

[dummy2] = d raw reg (a lp h a ,x d a ta ,y d a ta ) ;

end

Test on a  s e p a ra te  t e s t  s e t

% test = lo a d ( ’f r i e d t e s t l . t x t ’ ) :

%[LL,D] = s i z e ( t e s t ) ;

% xtest = t e s t ( :  ,1 :D -1) ; % C all th i s  x d a ta , need i  f o r  drawing

% ytest = t e s t ( : ,D ) ;

% ANALYTIC CENTER SOLUTION
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'/.for i  = 1:LL 

7, s o l ( i )  = 0;

% f o r  k  = 1:L % L p a t te rn s

% s o l ( i )  = 80l ( i )  + k e m e l ( x t e s t ( i ,  :) ,x d a ta (k , : ))* a lp h a (k ) ;

% end

% s o l ( i )  = s o l ( i )  + alpha(L+1) :  % Don’t  fo rg e t  th e  o f f s e t  b . . .

%end

% [so l’ .y te s t ]  ;

%RMSE = normCsol’-  y te s t )  % ’s o l ’ i s  a  row vector, y d a ta  colum nvector

% LINEAR PROGRAMMING SOLUTION 

'/if o r  i  = 1:LL 

% Ip so lC i)  = 0;

% f o r  k = 1:L */, L p a t te rn s

% Ip so lC i)  = lp s o l( i ) + k e m e l ( x te s t ( i ,  :) ,x d a ta (k , :) )* lp a lp h a (k )  ;

% end

% Ip so lC i)  = Ip s o l( i )  + lp a lp h a(L + l) ;

% Don’t  f o rg e t  th e  o f f s e t  b . . .

%end

% [lp so l’ , y t e s t ] ;

%LPRMSE = norm Clpsol’-  y te s t )

% ’ I p s o l ’ i s  a  row vector, y d a ta  colnm nvectorfs
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%-------- Test on the training set itself---------------

7. ANALYTIC CENTER SOLUTION 

f o r  i  = 1:L 

s o l ( i )  = 0;

f o r  k  = 1:L % L p a t te rn s

s o l ( i )  = s o l ( i )  + k e rn e l(z d a ta C i, : ) , z d a ta ( k , : ) ) * a lp h a (k );

end

s o l ( i )  = s o l ( i )  + a lp h a (L + l) ; % Don’t  fo rg e t th e  o f f s e t  b . . .

end

%[ s o l y d a t a ] ;

MSE = normCsol’-  y d a ta )"2/240 

% ’ s o l ’ i s  a row vector, yda ta  colum nvector

% LINEAR PROGRAMMING SOLUTION 

f o r  i  = 1:L 

Ip so lC i)  = 0;

f o r  k  = 1:L % L p a t te rn s

lp so lC i)= lp so lC i)+ k em elC x d ataC i, :) .xdataCk, :))* lpalphaC k) ;

end

Ip so lC i)  = Ip so lC i) + lpalphaCL+1);%Don’t  fo rg e t th e  o f f s e t  b 

end

%[ I p s o l ’ .ydata] ;
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LPMSE = norm Clpsol’-  y d a ta )“2/240 

% ’I p s o l ’ i s  a  row vector, yd a ta  colum nvector

% ***$***************$************************$***************

% M -file  f o r  read in g  th e  in p u t d a ta  

% Reads th e  d a ta  and s p l i t s  i t  in  in p u t value 

% and fu n c tio n a l value 

7, READ is  c a l le d  in  CONGRAD and MINERS

fu n c tio n  [K _ e it,K ,E ,id a ta ,y d a ta , Ecol] = read(dummy)

g lo b a l L D % L i s  number of p o in ts ,  D-1 dim ension (no la b e ls )

g lo b a l OFFSET

g lo b a l DEGREE

g lo b a l SIGMA

tr a in = lo a d ( ’t e s t S .t i t ’ ) ;

[L,D] = s i z e ( t r a i n ) ;

z d a ta  = t r a i n ( : ,1 ;D - 1 ) ; % C a ll th i s  x d a ta , need x f o r  draw ing

y d a ta  = t r a i n ( : ,D );

f o r  i  = 1:L

f o r  j  =» 1:L % L p a t te rn s

k ( i , j )  = k e rn e l(x d a ta C i,: ) ,x d a ta ( j , : ) ) ;
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end

end

% K m a trix , nonsym m etric, and E, th e  s e t  o f a l l  v ec to rs  

% p e rp e n d ic u la r  to  a l l  v ec to rs  in  K 

K = [k; o n e s (L ,1 ) ’] ;

E = n u ll(K ’ . ’r ' ) ;

[Erow, Ecol] = s iz e (E ) ;

K .ext = [K ,E ];

% * * * * * * * * * * $ * * * * * * * * * * $ * * * * * * * $ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% Computes in n e r  p ro d u c ts  in  fe a tu re  space 

'/, K (x i,x j)  ■ P h i ( x i ) ’*Phi(x j)

% KERNEL i s  c a l l e d  in  READ and CONGRAD

fu n c tio n  [ou t] = kernel(xone.x tw o) 

g lo b a l OFFSET 

g lo b a l DEGREE 

g lo b a l SIGMA

% Polynom ial

out = (xone*xtwo» + OFFSET) . “DEGREE; % DON’T FORGET THE DOT !!!
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% E xponential (p ro b ab ly  n o t of much use in  1-D?)

7, out = expCC-((xone-xtw o)*(xone-xtw o)’))/(2*SIGMA*SIGMA)) :

% **************$$********************************$***********

% Subroutine to  m inim ize e p s ilo n  s . t .  th e  sv m -reg ress io n  

% c o n s tr a in ts .  T his co rresponds to  p e rfe c t 

% curve f i t t i n g .  The problem

% can be s ta t e d  as an  LP-problem in  th e  space of ( a lp h a ,b ,e p s ) . 

% and p rov ides g u a ran teed  an i n i t i a l  s ta r t in g  p o in t (a lp h a ,b )

% A dditional c o n s t r a in ts  a re  included  to  f in d  th e  minnorm s o l .  

% MINERS i s  c a l le d  in  CONGRAD

fu n c tio n  [Ipm innorm sol] = mineps (K,E, y d a ta ,Ecol) 

g lo b a l L 

e= o n e s (L ,l) ;

lpmatrix«=[-K’ -e ;K ' - e ]  ;

min normmatrix= [Ip m a trix  ; E ' zero s  (Ecol, 1) ; -E * zero s (E c o l ,! ) ]  ;

% (inc lude  c o n s t r a in ts  th a t  e x tra c t the  minnorm s o lu tio n )

Ip rh s  » [ - y d a ta ;y d a ta ] ; 

minnonnrhs » [ Ip rh s  ; z e ro s  (2*Ecol, 1 ) ] ;
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% (in c lu d e  c o n s tra in ts  th a t  e x t ra c t  th e  minnorm s o lu tio n )  

Ip o b jfu n  = [ze ro s(L + l,D  ; i ]  ; % No change fo r  minnorm n ecessa ry

% Compute L P -so lu tion :

Ipminnormsol = Ip  (Ipob jfun , mi nnormmatr i x , minnormrhs ) ;

% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% Computes th e  logarithm ic  b a r r i e r  fu n c tio n  

% a s  a  fu n c tio n  of k, c o e ff= (a lp h a ,b ia s )  ,y , and e p s ilo n .

% BARRIER i s  used  in  CONGRAD

fu n c tio n  [phi] = b a r r i e r (a lp h a , e p s i lo n ,K, ydata) 

g lo b a l L

% We use  K and no t K.ext computing th e  b a r r ie r  u sin g  

% th e  o rig in a il UNALTERED problem 

e = o n e s (L ,l) ;

s _ l  = K’*alpha  -  ydata + ep s ilo n * e ; 

s_u=-K’*alpha+ydata + epsilon*e  ;

p h i » - e '* lo g ( s _ l )  -  e '* lo g (s _ u ) ;
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% *******$************************$*******$**$****************

% Function GRADACR computes th e  g ra d ie n t 

% f o r  th e  con jugate  g ra d ie n t method 

% F i r s t  used as ’g ra d p h i’ , th en  passed  

% on to  ’o ld g rad ’ to  compute ’t ’

7. GRADACR i s  c a l le d  in  CONGRAD

fu n c tio n  [g rad p h i, s_ u , s _ l ] =

g rad ac r (a lpha , K .e x t, y d a ta , e p s i lo n , Ecol)

g lo b a l L

% We need to  account f o r  "Ecol" add’l  c o n s tra in ts

e = ones(L+Ecol,1 ) :

ydata_ex t = [y d a ta ;z e r o s ( E c o l ,! ) ] ;

% Lower and upper s la c k s :

s _ l  = K _ert’*alpha -  y d a ta .e r t  + epsilo n * e;

s_u=-K _ext**alpha+ydata_ext + ep s ilo n * e ;

% M atrix n o ta tio n :

S _ l= d ia g (s_ l) ;

S_u=diag(s_u); 

in v S _ l= in v (S _ l);
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in.vS_u=inv(S_u) ;

f a c to r  = (invS_u -  invS _ l)*e ;

'/. Confute th e  g ra d ie n t f o r  a l l  p a t te rn s  u s in g  

% Grad = f l* k l  + f2*k2 + . . .  + f l$ k l  

% which can be w r i t te n  u s in g  m atrix  n o ta t io n :  

g radph i = K _ex t* fac to r;

% LINESEARCH computes lam bdastar, f o r  

% which th e  l in e s e a rc h  ach ieves th e  

% minimum v a lu e . In  o rd e r to  be on th e  

% sa fe  s id e ,  we use  th e  compact f e a s ib le  re g io n ,

% i . e .  K _ert in s te a d  o f K.

7, LINESEARCH i s  used in  CONGRAD

fu n c tio n  [lam bdastar] = lin e se a rc h (K _ e x t, d _ a lp h a , s_u , s _ l ,Ecol)

g lo b a l L

e = o n es(L + E co l,l) ; 

lambda -  0;

% The problem  f o r  th e  upper s lack s  can be fo rm ulated  as :
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% min P h i = -ln (-K _ex t*a lpha+ ydata_ert+ epsilon  -  lambda*K_ext*d_alpha) 

% which can be w r i t te n  a s :

% min P h i = - l n ( s _ l “u -  lambda*v_l)

V = K _ext’*d_alpha; 

s to p  = 2;

w hile  nom i(stop) > 0.01

lam bdagrad = [v ./ ( s _ u  -  lambda*?)] '*e -  [ ? . / ( s _ l  + lam b d a* ?)] '* e ; 

lam bdahess = C ?./(s_u  -  lam bda*?)]’* [ ? . / (s_u -  lambda*?)]

+ [ ? . / ( s _ l  + lam bda*?)]’* [ ? . / (s_ l + lam bda*?)] ; 

lambda = -lam bdagrad/lam bdahess + lambda; 

s to p  = -lam bdagrad/lam bdahess; 

end lam b d asta r = lambda;

7, F unction  DRAWREG d isp la y s  

% th e  r e g re s s io n  f o r  a one 

% d im ensional case 

% DRAWREG i s  c a l le d  in  CONGRAD

fu n c tio n  [dummy2] = drawr eg (a lp h a , x d a ta , ydata)
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g lo b a l L 

d u n m y 2 = l;

X = (m in(xdata)- 0 .1 :0 .0 1 :m ax(xdata)+0.1) ’ ; %+- 0.1

Ix  = le n g th ( x ) ;

% Compute o u tp u t m a trix  OUTK, l ik e  K, bu t fo r  Ix  (many more) va lu es  

f o r  i  = l : l x  % Ix  d a ta  p o in ts

fo r  j  = 1:L 7. L p a tte rn s

o u tk ( i , j )  = k e m e l( x ( i ,  :)  ,x d a ta ( j  , : ) )  :

end

end

ou tk ;

OUTK = [o u tk ’ ; o n e s d x ,  1 ) ’] ; % J u s t  to  be conform to  K and K’

y = QUTK’*alpha;

% fig u re(l)

% 8ubplot(2 ,2 ,1 )

%h = p lo t ( x ,c o e f f ) ; 

p lo t (x ,y )

a x is ( [m in (x d a ta )-0 .1  m ax(xdata)+0.1 m in(ydata) m ax (y d a ta )]) 

g r id  on

x la b e l ( ’X-Axis’) 

yl a b e l ( ’Y-Axis’)
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Appendix C

Standard Benchmark Data

The dataset h e a rt contains information on heart disease diagnoses which were compiled 

by several hospitals in the United States and Europe. The dimension of the input vector 

is 13, carrying mostly medical information, but also for example the patient’s age and 

sex. The output value has dimension one indicating the diagnosis for each patient. For 

the experiments in this study 170 patterns (patients) were considered for training and 

100 patterns were used for testing. The th y ro id  disease records were supplied by the 

Caravan Institute, Sydney, Australia. Similarly to the h e a rt dataset th y ro id  contains 

medical information on patients having thyroid problems. The input vector consists of 5 

attributes while the output value is agedn of dimension one. Training was conducted on 

140 patterns with the resulting discriminant function being tested against 75 patterns. 

The dataset banana consists of artificial data derived firom several Gaussian blobs in 

two dimensions. The training set comprised 400 patterns while the test set contained 

4900 patterns. For more information on the datasets see also the UCI Repository [3].
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