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ABSTRACT

The scarcity and rising cost of pertroleum have motivated
international interest in developing hybrid automobiles using flywheels
for mechanical energy storage. Rim-type composite-material flywheels are
promising designs for such developments. These flywheels significantly
differ from turbine/compressor systems in two respects. First, the fly-
wheel rim attachment to its hut is very flexible, for both translation and
tilting. Secondly, these flexibilities depend upon rotational speed through
centrifugal stiffening. In this investigation, free whirling, stability,
and forced whirling are examined for these flywheel systems. The numeri-
cal results presented here are most directly applicable to the Sandia single-
rim systems currently under development. However, the present analyses
can be extended to other flywheel designs within the broad category of the
rim type.

In the free-whirling analysis, predicted critical speeds are
encountered in the design operating speed range. Practical ways to increase
such critical speeds are suggested.

Effects of material internal damping on the stability of the
system are incorporated through adopting complex moduli in the formulation.
It is found that the adverse effect of internal damping on the onset of in-
stability can be overcome by providing an adequate external damper up to
a considerably high speed.

Forced whirling excited by unbalance and initial tilt of rim
element is. studied. Minimum external damping is determined such that the

maximum response does not exceed a permissible value.
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CHAPTER I

INTRODUCTION

1.1. Historical Background

The scarcity and rising cost of petroleum have motivated inter-
national interest in conservation of petroleum. In view of the large auto-
motive use of petroleum, an important means of accomplishing this could be
by introduction of hybrid automobiles using flywheels for mechanical energy
storage. Most of the flywheels developed to date have been rather heavy
and rigid ones constructed of materials that are essentially homogeneous
and isotropic, such as steel. However, with the continuing development of
improved filamentary composite materials, there is considerable promise in
the use of such advanced materials for flywheel. The primary motivation for
this promise is the high strength-to-weight values for these materials,
since the energy storage per unit weight can easily be shown to be directly
proportional to this material parameter [1]. Another advantage is the less
catastrophic nature of the failure of such flywheels; this can result in
reduction of the weight of the containment system which surrounds the fly-
wheel.

The current national effort to conserve petroleum as an energy source
and the current high percentage of petroleum being used in automobiles
motivated Congress to pass the Electric and Hybrid Vehicle Research, Develop-

*
ment and Demonstration Act of 1976 (P. L. 94-413). Subsequently ERDA

Energy Research and Development Administration, which was merged into the

the Department of Energy on October 3, 1977.



established its Electric and Hybrid Vehicle Demonstration Project [2]. 1In
the future, such a vehicle is a prime candidate for application of composite-
material flywheels, and the Department of Energy is mounting a significant
research and development program in this area, as attested by many papers
presented at the 1975 and 1977 Flywheel Technology Symposia [3, 4]. Activ-
ities of Sandia Laboratories in this area were reported as early as 1974
[5], and a major workshop on hybrid vehicles was held in 1976 [6].
Numerous configurations of filamentary-material flywheels have been
proposed and some have been built and tested. Many of these have
been assessed in a recent report [7] to ERDA. It suffices to mention here
the following gneral classes of configuratioms:
1. Matrixless designs such as the radial brush [8] and loose-
fiber-ring-types
2. Disk types, either filament-wound circumferentially [9]
or laminated [10]
3. Rim types, either simple or multiple, as proposed by the
Posts [11]
4. Shell types
The inherent f£lexibility of composite-material flywheels makes them
potentially vulnerable to dynamic problems {127 which differ from those
previously encountered in more rigidly mounted metallic rotors such as
those in compressors and turbines. In this investigation, the dynamic
phenomenon of the whirling mode, recognized as one of the most catastropic
ones associated with rotating machinery[13-16], is carefully examined.

To the best of presently available knowledge, the only previous



analysis concerning the whirling dynamics of rim-type flywheels existing in
the literature was due to McKinnon [17]. He considered a two-mass system
having three degrees of freedom: hub tilting, hub translation and rim tilting.
He did not comsider the radial flexibility of the connector with which the
flywheel rim is attached to the hub. Also, only free whirling analysis was
covered in [l7]f

In the present work, free whirling, forced whiriing, and stability
analyses are studied for a four-mass, eight degree-of-freedom system believed
to be the most appropriate model ta describe.the Sandia flywheel [18].

Since the research reported here was conducted in support of an experi-
mental single-thick-ring flywheel undergoing research at Sandia Laboratories,
the numerical results presented here are most directly applicable to that
configuration. However, with the use of appropriate values of stiffnesses,
masses and the dimensions, many of the analysis described would be applicable

to other flywheel designs within the broad category of the rim type.

1.2 Description of the Sandia Band-Supported, Rim-Type Flywheel

The Sandia Laboratories experimentzl flywheel prototype (see Fig.
1.1), for which the analyses presented here are intended to be applied,
consists of a thick rim of circumferentially wound graphite~epoxy attached
to a central aluminum hub by means of radially wound bands of aramid-—-epoxy.
The hub is attached to the turbine through a relatively flexible steel fly-

wheel shaft. In turn, the turbine is supported by a steel turbine shaft

* It is noted that some program errors were found in [17].
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on a set of ball bearings. An external damper is located between the lower
bearing and hub on the flywheel shaft. The side and plan views of the fly-
wheel are shown in Figures 1.2 and 1.3. It can be seen that the ring is
semi-elliptic in cross section and the bands are uniformly rectangular in
cross section.

The elastic, strength, and density properties of the composite
materials used in the rim and bands of the Sandia flywheel systems are
listed in Table 1.1.

In [18], Reedy presented an analysis and predicted that the design
energy storage goal of 0.56 kwh (22.4 watt-hr/lb) is achieved at a ro-
tational speed of 32,000 rpm and that the governing material strength is

reached at 39,850 rpm.

1.3. General Hypotheses

In all of the analyses presented here, the following engineering
assumptions are made:

1. No statistical distributions of imperfections are considered,
i.e. all eccentricties are assumed to be unique values. If sufficiert
statistical information were to become available, the approach recently
introduced by Boyce and Kozik [19] could be used.

2. The bearings are assumed not only to have the same stiffness
in any diametral plane, but also to act as simple supports.

3. All rotating components are assumed to be axisymmetric in cross
section and stiffness properties.

4. All nonlinear effects are neglected (potential sources of non-

linearity include large deflections, bearing stiffness nonlinearities,
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Table 1.1. Material Properties of the Composiie Materials

Used in the Sandia Thick-Ring Flywheel

Property

Units

*
Rim Material

*%
Band Material

Young's modulus in fiber direction(L) msi

Transverse Young's modulus

Major Poisson's ratio (LT)

Minor Poisson's ratio (TL)

Shear modulus, LT axes

Tensile strength in fiber directions
Transverse tensile strength

Shear strength, LT axes

Specific weight

msi

msi
ksi
ksi
ksi

pci

18.0
1.28
0.27
0.019
0.85
220
4.8
8.0

0.054

11.0
0.71
0.34
0.022
0.3
200
2.3
2.9

0.050

Hercules Type AS graphite fibers in epoxy matirx.

k%

du Pont Kevlar 49 aramid fibers in epoxy matrix.



bearing clearances and material nonlinearities.)

5. All temperature effects are neglected.

6. Although the flywheel shaft is vertical, it is assumed that
the pendulum effect is small.

7. The shafts and bands are relatively flexible and of relatively
low mass such that they can be modeled as discrete, massless flexible
elements.

8. The flywheel rim, flywheel hub, and turbine disk are assumed to
*

be rigid so that they can be considered to be discrete rigid masses.

9. The system rotates at a constant angular velocity.

It was shown in [20] that the rim has relatively high frequencies.

Threfore it is justified that the rim element can be treated as a rigid one.



CHAPTER 1II

FREE WHIRLING OF THE UNDAMPED SYSTEM

2.1 The Gyroscopic Action of a Rotor

When a shaft carrying a rigidly attached rotor, overhung with
respect to its supports, 1s rotated at constant speed, the centrifugal
force produced by an eccentricity, regardless of how small the eccentric-
ity is, causes the disk to tilt with respect to the axis of rotation. This
tilting action, in turn, produces a gyroscopic couple about the diametral
axis of the disk. The sense of the gyroscopic couple is such that it
effectively stiffens the shaft at the speeds associated with forward pre-
cession and reduces the effective stiffness at»the speeds associated with
retrograde (or backward) precession. This gyroscopic effect on rotor
whirling was first investigated by Stodola [21] in 1918, see also [22].

Let us consider a rotor which is pivotally mounted tc a shaft
rotating at an angular velocity of § as shown in Figure A.1 The follow-

ing relationship can be obtained based on a system of fixed coordinates

X, ¥, z (see Appendix A for detailed derivation of equations (2.1)).

E, = -mx (2.1a)

F, = - my (2.1b)

M, =-1_ &;x -3, b (2.1c)

Moo= - &;y +3 94 (2.1d)
Here () = 3()/dt; t is time; x and y are displacements of the rotor center

respectively in the directions of x and y; Fx and Fy are the forces applied on

~-1¢-
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the shaft respectively in x and y directions due to centrifugal action
of the rotor; m is the mass of the rotor; Im and Jm are the mass
moments of inertia of the rotor about its respective axial and diametral
directions; ¢x and ¢y are the angles of rotation of the rotor in the
respective xz and yz planes; Mx and My are the moments applied on
the shaft respectively in the xz and yz planes. It is noted that
small deflections and angles were assumed in the derivation of equation
set (2.1), i.e. higher order effects were neglected.

If complex notation is adopted, the following relations can be

obtained:
F = -mr (2.2a)
M = - Im o + i Jm Q ¢ (2.2b)
where
F = Fx + i Fy (2.3a)
M = M +1iM (2.3b)
X y
r 3 x+1iy (2.3c)
¢ = pt Iy (2.3d)

and i =+v~1 . It is noted that the gyroscopic effect was brought into
the formulation through the second terms on the right hand side of

equation (2.2b).

2.2 TFormulation of the Equations of Motion for the Undamped Flywheel

System

In the case of the Sandia thick-rim flywheel (see Figure 1.1),

the flywheel rim is connected to the hub by means of relatively flexible
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bands, in contrast tothe usual situation for overhung compressor disks
which customarily are rigidly attached to the shaft. Furthermore, the
flywheel hub has an appreciable mass and has a diametral mass moment of
inertia which is larger than its axial mass moment of inertia (Jmh/Imh =
0.218). This is the opposite of the case of the rim for which J'mr/Imr =
1.965; therefore, the inertia couples for the rim and hub will act in
opposite directions in the range of 0.218 < w/& < 1.965. For all of
the above reasons, it is apparent that the rim and hub have to be considered
as two different masses rather than a single disk. A few analyses of
multi-mass disk-shaft. have appeared in the literature; see for
instance, [23], [24], [25] and [13] (pp. 225-230). Unfortunately, however,
these analyses are all applicable only to the case when the flexible
members connect to ground. In the case of the Sandia flywheel mounted in
the spin-test facility, one flexible member (the bands) comnnects to an
otherwise free mass (the flywheel rim). |

In the whirling analysis, each rotor has two generalized displace-
ments associated with translation (r) and rotation (¢). In the case of the
Sandia flywheel as depicted schematically in Fig. 1.1, there are eight
generalized displacements {qi} = (rr, Ops Tps O Tps bps Ty ¢d)T
Here and hereafter the subscripts r, h, t, and d refer to the rim, hub
turbine, and external damper respectively. The compliance equations can

be written in matrix form as follows:

{qi} = [aij]{qj} ; i, =1, 2, « . . ., 8 (2.4)

. ~ T
Here the generalized forces are {Qj} = (Fr’ Mo, Fps Mh’ F, M, Fg, Md)

and the aij are the compliances. Due to the nature of the connection
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between rim and hub as well as the necessary symmetry of the array as

required by Maxwell's reciprocal principle, some of the compliance terms

are repeated inthe array, which can then be written as follows:

r .
%1 %2 b %33
I
%o %9 | %
|
%13 %12 | %33
%12 %s4 ' %12
o] = F———4+ —
ij
“15 %25 | %5
|
%6 %66 | %16
%17 %27 | %17
I
| “18 %28 1 %18
with all = a33 + l/Kbip
gy = Oy T LKy

Here Kbip is

between rim amd hub, while K

bop

%2 | %15 %
I

%4 | %25 %66
|

-

%2 b %5 %4
|

%4 | %25 %66

66 | %25 %6
._._'.__.._..
%7 | %57 %7

|
%8 | %58 %68

|
|
I
-

7

%7

%17

%27

-

%18

%28

%18

Q

28

(2.5)

(2.6)

the band stiffness to resist relative in-plane translation

is the band stiffness to resist relative

out-of-plane rotation between rim and hub. The values of Kbip and Kbop

increase not only with the initial tension in the bands but also with
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rotational speed due to the centrifugal stiffening effect. Detailed
derivations of Kbip and Kbop are presented in Appendices C and D .
Derivation of aij as given in equation (2.5) is presented in Appendix
E.

Inverting equation (2.4), one obtains the following relation:
Q) = [kij]{qj} ; i, j = 1,2, .. ., 8 (2.7)

where [Kij] is the stiffness matrix and is defined as follows:

-1

[Kij] = [aij] (2.8)

Use of equation (2.2) in equation (2.7), the following relation-

ships are obtained:

-m T ) ( r )
Tr r r
- Imr ¢r +i er Q ¢ r ¢r
- mh rh rh
I n t 19 Sy %
1 . S [Kij] < 3 (2.9)
T B Ty Te
- + i b
Imt ¢t . Jmt L ¢t ¢t
-y g T4
- + 1 5
Tug %4 © % Jpg ® % | | %

Assuming that the system whirls in a normal mode with whirling

frequency w , one seeks the following solutions:

{q,} = f{a} ME . i<1,2,...,8 (2.10)



where a is the amplitude of q

i
Substituting equation (2.10) into equation (2.9), one obtains

the following homogeneous linear algebraic equation set.
2 -
{[Mij]m - [Nij]w - [Kij]} {4} =0 (2.11)

where [Mij] and [Nij] are 8 x 8 matrices with zero elements except for

the following elements:

M = = 3o My = Iy R T

My = T 3 M55 T By v Meg = Ipe 3

M77 = my H M88 = Imd H (2.12)
N22 = er & 3 N44 - Jmh £ ; N66 = Jth ;

Ngg = Jpg ©

Equation (2.11) is referred to as a generalized eigenproblem
[26, 27]. Such a problem can be reduced to the standard-type eigenproblem
by using the following definition:

(5}

u){c-li} (2.13)

Using equation (2.13) in equation (2.11), one obtains the

following equation

i - -
[ol] : [1] {q} {q,}
- T — 4 - = w{ _ (2.14)
(8,1 | [31] {p,;} {p,}

where [0] and [I] are respectively 8 x 8 zero and unitary matrices,
and [Bl], [B,] are defined as follows:
(8,1 = M7 [N]
8, = D' [K]

(2.15)
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Equation (2.14) is one of the standard eigenproblem. Thus,
its frequency w can be solved, at each rotational speed & , by using

any existing eigenproblem computer program.

2.3 Numerical Results

The numerical values of the various mass and inertia parameters
for two different composite-material flywheel systems are listed in Table
2.1. Each of the two systems have the same rim, which is constructed of
hoop-wound graphite~epoxy composite material and is designed to achieve
an energy-storage capacity of 0.56~kwh at 31,500 rpm.

System A has flat-band-type spokes of aramid-epoxy unidirectiomal
composite material and is shown in Fig. 1.2. There are six complete
bands, i.e. the bands are located 30 degrees apart around the circumference.
The bands are wound with an initial tension of 360 1b and pass through

and are bonded to slots in the hub.

System B differs from System A primarily in the fact that
System B has spokes which are wound flat on to the rim but undergo a
90-degree twist to be wound on to axially oriented pins at the hub. This
twist and a lower initial winding tension in the bands (90 1b for System
B) results in higher~in-plane compliance of the bands. However, the

tilting compliance is smaller.

Solving the eigenvalue problem which is represented by
equation (2.14) one can obtain modal frequencies as a function

of the rotational speed. Plots of these relatiomnships for



Table 2.1. Mass and inertia parameters for Systems A and B
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System

Quantity Symbol Units A B
Rim mass m_ lb-sec2/in 0.043 0.043
Hub mass hh ton 0.0235 0.0258
Turbine mass m, e 0.020 0.020
Rim mass moment of 2
inertia about its axis er 1b~in-sec 3.215 3.215
Hub mass moment of J woom 0.054 0.074
inertia about its axis mh
Turbine mass moment of " "
inertia about its axis Jmt 0.067 0.067
Rim mass moment of
inertia about a T "woon 1.636 1.636
centroidal diameter
Hub mass moment
of inertia about a Imh rten 0.247 0.238
centroidal diameter
Turbine mass moment
of inertia about a I noon 0.040 0.040

. . mt
centroidal diameter



Systems A and B are shown in Figures 2.1 and 2.2. These figures are
plotted in log-log form in order to get them on the paper. All eight
modes, with forward and retrograde branches for each, are shown for com-
pleteness. It should be mentioned that the retrograde branches correspond
to negative rotating speeds, i.e., the direction of rotation of the
whirling is a direction opposite tothe direction of the running speed.

The intersections of the w vs.  curves with straight lines
of the form w = nQ determine the so-called critical speeds (ch) which
correspond to the values of running speed Q at which dynamic instability
may take place. The value n(= w/Q) 1is called the order of the critical
speed and it is usually either a positive or negative integer or its
reciprocal. Lines corresponding to n =+ 1 and n =+ 2 are shown in
Figures 2.1 and 2.2.

Critical speeds of positive orders are always associated with
forward precession, in which the whirling phenomenon takes place in the
same direction as the shaft rotation. In contrast, critical speeds of
negative orders are always associated with retrograde precession, in
which the whirling phenomenon travels in a direction opposite to the
direction of shaft rotationm.

There does not appear to be any unanimity concerning which
orders of critical speeds are the most critical ones. For example,
Stodola [21, 22], Biezeno and Grammel [13], and Hartog [14] emphasize the
first order (n = 1) . Also ref. [13] claims that backward-precession
critical speeds are less dangerous than forward-precession.ones. However,
Yamada [28] observed experimentally retrograde as well as forward critical

speeds of orders up to 8. Recently Thomson et al. [29] reported on
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experiments with single-mass flywheel systems. They had difficulty de-
tecting the lower whirl phenomena, although they did detect ome first-—
order, lower mode critical speed. For the upper mode they detected crit-
ical speeds of retrograde orders 1, 2, 3, and 5, on one system and 1 and
3 on the other, as well as forward orders 2, 3, 4, and 5 on both systems.

It is noted that in Figure 2.1 there are shown twenty-two first
and second-order critical speeds in the rotational speed range up to
50,000 rpm: nine forward and thirteen retrograde. According to the
reasoning of [13] and [14], the most important critical speeds would be
the lst-order forward omes at about 700, 7,600, and 38,100 rpm. In con-
trast, the experience of [17] and [29] suggest that higher mode forward
critical speeds of second-order are most dangerous. It is noted that the
amplitude ratios ¢r/¢h and rr/rh increase rapidly as the running speed
approaches the fourth-mode, second-order forward critical speed (approxi—
mately 24,200 rpm). This is consistent with comparison between the present
results and the experimental results in [31] as discussed in Chapter V, which
suggests that perhaps the second forward critical speed at the fourth mode
is the most important one for System A.

The curious triple-curvature behavior (two inflection points) of
the second-mode forward branch in the proximity of the fourth-mode forward
branch (i. e. in the vicinity of w = 45,000 cpm, Q = 23,000 rpm)
is reminiscent of the curve veering phenomenon discussed by Leissa [30]
and was also found by McKinnon [17], who reported that an experimental
wheel failed in the vicinity of these conditioms.

The major differences in System B as compared to System A are

smaller out-of-plane band compliance and larger hub mass and axial moment
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of inertia (mh, I*h)' Again there are twenty-two first- and second-
order critical speeds up to 50,000 rpm: nine forward and thirteen retro-
grade as shown in Fig. 2.2. The first forward critical speeds are of 700,
7,600, and 38,100 rpm, while the most important one for the second-order
forward critical speeds is approximately 24,300 rpm. It appears that the
calculated fourth-mode, second-order forward critical speed of 24,200 rpm
was not associated with the excessive amplitudes, during spin tests (see
Chapter V), in the vicinity of 29,000-30,000 rpm. The most important
critical speed is less certain. However, there is a distinct possibility
that it could be a first-order forward one at the second mode.

One of the objectives in designing the flywheel systems is
either to eliminate the critical speeds, if possible, in the operating
speed range or to move them beyond the maximum operating speed. 1In the
Sandia System A and B designs, the two most dangerous critical speeds are
the first order forward one at the second mode, (ch)lz, and the second-
order forward one at the fourth mode, (ch)za. In view of the nearly
identical performance of Systems A and B in Figures 2.1 and 2.2, it is
practically sufficient to present numerical results for only one system
since these results are applicable to another system with an error of less
than 0.5%.

Practical ways to increase (ch)12 are (1) to increase the

area moment of inertia of the flywheel shaft IS , (2) to decrease the

* Physically, only flexural rotatory stiffness is needed since

(ch)lz

most practical way to increase the flexural rotatory stiffness is to in-

is associated with the flywheel-shaft tilting mode. However, the

crease the shaft moment of inertia, which in turn increases the flexural

translational and coupling stiffnesses of the shaft.
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hub's diametral mass moment of inertia, and (3) to increase the angle of

the bands with respect to the plane of the rim, ¢ . Effects of increasing

both I and ¢ on (ch)12 and (@ are presented in Fig. 2.3.

cr)ZA
It is seen that (1) (ch)24 is unaffected, (2) (ch)12 is increased by

approximately 3% for each one~degree increase in ¢ , and (3) (@ is

cr)lZ
increased by approximately only 1% when Is is doubled. Effects of decreas-
ing Imh and increasing ¢ on (ch)12 and (ch)24 are shown in Fig.

2.4, The first two results for Fig. 2.3 given above remain applicable.

Also, (ch)12 is increased by approximately 18% when Imh is reduced to

80% of the original. Critical speed (ch)zq remains unchanged for the
above two cases and for the case even when Is and ¢ are increased
simultaneously as shown in Fig. 2.5. In order to increase critical speed
(ch)24 , it is necessary to increase the area moments of inertia of the
flywheel shaft and turbine shaft as well as the angle ¢ simultaneously

as shown in Fig. 2.6. When the foregoing three parameters are doubled

simultaneously, critical speed (ch)24 is increased from 24,200 rpm to

31,800 rpm as can be seen in Fig. 2.6.
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CHAPTER IIIL

STABILITY ANALYSIS

3.1 Internal Damping in the Shaft and Bands

As in ordinary (nmon-rotating) vibratory systems, internal fric-
tion (damping) is always present in rotating shafts if the whirling speed
is differént from the shaft rotational speed. This internal friction has
the effect of resisting shaft motion and causes dissipation of energy.
It has been well known that internal damping has the effect of reducing the
amplitude of a non-rotating vibrating system and thus stabilizes such a
system. In rotating machinery, however, if the rotational speed is above
the lowest first-order critical speed, a peculiar phenomenon sometimes
can be observed, i. e., the amplitude of whirling vibration gradually
builds up and finally leads to an unstable motion. To explain this kind
of phenomenon, the imperfection of shaft elastic properties must be considered.
There have been two approaches used in the literature to describe
internal damping: the viscous type [32, 33] and the hysteresis type [29, 33].
The former is incorporated in a similar way as in the simple spring-mass-
dashpot system where the friction force is proportional to the velocity and
thus the energy dissipation is proportional to the frequency. This char-
acteristic, however, is not typical of most shaft materials where tﬁe dis-
sipation is of the hysteresis type and nearly independent of the frequency.
Qualitative measurements of internal damping were first carried out by Kim-
ball [34]. He loaded an end-supported shaft and observed an additional de~
flection, besides the elastic deflection, in a direction normal to the loading

when the shaft was set in rotation. He also observed that this additional

-28-



deflection is independent of the rotatiomal speed and is linearly de-
pendent on the elastic deflection, provided that the elastic deflection
is not too large. In other words, the ratio of this additional deflec-
tion to the elastic deflection is equal to a constant within the limita-
tion of linear theory.

Experiments with tension and compression show that even at very
low stress levels, materials are not perfectly elastic. This inelastic
behavior is reflected in the hysteresis loop as shown in Figure 3.1. The
elastic behavior is represented by the straight line AOA, while the width
of the loop depends on the stress level applied in the experiment. Under
steady-state conditions, the loop is stabilized as an ellipse with the
enclosed area equal to the amount of energy per unit volume dissipated
per cycle due to hysteresis.

stress

V = strain

Fig. 3.1 Hysteresis loop of material under tension and compression.

Consider an overhanging flywheel-shaft system which is deflected
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by a force Fe as shown in Figure 3.2, The system has a rotational
speed § , and a whirling speed . In order to be consistent with the
right-hand coordinate system xyz, & and « should be positive for the
directions shown in Fig. 3.2(b). For the case Q > w , any specific
fiber in the shaft rotates counterclockwise. When the outside fiber
moves inside through rotation, it is subjected to a stress variation
from compression to tension and thus the upper portion of the stress-
strain curve (curve AUA) as shown in Fig. 3.1 should be used. Using

the same argument one can conclude that the lower portion (curve ALA) of
Fig. 3.1 should be used to describe the inside fiber when it moves out-
side. Since the upper portion has a higher stress level compared to

the lower portion, an additional force Fé as shown in Fig. 3.2(b) is
generated. The ratio of F; to Fe is equal to a constant, Y;k ’
under the limitation of linear theory. Since F; lags Fe by an angle

of -90°, the total force F can be written in complex form as follows:

"__ — ! S
F = Fe i Fe 1 -1 YS)Fe (3.1)

Noting that Fe Kr (K is the elastic stiffness and is pro-
portional to the Young's modulus ES), one can bring the internal damp-~-
ing into the formulation by replacing ES used in the previous chapter

with a complex modulus

Es = (1-1 YS)ES 3 > w (3.2)

The constant, Ys’ is usually called loss tangent.
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Fig. 3.2 (a) Configuration of an overhung flywheel-shaft system;

(b) Cross-sectional view of shaft.
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With a similar argument, one obtains the following complex

modulus for Q < w

~

Es = (1+1i YS)ES ; 2 <w (3.3)

The flywheel shaft shown in Fig. 3.2 can also be bent by applying
a moment on it. For such a case, one may use the same philoscphy to
reach the same conclusions as given in equatioms (3.2) and (3.3). It is
noted that the results obtained above can be applied to a rotating shaft
under any kind of supports.

In the Sandia flywheel system, the band material is Kevlar 49
aramid/epoxy. Since composite materials with polymeric constituents
usually exhibit more internal damping than do the common metallic materials,
one would expect that the bands exhibit appreciable internal damping.
Although the geometric configuration for the bands is different than that
in the shaft, a similar conclusion can be obtained. Thus the following
equations should be used to bring the internal damping in the bands into '

the analysis.

~

Eb (L -1 Yb)Eb 3 Q> uw (3.4)

>

E, = (1+1 yb)Eb ; Q< w (3.5)

3.2 Formulation of the Equations of Motion for the Damped System

In the Sandia flywheel system, an external damper is located
between the lower bearing and hub om the flywheel shaft. The external
force acting on the flywheel shaft at the position where the external

damper located is
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Fd = -myr, - Cdrd (3.6)

Here Cd is the viscous damping coefficient.

Using the complex moduli .in the shaft and band materials as
given in the previous section in conjunction with equation (3.6), for the
external damper, one can formulate the damped flywheel system in a similar
way to that presented for the undamped system in Chapter II. Assuming
that the system whirls in a normal mode with a solution form of {qi} =
— . _iwt R ) . e s R . s
tqi}e , one obtains the following characteristics equation similar to

equation (2.11)
([Mle? - [N]w - [é]}{ai} = 0 (3.7)

where [M] and [N] are 8 x 8 matrices with zero elements except for the
elements defined in equation (2.12) and N77 = i Cd Q H [k] is the
complex version of stiffness matrix [K] given in equation (2.8).

Using the same transformations as given in equation (2.13), one

obtains the following equation

[l 1 [ ) @,
————— - —- =w (3.8)
aq b - -
LA™t RO T | Gy 5}

"3.3 Stability Criterion

Perhaps the most popular stability criterion used in the
literature for linear amalyses is the Routh-Hurwitz criterion. However,
in view of the large numbers of degrees of freedom considered here,

application of this criterion by expansion of the determinant would be
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extremely laborious. Here, the Routh concept is used directly by

numerically determing the complex roots of equation (3.8).. Using an

*
existing routine, one can compute the whirling frequencies for a given

rotational speed Q . In general, the whirling frequencies are complex

numbers, i.e. w = we + imI . Thus, the solution can be written as

{qi} = {ai}e—mlt ™RY . The quantity wp is the damped frequency;

while the quantity - wr is the growth factor. It is noted that if

- wp > 0, the amplitude will grow with time exponentially and the system

will become unstable. On the contrary if - Wy < 0, the system is in a
stable condition. The computing procedure for predicting the onset of
unstable motion is to start with a given suitable rotational speed
and compute all the frequencies then increase a small amount of £ and

repeat the computation until at least one of the growth factors becomes

positive.

3.4 Numerical Results

As in the preceding chapter, the numerical results presented
here are applicable to both Systems A and B since their differences are
less than 0.5%. Values of Ys and Yy are assumed to be 0.005 and 0.0172
respectively. Effects of the external viscous damping coefficient Cd
on the onset of instability are shown in Fig. 3.3. If Cd = 0 , the
onset of instability occurs at the lowest first-order forward critical
speed. Only asmall amount of Cd (lLess than 0.25 lb-sec/in) is required to

stabilize unstable motion associated with the first and third modes for

* Detailed programs are present in Appendix F.
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& > w . When the value of Cd is greater than approximately 0.2 1b-
sec/in, the onset of instability jumps up to 38,100 rpm. Increasing the
value of Cd has very little effect on increasing the onset of instability
beyond 38,100 rpm. This implies that a considerable amount of external
damping is required in order to stabilize the system associated with the
second forward mode. Altg;natively, this onset can be brought up to a
fairly high rotational speed by (1) increasing the flyhwheel-shaft area
moment of inertia (Fig. 3.4), (2) reducing the diametral mass moment of
inertia of the hub (Fig. 3.5), (3) increasing the flywheel-shaft area
moment of inertia and band angle ; simultaneously (Fig. 3.6), or (4)
increasing the flywheel-shaft and turbine-shaft area moments of inertia

as well as the angle ; (Fig. 3.7). However, the most convenient and

practical ways to increase the speed at which such unstable onset occurs

in the spin-test set-up are the first three or their combination.
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CHAPTER IV
FORCED WHIRLING

4.1 Formulation

Although the rotors used for high-speed flywheels can be well
balanced in today's techmology, it is not possible to eliminate the initial
unbalance completely. This imitial unbalance (eccentricity) causes resonance
in the neighborhood of first-order critical speeds. 1Inthe absence of
damping and at a fixed running speed, the resonance response will build up
and finally cause the failure of the system no matter how small the inital
unbalance is. Another source of excitation for first-order critical whirling
is unavoidable initial tilt of the flywheel. TFor reasons stated in the
preceding chapter, no hysteresis damping is produced at the first-order
forward critical speeds. In order to reduce the response amplitudes, there
must be some external damper installed in the flywheel system. In the
Sandia flywheel system, there is an external damper lecated on the flywheel
shaft as shown in Fig. 1.1. This external damper not only effectively
reduces the response amplitudes, but also is effective in overcoming adverse
internal damping to stabilize the system when the operating speed is beyond
the lowest first-order critical speed. In the present chapter, the frequency
response of the system will be studied. Minimum damping will be determined
for a given maximum response allowance.

If a rotor is unbalanced with an eccentricity of e, the trans-

lational displacement of the rotor gravity center r, can be expressed

C
as

r, = r+ (me) e TE (4.1)
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where m is the rotor mass.
Similarly, the tilting angle of a rotor with an initial tilt ¢o

can be written as

4o = o+ e 4.2)

It is noted that * and ¢ in the preceding two equations are
respective shaft (or bands, if appropriate) tramslation and slope.

A derivation similar to that for equatioms (2.2a) and (2.2b)

gives the following two equations

F = -m;c (4.3)
M o=-T¢.+1 J 9 ¢q (4.4)

+

where F and M are respective force and moment applied on the shaft.

Inserting equations (4.1) and (4.2) into equations (4.3) and

(4.4), respectively, one obtains

F —nr + me 92 eimt (4.5)

2 -
M elwt

-Lo+id Qe+ (I -JT) ¢ @ (4.6)

The shaft at the position where external damper is located receives

the following force Fd :

The compliance equations can be written in matrix form as
follows:

{q.}

1

]

[aij]{Qj} i, j=1,2, ..., 17 (4.8)

i

T
where {qi} {rr, s Ty s Tes bs T ¢d}

T

i

{Qj} {F,M,F,M,F,M,F, Md}
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and {aij} are given in Appendix E.

Due to the geometric configuration of the Sandia Flywheel System
it is expected that unbalance and initial tilt mostly occur in the rim.
In view of this, frequency response excited by such kinds of geometric
imperfections are studied. However, such studies could be extended to
incorporate similar excitation received from other components, if necessary
or important.

Inserting equations (4.5) and (4.6) into equation (4.8), and

using the following solution form
_ 4= iQt
{qi} = {qi} e (4.9)

one obtains

2 -
{[Kij] + [Nij]sz - [Mij]sz }q) = {fj} (4.10)

-1
where [Kij] [aij] . [Mij] and [Nij] have zero elements except

the following

= . = 1 - J . =
My =me 5 My S G =9y 3 Myt oWy,

M, = Ih = Jon 3 Meg = m, 5 Moo =TI, - e (4.1

{fj} is the excitation vector and is given below

2 2
{£.3 = {em@", ¢ (L,~J )0,

; 0, 0,0, 0,0, 0} (4.12)

Equation (4.10) is a set of nonhomogeneous linear algebraic

equations in terms of the respomses.
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4.2 Numerical Results

Solving equation(4.10) on an IBM 370, Model 158J digital com-
puter, one obtains the responses as a function of the rotational speeds.
The responses induced by rim eccentricity are presented in Figures 4.1 and

4.2 for three different viscous damping coefficients. For Cd =0 (in

units of lb-sec/in. hereafter), the amplitudes become unbounded. It is inter-~
esting to see that excellent agreements, as far as the first-order critical
speeds concerned, are obtained between Figures 4.1, 4.2 and Figure 2.1 of
Chapter II. It can be seen that larger responses are obtained in the
lowest critical speed compared to that in the two otherwise higher critical
speeds. However, the former is less important since the design operating
speed is in the range of 8,000 rpm and up. The responses induced by rim
initial tilt are presented in Figures 4.3 and 4.4. Again good agreements
are obtained between Figures 4.3, 4.4 and Figure 2.1. In contrast to the
response curves presented in Figures 4.1 and 4.2, the iarger responses
occur in the third critical speed.

In the Sandia design, there is a "stop"

installed in the systen,
which limits the hub translation to a maximum of 0.0283 inches. In order

to prevent the hub from hitting the "stop', an adequate amount of external
damping should be present. According to the information provided by

Sandia Laboratories, the maximum rim eccentricity and initial tilt pertient
to their designs are respectively 0,028 inches and 0.15 degrees. In other
words, the maximum allowable ratios of the hub translation to rim eccentricity
and initial tilt are respectively 1 and 12 in/rad. A plot of the ratio

of the hub translational amplitude to rim eccentricity versus rotational

speed is shown in TFigure 4.5. It can be seen that the minimum amount of
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viscous damping ccefficient required is 0.25 lb-sec/in (as discussed in
the preceding chapter, this value is sufficient to maintain a stable
motion up to 38,100 rpm). As a check, a plot of the ratio of the hub
translational amplitude to rim initial tilt is shown in Figure 4.6. It
can be seen that the peak respomses for Cd = 0.25 lb-sec/in are well
below the maximum allowance (12 in/rad). The hub translational responses
induced by the rim eccentricity and initial tilt versus rotational speed
are given in Figure 4.7. Again, a value of 0.25 ib~sec/in for Cd is
sufficient to prevent the hub from hitting the "stop".

A conservative estimation of viscous damping coefficient Cd is
presented in Appendix F. Considering the worst case as shown in Figure 4.7.
at Q = 38,100 rpm, the corresponding damper lateral translation is 0.051 in.
The damper clearance pertinent to the Sandia spin-test facility is 0.040 in.
This gives a value of more than unity for the eccentricity ratio; which is
not physically possible, since the eccentricity ratio can not exceed a
value of one. However, according to the calculation conducted in Appendix F,
the viscous damping coefficient should exceed 0.25 lb-sec/in when € =~ 0.65
or a damper displacement of about 0.026 in. For an eccentricity € = 0.9,
Appendix F lists Cd = 1.3 lb-sec/in. Since this value is considerably
greater than the 0.25 lb-sec/in value on which Fig. 4.7 is based, it is clear
that the 0.051-in. damper displacement mentioned above would be considerably
reduced for C, = 1.3 lb~sec/in. and there would be no danger of the

d

damper hitting its housing.
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CHAPTER V
COMPARISON WITH EXPERIMENTAL RESULIS

In the spin tests of the two Sandia flywheel systems (denoted
here as Systems A and B) tested by Sandia personnel at the Sandia Liver-
more Laboratory [31], x and y coordinates of the hub position in the
horizontal plane were picked up by proximity gages and displayed on an
oscilloscope.

The System A flywheel displayed considerable vibrational amplitude
in the low-speed range below about 2,000 rpm, but it was possible to
accelerate through this speed range. (The excessive amplitude may have
been indicative of the predicted critical speeds in the vicinity of 700
and 2,000 rpm.) Starting at about 14,000 rpm, there was a gradually
increasing buildup in amplitude which accelerated rapidly starting at
18,000 rpm. Expeciaily sudden increases in amplitude were noted at 20,200
rpm and 20,900 rpm. These sudden jumps while the rotational speed was
gradually increased appeared to be indicative of the nonlinear jump phe-
nomenon associated with a "softening" restoring force [35]. It is also pos-
sible that these sudden increases were due to any one of these causes: (1)
sudden failure of a band, (2) slippage of the bands in the vicinity of the hub,
or (3) rapid -opening of a delamination in cthe rim. The flywheel shaft broke
due to excessive amplitude when a speed of approximately 22,100 rpm was reached.

By ultrasonic and radiographic means it had been found prior to
the spin test that this particular flywheel rim appeared to have some
localized areas of fiber buckling. An earlier test of another flywheel of

the System A design had achieved 17,900 rpm before the lead balance weights

=53~
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were thrown off and the test stopped. Surface flaws, but no significant
internal flaws, were detected in it prior to test, and post-failure exam-
ination showed that it had separated in the vicinity of the surface
irregularity.

In summary, it appears that the calculated fourth-mode, second-
order forward critical speed of 24,200 rpm for System A is in good agree-
ment with the observed failure due to excessive amplitude at 22,100 rpm.
This agreement was surprising, since all of the stiffness values used
were calculated ones, some of which were based on boundary condition assum—
tions which may not have been sufficiently realistic.

The System B flywheel exhibited a generally smoother ride (less
vibrational amplitude) than did System A. A possible explanation for this
could be the inherently more symmetric stiffness distribution of the band
geometry in System B. Pronounced sudden decreases in amplitude, indicative
of nonlinear jump phenomena associated with a "hardening" restoring force
[35] were observed at approximately 22,000 rpm and 24,800 rpm. There was
a gradual increase in amplitude starting at about 27,500 rpm, with sudden
increases in amplitude at approximately 29,000 rpm and 30,000 rpm. There
was a loud report associated with the first of these, and final failure was
at 30,100 rpm. Post-failure examination of this flywheel indicated that
the rim still retained its structural integrity, but many of the bands had
failed near their attachement ot the rim. It is not known which of the
following phenomena directly caused failure of these bands: (1).snapping
of some of the bands due to excessive steady centrifugal and aerodynamic
loads, (2) excessive dynamic mechanical loads resulting from the system

dynamics causing the bands to snmap, or (3) excessive abrasion due to
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rubbing after the flywheel dropped into the spin pit following failure
of the reduceé—section breakaway shaft. An earlier test of the System B
design had displayed dynamic instability at 29,000 rpm and the test was
discontinued at that point.

In summary, it appears that the calculated fourth-mode, second~
order forward critical speed of 24,250 rpm for System B was not associated
with the excessive amplitudes, during spin tests, in the vicinity of 29,000-
30,000 rpm. However, there is a calculated first-order forward critical
speed for the second mode (associated with flywheel shaft rotary flexibility)
at approximately 38,000 rpm. It may be tentatively conjectured that the
System A flywheel failed at a second~order critical speed (22,000 rpm) due
to st}ffness asymmetry of the bapds, while System B, could have gotten
beyond this speed only to encounter excessive amplitude at the next higher

+
first-order critical speed (30,000 rpm).



CHAPTER VI
CONCLUDING REMARKS AND SUGGESTIONS FOR FURTHER RESEARCH

In this investigation, free whirling, forced whirling, and
stability of two rim-type composite-material flywheel systems currently
under development and spin test at Sandia Laboratories were studied.

Critical speeds were encountered in the design operating speed
range (8,000 rpm to 31,500 rpm). For System A, perhaps the most important
critical speed is the second-order forward one at the fourth mode (approx-
imately 24,000 rpm). Practical way to increase such a critical speed
beyond the desired maximum operating speed is to increase the band angle
and the flywheel-shaft and turbine-shaft area moments of inertia (or to
decrease the lengths of the these shafts since the purpose is to increase
the shaft rotatory stiffness) simultaneously. For System B, the most
important critical speed is less certain. However, there is a distinct
possibility that it could be a first-order forward one at the second mode
(approximately 38,100 rpm). This critical speed can be moved up by either
reducing the hub diametral mass moment of imertia or increasing the fly-
wheel-shaft area moment of inertia (or reducing the length of this shaft).

The adverse effect of material internal damping on the system
stability can be overcome by providing an adequate external damper. Only
a small value of viscous damping coefficient is required to stabilize the
system up to the first critical speed at the second mode. However, a
considerable amount of external damping is required to stabilize the sys-

tem above this critical speed. Alternatively, this onset of instability

0

an be moved up by either reducing the hub diametral mass moment of

-0
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inertia or increasing the area moment of imertia (or reducing the lemgth)
of the flywheel shaft.

In order to prevent the hub translational motion from hitting
the "stop" during forced whirling excited by unbalance and initial tilt,

a minimum viscous damping coefficient of 0.25 lb-sec/in is required for the
Sandia flywheel designs.

Several new questions have arisen from this research and it is
recommended that the following additional research be conducted:

1. In view of the "nonlinear" jump phenomenon observed during
spin test, nonlinearity arising from the band action, believed to be the
most significant one in the systems investigated, should be examined.

2. There exists a possiblity for the band on the compressive
side of the bend to buckle in the double-band action associated with rim
tilt action relative to the hub.

3. The stacking sequence of bands which causes unsymmetric
stiffness distribution circumferentially may be significant to the stability
of the system. An investigation on this unsymmetric band stiffness dis-
tribution may provide scme information pertinent to the excitation for the

second-order critical speeds in System A.
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APPENDIX A
DERIVATION OF ROTOR BASIC EQUATIONS INCLUDING GYROSCOPIC EFFECT

Consider an axisymmetric rotor as shown in Fig. Al. The rotor
rotates at an rotational speed Q with respect to axis z, which passes
through the geometric center C of the rotor. Due to the symmetric nature
cf the rotor, coordinate system X ¥y 2 coincides with one of the prin-
cipal axes of the rotor. Thus, the angular momentum H of the rotor

based on system x is

171 %

H = Im¢x 3 H = I

H = JQ (A-1)
xl y1 my z m

1

Here Im s Jm are mass moments of inertia of the rotor respectively
about its diameteral and axial directioms, ?x and ?y are rotations of

the rotor respectively in the xz and yz planes, Hx , H and Hz
1 1 1

are components of H in the x planes, (.) s 3( )/3t .

121 * 1% and Y,
The angular momentum of the rotor based on system x'y'z' can
be obtained as follows by resolving the components in equations (A-1) and

using the small-angle approximation.

H., = Im¢x + Jm9¢y

X
Hy. = Im¢y - JmQ¢x (A~2)
H, = J&

Z m

To the first-order approximation (small o and ¢y), the Euler's

L]
-

equaticns of motion M = H are applicable and hence the following
Xyz Xyz

inertia couples are obtained
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Fig. Al. Reference axes of a whirling rotor.
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Mx = Hx = Im ¢X + JmQ ¢y

M = H = I ¢ =-JQ ¢ A-3
, o= B a ¥y b (4-3)
M = H =0

Z Z

Equations (A-3) represent the inertia couples applied on the
rotor. The inertia couples applied on the shaft by the rotor are the
reactions received as of equations (A-3). Thus, the nonzero couples applied

on the shaft are

Moo= - I e -0
(a-4)
My = - Im ¢y + Jmﬂ ¢x

The first terms on the right-hand sides of equations (A-4) are
associated with rotatory inertia, while the second terms are associated

with gyroscopic effects.



APPENDIX B
INTERACTION BETWEEN THE RIM AND BANDS

In this analysis, only the additional forces due to centrifugal
action are determined. They add to the initial forces due to prestress
during winding.

The free centrifugal expansion of a single band is calcualted as
follows (see Fig. Bl for detailed geometry). First, the centrifugal force

developed at any arbitrary radius ry is determined by

Ri 2 ~ 2 2 2 N
B = ) o, A, @ r drfcos ¢ = Yo, A Q(R] - r))/cos ¢ (B-1)
I

~

where Ri is the rim inside radius; ¢ is defined in Fig. Bl.

Thus, the axial strain of the band at ry is
g, (r.) = P cos;/ E = (P 92/2 )(R2 - rz) (B~2)
p{Ty be AEy, = (B E)QRy -1y
The axial displacement at the outer edge of the band (i.e. at
its point of attachment to the rim) is
& 2 3 2 3
4o = e, (r)dr, = (o, 7/EDUR/D-®; R /D + R /6)]

(B-3)

where Rh is the hub outside diameter.
For the rim, the hoop tension due to free centrifugal action is
2 2

N, = o A 2R (B-4)

Thus, the radial displacement of the rim at its centroidal radius R 1is

~64—
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Fig. Bl. Side elevation of one half of the Sandia thick-ring flywheel.
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2 .3 ’ \
= B—S
LI o Q@ R/E { J

Comparison. of the values of ubo cos % (this is the band radial
displacement at the outer edge) and u.. using data pertinent to the
present investigation, shows that the latter is greater than the former.
Thus, the bands are loaded in tension. To determine the interaction
between the two, we consider a typical "repeating section'" as shown in

Fig. B2.

A summation of radial forces yields the following expression

- o 5 = -
(RfR N°) sin 90 Q cos So (B-6)

where N° = circumferential force, Q = shear force, and fR is the
centrifugal body force per unit length given by

£, = 0ARQZ (B-7)

The elastic boundary conditions at the edges of the segment

can be written as

1 ~
o _ = = - -
N~ = Keuo . Q 3 Kbr(uo u cos ¢) (B-8)
where ug is the radial displacement of the edge at 6 = eo and the
stiffnesses are given by
_ 2 7
K, = AE/R s Ky = (AbEb/Lb) cos” § (B-9)

where Lb is the unsupported span length of the band.

Combining equations (B-3), (B-6) through (B-9), one obtains

the following expression

2 3.3 2 3
6AR” tan 8 + p cos” $[(R3/3 -(RS R, /2)+(R>/6)Y2L
uo/Qz ) o T oy Ay i i Rp Ry b 310

-~

(AE/R) tan o, + (AbEb/ZLb) cos2 ¢
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Fig. B2. A typical 30-degree repeating segment of rim and bands,

and its schematiec model
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The additional radial force in a band due to the rim-band

interaction is

is

1
Pbc

at the inner edge. The integrated average of P

ol

~

Q = -% Kbr(u0 - u,  cos $) (3-11)

The additional tension in a band due to the rim-band interaction

Pbc' = 2Qecos $p = Kbr(uo - u, cos $)cos ¢ (B-12)

~

The total tension in a band is the sum of Pbc cos ¢ and

The former varies from zero at the outer edge to a maximum value

cos ¢ 1is
be :

R.
J oA o> (82 - r2) ar,/®, - B) : (B-13)

%

Performing the integration, one can rewrite equation (B-13) as

P o= o A 0° (2R -3R°R +R)/6(R, - R) (B-14)
b Ab i i Rh Rh i Rh

Thus, the total centrifugal tension in a band is

P, = P+ Pbc' (B-15)



APPENDIX C
DETERMINATION OF IN-PLANE BAND STIFFNESS

A small in-plane displacement T, (see Fig. Cl) of the rim
relative to the hub causes each band set (that is, the upper and lower
bands which are shown superimposed in the figure) not only to stretch
along its axial direction but also to bend in the plane containing the
displacement r, . The former produces the in-plane stretching rigidity;
while the latter produces the in-plane flexural rigidity.

The amount stretched in the band set is

u, = r cos (Y. + 6) cos ¢ (c-1)
J c J

where 6 is the angle between the displacement direction and the nearest
band having additional temnsion and wj is the angle (measured in the

. . .th
same direction) between that nearest band and the j band.

Thus the axial force in a band set is

A E
P = 2(p, +P +-2Dy)
Aj i c Lb
or
P = 2[p, +P + Ab Ebr cos(y, + 8) cos ;] (c-2)
Aj i c L, ¢ 3

where both Pi and Pc are assumed to have the same value in all
directions.
The force component in the direction of the displacement r, is

P. = P, . cos . + 08) cos
g = Pag o8 (b +0) cosd

= 2 [P{ cos (p; +8) + P_ cos(wj + 8) + %%Ebrc cosz(wi+ 8) cos %]cos )
N J < b 4
(C-3)
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CENTER OF
ROTATION

Fig. c1. In-plane tramslation of the rim relative to the hub.
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The resultant restoring force is

[
N
o
o
[N
]
—
N

Py = b P, = 2— r cos ¢ I cos2 ($, +8)
o i

or

P, = 12 — r_ cos b (C-4)

Thus, the integrated stiffness due to thevariation of axial

tension in the bands is

. =12A"bEb 2 -~

< Lb cos ¢ (c-5)

The in-plane flexural rigidity kb in the bands is the ratio
of lateral force, applied on one end of the bands, to the side-sway de-

flection. Using classical beam-tension bar theory, one obtains

: -1
ko= (kP sinh kLb)[Z(l ~ cosh kLb) + kL sinh kLb] . (C-6)

where P 1is the total tension in each band; k = (P/EbIl)% 3 I1 is
the area moment of inertia of band cross—sectional area about its cen-
troidal axis parallel to the flywheel shaft.

A set of bands parallel to the direction of load application
can not carry any flexural load and thus does not contribute to the
integrated flexural stiffness. However, a set of bands at 90° to the
direction of loading contributes its in-plane flexural rigidity. For

any given loading direction, the integrated in-plane flexural rigidity

is given by
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2 2 o 2 ]
(1 s K - 8) c
\“I)integrated 4[cos®® + cos (307 - 8) + cos™(30" + 8)

+ cosz(60° -8) + cosz(60° +8) + c052 (90° - 98)] kb

12 kb c-7

The total integrated in-plane stiffness is

Kbip = lZ(AﬂbLjD cos2 ; + kb) (C-8)

In the Sandia System A flywheel, the average ; is approximately
equal to 2.66°. Using equation (C-8), one obtains only 0.2% less stiffness
by incorporating the angle ; as compared to the case when it is not
incorporated.

For System B, the bands are wound flat on to the rim but undergo
a 90-degree twist to be wound on to axially oriented pins at the hub.
Bands in such systems are shown in Fig. C2(a). Application of equation
(C-8) is not valid unless a modification is carried out. Physically the
first term on RHS of equation (C-8), which is associated with stretching
in axial direction, is unaffected. However, the second term should be
decreased due to reduction of moment of inertia along x .

If the force applied at the right-hand side is Q as shown in

Fig. C2(a), the moment distribution is

Mx) = - QL - | (c-9)

Using the same philosophy as presented in [36], the trans-
lational deflection at the point where Q is applied can be expressed as

follows by neglecting the shear flexibility:

Y/E I(x)] dx (C~10}
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BOTTOM VIEW

A — X RIM
HUB (b)

Fig C2, Schematic dlagrams showing that the bands of System B have been

twisted by'an angle of 1/2 at the end attached to the hub.
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where I(x) 4is the moment of inertia at position x .
Assuming that the angle twisted is linearly dependent on X

b

the following relation can be obtained

I(x) = Il cos2 X + I2 sin2 X (c-11)

where x = nx/ZLb

Inserting equations (C-9) and (C-11) into equation (C-10), one
obtains
(y,/ - [l - 0%E @ cos? 7 + 1, sia? ] 4
Y/ @ ruisted . Ly = %) /E,(Ijcos” x + 1, sin X)] dx
(Cc-12)
For the case when the bands are not pre-twisted, the value of
yP/Q can be obtained by using the following equation.

(yP/Q)

L
b
) = . 2
nontwisted Io [(Lb X) /EbIl] dx (c-13)

The ratio of the translational stiffness for the above two dif-

ferent configutations can be obtained as follows:

(Kb)twisted/(Kb)nontwisted = (yP/Q)nontwisted/(yP/Q)twisted (C-14)

Combining equations (C-8) and (C-14), one can compute Kbip by

using the following equation

(C-15)

AbEb 2 - (yP/Q)nontwisted
Kbip = 12 ( Lb cos ¢ + (YP/Q) kb)

twisted

The numerical value of equation (C-14) pertient to the Sandia

System B design is approximately equal to 0.678. The angle ¢ in system
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B is about 2.13°. Using these values in equation (C-15), one finds that

the difference of Kbip for both Systems A and B is within 0.2%.



APPENDIX D

DETERMINATION OF OUT-OF-PLANE BAND STIFFNESS

To derive an expression for the out-of-plane band stiffness, it
is necessary to consider a set of two bands as a double beam with column
action on the compression side of the beam and tie-bar action omn the ten-
sion side. Although there can be some geometric nonlinearity, only a
linearized analysis is presented here. Fig. D1 shows schematically, in
exaggerated fashion, the geometric relationships involved.

Denoting the upper band as band A and the lower one as band B,
one can write the following expressions for the respective horizomtal
and vertical displacements of the band-to-rim junctions when the rim is

tilted through an angle ¢ :

uy = Ri(cos ¢ = 1) -bsin¢ ¥ - b
w = R, sin ¢ + b(cos ¢ - 1) ® R_ ¢
AT, i i (0-1)
upg = Ri(cos ¢ -1) + bsind ¥ b¢
= i D - - 4
o, Ri sin ¢ - b(cos ¢ - 1) Ri¢

where the approximations at the right are based on the first-order small-
angle assumptions, sin ¢ &% ¢ and 1 -cos ¢ & O

The total axial forces in the respective bands are

= N —~ . N L
P, P, +P_ + AbEb(uALcos ¢ ~ w,; sin )9/ b
% P, +P - AE(bgos o +R, sin $)o/Ly
(D-2)
= i N + N\ Iv
PB Pi + Pc + AbEb(uBL cos ¢ Vor sin ¢;¢/ub

~ Pi + pc + A.bEb(b cos ¢ + R, sin ¢)¢/Lb
~76-
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RIM IN TILTED .
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Fig. D1.

/
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Schematic diagram depicting behavior of a set of two bands behaving
as a double beam with compressive column action in the top beam and

tensils tie-bar action in the bottom beam. Rotation takes place

T
abcut
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where Pi = dinitial winding tensiong Pc = centrifugal temsion given
in Appendix B.

The governing differential equations are

A a%
Eb % " PA 2 = 0 (Band A)
dx dx
(D-3)
dawB dsz
EB—Z— PB—E = 0 (Band B)
dx ax

The boundary conditions are listed in Table DL

Table D1

Boundary Conditions for Out-of-Plane Bending of Bands

Band Left End Right End
A wA(O) =0 wA(L ) = w ; + si 5 = (R, cos & - b sin $)¢
b AL cos uAL in¢ < 5
A
. de(O) o dw (Lb) -
dx dx
B wB(O) =0 WB’L ) = w__cos ; - u_,_ sin ; ~ (R, cos ; - b sin &)@
b BL ; BL i
B
. ot _, & A
‘ dx dx

In order to write the appropriate solutions for equations (D-3),

it is necessary to know whether PA and P_ are positive (tensile) or

B

negative (compressive). Due to the initial temsion, it turns out that
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for the higher rotational speeds of major importance, for small angiles,

even PA is tensile while PB is tensile under any conditions. Thus,

the general solutions may be written as

A .
w (x) = A1 cosh kAx + A_ sinh kAx + A, + A%

2 3 4
(D-4)
B .
w (x) = B1 cosh ka + B2 sinh ka + 33 + th
where
k, = (P,/E, I );2 = (P,/E_ I )11
A = (BB I » kg = (BR/E T, ,
(D-5)
12 = Area moment of inertia of the band cross-
sectional area about an in-plane axis
Using the boundary conditions to evaluate Al, o« o A4 and Bl’

« e ey 34, one can write the following results for the bending moments

at the ends of the individual bands:

dzwA(Lb)
Mo = "B I3
dx
or sinh k,L,
- ———————— - ]
cosh kALb kALb Lb 4+ (1L - cosh kALb)R
2
M = =-ETI.k, ¢ -
Al bP2A .
2(1 - cosh kALb) + kALb sinh kALb
(D-6)
where R' = R cos ¢ - b sin ¢ .

These same expressions hold for MBL if kA is replaced by kB .

Since we are interested in the case where ¢ -+ 0 only, it is
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accurate enough to use PA. = Pi + Pc in equation {(D-6).

In addition to moments MAL and MBL associated with bending
of the individual bands about their own centroids, there is a moment
carried in the form of membrane stresses in the individual bands. It is
given by

Mm = b(PB -P

D % 2AEDD cos b + R, sin c;)q)/]'..b (0-7)

*
The total moment carried by the double beam is

M o= M +M Mo (D-8)
The tilting stiffness of the double beam is

ké = MM = 2 AbEbb(b cos ; + Ri sin ;)/Lb

sinh kALb
- —————— - L
cosh kALb * Lb Lb 4+ (1 -~ cosh kALb)R
+2 E LK A
b 27A
2(cosh kALb -1 - kALb sinh kALb

(D-9)

Now it is necessary to consider how the various sets of bands
contribute to the stiffness of the band system. For a band located at
an angle 9 from the normal to the axis about which tilting takes place,
the effective angle of tilt is ¢ cos 8 . Furthermore, only the cos €
component of the moment acts about the axis of tilt. Referring to Fig.
Cl, one finds that there are a total of two sets of bands at 6 , two
at 30° - 9, two at 30° + 6 , two at 60° - B, two at 60é + 6 , and two

at 90° - 8 . Thus, the total out-of-plane stiffness related to band-set

*
The moment generated by the shear force where the band is

attached to the rim is small and is neglected in equation (D-8).
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*
stiffness ké is as follows:

Kpop = [2 cos® 8 + 2 cos’ (30° - 8) + 2 cos2 (30° + 8) + 2 cosz(60° - 8)

+ 2 c032 (60° +8) + 2 cosz(90° - B)Jké = 6 k' (D-10)
It is interesting to note that even up to & = 32,000 rpm,
Kbop is mainly dominated by the membrane action, i.e. M.m as defined in

equation (D-7). This term is significantly influenced by the angle ; .
In the Sandia flywheel System A, the average % is approximately equal
to 2.66°. Using equation (D~9). One obtains 23,6% extra stiffness by
incorporating the angle ; as compared to the case when it is not in-
corporated.

For System B, the bands are twisted as shown in Fig. C2(b).
If a woment of Mo , instead of a force Q , is applied at one end, the
moment distribution would be

M(x) = M (D-11)

The slope at the point of application of Mo can be deduced

from the following equatiom.

(¢/Mo)twisted J EI/Eb(I2 cos2 % + I1 sin2 ] dx (D-12)
0
where & = Tr(Lb - x)/ZLb

For the case where the bands are not pretwisted, the value of

Another contribution to the stiffness is the integrated torsional
stiffness in each band. However, its value is very small even for System

B which has more torsional stiffness due to pretwisting, and is neglected
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[%N
w

¢/Mo
(/M)

L
b
o’nontwisted JO (1/Eb12)dx (D-13)

Combining equations (D-12) and (D-13), one obtains the following
result pertient to .the System B design

/) /o) 2 5.0 (0-14)

twisted nontwisted

Thus, the second term in equation (D-9) should be multiplied by
5 in order to incorporate the pretwisted angle of w/2

In System B, ; is approximately equal to 2.13? . Thus,one
obtains approximately 197 more stiffmness by incorporating the angle ;

as compared to the case when it is not incorporated.



DERIVATION OF THE COMPLIANCE COEFFICIENTS

E.1l Turbine Shaft

The turbine shaft is modeled as a stepped diameter beam simply
supported at two stations by ball bearings and loaded by a concentrated

overhung force Fo and a moment M0 at the air turbine; see Fig. El.

TURBINE CENTER LINE

Fig. E1. Schematic loading diagram for the turbine shaft.

-83-
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The method used here to calculate the turbine shaft deflection
is the principle of virtual work (Casigliano's least-work theorem) as used
for stepped diameter shafts by Bert [36]. Since the present shaft is
relatively short, the additional deflection due to transverse shear is also
included here.

From statics, the bending moment and transverse shear force

distributions are found to be
[

M -F 2 0 < 2z < L_
o] o - - T
E-1
M(z) =< M- FL ( )
(_o.—il)(L_z) L’ri VA i LTB
\
- F 0 <z < L
Ty oy
- L. < z <
- L, T Lrp
where LTB = LT + LB’ LA = Length of shaft having area AT’ LT =

overhung distance (between point of load FO and the closest bearing),
LB = distance between bearings, and z = position measured from point
of application of Fo
The principle of virtual work can be applied to obtain the following
expressions for transverse deflection and slope at the point where FB

and Mo are applied:

r = a0 ; o = (E~3)

where U is the sum of the flexural and transverse shear strain energies

given by
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L 2 L 2
_ T8 M(2)]° dz J ™8 [V(z)]° dz
v = J 2E_1(z) 26_K (2)A(2) (E-4)

a
a o

A(z) 1is the distribution of cross-~sectional area, ES is Young's modulus,
Gs is the shear modulus, 1(z) is the distribution of area moment of
inertia, K(z) is the distribution of the transverse shear correction

factor, a, is the distance between turbine center to the closest turbine

shaft.

Combining the preceding two equations, one obtains

M 3V
Log M3 Loy v oF
r, = j '—"""'Q'E I dz + J XAc dz (E-5)
S S
a o}
(o}
M 3V
Lo ¥ M Lop v M
% = J gr 4=t J Kag 92 (E-6)
o S o S

Inserting the distributions A(z), I(z), M(z), and V(z) approp-
riate to the present general geometry, as shown in Fig. El, into equatioms

(E-5), (E-6) and performaning integration, one obtains

r, T o Fo + a, Mo (E~7)
a, = o Fo g Mo (E~8)

where ai's ‘are the compliances and are defined as
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Q
1]

) -1
@, F <le~:-ra + I;IE-Ial + 3L§ II‘B v oL LBG ) (E-9)
s TS s BS s BS KB AB s
a, - a L.-a L ot
I Bl S s S S -
3 Elrs Elgs 3 EJlgg K 43 G5

To calculate the transverse shear correction coefficient, which
allows for the nonuniform distribution of transverse shear strain through

the depth of the shaft, the following expression presented by Cowper [37]

is used
K = 6 (L +v) . 5 (E-10)
74+ 6v + 4(4 + 3v)B°/(1 + BY)
where B = inside diameter/outside diameter and v is Poisson's ratio.

E.2 Flywheel Shaft

The flywheel shaft is essentially supported as a cantilever at
its top end by rigid attachement to the turbine shaft. The flywheel shaft
is quite flexible in comparison to the turbine shaft and the former is
concentrically located inside the latter.

The upper portion of the flywheel shaft has a length of
Lu(= 10 in.) with an area moment of inertia Iu(=0.00485 inh). The lower
portion of the flywheel shaft contains a short, necked-down "breakaway"

region of length LZ(=1.Oin) with area moment of inertia I£(= 0.002425 iné).
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Using the method of principle of virtual work as presented in
[36], one obtains the following deflection and slope for the hub relative

to the turbine.

rh/t a4 Fh + as Mh

Snse = %5 Ty tag My

(E-11)

where Fh and Mh are the force and moment applied on the flywheel

1
shaft at the position where hub located; ais are defined as

% = 3E [adry + @l - h/r,]
as = ZlES [(Li/Iu) + (Li - Li)/IE] (E-12)
ag = —E‘S— (L1 + (L, - L,)/1,]

here LS = Lu + Ll (= 11 in.).

When a force Fh is applied, a force-couple system Fh ’ Fh Ls
is developed on the turbine shaft, which in turn, causes the turbine shaft
to have the following deflection and slope at the point where the flywheel

shaft is attached to it

a]
]

¢« F, +a, L F
s

t 1h 2 h

(E-13)

+
9 = %y FpFog Lo Fy

The net deflection and slope for the shaft at the axial position

where the hub is located (under the point of application of load Fh) can
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be obtained by using equations (E-11) -~ (E-13)

r, = ¢, Fh + ay Fh + o, Ls Fh + (a2 Fh + g LS Fh)LS
(E~-14)
bp = o5 Fpto, Fitoeg L Fy
The preceding two equations can be rewritten as
' T %33 Fh
(E~15)
by T %0 Fy
where @10 and 033 are defined as follows
012 = as + a2 + a3 Ls
(E~16)
o = +a, +2a, L +a L2
33 7 %79 2 s %3 %

Other compliances can be obtained in a very similar way and are

listed below

a44 = a6 + a3
alS = al + az L
Gy5 = Oy
(E-17)
%55 = %
%6 - 23
Gjg = Gy tazLg

The deflection and slope of the flywheel shaft relative to the

turbine, at the position where the external damper is located, are given below
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when a force F, 1is applied there.

d
L3
r = _._d___ F
d/¢ 3 EI d
s u
(E-18)
L
bqye = 281 a3 Lg FoLgTly
s u

The deflection and slope of the turbine shaft are

rt = al Fd + az Ld Fd
(E-19)

by = 9 Fgtogly By

Combining equations (E-18) and (E-19), one obtains

a57 = al + az Ld

%7 = Gt o3l

L
@,y = i—E;f;- + N + a, Ld + (az + oy Ld)Ld (E-20)
017 T Q37 T8y oy, Lo -Ly
g
%27 7 %71 TZEI T2 T %l

The deflection and slope of the shaft relative to the turbine at
the position where the external damper is located is given below (when a

moment Md is applied there).
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.2
- .4
T/t - ZEI M
s u
(E-21)
¢ =i
d/t E I M4
s u

The moment Md is transmitted to the turbine and causes the

turbine shaft to deflect and rotate the following respective amounts.

g = % My
(E-22)

= a, M

¢d/t 3d

Thus, the net deflections and slopes for each component can be
determined by the preceding two equation sets. The corresponding compliances

are given below.

2
¢y + Ld/2 ESIu + (a3 + Ld/ESIu)LH

(!18 =
ayg = oy *Ly/ET
G5 T %
(E-23)

“gg ~ %3

= +1%2 81
%78 R I U
agg = o3 *L/ET,



APPENDIX F

CALCULATION OF THE VISCOUS DAMPING COEFFICIENT

FOR THE DAMPER IN THE SANDIA SPIN-TEST FACILITY

In the Sandia spin-test facility, there is a Barbour Stockwell
damper located on the flywheel shaft. The geometric dimensions for this
damper are: damper radius = 1.5 in., damper axial iength = 2 in. Thus,
the total force acting on the damper along the line of centers is

27

F o= (1.5)(2.0) J P(8) cos 8 dé (F-1)
[o}

where 6 is the circumferential position, and P(6) is the total dynamic
pressure acting on the damper. A conservative estimate of P(8) is the
hydrodynamic pressure, i.e., the rate of change of inlet pressure is
neglected. Following Bansal and Hibner's work [38], one can write the

following expression for the viscous damping coefficient Cd .

2m
2
Cd - gg_ - [6(1.5)3u/2c2] J 4 cos_ 6 - szcos 282cos 8 a8
Brr 0 (1 -ccos 8) (2+¢)
(F-2)
. . . -6 . 2
where u = oil viscosity = 2.7 x 10 ~ 1lb-in/sec
¢ = radial clearance of damper =~ 0.040 in.
€ = eccentricity ratio (]fdl/c)

Using the data listed above as input and integrating equation
(F-2) numerically, one can compute Cd as a function of € . The results

are listed below:

e(z |rylfey 01 0.2 0.3 0.4 05 0.6 07 0.8 0.9

Cd (1b-sec/in) 0.109 0.114 0.123 0.139 0.165 0.21 0.295 0.497 1.3
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APPENDIX G

COMPUTER PROGRAM DOCUMENTATION AND LISTING

The numerical computations for the present investigation were
carried out by means of a specially written digital computer program.

The program was written in FORTRAN IV language and was run on the IBM Sys-
tem 370/158J at the University's Merrick Computing Center.

The program consisted of two parts. The first part was used to
investigate the free whirling and stability. The second part was used to
study the forced whirling. Several subroutines were used in addition to
the main program. Major variables were defined by using comment statements
in the computer program itself. The following is a list of the subroutines

and their functioms.

COMPLI computing the compliance coefficients

*
EIGCC computing the complex eigenvalues of a general complex matrix
KBAND computing the total band stiffnesses

*
LEQT2C solving the simultaneous linear complex equatiomns or inverting
a general complex matrix

MULTYC performing multiplication of two complex matrices

This is a standard subroutine found in IMSL Library 1, 6th ed.,
International Mathematical and Statistical Libraries, Inc., 1977, and thus,

it is not listed herein.
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e vV I ER AT I CN 5 S TABILITY

IMPLICIT REAL%8(A-H,(~2)

REAL#8 MRy IRe JReMHsIHs JHoMT s IT o JT sMDsCOsWK(32)+ID»JDsAMP(3)
COMPLEX*16 MI (8+8)sN(8+s8)sALPH(833)+sK(8+8)sWA(E8)+81(8+8)
COMPLEX®*16 E2(8+8)5C(16516)sW(l0)e2(165,16)eF(B)sA(8,+8}

COMPLEX*¥16 AKBIP+AKBOP sAlsA2+sDCMPLX+CPM
DATA NDEGWNCEGD/B8,16/

INPUT DAMPER MASS ANUO #ASS MOMENTS JF INERTIA

INPUT RIM MASS ANDC MASS MOMENTS QOF INERTIA

INPUT HUE MASS AND MASS MOMENTS JF INERTIA
INPUT TURBINE MASS AND MASS MOMENTS GF INERTIA

UATA MD9ID»JD/70.,0084005,0.005900+0.009SD0Q/
DATA MRIR+JR/70.043C00+1.0636L00+3.215000/
DATA MHs IHsJH/D42235C0040e247D03520354D0J/
DATA MT+IT»JT/0.02D00+,0404D0050.067500/

I1DAMP=Y INTERNAL DAMPING NGT INCLUDED
IDAMP=1 INTERNAL DAMPING INCLJUDED

IDAMP=Q
CD=VISCUUS ODAMPING COEFFICIENT

CD=0.

DO 109 IM=1,NDEG

DO 100 IN=1,,NDEG
N{IMeINI={0.D00,+,0.D0)
MI(IMsINI=(0eD0+0.D0)

INVERT ThE M MATRIX

MI(lsl)=1e/MR
MI(292)=1+/1IKR
MI(3:s3)=1e/MH
MI(494)=1e/1iH
MI(SeS5)=1 e/ MT
ML(6+6)=1/1T7
MI(7+7)=1e/MD
MI(B28)=1e/1D
N({7+7)=DCMPLX{0,00004+CD)
CALL COMPLI(ALPH,IDAMP)
Al=ALPH(1l,1)
A2=ALPH(2s2)

DG 900 I=1.4

DO 900 J=1,+6
APM=J%10e%x}
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RAC=RPM*3.1415G2654/20,
N(2+2)=JR¥RAD
N(4+4)=JHERAD
N{Es€)=JT*RKAD
N(E+8)=JD%RAD

CALL KBAND TO COMPUTE INTEGRATED BAND STIFFNESSES

CALL KBAND{(AKEIP»AKEBCP»RAL » IDAMP)
ALPH({1+1)=Al1l+1./AKBIF
ALPH( 2+, 2)=A2+1 «/AKBCP
DC 102 IK=1,,NDEG

OC 102 JK=1,NDEG
IF{IKEQeJK) GG TO 101
K{(IKsJK)I=(0eD0+0eD0)
GC TC 102
K(IKsJK)I=(1eD2+s2eC3)
COGNTINUE

DU 103 IA=1,NDEG

DO 103 JA=1.+NLEG
A{IAsJA)=ALFH(I1ALJA)

CALL LEGT2C TC INVERT COMPLIANCE MATRIX
LEQT2C IS A ROUTINE IN IMSL PACKET

CALL LEQT2C(ASNDEGIsNCEGsKsNDECsNDEG+O+swWALIER)
CALL MULTYC(MI sN+B1lsNDEG)
CALL MULTYC(MI o+Ke22+NDEG)
DG 10 KD=1+NDEG

DO 10 LO=1-NOEGD
D(KDsLD)I=(0+D0+0400)

08 20 KD=1s+NDEG
KCO=KC4+NDEC
D(KCyxDD)I=(1.00+0.00)

D3O 30 KD=1sNDEG
KOC=KD+NDEG

DG 30 LD=1..NDEG
D(KCDL.D)= B2(KLH»LD)

DO 40 KD=1sNDEG
KD3=KC+NDEG

DG 40 LO=1sNDEG
LDO=LO+NDEG

D(KCDsLDO)= d1(KDWLD)
PRINT 1000+RPM

PRINT 4000

PrINT S00D

CALL EIGCC TO SULVE EIGEN VALUE PRCO3JLEM
EIGCC IS A ROUTINE LISTED IN ISML PACKET
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CALL EIGCC(CeNCEGCIsNCECU90sWsZyNDGDy WK e [ER)
DO 60 IP=1,NDEGD

CPM=W(IP)*30./3131562€54

PRINT 2000,CPM

CCNTINUE

FURMAT(SXs "ROT SPEEC(RPM)=*¢D15e5+/)
FORMAT(10X+2D01545)

FORMAT(?* RE(WHIR Fka? IM{aHIR FRE)?)
FuRMAT (7 (CPM) {CPM) %)
STGP

TiNnD

SUBROUTINE COMPLI(ALFHIDAMP)

IMPLICIT CUMPLEX%*16(A-D)

COMPLEX%®1O ALPE(8+8)

REALX 3 ESe [Se 1TSS IESsLT»LBsLELHsLDsLSsGAMAESLEILS

REAL*¥8 GS9A0s Al »GAMACSsGISsKTsATsABIKByLUIUS IL
INPUT SHAFT AREA MOMENTS OF INERTILA

DATA ISH»ITSeI13835/0.00485D000+02375000+0.0866¢5000/
INPUT SHAFT LENGTHFS DEFINED IN FIGe lel

DATA LT sl Bl oLH/1e€3D0003e37D0291e54D)754.06CC0/
INPUT MATERIAL PRCPERTIES

DATA ES+GS/29 45009115006/
DATA GAMATS +GAMAGS/0403S500+0e300097/

INPUT LENGTHS CF AOsAl DEFINED IN FIGe El
DATA A0 +A1/70457004+1.275D0/

INPUT AREAS CF SHAFT
INPUT SHEAR CCRRECTICN FACTUR

DATA KT sAT sKB3sAB/J+6388UD 1035600924587 5004+0672363D0/
OATA LUWiUsIL/10eC0+0.0048500+0..00242500/
LU=SLTH+LE+LE

L5=LC+LH

Cose ool DAMP=00eeoel NTERNAL DAMPING I3 NCT INCLUDED
CeooeellAMP=1 sooes [ nNTERNAL DAMPING IS5 INCLUDED

IF(ICAMP.EG0) GG TC 10
EL[5=~-GAMAES*ES
AES=CCHMPLX (ES+EILS)
GIS=—GAMAGS*_4S
AGCH=0DCMPLX{GS5.G1S)
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AGS=4G
20 ALPHI=(Al1¥%3-A0%%3) /3 /AES/ITS+(LT%%x3~A1l¥*3+L T*%x2*%¥L.B)/3

1 ZAES/ZIBSH+ (ALl -AQ)/KT/AT/ZAGSH+(LT-AL+LT%%x2/LB)/KB/AB/AGS
ALPH2Z2==(A1¥%22=A0%%2) /2 +/AES/TTS={(LT%%2-A1%%2)/2./AES/ IBS
1-LT#LB/3.7AES/ [835-LT/LB/KB/AB/AGS

ALPH3=(Al1—AC) /AES/ITS+(LT-Al1)/AES/IES+L3/3./AES/IBS+1./L8/KB/AB
1/ACS

ALPHA={ (LUXX3/IU)+(LS*%3-L U%%32)/1IL)/3.ZAES

ALPHS=( (LU**2/71U) +(LS*%2-LU*¥2)/IL)/2/AES

ALPHE=(LUZ IU+(LS-LU)/IL)/AES

ALPH(L o1 )T ALPHGHALPHLI +2+ X ALPHZ2HLS+ALPH3*LS%%x2
ALPH(1+2)=ALPRS+ALPHZ2+ALPH3*LS

ALFPH{(1s3)=ALPHI(1,1)

ALPH(1+4)=ALPH(1,2)

ALFH(19S)=ALPHI+ALPHZ¥LS

ALPH {190 )=ALPHZ+ALPR3%LS

ALPH 19 7)=LOX%%¥3/3 «/AES/TU+ALPHLI1+ALPH22*LO+( ALPHR2+ALPH3*LD)
1L D+LH*{LLC*¥2/2 4/ AES/ IUHALPH2 +ALPH3 *LD)
ALPH({2+2)=ALPHE+ALPR3

ALPH( 2+ 3)=ALPH(1,2)

ALPH(2/,4)=ALPH(2+2)

ALPH(2,5)=ALPH2

ALPH(Z+6)=ALPH3
ALPH(2+s7)=(LD4.%2/2 e /AES/ JU+ALPH2+ALPH3*L L)

ALPH( 3+ 3)=ALPH(1,1)

ALPH(3¢4)=ALPH(1,2)

ALPH{3sS)=ALPH(1+3)

ALFH{396)=ALPH(1,8)

ALPH(37)=ALPH(1.7)

ALPH(4+4)=ALPH(2+,2)

ALPH(4+5)=ALPH(2+5)

ALPH(4+6)=ALPH(2+6)

ALFH(497)=ALPH(2+,7)

ALPH{S+5)=ALPHL

ALPH(Se6)=ALPH(2,E)

ALPH(S+7)=ALPHL1+ALPH2%*LD

ALPH{6+6) =ALPH(25€)

ALPH(6s 7)=ALPHZ+ALPHI%*LD
ALPH{7e¢7)=LC*¥%3/34s/AES/IUTALPHL tALPH2*¥LD+( ALPHhZHALPH3*LD)*LD
ALPH(1 +8)=ALPH2+LD*22/24 /AES/TU+( ALPHI3+LC/AES/IV) %L H
ALPH{2+8)=ALPH3+LL/AES/ IV

ALFH(3:3)=ALPH{1.+8)

ALFH(4»8)=ALPH{(Z+E)

ALFH(Ss8)=ALPHZ

ALPH(6+8)=ALPH3

ALPH{7+83)=ALPHZ2+LCX%Z/2/AES/ IV
ALPH{b5+3)=ALPH3+LLC/AES/ LU

DO 30 1=2.8

K=1-1

DC 30 J=1,K
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30 ALPH(I sJ)=ALPH(JI)

RETURN
END
SUBRCUTINE KSANC(AKBIPAKZBOPsRAD LDAMP)

CeoaselDAMP=0oee o s INTERNAL DAMPING I3 NOT INCLUDED
Cooeo e IDAMP=] o sn e o INTERNAL DAMPING IS INCLUDED

C
C
C

C
C

C

IMPLICIT REAL*8(A-HsC—-2)

COMPLEX*%16 (DSQKTsCCEXPDCMPL X

CCMPLEX# 1o AEBAND D1 2UQsUBQOFBCPRIsPsAKsAKL s AKBsAKAsAKAL 3Gy AM
COMPLEX%®16 RYSINIsRYCUS»AKBIP»AKOGP

REAL%*2 LBANC

DATA RORIMIARIMIRRIMIERIM/]1 e3990=3+5e536D0+8+633D0»18.D06/

2eb0 IS THE BAND ANGLE
PHAAVE=2 ¢00%3.141592€54/130,

TENSIO 1S THE EANC INITIAL wINOING TENSION
TENSIC=360.C0

Coencv oo oNOG=# OF BAND SETS

HhODAO

N -

NB8=12
TO=360e/NB/2e%¥3141552654/180.
DATA RHsRIL/2.25D0+7.625D0/
LBAND=(RI~RF)/CCCS(PHWAVE)

88sT8 ARE BANC WICTH AND THICKNESS RESPECTIVELY
ROBANDs EBAND ARE BAND MATERIAL DENSITY AND YOUNG®S MODULUS
GABAND= BAND LCSS TANGENT

DATA BBsTEB+ROBANDIEEAND/0e5D0+0e1003s1 e2950~4911eD6/

CATA GABAND/JWJ172D0/

ABAND=BB%TB

AL IP=TH*B8u3*%3/ 12

ALCP=TUu*%3%EB/ 12

IF(ICAMPEQ.V) GG TC 1

EIBAND==GABAND*EBANC

AEBAND=DCMPLX (EBANDSEILBAND)

GC TO 2

AEBANC=EBANC

UBO0=RUBAND*RAD*%Z2/AEBAND* (RI**3/3~-RI%*2%RH/2¢ +RH*%3/6.)
UP=RAD*%2%{ RORIM*ARIM¥RRIM*%x2*%D TAN{TI ) +RCBAND*ABAND*DCOS(PHWAVE)
163X (RI*¥*3J/3e—RI*%2%5RH/2 4 +RHX¥3/64) /2 /LBAND)
DR=ARIM*ERIM/RRIM*DTAN(TO)
DI=ASAND4*#ZBANL/2+/LEAND*OCOS (PHWAVE ) *%2

U0=UPF{DR+C1)
FBCPRL=ABANC*AECAND/LBAND*(UJI-U3J*DCOS(PHWAVE ) )*DCOS{PHWAVE)
FBC=RCUBAND*ABANC*RADF#2F( 2 e ¥R [ ¥ 3=3 o ¥R [ * % 2*RH+RH%X%3) /64 /(R T1~-RH)
P=TENSIC+FEC+FBCPRI1

AK=CDSQRT(P/AEEANC/ALIIR)
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AKL=AXXLBANC

HYSIN=(CODEXF(AKL)=-CCEXP(~AKL ) )/ 2,
HYCUS=(CDOEXF(AKL)+CDEXP{—=AKL) )/ 2.

AKB=AK*FEHYSIN/ (2% (1+—HYCOS) +AKL¥HYSIN)
AKBIP=12+% { ABANC*AEBAND/LBAND*DCOS (PHWAVE) *%x2+AKB)
AKA=CDSQRT(F/AEBAND/AICP)

AKAL=AKA*L BAND
HYSIN=(CDEXP(AKAL)-CUDEXP(—=AKAL)) /2.
HYCOS=(CDEXP({ AKAL )}+CDEXP(-AKAL)) /2.
RP=RIXDCOS (PHWAVE )~ 1.S*DS IN(PRWAVE)
G=(HYCOS—-HYSIN/AKAL ) *LEANDC+(1 «—HYCGS) *RP
AMSAESAND* AIUP ¥AK A% 42%G/ (22 (HYCUS—1¢ )-AKAL*HYSIN)
AKB=2 ¢ * ABANC* AEBAND*1 ¢5% (1 ¢ 5% DCOS(PHWAVE )+RI*DSIN(PHWAVE) ) /LBAND
142 ¢%AM

AKELCP =06 ¢ ¥*AKE

RETURN

ENC

SUBRUOUTINE MULTYC(AsBsCsN)

COMPLEX%16 A(NsN) +sBINsN)sC(NsN)

DG S5 I=1sN

DS 5 J=1l»N

C(Lsd)=(0eD0s0,D0)

DG S K=1sN

ClisJd)=C(IsJ)F+A(I+K)*B(KsJ)

RETURN

ENC
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C 0 VI BRATIUOGN

REAL*B{A-H+C-2)

KEAL%8 MRy IRsJRs Mite I s JHsMT o IT» JT sMDsCO» WK (32)2IDsJDsAMP(8)
COMPLEX%16 ALPH{E:s8) +sK(8+8)+F(8) +hA(88) +A(8+8)
COMPLEX %16 DCMPLX AKBIPsAKBCP 2sA13A2:CPM

IDAMP=D INTERNAL DAMPING NCT INCLUDED
IDAMP=1 INTERNAL DAMPING INCLUCED

™~ &AM S ¥
IDANMP=1

DATA NDEGsNDEGD/8+16/

INPUT
INPUT
INPUT
INPUT

DAMPER MASS AND MASS MUMENTS OF INERTIA
RI™ MASS AND MAS3S MOMENTS OF INERTIA
HUS MASS AND MASS MCOMENTS GF INERTIA
TURBINE MASS AND MASS MGCGMENTS OF INERTIA

DATA MDsID9sJD/0+s008400+060C590090.009500/
DATA MR3IR3JR/0.043000+1+636D000+3.215000/
UATA MHe IH» JH/0I235000+04.247000+32¢054D020/
DATA MT 1T +JT/0.02D000,0.04D00+0.067500/

[ ]
con
> > >

{CASE=1

S E =1 INITI AL UNBALANCE
S E 2 INITIAL TILT
S & =3 COMBINATICN

DO 9929 ICD=1,10

CD=VISCCUS DAMPING CCEFFICIENT

CO=[L0*0Q,1

PRINT 7000, COD
IF(ICASE=2) S¢6+7
PRINT 4000

GO TG 8

PRINT 5000

Gg 7C 8

PRINT 69309

CUNT INUE

CALL COMPLLI TC CUMPUTE COMPLIANCE COEFFICIENTS

CALL COMPLI(ALPH. IDAMP)
Al=ALPH(1+1)
A2=ALPH(2+,2)

DO 900 I=

14

D3 G000 J=1s95
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RPMZG&10e% %]
RAD=RPM%34141552654/30.,
KAD=RPM#*3,141552654/30,

CALL KBAND TG COMPUTE INTEGRATEL BAND STIFFNESSES

CALL KBAND(AKBIP,AKECPsRAD, IDAMP)
ALPH{1s1)=A1+1.7AKBIP
ALPH(222)=A2+1 ./ AKBCP
DO 102 IK=1,NDEG

DC 122 JUK=1,.NDEG
IF(IK.EQLIKY GO TO 101
K{IKsJUK)=(0eD0+0.D0)
GO TO 102
K{IKsJdK)={1sD0+0400)
CONT INUE

000G 103 TA=1.NDEG

v0 103 JA=1+NDEG
A(IALJAI=ALFH(IA,JA)

CALL LEQT2C TO INVERT COMPLIANCE MATRIX
LEQT2C IS A ROUTINE IN IMSL PACKET

CALL LEQT2C(AINDEGsNDEGIK IsNDEGINDEG»0sWASIER)
DO 104 1F=1»NDEG

F{IF)=(0D00,0.00)

IF(ICASE~2) 10S+1386,1927

F{1)=MR#RAD*¥2

GG TG 108

FI2)=(IR—JR)E¥RAD*%2

GO TG 108

F{l1l)= MR*RAD%®%*2 #0028
F{(2)= {IF~JR)*RAD¥%2%0,00223
K{1e1)=K{1l,41)—MR¥RAT*%2

K(2:s2)=K(2+2)~(IR+JK)*RADE*2
K{393)=K(3s3)-MHERAD*%2
K{2:4)=K{(4:4)=(IH+IH) *RAD**%*2
K(5:5)=K{(5:5)—-MT*RALC**2
K{E+€)=K(6+€)=(IT+IUT)*RADX&2
K{77)=K{(7+7)-MDARRADX*X¥2-DCMPLX(J D00 +CDI*KAD
K{8s8)I=K(3s8) —-(IC+JD)3KACE%X2

CALL LEGT2C TGO SCLVE LINEAR SIMULTANECUS EGS

CALL LEGT2C(KsNDEGC+NCEGsF s 1 sNDEG»0sNAs IER)
OC 201 [P=1,.nNDEG

AMBP{ IP)=CDABS(F!(IP))

PRINT 3000+RPMs (AMP (L) sL=1sNDEG)

CONTINJE

FCRMAT(10X+301244)
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4000 FURMAT(?* RCT SPEED A8S RR/ER ABS PRVZER ABS RH/ER
1 A8S PH/ER ASS RTV/ER ABS PT/ER ABS RD/EF ABS PC/ER'4/)
S000 FORMAT(* RCT SPEED ABSRR/PCR ABESPR/PCR ABSRR/PCR
1 ABSPH/POR ABSRT/PCR ABSPT/PUR ABSRL/PCHR ABSPO/PGR? 4/)
€003 FORMAT(® RCT SPEED ABSRR ABSPR ABSKRH
1 AB5PH ABSRT A3SPT ABSKC ABSPD?'y/)
7000 FORMAT(SXs 'CO="4FEe24/)
STCP
END

SUJROUTINE COMPLI(ALPHsiDANMP)

IMPLICIT CGMPLEX*16{(A-D)

COMPLEX*16 ALPH(8,:8)

REAL*®3 ESys ISe ITSeIEBSoLTH»LESLE sLHsLDsLSsGAMAESSEILS
REAL#S GSsAQs Al s GAMACGS sGISsKT sAT s ABsKBolLUs LU IL

2 INPUT SHAFT AREA MUMENTS OF INERTIA
c DATA IS+ITS5+IBS5/0600485D02059062375000+0.0£665D007/
2 INPUT SHAFT LENGTEHS DEFINEC IN FIGe 1ol
‘ DATA LT osLBsLEsLF/163D02+3637C0C051.5400C24.060CC/
: INPUT MATERIAL PRCPERTIES
¢ DATA ES+GAMAES/29e5D06+0005D0207/
DATA USsGAMAGS/11 450640400500/
E INPUT LENGTHS GF AJsAl DEFINED IN FIG. EI
¢ DATA AQ9Al1 /064570041 375D0/
g INPUT AREAS OF SHAFT
C INPUT SHEAR CORRECTION FACTUR
C

DATA KT +AT s KB+ AB/GCe6338D09163960020587500+0.736300/
DATA LUslUs1IlL/10s0090.0045500+0002425D0/
LO=SLT+LB+LE
LS=LD+LH
Ceeso o s lUAMP=0 ane o o INTERNAL DAMPING IS NGT INCLUDED
CooseoolDAMP=1 c0e e+ INTERNAL DAMPING IS INCLUDED
IF(ICAMP.EG.)) GC TG 19
EIS=-GAMAES*ES
AES=DCMPLX(ES,EIS)
GIS=—GAMAGS 4GS
AGS=DCMPLX {G3+GIS)
GC T4 20
10 AES=ES
AGS=GH
20 ALPHI=Z(A1%4%3-A0%%3)/3e/AES/ITS+{(LT*%3-A1¥¥*3+L T*¥2%LB)/3.
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1 ZAES/IBS+{Al-AQ)/KT/ZAT/AGS+(LT-AL+LT**2/LBILAKE/AB/AGS
ALPH2== (Al ¥22—A0%%¥2) /2 JAES/TTS—(LT*%2-A1%%2) /2,/AES/18S
1-LT*LB/3e/AES/ 13S5~-LT/LB/KB/AB/AGS

ALPH3=(A1-A0) /AES/ITS+{(LT—A1) Z/AES/IBS+LB/3.,/AES/IBS+1./LB/KB/AB

1/ACS
ALPHA=((LU*¥3 /(U +{LS*x3=-LU%%x3)/1IL)/3./AES
ALPHS=((LU*%2/1U) +(LS**2-LU*x%x2)/1IL)/2./AES
ALPHO=(LU/ U+ {LS=-LU)/IL)/ZAES

ALPH( L+ 1 )=ALPHITALPRLI+2 ¥ALPHR2%LS+ALPH33L3%x%x2
ALPH( 1. 2)=ALPHS+ALPH2TALPH3XLS
ALPH(1.3)=ALPHI1.1)

ALPH(1+4)=ALPH(1+2)

ALPH(1+S)=ALPH1 +ALPH2%LS

ALPHI 1 +8)=ALPHZ+ALPH3IZLS

ALPH( 1+ 7)=LD*%3/3./AES/ZIU+ALPHL +ALPH22LD+( ALPHZ+ALPH3%LD)
1% LDFLHEF(LD*%2/72 /AES/ IU+ALPHZ2+ALPH3*L D)
ALPH{ 252 )=ALPHE+ALPHZ

ALPH(Z»3)=ALPH(1,2)

ALPH( 244 )=ALPR{ 2,23

ALPH(2+sS5)=ALPH2

ALPH{(2+6)=ALPH3

ALPH{ 20 2)=({LD%%2/2 s ZAES/IUH+ALPH2+ALPH3*LD)
ALPH(3+3 )=ALPH(1,+1)

ALPH(3+4)=ALPH{(14+,2)

ALFPH(3 ¢S )=ALPRH{145)

ALPH(3+6)=ALPH(1:6)

ALPH{ 3+ 7)=ALPH{(14+7)

ALFH(4+:4)=ALPH(2,2)

ALPH(4+5)=ALPH(2:3)

ALPH{ 46 )=ALPH(2+6)

ALPH(4 s 7)=ALPH{2+7)

ALPH(S+5)=ALPHI

ALPH(S+6)=ALPH{2+5)

ALPH(S+ 7)=ALPH1+ALPH2%*LD
ALPH(6+6)=ALPH{24+56)

ALPH( 6+ 7)=ALPHZ2+ALPHI*LD

ALPH( 792 7)=LD*¥%3/3 /AES/ZIJ+ALPHL+ALPH2*LD+{ ALPFH2+ALPHI3*LD)*L.C

ALPH (1 +8 )= ALPHZ2H . CXx22/2 ./ AES/ IUH{ ALPH3+LD/AES/7IU) *LH
ALFH{2,8)=ALPH3+LLC/AES/ 1V
ALPH( 3+ 8)=ALPH{1+8)
ALFH(4+8)=ALPH({2+8)
ALPH(Z,8)=ALPH2

ALPH(6+¢8)=ALPH3

ALPH(7 483)=ALPH2+4LLF2Z2/2./AES/ IU
ALPH(8+48)=ALPH3+LD/AES/IU

DO 30 1=2.48

K=I-1

DO 30 J=1.K

ALPH(TL « JI=ALPH(JH [)

RETURN
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END
SUBROUT INE KBAND{AKBIP, AKBCP+sRADs IDAMP)
Coeer 2 IDAMP=0 eee e s INTERNAL DAMPING IS NOT INCLUDED
Coeene s [DAMP=1 sne e s INTERNAL DAMPING IS INCLUDED
IMELICIT REAL*8(A-H,(C~2)
COMPLEX*16 CDSQRT+sCDEXPODCMPLX
COMPLEX ¥1€6 AEBAND DI +UOYUEOSsFBCPRIsP9sAKsAKL s AKBsAKASAKAL »GyAM
COMPLEX*16 HYSIN.HYCCS+AKB81P s AKBOP
REAL*8 LBAND

C
o8 2.€6 IS THE BAND ANGLE
C
PHWAVE=2+66%3.141592€54/180.,
DATA RORIMGARINLRRIMIERIM/ L «3930D=4%¢5e59600+86£33004+18.08/
C
C TENSIC IS THE BANC INITIAL WiIhNDIMNG TENSICN
C

TENSIG=3€).D0

CeneveeceeNB=# OF BAND SETS
NB=12
TI=360e/NB/2e%32e141552654/180.
DATA RHIRI/ 225002762500/
LBAND=(RI-RH)/DCOS(PHWAVE)

C
C BBsT8 ARE BANL WICTH AND THICKNESS RESPECTIVELY
C RUGBANDs EBAND ARE BAND MATERIAL DENSITY AND YOUNG®'S MCDULUS
C
DATA BEB+sTO+ROBANDIEEAND/0eSC0+0e1004+1¢255D-4+11406/
C
c GABAND= BAND LCSS TANGENT
C

DATA GABAND/0.0172D0/
ABANC=BB*TB
ALIP=T3*B83%%3/12.
AICP=TB**3%EB/12.
IF(IDAMP.EQ.0) GC TC 1
EIBAND=—GABANC*ESAND
AEBAND=DCMPLX (EBAND+sEIBAND)
GO TC 2

1 AEBAND=EBAND

2 UBO=ROBAND*RAD®*2/AEEAND*(RI*#3/3—RI*%2%RH/ 2. +RH¥*3/6. )
UP=RAD®*2% ( kORIM* ARIMXRKIM#*2%DTAN(TO ) +RCBAND*ABAND*DCOS (PhwAVE )
1#%3%{RI%%3/3.~RI*X2XRH/ 2+ +RH*X%3/64)/2+/LBAND)
DR=ARIM®ERIM/RRIM#DTAN(TO)
DI=SABAND*EBAND/2 « /LBAND*DCUS(PHWAVE ) %% 2
UO=UP/(DR+DI)
FBECPRI=AUANCXAEBAND /LBAND*(UO-UBO*DCOS(PHWAVE) ) #DCOS (PHWAVE )
FBC=RUBAND* ABAND#RAD*#2%( 2+ ¥R [¥#3— 3 ¢ ¥R [ * % 2%RH +RH*%3) /6+ /(RI—~RH)
P=TENSIGHF EC+FBCPRI
AK=CDSQRT(P/AEEANC/AL1IP)
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AKL=AK*LBAND

HYSIN=(CDEXF(AKL)=CDEXP(—AKL) )/ 2e

HYCOS= (CDEXP(AKL )+CDEXP{—AKL) )}/ 2
AKB=AK*PEHYSIN/(2.%(1s=FRYCOS) +AKL*HYSIN)

AKBIP=12 % (ABAND*AEBANC/LBAND*DCOS(PHWAVE) *¥2+AKB)
AKA=CDSQRT (F/AEBAND/AICP)

AKAL=AKAX*L EAND

HYSIN=(CDEXP{ AKAL )-CLEXP(~AKAL) )/2.
HYCUS=(COEXP{AKAL )+CDEXP(—AKAL) ) /2.
KP=RIXDCOS (PHWAVE )= 1.S*DS IN(PHWAVE)
G=(HYCOUS—HYSIN/AKAL ) *L3ANDS+(1 «—=HYCCS)*RP
AM=AEBAND*AIOP *AKAX*2%G/ (24 % (HYCCS= 14 )—AKALX¥HYSIN)
AKE=2 o *tABANCH AEBAND* 1 5% (1 .5%CCUS(PHWAVE )+RI*DSIN(PHWAVE))/L3AND
1+2.%AM

AKECLP=6 + *AKE

RETURN

END



