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THE DIFFUSION OF RESONANCE EXCITATION THROUGH A GAS
CEAPTER I
INTRODUCTION

"Resonance radiation" is the term applied to radiation emitted by an
atom in a transition from an excited state to the ground state.

Resonance radiation is much more absorbable than the other components
of atomic spectra, and therefore the mechanisms by which it propagates to
the walls of a vessel are considerably more complex.

For example, the 255TA line of mercury at 1 mm. Hg, is apprecisbly
absorbed in a distance of .00l cm. It is seen, then, that the transfer
is a two-stage phenomenon alternately involving the transmission of a
free photon and & displacement of the excitation energy as captured energy

in an excited atom.

1 Compton gave a

The phenomenon was first studied by K. T. Compton.
thecratical treatment which regarded the transfer of excitation as a type
of Brownian motion. His result was a diffusion-type equation for the den-

sity of excited atoms, "n", of the form

¥

1.1 3 - pv2p,

2t

where D involves A, the mean free path of the photon, and ©, the life-

time of the individual atom, and is expressed by

1.2 D = A%/3r .

I

1. K. T. Compton, Phys. Rev. 20, 283 (1922).
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Compton ignored the displacement of the excitation energy in an

excited atom. Iater authors do not criticize him for this. However,
A 1s assumed to be a constant and frequency independent, whereas, in
reality, if a mean free }_Sath does exiet it should, by virtue of the
Doppler effect, be extremely frequency dependent.
The next attack on the problem by E. A. MilneJ}' did not yield
results significantly different from Compton's.
The frequency spectrum of the line was first taken into account
by C. Kfarrl;y2 , whose attempt to calculate an average diffusion co-
efficient, on assuming a Doppler line: emitted from each volume ele-
ment of the gas, and essentially averaging (1.2) over the spectrum
of the emitted radiation, yielded the unteneble result that for an
enclosure of infinite size this average was infinite.- Kenty con-
fined his attention to the calculation of a diffusion coefficient for
the finite case and érrived at mich better results3 than previous
workers. However, he too ignored the displacement of excited states
and, therefore, overlooked what is, in many cases, the most import-
ant mechanism in the transport of resonance radiation.
Much greater complexity was added to the theorir by T. Holsteinh
who argued that beginning with Compton's uniform absorption coefficient

l/)\., leading to & probability, 7( f) , of the radiation travelling a

distance J of the form

1. E. A, Milne, J. Lond. Math. Soec. 1, 1 (1926).

2. C. Kenty, Phys. Rev. k2, 823 (1932).
3. M. W. Zemansky, Phys. Rev. 42, 8435 (1932).
L., T. Holstein, Phys. Rev. 72, 1212 (1947).
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1.3 -~ (p) = e -fIn

one might express the probability, T( P ,v), that a photon with fre-

quency v will tra\f;i a distance P 88

1 | T(f),v) = ek(v)

anefintegrating over the frequency spectrum, P(v), one arrives at
1.5 () = Jev)e V)P v |

The term k(v) appearing in the above expression is treated extensively
in the texts.t

The two objections to Holstein's work are the same as for the pre-
ceeding authors. Only one of the two important mechanisms is considered,
namely the displacement of excitation energy during an emission-gbsorp-
tion process. Holstein and other authors refer to this displacement as
the "skip" of the photon. Recently, R. G. Fowler® has taken note of the
above deficiency and has mentioned that the diffusion term in the Béltz-
mann Iﬂc_mza.t;:‘u:;n3 must be included. Fowler's argument is quite simple and
irrefutable. Since there are two alternately occurring processes in the
diffusion of Tresonance excitation, and since, in many cases, the two are‘

of roughly equal importance, no description that ignores either can be

1. A. C. G. Mitchell and M. W. Zymansky, Resonance Radiation and
Excited Atoms, (The Macmillan Company, 193k).

2. R. G. Fowler, Handbuch der Physik, Encyclopedia of Physics 22,
209 (1954).

5. S. Chapman and T. G. Cowling, The Mathematical Theory of Non-
Uniform Gases, (Cambridge University Press, 1939).




considered adequate.

The second general objection to the preceding work is that too
early in the theory the authors consider only averages over velocity
space.

The purpose of this work has been to arrive at a purely kinetic-
theoretical description of the phenomena involved in the transport of
resonance excitation in gases without regard for the subjects of exist-
ing arguments such as the existence of a diffusion coefficient.

The author feels that the result has.been that the'truly important
questions have been previously unasked, and that these questions appear
with their answers in the conclusion of this dissertation.

In order to test the theory, new types of experiments are suggested.
Also, new boundary conditions are suggested for the differentio-integral
equation, since the results indicate that one could never have confidence
that he hed obtained those boundary conditions assumed in this

dissertation.
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CHAFTER II
DESCRIFTION OF THE PROBLEM AND DERIVATION
OF THE EQUATION OF TRANSFCRT

We consider that only two states of a gas exist and that there is
a known initial distribution of each state.

It is assumed that after ini‘l}ial excitation the distribution of
neutrel atoms is uniform in space and Maxwellian in velocity. We,
therefore, are neglecting contributicns of photons to the dynamical
state of the gas.

Let £(7} T, t)dxiydzdudvdw be the muber of atoms in space-
velocity range (x, xHix; y, yHy; 2z, z4dz; u, uidu; v, vidv; w, wiiw)
at a time t, and let p(¥, ¢, t)dxdydzdudvdw bebthe number of excited

atams in the same range where

—
2.1 r =(x, y, z)
remresents the position coordinates, and where
2.2 <= (u, v, W)

rewesents the velocity coordinates.

Now, let a equal the mrobability per unit time that an excited
atom will rediate. It is assumed that this probability is the same for
all atoms regardless of velocity, and is just the Einstein Emission

Coefficient.
Similerly, let "B" equal an excitation cross section which is de=-

fined as that area which divided by unit srea gives the rrobsbility of
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ebsorption per unit length of path of a photon in a region wherein

eligible absorbers have & density of one per unit volume.

The terxh "eligible ebsorbers" will be discussed 1é.ter. The pro-
bability of absorption of a photon by an ineligible absorber is, of
course, zero.

We assume p < £,

Now, when an atom with a velocity ¢ emits, the photon suffers a
Doppler shift, dependent upon the component of velocity, c 0 of the
emitting atom in the direction of emission. For another atom to absorb
this photon it too must have a component of velocity along the line-of-
sight of the photon nearly equal to c¢ o - We assume that there is some
fixed value Ac such that for an emission-absorption process to take
place between atoms with velocities ¢ and ?:" respectively and displaced

a vector /B’ apart the condition

/
C —c| < AC
S f 2

must be fulfilled, and our absorbing atom is called an eligible receiver.
Obviously, the time required for a photon to skip from one atom to another
is so short that it may, for our model, be considered an instantaneous
process. Wé may, therefore, neglect the distance travelled by the emitt-
ing atom during this process. But, more important, we may associate each
photon in the gas with some atom in the gas, and look for the distri-
bution p(T, ©, t) of excited atoms.

Assuming that occulting is negligible, the probebility that a photon,
emitted along /B’ from an atom with velocity ¢, will be absorbed in a
length d/o will be B times the number of atoms eligible to absorb that

photon in a volume element 1 x 1 x dF .
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The number of atoms capable of absorbing the photon is included in

the number of unexcited atoms but since p << f we may consider that f 1s

the distribution function for Just the unexcited atoms, i.e.

2.3 f

Hence, the number of atoms eligible to absorb the photon in a

volume element 1 x 1 X d,p will be

en ST s /wzf/;c,,ﬁdﬂﬂl/dl/)dzcjyo'x
> 4 F - -® c -

where the x and y directions are chosen as two orthogonal directions,
both normal to }3’ , and z is taken along /‘,E’:’; and where £(x, y, 2z, U, V,
W, t) takes on all position coordinates within the space element and
all values of velocity components -@ to @ in the x and y direéfions
but is limited to ¢ P fe—g- in the z direction.

Now, since £(¥, €, t) is uniform in space, the integrations over
space variables amount to multiplying by 1 x 1 x df'

Since ac/2 is very small it may be assumed that the variations
in £(%, ¢, t) as W varies from c: - ac/2 to cp + ac/2 are small and
that the function £(x, y, z, U, V, ¢ p s t) may be used instead Hence,
the integration over W amounts to multiplying by aec.

Therefore, the number of atoms capsable of a'bsor'bing the photon is

(-}
2.5 1x1 xd)ox Ac/7 £(x, y, 2, U, V, ¢ , t)dvau

-0 =®

and the probebility per unit length of absorption may be expressed as

A o e e e g e e NN ; R RN B - Coad BN RN




T PN , .- . . L . . - s ) e - PR WLk
BAlb G Tima il b - aEEIua

oo o
2.6 Bac / 2(x, ¥, 2, U, V, ¢, )avav.
QD =00
Now,
3/2 —me®/2KT
2.7 £ = n( n ) e .
okt

for a Maxwellian distribution where c2 = 02 + V2 + We and the conven-
tional symbols n, m, k, T are used for gas density, atomic mess, Boltz-
mann constant and temperature respectively.

On substituting in the double integral, where W = ¢ f , we find
Q(cp ), the probebility of sbsorption per unit length of path of & pho-
ton emitted from an atom with velocity component c¢ P in the direction of

emission, to be

.

2

. 1/2 -me “/2kT

2.8 Q(c,,)-—-nBac(m ) e
27kt

The probability P(f; ,c/, ) that a photon emitted from an atom with a

velocity c[_.,‘ along the line-of-sight of the photon travels at least a
distance f before recapture isl
2
Ve ~-mC/2kT
2.9 -nBac {m /27k 7'.!/f 7

Pp,c,) = €
Now, suppose we wish to determine what happens to our function
P(?) -c.) t) in time.
The explicit time dependence depends upon three processes:

l. Spontaneous emission.

1. J. H. Jeans, The Dynamical Theory of Gases, (Cambridge University
Press, 1921).
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2. Loss and gain of members caused by movement into and
out of our space coordinate ranges by excited atoms
with the required velocity coordinates.

5. Absorption by unexcited atoms of photons emitted in
other regions of the gas.

The term introduced by (1) ebove is simply -ap(¥, ¢, t).

The term introduced by (2) above is the usual second term in the
Boltzmann Equation, i.e. -c- 9, p(F; & t).

This term has been neglected in previous work, though & need for
it has been pointed out by R. G. Fowler, who noted that in many cases
the mean half life of an atom multiplied by the mean speed of an atom
yields a distance greater than the expected value of the skip distance
of a photon in flight. Therefore, the displacement of excitation energy
while in ceptivity becomes the most important mechanism in diffusion.

We neglect the effect of collisions since the mean free path of an
atom is much greater than the displacement of an atom while in thé ex-
cited state and, hence, a photon will almost always escape before its
cé.rrier suffers collision. Of course, for denser gases (o> 1018) this
assumption will not hold and the Boltzmann exchange integral would have
to be added to our equation.

In determining the form of (3) &bove, we wish to see what contribu-
tions to p('z"", ?l:’, t) are made by absorption of photons emitted throughout
the region.

Let T/ be any point in our region at which an emission might teke
place. ILet us first look for the number of photons per unit volume

emitted in the vicinity of T’ which could be absorbed at ¥ by those atoms

t&!!'r'-i’;%i}lﬂ.% BT S e PR L ) R e E AR < o PR ‘- : e - . " AR LT B
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having a velocity componeﬁt c /; within * -4—;- of c/B .

we may consider that the number of atoms sbout =’ capable of emitting

More precisely,

e

photons whichcnft‘-.i_, if emittéd in the proper direction, be absorbed

—~—
s o

in the r;e»igh‘t.)»orhdb&'of B by atoms whose velocities have the range

PR

% + "lg- “is just the mumber of excited atoms in the neighborhood of ¥
whose velocity component in the direction T -F’ 1s also cP i‘-‘—g- .
Hence, the number per unit volume of excited atoms capeble of

emitting such a photon is

2.10 j[p(i-’,’ ® t)az,.,

where the integration is over velocity space -ooto +02 in two ortho-

gonal directions both normel to % - 2’and over + -4% in the direction

¢, =
? - P/ . The last integration is equivalent to mltiplying by Ac and
the integral becomes

2.11 A(ﬁ P(?,: ‘é”: t) dsv’ ’
Sv!

where the integration is over a plane in veloecity space normal to /'o"" and

from the origin of velocity coordinates. displaced a distance c P

The number of photons emitted per unit time per unit volume about
i':’ ;capable of being sbsorbed in the required velocity-component range
gbout T is, then,
a Acﬁgv, (T, E': t)as,/

h'rr/oa

2.12

where

.15 Pl




. . J-]-
and the restriction on ¢’/ that it also has a component along 78 between

+ aC
P -2
The number of photons that actuelly do cross & unit area about ¥

normal to F’ is the above number mitiplied by P(i°’ c? ), or

2.1 P(/’: cp) aac gS_LP(x': }"} z’, u’, V', c{)dsvl .
* a L4 2

lm’f

Next, the fraction of these absorbed per unit volume sbout T, € in a

velocity range dé = dU4VAW such that & has component c¢ P along F is

B (¥, T, t) dd®. Therefore, the total contribution of (3) to the

explicit time depehdence of p(F, T, t) is

ase B £(F, T, t) Plp, c,) 4§ n(', T, t) s,
2.15 j£ L s,
2
/ b
R r
since obviously every point in the region is a point at which an emission

can occur.

Therefore, adding the three effects and tramsposing the first two to

the left side of the equation, we arrive at our complete equation,

2.16 ggﬁa}tn + T pFEL) 3 apF T l) =
Awﬁf_ﬁf,%ngo,gp)bf PFLE, 1 dS, d 7y .
e P Sy

Finally, on substituting for £(F, T, t) and P(r, S ), the modified Boltz-

mann Equation for the problem takes the explicit form:

2.17 op(7, 6,0 +¢c-% JotF,C,8) rap(PC,t) =gacB4 n __m.__)%o
ey et PErS 4-7TR'(21rk7'

-me
- 2-nBAc(._mr 2 e =
efg‘; k) P %v, IO[F;E'/) ) QISV’ dsz .
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CHAPTER III
APFLICATION OF THE EQUATION TO AN INFINITE SLAB

Now let us apply our equation to the case of an infinite slab such

that
L SxS1
3.1 -wSysw

- 00 stw

T:t t) do not depend upon y and z, we might

Since p(¥, T, t) and £(T
Just as well look for p(x, o, o, U, V, W, t) and denote it p(x, T, t).

Also,

\
3.2 @(x,?,t) ._.:O_E_(x:—é': t) =0,'
ay oz

hence, <. Vr p(x, T, t) becomes U %i— (x, T, t) and our equation becomes

3.3 g%gx,'c", 4. U‘éyt_’gf(x,&')f) +apix it = e%-cfr&a(i%ﬁ')s/&}g'%‘- .

t N

met n('i%r,\f"fﬁac € B %ﬁv’ /b(Xl’?') Z) d&’d?.'/?’

e &

wvhich we now wish to simplify by integratiﬁg over the Sv' plane.

We assume that p(x, @, t), being Maxwellian in velocity initially,
departs from this type distribution so much more rapidly in the x
directior thax in the y and z directions that it remasins Maxwellian in
velocity in the y and z directions during the time of interest to us.
Hence, p(x, ¢, t) takes the form

-n(vZ+ WP)/2kT
3.4 F(x: U, t)e

12
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and since we are interested in seeing how F(x, ?, t) departs from a

Mexwellian form in time we let F(x, U, t) take the form

-mU %/oxr
3.5 F(x, U, t) = 6(x, U, t)e
and since c'= UZ+ V2 + W% we find
' 5 ~me®/2KkT
3.6 p(x, T, t) = G(x, U, t)e .

In performing the integration over S/, we must make some
assumption as to the form of G(x, U, t). The simplest assumption is a
Taylor's expansion in powers of U. 'Any other expansion, such as Hermite
Polynomials, would lead to extreme complications in rotating coordinates
although some simplification in evaluating coefficients could be gained

by virtue of their orthogonality. Hence, we assume
3.7 G(x, U, t) = n! (m/2'rrk£['7"(a(x, t) + B(x, t)U + 7(x, t)Uz):

where n' is the initial density of excited gas.

In rotating our primed velocity coordinates, we wish one axis to
have the direction of ,a", hence its direction cosines are (x'-x)éo,
y! % , 2! 49 Since U’ will have no component along an axis paralell to
the yz plane, we make this requirement of our V" axis, and we find its
direction cosines to be

o -Z' Jl
C Gra.zel (5E s ze)k

and our third axis then has d.irection cosines

yr + z% ,  y'(x'-x) , _-z'(x'-x) .
Flys~ 2% plyn + 2%V FyE 5 25 )R

Obviously, the direction cosines of the x axis in terms of the new

coordinates are
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x'=x , 0, (ym +z12)2,

F F
Now we require that the component of -E'a.longﬁ be ci, and this is

Just U", i.e.

308 U" = C .
. /a

So we have

3.9 U' = xt=x (}a -~ (ylz.*z:zfﬁ w" s
F P

and
3.10 ez = c/’; + V"2,

Substituting for U' in G(x) U', t), we have
3.11 G(x', U', t) = n'( m )3/ (a(x:, t) + B(x, t){(x'-x) ¢

‘ 21kT ) j’ f

+ 7(x; t)(x;x)zr;)-x— ( B, t)iy"'l-: e L

2 2y(x, t)(x'-x)(y':- -+ z"')'/z)W"
02

/

+7(x) £)(y" » 2'2) w"z}
Oa' P

J

Substituting for p(x' ,3' , t), our equation becomes

3.12 %%(x,?,f) + Ugﬁu,z’,t) +apix, T, %) =
~mcE
e - 2 o ZEfr
' : 32 Zor hBAc(zn'kT)}o
W el a4 [5.€

gt
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-m(cf +v*2~ W' ya kT

'é{ (e )% © { (ot

+ ﬂ(x',t)(%;z_t) G + Y1)ty z'—k)z'c;,z) + (/lejt) 243%2)%

f f

WA /’33'2 *’-) W + X(x',i)(z/’: 29)w" WV,

The second term above is an odd function in W" and substituting limits

-00 ¢ W'" ¢00 reduces it to zero. We may then rewrite the S, integral as

3.13 (27rkr)3/z e / {(oc(x ,i)+p(x f)(xP !)c), +Jlx,t)(x;-_zz?§_)

2w W2
/ [ o= 2t a’W”dl/'+ Xix t)(y’%z""[ W @2; WV’

The two integrals above are evaluated as 2vkT/m and (kT/m) / (29kT/m)

respectively. So our equation reduces to

3.14 2pm, T, t) + Udp(x,2,t) +ap(x,C,T) =
5%’ f 36 1€ o(x, €,

ﬁz;" -nAcB(-m%é e%’f

"B b

é_{oc(x't) 4] f)(x/;x)cf +¥(x} t)[g_?cf + ]}d Ty

Now we may substitute for p(x,'?, t). To find three equations in
the three unknowns o(x, t), F(x, t) and ¥(x,t), we multiply the above
equation through by 1, U, and U% and each time integrate over velocity

space, this time in the unprimed coordinates.

. — I = sy E 3w IR 2oy - - =T




CHAPTER 1V

DERIVATION OF EQUATIONS FOR THE FOURIER

COEFFICIENTS et(x, t), /e(x, t) and ¥(x, t)

To arrive at our first of three equations in «(x, t),/a(x, t) and
¥(x, t), we integrate over all velocity space term by term in our equa-

tion 3.14. Let us first look at the integral over the left-hand side of

the equation, i.e.

.00 ,80,00 . — — .
4.1 / [ / l%&u,a t + Uggtx,c, t)+apix,c ,t)]d'Wal/a’U
-0 =0 -00
or, since the integrations are not over x or t,
2,00 ,00 -
4.2 L[/ / px, T, ) dWdVdU
oxX
-0 -
€2 _o0 ,00 :
+ (:}_.-m)/ /f Py, @ ¢y dwavdu
st Loo’~o0 %00 '
where p(x, T, t) has the form
' -enc®
4.3 Bt =n'l_m_Velxoty +Bx b U +¥(x, /2@ 2R
R I ’
. -mu2/2kT
In integrating, we will need the integrals of U‘e i=0,1...,5.

- The integrals over V and W will in every case yield

© o BE g 1% “FE g0
"/ /c

or
Fad W AB ]
m
Obviously, integrations where the power of U is odd will vanish.
Knowing

16

S 5 LU e P




bt o B _ 2mkT ),
/ (BZAT)
2
4.5 /mue e"g’# = g_]"(z;sz\//a
! oo m m /
and 2
“vte” iad = a(/g)‘(g,ﬂ‘j Ve
- 4.6 m m

we immediately derive the formulas

4.7 }g /odzv.—_-n’{oc(x,t) +A_Irrx,t)} ;
R, m

4.8 Updz, = n'{ kI By, 021,
¢ (i post)

4. 2 —3 / 2

9 U /oa'z'v n {%Z'oczx,f) +3(%) b’(x,t)}

Ry

and

4.10 U3pdz, =n' [ 3(KT\*Bx, t)
%, P { (55 )P }

So the left side of our first equation becomes

4.11 n'[eecex, &y L KT X0, &) 4 KT 38(x,t) + @ xctx, by +akl ¥ix,0) |.

[S%X +mg'g’+m§§'* S ’]

Since multiplying through in the second case by U gives an equation

similar to (4.2), the integration may be written down immediately as

: ‘ ¢ 2
4.12 n [%;[g,gcx, ) 4 %ﬂ'g_%a,fna(gf) %{(X,l‘) +al,%T,8(x,t)]

and similarly the left side of our third equation, obtained by multi-

plying through by u? and integrating, becomes

4.13 n’[&n{ g%(x,t) +3(§’Z')eg_g_a, f)+3(’5n2)2§lx,b+afl)[77 oca,f)+3o{g)26’(x,i’)].

b . - o v M
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The right-hand side of our first equation is equal to

f - 2
, 00_cd0a - ?*-ﬁ;;‘- m.cB( m E’ﬁ""’
4.14 niA;Bn(E%fz_ééiﬁze T Tﬂ?f o

/ Vi ! / I W® / /
(B {aco:, 24651} z‘)q)gél)e, + [Q_F’Q_ o+ _/SmI (v’j;g %J ¥ty {J}Jz(a’zy

Now, to integrate over velocity space, let us transform to
spherical coordinates with the axis along? where the new variables are
6, the polar angle; 9), the azimuth angle; and c, the speed. OQur
Jacobian for such a transformation is c®sin®. Under the integration
there are only two symbols appearing, namely c and Cp Since cj, = ccosé

the right-hand side transforms to nn’ aAcB( m )'2' times

4 20k T
oo, .7 21
4.15 7{ Lz,'o«x)’énénjlg’ff-i’z)a’tx’, f)]/// c2sinég,
It P f o0
mc2cos?o

2 2 c2a %b_ o
9-%-%6“6 ,MCB(%) PE o’ydedco/%

277'3
cYcosBsinE o

+ é },‘1 /Slx;ﬁ)(g);;g) o/ o/ [

. _%f_cogae
St et e B €T ke,

2T
C4c0525 SnlB o

oo, T
+£l;é.i,_(x;_xzzmx,t)o/[ [
f-’liz"ﬁize

e.%c; -ggfcosza -nacﬁ%)""f e d;o dbdle C/ZR'.

The second term, being odd in © about © =T/2, is zero. Integration

yields simply a factor 2o over ( in the first and third terms of (k.15).

SO S NI ST | a0 L b SICA R T

s o = e g 2 ke
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Letting M= nacB( m )'Ia, we may write the right-hand side of our
21kT,

first equation as

4.16 "n'aAcB(.mA,r { f L [wx,a‘ug,f( +z’z)m,’z‘)_'[&, Az

4 Yx,6) & dr
OO0

where
e 2
2 2 2 kT
o T -mcZ-mec%osfe -pMeE
4.17 =/ /c’s/naé? i B F dedc
)
and
2. .2
oo, mc’-me*c0s% /V/E’ 2kT
4.18 d; = /’ / Cisinfcosa @ T i clodc .
o 0
In evaluating 4, and 4 , let us expand the term
e 2
- g cos 6
—)oM e
as e°x. ep, then becomes
20 4+c0s%, cos®e
4.19 = 2/ Gmé/ cke o {/-—/oMeﬂa .

-2me=case ~3mc2cos®o
2. “H5 e B
"'FSM e =7 -/?‘34!{ e :}a'cab

and similarly

7 w . ~met+coss) 2c05% 6
4.20 &3 ==2/ fswﬁcosaa C“e % {/-/JME ﬁl
o [e]




LN

e 2 2 2
202 e-e____mg,‘t:'ros - o33 e-w'é‘i:si—ﬂ }dea.

Integrating first with respect to c, after simplifying by col-

lecting exponents of e, Jf, becomes

2 {(/ 7Cos 28)7/2

M PEME L _eMS L lde
(1+2cos%0)¥2  2(1% 3cos 018 {1 +4cos“6)y e l

which easily integrates to

N e B G )

O

4.21 d, = a/ T%s,ng 7, L (_H)a/e
o

and similarly J_, integrstes to

KT\ 20ATPR( 1 _ oM o o°M* _ o ...
217(m m 2733 B, 31573/~
and our complete first equation becomes, dividing out n',

4.24 datx,ty+ KT d¥x,t) + KT Q8(x,6) + Qoctx,t) +a KT ¥tx, t)=
Sgily+ L 4t + KT 000, ’ ’

(ol oy s -2

4.23 J%

+A.Tgf cz_-l:g_m 6] L _s,eﬂ_ %iil_‘l_:_ %%L_%..dz}.

In evaluating the right-hand side of ﬁhe second equaticn, obtained
by multiplying the right-hand side of our original equation by U and
integrating over all velocity space, let us perform two transformations
of velocity coordinates.

First let us perform a rigid rotation as before when we integrated
over velocity space in the primed coordinates. The transformation to

these coordinates will transform U to (x‘-x c, + (y'*+z"H%W"'. Since
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our W"' axis is perpendicular to]?} we can see immediately that the

second term above will introduce an integral odd in W"' an@ hence may
be dropped, since U appears linearly in the integrand. Since our
integrand will now have terms only in c and c;'- ¢ cos® as before, we
may transform to spherical coordinates and arrive at the expression for

the right-hand side of the second equation,

4.25 n‘n%aq%)z{é%[xmjb +.£an"¢'£-/3:£2'_‘) X(X,’?.‘)]o
/. 7zrr -pme” ~nccos®p .

Aeos6 sine €

o\~_\3

2 29
oM —%‘F‘- cos
o FM* dpdedc dzy

+}( gﬁ;—agzl\}ecxjt)(xl:x)]/"o/?z’;"‘coszﬁsme o
® P P

-mc2cosés
29) -pMe e

-mc2(1+
e £ (1 cos a’y dedcdzy

+ ){' (g_:—_;_q[r(x’, t)(g_;_n] / 772ﬂc5cos3aem6 .
o

-g%@f' cos?6
dyp de dc dzp,

~-mc?(1+cos @) -pME€
e 2KT P

In this case the first and third integrals vanish, being odd sbout /2.
The triple integral over velocity spice can be recognized as anh,

evaluated previously, hence our complete second equation becomes, on
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dividing through by n’kT/m,

4,26 Cdxix,t) +3KT 3¥ix, &) + QB¢tx,t)+afBtx,t)=
DX ) m FE) % ! /6 )

ai é et - £ £ - 2L, Jd%

*

Since the right-hand side of the third equation is obtained by
multiplying our original equation by u? and integrating over all
velocity space, the integrand will contain, after a transformation by

rotation as in our second equation,

Z= _ 2.2 /. lp g\, Iy /2 ng_
4.27 v a/&s_ix) S, ¢ 2« z)(/p; + 2 VAW e+ (y )o:t‘é ) .

The second term, linear in W'"', yields an integrand odd in W"' and,

therefore, drops out. The right-hand side of the third equation then

becomes, after rearranging terms, knowing = U"”'v&» v + w'" and
Um = cf’
Yl
2 kT
o - -oME€
4.28 n’ng&gﬁ(.%)z / e & r {oclx',‘t)
¢m \2m 1 oo
80X t)x=X)Cp *[“’—"é’-z c,‘ + kT gy_'&;fz]rcx; t;}.
P F "noF
e ’%m"'g Mopb g -mW"
/7 2 T ! 2 L
{(xfzgfcff e dw -f«{x};%L) w'e dWw"|,
-od Puf .

”'A

/e B dvide, dty,

Only one term contains an odd power of Ca o Since this will yield an odd

integrand in c,, it may be dropped. Performing the integrations over V"'

f

and W"', the expression becomes

‘:". » - N . “ 5 . ‘ . . . ; ! ; L . . - e o e
T B T e S e -
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4, / 2, gzl /
29 nnwﬁé%g’ .Lz{ L;_nl'(y +Z8)occxt)

)’2+z b’(x,f)]J" [B/B:L octx’y £

r2 kT oyt ra® m;ﬂ]J} + axf¥ee sty T } dz,

" r
w“here .
- C
w  —me? —oMe EFF
4.30 c7,'=/ e F¥r P de, ,
~-c0
2
-mc
2 F T3 A
4,31 o - -pMe Bk
'c7e'==/ c2 e ™7 r dc
- 00 f
and
-f0kr
“t e ﬁ—/oMe d
4.32 ag.../ < C -
oo

The above three integrals are evaluated in the same manner asd, as

4.33 (__71&[ {-.. - oM~ M. }
t/?-' 3VEF
. T = (2 kT)ekT (L M2 M3 ...
4.3 (37KT) ﬂ{zsg P 1M B s
and |
4.35 _3 ”kT '/2”2 3M3 Ilo‘v
(Fﬁ )( )2’4‘ ‘3% ,,2, Grs==""

Our complete third equation becomes on dividing through by n’ kT/m

4.36 2x(x,E) + 35_7_' ¥ex, €) *3/_<Ia X, 1) +Aocix t)+3aL<]'/(x7.‘)
Bf' J J ) ) /

¢ ([ ’2+z‘)ocrxt) aAI 8+z ) 1% f)][,_-

ety Oty s T A v S T




ol
nr/LM'

] [(x_zn o thlgI(L'gngéxa ].

f
/37%_% ] [3U cx_x;‘m ’h]

-3 /%'3'5/ ]} dz'/e




CHAPTER V
SIMPLIFICATION OF EQUATIONS. MacLAURIN

EXPANSION OF FOURIER COEFFICIENTS IN x

Now, let us further simplify calculations by assuming that &(x, t)
equals zero. This limits the time over which our apprqximate solution

will be valid. With thkis assumption our equations become

5.1 Z) (x,t) +a octx,t) = ' ‘L)
gren = 4T 92 b = glf =i

(- A Y O

and

L
-

5.2 %%fx;f> + g%(x,t) - aﬁ:x,f) = % ,fvjé é))ﬁf(&z’,tr
(4

! - ‘2 2 - 3 3 ‘c. .
(o * M Bl %

Now, in order to simplify the form of the equationm, let us assume

ol(x, t) and /G(x, t) may be approximated by the following form:

5.3 ocex,t) = o, () + xoc,(t) + x%oc,(t)
and
5.4 lB(x,f) = Sty x/B,H:) + xz/dz(:b.

¥e notice that we have a predominance of terms in }o, the distance
{(x'-x)e + y'24 z'«’-}’é from the fixed point (x, 0, 0) to the variable
point (x', y', 2z') with the polar axis in the positive x-directiom, O
being the polar angle and P the azimuth angle. We remember that
(x'-x)/jg = cosB. The Jacobian of the transformation is fazsine. We see

that, since x'= x+fc089,

25
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/ 20 2
5.5 ocix)) t) =(oc, (B +xog(t) + x2og(t))
t(oC,(£) + 2xoc,_(£J)/ocose
+(oCz(t))/0200$26
and, similarly,
5.6 p(x')f) = (/6,(() + x,d,(f) + Xaﬁg(‘t))
Bt + 28,0 )/o cos6
+(/83('l') ))o"‘cosze .
We have no dependence on ?, hence the integration o'ver this
variable yields a factor 2m The limits over each inﬁegration.wca'uld be

% (L-x)sec® w El-x)secH
5.7 2 ... ..dpde + 2r / ,aj/ooé
) /

2

Ncw, the series expansion in each equation 1is ‘obviously absoluteiy
convergent for all P but as /o tends to infinity the intesfation would
diverge term by term. However, since a photon 'skips'" but a short
digtance,F may be considered to have an upper bound K. In the following,
let us assume that K exists and is greater than or equal to 2L, the
thickness of the slab. Then each of the integrals on the right of our two
. equations assume the form of the sum of thi:ee integrals with limits |
~arcsec(#/L-x)  (L-x)sec8

5.8 y / .. .. dpde,

o

' (K/-L-x) A
5.9 /amsec / | C e e e c;’oc/e
arc sec(H/L-x) ©
and
m (-L-~x)secP
5.10 | / [~ ....dpds.

Yarc secCH/AL-x) C
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Therefore, our two equations become

5.11 2ecex, t) + kT dbex,t) +accix t)=qM{J+J rdy |
o . m %f ’ ! 2 | 8T8

and

5.12 2B¢x, ty + docix ) + qBx, t) =qM{F+F;+F3 ,
3t ox 7} £ 2 |’ } |

where

| . 7 =/crc soc(/(//.-ay (L- Y)seceme{[x b + voe ()

[+ o

+x%0c,( t)] +[o¢,(i‘) +2xoc2(fJ] cos6p + Xt cosznfz}.

(64 - 8 - g™ ]9

and
arc sec(A/-x) ,(L-x)sec8
5.1k f= / / sine { os 2o [ﬂ, 49 +x/3,(£)
o o)

+x§’82rt‘)] +[/3, té) + azﬁztt,x]cos"e/o +/63(t\cos‘e/o"} .
2
{%”‘ R 315% }a/’oa’e ’

and J, and J3 have the same integrands as J, , but with limits of
integration given in 5.9 and 5.10 respectively. Similarly, F, and Fg
have the seme integrands as F, , but with limits of integration given in
5.9 and 5.10 respectively.

Integrating J, first with respect to f » We have

arc sec(A/L-x)
5.15 / sme{[oco(t) +x0c, () +x‘ocztf)]~=
(]

WS Pyl L Tk R N ' s e ’ i i - !



i%

2 32— odig3 ..
[ -£Y - A iy ]

+cose[oz,(1‘)+2xoc2(f)][£ - oM + oM - 2% '3/?...]

e ¢ - 94-41 2'412 - 26013.-,
reasB ol ’[’gélé' 4v3 Y 5:2/4‘ &-3IV5 ]}

Evaluation at the lower limit yields zero, so we have on

substituting = (L-x)/cos®

arc sec (A/L-x) .
5,14 5 :.-/ s/ne{loc,cf) +x0¢,tE) + X*0C, (i')]-

3242 4 3
l VZcosO 253 CO% N"" cos3é 6‘0549

~v)3
[oc ® +2xocz(f)][2f'cosa ) 3/3cos%6

4aq2 543 3
+ﬂ-;) M - (L-x)"M3 .. :I +C (t)[.u_x_)_
2-4%*2cos%g 3/ 5 ¥2cos46 2 3/2 cos 6

- tM M2 - (-x)Sm3 . ] a'e,
4/5cos’6 5-2/fCos3% 6-3!/5cos46 ]

and integrating over 6,
5.17 J = { [oc.nf) +x0¢,(6) + xzoczct‘)][-(‘/_zg— x) fog cos@

UM+ (L-0M2 - - tME ]
2V3 coso 2:-3/v¥cos=e 3. 4-!\/"cosse

+[oc () + 2xex (L‘)][-_(L;za, log cos8 - (L-x)3
[ ' = 2J2 g 3/2cosB

+ LL_-A)}ME__Z_G - (L-x° M3 ...]+.xz¢bfmxf/ogcose
2.2/ 4¥2cos 3-3/5¥%¢05%0 3/Z

- (LM 53 42 Spq3 ]cosé-_z)
4-vf3cose 25’2“—::05 6 3- 6 3!V5 cos®

G oty B o v, 3 iy A I T ik 3 vt = Al 2 S STl - e s . . ) . B LR
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and substituting our limits

5.18 g, = | oo ) + xoc, (t) + x20¢,(E) ||-LL=-x). Jog (L=
{[ ' = ][ = 7R )
f_m_x)M + K2L-0)M? - 130 )M, . ]
2.3IF %7%7@&
[OC,U.‘) + Zxotz,(é)][ /og(L_x Al -x)°M
afé 3/3
+ KEAL-)*M 2 - K3(L~x)aM3..]+aatt)[ (=)’ /09(1.3)
2.21432 3:3153%2
-K%; ¢ KHL-xM? - K3L-xPM3, . ]
2:5-21/% 3-6:-3//5

[ot (£) + x o, () +x oc,_(tf)][ (L2:§3) M + (L 3,\/3_

'_L:_)QfM_'?'] - [oc () +2x0C (ta:l[ (L-x)3M + (L-x)*édz
3:41/5 ' > V3 2:2147%

=(L= ’5 3.-.]"“ (t)[:' L- ¢ + LlﬁﬁfM—z - MMQMJ} .
3-3.15g7= 2 #/5 2.5:21/4 3:6-3/F
Now,

arc seclKli-¥) K
5.19 Z -_-./ * /L / (seme integrand as J,...) C}’Ode .

arc see(AK/L-x) ©
Integrating first with respect to /o we have

are see (K/f-L-x)

5.20 = / . s:ne{ [oc,(h + X0, (£) +x70¢ 8( f”] [ %

arc sec(KfL-x)

j;_ﬁyl_ 4-,\/_ ] +cos€[o€,(f)*2xofg(‘t)]'

[ 2 _ k3N . K‘*M’- el ,j+coszaacza‘)[
272 3VF 2-4% 3|5 3v/2

and, since

g e : P LR P e SCA ISR PRI : SES RS Y e &
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arc sec(H/[.L-x)
5.21 ‘ / Sthede = 2L .
Tt
arc sec(A/L-x)

arc sec (K/-1-x)
5.22 / 20SO@ SIn6de = —zkéﬁg

arc sec (K/L -x)

arc sec (K/[-L-x)

5.23 / cos®O sin6dd = f—(ﬁﬁ#ﬁf) .

are sec(K/L-x)

we have, on integrating over 6,

5.24 T = 2L[ 0t +x o, (b + xPeC ré)][ - MM + KBM?
¢ [ t e 23 3lE
“K3M3. ] = 2L %o, () +2x0c (B[ - KM
215 ] [ ’ 2 ]zﬁ 3/3
\ 2pe = g3IMS L]+ 208+ 3L rf)[_l___.
| +2043'72 316 % 3 * a3z

- KM + K2ME - K3M3 ]
43 S-2/+% 6-31/F

Now, J, is treated very similarly to J,. Remembering that

v (-L-x)Sec®
5.25 o = / / ( seme integrand as J, )a)pde,

arc sec (Kf-L-x) ¢
and integrating first with respect to f , wWe have,

W
5.26 yA =/ S/n6 {Ex (t +xee, ) + x%oc !1‘)][(__:)_
V2coso

arc sec( K/-L-x)

~t=xM + U=xPME - o) M 3, ]
2v3 cos?0 3EcosB 4!IV5cos™O

+]oc () + 2x0cy () [( L-x)2 - (=L-x)3M +£;[-—§)"‘M2
L * ] 2/2cos0 3/3cosf® 24%cos®

~ (L -x)°M3 ] +ocz(£>[( L-x)} - L-0*M
3/ 5 ¥2¢0s o 3/ZcosB 4/3c05%0

TER T R AR P B e Ll LTI AN U BT U PTN K D W T I B A Ty SIS I A AR IS, L3NS - ummmmwmmmm



elLx®MP rgii)fM_?__ . D de
5-2J/%Fcos® 6-3!/5cosfe
where the only difference in the integrand at a similar step :l.n J, is re
replacing of quantities (L-x) by (-L-x).
Integrating over 6, and noting that since T/2 < 0 <Twe mst
integrate sin®/cos6dd to -log(-cos6) in order that the logarithm term

have meaning, we have, on integrating over o,

5.27 J3 = {[ccott) +xo, () +x* ocarb][—(:\/_l_;x_)log (-cos©)
2

~CL-0AL ¢+ (eL-x3M2 - f-L-x)¥A3 ]
2/3 cosB 2-3//4cos®0 3-4!J/F cos<6
+og,(£) + 2x X (t>][-1;g_—_n Joq (~c0S6) - (—;f_-xﬁM
[ ' 2 I 3Y3 cos@
+(-§-~)4Mz — (=L-x)5143 T
2:214¥%2¢co5% 3-3/153%2c05°86 j
-‘-OCth) e(=L-X) 3/09(-cose) ~(=t-x)% +_(-_L_:x)f_Ad_z_z.
[ 3/2 4/3cosO 2.5-2N4cos“6

(A

.::.A’X) M3 < }
3:6-3/V5cos’e ] ,
©=cos” (H-x)//\’)

and substituting our limits, lower limit first, we find
5,28 %G o= [oco Yy +x x,tt) +x%c, ct‘)][—(ux) /oy(.é_i'_&)
vz K

-—_/-+xJ._5M + L) KEM2 - !__:ﬁt\f:"&"" . ]
2V3 2. 3//% 3-4/ /5

[oc,a‘HZxocz(t)][(L_ﬁl /og(_k_z -+ .LL__X_)_K.M

~Ly x/;:g:ggz + (L2, ;;);i;:Ms . ] +oc2a‘{ (L) "’7/-‘—’9
2-2!

(MM + cLex)®ME - Lé_txﬁtf_’.&”]

43 2:5 - 21/% 3-6-3//5
-[ocoté) + X0, CC) + xzoc,_(z‘)][ !.L_ﬁ!____ *-%!};4.12

e T Y R i a Ry & B o o B = e L n Al et e el E R e e




v A
-(L+x)4M3, ] [oc,(f) +2x0C (zf)] ,(___ﬁﬁM- vx)"
341/ 20 || Ll - (L

+(L+z)5M_3 .o ] -O(?_a‘) -(_Lﬁg)_M +{L-rx) —(L+x) M3]
3-3!1 53k 4v3 a-sazzﬁ 3-6°3IV5

Adding J, + Jg
5.29 U+ -.-.ljo(.,nf) +xoe, by + xzocztf)][-ﬁf_%l)/oﬁ,(%_é-_x{)
“U=X) bofl=x) - KLM + ég'zMz — 2L WM
w5 BT St e

*LZM “’XZM _:'_3M2_3!z;2!12+r 4,43 -
vi V3 3l/F 3/F 345 3-4F

f2.__ﬁ_4_3 ] [oq(f) +2xoca(7.‘) [s____;) 109 _l_._i'_)g)

Lzl 2

3-4175

-%/-Ea /09(17%") %M. 3 3:::%

_gga!ﬁi —2!3/\4 + 3!412 ‘& 01 21 &443
v3 3V3 4 3:3!/5

~40203M3 - 25503 ] +o(a(f)[-(L+x) /og(Lil)
3-31/8 3315 372 K

(L;;)%yg) - 13KM - ALxPHM +13KEMP
273

32 2/3 20
+ AL ICM® - P Ly2iOMP o+ LM
4- 5 '8&VE 2V3
+3_L=_‘M L XM - LSM? - L3xPMP - LatMP
2/3 20 2 %
167+ FL42M3 + 5L2x4M3 4 x6 3].
54—%5 18/5 18V5 54/5

Adding J, and grouping coefficients of the c;(t)'s, we have
5.30 i U = o, (D)L loglL+x) ~({L-x)log (L-x)
. TU3 l 75 9 ‘{%Z_—l 9
i) fog K +(L-X)log K + 2L - 2LKM +LK*M*
/2 vz V2 /3 4

~LAIM? 2 LM+ xBM - L3MP - LM
5/5 V3 v3 [za IvF
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+204M3  + 121 2x2M 3 .Z_x_% 3] -rocuf)[
3-4!/5 3-4IJ3‘ 3:-2lJ5

X (Lex))oq L+ x) — xel =x)/og (L-x) +x(L+x)/og K
Ve 2 g 2CH0g
+x(L-—x)/o9K + 2Lx - 2 LxHKM +Lx52MZ—£x§3M3
vVZ vz V3 avs

LA 0l = L - 3 - 20

+12L2x3M3 + 2x5M3 (L4 X)*/og(L+x) -Lul *og(L-x)
3-4!J/5 3-4E  2VE

~(L+0)i0g K + (=X)?logK ~Lx +2Lx KM -LxK?*M?2
2vVZ 2VZ V2 V3 4

+LSLK_3M_ 2_L_21<.M_ - 2_\/_30_1 +l=3xM2+Lwa?-
3

2L%5 M3~ 412y xS\ 3 ]-i-occt)
5 :w- _;.7_1\_4_3 3 32‘-'3' 75 97% 2 [

~x%L+x)/oo (LX) ~ x2(L~¥) fog (L~X) + XL rx)/og K
V2 vVZ

vZ
+22L-x)/og(L-x) + 2ixX? - 2LXBKM + Lx2K2M?
vz V2 /3 7
“Lx:KM3 + LEXEM + x4 - L3x2MP - x ¥ M2
CN VE] V3 3Vz 3IVF
+2L%x?M3 4 12 L 2xfM3 ; 2xSM3 +1(L3‘;122/og (L+X)
3-4/E 3-41/5 345 vz

—-x(L~ x)zlog(L-}” -x(L-fx 2log K +x(L— ¥)2/og K - 24_;_:_2
va

+éL§3KM - 2Lx2KZM"" + 2Lx3K3M3 f‘LaxaM
ovs

‘4-X+Ar11-L3 "M"-f ! ﬁ’_f 4£4Z3413- 3‘224013

3/3 3:'3!vVF 3-3//5
-éxeMa - (L+x)3/09(L+x) -{L-z)a/oy(L—x)
3-3!5 s/3

+UL+x%0g K + [L-x)log K + 203 + 2Lx2 - 2L3AM
/z 3/2 o/z2 3v2 3/3

R I il e s A e T A
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-2Ly2KM + L3K3MB + Lx2K2MZE - L3K3MS
V3 /2 4 2WE

~LxZKMP + LAM 4+ 3L2x3M + x*M - LM -3t
NG 2/3 V3 2/3 20 2

SLx*M? + LOM® + SLExZM3 +gL2x*M3 +2£5613].
< 54V5 /18VF /18VEF 54/5

Colleéting like terms, the above equation reduces to

5,31 Trh+Ty = oc‘,(z‘)[‘-(‘ug)/a (L+x) ~(b=x)/oo(L-Xx)
/] 2 V3 > 9 5 9
+2L logK + 2L -2LKM +LKM?Z -—Lﬁ‘/i‘é\_/j S+L2M
VZ vZ V3 4 9 3
+ X2 - L3M2 - Ly2M2? + 2L4M3 + 2123 2M 34+ 2 3]
V3 31/F 4 3-4//8  3:4I/5 3-1‘.'95

+oc,zt‘:[- xLL2arjogilex) = xlLox)l0g (L)

+ﬂ,+x2"'/o (L+x) =(L-=X)%log(L-X +Lx ——L2§M +M
2/2 7 2Va 7 vZ 3

3/3
+L3xM? - L¥xM3 — L2x3M3 +x_5_M_?] +oc2<t)[
6 1245 18VE 180VE
~x2Urx)ogllrx) - x2(L=x)/0g(L-X) +X(LsX)*/0g(L+X)
vVa vZ vz
-z_LL_-z.)_l/ag (L-x) - LL:_x.)_a/ogU--rx) ‘Q;&f/ag(L-x)
vE 3v2 3/2
¢2L30g K + 213 +2LA% - 2L3KM +L3K2M?2
vz Sz  3/2 3/3 12
~L3K3M3 + LM +xFM - L5ME - [3x 2\
27/% 2/3 6v3 20 /2

+LSM3 + LEx2M3 +x_5_Mf3 ]
54/8 12/5 540J/5
Let us now evaluate

arc sec( K/l-x) (L-x)sec©

5.32 5 = / / sme{ &q,dnzﬁ,(t)

o (o]




+ xz/sz(t)] coszg + [/8 (t) +2xf3,(¢> [pCos 3g
) 2 ]f’

+Ba(0) cos"'e/oi’ }{Jéa/z -7;:315‘_ "% -_9%4%)52}7'0&

Integrating first with respect to P

arc sec (K/L-x)

5.33 A :/ Sin6 [/S,cf) +x,3,(f)+x762(t‘)]0
o

2 - 32 _ 4113 ¢t
cos 9[?3?75 A5 * A1k /‘4-,7'“5%] ’{/6’ )
3 2 _ .3 4- 2 _ 5743
Y xleglb]cos 2] m ,%‘%%73*/"2—.%57,_ z?:l}%,]
+ 3 - o +p5M 2
+/82c.{> cos 9[72.23/2 %%,g 12-_2,43/:.

— A6A13 (L-X)Sec @ de
e4ie])
Q

and substituting limits, we have

arc sec (AfL-x)

(Lo=x)PM + (L=x)3M2 4 (L=x)*AT ]+[/a,ct;

2.3 314 %cosB £153%cos"0
» 2xpchi]| demi®case -UegiM + LM
2% 39 2-¢52cos6

-_(L-z_)fM_i_] +/Bect>[u.;a)imiﬁ - W-x)*M
“35%coste 3.2k  4-3%

="M ? ~(L-x)6M3 ]}de ’
5-2-4%¢cos 6-3153%cos5%0

and integrating over 6,

2

~(L-x)3M */og cos 6 -.(.L:_x).fo_] + [,6,({)
3/4% 2! 5¥2¢cos0




36
28, (¢) || -(L-x)*cos®e +(1-0)3M. - -3, 9
+ xﬁz ][ ( 273'25 cosce + 3@5‘\'!2 cog O 2.:25% bg 05
-(g-—x)’M’_ - (é)[-u_-x_‘%aggsze+“-g)4Mcose
3.’553C086] /62 3-27/2 q4.3%2

- -x)5MPlog cos & -~ (L -x)*M? ]} (brxfk
5.2-4 6:3!15%Nces 6
cosO=1
Substituting limits, we have
L3R A 2 - (L-x)3 (Y s
5 I3 [/Botf)-f-xld,(tf) +x /szuﬁ)][ %E%%_(_i Hé;_'_;sz;g(_
".U-;&.)_BM2109 (L-x) + .(.L;x_)_aMalo9 K - L=x3MK
31432 31 43 4153/
+L=x) - (L=-x)*M + (L-x)4M3] +-[ (8 » 2% (é)].
2.2%2 2.3%2 4|53~ P /8?'
{- (Ll-x% + (L-x)*M -(4-;24'M2/0J0(L-x)
272 K 32K 2:457%
+ L= N2 /09 K ~ (L=x)*MBK +(L-x)?
2-45/2 3/ 55/2 272

- - 3 - L} 3 - - 5 (L-"' 5

- (L=x)M2 -x) + (L=-xM2%loo K - (L-x)M3
E g b0+ LM log M - L]
-3 —t-0*M + (L-x)°M3

s e T S

Iet us now evaluate
arcsec(K/fr-x) , K
5.37 £ _—.-/

/ (seme integrand as F, ) 700'6.
arc sec(K/ft-x) 0

Integrating first with respect to Py we have

8 arc sec( /S/-L-x) . ; . 26t
5.3 £ —-/ sin8lcos BB (t) + x LB, (€) +x )
: 2 l ! /5;_ M ﬂgzg

are sec(K/L-x)

B MO T e e e o S - T T IETTTRT N E ' i Y
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-K32M + K4M2 - K3M8 cos foB.(t) .21_73
35/& * 2.4.92 3!55/3, ] * /62 3,232

- K*M KA - K6AH3 .
4.3%2 +5‘.2.4.3/a 6'3!%BE g

Remembering 5.25, ana since

arc sec (K/—L-x)

5.39 / cos®sineds = ~ 2 (LIx~+ Lx?),
arc sec (/\’/L-x) K
and
arc sec (}f/—z-x,‘
5. 40 / cos*6 sin6 =\5"—Kf( 215+20L3% +10Lx*%)

orc sec (K/L-x)

our integral for F, becomes

5. 41 A= 2[1.3 + 3Lx2]l;ﬂo(f) +xB,t +x"’,82ff’][ ARE é\ga/zK

B e Gt e P

-M__ +M2 -M] +3[L5+:013x‘+51_x4]/82dr
32K 2.-452  315% 5

- 2 - 3
[3-’2"4(2 i5vg 5o 6&5‘%5_“]

Treating F, similarly to F,,

;T (-t-x)seco ,
5. 42 F = / [ (seme integrand as F, ) O/oa'a

-arc sec{K/-L-x) O
integrating with respect to P>

T
5. 13 Fz; = Sin@ [p,n.‘) rxf(b) + x’;ez(é)][(—é.;ng cos O

arc sec(K/-L-x)

~(=£-X2M + (-L-x)3M?2 - ¢L-x) M3 ]f[ﬁ,lbfz tl)}'
2-3%2 31432¢cos® 41532 ¢ps 7
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‘-"L'X)?"QQ§9 - (-L-z)3M + (-L- 4 2 (=] -X = 3 ]
2%% sz 2'4£§ac089 35 55260529
+ p_(ﬁ)z;l.f-x 3c056 - (L-x¥*M + (L-x)°M?Z

/6 l- 3 2.g75 4. 33ﬁA_4 5.2.4.3?255‘5"'9
~Elen M 1% ]} de |,

S:3/59/2¢cpos <6

and integrating over 8, we have

- L) _(-{- 2 -l - x)?
5. 44 Fy = llaocf)-rx/ﬁ,(:) : *2/52‘757][ Cz-z”' + (2 .1333,)2134;;25@

- -L-xQSM?'/og(-cos 8) - {-L-x)*M3 J +[/8, )
3/ 453/2 +!53/fcosO

t 2x8, (1) -(-L~x)%cos *0 + (-L-x)3Mlcos@
27 3372

-—(-L-?:_Q“'leog(—case) - (L-x)°M3 ] +/52(f)[
2.-45/2 315520056

- (-L-2)cos20 + L~ x)*;ﬂ::ose - _(:l_.,:zﬁMfs’og (-cos8)

g
- ¢ "::EGME 3
6315 3/2 b

le = cos™ {=L-x)/K)

Substituting limits, we have

- = ' y :
5.15 3= [t mpcti et Ui v gl
) 3 2 p 3 A -{ M 3
%/09 (L+x) +L_L£17M_3L!4-3 L log K 4‘L'_;i5-' 392,

wLex) - Le)2M + Lex)t AP -,-/ﬂ,(f)*Z/dglf) .
2:.2722 2,332 4l 53/2

’ )4- - 4 4 &
- Lt fALE) Lo x\FMIK — (L) +ilagbM
24 07K+ 31 5%~ 2"'z T 37
— 5 3 , - s L+ 5;
CEA] Pt [

SEE SRS WL XR L Sh IR P e
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—ll+ XIS, (L (LX) 91 K 1L+x)*“‘M3K
5:;:‘4 M £ Jog (L rx) L /09 T L

s _, 4+ 6A13
Hlar - L M o+ LrolhE J-

Adding F, +¥;, we have

2 2 .l.

D A a——
(L4003 MEfoq (Lrx) — UL=x)M%foc (L—-x)
* é;:-M 314.3/2 ,09 o 31432 IOS ’

u%%f/og K + Lg_z.M_"fogK 2L3 %,; )
O ffgé;’- el |
¢[Igl(f,+2x/3{e,][%(z +%§K_z - 5_35 s,;(M-gsx;
+(L4ﬂg)t leog(Lﬂl) - a2:+g}4Mz/09(£—x)-L%§MZ/09K
Tagidiea K+ Bk DI TSl e
LB ¢ B -G - BRett
-51,"?3\4/73‘_’ /82““[ ‘Eﬁsz_'z' 3.;/2/(2 35%‘37;'/72

- 2 - 2 -
5_§Q.2.g+) M log(L+x) Cé' 2::24M3'8 fog(L~x)

+( l,s 1103x -r,j'Lg"’)M%’?K - M L_"S ’l_axaM‘ﬁ
Se43/% 24575 CNC

~-Lx*M3K + L.3 + Ly2 -L¥M - L3°M
/8V5 3.2377  p3/2  p.3%2 /3

-X 4&% + £ 6643 + L 4'g 2643
2-33% 90/5 SVF 9 \5

+L5M _ + 5i3x3*M +5éx"‘M]
2:3¥2K 332K 2:3¥%K

and, on adding ‘r"z to the above, we have



1’1,[4‘”;“ o : . |
P e e G B e
.

Ty
5.47 E+F+F .—.[  (b+xB8 () +x 28, (€ r-l_’ -Lx? +2L3M
*irh = POt Sz ]( 6EKT Z/IKE  3VIK
+ ng’-M - {L+x*M2Jog (L+x} —il=-x’M2/og(L-x)
J¥EK 48 j 48 7
+LIM2og K+ Ly MPlogK + 3M2% + Lx*M*
24 8 -2 24

-LKM® - LxPKM3 +L —iEM kM LM
+5/3 /5vS z/2 V3 3V3 so/F

R

+ Lx3 - ZL3x - 2Lx3M +(L=fg)4'Mz/09(L+x)
2z K KA Vst 33K &4

-(é-x)"'[\_d_zloy CL=-x) =43 M 2109 K - L&fo/oq K
64 8 &

iS5 M2 - ix3MR + 13y KM3 + Lx3KM3-Lx_
32 52 15V5 15V5 2V2

+68t2x M + 2x3M - iOLExXM3 - 2L2x3M3 - x5M3]
S/3 o/3 /150/3 15V5 7545

*ﬂch)[-,g -L3x%  ~[x* + ZLSM + ¢L32M
10/2K2 VvzZK2 2/2K2? /5/3K 3/3K

+2LX*M - (L+x)SAI2I0g (L+y) = (L=x)*M*/og (L-X)

V3K 80 80
+(L5+iop%% +5Lx )M Plog K + (LI+10[x3+5Lx*)M?
40 200
-LSKMS - 2L3x 2KMI3 - Lx* KM3 “73 + L%_z
75V5 15v5 15/F 327 23
SLA LM - x M s LM 4L T 2MT
2-3 V3 6V/3 90/5 6V5
+ 12 *Mm3 + xSMm3 ]
6V/5 90V5
Grouping coefficients of the B;(t)'s, we find
5, 48 ,,='+/-;+/-;=/ao(£,[—g -Lx2 o+ 2L3M +2[x?
6/2ZK> 2/iK? 352K 332K

- -fx)aM"/og (L+x) —(L-x)3)\_l_zloq(é -x) +L3M2log K
48 48 - 24

1




il

HS

k1
+ Le2M210g K+ L3M2 + Lx2MZ - L3KM?
8 72 24 +5/5

__[ anzg +L - ZM_!;zﬁ,l_*_ 4443
IS VEF 2/2 3;5 3/_ 6035

Iof‘ - +onj—] +/8(h[ 6VZ K2 ’21:%:?{3

+2L3vM 4 xa. g) M2 fog(L+x)
3572 K 33 aK

"&_(L_.é)_M_z/o7 (L-x) + A__LM_?‘_’O7 K +LxM?loq K
48 24 8

+3xM2 + | xaﬁzz - L3y MAL3 - Lx3KM3 +_£_
72 24 +5/% 155

“L2xM - x3M + LEX M+ L.*fsm- + 3+L3x
3/3 3vV3 60/3’ 1045

+Lx3 - 283xM -2Lx3M + L2 "-Ioc,(L+x)
2/V2K* 3/3K WVIK 64
- L-g) £M%/og (L~x) - M /o9K /09K

-Lé.g.M_ -__LM-?AEWAL’ ,57__ éﬁ-

+ELXM + 2l ~IOLEx M - 2LECM - 3]
V3  /50/F 15vVE 75/5

Bl -3 - ixt o+ 2013 + 4

A L, bl A Ay

~x L+ .\')’M"/o? (L+x) ~x*¢ L-x)3M2/o9 (L-x)+ Li’f_z.Mj’?K
<8 48 24

Pt MTIog K+ LZME Lt M ~ 2 M
R 27 55

- Lx¥ M3+ Lx2 -L"g"M —2tM o+ LE¥XEM3 L2
I15V5 2V2 3/3 3/3 60V5  /0/5

+X5M23 #1332 s Lx¥ —1%3:(244 -4 Lyx4M
60/5 VzZK* VZK? 3V3K 33K




4o
+x(L+ x)"‘M?-.‘o? (L+x) - g(L-xZ"leaq (L-x)
32

- 153sz2/07/( —Lzs"’lﬂl/ogK -L3Ix2M? - Lx*M?
¢ 4 /6 16

+2L352£ﬁ413_ + 2L!£4Kﬁ13 _ e . I-lexi'ﬁd
‘ 52

15V5 155 93
+4xXEM — 218 03 — 2126 *M3 - 246M3 - LS
S/3 I5VE ISvE 75/%F  10/2K?

~L3x% _Lx¢ - 215M + 4L3x2M + 4
VIK? 2V2K® I5V3K 3V3K 3’73K
—(L+x25M2/o7 (L+x) - (L-g)5M2 /oy(L—x)
80 80
+(L5+/0L3x2 + 5 Lx*IM*ogK +{LF+10t %2+ 51 IMF

40 200

CLSKM3 — 203x8KM3 - LxtHKM3 +
I15V5

75V5 i5/5E 3-23/%
+Ly® - LM - £2x2M - x*M +LSME
232 643 V3 6v3 GoVE
+L4x2M3 + L2x*M 3 + xSM3 ]
65 6vV5 govEy
Collecting like terms, the above reduces to
5.49 F; +F +F=,3.,(£‘)[~L3_ - Lx? + 2L3M + 2Lx*M
£ 6/ZKt 2/Z2 943 3VEK

- (L+x)3M2/oq (L+X) = U=x)3M2/oq (L ~x)
48 48

+.L3_Ad_z'/09K +L_x£Aﬂ/09K + L3M2 + Lx2M?
24 8 72 24

_‘SKMB _4525413 +L_____. 2 —_xe
45 /5 /15V5 2/z 343 373

+L¥M3 + L2x2M3 +z(4%7+ (2)
60J/5 10VE 60J5 /6’ [

- x(L-rx)3M2107 (L+x) — x(l- x!aMz/cv?(L-x)
48 48

+ (L+x)4‘M"/o7(L+x) - gL;g)*MZ/m? (L-x)
, 64 64

R Ry 4 TR AT e patagy S Y+ 4t T Y Sy S INY B e AR RERE M e RS G

VR e BT 0 B AT AR T R R v 1 AR et e Bl 3 SRR SR
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-2 u\uwk + L.3x -~ 2 - &lL3x M*
3VEN?2 /3K 288

/12
+ Lx3M2 + 2L3x KM3 + | NRK - x3M - RM
96 +5YS5 343 9J3 20
- - L2x3M3 + xS mHN.* 2y |-l +03 M2 og(L+x)
4 30 M2 |petr| 1
~x2(L=x) M2 foq(L=x) + KlL+x)¥M*10q (L+x)
48 32

..mnnmw*.DAN\ow (L-x) - R+xvm.>\~\o¢ (L+x)
3

2
- hm...mu WKN\OQQ-\& + N.M.KD N\oﬁwx.whwmwk \nwx

-/ 5 -/ 3y2 - ) +mnm~mﬁz+n.ﬂp&n
/O/E2K2 62 K2 G.QW;N SV K 200

iURNR + [ x*M2E —LSKM3 l“u,mpm M3
240 :\,.w* 45/5

.rul E+E+Emm.
rhe LM oL+ LMD L mooL

{
{l
4

T S STt £ g §




CHAPTER VI
EVALUATION OF MacLAURIN SERIES COEFFICIENTS a,(t)'s

and B;(t)'s; 1 = 1,2,3. FINAL SOLUTION

Now our two equations, 5.11 and 5.12 involve six coefficients, the
a;(t)'s and the B;(t)'s, i = 1,2,3, which we evaluate as follows.

We multiply through each equation by i, x and x and each time
integrate term by term, with respect to x between the limits (-L, L).
We obtain six linear first order differentiel equations in the time-
dependent coefficients. The six boundary conditions required for a
solution are, of course, the values of each at time zero.

To group similar proceedures in each equation, let us carry
through with the left~hand sides first. The left-hand side of
equation 5.11 becomes, on substituting for a(x, t) and B(x, t), as
given in 5.3 and 5.4,

6.1 docotly + xdocith) + X 2olocytl) + KT Bi(k) + 2x kT Ba(L)
t dt mY’ m’

a.__

+acco () + ax OC,(é) +axzocuf) v

Equation 6.1 jutegrated over the limits -L < x < L gives

6.2 2L docotty + 2L3docatty + 2L kT#tu + 2al ogt)
di 3 dt m

v géq_/__?ocz(t) :

Multiplying 6.1 by x and integrating, we ~et

6.3 2L% Jecitey 4-_1.35_'[/32ct) + 2ald ottty .
3 At 3 m 3

Similarly, mul+iplying 6.1 by x2 and integrating yields

6.1 203 duathr + 2L7 docatt) + 2LIKT B, (£)
3 dt 5 dt 3 m
4l

e ke

e L s 3 A PR P e PN o NI 5 XA Bt Sz




45
+2al3cCott) + 2al% oCatlty,
3 5

Similarly, the left-hand side of 5.12 becomes, on substituting for a(x,t)

and B(x,t),
6.5 qédto(f) + xz@ct) + x2dB(f) + O + 2x0C (L)
t dt

taBot® +axﬂ, (t) + ax 2/3;_(1‘,) .
Integrating 6.5 over (-L, L) yields
6.6 20 dBe(ty + 2L8dBatt) + 2Loc, (E) + 2alfotl)
It 3 dt ' fe

+a%L;”/9m.‘> .

Multiplying 6.5 by x and integrating, we have

6.7 2L3 dA8ith+ L3 oc(ty +2al38¢h).
O T 34
Multiplying 6.5 by x2 and integrating, we have
6.8 .Z_L.E déo(f) - 5 Lt) + &L—.i ocu(t) + Z_Q_La a(t)
3 dt G o 3 3 A
+2al’pl:(h).
5

Now, 6.2, 6.3, 5.4, 6.6, 6.7 and 6.8 are the left-hand sides,
respectively, of the required differential equations.
Before evaluating the right-hend sides, let us evaluate some

integrals that will appear. They are:

L
6.9 / (L+x) fog(L+x)dy =  2L%log 2L ~= L*®
-L
L
6.10 / X(L+xlog (L+xddx = 2Lileq2L L3
L 3 S
L
6.11 / xZ(L+x)/o7 (L+x)dx = 2L%log2L - 2L%
LL 3 9

L N Tl
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L
6.12 / x3c1_+x)/07(l.-rx>dx = 2_5__. ogaL ~+ thf
-1 7
L
6.13 xHL+xMogll+v)dx = 218JogZL  -23[°
I/. e =109 £
L
6.1k /L (L=-X) /a7LL-x)dx = 2L2/oq 2L -L*®
‘ L 3
6.15 /1. X (L-xlog (L-xidk = ~2L7 og2L &
L .
6.16 /L X 2¢L-x) /og(L-x) dx = _2_3_1__1' /09 2L - ’L"'
oL
6.17 ‘/L x3(L-x)/09 (L-x)dx = = _____l_.. oq 2L -4?
- o 7
L
6.18 / X"’(L-K)/09(L-x)dx = _23__ 0921. -722.32[56
CY4
. L 2 3
6.19 /L(L-rx) /a7(L+x)a'x = Bs_Lb 072L -_BéL._
L
6.20 / x(.L+;<)z/09(L-fx)dx = ﬂ_f/«, 2L —94
-L _ 3
L
6.21 / X2(L+0Poq(L+xdy = 16L%/og 2L - 3BLT
LL 75 225
L
6.22 / x3(L+x)zlo?(L+x)dx = L“/oc, 2L - zué.‘;_
- L /
L
6.23 /L (L=x)* [og(L-x)dx ?L_ 0g 2L —ang'
L
6.24 / x(L-x)‘/o9 (L-x)dx = %L_"/092L -+_l§f_'_
-L
- bt w b Rl e i e At i e o e e ot e s Tt L PR IR S
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6.25

6.26

6.28

6.29

6.30

6.31

6.35

6.36

6.37

L ¥
/ X2 (L-x)ogC L-x)dx
-L

VA
/ x3(L-%)2log(L-x)dx
L |

L
/ (L+x)3/o9(t.+x>a'x
-L

/L 3

/ x(L+x)°/09(L+x)dx
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6.38
6.39
6.40
6.41
6.42
6.43
6.4k
6.45

6.46

6.48
6.49

6.50
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L +
/ X (L+x)"log (L+x)dx
~-L

L
/ xz(L-rx)“‘/oglLf-x)dx
-L
L
/ X 3(L+x) 4‘/07(/_*'.\’)0’:(
J-L
L
/ CL-x)*/0g(L-x)ax
-L
L
/ x(L-‘x)"'Io?(L’Y)dx
VAY A
L
/ xz(L-'x)"'/oq(L-x)dx
-L
L
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L
L
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L
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L 57
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A
L
/ (L—x)5/o7(l-x)dx
L
L
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L 5
/ Y2(L-x) /07(L-x)0'x
-L
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|

64 46/07 2L
15

352_1_3/09 2L
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35 2L7/a7 2L
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_96L8/o72L
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Now we are ready to determine the right-hand side of our six
equations in the time-dependent coefficients. These will be aM/2 times

the respective one of the six integrals we now evaluate.

From 5.31 and the necessary integrals in our preceeding list, we s

see that
6.51 y d 2 2 L%/o02l + L2
. (F + <+ %3 )dlx -..—.oc;(b{- 2L%10g2L + L% ~2L7/o +
,[1_ v V2 V2 7 vz
+ 412 109K + 412 ~4L2KM + L2K2M 2 - 2%2%3M3
v2 7 vz V3 2
+2L3 + 2L3M - L*M2 - LAM 2+ L5MS + LM
V3 3/3 6 6 /8/5 S/F
+LM3 +o<,cb[-z_L3/o 2L - 13 +2L3 +13 4832t
90/5 i 3 T vl -

-8L3 -8L3 +§Li_]+occh)[— +/o?2L +214
182 6J7 I8V2 SVZ

214 10g2L +2t* +4Ll% log2L -L* +4L%og 2L
gLiloq b+ Ly v ELol0q 2l ~fom TEL10%

—L“ ﬁ§ /0921.4-4?_ af/oyzL +§7_+§%/o 9K

+ 4LF +41* - 4 ERM + LAKAM2 - 2L5K3M3
o/zZ 9v/2 3V/3 6 27/5

LM 2LIM - LM - LEM® s D0 DU LA !
/s 27/5 188 /89048

which, on collecting terms, reduces to

L
6.52 / (J +0, +050dx = oc,ct)[- 2100 2L + 4L2/0gK + EL2
) ' z*,.a“ x % o? V2 °7 V2

~4LEKI ¢ LAKEMS ~222K’A49 +é_§M-L* 2
M L 5 3

8LSM3 | + ¢y loq 2L + 4-L4/o K +16L*
+4~5‘J5‘] ’[%'07 1% "o

- 445 + [P = 2 1433 41615 -7L‘M‘+8 ]
6 2775 I 'Lﬁvf
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Similarly,

L
6.53 [ X (J,+d +d3)dx = OCo(E)-2L3/0
-t EWG

+21%)og2t — L3 ,ub[- $log2L +21%
2holeqat =& |+ catt - Zlileg

44107 2L + /_4 + 2__/07 2L
$

C]

721. + L2
9/z

sv2

- (% + 2% leg2L
/872 3/209

“L¥ 42t —205M + 2L5M + LSMZ - LM3

182 3/2 3/3 /15/3 =] T-ved
"/.7M3 +x’M 3 "'&2[0],
4+5/5 )260/%
which reduces to
L
6.5! / x () + T +Tdx = oc,cf)[l.i_- 8L5M + LSM?
-L v2 15V3 9

B2
Similarly,

L
.55 / xUT +Ja + )X = ccou.iL
-L

C\

-_Lf'/oy 2L +2L% + _LLi/o7K+
vz ov2

L 5 M2 — 204 KIM3 + 3./_5 M + 2L5M - LSM
3

27V/F

/07 2L +§%_

4L* — 41%KM
32 373

5vV3

~LSM2 + LTME + LIM2 + M3 ) +ocu.‘)[
"k ]

/0 54V5 I15V5

+o€zzé)[ ;%109 2L +225ﬁ

?leoy 2L
V2

+23L5 + 12L5/0g2L -/1LE  + /2/.3/07 2L

225v2 I5V/2 225/2

-1Ls -251.5/092L +49L6
225Vz 4532 675vVz

/1572

- 2.8.!-_‘/07 2L
45/2

2
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+675\/2 +ﬂ" 7 27f2 +/5‘~/Z av/3 .

Lo 2M2E - 24,‘%;3443 +L% + LM - LMP
iy 2//3 30

L ¢ LI L L0 ]

which reduces to

L
6.56 2T + T +05)AK = ocy () [— 4L% log 2L -4LF log K
[LX r e T > [3«5 152755 "1

+ 6L _;J;A_K.M + LMD - 2L HKIM3
vz 6 27/5

1‘165%34 ZLfL LZQVM‘/asé"s ] +°C2‘£)[-'4‘L‘€,°72L

+_§_L.j/07K + 215 - 4/5SKM + LSKEM? - 2LK3M?
v

ava Sv3 /18 8NE
+8U’M - LéM?2 ]
23 /5 2430/’

From 5.49 and the necessary integrals in our list, we find

6.57 / CF +Fp+ Fy)dy -ﬁ,cb[ M_’/o72L +___A_/L

- LM log 2L +_L_ALZ- i A
2 1 Lo e TSR

+ 4 LM +_l_.fM2/o7K +L/_21M§/07K +_l,3_4_‘6Ai_2

SVIK /2
_M_ 4-5\f' 45v5 vZ 3/3

- *3 3or ¥ /sr‘L *‘/‘50\/3‘]*/@(6[0]

~ 72LS5M 2[00 2L + 4915M? LSM?[og2L
Vi z(b[ 180 feg * 16860 /80 7

+49 102 +Z/_§.M/092L ZL, M t2L5M3log 2L

/0800 /15




‘: i‘l@“* S s

- 752 - ZA_M_.072L + L5M2 - 2L5M?leq 2L
450 +5 15

LoM?2 + [SMPlogK "'.LM_Z/ " -
T5E 26 ! 9K - Lorga

-/ 6 + i‘ 664 + ﬁ{GAd + /6 2 4+ )16 2
S TG T B L T R

+15M2 — 2 LS KIS - 2L8KM3 +L4' 44 LM
800 755 /35VE 3 3 4573

+=/[7M3 <+ é?ﬂia + L7M3 ]
4-5%- 30V5 3/J5M‘7’o o I

which reduces %o

L -
6.58 /L (F+Fy+F3)dx = G, (z“)[*-éiaAd_‘?/o? 2L + Lfé,yzz/a7k

] 3:7’/;7?2 t S - +%z-'897§['3 4

ng2+ c—:;éfMd +/a,_<f)[ 7L5M2log 2L
/5

+ 716 z/ K EL5M - 28L°KM3
ZMRIeq K~ (AL o, + SELM - ZBL0AE

+L5 - & + ZLSA2 + A13 |
3V2 “5 200 18575VF
Similarly.
L —-
6. (F + Fe + F3)dx = ,(f)[o] + B cbr| - 7t°Mog 2L
? [I.X rTTETTE P P [ Y60 1
+ 49L8%M? - 7.0 2/07 2L + 49(15M2 + L°M 2/072/_
/0800 /80 /0800 /5
- 7t6M?2 +_{.‘_’Ai’.'/o921. - 715N -LEM_zIa?K +
9S00 /5 - goo /8 K
_BLSM - 1QLSMZ + LIM? + ALKM? +2LM
27vV3K 864 240 /35V5 973

~BLg - L2 L3 < M [t 0 ]

which reduces to
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which reduces to

L
6.62 / (R +F: +F)dd = /6’ | - Z./.. 2./072[- +ZLM_2/07K
L

-/4L° 56L6% 2816 §M3 /
4+5K%vz2 . 135V3 675vS +3 2 4-53

+ 7L M2 +M + B, )| - L8M2l0g 2L
200 el M [ 50 1

+L5M2/0g K - 2%8 + 8;9% —-ﬂsrt;gza
30 7 15V2 45/3 225/5

+/8 -81'"M + 2(8M? + 56L9M3

9‘7‘2 63/3 209 zozg%']

Hence, 6.2, 6.3, 6.4, 6.6, 6.7 and 6.8 are the left-hand sides,

respectively, of six differential equations having as right-hand sides,
respectively, aM/2 times 6.52, 6.54, 6.56, 6.58, 6.60 and 6.62.
Denoting these six =2quations as I, II, ...,VI, respectively, let us
derive six new equetions by suitable linear combinations of these, such
that we may solve for the derivatives of the o;(t)'s and B,(t)'s.

The proper combinations will be:

2T . .m
6.63 ! = 5 . 3
8L
45
6.6L ' = IL_
20
3
=T m
6.65 ' = 3
87
15
Lo . iw
6.66 - 5 3
8@
45



6.68

6.69

6.70

6. TL

7= Y
2L°
3
Enr 0o
= _3 -
815
45

Carrying out the above operations, we get

dee, () + KT B +actth = #5aM [ec b iL_Io 2L
ot ml 7613 { 5 1

+4L%logc K + 6/4 - + L*KEM?

filog K~ g - 70

~ZL4'L§3M3 + 8L5M - LSM2 + 8L7M3
45 15V3 15 225

+ 4-L4/o9 2L - 465‘_‘_‘ - 4L4'/07K + ﬂ-iﬁM
7v2

'L4'K2Mz £403 - +7LSM2
8/55' 7 l35

~176L7 3] ro¢ cb[—-_ggm 2L + 44609k + 615

Lero e A -~

- 46564 -+~ Slr2An2 -2£553643+16!7A1 _Z£8642
/I5V/3 30 [35/3 75Y3 225

+ 88L5MS + 415100 2L - 4LSlogK = 2L°
472575 27\/2? 27/2 7 572'

€ 2 63 3 - 7 8
M - LG ME - 2L JCUE - 80K T L
2E =o!}74' ]} ’

(f)+2kT (t) +qogtty = oc, (b L
Fox r 1t = 3g4 o[ LF

~-8L5M + LSM2 — 97L7M3
/‘5'7A3 G r260/5 1’
doco(t) + aoCatty = oK, (£) | L% fog 2L
gE 2 2 250 { [£42 o7
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+6L¢ - 2LEtKM + [FKPM2 - 2L K3M3
m{m. ..mmmqm & 2775

+E:§+ Eu +R~3~|
15 V3 45 18905

£L%log 2L lmWa\o K -1618 +418KM

S/z 7 9v2 1 N.\.QN 9/3 |

- LSKEMZE + 2L5K3MS3 — 16L7M + 7 vaRN ~881.913
/8 : 81vVS 45V3 /3 2835V5

~41%log2L + 4L8logK + 218 -4L8 + LSK2M)?
Sozonat + GLLlogh + 2 AL KMy LICM

e gt - e T
= 2] 243075 |/’
(8 + oC, (8 + QB8 (E) = 4K5aM ()] - LEM2/og 2L
# s (Aot -2

16 L3
+18\M2/og K — 215 + mmmﬁ ~ 2L KM + LF
30 7 ISV2 K2 +bV3H 225/5 572

-8LIM + ZLMZ ~ BLIMS  + ZLoA[2/0g 2L
45/3 360 37558 270

..Elm\o.wk + 415 - 96L°M +28LSKMS

270 135V/2K2 405vV3K 2025/5
=L* 4+ [6LEM - ZLSM 2 -E&id@&%
92 73573 600 47255

-Nnmim\ow 2L + .\.\.mRN\owx - /4.8 +5618M
450 450 225/2K2 675/3K

- 2818KM3 + m@. - 16LM  + 7LEM 2 +88LEM?3
/572

3375/5 225v/3 1000 7875V/%
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6.5 : - - 6 A/ 2
(£ s + 2ogttr = aft) = %?.QAi/@‘ct)[LTngo?ZL
-gﬁ‘/vfilo?i{ + 216 - -3 + 4£65513
8 Skr AR T5svE

F8LEAL - LSA12 —~ 8L 8]
*43% %2 /75/\7/"’5' ?

6.7k dfty +qfpih) = oté) | LoM%/0g 2L
o?fz o y=1132; t}%‘%@{/@( lé,/_é}i 09

- 6M2/07K + 215 -BLSM +4LSKMS3 - L*
78 S/zZK:t 223K 135/ @ 3/2

+ QLM - LM~ BLEMS - ZiEM2Iag2L + Mgk
273  2/6 2258v5 90 90

/416 + 561L5M - 28L°KM? + 1+ - [6L5
L45v‘7?? 135V3K < 675V5  3/Z 45V3

+7L5M? + 8BL7 ] +/5 ub[z MZ/oq 2L
200 1575 270

-718M2Joc K + |41 8 + 28 8KM
270 7 135‘7'272'2 405'/5K 2025 5'

~L8  + (8LM -T7L8M? - 88LM3 - [BM?2 log 2L
9/z /35V/3 6oc 4725/5 30

LBMZlog K — 218 + 8L8M - 4LEK M3
30 I5/ZK2 45/3K 225/%

+15 —8BI7TM -+ 2L8A42 + 56LM3 ]
sv2 683/3 209 2025V/%

The gbove six eauations reduce ~1;o

6.75 docg (b + ;,;_,_T/s, (£ +aoc, ) = 4-%:: M {oc"(b[i?’loqu

+82 - 16KM + 2K*M?* +8KH3M3E 4+ 8LM
1352 45/3 45 405V 45/3

- 2L2M2 +JL3M3]+ oLz ct)[-Ls_g_a/o?ZL + 212
/35 14175VF - L /3572 . /5:/2‘__»_

. _-,,»-.L'SLZM + 202K2M% - 8L2HM3 +136LM - 31_4,\;2?
/135V3 /35 /1215/5 15'75'73 225
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o s i e i 8

‘LA-M}T

* Shadell
dcx,hf) ¥ 2kT/32t£) raogtt) = i%_MO((f)[-}.-— e

+12M2 - 9T7L3M3
0 126075 J°

doc,(t) +aocp(t) = 45_“M{°C°(t)[_% %%
' Isazsc%;MTf j} ’

dBuilt) +oc,tt) + aBott) = ¢5¢ LMJAtb)|-L2MHog2L
t’t +o, tE) + afBs(t) x {/ﬁot )[_/ﬁ_og%_

- 4/2 +1612M -8L2KM3 + 4 -6
I135/2K2 405J3K 2025/5 45/Z 135V/3

+7L2M?* + 64L3M3 | + B,tb)] ~1EM2 1o - q1f
900 2362575 } e [225 7?"_ 225V2K=
4L ~BLAM +4L2 - 136L3M +3LIM?
3375/3K 3375/%5 i135v/2 4725v3 787
+9[°M3

45557‘;”’

dBtts + 2oc,cts + afytt = 3alM ﬁcﬂ[ﬁMf_/e? %L_ + 9%5?’

-8L°M  + 4LZKA13 +8BL % (—_%]
223K 135/5 4 55 17545
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+[6L%M —w__&'yé -8LM = ZLEM? +§21.3M31
/135V3K 675, 135V 2700 - i575VF |
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Now let us approximate the a;(t)'s and B; (t)'s by the leading terms
in a MacLaurin Series Expansion.

Our boundary conditions are

6.61 CCotled = |/ /Solm = O
o, 0 = ¢ Pitoy =
Cp0) = O Bzto) = O.
Hence, evaluating 6.75-6.50 at t=0 gives
6.82 doc, () ==—a + 25alM 2L +82
dt )‘t:v /6 [ 7 135V2
4+5¢3 45 405V/5 453 135
-Q£L3/\43],
14175/5
6.85 d ¥49) = 0,
(j%l Lu:
6.8l dog,ch) = _4:_5_9_A_/L[ 2 M - 202M2
(dta )t--o 16 L S/2 45/3 45
9455

i (gft),.. =
6.8 (g.{‘&ﬁlt::o =

and

6.87 Gﬂ&gﬂ = 0.
o't tzo

At this point it is obvious that the equations 6,75-6,.80 and

boundery conditions 6,81 force the identities
6.88 oc,té = o
Boll) =0
0

,éatt) =

.
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For an approximation, let us carry only terms to the second power in.-

in M., We then have

6.89 (doz.,(f) = - o,[i + L__Ioc]% %_75_4-%45
*227‘/\/ z]’
% (=), =[5 - 2]

and
6,91 (g_g,cé))t_o

o .

Differentiating 6.75, 6.77 and 6.79 and subsetituting from 6.89-6,91,
we see, on evaluating at time © = o,

6.9 (d: °C°(é,)f;; - Q [1 + LAd_loc]21= LA

*%Mf ‘Lé.%i‘f.] = - a [14-%/09%1._

- 4|LM ][-LM/oc;gL: + 4 /LM - LKM?% + L2PM?2
242 JZ 242 3 2V3

-af] g |-£ LaM'°7 2L +3LM | s
o (gl - [ ] =T
ik -l v ][ S %

“ [t ] 3]

and
6.9% (dﬁz_/e,uﬁ))tzo = —2/¢.dg(£))

which, on retaining only terms to the second order In M and collecting

terms, glves
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6.95 ( 2 omt:) = a2[1 + /.414LM/o72L
adt t=o K

- 2,4I16LM + ISELKM? + 0,765L2M?
* 0.500LEM?( fog z,\,/._)2 - 1.6042M?log %} )

6.96 (gﬁ%zogzct))tzo = a‘[o.sooi\f}_— /. 16 3M2
+ 0. 313 M2 /og %(L]

and

and

6.97 (fﬁ?’s"t’)t.—.o = a[o.884AL4_ - o.5‘77M2] .

Substituting the ebove in MacLaurin Series, we have from 6,61 and

6.89-6.97

6.98 ocothy = 1 ~ af(l+ 0.707:Miog(2L/K) - [.208LM
+0.8577LKM?2 - 0,289L2M%) + {a?t2/2)( 1
¢ L 414LMlog(2L/K) ~ 2.4/6LM +1.i55LKM?
+0.765 LEM? + O.500L2M2[107CZL/K))2
—/.6O4L=M2/a7(at/m) )

6.99 ooty = - gt 0.250M-0.289M%) + (£ %2) (/oL = 1163M+0.313m */ogl 22 /),

6.100 B = (a.z.‘z/z)(o.884M}L - 0.577M%),

where M is given as

6,101 M = nac B(_z_#:/?r)'/a )

Hence, our final solution is

6.102 Px,Tyt) = n’(,z_%zpr)% { [oc,_., (br+ xzocz(é)]
f[xput Jule Eia

@ (t), a,(t) and B, (%) being given by 6,98, 6,99 end 6,100, respectively.
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CHAPTER VII

A SUGGESTED EXPERIMENT: CONCLUSIONS

It is of interest to note that, in the noﬁ-eprnential factor of the
solution given in 6.102, the velocity-free part is an eveh function of x
and the part containing a term U is odd in x. Thus, along with a
symmetric distribution function for excited atoms which one might expect
by ignoring the diffusion term in the Béltzmann'Equation, one arrives at
'a gradient in populations of cells‘in phsse space, for a given U,
‘increasing in the direction of the x-component of velocity. Thus, the
diffu51on term is quite important and suggests that experiments to study
this gradient would be of considerable interest.

Let us con51der and predlct results for one possibly interesting
experiment. Choosing a point R(X, O, 0) on the x-axis at a distance X
from the center of the slab, let us dete?mine the intensity distribution
function I(v, t; X, A) vhen all but'a small aséa A centered on the x-axis
is shieided from R. Assume X is large both ﬁith respect to the dimensions
of A and with respect to the thickness of the slab. Thus, it may be
assumed that every incremental volume ‘is at‘the same distance X from R,
and that the angle it makes with the x-axis is zero |

Now the number of excited atoms in & small volume dxdydz whose

x-component of velocity is in the range (U, U+dU) is

00
7.1 dxdydzdly / p(x, U, V, W, t)avaw ,

-~ -0

which is equal to
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7.2 dxdydszn'( m )‘lz{ao(t) + xla,(t) + xUB, (t)}.
2nkT
-mU 2/2KT o -mVE/2KT o -mW2/2KT
e ( [a: e dV) e dW) ,
-0 -0
which reduces to
, -mU 2/2kT
7.3 dxdydszn'( m )’/2 o (t) + x o, (t) + xUB, (t)}e )
2 KT

The number of these excited atoms that will emit photons per unit
time is simply the expression 7.3 multiplied by a, the Einstein Emission
Coefficient. The fraction of those photons emitted that are in the proper
direction to pass through a unit area about R normal to the x-axis is
l/lurX?‘. Now, the fraction of those photons emitted in the proper
direction that will reach the edge of the slab, and hence the unit areas
gbout R is just the probability P(L-x, U) that a photon emitted in the
x—directioq from an atom with a velocity-component in the direction of
emission equal to U will travel at least a distance L-x, the distance to

the wall. From 2.9 we see that
-mU #/2KkT
, M(L-x)e
where M is given in 6.101.
Hence the number of photons emitted per unit time from a volume
element dxdydz. from atoms with x-component of velocity in the range
(U, U + dU) that will pass through a unit area about R normal to the

x-a:;is is
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-my 2/2KT
. -mU%/2KT - M(L-x)e
7.5 dxdydzdU an'/ m )’2e - °-
o HﬂXz(aﬂkT '
{ a,(t) + x’a,(t) + xUB, (t)}.

The unshielded part of the slab may be approximated by a right
circular cylinder with its axis along the x-axis and base of area A.
Hence, the integre.tion over the y and z-directions yields simply A.
Integrating over the remaining variable x from -L to L, we find the total
number of photons emitted per unit time from atoms with an x-axis
component of velocity in the range (U, U + dU) that pass through & unit
area about R normal to the x-axis to be

' ~mU & /2KT
-mU2/2KT - IMe

7.6 dU en'/ m \Re :

/{ao(t) + x%a,(t) + xUB, (t)}e dx.
-L ' )

Béfore pro;:eeding with the integraticn let us examine the above
expressions. The terms will contain a factor exp(-mU2/2kT) or
Uexp(-mU2/2kT) which will dominate any integration of 7.6, over U,
involving infinite limits. L'Hospital's Rule and Jorden's Lemma assure
that T.6 has values and the integration of 7.6 over infinite limits of U
has values. However, we can see immediately that the m’cegrations by
.. parts.over x- mll yleld tﬂrms which w12L1 not have values for all U. '.I.‘his
is precisely the problem we encountered earlier, and we shall handle it
in the same manner, i.e. expanding exp(Mxexp(-mUZ*/2kT)) in a Taylor's

Series sbout x=0.

E a2
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Since expanding the exponential term under the integral in 7.6 gives

~mUy &/2kT . .
Mxe -mU */2kT ¢ 5, . U /2kT
T.7 e ¥ 1 + Mxe +(M"x“/2)e ,
we mey approximate 7.6 by a similar expression where the integration is
over a polynbmial in x. Obviously the odd powers of x will integrate to

zero, hence the even powers of the polynomial P, + E, x? + B, x4 vhere

7.8 B, = ay(t)
~omy 2/2KT -mu 2 /2KT
7.9 E, x= o (t)M%%e + x2a,(t) + Mx2UB, (t)e
* 24T e ..-.é—‘... 2 ¢
and )
-onU? /2T
7.10 E xt=a, (t)M%x* e
2

integrate to
7.11 2lo, (t) .

-2y 2/2KT U %/2kT
7.12 I’ oo (t)M% + oL, (t) + 2M uB, (t)e

3 3 3

and

-2ml 2/2KT
7.13 T, (t)M%

5

respectively. Hence the integral term in 7.6 may be approximated as

\ S -7 2/2KT
7.14 [elao(t) + 2L az(t)] +[_2_E U, (t)e ]M

: 3 5 <
. -2ml 2/2kT
+ [rda(t) + g‘a,(t))e Jma.
| 3 5
Now, ccntinuing approximations to terms in Mg,
~IMexp(-mU &/2kT) -y 2 /2K -2my 2 /2KkT

7.15 e =1 - IMe + (LFM%/2)e s

and substituting 7.14 and T7.15 into 7.6, multiplying out and retaining
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terms only to powers of two in M, we find the total number of photons

emitted per unit time from atoms with an x-compcnent of velocity in the .
range (U, U + dU) that pass fhroﬁgh e unit area é,bout R normal to the
x-axis to be

7.16 dUan'A ffeia (t) + 2B, (t)] + [22UB, (t) - L2Ia,(t)
o gl +[2 (e

-mU /2K

+ gjaa(t))} e M+ [(%_3&,,(1;) + gaz(t))

.L(_Q;.B_3Ua,kt))+ _g_"'-(emo(t) + gt,;az(t))}.

-2mU%/2kT | -mU2/2KT 7l
a3 \
e M J,e ‘ \_’
which reduces to

-mU 2/2kT

7.17 dUan'A| m )'/z{[?lao(t) + _2_15,_3(12(1;)}&

LX E | 20kT
) - -2mU2/2kt
+[-2L‘a,(t) - _2£4a2(t) + @Uﬁ, (t)]e / M
_ 3 3

_. ' . =3mU Z/ekT
+ [_@ an(t) + 8%, (t) -_a;L_"UB,(t)]e M2,
5 15 . 3

At this point it is important to note that the distribution over U,
equivalent to épectra.l d@istribution, is skewed to the right fronvi e
Mexwellian distribution. This , of course, suggests that the gas does work
on the radistion and is itself cooled in the loss of resonance radiation.
" Also, since the terms in U are all odd functions of U, it appears that
the total number o)i'"riiilbt'dn’é crbssing a unit area about R normal to the
x-axis is indejendent of the diffusion term in our Bolt‘zmann-like
equati;on. Thus, it is argued that the important experimental work in this

area should be more toward spectroscopic studies rather than integrated
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intensity measurements.
However, let us look at the form of the integrated intensity
‘expression. Expression 7.17 integrated over U between the limits (-00,00)

becomes

7.18 Kﬁ}_’{%{[am (t) + %’az(t)] +J%‘[-2L a(t) -2?*0,(1;)]
+J%[hl;3a (t) + %saz(t)] }

Substituting in 7.18 for a,(t) and a,(t) from 6.98 and 6.99, we have, on
retaining only terms to second power in M

7.199 'AL(( 1 - at(L + 0.707IMlog(2L/K) - 1.125LM + O.5TTLKM?2
“2nx?

-0.38512M2)+(a2t2/2)( 1 + 1.414IMlog(2L/K) - 2.249IM
+ 1.155LKME + 0.37TIZM? + 0.5001%M?(log(2L/K) )
-1.500L"M210g(2L/K))) + ( -0.707IM - at( -0.707LM
;0.5OOL2M2165(2L/K) + o.°7'96L2M2) + (a*t?*/2)( -0.T707IM
-I*M%Tog(2L/K) + 1.59012M%)) + ( O.7TOL*M? .
-at( 0.770L°M%) + ( a?t?/2)( 0.77012M%))),

which reduces to Q

7.20 en'AL(( 1 - 0.707IM + O.T70I?M2) - at( 1 - 1.832IM
20X 2

+ 1.18112M2 + 0.70TIMlog(2L/K) + O.5TTLKM®
- 0.500L°M210g(2L/K)) + (a?t2/2)( 1 - 2.956IM
+1.967L2M2 + 1. 41kIMlog(2L/K) + 0.500L° M*(log(2L/K) )z
- 2.500L2M%10g(2L/K))).

Note that for small L or K this approaches

7.21 an'AL( 1 - at + aatz )
oMK 2

which is an approximation for
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T.22 an'(2LA)e .
.fra-

Now, in our expansions, undoubtedly for certain values of K, we have
trouble. We have no difficulty in showing that we have ebsolute conver;
gence, in fact uniform absolute convergence, But, in spite of this fact,
the slow convergence gives us difficulty. We can to the degree of a
approximation we seek here, look at the special case where K is taken
to equal 2L. For this case T.20 reduces to

7.23 an'AL (( 1 - 0.707IM + O.TT0L2M2) - at( 1 - 0.678IM
21'\'}(3

+ 1.1811.°M%) + (a®t*/2)( 1 - 2.956IM + 1.96TLFM?)).

Now, the above results are for the initial distribution uniform
in space and Maxwellien in velocity. As has been pointed out eerlier,
the total intensity of emitted ra.d.ia.tioﬁ does not appear frequency
dependent, but the spectral distribution changes with time. This fact
makes study and tests of theory extremely difficult.

Therefore, it is suggested that & new kind of experimental set-up
be employed in order to allow steady state measurements to be made
instead of instaneous measurements. Dr. R. G. Fowler has suggested
that & continuous source be used with its spectral distribution
unimportant. As the radiation penetrates the gas, all but the
resonance radiation would be immediately trensmitted. Dr. Fowler's
suggestion, then, was to chop the source at a given time and study
the relaxation of the gas. This seems far superior to electron-beam
e;ccitatidn or secondary excita.tiop using another vessel of an
identical gas as the source. However, it seems that since resonance

scattering is much more pronounced than elastic scattering, the

S Seg e . . . , .
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possibility of steady state measurements of scattering in the resonance

frequencies would yiely much more reliable results.

— —— -~ T .
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APPENDIX

In deriving our diffusion equation, we assumed that
for an emission-absorption process to take place the
component of the two atoms' relative velocity along
their join must have a value in the range (-ac/2, ac/2).
Such an assumption is equivalent to the apbroximation
of a function by a step function. Let us analyze this
more clos?ly.

It is obvious that we may examine the case of an
absorbing atom at rest, since we are interested only in
relative velocities in an emission-absorption process.
Let us assume that we have an unexcited atom at rest
and an excited atom moving toward it with a speed v.

Now, the probability distribution function of radia-

tion emitted from an atom at rest is given by

A1 P(9; 4) = ¥/2n((@-4)2 + #4)
where | |
A.2 § = 2e22/3me3

and Y being the frequency of emitted radiation, ), the
maximum of the probability curve and c¢ the speed of light.
It will be noted that c¢ is used differently in this one
instance, and in all other places in the text ¢ stands for
the speed of an atom. The terms e and m are,of course, the
charge and mass of an electron. For an atom moving toward

an observer at rest with speed v this distribution is,
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by virtue of the Doppler shift, transformed to

A.3 P(v; o+ 8W) = Y 1 _
27 W-v~a,F+ 7L

where s is the Doppler shift of the maximum 1, by

virtue of the velocity v. It will be noted that this

is not an exact transformation, since each frequency

is shifted proportional to its rest value. However the
effect is negligible since the values of f(U;1L) are aprr
appreciable over such a small range of +J. Hence, one
may consider that the function is simply shifted to

the right by an amount a7, determined by the speed v

of the approaching emitter. ’

]

Now, our objective is to determene relative proba-
bilities of an emission-absorption event to occur with
varying values of speeds of an approaching, or retreat-
ing, emitter. To do this, we note that the probability
of emission of a photon in a neighborhood of frequency
is proportional to the value of P(V;%,+av, ) and the
probability of this photon being absorbed is proportional
to the value of P(?; 4, ), hence, the probability of an
emission-absorption process to occur is proportional to
Al glbw) = [Pv3 ) PV; %+ o) do.

The above integral will be a function of 4,7, and,
normalized over the range (-eo,c ) will yield the
relative probabilities of emissioﬁ-absorption processes

for selected ranges of Doppler shifts of +, or, equiva-

Eig e Lre e eeemanl ERE FITERE RN P T IV A - . : T ¢ . K I
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lently, selected ranges of v. In our text we wish to
substitute for this function a step function zero over
most of the line and uniform in height for a finite
interval with 3 at its center.

Evaluating term A.4, we find

_L{zxn- v - «.4,])'?- + xz/a} ¢

1 !
{’29:;7'(2} - Yo - 8% * + J'/lp} d/.

The above integral is evaluated, using complex variables,

integrating around a circular path in the upper half-

plane and along the real line, to be

A.6 gla) = ¥ 1 .
T (a3)* + ¥2

It will be seen that the above function integrated from
minus infinity to plus infinity yields the wvalue one.
Hence, has all the properties of a probability distri-
bution function and is the function we wish to approxi-

mate by the step function

A.7 h(a,) =0 - - < aY, ¢ - 8V/2
= 1/312 ~0Vf2 caY, ¢ §V/2
=0 §¥fz2 ¢ avh ¢ P

To do this we minimize the integral
A.8 [~ (g-h)?g d(ave)
- ol )
by setting the derivative of the above with respect to
& equal to zero. Carrying out the steps necessary,

noting that A.8 is actually the sum of three integrals



with their limits functions of the variable of differen-
tiation, we arrive at the equation

A.9 tan™1 q = q? _
qz + 1) (wr- q)

where
A.10 q = §¥/2¥.
We are interested in the smallest non-zero positive
root of equation A.10,
After determining our q we find §V/2 = q¥. This
is the maximum frequency in our step function. The
next step is to find the speed ac/z which would give
this shift. Multiplying this speed by two gives us our ac,




