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PERTURBED-MORSE-OSCILLATOR WAVEFUNCTIONS AND THEIR APPLICATION

TO CALCULATION OF FRANCK-CONDON FACTORS

CHAPTER I

INTRODUCTION

The calculation of rotational and vibrational motions
of diatomic molecules is usually based on the rotating-oscillator

model,(l)

in which to a good approximation the wavefunction for the
molecular state is the product of electronic and nuclear wave func-
tions. The radial SchrSdinger equation for the rotating oscillator

is given by

2 2
[zlfu‘.%g—rz- + V(r) + %%;D—]WVJ(I.) = EVJWVJ(T) , (1.1)

where r is internuclear distance, p reduced mass, and v and J are
vibrational and rotational quantum numbers, respectively.

There are at present three standard approaches for treat-
ing the vibrational motion of a diatomic molecule. First is the
Dunham(Z) method, in which the vibrational potential energy V(r) is

expressed as a power series:

V(E) = hea £2(1 + & + 3E% + . . ), (1.2)
where
u r-Tq
E =;—= - R
e e



and where Ty is the equilibrium separation. The energy eigenvalues
and rotation-vibration parameters for this potential have been
calculatedcz) via the W.K.B. approximation and can be matched with
empirical values to determine the coefficients a, of the series.
The drawbacks of this method are that a power-series potential has
poor convergence properties and that it does not produce analytic
wavefunctions.

The second approach, called the RKR(S) method, is a compu-
ter calculation in two steps: first producing V(r) from the observed
vibrational spectra via the classical turning points and the WKB
approximation, then obtaining eigenfunctions.

The third approach involves the use of a '"realistic
potential' with analytic solutions, such as the Morse potentia1(4)
given by

V(r) = Ve[exp(-Zau) - 2exp(-au)] , (1.3)

where u = r-r, involving the three parameters Ve (well depth),
T, and a. For convenience, we describe the Morse oscillator by

the three parameters p, o, and T defined by

p=ar,, (1.4a)
L
[Zuve]2
g = T > (1.4b)
ve
T = '}"'-c" . (104(:)

The parameter ¢ is approximately the number of bound states of the
Morse oscillator, roughly me/Zwexé. While the Morse potential has

analytic solutions and is probably the best three-parameter model



for actual molecules, it fails to describe finer spectroscopic
details.

Huffaker and Dwivedi(s) showed that perturbation methods
may be applied to the Morse oscillator to any order. The perturbed
Morse oscillator (hereinafter abbreviated as PMO) with potential

8
V) =V, [(1 - exp(-aw)? + n§4 b (1 - exp(-au))”] , (1.5
where u = r-T,, has been shown to be a useful mode1(6) for rotational-
vibrational motion of diatomic molecules. This potential converges
for all r (except for a singularity at r=0), and its parameters
ére related to the dissociation energy De by

D =Ve(1+bh+b5+b6+"')' (1.6)

e * Ev=O,J=0
Huffaker(6) used perturbation theory to calculate formulas for per-
turbed energy levels. From these formulas one can derive values

of the Morse parameters p, o, and v and the perturbation parameters
by, bs, bg, by and bg from spectroscopic data. The parameters for
the unperturbed Morse oscillator which best represents the actual
potential for small values of u are determined from experimental
values of Wg» Be and s at least to a first approximation, as

follows:

= 2 2, .
P (aewe + 6Be)/6Be ; (1.7a)
. wg
T = ; (l.7b)
4Bep2
=2
o =-. (1.7¢)



One can also determine the first five perturbation parameters from

WXos Yor OYos ée, and WeZge Formulas for the first three are

nN

by = —{1 - (ozmexe/r)] , (1.8a)

w

bs. = (Sps)'l[(20”9676/31) + 7p3/6 - 23p2/4 + 10p

- 5 - 3p%by (p-1)] , (1.8b)
bg = £{20%, x /v + by - Sbs + 17b5/4] (1.8c)

In a similar fashion, formulas for b; and bg may be written in
terms of § and w_z .
e e’e
In a subsequent paper, Huffaker used the WKB method to
&)

extend the PMO analysis up through b;,. In more accurate
analyses, Eqs (1.7) and (1.8) provide first approximations to be
used in an iterative calculation. The higher-order corrections
are most important for molecular states having few vibrational
levels, and, consequently, small values of o.

There are several advantages to the PMO approach. First,
since the Morse potential is a good approximation to that of actual
molecules, the perturbations are small and the convergence proper-
ties of the perturbation series are very good. Second, the formulas
for the energy levels are much simpler than those of Dunham.

Huffaker(6’7)

applied the PMC aprroach to the ground state of CO
and found excellent agreement with RKR results. Finally, as we will
show in the next chapter, an additional advantage of the PMO is

that one can obtain analytic wave functions which are linear combi-

nations of Morse eigenfunctions.

In chapter II we use fifth-order time-independent perturbation



theory of discrete, nondegenerate states to calculate PMO wavefunc-
tions. Our perturbation consists of the potential of Eq. (1.5) plus
rotational energy %2J(J+1)/2ur?.

An important application of vibrational wavefunctions
concerns the calculation of relative intensities of different vibra-
tional bands in electronic spectra of diatomic molecules. For a
transition between electronic states n' and n'', we must use a
different PMO potential for each state. In the rotating-oscillator
model, the wavefunction for a diatomic molecule in electronic state
n', vibrational state v', and rotational state J' is the product

of an electronic, a vibrational, and a rotational factor:

_ o (er) (v1b) (rot)
'ynlthv = ‘{’n' n V'J'( ) ‘1/ (es¢) > (1-9)

The probability of an electronic transition between states N' =
(n',v',J') and N" = (n",v",J") is proportional to the absolute value

squared of the matrix element RN'N" of the dipole moment M:

*
IRy oy |2 = [ [ty My de]2 . (1.10)
The integration over rotational eigenfunctions may be
carried out independently, and produces a factor SJ,J" , called

the Honl-London factor. Since the electronic functions involve the

internuclear distance r parametrically, the integration over these

functions produces a quantity Rg ﬁl (r) which also depends on r:cs)
R(ez) (r) = f w*gez) M(ez) w(el) dr (ez) (1.11)

n n"
This function should then be included in the integral over dr, so

that



vib el vib
Ryoygnl2 = Syoyge | 1 95 200 REED 400D gz 112)
In practice, it is usually assumed that R(?la depends only very

slightly on r, and that it may be replaced with an average value

plet)

n o In this case, we may write

| RESH)

|R|Z = 12 a,uyn (1.13)

J'J" 'n"
where the quantity Qeynr s called the Franck-Condon factor (FCF)(g)

because of its obvious association with the Franck-Condon principle,
is the absolute value squared of the overlap integral of vibrational

eigenfunctions:

= | e (VD) y(vib) g2 (1.14)

qv V"
The set of values of Ay 1y (for fixed n', n", J', and J") is called
a FCF array. FCF arrays should thus be related to the intensity

distribution between different v'>v' bands across an electronic

band system.

The set of functions W(Vl?g' for varying v' (and likewise
(vib) £ . " f . .
wn"v"J" or varying v') form an orthonormal set of functions. Since

the number of such bound states is finite, this cannot be a complete
set of functions; nevertheless, it behaves much like a complete set

when used to expand other functions with similar boundary conditions

(vib)
n’v’J’

and vice versa. To the extent that these

at r = 0 and r = », In particular, we may use the set V¥ to

(vib)
" !!Jl'

behave like complete sets of orthonormal functions, we would expect

expand the function ¥

the FCF arrays to obey the following sum rules:



Z qv-lvll = Z q‘V'V" =1. (1.15)
v! v

Of previous calculations of FCF arrays, the most popular
choices for vibrational eigenfunction have been RKR functions and
Morse functions (for J=0) and Morse-Pekeris(lo) functions (for
J#0.) In Chapter III, we use perturbed-Morse wavefunctions for
both upper and lower electronic states to calculate FCF arrays for
several electronic transitions in N,, Na, and TiO and compare our
results with those of pure Morse and RKR calculations. We also
investigate the degree to which the sum rule is obeyed.

The distributions of relative rotational and vibrational
intensities in diatomic band spectra are used for measurements of
effective temperature in flames and stellar spectra.(ll) Before 1958
it was a general tendency to neglect the vibrational-rotational
(12,13)

interaction in computing FCF overlap integrals. Learner and Gaydon

first pointed out the need to include rotational effects since the

potential functions of which ?évlb) and Wéxlb) are eigenfunctions
. . h2J(0J+1) . . . .
contain centrifugal terms oz involving the internuclear dis-

tance T and the rotational quantum number J. Therefore the eigen-
functions, the FCF, and the vibrational transition probabilities
should also depend to some extent upon J. To express this dependence
on J we use the following notation for the FCF appropriate to the
transition v'J'»v'"J" :

= | eviD) oy yviB) e |2 (1.16)

q’V'J' ,V"J" V'Jl V"J"



(vib) and w(vib)

v grgn are the eigenfunctions of the nuclear mo-

where V¥

tion for upper and lower electronic states respectively.
Since the PMO wavefunctions in Table II contains the

J-dependence, we can use them to calculate q g, yujgn - This is done
3

in Chapter IV, where we calculate the effect of the vibration-rotation
interaction on FCF for the Ca, molecule and compare our results with
an RKR calculation.

Chapter V contains a discussion of the accuracy and useful-
ness of our PMO wavefunctions.

Appendix A describes the perturbation formalism through
fifth order. Matrix elements of powers of [exp(au) - 1] are given in

Appendix B.



CHAPTER II

PERTURBED MORSE WAVE FUNCTIONS

The radial Schrodinger equation for the Morse oscillator

[see Eqs. (1.1) and (1.3)] is given by

2
gﬁ£‘* %%-[E - ve{exp(-zau) - 2exp(-au)}]¥ = 0 , (2.1)

where u = r-T_ , and the energy eigenvalues can be written as

.
EV +V, = ot (v + %) - 5—(v + 152 (2.2A)
where
2
t = Cﬁﬁ)“ , (2.2B)

and where ¢ is defined in Eq. (1.4). The eigenfunction for the ground

state (v=0), is
¥y (1) = [20](0-2) — : exp[-(o-%)au - gexp(-au)] 2.3)
v=0'T T(20-1) P 2 P . .

To calculate the eigenfunctions for other vibrational states, we use

(5)

the recursion relation given by Huffaker and Dwivedi:

u
™ - DY =AY FAY Y, (2.4)

where Av and Cv are given by

__0 v(2o-v) 1%
A, = 2(g-v) [(0-V—§)(c-v+k)] ’ (2.5)
c = 20(v#+s) - v(v+l) 2.6)

v~ (0-v)(o-v-1) °

9



10

Then by Eq. (2.4) the eigenfunctions for vibrational levels v = 1,2,...

can easily be calculated by

b4
= -1-¢C12
¥y = [exp(au) 1 Co]Al s (2.7a)
Y, = [(exp(au) -1-Cy¥, - Alwo]ﬁz-, (2.7b)
¥y = [{exp(au) -1-Cyl¥y - A2W1]£; s (2.7¢)

1
¥y = A [{exp(au) - 1 - Cy My 1 - Ay ¥yl +  (2.70)

The wavefunctions given by Eqs. (2.3) and (2.7) are normalized.
As shown in the introduction, the internuclear potential
can be expressed as that of a PMO given in Eq. (1.5). For small

values of bn’ the true potential can be well approximated by

7
® . ] b - e'a“)“] : (2.8)

n=4

V(u) = hcr[(l -e

If the molecule has rotational quantum number J#0 we must add the
rotational kinetic energy, given by

_ _h?
ER = mz' J(J+1) . (2.9)

This nonrigid rotational energy can be expressed in the form,

h2J(J+1)

au L . au au ..o
2hcur? K % pl(p) (e -1)" = Arot(e -1+ Brot(e 1)
au 3 au _ 4 au _ 5
+ Crot(e 1)° + Drot(e D + Erot(e 1)
+ F_ (e -16 4+ (2.10)

rot
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where
K = I%égéll (2.11)

(6)

and the polynomials Pz(p) are given by Huffaker. Formulas for

Arot s eees Frot are as follows
A
TOt -2K
Brot K
ot . X 6vd) (2.12b)
Crot -K .2
e = 53 Qg p2 + 3p + 4) ; (2.12¢)
rot K .p3 11
o= = ;E{%“+ Yo 2 4+ 6p +5) 3 , (2.12d)
Erot -K ,2 5
e = 5% G ol + E.p3 + 7p% + 10p + 6) ; (2.12e)
Frot _ K (ef.+ 137 w15 03 . 85 2, 15, 4 7y (2.12£)
he p® 3 p P tgetg e e ‘ .

Following is the formalism we use for first, second, third,(l4)
fourth and fifth order time-independent perturbation theory of dis-
crete non-degenerate states. The unperturbed Hamiltonion HO has

eigenfunctions and eigenvalues Eﬁ related by
0. g0 w0
Hg % Em Ym s (2.13)
where Wﬁ and Eg are given by Eqs. (2.7) and (2.2a) respectively.

The perturbed Hamiltonion H is the sum of H? and the perturba-

tion AH!':

fa o]
n

Ho + AH!

AH' = H + H
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where Hrot is the rotational energy of Eq. (2.10) and Hper is given
by
7 -au,n 7 au ,,0
Hper = hert 24 bn(l-e ) = her 2 Cn(e -1) (2.14)

n=4

where, as shown by Huffaker,(6) the coefficients Cn are related to bn

by
Cy = by , (2.15a)
Cs = bs - 4by , (2.15b)
Cg = bg - 5bg + 10by , (2.15c)
C; = by - 6bg + 15bg - 20by . (2.15d)

Thus our total AH' can be written as
AH' = A[exp(au) - 1] + B[exp(au) - 1]2 + C[exp(au) - 1]3

+ D[exp(au) - 1]* + Efexp(au) - 1]5 + F[exp(au) - 1]©

+ Glexp(au) - 117 , (2.16)
where
A= Arot ’
B = Brot ?
‘ €= Crot g
D=D,.*Cy, (2.17)
E = Erot + Cs ,
F=F.,.*Cs,
G=2Cy .

Using the binomial expansion, we expand the various quantities

needed in the perturbation calculations in the form,



| Fal B mw?eg
_ |n-% 4 32 8
AV = 20, + o Uﬁ + . . ’ (2.18)
2 2+%  4nd
c,= R.M i, 2R, , (2.19)
-1 _ [+ ) u (u 2 2.20
B, - Byl = -l g G v 1 2220)
e

where

i 1
u=n+ 5 and n=v + %,

An analysis of perturbation equations gives us the rule that

n/2

the lowest-order term of -f?v+m(eau - 1)n¥vdr is of order o for

-(n+1)/2

m=n, n-2, n-4, ... , and is of order o for m=n-1, n=3, n-5, ... ,

)"1

while the lowest-order term of the energy denominator (EV - EV+n

is of order ¢. Consequently the term in Eq. (2.17) involving C, is
of order 1, Cg is of order 3/2, Cg is of order 2, and C; is of order
5/2. The extension of the concept of order to rotational effects
is not as straightforward, since rotational perturbation includes
powers of K, which is proportional to o, as well as power of u'%
arising from the perturbation equations themselves. We arbitrarily
define the quantity

J(J+1)/(0p3) = oK/p
to be of order zero (order-of-magnitude unity), so A is of order %,
B of order 1, ... , etc. The order of a perturbation term is the sum

of the orders of its factors. Thus A3B is of order 5/2. We choose to

include all terms of order 5/2 or less. If the order of a given term
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is 3/2 or smaller, we need more terms of the expansions for An, Cn’ etc.
Since these are expansions in powers of o"l, each additional term
increases the order by unity. (Thus we need three terms in the per-
turbation in A, etc.)

Our perturbation formalism is described in Appendix A. The
matrix elements of powers of exp(au)-1 may conveniently be calculated
from the formulas of Appendix B, which contains all terms which con-
tribute to wave-function corrections of order 5/2 or less.

The results of the perturbation célculation for vil, vi2,
v+3, v4, ... , vi9, are given in Table I, grouped by the order of

perturbation and then alphabetically.
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TABLE I

Perturbation terms contributing to coefficients Xfmjk withm £ 9,

jS4, k<4, and with % €5 for odd m and £ S 4 for even m. Para-
meters A, B, ... , G are defined by Eq. (2.17) and o by Eq. (1.4b),

whilen =v + 4.

- on o D e WP W an ey e e W S e G G = e M T e M e A e e S e A S Wy O an G G A G S G M e e D G e e o

1 3, g2¢+ 1L, _ 1L, 167 o _ 167 183,
____375-{A[io + 0% (* N -3 ) + o(x VR 35 D * 128”

B[o2(¢4n - 2) + o(217n2 - 17n % §§9]

+4

2043 5 . 3 171 ., 171, 315
Clo (iz n - 4) + o(% g N T * 35 )]

+

+ Dlo(s12n? - 12n £ 7) + (212503 - 3222 & TTL o - 224
5 , 5 _ 15 675 3 2025 5 , 5015 _ _ 3665
+ = - = + S 4+ 1Y L Lev + -
tEGE AT -gn gy (B - e 0T 67 ]
+ F[£30n3 - 45n2 = 125 n - lgég

35 3 105 , , 385 315
S TR v ]}

+
]
—
+

—— - = = . D - T S @8 M e = e S G S S S e N T D S Gw ) M . g D A Y S e by P G S ) M S S e e o

Second~order Correction

P
— 2L lp2[g3(2) + o2(x 2L n + 2Ty
av2s5/ 2 2 4
eG
3o D4 13y, o2, 29 2, 269 1025
+ AB[o>( 7 + 3 ) + o4 ( 16 ™ + g Mt Tgr ]
2¢.3 2,81 39.
+ AC[02(- 5 n% + 7= n + 7]
2
2, 0%, 19 .2 I 2 , 5795
+ AD[o4( 2 * 7t 4) + o g P + 191n- + 75 N %+ 100)]
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TABLE I (continued)

+ AE[o(-5n° + 103 p2 o 133 5 & 185y

+ AF[O(- g0 * 3:5725 nt s Gt )

+ B2[02(-n2 % 9n + )] + BC[o2(- —-—n2 * gi n +%—§)]

+ BD[o(- %6— 124 n2 + 53n = 32)]

oot BB+ 02 2

oo B B+ 0 13

+ D2[- —Z-Z-n" iz—;ln3 + 1277 n? 1211 n + §—g—§z]

sour B2t o S0 0 S e s 280 0, 281}
------------------- ird-order Gorrection
B—V:—%glﬁ {As[o‘*(‘f FeP ot En e ins 5]

eU

+ A2B[03(+3n% + 3n )] + A2C[o3 (¢ 7 n2 4 %i-n + é)]

+ A2D[02 (¢ %gnh B nx e - 1]+ AB2[03G n £ 2]

ot e K 1 15

e G s BB B B

 wonlore $5nd o+ Bine » B2 405))
-------------------- Fourth-order orrection
R T T oy S

- o - e D e =0 Dy O G e S S S M S A e e s O 6 A TR S R CE O R e ON y R ME GS G S v OR Gm Oh Gm e
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TABLE I (continued)

Fifth-order Correction

n
-3-2-v-5 572 {A (6t 3 ﬂ‘”}

(v+2) State

First-order Correction

+ D[o(#n - 1) + (+20n2 - 40n 2 2110]

+ E[*10n? - 20n * 15] + F[z lé-nz - %5 n ;gs }

- s - . - T - 0 Gn WS - e e R i = WD S T W e em = R e S o e Gw A Em O D e S B S e Em em An R o

Second-order Correction

P,
Tz {A2[03(5) + 023 n £ 2)] + AB[o2(4n £ 5)]
4V c 2

+ AC[GZ(%-n + %lg] + B2[02(% X)) + AD[o(%g-n2 + %é-n + 24)]

25 5,35 L 45, 349
+ AE[o(12 n‘ + =— T )] + BD[o(- 32 + 16 + 128)]
3
2p. B, 83 0, 469, 303
*D[-qgtqgn t g Nt

o - - > . " - - - - - - T G T o G e GG AR Ee G Gm e S e G S G SR W R G A Gm e Ge e e e M e e -

Third-order Correction

P 2
32 [a3743( 2p[g3(- 2 anra2 (e N2 _ 217 1385
'87'332'{!\ [0°(-2) + A°B[0°(- 3)] + A“D[0%(* 5 - 75— n * 357)]

- - v " By T A0 o S R G D EU SR AR AN S R Y e P R G S G T e TP e S v e e G v T - G e e e G S e e S G 4R S

Fourth~order Correction

Py
£ browell o1
Tovio? {A [0 (5 = 12”}




18

TABLE I (continued)
V+3 State

e - . - A e e S G D BN D e By A% e EP Y M D AR A N AP S WD S RS b T e L B N S R N WD e e e e W

First-order Correction

P
—E3 {C[cz(t %J + o %%-n - %EJ]

572
2Veo
3 3 3
>p-2 515 , 515 _ 5515
+Elo(tgn -7+ (0" -0 5]

+ F[+10n2 - 30n # 12§J + G[x %—nz 22, 214}

Second~order Correction

P+3 31 2 .29 241 2 17
W {AB[O’ 5) + O (-8—- )] + AC[O’ (3n = )]
€

ot 3 ¢ oS £ T 10657

+ B2[c2(2n = %)] + BC[czc—i-n + ‘—;:%)]

+ AE[c(i—s- + %%S-n + 3—23)] + AF[G(% 2 £ 127 221)]
+ BD[a(-gz-n2 * lgg-n 227)] + BE[0(4g 2 & éég n + %%%9]
+ CDfo( z % 225)]

+ DZ[%-l"n3 + 227 n? + 829 n % 3221}

copilas s BT 0e Sl L3200}

Third-order correction

——

————§7§-{A3[0 ( —0 + o3z 3 ——-n - g)] + A2B[c3(x2n - 5)]

2erads 3o _ 1L 2012 2 _ 49 371.
+ AClo° (% 70 -3 )] + A<D[o“(+6n 5 1 + 13 )]
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TABLE I (continued)

2 _1_; _ 4L, 2¢= D 2 . 97 . 1173
+ AB2[o{ £~ n 73) | + ABD[0?(3 57 n T 550

20 12 §1_ 2 _ 183 2689
+ AE[o%(x 20 " * 7807

___ 3 111 o _ 1585 - 1107

+ AD?[o (% n S MR )]
Fourth-order Correction
P

+3 { b b 3 3,7 2,21 289
—==—, {A'[0(£¥1)] + A°D[0° (55 n° % =N + Tz ]

lév:GS/Z . 32 8 128

- - —— " - = = e T S S e W S G G ey G O W S R e S e S M e R WD SR 60 Cm SR G5 T S v e L s W

Fifth-order Correction

p;S ASTo5(+ n_, 1
5/2 [G (- 1_6' 3_2")]

(Vt4) State

- - o - " . . = e - S - - " o S Th e P e WD W G e S s T M G TN S D S GS M e SR S G G A S SN R S e v e S

First-order Correction

EVEEZ'{D[U(i%) + (#2n-4)] + E[t %—n - 5] + F[* %-n _ gﬂ}

Second-order Correction

VZo? {AC[O’-(-) +o2En £ 3% + apfoGn 2 2] + AE[o(Eg 0 ¢ 5]

+ 32[02(%3 +a(n % %§9] + BD[U(%-i %9] + CD[lln + 39n + ll§q

- - . " Tv . - S . = S W P EE T G e A lee S W AD R A M D Em e D e G MR e Ge G o = S S G s m S G S A G SR e S A e S e -
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TABLE I (continued)

Third-order Correction

P
gvggz {A28[03c+>)] + AZD[o%(x 5 - —a]}

- - - R o R S b T A T e D e e D e S e M T S N T e e S S S S A S AP Cw S T Gw R W T M N e T Ve W e e e

T = . . " " o o o - W = e e T T = SR GR B S = e W e S M D MS M M S e G G G S . P G VB BT M R MR S e W R em Y w

First-order Correction

sfeeeh e B P acfn -l

Second-order Correction

P+

s 2 43, 1007 5, 37.
—Sr {0120+ ofEn « 181 « aeton = D)

e

2 7 9
+ AF[G(E-n * igg)] + BC[UZ(%Q] + BD[c(g-n + %69]
5 53 17 _ , 293
+ BE[o(Fz n £ 7)1 + CDIoG5z n * 5]
2¢7 o , 313 103 35 o, 757, 263
+ D[z n® £ 5= n + ] + DEGE n® £ g n + 37

- e - e > T e Gy = e S T o e s W e S S 0 S D R S e D Ay D S D e G ew R G M S T M N G G e M S S A

Third-order Correction

-———375-{AZC[03(i 1] + A2D[02(2 70 - 5)] + A2E[02(¢ 3> n - D]

' 7
+ AB2[o3(x %9] + ABD[o2(¢ T n - %%291

3 221 3014
20 (+ 2 n2 -
+ AD4{o (+ g0 28 Mt 480)]}

. A o - - . - > G0 P S En S e S we e N e G e M S S Gn O S S TE s A% R S L e SR G GO e G G R G G O En ) s
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TABLE I (continued)

Fourth~order Correction

- e o n - - en W o e . T G R - = A= e n W e S AR Y e M e S e W S b G e - e v e . S o S o o e

(Vx6) State

" o . o o o o A A T e e G W e e A e Y MR G M G e TR AR MR S G S A S et B e e T G D D A G AN ey S ey A o A S -

- o an - A G - e W D - S - S N e SR G . e S N ) S G G g e S S S D A g o e e G e e e o am

- - A - T O T . R G T W G G S Y G S Y = P SR S S G W G G e ) o G = e o

Pﬁ-6 2 1
V32 {A D[+ "]}

(V+7) State

. om0 G o D S G S e P G e W G e S G et O Gy A D af G S s G4 G G S M e SR R D G w0 S e GO S G R S AR S S -

Second-order Correction

——-——-—4v205/2 {AF[o(g)] + BE[c(ﬁ)] + CD[o(-i-é-)] + D2[-3-n 2 13
e
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TABLE I (continued)

560

o o o wa s S8t S8 S 0 M S M D Em P S Y T e s e MR s G R T e S T o0 MR M Y G S M B e o e e W

Third-order Correction

ot n s 8)

83-;;5/2 (it 21 + amio2ce B v aPoce 205 0 - 2149y
e
"""""""""""" Fourth-order Correction
TZ-;% {moro g}
(V+8) State
Second-order Correction

(V£9) State

- - = . g > Gy ST N O Gy G O G S G e AN W D e S e D e G R D A B G P S e G A e EE e b M G S - e Wy P M e -

- A - S G G S e s S Y e S T G G P A G = e M S G Y o A N S ot A o " "y - e e =8 -

Third-order Correction

£9 + 1 '
— 577 { AD? [ o (% 37 ) ] }
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By using Eq. (2.12), (2.15), and (2.17), we can rewrite
the wavefunction correction in terms of PMO parameters. We express
PMO wavefunctions including rotation in the form

Y = \pg + ) 11\(1/,‘1,m)~1/“;me + ’% B(v,J,m)Y¥ (2.21)

- 3
v mn v-m
where A(v,J,m) and B(v,J,m) are expressed as follows in terms of o,

p, J and coefficients Xz. :
mjk

AW,Jm) =P ] F nd (o3 X aen1* Z o2 xik ;0 (2.22)
M 520 k=0 2=0 J
B(v,J,m) = I e Fpea® [ oY2ixE (2.23)
j=0 2=0 -mj
where
1 19 %
- [(niZ)(niS/ZZ]ﬁl. . (n+m¢2)] (2.24)
and
n=v+k%, (2.25)

9, j £4, and k £ 5 are given in

1A

. . ') .
The coefficients ximjk with m

Table II in terms of b,, bs, bg, by, and p, ¢ and v. Note that x%mjk

and X+ ik

are related by X%mjk = ixijk . Which sign to use is
indicated in Table II by whether (+) or (-) precedes ijk .

The perturbed wavefunctions given by Eq. (2.21) are unnor-
malized. The correctly normalized wavefunction may be calculated af-
ter substitution of values of the quantities X:jk for different vibra-
tional levels: the correctly normalized perturbed Morse wavefunction
is given by

w\? + zzl [Bl(v,J)‘P‘g_ + A0 J)‘}'v%]

v - ' i (2.26)
/14 ) [B, (v, )2 + A, (v,)2]
2
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TABLE II
Coefficients for rotational-vibrational wavefuncitons of a perturbed
Morse oscillator. Wave functions are given by Eq. (2.21) and various

parameters are defined by Eqs. (2.17) and (1.4).

X3100 * i[%f' % b5]

X100 = [ T * & s * 61 bs - T3 b7 ~ 756 O% * 75 Dubs]
X110 = [-Dw - 7 bs]

X110 = #3705 * 33 b6 < g5 b7 - o bF * 75g0- bubs)
Xi120 = *[-by - %’bS]

X120 = - T6 be = 37- 57 * T35 b * 157 bubs]

X 130 = [~ %?‘bS ) %%’b7 ¥ %%%’bﬁ 2239 B,bs]

Xi140 = - %é‘ 30 bubs]

Xir01 = 1]

- 60t B b - o

o1 = 5% (G 0" - G 0%t et For )

205 + 2385

685 o , 1857 1213 ( )
512 P T 512

- 3
+ bye? (- 7535 °% * 025 ° - 3560 * DsP

it 25 + i G

* 15 19
X1 =57 LG % - F e+ 3) - 5 bup?)

s . 43 , 109 5 31 , 35 15
Xi111 ’ﬁ'[csz e T AR el e el
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TABLE II (continued)

2. 2759 , . 5967 1235 3, 1445 1335
* byp? (- g P° + F13 P - ) * bse(- g Pt TEg)

675. 7867
- bep*(335) * 022 bfe"]

5 %l 43 109 5 3L 35, 15
Xgop =57 lGz e -qg P e -3 e+ )
1499 3271 715 1795 . 875
* bup? (- 357 0% * 355 P - 57 ) * bse (- 3gr P * op)

4 375, . 4873 o
- beo* (gg) + 515 bhe']

1

s 17, 181
Xi131 = 5z [bu(- gz @

27 5 35
g P t3) tbsel- o0 - P

15 4 02 - pgp2 (332
+ 35 bep? - bho?(522)]

b
X141 = *[138!

*

e -3
102 - 7 16° " 16

bl
w
1

s _ 1,805 3 1139 , 509 21, . 5 7415 13755
X102 = 53lGGgr ?” - 128 P  * 33 P - 3) - bue (5543 P - 30a8 )

465
- 5eg bse?]

3 _ _1_ 2p+6
Xi112 = 5 G

5 #1 553 5 433 , . 3229 95
X2 =53 Gz e” - 270" * 560 ~ )

., 19403 16789, 695 . 3
bup® (3572 ° -~ Toza ) ~ 128 PSP

s .1 101 3 17
X122 =55 [GGgg p” * 5 P

525 1555, 215 . 4
1536 P ~ 5120 * 1oz b5’

+ byp?(
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TABLE II (continued)

[~ 51
£1 405 o 285 331, 1053
" o7 gz p% - 330+ 737 - qgur bue?]
+1 %]
1., 11 363 1735 .
pzl(- To7 P * T2 P - 32 * Te3g bwe?)
#1137 5 11 7. 1489 .
H? (g7 0% - T 0 + 3 - g5 buo?]
11
[17g bul
3
-7
3
35[7]
1
- 27
1
*[37]
(- B
13 45 105 303
137 bu + gz bs - g7~ bs + gz bA]
b
[~ 5
5 5 15, 469
TP - g Ps - g0 * 356 b
5 5 15 63
:’:[-g-bl' -'1—6-b5 -‘i—6~b6 +-6—4-bﬁ]
b
[- 2
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TABLE II (continued)

T S T R P
Xl = % (b, (- % o - ‘1%5) - %45- bep]

Xi202 = L4l

X2 = f‘% [(%’- 02 - 4g 4 %g) - %ﬁ b,02]

X2 = ?12 H}‘,—i p? - 4o + %) - g—ézbupz]

Xiopo = #l- %ﬁ‘]

Xi203 = 3 2;5‘ - %]

Xiz04 = 2lig)

Xi214 = [%

X}300 = % - 3 bs)

S e B B B B By
Xis10 ~ i[%h T3 bs]

X330 = (3 + 13 b5 + 3 b - 2 b, v Bovz e By
X$320 i[%* i—ibs * %5'- %b7 + %—g—ébﬁ + g—i—gibubs]

"iszo = [g'g" by + ‘:113'3‘(17 b,bs]

Xis01 * ':;% (G 5" P - 5 bup?]



X

+311

5
Xi321

5
Xi331

3
+302

5
+302

5
+312

5
X$322

3
+303

5
+303

5
+301

28

TABLE II (continued)

17 w,3.5 11 , 15 15

-5'4'[(240 +7P 5 P 4p+4)
2729 3117 285 637 2361
2rel&as 2 - 3

*+ bue“ (T30 P * 1250 P - 580 * PSP (gi0 P * 6ao?

1107 261
+ 0% (556 bk - Gz be)]

£ 07 w00 1L, 5 .5 201237 o 1927 = 95
o7 Lgg et v 5 - 7% -3+ )+ bue(Gem P° * Z35 P - 1)

+ bgp3(- %%3-9 * %%%J - bep“(%gza * %§%§ bge"]
glz[bu(%pz +37-2%p -%) +bso(%p +%)
- *i‘bspz * %,7111 bhe?]

t[- 27 bR

1 P 3
o [- G+ PI

e Bt e B 8 - v BB
- %g%gbspsl

é%—[(- %% p3 - %4 % + %%-p - %%9 - bupz(ég% o - %%19

- é%ébso:"]

L o, E2 0 + B - 35 bsel

+[2]

1 335 5 16l 913, 289 ,
oz [G3g 0" -5 ° * 128 ~ 756 ov°]




n

x] l.p
R

) [b“(lzo L

—2‘[(288
+[- __.

£l 4p+12

[- 9]

TABLE II (continued)

11
* 0% 160+ 5) + byo?(Re 0 4

3
'g')

11
+16p+

u
30

b

96) -

29

sP]

57
- .3_2.1;&

263
128 b#bS]

16) 40 LEN
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5
X2521
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TABLE II (continued)

(- b , 35 bybs]

24 7 96
[- B
_[1;0]
%3- (Gs+ 5 Tpo2 v 0+ D + b5 02 - 350 - )
0?0+ 13 - B+ 18 o
Lib G 02 - 210 s ngd e + B - 24 L)
(37 b1
N L L B
- 1% bso?]
2 ou G e * 3200 - 37 bs°)
£ 2 . 7 2
HGgge? 5P 5 - 167 bue?]
[- 52 bul
£[- %g.+ §§-b5 - %-bl+ " %E-bﬁ]
(b
£[- 2
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TABLE II (continued)

5 = [ 29 49
X2710 = [~ 135 P * 750 bubs]
341 , 29 1 53

5 oLy (341 29 1y 3
X701 = pzl-bulzgg e® + g5 P *+ 13 *+ bsp(izg e + 1)

2
_ bgp 2 2, 2149
17+ bir” (3gpaw))

105
5 . 4105
X2711 = *lzggx7 bi)

X3702 * %é{b“(%%b o+ 3 - =Y

X703 = [- 3%4

X800 ['}135—8]

X900 = [- go * E%%ﬁq

X301 [Ezsl

X121 = E%L

xglgz ='%} [by (- %%%‘D + 5%39 - bsD(§%9]

X201 = %%'[‘ o2

X5y = [- f%’b“] -

Xs1s = 57 (Grg 0% - 5o + %2 - ooty

X510 = *l %%’bh } f%’bs + f%‘bs - é%'b7 - %%%-bﬁ + %%%’bqbsl
Xy = tl- 1F + T8 - 1555 108 - HI w2 o ST bubg)



CHAPTER III

CALCULATION OF FRANCK-CONDON FACTORS FOR N,, TiO AND Na

2’ 2

As discussed in the introduction, the perturbed-Morse-
oscillator potential given by Eq. (1.5) is a good approximation
for the true internuclear potential. Since the perturbed-Morse
wavefunctions described in the previous chapter are suitable for
both ground and upper electronic states of an electronic transition,
we can use them to calculate arrays of Franck-Condon factors (FCF
arrays). In this chapter we present calculations of FCF arrays
for various transitions in Np, TiO, and Na,,comparing our results
for the rotationless case to published results obtained by using
Morse and RKR eigenfunctions. In this chapter we consider only
the case J=0; we will discuss rotational effects in the next chapter.
We used numerical methods to evaluate the FCF overlap
integrals,proceeding in two steps. First we used the basic spec-

troscopic data w_, w X _, WeYes W2 B, a

s .
e’ YeXe o?e? Bgr ®gs Ygs 8,and u as input

for Huffaker's(G) computer program to calculate the best fitted
Morse parameters d, p, T and perturbation coefficients by, bs, bg,
by. These parameters were then used as input for a new computer
program which produced the following quantities:

(a) Coefficients x;jk for upper and lower electronic states;

32
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(b) A(v,J) and B(v,J) for upper and lower electronic states;

(c) Vibrational wavefunctions WV,(r) and an(r) corresponding
to upper and lower electronic states respectively;

(d) Normalization of the wavefunctions for lower and upper electro-
nic states;

(e) Orthonormality properties of the wavefunctionsj

(£) 20 x 20 FCF arrays;

(g) Sums of columns and rows of the FCF arrays, used to check the
sum rule.

All numerical integrations were performed by the trape-
zoidal rule. The uniform step size for the numerical integration
was taken to be .00258 and values of r ranged from r=0 to T = T s

max

where Thax is different for different electronic transitions. We
used double precision in our calculations, providing accuracy up

to 18 significant digits.

Accuracy of the Calculation

As a check of the FCF computational procedure, we first
tested the orthonormality properties of the wavefunctions. For
each state of each molecule, we first obtained Morse eigenfunctions,
using Eqs. (2.3) - (2.7), and calculated the 20 x 20 matrix cohsist-
ing of the overlap integrals of the first twenty vibrational eigen-
functions. Theoretically, these eigenfunctions should be orthonormal,
that is

f‘i’;‘l’nd'r:(s‘m,

and we should obtain a 20 x 20 unit matrix., It was found that the
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diagonal elements of the matrices differed from unity by less than
10~ 12, and that the off-diagonal elements differed from zero by less
than 10-15. Thus, the combined error due to our calculation of Morse
eigenfunctions and our integration would only introduce errors smaller
than 10~ 1% into the calculation of FCF matrices.

Perturbed Morse wavefunctionsq’v can be written in matrix

form as

3 r

¥, Moos Mo1s Moz - - « Mp;) Qo)
¥, . Ql
(¥ ) ‘MLO e e e e e e e s MLLJ “QLJ

where QV is a pure Morse eigenfunction and L is equal to the num-
ber of bound states. Matrix elements Mij can easily be calculated

from Eq. (2.26). Theoretically the matrix T, given by

should be the unit matrix. To check this we performed another cal-
culation for the A3z: state of Ny, which has approximately 52 bound
vibrational states, and calculated Tij where both i and j range
from 1 to 51. We can summarize the value of Tij for different vi-

brational levels, as

=
A

5,j 55, ITijl < 8.8 x 1076

A

10, j < 10, ITijI < 2.8 x 10°"

A

15, j £ 15, lTijI <2.3x10°3



i 20, j S 20, ITijI < 9.9 x 1073
i $25, 3 % 25, ITijI < 3,02 x 1072
i 30, j S 30, |Tij| < 7.11 x 1072
i35, 3 <35, ITijI < ,1369

i %40, j < 40, 'Tijl < .222

i $45, j < 45, lTijI < ,3039

i €50, j S50, |Tij| < .3129

From the above values of Tij we can see that for low
vibrational levels (v s 20) the orthonormality of the PMO wave-
functions is good, but for vibrational levels near to the bound
state limit our orthonormality is very poor. This can be explained
from the fact that our perturbation expansions are in terms of v/o
so as v approaches ¢ the convergence of the various power series

becomes very poor.

FCF for N,, TiO and Na,

We chose to study N, and TiO not only because of their
great astrophysical interest but also because they are among the
few molecules for which very accurate term values are available
for several electronic states. The spectroscopic data(15’16’17’18)
and perturbed Morse coefficients p, o, 1, by, bs, bg and b; for
several electronic states of Ny, TiO and Na, are given in Table III.
We chose the following electronic transition of N,, and TiO for

which to calculate FCF arrays:

B3Hg - A%z7  (Np), listed in Table IV

A3z; - xlz; (N;), listed in Table V
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alng - xlz; (Np), listed in Table VI
c3a - X324 (TiO), 1listed in Table VII
A3¢ - Xx3A (TiO), 1listed in Table VIII

For each transition of N, and TiO we compared our results, using
the rotationless perturbed Morse oscillator, with RKR results ob-

(19,20) and for TiO by

tained for N, by Benesch and Vanderslice
Collins and Fay.(ZI) As may be seen from these tables, our results
agree very well with those of the RKR analysis. We also made
additional calculations for the other six transitions of Ny and
several transitions of CN and NO (which we have not listed here)
and compared our FCF values to the RKR values and found excellent
agreement between these two methods up to sufficiently high values

of v' and v".

Most published FCF calculations have been done by using

pure Morse-oscillator eigenfunctions. As described by Nicholls,(zz)
the parameters a, T, T, (in our formalism p, o,t) are calculated
from the following relations:
1
a 0.243534(uAmexe) s (3.2)
= 2
T = Wy /4wexe , (3.3)
w
- e
o = o (3.4)
ee

Demtrdder, McClintock, and Zare(17) used the RKR method
to compute the FCF arrays for the (BIIIu ~ xlz;) transition in Na,.

We compare FCF values calculated from our PMO method to pure Morse



37

and RKR values. This is done in Table IX, where it may be seen
that our PMO results agree very well with those of the RKR analysis
and differ from the results obtained with pure Morse eigenfunctions.

A similar comparison of FCF values for the (C3]Iu - B3ng)
transition in N, is made in Table X, where FCF values calculated
from RKR and pure Morse potentials are obtained from references 19
and 20. For v'=0, 1, and 2, our results are in very good agreement
with RKR results, but for higher values of v' our results differ
significantly from RKR. This could be explained as due to the fact
that the perturbation parameters for the C3Hﬁ states in Ny are
large and increasing in magnitude, so that perhaps higher-order
perturbation parameters are significant.

In order to illustrate the significance of the various
parameters bn of the perturbed Morse oscillator, we performed an
additional calculation for the xlz; - Blnu transition in Naz.(17)
We calculated FCF arrays for a truncated PMO using the potential Vn
given by

au

)

a (3.5)

w2 N -
) + L b@a-e

VyR) = Ve[(l -e
n=4

where N ranged from 3 (pure Morse oscillator) to 7 (full perturbed
Morse oscillator to order 5/2). Results are listed in Table XI for
the (v'=7,8,9 to v'"=0,1...5) bands and again compared with previous
pure Morse and RKR calculation. The comparison illustrates several
important points: First, our N=3 results are much closer to the

RKR results than the previous pure Morse results; this shows that

our way of choosing the unperturbed Morse oscillator so as to agree
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with the actual potential in the neighborhood of r=r e is more appro-
priate than the old method by using Eqs. (3.2), (3.3) and (3.4). Se-
cond, as N increases from 3 to 7, our FCFs steadily approach the

RKR results, showing the relative significance of the various para-

meters.



TABLE III

Spectroscopic data and perturbed Morse coefficients used in Franck-Condon

factor calculations.

‘Molecule N2 N, 2 N,2 N,2
State xlz;ﬁ‘ A%z B3, con,
w(cn™1) 2358.027 1460.518 1733.391 2047.178
X, (cm™1) 14.1351 13.8313 14.1221 28.4450
weye(cm‘l) ~-1.7510x10"2 5.999x10-3 -5.688x10°2 2.08833
w 2z (cm™1) 1.144x107" -1.853x1073 3.612x10-3 -5.350x10"1
Be(cm-l) 1.9980 1.45455 1.6374 1.82473
ag(cm1) 1.772x1072 1.8009x1072 1.791x1072 1.8683x10"2
ye(cm-l) -8.,214x1075 -7.647x10"5 -2.275x10-3
Ge(cm“l) 7.33x10°% 7.33x107%
re(R) 1.0977 1.2866 1.2126 1.1487
) 2.7447748 3.0714722 2.9303503 2.9651880
o 78.327835 53.215698 61.642242 63.632156
t{cm~1) 92350.938 - 38860.148 53426.070 64977.457
by, 0.40703017x10-1 -0.50519295x10-2 -0.33512115x10-2 -0.37622130
bs 0.15942525x10-1 -0.27038269x107! -0.33950776x10"1 -1.8111362
bg -0.42839903x10-! 0.35355348x10"1 -0.66457272x10-1 5.1684713
b 0.34381751x10-1 -0.17442126x10-1 0.2228301x10-1 16.915421
7.00377 7.00377 7.00377 7.00377

6¢



TABLE III (continued)

oY

Molecule Na,P Na,? Ti0° Ti0°
State Xlz; Blm X3a A3y

we(cm‘l) 159,1268 124.0656 1009.0208 867.7799
mexe(cm-l) 0.7262 0.6863 4.4978 3.9422
meye(cm-l) ~9.154x10-" -5.441x10"3 -0.0107

meze(cm-l) -5.02x10°5 -1.15x10~%

Be(cm-l) 0.154853 0.125829 0.535412 0.507390
ae(cm‘l) 8.5637x10""% 8.6754x10°% 0.003011 0.003145
Ye(cm‘l) -7.646.1075 -1.535x10-5 -0.000011 -0.000010
Ge(cm“ll '

re(R) 3.07745 3.41398 1.6201 1.6642

p 1.9470310 2.1329203 2.7665014 2.7666464
o 135.53203 - 108.36212 123.11803 111.71835

7{cm~1) 10783.246 6721.9023 62114 .570 48472.938
by -0.15785468 -0.13214874 -0.65027237x10"1 -0.1006698x10-1
bs -0.15460426 -0.33452040 -0.58225088x10-1 -0.55146657x10-1
bg 0.59676655x10"1 -0.8904773x10"1 -0.79778314x10"1 0.53219385x10-1
b, -0.20388709x10-2 0.29489435x10~1 0.27459331x10"1 -0.36311213x10"1
A 11.49822 11.49822 11.9979 11.9979




TABLE III (continued)

Molecule Ti0® Ny No2 N, 2
State c3a B'3Z; a'12; alm
we(cm-l) 838.2567 1516.883 1530.254 1694.208
mexe(cm‘l) 4.,7592 12.1810 12.0747 13.9491
meye(cm-l) 0.0468 4.1858x10~2 4,1292x10-2 7.9346x1073
weze(cm”l) -7.323x10"" -2.896x10"" 2.911x107"
Be(cm-l) 0.489888 1.47359 1.47988 1.61688
g (cm1) 0.003062 1.6861x1072 1.6574x1072 1.7933x10°2
ye(cm-l) -0.000030 3.619x10°5 2.408x10°5 -2.929x10°5
se(cm-l) -9.464x10°7
re(R) 1.6937 1.2782 1.2755 1.2203
2.7806702 2.9629002 2.9299965 2.9369402
o 110.63786 58.629196 60.224380 60.739182
46366.570 44466.926 46079.109 51452.402
by -0.17135870 0.38914956x10"! 0.3305164x10~1 -0.1494089x10~3
bs -0.18016392 0.52458003x10"1 0.4404665x10-1 0.80510192x10-2
bg 0.71762991 0.3249489x10"1 0.4178801x10-1 0.5741585x1072
by -0.25137603 0.11556738x10-3 0.1256874x10-1 0.74309856x1072
11.9979 7.00377 7.00377 7.00377

187
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TABLE III (continued)

Molecule 40¢ 2d tog 4
a a
State xiz * Alg *
g u
we(cm'l) 64.928 136.66
wexe(cm‘l) 1.0651 0.71656
weye(cm~1) 0.25902x10-2 -0.37351x10-2
weze(cm‘l) -0.80088x10~%
Be(cm-l) 0.46113x10"1 0.58247x10-1
ae(cm'l) 0.70277x10-3 0.31040x10-3
Ye(cm'l) -0.73486x10-5 -0.21496x10"5
se(cm-l) -0.96654x10~7
r () 4.2774 3.8059
o 4.5751905 3.0835543
o 33.630524 123.37915
T(cm~1) 1091.7085S 8430.6328
by, -0.689767x10~1 ~0.19600677
bs -0.1052871x10"3 ~0.1148839
bg 0.3687582x10"} -0.22426313
by -0.1707783x10~2 -0.39838874
My 19.98129 19.98129

aSpectroscopic constants from Ref. (15).
bSpectroscopic constants from Ref. (17).
cSpectroscopic constants from Ref. (16).

dSpectroscopic constants from Ref. (18).
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Table IV. A comparison of FCF calculated from RKR and PMO potentials
for the B3IIg - A3Zu+.system in N,. For each set of values of v' and
v", the two numbers are FCF's calculated from RKR? and PMO potentials

respectively.b

v'=0 1 2 3 4

V'
" .4011-0  .3309-0 .1661-0  .6692-1  .2384-1
’ { .4009-0  .3303-0 .1661-0  .6691-1  .2392-1
.3976-0  .2907-2  .1595-0 .1973-0  .1306-0
1.{ .3992-0  ,2873-2  ,1593-0 .1964-0 .1301-0
.1617-0  ,2744-0  .6877-1  .2208-1  .1246-0
i { .1613-0  .2748-0  .6898-1  .2199-1 .1244-0
.3423-1  ,2757-0  .9557-1 .1516-0  ,5122-2
’ { .3417-1" ,2770-0  .9568-1  .1519-0 .5241-2
.4063-2  ,9739-1 .2976-0  .7468-2  .1509-0
) { .4088-2  ,9713-1  ,2974-0 .7545-2  ,1510-0
.2680-3  ,1640-1  .1690-0 .2425-0 .1046-1
’ { .2757-3  .,1637-1  .1690-0 .2434-0 .1040-1
.1338-4  ,1408-2  ,3929-1 .2311-0 .1564-0
° { .9861-5  .1408-2  .3897-1 .2299-0  .1572-0
.4460-6  ,6177-4  ,4318-2  ,7188-1  .2657-0
’ { .1707-6  .6112-4  .4253-2  .7155-1 .2664-0
.2788-6  .8721-6  .2221-3  .9946-2  .1118-0
’ { .2356-8  .1171-5  ,2155-3  ,9647-2 ,1116-0
.1086-6  .2812-7  ,6736-5  .6234-3  .1917-1
’ { .3490-9  ,1647-7  .4450-5  ,5681-3  ,1845-1
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TABLE IV (continued)
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v' =5 6 7 8 9
.7992-2  ,2570-2  .8211-3  ,2605-3  .8249-4
.8009-2  ,2593-2  .8295-3  ,2658-3  .8624-4
.6578-1  ,2833-1  ,1133-1 .4274-2  ,1566-2
.6550-1 .2840-1  .1135-1 .4332-2  .1616-2
.1431-0  .1006-0  .5608-1 .2724-1 .1213-1
.1430-0 .1008-0 .5619-1 .2739-1 .1234-1
.4236-1 .1073-0  .1120-0 ,8058-1  .4750-1
.4194-1  ,1072-0  .1110-0  .7999-1 .4742-1
.5125-1  ,2223-2  ,5492-1  ,9428-1  .8989-1
.5156-1  .2055-2  ,5402-1 .9310-1 .8905-1
.9517-1  .9428-1 .8782-2  .1409-1 .5993-1
.9523-1  ,9509-1 .9198-2  ,1331-1 .5804-1
.5839-1  .3521-1 .1041-0  .3932-1 .2021-5
.5780-1  .3528-1  .1043-0 .4040-1 .1156-4
.7415-1  ,1057-0 ,3002-2  .8127-1 .6737-1
.7568-1 .1051-0  .3055-2  .8107-1 .6876-1
.2695-0  .1991-1 .1278-0  .4815-2 .4441-1
.2732-0  ,2110-1 .1275-0  .4682-2 .4397-1
.1564-0  ,2493-0 .1676-3  ,.1198-0 .2937-1
.1550-0  .2526-0  .3766-3  .1198-0  .2891-1

(a) References (19,20).

(b) Negative digit refers to power of 10, for example,

entry .13990-1 is equal to .1399x10°1,



TABLE V.

A comparison of FCF calculated from RKR and PMO

45

potentials for the (A3zu+ - Xlzg+) system in Nj.

For each set of values of v' and v', the two numbers

are FCF's calculated from RKR? and PMO potentials respectively.b

s V=0 1 2 3 4
" .9777-3  .8180-2  .3230-1 .8019-1  .1408-0
° { .9723-3  .8140-2  .3212-1 .8003-1 .1405-0

.5214-2  ,3235-1 .8754-1 .1313-0 .1106-0
' { .5184-2  .3220-1 .8730-1 .1313-0  .1105-0
.1482-1  .6638-1 .1142-0 .8242-1  .1089-1
i { .1476-1 ..6620-1 .1142-0 .8264-1  .1097-1
.3008-1 .9377-1 .9019-1  .1458-1  .1590-1
® { .2999-1  .9342-1  .9014-1 .1468-1  .1580-1
.4863-1  ,1004-0  ,4117-1 .3107-2  ,5954-1
) { .4842-1  .1003-0  .4136-1  .3054-2  .5949-1
.6722-1  .8565-1 .6276-2  .3331-1  .5285-1
’ { .6680-1  .8556-1  ,6391-2  .3314-1  .5291-1
.8175-1  .5756-1 .1661-2 .5481-1 .1567-1
6.{ .8142-1  .5804-1 .1578-2  .5504-1  ,1595-1
.9145-1  ,2935-1 .1851-1 .4713-1  .6088-4
’ { .9037-1  .2976-1 .1813-1 .4741-1  .4040-4
.9457-1  .9065-2  .3852-1 .2280-1 .1446-1
’ { .9307-1  .9510-2 .3798-1 .2331-1  .1406-1
.9180-1  .4141-3  .4839-1 .3831-2 .3413-1
’ { .9022-1  .5870-3  .4816-1  .4226-2  ,3378-1




TABLE V (continued)
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vt = 5 6 7 8 9
.1854-0  ,1910-0 .1569-0 .1056-0  .5806-1
.1853-0 .,1906-0 .1569-0 .1053-0 .5822-1
.3966-1  ,6520-5  .3739-1 .1108-0 .1500-0
.3988-1 ,1069-4  .3709-1 .1098-0 ,1497-0
.1548-1  .7836-1  .8100-1  .2127-1  .4015-2
.1544-1  ,7838-1  .8138-1  .2143-1  .3885-2
.7253-1  ,4484-1  ,5276-5  .4362-1 .8094-1
.7249-1  .4482-1 .5486-5  .4359-1 .8139-1
.4067-1  ,4966-3  .,4965-1  ,5280-1  .2044-2
.4083-1  .4843-3  .4972-1  ,5276-1 .2046-2v
.7711-3  .3902-1  .4424-1  .4647-4  ,4169-1
.8035-3  .3883-1  .4424-1  .4968-4  ,4172-1
.1740-1  ,4785-1 .1615-2  .3413-1 .3939-1
.1733-1  .,4809-1  .1663-2  ,3399-1 .3967-1
.4370-1  .1379-1 .1697-1  .4203-1 .2843-3
.4368-1  ,1401-1 .1678-1  ,4183-1 .3027-3
.3727-1  .6938-3  .4078-1 .7146-2  .2311-1
.3767-1  .6058-3  ,4081-1 ,7309-2  .2289-1
.1261-1  .1951-1  .2646-1 .4735-2  .3778-1
.1321-1  .1911-1  .2709-1  ,4493-2  ,3812-1

(a) References (19,20).

(b) Negative digits refer to power of 10, for example,

entry .3966-1 is equal to .3966x10°1,
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TABLE VI. A comparison of FCF calculated from RKR and PMO
potentials for the (alIIg - xlzg‘”) system in N,. For each set of
values of v' and v'", the two numbers are FCF's calculated from

RKR? and PMO potentials respec*cively.b

v' =0 1 2 3 4

.4308-1  .1526-0 ,2495-0 .2502-0 ,1728-0
.4295-1  ,1522-0  .2492-0 .2503-0 .1728-0
.1155-0  .1931-0 .7983-1  .5680-3  .9050-1
.1156-0  .1935-0  .8034-1  ,5247-3  .8996-1
.1707-0  .9710-1  .3407-2 .1084-0 .8488-1
.1705-0 ,9712-1 ,3365-2 ,1085-0 .8510-1
.1832-0  .1232-1 ,7583-1 .6864-1 .4177-2
.1829-0  ,1236-1 .7565-1 .6879-1 .4141-2
.1600-0 .6199-2  .,9643-1  .,4799-3 .7834-1

.1601-0 ,6148-2  ,9650-1  ,5052-3  ,7828-1

.1217-0  .4639-1  .4670-1  ,3423-1  ,5592-1
.8296-1  ,8456-1  .4521-2  .7273-1 ,2471-2
.8333-1  .8472-1  .4599-2  ,7283-1  ,2524-2
.5262-1  ,9919-1  ,5751-2  ,5616-1 ,1783-1
.5275-1 ,9930-1  .5690-2  ,5629-1 ,1768-1
.3153-1  ,9235-1 .3372-1 ,1805-1 ,5400-1
.3145-1 ,9208-1 ,3347-1 ,1805-1 ,5366-1
.1784-1  ,7332-1 ,6077-1 .1087-3  ,5440-1

{
{
{
{
]
{
{
{
{

.1788-1  ,7358-1 .6079-1 .1154-3  ,5450-1
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TABLE VI (continued)

g V=S 6 7 8 9
. .8679-1  .3306-1 .9684-2  .2210-2  ,3933-3
" { .8697-1  .3305-1 ,9699-2  .2230-2  .4085-3
.1882-0  .1755-0  .1014-0  .4104-1 .1201-1
: { 1877-0  .1750-0  .1012-0 .4073-1 .1204-1
.4928-3  .6907-1  ,1681-0  .1612-0  .9090-1
: { .5267-3  .6852-1 .1676-0 .1606-0  .9101-1
.9685-1  .6357-1  ,5541-3  .8533-1 .1668-0
’ { .9701-1  .6376-1  .5128-3  .8430-1 .1665-0
.3555-1  ,1909-1  .9785-1  .3279-1 ,1244-1
* { .3576-1  .1901-1  .9808-1 .3289-1 ,1221-1
.9399-2  ,7899-1  ,6290-2  .5127-1  ,8354-1
° { .9300-2  .7883-1  ,6324-2  .5105-1  .8399-1
.6401-1  .1323-1  ,4320-1  .5269-1  ,3557-2
° { .6415-1  .1341-1  ,4295-1 ,5234-1 ,3545-2
.4583-1  .1418-1  ,5590-1 .1899-2  ,6886-1
! { .4597-1  .1405-1  .5600-1 .1842-2  .6853-1
.3650-2  .5550-1  ,3734-2  ,5251-1  ,1475-1
’ { .3736-2  .5501-1  .3781-2  .5197-1  ,1484-1
.1001-1  .3844-1  ,1759-1  .3658-1 .1433-1
i { .9880-1  .3859-1  ,1743-1  .3675-1 .1401-1

(a) References (19,20).
(b) Negative digits refer to power of 10, for example,

entry .8679-1 is equal to .8679x1071,
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TABLE VII. A comparison of FCF calculated from RKR and PMO
potentials for the (C3A - X3A) system in TiO. For each set of
values of v' and v", the two numbers are FCF's calculated from

RKR? and PMO potentials respectively.

- v' =0 1 2 3 4
.4097-0  .3753-0 .1624-0  .4345-1  .7956-2
° { .4097-0  .3753-0  .1624-0  .4345-1 .7952-2
.3524-0  ,4464-2  ,2398-0 ,2553-0 .1130-0
' { .3523-0  .4447-2  .2401-0 .2552-0 .1130-0
.1643-0  ,2002-0  .6335-1 .7084-1 .2439-0
’ { .1642-0  ,1999-0 .6357-1  .7113-1  .2439-0
.5490-1  ,2278-0  .4445-1  .1481-0 ,1797-2
’ { .5490-1  .2275-0  .4406-1 .1487-0 .1867-2
.1464-1  .,1259-0 ,1823-0 .1719-3 .1519-0
* { .1469-1  ,1258-0  .1813-0 .2227-3  .1530-0
.3295-2  ,4778-1  ,1691-0  .9482-1  .3409-1
° { .3346-2  ,4789-1  ,1684-0  .9343-1  ,3516-1
.6443-3  ,1416-1  .8993-1 .1666-0 .2547-1
° { .6768-3  ,1437-1  ,8993-1  .1648-0 .2413-1
.1114-3  ,3488-2  ,3453-1 .1256-0 ,1265-0
’ { .1260-3  ,3662-2  ,3495-1  .2148-0 .1233-0
.1721-4  ,7399-3  ,1055-1 .6208-1 ,1415-0
’ { .2243-4  ,8347-3  ,1103-1  .6246-1 .1390-0
.2394-5  .1380-3  ,2707-2  .2332-1 .9057-1
’ { .3974-5  ,1782-3  ,3035-2  .2423-1 .9020-1




50

TABLE VII (continued)

v'' =5 6 7 8 9
.1048-2 - ,1020-3 .7449-5  .4103-6 .1683-7
’ { .1043-2  ,1001-3  ,7122-5  .3835-6 .1784-7
.2929-1  .5030-2  .6069-3  ,5304-4  .3405-5
' { .2927-1  .,5001-2  .5934-3  ,5014-4  .3092-5
.1775-0  .6365-1  ,1396-1  .2053-2  ,2120-3
? { .1774-0  .6359-1  ,1386-1  .1999-2  .1978-3
.1687-0  .2136-0 .1055-0 .2924-1  .5183-2
’ { .1691-0  ,2136-0 .1054-0 .2899-1 .5018-2
.1981-1 .8227-1  .2128-0  .1466-0  .5107-1
* { .1956-1  .8310-1  .2132-0 .1465-0 .5055-1
.9829-1  .7142-1  ,2138-1 .1797-0 .1784-0
¥ { .9937-1 .7106-1  .2215-1 .1809-0  .1785-0
.8444-1  .3739-1  .1117-0  .5470-4  .1275-0
° { .8673-1  .3812-1 .1117;0 .1278-3  .,1299-0
.1041-3  ,1100-0  .3430-2  .1198-0  .1345-1
’ { .1393-3  ,1131-0 .3621-2  .1208-0 .1233-1
.7140-1  .1435-1 ,1001-0 .4781-2 .9740-1
° { .6751-1  ,1654-1  ,1034-0  .4680-2  ,9967-1
.1323-0  .2489-1  .4724-1  .6633-1  .3046-1
’ { .1275-0  ,2154-1  .5217-1  .6899-1  .3081-1

(a) Reference (21).
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TABLE VIII. A comparison of FCF calculated from RKR and PMO
potentials for the (A3¢ - X3A) system in TiO. For each set of
values of v' and v", the two numbers are FCF's calculated from

RKR? and PMO potentials respectively.

v' =0 1 2 3 4

.7195-0  .2362-0 .3976-1 .4223-2  ,3043-3
.7206-0  .2354-0 .3947-1 .4176-2 .2998-3
.2360-0 .3195-0 .3314-0  .9690-1 .1478-1
.2353-0  .3216-0 .3308-0 .9629-1 .1463-1
.3983-1 .3294-0 .1044-0 .3350-0  .1552-0
.3948-1 .3291-0 .1061-0  .3350-0 .1544-0
.4401-2 .9728-1  .3294-0  .1459-1 .2863-0
.4327-2  .9659-1 .3299-0  .1530-1 .2871-0
.3310-3  .1584-1 .1549-0  .2763-0  .1897-2

.3220-3  .1559-1 .1541-0  ,2776-0  .1644-2

.14409-4 .1600-2  .3452-1 .1998-0  .2020-0
.2242-6  ,1037-3  .4783-2 .6077-1 .2270-0
.1835-6  .9939-3  .4677-2 .6004-1 .2269-0
.7676-8 .2700-5 .4005-3 .1065-1 .9057-1
.1231-7  .2349-5  ,3861-3 .1043-1 .8964-1
.6778-8  .9133-8  .1601-4  .1145-2  ,1994-1
.9198-8  .2574-7 .1445-4 .1108-2 .1957-1
.9145-9  .4234-7 .1210-7  .6477-4 .2688-~2

{
{
{
{
{
{
{
{
{

.1583-8  .6016-7 .2935-9  .5986-4 .2613-2
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TABLE VIII (continued)

v =5 6 7 8 9
.1513-4  .5103-6  .1151-7 .1371-9  .5595-19
.1470-4  .4550-6  .6036-7  .2937-11 .1051-10
.1391-2  .8536-4  .3400-5  ,8541-7 .1124-8
.1373-2  .8313-4 .3070-5 .4808-7  .1799-10
.3212-1  .3801-2 .2797-3  .1289-4  .3612-6
.31809-1 .3755-2  .2732-3 .1178-4  .2138-6
.2039-0  .5540-1 .8039-2  .6956-3  .3653-4
.2031-0  .5490-1 .7949-2  .6811-3  .3375-4
.2148-0  .2370-0  .8298-1 .1451-1 .1455-2
.2161-0  .2364-0  .8228-1  .1435-1 .1427-2
,2957-1  .1411-0 .2521-0 .7127-0  .2345-1
.2861-1  .1427-0 .2518-0 .1118-0 .2321-1
.1258-0  .7127-1  .7827-1  .2498-0  .1423-0
.1278-0  .7002-1  .7968-1  .2500-0 .1413-0
.2324-0  .6412-1 .1099-0  .3306-1  .2326-0
.2329-0  .6573-1  .1087-0 .3409-1 .2334-0
.1209-0  .2183-0  .2267-1 .1358-0 .7456-2
.1199-0  .2195-0  .2371-1  .1351-0  .7971-2
.3299-1  .1481-0 .1889-0 .2691-2  .1456-0
.3243-1 .1471-0 .1906-0 .3058-2  .1454-0

(a) Reference (21).
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TABLE IX. A comparison of FCF calculated from Morse, RKR and PMO
potentials for the Blnu - X12g+ system in Na,. For each set of

values of v' and v", the three numbers are FCF's calculated

from pure Morse,

RKR2 and PMO potentials respectively.

gt v'=0 1 2 3 4 5
f .653-1  .157-1 .207-0 .196-0 .151-0  .999-1
0 { .655-1  ,161-1  .213-0 .200-1 .151-0 .977-1

.655-1  .161-1  .213-0 .200-1 .151-0 .975-1
.197-0  .193-0 .568-1 .381-4  ,396-1  .951-1
1 { .193-0  .192-0 .533-1 .247-3  .452-1 .103-0
.193-0  .192-0 .553-1  .240-3  .450-1 .102-0
.275-0  .389-1  .323-1 ,114-0 ,758-1 .105-1
2 { .269-0  .405-1  ,319-1 .115-0 .740-1 .832-2
.269-0  .404-1 .319-1 ,115-0 .742-1  .843-2
.236-0  .199-1 .132-0 .265-1  .163-1 .799-1
3 { .235-0 ,167-1 .130-0 .268-1 .169-1 .817-1
.235-0 .167-1  .130-0 .269-1 .169-1 .819-1
.139-0  ,146-0  .405-1 .418-1 .921-1  .143-1
4 { .143-0  ,136-0 .439-1  .384-1 ,915-1 .141-1
.143-0  ,135-0  .438-1 .383-1 .916-1 .141-1
,605-1  ,201-0 .138-1 .109-0 .191-2  .570-1
5 { .644-1  ,196-0 .962-2  .108-0 .286-2  .545-1
.644-1  ,196-0 ,962-2 .108-0 .289-2  .546-1
.197-1  ,145-0 .129-0 .178-1 .721-1  .506-1
6 { .222-1  .149-0 .116-0 .224-1 ,654-1  .529-1
.222-1  ,148-0 .116-0 .224-1 .651-1  .531-1
.501-2  ,685-1  .181-0 .312-1  .798-1 .102-1
7 { .595-2  ,741-1 .177-0  .228-1 .828-1  .665-2
.593-2  ,740-1 .176-0 .226-1 .827-1  .653-2
.993-3  ,229-1 .127-0 .143-0 .588-3  .947-1
8 { .126-2  ,263-1 .133-0 .131-0 .255-2  .892-1
.124-2  ,263-1 .133-0 .130-0 .259-2  .888-1
.155-3  ,569-2  ,570-1 ,165-0 .691-1  .351-1
9 { .209-3  .696-2  .634-1 .165-0 .553-1  .426-1
.202-3  .692-2  .633-1 .164-0 .546-1 .427-1

(a) Reference (17).
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TABLE X. A comparison of FCF calculated from Morse, RKR and PMO
potentials for the (C3I - B3Hg) system in N,. For each set
of values of v' and v', the three numbers are FCF's calculated

from pure Morse,a RKR? and PMO potentials respectively.

o V=0 1 2 3 4
0 .4884-0  ,3487-0  .1161-0  .1306-1  .1450-3
0 { .4527-0  ,3949-0  .1330-0  .2038-1  .8858-3

.44972-0  .38713-0 ,13567-0  .24799-1  .25197-2
.3240-0  .4131-1  .3785-0  .2329-0  .4393-1
1 { .3291-0  ,2157-1  ,3413-0  .2536-0  .5445=1
.330266-0 .18446-1  .31634-0 .25104-0  .7296-1
.1304-0  .2280-0  .8970-2  .2704-0  .3244-0
2 { .1462-0  .2033-0  .2384-1  ,2117-0  .3364-0
.14664-0  .20636-0  .3421-1  .15463-0 .2983-0
.4064-1  ,2067-0  .9143-1  .6135-1  .1664-0
3 { .5172-1  .1989-0  .6344-1  .8817-1 .1260-0
.51469-1  .20243-0  .6013-1  .121-0 .404-1
.1105-1  ,1108-0  .1676-0  .2293-1  .1015-0
4 { .1588-1  .,1097-0  .1605-0  .4806-2  .1075-0
.158118-1 .1124-0  .1644-0  .163-2 .1585-0
.3367-2  .4547-1  ,1303-0  .1195-0  .9777-3
5 { .4540-2  .4663-1  .1393-0  .9423-1  ,3920-2
4473-2  .4768-1  ,144-0 .9054-1  .1565-1
.1324-2  ,1409-1  .6543-1  .1213-0  .7079-1
6 { .1224-2  .1686-1  .7913-1  ,1291-0  .4239-1
.1200-2  .1730-1  .8319-1  .1375-0  .2923-1

(a) References (19,20).
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A comparison of FCF calculated from pure Morse, PMO

(given by Eq. (2.8 ) with N=3 to N=7) and RKR potentials for

the B - xiz *
u g

v! and v'", the seven numbers are FCF's calculated from

pure Morse, PMO with N=3 to N=7 and RKR? respectively.

system in Nap.

For each set of values of

vi =0 1 2 3 4 5

( .5008-2  .6847-1  .1811-0  .3118-1 .7980-1  .1023-1
.6700-2  ,7725-1 .1706-0 .1731-1 .8577-1  ,5328-2
.6139-2  .7496-1 .1745-0 .2139-1 .8240-1  .6877-2

vi=7 J .5912-2  ,7398-1 .1767-0  .2290-1 .8252-1  .6626-2
.5934-2  ,7406-1 ,1764-0  .2264-1  .8265-1  .6520-2

.5934-2  .7406-1 ,1765-0 .2265-1  .8264-1 .6534-2

| .595-2 .741-1 .177-0 .228-1 .828-1 .665-2

( .9932-3  .2291-1 .1276-0  .1435-0  .5884-3  .9474-1
.1542-2  ,2920-1 .1344-0  ,1178-0 .5041-2  .8706-1

.1317-2 ,2713-1  .1331-0 .1266-0 .2910-2  .8819-1

v'=8 { .1231-2  ,2619-1  ,1327-0 .1308-0  ,2485-2  .8899-1
.1241-2 .2629-1 .1327-0  .1301-0 .2598-2  .8880-1

.1242-2  ,2629-1 .1327-0 .,1301-0 .2591-2  .8881-1

\ .126-2 .263-1 .133-0 .131-0 .255-2 .892-1
( .1555-3  .5696-2  ,5701-1 .1651-0  .6913-1  .3515-1
.2907-3  ,8463-2  .6856-1 .1590-0  .4278-1  .4906-1
.2226-3  .7348-2  .6490-1 .1625-0  ,5171-1  .4289-1
v'=9 1 .1992-3  .6859-2  ,6311-1 .1646-0  .5540-1  .4235-1
.2026-3  .6921-2  .63329-1 .1643-0 .5463-1  .4277-1

.2026-3  .6930-2  .6333-1 .1642-0  ,5467-1  .4272-1

{ .209-3 .696-2 .634-1 .165-0 .553-1 .426-1

(a) Reference (17).



CHAPTER IV

ROTATIONAL EFFECTS ON FRANCK-CONDON FACTORS

The perturbed Morse wavefunctions given by Eq. (2.26) and
Table II include the rotational parameter K as well as the pertur-
bation parameters bn. In the previous chapter we considered eigen-
functions of a nonrotating PMO obtained by simply substituting J=0
in Eq. (2.26). In this chapter we present FCF including molecular
rotation, using the same method of calculation as described in the
previous chapter.

Recently Balfour and Whitlock(ls) used the RKR method to
compute the rotational dependence of FCF array for the A12: - xlz;
transition in Ca,. We calculated the same array, and compared our
results with theirs in Tables XII and XIII. We also calculated
rotational effects on FCF arrays for CN and NO (which we have not
listed here) and found good agreement with RKR results.

There is one disadvantage to our present PMO approach. This
method works very well for moderate values of the rotational quantum
number J; however, for high values of J such as those encountered in
Ny, TiO, and CN (where J can go as high as 100) our present approach

does not work very well. This is evidenced by poor orthonormality
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properties of the perturbed wavefunctions, as shown in Table XIII.
We can understand this difficulty as follows: The rotational energy,
which we treat as a perturbation, is roughly equal to EQ%Z-J(J+1).
For high values of J this term becomes very large, so that the
perturbation series fails to converge.

This difficulty could be removéd if one could include the
major part of the rotational energy in the original Hamiltonian
and then treat the remaining part as a perturbation, or if one could
include the rotational energy in the PMO model, so that the PMO
coefficients p, 0, T and by . . . by would be functions of J. We

will pursue this topic in further research.
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TABLE XII. A comparison of rotational effect on FCF calculated
from RKR and PMO potentials for the A1£; - xlz; system in Ca,.
For each set of values of (v',1) and (v",0), the two numbers

are FCF's calculated from RKR? and PMO potentials respectively,

.1203 .0345 .0602 .0005 ,0443 ,0302

J"_—_O

g1 g1 V"0 1 2 3 4 5
; 3 .0017 .0085 .0228 .0433 .0656 .0847
,0017 .0085 .0227 .0431 .0652 .0840
1 .0103  .0386 .0744  .0969 .0945 .0711
,0103  .0386 .0743 .0969 .0945 0711
) .0323  .0845 .1048 .0760 .0294  .0022
.0323  .0845 .1048 .0760 .0295 .0023
3 .0685  .1144 ,0730 .0131  .0027  .0295
.0685 .1143  .0730 .0132 .0026 .0294
4 .1105 .1008 .0163 .0074 .0455 .0504
.1104 .1007 .0163 .0073 .0454  .0505
s [| -1441  .0528 0025 .0503 .0488  .0092
.1438  .0527 .0025 .0502 .0489 .0094
¢ [| -1574 0091  .0394 ~.0578 .0077  .0092
.1569  .0091 .0390 .0578 .0079  .0090
, [| -1476 L0029 .0223 .0192 .0085 .0435
.1470 .0028 .0717 .0194 .0082 .0434
g { .1209 .0354 .0603 .0006 .0450 .0295

9 .0875 ,0812 .0209 .0300 .0444  .0005
.0871 .0793  .0215 .0288 .0447 .0006

(a) Reference (18).
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TABLE XIII. A comparison of rotational effect on FCF calculated from
RKR and PMO potentials for the Alzu+ - xlzg* system in CA;. For each
set of values of (v',51) and (v",50), the two numbers are FCF's

calculated from RKR? and PMO potentials respectively.

JU = 50
g V=0 1 2
5; 8 .0012 .0065 .0178
,0012 .0065 .0179
) .0080 .0313 .0635
.0080 0313 - .0636
) .0262 .0734 .0997
.0262 .0734 .0996
. .0582 .1077 .0817
.0581 .1075 .0813
. .0982 .1054 .0224
.0980 .1050 .0271
. .1331 .0653 .0000
.1332 .0650 .0000
6 .1530 .0183 .0256
.1520 .0184 .0252
; .1501 .0001 .0646
.1500 .00005  .0637
g .1287 .0216 .0679
.1275 .0206 .0673
o .0974 .0653 .0340
.0965 .0626 .0346

(a) Reference (18).
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TABLE XIV.
Orthonormality of the perturbed Morse wavefunctions

for the A12u+ states of Ca, for the different values of J.

J | ¥ovydt
1 1.9x10-8
50 9.5x10-%
80 1.4x10-2

100 4.,5x10-2
120 .10339

140 .178359



CHAPTER V

CONCLUSION

Franck-Condon-factor arrays are very important quantities in
spectroscopy, molecular physics and astrophysics. The accuracy with
which one can calculate a given Franck-Condon factor depends upon the
accuracy of the vibrational wavefunctions. This in turn, depends
upon the extent to which the internuclear potential used in the
Schrddinger equation truly represents the potential of the molecule
and also upon the method used in solving the Schrtdinger equation.

Most of the published FCF were calculated from either a Morse
potential or an RKR potential., There is no doubt that use of the
RKR method will result in reliable values of the FCF, but RKR calcu-
lations are very complicated. Since the Morse potential is a good
approximation to that of actual molecules for small vibrational levels,
and since it has analytic eigenfunctions, it is much more convenient
to use. The author of Ref. (23) showed that for most diatomic mole-
cules the differences between FCF values calculated from RKR and pure
Morse potentials are not more than 10% for small vibrational transi-
tions. |

The PMO potnetial is a good approximation to the true inter-

nuclear potential for most diatomic molecules. We believe that FCF
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calculated from PMO wavefunctions are nearly as good as FCF calculated
by using RKR analysis for low-lying states. In Tables III-VIII we
compared FCF calculated from PMO and RKR potential; the tables show
that our PMO values are in good agreement with RKR results.

In contrast to the RKR method, our PMO calculation is very
easy, being no more difficult than a Morse calculation. Our method
of generating the Morse function by using recursion relation (2.7)
is simpler and more efficient in numberical calculations than the
old method using confluent hypergeometric functions.

PMO calculations are very accurate and give much better re-
sults than the pure Morse method for moderate values of v. But it
is less accurate for the electronic states for which PMO coefficients
bn's are large and increasing with n. It fails to produce the correct
results for the higher vibrational levels (near the bound limit) be-
cause the perturbation expansion converges poorly for these

levels, actually diverging at the dissociation limit.



APPENDIX A

PERTURBATION FORMALISM

For a perturbation H' = AV, the approximate eigenfunctions

correct to fifth order in the parameter XA are given by

y o=y¥0 4+ ¥ oa, ¥0+22 § b, w0 +23 § oc. ¥
v v kgv vk 'k kfv vk 'k Kfv vk 'k
s A% Y d, w0 +a5 ¥ e, w0 (A1)
kév vk 'k kiv vk 'k’

where the coefficients a e bvk’ Kk’ and de are given by

H
vk
a, = ——— k#v, (A2)
vk EV - Ek
1
b, s=———1[]) a , (A3)
vk Ev - E [n#v nv Hkn vk vv
2
c . = 1 Z Z (Hannmamv) . akaw
vk Ev - Ek nm EV - En (Ev - Ek)
a_H H a
- Hy E{E\m-kg YR } - lag a1, ()
nyvv n v k n v . vn v
d Z z 2 Hmn HnSL alV

Y { 1 L. 1 }
sm VY m mn°nv (E -Ek)(E -E ) (EV-Em) (Ev-Em)(Ev-En)

1 1
rzl % 2y iy {(E = (EV‘-Em)}
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=~

a H
% vk v *nv “mn

a

N H { 1 o + 1 + 1 7 }
VvV mv km (EV-Ek) (EV-Ek)(EV-Em) (EV-Em)

<+
=l o]
T

, 1
) ZHVV %kv. 2my Hmv { E_~E } + 1 va qkv Zvm ®vm
m v k m

H3 a
__vwv kv (AS)
(EV - Ek) )
where the matrix elements Hnm are defined by
= 0 0
H . = / ¥O Hr ¥ dx . (A6)

The general expression for the fifth order perturbation is
very complicated. Since the only fifth-order perturbation we require
is the lowest-order term of A°, and since va = 0 for this case, we
can use the following abbreviated form for ek’

H H H H .a.
e = 2 z 2 X knnmm 2j jv
vk EV-Ek (Ev—En)(Ev-Em)(EV-E

n#FV mEV LAV jEV l)
_ Z Z Z anHanmzHlvakv
ngv mEv LEv (Ev-En)(Ev'Em)(Ev'El)
2\
_ [ ) Ianl Hkamzazv 1,1 1 ]
n#v E,-Ep J mEv LV (EV—Em) EEn Ev-Ey Ev'EkJ

(an)zw (va)z 1 1 ]akv
+ + (A7)
[nzv EV'Enj mgv EyEn [Ev'Em Ev'EkJ ] .



APPENDIX B

EXPANSIONS OF [EXP(au)-l]n NEEDED FOR PERTURBATION CALCULATIONS

Here are the basic equations which we used to calculate the

coefficients 2 1o bnk’ ok dnk’ and e In each equation, terms

like P, ¥, ,, etc. appear; these stand for P ¥ . + P_¥ ., etc.
[exp(au)~1]Y_ = [EE_+ 3n2+y . 4n3+n1w
? v "o o< o3 1ty
1/ 12
+ Pil[l + 7/4£niz) + 79/32(2i¢9 +1/8 .
407/128(nx%)3 + 15/32(n?
+ / {n 1903 /32(n 19] Wv+§ o)

[exp(au)-l]z‘l’V =

n = 15/2n2+7/8 = 20n3 + 29/4n.
[g‘* P + 53 1Y,

4(nzk) | 13(ntk)2+2 . 227/8(nxk) 3+12(ntk),
* Ptll o * a% * c° ‘wvtl
7/2(nxl) . 8(n+1)2+23/32
¥ Ptz[l * o * o% ”vtz ’ (B2)

6n2+1  38n3+19n
£ gz * 53 }WV

[exp(au)-1]3\Pv

. P [3/2(ni%ﬂ . 159/8 (nt%)2+9/2 5241/64 (n+%) 3+807/16 (nt%)
+ YA 3 ]\P
1 o o o vl

6(nl) . 30(ntl) +27/4 183(nt1)3+839/16(nil)lw :

* ptz[ o o- ] v+2

, 21/4(n*3/2) | 531/32(n+3/2)2+9/4
o o

+ Pl 1¥ (B3)

vi3 ?
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[exp(au)-l]““l’v

[exp(au)-l]s\l'V

[exp(au)-l]s‘?v =

[exp(au)Fl]7WV

= [

66

_ [3/2n2+3/8 69/2n%+187/8n  1715/8n*+4505/16n?, ,
- O" J

o’ o”

. p 12(n+4)2+4 113 (n+%) 3+95 (ntks
05

)
il[ g ]wvtl
(2@ 38(n+1)2+51/4,,
2 ¢ o< T2

[8(ni3/2) 54(n+3/2)2+16 1v
+3 o o4 w3

* P L+ ZL%EZAJW (B4)

vi4

15n3+55/4n  415/2n%+1405/4n2
T + e

1
1Y,

5/2(n+4)2+5/4 655/8 (n+%) 3+1475/16 (nt) :
il[ O‘d O-d ]

20(n+1)? + 10

* Piz[ o“ 1inz
5/2(nt3/2) , 395/8(n+3/2)%+ 9/4,,

iS[ o o4 47 V3

10(n+2)
=51y

1+ 35/4(nt5/2)]w

s5l o v£5 (85)

+ P

5/2n3+25/8n . 465/4n"+1005/4n2.
[ rER + o7 1Y

[30(n+4)3+45(n+4),w [15/4(nil)2+15/16]w
+1 Ed vs1 * P o vE2

+ P

30(n+3/2) +20y, 3(n2),,
v+

+31 3+ PTG ¥y

[_ELEiELZlqw (B6)

vts ¥ Pig¥yse 3

35n"“+385/4n2, 35/8 (nt5) 3+35/4 (nt’) .,

= [ a7 1Yy il[ o3 1Pyl

105(n+1)3+875/8 (n+1) .

+ P:z[ o° Wv+2
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21/4(n+3/2)2+21/4 42(n+2)2+35
' Pis[ o ]\Pvi:’) ¥ pi4[ o ]\Pv:t4
* Pty (B7)
Here P, is given by
! re RN _
P+ = [(nié)(niS/Z) .« . s (n+m+4)]2 ; (B8)
=m zlm[ G

and terms for both im are to be included.
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