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CHAPTER 1

INTRODUCTION

The relativistic quantum-mechanical problem of
the two-body system has been the topic of many articles.
'Attempts were first made to set up an equation describing
two-electron atoms, taking into account the interaction

of the two electrons. Starting from the Hamiltonian

(1)
(2)

function derived from the classical theory by Darwin,
a wave equation for two electrons was set up by Breit.
The wave equation consists of the sum of the Dirac
Hamiltonlans of two free electrons plus an interaction
term. The Brelt interaction, however, is not Lorentz in-
variant and the equation is applicable only to two elec-
trons. No derivation of the Breit equation for two bodies
with an arbitrary 1ﬁteraction has been made and discussed
and there has been no attempt to derive equations similar
-to Breit's for particles of higher spin. For two particles
of arbitrary spin, a wave equation is still lacking.

A four-dimensional, relativistic, integral wave
equation for a two-body system was obtained from the .
Feynman(B) formalism by Salpeter and Bethe(u) in 1951.

1
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This equation, which was given the name Bethe-Salpeter
equation, was first proposed without derivation by Nambu(S)
in 1950. A field-theoretical derivation was given by
Gell-Mann and Iow(é) (1951). The differential form of the
B-S equation is that which most authors discuss. Yet the
integral and differential forms are not equivalent because
although solutions to the B-S integral equations are
solutions to the B-S differential equation the reverse is
not true. Since the B-S differential equation is obtained
from the integral form by the operation of two differen-~
tial operators, therefore only part of the set of solutions
to the B-S differential equation which satisfy the integral
equation are acceptable solutions. Another obvious way
-of showing that the B-S différential equation contains
extra solutions is by putting the interaction equal to
zero. The resulting equation has more solutions than just
- the two free particle wave function. The trouble with
the B-S differential equation may be due to the fact that
it is a higher order differential equation than the
single particle wave equations. Another feature of the
B-S equation is the appearance of the relative time
variable, whose physical role is not clear.

The B-S differential equation has been solved
for the ladder approximation by Goldstein(7) for spin-0
particles and by Wieck (8) for spin-i particles. The
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solutions were obtained in momentum space with certain
approximations, but no general solution of the B-S equation )
has been found for the ladder approximation.

Another attempt to solve the two-body problem is
the quasipotential approach developed by Logunov and
Tavkhelidzesg) The wave function which théy introduced
is a generalization of the non-relativistic wave function.
It is a function of only one time variable and satisfies
a Schrodinger type equation. However, the potentlal in
this equation is complicated and non-local and can only
be determined by the matrix element of the scattering
amplitude. It is difficult to solve for realistic
potentials.

‘The Logunov and Tavkhelidze equation is not the
only quasipotential equation that is used to describe

(10)

the two-body system. Some authors postulate equations

starting from general assumptions. Others(ll) try to
generalize the Logunov and Tavkhelldze equation for two
particles of unequal mass. The essential difference
between ali these approaches 1is the way the potential V
between the two bodies is included in the equation. The
main defect of these three-dimensional quasipotential
equations is that they do not have a firm theoretical
basis.

It is the objective of the present work to derive
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wave equations describing two particles interacting
through an arbitrary potential V. Instead of copsldering
only spin-0 and Spin-% particles, our method applies
to particles of arbitrary spin. However, we treat our
problem purely as a quantum-mechanical one. There 1is no
claim that our equations will describe any fileld-theoretic
processes such as pair creation and annihilation of
particles and antiparticles, In the derivation and,
finally, the solution of the equation, we try to be as
general as possible in that, where possible, we consider
particles of unequal mass and unequal energles. Besides
deriving the wave equations, we also show the_connection
between the B-S equation, the quasipotential equation, the
Breit equation and the Bogolubov equation.(ll) Then
we consider the two-particle equations for spin-0, spin-%
and spin-1 separately. We reduce these matrix equations
to their simplest form and solve these equations in the
spin-0 and Spin-éicases for square well and Coulomb potentials.

Throughout this parer, natural units are used
in which f, Planck's constant divided byzar and ¢, the speed
of light, are taken as unity, i.e.

. h=c¢c=1

We use the imaginary fourth component convention in which
the space-time four-vectors are x, = (x, y, 2, it) and the

2 2 2 2

invariant is x,x, = x* + y© + 2° - t®., The four derivatives
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are 9, = '%_x-,. = (v, i'%{-_ ). The scalar product of two real

four-vectors a and b is denoted by

ab=a“b“=all+ab -i~513’t>3 obo

where 8, = iao, bu = 1bo and ao, bo are real.

Indices representing summation over all four
components 1,...4 are denoted by Greek letters u, y yolese
while indices representing summation over three space

components 1, 2, 3 are denoted by Latin letters i, J, k ....,



CHAPTER 11

TWO-PARTICLE WAVE EQUATION

A. A Two-particle Wave Equation from
the B-S Integral Equation

The non-relativistic Schrodinger equation

» |
(Y -V + 139 =0, (2.1)

can be cast into an integral form by means of the non-

relativistic free particle Green's function whiech

satisfies

vz h.) S ' 2 =, '
(-ﬁ + 1-n)G(x-x', t-t') =1 J(;c-x )§(t-t").

This Green's function can be written as an integral

6(x-%', t-t') = L ﬁf"‘?(:‘l’(x""’)@pag
(2m)) _ P, g .
2m

With this Green's function, Eq. (1.1) can be put into the
following integral form

qi(?:, t) =Y (x, t) - 1[6(3’: -x', t-t')V(i')\P('i’:',t')d3x'dt' (2.2)
where P (X, t) 1s the free particle wave function. On &

more intultive basis, the B-S equation is a two-particle
6



, 7
relativistic generalization of the Schrodinger integral

equation. It can also be derived using field theory.

The B-S equation is
Pixys x,) =Yy, x,) - 1SGl(x1"‘i’Gz(x2‘x§)
A

xys xWx), xp)atxdatxy (2.3)
where \V,(xl, xz) 1s the wave function for two free

particles; Gl(xl-xi) and Gz(xz-xi) are the free particle

Green's function for particles one and two; and duxi = diidti;

a*

t = A tAEt
Our aim is to derive from the integral B-S equation
(2.3) a differential equation such that the following basic

requirements are satisfied:-

(1) If the interaction term is neglected, the
solution should be the product of two single particle

wave functions, one for each particle.

(11) On taking the non-relativistic limit, the
equation should reduce to the two-particle Schrodinger wave
equation.

. (111) The equation should contain a single time
variable.
We assume that.the B-S integral equation is valid for
arbitrary instantaneous potentials V(il,'ﬁz)é(tlftz).
The two Green's functions in the B-S integral equation are

taken to be retarded functions like the Green's function



used in Eq. (2.2).

Consider a general single-particle Hamiltonian

wave equation

HO)Y = 13¢ (2.4)
where H(V) is the Hamiltonian operator of a particle of
(12)

arbitrary spin. For a spin-0 particle,

VZ *
== 7-r"e,

[0 0 0 1
with O = and ¢ = .
2 0 l1 0
" For a spin-% rarticle,
H =-1av+@m
where X and ¢ are the usual matrices in Dirac Theory.

For a spin-l particle,(13)

23 S a12
_ E< (ct-V 2ER(XV)

H = gE - 1-_5' % + 95: s

2E° - m 2E - m

0 -is 1 0
with o(i=( | 1) . 0 =( ) and E =|-y2+n’

)

0 -1

The S, are the 3x3 spin-1 matrices,

i
The Green's function for Eq. (2.4) satisfies

the equation
(H(V') - 1%7' )G(X'-X) = 1gu(x'_x)

and can be written as

* H can be obtained from Duffin's five component wave
equation for spin-0 particles, and will be discussed
in Chapter III-A of this paper.
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' = 1 H(ip) + E .. 3
G(x'-x) = 1 - PpdE , 2.5)
(x'-x) ) f_f?—?—z-—m = exp(ip(x'-x)d p‘ (2.5 |
2

where we use the fact that H2(1'ﬁ) = 'f>2 + m“ for any rela-
tivistic Hamiltonian H(ip). The contour of integration

on the E plane is given in Figure 1

Figure 1.
in which we displace the two poles an infinitesimal
distance below the real axis. This corresponds to choosing
G(x'-x) to be retarded so that, for t'<t, G(x'-x) = 0.
The Green's function, therefore, relates the wave function‘
at a later time to its value at an earlier time. After

evaluating the E integral, we obtain from (2.5)

0 tkt

132, =
G(x'-x) = -éé(x'-x) t:-t

-——l-jgdBp exp(1p{x'-%)) {exp(iE(t'-t) + expHE(t'-t))

2(2m)
+ H(ia)[exp(-iE(t l_t)) - exp(lE(t'-t))]} t'h t H

and Lim , G(x'-x) = -53(3?'&) . (2.6)

tLt

where E = '§2+m2
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Por a general instantaneous potential, the B-S equation (2,3)
becomes '
Wixpax,) = Wlxgexp) = 1§03 (xy=x1)6, (x,-x3) V(] %3) §(£1-3)

4

Vixg xgdatxta*xg (2.7)
with the Green's functions given by (2.6). Eq. (2.7) is the
B-S equation for two particles, each being described by
the Hamiltonian equation H(V)Y = i-%p-. Operating on both
sides of Eq. (2.,7) with Hl(Vl) - i-gp we obtain

1

(H (V) - 1—3—..;;)4}(::1.::2) = (8Cxy-x)6, (xy=x2) V(] %2) 8 (£ ~53)
\P(xi.xé)duxiduxz'

= {0y (x, %)) V(E BJ) 6ty ~13)P(xy o x3 ) ¥

Z-tl . t3=t, 3
= [ Gp(x,mx) VLIV xg) a7k,
(2.8)
A second equation can be obtained from Eq. (2.7) by
d

operating on its both sides by (H,(T,) -~ 1£—). The

2V V2 'a'{;E
equation is

t!=t ti=t

1 2 l 2
(Hy (V) - rar)‘l’(xl.xz) —IG (%) -x1) V(xl.x )'*P(x )d X9 .

(2.9)
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We add Eqs. (2.8) and (2.9) and use (2.6) and the fact that

Lim(=2

a - - a - -2
+ Wi(x,s ¢ X t,) = (%,9 X, t).
bt 001 yczq) 10 b0 X B = tixp %
té*t

Then we obtain
(2.10)

Eq. (2.10) is the result we obtain from Eqs. (2.8) and (2.9)

for all possibilities t1>t2, t1=t2 and t1<t2. For

-

stationary state solutions, we let\P(ﬁl, Xy t) =
W(fl, iz) exp(-1Et). Eq. (2.10) becomes .
- -l - - - - -2
[Hl(vl) + H(9,) + V(xy, xz)]?(xl, X,) = Ek}'(xl. x,), (2.11)
where E 1s the total energy of the system of two particles.
Eq. (2.11) contains the sum of two Hamiltonians and has
the same form as the Breit equation for two spln-% rarticles.
When the interaction V(il, fz) is put to zero,
Eq. (2.11) becomes
(H,(9)) + B(T,)] (%, %) = BY(E,, %),
The solutions are Y(X,, x2) =qil(x1)4%(x2) with
Hy (v (xy) = B W (%),

E,¥,(x,),

B, (9,)¢, (%)

and E1 + E2 = E,
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For the non-relativistic limit, we assume

E1 -m = idﬂvO(vz), 1 =1, 2

V(%) s X,)n0(v2),

V(x,, X

)
a = “‘O(VB):

and ¥ V(xl. x2)~
where a represents the linear dimensions of the system, and
1
a ~p~mv.

Putting t, = t, in Eq. (2.8), t, = t, in Eq. (2.9) and
writing\P(xl, xz) =‘P(§1, ?2) exp(-1(E t, + Eztz)L we have

. . V(X)L
H, (v, W(x;, X,) = (E,- 5 W(x, X,). (2.12)

Operating on both sides of Eq. (2.12) with Hi(vi)’ we obtain

_ ‘ 2 Ky wd
xX,) = (B) - —5—=—) 4Kx1, X,) + Extra terms,

B (9, (5 »

(2.13)
The order of magnitude of %he extra terms is VV(il, 32)~0(v3)
or higher. Simplifying (2.13) and collecting terms up

to the order of v2, we obtain
2 Vi, X,)

v - (3 L
G 3 <[ -~ 2 ee, 1), eaw

where-1 =1, 2,

*We use the same approximation as Schiff(3rd Ed.) p. 481,
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Adding the two equations of (2.14), we have the two-
particle Schrodinger equation,
V? V 2 2
[-E%I - Z%; + V(xl, X )]4«x1, ) = Eﬂle. xz),
with €= il + 82
Hence Eq. (2.10) satisfies our requirements.

B. Semi-field Theoretic Derivation

of the Two-particle Egquation
In this section, the two-particle equation (2.10)

is derived again using a semi-field theoretic method.

This formalism is a generalization of the non-relativistic
quantum field theory which assumes a Hamiltonian

operator for two particles interacting through a potentlal

V(%;, %,) to be (1¥)

ag=> 2 JEY
m = (&, 0 (- E, tax
+ 3 (%% Pz, 0P IVE, WG eWE, t)
where ¥ and Y are creation and destruction operators. To
generalize (2.15) to two particles each described by the

Hamiltonian wave equation 1iﬁ% = HY with interaction

V(il, §2), we assume that the Hamiltonian operator is
given by
B =P, )EpE, t)a’x
+ 2(Px®x P&, PG, OVE, ROE, PE, ¢)
2 9 ? 9 9 ? .

(2.15)

(2.16)
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This is the Hamiltonian operator we will use to derive
wave equations describing two interacting particles.
The equations of motldn for the field operators

end P are the same as in usual quantum mechanics

20 [y, b, m]
ana 1358 (3, 0, H] .

The commutation rules for Y and P are

(v, ), PG, 0] = &G - )
(¥, 01,y 0] =[t?(§, t), P(x*, t)] =0,
Using the Hamiltonian operato;' from (2.16), the equations

(2.17)

of motion (2.17) become

1-5-4—;(%—t3 =[‘{J(§, t), IH]“

= 1§z, ¢) + (PR VE,IWE, 0P, ©),
and (2.18)

1_3_(‘_%%_12 = [?(SE, t), m]
P&, 0 =[x PR, PG, OVE, ZOVE b,

A vacuum state (0> is introduced by requiring

Y(x, t)10>=<0IP= 0. From the vacuum state, a state of

two particles |2, E> can be constructed by operating

on | 0> with Y1i.e.
12, E>=9(x, ) Px', t) 10>,

We now define a two-time wave function for a system of
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two particles P(%;, X,» by t,) @s
$(X)s Xy b1y B,) = <01 TR, & (X, £,)12, E>,
where T is the time ordering operator defined by

- - _ 1l - -
TAR), t)B(R,, 1) = 3(AG), £))s B, b)),

+ 3elty - 8,)[AG, t)), B(,, tz)]_ ,
with €(t) =1 t >0
= -1 t <o,
The equal time wave function is faken to be the limit
of the two time wave function as t1 and t2 approach a
common t. The propagator or Green's function is defined as
Glx) - x,) = <0 LTy, &, 00X, t,) 10>,
The equation satlisfied by G can be obtalned as follows:-

36(x,-x,) X ’ )-— - ( yty) |
1._1,0__2_ = [ <o|')\P L q)(xz, t,)) +i|/(x2,t2)w L1 lo>]

3%
léi(tl‘-t ) Y S g - -
_.T__<o 3yt PR, t,) -\P(xz,tz)\P(xl,tl)l 0>
x (X4 ,t4)
zi(tl-t2)<oli.%_l_q)(x2,t ) - P&y, t, \P 1 X 10>
o ) JN
= <01T[1—q-)(—%-—-1— X ,tz)] 1o

afe(i - e ) g -
2"—‘%—2" <0‘\P(X1,t1)qj(x29t2) - ‘P(Xzstz)q}(xl’tl) ‘ 0 >.
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Using (2.18) for 1%%— and noting that $10)=<0ly= o0,
1
we have

p) Ll
(1-&-i - Hy)6(xy-x,) = 16 (xl-xz), (2.19)

where we also make use of the fact that d_id%) 28(t)."

Our next job 1s to find an equation that the two-

particle wave function satisfies. We first compute

a ( ? !t )t ) ( 9
| A :%1 i 2.1 li%-\f-a-t-———-\{l( Xpat, ) HUX, b, )134-)_5%_# ,E>
.b . )
+%£(t1-t2)<o|1ﬂ7,cl__.\y(x2,t )-Y(x,t, )1&5%—1]2 E>
JP(Xy 1ty

=<7|T(1——5-{;——‘P(x2,t N|z,E>

=<l (R, )+ % BE L0 V(R
PGt WG L0 ) WE,, L) 2,5,
so that
| (1-3-,5-i - HP(xy %, 5 t,,t,)
=[P, o 1, PE £ IDGITUR" 6 YIE, ,8,)[2,B5V(R" )

t =
={a’x'Glx,-x") 14>(xl,x by 6 VX)), (2.20)

* See Appe:dix.
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Following the same procedure, we obtain another equation
(1%72 - H)(F;), X,0 ty0 t,)
t'=t
=jd3x'c(x -x') 24!(3:‘ X'ty t, )V(X' X)) (2.21)
' 1 2 272 2" .
The Green's function in (2.19) differs from that in the
previous section only by a minus sign. Therefore, Eqs. (2.20)
and (2.21) are identical with Eqs. (2.8) and (2.9).
Thus they give the same wave equation (2.10) for the two-
particle wave functioan .
C. Connections between Different Two-particle Equations
In section one, a two-particle wave equation was
derived from the B-S integral equation for particles which
are described by the single particle Hamiltonian wave
'equation. In this section, the same formalism will be
applied to a spin-0 wave equation, the Klein-Gor@on
equation, which is not in Hamiltonian form. The Klein-
Gordon equation which contains a second-order time
derivative differs from the Hamiltonian type of wave
equation which contains only a first-order time derivative.

The Klein-Gordon equation is
(- + m?)Y(x) = 0,

2 _2 ¥
where = -
O =V -5

The B-S equation for two Klein-Gordon particles interacting
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through an instantaneous potential lis
= Xy
Yix,,x,) =o(x;,x,) - ifGl(xl-xi)Gz(xz-xz')V(x, 'x3)

A

§(t-t3)4(x! x)a xda g, (2.22)

where the Green's function satisfies the equation,

(- =2 + n?)G(x'-x) = Su(x'-x),

and can be expressed in the integral form

G(x'-x) = .l__gjgigilgiiélzlhjpdE.

- (2m) Y 4D m
As in section one, we displace the two poles E = ¥ '132+m2
an infinitesimal distance below the real axis and take the
contour of integration for the variable E to be the same
as in Figure 1. So the Green's function is again retarded.
After evaluating fhe E integral, the Green's function can

be shown to be

i gd3p exp(i§(§._§){%xp@ig(t'-t)) _ exp(ig(t'-t)ﬂ ’

with E = /p™+m"~ ,
The time 1limit of the time derivative is
dG6¢-x) 3,2, 2
Lim+-3£1 = §(x'-x), (2.23)
tht
We return to the B-S equation (2.22) for Klein-Gordon
particles. Operating on both sides of Eq. (2.22) with
(-[3% + M%) gives
t!=t t!=t
2 71 2 71
2 2 = ey T R 1 3.0
("Dl + ml)")(xl!xz) 'i[Gz(xz xz) V(xl,xz)‘{J(xl,XZ) d Xz,(Z.ZU)
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For statibnary states,
-
\P(xl,xz) =‘P(xl,x2) exp (-1(E ty+E,t,))
Eq. (2.24) becomes

té=t t'=tl

N 2
2 - B+ m2)0xyax,) = -1(0, (xpmx)) VIR X3y bx)) @y

(-v1 - B

. (2.25)
Differentiating both sides of (2.25) with respect to t,
and taking limit t-»tl, we obtain using (2.23)

2
V(%, X
('Vl - Ei + mi)\-})(xl,xz) = xl ‘{f’ Xy .x ), (2.26)

Following similar steps, we obtain a second equation

(- v2 - 2 + m2 )&, %) = ‘—’-(%;—xz—) (X),%,) . (2.27)
Eqs. (2.26) and (2.27) are similar but not exactly the
same as Bogolubov's(ll) Egqs. (2.9) and (2.10) which are
(-92 - B2 + nf)Y= vy
and
(-v2 - B2 + nd)y= vy,
These two equations which Bogolubov obtained by generalizing
the quasipotential equation for two particles of unequal
masses hold only when the potential V' is a function of
energy E and relative position of the two particles. So
for particles which have approximately equal energy, that
is, EE~E. = E, our equations (2.26) and (2.27) reduce to

1 22
Bogolubov's if we define V' = _gg_, For the case of
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IEl - E2,<K 1, we obtain Bogolubov's subsidiary condi-
tion on Y by equating the left hand sides of Eqs. (2.26)
and (2.27). The condition is '

(-y2 -E2 + oY= (-g2-E2 +ndly. (2.28)

In the CM frame, (2.28) reduces to

2 2 _ .2 _ 2
E1 - E2 m1 | m

or E(E, - Ez) = m2 2,

1 1 - M

with E = E1 + E2.

Solving for El and E2, we have

B, " "
E S amme T ee——
1 2E
) (2.29)
2
E. = E - ml _ m2 .
2 2 2k

The subsidiary condition (2.28) and E, and E, as given by
(2.29) are identical with those obtained by Bogolubov.
Adding Eqs. (2.26) and (2.27) and using (2.29) we have a
single equation for { . In the CM frame, the equation is
2)2

2
2 (mSem
E 1l "2 2 2]
m< +m
—L e a? sl

= 2EV[—-——-—-— + T’E—?]‘P . (2.30)

»iro
]
1
<+

&
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For two particles of equal masses, we have m =m, =m

and Ey = E, = g Eq. (2.30) thus reduces to

(-y2 - %" +n?)P= 2, - (2.31)
Eq. (2.31) is exactly the Logunov and Tavkhelidze‘q’
quasipotential equation for two spin-0 particles of
equal mass if we replace g, the energy of one particle,

on the right hand side of the equation by ’- Vs-?z-kmz.



CHAPTER III

TWO SPIN-ZERO PARTICLES

A, Spin-zero Particle Hamiltonian
A spin-0 particle can be described by the equations

12
éf— =1n¢ and igi = mt,( ) (3.1)

which imply that ¢ satisfies the Klein-Gordon equation,

2
3¢ = b
ngx max m ¢

Using Eq. (3.1), a Hamiltonian equation of the form

) m ( v’ )m (3.2)
LA &= mg-—O‘ «2
PPy Py
where 0o 1 0 0
(v) ool
1 o0 2 0/’

can be obtained for a spin-0 particle. Defining

[l

Eq. (3.2) has the form

2
QY _ \Y/
Xy, (me - m Y
or 1%{ = HY ,

22
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2
where H = %%EO'q me is the Hamiltonlan operator and

H = (-g? +n?)I.
The Y as defined here has complicated tranformation

properties.

B. Two Spin-zero Particles

The wave equation for two particles is

(H, + H_ + V)Y = EY

1 2

which, for two spin-0 particles, becomes, symbolically

Vo - o
(% + 2% - (mpey +myp,) + V]"(xl"‘z)
= E¥(X.,%,) (3.3)
where the two-particle wave function

"z I 11 12
(xl,xz) = v ¢ )
: 21 22

| ¥ ¥
for a single particle Y = ( ) =( )s
b2l APy

with the first index associated with the first particle
and the second index with the second particle. Egq. (3.3)

has the following matrix form



2 2 v
Vi (0 0)( 1 ’12) s V2 ( 11 12)( ° 2)
m 2m
M2 olly, ¥ 2\¥,, Y,ll0 o

1 Y
0 1 v,. ¥
( )],, v( 11 12)
10 1 T2

_(m (° 1)( B '12) . (’11 '12)
1 2
1 0fiY; Y Yy T

A
_g| 11 12}
Y

21 Y22

Equating each component of the matrix equation, we have

(E - V)Y, +m¥, +n¥, =0,
2 2
Vi \¥:
(E - V)Yy, - Ty 12 T "'m'2'Y21 tmh, tmYy, =0,
o2
2 ;
(E - NI¥3, - Ty 1 mYp * Wty =0,
2
Vi

(E - )Yy - 'Tn';Yn tmhy tmyY,, =0,

These four equations can be written in the following way:

2
V2 + E-V 0 Y
", m, - ™ 12
= 0.
2
1, 0 E -V
;T M - M | | 21
2 2
\ 0 -.Y.l_ + m -.YE +m E - VJ k‘1’ /
my 1 m, 2 22  (3.4)
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C. TIwo Free Svin-zero Particles
We consider first the case of two free particleg
in which we put V = 0. Going to momentum space, we
replace V% by -pi and vg by -pg. In order that the
solution be nontrivial, the determinant of the matrix

must be zero, i.e., we must have

E m, my ' 0
2
p2+m E 0 m
-ﬁz_ 2 1
=0
2
P
1;; + my 0 E m,
2 2
P P
0 Tt w2 E
1 2

Expanding the determinant and solving for E gives

+ +
E = -(ﬁai + mi - ]pg + mg),

D. Two Spin-zero Particles

with an Arbitrary Interaction
Next, we comsider Eq. (3.4) in the CM frame in

2 . g2 =42 3 =3 2
which gy =gy, =Yy where x = X, - X, 1s the relative co-

ordinate. We suppress the letter x in Vg in the following.
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In the CM frame, Eq. (3.4) becomes

- )
( E-V oy ) ° \ [t
il
v
n +my 0 E-V m, 21
2 2 .
YA - -
‘ 0 g T M - M E- V[Tl
(3.5)

Eq. (3.5) can be simplified to obtain 2 single equation
involving only tll' Multiplying the second equation by

m, and the third equation by my and adding, we have

2
2 2
(-zv2 +my o+ mz)‘f'11 + mz(E - V)‘f12 + ml(E - V)Y21

+2mm, ¥, =0, (3.6)

Substituting m2Y12 + m1?21 from the first of Eq. (3.5)
into Eq. (3.6) gives

(207 + 2 + mg - (E - V)2] v, tomm Y, =0, (3.7)

The first equation of (3.5) when added to the last gives

1

‘ 2,1
(E - W)Y, +¥%,) -y (nTiylz + m_'ZYZI) *(my +my)Yy,

+ (m1 + mz)‘l’21 =0, (3.8)
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From the first, second and third equations of (3.5),we

have
| 1 1y _ (E-V)
2 * ﬁ;Y21 = -Em, 1
v, = i (2 )Y Y (3.9)
2 = E = iy - )T - ), 3.9
m Y= b - e - m).

Substituting (3.9) into (3.8), we obtain

+m 2 2
1'% g v
[(E-V)+_.1_;v (E-V)+ﬁ(;-m2+ﬁi-ml)]\fll
(my+m, )2
+ [(E -V) - ]Y22 =0, (3.10)
Substituting Y,, from (3.7) into (3.10) gives
[E-n 2(5 - V) + 12V v o)
E - +-—- + = -m
my 2V E-Vim, = "2 Tap T ™
(E - V)2 = (m; +m,)?
) 2
+ 2m1m2(E-V) (2V2' (“‘1+m ) + (E - V) )]

which reduces to

2 2
2 2 . 2y, (E-v)?2, (m +m,)%(m - m,))
[V - (mJ + mz) + = + NTRREY:

. E+VV2(E - V)] Yll = 0. (3-11)

Yll corresponds to the usual Klein-Gordon wave function

for two particles.



28

E. Two Spin-zero Particles
‘with a Square Well Interaction

For a square well potential,
V(r) = -V forr < a
=0 for r >a
For r < a, Eq. (3.11) becomes
2 2 2 2 2
(V2 +(m1 + m2) (m1 - m2) i (m1 + mz) (E + Vo)
4(E + V,)?

-t —3 )4, =0

(3.12)

Putting ¥, = fy,(r)¥, (e,9) in Eq. (3.12), the radial

equation is

2
d 2 d 2 {r+1) -
(a-r—z + rar + K¥ - ——;r—)fll(r) 0 (3.13)
" where
2 2 2 2 2
K2 o (my + Wg) (m1 - m,) i (m] + m2) X (E + V)
‘ L(E + v0)2 2 T .

The solution of Eq. (3.13) is
fi,(r) = AjfKr)

The other components of the wave function can be obtained

from (3.7) and (3.9)
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(E+V.)2 (m +m)%m -m)2
A 0 1 2 1 2
Y = - (Kr)Y, (&,%)
22 mlmz( L l"(E + vo)2 )JL r tm !
(E + V.) (m2 - mz)
~=A 0 l. 2
e =Ty (= - werwy WK (009,
(E +V,)  (m2 - n?)
A 0 5 = My
T = ml( 2 T 2(ET V) )Jk(Kr)Ykm(e’q’)-

For r> a, Eq. (3.11) reduces to

2(m - m )2 2, 2
(ml + mz) (m1 ml) ) (m1 mz)
Putting ¥, = gll(r)Yﬂm(s’¢)’ the radial equation becomes

2
2 + 3)v, =0, (3.1%)

+

(v

2
(& v 2 +o? - Mg 0 = 0 (3.15)
r r
2 2 2 2
where o2 = (my + mp) (my - m2) - (mg * mz) + g2

LEC 2

The solution of Eq. (3.15) is
g11(r) = A'n{ e

Again, other components of the wave function can be obtained

from (3.7) and (3.9)

2 2
_ & EP (my +m,) _(Lml - m,)

{1 ey, (0,4 |

% " T s
(m2 - m?)
Tp T - g oneni ),
- (mZ - m?)
21 ='%£f(gf - “E'EE'E‘)hfl)G*r)ykm(e’¢) .
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To determine the energy levels, we match the

solution inside and outside the well at r a, If we

match Y.. and the first dérivative of yll at r = a, we

11
have

Aj(Ka) = A'hl(l)(o(a) ,

and
KAJ,' (Ka) =o(A'h§l) "®a) .

Dividing one by the other, we obtain

aka) _ h{iaa)

KT = T Tea)

which will give the energy levels. If we match other
components of the wave function at r = a, then, for r=a,
the wave function contains in the coefficient of the
spherical Bessel function a term involving E + VO whereas

for r> a a term involving E. This is due to the fact

that the potential changes discontinuously at r = a. For

a more realistic potential given by Figure 2,
}

(18
||
]
'
)

Figure 2
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the potential is continuous at r = a. The value of
the 1imit of the potential from both sides is the same
and so matching any component of the wave function will

give the same result.

F. Two Spin-zero Particles
with a- Coulomb Interaction
In this section, we apply our two spin-0
particle wave equation to describe a pionic atom which
consists of a negatively charged pion circulating around |
a positively charged pion. For this system, my = m, =m

and the potential between the two pions is Coulomb
e—z- .

r *

Eq. (3.11) becomes in this case

given by V(r) = -

2 2
(E + &)2 T (&)

(9% - 2m? + L 4 E _¢?)v.. 4 11 - o,
5 5 11 PY:

(3.16)
The last term in Eq. (3.16) can be simplified. We consider
the region r # 0, because the potential 1s singular at the
origin. For this region,

2k 1 23 o
(3%1) = %Y, - =25

Therefore, Eq. (3.16) becomes
2

2., 223
V= m® 4 gy - ¥ = 0.
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Putting Yy, = fll(r)Ilm(9,¢), we have, for the radial

equation
2
e e
2 — (E + —
a 1 T a T L(L+1) 2 _
r E + = r
r (3.17)
2
e 1 1
but -~ S = +
r(Er + e2) r ez *
rt+g

Therefore, Eq. (3.17) becomes

e*
Eez T - L(+1)

2 2
R e R R e
r + 1;
= 0, (3018)

2
Now we consider the ratio %;. e2 is of the order of

- ~
10 2ostatcoulomb; E 1s of the order of the mass of a pion

2
and 1s 102 Mev or 10'4 erg. Therefore, the ratio %;

is of the order of 10“%3“ l.e.

2
?Ervlo'ls << 10713 = radius of electron

Eq. (3.18) has no exact solution because of the presence

2
1 e
:f the term ;—;—§§7§.e2However, since 1§<x radius of elec-
ron, we can neglect in the term —— and approximate
E r + e“/E

it to be %. With this approximation, Eq. (3.18) takes
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the form
ar? rdr -X 2r r-‘a 11'\F ’ .19

where X2 = n® - .

L
and o2 EF - L(k+1),

Putting fn(r) = gll(r)e.'xr, the equation for g,,(r) is
2

2 2
a 2 a Ee? 2Ky , o _
[d—zr +E-Kg s G -T2 Je11(x) = 0. (3.20)

Solutions of gn(r) can be obtained using power serles

method. We put

o0
gq(r) = r® % a r®

r°L(r), (3.21)
Substituting (3.21) into (3.20) results in an equation
for L(r),

2
Ee

(/3 - +l 2
L (r) + (2K + 2222)L'(r) + (2= K(stl) S(s+1)2+og

)L(r)

r . r
=0 (3.22)

The indicial equation for s from (3.20) and (3.21) is

s(s-1) + 28 +*° = 0, (3.23)



The solution is

a.-
S B s
g8 = 2

_ a1 ) -
2

For >0, s is positive or negative according to our
choice of the sign of the radical, For X = 0, since
el" = 1 <1, the choice of the upper sign gives a

T (137)2
value of s close to zero. Therefore, for all values of {,

we choose the upper sign, so that gll(r) will not diverge

when r is near the origin.

From (3.20) and (3.21), the recursion relation

between the an is

' 2
_ 2K(n¥s+1) - -

(n+s+l) (n+s+2 )+£3

an +1 @y

a
As n-.0, the ratio —%ﬂ-—) %‘-and L(r)_,e_zxr.
n

Therefore, the wave function will diverge for large r.

The series must be made to terminate. So we have

or K =m® -3 = —R—(n-!-sﬂ)'2
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y -1
This glves E = zm[l + %(n+s+1)“2] 2
4 L -%
-2
{1+ gy T )

4
2 [1 s il et JEPS
. 8n'? 16n'3(8n' (28+1) )
(3.24)

to terms of order e8, where n* = n + { + 1 is the principal

quantum number and can take on positive integral values.
The reduced mass of the system is U= %gin terms of which
(3.24) becomes

I
= me ,ue 1
E—-z - + " S —— eeoe
" 2ne b 3(83 (21+1) )

in which we omit the prime in the n. The first term of

the right side is the rest mass of the system. The second
term is identical with the one for nonrelativistic

particles. The third term is the fine-structure energy which
differs from usual K-G and Dirac one particle levels.

Eq. (3.22).can be solved exactly. Using (3.23) and

putting ¢ = 2Xr, Eq. (3.22) becomes

B ey -
L

e ¢

The associated Laquerre polynomial lg(e) satisfies the

(3.25)

L"(p) + (-1 + 222Z)1e(p) + 15r'

assoclated Laquerre equation

1§ (e) + (-1 + BEIR (¢) + LazRlip(e) = o, (3.26)
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Comparing Egs. (3.25) and (3.26), we have

p=2s +1
2
E
1= % * e,
therefore Y.. = exp(-xr)r°L’ (Q)Y 2(©$). Other
11 T—

components of the wave function can be found from (3.7),

(3.9) and (3.19). The complete wave function 1is

( exp(-xr)r® L“ (q)Y‘Qm(eM
X"

-§-(E+-)exp(-xr)r L ( )Y (G,¢)

-%(Eﬁlgexp(-)w)r z“'((’)I 1(8:9)

(E+-—)2
____E—-exp(-xr)r L i, (?) m(9,¢) .

\ K

/
G, Scattering of Two Svin-zero Particles

In this section, we consider the scattering of
two spin-0 particles using a repulsive square well

vV=1y,, for r £ a,

=0, forr > a,

The equation for 4&1 for the two reglons can be written

similarly to Egqs. (3.13) and (3.14). The solutions are
AJ(K'r), forr € a,

B(jx(ar) - tan § Kl(ar)), for r> a,



37

¢ 200 _ 0 32 (2 4 2 RY
here K2 = (my + m2) (my mz) _ (m:L + mz) . (E Vo)
4(E - V0)2 2 1
. 2/ 2 2 2
i o2 = (m1 + m2) (my - mz) i (mlimz) , g2

Irposing the continuity conditions gives
AJl(K'a) = B[Jl(ca) - tan&’(x(ca)];
’ = ’ !
and  AK'j(K'a) = aB[J’L(aa) - tanj‘nl(oa)].
On dividing, we obtain
K*'4{K'a) _ afxlca) - tand, 1, (ca))
jgk'ai - Ji(aa) -Y:ang:h(aa) ¢

Solving for tan§; glves

. alfK'a)i(ca) - K']{(K'a);!(aa)
tanf,. Coany 0: JKa) =K' j{Ka) 1, 0a) . (3.27)

Using the identity

&ae) = g [tte) - (1o 1)3“,(5»)],
.which is also true for ?ll(e). (3.27) becomes

_ay(kra)ny (ca) - (141D (ca) ] - K*j(K'a)jca)(20+1)
tan { G'JQ(K'a) [btl‘,‘ca) - (1+1))(1*Saa)] - Kfj;(KTa),(x(aa)(zxﬂ.).

We assume that |m1 - my]<cm and a is of the order of
0.1 fermi so that aa<l (check: for E = 600 Mev, a = 0.1
fermi, ca = 0.091) We use the following properties

?l

Jl(‘e)e_;o> le3e¢5 06 (5’\ + 1)

() (-1). 1.3;5“.'. . (1-1)

and 5,000 = =3le) +23(e)
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to get

_ (aa)zul
tan &, = CIT T BT T EDIO S e ET))

(+1)(aa)?3(K'a)
3 {5'2) - reTreRs

R 3 2 24+1 ' )
J{K'a) + (mn'%rﬂm - Sgvg)3(K's) (3.28)

The resonance condition is § = "% or tan§, ==, This occurs

X

when the denominator of (3.28) vanishes, 1i.e.

Jo(k'8) oyay A (ca)?
IKE) T i, EEIEIRI Ka -

For an arbitrary central potential, the condition
of fesonant scattering can be obtained through phase shift
analysis. Just as in the nonrelativistic case, we
require that f‘n(ar) behaves asymptotically as a free
particle, i.e.

(or)——— j(ar) + tan§ %, (or)
r—src0

11

~-(%I-.s1n(ar - E%- § )s (3.29)

so that the main effect of the potential is to shift the
phase. By putting \}_111 = fll(r)Ylm(G,% in Eq. (3.11), the
equation that fll(ar) satisfies is

(m+m)(m -m )2 (m.+m )3(m. -m_ )2

2
a° L 24 4 42 4 M o/ MMy Amy my
[&? rdr l;(le:-v)2 LEC

+ ‘.ﬁ- B+ U(r) - “—“—:21—)] f11(r) = 0, (3.30)
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where we put
1 _ .2
Eo W (E - MY, =Py, + 2Ur) Yy,

The W(r) here is an operator on ¥,, and is not only a

function. We define another operator,

(m,+m_)2(m,-m, 2  (m,+m,)2(m,-m,)? 2
-U( = 1 2 1 2) - 1l 2 1 2 + v - EV +u(r)’
: r) B(E - ;)3 4E2 | gy 7
8o that Eq. (3.30) becomes
2 .
[55 + 25+ o2 o MA1) -U(r)] £1,(0r) = 0 (3.31)
r r

We let the solution be
f,,(ar) = ylar) +)(L(ar). (3.32)

where Xl( ar) is assumed to be small compared with JL( ar).
Substituting (3.32) into (3.31) gives
2
a 24 2 _ AMA+1) =
2t Er Y 9 - B e =V,
where we drop the small term U(r)XlUuO. This corresponds

to Born's Approximation. The Green's function for the

operator
a® L 24 , g2 _ LM
P r2

is gy (r,r') = 0%§0r2)7g50r>) where r (r,) 1s the smaller

(larger) of r and r' so that .

Xy(ar) = a {§(ar, )y (ar, (et )y(ort o 2ar

ahg(ar)iJl(ar")U(r")Jl(ar')r'zdr'. (3.33)

Y00
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Comparing (3.29) with (3.32) and (3.33), we have
tan SL = arjl(ar)U(r)Jl(ar)rzdr . (3.34)

The condition for resonant scattering is obtained when

§= Té Eq. (3.34) is similar to the nonrelativistic case

except that here U(r) 1s an operator and is completely

different from the corresponding U(r) in the nonrelativistic

case.



CHAPTER IV

TWO SPIN-HALF PARTICLES

A, MWave Hguation for Two Spin-half Particles

The single spin-half particle wave equation 1is
the Dirac Equation

1::% = (-17.a + Bm )Y,

L /0T I 0
a={ _ , and B =( .
g 0 0 -1

where the T are the 2x2 Paull matrices and I is the

in which

2x2 unit matrix. The Dirac Equation is already in Hamil-
tonian form. The two-particle wave equation for spin-l

2
particles is

[-169y - + %5, + (my) + szz)] boq(X11%,)

ab,cd
+ V Xq-X X, 2y . = =2

e\b,c:d(l 1 zl)*cd( 1,x2) = E*&ab(xl,xz) e o ooy (4.1)
which 1is sometimes called the Breit Equation.(Z) One
deviation is that in Breit's original paper, the interac-

tion V is replaced by the so-called Breit interaction.

41



42
In the CM frame, Eq. (4.1) becomes

[-19.(3; - 3,) +m8) +m,8, bea(X) véb,cd(X)'c;(i)

]ab,cd
= Ev, (%), (4.2)

The wave function ¢ in spinor form can be written as

rX%%'
5, "
V= % (4.3)
Q
1.
g %
{ +a1a2J .
The interaction is taken to be
')

absed = Wy ea.
Putting (4.3) into (4.2), we obtain four equations for

the four components of ¥,

EY. -
k&1a2

- B B,
-1V.(T) 1. + 1. (7) § + (m, +m, + V)A. .
ulelrL é, a,B,70, 1 | 2 Xulaz,

gf. 2 o ~19. (7) 4>s1a2 F 7. @), o Ko g € "2
a % By 0By 0By + (my - my + V)7

* P

Q a8 ‘

1 = _ - . . Jry 1 2» al
ENC &2 1V.(G”)alslxela2 + 1Y. (q)azsj’ + (...m1 tm, + V)N &2.

a
12 - .2 = %, .G
E<F = -1V, (G)qlslgsl + 1V. (U')azszu b, + (..ml -m, + V)<i> 172,
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If we let M = my + m,, and A= m = m,, We have

—d

- B B
(E- M- V)Xdlénz = iv.[(g)azs g 2 - (q.)alsl’t.ldz]’

B,
€-8-m% 2= 1V-[<<f>ast - @) p¢ : 2]

|
(4.4)
> T ~ o L .
(E+A - V)N &, 1v.[(c)a2824> - (cr)alleslazl,
aa - a - a
AR A

Eqs. (4.4) are written in the CM frame, so the states may
be classified by their transformation properties under
rotations. For purposes of rotations, the lower @ indices
are equivalent to the upper a indices. So we let

X&I&Z__)Xalaz € 'gl % a"—’yLl % and b 12, %% ?

’

%

Each of the above spinors has a symmetric and an

antisymmetric part, that is,

Q. @ Q. Q a, a
X12=X812+el ZK’

%
where ¢ = (17,) ete.,
2 alaz’
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Substituting these into(44), we have
00, = 00.) = 0B = B2,
(E-M-v)NX~ °+e” kK = 1v.((<r>azsz‘és - @a s %)
+ 1v.(-1(cr02)a2a1g - 1@7,)0 N,

. a2 oy % o162 B1%2

1 - 1 ~
(BE-8-NG +e §)- 1V.((°')°,2?2Xs ) m“l?lc{)s )

+ iv-(“i(qu)azalx- 1(0‘0‘ a a+) (405)

‘ Q% H% %8 B1%
E+A-NCL "~ +e M) =1w. ((c)a e"’ - malslxs )
+10. (-1(002)%‘*1# - 1000 6 X )
a,a a - a, B, B.a
(B+u-N 2+ el %) = 19. (@), Bhsl als’é 1 2)

+ 1V( 1(0’0‘ )0. a)’L _ 1(00- )0.10..%)

By separating the antisymmetric part from the

symmetric part, the four equations in (4.5) reduce to eight.
We will drop the subscript s in the following.

The sgmmetric part of the first equation in (4.5) is

B %2 €102

N% i ps -
(E =« M- V)X 2 = QV-((U‘)azgzgalgl + (U')alsléo(z@;(g 71. )

+V.00), o (5+71), (4.6)

0,10.
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where we make use of the fact that

o, ¥
= (g0.) .
@)% 270,09

The antisymmetric part is

@o,)

v 01:L2 1V = U."‘ EBIBZ
- - e -— Y -
(E M ) x 2 ((galsl(o )"'232 6@252( )0'18 ][

(4.7)

Multiplying Eq. (4.7) on the left by (102)o.1a2, we have

B, B 8,8
2770 By T 0 T88,

B. B B, B

1 - 172 172
= 29, (T.0) k3 + M .
AN 9132( )

We can obtain a pair of equation from each of the second,
third and fourth equations of (4.5) by making the following
substitutions into Eqs. (4.6) and (4.7):

Egquation Substitution
~ second Mo A, X—s ‘5 ’ ‘é——>x ’ ’(—"‘P
third M—o=b0, XK— N, 5P, X

fourth M— -MN, X——?cf’ ’ S'—ﬂl; ’L—"E

+7L1

B, B

]
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If we let Sulaz&&—‘ 5((0')a1316a232 + Salsl(G)QZBZ)’ then

the eight equations from (4.5) are

a. aq - B,B, BB
' = 1 172,00
(E - M- VIKL2 =17 Saja,,8,8,(5 2-m )+V(30'2)01a2(§+’(),

(6-a-nE12- 1v.‘s‘ala2’3182(>f 182-¢8132)+v<&¢2)a1a2(x+f).
(E + 4 - VM2 1v.§a1a2’3182(4>8182-xs_182)+V-(Er‘az)01aé(x+4>), |
E+n-N$L2= m.'sialaz,slszuflaz-gslsz)m(?rcrz)alaz(gmn
(E - M- V)X= -3V (<r2‘¢‘)8162(§8182 P12y

iE A -wE- -%V- (0"2?)3152()8182 +¢5132), (4-8)

- B, B BB
(E+A - V)= .%V.(o‘zcr)slgz(x1 2+ 12

- B, B B, B
E+MN-V)b=Ivid), (1240 12),
= -3V, 5,(3 L

Adding and subf-racting the first and the fourth, the second
and the third, the fifth and the eighth and the sixth and

the seventh equations in (4.8), we have



(E -

(E

(E

(E

(E
(E

(g

(E

It
We

a, a¥ - l, =
For rotations, A"y = A", Therefore, A = z(céc)raA

We

all equations from the left with %«r

L7

a, o .aa .o a.a .
VX249 2y mxt 2.1 2) 2v. @ a, (5+n),

)
)

a a a a. a Q
M3 N2 gL 2 1) 29.@0,) o (X+$),
12

o, Q. Q o, a a . 8.8 ﬁ B
S X121 2 (XL 2441 2)= 2193 (g 12-n12),

% %188,

a.c. a.a a. 0. a.a N B.B | B, B
V(81 2nt Z)a ! 2t 2)= 2098, L. (X1 2412,

172°7172
- VIX-¢) =mXx+P),
(4.9)
- V(%-) =B (E+n),
- B18, B8,
- UUX+P) - MX-¢) = "Vl (577 5,

| - 8,8, BB
UE+N) =A(S-7) 'V-(%‘”slaz(xl 2412,

is more convenient to rewrite Egqs. (4.9) in vector form.

define a vector'ﬁ corresponding to a spinor AuB as

= 3= 0B
A +2((T)BG-A

1,= Q.
+5(T)ga(10,)geA ¥

oY

can change Eqs. (4.9) to vector form by multiplying

)
2 azal‘ When we
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do that, we need the following two ldentities

1, =
(A) 5(a,0 )“z °1V' (g0, ) aa,
= %(a'za)azalbi("i‘rz)“l“z
1
= 56 <"'17272‘7')a1a

1 -
5 31(0'10')

“%

"
<

1
(B) 5((720') zalv. a,0,,8,8,

= E(cr U) V ((O')o.lB 80.232 80‘]_(3‘],(0")“2(3’2)

= Ebi(o’zcrcr)s 8, b (o crcr)8162
L1y == 1 =
=53 (T 772)6182 59 (0,00 )3132

1 — 1 b
==z, (T.00) + 0% (0,06)
59 ™2%Y"s; 8, 5% 727 8,8,

s 1
=3 (0,00, y #) 531(72%4‘71)8182

B8y

1
"EB (756 yx ké') 185 + E‘bi(q-ze‘likoi{é)ﬁle

(crcr
iéjik #02% e 8,

4
= é‘eukbjlwz%)slsz
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Meking use of (A) and (B), Eqs. (4.9) become, after

multiplying with 3(0,7), 4

2% from the left for the first

four equations,

(E - VI(X+$) - m(X-3) = 2v(5+n),
(E - M(E+7) - A(%-7) = 2(X+$),
(E - V)(X=3) - m(X+d) = c2wx(E -7,
(E - V(E-) - A(E+7) = -2vx(X -9,
(4,10)
(E - V)(X-9) = n(X+¢), -
(E - V)(E-R) =A(B+7n),
(E - VI(X+$) - M(X-$) = —27.(T+7),
(E - V)(E+R) = A(E-N) = -20.(X+$).

A set of equations similar to Eqs. (4.10) was derived by
(15)

Moseley and Rosen by equating each one of the sixteen
components of Eq. (4.1),

From Eqs. (4.10), it can be seen that %Vk}l=?‘}’—'0
and E—M as velocity v—0; and all components vanish
except 52 and X which, therefore, are the large components
for two particles. The state of the system is labelled
according to the properties of the large components which
will survive in the non-relativistic limit. It is only
in the non-relativistic limit that a state has a
definite L, orbital angular momentum, a definite J,

total angular momentum, and parity.



50
B. The J° Triplet Solution

with a Square Well Interaction
In this section, we seek triplet solutions of

Eqs. (4.10) for a state of arbitrary total angular momentum
J and orbital angular momentum L where L =J or J + 1. We
consider the J¥ state and assume J # 0 to be odd.

The case of even J can be treated in similar manner.

It can be seen from Eqs. (4.10) that X i$ and X * ¢ have
the same parity which is opposite to the parity of § 1?1
and 5 ¥, The components of the wave function can be

written as

X+¢ = 'X- ¢ =
Kt = mglie) T, (0,4) + FU0T (8,9),

(4.11)
Tan = (0¥ (0,8)

-

T+ = G, (r)Y;(8,8),

)(16)

where YJLM(eA) are the vector spherical harmonics defined

by

Y (0,8) = E_S<Lmls|L1JM)YLm(B v,
with s = +1, 0.

The vector VS is given by

- 1
V+1 = -Té(vx + 1Vy) ’

V=V,
_ 1
Vo= 3V - 1vy),



51
where V*, Vy and Vz are unit vectors along the x, y and
2z axes respectively. We are going to make use of the

following properties of the vector spherical harmonics

' - _(4n ; " L_y2(d 4 Aily
VEMIY, = -GED G - DEGH o v i) (@ Y e,

1
v. (?(r)!l 241, m(e ?)) 22;]& (a?‘ + -- 'Ylm’

(r)Y, | (8,$)) = 0 for any (r), (5.12)

AEE)E, ) (6,4)) = (5%;1>2<a-f, 15,

Vx(§(r)§n,lﬂ,m (9943)) = 1(%- + &-:'—2)§(ﬁ,=ﬂ)2—flyiam’
1
VX(é(r)Yl, x’m(e,‘#)) = i(g?, - %)ﬁ(é—gﬁl)zfl’1+l’m

+ (g + Mg “1)2‘!jL el
1
L CEIFNNIEN TR D ERTE- RN S e SL A
Substituting (4.11) into Eqs. (4.10) and making use of
the above properties of vector spherical harmonics, it can

be shown after some manipulation that Eqs. (4.10) become
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1l
-1) (-1) |
(B - S (r) - ME. () = 2 (o) (&= + Ty,

(1) :
(2 - nEs () - WP () = 2(EE - Dy,
1
2 eEV (e) - el () = 22 (& + 2 e
l |
& - e () - D (r) = -21 (i) (@ - Do),
. 1 -
(B - V)G(r) = AGy(r) = ~21 (i) Z(Sy = Zyr'

= 2
- 233 &+ T (o),

1
5 =1
(E = V)Hi(r) «=4H. (r) = -2(2%::)2(%: - g{i)F.f. )(r)
1
2 iE - P @),
(E - V)G4(r) =48G_(x),
(E - V)H_(r) =AH (7). (4.13)

We consider the_ cage of square well potential, so that

V==V for r £ a |

=0 for r >a .
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We deal with the region r € a first so that V = -Vos From

the eight equations of (4,13), we can eliminate four un=-
knowns G.(r) and H+(r) giving four equations with only

F (r). The four equations are

()2 - D) (V)RS (r) - P ()

= 2(53'—.{1-)‘%(%5 + i:—l')[(E+vo)(’2('2'3'gfi')%(%; - "I—;'.'L)F_f_-l)(r)

+ 2Bt + 22V ))] (4, 10)
((@+1)? - A2) (e )E N () - 0l (e))

= 205 - g)[(E+v0)(--2(E§H-)%"(.g_F i '-7;—1)5‘5,'1) (r)

v 2(@En g+ #2re), (4,15)

_(-1)
. (r))

((B+V)? -Az)((Ewo)Ff"l)(r) - P
J+l .\ % J+1 . J+l (3.4 J=1,.(~1)

= (21) GHP (& + B [y (21D H& - LHrT ()
- 21 G B + 22r N (1)), (+.,16)

((B+75)% - p2) (B4, )F‘l)cr) el (r))
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1 1
= (-20) i - D e+ o) (-2t i * & - Lhel V()

1
212 + 22t )]} (4.17)

It is difficult to reduce these four equations in four
unknowns to a single equation in one unknown and then to
solve the resulting equation. This is because decreasing
the number of equation will increase the order of the
differential equation. Therefore, we will USe a different
approach to solve these four equations, FEach of the

four equations (4.14) to (4.17) contains only three of the
four unknowns, Combining these four equations, we can
obtain another set of four equations each of which

contains all the four unknowns. The equations are .

{[(E+Vo)2 - 8% [(E+1)? - 42 ) + paar (& V)2 (G + T
(-1) -
(& - ZH}eT () - a2 <2J+l>2<E+v 2 + B
(& + 22 ) 4 2 )(E+vo)<- + ——)(d - Lohyp(-1) (1)

L

+ i () (& 4 22 4 22)p )

(4.18)
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{[(E+Vo)2 - AZ][(E.H[O)Z - MZ] + u(J'l'l )(E“'Vo) ( J.|.1

=)
(g_r - %:i)}zvf'l)(r) + ﬁ-l‘n‘?;:ll)ﬁ(mvo)?(d + Eﬂ)

(& + TV () + ey ) (& + 2 L Ip(-D) g,
1
2

- TN " wmevy) (G + 22y (G + L2920 (1) -

(4.19)

{[<E+vo)2 - 8] [(B4,)2 - 2 J+ b (57r) (B+y) 2 (S - g)

1

(& + 22, }F,(,l)(r) - “(Jgﬁ” (E+Vp) <_-->(§,-‘T_;1>F§:1%r)
1
2
+ imlq‘* 3(J+1) i(E+Vp) (3 - D (& - J'l)F( V()
J+2

+ o) (G - D+ My 20, (w20

{[(E-wo)z - A% ][(E+vo)2 - MZ] + z-f]*.{.r(mvo) - J*Z)} 71 Xr)
1

+ 1l2gm) - )2 - D - el )

1

ENEIET: S LA, M- - (s - D (r)

* e G - Dide + 22y 20 )
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In the four equations (4,18) to (4,21), there are four
different differential operators which possess special

properties that we can use to simplify the equations,

We define

Ay

e + 0 e - 1

2d J(J=1
*fa?"‘-r)',

r

L]
B
[\

b = e+ g+ 5

2
=4 425434 , J(J+2)

ar? r ar 2 °
= (d - Jdycd J+2
=42 24 _ (J+2)(J+l)

Ay = (35 7 (G5 iFl)

2
< 4 2J-1 4, (J-1)(J+1)
"a? " r art 2

r

and £(x) = (E+Vp)%- ¥2,
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Eqs. (4,18) to (4,21) can be rewritten in terms of A; to

Ay, and £(x),
3

1
Lp(.}-i-:l.)mr‘}*_V Ay F('l)(r) + ﬂ%ﬂﬁa(gwomz?sl)(r) =0,

[f(A)f(M) + HIH) (Beyy )2A1]F("1)(r) + ﬂ'!é%'%)-L—(E+VO)2A2F( 1)

1
+ L (mey A P (p) - M) 2 piy 0 F(l)(r) =0, (4.22)
PAEIR 01 + 02 .

2
[f(A)f(M) + %(EWO)Z%]FS)(M - ﬂ%ﬁ-l-)_)—('ﬁwo)zﬁ\uﬂ(;lzr)

L b g 2
2J+1

(1)

(B IAE™ (r) + ZRipH(E+Y, )/ABF( Yz) =0,

BSOS z‘}.—'{-l-(Ewo)zAB]FSlzr) + —(-J-‘i‘::—L-)-)—(1~:+v0 20,78 ()

2341
1
- HIEIN g e (o) 4 BFEaEgap @) =

The special properties of the four operators Aj—~A,

are discussed here.

2 -
Ayigy(kr) = Q= + 2z - .{Lizy.) 55y (K2)

= -szJ_l(Kr), (4.23)
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2
. Y | ‘J+12SJ+2)
= "szJ-t-l(Kr) . (4.24)

Since a-!+13,((’) = e 3!_.(9). we have

1 J+2, d gt
%?[F%F(? S741(0) )] =7 (¢ JJ(Q)]
= 10005 (Ba25)
but
J+2 . _ -1, Ja .
?[ (6755, (00 = 3(a#2)e™ L5, (p) + (2043)p Teizerle)
J+1_i:
+ @ d? ((:), (4.26)

From (4.25) and (4.26), we have

2
LA” L 2J+ .
(& e P3 g? ’ ﬂiet%l)%ﬂ(f’) = dgaafe)

Putting ¢ = Kr, we obtain

2J+
+ + ﬂéﬁ%l] J41(Kr) = K23J 1 (Kr),

Lo Y
(=70 [ )
H“Jm
,%i

or Mgy (Kr) = K¥j  (kr), (4.27)
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Again, since aﬁ-e 3(9) = ‘Q—lj);-i-l(?)’ we have

%3[%%"? jJ-l(?)] JJ.J+1(f')' (4.28)
but
%?[:%P-JHJJ 1(?)]
-Jd2 . -J=lq .
= a‘e'ZJJ_l(e) + (-2J+1)p" Teig-1 ()

-J=2,

+ (J-1)(J+1)p JJ_l(p) (4.29)

Therefore, from (4.28) and (4.29), we have

2 .
d 2J-1 J=1)(J+1),. =
(47 - e 53 + { (),.g ))JJ-l(P) = Jgafle),
Putting ¢ = Kr, we obtain
2
[drz = ai‘.-i-.(J___zélﬂ).]jJ_l(Kr) = K%, (KT,

or Ayjg_q (Kr) = K2 (Kr) (%.30)

We are going to make use of (4,23), (4,24), (4.27) and (4.30)
for the solution of Egqs,., (4.22), We assume that the solution
of Eqs. (4.22) is given by
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pEH () = a,35, (ke)

-1)
Ff L (r) = A_jJ_l(Kr) ’
(4.31)
PP () = 43, (0,
P (r) = B_j ,, (kr),

where At and By are constanis to be evaluated.
Substituting (4.31) into Eqs. (4.22) and using (4.23),
(4.24), (4.27) and (4.30), we have four equations for the
constants A4 and Bi" The equations can be written in the

following matrix form

‘
A 4 %
(m_ﬂ (F-Wa)l ~HTE0) M(E+YL) -&[TU’“’]/ (€t Vo) B3G+0] MLE+YS)
1T+

k4 ¢ 2T+ 2741

)
""_"'J M (E+V,) *(%(M’._ 43+ (e *ch M\N (E+ Vo)‘
254\ K* 23+ 1T+

¥, X
"'q'!'.T(TH)I EEW,) k-] I(rﬂ)]y M{E+V,) ﬂMj(H ) H(T+) (Eﬂo)‘
27+ 34| K* 2741

‘i-{'l(!h)]'/'(e +\(°)\'
I+

=4I M(E+V.)
234

27+

i(%—m—"ﬁmew.) U eavy = HUE0 M (e +y)
27+ LT

Kt 1]+

fovhe_ B3 (eeva |

y
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For nontrivial solutions, the determinant of the matrix must

be zero. This allows us to evaluate K. Evaluating the

determinant and putting it equal to zero gives

k© = £(A) (M
b(E+vg)© °

Substituting the value of K% into (4.32), the equations
for Ay and Bt are

r v L
R0 R4y =R 1 (B+V) 240 ey BE00)*y ery,) ) A, )
2341 ' 234 £ 1 231" *
% A
LT H&E*V.) 1% 4 SE*\‘.)” ~‘i-(3U*”]n(G.-W.) M \E'\'Vo)‘ A‘
2T+ 23+ 23+ LY
oo Y, |
i EACALL) RUTSTR11 (0 30 WU SO S > N €T T SN MLERW) B,
l‘- ‘/\ Y\ 2 "
~4 0 heeryy  HOIU) (etvi) SHOt) miety)  HU) (ExW) 6.
| un 231 (AR et I\

The first and third equations are equivalent and so are

the second and the fourth. So we have only two independent

equations
% %
(B+Vo)(A, - (58p)%B,) - M(A_ - (¥p)7B.) = o,

(E+Vg)(A_ + (.‘I;.;i)ﬁs_) - M(a, + (i}-l-)23+)= 0.
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Eqs. (4.33) are the two conditions on the four constants
A, and B,. We need one more condition, so that there is only
o;e arbigrary constant for the wave function. This last
condition can be found as follows., From (4.11) and

(4.31) we have

Xt¢ = Ath-l(Kr')inée'@ * Bth+l(gr)?m..(‘e $)
so that
X = 3a + 405 Ke)Y (o)

+ %(B+ + B_)JJ+1(KP)21H&B,¢). (4.34)
3& is the largest component of the wave function and
will remain in the non-relativistic limit, The state
is named after')z. The orbital angular momentum L of Y
is either J-1 or J+1 and cannot be é mixture of both,
Therefore, from (4,34), we have either B, = -B_ or
A, = -A_, corresponding to L = J-1 and L = J+1 respectively.
For the case of B, = -B_, (4.33) can be solved
to give
_ (L) (E+V)) + am

Ae = FTEFVGY F (TFDImA+

1
g = (J(3+1)2 (B+vp-m)
- J(E+VG) + (@M T .

and
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Other components of the wave function G, (r) and Hy(r) can

be solved from the last four equations of (4.13).

We use the

following properties of the spherical Bessel Functions:

d 1ys = J-1 ¢ =(J-1),
(G5 - D) = &gl S
= -JJ(e)’
or (%? - £=1) 551 (Kr) = =Kj;(Kr),
a_ . _ -J-2q I,
G+ J§Z)JJ+1(9) e g JJ+1(9)
= 3;(e),
or (8- + LBy, (kr) = K (kr),
We assume Gt(r) = C+jJ(Kr),
and Hy(r) = D j (kr),

(e)]

(4.35)

(4,36)

(4.37)

Substituting (4.37) into the last four equations of
(4,13) and using (4.35) and (4.36), we obtain
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- AC, = —2iK_, B, -t
(B4+70)C. - ACy = = ((J-i-l)-A_ ?,)

(E+V0)D+ -AD_= '("Z%ET)';(J%A.’. + (J"'l)%B...) ’
(E+'fo)c+ =AC_ ’

(E+Vy)D_ = DDy,

from which we find

E+V, 21K(J+1)%(2J+1)%(E+V0)2
C. =3 C+*= Z_ 2\ (R - A+
((E+V0 )< - R) (I (E+Vo ) +(T+L)M)
E+V, 2K (J(J+1)) %(E-wo)z
D, = =% ~=((E+V)2 Z " Ay,
0)°-A )(J(E Vo )+ (J+1)M)
so that the complete wave function is
il (2J+1) (E+V,+M)
K= A ZTGFIIN + J(E+Ty)) JJ-1(KI')Y (0:9),
< (J(J+l)) 2 (E+Vo-M) -
P = Ay J(J:.+vo) + (J+L)N 3J+1(Kr)%,,,,(,°'4’)
M- (E+VO) -
* Ay srmgr v (orTm J-L (Y, (09),
- iK(IHL)F(20+2) B (E+V,) =
- ( ) 0 3 (Kr)YnH(G,‘#’),

MTEFGoD) (3 (E+Vp) +(J+1)m)

(4.38)
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-1K(J+1)%(2J+1)%(E+vo)

n = A TEF*R) (3 (E+Vg) + (J+17M)5J(Kr)xhu(°?¢) ’

%=

n =

K (J(3+1)) ¥ (E+v,)

A+(E+vo-A)(J(E+vo)+ (3+1)m)°

-K(J(J+1YE (E+V,)

A+(E+V0+A)(J(E+VO)+(J+1)M)

7 (Kr)¥gu(0,$) ,

3 (K0)Y (0 8) |

For the case of Ay =.-A_, Eqs. (4.33) and (4.38)

give

B+ =

J(E+vo) + (J+1)M
= [0 E(Ervp-)

(J+1) (E+Vy) + JM
(J(J+L)) Z (E+V=M) Ay

E+v, | -2iK(20+1)* (B+v,

)2

1
E+Vp _ 2K(J+L)Z(E+Vy)

- (J+l)5(E+vo-M)f(A) Ay '

2

5 OF (3(23+1)) 2 (E+Vo=M)£ (A)

o+

go that the complete wave function is

-

x

-G-l

T 2(3(3+1)) % (E+Vp-Ht)

AL (23+1)( E+VyM)

I K0, (09

E+Vo -M

= Al 1(Kr)Y (e,? ) +Am

i
1K(2J+1)2(E+V0)

(J+1)%(E+VO-M)(E+VO-A)

2(J(J+l)) (E+Vo=M)

PRYCOTACRO)

i (k) Yy (004) |
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= 1K(2J+l)%(E+VO)
*(3+1)2 (B4vy-4) (E+V,+8)

jJ(Kr)-;JJm(el¢),

K(3+1)%(E+v,)

AT (23+1)) 2 (B+V,,=M) (C+Vg-2) g Ke)Ygam(e.t),

K(J+1)§(E+Vo)
n= A o
*+(J(2J+1)) 2 (E+V=M) (E+Vy+D)

55 (K0) Y (e,8).

The wave functions which we obtained for the two éases
of L = J¥1 are solutions of the wave equation inside the
square well, Outside the well, the solutions will consist of

spherical Hankel functions instead of spherical Bessel function.

Por VO > M, the value of K2 is positive inside the well but

negative outside if E2 > A?". go that the solution for X

outside the well is

- 2J41) (E -
X = BI(F-?TML h.(yf])_(i“r)l;r_w(q@-?) for L = J-1,

u2-E2) (E2-42)
LE< .

where « = JI (

The energy levels can be obtained by matching the largest
components of the solutions inside and outside the well at

the boundary, For states with L = Jil, the condition is

K34 (K2) _i,mg{'(ixa)

RO nD (k@) - (4.39)
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This condition is the same as for two spin-0 particles,
indicating that the energy levels for a square well poten-
tial depends only on L and do not depend on the spin of
the particles. 1In fact, (4.39) has the same form as
non-relativistic particles,except in the present case, the
K and < are all different from the non-relativistic
theory.
C. The L' Singlet Solutions

In this section we consider the L% singlet
solution to Eqs, (#.10), We assume L to be even. The
case of odd L can be treated in similar manner. The state is
named by the large components'f and X+ PFor L¥ scalar
solution, we have

-

X=0 and X=g/(r)¥u(6,$),

Since X, X »$ and ¢ are of the same parity, which is

opposite to that of ?:, € nand n» the components of the

wave function can be written in the following way1

Xt ‘# = f+(r)¥Lm(eo<‘>) ’
SR = g ()F, (o) + SN 0E(049)

i (4o40)
T =0,

led) =0,

¢ = f+(r)Y
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That £= 0 = C-E = 0 can be seen from the sixth, eighth and
the first equations of (4.10)., Putting (4.40) into
(4.10), we obtain | -

(B-N&il(r) -agtt(r) = i - e ),

(E-Vg ]t (r) -ag7 (r) =wzrp P + Bhyr (),

(B-V)£,(r) - ME_(r) = 2833 (L + B2)g 7 (r)
20t ¥ - b,

(E-V)gtl(r) =4 gil(r),
(4.,41)

(E-V)g:l(r) =A g;l (r),

(E-V)f_(r) = Mf (r),

where we have used the properties of the vector spherical
harmonics., From Eqs. (4.41) we can obtain after some
calculation a single equation for £ (r)
5 5 av
[.CI_. +(§+(E-VL2+AA a-f)g-+
T (E-V)* - a° EV/dr

dr?
- L) | £,00) = 0, | (b.42)
r

2
((E-v)z- Mz)((E-v)z- A )
4 (E-V)*“
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Eq. (4.42) is the singlet two spin-3 particle wave equation
for the radial wave function £ (r)., Except for the third
term, it is identical with the corresponding equation

for two spin-0 particles., For square well potential, %glﬂ,so
Eq. (4.42) reduces to an equation exactly the same as
Egs. (3.13) and (3,15) for two spin-0 particles. These
results are consistent because the scalar solutions
correspond to states with total spin zero. For two

2
particles of equal mass with Coulomb potential V(r) = -%-.

Eq. (4.42) vecomes

22 E + 23 -
[:_::z+%(2+;{-—ej—)g?+( rE) u -Li_;'i%l]f_,,(r)=o.
' (4.43)
This equation differs from Eq. (3;17) only by the sign of
62
the term —L 2 = % - ——l——z « For a system of an electron

E+ 2 » r+ g
and a positron'§-<<lo'}3 = radius of electron. If we
neglect ﬁzcompared with r, then Eq. (4.43) is the same as
Eq. (3.19).

Because of the presence of the third term in
Eq. (4.42), exact solution is difficult to obtain for most
potentials Vexcept a square well, However, we can still

discuss some characteristics of this equation by looking

at solutions asymphotically., We consider a harmonic
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potential of the form V(r) = 3kr?, Examining the solutions
at r —00, Eq. (4.42) yields

(d2+%

We let the leading term of the solution be rSexp(-xrt)

)2, (r) = (4. 4ls)

[

with s ®and t to be determined. The leading term

ath s+2t-2

of —;g(r eXp(-drt) is exp(-drt). Therefore,

comparing the leading terms, we have

2.5+

2t~ r
o@tzrs v 2exp(-«rt) = - klé exp(-drt) .

which implies that t = 3 and o= +i12<. This leads to an
unbounded, oscillating solution at r-—>-2 and resembles
the Klein Paradox of the single spin-% particle., For

the region r — 0, Eq. (4.42) becomes

[dz .24 . EZ-MZ)(EZ-Az) - LI e (p) =
ar? AT YE rZ Tt
which 1s the same equation for no potential, We cannot

find the exact solution for general r.



CHAPTER V

TWO SPIN-ONE PARTICLES

A, ¥Yave Equation for Single Spin-one Particle

There are several wave equations describing a single
spin-one particle. They are all equivalent when the
potential is put to be zero. The spin-l Hamiltonian
equation which we mentioned in Chapter I is difficult to
handle, Instead of using it, we choose weinberg's(17)
equation which is a generalization of Dirac's spin-%

equation. Weinberg's equation is
(5,7, Yoy + 0)Y = 0. (5.1)

The wave function Y is a six-component column matrix;

p, is -id, and

o -s,.7
YMV:’ (502)
-s,, O ;

with S,, defined by

$;S; + 5,5, = §

515 7 Pi®3 T %37y T %15
Spy = -1

9 71
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where the S1 are the 3x3 spin one matrices., We use the
same matrix representation as Sankaranarayanan and Good(ls)
for ¥, . '

The Greens function for Eq. (5.1) satisfies the equation

(P%, P! Y,y + BO)G(x*,x) = 1§(x"~x)

and can be expressed as an integral

(5,p, Y., - m)exp(-1E(t'-t))
2m®

6(x*x) = =i [ a%p exp(i. (v

- 1

where we use the fact that (R“E,XM,)Z = pu.

There are four singularities along the line of integration.
We displace them an infinitesimal distance below the real
axis. So the contour of the E integration is the same

as in Figure I. The two poles E = -]32 + m® correspond

to particles with real mass, whereas the other two poles
E=*% 52 - m? correspond to particles with imaginary mass
(tachyons), For our purpose, we consider only particles
with real masses, Therefore, we drop the two poles

E = t}iz - m°, Thus the Green's function becomes

(p.p, Y.» -m?) exp(~1E(%" ~t)

. _ H 3 o .a.'-\
(17)

which is similar to the one obtained by Weinberg, After
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evaluating the E integral, it can be shown that

. = 3 S ('
t?.i?tl"'G(x ' X) = m‘(d pexp(ip.(x x»Pj.YM

Yuibi&x -x) (5.4)

where from (5.2) and (5.3)
0 S.

B, Wave Equation for Two Spin-one Particles

To obtain a wave equation for spin-1 particles, we

start with the B-S integral equation and follow the same
formalism as (1l-A) and (1-C). In (1-A), the single

particle wave equation is of Hamiltonian type and contains
only a first order time derivative. In (1-C), the single
particle wave equation contains a second order time derivative.
In this section, the single particle wave equation (5.1)
contains both first and second order time derivatives,

Our formalism works for all these cases. Applying the

operator (P‘fAI)PSl)X(:;) + mi) to the B-S integral equation
with instantaneous interaction, we obtain

1 : L t2=t
(' Py + my W xpoxy) =§Gz(xz"‘é)V("l'xé){l)(xl"é‘z')é%‘
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We take limit of the above equation as té—’tI. Using

(5.4) we have

(Ve )+ g Wty )

= ;15)’&)3?) (vGEl,SEZ )\P(';El,tl,?cz.tl)). (5.5)

- D>
For steady state solutions,‘P(xl,x2)=q{xl,xz)exp(-i(Elt1+E2t2)),

Eq. (5.5) becomes (p(l) (1)y(l)+m1)$le,x2)

= _ 1 y(2)h(2) > W 3 (1)

= -;z'x d4 (V(xl,xzﬁy(xl,xz)) with p~'= 1E)
2 .

Another equation can be obtained by operating on the

B-S equation with (p(2) £2)‘if)+ m(z)). Adding the two

equations, we have the wave equation for two spin-1

particles, symbolically,

(1) _(1),(1) | (2) (2)._(2) 2 —
(p Pu Py Y (l) Py Yy ¥ m(Z))W(xl’xz)
(1) (1) (2).(2)
X B - - - -
- + X ~ )(V(xl,xz)%ﬂxl,xz)). (5.6)

"(1) T(2)
C. Iwo Spin-one Particles with Square Well Interaction

For single spin-one particles, the wave function

is ‘~P =($);
where X and.¢ have three components and are related to

spinors in the following way:
XKp=Xii » Xy = 23 s X3 =K33 »

4;1 =4>11 , 4)2 15‘1912 , 4>3 =¢22 .
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For two spin-l particles, the wave function can be written

Xl X;_ Xl 431_
a

as

¢l Xg. 4’11:’2
= [ XM ] (5.7)
Tt ¢

Using (5.7)y (5.2) and (5.3), Eqs. (5.6) reduce to the

following four equations

1 (1) 2)_(2). 1 2 2490
( ) (Av)lxg ( ) y ( v lum (ml) ‘Z)X

(

-—

S
= (-1)(——%—(-1—))(@) - 1(4_12._4

mR

2 {0 s, ) - pl?) ‘2’§<sw + (ol

M

{m
@ * 5y

~

-1<—-§-l> ™ + 1 B 35

T1) sw M(a)

(1) (1) wm (2) (2) e 2 2 . im
« P, (b ) 4’ X Sy hep * (m(l) + m(z))’L

wh (vh) ¥ =~
= -1(——%—5} V<f> ) + 1(2@3‘_&1_2(.).) (S),
1l) w

2) 1
-P(”r(l)<sw>h>(“"‘- @, C 6t (st + () +me, )5

Pu Py MY am (2)

(V+) w =
i(-—?g_l) (kam) - i(v_(&l'wc——) '(S)nm
ML) @)
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These four equations can be rearranged in the following

way to give
2 2 Am (1) (1) + S"@l) xm
(W) *52))X - (7R, (5,0 -1 (1) .5
2 2) 4 g-V fw
@@ 1—-2—m§2v>mn =0,
2 L 1) (1) nm
wFay * 1" - 6D, i
~ 5. tw (5.8)
- 2) (2) . (2) =
(Pi )pv suv + 1 m2(2) V)nﬂl~§ ’
2 2 otm (1) (1) +  SVgy o ogwm
(m(l) + M(z))n - (pM y SMV - i_T_m(l)V)lk(F
~ -§ov lk
-(p(i)p(f)sw + i_E%V’“mX =0
3
2 2 % (1) (1) 1) nm
( (l) * m(Z)).g " - (p}* PV SMV ti m(l)V)LuX

We consider the case of two particles of equal mass,
E

80 that m(l) = m(z) = m and El = hz = 5 « In the CM frame,

we have

1) (1)
p;f )pi = p§2)p§2)= -Vi

and

iy = V% v Vi) = Y%,
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where x is the relative coordinate. For the above case,

Eqs. (5.8) become

2 d.S
2m2 n (-bibj(sij) - Eai(siu) - %-SMF = 1‘:}2‘?v)lk.§nm

2 . Ss ]
-(-aiaj(sij) - Ed(8,,) - '{%—SM - i%fv)m =0 .

2 S
2nP'™ - (-33335(S, ;) + Ed;(S;,) = Sy, + 1%71V)L:\”“

W

2 d.S L
| E

2, m E2 ) Si nn
2T - (4338, ) - By (5,,) - Fsyy - 1=t ¢
(5.9)
2 2.5 w

2n®g™ - (=3,3,(s, ) + EJ,S £ 2 X"
5 1%5(813) * B8y - 5(Syy) + 1)

2

:5; In
- - - - E - -
(-3;38,; = Ed S, - =5, = im7V), ¢ =0,

i 714
We define two operators B1 and B2 as

_ 2 , B 3,5, .5;(d;V)
By = znZ(-3,3,(S4) - E(5,) - 55, - vl - i),

L B2 3: S 5, (3; V)
By = 5pp(-31d5(8y5) + B (5y,) - fsyy + 4wt o 1),
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In terms of the operators B, and B,, Eqs. (5.9) become

le - (Bl)l‘\.g'lﬂ.m - (Bl),\mnlk-
w
q)lm - (Bz)lk’lnm - (Bz)nm.g =0
(5.10)
Lm nm Lu_ .
TR =) &7 - (B, X =0,
glm _ (Bz)lk,xnm ) (Bl)nm?b;- o

The two operators B; and 32 can be separated into

symmetric and antisymmetric parts, Let

U X
Bg = 5.2 (=32 §(515) - lp_suu)
and

. 1 171
a = 2 B(Syy) + 1V i),

o)
!

Then Bl and B2 can be written as
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The different components of the wave functions 'X,<P ,E
and N can be separated into symmetric and antisymmetric

parts, for example

L
lm____}lm ~'_}m
2

im ni
im _ -
X, = K——ZL ,
so that
Im _  m im
X =Xs *Xa -
Making use of the fact that B, and }32 are the difference
and the sum of symmetric and antisymmetric operators, we
can simplify (5.10) by taking the trace of the first two
equations, that is, we put L =m, Since the trace of the

matrix product of two tensors matrices is zero, if one is

symmetric and the other is antisymmetric, we have

{1 wl wi | O I
X- (8g), B *(B,) %, - (Bsm s +(BY M, =0,
and
Lw

4}1 1uk nl tw
- B M - W - ) B (3 B =0

Subtracting and adding these two equations, we obtain

(XM= ¢™) + 22r(8,5) + 2Tr(B,n) = 0
and (5.11)
( X+ ¢ - 2mr(B %) - 2Tr(B M) =0
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We can compute Tr(BAEh), Tr(BAnA), Tr(BsE%) and Tr(BsHs)
from the third and fourth equations of (5.10)

Tr(B,%,) = Ir(8,B,K) + Tr(3;5,$),

Tr(B,n,) = Tr(B,5,0) + Tr(B,B,X),

12
Tr(B ") = Tr(BsBJf#) + Tr(B,B.X) , (5:12)
Tr(Bg3,) = Tr(ByB $) + Tr(B;B,X) ,

Substituting (5.12) into (5.11), we obtain
)
¢u) + 2(1r(8,BX) + Tr(B,B,X) + Tr(B,B,P) + Tr(B18,$))

=0,
and

( Xl1+ ¢Jl) - 2(Tr(BsBzx) + Tr(BzBQX) + Tr(BstP) + Tr(BlBS¢))

=0 . | (5013)

Before we simplify Eqs. (5.13), we discuss some properties of

the operators BS. BA' Bl

properties of the wave functions, It can be easily shown

and B2 and the transformation

that
+ = -
B,B, + B, A = BB, + BBy 2B,B,
BB, + B, B. =B B_+ BB + 2B.B (5.14)
872 2% 7 Tp’s s”A ss
BgBy + ByB, = =(ByBg + BgB,) + 2B_B_ ’
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and
Tr((B,B, + BB, )p.) = 0,

(5.15)
Tr(ByB,$,) = Tr(BgBgPy) = 0
where 4>S and CP A are symmetric and antisymmetric respectively.
For the transformation properties of the wave function, we
note that the single particle wave function can be expressed

as spinors in the following way: i

Xl = Xiis
Xz =& Xii,
X3 = Xa3.
0 1
The spinors can be raised by the raising operator i0; =
-1 0
so that
1 _ 411
K™ =X" = Xéz = X3 ’
2 12
X = ‘42 = =j2X,. = =
K = -tk ==X,
3_+22 _y .
X =X _Xil X1,
or
[ %2 (0 0 1y(Xy
? -
X 0 =10 [|X,
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We define gm such that

L m
X=¢8 k>
where
m _ _[°©° 1
g glm 0 -1 O
1l o 0 ].

The scalar part of the wave function is given by

m A

Now the tensor wave function sz can be separated into
three partsi- symmetric traceless, antisymmetric and scalar

parts in the following way

Am ms
le=(k ;X llmx)+(x )+;g1m)(x°

m ml
The symmetric traceless part, )-&——;-l(—— --%gmx’t,\, which has

five components represents a particle of spin two, The
antisymmetric part Xﬁn——x—— which has three components
represents a particle of spin one and the scalar lgmx '
represents a particle of spin zero,

From Eq. (5.9), it can be seen that the four com~
ponents of the wave functionX, <f> » N and ¢ are the same

order of magnitude in units of the velocity v. Therefore,
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there is no large or small component. The state of the system
of two particles can be represented in the non-relativistic
limit by any one of the four components. We choose X to
represent the state, Now we want to consider the simplest
state of the system, namely the spin-0 state. PFor such a state,
x.lm is taken to be %.;gxm)(lj,k or g’lmi where )—(= %Xlr Using
(5.1%4) and (5.15), we have

Tr(B,B,X) + Tr(B,B,X) = 2Tr(B,B,e)X ,
and

Tr(B_B,X) + Tr(BB X) = 2Tr(3.Bge)X ,
so that Eqs. (5.13) reduce to

-(X +4>u) + 2(2Tr(BABAg)} + Tr(BABﬂ’)*‘ Tr(B1By$)) =0,

and
(-X+¢'")  2(21r(3Be) X + Tr(B_BP) + Tr(ByBh)) = 0.
(5.16)

From Eqs. (5.10), it can be seen that the four components
of the wave function are grouped into pairs. That is,

le, cF"m appear in pairs; so are §Xm and 1*™®, Egs. (5.16)

contain both X!m and xm. le has already been used

to specify the state., The remaining ¢&m can take one of
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the three possibilities

tm  omb - y: A
(1) symmetric traceless L—;L - gxm where $ = %4’ |

im _ 4mi
(2) antisymmetric i—é—L ’

(3) scalar g2m$ .

1 -
We consider the simplest case, We assume 4> =g mCP
so that

Tr(ByB;$) + Tr(B; B,$) -2Tr(BABAg)<T>,

and
Tr(B B $) + Tr(BgBd) = 2Ir(B.Bee)d.

Eq., (5.16) becomes

[}
o

(X -$) - 1rr(ByBae) (X -$) = 0,
and (5017)
(X+$) + 4‘1‘r(BSBSg)(')-(+$) 0, |

which can be simplified after we compute Tr(B,Bag) and
Tr(BgyBgg) :

= ha((E + L35, + @S, 0M),

or 0 "
(BA)jk -—z((E + )a + ) i,]k
where we use (si)jk = '1€ijk .
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In matrix form,

| '- (V) V)
f 0 (E+-‘;)A + :2 -(E+-2)b --3:2—
v (d V)
B =1 | _(E+V)) -=2 0 (E+ )a+"
N ( 2792772 ne me
(3. V) (b V)
—— (E+-2)3 +—12- -<E+.,.)z —T 0

With the matrix represnetation of (si)Jk 161j

be shown that the metric P becomes the identity 613‘

K’ it can

Thus
Tr(B,B,g) = (ByBy)yy

(d_V) (3, V)
-1 \' x 742 Vv 2
=3 | ((E+= )3 +—Zo) +((E+—)0 +JT)
2m.[ m x m m y m

\'4 (BZV) 2
+((E+ )0 +—2) ]
;2 2 m *
For constant potential, V = VO’

\'A
Tr(B,B,g) = = (E+—g)2v2 ‘ (5.18)
m m
Next we compute Tr(BSBSg),

_ E?
B (b 5(5y4) + FSy),

8 2m
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In matrix form, we have

4 3
2 2 2 2
Ry, 2y 2) 3,
1 22 2 2
BS ;'? Zaxby n—-ax"'ay- Bz 23ybz ’
233 233 E° 32 2,2

k J z e

/

Tr(BgBgg) = (BgBg)is .

Using the above matrix of Bs’ it can be shown that

2 2
Tr(3Bee) = 2503(v*)? - S (v - 0. (5.19)
With (5.18) and (5.19), Zgs. (5.17) become
Vou2.2 . M3 I
(2(E + 2)%¢° +n N(X-9) =0,
m
and
2.2 EZ,2 3E° N S
(3(v°)“ - -E'(V - —8—) +m )(X‘*"]"’) = 0.

which are the equations describing two scalar spin-l

particles with a constant potential Vb.



CHAPTER VI

CONCLUSION

A wave equation for two particles of arbitrary spin
was derived using the B-S integral equation with an arbitrary
instantaneous interaction. The equation contains the sum of
Hamiltonians for the two particles, and has the same form as
the Breit equation which was set up for two spin-half parti-
cles. The two-particle wave equation was derived again
using field theory. The advantages of this equation are that
it contains a single time variable and that it is of Hamil-
tonian form. Moreover, when the interaction is set to be
zero, the solution of the equation is just the product of
two free particle wave function with no extra solutions.

It also reduces to the two-particle Schrodinger equation on
taking the non-relativistic limit. Applying the same
formalism to Klein-Gordon particles we can show the
connection between the B-S equation, the quasipotential
two-particle equation and the Bogolubov equation.

The wave function for two spin-zero particles in
the Hamiltonian formalism has four components. Simplifying

the wave equation for two spin-zero particles gives four equations

87
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for the four components of the wave function. The four
equations can be combined to yield a single equation for
one component., This equation holds for two particles of
unequal mass and arbitrary potential which is a function
of the magnitude of the relative position of the two
particles, For a square well interaction, the solutions
are the product of spherical Harmonics and spherical 3essel
functions. For Coulomb interaction, an approximate solution
was found and energy levels were determined, 1In the
expreésion for the energy levels, the first two terms are
identical with the corresponding terms for non-relativistic
particles, The third term gives a fine-structure energy
which is of order of e8. Our result, thus, gives the reason
why one can use the energy level formula of non-relativistic
hydrogen atom for a system of two pions and still obtain the
result which agrees with experiment.

For the system of two spin-one~half particles,
the wave function has sixteen components which can be
clagssified into four scalar components and four 3-vector
components., The wave equétion can be reduced to eight
equations containing both the scalar and 3-vector cgmponents.
For the triplet state solution with a square well interaction,
a single equation involving one unknown function is difficult

to obtain. Instead, we solve a system of four simultaneous
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equations, making use of the special properties of the
operators involved in the equations. The different
components of the wave functions were found to be the
product of vector Harmonics and spherical Bessel function,

but in this case, the order of the spherical Bessel
function is not the same for all the components. However,
the condition to detérmine the energy levels was found to be
the same as for the case of two spin-zero particles, indicating
that for a square well potential the energy is independent
of the total spin and depends only on the angular momentum L,
For the singlet state solution, it is possible to obtain a
single equation for one of the components of the wave function,
This equation resembles the one we has for two spin-zero
particles, The only difference is in the term involving the
potential V., However, the two equations are exactly
identical for the case of square well potential and for
the approximate equation for Coulomb potential, With a
spin independent interaction this is not hard to under-
stand because the singlet states of the system of two
spin-one~half particles have 2zero spin and should correspond
to a system of two spin-zero particles,

The wave function of a system of two spin-one

particles has thirty-six components which can be classified

into four second-order tensor functions. The wave equation
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can be separated into four tensor equations each of which
is, itself, a set of nine equations. Because of the
transformation properties of these tensor functions, the
metric is antidiagonal., It is only for the simplest state,
the scalar-scalar state, that we can reduce the complete
set of equation to two equations involving two unknown
functions. These two equations holds for arbitrary
interaction, and for square well interaction they can be

further simplified.



APPENDIX
DERIVATIVE OF THE STEP FUNCTION € (t)

€(t) can be shown to have the form
po N

€(t) = im (--5-,1-;-1-) S exp(-iwt) (w+i§%?w-167 dw. (1)

ad

The two poles are w = 11§

>
v

%

(a) Contour of integration (b) Contour of integration
for t > 0. for t < O,

[
v

For t > 0, the contour of integration is the lower semi-

circle (a) so that
- Lim (= L) (-2mi) (expl=i(=18))2(-18)y -
€(t) = Lim (= 5ir) (-2m1) (xpldlad )y =1.

For t £ 0, the contour of integration is the upper semi-

cirele (b) so that

d€(t) = 1im (- L1 w(-iW)(ZW)exp(-iwt)
dt kiT ( Znt) (w+if) (w=i§) dw

-0

=2§(t),
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