TWO ALGORITHMS FOR COMPUTING THE GENERAL COMPONENT
OF JET SCHEME AND APPLICATIONS

MARIO MORAN CAiON AND JULIEN SEBAG

ABSTRACT. Let k be a perfect field. Let X be an integral k-variety. Let m € N. In this article,
we study, from the theoretical and computational points of view, the component %, (X) of the
jet scheme %, (X) defined to be the Zariski closure of the set of truncated arcs with a regular
base-point. We prove that ¢,,(X) can be described from any smooth birational model of X.
When X is supposed to be affine embedded in A]kv, this description allows us to provide an
algorithm, valid in arbitrary characteristic, which computes a Grébner basis of a presentation
of % (X) in A;m-H)N from the datum of a given explicit smooth affine birational model of
X. Then, we show how to use the datum of a presentation of %,,(X) (in the suitable affine
space) to deduce algebraic and geometric properties in two contexts from the theoretical and
computational points of view. Firstly, we apply our main result to obtain bases for a class of
homogeneous differential operators logarithmic along plane curves in arbitrary characteristics.
Secondly, we introduce a motivic power series which encodes the geometry of all the %, (X)
and prove its rationality in the specific case of homogeneous plane curve singularities thanks
to our description of %, (X) via the normalization of X.

1. INTRODUCTION

1.1. Let k be a perfect field. Let X be a k-variety, i.e., a k-scheme of finite type. For every
element m € N U {oo}, one defines the jet scheme 2,,(X) of level m € N and the arc scheme
Yoo (X) associated with X by the functorial property

Homgen,, (Spec(A), £, (X)) = Homgen, (Spec(A[[T]]/(T™ 1)), X)

for every k-algebra A, and with the convention that A[[T]]/(T™*') = A[[T]] when m = co. When
m runs over N, the m-jet schemes together with the morphisms 67" v, induced by the projections
E[[T)N/{T™) — K[[T]]/{T™), with m > n, form a projective system of k-schemes whose limit
exists in Schy, and coincides with the arc scheme of X. We denote by 0,, x : Lo (X) = 2, (X)
the canonical morphism of k-schemes. Let us stress that 937 « canonically is the tangent bundle
defined from the tangent space Tx := .2 (X) = Spec(Qk/k) of X to X.

1.2. By [19], one knows that the topology of the jet schemes is related to the singularities of
X. Precisely, one has the following characterization:

Theorem ([19, Theorem 0.1]). Let k be an algebraically closed field of characteristic zero. Let
X be locally a complete intersection k-variety. The following assertions are equivalent:
(1) The variety X only has rational singularities.

(2) The schemes %, (X) are irreducible for every integer m > 1.

In the case of curves, the situation can be made more precise:
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Theorem ([15, Corollary 4.3], see also [19, Propositions 1.5, 4.12, Corollary 4.2]). Let k be a
perfect field. Let X be an integral k-curve. Then the following assertions are equivalent:
(1) The tangent space Tx is irreducible.

(2) The tangent space Tx is integral.
(8) The curve X is smooth over k.

One easily observes that 1) = 3) cannot be extended to higher dimensions in general.

1.3. Let m € N. If X is smooth over k, then the morphism 6"y is an affine bundle with fiber

A dim(X) (see [7, Ch. 3, Prop. 3.7.5]). Hence, if besides the k-variety X is assumed to be
integral, then the jet scheme %, (X) also is smooth and integral. In that case, the geometry and
the topology of jet schemes is well understood. For any integral k-variety X, the picture is more
complicated. One can observe that the Zariski closure of the open subset

(05'x) ™" (Reg(X)) = Zn(Reg(X))

provides an irreducible component of %, (X) with dimension (m + 1)dim(X); its existence is
guaranteed by the perfectness of the field & (see subsection 2.1). The possible other irreducible
components of %, (X) dominate Sing(X). In this article, we are interested in understanding this
general component of £, (X) defined to be the (unique) reduced closed subscheme of %, (X)

I (X) := (05x) " (Reg(X)) = Zn(Reg(X)).

By the former remark, we deduce that the scheme .Z,,(X) is irreducible if and only if .Z,,(X) =
%, (X). In particular the general component of jet scheme plays a role in different situations (see
sections 4, 8, 9) and obtaining methods to describe it from the theoretical and effective points
of view seems to us a challenging problem. If F' D k is a field extension, the F-points of ¢, (X)
hence correspond to the elements of .4, (X)(F), i.e., F-jets of level m, which are specializations
of m-jets with regular base points.

1.4. Let X be an integral k-variety. In section 3.1, we justify the following observation.

Theorem 1.5. Let k be a perfect field. Let m > 1 be an integer. Let X, X' be integral k-varieties.
We assume that X' is smooth over k. Let h : X' — X be a birational morphism. We denote by
hin + L (X)) = ZL0(X) the canonical morphism induced by h. Then, we have

ggm()() = em,X(goo(X) \foo(SIHg(X))) = hm(gm(X/))

In particular, if the arc scheme Lo (X) is irreducible, then the general component 4, (X) coin-
cides with the Zariski closure of the image of Loo(X) by O x -

Let us stress that such a morphism h always exists for every variety X. Indeed, let us
note that the inclusion Reg(X) «— X satisfies the required properties. In general, many other
smooth birational models do exist. E.g., normalizations for curves, resolutions of singularities...
Furthermore, if the characteristic of k is zero, then the Kolchin irreducibility theorem guarantees
that %5 (X) is irreducible (but not reduced in general) when X is assumed to be irreducible;
in particular, in this case, we always have the formula %,,(X) = 6., x(%x(X)). When the
characteristic of k is positive, as observed by Kolchin (see [13, IV/6/Exercise 3d)], [20, Remarque
1]), this property does not hold and, in general, there can exist irreducible components of 2, (X)
contained in %, (Sing(X)). However, if the dimension of X equals one, then, for any field k
(of arbitrary characteristic), the arc scheme % (X) remains irreducible (see [7, Ch. 3, Lemma
4.3.1)).
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1.6. In section 5, we provide two algorithms to compute a Grobner basis of the ideal defining
4, (X) as a closed subscheme of the corresponding affine space when X is an affine integral variety
defined over a perfect field of arbitrary characteristic. Algorithm 2, crucially based on theorem
1.5 and corollary 3.4, takes as input one smooth affine birational model of X. We also explain
how to extend to integral varieties of arbitrary dimensions defined over fields with arbitrary
characteristic the algorithm that Kpognon developed in his Ph.D. Thesis in the particular case
of curves in characteristic zero (see also [14, §3.9, §4]); this is algorithm 1. It is based on formula
(5.1). Somehow, algorithm 1 is a particular case of algorithm 2 where one chooses to consider any
nonempty affine open subscheme of Reg(X) as an affine smooth birational model of X; but the
algorithmic arguments are quite different. In practice, roughly speaking, algorithm 1 is based on
the computation of some fixed saturated ideals whereas algorithm 2 is based on the computation
of some more general kernels for which many choices exist.

1.7. In this end, we describe various situations where the understanding of the general com-
ponent of jet scheme plays an important role. In section 4, we explain how the datum of a
presentation of the ideal defining %,,(X) (for X an integral affine variety) can be interpreted as
a system of generators of the nilpotent regular functions on the associated arc scheme (which
only involve derivatives of order m). In section 8, we explain how the study of % (X), when
X = Spec(k[z1,z2]/(f)), can bring some information on homogeneous differential operators
logarithmic along f € k[z1, 2] in arbitrary characteristics (see theorem 8.4). In this way our
algorithms can provide system of generators of such objects. In section 9, we attach to the family
(9 (X)) men the zeta function Z5"(T) of the general components of the jet schemes defined to
be the following power series with coefficients in the Grothendieck ring of varieties Ko(Vary):

ZENT) = ) (G (X)T™ € Ko(Vary)[T7],

m>0

by analogy with the zeta functions of Denef and Loeser. Since the latter ones are rational power
series, we address the question to determine whether the zeta functions of the general components
also are rational. In the case of homogeneous plane curve singularities, we prove that this power
series is rational (see theorem 9.14) and state various observations. The article is organized as
follows:

’theorem 1.5 (introduction) ‘ ‘corollary 3.4 (section 3) ‘

(*)ﬂ H(M)

‘algorithm 2 (section 5) ‘ ’algorithm 1 (section 5) ‘
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2. NOTATIONS, CONVENTIONS

2.1.  In this article, we assume that the field k is perfect with an arbitrary characteristic. A
k-variety is a k-scheme of finite type. Because of the perfectness of the field k, every reduced
k-variety X is geometrically reduced, then Reg(X) is not empty or, equivalently, Sing(X) # X.
In particular %, (Reg(X)) is not empty for every m € N; hence, 4,,(X) is well-defined as an
irreducible component of %, (X).

2.2. Let k be a field and R be a k-algebra. A k-derivation on R is a morphism of k-modules
D : R — R which satisfies the Leibniz rule, i.e., for a,b € R we have D(ab) = aD(b) + bD(a).
We denote by Derg(R) the set of k-derivations on R, which is naturally an R-module with
multiplication defined by aD : b — a(D(b)) € R for a € R and D € Derg(R). The pair (R, D)
is a differential k-algebra. (Indeed, here, the field k is endowed with the trivial derivation.)
An ideal I C R is a differential ideal if and only if D(I) C I. Given S C R we denote by
[S] == <Di(5); seS,ie N> the differential ideal generated by S; it is the smallest differential
ideal of (R, D) containing S. The radical of [S] is denoted by {S} and it is also a differential
ideal of (R, D) if k is a field of characteristic 0. As usually, if S only contains the element a € R,
we will simply write [a] and {a} instead of [S] and {S}. An ideal I of R is called radical or
reduced if I = +/T. For n € N, m € N U {oo} let us note

Elzy, ... xn]m = k[(z:;);i € {1,...,n},j €{0,...,m}]
which is a k[zq,...,2,]-module via the identification of k[z1,...,z,]o and k[z1,...,z,]. The
pair (k[z1,...,%n]e0, A) is a differential k-algebra, with A defined by A(z; ;) = x;j4+1. In the
sequel, for m € NU{oco} we endow k[z1,...,%s]m with the weighted graded structure such that

Qg

n m
deg(z;,;) = j for every 1 <4 < n and every 0 < j < m. Hence a term of the form [] [] z;}
i=14=0

n m
has degree >~ > ja; ;.

i=15=0

2.3. Let m € N U {co}. For every polynomial f € k[zy,...,z,], there exists a unique fam-
ily (fs)o<s<m of polynomials in k[z1,...,2]m such that the following equality holds the ring
klxz1, ..., z0lm[t]:
F 2ot =2/ ((xi,»ogign) £ (mod "), (2.1)
§=0 , s=0 0=j<s
0<i<n
Let X be an affine k-variety such that O(X) = k[x1,...,x,]/I. We define the ideal I,,, of the
ring k[z1,...,2Zn]m to be
Ln:=(fs: fel, 0<s<m).
Then [3, Propositions 6.1.1 and 6.5.1] assure that
Zn(X) = Spec(k[z1, ..., Zn]m/Im)

(see loc. cit. for the relation of the family (fs)o<s<m with Hasse-Schmidt derivations). Let us
stress that, by [3, Corollaries 6.2.1 and 6.5.2], when the field k is of characteristic zero, £, (X)
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is also isomorphic to Spec(k[x1, ..., Zn|m/(A%(f) : f € 1,0 < s < m)). Indeed, one can easily
prove the formula

(s fs((wi3/51) = A*(f)
for every integer s € IN. Since in this work we consider the more general setting of perfect fields,

we will make use of the former presentation. Let us note that, regardless of the characteristic of
the base field, for f € k[z1,...,z,] we have fi =A(f); hence I; can be written as (f, A(f): f € I).

Definition 2.4. Let k be a perfect field. Let X be an integral k-variety. Let m € N. We denote
by A7, x the ideal subsheaf of O, (x) defining ¢, (X) as a closed subscheme of %, (X).

2.5. When X is an affine variety such that O(X) = k[z1,...,z,]/I, in an abuse of notation we
denote by A7, (X) the unique ideal of k[z1, . .., @s]m containing I,,, whose image via the canonical
quotient morphism is the ideal 47, x(X) of O(Z,(X)). It is a prime ideal since ¥,,(X) is
irreducible and reduced. The ideal .47, (X) has been studied for base-fields of characteristic zero,
when n =2 orm = 11in [14, 18, 24, 12, 23, 22] (see also [4, 5]). Let us also note that any element
of A1 (X) of degree one corresponds to a torsion Kéhler differential form (e.g., see [12, Corollary
4.7], [24, Lemma 2.5], or [23, Proposition 2.3]).

3. GENERAL COMPONENT AND SMOOTH BIRATIONAL MODELS

3.1. Let X’ be an integral smooth k-variety. Recall from [7, Ch. 3, Prop. 3.7.5] that, if U is
a nonempty open subset of X', then for every m € N U {oc} the morphism 6y, is an affine
bundle over U with an affine space as fiber. Hence .Z,,,(U) = (6"x,)~"(U) and it is an integral
dense open subscheme of %, (X").

3.2. Let U be an open subscheme of X. Let us observe that Reg(U) = Reg(X) N U and
Reg(U) is a dense open subset of Reg(X). From subsection 3.1, we deduce that %, (Reg(U)) :=
(05'x) " (Reg(U)) is still a dense open subset of 2, (Reg(X)) := (67'y) " (Reg(X)). Thus, we
conclude that ¥,,(X) coincides with the Zariski closure of ¢,,,(U) in .Z,,(X), i.e.,
7~ ELm
G(X) = G (0) .

More generally, analogous arguments imply that ¢, (X) coincides with the Zariski closure in
Zn(0) for every dense open subscheme O of X contained in Reg(X).

3.3. Let us prove theorem 1.5, we begin with the first equality. Let us observe that the (irre-
ducible) open subset 90_}((Reg(X)) is an open dense subset of L5 (X) \ Lo (Sing(X)) (e.g., see
[7, Ch. 3, Corollary 4.2.3]). Since 6y x = 00'x © O, x, we deduce that

Om.x (05 x (Reg(X))) = O x (07, x (05" )~  (Reg(X)))) C O, x (0,15 (0575 ) " (Reg(X))))

C (0g'x )~ " (Reg(X)). (3.1)
Hence, by formula (3.1)
Om. x (Zoo(X) \ Lo (Sing(X))) C ¥ (X)
for every integer m € N. By subsection 3.1 we conclude that, for every integer m € N,
Om.x (05 x (Reg(X))) = Oy Reg(x) (Lo (Reg(X))) = Zn (Reg(X)) C G (X).

Thus, the subset 0,, x(Zoo(X) \ Zoo(Sing(X))) contains a nonempty open subset of 4, (X).
Since the general component is irreducible, this open subset is dense in %,,,(X); hence, we have

Om.x (Loo(X) \ Zoo(Sing(X))) = G (X).
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Let us prove that 4, (X) = hy(Zn(X’)). The variety X being integral and h being birational,
we can find dense open subsets U C X and V C X’ such that & induces an isomorphism U = V.
In particular, the variety X’ being smooth, V also is and so is U, hence U C Reg(X). By
subsection 3.2 we deduce that ¥,,(X) = £, (U). Since h,, induces an isomorphism between
Zm(V) and %, (U), we deduce that 4,,(X) = hp (L (V).

Now, since the k-variety X’ is smooth, by subsection 3.1 the m-jet scheme %, (X’) is irre-
ducible and hence .%,,, (V) is a dense open subset of .%,,(X’). Then

Lm (X)

hin Zon(V)) € han(Zon(X7) = o (Zoa V)"

which concludes the proof.

Corollary 3.4. Let k be a perfect field and m > 1 be an integer. Let X, X' be integral k-varieties.
We assume that X' is smooth over k. Let h : X' — X be a birational morphism. We denote by
b+ Zm(X') = L (X) the induced morphism. Then %,,(X) is the scheme theoretic image of
ho, and

t/Vm,X = Ker(@gm(x) — (hm)*Of.m(X/))

Proof. Since the k-variety X’ is smooth, so is %, (X’) by subsection 3.1 ; it is in particular
reduced. Hence by [26, Tag 056B] the first assertion follows from theorem 1.5. Now the second
assertion is a consequence of [26, Tag 01R8] since the morphism h,, is quasi-compact. O

4. GENERAL COMPONENT AND NILPOTENCY

In this section, we explain the link between the general component of the jet scheme and the
nilpotency on the arc scheme.

4.1. Let k be a perfect field and X be an integral k-variety. We assume that the arc scheme
Zoo(X) is irreducible (this last condition is in particular satisfied if dim(X) = 1 or char(k) =
0). Then we deduce from theorem 1.5 that the ideal sheaf .47, x of O, (x) also defines
Om.x(Z(X)) as a closed subscheme of %, (X). In particular, if the k-variety X is affine
with O(X) = k[z1,...,2,]/I, then

N(X) ={I}NEk[z1, ..., 20]m

(recall that {I} is the radical of the ideal I, of k[x1,...,2Zn]e0). In this way, we can interpret
the elements of the ideal .4;,(X) as the polynomials in k[z1,...,%s]n which induce nilpotent
regular functions on £ (X).

4.2. In the spirit of Mustata’s result (see 1.2), the second author asks about the possible relation
between the reducedness of arc scheme and the existence of rational singularities in the case of
locally complete intersection integral varieties (see [14, Question 9.6]). This question can be
precised as follows:

Question 4.3 (Sebag). Let k be a field of characteristic zero. Let X be a lci integral k-variety.
Are the following assertions equivalent?

(1) The arc scheme Zno(X) is reduced.

(2) For every integer m € N, the jet scheme £,,(X) is irreducible.
(8) For every integer m € N, the jet scheme £, (X) is reduced.
(4) For every integer m € N, the jet scheme £,,(X) is integral.
(5) The k-variety X has rational singularities.
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By [19], one knows that the following properties hold true: (2) < (5), (2) = (3), (4) & (5), (2)
= (1), (5) = (1). Besides, [19, Question 4.10] raises the question about the validity of (3) = (2)
and [19, Proposition 4.12] proves it for m = 1. Obviously, one also has (4) = (2)-(3), (3) = (1)
and, formally, if (2) < (3) holds true, then (2) < (3) < (4) < (5) also holds true. To conclude,
the remaining open problem is to know whether (1) = (5) holds true (see [14]). This question
admits a positive answer in dimension one (see [19, Corollary 4.2] and [23, Corollary 1.8]). In
[23, Corollary 1.7], the second author has proved that, if £ (X) is reduced, the k-variety X
necessarily is normal. Thanks to subsection 1.2, the algebraic counterpart of question 4.3 can be
formulated as follows:

Question 4.4 (Sebag). Let k be a field of characteristic zero. Let X be a lci integral affine
k-variety. Are the following assertions equivalent?

(1) The k-algebra O(ZLs (X)) is reduced.

(2) For every integer m € N, we have Ny, (X) = /Tp,.

(3) For every integer m € N, we have L, = /T, .

(4) For every integer m € N, we have Np(X) = /I, = I,

Indeed, property (2) (resp. (3), (4)) means that £, (X) is irreducible (resp. reduced, integral)
for every integer m € N. Let us stress that one has /I, C {I} Nk[z1,...,Zn]m; the other
inclusion is the difficult point.

Example 4.5. Let k be a field of characteristic zero. Let us consider the polynomial f =
73 + 23 + a3 in the ring k[z1, 22, 23], and X the associated surface in A3. It is well-known
that this k-variety is a normal variety whose singularities are not rational. Let us also note
that its tangent space is reduced, as every normal hypersurface of an affine space, and that the
first (in order) nontrivial nilpotent function on % (X) appears as a function on % (X). The
algorithms we discuss in section 5 allow us to exhibit such regular functions on .4, (X). E.g., one
can consider the function induced by the polynomial g := %, Z20721730Z32 — T10T1173030T32 +
2302022173, —T10T112300%; — 2002022030031 — 1T T3, T30T 31 +T 10012230 T30T31 0T T3 T30T 31+
$10$11$20(E22.’L'§O + xloxux%lxgo — xmxuxmxmx%o — x%lmgoxglxgo which appears as an element
of a Groebner basis of 45(X). We observe that its weighted degree is 3 in the polynomial ring
k[z1,22,73]2. A computation realized with SageMath shows that g € (fy, f1, f2). Because of
its weighted degree, in order to see that the function induced by g in %5 (X) does not vanish it
suffices to show that it does not belong to (fo, f1, f2, f3) in k[z1, 2, x3]3, and again this fact can
be checked using SageMath. In particular, we deduce that the arc scheme associated with X is
not reduced.

5. ALGORITHMS FOR COMPUTING GENERAL COMPONENTS

Let k be a perfect field. In this section, we provide the pseudo-codes of two algorithms for
computing the ideal .47, (X) when X is affine. Let us stress that algorithm 2 is new and require
the datum of a smooth affine birational model of X. Algorithm 1 has been originally introduced
in the Ph.D. Thesis of Kpognon for the study of arc scheme associated with integral affine plane
curves in characteristic zero; we show here how to extend it to arbitrary integral varieties defined
over perfect fields of arbitrary characteristics. Let us note that the latter algorithm can also be
interpreted as a particular case of algorithm 2.

5.1. The following observation can also be deduced from [2, 3.2, 4.3]. We would like to thank
Bourqui and Haiech for pointing it out to us (see also [18, Lemma 3.7]). Let m € N. Let
k be a perfect field, X an integral affine k-variety such that O(X) = k[z1,...,2,]/I. Let
H € k[z1,...,2,] be a polynomial such that the associated closed subset V(H) contains Sing(X)
and H ¢ I. By subsection 2.1, such a polynomial H exists. In this way, we observe that the
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standard open subset D(H) := X \ V(H) C Reg(X) and is a nonempty irreducible open subset
of X. Similarly to the arguments used in subsection 8.1, we deduce

N(X) = (I, : H®). (5.1)

Such a formula can be interpreted as a kind of a general analog of the Rosenfeld lemma applied
for algebraic equations. The Rosenfeld lemma works for polynomial differential equations in the
context of Ritt-Kolchin’s differential algebra theory. (See [13, Section 9].)

5.2. Tt is well-known that the saturation (I, : H*) equals the elimination ideal of I, + (1 —
HT) C k[z1,...,%n)m[T] with respect to the variable T', which can be performed computationally
using Grébner bases (see [8, Ch. 3, §1, Theorem 2]). Hence A;,(X) can be computed using
algorithm 1. Let us stress that the hypothesis of the base field being perfect is necessary for the
choice of the element H belonging to the jacobian ideal of I, since this ideal can be computed
algorithmically and in this case it defines Sing(X).

Algorithm 1: Computation of .47,(X) for X an affine integral variety

Input : A - the polynomial ring k[z1,...,2,]; I - an ideal of A; m - a nonnegative
integer.

Output: the ideal A;,(X) of k[x1,...,%n]m.
compute the jacobian ideal Jac of I;
choose H € A such that H € Jac and H ¢ I;
R:=Fk[xy, ..., Tn)m;
R := R[TY;
choose Igen a list of elements of A which form a system of generators of I;
for f € Igen do

for s =0 to m do

‘ compute fs € R as in (2.1);

end
end
Ly, == {fs : f € Igen,0 < s <m) ideal of R;
H := H as an element of R via the natural injections A C R C R;
Jm = Ly + (1 — HT) ideal of R;
compute K C R the elimination ideal of J,,, with respect to the variable T’
return K

5.3. Let us now present our second algorithm, which is not based anymore on the computation
of some saturated ideal. It is based on corollary 3.4, whose formulation in the case where X is
an affine integral variety is the following.

Corollary 5.4. Let k be a perfect field and m > 1 be an integer. Let X be an integral affine k-
variety with O(X) = k[z1,...,2,]/I. Let X' a smooth affine variety and h : X' — X a birational
morphism. We denote by hy, + Lm(X') = £ (X) the canonical morphism induced by h, by
T ¢ K[,y Tnlm — ko1, .. 2p]m/Im the canonical morphism and by bt : O(Lm(X)) —
O(%Zn (X)) the morphism of k-algebras induced by h,,. Then we have

Nin(X) = Ker(hf, o 7).
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Let us stress that, using Grobner bases, it is possible to compute algorithmically the ker-
nel of a polynomial map, via elimination theory (see [1, Section 2.4]). Assume that O(X) =
Elxz1,...,z,]/] and O(X') = kly1, ..., ye]/J, we also define 7 := k[x1,...,2,] = klz1,...,25]/]
to be the canonical morphism. Then corollary 5.4 provides algorithm 2 for computing the ideal

N (X) of k[z1,. .., Tn]m-

Algorithm 2: Computation of 47, (X) for X an affine integral variety, given h : X' — X
a birational morphism with X’ smooth and affine.

Input : A - the polynomial ring k[x1,...,2,]; B - the polynomial ring k[y1, ..., ye;
Jgen - a list of elements of B which form a generating system of the ideal J;
[91,---,gn] - a list of n elements of B such that h* o w(z;) = g; (mod J) for

i €{1,...,n}; m - a nonnegative integer.
Output: the ideal 4;,(X) of k[x1, ..., Zn]m.
R:=k[z1,...,20]m;

R:=k[z1,...,%n, Y1, -, Yelm;
for j € Jgen do
for s =0 to m do
‘ compute j; € R (via the inclusion R C R) as in (2.1);
end
end
T = {js : j € Jgen,0 < s < m) ideal of R;
for i =1 ton do
fi == 2; — g; € R (after injecting A and B into R);
for s =0 to m do
| compute f; € R as in (2.1);
end
end
H' :={(fis : 1<i<mn, 0<s<m)ideal of R;
H := H' + J,, ideal of R;
compute K C R the elimination ideal of H with respect to the variables y; s for
1<i</t,0<s<m;
return K

5.5. A typical situation where we can apply algorithm 2 is when a resolution of the singularities
of X is given by the normalization (e.g., for curves). Note that there exist many algorithms
for computing normalizations (e.g., see [11, 25]). For example, the one developed by Greuel,
Laplagne and Seelisch in [10] provides the normalization of an algebra of finite type over a field.
Its implementation in SINGULAR takes as inputs the polynomial ring k[z1,...,z,] and the ideal
1.

5.6. Effective implementations of algorithms 1 and 2 require, in order to perform the elimination
of variables which is a key ingredient in both algorithms, the computation of Grobner bases (see
[8, Ch. 3, §1, Theorem 2]). This step is computationally the hardest one and will set the order of
complexity of the algorithms, which is similar in both cases. In section 6 we will test these two
algorithms on several examples. Comments on possible implementations are made in section 7.
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6. EXAMPLES

In this section we will compute the ideal .4;,(X) in several examples using implementations
(see [17]) of the algorithms 1 and 2 in SageMath [27]. Our implementations provide the reduced
Grobner basis (up to multiplication by constants) of .47, (X) for classical monomial orders (lex-
icographic, graded reverse lexicographic. .. ). All the results for the examples in this section are
obtained using the lexicographic order with @, > Zpm—1> - > Tpo > Tn—1,m > -+ > Z0,0;
the outputs of both algorithms are the same up to multiplication by constants. In [16] we provide
further computations for these examples, using different monomial orders.

Example 6.1. We consider the integral affine plane curve

€ = Spec(Qlz,y]/ (x> — y*)).

Its normalization is given by the morphism v* : Q[x, y]/(z®—y?) — Q[T], v¥(z) = T?, vi(y) = T3.
For the first values of m € N our algorithms provide the following Grobner bases of the ideal
N (€) of Q[z,y]m for the monomial lexicographic order y,, > -+ > yo > T > -+ > xg.

o M(€) = (Y} — x3,2x0y1 — 331Y0,2Y0y1 — 3371, 4y} — 9202?). See also [18, Theorem
7.6,

o N3(E) = (y§—x3, 2z0y1 — 321Y0, 2y0y1 — 3xq21, 4yi —9x0xT, 4z0Y2 — T1Y1 —6T2y0, SYoy2 —
122379 — 3xoz?, 16y1y2 — 367071272 — 973).

o M5(C) = (yg—x3, 2x0y1 — 31Y0, 2Y0y1 — 3§, 4YF —9x0xT, droy2 —T1Y1 —622y0, 8Yoy2 —
122379 — 32022, 16y1y2 — 36702172 — 923, 620Y3 + T1Y2 — 4T2y1 — 923Y0, 2723 Y3 + 32Y3 —
1081’%@21}2 — 27x%x3y1 + 54x1x§y1 — 108x%yo, 16yoys — 24:6%.%‘3 — 12zgx122 + xiﬁ 2441 y3 +
16y3 — 5dwgriw3 — 3620735 — 45T320).

e The obtained Grébner basis of A4 (%) for the given monomial order contains 18 polyno-
mials.

e The obtained Grébner basis of A5(%) for the given monomial order contains 33 polyno-
mials.

Example 6.2. Let us set & = F3, which is a perfect field of characteristic 3. We consider the
affine plane curve

€ = Spec(F3[x,y]/ (x> — y*))

and its normalization given as in example 6.1 after replacing the base field Q by Fg.
For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N (€) of Fslz,y], for the monomial lexicographic order y,, > -+ > yg > Ty > -+ > Xo.

o N(E) = (yg — 3, y1)-

o M(C) = (yg — =3, y1,92)-

o M(E) =Yg — 3, Y1, y2, T3Ys + 23yo, yoys + 23).

o Ni(C) = (y§ — x5, y1, Y2, Thys + 23yo, yoys + =3, ya).

b ‘/1/5(%) = <y(2) - ﬂfg,y1,y2,$8y3 +'r:fy07y0y3 + x§5y47y5>'

o NG(C) = (y§ — x5, y1, Y2, 23Y3 + 21yo, Yoys + 23, ya, ys, 23ys + Y3 + 23y0, 2iye + Y3 —

T3ys, Yoy — Y3 + 23).

o N(C) = (Y} — 23, y1, y2, Bdys + T3y, voys + 23, ya, s, Tdys + 23ys + 23yo, viys + v§ —
T3Y3, Yoye — Y3 + T3, Y1)

o N(C) = (Y& — 23, y1,y2, 23ys + T30, Yoys + T3, ya, vs. T3Y6 + T3ys + 23y0, 23ye + Y3 —
T3Y3, YoYs — Y3 + 3, Y7, Ys)-

o () = (yd — a3, y1.y2, wdys + 2yo, yoys + =3, ya, ys, ¥dys + #ys + 23yo, iye + 3 —
T3Ys, YoYs — Y3 + T3, yr. ys, Ty + Y3 — 3ys + 23y0, 3y — Y3ve — 23y3, Yoy + Ysys +
23, Y30 — 23y + ysyg + 23ye).
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Example 6.3. We consider the integral affine plane curve

% i= Spec(Qla, y)/ (y? — a® — 2%).
Its normalization is given by the morphism v* : Q[x,y]/(y? — 2% — 23) — Q[T], v*(x) = T? — 1,
vi(y) =13 —T.
For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N (€) of Q[x,y],, for the monomial lexicographic order y,, > -+ > yg > Ty > -+ > xp.
o </V1(<5) (yo -z} — %7 2xy1 + 2x0y1 — 3ToT1Y0 — 221Y0, 2Yoy1 — 3x§E1 — 22071, 4T0YT +
4y — 92222 — 12w0x1 4x1>
. e/Vz( )= <yo —xf — 3, 2xoy1 + 2x0y1 — 3xoT1Y0 — 2210, 2yoy1 — 3xga1 — 2201, 4xoy; +
4y1 9950561 12300371—4371, 4x0y2 +4x0y2+x0x1y1—6x0x2y0 4x2y0—3x%y0, 8x1y2—|—8y§’—
8xoy; — 36x0m1y1 — 12x1y1 + 27x1y0, 290Y2 +y1 — 3x0x2 —2x0r9 — 33:090% —x12, 8xoy1y2 +
8y1y2—|—2m1y1 —18x0x1x2—243:01:1x2—8x1$2—9:c0m1 6z1, 64xoy2 —|—64y2 16y‘11+321:2y1
7222y? — 1442322 — 1922073 — 6422 — 144z072 29 — 962379 + 812327 + 2167027 + T227).
e The obtained Grobner basis of A5(%) for the given monomial order contains 17 polyno-
mials.

Example 6.4. We consider the Whitney umbrella
S = SpeC(Q[l"vya Z]/<I2 - y2Z>),

which is an integral affine surface. Its normalization is given by the morphism v# : Q[z, y, y]/ (2% —
y2z) — Q[u,v], v¥(z) = uv, v¥(y) = u, v*(2) = v2. Since the normalization is smooth, it is also
a resolution of singularities of .¥ and we can apply algorithm 2 in this case.

For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N () of Q[z,y, 2], for the monomial lexicographic order z,, > -+ > 2 > ym > -+ > yo >
Tm > " > X0.

o N () = (yBzo—2d, x32142y0y1 28 — 23071 20, ToYo21+2T0Y1 20— 21Y0 20, Ya 21+ 2Y0 Y1 20 —
2x0T1, YoY12021 + ToT121 + 2y%z§ — Qx%z()).

o () = (ydzo—a}, adz1+2y0y1 23 — 2201 20, ToYo 21 +22T0Y1 20— 2T1 Y020, Y3 21 +2Y0Y1 20 —
2x021, YoY12021 + Tor121 + 2y%z§ — 2:6%,20, :c(%zg —2x0r121 + 2y0y2z8 — 3y%z§ — 2x0T220 +
3xtz0, 40122 + 3Your 21 + Ayoy220z1 + 6yTz021 — 2Tz + 8y1y2z8 — 8r1%220, 2T0Yo22 +
3xoy121—x1yoz1+4x0y220—4T2Y020, y822+2y0y1 21 +2yoy2zo+y1 20— 2370332—301, 4dx1yoz022—
:clyozf +4x1y12021 — 4x2Yy02021 + 81’1y22’0 8x2y120, 4x0y12022 — 3x0y121 4x0y22021 +
da1y1zoz1 + 8T1yezd — 8way128, Ayoyr 2022 — Yoy123 + Ayizoz + dxozrazt + 8y1yezd —
8x1x220, 4y%z(2)22 — 4;6%2022 — yoylzi’ — 2y0ygzoz% — 5y%zoz% — 29603022% —&—ac%z% — Sylygzgzl +
8xr1x92021, 4y0y228z2 +4xgx22022 —yonZOZ% — Smoxgz% +4y1ygz(2)z1 +4x1292021 +8y§z€’ —
8x323).

e The obtained Grobner basis of A3(.%) for the given monomial order contains 40 poly-
nomials.

Example 6.5. We consider now the surface
= Spec(Falx,y, 2]/ (x* — 3°2)).

Its normalization is given by the morphism in example 6.4 after replacing Q by Fs.

For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N () of Falz,y, 2] for the monomial lexicographic order z,, > -+ > 20 > ym > -+ > yo >
LT > 00 > 2.

o M(S) = (Yoo +a, 21).
o M(F) = (Y320 + x5, 21,252 + yiag + 2120, Y322 + yizo +21).
o M(F) = (Y20 + af, 21, 2522 + YTz + 2120, Y322 + yi20 + 21, 23).
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o M(S) = (ybzo + 23, 21,8822 + yi 2§ + @120, yf 22 + yiz0 + 2%, 23, Wh2a + yiz022 +y3f +
2320, Yp2a + Yiz2 + Y320 + 3, YT 2024 + 724 + Y723 + Y32022 + 23 20).
o N5(S) = (Yozo + x5, 21, Th22 + Y125 + @120, Ygze + yizo +af, 23, 2fza + yTz0%2 +y3A0 +
2320, Yp2a + Y122 + Y320 + 3, Y7 2024 + ¥T24 + Y723 + Y32022 + 2522, 25).
o N() = (Y320 +aF, 21, 2322 + Y725 + 720, Yo 22 + Y20 + aF, 23, ¥F2a + YT 2022 + Y325 +
x%zo,y824 + y%zz + y%zo + x%,y%zoﬁ + ./L'%Zzl + y%z% + y%zozg + x%@, z5,x826 + $%24 +
Y125 + 2320 + Y320 + 2320, Y26 + U3 2a + y5 22 + Y520 + 43, YT 2076 + ¥ 26 + YT zaza + Y525 +
Y32020+ 2320, ¥z026 + Y328 26 + T32026 + 1325 + X5 2024 + Y328 24 + X3 2024 + Y325 + Y3 2025 +
x%zg, y%zgzﬁ + y%ZOZG + I%Zﬁ + y%zf + y32224 + y§ZOZ4 + x%zy;).
Let us stress that £, (.%) is not irreducible (see e.g., [7, Ch. 3, Remark 4.3.5]), hence the ideal
N () defines the irreducible component 4, () but it is not the ideal of nilpotent functions
of Lo () which live in .%,, (), according to subsection 4.1.

Example 6.6. We consider the surface
7 = Spec(Fslz, y, /(2 — y?2)).

Its normalization is given by the morphism in example 6.4 after replacing Q by Fs.

For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N (7)) of Fslz,y, z]m for the monomial lexicographic order z,, > -+ > 20 > ym > -+ > yo >
Tm > " > X0.

o M(S) = (y320 — ¥, TG21 — Yoy125 + ToT120, ToYoZ1 — ToY1Z0 + T1Y0%0, Y521 — YoY1Z0 +
ToT1, Yoy12021 + ToT121 — Y28 + 2320).

o () = (ygz0 — x§, ¥z — Yoy125 + ToT120, ToYoz1 — ToY120 + T1Y020s Y321 — YoY1Z0 +
ToT1, Yoy12021 +ToT121 — Y125 +X3 20, TG22 +T0T121 —YoY224 +ToT220, ToT1 22 +YoY22071 +
2321 — Y1y228 + 212220, ToYozz + T1Yo21 — ToY220 + T2Yo20, Yaz2 — YoY121 — YoY220 +
Yiz0 + Towa — X1, ToY122 — ToY221 + T1Y121 — T1Y220 + T2Y120, T1YoZ022 — T1Yo2i +
T1Y12071 — T2Y02071 — T1Y228 + L2Y175, YoY120%2 — YoY121 + Y2021 + ToT2z1 — Y1Y22g +
L1220, YoY22072 + ToT2Z2 — YoY22i + Y1Y22021 + L1221 — Y320 + 320, Y2572 — T3 2022 —
yoylzi” + yoyzzoz% + y%zoz% + xoxzz% + x%z% + ylyzzgzl — x1x22021>.

e The reduced Grobner basis of A5(#) for the given monomial order contains 42 polyno-
mials.

Example 6.7. We consider the surface
S = Spec(Q[z, y, 2]/ («® + v + 2%)),

which is an integral normal affine surface with isolated non-rational singularities (see example
4.5). The inclusion of the standard open subset D(z) in . induces a smooth birational model
given by the morphism h* : Q[z,y, 2]/(z® + v* + 23) — Q[u,v,w,T]/(1 + v® + w3, Tu — 1),
hf(x) = u, hf(y) = uv, hf(z) = vw. Then we can apply algorithm 2 in this case (and of course,
also algorithm 1).

For the first values of m € N our algorithms provide the following Grébner bases of the ideal
N () of Q[z,y, 2] for the monomial lexicographic order z, > -+ > 2z > ym > -+ > yo >
Ty > 00 > T0-

o M(F)= (8 +uyd +ad,yiz + 2321 — ydyr20 — 23120, 2821 + YRy1 + w3T1).
e The reduced Grobner basis of A5(.7) for the given monomial order contains 21 polyno-
mials.

We can check that .47 (.) equals the ideal (2§ + y3 + 23, 32821 + 3yay1 + 3z3x1) of Q[z, v, 2)1
defining .2 (7). If fo := 23 + v + 23 and f1 := 32321 + 3ydy1 + 32321 then

2
3 3 2 2 0
Yo21 + Tpz1 — YoY120 — TpT120 = 21.fo — §f1~
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This shows that £ (%) is reduced (see example 4.5).

Using SageMath, we can also check that one of the elements of the obtained Grobner basis
for A45(.) , the polynomial g := x3yoy1 2022 — Toz1Y3 2022 + T3Yoy1 21 — ToT1Y3 27 — TqYoy22021 —
23yizoz1 + Tow2yg 2021 + TIYG 2021 + ToT1Y0Y223 + ToT1YT 25 — ToT2Yoy128 — T1Yoy123, does not
belong to the ideal (z5+yg+x3, 322 21+3ydy1+32371, 322 22432027+ 3y y2+3yoyi+3adw2+3w027)
of Q[z,v, 2]2 defining %, (.#). However, we can also check that g does belong to this ideal (see
[16)).

7. COMMENTS ON THE IMPLEMENTATIONS OF OUR ALGORITHMS

In this section we address some issues related with the implementation of our algorithms
(made in SageMath [27], see [17]) and the examples in section 6. In table 7.1 we resume the
runtimes of our algorithms for the examples in section 6 using two different monomial orders (a
lexicographic order and a graded reverse lexicographic order); the tests are provided in [16]. The
computations were performed on a computer running an Intel i7-8750H 2.20GHz with 16GB of
RAM. Our implementations provide the reduced (up to multiplication by a constant) Grobner
basis of A7, (X) for the considered monomial order, hence the outputs of both algorithms are
the same (up to multiplication by a constant).

7.1. Comments on the choice of the monomial order. Both algorithms perform some
computations involving Grébner bases in polynomial rings of the form k[z1, ..., n]m, hence the
choice of a monomial order is mandatory. We have tested our algorithms implemented in Sage-
Math [27] over several examples using two different monomial orders: on the one hand the lexi-
cographic order with x,, y, > Tpm—1 >+ > Zpno > Tp—1,m > -+ > To,0; on the other hand the
graded reverse lexicographic order for the ordered set of variables z¢,...,20,m; 1,05, Zn,m-

We observe in table 7.1 that the runtimes may vary a lot depending on the choice of the
monomial order: algorithm 1 is much faster using the graded reverse lexicographic than the
lexicographic order. For algorithm 2 it is not clear that one of the monomial orders is more
advantageous than the other, it depends on the considered example. Let us stress that, whereas
it is fairly clear that in general the fastest method to perform computations is algorithm 1
with the graded reverse lexicographic order, the situation is not clear if we want to obtain a
Groebner basis with respect to the lexicographic order. In this case algorithm 2 seems to be
more convenient in characteristic 0 when a “simple” smooth birational model is known.

7.2. Comments on the choice of the smooth birational model. A smooth birational
model is required as input for algorithm 2. Although the computation of such a smooth birational
model itself is not performed in our algorithm (see subsection 5.5 for a discussion about effectively
computing a smooth birational model in the case of curves) and hence it is not taken into account
in our study of its efficiency, this choice has an impact on the execution time of algorithm 2. The
following example illustrates this fact.

Example 7.3. Let us keep the same integral affine plane curve

% = Spec(Q[z,y]/(z* — y?))

as before but now we consider the following presentation of its normalization, which is given by
the morphism v* : Q[z,y]/(x® — y?) — Q[u,v,T]/(Tu — v,u? — Tv,T? — u,u® — v?), v¥(z) = u,
v¥(y) = v. This is the presentation given by the algorithm in [11] using the implementation in
[10]. The resulting ideals (and hence their reduced Grobuner bases) are obviously the same as in
example 6.1 but the computation times using algorithm 2 are much longer due to the fact that
we have more variables and equations. Indeed, we obtain an “integer overflow” message in the
computation of A5(%).



14

TABLE 7.1. Wall times of algorithms 1 and 2 over several examples.
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Algorithm Algorithm 1 Algorithm 2
Example \ m Lex \ Grevlex Lex \ Grevlex
1 3.94 ms 3.85 ms 5.42 ms 7.35 ms
2 6.64 ms 6.14 ms 10 ms 16.1 ms
6.1 3 27.2 ms 9.8 ms 24.2 ms 29.2 ms
4 15.1s 21.3 ms 355 ms 385 ms
5 * 2.14 s 12 min 10 s 12 min 10 s
1 3.94 ms 3.85 ms 10.6 ms 12.2 ms
2 6.64 ms 6.14 ms 18.9 ms 23.3 ms
7.3 3 27.2 ms 9.8 ms 60.3 ms 42.5 ms
4 15.1s 21.3 ms 2.77 s 405 ms
) * 2.14 s K% 12 min 9 s
1 3.49 ms 3.06 ms 5.12 ms 5.15 ms
2 4.65 ms 4.7 ms 6.82 ms 17.7 ms
3 5.09 ms 4.73 ms 12.5 ms 18 ms
4 7.63 ms 5.78 ms 32.5 ms 24.7 ms
5 8.46 ms 12 ms 108 ms 94.7 ms
6.2 6 16.7 ms 7.67 ms 5.49 s 1.72 s
’ 7 53.7 ms 9.4 ms 1 min 54 s 1 min 10 s
8 115 ms 15.2 ms * 23 min 19 s
9 754 ms 14.3 ms * *
10 5.95s 16.6 ms * *
11 43.3 s 17.1 ms * *
12 | 11 min 14 s 18.5 ms * *
26 * 26 s * *
1 4.82 ms 4.37 ms 5.97 ms 8.35 ms
2 12.4 ms 6.93 ms 13.6 ms 18.5 ms
6.3 3 1.85 s 312 ms 58.6 ms 114 ms
4 * 1.64 s 2.7s 6.59 s
5 * * 4h13minb5s *
1 4.14 ms 3.63 ms 7.72 ms 16.7 ms
2 14.1 ms 8.49 ms 19.8 ms 38 ms
6.4 3 6 min 2 s 225 ms 1.03 s 1.74 s
4 * 2min 45s | 1h 34 min 35 s 2h19s
1 3.43 ms 3.81 ms 6.27 ms 8.4 ms
2 4.33 ms 4.59 ms 11.6 ms 17.4 ms
3 5.31 ms 4.88 ms 25.7 ms 36.4 ms
6.5 4 8.02 ms 6.51 ms 9.86 s 13.1s
5 17.5 ms 7.5 ms * *
6 1.16 s 9.77 ms * *
7 13.7 s 12.4 ms * *
19 * 26.2 s * *
1 3.78 ms 3.8 ms 8.66 ms 10.3 ms
2 9.38 ms 6.81 ms 16.7 ms 28.1 ms
6.6 3 28.8 s 63.6 ms 215 ms 328 ms
4 * 9 min 10 s 2 min 38 s 10 min 22 s
6.7 1 4.99 ms 3.65 ms 48.1 ms 30.3 ms
’ 2 7.88 s 46.8 ms * *
3 * 2 min 52 s * *

x: computation did not finish after 6h.
x%: integer overflow.
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8. GENERAL COMPONENT AND DIFFERENTIAL OPERATORS

Thanks to section 4, we will explain the implications of the former considerations (when
m = 1) in terms of logarithmic differential operators along an affine plane curve.

8.1. Let us assume that X is an affine hypersurface defined by an irreducible polynomial
f € klx1,...,z,]. The field k being perfect, we have Sing(X) = V(f, 0y, (f),...,0x,(f)). By
subsection 2.1, there exists an integer i € {1,...,n} such that the partial derivative 9(f) := 9;(f)
does not belong to I := (f), and then neither to the ideal I,,, for every integer m. Moreover, we
have that V(9(f)) contains Sing(X) or, equivalently, we observe that the standard open subset
D(O(f)) := X \ V(O(f)) is contained in Reg(X). Since (I, : 9(f)*°) induces the kernel of
the localization morphism O(Z, (X)) — O(Z(X))acr) = O(ZLn(D(9(f)))), we deduce from
corollary 3.4 and subsection 3.2 that

N (X) = (L : O(F)™). (8.1)

Let us stress that, in characteristic zero, such a statement can also be obtained as a more or less
direct consequence of the Rosenfeld lemma, see [13, Section 9].

8.2. Let us now explain a link with differential operators. A k-derivation D € Derg(k[z1,. .., zy])
is called logarithmic along f if D(f) € (f). Every (logarithmic) k-derivation D is a linear com-
bination (over k[x1,...,z,]) of the partial derivatives of k[z1,...,z,]; hence, there exist polyno-
mials ai,...,a, such that D = 2?21 a;0z,. A differential operator of order at most d > 1 can
be identified, in a unique way in our context, as a linear combination (over k[x1,...,z,]) of the

form
D= > a0,
i14-+in <d

The set Z of differential operators of k[x1, ..., x,] over k forms a free left k[x1, ..., x,]-module in
an obvious way. E.g., the composition of d derivations over k gives rise to a differential operator
of order d. A differential operator D is said to be homogeneous if each of its monomials are
differential operators of order d. (Let us stress that such a definition includes no condition about
the homogeneity on the coefficients of D.)

8.3. Let us assume that n = 2 and that the partial derivative 0, (f) is not zero, we set 9(f) :=
0z, (f) (otherwise the arguments are symmetrical). Let d > 1 be an integer. Let V51 be the
left k[z1,zo]-module generated by the homogeneous differential operators D = Z?:o a;0! 18g;i
of k[z1,x2] such that D(f?) € (f) (e.g., see [6, §1.2] for the connexion between our definition
and the classical V-filtration relative to X on & in this context). Let us introduce the morphism
of left k[x1, zo]-modules
(,)ﬂ: k[l‘l,l‘g]l -9

defined by Z?:o aix’ileg’_li — Zfzo(fl)iaiajéag;i. Let P € klx1,x2]; be a polynomial with
(total) degree d with respect to the variables @1 1, x2,1, which is equivalent to say that its weighted
degree equals d. By lemma 8.9, we observe that we have

(P)H(f*) = d'P(21,0, 2,0, =02, (f): 0, () (mod (f)). (8.2)

Let A#;4(X) be the set of homogeneous elements of .47 (X) of degree d. In particular it holds
for every P € A4;%(X), the set of homogeneous elements of .#1(X) of degree d. The preceding
morphism induces by restriction a morphism of left k[z1, z2]-modules

() MUX) = Vaor (8.3)

Let us justify this assertion. In positive characteristic, if d > char(k), we have (P)?i(fd) =0
for every P € #%(X) by (8.2), and the map is well-defined. Assume now that d! is prime to
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the characteristic exponent of k. Then, by (8.1), for every homogeneous polynomial P, we have
P € #4(X) if and only if there exists an integer N > d, such that

A(f)NP € (f,A(f)). (84)

But, thanks to the relation A(f) = 0., (f)z1,1 + Oz, (f)72,1, we deduce the equality O(f)N P =
8(f)N dag | P(x1, 22, =0, (f), 02, (f)) (mod (f,A(f))). From formula (8.4) we conclude that
P € #4(X) if and only if

A(f)N~4ag | Pla1,0, 2,0, —0uy (f), 0ur () € (f, A(f)). (8.5)

Let P € A4X). In particular, 9(f)N"%2g | P(21,0,%2,0, =02, (f), 0x, (f)) € {f} which is a
prime ideal by [7, Ch. 3, Lemma 4.3.1]. Since f # x5 (recall that 9., (f) # 0 by assump-
tion), we have d(f)N"4P (21,0, 72,0, —0u, (f), 02, (f)) € {f} and in fact, this element being of
weight 0, one easily sees that it belongs to {f} N k[z1,z2]o = (f), which is a prime ideal. Thus
P(21,0,%2,0, —0u, (), 0, (f)) € (f) and (8.2) shows that (P)gl(fd) € (f), hence the map is still
well-defined.

Theorem 8.4. Let k be a perfect field. Let d > 1 be an integer such that d! is prime to the
characteristic exponent of k. The morphism ()g s an isomorphism.

When char(k) = 0, this morphism has been first considered in [24] and related to Bernstein-
Sato operators in [12, §5]. If char(k) = 0, our assumption on the integer d is always fulfilled; in
positive characteristic, it simply means that d < char(k).

Proof. Let D = Z‘j o bi0: 09" € V;_; be a homogeneous differential operator with degree d.

By lemma 8.9, we deduce 1thazt D(f%) = S0 b9l (£)0%4(f) (mod (f)), hence the the latter
expression belongs to (f). Now formula (8.5) assures that P = Z?ZO(—I)d_ibimg’lxﬁi belongs
to A1(X); since (P)Bl = D the map is surjective. Now let P = Zf 0 GiT} 195%? such that
(P)Z = E?:o( 1)%a;0% 09=% = 0. We apply (P) to zix3~* to conclude that aq_; = 0, hence

Tro "Xy
the constructed map is injective. O

Remark 8.5. By theorem 8.4, we stress that the algorithms explained in section 5 allow us to
provide generator systems for V;_; in arbitrary characteristics.

Remark 8.6. As in [12], one can adopt a more intrinsic point of view by replacing the notion of
homogeneous differential operators with that of principal symbols of differential operators. This
obvious exercise of translation is left to the reader.

Example 8.7. Let € be the plane curve defined by the irreducible polynomial f := 23 — 2 of
Q[z,y]. In this case, the tangent space £ (%) is not irreducible and A1(%€) # (fo, f1). From a
direct computation (see also [18, Theorem 7.6] for a general argument) we obtain the following
Grobner basis of the ideal A41(%):

B = {zf — y3, 2zoy1 — 3T1Y0, 2y0y1 — g1, 4y — 9z}

y?)°) € <x —y 2). As for the other elements of
B, it is easy to check that (2x0y1—3x1y0 (x —y?) =6(z*—y2), (2youn —3x%x1)§ (z*—9*) =0
and (4y? — 9zoa?)} ((#* — y*)?) = 156z(2® — y?). Conversely, let us consider the differential
operator D := 9203 + 924020, 4 (62°y — 4)9,02 — yd,, which satisfies D((2® —y?)?) = —6(542°+
T1x3y? — 228zy + y*) (2% — y?). We check that o(D) = ((4y3 — 9z02?)(z1 — 23y1) + (2woy1 —
32190)(222y?))*, where o(D) denotes the principal symbol of D.

Obviously (23— yo)g =2®—y? so (z— yo)ﬁ ((mg
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Example 8.8. Let ¢ be the plane curve defined by the irreducible polynomial f := y? —z2(z+1)
of Fs[z,y]. In this case, the tangent space .2 (%) is not irreducible and .41 (€) # (fo, f1). From
a direct computation we obtain the following Grobner basis of the ideal .41 (%):

B = {y% - x%(ﬂfo +1), yoy1 — Jfoxuﬂﬁgyl + zoy1 — x1yo,xoyf + ?J% - 33%} .
Obviously (y2 — 22(zo + 1))} (y* —2*(z +1))°) = y* — 2*(@ + 1) and we easily check that
(yoyr — o)} (y2 — 2%(z+1)) =0, (adys + zoys — z130)} (y2 —2?(x+1)) =2(y% —2*(z + 1))
and (203 + 37 — D)3 (7 — 22z + 1)?) = 20z + D2 — 22(x + 1))
Lemma 8.9. Let k be a field. Let « € N2. Let £ € N be an integer such that £ > la] :== aq + as.
We denote by 05 the differential operator on klz,y| of order |a| defined to be 0" o 0 for

every pair (i,7) € {1,2}. Then, for every polynomials g, P € k[z,y], there exists a polynomial
q € k[z,y] such that the following formula holds

4 —|a o o —|a
mpgé 110, (9)*19;(9)*2 + qg" 1.
!

e
(£ = laf)!

% (Pg") =

If char(k) > 0 the coefficient in the previous formula should be considered as the

product Hﬁlo_l(f —1).

Let us stress that, by iterating derivations, the monomial (9;(g))**(9;(g))** appears, in the
formula, only one time (possibly with zero coefficient).

Proof. We prove this assertion by induction on |a|. If || € {0,1}, the formula holds with ¢ =0
if |o] =0 and ¢ = 9;(P) if @ = (1,0) and ¢ = 0;(P) if & = (0,1). Let d > 1. Let us assume that
the formula holds true for every 8 € N? with |8| < d. Let o with |o/| =d + 1. Let £ >d + 1.

o Let us assume that o' = (o, ab + 1). Let us note that af + o4 = d. Thus we have

o5 (Pg") = 0" (95°(s"0,(P) + tPg 10, (a)))

= 0" 009;(0;(P)g") + 0] 0 3;*(Pg*~'9;(g))
Then, we conclude the proof of this case by applying the induction hypothesis to the differential
operator 9; ' o 8}12 at each term of the former sum.
o Let us assume that o’ = (o} + 1, o). Let us note that o + o) = d. Thus, by the induction
hypothesis, we have
o/ (Pg) = 0 (0 005 (g'P))
é! _ Oll Oé/ _
= 0 <(€_d)'Pge d(az’(g)) 1(9;(g))™ +qge d+1>-

By differentiating the last expression, we also obtain a formula of the required type. O

9. GENERAL COMPONENTS AND ZETA FUNCTIONS

9.1. If Z[Vary] is the free abelian group generated by the isomorphism classes of k-varieties, let
us consider its quotient I" by the submodule generated by the elements of the form {X} —{Z} —
{U} where we denote by {t} the isomorphism class of t in Z[Vary] and Z is a closed subscheme
of X with U = X \ Z. The formula

[X] - [XT] = [X < X7,

for every pair of k-varieties (X, X') ([{] is the image of {1} in T"), extended by bilinearity, endows
the group T' with a ring structure whose neutral element is 1 := [Spec(k)]. The class of the
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affine line A} is denoted by L. This ring is the so-called Grothendieck ring of varieties and it is
denoted by Ky(Vary).

Proposition 9.2. Let k be a field. Let Z be a constructible subset of a k-variety X. If we have
[X] = [Z] in the ring Ko(Vary), then X = Z.

Proof. See [7, Appendix, Remark 1.1.6]. O

9.3. Let k be a field. Let X be a k-variety. One breakthrough achieved by Denef and Loeser
with motivic integration was to prove the rationality of specific power series with coefficients
in 4 = Ko(Varg)[L™!] which can be interpreted as geometrizations of arithmetic analogs,
which encode the asymptotic of points counting in various contexts. One has the Denef-Loeser
Poincaré power series defined as follows:

P(X;T) = Z [Om,x (Lo (X))T™
m>0
and, also, the analog of the Igusa-Meuser power series:
QUX;T) = ) [Zn(X)T™.
m>0
Both power series are rational when char(k) = 0, i.e., can be identified with a quotient of two
polynomials (of .#[T]) in a subring of .#;[[T]]. (See [9, Theorem 5.4], [21, Corollary 4.3.6].)

9.4. Let X be an integral k-variety. In the spirit of the constructions of subsection 9.3, we
introduce the zeta functions of the general components of the jet schemes as follows. For every
integer m € N, the general component ¥,,(X) is an integral subvariety of .%,,(X). In this way,
it naturally admits a class in the ring Ky(Vary). By analogy with the constructions of Denef
and Loeser, we introduce the following zeta power series

ZENXT) =[G (X)]T™ (9.1)

m>0
which belongs to the ring Ko(Vary)[[T]]. We set
Z9(X:T) := z8"(X;T) — P(X;T).

When the arc scheme Z(X) is irreducible, one has

Z2(XT) = 3 B (Lo (X)) \ O (Lo (X
m>0
In particular, when the characteristic of k is zero, we observe that Z8"(X;T) is rational if and
only if Z9(X;T) is.

Definition 9.5. Let k be a field. Let X be an integral k-variety. The power series Z8"(X;T)
is called the general jet components power series of X.

9.6. We easily observe that, if the k-variety X is assumed to be smooth, the morphism 6,, x
is surjective for every integer m. In particular, we have Z8*(X;T) = Q(X;T) = P(X;T) =
[X]/(1—=L3™()T), In addition, if we assume that the characteristic of k is zero and the k-variety
X is locally a complete intersection, then we deduce from Mustatd’s theorem (see introduction or
[19, Theorem 0.1]) and proposition 9.2 that Z2*(X;T) = Q(X;T) if and only if the k-variety X
has at most rational singularities. By theorem 1.5, we also deduce that, if %, (X) is irreducible
(this condition is realized in particular if dim(X) =1 or char(k) = 0), then

ZEMNX;T) =Y [0, x (Loo(X))]T™.

m>0
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9.7.  'We obtain the following statement from theorem 1.5:

Proposition 9.8. Let k be a perfect field. Let X, X' be integral k-varieties. We assume that X'
is smooth over k. Let h: X’ — X be a birational morphism. We assume that the scheme Lo (X)
is irreducible (e.g., dim(X) = 1 or char(k) = 0) and that, for every integer m € N, the image
of hin: L (X') — L (X) is closed. Then, we have Z8™(X;T) = P(X;T). In particular, if
char(k) = 0, the zeta function of the general components of the jet schemes then is rational in
the ring A [[T]].

Proof. Let us recall that, by the functoriality of the arc and jet schemes, the following diagram
of morphisms of k-schemes commutes:

Lo(X') 2 2 (X)

07n,X’l iem,x

LX) = Zn(X)

The variety X’ being smooth over k, the morphism 6,, x is surjective, thus h,, (%, (X)) C
Om,x (Zoo(X)). Since L (X) is irreducible, by theorem 1.5 we have

Om, x (Loo(X)) C him (L (X)) = 9 (X).
Now hp (L (X)) = hp (L (X)) by assumption, so 4,,(X) = 0, x (Lo (X)) and the power
series Z8°"(X;T) and P(X;T) coincide. O
The assumption that the subset hp, (%, (X)) is closed in .Z,,(X) for every integer m € N is
a nonempty (see subsection 9.13) but quite restrictive condition as the following example shows.

Example 9.9. Let k be a field of characteristic zero. Let f € k[z,y] be the polynomial f =
23 — y%. We set X = Spec(k[z,y]/(f)). Let K be a field extension of k. E.g., the element
(T,0) € (K[[T)]/(T?))? defines an element in 61 x (L (X)) \ 01 x (Lo (X)). Indeed, we have the
isomorphism

klz,yla )
9 (X) = Spec( ’ .
1(X) (f, 32321 — 2yoy1, 3xoy1 — 2yox1, 9zox] — 4Y7)
9.10. 1If the field k is assumed to be of characteristic zero, the proof of the rationality of P(X;T)
relies on the use of model-theoretic arguments. It seems to us to be a challenging question to
understand whether one can follow the same spirit to prove the rationality of Z%"(X;T). To
the best of our knowledge and understanding, such a question is open and seems to be difficult.

Question 9.11. Is the power series Z8™(X;T) always rational?

We have observed in various examples that the answer could be positive outside the class
of varieties satisfying the assumptions of proposition 9.8. The following example in positive
characteristic illustrates this assertion.

Example 9.12. Let k = Fy. Let us consider f = 23 — 4?, and denote X = Spec(k[x,y]/{(f)).

The power series Z5"(X;T) equals >, L™™T™ = L/(1 — LT) and is hence rational. Let
m>0

us briefly explain how to compute this_power series. The normalization of X is given by the

morphism v* : Folx,y]/(z® — y?) — Fy[T)], vi(z) = T?, vi(y) = T3. Then, for m € N, the

induced morphism v}, : O(%,,(X)) — F3[T],, is given by the factorization through O(.%,, (X))

of the morphism 7%, : Fo[z, y];m — Fa[T],, such that 7, (z;) = 0 if i is odd, 7}, (2;) = T} if i is

Li/2]
even and 7f, (y;) = T?T;_25. Now, by corollary 5.4 we have .47, (X) = Ker(f,).
=0
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We consider the family (g;)ien of elements of k[z,y]o, defined as g; = a; if i is odd and
Li/2]

gi = 925 = yj2 + > x%T:vgj_4T if ¢ is even. Using some technical arguments, one can check that
r=0

Ker(7%)) = (g; : 1 <i < m), hence
N (X) ={gi : 1 <i<m).

Now one can prove by an induction on m that, for every integer m € N, [4,,(X)] = L™*1L.
One checks that it is true for m < 4 and that for m > 5 odd, one has

k2, Ylm/ Am(X) = (K[, Ylm—1/ Nn-1(X)) @k k[ym]
which shows the result in this case. For m > 5 even, one has
kL, Yl '/ A (X) 2= Kl ylolag 1/ A0(X) @ klyi; 1 < i < m]
and hence
[4n(X) N D(x0)] = (L—1)L™.
On the other hand, if we consider the morphism of k-algebras p : k[z, y]oo — k[, Yoo given by

p(x;) = Tita, p(Yi) = yirs for i € N, then gs = p(gs—s) (mod xp) for s > 6 even. This is useful
to prove that

(K[, ylm/ A (X) + (20))red = ([T, Ylm—6/Am—6(X))red @k k[Tm—1, Tm—2, Ym—5, Ym—1, Ym—3]
and we deduce that
[ (X) NV (20)] = L™,
which proves our formula since (4, (X)] = [Zm(X) N D(z0)] + [Fm(X) NV (z0)].

9.13. In this subsection, we provide a concrete class of singular k-varieties endowed with a
resolution of singularities which satisfy the assumption of proposition 9.8.

Theorem 9.14. Let k be a perfect field. Let f € klx,y] be an irreducible polynomial which
is assumed to be homogeneous. Let X be the associated affine plane k-curve. Let v: X' — X

be the normalization of X. For every integer m € N, the image of the induced morphism
Um: L (X)) = L (X) is closed.

Let us stress that the class of curves involved in theorem 9.14 corresponds, after a base change
to an algebraically closed extension of k, to a (possibly nonreduced) union of lines through the
origin.

Proof. In the case where f = x or f = y our statement is obviously satisfied by subsection 9.6.
From now on we assume that f does not coincide with x or y. For every integer m € N and
every k-algebra K, by the very definition, one has

Ly (X)) = Homsen, (Spec(K[[T] /(™)) X)  Homasg, (k. ]/{f). K[[T]}/(T7+)).

So, we identify the datum of an element of .%,,(X)(K) with that of a pair (¢ (T), ¥m(T)) €
(K[[T))/{T™*1))? such that f((¢m(T),¥m(T))) = 0 (mod T™+). Let m > 1. Let g € k[2]
be the polynomial f(z,1). Let us set F' = k[z]/(g). Since the polynomial f is assumed to be
irreducible, the k-algebra F' is a field, which is a nontrivial separable field extension of k. We
have O(X') = F[z]. The normalization v is the dual (in the opposite category) of the morphism
of k-algebras
v kla,y)/(f) = Fla]
defined by = +— =,y — zx. Let K be a k-algebra. We deduce that

Vi (Zn (X"))(K) {(em(T), ¥ (T)) € Lin(X)(K); Ja € F(K) Y (T) = apm(T)}
Uaer) {(@m(T), apm(T)); om(T) € K[[T]]/(T™F1)}

(9.2)
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This defines a closed subset of %, (X)(K). Since the construction obviously is functorial on K,
that concludes the proof. O

9.15. Formula (9.2) allows us to deduce an explicit expression of the power series Z8*(X;T') in
this specific case. In particular, we provide here an alternative proof of its rationality which works
in every characteristic. Let k be a perfect field. Let f € k[z,y] be a homogeneous irreducible
polynomial, with deg(f) = d > 1. We set X = Spec(k[z,y]/(f)). Then, for every integer m € N,
we have

(G (X)] = [FIL™ " — [F] + 1.
Indeed, if s: Spec(F) — AT is the zero section of A7 — Spec(F) and o the zero jet in
Zn(X), we observe by formula (9.2) that ¢, (X) is piecewise isomorphic to the k-variety

AT s(Spec(F)) Uo.
As a direct consequence of the very definition of our power series, we conclude that
[FIL 1 [F]
1-LT 1-T

780(X;T) =

1-[F]+[F]L-LT
Q1-LT)(1-T)
As a consequence, if the field extension p: k — &k’ defines a splitting field of f, we have
(G ( X))k := P [Gon(X)] := [Gn(X) @4 k'] = dL™ T —d +1 € Ky(Varg).

and, if Z’ is the image of Z8"(X;T) in Ko(Vary )[[T]] by the base-change ring morphism (see
subsection 9.1),

g 1—d+dL-LT
C1-LTHA-T)°

Example 9.16. Let k = Q. Let f = 22 + 2y + y° € k[z,y]. Let p(z) = 22 + 2 + 1 € Q[t] and
X = Spec(k[z,y]/{f)). Let us set F := k[z]/(p(z)). The normalization morphism

v klz,yl/(f) = Flz] = Aj

is given by = + z,y — zz. Theorem 9.14 provides the formula
1—[F]+[F]L -LT
1-LT)(1-1T)
Let j be a nontrivial 3rd root of unity, and K be a field extension of Q(j). Thus, we also deduce
from theorem 9.14 that

75 (X;T) =

—1+2L-LT
1-LT)1-T)

Since there exists an obvious K-isomorphism between Xx = Spec(K[x,y]/(f)) and the nodal
plane curve singularity Y = Spec(K|z, y]/(zy)), we observe that this formula coincides with that
of the Poincaré power series P(Y;T) as expected.

AR
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