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Abstract

The Finite-Difference Time-Domain(FDTD) method is a robust numerical time-domain

technique capable of handling a broad range of electromagnetic problems. This work

explores the application of FDTD method to two special problems in electromagnetics: the

modeling of antennas loaded with time-varying components, and the modeling of the human

head at microwave frequencies.

A recent surge in interest for non-LTI antennas – driven by a desire to circumvent the

performance bounds of their LTI counterparts – has made apparent the need for modeling

techniques capable of handling nonlinear or time-variant behavior on antenna structures.

Modeling of time-varying components in FDTD will be demonstrated through direct im-

plantation in the FDTD algorithm with a modified update equation, and through SPICE

co-simulation.

There is currently a large body of work studying the impact of microwave and radio

frequency radiation on human tissue. The effects of prolonged exposure to non-ionizing

radiation is typically characterized using specific absorption rate (SAR), and research has

often been conducted in the context of wireless communication devices. Many papers in

open literature involve simulations with a source antenna in close proximity to the head,

excited by a single tone continuous wave or narrow-band gaussian pulses. Using relaxation

models to account for the frequency dependent behavior of tissue, this work investigates the

interactions of plane waves excited by linear-frequency modulated pulses incident upon the

human head in FDTD.

xii



Chapter 1

Introduction

1.1 Background

Computational electromagnetic modeling (CEM) techniques can be broadly grouped into

two categories, frequency-domain and time-domain. Frequency-domain methods solve

Maxwell’s equations at discrete frequencies and are highly effective for analyzing steady-

state behavior and modal analysis. By contrast, time-domain methods simulate the marching

of Maxwell’s equations through time, allowing for the capture of transient behaviors. Among

the many numerical methods employed in CEM, the finite-difference (FD), finite element

(FE), and method of moments (MoM) techniques are widely used in both time and frequency

domain analysis. Finite element and finite difference methods are capable of discretizing

space over a volume, while method-of-moments solves problems in one or two dimensions.

One of the most widely used time-domain methods is the Finite-Difference Time-Domain

method, which utilizes central difference approximations to discretize Maxwell’s equations,

and advances them through time with a leap-frog scheme [1]. The FDTD method is popular

for its ability to model a wide variety of phenomena while maintaining simplicity in its

implementation. Nonlinear and time-variant behavior, as well as inhomogeneous media

are handled naturally in FDTD, making it an ideal choice for modeling the two problems

described in this thesis. Chapter 2 of this thesis will describe the general FDTD method that
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was used to build a solver in the MATLAB programming language, described throughout

the rest of this work as OU-FDTD.

1.1.1 Non-LTI Antennas

RF and microwave devices are often constrained to be linear and time-invariant(LTI) to

simplify the math governing their design, analysis, and characterization. These constraints

have historically been included in the analysis of performance bounds for electrically small

antennas [2], [3] , which has made the idea of circumventing these bounds by breaking the

LTI assumption appealing to many researchers. Advances in the capabilities of computing

systems, such as increased memory capacities, hardware acceleration with graphics process-

ing units, and multicore central processing units have also made the numerical modeling

of non-LTI antennas a more appealing prospect. There has been a score of recent work in

this developing field focusing on rapidly varying properties of the antenna aperture [4], [5],

[6], [7]. These proposed methods maintain linearity, but introduce a time-variance into the

system. In Chapter 3, methods for modeling time-varying components in FDTD will be

discussed and then applied to several antenna designs. The results from OU-FDTD in this

chapter are compared to two commercial time-domain solvers, Simulia’s CST Studio [8],

and Remcom’s XFDTD [9]. The current shortcomings of these two commercial solvers

when it comes to modeling time-varying components are made clear. A frequency-domain

solver, conversion matrix method of moments (CM-MoM) [10] is also utilized for compari-

son. The strengths and weaknesses of CM-MoM and FDTD are discussed, as well as how

they can be used in conjunction to design and fully analyze a non-LTI antenna.
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1.1.2 Human Head Modeling at RF and Microwave Frequencies

The growth of mobile communications platforms over the last two decades has motivated an

increasing interest in accurately modeling the interaction of non-ionizing electromagnetic

radiation with human tissue. In place of human testing, analysis in this area is largely

done with time domain electromagnetic solvers such as FDTD. This research is typically

conducted in the context of evaluating SAR distributions due to an antenna placed close

to the human head [11], [12]. Head phantoms used in this analysis range from simple

sphere models that use an average permittivity, conductivity, and mass density[13], to

higher detailed models constructed from voxelized MRI data [14]. Human tissue itself is

a dispersive material [15], which means that its relative permittivity and conductivity are

frequency dependent parameters. Chapter 4 describes one of the methods used for modeling

this frequency dependent behavior in OU-FDTD, and demonstrates it in the analysis of two

human head phantoms.
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Chapter 2

Finite-Difference Time-Domain Method

This chapter will provide background on the FDTD method and introduce the core concepts

behind its formulation. Key aspects related to the problems posed in this thesis such as

numerical dispersion, stability, and dispersive materials will be highlighted.

2.1 Introduction to FDTD

The Finite-Difference Time-Domain algorithm was first presented by Kane Yee as a numeri-

cal method for modeling electromagnetic phenomena in the time domain [1]. Improvements

in the capabilities of computer processors coupled with the algorithm’s simplistic implemen-

tation have made it a popular tool among research scientists and engineers. It’s commonly

used in radar, communications, and biomedical problems.

Initially introduce as the ”Yee algorithm,” Allen Taflove coined the FDTD acronym

in a 1980 paper which validated FDTD models for sinusodial steady-state waves in a

three-dimensional cavity [16]. FDTD’s capabilities were greatly developed in the late 80’s

into the early 90’s as researchers utilized it to model a broad range of electromagnetic

problems [17–22]. More recent developments include updates to the algorithm for more

efficient statistical analysis [23], a thin wire approximation for for conductors [24], and a

least-squares algorithm for timesteps that break the Courant-Friedrichs-Lewy limit [25].
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The FDTD method takes Maxwell’s curl equations in their differential form and dis-

cretizes them, implementing a time-dependent solution with central difference approxima-

tions. To preserve second-order accuracy, the electric and magnetic fields are staggered in

both space and time. The fields are updated throughout the domain in terms of past field

values, using the leap-frog numerical scheme to incrementally march the electric and mag-

netic fields through time. While the FDTD method can be solved on a number of different

grid geometries, this thesis utilizes the Cartesian-grid used in Yee’s initial formulation of

the algorithm.

2.2 Maxwell’s Equations and the Yee Algorithm

To simplify analysis, this section presumes propagation in an isotropic and homoegenous

medium, which will change in Chapter 4 when considering the dispersive effects of human

tissues. Furthermore, we assume no electric or magnetic sources. The time-dependent

Maxwell’s equations in differential form are given by

∇×E = −∂B

∂t
−M , (2.1a)

∇×H =
∂D

∂t
+ J , (2.1b)

∇ ·D = ρ and (2.1c)

∇ ·B = 0. (2.1d)

The vectors are space-time functions of the form (x, y, z, t). The material properties for the

propagation medium are applied through the constitutive relations, which in their general

form are given by

5



D = [ϵ(t)]⊛E and (2.2a)

B = [µ(t)]⊛H . (2.2b)

In the general case for dispserive and anisotropic materials, the electric flux density and

magnetic flux density are related to their field counterparts through a convolution of a

time-varying permittivity or permeability tensor. For isotropic and non-dispersive materials,

the permittivity and permeability can be represented by a time-invariant constant which

simplifies the constitutive relations to

D = ϵE and (2.3a)

B = µH . (2.3b)

For lossy materials J and M in (2.1b) and (2.1a) relate to their respective fields as

J = σE and (2.4a)

M = σ∗H (2.4b)

where σ is electrical conductivity and σ∗ is an equivalent magnetic loss term.

To form Maxwell’s equations for linear, non-dispserive, isotropic, and lossy materials

we then substitute (2.3) and (2.4) into (2.1a) and (2.1b), which yields

6



∂H

∂t
= − 1

µ
∇×E − 1

µ
σ∗H and (2.5a)

∂E

∂t
= − 1

µ
∇×H − 1

µ
σE. (2.5b)

Writing out the vector components after applying the curl operators then gives a system of

coupled scalar equations

∂Ex

∂t
=

1

ϵ

[
∂Hz

∂y
− ∂Hy

∂z
− σEx

]
(2.6a)

∂Ey

∂t
=

1

ϵ

[
∂Hx

∂z
− ∂Hz

∂x
− σEy

]
(2.6b)

∂Ez

∂t
=

1

ϵ

[
∂Hy

∂x
− ∂Hx

∂y
− σEz

]
(2.6c)

∂Hx

∂t
=

1

µ

[
∂Ey

∂z
− ∂Ez

∂y
− σ∗Hx

]
(2.6d)

∂Hy

∂t
=

1

µ

[
∂Ez

∂x
− ∂Ex

∂z
− σ∗Hy

]
(2.6e)

∂Hz

∂t
=

1

µ

[
∂Ex

∂y
− ∂Ey

∂x
− σ∗Hz

]
, (2.6f)

which when combined with central difference approximations, form the basis of the FDTD

algorithm. This thesis will use the notation En
x(i,j,k) = E(i∆x, j∆y, k∆z, n∆t) for the

scalar electric and magnetic field components. Where i, j, k describe the spatial coordinates

of the corresponding fied component, and n describes its time-step. As shown in Fig. 2.1, the

FDTD spatial lattice is structured such that E components are surrounded by four curling

H components, and H components are surrounded by four curling E components. E

and H components are similarly staggered in time using a leap-frog scheme. The E field

computations are completed using previous H field data. Next, the H field computations

7



are completed using the E fields computed in the last step. This process repeats until the

algorithm is terminated via a convergence or time condition.

Ex

ExEx

Ey

Ey

Ey

Ez

EzEz

Hz

Hy

Hx

Figure 2.1: Cubic unit Yee spatial cell. Electric field components in blue. Magnetic field
components in red.

The FDTD algorithm utilizes central difference approximations for the space and time

derivatives given in (2.6). Applying central difference approximation to a partial spatial

derivative in the x-direction yields

∂u

∂x
(i∆x, j∆y, k∆z, n∆t) =

un
(i+ 1

2
,j,k)

− un
(i− 1

2
,j,k)

∆x
+O[(∆x)2], (2.7)

and applied to a partial time derivative

∂u

∂t
(i∆x, j∆y, k∆z, n∆t) =

u
n+ 1

2

(i,j,k) − u
n− 1

2

(i,j,k)

∆t
+O[(∆t)2]. (2.8)
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Applying (2.7) and (2.8) to the first equation in Equation (2.6) will give

1

∆t

(
E

n+ 1
2

x(i,j+ 1
2
,k+ 1

2
)
− E

n− 1
2

x(i,j+ 1
2
,k+ 1

2
)

)
=

1

ϵx(i,j+ 1
2
,k+ 1

2
)

(Hn
z(i,j+1,k+ 1

2
)
−Hn

z(i,j,k+ 1
2
)

∆y

)
− 1

ϵx(i,j+ 1
2
,k+ 1

2
)

(Hn
y(i,j+ 1

2
,k+1)

−Hn
z(i,j+ 1

2
,k)

∆x

)
− 1

ϵx(i,j+ 1
2
,k+ 1

2
)

(
σ(i,j+ 1

2
,k+ 1

2
)E

n
x(i,j+ 1

2
,k+ 1

2
)

)
.

(2.9)

In order to fix the Ex component appearing with the material conductivity σ to the correct

temporal grid, a semi-implicit approximation is used

En
x(i,j+ 1

2
,k+ 1

2
)
=

E
n+ 1

2

x(i,j+ 1
2
,k+ 1

2
)
+ E

n− 1
2

x(i,j+ 1
2
,k+ 1

2
)

2
.

(2.10)

After substituting this approximation into (2.9) and collecting like terms, we find the desired

update equation for the Ex component

E
n+ 1

2

x(i,j+ 1
2
,k+ 1

2
)
=
(1− σ

(i,j+1
2 ,k+1

2 )
∆t

2ϵ
(i,j+1

2 ,k+1
2 )

1 +
σ
(i,j+1

2 ,k+1
2 )

∆t

2ϵ
(i,j+1

2 ,k+1
2 )

)
E

n− 1
2

x(i,j+ 1
2
,k+ 1

2
)

+
∆t

2ϵ(i,j+ 1
2
,k+ 1

2
)

(Hn
z(i,j+1,k+ 1

2
)
−Hn

z(i,j,k+ 1
2
)

∆y
−

Hn
y(i,j+ 1

2
,k+1)

−Hn
z(i,j+ 1

2
,k)

∆x

)
.

(2.11)
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The rest of the update equations are derived following the same process. For a cubic

spatial lattice, ∆x = ∆y = ∆z = ∆l. The material property terms containing σ, ϵ, σ∗, and

µ can be collected into coefficients and the update equation simplified to

E
n+ 1

2

x(i,j+ 1
2
,k+ 1

2
)
= Cax(i,j+ 1

2
,k+ 1

2
)E

n− 1
2

x(i,j+ 1
2
,k+ 1

2
)

+ Cbx(i,j+ 1
2
,k+ 1

2
)

Hn
z(i,j+1,k+ 1

2
)
−Hn

z(i,j,k+ 1
2
)
+

Hn
y(i,j+ 1

2
,k)

−Hn
z(i,j+ 1

2
,k+1)

 (2.12a)

E
n+ 1

2

y(i− 1
2
,j+1,k+ 1

2
)
= Cay(i− 1

2
,j+1,k+ 1

2
)E

n− 1
2

y(i− 1
2
,j+1,k+ 1

2
)

+ Cby(i− 1
2
,j+1,k+ 1

2
)

Hn
x(i− 1

2
,j+1,k+1)

−Hn
x(i− 1

2
,j+1,k)

+

Hn
z(i−1,j+1,k+ 1

2
)
−Hn

z(i,j+1,k+ 1
2
)

 (2.12b)

E
n+ 1

2

z(i− 1
2
,j+ 1

2
,k+1)

= Caz(i− 1
2
,j+ 1

2
,k+1)E

n− 1
2

z(i− 1
2
,j+ 1

2
,k+1)

+ Cbz(i− 1
2
,j+ 1

2
,k+1)

Hn
y(i,j+ 1

2
,k+1)

−Hn
y(i−1,j+ 1

2
,k+1)

+

Hn
x(i− 1

2
,j,k+1)

−Hn
x(i− 1

2
,j+1,k+1)

 (2.12c)

Hn+1
x(i− 1

2
,j+1,k+1)

= Dax(i− 1
2
,j+1,k+1)H

n
x(i− 1

2
,j+1,k+1)

+Dbx(i− 1
2
,j+1,k+1)

E
n+ 1

2

y(i− 1
2
,j+1,k+ 3

2
)
− E

n+ 1
2

y(i− 1
2
,j+1,k+ 1

2
)
+

E
n+ 1

2

z(i− 1
2
,j+ 1

2
,k+1)

− E
n+ 1

2

z(i− 1
2
,j+ 3

2
,k+1)

 (2.12d)

Hn+1
y(i,j+ 1

2
,k+1)

= Day(i,j+ 1
2
,k+1)H

n
y(i,j+ 1

2
,k+1)

+Dby(i,j+ 1
2
,k+1)

E
n+ 1

2

z(i+ 1
2
,j+ 1

2
,k+1)

− E
n+ 1

2

z(i− 1
2
,j+ 1

2
,k+1)

+

E
n+ 1

2

x(i,j+ 1
2
,k+ 1

2
)
− E

n+ 1
2

x(i,j+ 1
2
,k+1)

 (2.12e)

Hn+1
z(i,j+1,k+ 1

2
)
= Daz(i,j+1,k+ 1

2
)H

n
z(i,j+1,k+ 1

2
)

+Dbz(i,j+1,k+ 1
2
)

 E
n+ 1

2

x(i,j+ 3
2
,k+ 1

2
)
− E

n+ 1
2

x(i,j+ 1
2
,k+ 1

2
)
+

E
n+ 1

2

y(i− 1
2
,j+1,k+ 1

2
)
− E

n+ 1
2

y(i+ 1
2
,j+1,k+ 1

2
)

 (2.12f)
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where the material property coefficients are given by

Ca(i,j,k) =
1− σ(i,j,k)∆t

2ϵ(i,j,k)

1 +
σ(i,j,k)∆t

2ϵ(i,j,k)
,

(2.13a)

Cb(i,j,k) =

∆t
ϵ(i,j,k)∆l

1 +
σ(i,j,k)∆t

2ϵ(i,j,k)

, (2.13b)

Da(i,j,k) =
1−

σ∗
(i,j,k)

∆t

µ(i,j,k)

1 +
σ∗
(i,j,k)

∆t

2µ(i,j,k)
and

(2.13c)

Db(i,j,k) =

∆t
µ(i,j,k)∆l

1 +
σ(i,j,k)∆t

2µ(i,j,k)

, (2.13d)

that define the permittivity, permeability, conductivity, and equivalent magnetic loss term

at a given (i, j, k) location. Each scalar component of E and H will have its own C or D

coefficient matrices.

2.3 Numerical Dispersion

Physical electronmagnetic waves will naturally experience dispersion due to boundary

conditions or innate properties of the propagation medium, which means their phase velocity

will vary with frequency. While the FDTD algorithm can model this dispersion, numerical

waves within the FDTD will also experience non-physical dispersion effects due to the

method’s discretization in space and time. That is, even in a vacuum setting, the phase

velocity of a simulated wave will vary as a function of spatial step size, time step size,

propagation direction, and frequency. The analytical dispersion relation for a physical plane

wave in free space is given by

11



(ω
c

)2
= (kx)

2 + (ky)
2 + (kz)

2 , (2.14)

and the numerical dispersion relation derived from the FDTD algorithm is given by

[
1

c∆t
sin(

ω∆t

2
)

]2
=

[
1

∆x
sin(

k̃x∆x

2
)

]2
+

[
1

∆y
sin(

k̃y∆y

2
)

]2
+

[
1

∆z
sin(

k̃z∆z

2
)

]2
.

(2.15)

Where k̃ is the numerical wave vector related to its vector components by

k̃x = k̃cosϕsinθ, k̃y = k̃sinϕsinθ, k̃z = k̃cosθ, (2.16)

where ϕ is the azimuthal sweep 0 ≤ ϕ ≤ 2π and θ is the zenith sweep 0 ≤ θ ≤ π.

The effects of spatial and temporal step-size on dispersion in the FDTD algorithm can

be demonstrated visually by numerically solving for k̃ and plotting the components of the

refractive indices along different propagation directions. Such a plot is shown in Figure 2.2,

where the spatial-step size is set to be arbitrarily small such that its dispersion effects are

negligible. The ideal physical dispersion case is indicated by a dashed purple curve, which

is simply a unit circle. The solid lines denote varying time-step sizes.
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Figure 2.2: Refractive index components along the x and y axis showing isotropic dispersion.
Time-step is selected by ∆t = 1

Ntf
Spatial-step is set to ∆l = λ

10 .

As Figure 2.2 indicates, the refractive index for a numerical wave is inversely proportional

to the time-step size. That is to say, a larger time-step will lead to a numerical wave with a

phase velocity greater than speed c.

Figure 2.3: Phase portrait of the refractive index along the x and y axis showing anisotropic
dispersion. Spatial-step is selected by∆l = λ

Nλ
Time-step is set to ∆t = 1

10f .

While the dispersive effects caused by the time-step size are isotropic, the dispersion due

13



to spatial-step size will generate a numerical wave with anisotropic dispersion. Figure 2.3

shows that the numerical refractive index is furthest from unity along the major grid axes,

and closest along the grid diagonals, which will distort the shape of a propagating wave.

As the spatial and time steps decrease in size, the numerical wave propagation approaches

the behavior of the ideal physical case. This can also be seen analytically by taking the

limit of Equation 2.16 as ∆x, ∆y, ∆z, and ∆t approach zero, which will then reduce to the

physical plane wave dispersion relation shown in Equation 2.14. From this analysis, it is

made clear that selecting finer spatial-step and time-step sizes will lead to smaller errors that

could result in nonphysical phenomena in a simulation.

2.4 Stability Conditions

As a consequence of the leap-frog time marching scheme used in the method, the FDTD

algorithm has a stability criterion attached to it that couples time step size to spatial-step

size. The update equations given in Equations 2.12 can be expressed as

hn+1 = hn −∆tDee
n+ 1

2 (2.17a)

anden+ 1
2 = en− 1

2 +∆tDhh
n+1, (2.17b)

where h is a vector containing all of the scalar magnetic field components, e is a vector

containing all of the scalar electric field components, De is a matrix representing the discrete

curl operation of the electric field 1
µ
∇E×, and Dh is a matrix representing the discrete curl

operation of the magnetic field 1
ϵ
∇H×. By substituting Equation 2.17a into Equation 2.17b,

14



the following is obtained:

hn+1

en+ 1
2

 =

 I −∆tDe

∆tDh I −∆tDhDe


 hn

en− 1
2

 . (2.18)

By letting

Un =

 hn

en− 1
2

 , (2.19)

and

G =

 I −∆tDe

∆tDh I −∆tDhDe

 (2.20)

where G is typically referred to as an amplification factor. Equation 2.18 can then be written

more simply as

Un+1 = GUn. (2.21)

In order for stability to be achieved, the eigenvalues of G must be bounded by the unit

circle of the complex plane, otherwise at each new time step n, the error will begin to grow

exponentially. The eigenvalues of G can be found by the eigenvalue problem:

(G− I)v = (λG − 1)v (2.22)

where v are the eigenvectors of G, and λG are the eigenvalues of G. Plugging in Equation

2.20 for G then yields

 0 −∆tDe

∆tDh −∆tDhDe


v1

v2

 = ΛG

v1

v2

 , (2.23)
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where ΛG = (λG − 1). Letting M = DhDe, Equation 2.23 can then be expressed as

−∆tDev2 = ΛGv1 (2.24a)

∆tDhv1 −∆tMv2 = ΛGv2. (2.24b)

Substituting Equation 2.24a into Equation 2.24b and multiplying by ΛG then gives

Λ2
Gv2 +∆t2Mv2ΛG +∆t2Mv2 = 0. (2.25)

The discrete curl-curl operator matrix M is symmetric, and can be diagonalized such that

P−1MP = Dm (2.26)

where P is a projection matrix, and Dm is a diagonal matrix containing the eigenvalues λM

of M . Equation 2.25 then becomes

v2(IΛ
2
G +Dm∆t2ΛG +Dm∆t2) = 0. (2.27)

In order for Equation 2.27 to be true,

Λ2
G + λM∆t2ΛG + λM∆t2 = 0 (2.28)

must also be true. Solving for the roots of Equation 2.28 then yields

ΛG =
−λM∆t2 ±

√
(λM∆t2)2 − 4(λM∆t2)

2
. (2.29)

The eigenvalues of G are then found to be

16



λG = 1−
λM∆t2 ±

√
(λM∆t2)2 − 4(λM∆t2)

2
. (2.30)

To meet the stability condition |λG|≤ 1, from Equation 2.30

∆t2λM ≤ 4. (2.31)

The maximum eigenvalues of M is found to be bounded by the relation

λM ≤ 4

(
1

∆x2
+

1

∆y2
+

1

∆z2

)
(2.32)

and when applied to Equation 2.31, we at last arrive at the stability condition

∆t <
1

c

1√
1

∆x2 +
1

∆y2
+ 1

∆z2

. (2.33)

This matches the result from [26] and is referred to as the Courant-Fredrichs-Lewy stability

limit, or CFL condition for short.

With the dispersion results shown in the previous section and this stability condition in

mind, the selection process for step-sizes generally begins by choosing a spatial-step size

that is the minimum value between the smallest physical feature needed to be resolved, and

∆l = λ
10

, where λ is the wavelength corresponding to the highest frequency expected in the

simulation. From here, the CFL condition is applied to select a step size

∆t =
1

c

CFLN√
1

∆x2 +
1

∆y2
+ 1

∆z2

(2.34)

where CFLN < 1, but selected to be close to unity, e.g. CFLN = 0.999.
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2.5 Lumped Components

In general, lumped components can be modeled in FDTD by placing the component on an

electric grid edge, and expressing it through Ampere’s law as

∂

∂t
ϵ

∫∫ −→
E · d−→s =

∮ −→
H · d

−→
l −

∫∫ −→
J · d−→s , (2.35)

where

I =

∫∫ −→
J · d−→s . (2.36)

Any closed-form I-V can be applied to Equation 2.36 which can then be discretized and

applied to the discrete form of Ampere’s Law as in Equations 2.12 to generate an update

equation that takes into account a lumped component. For example, a capacitor’s I-V

relationship is given by

I = C
dV

dt
, (2.37)

if we place this capacitor upon an Ez grid ege, dV
dt

can be discretized and approximated as

V n = ∆zEn
z
i,j,k+1

2

. (2.38)

Central difference approximations can then be applied I = C dV
dt

, which yields

In = C
∆z

∆t

(
E

n+ 1
2

z
i,j,k+1

2
− E

n 1
2

z
i,j,k+1

2

)
. (2.39)

This is then combined with with the appropriate equation from Equations 2.12, giving an

update equation for a static capacitive lumped load
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E
n+ 1

2
z
i,j,k+1

2
= E

n− 1
2

z
i,j,k+1

2
+

∆t

ϵ+ C ∆z
∆x∆y

[(
Hn

y
i+1

2 ,j,k+1
2

−Hn
y
i− 1

2 ,j,k+1
2

∆x

)
−

(
Hn

x
i,j+1

2 ,k+1
2

−Hn
y
i,j− 1

2 ,k+1
2

∆x

)]
.

(2.40)

Similar processes can be followed to build update equations for resistors, inductors, or

a combination of basic components. In Chapter 3, this method will be expanded upon to

create an update equation for a time-varying capacitor.

2.6 Boundary Conditions

In practice, field component arrays are initialized to zero in an FDTD algorithm, and it is

common for simulation domains to begin and end on E field components. This then means

that at the boundary, E field components can’t be updated as they lack adequate H field

information.

Figure 2.4: 1-D FDTD grid with the edge Ez component labeled.

Consider the simple 1-D case shown in Figure 2.4, the Ez update equation from Equa-

tions 2.12 reduces down to

E
n+ 1

2

z(i) = Caz(i)E
n− 1

2

z(i) + Cbz(i)(H
n
y(i+ 1

2
)
−Hn

y(i− 1
2
)
). (2.41)
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Because there is no Hy component at index i − 1
2
, Ez(i) cannot be computed. Therefore

the E field components at the boundaries of the simulation space are always zero, and

will appear as a perfect electric conductor (PEC) to propagating waves. This will lead to

reflections at the boundaries of the simulation space, which is problematic for cases requiring

unbounded regions to represented. To minimize unwanted reflections, an absorbing boundary

condition (ABC) is applied to the outer boundaries of the simulation. Early implementations

of ABC’s were computationally expensive, utilizing Green’s functions to estimate the

fields at the boundary from equivalent current densities [27]. A more efficient ABC has

been implemented in the form of the perfectly matched layer (PML)[28], which acts as an

absorbing medium analogous to the material found in anechoic chambers.

Figure 2.5: 1-D FDTD grid with the edge Ez component labeled.

The PML is implemented as a material that satisfies two conditions: (1) no reflections at

the interface between free space and the absorbing medium, and (2) the propagating wave

must be attenuated as it travels throughout the absorbing medium. Condition (1) requires

that

Γ =
η2 − η1
η1 + η1

= 0, (2.42)
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where η1 is the impedance of free space given by

η1 =

√
µ0

ϵ0
, (2.43)

and η2 is the impedance of a general medium [29] given by

η2 =

√√√√√µ2

(
1− j

σ∗
2

ω2ϵ2

)
ϵ2

(
1− j

σ2

ω2ϵ2

) . (2.44)

For condition (1) to hold,

ϵ2 = ϵ1, (2.45a)

µ2 = µ1 and (2.45b)(
1− j

σ∗
2

ω2ϵ2

)
(
1− j

σ2

ω2ϵ2

) = 1. (2.45c)

Applying these conditions yields a relation for the equivalent magnetic loss term,

σ∗ = σ

(
µ0

ϵ0

)
. (2.46)

To satisfy condition (2), the conductive loss term σ must gradually increase from zero to a

maximum value. This thesis implements a polynomial grading profile for σ, given by

σ(l) =

(
l

d

)m

σmax (2.47)

where l is the distance into the absorbing material from the interface with free space, d is

the physical thickness of the absorbing material, m is a polynomial grading coefficient, and
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σmax is the maximum conductivity of the material given by

σmax =
0.8 (m+ 1)

η0∆l
√
ϵrµr

(2.48)

and ∆l is the spatial step size of the grid.

In the simulations presented in Chapters 3 and 4, OU-FDTD utilizes a PML with 10-cell

thickness, and a grading coefficient of m = 3.

2.7 Conclusions

This chapter laid out the basic formulation of the FDTD method used to construct the OU-

FDTD solver this thesis based its work on. Dispersion and stability considerations for spatial

and time-steps sizes were discussed, and a method for adding lumped circuit components

was presented. In Chapter 3, the section on lumped components will be expanded upon to

include specific examples for time-varying components. In Chapter 4, dispersion caused by

a physical medium is modeled, requiring the general form of the constitutive relations as

shown in Equation 2.2, which will lead to a modification in the update equation for electric

fields.
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Chapter 3

Time-Varying Antenna Loads

This chapter will describe how time-varying loads can be implemented in FDTD through

direct implementation as a lumped component, and through co-simulation with SPICE. A

dipole loaded with a switch is considered, as well as a number of square loop antennas

loaded with time-varying capacitors. The ability of two commercial solvers, XFDTD[9] and

CST Studio[8], to model time-variant behavior will also be briefly discussed. A frequency

domain solver, CMMoM [10] is used to generate parametric amplification designs for the

implementation of time-varying capacitor loads. Generally, a time-varying component will

introduce harmonics in the simulation space shown by the relation

fh = f0 ± nfp, (3.1)

where fh is the harmonic frequency observed, f0 is the excitation frequency, and n is a

positive integer. This will necessitate a smaller spatial step to accurately resolve the smaller

wavelengths, and consequently a smaller time step size to satisfy the stability condition

given in Chapter 2.
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3.1 Time-Varying Components in FDTD

3.1.1 Switched Loads

In the FDTD method, a switch load can be implemented by applying a transform to the

electric field of the grid-cell containing the load represented by

En
i,j,k = En

i,j,kS
n (3.2)

where i, j, k are the indices denoting the location of the switch load, and Sn denotes the

state of the switch at timestep n. This transform is applied after the typical electric field

update equation. Physically, when the switch is closed (Sn = 0), En
i,j,k = 0, which means

that a propagating electric field sees the closed switch as a perfect electric conductor. When

the switch is open, En
i,j,k is determined by the material properties present at that grid-cell

location. The switch’s waveform can be represented by any waveform, but modifications

must be made to ensure simulation accuracy is maintained. For example, in a square wave

the discontinuity caused by the instantaneous transition from an “on” to “off” state in the

switch can be remedied by adding a transition period in between switch states, which is

implemented as a linear ramp-up or ramp-down. In this work, a transition period equal to

60 timesteps was used in test cases. This nets a signal that is still mostly square as seen in

Fig. 3.1 without introducing any high-frequency transients.
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Figure 3.1: 100MHz switch waveform with a transition period in the time-domain(top) and
frequency-domain(bottom)

3.1.2 Simulation of Switched Loads

Figure 3.2: Ribbon dipole antenna. RF = 50Ω, D = 15cm , W = 0.5cm with a plane wave
excitation of 100MHz. d = 208mm ≈ λ

14 .

The half-wave ribbon dipole shown in Figure 3.2 was simulated in OU-FDTD with a switch

loaded across its feed point. The switch waveform is given in Figure 3.1.

A comparison between the 60 time step transition and a single time step transition is

shown in Figure 3.3 to demonstrate the need for transition time between states. Using a

switch transition that takes place over a single time step introduces a spike into the signal as

the switch transitions from an open to a closed state. Additionally, the frequency spectrum

shows high frequency content at higher magnitudes.
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Figure 3.3: Time and frequency domain currents across the resistor representing the dipole feed for
a switch loaded dipole with switch transition times of 1 timestep and 60 timesteps.

A commercial solver was desired to assist in validation, for which XFDTD was the

first option explore. This software has limited support for investigating antennas loaded

with time-varying components. It contains a built in ”Switch” that allows users to define

a waveform as a table of state transitions. The same half-wave dipole with a switch load

was simulated in XFDTD, and its results compared to those obtained in OU-FDTD. From

Figure 3.4 at the excitation frequency, the results between OU-FDTD and XFDTD show

agreement with 0.1 dB. The harmonics show agreement within 1 dB of each other as well,

with the exception of the harmonic at 1500 MHz, where the difference is 2.5 dB.
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Figure 3.4: Time and frequency domain currents at the feed for a switch loaded dipole. Incident
plane wave at 1GHz and switching frequency of 100MHz. Simulated in OU-FDTD and XFDTD.

3.1.3 Time-Varying Capacitive Load

An RF switch load is effectively a time-varying resistance, which will naturally add ohmic

loss to the antenna aperture. The time-varying capacitance implemented in this section

offers a way to introduce time-variance without adding a real impedance. The process for

a time-varying capacitor is very similar to the case of a lumped static-capacitor shown in

Equation 2.40, except the I-V relationship must be modified to account for the changing

capacitance. For a time-varying capacitor, this is given by

I =
d

dt
Q =

d

dt
[CV ] and I = C

dV

dt
+ V

dC

dt
. (3.3)

After discretization, Cn and V n must be time-averaged to place them on the correct temporal

grid. This gives
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In =

(
Cn+ 1

2 + Cn− 1
2

2

)(
V n+ 1

2 − V n− 1
2

∆t

)

+

(
V n+ 1

2 + V n− 1
2

2

)(
Cn+ 1

2 − Cn− 1
2

∆t

)
,

(3.4)

which when combined with the discrete form of Ampere’s Law will give the electric field

update equation

E
n+ 1

2
z
i,j,k+1

2

= Ca1E
n− 1

2
z
i,j,k+1

2

+ Ca2

[(
Hn

y
i+1

2 ,j,k+1
2

−Hn
y
i− 1

2 ,j,k+1
2

∆x

)
−

(
Hn

x
i,j+1

2 ,k+1
2

−Hn
y
i,j− 1

2 ,k+1
2

∆x

)]
,

(3.5)

where Ca1 and Ca2 are coefficients given by

Ca1 =
ϵ∆x∆y +∆zCn− 1

2

ϵ∆x∆y +∆zCn+ 1
2

and (3.6a)

Ca2 =
∆t

ϵ∆x∆y +∆zCn+ 1
2

. (3.6b)

Cn is implemented as

Cn = C0 (1 + γsin(2πfpt
n + ϕ)) , (3.7)

where C0 is a DC capacitance, γ is a modulation factor, fp is a pumping frequency, tn is the

time at step n, and ϕ is some phase shift.
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3.1.4 Simulation of Time-Varying Capacitive Loads

The time-varying capacitor model given in the previous section was used to simulate

several antennas designed using CM-MoM. Again, a commercial solver was also desired

for validation. Remcom’s XFDTD was unable to support time-varying capacitors. While

it also advertises SPICE co-simulation support, it only allows a limited variety of basic

SPICE components to be used, making it impossible to even approximate a time-varying

capacitor. Simulia Corp’s CST Studio was looked at as an alternative. CST utilizes the

Finite-Integration Technique (FIT), which when used with a cartesian spatial discretization

and leap-frog time stepping scheme, reduces down to the FDTD method [30]. While

CST also lacks a direction implementation of time-varying components, it does have full

SPICE support, which allows for an equivalent time-varying capacitor model [31] to be

implemented as a SPICE component. In the cosimulation method, current is calculated at

the electric field component containing the SPICE component. This current is passed into

the SPICE simulation as a current source and the circuit is solved numerically. The voltage

across the circuit is then calculated, and passed back into the FDTD simulation. The voltage

is then converted into an equivalent electric field with the approximation given in Equation

2.38, which is used in subsequent H field updates. This process is repeated at every time

step.
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Figure 3.5: Loop Antenna. RF = 26Ω, C0 = 2.7pF , γ = 0.6, fp = 195MHz, ϕ = 0, with a plane
wave excitation of 100MHz. d = 208mm ≈ λ

14 .

A comparison between CST, OU-FDTD, and CM-MoM was run for the antenna config-

uration shown in Figure 3.5. While the physical models for CST and OU-FDTD were very

similar - planar square loops - in this case the impedance matrix for CM-MoM was pulled

from a wire segment model generated in Altair’s Feko. Additionally, while OU-FDTD uses

a uniform grid mesh, CST Studio makes use of an adaptive meshing technique, where the

grid cell meshing is finer near areas of interest (e.g., at the feed and load) to more accurately

resolve the fields at those locations. Figure 3.6, plots the time-domain currents across the

feed resistor. For the results from CM-MoM, this data was calculated via an inverse fourier

transform of the frequency domain results at the port representing the antenna feed. The

results from the time-domain solvers are truncated to the first period when steady-state

is reached. As the figure shows, once this condition is met the solvers show excellent

agreement with each other.
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Figure 3.6: Time domain current across the feed resistor (RF in Figure 3.5). Simulated in
CM-MoM, CST Studio, and OU-FDTD. Truncated to first steady-state period.

When the excitation frequency and first difference harmonic are relatively close (≈ 10

MHz or less), the simulation must be run for an adequate amount of time to resolve the

resulting beat frequency and allow it to reach steady state. Figure 3.7 demonstrates this

phenomena for a simulation running at a 97 MHz excitation frequency with a 200 MHz

pumping frequency. This creates a difference harmonic at 103 MHz, which leads to a beat

frequency of 6 MHz. This beat has a period of ≈ 0.1667 µs. Even with this relatively short

period, the simulation must run out to around beyond 7 µs to reach steady state.
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Figure 3.7: Time domain results showing a 6MHz beat frequency.

In the next test case, the impedance matrix for CM-MoM was extracted from the Antenna

Toolbox for MATLAB (AToM) [32]. This allowed for the antenna geometries between CST

and CM-MoM to be nearly identical, as AToM is able to generate a planar loop similar to

CST.

RF C0 γ fp ϕ fex d

6Ω 4.0pF 0.05 200MHz 0 100MHz 150mm

Table 3.1: Design parameters for the first time-varying capacitor antenna design.
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Figure 3.8: Power received over an excitation frequency sweep for the first time time-varying
capacitor antenna design. LTI comparison is a conjugate match with RF = 6 and C0 = 4.0pF .

For this design, time-domain simulations were run at multiple excitation frequencies to

see how they compared with excitation the sweep of CM-MoM for the same design. As this

comparison would require several simulations of the same design, CST-Studio was used in

place of OU-FDTD. At the time, CST Studio was capable of completing simulations much

faster than OU-FDTD due to its adaptive meshing and parallel processing capability. The

degenerate mode design has a narrow bandwidth high peak at 100 MHz. The design shows

≈ 24 dB of gain over the ideal LTI case for a loop antenna of this size, with a narrower

3 dB bandwidth. There is approximately a 2.7 dB difference of gain between CST and

CM-MoM at the peak. Designs with narrow bandwidth were found to be sensitive to small

changes in the design parameters or underlying antenna models. In this case, the location

of the first series resonance at 100 MHz was shifted to the right 120 kHz in CST, which

is reflected in the shifted curve for CST in Figure 3.8. This difference largely arises from

the different loading methods between CM-MoM and finite-difference or finite-integration

techniques. In FDTD and FIT, a physical gap is modeled where the load is placed that

introduces fringing field effects. CM-MoM does not model a physical gap at load locations;
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instead, a submatrix representing the impedance of the load is added to the appropriate port

location of the antenna’s impedance matrix.

RF C0 γ fp ϕ fex d

1Ω 4.076pF 0.222 492MHz 0 100MHz 150mm

Table 3.2: Design parameters for the second time-varying capacitor antenna design.

A design for an upconverting amplifier was explored using parameter sweeps in CM-

MoM, using the same loop configuration shown in Figure 3.5 with the parameters listed

in Table 3.2. In an upconverting amplifier design, one would expect to see significant

gain over the excitation frequency at the first sum harmonic. In CM-MoM, the design

shows amplification at both the excitation frequency and the first sum harmonic. However,

the design was also unable to be verified in time-domain solvers. Figure 3.9 plots the

power received at a sweep of the excitation frequency, and power received across the

subsequent first sum harmonics. While CST Studio and OU-FDTD showed amplification

at the excitation frequency, there was no amplification at the sum harmonic. This is likely

due to a tuning discrepancy between the two solver methods. As discussed above, loading

is handled differently between the time-domain solvers and CM-MoM, which leads to

minor differences in the frequency location of their resonances. As this design has an even

narrower bandwidth than the degenerate mode design shown in Figure 3.8, it requires even

more precise tuning to the correct resonance.
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Figure 3.9: Power received around the excitation frequency(top) and the first sum harmonic
(bottom) for the upconversion design listed in Table 3.2

Finally, the impacts of parametric amplification on a modulation scheme was investigated.

The design’s parameters are given in Table 3.3, this time however the plane, wave excitation

was modulated with an on-off key scheme, shown in Figure 3.10. On-off keying is a very

simple amplitude modulation scheme, wherein the presence of the carrier wave denotes a

binary one, and its absence denotes a binary zero.

RF C0 γ fp ϕ fex d

50Ω 3.65pF 0.542 200MHz 0 100MHz 208mm

Table 3.3: Design parameters for the third time-varying capacitor antenna design.
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Figure 3.10: On-off key modulation scheme. Pulse width of 500ns.

Figure 3.11 plots the current across the feed resistor for the non-LTI antenna design

and an LTI antenna design of the same geometry (square planar loop), loaded to achieve

a conjugate match. The non-LTI antenna signal has a much higher amplitude, but also

experiences significant distortion compared to the LTI antenna. For most of the duration of

the “on” state, it is ramping up to, but not reaching, maximum amplification. In the “off”

state, the current across the resistor does not full dissipate before the next transition occurs.
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((a)) ((b))

Figure 3.11: Time domain current across the feed resistor (RF in Figure 3.5). (a) Non-LTI antenna
design, and (b) LTI antenna design. Simulated in CST Studio.

3.2 Discussion

In general, commercial full wave time-domain solvers are currently lagging behind the

needs of researchers investigating non-LTI antenna phenomena. XFDTD can effectively

duplicate a time-varying resistor with their switch component, but time-varying reactances

are not possible at this time due to component limitations in their SPICE co-simulation. CST

Studio has full SPICE integration, which allows for various time-varying components to

be simulated via co-simulation. However, it lacks a direct implementation of time-varying

components such as what is shown in Equation 3.7.

This chapter also revealed a general weakness of the FDTD method, which is the

steady-state analysis of highly resonant structures. Antennas with a narrow bandwidth –

and consequently high Q – have transient responses that requires computation of long time

sequences to resolve. These antenna structures also required small spatial step sizes relative

to the simulated wavelength, which due to the CFL stability criterion lead to a time step

that was much smaller than what would be required by accuracy. The combination of long
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time sequences and small time steps created excessive simulation runtimes. In CST Studio,

which was far more efficient than OU-FDTD at the time, the simulation of a single design

could take as long as 18 hours to complete. By comparison, CM-MoM is capable of iterating

through thousands of design parameter combinations in the same amount of time. It is

however, incapable of simulating transient behaviors, such as what was shown in the on-off

key example. In this way, the two solver methods can be used to complement one another.

Initial designs can be generated via the fast parameter sweeps of CM-MoM, which can

then be recreated in FDTD for transient analysis. Non-LTI antenna designs that are highly

sensitive to the frequency location of resonances, such as the upconverter design from Table

3.2, will require more care to ensure the antenna models between the two solver techniques

closely align. For example, the effects of the physical gaps at the feed and load in FDTD

and FIT will need to be modeled and accounted for.
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Chapter 4

Modeling the Human Head at Radio Frequencies

This chapter provides analysis on the interaction of a plane wave excited by linear frequency

modulated waveforms with the human head. The analysis is carried out with two time-

domain solvers, OU-FDTD and Remcom’s XFDTD. Similar research typically looks at

SAR values, calculated in accordance with the IEEE standard as

SAR =
σ|E|2

ρ
, (4.1)

where σ is the electrical conductivity of the material, ρ is the mass density of the material,

and E is the steady-state or time-averaged magnitude of the electric field [33]. While this

is a useful metric for gauging human safety standards, the time-averaging or steady-state

requirement may smooth out interesting peaks in the time domain. In this work, SAR is not

calculated, and results are instead left in the form of electric field magnitudes over time.

4.1 Dispersive Material Modeling

The dielectric behavior of human tissue is frequency dependent, which means that the

simplified constitutive relation for E and D such as in Equation 2.3 cannot be used. Instead,

the relationship between the E and D is given as
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D(t) = ϵ(t)⊛E(t) or D(ω) = ϵ(ω)E(ω). (4.2)

Performing the convolution in the time-domain would require preserving the E field data at

every time step for the entire simulation space, which would require unfeasible amounts of

computer memory. Likewise, performing a fourier transform and inverse fourier transform

at each iteration of the loop would be computationally inefficient. To solve this dilemma,

relaxation models are used to describe the frequency dependent permittivity. XFDTD

defaults to a four-term Cole-Cole model when a voxelized object is imported. OU-FDTD

utilized a two-term Debye model, following the method used by Ireland and Abbosh [34].

The two-term Debye model is given by

ϵ(ω) = ϵ∞ +
∆ϵ1

1 + (jωτ1)
+

∆ϵ2
1 + (jωτ2)

+
σ

(jωϵ0)
, (4.3)

where ϵ∞, ∆ϵ1, ∆ϵ2, τ1, τ2, and ω are fitting parameters. In the Cole-Cole model, the

relaxation time term (jωτn) in the denominator is replaced with (jωτn)
1−α, where α is a

“broadening” term that transforms the discrete relaxation time into a distribution of relaxation

times. This leads to a more accurate representation of the frequency dependent permittivity,

at the cost of increased computational complexity. The Debye parameters were fit to data

primarily from the Gabriel & Gabriel database [15] across the frequency range 100MHz

to 5GHz using a particle swarm optimization algorithm. Tissues not found in the Gabriel

& Gabriel database were instead fit to data from the IT’IS Foundation database [35]. The

generated Debye parameters used in this work are given in Table 4.1. Equation 4.3 is

substituted into the constitutive relation between the displacement and electric field for

linear, isotropic dispersions
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D(ω) =

[
ϵ∞ +

∆ϵ1
1 + (jωτ1)

+
∆ϵ2

1 + (jωτ2)
+

σ

(jωϵ0)

]
E(ω), (4.4)

which after applying an inverse fourier transform yields

σE + γ1
∂E

∂t
+ γ2

∂2E

∂t2
+ γ3

∂3E

∂t3
=

∂D

∂t
+ γ4

∂2D

∂t2
+ γ5

∂3D

∂t3
. (4.5)

Central difference approximations are be applied to Equation 4.5, which then nets an update

equation for the electric field of the form

Ez |n+1
i,j,k =

1

γ1

(
Dz |n+1

i,j,k −Dz |n−2
i,j,k

3∆t

)

+
γ4
γ6

(
Dz |n+1

i,j,k −Dz |ni,j,k −Dz |n−1
i,j,k +Dz |n−21

i,j,k

2∆t2

)

+
γ5
γ6

(
Dz |n+1

i,j,k − 3Dz |ni,j,k + 3Dz |n−1
i,j,k −Dz |n−21

i,j,k

∆t3

)

+
1

γ6

( σ

16
+

γ1
3∆t

− γ2
2∆t2

+
γ3
∆t3

)
Ez |n−2

i,j,k

+
1

γ6

(
γ2

2∆t2
− 3γ3

∆t3
− 9σ

16

)
Ez |n−1

i,j,k

+
1

γ6

(
γ2

2∆t2
+

3γ3
∆t3

− 9σ

16

)
Ez |ni,j,k ,

(4.6)

where
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γ1 = ϵ0 (∆ϵ1 +∆ϵ2 + ϵ∞) + σ (τ1 + τ2)

γ2 = ϵ0 (∆ϵ1τ2 +∆ϵ2τ1 + ϵ∞τ1 + ϵ∞τ2) + στ1τ2

γ3 = ϵ0ϵ∞τ1τ2

γ4 = τ1 + τ2

γ5 = τ1τ2

γ6 =
( γ1
3∆t

+
γ2

2∆t2
+

γ3
∆t3

− σ

16

)
.

(4.7)

The displacement field Dz is found by a standard FDTD update equation derived from

Ampere’s Law [26]. Equation 4.6 and similar equations for Ex and Ez were implemented in

OU-FDTD.

Figure 4.1: Modeled and measured effective dielectric constant for four different human tissues.

Figure 4.1 plots the dielectric constant of several different tissues across frequency

for measured data, the two-term Debye used in OU-FDTD, and the four-term Cole-Cole

model used in XFDTD. There are discrepancies between XFDTD’s Cole-Cole model and

OU-FDTD’s Debye model in fat and muscle tissues. This was found to be caused by
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XFDTD fitting to data from the IT’IS database by default, which in some cases differs from

the measured profiles found in the Gabriel & Gabriel database. As variance in dielectric

properties is to be expected between individuals, this discrepancy was left as-is to investigate

its impact on simulated results. For the rest of the tissues used in this work, the modeled

dielectric profiles showed agreement comparable to the results seen in Figure 4.1 for gray

and white matter.
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Table 4.1: Debye Parameters for Human Tissue (100MHz-5GHz)

Tissue Type ϵ∞ ∆ϵ1 ∆ϵ2 τ1(ps) τ2(ns) σ

Blood 10 44.6 24.7 10.8 1.16 1.53

Bone (Cancellous) 7.5 10.6 10.0 16.0 0.62 0.13

Bone (Cortical) 4.1 8.06 3.71 17.1 0.45 0.07

Brain (Gray Matter) 1 47.6 36.9 9.02 0.84 0.57

Brain (White Matter) 4.9 31.0 24.0 11.3 0.80 0.31

Cartilage 10 28.3 17.6 15.1 0.55 0.46

Cerebellum 10 38.5 60 11.2 1.43 0.55

Cerebrospinal Fluid 1 66.8 4.18 9.45 0.49 1.59

Dura 1 44.7 11.7 11.3 0.35 0.4

Eye (Cornea) 10 40.3 12.8 11.6 0.49 0.91

Eye (Lens) 7.0 42.0 7.98 10.2 0.26 0.59

Eye (Sclera) 10 43.0 13.1 11.9 0.56 0.86

Eye (Virtreous) 1 66.7 0.98 8.6 0.22 0.41

Fat (Not Infiltrated) 3.2 1.36 1.91 13.8 0.74 0.03

Gland 10 47.9 6.25 9.90 0.30 0.79

Intervertebral Disc 9.2 26.7 9.2 4.93 0.14 0.85

Muscle 10 46.9 16.2 11.4 0.38 0.79

Nerve 10 22.4 22.0 12.7 0.94 0.32

Salivary Gland 1.0 68.9 4.81 0.84 0.14 0.68

Skin 10 28.4 26.0 11.9 1.05 0.37

Two different human phantom models were used in this work: the high resolution

multimodal imaging-based detailed anatomical (MIDA) model [36], and the Duke model
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from the Virtual Family population [37], both maintained by the IT’IS foundation. MIDA

was acquired from scans of a 29-year old female from the head down to the C5 vertebrae

in the neck. Duke is a full body model of a 34-year old male. While both models were

acquired at a resolution of 0.5 mm, they were revoxelized at a resolution of 1 mm to increase

computational efficiency. The Duke model was only simulated from the sternum and up for

the same reason. Figure 4.2 is a side-by-side comparison of the models’ interiors, which

shows that the MIDA model offers more detail in terms of physical structures rendered. Of

particular note is that the MIDA model fully details the ear canal and pharyngotympanic

tube, while the Duke model effectively absorbs these structures into the surrounding muscle

tissue. Additionally, MIDA has a significant amount of adipose tissue(purple) in the region

between the ears. In the Duke model, this region is filled primarily with general muscle

tissue(bright green).

((a)) ((b))
Figure 4.2: Cut planes of the head phantoms coplanar with the ear canal. Color coded by unique

tissue ID. (a) MIDA model. (b) Duke model.
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((a)) ((b))

Figure 4.3: Time and frequency domain representations of the LFM waveforms used in this work.
(a) LFM1: β = 400MHz, τ = 150ns. (b) LFM2: β = 840MHz, τ = 150ns.

To investigate the frequency dependent properties of the tissue models, linear-frequency

modulated (LFM) waveforms were injected as plane waves into the simulation space. The

frequency range for LFM1 shown in Figure 4.3(a) was chosen arbitrarily. The frequency

range for the LFM2 shown in Figure 4.3(b) was after initial simulations with LFM1 produced

a notable phenomena requiring higher frequencies for further investigation. The simulations

were performed with a plane wave propagating towards the side of the 3D human models,

with the electric field polarized along the height axis of the models.

4.2 Simulation Results

Results in this work are given as electric field amplitudes normalized to the maximum

amplitude of the plane wave excitation.
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Figure 4.4: Electric field amplitude relative to the incident plane wave(LFM1) within the MIDA
model simulated in OU-FDTD. Cross-sectional view(coplanar with the ear canal) shown at peak

amplitude.

Initial simulations with LFM1 revealed electric field amplitudes exceeding those of the

incident plane wave. These high field strengths are focused in the middle of the head,

primarily in adipose and cortical bone tissue. The notable exception to this being the ear

canal and pharyngotympanic tube, which also experience greater than unity normalized

field strengths. While this effect is most prevalent on the side of the head upon which the

plane wave is incident, normalized field amplitudes approaching unity do still appear in the

opposite ear canal and some of the surrounding cortical bone and fat tissue. This effect was

not seen within the brainstem or cerebellum, nor anywhere throughout the brain as shown in

Figure 4.5.
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((a)) ((b))

((c)) ((d))

Figure 4.5: Electric field amplitude relative to the incident plane wave(LFM1) within the MIDA
model simulated in OU-FDTD. Shown at various cross-sectional views. (a) Coplanar with the ear

canal. (b) 25mm up from the ear canal. (c) 50mm up from the ear canal. (d) 75mm up from the ear
canal.
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Figure 4.6: Electric field amplitude relative to the incident plane wave within the MIDA model
simulated in OU-FDTD. Point-sensor located in fat tissue. Results from LFM1 and LFM2.

The MIDA model was simulated again with LFM2, which contained frequencies up

to 1.1GHz. The time-domain and frequency-domain results of this simulation are given

in Figure 4.6, which align with the simulated results of LFM1 in their shared frequency

range. Both waveforms experience a peak amplitude in the frequency range of 240-380MHz.

As LFM2 sweeps across a wider bandwidth than LFM1 in the same time, it will reach

its amplitude peak sooner in the time-domain. Figure 4.7(a)-(d) demonstrates that as the

electromagnetic wave travels through the head, the high electric field amplitudes remain

largely constrained to side of the head the plane wave is incident upon.

49



((a)) ((b))

((c)) ((d))

Figure 4.7: Electric field amplitude relative to the incident plane wave within the MIDA model
simulated in OU-FDTD. Shown at various time-steps throughout the simulation of LFM2. (a) t =

109.2 ns. (b) t = 109.6 ns. (c) t = 109.9 ns. (d) t = 110.3 ns.
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The MIDA model was simulated with LFM2 in XFDTD to compare with the results ob-

tained in OU-FDTD. The same focusing phenomena was present in the XFDTD simulation.

However, from Figure 4.8, we see that the XFDTD simulation features higher electric field

amplitudes across a larger region. There are two factors that play into this: (1) as mentioned

in the Simuation Methodology section, the dielectric profiles for fat tissue used by XFDTD

and OU-FDTD differ. (2) XFDTD implements frequency dependent dielctrics through a

four-term Cole-Cole model. While the Ireland paper offers the field update algorithm given

in Equation 4.6 that implements the two-term Debye model, similar documentation does not

exist for XFDTD’s four-term Cole-Cole model.

((a)) ((b))

Figure 4.8: Electric field amplitude relative to the incident plane wave(LFM2) within the MIDA
model simulated in OU-FDTD and XFDTD. Shown at time-step of peak amplitude. (a) OU-FDTD.

(b) XFDTD.

51



Figure 4.9: Electric field amplitude relative to the incident plane wave(LFM2) within the MIDA
model simulated in OU-FDTD and XFDTD. Point-sensor located in adipose tissue.

In the frequency domain, both OU-FDTD and XFDTD show electric field amplitudes

greater than the incident plane wave from 150-775 MHz, with an amplitude peak in the

range of 240-380 MHz as seen in Figure 4.9.

((a)) ((b))

Figure 4.10: Electric field amplitude relative to the incident plane wave(LFM2) within the MIDA
and Duke models simulated in OU-FDTD. Shown at time-step of peak amplitude. (a) MIDA. (b)

Duke.

Simulations of the Duke phantom also revealed areas where the electric field strength
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exceeded the maximum amplitude of the incident plane wave, with notable differences from

the MIDA phantom. Whereas MIDA results see high field amplitudes focused in a region on

the side of the head the plane wave is incident upon, in Duke this effect is scattered around

more central parts of the head. This is likely due to the differences in size, shape, and tissue

locations between the two phantoms. Adipose tissue is a large proponent of the focusing

effect seen in the MIDA simulations – noting Figure 4.2 once again, the Duke model lacks

adipose tissue in this region of the head. Instead, the high field amplitudes are constrained

to cortical bone tissue. The high field amplitudes being located in the center of the Duke

model, as opposed to focused on one side as in MIDA, may be due to its more uniform head

shape. Similar to the results of the MIDA simulations, this focusing effect was not present

throughout other regions of the head as shown in Figure 4.11. As the plane wave passes

through the Duke head model, we again see that the high field strengths only occur in the

center region (Figure 4.12).
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((a)) ((b))

((c)) ((d))

Figure 4.11: Electric field amplitude relative to the incident plane wave(LFM2) within the Duke
model simulated in OU-FDTD. Shown at various cross-sectional views. (a) Coplanar with the ear

canal. (b) 25mm up from the ear canal. (c) 50mm up from the ear canal. (d) 75mm up from the ear
canal.
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((a)) ((b))

((c)) ((d))

((e))

Figure 4.12: Electric field amplitude relative to the incident plane wave within the Duke model
simulated in OU-FDTD. Shown at various time-steps throughout the simulation of LFM2. (a) t =
93.2 ns. (b) t = 93.6 ns. (c) t = 94.0 ns. (d) t = 94.4 ns. (e) Electric field amplitude relative to the

incident plane wave at a point sensor located within fat tissue. Red markers indicate the time-steps
shown in panels (a)-(d).
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((a)) ((b))

Figure 4.13: Electric field amplitude relative to the incident plane wave(LFM2) within the full-size
and half-size MIDA model simulated in OU-FDTD. Shown at time-step of peak amplitude. (a)

Full-size. (b) Half-size.

Given the frequency dependence of this focusing effect as shown in Figure 4.9, it was

hypothesized that by shrinking the MIDA phantom to half of its size, the frequency peak

would shift upwards by a factor of two. This transformation was carried out, reducing the

MIDA phantom’s circumference from approximately 50cm to 25cm. A comparison between

the full-size and half-size head models is shown in Figure 4.13. The smaller head phantom

experienced higher field amplitudes in general throughout its entirety, and the region of

tissues with field amplitudes larger than the incident plane wave expanded. Interestingly, the

physical location of the peak amplitude in the smaller model shifted from adipose tissue

behind the cheek bone, to the pharyngotympanic tube. Additionally, the effect was more

prominent in the ear canal opposite the incident plane wave. In Figure 4.14(b), there is a

noticeable region of higher than unity field amplitude in the the orbital adipose tissue.
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((c)) ((d))

Figure 4.14: Electric field amplitude relative to the incident plane wave(LFM2) within the half-size
Mida model simulated in OU-FDTD. Shown at various cross-sectional views. (a) Coplanar with the
ear canal. (b) 17mm up from the ear canal. (c) 34mm up from the ear canal. (d) 51mm up from the

ear canal.
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((a)) ((b))

((c)) ((d))

((e))

Figure 4.15: Electric field amplitude relative to the incident plane wave within the half-size MIDA
model simulated in OU-FDTD. Shown at various time-steps throughout the simulation of LFM2. (a)

t = 145.03 ns. (b) t = 145.20 ns. (c) t = 145.37 ns. (d) t = 145.50 ns. (e) Electric field amplitude
relative to the incident plane wave at a point sensor located within adipose tissue. Red markers

indicate the time-steps shown in panels (a)-(d).
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Figure 4.16: Electric field amplitude relative to the incident plane wave(LFM2) within the full-size
and half-size MIDA models simulated in OU-FDTD. Point-sensor located in adipose tissue.

The frequency range of the amplitude peak in the half-size MIDA phantom shifted

upwards by nearly 2, in the range of 545-680 MHz. At both head sizes however, the

amplitude falls below that of the incident plane wave at 775 MHz.

4.3 Discussion

While the “focusing” effect shown in this chapter is certainly a fascinating result, it also

most certainly requires additional validation before being considered a realizable physical

phenomena. All of the results shown here come from the same numerical method - FDTD,

albeit with different methods for modeling dispersive materials. Presuming the results are

accurate however, there are some interesting things to take note of.

Firstly, It is well studied that dielectric properties vary by age, sex, and by individual

[38], [39]. The only difference between OU-FDTD and XFDTD is how each solver modeled

dispersive materials - spatial step sizes and time step sizes between the two are identical

for all simulations in this chapter. The comparison between OU-FDTD and XFDTD for

the MIDA phantom, then indicates that variance in the dielectric properties will have a
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significant impact on the magnitude of the effect.

Secondly, the comparison between the MIDA and Duke phantoms demonstrate that

anatomical differences – such as the shape of the head, or whether there is more fat or

muscle tissue present – also play a role in how this focusing manifests. It also indicates the

need for additional head phantoms with anatomical detail on the order of the MIDA model.

Lastly, the frequency dependent behavior of this effect is inversely proportional to

the size of the head as seen by the comparison between the full-size and half-size MIDA

phantoms.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

The general construction of an FDTD solver was presented in this thesis, and applied to

two vastly different problems in electromagnetics. The need for full wave electromagnetic

solvers capable of realizing non-LTI antenna designs was addressed, and a method for

implementing time-varying components directly as lumped components demonstrated. The

limited capabilities of current commercial solvers in this regard was discussed, as well as

the trade-offs between time-domain and frequency-domain techniques. It was found that for

high resolution head phantoms, there is a focusing effect for frequencies at the low end of

the UHF band wherein electric field amplitudes inside specific regions of the human head

will exceed that of the incident plane wave. The different parameters that may influence this

effect were also discussed.

5.2 Scientific Impact

• Provided a novel method for implementing an ideal time-varying capacitor in the

FDTD method and validated it against results from two commercial time-domain

solvers and a frequency-domain solver.
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• Evaluated the usability of two popular commercial time-domain solvers for non-LTI

antenna research.

• FDTD simulation revealed a focusing effect within the head for incident plane waves

at the lower end of UHF.

• Demonstrated the importance of head phantom fidelity in the analysis of RF impacts

on human tissue.

5.3 Future Work

For non-LTI antenna design, it was found that the FDTD method was poorly suited for

simulating parameter sweeps for narrowband designs due to the simulation runtimes required.

In its general form, FDTD is an explicit method that is conditionally stable, which enforces

a stability requirement on the time step size. As the time step size required by stability is

often much larger than the time step size required by accuracy, an unconditionally stable

FDTD method could be explored to circumvent this shortcoming. This typically requires an

implicit numerical scheme to be implemented, which in turn increases the computational

complexity. An unconditionally stable FDTD method could also be useful for recreating the

human head simulations in Chapter 4 with several pulses. The analysis begun in Chapter

4 could be continued down a number of different avenues. Validation of the results, either

with a different type of solver entirely – such as an FEMTD solver – or experimentally with

an artificial head model is a priority. Analyzing the effects of head morphology through the

simulation of additional high resolution head phantoms, and running a statistical analysis

on the effects of variance in the dielectric properties of human tissue are also appealing

avenues to explore. Finally, plane waves with varying angles of incidence and LFM pulses

with lower and higher frequency content should also be considered.
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